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PREFACE TO FOURTH EDITION

LitTLE alteration has been made for this edition. The
section on ‘‘Well-known Mortality Tables”” has been
brought up to date, but examples elsewhere based on
what are now unusual rates of interest and out of date
rates of tax have not been changed.

R. E. U

PREFACE TO SECOND EDITION

THis work is intended as a text book for the subject of
Actuarial Science as defined in the syllabus of the examina-
tions of the Institute of Cha tered Accountants. The
monetary and other tables given at the end of the volume
have been inserted by the kind permission of the Institute
of Actuaries, from whose publications they have been
extracted. In addition, I am to a very considerable extent
indebted to the Imstitute of Actuaries Text Book, Part I
(new edition), for the list of existing interest tables given
at the end of Chapter 1V.

Except in the case of Chapter I, the notation is that
universally employed by actuaries throughout the world.

The call for a new edition has given opportunity for a

complete revision and amplification of certain points.
R.E. U.
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THE ELEMENTS OF
ACTUARIAL SCIENCE

CHAPTER I

THE THEORY AND USE OF LOGARITHMS

(A bricf note on indices appears at the end of the chapter, for
the benefit of thosec unfamiliar with the theory. This should be
read first.)

1. GIvEN that x» = y then » is the logarithm of y to the
base x. This is expressed by the equation log, y = .

Similarly, if ¢# = s, then m is the logarithm of s to
the base ¢.

2. The operation of multiplication may be reduced to that
of addition with the aid of logarithms.

It will be observed from article 1 that a logarithm is
an index, i.e. the index to which the base must be raised
to produce the given number.

If we consider the equation x* = y, we observe that
when x and y are given we can find the value of .

Therefore, if we keep x constant, we can find a value
of n, such that x» = y, no matter what be the value of y.

In other words, given the base x, we can express a, b,
and ¢ (say) in the form x*, x, and x# respectively.

1



2 THE ELEMENTS OF ACTUARIAL SCIENCE

A use for logarithms thus becomes apparent, for
AaXbXc=2xXxmXxt=xtm+¢ and we see, by
article 1, that # 4+ m + p is the logarithm of @ X b X ¢
to the base x (i.e. since x» +m+? =g X b X ¢).

Hence, by adding together the logarithms of two or more
quantities, we obtain the logarithm of the product of those
quantities.

ExaMpPLE.—Find by logarithms the product of 16 and 8.
We know that 16 = 24 and 8 = 23
.. logy 16 =4 and log, 8 =3
.. log, 16 + log, 8 = 7 = logarithm of required product.
Hence, Answer = 27 = 128.
It should be noted that it is of no theoretical consequence
to which base the logarithms are taken, provided that the
same base is employed throughout the calculation.

3. The operation of division may be reduced to that of
subtraction with the aid of logarithms.

Suppose that in article 2 we had desired the value of
axb

¢ axb X xm
we should have had = mtm-p

. aXxb
and we see that # 4 m — p is the logarithm of

c
. . axb
1.e. sincex" t™-$ = P .

Hence, by deducting the logarithm of the denominator
from the logarithm of the numerator we obtain the logarithm
of the fraction.

27 X 9 x 81

ExampLE.—Find by logarithms the value of T3 X 243
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. . 3% x 3" x 3¢
The expression may be written —— .——, and we
3 x 3
have
logs 27 = 3
logs 9 = 2
log, 81 = 4
Total = 9
Less—
logg, 3 = 1
logs 243 = 5
Total = 6
Difference = 3 = logarithm of result.
S Answer = 3 = 27.

4. The operations of involution and evolution may be
reduced to those of multiplication and division with the
aid of logarithms.

If we put 4 = x* as in the previous article, and raise
both sides of the equation to the »* power, we obtain

a = x™
hence log, (a") =
But n = log, a
Sormm o= rlog, a
s log, (@) = rlog.a . . . (1

Therefore, the logarithm of the #* power of a number
equals r times the logarithm of that number.
ExampLE.—Find by logarithms the value of 1253,
We have 125 = §
ologs 125 = 3
and 3 logg 125 = 9 = the logarithm of the result.
;. Answer = 5% = 1,953,125.



4 THE ELEMENTS OF ACTUARIAL SCIENCE

1 1
5. If we put r = S in equation (1), we have log,<a7>

1
== log, a.

Therefore, the logarithm of the #* root of a number

1
equals 7times the logarithm of that number.

ExaMpPLE.—Find by logarithms the cube root of 64.
We have 64 = 2°¢
L log’ 64 = 6
and § log, 64 = 2 = the logarithm of the result.
s Answer = 28 = 4,
6. The logarithm of 1 is 0 whatever the base.
This follows from the equation x°= ], in which x can
be given any value.
7. The logarithm of the base itself is unity.

This follows from the equation 2! = x.

CoMMON LOGARITHMS

8. In order that logarithms may be conveniently used
in practice, it is essential to have prepared tables giving
at a glance the logarithm of any number toa given base.
It has been found that for arithmetical work the base 10
i1s the most convenient, for in this case we have—

100 = 1
10t = 10
102 = 100

108 = 1000, etc., etc.

Therefore, the logarithm to base 10 of any number less
than 10 and greater than unity will lie between 1 and 0,
i.e. it will be fractional.
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Simailarly, the logarithm to base 10 of any number less
than 100 but not less than 10 will be less than 2, but not
less than 1, i.e. it will be 1 or 1 plus a fraction, and the
logarithm to base 10 of any number less than 1,000 but not
less than 100 will be less than 3 but not less than 2, i.e. it
will be 2 or 2 plus a fraction, and so on.

From these considerations we obtain a very convenient
rule—

To find the whole number in the logarithm to base 10
of any given number not less than unity, deduct one from
the number of digits in the given number.

9. The whole number in a logarithm is called the
characteristic, the fractional part of the logarithm being
called the mantissa.

ExaMpLE.—What is the characteristic of the logarithm
to base 10 of 99,651 ?

There are 5 digits, therefore the characteristic is 4.
The actual logarithm is 4 plus a fraction.

10. In the case of numbers less than unity we have——

100 =1

10! -1

10-2 -01

10-3 = -001, etc., etc.

Therefore, the logarithm to base 10 of any number not
less than -1 but less than 1 will be not less than ~ 1 but
less than 0, i.e. it will be equal to — 1 or ~ 1 plus a fraction.

Simslarly, the logarithm to base 10 of any number not
less than ‘01 but less than -1 will be not less than - 2,
but less than - 1, i.e. it will be — 2 or - 2 plus a fraction,
and the logarithm to base 10 of any number not less than
001 but less than -01 will be not less than - 3, but less
than - 2, i.e. it will be — 3 or - 3 plus a fraction, and soon.

I
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We thus obtain a further convenient rule as follows—

To find the characteristic in the logarithm to base 10
of any given number which is less than unity, add one to
the number of ciphers immediately after the decimal point.
The resulting characteristic is always negative.

11. It will be seen from this rule that in such cases the
characteristic is taken to the next higher unit, the man-
tissa, which is always positive, reducing the logarithm to
the correct figure. For example, log;, ‘09965 = 2-9985.

In order to show that the characteristic is negative,
whilst the mantissa is positive, the minus sign is placed
over the characteristic instead of before it.

In the above logarithm, the figures 2:9985 indicate
2 + 9985, which equals - 1-0015. This arrangement is
adopted to avoid the necessity of having exceptions to the
convenient rules given above for finding the characteristic.’

ExaMpPLE.—Find the characteristic of log, 404. We
have—
44 = 256
4 = 1024

.. logarithm is between 4 and 5 and characteristic is 4.

12, The mantissae (or fractional parts) of logarithms to
base 10 are the same for the logarithms of all numbers
which have the same significant figures.

In other words, if a given number is multiplied or
divided by 10 or any power of 10, the mantissa will remain
unaltered.

A consideration of the effect on the logarithm of mul-
tiplying the number by 10* (where n is any integral
quantity, positive or negative) will make this clear.
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The effect is to add to the logarithm: the quantity

n log,e 10.

But by article (6) log,, 10 = 1,
.. the effect is to add » to the logarithm.

But 7 is an integral quantity, either positive or negative,
.". the characteristic only is affected, the mantissa remaining

unchanged.
We are thus able to tabulate the mantissae within a

given range of significant figures and use them in com-
bination with the characteristics to obtain the logarithm
of any number.
NAPIERIAN OR NATURAL LOGARITHMS

13. Logarithms were first discovered by Napier, who
showed how a complete set could be calculated to base ¢,
. 1 1

where e = 1 4+ 1 +lg+[§+
The series ¢ can be obtained by expanding the expression

l n
(1 + ;) by the binomial theorem as follows—

1 1 2
T

If » be made infinitely great, all the factors involving
n in the denominator will become negligible, and the
series will become—

11
1+1+[-2-+[§+... I )

. . 1\*
The series ¢ therefore represents the expansion of ( 1+ —)
n
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when #» is infinitely great. If the index of the power be
changed to nx, we have—

(l + ,17>”,= 14 x4 M[(nx- D) nx(nx-1)(nx-2)

2 2 + | 3u3
(+5) *(=-5)(=-3)
xlx-—) 2lx-——)lx-—
— 14 n n n n
S P E
If n be made infinitely great, this series becomes—
x2 43

Series (3) has been obtained by raising series (2) to the
power of x. Hence—

=1+ x4 f-iJ; . . . 4)
l2 13

Let bx = x, so that

3% b33

bx — —— —
LR R £

+ ...

Also let ¢ = a, so that b = log,a, and—
x? (log,a)®  x° (log.a)®

T B
We have thus produced an expansion of a* in ascending
powers of x. This series is called the exponential theorem.
In order to enable us to calculate actual values of
logarithms, we require to expand log, (1 + x) in ascending
powers of x. To do this, we select the expression (1 + x)”
and expand it, firstly by the exponential theorem and
secondly by the binomial theorem. We can then equate

¥ =a® =1+ xlog,a +

+...(5
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the coefficients of y in the two series and thus obtain a
value. For details of the method and its limitations the
student is referred to a standard work on algebra. The
resulting series is—
2 4
log,(+x)—~\-£+xa t<+— . . . (6)
3 4
This is known as the logarithmic series, and from it and its
modifications actual values of logarithms to base ¢ can be
calculated. The series is not in itself of great value from
a practical point of view, as unless x is very small, it does

not converge very rapidly. If, however, we writc x ——

in formula (6), we get— "
1 1 1 1

log,(l+;):log,(n+l)—log,z.—;—é,—tz S

s 1 . .
Also, writing x = ——, and changing signs, we¢ have—
n

1 1 1 1
- log,(l —;z—): log,n —log, (n - 1) = — - " - T
Adding these two equations, we have—

1 1 1
log, (n + 1) -log, (n -1)=2(;—+§;8+§;—6) N V)]

This formula enables us to obtain actual values conveniently.
For instance, putting » = 3, we get—

log, 4 - log, 2 = 21log, 2 - log, 2 = log, 2

This gives us the logarithm of 2 and its powers.

Similarly, putting » = 9, we obtain log, 10 - log, 8, and
as the latter is known, being 3 log, 2, we find log, 10—and
so for other values.

2—(B.17:3)
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EXAMPLES

S 7 17
Prove thatlog, (1 + x -2x%) = x - -2—x’ +§x3—-zx‘. ..

Putting x = x - 2x? in formula (6), we have—
22 — 443 | 4x¢
2
x3 - 6x% + 12x% - 8x® xftetc.

3 4
=2-(2+ 32+ 2+ 3+
-(2+4+ 2+ }) x4 + etc.

7 17
= x—é-x’—f—s—x’—-zx‘ + etc.

Q.E.D.

log, (1 + x - 2x%) = x - 2x2 -

27
Prove thatc"—e'”=3x(2+3x’+§()x‘+ .. )

Putting x = 3x and x = - 3x respectively in formula (4),
we obtain the two series—

. i 3 9x2 27x3 8lxt 243a5
=1+t o +5+2r 10

w1 ey 2 2T Bl 230
and e =l - T2 "0

Subtracting, we obtain—

c"—e‘”=6x+9x3+2—(l)x5+ C.

=3x(2+3x’+§2%x‘+ .. )
Q.E.D.
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14. Having calculated a complete set of natural
logarithms (i.e. to base e), it is desired, for practical
convenience, to transfer them to base 10.

Let 2» = w so that n = log, w,

and let y* = w so that m = log, w.
Taking the logarithm to base x of both sides of the

equation y” = w, we have—
m log, y = log, w
_log,w  m
log,y log.y
From this we see that to transfer a logarithm from

base x to base y we multiply the logarithm by

which is called the modulus. log,
1
15. The modulus of common logarithms is .,
log, 10

since they are first calculated to base ¢ and then transferred
to base 10.

NoTE.—When it is understood that a certain base is
intended, the suffix is omitted. For instance, in theoretical
work we write log x for iog, », and in practical work log 15
for log,, 15.

EXAMPLES
Use the ordinary logarithm table to calculate log,, 1347.
Log,, 1347 = 3-1293

To transfer this to base 17 we must multiply by

1 1
log,o17 ~ 12304
3-1293

;. log, 1347 = 12308 — 2:545 = Answer.
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Use the ordinary logarithm table to calculate log,,,846.
If x be the required logarithm, then 100* = 846, whence
10® = 848. From this we see that the logarithm to
base 10 will be twice the logarithm to base 100.
But log, 846 = 2-9274
... 10g100846 = 1'4637 = Answn-
Given log,42 = -30103 and log, 70 = 1-84509 find log ,,7
and log,v/2

Let x = log .7
Then 27 = 7and32‘.10g2=1og7

2 x 84509

1
Also, since logb = —
o, since log, oz

1

gvT

s logay/2 = e = 17815 = Answer.

18. Tables of common logarithms are usually tabulated
to seven places of decimals. In view of the principles
explained in articles 8 to 12 inclusive, only the decimal
parts of the logarithms are shown, the characteristics being
obtained by the rules.

As an example of the use of a seven-figure table, we will
evaluate the following fraction—

4921821 x -9932113
07766459 x 6662321
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Taking the mantissae from the tables and calculating
the characteristics by the rules, we have—

log 4921821 6-6921259
log +9932113 = 1.9970416

Total 66891675

2-8902231
5-8236256

Total 4-7138487

Difference = 1-9753188
Antilog difference = 94-47542 = Answer.

log 07766459
log 666232-1

17. When obtaining the total of the logarithms of the
numerator it will be observed that 1 is carried over from
the first place of decimals, which is added to the positive
characteristic 6 and makes 4 7, from which is deducted
the negative characteristic 1, leaving 6 as the result.
Similarly, with the deiominator we carry 1 and add it
to 5, making 6, from which is deducted the negative 2,
leaving 4 as the result. Having obtained the figures in
the answer, the decimal place is determined by using the
rules conversely.

For instance, in this example, as the characteristic of the
logarithm is 1, there must be two figures in the whole
number of the natural number.

The student should familiarize himself with the use of
a 7-figure logarithm table by working out examples.

18. For many practical purposes a 5-figure table is
sufficient, but usually one limited to four places of decimals
does not give very accurate results.

19. A 4-figure logarithm table will be found at the
end of this volume (Table I), and this has been used in the
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following examples. Tables of antilogarithms are some-
times given for convenience, but it is quite easy to obtain
the natural number corresponding to a given logarithm
by looking for the logarithm in the table and extracting
the corresponding natural number. A table of anti-
logarithms is given in Table II, but it has been thought
more instructive to work the examples entirely from Table I.

20. ExamMpLEs.—Multiply 14,835 by 177,933.
log 14835 = 4:1715
log 177933 = 5-2503

9-4218
Antilog = 2,641,000,000.

In this example we are only able to obtain the logarithms
of 1484 and 1779, owing to the limitations of the table,
these being the numbers given, taken to the nearest fourth
figure. The characteristics allow for the actual number
of digits, and we really obtain the logarithms of 14840
and 177900.

The table gives at a glance the mantissa corresponding
to three figures, for instance, we find 14 in the left-hand
column and pass along the line to the column headed 8,
from which we extract the figures 1703. We then carry
the eye along to the column headed * Difference,” where
we find that a difference of a whole unit makes an increase
in the mantissa of 30, from which we calculate that a
difference of -4 of a unit makes an increase of 12. The
complete mantissa is therefore 1703 4 12 = 1715.

When taking the antilogarithm, we look amongst the
mantissae in the table for 4218 and find 4216 against 264,
which constitute accordingly the first three figures of the
result. We then see from the difference column that an
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increase of 16 in the mantissa corresponds to an increase
of 1 in the third figure of the natural number. Hence
an increase of 2 in the mantissa corresponds to an increase
of § of 1 or -1 (i.e. 1 in the fourth’ figure) in the natural
number. Hence the answer is 2641. It should be noted
that when using a four-figure table accuracy cannot be
obtained by using the differences to obtain more than
four figures in the answer. For instance, it would not
have produced an exact result to have taken § of 1 as -125.

Find the fifth root of -19788.

log -19788 = 1-2965, which we cannot conveniently
divide by 5, since it is partly negative and partly positive.
We therefore write

1-2965 = 5 + 4-2965
which, divided by 5, = T + 8593
= 1-8593

Antilog = 7233

The characteristic being 1, it follows that the natural
number must be a decimal fraction with no ciphers after
the decimal point.

E " (1479 .1361
te t i —
valuate the expression 57 9)
14791381
1 — = 1361 (log 1479 - log 1579
°g(1579) 1361 (log % 1579)

log 1479 = 3:1700
log 1579 = 3-1984

Difference = 1-9716

which must be multiplied by -1361. This, again, can be
done by logarithms,

In order to take the logarithm of 19716, it must first
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be written in the form - -0284, and omitting the negative
sign for the moment, we have—

log 0284 = 2-4533

log -1361 = 1-1338

Total = 3-5871
Antilog = -003865.

Remembering the negative sign, we have - -003865 as
the logarithm of the required value.

But - 003865 = 1-996135.

Whence—

Antilog 1-9961 = -9910 == Answer.

21. The student should work out for himself a number
of examples with the aid of Table I, until he is perfectly
familiar with the use of logarithmic tables for all ordinary
arithmetical work, Table II should also be used, as it will
be found to reduce the labour.

Brier NOTE ON INDICES

(@ x*» X 2" =x"+m
and similarly " X ys X =y +s + ¢
That is, the index in the product is the sum of the separate
indices.

It should be particularly noted that this rule does not
enable us to obtain the product of such expressions as
x* X y, since x and y are different quantities.

B) ¢ =~ xm =xn-m

or, writing it differently, el xnem

That is, the index in the product is the difference of the
indices. ’
X xm™

. xm
Similarly — = = gntm-r-s
X X x



THE THEORY AND USE OF LOGARITHMS 17

1
(c) From (b) it follows that prei x-™, whence a quantity

may be transferred from the numerator of a fraction to
the denominator and vice versa, it only being necessary to
change the sign of the index.

@) (@) = am
That is, the index in the result is the product of the indices.

(e) (xn)T:.‘ = m

This follows from (d), by putting m = 1- .
m



CHAPTER 11
COMPOUND INTEREST

1. Interest is the consideration for the use of money.
It is usually quoted in the form of a rate per cent. per
annum to be calculated on the principal sum lent. It is,
however, merely a matter of custom to quote the rate
per annum, since it would serve equally well to quote the
rate per half-year or per quinquennium. Further, although
the rate per cent. is customarily quoted in practice, the
rate per unit is found more convenient in theory.

2. When interest is paid periodically on the amount
of the original capital only, it is called Simple Interest.
Where, however, the interest, as it falls due, is added
to the original capital and interest is paid on the total,
it is called Compound Interest.  Simple Interest needs
no further explanation, and we may proceed to the
consideration of Compound Interest.

NOMINAL AND EFFECTIVE RATES OF INTEREST

3. Let + be the rate of interest per unit per annum.
Then a capital sum of 1 will amount in one year, with
interest, to 1 + ¢. During the second year, the interest
earned on capital and interest, i.e. on the amount out-
standing at the beginning of the year, will be ¢ (1 + #).
Hence 1 will, in two years, amount with compound interest
to(l1 +1) 4+ (1 +14) = (1 + )2

Similarly, the interest for the third year will be 5 (1 + )3,
and the total accumulated capital and interest at the

18
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end of the third year, known as the amount, will be
(L48 + 0 (1442 = (1 + i)
Following the same argument, the amount of 1 with
compound interest for # years will be (1 + #)*.
ExampLE.—Find the amount of £1,563 with compound
interest at 5%, per annum for 20 years.

We have + = ‘05
*. the amount = 1563 x 1-05?%, and using the logarithm

table at the end of the book, we have

log 1563 = 3-1939
log 105 = -0212
s 20 log 105 = 4240

Total 36179

Antilog = 4149
Answer, {4,149,

Table I is too restricted in figures to give us a more
exact answer.

4. In practice, interest is frequently payable more often
than once a year.

Let j be the rate of interest per unit per annum payable
m times a year. I

Then a capital sum of 1 will amount in p th of a year

] 1
tol + 1. During the second;t th of the year the interest
m .

earned will be —]-(l +l>. Hence 1 will, by the end

m m

9 . ; .
of — ths of a year, amount to (l +-]—) + 2 (l +1)
m m m m

()

Following the same argument, the sum of 1 with
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compound interest at rate j per annum payable m times a
y \m
year, will amount ¢n one year to (1 + %‘) .

Hence, although ; is nominally the rate of interest per
annum, the effective yield per annum amounts to

(1 + ";)m- 1.

5. In order that no misunderstanding may arise as to
which yield is referred to, the effective yield is spoken of
as the effective rate of interest, and is symbolized by 3.

The nominal yield is spoken of as the nominal rate of
interest, and is symbolized by j.

6. When interest is payable annually, the nominal and
effective rates of interest are equal, but when it is payable
more often than annually, the effective rate exceeds the
nominal rate. This is so because the effective rate allows
for the compounding of interest during the year, which is,
of course, not allowed for in the nominal rate.

7. The expressions ‘‘intcrest convertible m™ly " and
“ interest with m'ly rests,” mean interest payable m times
a year. ’

8. It will be seen from article 4 that the actual yield
(i.e. the effective rate of interest per annum) corresponding

"

to a nominal rate j convertible m”ly, is (1 + ;%) -1

This is expressed by the important equation—

i=(1+£)’"-1. L.

which gives the relation between the nominal and effective
rates of interest.

9. It is sometimes required to express the nominal rate
of interest § in terms of the effective rate s.
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We have, from equation (1),
(1 +l> =14
D1+l =g
m

Fi =m§(l+’)%'l§ - @

NoTE.—The symbol 7, is used to denote the nominal
rate of interest per unit per annum convertible m times
a year, corresponding to the effective rate 1.

ExamMpLE I.—Find the effective rate of interest per
annum corresponding to a nominal rate of 5%, per annum
convertible half-yearly.

Using equation (1), and remembering that j = -05 and

m = 2, we have—
' (1+'OS>2 1
i = —) -
2

= 1-025% - 1
-050625.

It is important to avoid too much reliance on formulae,
as they sometimes hide the real problem. In the above
example the real problem is to find the amount of 1 with
compound intcrest at 239, per period for two periods,
from which, by deducting the original capital of 1, we
derive the effective yield. We might, therefore, proceed
directly by using the method of article 3, remembering
that it holds good for intervals other than periods of
ayear. Thus, the amount is 1-025%, and the yield 1-025% -1,
as above.
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ExampLE II.—Find the nominal rate of interest per
annum with quarterly rests corresponding to an effective
rate of 4-06049,.

Using equation (2), we have—

jw = 4§1-:040604! - 1}
log 1-041 0174
o 1 log 1041 = -0044
Antilog = 1:010
S je = 4 (1010 - 1)
4 x 01
04

I

I

10. The amount of 1 with compound interest at the
effective rate ¢ for » years is (1 + 4)*. Expressing ¢ in
terms of j and m by means of formula (1), we have the
amount of 1 in n years with compound interest at the
nominal rate j convertible m times a year, as—

(1+£)"m N |

In practice this formula is the same as (1 + t)*, since
we merely consider the amount of 1 in mn periods, with

interest at the effective rate of ,%per period.

ExaMpLE III.—Find the amount of 1 in 10 years with
compound interest at 49, per annum with quarterly rests.
We have, from formula (3)—

04\4 X 10
(l +—4—) = 1019 = ]-486.

Alternatively, we might have avoided formula (3) by
considering the problem as one for 40 periods with interest
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at the effective rate of 01 per period, thus obtaining 1-01%
directly.

It is instructive to note that the result could also have
been obtained by first finding the effective rate per annum
corresponding to a nominal rate of 49,, convertible
quarterly, as follows—

From formula (1) we have + = 1-014 - 1,

4 log 1-01 = ‘0172 and antilog 0172 = 1-0404,
whence ¢+ = 1-0404 - 1 = -0404.

It will be observed that in taking the antilogarithm of
‘0172 we have obtained five figures, as the usual four
figures are not sufficient to produce a difference between
tandj. A five-figure table was used.

We now find the value of (1 4 #)* where ¢+ = 0404 and
n = 10, that is : 1-:04041°

log 1-:0404 = 0172 (using the value from which it
was obtained)

.. 10log 1-0404 = -1720

Antilog = 1-486 as before.

11. We have shown that 1 4 ¢ is the amount of 1 with
interest for one year at the effective rate ¢ per unit per
annum. Therefore, conversely, the present value of 1 4 1
due a year hence is 1.

By simple proportion, therefore, we have the present

value of 1 due a year hence as ]

For convenience we write—

1
T+i " @

12. Similarly, the present value of 1 due # years hence

= - ---— - which we write 1.

1+
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13. To find the present value of 1 due n years hence
on the basis of a nominal rate j,,), we express ¢ in terms of

j in th i ! that i
, e expression S S—
1 1
1. An y mﬁ
1+ (14-1>
m
Discount

14. Discount is the consideration for the immediate use
of money due at some future date.

From article 11 we see that the consideration paid to
secure the immediate use of a sum of 1 due in one year’s
time is 1 ~ v, this being the difference between the value
at the end of the year and the value now.

For convenience we write

1-v=4d N )
where d is the effective rate of discount per unit per annum
corresponding to the effective rate of interest 1.

In this formula the symbol 4 represents what is known
as true discount, since it is the rate of deduction from the
amount in order to produce the present value.

In connection with bill discounting the rate of Discount
is always quoted, the most important discount rate being
known as the Bank Rate. Discount is usually treated as
a nominal rate. For instance, the discount on a bill for
£100 due six months hence at 5%, discount would be £2 10s.

As, however, the Bank rate is really an effective rate—
there being only one rate, it cannot be both nominal and
effective—this practice does not produce true discount,
but produces what is called Bankers’ (or Commercial)
discount.

Outside bill transactions it is not usual to quote a rate
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of discount, but rather to speak of ‘‘ discounting at a given
rate of interest.”
15. From formula (5) we see that 1 — v =d,

1
———=d
141
1
d ——=d . . . . (6
an T3 (6)

It will be observed that this formula expresses the fact
that the present value of ¢+ due a year hence is d. In other
words, the interest on a sum of 1 is 7 if payable at the end
of the year, or d if payable at the beginning of the year.

By the use of this formula we can obtain the rate of
discount corresponding to a given rate of interest. It is
therefore of no consequence whether discounting is based
on a rate of interest or on a rate of discount, so long as
the rates used are equivalents.

ExaMPLE IV.—What is the rate of interest per annum
corresponding to a rate of discount of 59, ?

Using formula (6) we have—

1

- = 05
141
w4 = 05+ 054
957 = -05
. 05
and ¢ = rr i 052632 (approx.)

To prove the accuracy of this answer we may find the
amount of the present value at 59, discount of 1 due
a ycar hence.

At 59, discount the present value of 1 due a year hence
is -95. Then ‘95 x 1:052632 should and does equal 1.

16. It is well known that the difference between the
rate of interest and the corresponding rate of discount is

3—B.1733)
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one year’s interest on the rate of discount, and it is
interesting to prove this.
The first formula in article 15 shows that
1

P ]
Multiplying both sides by ¢ we have
P = id
1+
But from formula (6) we have ——’——, =d
141
“t-d=1d

which is the algebraical equivalent of the above proposition.

17. The theory of discount is similar to the theory of
interest. For instance, a little consideration will show
that the present value of 1 due n years hence at the
effective rate of discount d is (1 - d)».

1
Hence we have (1 —d)* = ——- = v»
(1 + 9
18. If the nominal rate of discount per unit per annum
be called f, and it be convertible 7 times a year, we have

1-d=(1-£>"
and (1 - dyr = (1—1)'"

m

ANNUITIES-CERTAIN

19. An annuity-certain is a series of periodical payments
dependent on the lapse of time only, that is the payments
do not depend on the happening of any contingency.

An immediate annuity is an annuity with the first
periodical payment due at the end of the first period.

An annuity due is an annuity with the first periodical
payment due at once.
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PRESENT VALUES

20. An immediate annuity-certain of I per annum
payable annually for n years, therefore, consists of 1 due
a year hence, 1 due two years hence, and so on up to 1 due
n years hence.

But the present valuc of 1 due a ycar hence is v, and
the present value of 1 due two years hence is v?, and so
on up to—

the present value of 1 due n years hence is v",
. and the present value of the annuity is the sum of the
present values of each of the payments.

Let a;7 = the present value of an immediate annuity-
certain of 1 per annum payable annually for » yecars.

(Note.—The sign — indicates that » is a term certain
and not a life.)
Then a;]=v+v3+v3+ ..... v, . (7
21. Using the well-known formula for the sum of a series
which is in Geometrical Progression, we have

a__v(l—v")_l—v”~ I s
R A L R R G

That is, a;y = (8)

22. When dcaling with a similar annuity-due it must
be remembered that the number of payments remains
unaltered, the difference lying in the dates when the
payments are due.

As the first payment is at once, its present value is 1 and
the present values of its successive payments will be
v, v2 ... .. v -1 respectively. There will be no value
v, since the last payment is at the beginning of thc year,
that is at the end of the (n - 1)** year.
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Hence the present value of a certain annuity-due of 1
per annum payable annually for # ycars is 1 4 a;=5.

For brevity an annuity-due is symbolized by ‘ a,’
so that

a1 =1+ a7 . . . . 9

23. If the annuity is payable more often than yearly,
two cases arise—

(1) Where interest is convertible with the same
frequency as the annuily payments, and

(2) Where interest is convertible with a different
frequency from the annuity payments.

24. In case (1) we merely have to consider periods
instead of years. Suppose the annuity t> be 1 per annum,
payable m times a year for n years, and interest to be at
the nominal rate j(,,. 1

Then the annuity is a series of payments of - payable

1
at intervals of o of a year for m X n periods, with interest
at the effective rate of ;7— per period.
i

Adapting formula (8), and writing the present value
of the annuity as a(_""L’], to signify that it is payable m times
a year, we have—

- N 1)
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To show how simple is the application of this formula in
practice, we will calculate the present value of an immediate
annuity-certain of 1 per annum payable half-yearly for
10 years, with interest at 49, per annum with half-yearly
rests.

Using formula (10) we have

(2) 1 -102-20
= " =817
1] 04
This is of course formula (8) multiplied by the periodical
payment of §, each period being half a year.
Had the annuity been due instead of smmediate we should

., 1 (m)
) T
have taken § + a o) °f generally p + a— ;x' ]

25. Passing to case (2), the present value of an immediate
annuity-certain of 1 per annum, payable p times a year
for n years with interest at the effective rate ¢, is the sum

1 2
of the series-—(vf’ N R v")
1
a2 _1 - m_l__‘lﬂ"__ -
" | A .
P 1 - v? p(v ’—1)

1-v

pla+ar - 1f

1-o
Thatis,a®) = ————;— . . . . (1)
P;(l +14)f - 1%
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It will be observed that this is formula (8), with the
exception that in place of + we have the nominal rate of
interest convertible p times a year corresponding to the
effective rate .  This latter is conveniently written j(,),
so that formula (11) becomes—

1__ "
al®) = ﬂf N 1 )
4

26. We can always find the effective rate ¢ corresponding
to any nominal rate, so that formula (12) covers the case
where the annuity is payable p times a year and interest
is at the nominal rate j convertible m times a year. Itis,
however, an interesting exercise to produce a formula for
this special case. s\

Putting (1 + ¢) = (1 +;7;) in formula (11), we have

1-<1+1>
a(_p_)]= . ,,h.,'{f_,-_
O
. m
27. The student is particularly warned against learning
by heart the many complicated formulae given in this
chapter. The line of argument on which they are based
should, however, be mastered, and when this has been done

it will readily be appreciated how little it is necessary to
know by heart.

(13)

ExaMpLE V.—Find the present value of an immediate
annuity-certain of £10 per annum payable quarterly for
20 years, with interest at the effective rate of 59, per
annum.
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This is a case where the ordinary formula is applicable
but with jio substituted for ¢ in the denominator (see
formula (12) ).

Now jig = 4 (105t - 1)
and log 105 = -0212
oo 1 log 105 = -0053

Antilog -0053 == 1-0123 (taken to § figures
for increased accuracy)

Sj = 4 (10123 - 1) = 0492
Also v = 105 - ® = -3767

1 --3767  -6233

Therefore ald . - - = = 12-
™= 045~ oz 2V

and value of £10 per annum = £126-7.

Note.—This example suffers from the inadequacy of
the four-figure logarithm table, and if five figures had not
been used in one place the result would have been quite
inaccurate.

28. Formula (12) might be written

| « $ )
B — =845 X —.
? Jip) d Jip)

In some works a table of the value of ]—1— for various
(»)
values of ¢ and p is given. When such a table is available,

the calculation becomes simply the multiplication of
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The above example could be calculated approximately
by the following simple method—

A payment of 1 in 3 months’ time will amount, with

interest, in following 9 months to . . . . 1.0375
A payment of 1 1n 6 months’ time will amount, with
interest, in following 6 months to . . . . 1025
A payment of 1 in 9 months’ time will amount, with
interest, in following 3 months to . . . . 10125
A payment of 1 in 12 months’ time will amount, with
mtcrmt in following 0 months to 1.
Total amount of four payments with mtercst by
end of year . . . . . = 407§

. An immediate annuity of 1 per annum payable
quarterly is the equivalent of an immediate annuity of

4-075
5 = 1-01875 payable annually. This is, of course, only

approximate, since the amount of the first quarterly pay-
ment should have been 1-05¢ instead of 1 4 § X -05 and
so on. The present value will, therefore, be 10 x 1-01875

a-_/".] = 126-96, which compares very favourably with
the true value as calculated in Example V.

AMOUNTS

29. Hitherto we have dealt only with the present values
of annuities-certain, but we require also to know the
amounts to which they will accumulate in a given number
of years. The theory is similar in every way to that
investigated for present values.

30. Following the lines of article 20, the payment
which is made in one year’s time will amount to (1 4 #)» -1
by the end of the n* year, and the payment which is
made in two years’ time will amount to (1 + #)* - * by the
end of the n'* year, and so on.

Let s;7 = the amount of an immediate annuity-certain
of 1 per annum payable annually for # years.



COMPOUND INTEREST 33

Thensjy = (14 ¢t + (1 4 4)7-2 + (1 + 4)»-3
4+ .. (1 +14) + 1.

Summing the series, we get
147 -1
s3] = («*—? - - .. . . (14)

31. The amount of an annuity-certain is the accumulated
value at the end of a given number of years, whereas the
present value is the value now. It therefore follows that
if we discount the amount down to the present date we
obtain the present value. In symbols—

ap) = v s; . . . . . (15)
Applying this formula to formula (14), we have—
A+9r-1 1-v

apy = =

We have thus produced formula (8).

32. The relationship referred to in the last article enables
us to solve all the problems relating to amounts of annuities
without again returning to first principles.

The converse of the principle mentioned in article 31
clearly holds, that is that the present value accumulated
at interest equals the amount, the interest being taken at
the nominal or effective rate of interest applicable to the
case.

From Formula (10), for instance, we obtain—

. 1—(1+l> ™
(—'-:—)]= (l 4 .J_> G m
m

T
(1 + l) -1
m
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From Formula (11)—

A L
P%(l + 9?7~ 1%
S e . N V)
Pla a7 -1
Fyom Formula (12)—
g = (LEDZL )

(l+’]—") - R 1)

RGN

Note.—It is useful to observe that in the case of the
formulae for the present values of immediate annuities,
the numerator is always the total discount on 1 for the
whole period, and that in the case of the amounts of such
annuities, the numerator is always the total interest on 1
for the whole period. In both cases the denominator is
always the nominal rate of interest, convertible with the
given frequency, corresponding to the given rate.

ExampLE VI.—As an example of the application of these
formulae, we may calculate the amount of an immediate
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annuity-certain of 15 per annum payable half-yearly for
30 years, with interest at 6%, with half-yearly rests.

—_ 3% .
Amount = S50 X 7°5

This is really an example of formula (14), there being
60 periodical payments of 7-5. If we had used formula (16)
we should have multiplied the value by 15 instead of 75,
otherwise the work would have beecn identical.

3% __ 1'0360 - l
sa] - ‘—.03 .- = 162'03
and 75 X 162:03 = 1215-2.

33. In the case of an annuity-due, each payment of
the annuity is made one year (or one period) sooner than
in the case of an immediate annuity. Each payment is
therefore accumulated at interest for one more year (or
period). Therefore, the amount of a certain annuity-due
in n years is

(1 -+ 19)s,; - . . . . (20)

34. If we work out the value of formula (20) by reference
to formula (14), we obtain a most convenient formula for
the amount of an annuity-due, which should be carefully
noted—

(1 sm =1+

(L ip i1
t, .

T+ap -1 (L4 +i-(144)
i - ‘ B

1

It will be seen that this last expression = s;541 - 1,
which enables us to obtain the amount of an annuity-due
for n years by deducting unity from the amount of an
immediate annuity for (n 4 1) years. In symbols—

(1414 s;1=s8;7730-1 . . (21
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DEFERRED ANNUITIES

35. To find the present value of an immediate annuity-
certain for n years deferred m years (i.e. becoming an
immediate annuity at the end of m years, with the first
payment at the end of m 4 1 years), we deduct from the
present valuc of an annuity payable for m - n years the
present value of an annuity for the m years during which
it is not payable. ~Writing ,|a;7 for the present value,
we have—

,,‘I a3 = Qi) T 4 . . . (22)
36. It is to be noted that the amount of a similar deferred

annuity is simply s;7, since nothing happens to affect
the value during the first m years.

PERPETUITIES

37. If in formula (8) we make # infinitely great, the
value of the term v* becomes infinitely small and vanishes,

- 1
leaving the formula a, = 3 . . . . (23)

where a, stands for the present value of an immediate
perpetuity of 1 per annum payable yearly.

38. Similarly, from formula (10) we have—

1
(m
aw) = ;
and from formula (12)—
1
P =

- j(p)
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If we make 7 infinitely great in formula (13), we obtain—
(#) 1
a ==

oG

which is the present value of an immediate perpetuity of
1 per annum payable p times a year, on the basis of interest
at the nominal rate j convertible m times a ycar.
Note.—It is interesting to observe that the formulae
for the present values of perpetuities may be obtained
from general reasoning. For instance, a perpetual annuity
of 7 per annum may be produced by the investment of a
sum of 1, and therefore a perpetual annuity of 1 per annum

1
may be produced by the investment of a sum of T In
1
other words, —is the present value of the perpetuity of 1
i

per annum. The remaining formulae may be obtained by
similar reasoning.

39. In order to facilitate compound interest calculations,
tables of most of the functions in general use have been
calculated at varying rates of interest and published. For
example, a volume prepared by Lieut.-Col. W. H. Oakes
contains the functions v*, a;, (1 + 1)*, and s;; for each
rate of interest between § and 10 per cent. per annum,
proceeding by intervals of one-eighth, and for all values
of n from 1 to 100 inclusive. The very low rates of interest
are given for use when interest is not convertible yearly.
For instance, § per cent. is often useful when interest is
3 per cent. per annum convertible quarterly.

40. For purposes of illustration, tables of the functions
mentioned in article 39 are given at the end of this volume
for rates of interest 3, 4, and 5 per cent. (see Tables III
and IV).



38 THE ELEMENTS OF ACTUARIAL SCIENCE

EXAMPLES

41. The following further examples will serve to illustrate
the subject discussed in this chapter and bring out some
of the difficulties met with in practice.

Note.—If the student is not familiar with decimalizing
shillings and pence at sight, he should here read the note
at the end of this chapter.

ExaMmpLE VII.—What annual sum, if accumulated at
compound interest at 49, per annum, will amount to
£100 in 20 years ?

Let x = the annual sum required.

Then x X sgﬁ = 100

100
oy o=
$35]
obtaining the value of sz) at 49, from Table IV, we have
100
= ——— = 3-3582
. ¥ = 297781

Answer, £3 7s. 2d.

ExaMPLE VIII.—Find the present value of £5 per annum
payable half-yearly for 30 years, with interest at 69, per
annum with half-yearly rests.

We have value =

2:5 X ag) at 39, per period.
But we cannot take ag) direct from Table IV, as it is
outside its range. We therefore proceed as follows—

ag) = ag) + v ag
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All the values are now in the tables, and we therefore
have
257298 + 22811 x 8-5302
25-7298 4+ 1-945
27-6748
and 25 X ag) = 69:187

%)

I

I

ExampLE 1X.—What annual sum payable in arrear, if
accumulated at compound interest at 49, per annum for
15 years, and then at 5%, per annum for 10 years, will
amount to £100?

Let x = the annual sum required.

We must now make an equation of value, that is we must
equate the values at any one time. Although one time
might be found more convenient than another, it is of no
theoretical importance what time is chosen.

For instance, we have—

+ v x a% S x v x 100,

49, -
% (o5 % 1) = Yo, X Vs,

15 ]

where the affixes indicate the rates of interest applicable
to the respective functions. When constructing this and
similar equations it is convenient to consider the first
period as being for all purposes a 49, period and the second
a 59, period.
A more convenient time to equate the values, however,

will be the end of the period, when we have—

x (s‘%‘] X 1-0510 4 sfl%:’]) = 100
whence x (20-0236 x 1-62889 + 12:5779) = 100

c.ox (326 4 12-5779) = 100

100

- _ 29213
* = 351779

Answer, £2 4s. 3d.
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ExamMpLE X.—It is often desired to find the rate of
interest involved in a particular transaction. For instance,
at what rate of interest will an immediate annuity of
£10 per annum, payable yearly for 10 years, amount to
£122-882 7

We have 10si = 122-882
so that sp) = 12:2882

Referring to the tables of s3 and glancing along the
line for n = 10, we observe the following values—

at 49% s = 120061
at 5% s = 12:5779

Difference = <5718

Also, at 4%, sj = 12:0061
and given value = 12-2882

Difference = --:2821

It then becomes a matter of proportion.
As a difference in value of -5718 corresponds to an increase
of 19, then a difference in value of -2821 corresponds to an

21
=18 = 4934 = -5 approximately.

.. The rate of interest required is approximately 449,.

As a matter of fact 439, is exactly right, the small error
in the actual result being chiefly duc to the fact that the
function s3 does not increase in arithmetical progression,
as is assumed by the method adopted. A very close
result could be obtained by the application of the Calculus
of Finite Differences.

increase of

ExamMPLE XI.—Tt is often possible to obtain the rate of
interest by an algebraical method.
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At what rate of interest does a sum of money double
itsclf at compound interest in 14 years?

We have (1 4 i)1% = 2

Then (1 4 4) = 21 = 1051
and 3+ = -051 or approximately 59%,.

This result could also have been obtained by glancing
along the line for » = 14 in the table of (1 4 )”, from which
it will be seen that at 5%, (1 + #)* = 197993 or nearly 2.

It could also have been obtained approximately by the
use of the rough rule that to find the number of years in
which money doubles itself, divide 72 by the rate of interest.
Using this conversely, we have the rate of interest as
2 = 51.

14

Tie ForRCE oF INTEREST

42. The nominal rate of interest corresponding to a
given effective rate ¢ is expressed by the equation—
1
j = m((l 4+ 0)m - 1-)
I:xpanding by binomial theorem, this becomes—

1-mi2 (1-m)(1-2m)3

— e s
' m [g+ m? [3°°°
1 2 1 3 13
— el )= === —... . (2
rF (m l)[g F <n12 m + 2>[§ @

Now, if 7 be constant, the greater the value of m, the
smaller will be the corresponding value of j (since a small
nominal value will produce a large effective yield if con-
vertible very frequently). There is, however, a limit
beyond which 7 will not decrease. To find this limit, we

A—(B.1753)
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may make #m infinitely great in equation (24), thus
producing—

) Sz g8
i =1—§-+-3—...
= log, (1 -+ 1)

This limit is called the Force of Interest and is written &
so that—

0 =log, (1 -2 . . . . . (25)
43. I'rom equation (25), we see that—
=1+ i
and © = &) -1 . . . . . (26)

This result can also be obtained from the equation
s \m
1= (1 -+ Z—) -1, as it is the limit of the right-hand
m

expression when m is infinitely great (remembering that
in such circumstances j == 9).

44. Passing to the nominal rate of discount, we have—
1
f = m<l - (1 —d);>
(l [l d l(l l)d“ 1(1 l)
A ;z+17t m [_2_—1—11 m
(-2)7
=2 ])
d 1/1 d? 1/1 )(l )d“ )
=== 1)~ —=1) (== 2)=..
m(m m (m >[g *—m(m m [3

1 a: 1 3 a3

R
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If, now, we make m infinitely great, we have—

d@ 243
[ = d*FEwLE

= - log,(1 —-d) == the Force of Discount
= 0 (say) . . . (27)

45. If, in equation (27), we put - log,(1 — d) = log,(1 4- 1),
we have—

o =-log,(1-d) =log,(1 +1) =0

In words, the force of discount is cqual to the force of
interest.

46. By means of the above cquations many algebraical
relationships may be established. Tor instance—

2 43

6 :I()ge(l ~{— 1) ;‘:'i--é-_}__g__ L.

N

a2 da

also § = -log, (1 -d) =d -} "I i

Adding these two cquations together, and neglecting powers
of 7 and d greater than the first, we have—

20 =14 d
t .
and 0 = 5 approximately.

This formula only differs from the true value by—

P(d2-it) + (@4 P =i .
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If it be desired to express the error in terms of 4, we may
proceed as follows—

= - é 63
1 = + + ..
[2 K
L LI, &
— 1o §5___, ___
d=1-¢°=9$ E+f3
5
. ' + = 0 and the error 1s a———}- . . .1In cxcess.

P e

This formula gives a result correct to at least four places
of decimals for all values of ¢ not greater than -07.

47. The value of & corresponding to a given nominal
rate of interest may be found as follows—

6 =log,(1 +1) =m log,o(l + ;]’-1> = logye¢

48. Turning now to annuities, we have—

— s n— 1 n
w7 ) P<(1+i);_]>

Writing s for the amount of an annuity payable

S

contmuously, and bearing in mind the analysis of article 42,
we have—
- i (41
log, (1 + 1) log, (1 + 1)
This is the case where interest is at the effective rate
per unit per annum.

(28)
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49. In terms of a nominal rate of interest convertible
m times a year, formula (28) becomes—

<1 + l) -1
s= o~ 7
" a1 2)
mlog, {1+ =
m
50. Remembering that (1 + ¢) = %, the formulac for

annuities in terms of a force of interest become—

A+ -1 -1
i T -

51—1\_____

® Q4 -1 e
®) _ LI
"I (04 gp-1) per-)

N

@+ -1_ -1
log, (1 +14) o

and _3;| =

51. The formulae for present values follow easily from
the above. The formulac should not be learnt by heart,
but should be mastered by careful observation of the
methods and a thorough knowledge of the relationship
between ¢ and 4.

52. If n be made infinitely great in the formula
— 1- -nd
“’—l' = -—;;-,—-, we shall obtain the present value of a

continuous perpetuity in terms of the force of interest.
That is—

(29)

Sol -

a —
o
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THE AVERAGE INTEREST YIELD OoN THE LIFE FUND
OF AN ASSURANCE OFFICE

53. The Life Offices Association and the Board of Trade
have agreed on the following formula for calculating the
above, which is required to be stated in the Fifth Schedule
of the Assurance Companies Act, 1909, at each valuation.

Let A be the total fund at the beginning of the year.
» B, " ,» end of the year.
. I, total interest received during the year.
Now B will include a full year’s interest, which must be
deducted to obtain the net fund at the end of the year.

The average fund invested throughout the year will

therefore be—
A+ B-1I
2
On this mean fund the interest earned is I.
Therefore, the rate of interest per unit of invested
capital per annum yielded by the fund will be—

+B-1 I
[LATB-I 2

= =1 . . (30
2 A+B-1 " (30)
THE Errect ofF INCOME TaAx

54. If it be required to find the yield net of income
tax, we must, in the above forumla, write—

I-Tforl,

where T is the total tax deducted and/or paid during the

year.
As in practice the bulk of the tax is deducted at the
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source, we are justified in deducting only the net interest
from the Fund B in order to obtain the amount invested.

55. If, however, it is the gross yield which is required,
we must remember that the Fund B only includes the
net interest, and our formula becomes—

P 21
A4+ B-(I-T)

56. In practice it is usual to use formula (30) with 7/
as the #net interest in numerator and denominator, thus
obtaining the net yield. This is then increased in the
proportion which the gross interest bears to the net interest.
It is the gross yield which is required to be returned under
the Assurance Companies Act.

57. Where the valuation of liabilities is made less often
than yearly (usually quinquennially), the above formula
will not give good results for the average yield over the
valuation period. It is usual, therefore, to calculate a
separate yield for each year in the inter-valuation period,
and to take the mean of the separate results.

58. For the purposc of the Act it is necessary to use the
total interest reccived less any interest paid out. Thus it
would be correct to deduct from the reccipts, interest paid
on an overdraft at the bank. Similarly, as assurance
companies are permitted to retain tax deducted by them
from annuity payments, subject to certain limitations,
this tax should be dcducted from the amount of tax on
interest. As a rule this would be done by the accountant,
the figure being shown net in the accounts.

NOTE ON DECIMALIZING SHILLINGS AND PENCE

(@) In order to solve compound interest problems
readily it is necessary to be able to change shillings and
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pence into decimals and vice versa at a glance. As a florin
is one-tenth of a pound it isrepresented by £-1, from which
follows the following easy rule: To turn shillings into
decimals of a pound, divide the number of shillings by two.
Thus, 1s. = £-05 and 19s. = £95.

(b) Conversely, to turn decimals of a pound into shillings,
multiply the figure in the first place of decimals by two.
Thus, £9 = 18s. If the figure in the second place of
decimals is 5 or more there will be one more shilling to
add. Thus, £:35 = 7s., and £:36 = 7s., plus a few pence.

(c) As regards pence, we may first consider the following
rough rule: To turn pence into decimals of a pound,
multiply the number of pence by 4, adding 1 for every 24
obtained. The result is inserted in the third place of deci-
mals or, if greater than 9, in the second and third places.
Thus, 6d. = £-025, and 4d. = 017 (adding 1 since 16 is
more than half way towards 24). This produces a slightly
closer result.

(@) Conversely, to obtain pence from decimals of a pound,
deduct 1 for every 25 and divide the result by 4. Thus,
£:038 = 9d. (2 were deducted as 38 is nearer 50 than 25).

(¢) Combining the results of (2) and (c¢) above, we are
able to turn any sum of money into decimals of a pound
at sight. Thus, 19s. 3d. = £95 + £013 = £-963 and
3s. 10d. = -192.

(f) Conversely, combining the results of () and (d),
we are able to obtain at sight the shillings and pence
corresponding to any decimals of a pound. Thus, £-691
= 13s. 10d. (almost) and £-733 = 14s. 8d.

(g) The above methods give the nearest figure in the
third place of decimals or the nearest penny as the case
may be. Often, however, greater accuracy is required in
practice, as it may be required to multiply the figures by
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large amounts in order to obtain a desired result. The
rule as to shillings is, of course, exact, and it is the pence
which require further consideration. The exact value of
one penny is £-00416, hence two pence equal £-0083, and
so on. The following table will be useful. If the values
for 1d., 3d., 6d., and 9d. be remembered, the remainder are
easily obtained from them.

Pence. Decimals of £1. E Pence. Decimals of /1.
b
. i B

1 ‘00416 I 7 -02916

2 -0083 |8 -03

3 ‘0125 l 9 ‘0375

4 016 L 10 0416

§ 02083 i 11 -04583

6 025 L2 05




CHAPTER 111
SINKING FUNDS

1. A SINKING Fund is a fund accumulated with a view to
_the ultimate replacement of capital.

For instance, a leaschold house is purchased under
which the lease expires in#n years, and it is desired to set
up a sinking fund by annual payments to replace the
capital sunk by the cnd of the term of the lease. Assuming
that it is possible to invest the annual payments of x (say)
at the effective rate ¢+ throughout the »n years, and that the
capital is unity, we have

2 s, =1

R 1))

That is, an annual payment of ;1; if accumulated with
n

intcrest at rate 4, will replacc a capital of 1 in n years.

2. In some cascs it would be more convenient to effect
a Capital Redemption Assurance, or, as it is sometimes
called, a Leasehold Redemption Assurance, with an assurance
company, at an annual premium. In this case the first
payment would fall due at once, instead of in one year’s
time, and, if Py be the premium, we have

Pry(sim-D=1
1

Sz 1

ExaMpPLE I.—A leasehold house is purchased for £500.

The lease has only five years to run and it is desired to set
50

Py = (2)
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up a sinking fund by annual payments to replace the capital
out of the rent within the five years. Assuming that the
annual payments are invested at 3%, interest net of income
tax, calculate their amount and draw up a schedule showing
the position of the fund in each year.

Using formula (1), the annual payment will be—

500 500
G = = 94-178
silo 5-3091
51
SCHEDULE
Fund at Interest (2) + (3)
Year beginning added at end plus annual
of year. of year. ! payment.
m @ &) ; (4)
1 — — \ 94-178
2 94-178 2-825 191-181
3 191-181 5-735 291-094
4 291-094 8733 i 394-005
5 394-005 11-820 1’ 500-003

Had the problem becn to arrange the sinking fund by
means of a Capital Redemption Assurance, at a premium
calculated on a net 3%, basis, we should have used formula
(2), since premiums are always payable in advance. This
arrangement would, of course, have affected the schedule,
since the fund at the beginning of the first year would have
been the first premium then paid, a year’s interest thereon
would be added at the end of the first year, and so on.

3. The principles laid down in the last two articles are
quite simple, and no difficulty will be found in applying
them to cases where the payments are other than annual
and interest is convertible more frequently than yearly.

4. A sinking fund may be set up by a single payment,
in which case the single payment will clearly be the present
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value of the capital sum required to be redeemed. If such
single payment be written 457, we have

A—ﬂ = " . . . . . (3)

5. Sometimes more than one rate of interest will enter
into a sinking fund transaction. For instance, if an
assurance company be willing to issue Capital Redemption
Policies for a term of m + n years on the basis of interest
at the effective rate of ¢ per unit per annum for the first
m years and ¢ thereafter, then the premium required
would be P, where

Pml{(s»?(??ﬂ' ‘)(1 +o) +(s;.(“$ln.” ‘) f =1

1
o Poa) = s e = I
m+ a) (l) . . (tl) ()
S~ (r+)"+ su+x|—l

6. The accumulated amount at the end of ¢ years of
the premiums paid under a Capital Redemption Assurance
Policy originally effected for a term of n years (where »
is greater than ¢) is called the Policy Value, and is written
cVI]-

We thercfore have—

,V;;] = P;‘l (Stﬂ‘l) . . . . (9)

7. Formula (5) is obtained by what is known as the
Retrospective method. If the question be looked at from
a Prospective point of view, it is evident that the value
of the policy is the present value of the capital to be
redeemed less the present value of the premiums still to
be paid, ie.

Y= - Pl temrs) . - - (6
This is algebraically identical with formula (5) and
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represents the value of the policy immediately before the
(¢ + 1)* premium falls due. The value at any time
intermediate between two payments may be obtained
by discounting the value at the end of the year down to
the time at which the value is required.

REDEMPTION OF LOANS

8. In the case of loans by local authorities, mortgages,
and other similar transactions, it is frequently the practice
to repay by means of equal periodical instalments of prin-
cipal and interest spread over a term of years. If x be
the annual instalment which will repay a loan of 1, with
interest, in » years, we have—

xam) = 1
and ¥ = ! (7)
a;]

This result is obtained by forming an equation of pay-
ments. It is clear that when a man lends a sum of money
he expects to obtain its equivalent in return. In other
words, the present value of the periodical repayments of
principal and interest must be equal to the capital advanced.

9. The first periodical instalment contains interest on
the full amount of the loan and the balance is applied to
repay capital. The second periodical payment ccntains
interest on the amount of the loan outstanding at the
beginning of the second period only and the amount
available to repay capital is therefore greater than on the
first occasion. Similarly, as the payments proceed, the
amount required for interest decrcases and the amount
available for capital repayment increases.

10. ExaMPLE II.—As an example of articles 8 and 9, let
us calculate the amount of the equal half-yearly instalments
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required to repay a loan of £25,729 16s. in 25 years at
69, interest, net of income tax, with half-yearly rests.
If x be the half-yearly instalment, we have—

25729-8
X = 5 = 1,000

50
If a schedule showing the incidence of the payments
be required, it could be conveniently arranged as follows—

SCHEDULE
Half-Yearly Payment, £1,000
S ; _
Capital I
outstanding st | Interost on | 1000 less col,
alf- . beginning of ' = 4
Half-year hgalf-yegr. at 3%. ; capital.
() (@) (3) | 4
1 25729-800 -771-894 | 228-106
2 25501-694 765-051 | 234-949
3 25266-745 758-002 ! 241-998
49 1913470 | 57404 942596
50 970-874 29-126 | 970-874
|

11. In practical work it is sometimes desired to calculate
certain of the values which appear in the schedule without
the trouble of constructing the whole schedule. It is
therefore useful to analyse the payments. As a;y is the
present value of an annual payment of 1 for # years, it
follows that an annual payment of 1 for n years will repay
a loan of a5 with interest at the effective rate ¢ per unit.

_v”

1
The amount of the loan being a5, which equals ——,
'

the interest contained in the first instalment will be
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1~

i
ment will be v»*. Deducting this capital repayment from
a,;] we get the capital outstanding at the beginning of the

t X

= 1 - v». Consequently the capital repay-

. 1 -y -t :
second period as — The interest for the second

period will therefore be 1 — v»-1, and the capital repay-
ment v*~1.  Following out the argument, we see that our
schedule may be analysed as follows—

SCHEDULE
Periodical payment, 1

) ‘ outsE:xIl)clltiilg at | Interest on 1 less col. (3)
Period. beginning of | col. (2) at i = repayment of
‘ period. ! rate . capital,
m (2 | ©) )
1 a ! 1 - v
nl i
2 a;ﬂ . I - y%-1 y" -1
. . ! . .
n -1 a3 1 1 - o? vt
n oy i 1-v v

12. The method of article 11 was used to calculate the
values for the half-years 49 and 50 in the schedule in
article 10. It will be found that to get a satisfactory
result when the figures are so large it is necessary to
calculate v to seven places of decimals. 1

13. A simple relationship.exists between — and —
a";] S’”—‘
by means of which the one can easily be obtained from the
other. This obviates the necessity of tabulating both,

and both tables will rarely be found in one work.
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We have—

R ()

14. Formula (8) exhibits clearly the difference betwcen

1 1
—  (the annuity which 1 will purchase) and — (the

am 531
annuity which will accumutate to 1). The difference is,
of course, the yecarly interest on the amount of the original
capital.

15. Where a loan is repayable by equal periodical
instalments of principal and interest, it is sometimes desired
to reinvest the repayments of principal so that the lender
may have his original capital intact at the end of the
period of the loan. The capital will often have to be re-
invested at a different rate of interest from that yielded on
the loan, and it is necessary to investigate a ronvenient
formula for determining the amount of the periodical
instalment which will (@) yield a given rate of interest ¢
(say), and (b) repay the capital by the end of the period
on the assumption that the amounts repaid are reinvested
at rate s’ (say). 1

16. An annual payment of p will repay capital and

interest on a loan of 1 in # years. At the first glance this
does not enable us to solve the present problem, but if we

1 1 ) .
refer to formula (8), we see that — = — + 4. That is,

1
”| "
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1
the annual payment provides —, or the annual payment

n
which will accumulate with interest to 1 in # years, and
¢+, the annual interest on the loan of 1. If, therefore, we

1 ,
calculate — at rate s’ we shall obtain the required annual
Sal
sum which will accumulate to 1 at rate #' in # years, and
to this we add #, the annual interest required.

17. ExampLE I11.—An advance of £1,000 is to be made
to yield the lender an effective rate of interest of 59, per
annum. Calculate the equal annual instalment of principal
and interest which will be required to repay the loan in
ten years, on the assumption that capital repayments will
be reinvested at 3%, per annum with yearly rests.

1
The annual instalment for a loan of 1 will be = + 3,
1 g
where — s based on 39, interest, and + = -05.

”

That is: 11-4639

Therefore, the annual instalment to repay £1,000
= 137-231.

18. ExamriE IV —If in Example III we had been told
that the annual instalment was -137231 per unit of capital,
and that capital repayments were to be invested on the
basis of 3% interest, we could have determined the yield
to the lender as follows—

+- 05§ = -087231 + -05 = -137231.

1
It is clear that % + 1 = 137231
)

Tiaeae T 1= 18781

1= 05
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19. If a schedule be required on the lines of article 10,
it would first be calculated on the basis of 39, (i.e. the rate
of reinvestment), and the amounts in the interest column
increased by the additional interest (i.e. in this case 29,
on the original capital).

REDEEMABLE SECURITIES

20. When capital is raised by means of a Redeemable
Security it is provided that interest be paid for a stated
number of years and that the capital be then repaid.
Sometimes the repayment of the capital is at the option
of the issuers, they retaining the right to continue to pay
interest instead of repaying the capital. If the market
price of a security redeemable at the option of the issuers
is less than the redemption price it is to be assumed that
the issuers will cancel their stock by buying it in the open-
market rather than pay the higher price. In such cir-
cumstances, thercfore, it will not be treated as redeemable
for the purposes of valuation.

21. If a security redeemable for cerfain at the end of
n years, and paying a dividend in the meantime at rate
g per unit of nominal capital per annum, be bought to
yield the effective rate #, the price paid must be x, where

X = v+ gan . . . . (9)

22. Formula (9) expresses the fact that the value of the
security is the present value of the dividend payments plus
the present value of the capital payment, both present
values being calculated at the rate of interest it is desired
to secure on the investment.

ExamMpLE V.—Find the value to yield an effective
rate of 59, of a security redeemable at par in 10 years
time and paying an annual dividend of 79%,.
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Assuming that the first dividend is due inone year’s
time the value may be written—
1004 4 7 am
Inserting the values of the functions at §%,, we have
61-391 4 54-0519
= 115-4429.

23. In Example V it is evident that if the purchaser
used the full dividend of 79, each year he would find
himself at the end of the 10 years with a capital of 100,
instead of 115-4429. This could be allowed for by crediting
himself each year with 5%, on his invested capital only
(i.e. 5-77215), and accumulating the balance of the dividend
at 5%, interest to the end of the 10 years, when it would
amount to 15-4429 and, with the 100 repaid, replace his
capital in full. The balance of the dividend will be
7 ~ 577215 = 1-22785, and we therefore have—

1:22785 X s = 154429

24. It is not always possible in practice to reinvest the
balance of the dividend at the same rate of interest as
that yielded by the security. We may therefore consider
Example V on the assumption that the excess of the
dividend over the yield can only be invested at the effective
rate of 3%, per annum.

ExAMPLE VI.—Let x = the price to be paid per unit
so that the investment may still yield §9%,.

x -1

Then a sinking fund of - per annum calculated at

3% must be set up to replace. that part of the capital in
excess of the redemption price of 1. The purchaser will
now receive back his full outlay at the end of the term,
and in the meantime he will receive an annuity of the
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dividend less the outlay for the sinking fund. The formula
for the value of the security to yield 5%, therefore becomes

”n

x = xv* -F(g—x_l)a" (10)
b = ") . . .

where v* and a;) are calculated at the rate of interest
to be realized and s;7 at the rate of interest at which
the sinking fund can be accumulated.

Inserting the values for the example in question, we have

x
= -61391 07 - -—+= | 7
¥ ¥t ( 7 11-4639) 77217
= ‘61391x 4 -540519 - 67356 (x - 1)
*. 1-058965x = 1-214079
% = 1-14574.

The accuracy of this result can be proved by first
calculating the sinking fund, namely,
-14574 -14574

Deducting this from the dividend of 07, we get -05728,
which is exactly 59, on the outlay of 1-14574.

25. If in the last example the redemption price had
been higher than the purchase price the annual dividend
would have been increased by the sinking fund payment
instead of decreased. This could be effected in practice
by writing up the value of the security in the books.

26. The problems connected with redeemable securities
are many and various, but it will be found that in every
case they depend on the application of the principles
described in the last few articles. ‘
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27. No satisfactory formula has yet been devised for
finding the yield on a redeemable security, and it is
necessary to proceed by trial and interpolation.

ExaMpLE VII.—A security of the nominal amount of
£100 redeemable at the end of ten years at 105 is purchased
for 98. If dividends are paid at the nominal rate of 69,
per annum with half-yearly rests, what is the yield on the
investment ?

Forming an equation of value, we have—

98 = 3az) + 105 v

and the rate of interest which establishes this equality is
the rate of interest required.

Clearly the yield lies between 3%, and 49%, per half-ycar,
and valuing on these two bases with the aid of Tables I1I
and IV, we have—

Value at 3%, = 3 x 14-8775 - 105 X -55368 = 44-6325
+ 58-136.

Value at 49, = 3 x 13-5903 + 105 x -45639 = 40-7709
+ 47-921.

Value at 39, = 102-7685
Value at 49, = 88:6919
Difference = 14-0766
and the difference between the value at 39, and the 98
at which we are aiming is 4-7685.

*. by simple proportion the excess of the yield over
3% will be—
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o. The yield is a nominal rate of 2 X (3 + -3388) =
6-6776 convertible half-yearly.

To test the accuracy of the result, we will calculate the
value of 3az5 + 1050°° at 3-3388%,.

v = 1-033388 - 20 and log 1-033 = -0140
c. = 20 log 1033 = - -2800
Antilog = -5248 = %
1 - -5248 -4752
0= 033388 T 03339
log -4752 = 1-6769
log -03339 = 2-5236

1-1533
Antilog = 14:23 = ag
We .'. have—
3 x 1423 4 105 x -5248
= 42:69 4 55-104
== 97.794.

The result is remarkably close to the value of 98 required.
If it were thought necessary to obtain an even closer
result, this could be obtained by interpolating between
the values at 3%, and at 3-33889, respectively in the same
way as was done between the values at 39, and 49%,.

28. The method described in the previous paragraph
produces the yield to a purchaser on the assumption that
it is possible to invest the sums required to write up or
write down the security to its redemption value at the
rate of interest which is yielded by the investment. This
is a reasonable assumption, as presumably the yield is that
obtainable on the market on similar securities. There may
be circumstances, however, in which the assumption is not
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reasonable, or in which it is inapplicable to the conditions
available to a particular investor.

29. For instance, an investor who bought but £100 of
nominal stock at a premium would find it difficult to
invest the small annual amounts required for the sinking
fund at the same rate as is yielded by his investment,
but could quite well place those amounts in the Post Office
Savings Bank at 21%,. On the other hand, a large investor,
such as a life assurance office, might consider it preferable
to assume that the sinking fund was invested at the aver-
age rate yielded by its assets, rather than at the rate
yielded by the particular transaction.

30. It will be observed that these considerations lead to
the use of a pre-determined rate of interest for the sinking
fund and this is convenient, since once the periodical charge
for the sinking fund is known, the whole difficulty of
determining the yield disappears.

ExaMpLE VIII.—A security of the nominal amount of
£100 redeemable at par at the end of 15 years is purchased
for £110. If dividends are payable at 4% per annum with
yearly rests, the first being due in one year’s time, what
is the yicld on the transaction, on the assumption that the
premium of £10 is replaced by a sinking fund calculated

at 39,?
The annual dividend will be . . . . 4:0000
The annual charge for the sinking fund will be—
10 at 3% = 1o = -5377
ST3| ’ 18-:5989

*. The net return on the purchase money of £110
w1ll be the difference — . . . 34623

The yield 9, is thus 3-148 or nearly £3 3s.
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31. This method may be used 4o find the approximate
yield on a redeemable security, provided the market yield
on similar securities is known.

ExampLE IX.—Calculate the approximate yield in the
case of the purchase detailed in Example VII, on the
assumption that the market yield on similar securities is
about 6}%, per annum convertible half-yearly.

The half-yearly dividend will be . . . 3-:0000
The half-yearly charge for sinking fund will be—

7 7
~ at 339, = = 2
s 2t % = rsea >0

.. The net return on the purchase money of £98
will be the sum = . . . . . 32540

The yield %, is thus 3-320 per half-year, comparing with
the true half-yearly yield of 3-3388. This is quite a good
approximation considering that the sinking fund is worked
at 649, instead of at the correct rate of 6-67769%,.

EFFECT OF INCOME TaAXx

32. The effect of Income Tax is nowadays a matter of
considerable importance in connection with Compound
Interest problems. Each case requires separate considera-
tion, but a few examples will serve to show the general
principles on which to proceed.

33. ExampLE VIII.—A man is in receipt of a gross
income of £100 per annum payable half-yearly, the first
payment being due at once. He decides to invest each
payment as it falls due to yield a gross rate of interest of
5% per annum with half-yearly rests. Assuming that



SINKING FUNDS 65

income tax is deducted from each payment at the rate of
6s. in the pound, calculate the amount of his savings in
20 years.

In the first place it is evident that the income may be
regarded as £50 per half-year less £15 tax, or £35 net.

In the second place, although payments are to be invested
at £2 10s. 9, interest per half year, when tax is deducted
the net yield will be £2 10s. less 15s. = £1 15s.

Remembering that the first payment is due at once, the
accumulated amount of the savings by the end of the 40
half years will therefore be—

35 (sz71 — 1) on the basis of an effective rate of interest
of 1-759%,.

1-017541 - 1
0175
2049 - 1

0175

1-049

0175

= 5994
35 (s — 1) = 35 X 5894
= 20629

Now Sm ==

34. ExamMPLE IX.—A leaseholder raises a mortgage of
£750 on his house, it being arranged that he shall pay
5%, gross interest on the first £500 of his mortgage and
69, gross interest on the excess. Repayment is to be
made by means of equal half-yearly instalments of prin-
cipal and interest. Determine how long it will take him
to repay the mortgage, on the assumption that the half-
yearly payment is £30 after deduction of income tax at
6s. in the pound.
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In order to understand this problem it is first necessary
to consider how it is intended to deal with the half-yearly
payment from the income tax point of view. The payment
at the end of the first half-year is typical and will b
calculated as follows—

Interest at 249, on £500 . . . £12 10 -
Interest at 39, on £250 . . . 710 -
Total . . . . .20 - -

Less tax at 6s. in the £ . 6 - -
Net . . . .14 - -
Repayment of Capital . . . 16 - -

Half-yearly Payment . . S

B

It will be observed that the repayment of capital is
arrived at by deducting the net interest from the net £30
to be paid.

It is clear that the mortgagor will not start repaying
the £500 at 59, until he has repaid the whole of the first
£250 of the mortgage. The first problem, therefore, is to
determine how long this will take.

The first £500 costs £12 10s. less tax £3 15s., or £8 15s.
net per half-year. This leaves £30 less £8 15s. = £21 5s.
available for the service of the remaining £250, on which
the net half-yearly interest is £3 — 18s or £2 2s. 9%,.
Equating the capital with the present value of the
instalments, we have—

219,

21-25 a— = 250
Soay = 118
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By reference to Archer’s Tables, we see that both at
29% and at 249, the value of a,,; is about 12, from which
it is clear that in abount 14 half-years, or 7 ycars, this part
of the loan will be repaid. If, however, greater accuracy
be requircd, we may proceed as follows—

af = 12:00 and ol = 12:11.
Differencc = -11 produced by a differcnce of -125 in
the rate of interest.
. a difference of ‘025 in the intercst makes a difference
of } X ‘11 = -02in the value. Thatis, a7} = 12:02.
Also ag‘!—;/‘i = 11-26 and af;ﬁ = 11-35.
Difference = -09 produced by a difference of 125 in
the rate of interest.
.. a difference of ‘025 in the interest makes a difference

of } x ‘09 = -02in the value. That is, a?,;—l;/j‘ = ]11-28,

b - a' = 1202 - 11498 = 74,

A difference of ‘74 is produced by a reduction in the
term of 1.
. a difference (12-02 - 11-8) is produced by a reduc-

22
tion in the term of — = 3.
74

s. Term = 14 - -3 = 137 half-years.
= 6-85 years.

Repayment of remaining £500.

An annuity for 137 half-years means a payment of
1 at the end of each half-year for 13 half-years, with a final
payment of -7 at the end of the 14th half-year. There will,
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therefore, be a balance of -3 x 21-25 = 6-375 available
from the 14th payment to be used in reduction of the
debt of £500, leaving 500 - 6-375 = 493-625 still to be
repaid. For this purpose the whole sum of £30 per half-
year will be available and interest will be at the net rate
of £2 10s. less 15s. = £1 15s. %. Equaling the debt with
the present value of the payments, we have—

30 ay) = 493-625
VI 16-454

n |

Tables are available in “ Archer ”’ at 1§9,, and we have—
akl = 1605
13/,
Difference -7
A difference of -7 is produced by an increase in the term
of 1.
». a difference (16-454 - 16-05) is produced by an

404
increase in the term of 7 = -58.

. Term is 19 + -58 = 19-58 half-years or 9:79 years.

.. The Total Loan will be repaid in 7 +.9:79 = 1679
years.

35. ExaMPLE X.—Required to find the value of a
debenture for £100 redeemable in 25 years at par, to yield
a gross rate of interest of £8 11s. 6d. 9, convertible half-
yearly, income tax being deducted from the dividends
at 6s. in the pound and dividends being payable half-yearly
at the rate of 69, per annum.

Deducting 6s. in the pound from the gross yield of
£8 11s. 6d. 9%, we get 6%, or 3% per half-year; also the
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half-yearly dividend of £3 less 18s. tax leaves a net
dividend of £2 2s. We therefore have— ‘
Value = 100 #%° 4 2:1 agz), both functions being
calculated at 39%,.
Using Tables III and 1V, the value becomes—
100 x -22811 + 21 x 25-7298
22-811 - 54-03258
76-84358
£76 16s. 11d. to next higher penny.

I

I



CHAPTER 1V
THE CONSTRUCTION OF COMPOUND INTEREST TABLES

1. TaBLES of compound interest functions could be cal-
culated by the use of the formulae given in previous
chapters. It would, however, be laborious to calculate
each individual value separately, and a better method is
to start with a convenicent initial value and calculate
subsequent values from it by means of a working formula.
It is also useful to have a check formula to provide an
independent check on the whole work when completed.

2. To construct a table of (1 + #)* for all values of »
from 1 to n. Each value may be obtained from the
previous one by multiplying by (1 + #), and we therefore
have as a working formula—

A+i9gr=0104) 1 x (1 +19) . . (1

If the value of ¢ is such that multiplication by it can be
effected at sight, formula (1) is very convenicnt.

ExaMpLE I.—=Construct a table of \t + )* at 79, for
all values of # from 1 to 10 correct to the nearest fourth
place of decimals.

n (1 49" i(l 49"
(1 (2) (3

1 | 1070000 -074900
2 1-144900 -080143
3 . 1225043 -085753
4 1-310796 -091756
5 ©  1-402552 -098179
6 | 1500731 -105051
7 | 1605782 -112405
8 | 1718187 -120273
9 1838460 -128692
10 1-967152 —_

|
|
!
|

70
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The initial value will be 1-07 and the work will be
confined to that shown in Example I. It will be well to
work to the nearest sixth place of decimals in order to be
sure of the accuracy of the fourth place.

The above work is done in steps. The initial value
having been inserted in column (2), the value in column (3)
is calculated by multiplying column (2) by ‘07. The value
for n = 2 in column (2) is then obtained by adding together
the values in columns (2) and (3) for n = 1. We thus
obtain (1 + ¢) + ¢ (1 + ¢) = (1 + )%, which is the value
required, and so on. The work could, of course, be done
in one column by the use of a multiplying machine.

3. We now have to consider a check formula. The
successive values inserted in column (2) are (1 + §), (1 + )3,
(T 4+9..... (1 + #)'°, and if we add these together
we get (1 + 1) si5), which is 14783599 as calculated by
the usual formula from first principles. This, then, is the
total to which column (2) should add up. It actually
adds up, however, to 14-783603, which is a sufficiently
good check for the purpose. This method of checking
all the values in the column by casting should be carefully
noted.

4. If the value of ¢+ did not lend itself to mental mul-
tiplication and a multiplying machine were not available,
we could proceed by the use of logarithms. From formula
(1) we have—

log(1 +4)r=1log(1 +#" " 14+1log(l +13) . (2

Starting with log (1 + #), by the continuous addition
of the constant log (1 + 4), we obtain the successive values
of log (1 + ).

5. The easiest method of effecting the constant addition
is to write the value of log (1 + %) at the bottom of a card.
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By placing the card so that the figures of log (1 4 ¢) are
immediately above the particular value to which they are
to be added, the addition can be conveniently effected.
The card is then moved down one space and log (1 + %)
added to the next value and so on.

6. The work would be arranged as follows—

antilog col. (2)

n log (l + i)” —_ (l + i)”
0 @) )
1 -029384 1-070000
g 058768 1-144900

-088152 1-225044

The value of log 1-07 to seven places of decimals is
-0293838, so that by calling it -029384 we shall, after five
successive additions, have added 1 too many in the sixth
place. Observing this at the outset, it will be well to
adjust every fifth result in column (2) by deducting the 1,
in order to avoid an accumulated error which, in a long
table, might become considerable. As after two addi-
tions the error will be 6 in the seventh place, it will be best
to deduct 1 from the third result and from every fifth
thereafter, thus preserving the nearest sixth place.

7. The check described in article 3 can be applied to
column (3) of the above table. It will be well, however,
in order to avoid carrying on an error for any distance, to
effect a periodical check on column (2) as the work proceeds.
This can be effected in two ways. In the first place, we
may insert every tenth value (say) in advance, by inde-
pendent calculation, thus stopping any error from proceed-
ing far. In the second place, we may cast every ten (say)
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values of column (2) and check that the total is equal to
Zn X log (1 + #), where Zn is written for the sum of the
ten values of # in the group.

8. To construct a table of v* for all values of # from
1to n. A convenient formula suggests itself, namely—

nel=yn x (1 414) . . . . (3)

When using this formula the initial value is calculated
from first principles and is v*, where # is the longest term
to be included in the table. The arrangement and the
work are identical with that shown in the example of
article 2, the headings of the columns being #, v#, and
1" respectively.

9. The successive values as calculated will be v#, vn -1
v*-% . . . v, and the present value of this series is a;.
As a check, therefore, the total of the figures calculated
should be compared with the value of a3 as independently
calculated by the usual formula.

10. The method of inserting in advance every tenth
value, independently calculated, might be followed with
advantage. Also, if it be desired to check short sections
of the work, this could be done by casting. For instance,
the sum of the values v* to v*-* inclusive should equal
an - AT )

11. If the value of ¢ be not convenient for multiplication,
and a multiplying machine be not available, we may pro-
ceed by the use of logarithms, using the working formula—

log v =log v*-1 + logv . . . 4

The work would be as described in article 4 for (1 + #)".

12. It would, of course, be equally correct to take the
logarithms of formula (3) and write—

log = -1 = logov* 4 log (1 4+ %) . . ()
In this case, instead of starting with » = 1, we should
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start with # = the longest term required, and work
backwards by adding log (1 4 4). The usual checks
should be applied.

13. To construct a table of s; for all values of » from
1 to n. A suitable working formula is a little less obvious
in this case, but it is very easily found. We have—

ssi=(1 49" A+ 244034 ... 1

— = 4240434 ...1
Lsm - s = (LA

Lsmi=sm 040t . . (6)

14. By the use of formula (6) a complete table of sy
can be calculated. It is only necessary to add to sz
the value of (1 4 #)"-*, and we obtain s;7, and so on.

ExampLE II.—Construct a table of s; at the effective
rate of 2}4%, for all values of # from 11 to 20 inclusive,
to the nearest first place of decimals. It is to be assumed

that we have already calculated a complete set of values
of (1 + ), and as these are useful for many purposes

” (1 4 i)

* 31 9 1-249

f 10 1-280
1 12:484 11 1312
12 13-796 12 1-345
13 15-141 13 1-379
14 16-520 14 1413
15 17-933 15 1-448
16 19-381 16 1-485
17 20-866 17 1.52°
18 22-388 18 1-560
19 23-948 19 1-599
20 25-547 20 1:639

21 | 1-680
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when tables are under construction, it is convenient to
have them tabulated on a separate slip of paper which
can be fastened by weights in the required position for
any particular calculation. The schedule on page 74
illustrates the process.

15. Having fastened the table of (1 + )" in the right
position, the initial value, sij), is then calculated by the
usual formula and inserted in the table. To this the
value of (1 4 )" on the same line is added mentally and
the result inserted as sj3), and so on. The work is done
to three places of decimals to ensure the first place being
accurate. The insertion of every tenth value in advance
obtained by independent calculation is desirable when
constructing a long table, in order to avoid the carrying
forward of an error, and the whole column should be
checked by casting.

16. The cast of a complete column of s3 for all values
of n from 1 to n gives—

s+ syt sy + 3
1 —1 1 )2 -1 1 LI |
I R Nt N (R )
1 1 1
1
= §(1+i)-}-(1+1)2+ ..... (1+i)"—n§

1
==-;,-<S;—_+_—n—l—'n)

n=n 1
sy = 7 isﬁ-ﬂ - (n + ])} . . . (7
where X means the sum for all values from 1 to n
o=
inclusive.

17. In Example II a complete set of values starting at
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n = 1 has not been obtained. We therefore modify
formula (7) as follows—
sm+sm - + S5
1
= i—f(l O (R +(1 +i)'~'°-10}

1
== g&m = Si) - 10}

The cast of the s;} column comes to 188-004, and the
tesult by the above formula is 187-992 or -012 less. This
error is due to (1 + ¢)* having been taken to the nearest
third place of decimals which, as it happened, amounted to
taking the next higher figure ncarly all throvgh the column.
The check, however, is a good one, since it proves the
calculations to be accurate to the first place of decimals,
which is all that is required.

18. When a prepared table of (1 + ¢)* is not available
it is usually more convenient to proceed by another method.

We know that (1 4 1) s;;1 = s;57 — 1 (see formula (21)
of Chapter II).

'.S,T;j]=(1+i)s;‘]+l . . . (8

ExaMPLE III.—Construct a table of s;7 at the effective
rate of 3%, for all values of # from 1 to 10 inclusive, to the
nearest second place of decimals.

” s:] s SI]

(D (2) (3)
1 1-:0000 <0300
2 2:0300 -0609
3 3-:0909 <0927
4 4-1836 <1255
S 5:3091 -1593
6 6-4684 -1941
7 7-6625 -2299
8 8-8924 -2668
9 10-1592 -3048

10 11-4640 —_—
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19. Having inserted the initial value for » = 1, the
corresponding value # s is mentally calculated (or a
machine may be used where necessary) and inserted in
column (3). The figures in columns (2) and (3) are then
mentally added and the result plus one inserted on the
next line in column (2), and so on. The usual check values
should be inserted in advance. As a final check we have
the cast of column (2) as 60-2601, which should be equal
to -(% (sif) = 11) by formula (7). The actual figure is
60-26, which exactly agrees to two places of decimals.

20. To construct a table of a3 for all values of » from
1to n.

We have a;p = v 424 . . . .. v 1 ogm
and ) = v+v2+ ..... on -1
. a,:] _ am = "
and a; = @) + V" N C)

n T kd

" 3 49 1463
50 -1407

50 21-4822 51 .1353

51 21-6175 52 -1301

52 21-7476 53 1251

53 21-8727 54 1203

54 21-9930 55 1157

55 22-1087 56 ‘1112

56 22-2199 57 1069

57 22-3268 58 1028

58 22-42968 59 .0989

59 22-5285 60 0951

60 22-6236 61 0914
62 0879
63 -0845
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21. The application of this formula is similar in all
details with that of formula (6).

ExampLE IV.—Construct a table of a at the effective
rate of 49, for all values of # from 50 to 60 to the nearest
second place of decimals. (See table on page 77.)

22. The initial value ag is of course calculated by the
usual formula. It should be noted that the movable slip
is placed so that v is in a line with ag; in accordance
with the requirements of formula (9).

23. In the case of a complete table of a5y, we have

z a; = a1 +a2—| ..... an
= %(n-(v-{—v’.—i— v"))
Ea;]—-:;-(n—aﬂ) . . . . (10)

24. In Example IV the cast of the column a5 should
equal ag +az) + . - ... a%)

1
= T (ll - ag) +a4—9])
11 - 226235 + 21-3415
04

9-7180

= 242.95.

The actual cast of the column amounts to 242-9501.
25. If a prepared table of v* be not available, a more
convenient formula than number (9) can be devised. We

have— a;y=v+vt+4 .. ... + o
.'.(l+i)a;]-.=l+v+_,_,+vn-1
= 1+ a7

a;51 =:141)a; -1 . . . (11)
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26. The application of formula (11) is very similar to
that of formula (8), except that as we are obtaining a;
from a7) we must clearly start with the longest term
required and work backwards to the shortest.

ExaMprLE V.—Construct a table of a; at the effective
rate of 239, for all values of #n from 1 to 10 inclusive, to
the nearest third place of decimals.

n Ll tay

(1) (2) ! 3)

10 875206 | -21880
9 7-97086 . -19927
8 7-17013 | -17925
7 6-34938 | 15873
6 5-50811 ; -13770
5 4-64581 -11615
4 376196 -09405
3 2-85601 -07140
2 1-92741 -04819
1 -97560

!

27. The initial value ag) having been calculated and
inserted in column (2), the first value in column (3) is
obtained by dividing one-tenth of the initial value by 4
(i.e. to obtain 234%,). The second value in column (2) is
then obtained by mentally adding agp to ¢ ap and
deducting 1.

1
28. The cast of column (2) should = 0% (10 - agg)) (see

formula (10)). This equals 49-9174468 (taking ag to
eight decimals), and the actual cast is 49-91733.

1 1
29. Tables of — and — may be calculated by taking
S 4w
the reciprocals of previously prepared tables of s and
a;) by the use of a table of reciprocals.

30. As an alternative, tables of these functions may be
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constructed by means of logarithms. The following
example illustrates the method and at the same time shows
how to construct a table of 55 by means of logarithms.

ExampLE VI.—Construct a table of—: at 5%, interest,
wl
to the nearest third place of decimals.
Working formula : log s7) + log (1 + 1) = log
(s737 - 1) . . . see formula (8).

log 105 = 02119

Antilog (3); - Col. (2) ;
+1 = log Antilog (15)

(2) + log
1-05

= §

Lo
n g s;"l = sm] s;] -1 _”_]
(1) 2 3 “) (5 (6)
1 00000 ‘02119 2-05000 _*00000 | - 1-00000
2 31175 33294 3-15248 1-68825 48781

3 -49865 51984 4-31009 1-50135 31721

31. Having inserted the initial value in column (2),
this is added to log 1-05 and the result inserted in column (3).
The antilogarithm plus 1 is inserted in column (4), the
first value being sz7. The logarithm of this value is
inserted against # = 2 in column (2) and so the work
proceeds. The usual checks should be applied, including
the insertion of every 10th value in advance. Column (5)
is completed by taking the values in column (2) negatively,
so as to obtain - log s37 and column (6) is the antilog
of column (5). The final column could be checked by
reciprocation and subsequent addition.

32. In the Appendix will be found a set of compound
interest tables based on 69, interest, showing the whole
construction, which is fully explained. This should be
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carefully followed. The student should also construct
several tables for himself.

33. For purposes of reference, a list of important
existing interest tables is given below—

Ligur.-CoL. W. H. OakEs: ‘‘ Loans Payable by Drawings and
Debenture Interest Tables.”

Here are to be found to three places of decimals the half-yearly
rate of interest realized on a debenture bearing interest at 3 to 99%,
per annum payable half-yearly, to be redeemed at par in any
number of half-years from 1 to 60, and bought at a discount of
from 1 to 30 per cent.

Lieur.-CoL. W. H. Oakes: ' Tables of Compound Interest.”

The values of (1 + )" v", s and a7 are given to five places,
for all values of » from 1 to 100, at $9% to 109, proceeding by
intervals of }9%,.

T. K. StuBBINS : ‘‘ Annuity Tables for Building Societies and
General Use.”

Tour places of decimals are shown, and the present values of
annuities of 1 per month, quarter, or half-year, payable monthly,
quarterly, or half-yearly, are given at rates of interest from 3% to
89%,, with intervals of }9,, and convertible with corresponding
frequency. In the monthly table n is given up to 300, in the
quarterly to 200, and in the half-yearly to 100.

Lieur.-CorL. W. H. Oakes: ‘‘ Tables for finding the Half-yearly

. Rate of Interest from 1}9, upwards, realized on Stock or Bonds,

bearing 1§, 14, 2, 2}, 24, 24, and 3 per cent. Half-yearly Interest,

issued at any premium and redeemable at par in any number of
half-years not exceeding 60.”

J. A. ArRcHER: ‘' Tables for the Repayment of Loans.”

These tables give (a) the values of -;—_ for all values of #» {rom

”
1 to 60 at rates of interest proceeding by } from 2 to 5 per cent.;
(b) the values of % for even values of #n from 2 to 120 at rates

”
of interest proceeding by 1% from 1 to 2} per cent.; (c) the values
of s for all values of # from 1 to 60 at rates proceeding by } from
2 to 3} per cent., also at 4 and 5 per cent.; (d) the values of § s34
for even values of # from 1 to 120 at rates of interest proceeding
by $ from 1 to 1} per cent., also at 2 and 2} per cent. All the



82 THE ELEMENTS OF ACTUARIAL SCIENCE

results are given to seven places of decimals and also for (a) and
() in money to the nearest farthing per cent.

S. Spitzer: ‘‘ Tabellen fir die Zinses-Zinsen und Renten-
Rechnung.”

These tables give (a) the values of (1 + #)", ", SaFT T 1, am
and%_ for all values of n from 1 to 100, at rates of interest pro-

”n
ceeding by § and § from 0 to 6 per cent., and thence by } and }
to 10 per cent., also at 3}} per cent. (being 4 on 105), and at the
rates of interest corresponding to the various rates of discount ;

(b) the values of _-- at rates of interest corresponding to the

1 + a5 7]
above rates of discount, with the addition of 49. Eight places
of decimals are given.

D. M’Kie: ‘“ Tables of Compound Interest and Annuities.”

Forty-eight rates commencing at 9% and proceeding by
intervals of ;9% for from 1 to 120 periods, and carried to nine
decimal places.

Inwood’s Tables of Interest and Mortality for the purchasing of
Estates and Valuation of Propertics including logarithms of natural
numbers, and logarithmic interest and annuity tables. 32nd Edition,
1928.

Included in a wide range of interest and mortality functions are
the amounts and present values of one pound and one pound per
annum for periods from 1 to 100 and rates of interest proceeding
by 1% intervals from 19, to 5%, by 4%, intervals from 59, to 109,
and by 1% intervals from 10% to 159%.

Also ) is given for the same periods at rates proceeding by
”
1% from 1% to 439, by 1% from 5%, to 8% and at 10%,.
Nominal and effective rates of interest are included for a range

varying from 19§ to 1009, intcrest and values of ’L for from 19,
(m)
to 109%,.



CHAPTER V
THE MORTALITY TABLE

[A BRIEF note on Probabilities appears at the end of the chapter,
for the benefit of those unfamiliar with the theory. This should be
read first.]

1. THE mortality table is the means by which are calculated
the probabilities of life and of death.

ELEMENTARY FUNCTIONS

2. If it were possible to trace the lives of a large number
of persons from birth to death and to record the number
of survivors on each birthday, we should obtain a column
of figures similar to that headed /, in the mortality table
at the end of this volume (see Table V).

3. It should be noted that by this method of constructing
a mortality table (or life table,-as it is sometimes called)
we obtain the numbers, out of a given number born, who
attain each exact age until all have died. The number
living at the exact age x is written /,.

4. The difference between the number living at the
exact age x and the number living at the exact age x 4 1
represents the deaths which have occurred between the
exact ages x and x + 1. These deaths are written d,,
so that

dy = I, -1, 44 . . . . (1)

5. It will be observed that whereas [, is the number
living at the exact age x, d, is not the number dying at the
exact age x, but the number dying between the exact
ages of x and x + 1. The persons included in /., are,
therefore, all aged exactly x, whereas the persons included
in d, are of varying ages from x to x + 1.

6. If we assume that the deaths are spread evenly over

83
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the year of age, it follows that on the average the deaths
aged x last birthday (i.e. d,) occur at age x + }. This
assumption, though convenient, is not absolutely accurate,
especially at the older ages, where the rate of mortality is
increasing rapidly.

7. If we assume that births are spread evenly throughout
each year the population aged between x and » + 1 will,
on the average, be aged exactly x + 3. The population
aged x last birthday is written L, to distinguish it from
l,, the number living at exact age x. We may therefore
write, approximately,

Ly = I, . . . . . (2

8. Therate of mortality at age x is the ratio of the number
dying between the ages of x and x 4 1 to the number living
at exact age x. In other words, the rate of mortality at
age x is the probability that a person aged exactly x will
die within one year.

9. If we write ¢, for the rate of mortality at age x,
we have

d
gz = l—’ . . . . . . (3
@

10. This probability may be obtained very simply as
follows—

Amongst /, persons aged exactly x the deaths within
one year will be d,.

.. The average number of deaths per person at risk

dy : . o
within one year will be i This average is the probability
requred *

11. The probability that a person aged exactly x will

. . by
live one year is, from the same reasoning, z ] !,
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If, therefore, we write this probability as p,, we have

Ly +
p,:’T-‘ N O]
12. A life must either survive the year or die within it.
Therefore, the sum of the probabilities of death and of
survivance must together make certainty, which is, of
course, unity. In symbols—

P2+ 3. =1 . . . . - (5)

13. Oat of the /, people who attain the exact age x, the
number of survivors at age x + #nisl, 4 ,. If, therefore,
we write ,p, for the probability of a life aged x surviving
n years, we have

!
N ()

x

14. On the lines of article 12, and writing |,q, for the
probability of a life aged x dying within n years, we have

l:c_l: n »
Inqz =1- ,p, = ——l—i‘ . . . (7)

15. Formula (7) is also obtained by considering that out
of the [, persons alive at exact age x there willbel, - I, 4 ,

who die within # years, whence the probability of any given
la: - lz + n

life dying within » years is
z

16. We have scen that, given a complete column of /,,
we can calculate therefrom 4, ¢, and other functions.
In practice, however, the column /. is not that normally
obtained from the rough data. For instance, from a
census we obtain the population in groups of ages, but the
lives enumerated in the group x + 1 to x + # are not,
as in the case of the I, column, the survivors of those in
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the group x — #» + 1 to x. The census being taken on a
given date, each group of lives is entirely independent.
Further, the lives enumerated in the groupx + 1tox + n
are not even the survivors of the lives enumerated at a
previous census, owing to the effects of immigration and
emigration.

17. One of the many methods of avoiding these diffi-
culties is, very briefly, to obtain a complete column showing
the population at each age. The deaths per annum are
then obtained from the records of deaths, and the rate of
mortality obtained by means of the formula

= la+id

18. This formula is derived from formulac (2) and (3).
From formula (2) we have L, =/, 4+ ;, where [, ; , is the
number of lives who survive to the exact age x + } out of
l, lives aged exactly x. This number will be the original
l, reduced by one-half a year’s deaths, so that we have

Ly +4 = I, - 3d,
whence L, =1, - }d,
and [, =L, + }d,

By substituting this value for /, in formula (3) we obtain
formula (8).

19. Other methods than the above are frequently used,
but that described will serve to illustrate the essential
difference between the rough data and the mortality table.
This difference lies in the fact that the mortality table
represents a stationary population, whereas this is prac-
tically never found in practice. In the mortality table
there is no cause of exit other than death, whereas in
almost any data on which a mortality table could be based
some other form of exit is to be found. It therefore follows

(8)
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that in the mortality table the numbers living at each age
are the survivors of those at each preceding age, a state of
affairs not commonly found in the data for a mortality
experience.

20. Returning to the construction of the table, we will
assume that a complete table of ¢, has been calculated for
all ages and properly graduated. By graduation we mean
the smoothing of the curve so as to remove irregular-
ities duc to the smallness of the data. As the data are
never infinitely great these irregularities are always to be
found, but the greater the volume of data the smaller the
irregularities.

21. It now remains to choose a suitable radix. The
figures in the /; column have no meaning in themselves, in
that they do not represent any known population. Their
value, however, lies in their relation to one another. It
is therefore of no importance, other than as a convenience,
exactly what figures we use. Having arbitrarily chosen
a certain number of lives as the number alive at a certain
age, the remaining values must be calculated from that
number.  The arbitrary number chosen is called the
radix.

22. In the case of Table V, the radix chosen is 100,000

lives at exact age 10. Now ¢, = zd—m . If, therefore, we
10

multiply /,,, as selected, by g0, as already calculated, we
obtain d,,, which we insert in the d, column parallel to the
I, column. Deducting d,, from /,,, we obtain /;;, which
in its turn is multiplied by ¢,,, thus producing 4;;. By
continuing this process we obtain the remaining values of
I, and d, above age 10.

23. From formula (5) we have p, = 1 - ¢,, by means
of which we can easily fill in all values of p, from p,
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l
upwards. Remembering then that p, = ll“ and that

9

therefore %9 = lo, we arc able to complete the I, column
9

backwards to age 0. The remaining values of d, are then

obtained by subtraction.

24. The symbol I, means, by definition, the number
alive at the exact age o, or, in other words, the number of
births. The column [, in Table V therefore represents
the experience of 127,283 lives born amongst the class
of persons from whom the data were obtained, and after
allowance has been made for disturbance due to migration
and any other factors which may have affected the data
in question.

25. Data for the construction of a mortality table can
be obtained from numberless sources, and each source
usually requires somewhat different treatment of the
rough data according to the circumstances of the case.
The data for the table considered above were obtained from
the experience of assured lives.
lz + n

I,
instructive to obtain this formula in another way.

The probability of a life aged exactly

It is

26. From formula (6) we see that ,p, =

x living 1 year is p,
X + l ” ”» P: + 1

x + 2 ”» »» P; + 3
and so on.

If we multiply together these probabilities we obtain
the probability of a life aged exactly x living n years, i.e.

npa=PaxPn+1xpc+a"- XPs+ n-1
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The accuracy of this can be proved by writing p, in
terms of [, as follows

l.'u+] lz-(—) l;z+3 lz+n l:+n
nbz =

\ —

l: l.r+1 lc+1."11:+n~1 1-

THE EXPECTATION OF LIFE

27. The expectation of life at a given age is the average
after lifetime at that age according to the mortality table
in question. This function does not represent the after
lifetime which a person may expect, but the average after
lifetime of the class of people of whom he forms one.

28. Of I, people alive at the exact age x, there arel, ; ,
who enjoy a complete year’s life in the year of age x to
x + 1. Also there are /, . ; who enjoy a year of life in
the year x 4 1 to x + 2, and so on. The total after life-
time of the /, people is therefore I, + , -+l + 4 + . . .
up to the limiting age in the table (written /), after which
all are dead.

If, therefore, we write ¢, for the expectation of life at
the exact age x, we have

er:l:.’_l_*'lg-;z‘*‘-..lw. . (9)

29. It will be observed that in formula (9) no allowance
is made for the fractional parts of years lived in the year
of death, it having been assumed that each life dies at an
exact age. We have therefore obtained what is called
the curtate expectation of life. If we assume that each
life dies on the average in the middle of the year, we must
add to the numerator of formula (9) half a year for each

7—(B.1753)
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death at each age. The addition per person aged x will
therefore be

% i(lz - l: i l) '+' ([.t i1 "'.[_z“-’-__gli—- . z

L, —— =t

Writing ¢’, for what is known as the complete expectation
of life, we have

=% +e¢, . . : . . (10)
30. If, for purposes of brevity, we write
N;=[1+l+lz+2+...
the last two formulae become

N,
€, = — . . . . . . (11)
la
NI
and ¢, = } + -l—‘ . . . . . (12)

31. When dealing with population statistics it is con-
venient to have a symbol for the total population at age
and all higher ages. We therefore write

T, = X1, . . . . . (13)

It should be particularly noted that the first term in the
series represented by N/ is !, , ,, whereas the first term
in the series represented by T, is L,.

32. It will be useful to consider a few examples of the
application of the principles laid down above, with the
aid of Table V.

ExampLE I.—Given the following data, choose a suitable
radix and calculate as many values of /, and d, as the data
will allow

g0 = 00409 ¢1a = ‘00342
qu = 00370 74 = 00342
Gz = 00347 ¢s = 00365
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If we select 100,000 as the radix at age 10, we have

x l, g %1, =d,

10 100,000 409
11 99,591 368
12 99,223 344
13 98,879 338
14 98,541 337
15 98,204 358
16 97,846

It will be observed that the figures difler slightly from
those in the mortality table. This is due to the fact that
the table was constructed by an entirely different method
from the above.

ExaAMPLE J1.-——What are the probabilities, on the basis
of Table V, of the happening of the following events—

(1) That a man aged 20 will live to be 50.

(2) That a man aged 20 will die in his 50th year.

(3) That a man aged 20 will not live to be 50.

(4) That a man aged 20 will not die in his 50th year.

We have
ly 72795
== e—— = ———— == b .
(1) s0P20 I 36061 7577 (by logs)
That is, the probability is roughly 3 to 1 in his favour.
(2) The number out of /,, starting who die in the year

of age 49 to 50 is
lgg — lso = 73896 - 72795 = 1,101 (i.e. dg)
.. The probability of an individual aged 20 dying in
his 50th year is
1101

——— = 01146
96061
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(3) As a man can only do two things, namely, live to be
50 or not so live, this probability must be 1 minus the
probability calculated in the first section of the question,
namely,

1 - 7577 = -2423

We could, of course, calculate it as follows—
The number who do not live to be 50 is /5 — l;o = 23266
.. the probability that an individuai will not so live is

23266
36081 — -2422.

This differs in the fourth place of decimals owing to the
use of four-figure logarithns.

(4) This is the complement of the probability of section
(2), i.e. 1 - 01146 = -98854.

This could also be obtained in several other ways, such
as adding up all values of d, from x = 20 to the end of the
table, but excluding d,, and dividing the result by /4.
In this connection it is useful to observe that the /4, people
alive at age » must all die by the time the limiting age of
the table is reached. The record of how the deaths occur
is to be found in the d; column. Hence l, =d, + d, 4 ,
+ . . ., avery useful point to remember. In this example
we require dg + dg + . . . (which we will write 2" d,),
less dg.. But

Zd’o - d‘. = lzo -~ d" = %,%l - 1101 = 94,960
94960

= 9885.
lw

required probability is

ExampLE II1.—What is the probability that a life aged
60 will not die between the ages of 70 and 75 ?
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The probability that he will so die is
d70+ d'll o +d'u =l70_l15
leo 100
- 3797;84225602 - ;82:2 — 2104 (by logs)
.. the probability that the life will not so die is
1 - -2104 = -7896.

ExaMpLE IV.—What is the average after lifetime between
the ages of 60 and 70 of lives now aged 30 ?

This may be described as the deferred temporary:
expectation of life and is obtained as follows—

so|w0fs0 is the symbol which expresses the function
required, the g,| meaning that it is deferred for 30 years,
and the |;, expressing that it is limited to 10 years after
the deferred period. We have

e N'gy =Ny

s0/10€30 = =

L5 Lao
783085 — 303504
= = 5
346

(N’, is given in Table VI.)

To this value we must add the adjustment to make the
expectation complete. As the expectation does not cover
the remainder of life, nor begin at once, the adjustment
will not be }, but the method of article 29 will apply.
We have

H (loo = lg1) + (lar = lga) + - - - + (leg = l-m)l

130
(Ye0 = 120 58842 - 37977 20865
b la =4 89685 179370 1163

The complete expectation is, therefore, 5346 + ‘1163

= 5-4623.
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THE CENTRAL DEATH RATE

33. Before closing this chapter it will be well to consider
two other measures of mortality which are in common use
in addition to ¢,.

34. From article 8 we see that g, is based on the number
alive at the exact age x, namely /.. ‘lhis, however, is
not the number who are exposed to a year’s risk between
the ages of x and x + 1, but merely the number who start
the year of age. The number exposed to risk of death
starts at /, and gradually decreases by deaths until it
becomes [, , , by the end of the year. On the average,
therefore, the number exposed to risk throughout the year
of age is [, 4 ,, and the ratio of the deaths to the number
exposed to risk is a mortality rate which is sometimes
useful. This rate is called the central death rate and is
written m,, so that

m, = —— . . . . . (14)

Applying formula (2), this becomes

_/

x
m, = I . . . . . (15)
35. It thus appears that the central death rate is the
rate obtained by dividing the deaths by the population,
and in certain circumstances this is a more convenient
function to calculate than is ¢, As, however, ¢, is
usually required as well, it is important to investigate the
relationship between m, and ¢..
36. On the assumption of a uniform distribution of
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deaths throughout each year of age, we may write [,  ,
=3 (,+ 1, +,). Applying this to formula (14), we have
dt . gdz 2q2
5(11 {'lxil) l.c+11§1 l'{Pt
The last step is obtained by dividing numerator and
denominator by /,. As p, = 1 - ¢, this gives us

m, =

2
my = il L2 . . . . . (16)

37. From formula (16) we have
2m, —q,m, = 2¢,
oG (24 my) = 2m,

2m,,

9. = é;”mz . . . (17)

Tue FORCE OF MORTALITY

38. We have hitherto considered the rate of mortality
and the central death rate, both of which measure mortality
occurring between the ages of x and ¥ + 1. There is,
however, another measure of mortality, known as the
force of mortality, which measures the rate of mortality
per annum at the precise age x.

39. Lives remain only for a moment at the precise age
%, and are then older than x.- With a stationarv popula-
tion, however, such as the /, column of the mortality table,
as /, is constant the numbers who attain the precise age x
each moment must exactly equal the numbers who cease
to be that precise age. The force of mortality at age x
is the rate per annum at which deaths occur amongst this
constantly changing crowd of lives who are constantly aged
precisely x.
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40. The force of mortality is written u, but without
the use of the differential calculus it is not possible to
investigate formulae for its value. It is an important
function in actuarial work, but for the present it will suffice
to give a rough formula which will enable an approximate
value to be calculated from the life table

lz -1 7 lz +1

’lzz —22;————- . . . . (]8)

41. From formula (18) we can obtain an interesting
approximate relationship between u, and m,. We have

_l.’t-l"l.z'-i—l__ (lz'l—l:r) + (ln‘l.’r+1)

#a = a1, = 21,
_ (e, +d)
la
But } (d.., + 4;) is approximately d, .,
d, .
- 2"
:ux lz
If now we put x = x 4+ } we get
d
Bzt = i——’- =m, . . . . (19)
z -+ }

Formula (19) expresses the fact that approximately the
force of mortality at a given age is equal to the central
death rate at an age one half of a year younger.

BRIEF NOTE ON PROBABILITIES

If an event can happen in a ways and fail to happen in
b ways, and each of these ways is equally likely, then the
total number of ways being a + b, the probability of the

event happening is p :_ % and the probability of it failing to
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happen is

oy As the event must either happen or fail

to happen, the total of the probabilities must represent

b
certainty. But the total of the probabilities isZ F = 1,

from which we see that certainty is represented by unity.
It is also to be observed that, having calculated the one
probability, the other may be obtained by subtraction
from unity. In the above illustration, therefore, the pro-

b
bability that the event will not happenis1 - ;——jlﬁ = s

as before. It should be noted, however, that this method
requires care in its general application. There may be
more than two things that can happen, as, for instance,
where the event can partly happen and partly fail. It
is safer, therefore, to observe that if there are 7 things
that can happen and the probabilities of % -1 of them
have been calculated, the nth probability may be obtained
by deducting the total of the calculated probabilities from
unity.

The probability of an event happening may be looked
upon in the light of a sum in proportion. For instance, if
out of a 4+ b ways the event happens in a ways, then out

of 1 way the event will happen in 2 :- 3 ways. Oritmay be

looked upon as an average, the probability of the event
happening being the number of times it happens on the
average per way. By its nature the probability is
fractional. The theory of probability is further developed
in Chapter VI.



CHAPTER VI
JOINT LIFE PROBABILITIES

1. WHEN dealing with probabilities it is important to
remember that all the probabilities connected with an
event must add up to unity, which is certainty.

2. When two events are associated together, it is neces-
sary, in order to obtain the probability of their both
happening, to multiply together the probabilities of each
event happening.

3. As an example of the application of articles 1 and 2,
we will investigate the probabilities applicable to two
lives aged x and y respectively for a period of 1 year. They
are as follows—

(¢) That x and y will both live 1 yea. = p. X Py
(b) That x will live but y will die during the year= p, X ¢,
(c) That y will Jive but x will die during the year= ¢, X p,
(d) That x and y will both die during the year = ¢, X ¢,

These four probabilities represent all that can happen
within one year and should add up to 1. If their values
be set down in terms of /, and /, it will be found that the
total is actually 1

4. The probability that both x and y will survive n
years is

I+ l, +
nPr X nby = zl = ox =L
: by
. . lx +n 9+ n . .
This may be written T * % -7 for convenience in
analysis. T

938
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Another convenient way of writing the expression and one
which is consistent with the general scheme of notation is
"Ly
ley

We may therefore write

__l.r#n:nfin__"[:v 1
npzv Izv va ( )

5. It will be observed that we write I, for [, .x I,
We also write p,, for p, X p,. This is clearly correct
notation, since p,, is the probability that the joint lives
will survive one yecar and p, X p, is the probability that
both x and y will survive one year—and these two
probabilities mean thc same thing.

6. It is important to note, however, that ¢, X ¢, is
not ecqual to ¢,,. ‘The expression ¢, .~ ¢, represents
the probability that both x and y will die within one year,
whereas the expression ¢,, represents the probability that
the joint lives will fail within one year. This latter is a
totally different thing, being, in fact, the probability that
cither or both of the lives will so fail.

7. The probability that x will live » years and y will
not is

nbz X Inqv = e (I - ap)) = aPr — nlay

8. The probability that at least one of any number of
lives will fail within » years is the complement of the
probability that none will fail. In the case of three lives
aged x, y, and z respectively, we express this as follows

Indevs = 1 = nbas
9. The probability that at least one of two lives aged
x and y respectively will live # years is ,p, X |4qy + [nfe
X Py + aPey- This probability is more often expressed
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as the probability that the last survivor of two lives will
live # years and is symbolized ,p;, the bar over the ages
indicating that it is a last survivor and not a joint life
probability.

It will be observed that to obtain this probability we
have to remember—

(a) That when an event happens to ¥, an event must
also happen to y, and that these two events are associated
together, the probabilities therefore being multiplied by
one another.

(b) That more than one set of events can occur, each
set having a separate probability.

(¢) That these sets of events cannot be associated
together, in that, for example, x cannot both live # years
and also die within the # years.

(@) That the total probability 1s the sum of the values
of each set of unassociated probabilities.

It is also to be noted that if we added one more pro
bability, namely, that both x and y will die within 7 years,
we should have included all the sets of events which could
happen, and the total would add up to unity.

Writing the value in terms of $ in the above expression,
we have

up;; = aP (1 - wly) + (1 = ap2) wPy + aley
Sl = et oy APz - . . - (2

This is an important and convenient formula.

10. If we write |.q5 for the probability that neither of
two lives will live # years (or that the survivor of two lives
will die within » years) we have

Wis = 1-wt5 = - -« . (@
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This probability is, of course, the probability that both
x and y will die within » years, therefore

I»qx—y = lnqz X |ndy - . . . - (4)

11. It is interesting to establish the identity of formulae
(3) and (4).

inqin X inqv = (l = nb2) (l - npv)
= 1 ""npx“ nby + abzy = 1 — op35

12. Apart from some of the above probabilities, which
are so common in practice as to be worth remembering,
there are many which occur from time to time and can
be solved on general principles. Each case requires a
little thought to secure that no probabilities in the case
are overlooked.

13. As an example, we will calculate the probability
that a life aged exactly 30 will die in his 60th year, another
life aged exactly 40 being still alive at his death. In
symbols we have

il_i._ (30P4o +3 %) _ ﬁ! (110 +1 d.o)

130 130 60

This consists of the probability of 30 dying between
§9 and 60, multiplied by the probability that 40 will not
die in 30 years, modified as follows. The probability is
not that 40 will be alive at the end of the year of age, but
at the time of the death of x. There is therefore a probability
not allowed for in the expression p,, namely the proba-
bility that 40 will die in the 30th year but after the death
of 30. On the usual assumption that deaths are evenly
distributed throughout the year, there is an even chance
that 30 will die before 40 in that year and that 40 will
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!
die before 30. Therefore we must add % - ;—53 for the
40
probability that 40 will die in his 69th yeuar, but after the

death of 30 in that year.

Evaluating the expression on the basis of Table V,
we have
1682 (37977 by 2388) 1682 39171
89685 \ 82277 82277) 89685 82277
which is the required probability.

= -008928

d

14. It is useful to observe that 1-53 is the probability
30

that 30 will live to be 59, less the probability that he will

live to be 60. That is
dyo

1— = goP30 — 30P30
30



CHAPTER VII
LIFE ANNUITIES AND ASSURANCES

1. A life annuity is a series of periodical payments depend-
ent on the continued existence of a given life or lives.

2. The present value of a sum of 1 due for certain at
the end of n years is v». If, however, the sum is only
payable in the event of a life now aged x being still alive,
we must, to find the present value, multiply the v* by
the probability of its being received, namely ,p,.

3. Writing ,E, for the present value of 1 due at the
end of n years if a life now aged x be still alive we have

wEr = v X P, . . . . . ()

This benefit is known as a ‘“ Pure Endowment.”

4. In the case of a life annuity payable at the end of
each year so long as x» remains alive, we have a series
of Pure Endowments. Writing a, for the present value of
such an annuity, we have

a, = vhp, -+ vip, + V3P + ... . . . (2
) 2 3
— 11.(' -1 + vl: +12 + ‘Ul,,+ 3 + e . (3)

CoMMUTATION COLUMNS

5. To evaluate either formula (2) or (3) we must calculate
every individual term until we reach the end of the table,
when [, ; , = 0. This is rather a lengthy process, and the
work may be greatly reduced by means of an ingenious
device.

103
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6. Multiplying each term of formula /3), both numerator
and denominator, by v*, we have

R Y TP AT Y SR § BN

v* U,

Ay =

If, now, we write D, = v*l,, we have

ac: DT"‘I‘*‘ I)x‘f‘D!“*‘ [)z B BRI . . (4)
x

7. Formula (4) provides a ready means of obtaining the
value of an annuity at any age by means of a previously
prepared column of D,. Such a column, based on 49,
interest, is given in Table VII, the mortality being that of
Table V.

8. The advantage of the use of a function which is
constant for any given value of x, such as D, may be
further developed. It will be seen that the numerator
of the expression for the value of 4,, no matter what the
valueof x, is 2D, 4 ,,where 2D, . , =D, 4 ,+ D, 4 ,

+ .... If we write 2D, ., = N, we have the
convenient expression
N,

a, = — . . . . . . (5

x Dz ( )

9. Having given complete columns of D, and N, for a
given mortality table and rate of interest, we can obtain
a, by a single division. D,, N, and other similar columns
are called ' Commutation Columns."”

10. It will be observed that D, . , is the first term in
the series of which N, is the sum. Some writers, however,
have used the symbol N, as XD,. It is necessary, there-
fore, before using a column of N, with which one is
unfamiliar, to apply a simple test to determine its actual
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meaning. Against the age before the limiting age of the
table we find that D, = N, when N, = XD,, but in the
more usual case, where N, = 2D, ; ,, we find that at the
same age N, = 0. In the case of the more modern tables,
such as the 0¥, a special symbol N, (hollow N,) is used
for 2D,, the old symbol N, retaining the meaning of
ZD, ; . In the following pages N, will be used to
sigmfy ZD:, +1

TEMPORARY AND DEFERRED ANNUITIES

11. Commutation columns provide a ready means of
calculating the values of temporary and deferred annuities.
Writing |,,ax for the value of an immediate annuity payable
annually for » years, if a life aged x shall live so long (tha
is a temporary life annuity), we have

= Nz = Na+ (6)

|t B,

The symbol more commonly used for this benefit is a,;}.
12. If we write ,|a, for a similar life annuity deferred

n years, we have

Na 4 n

5 )

nlaz =

It should be noted that in the case of an immediate
annuity deferred n years the first payment is at the end
of n + 1 years from the outset, that is, n years later than
it would have been had it not been deferred.

13. It is useful to establish the relationship between
the value of a temporary annuity, a life annuity, and a
deferred annuity. Clearly, if we deduct from the present
value of a life annuity the present value of a deferred

8—(B.1759)
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annuity, we obtain the present value of a temporary
annuity. In symbols—
R . . . (8

Formula (8) is sometimes useful in avoiding the calcula-
tion of both the temporary and deferred annuity values.

14. As in the case of annuities-certain, the symbol a, is
used to denote the present value of an annuity due on a life
aged exactly x.

15. For some calculations the value of LN is required
and this is written S, so that

S, = 2N, . . . . . (9)
A column of S, is given in Table VII.

ASSURANCES

16. Let A, be the present value of a sum of 1 payable
at the end of the year of death of a life now aged exactly x.
Of the /, persons now aged x, the deaths in the first year
will be d,. The cost per person of paying 1 for each death

d
amongst /, persons is .’ l-f If this sum is payable at
z

d
the end of the year of death, the present value will be v-l—f .

This result might have been obtained, as in the case of
annuities, by multiplying the sum to be received by the
probability of it being received, and discounting the result
to the present time.

Similarly, in respect of the second year we have the

dq
present value of the cost per person as v? =
We therefore have *
A= Vet Pt vVt

L
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17. If we multiply the numerator and denominator of
formula (10) by v* we get
I R o TS T A R T SRR
N vt L,
Writing C, = v* +!d, we have

— gz +__Cz”+l+cz+2+ coe

4, 5 (1)
18. Writing M, = XC,, formula (11) becomes
4, = M (12)
== p.

By means of preparcd columns of A, and D, the value
of A, can be calculated for any value of x.

19. The value of 2M, is sometimes required and this
is written R,. A column of R, is given in Table VII.

20. It will be observed that A4, is the single premium
for an assurance of 1 payable at the end of the year of
death of x. It is, of course, the net single premium, .ince
it contains no loading for office expenses such as would be
included in the single premium quoted by an assurance
office.

21. The single premium for a temporary assurance for
n years on a life aged x, is written 4} .57, the 1 over the
x signifying that the risk covered is x’s death before # years,
i.e. x dies first. On analogy with this symbol ,E, is some-

times written A,,.-;l], meaning that the risk covered is
that of the term expiring before x's death, i.e. the term

expires first.
22. Using commutation columns, we have
M z ~ M z +
455 = DL . (13)

This function may also be written |,4,
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23. Similarly, the single premium for a deferred assurance
of 1 payable at the end of the year of the death of x is

Mc'+ n
D,

and a deferred temporary assurance

W = (14)

almd, = 550 _—zTnm . . (15)

24. Formula (13) should be carefully distinguished from
that for the single premium for an endowment assurance,
which is symbolized A.,;;. An endowment assurance
provides two distinct benefits, namely (1) a temporary
assurance for # years, (2) a pure endowment payable at the
end of n years if the life survive. The symbol 4.7
may, therefore, be interpreted in the same way as the
symbol A4,,, namely a sum of 1 payable on the failure
of the joint status ,;. In commutation symbols

Ma_l‘fr+n+Dz+n
AC’;]=‘ D

25. A double endowment assurance provides a temporary
assurance of 1 and a pure endowment of 2, so that

Mz_' A'Ix+ n+2Dz+n
D,

(16)

Al-ﬂ -+ uEz =

(17)

CoNVERSION TABLES

26. It is instructive to consider the present value of
1 payable at the end of the year of death of x from a different
point of view. If there be an annuity payable at the end
of each year which x commences and an annuity payable
at the end of each year which he completes, the difference
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will be a sum of 1 payable at the end of the year of his
death. We thus establish a valuable connection between
the present values of annuities and assurances, for

A, =v (1 + a;) - a, . . . . (18)
27. Putting v = 1 - d in equation (18) we get
A, =1-4d (1 + a,) . . . . (19)

which is the most important of many formulae which may
be obtained by algebraical transformation of formula (18).

It is interesting to note that formula (19) may itself be
obtained by general reasoning. If a sum of 1.be payable
at the end of the year of death, it could instead be paid at
once in consideration of the payment of ¢ at the end of
each year up to and inclusive of the year when the capital
sum becomes payable. Now d, payable at the beginning
of each year, is the equivalent of ¢ payable at the end
(see article 15) and 4 (1 + a,) is therefore the present
value of 1 payable at the end of each year which the life
commences. Deducting this value from the capital sum 1,
we obtain the present value of 1 payable at the end of the
year of death.

28. Formula (19) shows that for a given rate of interest
there is a definite relationship between a, and 4., so that
if one be given the other may be obtained. It is not neces-
sary to know the table of mortality on which either is based.
Tables have accordingly. been constructed, similar in
principle to logarithmic tables, with a, for the argument
instead of the natural number and 1 -4 (1 + a,) for
the result instead of the logarithm. A separate table
must be constructed for each rate of interest. These
tables are known as Single Premium Conversion Tables,
and an abbreviated table is given as Table IX. It
should be observed that as the annuity value increases
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the assurance value decreases. Consequently, the differ-
ences tabulated must be deducted and not added as in the
case of logarithms. If the assurance value has been
calculated and the annuity value is required, this may be
obtained by the inverse process as in the case of taking
an antilogarithm.

29. It is important to observe that formula (19) holds
good for all cases where the sum assured is certainly pay-
able one year after the last payment of the annuity. If,
therefore, we enter the table with a,, we obtain 4,,.
Similarly, if we enter the table with a,;—; we obtain
A.5- The annuity is here taken for a term of # - 1
years, since the sum assured will be payable at the end
of the year of death of x or at the end of the #* year.
By taking n — 1 we fulfil the required condition. If we
follow the argument by means of which formula (18) was
obtained, we see why a,,;—) must be used, for

Ady=1-d(l +a,:7) . . . (20

30. It is evident that conversion tables may be used
for annuities certain but not for temporary assurances,
since in the latter case the sum assured is not certainly
payable at all, but only in the event of the death occurring
within a stated period.

31. The present value of the annual premiums payable
under a policy of assurance must equal the single premium.
If, therefore, we write P, as the annual premium for an
assurance of 1 payable at the end of the year of death
of a life now aged x, we have, remembering that premiums
are payable in advance,

P, (1 + a,) = 4,
4,

" P. = -l—‘-;—;; . D . . (21)
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32. In the case of an endowment assurance, we must
remember that if there are n yearly premiums payable
there will be 1 at once and n - 1 others at intervals of
1 year, whence

Py (1 + az57) = A
A —
Py = =l ..
AN (22

33. Another class of policy often met with in practice
is the whole life policy with the premiums limited to ¢
(say) from the outset. Writing P, for the annual premium,
we have

'PI (l + ar‘_—__?]) = /1:
I +a7
34. Formulae (21) to (23) may be expressed in commu-
tation functions as follows

(23)

etttz

N D, D,
M,
VP, = (2
N;r-l
Ne oy - Nejon- M,-M + D, +
Also P.— P | __:4 n'__lz " Mzt T Pzt n
SO gy X D, D,
M,-M,, +D,s,
Py = Fa Ted (25)
Az~1_Nz+ﬂ- 1
N - N M
)2 Tzo1 T Tzt T
and P, X D, D,
M
S P = S . . (26)
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35. From tormula (19) we have
A, =1-d (1 +a,)
P, l4a)=1-d(1+a,
S (Petd) (14a,) =1
1

and P, = -d . . (27)
1+ a,

The formula (P, + d) (1 + a,) = 1 may be established
by general reasoning as follows. An annual premium of
P, payable at the beginning of each year which x com-
mences will provide a sum of 1 payable at the end of the
year of death, and the present value of the payments is
P,(1 + a,). If to this single payment be added the
present value of the interest on the capital sum of 1 up to
the end of the year of death, the total will be equal to the
sum of 1 payable at once. But d (1 + a,) is the present
value of the interest—see article (27)—and the total is
therefore (P, + d) (1 + a,). This leads us to an inter-
pretation of formula (27). A sum of 1 + a, is the equiva-
lent of 1 per annum payable in advance during the lifetime

of x, so that a sum of 1 is the equivalent of similarly

payable. This latter annual payment consists of two
parts, namely, an annual premium to replace the capital
at death, and the annual interest payable in advance until
death. If, therefore, we deduct the annual interest (which
is d when payable in advance), we obtain the annual
1
+ a,

36. Formula (27) has the same properties as formula (19),
and we are therefore able to construct what is calledan

premium, so that P, =



LIFE ANNUITIES AND ASSURANCES 113

Annual Premium Conversion Table, by means of which
we can obtain the annual premium corresponding to a given
annuity value. A separate table must, of course, be pre-
pared for each rate of interest, as in the case of Single
Premium Conversion Tables. An abbreviated table is
given in Table X.

37. 1t should be noted that the Annual Premium Con-
version Table applies in the same cases as the Single
Premium Conversion Table and that where the one does
not apply neither does the other.

38. A few examples of the principles laid down in this
chapter will help to make matters clear.

ExampLE I.—Calculate by means of the commutation
columns in Table VII the present value on the basis of
49, interest of a temporary immediate annuity to a life
now aged 30 payable for 20 years, but deferred 10 years.

e = Ny - Ng _ 259,398 - 52,8507  206,547-3
Wit = D, 27652 T 27852

= 7470 =  Answer.

ExampLE I1.—What is the present value at 49, interest,
and on the basis of the mortality of Table V, of an annuity-
due payable to a life aged 40 for 10 years, if he shall live
so long ?

Ny - Ny _ 276,536 - 133,501 _ 138,035

qW = Tp T T 17138 = 17138

= 8052 = Answer.

ExampLE III,—What is the present value, on the same



114 THE ELEMENTS OF ACTUARIAL SCIENCE

basis, of an annuity-duc deferred 10 years and payable
for the remainder of the life of a person now aged 40 ?

10330 = 349 ~ 8¢ 5] = 16136 — 8052 = 8084 = Answer.
The value of a, is obtained by adding 1 to a as given

in Table VIII. Example II gives the temporary annuity
value.

ExaMpLE IV.—A life aged exactly 33 paying an annual
premium of £1 14s. on a whole life policy effected some
years back desires to commute all future premiums by
payment of a lump sum down. What should he pay on
the basis of 49, interest and the mortality of Table V,
assuming that a premium is now due and unpaid ?

17 (1 + agg) = 17 X 17-612 = 29-9404 = Answer.

ExampPLE V.—Calculate by means of conversion tables
the single and annual premiums for an endowment assur-
ance on a life now aged 20, payable at the end of 30 years
or on previous death, on the basis of 49, interest and the
mortality of Table V.

Nuw - Na

In the first place we require a, ) = 7
20

818,165 - 138,501 _ 679,664

] 43841 = Jagar 1998

Turning to the single premium conversion table, under
49, for a = 1§, we have .1 = -38462,
For difference ‘5 we have a difference in 4 of -01923
" -003 " » » ,» 00012

Total  -01935
. Ay 5 = '38462 - 01935 = -36527
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From the annual premium conversion table we have,
for a = 15, P = -02404.
When a = 15, for a difference of
-5 we have a difference in P of -00189
‘003 ) ) ) ,, 00001

Total -00190

(The difference of 1003 is obtained by shifting the decimal
point for the difference of -3.)

5o Py = 02404 - -00190 = -02214.

To check accuracy of results (on assumption that a,, 3
is correct), we have 02214 x 16503 = -36538, which
differs from A,, 35, by only -00011.

It should be noticed that the differences in the annual
premium table do not depend on the rate of interest, as
in the case of the single premium table. A consideration
of the formulae involved will explain why this is the case.



CHAPTER VIII

(a) SPECIAL ANNUITIES AND ASSURANCES. () POLICY
VALUEBS. (c) SELECT AND OTHER TABLES.
(d) WELL-KNOWN MORTALITY TABLES
[Tue following are brief notes on matters of interest connected

with life contingencies which it is unnecessary for present purposes
to develop more fully.]

(a) Special Annuities and Assurances.

PERIODICAL PAYMENTS

1. WE have hitherto only considered life annuities payable
yearly, but in practice they are often payable more
frequently.

2. The dates at which the payments are to be made are
of importance, not only on account of interest, but also
because the probabilities of survivance are affected. We
can, however, obtain an approximate formula which is
independent of- age, mortality, and interest, and is
sufficiently accurate for most practical purposes.

3. The present value of a yearly annuity on a life aged x,
with the first payment to be made at once, is 1 + a,.

If the first payment is to be made in one year’s time, the
present value is a,. Hence, by proportion, if the first
payment is to be made in i th of a year, the present value
will be a, + m__—l

m

4. In the case of an immediate annuity of 1 per annum
payable m times a year, the present value consists of the

1
sum of the present values of m yearly annuities of p

116
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per annum the respective first payments under which are
1 2
due e etc., of a year hence. If, therefore, we write

a™ for the present value of an immediate annuity of 1
per annum payable m times a year on a life aged x, we
have

5. In the case of periodical premiums, no matter how
often per annum they are payable, it is still a condition
that the present value of future premiums must equal
the present value of the benefit. Writing P™ for the
premium per unit per annum payable m times a year for
a whole life assurance on x, we have

P (L 4 o) = 4,
4,
+ a(:)

A (T) =1 (2)

6. The argument on which formulae (1) and (2) are
based holds good for joint life and last survivor assurances,
and the form of ‘the formulae therefore also holds good.
It does not, however, apply to deferred and temporary

annuities and assurances, for obvious reasons.
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COMPLETE ANNUITIES

7. The life annuities hitherto considered cease with the
payment immediately preceding the date of death. Com-
plete, or apportionable, annuities are, however, common
in practice, and we must investigate a formula to express
their value.

8. Let us first consider the simple case of a yearly annuity
of 1 per annum. Making the usual assumption that the
deaths are evenly distributed throughout the year, and
that therefore, on the average, they all occur in the middle
of the year, it follows that, on the average, the amount
payable at death will be }. If this were payable at the
end of the year of death its present value would be § 4,.
As a matter of fact, however, the amount is payable at
death, which is, on the average, half a year sooner than
the end of the year of death. The value is, therefore,
} A, (1 + 3)b. The expression } (1 + 1)} represents the
amount which, if discounted from the end of the year to
the middle of the year, will provide } at the average date
of death. Writing @, for the prescnt value, we have—

Ge=0a,+ 1A, (1 4+ . . . )

This formula is only approximate, but it will serve for
present purposes.
9. If the annuity be payable 1 times a year the average
1
amount payable at death will be o which, as before,
will be payable, on the average, in the middle of the year
of death. Hence

0 1
am — g™ | 5’;.4, (14 9t . . . . (4
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JOINT LIFE ANNUITIES

10. In the case of several of the older well-known
mortality tables extensive tables of joint life annuity
values have been published dependent on two lives, and
it is convenient to have a rule by means of which annuity
values dependent on three lives may be obtained. If
¥ < y < z, obtain from the joint life tables the value of
a,,. Look for this value in the single life table, thus
obtaining the age w such that a, = a,,. An approximate
value for a,,, can then be obtained by obtaining the value
of a,, from the two-life tables.

11. In the case of the mortality table given in Table V
and of several modern tables based on life office experience,
the rate of mortality has been based on what is known as
‘“ Makeham’s Law ”’ or some modification of it. Briefly,
this means that a mathematical relationship has been
established between the rate of mortality at one age and
that at another.

12. The great property of a table based on Makeham's
law is that it renders unnecessary the tabulation of exten-
sive tables of joint life annuities based on the many com-
binations of two or more lives together which arise in
practice. All that is required is a complete set of functions
based on two, three, four, etc., lives (as the case may be)
of equal ages. Each function may therefore be tabulated
in a single column.

13. Let it be required to find two equal lives aged w
such that all joint mortality functions based on them
will be equal to the same functions based on two unequal
lives aged x and y respectively. For instance, such that

Byw = Ggy.
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Firstly, let p, + p, = 2.

Then the mean value of u, and yu, will be }z.

Find the age w at which x, = }z.

Then w is the age required.

14. As an example of article 13, let us find two equal

ages equivalent to two unequal ages 23 and 37 respectively.
From Table VI we have

M3 = ‘00659
Total = -01560
One-half = 00780

s approximately.

Then ay, . 5, = a,5. 57 and similarly for other functions.

To increase accuracy it is customary to obtain w to
one or more places of decimals.

15. The method above described is based on the Law
of Uniform Seniority, which is only applicable when
Makeham’s law, or some modification of it, has been used
in the construction of the mortality table.

16. Having obtained the annuity value by the above
method, the corresponding single and annual premiums
can be obtained by means of a conversion table.

REVERSIONARY ANNUITIES

17. To obtain the present value of an annuity payable
to x after the death of y, we deduct from the value of a
whole life annuity to x, the value of that part of the
annuity which will not be payable, namely, an annuity
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payable whilst both x and y are alive. Writing the present
value of the benefit a,|,, we have

a. = a,-a, . . . . (5)

(b) Policy Values.

18. The annual premium for an assurance on a life
exceeds that required to cover the risk in the early years
of the assurance. As the mortality increases, however,
the excess becomes less and less until in the later years
of the assurance the premium is insufficient to cover the
risk. It is, therefore, necessary to save up the excess
premium in the early years to meet the excess risk of the
later years. This accumulation of excess premiums is
known as the Policy Value or Reserve.

19. Although we may obtain the policy value by the
accumulation method, allowing for interest and mortality,
it is simpler to look at it prospectively. The present value
of the sum assured less the present value of future premiums
must be the sum held as a reserve against the policy.

20. If we write ,V, as the value of a whole life policy
effected » years ago on a life then aged x, on the supposition
that the (n + 1)® premium is due but unpaid, we have

ﬂVs:=Ax+n'"I)z (1+aa:-f-n) . . (6)

21. Similarly, if we write .V, as the value of a “¢"”
year endowment assurance effected # years ago on a life
then aged x, we have

nV¢ﬂ=Az+ ng-n] ~ P:cT](l +az+ﬂm] . ()

22. As an example, let us calculate the policy value on
a 49, basis in the case of a whole life policy effected
exactly 10 years ago for £100, on a life then aged exactly
30 at an annual premium of £1-662.

9—(B.1753)
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On the basis of Table V, the 49, functions being taken
from Table VIII, the value is
10044 - 1662 (1 + ag)
= 37937 - 1662 x 16-136
= 37937 - 26-82
= 11-117.

23. In the case of a single premium policy, the value
will be the present value of the sum assured, there being
no further premiums payable. This also applies to a limited
payment policy under which all the premiums have been
paid. If, however, a number of premiums still remain to
be paid, the present value of these must clearly be deducted.
As an example, let us calculate the reserve just before
payment of the tenth premium on a whole life policy for
£100, effected on a life aged 30 at entry, the premiums
being limited to 25 in number.

It is first necessary to calculate the net premium per

M
unit. This is ————, which, on the basis of Table VII,
Ny — Ny
8344-01
= = -02039
501,999 - 92,569-6

The premium for £100 is therefore 2:039, and the reserve—
ng - Nﬂ‘ _ 276,5% - 92,569'6

Dy 17997
.. Reserve = 37-058 - 2-039 x 11-22 = 14-178

= 10-22

Now ayy 131 =

(c) Select and other Tables.

24. Lives accepted for life assurance are usually medically
examined and therefore, as a body, may be expected to
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experience lower rates of mortality in the earlier years of
assurance than those of other bodies not similarly selected.

25. Lives purchasing annuities only do so if they feel
reasonably satisfied that they are in good health, and may
therefore similarly be expected to experience, as a body,
lighter rates of mortality in the early years after purchase
than those of other bodies not similarly self-selected.

26. Data obtained from the experience of lives assured,
annuitants, and other bodies where for one reason or
another a form of selection occurs, have been found to
produce rates of mortality much lower in the first year
of experience, and considerably lower afterwards—in
some cases for many years. It has therefore been found
necessary to construct tables of mortality showing the
rates of mortality at each age at the outset and for each
successive year from the outset. It is thus possible to
obtain from these tables the rate of mortality experienced
amongst lives ¢ years after their entry at the age of x.
These tables are called Select Mortality Tables, and the
rate referred to would be written ¢, + ,, meaning the
rate for a life aged ¥ + ¢ who was selected at age x.

27. Premiums for life assurance are usually based on
select mortality tables, thus giving the life assured the
benefit of his selection by the company.

28. Ordinary mortality tables, such as that at the end
of this volume, are known as Aggregate Tables, since they
are constructed from lives aggregated together irrespective
of the period of their selection, if any.

29. It is inconvenient to show the effect of selection
in a mortality table throughout the period of life, and
as the effect of selection wears off in time it is usual to
tabulate select rates for a period of five or ten years from
the age at which the selection takes place and then to throw
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all the lives together into an aggregate table. For instance,
if selection be shown for five years, the rates shown would
be ¢y Faj+ 1 91+ v 9= + 3 (e + o Dut after that
would follow g, 4 5, etc., where g, ;. ; represents the rate of
mortality experienced amongst lives aged x + § irrespective
of whether they were selected five or more years before.
The aggregate table into which the select rates run is
called an ultimate table of mortality. The ultimate table
differs from an ordinary aggregate table in that it contains
no lives who have been selected within, say, five years.

30. Sometimes the ultimate table is tabulated by itself.
In this case it is constructed from lives none of whom have
been selected within, say, five years. Such a table is
called a Truncated Aggregate Table.

(d) Well-known Mortality Tables.

31. The Northampion Table was the first to be used for
assurance purposes. It was, however, constructed on
faulty principles, and although it has had an extensive
vogue it is now practically obsolete.

32. The Carlisle Table, constructed in 1815, has proved
a very useful table. It was, however, based on small
data, of which more than half were female, and its gradua-
tion is not good. The main reasons for its popularity
are, firstly, that it has been found to produce rates of
premium not far removed from the true ones, and, secondly,
that very extensive tables of functions based upon it have
been published. Apart from such old tables of life assur-
ance premiums as have not been altered, it is not commonly
used now outside Reversionary transactions, and even for
valuing Reversions and Life Interests it is largely super-
seded by the a (f) and a (m) Tables. It has long been
the custom to treat female lives as being three or more
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years younger than they actually are when using the
Carlisle Table. This makes a rough adjustment for superior
female mortality.

33. There are at present ten tables called English Life
Tables, in each of which males and females are tabulated
separately. They are based on the following data, taxen
from England and Wales—

English Life Data.
Tables.

4
o

COW N D N b WN

Census of 1841 and deaths for same year.

Cecnsus of 1841 and deaths for 1838 to 1844 inclusive.

Censuses of 1841 and 1851 and deaths for 1838 to
1854 inclusive.

Censuses of 1871 and 1881 and deaths for 1871 to
1880 inclusive.

Censuses of 1881 and 1891 and deaths for 1881 to
1890 inclusive.

Censuses of 1891 and 1901 and deaths for 1891 to
1900 inclusive.

Censuses of 1901 and 1911 and deaths for 1901 to
1910 inclusive.

Census of 1911 and deaths for 1910 to 1912 inclusive.

Census of 1921 and deaths for 1920 to 1922 inclusivc.

Census of 1931 and deaths for 1930 to 1932 inclusive.

—

Prior to 1861 the Emnglish Life Tables were published
in the Registrar-General’s Annual Reports, but from 1861
onwards they have appeared in supplements to Annual
Reports. From 1921 onwards these annual reports have
been known as ““ Statistical Reviews’ and the English Life
Table No. 9 was published in a volume described by the
new title of “The Registrar-General’s Decennial Supple-
ment,” a course which was followed in the case of the
English Tife Table No. 10.

Generally speaking the Tables show a continuous decline
in the rate of mortality throughout except in the case of
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old lives where the rates under the latest table showed a
slight increase. These remarks apply to both sexes.

34. The most important of the older tables is the English
Life No. 3, for which separate tables were published for
persons, males and females. This table was formerly the
standard for population statistics and was largely used for
Industrial Assurance calculations. The English Life Table
No. 10 has now largely superseded previous tables for
Industrial Assurance and general population statistics,
being the most up-to-date table yet published. Where,
however, statistics are required for National purposes,
reference is usually made to the Registrar-General’s Annual
Statistical Review.

35. In addition to the English Life Tables, three tables
have been published under the title of Healthy English Life
Tables. No. 1 was based on the census of 1851 and the
deaths for 1849 to 1853 inclusive in sixty-three districts
in England and Wales, in which the crude death-rate was
not greater than 17§ per 1,000 during the period 1841
to 1850. No. 2_was based on the censuses of 1881 and
1891, and the deaths for the intervening years, in 263
districts in which the corrected death-rate did not exceed
15 per 1,000. No. 3 was based on the censuses of 1891 and
1901 and corresponding deaths in 260 districts in which the
corrected death-rate did not exceed 14 per 1,000. These
tables were intended to serve as a standard for the
mortality of the general population under healthy
conditions.

36. On the occasion of the 1911 census the principle of
selecting certain districts known to be healthy was aban-
doned. Instead, certain tables were constructed for
London, Rural Districts, Urban Districts, and County
Boroughs, and this procedure has been continued in the
case of later Censuses.
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37. The Seventcen Offices Table was the first table to be
based on life assurance experience, the data being drawn
from the first twenty-three years’ experience of the life
offices contributing. It was prepared by a Committee of
Actuaries in 1838, and from 1872 to 1909 was the legal
standard in this country for the valuation of policies in
the case of a company being wound up. Under the
Assurance Companies’ Act, 1909, however, the standard
is to be *“ according to such tables as the Court may direct.”
The table, though still used abroad, is practically obsolete
in this country.

38. The Institute of Actuaries Tables were based on the
experience of twenty life offices up to the 31st December,
1863. The tables constructed were—

HM (Healthy males), HF (Healthy females) ;

HMF (Healthy males and females), DMF (Diseased males
and females).

The only table of importance is the H¥, which has been
largely used for valuation purposes by British life offices.

39. In 1896 a set of monetary tables was published,
based on the H¥ data as reconstructed in the form of select
tables by the late Dr. T. B. Sprague. The select table is
commonly referred to as * Sprague’s Select,” and is
symbolised as H),

40. The British Offices Tables, published in 1902, exhibit
the experience of sixty British offices for the years 1863
to 1893.

41. The O™ (offices male) is an aggregate table based on
male lives and is still used by some offices for valuation
purposes. The reserves produced by this table slightly
exceed those by the HM table.

42. The OM® table is a truncated aggregate table based
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on the same experience, but excluding the first five
years of assurance. It is occasionally used for valuation
purposes, either by itself or in conjunction with the OM.

43. The O™ table is a select table exhibiting the mor-
tality at each age separately for each of the first ten years
of assurance, the mortality then running into the ultimate
table. It was largely used for the calculation of premiums,
until superseded by the A 1924-29 Experience.

44. The O™ table is a select table based on the ex-
perience of male lives under non-participating assurances,
and is used for certain premium calculations.

45. The O™ and O tables are based on the experience
of male and female annuitants respectively, and were used
for calculating the cost of annuities, for valuing annuities,
and in many reversionary transactions until superseded by
later tables.

46. The British Offices tables showed much lighter
mortality than that of any previous experience, the rates
for annuitants being specially noticeable.

47. The Institnte of Actuaries has recently published
the results of an investigation into the mortality of life
office annuitants for the period 1900 to 1920, known as the
a (m) and a (f) tables, from which it was evident that
amongst this class mortality was much lighter during the
period than under the older experience. This experience
has largely superseded the out-of-date O™ and OF1
tables. Figures have since been published which show that
annuitants’ mortality has continued to improve.

48. Five Government Annustants experience tables have
been constructed, the third one, constructed in 1883, being
the best known. It was intended primarily to determine
the rates of annuity to be granted by the Government, but
was also used by life offices to value their annuity contracts
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until it was superseded by the O®™! and O®fl tables. The
fourth table. which included the experience of Government
annuitants up to 1904, was published in 1912. The female
experience proved even lighter than the O], but the male
experience was very similar to the O™,

The fifth table was published in 1924 and covered the
same period as the latest Institute of Actuaries’ table.
The results were strikingly like those of the latter table,
and the new Government tables have been adopted as the
basis for Government annuities.

49. The latest experience of assured lives was published
by the Institute of Actuaries in 1934 and is known as the
A 1924-1929 Experience. The tables showed such marked
improvement of mortality at all ages as to render the OM
experience quite obsolete. The experience of lives assured
under endowment assurances was, as in the case of the
OM experience, lighter than in that of those assured under
whole life policies. A striking feature was that there was
little difference between lives assured with and without
medical examination, the non-medical having ligater
mortality for durations of assurance 5 and over but not
so light at the early durations. Thus there was selection
against the offices under non-medical business which had
its effect on the experience of the early durations, but the
exclusion of doubtful lives from acceptance without
medical examination ultimately resulted in light mortality.
The data were supplied by the contributing offices con-
tinuously throughout the period and it was thus possible
to publish the tables whilst they still represented current
experience. Monetary tables were published based on a
table amalgamating the experience of all classes and offices
and both medical and non-medical business. A further
volume containing two tables was published in 1937.



CHAPTER IX
CONSTRUCTION OF TABLES BASED ON THE LIFE TABLE

1. THE principles laid down in Chapter IV hold good for
the construction of tables generally.

2. We have seen how a table of /, may be constructed
when ¢, has been previously obtained. If a table of log I,
be required each individual value must be obtained by
entering the logarithm table and there is no practicable
way of checking the results by summation. It will,
therefore, be desirable, in such a case, for the work to be
done in duplicate by different computers and the results
called over. When checking a printer’'s proof, however,
besides calling over the figures with the original copy, the
totals of each column should be obtained and compared, as
this is a valuable safeguard against an error being overlooked.

3. To obtain a table of log p, we have

le+1

?z':—z.—

colog p, =logl,+ ,-logl, = A logl,
By differencing a column of log I, therefore, we obtain
the column log 2,.

4. It should be observed that in this instance the inser-
tion of periodical values in advance will not help us, as the
accuracy of one value does not depend on the accuracy
of the previous one.

5. Remembering, however, that p, = p, X pe + 1 X
.+« X Pa+ a-1 and that, therefore, log .p, = log p,
+ logpa+1 + - .. + l0g pg + u -1, We may check the
accuracy of all values of pofromx =xtox =x +n - 1
by comparing the total with log ,p,, which is, of course,
log I, + o — log I,.

130
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6. Addition is always easier than subtraction, and it is
sometimes found convenient to change the operation of
subtraction to that of addition by the use of what is known
as the “colog” of a quantity. The cologarithm of a
quantity is the logarithm of the reciprocal of that quantity.

1
For instance, colog I, = log — = - log [,.
i (4

7. To construct a table of log ¢g,, we have
log ¢, = log d, - log I,
= log d. + colog [,

If, therefore, we place side by side columns of log d,
and colog !/, respectively, by adding the figures across we
obtain a column of log ¢,. This would be arithmetically
much easier than deducting the value of log I, at each
operation.

8. A column of colog /, is obtained by taking negatively
a column of log /,. For example, log !, = 5:10477, and
colog I, is, therefore, 6-89523.

9. To construct a table of ¢, we have

l l
=% + ."_’“_!.ft_!li}f}'_____

*1x+lz+l+l¢+l+ c

le
*(lz+l¢+ 1)+‘(lz+1+l¢+l)+ e
le
Lo+ L, s 4 ...
L.

T,
L,
- log ég = log T, + colog !/, . . . ()
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It will be observed that colog /, is frequently useful
and well worth the labour of calculating. It is convenient
to tabulate it on a movable slip, so that it could be
factened in position as required.

10. In this instance, having tabulated log T, and placed
the column colog [, alongside, log ¢, would be obtained by
summing crossways. The antilogarithms of the results
would be the required values of ¢,.

11. As an example, let us construct a table of ¢, by the
use of four-figure logarithms for all values of x from 10 to 15
inclusive. The values of log T, must be taken for granted
as T, is not tabulated in this book.

E log T, colog I, (2) + (3) Antilog. (4)
(n 2 3) (4) (5)

v 67012 5-0000 1-7012 50-26

1i 6-6925 5.0018 1-6943 49-47

12 6-6835 5-0034 1-6869 4863

2 8-6745 5-0049 1-6794 47-80

14 6-6654 5.0064 1-6718 46-97

15 6-6561 5-0079 1-6640 4613

In such a case it would be usual in practice to insert the
characteristics of the logarithms on the first line only, the
position of the decimal place in the results being sufficiently
obvious from the appearance of the series.

12. In the present volume the column T, is not given,
and it would therefore be easier to construct a table of ¢,

from the formula e, = —1\:‘5 and to add -5 to the result.

2
The method would be similar to that described in
article 11.
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13. If the column N, were not available, a table of e,
might be constructed as follows—

_ bev it bv st ...

® lc
la:+1 lz+1+lz+z+---
= X
ly l-+l
e =P (1 +¢ +) . . . . - (2

We can therefore obtain the expectation of life at any
age from the expectation at the next higher age. Turning
to the mortality table, we find that at age 101 p, = 0,
whence pyo, (1 + €192) = €100 = 0. We therefore commence
our calculations with age 100 and working backwards
obtain each value of ¢, from the value at the next succeeding
age. The following table illustrates the process—

| @ + @ | antilog (4)
x log p, log (14e,+; = log e, = 8,
)] 2 3 “4) (5)
100 1-3979 0-0000 1-3979 -2500
99 6478 -0969 7447 -5555
98 8755 -1920 -8675 -7370
97 7106 -2398 -9504 -8920
96 7169 2770 9939 -9860

14. We have seen that ¢,,; = 0, and therefore our initial
value of log (1 + ¢,) = 0, whence we are able to complete
the first line of the calculation. The next value in column
(8) is then inserted, being log 1-250, i.e. log (1 + é49,), and
so the work continues. After the first line the character-
istics of the logarithms have been omitted as being un-
necessary. The function log p, is much in use when



134 THE ELEMENTS OF ACTUARIAL SCIENCE

calculating monetary tables and might usefully be written
on a movable slip.

15. It will be observed that the accuracy of each value
of ¢, depends on the accuracy of all previous values. A
useful check may, therefore, be obtained by inserting in
advance every tenth (say) value of e,, obtained by inde-
pendent calculation. For this purpose the formula

’

e, = Z—Vl_, might be used, the values of Nj being obtained
z

by summing the /, column at the necessary intervals.
16. Passing now to functions involving the rate of interest
we observe that, at each age, D, + ; = vp, D,, and therefore

log Dy 4+, = log vp, + log D, . . . (3

Having calculated the initial value of log D, for the
age x at which it is desired to start the table, this value is
inserted in the column D,. Parallel with this column the
column log vp, should be placed and the value for the
initial age added to the initial value of log D,, thus
producing log D, ; ,, and so on.

17. In this and similar calculations it should be observed
that an accumulative error occurs. The work is limited
to a certain number of decimal places, and the last figure
is therefore approximate only. In the case of log ¢, it
will be sometimes larger and sometimes smaller than the
true value (since it is taken to the nearest figure), and in
a long table the errors will counteract one another and be
unimportant. In the above calculation, however, we
have, in preparing a table of log vp, in advance, added the
constant log v, which is either slightly smaller or slightly
larger than the true value. For instance, in working to
four places of decimals, at 49, interest, the value of log v
to the nearest fifth place of decimals would be 1-88297,
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whereas we should use 1-9830. After ten operations in
using formula (3) we should have produced an error of
3 in excess in the fourth place of decimals. A simple
method of preventing the error from becoming important
would be to adjust in advance the fourth place of decimals
of log vp, at certain selected values. For example, in the
case above mentioned, it would be sufficient to decrease
by 1 the fourth place of decimals of every third, sixth, and
tenth value of log vp, throughout the table. As a further
safeguard it would be well to work to two more decimal
Places than are required for the final table.

18. To construct a table of a, we may proceed on the
lines of article 13.

_gl,+l+trzl,+,+ Coe

a, =
z l,,
_Yar1 Vet Pt .
lr VI3+1
g, =, (I4as) . . . . @

As we are obtaining each successive value from the
age next higher, the initial value will be the last value
required, as in article 13. The work will be as in the
example in article 13, substituting log vp, for log p, and
log (1 + a, 4 ,) for log (1 + e, + ,). In this case the
previously prepared table of log vp, should be suitably
adjusted, as explained in the last article, in accordance
with the rate of interest and number of decimal places
to be used. In the absence of commutation columns it
would be difficult to calculate check values of a, to insert
in advance, and it would therefore be better to do the work
in duplicate and compare the results.
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19. When commutation columns are available, we have
the simple formula—
log a, = log N, + colog D, . . . . (5
by means of which the table of a, could be constructed.
The work should be done in duplicate by different computers
and compared.

20. Tables of 4, and P, can similarly be constructed
by means of the formulae

log A, = log M, + colog D, . . . (8)

log P, = log M, + colog N, ., . )

21. As an example of formula (7), let us construct a table

of P, for all values of x from 55 to 60. If we take the

logarithms of M and N, the natural numbers of which are

given in Table VII, by reference to Table I, we shall only

be able to work to four figures, so that we can only assume
our results to be accurate to two significant figures.

Age log colog log P, =

% | Nao g1 M, | @+ @ | antilog (5)
(1) 2) @) @) (5) )

55 4-9665 5-0335 3:6168 2-6503 04470
56 ‘9288 0712 -6000 8712 «04C90
57 -8901 -1099 5824 6923 ‘04923
58 8501 <1499 :5641 7140 ‘05176
59 8091 -1909 5448 «7357 ‘05441
80 <7667 2333 5245 <7578 05725

22. In column (2) above we have set out the values of
log N, ., and by taking the values negatively have pro-
duced column (3). This is easily done by deducting each
digit in the decimal portion of column (2) from 9, except
the last digit, which is deducted from 10. This simple
method of subtracting a decimal quantity from unity is
frequently useful.
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23. The values of P, obtained above actually only differ
from the true values by as much as 2 in the fifth place of
decimals in one case, the errors in the remaining cases
being 1 or 0. In a simple calculation like the above we
have, therefore, obtained very accurate results by the
use of the four-figure logarithm table, but it will be observed
that the errors in the fifth place of decimals might easily
produce an error of 1 in the fourth place when extracting
the results to the nearest fourth place of decimals.

24. To construct a table of deferred annuities, we have
the formula

log ,|a, =1log N, 4 , + colog D, . . . (8

For instance, if it be desired to calculate the present
values of annuities at all ages from 20 to 54 inclusive of
immediate annuities deferred after age 55, the column
colog D, for x = 20 to x = 54 inclusive would be set down.
The value of log Ng; would then be written at the foot of
a card and placed over the function colog Dg. The two
values could then be added mentally and the sum placed
in the adjoining column. The card would then be shifted
down one line and the process repeated, and so on.

25. To construct a table of temporary life annuities a
simple method, when the deferred annuities have also
to be calculated, would be to use the formula

|ntz = a. - ala. . . ()

26. By means of the pnnc1ples laxd down in this chapter
it is possible to construct any tables which may be required,
and the student should construct tables for himself in
order to become thoroughly familiar with the work. Many
other more complicated methods have been used by which
labour has been saved and satisfactory checks provided,
but for present purposes these may be safely disregarded.

10—(B.1758)



TABLE OF LOGARITHMS

Nat. | )

Nos.| 0 | 1 | 8 3 4 5 o‘7|s|o:ma.
10 | <0000 | 0043 | -0086 | -0128 -0170 | -0212 | <0253 | -0284 | -0334 | 0374 . 41
1 | -0414 :-0453 | <0492 | -0531 ; -0569 | -0607 | -0645 | -0682 | 0719 | 0755 . 88
8 |:0792 ' -0828 | -0864 | -0899 . -0934 | -0969 | -1004 | -1038 | -1072 <1108 | 8§
3 |1130 11731206 | -1239 ' 1271 | 1303 | -1335 | 1367 | -1399 | 1430 | 82
4 | 1461 -1492;4523 -1553 1584 | 1614 | -1644 | 11673 | -1703 | -1732. 80
15 |-1761 ' 1790 | 1818 | -1847 1875 | 1903 | -1931 | 1958 | -1987 2014, 88
6 | -2041 (2088 ' -2095 | -2122 2148 | 2175 | -2201 | 2227 | .2253 | 2279, 96
7 | -2304 , -2330 | -2355 | -2380 = -2405 | -2430 | ‘2455 | -2480 | -2504 | -2529 | 2§
8 | 2553 -2577 | -2601 | -2625 2648 | 2672 | -2695 | 2718 | -2742 2765 ' g
9 | 2788 2810 ' -2833 | 2856 2878 | -2900 | -2623 | -2045 | -2067 | -2689 |

20 | 3010 -3032 | <3054 | -3075 -3096 | -3118 | -3139 | -3160 | -3181 | -8201 | £1
1 |-3222 3243 | -3263 | -3284 - -3304 | -3324 | ‘3345 | -3365 | -3385 | -3404 | 20
8 | 3424 3444 | 3464 | 3463 ' -3502 | -3522 | -3541 | -3560 | 3579 | 3508 = 19
8 | 3617 i -3655 | -3674 , -3602 | -3711 | 3729 | 3747 | -3766 | -3784 | 18
4 | 3802 3820 -3838 | -3856 -3874 | -3892 | -3909 | 3927 | -3945 | -3962 | 18
25 | -3979 3997 -4014 | -4031 -4048 | -4065 | -4082 | -4099 | -4116 | 4133 | 17
6 | 4150 4168 -4183 | 4200 -4216 | 4232 | -4249 | 4265 | -4281 | 4208 | 16
7 | 4314 4330 ' 434G | 4362 -4378 | 4393 | -4409 | 4425 | -4440 | -4456 | 16
8 | 4472 -4487 ! 4502 | -4518 4533 | -4548 | -4564 | 4579 | -4504 | -4609 | 18
9 | 4624 -4639 4854 | -4689 -4683 | 4698 | -4713 | 4728 | -4742 | 4757 | 18

| .
80 | 4771, 4786 -4800 | -4814 | -4829 | -4843 | -4857 | -4871 | 4888 | 4900 | 14
1 4914[ -4928 ' 4942 | 4955 | 4969 | -4983 | -4997 | -5011 | -5024 | -5038 | 14
8, -5051 : -5065 ; -5079 | -5092 | -5105 | -5119 | 5132 | -5145 | .5159 | -5172 | 18
$ | 5185'-5108 5211 | -5224 | -5237 | -5250 | -5263 | -5276 | -5289 | -5302 | 13
4 5315 -5328 ' -5340 | -5353 | -5368 | 5378 | -5301 | -5403 | -5416 | -5428 | 18
! .
85 | 5441 -5453 5465 | -5478 | -5490 | -5502 | -5514 | 5527 | 5539 | -5551 | 18
[ I-ssea+-ss75'-sss7 -5599 | -5611 | -5623 | -5635 | -5647 | -5658 | -5670 | 18
7 15682 5694 | -5705 | -5717 | -5729 | 5740 | -5752 | ‘5763 { 5775 | 5788 | 12
8 | -5798 | -5809 | -5821 | -5832 | -5843 | -5855 | - -5877 | -5888 | 5899 | 11
8 | -5911; 5922‘ -5933 | -5944 | -5955 | -5966 | 5977 | -5988 | -5999 | -6010 | 11
t

40 | 6021 -6031}~6042 -6053 ; -6064 | -6075 | -6085 | ‘6096 | -6107 | -6117 | 11
1 '-8128 ' -6138 ' -6149 | -6160 | -6170 | -6180 | -6191 | -6201 | -6212 | -6222 | 10
8 jszaz +6243 ' -6253 | 16263 | ‘6274 | -6284 | ‘6204 | 6304 | -6314 | 6325 | 10
g ! 6845}-8355 -8365 | 6375 | -6385 | 6395 | -6405 | -6415 | 6425 | 10
4 | 8435 6444 . -6454 | 6464 | ‘6474 | 6484 | 6493 | 6503 | 6513 | 6522 | 10
] ‘3532 65421-8551 -6561 | -6571 | 6580 | -8590 | -6599 | -6609 | -6618 | 10
@ 6628 6637 | 6646 | 6856 | -6865 | 6675 | -6684 | 6693 | -6702 | 6712 | 9
7 fe7211 6730 | -6739 | 6749 | 8758 | -6767 | -6776 | 6785 | -6794 | 6803 | 9
8 16812 -6821 -8830 -3839"6848 6857 | -6866 | 6875 | -6884 | -6893 [ ]
9 Ieooz ‘6911 | 6020 | 6028 | 6937 | 6046 | 6955 | 6964 | -6972 | 6981 | 9
50 6990l ! 7007 | 7018 ; -7024 | -7033 | -7042 | -7050 | -7059 | <7067 9
1 |-:7076 | -7084 | -7093 | -7101 | -7110 | -7118 | -7128 | -7185 | 7143 | -7152| 8
8 7160 | -7168 | 7177 | -7185 | 7193 | -7202 | -7210 | 7218 | -7226 | -7235 8
§ | -7243 | -7251 | -7259 | -7267 | 7275 | -7284 | 7202 | 7300 | -7308 | 7316 | 8
4 | 7324 I '7832‘ *7340 | <7348 | 7356 | -7364 | <7372 | -7380 | -7388 | -7396 8
Nat. l ! | Diff.
Nel 01 2|8 4] 6|7 8]%9
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TABLE I (contd.
TABLE OF LOGARITHMS (conid.)
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TABLE II (contd.)
ANTILOGARITHMS (conid.)
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TABLE 111

a+a" " |
" . .

3% % 5% 3% % 5% |

|
1 | 109000 | 104000 | 105000 | -97087 | -9e1s4 | 95238 | 1
£ | 106080 | 1-08160 | 1-10250 92458 | 90703 | 8
8 | 109273 | 112486 | 1-15763 | -91514 | -88900 |3
4 | 112551 | 116088 | 121551 | 88840 | &s4s0 | 82270 | 4
B | 1115927 | 121685 | 127628 | 86261 | -82183 | 78353 | &

|
[} 1:18405 1-26532 1-:34010 83748 79031 74622 | []
7 | 122067 | 13153 | 140710 | 81309 | 75082 | 71088 | 7
8 | 126677 | 136857 | 147746 | 78941 | 73069 | 67684 | 8
D | 130477 | 142331 | 155133 | 76842 | 70250 | 64461 .
10 | 134392 | 148024 | 1462889 | 74409 | 67558 | -61391 | 10

|
11 1-38423 1:53045 171034 72242 ‘64958 58468 = 11
18 1-42576 1-60103 1-79586 70138 ‘62460 55684 | 18
18 | 148853 | 1468507 | 1488565 | -68095 | -60057 | 5303z | 13
14 | 151259 | 173168 | 197983 | 66112 | -57748 | -50507 | 14
13 | 1-55797 | 1-80004 | 2-07893 64186 -55526 48102 | 18
16 1-60471 1-87298 2-18287 62317 §3391 45811 ! 16
17 1-85285 1:94790 2:29202 60502 -51337 43630 | 17
18 1:70243 2:02582 2:40662 58739 49363 41552 . 18
19 1-75351 210685 2-52695 57029 47464 39573 | 19
£0 | 180811 | 219112 | 265330 | 55368 | 43639 | 37689 | 0
2| 227877 | 278596 | 53755 | -43883 | 35604 | £
1191610 | 236092 | 292526 | -52189 | -42196 | -34185 | 23
197359 | 248472 | 307152 40573 | 32557 | 8
203279 2-56330 3-22510 49193 39012 31007 24
85 | 200378 288584 | 338835 | 47761 | 37512 | 29530 | 2§
26 215658 277247 3-55567 | 46369 -36069 ' 28124 26
%7 | 222120 | 288337 | 373346 = -45019 | 34682 | 26785 | £
28 2-28793 2-99870 3-92013 43708 33348 | -25509 28
29 2-35657 311865 4-11614 42435 32065 24295 29
30 2-42726 3-24340 4-32194 41199 30832 -23138 80
81 | 250008 | 337313 | 4:53804 | 39999 | 29646 = -22036 | 81
38 | 257508 | 350808 | 476494 | -38834 | 28508 | 8
83 | 265234 | 364838 | 500319 | -37703 | 27409 ' 19067 | 8
84 | 273191 | 379432 | 525335 | 38604 | 26355 | -19035 | B4
8 | 28158 | 394609 | SSie0z | 358 | 25U | 1810 | 8
] 2-89828 4-10393 5:79182 34503 24367 17266 ]
87 | 298523 | 426800 | 608141 | 33498 | 23430 . 16444 | &
38 | 307478 | 443881 | 6 32523 | 22520 . -15661 | 38
% | 316703 | 461637 | 670475 | -31575 | 21662 ' 14915 | 39
0 | 326204 ' 480102 | 7 14205 | 40
41 | 335090 | 499306 | 7-39199 | 29763 | 20028 . 13528 | 41
& | 346070 | 519278 | 776159 | 28896 | 19257 12884 | 48
43 | 356452 | 540050 | 814967 | 28054 | -18517 | -12270 | 43
4 | 367145 | 561652 | 855715 | 27237 | 17805 . -11686 | 44
& | 378160 | 584118 | 8 o4d | 70 | NN 4
46 | 389504 | 607482 | 943426 | -2567¢ | -16461 | 10800 | 48
€ | 401190 | 631782 | 990597 | 24928 | -15828 | -10085 | 47
48 | 413225 | 657053 | 1040127 | 24200 | -18219 | -09614 | 48
@ | 435622 | 683335 |1092133 | 23485 | -1463¢ | 09156 | 49
50 | 438301 | 7-10668 [1146740 | 22811 | -14071 | -08720 | 80
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'

TABLE 1V

Snl an)
" ) [
3% 49 ] 59, 3%, 49, 5%
1 1-:0000 1+ 1:0000 0-9709 9615 9524 1
2 2-0300 2:0400 2:0500 19135 1:8861 1-8594 8
3 30909 3:1218 3-1528 2 2:7751 2-7232 s
4 41836 4-2465 4-3101 3-7171 3-6299 3-5480 4
8 §-3091 5.4163 5:5238 45797 44518 4-3295 [
[] 6-4684 6-6330 6-8019 54172 52421 50757 [}
7 7-6625 7-8983 81420 8-2303 8-0021 57, 7
8 8:8923 9-2142 9-5491 7-0197 87327 8 ]
9 10-1591 10-5828 | 11-0268 77861 7-4383 7-1078 9
10 114839 | 12:0081 | 12:5779 8-5302 81109 77217 | 10
11 | 12:8078 | 13-4884 | 14-2068 9-2526 8:7605 83064 | 11
18 14-1920 15-0258 15-9171 9-9540 9-3851 8-8633 18
13 156178 | 16-6268 | 17-7130 | 10-6350 9-98568 9-3938 | 13
14 17-0863 18-2919 19-5986 11-2961 10-5631 9-8988 14
16 | 185989 | 20-0236 | 21-5786 | 119379 | 11-1184 | 103797 | 1B
16 | 201569 | 21-8245 | 23-6575 | 125611 | 11-6523 | 108378 | 16
17 | 217616 | 23-6975 | 258404 | 13-1661 | 12:1657 | 11-2741 17
18 | 234144 | 256454 | 281324 | 137535 | 126593 | 116886 | 18
19 | 251189 | 27-6712 | 90-5390 | 14-3238 | 13-1339 | 120853 | 19
20 | 268704 | 297781 | 330860 | 148775 | 13-5903 | 124622 | 20
®1 | 286765 | 31-9692 | 357193 | 154150 | 14-0292 | 12:8212 | 81
30-5368 | 342480 | 38-5052 | 159369 | 14:4511 | 13-1630 | 2%
83 | 32:4520 | 366179 | 414305 | 164438 | 14- 13-4886 | 23
24 | 344265 | 30-0826 | 44-5020 | 169355 | 152470 | 137986 | 24
25 | 364593 416459 | 477271 17-4131 | 156221 : 140939 | 28
28 | 385530  44-3117 | 51-1135 | 17-8768 | 158828 | 14-3752 | 28
27 | 407098  47-0842 | 54-6691 18-3270 | 16-3208 | 146430 | 7
28 | 429309 . 499676 | 584026 | 18:7841 16:6631 | 14:8981 o
29 | 452189  52-9663 | 62:3227 | 191885 | 18-9837 | 151411 20
80 | 47-5754 ' 58-0849 | 66-4388 | 19-6004 | 172920 ? 153728 | 0
31 | 500027  59-3283 | 70-7608 | 20-0004 | 17-5885 155928 | 81
82 | 52-5028 ' 62-7015 | 75-2988 | 20-3888 | 17-8738 | 158027 | 88
88 | 550778 ; 682095 | 80-0838 | 207658 | 18:1476 | 16:0025 | 88
84 | 577302  69-8579 | 85-0670 | 21-1318 | 18-4112 | 161920 | 84
86 | 60-4621 . 736522 | 90-3203 | 21-4872 | 18-6646 | 163742 | 85
88 | 632759  77-5883 | 958363 | 21-8323 | 189083 | 16 36
87 | 661742 , 81-7022 | 101-6281 | 22-1672 | 19-1426 | 167113 | 87
88 | 601594 859703 | 107-7095 | 22:4925 | 19-3670 | 16:8679 | 38
89 | 722342 | 90-4091 ! 114.0950 | 22-8082 | 19-5845 , 170170 | 89
40 | 754013 | 950255 | 1207998 | 23-1148 | 197928 | 171581 ©
41 | 786633 : 99-5265 |127-8398 | 234124 | 199931 | 172044 | 41
48 | 820232 | 1048198 |135-2318 | 23-7014 | 20-1858 | 17-4232 | 48
43 | 854830 | 1100124 | 1420933 | 23-9819 | 20-3708 | 17-5450 | 43
44 | 890484 | 1154129 | 151-1430 | 24-2543 | 205488 | 17-6628 “
45 | 927199 | 121-0294 | 159-7002 | 24-5187 | 20-7200 | 177741 “«
48 | 96-5015 !12&8706 168-6852 | 24-7754 | 208847 | 17-8801 “®
47 | 1003985 1132~94s4 178-1194 | 25-0247 | 210429 | 179810 | &7
48 | 104-4084 | 139-2632 | 188-0254 | 252667 | 21-1951 | 180772 | 48
49 | 108-5406 | 145-8337 | 198-4267 | 255017 | 21-3415 | 18-1687 | 49
50 | 112:7969 | 1526671 | 209-3480 -7208 | 21-4822 | 182550 | 80




TABLE V
THE LIFE TABLE

* ) ) Iz * ) dy Iz
0 127283 14358 -11280 52 70458 1243 01764
1 112925 3962 -03508 53 69215 1296 01873
2 108963 2375 02179 54 67919 1353 01992
3 108588 1646 01544
4 104942 1323 -01263 55 665668 1414 102123
56 65152 1475 02265
[ ] 103617 1061 ‘01024 b7 63677 1541 02420
6 102556 852 -00830 58 62136 1612 02593
7 101704 683 -00872 59 60524 1682 02779
8 101021 557 -00551
[ 100464 464 -00462 60 58842 1755 02983
61 57087 1830 -03208
10 100000 408 00409 62 55257 1906 -03451
11 99592 369 00370 63 53351 1983 -03717
18 99223 348 00347 64 51368 2059 -04007
13 98877 337 00342
14 98540 337 00342 65 49309. 2133 -04327
86 47176 2204 04672
15 98203 360 00365 67 44972 2273 05053
16 97843 384 00393 68 42699 2334 05466
17 97459 425 00437 89 40385 2388 -05817
18 97034 465 00478
19 96569 508 -00526 70 37977 2434 -08410
7 35543 2468 ‘06943
20 96061 548 -00572 72 33075 2490 -07528
21 95513 582 -00608 73 30585 2496 -08160
28 94931 809 -00643 74 28089 2487 -08856
28 94322 631 -00668
111 93691 647 00691 75 25602 2459 4
76 23143 2412 10422
5 93044 ess | woz07 | ™ 20731 2348 11303
26 92388 664 -00720 78 18388 2255 12262
N 91722 673 00732 o) 18133 2148 13304
28 01049 678 -00746
29 90371 686 -00759 80 13987 2018 14426
81 11969 1878 15649
80 | 8968l 61 | 00771 | 88 10096 1712 16958
n 88994 700 | -00787 83 8384 1540 18368
8 88204 | 00803 84 6844 1361 19886
3 87585 719 : -00821
“ 86888 729 | -00839 85 5483 1180 21522
| 86 4303 1002 23285
86 86137 742 00862 87 3301 830 25145
86 85395 756 | 00885 88 2471 871 27155
24 84639 770 +00910 89 1800 527 29277
38 83869 786 | 00937
9 83083 | -00969 80 1273 402 31579
i 91 871 206 33984
] 82277 823 | -01001 02 575 209 36348
41 81454 846 | 01038 93 366 144 39345
“« 871 |, -01081 84 222 93 41891
] 79787 895 | -01122
“ 78842 924 | -01172 95 129 58 -44961
; 96 71 34 -47888
] 77918 954 01224 87 37 18 -48649
4% 76964 | -01281 98 19 10 +52631
o 75978 1021 ' 01345 99 ] 5 55585
3 74957 1061 | 01415
© 1101 | 01490 ] 100 4 3 75000
| 01 | 1 i 1-:G000
[ 72795 1144 | -01572 | 102 0 —_ -
a 71651 1188 i 01665

3



TABLE VI

THE LIFE TABLE (contd.)

|
i

x Hy L, Ny ey 2
0 15920 120104 6018388 47-784 0
1 07901 110944 5905463 52:798 1
] -02366 107776 5796500 53-697 ]
8 01787 105785 5689912 53-881 3
4 -01379 104279 5584970 53719 4
5 01142 103087 5481353 53-401 [}
6 00925 102130 5378797 52948 []
7 00748 101362 5277093 52:387 7
8 -00607 100743 5176072 51-738 8
['] 00502 100232 5075608 51-022 9
10 -00428 99796 4975608 50-257 10
11 -00388 99408 4876016 49460 11
12 00359 99050 4776793 48643 19
13 -00342 98708 4677916 47-810 18
14 -00340 98372 4579376 46973 14
15 00353 98023 4481173 46-132 15
18 -00378 97651 4383330 45-299 16
17 00414 97246 4285871 44-476 17
18 00458 96802 4188837 43-669 18
19 -00504 96315 4092268 42-877 19
20 00530 95787 3966207 42:101 20
81 -00592 95222 3900694 41-339 21
23 00629 94626 3805763 40-590 28
23 -00659 94007 3711441 39-849 28
24 -00682 93367 3817750 39114 24
25 00701 92715 3524706 38-382 25
26 00716 92054 3432320 37-652 20
27 00729 91386 3340598 36-921 27
28 00742 90710 3249549 36-189 28
29 00755 90028 3159178 35458 29
30 00768 89339 3069493 34-726 30
81 00782 88644 2980499 33991 81
38 00798 87940 2892205 33257 83
33 00815 87225 2804620 32521 88
84 00833 86502 2717754 31-787 34
£73 -00854 85766 2631617 31-051 35
88 -00876 85017 2546222 30-317 88
3 -00901 84254 2461583 29-584 87
88 -00928 83476 2377714 28-850 88
39 -00957 82680 2294631 28-113 39
[ 00390 818865 2212354 27-389 [ ]
(% 01025 81031 2130900 26-661 41
[ 01064 80173 2050292 25-935 4
43 01108 79289 1970555 25-214 43
“ 01153 78380 1891713 24-493 “
“ 01204 77441 1813795 23-778 4%
% 01260 76471 1736831 23-068 »
« 01321 75488 1660833 22-360 £
43 01388 74426 1585896 21-638 48
[ ) 01462 73346 1512000 20-961 9
50 01542 72223 1493205 20-271 50
[31 01631 71054 1367554 19-587 51
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TABLE VI (contd.)
THE LIFE TABLE (contd.)

o He Ly Ne ‘e
58 01727 69837 12970068 18-909
83 01833 1227881 18:240
54 01950 67242 1159962 17-579
88 7 1093396 16926
56 02216 84415 1028244 16-282
8? 02369 ; 964567 15-648
8 i 61330 902431 15-023
50 02719 . 841907 14:410
[ -02020 ' 57965 783085 13-808
[ -03140 ! 56172 725978 13217
] 03381 54304 670721 12-638
68 -03845 ‘ 52359 617370 12-072
o4 103934 ! 50339 11-518
[ ] -04251 I 48242 516603 10-979
(] -04599 46074 469517 10-452
11 04979 | 424545 9-

[ -05308 i 41532 381846 9-443
[ ] 05853 i 39171 341481 8960
70 06353 36760 8:492
7 08801 84309 287961 8-039
b -07502 31830 7-602
78 08160 29337 204301 7.180
" -08881 26845 176212 6773
76 09671 24373 150810 6-383
76 -10538 21937 127467 8-008
hed 11485 19559 106738 5-849
7 12523 17261 5-305
” -13862 15060 72215 4976
80 44909 12978 58228 4-663
8l 16275 11033 46259 4-385
82 17772 9240 38163 4-082
83 19412 7614 27779 3813
84 21209 6164 20935 3-559
86 23127 4893 15452 9318
88 5334 11149 3-091
87 27697 7848 2:877
88 30286 2185 5377 2:676
39 33123 1537 3577 2:487
90 -36230 1072 2304 2:310
91 +39635 728 1433 2:145
98 -43368 470 858 1902
23 47453 204 492 1-844
o4 51930 176 270 1718
96 -56836 100 141 1-583
98 82211 54 70 1486
” -68100 28 33 1392
8 +74852 14 14 1237
9 81621 [ 5 1056
100 89366 ] 1 ‘750
101 87851 0 —_ .S00
108 ® - —_ 000

]

REE 3392z 2a3=3 23323 2ABEE JAIFF JWI2d 22382 28822 TEITE IBE




s+ b, Na Se Ce My | -
0 127280 2204737 42280578 13806-0 37580-0 616157
1 108580 2006157 40075841 3663-0 237840 578567
] 100740 1985417 379079684 2111-3 20121-0 554783
3 94767 1 35064267 14070 18009-7 334662
4 89708 1810954 34083607 1089-1 16802-7 516653
[ ] 85165 1725780 32272853 83853 15513-57 500050
[} 81051 1644738 30546864 647-46 1467504 484538
? 77288 1567450 28002128 499-06 14027-58 460861
8 73814 1493636 27384676 391-3§ 13528-52 455834
] 0. 1423051 25841040 313-47 13137-17 442308
10 67557 1355494 24417989 265-03 1282370 420168
1 64602 1290802 23062495 48 12558-67 18344
12 61974 1228828 21771603 207-80 12328:19 403786
13 59384 1169444 20542865 194-61 12120-39 391487
14 56904 1112540 19373421 187-12 1192578 379337
16 54528 1058012 18260881 192-21 11738-66 367411
16 52240 1005772 17202869 197-13 11546-45 355673
17 50032 955740 16197087 20979 11349-32 344126
18 47898 907842 15241357 220-71 11138-53 332777
19 45836 862006 14333515 231-84 10918-82 321637
2 43841 818185 13471509 240-48 10686-98 310719
1 41914 776251 126853344 245-58 10446-50 300032
% 40057 736194 11877003 247-09 10200-92 289585
. 23 38268 697926 11140899 246-17 9953-83 279384
24 36551 661375 10442973 242-70 9707-66 260430
25 34903 2 9781598 237-33 946406 259723
28 33323 593149 9155128 230-29 9227-63 | 250258
b4 31810 561330 8561977 224-43 8997-3¢ 241030
28 8000638 217-40 877291 ' 232033
29 28977 501999 7469662 211-50 8555-51 223260
0 27652 474347 6967663 204- 8344-01 | 214704
3 4“4 6493316 199-54 813915 | 206380
E] 25169 422795 6045352 194-33 793961 | 198221
3 24007 398788 5622557 189-50 774528 | 190281
M 22894 375804 5223769 184-74 755678 | 182536
] 21828 354066 4847875 180-80 737104 | 174880
8 333258 44 17718 7180-24 | 167609
N 19831 313427 4160551 173-47 7013-11 | 160419
38 18864 294533 3847124 170-28 683964 | 153408
] 17997 276536 3582591 167-88 6669-38 | 146568
0 17138 259368 3276058 164-83 68501-50 ' 136897
41 16313 243085 3016657 162-92 6336-67 133396
[} 15523 227562 2773572 161-28 6173-78 127059
43 147685 212797 2546010 150-35 6012-47 120885
“ 14038 188759 2333213 15819 5853-12 114873
[ ] 13340 185419 2134454 157-04 5694-93 109020
[ 12870 172749 1949035 156-07 5537-89 103328
©n 12028 160723 1776286 155-39 5381-82 | 97787

48 11408 14031S 1615563 16827 5226-43 | 8240,
® 10814 138501 1466248 154-92 5071-18 87178
S0 10243 128258 1327747 184:79 491624 l 82107

Nm—sl and Ry are shown to nearest unit only.
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TABLE VI (contd.)
OOMMUTATION TABLE—4 PER OENT (conid.)

x D, N, Sg C, M, R,
51 | 9604-4 1185638 1199480 | 15521 4761-45 77191
52 | 91664 1093672 1080826 | 15549 460624 72430
53 | 88582 1007380 971529 | 155-89 445075 67823
54 | 81694 92569-6 870790 | 156-48 4294-86 63373
55 | 76987 84870-9 778220 | 15725 413838 50078
56 | 72454 77625:5 693349 | 15772 3981°13 54939
57 | 68089 708166 615724 | 158-44 3823-41 50958
58 | 63887 64427.9 544907 | 159:37 3664-97 47135
59 | 59836 584443 480479 | 15989 3505-60 43470
80 | 55938 52850-7 422035 | 16042 334571 39964
6l | 52181 476326 369184 | 160-83 318529 36619
62 | 48565 427761 321551 | 16107 3024-46 33433
63 | 45086 38267°5 278775 | 16114 2863-39 30409
64 | 41741 34093-4 240508 | 160-88 270225 27543
es | 3ssz7 30240-7 206414 | 16025 254137 24843
88 | 35442 26696-5 176174 | 15921 2381-12 22302
87 | 22487 234478 149477 | 157-88 222191 19921
68 | 20659 204819 126020 | 155-88 2064-03 17699
60 | 26959 177860 105548 | 153-36 1908:15 15635
70 | 24388 153471 87762 | 150-30 1754-79 13727
71 | 21047 13152:4 72414 | 146:54 1604-49 11972
ki 19638 111886 59262 142-18 1457-95 10367
73 | 17461 9442°5 48073 | 137-02 131579 8909
74 | 15419 7900-6 38631 | 131-27 117877 7594
75 | 13514 65492 30730 | 12480 104750 6415
78 | 11746 53748 24181 | 117.71 92270 5367
77 | 10117 436291 18806 | 109-94 804-92 4445
78 | 86284 3500-07 14444 | 10175 695-05 3640
7 | 72793 277214 10943 93-102 593:209 2045
80 | 60881 2165-33 8171 84182 500-197 2351
81 | 49930 166603 6006 75129 416:015 1851
83 | 40497 126108 4140 | 66028 340-886 1435
83 | 32336 937-70 3079 57111 274-858 1094
84 | 25381 683-89 2141 48532 217-747 819
85 | 19552 488-37 1457 40-459 169-215 602
88 | 147-54 340-83 969 | 33035 128756 432
87 | 10883 232:001 628 | 26312 95-721 304
88 78-332 153-669 386 20-453 69-409 208
80 54-866 98:803 242 15:446 48958 138
90 | 37310 61-193 144 11-329 33510 89
91 24-547 36046 82 80208 | 221811 58
93 15581 21368 45 54457 14-1603 34
93 9-536 11-829 24 36077 87146 20
" 5:562 6267 12 2:2403 51069 1
95 3108 3159 6 1:3435 2 8
9 1645 1514 3 7573 1-5231 3
N 824 -890 1 -3855 7658 1
98 -407 283 0 2080 8808 1
” 185 098 0 10990 1744 0

100 079 019 0 -0571 0754 0
101 019 - - 0183 0183 0

Nore.—S . and Rz are shown to nearest umit only.
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TABLE VIII
VALUE OF ANNUITIES AND SINGLE AND ANNUAL PREMIUMS—4 PER CENT

|

x a, A 2 P - £ a, A, P =
0 17:321 29532 ‘01612 50 12-522 47895 -03550
1 19-305 21804 ‘01079 81 12-230 49116 ‘03712
] 19-807 -19973 ‘00960 52 11-935 50250 -03885
8 20-059 +19006 00903 53 11-6835 +51408 04068
4 20-188 18508 -00874 64 11-331 52573 ‘04263
[ 1 20-264 18218 00857 55 11-024 -53754 04471
[] 20-292 18108 +00850 56 10:714 -54947 <04691
? 20-282 -18151 00853 24 10-401 -56153 -04925
8 20-234 -18329 00883 58 10-085 57367 ‘05178
9 20-162 18612 -00880 59 9-767 -58587 *05441
10 20-085 18982 00901 60 9-448 -59814 ‘05728
11 19-953 19414 -00927 61 9-129 ‘61044 08027
19-828 +19892 00955 62 8-808 62277 +06350
18 19-692 +20409 00986 63 8:488 -83510 06694
14 19-551 20958 ‘01020 64 8-168 ‘64740 -07061
16 19-403 21528 01055 85 7-850 65964 07454
18 19-254 +22102 01091 68 7-533 67183 07874
19-102 22684 01128 a7 7-218 68393 08323
18954 23258 -01188 68 6-906 689592 08802
10 18-:806 23822 ‘01203 (-] 6-597 70780 09318
20 18-662 -24377 -01240 70 6-293 71952 09866
21 18-:520 +24925 ‘01277 i 5-993 73107 10455
22 18-:379 +25468 01314 el 5-698 74244 11088
23 18-238 26011 01352 73 5-408 75355 11760
24 18-:095 -26560 01391 74 5124 | 76449 12484
25 17-949 -27118 ‘01431 7% 4846 | 77514 -13258
28 17-800 -27692 ‘01473 76 4576 | 78554 -14089
14 17-647 -28284 ‘01517 ed 4:313 | 79568 14978
28 17-488 28893 ‘01563 8 4-057 | -80555 15931
20 17-324 29525 01611 e 3-808 | -B1504 16951

|

80 17-155 -30175 01662 80 3-568 82431 18044
31 16-979 -30850 01716 81 3-337 | 83320 19213
338 16-799 -31548 01772 82 3114 | 84176 20461
33 16-612 -32263 01832 83 2-900 -85002 21798
84 16-419 33004 01895 84 2:695 85793 23222
gz 18-221 13768 01961 85 2-498 868549 +24743
16-016 34555 02031 86 2-310 87273 +26365
87 15-805 35365 02104 87 2:132 87955 28088
338 15-588 36199 02182 88 1-962 9 -29918
89 15-366 27058 02264 89 1-801 89230 -31858
[ 15138 37937 -02351 90 1-648 89813 33916
41 14-902 -38844 -02443 ) 1-505 90363 36070
42 14-660 39771 -02540 02 1-371 90878 38326
43 14:413 -41722 02642 93 1-240 91384 40790
“ 14:159 41697 02751 04 1-127 91821 43173
% 13-800 42692 02885 25 1-017 92247 45744
3 13-635 43711 -02987 26 921 92613 48214
13:384 44752 ‘03115 97 838 92931 50568
48 13-089 45813 -03252 98 697 93474 55085
® 12-807 -46894 -03396 29 l 530 94115 61509
100 240 95227 76773
101 96154 96154
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For FINDING BY INSPECTION THE VALUK OF A FROM THAT OF o

TABLE IX
SINGLE PREMIUM CONVERSION TABLE

Value Value of 4 when Differ- Difference of A (subtractive)
of ence of -
o | i=03 | im04 | i=05] a $m03 | im-04 | é=-08
0 97087 96154 95238 ‘1 -00291 00385 00476
1 B4175 -92308 90476 -2 -00583 00769 -00952
2 91262 -88462 85714 -3 00874 -01154 01429
3 -88350 84615 80952 4 01165 -01538 ‘01905
4 ‘85437 80769 -76190
-5 01456 01923 -02381
[ 82524 +76923 71429 6 01748 02308 02857
[] -79612 +73077 7 02039 02692 -03333
? +76609 69231 61905 -8 02330 03077 -03810
8 73786 65383 57143 9 02621 03462 04
[ +70874 61538 52381
01 00029 -00038 00048
10 67961 57692 47619 02 00058 00077 00095
11 65049 53846 -42857 -03 00087 00115 00143
18 -62136 -38095 04 00117 00154 00190
13 59223 46154 +33333
14 *56311 42308 28571 05 00146 00192 00238
06 00175 00231 -00288
15 -53398 38462 -23810 07 00204 -00268 -00383
16 +50485 34615 19048 -08 00233 00308 00381
17 47573 769 -14286 -09 00262 00346 00429
18 44660 26923 09524
18 41748 23077 04762 -001 00003 00004 00005
002 00008 00010
20 -38835 -19231 -00000 -003 00009 00012 00014
81 -35922 15385 004 00012 00015 00019
22 33010 11538
28 -30097 07692 -005 00018 ‘00019 00024
24 27184 03846 008 00017 00023 00029
007 00020 00027 00033
25 24272 00000 008 00023 00031 -00038
28 -21359 -009 00026 -00035 00043
27 18447
28 15534
29 12621
30 09709

150



TABLE X
ANNUAL PREMIUM CONVERSION TABLE

For FiNDING BY INSPECTION TRE VALUX OF P FROM THAT OF &

_Difference of P (subtractive)
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APPENDIX

CONSTRUCTION OF SIX PER CENT TABLES ACCURATELY
TO FIVE PLACES OF DECIMALS

For the better illustration of the methods described in
Chapter IV of this work for the construction of tables of
compound interest functions, a set of tables based on
69, interest has been specially constructed, all the working
being shown hereunder. The following is a full account
of the procedure—

(@) (14 9"

(1) Insert values for n = 10, 20, 30, 40, and 50 in
advance, as obtained by independent calculation.

(2) Insert initial value in column (2), i.e. 1-0600000.

(3) Apply working formula (1 + #)* = (1 + ) X (149)*-3

To do this, calculate ¢ (1 + #), that is -08 x 1-08, by
mental multiplication and insert result as the first entry
in column (3). The mental addition of the values in
columns (2) and (3) will then give (1 4 1) (1 4 ) = (1+41) 8,
being the second wvalue to be inserted in column (2)—and
so on to complete the two columns. As each 10th value
is reached it should be checked that the result is accurate.
An error of 1 or 2 in the last place of decimals is unimpor-
tant, as the work should be done to two more places than
are required in the final result. To preserve accuracy,
continue the work by reference to the accurate figures
inserted in advance, thus at once abandoning any error
which has accumulated.

153
11—(B.1753)
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n =50
(4) Apply check formula X (144" =575 - L.
n =1

The total of column (2), namely 307-7560597, should be
equal to sz — 1 obtained by independent calculation,
which will be found to be 307-7560589. This is sufficiently:
accurate.

®) sz

(1) Proceed as in (a) paragraphs (1) and (2).

(2) Apply working formula s, =s,—5+ (1 + "L
To do this, sum the values in line 1 of columns (2) and (4),
thus obtaining the next value to be inserted in column (4),
and so on to complete the column. It will be observed
that the value produced for » = 50 differs from the check
value by as much as 8 in the last place of decimals. This
is of no importance, as the work is done to two more
places than are required and is due to the errors in the last
10 values of (1 + #)* tending in the same direction.

(8) We may now apply the check formula—

-

»n = 50 1+;’n.. 1
Pl Al S
n =1 s '
1
=— -75605886 - 51
5 (3087560 51)
. 257:75605886
o -08
= 42959343143

This result is remarkably close to the total of column (4),
and is a satisfactory check of the accuracy of the work to
five places of decimals.
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(c) v
(1) In order to illustrate another method, this table has

been constructed with the aid of a table of seven-figure
logarithms.

(2) Insert values for n= 10, 20, 30, 40, and 50 in advance,
as obtained by independent calculation.

(3) Insert the initial value log v= - log 108
= 1.9746941.

(4) The working formula is—
log v* =log v*-! 4 log v
This is most easily applied by writing the value of log v
at the foot of a card, holding the card immediately over the

initial value and adding the two values, thus obtaining
log v*, and so on to complete the column.

(5) If a table of the values of v were all that were
required, the values of the logarithms thus obtained would
be sufficiently accurate. As, however, it is proposed to
obtain a table of a5 from these valucs, a slight adjustment
is desirable. The value of log v to ten places of decimals is
1.9746941347, so that by using 1:9746941 the error after
three values have been summed will amount to a trifle
over 1. To obtain the nearest seventh place accurately,
therefore, we must, as we proceed with the work of column (2),
increase the 2nd, 5th, and 8th values in each set of 10,
by unity. This reduces the error in the seventh place,
which would otherwise accumulate by each 10th value
to 3-47 to an error of -47, and even this error is discarded
by the use of the previously inserted 10th values.

(6) Column (3) is now completed by taking the antilog-
arithm of each value in column (2). The total of the
results, namely 15-7618591, compares very favourably
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with the true result of 15-7618606, being ag; by
independent calculation.

(@) az.

(1) Insert in advance the initial value and every 10th
value as obtained by independent calculation.

(2) The working formula is—

az) = a;5) -+ v

Add, therefore, to the initial value, the value of v? from
the previous column, thus obtaining @3, and so on to
complete the column.

(3) The check formula is:

Faer — 50 - ag;) 50 - 1576186064  34-23813936

n] = '06 - ,06 - .06
= §70-635656.

This is a good rough check, the size of the error being
due to the errors which accumulate with a method of
continuous addition of factors themselves not quite accurate.



OONSTRUCTION OF 8 PER CENT TABLES

1+ 0"

|

sw)

" i+t "
1) (2) I (3) 4) (5)
1 1:0600000 ' -0636000 1-0000000 1
2 1-1236000 l 0674160 2-0600000 2
3 1-1910160 0714610 3-1836000 3
4 1:2624770 | -0757486 4-3746160 4
[ 1:3382256 ! 0802935 5-8370930 [
! i

6 1-4185191 0851111 6-9753186 8
? 1:5036302 -0902178 8:3938377 7
8 1-5938480 -0956309 9-8974679 8
9 1-6894789 11013687 11-4913159 9
10 ! 1-7908477 -1074509 13-1807949 10
11 1-8982986 ! 1178979 149716426 11
12 2-:0121965 | 1207318 16-8699412 12
13 2-1329283 ' -1279757 18-8821377 13
14 2:2609040 | -1356542 21-0150660 14
15 | 23965582 | -1437935 23-2759700 15
16 | 2-5403517 | -1524211 25-6725282 16
17 l 2:6927728 | -1615684 28-2128799 17
18 2:8543392 1712604 30-9056527 18
19 3~0255gg: ¢+ 1815360 33-7599919 19
3-2071 -1924281 36-7855912 20

81 3-3995636 |  -2039738 399927267 21
8 3-6035374 | 2162122 43-3922903 22
23 38197498 | 2291850 46-9958277 23
24 4-0489346 -2429361 50-8155773 24
25 4-2918707 -2575122 54-8645119 . 28
26 4-5493829 -2729630 591563826 ’ 28
27 4-8223459 -2893408 63-7057655 27
28 5-1116867 -3067012 68-5281114 | 28
29 | 5-4183879 -3251033 736397981 | 29
30 | 57434012 -3446095 79-0581862 30
31 | 6-0881007 -3652860 84:8016774 31
2 6-4533867 -3872032 90-8897781 32
38 68-8405899 4104354 97-3431848 33
34 7-2510253 -4350615 104-1837547 34
35 | 7-6860868 -4611852 111-4347800 35
38 8:1472520 -4888351 1191208668 36
b4 86360871 -5181652 127-2681188 37
38 9-1542523 -5492551 1359042059 38
39 9-7035074 -5822104 145-0584582 89
40 k 10-2857179 6171431 1547618656 40
41 109028610 | -6541717 165-0476835 41
42 11-5570327 -6934220 1759505445 °
43 12-2504547 -7350273 187-5075772 43
“ ! 12-9854820 -7791289 199-7580319 o“
4% ' 13-7648109 -8258767 212-7435139 4%
8 | 145904876 -8754293 226-5031248 48
4 15-4659169 -9279350 241-0986124 47
48 |  16-3938719 9838323 256-5645293 48
449 | 17-3775042 1-0426503 272-9584012 ®
50 ; 18-4201543 — 200-3350046 50

Total |  307-7560597 - 42959343167 |
i
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" Log v™ Aatilog (2} = o™ aw] "
(1) 2) (3) 4) O]

1 19746041 9433960 9433960 1
3 1-9493883 - 1-8333926 3
Fl Y-9240824 8396192 2-6730118 [

4 8987765 +7920935 3-4651053 4

5 -8§734707 7472583 4-2123836 5
[ 1'8431648 7049608 4-9173241 [
9 1-8228589 6650570 5-5823811 ?
8 17975531 6274124 6:2097935 8
9 17722472 -5918885 6-8016920 9
10 1-7469413 -5583948 2-3600871 10
11 1-7216354 -526787S 7-8868746 1n
12 16963296 4969695 8:3838441 13
13 1-6710237 4688389 8-8526830 13
4 1-6457178 4423009 9-2949839 14
15 T-6204120 4172650 9-7122489 15
16 T-5951061 +3936463 10-1058952 16
1?7 1-5698002 ~3713643 10-4772595 17
18 5444944 -3503438 10-8276033 18
19 -5191885 -3305130 11-1581163 19
20 -4938828 +3118047 11-4699212 20
1 1-4685767 -2041553 11-7640765 21
22 T-4432709 2775051 12-0415€16 28
23 1-4179650 -2617972 12-:3033788 23
24 1-3926591 +2469785 12:5503573 24
25 1-3673533 -2329985 12-7833558 25
26 -3420474 2198100 13-0031658 26
27 -3167415 +2073679 13-2105337 22
28 1-2914357 1956301 13-4061638 28
29 -2661298 1845567 13-5907205 £29
80 -2408239 1741101 13-7648312 30
31 +2155180 1642548 13-9290860 an
32 -1902122 1549574 14-0840434 83
33 Y-1649063 1461862 14-2302296 33
34 T1-1396004 1379115 14-3681411 E )
] T-1142946 1301052 14-4982463 35
86 T-0889887 1227407 14-6209870 38
87 1-0636828 1157931 14-7367801 37
38 10383770 1092388 14:8460189 88
39 T-0130711 1030555 14-9490744 39
40 0972222 15-0462969 40
41 -9624594 0917190 15-1380159 a
42 9371536 0865274 152243433 «
43 29118477 -0816296 15-3061729 43
“" 2-8863418 0770090 15-3831819 “
*% 2-8612360 0726501 15-4558320 "3
46 28359301 0685378 15-5243698 4
@ 2-8106242 0646583 15-5890281 47
43 2-7853184 0609984 15-6500265 43
49 2-2600128 -0575458 15:7075721 49
50 27347068 ‘0542884 157618608 50

Total - 15-7618591 570-6356489




EXERCISES AND EXAMPLES

CHAPTER I
1. Evaluate the following by 4-figure logs—
(a) 1428 x 9133; (b) 17 x 6238 x 1981;

] 13421 x 139
(c) 46:42 x 003581 x 0001327 ; (d) ezt —eesr
1234\ ‘0101

(e) 1-923%319; (1) (5_6_78

2. Using logs, find the value of » from the relation—
(31-67)% — at 23

3485 T o306 — 3174
3. Given log 2 = -3010 and log 3 = -4771—
) Find the value of 1 i3‘-’i-l- 21lo 4 -3 lo s
(@) Fi ue of 108 1524 837318 3
22 3z +1
(b) Solve the equation ————— = 005 correct to the nearest
tenth. 5

4. Find p, ¢, and r given that log\/_ 125 = p; logq 256 = 8;
and log, r = 4. ?

5. Find correct to three places of decimals the value of log, 7, being
given log 7 = -8451 and log 3 = -4771.

6. Find (a) log V/5 to base -008; and (b) log 4/128 to base V/4.

7. Expand log, (1 + 3x + 42*) in ascending powers of x omitting
fifth and higher powers.

8. Prove that (m + n) ™Y 4 (m + n) * ¥ = 2 4 3 (log, (m + n)p®

+%(log‘ (m 4+ n)}s 4+ ...

CHAPTER 1I

1. Given log 1-04 = -0170333 and log 1-009853 = -0042583, find
the nominal rate of interest convertible quarterly, corresponding to
an effective rate of 49, per annum.

2. Find the present value at 89, interest, with half-yearly rests,
of £20 due 15 years hence. (Use 4-figure logs.)

159
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3. What is the discount on £250 due six months hence (a) on the
basis of a Bank Rate of 39,; (b) at an effective rate of interest
of 3% per annum; (c) at an effective rate of discount of 39, per
annum?

4. (a) What is the present value at 3%, of an immediate annuity-
certain for 10 years of £100 for the first four years, £50 for the next
4 years, and £25 for the last two years?

(b) What would be the present value of the above at the effective
rate of 3% per annum if the annuities were payable half-yearly?

(¢) What would be the present value of the above at.69, if both
interest and annuities were payable half-yearly ?

(d) What would be the present value of the above at the nominal
rate of 297789, convertible half-yearly, the annuities being payable
yearly ?

5. (a) What is the present value of an annuity of {20 per annum
payable yearly for 10 years, the first payment being due in six
years’ time, followed by an annuity of £50 per annum for a further
10 years, on the basis of an effective rate of interest of 49, ?

(b) What would be the amount of the same?

8. The dividends on a life assurance company's shares are increased
5% every quinquennial valuation. If a valuation has just taken
place and a certain shareholder’s dividends for the next five years
are fixed at {80 per annum, what is the value of his holding in the
company, on a 4%, basis?

7. What is the amount of an annuity of £100 per annum for
10 years—

(a) If the-annuity is payable half-yearly in arrear and interest is
allowed at 8%, per annum with half-yearly rests?

(b) If the annuity is payable quarterly in arrear and interest as
in (a)?

(c) If the annuity is payable half-yearly in advance and interest
is allowed at the nominal rate of 9-8789, per annum convertible
quarterly?

8. (a) One shilling per week is deposited at 3%, compound interest.
Assuming that this differs but little from continuous depositing,
calculate the approximate amount on deposit after 10 years, given
that log, 1-03 = -0295588.

(b) On a similar assumption, what is the present value of Is. per
week payable in perpetuity ?

9. (a) The funds of a life assurance company were £650,000 at
the beginning of a year and £850,000 at the end of the year. The
gross interest received was £36,000. Calculate the gross effective
yield.

(b) What would be the gross effective yield if the gross interest
were reduced by £5,000 in respect of income tax?
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CHAPTER III

1. What sum should be set aside at the end of each year to provide
£250 at the end of seven years, assuming accumulation throughout
at 3% compouund interest?

2. Calculate the annual premium for a capital redemption assur-
ance of £1,000 effected for a period of 10 years, on a net 4%, basis
for the first five years, the interest being decreased to 3% for the
last five years.

3. Assuming a 39, basis, (a) calculate the value at the end of five
years of a sinking fund policy to repay £1,000, 10 years from the
outset; (b) prove the result by an alternative method.

4. What is the present value of an annuity-certain of £100 per
annum payable half-yearly for 10 years, to yield a gross effective
rate of interest of 4%, per annum, where income tax is at the rate
of 5s. in the £, and is chargeable in full on each half-yearly payment
of annuity?

5. A foreign government loan of £100,000 bearing interest at 5§%
per annum payable yearly, is redeemed at 110%, by a yearly annuity
of fixed amount, including capital and interest, extending over five
years. Find (a) the amount of each yearly payment, and (b) the
amount of the loan paid off by the end of the second year.

6. What annual instalment of principal and interest will repay a
loan of £2,000 in 20 years, if the lender is to receive 4% on his loan
and to replace the capital by effecting a sinking fund policy on a
39, basis?

7. A man pays £1,000 for a leasehold house yielding him a net
rent of £86 2s. 8d. yearly until the lease expires in 20 years’ time.
If he effects a capital redemption policy on a 3%, basis, what yield
does he secure on his outlay ?

8. A company can exercise the following methods of redeeming
its debentures, interest on which at 5%, is payable annually—

(a) Itcanrepay them at the expiration of five years at 1029, but
cannot exercise the option at any other time.

(b) Any debentures not so repaid must be redeemed at par at the
expiration of 10 years.

What is the maximum price that a purchaser can now give in order
to realize in any event not less than 4%, on his investment?

9. Find the value to yield an effective rate of 49%,, of a 5%, deben-
ture redeemable in 10 years’ time at par, on the assumption that
a sinking fund policy, based on 39%, interest, is effected to make
good the capital outlay on redemption.
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10. (a) What is the price of an 89, debenture redeemable at 105
in five years’ time, to yield a gross effective rate of 4%, per annum?
Assume dividends payable yearly, the first in one year’s time, and
allow for income tax at 5s. in £.

(b) 3What would be the gross yield if the debenture were bought
at 113?

CHAPTER 1V

No examples. Actual construction with appropriate checks is
essential.

CHAPTER V

1. Given the columns /, and d, in Table V for ages 90 onwards,
calculate the values of p,, ¢, ¢, and L, for each of the said ages.

2. Given the following rough data from a census and the corre-
sponding death returns, calculate the value of ¢, for each of the
ages given—

Age last

Birthday Population Deaths
25 46,348 332
26 45,997 338
27 45,633 349
28 45,250 355

3. (a) In what way does the use of the affix » differ in the symbols
I, and d,?
(b) Waixat assumptlon underlies the approximate formula

Ly=1y44?

4. Calculate on the basis of Table V, the probability that—
(a) A life aged exactly 25 will survive to age 60.

(b) A life aged exactly 60 will not reach his 65th birthday.
(c) A life aged exactly 70 will reach age 71 but not age 72.

5. (a) What is the ‘' Central Death Rate’’?
(b) How does it differ from the ‘‘ Rate of Mortality "' ?
(c) Find ¢, in terms of m,.

6. From Tables V and VI, caleulate—

(@) m,,, and test its accuracy by comparison with ¢,.

(b) m.ey, and test its accuracy approximately by comparison with
a value taken from the u column.

7. (a) Define the * Expectation of Life.”

(b) What is the most probable age at death of a life now exactly
aged 27? (Use Table V.)

(c) Define the ‘‘Force of mortality,”” and express its value
approximately in terms of /.
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CHAPTER VI

Calculate from Table V the probabilities that of two lives aged
exactly 30 and 25—

1. Both will survive 25 years.
2 Both will survive 15§ years and both die in 16th year.

3. The life aged 30 will die within 10 years and the life aged 25
will attain age 80.

4. Both will die within 15 years.

5. Either or both will die within 15 years.
6. At least one will live 50 years.

7. Neither will live 50 years.

CHAPTER VII

1. Explain clearly the nature of the functions D, and N, and
check the values of Dgq and Ny, appearing in Table 1.

2. (a) Check the values of ag;, A4, and P,y in Table VIII from
the functions in Table VII.

(b) Check the values of A4, and P,y from the value of a;, using
Tables IX and X.

3. Using Table VII throughout, calculate the present value of—
(2) Animmediate annuity of £150 payable yearly on a life aged 70.
(b) The same, deferred five years.

(c) A similar annuity-due deferred five years.

4. (a) Using Table VII, calculate the net annual premium for a
10-year endowment assurance for £100 on a life aged exactly 30.

(b) What would it be if the premiums were limited to five in
number?

5. Calculate 4 » , -, at 4% from Tables III and V and compare
the result with that obtained from Table VII.

6. Using Table VII, calculate (a) the single, and (b) the annual
premiums for a double endowment assurance on a life aged-30, under
which £200 is payable at the end of 25 years, with £100 at previous

death, and (c) check the results solely from the D and N columns
and the use of Tables IX and X.

CHAPTER VIII
{NoTe. Base your replies on Tables VII to X inclusive.]

1. What is the present value of an annuity payable on a life
aged 55, if—
(a) The first payment is due at once?
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(b) The first payment is due in six months’ time?

(¢) The first payment is due in nine months’ time?

(d) The first payment is due in one month’s time and the annuity
is payable monthly thereafter?

2. Calculate (a) the quarterly, and (b) the half-yearly, rates for a
whole life assurance on a life aged 35.

3. What is the present value of a complete annuity payable on a
life aged 70, if it is payable (a) yearly, (b) half-yearly, and (c)
quarterly ?

4. (@) What two equal ages are, for the purpose of obtaining
annuity values, the equivalent of ages 60 and 25, and (b) what
three are the equivalent of ages 30, 65, and 70?

5. A husband aged x desires to provide a pension of £1 per annum
for his wife aged y, after his death, by surrendering a certain amount
of his unapportionable pension. Write down an expression for the
amount which he must surrender per annum.

6. What is the policy value of an endowment assurance for 10
years, effected five years ago on a life then aged 30 for £100, at a net
annual premium of 8-418?

7. What is the policy value at the end of 20 years of a single
premium 30-year endowment assurance for £100, effected on a life
aged 25?

8. () Would you use ‘‘Select’’ or ‘“Aggregate’’ mortality tables
for the construction of life assurance premiums? Give reasons.

(b) What is an ‘' Ultimate’’ table of mortality and how does it
differ from an ‘‘Aggregate’’ table?

9. (a) From what data was the English Life Table No. VIII
constructed ?

() What replaced the continuation of the series of Healthy
English Life Tables when the No. VIII Table was published ?

10. (a) Which table is the recognized standard for valuation of
the liabilities of a life office?

() What is a ‘'truncated aggregate’’ table and for what purpose
is it used?

11. Which are the two latest tables of annuitant experience
published and what special features do they exhibit?

CHAPTER IX

No examples. Actual construction with appropriate checks is
essential.



ANSWERS TO
EXERCISES AND EXAMPLES

Note. In approximate calculations, such as those where 4-figure
logarithms are employed, small differences in the results may arise
from the order in which the operations are performed.

CHAPTER I

(1) (a) 13,040,000 ; (b) 21,010 ; (c) -00002204 ; (d) 17,470 ; (e) 8-206 ;
(f) 2493, (2) 3149, (3) (a) 25175; (b) x = ~6. (4) p == 6,9 =2,

r = 81. (5) 1-771. (6) (a) 1-8889; (b) 5-25. (7) 3x - %— 32% + 43;
(8) Formula (5).
CHAPTER II

(1) 3-94129%,. (2) 826. (3) (a) 3:75: (b) 3-6675; (c) 3-775.
(4) (a) 574-603; (b) 578-878; (c) 518-476; (d) 574-603. (5) (a)
358:517; (b) 955-745. (6) 2.244. (7) (a) 1488-905; (b) 1503-645;
(c) 1735-965. (8) (a) 30-251; (b) 87-96. (9) (a) 4-918%, ; (b) 4-901%,

CHAPTER III

(1) 32-626. (2) (83 6s. 11d. (3) (a) 463-119; (b) see para. 7.
(4) 644-525. (5) (a) £25,407 1s. 10d.; (b) £37,100 nominal (nearest {£).
(6) 152-263. (7) 5%,. (8) 106-096. (9) £111 16s. 2d. (10) (a) 118-052;
(b) £5 6s. 8d.%

CHAPTER 1V

No examples.

CHAPTER V

(1) Text and Table VI. (2) -00714, -00732, -00762, -00781
(3) (a) p. 83; (b) p- 84. (4) (a) -632; (b) -162; (c) -065. (5) pp. 94
and 95. (6) (a) p. 95; (b) p. 96. (7) (a) p. 89, (b) age 73, when d,
is a maximum; (c) pp. 95 and 96.

CHAPTER VI
(1) -581. (2) -000941. (3) -0124. (4) -0152. (5) -232. (6) -388.
(7) -612.
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CHAPTER VII

(1) p. 104. (2) See text. (3) (a) 943-894; (b) 402-796; (c) 485-912.
(4) (a) 8-418; (b) 15-051. (5) -02434. (6) (a) 70-892; (b) 4-788;
(¢) a40371 = 13:807, and convert, adding premium for extra endow-
ment.

CHAPTER VIII

(1) (a) 12-024; (b) 11-524; (c) 11-274; (d) 11-482. (2) (a) -5019%,
per quarter; (b) -995% per half-year. (3) (a) 6-660; (b) 6726
(c) 6-760. (4) (a) 52-8 and 52-8; (b) 63-5 and 63-5. (5) Aziy a,
(6) 44-173. (7) 69-380. (8) (a) p. 123; (b) p. 124. (9) (a) p 125
(b)§p. 126. (10) (a) and (b) p. 127. (11) pp. 128-129.

CHAPTER IX
No examples.



DICTIONARY OF ACCIDENT INSURANCE
Edited by J. B. WELSON, LL.M., F.C.LL, F.C.LS.
of Gray's Inn, Barrister-at- Law
With Contributions by many well-known Authorities

This authoritative work constitutes a complete guide to the
Principles, Law, and Practice of ecvery branch of Accident Insur-
ance as now transacted. Each section of the business is dealt with
by an acknowledged expert, and is an entirely self-contained
whole, arranged in alphabetical order. The work is fully illustrated
with the necessary forms and documents, and comprises a unique
encyclopadia of information and guidance indispensable to insur-
ance officials and to students of the Chartered Insurance Institute

In crown 4to, half-leather gilt, 038 pp. 60s. net.

DICTIONARY OF FIRE INSURANCE
Edited by BERNARD C. REMINGTON, F.C.LIL
and HERBERT G. HURREN, F.C.LL

Deals, in alphabetical order, with the thousand-and-one subjects
to which reference is at all likely by anyone engaged or otherwise
interested in the Principles and Practice (both home and foreign)
of Fire Insurance. It has been prepared by a number of practical
experts, each dealing with matters affecting the particular branch
of the work in which he is actually engaged, so that it may be
relied upon as an authoritative work containing the latest informa-
tion on the subject.

In crown 4to, half-leather gilt, 550 pp. 808. net.

DICTIONARY OF LIFE ASSURANCE
Edited by G. W. RICHMOND, F.I.A,, and F. H. SHERRIFF, F.L.A.

A comprehensive encyclopadia of information and direction on
the Principles, Law, and Practice of Life Assurance. Its contri-
butors include leading actuaries and many of the best-known
authorities on life assurance procedure. Every type of life assur-
ance policy is fully described, and examples of typical rates given.
The work will be invaluable for reference purposes to the officials
of life assurance companies, and to students preparing for the
examinations of the Chartered Insurance Institute.

In crown 4to, half-leather gilt, 608 pp. 408. net.

PITMAN



Personal Accident, Disease, and Sickness
Insurance

By J. B. Werson, LL.M,, F.CILI, F.CLS., of Gray’s Inn,
Barrister-at- Law.

A textbook for students preparing for the examinations of the
Chartered Insurance Institute.

In demy 8vo, 128 pp. 78, 6d. net.

Insurance Organization and Management

A Textbook for the Examinations of the Chartered Insurance
Institute.

By J. B. Werson, LLM., F.C.LLI, F.CIS., of Gray's Inn,
Barrister-at-Law ; and F. H. SHerrirr, F.I.LA. With a Foreword
by C. R. V. Courtrts, F.I.A.

In demy 8vo, cloth gilt, 313 pp. 158. net.

Law of Negligence
Legal Liabilities as Covered by Public Liability Policies.

By J. B. WeLson, LL.M., F.CLL, F.CIS., of Gray’s Inn,
Barrister-at- Law.

Meets the requirements of students sitting for the examination
of the Chartered Insurance Institute.

In demy 8vo, cloth gilt, 122 pp. 58. net.

Guide to Life Assurance

A Handbook of the Practical and Scientific Aspects of the
Business.

By S. G. LEiGH, Fellow of the Institute of Actuaries ; formerly
Tutor for the Institute of Actuaries’ Examinations.

Meets the requirements of business and professional men as
well as those of students for the insurance examinations.

In crown 8vo, cloth gilt, 192 pp. 8. net.

Insurance of Public Liability Risks

By S. V. KirkpratrIck, F.C.I.I.,, Stanley Brown Prizeman of
the Chartered Insurance Institute.

Prepared for students studying the subject of Public Liability
Insurance in connection with the examinations of the Chartered
Insurance Institute.

In demy 8vo, cloth gilt, 156 pp. 5S. net.

Sir Isaac Pitman & Sons, Ltd., Parker Street, Kingsway, W.(C.2
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