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PREFACE

THIS book has been written in the hope of placing 1n the hands of
the pupil, who has mastered the portions of Euclid usually read,
most, 1f not all, of the Pure Geometry which he requires in order to
progged to an Honours degree in Mathematics at any one of the
Universities of Oxford, Cambridge, London and Manchester While
the subject has been primanly considered from the projective pomnt of
view, considerable tiouble has been taken to deduce the more important
metrical properties of Conics from the projective theorems with which
they are related In an addendum a certain number of elementary
theorems of a non-projective nature have been collected for#eference

The author trusts that this book may do something to encourage
the student not to neglect the methods of pure geometry In every
other branch of mathematics analysis now reigns supreme—even n
geometry 1t 18 fast gamning a predominance Twenty years’ experience
a8 a Teacher of Projective Geometry and ten years’ experience as an
examiner of the University of London have led the author to regard this
as a misfortune  When the great landmarks of Projective Geometry—
the theorems of Pascal and Brianchon, of Carnot and Desargues,
pqgether with their immediate consequences—are clearly placed before
the student the author has found that even mn the younger student an
enthwsiasm 18 aroused which 1s wanting in his study of other branches of
Mathematics In the examination room 1t has been found that students
who have mastered and absorbed the principles of Pure Geometry have
taken a superior place to those who depend on a facihty for handling
analytical expressions Such a facility with practice may undoubtedly
be acquired by most pupils, but for all who are worthy to take a
mathematical degree the study of Pure Geometry 1s a matter of
primary importance



vi Preface

To the works of Salmon and Cremona the author—hke all others
who now attempt to deal with the subject—is deeply ndébted He
has freely consulted the examination papers of the Universities of
Oxford, Cambridge and London, which set the standard of geometrical
teaching 1n this country  To the Savilian Professor of Geometry 1n the
University of Oxford he has to express (ﬁus indebtedness for mugh
valuable assstance and advice He has freely consulted the notes
of the lectures delivered by the late Professor H S Smith To
Mr G S Le Beau, Mr S G Soal and other members of the mathe-
matical staff of the East London College he offers hus sincere thanks for
their assistance more especially i connexion with the proof sheets of
this book o

The hopelessness of tracing the various theorems to then original
discoverers has led the author to abstan from a task which 1s beyond
his power to perform satisfactorily, and as a consequence names have only
been associated with theorems when they are in ordinary use for their
dentification  In most cases the enunciations of theorems have been
given before the proofs and an cffort has been made to present the
proofs 1n a form suitable for reproduction In the case of most of the
unportant theorems alternative proofs have been given The properties
of the mvolution have been largely used as they render 1t possible to
overcome some of the difficulties which otherwise arise through points
and lines bemng real n certan cases and 1 certan cases 1maginary
The last chapter 18 to some extent an introduction to the future
consideration of the “1maginary” in connexion with the come This
subject has been postponed for a subsequent volume 1 which the
author hopes to deal with 1t from a geometrical pont of view

J LS H

Easr LoNpoN ('OLLRGR,
March 1013
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NOTE

The student, who has no previous knowledge of the suhject, may with
advantage 1ead asa first conrse the large type portions of Chapters 1 to VIIT,
X, XII, XIIT and XIV It 18 also advisable 1n most cases for the student
to attempt the examples for himselt before 1eferrmg to the solutions given
m the text The word “line” 18 used throughout the book to sigmify a
straight line although out of respect to custorn the term “stiaight line” has
been frequently retained  The author would be pleased to be formed of
any mistakes o1 misprnts



CHAPTER I
NOTATION PRIJCIPLE OF DUALITY DEFINITIONS

1 Notation

Geometnical hgures and the proots ot thcorems we rendered more
mtelligible, when a uniform notation 19 cmployed  In this book, the
tollowing notation s adopted

o Pomts are denoted by the capital lctters 4, B, C, X, Y, Z
Lines ” »  small letters o, b, ¢, 1Y 2
Planes . ) Greck letters a B, v, x> \I/‘, [

The pomnt where the hine @ meets the plane a may be denoted by aa,
it the hnes « and b are situated 1 the same plane then pomnt of mter-
section may be simlauly denoted by @b, the hine of mtasection of the
plancs a and 8 may be denoted by a8, the line jommng the pomts 4 and
B by AB, while Aa may be taken to 1cpresent the plane through the
pomnt A and the hine «

Hence 1t 15 seen that

Pomnts may be denoted by aa, b8, ¢y, aBy,
or it ¢ b ¢ are coplanar by «b, be, cu

Lines ,, » . af, By, . AB, BU,
Planes ,, ., ” , Aa, Bb, |, ABC,

This mcthod of representation may be cuncd stall finther  Thus a
meaning may be attachad to such cxpressions as a0 BC, 4 By, a Be,
A Bc The hust represents the pomt of mterscetion of the hine BC

*With the planc a, the sccond the planc through the pomt 4 and the
line, By, the thind the line of mtarscction of the planes aand Be, wnd
the last the lme jomng the pomnt A to the pomt Be

It should be noticed 1n the last casc that if 4¢ B had bocn written
m place of 4 B¢ the mcaning would not have been the sune Ac¢ B
represents the line ot mterscction of the plancs e and 8 which 1s not
the samc as the line jommg the pomt 4 to the point Bc

In cases where thete 18 no fear of confusion angles are denovcd
by Greek letters

HPG



2 Principles of Projective Geometry

2 Principle of Duahty

Every hgure m a plane may be regarded as baing constructed either
of points or of hnes It 1t 15 regarded as made up primanly of ponts,
the ines which occur 1n 1t are looked upon as the connectors of pairs of
pomts  If 16 19 considcred to be constructed by means of hnes, the
pomts 1 1t arc determined as the intersections of pairs of hines  In the
formcr case, the curves, which occur 1n the figure, may be looked upon
as consisting of serics of pomts and the tangens at any pomnt 13 the line
joming two consecutive pomts on the curve  The curve 15 1 this case
tormed the locus of the pomts aituated on 1t In the latter case, curves
are determined by an mfimte number of straight limes which touch thein
and the pomt of interscction of any two consecutive tingents gives a
pomnt on the curve  The curve 15 then called the envelope of the lines
which touch 1t Hence, if a figure be constructed or a theorem be
proved by using pomts s the fundamental elements, another figure may
be constructed o1 anothcr thcorem be proved in wdentically the same
way by substituting lines for pornts, thus i geometry thcorems occur
m pans  This 1s called the Principle of Duality

Tt 19 usual to prove a theorcm m the first mstance looking upon
pomnts as the fundamental clements and to deducc the corresponding
theorem—which 19 termad the correlutive—by substituting hines for
pomts  The full importance of this prinaple will be gradually reahsed
togctha with the mcthod of 1ts apphication  As an illustration certam
dcfimtions and  thcorems—which will be proved  hereattcr—together
with thenr corrdlatives, are given i the noxt article

3 Instances of the Principle of Duality

Two pomts A and 8 determine
a straight hine A B3

The hine AB 1s the locus of a
scries of pomts which are situated
on the line

Any sertes of pomnts, situated
on the same straight line, 15 called
« range of pownts

Any four points 4, B, (', D—
no threc of which are collimcar—
detcrmine o complete quadrangle

Two strtaight hnes @ and b
determine o pomnt ab

The pomt ab 15 the envdlope,
of the group of lines which pass
through the point

Any group of lnes, which pass
through the same pomnt, 1s called
a penal of 1ays

Any four straight hnes a, b, ¢,
d—no three of which
cutrent —determme  a
quadrilater al

are con-
complete
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In the hgure
the lines 4 B and DC deternine K,
s BCand DA . F,
. , BDand C4 ”» G
The pomnts E, F, G are texmed
Ehc diagonal pomts of the quad-
1angle and the tnangle },’FG the
dwagonal  pownts trangle of the
quady ingl

13

In the hgure
the ponts ab and de detcimme e,
» o bo and da " |
» . bd and ca ” q
The lines e f g are termed the
diagonals ot the quadrilater d and
the trangle efy
triangle of the quadnlateral

the  duagonal

The following are mstances of thcorems aind thar conelatives which
will be proved m the following chaptors

(@) It two tnangles A B(' and
A BC arc such that the straight
hincs AA’, BIY, ('C" intcrscct Wt a
point S, then the three pomts of
mtasection of corresponding sides,
vis

AB A,

BC B,

Ca oA’
heonastrughthnes (At 13a)
0y It two complcte quad-
rangles ABCD, A’B'C'D" arc such
that five pairs of sides, AB wd
A'B, BC and B'C’, ¢4 and A,
AD and A’D', BD and B'D' inta-

sect 1 five pomnts on a straight

If two trangles wbe and o'V’
are such that the ponts ad’, o', o
Lie on o ostrught Tine s, than the
Itnes  jotningg the  concsponding
vertices, viz

ab 'l
be b,
u c'a’
pass through vpomt S (At 13a)
If two complte quadrlators
abcd, a’Vdd” are such that hive
purs of vertices, ab wmd @b, be
and V', ca and o ad and o'd’ bd
and O'd’, he on five straight lines
point S, then  the
1 2

through 1
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line s, then the remaining pair CD
and "D’ also intersect on the hne
s (A1t 130)

(¢) It the threc sides of a
variable tnangle pass through
three collinear pomnts 4, 4" and S,
and two of the vertiees move on
fixed lines s and 1, then the locus
of the third vertex 19 a straight hine
which passes through the pomt

remaining pair c¢d and ¢'d’ also le
on a straight line through S (Art
130)

If the three vertices of a
variable triangle are situated on
thrce concutent straight lines a,
« and s,,and two of the wides pas¢
through tixed pomts § and 7, then
the third side passes through a
fixed pont which lies on the linc

st (Art 71(1)) SI (At 71 (1))
In the above (¢) 18 a restatement of (a)

4 Definitions

The following defimitions will be scen to be closely connected with
the principle of duality as alrcady explammed

(1) A Range or Row ot ponts 4, B, C,
pomts lymg on a straight hine termed the base

(2) A flat pencal, o shortly, a pencl of hnes a, b, ¢, 19 a figure
composcd of strarght lines lying m the samc plane and radiating fiom a
pomt tcrmed the centre o1 vertex

(3) A plane figwre (planc of pomts o plane ot lines) 18 a figure
which consists of points and strught hnes, such thu the pomnts of
mtcrsection of the hines and the ines joimng the pomnts he i o plane

14 a figure composed of

5 Extension of the Principle of Duality

The Punaple of Duality may also be wpphied to higures i space  In all there
are three forms of the prnaple of durlity induding the case alrewdy conaidered

(1) Fupwres an a plane m which the point and straight hne are the fundamental
clemanty, the duality hang between the point and hoe

(2) Fugwres an the sheat (sheat of Tines, sheaf of planes) which are made up of
lines and planes windh all pass through v given pomt  The duahty 1 this case 19
between the line and the plane It a sphere be described with 1ts centre at the {niven'
pomt, the hnes and planes determine pomts arnd great circles, on the sphere  Hence
the consideration of such a shef leads to the geometry of figures on a sphefe and
to the results obtainud by spherical trigonometry

(3) .1 solid figwrc (higure of planes, igure of points) which consists of planes and
pomnts  In this figure strarght hnes are detcrmined erther as the mtersection of
planes or as the connectors of ponts and the duality 15 between plines and points

In the consideration of the preceding axial prncids anse, which consist of
planes, which all pass through a given line termed the axis of the penal — Thus, by
analogy, 1t 18 possible to speak of a line of points, (une of planes, as u igure made up
ot pownts which hie on a given ine and of the planes which pass through 1t
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6. Connexion between the Principle of Duality and Polar Reciprocation

The student, who 18 acquainted with polar 1eciprocation, will notice that in this
case, as 1 8hat of the principle of duality, one figure 15 deduced from the other by
substituting line for point and pomnt for ime  The methods of proof in the two cases
are, however, difterent  In the Principle of Duality the same proof 18 wterproted m
two different ways to prove a theorem and 1ts correlatne In Polar Reciprocation
a theorem 18 proved and another theorem 1s deduced therefrom by means of the
properties of pole and polar It was, however, by means of Polm Recprocition
that the Principle of Duality as first arrived at and its importance reahised



CITAPTER II

MFASURFMENT OF DISTANCES AND ANGLES  PROJFCTIVE
FORMS ANHARMONIC

7 Measurement of Distances

The cxpression 41315 used in geometry with two diffc rent meanings
According to om dchmtion (At 1) 1t represents the straight Jine
Joimng the pomts A and B, and carrics with 1t no 1dea of length It
15, howcver, also uscd to denote the distance measured Adong this ine
from A to B It 15 sometimes an advantage to denote this distance by
the symbol A8 This will be donc i some cases, but i acendance
with gencral custom AB will be wutten for AB when there 1s no fear
of amhguty

As a convention 1t 19 usual to assumc that Bd=— AB <o that

AB+BA=0
Heneo if 4, B, (" be on the sume strught hine
AB+ BU+CA =0,
whatcver be thar rehive positions  This formula s of importance
becwse ma shghtly altorad form it enables all distances measured along
a straaght hine to be expressed m terms of the distances of various points
on the hne trom some given pomt, which given pomt nmy be lookad
upon aithar as an ongin or as a vartable poing on the hne - The tormuly
then becomes L
AB=0B—-0A=DPB- PA,

0 being considered w an ongin and P s a vanable pomt on the T

To prove that of A, B, C, D we any jowr collinear ponts

BC AD+CA BD+AB CD=0

It all the lengths are expressed as distanees from A this relation
becomes

(AC—ABYAD + CA(AD— AB)+ AB(AD — AC) =0,

which 15 wlentically true



Measurement of Distances 7

To prove that of A, B, C, O are any fowr colhimear points
0A4* BC+ 0B CA+00* AB=-BC (4 JAB
Express all lengths 1in terms of distances trom 0, then
—BC CA AB=—-(0C—-0R) (04 -0 (OB —-04)
=04-(00 = 0B+ 0B* (0.1 =00+ 0C* (OB - 0.1)
+04 OF 0C-04 OB OC

=0AN0C—-0B)+ OB (04 - O+ 0C: (OB = 0.1)
=0.1- BC+0B: C4 +0C AR

Keamples (1) 11 O, 1, B arc collincar proce that
024 0B = 1B-+2 01 OB
(2) If C b the maddle pornt of AR prore that
(@) OC A(O14+0B,
b 01 0B 60— 17,
() 0L OB=C 1240842 OO,
(dy o12=0B 2 B (U
(3)  Shou that the sccond of the rdations proved in the teat holds of O 18 00t
on the straight line L BC
The relations connecting the distinces of pomts situated on sty ught line moy
be written m erither of two ways according s they wre regadad s rddtions,
generally symmetricd, connecting the distinces between the pomtsy or s rclations
connecting the distmces of certun vaerble points, ) ¢, from certam fiaxed
points, U, B ()
The more mport int uc 18 follows, viz

Thice poots 1) AB4 BOC+CH=0o0 1B PB A (er)
Fow pornts (n) 1B CD+CU BD+BC 1D 0

o VA AR LY/ B AN S LA/ ()

Obtandd from (1) () by substituting for £ ctc m torms of distances from 72

P BC+ P CLe O e RO (L 4B (hy

.()l:tune«l from (1) (a) by substituting for B¢, ctc an terms of distances from [

PL B BI+DIC Py AC+PB PO (B=BC (' AR (r)

Pbtaned fiom () (6) by mewms of (1) (a;
Fuoc pornts 1)
Pt oot BC+PB QB C1y PC QC AR neoyoan
ot Py Dy BC+PR DB CLy PO DO A== (| AR ()
Subtract from (1) (h) and; after ranoving futor P the redtion s rednced
to (1) (a)

Py BCCD DBPB ChH Dy ACL P DA AR BD+PD (B B (1 0
(h)
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Substitute for products 4B BC (A, etc from (n) (b)
PA? BC CD DB+PB: CD DA AC+PC* DA AB BD+ PD* AB BC CA4=0
L)
Substitute for the products AB BC CA, etc from () (d)
Swe pornts (1v) .
PA QA BC (D DB+PB QB CD DA AC+PC QC DA AB BD
+PD QD AB BC CA=0 ()
Subtract from (m) (¢)  Remove factor 17§ and tha\relatlon rcduces to (1) ()

The preceding results may be easily proved analytically by means of de

termnants Lt @, by ¢, d,  be the distances of £ fiom the pomts 4, B, C, D,
Then

(m) («y P4 DA BC+PB DB CA+PC DC AB
=a(d-a)(b-)+b(d-b)(c -a)+c(d—c)(a—-D)

~dra(b-)-Zat(b-c)=d ¢« b ¢ 11 .
a« b cj+|a b ¢
1 11 at bt o?

=+(@a-b)(b—()(r—u)y=—-AB BC (4
(m) () -4 BCCD DB=3u(b=)(c-d)(d-b)=| a b ¢ d |=0
I 1 1 1
a b  d
@ b o de
(m) () =sPA2 BCCD DB=3&*b-)(e=d)(d-b)=| «* b ¢ d*|=0
11 1 1
a b ¢ d
at bt ¢t &

a(g-a) blg-b) (g—¢) d(g—d) =0

) (@) 2PA Q4 BC CD DB -

1 1 1 1 !
‘ « b ¢ d
l at b2 o P

Other results may be obtaned by this method  Thus
(1) 1 1 1 '=s(@-0)b=)(c—a)(a+b+c)

e b ¢ |

at b Y|

Thercfore SPAY BC+ AR BC CA (PA+ PB4 PC)=0
@2 |a b ¢ d =0

111

« b o d

@ P S d

Therefore 3P4 (PB+ PC+PD)BC (D DB=0
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Determination of Position by means of Ratios
If two pomnts A4 and B are given, the position of any pomnt P on the
]

line 4B 18 umquely determined 1f the ratio jg) 15 given  If the 1atio

%I—I: 15 negative the pomnt P lies between A and B It 1t 1s positave, 16

Lies on the other portions of the line AB Foi different positions ot I

AP v
the ratio p can have any (real) value, positive or negative  The

B
AP
expression. 3, 15 termed the 1atwo of P owith 1espeet to 4 and B

The pomt P, whose 1atio 1s p, can be constructed as follows  Draw
‘11;8 = p, the
pomt R being taken on the same side of @ as .l or on the opposite
side according as p 18 positive o1 negative  Jom BB The Iimne thiongh
Q parallel to BB meets AB n the required pomt

If p=1 the pomt R comades with A, and the hine through @,
parallel to RB, 15 parallcl to AB - The pomt 2215 then sud to be at an
mhnmte distance  In this case AP = BP  This may be intapreted to
mean that the pomt P s at such a distance from A and from B that
the fimte distance AB may be neglected i comparison with these
distances  The pomt P this case 1 termed the pownt at wnfinty

on 4B

any line 4Q through 4 On AQ tike o point R such that

8 Measurement of Angles
The angle between the ine @ and the line b, mesured from « to b,

may be denotcd by ab and the angle measured from b to « by ba  As

- —

a convention it 13 assumed that ab = — ba 80 thit
—~ —_~

N ab 4+ bu =0

If ¢, b, ¢ arc any thiee concurrent, straght hnes,
1]
ab+be v ou=0

Hence whatever be the relative position of thiee concurrent hnes
a, b, o,
o~ o~ o~
ab = 0b —va
This enables all the angles at a point to be «xpressad m torms of
the angles made by lines through the pomt with v given Ime The
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~~
segment of the line @ from which ab 18 measured must however be the
same 1 every case  If a’ 19 the extension of a through ab thcn

b+ ba' =
It a arcle be deseribed with ats centre at the pont of mterseetion
of given lines the angles at this pomt are measured (in circular
measurc) by the arcs cut off by these hines divided by the 1adius An
homogencous relation connecting the angles at this point may therefore
be mterpreted as a relation connecting ares' of a cirele whose centre
14 at the point of intersection of the lines

Thus 1f @b be a length measured along the are of a eucle 1t 19 seen
by the method of the last article that
be ud+ca bd+ab cd=0,
and hkewise that
—~~ ~~ N ~~ ~~ N SN S
ou® be +ob? cu+oc® ab=—bc ca ab
The wholc of the examples of the last uticle may be similarly
nterpretod

9 Projection 1n a Plane

If any number of pomts 4, B,C, D,/ W  situated on a straight
hine « be joned to wny pomnt S—not on u—Dby straight lines «, b,¢,d, e
w  and these hnes mect a second Iine w m pomts 4, B, C, I, &
then the pomts 4, B, ¢/, 1, E'  arc sad to be the projections of the
pomts A, B, ¢, D, I/ from the centrc of projection S on the hinc o’

Sumlatly the pomnts 4, B, (", D', ' may be projectcd from another
centre of projection S’ on anothu lmo w’ nto ponts A7, B”, ", D", K"

The ranges ABCDE |, A'B'CD'E , A"B'C"D7E”  are saud to
be projective as one 19 derived from the other by a scries of projections
and the pomts AA4°A”, BB'B”, CC'C”,  arc sud to be corrcsponding
pomts

The ranges on # and « which can be obtained by direct pm]vcbmn
from cach other are sad to be i Perspectiwe  Stmmluly the mngu; on
w and @’ are sud to be i Perspective  The ranges on w and « are
projective but they are not in Perspective

It through the pont S a straight hine w be diawn parallel to u” 1t
will incet « i a pont W The projection of this pont Won the hne
' 19 the tersection of w and ' According to Euchd's defimtion these
lines bemg parallel do not meet  In projective geometry they are
regarded as meeting at an infimte distance and then point of inter-
seetion 19 termed the pownt at wnfimity on either of the ines  Thus when
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the ranges on u and u' are considered the pomnt W, which corresponds
to the pomnt at infimty on «’, 15 obtained by diawing through S a line
parallel t3 @’ to meet w at W

Similarly the point V” of the range A’B'C')’  which conresponds to
the pomt on %, which 15 at an mfimte distance, 15 obtamed by drawing
through S a hne parallel to » to mect @ i ¥V The pomts Wand ¥V’
are called the vamshing pownts of the projective ranges on w and '

The pomnt at mfimty on any hne 1s consdered to be at such a
distance fiom all points, which ae at a fimte distance, that 1ts distance
fiom all such pomts muy be 1cgarded as bemg the same  Hereudter

s’

(Art 22) 1t will b shown that Wl lmes which ue puallcdd may be
rcgarded as mecting at one and the same pomt, which point 15 at an
Jnfinite distance

A relationship which holds for the distances hotween the pmnts
A,8,C D kK 1ssadtobe a projecte 1elationslap if the sime rclation-
ship nccessanly holds for the conesponding dist wmces botween the
cortesponding points on any 1ange derivad trom b by projection

Lakewise 1t an expression mvolving the distances botween the
pomnts A, B, C, D, It 19 such thit the same expression, mvclving the
cortesponding distances on any rangc denved from the gven onc by
a series of projections, has the gune value, then thit oxpression s
said to be a projectite expression
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To one point of a given range corresponds one and only one point—
the corresponding point—on any other range derived from 1t by a series
of projections

The subject of projection 1s fully treated in Chapter 1v

10 Projective Forms Simple Ratio
A simple ratio of the distances between three collinear points 1s not,
generally projective
There are, however, two special cases that requlre consideration
(1) If the cutting hines u and o’ are parallel then
AC _AC
BC™ BC
and the simplc ratio 13 projective
(2) Let the lines joimng ABC
to S meet w' 1 A’B'C".
Then from the tnangle ASC,

ég _ jm@
48 sn S04

B(f' _ sm’b\c
BS  smm SCA

AC AS_smac antuty A€ 48 _mw
BC BS™ qnTe BC BS” anle

Also from the triangle BSC,

Thercfore

BO B;' may be conveniently wntten (4 BC' S) and,

from the above, 1t 19 scen that 1t 19 projective, when S 15 the centre of
. for (ABC S)=(A'B'(" S)

Elements at Infimty  If A be the pont at infimty on «, which may
be denoted by oo, then A’ becomes the vamishing pont V7 on o’
Simtlatly, if B be the pont at inhmty on ’, denoted by o', B becomes
the vamshing pomnt Won u

The 1elation (ABC S) = (A'B'C’ S) then becomes

(o0 WC 8)=(V'0’C".8)
0ol o8S_VC V8

The expression

Hence We WS »C »'8
Theretore, since 0 0=o8 and ©'C=0w"S,
ws_vo
we— V'S’

or WC V'C’'=WS V'S =a constant
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Hence the product of the distances of two corresponding pornts of two
projective Tanges from the vanwshing pownts of these ranges 1s constant

It A,, A,, A, B, C are collmear pomts 1t can be shown that a
relation of the form
BA

1
l b;‘i_) +m

B4, B4,
cd, T g, T =0
18 projective

S
Divide each term by —Cfg, Then the above 1elation becomes
N

L(BCA4, S)+m(BCA, S)+n(BCA; S)+ =0,

which 1s projective sinee by (2) ewch term 15 unaltered by projection
fiom S

11 Ratio of a Ratio Anharmonic Ratio

Guven four collinear pomnts the ratwo of the ratws ot then distances
15 subject to certam conditions projective  This 19 by tar the most
important deduction from (2), At 10

Consider 1n Figure, A1t 9, the four collmear points A, B, C, D Lt
the centre of projection bo S

Then (ABC S) and (A BD 8) are projeetive

4¢ 48
(ABC 8)_BU BS _AC AD

I'herctor (AI)’I) S)=———Al) AS" B¢ Bl

BD BS
M
and the (xpression %g lllgﬁ 15 projectin
AC AD

When 4, B, C, D arc collincar 15 wiitten (A BCD) and s

BC BD
callcd the anhar monie ratio (ot one of the anharmome ratios) of the four
pomts 4, B, €, D

From At 10 (2) 1t 14 scen that

AC AS _swac o AD AS_smad
BC BST gnie T BD BST g0

AC AD__qm;;: anad
BC BD nbe ain bd

The latter expression 15 sometines wrtten (abed) and 15 called the
anharmonic ratio of the penal abed  The anharmonie ratio of the
pencil formed by joining any four ponts 4, B, €, D to any pomt 1* 1s

(ABCD) =



14 Principles of Projective Geometry

denoted by (P ABCD) and every line cuts such a peneil m four points
which have the same anharmonic ratio as the anharmonic ratio of the

peneil  In some books Illgg %g 15 wnitten as (ACBD), 1e the middle

letters are interchanged

Ewumples If A, B, C, D, ", D' are collinear points,

(ABCD) _
O aBeny™

(A BCD)
@ asewy

(3) (ABCD)(ABC'D')=(4BCD)(ABC'D),
(4) (ABCD)(ABDD)=(ABCD’)

(48cce),

=(4BD'D),

12 Determination of the changes 1n the value of ‘the
Anharmonic Ratio arising from a change in the order in which
the elements are taken

Let 4, B, C, D be wllinear points, then
AC

(ABCD)= BC %g =X (supposc)
n_AD AC 1
(1) (ABI)(/)—BD BUT
B¢ BD 1
(BACD):AC iD=

Therctore of the first and second o the thud and fourth elements of
an anhar monmc 1 atio wre wter changed the value of the anharmonic 1atiwo

1
s changed from N to 5

(2) BC AD+ CA BD+AB CD=0 (A1t 7)

_AC BD _AB CD _
BC AD OB AD

1—(A4BCD)—(ACBD)=0,
(ACBD)=1 -2
Suntlaly (DBCA)=1—-2x

Therctore of the second and thud o1 the first and fourth elements of
an anharmonic 1atwo are wnterchanged the value of the anharmonic 1atio
s changed from X to1 —

] 0,
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(3) (CBAD)=1- (CABD) by (2),
=1- (ACIBI)) by (1),
Ll P (1}301)) by (2),
=1 ! . x"}T
A

Simlaly (ADCB) = ST

Theretore of the fost und thud or the second and fourth elements of
an anharmonic 1atwo ure wterchanged the value of the anharmone 1 atio

A

r—1

It 1n (1), (2) or (3) after one pan of elements have been interchanged,
the remaining pair are mterchanged, the value of the anharmome ratio
15 agam A Hence the following important 1csult 15 obtained

If the fowr elements, which make up an anhar mome 1 at, are dinded
w_any way wnto two pans, and the elements wn both these puvs are
wnter changed, the value of the anharmomc 1atio vs unaltered

It follows as an immediate consequence that 1if A 19 the anh wmonic
ratio (A BCD) the values of the anharmonic 1atios of the pomnts 4, B, €
D taken in any difterent order must be eitha

1 1 A A—-1
A, X 1 -2, 1= A—1 ot N

s chenged from \ to

Hence only six diffcrent values of the anharmonic ratios of four given
pomnts can be obtamcd by varying the orda m which these pomnts are
taken

. Gwen the anhar monic 1atwo of four pownts of « 1ange and the posetion
of thiee of the ponts—no two of which comcde—the fourth pownt s
umquely determaned

Supposc that the thice given points are A, B, (! and thit the
posttion of a tourth pomt D has to be deternined

Then (ABCD) = %((:, 7{% = A (Suppose),
AD 1AC

therc fore BD A BO™ known quantity
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Therefore D 15 determined as the point which divides the distance

between 4 and B in a given ratio, externally or internally, according as
1 [y

71\‘}1{2’ 18 positive or negative  Such a pomt by Art 7 1s umquely
determined

From the preceding 1t may be deduccd at once that gwen the
anharmonic ratio of a pencil of fowr rays and the positron of three of the
rays—uo two of whih comcide—the position of the fourth ray vs umquely
determuned

Heneo of the anharmomc 1atwos of two 1anges or pencus are equal,
and thiee pawrs of cmiesponding elements cowncide, the fourth pawr
must likewse cowmcude

Comncidence of Points forming an Anharmonic Range
(nen the pontion of thiec pownts A, B, C, no two of which counerde, to /n‘wl the
values of the anharmonic ratio (ABCD) for whick the pount D comcides with one of
the thice groven points
ACAD

If (AB('D)=1 then BO™ BD

If (ABCD)=0then (ACBD)=1 Therefore B and 1 comerde

[f (ABCD)=w% then (BCAD) =1 Therefore 4 and /) comade

Hence of the ankarmonic 2atio (ABCD) equals 0, 0 01 1, the pount D cotncedes
with A, B, or € For other values the point D 1s distinct from 4, 5, and ¢

Therefore (' and D coincide

If two out of four pornts A, B, C; D comad, to find the value of the anharmonic
1atio (ABCD) for all positrons of the other two pounts

(1) Let .4 and B comeide, then
AC AD
AC AD
unless (" o D comade with 4 (=8) m which case the anharmonie 1atio 13 m-
determinate

(2) Let A and € comnade, then

Ad 4D
(AB1D) -, =0 for all positions of 2 wd D,
Bt BD Lo

unless B or D comade with . (=€) m which case the anhumonic ratio 19 1
determm e
(3) Let {and D comeide, then

AC A4
BC B1
unless B o1 (" comeide with A4 (=20) mn which cwe the anharmonie ritio 19 1
determinate

Henee when two and only two pownts of a runge coincide the valwe of the
anharmonie ratw 13 ather 1, O or @ und the other tuo points muy occupy any
positions 1

(AACD)— =1 for all positions of €' and D,

[N

(4B 1)= =o for il positions of B and C,
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Ankarmonic ratio of four pownts three of which comncide

The anharmonic ratio mm this case 18 mdeterminate, but a meanmg may be
assigned togit 1n certain cases by convidering the limiting process by which the
three pomts come to comceide

Let the ponts, which become comadent, be A, B, and ), and let the distances
between 4 and C and between C and B be /d and md, where d m the limt 19
infinitely small

. ¢ D
A B®
AC AD
Then ( lB()I))-.-:BU B
Id "D
-;lrl (I:f)tf(;:d 5& when o 15 mhmtely small

4
Thetrefore, wherever the pomt 21w situated, the anhaimonic ratio s - An
n

unpcetant mstance of this will arise hereafter

8Sign of an Anharmonic Ratio

When the ponts 4, B, C, D occur i this order on a straight line, the anharmonic
AC 4D

ratio (ABCD)=B(, BD

If any one of the pomts moves along the Ime till 1t comcides with one of the
other points the value of the anharmonic 1atio becomes either zero, intimty or umty
In the two former cases the whatmonie ratio, whan the pomts cross, changes ity
s1gn but not 1 the last case

Thus if the fom pomts be divided mto two groups, viz (1) 4 and B and
(2) ("and D, a change n the 1elative position of the pomnts i either group does
not affect the sign of the anharmonic 1at10, but any alteration of the position of the
points m one group relatine to those n the other causes the sign of the anharmome
ratio to change

Hence ¢f the points A, B, C, D) are situated on a strawght line in the ordcr in whach
tha letter s occur, the anharmonwe ratio (A BCH) s positive and every change of position
of A or B with respect to C or D changes the sign of the anharmone ratro

18 positive

Anharmonic condition that three lines should be concurrent

If throngh « pmnt A two _lines ABCD and ABC'D' be drawn and
the tharn_t_oni_c“ ratio_ (ABCD) eluals the anharmonic ratw (AB'C'DY)
then the three lwnes BB, CC",
DD we concurient

Let BB and CC’ meet at
S Jomn 8D meeting 4AB'C’
n D"

Then

(ABC'D)y=(ABCD)

=(4ABC'D), A ® 7 o'

HPG 2
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ACT AD  ACT AD”
B¢ BT BC BD”
Z:,ﬁ = ﬁ’[l)” , D” comades with 1) (At 7)

Anharmonic condition that three points should be collinear

If through two pownts on « Line «, three sets of lines bed and b'c'd’ be
drawn and the anharmonic 1atio of the peneal (abed) be equal to the
anhar monw, ratro of the pencil (ab'e’d’) then the pownts bV, o/, dd” are

collinear

Lt s the hine joimng bb" and ¢’ mect d m D and lct the hine joing
D to b'¢ be d”

Then (ab'c'd’y = (gbed) = (ab''d")

Hcneo the hines d and d” comeide

Projection of a Simple Ratio
The statcment b the begmning of Art 10 to the cftect that © v simple ratio of
the distances between thice collincu pomts 14 not generlly projective” 15 subject
to an mportant qualification  Consider three colline w ponts 1, B, (" On the line
AB(' there 1s v pomt b mbmty, which muy be regarded w cqually distant from
every pomt of the hgnre windh 1 at v hmte distance  If this point be denoted
by ©
AC AC L«
BC B Bw
If A, B, €, c are projected from any centre mto 4'B°C" V' then
AC
ne

=(15Cw)

—(BC = )y=(d'B'C"}V)
ey

TReony

By means of this fact theorems may often be gencralised

Sumlar yanges Two pranges are sud to be sl when their ponts at inhmty
are contespondig pomnts  In this ¢
(ABCx)=( B ),
A0 BC
e T B
Henee cortesponding segments ate proportional — 1f two purs of conresponding
segments are proportional then every pur will be proportional, and the 1 iges are
suntlar
Equad janges  Two 1wnges are said to be equal when the corresponding
segments ate equal  When the conesponding segments have the same wgn the
1anges are ~sad to bo ducctly equal , when they have opposite signs, the ranges are
sad to be oppositely cqual It two purs of corresponding scgments are equal, all
corresponding segments arc equal wnd the r1anges are equal
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Lqual pencils  Two pencils are sud to be equal when the angles between purs
of corresponding rays are equal  When the angles are equal and have the sue
sign the ponals ame sad to be dueotly cqual Whean the signs are different the
penuils are sad to be oppositedy vqual 1 two pans of wgles betwcen conresponding
rays are equal, the penals ne equal

The student may be helped m recogmsing projectin e 1anges by the fact that two
ringes arc projective

(1) When the sum, the difference, the ritio or the product of the distances
of corresponding points frometwo fined pownts on the bses is constant,
or  (2) When paus of correspondmg pomts subtcnd cqual angles at some fived
pomt o1 points

monic Ratios to Important Theo-
rems of Projective Geometry and

13 Application of Anhar-
\
|
Plahe Perspectives !

(@) If the lines jornang the thiee
vertices of two truangles i pans
are concurient at a pownt (S) then
the qn:esl)mnlmg sides intersect in
pawrs on a straight hine (s)

Iat Ad, BB, CC, the conncc-
tors of the vertices of the trianglos
meet n S Lot AC, A’ intersect,
m@ and A8 and A'B"m B Lt S
QR be s, and It AA’, BB, (¢
mect s m K, L and M Thn

(SMC'CY=(SKA'A)=(NLB'B)
Hence the hines ML, B'C’ BC

are concurrent, and therdfore, B'C’
and BC intersect i a point on s

Bonver sely and correlatively

If the sudes of two truangles
wndersect wn puurs on @ strawght lLine
(s) then the lines jornang the corre-
sponding vertices are concurrent at
a pownt (S)

Let ad, b, ¢/, the pans of cor-
responding sidcs of the tuangles,
mtersect on s Let the line joming

2--2
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ac and ¢’ be g and that joimng ab and «’b" b 1 Let ¢ and 2 1ntersect
m S Jomad, b, to Shy A, L and m

Then (smd/)=(sha’a) = (s{b'D)

Henee the pomts ml, b, be arc collmear, and thereforc the hne
jointng b to b Psses th!mlgh Imor S

The tnangles m the above cwse e sud to bom plane Perspective
S 15 tcrmed the ecntre and s the axis of Perspa tave

(by 1t five parrs of sides of two quadiangles antersect on a straight
line, then the sitth paw wnter sect on the sume straight line

Lt the quadrangles be PQRT
wnd P.Q.RT, and let PR, PQ RT,
QT and PT mtasccs PR, PQ,,
R, QT and P\T) 1cspectivdy
m C'B'BCA" on the Ime

Tt 15 necessary to prove that 4
the pomt of mtcrscction of QR
and Q R, hics on s

Since the sides of the trangles
QTP and QTP mtarscct m pans
on s, those tuengles are e par-
spective, and PP, QQ,, 1T, we
concurtent at some pomnt 8 Sumlaly the tnangles PRT wd PR\ T,
ate m paspective and the hnes PPy RE TT) are concarent at the
same pomt S Thaddod, smee RR,, QQ,, TT, ame concarrent at S, the
triangles QTR and Q7 R, e i parspactive  Therctore the points B, ¢
and A uc collincar, md 4 hies on (s)

Ths theotem my be proved dircctly o follows  Let @2 and ¢ R, mcet s
Ay wd 1, thar i the hgurc

(T A CBOY=(Ty, ACB,
(PLROY= 1 Ly Ry (),
(Q PLEC)Y=(Q, PyL RO, .
BOLO)=(BOAT
Hency, sinve B'CC ue collimcu, 4p and L, must comade 1 point 4 on s
The conelative theorem, which may be provad by similar methods,
19 as tollows

1t five pawrs of vertices of two quadiilaterals are collinear with « gvven
pownt, then the siath paw are also collinear wnth this pount
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From this 1t follows thit 1f two quadiangles 4BCH and A B'C'H’ are such
that five of the wides of onc e parillel to the five correspondig sides of the other,
then the sisth pan of wides arc also puallel  The aus of Perspective 15 the Line 1t
mhnty

(c) Ceva’s Theorem I the lines jorniny any pont P to the vertices /m[
ABC of u triangle meet the opposite sedes v A'B'C” yespecturely, then -7

B4 OB AC
AT AR BCe
Draw thiough B and " hnes pudldd
to AA" to mect (U1 and B acspocndly
m B” wd (" In this cwe e the pomt
ab mhmty on 4.1 1 adso the pont

mhnity on BB and (/¢ Then
B AP (U A D)
(ACB By =1BCC)
by tihing mtocepts on AC md AB

AB AR AT A0
cBCB” T B BCT

AB B B ACT AR A R4’

OB AT ORT BCT T OB BCT T (A7

/{va ]f(/” (111,~
OB A BT

Concersely  Tf pocts VB wie taken on the sdes of a trwengle ABC such that
BUCB ot
ctron B ’
thea the Lines 1A', BB CC e concuiiont
Let the lines B8, CC mtaseet m 2y and Iot 127 meet B | Then
Btooh
1 Lo
ot bt
1 ("1
I comades waith

-1,
(fromn dat ),

L)
(d) Menelaus’ Theorem [/ wuy straight lune meels the sides of a /luL
Y trungle A BC w points A'B'C, then
BA Ol A

od Al B!
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Let the sides of the tnangle be

a, b, ¢ and let the straight Ime be p o
Through 4’ draw ¥, parallel to b, to A
meet ¢ in C” . o P
Lct AA’ be @ and let the pomt at
infinity on o be 8 m 2 A
Then (b ad'pb’)=(c aa'pl’),
(CAB'® ) =(BAC'C") .

by taking mtcrecpts on b and ¢

‘B B BC”
AT AU AC”
(B ACT_ACT_ 04

AR BC'T BC" T BA”
8 ACT BA

AB B AT

Converscly  If ponts UB'C" @ie takew on the sides of @ triangle ABC such that
cn o1 By
AR BCCU

then the pownts 'B'C" are collinear

Let the hine yoiming 5°C" meet « m A" Then
BA" OB AT
(A" AR BCTT O
Bt B
o= o (from data),

A7 comades with 1

=',

Secondary form of Ceva’'s Theorem
Let the sides of the tiangle be denoted by «, b, e, and the lines AL, BP, CP by
ayy by o B
B osmony

Then v

bsn h’u,
with sinnlar expressions for
B 1’
™ e
Thadore by substituting m Cevvs
relution

Sy simaby sinbe

-1

sinbay smed; simaeg

U
or, denoting the angles as in the iguie and B A ¢
divregarding the signs,
S asina Sina”

s gum g s
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14. Analytical Expressions for Anharmonic Ratios
If two points B and (' are given, the position of any other point A on the e

jouning theth 18 determined by the ratio gﬁ It 18 sometimes a convenience to

speak of this as the ratio of the pont 4 and to denote 1t by some expression
such as »

If B and (' are given points and 7y, 14, 74, 24 are the 1at10 of four other ponts
Ay, 44, 4y, 4, on the line BC, then

(1) (B4, A»-f'- .

R

This result follows at once from the fact that

Ay dg=u whete a=B(

(u )( v,-1)
[
(3) TIf 1y, 2, are the 100ts of the equation «’'724+24" v +8' =0 and a4, 7, the
roots of the equation a”v?+24"1+0"=0, then

[Qlt”l" _albu )lbl]l l:l +x] (}’3 'alb,) (,Lrlz — a!ibu)

where X 19 a value of the anharmonic 1atio (uf, 4,4, 1,)
(4) Ifxy, vy, vy, 2y arc the 1oots of the equation w1t +4b346e22+ddr+e=0
and X 13 any one of the anharmonic ratios of 1,4,.13.1,, then

L1 -3)(- 2)3 {03 = ace +ad? ~ b d + e}
3 =241, ctqae-4bd)s

EXAMPLES
1-a_1 _ 2
' AB T AD  AC
(2) 1f (ABPD)=(4BCQ) show that (PRAC)~=(PQDB)
(3) If £ and F are two fixed pomnts and the anharmonie ratio
(AA'EFY=(BB EF)=(C("EF)=(DD'EF)
»jhow that (ABCDY=(U'B'C'D’)

(4) If four collinear ponts 4, B, P, ¢ nre such that (A BPE) 14 constant and
A andl B are fixed, then the ranges described by 2’ and ¢ are projective

(1) If (ABCD)=\

(6) If fowr concurrent lines «, b, p, ¢ are such that («bpg) 1 constant and
a and b are fined, then the pencils described by p and ¢ are projective



CHAPTER III
PROJECTIVE FORMS HARMONIC

15. Harmonic Ranges and Pencils.

In Chapter 1, Art 12, the case of four pomnts whose anharmonic
ratio has the value o0, 0 o1 1 was considered and 1t was proved that
two out of the four pomnts must comcide In this chapter angther
umportant case of patticular values of the anharmonic ratio of four
pomts will be considered

The range formed by the four pomts 4, B, €, D 1s said to be
Harmonic when

(ABCD) = (ABDC)

1
By Art 12, (ABD0C) = WD)
1
Therefore 1n this case (4BCD) = (AB0D)
Hence (ABCDy—1=0,
and therefore (ABCD)=1 or —1

If (ABCD)=1 1t 18 seen, by Art 12, that two of the four points
comcide. Therefore 1f the points arc distinet

(ABCD)=-1.
Also (Art 12) 1n this case
(ACBD)=2 and (CABD)=4%.
Hence, 1f the anharmonic ratio of four points s either —1, 2 or %,
the four points form a Harmonic range
The points C and D, which may be interchanged without altering

the values of the above anharmonic ratios, are said to be Harmonic
Conjugates of 4 and B But since

(ABCD)=(CDAB) and (ABDC)=(CDBA)
therefore (CDAB)=(CDBA)
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Hence 4 and B may likewise be interchanged without altering the
value of the anharmonic ratio, and are therefore also called harmonie
conjugates of C and D.

Thus a Harmonic Range consists of two pairs of ponts These pairs
of pomnts are interchangeable, as also are the points 1n each pair  The
pomts 1 each pair of harmonic conjugates divide the distance between
the other par, 1nternally and externally, n the same ratio, for 1f

e AC AD
(ABCD)= -1, then BO="BD"

If C and D are harmonic conjugates of 4 and B and D 1s at infinity,
C bisects the distance between A and B, and conversely, 1if C bisects
the distance between A and B, the 1ange made up of 4, B, C and the
pomnt at nfinity on the hine 15 a harmome range. Consequently the
projection of this range on any hne 1s also a harmonie 1ange

If four points 4, B, ¢, D forming a harmonic range be jomed to any
pomnt 8 by lines «, b, ¢, d, 1t follows from Art 11 that (abed)=—1 and
the pencil a, b, ¢, d 1s then said to be a harmomc pencil 1t 18 obvious
that any harmonic pencil 1s cut by any tiansveisal n a harmonic 1ange.

Case of Coincident Elements of a Harmomc Range.

In Art 12 1t was proved that if two and only two of the elements of any
anharmonic range comcde the value of the anhamowmc range must be either
w,00r1 Therefore, 1if two elements of a harmonic range cowncide, a third pomnt
must hkewise comncide 1n the same point  Hence a pair of conjugate points must
coincide with one of the other pair of conjugates

14: has likewise been shown that 1f
AC=l d and CB=m d

* D 1A

L1

1 the Innit when d 18 mnfinitely small, and that D m this case may be any pomnt at
a finite distance from ¢ If /=1 the range 1s harmonic

Hence +f two pownts A and B equally distant from a pont C are supposed to move
uniformly towards the pount C and wn the umat comerde with o, the range Jformed by
ABC and any other pownt on the line forms wn the lumt a harmomc range of which
A and B are a pair of «vryaui!e points
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16. Properties of Harmonic Ranges and Pencils.
If O be the middle pomnt between two conjugates A4 and Bof a

harmonic range ABCD and o be a line bisecting the angle #b between
a pair of conjugate lines of a harmonic pencil abed, the chief properties
of Harmonic Ranges and Pencils may be stated as follows
2 1 1
@ =40t 1D’ («)
(b) €4 CB=CO CD, ) 2sinde sincb=mn2co tancd,
(¢) 0C OD=042=0B?, () cotoe cotz?i—cow;&:cotﬁ;z},
0C _(AC\* _(BC\? s 2oc imca 2 /minch)\?
0 S0 @ ()
@ 24 (AD (BD) @) sin20d \sinda 9 db.
The results on the left-hand side may be deduced from the fact that
AC AD__,
BC BD 7
and those on the right-hand elther from

2cota’l7=cota/;+cota7,

sin ac sin ad

=1,
sinbe sin bd

or fiom the ' -1+ i1 relation on the left-hand

() Express all the distances in (4BCD)= -1 m terms of distances from 4
Then after simphfication 1t 18 seen that

2 1 1
4B~ ¢t 4p

(¢') Let S be the vertex of the pencil
Drop a perpendicular DB’'C"A' on a, meeting
¢ and b ¢’ and B’ (not shown 1n figure)
Then A’B’C’D s harmome

1 1 1

i = 30t T
sS4 oS4 S4
AR ACTAD

2 cot c?l?: cot ac+wt @
(b) From (a) vince 2 C’O—CA +CB,

Hence

2

2 + 1 _C4+CB_ 2 CO
D= ('A CB~ ¢4 CBT (4 (B
C0 CD=C4 CB
(%) Sumlarly, since 2$=;;+EI;,
2cota=ootc’;+cot’cz_ —Slf\2 coA’
sinca sinch

—~~ ~~
9 810 oa sin ¢b =10 2eo tan od
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AC 4D
(BT EBD’
AC~CB  AD~BD
AC+ OB~ AD4 B’
2 0C 2 OB
2 0B~ 2 0D’
0C OD=0R:=042
(¢) Drop a perpendicular fiom ) on o meeting a, b, ¢ and o 1 A'B'C"0’
Then 0’ 18 the middle point ofs.l B, therefore, since .{’B’C" D 18 harmonie,
0'C D=0 12
NOTSOT [ SO\?
e oD <r/ t') ’

(¢) Smce

Cotor cot ol — cot-oa = ot ob
- o4 0D tn
(d) TFrom () U N . A
by subtricting numerators ind denominators

0on 41)).»
o < te

\ 0D Bo
Sumlarly 00 (/}’U)
(@) From () (otr/)?_ cot ot S SIn o
N ~ T = ’
ctoe otod —smda smod

cot o Ssinca \2 /ainoc \?
R ,
wotod  \smda S o

—~ —
Sim2 oo (vmut >2
sme od s do

S o i
S o S b\~

Snmlarly = < )
s 2 ood sindb

The anternal and erternal bisectors of any angle forn with the lines
that anclude the angle a harmonwc pencil, and conversely,

If two conjugate rays of « harmonw pencd are ut right angles they
12e the wnter nal and erternal bsectors of the angle formed by the other

punr of conjugate lines s
Iset any linc s meet the hnes « /’

and b m A and B, and ¢ and d the

biscetors of the angle abn ¢ and D a ¢ / i
Then from the tnangle ASD, A & 6 \\D

AC AS AD o
BO= BS=" hD (Euchd vi 3 and A)

Hence the range ABCD 18 hanmonic
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Conversely, 1f the pencil abed 18 harmonic and the rays ¢ and d are
at right angles draw o to bisect the angle ASB

Then from (') 2 sinca sin'ch=sn 2co tancd
Bu!‘,3 since ed =7, tan cd 18 infinitely great while sin ca sinchis fimte

Therefore sm2co=0 and consequently co=0

Hence the line ¢ comcides with o and 8 a bisector of the angle
ab Smce d and ¢ are at right angles d 13 the other bisector

17 Analytical Expressions 1n connexion with Harmonic Ranges

Adopting the notation of Art 14 and denoting the ratios of the points A, 1,, 45,
Ay with 1eference to the pomnts B, € by the letters vy, 2, 73, 74 1espectively, the
following results are obtained

ay If f'——: ~1 the 1ange BC4,4, 1s harmonie, therefore the pomnts o and
2

— 1, are hatmonic conjugates of B and €

(2) If 1, and 2, are the roots of the equation «1240=0 then the 1ange
BC.A, 4, 18 harmome

(3) The condition that the four points whose ratios are vy, z,, 13, 24 should

form a harmonic range 13
(014 1) (234 24) =221 2,4 22474
(4) The condition that A, 1, should be harmonic conjugates of B and A, 13
(4 1)=20, 4

(%) If z,, 1, are given as 100ts of the equation a'r?+ 24"t +5' =0 and 73, 74 as
roots of the equation «”1242%"2+5"=0 then the condition that .1,, A4, should be
harmonic conjugates of Ay, .y 18

a'V+db" =200 =0

(6) If 1y, 1,, rq, 24 are the roots of the equation azt +4bz3+6c12+4dr+e=0

the condition that the range .1, 4,434, should be harmonic 15
S —ace+ad?—2bcd + b2e=0

(7) The common harmonic conjugates of B, C and 4,, ., are the pomnts

Ve and =V,

EXAMPLES

(1) If ¢, D be harmonic conjugates of .1, B and I’ be any powut on the line
ABCD, then
2 P4 PB+2 PC PD=(PA+PB)(PC+PD)
and, conversely, 1f this relation holds .1 BCD 1s harmonic
Express (4 BCD)=—1 1 terms of distances fiom any point P on the hine and the
required 1esult 18 obtained
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*(2) If @ and @ be the harmonic conjugates of 2 with respect to 4 B and C
respectively, all the points being collinear, show that A BCD 15 harmonic 1f

- 1 1 2
P4 PBY PC PDT PG PY
Since € 1s a harmomc conjugate of I with respect to 4B

1.1
ot ph

2 1 1
2 rre= it e
simlarly ool Therefore
2 ’ 2 1 1 1 1
ra rstpe pp= ([’A + I’B> (1’(7+ [’T))
or 2 ’C PD+2 P4 PB=(PB+ PA)(LD+ PCY Hence fiom (1) the result
follows

3) If €, ¢, € be the mddle pomnts of X, ¥y, A, 1, X3}y, which are
Harmomc Conjugates of .48, ind £ be any pomt on the hme AB, then

° C,0; PYy P+ Py, PY,4+CC, P PY;=0
If € be the nuddle pomnt of .1 B, then by (1) 1Y, P+ P4 PB-200¢, I'C
Substituting mm the given 1elation 1t becomes 2G4 (2 PO, I'C-P 1 PB) -0,
or 2°C2C,C; PCy- P4 PB 3C,(;=0
Hence for the given 1elation to hold 2C, (3 PCy or 2(PCy;—LC,) PCy must be
zero, but this 15 the case

(4) If £, F be the mddle pomts of 15, CB respectively, two segments of
a straight line, which cut each otha harmonically, then

b= EB+ F)?
Describe cncles on W18 and CD as diameters cutting at 12 Then
EP:=FEB:=LC ED
Hence the urcles cut at nght angles and therefore
ERt=EPt 4 PFi=EB+ FD*
Note  From this v solution 19 obtamed of the problem “to place two given
segments so that their ends may form a harmomc 1ange”
(5) 1f 4B be harmomnic conjugates of X'} and of ’Q, then
ryrr_(rdy
QX QY \p4
o) 1f ABCD be a harmonic 1ange and £” any pont on the line

PB _rc PD

2dB=actin

(7) If AB be harmome conjugates of XY and of P, then
XP Q4 AY=-YQ P4 AX

* See also Examples (3) and (6), Chapter viix
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(8) If A4’ be harmonic comjugates of BB wd I’ any pomnt on the line
prove that

(AA'BP)= ~(1A'B'P)
9 4, B, ¢, D ac fomr collmen pomts, determmme /2 wind ¢ which ae
harmonie conjugates of A8 and CD and prove that
AC AD BC BD AP Br:

(10) If ABCD be v harmome 1ange 4 and B being conjugate and € and D,
then

() B (D=2 CB,
() 208 OR'=0P 0P +0¢Q 0,

where 0 15 any point on the lime and 20”, @', RR' are the nud ponts of BC, 4D,
CA, BD, AB and CD

(i I 1, 8, ¢ ) be hatmonte conjugates of {, B, € /) with respect to
LE, prove thot (UB°("D"y  (ABCD)

(12) A, By A’y B are fow pomts on a strught line, 22, 2’ the harmonié con
Jugtes of any pomnt in the hne with regud to A B, A'B", prove that £, P’ describe
homographic ranges and determime the selt-corrcsponding points and the v unishing
pomnts of the 1anges

(13) 4 and A" are any pur of humonic conjugites of £ and Fand P and

any pant of ixed pomts on the hne £#  Prove that
a4 ol + rr oy
Ed FA W LA FUXU
Iypress all lengths as dist inees from O the muddle point of £/ Reduce to one
fi whion tamembering that O 1 O4'=0F4- O£ then the fwtor 20854~ 0.42— 044
< be removed ttom numcrwor and  danonimiator, and the given expression

becomes

15 constant

OE: - 0P 0§
Ok
(14) U (ABAD)=(ABCL), wherc d, B, C, D, K, L are collimear points, then

KA AB_KC KD
Ld LB T LC LD



CHAPTER 1V
CONICAL PROJECTION AND PLANE PRRSPECTIVE

18 Thac arc for kinds of Projections which arc m ganaal use,

Viz,
(1)  Orthogonal Projection,

(2)  Projection m a Plane,
(3) Conical Projection
(+¥)  Homology, o1 Plane Paspective

In addition to the above, 1t 1s also possible to project from any given
axis (1) and (2) arc particular cases of (3), and (4) may also be denved
trom (3)

The fundamental theorcms ot Comcal Projection and ot Homology
or Plane Perspective are similar, adthough m some cases they have to
be proved m diffcrent ways  In Comical Projcction the proofs we
generally simplor and brmg home morc dnectly to the learner the reason
why the theorems ate ttue Tn Homology, on the other hand, there 1s
a simphfication m the fact that the fignres he m one plane, and the
lewrner 15 not contronted with the dithealty of comprchonding fignnes
mn space  The fundamental thcorems of Comical Projection and of
Morvology will be given side by side togcther with thenr proots
Atterwards, 1t will bc shown how the Tuwtor may be deduced from the
formen

Conical Projection

General method of obtarmng one plane figure from another plane
Vigure by Comcal IProjection

Let the givan hgurc consisting of pommts 4, B, ¢, and lines
a, b ¢ be sitnated m the planc o

Take any pomnt S outside the planc o
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Construct the hnes Sol, SB, SO, and the planes Sa, Sb, Se,

Consider iy plane ¢’ (not comadont with e) - The hines S4, 8B,
NC, will mtorscet this phwe m points, «ay, 47, B, (7, “The plancs
Set, Sh, Se, will intcrscct this plue m hnes, say, @', 0, ¢,

The figure made up ot the points A% B, €7, and the hnes o', ¥,
J, m the plne o 15 sud to be a projection upon the plane ¢ of the
ongimal fignrc made up ot the pomts 4, B, ¢, wnd the limes «, 6, ¢,

The pomnts 47, B8, (7, i onc hgure are said to correspond to the
pomnts 4 B, 0, in the othar, md the hnes o)V, ¢, m one figune
we sud to correspond to the Tines a, b, ¢, 1 the otha

It will be scen that cvary pur of correspondimg pomts are collmear
with S and, since any two contesponding hnes o and o’ arc the mtor-
scctions of a plhne throngh S with the plancs ¢ md ¢’ the hines « and
« mceh the ine g’ 1 the same point

Homology, or Plane Perspective

(feneral method of obtavung one plane pgure from another plane
fiqure by Homology o1 Plane Perspective

Lot the given higae consisting of pomts A, B, () md lines a, b,
0, be situatcd m the plane ¢ Thike any pomt 8 outwide the planc o

On any planc o, not comadent with o, constract with contre S
projection of the given higure consisting ot pomts .1, B, (7, nd of
lines o b

17

Take wmy othar cantre of projection rom S project the iigure

consisting of pomts WU B, 07 wnd lines oV, ) wpon the phinc o,

so s to torme g e the phne o consisting of the pomts A, B, (',
and lmes a,, by, ¢,

The figre consisting of the pomnts Wy, By, ¢, and the Tines oy,

b« s sud to b plane perspective with the hagmwre consisting
ot the pomts 1, B () wid the hines a b, ¢, The pomts A,‘ B,

L]
o, i onc higure we sud to correspond to the ponts A, B, €, m

the othar, and the hmes ay, by, ¢ moone hgure e sad to con spn‘n(l to
the Times a b, o 1in the othar

Bvory pur of cortesponding pomts 4, A, are collimcar with the
pomt whore S8 medts @, tor these pomts we situated on the hine m
which the plane 88’4 miccts o !

Any two contesponding hnes @ and @ mect go” m the pomt where
s met by ¢ Tharctore all pans of cotresponding lines mtersect on
the ived line oo’
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Hence two figures m plane perspective are such that every par ot
corresponding points are collmear with a given pomt, termed the centre
of Perspecve, and every pan of corresponding lines mntersect on a given
line, termed the aaws of Perspective

In practice, these theorems are used to construet figunres m plane
perspective and the consideration of Aigures m space 15 thus excluded

19 From the precedyng 1t follows that both m Conical Projection
and m Plane Perspective

(1) To pomts conrespond pomts and to straght imes correspond
straight lines

(2) To collmear pomts corvespond colhmear pomts and to concurient
hines correspond concurrent lines

) Cortesponding curves ue the loer of cornresponding points and
cortesponding envelopes are the envelopes of cortesponding Times

(4) To pomnts or hnes m one hgure which comade i the hinat
cortespond m the other figure pomts o himes which Tikewise comade
i the himit

(5)  To a pomt of mtersection of + hine ind a curve conresponds
poimnt of intcrsection of the corresponding e and curve

(6) A hne meets a cutve m the sune number of ponts as the
cortesponding Iine meets the cortesponding canve Hence vamrve and
its cortesponding curve are said to be of the sumc degi ee

(7) Toa tangent to v curve it a pomt connesponds the tgant at
the corresponding point to the corrcsponding curve

(8) Mo the tangents hom any pomt to a curve correspond the
tangcnts from the corrcsponding point to the corrcspondimg cmve
Hecnee a curve and its corrcspondimg curve are sud to be of the same class

19) The anharmonic 1atio of any four collincu pomts m one figure
1s equal to the anharmonic ratio of the concspondmg pomts of the
othe! figure  For the two ranges arc m plane porspective (s At 9)
with 8 for ecntic of perspective

(10) A harmonic range 15 projectod into 4 harmonic rang.

(11) Eithar figurc may be dodueed from the othar by the <une
pl()cew

These pomts are more tully lustrated m the following uticle

HPC 3
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RW/ ¢

BTG St S

20 Construction of figures
by Conical Projection

Let the given nguie of which
A, B, C arc thice pomts be i the
plane o (Figure page 34)

Take S any pomt outside the
plane o

Jom S to 4, Band (" and on
S84, SB, SC take wy pomts A’
B, C
plane ¢’

Smee AA" and BB meet 1 S,
AB and A'B he m o planc and
meet m some pomt R

Sumilarly, BC and B'(" meet at
a pomt P and AC and A’C” mect
at a pomnt @

These pomnts hic i some

Construction of figures 1n
Plane Perspective

Let the given figue of which
4, B, ("arc thice pomts be m the
plane o (Figure page 35)

Take S any pomt in the plane ¢

Jom S to A, B and ¢, and on
NS4, SB, SC take iy pomnts A7
B, " These pomnts he in the
planc o

Swmee A" and BB are in the
planc o, AB and 'R meet n
some pomnt R

Suntlatly, BC and B'(" mect at
a pomnt L and AC and A(" meet
at a pomnt @



LPiyection and Perspective

But P,  and B must he on
the ine of mterscction ot o ind o

ind are thaefore collimear

Jhe line PQR or oo’ 15 usunlly
denoted by the lotter s

°

The figure obtamed by pro-
jection on the plane ¢’ 15 now
completely  dctermined, tor  the
*pont (mnspun(lmg to any given
pomt D m the plane ¢ ¢ b
found

P

30

v’

C
C ¢
|
ol |
|
|
b !
|
1
c |
AN
But thc tnangles ABC and
A'B'¢Y e such that the hmes
joming  then  vertices  are con-

carrent, wnd therefore P2, Q and
R (Art 13 (a)) uc colhincar

The hne PQR 1s usually denoted
by the Jctter s and 15 called the
axis of homology o1 perspective

The hge m parspective with
thc given one 15 now completely
determimed, for the
sponding to any given pomnt 1) can
be tound,since (At 18) corrcspond-
mg potnts are collincar with S and
corresponding lings mtcrsect on s

3 2

point, corre



36 Princples of Projcctive Geometry

For join D to S

Then the pomt corresponding
to D 1s that 1 which SD meets
the plane o

21 Determiming elements of a
Conical Projection

(fiven the figwe to be projected, the
determining elements of the projection
may be

(1) The pomt & and any three
pomts 4, B, " on Sd, 8B, SC re-
spectivdly which are to correspond to
A, B, ¢

(2) The point 8 and the plane ¢,
or, what 15 equivalent thereto,

S and s together with .1°, the pomnt
corresponding to .1, which must be
collimeawr with . and A
or cotrelatively,

¢ and S together with «, the line
corresponding  to «, which must be
concurrent with ¢ and «

(3) Any two pomnts 4’ wnd B’
which correspond to 4 wd B, such
that A4’ wd B8 meet at some pomt
S, and any pomt (" on SC which
contesponds to ('

Note  Even 1f ' 13 not given,
a pomt K on s 19 determined and the
plane o for different powitions of
will 10tate 1ound the hne R.A'B’

or correlatively,

any two lines «’ and ¥, which correspond
to @ and b, such that ««’ and bb' hie on
a line 8, nd any line ¢’ which corresponds
to ¢ and intersects ¢ on s

Note Even if ¢ 18 not given, the
line of mtersection of the planes aa’
and bb passes thiough S, and the pont
S will move along this line of intersection,
for different positions of ¢/

For jom D to 8 Let DA
meet 8 1n 7

Then the point D’ coriesponding
to D 1s that in which SD meets
T4’ For DA and D’'4’, bemng
corresponding lines, must 1ntersect
on s

Determining elements of figures
1n Homology or Perspective

Guven the figuie whose perspective
19 required, the determiming elements
of the perspective may be
(1) The pomt S and any three
pomts A’y B, ¢' on S84, SB, S re-
spectively which are to correspond to
4, B, C
@)

S wnd s together with A’y the pomnt
cortesponding to 4, which must be
collinear with § and A

or correlatively,

¢ wd 8 together with o', the line
corresponding to @, which must be
concurrent with ¢ and «

(3) Any two pomts ' wnd B’
which cortespond to 4 and B, such
that .44’ and BB determine some
pomt 8, and any point ¢’ on SC which
corresponds to (7

Note Even 1if (" 19 not gnen,
a pomt L on s 13 determined and the
line ¢ for different positions of ¢’ will
10tate 1ound the pomnt R ‘. -

ot correlatively,

any two lines a’ and ¥, which correspond
to @ and b, such that aa’ and by’ deter
mine a line ¢ ind any line ¢/ which
corresponds to ¢ and ntersects ¢ on 8
Note  Even if ¢ 14 not given, the
hine jomming ab to «'b’ must pass through
8, and the pomt S will move along
this hine, for different positions of ¢
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(4) Any two pomnts A’ and B’
corresponding to 4 and B, and such
that 44’ emd BB’ 1utersect, and the
direction of s 1n the plane o

37

(4) Any two pomts 4’ and B’
conesponding to A and B, and the
direction of s

Note  For another method of con-
struction see Art 28

In each of the above cases the point S, and the plane ¢’ or the axis of porspective

8, can be found
22 Vanishing Lines

The locv of the pounts ' one figure which correspond to the pownts at

wnfinity wn the other are strarght Lines termed the vanshing lines  There
18 one vanwshing lane wn each figure
\\a
~—
~ \\\
— P
\\\\ //
L %
3 W viT T T TR
\a\\ a T
| \\‘ . -
~ 7 -
I e
/// R
] y ,

To find the pont (sec Fig page
34) corrcsponding 1n the second
figuie to the pomt at mfimty on a
Iine a, draw throngh S a hne «,
parallel to ¢ This line will meet
o’ the pomt ¢;,¢’  Simlauly the
points corresponding to the points
atinfimty on b, ¢, d,  arc obtaned
s The pomts ot mtersection of the
plan.e o’ with the hines by, ¢, d,,
drawn through S parallel to b,¢,d
These lines lic in o planc through
8 parallel to ¢ and the hne of
» mtersection of this plane with o
gives the locus of the ponts corre-
sponding to the pomnts at nfinity
on ¢ This lne 15 parallel to s,
and 18 termed the vanishang line

To find the point (see Fig page
37) corresponding m the sccond
figure to the point at mhmty on a
hinc a, draw through 8 a hne «,
paradlcd to @ It A’ conresponds to
A and a pandlcd to ¢ be drawn
through 4 mccting s m 7' then
the rcquired pomt s given as the
mtascettion of o and 7'd” By
consulenng the pomnts correspond-
mg to the pomnts at infinity on any
othcr ines b, ¢, d,  any number ot
ponts on the loeus may be obtained
This locus by Addendum I 18 a
straght Iinc parallel to s, and 19
termed the vanishing line
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This vanishing line may be
convenently denoted by o'

Similarly the points at infimity
mn the figure ¢’ correspond to the
pomnts lymng on a vamshing line w,
which 15 obtamned by drawing a
plane through s parall(l to ¢’

As the pomts at infimty
either hgure correspond to points
on a vanshing hne, 1t 18 convenient
to regard all the pomts at infimty
i etther figure as bemg on a
straght hnc terincd the hne af
wpimty  Thus m the first figure
the points at infimty are regarded
as bemng on a hne v which cone-
sponds to v and 1n the sceond on a
line w' which corrcsponds to w

The vamshing pownt of a line 1y
the point where the line mects the
vanmshing hine in ats igure Thiy
pont corresponds to the pomts at
fimty on the corresponding Iine

A system of parallel Lines wn
one figrre corresponds to @ system
of lines wn the other which wntersect
w @ pont on a vanishung line

For the construction
gives the same point on the vanish-
mg lne as corresponding to the
point at infinity on each hne of the
aystem

above

Determination of Position
of Vanishing Lines
Through S diaw a plane per-
pendicular to s meeting

s H,
win W,
v in V’

Principles of Prajictive Geometry

This vamshing lime may be
conveniently denoted by o

Stmilarly the points‘at infinty
m the second higure correspond to
the points lymg on a vamishing hne
w, which 15 also parallel to the
axig of Perspective s

As the ponts at nfimty n
erther figure correspond to pomnts
on a vamshig hine, 1619 convenient
to regard all the points at inhmty
m either figure as bemng on a
straight Ine tcrmed the line at
wmfimty  Thus i the first higure
the points at infimty are regarded
as bemg on o hne » which corre-
sponds to »" and i the second on a
hne @ which corresponds to w

The vamshing pount of a line 15
the pomnt where the ine mcets the
vanishing line m ats figuie  Thas
pomnt cortesponds to the pomts at
mhnity on the corresponding hne

A system of parallel Lmes in
one fugwre corresponds to « system
of lines wn the other which wnter sect
w a pownt on « vaneshing line

For the construction
gives the same point on the vanish-
mg hine as corresponding to the
pomnt at infinity on cach hine ofthe
system

ibove

Determination of Position
of Vanishing Lines
Thiough S diaw o line per
pendicular to s meeting
s m H,
wim W,
oV
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Then SWHV’ 15 a parallel-
ogram (Figure page 34)
L4

Theretore
SW=VH and SV =WH

Theretore the dustunce of eithe
vamghing line from the centie of
Projection (S) s equal to that of
the other vanshing line from the
line of wntersectvon of the planes ()

Henee, given S and any two of
the Imes s, w and 0" the remaumning
linc 15 completely deternined

23
vashimg pomt of iy hine o, vis
(S wa) m the higuic o, 15 pundld
to the correspondimg hme o For
(S wa) passes through w'a’ the
pomnt at mbmity on o

Hence o lime m oone figare s

The conncctorot Swith the

parallcl to the Imc jommg S to
the vauushing pomnt ot the corre-
:p(zndmg e the othar hgure

As w mmcdiate conscquenc
the tollowing nnportant 1esult 1y
obtalned

The angle subtended by the
vamshing points of two lLines at
S v equal to the anqgle between the
corresponding lines

39

Let a and «' be two corre-
sponding lmes  which therefore
meet 1 a pont P on s

Let « meet win @ and @’ meet
v m R (Figuie page 37)

Then aw (o1 Q) cornesponds to

the pomt at inhmty on«”  There-
fore 8¢ 15 parallel to @’ Sularly
SR 15 parallel to ¢ Theretore

SQPR s o parallelogram, and
Sh=VIH and SV'=WH

Therctore the dustance of ether
vaneshang lone from the centre of
Perspective (S) vs equal to that of
the other from the uris of Per-
spectrve ()

Hence, given 8 and any two ot
the Tines  w and o', the 1cmaming
Imc s completely determined

The connecton of 8 with the
vanishing pomt ot any line a, viz
(S wa) m oone higure, 15 patallel
to the cortesponding hne « - For
(S8 wa) passes through w'a” the
pomt w mhmty on «f

Hence a hne m oone hgure 18
puallcd to the Tme jommg S to
the vashing pomt ot the cone
sponding Tme i the other hgure

As an immedint
the followmg mmport it result 14

(Ullﬁt‘(lll(‘nC(‘

obtamcd

The angle subtended by the
vaneshing pownts of two lines at S
15 equal to the angle between the
corresponding lines
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24 Nature of the figure
obtained by Conical Projection

It the centre of Projection S,
the plane o, and the vamshing
line w are given, the plane ¢’ may
move parallel to 1tself, and the
lines s and ¢ will then move
paallcl to w and at a constant
distance apatt, cqual to the dis-
tance ot S from w

In this case the Projections will
be sumilar
by parallel planes are simlar

For scetions of a cone

The linear dimensions of hgures
obtaimned by projcction  are pro-
portional to the perpcndicular from
the vertex on the plane of section
or to the mtcrcepts by these planes
on any hine through S drawn 1n
a given dircetion  The intercept
SV 1s such a length  But

SV =WH

Principles of Projective Geometry

Nature of the figure obtained
by Plane Perspective
<

If the centre of Perspective S,
the first figure, and the vamshing
line w are given, the lines s and v/
may move parallel to w and will
be at agconstant distance apart,
equal to the distance ot § fiom w

In this case the Perspective
figures are similar - Forif @ and b,
any two lines of the given figure,
meet w m aw and bw, then the
corresponding lines 1n every figure
i perspective are parallel to the
lines joining these pomnts to &
Hence 1n all the perspective igures
the angles between pans of lines
which correspond to o given pair
of lines 1n the ongmal figure are
equal  Theretore the figuies are
similar

Let »" and s be the vanishing
line and axis of perspective of one
figure, and v and s, be the vamsh-
ing hine and axis ot perspective of
another hgure

Let two lines of the given
figure be « and b 'Through, §
draw lines parallel to « and b
meeting v and v’ m P’ ang P/
and m @ and @ These points
correspond to the pomnts at infinity
onaand b Hence, 1f the central
line meets v',s, v/, s, n V', H, V/
and H,,

PQ 8V _WH
P TSV T WA,
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Therefore the hnear dimensions
of the similar figures obtained by
projection are proportional to WH,
the distance of the vamshing hne
from the ntersection of the planes
o and o

Hence the nature of a pro-
Jection depends on the position of
the plane (S w) and the position
of S 1n this plane

By taking any line m o as w
(the vanishing hine) that line may
be projected mto the line at in-
fimity®

25 To form a figure by
Projection such that the angles
between the two pairs of lines,
which correspond to two given
pairs of lines, shall have given
values, and the Projection of a
given line shall be the hne at
infinmity

Let @ and b, ¢ and d be the
lines the projections ot which are
to contamn given angles a and B
Take as vanishing hne ot the
figure w, the lnc which 1s to be pro-
Jected to mhnity  Draw any plane
gy ghrough w  Construct the
vamshing pomts aw, bw, cw, dw
of thg hnes o, b, ¢, d These will
be on the line of mtersection w of
the planes o, and o

In the planc a, deseribe on aw,
%w a segment of a crcle to contain
an angle @ and on cw, dw deseribe
a segment of a cucle to contain an

sangle B

Therefore the lincar dimensions
of the simla figures obtamed by
plane perspective are proportional
to WH, the distance of the vamsh-
g hne from the axis ot per-
spective s

Hence the nature of the per-
spective figute  depends on  the
position of w 1 the plane and on
the position of S rlative to it

By taking any lmne m the
plane as w (the vamshing hne)
that line may be made to cone-
spond to the Iime at infmity i the
parspective hgure

To form a figure by Plane
Perspective such that the angles
between the two pairs of lines,
which correspond to two given
pairs of lines, shall have given
values, and the line cor1espond-
ing to a given line shall be the
line at infinity

Tut « and b, ¢ and d be the
Iincs whose  correspondimg himes
are to contan gven angles a wnd
B Take as vamshig linc of
the figurc oo, the hne which 14 to
cortespond to the linc at inhnity
Construct the vamshing pomnts aw,
bw, cw, dw of the Imes a, b, ¢, d

On aw, bw desertbe o segment
of a arde to contun an angle a
and on cw, dw describe a segment
of a arde to contan an angle 8
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Let these <egments intersect
m S*

If S be taken as centie of pro-
Jection and any plane o parallel to
o, as the plane of section, then the
Imes o, U, ¢, d' corresponding to
a, b, ¢, d will be parallel to the hincs
jorning S to uw, bw, cw and dw

Therefore the angles between
« and O,/ and d' will be ot the
given magnitudes a and 8 Also
the given hine w will be projected
to mhnity  Henco the  figuc
obtamcd by this Projection meets
the given conditions

Principles of Projective Geometry

Let these segments intersect
i S*

If S be taken as cettre of per-
spective and any line s parallel to
w as ax1s ot perspective, o', ¥, ¢, d'
the lines contesponding to a, b, ¢, d
will be parallel to the lines joining
S to aw¥bw, cw and dw

Theretore the angles betwcen
o and U, ¢ and d’ will be of the
given magnitudes ¢ and B Also
the given line w will be projected
to mmfhmty  Hinee  the  hgue
obtamed by this Plane Perspective
mects the given conditions

26 Connexion between Conical Projection and Plane Per-

spective

In the precading, the fundamental theorems ot conieal projection

and of plane perspcctive have been proved mdependently

The latter,

however, may be deduced from the tormer
Supposc that the hgures m the planes ¢ and ¢’ arc given and

likewise the corrcspondence between them

Let the plane o 10tate

about the Iime of interscetion of the planes o and o’ (1e )  Let a, b, ¢
and ', V', ¢/ be any three pwis of corresponding Iines which mtersect
in pairs of corresponding points 4, B, C and 4, B/, ( (see Fig page 34)
When o 15 1otated round ad’, the limes aa’, b, ¢’ will continue to
mtersect on g0’ Hence the lines A47 BB, CC will continuc to
mtarsect - some pomt S The pans of pomts AA4’, BB may be
regatded as hixed and detarmming the position ot S and CC as any,pair
of conresponding pomts  Hence the figures, when then planes arc
totated, will continue to hwe a centre of projection S .
Consider the patallelogtun SWHVY” Because the figure 1n o 13
given and hikewise the contespondence, HV' 15 constant— Therefore WS

* 1f the segments aw, bu and cw, dw ovcrlap, the eircles described thereon will intersect
m & pair of 1eal pomts and 518 real  If they do not overlap, the encles, 1n certain cases,
will not 1nterscct and in this ease § will be an 1maginary point  The projection 18 then
said to be imaginary  The citerion as to whether or not the projection or perspective 19
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15 constant and smce W s fixed, S desenibes a cirele 1ound W o the
plane perpendicular to the hines w, o', «

If the plane ¢’ be wotated round s till o and ¢’ comnerde, the two
figures will be supeiposed 1n plane paspective m the plane o with S
as centre of perspective at a distance HV' from w, and s tor axis of
perspective  The rotation may take placc 1 cither of two ways, <o

that S may lie on either side of w, and v on either side of #
[ ]

27 Any two plane quadrangles may be derived the one from
the other by a series of projections

Let ABCD and A'B'C’L" be the quadiangles situated m the same
o1 ditterent planes

Through D diaw a plane distinet from the plane A BCD and project;
the quadiangle A''C°D" nto a quadiangle m this plane o that the
pomnt cortesponding to D’ comerdes with 1) The problem then rcduces
to the following

“Given two planes o and o', thrce pomts 4, B, ¢ the formar, thiee
pomts A°, I8, (" m the hitter and D a pomt on then e ot itersection, to
dave 4’B'C°D from ABCD by projection ™

Thaie are two ways of procecding

() Thiough D diaw a lme s m the plane ¢ to meet BC, C4 and
ABn K, L, and M, and v 1Iinc " m the planc o to meet B'C7, ¢'A" and
A'Bm K, I and A

Since s and o mterseet at ) they he m v plane o, m which KK, LI7,
MM torm o tnangle 4,5,C,

The tnangle 4 BC 1 projective with the tnangle A, B, since the
sides mterscet K, L M oon the line gy, and, sinee D 1s on oo, the
pomt D corresponds to itself

Simtlarly the trnangle A B s projective with the tnangle 4,8,
since the sides mterscct i K2 L) M on the hne ¢'a; and, since D s on
«’a the pomt D) corrcsponds to atselt

Theteforc the pomts A', B, (", D can be daved from the pomts
<4, BaC, D by two projcctions

) Lct AB meet DC i I and A'B mect DOm0 K

Since DCE and DCE" arc m one plane, CC" id KE will mcet i a
pomnt 8, Draw a plane g, through DOK and project A'BC°D tom
*the pomt S, on the plane o,  The ponts D, ¢, £ will thus b
projected to the pomts D, €, &, and A" and B will be projected mto
pomnts 4”7, 8” mn the planc a;, which are collincar with %

Simce the lines ABE and A”B'E arc concurtent, A4” and BB arc
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concurrent at some pomnt S, and from this pomnt the quadrangle
A”B”CD can be projected mnto the quadrangle 4 BCD

This result should be compared with that obtamned in Art 653,
where 1t 15 shown that any two quadrangles can be placed 1n a plane so
as to be 1n plane perspective

If three trangles situated wn different planes are tuo by two wn perspective and
have the sume azis of persputive, thewr three centies of perspective are collinear

Let the three tiangles be (1) ABC, (2) A'B'C", (3) 4”B"("  Then smce the
trangles are two by two mn perspective and have the same axis of perspective, any
three pairs of corresponding sides, say, A B, .U'B’, A”B", meet at a pomt on s the
common axis of perspective

Tet & be the centie of perspective of (1) and (2),
s, » » (2) and (3),
8", 3 » (3) and (1) ¢

Then the three pomts S, 8 and 8" are situated m the plane 4A’4”, and
also 1 the plane BB’B”  Hence they are all on the line of intersection of the planes

AA'A" and BB B” and we colincar [t 19 seen also that ('C'C” pisses through
this hine .

The Correlative theorem 13

If three tnangles sutuated o different planes are tuo by two in perspectiie and
have the same centic of perspectie, thew three aves of perspective are concurient

28 Anharmonic ratios In connexion with figures in Plane
Perspective

If A and A" be any two coriospunding ponts of two figures wn plane
perspective, and AA" meets s i P, then of S be the centie of perspective
the anharymonic 1atio (SPAA’) s constant

Take any other panr of  + v 7 pomts Band B Let BB
meet s () Then the hnes AB and A’B’ interscct 1n some pont B
ons  Hence (SPAA')=(SQBB) =a constant, for every par of corte-
spondimg pomts  From this 1t tollows that ¢

() It 8, s and the anhamonic ratio (SPAA4’) be given, the
Perspective 1s completely detenmined  (SPAA’) may be termgd the
anharmonic ratio of the Perspective
S4"  PA
ra’ T 84
case, 4”19 any pomt on the v unshing hne, which may be denoted by
V7, and 1ts locus 18 clearly o line parallel to s such that

Ibllf’ = (SPBB’) = the anharmonic 1atio of the perspective

(2) 1t A be tahen at inhmty, (SPA4d")=1 In this
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HW d
(3) Smmlarly W= (SPB'B) = s Pii' B)= }SIKW ,
HS+8W SH+HV
Sw = HV
SW=VH

29 Particular cases of Conical Projection and Plane Perspective
s Conacal Projection

(1) Let s be at mfimty In thiy cise, the cutting planes wre parallel and the
figures are simlar The vanishing lines comerde with the hine at infimty and the
ratio of any pan of corresponding scgments 13 constant

(2) Let S be it mtuty  In this case, the cone formed by jommg pomts
the figures to § 14 replaced by a cyhinder o1 prism  The line at infimity corresponds
to itself  Orthogonal projection 1s a puticulu mstance of this case

Llane Perspcctice

(1) Let s be at mhmty Then the figures we said to be snmlar and simlarly
placed The vwishing hines comade with the hne at mhmty nd § 19 termed the
centre of similitude

(2) Let S be at mfimty  Then the hne joming any puir of corresponding points
1y parallel to a fixed duection  The hue at mfumty corresponds to itself  Such
hgures are tertmed “homological by athmty ”

(3) Let the anharmotuc ratio of the pline perspective be — 1 The Perspective
15 then suid to be harmonic  In this case (YV 1) (S 1 A4), so that purs of
cortesponding  pownts mutually correspond  Important cases of this will aris
hereafter

If ABC b a triungle and o' be the perspectioc of a fiquic o, 1 and BC bewng the
centie and a s of perspective, and o be the perspectivc of o, Boand AC bang the
centre and wus of parapectioc, and o' be the perspectioc of o, and AL bong
the «ntre and ans of porspectine thon, promded the anharmonic ratwos of the
perspective be the same wn cach case, the pguics o and o” cowcide

Let 22 be any pomt of ¢ wnd let the whumonic ratio of the parspective be
each case X Then, if AP meet BC m A,
the pomt /”” of o' corresponding to £ 14
datgmined by (1AL )=x, <o P" the
pomnt of o” corresponding to /19 gnen
by (BLIP'P")=\

* (AKPPY~(BLDP P")y=(LBP"D)

Therefore ” and /' are collincar with ¥
Also (CMP"'P)y=(B CMP"P)

= (KAP'P)y=(AKDPP") -\

Hence P contesponds to Py when (" wind
BA are the centie and axis of Perspective

An important particular case of the preceding armsos when the thiod perspectines
are harmonic  (See Art 107)
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30 The unportant theorem of Art 25--if for the present the use of imagiary
pomnts be excluded—requires the two circles to mtersect in a pawr of real pomts
From the following theorem 1t may be ascertained when this will be the cise

A, Ay B, B arce four collnsar pownts and circles are deseribed on Ad’ and BB’
to conturn angles a and [ respectwely

(1) If the pounts occwr wn the order ABA'B’, the circles uall always intersect in
1cal pounts

(2) If the pownts occur n the oider AA'BB’,‘t/Le cucles will intersect wn 1eal
pounts, of
o 20 B
cost g

(BBAL) >y
2

coy?

(3)  If the pownts occur wn the order ABB'A, the cucles vl wntersect wn real
powts, if
a-f

sim? "9
(BB'AL )<y
,a+f

sm

(1) In this cise the theorem 13 obvious

(2) TLet " and D be the centres of the cncles, M and .V the feet ot the
perpendiculurs for these points on 4 U'BB’, and S v pomt of mtersection of the
cucles  Then the condition thit S should be real 15 that

(CS+SDy>CD? ()
Then igle ACM=angle MCA'=q,
and angle BD.N=angle NDB' =8
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Let O be any pont on the hine 4.4'BB" and CA the perpendicular from ("on YV
Then (1) becomes

(CS+8D)> DK 4CK*? )
] , ,
Bat  os=04 0L wp OB - 0B
&Sl a 3\"”3 y
ch=UB+OB_0U+04 Dh OB -0B_0t-01
2 2 2tug 2twma

Hence (1) becomes

(()A’—(){ 013’—()11).‘ <()II'—()II 0 [’—()1)‘

“28ma 2;m{3 2t s T 2twa

OB +08B 01 +04\?
+ ) - ) >

< 4

14c0sacosB+<masing
Simasing

>2(08 -0 1) (0B - 0.0,

1 +cos(a-f3) B tn
cs(a=@)y—cos(a+8)" 11U BB’

Hence the required condition 14

or (04'=04) (0B - 0B)

o > (BUAB)

cout® :ﬁ
(BB 1A > i

,a
oS- =
2

(3) As i (2)1t may be shown that the condition i this cse 15 that

mnlﬂ“lj
i ws(a—-p)—1 N 2
(BJ ADB )>u)\ (4= 13) = com (at3) Z qlnz“ :)‘3 _g"]‘u-;ﬁ
\m‘a—/j
or (”B 4 1)< ,a+3
s
EXAMPLES

(1) Given n a plane four hnes «, b, «, &, wd two pomts 1 wnd 1, what
(f any) condition must hold if «, b, 1 correspond to o, ¥, A" m plne pa
spective ? Construct the porspective

A’ must be situated on the hne jomng «’b to the pomnt, where & the axis of
perspective meets A ab

* (2) Two pursof sttught lines ab ind de arc given and e 19 the hne jommng «b to

de  On ¢ any pomt €18 triken wd through (" iny two lines e drawn to cut o and
em A and E,and b wnd dm B and D
Show that the ponts ae, bd and A B DE are collmcar
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Consider the perspective in which

a corresponds to e
b ” ”» d

and €14 the ccntre of perspective

4 corresponds to &

]} ” ”» D

AB » DE
.

Therefore a¢, bd, and 4B DE are collinear on s the axis of perspective

(3) Tn two figures ¢ and ¢’ 1n pline perspective prove that the ratio of the
distwices of two corresponding pomts P and P’ from § 15 equal (1) to the 1atio
of the distance of the pomnt P from the vimshing line m 1ts figure, to the
distance of the other vanishing line from S, and (2) to the ratio of the distances of
the two points from the central line

B 3
1 5 \\ P'
r/’
,/
/’—/N
/IP
_ \Y)
//W ’
SA< T+ [ e
(s

* -

Let S wnd ¢ be the centic and axis of perspective Let P and P’ be 2 pair of
corresponding pomts which must be collinear with § Let SPP’ meet ¢ n N
Jom P wd P’ to T any pomnt on s Let a line parillel to P7 through S méet 77
in K and a line through S paallel to 7P meet 7P in L Then L and X aie
respectively on the vamshing hnes » and #/, which are parallel to s Let these
vanshung lines meet SPP" m V7 and W’ and drop perpendiculais PM and 7'M’
fiom > and 7’ on the central line; 1e on the perpendicular from § on g .

NP P

Lhen SIT' = ]"M’

by sumilar triangles
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Also (‘\VI)A"I’ ):(Noc i \‘
NY: s
rN —ppe SW PN NP -PP”
Sprosrr

iy
PSP simec SH' =TV

(4) Prove that 1f the hines jommg the conesponding angular pomts of two
trangles in the same plwne are concurrent, then the trangles are, m o intmte
nmmmber of wuys, the projectidng from two pornts m space of the same triangle
lymg outside thar pline

(5) Prove that the locus of the vertex from which a system of four fived pomnts
m a planc can be comeally projected mto v square 15 v ande mow plane it rnght
wigles to the thind diagonal of the quadndaterd formed by the four pomts



CHAPTER V

APPLICALIONS OF PROJECITON AND OF PLANE PERSPECTIVE
TRIANGLES IN PLRSPLCTIVI

31 If the thiee sets of pownts BCA A, CABB,, ABC\Q we
collinear, the erpressions

Ba, OB, AC, BB OB (B A AC,
Cd, AB, Bo, " ca, oA, aB AB, BC, BC

wre projective

The first expression may be wuitten
BA, BS, /OB CUS\/d¢, AS
((,'A. os) i b’) \ B0, /m)

or, with not wion of At 10,
(BCA, S)(CAB, S)(ABC, 8)

Kach of these exprossions is projective by Art 10, and tharctore then
product 15 also projective

The sceond expression 1s projective becanse 1t 1s the produet of two
cxpressions of the torm of the first expression

Projection

By mcans of Comcil Projcction one higare muy be deduced from mother w
aplamed m the Tt chaptar id the propatics of one iigure may be infered
from those of the othar  From v generd theorcm a puticulwr case ¢ be acduced
or fiom v particular e v genaal thcoran may bhe obtaned  The thoorems of
Aut 25 md Art 27 ue those most usually employed  These ue as follows) viz

(1) From any figure ¢ wotha figute o' may be obtaimed by projection, such
that (@) the wngles between iy two purs of lines m o/, conesponding to any twe
given pans of Ines 1 o, may have ginven values, and (b) the line corresponding to
any given lme 1 ¢ may be the inc o mfimty m o

() From wny hgure o another hgure o may be obtamed by projection, such
that any four given points m o are the projections of any four given pomts in o
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1hn 4, 7 . nto_a_square

This 18 a case of (11) It may be
deduced fron» (1) as follows Let
ABCD be the quadiangle wd Z
F, G 1ts diagonal pomts  Project K
G F mto the lime 1t ity wnd the D
angles ABC and BEC mto nght
angles  Then the 1esulting figme
must be v square ¢ G

(2)  The Line jouing any peir of duegonal points (I and ) op « quadiangle
ABOD) s cut hewmonedly by a pan of sedes (at b and L)

Project the quwdiwngle mto o squue, £/ bang projected mto the lime at
mtmty  The theorem then reduces to proving that if v hine be dirwwn thiough
the centic of a squue parallel to v side; the mtercept mide on 1t by the other
pur of sides 15 bisected b the centre

Frog this 1t follows thit any side of a quadiangle 15 divided hanmonically at
the diagonil pomnt on the sidc wd ot the pomt where the wide 18 met by the
oppostte side of the diigonal pomts trangl

As a puticular cwse 1t as scan thg it through o digonad pomnt of o quadrangle
st ught ine be dvawn pallel to the opposite side of the diagonl powts tringle,
the itercept on this hue by v pur of opposite sides 15 bisccted w the diagonal point

(3)  Lf the conosponding sides of two trangles ABC and A"B'C" wnterscct
thice colluncar pornts on a straaght line s, thon the thice Lnes joinang paas of

conresponding varlices e concuriont al a poret S At 13 (a)
Project the ime s mto the hne ot mfunty aind the thoortem reduces to 2 (o) ot
the wddendum
(8)  Af the lincs goining corcsponding ecitices of teo triangles ABC and A'B'(7
@eo_comurrent at « point S, ther the thiec paus of ponts of tntersection of <ol
responding wdes we collinear on w stiaght foe s Art 13 (a)
Project the pomnt 5 to mhmty, wd the thcorem reduces to 2 (h) of the
wddendum
() Tf a transocrsal et the ndes of w triangle ABC o A'B'C7, then
e ntroop
B CU B
The lft-hwnd side of this equation 13 unaltered by projection  Project the
tra == 1sal mto the hme b mbmty  In this cwe ) 57, (7 arc at infunty, and
each of the thice 1105 which composc the expression 15 cqual to umty Lhercfore
then puylmt 15 1 this, and in Al cases, equd to umty
(6) Ly the lines jovieng the vartices of « triangle ABC to ary pownt I mect the
opposite sudes in A’y B'y U, then
" By Cn
BCTCU AR
Take wy tnangle ind its centroid  Project the triangle { B¢ mto this tnangle
and the point ” into the ccntrond (Art 27)  Then cach of the 1atios which compose
the expression on the lett hnd side becomes cquil to =1 Therefore the product
1w —1

=1 (Mcndwy Thooramn)

=1 (Ceva’s Theorem)

.

1-2
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32. Plane Perspective

Plane Perspective like Comcal Projection may be employed to obtain one figure
from another or to deduce one theorem from a related theorem Thé following are
examples of the construction of higures by Plane Perspective

(@) To construct the perspective of a qrven triangle ABC, so that 1t may be equal
wn dumensions to a gwen truangle A, B C

w >

Denote the opposite sides of the triangles by the corresponding small letters
Take any hine w parallel to b as vamshmg hine  Let « and ¢ meet w in Wy and W,
Through W, and W; draw hnes making angles ) and 4, with w, to meet at §
Take S as centre of perspective On SC take C’ such that %% -l;—)! Through
C' draw C'A’ parallel to w to meet S4 mn A’ Through A’ and ¢’ diaw liney
parallel to SW; and SW; to meet AB and BC mm L and A and to intersect in 53’

Then, 1n the perspective with § as centre, w as vanishing hine and € and €' as
corresponding powmnts, B and B’ correspond Hence ABC and A'B’C' are m
perspective and consequently AL (s) 18 parallel to w The trnangles 4,8,C; and
A'B'C’ are similar by construction Also since

the sides 4'C” and 4, Cy, and therefore the triangles 4,B,C, and A'B'C’, are equal
(b) To construet the perspective of a gwen quadrangle ABCD 3o that @ may be
(1) a square
Let V, and V; be a pair of diagonal pomnts of the quadrangle Take V,V;, ¢s
vamshing hine and let the third pan of sides of the quadrangle meet V;V; mn V;
and ¥V; On V,V, and on V3V, as diameters, describe two circles which will
mtersect at some point § Take § as centre of perspective and some hne 8 parallel
to w as axis  The perspective of the quadrangle will then be a square
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For since V; and V; are on the vamshing line, the resulting figure 1s a parallelo-
gram

Since SV, and SV, are at rmght angles and are parallel to the sides, 1t 1s
a rectangle

Since SV, and SV, are at right angles and are parallel to the diagonals, 1t 15
a squate

\&

\Z

(11)  a squure of grven dumensions
The dimensions of the squate n (1) vary directly as the distance between w and
s (Art 24) Let d be the length of the side of the given square  On V,Q, take
a point €, such that
.9/ _ d
-~ LADX%
If a line parallel to w through @, be taken as axiy of perspective, the resulting
figure will be a square of side d
(m) an equilateral triangle und 1tz oirthocentre
Let ABCD be the quadrangle and let 40D, BD, CD meet BC, CA, AB
respectively in 4,8,C; Let BC meet B,C; in W, and 4B meet 4,53, m W,
Then the ranges A BC; W, and CBA, W, are harmonic (Art 31 (2)) Take IV, W,
as vamshing hine (w) Let 4D and (') meet w m Wy and Wy 1espectively  On

Wy W, and on W;W; as diameters describe crcles intersecting i Y Take § as
centre of verspective and any line parallel to w as axis of perspective
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In the perspective figure the points corresponding to 4, B, ('} will bisect the
sides of the triangle cotresponding to .1 B3(* and the lines contesponding to 4 D, BD,
CD will be perpendiculir to those corresponding to BC, CA, AB Hence the

figurte meets the requiraments of the case  Tts dimensions depend on the
position of &

Wo

From the wbove 1t 15 scen that 1f two of the three scgments determimed on
a line by any four pomts subtend 1 night angle at 4 given pomt, the thnd
scgment also subtends o ught angle at that pomt

(V) @ quadrangle of goven dimcnsions See Art 65, Chapter 1X

33 Particular cases of Triangles 1n Perspective

() 1t three coplanar treangles e two by two e parspectiee, and have the same

anas of perspectine, thew thiee cantrcs of paspectioc ae collinear
Tt the tringles be (1) ABC (2) '2'CT wd (3) A”B7C”, and let then oppoute
sides be denoted by the corresponding small letters  Smce the trangley are two
by two i perspective with the sune axis of perspective, the sides a, o', «” we
concurtent  Thaeforc the tinwngles BB'B”7 wd C('C” are m perspective
Therefore the pomts BB CC', B'B" ¢'C", B"B C"C wue colhmear  But
these pomts ue the centres of perspective of the tinangles (1), (2) and (3) taken
two by two
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() If three coplanai trmangles arc tuo by two an perspective and have the
same centie of perspectiee, thenr thiec aves of puspectiie are concuirent
Let the tnangles be (1) abe, (2) «'b'¢, and (3) «”0"", and let then oppoute
vertices be fenoted by the corresponding large letters  Since the triangles wme
two by two i perspective with the same centie of perspective, the vertices.t, A’, 1"
are collmear  Therefore the tiiangles d0'0" and «'c” arc m perspective  Therefore
the ines b’ ec , U0 ¢, 1" "¢ are concunrent  But these limes uwe the axes of
perspective of the triangles (1), (2) wd (3) tiken in pairs
() If a tnangle be cocumscnbed to anotha tnangle and s perspectie
wath ity the thice vertues of the forma
tricengle may be deduced from cach
other as harmonie payspecties with
sospect to the verties and opposite
sides of the latter trwmgle
Let the tuwgle 2771” be n
cumsertbed to the tnangle 15¢
wnd an perspective with 1ty as
the figure, N bemg the centre of
paspectine  Let Al BP and
CP” mcet the opposite wides of
ABC m K, L wd M Then from
the quadingle 72P7"P'S,
(B1PS)—- -1
But (A LD (B PS)= -1

Smlaly the vwmges (BLPPY= 1 and (CMP7P) =1

Convarsely 1t Py D'y P aie haimon parspectiocs of cack other with 1espect to
the vatues A, B, Oy and the opposite sides of a triangle ABC, the truengles P1' P
and 1B aiein paspectiec

Take the perspective of 2 with centie B and was 1¢7, this will be o point
N such thit (B1PS)=~1 "Tha (At 29) S5 the perspective of P with 1egmd
to ¢ wmd A8 To show thut 270 passes through S at s necessary to prove that
L'B, LC and P"S ue concunent

This 14 the case sincc ("P"BLY= 1=(I"S1C)

The conteltive theotems e
I/ w trwangle be insanibed i anothar triangle and v porspective with at, the three
sudes of the forma triangle may be deduced from cack other as harmonie porspectiecs
iith 1espect to the vartices and opposite sides of the lutter traangle
CPoersly — 1f p, oy p” @re has monie perspectives with respect to the vertices 1) 13, ¢,
and the oppositc sudes of a trigngle «be, the tangles pp'p” and abe aic i perspectio
(1v) If two coplanar triangles arc copolar an two diffcrent ways, such that cach
paw of corresponding vortees an the onc case @ now corresponding ccrtices an the
sother, they aie also copolur . a thud way and the thiee poles are the vaties of
a triangle copolar wn thice ways to ether of the former trangles
Tt ABC and A’B'(” be the tinngles ind denote the opposite sides by the
cortesponding small lettars  In the figwe, the tnangles we m perspective with
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the centres of perspective at S and S’ It 1s requured to prove that 4°C, .1B’ and
BC’ are concurrent at some pomt S”

Because the tnangles are m perspective with S as centie of perspective,
K(a ) L V), M(c ¢)are collmear  Also 1 the perspective centre S’

A (a0 @) corresponds to A7 (¢ b),

L by " y L (d O,
j’/(l l') 9 ” "'([:' l()
LI L]

Hence, since X, L, M uce colmear, A’y I/; M’ arc colhmew Therefore the triangles
are m paspective with o, o', & corrcspondig to b, ¢, « respectively and the liney
B, C 1y and 18’ wre concurient at some pomnt 87

) l

The trnngle ABC 19 obviously m perspectine with the trnngle SS°S” from

AL B and (7

EXAMPLES

(1) Gaven five pomts, no three of which are colling i, project them mto hive
pomts «uch that one may be the centioid and the other the orthocentre of the
remaming threc

(2) Through the pomts of itersection of the diagonals of v quadiilateral straight
Iimes are diawn paralel to the four wides to meet the sides which are 1espectiVely

opposite to those to which they we diawn parallel  Prove that the four points of
mtersection are collinear !

(3)  Show that 1f two coplunar triugles are 1n perspective and o vertex of one
lies on & non corresponding side of the other (e ¢ A’ on AB), then provided the
centie of parspective 18 not b B, a pur of corresponding sides must comnade
examine the position of the centte wd axws of parspective

(4 If two quadiangles are m perspectine m thiee ways with the vertices and
opposite wides of a triangle as centies and aves of perspective, the vertices are
collinem 1m pans with a fourth pomt
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(5) If 4,B,Cand.1;B,C, be two triangles m perspective, the triangle B, By,
Cily Cody, 4By A,By 18 m perspective with .1, B0, and 4, 8,0, and the thiee
centres of perspective lie on a straight hine

(6) If on cach of thiee concurrent straight lines «, b, ¢ thiee pomts are tuken,
these form the vertices of 36 sets of trwngles m perspeetive i pairs; and the aves
of perspective piss three by three thiough 36 ponts which hie four by four on 27
straight liney

(7) If four triwngles (1) .1, By, (2) 1,B,C:, (3) 138,05, (4) 1,B,C; are such
that (1) and (2), (2) wd (3), (3) and (1), () wd (1) are m paspective with
Mdydsdyy BB BBy CoO 0 for contesponding vertices, and NS08, for
centres of perspective, wd sy, sy for vy, prove that, it S8, 8,8, ue colhnear,
§19,93% are concurient



CHAPTER VI

ANHARMONIC' FORMS —RANGES
RANGES AND PENCILS

SUPERPOSED

PROJECTIVE

AND PENCILS IN PERSPE('TIVE
RANGES AND PENCILS

34 Self-corresponding elements

It two projective ranges are
constineted on the sane base, they
are taamed  superposed  projective
ranges  Any point upon the base
may bc looked upon as an clement
of cithar range and to a given
pomnt, considarad as an element of
onc 1ange, there generally corre-
sponds some other pomt on the
base tegardad as an element of the
other 1ange

In cartam cases a pur of conre-
sponding clements comade m one
pomt and such o pomt 15 termed
a self-corresponding pownt ot the
gven projective ranges

A pan of projective 1anges on
different bases may also have a
self-corresponding  pomt bt the
pomt of mtersection of the bases

If two projective ponufa are
constiucted with the same vertex,
they are termed super posed pio-
jgective pencils  Any line throngh
the vertex may be looked upon as
an element of cithar peneil and to
a given line, considered an
clement of one peneil, there ganer-
ally cortcsponds some other hine
thiough the vertex rcguded as
clement ot the other pencil

S

In certam cases a pan of conre-
sponding elements comcde in one
Imc and such v hime s termed «
self-corresponding 1ay ot the given
projective penetls

A pan ot projective penerls
with different vertices may also
have a selt conresponding 1ay

the hine joming then two vertiees

Ranges and pencils 1n perspective

Two ranges are sud to be m
perspective when the Iines joming
pans of cotresponding points pass
thiough a fined pont

Two penetls are said to be iy
perspective  when  the pomts ot
mtersection ot pans ot corre-
sponding 1ays he on a fixed line
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If wn two p1gjective ranges
(1) the connectors of three
pawrs of eorresponding powts are
concur rent,
or (2) the pownt of wnter section
of the bases 15 a self-coriesponding
pownt,

the two 1anges are wn perspective

8
B

Let the projective ranges 4, B,
CDE andA, B, D, E,
be atuated on bases s and

() Let BB, €, DI be
coneutent al the pont S

Jom N to Ky pomt on s to
meet s at K,

Than (BUDE)=(B'('IDV'E),

but  (BCDE)=(BCD'E)
since the ranges  ue projective

Therefore E, and £ comadc and
every pan of conesponding ele-
ments are collimear with S

(2) Let ¢ be
sportling pomt, viz 4 o A7, and
let B, CC" mect at S

Jom S to /£ any pomt on s to
meet s ab K,

a selt-corne-

Then (ABCE)=(A'BUE,),
but  (ABCK)=(A'B (I

If w two projective pencils
(1) the pownts of wntersectron
of thiee paur s of cor responding rays
are collear,
or (2) the connector of the ver -
tices s a sel f-corresponding 1ay,

the two pencils are i per spective

Let the projective penals a, b,

U ’

e, d, e, ¢, d, ¢,

have for then vertices S and 87
(1) Let b, oo, dd’ be collimean

on the Ime s

Jom the imtascetion of « with e
,
any hne through S, to 8" bvalineee,

Then  (bede) = (U'd'ey),
but (bedey=(''d’e")

simce the penals are projective
Tharefore ¢, and ¢ comaude and
cvay par of corresponding ele-
ments mtersect on s

(2) Let S8 be a sclt-conre-
sponding 1ay, viz a or o, and let
b, e¢” be the lime s

Jom the pomt of mtcrscction
of s with e, any hnc thiongh S, to
S by a linc ¢

Then  (abee) = (a'b'c'e)),

but (abeey = (d'b'¢'¢’)

and ', I,
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since the ranges are projective
Thercfore as before E, and E
comerde

From the above 1t tollows that
two pairs of corrcsponding elements
completely determme two 1anges
m perspective

If two 1anges are wn per spective
the Liawsicrse conneddors of any two
p(L:H S_Of cotr e\_p(mdwg IJO’LNt.S wnter -
sect on «a fred st aght line

Let 4, B, C, be the

and A, ', C",
ranges, m which A, BB, CC", are
collinear with 2 fixed pommt .S Consider
the trangles A’3C" and AB'C They are
. perspective with S for centre of

perspective  Therefore AB" BA’ and
BC’ CB’ he on a hne s” which passes
thiough O the pomt of mtersection of
the bases

If A4', BB’ are regarded as two
pars of fixed corresponding points,
which deteimine the ranges, the linc
s” 15 fined wnd the vanable pomnt
BC' CB’ hes on this hine

Thiy 1esult also follows fiom the
properties of Harmonic Perspective when
S 18 the centie and 3" the
Perspective

ax1s of

Principles of Piajectire Geometry

simce the ranges aic projective
Therefore as before e and ¢
comneide .

From the above 1t follows that
two pars of corresponding 1ays
completely determine two pencils
n peispective

If two pencils wre wn perspective
the pownts of wntersectin of puawrs
of the non-corresponding 1ays are
collunens with o fired powt

Let a,b,¢, and «,¥,¢, bethe
1angey, m which ad’, b0, (', lie on a
fixed Ime ¢ Consider the triangles a’be’

and abc They are m paspective with
¢ for axiy of perspective  Thaefore
al’ b’y b’ ' tersect m 1 pomnt 87
which lies on o the connector of the

vertices -

If «d’, BV’ are 1egarded as two pans
of fixed cortesponding riys, which deter-
mine the pencils, the pomnt 8”13 fixed
and the vanble line b’ b passes
through thus pomnt

This result also follows fiom the
properties of Harmouic Perspective when
¢ 13 the axis and 8" the centre of Per-
spective
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35 Projective ranges and pencils

Constr uction of corresponding elements of projective forms*
L]

Given three pans of corre-
sponcding pomts 4 and 4’, B and
B, ¢ and C’' on two bases s and §,
to construct the projective ranges
determined by these corresponding
pomts

Take S and S any two pomts
on 44" Construct §” the lhine
joinng SC S'C'to SB §'B° Then
the penals S ABC
and N A'BC
have the self-corresponding  ray
S8, and arc  therefore o per-
gpective, with 7 as axis of per-
spective (At 34)

To construct, the point corre-
sponding to any pomt D on s,
jomn 8D to meet 8" m D’ Jom
D”S to meet 8 m 1 Then 1
15 the pomt corresponding to D,

Given three pars of cone-
sponding rays a and «, b and V',
¢ and ¢' passing through two ver-
tices S and 8, to construct the
projective peneils deternined by
these conesponding 1ays

ra

Take s and ¢ any two hnes
through «e”  Construet, 8”7 the
pomt of mterscetion of s¢ s'¢’ and
sb v Then the ranges s abe

and s b’
have the seclf-cortesponding pomt
s¢’, and theretore 1 per-
spective, with 8”7 as centre ot per-
spective (Art 34)

To construct the ray corre-
sponding to any ray d through S,
jomn sd to 8" by d” Jomn d"s
to 8 by d Then d' 18 the ray

cortesponding to d, for the same

are

* Tor construction of self corresponding elements of two supcrposcd ranges sce

Art 109
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for the same projections which
determine A’B'C’ fiom ABC also
determine D from D

If ¢ meet s and ¢ 1in P and @',
P’ and @), the points corresponding
to P and @, arc found as the
mtersects of S°P and 8@ with
s and s respectavely

Any Ime may be taken as the
Iime s For, it s” meet s and 8" 1n
P oand Q) and P and @ be the
corresponding pomnts, then S and
N are found as the pownts of mnter-
section of Q@ and PI” with the
line joimng  any pau ot corre-
spending pomnts A and A’

Prmeiples of Projectite Geometry

projections which determine a'b’c’
from abe also determine d’ from d
.

If the lines joining §” to S and
S be p and ¢, p” and ¢, the rays
corresponding to p and ¢, are found
as the connectors of s’p and sq” to
8" and 8 respeetively

Any point may be taken as the
point 87 For,1f the hines jomng
8”7 to S and 8" be p and ¢, and p’
and ¢ be the corresponding rays,
thcn s and ¢ are found as the
lines joming the pomnts ¢’ and pp’
to the pomnt of mtersection of any
pair of corresponding rays @ and o

From the precedig 1t follows that

(1) A range can always be
constructed with whach each of two
guwen projective ranges ts e per-
speclive

(2) Thiee pavis of corre-
sponding ponts deter mine two pro-
jJeclive 1anges

(3) Two 1anges, such that the
anhar monee 1atro of any four pownts
of the one 1s equal to the anhar mone
ratw of the four corresponding
pornts of the other, are projective

Theorem (3) of the above may
be proved by taking A, B, ¢ and
A, B, C to determine the ranges,
and D and 1) for conesponding
The point D, determined
by the above construction as corre-
sponding to D, 18 such that

(A'BUD)=(ABCD)

and theretfore comades with D/

pnmtq

A pencil can always be con-
structed with which each of two
quoen projective pencels s wn per-
spective

Three puus of corresponding
rays  deternune  two
pencils

Two pencils, such that the an-
har monie ratvo of any fowr 1ays of
the one 1s equal to the anhar monic
rato of the fowr corresponding
rays of the other, are projective

Theorem (3) of the above mfTy
be proved by taking «, b, ¢ and
«, b, ¢ todetermine the pencils and
d and d’ for cortesponding 1ays
The 1ay o, dctermimed by the
above construction as correspond-
mg to d, 15 such that

(a'b''dy) = (abed)

and therefore coimneides with d

projective
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36 Particular case of the preceding

Take S at any point A’ of the
range on ¢, and 8 at the corre-
sponding pomnt 4 on s

M

Tt o meet s and &, as botore,
m L and

Then, by construction, P corre-
sponds to the point s’ 1egarded as
a pomt of the rangc on s, and ¢
corresponds to the pomnts’s regarded
as @ pomnt of the range on's

Hence ¢ and P arc fixed pomnts
and ¢ 15 thaefore a hixed hing, as
long as S and 8 are taken ab paus
of contespondig  pomts ot the
rarecs But A4, A”and B, B aie
any two paus of corresponding
pomts,and AB and A’B mtarsect
mns”

It tollows therefore that the
hines jommng transversely any two
pars of corresponding  points of
two projective ringes intersect on
a hxed line

Take s as the ray « ot the
penetl vertex S, and & as the
cotresponding 1ay @ of the penul
vertex S

Let the hines jommg S and N
to N7 be as betore pand ¢

Then, by construction, p corre-
sponds to ine S8 regardad as ray of
penatl S and ¢’ corresponds to line
NS 1egurded as 1ay ot penal 8

Hence ¢ and poare fixed hines
and 87 15 therdtore a fixed pomt,
as long as s and 3" arc a pan of
contesponding 1ays of the penals
But «, @’ and 6,1 we any two paus
of contesponding rays and ¢’ and
@b arc collimear with 8”

It follows thercfore that the
points of mtersection of the non-
cortesponding rays of any two puis
of cortesponding 1ays of two po-
jective penals are collinear with o
fixed pont
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If any thrce pars of points
AA’, BB, OC be taken, these
determime two projective  ranges
and the pomts

AB BA', BC" OB, C4" AC
are collinear

From this there follows

Pascal’s theorem for a Pair
of Lines, viz

If the alternate vertwes of «a
heaagon he three by three on two
strawght lunes, then the three ponts
of antersecton of the paws of
opposite sudes are collinear

This theorem may also be proved as
follows

Principles of Projective Geometry

If any three pans of 1ays
ad, Ob', ¢’ be taken, these deter-
mine two projeetive 1ahges and the
lines

ab’ ba', be' b, cd’ ac
are concurient

From this there follows

Brianchon’s theorem for a
Pair of Points, viz

If the alternate sdes of o
hexagon pass thee by thy ee through
two fized pownts, then the th ee lanes
Jouny the pavrs of opposite vertices
are concurrent

This thcorem may Jdso be proved as
follows

let ABCDEF be a hexagon, such
that 4, %, C and D, B, I lic on two
straight lmes which meet at S Let
K, L, M be the ponts of tersection of
pairs of opposite sides, wind et 7 and V

be the pomnts AB DO and AF CB

Jom K1 and KM The condition that
K, L, M should be collinear 18

(K LAUB)=(K MVCDB),
ot (LAUB)=(MVCB),
o (D EACS)=(F LACS),
which 18 true

Let abedef be v hexagon, such thut
¢, ¢, ¢ and d, b, f meet uw two ponts
the connector of whichss  Letk 4, m
be the connectors of pairs of opposite
vertices, aud let « and » be the lines
ab dc and af b  The condition for
£, I, m to bc concurtent 14

(h laub)y=(k mech),
or (laub) = (mwcb),
or (d cacs)=(f eury),
which 19 true
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37 Connexion between Projective Pencils and Ranges and

those 1n Plane Perspective

Two projectwe ranges may be
placed wn plane perspectwe by mov-

wg either 1ange along s base

Let A’ be the pomt of one
range which corresponds to the
pomt of intersection of the bases
looked upon as a pomt of the
othar 1t the points 47, B, (" are
moved through a distanec A A’
along " the 1anges will have a sclf-
conesponding pomt. at 4 and be
In perspective  with the pomnt
BB CC" (i the ncw position) for
centre of perspective

Two projectwe pencils may be
placed wn  plane perspective by
rotating either pencil 1ound s
verter

¢
\\\b
s N
S’ a S

Let @’ be the 1ay of one peneil
which coriesponds to the hne
Jomng the verticcs of the penals
looked upon as aray ot the other
It the rays o', U, ¢ are rotated
round & through an angle aa’ the
pencils will have a self-conrespond-
ing ray m « and be m parspeetive
with the hnc 60" ¢ (in thc new
position) for axis ot perspective

In the preecding (1ight-hand side) the rotation may be performed n

cither of two ways

(1) the ray ¢’ may be rotated thiough the acute angle «’S’a, or
(2) through the angle m— a'S'a
The axts of perspective 19 the same 1n both cases
Converscly, any two projectwe pencils may be obtawned by the
rotatwn 101nd its vertex of euher of some two pencils wn plane per-

spective

38 Two projectwe pencils may have two pars, one puar or no paw

of parallel corresponding 1ays

Rotate one ot the pencls round 1ts vertex S all the penails arc 1n
planc perspective and let s be the axis of perspective n the displaccd

,position
HPGa

5
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(1) Let the axis of perspective s meet SS’ between S and 8" at 4
Pans of corresponding rays of the pencils in the displaced position
are obtamned by jomng a variable pomnt X on s to § and+8"  When
the point X 15 very distant from 4 1n the upper part of the figure the
angle @ between corresponding rays 15 zero  As X moves towards 4
this angle mcreascs till at 4 1t 15 = After passing A the external

angle, marked ¢ at @, mcrcases trom 0 to 7, which value 1t reaches
when X 19 taken at an finte distance below 4 Hence the internal
angle between the rays above S8 and the external angle below S&
each have any given value a (<)  Thaefore, when the pencil vertex
S’ 18 10tated back to 1ts onigmal position round &', through an angle a,
there will be two pans of parallel corresponding 1ays — These correspond
to the two pairs of 1ays passing thiough P and P’ which originally
contamed an angle o

(2) Let the axis of perspective s of the penals meet S8 at 4,
where 4 15 not situated between 8 and 8§

In this case when X 18 taken at infunty at the top of the figuie the
angle 6 between the ines joiming X to S and 8”18 zeto This angle 8
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mcreases from zero till P 1s at 7 1in which case STS 1s a maximum (vy)
The pomnt 7' 15 determined as the point of contact of a circle through §
and 8’ which touches the axis of perspective  The angle € then decreases
till at A, where S8’ meets the axis of perspective, 1t 18 agan zero

Hence for a posttive rotation of 8 through an angle between o and
v there are two pairs of parallel corre~ponding rays

Below A the angle to be considered 19 the external angle ¢ between
8Q" and SQ (produced)

This angle ¢ 1s mutially 7 and dcereases till at Uit 1s 7 — B3, where
U 1s agan the pomt of contact of a cucle through S and 8" which
touches the axis of perspective  From U to the lower point at infimity
on the axis ¢ mcreases from 7 — B8 to

Hence, for a positive rotation between 7 — B and 7 of the penal
round ' there are agan two pairs of parallel corresponding rays

* For a rotation of the peneill 8 1 a positive ducction of vy or 7 — B

there 1s one pan of parallel corresponding rays

For a rotation of the penal 8" m a positive direction between v and
7¢— B3 there 1s no pair of parallel corresponding rays
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39 (a) There are two points at which pairs of corresponding
points of two projective ranges on different bases subtend equal
angles ¢

Let the 1anges be situated
on the bases w and " which
mterseet at 0, and let them be
dctcrmined (Art 35) by thiee
pars of corresponding  points
V, P, o wd o', P, V'

Evay pur of corresponding
points will subtend equal angles
at S, 1f S 16 such that

VISI Y= 0 S.P o) V] P u
and P’Sw’ = PSV

In this case the angle OVS=w08SV=VSw0’=0V'S Hence the
lines jommg Vo and V' to 8, make equal angles with » and o
respectively

It the second penal 1s rotated 1ound 8 through such an angle that
SP and SP hc on cach other, the penals will comeide, and the two
ranges will be the mtercepts made on two different transversals w and
W', by the same penal

But 1t was shown (A1t 10) that in this case

VP VP =constant= VS V'S

Hence the product VIS V'S 15 a known quantity

Hence S 15 tound as the vertex of a tnangle descibed on V'V as
base, having the ditference ot the base angles equal to the difference of
the angles OV'V and OVV’, and having the product of 1ts sudes equal
to a given quantaty

Such a tiangle can be constructed (Addendum 4) on each side
of VV'

That any two purs of corresponding pomts subtend equal imgles at S, determmed

as above, may be proved as follows
Considar the trangles V28 and V'S
VP yrP=1'S 1S,
l’l}j/ _ LS
Vs e
also the angles SV P and STP are equal
Therefore the tinngles V'SP’ and VIS are similar and the angle V'S’ =the
angle VS
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Take two other cortesponding points @ and @’

Then F'SQ = 1QS,
and . PSQ =18~ VPS= PSQ

() There are generally two strawght lines on which pauws of
corresponding 1ays of two projectie pencils with diyferent vertiwes
deter mane equal segments

Thete are generally two pans of parallel corresponding 1ays of two
projective penals (Art 38)  Diaw any transversal parallel to the
direction of one ot these pans of parallel corresponding 1ays to meet
the pencils n 4, B, ¢, 0 and A, I, €, % respectively, where 2 1s the
pomt at mhmty on the transversal  Then
Iy Y AC¢ ¢

(ABC0)=(d BUx) o B ot

Heneg, 1if AC and A'C" be equal, BC and B¢ will also be equal - But
(Addendum 3) o straight line may be diawn m a given diection so
that the mtoccpts on 1t made by two given paus of hnes are equd
The line so diawn 15 one on which three puis ot corresponding rays ot
the penals determine equal segments, and on which tharetore all pans of
corrcsponding 1ays determine equal segments A sccond line, parallel
to the other pan of parallel corresponding 1ays ot the penals, may be
obtatned 1m a simular manner

From («) 1t follows that any pawr of projective 2 anges may be obturned
by the section of the sume pencil by a pawr of transver sals, one transver sal
bewng afterwards 10tated 1ound the verter of the pencil

From (b) 1t follows that generally any paw of projective pencils may
be obtarned by projecting the same 1ange frome two different vertices, one
pencil bewng afterwards moved parallel to the base on which the 1ange s
sutuated

40 Summary of the Properties of two Projective Ranges

In the case of two projective ranges m which A, B, ¢ conre-
spond to 4°, I8, ¢/
(¢) Thare s a vanishing pomt (W or V') on cach base such that
WA VA =WB VI'= constant  (Atts 10 and 39)
(0) Concsponding pomnts may be obtuned by puep e ing on the
bases any pomt on the line joining SA 4’ to S¢S where Sand ¥,
she centies of projection, are on the connector of a pait of corresponding

points (At 35)
(¢) Corresponding pomnts may also be obtained by rotating a

given angle round either of two fixed pomnts  (Art 39)
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(d) The ranges are 1n plane perspective, if the point of ter-
section of the bases corresponds to itself (Art 34)

(¢) The ranges may be placed 1n plane perspective by moving
one of them, so that the point of intersection of the bases 1s a self-
corresponding point  (Art 37)

41 Superposed Projective Ranges and Pencils

Two superposed projective ranges or pencils may have one or two,
but not more than two, self-corresponding pornts *

Let the projective pencils abe  and a’b’c’  have a common vertex
S Through any pomnt 8 in then plane diaw hines abe;  parallel to
a’b’e! Then the penals abe  and a,be;,  are propine Hence
(Art 38) they have two pairs, one pair or no pan of parallel corre-
sponding rays If they have two pans of parallel corresponding rays
¢, e, and £, fi, the 1ays ¢’ and f7 of the penal «’d’c”  which correspond to
e, and £, must comncide with the rays e and f of the pencil abe
Hence the two given peneils have two self-corresponding 1ays

Similarly, 1f the pencils abe  and @b,  have one pan or no
pair of parallel correspunrding 1ays, the pencils wbe and «'b’¢’ have
oneorno ¢ " ray Itis obvious shat two pencils cannot
have more than two sclf-corresponding 1ays without entirely comeiding

If the pomnts of two superposed projective ranges are jomed to any
vertex two superposed pencils are obtained, and, corresponding to the
self-cortesponding rays of the pencils, there may be two self-correspond-
ing pomnts, one self-corresponding powmnt, o1 no selt-corresponding pomnt
of the ranges

42 Maximum and Mimimum S8egments of Superposed Projective Ranges

Let V and V' be the vamishing points of two superposcd projective 1anges
Then 1if 2 and P’ are a par of corre
sponding pomnts P2 17/”= 1 constant P W0 v P
(Arts 10 and 39)

Suppose this constant to be — A2 vwo that 1P V'P'= - K'* Then

VPOV P4 DPPY= =K,

2 2
g 21v]
rp={+2k -y vy-& T, vey (O
7
" 2v]
pp—(-2k- - ,T,Y“ ()

also For the construction of self-corresponding elements of two superposed projective
TL see Art 109

angle }
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The least value of the numerator of the second evpression 13 1n each case zero
Consider (1)
If 2K~ V, 1718 posttive 7P’ 19 & mimmum when

VP= -k
If 24~ V71 19 negative P2 13 (numerically) v mavimum when
VP=-K

Consider (1)
If —3K~ V'V 1 positive I’ 19 o maxumum when

VP=+ K
If —2A - V'V 1y negtive PP’ 15 (numetically) @ muimum when
VP=+K

Hence for the valucs V= +A the segments 2" are one s maximum and the

other v minmmum  These are tamad the maximum wnd wmmum  segments
They will be denoted by FA” and FF”

If VP VP = 4 K4 the mywamum and muumum segments are mmagiary
The self-corresponding pomnts (A and L) are given the 1clation
VP 1 P=-K?
They are therefore siturted between 17 ind V' oand are equally distant fiom
these points
Tt will be seen from the preceding that if O be the nuddle pomt of V'V’ then

EF'==2(h +0V), FF = +2(K=0V),
OE=K+0V, OF =~ (h+01),
OF ==K +0T, OF =(K-0V),

O = 0L ~0) - ¢

The square of the dostance betwenn the sdlf corresponding points cquals the product
of the mavimune and muemum scgnuats
The maximum and nuninmum seguienty are

2(A- 01) wd =2(K+0V)
Jut KL= t(OVi=h")
== t(h4 01 )(h=01)
=LK 'l
[f the selt corresponding ponts we 10, &7 and F7F7 have the same sign,
one 14 4 maximum (numencdly) and one v nunmum (numeniclly)  1f the self
corresponding pomts are mmaginuy K and FF7 hwve opposite signs, and are
then numerically both mimimy
The distunce bitween the vwmshing pornts os cqual to the sene-sum of the marvimum

« and manmum segments
The maximum and mmimumn segments ate

2K- V'V wd —2K-1'V

Therefore their senm sumn 13 - § '}, the distance between the vanishing pomts
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The product of the distances of a pawr of corresponding pownts from thewr respective

1
vamshing pounts equals — 42 the square of the dyfference of the ma rimuwm and minimum

segments
The difference of the maximum and miimum segments 1s

QK-V'V)-(2K-V'V)=4K,
K 2=i1‘ (difference of segments)?

Hence the maximum and mimimum segments are such that
(1) They are bisected at the mean point, 2 ¢ the mid-pont of V'V’
(2) Their product equals the square of the distance between the self-
conjugate points
(3) Their senu sum cquals the distance between the vanishing points
(4) The square of their difference 13 (—16) times the product of the distances
of a pan of corresponding points from their vam<hing pomts

43 If EE' and FF' are the mavimum and mmomum scgments and cucles be
described on KE and K'F’ as dwamctors, the self corresponding clements are the
limiting points of the system of coaral curcles* detcrmuined by the s curcles, and of the
curcles anter sect at @ and @', corresponding segments of the 1 anges subtend equal angles
at @ and Q'

The centres of the cicles described on EF and E'F' 18 diimeters are at
Vand V' the vamshing pomnts and the two cucles me equal  Tf they do not
mtersect the real points

0] OF=0V?*-K?=0RK?=0L* (A1t 42)

Theretore A and L are the common hamonic conjugites of EF and K'F’
Hence they are the himiting pomts of the coaxal system when real The arde
on LM cuts the arcles on EF and E'F’ orthogonally

If the cicles on EF and £'F’ intersect as m the higure m ¢ and @ then the
angle A'QE=mn~F'QF Let I be the point at mfimty on a parallel to the buse
through @

* See Art 83
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Then I'QE =QE E=QEE' =EQV, 1'QV=E'QL
Hence EE', FF', I'V all subtend equal angles or angles whose sum 1s 7 at @ and
also at @ .
If VP V'P'=K? the self-torresponding pomnts are real and the miyamum and
mmimum segments do not exist  Hence
(1) If the mavimum ind mmmum segments LE' and FF' ue maginary
the self-conjugate points are real
(2) 1f the maximum and mimmum segments are 1l and the cireles on %
and £'F" do not itersect the self contesponding pomts ue real and are then
hmiting pomts
(3) If the masnnum and mimmum segments re real and the ardes on
LF and E'F ntersect i ¢ and @' then the self corresponding pomnts are
imaginary, and corresponding points subtend equal angles at @ and @’
It thetetore follows that m the cwe of two superposed projective ranges there
are either
(1) A pair of self corresponding elements 8 and S’ m which case, 1f .4 ind LA
be 1 panr of corresponding pomts, the pownt /7 correspondmg to wy pomt £ of
either 1ange may be found fiom the fict that

(S8 ADP)=(S8"A’P")y  (Example b, puge 76)

v

o
(2) There are two pomnts ¢ and @ W which pairs of corresponding clements
subtend cqual angles
In case (2) 1t 13 obvious thit the pomnts ¢ and ¢ must be symmetticdly situated
m regud to the bise, ind thit the mvvmum wnd mmmum segments are obtaimed
when the arms of the 10tated angle we cquilly mclined to the ime Q¢

Summary of the Properties of two Superposed Projective
Ranges

In the case of two projective 1anges on the same base i which
A, B, cortespond to A', B,
(¢) Thereisa  ru-hing pomt Wor Vot each range such that

WA V'A'=WB V'B =constant

(b) There 1s a pownt O half-way bctween the vanishing points
which may be called the mean pomnt

(¢) There ate two sclf-corresponding points S and §” which may
be 1eal o1 1maginary

(d) If S and 8 are mmaginary—and sometimes when they are
real—there are maximum and mimimum segments KXK', LI/

(e) If S and § are imagnary, cucles deseribed on KL, K'L/
mtersect in two ponts  and @ at which pairs of corrcsponding points
subtend equal angles
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(f) If Sand § are real, any pair of corresponding points may be
constiucted by means of the fact that (SS'AP)=(SS'A'P'), where P
and P’ correspond If S and 8’ arc imaginary, corresponding points
may be obtained by the rotation of a constant angle round @ or @

(9) The hmiting points of the circles desciibed on KL and K'L/
as diameters are the self-corresponding points of the ranges

44 Connexion between Ranges determined 1n different ways

The different relationships between ranges of pomts (or pencils of
rays) may be defined as follows, viz

If two ranges (or pencils) are such that one may be deduced fiom
the other by a series of projections, the ranges (or pencils) arce said to
be st

If two 1anges (or penals) are such that the anharmonic ratio of any
four elements of the one 18 equal to the anharmonie ratio of the four
corresponding elements of the other the 1anges (or pencils) are said to
be equianharmonic

If two ranges (or pencils) are such that paus of corresponding
elements are determined by means of an algebraic relation, and to any
element of the one cortesponds one and only one clement of the other,
then the ranges (or pencils) arc said to be umquely deter mined and to
have one to one correspondence

It has alrecady been shown (Aits 11 and 85) that the teims
projective and equianharmonic, as defined above, when apphed to
ranges or pencils, ate equivalent tetms It will now be shown that the
terms equianharmonic and uniquely determined are, in this case, also
equivalent Equianharmonic ranges are (Art 12) umquely determined
and thus 1t 1s only necessary to prove that uniquely determined ranges
are equianharmonic

Let © be the distance of any pomnt of the first 1ange fiom some
origim on 1ts base and » the distance of the corresponding pomnt of the
other from an ougm on 1ts base  Then if the ponts are uniquely
dctermuned each from the other, by an algebraie relation, the 1elation
between « and 2’ must be of the form

Azxx' + Ba+Co’ + D=0
_ G+ o -
Aa'+ B )
Suppose that a/, @), @, #,” are the coordinates of four points of the
second range corresponding to the points of the fust range whose

Therefore x =
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coordinates are ,, «,, #;,, ¥, The anhaimonie ratio of these points 1s

(1)

Xy — &g Xy — Ly

[ X~ Ty Ay — T,
’ 4 - C
But fiom () == =)y, 4 fe
1 s

Substituting in (11) this and the corresponding values for

Xy, =&, 13—y, U, — a4
1t 18 seen that
-1, h—ry a) =1 ot -/

o = ’ ’
L=y =1y 1) =) ) -1y

which proves the theorcem

The cortesponding theorems for pencils may be deduced without
dithculty by considerning the ranges formed by the peneils on any
transversal

Determination of Position by Ratio

If B and € are two given pomts on a line the position of any point A’ on the

’

line 18 known 1f the ratio L}—l,
CA
At 7)

In a trangle 4 BC the position of points situated
on the three sides may be given by ther ratios
with respect to the vertices Ceva’s wud Menelaus’
Theorems may then be stated as follows

When thiee pownts are situated on the wudes of ¢ &
trangle, of the product of theu ratios with 1¢spect to
the verties 13 =1, the Lines yornang the pownts to the vertices are concurrent, and, if
the product of ther 1atws 18 +1, the pownts are collincar

EXAMPLES

(1) Two scts of four collmear points are such that the points of one set are at
distances 2, 3, —1, +1 fiom a hxed pomt on the hine, and those of the other st
at distances —3, 3, — &, — 4 fiom the pomnt  Prove that two projective fom pomnt
ranges can be formed out of the two sets respectively

be gnen (See A

[¢}

(2) ABCD wd A'B'C'D" are two 1anges of collinear pomnts such that
(]

T S
ADT AT DT B T ehT e

Prove that they have the same anharmonic ratios

+

.

. 1 1) 1 1
From the given relations A {fﬁ - 7}/)} = - {zfl)’ ”,1),} ,

1 BA 1 n4a

==t e
ADBD ~ X ADBD”
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104 p 1 O4d
ADCDH™ NLD'CD”
Ba Ct_BA C'4
BD CcDO B CD”
(ADBC)=(A"D'B'C")
(3) If P and £’ correspond 1n the two homographicranges ABC  and 'B’C’
show that

80

AB P AC PR AP BC
an toae o
Simce the ranges are projectivey (ACBPY - (1C°B'1),
AB 4B P

=0

B AP T B
1 1
4T A
=T 1
A'C T AL
] 1

]
_ *( 1 )_ Y ) — Y v ==
P B CP=CB APy~ LAl oy, 08 AP =o,
B CP _AC PB AP BC_
B re T oar "

(4) 1f @, &' be the double pomnts of two projective ranges and 4 1" and BB’ pans
of corresponding pomnts then (Q.1Q'A")=(QBQ'B)

(5) If a straight line meet the sides of B 1 and BC of 1 tnangle A BC i € and
A, respectively, and the hines jommng /%, any pont on the ling, to € wnd 1 meet the
opposite sides 1 ¢ and 4', prove thit
A0y 17 + C4, CA"_
Bu, BC U B BA
By projection from L, (A BCC) —(U'BAC)=(CA, BA)=1~(CB.1,.1),
(dBCCY+(CUBAA")=1

1

(6) Draw a hinc through a given pont to meet the sides of v given tinngle m
three pomnts which with the given point form a range of given wharmonic ratio
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Iiet O be the given pomt  Draw any transiecrsal to meet the sides m .4'(" B’
Take a pomt A” on this line such that (0.1”¢’’) has the given anharmonic ratio
Jom 4" to .f to meot A8 4"  Let 04 meet dBand 1€ 0" and B”  Then
04" B"C™ 13 the 1equned transversal

(7)  Prove the following test for collinearity of the three pomnts 0, M, N, 0 1B(
and OA' B¢ are any two straight lines through 0, also AMB', BMA', B'NC, BAC'
are strught limes  Then the required condition for collineanty 1s that A.1', BB,
C'C" are concurrent

In A1t 35 5" will not pass through O unless the ranges are m perspective, in
which case 4.1’y BB, CC' are concurrent

(8) Two ranges ABCD and A'B'(" D’ on dittercnt lines have o common pomnt 4,
CD'and ¢'D mect at 17 Show thit

(4B, CD)x (AB', ¢'D"y= | (B'B, CD) D
In the figuie C///
(AB'C'DYy=(V AB'C'D)=(1D"DC) g_—
Therefore A b
(ABCDY(AB'C' D) =(A BCD) (D" DC) N ¢ o

=(DCBAY(DCAD"y=(DCBD")~=(BD"DC)
=(V B'BCD)
9) A0, BO, CO connect the vertices of v tiymgle to O, 213 tiken on 10,

PC meets BO m @, Q.0 meets CO m Ky RB meets 10 P’y P'C meets BO m ¢,
and ¢@'4d meets COm £ Trove that B'BL ue colhmear

In the hcwre
[ ]
(A BPR'C)=(4 BOQ'C)=(C BRP'C")=(4 BQOC")
=(C BQUC)=(C BPR'C)
The tist and It of these penals are m perspective and therefore B, I, 87 wc
colhinear
(10) If ad'c, a’bc’ be such that the thiee sides ¢, ¢, b are concurent and likcwise

the sdes ¥, «, ¢’ show that the lmes jonung the opposite vertices, viz, ac’ o'c,
all @b, ' b’ are concurrent
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Examples on Ceva's and Menelaus’ Theorems

(11) If the lines joming the vertices of a triangle 4 8C to any point I meet the
pposite sides 1espectively in A'B’C’ and K, L, M are the mddle points of ¢’'B’,
VA, A'B' respectively, and these lines meet the opposite sides 1 4y, By, €}
espectively, prove that

(1) 4,, B,, C, are collinear,

wnd (2) AK, BL, CM are concurrent

(1) Since 4’y B’, C, are collinear

z%=—ml g (Menoclaus’ Theorem)
cA An

By

By multiplying this by the two similar expressions, 1t 14 seen that
AC, By OBy . L
BC, CAy AB LM' cB A 2T
(C i A B
Heuce 44, By, C, arc collinear
(2) Let AA, BL, CM mect the opposite sides m X', L', M’
Then (C'B'KA)=(BCK'A))
C'h (4, _BK' B.,
B'K B'1, Ch' C4,’
o1 -1 C'1y _ BN B4,
B'4,” Ch' (4,
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By multiplying together this and the two siumilar relations, 1t 15 seen that

C'4, BK' BdA,

-1 - = =
D M = Weogr o,
or (=1) 1= gl‘, 1 since Ay, By, Cy are collinear
BK'
o, ==I

Therefore by Ceva’s Theorem 1K', BL', CM' are collinear

(12) From the angular pomnts of 1 triangle A BC hmes 10, BE, CF are diawn

cutting the opposite sides m D), £, F "The lines AD, BE, CF form a triangle
A’BIC'

AF CE BD A4'C B'A C'B
Provo that BF AL CD™ A'B B'C O'4

Consider the triangle ABC' By Menclauy' Theorem

AF 1
BFTBT O
oL ABY

By multiplyig together this and the two sunilar relations,

AR CE BD _ABL' BC (A
BF AE (D~ BV B ¢

(13) The middle points of the sides of a tiningle ABC we A', B, ' and the feet
of the perpendicular fiom the vertices are D, £, F' Prove that if

(AEB'CY=(AFC'By=(BDAC)
the tnangle must be equlateral
The given relationships may be written
(ACEB)=(ABFC)-8BCDA)=K (suppose)

(ABFCY(BODY) K
(JACEDB) ’
1 BD CE
BECD AL . ,
T A=
BC OV Al
Therefore simce (1C£B)=1 £ and B comade  Smmluly, /7 and €’ comade,
and Dand 1”  Hence the triangle 13 cquilateral

(14) ABC, 4'B'C’, are two tnangles such that the perpondiculars from .1 on
B'C', fiom B on ('4', and from C on A'B’ are concurrent Show that the

perpendiculars from A’ on BC, from B’ on C4, and fiom €’ on 48 are also
concurrent
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In the figuie, the angles maiked q, d, 8, f, 7, ¥’ are equal

By the Sine form of Ceva’s Theorem,
the condition that the perpundiculus
through 1 2C should be concurrent 13

SN asin 38my
sina sin g s 'y'=

This 15 also the condition that the
perpendiculars through 4’8'C" should
be concurrent

(15) The triangle I’ L2 1s mscribed
in the triangle ABC and 18 m per
spective with 1t ind the triangle
XYZ s cncumseribed  about  the
triangle ABC and 15 1 perspective
with 1t Show that the tuangles POR,
AX'YZ are 1n perspective

Use Smne form of Ceva’s Theorem

(16) AB( 13 a tunangle and 0 a

pomnt within 1t Through ABC and within the triangle lines are drawn making
with AB, BC, C4 angles equal respectively to 04, OBA, OCB , prove that these
Imes mett at 4 pomt whose distances from the sides of the trangle are inversely
proportional to the corresponding distances ot 0

Use Sme form of Cev s Theorem



CHAPTER VII

HARMONIC FORMS —HARMONIC* PROPERTY OF THE QUADRANGLE

AND QUADRILATERAL

HARMONIC PERSPECTIVE

45 Harmonic Ranges and Pencils

If two harmonic 1anges of fow
pownts have @ ~lf correspunding

pownt at the pownt of wntersection of

the buses, then the ranges have two
centres of perspective

Let ABCD and ABC'D be
the ranges Let CI' C'D be §
and DD’ CC" be S

Since

(ABCD)=—-1=(ABC'D)
the rapges ABCD and ABCD
are projective  Since 4 15 a self-
cortesponding point they are
perspective

Therefore BB passes through
S

Similarly BB’ passes thiough
8" Hence the theorem 15 true

HPG

If two harmome penculs of four
rays have a self Corcsponding 1ay
wn the hne jowmng theur wvertices,
then the pencils have two aies of
per spective

Let abed and «b'¢’d be the
peneils  TLet ed” Jd be v and
dd’ cc be s

Since

(tbed) = —1 = (ab'c’d’)

the penecils abed and ab’c'd’” arc
projective  Smece « 18 a sclf-
corresponding  1ay they are
perspective

Thercfore b)’ 15 on s

Sumlarly b0 13 on s Hencc
the theorem 1s true

0
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Conversely

If two ranges of four pownts,
which  have «  self-coriesponda
pownt at the pownt of wntersection of
thewr bases, have also two centres of
perspectwve, then the ranges ure
harmonie

In the figure 1f S and §" be the
centres of perspective,

(ABCD) = (ABC'D')=(ABDC)

46 Harmonic Property of
the quadrangle and construction
of harmonic conjugates

The distunce betweer any pan
QIA cerhias o q wnddy nLII( B wlnglz
are o Mopgar wdh a guen verter of
iy durgu Topoants frwergle) as
deoadod Joey o il ’l‘l that ver tea
and the spposite sele of the dvagonal
pownds Lrangle

This 14 practically the theorcm
proved n the last article, but on
account of 1ts 1mportance the proof
15 restated

Let ABCD be the quadrangle,
and E, F, G 1ts diagonal points
triangle  Let G meet DA and
CBn B and E”

Principles of Projective Geometry

Conversely

If two pencils of fowr rays,
which have a 7 o
ray w the lune jorning thewr vertuces,
have also two axes of perspective,
then the pencils are harmonic

In the figure if s and §" be the
axes of perspective,

(abed) = (ab'c'd’) = (abdc)

Harmonic Property of the
quadrilateral and construction
of harmonic conjugates

The angle between any pawr of
sides of a quadridateral, which
wtersect on o gwen sude of s
dwagonul truangle, ws dunded har -
momcally by that side and the line
govmng the opposite vertex of the
dragonal treangle to the pownt of
wtersection of the parr of sudes

This 18 practically the theorem
proved 1n the last article, but on
aceount of 1ts importance the proof
15 1estated

Let abed be the quadrlateral,
and e, f, g 1ts diagonal trangle
Let the hines joining ge to da and
cb be ¢ and ¢”
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Then projecting from £,
(FE'CB)=(FE'DA)
Projectmg from @,
(FE'CB)=(FE AD)
Therefore
(FE'DA) = (FE'AD)
Therefore A and D are harmonic
conjugates of F and £’

Gwen a range of three points to
constr uct qraplcally the harmonie
conjugate of any one with respect
to the other two

s
A!
\ )
,’///S
e \\\
A C B D

Let 4, B, C be the given pomnts
It 18 required to construct the
harmonic  conjugate of (' with
rcspect to A and I3

Take any two pomnts S and §”
collinear with € and join S and S’
to A and B Let A8 SB and
S’B SA be B and A’ Then fiom
the harmonic property of a com-
plete quadiangle the line 4'B
meets the base m the required
pomnt D
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Then taking sections on e,
(fe"ch) = (fe'du)
Taking <ections on g,
(fech) = ( fead)
Therefore
(fe'da) =(fe'ud)
Therefore ¢ and d we harmonie
compnga o~ of fand €
Gwen « pencil of thiee rays to
construct graphwally the har monu

conjuqate of uny one with 1espect to
the other two

Let «, b, ¢ be the given hmes Tt
15 required to construct the har-
monie conjugate of ¢ with respect
to « and b

Take any two hnes ¢ and &
nterseeting on ¢ and construet the
mterseetions of sand ¢ with ¢ and b
Let a¢’ sb and s'b s« be U and
«"  Then fiom the harmonic pro-
perty of the complete quadrilateral
the hine joimng «’b’ to the vertex
15 the required ray d

]
47 To find the common paxr of harmonac conjugates of two grven pav ¢

of collinear pownts A, A" and B, B’

Take any point K not on the straight lime ABI'A’

Desenibe encles thiough AKA” and BKE

These

arcles will
6- 2
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intersect 1 a second pomnt I Let KL mcet ABB'A’1n O Draw a
tangent O to one of the cucles and

measure off distances OF and OF on

A4’ equal to OT
Then
0= OF:=0T*
=04 04'=0B OF

Hence £ and F are harmonic con-
jugates of AA" and of BB and are

thcrefore the required points
It should be noticed that

=K

(1) ¥ and F arc umquely determined ,
(2) E and F are real 1 O 15 outside the ardles and, for this to be
the case, the segments A4” and BB’ must not overlap

48 Conjugate Points—Pole and Polar

Cowyugate pornts with 1espect to two
quen strarght (ines are such that then
connector 18 cut harmonically by the
pur of limes

Thus, m the fgure if (ABCD)= -1
C and D amre conjugites with 1espect to
aand b

Conyugate lincs awrth respect to two
quen pongs are such thw they
harmonic conjugates of the hnes jonming
thenr pomnt of intersection to the given
pomts

Thus, m the figuic 1f (abed)=~1

« and b we conjugites with 1espect to
C and D

A c

Henu, 1t follows that 1f through any
fixcd pomnt ) a variable transversal be
drawn to cut two given lines m A" and
B’ and a pomt €’ be taken on the line
such that 4’B’C’D 18 harmonie (C” being
a conjugate of D), then the locus of C'13
a strught lme ¢ passing through the
pomnt of mtersection of the given lines

Hencee, 1t follows that if on any
fixed ine & a vanable pomnt B 13 taken
and lmes ¢ and & are drawn to the
fixed pomts € and D and a lne «' 14
taken such that the penal («'b’'d’) 13
harmonic (o bemg the conjugate of b),
then « always pisses thiough a fived
pont 1, which 14 on the hine jommg
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The e ¢ 13 called the polar of D with
1espect to the given lines

This lme. 13 the locus of the con-
Jugates of D

The pomt D 1s called the pole of ¢
with respect to the pau of hines

It should be noticed th it
Lvery ade of the dvagonal pornts trvngle
of a quadrangle 8 the polar of the
Oppositc vertcy with 1ospact to two paus

the given pomnts  The pomnt .1 15 called
the pole of b with 1espect to the par of
given ponts

This pomt 18 the envelope of the
conjugates of b

The line b 13 called the polas of A
with 1espect to the pan of pomts

Eviiy vatan of the diagonal tnangle of
« quadidateral vs the pole of the opposite
side with 1espect to two pans of inta

of connctors of the fowr pownts scctions of the fowr lunes

49 Harmonic Perspective

Any pan of straight Imes muy be considercd to be m Harmonie Perspective
with ewch other, iy pomt bomg the centie of paspective and the polu of this
pomt with regud to the two lines being the was

In the figure of Article 48, let S0 ind 87 be the given hues Thike /) as contac
of perspective ind ¢ the polu of N with 1cgud to « md b s was of perspective
Then (DC'B’A") 15 v harmome 1wmge  Thadfore .1 corresponds to B wd B’ to 4,
1 such v harmonic perspective

Ience, the lines A4'B and 45, bemg corresponding hines, mtersect on SC the
axis of perspective

Any gquiadrilateral (o quadiangle) may be regudcd wm Hamonie Paspective
with 1tself, wny vertex of the digonal (o1 digonml pomts) tringle wd the opposite
side bemng the centre and axis of paspectve

It the pomnts ac and bd ue situated on the sude e of the diagonal trimglo «/y,
then the poles of ¢ with 1espect to « and « ue ou ac fy, ind the poles ot ¢ with
1espect to d and b ac on bd fy  Therefore fg 15 v common pole of e with rcspect
to @ wnd « and to d and b Hence, with ¢f as contie wd ¢ as axis of hatmonic
perspective, ¢ wnd « mutudly cortespond and s doalso dand b Thlang diffaent
vartices s centres of perspective the ines a, b, ¢,  will correspond m different purs

The following e mumcdite consequences ot the precedmyg

If any straight {ine w nects the sdes ay by ¢ doof @ quadiilateral i Ry Ly M, Vyand
S be one of the vertues of ats diagonad tiwangle (ove the ntarsection of ab «d with
wl b)) and SK, SLy SMy SV et ¢y dy ayboon By Ly My Ny then Ry Ly My N e
collincar

C‘orrelative

If’(my/ pownt U be yorned to the vertaces A, B3, Oy D of « quadiangle by lines &y 4m, n,
and s be the thud diagonal of the quudiangle, and <k, s, smy sw b jouned 1o the
opposite vatues of the quadiangle, vz C, D, A, By, by Laes Ky Uy wdy 0y then
Ky Uy mly 0/ are concurrent

A particulu case of the preceding 1s the following

If thiough the pornt of tntessetion of the diagonals of « quadiilatcral strarght lines
wie drawn paralled to the fouwr sides to muet the sides, wheh are respectevely opposite
to those to whih they arc diavn paralld, then the four points of ntersection aie
collineur



86 Principles of Projective Geometry

Or correlatively

If through the vertwes A, B, C, D of a quadrangle any system of parallel Lines be
drawn to mect the thrd dragonal wn K, L, M, N, and K, L, M, V bejorned to the
opposute vertwes of the quadrangle, then these four lines are concurient

50. Generalisation of the theorems of Art 16

If AB, CD are two pairs of harmonic conjugates and O 1s the mddle pomnt of
AD, then «, the point at infinity on the base, 18 the harmonic conjugate of 0 with
1espect to A8 Hence, if A8, (D, Ox are projected mto 4’8, ¢'D'; J'I',
1espectively, A’y 3" are the common harmonic conjugates of ¢'D’ and J'I'  Hence
the theorem of Art 16 may be generalised as follows

b CA_CO A ooA__C’Q «© 0
O en=cn D <D=CB =B’
(4 DCw ) =(0BCw ), (A'D'C LY=L BT,

(A!CIDIII)=< I/(/VIB/-[I),
AD BC D
AT BJ T I
0C _0d
oA~ 0D’
(T IY=(1 DI,
renJy _ret I
(A T (A

() 0C 0D=04¢ (CA0x )= (4 DO ),

00 [ 10\ V )
@) (70“(}1 1))’ (CDOx)=(CD 152,

(C'DIIy=C' DY,
(VAo ST ol A
nyoprT\p A'>
FExtensions of the above theorems may also be obtamed by mtroducing ¢/ the
uuddle pomnt of DC In thns case 0 and O are the harmonic conjugtes of the pomt
at mhmty « on the line with respect to 4B wd CD respectively

EXAMPLES

(1) Given a hine p and thiee hxed pomnts ., B, €, to ind o pont /> on p such
that p wnd 2C are harmonic conjugtes of P4 wd 1B

Let AB meet pm ¢ Take A the harmonic
conjugate of @ with respect to AL Let AC
meet p o L

Then (I QA A8) 14 harmonic and therefore
P 13 the required pomnt

L may ulso be obtammed as the harmonic
conjugate of @ with respect to ', B, the pomnts Q
where C4 and CI meet p P

(2) Given three ponts 4, B, € and any other
pomnt 2 to draw through 22 + hue which shall be
the harmonic conjugate of L€ with respect to £4 and 28
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Let PC meet AB m K On 4B take @ the harmonic conjugate of K with
respect to AB  Then P@ 15 the required Line

(3) Gaven four lines 7y, I,, I}, I, and four points Py, £, Is, Py on them such
that the connectors of Py, Py, Py, Py to € are harmonic conjugates of ¢y, ,, I, I, with
1espect to the connectors of Py, P,, I, I’, to A and B, prove that the penal
(C P\P,PyP,) 13 projective with the range formed on .{ B by the lines ¢, ,, 73, {;

(4) The hines joimng any pomt O to four collncar ponts 4, B, C, D cut wny
transversal through D m q, 8, y, D, respectively, and By meets 04 m O, O'8 meets
ABm B Prove that if (4B, CD)= —1 then A8 (B=2 AC BB

AB AC ,
It 18 necessary to prove that B BO=" 2 or that (ABB'C)= —2
But (ABCD)=(aByD)=(dB'BD) = -1,
(ABB'D)=2 and (4BCD)= -1,
o (ABBD)
(ABBO)= oy =2

(5) AKLAMN1sasimple quadrangle and A, 2 ave two poruts such that (A LNV.AE),
(L KMAB), (M LNAB) are harmonic
Prove that
(1) (N MAAB)1s humonic, and
() A, B must be situated on the thud drwgonal of the quadt wgle
It the transversal 1B meets the sidey ay
m the figure mn STU,
(ABUR)= -1,
(ABRS)— -1,
(4B5T)= -1
AU_ Ak _AS_ AT
BU BRBS™ BT
Therefore the penal (& KMAB) s hua- 7

1t 1S ‘
BU~ BS U wnd S comende

or .1 B passes through £ Smululy AB puses thiough £ Henco uf, B ne iy
pur of hamonic conjugates of /2 and £
(6) If ABCD be o quadiangle and AC BD isccts DB, then the conncctor of
AB D to AD CBis puallel to BD, oo ABCH 1 a pardlelogr im
(M If v transversal cut the sdes BC, Cd, A8 of v tingle m 2 ¢, R
1espectively, then
() 1f 17, ¢y £ be the humonic conjugatcs of Py @, f8 with respect to BC,
Cd, AB respectively, A2”, B, CI wect i a pomt, and
() af A, ¥, Zbe the mddle pomnts of 1%, QU, BRI respectavedy, \, 1, Z
lie on a straight line
Since (BCIP)= -1,
res_ e
re pPo

moute  Since
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Sunilarly
ve__ec
QAT T4
and £d__EA
KB~ RB

PB Qe R’A___(_l)s LB QC kA
PC Qa4 kB PC QA RB
= -1 by Menelaus’ Theorem
Therefore by Ceva’s Theorem B P’ c X P
A%, B¢ CR we concurrent

2
Since 15 = (/ B>‘ 1t follows that

Xe—\rc
AB' }:C Z4 —(—1y (I’B Qe lt,[>z= o
AC YA ZB PC QA RB
Therefore by Menelauy’ Theorem X, T, Z are collineax
Given that A7”, B¢, CI¥' are concurient, the converse theorem can be proved
The pomt of concurtency of A, BY, CR 13 termed the pole of the line
PR wnth respect to the triangle
This result should be compared with Example 11, Chapter VI

(8) 'The middle pomnts of the diagonals
of a quadnilateral are collinear

In the figure the sides of the trangle
ABC are cut by a transversal PQR and
fiom the quadrangle QI7L, PP, QQ,
R divide the sides of 48C harmoncally
Hence the muddle pomnts of PP, QF, LI
are collmear But Pl Q¢, RI' are the
diagonals  of the quadnlateral QP¢7”
Hence the theorem 1y true [ C

(9) The thiec straight lines joiming the
vertices 4, B, €' of a triangle to a pomnt cut the opposte sides m ponts P, @) R
respectively, and £ 13 the pomnt on B4 which divides 1t externally 1 the sime
1atio as K divides 1t mternally  Prove that the strught hine joming the muddle
points of AL, BQ passes through the middle point in CA’

Let S be the pomnt to which the vertices are jomned The line 22¢ will pass
through £ Then B¢, AP, I'C are the diagonals of the quadrilateral, B, .1¢),
@, B Hence tho middle points are collinear 0

(10) Show that the three poles of a straight Iine with respect to the three pairs
of pomts ot intersection of four given straight lines (¢« ¢ the ends of diagonals of the
quadnliteral) lie upon another stiaight line conjugate to the first straight line with
respect to each of the three pans of points

Take the diagonal triangle ABC as trangle of reference and let 1ty sides meet
the lme in 4', 8/, ¢"  Let the 1atios of £, 7' § three collinear ends of diagonals be
a1y Y1y 4, then those of the other ends of the diagonals £, 77, & will be

= =Y 5
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Let theatios of A, B3, C" be &, IV, ¢/, then 1if a,, by, ¢, be those of the harmonic
conjugates of these ponts with r1espect to RR', 8§, T7",

~2
“1

2 2
7 l/
1 [)__./l e ,

A= 2= 2
2 <’ 2 1/ 2 !

2 2 2 2
iyt 12
ll_g’ﬁ_.(.:A Uit = -=

1
b 1

these points are collincar

This theoren 14 an extension of Examplo 8

(11) If thiough any pomt P two hnes be drawn to meet the sides of a trangle
ABCm €', 3 and ¢y B’ and pomts A’, 1”7 be tiken on BC such that the tinngles
A'B'C and A"B'C" are m porspective with ABC Then 1f @ be the pont of
mtersection of A’/ and 478", P and ¢ are collmeu with B and the penul
A PQBC 1 harmome

Consider the penals (B ABC'A') and (B” ABC"A”) which have 1 self corre-
sponding 1vy BB and whose other 1vys mtersect m B, P, @ Let BB CC' be ¥
wd BB CC"be S  The1vysof (B 18BC.0) mtasect AB .y B, ¢ and v pomt
¢y But fiom the quadi wgle B'S.4'C this 1ango 15 harmonie,

B ABCA)Y— =1, so (I ABC'A")= ~1

Therefore L, B, () are collinear and (.1 P2QDBC) 13 harmonice

(12) Through v pomt O m the phwe of v tnangle ABC three str ught lines ue
drawn mceting the sides BC, Cy ABw DU, DB E, . D Fy, vespectinedy, so
that the vanges (ODEEY), (Ok,E,D,), (OF D L) aie Wl humome  Show that
Dy, B, I’y s collmear wd also Iy EE, ) DEF,, DL

(13) If thiough one vertex € of o trnwgle ABC v chord be drwwn to mcct the
opposite side m A ad two pomts €7 and A" be tiken on Ch such that ¢, C ae
hatmonte conjugtes of A &', then the peuctls AC" and TA” ue projective

o Ch’

Q 17200 °d ' WA= R,

For ((C'KK"= -1, (UKCh')=2, he =2 A n
Hence the 1wges A" and € arc projective

(14) I o transversal mects the sides BC, (4, A8 of v tingle, ABC; m pomts
A, L and A, and pomts A’y Ly M are taken on the sides such that

(BCRA"y=(CALL)=(ABM'),
A

prove that the poles of ALM with 1espect to the tranglo ABC and all tnangles
K LM comade

T hus theorem may be proved duectly or the strught hne A LM muy be projected
nto the lime at mfmity and the trnangle mnto an cquilateral tnangle m which case
the theorem becomes the following, which can be casily proved to be truc

It on the sides of an equuateral triwngle 4B pomts A’y L', M aro taken such
that they divide the wides i the sume 1atios, then the centroids of the triangles
ABC and A'L'M' comade
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(15) If ABC be a triangle and L and M are two points such that (¢ LMAB) 1s
harmonic, then (4 LMCB)=—(B LMCA)

Let AB, BC, CA moeet LM m C, A,
and B’ Take L, M as ponts of reference
and let «, b, ¢ be the ratioy of 4, B, '

Then
(¢ LMAB)=(LMB’A’)=3,

b= ~q,

‘C

( LMCB)=(LMB’0’)=§,

(B LMCA)=(LH4C)=2= -2,

(A LMCB)=—~(B LMCA)

(16) 1f ABC be a triangle and L and M are a parr of points such that
(C LMADB)=M\, then (4 LMCD)=\(B LMCA)



CHAPTER VIII
INVOLUTION

51 There arc two ways of defining an mvolution

First definition of an involution

If pavis of pownts AA’, BB, CC,  are taken on « straaght line,
termed the buse, such that of O be @ gwen pownt on the buse

04 0A’=0B OB =00 0C =a constant quantity,

then the points AA', BB, CC',  are sad to form an wmvolution of which
Aand A', Band B, C and C',  are termed conjugate pownts

The properties of an involution differ according as the constant 1s
positive or negative  When the constant 1s positive the mvolution may
be said to be of the first kind and when negative of the second kind

Involution of the first kind

If 04 04’ 1s a positive quantity, 4 and A" are situated on the
same side of O, and 04 and OA’ must be both positive or both
negative If a length OK be taken such that 04 0A’= 0K two
pomts L and M are obtamed at equal distances OK from O 1 the
positive and 1n the negative dircetion respectively such that cach 15 1ts
own conjugate These pomts are termed the double pownts ot the mvolu-
tion  Since O1s the middle point
of LM and OM*=0L*=04 04’, — s T — A
1t follows that L and M are
haimonic conjugates of 4 and 4" Smulaly L and M arc harmonic
conpurate~ of B and B’ and of every other pan of conjugate points
Hencee pans of conjugitc pomnts of the mvolution may m this case be
constructed as pans of harmonic conjugates of L and M the double
pomnts of the mvolution

Involution ot the second kind

If OA 04’ 15 a negative quantity, 4 and A4’ are situated on
different sides of 0, and 04 and 04’ must have diffcrent signs It
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double pomts are sought for, as mn the previous case, the equation
04 OA'=-0K? 15 obtained That 18 to say, L and M are at

distances + ¥ =1 OK and —vV =1 OK from O Hence % and M, the
double points, are what may be termed 1maginary pownts Assuming
such points to exist on the base they arc cqually distant from O, and
consequently, since OL*=OM*=0A4 0A’, A and A’ may be looked
upon as harmonic ¢ njazate~ of these pomts  There are, in this case,
a pan of pomnts equally distant on cither side from O

In both kinds of mvolution the point O corresponds to the pomnt
at nfinity on the base  This pomnt 15 called the centie of the
mvolution

The anharmomc ratwo of any four pownts of an wmvolution 1s equal to
that of thewr four conjugates

To prove this 1t must be shown that

(ABCD) =(A'BC'D)

But 04 =K (71117 , O0=K Ul », where K 15 a constant,
AC
AC=—K 577 e

Similar relations hold for the distances between other pairs ot
points
AC AD A'C OB A'D Or
BU BDT BC 04" B 04’
_A'C A
=Be B
(ABCDYy=(A'BCD)
Second definition of an involution
If two superposed projectwe ranges have a paw of elements, which
mutually correspond to each other, then every other puu of elements
mutually correspond und the ranges are sad to forme an wuolution
It 4 and 4’ are the pair of mutnally correspondimg elements and B’
of the sccond cortesponds to B of the first 1ange, then I the pomnt of
the first which corresponds to B of the sccond 15 given by
(AA'BP)=(4A'AB'B)
But (A’AB'B)=(4A'BI),
(AA’BP)=(AA'BE),
therefore P comades with B This proves the theorem mvolved 1n
the dehmtion
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This result may also be obtained for Arts 10 and 37 For 1f ¥ and
V' be the vanmishing pomnts of the ranges and P and P’ mutually
correspond, VP V'P =constant= VP V'P  Therefore V and V
comeide m a pomnt O  Hence the equation VP VP’ =constant
becomes OP OF =constant and each pan of corrcsponding ponts
mutually correspond

The 1elation on which the fitst definition of an 1nvolution depends
may be deduced at once as follows

If O be the pont cortesponding to the pomt at infinity (o) on the
mvolution, then by defimtion

(AB'ac 0)=(A"BOx),

Ao A0 A0 A'w

Bow B0~ BO Beo’
therefore A0 A'O= B0 B0 =a constant

If the constant be positive, two pomnts L and M may be taken on
cither side of O such that OL:=0M*=0A4 04’ and L and M are then
hatmome conjpuzates of 44" and ot every other pan of conjngate pomts

52 Involution Pencil

Simce an mvolution 18 a particular case of two superposed projectin
ranges, an mvolution 1s projected tom any centre upon any hine—m
the plane of the centie of projection and the base—into another
wmvolution  The pencil formed by joming the pomnts of an involution
to any pomt 1s termed an mvolution peneil and 15 cut by every hine m
tts plance 1n another mvolution It should be noticed that the centre
of an mvolution 15 not projected mto the centre of the corresponding
mvolution, but the double points ate projected nto double pomts  The
new centie, when the double pomts are 1eal, may be determined as
then mud-pomt The centre 15 always the conjugate of the pomnt at
mhmty on the base

On 1eference to Art 48 1t will be seen that o system of collinear
conjugate pomnts with regard to two straight hines form an mvolution

The case 1 which two projective penals become an involution may be graphically
considered by reference to Art 35

Generally m two projective penals with the sune vertex S any ray o« o1 b
corresponds to v different 1y @ or U according 18 1t 19 considered to belong to
the one or the other of the penals  Let the penal wb  determime arwge 4B on ¢

and the penal ¢'&’  viange A'B on ¢, whae b and ¢ we the same line
Then A8 B.4" will interscet on some fixed hne 87 (Art 35)
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Now 1f & does not pass through S the lines S4 and 8B’ cannot comecide  If 8"
passes through 5, A8 must pass
through ,§ because 1t passes through

S
the pomnt where " meets 4’3 In '
this case the lines §B' and Sd4 do
comcide Hence S4’B has the same &
corresponding 1ay SB'A to whichever @
pencl 1t 18 supposed to belong 8 s

~

Smilarly, every ray has the same

[}
corresponding  ray to whichever \s\
pencil 1t 18 supposed to belong In A
thiy case, the two projective pencily
become an mvolution pencil

53  An mnvolution 13 completely determimed by

(1) Two pairs of conjugate points,

(2) The two double pomnts,

(3) The centre and a double pont,

(4) A pair of conjugatc pomnts and the centre,

(5) A pan of «omjuatc pomts and a double point

It two pars of « mj.sat pomnts AA’, BB be given, the conjugate
of any pomnt € 15 umiquely determined by the relation

(AA’BCy=(A’AB'C)
A graphic construction for €’ 18 given (A1t 59)
From the fact that (ABA'C")=(4'B AC),
44" AC _A'4A AC
BA’ BC'™ B'A BC’
Al BC CA’+A'B BC CA=0
This 15 a relation which must be satisfied by three pairs of conjugatc
pomnts, AA4’, BB, CC' of an mvolution

Also since (AA'BCY = (A'AB'(),
AB AC _A'B AC
A’'B A'C"" AB AC
. AB AB _AC 40
ence A,B A,B/—A/Gl A’O
Hence +f pawrs of pownts of an wwolutvon are determined

by ratwos bb', cc’, , A and A', any pawr of comjugate pownts, beng the
pownts of 1eference, bb' =cc’' = a constant

= constant
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To construct on a gwen base an wwolution havng gwen the centre
and the constant of the wmvolution

Take any pomnt & not on the base, and on 0@, where () 1s the centie,
take a pomt H such that OG OH equals the constant of the involution,
H and 7 beng on the same o1 on oppostte sides of 0 according as the
constant 1s positive or negative  If A be any pomnt on the base, the
encle through AGH will meet the base 1n 4’ the pomt conjugate to 4,
for 04 0A’=0H OG = the constant of the 1nvolution

When the constant of the mvolution 15 positive a tangent O7 can
be drawn to the cndle and the double ponts L and M are at distances
OT fiom O

When the constant of the mvolution 13 negative, 0G and OH can
be taken equally distant from O on the perpendicular throngh O to the
base and 1n this case every pair of conjug it pownts A and A’ subtend
a right angle at G and H

The following illust: wtes the difterence between an mvolution with real double
pomts and one with imagimary double ponts

M O BAJL A 8

Let the double pomnts ¥ and L be Let the double points be Imaginary
real

Describe a circle on M7 as diameter Take ¢ and £ on the perpendicular

through O such thyw 0Q=-0R and
04 OR=04 O
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Jomn P, any pomt on this carcle, to
ML, and to pans of conjugate points
AA', BB, etc

Smece PM and PL are at rnight
angles and the penals (P MLA.1') and
(I’ WLBB') are harmonic, PL bisects
the wgles APA, BPB, etc (At 16)

Therefore the angles APB and A'P B
are equal

Thetefore corresponding segments of
an nvolution with real double points
subtend equal angles at wny pomnt of the
cncde described on the hme joming the
double pomnts as diamcter

Principles of Projective Geometry

Describe circles through @R They
will have their centres on the base and
determine on the base pairs of conjugate
ponts A4’ BB, etc *

Since AQA’ and BQB are nght
angles, therefore the ngles AQB and
A'QB" are equal

Therefore corresponding segments of
w mvolution with 1magimary double
pomts subtend equal angles at  two
pomts, and pans of corresponding points
of the involution subtend nght angley
at these points

When the double points arc 1eal, 1f I” be any point on the cucle described on the

limc jornng them as diameter,
AP

AL

AM

APTALT AM

54

Tt has bcen shown that an involution may be looked upon as
a patticular case of two superposed projective ringes

On reference to

At 43 1t will be seen that m the ease of an involution the pomts
W, V' and O comade and that the properties there provad tor two
superposed projective ranges become as tollows

()

0A 0A’=0B 0B =constant

(0) The self-corresponding pomts S and S may be real o

maginaty

(¢) It 8§ and 8 are real, conesponding pomnts are harmonic

conjugates of S and 8

It S and 8" arc imagimary, cortesponding pomnts may be constiucted
by the 1otation of @ constant angle, which i this case 15 v night angle,
round @ or @ (A1t 53), two pomts situated on the perpcndicular

through O

(d) Tf S and 8 me maginary, there arc two coinadent mimnimum
segments, KK, and a aicde desanbed on KK as diamcta *passes

through ¢ and @’

There are two spectal forms of an mvolution
(1) It one ot the double pomts 1s at infnity, the other double
pomnt bisects the distance between every pan of conjuzate points
This follows fromn the fact that every pan of conjugite points are
harmonmic conjugates of the double pomnts



Involution 97

(2) If the two double points comcide, every pont on the line 1s

a conjpugate of the pomt at which the double pomnts comnade  This 1s
the particular case of a harmonic 1ange dealt with in Axt 15

These special cases are of unportance 1n connexion with the Conie

Section

55 1o find the common pawr of conjugate elements of two superposed
wnwvolutions

Let O and 0" be the centres of the two mvolutions
(1) Let the double pomts EF and £'F ot both involutions be
real
Then the common pant of conjugates of the two mvolutions are the
common harmonic conpugates ot KE and £'F° (At 51) These are
real unless KF and B'F overlap (At 47)
(2) Let the double pownts of both mvolutions be magimary
Constiuct pomts 8, i equally distant vertically above and below 0
such that any erclc thiough 8 and H dctermines conjugate points of
the mvolution centre 0 Smutlarly constiuct 8, H' for the other
mvolution  Then v arele can be desatbed through SHS I and this
arcle detcrmimes the common pair of conjugates ot the mvolutions
(3)  Let the double pomts of the involution centre O be imagimary
and those of the mvolution centre O be real
Construct S and I as above tor the mvolution centie 0 and let F'
and #” be the double pomnts ot the involution centre 0

-7 >~ B — ~~
// P “ls
/
7z P "
/] —
V
e K
i o P o @

— I~ 7

~— -

Jom 'S and on 1t takc a pomt K such that O'F?2= 0K (/S
Describe a cucle thiough K, S, and H to mect 00" @, Q' @ wnd ¢/
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are the required points, for they are of the involution centre
0, since the circle which determines them passes through S and H and
they are conjus e~ of the involution centre O’ since
0'Q O0Q=0K OS=0'F'"

The only case i which the common t - can be mmaginary 1s
when both mvolutions have real double elements, which overlap

The common conjusate ~ of two mmvolution peneils can be obtamed
fiom the common conpiey o~ of the mvolutions which they determine
on any line

The construction of the double pomnts of an mvolution 15 given
Chapter xvii, Art 110

Gwen two parrs of lines o, ' and b, V" to find the parr of common
harmomc conjugates of a, « and b, V' which are parallel

Through aa’ draw a pair of 1ays by, b, parallel to b, b  Construct
e and f the common haimonic « mpixite~ of aa” and bb," (Art 47)
The rays through aa’ and bb’ parallel to e and f are the parallc] common
harmonic «onusatc~ of @, @’ and b, v’

56
Tl:l f]:ll'(' lul:l\ (!/‘ ’lll(\l ”’IIIII,
R R * 1 d

C [

are (ut ’::I and trapsrorsal o e
pavs of comjugate pownts of an
wvolution

Let S, T, @, R be the four given
pomnts and A4’, BB, CC’ the pairs
of points in which then connectors
are met by any transversal s Let
8@ TR be the pomnt P

Since the 1anges obtaned by
projecting RPTA from S and from
@ on to s are projective,

(CA'BA)=(B'A'CA)=(CAB'4)
Therefore AA’, BB, CC' are
pawrs of <ommzate pomnts of an
mvolution
If the transversal be diawn as

Involution property of the quadrangle and quadrilateral

The three paws of pownts, n
which four strarght lines wnter sect,
determune by thewr connectors with
any powmt three pavs of conjugate
rays of an wvolutin pencil

Let s, ¢, ¢, 7 be the four given
lines and ad’, b, ¢’ the pairs of
lines joming thenr mterseetions to
any pomt S Let s #2 be the
hne p

Since the pencils obtamed by
Joming S to the pomts of inter-
section of s and q with 7pte are
projective,

(cd'ba)=(b'dca)= (cab'a’)

Therefore ad/, bV, cc are pairs
of comugate rays of an mvolution
pencl

If the pomnt S be situated at &,
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s to pass through 7'S QR and
TQ RS as m the figure,

]

(OxAzBlA 1) = (lellBlAn)

Hence 4, and 4, aie haimonie
cmpzat - of By and G,
Cor

It 44°, BB and C we gwen,
€’ 15 fixed, sice the ponts A4’
BB, CC’ form an mvolution

Hence, of frve of the sides of a
quadrangle pass through five fired
collinear pownts, the sizth side must
pass through a fized pownt collmear
wnth the other five pownts  (Sce
Art 13(D))

99

the pomt of intersection of ts gr
and tg 18, b comncides with b and
¢’ with ¢

(ca’ba) = (caba’)

Hence « and @' are harmouie
conpugate~ of ¢ and b

Cor

If ad’, bb' and e arc given, ¢’ 19
fixed, since the lines aa’, bV, ¢
form an mvolution

Henee, of five of the vertices of
a quadrilateral Lie on five fived
concurrent strarght hnes, the swcth
vertea must lie on a fired line con-
current unth the other five lines

(See Art 13(b))

Graphic constructvon of conjuqate elements of an wnvolution

If two pairs of conjugate points
A and A’ and B and B’ are given,
the theorem of the last aiticle
enables us to construct € the
conjugate of any element C

If two pars of «oni « 1ayw
« and @’ and b and ¥’ are given, the
theorem of the last article enables
us to construct ¢’ the conpwate of
any element ¢
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Thiough ¢ draw an arbitrary On ¢ take any arbitrary point
line on which take any two ponts  through which draw any two lines
Qand T g and ¢ ‘

Jom AT, B'Q to mtersect in R, Jomn at and b’q by a line r, and
and BT, A’Q to mmtersect in S bt and «’q by a linc s

Then SR meets the base 1n the Then the hine jommng ?s to
required pomnt ¢ the vertex of the pencil 1s the,

,
required ray ¢

57  Involutions determaned by paws of lines

In Art 48 conjugate poimnts with 1espect to pans of lines were
defined  Collinear pans of conjugate points form an mvolution and a
pau of straight lines determines an nvolution on every line 1 then
planc  This mvolution 13 formed by pans of harmonie conjugatc~ of
the two pomnts of intersection of the line with the given pan of lines

There are two lines on which any two given pans of hines determine
the same mvolution, namely, the third pan of connectns of then four
points of mtersection

If ABCD be aguadiangle, P, (), R its diagonal points and O any pornt in ats plane,

then the harmonic conjugates of OF, 0Q, OR, with icspect to the sides of the quadi angle
which meet at I, Q, IR, respectively, are concurr ent
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Let the harmonic conjugates of 02’ and 0@ with regard to the sides which meet
at P and @ intersect n Y

Let OS meet the pans of opposite sides n UU', VV', WW’'  These pomts form
an mvolution *

But (OSUU’) and (OSV V') are harmonie, and therefore O and § are the double
ponts of this mvolution  Therefore (OS WHW’) 1s hatmonic  Therefore £ 18 the
harmonic conjugate of B0 with respect to £.1, RD

0 and §’ are conjugate points with respect to the three pans of opposite sides of
the quadrangle

The corrclative theorem 18 as follows

It abed be a quadnilataral, py q, r s dicgonals and o any line wn its plane, then the
harmomc congugates of op, oq, ory with 1cspect to the vartices of the quadnilateral whick
lie on p, q, 1 1e35pcctivedy, are collinear

This may be proved by the correlative mcthod  Exunple 10, Chapter VII, 18 a
1estatement of the theorem and Exumple 8, Chapter V1I; 13 v particular casc

These theorams e puticular cases of an 1mportant theorem proved m At 117

58 In every involution pencil one pair of conjugate rays 1s
at right angles, and 1if more than one pair of conjugate rays are at
right angles every pair of conjugate rays 1s at right angles

Let aa’, B be the pauns of conjugute rays, which deternmine the
involution Lt any transversal s meet theraysim A A', B, B Let O be
the centie of this involution  Describe a curele through ASA” to mect
SO m H Then since

0OS OH=04 0A4'=0B 0O,

the cucle through SBB will
also pass through H  Hence
conjugate pomts ot the mvolu-
tion arc detarmined by endes
through S and H

If @ and @ and also b and
are at night angles, the centres ot
the circles SA A" and SBB will
lie on'$ and the centic of every
ciele through S and H will also be on this Iine  In this case every pan
of compe2vtv rays will be at night angles

If a«’ and bV are not at mght angles, take M the imddle pomt of
SH and erect a perpendicular through M to meet s at N Deseribe a
cncle with centie N through S and H to meet s in ¢ and ¢ Then
s 15 a diameter of this arele and € and (7 subtcnd a nght angle at S
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59 TFour collinear pomts 4,

A’y B, B determine three mvolu- lE" Ei r"' T‘
tions  viz A A 8 B
(1) that n which A44’, BB !

are pairs of conjugate points
(2) that in which AB, A'J} are pairs of conjugate points
(3) ” » ” AB” By ”» » ” » ”
In two cases the imvolutions will not be overlapping, viz n the hgure mn cases
(1) and (2) The double points of these mvolutions are re il
In one case the mvolution will be overlapping, viz 1n the hgure in case (3)
The double pomnts of this mvolution are mmaginary
£y and F; the common harmonic conjugates of A4’ and BB, ve the double
points of (1), are a pair of 1cal conjugate points of (2) and of (3)  (Example 1, page
105)
E; and £, the common harmonic conjugates of 48, A'B, ¢ the double points
of (2), wre a pair ot real conjugite ponts of (1) and of (3)
Ly and Fy the common harmonic conjugates of AB, BA’) e the imagmary
double points of (3), are a pair of mmaginary conjugate pomnts of (2) and of (1)

60 Every pair of involutions 1n the same plane are in perspective if
both the involutions have real or both imaginary double points, the perspective
isreal 1if one has real and the other 1maginary double points, the perspective
is imaginary

(@]

Ba

G

s

T.et the involutions be situated on two hines ¢ ind ¢ which intersect 1n 4 and let
B and (" be the pomnts of the two mvolutions which correspond to .t Let‘CyC, be
any par of conjugate points of the mvolution on A8 and BB, any pair of conjugate
points of the mvolution on AC Then, 1if ¢, ¢;, by, b, be the ratios respectively of
4, Cyy By, Byreferred to ABC, ¢; ¢;=H and b; b,=K’, where K and A" a1e constants
for different pairs of conjugate pomnts of the insolutions (At 53)

On BC take two ponts $ and 8 such that their ratios are

1

and - -
' VKR’

1
YYX
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These pomts are harmonic conjugates of Band ¢ Jom &8 to € and € to meet .4¢’
m By and B, Let the ratios ot these powmts be b, and b,
Then, by Menelawus’ Theorem,
»

-\/-II,A eb/=1 and x/lxl’lx" by =1
b,'h) KK
Therefore A1 and 0 by = __—.—A’
K and b, I

Hence B and B, are \ pair ot conjugate poitts of tho i olution on AC

Suntlarly, if 8 be jowed to () wd €, to meet 1€ By and 5,7, these are a pan
of conjugate points of the um»lutum on ('

Hence 1f wy part of conjugate pomts of aitha mvolation be jomned to S ar
their connectors will meet the othr base m a pair of conjugate pomnts of the
volution on that base, id the two molutions ue m perspective with exther 5 »
& for centre of perspective

It should be noticed that as long as the myolutions are both of the same kind
the pomnts . and & wre 1eal

If £ and F we the double pomnts of the mvolution on B and A and L the

double pomts of the mvolution on 1} the watios of these pomnts we Vi, -VA,
VA~
Therefore, since /\/I pe ViV =1, 8, L and A e colineu,
r\/ll’( VAY(-VR)=1, S Fand L, "
1

“JhA WhY (=N AhY=1, S, Ewdl ,

;\/II’( VAYWA Y =1, N, Fad & ”

Hence 1f the double pomnts of the myoluttons arc real the double points of one
are projected mto the double pomts of the other from either S or Y

Simee (WhY(-NVAY- 1, 18, CL), BL ue concutrent,

VII'

'\/// (=NA)WHR)= 1, (S, OF, Bh "

~\/I:A Wh)y (Wh'y = -1, 18, CB Bh ”

¢ \//I'( Nhy(=N A= =1, 18, CF BL "
The correlative theorem 14 as follows
Every pau of weolution pencds i the same plane arc on perspeetwe of both the
preneds have seal or both vnaginary double rays, the perspectioe w8 seal  of one has
real and the other unagunary double 1ays, the peispctve w8 imagini y
Let the contres of the mvolutions be B and € and let B and € 1 be the rays
corresponding to BC w the two myolutions Lot a pur of 11ys of the mvolution,
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centre €, meet AB 1n € and C, and a pair 1n the mvolution centre B meet AC 1n
Byand B, With the notation of the correlative theorem draw two lines .1.8 and
18" such that the ratios of § and 8, the ponts where they mect B(, are
1 1 !
+ - ... Let CC) and CC,meet 48 m £ and 7 Jomn BR and
VKK’ VKK ' : '
BT to meet ACm By and B,  Smce 15, ('}, BB, arc concurrent,

and

ob/'= -1,

-
VKK’

and since AT, ('C,, BB/ are concurrent, — 7/1'[\ b= -1,
i\

abyoh)

KR = 1, b'b)=h

(7]

Therefore the lines BB, and B8, arc conjugate 13ys of the mvolution whose
centre 18 4 Honee the myvolutions are m perspective with A8 w axis Simlarly
they are m perspective with L1S as axis

61 Analytical formulae connected with an involution

If the notation of Art 14 be used and B and (" are tiken s the pomnts of
reference wd 11, 1y, a2, the ratios of 1,4, , 4,4, 1:4,, ve given by

a'td | 2+ =0,

a’ 20+ =0,

W’ 420"+ =0,
the following results are obt uncd

(1) The condition that BC, ,4,, 1,4, should be thiee pars of cm;‘]ug.tte

pomts of an v olution 13
=TT

(2) The condition that 1,4,, 4,4 {; 1 should be three purs of conjugite
34y 3 jug
pomnts of an involution 18
1 1 1 :
:11+1_, 13ty 'r;,+16‘—0

Hyre ity PRFTY
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(3) The condition (1) that BC, ., 1,, 4,1; should be three pans of
conjugate pomts of an mvolution may also be wnitten
. Vo' ="'a'=0
(1) The condition (2) that A,.1,, 4;d4,, .4 should be three pans of
conjugite points ot an wvolution maiy also be written
o NV
P I
(t”’ k!/' I)/II
(5) The condition that 4y, 1, (¢, 1,) should be a pan of conjugite pomnts of
the imvolution detcrmmed by B, 150, +)) and €, A (<, 14) 18
Gty - (v 4 ) 14 2150y=0
(6) In each case the double pomts of the mvolution ae given by making
1y=7,=1, whare ¢ stnds for the 11t10 of erthar of the requined donble points

T If 1. («), 1, («') be the comjugutes of (" and B m an mvolution, the
P

double pomts of the mvolution we given by

22 Qrd fa’ =0

EXAMPLES
Involution 1n connexion with 1ts base

(1) TIf ¢ wd (" are the common harmome conyugates of ABand ', thcn 4 1,
B, C" are coOnjugarte points of an mvolution

In this case (ABCC)= -1=( 1D,
(ABCCY — (A (),
{1, BB, CC" form i mvolution
(2) I A wmd "be iy fixed pur of conjugate points of i mvolution and P and
1" iy other pan of conjug e pomts of the mvolution, than the common hwmonic

conjugites of 177 and AP and of AP and 17 form, for diffcrant paurs of conjug we
pownts 22 and 27, myvolution of which 4 wd 4" are v pur of conjugte points

(3) A}, A8, CD ue w mvolution on a straight hine and (A B, CD) = -1 1f
(P, 1By —1, prove that ('), D)= -1
(4) ’lf A, B, ¢\, F, P e sixopomnts on o styught hine such that
(UBCPY=(1BCY) (1BC)),
prove that 4B, 1 ¥, P arc three pans of conjugate points of an mvolution

(5) 1f LL, V.V be two purs of conjugaite pomts of w involution of whch P
and @ are the double ponts, then
LP LQ LN LL
NP NG AN NL?
and (LNPN'y - (LYLQY)
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(6) PI", Q@, RR are points on a straight ine such that PP, QR, ¢ R and also
Pr, Qr, (It are pairs of conjugate pomnts of an involution Piove that P, F”
are the double pomnts of the involution of which @@, RR are pars of conjugate
points

In this case (PP'Q@)=(PPRR) and (PPQQ)=(PPRR),

(I"PRRY=(P PR R)= -1=(PPQY)

(7) If Eand ¢ are any two fixed points and 4 and 4’ are any pair of conjugate
pomts of &4 given mvolution, then the harmome conjugates of £ and of G with
respect to A4’ describe two projective ranges

Let £’ and (7 be the harmonic conjugates of £ and G with respect to 44" and
M wmd N the double ponts of the mvolution  Then

(S UVHN)=-1, (AL EL)=-1, (JL'ACG)=-1
Therefore MN, EF’, (G are panrs of conjugate pointy of wn mvolution

Therefore (NMEG)y=(MNE'G),
and the ranges described by £ and @ are projective  This proof assumes & wnd W
to be real

(8) The harmonic conjugates of a variible point with regard to four given pairs
of conjugte points of an mvolution e a constant anhirmonie 1atio

(9) @ and ¢ are the hamomc conjugates of any pomnt 77 with 1espect to 4.1

and BB rcspectively  Prove

(a) 1f AA’BB 15 hamoni, that 4.1, B, Q¢ foom an mmvolution

(b) 1of A4’, BB, Q¢ form an mvolution, then 4 A'BB’ 1s harmome , andif £
and X be the haimome conjugates of ¢ and ) with respect to 44’ and BB
1espectively, then R and £ comeide

(¢) 1f another point 7 deternnnes @ and ¢/ as 1ts harmome conjugates with
respect to BB and A’ 1espectavely, then 4 1/, BB, PP form an involution

If @ and @' be taken as onigin, o that the ratio of ¢ 13 0 and that of ¢ w0,
let the ratwos of P, I, A, A", B, B’ be p, o', a, o, b, b’ respectively

Sice QL 147 18 harmonie, plata’)=2aa (1)
Simce @' PBB’ 1s harmona, (b+0)=2p (2)

(a) It AA’BB’ 13 harmounie,
(a+a) (b+V)=2ad + 2bb'= ta’a from (1) and (2)
ad' =bb
A4 BB, Q¢ form i mvolution
(by If 1.0y BB, @’ form wn wnvolution, aa’ = bl
from (1) and (2), (a +«') (0+ 1) =4ad’ =2ad’ + 200
Let + and ;" be the ratios of R wd £ Then wince (QR'BB’) and (Q'RAA’)
are harmoutc 1’ (h40)=200" and (a+«')=2r
rla4a)(b+b)=4rbb
Yaa =rbl, r=7
(¢) Inthiscase (a+a)=2p'
pp,=(¢£+a L(b+b) ad

Therefore

Hence P aud P’ are a pair of conjugate points of the involution 1n part (a)
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(10) If 44', BB', CC' are three pairs of conjugate points of an mvolution and
AA’, BB’ foom a harmonic ringe, then the harmonic conjugate of € with respect
to 44’ and the harmonic conjugate of ¢ with respect to BB’ comcide

1) If X I‘Y,, X,Y,, X;¥; be threc segments dividing 4B harmonically and
¢y, €3, C, bo their middle points, and P be any collinear pownt, then
(PX32+PY?) CC+(PX 2+ PYy) C3C +(PX 2+ PY3?) 0
18 constant for all positions of P
The given expression equaly

| 1 1 1 j

Lo rc, re, i

CPXp4PYE PXP4DY? PXA4DYY
1 1 1

=1l PX,+PV, PX,+PY, PY,+P¥,
(PX,+PT) (PXj+PY)E (PXy+ PV

1 1 1
-| PXi+PY PX,4 DY, PX,4+PY;,
P\, PY, PA, P}, PX, PIY,

The second of these determimants 14 sero, since relation (2) Art 61 holds when

vy, 22,  are the distinces of three pairs of conjugate points of an mvolution from
any ougin I

Hence the expression =3} 1I(PX+ P Y- PX,—-DY),)
=31 (\, 4+ Y, ¥;), which 1s independent of 2

(12) If X714, and Y11, be any two pars of conjugate pomts of an mvolution
¢ r By — "\, B2
and EIR e )_(‘? 1)\' }(:1}‘351‘\'3')‘ 18 constant, prove that for different positions of
RSP SR S)

A4y, By describes one or other of two ringes projective with that described hy 4,

(13)  If three pans of conjugate 1ays of wn mvolution penal contain equal anglos,
prove that all pans of conjugate 1ays of the pencil are at right angles

Involution in connexion with the quadrangle and triangle

(14) The perpendiculirs drawn from any point to the pairs of opposite sides of
v complete quadrangle form a pencil in mvolution

(‘onsider the points i which the sides of the quadiangle meet the line 1t
infimtyr  These pomts form an wmvolution  Hence the pencil formed by drawing
through any pomt lines parallel to the sides of the quadiangle 13 an mvolution
pencl  Hence the pencl formed by the perpendiculars from any pomnt on the
sides 13 also an mvolution pencil, the angles between corresponding rays of the two
pencils being equal

(15) It three parallel lIines are diawn through the diagonal ponts of a quad-
rangle, show that their harmonic conjugates, with respect to the pairs of sides of
the quadrangle, which meet at these diagonal points, are concurtent  See Art 57
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(16) If A4', BB’, CC' be the pairs of opposite vertices of a quadnlateril and
one pan of opposte sides AB and A’B’ subtend equal angles 1t a point P, at which
the vertices subtend an mvolution with real double rays, then every other pair of
opposite sides subtend equal angles at P '

Jom 4, B, ¢, ', B', C" to S by a, b, e, a', ¥, ¢ Then aa/, b, c¢' are pars of
conjugite 1ays of an nvolution  Since ALPB-=.A'PB’ the double rays are the
common bisectors of the angles APA" and BPB'  Since these are at nght angles
they must be the bisectors of the angle CF°C"  Hence the theorem 13 true

(17) Prove that 1if ABC be a triangle and D the nnddle pont of the base BC
wnd HDK be a stiught hine cutting AB m I
nd A m Ay, wd FDG be v straight hiie
cutting A8 m ¢ wd 1Cm Fwd /Fand GA
cut 2C m L and W then s the mddle pomnt
ot LM

Consida the quadiangle CKFH LM, BC
are conjugate pomts of an mvolution of which
D s v double pomt D Iisects the distance
between B¢’ Therefore

(BCDw) - -1
Therefore (LMDc) -1 F
Therefore D bisects LY

(18) Threc purs of hnes ue drawn through the vertices 1, B, (' of a tinngle to
meet 1 two points £and ¢, show that any line cut m wnvolution by the three puns
of limes pagscs through o tived pomt

(19) If the wides BC, C 1, AL of v tiangle ue cut 1espectively by a transversal
m /7, 1, wd af P Q) £, which are pomts Iymg on the same transvasal, form
with 77, ¢/, It thice conjugite purs of an mvolution, prove that A1, B, CR wre
concurtent

This 14 the converse of the mvolution property of v qudi ingle

(20)  Papendiculars are drawn fran the vertices of o tnangle wnd fiom three
collmen pomts on the wides to v strught hine lying in the plane of the tiangle
Prove that the papendiculus meet the strught hine 1 a system of ponts
v olution

(21)  Through any pomt O n the plane of a triangle ABC ae drawn O 1, O
OC" bisecting the supplements of the angles B0OC, C04, 108, wd meeting BC, C |,
1B A B, Cicspectively  Show that ., 8, (" arc collineu and that the six Iines
01, 0B, 00,01, 08, O(" foom a pcnal m mvolution
g
Simce ‘l—:—i—, = 3 Il; the furst part follows from Menelaus’ Theoram and the second
from the mvolution property of the quadrilteral

(22) 1, B, C, D, I/ me five coplanar pomnts  Construct a hine parallel to 4B
which shil be cut by .1¢" wd BC, AD wd BD, AE and BE m pairs of pomnts of an
myolution
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(23)  Fmd the double pomts of an involution in the case when the transvers,
cutting a quadrangle, pisses thiough the mtersection of & pair of opposite sides of
the quadiangle

1

Involution n connexion with the circle

(24) Prove that 1f circles be drawn through pairs of points of an mvolution and
through a common external pomnt they will meet 1n a second hxed pomnt

(25) Show that if four cncles cut v ine m purs of corresponding pomts of
i olution they have v connnon orthogon il arcle

Let the cxcles meet the base m 1 U/, B#, ('(", DIV Then 1f O be the cntre
of the mvolution, 01 OU'=08 OB =Ak* Hue aade with centre 0 and
Ddius A will cat the ardles orthogonally  If the double pomnts of the mvolution
are imagiary, the cndle will be mmaginary

(26) TFind m w overthipping mvolution the panr of conjugates which are
harmome conyugates of v gnen pur of conjugites

Let 4 1 be the pur of conjugves whose harmonic conjugates are requured and
BB any otha pwr of conjugates  Descnibe cindles on 117 and B8 as diameters to
mtersect at O Thon 404" 15 v mght angle  The biscctors of the angle 1047 will
meet the bise 1 the requued points

(27)  If four arcles pass through o ginven pomt O, the conmectors of this pomt 0
to their six other pomts ot mtersection form wn mmvolution penal

The lines throngh the siv ponts of mtascction of the ardes, perpendicul u to
the himes connecting these pomnts to O, pass thiee by three throngh fowmr ponts
4, B, ¢, D onc on cuh of the arcles  Thesc wiv hnes pupendicular to the
connectors to 0 thadfore form v quadiangle, id the Iimnes through 0 are thadore
perpendicular to the sidcs of a quadiangle and form wn myolution ponal

(28) If four ciicles touch a grven hne then six common tingents meet the given
line m three purs of conjugate points of an mvolution
Thus 15 the correlive of Exunple 27

(29) "the thice ardes which can be desatbad on the three digonals of a
quadnlterd w diuncters mterscct moa pur of ponts

Let A U, BIY, CC e the (nds of the diagonis  Descnibe ardes on 117, BB as
diuneters  Let than mtascct m 2 and @ Then 724, 24" and B, PR we
mutually at night angles  Hence, the mvolution formed by jommg £ to 4 1, B,
('C" has therefore two purs of conjugate tays it night angles Therefore the thnd
pan PC and PC" e o night gles  Theadfore the cuade descabed on €€ ay
drancter will pass thiough 22 Sunlarly 1t passes thiough ¢

Since the centres of three such arcles ave collmear, the middle pomts of the
diagonal are collinear

(30) The orthocentres of the four triangles, which can be formed by the four
sides of a quadnilater 1, he on the hine joimg the pomts of mtersection of the three

ardles described on 1ts digonals as diumetas
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Let AA', BB, CC' be the digonals of the quadrilateral

Let the circle on 44’ meet CB m A, and the arcle on BB meet CA 1 B

Then A4,C and ABB are right angles and A4, and BB, meet 1 I’ the
orthocentre of 4B('

Since 4 4,BB; are concychie, ’A PA,=PB PB,

Therefore the tangents from 2 to the circles on 44’ and BB’ are equal  Hence

as will be proved, At 83, /” 15 on the line jomning the points of intersection of the
arcles




CHAPTER IX
COPLANAR FIGURES PROBLEMS OF THE FIRSI' DEGRER

62 In any plane two figures may be either

(1) dentical,
(2) 1 plane perspective,
(3) projective,
or (4) not projccine
In case (2) cvery pur of corrcsponding pomts are collinear with
some pomnt S and every pan of corresponding lines mterseet on some
line s
It 1s not sufhcent that all pans of corresponding pomts should be
collimear with some pont § tor, 1t 1t were, any pont might be taken as
S and lines might be drawn through S to mect the lines 1n the two
figures  Any pars of points upon these hnes might then be taken as
pairs of corresponding points, but although all pans of « v+ <ponding
pomnts would thus be collincar with 8, the figures would not be m
perspective with S as centre of perspective, for m this case the pomnts
of intersection of corresponding hines would not be corresponding points
Also the hnes joming corresponding points would not tersect on
given line s In this connexion, Art 63 should however be notieed
In case (3) the terin projective 1mplies that the higures can be
deduced from cach other by a scries of projections It was shown n
Art 21 that the charactenstics of two such figures are
(@) o every pomnt corresponds a pomt and to collinear points
correspond collincar points
(b) The anharmonie ratio of four collinear points 1s the same as
the anharmonic ratio of the corresponding points
(¢) To every line conesponds a linc and to concurrent liney
correspond concurrent lines
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(d) The anharmonic ratio of four concurrent lines 15 the same as
the anharmonic 1atio of the corrcsponding hnes

(¢) The hne joimng two points conesponds to th¢ hine joining

the corresponding  points

The pomnt of intersection of two lines

corresponds to the pomnt of intersection of the corresponding hnes
In this chapter the difference betwieen the above cases will be

considered and also the displacements m one plane of a iigure by which

1t may be brought mnto one of the above rclationships with another

hgure

63 Gwen two figur es of pounts
mz A, B, () and A’, B, (',
sutuated wn the sume plane, vn which
AA' BB, CC, wie 1egurded as
conresponding pounts, and the lLines
Joumng  paus  of
pownts as correspondung lines, then
o all pavrs of corresponding lines
wnter sect wn collinewr points, the two
JSigures are i plane per specture

COrIesp :mllull

Consuda wmy  three  pawrs of
cortesponding points 4, B, ¢ wd
A, B, (7 Sinee

BC BC, (A A, AB A'B
collimear, thacdtore 447, BB,
(Art 13(v))

Stlatly, if D and I’ be any

Al
JC e concurrent

other pant ot cortesponding points,
A, B, DI a
Theretore not only do all pairs ot

concurrent

corresponding Iimes ntersect on o
given hme but all pans ot cotre-
sponding points are collinear with
a gwen pont, Ad" BE
Hence the hgures are in plane
perspective

vi7z

Geen two frgires of hnes, nz
a, b, o situated
o the same plane, un which ad’, bV,
',  weregarded as correspond-
ing hines, and the ponts of wnter -
section of punrs of correspondiny
Lnes «s correspondang pownts, then
of all pawrs of corresponding pownts
are colliear with the same pownt,
the tiwo figures wre i plane per-
spective

’ ’ ’
and o', U, ¢,

Consider any thrce  pars of
cortespondmg hmes o, b, ¢ and
o, b, Since

be V¢, ca Cu, ab al’

are concunent, theretore ad’, b,
¢ e collinear (At 13 (a))

Sunilarly, 1t & and d’ be any
other patr ot corresponding hnes,
ad’, b, dd” are collincar - Therefore
not only are all pairs of correspond-
ing pomts collinear with a given
pont but all pus ot cnncqp.ondmg
hines mtersect on a given hine, viz
aa’ bb'  Hence the hgures are 1n
plane peispective

Hence, of wne two projective fiquies coriesponding lines wntersect an
collinear pornts 01 corresponding lines are concurrent at « fired pont, the

figures e wn plane per spective
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64  Gwen any two hines k and I inter secting in E, any two lines k' und
U antersecting wn E', 8 any pownt on EE’,and AA’, BB', CC', DD’ pau s of
pownts collingar with S, A and B on k, C and Donl, A" and B on k',
C'and D" on U', then two figures can be constructed in plane perspective in
whach the pownts 4, B, C, D, E correspond to the powts A, B, C', D', K’
and the lines k and I to the hnes k' and I

Let & and 1" meet in Pand land ! in Q@ TLet PQ bes Thenit will
be shown that the perspective which has S for centre, s for axis, and £
and £ for corresponding pomnts meets the 1equuements of the case

(1) The lines & and A" which meet on ¢ and pass thiough K and
E’ are contesponding hines  Similarly 7 and " are conresponding hnes

(2) Hence 4 and 4’, B and B, C and €', D and I’ which are
on these hines and ate colhmear with S are cotresponding pomnts

The point G corresponding to any point G may be constructed as
follows  Jom G to S to meet s m I Then " 15 such that
(SHGG@)=(SLELE"Y wherc SEE" mcets s m L (At 28)

The Iine ¢’ corresponding to any given hne g may be construcied
by joming ¢s to S by a line L and taking g such that (shgg) = (slhL")
whete 1 15 the connector of AL to 8 (A1t 28)
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In connexion with the above 1t 18 seen that

(1) 1f a line SFF" meet k and &’ 1n F and ¥, the points ¥ and F”
may be determined one from the other as corresponding points of the
ranges determined by KBA and E'B'A’ respectively ,

(2) if W and V" are the vanishing points of these ranges, parallels
through W and V’ to 4’ and & will mntersect in S,

(3) 1if W, and V" are the vamshing points of the ranges on { and I
parallels through W, and V' to I and [ will intersect 1n S,

(4) the three hmes s, WW, (w) and V'V’ (v) are parallel

65 To place any two given Quadrangles ABCD and A’'B'C'D’
m Plane Perspective (Figure, page 113)

Let AB be b, A'B, k', CD,l and C'D', ' Let kl and ¥'l' be E
and £ Rogarding EBA and K'B'A’ as deteimining two projective
ranges on k and A&’ find the vamshing pomnts W and V’

Sumilarly, regarding £CD and E'C'D’ as determiming two projective
ranges on ! and !’ find the vamishing points W, and V'

Place the second hgure so that V' V) 1s parallel to WW,  Through
W and W, draw parallels to & and I’ meeting in S Through V” and
V) draw parallels to k£ and I mecting at 8  Keeping WW, and V'V
parallel move the second figure tall 8" concides with S

Consider the two quadrangles SV'E'V and EWSW, Five pans
of the hnes joinmg these points are parallel, viz

SV EW,
VE WS,
VY SW,,
Vs W.E,
Vv WwWw,

Hence the lines joimng the remamning pan ot pomnts arc parallel,
1e SE and SE' Therefore S, K, E’ are colhmear  (Art 13 (b), page 21)
In the ranges on k and &' three pairs of cortesponding points are
colbnear with S, viz EE', Woo’ and Vo Hence the ranges are in
perspective at S Similarly, the ranges on [ and I’ are 1n perspective
Hence by the last article the quadrangles are 1 perspective

The above affords a solution of the following problems

Draw two transversals on which the sudes of two gwen q ¢ +di 14 e,
determane equal corresponding seyments
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Determane two pownts at which the corresponding vertices of two given
quadrilaterals determine equal angles

66 Prapertles of Figures projective or in Plane Perspective

The figures constructed trom 4 BCD and 4’B'C'D" in Art 64 arc in
perspective  If one of them be displaced 1 1ts plane the two figures
represent the most general case ot two figures which are projective tor
they comply with the conditions laid down in Case (3), Art 62 In
fact, the figures may be constructed without reference to § or s
Corresponding points on A and %" may be constiucted as corresponding
pomnts of the ranges determined by KAB and E'A’B'  Sumilarly, pairs
of corresponding points may be constructed on ! and I Any line m
the first figure will meet & and ¢ 1n a pair of points and the correspond-
ing line 15 the connector of the conesponding pomnts on k" and I  The
pomnt corresponding to a given point 1n one figure may be found as the
pont of mterscction of a pair of lines corresponding to any pair of lines
through the given pomnt  Hence

Any two quadrangles determine two projectively related figures, and
conversely,

The relutronship of any two projectwe fiqures 1s completely deter maned
of two corresponding quadrangles are grven

Hence from Att 651t 1s seen that
Any two projectve figures may be super posed so as to be wn plane
per spective
Art 65 also cnables us to
Project any strarght line wn a gwen figure wto the lhne at infunty
and any three pownts wmto a trwangle of giwen dimensions

For 1n the figure DA may be projected mto the hne at infinity and
CBE mto any triangle

If the points 4, B, C, D coincide with the ponts 4°, B, ¢, I’ the
two figures must completely coincide  Therefore

If two projectwe figures have four non-collynewr ~ely « .isspinding
ponts the figures must completely corncrde

If two projectrve figures have three collineur self-corresponding ponts
they must be wn perspective

In Figure, page 113, suppose &', B', A’ to coincide with E, B, A respec-
tively Then &' comncides with & and every pomnt on this line corresponds

8—2
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to itself This line 1s the axis of perspective s S 15 determined as the
point of intersection of the hines DD" and CC’ joining two pairs of
corresponding points on the two corresponding hnes ! and ¥

67  Two projectuie coplanar figuies have wm generul three double o1 self-corre-
sponding pounts

Thiy proof mvolves the definttion of a come given, Art 92

If 4, A’ are a pair of fixed corresponding ponts and £, P be any other pai of
corresponding ponts, AP and A’/ are a pair of corresponding rays of two pencils,
and, for different positions of I” and /', the locus of @ their point of intersection 1s
a conic (1) through 4 and A’ and every pomnt on this conic 19 such that, if 1t be
Jomed to A and 4’, the 1ays so formed are corresponding lines of the two figures

Take A.1" and BB two fixed pairy of corre-
sponding pomts and let 18 and A’ meet at
¢ Generuly € 1s not a self-corresponding
pomt  Desciibe by the method oxplained above
the two conies (1) and (2) thiough 44’ and
through B respectively, which are such that
the hines obtained by jommng pomts on them to
A, 4" and B, B' wre corresponding lines  Thesc
conics will mtersect 1 (" and m three other
pomnts £, F and ¢  Smce the ines 4%, BE
correspond to A’/ and B'E, the point £ m the
two figures cortesponds to itself  Simlaily £ and 7 are self-corresponding pomts
Hence there are thiee self-corresponding or double points

Two of the thice pomts £, F, ¢ may be a pair of conjugate mgmary pomts

Partacular case of the preceding

If the conie (1) break up mto a par of straight hines 44" and s, let 4 A’ and PI”
meet at S Then AF and 4’7 will mect at some point U on s Let /# be any
point on AP and & the cortesponding pomnt, which will lie on 4’7 [fence since
(APRU)=(A'PRU), RR will pass through & Also every pomt on s will corre-

spond to 1tself and therefore every pwn of cortesponding lines must intersect on s
Henee by Art 62 the hgures are m

plane perspective S and ¢ being the
centre and axs of perspec tive

Analytical relution between tuo
superposed projective figures

Let 4, B, (' be the thiee self
corresponding points of the two
hgures and let [/ and IV be two
corresponding pomts If AD, BD,
CD’ meet the opposite sides of
ABC m 4, B, C, the ratios of
A’y B, €' determine the position of /) and may be termed 1ts coordimates
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Let ag, 5y, 2,' be the coordinates of I¥ referred to ABC, and z,”, ¥, z,” the
coordinates of D” also referred to ABC

Let P and P” be any two other corresponding pomnts of the figures whose
coordinates are 7yz and ."y"s"

Then F =1 BCePD)=(4 BOP’D”):;:
0 0
=1’ :",:.r’ £ (suppose),
4]
v Yo
S0 Y = =y "
Y=Y Yo ¥
=z z", = m "
2
where =1 (1)

Hence the equation of the projection of any curve can be found at once By
varying k, [, m subject to condition (1) different projective figures are obtained

68 The Quadrangle

Certain properties of a quadrangle follow at once from the fact that any
quadrangle (01 gquadrilateral) 19 projective with any other quadrangle (or quadn
lateral), A1t 65 and Art 27

A
—- B
N a
N N \
[ Y —_— T
/ E
«
D (¢
1 b
F F'

() Consider any two quadrangles ABCD and .I'B'C’'Y o any two quadn

lateralssabed and «'b'd’

These aie projective

Hence any range or pencil n one figure must have the same anharmonic ratio
as the corresponding range (ot pencil) 1 the other figure  But the second tigure
may be looked upon as any quadiangle or quadrilateral  Hence the value of the
anharmonic ratio 1 question must be independent of the relative positions of 1, B,
C, D or those of a, b, ¢, d

Thus 1 the figure the anharmonic ratio of the range HVCK L must not depend on
the positions of ., B, C, D, 1t18 —1
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Jom K to Bto meet ¢E in M and let EG meet d and b n L and N Then
(LA M E) must have some definite numerical value  This may be proved as follows

1 _ ., _(BGMN)
(LGME)=1-(EGML)=1 EGLYY .
o MEN) L 1 -(-1)_

N (BGLN) =7 (-1) T

Hence the anharmonmc ratio of any 1ange o pencdl derived by pont and line
construction from four pounts or four lincs 13 wndependent of the postion of these
pornts and lines

(b) If any two ponts N and L
be taken on any parr of sides AD M K N L R
and B of a quadrangle A BCD, and
pomnts N', L' on the sides A'D
and B'C’ of any other quadrangle
A'BC'D', such that
(ADFN)=(A'D'F'N')

and (BCFL)=(BC'IF'L),
and the lines ¥ and AL be wand «/,
then the quadrangle 4BCD and the line % e projective with the quadrangle
A'B'C'D and the line o’

Consequently if « and ' meet the other sides of the quadiangle m A, A, and
M’y K' respectively,

(ABER)=(A'BE'L), (DCEM)=(DCEN),

and (WLMN)Y=(N LMV

Also since .U, B, (", 17 may be any four points, all the wnhumonic 1atios of
ranges 1n the figure must be umquely expressible i terms of (F).V) and (FCBL)
the two anharmonic ratios, which determine the position of u

Thus let /K meet w in £ and let (FDAN )=m and (FCBLYy=n

Projecting from % on u,

m=(FNAN)=(RMKN),
n = (FCBL) = (RMAL),

(RMLN)=""" wnd (1{/11,N>=111’"

n -

(LNRM) (RMLN) m (1-n)

But ENRI= L ARK) = (RELN) ™ 0 (1 =m)

Projecting from £ on u,

(BECDM)=(RLNM)=

___1___ o n
1-(RMLN) n-w’
1 _1-n
(RKLN)  m-n
In a sumlar manner, 1f another line be drawn to meet ADand CBn Ny and L,

and (FDAN,) wd (FCBLy) be m; and u,, the anharmonic ratios of all 1anges and
pencils n the resulting igure may be expressed n terms of m, n, my, and 2,

and (EBAA)=(RLNK)= 1-
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(¢) Ifa,bye d, e t bethe sides of a hevagon and thiee pairs of quadrilaterals
abed, defa, bude, efab, and cdef, fabc be formed out of the sudes, then the points of
wndersection of the connectors of the nuddle pownts of the diugonals of thes. quadii-
laterals taken b pawrs are collmear

Let ab, be, cd, de, ef, fu and ad be
A, B, C, D, E, Fand H

Then for a pomnt P mnsde the
hexagon ABCDEF on the connector
of the middle pomnt of the diagonals
of abed,

PAH~ PBC=PHC- PAB

(Addendum 7),
and for a point Pon the connector of the
middle points of the diagonals of adef,

PFH+PED=PHD+ PEF (Addendum 7)
If P be the point of mtersection of these hnes, then
PRI - PAIl + PED+PBC=PHD~ PHC+ PEF+DPAB
Therefore PFA+PED+ PBC=PDC+ PEF+PAB

Hence the pomnt of intersection 1s on the stiaight lime (Addendum 7) which 15
the locus of points at which the sum of the arews subtended by the two groups of
alternate wides of the hexagon are equal The symmetry of the result proves that
the two other points lie on the same line

69 7o draw « straxght line to cut fiwe guwen straaght hnes in such « way that «
pownt can be found at whih the four segments subtend quen angles

Tiet the five lines be «, b, ¢, d, ¢ and let «, B, 7, 8 be the angles to be subtended
by the segments

Take any pomnt 2> on d and through 2 draw a hne ¢ to cut abc in three points
which with 2 make 2 range of anharmonic ratio, the same ay that of a penal
containing angles a, 8, y  (Kxample 6, (hapter V1)

Describe a conie to touch abed and 7 (Art 93) All tangents to this cone cut
abed 1 a range of the same anharmonic 1atio as that m wlhich 1t 19 cut hy 7
(Art 93)

Take any pomnt @ on e and through @ draw 1 line m to cut abe mn three points
which with Q make a range of the same anharmonic ratio as that of the penul
containing the angles a, 8, y+8

Desgribe a conic to touch abce and m  All tangents to this come cut «bee n
a range of the same anharmonic ratio as that i which 1t 13 cut by m

Now the two conics have three common tangents a, b, ¢ Therefore they have
a fourth common tangent s Draw s Tetit be cut by a, b, , d, e m A, B,C, D, K
On AB and BC describe urcles contamming angles e and 8 Let them mtersect n
S Then 4B and BC subtend angles a and B at

Since the anharmome ratio ABCID 13 the same as that of a penaul q, B, y, CD
subtends an angle y at §  Simlarly C'& subtends an angle y+-8 at S Therefore
DE subtends an angle 8 at S Therefore s and S are the requured ine and pont
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From the preceding the solution of the following problem can be obtained

To construct the perspective of four pornts so that it muy be the same as the figure
Jormed by four other given points

Let five of the lines joining the first four pomts be a, b, ¢, d, ¢, and those jormng
the corresponding poimts of the second set be o', ¥, ¢, d’y, ¢ Let the angles
between the latter be a, 8, v, 8

Find § and s as i the preceding for the lines a, b, ¢, d, ¢ and the angles q, 8,7, 8
If § and s be taken as centre of perspective and vamshing line (Art 23) the
perspective figure will be similar to that formed by «’b'dd’e By choosing the axis
of perspective parallel to S at a proper distance from s the perspective figure can be
made of the right imear dimensions (Art 24)

70 The Correlative of Art 64 13 as follows .

Goen any two ponts K and L connected by a lune e and any two pownts K' and L'
connected by €, ¢« any line through ee', and ad', V', c¢', dd’ pairs of Lines intersecting
on 8, a and b passing through K, ¢ and d passing through L, & and b’ passing through K',
¢ and d’ passing thiough L, then two figuscs can be constructed in plane pe: spective wn
which the hines a, b, ¢, d, e correspond to the lines o, U, ¢, d', € and the pownts K and
L to the points K’ and I/

Denote the hnes KK’ by p ind LL by ¢ Let pg be S Then 1t will be shown
that the perspective which has s for axis and § for centie and ¢ wnd ¢’ for corre
sponding lines meets omr 1equirements

(1) The pomts K and KA’ which are collinear with S and lie on ¢ and ¢ are
corresponding pomts  Simlurly L wind L' are corresponding points

(2) Hence «¢ and «', band ', cand ¢, d and d’ which pass through these
pomnts and mtersect on s are corresponding hines

The line corresponding to any line g may be constructed as follows  Jomn gs
to S hy £ Then ¢’ 13 such that (shgq’)=(slee’), where I 1s the hine joung the pont
see’ to S

The pomnt ' 1 one tigure corresponding to the point ¢ i the other may be
determined as the point of itersection of two lines corresponding to two lines
through '

PROBLEMS OF THE FIRST DEGREE

71  Under this head are included theorems and problems

(1) concerning locr the solutions of which are straight hnes,

(2) the conelative problems in which the envelopes of straight

lines are pomts, ‘
(3) problems which have umque solutions
The general method of solving questions coming under the heading

(1) 15 to obtan the pomts of the requned locus as the points of
mterseetion of corresponding rays of two projective penctls  Then 1f 1t
can be shown that the pencils are also 1n perspective the 1equired locus
13 & straight hpe
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Problems coming under the heading (2) are treated by means of the

correlative method

Two projective ranges are obtained and 1f 1t can be

shown that fhey are also i perspective, 1t 15 known that the lines
Jomming corresponding points all pass thiough a fixed point, which 15 the
envelope of the hines joining paus of corresponding points

1 The vertices A and B of a tn
angle ABC move along two fixed lines
p and ¢ and the «ides respectively pass
through three fixed collinem pomts 7/,
¢ and F

Find the locus of (!

The sides ¢ and b of a triangle abe
pass through two fixed pomnts 7> and
and the vertices respectively move along
thiee fixed concwrent hines 4, ¢ and f

Find the envelope of «

For different positions of the triangle
ABC, the penul formed by FC 18 pro-
Jective with the range B and 14 therefore
projective with the 1ange .1 wd with
the penal ¢ Hence the penals formed
by £¢ and (/C ue projective But if
FC lies Adong FG then /(" hes along
(F Hence (F 15 a self corresponding
11y of the two penals and theirefore the
penals uwe m perspective  Hence the
locus of € 19 a straight line

2 Find the locus of €' 1n the above
questiop 1if & and F are collinear with
pq stead of with 7

As m the hst question the pencils
described by FC and 6" are projective

T'hey are m perspective because the
line jommng F, ¢, py 19 o self core
sponding 1ay

3 Two fixed pomts A and 7 are
taken on two fixed lines which mtersect

For different positions of the tiiangle
abe, the 1ange desenibed by fo 13 pro-
jective with the penal b and 1s theretore
projective with the penal ¢ and with the
ringe g¢  Hence the 1anges formed by
fo and gc are projective  But it fc lies
at fy then g hes at g/ Hence gf 18
o self-corresponding pomt of the two
1anges and therefore the ranges are m
perspuctive  Hence the envelope of ¢ 13
1 pomnt

Find the euvelope of ¢ 1n the above
question if ¢ and £ are concurrent with
P mstead of with 4

As m the last question the ranges
desanbed by fe and ge are projective

They are m perspective because the
pomt of mtersection of f, g, PQ 18 a
self corresponding pomt

Two fixcd hines @ and b are taken
passing through two fived pomnts situated
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at O and on these lines variable points

A’ and B’ are taken such that

04+ 0B=04"+08’

Find the locus of the point of inter
section of .{B’ and BA’

o B' B

Since OA’+0B’ 13 constant the
distance A4’ equals the distance BB
and therefore the 1anges formed by .1’
and B’ are projective Hence the pencils
BA’ and 4B’ are projective

When the point A’ comcdes with 4,
the pont 73 comades with B’, therefore
the line .1 B 18 a self-corresponding ray
of the two pencils

Therefore the penals are in per-
spective and the locus of P 18 a straight
line

4 In the preceding 1f
04'-0B'=0.1-0B
find the locus of the mtersection of AB
and 4'B
As 1n the previous case the penals
AB' and BA' are projective nd 1m
perspective

"

AT and BS are 1n a given 1atio

Principles of Projective Geometry

on a hne o and through these pomts
varable lines @’ and & are drawn such
that
04 +0b=oa' + 50
Find the envelope of the lines con-
necting the pomnts «b’ and b’

N

,@Q\\__\%

= Since &:’+o,b\’ 19 constant the angle
ad’ equals the angle b5 and therefore
the pencls formed by o and ¥ are
projective  Hence the ranges ba’ and
all are projective

When the line «' comaudes with q,
the ray & comeides with ¥, therefore
the pomt «b 15 + self corresponding
point of the two rangcs

Thercfore the ranges are i per-
spective and the envelope of p 14 1
point

In the preceding 1f
oa’ —0b' = ou—ob
find the envelope of the line jomning ab’
to a'b
As 1n the previous case the ranges
ab’ and ba’ are projective and m per-

spective
.

5 On the base AB of a triangle A BC two pomts 7' and § are taken such that
Through 7' and S lines are drawn to o fixed pomnt

R so as to mect AC and BCn £ and F  Find the locus of the point of intersection

of EB and #4

Because AT=K SB the 1anges described by 7 and § aie projective, and as
these arc projective, the ranges described by £ and F are projective

Hence the pencils BE and AF are projective

When 7 concides with 4, S coincides with B and £ and F comncide with A and
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B Hence the line 4B 18 a self corresponding ray of the pencils described by BE
and 4F Therefore the pencils are 1n perspective and the locus of P 1s a straight
line

6 P, ¢ are given ponts on the base .1B of a trangle ABC'  Find pomnts XY
on the sides AC, BC or their productions, such that 1f ' .
PY meet BC 1 U and QY meet AC' m V, XV shall v
be parallel, and UV perpendicular, to 4B 7

Take any pomnt .U on AC  Draw XY paralle]l to
AB to meet CB n ¥ Jomm YQ meeting AC m T
Draw VU perpendicular to AB to meet OB m U
Jom UP to meet AC' m .Y’ Then the ranges .Y and
X' are projcctive

Take X at A, Yisthenat B, Visat 4, Uwsat U,
X wat A4 Take X at ¢, Visthenat €, V"1 at C,
Uwat €, X' 1sat C

Therefore € 13 a self-corresponding pomnt of the
superposed ranges The required pomt Z the other self-corresponding pomnt 15
found from the relation

u

(LX) =(LCZX),
1Z AX A4 4\

whence % CX 07 ox
AZ AN Y
or

1z cx oy



CHAPTER X

PROJECTIVE FORMS IN RELATION TO THE ('IRCLE —ANHARMONIC
PROPERTY POLE AND POLAR CIRCLES IN SELF-PERSPECTIVE

72 The Circle

Introductory A circle 18 usually defined as a curve such that the
distance of every pomnt on 1t from a fixed pomnt 1s constant It im-
mediately follows (see Art 73) that 1t 1s the locus of the points of
mtersection of corresponding rays of two directly equal pencils In
Art 92 a conc 18 defined as the locus of the pomts of intersection of
pairs of cortesponding rays ot two projective pencils  Hence a cirele 18
a particular case of a comc  Also since equal penals are projected mto
projective pencils, the projection of a circle 13 a comic and since the
process of projoction 19 reversible a conie may be projected mto a circle
It would be possible to consider the projective properties of a conic and
hence infer those of a circle  One method, however, of approaching the
subject 1s to deduce by projection the properties of the coric from those
of the circle

In Art 73 the anharmonic property of the circle 1s deduced from
the usual defimition  In the remainder of this chapter the properties of
the cirde are deduced solely from this anharmonic property As this
property 18 common to all conics the proofs (Arts 74 to 81) hold equally
for all conics *They have been stated only for the circle as 1t 1s thought
that 1 this forin they will be more easily grasped by the student i the
first instance  In Chapter XI theorems and proofs special to the circle
are given and in Chapter X11 and succeeding chapters the general
cage of the conic 18 considered
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73 The Anharmonic Property of the Circle

The anharmomc ratwo of the
pencal formed by jovmng four fized
pownts on a cucle to a varable
pownt on the crcle s constant

Let 4, B, C, D be any four
fixed pomnts on the circle and P
and P’ any two positions of the
variable point

Then the angles APB and
AP'B which stand on the same
arc AB are equal

Similarly the angles BPC and
BP'C arc equal and lhikewise the
angles CPD and CP'D

Hence the penails (P ABCD)
and (P’ ABCD) contamn equal
angles between pairs of corre-
sponding rays and are therefore
equi-anharmonic and projective

The tangent p at P corresponds
to the ray PP’ of the pencil with
vertex P, and the tangent p’at P’

The anharmomc ratw of the
range formed by the wntersections
of four fixed tangents to « curcle
with a varable tangent 1s constant

Let a,b, ¢, d four fixed tangents
to the circle meet two other tan-
gents p and p’ mn 4, B, C, D and
A, B, (", D' respectively

Let O be the centre of the

crcle  Then the angles 404’
and BOB’ (Addendum 10) are equal
and therefore the angles AOB and
A'OD are equal .

Sumilarly the angles BOC and
B'OC’ are equal and hkewise the
angles COD and C'OD

Hence the ranges (p abed)
and (p’ abed) are such that cor-
responding segments subtend equal
angles at O, and are therefore
equi-anharmonic and projective

The pomt of contact P of the
tangent p corresponds to the point
pp’ of the range on p/, and the
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corresponds to the ray PP’ of the
pencil with vertex P

Conversely

The locus of the pownts of wntersectrion
of corresponding rays of two directly
equal pencils 18 a cwrcle, which passes
through the vertices of the two pencils

Let I’4, PB be the two rays of one
pencil corresponding to the two rays
1”4, P'B of the other Then since the
angles APB and AP'B are equal, the
circle through 4, P, P’ also passes
through B

Similarly this circle passes through
the pont of intersection of any other
pair of corresponding rays

Principles of Projective Geometry

pomnt of contact P’ of the tangent
p’ corresponds to the pomnt pp’ of
the range on p

If two projectwve ranges on green bases
are such that pairs of corresponding
points subtend at a fived point on a
busector of the angle between the bases an
angle complemental to half the bisected
angle, then the comnectors of paars of
corresponding pownts envelope a circle
of which the fiwed pownt 18 the centre

Let p and p’' be the bases of the
ranges, S their point of intersection,
O the fixed point, and 44’ any pair of
corresponding pomts Draw OPF and
OP’' perpendiculars from O to p and p’
Then since O 18 on the bisector of the
angle ﬁ’ a arcle can be described with
centre O to touch p and p’ at P and P’
Also since the angle 404’ equals the
angle POS, the line A4’ touches this
cizcle (Addendum 10) Similarly the line
Joming any other pair of corresponding
pomts on p and p’ touches this circle

74 Projective Ranges on a circle, and Projective Systems

of Tangents to a Circle

If through the vertices P and
P’ of two projective pencils a circle

be described meeting the rays of
the pencils n 4, B, C, D and

and A’B'C’'D’ be

If ABCD
two projective ranges on bases p
and p’ and 1if tangents a, b, ¢, d

and a, V', ¢’, d be drawn from
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A’,B,C’, ) then these systems
of pomts are such that if they are
jomed to any, other points on the
circle, the pencils so formed are
projective  Such systems of points
are termed projectwe ranges on
the curcle

To any pomnt considered as
belonging to one 1ange there
corresponds one and only one
pomnt of the other

It 4, B, C, D be foumr points on
a circle, thewr anharmonice ratio, z e
the anhaimonic ratio of the pencil
formed by jomming them to any
pomt on the circle, 18 denoted by
(4BCD)

Involutions of Points on, and

Similarly, if a circle be desciibed
through the vertex S of an invo-
lution pencil to meet pairs ot
conjugate rays in A4’, BB, CC’
these pairs of points are said to be
conpugate points of an mvolution
on the carcle

The pencil formed by jommng
tour of these pomnts to any point
on the arele 18 projective with the
penal formed by joining then four
conjugate points to any pomt on
the arcle, for each of these pencils
1s projective with the pencil formed
by joinmng the same pomnts to a
pont on the arcle

Two paiwrs of conjugate points
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these pomnts to a circle which
touches p and p’, then these
systems of tangents are such that
if they are cut by any other
tangents, the ranges so tormed
are projective Such systems of
tangents are termed 2 ojective
systems of tangents to the curcle

To any tangent considercd as
belonging to one system of tangents
there corresponds one and only one
tangent of the other system

If @, b, ¢, d be four tangents to
a circle, their anharmonie ratio, e
the anharmonic ratio of the range
which they determmme on any
tangent to the circle, 13 denoted
by (abed)

of Tangents to, a Circle

Similatly, if a circle be deseribed
to touch the basc s of an mvolution
and the tangents to the endle
from pans of conjugate points be
aa’, b, c¢’  these pairs of tangents
are said to be conjugatc 1ays of
an wmvolution of tangents to the
cirele

The range formed by the mter-
sections of four of these tangents
with any tangent to the arcle 1s
projective with the range formed
by the itersections of the fow
conjugale tangents with any tan-
gent, for each of these ranges 18
projective with the range formed
by the mtersections of these tan-
gents with a tangent to the circle

Two pairs of conjugate rays—
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on the circle determine the nvo-
lution and the conpngar. of a given
point m a given mvolution can be
found from the fact that the r1ange
on the cirele formed by any four
points must be projective with the
range formed by the «onpin
points

Conversely, 1f this condition 15
satisfied the ponts form an nvo-
lution on the circle

75
Circle

If thiough any pont S chords
be drawn to wntersect a cucle wn
AA’, BB, CC’ these pans of
pownts are pan s of conjugate pownts
of an wvolutron on the curcle

Join AC’ to meet BB m K
Then
(BA'BC')=(dA BA'B()
=(BSB'K)
by taking itersections of the peneil

on BB
Similarly

(BABC)=(C' BABOC)
= (B'KBS)

Prineples of Prjective Geometry

tangents to the circle—determine
the mvolution and the conjugate
of 4 given 1ay—tangent—in a
gven 1nvolution can be found from
the fact that the pencil of tangents
to the cnele formed by any four
tangents must be projective with
the pencil formed by the =,
1ays—tangents

Conversely, if this condition 15
satisfied the tangents form an -
volution ot tangents to the cncle

Involution on a Circle and Involution of Tangents to a

If from pownts on a line s pawrs
of tangents ad’, bb', cc’  be drawn
to a cucle, these puwus of tangents
wntersect any other tangent in paw s
of comjugate pownts of an wnvolution

Jom ac’ to b’ by k
Then

b’V )= (a ba'b'c") .
=(bsb'k)
by connecting points of the range

to bb’
Similarly

(b'abe)=(c b'abc)
= (b'kbs)
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But (BSB'K)=(B'KBNS)
Therefore
(BA"B'C"y=(B'ABC)
Therefore the three pars of
pomnts AA’, BB, CC’ are pairs of
conjugate pomnts of an mvolution
on the arcle

If 8 be a point external to the
cirele two tangents can be diawn
from S to touch the encle at T
and U T and U are the double
pomts of the mvolution detcrmined
by the two pars of conpgate
pomts AA4’, BF

Sinee m this case

(BUB'T)Y=(B'UBT),

the pomnts of contact 7" and U of
the tangents fiom any pomt S to
the circle and the pomnts of nter-
section B and B’ of any chod
through N are tour points on the
enele which form a harmome range,
ve the pencl foomed by jomning
these points to any pomnt on the
curve 15 harmonte

Smee  the relation  between
pairs of hatmonic conpugates 1s
reciprocal, the tangents at B and
B mteiscet on the chord 17U
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But  (bsb'h) = ('kbo)
Therefore
(ba'b'c"y = (b'abe)

Therefore the three pairs of
points ot intersection of the tan-
gents ad’, OV, ¢¢’ with any tangent
are pans of conjugate pomnts of an
mvolutton

It the lime s meets the circle
In two points, two tangents ¢ and
u can be diawn at these points
t and u are the double rays of
the mvolution systemn of tangents
determined by the pans of con-
Jugate rays ad’, b

Smee 1n this ease

(bub't) = (b'ubt),

the tangents ¢ and u at the points
of mtersection of a chord § with
the circle and the tangents b and
I’ from any pomt on s we fom
tangents to the circle which form
a harmonic system of tangents,
te a system of tangents which
mtersects any other tangent m o
harmonie 1ange

Since  the relation between
pans of harmonie vony 1t~ 14 re-
eiprocal, the chord of contact of the
tangents b and b’ passes thiough tu

Henee the Fundamental Property of Harmome Ranges of Points
and Hirmonie Pencils of Tangents to a Cuele 18 obtaned, vis

If through the pownt of wnter-
section of the tangents at any pownts
T and T’ on a crcle, a chord be
drawn to meet the cvrcle in A and
A’, then the 1ange TT'AA’ 1s
harmonac

H PG

Iy from any pownt on the chod
of contact of any two tangents t and
t to a cucle, two other tangents
a and & be drawn to the curcle,
then the pencil of tangents tt'ua’
v harmonac
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(‘onversely

If A4, BB, CC' are pans of con-
yuqute points of an wnvolution on a arcle,
the lines AA’, BB, ('("" ase concurrent

The mvolution 18 determimed by two
pars of conjugate powts Ad', BB
Let AA’, BB’ meet at S Join C to S
to meet the arcle in ¢” Then (" 1
a conjugate of € n the given involution
and must therefore coincide with

Hence CC' passes through 5

76 Pole and Polar

It through any fixred pownt
« varable chord of a cwcle be
drawn, the locus of the harmomc
conjugates of the fued pownt unth
1equrd to the pownts of wnter section
of the varvable chord unth the cucle
15 a strarght line

Draw through S three chords
meeting the circle n AA4’, BB,
CC’ The first two chords may
be regarded as fixed and the last
as variable The six pomts form
an 1volution on the earcle and
therefore the pencil formed by
yming 4, A", B, B, C, C" to 4”13

Principles of Projective Geometry

If ad'y b, oc are pawrs of comyugate
rays of an 1pvoluteon pencil of tanqgents
to « curcle, the pownts ad’, bW, e’ are
collineas

The mvolution 18 determined by two
pairs of conjugate tangents aa’, bl Let
the connector of aa’ to b’ be s Let
« meet & mn € and let ¢ be the tangent
from € to the arcle Then ¢’ 19 a con
jugite of ¢ in the given mvolution and
must therefore comncide with ¢

Hence ¢’ lies on ¢

If from « wvarwable pownt on
a fired strarvght line pawrs of tun-
gents be drawn to a cucle, the
envelope of the harmome conjugate
of the fixed line with 1egurd to the
pan of varable tungents 15 « fured
pont

~
[~

<

From any three points on s
draw pars of tangents to the
arele aa’, b, ¢ The first two
pars may be regarded as fixed
and the last as variable The six
tangents form an 1volution of
tangents and therefore the range
formed by the tersections of «’
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projeetive with the pencil formed
by jomng the conjugate pomnts
A, A, B, B ¢, C to A

Since these pencils have o
common self-corresponding ray m
A A’ they are also m perspective
(M1t 34)

Theretore the corresponding
1ays intersect on a line ¢ This
line 15 a hxed hne since 1t passes
through the points AB’ BA’ and
AB A'B’

By the harmonic property ot
the quadrangle, s meets 44°, B,
(" m ponts which are haimonice
conpagates of S with regard to
AA', BB, C(" respectively

Henee, iff (0" meets s m N,
N s the pomnt whose locus 14
requied and 1ts  loens 18 the
straight Jine

If CC" be taken to comneide with
AA’ 1t 15 seen that the tangents
at A and A’ (and therefore those
B and B’, and € and ") inter-
seet on s

The hne s 19 ealled the polar
of S

3y companson of the work in
the two columns 1t will be scen
that 8 19 the pole of s

F r;m the preceding the follow-
ing constiuction 1s obtained

Constr uction of the polar of
« gwen pownt

Throungh P the given point
draw two chords PBR’ and PA A’
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with a, @', b, V', ¢,¢" 19 projective with
the i1ange formed by the inter-
sections of @ with the conjugate
rays o, a, &', b, ¢, ¢

Sinee these ranges have a self-
corresponding pomt 1 aa’ they
arc also m perspective (At 34)

Therefore  the  corresponding
points are collinear with a pomt
S This point 15 a fixed pomt,
since 1t 1s the mtersection ot the
hnes ab’ a’b and ab a'l’

By the harmonic property ot
the quadnlateral, the connectois
ot S with aa’, bV, cc’ are harmonie
conpagies of s owith regard to
aa, b, ¢c’ respectively

Hence, 1if n be the connecto
of ¢ to S, » 15 the hme whose
envelope 15 required and its cn-
velope 15 the pomnt S

If ¢¢’ be taken to coincide with
aa’ 1t will be seen that the points
of contact of ¢ and & (and there-
fore those ot b and ', and ¢ and ¢)
are collinear with S

The pomnt S 1s called the pole
of ¢

By companson of the work in
the two columns 1t will be seen
that s 13 the polar of S

From the preceding the follow-
ing construction 13 obtamed

Constructvon of the pole of
@ gwen lne

From two pomts on the given
Ime p draw pars of tangents aa’
and bV’

9- 2
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The polar p of P 1s the hne
joning AB’ BA' (or E)to AB A’B’
(or Q)

If P 1s a pomnt cxternal to the
circle, the polar may be constiucted
as the chod of contact of the
tangents from P

Principles of Projective (Geometry

The pole P of p 15 the pomnt of
mtersection of ab’ ba’ (or ¢) and
ab a'b (or e) .

It p mecets the cncle 1 1eal
points the pole may be construeted
as the pomt of intersection of the
tangents at these points

)

v

Conjugate points and lines with respect to a circle

It P and @ are two pomnts such
that the polar of one passes through
the other,the pomntsare called conyn-
qete pornts with 1 espect to the curcle

It the line joimng two conjugate
ponts P and @ meets the encle 1n
real pomts these pomts we hu-
monic conpugates of P and @

If p the polar of I passes thiough @,
then ¢ the polar of Q) passes thiovgh I

It PG meets the cincde moreal ponts
.1 and A" the theorem 18 obviouy simce
PEAA 18 harmonmic  If P’ does not
meet the cnde the theorem may be
proved as follows

Through 2 draw chovds 2.1 4°) PBB
Then p 15 the hne joming BA4” AB to
AB A’ Take ¢ any pomt on p
Jom @4 wnd @A’ to meet the cirdle
Cand ¢' Then CC must pass through
P For f 1t does not let I°C' meet the
arcde agun i ¢ Then €74 must pass

If p and ¢ are two lines such
that the pole of onc les on the
other, the Iimes are called comyugate
lvnes unth 1espect to the cu cle

It tangents can be diawn to
the arcle fiom the pomt of inter-
section of two hines p
and ¢ these tangents are ha-
monic « nite o~ of poand ¢
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through ¢ for ¢4 and C” ' must intersect on p Therefore € and € coneide
Hence ¢ the polar of @ 15 the hne jomng 2 to C.d” AC” and therefore passes
thiough /7

Construction for pawrs of points on « guven strarght bine conjugate with
respect to a circle

Let p be the given line and P 1ts pole
Through P draw any hxed chord AB
Let @ be any point on p To find 1ts con-
Jugate jom @ to 4 to meet the encle m B
Let BB meet p in @' Then @ and @’
will be shown to be conjug e points

Jom PR to mect the cucle m R’
Then the polar of P 15 the lime jonmng g
AR’ BR to BR’ AR Theictore since
p 18 the polar of P, AR’ and BR’ must pass thiough @ and ¢ 1c-
speetively  Therefore @F 15 the polar of @ and £Q” 15 the polat of @
Henec @ and Q" are conjugate points with respect to the cirele

Conversely 1t follows that, ot @ and Q', any two conjugate points
with regard to « «vcle, be jowned to uny pont B on the cucle by lnes,
whach meet the cvicle mn A and B, then the line AB passes through the
pole of the line QO

77 A cucle determanes by means of pawvs of collinewr conjugate

powmts a defimte wnvolution on
every straight hine wn s plune &
If four ponts Qy, Q,, Q., @ sz
be taken on any straight ine p, g:\ >
then comp caes @ Q) @, QF i A
with 1espect to the arcle may N .
be constructed by means of the ,/ \
last Article  In the Agure, the ) ‘R,
range  (LQ.Q.Q: 15 projective » . \P )R,
with the range B, R,B,R, on ' \ TR
the cmcle and this s projective \ - /
with the 1ange Q,Q/Q/Q) \/ - R
But since @, and Q)" aic — © B -
conpnzate pomts and the polar S
ot cach passes thiough the Qf - -~
other, they mutually corre- :5 -
4

spond Hencc the two pro-
Jeetive ranges torm an mvolution
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It the ivolution has 1eal double points these points are the points
of mtersection of the hne with the crcle

The correlative of the preceding 15 as follows ’

A cucle determunes by means of pawrs of concurrent conjugate lunes
« defimate wnwolution pencl at every pownt n its plane

It pi, psy ps, py are any fomr straight lines passing through any
pomt S, then poles Py, P/, P’, P/ he on s the polar of §  Let s mnect
P P s, ppm Py, Py, PP Then PP/, PP/ PP/ PP/, form
an nvolution of conpugate pomts  Hence 1t p)/, p,, pJ, p) be the lincs
jomung P/, P/, P/, P/ to 8, the pans of conpr za« lines pp/, p.p.,
Psbss papd, ate paus of conjugatc rays of an mvolution penecil

Since the tangents from S to the cuele, 1f they are 1cal, arc
harmonic conpugatcs of each of these pans of «  +:v  lines, they
ate the double rays ot the mvolution

The anharmonic 1atw of « 1ange of four collinear pownts 13 equal to
that of the pencil formed by thew polurs

It @, @, @, @, are tour collnear pomnts situated on o line p, then
polars, which all pass through the pole of p, meet p 1 pomnts @/, @,
Q/, @/, which ate conjugates of @, @, @, @ Hence the 1ange
AhQ.Q:Qs 15 projective with the range Q/QQ,/Q, and therctore with
the pencil forned by the polars of @, Q. @, @

The anharmoniw 1ato of four pownts on « curcle s equal to that of
the fowr tangents at these pownts AA

Let 4, B, C, D be any four pomts
on the cucle and «, b, ¢, d the tangents
at these pomnts  Let I be any other
pomt on the crele and let p the tan-
gent at this pomt meet «, b, ¢, d m
A, B, ¢, D

Then the anharmone 1atio of 4,
B, C, D 1s that of the penal (P ABCUD)
and that ot the tangents «, 0, ¢, d 15
(A’B'C’Dy Smce 4°, B, C', D" are
the poles ot P4, PB, PC, PD, thest

anharmonic 1atios ame equal \\ /
="

78 Properties of Pole and Polar
The tollowing 15 a 1cstatement of the theotems ot the last two
Articles together with cortamm important deductions
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(a) The line joining two con-
Jugate ponts, 1f 1t meets the curve
n 1eal pomnts, 15 divided harmonic-
ally by the curve

For the polar of a pomt 1s the locus
of pomts which are haxmonic conjugates
of that point with 1espect to the points

of intersection of any chord through
that pomt with the cuve

(b) The envelope ot the polars
ot all pomnts on a straight hinc 15
the pole of the line

For the pole of a given lime 13 on the
polars of all pomts on the given line and
therefore all the polars must contain the
pole

(¢) The pole of the connector
of two pomts 1s the point ot inter-
section of then polars

(d) The polar ot a pont on
the cuive 1s the tangent at the
pomnt

(¢) Any pomt on a tangeng
15 a comjugate ot the pomt of
contact ot the tangent

(f) Thc polar of o pomt
determines on the curve the pomnts
ot contact—real or mmagmary—of
the tangents trom the pomt to the
curve

For each pomt of contact 15 a con
jlxgata of the pomt and therefore the
polar passes thiough both pomts of
contact

(9) The connectors of a pan
ot «« . ' pomts to the pole
ot their connector are conjugat:
lines

135

Two  npizal lines are hai-
monic conjugates of the two tan-
gents, 1f 1eal, from their pomnt of
mtersection to the curve

For the pole of a line 18 the envelope
of lines which are harmonic conjugates
of that line with respect to the tangents
fiom any pomnt on that line to the
urve

The locus of the poles of all
Imes through a given point 1s the
polar of the point

Fou the polar of 1 given point passes
through the poles of all lines through

the given pomt and therefore all the
poles must lie on the polar

The polar of the intersection
ot two lines 1s the conncetor ot
theun poles

The polc of o tangent to the
curve 18 1ty point of contact

Any lime through the pomt ot
contact of a tangent 18 a conjus e
ot the tangent

The pole of & line determines
the tangents—ieal or imagimary—
to the curve at the pomnts in which
the line mterseets the caive

Fot each tangeut 1s conjugate to the
Ime and therefore passes thiough the
pole of the line

The intersections of a pan of
conjugate hnes with the polar of
their  pomnt of intersection are
conjugate points
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(h) Two conjugate lines cut
the curve 1 four points forming
a harmonic 1ange

For each conjugate lime passesthrough
the pole of the other

(¢) The mtersections of the
polars of thice given pomnts form
@ triangle which 1s called the polar,
or conjugate triangle, ot the triangle
formed by the three given pomnts

(2) A trnangle such that each
vertex 1s the pole of the opposite
side 13 texmed @ self-polar, o1 self-
conjugate triungle

Prineples of Projective Geomelry

The tangents from two conju-
gate pomnts to the curve foim
a haimonic penal of tangents

For each conjugate pont hies on the
polar of the other

The connectors of the poles of
thiee given hnes form a trianglc
which 1s called the polar, o1 con-
Jugate truangle, of the triangle
formed by the three given hines

A triangle such that cach side
18 the polar ot the opposite vertex
15 termed a self-polur, or self-con-
Jugate triangle

79 Circle m Perspective with itself

Any circle may be looked wpon
as wn harmomc perspectwe with
aself, any pownt bewng the centie of
perspectwe and the polar of that
pomt the aas

Any cucle may be looked upon
as w harmome perspecte with
iself, any hine bewng the wars of
perspectwe and the pole of that
lwe the centre




The Cirele

Take any pomnt 8 Through
S draw chords SA4,4', SBB, B,
SCC,C" to mget s the polar of S
m 4,, B, ¢, Then the ranges
Sd,44’, SB,BB’, SC,CC"’ are har-
monic

Theretfore, if 8§ be taken as
centre, s as axis of perspective,
and the anharmonic r1atio of the
perspective be =1, 4 corresponds
to A, B to B’ and ( to ¢’ and
vice versa  Hence the crele 15 1n
scif-perspective

As o consequence, 1t 18 scen that

(@) tangents at 4 and 4', viz
« and «, mterscet on s

(b) conesponding chords A B
and A’ mtersect on s

(¢) cortesponding chords 1B’
and A'B mteisect on s

(d) tangents fiom S touch
the encle on s
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Take any line s Draw pairs
of tangents ad’, bb’, c¢’ from points
on s Then, if a,, b, ¢, are the
lines jomng aa’, b, c¢’ to 8 the
pole of s, the peneils sa,aa’, sb,bl,
s¢,e¢’ are harmonie

Therefore, 1f s be taken as axis,
N as centre of perspeetive, and the
anharmonic 1at10 of the perspective
be =1, « conesponds to @, b to O’
and ¢ to ¢/ and vice versi  Hence
the cuele 15 m self-perspcctive

the pomts of contact ot tangents
« and @, viv 4 and A, arc
collimear with S

wrresponding pomts ab and @'V’
are colhnear with N

corresponding  pomts ab” and @b
are collinear with N

tangents where s meets the arcle
mterseet v S

From 8 draw a lme perpendicular to s to meet s m N On SN

take a pomnt V such that SV=VN
V 1s the vamshing line

Then the line parallel to s through

The two columns above simuply give a restatement ot the same
theorem looked at trom two shightly dafferent pomts of view and form
a good 1stance ot the Prinaple ot Duality

80 Complete Inscribed Quadrangle and Complete Circum-

scribed® Quadrilateral of a Circle

Any four pomnts 4, B, C, D on
& circle determne

(1) thiec pomnts S, 7', U, as
the pomts ot mterscetion of theiwr
connectors taken m pairs

Any four tangents a, b, ¢, d to
a cucle determime

(1) three hines s, ¢, u, as the
lines jouning the pomnts of mter-
sections of the tangents taken in
pairs
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(2) three lines s, ¢, u, as the
conncetors of the pomnts S, 7, U
m pairs

The hnes s, ¢, 1, me the polas
ot 8, T, U with 1egard to the cincle
(At 76) Henceo  the tangents
«, b, ¢, d at the pomts 4, B, C, D
mtersect m paiis on s, t, u

As each side ot the tuangle
STU 15 the polar of the opposite
vertex 1t 18 a self-polar or self-
Conjugate trangle

It tollows that

Principles of Projectie Geometry

(2) three pomts S, T, U, as
the nteiseetions of s, ¢, w 1n patrs

The pomts 8, T, U, ae the
poles o s, ¢« (A1t 76) Heneo
the pomnts ot contact 4, B, C, D
ate collimear 1 pairs with 8, 7, U

As cach vertex of the sriangle
st 1s the pole ot the opposite side
1t 15 a selt-polar ot
tuiangle

(@) The diagonal poimnts tnangle ST'U ot the quadiangle ABCD 15
the same as the diagonal triangle stu of the quadrilateral abed



The Circle
(b) From the quadnlateral abed
ac, bd, T, S]
ad, b, U, 8
cd, bu, T, U J
(¢) From the quadirangle ABCD
AC uw, BD u, S, 1
AD t, BC t, S, U aic harmonic ranges
Do, 4B s, T, U
(d) It the arele meets ¢ P, P and s 1 @, '
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are harmonic ranges

1“; 1),’ S)
Q Q1 U

In the figure, u does not meet the circle inreal pomnts

of every ~ ' conpi
the curve i real points

} ate harmonic ranges

One side

triangle with regard to a cuele docs not mect

81 Construction of a Self-Polar - or Self-Conjugate—Triangle of a Circle

The trangle foomed by two conjugate
pomts wd the pole of then conmector as
vertices 18 4 selt-conjugate tilangle

Given one vertes of such v triangle
the number of triangles 1+ mmtnte, for
wmy two conjugite pomts on ity polar
may be taken as the remamng two
vertices

Gnen two veartices, which must be
conjugate pomts, the trangle 15 com
pletely deternmed, for the third vertex
must be the pole of thar connector

The triangle formed by two conjug ite
limes and the polar of then pomt of
mtersection as sides 15 v oself conjugate
triwngle

Given one wide of such a tirwngle the
numbcr of tnangles 15 ifinte, for any
two conjugte lines through 1ts pole may
be tahen as the 1emamimg two sides

Gien  two sides, which must be
conjugate limes, the tinngle 18 com-
plctely determned, for the thnd side
must be the polar of then pomt of
mtersection

The hmting form of a self polu triangle, 1t one vertex 1s given, s the tungent

from thet pont to the cudle

It the two conjugate ponts (which arce vertices) ame

collincar with the centre of the cucle, one of the vertices of the triangle 14 at

wfinity, ind two sides are parallel
a curcle must be obtuse wngled

Tvery self conjugate triangle with respect to
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EXAMPLES

(1) If trom a fixed pomt perpendiculars be diawn to the pais of conjugate 1ays
ot & peneil w mvolution, the lines joimng then
feet taken m pans pass through a fixed pomnt

Let ac’, DI’ be conjugate 1ays of the involution
penerl whose vertex 19 0 and £ any hved pomnt
A adde deseribed on OF as diameter will pass
through 1, A4°, B, B’ the feet of the perpendiculary
from

P AA'BE s an mvolution penaly simee
1ts rays ame perpendicular to «, «, b, U
Hence AA’, BB’ are conjugite pomts of an
mvolution on the cwincdle  Therefore (A1t 79)
Ad', BB’ pass through  hxed pomnt ¢

(2) A fixed pomnt O external to v given arcle 15 jomned to the extretmties 4 and
B of any diameter, and OA, OB meet the arde agam m P, () Show that the
tangants at 2, @ intersect on a fined hine parallel to the polar of 0

Consider the msaribed quadiangle AQAB7 wd the cncumnscribed quadiilateral
formed by the tangents at these points  In the foigurc the pomnts {, V; 0, § are
colineat and form a hanonie range, therefore, since U 1s at nhmty, V bisects 05
Therefore ¥ describes a lime parallel to X8 which being the polar of O 18 hved

(3) 1, B, C bewmg thiee given pomts on a cucle and A any other point on the
arcle, AM, BM are produced to meet the tangent at ¢ m P, ¢, 1espectively , show
that the difference of the 1eciprocals of CP, ') 1s constant
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Through 4 and B draw hines parallel to the tangent at (*to meet the circle in
A" and B’ Let AB' and 1'B meet the tangent at € in O and ¢/ Then
0 and O correspond respectively to the points at infimty in the projective ranves
de-cribed by P wnd @, and (' 15 a self-corresponding point

0P 0Q=K*=0C 0C,
(CP - C0)(CQ—-CO)=0C O,
CP CQ=C0 ((Y—CP) since OO = — ("),
111
co=er 0y

(4) If a vanable chord CD of a encle passes through the middle pont 0 of
a fixed chord AB then the locus of the mtersections of the mes AD, OB, 1s
<traight line parallel to AB

(5) If a vamable choad P¢ of 1 arcde passes thiough a fived pomt / and

1 1
perpendiculars 3, N are drawn to the polar of L, then rirto N 19 constnt

(6) The polar of O meets the cndle m 72, @ wd 7/t 1s any chod of the (nclo
through P Through 0 a lme 13 diwwn palld to PR meeting the cncle m £, 1
Show that @R nscots U717

Let M be the point QR 7} The tange PQ7 V on the arde 15 havonie,
(R PYUI Y= -1,
(£ MUV )= =1,
W nsects 1)



CHAPTER XI

SPECTAL PROPERTIES OF THE CTRCLE --INVERSE POINTS  COAMNAL
CIRCLES  CIRCLES IN PERSPECTIVE WITH EACH OTHER

82 Inverse Points with respect to a Circle

The theorems which have hitherto been proved for the encle ae
common to all comes and the same proots hold for the come - general
as tor the arelc  Some of thesc theorems may be proved for the cuele
m a manner not appheable to the general case, and there are certam
theorems true for the arele which do not hold for the conie The more
mpmtant of these are given m this chapter

Inverse Pomts Defimtion  Two comjugate ponts colliweasr wnth
the centie of a curcle ure termed wnver se pounts

If two cucles cut each other o'+ 7" euch determuines mverse
powmts upon every dwmeter of the other, and conversely,

If one cucle pass through wnvei se pownts wnth 1espect to another i cle,
the two curcles cut orthuqonally

Let O be the centre of one encle
and let o diameter ot this enele meet
it in 4, B and the second eirele in C, D

In the first case, since the cucles
are orthogonal, the lme OF jorming O
to either of the pomnts of tersection
of the encles 15 o tangent to the sccond
encle, and theretore

0C OD=0F=04*

Therefore (ABCD) 1s harmonic and € and D are mverse ponts with
respect to the cirele whose centie 15 0

In the second case, since ¢ and D are a pan of mverse ponts with
respect to the cucle whose centie 15 (),

O0¢ OD=0BR=0K:
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Therefore OF 1s a tangent to the second cuele and the two cireles
cut orthogonally

Cor I To describe a cucle through two given points to cut a given
circle orthogonally  Let the given points be 4 and B Take € the
mverse of A or of B with 1espect to the encle  Then 4BC 15 the
orthogonal circle

Cor II  To describe a cirele through a given pont to eut two given
arcles orthogonally et the given pomt be A Take B and €' the
mverse pomnts of A with 1espect to the two encles  Then A BC 1s the
requited orthogonal circle

Cor IIT  If C and D be conpgte poimnts with 1espect to a cuele
(X), and a circle (V) be deseribed on (D as diameter, this ende (17)
will cut the cnele (X) orthogonally  For let (/D) meet (X) m 4 and B
Then (CDAB) 1s harmonic and since ('D 15 o diameter of (V) A4 and B
are mverse points with respeet to (1)

Special Construction of Pole and Polar for a Circle

Let O be the centie of the
circle and & the pomt whose
polar 15 rcquned  Join OS
to meet the arcle at € and
(¢’ and diaw two choids SA4 A4’
and SBB’ equally mehned to S0

Then by symmetiy AB and
BA’ will intersect at some pont
S on 8O and AB and A’B" will
be perpendicular to SO

Hence s the polar of 8 will be the hne through 8" perpendicular to
SO, Art 76  Also because (SSC'()") 1s hatmonie and () 15 the mddle
pomt of O,

08 08’ =0¢C?

while the ponts 8, 87, being conjugate pomnts collimear with the centre,
are mverse points

Hence the polar of « gwen pownt unth respect to a cucle 1s the line
through ts wnver se pownt perpendwular to the connector of the qven pornt
to the centre

Also

The pole of a quuen line s the wnverse pownt of the foot of the
perpendicular from the centre on the gwen line
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If AA’, BB be two puns of collinear wnverse pownts, with respect to
a crcle, and P be any powt on the cu cle, then
(1) the rato AP A’P s constunt for dufferent posuteons of P,
(2) the angles APB and AP are equal or supplemental  (Cf
At 53)
Let the hine BAA'B meet
the cucle at ¢ and D Take

P any pomnt on the cnele

Then the 1anges CDA A’ and

CDBB arc harmonic  There-
C

fore the penals (P ('DAA’)
and (P CDBB’) are harmonic
But CP, PD arc at nght N /
angles, and ae therefore ~ -
common bisectors of the )
angles APA’ and BPB

Hence (1) AP A’'P=AD A’'D=. constant,

(2) the angles APB and A’PB ame equal or snpplemental

83 Coaxal Circles

If AA’, BB, CC",  aie paw s of conjugate pownts of an wnwvolution, the
curcles deseribed on AA’, BE, C(”, as drameters wre sawd to form
coawal system of cu cles

There are two cases to be eonsidered according as the mvelution
has, o1 has not, 1cal double pomnts

If the double clements are 1cal If the double clements are
pomnts & and F, let O be the centie imagmnary, let O be the centre
ot the mvolution of the mvolution

P
A
v

B 0}@ /B'

.
(-
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It PO be a line through O
perpendicular to the base of the
mvolution, this line 1s termed the
radwcal ams of the circles and 1t
will be shown that the tangents
from any pomnt P on this lne to
the encles of the system are equal

Since

0k*=04 0A4’=0B OB,
the tangents, OK and OK’, tom O
to any two of the encles are equal
It R and R’ be the r1adn of the
cirdles, § and S’ their centres and
PT and PT1" the tangents fiom a
pomt £ on the radical axis, then
PT:=PS<— R*= P02+ 0S2— R*

=P0* + OK:
Smmlazly
P1"=PO-+0OK"

Therefore PT= P71

All crcles described through
K and F, which ate mverse poimnts
with respect to all the cucles of
the system, will (Art 82) cut every
circle of the coaxal system at right
angles

The encles through £ and F
form a systemn of coaxal eircles of
the nature described on the nght-
hand side, £ and F taking the
place of L and M
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If PO be a lhne thiough O
perpendicular to the base of the
mvolution, this hne 18 tetmed the
radical ars of the circles and 1t
will be shown that the tangents
(of real) fiom any pomt P on this
line to the encles of the systemn
are equal

Take two pownts L and M
vertically above and below 0 such
that
O0Lr=0M*=04 04'=0B OF
Then all encles of the system will
pass through L and M Hence i
PT and P1" be the tangents to
two eneles for a point P on the
radical axis,

rPr=ri. PM
and
PT*=PrPL PM

Therefore PT = PT’

All cireles with regard to which
L and M are inverse pomnts (At
82) will cut all cireles of the coaxal
system at night angles L and M
will bc common nverse pomts of
such a system of circles

The ercles which have L and
M for common 1nveise pomts
form a coaxal system of the kind
desciibed on the left-hand side,
L and M taking the place of K
and F

The pomnts E and F are termed the common wnverse points or the

limating pownts of the system of coaxal arcles
The Radical Axis 18 sometimes defined as the locus of pomnts fiom

which the tangents to a system of coaxal circles are cqual

If the

circles mtersect 1 real pomnts 1t may be constructed as the hne joning

HPG

10
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these points If the circles do not intersect 1n real points, let ¢ and ¢
be two common tangents to two of the circles which touch them at P, @
and P, @, respectively Then, 1f M and M’ are the middle points of
PQ and P'Q), the radical axis 1s the hne MM’ Two circles completely
determine a coaxal system, for two pairs of conjugate pomnts 44’ and
BB’ completcly determine an mvolution A system of coaxal circles 1s
also determined by a point—a hmiting point—and a circle  The radieal
axis 1n this case 18 termed the radical axis of the pomnt and the circle

The three radical axes of three curcles taken wn pairs are concurrent

Let the cncles be denoted by (1),(2) and (3) Consider P the pont
of ntersection of the radical axes of (1) and (2), and of (2) and (3)
At this point the tangent to (1) equals the tangent to (2) and therefore
the tangent to (8) Hence the radical axis of (1) and (8) passes
through P

To describe a curcle to cut three given curcles v thoyonally

Let S be the point of intersection of the three radical axes of the
circles taken 1n pairs  Then 1f S be external to the circles the tangents
from 8 to the three circles are equal and, if a circle be described with
centre § and radius equal to the length of these tangents, this cucle
will cut the three circles orthogonally If S be an mternal pont the
radius of the circle 18 an 1maginary quantity

84 Coaxal Circles in Self-Perspective

Every curcle of a coazal system, with 1eal limiting pownts, 18 wn
harmomec perspectwe with self, either of the limting pownts bewng the
centre, and s polar the ams, of perspective

This theorem follows at once from Art 79 when 1t 18 borne 1n mind
that the limiting points have the same polars with respect to each circle
of the coaxal system The polar of each 13 the line through the other
perpendicular to the hine of centres

The following are some of the more 1mportant properties of a system
of coaxal circles with real limiting pomnts In these theorems the
centres of symihitude of a pawr of circles occur Generally a centre of
similitude of two curves 18 a centre of perspective of the curves, which
has the line at infimty as one of the corresponding axes of perspective
(Art. 29) The centres of similitude of two circles are the two pomnts,
which divide the distance between the centres in the ratio of the radn
of the circles (see example 22, page 159) When the common tangents
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to two circles are real, their points of intersection which he on their
line of centres are centres of simihtude (Art 87)

(1) If U and V be the ponts of contact of a common tangent to two of the
circles of the system, the circle described on UV as diameter cuts the circles
orthogonally and will therefore pass through the hmiting points £ and F)1f these
ponts are real  Hence the angles UFV and UEV are right angles

(2) If UV meets a circle of the system mn 4 and B, then (U VAB) 18 harmonie
For if UV meets the radical axis m P, then PV2=PT?=PA PB, wheie T 1s the
point of contact of the tangent from P to the circle 4B

Since UFV 18 a mght angle F'V bisects the angle A FB

1 .
8
P v
S \\\\.\Q E / S\ F C’
\
W

S~

(3) If UE and VE meet the arcles again in {7 and V', then U’ V' 13 a common
tangent to the circles and UV and U” V' intersect on e the polar of £ This follows
from the fact that the circles are in self-perspective with £ and ¢ as centre and axis
of perspective

(4) Hence EF, f, e are the connectors of the points of itersection of the
common tangents to the two circles and therefore form a common self conjugate
tniangle These lines are the same for every pair of circles of the coaxal system
and therefore form a common self-conjugate triangle for the whole system of coaxal
circles

(5) Hence S and §’, the points of intersection of pairs of common tangents to
any pair of circles of the system which hie on the line of centres, are harmomc
conjugates of £ and F (Art 80)

(8) *Hence the circle described on 88" as diameter, 7 ¢ the circlo of simihitude of
any pair of circles of the system, 18 1tself a circle of the coaxal system

(7) If two chords through E meet any pair of circles of the coaxal system m
A, 4’ and B, B, then the pomnts AB A’B’ and AB A'B are on the line ¢

(8) If U, V, U", V' be jomed to C and ', the centres of the circles, the joining
lines are respectively perpendicular to UV and U’ V'
’ s

S

Hence 1if » and # be the radn of the circles g,i,, =

r
rl

10—2
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Hence the range SS'CC’ 18 harmome  Therefore S and S are the common
harmomc conjugates of EF and C(’
(9) 1f a chord SPQYP(Y be drawn to meet the arclesan P, @ and 77, ¢

AS'E/' _ fgg'l .
cr o
Hence the trnangles SPC and S77(” are similar and %{: = :

Siilarly, ‘g?: j, Hence from the triangles SUP and SV /7 1t 1s scen that the
lines PU and 7V are parallel  Simlarly the hnes U@ and 16/ ue pualldd

(10)  The angle SQU=angle S I"=angle L 1 /¥ Therefore U, 1, ¢, P wre con
cychic and off 0Q and 7'V wmeet at L, LQ LU=LI" .} Hce the tangonts
fiom L to the two ndles are equal and L 13« point on the 1adical vas

(11)  Smce the himes UL, V1”7 e parallel, the penals formed by joumung points
P and 7” collinear with S to C and | 1espectively we projective  Hence the rnges
P and 7” on the two circles are projective  Sumlarly, since UQ and V7 mtersect
on the r1adical axiy, the ranges described by @ and 7 on the cnrcles are projective

(12) The 1atio of the tangents fiom any pomt on a cncle of a coaval system to
two other given cncles of the system s constant  For (Addendum 13) 1t /” be the
pomt, €y Cy, €, the centics of the cudles, M and ¥ the pomts whae the 1udieal
axiy and the papendicular from /2 meet the line of centics wnd P77, and 7, the

tangents, then
PTyé=2 MN CC

wnd Pri=2 MN (O,
1,7’1 - (7’(/'1
l)/]v: - C(’;

85 Two circles in Perspective with each other

Any two cv cles may be looked upon as wn perspectwe with each other,
either of the centres of sumalitude bewng the centre of perspective, and the
aavs of perspectwe esther thew 1adical ams o1 the line at wnfuaty

In Art 72 1t was shown that the perspective of a cucle 1s 1
gencial a come A comic 15 deternimed by five ponts, since 1t 19 the
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locus of pomts of intersection of corresponding rays of two projective
penails (Art 92) If a perspective 1s such that five pomts on a cirele
correspond to five pomnts on a conie, the conic and circle must be n
perspective  Hence 1f 1n a perspective five points on onc circle
correspond to five pomnts on another cncle, the circles must be
perspective, since a circle 15 a particular form of a conic

Given two triangles APB and A'P B’ such that the hines joiming
! vertices meet at a pomnt S, the two triangles determne a

perspective of which the centre 15 S and the axis the line joining thc
ponts of mntersection of pairs of corresponding sides

Let the tangents* fiom S, a centie ot sunibitude of any two given
circles, touch the arcles in 4, Band 4', B*  Draw SPQI”Q any chod
through S to meet the encles m P, Q and P, @ respectively  Consider
the perspective - which 4A4°, BB, PI” are pawrs of corresponding
points

S 13 the centic of perspeetive and the axis the linc at imhmty since
thc lines AP, AP, PB, P'I¥, AB, A'B'" arc paallel i pus
(A1t 84 (9)) In this perspective A, B, A', B cach count as two
pomnts on the arcles and therefore five pomnts on one circle conrespond
to five pomts on the other  Therefore the arclcs are in perspective

Similatly, if the pomts 4, P, B are taken to correspond to the points
A, Q, B, a perspective 1s obtained m which S 15 the centre of per-
spective and the radical axis 15 the axis ot perspective, for (Art 84 (10))
AP, #(Q)', PB, Q'B’, AB, AB’ mtersect in pais on the radical axis

It the hme at mmfimty 15 taken as the axis of perspective, the
anharmonic 1atio of the perspeetive 1s (S PP'), which 1s constant

)

ff, — (S0 PPy = (S0 Ad’) = f;:.—.?'
In this case, both the v <" +_ hnes are at infimty

* The case when these tangents are imaginary 18 considered 1n example 22, page 159

Theretore
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If the 1adical axis 15 taken as the axis of perspective, and the line
SPQ) meets the radical axis in R, (SRPQ') 18 constant

</

VUil
"*#\
\.—/

Henee 1t M7 be the mddle pomt of 44,
N (M AN A
SRPQY=(SM'AA") = SA' =)
It the hne of centres meets the vanshing line v in the st figure
@ and the 1adical axis m M, then

AI

s<ﬂ

O/}t

!
7

N (Moo )= (SM'AA") = —

MQ 7
Hence since M’D 1n the figure equals ! -;'r )
28Q__1__AC _ SN
SM 149 M'D SM
2
Therctore SQ=QN

The hne v 18 the 1adical axis of the powt S and the crele, whose
centre 18 ¢ It 15 halt-way between S and NV 1ts inverse pomnt with
respect to the circle  The pomnts £ and F are corresponding poinbs

Simmularly 8" may be taken as the centre of Peispective and the Ime
at ifinity o1 the 1adical axis as the axis ot Perspective

Hence 1t 18 scen that of the perspectwe of a curcle be forned with the
1adwal aas of the curcle and centre of perspecte as vamshing line, the
perspective 15 « curcle havng the aavs of perspectwe for its radwcal aars
with the gwen cucle )

86 Construction of the Involution determined on a given line
by a circle

In At 77 1t was proved that, if P be any point on a straight line p
and the polar of P with respect to a circle meet this straight line 1n
P, then, for different positions of P, the pomnts P and I are pairs of
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compagate pomts with respect to the circle and determine an mvolution
on the given hne p

(@) If the line p meet the cncle mn real
pomnts E and F, these are the double pomnts o ~

the ivolution and P and P’ are harmonic
w1+ of these points  If O be the foot of
the perpendicular fiom C, the centie of the

circle, on the line p, O corresponds to the point g
at mhmty in the mvolution and 1s the centre of
the involution

Therefore OP OFP' =0E*= OF:

A crcle deseribed on P as diameter cuts the given arcle at right
angles (Art 82) If CO meet the cncle n R and K, then

0P OP'=-0FE OF=-0R 0K

(b) It the hine p meet the circle
m nnaginary pomnts, and the per- P
pendicular from C, the centre of the
circle, meet the hne m 0, then O 1s T
the centre of the mvolution and

O Ol = a constant

Let the polar ot P meet OCmn M O

and CP i N, then sice the triangles

m\, /7

o

O

D

OFP'M and OCP arc stmilar /
on__or v v
or - oc¢

0P OF' =—0M 0C=-0R UK
But OR OK =0V?3 whae OV 1s the tangent from O to the caiele
Hence 1t a ancle be deseribed with centre O and radius OV to mect,
0C at 8, this crele cuts the given circle orthogonally, and the pans
of « mpuza « pomts PP, Q@ of the mvolution subtend right angles
at S
Se1s one of the pans of common harmome conjugates of MC and

ot RK

87 Common Involution chords of a pair of circles

Every paw of cwcles deternanes the same wnvolutwon (a) on thew
rudical ams and (b) on the hne at wnfimty

(#) If the circles intersect in real pomnts L and M, the mvolution
on the radical axis LM 1 the case of cach circle consists of paus of
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ponts which are harmonic «onpugarc~ ot L and M, and theretore both
encles determine the same involution on the radical axis

1t the arcles do not intersect m real points, let P be any point on
then radical axis  The tangents from P to the two arcles are equal and
a cirele with centre 22 and radius equal to these tangents intersects both
the arcles at right anglcs  Let 77", NN’ be the chords of intersection
of this orthogonal crcle with the two given circles  Since the radical

anes of the three ardes taken m pans ate concurrent, the chords 7'17,
NN’ intersect at some pomt P’ on the radical axis ot the two given
cucles  But 77", NN’ arc the polars of I with respect to the given
cncles  Henee £ and I are « mpesite pomts with 1espect to both
arcles and, simnce P may be any pomnt on the 1adical axis, both circles
determine the same mvolution on then radical axis

(b) Let € and €7 be the eenties of
the two crcles Then ¢ and ¢ are
the poles ot the hnc at inhnity with g A
rospect to these ardes and pairs of
conjugate hnes throngh ¢ and €7 meet c
the line at mbmity m pans of conjugat
powmts ot the mvolutions detcrmined on N A
that linc by the two endes

Draw any two lines at 11ght angles
through C, viz CA and C4’ These we a pann of conjugate lines with
respeet to the first eircle

Daw parallel hines through ¢ These are conpigzate hines with
tespect to the second cnele  But parallel ines meet the Ime at mfinity
m the same pomts  Hence C4, C4" and €’4, €' 4’ determine the same
pan of conjugate pomnts on the line at mfimty  Since CA4 and CA4’ may
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be any pair of conjugate hines, the mvolutions determined by the two
circles on the hne at infimty ae the same The mmagmary dounble
points of thlﬁ' mvolution are termed the cucular pownts at infinity

88 (a) The envelope of the polars of @ fixed pownt with respect to «
system of coazal circles s a pownt

Let O be any fixed pomnt By Art 83 a crcle can be deseribed to
cup three given circles orthogonally It a pomnt be substituted for one
of the encles the construction cnables a cirele to be described through
a given point to cut two given cucles orthogonally Describe such a
encle X thiough O to cut two—and therefore all—circles of the coaxal
system orthogonally  Let P be the diametiically opposite pomnt of O on
the circle X

Then O and P arc v 1y tga‘c points with 1espect to all circles of the
system (Art 82) Thetefore the polars of O with respect to all circles
of the system pass through P, which 1s therefore then envelope

(b) The locus of the pole of a fixzed line with 1espect to u system of
coaaal cu cles with real limating pownts 1s a conic thr ough these pounts

Let E and F be the lnmting points of the coaxal system and let the
tixed line meet the perpendiculus through £ and F to the hne of
centres m K and L Then KK and FL arc the polars of F and £ with
respeet to all the creles of the system

The polat of K with 1espect to any arcde X of the systcm, whose
centre 1s C, 15 a line through F pcrpendicular to CK
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The polar of L with respect to the circle X 1s a line through &
perpendicular to CL  The pomt of intersection P of these hnes 13 the
pole of KL with respect to the circle X

For different positions of C' on the line of centres the pencils KC
and LC are projective  But the pencils £ and FP are projective
with these pencils, and therefore aic themselves projcive  Therefore
1t will be seen on 1eference to the definmition of a conic section (Art 72)
that the locus of I” 18 a conic through £ and ¥

(¢) To find the locus of the pownts whose polars with respect to three
geven cu cles are concurrent, or

To find the locus of the common conyugates of thee gven cu cles

The common ot a pomt P with respect to two given
ccles 18 the diametrically opposite pomnt of the circle through P
orthogonal to the two given circles  If this 15 the 4 of

P’ with respect to a third circle, the orthogonal cirele must hkewise be
orthogonal to the third arcle Hence the locus of P for common
conjugates of three circles 1s the common orthogonal cucle of the three
curcles  This circle has 1ts centre at the pomnt of intersection of the
three radical axes and radius equal to the tangents from this point to
the circles  As every circle determines on the line at infinity the same
mnvolution, every pomnt on the line at infimty has the same .11z
with regard to the thiee crcles and 1s therefore part of the locus

EXAMPLES
General

(1) To determine the position of the ponts the ratios of whose distances fiom
three fixed points are given

To tind a pomnt P such that
opP_ ;4 P_
BP—" BP
where 4 BC 18 any triangle, constiuct two
pomty & and F on BC such that
BE _ _BF _ + 1
CE~  CF A
and two ponts ¢ and H on BA such that
BG BH |1

A= an= "t
Describe circles on EF and on GH as
diameters to intersect n Pand /¥ Then Pand P wetherequired pomnts  (Art 82)

4
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(2) To find a pomt at which three collinear segments subtend equal angles

Let the segments be AB, A'B, 4"B” Take E and F comnmon harmonic
conjugates of A4’y BB, and ¢ and H common haimonic conjugates of 44" and
LB Then the circles described ou £F and GH as diameters meet at the two
required points .

(3) To find the points at which corresponding segments of two projectiso ranges,
determined by pomts 4, 4, 4” and B, B, B”, whose self-corresponding ponts
are maginary, subtend equal angles (Cf Art 43)

The points obtamned in the last example give the solution of the problem

(4) If P, 4, B, C, D are hve pomnts on a straight line and a cncle, which touches
the line at P, meets again the encles described on 1’4, PB, PC, D, as diameter
m A'BCD, then P(A'BC1)=(ABCD)

Draw through 2” a diameter of the cuncle which touches the lime at 2 to meet 1t
at ¢ Jom P’ Thiough .1’ draw a line perpendicular to P4’ This line passes
through 4 and @ Smularly BB, CC', DI pass thiough

Hence  (ABCD)=(Q ABCD)=({) UBCD)_(P A'BCD)

(5) Prove that v encle can be found with respect to which a given trangle 15
self-polar, and that the wrcle 13 1eal when
the trangle 13 obtuse angled

Let D, £, F be the feet of the perpen
diculais from the vertices on the opposite
sides, and O the orthocentie of the trianglo
ABC  Then

OF 0OB=0C 0F=0D 0Ad=K*
suppose  Hence BC, (d, .S are the
polars of .1, B, C with 1espect to a
arde centre O ad 1vdas A7 This 13 the
requuzed circle

If the tuangle 15 acute angled OF 0B
14 negative and the crcle 19 imaginary but 1ts centie, the otthocentic of the triangle,
15 teal  There 15 only one urcle with regard to wlich o given tnangle 1 self-
conjugate
*

(6) The pedal tuangle of ABC v DEF  ABC 1s self polar with regaid to
a urcle A Prove that the polars of DEF with respoct to the cucle X form a
tilangle similar to 4BC and of twice 1ts dimensions

F and (" are conjugate pomnts with regard to the cucle .Y, therefore the polar
of 15 a lme thiough € perpendicular to F'C, that 13, parallel to A8 Hence the
polar tnangle of NEF 1s the trangle formed by drawing through ABC lines
parallel to opposite <sides
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(7) Show that the squate of the distance between a pan of conjugate points
with respect to a crcle 13 equal to the sum of the
powers of the points B

Let the polu of 4 meet the urcle in L and M \
Pake B any pomnt on LM Jom A to O the centre
of arcdde 0 to meet LM m N Then

AB=AN:+ BN?
=AN+ VM4 BN:— VM-
=AMN*+BM BL
=AL AS+BM B

This theoremn may be stated i a diftferent manner, viz

1f & quadrangle be mnscribed 1 a cindde, the square of the distance between two
ot 1ty diagonal points external to the
caicle equals the wum of the square
of the tingents fiom these points

- E

Describe  crcles 1ound ABC wd
FDC mectmg m £ K will be on
LE tor CKE+CAF=ABC+ADC=
two 11ght angles, A

I'hen KF:o BEK LF+FE FA

=lC LD+ FD FC

3

s

(8) 4 wd B being two given pomts m the plane of 1« given cicle, hnd o pomnt
1) on the cudle, such that if DA, DB cut the cucle gam 1 £, #, the quadrangle
ADBFE 15 msaibable m o ande

Coaxal Circles

9) If v yystem of caeley be such that the arcles of the system have a conmmon
orthogonal cincle and then centres are collmear, the system 15 coxal

The perpendicular fiom the centie of the orthogonl cncle upon the hne of
centres 14 the 1adical aniy

(10) 1f the uncles of one system cut orthogonally the circles of a second <y stem,
both systems are coax

Consider two cneles of one system  They determine a radical axis Since the
arcles of the other systemn cut these circles orthogonally, then centrey are on this
1adical was  Hence then centres are collinear and as they have an orthogonal aindle
they form o coaral system  Simlarly the other system 13 coaxal

(11 To draw thiough a given pomt 1 encle of a non-intersecting coaxal system
of arcles

Let &£ wd # be the limiting points of the system  Describe 1 circle through

P, the gnven pomt, % and F, and let the tangent to this circle at P meet the line of
centres at € Then the arcdle whose centre 18 € and radius (2’ 14 the required circle
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(12) To describe a cncle of a given coaxal system to touch a given st1 ught line

Let the given line p meet the radical axis at P Describe a circle orthogonal to
the given system with centre Pto meet p in @ and @’  If the tangentsat @ and @
to this circle meet the hine of centres m C and €, the two circles with centre € and
(" and radn €@ and €'’ comply with the given conditions

(13) To draw a circle coaxal with two given encles (A and ¥) to touch anothet
gwven circle (Z)

Describe a circle of the system to meet Z in two real ponts 7, () Let PQ meet
the radical axis m B From R draw tangents 2L, RM to Z Then the urdes of
the coaxal system thrpugh L and M will touch Z at these pomnts

(14) A varable arcle passes through a fixed pomt 0 and cuts 1+ given cudle m
¢y £, and the tangent at O meets Y m /7 Show that the locus of 72 19 a stianght
hne

Simce P@ PR=P0O*=the squate of the tangent fiom 2 to the fised cucle, £2Ties
on the radical wis of 0 and this cncle

Centres of Similitude

(15)  If two cencles touch two other encles, the chords of contact of either pan
and their 1adical axis pass through a centre of suihtude of the otha pan

(16) Find a point where thiee cireles subtend equal wgles

(17) 0 and ¢/ are the centies of two cicles and 7715 one of thent centies of
sumlitude A straight hine 7RSS 13 diawn to meet the cncdles m By S and 72, 8,
the ponts bemng in the oxder given  Show that the roctangles 78 TS and TS TR’
ue equal and constant

(18) The siv centres of similitude of thiee (ndles lie three by thiee on four
stiaight lines termed the aves of simihtude

Let the centres of the three circles be €, (', €, and thew 1adn sy, 5, /4 Let
the nternal centres of sumilitude be Sy, Sy, S5 and the eaternal centres
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2y Sz, &y as i the hgure  Then 1if C,C,C5 be taken as triangle of reference,
the ratios of Sy,, 853, S); are
_ N e _ 73
7, 1y I
wnd those of §'y,, 8, &'y we
oy

Hence the product of the 1atios of Sy, S, & 19 umty, 1w hikewise are the

products of the ratioy of
Slb SZJ; S,Sl ’ Slllv S&n S{l ’ Sm SIZJ’ SJl

(19) Two circles with centres 4 and B intersect m H and A, a thud cude
touches them at D and £ and D/ cuts AB1n ¢ Show that the circle with centre
€ which passes through 27 and &K cuts the thnd cidle orthogonally

= <f;~\\
// &2\ i
\ .
\ S
" ,

1y 0y

A B C

-

~_____

The choid of contact DE passes through a centre of similitude of the encles
with centrcs A and B (Example 15) and therefore €D CF=CH? Hence the square
of the tangent from ' to the thud circle equils C77¢  Therefore the cincle, centie
C, 1ads CH, 13 orthogonal to the crcle DE

(20) Any hne 7/ meets the hine joining the centres ¢ and € of two circles m L
713 the common conjugate of I with regard to the two crcles, ¢ ¢ the connector of
£ and P the poles of 7 with respect to the two arcles 7 meets CC" in I/ Prove
that L and L' are conjugate pomnts of an mvolution, and that whether or no there
are common tangents to the encley, S and ¥, the centres of siimhitude of the cncles,
are the double points of this mvolution and are the common harmonic conjugates of

¢, C"and L, I’
[Cf Ex 10, Ch v, and () Att 106 ]

Circles in Perspective !

(21) & 1sa fixed pownt and p, ¢ two given parallel straight lines, p bemg the
radical axis of S and a fixed urcle F(F 13 any tangent to this circle, meeting p in
F and ¢ in @, and @7 13 drawn parallel to S/ Prove that the envelope of G7'1s a
circle and give a geometrical construction for hnding 1ts centre

Take S as centre of perspective, ¢ as axis and p as vamshing ine Then ¢7
corresponds to (/& Hence 1t envelopes the curve which 1s the perspective of the
arcle  But the perspective of a circle 18 a arcle when the vamshing line 13 the
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radical axiy of the centre of perspective and the circle (Art 85) Hence G7
touches a circle, which touches the tangents from 5 to the given arcle and has for

radical ax1s with the given circle the line ¢
» P i

iy

T

ST~ \&:/

M

If SL and SM the tangents fiom S meet ¢ m L' and A, and L", M” be taken
such that LZL'=L"L' and MM'=M"M’, then SL and SN touch the envelope at L”
and M”; and 1ts centre (" 13 the point of intersection of the perpendiculars through

M’ and L"

(22) To find the centre and axis of perspective of two arcles one of which 15

situited entirely within the other

Through €' wnd (" the centres of the
cncley, whose radn are 2 and 2, diaw any
pair of parallel lmes to meet the cicles in
P and " and let PP meet (" m S and
the radical axis in B
s s cP
CSTPST O T
815 a centre of stmilitude of the crcles and

15 o fixed pomnt  (Art 84)
(1) Take S as centre and the line at
mfimty as axis of perspective
SP r
Then (S« PP/)=T&'F'= = Hence the
arcles are m perspective

Then Therefore

(2) Let SP'P meet the cincles agamn m @ and ¢ Then S o
1

S¢ =7

Také .S as centre and the radical axis ay axis of perspective

n rRr rr’
Then P r

But (SRPQ)=

_RP PPt SP-SP

RO KRG ™ @ SY-SQ
SP RP _SP SP'-SP_ (1 |\ (' \\__r
S RG T8¢ SQ—SQ’_<'—> <“ )“’

’

/ /

Therefore the circles are again mn perspective
A second centre of perspective §’ may be found by producing CP to meet the

larger circle in Py wnd determimng 8’ from 2, and /'



CHAPTER XII

PROJECTIVE THEOREMS FOR THE CIRCLE —CARNOTS THEOREM
PASCAL’S THEOREM DESARGUES’ THEOREM

89 The proofs of Carnot’s, Pascal’s, Desargues’ Theorems, and
then corelatives tor the encle are very similar to those tor the conic,
but 1n some cases they take a shghtly different forn and the proofs are
simpler ~ When proved tor the encle they may be deduced for the
comic by projection  In this chapter, certain proofs for the cncle an
given, but the full discussion of these theorems 16 left over tall they we
umsidered tor the comie in Chaptar x1v

Carnot’s theorem for the circle and 1ts correlative

If « cudle meet the sudes BC, If the tangents to « cucle from
CA, AB of u trungle ABC w  the vertices A, B, C of u trangle
thiee paus of powts, ABC meet the opposite wides n

thiee paus of ponts,
4,4, BB, CC., A4, BB, (0,
then then
BA, BA, OB, OB, AC, AC, BA, BA, OB, CB, AC, A('
(A, CA, AB, AB, BC, BC CA, CA_ B, AB, BC, BC,

=1 =




Projective Theorems for the Circle

Since the two chords BC,C, and
BA4,4, are drawn through the
pomt B to mect the circle m
A,, A, and B, B,,

BA, BA,=BC, BC,

Similarly

AC, AC,=A4B, AB,,
CB, CB,=CA, CA,

Thercfore

B4, BA, CB, CB, AC, AC,
¢4, C4, AB, AB, BC, BC,
=1

HPG

161

Let the pommts BB, CC,,
BB, CC,, BB, CC,, BB, CC, be
denoted by M, L, L', M’, respec-
tively, and let O be the centre of
the circle

By Addendum (11)

BL BL'_0B®
CL oL~ 0C:

If the sides of the triangle are
denoted by «, b, ¢ and the tangents
by a,, a5, b, b, ¢, ¢,, then fiom
consideration of the tnangles BL'C
and BLC

—_ —_ )
sinac, sinac, BL BL' _0OB*

s:;cil;:—él_n_@; T CL oL oc

Sumilaily
—~~ o~
qinba, sinba, 0OC*
RN —_~
sin be, s be, 04
—~ —~ R
sinch, sinch, 0A:
—_ T T~ (1722
SIn oy S ca, oB
Thercfore
— —_ -
simmac, smac s ba,
—_ —~ T~
sinbe, smbe, sin oy,
~~ —_~ —~~
simbu, s b, sich,
T~ —~~ T~
S ca, sinab, smab,
=1 (])

But from the triangles CC 4
and CU,B

sin Z;, _AC, sn 4
sin (:C\x BC, s B

Substituting this and the sim-
lar values 1n (1) 1t follows that
B4, BA, B, OB, AC, AC,
CA, CA, AB, AB, BC, BC,
=1
11
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90 Pascal’s Theorem for the circle and 1its correlative

(Brianchon’s Theorem)

I/ o heragon be anscribed wn a
curcle the three pans of opposite
sudes ntersect wn three _collwnear
ponts

In the figure let AC'BA'CEH
be any msciibed hexagon, and let
K, L, M be the pomnts of inter-
section of pairs of opposite sudes
TLet AB meet 4 C i R, and B'C
meet AC" T

By the anharmome property ot
the endle (At 73)

(A" BCBA)=(C" B'CBA4)
Therefore taking intercepts on
AB and CF,
(B'RKA)=(BCMT)

Smec these 1anges have o <elf-
corresponding pomt at B, the Imes
RC, KM, and T4, which jom cor-
responding pomts, are concurrent
Therctore the pomts K, L, M are
collinear

If a hexagon be curcumscribed
to @ cwcle the connectors of the
three pawrs of opposite vertices are
concuryent

In the figme let acba’ed’ be
any circumscitbed  hexagon, and
let &, I, m be the connectors of
paurs of opposite vertices  Let
wb’ d’c be 1, and bc ac’ be t

By the anharmonmie property ot
tangents to a circle (A1t 73)

(¢ Vcba) =(¢" b'cba)

Therefore joining these ranges
to ab” and b,

(b'rha) = (b'cmt)

Since these pencils have a self-
corresponding 1ay mn V', the points
r¢, km, and ta, which are the inter-
scetions of corresponding rays, we
collinear  Therefore the hnes &, I,
m are concurient
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Desargues’ Theorem for the circle and 1ts correlative

Desargues’ Theorem for a circle takes two different forms

(1) Ifa quadrangle be inscribed
wm a cwrcle, the pawr of pownts wn
whach_this cucle 1s met by any
transversal are a paw of «onjugate
pounts of the wnwolution determaned
on that transversal by the sides of
the quadi angle

o

Let @, R, S, T be any fou
fixed ponts on a cirele and let any
transversal s meet the cucle 1n
P, P and the lmes QR, ST, QT,
RBSmB, B A 4

Then

(Q PRP'Ty=(S PRPT)
by the anharmome property of
the cicle
Buwt (@ PRP'T)=(PBFPA4),

(S PRP'T)=(PAP'B)

Therefore

(PB'P’A"Y=(PAP'B)
Therefore 44°, BB, 'l are
thice pans of conjuzare ponts of
an 1nvolution

and

If @ quadrilateral be cucum-
scribed to a cucle, the pau of
tangents from any pownt to the
aicle we a pau of compugate hnes
of the wnvolution deter nuned at that
pownt by the vertices of the quudri-
lateral

Let g, 1, s, ¢ be any four fixed

tangents  to o cucle, It the
tangents from any pomt S to the
cuele be p, p* and let the hines
jorning S to g1, st, qt, 15 be U, b,
a, a
Then
(g ppty=(s pp't)

by the anharmonic property of
tangents to a arde

But (¢ prp't)=(pb’p'«)),
(s prp't)=(pap’b)
Therefore
(pb'p'a’) = (pup’b)

Therefore aa’, ', pp” are throe

and

paurs of compi_te rayy of an -
volution pencil
11—2
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(1) It will be shown hereafter (Art 101) that every circle may be
regarded as passing through two 1maginary fixed points at infimity and
that a crcle may be considered to be a comc through these two fixed
pomnts at infimty It follows therefore from the general form of
Desargues’ theorem (Art 101) that for the eircle 1t may be stated n a
sceond form as follows

Ever y transeersal cuts a system of coaaal curcles i parrs of conugute
pownts of an wmvolution

/ o
Rz X

——

[&)
\
J
>

&

Let the transversal s meet the cucles n A4’, BB, CC', and the
radical axis m 0

If O 1s external to the cicles the tangents from O to the crcles ate
equal, and the squares of these tangents are equal to 04 04’, OB 0B,
oc o, Hence 04 04'=0B OB =0C 0C’'= and the pairs
of pomts A4’, BB, C(",  arc pans of conyu ~Latv pomnts of an mvolution
of which O 15 the centre

It 019 mside the endes, the radical axis must meet the cncles i
two real pomts L and M Then

0L OM=04 04’'=0B 0B =00 0C =

Hence i this case also A4’ BB, CC’,  are patrs of © puints
of an mvolution of which O 1s the centre

In the former case the double points of the mvolution are real and
i the latter they are imagmary

EXAMPLE

Thiough ABC the vertices of a triangle parallel lines are drawn cutting the

urcumancle in L"B'C" Show that the hines jomimg .1°, B, (" to iy other point on

the arcumaircle cut B¢, (1, 48, respectisely, in pownts which lie on a straight
line parallel to 4.1’

Let 7’ be the pont on the urcumarcle Considering the Pascal hexagon 4'P,
ret, 0, OB, BA, AA’) 1t1s seen that two of the pomts are on a hine parallel to
44, By convidering the two similar hevagons the result 15 obtained

?



CHAPTER XIII

PROJECTIVE FORMS IN RELATION TO THE ('ONIC —DEFINITION,
CONSTRUCTION AND ANHARMONIC PROPERTY OF THE CONIC
GENERAL PROPERTIES OF THE CONIC PROPERTIES OF THE
FOCI OF A CONIC ALTERNATIVE DEFINITIONS OF A CONIC

92 Definition A Conic Section, or shortly, a Conic, may be
defined 1n several different ways . Il . to the pomnt of view hom
which 1t 15 considered A4 Conic 15 here defined as the locus of the
pownts of wntersection of pavrs of + wicspding rays of two projective
pencils  In the particular case mm which the projective pencils are m
perspective the conic becomes a pan of straight lines

(a) A comc may be described through uny five pownts
Let 0, 0, 4, B, C be any five

ponts in a plane  Jon O and 0’ to
A,B,C Then 04,0B,0Cand U/ 4,
O'B, 0’'C determine two projective
pencils (Art 35), the conesponding
rays of which intersect 1in a cone,
which passes through 4, B, Since
there 1s a ray of the penal, whose
vertex 15 (), which cortesponds to
0’0 looked upon as a 1ay of the
penal whose vertex 15 O, a pair of corresponding 1ays ntersect at O
Sumlarly a pair of corresponding 1ays intersect at O°  Hence the conice
passes through 4, B, C, O and 0

If three of the five pomnts are colhincar—eay 4, B, (,—the two
pcnmlq. are 1 plane perspective  In this case the come breaks up into
the straight lme ABC and the hine 00" joimng the vertices of the
pencils

The conic * obtained as the intersection of the pencils (O ABC ) and
(0’ ABC )1scompletely determined when 0, 0, 4, B, C are given, tor
(Art 35) any number of pairs of corie~pending rays may be constructed

* There 18 an exception to this when tour of the pomts O, O, 4, B, C are colhneal
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(b) The anharmomic ratio of the pencil formed by jovmng any four
Jized ponts on a comc to a varwble pownt on the conic 1s constant

Let A, B, C, D be any four points of intersection of corresponding rays
of the projective penals, whose vertices are O and 0, so that 4, B, C, D
ate any four ponts on the conic through O0’ABCD Then the an-
harmonice 1atios ot the pencils (O ABCD) and (' ABCD) are equal

But the conie 15 completely determined by the five ponts 0, 4, B,
C, D Hence O may be looked upon as a variable pont on the conic,
and the anharmonic 1atio of the pencil formed by joining any pomnt O
on the conic to any four fixed pomts 4, B, C, D 1s constant

(¢) Through five gwen pownts, no four of which are collinear, only
one comc can be described

Let the five pomnts be 4, B, €, 0, 0" If two different conics pass
through these points, draw through 0 a hine to meet one conic in D
the other in D Then the anharmonie ratios of the pencls (O ABCD)
and (O ABCD’) being equal to that of the pencil (0° ABCD) are
cqual to cach other  Hence the points D and 1’ must comnade

(d) No strawght line can meet @ comc . more than two points
unless the conac 15 @ pavr of strawght lines

[t a line meets a conic 1n three points 4, B, C, join 4, B, C to any other
two pomnts O and 0" on the come  Then the penails (O ABC ) and
(0" ABC ) arc m perspective and the conie becomes the ine ABC
and the line 00’

(e) There 1s one and only one tangent at every puwnt on a conuc™

Let A, B, C, D, O be the five
pomts which determine the conic,
and P any other pomnt on the
comic  Then the pencil formed
by jomng P, A4, B, C to any
other point P’ on the come has
the same anharmonic ratio as
(0 PABC) Let the powmt P’
move indehmitely near to 2 Then
the line LP" beeomes the tangent
at P, and 1t follows that the tangent at P together with PA, PB, PC
furms a pencil of the same anharmonic ratio as the pencil (O PABC)

* There 18 an exception to this 1if the conic 18 a pair of straight lines
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Hence, since three rays of this pencil and 1ts anharmonic 1atio are given,
the fourth ray, which 1s the tangent at P, 18 uniquely determined
(f) Gwen two tungents to a comc and then pownts of contact, to
construct the tangent at uny pownt on the comc
Let the tangents at B and ¢'
to a comic meet at 4 Take P
and @ any two pownts on the T <=

conie and let CP, BQ mtersect \\i“\\
at M and meet 4B and AC 1n ~
¢’ and B’ 4
Then
(B BPQC)=(C BPQO)
Therefore

(C"PMCy=(BMQB')=(B'QMB)

Hence C'B’, PQ and CB arc concurrent at some pomt I'  Let P
and @ comcide Then C'B’, BC, and the tangent at I> are concurrent
Hence trom the harmonie property ot the quadrangle, if 7'P meet 4°C
in R, the range (A RB’C) 13 hatmonie

Hence to construct the tangent at any pomnt P, joon BP to meet,
AC at B and construct the pomnt B on AC, which 15 the hamonw
compugate of 4 with respeet to CB

Then PR 1s the tangent at P

(9) Any four fized tangents to a comc deter mine a 1ange of constant
anhar monic ratw on all other tangents to the conic

Let AC and 4B be two given tangents to the comic  Take ponts
P,, P,, P,, P,on the conic Let BP,, BP,, BP,, BP ,meet AC m B/, B,,
B/, B/ and lct the tangents at Py, P,, Py, P, meet AC 1 R, R, Ry, R,
Then the ranges (AR,B/C), (AR,B,C), (AR,B/(), (ARB/C) arc all
harmonic Hence (Art 14, Ex (3)) (R, R.R,R,) = (BB, B,/B/) = the an-
harmontc ratio of the pencil formed by joining Py, Py, P, P to any pomnt
on the come The tangents at P, I, P,, P, therefore determine on
any other tangent a range ot a constant anhaimonic ratio, namely that
of th& pencil formed by joining P,, P, P, P, to any pomt on the conic

93 Correlative Defimtion The correlative to the dehmition
given 1 the last Article 1s as follows  Z%he envelope of the lines whach
Jown pairs of correspondang pownts of two projectwe ranges s the cor 1 elative
of a comc It will be shown that the correlative of a comc 13 a conie,
and this will be assumed 1n the meantime m the statement of certain
theorems n thig article
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If the ranges are 1n perspective the conic becomes a pair of points
In the same way that properties of the conic were deduced from the
preceding defimtion the following may be proved from the correlative
L0

definition

(a) A comc may be described to touch any five lines

(b) The anharmonsc ratwo of the 1ange formed by the intersection of
any four fined tangents to a comc urth a varwable tangent s constant

(c) Only one comc can be described to touch five grven lines, no three

of which ar¢ concurrent

(d) Through no pownt can more than two tangents be drawn to

a conic

(e) Each tangent has one and only one pownt of contact

The correlative of a conic i1s a conic

Desaibe a conie through any
five pomts B, C, I, P,, P, and
diaw the tangents at these points
Let the tangents at Py, P,, P, meet
the tangents BA and C4 m S,, S,,
S; and R,, R,, R, respectively
Describe the correlative of a conic
to touch these five hines Diaw
SR any other tangent to the conic

Since

(88,8.8,)=(RR,R,R)
the Ime SR 1s a tangent to the
correlative of the conic

Hence any tangent to the conic
15 also a tangent to the correlative
of u conic, which must therefore be
a conic

The anharmonie property of the come which has already been
proved may be summarised as follows

(a¢) The locus of the points
of intersection of corresponding
rays of two projective pencils
18 a conic through the vertices
of the pencils

(@) The envelope of the lines
jomning corresponding points of
two projective ranges 1s a conic
touching the bases of the ranges
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O1r conversely

(b) The anharmonic ratio (b) The anharmonic ratio
of the pencil,formed by joining of the range formed by the
any four fixed points on a conic 1ntersections of any four fixed
to a variable point on the conic tangents to a conic with a
18 constant variable tangent to the conic

18 constant

94 Classification of conics

Conies are divided 1nto different classes according to the nature of
their intersections with the Iine at infimty  There 18 a point at inhnmity
on a conic determined by each pair of parallel comesponding rays of
the generating pencils On reference to Art 38 1t will be seen that
two projective pencils may have two pairs of parallel corresponding rays,
one pair of such rays, or no par

(1) If the projective pencils have two pairs of parallel corre-
sponding rays the conic 1s termed « hyperbola

(1) If they have one pan ot such rays the conic 18 termed a
parabola

(m1) If they have no such pair the conic 1s termed an ellypse
There arc two pairticular cases of the procoding

(1v) If the projective pencils are oppositely cqual the comc s
termed a rectangular hyperbola

(v) If the projective pencils are directly equal the conic 18
a curcle
In Art 93 1t was shown that the correlative of a conic 15 a comie
The proof there given does not apply to the case when the conic breaks
up 1nto a pair of straight lines  Hence to the above should be added

(v1) If the projective pencils are 1n plane perspective the conie
becomes a pair of strawght lnes, viz the axis of perspective and the
connector of the vertices

If the ranges, which determine the correlative cuive, are 1 plane
perspective, the comic becomes a paw of pownts, viz the centic of
perspective and the point of intersection of the bases

In Art 37 1t was shown how pencils of this nature could be
constructed The following are the figures of the three kinds of conics
constructed by the method there explamned as the loci of the points of
intersection of projective pencils
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In the fhiguies, which represent 1espectively an Ellipse, o Hyparbola and a
Parabola, O and O are the vertices of two penals which hwve o for aus of
perspecgive  Pans of cortesponding rays mtorsect w the ponts @, ¢/, ¢, ¢
The penal vertex 0 has been rotated 1ound 1ts vertex so that its 1ays in the new
position mtersect the corresponding vayy of the penal vertex O m the points 22, 17,
PP These are points on the coniesy, as also e O and O In the case of the
Ellipse and Hyperbola (see Art 96), € 13 the centie, 8 and Y are the fou, 44715 the
major or transverse 118 and the perpendiculurs through ¢ Y, and X’ are the minor
o1 conjugate axis and the two directrices

In the Parabola S 1s the focus, 4 the vertex, 48 the axis and LSZ the latus
rectum and the perpendicular through Y, the directrin
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95 Summary of Projective Properties of a Conic

The projective properties of circles given 1n Chapter X, which
depend on the anharmomic property of the circle, hold for the more

general case of the conie

The proofs there given are in such a form as

to be applicable 1n the case of the conic with the mere substitution of

the word “conic” for “circle”

The student 1s referred to this chapter

for the proofs of the following important properties of the conic

(¢) The properties of projective ranges on a conic and of projective

systems of tangents  Ait 74

(b)) Construction of an mvolution of pomnts on a comc and of

Art T4

(¢) If through any pownt S
chords be drawn to wntersect a conic
m AA’, BB, CC’,  these paurs of
ponts are pan s of conjugate points
of an wnvolution on the come

tangents to a conic

Conversely

If AA', BB, CC’', wme pans
of tany it pounts of an wmvolution
on a conwc, the lines AA’, BF,
ce, wre concurrent At 75

(d) If through the pownt of
wntersection of the tangents at any
two pownts T and 1" on u come, a
chord be drawn to meet the conuc wn
A and A’ then the range TT'AA’
18 harmonsc  Art 75

(e) If thiough any pownt S
a variable chord SAA’ of u conuw
be drawn the locus of the harmonmic
conjugate of S with regard to AA’
18 @ strawght bne s Art 76

(f) The lime s 13 called the
polar of §  Art 76

(9) Construction for the polar
of a given pomnt  Art 76

If from pownte on a line s paris
of tangents ada’, bb', o¢’,  be drawn
to « comc these paws of tangents
wtersect any other tangent in pan s
of conjugate pownts of an wnvolution

If ad/, DY, e/, e pawrs of
conjugate rays of an wmwolution of
tangents to a conic, the pownts ad,
bV, cc’, wre collinear A1t 75

If from any pownt on the chord
of contact of any two tangents t and
t' to a comc, two other tangents a
and &' be drawn to the conuc, then
the system of tungents tf'aa’ s
harmomic  Art 75

If from a varwable pownt on «
strarght line s pawrs of tangents a,
o' be drawn to a consc the envelope
of the harmonmc conjugate of \ s with
regurd to ad' s a fized pownt S
Art 76

The point S 18 called the pole
Art 76

Construction for the pole of a
given line A1t 76

of s
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() If P and Q are two points If p and ¢ are two straight
such that the polar of one passes hnes such that the pole of one lics
through the other, the pomnts are on the other, the hnes are called
called conjugale pounts with respect  conjugate lhnes with respect to the
to the come  Art 76 conic  Art 76

() Ifpthepolarof Pypr to u Q then q the polar of Q pusses
through P Art 76

() The construction for pairs of «ongr points, with respect to
4 conic, on a given straight line, also the converse construction for the
pole of a line  Art 76

(k) A comc deternunes by means of pauns of collmear conjugate
pownts a definite wmvolution on ever y strarvght lne wn s plane, the double
pownts of which are the pownts of wnter section of the lane and come Art 77

And the corelative

A comc determanes by means of pawus of concurrent conjugate hnes a
defimte wvolution pencil at every pownt wn 1ts plane, the double rays of
whach are the tangents from the pownt to the come  Art 77

(&)  The anharmonic ratwo of wrange of four collnear pownts vs equal
to that of the pencil formed by thew polars Art 77

(m)  The anharmomc ratwo of four pornts on a conic w equal to that
of the four tangents at these pownts  Art 77

Sce also Art 92 (g)

(n) Properties of pole and polar  Axt 78

(0) Any comc may be looked upon as wn harmone perspective wnth
wself unth any point as centre of perspective and the polar of that pownt
as the aris  Art 79

(p) Properties of complete mserbed quadrangle and  complete
arcumsertbed  quadnlateral of a conic At 80

(g) Construction ot a selt-polar triangle of a conmic  Art 81

96 Centre, asymptotes, conjugate diameters, axes, and foc1 of
a conle

Centre It has been proved (Art 22) that the pomnts at imfinity n
a plane may be regarded as lying on a straight line termed the line at
mfinity  Every line m the planc of a conic has a defimite point assovated
with 1t which 1s the pole of the line with respect to the eonie (Art 95 (n))
The pole of the line at imfimty with respect to a conic 1s termed s
centre If C be the vntre of a conic and any chord be drawn through 1t
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to meet the conic n P and P’ and the hne at infinmity at o, then
(PP'(U0)=—1 Hence PP 1s bisected at € Also the tangents at P
and P’ interscct on the hine at infinity and are therefore parallel

Asymptotes It the gencrating pencis of a conmic have a pair or
pairs of parallel corresponding tays, cach such pair detcrmines a pomnt ot
the curve on the line at inhmty In a hyperbola there are two such
pomts  Smee the centre 15 the pole of the hine at mfimty, the lines
through the centre to these points are tangents to the curve, whose
pomts of contact we at infinity  These Imes are termed the asymptotes
of the hypcrbola

In the case of the parabola theire 1s one pomnt at infimty, which
must be situated on the ine at infinity A line which meets a conic in
only one pomnt must touch the curve Hence a parabola touches the
hine at mhmty  Since the pole of a tangent 1s 1ts pomt of contact the
centre of a parabola 18 the pomnt at infinity on the curve A straight
line which passes through the pomt at infimity on a parabola 15 termed
a diameter Such a diameter meets the curve at one pomt at o fimte
distance

The asymptotes of an elhpse are 1mmagmary

A conic whose centre 18 at a hnite distance, namely an Ellipse o1 a
Hyperbola, 18 termed a Central Conie

Conjugate diameters It a diametar PCP" be diawn through the
centre € of a central conie, the tangents p and p’ at P> and P arc
parallel and meet at some pomnt, oo, on the hne at infimity  The polar
of o 18 the diamcter PCP" If oo C meet the curve m Q and ¢ then
the lines PCI and QCQ arc texmed conjugate diameters and are such
that each 15 parallel to the tangents at the ends of the other If
through o a chord o RM R’ be drawn to mect the conic in R and R’
and PCP 1 M, the 1ange oo MR 1s hatmonic and therefore M bisects
RRE But this chord 1s parallel to QC@" Hence chords of a conic
parallel to a diameter are bisected by 1ts conjugitc diameter

Axes Every parof conjugate diumcters 1s such that each diameter
passes through the pole of the other  Therefore pairs of ¢ ..
diameters are pairs of conjugate rays of an volution of which the
contre 1s the vertex  Such an involution has cither one pair of rays at
nght angles or all pans of corresponding rays are at nght angles
(A1t 58) In the general casc when there 19 one panr of conjugatc rays
at nght angles, these are termed the axes of the conic  They are
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such that the tangents at the pownts in which cach meets the curve
are at right angles to the axis mn question  If every pan of conjizan
rays are at right angles the conic—as can be casily proved—is a uncle

In the caBe of the cllipse both axes meet the curve i 1eal pomts
and the distances of these points fiom the centre of the cuive are texmed
the semi-major and semi-mmor axes  In the case of the hypetbola one
axis, termed the transverse axis, meets the eurve mn real pomts  The
second axis termed the conmjugate ars does not mecet the curve m real
pownts, but 1t 13 convenient to speak of the distance ot the centie from
the points, where 1t 1s met by a patallel to an asymptote diawn through
an end of the transverse axis, as a semi-axis of the carve

In the case of the parabola, 1t a tangent meet the curve at P and
the line at infimity at 2, the polar of o 15 the diuncter through I
Hence 1f a chord be drawn through oo to meet the cmive in R and R’ and
the diameter m M, (¢ MRR') 15 harmonic and M biseets B, B© This
chord, since 1t passes through o0, 15 parallel to the tangent at 7 Hence
chords of a parabola parallel to a tangent are bisected by the diameter
through the point of contact ot the tangent

If a line be drawn perpendicular to the diameters of the parabola, 1t
will meet the curve m two pomnts P and P’ Let the tangents at P and
£ meet at T and through 7' diaw a diameter to mcet the curve in 4
The tangent at A will be parallel to PP For, sinee PP’ the polar of
T passes through the pomnt at mhmty on PP, the polar ot the pomnt at
mhnity on PP’ 15 the diametcr through 7' and therefore the tangent at
A, and the line I’ are patallel  Hence m every parabola there 1s
onc pomnt the tangent at which 1s perpendicular to the ducection of
the diameters  This pomnt A4 14 called the vertes and the corresponding
diameter the axis of the parabola

Foci of a conic* It has been shown Ait 95 (A) that a conic
determines on every hine p an its plane an mvolation by means of paus
of collinear « ny.2v o pomts and at every pomt L m 1ts plane an
mvolution penal by means of pairs of concurrent conjusate Jnes  The
doubls rays of this mvolution penal, it 1cal, are the tangents from P to
the conic  Such an mvolation penal has always one par of conjugate
rays at right angles (Art 58)  If thc involution penul has more than
one patt of conjugate lines at night angles every par of conjugatc rays
15 at right angles and every pair ot hnes at 1ight angles through the
vertex P torm a pan of conjugate rays ot the mvolution (At 58)  In

* Tu A1t 97 a dcfinttion of & conte depending on the focus and directrix 18 given
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this case P the vertex of the mvolution pencil 1s termed a focus of the
comic, and 1ts polar the corresponding directrix

A focus must be situated on an axis of the conie, for if the focus be
Joined to the centre of the conie, the pole of this diameter 1s at infinity

on the perpendicular to the diameter through the focus

Hence the

tangents at the ends of the diameter are perpendicular to the diameter,

which 15 theretore an axis

The polar of a focus must also be parallel

to an axis, that 18, a directrix 18 parallel to an axis of the conic

To find the foci of a central conic

QI

Lllypse

Let I’ be a focus of an ellipse, whose
axes are A4’ and BB and centie €
Let the polar p of P meet AA" mm X
Since the axis A.l" passes thiough P the
lines 4B and A4'B determine a pan
of conjugate pomts @ and @ on p
(Art 96 (n)), which since P 1s o focus
subtend a right angle at 2\ 1s the
centie of the mvolution on p

By sinnlar ti1ngles

., OB

AQ=xa 7

, OB

wnd Ay=14 or

>

Hyperbola

Let 2 be a focus of a hyperbola,
whose transverse axis 13 44’ and whose
centre 1s ¢ Let the polar p of P meet
A4 m X  Draw 49 and A'¢/ parallel
to an asymptote of the hyperbola to
meet p1n @ and €’ and the perpendicular
through ¢'in B and B’ Since the axis
passes through P, @ and ¢ are a pair of
conjugate pomts of the mvolution on p,
which since P 14 a focus subtend a right
angle at > X 13 the centre of the
mvolution

By similar triangles

CB
and Ygy=14 B

cq’
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. , CB et vy CB
Y@ X@=-X4 X4 il 1Q..YQ=X4 Y4 CA+
CB? . CB?
"2 —=( XY(C2 ~ 2 N=(CA2-CX2
XP3=(XC:-ACY ), APi=(Ca2-0X%) )
2 '3
~(xe-or o0y E5,, ~a er-cxy g,
smee (X LAA') 18 harmome since (XP.1.4") 19 harmonic
. cB: M
(OX = P =X (CX=CD) e (CP-Cry=CX(CP-C)) ((;lf’ ,
e ap_ gy OB OB v OB OB
CX=OP=0X 0= > OP=CX=C pa=gp
X (P-CB:=CP? P - C) (P=0B,
CP2=CA4- ("1} CP=C.12+ 032

Hence for the clhipse, if €.l >CB, there are two real foct at equal distances from
C, and the fou are therefore situated on the major axis  kor the hyperbola there
are two foar on the transverse axis, that 19 on the axis which meets the curve mn 1eal
points

To find the focus of a parabola

Let I’ be a focus of the parabola and p 1ts polar, then
P must be on the axis ind p perpendicular to 1t Let the
axis meet the curve in 4 and pmm X' Draw Q@' per- o
pendicular to the axis and @7 and /7" parnlel to the T (e}
axis to meet p i 7" and 77

Then, since (§QLw )= -1,

PQ="q, AN
and since (A PAw )= -1, X[~ AT P
XA=4P /

Jom 7P and 7' Then 7' and 7" are conjugate
points and, smce P 15 a focus, 77 and 770 are at nght Thk-
angles  Therefore QPAT and ¢ PXT’ are squares and \

QP=\P=2 AP

[lence the focus of v parabola 13 at such 1 distance

from the vertex that the ordinate at the pont 18 double this distance

To find the focus of a circle

From the constiuction for the focr of an ellipse, 1t follows that the two foar of
v arcle coincide at the centre  This also tollows trom the fict that conjugate hines
through the centre of a circle are at right angles

Principal properties of the foci of a conic
(a) If S bea focus, s the corresponding directrin, P any point on the comc, and

\y 2

S/
PM the pa penducular from P on the du cetriy, then the ratio },7 18 constant
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Let the chotd (), joining any two pomnts on the AA
conic, meet s m 4 Jom Sd4, SP, ¢ Diaw LSK P
perpendicular to SA4 to meet Q and s m L and A
respectively Then S4 and SL, since they are at nght & g
angles, are conjugate lines through & N

Therefore ASK 15 1 self conjugate triangle Hence Q
SZ1s the polar of 4 and (A LL¢) 15 barmonmic  There-
fore, since SL and S4 are at nght angles, they are the K

bisectors of the angle PS¢ (A1t 16)
SQ Q4 QN
SPTpPAT PN

=constant = ¢ (suppose)

Therefore
SP 8¢
Py QN

() An an ellypse the sum of the distunces, and wn a hyperbola the dyfercnces of
the distances, of any pownt on the cwrve from the focr ws constant

where PM and Q.V are perpendiculars on s Hence

Let S and 8 be the four and P’H and PM’ the perpendiculars from P on the
directirces It follows for the ellipse that SP+ S8 =e(PM+ PM)=¢ MM’ and
for the hypetbola that SPP—SP'=e(PM—PM)=e MM', where MM’ 1s the
perpendicular distance between the directrices

(ry The tangents from « focus to a conic puass thiongh the cucular pornts at
wfinity

The tangents from a focus are the double rays of the mvolution of conjugate lines
through the focus  Since these conjugate lines are in the case of a focus at right
angles, the double 1ays are the connectors of the focus to the circular pomts at
mfimty  (Art 87)

(d) A pawr of tangents to a conac from any point subtend equal angles «t « focus

Let 74, T8 be any par of tangents to the come
Let S be a focus, and 81ty polar  Let S7 meet s
7" Let the chord of contact, 4’5, of the tingents
from 7" meet, s m M Then ST7" 18 at right angles
to MBSA’

Since the triwngle SH77 19 self conjugate, 4B
passes through A, and, of S7 meet AB w L, (ML.BA)
18 harmonic

Hence S/, SM bemg at nght angles me the
bisectors of A8H

Thercfore the angle BST=the angle AS7T

(¢) If a rariable tangent meet two fived tangents
i A and B and S be a focus of the conuw, then the
angle ASDB 1 constant

Let 7 be the pomnt of contact of the varable
tangent and .4’ and B3’ the pomnts of contact of the
fixed tangents 74 and TB

Then PSB=3% BSP, and PSA=} PSA’

BSA=} BSA

M

Hence BSA 18 constant
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Since the angle 8B 18 constant, the
ranges described by 4 and B on 74’ and
TB are projective  Hence, 1f A4,.4,45 and
BB B,B; are twoprojective ranges on 7.1’
and 7', and a conic be described to touch
the hnes T4', TH', 4B, A,B;, and 4,B,,
the hine 4 ;B; will also touch this conic and,
at erther of its foar S and 5, the segments
A4y and BB, A4, and B, B,, 4,45 and
BBy, will subtend equal angles

Hence given two projective 1anges on
different bases two pomnts can be found at
which (1) corresponding scgments subtend
equal angles and (2) the conucctors of pairs of corresponding pomts subtend a
constant angle  (Sec Art 39(a))

Summary  From the preceding, 1t 13 seen that a focus of a con® 13
(1) A pomt through which pairs of conjugate lines are at right angles

(2) A fined pomt such that the ratio of 1ts distance friom any pomt on the
curve to the perpendicular distance of this point trom the polar of the ixed pont 1
constant

{3) A pomt of intersection of tangents from the circular pomnts at infimty to
the come

(4) A pomt at which the mtercepts by a variable twngent on wny two fined
tangents subtend a constant angle

97 Alternative Defimtions of the Conic and the deduction of the An-
harmonic Property

(A) Definition A conic s the curve obtawned from a cudde by concal projection
o1 by planc paspective  (Sec Art 19)  As the processes of Projection wnd Plwne
Perspective are lways reversible, 1t follows that every conie can be projected mto,
or 1ts plane perspective formed 1s, a cirdle

The whumone property has already been proved for the arcle (At 73)
To prove 1t for any conic 1t 18 only necessary to form the corrcsponding hgure
by projection or plane perspective i such o way thit the cicde 13 1eplaced by a
conmic  Then, simce the theorems hold for the arcle and the vilues of anharmome
ratios are sinaltcred by projection or plane perspective, the theorems hold for the
sconic

On reference to Art 731t will be noticed that the conveise theorems are only
true n the case of the aiicle for particular cases of projective ranges and penals
In fact 1n order that the locus or envelope may be a circle—which 14 a particular
form of conic—certain special conditions must be fulfilled In formng the new
figure from the one containing the circle the special forms of range and pencil are
replaced by the most general forms g0 that the theorems are true for the counic in
the form stated at the end of Art 92
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Any come can be projected wnto « circle the centre of which 18 the projection of «
groen internal pont

Let € be the pomnt which 13 to be projected nto the centre ot the circle and ¢ 1ts
polar with respect to the come  Draw two pairs of conjugate Imes through ¢ The
angles between these will overlap, simce the tangents from this pont to the come
are imaginary  Project these angles into right angles and the hine ¢ 1nto the line at
nfity (Art 23)  The projection of ('19 the centre of the comc obtamed by this
projection  The two pars of conjugate lines through € are projected nto two
pairs of conjugite diameters of the conic obtamned by the projection Since they
are at right angles this conie must be a eircle  (Art 96)

From the above 1t 13 seen thit a conie may be projected mto a cncdle and any
Ime, which does not meet the conic 1 1eal pomnts, mto the hine at infimty

To form the perspective of « conie <o that the corresponding curve may be a cirele
of whuk the centre s the poant correspondang to a giren inter nal point

|

Let (' be the given point which 18 to correspond to the centre of the circle 1n the
perspective figure  Take 1ts polar as vimshing line w  Let the polirs of P and @
any two pomts on w meet wn Py and @y  Then CP, CP, and €@, ('@, wre purs of
conjugte lines through ¢ On 27 wnd Q@ deserbe semicird les mtersecting in S
Take § as centre of perspective and any line parallel to w as the axs 8
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In the corresponding figure the pomnt ¢”, which corresponds to C, 1s the centre
of the comc and the hines corresponding to CP, CP; and to €@, (@, are pans of
conjugate lines through ¢” They are therefore pairs of conjugate diameters and,
since they are at right angles, the comg 18 a aircle

(B) Defimtion A conac s the locus of a pornt which mores so that the ratio of
us destance from a fived pownt, termed the focus, to s distance from a fired line,
termed the directrir, s constant

This ratio 1 termed the eccentricaty of the comic [t 1s less than umty for the
Ellipse, greater than umty for the Hypeibola and equal to umty for the Parabola

It will be proved m the first place thit a focus and duectrix defined as above
comply with the dehmition of A1t 96

(@) A pomnt S and a line s, such that the distance of S from any point on « conu
18w @ constant ratio to the distance of the same pownt from s, are a focus and ducctran
of the conw

Lemma If any chord 2’Q of the conic meet ¢ in 4, then S4 18 the exteinal
Insector of the angle PSQ
Let PM and QN be the perpendiculars
from £ and @ on the directrix  Then
SQ QN Q4
SPTPHT P4
Hence, by Euchid V14, S4 15 the external
bisector of PSQ
Let SA meet the conic m U and V and
let UM’ and VAN’ be perpendiculars on the
directrix  Then
SV_ VN av
i 1) v
ASUV)= -1,
and, since 45 18 any hne through S, S and s,
the corresponding directrix, are pole and
polar
Draw a line through S perpendicular to S4 to meet A¢) 1t L
Then SL and S by the lemm 1 ate the internal and extern i bisectors of PSQ,
and the range (A LPQ) 15 harmome  Also (ASUV) 18 harmonic  Thercfore SZ 19
the polar of 1 Hence SL and S.1 are conjugate lines and they are at right angles
Sumlarlysany other par of conjugate lines through & may be proved to be at right
angles  Therefore § 13 a focus and s 1ts polar 1s the corresponding directrix

(b) To prove the anharmonic property of a conic dueetly from the focal definition

The anharmome ratw of the pencil formed by jorning any four fived points on a
com to a varwable pount on the conw s constant
Let .S be a focus of the conic and 4, B, C, D four fived pomtsonit Jom 4, B,

G, D to any pomt P and let the joning hines meet the directrix 1n A, B,c,
Jom Stod, B, C,D, A, B, ', I
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Then, by the lemma to (a), S4’, SB, SC’, SI' are the external bisectors of the
angles ASP, BSP, CSP, DSP Since the angles .A'SB, B'SC", C'SI are half the
angles 4S8B, BSC, CSD respectively, and these angles are constant, (S A'B'C'D') 18
constant for different positions of P

Therefore (L. ABCDY=(P A'BCD)
— (‘s' AIBIC/DI)
=aqa constant

98  dnalytical treatment of the wscribed quadrangle and cucumseribed quad -
lateral of a conie

In the projection of the figme of Art 80, 1t should be noticed, thit 1f the
triangle S7'07 be taken as triangle of 1eference, and the ratios of the pomnts in which
one of the tingents— say the tangent at Jd—meets 1ts sides be denoted by o, b, ¢,
then the ratios of the pomnts n which the other tangents meet the wides of the
tnangle can be wiitten down at once

Those for the tangent at 4 are «q, b, o

) » " » By a, —-b ~-q
3 i ” » c » —da - b’ ¢,
’” ” » n Dy —a b, -¢

where abc=1
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Also, 1if 4 determines, by its connectors with the vertices of the triangle of
reference, ratios z, y, z on the opposite wides of the triangle of reference, then
simlar quantities for B, C, D may be written down

Those for 4 are =z, g, 2,
» ”» ) L =Y 5
” i} c w 4L Y 2y

* ” ” D » & Y =5

where 2yz=—1

There 1s the additional condition that each of the pomnts 4, B, C, D 1s situated
on one of the tangents at 4, B, C or D

Involution on a Conic

It has been proved (Art 95 (c) and Art 75) that, if through a pomnt S chords
S44', SBB, SCC" are drawn to meet a conic 1n the purs of pomts Ad4’, BB, CC’,
these pairs of points are conjugate points of an involution on the conic , and conversely
that, if 44’, BB, CC’ are pairs of conjugate pomnts of an mvolution on the cone,
AA’, BB, and (C’ are concuirent The following theoiem further 1llustrates the
matter

(1) If through any pownt S chords ay, by, ¢,  be drawn meeting @ conwe
AA’, BB, CC'y  ,and AA', BB, CC’,  beyouned to any point &
() on the conac,
(D) on the polar of S,
the pencil ady b, cc'y 30 formed s an involution pencil

/

A‘ e T
=

e —

<

The first part has already been proved, 1t 14 thereforc only necessary to prove (h)
Let $’ be any pont, not on the coni, such that the penal aa’, bb, ', forms
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an mvolution  Let 8’'C or ¢ meet the conic mn D, and join S to meet the conic agan
at [¥  Then D, IV are a pair of conjugate ponts of the involution 44', BB, CC’,
Hence §'C" and 8D’ are both conjugates of ¢ in the involution aa’, b, There-
fore 8y I¥, C" are collinear and, from the qu«uﬁmgle CC'D'D, §' nmust be situated
on the polar of §; 2e¢ § and 8" must be conjugate ponts with respect to the conic

When this 13 the case §°8 and SN, the polar of 8, are harmonic conjugates
of ad, bb', ¢/, and are therefore the double 1ays of an mvolution pencil, of which
these lines are pairs of conjugate rays

Conversely an wnvolution pencil 18 «ut by a conw 1n paus of conjugate pownts
AA', BB, CC, of an wrvolution, when the verter 13 sutuated (1) on the conie m
(2) on the polar of AA" BB with respect to the conuw

EXAMPLES

(1) Ghaven six ponts, explam fully how with ruler and compass to construct the
centre and ax1s of perspective so that the perspectives of the six points shall be one
at the centie and the other hive on the circumference of a cucle

(2) Tangents at the ends of a focal chord of a parabola ntersect at right
angles on the directnix

(3) The circumerrcle of a triangle arcumseribed to a pirabola passes thiough
the focus

(4) Prove that if any pomt P on a come be jomned to two pomts B and C on
the comic by hines, which meet the tangents at Band ¢ 1n ¢, B, and ("B’ meets OB
i 7, then 77718 the tingent at I (A1t 92)

(5) 1If the tangents at any two pomts 4’, B on 1 conic meet the tangent at any
pomnt 2 1n 4 and B, and thc hines joming .1’ wnd B’ to any pomt € on the curve
meet the directrix corresponding to a focus $ 1in 47, B”, then the angles 4S8 and
A"SB" are equal

Bll
NS
A’I QQ-_ AI
NN\ - A
SR T
\ P
8 ~ T
B
1
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In the figure ASP=}% A’SP}
BSP=% B'SP
Therefore ASB=} A'SB
But ! SA4” 18 the exfernal bisector of @QS4’
and spr » " » Q@SB
Therefore A"SB" =% A'SB'=ASB

(6) Prove fiom Example 5 that the anharmonic ratio of four poits on a cone 18
equal to thit of the four tangents at the points

(7) If C4 and CB be the senn-transverse and conjugate axes ot a hyperbola and
points £ and F be taken on the transverse axis at distances N A= CB from the

centre, prove that the paus of tangeuts from these pomnts to the curve are at night
angley

(8) A pomt at which pairs of corresponding points of two projective 1anges on
fixed bases subtend a constant angle 15 a focus of the conicsenveloped by the
connectors of pairs of cortesponding pomts of the two ranges

Let 04, OB be the given bases, which touch the envelope at 4 and B Let S be
the pomnt at which connectors of pany of corresponding points subtend a constant
angle Let A8 and BS meet the envelope at &2 and 7' and let the tangents at these
points meet the bases m @, ¢ and P, I Then the angles A4S0, @S¢/, PSI”, OSB
wre all equal to some angle a

Let @ PT be 0" and P¢ OU be U, then by the property of nscribed
quadtangle and circumscribed quadrilateral
. P, AR, OO0 and BT are concurrent at U,
AT, QP RB and 00 ,, " w S
Then the angle @SR
=a~-RSQ=USB~BSP =USP =a- USP=USA - USP=DPSA
Therefore, since ¢/ SR= USP = PS4, the angles between three pairs of conjugate

rays through S are equal and therefore (Example 13, Chapter vii) the mvolution
pencil at 8 15 orthogonal and 8 14 a focus



CHAPTER XIV

PROJECTIVE FORMS IN RELATION TO THE CONIC —CARNOTS
THEOREM, PASCAI’S THEOREM, DESARGUES’ THEOREM

99 Carnot’s, Pascal’s and Desargues’ Theorems, together with the

anharmonic property, are the fundamental theorems for the Conic

In

this chapter the first three of these theorems are deduced trom the
anharmonic property of the coni, but on account of then nnportance
alternative proofs are given m cach case

Carnot’s Theorem and its Correlative

If « comc meet the sudes BC,
CA, AB of a truungle wn thiee parrs

of pounts
A,, A, B, B,, C,C,

then

BA, BA, CB, CB, 40, AC,

CA, CA, AB, AB, BC, BC,

=1
Converse If the above 1 elation

holds, a conwc can be described

throngh the sir pownts A,, A,,
Bl’ Bl) (71’ 02

B4, BA, CB,

The expression

04, C4, AB,

If the tangents from the vertices
4, B, C of a triangle meet the
opposite sides wn three pairs of
pownts 4,, 4,, B, B,, C,, C,,
then
B4, BA, OB, CB, AC, AC,
CA4,"C4, AB, AB. BC, BC,
=1
Converse  If the above relation

holds, a conic can be described to
touch the suv lines AA,, AA,, BB,,
BB,, CC,, CC,

OB, AC, AG,
4B, BC, BC,

wherc 4, B, C are the vertices ot any tniangle and 4,, 4,, B,, B,, (), C,
are any three pairs of pomnts situated on the sides BC, CA4, 4B of the
triangle respectively, will be termed Carnot’s Expression  The value
of this expression was shown (Art 31) to be unaltered by projection
If the ratios of the distance of 4,, 4, from the vertices B and C be
denoted by a,, a,, the 1atios of the distances of B,, B, from the vertices
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C and 4 by b,, b,, and the ratios of the distances of C,, €, from the

vertices A and B by c,, ¢,, the expression may be written

. aya,b, by,

For the sake of brevity Carnot’s Expression will often be quoted 1n
this form, and 1t should be noticed that, if, for a given triangle ABC,
the value of Carnot’s Expression for the points 4,, 4,, B, B, 0, C,1s
given, and also the position of five of the points, then the sixth pont 1s

uniquely determined

Proof from the anharmonic property of a conic

In the figuie, let B4, meet
AB 1 C, and B,4, meet 4B 1n
C,

Then by the anharmoni

property of a conic
(Bi CiU.By4,y)
=(4, 0.0,B.4,)

Taking intercepts on 4B
»

(C,C,ACy) = (C,C,0.B)
Hence AB, C.C,, CC, aic pairs
of conjuirite ponts of an involution
and therefore (Art 53)

AC, AG,_ 4G, AC,
BC, BC,” BC, BC,

In the figure, let Ad, BB, and
BB, AA, be projected from € on
AB mto the pomts C, and C,
respectively

Then by the anhaimonic
property of tangents to a conic
the 1ntersections of CC,, CC,,
AA,, BB, with 44, and BB,
torm two projective ranges

Pron« myg these ranges from C
on AB

(C,C,A0,) = (C,C,C,B)
Hence 4B, C\C, CC, ae pairs
of conjugate points of an involution
and thercfore (Art 53)

AC, AC, _AC; AC, (1
BC, BC,  BC, BC,



188
But by Menelaus’ Theorem
46, ___1 __
8C, ~ B4, OB,
CA, 4B,
nd a6 __1
* Be,~ B4, CF;
CA, AB,
Substituting these values of
AC; AC,
B0, and BC, mn (1),

B4, BA, CB, CB, AC, AC,
CA,'CA, AB, AB, BC, BC,
=1

46,
BC,
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But by Ceva’s Theorem

46, _ =1
BC, = B4, (B,
c4, AB,
40, -1
and po, = BA, O,
C4, AB,

Substituting these values of
A0,
and Bo, ™ 1),

BA, B4, OB, OB, AC, AC,
CA,"CA, AB, AB, BC, BC,

=1

As n the case of the cucle, 1f the sides of the triangle be denoted
by a, b, ¢, and the tangents hom the vertices by a,, a,, by, b,, ¢;, c., the
corrclative of Carnot’s Theorem may be stated m the form

—~ —~ —~ — —_~
sinac, sinac, sinba, siba, sinch,

—~~ ~ ~~ —~ —~~
sin ab, sinab, smnbe, smnbe, sin ca,

Converse

In this case, Carnot’s expression
for the pomts 4,, 4,, B,, B,, C,, C,
cquals umty

If a conme be described through
the five points 4,, 4,, B, B, and
¢, 1t wall meet C,C, 10 a pomnt C,
such that Carnot’s expression for
the points 4,, 4,, B,, B,, €, and
C, equals unity

Hence the pomnts C, and CY
must coincide

_
sin ch, -1

—
SIn ca,

In this case, Carnot’s ¢xpression
for the pomnts 4,, 4,, B,, B,, C,, C,
equals unity

If a conic be desciibed to touch
the five lines A4,, AA,, BB,, BB,
and CC,, a second tangent from C
to this conie will meet BC 1n a point
() such that Carnot’s expression
for the pomnts A4,, 4,, B, B,, ¢,
and C, equals umty

Hence the hnes CC, and ce;
must coincide

Proof by Conical Projection or Plane Perspective

Let the sides BC, Cd, AB of a
triangle meet any comic m 4,4,, BB,
(',C, respectively

Let the tangents to any conic from
the vertices 4, B, C of a triangle meet
the opposite sides m 4,4,, B\B,, (,C,
respectively



Pascal's

Form by conical projection or plane
perspective a figure in which the conic
19 replaced by a circle  (Art 97)

The value jof Carnot’s expression for
the new figure will be the same as that
for the given figure (At 31)

But 1n the new figure, since Carnot’s
theorern holds for the urcle, Carnot's
expression 18 unity  (Art 89)

Hence Carnot’s theorem holds for
the comc

Theorem 189

Form by conical projection or plane
perspective a figure in which the conic
18 replaced by a circle (A1t 97)

The value of Carnot’s expiession for
the new figure will be the same ag that
for the given figure (Art 31)

But m the new fguie, since the
correlative of Carnot’s theorem holds
tor the circle, Carnot’s expression 18
unity  (Art 89)

Hence the correlative of Carnot’s
theorem holds for the comc

100 Pascal’s Theorem and 1ts Correlative (Brianchon's Theorem)

If a hewagon be wnscribed wm a
conac, the thy ee pownts of untersection
of pavrs of opposite swdes ure
collinear

Conversc

If two trungles are wn per-
spectwe, a come can be described
througl the swx pownts of intersection
of the non corresponding sudes of
the t1wangles

If a hexagon be crrcumscribed
to a comc, the connectors of the
three paws of oPposite vertices are
concurent

Converse

If two trangles are wn per-
spectwe, a comc can be described
to touch the swz lines which joun the
non-corresponding vertwes of the
triangles

Proof by the Anharmonic Property of the Conic
This proof will be scen to be 1dentical with that given for the cirele

m Art 90

Let 4 B'CA’BC be any hexagon
mseribed 1 a comie, and K, L, M
the pomts of mtersection of pairs
ot opposite sides

Let ab'ca’dc’ be any hexagon
circumscribed to a come, and &, I,
m the connectors of pairs of

opposite vertices
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Let A8 meet A’C m R and
let BC meet AC’ in I' Jomm LB’

Then

(A" ABCB')=(C'" ABCB)
by the anhaimonic property of the
conic

Therefore, taking intercepts on
AB and CH,

(AKRB)=(TMCB)

Theiefore smce B 18 a self-

corresponding pomnt, 47, KM and

RC arc concurrent

Therefore K, L, M arc collinear

Converse

Let the corresponding sides of
the triangles ABC, A'B'C’ inter-
sect 1n the colhnear ponts KX L, M,
and the non-corresponding sides m
the ponts 4,, 4,, B, B,, C,, C,

Describe a conie through the
five pommts C,, B, B,, 4,, 4,

Let the Iine 4B, which passes
through €}, mect the conic again
m C)/

Since C,C;)B,B,d,4, 1s a hexa-
gon mseribed 1 a conie, €A, must

pass through L

Principles of Projective Geometry

Let the line joimng ab’ to «'c
be r and that joining b'c to ac’ be ¢

Then

(a abedy=(c ‘abeb’)

by the anharmonic property of
tangents

Therefore, projecting trom ab’
and cb’,

(akrb’) = (tmcb")

Therefore since b 18 a selt-

cortesponding ray, at, km, and re

are collinear
Therefore k, I, m are concurrent

Let the connectors of the cor-
responding vertices of the triangles
ABC, A’B'C be the concurrent lines
L, 1, m, and those of the non-corre-
sponding vertices dy, a,, by, by, ¢y, ¢,

Deseribe a conic to touch the
five hnes ¢,, b, b,, a,, a,

Let the second tangent fiom
C to this conic be ¢,

Since ¢,¢)'bba,a, 13 a hexagon
circumseribed to a conic, ¢,’b, must
be on the linc &
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Therefore LA, passes through
'/, and C, must coincade with C,
the point of mtersection of 4 B and
AL ’
Hence the s1x pomnts 4,, 4,,
B, B, C,, C, are on a conic

Theorem 191

Therefore ¢, must pass through
the pomnt Ab,  Thereforec the
tangent ¢, must be the line ¢,

Hence the six hnes a;, ay,
b, b,, ¢, ¢; all touch a conic

(@) Proof by Conical Projection or Plane Perspective

Let ABCA'BC’ be any hexagon
mscribed m a conic and A, L, M the
ponts of 1mtersection of the three pars
of opposite sides

Form by projection o1 plane pe1
spective a cortesponding hgure, wherem
the conic 18 replaced by a cucle, ind the
line LM becomes the line at infinty*
(Art 97)

The theorem then depends for its
proof on the following, which 14 proved
n the addendum 3 (a)

“If two pairs of opposite widey of a
hexagon mscribed m a cirele are paralldd,
then the third pair of opposite sides are
also parallel ”

(b) Proof by Carnot’s Theorem

Let .y, Ay By, By, &, ¢, be the
vertices of the hexagon and let the pairs
of opposite sides mtersect as i the
tigure m L B, €’ 1t 19 required to
prove that A’, B, ¢ are collinear

Consider the tuwngle A,4,, B\B,,
", whose vertices are d, B, C

Smee A, By, Cy are collinear, by
Menelaus’ Theorem

Bty 1
4" OB, AC
ABZ B(/vl

Let ab’ca’be’ be any hexagon urcum-
sciibed to a come and 4, !, m the
connectors of the thiee pairs of opposite
vertices

Form by projection or plane per-
spective a cortesponding hgure, wherem
the conic 18 repliced by a cirde, and the
pont Zm becomes the'centre of the cincle*
(Art 97)

The theorem then depends for its
proof on the tollowing, which 1 proved
m the addendum 3 (b)

“1t the lines jomnng two pairs of
opposite vertices of a hexagon cncum-
seribed to a ondle pass through the
centre, the hine jommng the thud pan of
vertices hikewise passes through the
centre”

Lot oA, B, €, A'y B, (" be the vertices
of the hexagon and let .1, BB, C(’
meet the sides of the triangle 4B¢ 1n
A" B Ttasrequired to prove that
AU, BB, CC" are concuntent

Let the tangenty from A4, B, ¢ meoct
the sides of the triangle ABC m 4,4,,
BB, (4C; as 1n the hgure

Since 447, BB,, CC, are concurient,
by Ceva’s Theorem

BA" 1
(,v [ Lm—l A (_,2
AB, BC,

* If the line LM meets the circle in real points 1n the first case or the pomnt Im 1n the
gecond case 19 external to the conmic, the construction of the corresponding figuie 18
1magmary and this method does not give a proof of the theorem
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Similarly Simularly
¢ _ 1 cr_ 1
BC"~ B4, CB, AR~ "D, 4C,
C4, 4B, 04, B¢,
and CB _ —t and 40" ]
AB ™ B4, 4AC, BC"~ T TB; Ba,
c4, BC, AB, C4,
Therefore Therefore
BA AC CB BA” AC” CB”
CcA' BC 4B 4" BC" 4B’
~ 1 _ -1
= ar, B4, B, O, OF, =00, BA, 51, OB, OB,
BC, BC, (A, 01, 4B, 4B, BC, BC, 04, T4, 4B, 4B,

B,

The expression on the night hand side The expression on the right-hand side
18 by Carnot’s theorem equal to umty 13 by the correlative of Carnot’s theoren
Hence by the converse of Menelws  equul to —1 Hence by the converse
theorem 1’y 58) ¢’ ue collinew of Cova’s theorem A U BB, C(" are
concurrent
The proot of the converse theorems by means of (arnot’s theorem 1s left as an
exercise for the student

(¢) Proof by Projective ranges on the Conic

Let tho nseribed  hexagon he Let the crcumscribed hexagon be
ABCA'BC and let K, L, M be the abea'd’ and let k, 7, m be the lines
pomts BA’* AB, 1'C AC'and BC" CB hd' ab’, a'c ad and b’ ob It 18



Pascal’s

It 18 required to prove that these pornts
are collinear

The two groups of three pomnts 4, B,
¢ and 4', B, €' determine two pro-
Jective ranges on the conic  (Art 95 (a))

Conwider the pencils B A4'B'C’ and
1% ABC They have a self-corresponding
1ay m BB and are therefore in per-
spective  Hence every pair of correspond
ing 1ays of these pencils itersects on
KM 1f KM meets the conic 1n U and V¥,
BUand BV correspond to B'U and B'V
Therefore U and V are self-corresponding

points of the projec tive ranges determined
on the come by the pencils with vertices
B and B, that 13 by the pairs of corre
sponding points AA4’, BB, CC

Hence, when the ranges 4B and
A'B'C’  are given, U and V are fixed,
138 13 also the line AM

Similarly by considening the pencils
A’ ABC and 4 A'B'C’ 1tisseenthat
the poiLt L (AC" €Cd’)ison UV Hence
K, L, M are collinear

This proof should be compared with
that given (Art 36) for the corresponding
theorem 1n which the vertices of the
hexagon lie on a pair of straight lines

* This proof only holds when the line
KM meets the conic 1n real points
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Theorem 193
required to prove that these lines are
concurient

The two groups of three tangents
a, b, ¢ and o, ¥, ¢’ determine two pro-
Jective systems of tangents to the conic
(Art 95 (a))

Consider the tanges b a'¥’¢ and
O abe  They have a self cortesponding
pont bb’ and are therefore 1 perspective
Hence every parr of cortesponding points
ot these 1anges 18 collinear withdm If «
and »* are tangents from £m to the coni,
bu and be correspond to Yu and b'»
Therefore « and v are the self-corre-

sponding 1ays of the two projective
pencils of tangents to the comec de
termined by the ranges on b and &' and
therefore by the pairs of corresponding
tangents ad’, b,

Hence, when the systems of tangents
abe  and '’ are given, w and v are
fixed, as 18 also the point km

Simularly by considering the ranges
« abe and a a4’V 1t 18 seen that
the line 7 (ac’ ca’) pisses through uw
Hence 4, {, m are concurrent

This proof should be compared with
that given (Art 36) for the corresponding
theorem 1n which the sides of the hexagon
pass through two points

* This proof only holds when the tan
gents from km to the conic are real
13
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101 Desargues’ Theorem and Correlative

Any transversul s cut by «
system of comcs, through fowr fiwed
pownts, . pans of compuyale pownts
of an wwolution

Converse  Conmes  described
through the vertiwes of « truangle
and through pans of compuaate
pownts of an imolution 1ange wnter -
sect wn a forrth fized povnt

The pavrs of tungents from any
powit to a system. of conics, touching
four fired lnes, are ‘pawrs of con-
Jugate rays of an wnvolution

Converse  Conws described so
as to touch the sides of a triangle
and also @ pavr of conjugate rays
of an wvolutron pencel touch a fowr th

fured line

Proof by the Anharmonic property of the Conic
This proot should be comparcd with that tor the cude m Art 91 (1)

Let @, R, S, T be any towm
tixed points and let a conic through
tham meet any transversal s m P

and P Lot QR, ST, QT and RS
meet s m B, B, A" and 4

Then (@ PRPT)=(S PRI'T)
But (@ PRP'T)= (PBP'A)
and (S PRI'Ty=(PAP'B)

Theretorc
(PB'I"A"Y=(PJI"B)
Theretore AA’, BB, PP ar
paits ot conpuzire pomts of an
mvolution
It any other come be desertbed
through @, B, S, 7,1t will mect s

Let ¢, 2, 5, ¢ b the fowmr fixed
lines and let the tangents fiom
any pomt N to a conic, which
touches these lines, be p and pf
Let the hines joining 1, st, qt and
1s to Sbhe b, b, « and a

Then (¢ prpt)y=(s pp't)
But (g ppty=(pbp'«)
and (s prp't)=(pap'd)

Theretorc
(pbp'a’) = (pap'b)
Theretore aa’, bb', pp” are pars
of conpizane rays of an mvolution
pencil
If any other conic be described
to touch ¢, 7, s, ¢, the tangcnts
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m a pair of pomts of the same
involution, namely that determined
by the two pairs of conjugate points
Ay, A’ andIB, B e
The points where 8¢ and RT
mect s are also a pan ot conjugate
points of the same 1nvolution

(Art 56)

Converse

Let the vertices of the triangle
be @, R, S8 and let the involution
be determined by the pairs of
conjugate pomts 4, A" and B, B’

=
Describe two conwes  through
the pomts A, A’, @, R, S and
B, B, Q R, N 1peetively to
mtersect 1 some point I’
Describe a third conic through
QR S,’I' and C, some given point
on the transversal

This conic meets the transversal

m €’ the conjugate ot C i the

, nvolution determined by 4, 4’ and
B,B Smnce only one conic can be
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from S will be a pair of conjugare
rays of the same pencil, namely
that determined by the two pairs
of conjugate rays @, @’ and b, &’
The hiney jorming S to sq and r¢
are also a panr of conjugate rays
of the same involution (A1t 56)

Let the sides of the triangle be
¢, +, s and let the mvolution be
determined by the pairs of con-
Jugate lines «, ¢ and b, V'

Describe two conies to touch the
hines a, o', q, 0, s and b, V', ¢, 1, 8
respectively  Draw the fourth com-
mon tangent, f, to these conics

Describe a third conie to touch
¢ 1, s, t and ¢, some given line
through S, the wntre  of  the
involution

This come will touch ¢’ the
compugale to ¢ m the nvolution
dctermined by «, o b, v
Since only one conic can  be

132

and
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described through five pomnts, this  deseribed to touch five lines, this
conic may be looked upon as the conic may be looked upon as the
conic through @, R, 8, C and ¢' come touching g, 1,8 ¢ and ¢
Sinee this conic passes through 7, Since this conie touches the line
the theorem 1s proved t, the theorem 15 proved

(a) Proof by Projection or Plane Perspective

Desarguey’ Theorem 13 1elated to the theorem, dready proved m Art 91 (), that
vsystan of coaxal ardes 1s cut by every transversal m pans of conjugate pomnts
of an mvolution  The connexion may be shown by an nnagmuy projection as
follows  Project onc of the conics through the fomr pomts mto a arcle and the
connector of two of the four given points mmto the linc at inhmty*  These two pomnts
then become the arcular points at intimty (Art 87) and, sinco the projections of all
the comus pass through these pomnts, the conics all become cucles (see page 189)
The wrddes all pass thiough two other ponts and therefore form a system
of coaxal circles” Smce these cncles are cut by every transversal m pans of
conjugate pomts of an mvolution, the cones m the ougmal iguie are all cut m a
similar manner by every transversal

(b) Proof by Carnot’s Theorem

* This mvolves an 1maginary projection the use of which has not been justihed



Properties involring the Tmagyinary

Let C,, C,, B,, B, be the four fixed
pomnts through which the comes are
described Let one of the conics meet the
transversal s med,, 4,and another conic
(not shown 1 the figure) meet s m
Ay, A0 Let BB, and (), mtersect
at A and meet ¢ in C and B

Then by Carnot’s theorem

BA, B., 1
¢4, (4, TB, CF, aC, ac,
AB, AB, BC, BC,

BA; B,

Torood)

Therefore (BCA,4/))=(CBAyA))

Hence B, €', Ay, 4,, .4, A are pans
of conjugate ponts of an mvolution
Smce B, ¢ and 4,, ., may be 1egarded
w fed, wy other come through B,
B,, €y, C, determines on BC pans of
pomts, which are conjug ites 1 the samc
mvolution
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Let BB,, BBy, CC;, CCy be the fom
fixed lmmes which are touched by the
conics  Let the pair of tangents fiom
any point .{ to one conic meet BC m .1,
A, and those fromm A to another conic
(not shown 1 the hgwe) meet BC
1y, 4¢

Then by the coirelative to Cainot «
theorem

BA, BA, 1

4, (4, TB, OB, a0, 4G,

AB, AB, BC, BC.
_BAY Biay
a0y

Therefne (BCAA))=(CBA, 1))

Hence B, C, 1, 1,, I, 1/ arepuny
of comjugate pomts of an imolution
Smce B, C and 1, 4, may be regmded
as fixed, any other conmc touchmg
BBy, BB, (¢, CC, determiues by
tangents from 1 pairs of hines, which me
conjugates 1 1 given nvolution

Carnot's, Pascal's and Desargues' Theorems for a pair of lines and thewr

correlatives for a pair of points

In Art 941t was pointed out that v pair of straight lines could be 1eguded s a

contc and « pair of pomts as the correlative of a conic

On1reference to the euher

chapters 1t will be scen that the theorains proved in this chapter are true, as might

be cxpected, for v pan of himes, and then correlatives for a pan of pomnts

Canot’s theorem for v pan of hnes
follows 1t once from Mcnelans’ theorem
(Art 13 (d))

Pasgcal’s theorem for a pan of lines
becomes the theorem proved 1 Art 36

Dcsugues’ theorem for pairs of liney
becomes the Involution Propeity of a
quadiangle proved in Art 56

.

Thus

Carnot’s theorem for a pan of ponts
follows at once from Cleva's theorem
(Art 13(c))

Brianchon’s theorem for a pan of
pomts becomes the theoram proved m
A1t 36

The cotreltive of Desargues’ theorem
for a pan of pomts hecomes the Involu
tion Property of a quadnlateral proved
m Art 56

The anharmonic property of the come and also the mvolution property hold

mn these particular cases

Properties of the Conic and Circle involving the imaginary

The consideration of the properties of the cucle and conie, which depend on the
mmagiary, has been postponed for luter conwideration, but i connexion with the
solution of problems 1t 19 useful to be able to quote certain of the results which wny

be obtamed

A short summaty of these 19 therefore given
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It has been proved (Art 95 (£)) that every conic and every circle detormines on
each line 1n 1ts plane a definite mvolution  Such an mvolution has two real, two
comncident, or two imagmnary double points If the two double pomnts are real
they are the points of intersection of the hine and conic (Art 95 ¢t)) If they are
comcident the lime tonches the comic and the pair of comecident double ponts
become the pomt of contact If the double points are imaginary, which 13 the case
when the pairs of conjugate ponts of the mvolution overlap, the determnation of
the double pomnts 1nvolves ¥/ —1 and graphically the line does not meet the comc
Such a par of imaginary points, termed ronjugate wmagwnary pownts, may be
1egarded, from « certam point of view, 1 on the curve Most theorems which are
true for a pan of real ponts on the comc or cicle, have an interpretation when a
pant of such nnagimary conjugate pomts ue substituted for these real points

The statement that the imagim wry (or 1eal) double pots of an mvolution ue on
4 conc 18 equivalent to saying thit the conie 1 question 19 such that the pairs of
conjugte pomnts of the mvolution are pairs of conjugate pownts with regaid to the
conic The student 19 strongly advised to bear 1 mind this pomt of view, which
removes many ifff ulties

Jorrelatively v comc o1 ande determimes at every pomnt n 1ts plane an mvolu
tion pencil by means of pairs of conjugate lines passing thiough a point 2 (Art 95(4))
The double rays of this mvolution penal, if 1eal, are tangents from /72 to the
conc and, 1f mnagnary, they are the mmaginiry tangents from P Thus the
statement that a conic touches two such nagmary lines may be mterpreted as
meaning that the pairs of conjugate rays of the mvolution, of which these lines are
double rays, are conjugate hnes with 1espect to the cone

It has been shown that comey we divided into difterent classes acconding to the
nature ot their intersections with the line at mfimty Al cireles determine on the
hine at infimty the same mvolution, purs of conjugate ponts of which are determned
by pairs of orthogonal diameters (A1t 87)  Hence, with the assumption of the
previous paragraph, evay arcle meets the hne at mtmty 1 the same pan ot
nngmary ponts, termed the cucular ponts at infimty, and every pan of orthogonal
Iines determines on the hine b mfimty + pan of pomnts which wc hirmonic
conjugates of these crcular ponts at mfimty  Conversely (very come through the
cincular ponts at infity 15 v ande

It 15 usual to wsume that any pan of pomtsin a plane may be projected mto
the cicular pomts at mfimty  On reference to A1t 60 1t will be seen that any
two nvolutions with 1cal double points may be projected mto each other and
likewise any par of mvolutions with 1magimary double pomts  Hence any pair of
conjugatc mmagmary pomts may be projected nto the circular points at imhmty
The projection of an mvolution with real double ponts into an mvolutign with
maginaty double ponts 1s a process most dithcult to justify involving as 1t does the
change of thc other points from real to imaginary pomts  Yet 1t 19 4 fact that n
wost theorems a pair of 1eal points may be 1eplaced by the circular points at infinity
or by any other pan of conjugate imigmary pomts  Probably the true explanation
of this hies; not m the fact that real pomts may be projected into magmnary points,
but 1n the fact that every conic 19 met by some hines 1 real and by sowe lines
magiary points, ind that the properties of the mvolutions determmed on thesc
hnes are sl
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The usual method for projecting two real pomnts 4 and B mto the cncula
ponts at infimty 1s as follows

“Describe a conic through these points  Pioject this conic nto a wicle and the
line 4B mto tie hine at infimty (Art 97)” This can only be done by an imaginary
projection  “Then the projections of 4 and B are the cncular pomts at infimty
ind every conic through these pomnts 14 a arcle”

The circular pomnts at infimty possess another 1emarkable property  Pairs of
conjugate lines through a focus are at nght angles Hence the tangents to a comc
from a focus, which are the double 1ays of the mvolution penul formed by these
conjugate lines, pass thiough the circular points at mhmty  Therefore the fou of a
conic are the pomts of mtersection of tangents to the come from the circular ponts
w mfimty  One par are real and are the real foc1 (Art 96) of the come The
other pair of points of intersection are imagimary and ire o pwn of magmary foar of
the come, which a1e sitnated on the mmor or conjugate axis



CHAPTER XV

DEDUCTIONS FROM THE ANHARMONIC PROPER1TY OF THE CONIC,
FROM THE POLE AND POLAR PROPERTIES OF THE CONIC, AND
FROM CARNOT'S THEOREM

102 Anharmonic Property of the Conic

Particular Cases

In dealing with deductions from the anharmome property of the
conie and 1ts correlative an 1mportant special case should be noticed

In an anharmonig ratio, say (4 BCD), 1t 1s often possible to arrange for
one of the elements D to be at infinity, in which case the anharmome

1at1o 1educes to the simple ratio

ac
BC

Simmlatly i the ease of a peneil abed whose anhaimonie ratio

—~~ A~
. Smac s ad

if d be the mtenal bisector of the angle ab,

—~ 7 ~~
sin b¢ sin bd
sin ad _
——==-1, and 1if d be the external bisector of the angle abd,
sin bd
ad
sIn a
S =41 In the former case the anharmonie ratio reduces to
s bd
—~ —_~
sin ac S ac
_ — and m thc latter to - <
sin be sin be
Deductions and Examples
Paiabola

(1) It two fixed pomts .1 and B on
a parabola be joned to a varable pomnt
P on the curve and P4 and PB meet the
diameter through a fixed pont ¢ 1in 4’
and B, then CA’ CB’ 14 constant

If « be the point at infinity on the
diameter through ¢ then

(I Co 4'B’)=constant

Two fixed tangents to a parabola are
cut proportionally by tangents to the
curve

If o represent the line at nfimty,
which 15 a tangent, p and ¢ the two
fixed tangents, and a, b, ¢ any three
tangents, then (p abcwo )=(g abco)

Conversely, the lines jomng corre-
sponding pomnts of two similar ranges
envelope a paiabola



Deductions from Anharmonic Theorems

201

(2) If a diameter of a parabola meets the cutve 1n P, the two tangents at 4
and B in 4’ and B’ and their chord of contact at C, then PC%= P4’ PB’
Let o be the point at infimty on the diameter, then

* (4 ABPx)=(B ABPwx),

and taking intercepts on the diameter

(A'CPw)=(CB'Pw),

AP _ocr
=P

Hyperbola

(3) Parallels to the asymptotes
through any pomnt on a hyperbola cut
any semi diameter so that 1t 13 a mean
proportional between the segments on 1t
measured from the centre

Let 4 be the end of the diameter, 0
the centre, P the pomt on the curve, 7'
and P’ the points where hines through 7
parallel to the asymptotes meet 04, «
and o’ the pomts at iptimty on the
curve

Then

(0 APoxc')=(x' AP0x'),
or taking intercepts on 04,
40 _P"0O
PO~ A0

(4) If throungh a fixed pomnt O a
variable line be drawn to meet two fixed
hines i 4 and B, and a point 2 be taken
on this hne such that 0P¢=04 OB, then
the locus of P 19 a hyperbola, whose
asymptotes are parallel to the given Iines

(Converse of (3)

CP:=PA" PB’

A vanable tangent to a hyperbola
meets the asymptotes in two points the
product of whose distances from the
centre 14 constant

Let @ and b be any two tangeuts and
«; and a, the wsymptoges  Then
(ay abayu,y)=(a, abu,a,)

Taking intercepts on the asymptotes
the 1equired 1esult 13 obtained

If points 4 and B be taken on two
fixed hines such that, if 0 be the point of
intersection of the hines, 04 OB s
constant, then the envelope of the hne
AB 19 a hyperbola, having 04 and OB
for asymptotes

Jonverse of (3)

(5) If two fixed ponts .1 and B on a hyperbola be joined to a varable point
P and the joining lines meet a parallel to an asymptote through a pomt on the
curve Cm A’ and B’, then the 1atio (4’ CB’ 18 constant

(6) The lines joining two fixed pomnts on a hyperbola to a variable point on
the curve intercept a constant length on either asymptote
In example (5) if A and B be jomed to another pomnt P’ on the curve o as to

meet the parallel to the asymptote in {7, B’

mhmty, A'A"=B'B"

Conac

, C4" CA" 44"

OB T OB B If C be taken at

(7) If a variable tangent p to a conic meet the tangents @ and b, drawn at the
ends 4 and B of a diameter, in A’ and B’, then the product A4’ BB’ 14 constant
and equal to the square of the sem diameter parallel to the tangents



202 Principles of Projective Geometry

Let a second tangent p’' meet @ and b m A", B Then (a.pp'ab)=(b pp'ab)
Therefore (4’4" A )=(B'B"0 B) Hence A’ BB'=.14",BB"=a constant

(8) Tf four pomts 4, B, C, D on a comc be joned to a pomt £ by lines which
meet the comc agan in A4°, B, ", I’ respectively, then AB C'1Y, AC B'D,AD BC,
BC A'D, BD A'C' and DC A'B are collinear with P

Let AB €' be N and BD A'C'be K If N, P, K are colhnear (¢’ D'C'1'B)
must equal (B AB'DC’) But (ABDC")=(A'BDC)=(DCA'B)

(9) 4, B, ¢, D are four pomts on a coni, P any pomnt on the conic and 0 a
pomnt not on the conic  0OA4, OB cut the come agam at 1, B’ Prove that
(0. ABCD)=(I" ABCD)x (P A'B'CD)
lat 0.1, OB and A'B meet DC 1n A", B", B” respectively  Then
(0 ABCD)=(A"B"CD)=(DCB"A"),
(P ABCD)=(A" ABCD)=(A"B"CD)~-(DCB™ 1"),
(I A'BCDy=(B A'B'CD)Y=(B"B"CDH)=(DCB"B"),
or ('111('1))(1‘ A BCDYy=DCB” " (DCB"B")y=(DUB"A”)
=(0 ABCD)
Q0) It PO, QUY, RO, SOS’ be four concurrentechords of the same com,

and conics be drawn thiough 0, P, , It, S wd 0, 77, @', ') 8" 1espectively, prove
that these conics touch at O

Let OT, OT' be the respective tangents to the two comics at O The tangents
OT and 07" will comade if (TQRS)=(T"'QR'S’), that 1s1f (O OQRS)=(0 OYR'S"),
that 1s1f (2 OQRS)=(" O R'S"), that1s1f (P'QRS)=(PQRS) Since PI”, O,
RR', 88 are conjugate ponts of an mvolution this condition 18 satisfied

(11) Prove that, if thiee pencils of 1ays are projective with one another, the
three conics generated by the mtersections of corresponding 1ays of the pencils
taken two by two have thiee common pomnts

et 8y, 5, 8, be the vertices of the pencils  The two coniwcs determuned by the
penals Sy, 8, and by the peneils §,, S will mtersect 8, and i thice other pomts
If dy, d,, d; be the 1ay+ of the pencils which meet at one of these pomnts, the pomts
dyd, and d,d, comade  Therefore d, d,, d, mtersect at the sune pomnt wd the
conie determined by the pencil« S, Ny passes through this point

103 Involution and Pole and Polar

Particular Cases

A conic determmes on every line m its plane an nvolution, the
conjugate pomts of which are such that the polar of each passes through
the other  The double pomnts of the mvolution are the points m which
the hine meets the comc (At 95 (&) and At 77) .

Consider a diameter of o parabola One of the double pomts 1s at
mfimity , therefore the other biseets the distance between every pan
ot compuze points  Henee, it the tangents at the end of o choad 1P’
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of a parabola meet at T and a diameter s drawn through 7 to meet the
chord 1n V and the parabola m @, TQ=QV  Again, 1f P be any point
and p 1ts polar with regard to a hyperbola, and a line be drawn through
P parallel to an asymptote to meet the curve m @, and p m V, then

PQ=QV
Deductions

()  The lines yornng the vertices of a tiiangle to the coriesponding vertices of ats
polar or compugate trwungle meet 1w o point

Let ABC be the triangle and A'B’'C” 1ts comjugate  Jom CC’ to meet AB1n D)
and A'B"in Iy Let AB A'B’be § Then the polars of A’ B, IV and § aro BC,
AC, 8C and DC respectively  Therefore (' D'SN)=(BASD)=(ABDS) Hence the
1anges A'BID'S and ABDS are projective and, since they have a self-corresponding
pomt i S, they are m perspective  Therefore A A, BIY', ('C" are concurrent

The conrelative theorem 1

The pownts of intersection of the sides of « triangle with the (% esponding sudes of
s compugate triangle w e collincay

(b) It two quadiiluterals are such that pve of the (crtices of the one are conjugates
of free of the vertis of the other with 1espect to a cone, then the rcmarning veitices are
also conpugate pornts

Let A', B, C", IY, E', F" be the vertices of one of the quadrlaterals, the points
A, B, ¢", and also the pomts €7, I, E’, being collnear  Construct «, b, ¢, d, ¢ the
polars of A’y B, ", IV, k' These pass through two pomts 22 and § the poles of
A'B'C" and of ("1 £ respectively, and ¢ 1 the lme joinng 8 The polar of £ 14
the lme Jommg @ etoh d  Denote this line by /1 a pont ¢ be taken imywhae
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on ¢ and hinesy CAE and CBD be drawn to meet a, 8, ¢, d n 4, B, C, D, then
ABCDE has tfhe given relationship to A’B'C"’'E’ The theorem will therefore be
true, if f through the point of intersection of 4B and DE This 18 the case
since the Yfiangles 4 2B and £SD are n perspective

The/correlative theorem 15

lf two quadrangles are suck that five of the ades of the one are comyugate lines of
(e of the mdes of the other wnth respect to u come, then the remaing sules are also
onjugate lines

(¢) If the extrematies of each of two dwgonals of a complete quadrilateral are
ongugate pownts with respect to a qrven conic, the ertremities of the third dvagonal are
tso congugate points wnth respect to the same conre

Let A, A’ and B, B be the ends of A
the two diagonals which are conjugate
pomnts  Let AB A'B be C and
AR BA be C’

Consider the pdiar tmangle of 4'3'¢C
This tnangle 14 1 perspective with
A'BC'  But the polar of A’ passes
through .1, and the polar of B’ passes
through 8 Hence AB 18 the axis of
perspective of the two trangles and
therefore the polar of (" passes through N
¢ Hence the theorem 1s truo

If P be the pole of AB(C with regard to the comc, the theorem may at once be
proved from the mvolution property of the quadrangle .1"3°C'/

e

(d) If four comes are described thiough thice fored points the lines yormang the
#1 other pownts of interxection to any one of these thice pownts form « pencil in
wnvolutron

Let the three fixed pownts of ntersection be A, B, (' and let the cones be
(1), (2), (3), (1) Denote the pomnt of intersection of (1) and (2) by 2Py, that of (2)
and (3) by P, and 50 on

Let the tangents to (2) at A and ("meet at T, Let T3B meet the comc (2)
@  Then (ACBE,) 19 & harmome range on the come (2) Therefore the pencil
(Pyy ACBQ,) 18 harmonx

Sinularly, if @,£; meet (1) 1n ¢, the penul (£, ACBE,) 13 harmonie

Smmlarly, thiough Py, Py, Py, Py, Py draw chords which are harmomc
conjugates of the connectors of these points to B with respect to their conngctors to
Aand C

Since there 18 only one harmonic conjugate of B with respect to AC on each of
these conics, these lines must pass three by three through four points ¢, @,, @,, ¢,

Hence the pomts Py, Py, he on the sides of the quadrangle ¢,0;(4¢,
and are such that their connectors to B are harmonic conjugates of the sides on
which they he with respect to their connectors to 4 and C

Hence, if BPyy, BPy, . meet AC m By, By, , Big, Bx,  are harmome
conjugates with rvespect to 4 and € of the points, in which the wides of the
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quadrangle @, Q;¢s@, meet AC But the points where the sides of @) Q. (3¢, meot
A4C form an mvolution Therefore By, By, By, form an mvolution Hence
their connectors to B form an involution

(¢) The poles of a pencil of lines, which pass through a faed pont, with respect to
u fized trangle, lie on a conw which crrcumscribes the triangle, and the tungents to
thes cone at the vertwes of the triangle intersect the opposite sides in the ponts, where
they are met by the polar of the given pownt

Let the variable line » pass through a hixed point 0 and moet the sides of the
triangle .ABC m A, B', ¢ Let A", B", C" be the harmonic conjugates of 4’, B, '
with respect to the vertices of the tuiangle with which they are collinear  Then P
the pole of p 18 the point of mtersection of .1.1", BB”, CC” For different positions
of p the ranges 4’ and C’ are projective  These ranges are projective with those
described by 4” and C”, which are therefore projective with each other  Hence the
penuls 44” and CC” are projective and therefore’ the locus of P 18 u comc through
4 and €, which by symmetry also passes through B

The tangent to the conic at 4 may be constructed by joining 0 to 1 to meet BC
in A, and taking 4,' the harmonic conjugate of .1; with respect te B, m which case
the line 44," 18 the tangent at 4  Hence the connector of the pomnts, where the
tangents at 4, B and € meet the opposite sdes of the triangle, 1s the polar of 0

Conversely the following theorem 18 obtamed

If P be any pownt on a conic circumser ibing a triangle ABC, the polwr of P, with
1espect to the trangle ABC, puasses thiough the pole, with respect to the cone, of the
line gorning the pownts, where the tangents at A, B and C to the conae mest the opposite
sudes of the truungle ABC

EXAMPLES.

(1) o, 'y B, B are any four pomnts on a conic  Fud the pomts £, 1” on the
conic separating harmomcally 4 and 4’ and also £ and /', and show that the linc
Joining the points 14 the same for all contes passing through the four points

The line determining these points 18 the polar of 44" BH

(2) 14, BB, CC’ arc thiee pairs of ponts homographically related on a cou
If 0, O be the self conjugate points of the system, show that the polc of 00’ and
the points OB 0’4’ and 04 OB are collinear

From the data (0 OO'BA)=(0' O0B'4’)=(0 CO0A'H)
Hence the penuls (0 OU'BA) and (O 0'0A'B) are projective, but 00 1 a

self corresponding ray  Therefore the pencils are 1n perspective  Honce the given
points are collinear

(3) Two lines SP and S¢ at nght angles are drawn through the focus of a
conie, mtersecting the directrix mn P and ¢ R s any powt on the conie and /R
and QR meet the comc agam in L and ¥  Prove that LM 1s 4 focal chord

PS8 and @S are conjugate hines (Art 96) and therefore /> and ¢ are conjugate
ponts  Hence by the converse of the construction for conjugate points (Art 95 (7))
the chord LM must pass through the pole of @, that 1s through the focus .5
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(4) 7@ 1 chord of a conic O 13 a pomnt on P and M 18 a pomnt on the
polar of O A parallel thiough 0 to M@ cuts MP at B ind the polar at 4  Show
that B bisects 0.4

Let MA meet ¢ m 7' Then (TOP¢) 15 harmonic Theirfore the penail
(M TOPY) s harmonic  Taking wtercepts on OB.L, 1t 18 seen that OB=BA

(") M, ¥V ue a hxed panr of conjugate pomnts with regird to a conic, 0 a
vauable pomt on the comic, OM, ON mcet the comc again m £, ) respectively,
prove that £, ) are a pan of conjugate ponts of a dehmte mvolution

L@ psses through thoe pole of the ine MV which 14 a fixed pomt

(6) The sides BC, Cudy 4B of a triangle 4 BC, self conjugate with 1espect to 1
given conic, ntersect any line pan L', B, €7, also 0 1s the pole of p Prove that
od, 04’ , 0B, OB, 0C, OC’ foruna pencil 1 mvolution

04 13 the polu of ., OB of B, OC of (" Hence the theorem 1s tiue

(7)  Given two pomnts .l nd B on a conie, ind two other pomts £ and € on the
conte such that .4 and B shall lie on a aircle of which 7@ 1y o diameter

Draw through 4 two pans of orthogonal 1ays AC, A" and 4D, AD  Jom CC,
DD to meet m A Every chord through A will determine on the conic a pan of
conjugate pots of an imvolution which subtend o night wgleat 4 Similarly from
B« pont L can be tound such that every chord through 7 will subtend 1 right
angle at B Hence the hine AL mneets the conic 1 the required pomnts £ and ¢

(8) Through a given pomt m the planc of @ conie draw o chord such tht 1t
subtends a nght angle at v given pomt on the come  Show that mn general there
1% one and only one solution

Describe on the come the mvolution forined by pans of hney it nght angles
through the given pomt on the comc  Let the chords which determine this
mvolution pass through 0 Jom 0 to the given pont, which 13 not on the conc
The Line so obtamed determmes the 1equired chord

(9) The anharmome 1atio of four diameters of a conie 18 equil to that of then
four conjugates

This 15 a patticular case of Art 95(¢)  The diameter «’ conjugite to a diameter
@15 obtained by jommg the pole of ¢, which 14 at mhmty, to the centre of the conic
The theorem may also be proved from the fact that conjugate diameters are parallel
to supplemental chords

(10) Find the locus of the centie of a conic which uicumscribes o given
quadrangle

Draw diameters through the middle points of the sides These form 1 pencil
whose anharmonic ratio 14 equal to that of thewr conjugate diameters The
anharmontce ratio of these hnes 13 given, since the conjugate diameters are parallel to
the sides ot the quadrangle 1ence the locus 15 a cone thiough the middle points
of the sides
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(11) 4, A’, B, B', C, (" are three pairs of pomnts on a conic  The double
pomts of the mvolutions determined by (B, B, C, '), (C, (", 4, A'), (4, 1", B, B’)
ate P, I, Q, ¢, R, R respectively Show that the mvolutions determmed by
(A, 4%, 2, ), (B, B", ¢ ), (C, (", &, I') have & common par of conjugate
points

If 8, T, Uare the vertices of the triangle formed by .{4', BB, CC', this triangle has
Pr, Q@' RR' for1ts polar tnangle and therefore the sides of S7U meet the corte-
sponding sides of PP, QQ', BRI m three collimen points  The line on which these
pomts are situated determines a common pai of conjugates of the thiee involutions

(12) If a trangle 13 mscribed 1 a comie, the pomnty m which two of the <ides
are cut by any straight line drawn thiough the pole of the third side are 1 pan of
conjugate points with respect to the conc

Diaw p a chord through the pole £ of the side BC' of the inscribed trtangle
ABC to meet the comc in I” and £, and the sidos A B and AC n @ and ¢ Then the
1ange (BCPP)1s haxmome  Project this range from 4 upon p  Then (Q@ L) 1
harmonic and therefore @ and @' are conjugite pomnts  Thus 1t may be shown that
the connectors of four pairs of conjugate pomnts on A5 and AC p s thiough R and
thercfore, smce these pairs of conjugate pomnts form two projective ranges, tho
counectors of all such pairs pass through £

104 Carnot’s Theorem
Particular Cases

s
£
8
Carnot’s Theorert (Art 99) may The correlative ot  Carnot’s
be put mto a shghtly different  Theorem (Art, 99) may be put into
form a shightly dufferent form

It mn the figwe C.B, meet BC It m the figure the lme jomng
m A4, then by Menclaus’ Theorem 4 to BB, CC, mect BC m A4,
then by Ceva’s Theorem

Ao, 0B, _ 1 A6, CB, __ 1
BC, AB, B4, BC, AB,~ BAd,

cA, U4,
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Hence the relation
AC, AC, BA, B4, (B, CB,
BC, BC, CA, CA, AB, AB,
=1
becomes

AC, BA, BA, OB, _Bd,

BC, 04, CA, AB, (A4,

(1) It 4 be situated on the
conie, O\B, becomes the tangent
at A Hence the following 1s
obtained

If one vertex A of a triungle
ABC be on a comc and the sudes
AB and AC gneet the comc wn
C,, B, and the side BC mneet the
com wn A,, 4, and the tangent at
4w A, then

4C, CB, BA, BA, BA,

BC, AB, CA, CA, (A,

o1 e

AC, CB, BA,

BC, AB, C4,

(u) If the three vertices ot
the triangle are all situated on the
conic and the tangents at these
pomnts mect the opposite sides 1
A;, B;, C; the theorcm becomes

BA, CB, AC,
CA, AB, BC,
Hence 4,, B,, C, are collinear

= (BCA )

=1

(1) Itthe comie break up mntoa

pair of lines the theorem 1s still true

It one of the lines 1s the line

at nfinity, Menelaus’ theorem 15
obtained, viz

AC, BA, CB,

BC, 04, 4B,~ !

Princples of Projective Geometiy

Hence the relation
AC, AC, BA, BA, CB, (B,
BC, BC, 04, CA, 4B, 4B,
=1
becomes
AC, BA, BA, CB, BA,
BC, CA, CA, AB,” ~ CA,
It BC be a tangent to the
conic, 4, becomes the pomnt of
contact Hence the tollowing 1s
obtained
If one side BC of a trwungle
ABC touch « conw at A, and the
tangents from B and C meet the
opposite sudes i By, C, and the
tangent from A meet BC wn
A,, A,, then
AC, OB, BA, BA,  BA,
BC, AB, 04, 04, ~ (4,
or
AU, CB, BA,
T BC, AB, CA,
It the three sides of the triangle
ate all tangents to the conic and
their pomnts ot contact are 4,, B,,
C, the theorem becomes

=(BCA A,

BA, CB, AC, _

CA4, AB, BC,
Hence 44, BB,, CC, aie cn-
current,

-1

If the conic bieak up nte a pair

of points the theorem 1s still true

It one of the pomts 1s the

centrtoid of the triangle, Ceva’s

theorem 13 obtained, viz
AC, BA, OB,

BC, 04, AB,~ 1
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Deductions

(@) Newton’s Theorem If through any two pownts O and O two pawrs of
purallel chords OAB, OCD and O A'B', O'C'D are drawn to meet a conw A, B, C,
D and Ay B, '3 1Y, then

04 OB_ON OB
0c 0D~ UC O

The lines 0.18, 0’ A’B’ meet at + pomt at
mhmty U, and the lines OCD, O'C’'D at a
pownt at mfimty V

Let O0' meet the come m A and L

Fiom the triangle 00’ U

04 OB UL UB' UL Oh
UL UB 04 OB OL OK
vdA UB
va UB
Thereforc 0.0 OB=0'.1' UB

=]

But =1, ymce U1s at mtnty

0L OK
Ul Oh
Similarly, from the tnangle 00V, N

OL Ok o
Y — als !_ _

0oC OD=0¢" UD DL 0K
04 OB _ 04 UB
oc 0D~ 0 oy

Therefore

The above proof assumes that the lime O¢' meets the comc m a pair of 1eal
pomnts A and L 1f OO does not meet the conic mn real ponts, O and ¢ must both
be external to the conic  Take any pomnt ¢ within the conic  Then the theorem
holds for the pairs of parallel chords through O and " and for pairs of parallel
chords through 0 and 0”  Hence 1t holds for pai illel chords through 0 and ¢

Deductions from Newtor’s Theorem
(1) If d and & ire the semi-diametery, and ¢ and ¢ the tangents, parallel to
0AB and OCD respectively, then
04 0B _d* ¢
0C 0D~ dT e

(2) In the case of an Ellipse, if O be the centre of the curve, 04 and OC a pair
of conjugate diameters, and ¢’ be taken on 04, then 1n the figme

* op:_ 0D oD o
04!~ BO OUA~ 04:=00'%’ D. —
S A
on: 00 K h N
ot ogET O~
(3) In the case of a Parabola, let UM U’ be an 8 ey
ordinate to a diameter PY, and S the focus Draw - )C

the focal chord @€ parallel to UU’ Then by
HPG 14
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Newton’s Theorem, since the diameter meets u
the curve at infimty,

UM UM _ QR QR 8

rH T PR 2
But 1 the hgure, if 7' be the diwrectinx, T E—h—M

RP=PT=8" Also, simmce QT¢ 19 a right
angle, /2 13 centre of cncle thiough 7Q¢, X
QRi=RT!=4 SP, GK\(
QR QR ) v
= pR =4 8P,
UMi=4 S PM
(b) If a cwrcle and a ventral conuc inteisect wn four pownts, the pans of chords
of wntersection e cqually indined to the aacs of the come
Let the comc and the cncle mtersect mn 1, B, (7,
D and let the choids AB and (D intersect in 0
Let d and d' be €ie sem: diameters of the conic
parallel to AB and CD) respectively
Then fiom the conic
04 0B ot
0C oD~ dr
and from the cicle

04 0B_
ac oD

Theretore =1 and d=d'

d?
'
Hence the semi diumeters of the conic par lel to AL and CD are equal, and

therefore equally mclined to the axes of the conmi, w ume also the chords of
mtersection ot the arde and come

Centre of Cousvatwre 1 v circle be described to meet o conic 1 three comeident
pomts 2] the arcle 18 tevned the cirele of cuvatuse at P and 1ts centie the centre of
cnvatwre  From the preccding 1t 15 seen that the tangent to the conic at P and
the common chod of the cncle and comic are equally inchined to the axes of the
comc  The centre of curvature 139 obviously on the normal at 2 Hence the
tollowing construction 18 obtuned for the centre of curviture at any pomt P

Draw PT the tangent at P and PL 1 chord equally inchined to the axis  Let M
be the middle point of /°Z, then € the point of intersection of the normal it ” and
the perpendicular through A7 to I°L 14 the centre of cnvature

EXAMPLES

(1) If .y, By, C, be the points where three concurient lines through 4, B, ¢
meet the opposite sides of a triangle, and a come through 4,, By, €, meet the sides
wm Ag, B,, (', then the lines A 4,, BB,, CC, are concurrent

(2) Tt tangeuts are drawn to a conie from the vertices of a tilangle to meet the
opposite wides m .4y, 1, By, B,, (), (', then 2 conic can be described through these
S1X points
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(3) It a comc cut the sides of a triangle 4ABC m 4y, A, By, B,, Cy, Cy, then a
couic can be described to touch the six ines .1y, 4d,;, BB,, BB,, ('C, CC,

(4) 1t a comic touch the sides of a triangle .1BCat ', B, €', and A", B” be the
harmome conjugates of A’ and B with respect to BC and Cd, a conic can be
described to touch the sides of the tniangle at 4, B, ¢’

(5) If a straight line meet a hyperbola m 4 and B, and 1ts asymptotes in 4’
and B, then 44’ and BB are equal

(6) It a comc meet the sides of a triangle ABC'm 1, d,, By, B,, ¢}, ;, and
4By, 4,B, mtersect 1 (3, B¢y and B,C, m A3, (14, and C,4, in By, then the
lmes 444, BB8;, CC; are concurrent

(7) The vertices 4, 8, ¢’ of a tnangle are jowned to any pont 2%, and the lhines
P4, PB, PC mecet the oppouite sides m 4, By, ¢; A conic 1s described through
A, 4, By, Cy, meeting BC 1 d,, and the tangent to the conic at .f meets BC 1n A,
Prove that the 1ange BCA,A43 15 harmomc and that 4;, 45 are conjugate poimnts ot
a definite involution .

(8) If P, ¢, £, 8 be the ponts of contact of the sides 4B, BC, CD, DA of a
quadrilateral arcumscnbed to a come,

AL BY CR —DS—I
B CQ DR AS™

(9) Extend Carnot’s theorem to the case of a polygon meeting the sides of a
conte

(10) If a hexagon A BCHEF ciicumscribe a conie and the sides 48, BC, CD,
DE, EF, FA touch the conic at A’, B, C", [¥, E', F’, and the ratios

A4’ BB
BA” OB
prove that abedef =1

ete be denoted by o, b, ¢, d, ¢, f,

(11) Show that, if from any two points the vertices of a triangle are projected
upon the opposite sides, the six points so obtamed lie on a conic, and find by the
ruler only the points m which 1t cuts agan the rays of projection

(12) Through a pont 2 on a conic chords P4, PB are drawn, and chords (U,
MDI)' are drawn, respectively parallel to these, through another pomnt #, not on the
conic  On PA, I’B lengths P@, 'R are taken mversely proportional to

MC MC  MD MU
P4 rn
Prove that the normal at P to the conic 1s 4 diameter of the circle PQR

(13) Prove that, if a circle intersocts a parabola 1n four pomnts, the pairs of
connectors of these points are equally inclined to the axis of the parabola, and
obtain a construction for the centre of curvature of any pont on the parabola

14—2



CHAPTER XVI

DEDUCTIONS FROM PASCAL’S THEOREM, DESARGUES THEOREM,
AND THE COMPLETE INSCRIBED QUADRANGLE AND CIRCUM-

SCRIBED QUADRILATERAL OF A CONIC

PERSPECTIVE

CONICS IN SELF-

THE RECTANGULAR HYPERBOLA

106 Pascal’s and Brianchon’s Theorems

Particular Cases

Pascal’s and Brianchon’s Theorems are true for any six pomts on any
conic and for ary six tangents to any comic There are certan particular

cases which should be noted

(1) If two of the six points
comeide, one of the sides of the
hexagon 13 replaced by a tangent
Hcnce the following 1s obtained

KN
N A

‘;\\x_e
e
L\Y\G'—<p
\\j

M

If ABCDE be o pentagon wn-
scribed wm a comic and BC meets
the connector of AB DE (= K)
and CD EA (= L) m M, then the
line ME 1s the tangent at E

Hence given any five points on
a conic the tangents at any of
these points can be constructed

If two of the six tangents
coinude, one of the vertices ot the
hexagon 18 replaced by the pomt

of contact of a tangent Hence
the following 15 obtained
a b
m
{ \
e

S~ C

If abede be a pentugon curcum-
scribed to « comc and m s the
connector of bc to the ppint of
witersection of ab de (= k) and
cd ea (=1), then m passes through
the pownt of contact of e

Hence given any five tangents
to a conic the points of contact
of any of these tangents can be
constructed
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() It two pans of the six It two pairs of the six tangents
pomnts comcide, the properties of concide, the properties of the
the complete quadrangle mscribed complete quadrilateral —circum-
mn a conic are dbtained, viz scribed to a comc are obtained,

viz

b

A /@\

\\\ _,4/

s

-

C

/

d

If « quadiangle be wnscribed If « quadnlateral be curcum-
wm o a come, the pownts of wnter- scrbed to « conw, the connectors
section of the tangents at the ver- of the powts of contact of the
tices le two by two on the sdes tangents pass two by two through
of the dwagonal pownts trangle of the pownts of wtersection of the
the quadianyle dwgonals of the quadrilateral

(m) It three pans of the If three pars of the wx
six pomts comende, the followmng  tangents comeide, the following

theorem 14 obtained theorem 1s obtamned
L
/N
N
/* V2 A\\ ~
N
~ \
=%
/’//’
If « trangle be wnscribed wn a If a trungle be circumscribed

come, the tangents at the vertices to a comc, the lines jormng the

wntersect the opposite sides wnthree pownts of contact to the opposite
collinear ponts vertices are concurrent
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The Parabola 1In the case of the parabola the pomt at infimty on
any diameter 1s on the curve and the line at infimty 1s a tangent to the
curve Consequently the theorems of this article may be expressed in
a simpler form for the parabola  The deduction of thest results 1s left
as an exercise for the reader

Principles of Piojietice Geometry

Pascal’s Hexagons for sie pownts It any six ponts are taken on a
conic, 60 Pascal Hexagons can be formed by taking the s1x points n
different orders The properties of such i sag n- are given i Art 146

Deductions

(«) The locus of the poles of

tangents to one comc wnth respect to
a second conac 18 a conic

The envelope of the polars of
pounts on one comic with respect to
a second comic 18 a conic

<
Let a, b, ¢, d, e, f be any «ix

tangents to the given conic  Then
by Brianchon’s theorem, k, [, m
the three connectors of pans of
opposite vertices of the hexagon
formed by these lines are con-
current Let A, B,C, D, E, F be
the poles of «a, b, ¢, d, ¢, f with
respect to the second conic  Then,
since &, [, m are concurient, K, L, M
the points of mtersection of pans
of opposite sides of the hexagon
ABCDEF arc collimear  Hence
by the converse of Pascal’s theorem
the pomnts 4, B, C, D, E, F lie on
a come If £ be regarded as a

Let 4, B, C, D, E, F be any
six pomts on the given conic
Then by Pascal’s theorem, K} L, M
the thiee pomts of 1ntersection
of pairs of opposite sides of the
hexagon formed by these points are
collinear  Let a, b, ¢, d, e, f be
the polus of 4, B, C, D, E, F
with 1espect to the second conic
Then, smee K, L, M are cdilinea,
k, I, m the connectors of pairs
of opposite vertices of the hexagon
abedef are concurrent  Hence
by the converse of Brianchon’s
theorem the lines @, b, ¢, d, ¢, f
touch a come If F be regarded
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variable hne, 1t follows that the as a vanable point, it follows that
locus of 1ts pole F 1s the comic the envelope of 1ts polar f 1s the
ABCDE conic abede

1]

(0) Construction of Projectwe Ranges on a Comc and of thew
self-correspondeny pownts

Two projective ranges on a
conic are determined, when threc
pawrs of corresponding elements
are given By Pascal's theorem P
the self-corresponding elements \ /N L
can be found \\

Let 4, B, C, A’, B, (" be the
determiming elements Then the
pencils (4 A'B'C’) and (4. ABC)
have a self-corresponding ray in
AA’ and are therefore in perspective  The axis of perspective 18 the
Pascal line of the hexagon AC'BA'CH, that 1s the line KL in the
hgure If @ be any pomt on KL, the hines 4Q and 4’Q meet the
cone 1 pomnts P and P’, which are correspending pomts of the ranges
ABC and A'B'("  If the hme KL meet the come i M and N, these
pomnts correspond to themselves and are the two self-corresponding
pomts of the ranges ABC and 4’B'C’ on the come

Given the self-corresponding pomts, M and N, of two projective
ranges, and a pair of corresponding pomts, 4 and A4’, the 1anges can be
constructed  Take any pomnt @ on MN and let QA" and QA4 mect the
come 1 P and P’ 1espeetavely, then P and P’ are concsponding points

Conversely, of pomnts @ on a fixed line MN be joined to any pan
ot fixed pomnts 4 and 4’, and Q4, Q4" mert the come m 7”7 and P,
these pomnts are corresponding pomts of two ranges having M and N
for self-corresponding pomts and 4 and 4’ for conresponding points

By the correlative method the self-corresponding elements of two
projective systems of tangents may be constructed

°

B

EXAMPLES

(1) If through the points 4 and B, where a tangent to any hyperbola meets
the asymptotes, lines parallel to the asymptotes be drawn to intersect in ¢, and ) be
the centre of the hyperbola, 0@ passes through the pomnt of contact of the tangent
and 13 bisected at that pont

This 18 a particular case of (n)
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(2) If through the points of contact of two tangents to a parabola, which
tersect in 7, lines parallel to these tangents be drawn to intersect m 7, TVis a
diameter of the parabola and 1t 13 bisected by the chord of contact

This 18 a paitiqular case of (1)

(3) Pand ¢ are two pomnts on a conic and pairs of chords P4, B are drawn
through P, and @C, @D through @ Show that it PA and ¢C meet m R and PB
and @D n 7, then the lines AD, BC, RT are concurrent

PACQDB 15 a hexagon mscribed 1n a comic and therefore by Pascal’s theorem
the trnangles ACR and DBT are m perspective

(4) Thiee straight lines are drawn parallel to the sides of a triangle, show
that their s1x points of intersection with the wides of the triangle lie on a conic
Converse of Pascal’s theoremn with the line at infinity for axis of perspective

(5) The hexagon which 1y forimed by the vix points of intersection of alternate
paars of sides of a Pascal hexagon 13 a Brianchon hexagon

If the vertices of the hexagon formed by the six pomnts of intersection of
ternate pairs of wides be d, B, C; D, £, F, the triangles ACE and BDF are m
perspective, the axis of perspective heing the Pascil line of the given hexagon
Hence AD, BE, CF are concwrrent and the hexgon 13 a Brianchon hexagon

(6) Tt through any two fixed pomnts €' and €’ on a conic choids CB, C4', C'4,
("B be drawn and CA4, ("B itersect m Wand C'f3, CA” m W', then AB, B.\’", WW’

are concuirent
Consider the Pascal hexagon 4CA4'BC' B

(7) 1f the wides of » given tnangle meet a conic ;m s1x ponts, the tr1ingle formed
by joinmg the «1x points i paurs 14 1n perspective with the given triangle

(8) 0, O, )" are three fined collinear pomts and 4 18 any pomt on 1 fixed
conic & A0 meets § B, BO' meets S n C, CO" meets S n /) Prove that 4D
will always pass through a fixed pomnt

Range described by A4 13 projective

with
1ange described by B,

hence with
range described by C,
hence with
1ange described by D
Let OD meet the comc i ' and OB
meet the come m €' Then 0'C’ will
pass through 4, for ABCDB' ("' 14 a Pascal
hexagon Therefore 4 and 72 mutually
correspond  Therefore they are conjugate pomts of an involution on the conic and
consequently 4D always passes through a fixed point

(9) If the conmcs of a system pass through four pointr 4y, B, C, D, and a fixed
chord through A meet one of the comecs in P and the tangent to the same conic at
one of the pomnts (€) in 7%, then P and I” describe projective ranges
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Consider the Pascal hexagon 4 PBCCD
m which two vertices are comncident at ¢
Then, m the figure, K 15 ixed and D'
and AP are fixed Jines

The range P 18 projective with the
range L on (D This 18 projective with
the pencil BL and this 13 projective with
the ringe P

Therefore the ranges /” and 7 we
projective

(10) A system of comics passes
through four real points 4, 2, €, D Provc
that the harmonic conjugate of A€ with

regard to AB wind 4D 1s cut by the conies and the tangents at € n an mvolation,
whose double pomts are 1cal

Let AP the haimomc conjugate of 1€ with >
regud to 17 and A4/ meet a conic ot the system
m P nd the tangent at ¢'in /*  Let OB and (')
meet AL m K wnd L Then winw the penal A
(0 BDCP) 15 hamoni, (C BDCP) 13 haymonic AT
Therefore (A LF P) 13 harmonic and ” wd 7” ue .

v parr of conjugate points of an mvolution of which /
K and L are the double pomts (
\

(11) A quadrangle ABCPH 13 nscubed m
pwibola  thiough two of 1ts vertices ' and D b - e
stiaight lines are diawn parallel to the axis, mect- oL C
mg D4, BC m P and @, show that PQ 15 -

parallel to AB ,///
If « be the point at mtimty on the parabola,
the hexagon B1Dx o C' 13 msnbed m the parabola  Therefore the pomnts

BA ww, AD =, (B Dx are collincar  Hence PQ and 48 me puallel

106 Desargues’ Theorem
Particular Cases

(1) If mm Desargued’ theorem (At 101) the transversal be drawn
through onc of the four points of intersection of the system of conies, 1t
does not meet the system of conies 1n an mvolution propetly so called
In this case, however, the tollowing theorems hold

(@) A system of comcs through fouwr paed pownts determanes on
any two transversals, drawn through two of these powts, two ranges
which are wn perspective

Let A, B C, D be the pomts of mtersection of the comes  Through
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A and B draw any two transversals AE and BF to meet one of the
conics 1n E and F
Let AE CB be L,
AD BF be K,
and DC EF be M

Then K, L, M are collinear by Pascal’s theorem But the pomnts L
and K are fixed as 1s the line DC, and therefore M 1s a fixed pomt
Hence, since £F passes through the fixed point M, the ranges £ and F
are 1n perspective

(b) A system of conacs through four fired pownts determanes two pro-
Jectwe 1anges on any two transversals, drawn through one of these ponts

It a third transveisal be drawn through one of the other points
of intersection of the comes, the range determimned by the conics on this
transvcrsal 18 1 perspective with each of the ranges on the given trans-
versal, which are therefore projective with each other

From («¢) and (b) the following theorems are obtained

Gwen four pownts on a come 4, B, C, D and two fired lines AE, BF
each passing through one of them, and meeting the comc wn E and F, the
le EF passes through a fired pownt

Gen four pownts on a come A, B, C, D and two fized lines through

one of them, AE, AF, meeting the comc w E and F, the envelope of EF
28 @ cone

The corrclatives of theorcms (1) («) and (1) (b) are as follows

If a system. of concs be described to touch four, fized lines, the pencils
Jormed by the tangents to the conics from two pownts, each on one of the
fized lines, are wn perspectvve
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If a system of comcs be described to touch fowr fired lines, the pencils
formed by the tangents to the comcs from two pownts, both on one of the
Sfixed lines, are projective

() If a’system of comcs be described through two gwen points, Q
and ', to touch two gwen lines p and p’, the chords of contact of the
conics unth p and p’ pass through one 01 other of two fired pownts, and the
poles of QQ' lie on one or other of two fized lLines

Consider the quadrangle formed
by the pomts i which a cone
ot the system meets p and p’ Let
Q@ meet p and p’ in P and P and
their chord of contact m O  Then
Q, PI” arc two pauts of conjugate
powmnts of the mnvolution determined
by the comec on Q@ Of this m-
volution O 1s a double point and,
since this 19 a given mvolution, 0 18
one or other of two given points

The second part of the theorem 15 the correlative of the first

(m)  The polar of a gwen pownt unth 1espect to o conc passes through
the conyuyate of the quen pownt with respect to every quadrangle inscribed
w the comic  (Sce Art 57)

Let O be the given point, ABCD any mscribed quadrangle, and G
and £ the pommts AB DC and AC BD Jom A, B,C, D to O to meet
the comic again m A’, B, (", I, respectively  Let AB and €]’ meet
m K and let OK meet DC m K’ and the polar of O m M Then
OMKK' 1s haimomie and theretore (G OMAC) 1s harmome

By Example (8), At 102, BD and ("A’ meet 1 a point N on OK
Let AC meet OK in N Then N and N' are harmonic conjugates of
O and M Theretorc (£ OMAD) 1s harmome Hence M 19 the
conjugate of O with respect to the quadrangle ABCD

If the connector of the given pomnt O to 1ts conjugate M with regard
to the gquadrangle meets a comic in real points P and P’, the points
O and M are double pomnts of the involution determined by conics
circumscribing the quadrangle  Therefore OMPP’ 1s harmonic and 0,
M are conjugate points with regard to the conie

Deductions

E]
(@) If three comes curcumscribe the same quadranyle a common
tangent to any two s cut harmowially by the thurd comc
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The pomnts of contact arc the double ponts of the involution
determined by the comes on the common tangent

If through the wntersection of a paw of common chords of two conws
@ tungent be drawn to one of them, this tangent 1s cut harmonveally by
the other comc

This theorem 18 a particular case of the preceding, one conie being
replaced by a pan of lnes  The tangent from the pont of intersection
of the common chords may be looked upon as a common tangent

If two concs have donble contact with each other, any tangent to one s
ot har monseally, at the pownts wher e 1t meets the other, at its pownt of contact
and at its pownt of wnter section with the common chord (Cf Art 131)

The preceding theorcm takes this form when the two common chords
comade

The correlatites of the precedimg should be noticed  they are as
follows

If three conws are wscribed en the same quadi lateral, the tangents to
two of themn at « pownt of intersection are harmonue comguates of the
tangents from this pont to the third

The chind goung the pownts of wntersectron of two pans of common
tangents to two conics, the tangent to ome of them at a pownt where this
chord meets it, and the puinr of tangents from this pownt to the other comc,
form « har monwe pencil

It two conwes have double contact with each other, the tangent at any
pownt () on one 1s a harmonw conjugate of the line jowning ats pownt of
contact (1”) to the inter section of the common tangents, with respect to the
two tangents from that pownt () to the other come  (Cf Art 131)

(b) Thcre 13 an mmportant group of theorems the proots of which
depend on the correlative of Desagues’ Theorem and on the properties
ot orthogonal mvolution penals (Art 38)  In mvolution 1anges there
19 no property stiietly correlative to these properties of an volution
pencil and consequently these theotems have no correlatives

Director Circle and Directrix ¢

The locus of the pownts of inter section of tangents to a conc, which are
at 1ight angles, ws for an ellypse 01 hypeibola « concentric cucle (real o
wnagmar y) ter med the dv ector cucle, and for a parabola the dw ectria

Ellwpse and Hyperbola

L}
Draw any two perpendicular tangents 7P and 7'Q to touch the
conie at P and @ Jom P and @ to 0, the centie ot the conic, to meet
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the curve again in P’ and ', and let the tangents at P’ and @ interseet
mm 7" The four tangents at P, @, P, Q' torm a rectangle Two of the
pairs of opposite vertices are 7' and 77, and S and &', and the thud pan
consists of the points at infinity mn the duections 7Q) and 7'P

Take any other pomnt R, the tangents fiom which to the conic are
at right angles, and conwider the mvolution determined at R by the
conic and the cncumsenibed quadnlateral 78'7°S

r |

Two pairs of conjugute rays of this mvolution are at nght angles,
viz the pair of tangcnts from R to the come and the connectors of B
to the pomts at infimty on 7' and T'Q Tharctorc every pan of
conjugatc rays are at night angles  Theretorce the angle TRT 15 a
right angle, and the locus of R 15 a crdle described on I'7% v diametr
This circle has O tor 1ts centre

If the conic be an ellipse, and A, A" and B, B be thc ends of the
major and minor axes, @, Q" and P, P may be taken to comade with
these ‘ponts, and 1t follows that 07" =04+ 0B

It the conic be a hyperbola and OA4 and OB be 1ts semi-transverse
and scmt conpi s+ axes, the tangents to the conic from pomts on the
transverse axis at distances + ¥ 0A? — OB arc at night angles (Ex (7),
page 185)  Hence 1n this case O7*= 04? - OB-

1t the hyperbola 15 rectangular, the director errcle becomes the centre
ot the hyperbola, and 1f the hyperbola 1s oblique the arcle 15 imagimary
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Parabole  Let T and R be any two pomnts the tangents from which
to the parabola are at right angles, and let T'P, TQ be the tangents from
T Let oo represent the hine at inhmity  Consider the involution pencil
determined at R by the quadrlateral 7Q, TP, «, % and the parabola
The tangents from R are at right angles as are also the ines joming R
to the points at infimty on TP and T'Q Hence the involution pencil 19
orthogonal Therefore RT 1s perpendicular to the line joning R to the
pomnt at mmhnity on the parabola, that 1s to its axis  Since I’ may be
taken on the axis, R71 1s the directrix

Pawr of Pownts If the comc become a pair of pomnts (Art 94) the
director arcle 18 the circle described on the line joining the points as
diameter

(1) Propertiés of the Directrix of a Parabola

(1) The duwectra of a purabola passes through the orthocentre
of every cwrcumscribed truangle or The duectra of every parabole
wmscribed wn a truangle passes through ats orthocentre

Let ABC be a tnangle cn-
cumscribed to a parabola, O 1ts
orthocentre, «, b, ¢ 1ts sides and
oo the hne at mfimty Then
abcoo 15 a circumscribed quadri-
lateral of the parabola  Consider
the involution subtended by 1t
at O A pawrof ¢ *1 _  rays
of this mvolution are the lmes
jomng O to be and ax  These
are parallel to 04 and @ and
are therefore at right angles
Similarly the lines jomning O to
be and ¢ are at nght angles ,
Theretore the involution pencil 18 orthogonal and the tangents from
0 to the parabola are at nght angles Therefore O 1s on 1ts directrix

(2) The dvrectriz of « parabolu wnscribed w « quadrilateral passes
through the orthocentre of each of the four triangles formed by the sides
of the quadrilateral and therefore the four orthocentres are collinear

This follows from (1)
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(3) The curcles described on the dwagonals of a quadrilateral as
dwameters meet the line of orthocentres wn the same purr of pownts and
are ther efore coaxal

Consider erther of the points of inteisection of two of the circles  The
mvolution subtended at this point by the vertices of the quadrilateral
18 orthogonal Hence the circle described on the third diagonal passes
through the pomnt and 1t 18 a pont on the directrix of the inscribed
patabola  Hence 1t 1s on the line of orthocentres ot the quadrilateral

From (3) 1t follows that the middle pomnts of the diagonals of the
quadrilateral, being the centres of a system of coaxal circles, are
collinear, and that their hine of collinearity 15 perpendicular to the hine
of orthocentres, which 1s the 1adical axis ot the coaxal circles

(1) Properties of the Director Circle of a Conic

(1) The duector curcles of a system of conwcs wnscrihed wn « quadri-
lateral are coaxal

(8) The curcles described on the dwugonul of the quadrilateral ps
dwvmeters are cwrcles of the system

(8) The radical aurs s the durectrix of the wnscribed parabola, and
8 also the lune of orthocentres of the quadrilater al

Consider one of the pomnts of intersection of two of the director
arcles  The system of tangents to the conics from this point forms an
orthogonal mvolution, and therefore the director circles of all the conies
pass thiough the point, including the cucles descuibed on the diagonals
as diameters and the directrix of the mscribed parabola The same
applies to the second pomt of intersection of the circles Hence (1),
(2) and (3) are true

4) The self polar curcle of a
truangle cuts the director curcles of
all conws wnscribed wn the triangle

’ 1

Let ABC be the triangle, ¢, b, ¢
1ts sides, O 1ts o1thocentre,and A 4’,
BB, and CC’ the perpendiculars
from the vertices on the opposite
sides

Then O 1s the centre of the 8 -
crrcle with regard tp which the v~
tniangle A BC 1s self-conjugate and T Ng
OB OB’ 18 equal to the square of 1ts radius (Example (5) At 88)
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Draw any two straight lines p and ¢ Desciibe a conie S to touch
a, b, ¢, p, ¢ and systems of comcs to touch «, b, ¢, p and a, b, ¢, ¢ The
pont O1s on the radical axis ot the director circles of both these systems
and therefore the tangents fiom O to the director crcles Of both systems
are equal  These must be equal to the tangents from O to the director
arrele of § and are therefore all equal

The pair of points 4, B constitute a conic inseribed 1in abe and the
ccle deseribed on A B 1s 1ts director cuiele  This eirele passes thiough
B Henee the squate of the tangent fiom O to this cnde equals
OB OB Hence the squares of the tangents fiom O to the duector
arcles of all conies nsernbed 10 abe are equal to OB, OB’ Therefore
the aircle with regard to which the tiiangle 15 sclf-conjugatc cuts the
director circles of all conmcs mseribed 1 abe orthogonally

Corr This gives another proof of (1) (3), fo1, since the tour selt-con-
jugate arcles ot the triangles of a quadrilateral cut the director creles
of the mseribed conics of the quadnilateral orthogonally, these latter are
coaxal (A1t 88, Example (10)), and the orthocentics of the tiangles
are collinear and lie on the radical axis

(c) It one quudiangle can be wnscribed wn « cone so that two pavrs
of opposite sudes touch a second conuc, an anfinate number of quadiangles
can be constructed v @ sumlar manner

Let ABCD be a quadrangle
described about a come U and
mscribed within a come ¥V Let
PQRS be a second quadiangle de-
sciibed about U so that P, @, R
are on V and let PS, RS mcet V
n 1, y respectively

It 15 necessaty to show that
S, 2 and y comeide

The lines jomning P (any pomt
on V) to the vertices of the crcumseribed quadrilateral ABCD ot the
conic U are pairs of conpizate rays of an ivolution of which the
tangents from P to the come U are conjugate 1ays (correlative
of Desaigues’ Theorem) Therefore (P AC, BD, Qa) 15 an mvolu-
tion pencil and AC, BD, Qz form an mvolution on V  Sumlarly
(R AC, BD, Qy) 15 an mvolution penal and AC, BD, Qy form an
mvolution on V

Since these mvolutions on the conic V are determined by AC, BD,
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and a pomt can have only one « 1.,

295

Py

21+ 1n a given mvolution, » and y,

which are conjugates of @, must comeide and the quadiangle PQRS 14

therefore msciibed 1 the conie V

() Iy two.pomt.s are conjugate
anth reqard to two cowwes of «
system of conics through four fired
pornts, they wie conjugates with
regard to all conwes of the system

The polars of o pommt P with
respeet to the conmies  all pass
through P, the conpugate of 2 with
regard to the quadrangle formed
by the tfomr fixed pomts ((m),
At 106)  Heneo P must be the
common conpugile of Pwith respect
to the two conmes and 15 a common
conjugate ot I with 1cspact to all
the comes ot the system

This may also be deduced friom
Desargues’ Theorom

(¢) The polwrs of any two
Suwed pownts with 1espect to a systen
of cones through fouwr fired points
form two projective pencils

Let P and @ be any two fixed
pomits, I the line joimng them, and
Py, Qthcir common conjugatcswith
respect to tho systam ot conres
((d) above)
conies which mccts £ rcal points
A and 4 The polus ot Pand ¢
will be two hnes p', ¢ which pass
through P, and @, respectively
wnd meet [ m a pan of pomts P, @
which are harmonie conjugates ot

P and @ with respect to A, 47

Considar one of the

[ ]
Consider a seeond conic ot the
system, which mects & mm B, B,

If two lines wre conjugute with
requrd to two contes of a system
of conues touching fowr fired lines,
they are conjugates with regard to
all comcs of the system

The poles of a line p with re-
spect to the conies Al hie on o Ime
P, the conjugate of p with 1espect
to the quadiilateral formed by the
tour fixed hines (Corl (1), Art
106)  Hence p’smust be the
common conjugate of p with respeet
to thc two contes and 15 a common
conjuz e of powith wespect to all
the conies of the system

Thismayalsobededuced from the
correlative of Desagues’ Theorem

The poles of any two fued lines
with 1espect to « system of conics
touching four fired lanes form two
Pprojective ranqes

Let p and ¢ be any two fixed
lmes, L theur pomt of mterscction
and Pos Yo then common conjugatcs
with 1cspeet to the system  of
contes ((d) above)
ot the contes to which the tangents
from L are 1cal limes a and o
The poles of p and ¢ will be two
pomts £, @ which lie on p, and
o 10spectively and then connectors
to L are o pan of lines p’, ¢" which
are harmonie conjugates of p and
q with respect to «, @’

Consider a sceond conic of the
system, the tangents to which from

(‘onsider one
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a second pan ot polars p”, ¢” ot P
and @ arc obtamed These pass
through P, @, and mcet ¢ in points
P, ', which ate hatmonic con-
jugates of P, ¢ with 1espect to
BB

Procceding m a snnilar manner,
on [ we obtamad two ranges of
pomts PP and QQ"Q”
which are harmonic conjuigate~ of
P and () with respect to AA’, BB,
CC’,  where the latter ponts, by
Desargues’ theorem, arc pans of
Conjuzate ponts of an mvolution

Hence (Example (7), Chapter
virt) the ranges P'P"P”  and
QR
the penals p’p”p”  and ¢'¢"¢"”
through P, and @, are projecting

are projective Therefore

Princples of Projectiie Geometi y

Loare bV, a second par of poles
P, Q" ot p and ¢ are ohtamned
These lie on p,, q, and therr con-
ncetors to L are p’% ¢”, which arc
harmonic conpugates of p, ¢ with
respect to b

Procecding 1n a similar manner,
through L are obtamed two peneils

of rays p'p”p”  andq’q”¢”  which
are harmonic conpuzg <ot p and ¢
with respect to aa’, bb’, ¢/,  where
the latter 1ays, by the correlative
of Desargues’ theorem, are pans of
conjugatc rays of an mvolution

Hence (correlative ot Examplc

(7), Chapter viir) the pencils
pp"p”  and ¢¢"¢"  are pro-
jective  Therefore  the ranges
PP'P”  and @Q"Q” on p,

and g, are projective

EXAMPLES

(1) Prove that wn symptote to a hyperbola 15 cut by the three pns of
opposite sides of a complete quadrangle msciibed mn the hyperbola m three segments

with a common middle pomnt

The double pomts of the mvolution determmed on the asymptote are the points
of contact of the two coniws which can be described through the vertices of the

quadiangle to touch the wymiptote
the asymptote touches the hyperboly

One of thcse 19 the pont at finity at which
Hence the other double pont bisects the

distances between all paus of conjugate points

(2) A urcle has double contict with a hyperbola and fiom £’ o pomt on the

latter ate drawn PAM, parallel to an asymptote to meet the chord of contact 1 M,

K

and 7 to touch the encle at 7 Prove that PM=DPT

Let P’M meet the arde in 4 and A’

Then 215 the centre and M a double

pont of the involation determined by the hypetbola and circle on Py Tuerefore

Pii=PA PN =PT?

(3) Given eight pomts m 1 plane and any straight line not pissing through
one of them, provc that in general two conics can be drawn, one passing through
four points selected from the eight and one through the other four, so as to intersect

each other in two points on the line

1

The two points on the hne are the common conjugates of the involutions
determined on the line by the two quadrangles
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(4) Four pomts d, B, C, D are taken on a comc  Any straight line through
meets the conic again m /)’ and the sides of the triangle in 4, B, (" Prove that
(4'B'C'D) 18 equal to (4 BCD)

Let the tanggnt at .4 meet DD m .4,  Then if 2 be any pomt on the come
(P ABCD)=(d ABCD)=(4,C'BD) But (4;("BD)=(1'B("D) by Desargues’
theorem, for A AB(" 1 an insciibed quadrangle of which two ponts comade at 1

(%) If the fowm pownts of mtersection of two parabolas are concyche their axes
are perpendicular

The parabolas and the cucle determme an mvolution on the line at mhmty of
which the points of contact of the parabolas are the double points These points
we therefore haimonic conjugates of the arcular ponts «t infimty  They therefore
subtend a right angle at any point and the wxes of the parabolas are consequently
at night angles

(6) Two parabolas whose axes wre perpendicular intersect mn tour concyche
points

(7)  ABC 15 o tnangle wnd D, K, F are thiee ined pomnts on‘ BC, CA, 415, such
that A /), BE, CF are concuirent A conie passing thiough DEF and any fourth
point meets BC, CA, A1 agan m DYy B’ K" DProve that £'F'; F'I), D'E’ each pass
through a fixed pomt, ind that the point of concurrency ot 1D, BE', CF lies on a
fined conie circumseniing the triangle ABC

Smce the conmie passes through fon
fixed pomnts ind the sides of the tnangle
each pass through one ot these, the 1anges
£ wmd F’ are m perspective (Art 106
(1) (@) E'F’ therefore passes through
v haed pomt  The penals BE', CF' are
projective  Therefore ¢ describes a conic
through 2 and ¢ and by symmetry
through .

(8) Ghven two quadranglesn a plane
prove that i general thiough any point />
1 the plane miy be drywn three straight
hines such that on each the mates of 72 the two mvolutions determmed on 1t by
panrs ot sides of the two quadrangles corncde

Let £ be the given pomt and ABCH wd A'BC'D the given quadiangles
Desciibe conics through P, 4, B, €, D and P, 4, B, ", I let these conics
mtersest m ), 2, S Consider the hine P P, ¢ are conjugate ponts of the
mvolution determiined on £¢ by the sides of the first quadrangle P, ¢ are
hikewise conjugate points of the involution determimed on £Q by the sides of the
second quadrangle  Therefore P 19 one of the required limes  Sumlarly £ and
S are the other two required lines

(9) Two conics intergect in four ponts A, B, (, ) Through 4 and B two chords
AEE', BFF' are drawn to intersect the conics mn £, F' and E’, F’ respectively
Then EF, E'F mtersect on (D See A1t 106 (1) (o)

= )
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(10) If the tangents to y come S at pomts U and V meet at > and two lnes
be drawn through £ to mect the conic in W and X, the conie N deseribed thiough
{, V, W, X to touch PH at W will touch PX at A

Since UV I 18 a common mscribed quadrangle of the two coyics, the tangents
it Cand 1 to N and at B and X to 8" will itersect on the Ime Jomng X VW
to (710 1.\, this hine bemg the common polar of (17 W.A  Hence P 15 on this
hoe wnd, since the tingent w W t0 .S" meets 1t at /2, the tingent at V" to S” hike-
wise passes through /2 and 19 the line 2.\

(11) 1 two conmes N and S intersect in O, 7, 1, and /7* the pole of U7 with
1espect to N comades with the pole of WX with respect to &) then the pole of
{717 with 1espect to 5’ comades with the pole of WA with respect to S

Let the pole of UV with respect to 87 be £ and the pole of WY with 1espect to
Sbe 2 Then P, R, £ me collimear bemg on the common polar of UV WX

Let this line meect S, 8, and 17 wd WA 1 *4.4°, B, Q¢ These ponts form
an mvolution

Smec 2 1s the harmonic conjugate of @ and ¢ with 1espect to 1.7 and B, the
vinge 1ABB s hammonie (Example 9 (), Art 61)

Hence 28 and £ the hamonic conjugites of ¢ wd ¢ with respect to .1.1" and
BB comade  (Example 9 (b), A1t 61)

(12) If from  fined point 0 v scries of purs of tangents be drawn to v system
ot conies which touch four given lines and these tangents meet 1 fixed conic of the
system (to which O 15 external) m s wiable pomnts 22, /7 and @, ¢/, show thit the
pomnts of wtersection of ¢, £7¢/ wd of ¢ ind /7Q are fixed pomnts

Let P@, 1" meet at F, and P¢/, QI
at £ Then KF 13 the polar of 0 with
1espect to the fived cone, and 18 o hixed
hne

The tangents from 0O to the comes
form wn mvolution penul of which 0P,
0@ and the par of tangents fiom O to
the fixed comc are pans of conjugate 1ays
But OF, OF are common harmonic con-
Jugates of thesc pairs of rays wnd are
thercfore the double1ay s of the v olution
Thercfore £ and £ are fived

(13) A quadilateral his one pan of opposite angles each a nght angle + Show
that the inscribed parabola has the line jommg these angular points for directria
and the pomt of mtcrsection of the other disgonals for focus

Since pury of tingents to the parabola fiom pomts on the dizectinx intersect at
nght wgles, the directiiy 15 the hne joming the vertices of the quadilateral at
which the right angles are wituated The focus 1s the pole of the directux and
therefore the opposite vertex of the diagonal trangle 1s the focus

* This proof assumes that 4, 1’, B, B’ are 1eal
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(14) Thiough a pownt ) straight hnes 02, O are drawn at 11ght angles to onc
another to meet two given lines A, .1C—not passing through O—m P and ¢
Prove that the envelope of P@ 15 a conic having O for focus and toudhing 48, AC
m the pomnts 1n gwhich they are met by the straight line thiough 0 peipendicular
to 04

Since the penuils 0P, 0¢ are projective, the ranges 7’; ¢ are projective and the
envelope of P¢ 18 a conic touching 1B, .1C at the pomts of the ranges corre
sponding to A, that 13 at the pomnts where the line perpendicular to 0.t meets
these lines

Let 0@, OP meet .15, AC m ", ¢ Then PI'Q@Q 1> v cncumsaibed
quudrilateral of the comc  Therefore by the propaty of the complete quadnlteral
arcumseribed to the com¢, PQ and P ate conjugate hnes  But as these aro
any pur of conjugate lines through O and they ue at right angles, ¢ 13 \ focus of
the conic

(15) 1, B, (', D ue wy four pomnts on a given conic and the two conies, which
pass through A, 73, €, ) and touch a directiin of the given conie are drtawn  Show
that the portion of the directiiy, mtercepted between the points of contact, subtends
v right angle at the corresponding focus

It P and @ are the pomts at which the two conies touch the duectin, they ue
conjugate ponts with regard to these comes and therefore with regard to Wl comes
through 4, B, €, D, A1t 106 (d) Hence /> and ¢ ue conjugate pomnts with regard
to the given comc  Smnce S the focus 13 the pole of the directiny, SP and SQ are v
par of conjugate Imes, and, bemg conjugite hnes through v focus, e wt 1ight
mgles

107 Complete 1nseribed quadrangle and circumscribed
quadrilateral, and conics 1n self-perspective

Particular Cases

If the ends AA’pBB ot two diameters of 4 conie be taken as the
vertices of an inscribed quadrangle, and the cnenmsenbed gquadrangle
be constiucted, then
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(1) One of the vertices of the diagonal points triangle (£) becomes
the centre of the conic and the other two (G and F) are at infinity

Let the finite pomnt of mtersection of the tangents at 4, 47, B, B
be P, P, Q, Q ‘

Let EP and £Q meet B4 and BA" i U and V

(2) EU and EV are tonjugatc diameters of the conie, for, since
BAUG 1» harmonic and G 15 at infimty, each hisects chords parallel to
the other

(3) The supplemental chords AB and A'B are parallel to KV and
EU and are theretore parallel to conjugare diameters

(4) Smce the lmes EP and EQ are « mypuza o diameters, any
tangent meets a pan of parallel tangents i pomts whose connectors to
the centre are a pan of conjugate diameters

Certain theo’remb in connexton with the conic can be conveniently
proved from the fact that a conic 15 1 self-perspective, if the perspective
1s harmonic, and any vertex and the opposite side of a self-conjugat
trangle are the centie and axis of perspective

Deductions

(w) If ABC be a trvngle sclf-conjugate with rcgard to a consc and any tungent
to the comc mects the sudes A B and 1" 11 C" and B' and the linc conncctang A to the
pownt CC' BB mects the sade B(O' 1p A’y then U'C" and V' B e tungents to the cone

Let the pomt BB ('C" be O and let .I'B meet AB m ¢” and CC'm 77 Then
fiom the quadrangle AB.A'B' the range (BA'TC") and wonsequently the pencil
(C" BA’CB) ae harmonmie  Therefore in the harmonie perspective, centie (' wnd
aas AB, ("B and €. ue comesponding lines  But in this perspective the comic
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corresponds to itself and therefore, since ("B’ 14 a tangent, C"4" 15 also a tangent
Sumlarly B4’ touches the conic

From the preceding the following theorems are obtamed

() If a truthgle be wnscribed in « conve wn such a way that s sudes pass through
the 1crtices of another tiwngle, whick s self-congugatc unth 10spect to the cone, the
two triangles wie wn pei spectivc

In the preceding the points of contact of B¢, ¢"4’, A'B form such au mscuibed
triangle @) 1s the centre of perspective

() If two traangles are wnscribed n, and wn perspective with, @ given triangle, «
come can be described to touch thew v sides and to haie the guen trangle for a slf-
conjugate truangle

Describe a conie, which has the given tiangle for o selt conjugate trangle, to
touch one side of each of the other triangles  This conic will touch then six vides

() If « treangle be carcumsersbed to a comc so that wts vertices lie on the sidcs of
a triumgle wlnch o sclf-conjugate with 1cgard to the conw the triangles ae wn
perspectiee This 1s the converse of (a)

(e) It two triangles arc circumsciibed to and wn peispective with « geoen triangle,
« conie can be desciibed to pass thiough tha scr vertices and to have the gven triangle
Jor a self-conyugate tiwangle

Desctibe a contc which has the given tuangle for a sl conjugite triangle and
passes through one of the vertices of ewh of the other trangles  This conic will
p s through then six verticey

() If a treangle ABC be scdf-comguqguate mith 12gaid to w conwe and a trangle
UB'C" be carcumseribed to the gwen triangle so as to be wn perspectue wath i, then of
one verter of the lattcr triangle 1s on the conwe the other two are hhewse on the come

Let .’ be on the coni, then the vertices B and €’ may be constructed as
harmontc perspectives of 17 with respect to the vertices and sides of the tiangle

EXAMPLES

(1) Two triangles are mscribed m a given tnangle and are mn perspective with
1t Show that a conie can be circumsenibed to the fust trangle with 1espect to
which the other two tnangles are self-conjugte

.

The 1required conie 15 the conic through the veirtices of the trangle and the two
centies of perspective

(2) A parabola 18 diawn touching the sides A B, B(, €D, D.l of the cycli
quadrilateral ABCH  Show that 1ts directinx passes through the mtersection of A('
and 22D

Let AB CD and BC DA be E and F respectively Tha simce ABCH 1
msertbed m a cirele the airde round BE(C and CFD will mtersect m the focus of
the paribola and (Example (7), Cthapter x1) on the line £/ But A" BD 1s a vertex
ot a self-conjugate tuangle of the parabola of which A£F 13 the opposite «ide ,
therefore, 1s tho focus i on EF) the directrix passes through AC BD

(3) Prove that a comc may be described to touch the eight sides of two
quidilaterals which have the same diagonal tnangle
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(4) EFG 1s a triangle self conjugate with regard to a come Prove that, 1f
through & any two lines, haxmonic conjugates of AF and £0, be drawn to meet the
conic n K, L, M, N, then EF(G 1~ the diagonal points tiiangle of the quadrangle
KLMN ,

Rectangular Hyperbola

108 A sectangular hype bolw is the locus of the pownts of wlersection of conre
sponding 1y of two oppositely equal pnals  (Art 94(1v) )

7
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Constr uction

Let § and N be any two fined pomts and ¥ the mddle pomnt of 8S” Thiough
M draw o hine MQ perpendiculu to S8 On M take any pomnt @ Tom SQ, NQ
and through " drw v line 8’7 mking wy given angle @ with §'¢ Then S@ wnd
NP we two corresponding 1ays of oppositely equl pencls and (by defimtion) P than
pomt of mtersection for diffcrent positions of ¢ describes a 1ectingulu hypabola

Asymptotes

If a 11y 8¢ be diawn to make wn angle ; with ¥ 1t will be parllel to the

cortesponding 11y of the other pencil It thercforc dctermines a point b imhmty
on the curve wnd 1s parallel to an asymptote

If SQ' be drawn papendicular to 8¢ 1t will hikewise be parudled to ats
corresponding 11y and theretore S 14 the dnection of the ¢ther wymptotc  Hence
the asymptotes ue at night wmgles  Thisas the property from winch the hypabola
18 niuned
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“de)

To the ray SS’ of the pencil, centre ¥, coriespunds a ray thiough §’ making an
angle « with §°S  Hence the tangent to the locus at S’ makes an angle a with
S’S  The tangent at S to the locus likewise makes an angle @ with S8’  Hence
the tangents at Si§" are parallel and therefore 88’15 a diameter and M 15 the centre
of the rectangular hyperbola

Construction of the tangent

Smee the asymptote M/ makes an angle ;—g with S8 and the tangent

at S8 makes an angle a with 88, both the tangent at & and MS’ make
equal angles g —% with the asymptote Hence, to construct the tangent at iy
pomt P of the cve, jomn P to the centre M and diaw thiough P 1 line making the
sume angle with the wymptote, that PM makes with 1t

It follows that pauns of conjugate diameters of a rectangulu hyperhola are
equally mcdined to the asymptotes

Ares

If the angle a 15 tken to l)o tho tangents ut 5 and 8" are oth perpendicular

to 887, and S87 13 the transverse uis of the rectangulu hyperholy

If trom any pocnt P on a rectangular hyperbola « porpendicalas PN 15 drawn to
the avis and S and S «wre the eads of the «uis, thew PN2=SN 5\
In the figme QS'P s a night angle, P
and therefore the wgle /
PSN=QS' M=8PN 7/
Therefore the tuangles 2SN and — /
S'PN are similai, wnd 9"/ /
PN _N'N - /
SV PN S >
Thereforc PN2=SN 8, S M s N
ko simu SN=MWN+MS" wd S'N=MN-MS,
. MN-—PN’ =S M
By considering the specid case when a 15 zero, 1t 13 ~cen that the pan of lines
MQ and SY'; which ne w night angles, foom v rectangular hypaboly  Hence iy
pair of lines 1t 1ight wgles may be looked upon as a 1ectangular hyperboly

If two conics described thiough four pownts aic rectungular hyparbolas, all conies
thiough these pownts wre sectangqular hyperbolas

The contes deterinne n involution on the Ime 1t mhmty  Since two of the
conics ue rectangular hyperbolas, two purs of the conjugite pomts on thiy hime
ue deterinmed by orthogonal 1ays  Hence all purs of conjugate points are deter
nmed by orthogon il 1ays  Theretore all conics through the four pomts have then
asymptotes wt right wngles, and are rectangular hyperbol v

104 cones thiough the 1eitices of « trwangle and its oithocentie aie rectangulu
hypesbolas
Any side wd the peryendicular fiom the opposite vartes constitute a rect wngulu

hyperbola  Therefore there are two rectangulu hyperbiolas through the four pomnts,
wnd all contes through these pomnty are rectingulu hyperbolas
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It a 4o tangular hyperbola passes through the vertwes of a triungle it «lso passes
throngly the orthocentre

1[5et ABC be the tiangle and let the given rectangulax
b yperbola meet 4 A4’ the perperdicular to BC'mn ¢ Then
through 4, B, C, O/ there are two 1ectangular hyperbolas,
viz the given one and that made up of the hines 40,
B¢ Therefore every conic through these points 18 a
rectangular hyperbola  Therefore BO' and 4C which
constitute a conic through these pomts are 1 rectangula
hyperboly and are at right angles  Therefore 0 14 the
orthocentre of the triangle

tsystem of rectangular hypcibolas, described weth ary two pownts 8 and S jor the
cads of « dutineter, detcrmunes the sume wneolution on the perpenduular dwmetes

Let (' be the middle pomt of S8 Then, 1t the generating pencil be rotated
through an angle a the duection of one of the asymptotes 13 mchined at an angle

; to CP, the perpendicular diameter thnough (' Hence the diameter ('¢) conjugate to

(P 15 inchned 1t an angle f: ~ato CS’

Let @ and ¢/ be the pomnts m which this diameter mects the 1cctwmgulu
hyperbola,  Let S'¢ wd S'¢" meet (P m
A wd A" Then, since @@ passes through AK
the pole of ('P, K and A’ are a pan ot /
conjugate points of the mvolution determined
on ('’ by the rect ingular hyperbola /

In the figuie 1t 5@ be 8, then ('S’ 1s
8+a The angle ASC'=1ngle AS’C Hence /
angle K5S¢ =a  Hence a arcle passes thiough / - /
K, @, (', § Therefore the angle SQA =angle / .

0

NCK =a night angle
,a

Hence QS'¢/ 19 anght angle and the cicle / 0 ,k
si‘“ “76“ e
/
/

on KA’ as diameter passes through § and &7

Therefore (K CK'= - ('S?

The mvolution determmed by A and A’
of which C 19 the centie 14 therefore the sume \/ LK
whatever a may be and 13 therefore the same Q
for Wl tectangular hyperbolis of the system

EXAMPLES

(1) If the notmal at P’ to a rectangular hyperbola meets the conie wun m £~
then 77” «ubtends a right angle at the other extiemuty of the diuneter through /°

(2) .t wd B are the ends of a diameter of a 1ectangular hyperbola wd ¢ /)
the perpendicul i diameter 218 any pomt on the rectasgular hyperbola  Prove
that, 1f {2 meets CDn @, the nngle PBQ 15 constant

This follows fiom the construction of a rectangular hy perboly



CHAPTER XVIl

CONSTRUCTION OF SELF CORRESPONDING ELEMENTS PROBLEMS

OF SECOND DEGREE
VARIOUS CONDITIONS

CONSTRUCTION OF

CONICS UNDER

109 To construct the self-corresponding elements—when
real—of two superposed projective forms

To construct the self-corre-
sponding elements of two super-
posed projective pencails (S abc
and (S «'b' )

s

s

//a//

// ¢
A
A

e
e

(1) Thiough § deseribe any
arclc or comc to meet three pars
ot corresponding ray s of the pencils
md, B Cand A, B, ¢’

Let R and T be 1cspectively
the points AB" A’Band A4C" A'C

Let RT meet the onde or
comiec m M and L Then since M
and I, are the self-corresponding
ponts ot the 1anges AB('  and
A’B'(”  on the come (Art 105 (D)),

To construct the welf-core-

sponding elements of two super-

) posed projective ranges (s ABC )
and (s A'B'C" )

Desabe any cndle or come to
touch s and let «, b, ¢ and «’, ', ¢
be the tangents to this cuve from
three pais of con esponding points

’

ot the ranges

Let + and ¢ be rcspectively the
Iines ab” «’b and a” o’c

Let the tangents from £ to the
cuele or conmic be moand ! Then
sinee e and {oare the selt-corre-
sponding tangents of the projcctive
systems  of  tangents  abe wnid
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SM and SL are the self-corre-
sponding 1ays of the pencils

(1) Take any cnde and let
any tangent s to the cucle cut the
poncls m A, B, ¢ and 4°, B,
Construct by the nght-hand side
ot (1) the self-corresponding ponts
L and M of these vanges

The 1ays jomming these points
to S will be the self-corresponding
tays of the penals, viz T and m

Prnciples of Pioyective Gleometry

a'b’e’  to the comc (Art 105 (1)),
sm and sl are the self-corresponding
points of the 1anges

Take any arcle and project.
from any pomt S on the cucle the
ranges wnto pencils (8 abe ) and
(S ab’¢” ) Constiuct by the
left-hand ot (1) the selt-corre-
sponding 1ays { and m of these
pencls

These 1ays will meet s m the
self-corresponding  pomnts of the
ranges, viz. L and M

110 To (onstruct the double elements—when real —of an

involution form

To construct the double elements
of an wnvolution pencl

(S aad’db’ )

S
R ~
/ N
N~ N
o m b \
~\\ \B
W

A

— A

(1) Thiough 8 desenibe any
ancle or conie to mect two p(msoi
contespondimg rays m A A B B

[xt B and T be the
AR AR wd AB A'B

Let the line RT meet the
cuelc or come m L owmd M

points

To constr uct the double elements
of an wolution 1ange

(s AA'BB )

N A
A\
/o !
/ / {‘\Q\\
/N
7 ( IR
. / / /}
LN / b N
/"N AN
T A AN o B

Descnbe any cincle o comie to
touch s and let the tangents fiom
two pais of core sponding pomts ot
the ranges bo a, o, b,V

Lets and ¢ b the hines ab” a’d
and ab 'V,

Let the tangents trom 2¢ to

the arele o conie be 7 wmd m



Self-cori esponding Elements

Then since L and M aic the
double pomts ot the involution on
the encle o1 conie (At 75), SL
and SM are thesdouble 1ays of the
mvolution pencil

(1) Takc any encle and let s
any tangent to this cndde cut the
mvolution in 1 4'BE

Construct by the nght-hand
side ot (1) the double elements L
and M of this involution 1ange

The 1ays jomung these pomts
to S will be the double 1ays of the
mvolution peneil

111

Let the mvolutions be dete r-
mined by the patrs of conjugate
pomnts AA’, BB and KK', L1/
Let Ad” BB be Oand LI KK’
be B Jomm OR

Then the pomss P, [, f
1ical, m which OR cets the
conic are the common pan of
conpit st~ of the t,\.»vo mvolutions

(Art 95 (¢))

237
Then since ¢ and m arc the
double 1ays of the mvolution

system of tangents to the ancle m
conie (Art 75), sl and sm are the
double pomts of the involution

Take any cucle and  projoct
from 8 any pomnt on the coele the
range mto a penal (S «a’bb’)

Construct by the left-hand
side of (1) the double elements ¢
and m ot this mvoelution penail

The pomnts in which these rays
meet s will be the double ponts
ot thc mvolution Jange

To find the common pair of conjugates—when real—
of two involutions situated on a conic (¢t Art

55)
ONXT - - . _ B
\\ RN N “3
P
N . \
L. o |
~. N
A ~ ,
\ > 2N
N o
AT - \R

By the corclitive method the two tungents, which uc a pur of conjugites m
two mvolutions of tngents to the coni, may he constincted

112 Method of false positions

In attanpting to solve a

geometiical problem 1t frequently happens that the solution of the
problem 1s tound to depend on finding the contiguiion for which two
pomnts®comade  Such pomts are fricquently sttuated on some given
hne o1 come and n this case it often happens that for different
positions of onc of the ponts 16 may be proved that the second pomnt,
deseribes a rangc projective with that deseribed by the first In such
cases the problem can immediately be solved — Any thrce positions
of the first pomt may be taken and the thice corresponding positions
of thc second  The projective r1anges are then completely detcrmimed
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and their self-corresponding points can (by Aits 109 and 110) be at
once constructed These self-corresponding points give the required
configuration  The following arc instances of the application of this
methord

() To wmscribe a triangle t a gren trungle so that us sides may puss thiough
thice quen pounts

Let {BC be the given triangle
and (', 1, W the given ponts
Through (7 diw 4 transversal to
meet B mid B4 m Pand ¢ Jom
T to@tomeet ACm £ Jom W
to / to meet BC m &

Then the range descitbed by /2
18 projective with therangedescribed
by @ This 13 projective with the
ninge descnibed by R, which 1y
projective with the 1ange described
Ly N Therefore P and S describe two superposed projective ranges, and the selt
corresponding pomts of these give the solution of the problem

) To wsenibe a square i « quen triangle in such « way that one of 1ts sudes
may bie along a side of the thiangle

Take wny pont ¢ on the side B4 of the
tiiangle  Through ¢ diaw a parlel to B¢
to meet AC' m /£ ‘Through £ draw 1
perpendicular to QR to meet BC S
Draw 7' making wn ngle of 456 with QR

Then, tor difterent positions of ¢, the
range described by ¢ 15 projective with the
1ange described by 22 and therefore with the
range descuibed by S 1t 15 also projective B T
with the 1ange descuibed by 77 Hence the
rangcs described by 77 and S are projective  The selt-cortesponding pomts of these
ranges e wh give the position of v vertex ot the square

(/2]

C

) Mo ansrbe a tnangle in « quen copic so that s wides may pass throwgh
thice girven pownts
Let U, 1, W be the given pomnts -R ~
Thiough U diaw a chord to meet the conic
m P and ¢ Jom @ to V to meet the '
contc agamn in £ Jom R to W to meet the Q’g
conic m S v o !
Then the 1ange desciibed by 2 s pro \\ AN '
jective with the range described by @  This ™~
13 projective with the 1ange described by R, T~ N
which 14 projective with the range described P
by & °U
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Hence the ranges described by I” and § arc projective and then selt corre
spondmg pownts give possible vertices of the requred triangle

The correl wtive construction gives the solution of the following problem

To cu:umsuzb: a tnangle to a quoen conw so that its veitices shall Lo on thie
qiven lincs

The above wnd hikewise the correlative solution may be extended to the case m

which the triwngle 13 replaced by a polygon, whose sides pass through haed pomts
or whose vertices lie ou fixed hines

() To deseribe « cucle to touck thice guren cirdles

S;_
NS

It has been proved

(1) that the sin centies of simihitude of three circles lie three by three on fowr
straight lines termed the axes of similitude  (Ex 18] Chapter 1)

(2) that 1t v arde touch two given cucles 1ts points of contict are collinear
with i contre of simihtude of the arcles  (Ex 15, Chapter 1)

Construct Sy, N,, 83 thiee collineu centres of simhtude of the thice given
arces Tike I’ wny pomnt on the crcle centre (;  John /? to N, to meet circle
centre Cyat ¢ Jomn () to S to meet circle centie €, at £ Jom & to S; to meet
circle centre Cy at 7

Then (Art 84 (1)) fur different positions of P the 1anges 7', K, @, P on the
arcles are projective  Determine the self-corresponding pomnts of the ranges 7" and
P Let P, (¢, R be the positiony of P, @, R, when 7”14 one of these points

Since the triwngles "¢ and 0, C,C; are n perspective P'(y, ¢y, B'C, meet
at a pomnt O This poipt 1s the centie of the circles, which by the converse of
(2) touch the given arcles 1 pamrs at 77, ¢, R Tt 18 therefore the centre of
v urcle which touches the three given circles
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() Uwen two strcaght bines I, I and two paiabolas 8, 8, find P on L und P on
V' such that the tangents from P to S aic parallel to the tangents from I” to S’

The paurs of twgents fiom the pomnts on ¢ to S determine conjugate ponts of
an myolution on the lime at infunty  (Art 75)

Sunilarly the pairs of tangents from points on 7’ to
of an mvolution on the line Wt infity

The pur of common conjugates of these two mvolutions dete tmme the powmts,
whete the 1equited tangents meet the lme at infimity te they determine the
ducctions of the required taingents

.

:
de tetmine conjugate pomts

113 Construction of a Conic

In Art 94 1t wis shown how concs of varous kinds can be constiucted by
meins of the anharmonic properties of the comc  Conwcs may, howcver, be
constructed by means of any of the other threc fundamental theorems or by means
of than contdatives  The methods arc as follows

Constiw twn by mcans of pownts A
(A) To constiret v come through five given e
points b
(1) By Carnot’s Thevicmn .S
Let ., .7, I, B, ¢ be the e points
Through (" diaw my sty usght inc meeting 174" c!
wd 87 m B wnd oA respeetively, and let ¢ be
the point of mtersection of A’ 1”7 and B'B"
Then (", the pomt i which the conic mects
A8, " determinad umqucly by the relation /
BB OB OB ACT BC” -/
CA” A" AB AL BCT A"
Hence any number of pomts on the conme - W
may be found A
u) By Pascal’s Theorcm <
() By reor AN AN
Let 1, B, ¢, N, E be the given poimts . ~E \ \
Through £ diaw any sttaight hine L Tet AB F \
wd LD mtersect m A and BC wd KL o L '
Jom AL to meet DCm M Then KL and AN \
mtersect m a pomt # on the conic

(m) By Desargues Theorcm \
Let WAy, B, €, D, E' be the given points
I'hrough £ drw ny transversil meeting _ _ - B
tDand BCm Ay 4" wmd BD wd 1€ BB,
B’ Then m the mvolution detcannined by / , B - \
the two pans of comugtes 1747, B B” con A g c
struct A’ the comjugwte of £ (Ait 56) - /

S o
K

Then £’ 15 the pomt m which the 1 —
h y ¢ pomt 1 1e trans [
versal 18 met by the con )

The wbove ue umque solutions -
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(B) To construct a conuc to pass through thiee gien pownts and to touch a grven
line at a grven pount
This 13 a particular case of (A)  The necessary moditications are as follows
(1) Let Ay and (A" comncide, BC becomes the given hine which 1s touched by
the conic at A’

() Let B and € comede, BCL becomes the given hine which 15 touched by
the conic at B

() Let B and € comede, BC becomes the given line which 1s touched by
the conic at B
The above are umque solutions
(C)  To construct a comc to pass thiough one quen pownt and to touch two qrven
lunes at gien pownts
Ths 13 hikewise o special case of (A)  To obtain the construction the following
modifications are necessary in (B)
(1) Let /' also comncide with /}
(1) Let D also comade with £
(m) Let B and D comade and hkewise | and ¢ Then B and B” are

a pan of conmugate pomnts of the mvolution and 175 meets the transversal mn
a double pomt Hence A" the conjugate ot £’ can be found

The above are unique solutions

(D) To construct a conc to pass thiough four guien pornts and to touck a geoen {ine

Let 1, 2, ¢, D be the given pomts They deternine on the given line w
mvolution  Tet /£ wd F be the double pomnts of this mvolution A comic thiough
A, By, €, D and E or £ will by Desargues’ themem touch the given e at £ or &

In this case there are two solutions

(k)  To conetruct a conu to pass thiough thice gwen points und to tow h tiwo geocn
lanes

Tet the given 1)(?}11‘(% be @, ¢, " and the given himes p, p’  Convider 1 conic
touching p wd p’ and passing thiough ¢ and ¢ It 19 seen (Art 106 (n)) that
the chord of contact of this conic with p and p’ passes thiough one or other of two
fixed pomts on @F  Smmlarly, by eonsidering v conic touching p and p' wnd
passmg through @ wnd @) 1t 18 seen that the chord of contact passes through one or
other of two fixed points on Q¢  Therefore the chord of contact 1s one ot other of
four fixed lines

In this case there are four solutions
L]
(¥)  To construct @ conic to pass through two queen points, to touch a gquven line at
a quen pont and to touch a sccond Line

Let the given pomnts be B, ', .1 the pomnt at which the given hue a must be
touched and 7 the second given line

The points at which the required conie wall touch ¢ we the double points of the
involution determined by 1, 4, B, Conl

In this case there are two solutions

HPG 16
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Constructions by means of lines

By using the correlative methods the following problems may be solved

(A)  To constiuct a conic to touch five given lines (One solution )
(B)  To construct a comic to touch three guen lnes and o gwen lue at « guen
pownt (One solution )
(Y To constiuct « conw to touck « quen line and to touch tiwo qrven lus at
guen ponts (One solution )

(D) To construct a conu to touch four quven hnes und pass through a quven point
{Two solutions)
(Y To construct a conic to touck three gwen lines and pass thiongh two gwen

ponts (Four solutions )
(FY  To constiuct a comue to touck two quocn lines, « quen hime at @ gren pont
and to pass throngh a sccond pownt (Two solutions )

114 Constructions involving pole and polar, and conjugate points

(@) To construct u conwe such that a guwen pownt may be the pole of a grven line
with respect to 1t and such that o (1) passes thiough thice guoen points, (2) passes
thiough tuo quocn pornts and towches a guen line, (3) passes thiough one quocn pount and
touches tiwo guoen lines, 01 (4) touches threo quoen Lunes

(1) Let 7 be the wiven pomnt, p ats pola,
and A4, B, € the given pomts on the comc  Jom
Ptodand B tomect pim tyand By Take 1
and /' the harmonic conjugatcs of 1 and B with
regard to 71, wd B The comc thiough
1BCA' B 15 the 1cquired conie

(2) If the conic touches a line « mstead of
passing through € Procced as m (1) but desciibe A
a conte through 18 U/ to touch «

(3) wnd (4) we the coneltives 1espectively of
(2) and (1)

(1) wnd (1) have one solution while (2, ind (3) have two solutions

54\__ -

() To construct @ conec such that a quoen teangle may be self congugate wnth
respect to b and such that wt (1) passes thiovgh two quoen points, (2) passes thiough
@ quoen pornt and towhes a quen line, o1 (3) touckes tuo geven hns

(1) Let £FG e the given tniangle wnd 1
and B the given pomts  Jomn | to £, F, (/ to

meet the opposite swides m 1y, L, ), take T

', A7, 1" the hatmonic conjugites of 1 with Y
respect to Ik, 1, F, (7 The come through ‘K -~

Ay A A7 07 and B s the requited conic Av-{: - -

(2) Procced w m (1) but describe \ >
conic through .1, ', 4", 1" to touch the given

line b B~/ SR~

(3) 18 the correlative of (1)

(1) and (3) have one solution while (2) his two
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(¢)  To construct u conie thiough four given points such that « pawr of gicen pornts
may be congugate with reqard to 1t*

Let {, B, C, D be the given pomts
and %~ and F,the pur of conjugate T
points B8
I, B, ¢, D detetmme on EF an P \P
mvolution of which £ and #, the ponts E 3
where KF mcets the conie, ate a pan of
conjugate points  If K, F are conjugate
pomts with 1espect to the come, 22 and
P are hatmonic conjugates of £ and F
Therefore I and I’ are a parr of conjugate
pomts of the mvolution of which £ and /' ue double pomts /7 and /7 ate
therefore detetmmed as the common pair of conjugates of two mvolutions  They
can be found by A1t 55  Hence s1x points on the comc ue given

A simlar construction holds when the comic mstead of passing through four
pomnts satishes other conditions .

The correlitive theorem 1s

D

To construct a cone to touch four guen strarght lincs such that « quen pau of lines
are conugate with reqard to ot

() To deserdde a conre thiowgh thice grven 1cal pounts and thiough the tvo double
pownds (real o1 imaqunary) of a quoen wnvolution*

P !

T.et 7 be the Iinc on which the given mvolution 1s situited and let 1, 8, (" be the
thiee gnnen pomts Lt {8 mect 7 /2 and It /7 be the pomt of the involution
conjug itc to /2 On 153 take & the harmonc conjugate of 7 with respect to 172
Join 8V to meet 1" L Let BL wd P mcet i D Then since 17V 15 the
polar of P, D 1s v pomt on the carve  Simituly other pomts /) and 7, may be
detarmined by considenng the points where 1 and BC meet ! The cone through
1, 3, C, D, Dy, D318 the required cone

The correl itive thoorem 1y

To describe @ conic togtomu ko three 2eal Lines and to touch the two double rays (real
or amagunary) of an wcolution poncid

* See also Chapter NNII
16—2
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(e) Guwwen a comw determined exther by five pownts or by five tangents to construct

(1) The polar of a given pont,
(2) The pole of a grven lune,

(8) The pownts of itersccton of @ guven lune with the conu,

(4)  The tangents fiom a giwen point to the conu

It five pomts on a conw are given, the five tangents at these pomnts may be
constructed by Pascal’s theorem, and 1f five tangents are given their pomnts of contact
can be constructed by Brianchon’s theorem  Hence the conie may be regarded as
determined erther by five pomts or by five tangents

(1) Let the come he determmed by
A, B, ¢, D, I and let I’ be the given pomnt
Jom A and # to P and find by Pascal’s
theorem .1 and ' the othar pomnts m
which these lines meet the comc  Then
p the line jomng (8 BA' to (B ('S
13 the polu of P

(3) Let the conic be detetmined by
A, B, C, D, I and let p be the given
hime  Take any par of points I and
on the Iime p and determme thewr polars
These will meet p m a pair of pomnts P
and €' which are conjugates of P and ¢
with respect to the comic  Determme
on p the double points of the mvolution
PP, Q¢ These double points are the
points of ntersection of the line with
the comc

(2) Let the come be determined by
a, b, ¢, d, e wnd let p be the given line
Thiough the ponts where ¢ and b meet
p diaw by Brianchon’s theorem the other
tangents a’ and ' to the conie  Then P
the pomt of mtersection of ab' ba’ and
ab @b 15 the pole of p

(4) Let the conic be determimed by
day b, ¢, dy e and let P he the given pomnt
Take any panr of lines p and ¢ thiough
the pomt 2 wnd determime then poles
The hines p’ and ¢’ jomng these points
to P arc conjugates of p and ¢ with
respect to the come  Determine 1 the
penal vertex P the double rays of the
mvolution pp’y g¢ These double rays
are the pairs of tangents from P to the
onie
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(f) To describe a comac thiough 4, 3, 2, 1 or O given pownts, so that 1, 2, 3,4 or b
pun s of given pownts may be conjugates with regard to

Let the given powmnts be A, B, €, /), and let the connectors of the pairs of
conjugate pointy be @, b, ¢, d, ¢ The conic 1n each case has to pass through pomts
on these lmes, which are harmonic conjugates of the pans of conjugate pownts, that
19 through pairs of conjugate points of mvolutions on these limes  Such imyvolutions
will be called the involutions @, b, ¢, d or e

(1) Draw two conics through A, B, € and through two purs of conjugate ponts
of mvolution ¢ These meet 1t o pomt /7 By Ait 101, converse, the conic through
4, B, C, D and I’ 1s the required conic

(2) Draw two conmws through A4, B, (" and two pairs of conjugate points of
mvolution ¢, and two other conies through 4, B, ' and two pans of conjugate points
of mvolution & These pairs of conics intersect 1 two pomts P and P The conic
d, B, ¢, P, I” 15 the required conie

(3) Construct s 1 (2), v conmic 8 through 4, 8, C, I, P and 2 second conie 8’
substituting some points £ for ¢ These comes mtersect i fowr pomts 4, B, ¢’ 1)
Any conie through these poimts passes through conjugite poings of the involutions
d and ¢ Determine from A, B, ¢" wd mvolution ¢ v pomnt ¢ as m (1)  Then
ABC' D' Q13 the required conic

(4) Determine from A, B, and the mvolutions ¢, d, ¢ a comc S as m (3)
Substitute « pomnt 27 for 2 wnd determine a second conic S” The conws S and 8’
mtersect 1n four pomnts A, 5, €7, 1’ Any conic through these points meets ¢, d, ¢
m conjugate points of the given mvolutions  Determmne 77as i (1) from A, B”,
and the mvolution b  Then .1, B”, ", D", T 1 the requared conie

(5) Detenmine for A4 and the mvolutions b, ¢, d, ¢ a come S as i (4) From any
point R and the mvolutions b, ¢, d, e determme silarly a comie 8 The conies
S and S’ mtersect m fowr points 4™, B, €, D", and any comc thiough these
pomts passes through conjugate poimnts of mvolutions b, ¢, &, ¢  Deternune fiom
A7 B, ¢ and the mvolution @ & pomt £ Then the come A”B"(""D"E"”
passes through conjugate pomts of the given mvolutions on @, b, , d, e

4 Particular Cases

115 Particulir cases of the preceding frequently arise, but with a httle
mgenuity they may be solved by the methody alieady given, if 1t 19 borne m mind
that the daty n the left hand colun below are only purticular cases of those m the
right hand column

The direction of an asymptote A pomt at infimty on the curve

An asymptotc A pomt on the curve and the tangent
at the point

The centie The pole of a given hne

An axis The polar of a g1y en point, which point
13 at nhmty on any perpendicular hne

Two axey A self-conjugate triangle

A focus T'wo twngents which wre double rays
of an mvolution

Two foc ° Four tangents

A diameter A pan of conjugate hines

A parr of conjugate diameters A self-conjugate triangle
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If the conic 18
(1) a parabola, a tangent 13 given ,

(2) o rectangular hyperbola, 4 pan of conjugate points with respect to the conic
are given, viz the circular pomts at infimty , !

(3) a ardle, a pair of pomnts on the come, which are the double ponts of an
mvolution, are given

The following are special constructions for the pirabola and hyperbola

Parabola

(1) Given two tangents « and b to a parabola and than pomnts of contact 4 and
B to construct the curve

Let ) be the nuddle pomt of .48 Jom «b to 0 and let the pomnt at infimty on
this Ime be @ Thiough «b diw any line to meet 4 wd Bo n D ad
respectively  Then AE DB (= F) 13 a pont on the curve

This follows from the Pascl hevagon AAFBE «

(2) Given four fingents to construct a parabola

Let two of the tangents ¢ and ¢ meet the other two tangcnts ¢ and b1n 4 and

A and m Band 8 Ona wd b construct two sinilar ranges in which 4 and 4’
and B and B are pans of corresponding pomts

Then the connectory of the cortesponding points envelope the puaboly (Art 102,
Ex (1))
Hyperbola

Ghven thiee pomnts 4, /3, ¢ on the curve and the duections of the asymptotes to
construct the curve

Through 4 and € drw lines puallel to the awymptotes to meet m A Through
K draw wy hne to mect AB and €8 R and S Parallels through £ and S to
the asymptotes mect 2 pomt /2 on the carve

By Pascal’s theorem

EXAMPLES !

(1) Gaven five pomts on 1 comc determime by a huewr constiuction the pole of
the linc jonmng two of them  Art 105 (1)

‘
(2)  Construct a paraboly to pass through four given pomnts ind show that two
puarabolas can be drawn in gener 1 to pass through four points

(3) Prove that two equilitaral hyperholws, if any, can be drawn touching tom
given lines

(4)  Construct o hyperbola given thiee pomts on the curve wid w wymptote

(7  Show how to constiuct & come given v focus and three pomnts on 1t ind
prove that thae are four such cones

(0)  Ginven five ponts on acone and any parallelogran, hnd v construction for
the centre by mens of 1uler only

(7) Gunven tive pomts on a hyperbola constiuct 1ts asymiptotes

(8) Ghven three tangents of a conic and one ot the focl, constiuct the second
focus and any number of tangents
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TRIANGLE LOCI

AND ENVELOPESN

POLE AND POLAR LOCI

AND ENVELOPES ANHARMONI(" AND GENERAL LOCI AND

ENVELOPES
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locr and envelopes are considered

In this chapter certaun problems and theorems concerning

Those at the commencement of

Art 117 are i themselves ot considerable mportance and should be

caretully studied

Trniangle Loct and Envelopes

The anharmome property of a conic and 1ts correlative theorem
togethar with the convarse of these theorems give a solution of many

problams concerning loa, m which the loer are come sections
It 15 assumed m speaking of v tnangle that

tollowing arc istances

The

A, B, C arc the vertices opposite 1espectively to the sides «, b, ¢

1 If the thiee sides of a trangle
a, b, ¢ pass 1espectively thiough fixcd
pomnts £, ¢, R, ind two vertices 4 and
B move on fixed lines 7 wnd ¢, than the
third vertex (' desc r.lbm a conie through
Pand @ (Cf lox 1, Art 71)

The penal desenibed by b, which
p wses through ) 15 projective with that
deseribed by o, which passes through &,
for these penuls e projective with the
ranges described by .t and B on d and e
which e thansdves projective

2 _If the sides« wd b of a triangle
pass anough the fixed pomnts 2 and @
and the vertices . and B move along
fixed lines  and « and the side ¢ touches
a come which ulso touchey d and ¢, then
the vertex (' describes a comie, which
passes through # and ¢

The proof 14 1dentical with the pre
ceding, except that the ranges described

If the threc vartices of v trangle
t, B, (' lie 1espectively on three fixed
lmes p, ¢, 0, md two sides @ and b pass
through fixed pomts 1 wmd £, then the
thiud sidc ¢ envelopes v comc touching
pand g (Cf kx 1, A1t 71)

The 1wnge descnbed by B oon ¢ 18
projective with that desciibed by 1 on
p, for these 1anges we projective with
the penails desenibied by @ wid b through
D and L, winch e themselves proje
tive

If the vartices 1 and Bof a tinngle
Iic on hixed hines poand ¢ and the wides
« wd b pass through tixed ponts /) wnd
£ und the vertes C hies on v come which
also passes thiough /) wd K, than the
side « nvelopes o conigg which touchey
pand ¢

The proof 19 1dentical wath the pre
coding, except that the penals described
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by .4 and B on d and e are projective
because ¢ 18 a tangent to a conic which
touches d and e

3 Through two fixed points 4 and
hines arc drawn to a varnble pomt £ on
a hxed straight line If lhnes AC, BC
are drawn through 1 wnd 5 such that
the angles P.1C, PBC have given values,
the locus of 71y a come through .1
and 8

The peneils deseribed by 1€ and B0,
through 1 and B, are projective

4 It m the preceding the hines .1
wmd B¢ cut oft cqual or proportional
wtercepts on given lines, the locus of (!

Principles of Projective Geometry

by @ and b through D and E are pro-
jective because €' 13 on a conic through
Dand £

Two fixed straight knes « and b are
mtersected at .1 and B by a vauable
line p, which passes through a fned
pomt  If a hne « meet @ and b 1n pomnts
. and B such that the lengths ..U
and B have given values, the envelope
of ¢ 19 4 conic touching ¢ nd b

The ranges described by 1" and B on
a and b are projectne

If m the preceding the lengths .1.1°
and BB subtend equal angles at two
given pomts, the envelope of €' 19 4

18 a conie through '1 and 3 conic touching @ and b

.

» - In a trangle given in species® 1f one vertex be fived wnd another move along
a strught line,

(1) the envelope of the side opposite the fixed vertex 1s a puabol, of which
the fived vertex 15 a focus,

(2) the locus ot the point of mtersection of a wide which passes thiough the fived
vertex with a lme, drwwn m 1 fixed dinection through the opposite vertex, 18 a
conte

It should be noticed that the sides of triangles given m species determine three
projective ranges on the hne at inhmty

(1) Let the vertex 1 be oived and let B8
move along the straight hine { Then OB
detcrmines on the line Wt inhmty o 1ange pro-
Jective with that detanuned by A 73, and therc
torc with the 1ange desciibed by Bon( Hence
the envclope of €8 15 a pariboly touching the
hine ¢

Sumlarly the parbolv touches the hine on
on which (Addendum 6 («)) ¢ moves  If m
and ¢ weet at 7 the pomnts €, 7' B, A4 are
concychic and therefore .1 14 the focns of the
parabola  Example (3), Chapter v in

(2) If o line through B diawn m a tived
dinection meets AC at P, £ 18 the pont of
mterscction of rays of two projective penals,
whose vertices are it infimty n the given ~
direction and at .4 Hence the locus 15
conic through .1

A

* In Addundum 6 some mnportant theorems connected with triangles, given 1n species,
are proved
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6 Find the envelope of a side of a triangle given mn species and scribed 1n a
given triangle
If the trangle .'B'C’ be mscurbed 1 the trangle 4 BC, the urcumarcles of
AC'DB, BC'.A aud.(,’A'B' meet at a fixed pomnt 0, and the triangle 04’5 18 given
spetes (Addendum 6 (b)) Since 0 13 fined and . and B he on two fixed lines
the envelope of 4’ 1s a parabola of which 0 1s the focus

7 If a series of similar hgures we described, three cortesponding pomts of
which are situated on the sides of a tinngle, then the loci of all other ponts of
the hgures are st1 ught lines, and the envelopes of Al lines ate puabolas which have

the same point for focus

In the list example let /7 be a virable pomnt such that A'B'("1” 19 always

simlar to a given hgure
and .1’ moves along a fixed line

Then the tiangle 04’/ 1s given 1n speaes, 0 13 fived
Hence the locus of £ 19 a hixed hine

If 7%, ¢/ be any two pomnts of the hgure, O'¢) forms a tnangle given
species of which one vertex 0 13 fixed while the otha vertices /7, ¢ move along

straight hines
focuy

Therefore the emvelope of P¢F 13 a parabolv of which 019 the
)

117 Pole and Polar Loci1 and Envelopes

L Gwen jfour pownts on «
comc the polwr of o fraed pownt
pusses through a frred pownt

This 15 equivalent to poving
that,

Every pownt has one commnon
conjugate pownt with respect to «
system of conws through four fired
pornts

TIet A, B, C°D be the fom
fixcd pomts  thiough which the
system of conics 15 deseribed and
N the pont, the envelope of whose
polars with respect to the conies
1s required  Construet S the con-
jugate of S with respeet to the
quadifingle  ABC'D  Then the
polar of S with 1cspeet to every
come through A, B, C, D passes
through 8"  Art 106 (1)

It a conic be desc.nbed through
the pomts A4, B, C, D, S, the
tangent to this conic at S will

Gwen fowr tangents to « comic
the pole of « pued line lLies on
another fired line

This 18 equivalent to proving
that,

Every line has one common
compugale lLine wnth 1espect to a
system of conwes touching four fured
lines

Let a, b, ¢, d be the four fixed
hmes which are touched by the
conies ot the system and ¢ the
hne, the locus of whose poles with
respcet to the conies 19 1equired
Construct ¢ the conjugate ot s
with 1espect to the guadrilateral
abed  Then the pole of s with
1espect  to every conic touching
«, b, c,d hes on s Correlative of
At 106 ()

If a conc be described to
touch the lnes a, b, ¢, d, s and S
be the pomnt of contact of thig
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cut the conics of the system m an
nvolution of which S 1s a double
pomt (by Desargucs’ theorem) Tt
8” be the other double point of the
mvolution

Then 8 and 8" are harmonic
oL of cvery pair of conju-
gates of the mvolution determined
on S8 and are therefore conjugate
pomts with 1espeet to all the
conies of the system, which meet
88" m real pomts  Henee 87 19
the samc point’ as N’

2 The Eleven points locus

(Fwen « system of conics through
fowr fured pownts (a) the locus of
the common conjugates of pownts on
a fured Line and (D) the locus of the
poles of the fired line with 1espect
to the conies of the system, w «
come which passes thiough (1) the
s1r harmonie  conjugates  of the
pownts where the fued line meets
each side of the quadiangle of
Sfuaed pownts wnth respect to the
vertices on that sude, (1) the thiee
vertices of the common self-con-
Jugate truangle of the conics and
(1) the two pownts at which conwcs
of the system touch the grven line

Let P be wny pomnt on the
fixed hne { and let L and L' be
the poles ot £ with respect to two
gwen conies (1) and (2) of the
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conic with s, the pairs of tangents
from S to the comies of the system
will form an mvolution of which
s 15 a double rdy (by Corre-
lative of Desargues’” theorem) et
§” be the other double 1ay of the
mvolution

Then s and s are harmonic
conpiisaty - of cvery pan of tangents
trom S to the conies of the systems
and are therefore conjugate hnes
with 1espect to all comes of the
system, the tangents to which from
s are 1eal  Henee §7 15 the same
line as ¢

and 1ts correlative

Gwen a system of conws touching
Jowr fired Lines (a) the envelope of
the common conyugate lhines of lines
through a fired pownt and (b) the
envelope of the polars of the fired
pownt with respect to the comcs of
the system, vs a conac which touches
(1) the sur harmone conjugates of
the lLues joung the fured pownt to
the wvertices of the quadidateral
Wath respect to the paus of sides
of the quadi later al which meet at
that verter, (11) the three sides of
the common self-conjugate triangle
of the conwcs and (11) the two lunes
which are tangents to comcs of the
system at the fued pount

Let p be any hine through the
fixed pomnt L and let [ and I be
the polars ot L with respect to
two given conies (1) and (2) of the
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system The polars of P with
respect to the comes (1) and (2)
will be two straight hnes L@ and
L'Q which pass®through L and I
and meet at @ a pomnt which 15 a
common conjugate ot P with
respect to all the conics of the
system (Art 117, 1)

As P moves along the hne [,
LQ wd L'Q describe two penuls
through L and L' which aie each
equi-anharmonic with the range
described by £ and are therctore
projective with each othet

Hence the locus of @ 15 a conic
through L and L', which 1s therc-
fore the locus of common conjugates
of pomts on I with rcspect to
conies  through  the fined
points

Smee Loand L are the poles

tom

of 1 with 1espect to the comics
(1) and (2), which are any two
conics of the <ystun, the poles
of | with 1espect to every come
of the system lie on this conie,
which 15 thetefore the locus ot
poles of 1 with rcspect to all the
conies of the system ’

(1) Tt the four pomnts through
which the conics of the system pass
ne 4, B, ¢, D and [ meet 4B
R, an@ R b the harmonie con-
jugate of R with rcspect to A and
B, then R’ 15 a common o+«
of R Theretore the locus passes
through R’ and the fvc otha
pomnts similarly constructed
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system  The poles of p with
respect to the comes (1) and (2)
will be two pomts lg and Iy which
lie on / and " and have for their
connector ¢ which 1s a common
conjugate of p with 1espeet to all
the conies of the system
(Att 117,1)

As p 1r0tates round I, lg and
'q deseribe two tanges along 1 ind
I which ar¢ each equi-anharmonic
with the penel desaibed by p
and are theretore projective with
cach other o

Henee the envelope of g 15
conie touching ¢ wnd ', which 15
theretore the envelope of common
conjugatcs of lines through L with
respeet to conies tonching the four
fixed hines

Since ¢ and " wme the polas
of L with 1cspect to the cones
(1) and (2), which awc any two
conics of the systom, the polars
ot L with 1espect to every conie
of the system are tangonts to
this come, which 1s theretore the
envelope of polars of L with 1espect,
to all the comcs ot the system

If the hnes which are
touched by the conics ot the system
are «, b, ¢, d wmd the connecton
of I to ab be », and 17 be the
har monic

four

conpuuate of 2 with
respaet to o and b, then 17 18 a
common conjugate of 2 Thercfore
the cnvelope touches " and the
five other hnes similarly con-
atrneted
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(m) If EFG be the diagonal
pomts triangle of ABCD and !
meet KF m T, then G will be a
common conjugate of 7', since the
polats of 1" with respect to all
conies of the system pass through
G Hence the locus passes through
G, and sumlatly through £ and F

(1) The locus passes through
the pomnts where the two conies
of the systemn touch the line ¢, for
these pomnts are poles of the line
{ with respect to comies of the
system  Thesc  pomnts may be
constructed as the double ponts
of the mvolution determined by
the quadrangle ABCD on |

Principles of Projective Gcomet)y

If efg be the diagonal triangle
of the quadrilateral abcd and the
connector ot L to ef be £, then g
will be a common conjugate of ¢,
since the poles of ¢ with respect to
all conies of the system le on g
Hence the envelope touches the
hne g, and simlarly 1t touches e
and f

The envelope touches the two
lines which are tangents at L to
conmies of the system, for the lines
ate polars of the pomt L with
respect to conmies of the system
These lines may be constiucted as
the double rays of the involution
determmed by the quadiilateral
abed at L

3 Transoasals we dravn across @ quadrangle i such o way that the locus of
one of the double pownts of the wniolutions, wn whek they are cut, 13 « straight Line
Lrove that the locus of the other doublc point 18 a conv corcumsrbng the harmona

truangle of the quadyangle

The double pomnts of the mvolution m which the transversid 15 cut are
harmonic conjugates of 1t intersections with conies described through the vertices
of the quadrangle and we thaefore common conjugate pomts of the system of

coniy
conte obtamed m 2

Consequently, since one desciibes a straight line, the other describes the

4 Prove that « conie, which cucumscribes the hai monw triangle of a quadrangle

and whuh puasses thiough the double points of the wniolution determincd by the
quadiangle on a givcn transversal, passcs arso through the six ponts whach are the
harmonie conpugates with respect to coery pawr of vertues of the quadiangle, of the

pounts where the transiersal mects the side of the quadrangle contarning that par

The conic 18 the locus obtained 1 2

5 The locus of the centres of

« system of conws crrcumscribed to

« quadrangle 18 @ comic v cum-

scribung ats duegonal pownts triangle

and pussing through the siz nuddle
ponts of the sudes

(Sce Example 10, Art 103)

The locus of the centre. of «
system of comics wnscribed wn «
quadrilateral s o« shaght hne
passing through the maddle pownts
of the dwgonals

L}
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The centre of a comic 1s the The centre of a conmic 15 the
pole of the line at infinity, which pole of the line at infimity, which
18 a fixed line, consequently the 18 a fixed line, consequently the
above 15 a partcular case of Art above 15 a paiticular case of Art
117, 2 117, 1

The theorem on the right-hand side may also be proved as follows

Let a, b, ¢, d be the four lines touched by the conics of the system
Find the direction of the point at infimty on the parabola which touches
a, b, ¢, d (ve the pont ot contact with the line at infimty of the
conic touching abed and )  The hne through the centre of any comie
of the system paiallel to this direction 1s the locus of the centres  For,
by the correlative of Desargues’ theorem, 1f 7 be the pomt at mfinity
on the parabola, this line and the line at infimty are the double rays
of the mvolution formed by diawing pairs of paralled tangents fiom
I to the conics and the middle points of the chords of contact ot such
tangents are the centres of the conics and lie on the line 1n question

Since the limiting forms of the conies are the thiee pans ot opposite
vertices, the locus passes through the middle points of the diagonals

6  The locus of the centres of a system of comws which pass thy ough
the vertices of a truangle und thiough ats orthocentre s the nine-pownts
cwrcle of the triungle

The system of conies 15 a system of conics through four hived points
and therefore this theorem 1s a particular cascof 5 As two of the pans of
lines which determime the mvolution on the Iine at mhmty are at 1ight
angles the doubl® pomts of this involution, through which the locus
passes, are the crcular pomnts at mhmty The locus of centres 18
thercfore a airde  This locus passes through the middle ponts of the
connectors of the fomr pomnts amtd 15 therefore the nine-pomnts cucle
It also passes through the feet ot the perpendiculars which we the
diagonal points ot the quadrangle

The conies of the system are rectangular hyparbolas (At 108)

®
7 The locus of the centres of hyperbolas, which pass through thice given
pomnts and hive an asymptote given m direction, 14 1 hyperbola, which hay
asymptote 1n the given direction

This 13 a particulu case of the locus of the centre of 4 system of conics through
four points, one pomnt peing at infimty The middle ponts of the lines jommg
the pont at mfimty to the three given points are at whmty in the ducction of the
asymptote and therefore i asymptote of the locus 15 1m that direction
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8 Prove that the locus of the centie of 4 conic which passes thiough the
centres of the msaibed wnd escibed circles of a triangle 15 the circumscribing
circle

If A, I, ¢’ be the centres of the escribed cuincles ind ()' the centre of the
mscnibed cncde, 015 the orthocentie of the triangle .1'B'C”, ind by 6 the locus of the
centres of conies through A4'B'(" and 0 13 the nine points arde of A'BC’, 1¢ the
arcumande of 4BC

9  The connector of a pair of conjugate pomnts with 1espect to a given conic
pwses through a fixed point and one of the pair hies on 4 given strught hne , show
that the locus of the other 15 a comic passing through (1) the fixed pont, (2) the
mtersections of the given conic with the given straight ine and with the polwu of the
fixed pont, and (3) the pole of the given straight Time

Let O be the pomnt through which the
variable chord ¢ passes, mecting the conic in
1 and B3, and the fixed line £ (whose polc 1
K)ym P Let @ be the pole of ¢ which 1 on
LA the polar of

Then QA 15 the polu of 22 wnd the pomt
1", where 1t meets the line ¢, 15 the conjugate
of P with regud to the comie  But the pencil
¢ 13 projective with the range desaibed by
1its pole @ on LM Therefore the penails ¢
wnd K ac projective and the locus ot /” 15
a comce through A and 0 It obviously F/’
passes through L and M At the pomnts
whare £ meets the conic 72 comades with 22 ind thercfore these ponts are also on
the locus

10 A arcle and 2 comc osculate at /2 and have diameters £Q, PR Show that
the ine QR, the tangent i P and
the other common tangent are con-
current

Let € and (" be the centres of the
conic wnd cuele  Let the tangent it
/” mcet the other commou twgent

at 77 and OC" at M Then from — \ e

the nature of the locus of centres of AN >Q\\\ s
comes touching four straght hnes, T e e

M bisccts PT Therefore QR, which
14 parallel to €M, passes through 7'

118 Loci1 and Envelopes by Anharmonic Ratios

1 varwable line passes through a fured pownt  to find the locus

4
of @ pownt on the line whach forms with the three pownts in which the line
meets the sides of a gwen trangle a 1ange of a constant anhar monac 1 atro
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Through O the fixed point draw any transversal to meet the sides
of the trianglem A’, B',C" Let Pbea
point such that (A’B'C"P) 1s constant
Jom A’ and £ to A  Then the
pencl (4 A'B'C’P) has the given
constant anharmonic ratio  Therefore
since AC, AB" are hxed the penals
described by AP and AA’ arc projective  But, since A’ 1s situated
on the fixed line BC, the pencils 44" and 04’ arc projective
Hence the penals AP and 04’ are projective  Theretore the locus
of I’ 15 a conic through 4 and O By symmetiy this conic passes
thiough B and ¢

Hence, if a system of conics be deseribed through tour ponts, and
through one of the points a tiansvarsal be drawn to meet one ot the
comes in P and the sides of the tnangle formed by %he other thiee
fixed ponts in 4'B'CY, then the anharmonic 1atio of the 1ange (A'BC'P)
15 constant for every transversal  Also by taking a different conie
of the system the value of this anhumomc 1atio may be made equal to
any given quantity

2 If avarwable ty ansver sal be dr awn thiough one ver tea C of a truangle
ABC to meet the opposite side in (" and a conic through A, B w Q, find
the locus of a pownt P on ths transver sal such that (CC'QP) ws constant

Project @ and P fiom B
on to AC mto the pomnts
Q., P, respectively, and fiom
A on to CB 1ntq, the points
Q., P, Then the peneils AQ,
BQ arc projective and there-
fore the ranges @, @, are
projectin But, since the an-
harmonic 1atios of the ranges
CAQ,P, and CBQ,P, are con-
stanteand C, A and B are fixed, the range @, 15 projcctive with
the range I’ and the 1ange @, with the range P, Hence the ranges
P, and P, ate projective Therefore the penals AP and BP are
projective and the locus of P 1s a comic through 4 and B

38 If a varable chord CQQ of a conic be diawn through a frred
powmt C and a poutt P be taken wn this chord such that (CQPQ') s
constant, then the locus of P 1s a comc
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Let Cd, CB be the tangents from C to the conic and let the
chord of contact mecet AB i ¢’
Then

(CQPQ)= K (a constant)
But (CRCRY=2

Therefore )
(C’QPQ'_) _ n_K -
(CQU’(J’) - (CQPC ) - “2 64__ “_

Henee by the last example
P describes a conmie through 4
and B

4 A conc touches two sdes CA and CB of « triangle ABC  Any tangent s
drawn to the conwpneeting BC i Py, ACwn P and ABwn @ On the tangent a pount
N 18 taken such that PP'QN s harmome  Fend the locus of N

Let CN meet AB1in K and let AP BP bo L. The 1nges described by 2 and 77
on CB and (4 are projective, therefore the pencils AP, B/ ne mojective and the
locus of L 14 a comc thiough 4 and B From the hwmome property of the
quadrangle ABPP, the penul ¢ ABLE 18 harmonic and therefore / lies on CN
Hence, smee (CLKN)1s humonic and L deseribes a conic thiough 4 and B, the loeus
of N 15 also a conmc through A and B

»  If a varnble triangle 450 15 such that two of 1t~ vertices 1, I3 lie respectively
on two fined tangents to 4 given conie, while {5 always touches the conig, and the
sides B, (A pass respectively thiough two fixed pomnts £, @, then € will lie on v
fixed come which passes through 2 and ¢

6 I'ixed strauight lines 04, OB we cut i P, ¢ by a line which passes through
a fixed pomt  Prove that the centre of the arcamarcle of the triangle 0P hes on
a hyperbola

Take A and N the middle pomnt of O 0¢) aud erect perpendicalus at M and N
to meet W /2 A8 the centre of the arcun 2ircle of 0FQ

Ranges P and () are projective, therefore the ranges M and & are projective
Hence the pencils formed by joming M and N to the pomnts at infimity 1n directions
perpendicular to Od and OB we projcctive  Theretore the locus of £ 15 a conic
through the pomts at imfinity perpendicular to 04 wnd 05, v e 1t 15 a hyperbolt

7 1f 8; and S, be two pomts which project three collinear pomts 1, By, ¢
and three collimear ponts 4,, B,, €', respectively mto the same three collincar ponts,
prove that S5, touches a conic

Let 81N, meet the two bases i Dy, ), Thenif Dy 1s given D,1s umquely de-
termimed for (A8, D)) =(d4,8,0,D,) Thereforc for dlﬁ'(:rent positions of §; and
N, the ranges D, and D, ue projective  Therefore D, D, (or 8,8,) touches a conic
which also touches the two bases
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8 A perpendicular 14 drawn to any tangent to 4 parabola at the pomt where 1t
meoty o fived tingent prove that the envelope of this line 14 @ parabola which
touches the fixed twngent at the pomt whete 1t 13 met by the diectiin of the aiven
parabola

Lt @ be the fived tangent and » the Iine at mhnity  Let the vaniable twwgent
meet the fixed tangent and the line at mhmty m 2 and 2’ 1f + papendicular to
the tingent be divwn through P, 1t will mcet the hine at ifimty m a pont ¢ which
15 the conjugate ot P m v deimte mvolution  Therefore the ranges P, ¢/ ae
projective and £¢ will (nvelope o conie which touches the fived tangent and the
line vt mhmty, 1e o puibola  The pomnt where 1t touches « will he the pomt
on « corresponding toae At this point the variable tangent must be perpendiculu
to « and thaefore tlus pont 15 a point on the directiin

9 Prove that the locus of the pomt m which the perpendicular from o hved
pomt to a variable tangent to a parabola meets the corresponding diuneter 19
rectngular hyperbola passing through the fixed pomnt, wnd find 1ts asymptotes

Let the perpendiculu from the fined point () meet the tingenat /21 & and the
corresponding diameter m ¢ The perpendiculu frowa the focus S will meet the
diameter through 72 v pomt M on the dinectrin: The pencil 0 15 projective with
the penail S.J, therefore with the 1ange M on the ducctiiy, therefore with the ponal
formed by jommg M to the pomt at mfinity on the wis  Therefore the locus of ¢
15 4 conte through 0 and the pomnt at mfinmity on the axis A line through O parlel
to the diectire will mecet o perpendicular tingent to the paraboly it bty Thus
v second pomnt at mbmty 15 obtuned on the curve  Simce these pomts ue
perpendiculu duectiony the locus 19 a rectangular hyperboly

10 A vanable diameter of 1 conic meets o fixed hne in 72 and through /2 1 hine
15 drawn parallel to the comjugate divmeter  Prove that the envclope of this ine s

a pibola
Let 1" be the pole of the fixed hue  Then the pont 1wt mhmty / on 4 parallel

through 17 to the conmigate divmetcr will be the pole of the diameter Hence the
1 inges desuribed by 72 on the hived hine and by 7 on the Iinc at intinity are projective
But the Iine whose envelope 18 required 18 £/ and the cnvelope 15 therefore a conic
touc hing the line at mhnity, that 1s a py ibola

11 'wo pomnts /2 and ¢ arc conjugite with 1egard to a counic 22 lies on v fined
strught hne and PQ subtends v 11ight angle at a fived pomnt  Prove thut the locus
ot (415 1 conic passing through the fixed pont

Let §>M be the fined hne on which P hes ind O the hxed pomt  The polar (L
of P will pass through 1 ixed pomnt &, the pole of M The ringe described by /2
15 projective with the penal deseribed by its polar ¥ Also the pencil 0@ 15
projective with the pencil O aind therefore with the range £ Hence the penals
0f) and V@ are projuctive and the locus of @ 15 a conic through 0 and &

12 d, B, (" are threedixed points A cucle 13 drawn thiough 4, B and another
through B, ¢ If these two circles have a fixed radical axiy, prove that their 1espec tive
tangents at .1, ¢ meet on 1 fixed conic
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Let D be the second pomt of mtersectton of the circles Through A4 and
C draw A4, CC’ parallel to BD Then
the penals 1D and CD for different
positions of /) are projective  But since
angle A'AD=BDA=BAL, the pencils
AD and AP are projective

Similarly the penals €D and CP are
projective  Therefore the penals A/
and CP are projective, ind the locus of
P 1s a comc through 4 and ¢

13 Given a straight line along
which the base of o trangle les and
an mscribed conic of the tuangle, find
the locuy of the vertex if the base always
subtends a right angle at a fixed pont

Let ABC and .1'B'(" be two positions of the triangle Smce the base always
subtends a right amgle at a fixed pomt the ends of the base are a pair of conjugate
points of an mvolution determmed by BC and B'C’  Hence the tangents from the
ends of the base alwiys mtersect on the stiught line 44’, which 19 therefore the
locus of the vertex (Arts 75 aud 95 (¢) )

14  Through a fixed point O a straight line 13 drawn to meet a straight line / 1n
P and to intersect the polar of P with respect to a fixed conic in Q@ Show that as P
desciibes the straight line 7, ¢ describes a conic passing through two fived pomts
mdependent of the line 7 chosen

Let (7 be the pole of {, which will be situated on p the polar of 77 Then for
different positions of 7, the pencil desciibed by 0’ will be projective with the
range described by 2 and consequently with the pencil O  Therefore the locus of
@, the pomnt of itersection of corresponding rays of these pencils, 13 a conic through
Oand O It also passes thiough the poimnts of contact of the tangents from 0 to

the conic
+

15, B, C are thieo fined points, s a fixed line and § a fixed conic passing
through 4, 3, ¢ 13 any point on s, A¢ meets the conic in /2, show that the locus
of the mtersection of CQ, BR 13 a conic pagsing through B, €, the itersections of s
and S and through D the other point of mtersection of 4¢ and §

Pencil ('¢) 13 projective with the pencil AR and therefore with the 1ange £ on
the conic  Therefore the pencils BR and C¢) are projective and the locus ot 2> 1s

v conic through B and € It obviously passes through the intersections of ¢ with &
and thiough D

+

16 Two conies .| KEC, BEFD are such that the ponts ¢, D, F are collear, Li1s
a pomt on KF, 1/, meets the hirst conic again in ¢ and BL meets the second conic
agan 1 R, show that the locus of the pomnt of mtersection of CQ, DR 1s a straight
line thiough /#/

The pencils LL, BL are projective Therefore the ranges @ and 2 are projective,
and the pencils CQ, DR are projective  Since CDF 15 a kelf-corresponding ray the
1anges are n perspective and the locus of 714 a straight line which passes through £
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[]
SIX POINTS ON A CONIC, SIX TANGENTS TO A CONIC

119

In Chaptor x111 1t was shown how a conic could be desciibed

through five given ponts o1 to touch five given stiaight hnes In
certamn special cases a comc may be descibed to pass through more
than five poits o1 to touch more than five lines

(@) If a conwe can be descr tbed thiough the sia vertwes of two trangles,
another conac can be described to touch the sir sudes, and corelatwvely, of
a come can be desciibed to touch the 1. sudes, another conie can be described
through the st vertices of the truangles

Let ABC and A'B'(Y be the
two triangles and let AC wmeet
B'A" and BC' in K and L, and
A'C’ meet BA and BC i M and N

If a conic eircuinseribes A, B,
C A, B, C,

(B ACA'C'y=(B ACA'C")

Thei®fore taking mtercepts on
'AC and 4'C’

(ACKL)=(MNA'C')

Hence AM, CN, KA', LC', AC
and A4’C" envelope a conic, which
touches the sides of tRe two tn-
'angles

Let abe and «’b'¢’ be the two

triangles and let the connectors
ot ac to U« and b'¢” be & and [, and

()
those of «’¢’ to ba and be be mand »

If a conmic touches «, b, ¢, «,
v,

" acdy=(b acd't)

Theretore by joimng the 1anges
to ac and «’c’

(ackl) = (mna'c’)

Hence um, cn, ha', I, ac and
a'¢’ all e on a conic, which passes
through the vertices of the two
triangles

~

172
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(b) A comac can be described to touch the sui sides of two triangles 01
to pass through theuw suz vertices, when the triangles are (1) self-conjugate
with regard to a conie, (2) constructed of two paws of tangents to a conwe
and thew 1espective chords of contact, (3) curcumscribed to a trangle
and wn perspectiwe with ot 01 (4) insciibed 1n « triangle and in per spective

wnth 1t

Let ABC and A’B'( be the tn-
angles  Then n the figure (p 259)

In case (1), A, €, K, L are the
polcs ot the ines jorming B to (', 4,
(", 4" 1espectively

In case (2), 1if B and B’ be the
poles of AC and A’C, 4, C, K, L
are the polesmf the lines joining
Bto 4, C, A, (" 1espectively

Thcretore 1n both cases

(B ACA'CHY=(B ACA’C")
and taking mtercepts on A€ and
A'C’

(ACKL)=(MNA'C)

Henee a conic can be doseribed
to touch AM, CN, KA’, L.C', AC
and A’C’;2e to touch the <1x sides
ot the triangles

Case (3) follows hom Menclaus’
theorem and the converse of the
correlative of Carnot’s theorcm

Jwe (4) tollows by {«) friom

the theotem on the rnight-hand
side

120

Tat abe and a'b'¢” be the tn-
angles  Then m the fgure (p 259)

In case (1), «, ¢, h, I are the
polais of the mtersection of b with
¢ u, ¢, a' respectively

In case (2),1f b and & be the
polats of «e and «'c’, «, ¢, &, b arc
the polars of the mtersections ot b
with q, ¢, «’, ¢ 1espectively

Thereforc 1 both cases

" aca’cy=(b aca’c)

and by jomung the ranges to ac
and «’¢/
(achl) = (mna'c’)

Henee a conic can be deserr’ ed
through am, cn, k', I, ac nd
a', 1e to pass through the six
vertices of tho triangles

Casc (3) foliows by («) from the
theorem on the left-hand <ide

Case (4) follows trom Ceva's
theotem and the converse of
Camnot’s theorem

At the end of A1t 101 1 short statement was given mn regar 1 to the
properties of the <ome mvolving the “imaginary”

A4 theare stated 1t 14

often assumed that 1 pair of 1eal pomts can be 1eplaced by, or projected
nto, v pair of magimuy pomts, thesc pomnts usually being the cucular pomnts at
mhnity  No justification of this has been attempted and the consideration of this
part ot the subject 15 1eserved for the present  The theorems however of Art 119
aftord instances of how this method may be applied 'As such the following are
given



Swx Powmnts on a Conie

Particular case of («)

If two of the vertices of one ti
angle be assumed to be the cncular
pomnts bt mfimty,® then the following
theorem 13 obtamed

A purabola can be wnscribed wn any
tiangle, tnscrtbed i a cucle, so thot s
focvs may b at any guen pont on the
cucumference of the curcle

Particular cases of (b) (1)

If two of the vertices of one of the
self conjugate triangles are assumed to
be the encular pomnts at infimity, the
conic will be a 1ectingular hyperbola

Hence the conv wnseribed an a tiwangle
self conjugate wath 1eqard to a rectangula
hyparbola and having «a  focus «t the
centre of the rcctanguln hypabola s a
purabola

Puticular cases of (b) (2)

(1) If the two veirtices of one tr
wgle, m which the tungents mect the
conie, be assumed to be the arcular
pomts at mfinmty, then the following
theorem 15 obtained

The coine described to touch tuo tan-
gents o o cudle, and thewr chord  of
contact, and to havc o focus wt the centre,
o a paiabola

(1) It one of theg hords of contut
be the Iine ut mhmty, then the following
theotrem 18 obtained

The conre which can be described to

touch two tangents to « hyperbola, then

chosd of contact and the two asymptotes s
a parabola

121

somewhat different form

261

If two of the vertices ot one tn
angle be assumed to be the arcular
pomts b infimty, then the following
theorem 19 obtained

The crde, whieh cucumsaibes «a
treangle formed by thiee tangents to a
parabola, passes thiough s focus

If two of the vertices of one of the
self-conjugate trangles ue assumed to
be the cieular pomts W mfamty, the
come will he a rectingular hyperbola

Hence the cude
triangle self conjugate with reqard to a
rectangular hyperbola [’awuv through the
centre of the 1cctungular hyperbola

crcumsanbing  a

(1) If the two vertices of one tn
angle, i which the tangents meet the
coni, be wsumed to be the cculm
pomts at mbuity, then the following
theorcm 1 obtained

The coicle described through the points
of contact of tiwo tangeats to a cucle and
thiough therr pornt of wnte sccteon prsscs
thiough the centre of the cudle

(1) If one of the chords of contact
be the line 1t infimty, then the following
theorem 13 obtuned

1] « /l7/p(7l)l)lrt b described to pss
thiouyh the pownts whire any e mects
w quen hypabolu, to pass thiough the
pole of ths Dive, and to have ws asymp
totes pasralld 1o those of the  quoen
hypeirbolay then thas hyparbola will pass
through the contre of the quon byperbola

sertamn of the thcorems of Art 119 may be expressed i

*If two comcs ure such that « tiwangle can be («) wscribed i one and
curcumscribed to the other, (b) wnscribed in one and self-conjugate with
reqard to the other, o (c) cucumscribed to one and self-conjugate weth

* For similar theorems for a quadiangle see A1t 134
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regard to the other, then an wfimte number of such triangles can be
constructed

The proofs in each case are similar  Let 4 BC be the given triangle

(«) Let (1) be the conic to which ABC 15 cncumscnibed Draw
B'C" any tangent to this conic to meet the other comic (2) n B, ¢ Let
the other tangents fiom B and €7 to (1) meet at 4 Then a conic can
be desctibed thiough 4, B, €, 4, B, ¢ But (2) passes thiough
4, B, C, B, ( and 1s therefore this conic, which also passes through A’

() Let (1) be the come with regard to which the triangle ABC s
<.t conpngare - Take B any pomnt on the other conie (2), and let 1ts
polar with 1egard to (3) meet (2) m 7 Constinet the polar of €” with
regard to (1) This passes thiough B Let these polats of B and ¢
with regard to (1) intersect at A’ Then ABC and A'B'(Y are two
triangles < If w mpr wa v with regard to (1)  Hence a come will pass
thwough 4, B, ¢, 4°, B, (" But (2) which passes throngh 4, B,
C, B, ¢ must be this conic

(¢) Let (1) be the conc with 1regard to which the tnangle abe 15
~cIf-conpugate Take & any tangent to the other conie (2) and let a
tangent from 1ts pole B, with regard to (1), to (2) be ¢/ Let a’ be the
polar ot ¥'¢” with regard to (1) This passes thiough B Then «'V'¢ 13
self-conjugate with regard to (1) A conic can then be described t6
touch the sides of the tiangles «be and «’'c”  As (2) touches five
of these lines 1t muss be this conie, and must therefore touch the «ixth
side @’

It should be noticcd that two triangles arc mm perspectnne

(1) when one tiangle 15 the polar tnangle of the other ‘with regard to a conic
(Art 103 (a))

(2) when one triangle 15 (17 conjugate with 1egard to a conic and the other 15
maeribed n the come md ancumscribedé to the former tiangle (Art 107 (b)),
or conrelatively

when one tiangle 13 self conjugate with regard to a come and the other 19
arcumsatbed to the conic and mseribed m the former tnangle (Art 107 (d)),

(3) when one of the tnangles 1s mserbed m and the otha 18 Grcnmsaibad to
the same tnangle and both are mn perspectine with 1t (Example 15, Ch vi)

122 A come may be described to A come may be descubed to pass
touch thiough

(1) The sie Limes yooung the vertices (1)  The sua points where the tangents
of a tungle to the pownts where the  from the vertues of a tnangle to « come
opposite sides are met by « con meet the opposite ndes of the trangle

The converse of the corelative to The converse of Carnot’s Theorem

Camnots Theoremm At 99 At 99
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(2) The sir lLines jowmng the non-
corresponding veitues of two truangles 1n
perspective

The converse of Brianchon’s Theorem
Art 100

(3)  The eight tangents to two conics
at  theu fom pownts of wntersedction
(Art 126(d))

(4)  The *eight sides of two quadri-
laterals whach have the same dragonal
tnangle (At 126 (a) )

(8) dny thiee pau s of lines thiough
the dwagonal powts of a quadiangle,
whak e harmonie  conjugates of the
paws of wdes meeting at the dwagonal
ponts

(6) Thiec pans of lues ny, ny,
my, iy, my, my, where my, ny are the
common  harmonic conjuqates of &y, oy
and wy, ay g, wy und ) a) bang the
tangents from a cater of @ conemon self-
congugate trangle of two conies to the
conus —and my, ny and my, ny we the
wmlar lines for the other vertices of the
common self conyuqate triangle

(7) The «r harmonw conjugates of
the 81 lunes jovmung any pownt to the
vertrces of u qaadnl(:teml, with respect to
the pairs of des of the quadiilateral
meeting at cach rertcr (Art 117 (2) )

(8) The s polars of @ guwen pon‘at
wuth respect to the wiv conies, whick can be
described thiough five out of s guven
pounts ‘(Art 135 (b))

Tif® proofs of (5) and (6) are as follows

() Take the diagonal points triangle
ABC as tnangle of reference  Let the
1at104 of I, m, ¢ m the figure be a, b, ¢
Then since these lhines are concurrent
abe= -1 .

The 1atios of n, 1, £ 1n the figumie are
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(2) The wux pownts of wtersection of
the non corresponding sides of two -
angles wn perspective

The converse of Pascal’s Theorem
Art 100

(3) The erght ponts of contact of

the common tangents to two conics
(A1t 126 (d))
(4) The ewght 1 tices of tuo quad

rangles whuh have the sume diagonal

pounts treanglc  (Art 120 () )

(3)  *.Any three pairs of pounts on the
dwagonals of a quadrlateral, wheh are
harmowic conjugates of the ends of the

dwgonals
¢ .

(6) Thice paus of pornts My, Ny,
M, N,, M, N, where My, ¥y we the
common harmonw congugates of Ay, Ay
and Ay, ) —Ay, Land A/, 1) baang the
pownts an which two comes are met by «a
side of thew common sclf conjugate tr
angle—and My, N, and My, Ny ae
sunilar points foi the other sides of the
common self conyugate tnangle

(7)) The «@r haimonwc comugates of
the s pownts v which the sides of «a
quadrangle are met by any straght line,
with sespect to the paus of vatues of
the quadiangle suuated on each «ade
(A1t 117 (2))

(8) The six poles of a quocn line
wath 1espect to the six conu s, whach can be
described to touch five out of st quven

lines (Art 135 (0))

() Take the diagonal thiangle (3C as
tnangle of reference  Let the ratios of
K, S, ¥V in the figure be @, b, ¢ Then
sice these pointy are collinear abe= +1

The 1atios of M, R, L i the figuie

* This 18 practically a restatement of Art 103 ()



therefore —«a, —b, —c 1t 2y, 1, are
harmonic conjugates of ¢, —«, then

'L]L::ll‘:
Sl wly ny.= 0,
3142=’z

VY= atbici= ]

by the converse of the correlitive to
(unot’s Theorem the siv hines touch a
Lonlc

(6) If the ratios of the pomts
determmed by «y, «;” on the sides of the
self conjugate triwngle we oy, o, then
those of «,, @, will be —ay and -«

The common  harmonic  conjugtes
(11, ¢,) of these are given Iy

= —apowmd = —aay
The condition that (;2,%,4,21-, should
touch v eomc 18 1y, m=1,
or i by e = 1 (1)
But aytbpef= -1,
nd 20 = ]

(yey iy 1) =1,
e by ey =1 o1 =1

smee the former docs not generally
hold, the lattaa 15 true wnd (1) 15
satisficd

Principles of Projective Geomety y

It A1y £ VC
a, then

are therefore —a, — b, —«

harmonic conjugates of «,
)yt =t

Smmlarly Y=,
1S1—c

N YTy = b=

by the converse of Carnot’s Theorcm
the siv points are on 1 conic

(6) If the ritios of 1, 1) referrad
to the self conmugate tnangle be oy, oy,
then those of 1, 1y will be —a;, o)

The common harmonic  conjug ites

(ry, 22) of these purs of pomnts  ue

!
gnen by
n=—1,and o= aa

The condition that ¢ ¢,414z, , should
{
lie on v conic 15 1y YY1,
ol ety by ey = —1 (1)
) 2 2
But d2bli= 1,
wnd a2y i= -
(et Dby ey )i=1,
b iy =1 o0 -1
Smee the formar does not gencially

hold, thc Iwtter 18 tiue wd () 15
satistied e
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EXAMPLES

Iy 4, B, Cand D ue any fom pomts on a conic, AB and CD ntersect n 0,
the twngents at .1 and 5 intersect at £ wnd the tangents at € and D at @  Show
that a conic can pe described through the pomnts A, B, ¢, D, P, ¢ and that the
tangents to this come at P and @ are the straight hines 0P, 0@

By A1t 119 (2), .1, B, C, D, P, @ are on a conic

Smee PQ s the polir of O with 1espect to this come —which passes through

1BCD—O0P wd 0Q are the twngents to 1t from O

(2) On the sides BC, (1 of v tnangle .1 BC pomts ', 17 and B3, B” are taken,
and a pomt ¥ 1 taken on the wside 15, A'B and ¢'B meet m I, 1"B” and BY
meet m A, ind 'K meets (Bm (" Prove that (U, (U BB, BB, C(", CC”
are tangents to a conic

Consider the hexwon U 1”"B"C'C" 1 The pans of opposite sides mtersect m
the collmeu pomts B, K, /1 Therefore the vertices ue on v comc  Therefore the
comie through .U 1”3 B"(” pwses through €7, and 1 conic < be described to touch
the lines joing these points to the opposite vertices

(3) 1415 afixed chord of a conme wmd CD s v fined tmg(‘nt’ at ¢ meeting 173
m D, (P awd CQ are wmy two lines meeting the come m 22 aind ¢ and cut by wmy
chord ¢ through D m /" wd ¢ Show that o come can b diawn through
1BPQP

Let 7 meet the comc m L and 3 wd 2°Q in R than /7, (F are conjugate points
of the mvolution determmed on 7 by conies throush (B¢ For they ue comjugate
pomts of the nvolution determined by CCPQ, and for both mvolutions /), £ u d
Ly, M axc pwuns of conjugite pomts

Hence a conic through 1, B, P, @, 7”7 passes thiough ¢

() 0P, 0@, OXXY ue choids of v come, prove that P, P, 1Y@, P
and the tangents at X, Y7l touch a come

Tt P Q1" be F'wd PQ 17 be ' Describe v conie to touch 22, Py, 17,
27 and the tangent at U The two comes have QL for common self conjugate
tuangle wnd e thes fore m harmonic perspective with O as centre md £F as was
The tangents at X nd A" correspond, wnd, sinee the second conic touches the
tangent at 1, 1t also touches the tangent at A’

(%) From wny pomt on the arcuwmscaibed arce of « tnangle {5C perpen-
diculus are divwn to the wides BC, C I, .15 to mect the arcde wun m D, K, ¥
1espectively  Prove that a comce can be drawn to touch the siv straght hnes

1B, BC, CA, DI, EF, FI) .

(), A conme may be deseribed through the siv vertices of two trangles which
ue m hamonme perspective

Let the tringles be [BC, U(" wmd S the centie of perspective  Taike ¥
wnd & humonic conjugates of .S with respect to | 1/, B MN 13 then the vy of
peispective  Describe 4 conie through E 1, B wd ( Thiv conie 19 m sclf
perspective (harmonic) with S and s s centre and axis Therefore the conie passes
through €’ .

Conversely, 1f two tnangles are i perspective and a conic ¢ be desciibed
thiough then vertices the triangles are in hirmonie perspective



CHAPTER XX

THEOREMS CONCERNING TWO C(ONICS —COMMON CONJUGATE
POINTS, CONICS IN SELF PERSPECTIVE, CONICS IN PER-
SPECTIVE WITH EACH OTHER, C(ONICS WITH DOUBLE

CONTA(T, HARMONIC' LOCUS OF TWO CONICS

TWO CONICS

123 RECAPITULATION

Conyugate 1’0177‘(\

A Conic determines on every str ught
Ime 1 1ts plane i involution, iy pair
of conjugite pomts of which ire con-
Jugate pomts with regard to the comg,
while 1ts double points, 1f 1eal, are the
points of mtersection of the lhne wnd
conic (At 95 (4))

The conjugate .1" on a4 given line 7 of
any pomnt A on the Ime { with respect to
a given conic may be constiucted—

(1) as the pomnt of mtersection of
the polar of 4 with the lme 7,

(2) as the harmonic conjugate of 1
with regard to the ponts £ and F (it
1eal), i which 7 meets the come,

(3) by takig any chod P of the
come which passes through the pole of /,
Jommg 4 to P to meet the comc at £,
and joinng £ to ¢) to meet [ at A’

(A1t 95(7))

Conjugate Lines

A Comnic determnes at every pomt
1t plane wn mvolution pencil, any pan
of conjugate riys of wlch are conjugate
Iines with regard to the coni, while 1ts
double 13ys, 1f real, are the tangents
from the pomt to the conc

(Art 95(4))

The conjugate «' thiough o given
pomt L of wy ray « through L with
1espect to 1 gnven come may be con-
structed—

(1) s the connector of the pole of
with the pomnt I,

(2) s the humonmc conjugte of «
with regard to the tangents ¢ and f (if
1eal) from L to the conic

(3) by tiking any par of tangents
Py ¢ to the come which intersect on the
polar of L constiucting ¢ the tangent
from ap to the conie and constructing «
the line yjommng g to L

(Corl of A1t ‘?5 (n)

Common Cowgugates of Conws thiough fowr pownts and of conics touching four

strarght lines

TIf 1 pair of pomts are conjugate
points with 1egud to any two conics
(mcluding a pan of hines as a comc),
they are conjugate points with 1egard to
every conic through then four ponts of
mtersection (Art 117(1))

If v pair of lines are conjugite lines
with regard to any two conies (including
a par of points as a conw), they are
conjugate lines ‘with 1egard to every
conic which touches the four common
tangents to these comwes  (Art 117(1))
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Construction of Common Conjugates

(1) To construct the common con
Jugate of a given pomnt A4 with 1espect
to a system of comies through four given
points

Construct the polats ot A4 with
respect to two of the comes Then
pomt of nsersection .1’ 1s the common
conjugate of .1

(2) To construct on o given lme /
a pan of pomts, which wre common
conjugates with respect to 1 system of
conies through fouwr fived points

Construct on ¢ the mvolutions deter
mmed on this hne by two of the comes
The pait of common conjugates of these
myolutions are the required points

Or

Construct the two conws of the
system which touch the line {  Then
points of contact are the pan of common
conjugates on !

If the pomts 4, B, C, D, through
which the conics pasy, are detcrmimed s
the intersections of a pur of lines 4B
and CD with a comic N, the following
construction 18 uleful

Draw the tangent p at any pomt /°
on the come  Jom I’ to 1B CD by «
Take « the harmonic conjugate of «
with respect to AB and (')« meets
p m P a common conjugate of P’

®his follows from the fact that every
pont on the tangent at 7”14 a conjugate
of P with regard to the conic

The connectors of a par of ponts,
constructed 1 tlus way, with the
diagonal pomnts of the quadrangle are
harmomic conjugates of the pains of sides
which meet at these pomts
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(1) To construct the common con
jugate of a given hme « with respect
to a system of comes touching four
given lines

Construct the poles of « with respect
to two of the comws  Ther connector
o’ 15 the common conjugate of «

(2) To constriact thiough v given
pomt L a pur of lmes, which are com
mon conjugates with respect to a system
of comics touchimg four ived lines

Construct the mvolution penals de
termimed 1t L by tWo of the comes  The
pair of common conjugates of these

mvolution  penails  ue  the rcqured
lines

(&)}

Constinct the two conies of the

system which paws thwough L The
tangents at L to these contes are the
par of common conjugates thiougn 7,

H the hnes «, b, ¢, d, which ue
touched by the conics, ate detarmined as
the tngents for 1 pan of pomts ab and
«d to a come N, the following con
struction 1s useful

Constiuct the pomt of contact /2 of
any tangent p to the come  Constiuct {
the pomt of mterscction of p and ab d
Take 1’ the harmonie conjugite of .1
with respect to b and «f  p' the
connector of A to P 1 a common
conjugate of p

This follows from the fict that (vary
lime thiough the point of contact of a
tangent pas 1 conjugate of p with regard
to the conie

The pomnts of mtersection of pans of
Iines, constructed 1 this way, with
the diagonus of the quadnliteral wme
harmonie  conjugates of the pans ot
virtices on these dngonals
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Eleven pownts locvs and 1ts correlative

Given a system of conics through
four hixed points the locus of the common
conjugates of pomnts on a fited line1s a
conic which passes through eleven de-
termmed points

This important theorem 13 proved m
At 117 (2)

The polus of any two fixed pomts
with respect to v system of conies
through fomr fixed pomts form  two
projective penals (At 106 (e) )

124  Every pun of reul comcs

Principles of Projective Goometry

Gnen 1 system of comes touching
four hved lines the envelope of the
common conjugates of lines passing
through o fixed pomnt 19 o conic which
touches eleven determined limes

This iport int theorem 1 proved
Art 117 (2)

The poles of any two fixed lines with
respect to 1 system ot contes touching
towr fined hues form two projective
(Art 106 (0))

ranges

have a 1eal common self-conjugate

truangle ercept when the conwes antersect an only two 1 eal pownts, wn whech
cuse two vertuwes us d the opposite sides of the triungle aie v iy

The loet of the
jugates of pomts on hnes « and b
with respeet to the conies (1) and (2)
are two conies

The common of the
pomt @b must be on both of these
conics  These conies will therefore
mtersect in another 1eal point P Let
P, and P, be the common conjugatco~
of P on the lines ¢ and b Since P,
and P, are « npean~ of P owith

common con-

conjugat

respect to (1), PPy s the polar of P with respect to (]r)

Stmlarly 1t 15 the polar of P with 1espeet to (2)

18 & common polar of P

Therctoe P, P,

<
The chord P, P, may mecet the conies

(1) 1 real points A,, B, and 4,, B, such that 4,8, wmd 4 B, do not

ovetlap

(2) m 1cal pomts 4,, B, and A,, B such that AB, and 4,B.

do overlap

(3) m rcal pomts 4,, B, and 1 two imagimary pomts

(4) m four mmaginary pomnts

The vertices of the common ~ 'f conpri, we trangle situated on P, P,

arte the common harmonic conpsan

~ ot 4B, and 4.,B_, 1e the double

clements of the mvolution which they determine
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In case (1) these points are real, (A1t 48)
(2) these points are 1magimary conjugate pomts, ”

(3) these points are 1eal,
(4) these points are real

)

»

In case (2) the conies mtersect in two 1eal and two tmagmary points

Two conws which ntersect an four distinct pownts cun have only one

common self-conjugate truungle
»

If possible let ABC and A’B'C’ be two common self-conjurite

triangles  Then B’ and €’ are conjugate points with 1espect to both
conics  Let AB meet B'C' 1 P
Then the polar of I with regard to B8

both conies1s CA’
m

conics

Let CA" meet B'(”
Then P and P’ ate common con-
jugate pomts with 1espeet to the two
Henee, since B, € and P, P’ arc
common conjugate pomnts the conies mast
meet B'C’ m the same pan of points
Siumiluly they meet the other five sides
of the tnangles m the same points

Hence they have twelve pomts common and ae theretore the same

conie

125 Common 1nvolution chords of two conics

*

There are assocated unth ever y
pawr of conus two real lines on
which  the conics  deter mane (the
same nvolution

real
pomnts ot mtersection, the lines
question any two of their
common chords

If the conies have no real
pomts of mntersection, consider the
locus of the common ot
pomnts on a line %, which passes
through one of the vertices F of

If the comies have four

are

There aire assocuated wunth every
pawr of comes two 1eal pownts at
which the conwcs determane the same
wwolution

If the comes have four real
common tangents, the points are
any two of the points of inter-
scetion of these common tangents

If the conics have no real
common tangents, consider  the
envelope of the common «o v 1210
of lines through a pomnt 4 on
one of the sides f of the common
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the common ~elf-conjugate triangle
of the conies (1) and (2)

Let the poles of the hne o

with regard to (1) and (2) be
4 and A" These ponts me on
EG, where FEG 1s the common
selt-conjugate triangle  The polars
of I any pomt on ¢ with 1espect
to (1) and (2) will mcct I some
pomnt I

Principles of Projective Geometry

~df-conpugace trangle of the conies
(1) and (2)

Let the polais of the pomnt 4
with 1egard to (1) and (2) be
« and ¢ These pass through F,
where FEG 15 the common self-
conpugate tuangle  The poles of

p any hine through 4 with respect:
to (1) and (2) will have as their
connector some lme p'

Smee the pomts 4, A" and
also the pomnts £, ¢, F ue on
the conic, which 1s the locus of 17,
this conic will break up mto
pan of lines, one of which 1
EA’AG and the other #1717

The polars of " with respect
to (1) and (2) will pass through I
Theretore, 1t FI' be o, the locus
of P for differcnt positions of £
on ' 15 the lim¢ @ Hence the
hnes @ and «’ foorm an 1nvolution

Since the hnes «, ¢ and also
the lines e, g, f are tangents to
the conic, which 15 the envelope of
', this come will break up mnto a
pat ot pomts, one ot which 1s
en’ag and the other fp’ ‘

The poles of p” with 1espect to
(1) and (2) will be on p  There-
fore, if fp’ be A’, the envelope of p
tor difterent positions of p’ through
A’ 1 the point A Hence the
ponts 4 and 4’ form an mvolution
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pencil It FG 1s taken as «, then
EF will be /'  Therefore FG and
FE are conjugate elements of the
mvolution  There will be a pan
ot double rays of this mvolution,
which will be the common ha-
monic conjugates of FE, FG and
ot FP, FP’ For these double
rays F, Py P’ will be collimear
On these double 1ays, p and p/,
the mvolution determined by the
two comes will be the same If
the mntersections of the conics are
real, these double rays p and p
pass through the points common to
(1) and (2), ve they arc chords of
mtersection

The condition that p and p’
should be real 1s that the hines join-
ing P and P’ to the conesponding
vertex of the tnangle EFG should
not overlap the sides  There always
will be one vertes for which they
do not ovetlap For, taking P a
pomt nside the tuangle, P° must
lie mside one of the angles EFG,
FGE or FEG 1t 1t hes msde
EFG, then the pair of lines FP,
FP’ do not overlap EF, F(7

»

It the conies have two 1eal
points of 1ntersection, two vertices
E and G of the tilangle EFG are
mmaginary, and one chord of 1ter-
section 15 1cal  This 1s one of the

It fg 15 taken as 4, then ¢f will be
A’ Therefore fg and fe are con-
Jugate pomts of the mvolution
There will be a par of double
pomnts of this wmvolution, which
will bc the common harmonic
compize ~ ot fe, gf and pf, p'f
For these double points f, p, p" will
be concurrent, At these double
pomts, P and P’, the mvolution
determined (by pans of conjugala
hines) by the two comies will be
the Hence the double
pomts £ and P’ are the powts of
mtersection of the common tan-
gents, 1t 1eal, to the two conices

Same

The condition that P and P’
should be real 15 that the pomnts
where the hines p and p° meet
the sides of the tnangle efg
should not overlap thc vertices
There will always be one aide
for which they do not ovetlap
For, if »,, 41, 2z, be the ratios of
the pomts where one line mects
the sides of EFG and 4, y,, 2.
be the corresponding ratios for the
other, then

=1, w,yz,=1

Hence two ot none of the
ratios &, 4y, 2, and 1,, y,, z, must
be negative, therefore one pan
have always the same sign

It the comes have two 1cal
common tangents, two sides of the
triangle efg are 1maginary, and the
points of intersection of these give
one of the 1equired points, which
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double 1ays of the mvolution a, @’
determined at ' The other double
tay 15 the second chord

Hence every par of conies have
one pair of 1e1l lines on which the
conics deternmine the same nvolu-
tion

Principles of Projectice Geometry

18 a double pomt of the mvolution
4,4 The other double pomnt 1s
the second 1equired pomt

Hence every pai of conies have
a panr of real pomts at which the
comes determine the same mmvolu-
tion penail

(feen two real pornts of mtersection of two conws, determaning pne chod of

itessection, to construct « sccond chord on whwh the conies determane the sume
tnvolution
Let £ and 7' be the given powts of mtersection of the conwes (1) wmd (2)  Tike

any thiee pomts 4y, B, (), on (D Let the connectors of these pomts to 2 and 7
meet the conic (2) m A, B, Cand .U’y B, " respectively  Then A, 8 C'and A" B,
¢’ detexmme two pmojective ranges on (2) and the Pascal lime of AB'CA'BC" mects
the conic (2) m the self-corresponding pommts of the two ranges  Thesc pomts it
jomed to £ and 7' give two pairs of corresponding rays of the penals (£ 4,B,C)
wmd (7 4,845  Theretore they are on the come (1) If as m the hgure the
pomnts of mtersection of this Piscal line with the conies wre 1mginiry, the Pascal
Ime 14 the second chord, on which the conicy determine the same involution
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This theorem may be stated as tollows

If R and T are two pownts of wntersection of two conws and any two pownts Ay and
By on one come be projected upon the other conie 1nto pownts A, B und 4’y B' from R
and T respectively, then the locus of AR BA' 13 a common choid of the coms

A second construction for this chord 18 mven 1 Art 127

Construction of the common self-conjugate triangle of two
conies

In curtam cases the common self-conjugate triangle ot two conies
may be easily constructed

(1) If the comcs mtersect m four real pomnts, the common sclt-

Co. triangle 18 the diagonal points triangle ot the quadrangle
formed by these four pomnts  (Art 95 (p))

(2) If the conics have four real common tangents the commnon self-
conjugate triangle 15 the diagonal triangle of the quadrilateral formed
by the four common tangents (Art 95 (p))

(3) If the comics mterseet m two 1cal points 4 and B, constiuet
the poles K and K’ of 4B with 1espeet to the conies  Let KK meet
AB 1in R and the conies in P, @ and I, ¢ Take T the haimonic
conjugate of B with respeet to A and B Then 1" 1s the pole of KK’
with respect to both conics, and 18 thetefore a vertex of the common
self conpugate triangle  The other vertices are the two mmaginary
common haimonie «onjusite~ of PQ and Q)

(4) If the conics have two real common tangents, the corrclative
mcthed to that employed in (3) may be used

(5) If the comes have no real pomnts of mtersection and no real
common tangents, the general method must be employed

Certain of the points of intersection A, B, €, D may comade

(1) 1t D wd (" comade and 4 and B are 1eal, the self conjugatc trangle
constructed as the diagonil ponts tilangle of 4 BCD becomes m the limt the
tangent SD, whete S 15 the pomt m which A B meets the tangent 1t D The pomt
S has v common polar with respect to the two cones, viz, the Iine joimng 0 to the
harmonic conjugate ot 5 with respect to 1 and B

(@), If D and ¢ comcde and A and B are umigmary, the line {53 may be
constructed, and & 1s thus determimed The conjugate of N i the mvolution on
B, when joined to D, gives the polar of 5

(3) If D and ' comade and also .1 and B, the conies have donble contact It
the tangents at A and /) meet 1n S, then 5 and any pan of harmoenic conjugates of
4 and D on 4D form a common self conjugate thangle of the conics

(4) If B, ¢, Dall comaide so that the conics have contact of the third order,
the self conjugate triangle in the hnnt comncides with the point B
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EXAMPLES

(1)  Given three common pomnts of two conies and a common par, .1 wnd B, of
conjugate points, make 4 geometiical construction for the fourth common point

Let A, L, M, .V be the pomnts of tersection of the come of which & has to
be found 1t A, B bc conjugate ponts with 1espect to the two conies, they are
conjugate points with 1espect to every comc through A, 7, M, V and therefore with
respect to cach pan of limcs throngh these pomts  Hence, if the lime 473 meets KL
and ¥V A and B, (ABAB )= -1  Theddorc B 1s found and the hine M.V 18
obtuned  Smmlaly the line AN may be found and therefore .V is known

{2) Tlaee of the mtersections of two conies are given and two other pomnts on
each to find the 1emaining pomt of mmtersection of the conics

let 4, B, (' be the thiee given pomts of mtersection  Constiuct £ and R’ the
poles of BC' and N and 8" the poles of 18 Let SS” meet BC i A and R’ meet
ABwm L Then K4 and L mtersect in /) the fourth point of mtersection of the
conies

(3) "Iwo of the mtarscctions of two contes are given ind thiee other points on
each  to ind the 1emaimng pomts of intersection of the comes

Let 1, B be the gnen pomts of intersection P, ¢, £ the three given pomts on
conic (1) ad U, V¥, W those on (2) Jom L, @, to 4 wnd B and find by Pascal’s
Theorem the pomts 77, ¢/, " and £, ¢, I’ where these Imes meet conie (2) Then
the powts 27¢7 P and PR’ P'L deterunme the second common chord of
mtersection  Determine the pomts wherc this line meets either come  These we
the two other points of itcisection of the conies

(4) 1f two conies touch & /) and o chood DRE be drawn through D to meet
the comes m 2 and &, show that the locus of the pomt of mtersection of the
tangents at /2 and /' 18 v shhaight Tine through the otha pomts of mtersection
of the cons

(5) If two contes mtarsect A, £, ¢ 1), and through L and B two lines ¢ and b
be drawn to mtersect on the line joming the pomnts of mtcrsection of the tangents
to the conies at 4 and B, then v third conie can be desciibed to pass through i, 5,
¢, D and touch ¢ and b at A and B

Draw a comic through 1) B, €, D to touch @ at .f  Then m the harmoni
perspective m which A5 (' 15 the centre and 1ts polu the avis, this come wall
correspond to 1tself and will touch 4, the hine corresponding to «, at B, the pomnt
corresponding to 4

Conics In Self-Perspective

126 Kuach of two conws may be looked wpon as wm harmoni
perspectwe with atself, the centre and ans of perspective beng a ver tex
and the opposite scde of thew common self-conjugate trangle

In A1t 95 (0) 1t was proved that any comic may be looked upon
as 1n perspective with itself, 1f any point and 1ts polar aic taken as the
centre and axis of perspective and the anharmofuc ratio of the per-
spective 1s — 1



Theorems conccrning Two Conics 275

In A1t 124 1t was shown that every pair ot comes have a common
~"Teonpea o triangle except when they intersect i two real and two
mnagmaty powmts, i which case only one vertex and side are real
Hence, 1f a verdex and the opposite side of this triangle be taken as
centre and axis ot peispective and the anhaimonic ratio of the per-
spective be — 1, cach of the conics 15 1n perspective with itselt

As o particular case, the two pans of sides ot a quadrilateral are
cach 1 self-perspective with o vertex and opposite side of the diagonal
triangle for "the centiec and axis ot perspective and, correlatively, the
two pars of opposite vertices of o quadiangle arc in sclt-perspeetive
with a veitex and opposite side of the diagonal pomts triangle tor
centrie and axis

Deductions

(@) Tt two quads daterals have the same dwgonal thangle, « cone
can be described to touch thew esght sides

Describe a comie to touch the four sides of onc of the quadiilaterals
and one of the sides of the other  The two quadrilaterals and the conie
may be looked upon as all m sclf-perspective with any vertex of the
diagonal trangle and the opposite side as centre and axis of perspective
Considening one vertes and the opposite side as centre and axis of
perspective, 1t 18 scen that because the conie touches onc side of the
second quadiilateral 1t must touch a second  Simlarly by considering
the other two possible perspectives it follows that this conic also touches
thc other two sides ot the second quadrilateral

The cornelative theoren 15 as tollows

If two complete quadr angles have the same duagonal pornts truangle, a
come may be described through thewr exght vertices

(b) Al comes with 1espect to whch a guven trangle s self-conjugute
and whuh pass through a gren pownt pass through th ee other fuved points

The threc other ponts are obtained from the given pont by the
thice systems of self-perspective derived from the — If conjugan
triangle

() To construct a comc with a guven self-conyugate triangle to pass
through two pred pownts
From each of the two fixed pomts constiuet threc other pomnts by
the thice systems ot elt- -perspective A conic through the two given
pomts and these s1x pomnts 18 the required comc
18 2
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(d) .1 comc can be descrbed to touch the fowr paus of tangents
whach can be drawn to two conics at thevr four pownts of wnter section

Describe a third conie to touch the four tangents to one conie (1)
and one of the tangents to the other conic (2) This céme and the two
given conies have a common ~ ‘¢ w1« triangle In the three
systems ot self-perspective the tangents to the two given conies at their
ponts of nterscction aie cortesponding hines  Hence, as the third
comc touches one of the tour tangents to the comce (2), lt‘ must touch
them all

The correlative theorem 1s as tollows

A comce can be described through the four paw s of pownts of contact of
the four conunon tangents to two conics

This may be proved 1in a stmilar manner
c

EXAMPLES

(1) 1If, thiough v given pomt S any fixed chord be drawn, show thit tingents
to any given couic, whose points of contact are collinear with .8, determme conjugate
points of an mvolution on the fixed chord .

(2) Show that pairs of common tngents to comes thiough four given points
determine an mvolution on any chord thiough one of the ponts of intersection of a
pair of common chotds of the systcm

(3) Prove that 1f two variable chords Sd.t’, SBS" be drawn to a conic through o
fixed pomnt S, then the lines AB, A'B’ determune corresponding pomnts of an
mvolution on any chord through §

(4) If two cons are mscribed i the same quadnlateral, the eight pomts ot
contict lte on a thud conic, wnd the polars of 4 common chord of the first two conics
with respect to all three are collinear

Conics 1n Perspectn'/e with each other

127  Each of any two conics may be looked upon as the per spective
of the other, exther of the pownts at which the comcs subtend the sume
wwolution bewng the centre of perspectwe, and either of the chovds, on
which they determane the same wnvolutron, being the ars of perspectwe

Through § a common mvolution pont draw any chord to meet the
comes m A, B, B and 4’, and let the polars of S meet at U Jom U to
4, B, B', A’ to meet the conwcs agam m D, C, ¢", D' Let AC BD and
A'C" BI' be I and £° Then sinee SE and SE are the polais of U
and S 18 a common mvolution pomnt 8, K, and £ are collmear  Let
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SEE meet UA, UB, UB’ and UA’ mn K, L, L' and X’ Then since
(UKDA), (ULCB), (UL'C'B), (UK'D’4’) are all harmome, D, C, C’, D’
are all collnear with 8 Tet AC and A'C meet in V and let UV be s

Consider tht perspective with centre S, axis s and 4 and A’ for
cortespondmg pomts  In this perspective 4, &, ¢ and D correspond to
A, B, 0" and D' Therefore B contesponds to B’ and EU to E'U
Hence the conies have four pans of corresponding points

Also EU] and E'U arc the polars of S Hence 1if a pan of conpuzai
pomts with respeet to the come ABCD be taken on EU, they will be

projected from S nto a pair of points on UE" which are comjugite with
respect to the come A’B'C'D’ Therefore the mvolutions determined by
the egnics on these hines are projected mmto each other from S

Henco the paspeetive of the conie A BUD 15 the come A'B'C°D

If the common tangents fiom the common nvolution point are 1eal,
the proof may be put mto the following simpler form

Let the common tangents PP, TT’ to the two conies ntersect

at S Thiough S draw a chord meeting the conics m @ and ¢ Then
PQT and P'Q'T’ are two triangles in perspective and thercfore the
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corresponding sides will mtersect on a hine s Take S for centie of
petspective and s for axis  Then for the two conics

Two pomnts at P correspond to two points at I

Two pownts at 7' correspond to two pownts at 1"

One pomt at @ corresponds to one pomnt at @

Hence, sinee five points determine a conie, the conies are m per-
spective

It @ and @ m the figure we taken as corresponding pomts the
conies are also 1n perspective, and the axis of parspective 15 the hine
Jomng the pomts of mtersection of the corresponding sides ot the
triangles PQT ind I’Q,T"  Thus there are two perspectives with § as
centre

P

Determanation of the a1es of per spective

It thc comes have four common tangents and intersect n
tomr 1eal pomts as m the hgure, let the pomnt € cortrespond to the
pomnt @ As the pomt Q moves along one come, the pomnt ¢ will
move along the other  When @15 at D, @ will be at the pont where
DS meets the other come When @' reaches 4, @ will be at the same
pomt  Hence 4 15 a sclt-comesponding pomnt i the perspective
Stmilatly B 15 a <elf-corresponding point  Thercfore s the axis ot
perspective  passes thiough 4 and B and s therefore a common
chord
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If @ 1s taken a4 corresponding to ¢}, the pownts D and € are self-
vortosponed ne pornts and DC s the axis of perspective

If the conics do not intersect i 1eal points, let the pownt @Q correspond
to the point @ Then the tangents at @ and ', being corrcsponding
lines, will mtersect at a point R on s Draw the other tangents RL and
RI fiom R to the two comcs  These are corresponding limes  There-
tore the choids of contact QL and 'L” are also corresponding lines
and mtersect m R on s R and R we a pan of common conjugate
pomnts on s with 1espect to the comcs  Similuly any number of pans
of common conjug e pomnts may be deternuned on' s Hence the two
conies determine on s the same mvolution, and s 15 one of the common
mvolution chords of the comcs, and passes thiough two of then
imaginary points of nterscetion

x

Simularly, if @, @, be taken as corresponding to each other, a sceond
real chord passing through two other 1maginary points of interseetion ot
the conies 1s obtained as the axis of parspeetive
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Generally there are <1x points of intersection of the four common
tangents and six common chords joining the tour pomts of mtersection
of the two coniey

Conresponding to each of the six centies of perspeetive there are
two axes of perspective, making 1n all twelve perspectives

Each of the 91x centies of perspective has two axes of perspective
and each ot the six axes has two centres of perspective

The chords of contuct of the common tangents to two conws pass four
by four thy ough the thi ee vertices of thevr common self-conjugate trwanqgle,
that vs, through the dwagonal pownts of the quadiangle formed by thew
Jour ponts of wintersection

In the figure, page 278, the chords of contact PT, 1" of the
common tangents mtersect on the axis of perspective corresponding to
S, ve on the chnd AB, when AB 1s the axis of perspective  They
must also mtersect on (', when S and CD are taken as the centre
and axis of perspective  They, therefore, pass through €D AB

If the other pan of common tangents are diawn to 1ntersect n
N, where 8”19 the othar centie of perspective which has AB and CD
for axes of perspective, 1t follows 1n a sumilar way, that the chords

of contact of this panr of common tangents pass through the pomt
CD AB

128 Common 1nscribed quadrangle and circumscribed quadrilateral of
two conics .

If A, B, Cy D b the pownts of intersiction of two conws (1) and (2) and a, b, ¢, d
theu four common tangents, then

(1) the common s lf conjugate triungle EF(G may be constructed as the dvagonal
pounts trangle of the quadi angle ABCD or as the digonal triangle of the quadilateral
abed

(2) the chords of contact of the common tangents a, b, ¢, d with the two conics pass
Jow by four through the thiee vertues E, K, G of the common sclf-conjugate tiangle,
and cor rdatively

(3) the points of wnterscction of the tangents at A, B, C, D lie fowr by fowr on the
sudes ¢, f, g of the common st conjugate trwungle «

A, B, ¢y D deterimne v common self-conjugate triangle EFG as their diagonal
points tuangle, and a, b, ¢, d determine a common self conjugate triangle ¢fy as
then diygonal tnangle  As there can be only one common self conjugate triangle
(A1t 124), ¢, 1, g are the wides of EFG

The chords of contact of «, b, ¢, d with conic (1) pass thrqugh the vertices of the
diagonal triangle of abed, that 13 through £, /., ¢ (A1t 80(«))

Sunlarly the chords of contact of a, b, ¢, d with conic (2) pass through £, F, ¢/
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The tangents at 4, B, C, D to comic (1) mtersect m pans on the sides of the
diagonal pomnts triangle of ABCD, ¢ onve, f,g (Art 80(a))
Simlaly the tangents at {, B, ¢, D to comc (2) mtersect m pansone, f, g

Since the conpes are m elf perspective with any veitex of the self conjugate
triangle for centrc and the opposite wide for axis of perspective Ml the purs of
corresjonding pomnts on the sides of the common selt-conjugate tnangle ae
harmonic conjugates with respect to the vertices on that wde, wd torm
mvolution with these pomts as double pomts

Let the vertices of abrd on the sides FG, GE and EF of the triangle EF( be
K\, B, F, ¥, G, G, respectively

The tangents 1t the points where 1 line through ¢/; meets the two conics mtersect
on AD or BC  This follows fiom the fact that the conics are m perspective with
each other, with wny vertex ¢ of the crcumsanbed quadrilateral as centie of
perspective and either of the common chords thiough the vertex of the common
self-conjugate triangle opposite to the side on which ) 15 situated, as vas

A system of conics with a common self-conjugate triangle

A system of conics with @ given common sclf conjugate trrudrle £56G 1 1 doubly
mfimtc system  For a cone can be deseribed through wny two powmts 1 and
to kave KFG for o self conjugate triangle  From d thiee pomts B, ¢, D ¢ be
deduced by harmonic perspective  Any conic through ABCD hay EFG tor a self
conjugnte tnangle  Simulaily from 4’ thiee other pomnts I, €', I can be deduced
by humonic perspective  The two quadiangles ABCD ind "¢ 1Y have v common
self conjugate tnangle /4G and then vertices- Art 126 («)- -hie on a cong

Sumilaly a comc ¢ be described to touch any two hnes « and «’ wnd have efy
for sclt-conjugate trangle  From « and @' two quadnlaterals can be obtammed by
harmontc perspective and their cight sides «, b, o, oy wd «, I, ', &' ue all tangents
to the conic

Two conies can likewise be described to pass through any pont 4, to touch any
line @ and to have EF(G for a self conjugate triangle From A thiec other points
B, C, D can be deduced by harmonic perspective  Every conic through these ponts
has EFG for commdn self conjugatc tnangle  Two conies ¢ i be described thiough
A, B, ¢, D to touch the Iine a (A1t 113 (D)) These conics also touch the three
Iines b, ¢, d obtamned by harmonic perspective from «  Such 1 pan of conics have
a, b, ¢, d for common tangents wd .1,8, ¢ 1) for their points of mtersection

It « systan of conus has o common self conjugate treangle, any strawght low
thirvugh @ vertey of this triangle 18 cut by the system of conics wn paw's of congugate
pownts of an wnvolution

If a hne through a vertex .S of the common selt conjugate triangle meet the
opputite side 1 N and the conics in pairs of pomnts A.'; BB, CC’, |, then

(SNANY=(SNBB)=(8SNC(") -1
Hence AL’y BB, ('(",  are conjugate ponts of an mvolution of which § and ¥ we
the double points

The correlative theorem 13 as followy

If « system of conys has a common self-conjugat triangle and paiis of tangents
are drawi frouc any poirt on one of the sidcs to the system of conus, these pavs of
tangents are conyugate lines of an imrolution pencd
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129 If through a pownt of
wtersection of common tangents to
two comes « varable chord be
drawn to meet one come wn A and
the other wn A', then the 1anges
Sformed by A and A’ on the two
comcs are projective

Let the common tangents 777,
RR’ mtersect at S Let S44/,
8BB', 8CC', 8DD' be four positions
of the vamable chord Jomn 4, B,
CDtoRand 4 B, C Dto R

Then the two conics arc in
perspective with each other, §
bemng the centre of perspective
and the pomts R, 4, B, C, D
corresponding to the ponts R, 4’,
B,C. D (At 127)

Therefare the lines RA, RB,
RC, RD correspond to R'A’,

P rim:iples Of P rojective Goome "

If from a varable pownt on a
common chord of two conscs a tan-
gent o be drawn to ome and o
tangent o to the wther, then the
systems of tungents to the two fomics
Sformed by a and o are projective

Let s be a ¢ommon chord of
the two conics and from points on
s draw tangents «, b, ¢, @ and
«, V', ¢, d to the two comes Let
8 be a pomt of mtersection ypf
common tangents KR and TT"

Then the two conics are 1n
perspective with each other, s buing
an axis of perspective and the
lines a, b, ¢, d corresponding to
the lines «', 0, ¢, d' (Art 127)

Hence the points of intersection
of a, b, ¢, d with RR' correspond
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R'B, RC, R'D’' and the pencils to the pomts of intersection of

(R ABCD) and (R A'BCD)awe d, V, ¢, d with RR" Hene

projective smee RR’ 1< o tangent to both
conies the two systems ot tangents
are projective

These theorems may also be deduced by conical projection o1 plane
perspective from the conresponding theotems for the circle, which were
proved m Art 84 (11) The theorems also hold when S and s are
respectively a common mvolution pomnt and a common mvolution chord

EXAMPLE

Through the pomnt ot mtersection of v pu of common tungents to two conies
'y, O, a straight line 15 drawn cutting the conies in ), /2 respectinely A, B are
fixed pomnts on the conies €y, (", 1espectively  Show that the locus of mtersection
of ¢, B s one o1 other of two conies

Conics having Double Contact

130 (a) 17 two comes have double contact, each may be lvoked wpon
s its own perspectwe, the per spective being har monic, and the centre and
ans of perspectwe ewther (1) the pole of the chord of contact and the
chord of contact or (2) any pownt on the chord of contact and ats polus

Case (1) 15 obvious at once, since the common chod of contact has
the same pole with respect to both the comcs

Case (2) follows from the fact that any point on the common chord
of contact has the same pola with 1espeet to hoth conics

Let the twq conies touch at
L and M and let § be the com-

T
mon pole ot LM (s) with 1espect \
to the comies  Take P any poing -
N

s
on s and @ the harmonic con- R
jugate of P with 1espect to L, M \ ™ . -
Then @ and S are poimnts on the - . X/ //
polax of I with respect to both Tl
the conies and therefore QS 15 L=- > s
the polar of P with respeet to P/ \

both conics

) If two conics have double contact each may be looked upon as
the perspective of the other, the centre and uais of perspective beng the
pole of the chord of contact and the chord of contact
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Let the two comics touch at L and M and let 8 be the pole of

LM (s) Through S draw a line
to meet one comc i A and 4,
the othar 1n B and B, and the
chord ot contact LM in N

Take S and s as centre and
axis of perspective and (SNAB)
as the anharmonic ratio of the
perspective

Then two pomnts at M on ond
conic cortespond to two points at
M on the other, two pomnts at L

N\,

on one conic correspond to two points at L on the other, and one pomnt

at 4 on one conig conresponds to one pomt at B on the other

the two conics are in perspective

Hence

Similarly 1t may be proved that the conies wre m perspective with
M and SL, or L and SM as centre and axis of perspective

131 I two comces have double
contact at L and M, and tangents
at P and P’ to one meet the other
m A, Band A', B, then a pawr of
lines AB', BA" are concurrent with
PP at u pont on LM

Let PP meet LMin K Then
both the comics may be looked

If two conics have doudle contact,
the common tangents bewmg I and m,
and the tangents from powts I
and I’ on one conic to the other be
a, b and ', b, then a paw of pownts
al’, ba’ and the point of wnter-
section of the tangents at P and P’
are collmear wnth lm

Let the connector of lm and
pp’ be k, where p and p' are the
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upon as in self-perspective with K
as centre of perspective and 1ts
polar as axis  (Art 130 (a))

To the tangent at P will
cortespond the tangent at I
Therefore*to A and B will cone-
spond B wd 4" Thereforc AB
and BA" are collincar with K

It two conics have double con-
tact and any tangent to one of them
at P meets the other ut A and B,
then the 1anges desciibed by P, A, B
on, the two conics @ e projective

It 1n the figwme the pomnts
A, P, B are kept fixed, and 4'P'H
is varable the rtanges desertbed by
A, P, B oon the conwes ate pro-
jective with the range described
by K on LM and therefore with
cach other

The points of contact [, and M
of the the
sponding pomts of the ranges
descuibed by A" and B

conws are self-corte-

Conversely

The lLines jornwng o1 respondiny
pownts of two projective ranges on @
ce w envelope a cone having double
contuct unth the given conic

Construct, Art 109, the selt-
conresponding pomnts L and M of
the two projcctive ranges

tangents at I’ and I If PP
meets the common chod of con-
tact at K, K 1s the pole ot A with
respect to both comes  Take K
and 4 as centre and axis of hai-
monic perspective

To the tangent at P cone-
sponds the tangent at " and to «
and b correspond b and ¢ Hence
ba', ab’, Im, pp’ all e on &

If two comcs have double con-
tact and the tangents to one firom the
pownt of contact ¢f a tangent p to the
other be a and b, then the systems
of tangents p, a, b to the two comcs
are projective

If m the figure the tangents
«, p, b are kept hxed, and a'p'd’ 15
vatiable, the systems of tangents
«, p', b are projective with the
pencil deseiibed by the line 4 wnd

therefore with cach other

The tangents [ and m at the
pomnts ot contact ot the conies are
the sclf-corresponding tangents ot
the two projective systemns of tan-
gents described by a” and &

The locus of the pownts of wnter-
section of o1 spunding tungents of
two projectiee systems of tangents
to a conic 15 @ conic having double
contact with the gwen conic

Construct, A1t 109, the self-

T tangents ! and
of the two projective systems of
tangents
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Draw the tangents ¢ and m at
L and M and deseribe a conic to
touch £ and m at L and M and to
touch the Imc AB joming a pan
of conesponding  pomts on the
conme (At 113 (0))

TN
\
WA

By the last Article any tangnt,
to this comc will mact the given
cone - a pair of cortesponding
points of the two projective ranges
detcrmmed by L oand M oas sclt-
corresponding pomts and | and B
as a pan of conesponding points

This

cnvddope ot

therctore  the

chords

one 1S
the joining
correspondimg pomts ot the given
projectine ranges

Prmeiples of Projective Geomehry

Constiruet the pomnts of contact
L and M ot the tangents { and m
and describe a come to touch [ and
m ot Loand M and.pass through
ub the pont of intersection of a
pat ot corresponding  tangonts

(Art 113((7)

By the last Aaticle any pan of
tange nts from a pomt on this conic
will form a pair ot conresponding
tangents ot thc two systoms of
projective tangents deternmed by
{ and was self-cortesponding
tangents and « and b as v pan of
contesponding tangcnts

This 15 theretore  the
locus of the pomts ot intersection
ot (mreapmulmg t,:mg( nts ot the
two projective systeins ot tangonts

conic

The conelative of Desaigues” Thoorgm for a system of comcs with

doublc contact 15 as tollows

It @ system of conics have double contact at L und M und E be the

common pole of LM, then the paw s of tangents from any pownt P to the
conies of the system wre pans of comjugate rays of an nvolution, of
which PE s a double ray and of which PL and PM are « pau of
conjuqate rays

The other double 1av of the mvolution 15 the tangent 1 I to the
conic of the system which can be described through P (Art 113 (€))

From Art 125 the following property of two conics having double
contaet 15 obtamned
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It two conics touch at L and M and these points are jomed to any
two points 4 and B on the one conic by hines, which mect the other
conic m A’ B, and 4”7, B’ respectively, then 4’B” and A”B’ mtcrsect
on the common chord of contact of the conies

13, Gucnthree conwes all touching each other at the same two pownts, any tungent
to onc o8 cut by the othar two in fowr pownts whose anhaimonic 1t 18 constant

(¢) Let the three conics (1), (2), (3) touch at L wd M, and let the tangents at
P and 27 to (1) mect (2) wnd 3) m {, C, B, Dand {', (", B, IV

Then A’ and DI pass throngh the pomnt A where 7277 meets LV Snmluly
" and BB pass tlinough A

Hence the ranges AACBD and 1'C’B' 1Y are 1 paspective fiom A ind therefore
than anharmomc 11t10d are equal

The conelitive theorem 1

Ghrocn thice conus all touching cach other at the same two pocnts, the tuo paus of
Langents fron any point on one to the othcr two form a pencdl of constant anhay mone
J (Lo

In most theorems conecinimg two o1 more contes hw g double contact at £ wnd M,
the pan ot twngents 1t L and 3 may be substituted for one of the conies having
doublc contict  In the conrelative thcorems the ponts of contact £ and M muy
themselves be looked upon as a conme of the gystem having double contact at L
and ¥

0y If two conecs (1) and (2) have cach double contuct with « thud conw (3), the
chords of contact of (1) and (2) with (3) and two of the chords of wntersection of (1) and
(2) mect i« pornt and forn a hasmopac pencil

Let the ponts of 1ntersection of the conies (1) and (2) be 1, B, (', D wnd let /’1”
and Q@ be thewr chords of contact with (3)  Let 7", Q@ wmeet at O

Since (3) and (1) have double contact at P and /7, every point on //” has the
same polar with tespect to the two conies  Sumilarly every pomnt on Q@ has the
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same polar with respect to (3) and (2) Therefore O the pamnt of mtersection of
PPy Q¢ hay the same polar with respect to all three conics  Therefore all the conics
are n self-perspective with () as centre and the polar of 0 as axis of perspective
But the pomts of intersection of corresponding curves are cortresponding ponts, and,
therefore, B/) and A(" must pass through € !

Diaw a pan of common tangents to (1) and (2) to meet (3) m R, &' and S, N
Then (Art 131) SR and SR will meet v pomt 7 on O and SE and §'f m
a pomt Von 0Q

By constiuction I and 1 are conjugate pownts with respect to (3)

But I/ being on L’07” has the same polar with respect to (1) wnd (3),
and V bemyg on QOQ has the sume polar with respect to (2) wnd (3)

Hee U and V oame common conjugate points with respuct to (1) wd (2)
Hence they are conjugate pomts with respect to Wl comes through {, B, (), D
Hence they are conjugite pomnts with respect to A€ wnd BD  Theretore the
penall (0 ADUV) 18 harmonic

L]

(¢) Ifa quadiangle STS'T be corcrmsenibed to @ conre and on any tangeat p to
the conve o poent P be taken such that PN s the harmonw comuqute of p with equrd
to PT and P, then the locus of P ixu come having double contact with the quicn

t

COnu
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Let »" be the second tangent fiom £ to the come  Let p meet 7% m .\ and let
P meet 8 1mm .\’ Jom P77 tomeet 7S Vand 78 m 1’

Then (P T7°AN)=(P T'TX'S') by the conelative to Desagues’ theorem
Hence, since the i]l‘it of these penuls 15 harmomy, the second 15 also harmonic,
therefore (77V YS) and (1'7X’°5 ) are hatmonie

Thegefore since S and 7" are fined the 1anges 1 and | ue projective,
wd ‘ since 7 wnd 7" are hxed the ranges Y and Y are projectinve
But since F¥7 passes thiough 77, the 1anges }and ¥ are projectne

Theretoregthe 1inges 1 wd A7 uc projective and the tangents fiom 2 to the
conie form two projective systems of tangents  Therefore the locus of £ 13 a cone
hwing double contact with the given come  (Art 131)

(d)  To pnd the locus of common conjugates of points stwited on a qrecn stiarght
lene with vespect to tuo conies haring double contuct
Let the two conies (1) and (2) hwe double
contact at L wd M Consider the locus of
common conjugates of pomnts on v hine p which
meets LM m A Let 72, and P, be the poles
of pswith respect to (1) and (2)  They lhc on
the common polir of A Take @ wy pomt.Q
on p Its polar with rcspect to (1) passes
through 2’y and meets L ¥ m 1 pomt ¢ Since
@ 15 on LI 1ts polu with 1espect to (2) passes
through @  Thercfore the polu of @ with
1espect to (2) passes through @ and 1s the hine
P, Hence LI s pat of the locus of
common conjugites of ponts on p

Agun, PP, 19 the polu of A with 1espect to (1) wmd (2)  Hence the polus of
every pomt of 2L, with respect to (1) and (2) pass through A&

Hence 17, the polu of A 13 part of the locus which consists of LI and
PP, The above nfay be stated as follows

The polars of apy pownt wth iespect to two convs which have double contact
wntcrscet on thcu chord of contact

(1)

() To find the locus of the wmnmn’«o;z_;m/utrs of thiee conws two of which have
doublc contact uath the thud

Let the conies (1) and (3) have double contact at L wnd ¥

Let the cones (2) wd (3) hwe double contut it L and M

Considar v straght ine p which mects LW 4 wd LW in B

L:t the common polar of .1 with 1cspect to (1) and (3) meet ML m A’ and
ML m A"

Let the common polar of B with respeet to (2) and (3) mect ML i B and
ML mB

The locus of common conjugates of pomnts on p with respect to (1) and (3) 19
LM and .1'.4" e

The locus of common conjugites of points on p with respect to (2) and (3) 18
L'M and BB

u%c; 19
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These loci mtersect 1n C (LM L M), K(4'A” B'B")yand A", B” The pont K
18 the pole of p with respect to (3) and 18 not a point on the locus

A", B” are common conjugates of 1 and B and are pomts on the locus For
different positions of the line p, the loci of A” and B” are the lmeg LM and L'M'

C 18 a fixed pomt It hay the same polar with respect to the three conics
The polars of every pomt on its polar pass through ¢ Ifence the polargof € 1s
part of the locus  The locus, therefore, consists of three straight hines, via LM, L'M’
and the common polar of ¢

EXAMPLES

(1) Two fined conies touch w A and B LM 18 o chord*of one touching the
other at ) Prove that the line joining ¢ to the intersection of AM and BL passes
through a hixed pomnt

Let LM meet 4B m ¢/ and let AM RL be P Then the comcy are m self-
perspectine with ¢ as centie of perspective and 1ts polar Q2 as axis  In this
perspective M.l and BL cortespond as do the tangents at .l and B Therefore 1°Q
must pass through their point of itersection which 15 a hxed pont

(2) Through 4 hixed point O 1 drawn a chord OPF” of a given conic, and on 1t
19 taken a point ¢ such that the 1ange 0/°Q1” has a constant anharmomd .atio
Prove that the locus of ¢ 13 part of a cone having double contact with the given
coni, and that 1f @ be the pomt m which O meets the other patt of the conic,
the product (OQLP ) (O PF) 19 umity  See Art 118 3

(3) A vanable tangent to a parabola mects two fixed tangents n P, ¢, and the
dramcters through I, ¢ mect the curve n L, i Determits> the enyelope of LM

P and ¢ are two projective 1anges on the hxed tangents P, Qoo are two
projectine pencils, where o 13 the pomt at wfinity on the axis of the parabola
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Therefore L, M are two projective ranges on the comc  Therefore the envelope of
LM 18 a comc which may be shown to be a parabola

(4) The triangle PQR 19 inscribed 1n a given conic  If the directions of PQ and
PR are given, show*that @& envelopes a comc having the same asymptotes as the
given conic

By Aft 131 the onvelope of Q£ 15 a conic having double contact with the gnven
hyperbola The line @R may be constructed by taking any pommt £ on the
hyperbola and drawing hnes i fxed directions to meet the cuve mm @ and R
As P moves topinfinity 1 the direction of one asymptote the pomnts ¢ and £ move
to mfinty 1in the direction of the other asymptote and at last comcide mn a double
pomnt which 1s at infimty Hence the envelope has double contact with the
hyperbola at infimty and has therefore the satne asymptotes

(5) A fixed conic mscribed m the trangle 4 BC touches the side B¢ 1) and
P, @ are the pomts m which any varable
tangent to the comc cuts AB, AC  Prove that
it DP, D@ cut the conic m R, 8 the cuvelope
of RS 18 a conic and find where 1t meety the
given qonic

The 1anges desciibed by 72 and ¢ uc
projective  Therefore the ranges described by
R and S are projective and the envelope of 228
18 1 conic The self-corresponding pomnts of
the 1anges comude at D, at which point the \ )\
conics have four pont contact %

(6) If a polygon be mscribed 1 a cone so
that all 1ts wides but one pass through fined pomts, then the envelope of that
side 19 a conie having double contact with the given comc  (Art 131)

(7) If a polygon be eicumscribed to a cone o that all ity vertices but one he
on fixed hines, then the locus of that vertes 1y a conic having double contact with
the given come  (Conelative of Ex (6))

(8) Two systems of conics have dogble contuct with a given come b pairs of
given pomnts  Prove thit one system of then chords of mtersection forms an
involution pencil

(9) Show that, in general, three systems of conics may be described to have
double contact with each of two given conics and that the chords of contact of the
conws gl each system form an mvolution pcnal with o vertex at one of the vertices
of the common self-conjugate triangle of the given conics

(10) The chords of mtersection of two conics of the vume system, which have
donble contact with two given conics, pass through a pomt of mtersection of
common chords of these conics

(11) The tangents ffom any point P to a come are p, p’ wnd its connectory to
two fixed ponts L, M on the comc are 7, m If (pp'lm) 19 constant, prove thit

the locus of P1s a comc having double contact at Z and M
.

19--2
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(12) Three conics have double contact at L and M The tangents from any
pont P on one to the other two are «a’, b and the connectors of P to L, M are I, m
Prove that («blm)=K (a l'lm), where K 15 constant

(13) A conic can be constructed to touch three given stifght lines and have
double contict with a ginven conic

Let the lines o, b, ¢ meet the comc n 4 1, BB’ (' Constiuct the self-
cotresponding clements L and ¥ of the ranges 45" wd .'B’(" on the conic
Then a conmc touching the gnen come ot L wd M and the lne « will be the
required conie  For this come touches the limes jomng ewch pur of corresponding
pomts of the ranges determined by L and M as self-corzesponding points and 4 and
A" as cortesponding ponts

One cone cwn be desabed to touch two given ines at given points and to touch
another givan lme  (By puticulu e of Buawnchon’s theorem ) Thae are,
lowcver, four ways of annwnging the panrs of points A.’, BB', CC' so as to
dcternine different projective ranges on the come, and there are therefore four
goluttons of the &)mhlem

(14) The poruts of contact of the tangents diwwn fiom three pomnts A, B, Cto
veome S ue the thice pans of pomts Ayd,, BiB,, (4" 1espectively  Show that
the fowr chords of contaet of the fomr conius that can be drawn through A, B, C to
hwe double contact with 5 are the Pascal hnes of the fow hexagons

4By 1,80, 13,804,

B ABCY, A,8,004,B,0,
(15) Two comes hiwve double contact at L and M and £ 15 the pole of LM
(1) If any tangent to one 1t P meet the other m V wd N’ (LMNN')=(E LMPN),

and (2) 1f a tangent be drawn fiom any pomnt 2 on one to touch the other at @
(" LMEQ) 15 constant

(1) Let NPN' meet EL, EM and LM m I/, M', R Then
(LMNN')=(L'RNN'Y and (L LMPN')=(L'M'PN')
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Tt 14 necessary therefore to prove that

293

(LIN'RNY=(L'N'M'DP)
But 2 and R are the double pomts of an mvolution of which .V, ¥, I/, M’ are
two pury of conjygate points and therefore (Ex 5, Chapter VIII) this relation

holds

(2) & 77Q and P'E meet thc comq, which passes thiough 7, m P wd U,

(P LMEQ)=(LMUV) and (LMUP)= -1

(LMUY)

Therefore (/7 LMEQ)- o)

=~ (LMP'V), Thsby Art 13113 constant

The Harmonic Locus of Two Conics

133 The following theorems are of mmportance i connexion with

the theory of two conies

The envelope of « line, whic
meets two comics . two paus of
pownts which are harmonw.  con-
Jugaies, 18 @ comc which touches
the ewght tangents which can be
drawn to the two conws at thew
pownts of wnter section and has the
common self-conjugate triangle of
the two comes for @ self-conjugute
tr wangle

Conversely

If « conw be diawn to touch
the exght tangents which can be
drawn to two comcs at then fow
pownts of antersecton, any tangent
to thas comic vs cut by the two conac?
wm two puns of pownts which we
harmonmic conjugates

Let the two given comes (1) and (2) intersect m W, X, ¥V, Z

The locus of « powt, the two
paw s of tangents fr.om whuch to two
conics «re har monw conjugates, 1s
a conre, which passes thiough the
ewght  pownts of contact of the
common tangents to the two conwes
and has the conunon self-conjugate
truangle of the two cones for « self-
conjugute truangle

If a come be drawn though
the ewght powts of contact of the
JSour common tangents to two conacs,
the two pawrs of tungents which can
be diawn to the two comes from
any pownt on ths cone we pan s of
hai monae conjugutes

Draw

the ¢hord WX and let the tangents to (1) at W oand X intersect i (!
and those to (2) m € Jomm CC’ meeting X Win L On this line take
C” the harmonic . of L with regard to ¢'C Jom WC”, X"
and describe a conie through W, X, ¥V, Z to touch W and XC” at W
and X respectively (Ex 5, Art 125) Call this conie (3) Take any
pomnt ¥V on WX and let OV and ¢V meet (3) m @ and Q  Jom Q)
to meet WX m P and C”V imm K Then the range Q@K L 1s harmonic
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and, since the tangents at X and W to (3) meet at 0", C"VK 1s the
polar of P with respect to (3) Therefore WX VP 15 harmonic and
CVQ and C VQ are the polars of P with regud to (1) and (2)
respectively

Let QQ meet (2) m A4 and B and (1) m 4A', B Then since the
contes (1), (2), (3) pass throngh fqui fixed ponts W, X, V, Z, the
paus of points AB, A'B, (O ae purs of conjugate pomts of an m-
volution  Also @ and " are harmonic conjugates of P with 1espect
to AB and A'B respectively  Hence, by Ex 9(b), Chapter viir, 4, B
are harmonie conjugates of 4°, B '

Every chord eut harmonically may thus be constructed by taking
difterent posttions of 7 oon the ine WX, and the locus of Q and @ 1s
the come (3) which passes thiough W, X, ¥, Z and touches C”X and
C’"Wat X and W

Consider the tangents CW, CX to the conic (1§  Let ¢X and CW
meet QQ 1 R and R°  Since the pencil (C WX VP) 1s harmonie, R'X
and RW will mtersect in some pomnt M on CV, and, fiom the harmonic

<
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property of the quadrangle WCXM, C, M will be harmonic v 1.~
of @,V Now for different positions of ¥V on WX, € 1s fixed, and
describes a conic through W and X, therefore M will desciibe a conie
through W and X (Ex 2, Art 118) Hence the pencils WM and XM
are projective Therefore the ranges desctibed by R and R’ on CX
and (W are projective Therefore RR' will envelope a come which
touches C'W and CX

By symmetry the conic also touches the tangents WC” and XC’ to
(2) and hkewise the tangents to (1) and (2) at ¥ and Z Smce the
conic touches the tangents at X, ¥, Z, W to (1) and (2),1t has the same
~ Il compuzate triangle as (1) and (2)

The correlative theorem may be proved n a similar way

The converse theoremns are obviously true as only one conic can be
described to touch the eight tangents which can be drawn to two conics
at their points of intersection and only onc conic can W diawn through
the eight ponts of contact of their common tangents

Alternative Proofs

(a) By Projection or Plane Perspective

If 1t be assumed that by an imagimary projection .X and ¥, two of the pomnts of
mtersection of the conics, may be projected mto the arcular pomnts at mfnity, the
poles € and €' of X W with respect to the two comcs become the centies of the
circles into which the conis are projected  The envelope touches WC, W', 10,
XC'"  Therefore, if ¥ and . aic the arcular points at infimty, ¢ and €’ must
become the foct of the envelope  Hence the theorem becomes the following

The envelope of a «hord whick 13 cut by two cucles wn pav s of hai monte congugates
28 « conee having the centres of the curcles fon foct

This follows from Addendum 14 by the converse of Art 139 (7)

(0) It may easily be proved that the locus 19 of such a nature that two tangents
may be drawn to 1t from any pomt  Hence there 19 reason to suppose that 1t 19 a
conic  (See Art 142) 4

134 It in the theorem of Art 133 a par of straight lines be
substituted for one of the comes and 1n the correlative one of the
conics becomes a pair of points, the following theorems are obtained

The envelope of a line, such that The locus of a pownt, such that
ws pownts of wntersecton with «  the tangents from it to a gwen conac
gwen conwc are harmomic conjugates  are harmonic v1es of its con-

of s wntersections wnth a paw of mnectors with « pan of gwen pownts,
]

gwen lines, 1s a conic which touches s a come which passes through the

the pawr of grven lines paar of gwen ponts
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These theorems may be proved mdependently as follows

Let @ and b be the given lies
and p a tangent to the required
envelope  Then pa, pb (R and Q)
are conjugate pomnts with 1espect
to the conic Henceaf P, the pole
of p, be jomed to @ and R by 1

and ¢, ppr 1s a self-conjugat
triangle
F
b, t

Henee 2 15 the polu of R, and
the 1ange described by I oon the
fixed hne « 15 projective with the
penal deseribed by 2 thiongh A
the pole of ¢, and thercfore with the
range desatbed by Qon & Hence
the envelope of p s a conic touch-
mg « and b

Let A and B be the given
pomnts and P a pomnt on the re-
quued locus Thén PA, PB (g
and 2) are conpigare hney with
1cspect to the comic  Hénce, 1f
the polar of P mects 1 and ¢ m @
and R, PQR 1s a ~]f conjugate
triangle

Hence s the pole of 9, and
the pcnal formed by 2, which
passes through B, 15 projective
with the range descibed by I on
b the polar of B, and therctorc with
the pcnell ¢ through A4 Henee
the locus of I’ 15 a come through
A and B

The 1ight-hand side o the bove may also be stated as follows

The locus of the pownts of intersection of tungents to « gwen gmc
from paus of conjugate pownts of an mvolution 18 a come, whih passes
through the double points of the involution

Particular Cuases

1f the lines @ and b 1 the left-hand figure ate the connectors of
a point £ to the circular points at infimity, the chord of mtersection LM
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of p with the conic will subtend a right angle at F, which will be a focus
of the envelope Hence the following 1s obtained

The envelope of a chord of « conic which subtends a right angle at a
fived pont s ¢ conc hamng the fued pount for a focus

If, the pomts 4 and B the nght-hand side figure are taken for
the circular pomnts at mhmty the following 15 obtained

The locus of the pownts of wntei section of tangents to a come winch we
at 11ght agles 15 @ cucle

It « be the polu of 4, the connectors of «b to A and B awe the
tangents at 4 and B to the locus

Fiom the precedimg the following important theorem may be
deduced

If a sunple quadidateral can be wnscrbed an one conwe and cucum-
sc1abed to another, an infinmte number of quadmluteml’s can be sunlarly
constr ucted
B

\E'
/

z
.

\E

-

7

\ \( F vF

Let KLMN be the simple quadilateral and lct the two romumimg
pomnts of mtersection of the sides be £ and F
From any poiit X' on the conic (1) draw a pair of tangents to (2)

tomeet KF in E', F’ Take 4 and B the common harmonic -

" t
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of EF and E'F’ Then the lines joming 4, B to K, L, M, N, K’ are
harmonic conjugates of the tangents from these pomnts to (2) Hence
this holds for every pomt on (1) Hence, if K'F’" meets (1) i L, the
other tangent from L’ passes through £’ If this tangent meets (1) in
M, the other tangent from M’ to (2) passes through F* Let E'K’ and
F'M wmeet at N Then N'E’ and N'F’ are harmonic «unpurt s of
N4 and N'B  Therefore N'1s on (1) Hence a quadrangle has been
inscribed n (1) and circumseribed to (2)

If one of the quadnilaterals KLMN 1s o parallelogram, afl the other
quadrilaterals will be parallelograms

135 (@) If fioe conucs be described to touch a given line 0 and four out of fove
grven lines 1, 2, 3, 4,5 and )y, @,y @3, Qs, ¥s be the pownts of contact with 0 of the
conies which do not touch the lmes 1, 2, 3, 4, 5 respectively, and Py, Py, Py, Py, P, be
the points wn which 1, 2, 3, 4, 5 meet 0, then P\Qy, I,Q,y Ps€s, PiQu, P58, are paurs
of congugate pornts oy an ivolution*

Consider the come (1) which touches 0, 2, 3, 4, 5
Let 5 meet 0, 1, 2, 3, 4 mn ¥, F\, F,, F;, F; respectively

Then from the comie (1) (0 0234)=(5 0234),

therefore (1 P21 = (1 F,F, Fy) (1),
similarly froin the comc (2) (Q.P\PyPy)=(FF\FyFy) (2),
and from the come (3) (s Py Py =(F\F\ LIy (3)

(PP Ly) _ (BVELFEY)

From (1) and (2) (QZI,I’P‘[,‘) T (F P F Y

(L) (P PPy P)=(F\F,FFy) )

Similaily from (1) and (3)
(P (PP, = (Fy B FY) (),
and from (2) and (3)  (QuQs L1 ) (P.1\P Py = (F,F NV FY) ()

YOI (FL 'JF.'. '4)
But (F,F R Fy) = — (t,le W)
Therefore dividing (11) by (1)
(@ Pols) (P P3PyPy) _ (F\F\FRFY)
(1Q.P3Py) (PIP,PsFy) — (INF,FLFY)

(@14 L:P) > PN ’
and (‘Q}l—(‘):"l)jpb (P P3Py Py =, FsFyFY),
from (1) (P Py) = (R QP Py) (@01 Py),

WPy WPy Ol

WP, Py QP

* T am ndebted to Mr S G Soal of the East London College for this theorem and the
proof.



Theorems conecining Two Conies 299

Hence (Art 53) @, @,P;, @;P; are pairs of conjugate pomnts of an involution

Similarly, @,P,, @aP;, @4Py are pairs of conjugate pomts of an mvolution, which
must be the same nvolution

Similarly, by considering the lines 3 or 4 1n place of 5, 1t 15 seen that @,7,,
@.P;, Q.P, are f)nlrs of conjugate points of an ivolution

Therefore P1¢)y, P2Q;, P3Qs, Pi@y, s, are hive pairs of conjugate ponts of an
mvoliktion

The correlative theorem 1s as follows

If five gonecs be described thiough a guwen pont O and through four out of five
gwen pownts 1, 2, 3, 4, b and qi, q2y @3y s, g5 be the tangents at O to the conies
which do not puss through 1, 2, 3, 4, b respectively, and py, p,, Py, Ps, ps be the
connectors of O to the points 1, 2, 3, 4, 5 respectively, then piq1, P12y Psdsy P34y Psdo
are parrs of conyugate rays of an involution

(b) The s polars of a grven point with respect to the siv conics which pass

through five out of siv given points touch « come ,

Consider the polars of the pont O with respect to the wix conics which pss
thyough five out of the six ponts 1, 2, 3, 4, 5, 6

Let py, p2, 3, P1y Py Po denote the polars of O with 1espect to the conics which do
not pass through the pomnts 1, 2, 3, 4, 5, 6 respectively

Consider the mtersections of p,, py, Py, ps With p; and p;

The concs whose polars are p; and p, have four points common, viz the points
3, 4, 5, 6 'Lhe polars of O with respect to all conies through 3, 4, 5, 6 will pass
through the pomnt of mtersection of p; and p, which 18 the common conjugate of 0
with regard to all such conics (Art 117) The come through O and 3, 4, 5, 6 has
the tangent at O for the polar of O This tangent consequently passes through the
point of intersection of p; and p,

Similarly the points pyps, piyps, p1ps are on the tangents at O to the concs
which pass through O and through four of the wix pomnts other than 1, 3, 1,
4, 1, 5 respectively

Similarly the intersections of p,, ps, ps, p; With pg lie on the tangents at O to
the four conics which pass through 0 and through the six pomnts other than 6, 2,
6,3, 6,4, 6, 5 respectively N

But by the correltive of («), the pencils formed by these two sets of four tangents
are projective with the penul formed by joining O to 2, 3, 4, 5 and therefore with
each othet  Hence the ranges on p; and pgare projective and by the converse of the
anharmonic property of tangents to a conic the lines py, p., ps, pi, ps, peall touch a

ol

The correlative 13 as follows

The poles of @ frved lune with respect to siv conics whuh touch frve out of s grven
lines lue on a cone

As a particular case, the following theorem 1s obtained

The centres of the sw cones whick touch five out of sz grven strasght lunes lie on a
contic  (MrH M Taylor )
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This may be proved directly as follows

Denote the sides of the hexigon by a, b, ¢, d, ¢, f, the centre of the conic
touching b, ¢ d, e, £ by (), and the hine joimng the mddle pomts of the diagonals of
Gdye fhy Ly, .

Then (Art 117 %) since Ly, 19 the locus of the centres of concs which touch ¢, d,
e, f, C'c and €, he on Ly and simularly Gy, C, hie on Ly,

Hence, by the conversc of Puscal’s Theorem, the condition that Cy, Gy, l,,.. (y,
C,, 0y should he on v come s that Ly, Ly, Lo Ly, L Ly should be collinear

Thig 1 the case by A1t 08 (¢)

EXAMPLES

(1) The envelope of a chord which meets a conic m a parr of pomnts, which with
its points of mtersection with two fived tungents to the comie form a range of
constant anharmonic 1110, 13 @ conic having double contwet with the given conie
the points where 1t thuches the fixed tangents

This 19 the comverse of A1t 132(«) when one of the conmies becomes 3 pur of
tangeuty to the conie

(2) The locus of the point of mtersection of two tangents to 2 conig, which form
a penal of const it anharmonic ratio with the conncctors of the point with two

given pomnts on the conie, 19 a contc having double cont wt with the conic at the two
fixed points

This 1s the conelative of the preceding

(3) 'The locus of the point of mtcrsection of two tingents to v come which form
a penal of constant anharmeonie ratio with the connectors of the pomt to two fived
pomnts on 1y fived tangent to the conic 13 a contc hwving double contact with the
given conic

.

The tangents determine on the fixed tangonts two pomts which with the two
given pomts on the tangent torm a 1ige of constant anharmonic 11tio Therefore
the pomnts where the two twngents meet the fixed tangant form two projective
ranges  Hence the tangents from these pm‘ntw form two projective systems of

tangents, which (A1t 131) intersect on a come having double contact with the given
conie

(t) The emvelope of a lime which mcets a conie 1 a pan of pomts, which form a
ringe of constunt anharmonic 1itio with 1ty powts of intersection with two fifd
lines which intersect on the conie, 19 a conic hwing double contact with the given
conic

The contelative of the Lt theorem
(5) « and b are two lines conjugate with regiurd to 4 come &  Prove that, 1f the

points of mtersection of v transversal p with .S and with « and b form a hiwrmonie
1ange, p must pass through the pole of @ o1 of b with 1espect to &
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(6) If triangles be censtructed such that they are self conjugate with 1egud to
one conic and two sides touch another come, then the third side will envelope 1
conic

(7) If a cohic (1) be cucumseribed to v quadiangle ABCH and v conte (2) be
nscribed n the quadiangle, and v tangent be diawn to (2) to meet (1) m £ and £,
then “he other tangents from £ and # to (2) will mtersect on the hne jommng
AB CD to BC D and then chord of contact will pass thiough BD ("

(8) If any tangent to a comc (1) mects v second come (2), with which 1t has
double contact at L and Mo K and V', and A and &’ be jomed to S any fixed
pomt on L, by Lines which meet the conie (2) agamm m A" and ¥, then the Iines
KN amd A’V weet LI m two fixed pomnts 4 and 1/, which ae such that the
tangents from A wnd A" to (2) mtersect where the polar of )5 mects (2)

This may be proved by means of the theorems gnven m Arts 130 132



CHAPTER XXI

THE CONSTANT OF AN

INVOLUTION

FOCAL PROPERTIES AND

CONFOCATL CONICS GEOMETRICAL CORRESPONDENCE CHAR-

ACTERISTICS OF
KIRKMAN’S TIHIEOREMS

SYSTEMS OF

CONICS  STEINER’S AND

136 To find the constant of the mvolution determined on any

straight line by a central conic

YI

1) Let the line I meet the cential tonic 1n 1maginary points
gmary

Let C be the centre of the conic
Draw BCB’ parallel to I, and let
the diameter conpueate to BCB’
meet the conic m A and A’ and !
m X

Since { passes through the pole
of AA’, the pole of I 15 on 44’

Henece the hnes jooning 4 and
A’ to pomts on the curve deter-
mine conjugate pomnts on I (Art

Let € be the centre of the conic
Draw BCB’ parallel to I, and let
the diameter conjugate to BCB’
meet the conic in A and A’ and'l
m X

Since ! passes through the pole
of AA’, the pole of 113 on 44’

Hence the hnes joming 4 and
A’ to ponts on the curve deter-
mine conjugate points on ! (Art
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95 (), an 18 the contre of the
involution O /
Jom 4 and A’ to B to meet [

mYand ¥V

303

95 (7)) and X 1s the centre of the
mvolution on !

Jomn A and A’ to one of the
pomnts at infinity on the curve by
lines which meet BCB' in B and
B andlmn ¥Yand Y’

Then Then
CB . OB
XY X4 04’ XY=XA4 A’
.y g4 OB oy OB
XY'=XA4 04" XY'=X4 CA'
, , CB? - ;4 OB
XY XV'=-X4 XA’ &y, XY XY'=X4 X4 O
OB
If 1n the proof for the hyperbola I be moved parallel to itsclf, OA

1s constant, and 1t follows that CB 15 the distance fiom € ot the two
comjugate pomts of the mmvolution determined on BCB' by the come
which are eqmudistant fiom C, and that — CB? 1s the constant of this

mvolution

Hence Iines parallel to an asymptote thiough the ends of a diameter

meet 1its conparn

diameter 1 the par of conjugate points of the

mvolution on that diameter, which are cquidistant from the centie

(2) Let the hne ! meet the central conic 1n real points

In the case of the ellipse, and 1 the case of the hyperbola, when
the line meets vhe same bianch of the hyperbola, the proof given n

(1) holds
Thus for the ellipse
'y Xy -—x4 xa %%
XY =— 4 o f

But XA XA’ 18 negative m this
cace

Hence there are two double
ponts P and P’ of the involution,
which are on the curve, such that

, OB
XPi=—XA XA .,

[Cf Art 104 (a) 2]

Thus tor the hyperbola
XY XY'=X4 XA CA”

But XA XA’ 18 positive 1 this
case

Hence therec are two double
pomnts P and I’ of the involution,
which are on the curve, such that

, OB
XPr=X4 XA' [,
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In the preceding (1) and (2), 1if K be the constant of the mnvolution
determimed on BCH, then for both the ellipse and hyperb:

- , K
XY XV'=-X4 x4 [,
X
={1—GAJ}K
Xy Xy’ _, X
k  “'Toa

Hence, if P;, P, axc a pan of conjugatc pomts of an mvolition, X
1ts centre, By, B, and d,, 4, paus of 1+ . pomnts on the diameter
parallel to PP, and on 1ts conjugate, and € the centrc of the curve,

XP, XP, IAE
on, o, toa; va,”
If P be a doyble pomt ot the mnvolution, for the ellipse

1

Xpr: 0X-_ ]
CB- + cdr™
and for the hyperbola
_ 1Y1)" CAY" =1
optoaT

The fitst of these 1esults has becn obtained from Carnot’s Theorem

(Art 104 (0) (2))

(3) Let the ine £ meet Aifterent brinches of the hyperbolvin 7 and 7
If X be the nuddle pomt of P7*,
A% s the constant of the myolution
on 7 Diw AC1 the divmcter
par dled to 2277, and PZQ paadlel to (Y
to meet LUCA" m Z
Then, since PQ) and LF are parallel
to conjugate diameters,
7zt P22
CATT BT
whete — CB? 1y the constant of the invo-
Tution on O

Thadore A Pt=(0Zt=
on I

1,

42
(,BZ(('B"-!-C‘\ 2) This s the constant of the myolution

137 To find the constant of an involution determined on any
straight line by a parabola

(1) Let the hine { meet the parabola in 1ma,gm‘u‘"y pomts  Take L
its pole and diaw a chord P1” of the pauabola through L parallel to
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Draw a parallel chord through the focus S to meet the parabola mn @
and @ Let M be the uuddle pont of Q@ and let LM, which 1s a
diameter of the parabola, meet the curve mm V, L 1m X, and the directiix
in N Lt o denote the pont at mfinity on the parabola

Then Vo 1s a chord ot the paraboly thiough the pole of { Heneg,
it @ be jomed to Vand » by hmes which mect 7 YVoand ¥/, these
pomnts are conjugate ponts ot the mvolution on { of which X 15 the
centie

Then xy=xy M¢

jiea and XY= M(Q

— QaM:
XY XY =XV,

Buf simee the tangents at ¢ and @ mtciscct ab night angles . Y,
a cicle with centie M may be, desciibed to pass through @, N,
Therctore QM = MN and, smce MV = VN,

QM:_MN-_
Wy =y =d VN4 S
Thercfor XY XY ——4 SV VX

The negative sign 15 taken since X'V and X1 are drawn i oppositc
directions

If P and P ae jomnad to the point at mhnity on the curve, a pan
ot conjugate pomnts are found on /, the product of whose distanccs from
Xw-rl?

Therefore Pl:=4 SV VL

RPG 20
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(2) If I meets the curve mn 1eal points, P apd P, the constant of
the mvolution 18 PL- which equals 4 SV VL (Art 104 (a)(3))

138 Gaskin’s Theorem
The cu cle, which curcumscribes any self-conjugate trangle of a com,
ts cut orthoyonally by the durector circle of the come

]
P —;
8]/
- />A,
—T6 )
¢ _ A/ M /
—10
/
M //
/
Pl

Let PI”M be any self-conjugate triangle and let P” be ! Jomn M
to the centic of the comie to meet I in O, the conic m 4, and the

circumscribed arele of PP’M in M’ Let CB be the diameter conpusat
to CA
pl 1)/
Then CM CM'= C) (O +0M)= CH (00 + 01 o ).

since OFP OP' =0M OM

cB* OM 0C
=CM (00 - 61:1_‘ - ‘UT[— )

(by Art 136), since 04 0A'=0M 0C,
=CM CO (1 + OBZ)

(Jvlliz

_CM Cco

s (Cr )

=CA*+ (B since O and M are e njugate points

=sum of the squares ot the semi-axes (Art 139)
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EXAMPLES

(1) Show that the cncumcirde of a tn wgle self-conjugate with rcspect to a
rectangulu hyperbola passes through the centie of the hyperbola

[ ]
The duector cucle of the rectanguln hy perbola 13 the centre

(2) wThe centre of the arcumcnele of 1 triangle self-conjugate with 1egird to a
puabola lies on the ducctin of the pubola

(3)  The fect of the perpendiculars drawn fiom any pot on the dnector arcle
to the polar WOf that powt and to the thiee sides of v self conjugate triangle ate
concy clic

Let £ be a point on the director circle, p its polar, and {B€' o self conjugate
wnangle  Let p meet the sides of ABC m .U, B, ' Then r4, PA’, B, PB’,
LC, PC" are pans of conjug ite 1ays of the mvolution determined by the conic at P,
of which the tangents fiom 2 are the double 1ays  Since these are at tight angles,
the angles BPC and B'PC’ are equil  Ienc, Addendum 15, the feet of the
perpendiculars fiom 2 on p and on the wides of AB(' are cogeyehe

(1) If any two comis are 1otated 1n any mnner round then centres the locus
of the centre of the cncumencle of then common self conjugate triangle 14 the
radicil avis of then ducctor circles

Focal Properties of Conics

139 In Chapter XIII, Arts 96 and 97, some theorems connected with the foct of
aconte were given o this wtide certam metical propertics of conies conned ted
with then focr will be proved

TE LW, V', LV, WA be any two
paus of parillel tangents to 1 conig, and
A A" any other tangent, which meets WZ
and LV m A and A’y then 4,0, W,

@, I determine oy LW awd L' two
projective ringes, and any other tangent

to the conic meets these lines m pans of
cortesponding  points of these ranges e
(Art 93) e

By Art 39 construct pomnts S and 8’
such that corresponding pomts of the g
ranges subtend a constant angle a at S,
and a constwnt angle o' at S Then N
and &’ are the foa of the conic and are
the same pomnts for all purs of tangents
LW aand LV (At 98, Example (8))

From the construction for these points

SW S1"=Wa V'A'=a constant, e
and the angles A WS um A' V'S are equal -

Let 1, @, 1”, ¢ be the pomnts of con
tact of WL, LV, VM and MW, and (' the middle pomt of W1, which 13 also

20- 2




308 Principles of Projective Geometry

the nuddle point of 8S’, since SV'S'W 13 a parallelograem  Then the angles I’SZL
and LS are equal to each other and to the angle 154’

(1) The tangents from any pownt to « conu arc equally wnddined to the focal
distances of the pomnt

The wgle WS equals the angle S1°¢ (Art 39) and ther cfore equals the
angle S W¢/

(2) The tangcnt at any pont to a conic 18 equally wncined to the focal dgsmnces
of the point

If i (1) the point W 1s on the come, the theorem follows at once

(3) If « pan of parallel tangents to a comie mect the tangents ﬁo;n a pomt W
A and B, then WA W B equals the product of the focal dustances of W

If v tungent BB paralled to A4’ be drawn to meet WH and MV’ m B and B',,
then A'V'- WB

If the tangents LW and LV’ a1e
patallel, the pomts £, I, € and the A
pomts @ 17) F conparde 1n two points
Wand V" on the conic, which ate the
ends of vdiumeter  If A U4’ be drawn
parallel to WV’ 1t will touch the conic
at v pomt U such that ("0 13 the
diameter conjugate to WOV’

4) If CW and C'U wme at right
angles, they will be the aves of the
conie wd (U will pass through 8 and
S (Art 96) ST will hkewise equal
St

Then for an ellipse, since W 174’
equal WS V'S, T
CU =S8N ¢= WO+ 0,
CS=CU?% - WCi=u?-1?,
where « wnd b are the semut axes of the conic
Similarly 1t may be proved for a hyperbola that 05’ =a?4b¢  (Cf Art 96)
In the more gener il cise
(h) SW SV =0n4 VU'=C0?
=syquare of the semi-diameter conjugate to C'1)
(Cf Art 102, Example (7))
(6)  The sum of the squares of « par of conyugatc dimeters 13 constant
In the hyure (SW+SV" 2= 48V 242 WS S
=2 5C*+2 CH¢+2 CU?
=2(a?= 0+ 2(CWe+ U %)
But, A1t 96 (b), SW+81V'=2q,
CHWEILOU2=4 (SW+81 12— (a?- )
=t + b
The contesponding theoren for o hyperbola may be proved 1 a simlar way
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(7)  The locus of the foot of « perpendicular from « focus of an ellypse on «
varwable tangent s @ cucle concent v with the ellipse

Let SN be the perpendicular fiom §
a focus of an ellipse on the tangent at
W Produce SW to meet S'W 1t L
Then, since §'W and SW make equl
angless with the tangent at W, the
triangles SWAN and LWV are equal
Therefore SV equals VZ, and 5 W equals
WL  Thergfore

S'L=8"W+ HS=2q

Jom (' the centrie of the comc to NV
Then €.V 18 puallel to $°L  Theiefore
CN=38L=a Hence the locus of ¥ 13
& cirdle concentric with the ellipse

The theoren for the hyperbola miy
be proved m a similar manner

(8) Tf N’ be the foot of the perpendicular from &, thc second focus, on the
tangent at W ind (V' meets N at M, then (M and ('N are equally inchined to the
perpendicular CK friom € on VS, wnd MS=8"V’

Therefore SV S'V' =SM SV=(VK+SK)(NVK-SK)=NK-N V¢

=CN*-(8*=a?— (a2~ 1) =b¢

(9)  The area of the pasullelogram formed by « prarr of tangents paidlel to « par
of comyugate dvumeters vs constant

Let ('f2 be the pcrpendicular fiom ¢ on the tangent at W Than, fiom the
siilar triangles SWA and §"W.YV,

SN _S'N' ~/S'j SN b
SWSW Jsw s U
R AN+ SN R

TSWESW T

.

by (8) and ()

Therefore (U CR-~=« b

Confscal Conics

140  Cowcs, whuh haee the same pau of ponts for theu real focy, «aic teoymed
confocal conucs

Al conus of a confocal system aic anscribed vn the sume quadidateral

By A1t 101 the tangents imaginary—from 1 focus of v eonie to the come pss
thwugh the arculu pomnts at inimty  Hence the connectors of these pomnts to the
two fou form a creumscribed quudrliteral for b conics having the <ame foci,
1 e for all confocul conwcs  One pan of opposite vertices of the quadnlateril are the
two 1eal foa, and another pan are the arculu pomts at infimty  The thud pan of
vertices are a patr of maginary foct of the conics, which are situated on the mino
or conjugate axis  [hie common self conjugate titangle of the conicy consists of the
two axes of the conics and the ine w ifimty  The vertices of this triangle aic
the common centie of the comes and the ponts at infimty on the axcy
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Since confocal conies are mseribed m a guadnlatergl one confoeal of a given
system can be drawn to touch 1 given stiught hine, and two confocals can be drawn
through any given pont (Art 113)

Every par of confocal conies, which intersect in a 1¢al point, anterscet at 11gh
angles

Consider the imvolution penal determmined at any pommt I by a system of eonfocal
conies and then common arcumscenibed quaditlateral  Let § and S' be the foct of
the comes and @ and Q@' the cicular points at mfimty  Smcee £°Q and PQ" are
conjugate rays of the mvolution penal, the double 1ays of the pencyl, which are
harmonie conjugates of these lines; are at night wglcs But these double rays ue
the tingents to the two comies of the system, which pass through 2 Hence these
contes, which are the two conies of the system which pass through £, mtersect
orthogonally

The pawrs of tangents, whik cun be diawn from any powt to the conees of a confocal
system, e equally inclined to the focal distances of the point

Since the douhle';nys of the mvolution penel determined at any pomt 2 by the
confocal system arc at nght angles, the pans of conjugate rays are equally inclined
to the double 1ays (A1t 16)  Since the connectors of P to the focr are o pair of
conjugate rays of this mvolution the 1esult follows at once  The theoremn also
tollows fiom Art 139 (1)

The locus of the pole of a guoen sticaght lane, with 1espect (o @ system of confocul
conresy 18 the normal at 1ts pornt of contact to the conu ot the system whck touches the
quoen strawght line

Smce the confocal system 19 msenibed m o quadilater V the locus of the pole of
vgiven strught Iime p with respect to the comes of the system 15 1 straght hine p’
(Art 117 (1))  This hine passes through the pomt of contact of the comc of the
systemn, which touches the Iine p The lines p and p’ ate common conjugates with
respect to all comes of the system and e therefore hanmonic copjugvtes of all pany
of tangents from pp” to conies of the systein They are thercfore vt 11ght angles
wd are the double 1ays of the mvolution determimed by the conics it pp' Hence
they are the tangents to the two comey ot the systens, which mtersect orthogonally
at pp !

The envelopc of the poleus of a qrven pornt, with 1cspect to « systen of confocal
conmees, 18« psabolay whach towches the ares of the conics

Smce the confoaal systan s isaibed i a quadrilateral, the envelope of the polu
of & gnven point 1s v conte (Art 117 (2))  This cone touches the sides of the
common self conjugate triangle of the conies and 19 therefore « puaboly, winch
touches the axes of the comes It also touches the tangents p and p' to the conics
of the qystem through 2 Since p wd p' wre at right angles, as ue also the axes of
the conics, the directiix of the parabola 1 the line CP, where € 15 the centie of the
cones  If p and p" meet the aves of the conics in Ay, 4, ard By, By, the cucles
described on A, B, and 4B/’ as diameters mtersect at (" and 1n # the focus of the
parabola
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The drfference of the gquares of the peipendiculass from the centre on paicllel
tangents to two confocal conics 18 constant

Let the perpendiculars from the centie ¢ and fou § and S” on two parallel
tangents at /> and /” meet the tangents in &, V, L wnd /', V', L respectively

Then L b KN V1 \
, '\II Jl+‘ U ’ A" 4+;\" r 2
01:2—0132=< ) —< )

SL SN (S L—NN\E
‘<9' ;) < EY s s s s

&

=(h’l/;31£')1~ <h L- ‘_\AAL) 402 b

where b and D’ are the semi-minor axes (Art 139 (8)),
=h2-)
The locus of the pont of {ntersection of oithogonal tangents to two confocal conies
w8 @ arde which has the same centre as the confocal conus

Let 7'¢) be a tangent to one confocal, which meets the t wgent vt 77 to the other
orthogonally at @, and let 7 be the foot of the papendicular from (" on tiny

tangent
Let 7 meet the tangent at P in P
Then

CQP=CR 4 CT = CRE A b= b1k OT 2= CP 4 =l =+ b4 2 — b =t 2

Hence the locus of 13 a urcle concentric with the comes
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EXAMPLES

(1) ("18 the centre of two confocal cllipsey, S a focus and 4 and .1’ the ends of
their major axes  Prove that the lines perpendicular to L1.4" drawn through pomnts
P, such that (' (S= ("1 (4, are the 1eal chords of intersectioneof the clhpses

(2)  The locus of the coommon conpug wes, with respect to two confoeal ellipses,
centre € focus S and ends of the major wves .1 and .1, of points on v hine gassing
thiough v pomt 2 ot v distunce CP fiom the centie and parallel to the mmor axis,
1y a straight hne puallcd to the nunor axis, which meets the magor vas it v pomt 7~
such that ¢ 1Y - (v‘“'(v r (Art 125)

(N

(3) It P wmd 7”7 be two pomnts collimear with 1 focus on two confocal ellipses
centre ¢ foar N md S id ands of myor axes A and L, and those pomnts be
Jomed to 1 or 1Y) the locus of the pomt of mtasection of P21 and 2.0 15 two
straaght hines papondicul n to the major was d passing through points on 1t at

(AN Y
distunces + s from the centre
(1) Prove that fiic donble 1ys of the penals of paralldd hues in (2) me the
common chords of the two cihpses

One to one correspondence

141  One to onc conespondence may be dehned as follows  When
two groups of geometrical forms ( ponts, strarght Lines, curves) we <o
related, that any element of one group deter nanes one and only one element
of the other group, and the lutter element determunes the fust element
wnquely, the elements of the qroups are sad to have one to one cor-
respondence

The following examples illustr e this puncple

(1Y Anay OQR passing through a fixed point O determines pomts
@ on a hxed Ime a, and B on anothar fixed hine b, and these points
deternnme rays 4Q BR at fixed points 4, B By construetion there 19
ond to onc correspondenee between AQ'.m(] BR

(2) A pomt P ona comc determmes rays AP, BP at fixed points
A and B on the conmic The construction shows that there 1s a one to
onc cortespondence between the vays AP, BP

(3) A rwge of pomnts A, B, €, ot distinees Odd, OB, OC,  fhowm
a fixed pomnt O on then base, and a sccond range of pomts 4°, B, ¢, *
on the sue base at distances trom O such that 04’=2 0Ad,
on=2 0B, 0("=2 0, have onc to one corespondence

(4) A pnal of rays o, b e, through a fixed pomnt S, which

o~ —~~
make angles oa, ob, oc, with a hixed 1ay o through’S, and a second

—_— —_— —_—
penail of rays o o, through S, such that the angles oa’, ob’, oc’,

1
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—~ ~ A~
are double of the angles oa, 0b, o, , have not one to one corre-

~_~ —~ ﬂ‘
spondence  For, if oa=a and ob=a + ;, the 1ays @ and ¥ ue given
-

by o0 =24 andeob =2a + 7 Henee the rays « and 0 comade, and
one 1ay of the second pencil corresponds to more than one 1ay ot the
first %

In Chapter vi, Art 44, 1t was proved that, af therc 15 an algebue
one to one correspondence between the pomnts of two ranges, thes
ranges are "projectne  The following statement summarises the en-
cumstances in which 1t 1s safe to infer that a onc and one concspondence
1s algebraie

If wn @ one to one correspondence, as now defined, a pownt of one
1ange—o1 aray of one pencil—as obtamed from the corresponding element
of the other 1ange—or pencil—by a geometrical construction wnvolving

(1) The deter munatwn of strawght Lines, us the connector s of ponts v
by means of the construction of gwen angles, and

The deter mination of pownts, as the inter sectrons of strawght Lunes 01 by
the meusurement of distances along strarght lLunes,

(2) The construction of comics by points 01 tangents,

(3)  The deter nunatwon of pownts on conws as thew pownts of wnter -
section with other comes or strawght Lines, and

The deter manation of tangents to conuwes, as common tangents to concs,
o1 as tungents fr om pownts to conucs,
then the one to one correspondence 1s algebraic

This theorems or prmaple depends on the fact that a comc 18 an
algebraic curve and 1ts truth will be realised wt once by the student
who 15 acquainted with the dements of coordinate geometry  The degree
of a planc algcbraie curve 1s determincd by the number of pomts real,
comerdent, or nmagimary 1in which a line meets the carve In At 95 (L)
1t was proved that o conic detarmimes on every straght e inits plan
a defimte mmvolution the double points of which are two pomts real,
cmn;ulunt, o1 maginaty  In Art 101 1t was shown, that those points
may be rcgarded as the pomnts of mtersection of the hme with the
conic  Hence a comc s an algebraie carve of the sccond degrec The
class of a curve 15 detined by the number of tangents to the curve,
which may be diawn to 1t fiom any pomt n its plane  In Art 931t
was shown that a ®onic 13 a curve of the sceond class  Converscly it
may be proved that Wl algcbraic curves of the sccond dogree or of the
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second class are comes  The conrespondence heje defined will be termed
an algebraic one to one correspondence or shortly when there 18 no fear of
contusion a one to one correspondence In this case Art 44 applies and
the ranges and pencils are projective  Although the pont does not
at present anse the theorem now enunciated may be extended by
substituting “ any algebraie curve” for “conic ” 1n the statement of 1t

The theorem that two ranges on limear bases between which there
13 an algebraic onc to one correspondence ate projective may be extended
to ranges on conies between which there 1 an algebraiet one to one
contespondence  The proof excludes the case of 1anges obtamed by
measwing lengths along the curve  Such ranges have not generally ¢
one to one correspondence

If there 1s an algebr aic one to vne correspondence between two 1anges
on the sume 01 on two dafferent comcs, the 1anges are projective

o
A, B, G DA, 8, G, D,

Let 4, B, ¢, D and A, B, (", D’ be conesponding points of
ranges situated on conies S and S* Jomm A4, B, C, D to any pomt
Pon S and 4, B, ¢, ' to any pomt P on S Let the pencils so
formed be cut by any line s mn 4,, By, C,, D, and 4/, B/, ¢/, D/
1espectively  Sinee there 15 one and one algebraic correspondence
between ABCD and A’B'C'IY, there 1s a sinilau conespondence bety een
A,, B, (), D, and A/, B/, C', D/ Hence (A1t 44) thesc ranges ate
projective  Therefore the 1anges 4, B, ¢, D and 4', B, (', D' are also
projective

If the cortesponding elements of two ranges, or pencils, having
algebraie one to one correspondence mutually correspond 1t follows from
Art 51 that they form an mvolution
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The following are eyamples of the apphcation of the method ot one
to one correspondence

(1) Inwvolution Property of the Conac

Through any pbint O draw two fixed chords
to meet the conic in 4, A’ and B, B’ These
chords may be regarded as determiing O
Draw OCC’ any other chord which may be
considered as a variable chord  When C 15
given ¢’ 15 ynquely determined, and when €’
15 given (18 umquely determined, hence the
1anges described by €' and ¢’ are projective
Suice ( corresponds to ¢ and (" to (', they
form an mvolution

(2)  Desargues’ Them e

Let U, V, I¥, X e the fom fixed points,
through which the system of conmics ue » -
deseribed, wnd ¢ the given transversal  On Y
{take any point A Desciibe 1 conie through
U, V, W, X and 4 Only one such conic
can be described It will meet / 1na pomnt 7 A A
A’ If a conic 1s described through 4', U,

V, X, Wat will pass thiough 4 Hence 4

determines 4" umgquely and A’ determines vV

4 uniquely Therefore the ranges described hn
by 4 and 4" are projective  Also A and A" mutually correspond and therefore the
rangey described by 4 and 4’ form an mvolution

X

.

(3)  If a system of conus 18 described to touch two frved lines at fived pornts A, B,
the envclopc of the Line yormang the coriesponding centres of cuwrvature at A and B s
« parabola ’

The centres of curvature €7 ind (7, are situated on the o
respective normals at 4 and B For each come they ue /\\
umquely determined and therefore fgrm two projective
1anges on the normals

_><

Therefore (1, envelopes a cone

;]
haY; A
In the hunting case when the conic becomes the str ught
hues O 1, 0B, ¢, and C; ae both at mhnity A s
In this case (7, becomes the hine at infimty, wnd B, <
thetefore the envelope touches the lme 1t mfimty and 15 @ TG,

parabola

142 Determination of the nature of a locus from 1ts points of
intersection with a straight line

In the last article 1t was shown that, if the construction of corre-
<pn b elements of 1anges or pencils, which have one to one
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correspondence, depends on certain geometrical operations, 1t 13 safe
to assume that this one to one coriespondence is algebiaie  If the
construction of pomnts on a locus, or of tangents to an envelope, depends
on the same operations 1t follows that the locus or envelope must be
an alzhrae curve  In this case the degiee of the locus may be
mferred fiom the number of pomnts in which any stiaight lise, or a
particular straight hine, meets the locus, and the class of an envelope
may be found from the number of tangents, which may be drawn to 1t
from any pomt or fiom a particular pomnt In the use of this method
care should be exercised as geometrically 1t 1s often difficult to detect
the 1maginary points of interscction of a straight line with a locus or
the mmagmary tangents from particular pomts  The followmg which
are gencralisations ot theorems already proved, are given as illustiations
of the method

.
(1) 7o pnd the natwie of the locus of the pownts of wntersection of tangents to «
green conv from corresponding pownts of tio super posed projective 1anges

Tet ¢ be any tangent to the come It will meet the base s on which the 1wnges
are situated 1 some pomnt | The pomnt A may be looked upon as a pomnt of either
of the projective ranges and, according to the range to which 1t 18 regarded as
belonging, 1t will conrespond to o pomnt 1; o1 vpomnt 4,0on 8 The pomts A¢and
A4, will only comerde, if the 1anges form an involution (Art 51)  The tangents from
Ay will meet ¢ 10 two points of the locus 2%y, ¢y The tangents fromn 4, will mect ¢
m two other pomnts of the locus £, ¢  Hence the locus meets ¢ 1n four difterent
pomnts Py, ¢, ,, ), and 19 therefore of the fourth degree

Thiy result should be compared with (1) A1t 75, conversq and At 95 (¢), with
(n) Art 131, converse, and with (in) Art 134, which are particular cases It 1s
thus seen that
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The locus of the powts of wntersection of tangents lo a comc fiom pans of
corresponding pownts of

(1) an wmwolution on a tangent to the conie, s a strarght e,

(1) two superposed projective ranges on « tangent to the conuc, s a conw having
double contact with the qiven come,

(m) an wwolution, vs « cone through the doubls pounts of the involution,
>
(1v) two superposed projective runges, 18 @ cwrve of the fourth degree
(2) The locus of the common congugates of thiee conies 13 a cubre

Let Py, P,, Py he the poles of any hne p with regard to the conies (1), (2) and (3)
respectively  Let the polars of any pomnt ¢ on p with respect to (1), (2) and (3)
respectively be ¢, g5, ¢, 1f ¢ and g, mterscet m @y and ¢ and ¢; mtersect m @y
the loct ot )y, wnd @y, for different positions of ¢ on p, will be the loct of common
conjugates of points on p with 1espedt to (1), (2) wd (1), (3) respectively  These
loct are comies (At 117 (2))  They will intersect i four ponts of which 7, 18 one
At their pomnts of mtersection other than /) the three polars of pomnts on p with
respect to (1), (2) and (3) meet vt a pomt  Hence there are thiee ponts on p the
polars of which with 1¢spect to (1), (2) wnd (3) meet at o pomt  Therefore there are
thee points on p which have common conjugatey with regard to the three conies
Hence 1t may be nferred that the hine p meets the locus of common conjugates
three pomnts and that the locus 1s therefore » cubic

If ¢y, Ci3y Cy3 be the loa of common conjugites of points on p with respect to
(1), (2), (1), (3) and (2), (3) respectively, these conics will pass through the three
common conjugates gf pomts on p, their other ponts of ntersection mn paurs bemg
the points Py, Py and 7,

If the three conics pass through two pomts 4 and B, the line 1219 part of the
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locus  Hence 1 this case the cubic becomes a straight Line and a conic, which also
passes through 4 and B

Hence of three conucs pass through two pomnts A and B, the locus of thewr commor
congugates 13 a conve through A and B together with the line 48

This result should be compared with those of Arts 88 (¢) and 32 (e) of which 1t
18 the general case

(3) To find the natw e of the locus of a pownt such that its connectonrs to thee purrs
of coplanar points form an wmevolution pencil

Let .1, A", B, B, C, (" be the three pans of puints  The lorus passes thiough
cach of these pomnts  For through any one of them () a line can be drawn which
18 a conjugate of C(” 1 the mvolution determmned by ., 4’ and B, B it (" This
Iine 14 2 tangent at € to the locus

Desaribe a conie through any five of the sk points, viz A, ., B, B and ' Let
A4 nd BB mtersect at O Jom CO to meet the coniv at €7 Let ('™ wmeet the
come at P, and the polar of O with respect to the conic, ve the connector of
1B Bt and AB A'B, at Q

C'onsider the points of the locus, which are wituated on ¢ For any point on
¢ the penal determined by A, A, B, B, ¢, ¢" will genetally be the same as #ae
penail determmed by 4, A, B, ¥, ¢, " Hence genernlly, if one 13 an mvolution
pencil, o 1s the other There are however two exceptions At ("’ the mvolution
pencal determined by .1 1), BB, CC” consists of the connectors of the first five
pomts to € together with the tangent to the comic at ¢”  Therefore € 18 not
a pomt on the locus The locus passes through ¢’ and the mvolution penal
determined at ¢’ consists of the connectors of ¢ to {, A, B, B, € and the tangent
to the locus at ¢’ At all other pomnts on P@ the penuls are the same
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The pencil obtained by Joing a variable pomt to AA’, BB, CC” will not be an
mvolution pencil unless the variable pont 1 situated on the conic or on the polar of
O with respect to the conmc (Art 98) Hence the only pomts beside €7, m which
P meets the locus, are P and ¢ Therefore the locus 13 met by the line 2@ m
three and only thre® points, vi- (", P and @, and 15 therefore a cubic curve

The same result may also be obtaned by considering the pomts, m which the
locus 1 nget by the connector of any pan of the given pairs of pomts-—say 1/
The locus meets this me 4 wd A If 7' be any other point of the locus
situated on .1.1’, the line A4.1" mnst be 1 double 11y of the involution determned at
Tboy B, B and (, ¢" Let ¢(" meet A4’ 1n ¢ Take 0; and O/ the harmonic
conjugates of 4 wnd 0’ with respect to B wnd CC' respectively  Then 0,0, meets
A4’ m T Since this constiuction for 7' 15 umque the locus intersects { {1 only
thiee pomts, viz A, 4’ and 7, and 13 therefore 1 cubic curve

When the s1x points are on 1 conic and the connectors of the purs of pomnts are
concutrent at a poimnt (), the cubne becomes the cone thiough the six pomnty and the
polar of O with respect to the conic (A1t 98)

If ¢’ 1s situated on the conic, ("C” 15 the tangent to the locus at (" and ("C”
meets the locus m a thnd point at @ 4

The ¢ubie curve obtained as the above locus 19 the most general form of cubie
curve nd from a projective pomnt of view a cubic curve may with advantage be
defined fiom this mvolution property  The student who 13 desitous of continumg
his studies 1 the projective properties of cubic curves 14 referred to the work by
Schroter, Theore der ebenen Kuiven ditter ordnung, on this subject

If the left-hand wde of the equations of the lines A", ("B, BA', A'C, OB, B' 1,
m the form a s a+ysma -p=0, be respectively denoted by w, w', o, w, w, ', and
the sides of the hexigon <o formed by «, ¢, b, @, ¢, &, 1espectively, then fiom the
equility of the anharmomec 1atiod of an mvolution pencil, the equation of the cubnc
can be obtamed 1 the form

aboew o w=d b Vo

The following examples refer to some of the properties of the cubic considered
fiom this pont of vifw

EXAMPLES

(1) If AB ' and AB B A" be denoted by €”, €" and pomts A’y A" and
B, B Le constructed m o similar manuet, prove that the cubic pusses through
A A7 B B 7y € and that the purs of powts 1717, 7 B, ("™ are related
to th® cubic i the same way as A4, BE, CC’

(2) Prove that the cubic passes through the ponts (4" 4™, C"4™ €™ A",
and the four other pomnts found m a sunlar manner

(3) If P bea pomt on the cubic and wy pur of conjugate rays i the mvolution
penal (P AA'BBCC P mect the cubic m D wd 2, prove that the given cubic
meets the cubie determined by .{.0', BB, DD’ m mne determmed pomnts
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(4) Prove that the tangents at € and €’ are the conjugates of CC’ i the
nvolutions determied by 4.4', BB at € and ("

(5) Construct the third pomt in which the tangent at any one of the six
points meets the cubic

m to n correspondence

143 In the consideration of two ranges of points situated either
on given straight Iines or on conies 1t may happen that to a point of
the first correspond n pomts of the second and that to a‘point of the
second cortespond m pomts of the first  This 15 spoken ot as m to n
correspondence It may be dcfined as follows, viz ‘

When two groups of geometrcal forms (pownts, st arght lines, cw ves)
are so 1elated that « set of m elements of one group corresponds to a set
of n elements of the other, wm such a way that any element of either set
deter manes all the elements of the other set, then the elements of the groups
are sad to have m to n correspondence

.

Thus, if two systems or penals of conics are described through two
sets of tour pomts 4, B8, ¢, D and 4’, B, (', D" 1espectively, a conie of
cither system 14 determined, 1t the tangent at 4 o1 A’ to the come 1s
given  If there 1s one to one correspondence between the tangents at
A and A’, there 15 one to one contespondence between the comes  The
conics of the bwo systems determime mvolutions P and @ on any straght
Iinc 1 that plane  Any pomnt L2 of one mvolution determines two points
of ‘the mvolution ) and any pont @ determines two points of the
mvolution P Hence thae 15 two to two correspondence betwecn the
pomnts I’ and @ ‘

In the case of two superposed 1anges with algebiaic one to one
correspondence, 1t was proved (Art 41) that there ae 2, 1e 141,
selt-corresponding  pomnts  Stmlarly, i the case of two super posed
ranges with m to n correspondence there are m + n self-corresponding
pownts  For, bt v and 2" are the distances of a pan of cortesponding
pomts fiom some fixed pomt on the base, thare must be a relation
F (1, ')=0 between these quantities, where F(r, 1) 18 a polynomigl
rand " Simce this rdation 15 algebraie and n pomts ot the second
range cortespond to a given pownt of the first, 1t must be of degree
n o 2 Sidaly, it 15 of degree m m oz To obtamn the self-
eortesponding powts of the 1anges 2" must be made equal to & and
the cquation thereby obtamed 1s of the (m + n)th dégree  Hence there
are m + 1 selt-contesponding pomnts ot the given 1anges
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To find the locus of poinys the tangents firom whuh to two geven conwes form @ penctl
of constant anharmonic ratio

Let «, b and ¢,  be the tangents from 1 pomt £ to the two comes and let the
anharmonic ratio (abed) be

Take iy other pornt /¥ ona Diaw tngents O, ' wd " to the conics, wd let
W be B, o, O, ddy D, Ody Ioand de B

If the tangents from 2 v the sune anhanmonic 1it10 as those from [’y the
pomts By, €, D or the pownts B, [, F must be collmen Consider the 11nges dcter
mned ond by Band by EF wnd CD for diftcrent positions of 277 The st correspond
mg points of those ganges give the positions ot 77 for which the penal ali'd s the
viluc A Let the pomts of mterscetion of (') and EFwith b b By wd B, If 1
1 qven, 218 found by jomg By to N LF, the ined polc of @ with respect to the
second com¢, by v lme which meets < and o m ¢ tnd 2 P15 than the pont of
mtcrsection of the sccond tangont from (or /) with «  Therefore, disrcguding the
fixed pomt 2, theie 19 v two to one conespondence on b Hence there are three
slf cortesponding pomts of the 1anges on b and thardforc thice positions of r
mdependent of /2 Henee the hine PP 1s met i four points including the pomt /2
by the locus, which s thercfore ot the fourth degrec

€his 1esult should be compued with thit obt uned m Art 133

Involution of the nth order

When @ group of geometr v, forms may be dwided wnto sets of n forms
and any one of each such set deter nunes the remaung n—1 elements of
the set umquely, then the dufferent sels of forms are suud to constitute an
wvolution of the nth order
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Thus

(1) A ray AP, through a fixed point 4 on a fixed conic, determines
a pownt I’ on the come the connector of P to a fixed pomt O, not on
the conic, determines another pomnt P on the come  The coastruction
shows that A’ and AP mutually determine cach other and therefore
form an mvolution of the sccond order  The rays OP and AP are
one to two corrcspondence

(2) A conic ot a penetl of contes through four hxed pomnts 4, B, C, D
dctermines two points L, I on a fixed straught hine, and cither P oy
determines by means of the conic P ov I’ The construction shows
that I, 1" are clements of an involution of the sceond order  Also a
tangent A7 to the come at A 1s 10 one to two cortespondence with P
and 1n one to one cortespondence with the cone

(3) A cubie of a pnal of cubics through cight hxed pomts
determines three points 2, I, P7 on o fixed straight hng, and any one
of the pomts £, I, P” dctermmes by means of the cubic the other vwo
pomts  Hence P, I, P” are elements of an mvolution of the third
order

It follows fiom the definttion of an involution that «f two wwolutrvons
of the mth and nth order are wn one to one correspondence, then there
1w an m to n correspondence between the elements, which constutute the

wwolutions

An wwolutwon of the nth order has 2 (n—1) wnated «orresponding
elements

Let my, 1., a,, 1, be coordmates, which determin~ the positions of
a set of n clements of the mvolution  When any one of these 15 given,
the other elements of the set are umquely determined  Consequently
an algcbraie rclation of the form Fiiy, 1,) =0 exists connecting the
wordimates of any pan ot clements If 7, 15 given the other n—1
clements are determned and, since 7, may be the coordinate of any one
of these elements, the expression F(ay, 1,) must be of the (n— 1)th
degice m 2,  Similarly 16 15 of the (n — 1)th degree m ¢, To obtain
the umted corresponding elements ot the involution ¢ and &, in the
equation K (a,, 2,) =0 must be made equal to some quantity «  The
cquation thus obtaned 15 of degree 2 (n —1) m « and therefore there
are 2 (n—1) umted corresponding clements of an mvolution of the nth

ordet
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Characteristics of Systems of Conics

144 In the preceding pages numerous mstances have occurred of
conies which comply with certain conditions  Such conditions may be
classified s oné-fold, two-fold, three-fold, four-fold and five-fold

Thus, 1f a conic 1s required to pass through a given pomnt, or touch a
given line, or have a given pan ot pomts for conjugate pomts, 1t 18 sard
to have a one-fold condition nnposed on 1

If a copic 15 required to touch a given line at a given pomnt, or to
determine a given mvolution on a given lne, or to have a given pomt
tor the pole of a given line, 1t 15 sard to have a two-told condition
imposed on 1t

If o conie 15 required to be mseribed m, or crcumseribed about, a
given triangle, ot to have a given triangle for a ~if ¢ npugue tiangle,
16 18 saad to have a three-fold condition mmposed on 1t, and <o on

In evay case o two-told, three-fold, four-fold  condition may be
looked upon as a combimation of two, three, four, ete one-fold conditions
This 1s 1llustrated by the mstances given above  Conversely, a com-
bination of two, three, four, cte one-fold conditions may be looked upon
as a manifold condition

A conic may be described to satisty five one-told conditions o1, what
15 the same thing, to satisfy a five-fold condition  The number of conics
which can be described to satisfy this numbcr ot independent conditions
1s a defimte and finite number—depending on the natwe of the
conditions—which can m each case be ascertamned

A system of conies, that 18 an infimte number ot conics, can be
described to satisfy o four-fold condition It an additional condition be
imposed, erther that the conics should («) pass through a given pomt, or
(b) touch a given hine, the number of comes complyng with the condition
18 & defimte and finite numbet, which m the first case will be denoted
by # and 1 the second by v The numbers g and » are tcrmed the
charactenstics of the system

The characteristics of systems of comes through points and touching
lines may be obtamed fiom considering the number of comies passing
through hve points, through four points and touching onc hne, through
three pomnts and touchimng two lines,  etc, which will be denoted by

CxCDC D
From Art 113,

=L (h=2  ( [p=4
D=4 D=2 Jliih=1

21 -2
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By the prinaple of duality 1t 15 clear that
Co=yin. ¢ h=Clin. ¢ Ih=CilIh

Hence for the system of conics (), ete the following yalues of p and
v are obtained, viz

System of Comes p »
() 1 2
N 2 4
/D 4 4
Q) 4 2
(1N 2 1
Let € denote that o pair of « ' o pomts with respect to the

conie are gven

Let ¢ denote that a pan of conjugatc lines with respect to the conic
are given

Let I, denote that an involution determined by the conic on a
straight line 1s given

Let 1, denote that an imvolution pencil determined by the conic 1s
given

Let g denote that the conic touches a given line at a given point

Let p, denote that a given point and line are pole and polar with
1espeet to the cone

Lt p, denote that o given triangle 15 self-polar with 1espeet to the
conie

In the above the subscript letters denote the mamifoldness of the
condition mmposed on the conic  The 1elations ¢, 2, are the correlatives
ot ¢ and I,, while fs, P and p, a1c then own correlatives

On reference to Chapter xvinit wll be seen that

( p=1 (IIh=1,
(hR)=1 (JhR)=1,
(k=2 (JIh)=2

(. =1 (p/Ih=1,
(p: D=2 (p. [D=2
@)=1 (p N=2 (p/h=1
(I, )=1 w/Ih=1,
and trom Chaptler XX1r (II )=1 (a2 N=1
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Tt may be proved that i the above (€) may be substituted for (') and
(c) for (/) The proof 15 general, but for the sake of definiteness 1t 1s
given for the number of conies, which may be described to pass thiough
three grwen poimnts, touch a hne and have a given pan of pomts for

conjugate pomnts

Let, the points be A4, B, , the A
line p and the pan of conjugd.
pomts E and F Take any pomt \\B
Q on EF and let @ be the har- EQF
monic conjugate of @ with regard
to £ and ' Let A be the number
of conics which can be described
thiough 4, B, ¢, @ to touch p
Therg will then be X pomnts @ on
EF conesponding to @ Agan, to any one of thege pomts @7 there
will be A pomnts  Hence the conrcspondence between @ and @7 and
therefore between Q and @7 18 A to A Hence therte are 2N cases m
which @ will be the harmone conpizie ot Q with respeet to K and F
But the comics will pass thiough these pomnts m pans, since Q@ EF
1s hamonic  Hence 2N wmust be divided by 2 and the number ot
solutions 18 A

It was proved in Chapter XviIr that

(C )=1 and (c%):l,

which 19 consistent with the above result

By the aboye any () may be replaced by a (C) and afterwards iny
other () may be 1eplaced by another (C), so that () and (C) are i all
cases mterchangeable  This also applies to (/) and (c)

These results hkewise followsfrom Art 114 (f)

Suntlarly for (1,) and (o)) may be substituted () and (//)

145 Limiting Forms of Conics

It a conic degenerate into a par of straight lines, 1t 15 spoken ot as
atline-pan, and, 1 nto a pan of pomts, as a pomt-pair  Under certam
cincumstances 1t may become what 15 termed o hme-pan-pont  The
connection of these with the conmie has been statcd by Professor Cayley
as follows

“A Conw 18 a pwrve of the second order and second cliwss  qua curve of the

second order 1t myy degenerate mnto a pur of lines o1 line pair (but the clwss 19
then=0), qua cutve of the second class 1t m 1y degenerate wmto a pan of ponts, or
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pomnt-pair (but the order 18 then=0) The two lines of a hne pair may be comnadent,
and we have then a comudent lne pair, such a hne paur (1t may I think be
postulated) ordinanly arses, not from o line pair the two lines of winch become
commcident, but from a proper conic, flattening by the gridual dimmution of 1ts
conjugate axis, while 1ts transverse axis remains constant or approaches a limt
differcnt from zero, the conic thus tends (not to an indefimtely extended but) to a
terminated line* , 1n other words, the tangents to the Conics become more aud more
nearly lines through two fixed ponts, the termnations of the termmated line, and
these termmnating points, wnich continue to exist up to the stant when the
conjugate axis takes 1ts hnuting value=0, are regarded as still evisping at tlis
mstant, and the comadent lme-pur as bemg i fact the poit pan formed by the
two terminating pomts  Simlarly, the two pomts of a pomt-pair may be concident,
and we have then a comadent pomnt pan, such a pomt-pan (1t must in hke manner
be postulated) ordmanly ariscs, not fiom a pomt pwn the two pomts of which
become comadent, but from v proper comc sharpunng atself to comade with aits
asymptotes and so becomng ultimately a par of hines through the comcident point-
pau , and the comadent pomnt pur 15 1cgarded as bemg m fact the line pairdormed
by the same two linds through the comadent point-pur

“In accordance with the foregoing notions we my with propriety, and 1t wall in
the sequel be found convement to speak of a pomt pan as a line terminated by two
pomnts m this hine, and simluly to speak of a line pair as a powt termmated (that
14 the pencil of lines through the pomt 19 termmated) by two hines thiough the
pomt

“If m a pomt pan thus considered as 1 line terminated by two pomts the two
pomts become comardent (the hine contimung to exist as a defimte hine), or, what 13
the same thing, if 1 a hne-pan thus considered 1 a pomnt termimated by two lines
the two hmes become comcaident (the point continuing to exist as 1 defimte pomnt),
we have a Jme-pan pomnt, viz this vat once a comerdent line pan wd a comadent
pomnt pair , 1t may also be regurded as the imut of a conic the wes of which, and
the ratio of the conjugate to the transverse axis, all nltimately vamsh 1t may be
described as o line texminated cach wiy at 1 point thereof, o1 as p pomnt termm ted
oach way at a hne through 1t

“* A line 14 regarded as extending from any point A4 thereof to 3, and then in the same
direction, fiom B thiough mmhmty to A, 1t thsas consists of two portions separated by
these pomnts, and considering erther portion removed, the remaiming portion 18 a
terminated line ”

A comic which 1s a line-parr considered as an envelope consists of two
points umted at the pomnt of mtersection of the line-pan, and a conie
which 18 a point-pair 1egarded as a locus consists of two straight lines
unted in the connector of the point-pair

146 Properties of a System of Conics of characteristics » and »

(1) The locus of the pole of a given line 15 a curve of degreg,v

Consider 1 how many pomnts the locus meets the given hine  Whete 1t meets 1t
the pole of the given line 1s on the given hne, which must therefore be a tangent at
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that pomnt to some conic (zf the systemm  But there are » such points Hence the
locus meets the given hine in » pomnts and 15 of degree »

(2) The locus of the pomty of mtersection of tangents from two fixed points to
conics of the system 15 of degree 3v

Let K, L be the two fixed pomnts The number of pomts i which this line 13
met by the locus will determine the degree of the locus  For a pomnt /> on K7, to
be on the locus a conie of the system must touch AZ at /> Then one pan of
tangents 1utersect at P, another at A, and a thud at L Hence for every conic
which touches AL there are thiee pomts on AL Therctore the locus 1s of degree
3y and A apd L ue cach donble points on the locus of omder »

(3) The envelope of the polars of v given pomt 15 a curve of mder g
This 19 the cotrelatnve of (1)

(1) The locus of 2 pomt such that its polar with 1espect to v fined come
comades with 1ts polar with respect to a come of the system s of degree p4v

Consider 1n how many pomts the locus mects a given ime /- Takc two pomts P
wnd von { such that p s the polar of 72 with regand to the haed contc and the polu
of 7 with 1egard to a conte of the system t

If I be fined, p s fixed and by (1) the locuy of 1ts poles with r1espect to the
system of conies 19 a carve of degree » which determnes v positions of /” on 7

It 77 1s fined, by (3) 1ts polars with 1espect to the system of conies envelope o
cutve of ws p From ¢ the pole of { wath 1espect to the iined comic g tangents
cun tharefore be diawn to this locus  Therefore there we g polus of /7 which pss
through @, wd then poles with respect to the fined conrc arc on Hence therc are
w posttions of P2 on (

Thadore the conespondence between /7 and 7715 v p to v correspondence, wnd
the locus meets 7 m p+v pomts and 13 of degrec p+v

(7))  The number of conmcy which touch v ived comc 19 2 (u+») R

It 2 conte of the system touch the fined conie, the point of contict hs the same
polar with 1¢spect to both conics and 1s therefore on the locus mn (4)  The points of
contut are thaefore the mterscctions of the fined comc with the locus m (1) There
ue thaefore 2 (u+v) points of contact wnd the same numbar of comes touching
the given one

(6)  Veaufy that there e 2v - p hine purs and 2p — v pomt purs m the system

EXAMPLES

(1) The locus of the four of o system of comes touching four straight hnes 1y
uubic passing through the arcular ponts at bty

Thns follows from (2)

(2) If in (2) one of the conditions 13 that the come should touch AL, the degrec
of the locus 18 2v, A and L bemg double pomts of order v

(3) A comie sec tion touches three given str ught lines and has one of 15« principl
axes 1 a given direction, show that the locus of its focr 13 v cubie curve which
passes through the ingular points of the triwngle formed by the given hines
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Pascal Hexagons for six points on a comic

147  In Art 1001t was proved that, 1f auy six pomnts be taken on a conic, the
three points of mntersection of the pairs of opposite sides of the hexagon so formed he
on a straight line termed the Pascal line of the hexagon m question

Notation The vertices of the Pascal hexagon will be denoted by the numbers
1,2 34,5 6 The Pascil Ime of this hesagon 15 the connector of 12 45, 34 61,
and 56 23 If the points ue wntten m reveise order the hexagon 19 unaltercd,
thus (346521) 15 the same & (127643)  Also wny number of pomts may be trans-
ferred from the beginning to the end of the cycle without altening the hexagon
Thus (564123) 13 the same as (412356)

If thice hines are selected by tiuking the numbers 1y pus, say 35, 41, 26,
ind v second selection 1v mude m v sounlar way, sy 21, 36, 54, and this system of
lies 15 combmed with the former, thus

39 41 {26
21 36 |54
m such vway th it no combimtion contams the same nunber twice, then \ hexagon

my always be formed of which the pomts of mtersection of the pairs of lines are
the Pascal lme

-
Thus 1in the mstince m question, consider {;; m the first place . Write dowa 3,

5, 2, 1 w the 1st, 2nd, 4th, wmd 5th elements—thus (35 21 )  In the next
combimation there 14 41 Place a 4 after the 1- thus (35 214)  Conesponding
to 41 there occurs the Iime 36 Interchinge the 3 and 5—thus (53 214), then
msert 6 as the third elcment  In this way (536214) 18 obtuned  Then 26 wnd 54
are the rem umng pur of opposite sides

1y  Wath the sume & pownts, whick may b called the P pornts, as vertices 60
Pascal hevagons can b formed, and coriesponding to these hevagons theie aie 60
differgnt Pascal lnes, whah may be tcrmed the p luncs

Tudang one of the pomnts as the st vartey, the sccond muy be selected m 5
ways, the thind i 4, the fourth i 3, the ffth m 2 and the sinnth i L way  Thus
120 hexagons are obtamed, but as ewh occurs with its vertice, m 1evase order
there we 60 hexigons

(2)  There wwre 15 conncetors of the & pownts, termed ¢ (ines, whuch wntersect e 45
pornts, termed T points, i addtion to the & Pepoints

A connector ¢ 18 obt uned by joming wy one of the 6 7 pomts to any of the
remamig 5 7’ pomts  Tn this way 30 ¢ connectors we obtuned, but each of these
connectors 1s counted twice, e ¢ 12 and 21 ate the sune hine  Hence the number of
connectors 13 16 kach of the connectors ¢ meets 4 of the other connectors 1t ewh
of the /> pomnts situated on 1t These weount for 8 of 1ts 11 mtersections with «
hnes  There are thercfore 6 other 7' pomnts on ewh connector  Hence, as each 7'
poit 18 counted twice, there are 45 7' points

) Thiough cack of the 15 T ponts t Pascal lunes pass, and each Pascal line
passes thiough 3 T pounts
Let the pomnts £ be denoted by the numbers 1, 2, 3, 4, 5, G» Then the Pascal

hines of the hexagons (123456), (1235 16), (126453) and (126543) all pass through the
pommt 12 45
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These hexagony are ohtained by keeping one consecutive pair of elements 12
unaltered and 1n turn changing among themselves the elements of the opposite par
and those of the third or remaining pair

By Pascal’s theorem ewch Piseul hine passes through 3 7' points

From this the number of Pascal lnes can be mdependently obtamed for
45x4=180 But by Pascil’y theorem, o Pascal line gocs through 3 7' ponts and
the nuniber of Pwseil hines 1s theiefore 180 — 32260

(4) If thieo alternate verties of a Pascal heragon are the same and the other
vertaces are deduced Uy intar changung the other thice vcitices wn cyclu order, the thiee
Puscal lines of the heragons so obtaned are concurrent in a porat termed a G point

Consider (123450)  (163254) (113652)

, Thenr Pl hines are
12 th 16 25 14 6O

23 56 63 54 43 H2
34 61 32 41 36 21

Consider the pomts of these which we underhned

Thice of these are the vertices of a tinwngle 12 63 15
The other three 43 952 ol

» ” ” ”»

The thiec points of intersection of panrs of corresponding sides of these triangles
)

are
(12 63 15
143 {52 {61
Since they are on the Piseil line of (125436) they are collmew  IHence the
conncctors of the vertices of the triangles we concunent, thit 19 the thiee given
Pyscal Iines are concuntent
It the fust hexagon had been (163452), the other hexigons would have®been
(123054) wd (143256), and then Pascal Times would have given another (7 pont

Henee corrosponding to any thiee faed veities there aie two G points, wheh may be
termed, congugate (F points

(%) Thare are 20 G pownts at eack of whak 3 Pascal lines intersect

Taking any vertey for the hist of, the fixed Vertices, the sccond of the fived
vartices may be selccted m 5 ways and the thud m § ways  This gives 20 urang
mants of the fived vertices  But if the antangements are read m opposite orda
the hexagons uwe not tered  Hence this numba must e divided by 2 For cach
order there are 2 ¢/ pomts  Hence the tot munber of (7 ponts 19 20

0) If on a Pascad Line any parr of opposite cements wie taken, and these aic
wnterchanged n tusn with the paws of adjacent elements, so that they thanselves become
adjaccnt eloments, then the two Paseal lanes so obtaved are concnsent with the gucn
Lascal line v an Il pont, and as thas transposition may be accomplished w3 ways,
there are 3 11 pownts on cvery Puscal Line

Consider A BC th~ Pascal line of (123456)

Take 12, 34, 56 thiee ot the «wdes of this hexagon, cach of which passes throngh
a different pomnt 4, B, €, and which foum a triangle (1)
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Through each of 4, B and (' three other Pascal lings pass (3) If any one hine
be taken out of cach of these groups, a triangle 13 formed which 18 1 perspective
with the triangle 12, 34, 56, with 4 BC for axis of perspective

Three such Pascal hines are

P (213546) P (624351) D (132465)

The first 19 obtamed from (123456) by mnterchanging the 12 and the pan of
opposite vertices  The second and third are obtammad m a sipnlar manner by
mterchinging 34 and 56 and the pairs of opposite verticcs  The trwngle formed by
these Iines may be termed the triwngle (2)

Simce the tnangles (1) and (2) ae m perspectine, the limes jomng their corre-
sponding vertices arc concurrent

But the point of mtersection of

P (621351) and P (132465) 15 24 51
P (132465) wd 72 (213546) 14 46 13
P (213546) and P (624351) 18 62 35
Therefore the anuectors of 34 56 to 24 51
56 12 to 46 13
12 34 to 62 35
wre concurrent
Jut these lines are the Pascaly of

(342051), (564213), (126135)
The second and thnd Pascal Iines e obtuned fiom the iust by mterchinging

accordig to the rule thc pan of opposite clements 2 and 1 From (5) wd (6) 1t
follows that on every Pascal line thare are 3 H pownts and one (1 pownt

(1) There are 60 H pownts, through cack of whick thice Pascal lines pass, and
thice Il ponts arc sitwited on each Pascal line
This follows from (6)

(B)  The 60 p lines may be duided into 6 systems of 10 p Rnes, such that the p
lencs of euach systan anteiscct eack other an threes wn the thice H powts which we
sitnated on these Tines so determunang 10 I points

Consider any thrce Piscal limes P (123456), /2(214336), /?(623541), which
mtarsect i an H pont  The other I/ pomts on these Pascal hines e the pomnts of
ntersection of these Pascals with wix other Pascals, vis

P (213465), P (132540), P63
P (124365), D (632451), P (263314)

These formn two triangles m perspective and the points of intersectios of
corresponding sides are thiee 27 ponts, which hie on the Pascal lme 7 (125136)
These ten Pascal lines foom the systemn

On each of the 10 p lmes 3 /{ pomts have been fortned and theiefore there can be
no further 77 pomnts on these lines  None of the other ponts of mtersection of
these 10 p lines give G points or 7' points  Hence the three ¢ Imes which meet at
a (' pomt and the four p hnes winch meet at » 77 pomnt belong to different
systems
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The Pascal ines of any system may be obtained by writing down any Pascal and
mterchanging any number of times the elements n any two adjacent pawrs  The
1 Pascals through o ¢ pomnt and the conjugate @ pomnt thus determine the six
different systems ,

(9) There are 20 g lines each of which passes through one G pownt and three
H pownte
Lot the tniangle formed by the thiee Pascal Iines

P(124635) P (513462) P (241356)

and termed triangle (3) be associated with the tiiangles (1) and (2) of (6)

Each Pascal line 13 obtained fiom the corresponding one i (2), by mteichanging
the elements of the pans 12, 34, 50, and afterwards mterchingmg the other two
pans of elements

These lines intersect in the points

13 62

35 24
and 46 51

Their connectors respectively to
34 0
56 12
12 3t

are the Pascal lines of
(342051), (564213), (126435)

Henge the three tinwngles (1), (2) and (3) have a common centre of peispective,
viz the 7 pont of (6)
Hence the corresponding sides of (2) and (3) mtersect on a straght line, 2% the
pomts
P (213546) P (124635)

P (624351) I (513162)
P (132465) P (241356)

are collmear  But thest are 3 H pomnts which are therefore collinear

The axis of perspective of the tilangles (2) and (3) passes through the pomt of
tersection of the axes ot perspective of (1) and (2) and of (1) and (3)  (Art 33(n))
The axis of perspective ot (1) and (2) 18 22 (123476)  The vas of perspective of (1)
and (3) 1s the connector of 12 63, 34 52, 5% 14, 1e P (143652) These mntersect
m v ¢ pomt which 13 therefore collinear with the three # pomts already found

As there are twenty ¢ pomnts thiough each of which a g lme passes, there are
twenty g lines  As there are 60 /7 points and each g line passes through 3 £/ pointy,
only one g hne passes through each /7 point

The g hine through a pomnt ¢ on a Pascal line passes through A pomts on 3
Pascals obtained bv mterchanging pans of opposite vertices The /7 pomts on
these Pascils ae obtained by interchanging the already mterchanged vertices with
the adjacent elements of the other pairs, so that they become adjacent elements
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Thus the ¢ line through the ¢ pont on (123456) pasges through the following &
pomnts, viz
4231566 "1")3426 [1264’)3
241356 135246 < 124635
623h14 513462 l 362451

(10} If @ triangle be formed by the connectors of thice paus of the P pownts, the
Jowr Puascal lines thiough each verter of this tivangle wnterscct wn thices i 4 G pornts
and an thices i 4 1 pounts

Consider the triangle formed by 14, 23 and 56 ind let 14 23,23 6 and 56 14
bhe ¢, Band 4

By (3) the Pasc s thiough A, B wnd € arc respectively

A B C
1y P (763412) P (234501) P (115230)
(2) P (%62113) P (231651) P (146235)
(3) o’ (763142) P (231564) P (146325)
() P (762413) P (2316h4) P (145326)

The Pascals givin m the horzontd columns mtersect by (4) m 4 (7 points
The Pascul lines may be grouped as follows

1 n ¢
(1) P (563412) P (234651) P (146320)
(2) P (562143) P (234561) P (143320)
(3) P (563142) P (231654) L (115236)

. (1) P (562413) P (231564) P (146235)

In this case the Pasceals i cawch 1ow intersect i an H pomt (6)  1f 56, 32, 11
are regarded as the pans of elements wd, when they stand consccutively, they
ue culed wjacent, and when not so standing, opposite elamints, the following
1ule 15 obtaned to wiite down onc of the above 4 pomts from another

In one Pascal, change the adywent dlanents, ae another the opposute elem nts, and
tn the thud both the adjaccnt and the oppost€ dloments

The same 1ule holds for obtaming the wbove ¢ points onc from wnother

Any one of the above 12 Pascals meets others of the 12 Pascals i 3 pomts 1t .1,
Bowd ¢, at 2 points it ¢ pomts, and at 2 ponts 1 £/ points

There are therefore 4 of these Piscals which mect o given Pscud in other points—
these Pascals pass two by two thiough the two vertices of the trangle 45¢
through which the given Pascal does not pass

(11)  The four g lnes of four G points on Pascals obtained by keeping one pau of
adjacent eloments fived and ucter changing i turn the elemcnts of the opposite puir and
of the thurd paw are concunrent at an 1 point

Thus 1t has to be proved that the ¢ lines of the ¢ pomtq on P (563412),
L (5062143), 2 (503142) and P (562413) are concurzent  These are the ¢ ponts of (10)
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By (9) these g hines are determined by joming the respective ¢ pomnts to
corresponding M pomnts  Thus to obtan these Iimes 1t 19 necessary to jomn the ¢
pomnt of

P (363412) to /7 (762413) P (564231)
P (562143) P (563142) P (561324)
P (563142) P (562143) P (761234)
P (562413) P (563412) P (561321)
But these 4/ points are respectively the 7 ponts (4), (3), (2) and (1) of (10)

Henee the ¢ pomnts wd I pomts form two quidiangles which are m perspective
m thiee ways with the vertices of the tiiangle 4¢" wd the opposite sides as centics
md axes of perspective  Hence (kxample 4, Art 33) the ines G Hy, G, M, (L1,
Gy Hmeet at a point This 15 the 1equunad 7 pont

Fifteen such tnangles as ABC cn be constructed and therefore the twonty ¢
Iies pass 4 by 4 thiough hfteen 7 points

(12)  The G pornts lwe 4 by 4 on 15 lines
Considar the 3 hines («)
P (126473) P (451362) P (635124)
wuich meet o an /7 pomnt
Take thice 7' pomts on these lines («), vis

(46 13) (26 19) (24 35)
which form a triangle (1) whose sides are
P (203514) P (246531) P (315462)

T ike the thice Pascal lines
P (361524) P (461253) P (13152
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They meet on the lines (@) and form a trangle (1) the vertices of which are
pomts !

The corresponding sides of the two triangles (1) and (n) intersect m three
collinear ponts

D (263514) P (246531) P (315462)
{1’ (361524) {I‘ (643521) {1’ (345261)
which are thiee ¢ pomts

The determming Pascals of these ¢ pomts may be wintten

P (615243) P (612534) P (613452)
I (637142) P (642135) P (623154)

The wjacent elements of the Pascals m the upper row are the combinations of
61, 52, 43 One other such combmation may be formed, viz £ (611325) which ¢
gives a (7 point where 1t 15 met by P (654123) By symmet1y this ¢ point must be
on the hine jomning the other three ¢ points whose detcxmimng Piscals we given

above  Three groups such as 61, 52, 43 can be sclected from the given 6 2 pomts
m 15 ways and therefore there we 15 @ ines

1f = denotes the Word “contuns” 1t wall be scen tht there e
60 p ines, 20 g lmes, 15 ¢ hiny,
60 H pomty, 20 ¢ points, 15 I pomts,
and that  H=3 p, G=1g, H=1yg, G=1 9+3 p, I=4 g,
p=3 H, ¢y=1 6, p=1 G, g=1 G+3 I, 1=4 ¢

EXAMPLES

(1) Tn (10) thiee of the wwhumomc 1atios of the three penals of 1"wscal hines
through .1, B, C are such thit their product 13 umty

(2) Comjugate (7 pomts we conjugate pomts with respect to the conte



CHAPTER XXII
INVOLUTION IN (ONNEXION WITH TIHE CONIC

148 Involutions Determined by Conics

It has been shown A1t 95 (e) that given v conie cvity pomnt i ibs
planc has associated with 1t a dehimite hne called the polu of the pomt
It any pomnt I be taken on a line (¢) 1ts polar will meet the Iine (£) 1n a
pownt P’ and tor different positions of P, the points P and P’ are pairs
of pomnts of an wmvolution (Art 95 (R)) For different conics the
wvolutions determined on ¢ will generally be different  If the line !
meets the conie i real pomts, these points are the double pomts of the
mvolutjon It there are no real double points of the mvolution, the hne
does not mecet the conie in real points  The mvolution, however, exists
in the case of every line and cvery conie  Theorems, therefore, which
deal with the points of mtersection of lines and conies may n some
cases be extended to theorems dealing with conies and the mvolutions
which they determine on hines

If a line passes through two 1eal points of mtersection ot two conies,
both conics determine the same mmvolution on the hine, viz, an mvolution
made up of pans of pomnts which arc harmonic conjugates of the two
pomnts 1 which the hne meets the two conics  Hence, 1t lines are
discovered which do not meet conies m 1cal pomnts but on which the
cogics deterimine the same mvolution, there 1s a strong analogy between
such lmes and hnes joining the points of mtersection of the conies

There are at least two straight lines—termed common mvolution
chords—on which a pair of conics determine the same involution
(Art 125, Chapter XX)

In this chapl%r certain theorems concerning conics and the involu-
tions which they determine on straight lines will be proved
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If a comc deternunes two wvolutions of the sume hind on two
stravght lines [ and U which wntersect at A and are i perspectwe at S and
S, then ASS’ 15 « self-conjugate truangle of the cone

(1) If the involutions have real double points, the conic passes
through these pomnts and 488" 15 the diagonal ponts triangle of an
mscribed quadrangle and 1 therefore a7 triangle

(2) If the involutions have
maginary double pomts, let B
and ¢/ be the congugates of 4 1
the involutions, then BC 15 the
polar of A, and S and 8 are
situated on BC' Since the in-
volution on AB has 1mmagmary
double poipts, a pair of conjug e
pomts 7" and 77 ‘which are har-
monic « s v~ of A and B
can be found, for thcy are the
common conjugatcs of two -
volutions, one with 1eal and one
with mmagmary double points (A1t 55)

Jom T and 77 to 8 to meet I i I and R

Jom 7" to R to mect BC i 8”  Then, because ABTT" 15 harmonic,
CBN'S" 1s hatmonie, thadtore 8" comcides with & the sccond contirc of
perspective and R passes through S

Sumlarly RT passes through S

Considar the quadrangle STS'T” The ends ot the diagonals 77"
md RR” are conjugate pomts with regard to the come  Therefore S
and 8" are also conjugate pomnts, and, since SS” 15 the polar ot 4, the
triangle 4SS 15 self-conpugan

R and R’ are hanmonic conjugates of A and (', and S wmd 8 may be
found at once hom 7, T and R, R’

149 Methods for describing conics to determine given 1nvolutions on
given lines

(1) To desciabe a come through threc queen pownts to detcmine o grocn weolution
on a qwen (ine

Let A, B, C be the ginen pomts and £ the gnen line  Let BC mect 1 in A
Take A" the harmomc conjugute of A with respect to BC, wnd A7 the conjug e of
A n the given mvolution  Theu A'A” 1s the polu of A Let A1 meet A’K” m
P Tike A’ the harmome conjugate of .1 with respect to A2 Then 4’18 a pont
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on the conic  Similarly pomnts B and ¢ may be constructed  The required conic
18 the come through 1, B, C, ., B, ’

J2) To dexribe a come through « grven pornt to detcymenc green incolutions on
two queen lines

Let A be the given pomt and 7 wmd 7 the lines on which the mnyolutions aie
situated  Let 7 and ¥ meet at O wndlet O ind ' he the conjugates of O the two
given mvolutions

Then (/0" 1s thgpolarof O Jomm O 1tomect V0" K Take A’ the harmonic
conjugate of A with respect to OK

Then A4’ 15 a point on the curve

nPa 22
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Let § and 8’ be the two points on 0’0" which are centres of perspective for the
two mvolutions (Art 60) Then the triangle 0S8’ 18 selt- -conjugate with regard to
the conic (Art 148)

Join 4 to S and 8’ to meet the opposite sides of this tniangle in 4, and 4,

Let B and C be the harmonic conjugates of A with respect to 43S and: 4,8’

Then B and € are on the come

Let B4 weet /1 & The polat of U 1s the line joining 1ts conjugate on [’ to 1ts
harmonic conjugate with regard to B4’ Let this line meet U4 in £ Let U’ be
the harmonic conjugate of 4 with respect to UR - Then U’ 15 also on the curve

Hence the five pomnts 1, A4’y B, € and " detetmine the required contc

3) To find the newssuy and sufhcrent condition that 1t may be possible to
describe a conic® to determune three quen involutions on three quwen strawght lines

Let A, B, C be the pomnts of interscction of the given hines
Let the polar of 4 be 1,4,

” ” B ” BcBa
» ” 0 ” oaob

These ponts determine the mvolutions on the sides of the triangle 4 BC
If the polars meet at 4’ B, ¢, then the triangles 4 BC and 4'B’'C’ being polar
triangles are n perspective In the figure S 19 the centre and K LA the axis of
perspective  Hence by the converse of Pascal's Theorem a come can be described
through the pomts of mtersections of the non corrcsponding sides  Therefore,
Ay, A¢y By, Be, Cy, C, are on o conic
This condition may be shown to be suthcient as follows Let E,, F,, B, Fy,
E., F, be the pans of common harmome conjugates of BB5,, CC,, CC,, A4,
and .14,, BB, respectively Then (Art 59) they are pairs of comjugate poimnts of
the mvolutions determmed by BC, B,(,, C4, Cd,, AD, A.B. respectively
BA, BB. BE. Bk,

Therefore —*

A4, AB, =4 E’ A * (Art 53) and two similar relations hold for £, F,

* This conic may be imagimary
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and £y, F, But Ca.l‘u(if;b theorem holds for the points 4., B,, Cy, B, Ch, Ay and
therefore by substituting from these relations 1t followy that 1t holds for the points
E,, F,, E, F,, E, F. Honce these s1x pomts lie on 1 conic real o1 1imagmuy
The six pomts 4, Bey Cuy By, Cyy Ay can always be assocrated with the vertices of
the tnhiangle m sdch a way that the conm 13 1cal

(4) 7o deseribe the conc, if real, to determune on quicn luees thiee groen e olutions
whick satisfy the conditron found wn (3)

If any of the mvolutiony have real double points, construct these pomnts and
apply the method given 1n (2)

If nongof the mvolutions have real double pomnts, let 1.4y, BoB., C,C), be the
polars of 4, B, (" and let them tersect m A’, ¥, ¢”

Then A’ 13 the pole ot BC, therefore 1’ and B, ue comugite pomts  Smmlarly
¢’ and B, wre conjugate points

Thegefore B, and B,, the pomts m which B./3, meets the come, are constructed
as the common hammonic conjugtes of .1'B, wd C'B, or as the double pomt‘;.uf the
mvolution of which these ponts are pairs of conjugates

Sumlarly, the pomts whete 4.4, and C,0, weet the conie are determmed  If
none of the wides .13, BC, € 1 mect the comc m 1eal pomts and the conic 18 1eal,
the tangents from 1, B, ¢' must be 1eal and thercfore the double pomts of the
thiee mvolutions are real  Hence s1x pomnts on the conic are gnen

If two trutngles arc en perspective, to construct the cone, 1f real, with 1¢spect to whack
they are pole and polur truengles *

The condition set forth i (3) 13 satished, w the triwngles ae i perspective
Thercfore the conmc desatbed by (1) to deternine on the wides of one tnangle the
mvolutions determined on them by the sides of the othar tr1ingle 18 the requured conic

1560 Anharmonic Property of a conic and the involution which
1t*determines on a given line

If a conic determane an wnvolution on « <trawght line and A,, B, be the
projections on the sume strarght line of any two fued ponts on the comic
Jrom a varable pownt on the conic, then

{(41X1 Y'zBl) - (Al Yl‘\'hv”!)z"'
(X, X, Y.} )

22—2
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18 constant, where X, X,, Y,Y, may be any two parrs of conyugate ponts
of the wvolution, or of X, X,, Y\Y, are two fiwed parrs of conjugate points
of the involutron, (4,X,Y,B,) - (4,Y,X,B)) 18 constant

The proof 18 condensed by determining the positions cf the points by
means of ratios If X,, X, are taken as the powmnts of reference, 1e if
their ratio coordinates are 0 and o respectively, ¥,, ¥,, 4,, B, r.ay be
denoted by #,, ¥, «;, b, Then

{(Ale Y".'BI) - (Al YIXzBI)P

WX YY)
gcﬂlﬁzﬁ_ﬁzﬂbcﬂy
Y2 by o -y b-u

Y
Yr— %0 ffy— 00

{h%t%_E:W“
y2bl_al bl_ul{

%
Ya
- {_ﬂlzt wby F
(@ =) '\/ylyz

A, Y. X, Z l B B, Y 2

Let I be a line which does not meet the conic in real points and 12t
L bets pole  Take 4 and B any two fixed pomts on the comc and X
and X’ two pomnts on the come collinear with L The projections of
any such pairs of pomnts from any pomnt on the conic upon  give a parr
of conjugate pomnts of the mvolution determned by the come on [

Project 4, B, X, X' fiom any pomnt § on the conic nto 4,, B,, X, X,
Take anv vomt §' on the curve Jon §' to X, X, to meet the conic in
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X,, X,/ Then, becpuse X,, X, are conjurate pomts, X,, X,/ ae

collimear with L (A1t 95 ()
Project X,, X,/ from S mto Z,, Z,
Project Ap B, X, X' from 8" mto 4,, B,, ¥,, Y,

Then Z,Z,, X,X,, Y,Y, are pairs of it ._ '« points of the involution
determined on ! by the conic and A4,, B, X,, X,, Z,, Z, are projective

‘VIt’h AZ) Bzv K, Yz: le X.%

Take X,(0) and X,(o0) as onigin and let small letters denote the
ratios of $he points denoted by the corresponding large letters, then

Y= 2,2, = constant for the ivolution

also (X, X2 Z)=(VY,X X)),
s
. z2, Y
., hom(D)zy=—=y,2z,=—y,. .
Agam (4, B,X,X)=(dA,B,Y,Y),

O _h—a =y l/l’/"'*-‘_”gbz___:le'ij' Y.
b, Yi— b, Yy.— b, vy + Wb, — I/,t;_, + bﬁ&ﬁ.

(¢, =) (hy. + ab)=a (3/1“.» + ()z'/z) -0, (ylbz + W)
=y (G, —bb )+ y,(a,b,— b))

also ® (A BAZY=(4,B.X,.X,),

a. L=y z,— U,

b, z=b, z,— b,
(az'2 —b) (212, + b)) =z, (y, = b,b,) — 2, (a;hy — byaty)
Writing o, for — 2, and v, tor — 2,, ]
(3= b) (s + b)) =~ g (@t = bb)A . (b, = by
Square (3) and (4) and subtiact
(0, = b)) (e + @b — (u, = b)) (i, + b))

(1),

(2),

3),

(4)

=4y (@, - l)xbz) (b, = b)),

(a, — bl)‘ (y:y: - ‘Lzbz)' - (u,— b.)? (hy. — “lbl)z =0

(Wy. —ftlbl)j _ (j/l!/: - “._Iiz_)l
(a; — by B (a;—0b,)

Hence the given expiession 15 constant
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151 The expression
(X 1By - (A, V1 X, By}

(LG HY)
will be denoted by 77 (*1,*B, Y, Y, V;F,} or, shortly, by M (4,8} « .

It 19 thus seen that, if from any point S on a conic two fixed points 4, B are
projected into A, B; on a line, on which the conic determines an involution of which
4y, Xyand ¥, ¥, are any pair of conjugate points, then /13 constant

It should be noticed that

HABX, X, N\ Y)=H(ABY, ¥\, 1)),
HABY NN Y)=H(BAX,\, 11 1)),
HBY, U, N Y)=HUBX, A Yy,
HABY, VLN Y )=H(1BX,1,},})
Hence the expression consists of three pwns of elements, and

(«) the dements 1 any one, o1 more than one, of the purs can be mterchanged
without altering the vilue of the expression ,

(b) the clements 1 the second and third pans, that 19 the paurs of conjugate
points of the myolution, may be simlatly mterchanged

If Vi=d,=xand IN=7¥,= 7, then

1 +(ABXY)
L-(ABYY)

Tu this case, 1if two /s are equal, euther
(IYYB)y=(A'V'}V'B)Y oo (AAYBY4 A’ X'V B)=1,
te (AX T =1-(A'X'Y'DB)—-BXV'A),
where the dashed letters refet to the second £/
Thus 1if the elements Y, X,, ¥}, we the same 1in both 7175

2
1/:A/:};< > —2(AXFB)- 1)

either (AYYD)=4'\YD)
or (I\VFB)- (BT L)
Therefore (AXYB)=(B'YYL)
or (WX B)=(4'YXD)

Thus either VY, AR, Bl oo VY, A’ BB form an mvolution

On reference to the figure 1t will be scen that if X\.X,, 1V, are fixed, the
ranges described by 4, and B are projective  On reference to the analytical
2= ayy 1
(v~ by) \/.7/17/21
will describe one o1 other of two ranges projective with that descibed by 4,
according as the + or — sign 13 given to the square root of the constant

If H {AB} 13 given and also either 4 or B, there are two positions of the other
accordsng as the + o1 — sign 14 taken

)
expression, vi7 { , 1t will be scen that 1if this expression 18 constant 2,

* Note When dealing with a conie the points which are projected from any point
on the come are frequently substituted for 4,B; in this expression
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The expression (4,X,Y,B,)~(4,V,X,B,) may be denoted by & {4,B,X, X, ¥, Y}
or shoitly by 4 {4,B,} 1§ 18 such that, 1f .1, B, be the projectiony of any two fixed
points on a conic from a variable point on the conic upon a fixed lime on which the
conic determines an volution of which XX, ¥}, are two fixed pairs of con-
Jugates, 1t'13 con8tant, except 1n regard to sign  If .\, .X,, 17, ¥, are unaltered in
order 1t does not change 1ts sign

Tt should be noticed that

(1) MABYLX, Y y= -k {BA\, A, T Y}
MABY Y,V Xt= -k {(ABY, X, 7, 1)
Hence, 1f 4 and B be mterchanged or if the pair of conjugates X,.X, be inter-
changed with the pair of conjugates ¥, ¥, the sign of the expression 13 changed
() AABL LI =V X, N V) x A {IBYVX,TLT,
MABY, Y,V =LY, V) xh (1B Y, 1Y)

! Y,
(m1)  The expression b ”}’“ f,)i'——‘—‘ 15 such that 1t 1 constnt when y other
VLYY

pait of conjugates of the mvolution we substituted for X, 1, and for ¥, ¥,

RIABX, X, 1Y b BX Y/ VY

If 4 25 O - - I Sand
‘\/(Aurz’l’z) V(X HT)

’

and X ind T and .Y’ and }’ we the double ponts of the mvolutions, 1t follows
that

(A VB =L’ V')
1t MABX X, VW Y }=2{d'BX X, 1, V) o (1),
after dividing both sides by 4/(.X, 1,F; 1) the double points may be substituted
for 1.\, and fore}, I, and then
(X} B)=(4'XYB)=(B YA.)

Therefore 13, X'V, B.l’ foom an mvelution
1f 1n (1) the sign of one expression 13 changed, 1t follows that

AA'; A Y, BB form an mvolution

. —ayl
The analytical eapression for A {0, 8,X, 1,1, ¥} 18 Y= @
Y2 (by =)

If the elementy Ay, X,, V;, ¥, whicn detetmine the mvolution are given and
h{AB} 13 constant, 4 and B describe projective ranges, and 1f A 18 given, B 1y

uniquely determined

k {“f By} - and the involution are given, the ranges A and /3 are projective,
V(XY )
and 1f A 18 given, B 1s umquely determimed
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162 Extension of the Involution Property of a Conic

If through any pownt O three chords be drawn the first two of which
meet a comc mn AA’, BB, while the comic determines on the thard an

mvolution X, X,, Y,Y,, then
h{ABX.X,Y\Y,)=h{A'BY,Y,X X,

A" ~

X Y K

Let AR meet the base of the involution at K

h {ABX,X,V,Y,} by projection from B’ becomes (KX,Y,0) - (KY,X.,0)

h{A’B'Y,Y,X,X,] by projection fiom A becomes (0Y,X,K) - (0X,Y,K)

But (OY,X,K)— (OX,Y,K)=(KX,Y,0)—-(KY,X,0)
=1-(KY,X,0)-1+(KX,Y,0)
=(KX,V,0)-(KY,X,0)

Therctore MABX X, Y\Y,))=h{A'BY,Y X X,

WMABX X, V\Y,)} R{A'BY }),X,X)}
Deductions VXXV, T = - VTV X.X)
and H{ABX,X.,V\V,)=H[A'BX,X,Y\Y,)

Converse of ertension of the Involution I'operty

If 1,0, B, B we ponts on a conre which determines an wnvolution Xy Vy, V1Y, on
« queen lwne, then of RidBGXLV VA= {UB Y Y..Y, 1.} the three lines 4 V', BB
and V(X1 Y, are concunrent

Let .11 meet V)1, in Oand let 88 meet V1, ¢

AU AR N, ), by projection from B becomes (KA V00— (K ¥ 1,0)
A{UB 1, T,X, 1, by projection trom .t becomes (OY,.X,K) - (0X,V,A)
(KA 3,0)=(A Y1 130)=(0V,.X,R) - (0X, 1,K)
=(K Y, F,0) - (KY,X;0)

Therefore 2 {KO'\, 331, T} and A {KOX,\, I, };} bave the same values and O
and (/ must comade
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If X,, X,, Y1, Y3 be any four fized pownts on a strarght line I, 4y, By and Ay, B)
any other two pairs of pounts on this line such that
I. {44]”14"14‘,2 )’[Yﬁ:k { ‘llﬂl’ ']4"3 Yl Yg} »

then, of S and S’ be any two points in the plane and 4,8 A/'S' be 4 and B\S B/'S’
be B, a conic can be described through .1, B, S, 8’ such that it determines the wnvolution
XX, \Y,onl

If the come which dctermmnes the given involution on [ and passes through
A4, B, 5 does not pass thiough Y, let 1t meet By B8 i 87  Jom S” to 1 to meet
Il A4

Then A BY=h{1"BYy But h{ 1,8y =k {18},

A By =0 A By

Thegefore 1, and 1,” comade  This proves the theorem

By joming 1) to 8" and 1} to 5 v point {19 obtamned m lieu of 4,
and, by jommng B, to S and By to S a pomt B 13 obtained m heu of /2

The condition given above hkewise assures that a come can be described
through S, 5,* U, and B’ to determmne the given mvolution on {

153 Extension of Carnot’'s Theorem

If ABC be any trangle andaethe polars of A, B, €' with 1espect to
any comwc meet the sudes AB, BC, CA wn A.B., C,B,, 4, as wn the

Sfigure, then
AA. AB. BC, BB, C4, (0,
BA, BB, CC, CB, A4, AC,~

Let the polars of 4, B, (! meet i A’, B, ¢ Then the tmangles
ABC, A’B'C’ arc 1 perspective (A1t 103 (a))

Hence a come can be described through 4,, 4., B,, B,, C,, C,
and the above expression 13 equal to umty by Carnot’s Theorem

If the conmic meets the sides of the triangle ABC 1 real points
E, F,, E,, Fy, E,, F, the connexion between this result and Carnot’s

1



346 Principles of Projective Geometry

theorem may be shown as follows Since conics through E,, Fo, By, Fy
meet AB i E,, F, and m 4, B, and A,, B, are conjugates of the
mvolution determined by A, B, E,, F, (Art 59), a comc can be described
through K,, F,, E,, F, and A, and B. Hence Carnot's theorem holds
for K,, F,, K, F,, and A, and B,, and A, and B, can be substituted for
E. and F,

Sitmularly, the pomnts where the polary meet the other sides may be
substituted for the double points of the involutions on these sides

1564 Extension of Desargues’ Theorem

Euch comac of a system of comcs through four ficed pownts deter manes
on every hne wn its plane an wvolution and the double ponts +f real
of the wnwvolutions on any lne form an wnvolutwon  If one of the
wnvolutions 1s gwen by X, X,, V1V, and the wnvolutron of double pounts by
A,B) and B,A/, then these points are connected by the 1elation

h{AB XX, V,Y)} =h{B/AY,V,X,X,)

In the figure of page 345 let 4, B, 8, 8 be the four given points
through which the conics are described and let one of the conies
determine on the line [ an involution of which X, X,, ¥,Y, are two pairs
of conjugate points
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Then h{ABX.X,Y\Y}=h{4/B/X,X,Y,V}}
=h ’BIIAIIYXYQXIX‘.’} ’
h{d,BX X, V\V,} h{B/A'V, Y, X\ X,
VXX,1 Y)Y V(N TLXX)
It the mvolution X,X,, ¥, ¥, has real double pomnts X, ¥, they may
be substituted for X,, X, and for ¥;, Y, n this expression and
(4,XYB)=(B/YXA/)
Thus X, ¥V are « njiov pomts of the involution determined by
A,BY and B A/
Since
(4,.X,V.B)— (4,1, X.B)=(4/X,\,B)) - (4/'V . X.B)) (D),
(XA B Y)—(X,4/BY,)=(Y,4,B,X,) - (YV,4/B/X))
Now A4,B/ and B,A/ may be looked upon as, determining an
ivolution  Then the above becomes
h{X.Y, A\B/ A/B}=h{V,X,, A\B/, A/B},
WX.,Y, AB/, A/B} h{V,X,, A\B/,A/B,}
VABTA/BY V(B A/B)
Hence for 4,B), A, B, may be substituted in this and consequently
in (1) any two pawrs of wi.r  pomnts 1 the mvolution of double

pointss These double points when real are the intersections ot conics of
the system with the line !

Hence the following 1s obtained

If any thres concs wre described thiough four fized ponts and the
first two meet @ queen Line in K and K', and L and L' and the thurd
deter manes an wvolutwon on the hne of which X, X,, Y,Y, are any two
pawrs of conyugate pownts, then

WMKLX, X, V.Y }=h|{LK'X XY,V
The theorem may also be stated thus

If a system of comcs be described thiough fowr fixzed pownts, they
d&ermine on every line wn thewr plane an wwolutwon Let KK', LI be
any two puawrs of conjugute pownts of this wnvolutvon  Let X, X,, Y, Y, be
any two punr s of conjugate pownts of the wnvolution determined by any one
of the conics on the same line  Then

SW{KLX X,V\Y}=h{LKX X1V}
and MX VY, KK'LL}=h{Y,X,KK'LL'}
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The above rclation between the two mvolutions 1s reaprocal  If KK, LL' 18
termed nvolution (1), and .7 Y,, F1 ¥, mvolution (2), 1t 13 known that the double
pomts of (2) when real are a pur of conjugate pomts of (1) Hence the double’
ponts ot (1) when 1eal are a pan of conjugate pomts of (2) But (2) may be the
involution detetmuned by wny conic of the systemm  Hence the double pomts of (1)
are a pair of conjugate points of the mnvolution determined on the hne by any conic
of the system

Hence, of two conucs be descrabed through four pownts R, S, T, U to touch a given
line Lat X and Y, then \ and ¥ we a paw of conpugate pownts of the wnvolution
detcrmaned by { on any conw throvgh K, S, T, U Thia1s otherwise obvious when the
double pomts of mvolution (2) are real

The ¢xtension of Desargues’ theorcm may also be expresscd in another form

It has already been proved (Art 153) that Carnot’s theorem holds when for the,
points of intersection of a side with the cone wre substituted the pomnts where the
polars of the vertices, on that side, mect the side 1 question  Hence the following
19 obtamed

If a system of conues be desciibed through four pornts Gy, 1y, B, Cy and ary trans-
versal meet the Lnes Vi dy and B,Coan L and By thon the polars of A and B wath 1espect
to any conv of the system micot the transec sal tn a paw of conjugate pounts of the same
wnvolution as that i which the transversad vs met by conucs of the systen whick meet ot
m real pounts

EXAMPLES

(1) Show that, 1f a come meet the sides 1C) OB of a trinangle m two pans of
pomnts By, B,, Ay, A, whose 1atios arc b0y and ayq and deternnmes on the side 14
an mvolution, the 1 wtio of two panrs of comjugtes of which e rqe,, 4,9, then

(4 ) gy sbiaohyy = (g 4+ 90) T+ vy g basd,)

Let .38, wnd B, mect (B €y wd ¢y Then we hwe A [ 10 =k (/3
Lot ¢y and ¢4 be the 1atios of (yand ¢y Express in terms of ratios with 1 and B
as origin and aftawards substitute

1 1
Wb, for ey and Wb for ¢,

(2) Deduce Carnot’s Theoren from (1)
.

(3) If \ and A’ be the 1oy of the comugates of | wmd B m the mvoln
tion on A B 1 (1), deduce that
b0, XX =1
(4) Prove that1t .1, B axc o pan of conjugate ponts of the mvolution on (B
m (1) then aabib, e x,= —1
+ -yt
(5) Show that a.u,b.bzrl.ru,y,y“.=ée-i“—/l'f—y;

-+
BDioyrou by

(6) Prove that the general value of & { 1BA X, Y1)} with any otigin 1s

(a4 b) (1, = ya2) + (4 Q) (Y= ab) = (1 + ) (1, - ab)
T (b=a)




ADDENDUM

NON-PROTECTIVE PROOFS OF PROPERTIES OF STRAIGHI
LINES AND CIRCLES

The straight line

1 Thiough A, onc of thice prued collimean
pounts A, A’ S, « carrable line 1§ 1s drawn to
meet a frued hne s wt QA lne through S
parallel to AQ) mects Q" wn L2 Then the locus
of Pisaline parallel to s

Yet L, M, N, I be the feet of the per
pendiculars fiom A, ', P wnd S respectively
on s

Then PN _rQ  s4

AN QA4
sice SP and Q4 are parallel

)
4’4’

Thesefore  PN=A'M

and 15 constant

2 (a) If the thiec paus of sides of two tnangles aie paralld, the lines jorning
L]
the three paurs of ceriespording 1crtees are concurrent
Let {BCand 4'B'C’ be two tungles whose cortesponding
sides atre pirallel  Let 4 1 meet BB m S wd ('C" 1 S,

It will be shown that S and S, coinady ’
In the sumlar triangles S AB wd S4'B,

s4_am

SA  AB
Sanluly %"]Al, = (é: :'
1oy
Therefore » :z,: = ‘:",‘jl ,

and S and S; comade
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(b) If the lines yorning three pairs of corresponding vertices of tww triangles are
parallel, then the pownts of wntersection of corre-
sponding pairs of sides are collinear R

Let ABC and A’B'C’ be the two triangles whose
corresponding vertices are on the parallel lines A.t’,
BB, cC

Let (B C'B’, AC A'C" and BA B'.A’be P,
and R

Then BP BB

op=To
co_cc
AQ~ Aa»
AR _ad
BR  BF
BP CQ AR_
(P AQ BR™
and by Menelaus’ theorem 2, @, R are collinear

NN

Bl

Therefore 1,

P
Q€

3 Todraw a stranght line 1n a geven direction 3o that the intercepts made cn 1t
by the aides of two gwen angles shall be equal

Let the two given angles be 108 and .{'0’'B’  Through ¢’ draw a line n the
given direction to meet OA and OB i . and B Thiough A and B draw lmes .{C
and BC, parallel respectively to 0.1’ and O'B’, to meet at ¢ Jomn OC to meet .4 /3
at D and through D draw DE and DF, parallel to C4 and CB, to meet 0.1 and
OB at k£ and F The hine EF 18 the required line

Let £F meet (7.1’ and 0’5’ 1n 4’ and B’

Then, since gj = %g = %, EF 18 parallel to 4B Therefore the figure O A'ED
18 & parallelogram and 0’4’ 1s equal to DE  But the triangles 0 A’B’ and DEF are
similar, and, since 0’4’ equals ED), they are equal  Therefore A4 B’ equals EF and
EF, since 1t 18 parallel to 4B, 18 the required line
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4 To describe a triangle ABC gwen (1) the base BC, (2) the difference of base
angles C— B, and (3) the prduct of sides AB AC

Let the given difference of base angles=4 and let %ﬁ:x, where a, b, ¢ are the

sides of the requirdd triangle
Take any circle centre O and draw 04 making an angle 4 with a diameter 0D

04
From 0D cut off 0K so that 57(=4)‘

Cut off KE equal to K4 and draw BEC
perpendiculgr to DO The triangle 4 BC will
be shown to be similar to the required triangle
which can therefore be constructed Draw 4.0

pherpendicular to UK, then
KE'=KA= KD*+ 042 - 01,

OD*-~KD3=0C%- KE*=0E*+ EC*- KE?,

0K (0D+ KD)=EC*-OK (OE+ KE),

EC*=20K DE
Therefore since AB AC=2 0OA DK and g}é=4)\,
AB AC_2 04 Dls‘_)\
BC? —  4kC:
Also C-B=40D=6

Therefore the triangle A BC 18 similar to the one required

5 1" A’y B, C' be three pownts situated on the sides of the trangle ABC, the
necessary and sufficient conditwon that the perpendiculars through A’y B', C' {o the
audes of the triangle should be concurrent 18 that

¢ BA'*+CB'24+ AC?*=AB'*+ BC'*+ CA"?

Let the perpendiculars through 4’ and €' meet at P
Draw PB’ perpendicular to AC

Then BP =B.4'¢+PA’?, BP:=RBC':+PC
AP:={(C'24 PC'?, AP:=A4B%+ PB,
CP:=CB'2+PB'? CP:=CA'i+ DAY

Hence BA'2+ AC'?+CB'?=AB'4+ CA'* 4+ B("?

Conversely, 1f the given relation holds, and B” 18
the foot of the perpendicular from P on AC, then

CB'?~ AB'*=CB"*~ 1B"?,
or CA(CB'+ AB"Y=CA(CB"+ AB"),
CB'+AB' =CB"+AB"

Hence 2 B"B’ 18 zero and B’ and B” must coincide
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6  Trungles qren in species

(@) Given @ triangle win species, If one wveitey s
Sired and another moves alony a straight line, the locus (&) l
of the thurd teiter 18 Likeunse « straught line B

Let A be the fixed vertex of the triangle 4/5C and
let B move along the stimght line I Desaibe a
cicle round ABC tomeet 1 it D Simce the angle
ADR=ACB, the pomt D 15 ined  Jom CD  Smce
the angle CDB=RB.1C, the ine CD 1s fixed Hence
this hine 15 the locus of ¢

(by A triangle grven n species, and mscrihed i a b / R
quen truangle, may be deoided nto threo triangles cach A
of which 1s quven an specues and has onc varter ped, while its other two vertues we on
sudes of the guocn triangle

Let ABC be the given triangle and A
A'B'C" the mscabed tnangle given m
species  If circles be described thiough
¢, A, B’ and B, 4', ' to meet 1 0, the
sum of the angles C" .4, "0, 4'CH and
A’OB 1s four night angles and thercfore
the sum ot the angles ¢".48" wd C'0f’
18 two right wgles  Hence o arde cn
be descrmbed through A, ¢ O, B’

The angle

BOC=BAC+ABO+.1C0
=BAC+C 'O+ 0L'B
=BAC+C U

As these ngles are given the ngle
BOC" 18 constant and O 13 situated on a given andde through Band ¢ Smulaily, 1t
15 on v given eircle through B and 1 wnd s therefore 1 ined point

Also the angle OC"4" cquils the wgle OBC and 1 thaefore constunt Hence
the trnngle OC.4 15 ginven mospecies  One of 1ts vertices 015 tixed and the othu
two move along fixed hmes .48 wd BC

7 Aieas
(a) If Ay and A, be the weas of the tungles PyBC and PyBC and P be any
rr, A +nrnr i,
pornt on the lune Dy, then the coe PBC cquals™ ™ P,
Let P, mect BC'1n 0, wd let ! .
Prs P2y p be the perpendiculars from

Py, P, Piespuctively on BO

“/
Then, 1if A be the area of B P / \
Ay 4 Ay pyop o p2 Pl:/ ~ \
or, or or, Ve
Hence 1t follows that . /v\ ~ \\
/4 )
8 c

PP L+ PP, -
- p, o
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Conversely, 1f the abore 1elation holds the pownt P 13 on the lane yovnng I, to P,

Note In all cases when an area passes through a zero value 1ts sign must be
changed

(b) If B,CyyB,Cs, B\,  and DiFy, D,F,, D;F,,  be any pnate straight lines
of bmtcd length i w plune, the locus of « pont such that SPBCi=2PDFy s «
straeght line

This result may be easily deduced from («)

8 At any wternal pont on the connector of the nuddle pownts of the dragonals of
a quadrild@teral the sum of the areas subtended by one paur of opposite ades 18 equal
to the sum of the arcas «ubtonded by the othar paw

E

Let A, /,‘,"J/ he the muddle pomnts of the diagonmils B0, AC and LF of the
quadri wteral
Tike 2 v pomnt on AN msade the quadnlateral
Then, dcnoting ueas of trlangles by then three vatices,
)

PO+ PhC=KDC+ PDK,

wd PAB+PKB=ABK+ Ph A
But PAC=PKA, smce Las the middle pomt of A,
and PRKB=PDK ,, K ,, s s BD

PDC+ P AB=KDC+K AL
Simlarly PAD+PBC =KAD+ABC
But K i{B=51D wd KDC = KB, since K 1s the nuddle pomt of 1)



354 Principles of Projectice Geometry

The Circle
9 («) If two pans of opposite sides of /"\
a hevagon wnscribed in a cude are parallel, /

then the remavng pau of opposite sudes
arc also parallel

In the hexagon ABCDKF, let the pairs A —
of sides AB, ED and BC, EF be parallel 0
Jom 1D Smce 15 and BC we parallel
to £D and F'K, the angles ABC and FEID
ue cqual  But the wingles A0C and ABC \ .
togethor equal two night angles as do the /
angles F.UD and FED  Thaefore FAD \
and CDA ue cqual and the lmes ¢D and T E/
AF are parallel

N>
AN
(¢}

0y It a hesagon be corcamsiried to « cade
and two of the lincs joimny paus of opposite
vertices pass through tie contre, thon the bine joun-
wng the thud pan of opposite vcitices also passes
through the centre

Let {BCDEF be o cncumscnibed heaagon,
the sides of which touch the circle w1 the hguie
at U, B, C, DK, B Let 1D and BE pass
through the centic O Jown F0, ('O

Then the angle F'O'=2 A0L =2 EOUD

— El()C’ ’
also FOF=FEOF
wmd - Y OC—C0C

Therefor, since the wgles w0 we
four 11¢ght angles, the angle

FOC=2 night wgles

Thaefore FO and OC arc 1 the
sune strught lin

10 1} tro tangents to «w codde
lessect tuo othar tangents e A, A and
B, B and () be the centic of the cudle,
then the angles 1OV and BOB «are
equal or supplementad

Let £, ¢ and 7" be the ponts of
contact of the tangents 15 S.1” wd
{ 1" Then the angle

10T =% angle POT
and the angle
L'0T=% anglc TO
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Therefore the angle 10.1'=14 angle POQ
and 13 constant for different tangents { ', BB, Hence
10" = BoB
If a taigent #UC’ be diwwn as in the higure,
wgle COC’ =4 (wgle LOU+angle L0Q)=1 (27 —angle 20Q)=m -4 angle L’0¢
=g —angle 10

Therefore angle COC’ +angle AO' ==

Conveigely
If SP, SQ be any tuo tungents to a cucle of which O s the contiey and two (s
O 1, O contarnang an angle eqiad to halt POQ S
be drawn thiough O to mect SP und SQ |
and Uy then 11" s « tangent to the ciidde
Let the tangents fiom | wnd .1' medct the
caelg at Tand 7" Then
angle 7’0 { =% angle 07,
md wgle 770 "=} wgle 7"0Q
* angle 7°0 1 +angle 770 1
=4 {wgle POT 4+ wgle 7700}
But
angle 770 { +angle 707" 4 wgle 770 ('
=} {angle POT+angle 707" + wngle 770
Therefore
angle 701" =4 angle 70T
chze the wngle 707" 18 zero, and 7" and 77
comerde so that L' 14 v tangent to the circle

Vo If LMT W be o quadiidatoral cocumsardnd to « cade of cntie O, and B
wnd Cie the pornts of cntersccton of WL,
ML and of ML, LM 1especteecly, then

BL BL (L CL
nBo: T C0?

Let s be the radims of the arde  Then
the wgles LOC and BOL arc cquil ot supple
mental wnd the wgles LOB and L/0C uc
cqual

Hence considerning the arews of the tii-
angles BOL and 0L/,

BL

OL 0Bsm LOB™ !

— - L,C =

T 0L OCsmi(0L?
BL_ 0L 08B
L~ 01 oct
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Similarly, fiom the ates of the triangles LOC and BOL,
BL 0L 0B
ClL = 0L oc’
BL BL OB
L LT 00t

12 The fot of the porpendiculins to the sules of « triangle from any powt on tts
cucumeude aie collineas

Let .IBC be the triangle, P any pont on its
arcumande and A, L, M the fect of the perpen
diculus from 22 on the sides of ABC  Jom M to K
and L

Angle PMK = n - angle PBK
since P, M, K, B are concyclic
—wgle I’ 17

simee P2y, Oy B are concyclic

=g —angle I’ 1L B
—m—angle WL S

smee Py M, 1, Loare concyclic

Thaetore MA and ML e m the same straight ine

13 If M be the point where the raduad avis of two curcles, whose centics are
and Cy, meets then line of wntics, than the
square of the tangent from any pownt P on the
first caecle to the scond cude 13 cqual to
2 00, NM, when N s the foot of the popcn
dwnlar from P on the lue of centies

Let T be a tangent to the arde centre ¢ 3
from £ 2 pomnt on the cncle centie €, wnd let
R and 7 be the radu of the cincles, then

PTE=("= )¢
=(C2=2 OV (C,+ =
COE=2 (N CC+CM? -\ M? sce the twgents from M to the
arcles arc cqual
00 =2 CN CO+CC, (CH+C, M)
=2 (C, CH=2 CC, N
=2, VM

L4 If @ chord cut two cadles in pawus of pounts whun e haimonie conjugate s,
the locus of the feet of the papendiculars from the centres of the cueles on the chord
wa e

Let A BB be a chord which 13 cut harmomcally by the two circles whose
centres ate ¢ and (" and radir £ and R Inaw the perpendiculars ¢V and
"N’ to AL'BB and let A7 be the tangent from WV to the urcle whose centre 13
¢ Jom ("Nand C'T
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Since A4’'BB 19 harm:)mc,
VB:=N4 NA'=NT'=(C"N?-R?
Also NBi=R:-CN?
Therefore R4 RE=CN: 4 ("N =20" M+ 2 N,
where M 18 the mddle point of CC’

R+ 12
2
Hence the locus of .V s a ancde whose centre 15 at 3

Tharefore ¥Vi= — (M= constwt

15 If two wortues of « quadilateral subtond «t « qucn pont an angle equal
to the angle which the two opposite eertuces subtond at the same pount, the fot of the
perperdiculars from the quen pont on the sides of the quadidataral aie concycdu

Let three of ghe wides of the quadiilateral be lines B¢, (A, 1B and let the
fourth side meet these lines m A’, B, €' 1espectively  Let the feet of the perpen
diculars fiom any pomnt /2 on BC, (4, AR and B(" be K, L, M and N respectively
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Then the angle NLK=NLP- PLE=NB/P- I’C:A'
and the angle NMh=NMP-PMK=NC"P-PBK
Therefore NLA - NMK=(VBP-NC'P)—(PCK-DPBK)

=BPC"-CPB

Hence, of the angles B PC" and CPB are equal, the angles NLK and NMK are
also equal and the pomnts &, L, M, N ve concyclic

EXAMPLES

(1) EAVY, YY, ZZ be the digonals of a quadnilateral eircumsceribing a cindle,
L, M) N the muiddle ponts, ind O the centre of the circle, then

0X 0N _0Y 0} 0z 07
oL — OM ~— ON

(2) If from the pertices of v trimgle perpendiculurs be drwn to any straight
hine, and fiom the feet of these perpendicul us thiee perpendiculus we drawn on
the opposite sides of the tringle, prove that thesc perpendiculars ate concuriente

UTse Addendum 5

(3) If lIines be drawn friom v pomnt 72 on the vrcumende of a tnangley cach
making an angle a with the perpendicul s from 72 on the ~ides of the tinngle, the
three points i which they meet the wides of the tinngle we collier

(4) Tf ABC be a tringle of which 0 19 the orthocentre, and through ) any
two sttught himes are drwwn b nght ingles to meet the sides CL0 ad B2 m £
and £, wd thiough B wd ¢ lines 2V wd 'V e duwwn paralld to OF and OF
1espectively, then F, v and £ are collinear
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mvolution poifts, 269

Conditions for systcms of conies, 323

Confocal conics, 309
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Conjugate diamecters, 171
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lines with respect to a come, 173
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pomnts with respect to a conic, 173
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of a pan ot pomnts, 169
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one to ond, al®bai, 313

m to n, 320
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Cubie curve, projeetive defimtion, 319
Curvature, centre of, 210
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Dnector cndde of a conic 220

Dircctuix of a comic, 176

Double pomts of an mvolution, 91
pomts of an mvolution of nth ovdar,

322

11ys of an mvolution pencil, 93

Duality, puncaple of, 2

lhipse, 169
Iinvelope, 2
Egnianharmonie, 74

Ilat penal, 4
Focus of a cone, 175

Harmomc conjugates, 21
penal, 23
penetl of tangents to cndle, 129
penal of tangents to come, 172
parspective, 15, 85
1ange, 24
range on arcle, 129
1ange on come, 172
Homological by aflimty, 15
Homology 31
Hyperbola, 169
Hyparbola, rectimgular, 169

Imaginary points, 92
Infimity, line at, 38
pomt at, on & hine, 9
Inverse pomts with respeet to cirele, 142
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Involution chords, common, 151, 269
determined by circle, 133
determined by conie, 173
of nth order, 321
penal, 93
peucil of tangents to circle, 127
pencil of tangents to come, 172
points, common, 269
range, 91
range on circle, 127
1angc on conic, 172

Limting forms of conies, 325
Limiting points, 145

Line of planes, 4

Line parr, 325

Line pan pomnt, 325

Locus, 2

Mamifold conditions for systems of conies,
323

Maximum and minimam segments of o
jective ranges, 70

* Meets” cquivalent to € points of intersec
tion of ”

Notation, 1

One to one conespondence, 312

Orthogonal cuele, 146

*¢ Orthogonal mvolution penal” equivalent
to an involution peneil whose con
Jugate rays arc at right angles

Parabola, 169
Paseal hnes, 328
Pedal triangle, 155
Peneil, ¢
Pencils, equal, 19
Perspective, 10, 33
anharmonic ratio of, 41
Plane figure, 4
perspective, 31
Point paur, 325
Points, imagiary, 92
double, of an involution, 91
Pola1, of a point with respect to a pan of
lines, 84
of a point with respect to a triangle, 88
of & pomt with tespect to a cncle, 130
of a point with respect to a conmie, 172
reciprocation, 5
triangles with respect to enele, 136
triangles with respect to come, 173
Pole of perspective, 55
of a line with respect to a pan of points,
84
of a lime with respect to a triangle, 84
of a line with respect to a circle, 130
of u hne with 1espeet to a come, 172
Power of a pomnt, 150

Index of Terms and Definitions

Principle of duality, 2
Projection, conilal, 31
m a plane, 10
orthogonal, 31, 45
Projective expression, 11
pencils equivalent td pencils cut 1n
projective ranges
pencils of tangents to circle, 126
penculs of tangents to comic, 179
penaly, superposed, 58
ranges, 10
ranges on circles, 120
rangcs on conics, 172
1anges, superposed, 58
relationship, 11

Quadrangle, complete, 2
Quadnlater i, complete, 2

Radical axis, 145
Range of points, 4
Ranges, cqual, 18

cquianhaimonie, 71

on arce, 126

on conic, 172

projective, 10

sintlar, 18

uniquely determined, 74

with one to onc correspondence, 7
Ratio of v pomt on a hne, 9
Ratios of a pont on a plane, 116
Reaproeation, polar, 5
Rectangular hypabola, 169
Row of points,

Section, planc of, 32
Self conjugate  trangle with
ceele, 136
with 1¢spect to conie, 173
Self corresponding pomts of 1anges, 38
pomts of rangcs vn circly or conie, 21
rays of pencils, 58 ¢
1ys of tangents to circle or come, 21
Self porapective, celes in, 136
conies 1n, 274
Sclf polar tiangle of circle, 1306
of comie, 173
Sheaf, figures 1n, 4
Solid figure, 4
Sunilar hgares, 15
Smubitude, axes of, 157
centres of, 146
Superposed 1anges, 58
pencls, 58

1
respeet b

Triangles given 1n <pecies, 248
Unmquely determined 1anges, 74

Vanishing hines, 37
points, 11
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Angles, measurement ot, 9
Anhaimonie condition for collinearity of
three pomnts, 18
for concurrency of three lines, 17
Anharmoniec property of the encle, 125
of the conic 168
ot the cqnic, deductions from, 200
of the conic, extension of, 339
Anhwumonice 1atio, projective, 13
change of value with change of order of
clemcnts, 14
fourth pomt umquely determined by, 15
values of, for comneident pomts, 16
sign of 17
of pomts on a arele equal to that of
fhic tangents at the same ponts, 134
of collimenr points equal to that ot then
polars with respect to o circle, 134
of pomts on a conie cqual to that of the
* tangcnts at the samc pomts, 173
of collime u points cqual to that of then
polars with respect to a conw, 173

Buanchon’s theoram for v pan of ponts, 61
tor a cncle, 162
tfor a comc, 189
conversc of, for u conie, 189
particular cascs ot, 212
deductions from, 21t
[ ]
Catnot s expres-ion, 30
Cunot 8 thcoram for the onde, 160
corrcdative of, for the circle, 160
and 1ts conyerse tor the conie, 186
correlative o and 1ty converse for the
conle, 180
particalar cases of, 207
deductions from 209
extension of, 313
Centres ot conies touching 5 out of 6 hings
lic on a conic, 299
which pass through four points he on a
come, 206, 252
which fouch tour lines lie on a hine, 252
Centres of curvatuie, 210
Centres of snmhitude, properties of, 137
of three cucles are collinear, 157
Leva’s expression projective, 50
Ceva’s theorem, 21, 51
sccondary form of, 22
problems on, 78
Chatacteristics of systems of conies, 323
Choirds, common mvolution, of two circles,
151 -
common 1nvolution, of two conies, 269
of contact of conics touching two lines
and passing thiough two pointy pass

Choids (cont)
thiough one o1 other of two fixed
pomts, 219
of mtersection ot cnele and conie equally
melined to the axes of the conie, 210
of mtersection of two conies, 269
Circle, anharmonie property of, 125
projective ranges on and systems of tan
gents to, 120
involution 1n connexion with, 127
mvolution on, constiuction of, 128
pole and polar with 1espeet to, 130
harmonie 1nges on, 129
conjugate pomnts with respect to, 132
constiuction of conjugatc pomts with
respect to, 133
mvolution determpcd by, at evary point
and on every hnc 133
anharmonic 1atios ot pomts on, and
tangents to, equal, 131
anhaimonic 1atios of polcs wnd polars
equal, 134
m perspective with atscdf, 130
In perspective with anotha arele, 148
complcte mscubed quadiangle and ar
cumscribed quadinilateral of, 137
self polar tnangle of, 139, 155
Carnot’s theorem for, 160
contelative of Cainot’y theorem for, 160
Paseal’s thcorcm for, 162
Bianchon ¢ theorem for, 162
Desargues’ theorem for, 163 .
correlative of Desuigucs’ thoorem for, 163
Cncles, coaxnl vee Conxal encles
common mvolution chords of, 151
condition for mtcrsection of, 46
mtersect line at mbinity i two fixed
points, 152
m perspective with ench other, 148
Circular pomnts at ihmty, properties of,
198
Conxal circles, properties of, 144, 147, 150
m sclf perspective, 146
cnvclope of polars of fixcd pommt with
1cgard to, a point, 153
locus of pole of fixed hne with regard to,
a conie, 153
locus of common conjugates of, a encle,
154
cut by ¢very transversal on an involu
tion, 101
Collincarity of threc points, anharmonic
condition for, 18
of thice pomnts by ratios (Menelaus’
thcoram), 21
of centres ot similitude of three cneles,
157
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Common conjugates, locus of, with respect
to three cncles, 134
with respect to threc conics, 317
with respect to three conies thiough two
pomnts, 317
with respect to thiee comics, two of
which have double contact with the
third, 289
of pomts on a straight linc with respect
to two conics, 250
of points on a straight line with 1espect
to two conics huving double contact,
289
Common harmonie conjugates, constinction
of, 83
(‘ornmon myolution chords of two cuelcy,
151
of two conucs, 269
Common pair of conjugate elements of two
mvolutions, 97
Concurtency of thice straght lines, an
humom condition for, 17
of three strught hines, by mtios (Ceva’s
theorem), 21
Confocal conwes -propertics of, 309
are mscrbed 1 oa quadnlateral, 309
Contc can be described through five points,
165
constinction of tangent to, 167
cortelutive of, 18 o coni, 168
anharmonic propaty of, 168
wmhumonc propaty of, xtcnsion ot
339
classification of, 169
construction of, 170
projcctive ranges on, 172
projective systems of tangents to, 172
”'Vs’l"““" ot pomts on and ot tangcnts
to, 172
chords through a tixed pomnt detcrmine
an mvolution on 172
mvolution propaty of, extension of, 344
tangents from o hxed e torm an
mmvolution ot tangents to, 172
harmonic 1anges and systems of tan
gents, 172
properties ot polc wnd polar 173
mvolutions determined at every pomnt
and on «very line by, 173
1 selt perspective, 173
anharmonic 1atio of points on, cqual to
that of tangents 173
anharmonie tatio of collinen
cqual to that ot polus, 173
foci, propurties of e tocus of a conic
altonative  detinitions properties de
duced fiom, 179
mscithcd quadiangle and circumscribed
quadrtlatard, 182
mvolution on, 183
Cunot s theotem tor, and 1its converse,
186
Cunot’s theotem, extension of, 345

)
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Conic (cont )

Carnot’s tHcorem for, correlative of and
1t8 converse, 186

Pascal’s theorem tor, and 1ts converse,
189

Biianchon s theorei® for, And 1its con
verse, 189

Desargues’ theorem for, and 1ts con
vase, 191

corel m\c ot Desargues’ theorem for,
and 1ty converse, 194

Desargues thooram, extension of, 346

properties of, involving thg maginary,
197

propertics in connexion with the cireula
pomnts at mfimty, 197

conditions that six or moie points may
he on a conic, 239

conditions that s1x or more Iines may

touch a conie, 2759
construction of, undar various condi
tions, 210 -

Comeal projection, nature of the' figine
obtamcd by, 10
two angles projected 1mto given an"le
and a given line mto the linc at
infinity, 41
1clation of, to plane perspective, 42
partienlar cascs of, 45
Conics having a triangle for v selt conjugate
triangle of one and an mscnbed trn
angle of the otheir, 261
having a tuangle for a self conjugte
triangle of onc and a ciicumsenbed
triangle of the other, 261
having a tuangle for wn nscriped tr
angle of one wd a cncumscribed
tunngle of the other, 261
Conics, himuting torms ot, 325
Coniey  through four points, if two are
1cctangular hyperbo) sl are et
angalar hyperbolas, 233
conics through vertices and orthocentie
of tuangle arc rcctangular hyper
bolas, 233
, common comjugate pomnts of, 225
polars ot two fixed pomts form two pro
Jective penals, 2254
locus of common conjugates of pointson
a fixad line 1s a conie, 250
locus of poles of & tined hine 15 a conie,
250
locus of centred 15 & come through the
middle pomts of sides of quadiangl
formed by th four ponts, 206, 252
Conmies touching four lines, common con
Jjugte himes, 2235
poles of two hixed lines torm two pro
jective ranges, 225
envelope of common conjugates of hnes
through a fixed pdint 18 a conie, 250
envelope ot the polurs of a fixed point 15
a conic, 250
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Conies touching four lines (cont)
locus of the centre 18fa straight line
through the mnddle points of the
diagonals of the quadiilateral, 252
the dnector circles of, ae coaxal,

223 - ”
Comies with common self conjugate tnangle,
281

Conics with double contact, m self per
spective, 283
1 perspective with cach other, 283
tangents to one deteimine projective
ranges on another, 284
tangent® from points on one to anotht
form projective systems of tangents,
284
tangents to one, arc cut in projective
ranges by other conics of the system,
287
locus of common conjugates and of poles
of & given ling, 289
vopcrtics of, 247
vonie? cncumsaibed to and mscaibed in,
a quadiangle (simple), 297
a triangle, 201
Caujugate hnes with respect to a pan ot
ponts, 81
with respect to a quadnlataal 101
with 1cspeet to a arde, 132
with 1espoct to o come, 173
Conjugatc points with respect to v pan of
Iines, 8Bt
with 1espeet to a quadiangle, 100
with respect to a cnele, 132
with 1espect to v com, 173
Con]uafte vertices of quadiilatcrals with
espect to u conig, 203
extremities of diagonals of a quadn
Iateral with 1¢spect to a comie,
204
triangles with respect to a conie are 1n
perspectinve-~ 203
Constiuction of a conmi, 170
Correlative of & come 19 & coni, 168
Correspondence, one to one, 312
one to one when algcbrai, 313
one to onc¢, when algebrai, 1y pi'h
Jectivg, 3
m to n, SZ()]“
Cuivitie, centic of, constiuetion for, 210

Desaigues thcorem for pans of «t1ught
lines  (Involution property of the
quadranglc), 98

for a cncle, 163

for a conic and 1ts converse, 194

cxtension of, 346

correlative of, for purs of pomnts
(Involution propeity ot the quadri
lateral), 98

correlative of, tor a crcle, 163

condative of, for a conic and its con
verse, 194

363

Desaigues’ theorem and 1te corrclative,
particular cases of, 217
deductions from, 219
Dircetor cirdle of a conie, locus of pomnts of
mntersection of orthogonal tangents,
220
of all conies mmsenbed 1 a quadnlateral
are coaxal 223
cuts the cncumerrcles of all  sclf
conjugatc  tuangles  orthogonally
(Gaskin’s theorem), 300.
feet of the papendiculars from a pomnt
on, upon polar of the pomt and upon
the sides  of any self conjugnte
trianglc are concyelie, 307
Duectinx, the locus ot the pomts of mta
section ot orthogonal tangents to a
pariboly s the direetnx, 222
Distances, thcoram conecrnig, 6

lquianbaymonie ranges a1 projective, 74

Talsc posttions, method of 237
boct of a coni, ¢ njugite limes through,
arc at nght angles 179
tangents from, pass through cnculm
points at itimty, 179
detcrmmation ot position ot, 176
~um or diffcrence of distances of pomnt on
conie hom constant 178
pan of tangents™tubtend cqual angles
at, 178
mtarcepts by vanable tugont on two
fixed tangents subtond cqual anglos
at 178
propaties of, daduced from alternative
dctmitions, 181
propaties ot 173, 307
Focus of a cndle, 1ts centre, 177 ®
Focus of 1 conic, 1atio o distance of a point
on cuive fiom, to distance from
conesponding  ditectiix,  constwnt,

Focus of u paraboly, dctcrmmation ot, 177
cucumancde of any cueumscbed th
Angle passes though 184, 201

Gaskin’s thcorem, 306

Harmonic conjugates, construction of, 83
counmon, constraction o, 83
Harmomc ponal, proparties of, 20
mternal and oxtanal biscctors of angle
form a, 27
of tangents to a arele, 129
of tingents to a conie, 172
Harmonic pospective, 15
tuangles i, 55
quadiangles and quadiilataals i, 33
arcles i 136
coaxal cneles 1, 144
conle n, 173
conics 1n, 274



364

Harmome property of the quadrangle and
quadrilateral, 51, 82
Harmonie range, properties of, 24
points dividing segment internally and
externally in the same ratio form
a, 20
on circle, 129
on coni, 172
Harmonic runges
spective, 81
Homoloyy, 42, 34
determining elements of, 36
Hyperbola, properties of, 201
Hypcrbola,  rectangular, see
hyperbola

and pencils in pcr

Rectangular

Inverse points with 1capect to a enele any
encle through, cuts given widle
orthogonally, 142

Involution chordscommon of twociicles, 151

of two conicy, 269

Involution defined, 91

Involution  deternuned by  four comies
through thice f#cd pomts, 204

locus of u pomnt at which €ix pomts
determme an, 318
Involution of nth order dehincd, 321
ot nthoorder has 2 (1 1) doubleelcments,
322
Involution penal, defined, 93
has only onc pan of conjugate ortho
gonal rays or all pans ue ortho
gonal, 101
formed by connectors of common pomt
of mterscetion of four eircles with
their other pomts of intcrsection,
109
the fect of the perpendicular from apy
otnt on conjugnte rays of, are
collincar with a fixed point, 110
tangents from pomts on w fixed line to
a circle form an involution, 128
tangents from pomnts on a tived hine to
a conic form an mvolution, 172
Involution propaty of aide, 128
of come, 172
of conie, extension of, 341
Involution range relation connecting ponts
forming 9t
construction of, 95
construction of double points of, 236
summary of propertics of, 96
determined by two pans of points 102
determined on cncle by concurrent lings,
125
dc tarmuned on conte by concutrent lines,
172

Involution ranges and peneils  Involation
property  of the quadiangle and
quadnlateral, 9%

construction of conjugate elements of, 99
construction of common conjugates of,
on n conic, 237

Index of Theorems

Involution ranges and pencils (cont )
every pair M perspective, 102
analytical formulae connected with, 104
determined by circle on every hne and
at every pomnt n 1its plane, 133
determined by conicton every line and
at every point in 1ts plane, 173
constant of, determined by conie, 302
Involution 1anges with respect te como,
centres of perspective of, and point
of ntersection of bases, form self
conjugnte triangle, 336

Involutions, conie constructed to determine,
on given hnes, 336 4

Limiting forms of comes, 325
Locus, s under nature of construction of
the locus

Maximum and mnmnnum scgments of super
posed projective 1anges, 70
Mcnelaus’ theorem, 21, 51
problems on, 78

Newton’s theoram, 209
deduction from, 209

Orthogonal endle of thice given enecles,
construction of, 116
of thice given cncles 19 the locus ot
common conjugates of the three
cneles, 151
Orthogonal cuicles determine inversc points
on diaumeters, and converse, 142

Paraboly, detinition ot, 169
deterimmation of foeus of, 177
propertics of, 200
orthogonal  tangents

dieetnx, 184, 222
arcumcncle of thice tahgonts passes
through focus, 184, 2061
the orthocentic of triangle foimed by
three tangents lics on the dneetniv,
222
Parabola~, 1f the four powts of intcsection
of two parabolas are concyche the
avci are papendicular, 227
P uallel cortesponding 1ays of two projective
penails construction of, 65
pan of harmome conjugates of two
pawrs of parallel hines, 98

Pascal lIimes for six points on a conie, 328

Pascal's theorem for a pair of hines, 64 *
for a urde, 162
and 1ts converse to1 a conic, 189
particular cases of, 212
deductions from, 214

Pencil of constant anharmonic 1atio formed

by tingents to two comics, locus of
vertex of 321 ¢

Paspective, dehned, 32
determiming elements of, 36

mterscet  on
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Perspective (cont )
nature of figure obtained by, 40
two angles converted mnto given angles
and a given line 1nto the lmme at
mhmity by, 41
relation of, to .omcal projection, 42
constructed by anharmonic 1atios, £t
particular cascs of, 15
tiangles 1n, 19, 51
quadrangles and quadulaterals i, 20
crcles 1n, 148, 158, 159
conics 1o, 276
conies having double contact 1n, 283
of a comie, to be a crcle, 180
any twoquadrangles may be placcdin, 114
construction of figurcs i, 1148
proparties of cieles m, 158
rangcs and pencils 1n, 39
Perspective, harmonic, 45
straight lines 1n, 85
tuangles 1,
uadrangle and quadnlataal i, 85
cizcle n, 136
coaxal urdles m, 116
conic 1, 173
, comes m, 274
Perspcetive, selt, soo Pearspective, harmonte
Plane perspective sce Paspeetive
Points, conditions that s1x or more may e
on & conte, 259
Polar of a given point with respeet to a conie
passcs through the conjugute of the
given point with redpeet to evay
quadr ingle mscitbed in the conie, 219
Polars of a fixed pont with regard to coaxal
cieles, envelope of, a point 153
conies thhough four points, envelope of,
a pomnt, 225
conics touching four fixcd hnes, envelope
of, a coni, 250
Pola1s of porits on a conie with 1¢speet to
another conic envelope a conie, 214
of points on a fixed hne
with respect to conies touching five out
of si1x limes touch a come, 299
Polars of two fixed points with regard to
conics thiough tour fixed points f rm
two projective peneils, 225
Pole and Polar with respect to a pan of
points o1 hnes, 85
to a cirele, 130
to a conic, 173
to a conie, deductions from, 202
Pol¢s of & ined ine with 1espect to coaxal
circles lic on & coule, 153
conmies touching towmr lines he on a
ling, 249
conics through four powmnts lic on a
conic, 230
Poles of tangents to a conie with respect to
anothcr nic hic on a conic, 214
Poles of a line thiough a fixed point with
1egard to a triangle hie on a conie, 205

365

Poles of a line (cont)
with respect to conis thiough five out of
s1x pownts he on a come, 299
Ihojection ot a comie, to constiuct as a
cucle, 180
Projective figmies 1n perspective, 112
placed 1 plane purspective, 115
with self corresponding quadiangle ne
dentical, 115
self corresponding elements of, 116
analytical cquations for, 117
Projective penals, constraction’of elements
of, bl
paallel corresponding rays of, 63
limes cutting 1 equal segments, 69
sl correspondmg 1ays of, 70
construction of sdf contesponding ays
of, 235
of tangents to a encle, 126
ot tangents to a coniw, 172
Projective 1anges,  unmiguely
ranges awe, 74
cquianbharmonic 1anges are, 74
mnge with algcbiaie one to one cone
spondence arg, 74
product ot distances of corrcsponding
pomts from vamshing pomts, con
~tant, 12
pomts at which corresponding segments
subtend cqual angles, 68
sclf corresponding, points of, constiuc
tion ot, 233
summary of properties of, 69
maxnunum and munnmum scgments of
supcrposcd projectave 1anges, 70
summary ot propaties of superposed
projective angex, 73
on a arcle, 120
on a coni, 172 °
on & conie, construction of, 215
on a conic connectors of correspondimy
pomnts of, envddope n comc huving
double contact with given conie, 285

dctermined

Quadianglc 1 perspective with a quad
o ranglc, 20
perspectives of, 52
may be projected mto any quadianglc, 13
may be placcd i plane perspective with
any quadiangle, 114
the foundation of rclation between two
projective hgures, 115
anharmonic ratios of figures derived
therdfrom are numerical, 117
harmonic property of, 51, 82
propertics of, derved from harmome per
spective, 85
transversal cutting «ides of, 87
mvolution property of, 98
polars of given point with irespect to
H'nrs of opposite s1de 8 arc concurre nt,
0

msceribed mmoa arele, 137



366 Indea of
Quadrangle (cont)
mseribed moa conie, 182
mseribed mm one conic and ancumscibed
to another, 297
Quadnlataial, harmonie propaty of, 51, 82
properties of, from harmonie perspective,
15
poles of given hme with respect to cnds
ot dimgonals are colhincar, 88 (10)
middlc pomnts of diagonals are collinea
109
mvolution property of, 98
orthocentres of tnangles formed by sides
of, arc colhmew, 109, 222
cieles desenbed on diagonds as dia-
meters  are coaxul, with linc ot
orthoeentres for radical axis, 109
Quadrilterals, pomnts of interse ction of eon
nectors ot middle poits of diagonals
collimear m certam cases, 119
cnannsanibed to a cndle, 1,7
crcumscnbed to a come, 182
with extremities of two diagonads for
conjugatc poghts with rcspoct to a
contc have endg of third diagonal for
conjugate points, 204
two, with sune diagonal trangle have
an nscribed come, 275
with five pairs of vertiecs tor conjugate
poimts with respoct to vconte have
the sinth pun tor conjugate pomts,
204

Radicnd axes ot thiee
116
wnis of a systam ot coanal cincles 113
Wi, tangonts from ponts on, to arcles
cqual 145
anis of two enrcles a common mvolution
chord 151
Rectangulanr hypaboly, propertucs of 232
crcumende ot tnangle <t conjugute
with 1espect to, pusses through contre,
201

cincles concuntent,

Sclt conjugate trangle of a wanele, 137, 139,

153

ot & conic 173

of & come cuty dircctor cncle
gonlly, 306

ot a coni, propartics of, 230

conies with common, 281

common, for two conies, 268

ottho
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Theorems

Self corresponding «lements of ranges and
pencils, 58
points of projective ganges, 70, 235
12y8 of projective pencils 70, 235
ScIf perspective, see Perspective, harmonic
Self polar  sec Self con, gate
Superposed  projective 1anges
sponding pomts, 58, 70
maximum and wnimum segments, 70
pomnts at v hich corresponding segments
subte nd equal anglcs, 72
summary of properties ot, 73
construction ot <elf corresponding
points, 235
taugents hroth corresponding points ot
to a conic mtersect 1 a quaitic, 316
Suparposed  projective penals  self cone
sponding rays, 58, 70
construction of self corsesponding 1ays
235
Systems of comes, charactansties of, 323

self corre

Tngents, condition that s1x o1 more hines
miy touch ¢ come, 239
nangle, paspectives of, 52
to diaw u transversal thiough a givin
pomt to meet the <sides of, m a
rumgc of given anhuimonie ratio,
76
propaities of pole and polar of, 87
tnangle and  conjugate tnangle with
108pect to a Conle e 1N perspective,
203
loc, 2147
locus ot the polex ot a hne thiough a
fixed pomt with 1egud to, 2035
mscribed m one come and cncum cribed
m another, 261
mscribed 1 one conme and  selt con
Jugte with regard to nother, 261
ancumsceribed to one o 1 and selt
conjugite with regard to another,
201
Thangles in paspective, 19, 51
m paspective, partic dar cases of, 54
copolar 10 two ways, 35
jiven 1 species, loar connccted with,
24¥

»*

Uniquely detaamimed ranges we projective,
-
74

Vuushing lines, 37
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