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AUTHOR’S PREFACE

THE present book is an enlarged reproduction of lectures
delivered to the actuarial seminar of the University of
Christiania (now Oslo). Although retaining the form of
the lectures, the book is divided into chapters com-
plete in themselves, instead of original sections of equal
length, necessary for lectures, each of forty-five minutes’
duration.

The purpose of this book differs from other works on
correlation, inasmuch as its intention is to provide a logical
foundation for the theory of correlation and not a guide
to the practical application to its methods. Hence the
technique of correlation-measurements is hardly touched
upon. The development of the fundamental principles of
the theory of correlation has not kept pace with the rapid
expansion of the methods of its measurement and of their
application in all kinds of investigation in the course of the
last three decades. This divergence has proved a hindrance
both to the theory of correlation and to the advantageous
application of statistical investigation in several kinds of
scientific inquiry. There are increasingly cogent reasons
for the necessity of clarifying the fundamental notions and
assumptions in the Calculus of Correlation ; further, there
is a need for clear-cut comprehension of problems as well as
for close examination of methods of solution applied by the
representatives of different Schools.

The present treatise is an attempt to work out the doc-
trines of the modern theory of correlation into a homogeneous
and comprehensive system from this point of view.

The presentation is limited to questions which arise from
dealing with two variables. Problems arising from the
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Author’s Preface

consideration of three or more variables are for the time
being postponed except incidentally.

With this main purpose in view, technical details and
statistical and mathematical methods have both had to be
set aside as much as possible. I have had to abandon the
elaboration of mathematical details in the text. Every
competent mathematician will be able to supply the miss-
ing steps of the argument without any difficulty, and those
not so well mathematically equipped will find in the Appen-
dix the necessary formulae and equations ; the mathematical
methods employed are the simplest possible.

By starting with the consideration of the Discontinuous
Distribution and of the Laws of Dependence 1 have simplified
the logical and mathematical ideas needed for the investi-
gation. By such means complications are avoided which
would otherwise divert the reader’s attention from the
essential logic involved by the problems, and it is possible
to express the mathematical treatment in terms of elementary
algebra familiar to the average statistician. The application
of differential and integral calculus to the interpretation of
‘ Normal Correlation ’, which it would otherwise be impos-
sible to develop, is unavoidably admitted as an exception.

Contrary to the usual method, which does not make any
use of Probability in expounding the Calculus of Correla-
tion, there will be an attempt in the present book to link
up the modern theory of correlation organically with the
theory of probability. Hence this presentation does not start
with the numerical reduction of the empirical material but
with the analysis of magnitudes with given a prior: proba-
bilities and their relation to the empirical values observed
in random samples. A clear exposition of the role of the
theory of probability a priori in the measurements of cor-
relation is in my opinion the only means of bringing clarity
and order into the framework of the theory of correlation.
The calculations in which statisticians are engaged achieve
their purpose only if there is complete comprehension of
what it is they are computing. The actual treatment is

v



Mathematical Theory of Correlation

in the main closely associated with the results obtained by
the English School. Of course, the latter is, so to speak,
translated into another mathematical language, and when
necessary attuned to the a priori key.

T shall not go closely into the logical and philosophical
questions which are connected with the notion of Proba-
bility. I myself adhere to the School which in the history
of the theory is associated with the names ‘ 4. Cowurnot’
and ‘ J. von Kries’. However, I have tried to cast the
mathematical presentation into forms which can be filled
into other philosophical concepts without very great
alteration.

The readers for which a theoretical statistical work is
chiefly destined are as varied as the branches of science
which nowadays make use of statistical investigation. A
well-considered differentiation of the kind of presentation
is therefore to be recommended as both the empirical base
of statistical research in the fields of social and natural
science, and obviously, the resulting methods of practical
application are different. As statistical technicalities are
left out, the present work is released from the necessity of
choosing between the readers of different branches of
science. The inquiries involved appear as preliminary
questions common to all those sections of science in which
statistical methods are used. The author’s inclination to
the social sciences naturally gives an unavoidable bias to
the presentation, but he hopes not to be too unfair to the
other needs, since he is by his early training not a stranger
to natural science.

Finally, one or two remarks as to why the problem of
the calculation of the equation of the correlation surface,
which is the best fit to the empirical data, is not touched
upon. The reason is partly because this section of the
theory of correlation is still in a rudimentary state and less
attention has been paid to statistical research in this direc-
tion than to the corresponding problem of the calculation
of frequency-curves. Furthermore, the author realizes that
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the presentation of these methods can hardly be expressed
at present in an easily handled mathematical form. How-
ever, the following consideration was decisive : as every-
body knows, there is great difference of opinion in the
scientific work with regard to the possibility of achieving
real knowledge by this method. There are so-called mathe-
matical statisticians for whom the calculation of equations
of frequency-curves of correlation-surfaces is the culminating
point of the statistical investigation. On the other hand,
there are statisticians who consider such calculations a mere
pastime and lacking scientific value. If the problem is
raised one should not leave out a detailed discussion of the
questions, especially as after their elimination the rest would
be practically nothing more than the technique of calcula-
tion, the description of which is omitted in the present
work. Yet the examination of these questions does not
belong to the framework of the theory of correlation since
they have really no close relation to the measurement of
correlation ; this could be done more easily and thoroughly
by dealing with the problem of determining the equations
of frequency-curves, this being thc only place where, in the
present state of statistical research, the logical analysis can
rely on fairly sufficient empirical material.

The list of references which concludes the book does not
claim to be a complete Bibliography of the questions con-
sidered. Its purpose is rather to refer the reader to those
works which are most important for insight into particular
problems as well as for guidance to relevant literature.



CHAPTER 1

THE MODERN ‘ MATHEMATICAL THEORY OF CORRELATION
AND THE METHODS OF ‘ NON-MATHEMATICIANS ’

§1
AMONG the functions of statistical inquiry the determina-
tion of associations between phenomena under statistical
examination plays a prominent part, both because of its
importance in various branches of statistics and because of
the value it renders to every-day life, so far as the latter
depends on numerical expression. From ancient times
statisticians have been keenly engaged in the development
of those statistical methods which pursue this purpose. In
the new era the interest in associations of the particular
kind with which statisticians have to deal, has received
special stimulus since statistical inquiry has gained ground
so rapidly in natural science. The productive impulse of
statisticians working in the field of natural science has
hereby entered a path which quite significantly deviates
from that previously frequented. The fact that students
of natural science are more prone to mathematics than
those of social science is of great importance. Since the
guidance in the struggle for statistical innovation in natural-
scientific inquiry lay in the hands of prominent statisticians
—Karl Pearson should be mentioned in the first place—
the theory of correlation, as this Novum Organum of statis-
ticians has become called, has, from its origin, taken mathe-
matical forms which have proved a stumbling-block to
advocates of the older conceptions. Thus ~ most unjusti-
fiable cleavage arose among students of statistics. The
so-called ‘ mathematicians ’ sometimes show bias inasmuch
I



Mathematical Theory of Correlation

as they disdainfully and without further thought cast aside
as lumber the—in their opinion—rudimentary and insuffici-
ently considered ‘ elementary ’ methods of inquiry of non-
mathematicians. On the other hand, the ‘non-mathe-
maticians ’ reject the ‘ mathematical ’ methods of inquiry
as being a scientifically sterile ‘ toying * with figures, which
deludes uncritical minds by a deceptive appearance of
precision not in practice attainable, and cannot hold its
ground against the criticism of trained statisticians. This
unhappy antagonism becomes a serious hindrance to the
harmonious development both of the theory of statistics
and of those branches of science which apply statistical
methods. The termination of such a discussion is certainly
to be anticipated. The waves are beginning to grow visibly
smoother. As soon as this contentious mood which obstructs
mutual understanding is calmed, it will be realized that the
greatest cleavage was aggravated by mere mutual exag-
geration and that no unbridgeable gap exists between the
opinions of the two sides. When this realization comes the
bridge can easily be built, and the new ‘ mathematical’
methods of inquiry will gain prevalence everywhere within
their proper limits. Those ‘mathematical’ methods of
determining associations which at present meet with most
passionate resistance, will achieve their object with least
trouble because the controversy between mathematicians
and non-mathematicians has least real justification at this
point, as the new methods are closely connected with the
older ‘ elementary ’ methods of inquiry. The modern theory
of correlation, pre-eminently indebted to natural scientists,
appears on closer examination a logical continuation of ideas
fundamentally the same and is rooted historically in the
achievements of social statisticians. In order to lay bare
these roots it is not necessary to dig too deeply: it is
sufficient to cast an unbiased eye over the methods at all
times employed by statisticians when inferring associations.
For the presentation of the logical construction of the theory
of correlation such an adoption of the ‘ elementary * methods
2
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of ‘ non-mathematicians ’ may be of particular importance
for the following reasons: one can overcome the timid
distrust of non-mathematicians in the theory of correlation,
and furthermore, one can throw light upon the intrinsic
property of the tasks which the theory of correlation has
to solve by drawing a parallel between these tasks and the
old attempts at solution and thus facilitate the compre-
hension of the logical foundation of the measurements of
correlation.

Let us demonstrate by some characteristic examples how
strongly the modern theory of correlation is anchored to
those methods of inquiry which have been used and praised
by the non-mathematicians. This will smooth the ground
for the ‘ mathematical * construction designed by us.

§2

In order to enter instantly in medias res let us examine
more closely the so-called correlation table. Such correla-
tion tables represent in comprehensive form the frequency-
distributions containing various combinations of possible
values of attributes chosen for the purpose of inferring
statistical associations between two phenomena within the
field of observation of the inquirer. As a classical example,
let us consider a Table showing the age-combinations in
which for every age-group it will be recorded in how many
cases X-aged men marry Y-aged women. For our formal-
methodological consideration let us take as a basis figures
derived from an experiment I made. It will not be neces-
sary to enter into details. Under our X and Y must thus
be understood any variates with but a single formal limita-
tion that both X and Y can assume only 19 various integral
values between 0 and 18.

In which way can we infer from the universe of the
observed combinations of the numerical values of X and
Y, whether there is an association between them or whether
the two variables are independent of each other ? Bearing
in mind separate values we may observe the most diverse

3
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TABLE 1
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relations between the value X and the corresponding value
Y. A larger value X corresponds at one time to a larger
and at another time to a smaller value of Y. So on the
average one has a clear impression that the Y-values increase
with the growth of the X-values; there are a great many
exceptions—some quite conspicuous: in one case, for
instance, the value O of X corresponds to the value 6 of
Y, while there is a case where the value 9 of X corresponds
to the value 1 of Y. The examination of the results of
the separate trials forms no uniform picture. In order to
arrive at more cogent inferences one has to work out the
results of separate trials suitably—to collate them so that
the respective presence or absence of the associations between
X and Y should emerge more clearly.

Different statisticians will give different replies to the

4
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question of how to proceed in such work. These divergent
answers are substantially justified because, as we shall see,
there are several different methods of solving this problem,
each one, at times, deserving reference, according to require-
ments. To a large extent, however, the difference in reply
is due to the attitude of the statistician towards ‘ mathe-
matical ’ statistics. Mathematical statisticians would sug-
gest certain methods which would be rejected by non-
mathematicians. The latter, in their turn, would try to
tackle the problem by a method of approach disdained by
mathematicians. Let us commence by considering some of
those methods which fiave been devised by non-mathe-
maticians down the years.

A. The fundamental method of non-mathematicians
consists in the computation of array-means of one variable
—for instance, of the variable Y for increasing values of
the other variable, and in determining whether the means
increase or decrease with increasing values of X, or whether
they fluctuate irregularly round the grand mean of the Y
values. In our case we arrive at the following arrays
(vide Table 2).

TABLE 2
| | 7 L
The valueof | 4 ! I | ’, } |
X. . ., 0 2[314]5“;171819
| i ‘ \
S RN B i S S
The mean ] l ‘\ ! !‘ ! !
value of Y 27|40 '625’66172 ; 71 1i7‘6 ' 71 “()1 19'4
L I ,. T ‘ — = l—*,,
The value of ’ | | ‘ |
X . . 11011 | 12 ’ 13 | 14 i 15 ‘ 16 | 17 ! 18
e ERE
! ; 1
The mean ! ' 1 1
value of ¥ 1‘)61975\108”13 9:0 | 10-8 1101125’160
o . |

We see that the larger is X, the larger on the average
is Y—but only on the average, as there are exceptions ;
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for instance, a noticeable smaller mean value from Y cor-
responds to the X-value 7 rather than the X-value 6. If
we thus apply this method most commonly used by non-
mathematicians—in the language of the mathematical
theory of correlation it is called * Calculation of the Empirical
Regression Line '—the question which we hoped to avoid
in this way is raised afresh, namely, how can one determine
whether the mean values of Y fluctuate irregularly or
whether they exhibit a tendency towards increase or
decrease ? It would be an easy matter to solve the prob-
lem if cach successive mean value of Y were larger or
smaller respectively than the preceding one. The picture
is mostly, however, irregular and points—as in our case—
to fluctuation in the movement of the mean values of Y.
The mathematician, who estimates the equation of the
regression line by the Method of Least Squares, has his
own, well-developed ways of approach in determining how
far it may be considered plausible that the line of regression
can have the shape of a straight line parallel to the X-axis.
The non-mathematician, who has not such methods at his
command, has to seek aid in some other way.

The nearest approach to the foregoing is as follows: to
repeat the operation of combining the single values into
greater groups until one obtains a uniform picture. If we,
for instance, divide our X series into 3 sections (vide Table 2),
giving to the first one the values O to 5, to the second 6
to 12, and to the last 13 to 18, we arrive at the mean value
of Y-values which equals 5-6 corresponding to the mean
value of X equal to 2:5 for the first section, for the second
one we obtain the mean value of X equal to 9, and that
of Y equal to 905, and for the last section we get as much
as 15'5 for X and 116 for Y. Hence with the increase of
X-values the Y-values increase without exception: Y is
directly associated with X. The association would also
appear should we divide our series into 5 sections: we
find that the mean value of Y equal to 4-9 corresponds to
the mean value of X equal to 1-5; the mean value 7-2

6
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of Y corresponding to 55 of X; 93 0of Y to 9 of X; 102
of Y to 125 of X ; and for the highest mean value of
X = 165 we obtain the highest value of the Y series = 124.
But having further extended the number of groups to 9
one would not observe any unexceptional increase of the
values of Y, corresponding to the increase of the values
of X.

It is obvious that one can always arrive at a uniform
picture by such means. When the series is cut into two,
then one mean of values is larger than the other, or both
are equal. It is then an easy task to determine whether
the association is direct or inverse or whether there is no
association at all; but it is likewise clear that no great
reliability can be felt in a conclusion derived from division
into two sections only, as the suspicion cannot be rejected
that mere chance might play its part. The inference of
the presence of an association is more conclusive the greater
the maximum number of trial groups in which without
cxception incrcase or decrease of the one array corresponds
to the increase of the other one. The skill of the non-
mathematical statistician who selects this method culmin-
ates accordingly in the ingenious adjustment of the groups
he forms to the wavy regression line, in order to confine
successive fluctuations within the narrowest possible bounds.
It is not necessary to emphasize the danger of arbitrariness
in this connection. Sometimes one tries to guard against
this by the arrangement of groups in which certain rules
are observed which serve as a standard : for instance, the
groups are so constructed that they are comprised of possibly
an equal number of single observations, or in such a manner
that the scale of values of X is divided into equal portions.
Here there is a somewhat primitive attempt to struggle
with those difficulties which mathematicians are able to
surmount with greater success in a systematically considered
way.

B. Anotber popular method of non-mathematicians is
the consideration of deviations of both the arrays from

7 B



Mathematical Theory of Correlation

their respective mean values. Here the starting-point is
the consideration of mutual independence, the deviation of
X in one direction has to be accompanied by a deviation
of Y nearly as often in the same direction as in the opposite
one. A large excess of deviations in the same direction
would then indicate the existence of a direct association
between X and Y, whilst an excess of pairs of deviations
of the opposite sign would be evidence of an inverse associa-
tion. In order to follow this kind of non-mathematical
method of inquiry in its systematic development, let us
consider an example which is dealt with by Professor G.
Jahn in his text-book,* namely, the relationship of the level

TABLE 3
GENERAL DAY’S WAGE. DAY LABOURERS WITHOUT BOARD

Ranks
Fylker 1910 1915 [ PO —— -
1910 | 1915 | Diff. D*
Finmark . . . [ 350 |+ 85| + 89 | 445 1 1 0 0
Telemark . . . | 289 |+ 24| 4 34 | 390 2 4 | -2 4
Troms. . . .| 286 |+ 21|+ 61] 417 3 2 | +1 1
Rogaland . . . | 281 | + 16| 4 40 | 396 4 3 +1 1
Vestfold . . . | 280 |+ 15| 18| 374 5 6 | —1 1
Vestagder . . 1276 |+ 11|+ 19| 375 6 5 | +1 1
Nordland . . . [272 |+ 7|4+ 6| 362 7 7 0 0
Buskerud . . . | 267 |+ 2| — 6| 350 8 |10 |—2 4
Austagder . . |264 | — 1|4+ 3| 359 9 8% |+ % 1
Hedmark . . . |263 | — 2| — 9347 | 10 | 11 —1 1
N. Trondelag . . [ 259 |— 6| — 17339 | 11 |13 | —2 4
Hordaland . . | 255 |— 10|+ 3359 12 8% | + 3% | 12}
Dstfold . . .|249 | —16|—21|335| 13 |14 | —1 1
S. Trendelag . . | 240 | — 25| —40|316 | 14 |17 | -3 9
Akershus . . . [236 | —29|—39 (317 | 15 | 154 | — % }
Sogn og Fjordane | 233 | — 32| —39| 317 | 16 | 153 | + % }
Mgre . . . . |232|—33|—12|344 | 17 |12 |+ 5 |25
Opland . . . |231 | —34|—44|312 | 18 | 18 0 0
Average wage in
Dre . . . . |25 — — | 356 | — | — —_ —

* G. Jahn, Statistikkens teknik og metode, p. 224 (Kristiania, 1920).
8
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of daily wages in different provinces of Norway in the
years 1910 and 1915 (vide Table 3). The arrays we are
dealing with reproduce the average wage of a male daily
wage-earner in the 18 Fylker of Norway in both these
years, and I arranged the separate districts according to
the order of wages in the year 1910. In the first 8 pro-
vinces in our Table the daily wages in 1910 were above
the general average, and in 1915 only in one of these 8
provinces was the daily wage under the general average
for 1915, and in the remaining 7 provinces it was over the
average. Out of the last 10 provinces which show under
average wages for the year 1910, 2 show a rise above the
average for the year 1915, while 8 remain below. Hence
out of 18 cases in 15 there may be observed deviations
from the average in the same direction; only in 3 cases
were the deviations of opposite sign. A direct association
is obvious. According to Fechner’s * suggestion it may be
characterized by an index-number, which is obtained by
dividing the difference between the number of deviations
in the same direction and those in the opposite one by the
sum of these numbers; letting ¢ be this index, in our
15 -3 2

=GET3— +§=+0-67.

The consideration of signs of deviations of values of X
and Y from their means does not exhaust what our series
of numbers is in a position to reveal in regard to the presence
or absence of the association between X and Y. Apart
from the direction, the value of the deviation from the
mean should also be considered. In the case of independ-
ence large and small deviations of X are equally often
accompanied by larger and smaller deviations of Y, whether
with the same or with opposite signs. If, however, Y stands
in direct association with X, then the deviations which are
co-ordinated are not only of the same sign but also cor-
respond more or less with regard to their value. On the
other hand, if Y stands in inverse association with X, then

* G. Th. Fechner, Kollektivmasslehre, pp. 382-5 (1897).
9
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the deviations tend to have opposite signs but are still
such that the larger X and Y deviations, on the whole,
correspond to one another in absolute magnitude. Hence
in the case of independence the algebraic sum of products
of deviations taken with their appropriate signs must roughly
equal zero; in direct association it shows a larger positive
value, in inverse association a more or less considerable
negative value. In our example the sum of the positive
products comes to 16,500, and of the negative products
equals 45. In this way we also prove that there exists a
clear association between the level of wages in the separate
provinces in the two years we have considered. We may
express this association in summarized form by calculating
an index-number in the same way as before, which we shall
16550 -::1§ = 0-99.
16550 + 45
Now we can proceed one step further. We have just
spoken of deviations which correspond to each other in
magnitude, and assumed, that in an association, a devia-
tion from the mean in X has a tendency to cause a cor-
respondingly large deviation in Y. This conception may
be expressed more precisely : both the variables may differ
considerably with regard to their variability. If X shows
very great fluctuation, but the values of Y keep within
relatively close bounds, then obviously a fairly great devia-
tion in one of the X values from their mean can call forth
only a relatively small deviation in the corresponding value
of Y ; on the contrary, with small fluctuations of X-values
and a considerable variability of Y a relatively small devia-
tion of X-values from their mean produces a considerable
divergence on the Y-values. In order to bring both sets
of deviations more exactly in relation with each other it
is obvious that one must measure the deviations by the
corresponding standard deviations. Then their values can
really be considered to correspond to each other. Hence
let us express the algebraic sum of products of deviations
divided by the corresponding standard deviations as 7,

I0

denote by I: we arrive at [ =
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then we arrive at an index, which appears in the theory of
correlation under the title ‘ Coefficient of Correlation’. In
our example we obtain: 7 = 0-93. Consequently the cal-
culation of coefficients of correlation in the same way as
the calculation of regression lines can be brought into direct
connection with non-mathematical methods. The methods
of non-mathematicians contain the seeds of both techniques ;
yet the full development is only attained in the modern
‘ mathematical ’ theory of correlation. Only on this soil is
it possible to develop their fundamental conceptions logically
and to find firm anchorage in the theory of probability.

C. Finally, let us consider another device which has been
adopted in preference by non-mathematicians. Individual
values of both the averages are arranged in order so that
we allot to the highest value the number (or rank) 1, to
the highest but one number 2, &c. The terms are then
so arranged that the X-ranks become a successively increas-
ing series. The presence or the absence of an association
is here disclosed by the position in which the Y-ranks
appear. In a perfectly direct association all the Y-ranks
coincide with corresponding X-ranks ; in a perfectly inverse
association all the Y-ranks form a successively decreasing
series. In the case of mutual independence there is no
systematic increase or decrease perceptible in the series of
Y-ranks. Hence it is necessary to determine each time to
which of the three above cases the actual series of Y-ranks
approximates. In the association we have just considered
between the magnitude of daily wages in different provinces
of Norway in the years 1910 and 1915 we see for example
that the first and the last ranks occupy the positions ex-
pected on the assumption of direct association and that
the ranks 7 and 15 are also in their expected positions.
This with 18 ranks is evident proof of the presence of a
direct association. One could estimate by means of Prob-
ability, to what degree it appears improbable that such a
coincidence of ranks of both the arrays would emerge in
the absence of any association between X and Y. Non-

1I
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mathematicians, however, seek to ascertain by some other
methods which of the three possibilities—direct association,
inverse association, no association—corresponds to the real
distribution of Y-ranks. This may be done by recasting
the original material as described in 4 and B above. Still,
by setting such problems special methods can be derived.
One can, for instance, split up the two series into sections
in order to ascertain to what extent the Y-ranks remain
within the limits of those sections to which they belong,
under the presumption of a direct or inverse association
respectively. Accordingly, if we subdivide the 18 provinces
of Norway into, say, thrce equally extensive groups the
presence of a direct association emerges quite distinctly
(vide Table 3). Although the Y-ranks 1-6 which belong
to the first group are not all in the exact positions in which
they would stand in a perfect direct association, none of
these 6 ranks deserts into any other group ; both the other
groups show likewise a picture harmonizing well with the
assumption of a direct association, although each group has
surrendered onc rank, viz. 12 or 13, to another.

The general impression of increasing order in the Y-ranks
may be much more clearly and precisely expressed by the
use of an index. The differences of corresponding ranks
are computed. If the direct association is perfect all the
differences are zero. The greater the differences, the less
perfect is the direct association. As the algcbraic sum of
the differences is identically equal to zero, a comprehensive
and precise numerical expression must be set up either on
the basis of the absolute value of the differences or by a
process of squaring. Should we prefer the latter method
the sum of square differences would be zero in the casc of
a perfect direct association. On the other hand, as may
easily be shown, in the case of a perfect inverse association
the sum of square differences equals ﬂ’-ﬁ:}—_!—)
the total number of terms in the series considered. Finally,
it is not difficult to prove that when the two series are

12
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completely independent, the sum of square differences

2
reaches the value i(n(s—l).

call, according to Karl Pearson, p, is defined by the relation
p=1—[2D?] -~ Mfé:—l)
independence ; p is equal to -+ 1, if there is a perfect direct
association ; and is equal to — 1 if a perfect inverse associa-
tion is observed. The larger p is in absolute value, the more
pronounced is the association, whereas the sign determines
whether the association is direct or inverse.

In our case, the sum of squared differences equals 65 and
n = 18 ; the index is equal to + 0-93. It is accidentally
equal to the coefficient of correlation: ‘ Accidentally’, as
in general this cannot be expected, the relations between
p and the coefficient of correlation being rather compli-
cated. They can only be reduced to more manageable
formulae under certain assumptions, as K. Pearson suc-
ceeded in doing in the case of the so-called ‘normal’
correlation.

Thus, having been able not only to lay down the general
problem of so-called ‘ rank-correlation ’, but also to derive
the standard Spearman-Pearson formula, we have again
reached the domain of the mathematical theory of correla-
tion without having left the ground of methods counted as
non-mathematical. A tangible controversy between the
mathematical and non-mathematical way of approach has
not been noticeable here either. There is no deep gap
between them, but the former appears to be the logical
sequence and systematic clarification of the latter. Strictly
speaking, the elementary methods are also mathematical,
as they have to deal likewise with quantities and with
quantitative relations. As far as ‘ Mathematicalness’ is
concerned there is no deeper contrast between both the
methods of inquiry than between the arithmetical relation :
5+3) (5 —3) =8x2=16 =25 —9, and the algebraic
formula: (2 + b) (@ — b) = a® — b2

13
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§3

As we see, the consequent development of non-mathe-
matical methods to determine associations leads us close to
the boundaries of the modern mathematical theory of cor-
relation. Moreover, non-mathematicians have prepared the
work of the mathematical theory of correlation in a still
more essential sense in so far as they have levelled the path
for the right conception of the subject of correlation. The
original inquiry of non-mathematicians who were primarily
interested only in the question as to whether there was an
association or not between the phenomena to be investi-
gated, has gradually modified. They began to realize that
the series placed before them for examination were distin-
guishable one from another not only in so far as the
association is sometimes clearer, sometimes less distinct,
but also inasmuch as the association is sometimes more
intense than at other times. Owing to the chance fluctua-
tions of both series the association is always more or less
conccaled. It emerges with greater clarity when there are
fewer chance fluctuations in comparison with the variation
of the corresponding terms of both series. Originally the
efforts to work out the methods of comparing the series
were cxclusively devoted to the elimination of the disturb-
ing effect of chance fluctuations. One had nothing else in
mind but to bring out the final association as clearly as
possible by the reduction of the relative weight of chance
fluctuations. We have noticed, moreover, that success is
to a great extent dependent upon the kind of association,
viz. that there are associations which appear in spite of
paucity of observations and the resulting large chance
fluctuations, and on the other hand there are those which
remain hardly perceptible when the number of observations
is large and the chance fluctuations are accordingly reduced.
In this way one learnt to interpret the comparison between
series in a new sense. The notion of intensity of association
as a characteristic and measurable attribute of an association,

14
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as such, began to develop and to be differentiated from the
notion of the distinctness with which the association could
be detected from the relevant numerical data. This was
a decisive step on the path to a rational theory of statistical
research along this line. The most important basic ideas
of statistical correlation were discovered and thus a firm
basis was created for a systematic development of the most
appropriate methods. Uncertain trials could now be re-
placed by a directed and methodical mechanism, the results
of which are embodied in the modern mathematical theory
of correlation.

15



CHAPTER 1I

SUBJECT-MATTER AND PROBLEMS OF STATISTICAL
CORRELATION. CAUSAL RELATION AND CORRELATION

§1

THE notion of intensity as an objective attribute of associa-
tions which are to be statistically determined constitutes
one of the foundation-stones of the theory of correlation.
It must, however, be logically refined before one can begin
to build upon it. This is because at first sight the notion
of intensity seems to stand in crass contradiction to the
notion of causal relation upon which the deterministic
conceptions of our natural science rest and to which most
statistical of investigators adhere. The notion of causal
relationship includes the assumption that cause and effect
are constantly and indissolubly connected: if A4 is the
cause of A4’, the effect 4’ follows upon the cause 4 at all
times and everywhere, and never can 4’ take place unless
A has previously occurred. There is no question of a greater
or smaller intensity of association: either A is the cause
of A’ or not—fertium non datur. Why is it, then, that we
statisticians have exclusively to deal with a morc or less
intense relationship ?

A natural scientist comes across a similar question even
when he is not engaged in statistical investigation. The
notion of indissoluble relationship seems at the first glance
to exclude all quantitative connections between associated
phenomena which have not the form of direct proportion.
If A and A’ are indissolubly connected, then upon A4 always
follows A’, upon A + A follows A’ + A’ and upon »A
follows nA’. It seems that relations of another kind are

16
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impossible. Yet in the province of exact natural sciences
the greater part of the work of inquiry is devoted to the task
of revealing the true form of functional relationships, and
forming mathematically precise laws which the phenomena
follow. How is this contradiction to be explained ?

The explanation is quite simple. If a scientist is engaged
in an inquiry in a field not yet thoroughly investigated and
where relations have not yet been fixed, he is not always in
a position to pick out from the magnitudes he has measured
those which show just causes and their proximate effects.
Assume, for instance, that without the slightest knowledge
of the relations between the weight and mass of bodies one
undertakes an empirical investigation of the relations ascer-
tainable by measurements made with a balance. One con-
structs for the purpose of the investigation a number of
different large regular cubic dice of material as homogeneous
as possible and one cxamines their measurements. When
weights and volumes have been mecasured, one discovers
that they are directly proportional. On the other hand, if
instead of volumes the length of the edge of the dice is
measured, which might just as well be done if one has no
knowledge of the rcal relations, onc arrives at another
mathematical law : the weight, within the range of errors
of observation, is proportional to the cube of the measured
values. If one has measured surfaces of dice instead of the
length of the edges, one would have discovered a third law.
One sees from this example that it is sheer good luck if
magnitudes chosen blindly for measurement are directly
proportional to one another. It is really more probable
that one will come across functional relationships of quite
a different nature; for one kind of measurement which
leads to a direct proportion many others may be found
which give quite different results. Of course, the choice
is seldom entirely blind. As a rule, one possesses some
preliminary knowledge. Yet it is an exception, when one
proceeds with certainty. One need not be surprised, there-
fore, that among the laws laid down by physicists, chemists,
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and other students of natural science, that of direct pro-
portion is not the most prevalent.

In the same way the other apparent contradiction may
be removed : the appearance of non-indissoluble relation-
ships within the sphere of an inquirer’s contemplation. In
practical research work one has continually to deal not with
non-indissoluble relationships but with more or less loose
ones. An undeniable relationship exists between the attri-
butes of parents and their offspring, between the barometer
reading and the height above sea-level at which it is
measured. Yet if one considers the individual measure-
ments from which these relationships are derived, then one
has a very confused picture before one’s eyes: sometimes
a son of far below avcrage size issues from a giant-like
father, sometimes, on the contrary, where the father is a
dwarf, the son is a giant ; barometrical readings everywhere
fluctuate between such wide limits that sometimes a pres-
sure will be recorded at the seaside which falls far short of
that at stations situated considerably higher. How can
this be reconciled with the assumption of the rule of indis-
soluble relationships between cause and effect ?

One assumes that the cause 4 is indissolubly connected
with the effect A’, the cause B with the effect B’, &c., so
that at all times and everywhere A4 takes place 4’ follows,
and 4’ is not found anywhere, unless A has previously
taken place. Now, if one contemplates the relatively
complicated phenomena X and Y and seeks to determine
their relationship, it might happen that X appears as a
combination of A and B, and Y of A’ and B’; then X
and Y likewise appear to be indissolubly connected. But
if X is a combination of A and B, whereas Y is a con-
ceptual unit which in addition to 4’ and B’ contains C’,
then, though one will never be able to observe Y without
X having been previously observed, yet one will notice that
some other effects follow upon X—for instance, an effect Z,
which is conceptual unit comprising A’, B’, and D’. Con-
versely, in a case where X includes some surplus components
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which are missing in Y, one will remark that Y always
follows X ; but also some other cases, apart from X, precede
the effect Y. And finally, in a case where X appears to
equal 4 + B and Y to equal A’ 4 C’, one is able to observe
both how the effects of the cause X differ from Y and the
causes of the effect Y differ from X.

Corresponding to this simple scheme are the causal rela-
tionships in the examples which one used to illustrate the
notion of Mathematical Probability : the tossing of coins,
drawing of balls from closed urns, and other so-called
games of chance. From a closed urn, containing two balls
which are marked with a number, one ball is drawn : the
ball No. 1 is just as likely to appear as the ball No. 2. The
complex of causes we are considering is not indissolubly
connected with the effects we have in view : it has not a
single effect but two different possible effects. This can be
explained by the fact that we have tried to bring a rela-
tively concrete effect into relation with a complex of causes
much simplified in comparison. All are in themselves
causally uniquely determined events, and it would be an
easy task to segregate causes and effects which stand in
indissoluble relation to one another. If we substantially
simplify the effect we have in view, then the indissolubility
of the relationship is restored: from our urn containing
two balls at each drawing a ball is extracted and not a die
—the appearance of a ball is an effect indissolubly con-
nected with the complex of causes we are considering. On
the other hand, we arrive at indissoluble relationships when
we modify the complex of causes approximately : if we state
in addition how the balls have been placed in the urn and
the movements made by the hand which draws the ball,
then the extraction of a specific ball appears as an effect
of the complex of causes thus formed and the extraction
of the other ball will no longer belong to the possible effects
of the cause we are considering. The possibility of pro-
ducing the indissoluble relationship exists in all such cases.
Yet often our interest is not centred on such indissoluble
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but insignificant relationships, but just on the relationship
of chosen parts of the entire complex of causes with their
concrete effects, regardless of the fact that such a relation-
ship is not indissoluble.

Of course, the above-mentioned scheme is not applicable
to all causes of non-indissoluble relationships. I only wished
to demonstrate by this simple example how the occurrence
of such non-indissoluble relationships can be brought into
conformity with the assumption that cause and effect are
always indissolubly connected with each other. When
working with experimental material in a sphere not yet
thoroughly investigated, one operates with hypotheses
which have to be developed and interpreted by the inquiry
undertaken ; one is then in a position to select the pheno-
mena which one is trying to connect—our X and Y—so
that, though they may contain elements which are, causally,
indissolubly connected, they are not comprised exclusively
of such. Then one must expect a relationship which is no
longer indissoluble but more or less intense.

§2
The greater or lesser intensity of relationship between X
and Y can partly be accounted for by their composition :
the greater the weight of the causally related elements the
more intense is the relationship. If, say, X =4 + B +C
and Y = A4’ + B’ 4+ D', the relationship is then more
intense than in the case where X =4 4+ B 4+ C and
Y =A' + D' + E’. The hereditary relationship between
father and son is, for instance, more intense than that
between grandfather and grandson. The length of the left
arm and that of the right one of the same individual stand
in a more intense relatmnshlp than the length of the arms
of two brothers ; again, the relationship between the corre-
sponding attributes of brothers is, in turn, more than that
of cousins.
However, the intensity of relationship is still not deter-
mined by the composition of X and Y. With the same
20
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composition, the relationship may be more or less intense
according to the variability within the inquirer’s field of
observation of the elements of X and Y which are not
causally related. The relationship between volume and
weight appears perfect when bodies of the same homogeneous
material are compared. If, however, bodies of different
material are drawn, then the relationship is more or less
loose according to circumstances. A small stone ball may
weigh more than a considerably larger wooden ball ; the
greater the difference in density of the bodies to be measured
the looser is the relationship between volume and weight.
If exclusively stone balls or exclusively wooden balls are
measured, one expects a more intense relationship than when
some of the balls measured are of stone and some of wood.
Consequently a relationship between two non-indissolubly
connected phenomena may sometimes be more, sometimes
less intense. It may even be the case that the actual com-
position within the inquirer’s field of observation of the
elements of X and Y which are not causally related conceals
the causal relationship between X and Y, or apparently in
the case a relationship, really non-existent. If, say, some
stone balls and some larger wooden balls are accidentally
accessible for the purpose of inquiry, then one is unable to
disclose any direct relationship between volume and weight.
If balls of heavy dark wood and equally large balls of light
coloured aspen-wood are compared, then an influence of
colouring on the weight may be disclosed which actually
does not exist. These imaginary examples may be paral-
leled by countless instances from actual practice. The
statistics of Russian compulsory fire-insurance disclose a
striking relationship between the average number of build-
ings destroyed in one conflagration in the country and the
use or non-use of fire-engines for its extinction : fires extin-
guished by a fire brigade furnished with a fire-engine are,
on the average, more destructive than others. To conclude
from this that the destruction of fire-engines constitutes the
best means of reducing damage from fire would be as absurd
21
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as to suggest that, in order to diminish their weight, all
yellow objects should be painted white—from the observa-
tion that gold, yellow-coloured balls weigh more than silver,
white ones. The simple cxplanation is that only the larger
villages have fire-engines, and they are seldom used for
small fires concerning only a few houses.

These simpler examples are sufficient to show that the
problems for the investigator who intends to inquire into
relationships between phenomena which interest him are
becoming more abundant in scientific practice than one
would have supposed if one had paid exclusive attention
to indissoluble relationships and concluded that there is
no relationship between X and Y if they are not indis-
solubly connected with each other. It is insufficient to
ascertain whether X and Y are associated with each other
or not. If a relationship is traceable it must be elucidated
more closely : the law of relationship must be determined
as precisely as possible and the intensity of relationship
must be appropriately represented ; but first of all the kind
of relationship must be closely explored, particularly the
influence of elements not causally related. The interpreta-
tion of a relationship is often the most important part of
inquiry. Results, achieved by formally identical treatment
of sets of data which superficially appear exactly the same
may be fundamentally different in their meaning, and if one
does not pay due attention to this fact, one may come to
recommend the destruction of fire-engines in order to
diminish the ravages of fire. Suppose, for instance, that a
barometric reading is made first at various heights above
sea-level and secondly at various distances from the sea-
shore. The series of numbers do not in themselves reveal
in each case the kind of distinction existing between the
first and second measurements. The inquirer who works
out the numerical data will deduce from the sets of figures
exactly corresponding information regarding the law of
relationship. But the content and logical value of what
he discovers in this manner are quite different in each case :

22



Subject-Matter of Statistical Correlation

in the case of relationship of barometric reading with the
height above sea-level the point in question is the law of
decline of atmospheric pressure, and in the other case this
particular method merely brings into relief the environs of
the shore where measurements have been made. If one
had taken another direction when walking inland from the
coast one would have come upon an entirely different law.

The importance of the right interpretation of observed
relationships cannot be too strongly emphasized. Within
the field of statistical research which always deals with a
complex jumble of causally related and causelessly coin-
cident phenomena, the inquirer must not stop after having
ascertained that there is a relationship between his X and
Y : he must use his utmost endeavour to fathom what the
observed relationship really means and what is his real
basis. In cases in which results achieved by statisticians
are utilized for practical advice and decisions, the half-
knowledge of relationships which remains without any
clucidation or which are even wrongly interpreted, is often
worse than ignorance. In confinements where a physician
assists as obstetrician the ratio of still-born children is,
on the average, higher than in those where child-bed is
attended by a midwife with no medical assistance. Never-
- theless, the husband who, in a difficult case, renounced
medical assistance on account of this statistical relationship
would be bringing trouble on his own head. Russian
statistics of fires show a relationship between the fluctuations
of the number of buildings burnt down yearly and the
harvests of these years. Damage caused by fire increases
in years of bad harvest. The relationship is very distant.
Yet what does that mean? The inquirer who first dis-
covered it was of opinion that there was an immediate in-
fluence of the harvest upon the frequency of fires. If this
is the case, by taking measures to improve agricultural
technique among peasants, one is using the best means to
alleviate the immense burden laid on Russian Economy
by enormous damages from fire. Actually there are pre-
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sumably other reasons, viz. the rclationship of harvest, on
the one hand, with damage by fire and, on the other with
the atmospheric conditions of the yecar. In those districts
which are responsible for a poor Russian harvest, dry years
are the years of lean harvest and drought encourages fires.
Accordingly, one would expect a more plentiful harvest
from the improvement of agricultural technique, but hardly
less damage from fire. Extensive investigations, under-
taken by the Central Statistical Board of Soviet Russia
under the management of N. Tschetwerikoff to explain the
influence of meteorological factors upon the harvest in
various Russian districts, have disclosed, inter alia, a remark-
able relationship between the harvest of winter cercals and
the rainfall during the last few weeks before its sowing.
The relationship may be traced as much to the influence of
rain upon the quality of the soil, as to the damaging effect
of rainy weather upon the seeds which will later be used
for sowing. Should the second explanation be confirmed
by further statistical and experimental inquiries in agricul-
ture, one will then be able to improve the harvest by taking
care to obtain better seed material ; but if the former in-
terpretation is correct, quite other measurements might be
appropriate.

If one asks how the problems to be dealt with can be
solved, in the case of non-indissoluble relationships, it is
clear, in the first place, that scholastic inductive methods
cannot be applied to such relationships. For the latter
rest on the supposition that the relationship between X
and Y, should it exist at all, must always be indissoluble ;
they infer that a definite effect Y is related to a definite
cause X by eliminating all other phenomena which might
be considered possible causes of Y ; this is done by identify-
ing cases where either Y exists but these other phenomena
are missing, or, conversely, one of these other phenomena
are in existence but Y fails to appear. This conclusion looses
every justification as soon as one drops the supposition that
Y must be independent of X in case Y is not indissolubly
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connected with X. A different method of inquiry must
be applied to determine such loose relationships.

It is clear, likewise, that the mcthods to be applied
cannot be based on a negative attribute of the relationships
to be ascertained, viz. that they are not indissoluble.
Positive attributes of these non-indissoluble relationships
must be used. The property which non-indissoluble rela-
tionships possess of being more or less intense, is particularly
suitable as a basis. Therefore the measurement of intensity
of relationship becomes a central problem in the theory
of methods which have in view the comprehension of non-
indissoluble relationships. Under the comparatively simple
conditions of the above scheme of formation of non-indis-
soluble relationships, mathematical probability proves to
be a suitable measure of intensity of relationship. In more
complicated cases the notion of mathematical probability
is not sufficient to make possible a measurement of the
intensity of a relationship. Another scale more suited to
the nature of the problem has to be sought.

Greater or smaller intensity is a specially conspicuous
attribute for non-indissoluble relationships. The inquiry
can, however, be concerned with finer features of them.
In this way a fertile, ordered system of methods arises,
the rational development of which forms the subject of the
theory of correlation. In order to gain a systematic view
of the whole of these methods as they appear at the present
stage of knowledge, we must start from a more exact version
of the idea of non-indissoluble relationships. 'We must trans-
form this idea in connexion with the idea of mathematical
probability into the quantitatively precise notion of the
‘ stochastic ’ * connexion between chance variables, which
forms the essential basis of all our developments.

* I use ‘ stochastic ’ (for the Greek verb oroyd{esfar, to presume)
as a synonym of ‘ based on the theory of probability ’ (Wahrschein-
lichkeitstheorie). Vide J. Bernoulli, Ars Conjectandi, p. 213 (Bas-
ileac, 1713), and L. von Bortkiewicz, Die Iterationen, p. 3 (Berlin,
1917).
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CHAPTER III

STOCHASTIC CONNEXION AND FUNCTIONAL RELATIONSHIP
BETWEEN VARIABLE MAGNITUDES

§1
IN order to derive clearly the fundamental notions of the
theory of correlation it is proper, in the first instance, to
disregard all concrete subordinate features and to consider
the problem in abstract mathematical form. To build a
sure foundation we must start from exactly formulated
definitions.

A magnitude which can assume with definite probabilities
different values we will call ‘ a chance variable of the kth
order’. The set of its possible values and of their respec-
tive probabilities we shall call the ‘ frequency distribution of
chance variables’. In dice-throwing, value of the figure
turned up is, for example, a chance variable of the 6th
order, as it may, with equal probability of } each, assume
the values 1, 2, 3, 4, 5, and 6.

The notion of a chance variable is a particular case (genus
proximum) of the general mathematical notion of a variable
magnitude, whereas the existence of the frequency distri-
bution appears as a specific difference (differentia specifica).
A single-digit figure is a discontinuous variable which can
take 10 different values from O to 9. It becomes a chance
variable of the 10th order in the case where it takes these
different values with definite probabilities. Its frequency
distribution may take various forms according to the design
of experiment. Suppose the arrangement makes all digits
equally probable, then the frequency distribution is expressed
by the values 0, 1, &c., up to 9, and by the probabilities
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of those values, all of which are equal to {%. The number
of white balls in a set of 20 balls is a variable which may
assume 21 different values from 0 to 20. It will become a
chance variable of the 21st order when we add that the
20 balls are drawn from a closed urn with just as many
white balls as non-white balls, every ball drawn being
replaced before the next extraction takes place: this is
because under such circumstances, corresponding to each
number of white balls out of the 20 balls drawn, there is
a definite probability easily calculated according to the
well-known rules of Probability. It will become a chance
variable of the 21st order, with another frequency distribu-
tion, if the number of white balls in the urn is not half the
total number of balls but one-quarter or two-thirds, as also
in the case where the balls drawn are not replaced.

This example of drawings from an urn is well suited to
explain not only the notion of the chance variable but also
its importance in scientific research work. The inquirer
frequently has to obtain his material in a manner corre-
sponding to his drawing from a closed urn. In Vital and
Social Statistics, for instance, we have sometimes to deal
with so-called random sampling which exactly resembles
the scheme of drawing from the urn with or without the
replacement of the balls drawn. The plankton investigator
carries from the ocean bed small samples of the tiny fauna
which populates it in order to infer from these samples the
contents of its immensurably extensive ‘urn’. The physi-
cian draws a drop of blood from the patient’s body, dilutes
it, and then under the microscope counts the blood corpuscles
in a very small fraction of the diluted solution, in order to
become acquainted with the properties of his patient’s blood
necessary for his diagnosis. The number of red and white
corpuscles in the field of a haemacytometer have the proper-
ties of a chance variable of exactly the same kind as the
white and non-white balls which we counsidered in the
examples above.

The application of the sampling method to natural science
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is not confined to cases where the investigator uses sampling
intentionally. On closer ecxamination one sees that the
inquirer has often to deal with samples, even where this
was by no means intended. When the botanist discovers
a new flower and counts the petals of the specimen he has
picked he is, strictly speaking, in the same position as if
he had drawn and read the figures on a ticket from an urn
containing a number of tickets marked with figures, some
different, some the same. If he gathers another specimen
of his newly discovered flower, he will perhaps find the same
number of petals but more likely another number. The
same flower may exhibit different petal numbers in different
specimens, odd or even, differing from one another by one
or morc units. Professor C. V. L. Charlier, for instance,
has counted the petals of 321 specimens of Trientalis
Europaea from the neighbourhood of Lund* : the greater
part—nearly half—had 6 pctals ; but over one-third of the
specimens counted had 5 petals, over one-twelfth 7 petals,
and in two samples he found as many as 9 petals. In lilac,
which has a considerable prepondcrance of 4-petalled blos-
soms, onc occasionally comes across blossoms with ecither
5 or 3 petals. Hence even in the case where the botanist
gathers hundreds of specimens he is still, so to speak, draw-
ing tickets from the urn of nature ; he has many samples
—but still only samples before him.

We can go still further. Supposc the botanist succeeds
in procuring all the specimens of his newly-discovered
flower available in the world at any onc time, will not his
specially exhaustive inquiry still be a sampling inquiry in
another sense, namely, in regard to the generative renewal
from year to year ? In all such casecs the investigator has
to deal with samples of samples, just as the physician, when
counting blood corpuscles under a microscope, is consider-
ing samples of the drop of blood drawn as a sample from
the human body.

* Vide E. Czuber, Die statistischen Fovschungsmethoden, pp. 115—
116.
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This consideration leads us to a deeper conception of the
importance of the notion of chance variables in scientific
inquiry. Chance variables can appear within an investi-
gator’s field of observation not only as a means to an end
~—as a result of a method of working selected after deliberate
forethought—but also as a directly preassigned object of
inquiry which, as such, lies within the environment we must
investigate. The number of petals of Trientalis Europaea
is a chance variable which most frequently assumes the
value 6, but it may also have other valucs between 5 and 9,
whereas the probabilitics of values excceding 6 rapidly
decrease with the increase of the values. The stature of
an adult Norwegian is a chance variable which takes all
possible values within pretty wide limits with probabilities
which decrease symmetrically on both sides of the most
frequent stature with an astounding regularity. To go
further into the question of causal mechanism upon which
the occurrence of such chance variables is based would
divert us too far from our proper object. For our purpose
it is sufficient to prove that chance variables, the notion of
which we have exactly defined, arc not playthings idly
constructed by mathematicians, but that they really do
dog the footsteps of the scientific rescarch worker, some-
times as a resource, sometimes as a proper object of inquiry.

The twofold significance of the notion of chance variables
for the inquiry, namely, the circumstance that the chance
variable can arisc as a means to an end as well as being
an end in itself, is of the greatest importance to the theory
of statistics. Let us consider some other examples which
throw light upon this distinction from another angle.

Measurement, loaded with errors of observation, is one
instance in which the inquirer becomes aware of the chance
variable. Suppose, having forgotten our Euclid, that we
consider the question of the sum of the angles of a triangle
as a problem in natural science and wish to solve it experi-
mentally by measurement. IFor a great number of triangles
all three angles are measured and for each triangle the sum
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of the three is computed. The true values of the sum is,
as we know, 180 degrees in each case. Yet the values of
the individual sums differ sometimes more and sometimes
less from 180 degrees. The ‘measured’ sum of angles
appears to us not as a constant but as a magnitude which,
when all measurements are carried out in the same way
with the necessary care, takes different values with definite
probabilities ; it is a chance variable in the sense of our
definition.

Another example. Somebody wishes to ascertain his
height on his twenty-first birthday, and with the help of a
friend takes careful measurements. What interests him is
not a chance variable but a quite definite magnitude : his
height expressed in centimetres, millimetres, &c., on the
selected day. But the measurement will not give him
exactly his true height; because of unavoidable errors of
measurement the result of the measurement will deviate
sometimes more and sometimes less, sometimes to one side,
sometimes to the other, of the required magnitude. The
measured stature will appear to be chance variable with
frequency-distribution determined by the technique and
skill of the measurer. In order to arrive at the required
true height one is forced to consider this chance variable
and to treat it appropriately. But in such circumstances
it is not an object of inquiry. It is necessary to know it
and its frequency-distribution, only to be able to determine
the numerical value of the true height as exactly as possible
and to estimate as reliably as possible the accuracy of the
determination.

On the other hand, let us suppose that the object of our
interest is not the stature of an individual of 21 years of
age on his birthday but the stature of 21-year-old Nor-
wegians and that for the purpose of its determination the
statures of a number of Norwegians of 21 years of age are
measured. In this case not only the result of the measure-
ment but also the magnitude to be measured is a chance
variable. The true statures of Norwegians to be measured
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are different and their various values follow a definite law
of distribution—the so-called Gauss-Laplace’s law of errors
—so that the stature of a Norwegian of 21 years of age
appears as a chance variable in the real sense of our defi-
nition of the notion. And the measured stature is, in its
turn, likewise a chance variable, its frequency-distribution
being determined by the technique and the skill of the
measurements, and at the same time by the frequency-
distribution of the values of the true body-height. One of
these chance variables—the measured stature—is also in
this case but the means to an end, but the end is now a
different one, namely, the knowledge of the true stature
and its frequency-distribution. We must now adapt our
method of inquiry to our altered purpose.

§2

1. The idea of stochastic connexion of variables which
is fundamental to the statistical theory of correlation and
must be precisely distinguished from the notion of func-
tional relationship, depends on the notion of the chance
variable. If the variable Y is functionally related to the
variable X, after the determination of the value of X there
is no further room left for chance in the determination of
the value Y. If Y equals X2 and X equals 4, then the
value of Y is 16; if Y equals the square root of X and
X equals 4, then although the value of Y may equal + 2 or
— 2, neither of these values has a definite probability, and
the conclusion as to whether Y should be put equal to + 2
or — 2 cannot be decided by chance, but depends on con-
siderations. On the other hand, if after the determination
of the value of X, Y appears as a chance variable capable
of taking various values with definite probabilities, then we
are faced with a ‘ stochastic connexion ’ between Y and X.
For instance, if Y denotes the sum of the numbers thrown
with one white and one red die, and X the number thrown
with the white die, then X and Y are stochastically con-
nected, because for each given value of X, Y may take six
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different values with the same probabilities, according to
the result of the throw of the red die; if X equals 3, then
Y may equal 4, 5, 6,7, 8, or 9; if X equals 5, then Y can
equal 6, 7, 8, 9, 10, or 11.

If X is a chance variable and Y is functionally related
to X, then Y likewise is a chance variable, but only as
long as Y is considered without any reference to the value
of X. For instance, if X is a figure turned up by the
throw of a die and Y = X?, then X can take six different
values—1, 4, 9, 16, 25, and 36, each with a probability 1 /6.
But for each given value of X, Y is no longer a variable,
but has a perfectly definite value; if X equals 3, then
Y equals 9; if X equals 5, then Y equals 25.

The notion of stochastic connexion can be generalized to
apply to the case of any number of variable. If when the
values of X, Y, Z, and U are fixed the value of the variable
T is uniquely determined, or can take several different
values which have no dcfinite probabilities, then T is func-
tionally related to X, Y, Z, and U. On the other hand,
T is stochastically connected with X, Y, Z, and U when,
after the fixing of the values of X, Y, Z, and of U, T can
take different values with definite probabilities. Let us,
for instance, denote by T the sum of the numbers thrown
with three different-coloured dice by X the number thrown
with the white die by Y that thrown with the red. If
we assume that X and Y have definite values, T can take
six different values, each with a probability 1/6 as 1, 2, 3,
4, 5, or 6 is the figure shown by the throw of the third
die.

It is most important for the statistician to note the possi-
bility that T may be stochastically connected with X con-
sidered separately or with Y considered separately, but
when the values of both the variables X and Y are fixed
it loses the property of a chance variable. If T denotes
the sum of the numbers thrown with one white and one
red die, T is stochastically connected with the number
thrown with each individual die. As soon, however, as
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both numbers are fixed, T is also uniquely determined : if
the white die turns up 1 and the red one 6, then T takes
the value 7 and can no longer take any other value; the
relationship has become a functional one.

Mutual connexions of this kind between three variables
form a contrast to the functional relationship of one variable
with two independent but not chance variables. Let us
consider, say, the relationship of the boiling-point of a solu-
tion of common salt in water to the concentration of the
solution and the pressure at the surface of the water. In
this case the combination of the values X and Y uniquely
determines the value of T: at a given concentration and
a given pressure the boiling-point is fixed. But there is no
tangible relationship between boiling-point and pressure
when concentration remains indefinite.  There is no reason-
able answer to the question—at what temperature does a
solution of common salt begin to boil under atmospheric
pressure ?  The question remains meaningless as long as no
closer determination of concentration is available. This
determination may be precise, as we have supposed above.
We then have a functional rclationship between boiling-
point and the other two determining factors. Yet it is
quite possible that this closer determination is made in
such a way as to make concentration appear a chance
variable with a definite frequency-distribution. If one asks
what is the boiling-point under atmospheric pressure of a
solution of common salt taken at random from the store-
room of a laboratory, then the question is scientifically
valueless but not at all meaningless, provided that the
store-room comprises a number of vessels containing solu-
tions of common salt of different degrees of concentration.
The answer then will be: the boiling-point is a chance
variable with the following precisely specified frequency-
distribution. And such a question does not appear scien-
tifically valueless in all cases. Onec has only to remember
the random drawing of samples from Nature’s store-room.
One comes across chance variables of such origin much
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more frequently than would appear to be the case at first
sight : they cannot always be easily recognized as such.
For example, chemists unhesitatingly state the atomic
weight of a lead exactly as they state the atomic weight
of any chemical element. But we now know that lead
with this atomic weight is a mixture of substances with
different atomic weights which are combined in the earth’s
crust, but are obtainable separately in laboratories. And
so the atomic weight of lead recorded in Chemists’ Tables
is actually a chance variable of the same kind as the boiling-
point of a salt solution taken at random from the store of
a laboratory. As, however, the different ingredients of the
mixture we term lead occur in nature in only slightly
fluctuating proportions, the atomic weight of lcad, with
our limited precision of measurement, can hardly be dis-
tinguished from a constant. Recent progress in natural
science has given us many examples of such mean values
of chance variables masquerading as constants.

The clear distinction between the ideas of ‘stochastic
connexion ' and ‘ functional relationship ’ is the first step
towards understanding the theory of statistical correlation
as distinct from the study of natural law. The inquiry of
natural Jaw sometimes takes the form of statistical investi-
gation, but the presentation of functional relationship as
precisely as possible is the purpose it pursues, whereas the
task of statistical correlation is always to ascertain the
characteristic features of the stochastic connexion between
variables. We shall have many opportunities of going in
detail into the consequences which follow from the two
different aims.

2. Stochastically connected variables can arise in the same
way as separate chance variables. They can likewise appear
as a means to an end as well as an end in themselves. Non-
chance variables which are in functional relationship with
each other can be transformed into stochastically connected
chance variables when their measurement is affected by
errors of observation. The boiling-point of pure water and
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the pressure at the water’s surface are functionally related
to each other: a dcfinite boiling-point corresponds to a
given pressure, a definite pressure to a given boiling-point.
However, there is no functional relationship between boiling-
points measured by a physicist and the corresponding
pressures, but they are stochastically connected with one
another : if the measurements are sufficiently numerous one
will be able to ascertain that the same measured pressure
sometimes appears coupled with a higher and sometimes
with a lower boiling-point, and that the same boiling-point
sometimes corresponds to a higher and sometimes to a
lower measured pressure.

In a case where boiling-point and pressure are both non-
chance variables standing in functional relationship to each
other, they will appear after measurement as chance vari-
ables. It may also occur that the measurement may trans-
form one variable only into a chance one, and that the true
values of the other may be known. Suppose, once again,
that we have entirely forgotten our Euclid and that we
wish to discover by experiment the formula which connects
the sum of the angles of a polygon with the number of its
sides. The angles of a number of polygons—triangles,
quadrilaterals, pentagons, &c., are measured and the results
of the measurements for each polygon are summed ; the
number of sides is ascertained by counting, which, with
care, gives perfectly precise values. Now, if one considers
the values of the sums of the angles for a definite number
of sides, one will find for a polygon of # angles instead of
180 # — 360 degrees, sometimes larger, sometimes smaller
values which when measurements are carefully carried out
prove to follow a definite frequency-distribution. Here to
the true values of one variable correspond a set of values
—taken with definite probabilities—of the other. This is
an essential difference from the relationship between boiling-
point and pressure. Both kinds of inquiry have in common
that what occupies the investigator’s mind is a functional
relationship between non-chance variables.
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Suppose, on the other hand, that we are considering an
investigation into the relationship between the body-height
and chest circumference of Norwegians of 21 years of age
or into the relationship between the stature of fathers and
their sons. Here not only the results of the measurements
but also the true magnitudes to be measured are sto-
chastically connected chance variables ; to a given stature
there will correspond different values of chest circumference
not only in the tables of our measurements but also among
the individuals measured. There are those of tall stature
with narrow chests as well as those with short legs and a
well-developed thorax ; sons, though descendants of one
father, have not all the same stature. Even if we con-
sidered the true valucs of the magnitudes concerned, we
would still find no functional relationship.

Hence we see that the investigation of stochastically
connected variables involves a considerable variety of prob-
lems. Sometimes the stochastic connexion is only a veil
behind which functional relationship sought is hidden ;
sometimes it is just the stochastic connexion which the
inquiry must clucidate. The mecthods of inquiry must also
be adapted to the end pursued. If we are to find our way
to the law of functional relationship between magnitudes
which interests us by considering stochastically connected
variables, then it will be through methods which really
belong to the sphere of theory which has been described
systematically although not exhaustively in the Theory of
Errors of Observation. On the contrary, the statistical
theory of correlation has to develop scientifically all possible
methods of elucidating the stochastic connexion between
the relevant magnitudes. We shall now consider closely
what we understand by the scientific elucidation of sto-
chastic connexion. Then we shall return once again to the
contrast between the methods of the theory of correlation
and those which we have just assigned to the theory of
adjustment.
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§3

If we are asked the purpose of investigating of a chance
variable or several stochastically connected chance variables,
the answer is to be found in the nature of the objects of
investigation.

All that can be said about a chance variable is available
when its frequency-distribution is determined. Everything
clse is deducible from the frequency-distribution. To ascer-
tain all the possible values of the variables and their corre-
sponding probabilities is accordingly the real task. In this
form, however, our knowledge of chance variables is indeed
complete but not easily manageable nor sufficiently lucid.
It must be properly condensed to be applicable to our pur-
pose. It is difficult to compare two frequency-distributions
directly without simplifying their properties. By means
of aptly constructed and comprehensive coefficients all that
is worth knowing can be obtained in workable form from
the frequency-distribution.

Of these comprehensive coefficients the first to be con-
sidered are the mathematical expectation and the standard
deviation of chance variables. By mathematical expectation
one understands the mean value of all possible values of a
variable weighted with their respective probabilities : if the
chance variable X can assume the different values X,,
X, . . ., X, with the probabilities p,, p,, . . ., $, then the

k

mathematical expectation of X is defined as Z{J‘X‘: we

=1
shall denote it by EX. The standard deviation of X is
defined as \/ Zp[X, — EX]%; the usual symbol for it
[

is o,. The square of the standard deviation is called
‘variance’.*

* The Translator's Note : Verbally : ‘ The square of the standard
deviation—I call Streuung.’ This term has becn introduced by
Tschuprow and is the obvious equivalent of R. A. Fisher’s term
‘ variance ’.
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The value of the mathematical expectation of a chance
variable fixes the mean position round which individual
values of the variable cluster at a greater or smaller distance.
The amount of scatter of individual values round this mean
position is indicated by the standard deviation or the vari-
ance. A variance different from zero is an essential feature
of a chance variable: the variance can vanish only when
all possible values of the variable are equal, i.e. when it is
not a chance variable but a constant.

In order to consider only a few examples to which we
will often return, let us suppose that X indicates a number
thrown with a die. The mathematical expectation of X in
this case cquals 31 +2+3+4+5+6=235]; the
variance of X is 25 + % 4+ + + 1 + 2 +25] =35 If
Z denotes the sum of the numbers thrown with dice, we
obtain, similarly, £Z =7 and o% = 3.

It is not necessary for the time being to consider coeffi-
cients which indicate comprehensively the asymmetry and
other fine features of the frequency-distribution.

§ 4

1. The investigation of two or more stochastically con-
nected variables proceeds in the same way. The intrinsic
property of the stochastic connexion between two chance
variables consists in the appearance of the possible values
of one variable in combination with different possible values
of the other variable, with a definite probability for each
such combination. We shall denote the set of different
combinations of possible values of both variables and their
corresponding probabilities by the * joint frequency-distribu-
tion of the variables’. The notion of the joint frequency-
distribution is easily extended to the case of any number
of stochastically connected chance variables.

If the joint frequency-distribution is given, then one
knows all that can be stated about the stochastic connexion
between variables. All the rest can be deduced from the
joint frequency-distribution. Accordingly the determina-
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tion of the joint frequency-distribution may be considered
to be as the real object of the inquiry. For the same reason
that certain characteristic comprehensive coefficients are
usually considered in place of, or rather, as a supplement
to the joint frequency-distribution, in the investigation of
a single chance variable ; similar coefficients, which are
completely characteristic of the joint frequency-distribu-
tion, play a prominent part in the investigation of several
stochastically connected chance variables.

2. In order to survey easily and systematically various
methods which can be applied to the investigation of joint
frequency-distributions, we must become acquainted with
a number of ideas bound up with the notion of stochastic
connexion.

The sct of values which the variable Y can take when the
variable X has taken one of its possible values, and their
corresponding probabilities, I call ‘the conditional joint
frequency-distribution ’ of values of Y for the given value
of X. The mathematical .expectation of Y, the standard
deviation of Y, &c., calculated from the conditional joint
frequency-distribution, are called ‘ conditional mathematical
expectation ’, the °conditional standard deviation’, &c.
If the conditional mathematical expectation of Y is ex-
pressed as a function of the corresponding value of X, then
the resulting analytical expression is called the ‘ regression
equation’ of Y upon X. In graphical terms we speak of
regression lines. If the conditional standard deviation or
the conditional variangg of Y is expressed as a function of
the corresponding val& of X, we adopt the terminology
introduced by K. Pearson and speak of ‘ scedastic equations’
and ‘ scedastic lines’, respectively, from the Greek verb—
oxedavvoue, I scatter. If the conditional standard deviation
of Y remains constant for all values of X, then the associa-
tion of Y with X is called ‘ homoscedastic’ ; otherwise one
speaks of  heteroscedasticity .

Let us consider the notions ‘regression’ and ‘scedas-
ticity * more closely in the light of an example. Let X
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be the number thrown with a white die, Y that with a
red die and T the sum of X and Y. Further let E¥T be
the conditional mathematical expectation of T which cor-
responds to the value X; of X and EYX, the conditional
mathematical expectation of X, which corresponds to the
value of T, of T. The value of E“T is composed of the
relevant values of X, i.e. X,, and the value of the mathe-
matical expectation of Y, i.e. 3-5. The regression equation
of T upon X is, accordingly, E¥T = 3-5 + X,; the regres-
sion of T upon X is consequently linear. The regression
equation of X upon T is likewise easily calculable. The
possible values of T go from a minimum of 2 to a maximum
of 12. T can only be equal to 2 if each of the dice turns
up 1; hence the variable X in this case can take only one
value, and its conditional mathematical expectation must
equal this value ; it thus becomes equal to half the corre-
sponding value of 7. T can only be equal to 3 if the
white die turns up 1 and the red die 2, or vice versa ; the
two combinations are equally probable; the conditional
mathematical expectation of X thus comes to 3.1 + 3.2 =1-5
and equals half the corresponding value of 7. In the same
way we can satisfy ourselves that the conditional mathe-
matical expectation of X equals half the corresponding value
of T in the remaining cases. Hence the regression equation
is EYX = }T,; conscquently the regression of X upon T
is linear, likewise.

The conditional standard deviation of T which corresponds
to the value X, of X is determined by the fluctuations of Y
and, at all values of X, is equal to the constant ¢, = \/ ‘;_g :
consequently 7T is homoscedastically associated with X.
With regard to the conditional standard deviation of X,
where T equals 2 or 12, it is equal to zero. When T is
equal to 3, X with the same probabilities can take the
values 1 and 2; the deviations from the conditional mathe-
matical expectation of X, which equals 1-5, come to + 1,
the squares of deviations } each. The variance equals %,
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the standard deviation equals 4. Evidently the standard
deviation has the same value when T is equal to 11, since
X can only take the values 5 and 6, with equal probabilities.
In the same way the conditional variance for T = 4 can
be shown to be 2, &c. Hence the association of X with T
is heteroscedastic.

3. If the conditional frequency-distribution of Y remains
the same for all possible values of X, I call Y ‘ stochastically
independent ’ of X. It can then be shown (cf. Chap. IV,
§ 1) that X must likewise be stochastically independent of
Y in the sense of the conditional frequency-distribution if
X remains the same for all possible values of Y : conse-
quently two chance variables cannot be vther than mutually
independent. If the conditional frequency-distribution of
Y changes in any way as the variable X goes through all
its possible values, then Y and X are not stochastically
independent.

The notion of stochastic independence is one of the
foundation-stones of the theory of statistical correlation.
The first step in the investigation of stochastically connected
variables is to inquire whether they are mutually indepen-
dent. If, in the sense of the above definition, they are,
then it is unnccessary to worry further: the frequency-
distribution is then determined by the frequency-distribu-
tions of the separate variables. On the other hand, if the
variables are not independent of one another, then the
frequency-distribution must be studied more closely and
represented in a proper way.

The definition of independence with which the theory of
correlation has to work can also be formulated in another
way. Several different formulations have been suggested.
In certain circumstances some of them may render valuable
service provided that the notion concerned is exactly defi-
nite and distinguished from other competing definitions of
independence. Further, it is desirable to introduce different
technical terms for the different definitions of independence.
The introduction of definitions which pursue special pur-
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poses is justifiable when thus restricted. The above-
mentioned definition of the idea of stochastic independence
is, however, the best basis for the general theory of statistical
correlation. It is the most stringent of all formal defini-
tions of independence. If, on this definition, two chance
variables are independent of one another, then they are also
independent on any differently other formal definition of the
notion. It must be emphasized here that we are speaking
of mathematical definitions. It is very important to bear
in mind that independence with which the theory of corre-
lation is concerned is a technical term and is related in
quite a special way to independence in the usual causal
sense. Suppose, for instance, there are six closed urns filled
with white and black balls, bearing the numbers 1, 2, 3, 4,
5, and 6. By throwing the die we will determine from
which urn draws shall be made : if a 3 turns up, then the
balls are drawn from urn No. 3, &c. The number of balls
to be drawn from the urn—u—remains constant. The
proportion of white balls drawn which can take » 4- 1

different values, namely O, 71;’ %, &c., up to 1, and the

number thrown are two stochastically connected chance
variables. If the proportion of white balls is different in
the different urns, then the two variables are not indepen-
dent. If all the proportions are equal, then the two vari-
ables are mutually independent in the sense of our defini-
tions. The causal mechanism which connects the events
is much the same in both cases. In interpreting the results
of the measurement of correlation, one must always pay the
very greatest attention to this special definition of the idea
of stochastic independence with which the theory of corre-
lation operates. Otherwise one comes to conclusions which
fall far outside the scope of statistical correlation and one
becomes involved in contradictions which compromise
statistical methods.

Of the other definitions of independence which are of
value to the theory of correlation, I will only mention K.
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Pearson’s original definition of ‘ uncorrelated ’. K. Pearson
calls the variable Y correlated with X when the conditional
mathematical expectation of Y takes different values for
different values of X ; if, however, the conditional mathe-
matical expectation of Y remains constant at all values of
X, then Y is said to be uncorrelated with X. Hence the
non-correlation of the variable Y with the variable X is
expressed by the fact that the regression line of Y on X,
which graphically represents the conditional mathematical
expectation of Y as a function of X, lies parallel to the
X-axis ; if the regression line of Y upon X is not a straight
line parallel to X-axis, then Y is correlated with X.
This definition of ‘ uncorrelated ’ is of considerable value
to the theory of correlation and we shall often have to make
use of it. It must be carefully distinguished from sto-
chastic independence as defined above. If the variable Y
is stochastically independent of X, then it cannot be cor-
related with X in the sense of K. Pearson’s definition.
But if Y is uncorrelated with X it does not follow that
Y 1is stochastically independent of X ; the conditional
mathematical expectation of Y can remain constant for all
values of X, but the conditional frequency-distribution of
X can change in some other manner, when the variable X
goes through all of its possible values; the conditional
standard deviation can, for instance, have different values
for different values of X. Suppose that the above-men-
tioned six urns contain the some proportion of white balls,
but that the number of draws to be made from the urn
chosen by the throw of a die is proportional to the figure
turned up; that it is to be » when the die turns up 1,
2n when it turns up 2, &c. Under these conditions the
proportion of white balls drawn is uncorrelated with the
number thrown, for the mathematical expectation of the
proportion is determined by the relative number of white
balls in the urn concerned, which is the same for all six
urns. But the conditional standard deviation does not
remain constant ; when the die turns up 4 it is half as
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great as when the die turns up 1. Hence the proportion
of white balls is not independent of the number thrown.

It must further be remembered that in contrast to sto-
chastic independence, which is always mutual for both
variables, K. Pearson’s ‘ uncorrelated ’ implies no mutual
relationship between the variables: from the fact that Y
is uncorrelated with X it must not be inferred that X is
uncorrelated with Y. The regression of Y on X can take
the form of a straight line parallel to the X-axis, and the
regression of X on Y can nevertheless take a form deviat-
ing arbitrarily from the straight line parallel to the Y-axis.
In order to bring out this important fact quite clearly let
us consider an example.

From a closed urn containing an cqual number of white
and black balls, % series of draws are made, replacing the
ball after each draw. The number of draws is determined
by chance, perhaps by drawing a ticket from another urn
containing a series of numbered tickets, the figure on the
ticket being used to fix the number of draws to be made,
after which the ticket is replaced so that the probability
of all possible values of the number of balls drawn remains
constant. By », we denote the number of draws in the
7th series and by w, the proportion of white balls drawn.
Let us examine both the chance variables—n and w—in
relation to their association, under the supposition that the
numbers of the tickets fluctuate within fairly wide limits
so that the numbers of draws in the individual series are
sometimes quite small and sometimes very great. If, in
the first place, one considers the relation between the magni-
tudes w and #, one sees immediately that under the given
assumptions the conditional mathematical expectation of w
for each value of the number of draws in the series remains
equal to }:w is not correlated with » and the regression
of w on #» is represented by a straight line which is parallel
to the axis of #». On the other hand, if one considers the
conditional frequency-distributions of #-values which corre-
spond to the different values of w, one obtains a regression
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curve of quite a different character ; to very small values
of w as well as to values greatly in excess of 0-5 there
corresponds a small number of draws in the series in ques-
tion; on the contrary, to values of w which differ by a
small amount from 0-5 there corresponds a larger number
of draws. The regression of #» on w is thus represented by
a curve with an ascending and descending branch. In the
well-known text-book by G. U. Yule* we find the lines of
regression of w on » and of » on w illustrated by a concrete
example—namely, by a correlation between the sex-ratio of
the newly-born in various registration districts of England
and Wales and the number of births in the districts in
question. The picture corresponds exactly to the above-
mentioned scheme.

§5

We have now arrived at a point which is of fundamental
importance in understanding the nature of the difference
between statistical correlation and natural law.

The regression equation of ¥ on X expresses the func-
tional relationship between the conditional mathematical
expectation of Y and X. It corresponds, formally, to the
natural law which expresses the functional rclationship
between two variables. Sometimes the regression equation
may have the same meaning as the natural law. Let us
again consider the experimental determination of the rela-
tionship between the sum of the angles of a polygon and
the number of its sides. Suppose that the errors of observa-
tion follow the Gauss-Laplace’s law of errors. The sum of
the measured angles of triangles, of quadrilaterals, &c., are
chance variables and their mathematical expectations are
the ‘ true’ values in question: 180 degrees of triangles,

* The Translator’s Note : The author refers to the G. Udny Yule,
An Introduction to the Theovy of Statistics, p. 176, edition 1911.
In the new edition (11th, by G. Udny Yule and M. G. Kendall;
London : Charles Griffin & Co., 1937), the curve is placed on p. 213
(Fig. 11.10) and the corresponding table (11.6) on p. 202.
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360 degrees of quadrilaterals, &c. The functional relation-
ship between the mathematical expectation of the sum of
angles which corresponds to a given number of sides, and
the number of sides coincides in this case with the inquired
law : the sum of the angles is equal to 180 degrees multiplied
by the number of sides less two.

Yet the law of nature is always reversible. If Y is an
explicit function of X one can express X as an explicit
function of Y by means of formal-mathematical operations

and suitable symbols: if Y = X2, then X equals the
b

square root of Y ; if Y = aX + b, then X = iY - On
the contrary, the regression equation of Y on X and the
regression equation of X on Y are not deducible from each
other. The regression of the sum of the numbers thrown
with two dice on the number thrown with one die is expres-
sible, as we have seen, by a linear equation E¥T = 3-§ + X.
The regression equation of the number thrown with one die
on the sum is likewise linear, but it has the form EYX = }T,.
By no ingenuity of mathematical reasoning can one equation
be deduced from the other: each must be obtained inde-
pendently by the consideration of the joint frequency-dis-
tribution. This is itself by no means surprising, since the
regression equations do not connect the same magnitudes :
the onc connects the conditional mathematical expectation
of Y with X, the other, the conditional mathematical ex-
pectation of X with Y ; they have just as little in common
as an equation which connects X and Y with another
cquation which connects two variables, U and W. How-
cver, the inquirer who has turned from Natural Science to
Statistics has in mind the functional relationship between
Y and X, to which the regression equations seem to refer,
and this peculiar and irreversible relationship is a stumbling-
block to him. He can but with difficulty overcome the
impression that this is an inherent imperfection of one of
the usual ways of treating stochastically associated variables
which must be removed by the calculation of a unique
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regression equation which functionally connects X and Y
and which permits one to express Y as a function of X as
well as X as a function of Y. Such efforts provide evidence
of a misunderstanding of the nature of stochastic connexion.
They must not, however, be rejected without further con-
sideration as, within certain limits, they are not ill founded.
They must, however, be kept within these limits.

We can determine where these lines may be fixed by
considering the double part which may be played by con-
sideration of stochastically associated variables. Where the
stochastic connexion appears as a shell hiding its kernel—
the functional relationships between the true magnitudes
which concern the investigator—the latter rightly feels
unsatisfied by obtaining regression equations. This gives
him no definite results to his inquiry. What he is anxious
to know is the true functional relationship between the true
values of X and Y ; the conditional mathematical expecta-
tions of X and Y in themselves do not interest him at all ;
the formulae which express their functional relationship
to corresponding values of other variables are of value to
him only as auxiliary to his efforts to determine the law
which connects the values of X and Y. If, for instance, he
wishes to discover the law which connects the boiling-point
of water with the pressure, it will be of no use to him to
set the regression equations which connect the conditional
mathematical expectation of the boiling-point with the
pressure and the conditional mathematical expectation of
the pressure with the boiling-point ; they do not express
what he is anxious to know. His problem remains unsolved
so long as he is confined to regression equations. Only
when, by means of suitable treatment of the stochastically
associated variables before him, he succeeds in advancing
to the functional relationship concealed behind the sto-
chastic connexion can he consider he has achieved his end.
The manner in which this should be done is a separate
question, the consideration of which is of recent date, but
into which it is unnecessary to enter here. It is sufficient
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for us to have realized that the effort to obtain a unique
equation representing the law of functional relationship
between X and Y is in such cases justifiable and that
such an equation is different in nature from equation of
regression.

The position is quite different when stochastically con-
nected chance variables are the real object of the inquiry.
If the magnitudes X and Y under investigation are chance
variables with an intrinsically stochastic connexion between
them, then there is no functional relationship betwecen X
and Y at all: definite valucs of one variable cannot be
brought into correspondence with definite values of the
other variable ; if X has a certain value, then Y can accept
a number of different values with definite probabilities and
none of these values has more right than any other to be
considered the value corresponding to the valuec of X. In
this case, unlike the previous one, it is not only difficult
to discover an equation determining Y from X, but it is
unnecessary to search for it at all, as it is non-existent.
It is possible to present the mutual association between
X and VY in different forms : they are exhaustively described
by the frequency-distribution ; their relevant features are
comprehensively summarized by regression equations and
in other ways, which we will consider later ; but an equation
presenting Y as a function of X, or X as a function of Y
is not among them : this kind of representation is different
in nature from the notion of stochastic connexion.

Now we can sum up. There are cases where the con-
ditional mathematical expectation of Y coincides with the
true value which is functionally related to X and cor-
responds to the given value of X ; under such circumstances
the regression equation of Y on X gives directly the required
law of functional relationship between Y and X. There
are also cases where neither the conditional mathematical
expectations of Y nor those of X coincide with the true
values of the magnitudes under investigation which are
functionally related ; then the required law of functional
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relationship can be represented neither by the regression
equation of Y on X, nor by the regression equation of
X on Y, and can only be obtained by methods suitable
to the particular problem. Finally, there are cases where
there can be no question at all of a functional relationship
between the magnitudes under investigation, when their
mutual relations are such that they cannot be represented
by a ‘law’ in this way. Here regression equations express
definitely and as well as possible certain relevant properties
of the connexion betwcen the magnitudes under investiga-
tion. One must always bear in mind the multiplicity of
tasks imposed upon the inquirer when considering stochas-
tically associated variables if he is to make a conscious
and rational choice of the method to apply, and above all
to arrive at a correct interpretation of the results. A
trained critical sense in this respect is one of the most im-
portant conditions of success. The recal object of the in-
vestigation must be continually borne in mind.

The theory of statistical correlation has, then, to deal
with cases where the stochastic connexion of two or more
chance variables is under investigation. The statistical
methods of inquiry aim at as complete a comprehension
as possible of mutual associations between the stochastically
connected chance variables, and at as practical a representa-
tion as possible of their most important characteristic
features. Now we have become more closely acquainted
with the particular nature of the task, we can venture to
take a further step from this secure position into regions
not otherwise without danger, and first of all survey system-
atically all the methods which provide a comprehensive
representation of stochastic connexion,
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CHAPTER 1V

THE 4 PRIORI JOINT FREQUENCY-DISTRIBUTION AND THE
RELATED SYSTEM OF PARAMETERS AND COEFFICIENTS

§1

STATISTICAL correlation deals with stochastically associated
chance variables. We have seen that the particular
methods which aim at grasping and developing the idea of
stochastical connexion are the result of the conceptional
distinction between stochastic association and the functional
relationship more familiar to the student of natural science.
We shall now survey the main features of these methods
systematically, paying special attention to the case of two
stochastically associated chance variables.

If we ask in what way it can most clearly be brought
to light, whether the variables are mutually independent
or not, and in the latter case by which methods their con-
nexion can be best comprehensively characterized, the
answer must be cast into mathematical form. Although
we need not carry out complicated calculation, we cannot
dispense with algebraic formulae: without their support
all formulations would become either too long or too in-
volved or they would remain too hazy.

Suppose we have two chance variables, X and Y. We
denote by p,, the probability that the variable X assumes
a particular one of its & possible values—namely, the value
X, —; by p,, — the probability that the variable Y takes
a particular onc of its I possible values—viz. the value
Y,; by p,; — the probability that Y takes the value X
and Y the value Y, simultaneously. Let us further denote
by p!) the conditional probability that the variable Y takes
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the value Y, when the variable X has taken the value X,;
and by p{) the probability that the variable X takes the
value X, when the variable Y has taken the value Y,
As the probability of occurrence of two events which are
not independent is equal to the product of the probability
of the one by the conditional probability of the other, we
have the relations
Pas = Dbl Pus = Dips)

According to our definition (cf. Chap. III, §4, 3) the
variable Y is independent of X in a case where the con-
ditional frequency-distribution of Y remains the same for
all values of X, i.c. if the conditional probability of any
value of Y for every value of X is equal to the unconditional
probability of the same value of Y, or put into the language
of formulae if

W=pyfore=12 .. ,kandj=12 ... 1L
Conversely if g} = p,, for every possible value of 7, and
for every possible value of j the conditional frequency-
distribution of Y remains the same for all values of X
and the variable Y is independent of X.

If in the relation p, p!] = p ,p%, true in all circumstances,
we put pf} =p, we obtain p,p,=p,p, and hence

J = Py If thus |} = p; for all values of ¢+ and of j,

then is also p{} = p, for all values of # and j. The in-
dependence of the variables X and Y results from the
indcpendence of the variables Y and X, as was pointed
out above without any proof (cf. Chap. III, § 4, 3).

In a similar way we convince ourselves that in the case
of the mutual independence of variables, p,, = p,p,, for
all possible values of 7 and j.

Conversely, if p,, = p,p,, for all possible values of 7 and
4, then ) = p,, at all possible values of 7 and of j and the
variables X and Y are mutually independent.

§2

1. In the case of mutual independence of the variables
all differences p,, — p,p, are equal to zero. If one or more
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differences diverge from zero the variables are not inde-
pendent. The greater the difference the more the relation
between the variables deviates from the independence.
Accordingly, the magnitude of the differences expresses an
essential property of the connexion under consideration. It
forms, therefore, the foundation of one of the main groups
of methods which serve to represent stochastic relations.

When both X and Y can take only two different values
each, all four differences are equal in absolute magnitude.
If we put p,,, — #,$,, = 6, we have identically

0 =1ty — Db = — [Pr2 — PuPi] = — [Ponn — PaiPi]:
The value of § appears in this case as a convenient numerical
characteristic of the relation between the variables. If
we insert in the expression for

Py = Pin + Pye Py = Pon + Pen

and note that p,\;, 4 p,,5 + Pa)1 + P22 = 1, then we further
obtain 6 = p,,,py5 — P1j2Ps- In this symmetrical shape
d is particularly readily used for the formation of coefficients.

When the variables may take more than two values the
differences p,;, — p,p,; nced not be all equal. A single one
among them cannot in this case serve as a criterion of
the relation. Comprehensive coefficients must be based
on the utilization of all the differences. Since the sum of
the differences is identically equal to zero, the next thing
to be done is to proceed from the squares of differences.
On this foundation various coefficients can be constructed.
The greatest importance is to be attached to the coefficient
introduced by Karl Pearson, which he calls * Mean Square
Contingency ’. We shall denote it by ¢? and define it as

k !
2 [Py — Py2)]?
7 Z,' ,4:: paty

If the variables are mutually independent, all differences
Pay — Pup); are equal to zero and consequently also ¢? = 0.
Consequently @2 can be equal to zero only if all differences
are equal to zero; from @2 = 0 it follows directly that the
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variables are mutually independent. If the relationship
between X and Y is a unique functional one, to each value
of X there corresponds with it a definite value of Y ; if
the value of Y which corresponds to the value X, of X is
denoted by Y,, then the probability p,; is equal to zero
when j is different from 7 ; as regards the probability #,,
it is equal to p,. ¢? therefore assumes the value & — 1,
where % denotes the number of possible values of the

variable. .
In the value of \/q(k__:l‘)_a*:lﬁ)(p we have accordingly a

coefficient which is equal to zero in the case of mutual
independence of the variables—and only in this case |—
and assumes the value 1 if the variables stand in any form

of unique functional relationship to one another. The

numerical value of ey :_)'El—tT)(pz keeps within the limits

0 to 1 and is nearer to the upper limit the more the form
of the conditional frequency-distributions of Y approach
the form in which the probability of one of the possible
values of Y reaches the level of certainty and the sum of
the probabilities of the remaining values becomes vanish-
ingly small, or, in other words, the less marked the chance
character of the variables after the determination of the
value of X, the closer are the mutual associations between
Y and X to the type of unique functional relationship.
1

Thus in the magnitude e ¥ 1)(p we possess a measure
for a property of stochastical connexion between Y and X,
which is highly relevant to the inquirer.

In the case where X as well as Y can take only two

different values each, ! —————gp? is reducible through
ViE—1) (=1
simple transformations to the form
1 o2

2 _ 2 —
VE =1 - 1)(’) =T bubabnbi
(vide below, § 7).
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2. All coefficients which are constructed from the values
of 6 and ¢? have a characteristic feature in common ; they
utilize only the probabilities of the possible values of X
and Y as well as of their different combinations, and ignore
these values themselves. Whether the possible values of
X and Y are great or small, whether they fluctuate within
a wider or narrower range, has no influence on the value
of the 6 and on the value of ¢? provided only the proba-
bilities p,,, #,, and p,,, remain the same. This makes the
group of coefficients suitable for the examination of cases
where one may speak only with certain reservations of
stochastically associated chance variables in the sense of
our definition. Not wanting the possible values of X and Y
for the calculation of ¢2, we need not know them—and not
needing to know them we need not measure them ; indeed,
it is, at bottom, irrelevant whether they are measurable
at all or not : it is a matter of no consequence that they
are expressed in numbers; they must be distinguished
from each other only in so far that we count the various
combinations. We may even go a step further and assume
that the different categories of both variables are distin-
guished not quantitatively but qualitatively. The possi-
bility of calculating the value of mean square contingency
remains unaltered by this. If, for instance, we make an
inquiry in marriage statistics with regard to the association
between the religion of bridegroom and that of bride, we
are able to calculate the mean square contingency according
to the above-mentioned formula exactly as in the case where
we investigate the association between the age of bride-
groom and that of bride. Religion is certainly not a chance
variable magnitude in the sense of our definition (cf.
Chap. III, §1). It cannot be considered as a variable
magnitude at all, whether as a chance or non-chance one.
Yet it is a variable qualitative characteristic. And among
variable qualitative characteristics we can distinguish chance
variables from non-chance variables as well as among
variable magnitudes : where definite probabilities appertain
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to the different non-measurable gradations corresponding
to the qualitatively different categories of a characteristic,
we can denote the characteristic concerned as a chance
variable characteristic. In the same sense the notion of
stochastical association must also be widened by extending
it from chance variable magnitudes to chance variable
characteristics, which can be either measurable or non-
measurable, quantitative or qualitative. Two variable
characteristics are stochastically associated with each other
when, fixing the category of one characteristic, the other
remains a chance variable in the sense that it is capable
of falling into one of several categories with definite proba-
bilities. On the other hand, if it loses the character of a
chance variable characteristic after the particular category
of the first characteristic has been fixed, then the two
characteristics are not stochastically associated with each
other, but are related in a manner which corresponds to
the functional relationship between variable magnitudes.

As an example of a non-quantitative chance character-
istic, the colour of balls to be drawn from a closed urn
may be cited. If one further assumes that the balls differ
from one another not only in colour but by any other
distinguishing marks, then one is faced by an example of
stochastically associated non-quantitative chance charac-
teristics.

By using the generalized notions of the chance variable
characteristic and the stochastical association of chance
variable characteristics, we can express more precisely the
special nature, already mentioned, of methods which proceed
from the consideration of the differences p,, — p,p,; —
namely, that they are suitable for the examination of sto-
chastical association, not only between chance variable
magnitudes but also between chance non-measurable and
even non-quantitative characteristics. This is an essential
advantage of this group of methods. Other methods which
we will now consider are only adoptable without any further
consideration to the investigation of non-quantitative
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characteristics if the two chance variable characteristics
have only two categories each (cf. below, § 7). Otherwise
their application to non-quantitative characteristics pre-
supposes an artificial ‘ quantification ’ of them: one tries
to arrange the different categories of the qualitative charac-
teristics in such a way that the succession of terms of the
series may with some justification be interpreted as an
increase or decrease of an underlined quantitative charac-
teristic ; it is of some importance that the conceptually
quantitative gradations do not permit of too arbitrary an
estimation.
§3

1. Another main group of methods which are used in the
examination of stochastically associated variables begins
with the consideration of conditional frequency-distributions.
If variables are stochastically independent of each other,
then the conditional frequency-distribution of Y remains
the same at all values of X. The missing independence
appears through various characteristic numbers which
characterize the conditional frequency-distributions of Y,
undergoing a definite change when the variable X runs
through the series of its possible values. The more precise
formulation of the way in which various characteristic
numbers of the conditional frequency-distribution changes
thus forms one of the characteristic features of the law of
dependence of X and Y.

In order to survey these methods methodically we must
introduce a number of new symbols. Let us denote by
m,, the mathematical expectation of the product of the
fth power of X by the gth power of Y, so that

my, = Ex'y’ = ??me{yf‘

Let us further introduce the symbols
tyy = Elx — my o' [y —my]" =

= ??Pau[% — my o) [y — M)’ and 7, = l’lmy .
Biiokdie
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Putting g = 0, we obtain the appropriate parameters by
which the frequency-distribution of X is characterized. If
we put f = 0 we obtain parameters of the frequency-distri-
bution of Y. Thus m,, is the mathematical expectation
of X, m,, the mathematical expectation of Y,

Hajo = E[¥ — myyo]?® = Zpy [x, — my]* =
the variance of X, yu,, = o® the variance of Y.

We shall continuously use these three systems of para-
meters. If the joint frequency-distribution is given, they
are all uniquely determinable. On the other hand, the
joint frequency-distribution is determinable uniquely in a
case when a suitable choice and sufficient number of the
parameters m are given or when, besides the values of
my,, and m,,,, a sufficient number of the parameters u are
given, or, finally, if besides the values of my, o, M, Heo
and uy, the parameters » are given. I cannot enter into
the proof of these theorems here. In the case of discon-
tinuous joint frequency-distribution it offers no particular
difficulties, but in the case of continuous ones it is rather
difficult to formulate. This task—known in the literature
as Probléme des moments—would take us too far afield from
our principal task. Morcover, it is not of great relevance
to our immediate purpose.

Among the three systems of parameters, the parameters
r are distinguished by being abstract numbers ; this makes
them specially well fitted for the comparison of frequency-
distributions. The first in the series of r-parameters is the
well-known ‘ coefficient of correlation’

_ _HMn /‘111

rlll - -
z%m'“(%z

It can casily be shown that the absolute valuc of the cor-
relation coefficient cannot be greater than 1. As the mathe-
matical expectation of a variable which takes no negative
values cannot be negative,

E{f’_"o""uo _ 71|1y mou} >0
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Since E[x - m,,o] ED’ - mou] -1
d X —m —
an E[ uo] [y mou] =7
we have
X —m —_m 2
E{ . 0 "my 5 0“} =1 -7,
Hence : 1 —7%,>0and 7, <1

The parameters which characterize the conditional fre-
quency-distributions will be specified by putting the relevant
value of X in brackets above: thus, for instance, m|}
denotes the conditional mathematical expectation of Y
which corresponds to the value X, of X, and w3 indicates
the corresponding conditional variance of Y. Thus we
have according to definition :

mi} = ‘??‘[‘ijj’ piy = ZP( (v — mi7™
In a similar way the parameters of the conditional frequency-
distributions of X are denoted by

4 ) DI e w2,
my = ‘{:qu&r M3| = ?Pn[’ﬁ my

Of the many relations between the conditional and non-
conditional parameters we will only note those which con-
nect the non-conditional mathematical expectations of
variables with the mean values of the conditional mathe-
matical expectations, and further, those which connect the
non-conditional variances with the mean values of con-
ditional variances, as we shall often make use of these
relations. From the definitions the following identities can
be derived :

anm(ll{ = My
ZP«(!‘(” = ZZP‘IP(‘) (¥ — my)y) — (m) — my)y)]* =
= Moj2 — Z"Pu[m(ﬁ — Mg,]*

Zpmi) = myo ZPyis = pgro — {Pil[m{jr) — My ]2
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Now, if the variables are mutually independent, then one
has for any value of &
my = my,, forj=12...1
mih = Mg, fort=1,2, ...k
and also for any value of f and of g

Myg = MM, Myjg = HyioMols Tr10 = 510" 0)e:
Since 7y, = 7y; = 0, in this case »,;;, = 0.
It may also be proved that conversely the variables must
be independent, when

Myy = MyoMy,  OF Uy, = lyolly;, O ¥y = Vyo?oy,

for all and even only for all positive integral values of f
and of g.

2. As a matter of course, the conditional mathematical
expectation comes first under consideration among the
parameters which characterize the conditional frequency-
distributions. If the relationship between the conditional
mathematical expectation of Y and the corresponding
values of X is expressed in analytical form, one uses
m{} = f(x,) to denote this equation, as mentioned above
(Chap. III, § 4, 2): m|| = f(x,) is the regression equation of
Y on X and m{| = F(y,) is the regression equation of X on Y.

The term ‘ regression ’ originally had a definite sense in
this connexion, that was lost later, so that nowadays it is
considered a conventional technical term from which all
etymological reminiscences should be kept at a distance.

A. In a case where the regression of Y on X takes the
form of a parabola with the equation

miy =, + an¥ + apxi + . . .+ ax
the coefficients of this equation can be easily expressed by
the parameters m, u, and ». It is only necessary to multiply

both the sides by p, ], where A is at first left undetermined,
and to sum for ¢; as Xp,xm!, = m,, one arrives at
i

Myyy = QMg + AnMhyyo + - o o &My
Putting in this equation % equal to 0, 1, 2, . . ., &c., up
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to f, one obtains f + 1 linear equations, from which the
f + 1 coefficients a are easily obtained in the form of deter-
minants. If we then insert these coefficients in the general
equation again with an undetermined value of ~ we obtain
an equation of condition to which the parameters m must
satisfy in order that the regression of ¥ on X may take
the shape of a parabola on the fth degree.

In the case of linear regression with the equation

miy =, + a,¥

we find : @, = ULTTUOON g g gy,

so that the cquation can be written in the form

m Wl m
(1) 11 1]0 “ol1
my, — my, = -+ — E7

myre — M2 — M)
The condition which the parameters m have to fulfil in
order that the regression of Y upon X may be linear, can
be put in the form

Mgy T MagoMoin M T muo’”m

P10 — Moo Mgjp — Mo
for any positive integral value of .

B. The regression equation can also be expressed in
another form, more convenient for many purposes. Instead
of expressing the conditional mathematical expectation of
Y as a function of X, the deviation of the conditional
mathematical expectation from the non-conditional mathe-
matical expectation of Y is expressed as a function of the
deviation of the corresponding value of X from the mathe-
matical expectation of X. Thus the regression equation
here takes the form:

mi} — gy = by + b (¥, — my 0] + byylw — my +

4. b [ —my)
If we multiply both the sides by p, [*, — m,,,]", sum for 7,
and notice that z‘fp‘,[x, —my ot [m) — myy] =ty Wwe
obtain, as before, an equation which for any value of 4

connects the coefficients b with the parameters u:
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My = biottaie + Biaptasaio F Diathnizio + - - -+ Bigta g0
Putting % equal to 0, 1, 2, &c., up to f, we arrive at a system
of f+ 1 linear equations from which the coefficients &
can be ascertained in the form of determinants. By the
insertion of their values in the original general equa-
tion we obtain a new form of the condition that the
regression should take the form of a parabola of the fth
order.

In the case of a linear regression with the equation

(@) .
my =My = by, + by [x, — my ]

we obtain b, = 0, b, = z—lﬁ- Hence the equation can be
210
expressed in the form :
(i) M
myy — My = [, — myq).
M0

e L ag . . .

The cocfficient b, = fan ;"”m in the linear equation
H210 B

is termed ‘ coefficient of vegression '—a rather curious term

as, strictly speaking, all coefficients in a regression equation
of any form can with equal justification be termed coeffi-
cients of regression. This meaning of the technical term
‘ cocfficient of regression’ has, however, become firmly
embedded in statistical literature. If one speaks briefly of

. . . [ .
‘ coefficient of regression’ the coefficient b, = Shy in the
x

linear regression equation is always meant.

The conditional equation which the parameters g must
satisfy in order that the regression of ¥ on X be linear
has a simpler form than those which connect the parameters
m: we must have - — 111 for all positive integral

Hariio H2io
values of A.

In a similar way we find when the regression of X on Y
is linear,

u
my —my o = by [y, —my,] = ;:;:'!2 Ly; — My
and Han Mgt p =23, 4, .

Hoip+1 Moj2
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If both the regressions are linear one has simultaneously

b, = f;—:rm and b, = -Z—:rm. Hence it follows that

b.b 2 l‘%ll
=7 = ———

uln == s
the product of coefficients of regression b,, and b, is identi-
cally equal to the square of the correlation coefficient, or,
in other words, the correlation coefficient is equal to the
geometric mean of the two coefficients of regression b,
and b,,.

C. Putting in the linear regression equation of ¥ on X

[} . .
-*7,,1» the regression equation then takes the shape
6.’
MmO — 1y, = 2r,, (% — ]
I 0l1 — a 111" 1]04*
x

Now, proceeding to so-called ‘normal co-ordinates’, by
dividing the differences on the right and left hand by the
corresponding standard deviations and by putting

o _ _
m\] — my; o X — Mypg X
- - i

11
o, [

the regression equation takes a form which is particularly
convenient for algebraic calculations—namely,

g
h =&

Hence the conditions which the parameters » must
satisfy in order that the regression of Y on X be linear—
namely,

Tar = "itano &t =23, 4, . ..

follow directly.

The transition to normal co-ordinates transforms all
coefficients in the regression equations into abstract num-
bers—therein lies the advantage of this form of expression.
Without working out all the calculations, I will give the
regression equations in normal co-ordinates for the case
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when the regression takes the form of a parabola of the
second degree :

Ya11 — 310" 7310211 — ?310%111)
() 2i1 310”111 slol’2n1 310"111
1 = elf ln + {rlll — }x‘ +

a0 — 310 — 1 410 — 7310 — 1
Ya11 310”111 2
7410 — 50 — 1?“.
It is to be borne in mind that in this case the term inde-
pendent of X, does not disappear in the equation, and
further that when 7,;, = O the regression equation is reduced
to
< "al1 2 »
Mo = ;I.T:r—{%.FT{&‘ — 7y X — 1},
We shall have an opportunity later on to return to these
differences from linear regression.
The equation of condition that the regression of Y on X
can be expressed by a parabola of the second degree can
be put in the form:

Yar T i Taraio o Yann T Y1in”si0 for h =3 4. 5 ..

Yai2l0 — "ar100"310~ "alo  Tajo — "310 — 1 o

3. When the variable Y is not correlated with the variable
X, in the sense of Karl Pearson’s definition (cf. Chap. III,
§ 4, 3), it is if the conditional mathematical expectation of
Y remains the same for all values of X, the regression equa-
tion of Y on X reduces to m{, — m,,, = 0, that is I{} = 0,
respectively.

In order that the variable Y be uncorrelated with X, the
parameters m, u, and 7 must satisfy the conditions :

Myy = Myopys phyy =0, 7,y =0 for b =1,2,3, ...

Putting in 7,,;, =0 A =1, we arrive at »,; =0. Thus
the non-correlation of the variable Y with X implies that
the correlation coefficient equals zero. It does not follow,
however, that conversely in a case where the coefficient of
correlation is zero, that variables are uncorrelated : from
711 = 0 one may infer the non-correlation only if it is cer-
tain that the regression is linear. For with linear regres-
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sion m|} = m,,, follows directly from 7,,, = 0. If, on the
contrary, the regression is non-linear, it does not by any
means follow from 7, =0 that m|| =m,,. We have
observed that in the example of parabolic regression. This
must be carefully borne in mind.

One must remember, further, that from u,, =0 for
h=1,2 ...it can be inferred that u,, =0 at » =2,
3, . . .: from the non-correlation of the variable Y with X
it cannot be concluded that the variable X is uncorrelated
with Y.

If variables are mutually independent they are also un-
correlated. This follows directly from the definitions of the
notions and can also be gathered from the equations of
condition ; as u,, = go;; = 0 we obtain from u,, = p, ot
both u,, =0 and u,, = 0 for all values of f and g.

However, the non-correlation does not imply mutual
independence—not even when Y is uncorrelated with X as
well as X with Y : it can be concluded from w,, = 0 and
wy, =0 for h=1,2 3, ... that wu,, = p,eu, when f
and g are different from 1.

4. Suppose that the true regression of ¥ on X takes the
shape of a parabola of the fth degrece, and let us try to fit
a straight line, so that it is the best representation of the
true regression, in the sense that the sum of the squares
of the deviations of the conditional mathematical expecta-
tions calculated from the equation of the straight line from
the corresponding true values of the conditional mathe-
matical expectations of Y is less than that given by any
other line. If the equation of the required straight line is
written in the form M{} = A4, + 4%, then we have to
choose coefficients 4, and 4,,, so that

?Pn[m?{ — My = ?Pq[m‘fi — Ay — 4 x]?
has its minimum value. Bearing in mind that
‘?Pu =1, {Pcl"‘ = Myo )‘:'p“m‘i‘i = M1 ‘?Pclx(m(l‘l), =My
%’p‘,x? = Myi0s
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we arrive at the equations
Moy — Ao — Ayymy o =0and my, — Agny g — A ymy0=0,
from which the values of 4, and 4, can be determined as

4. = My — Mye™oin _ M1
) = ——— 5 =

A, =m,, —A,m, =
2 ’ 10 01 11"“110
M0 — Mijo 1230 !

_M210Mo1 — mmmuo

Majo — Mo
Thus we obtain for 4, and A4,, the same values as if the
true regression were a linear one (cf. above, §3, 2, A).
The straight line for which the cquation is

mi| — my, = l-~~—-—[x — myo) or M} = r X,

is thus the truc regression line in the casc where the true
regression of Y on X is linear and represents the true re-
gression line with the best approximation in the case where
the true regression departs from linearity. This property
of the straight lines M}, = r,,,X, is of great value to the
statistician. He is under all circumstances able to gain a
fairly appropriate idea of the regression by calculating the
equation of the straight line I} =r,,X.

5. The regression equation elucidates one of those proper-
ties of the joint frequency-distribution which awaken the
inquirer’s greatest interest. The importance of the regres-
sion equation to the inquirer who has to deal with sto-
chastically associated variables is analogous to that of the
law in a case of functional relationship. The knowledge of
the formula of the law enables us to infer from the given
value of X value of Y without using direct measurements
of Y. In a similar way the regression equation conveys
knowledge of the expected value of the variable Y, which
corresponds to each given value of the variable X. The
possibility of calculating with certainty beforehand the
value which the variable Y will obtain, it is true, is not
given ; for in the case of stochastic association the variable
Y retains the character of a chance variable even after the
determination of the value of X and its possible values
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fluctuate after the determination of the value of X round
the conditional mathematical expectation, as they do round
the non-conditional mathematical expectation before the
determination of the value of X. But the measure of the
fluctuation which is given by the standard deviation or by
the variance is considerably reduced. Setting aside the
regression equation and considering the variable Y apart
from its relationship with X one has to reckon with the
variance u,,. However, if one is able to refer to the re-
gression equation and, for each given value of X, proceed
from the corresponding conditional mathematical expecta-
tion m,], then as a measure of the fluctuation which corre-
sponds to the value X, of X we have the conditional variance
us. However, because, as we have seen,

?Pdl/‘(& = Moj2 — ;P‘I[mlul) — Moy]%
so the mean size of the fluctuations of the possible residual
values of Y round the conditional mathematical expecta-
tion of Y after the value of X has been determined, i.e.
Zpyu9, is smaller than p,,,, except in the case where m ) =my,

at 1 =1, 2, ... k&, and the variable Y is uncorrelated
with X. Thus, in a case of non-correlation we gain nothing
if in considering the variable Y we proceed from the value
which X has taken. In all other cases, however, if the
regression equation is known, the knowledge of the value
obtained for X is of importance, as it enables us to calculate
beforehand with less uncertainty the value of ¥ which must
be expected.

6. As with the conditional mathematical expectation, one
can deal in a similar way with other coefficients which
characterize conditional frequency-distributions: condi-
tional variance, or conditional standard deviations, various
measures of asymmetry of the frequency-distribution, &c.
They are presented as functions of the X-values; the co-
efficients of the equations in question can be expressed by
means of the parameters m, u, and 7 ; conditions can be
deduced that the equations in question should take a defi-
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nite form, linear, &c. Theoretically, those problems are of
great interest for the development of methods which aim
at examining stochastic association between two or more
variables. In order not to overburden the presentation I
shall not go into the matter any further. Besides, we can
dispense with detailed treatment the more easily as the
methods in question do not greatly contribute to novelty
of notion, and are meanwhile applied relatively seldom in
practice.

§4

1. A third main group of methods aimed at by the com-
prehensive examination of the joint frequency-distributions
is the calculation of coefficients which resemble mean square
contingency inasmuch as they are designed to express
numerically certain features of the stochastic association of
the variables whose values are under examination; but
which, again, differ from mean square contingency in so far
as they apply, not only the probabilities of the possible
values of the variables but also use these possible values
themselves. We must examine two such coefficients more
closely, the correlation coefficient and the so-called corre-
lation ratio. The calculation of the correlation coefficient
appears nowadays to be the most popular of the methods
which can be applied in investigating two stochastically
associated variables. However, as the importance of the
correlation coefficient to the inquirer is partly founded on
the fact that the correlation coefficient, under certain cir-
cumstances, is equal to the correlation ratio, let us begin
with the consideration of the latter.

2. T have already pointed out (cf. § 3, 5) how useful is
the mean conditional variance Z“p‘,,u{‘e’ as characteristic of

stochastic association between variables. The coefficient
which has been devised by Karl Pearson* and called by

* K. Pearson, on the general theory of skew correlation and non-
linear regression, p. 10 (Drapers’ Company Research Memoirs,
Biometric Series, II; 1905).

67



M athematical Theory of Correlation

him ‘ correlation ratio’ and denoted by the Greek letter
is just based on the magnitude of the mean conditional
variance. The correlation ratio of Y on X is defined by

the relation
1
2 o=1——J2p.ul
My /4012‘1) 142
Consequently the correlation ratio is nothing else than the
amount to be added to the quotient of the mean conditional
variance by the total non-conditional variance to make

unity. As we know (cf. above, § 3, 1),
Z_,'ibuﬂrz) = Moz — 2;15:'|[m|“1) — Mo )%

it follows from the definition that

, 1 .
7/5|z = ——-Ep,|[m|‘l’ — My,
Moo ¢

or in normal co-ordinates is (cf. above, § 3, 2, C)
Moo = Z“pll[gﬁl“l) %

The property of stochastic association of the variable Y
with the variable X consists in the fact that Y remains a
chance variable which can assumc different values with
definite probabilities even when the value of the variable
X is fixed ; in other words, the conditional variances of the
variable Y remain different from zero. If Y stands in
functional relationship to X, then all conditional variances
are equal to zero and the correlation ratio of Y on X then
equals 1. Conversely, if the correlation ratio of ¥ on X
is equal to 1, this implies that the mean conditional variance
of Y is equal to zero, which can be the case only if all separate
conditional variances vanish, that is; if the relationship is
functional. As the mean conditional variance cannot be
negative, the value of the correlation ratio can ncver be
greater than 1. This greatest possible value of the corre-
lation ratio thus characterizes the presence of a functional
relationship between the variable Y and the variable X
and implies that the expected value of Y, after that of X
has been fixed, can be predicted with certainty. Again,
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the value of the correlation ratio can never decrease below

zero, as the mean conditional variance can never be greater

than the non-conditional total variance ; indeed, Xp,uf; is
i

equal, as we have seen, to p,, — Zp,[m{] — m,,]2. The
¢

correlation ratio can equal zero only when the mean con-
ditional variance equals the total variance, hence when
Zpy[mf — my, 12 = 0. This necessitates that all magni-
i

tudes m ] are equal among themselves, that thus ¥ and X
are uncorrelated. Conversely, the correlation ratio is equal
to zero when all magnitudes m ) are equal and Y is un-
correlated to X. In this case the knowledge of the value
of X gives, as we have already pointed out, no advantage
in the respect of the prediction of the expected value of Y.
The values of the correlation ratio which lie between these
extremes can be intelligibly interpreted likewise. The
greater the correlation ratio the more considerably reduced
will appear the mean conditional variance in comparison
with the total variance, and the more closely the prediction
of the value of Y to be expected, for any value of X will
approach an estimate made on the basis of a formula ex-
pressing in functional form the relationship between Y and
X. The smaller the value of the correlation ratio the
greater is the range of chance fluctuations to which the
determination of the value of Y is exposed after the deter-
mination of the value of X—the more uncertain will be our
estimate of the expected value of Y on a basis of the know-
ledge of the regression equation and the value of X.
The correlation ratio of Y on X gives the intensity of
the association of the variable Y with the variable X a
numerical expression which keeps the same meaning for
any joint frequency-distribution. Herein lies an essential
advantage over the correlation coefficient, the numerical
values of which (cf. below, § 4, 3) have the meaning which
is usually attributed to them only in the case of linear
regression. As an absolute measure of intensity the corre-
lation ratio does not hold good either. From the value O
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of the correlation ratio of Y on X can be deduced the non-
correlation but not the range of fluctuation of which Y
remains capable after the value of X has been fixed. If
the correlation ratio of Y on X is exactly 0, it means that
the determination of the value of the variable X, on the
average, leaves the range of fluctuations of Y unchanged ;
but we gain no information from the value of the corre-
lation ratio itself as to whether this range is great or
small : rather it must be supplemented by the value of
“Z'p‘,[u,“z’ = poo[1 — n%,] if the absolute intensity of the

relationship is to be estimated in this sense. If the associa-
tion of Y with X is homoscedastic, then the constant
conditional variance of Y which then appears in the place
of the mean conditional variance of Y, is identically equal
to poa[1 — 5]

In the calculation of the correlation ratio we can start from
M =1 — J*?Pq/‘fg: as well as from »xj, = ?Pu[zml“f 2

I
If the regre")sls2ion equation is known, then the correlation
ratio can be expressed, by means of substituting the value
of m{}, in terms of the coefficients of the regression equation
and by means in terms of the parameters m, u, and 7.
Thus we obtain, for instance, if the regression takes the
form of a parabola of the second degree, from the equation

known to us (cf. above, § 3, 2, C)

@ _ __Tenn — ¥310M1n1 4y, — 73iol’211 — 7310”111 ¥ +
T 0 — 20—1 m Y410 — 30 — 1 !
410 — 7310 110 — "310

Yon — ’3|0’1|1¥2
o R 1
4|0 3|0

after some transformations

(r211 — s10%12)°
+ i) B4 b1 £

2 2
M= = "n .
v T 0 — 130 — 1

3. If the regression of Y on X is linear with the equation
@ =7,,%, we obtain, since {.’15,, =1 .=,

Hence in a case of a linear regression the absolute magni-
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tudes of the correlation ratio and the correlation coefficient
are equal.

If, however, the regression is cgrv@linear, then 73, < #3..
The easiest way of proving this is as follows. Let us

denote by M{ = m,,, + Z—“l[x‘ — my),) the equation of the
2(0

straight line best fitting the true line of regression. Since
?Pn[m;“f — Myj? = #012[713195 - "?n] we have

2 2 1 @ o2
Mo — 1in = —2pym] — M {12
Mozt

Obviously the difference »?, — 73, cannot be negative. It
can equal zero only, when all magnitudes m] coincide with

the corresponding magnitudes M}, i.e. when the straight

line M9 = my, + "L:—‘—“[x, — m,,] coincides with the true
210

line of regression.

Hence, if the regression is linear, numerical values of the
correlation coefficient are to be interpreted in exactly the
same way as the values of the correlation ratio coincident
with them. If the correlation coefficient is equal to 1, then
the variable Y stands in linear functional relationship to X.
If the correlation coefficient is equal to 0, then the variable
Y is uncorrelated with X. The greater the value of the
correlation coefficient the narrower is the range of chance
fluctuations to which the variables Y remain exposed after
the value of X has been fixed—the more closely the associa-
tion between Y and X approximates to a linear functional
relationship. However, if the regression is not linear, one
must no longer interpret the numerical values of the corre-
lation coefficient in the above sense. In a curvilinear
regression the correlation coefficient is always smaller in
absolute magnitude than the correlation ratio. A value of
the correlation coefficient smaller than 1 corresponds to the
value 1 of the correlation ratio: hence, a functional non-
linear relationship between Y and X corresponds not to
a value 1 of the correlation coefficient but to a smaller
one, more or less divergent from the value 1 according
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to the particular kind of functional relationship. Again,
the value of 0 of the correlation coefficicnt in a case
where the regression is non-linear does not imply that the
variable Y is uncorrelated to X. Thus both the limits O
and 1, for non-linear regression, have not the same sense
in which they are to be interpreted when the regression is
linear. If one doecs not know in advance whether the
regression is linear, one must not infer from the value O
of the correlation coefficient that the variables are uncor-
related. It is just as inadmissible to conclude, when the
correlation coefficient remains under 1, that there is no
functional relationship ; it is not excluded that the rela-
tionship is nevertheless functional but non-linear.

Hence, if one is not sure whether the regression is linear,
one must be very careful in interpreting the numerical
values of the correlation coefficient. In order to avoid
misinterpretation in such cases it is advisable to calculate
the values of the correlation ratio which retain the same
meaning in any law of dependence. Therefore in measur-
ing the intensity of association the correlation ratio must
be preferred to the correlation coefficient. The correlation
coefficient may be used as a correct measure of intensity
only when it can represent the correlation ratio, as then
the numerical values of the two coincide. Otherwise, the
intensity of an association would be systematically under-
estimated if it were measured by means of the correlation
coefficient.

Yet the interest of the value of the correlation coefficient
is not confined to the fact that the correlation coefficient
can, with certain reservations, be an appropriate measure
of the intensity of association between variables. We have
seen (cf. above, § 3, 4) that even in non-linear regression
the straight line whose equation in terms of normal co-
ordinates is IRY, = 7,,, X, may hold good as an approximate
expression of the true line of regression, and as such always
offers a certain interest to an inquirer—even if it is only a
kind of a preliminary reconnaissance of the field concerned.
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This line shows us whether the conditional expected value
of Y increases or decreases on the average with the increase
of X, and gives as well the average size of the increase or
decrease. The equation of this line is determined by means
‘of the value of the correlation coefficient. If the correla-
tion coefficient is positive, the conditional mathematical
expectation of Y increases the more markedly with the
growth of X, the greater the correlation coefficient ; if the
correlation coefficient is negative, the decrease of the mathe-
matical expectation becomes more marked with increasing
X, the more closely the correlation coefficient tends to — 1.
Again, the cquation of the straight line which reproduces
the best fit for the true regression of X on Y is likewise
determined by the value of the correlation coefficient 7,,,.
Thus the value of the correlation coefficient gives us, in
summary form, a fair amount of information on the associa-
tion between the variables even in a case where the regression
is non-linear.

Sometimes, the numerical value of the correlation coeffi-
cient in linear regression permits of particularly meaningful
interpretations. Let us perhaps assume that one throws
m white and » red dice and one denotes by U the sum
thrown by the red dice, by W that thrown by the white
dice and one puts X = U + W. Letting the white dice
lie, one picks up the red ones, shakes them in the dice-box
and throws again; one denotes by T the sum shown by
throwing the red dice the second time and one puts
Y =W + T. The correlation coefficient between X and
Y is easily calculated under such circumstances and is equal
to the ratio between the number of the common addenda
—i.e. m—and the total number of addenda—m + n: i.e.

i = i Thus one can infer from the value of the
m + n

correlation coefficient the relative number of white dice
which still lay on the table. The scheme of this example
can be generalized : when both the variables are represented
as sums of mutually independent addenda, which follow
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the same law of distribution, then the correlation coefficient

is equal to the ratio of the number of the common addenda

to the geometric mean of the number of addenda in the
m

Vim ¥ m + 1

of common addenda, m + » the total number of addenda

in X, and m + I the total number in Y.

two sums : 7,,, = if m denotes the number

§5
1. Particularly great importance is attached to the corre-
lation coefficient when the stochastic association between
variables takes the form of so-called ‘ normal correlation .
One understands by ‘ normal correlation’ the case where
the variables X and Y can take continuously all values
between — oo and + oo, and the probability of the coinci-
dents of a value of X which lies between x and x + dx
with a value of Y which lies between y and y + dy is
equal to
1
20V ) otoi — M1
_ g2l = my 1% =2y 1 [¥ —my 0] [Y —mmg 1] + g o[y — 193]
e 2[ug 0k012 — Hi11]) dxdy.

If weput ¥ = 2110 9) — ¥~ ™olt e obtain as the pro-
H210 Fol2

bability of the coincidents of values of ¥ which lie between
X and X + dX with those of ¥ which lie between ¥) and
9 + 49 the expression, in terms of normal co-ordinates :

1 _ ¥ - 21,9 + ‘Bzdx -

_— 2[1 — 12 .

22V1 — f%ue [ il

Hence the law of dependence is determined, in the case
of normal correlation, by the value of the correlation coeffi-
cient conjointly with the values of both the mathematical
expectations and both the variances m, g, uy 0, 7)1, pojer
which characterize the frequency-distributions of X and Y,
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and serve to determine the system of normal co-ordinates.
Consequently the value of the correlation coefficient appears
in the case of normal correlation to be the key to all requisite
knowledge required of the stochastic association of vari-
ables : if one knows the value of 7,,,, then the law of depen-
dence is ascertained and all the rest is deducible by normal
mathematical operations.

I shall not enter into the closer consideration of these
formal mathematical deductions. They are tasks of inte-
gration which offer no difficulties in the case of two variables.
I shall only convey some results which describe more exactly
the content of the notion of ‘ normal correlation * which is
so important to the theory of statistics.

2. As the value of the correlation coefficient 7,,, deter-
mines the law of dependence, all other indices, in the case
of normal correlation, can be presented as functions of 7.

We obtain for the higher 7-parameters, the following
values :

Ty = Ty5 = 3y, ae = 1+ 21} a0 = Yois =3
s = tys = 151y, Tae = Ty = 3[1 + 43,4
Va3 = 371u[3 + 273),] oo =To16 = 15 #ppy sy =0
Vopron = 135 . . . (2f — 1)-1:35 . .. (2h — 1)

(4 St

Vopevionar = 135 . . . (2f + 1135 ... (2h + V),
22t p
et 123 ... (2 + Hu
where 2t =zz—-1)(—2)...@E—¢t+1).

The law of dependence is symmetrical. The frequency-
distributions of X and of Y take the form of the Gauss-
Laplace law of error. The regression of Y on X, as well
as that of X on Y is linear. Consequently the correlation

coefficient and both the correlation ratios are identically
equal, and the correlation coefficient may be considered as
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a reliable measure of the intensity of association. If the
correlation coefficient is equal to zero, then

Torrrizner = 0 = 7or010%0128415
Yopor = 135 . . . (2f = 1)1:35 . . . (28 — 1) =770

and the variables are accordingly (cf. above, § 3, 1) mutually
independent.

All conditional frequency-distributions of X as well as of
Y likewise take the form of the Gauss-Laplace’s law of
errors. The dependence of the variable X on Y, as well
as that of the variable Y on X is homoscedastic. The con-
ditional variance of X remains constant for all values of Y
and has the value u) = u,,[1 —#%,]. The conditional
variance of Y retains for all values of X the same value
iy = floo[1 — 73]

It is interesting to point out further that the mean square
contingency is associated in the case of normal correlation
"

with the correlation coefficient by the equation ¢* = e
—7in

whence 7, = £ [
" \/1 + %

3. The preference given to normal correlation in the
theory of statistics is due partly to historical causes. The
modern theory of correlation was at first even more closely
attached to normal correlation, than is the theory of methods
whose aim is the examination of a chance variable, to the
Gauss-Laplace’s law of error. The notions °correlation
coefficient ’, ¢ regression equation’, &c., are based on the
consideration of normal correlation, and its ‘ shells ’ remained
attached to them for a very long time. It was not until
the end of the nineteenth century, for example, that people
began to distinguish in the correlation coefficient those
properties which it has in the case of normal correlation
from those which it has when the regression is linear, as
well as from those when the law of dependence is of any
form whatever. Nowadays, thanks in the first place to
Karl Pearson and G. Udny Yule, we recalize that normal

76




The A Priori joint Frequency-distribution

correlation only is one of the possible forms of the law of
dependence. But about a quarter of a century ago we
were unable to think at all clearly about the stochastic
association of chance variables in any other form than this.
This former monopoly helps normal correlation even nowa-
days to obtain a prominent position not only in our text-
books but also in our theoretical systems.

But there are more important grounds for giving this
prominent position to normal correlation. We must first
of all take into consideration the fact that the mathematical
analysis is considerably simplified and more elegant in
shape, all higher 7-parameters being ecliminated from the
general formulae by the assumption of normal correlation
as they can all be expressed in normal correlation as func-
tions of the coefficient of correlation : by this means the
formulae not only gain clarity of arrangement but arc more
manageable in practical application. This relative sim-
plicity of mathematical and computational treatment,
together with the fact that the development of the modern
theory of correlation has concentrated almost entirely on
the consideration of normal correlation for so long, has
resulted in theory of normal correlation being now rela-
tively complete : many tasks which we shall soon have
under consideration are already, for the case of normal
correlation, more or less satisfactorily solved, while their
investigation for the general case of any law of dependence
is not yet so far advanced ; frequently it has hardly even
been tackled. Therefore the theory of normal correlation
can be presented with a completeness and finish as yet
unachieved by the general case.

As regards the actual occurrence of normally correlated
chance variables, we are not indeed inclined any longer to
assume that normal correlation is very often to be found or
even as a general rule ; but cases with no excessive devia-
tion from normal correlation are not infrequent, so in view
of its relative simplicity we often adopt methods of inquiry
which rest on the assumption of normal correlation. It is
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of importance here that, as in the case of the Gauss-Laplace’s
law of error, the association between the means of empirical
values of chance variables asymptotically approaches normal
correlation with increasing size of sample for almost any
form of the law of dependence between the variables pro-
vided the separate samples are independent. For two
greatly non-normal laws of dependence between the vari-
ables the approach is even rather rapid, so that in practice,
in almost all cases where two stochastically associated
means are involved, one makes use of the assumption of
the normal correlation which simplifies the treatment.

§6

The form of the regression equation of Y on X and the
intensity of the association between Y and X are not
mutually dependent. Whether Y is functionally related
to X or whether it is quite loosely associated with X is
entirely irrelevant to the form of the regression line. When
Y is functionally related to X, then all conditional variances
of Y are equal to zero, the correlation coefficient of Y on X
is equal to 1, and the regression line of Y on X graphically
represents the law of functional relationship ; hence it can,
according to circumstances, take the form of a straight line
or of a curve for any degree of complication. Hence, one
cannot infer from the shape of the regression line of Y on
X whether there is a greater or smaller intensity of an
association.

Just as little inference with regard to the intensity of an
association can be made from the form of the regression
line of X on Y. But the simultaneous consideration of
both the regression lines permits us to gain a certain insight
into the intensity of the association.

When X and Y are functionally related, the equation
which expresses Y as an explicit function of X is derivable
from the equation expressing X as an explicit function of Y.
If one proceeds from the consideration of one regression
line, one is always able to ascertain how the other regres-
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sion line would appear if the relationship between the
variables were a functional one. Thus, if the actual regres-
sion of the second variable upon the first one is of a different
form from the other, one may consider the assumption that
the variables then in functional relationship to each other
is refuted : the variables are then stochastically associated.
Let us assume that the regression of Y on X is linear and
that the regression equation takes the form m{), = a,, + a,%..
When both the variables are functionally related ] coin-
cides with those values of Y which correspond to the value
X, of X as again m{) coincides with those values of X which
correspond to the value Y, of Y. Obviously the regression
equation of Y on X on the assumption of functional rela-
tionship may be written in the formy = a, 4+ a;,#. Hence,
ap 1
an " an
functional relationship between the variables, the regression
equation of X on Y must accordingly be presented in the

we obtain: ¥ = — y. In a casc where there is a

shape m{ = — Zﬂ’ + :}—y,. Thus if the line of regression

of X on Y is not straight, or if, in the case of linear regres-
sion of X on Y, in the regression equation the coefficient
a,, is different from ai“, then the presence of a functional
relationship between X and Y is out of the question.

It can be decided in a similar way whether or not the
assumption of functional relationship can be justified in
cases where neither regression is lincar.

When both the regressions are linear we are in a position
to estimate exactly the intensity of association between X
and Y from the two regression equations. If the regression
equations take the form

miy = a,, + ap% and mf] = a, + 4,y
the product of the coefficients 4, and a,, is identically equal
to the square of the correlation coefficient (cf. above, § 3, 2) :

ajya), = ry,. If the coefficients a,, and a,; are known, the
value of the correlation coefficient can be easily calculated.
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But since in a case where both the regressions are linear
the square of the correlation coefficient is identically equal
to the correlation ratios %%, and #%, (cf. above, §4, 3),
the product of the coefficients a;, and a/, in this case gives
that measure of intensity of association between the vari-
ables which we have recognized as being the best onc.

When the actual regression lines of Y on X and of X
on Y are non-linear, but the equations of the straight lines
giving the best fit (cf. above, § 3, 4) are known, we are able
likewise to determine the value of the correlation coefficient
since the product of the coefficients 4,, and 4, in the
equations of these lines is likewise identically equal to the
square of the correlation coefficient. However, under such
circumstances we are no longer entitled to infer the values
of the correlation ratios from the value of the correlation
coefficient. When the actual line of regression of ¥ on X
is non-linear, the correlation coefficient is in absolute mag-
nitude always smaller than the correlation ratio of Y on X
(cf. above, § 4, 3). Under such circumstances the numerical
value of the correlation coefficient which we calculate as the
geometric mean of the values of the coefficients 4,, and 4,
no longer appears as an exact measure of the actual inten-
sity of the association between X and Y. When one makes
an estimate from the numerical value of the correlation
coefficient, the intensity is then more or less underrated,
according to the actual form of the regression lines. The
correlation coefficient remains less than 1 even when the
relationship between X and Y is functional.

§7
Our survey of the methods of examining two stochastically
associated variables is far from being exhausted. I have
had to confine myself to the systematic development of the
fundamental conceptions upon which the modern theory of
the methods applicd by statisticians rests. We cannot
enter into the description of its detailed formation, of its
adaptation to the special peculiarities of particular prob-
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lems, nor can we enter into details in the form of the statis-
tician’s material. We cannot even consider in greater
detail the attractive problem of the statistical investigation
of chance variable—non-quantitative characteristics which
we touched upon in our consideration of mean square con-
tingency. However, I must not fail to mention that the
notions of the correlation coefficient and of the correlation
ratio, although in a general case they proceed from the
supposition of quantitatively different values of a chance-
variable magnitude, may be applied in the investigation of
the association of non-quantitative chance-variable charac-
teristics if the characteristics each permit of only two
different categories. In order to see this in the first place
one must assume that the variable magnitude X as well
as Y can assume only two different numerical and constant
values, and on this assumption one must calculate the
correlation coefficient between X and Y according to the

general formula 7,,;, = . |} If, as before, we denote

Hai0t0|2
(cf. above, § 2, 1) by ¢ the difference p,, P, — P112P2n WE
easily find

Papn = 0[% — %) [y — Yo, Moo = f)uﬁm[xl — %)%,
Poiz = Pubialyy — ¥l
The numerical values of the variables thus appear in the
numerator and denominator of the correlation coefficient in
the form of products [x, — x,] [y, — ¥,) and can be reduced
so that for the correlation coefficient between X and Y we
obtain the value

0

Voupabube

When the variables can each assume only two different
values, the formula obviously does not contain the possible
values of the variables. The correlation coefficient remains
unchanged when the possible values of the variables change
arbitrarily, provided the probabilities of the values remain
the same. Accordingly, it is unnecessary to know the pos-
81
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sible values in order to calculate the correlation coefficient ;
hence it is unnecessary to measure them; it is even un-
necessary to assume that they are measurable at all.

As we see, the value of the correlation coefficient which
we have obtained is equal to that at which we arrive for
the mean square contingency (cf. above, § 2, 1). The cal-
culation of both the correlation ratios leads likewise to the

same expression. The magnitude can be re-

82
) PubaPib 2 o
garded in a case where the chance-variable characteristics

permit of only two different categories as the mean square
contingency ¢?, as well as the square of the correlation
coefficient 7,,,, or as either of the correlation ratios %2,
and 73,.
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CHAPTER V

THE EMPIRICAL MATERIAL AND THE COEFFICIENTS WHICH
SUMMARIZE IT

§1

THE law of dependence and the complete set of parameters
and coefficients which summarize it provide a knowledge
of stochastic association between chance variables sufficient
for all purposes. The investigation of stochastic association
always aims in the first place at ascertaining as reliably
as possible the numerical values of those of these magnitudes
which the inquirer decides on, in the case concerned, for
objective or practical reasons. Only after this problem has
been so more or less satisfactorily solved in a * mathematical ’
or ‘ elementary ’ form can the final test be undertaken, the
elucidation of the true meaning of the relationships deter-
mined (cf. Chap. II, § 2, and Chap. VIII, § 2).

In practice, the investigator is rarely able to set up the
law of dependence by means of deductions from the theory
of probability so as to elucidate its general properties by
examples taken from the realm of so-called games of chance.
As a rule, what is known to the inquirer about the variables
to be investigated and their mutual relations does not go
further than the knowledge of several pairs of corresponding
chance values of both the variables ; the a priori magnitudes
interesting to the inquirer have to be estimated on the
basis of those chance values of variables. To lead the way
from the empirical chance values of the variables to the
required a priori magnitudes is part of the main object of
the theory of correlation. However, before turning to the
systematic survey of the methods concerned we must take
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closer cognizance of the empirical material which is to be
used here and to consider how it can be thrown into the
forms best suited to further use.

§2
1. The material at the inquirer’s disposal consists of a
number of pairs of corresponding chance variables of X
and Y. Let us write: N-—the total number of pairs;
n,—the number of pairs in which X has the value X,;
n,—the number of pairs in which Y has the value Y,;
n,,—the number of pairs in which X has the value X,

and Y the value Y, If we denote by k& the number of
different values of X and by /! thosc of Y, then

] k
Ny = 2;”-‘1 ny; = 2 ;”m
J=1 t=1
k 1 k 1
N = E Enm: En,,: En,j.
i=1 j=1 f=1

j=1

If the numbers »,, are put into the clearly arranged form
of correlation table considered in Table 1, Chapter I, one
usually terms the horizontal rows as well as the vertical
columns of the table ‘arrays’, while the separate arrays
are characterized by the value of the variable which remains
constant for all members of the array. The total of the
numbers #,, for constant 7 forms the X, array; the total
of the numbers #,, for constant j forms the Y, array. If

we put
el ' ) ' ny '
N P N - Py N - Py
’ ’
My _ Pay _ par My __ Py oy
Y j) Y o T
ny o Py ! ny Py

then the set of numbers p;, gives the empirical frequency-
distribution of X and the set of numbers p|, that of Y.
Similarly, p{} give the empirical frequency-distribution of
the values which fall respectively in the X, and Y, arrays
of the variable placed in the Y, array.
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Let us now consider the pairs of corresponding values of
X and Y as to be numbered and let us denote by XUV
and by YV the values of the fth pair. Let us further denote
by X, the arithmetic mean of all the X values, by X{ that
of the X values in the array Y, by Y, the arithmetic mean
of all values of Y and by V¥ that of the Y-values in the
array X,;. From the definitions we obtain the identities :

N

’ 1 ’

X =% S AV = E Ny %, = Ep‘lx,
J=1

t;-l

N
’ 1 ’
_ vy o o _ '
Yo = Nzy = NZ”U% “Zpuy
=1
k
’ 1 ’
m = 2 'nﬂ]x‘ 2 ,:b?x) %
(i)’ — @)/
= 2 , Ny = 2 ;Ibuy:
Since E nxd = E E Ny %, = E N, %,
o1

i=1

we obtain further

k
1
' ) @’
4 = 2min = g o m = D
-1

Similarly we arrive at

k
’ o ! (“/
Yo = 2 ;Puyo .
i=1

2. The a priori law of dependence may, as we have seen,
be taken as given, provided that the parameters m,, are
known (cf. Chap. IV, §3, 1). In a similar way the set
of numbers p;, can be expressed by parameters my,
defined by the relations :

My, = ;sz,’,,x{y:.
Putting g = 0 we obtain parameters m,, which express
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the frequency-distribution of X. Putting f = 0 we obtain
parameters ,,,, which express the frequency-distribution
of Y. Thus the parameter

My = %?P:ux‘ = %p:lxt = %,
denotes the arithmetic mean of all the X-values and the
parameter
My = a—jibuyj =Y
this of all Y-values.

The set of numbers p;, can also be expressed by the
parameters y,, and 7}, which are defined by the relations

g = ??P.ﬁi% — iy [y — M)yl
1,’ — _____a_f‘/lla .
1o [.“;[o]y Ul(’uz]i"
Putting here g = 0 (and f = O respectively) we obtain like-

wise the parameters which express the frequency-distributions
of the values of X (and those of Y respectively). Thus

’ ! ’ 1 . ’ ’ ’

— —_ T 2 2
M0 = “Z‘Ptl[xl — My)® = Tv%”n[xt — %] = mye — [y
gives the empirical variance of X and

17 ’ ’ 1 ’ ’ !
Mojg = ‘?Pu[yj —My),]* = N?n!}[yj — Yol = mgy — [my,]?
that of Y.

Let us call the first of the series of #’-parameters, viz.

’ ZZPg{u[xa - ””iw] [y, — ’"6[1]
' M1 ___ i .
Y= By

Vgt V{;p:; (e — PRy = o)

N
D — A — )

p—id !-l e - P e— y
N - S s
I=1 =1

the empirical corvelation coefficient. Since
’ ’ ’ ’
Myy = Mgy — My oMy,
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the empirical correlation coefﬁment can also be represented
by the form

Y= My — My M)

MV g — Dol 01z — Dy J*)

It can easily be shown that the empirical correlation
cocfficient cannot be greater in absolute value than 1.
Since the sum of magnitudes which are not negative cannot
be negative, we have

R » Yo — Mg |2
sx [*—,,—;"’_y " ]zo.
- jP«u Vibro oy

Since again
’ ’
— myo 2 Zpq [ — myl®

3P, S R
0 Vi s

_ 2 /[x ”l’][y_m’] ’
Oll i 1|0 J 0/1

= =1, 2'2. VI —_— =1,
‘/ Hoi2 Puy .“2|0 ‘/,“012 t
we have 1 — 2[71|1]2 + [,,;“]2 =0 or [7111]2 <1

3. As before (cf. Chap. IV, § 3, 1), let us distinguish the
parameters referring to the separate arrays from those
which refer to the marginal totals of the respective variable
by adding in brackets on top, on the right, a reference to
the particular array. Putting, accordingly,

m(l‘v) — Zp(l«;'yj U)’ ZPU)' xl

uy = Zpyly, — migT i = 2P e, —myY,
m{’ and m, denote the arithmetic means of the values
of X for the Y,-array and of Y for the X r-array, and u')
and ufy respectively, the corresponding variances.

Of the identities which connect these parameters, we shall
bear in mind only those to which we shall have frequently
to refer, viz.:

My = Z‘;b,,m"" Moy = %:an(ﬁ'

l‘zlo = Epul‘m + zp,,m"" My o)

oz = ?Pu/‘(r)z, + Zp‘,[m“" Mgy )%
87 G
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§3

If the values of !}, which correspond to different values
of X, be graphically represented by a rectangular co-ordinate
system and the successive points are connected by straight
lines, we then obtain a broken line which we denote as
empirical regression line of Y on X.

In considering the empirical regression line a problem
may be raised similar to that we examined when consider-
ing the a priori regression line, viz. (cf. Chap. I, §3, 2):
under the assumption that the separate points mY, of the
irregular empirical regression line lic on a curve which has
the form of a parabola of the fth degree, to express the
coefficients of the equation of the parabola by the para-
meters m’, u’, and #’. The mathematical treatment of this
problem is not formally different from that of § 3 of Chap-
ter IV ; but the task does not offer any greater statistical
interest in the case of the empirical regression line. Even
when the corresponding values of the variables X and Y
are actually so constituted that all the points mf) lic
exactly on a parabola of not too high a degree, the statis-
tician is unable to make any inferences of value from this :
we must always bear in mind that this may be due to
chance, and adding of further pairs of empirical values of
X and Y may remove the seeming simplicity of the course
of the line.

When considering the empirical regression line there is
much greater interest in finding the equations of the straight
line or curve of relatively simple form which may best
represent the set of points considered in the sense of the
Method of Least Square, while we must reckon from the
outset with the fact that not all of the separate points lie
on the curve, but some of them are grouped irregularly
round it, at greater or smaller distances. The problem is
therefore to plot a straight line in such a way that a weighted
mean of squares of differences between the actual mean
values of all the individual X, arrays and the correspond-
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ing values calculated according to the equation of the line
is as small as possible (cf. Chap. IV, § 3, 4). If we write
the equation of the line in the form

M(li{, = A,lo + Aluxn
the condition that the sum
ZP”[WLW o m’]2 %‘P:l[m(ﬁ' __A'm _ A'“x‘]2

is as small as possible leads to equations

’ ’ ’ 7 ! ’ ’
myy, — Ay —mydyy =0, my, —mydi, — m2i0A = 0.
Hence we obtain :
2 N
m m m! M, ’ r ’ ’ ’ .
Aj = AT T [Ry Ay = gy — Ay =
M9 — (M) Hao

7 ’ ’ !
_ MaoMg |y — My 1My
- ! !
Myg — [my)o)®
Accordingly, the equation of the curve has the form

W' [ o2 ’
MY —myy =71 #’zlo[x‘— M)

We shall call the coefficient of [x, — m] ] in the equation
of the line which best represents the empirical regression line
of Y on X in the sense defined above the ‘ empirical regression
coefficient of Y on X’ and denote it by b}, (cf. Chap. IV,
§ 3, 2): consequently we have according to the definition :

b o— /4012
n 1 /4210
Similarly we find for the curve which best represents the
empirical regression line of X on Y the equation :
’ ’ ’ Mo
M3 —my = rl"&/,u By, — mgl 5
accordingly, the empirical rcgrebclon coefficient of X on Y is

’ :“2|0
bl ="
l‘o|2

Thus the empirical correlation coefficient 7, is equal to
the geometric mean of both the empirical regression coeffi-
cients (cf. Chap. IV, §3, 2):
" = »\/b;,b'“.
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§4
1 ,
Let ['h[:]z =1- Zf’n 2 -

We shall call the magmtude Ny, - the empirical correlation
ratio of Y on X’ (cf. Chap. IV, §4). None of the magni-
tudes u!y can be negative ; consequently neither can their
weighted mean be negative. Hence [7,,]2 cannot exceed 1.

By the substitution (cf. above, § 2, 3)

z"‘P:W(&’ = /“‘012 ZPu[mW ’":)11]2
we obtain

il = = Zpe.[m“" my I

Since none of the magmtudes P [m' — my,]* can be
negative also, [,,,]? cannot be negative. Thus the numerical
value of the empirical correlation ratio lies between 0 and 1 :

0< [, < 1.

The empirical correlation ratio of ¥ on X is equal to 1
when all magnitudes u{j are equal to zero. In order that
all magnitudes 4!} shall be equal to zero, it is necessary
and sufficient that all the values of Y which correspond to
each one of those X-values are equal. Let us assume that
the number of pairs of corresponding X and Y is equal to
the number of different values of X. Then to every value
of X the only one value of Y corresponds ; in this case all
magnitudes u() are equal to zero ; the empirical correlation
ratio of Y on X becomes identically equal to 1. If the
empirical material is so constituted no safe inference can
be made from the value 1 of the empirical correlation ratio
with regard to the connexion between Y and X.

The empirical correlation ratio is equal to zero, when

Hop = EPH!‘W or ZP(I[’”W — my )t =0,

i.e. when all magnitudes m{] are by chance exactly equal.
It is well to remember here that the empirical magnitudes
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m'{ can be equal to each other without a priors magnitudes
m{) being equal to one another.

It does not follow from [7,,,]* = 0 that the variable Y
is uncorrelated with the variable X (cf. Chap. IV, §4):
the magnitudes m{] can be equal to each other because of
their chance dev1at10ns from the corresponding values m},
although the latter show a more or less considerable variance.

While retaining the notation of § 3, we easily obtain

[ — [nd* = ZP«I[m“" M{T.

Obviously the empirical correlatmn coefficient cannot exceed
in absolute value the empirical correlation ratio (cf. Chap. IV,
§ 4). The empirical correlation coefficient can equal the
empirical correlation ratio of ¥ on X only, if all points
m{, lie on the straight line with the equation

@/
MY —mg, = "mJ 012 %, — 1my)0).

#210
Here one must also bear in mind that the separate points
m'¥ of the empirical regressxon line can lie on a straight
hne without the regression of Y on X being necessarily
linear. There is nothing to prevent the true regression
equation of Y on X, which connects the values of the a priori
magnitudes m{} with the values of X, from taking a dif-
ferent form, whlle the chance deviations of the values m/}
from the corresponding values m{} create an appearance of
a linear regression. If the difference %, — 7}, is equal to
zero it obviously follows that the regression of ¥ on X is
linear. If, on the contrary, the difference [7, )% — [7},,]?
equals zero, it only follows that the assumption that the
true regression of Y on X is linear only holds good more or
less plausibly.

§5
The empirical correlation coefficient 7;,, which is defined
by the relation ,
" = ot
VuzioM012

(9) §
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can exceed, in absolute value, neither the empirical corre-
lation ratio of Y on X nor that of X on Y (cf. above, § 4) :
["1!1]2 < [7];|x]2» [rin? < [, )%
Since the empirical correlation ratio cannot itself be
greater than 1 (cf. above, § 4) we have (cf. above, § 2, 2)
Frn* < L

That the numerical value of the empirical correlation
coefficient must lie between — 1 and 4+ 1 can also be
shown in the following way. From

thpttu[x‘ — ZZ;;"“DL__,”"OH] 1

Moz
r[%*m 1 [y — mg ] /
ZZP«U \/IL;I-- HE =1y
] H210k012
we find 1 — 27, +1=0. Hence 7, < + 1.
Again it follows from

w Yy — mon 2
Pt J[#'!_—*—IIO + >>>> ] =0
Z ! ‘//‘210 ‘/ﬂmz

in a similar way that 1 4 2/,, +1>=0, 7, = — 1.
The empirical correlation coefficient can have the value

an

+ 1 only if all differences 2110 _ %1~ " i
Ha10 ‘/Ho
0, i.e. if only one value of y corresponds to each value of x
and the deviations of the corresponding values of the
variables from their respective mean values are exactly
proportional to each other and always have the same sign.

The empirical correlation coefficient can have the value — 1

Lare equal to

x;——’f‘_{w Yy = Mo
‘//"zlo ‘/#mz
only one value of y corresponds to each value of x and the
deviations of the corresponding values of variables from
their mean are exactly proportional to each other and
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always have opposite signs. From 7, = + 1 it follows
accordingly that the empirical regression line is linear.
However, it does not imply without any further considera-
tion that the true regression is lincar. It is not impossible
that the appearance of a linearity is counterfeited by chance
deviations of m{}" values from the corresponding ) values.

The empirical correlation coefficient can become mdeter—
minate. If all empirical values of X or all empirical values
of Y are by chance equal, then the magnitude yx;,, which
occurs in the numerator of the empirical correlation coeffi-
cient, as well as one of the variances in the denominator,
is equal to zero. Thus the empirical correlation coefficient

0 .
assumes the value o When the set of pairs of correspond-

ing values of the variables at our disposal is small, one
must always reckon with the possibility that the empirical
correlation coefficient becomes indeterminate.

§ 6
Let

[p]? = ZZ[P,U puth)? ZZ’["W~ _jjlilnu],-.

7 Pitl; "%
We shall denote the magnitude ¢’ as the empirical mean
square contingency (cf. Chap. IV, §2, 1). From

%‘Zj.’nm = N, Zi?nilnu = [Z'n,] [%’nu] = N

) = 20 2

il

we have

The empirical mean square contingency is equal to zero
if all differences p;,, — p;p|; arc equal to zero. However,
it does not follow from here without any further considera-
tion that all differences p,; — p,p,, are also equal to zero
and the variables X and Y are mutually independent (cf.
Chap. IV, §2, 1): the mutual independence might be
counterfeited by chance. If all empirical values of the
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variable Y which correspond to each value of the variable
X are equal, then p;, = 0 for j # ¢ and again #;, is equal
to p;,. For [¢']? we then obtain the value £ — 1. Here
the assumption that the variables are functionally related
seems to be more or less plausible. But in this case, also,
we must bear in mind the reservations which were pointed
out above, when considering the value 1 of the empirical
correlation ratio (cf. above, § 4).

§7
Under the assumption that both the variables X and Y

have taken only two different values each, we put (cf.
Chap. IV, §2, 1)
P;HP;Iz “Pilzpéu =0’
From the identities, which connect the magnitudes g,
bu» P, we easily obtain
o =P _P;1P'|1 = Pu “15;|ij2 = —[P1e —?iubiz] =
= — [Pan “lep’u]-
If we put these values of the differences p;,, — 9},
&c., in the formula which defines the empirical mean square
contingency (cf. above, § 6), we obtain

2 2
, TR [9'2
2 _ — .
('] Z pup,  Pobubhble

=1 j=1

In a case where both the variables have taken only two
different values each, both the empirical correlation ratios
and the square of the empirical correlation coefficient can
be reduced to the same expression

(07
et
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CHAPTER VI

ESTIMATE OF 4 PRIORI COEFFICIENTS ON THE BASIS OF
EMPIRICAL MATERIAL

§1

WE have (cf. Chap. IV) surveyed, in outline, the methods
in common use for extracting the stochastical connexion
between two chance variables and so seen what it is that
the statistician tries to learn by his analysis of data. We
have also considered the material from which, as a rule, he
has to proceed (cf. Chap. V). We may now ask how the
features of stochastical connexion between the variables
considered by the inquirer may be determined. The know-
ledge of a priori frequency-distributions which would allow
him to calculate the numerical values of a prior: magni-
tudes by means of formulae which define them without any
reference to experience are at the statistician’s disposal only
in exceptional cases. As a rule, he only knows pairs of
associated empirical values assumed by the correlated
variables in a series of ‘ experiments’. Hence it is the task
of the theory of statistics to show how it is possible to
advance from these empirical chance values of variables to
those numerical values which comprehensively characterize
the unknown a priori joint frequency-distribution in a way
appropriate to the object of an inquiry.

To state this problem with scientific precision and to
solve it in a special case was J. Bernoulli’s claim to immor-
tality in our subject. The solution rests on the law of great
numbers which links empirical numbers which are statisti-
cally determinable on the one hand with a priori magnitudes
which are their basis but as a rule are inaccessible for
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immediate determination on the other hand. The funda-
mental idea of the law of great numbers can be expressed
in manifold forms. For our purposes the most useful way
appears to proceed from the formulation which in its simplest
form reduces to the well-known Cebysheff* inequality.
Assume that N different experiments are carried out on a
chance variable ; the probability that the deviation of the
arithmetic mean of the chance values, which the variable
takes at these N experiments, from the a priori mathe-
matical expectation, becomes smaller than a preassigned
small quantity asymtotically approaches the limit 1 with
increasing N ; consequently in a fairly large number of
experiments it can be assumed that the mathematical
expectation of the variable and the average of its empirically
chance values do not differ much from each other. We
cannot cnter here into the mathematical proof of Bernoulli’'s
and of Cebysheff’s theorcms, nor can we dwell upon com-
plicated logical problems involved in the law of great num-
bers. We must confine ourselves to the use of the law of
great numbers for the construction of the theory of corre-
lation and show with its aid how we may estimatc the
unknown a prior:i magnitudes determining the correlation
from the empirical values of the variable given to the
statistician. The law of great numbers is one of the most
important fundamental pillars of the theory of correlation
as well as of the general theory of statistics ; but the logical
analysis of the law of great numbers is a problem of the
general theory of statistics and not of the special theory of
correlation.

§2
1. We can proceed to estimate a priori magnitudes from
the empirical values of variable in various ways. The
simplest is the following.
* About the spelling of this name see L. Isserlis, * Note on Tcheby-

cheff’s Interpolation Formula’, Biometrika, Vol. 19, 1927, p. 87.—
TRANS,
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In order to estimate approximately the numerical values
of an a priori magnitude U, which can be derived by means
of well-known formulae from the joint frequency-distribu-
tion, we construct a function of empirical values of variable
—U’'—which fulfils the condition that its mathematical
expectation equals U. The numerical value of U’ which
follows, if the empirical values of X and Y are inserted in
the formula defining U’, is considered as an approximate
value or, as we should rather say, as a presumptive value
of U. In each separate case the numerical value of U’
can deviate more or less from the value U ; the range of
such chance deviations is characterized by the magnitude
of the standard deviation of U’. On the average all these
chance deviations to one sidc or the other of U tends to
zero. As a rule we shall achieve the aim of our estimations
most safely if we continually keep to this method of esti-
mation. Assume, for instance, that from a closed urn N
balls are extracted, and that the white balls appear » times.
The presumptive value of the unknown probability p of

drawing a white ball from the urn can equal % in the case

where every ball extracted is replaced before the next
extraction takes place as well as when it is not replaced
in the urn: under both assumptions the mathematical

expectation of —% becomes exactly equal to  for any num-

ber of extractions. Let us now repeat the experiment of
N extractions from an urn ¢ times, either always replacing
the extracted ball before the next extraction takes place or
not replacing the extracted balls in the urn until the con-
clusion of each series of N extractions. Write: #, for the
number of white balls drawn in the first N extractions, #,
for the number in second series, &c. According to the law
of great numbers which serves us as a guiding principle

‘s i 1Ty | 7 i
there is not much difference betweent = + N +. ..+ N]

and the sought a prior: probability p, if ¢ be fairly large.
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Hence, if we put the presumptive value p equal to the
ratio of the number of white balls to the total number
extracted, then though we run the risk in individual cases
of our estimations being affected by a certain chance error
so that the presumptive value p assumed by us amounts
to something either larger or smaller than $, we shall suc-
ceed best in the long run if we make our estimates in this
manner.

The calculation of the standard error of U’ allows us to
set limits to the range of chance errors with which indi-
vidual estimates are affected. If the extracted balls are
replaced in the urn before the next extraction takes place
the standard error of the quota of white balls comes to
what is known as

s = JEG 1= ot

Where the extracted balls have not been replaced in the
urn it comes to

;—JA“f;p —#)

where A denotes the totality of balls in the urn at the
beginning of the experiment. If the extracted balls are not
replaced the estimate is thus safer than where they are
replaced in the urn before the next extraction takes place,
and the reliability of the estimate grows more rapidly with
the increase of N than in the first case. If N = A then,

, % =0, and the estimate is entirely reliable :
when all balls are extracted from the urn we can naturally
exactly infer the magnitude of the probability p from the
quota of white balls.

2. Apart from this method of estimation one often tries
a rougher one which, as regards the function of the empirical
values of U’ to be applied, is content with the demand
that the mathematical expectation of U’ should tend
asymptotically with the increase of the number of trials,
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towards the sought-for a priori magnitude U, and renounces
the more rigorous demand that the mathematical expecta-
tion of U’ should equal the a priori magnitude U in any
finite number of trials. The numerical value of the func-
tion U’ obtained after insertion of the empirical values of
X and Y is considered as presumptive value of U. This
manner of estimation is justified by the fact that with a
fairly large number of trials the value of the mathematical
expectation of U’ does not deviate very much from the
exactly estimated presumptive value of U, as both coincide
when the number of trials becomes infinitely large. Con-
sequently the mathematical expectation of U’ may hold
good as an approximate value of the true presumptive
value.

This method is preferably applied in the form that, for
the estimation of a function of a priori probabilities we
make use of the same function of corresponding statistical
frequencies, proceeding from the conception that the
numerical values of the two functions cannot diverge too
far in a fairly extensive number of trials, since, with an
increasing number of trials, the frequencies tend to their
respective probabilities as limits. So, for instance, we take
as a presumptive value of a priori mean square contingency
(cf. Chap. IV, §2)

gt = syl — P¢|P|j]2’

i Puby
the numerical value of the empirical mean square contin-
gency (cf. Chap. V, §6)

ne — yylty—pupil?

=
Similarly the numerical value of the empirical correlation
coefficient #;,, (cf. Chap. V, § 2, 2) is used for the presump-
tive value of the a priori correlation coefficient 7, , (cf.
Chap. IV, § 3, 1,) the numerical value of the empirical cor-
relation ratio (cf. Chap. V, § 4) for the presumptive value
of the a priori correlation ratio (cf. Chap. IV, §4, 2), &c.
This method evidently has the disadvantage that at
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repeated estimations the average of the presumptive values
obtained in this way does not necessarily coincide with the
true value of the corresponding a priori magnitude. This
method of estimation is affected not only with the other-
wise avoidable chance error of cstimation, but also with a
systematical error of estimation, which may be positive as
well as negative, and thus the true value is at times system-
atically overestimated or systematically underestimated.
When, for instance, we put the presumptive value of p?2

n |2 . .
equal to [IT’:I we overestimate the sought magnitude, as
2
the mathematical expectation of l:]%:l is not 2 but

P2+ JITZP(I — p). On the other hand, when we put the

presumptive value of p(1 —p) equal to Jnv [1 B ]% ] e

underestimate the sought magnitude, since
n n N —1
Eﬁl:l ~;,-] =5 bl —2)

1
Since, however, lim | p2 + N;b(l —p):l = p2
N—>-o0

(N =1
and tim {¥ 70000 = ) = pl1 ),
we find in both cases that the value of the estimate reached
this way really tends asymptotically, with increasing num-
ber of trials, to the exactly estimated presumptive value
and that systematic crrors are quite insignificant if the
number of trials is fairly large.

That this also holds good as a rule has been proved in a
general manner by Professor G. Bohlmann.* This method
of estimation, which has been applied by statisticians mostly
in an uncritical manner, has thus obtained a firmer basis.

* G. Bohlmann, Formulierung und Begriindung zweier Hilfssitze
der mathematischen Statistik ' (Mathematische Annalen, Vol. 74,
1913).
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If it is supplemented by an cxamination of the magnitude,
or at least, of the sign of the systematic error, then it may
be said to be scientifically correct though less satisfactory
than the method first described. In the early days of the
modern theory of statistics this method of inquiry rendered
services which cannot be too highly praised. Most of the
a priori magnitudes to be considered by a statistician have
at first been estimated in this manner on the basis of em-
pirical material ; it was only later realized that it may
bring in systematic errors; in each case we have sought
to ascertain whether such are really present, and in the
affirmative case to form an exact idea of their magnitude.
The result of such examinations of systematic errors varied
in different cases. Sometimes one was able to prove that
there was no systematic error of estimation at all. In
other cases one succeeded in the exact determination of
the systematic error and was then able to modify the
selected function U’ that the systematic error was elimin-
ated ; if one puts as a basis of the estimate of the value of

$(1 — p) instead of the magnitude (1 — —Kf) the value of

n

N~_—I<1 ——;]), then the systematic error is eliminated,

. . . n n N
since the mathematical expectation of —ﬁ(l _N)N —

exactly equals j)(l — $). In very many cases, however,
one could not arrive at more than an approximate estimate
of systematic errors. When the empirical function U’ is
not an integral rational function of the values X and Y,
one is as a rule forced to be content with a rough estimate
of the systematic error.

3. Before we proceed to the detailed presentation of the
ways in which the a priori magnitudes connected with
correlation used to be estimated from the empirical material,
let us consider more closely the notion of presumptive value.
I avoid calling the presumptive values so obtained for the
a priori magnitudes, approximate values, for they are not
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approximate values in the accepted meaning : the presump-
tive value is a notion in itself, and approximate value suz
generis. This comes to light clearly in that the conven-
tional approximate value is improved by calculation to more
decimal places: 3-14 is, for instance, a better approximate
value of z than 3-1, and 3 would be a still worse approxi-
mate value of #. The presumptive value, on the contrary,
is not improved by any increase in the number of decimal
places. It can in this sense be exact without ceasing to
remain approximate value in its proper sense. When, in
a series of 100 extractions from a closed urn, the white
ball appears 50 times, then the presumptive value } = 0-5
for the a priori probability of the extraction of a white
ball is arithmetically quite exact ; this does not, however,
mean that the probability exactly equals 4. The presump-
tive value is related to the a priors value of which an esti-
mate is required, in the same way as a number drawn from
,an urn is related to the average of the numbers in the urn.
The a priors magnitude concerned is represented by the
presumptive value without being measured by it in the
same sense as a constant to be estimated is measured by
the usual approximate value. The measure of the exact-
ness of the presumptive value is determined not by the
number of significant figures but by the magnitude of its
standard deviation. The notional peculiarity of the pre-
sumptive value consists in this, that in itself it is a chance
variable which can assume different values with definite
probabilities.

§3
1. After these introductory deliberations, let us now con-
sider how the statistician has to proceed in the estimation
of a priori magnitudes which comprehensively characterize
the joint frequency-distribution of two stochastically associ-
ated chance variables, if he is depending exclusively on the
empirical material of the frequencies with which the various
combinations of possible values of X and Y have appeared
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in a series of trials. We will assume here that individual
trials are mutually independent, so that the probabilities
Py, of the coincidence of the various values of X and of Y
in a trial are not influenced by the result of other trials and
that the law of dependence remains the same in all N trials.

We shall also renounce here the exhaustive treatment of
the subject. Our endeavour will rather be to demonstrate
procedure as clearly as possible by means of a series of
examples and the manifold difficulties met with as well as
the methods by which we seek to overcome these difficulties.

2. Let us commence our consideration with the examina-
tion of the magnitude 8, to which various methods of com-
prehensive presentation of stochastical connexion refer if
both the variables can assume only two different values
each (cf. Chap. IV, §§ 2 and 7). 1If we define the a prior:
magnitude 6 as & = PP, — D1j2P21» and if we substitute
for the a priori probabilities the corresponding empirical
frequencies, then we arrive at a function of empirical values
which we have denoted by & (cf. Chap. V, §7):

1

! !’

0 =P111P;)2 "P;m?;u = 51 Ma1p — My Mg
N

Hence it is of importance to ascertain how far the value
of ¢’ is suitable to serve as a presumptive value of 4, and
whether there are better methods of estimation.

Because, as it is known,

Enyytae = N(N — Dpyybares Engottey = NN — 1)py0b),
S0 1is
N -1

Ed' = ~——0.

Consequently the value of § would be systematically under-
rated should 8’ be considered as a presumptive value of 4.

The magnitude of the systematic erroris of order hence

N’
it is not of great consequence in a fairly great number of
trials. 1In this case it can be easily eliminated : it is only
necessary to put the presumptive value of é not equal to
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, N . .
¢0’, but equal to ]—V—_——lé ; for the mathematical expectation

ofN

number of trials.
If we wish to gain an idea of the certainty with which
the true value of 6 can be estimated on the basis of empirical

70 is equal to the a priori magnitude 6 in any finite

values é’, we must ascertain the standard error of

N
N —1
it is of no particular interest, but give only the final results :

0'2 N (5' E[ _:—16' — 6] =
= ’N_l:'l'{fpmpmz(fﬁm + Poig) + Praban(Bris + o) — 46%] +
+ ;T;[p1|2 + pzu _plll _75212 + 65]‘5}-

If 6 = 0, the mathematical expectation of ﬁ']i—lél likewise

N -1

¢’. I am not showing the computation in detail as

N
equals zero, and the standard error of ———_-16’ becomes
equal to N 1__“1?111’21?1121’12’ as for & = 0 the associations
consist of p,, = Py P11 P12 = P1Die

Let us assume on the other hand that ¢’ equals

N -1
zero. We cannot conclude from this without any further
consideration that § likewise equals zero and the variables
are mutually independent. It might happen that 4’ equals
zero by chance, although ¢ is different from zero. Nor can
it be inferred without further consideration from the fact

that

Zero and the two variables are not independent. Here, also,
the hand of chance can play its part. The plausibility of
the conclusion depends in both cases on the magnitude of

6’ is different from zero that 4 is different from

¢’ and increases, as can be seen

the standard error of ¥
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from the above-mentioned formula for the standard error
N o, . ) ) .
of JVTT‘S with an increasing number of trials, propor-
tionally to the square root of N.
If we wished to ascertain with greater exactness the

N,
[ 16 we should

have to consider the mathematical expectations of higher

frequency-distribution of the values of

powers of ﬁ 16’. The computations are somewhat labori-

N
ous, but do not offer any particular difficulties, and can be
carried out in the same manner as the computation of the

’
N—la'

mathematical expectation and of the variance of

The distribution of i

approaches the Gauss-Laplace’s form with the increase of
the number of trials.

3. We meet quite different difficulties when we have to
estimate the value of a quotient such as appears in a corre-
lation coefficient, on the basis of empirical material in the
case of variables which can assume only two possible values
each (cf. Chap. IV, §7):

¢’-values is asymmetrical, but it

0

Vo bupibie
viz. if by the usual method of the substitution of statistical
frequencies for the a priori probabilities (Chap. V, §7) we
form the expression
’ o’

7 ERlpE———S e

t VubuP 1 Ple
then the mathematical expectation of 7;,, cannot be exactly
calculated, at least not in the present state of our know-
ledge, because it is a quotient (cf. above, § 2, 2). We
depend on approximations with which we will make a closer
acquaintance in the general problem of the estimation of
the value of a priori correlation coefficients (cf. below, § 4,
3, A, and §4, 5).

LEE
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§4

1. The difficulties of the calculation of the mathematical
expectation of quotients play such an important part in
the theory of methods of investigation of stochastically
connected chance variables that we shall consider the
problem more closely.

The mathematical expectation of a quotient has so far
been precisely determined in a few exceptional cases only.
The first case seems to be the calculation of the mathematical
expectation of Lexis’ divergence quotient. Some cases can
also be found in the field of the theory of correlation.

A. According to the definition the value of E:T equals

Z Zp‘,,’)ij. Accordingly the next thing would be to in-
i i i

sert the value of the probability p,, and to carry out the

double summation. As a rule, this is not feasible, as the

summations are intractable. Let us, for instance, calculate

the mathematical expectation of % The probability that
‘

n, takes the value % equals (hN)p:,(l —py)V % The

conditional mathematical expectation of #,, under the

assumption that n, equals A, comes to h%‘—”, as the h-cases
‘0

are distributed among sub-groups #,,, #,, . . ., %y . . .,

n,, with probabilities p,,, ., . . ., p,, reduces to the

sum p,. Accordingly, the mathematical expectation of

n
47 equals :

E’%:j B Zh’(f)Ptl - P‘I)N"h%h%} —

— &_I_J Ny » . N—h __ fc_u

=2u ) (e — gy =2

In this case the computation does not offer any difficulties,

because % in the numerator and denominator of the values
106
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to be summed up cancels out. But if we wanted to com-

2
pute the mathematical expectation of ;" in the same

manner we should have, for the cond1t10na1 mathematical
expectation of n,,, to insert, under the assumption that #,

equals %, hzﬁ:u + h,%( ;—;-:%) and our computation

would become
n‘” N—h thﬂ! P‘IJ &L! ]:
En" Z( )P&l — bu) [ + h’p‘, ( Py

_ Pl Pasfq _ Pus N\ wp b
=5 + == Y (1 Pu )Z(" )Pn(l p)" hh'
Hence, we should arrive at a dead end, as the summation

Z (,,Ii)p?.(l - P,-.)”‘“—-;l cannot be carried out precisely.
h

B. Sometimes the goal which can be reached directly
can be attained indirectly. It can, for instance, be shown
as follows, that the mathematical expectation of the em-
pirical correlation coefficient (Chap. V, § 2, 2) in the case
of mutual independence of variables is precisely zero and
the standard error of the empirical correlation coefficient

If we introduce, to facilitate the writing, the abbreviated
notations

- .
\/{;'[x“]' _ x(',]‘} — 21, J{;‘[y[!]' _y(')]z} — 22,
then the empirical correlation coefficient is defined by the

formula

N
Z [ — 2] Y — ]
J=1

7 =
11 >3
1«2

Now, assume that the law of independence remains the
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same at all trials and that the latter are mutually inde-
pendent, then

v RO no_
Ex xo

Ef and hence E = 0.
Similarly we find Ey —% _,

When the variables X and Y are mutually independent
Y — 2 P — v Pl ym — 9
E 2%, o {E z } {E }

Hence

N
X[ — 2] 7Y — )
N —
Erlll - E 2122

:E{E[xm' -—x! [ylf]' —¥o ]}:

s=1 21y

d AV Yy
AEST) ) o

7=1

Consequently, in the case of mutual independence of the

variables X and Y the value of the mathematical expecta-

“tion of 7;,, coincides with the true value of the a priori
correlation coefficient 7,,;,, which in the case of mutual
independence of variables also equals zero (cf. Chap. IV,
§3,1).

It must be borne in mind that our computations proceed
from the assumption of the mutual independence of variables
in the sense of our strong definition (cf. Chap. III, § 4, 3)
and not from the assumption 7,;; = 0, which, as we know, is
a necessary but not sufficient condition of mutual independ-
ence (cf. Chap. IV, §3, 1 and § 3, 3). When 7,, equals 0,
but the variables X and Y are not mutually independent,
we must not assume that

E[xm' — DM — 55 _ {E,,m' _ x} {Eym — 9 }
2, '

The mathematical cxpectation of 7}, can, as we shall see
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later (cf. infra, §4, 3, A), at r,;,;, =0 equal 0 as well as
>0 and <0.

Similarly the standard error of 7;,, can be computed in
the case of mutual independence of variables X and Y.
Bearing in mind that among our assumptions

E[xm' — ] [x“l’ — ) _ E[xm' — )2
-1

and Y —x ]2 1
B w

we find easily that E[r;,,]? = But as Er;; =0

N -1
/ ’ 1
1 = E[ylll - Erlll]2 = N —1

Both the results thus obtained, Er;;, =0, 0,2,1“: 17_1_—1,
hold good for any laws of distribution of X and Y. On the
other hand, the mathematical expectation of higher powers
of #;,, cannot be ascertained in a similar way, even in the
case of mutual independence of the variables X and Y.
For instance, in the computation of E[r;,,]* we meet the
mathematical expectations

N
Y = s > oy — yie
I=1 /=1
=1 and £~
EF E=

which cannot be computed until the laws of distribution
of X and Y have been determined.

2. As the final aim of the exact computation of E;’

cannot be achieved either directly or indirectly, nothing
remains but to seek to determine approximately the mathe-
matical expectation of a function of empirical values selected
for the estimation of a priors magnitude. An obvious idea
is to represent the sought-for mathematical expectation of
U’ as a sum of terms, arranged according to increased

powers of ]—\-17, assuming that these terms rapidly decrease
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when N is sufficiently large. This fundamental idea can
be put in different forms. The favourite method is the
following due to the English School.

A. Let us compute the mathematical expectation of

::‘” or E i '”:, . If, for brevity, we introduce the notations
i

’ ’ p‘, 2
Puy — bay = dbuy Py — Dy = dpy,, then jT:j:I can be ex-

panded according to increasing powers of dp;,, and dp;, as
follows :

Py (buy + dpusl* _ Phy 1 apis? 1 apy 72
P:I:I by + b, T? P [ + Ptzu:, [ + Pu] -

_ @[1 2apy, BT 24ph | Blapn? 3
P4 + bu; + % ][ by + P o :I N
—-7’?"[1 2apy,  2apy | pL)* Adphapy | 3(dpy)?

R T T R Y +]

Hence we obtain :

P |* = Bisfy 2T ?.dfﬁ] [df’-u _
E Pﬁ] Pn{ + El: Pu; by E Py
_dapyapy | 3(dpy)*]
Pusby + b ___I e }
Now as E {{dp;,]'[dp;]* 7"} and E {(dp:,)"(api 1>}

contain no terms of order in — lower than (—) , we

N N
can, proceeding from the above expansion, compute

the sought-for mathematical expectation of [P'”] to the
desired approximation of order Il\f If the desired approxi-

. . 1 .
mation does commence with terms of order < the series
may be separated as has been done above. If we wish

1\2
to be correct to terms of order (ﬁ) , then terms of the
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3rd and 4th order in dp;, and dp; must be retained. In
! 2
this way we obtain for | ji,”]

Py
B —E[f] =R+ st -+
PR } =;’;—:::4{1 I
gty
B. Similarly from
. [1 + 5]

Ny 7y _P;|PU qu] 1 +dP;;
by Py
can be obtained
Eﬁu - _Pﬁ!_{l + @By = a3l [y — Py n
Ny My

Puby Npypbay
[Py — Pusllp)y — 2ol 2045 — PuP)5)
+ N2P¢2|P%1P¢|j T }

C. The last formula permits a critical appreciation of
the usual method of estimation of the value of a priori
mean square contingency from empirical material. If we
define the a priori mean square contingency as

- TIOtel ST

and substitute frequencies p’ for probabilities p in the
empirical expression

[¢]? = ZZ“"'y,‘,;’;‘;f“]z= ZZ["‘” el
= ZZ;,‘:::, ~

then the value of [¢']? holds as a presumptive value of ¢*
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The mathematical expectation of [¢']* is obtained by in-
gl .
Kt

e _ 9 1 Puslby — Pugdlbys — Pasl)|
Elp)* =¢* + N{ZZ ey } .

_1_ P¢|1(P4| - Ptu)(Pu - P«u)(zpcu — P-|Pu)
+ N“{ZZ iph } te

We satisfy ourselves that the mathematical expectation
of [¢]? is larger than ¢?, and we consequently systematically
overestimate the value of the a prior: mean square con-
tingency, if we take the value [¢']? as its presumptive
value. We are not, however, able at present to elimi-
nate this systematic error as we were in the case of d:
it cannot be seen from our expansion in series how
[¢']? can be modified to give a function of empirical
values, the mathematical expectation of which precisely
equals the a priori value of ¢? in any finite number of
trials.

When the variables X and Y are mutually independent
¢®> =0, we obtain for the mathematical expectation of
[¢']? the value

serting the above value of |

me _ B-1(-=1)  (kR-1){-1)
E[‘P]z_‘ N + Nz +-..

It is most probable that the mathematical expectation of

[¢']? when X and Y are mutually independent, is precisely

(k -1¢ -1)
N -1

If it were really so, we could obtain an empirical value at

least for the case of mutual independence of X and Y by

,but I have not yet succeeded in proving this.

the subtraction of (—k—:—]—vl—):_(—lT_—]) from the value of [¢']2, the

mathematical expectation of which would under this as-
sumption precisely equal the value of g2
Similarly we can compute the variance of [¢']%. In
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the general case of any law of dependence we find:

_ ' r2qe 1 b3
o’ = E{[¢'? — El¢' P} = N{‘iz 5T,

—oalalan) ] mlan) ]+
R 10y Ch)| S

=1 Pr
r=1
In the case of mutual independence of the variables X

1. .
and Y the term of order 5 in ol disappears. Hence the

variance of [¢’]? is in the case of mutual independence of

the variables of order (%)2 and the standard error of [¢']?

1
of order N

D. Similarly we can compute the mathematical expecta-
tions of all those functions of empirical values which are
formed by the insertion of frequencies instead of probabilities
in the formulae which define the a priori magnitudes. The
computations are mostly very laborious—particularly when
we are not satisfied with the computation of the term of

the order %7' but they do not cause any difficulties even

when greater precision is aimed at. Only we must not
overlook the fact that the mathematical expectation of an
odd function of differences dp:l, &c., always contains terms

of the same order of magnitude L as the mathematical

N’
expectation of the next highest even function, so that in
any attempt at greater precision special care must be paid
to the expansion of the series of powers of differences dp;,,
&c., to include not only terms next in order but also the
even terms immediately following. English statisticians
have sometimes fallen into serious error through the non-
observance of these rules.

3. Laborious calculations can be simplified in many cases
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by introducing differences between certain functions of
frequencies and the mathematical expectations of these
functions instead of differences of frequencies and of
probabilities.
A. For instance, we put
Hoig = z:,,zzbiu[x.- — ol 1Yy — Moy 1%y By = g1y — fyres
whereas, since wu,, = /‘ou =0,

’ ’ ’ 144
Moy — My Mgy = My — ﬂ1|oMo|1 pann+ Ay —apo dug)y

Myjg — Milo = My — M1§ = Majo + Bpzie — ()

’ ’ re 1’ r 1

Moy — Moit = fojy — Moi1 = Moz + Bptorz — (Bpte)y)*.

The empirical expression usually employed for the esti-
mation of the value of a priori correlation coefficient can
be then represented in the following form :

r rr 1
i, = By — Mjoton
1 7 77 77 Ton
Vkgho — #gi7] o)z — #o/3)
[1 + dpy )y _ dpio d:“(,)/n:l
=7, ~ M1 M1
rr
1+dl‘2|0 d:“uo)2 dﬂolz d:“mz)z
H2i0 Hal0 /l0|2 Hoj2
If we expand in powers of differences duyj,, duyj, &c.,

and bear in mind that the mathematical expectations of
[d,um]l’ ! and of [du;|,]* comprise no terms of lower order

= than (

¥ &c., then we obtain the value of Erm

with the desired precision in }1\7 by interrupting the series

at the corresponding terms of even order and inserting the
mathematical expectations of [duy;,)", [duy|0due,)", &c. ; the
computation does not involve any fundamental dlﬁicultles.
In this manner we obtain

1
Erlll =7+ {"’212"111 + _"1|1[74|o+ Yo14) "‘5[7'311’*‘ 7y9) Y+

11 5 3
Nz{ 7ais = 1ehnlfei0 + 7o1e] — 15inlrae + 721 +
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3 1 1
+ g["sll + 75) — greie"in + 2‘[’311 + 715 +

15 3
+ ﬁ’lilyzla["uo + 7] — §7111[74|0 + 7o +
9 9
+ galintadois + 55752 — “[”m”uo + *1stord —
3 3
= gTsnoin + rugtael — granlPsn + sl +
105 1 15
+ 2871'1[7“0 + 75 — 77mtois + ‘8"111f”§m + 7] —

5
f”zu”slo + 7112%018) — len’uz T ’111[’211 + 78] +

3
+ 7'1|1["z|17'013 + 7197300 — "111 + 3 nat + -

This formula holds good for any law of dependence.
Hence with linear regression of X on Y and of ¥ on X
we find, since with these assumptions

Tan = Nu?aie AN 7y, =70 ¢

1 1
Erin =7nt 5 "ul{ Tale ™ [74,0—{—70“]} NZ{ Taist 16 "

3 1
[7a10+ 7o10] — "111["412“}“ Taiad = rintaet 32"111’2|’ +

Frnlree + ’014][8 + 35 212] - I};g”m["uo + 70" —
=1 - ﬁu][gl"m‘*‘ 17s10%01 +g"’1|1(”§|o+ ’gm)]} ..
When 7 = 0 we find for any law of dependence
Erin = 2N[r3.1 + 78] + N2{ Tsis + [fm + 716l +
+ §["s|1 + 1] — ig[’su"uo + 7usford — fg[’su"ou +
+ 7157 410] — ?-72,2[73“ + 78] — lrg,ofm — g[rg,,rs,o +

5
+ 7119%015] “Z"zu"uz} + ...

Hence Fry, is different from zero and can be positive as
well as negative, according to the sign of [ry, + 7;5].
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In the case of mutual independence of the variables X
and Y we obtain, within the limits of our approximation,
EY' = 0, since 7,, = 7,,4#y, and 7,y = 7y, = 0.

In the case of ‘ normal correlation ’ by substituting their
expressions for the higher »-parameters we find by means
of 7,,, (cf. above, Chap. IV, §5, 2):

2 < 2 <
SAENIESET AL EL LR

Hence, the value of the coefficient of correlation in the
case of normal correlation is systematically underrated if
the presumptive valuc of 7,, is put equal to 7,

The general formula for E7;,;, however, shows that the
value of 7,,, is not always underrated, when its presump-
tive value is put equal to 7}, ; in the case of non-normal
correlation it can also be over-estimated. An elimination
of systematic errors by a modification of expression 7,
which holds as a presumptive value, can no more be achieved
on the basis of the results obtained up to the present than
in the case of the mean square contingency. Still, the
position in the case of 7, is more favourable since, with
mutual independence of the variables, the value of Erj,
coincides with the true value of 7,,,, which then equals
zero, as we have satisfied ourselves (cf. above, §4, 1, B).

In a similar way the variance of #{,, can be ascertained.
We obtain to the first approximation,

o = Efriy — B} =
1 1 1
= N{"ml:l‘*‘ﬁ"%ll:l ’""111["3|1+"1|3]+‘;"%n["uo‘i“"ou]}‘}‘ ce

The same value is obtained to the first approximation for

E{rin —nnd™
With normal correlation we find to the first approximation

’ ’ 2 ’ 9 [1 —_ y%u]2
E{ryp — Enn ¥ =E{n, —rnn* = N + .
When the regression of ¥ on X is linear

1 1 3 1,
o’ *—N{rmz[l+i?’?ll:l—57?“7’“0—7’1“7’”3—{- Z?’flﬂ’o“} + ..

"1
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If both the regressions of Y on X and that of X on Y
are linear,

: 1 1 3
0‘3;“ - 1_\7{71’-'2[1 + Q’?u] - ;7'?11[7'410 + 7'014]} + ..

With 7,,; =0 we arrive at
2 12 _ Taie
0% =E[rn )= + ...
r;ll E[ lll] N

Withmutualindependence of the variables 7, , = 7,475, =1,

and consequently the first approximation is o?;ll =3

The precise value of the variance is, in this case, as we
1

N -1

B. The problem of determination of presumptive values
of cocfficients of regression equations can be solved similarly.
We should like to confine ourselves here to the problem
of determining approximately the equation of the straight
line of the best possible fit to the true regression line. As
we have seen (cf. Chap. IV, § 3, 4) the a priori equation
has the form

(0 _—
Mll -

have seen above (cf. above, § 4, 1, B),

Mo 10Mo11 — M111™110 | Min — Mq10™0n

% = A, + A%,

Majo — Mo majp — Mio
If we determine, by means of the Method of Least Squares,
the equation of a straight line which best represents the
relation between the empirical value of the conditional
mathematical expectation of Y and the corresponding X
values, we obtain (Chap. V, § 3)

’ ’ !’ ’ ’ ’ !’
MY — Ma10Mo11 — M111" 00 M — M0Mo1,, A’ A
[ MI’ ) __mlg + m: _m/2 xr“ 10 + “x‘,
210 170 2(0 170

where, as before, m/, = XXp; x4’ is inserted.
L]

How far may this straight line hold good as a presump-
tive representation of the corresponding a priori straight
line ? Or in other words : how far have the values of 4,
and A4 to be considered as presumptive values of corre-
sponding coefficients in the a priori equation ?

117



Mathematical Theory of Correlation

I am not giving the expansion of the series, as the com-
putations take exactly the same course as in the case of
correlation coefficients and do not contain anything par-
ticularly instructive, but merely show the final results.

Up to the term of order I%/ we obtain approximately

’ 1 U,
EAy =4 + 5 mz[ Tao'in — Fanl +

EAl\y =4, + —\/Mom{[”alorm — 7l —
— myol7yerin — fand} + - -

These relations hold good for any shape of the true re-
gression line. If the true regression of Y on X is linear,
then 7,,, = 7,,,#,.1,0 and consequently, within the limits of
our approximation, E4|, = 4, = a,, andEd}, = 4,, = a,,.
It may be supposed that for linear regression of Y on X
the relations EA|, = a, and EA|, = 4,, are precise; I
have, however, failed to prove this.

For the variances of 4}, and of A, we obtain similarly
the values :

- | Hoj2 2
04’“ N,u = ly1g + Vi — el + - -

2 1 u —
0“'10 =N ”0:2{;“210[1 — 7] — 2m11o\/ﬂ2|o["112 — 275"+

+ 7y0?ti] + M0lPae + Tao? i — 2l + - -
These relations hold good quite generally for any law of
dependence. Hence with linear regression of Y on X we
obtain :

2 1 pop2 2
GA/“ = N pgp0 —={1y15 — Vi) + -

2 1 ﬂo|2 —
GA',O = {/‘210[1 il — 2m1|0\/,“2|0["1|2 — 75 o] +

+ mio[re — riTal} + . .
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If the regression of Y on X is linear and also homo-
scedastic, we obtain

2 ’—*l/ﬁﬂé 2

G‘/Il N,u2|0“ ”1|1J - ..

2 1 to)s ;

Odo = N Q2L — 73 Ity + mie) + . ..

N p3)0

or to the first approximation
2 2 2 2
o, = Mg + taoloy, = M21004,

The last formulae hold good also in the case of a normal
correlation as the regression of Y on X is then linear and
homoscedastic.

C. Finally, by means of similar expansions in series we
can ascertain the mathematical expectation and the standard
error of [z,,,]> if we form as an empirical counterpart of
the a priors correlation ratio of Y on X (cf. Chap. IV, § 4, 2)

Lpaim} —mg), 12
B {Pu[y; — mo]?
the empirical correlation ratio (cf. Chap. V, §4)

2
Nyt=

ZP:ﬂm(ﬁ' - mt,)n]z
[77;11]2 =

?Plu[yj — my]?

In the general case of any law of dependence we obtain
. 1 1 5
Elm.)? = 7ﬁ|z + —1\7{[70“ + . — 1 + “uo—m‘{“!‘l& -

1 r ‘ " 2, (¥
— | Zpy il — o)t + 5Epy (mfy — my )il +

Mool
+ Zz"‘P‘I(m(I‘l) - mon)l‘}g]} + ..
1 1
02[".',|z]2= ]—v{"on’?:)z + m (- 2’731:)‘:“1’5(’”(;‘{ —my,)t +
+2(2 — 5”312)2‘;'?«(’"(1‘{ — mg)*uly — 4173‘,2;;12‘,(%{{ -

"’mou)‘u(l‘:);]} + ...
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Hence, if the regression of Y on X is linear, we obtain

Eld* = b Tl = 1 el

2
+ e — 27 7y -
1
2 2 2 2
or,r 2 =11 42[2 + 73070 + 7T %01 — a0 —
o’ 2] N [ 1147212 1117014 1117410
L ZZTTLCTTS I

If, in addition, the connexion of Y with X is homo-
scedastic,

1
Bl =75 + 'N{[k — 11 =73, + 71701a + 73117212 —

— 2r s + -
If the variable Y is non-correlated with X, then %, =0,

) <
mi, = my;, and consequently

Elinl® = s — 1] + - -

1
In the case of the variance [1,,]* the term of order N
disappears in the expansion in powers of j\l—, Hence the
standard error of [#,,]? in the case where Y is non-
correlated with X is of order %]

If Y is uncorrelated with X and the regression of Y on
X is homoscedastic,

Bl = gk — 10+ . .

For normal correlation #?, = #%,, and

"o 1 )
Elm)* =730 + K/[l —rindlk =1 =273,] + .

[,, 1= 4"1|1 -+ ...
D. We have seen (cf. Chap. IV, § 4, 3) that n2

= 2
viz 11
represents a necessary and sufficient condition of linearity
of regression of Y on X. If we put in #%, —7%, =2,
the value of {2, can consequently serve as a criterion whether
the regression of X on Y is linear; if (%, equals zero the
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regression of Y on X is linear ; if {2, is different from zero,

viz

the regression of ¥ on X cannot be linear.

The estimation of the value of (%, on the basis of em-
pirical material proceeds from the value of difference [¢;,,]2
between the corresponding empirical magnitudes :

[C;[z]2 = [77;(1]2 - [}';“]2.
By means of similar expansions in series, as above, we
obtain under the assumption of any law of dependence

, 1 o
E["llx]2 = 7’%11 + X]{rm?_[l + 75 + 1’%“[1'“0 + 7o) —
1_2"m["3|1 + 7l
G‘fﬂm]z = N’%u{Q[Q + 73107002 + 7i0[Pa0 + 7o) —
—4rlran + 1l + -
If the regression of Y on X is linear we obtain
’ 1
Elrin2 =7 + 'j\]{"m[l + 7] + o — a0 —
—2rinnst +
1 « » 9 5
Ufr'm]z = Nrf“{l[Z + 7. a0 — 300 —
—drgrd o

If both the regressions are linear we have

’ 1
Elrnl® =70 + el + 7300 — 0lrao + 70l + - 0
N

o2

1
["1|1]2 = Nr%“{2[2 + 7%“]72,2 - 37%;1[7“0 + 70|4]} + ...

For 7,,, = 0 we find for any form of the lines of regression
P 1
Elry)* = LT + ...

. ’ <) 1
In the case of the variance of [r,,]* the term of order &

. . . . 1
disappears in the expansion in powers of N when 7, =0.
Hence the standard error of [#;,,]* in the case where 7,;;, =0,
. . . . 1
viz. where Y is uncorrelated with X, is of order —.

N
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In the case of mutual independence of the variables
752 = 1 and from the expansion of E[r},,]* in powers of le

we obtain the first approximation
’ 1
Elrinl* = N
In this case the precise value of E[r;,]? equals (cf. above,
1
§4, 1, B) N1

For normal correlation we find

’ 1
Elrnl® =71, +1T7[1 — 75l = 273,] + ...

1
0'%7;“]2 == N47%“[1 _ 7’?“]2 + ..

Comparing the mathematical expectation and the variance
of [ry,,]* with those of [7,,]* (cf. supra, §4, 3, C) we con-
clude that when #2, =7}, (i.e. for linear regression of
Y on X), the standard error of the estimate of the square
of a priori correlation coefficient 7, ; on the basis of chance
value of [7;,,]? equals the standard error of the estimate of
7. on the basis of chance value of [7,,]%, but that the
systematic errors of the estimates are different. IFor normal
correlation the difference due to systematic error of the
estimate is to the first approximation :

Sk =20 =20 + . ..

The difference due to systematic error of the estimate
of 7%, =7%, on thé basis of chance values of [z, % and
of [r;,,]? coincides with the systematic error of the estimate
of (%, on the basis of chance values of [{,,]%. It follows
from the above formulae that under the assumption that

the regression of Y on X is linear and consequently
G = — 71 =0,
E[C;lz ' — 3]: = E[n;lz 2 — EI:";II]Z =

1(1
=IT/‘{,';;|;2P‘(|2 — [ =7] — 7 + 7’?“"4!0} + ..
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If the regression is also homoscedastic,
ElGd? =50 — 101 = 73] — 7 + P70} + -
For normal correlation

Elg,.)2 = —[k =211 —r},] +.

For the variance of [{;,]* we obtain in the general case

of any law of dependence, after rather laborious computa-
tions, the value

1
Uf;;]:]z = 5 =701+ 00 —7201)270 1[5 =7y 0700] +
+ 473, (75, — 7an?si) + 1nrae +
1 .
+[1 —2(n%, — "%11)]2—2?“[7”1('1] — Mg ]t +
+[4 — 10(r5, — rlll) .l[ my — myJ°u; —

1
— 4. — 7?11]‘:2”—2 : Pe][mu — my July +

+ 27”1/‘2101“0 ZPH[ 1 — mon % — my]* —
1
_471“\//4 o Zbu[mn — Mo *H — my0] —
2(00(2
— 8= Zpalmiy — mo ) [ — my oy} + .
‘//‘210”01.2 |
If the regression of Y on X is linear the term of order I,
disappears 1n the expansion of the variance of [¢;]% in

powers of N‘ Hence, the standard error of the difference
ya)? — (i) is for #2, =%, ie. in the case of linear
regression of Y on X, of order —lﬁ

E. The computations can be arranged much more easily,
viz. much more comprehensively because we avoid having
to retrace the differences of dp;, dp,; &c., and consider
the differences dm, o, du;|o, &c., instead. Still, they remain
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quite heavy and they put the attention and the patience
of the computer to the utmost test, although this per-
formance does not involve any fundamental difficulties.
The basic assumption that the mathematical expectations
of higher powers of differences in question contain only

. . .1 . .
correspondingly higher terms in 5 s correct in all cases

where the functions of empirical values used can be expanded
in series in powers of differences dp;,, dp;;, &c. Suppose
that a function of empirical values of 2z’ can be represented
by 2 =¢+d, +d, +d, +d, +. .. where ¢ denotes a
constant, d; a sum of terms which contains differences dp;,,
&c., of the first powers, d, a sum of terms which contains
squares of differences dpj,, &c. We then have
’ ’ ’ ’ 1
B =c+FEd, +Edy+d,]+ ..., d2 =2 —Ez =D +Nk,
if we put
1
D=d +dy+...and 5k = — {Ed, + E[dy +4d] + ...}

Hence we obtain
/24 h A 1 h— 1 A
E{dz }2 —'—-ED2 +(21)1—\‘7kED2 1+ e +N‘?:h“k2

’ 1 1
E{dZ }»+1 =ED»*! +(2hl+l)NkED2h+ . +N2""'1

and easily satisfy ourselves that F{dz'}** does not contain

k2htl

any terms with lower powers of 71\7 than (l)h and that

N
E{dz'}**! does not contain any terms with lower powers
1 1 h+1 .
of N than ¥ Hence we have only to stick to the

rule, if stopping the extensions in series of powers of dm,,
duylo, &c., at terms of even order, in order to obtain cor-
1
. N
the term of order <N.>-degree equal to the half of the

rectly the expansion of terms of E«’ in powers of — up to

ordinal number of the last retained term in dm;,, duy,
&c. But this rule must be strictly observed. The occa-
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sional neglect of it has loaded some investigations by Eng-
lish statisticians with errors by which the results aimed at
have been seriously vitiated.

F. The expansion in series of powers of & 5 Presupposes
that terms of higher order in ]—lv are sufﬁc1ently small for
the total of the terms following the last one retained to be
neglected. Strictly speaking, this can be strongly sub-
stantiated only by convergency tests or by the analysis of
the retained terms. However, up to the present statisticians
have not gone so far. Mostly we confine ourselves to the

computation and the consideration of the term of order }\7

N
Here lies an unrestrictedly wide scope for activity for the
mathematical statistician, in which beginners can combine
the training of their own powers with the achicvement of
scientifically valuable results in a highly profitable manner.
Yet every improvement, howevcr far-reaching in the ex-

1 2
The term of order <—> is calculated in but few cases.

pansion in series of powers , will be halted by the demand

that the number of trials must be large. This method can
by no means be employed in cases where N is not large.
Sometimes the bounds of its applicability become still
narrower. Oftu\ the series in question proceed not in
powers of L but in powers of —— Lorof - &c., so that

P‘l Nj)l[j
it must bc demanded that the number of repetitions of

various possible values of X and Y and their different
combinations is large, and not only the total number of
trials. With greater probabilitics p,, p,, &c., however,
the difference hardly comes into consideration. But with
smaller values of probabilities it may become considerable.
And within the realm of the so-called law of small numbers,
i.e. with probabilities so small that the product Np with
infinitely increasing N tends to a finite limit, the method
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of expansion in series of powers of — completely fails. If,

in such cases, we wish to form ]udgement upon the relia-
bility of our method of estimation of a priori magnitudes
on the basis of empirical material, we must look for other
methods of inquiry.

In order to overcome difficulties which involve the com-
putation of mathematical expectations of quotients, we can
under some circumstances employ the following method
with advantage. Let Z’ and W’ be two integral rational
functions of empirical values of variables X and Y, and
let the function U’ employed for the estimation of the
a priori magnitude interesting to us be equal to the quotient

5

of Z/ by W:U = = If C denotes a constant, then we

have identically

1 1 w—c 1 w’~—c+(w’—a)2
w ¢ cw’ ¢ 2 cw’
d 2 kB B -0 1 ~2[w — c)?
an EE’_T—T_}_FE w

’

If all possible values of the quotient 5)‘ are positive or

equal 0 (or < 0), which is true in many cases under con-
sideration, then, assuming that all possible values > 0,

EZ-J [w —c]*>0
and conbequently
) E > Ez — Ez' [w — c].

’

On the other hand, if the quotient Z—}— cannot be larger

’

than a definite constant, k*—for instance, not larger than 1
—we obtain

Fo <48 — B0 — ¢l + Tppw — g
or with # = 1
g 1_, 1., ., ,
)  EL < B - B0 — o] + E — o
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Hence, we obtain an upper and lower limit, between

which the sought-for value of EZ/—,, must lie with any number

of trials.

The indefinite constant C contained in the inequalities
can be selected in different ways. If we put ¢ = Ew’, then
the inequalities are reduced to

z Ez 1 P ,
z EZ 1 ey, , 1 , o
EJ < B —WEZ[W — Ew’] +-[—E~szE[w — Ew']).
The value of | Z};, will thus be confined within limits the

difference of which equals [—ElezE[w' — Ew']?* and conse-

quently is of order 1—1\—, If a higher precision is aimed at,

. . 1 1 r— ’
then the substitution — = — — oo . Efy can be repeated,
w Ew wEw
thus obtaining the generalized inequalities

2t—1
' g Ez - 1)* ’ ’ r
1) E%>E%,+Z[(E‘W}TLEZ[W — Ew'}
h=1
2t—1
’ ! Ky — 1) ’ ’ A
(11) E%<Eg;+2§mri-‘19[w — Ew']* +
h=1

1 ' nat
+ Fqu2tE[w — Ew ]2'
The difference between the upper and lower limits now
t

1 , ot . 1
comes to Em,E[w — Ew']® and is thus of order 5

The value of C can also be selected for each of the in-
equalities, separately, so obtaining in the first inequality a

possibly small upper limit for EZ);, and in the second a

possibly high lower limit for Eg- The inequality (I) is
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thus reduced to 2 [EZ)?
E;uj > EZw'’
and the inequality (II) takes the form

E ke <1 [Ew’ — Ez')?
w'  Ew)? — EZw”

The inequalities (I') and (II') allow us to ascertain the

1\*-1 . . . . 2.
terms up to (ﬁ> inclusive, in the expansion of EJ/ in

increasing powers of -11\7, and at the same time to gain an
idea of the magnitude of the error, committed if the terms

of higher orders in ;T] are neglected. However, this funda-

mental privilege must be paid for by such laborious com-
putation that it demands still greater patience in the
computer than other methods of inquiry. If our aim is

2 . . . 1 ., .
to expand EE’ in increasing powers of N 1t 1S more prac-
’

. . 2z . . .
tical to proceed from the expansion of o I increasing

powers of differences dp;, dmy,, &c.
5. Finally, we should like to consider the parameter

already mentioned repcatedly, —Trq_-:~ which, when

) VhutPits

both variables can take only two different values each, may
be considered as a correlation coefficient as well as a cor-
relation ratio and also as a mean square contingency. Its

(Y
e , AT
can likewise be represented as 7, and as #,, and also as
¢’. Hence, there arc ways open for determination of

& &
E“T“—T‘—T"F and of the standard error of ————--—
VP10 PP s VhLPuthts
apart from direct treatment of this function of empirical
values ; this applies to the formulae relating to Er,,, L.

Evy a0 T2 E¢' and o,. It is only necessary to insert in
128

empirical counterpart created in the usual way,
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these formulae the values of the parameters m, p, and 7,
which we obtain under the assumption that X and Y are
able to take two different values each, viz. to confine our-
selves to those parameters to which we shall return later,

Pajo = PriPail% — %) Boiz = PP ialyy — ¥ol?

)
M Vhupabubie
r — __._]_ — 3 7 — __L_ —
HO T byt oM phbie
7311 = Y410"111 713 = Yo1s"11n
- (Pr) — P2)) (P11 — P12)0 +1 :"111('P1[ : Pz|)(P|1~_P|z)_I_

2z PubaPn?2 \/p”p2lp“p|2
If these values are put in the formulae for Er;,, and
), we obtain :
& b}
E\/EIP;IP'IIPIM B \/?511152!1’111’12
P” Pu)(pu Plz) - p1|Pz| *"P|1P|z:|
1

{ i I: * by paiiPie t

(b1 — P2)(B11 — 2)2)°
1 1 —
{[ * rm][ + PriPaiPinP)2
_ S [Pube +Pubi g
#in P11 P2 P 1P )2 T
With 6 =0, 7,;, =0, and Er;, =0: hence, the sys-

tematic error of estimation disappears in this case. The
standard error of 7;,; thus comes within the values of our

approximation to ll\f and, as we know, equals precisely

1
N -1
Further, the systematic error disappears—at least within
the limits of our approximation—if the probabilities p,|,
ba» Py and p, all equal 4. The standard error of 7;,, then
comes, in the first approximation, to

11—, . [1 168
N N
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When p,, = p,, = %, but the difference p, — p,, is dif-
ferent from O, the systematic error is negative. But it may
also be positive, for instance, if  is positive and both the
differences p,, — p,, and p,, — p,, are positive and suffi-
ciently large.

The estimate of the a prior: value of %ﬁiﬁ?’ accord-
1172|1011 |2
ing to the empirical value of —————, can thus be
VELPutiibe

connected with a systematic underestimation as well as
with a systematic overestimation, but under some circum-
stances it may be exact.

§5

The closer consideration of mathematical expectations of
functions of empirical values, taken as points of departure
for the estimation of a priors indices, has shown that the
estimation is, almost without exception, affected by a
systematic error which inclines sometimes to one side,
sometimes to the other, so that the value sought is over-
or underestimated. In valuing these theoretical results
from the practical standpoint of the search for statistical
correlation, the presence of a systematic error of estimation
is of less consequence than its possible magnitude, particu-
larly in comparison with the standard error of the function
of empirical values concerned. Only when the systematic
error of estimation is of the order of magnitude of a standard
error does its neglect seriously influence the results of the
inquiry.

Considered from this standpoint, the results of theoretical
examinations of systematic errors turn out to be relatively
favourable. By increasing the number of trials the system-
atic errors of estimation rapidly decrease. They might
be of great consequence only in a small number of trials.
But with small numbers of trials standard errors are also
great. A fact of particular importance is that the system-

. . . . 1
atic error of estimation is as a rule of order N and the
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standard error of order J le’ so that with a fairly con-

siderable number of trials N, the systematic error may be
considered small in comparison with the standard error.
Let us, for instance, examine more closely the mathematical
expectation of the empirical coefficient of correlation in the
case of normal correlation. The systematic error in this
case is, within our approximation, always negative and
nll — 7y

equal to SN and the standard deviation equals,
g2
to the first approximation, l—v%‘: With a not very large

number of trials the systematic error of estimation can
be considerable : for instance, N must be greater than 20
in order that we may be certain that the second decimal
place is not affected by the systematic error of estimation.
But the standard deviation is always considerably greater :
the ratio of the systematic error to the standard deviation

equals 22/“1?' When N = 20 the a priori correlation coeffi-

cient must exceed § if the standard deviation is not to have
a significant first decimal place.

Hence, the theoretical analysis of the systematic error
leads to the reassuring conclusion that the usage observed
by statisticians, of the neglect of the systematic error of
estimation, appears at most times quite admissible. There
are, however, exceptions. It might occur that the system-
atic error of estimation is of the same order of magnitude
as the standard error. In the case of mean square con-
tingency the mathematical expectation of the empirical
expression [¢']%, comes, for instance, as we have seen, with
mutual independence of the variables X and Y to

, k-10-1]
Bl = ——f—

and in the general formula for of,,,, with mutual indepen-

+...,

dence of X and Y, the term of order 117 disappears, so that
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the standard error—oy,,,—is in this case not of order J %,
but of the same order in % as the systematic error of esti-

mation. We are led to a similar conclusion by the con-
sideration of E[#,,,]* and o[y,.]% when Y is uncorrelated
with X and m[{ = my,, n,, =7, = 0. We obtain in fact

11
r2 L X, w
E[nylz - N[:“O]zi ,ulz 1] + [T 1
and in the formula for 0%’7'1 D the term of order N dis-
2K
appears, so that the standard error—of{7,,,]*—is of the same

order of magnitude as E[z,,]* —#},. Further, with
mutual independence of the variables X and Y

1
Elrin)* = y— and 7}, =0,

as we have seen : consequently the systematic error of the

estimate of 7, from the empirical value of [#],,]*> equals
ﬁi".i‘ As for the standard error of [#},,]% the term of

1 . . s
order 7 disappears in the general formula for 0'%71“]2 if it

is assumed that X and Y are mutually independent. Hence,
in the case, the systematic error of estimation is likewise
of the same order of magnitude as the standard error.
Consequently, in the interpretation of small values of
(¢'1% [n,.% and [r},,]? caution is needed for two reasons:
the inquirer must always reckon not only with the magni-
tude of the standard error but also with the magnitude of
the systematic error of estimation. Similarly, the system-
atic error of estimation must not be ignored if linearity
of the regression of Y on X is to be implied (cf. supra,
§4, 3, D) from the insignificance of the difference [¢;,.]2

§6
1. The intensity of stochastic connexion between Y and
X appears most comprehensively as the extent to which
the range of chance fluctuations of Y is reduced by the
determination of the value X. We used to judge the
132



Estimate of A Priori Coefficients

intensity of the connexion between Y and X by the ratio
of the mcan conditional variance of Y—2Xp,uj—to the

total variance of Y—u,,—, whereby the a priori values of
conditional variances u; are estimated from chance values
of empirical variances uf;. We can, however, gain a cer-
tain idea of the intensity of the connexion without referring
to the values of magnitudes uf) and u.

Assume that the number of trials does not exceed the
number of possible values of X and that accidentally X
takes different values in all trials. Then only one value of
Y corresponds to every value of X observed. Hence, no
single one of the conditional variances of Y can be even
roughly estimated. Yet, under some circumstances, the
empirical material thus shaped permits of our judging the
intensity of the connexion with certainty.

Of course, under such conditions neither the presence of
a functional relationship between Y and X nor the appear-
ance of a more or less loose stochastic connexion appear
impossible. However whimsically scattered single points
may lie, laws of functional relationship which give the
observed ordinate values corresponding to the observed
abscissal values can nevertheless always be put forward.
On the other hand, the supposition always appears obvious
that the empirically chance values of Y deviate more or
less from the conditional mathematical expectations in
question and the true line of regression of ¥ on X does
not coincide exactly with that indicated by the values
observed. Both possibilities must not be decided against
without further consideration. But the probabilities of
different forms of the law of dependence do not remain
unaffected by the appearance of the line which represents
the observed values : a given succession of individual points
permits the appearance of the possible shape of the true
regression and the intensity of the connexion as mutually
conditional to a certain degree. The assumption of non-
correlation of Y with X can, for instance, almost exclude
the assumption of a greater intensity of individual points
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clinging clearly enough to a line which is not parallel to
the X-axis. Similarly, the assumption of linear or para-
bolic regression with certain forms of empirical material can
accompany a high degree of connexion. Under some cir-
cumstances values of X and Y co-ordinated with each
other can limit the selection of a partially plausible form
of the law of dependence so that we arrive at a nearly
cogent conclusion : when, for instance, with a sufficiently
larger number of trials, all values of Y are strictly propor-
tional to the corresponding values of X, we will infer the
presence of a linear functional relationship with a confidence
born of practical certainty even in the case where to each
value of X there corresponds only one single value of Y.

The inquirer may infer considerably more precise conclu-
sions in relation to the intensity of connexion if he is able to
proceed from definite assumptions with regard to the shape
of the true line of regression, just as he will come to more
precise conclusions about the form of the true regression if
he may take definite assumptions as a basis with regard to the
intensity of connexion. In the reduction of measurements
affected by accidental errors the problem is often put as fol-
lows : the precision of the measurements is held as known to
some extent and it is demanded of the regression equation that
it should represent the observations with probability suffi-
ciently great under the supposition of the assumed precision.

2. The form of the line of regression of Y on X and the
intensity of connexion between Y and X do not mutually
condition each other (cf. Chap. IV, §6). The totality of
the a priori values of m|) does not throw any light on the
intensity of connexion ; but it presents instead an exhaus-
tive picture of the regression of Y on X. On the other
hand, the totality of the empirical m{}-values does not
represent any reliable picture of regression ; but it allows
us to create a certain idea of the regression as well as of
the intensity of connexion. The problem is similar to that
which we considered just before (cf. supra, §6, 1): the
more that individual values of Y, and also their arithmetic

134



Estimate of A Priori Coefficients

mean which appear as !} -values, cling more closely to

the true line of regression, the more intensive is the con-
nexion between Y and X ; if the series of m!|-values is
given, then not all assumptions in relation to regression and
to the intensity of connexion appear equally consistent
with each other. The inquirer is thus enabled to arrive at
comparatively reliable and precise judgements with regard
to regression and intensity of connexion, rejecting assump-
tions with apparently small probability. If the inquirer is
thus able to proceed from definite assumptions with regard
to regression, then the reliability of his estimation of the
intensity increases. If he possesses certain knowledge about
the intensity of connexion, then his judgement with regard
to regression can be made with greater certainty.

3. We stand on firmer ground in estimating the intensity
of stochastic connexion between the variables if we are able
to rely on the consideration not only of m{)'-values but also
of m{'-values at the same time. As we have seen (Chap. IV,
§ 6), acquaintance with both the a priori regression equa-
tions allows us to estimate more or less precisely the inten-
sity of the connexion and the cognizance of empirical -
and m{ -values in its turn permits us to ascertain with
more or less security equations of a priori lines of regression.
By the computation of empirical regression coefficients b;,
and b}, in the equations of lines, which give the best pos-
sible fit to the empirical lines of regression (cf. Chap. V,
§3), we can, as bj,b, = [r;,,]% assess the value of the
empirical coefficient of correlation and from the latter—
71n—we may infer in the usual way (cf. supra, §4, 3, A)
the value of the a prior: correlation coefficient »,,, which
may hold under known limitations (cf. Chap. IV, §4, 3)
as a measure of intensity of connexion.

Hence, if we have at hand the totality of m{} -values
and of m{}’-values we can gain a conception of the stochastic
connexion between variables sufficient for many purposes.
Neither the standard deviation nor the systematic error of
estimation of the a priori magnitudes in question can, how-
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ever, be ascertained on the basis of the knowledge of these
values alone : even the true form of lines of regression can
be ascertained with greater reliability and exactness only
if the totality of co-ordinated values of X and Y is at our
disposal. Thus it is preferable, by far, to have the empirical
material in the form of a detailed correlation table and not
comprehensively a series of m{)-values and of m{)-values :
only the well-planned refinement of original observations
allows us to squeeze from the results of measurements all
they are able to disclose about the stochastical connexion
between variables. In the publication of empirical material
this should always be borne in mind.

§7
As our subject-matter is the presentation of the theory
of the methods applied to the investigation of stochastic
connexion between two chance variables, I should like to
point out very briefly that in the search for stochastic con-
nexion between more than two chance variables analogous
methods of inquiry are mainly employed. Some new
notions are, however, added. Apart from conditional laws
of distribution we have to deal also with conditional laws
of dependence; we have to investigate conditional coeffi-
cients of correlation, conditional correlation ratios, &c.
Besides lines of regression within the field of contemplation
of an inquirer there appear also regression surfaces as well
as formations of three, and more, dimensions. Of particular
importance in correlation inquiry and for the comprehensive
presentation of associations between three, or more, sto-
chastically connected chance variables, are the highly
valuable notions of multiple and partial correlation ratios
and correlation coefficients. The new problems, to which
the consideration of more than two stochastically connected
chance variables leads, offer a highly theoretical and prac-
tical interest. Their treatment would require so much
room, however, that it would appear more appropriate to

set it aside for the time being.
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CHAPTER VII

STOCHASTIC SUPPOSITION OF THE MEASUREMENTS OF
CORRELATION

§1

THE methods of estimation of @ priori magnitudes on the
basis of empirical values of variables analysed in Chapter VI
proceed from the assumption that the joint frequency-
distribution does not change from trial to trial and that
individual trials are mutually independent (cf. Chap. VI,
§ 3, 1). When the joint frequency-distribution changes and
individual trials are not independent, we must not rely on
the formulae considered in Chapter VI without further
consideration.

Assume that the frequency-distribution remains constant
but the individual trials are connected with each other in
a manner corresponding to the scheme of drawing from a
closed urn without replacing the tickets drawn. Let the
total number of tickets in the turn be 4 ; each ticket is
marked with two numbers, one in black ink specifying the
value of X, and one in red ink the corresponding value of
Y. 1If one draws N tickets from the urn in such a way
that the extracted tickets are always replaced in the urn
before the next extraction takes place, then the a prior:
coefficients which characterize the joint frequency-distribu-
tion of black and red numbers on the tickets in the urn
must be estimated by a known method on the basis of
numbers, marked on the extracted tickets, for instance,
for the estimation of the a priori coefficient of correlation
the formulae of § 4, 3, A, of Chapter VI must be employed :
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But if the extracted tickets are not replaced the mathe-
matical expectation and the variance of the empirical cor-
relation coefficient cannot be computed by means of these
formulae. The formulae that hold good in this case must
be derived anew.

The derivation can be carried out in the same manner
as in the case of mutual independence of trials. One pro-
ceeds, as above (cf. Chap. VI, § 4), from the expansion of
7y, in increasing powers of differences, dpy,, dp;, &c., or
of the differences dp;,, dp;,, &c., or of the differences dm,,,
dpyyy, &c., then one turns in a similar way to the mathe-
matical expectations. The mathematical expectations of
different powers of dp;,, dpy, dmy,, duy,, &c., however,
have different forms in the two cases. If in the expansion
of series of Er;,, those values of the mathematical expecta-
tions are inserted which correspond to the scheme of un-
replaced tickets, one obtains instead of the formulae (I):
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We see that the systematic error of estimation as well
as the variance of 7, is reduced through the presence of
such a connexion between the trials, in the ratio of 4 — ¥V
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to A — 1 in comparison with the case of non-connected
trials : the mathematical expectation of 7;,, differs less from
the a priori value of 7}, and the range of chance fluctua-
tions is likewise less. Thanks to the connexion of trials,
one can be more confident in finding with the aid of the
empirical-chance value 7y, a good approximation to the
true magnitude of 7;,.

Assume, on the other hand, that the extracted ticket is
replaced in the urn before the next extraction takes place
and that simultaneously another ticket is put in the urn
bearing the same numbers entered in black and in red ink,
respectively, as in the ticket just extracted. I shall call
this scheme °extractions with additions’. If individual
trials are connected in such a manner, neither the formulae
(I) nor the formulae (II) can be employed in estimating the
a priori correlation coefficient. The expansion of series of
7y, in increasing powers of differences dp),, dp;, &c., or
of differences dm,,, duy},, &c., still holds, but, again, the
mathematical expectations of different powers of differences
take another form. If the values of the mathematical
expectations concerned are inserted in the general expansion
of the series we obtain :

A+ N1 3
Erin =7 + 5 AT N{4"2|2"1|1 + g"nlfe0 + 7ordd —

_["3!1 + 7113]} +
2 1
Oty = N{rzlz[l 71|1:| — 7il?sn + 78l +

L + }1[7%11[7410 + "ou]} +

In contrast to the scheme of unextracted tickets the syste-
matic error of estimation as well as the variance are in this
case increased, viz. to a first approximation, both the ratio
of A +N to A + 1. Hence, if the trials are connected
in this manner, then the mathematical chance-value of 7,
aims with less accuracy a point which lies at a greater
distance from the goal.

(IIT)<
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Other assumptions in relation to the connexion of trials
as well as dispensing with the assumption that the joint
frequency-distribution remains constant, would lead to new
formulae. Hence, the estimation has to allow in every
case for the appropriate magnitude of the standard error
and for systematic error.

The same holds good for correlation ratios, for the mean
square contingency, &c. At every inference from empirical
values to a priori magnitudes we must always take into
account the stochastic suppositions involved in forming
estimates from empirical values.

§2
Since in inferring a priori magnitudes from empirical
values under difficult conditions different methods must be
used, the question must be asked, how can the statistician
decide which formulae or which stochastic suppositions he
should take as a basis for his computations in each indi-
vidual case ? The inquirer has to deal with the same ques-
tion in an investigation of an individual chance variable.
If we wish to infer from the variance of black numbers on
the tickets extracted from an urn the wvariance of black
tickets on the tickets remaining in the urn, we are depen-
dent in extractions with replacement on the formula
, N -1

Erore = —5— Moz
in extractions without replacement on the formula

, 4 N -1

Etore = g—7 —N Mo

and in extractions with addition on the formula

, A N-—1

Etore =717 — 3 Hoiz.
Accordingly, should the a priori variance—pu, ,—be esti-
mated on the basis of observation, then it is not sufficient to
compute the empirical variance—pug,,. It is also necessary
to have some knowledge of the realization of empirical values.
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In the examination of chance variables the statistician
uses the computation of the divergence coefficient to sup-
port the judgement of stochastic suppositions. As is known,
this method is due to W. Lexis. Originally the limits of
its application were drawn rather narrowly by Lexis, who
had exclusively in mind statistical numbers referring to
frequencies or to known functions of frequencies. L. von
Bortkiewicz then transferred the Lexis method to frequency-
distributions of any form. Fundamentally the Lexis method
consists in the introduction of a special criterion under the
name of a ‘ Divergence Coefficient’ which assumes the value 1,
if the frequency-distribution of variables remains constant
at all trials, and the trials are mutually independent.
Statistical series which satisfy this condition Lexis calls
‘ normally stable ’. If the value of the divergence coefficient
calculated on the empirical material lying before us diverges
more from unity than is consistent with a range of chance
fluctuations in question, then the series cannot be normally
stable : either the frequency-distribution does not remain
constant or the trials are not independent or both. We
may, on the other hand, assume, with certain reservations,
that the stochastic suppositions of normal stability are
present, if the computations result in a value of the diver-
gence coefficient which approximately equals 1.

We may make use of the same method at the investiga-
tion of three or more stochastically connected chance vari-
ables. Let us denote the stochastic conmexion as normally
stable if the joint frequency-distribution remains constant
at all trials and they are mutually independent. A criterion
can be constructed for this case which corresponds to the
Lexis-Bortkiewicz divergence coefficient, which can also be
called a divergence coefficient. If all suppositions of normal
stability are fulfilled, this divergence coefficient comes to 1.
If it diverges significantly from 1, then the suppositions of
the normal stability are not fulfilled : eithei joint frequency-
distribution changes from trial to trial or the trials are
connected. If the divergence coefficient approaches closely
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enough to 1, one may, with the same reservation as in the
case of variable, assume that the stochastic suppositions of
normal stability are verified, the joint frequency-distribution
remains constant and the trials are mutually independent.

§3
From the assumptions that the joint frequency-distribu-

tion remains constant at all trials and that the individual
trials are mutually independent follows immediately :

E[xm, - mxlo]c[ym’ - mon]d = Uea
E[a’ — muo]ﬂ[ym’ — )" = {E[+VY — my o)} {E[ym

— My 1)} = Hojottora(f + &)
and then
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1 & ’ ’ ! -
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Let us split up the N trials into 7-series of n-trials each
and denote by #" and y}) the arithmetic means of the
chance values of X and of Y respectively for the Ath series.
If all N-trials arc considered as a whole we find :

{m ~1 2, [V — o) [PV —yél} = -

On the other hand, if we proceed from the consideration
of r-series, we obtain

E{i= Z[xf“' AR 30} = s

If we define the divergence coefficient Q as

o 1 E [x(hl’ —x ] [yrh]/ . ']

- Z Y — ] [y = )
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then it is as easy to prove as in the case of a chance variable
that EQ =1 if all suppositions of a normal stability hold
good, i.e. if the joint frequency-distribution remains con-
stant at all trials and the trials are mutually independent.
The analogy with the Lexis-Bortkiewicz divergence coeffi-
cient comes clearly to light in so far as the above expression
for Q is converted into the Lexis-Bortkiewicz divergence
coefficient, if it is assumed that the value of Y always
coincides with the corresponding value of X.

§4

If the correlation is normally stable, then computations
which have in view estimations of a priori magnitudes on
the basis of empirical value of variables have an easily
explicable sense : one gains a rough idea of certain coeffi-
cients which comprehensively characterize the constant
remaining joint frequency-distribution. If, however, the
stability is not normal, then not only the manner of inferring
the a priori magnitudes from empirical values changes, but
also the meaning of the results obtained may be altered.

In the consideration of non-normal stability we have to
distinguish two cases: the stability can be abnormal,
because the trials are connected, although the joint fre-
quency-distribution remains constant ; it can be abnormal
because the joint frequency-distribution changes from trial
to trial. It is true that in the first case the estimation of
the a priors magnitudes on the basis of empirical material
is difficult because the trials are not independent; but if
we surmount the difficulties and come to sufficiently based
presumptive values of a priori magnitudes, then their
meaning is the same as in the case of normally stable cor-
relation : we gain a rough idea of coefficients which com-
prehensively characterize the constant remaining joint
frequency-distribution. For instance, reviewing the kinds
of connected trials considered above—the scheme of extrac-
tions without replacement and the scheme of extraction
with additions: the computation of empirical correlation
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coefficient leads, in both cases, to the value of the a prior:
correlation coefficient which has exactly the same meaning
as the measure of the intensity of connexion between black
and red numbers on the tickets in the urn as in the case
of replacement: only the standard deviations and the
systematic errors are different in the three cases. If, how-
ever, the stability is abnormal, because the joint frequency-
distribution changes, then the calculated presumptive values
have no longer the same meaning because the coefficients
ascertained by its means do not characterize any definite
joint frequency-distribution, but on the contrary, refer to
the totality of changeable joint frequency-distributions,
and must be understood as a mean value of a prior:
coefficients which characterize individual joint frequency-
distribution. The computations remain the same in all the
cases : the empirical correlation coefficient, for instance, is
always calculated by the same formula. But what is found
by its calculation varies in meaning : at times the meaning
of the number calculated can be precisely seized, at other
times its subject is more or less vague.

The dependence of the sense of the results aimed at by
the statistician refinement of the empirical material on the
kind of stochastic suppositions made is more important
than the differences in the magnitudes of the standard
error and of the systematic error of estimation. The
statistician must always endeavour to look thoroughly into
the stochastic suppositions of the empirical materials which
lie before him, looking as carefully as possible into the facts
themselves, into their causal conditions as well as into the
technique of the collection of data, and he must also, as
far as it is possible, support his examination by the com-
putation of divergence coefficients. It is no less important
in the investigation of stochastic connexion than when it
is a matter of a single chance variable.
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CHAPTER VIII

OBJECT AND VALUE OF CORRELATION MEASUREMENT

§1
1. What does the inquirer gain from the computation of
correlation coefficients, correlation ratios, &c.? What are
the advantages of these ‘ mathematical * methods of inquiry
over non-mathematical ones ?

First of all: in the more precise framing of judgement.
Even an investigator who does not undertake any measure-
ments cannot abstain from judging with the intensity and
other measurable properties of the relations between the
statistical series which he compares. His judgements,
however, remain highly subjective.

Without much calculation one notices, for instance, that
some of the series which one has to deal with are closely
similar, whereas others are rather different. If one has the
instinct for such eye-estimates such judgement of the
intensity of the relation can even turn out fairly precisely.
Some members of my Seminar practised making such esti-
mates for a while, as a sort of statistical game. Those
among them who were particularly efficient at it went so
far as to be able to read off correctly the first decimal place
of the correlation coefficient from the graphical representa-
tion of two series. A mechanized method, however, has
the same advantages for such estimates here as elsewhere.
Likewise one need not at first compute the arithmetic mean
precisely in order to form a rough idea of the level of fluc-
tuation of the numbers of a statistical serics : an attentive
consideration of individual values allows the well-trained
eye not only to grasp without any long calculation whether
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the average of a series is higher or lower than that of
another one, but even perhaps to state the approximate
magnitude of the difference. In a similar way one is able
to form a judgement without having calculated the standard
deviation whether one series shows a smaller or greater
fluctuation than another. Such judgements, however, are
rather unsafe as a rule. An eye-estimate can be deceptive.
There are not many people who can unconcernedly rely
upon their capacity for measurement. Two investigators
with the same series of numbers before them will often
come to contradictory conclusions, and in such cases as
nobody likes to admit that he has less ability than his
neighbour for visual estimation each of them will think he
is in the right and reject the other’s judgement as subjec-
tive. The verification by means of * mathematical ’ methods
is then the only means of deciding the controversy. The
well-known American statistician, W. C. Mitchell, has pub-
lished a monograph on business cycles which is the most
thorough analysis of the statistical material in this field.*
Mitchell has renounced the application of mathematical
methods in this work and has sought to base his conclu-
sions with regard to the fluctuations of the series of numbers
and the intensity of the relations between them on graphical
considerations. Another American statistician, B. W. King,
has taken the trouble to verify Mitchell’s judgement by
precise calculations.t Most of them proved to be corrcct,
but in some cases material corrections had to be made.
Estimates of fluctuation in this case turned out far more
exact than judgements on the intensity of association.
Furthermore, one may compare the rudimentary ‘non-
mathematical ° methods of computing lines of regression
with the self-contained systems of ideas of the mathematical
theory of correlation, which culminates in the simultaneous

* W. C. Mitchell, Business Cycles (Memoirs of the University of
California, Vol. 3); 1913.
t B. W. King, ‘A Study of Mitchell's Inquiries into Prices ’
(Quarterly Journal of Ecomomics, Vol. XXXI, 1917).
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consideration of the most plausible regression equation and
the correlation ratio. The non-mathematician also forms
a notion of whether values of one variable increase or
decrease on the average with the growth of the values of
another one, and is even able to gain an idea of the rate
of increase or decrease when the form of the regression
curve does not deviate too significantly from linearity.
However, he works with rather vague notions and with
still vaguer ideas of the suppositions on which the method
he is employing depends; his quantitative judgements
suffer by uncertainty and inevitable subjectivity and he is
not in a position to attach due consideration to the dis-
turbing influence of chance fluctuations ; either he is too
confident or, disillusioned, he begins to be too cautious in
his conclusions. The mathematical statistician, on the
contrary, is in a position to make a more precise estimate
of the reliability of his conclusions by the computation of
the relevant standard error. The regression equation allows
him to compute beforehand the expected values of Y which
correspond to different values of X, and the correlation
ratio of Y on X gives him the average measure of the range
of chance fluctuations, of which Y is still capable after the
determination of the value of X. When he has to deal
with several stochastically connected variables he can
ascertain by the computation of correlation ratio of T on
X, on Y, on Z, &c., the relative importance of individual
factors for the prediction of the value of T, and again he
can at the same time determine by this computation how
far the fluctuations of T may be attributed to the influence
of other factors. If the correlation ratio of T on X, Y, Z,
is equal to 1, this means that T is functionally related to
X, Y, Z, so that the value of T is determined with certainty
by the given values of X, Y, Z. And in the cases where
the correlation ratio of T on X, Y, Z, though not exactly
equal to 1,is yet not greatly divergent from 1 ; the finished
investigation may be considered a success because the clue
has been found to those factors which substantially deter-
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mine the value of 7. In this case the regression equation of
T on X, Y, Z, permits one to predict the value of T, not in-
deed with certainty as in the case of functional relationship
but still with the less uncertainty, the more the correlation
ratio of 7 on the factors used for the computation approach
the maximum value of 1. Particularly for scientific
prognosis in the field of non-functional relationships—for ex-
ample, for the prediction of trade movements—the methods
built on the computation of regression equations and the
corresponding correlation ratios are an absolutely decisive
step on the way to a rational solution of the problem.

2. In fixing notions with precision and differentiating
with exactitude the different coefficients in question, a
further advantage of the mathematical methods of inquiry
becomes apparent. The non-mathematician who avoids
measures can, at best, get a vague idea that the association
of the series in question is in one case somewhat more intense
than in another one. What he has in mind as a measure
of intensity when forming his judgement cannot be exactly
ascertained. The mathematical statistician, on the con-
trary, is able to distinguish different coefficients, to interpret
their numerical values in a manner corresponding to their
meaning, and to draw essential conclusions from the com-
parison of the numerical values of different coefficients. If,
for instance, numerical values of the correlation ratio of Y
on X and of the correlation coefficient between X and Y
differ more than is compatible with the magnitude of the
standard error of the difference, then it is a sure sign that
the regression of Y on X cannot be linear. When the
numerical values of coefficients allow of a reasonable inter-
pretation the determination of the numerical values is in
itself a scientifically valuable result. Measures of the in-
tensity of relationship are usually so constructed that they
attain a definite value—mostly to the value 0—in the case
of mutual independence and another value—mostly the
value 1—in the case of a connexion of maximum intensity.
It is sought to graduate the scale of values which lie between
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0 and 1 as far as possible, so that they may represent as
closely as possible the degree of intensity of the relation.
Of course, the conceptions of what is really being graduated
are often not too clear to the discoverers of new coefficients,
and the meaning of the ‘independence’ corresponding to
the value 0 as well as the connexion of maximum intensity
corresponding to the value 1 are sometimes likewise not so
easy to define with precision. But even if it is not possible
to prove that the graduations of the scale represent corre-
spondingly measured grades of the character considered—
as, for instance, is the case in the example of throwing
white and red dice which we considered, where the numerical
value of the correlation coefficient was equal to the ratio
of the remaining dice to the total number of dice (cf.
Chap. 1V, § 4, 3)—yet as a rule the numerical value of the
coefficient bears the meaning that greater values of the
coefficient point to greater intensities of the character
to be measured. That measurements thus made are not
valueless is confirmed by the scientific practice in all
branches of science. What doubles if the temperature
increases from 5°C. to 10°C.? Or does something rather
change in the ratio of 41 to 50 which is obtained if the
temperatures are measured in degrees Fahrenheit ?

3. The determination of the numerical values of coeffi-
cients has an importance apart from the obvious interpre-
tation of them. For the calculation of the standard errors
enables us to delimit the range of chance fluctuations to be
taken into consideration. Even in deciding, in the first
place, whether there is any association at all between the
phenomena under examination, this is of great importance.
Through the chance fluctuations of empirical values, even
when there is no association at all, the existence of a more
or less clear connexion can be simulated. The mathematical
statistician compares the deviation of the empirical numerical
value of the chosen coefficient from its independence value
with the appropriate standard error. In this way he arrives
at an objectively based judgement, as to whether the devia-
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tion can, under all circumstances, be held to be sufficiently
large to lie no longer within the range of chance fluctuations ;
in fact, whether the parallelism between the numerical series
under observation is not, after all, traceable to the influence
of chance causes. This way is barred to the non-mathe-
matical statistician who avoids measures of association.
His task can be solved only by roundabout procedures
which, in spite of considerable expenditure of industry and
ingenuity, usually do not lead to quite satisfactory results.
There are similar difficulties to be surmounted when judging
whether the relation in one case is more intense than in
another, &c. : here mathematical methods of inquiry always
show to advantage against non-mathematical ones, which
avoid the usc of measures of association.
§2

1. The advantage of the mathematical method becomes
most apparent if the investigation is not confined to a
simple pair of stochastically connected variables but has
to deal with a greater number of measurements. The
statistician who avoids measures of association, when con-
sidering several series simultancously, seldom gets beyond
the conclusion that some of the series before him show a
direct and some an inverse relation. Finer distinctions in
the form of the relation escape his eye. If, however,
methodical measurements are made, further analysis of the
results is possible. We compute the numerical values of
coefficients chosen for series of statistical observation which
are set under different circumstances ; from the differences
and from the agreements between the values obtained,
inferences can be made which provide a deeper insight into
the relationships observed and which help to throw light
upon their meaning. We may suppose, for instance, that
the computed coefficients of corrclation exhibit a clearly
apparent regularity of distribution in space of sequence in
time, that larger and smaller values of coefficients of cor-
relation are grouped on the map in a way which allows the
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emergence of clearly outlined zones of more or less intense
connexion between the phenomena under examination, or
that in the chronological order of coefficients of correlation
an intensity of connexion which varies systematically—i.e.
a continued increase or decrease—comes to light. Properly
speaking, every such objective regularity—in space and in
time—in the form of computed sequences of correlation
coefficients, correlation ratios, &c., is in the first instance
but a new enigma, but through the consideration and
deciphering of a system of such enigmas the inquirer gains
the key to the solution of the most important among the
tasks before him, the interpretation of the true quality of
the relationships manifested in his numerical series (cf.
Chap. 1I, § 2). Particularly among the meteorologists who
like drawing on maps lines of equal intensity of association
similar to isobars and isotherms to supplement the analysis
of their observational material the consideration of regu-
larities in the spatial distribution of correlation coefficients
is firmly established. But also in other branches of science
similar methods are beginning to be used to a steadily
increasing extent with equally good success. Let us con-
sider more closely by an example in what way systematic
measurements of intensity of connexion can contribute to
the augmentation of attainable results.

2. No other country possesses such reliable and ample
statistics of the consumption of spirits as Russia during
the time of the State monopoly of the sale of spirits. I
have attempted in my Seminar to turn this splendid material
to the best scientific account. The central point of our
investigation was the question of the influence of the har-
vest upon the consumption of spirits in Russia. There are
many publications with widely contradictory opinions on
that question in Russia. The inquiry carried out in my
Seminar by Miss M. Winogradowa,* who knew how to

* M. M. Winogradowa The Consumption of Spirits and the Harvest
in Russia (Investigations of Students of the Economic Faculty of
the Polytechnic Institute of Petrograd, No. 17); 1916 (Russian).
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make exemplary use of the statistical material of the Board
of Monopoly by means of extensive computation of corre-
lation coefficients, clarified the problem. From this in-
quiry, so instructive in methodology and content, I will
borrow some illustrations of the value of skilful inferences
from serial correlations in answering the questions under
examination.

The first question which had to be elucidated was, whether
the harvest had influenced at all markedly the consumption
of spirits in Russia—as was assumed by most of the investi-
gators who had worked on this problem, but which was
categorically denied by one of the greatest authorities on
theoretical economics in Russia, W. Dmittrieff in his Critical
Investigation of the Consumption of Alcohol in Russia.
Dmittrieff believes, rather, that he can show that the
fluctuations of the consumptions of spirits in Russia are
traceable not to fluctuations of the harvest but to those
of the industrial trade cycle : the harvest as the dominant
factor in Russian economics is already played out, he
thinks, owing to industrial development. Dmittrieff seeks
to support his thesis by analysis of the statistical material
and to corroborate it by a psychological theory of alcohol-
ism. The statistics he uses—the yield of the harvest
and the consumption of spirits in European Russia in the
individual years of the period considered by him—disclose
no really marked influence of the level of harvest upon the
consumption of spirits. Now it was obvious that this might
be owing to the imperfection of the method of investigation
he had chosen. The consumption during one calendar year
comes under the influence of two harvests: the consump-
tion in the last month of the year under the influence of
the same year’s harvest and the consumption in the first
month of the year under the influence of the previous year’s
harvest. Hence, if successive harvests turn out differently,
then their effects are levelled on the average of the calendar
year. Again, considerations which refer to the whole terri-
tory of European Russia likewise appear for reasons of the
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same sort little suited to bring out clearly the influence of
harvest upon the consumption: the fluctuations of the
whole harvest are chiefly determined by the yield in the
southern parts of Russia, whilst the fluctuations of the
total consumptions are to a great extent determined by
the consumption in the northern provinces also, and the
harvest of the north can show a very different result from
that in the south. Statistical sources from the time of
monopoly allow a more refined method of inquiry: there
are monthly returns of accounts of the consumption of spirits
in individual provinces. Thus one can create consumption-
years by additions of the twelve-monthly consumptions
which are influenced by the same harvest, and compare
the fluctuations of the consumption with that of the har-
vest in the individual provinces. As the State monopoly
of sale was not carried out simultaneously in all parts of
Russia, Miss Winogradowa confined the calculation to the
nineteen provinces for which there was material for longer
periods. The picture of the geographical distribution of
the correlation coefficients shows characteristic features.
We see on the map a zone of high correlation coefficients of
over 0-75: these are the most important corn-producing
provinces, with the province of Samara at the top with the
correlation coefficient of + 0-98; to this group also belong
Ufa and Orenburg, provinces adjacent to Samara, as well
as the strip of southern provinces extending westwards :
Jekaterinoslaw, Cherson, Poltawa, Kiew, Kamenez-Podolsk.
Close to this zone, towards the north, there are transition
zones with lower but still not insignificant positive correla-
tion coefficients. On the other hand, for the provinces
farther north one arrives at considerably lower correlation
coefficients (with the exception of the province of Olonez),
and in some points even at negative ones.

The geographical regularity in the distritution of values
of correlation coefficients which measure the intensity of the
connexion between the harvest and the consumption of
spirits gives promise of important information with regard
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to the kind of relationship. This insight can be deepened
if we compute correlation coefficients for separate months
and for individual provinces. Taken as a whole, these
figures manifest further striking regularities. The provinces
of the first zone, which are characterized by the very high
positive correlation coefficients of the year’s consumption
with the harvest, are distinguished by the fact that the
high positive correlation of the consumption of spirits with
the harvest persists throughout all the months of the har-
vest-year : for instance, in the province of Samara no
correlation coefficient falls below 4+ 0-5 for the period com-
mencing October until September of the following year.
In those provinces where the year’s consumption is not so
closely connected with the harvest, a more detailed inspec-
tion shows, however, that there are parts of the year which
show a greater connexion than others. Even in those
provinces where the year’s consumption is negatively cor-
related, often a positive correlation can be ascertained for
a greater or smaller portion of the harvest-year. Accord-
ingly the result of the harvest has a different effect in
different provinces: at times its influence is more durable,
at times it drops more quickly; sometimes it makes its
appearance early, sometimes not before late autumn. It
must be noted that the connexion is nowhere very intense
during the months of harvesting, but sometimes after this
period it begins to occur more intensely everywhere. In
the province of Samara, for instance, the correlation coeffi-
cient does not fall below 0-80 for the months October to
April, whereas it remains under 0-5 during the months July,
August, September. This regularity is of decisive impor-
tance in the judgement of Dmittrieff’s psychological con-
structions. It follows, then, that the higher consumption of
spirits in the years of good harvest can neither be explained
by the physiological needs of the peasants and agricultural
workers, more than usually exhausted from the gathering
of a rich harvest, nor explained by the ‘ unanimated * mood
of the country people, aroused by the favourable results of
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the harvest—as was suggested by Dmittrieff. The influence
of the harvest on the consumption of spirits must clearly
be rooted in something quite different.

If we now ask what is the real basis of the connexion
between the consumption of spirits and the results of the
harvest, a connexion which varies so much in various
regions and at different seasons, the most obvious answer
is: it is based on the fact that the population disposes of
the more abundant means accruing from a good harvest by
spending it on spirits. This answer was generally held to
be satisfactory until Dmittrieff made an attempt to refute
it. That this explanation is the right one appears highly
plausible in view of the results of the correlations we have
considered : differences in the intensity of connexion which
we have noticed can very well be explained by the fact
that the result of a harvest does not everywhere play the
same part in the peasant’s household and that the harvest
does not occur everywhere at the same time. In such
regions as Samara, the results of a harvest almost com-
pletely determine the year’s income, and moreover, thanks
to its southern position, the harvesting is carried out and
the crop brought to market earlier. In northern Russia
the harvest, even in good years, does not suffice to cover
all household needs. The household depends to a greater
or smaller extent on the income from other sources (indus-
trial activity, labour in forests, &c.). Here the influence
of a good harvest cannot last long, and, moreover, it may
be complicated by variations in the income from other
sources.

This explanation, in itself quite plausible, of the influence
of the harvest on the consumption of spirits is irrefutably
confirmed by the further results of Miss Winogradowa’s
investigations. If this hypothesis is correct the decisive
influence on the consumption of spirits must be not the
quantity but the money-value of the harvest. It will be
more strongly marked, therefore, during those months in
which that part of the harvest not reserved for the house-
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hold itself is taken to market. In order to trace these
factors Miss Winogradowa has computed correlation coeffi-
cients for a series of provinces, between the consumption
of spirits during individual months and the money-receipts
for those agricultural products which, in the regions in
question, play a particularly large part. It was everywhere
provedthat the connexion between the consumption of spirits
and yield is most intense for the yield of those agricultural
products which in the months and region in question are
brought to market by the peasants. It has been shown,
for instance, for the province of Smolensk, where flax and
hemp are cultivated chiefly for sale and the main kind of
grain—rye—is grown more for household needs, that in
August the consumption of spirits is, in fact, positively
correlated with the money-value of the rye yield (the cor-
relation coefficient = -+ 0-3), but that by September the
rye-yield ceases to influence the consumption ; on the other
hand, in September a higher correlation of the consumption
of spirits with the value of flax and hemp is observable, to
which oats and potatoes are added in October and Novem-
ber, and in December the value of the yield of flax and
hemp fibre.

The authoress has had the insight to complete this
extremely clear picture of the relationship between yield
and consumption of spirits by further refinements. For
instance, the statistical sources allow of differentiation of
the sale of spirits in receptacles of different sizes: in large
gallon bottles, in wine-bottles of usual size, in half-sizes of
the latter and in very small bottles. If one computes the
correlation coefficients between the sale of spirits in different-
sized bottles and the harvest results, a clear increase of
coefficients for the larger bottles will appear : in the province
of Ufa the correlation coefficient comes, for example, to
+ 0-8 for the gallon bottles, to + 0-7 for the ordinary
wine-bottle size, to 4 0-6 for half-sizes of the latter and
to + 0-4 for the very small bottles. This regularly increas-
ing intensity of the connexion as we proceed from smaller
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to larger receptacles gives a deep insight into the relation-
ships. Consumption of spirits in Russia can be placed in
two classes : people to whom alcohol stimulation has be-
come a necessity seek to satisfy their wants as far as their
means permit and they indulge in the desired drop as
regularly as possible ; these regular and habitual drinkers
procure their brandy in smaller bottles. But very much
brandy, particularly in the country, is consumed on occa-
sions of parish festivities, fairs, and particularly weddings.
For this purpose the peasant procures brandy in larger
receptacles. Thus from the above values of the correlation
coefficients it can be concluded that the relationship between
harvest-yield and consumption of spirits is essentially trace-
able to the fact that in the years of good yields the peasants
more richly endowed with money, celebrate their festivities
and weddings with particular plenty and, with regard to
the weddings, in greater number. The relationship between
harvest-yields and frequency of weddings on the one hand,
and between the frequency of weddings and the consump-
tion of spirits on the other, can be also proved directly.
The curves show a remarkable parallel, particularly when
the sale in gallon bottles is taken into account.

In this way an important connecting-link is inserted
between the fluctuations due to harvest-yields of the pur-
chasing power of the peasants and the consumption of
spirits. Methods which avoid measurement of the intensity
of the connexion were in most cases considered by us merely
able to ascertain the presence of an undifferentiated rela-
tionship : there were no remarkable differences between the
sale in large and in small bottles, between the consumption
of spirits in different months and in different provinces,
between the quantity and the money-value of the yield,
&c. Only through mathematical methods can colour and
life be brought into the monotonous grey picture of non-
mathematicians. Only the methodical measurements of the
intensity allows us to gain a deeper insight into the nature
of the relationship.
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Of course, it does not follow that it is sufficient to calcu-
late according to well-known formulae correlation ratios,
correlation coefficients, &c., in series in order to obtain a
deeper insight into the relationships in question. The
modern theory of correlation puts at the inquirer’s disposal
a rich assortment of refined tools. He who understands
how to handle them skilfully is able to extract from his
figures much which would otherwise remain concealed. But
the value of the production will never be determined by
the property of tools alone. A few hasty strokes sketched
out on a scrap of paper by the hand of a master calls into
being a picture which surpasses in workmanship many a
multicoloured painting executed with the greatest diligence.
In order that the methods worked out from the theory of
correlation may lead to a deeper understanding of the
relationships under examination, the statistician who em-
ploys them must be master of his problem. It is not enough
to be familiar with the technical tools ; he must be familiar
with the subject of the investigation as well, and he must
have complete command of his material. He must possess
the ability to adapt the technique of his investigation to
the end pursued and to the possibilities before him. A
routine-like mechanical reliance on ready-made prescrip-
tions leads, even when the most complicated formulae are
employed and the most precise calculations are carried out,
to an unproductive waste of time and energy and to the
accumulation of numerical values which are but little likely
to enrich our essential knowledge.
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CHAPTER I

§2, C. Denoting by d, the difference between the sth
values of the series X and Y and bearing in mind that

n n

n(n + 1) nn + 1)2n + 1)
2" =" Z"Z =5

x=1 x=1
in the case when the series Y is arranged in decreasing
order of magnitude, we have

D E =l —nF 42— =1 . b

- B DE . [ 1) =2 [ — 1=

= D= —h+ )P = D2k — (n+ )P =
nort — 1)

= 4Zh2 —4(n + I)Zh Foaln 1) =
h=1 h=1

When the order of the series Y is independent of that of
the series X, every member of the series Y may occur with

every member of the series X with the same probability }1
For the square of the difference d;, we obtain, in this case,
the expected value

e _ Yo g2 Ly o Yoo e
d,——n[z 1]+n[z 2]+...+n[z ¢ — 1P +

R SR 1. .
S e ol S IS O o VT i SRR o e (Bl VI o
) . 7'4—1 . . n-chz
+7“[z—n]2=7“,._1h +Z; =
106 — 162 —1) , (n—d)n — i + 1)(2n — 2 + 1)
=§{{ 6 + 6 }
=16[2n2 80 4 1] — (n + 1) + &2
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Whence through the summation from ¢ =1 to 7 =# it
follows that

Zd2 n(2n? + 3n + 1) n(n ;— 1)2 n n(n + l‘);(Zn + 1) _
n(n? — 1)
-5

CHAPTER 1V

§ 1, 2. Apart from the formulae mentioned in the text the
following identities should be noted, to which continual
reference will be made :

Py = Z"Pm by = jptlf
1 = ZP:‘I = ZPH = ZZPW
1= D! = Zp“’

§2, 1. Noting that when kB =1=2p, =p + o
P+ P =1, &c, it is easy to see that

0 :P1u _ﬁupll :15“ —PIIZ _‘Jbll[l —plz] = - [Pllz -
Pu?m] = Pajg — D2P1e = — [Pzn _Pmi’n]-
As Py + Puyg + Pann + Paip = 1, we have
0 =P _Pllibn =P111[P1|1 + Dire + Pan +P2tﬂ -
- [Pm +75112] [plll +752|1] = Pllli"zlz _Pllzpzu-

For the value of the mean square contingency, when bpth
the variables can assume only two different values each, we
easily obtain, bearing in mind the above identities,

2 2
2_ [bos=tub)® o[ 1 LT NI S
4 g; Pubis § =9 {P11P11+P11P|2+P2|P11+P2|P|2}
&2

- bybatibie
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§ 3, 1. Noting that mf) =Zj.’p‘|‘}y,, we have
%‘pilmlul) = ??Pnp(l?yj = -'52’715.-(;3’; = ?ﬁbuyj = Mgy
Taking into consideration
Z;"?Pm[yf — My iy — )] =
= %‘{Pu[’"ﬂ - mou]??‘li;[y: — o)1) }=§Pu[m(ﬁ = Moy ]%
we have
2‘715:;/‘(;‘; 22‘7%%15(3[3’; —mf)? =
= ??Pm[(yj — Mgyy) — (M} — mg,)]? =
= ‘?2;154”[% = g )* -~ ‘?Pn[m(l‘; — My ]* =
= oz — %J;b,,[m‘,"; — Mgy ]*.
§3,1. As m,, = )‘J%?j),”x{yj and m,mmm,:;%‘pﬁp,,x{yj,
we have m,, —mygm,, = 2;?[?‘,, — puplxht.  From
my,, — m,M,, =0 we obtain %‘52[?,“ — pup ¥y, = 0.

This relation can hold good at all positive integral values
of f and g only if all differences p,, — p,p,; are equal to
zero, i.e. if the variables are mutually independent.

§3, 2, A.
?pilx?m(lnl = ?an? ?P‘Ii;y} = %‘}Z‘P;[jx?y, = M1
§3, 2, B. Noting that Zj.’p‘,‘} = 1 and that obviously
myy — My, = ‘Fpﬁ?y; - zj:f"f;mou = ?p(l‘;[yj — My,
we have

?Pu[xf — my ot [m) —my,] = ;?j’eu["; — Myl

[y, — o] = gy
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§3, 2, C. If we write the regression equation in normal
co-ordinates in the form
1 =Cco+cni+opdi +. .+,
and note that

1 1
Z;b‘,%? = O‘J»Z‘ Pylxy — my ot = ";}“’ =710
4 z h
1
2R = g 2l Dy ] =

__ P

- ;»;;y — a1
and that 7y, = 1, 7,0 = 74, = 0, 759 = 7, = 1, we obtain
for the determination of the coefficients ¢ the linear equations

0=cio+op+.. . +70y

7in =Cpp a6 + - o o+ TriqiCyy
o = Clo + Zg10€11 + TaoCiz + -+ - Vg6 &C
For the case of a parabola of the second degree we have
0=cy+ecp

7in = €1+ 73000
Yain = Co T 7510011 + ¥410C)2:
§ 3, 4. Since
0Xtylm( — Ay — 41%)*
<

= —25pylml) — Ao — A,x) =

04,
= —2[my, — A, — 4my]
and
03pylmfy — A\g — A 1%)? ) .
: 34 = — 22‘456|x¢[m!(1) — Ay —Ax] =
11

= —2[my, — Aigmyo — Ajgel,
the coefficients 4,, and 4,; may be determined from the
equations
Ag + myed )y = my),
Myl 1o + Myod ) =My,
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§ 4, 2. When the regression line is a parabola of the
second degree the regression equation can be written in the
form

MY = rin X + o[ XE — 1y, — 1].
It follows that
(M2 = 73,82 + 27,10, X[ X — 7g0%, — 1] +
IR — 7%, — 1T
Noting that

%’1?41%.[%12 — 750X — 1] =73 — 730 =0

‘?Ptn[-’f? — ry0% — 1* = ‘?PM (X} — 27087 +

+ (730 — 20X + 270X, 4+ 1} =7, — 750 — 1
and that

— "21n 7 310"

Cio =
12 3 ’
740 — 750 — 1

it is easily seen that
e = 2;;15”[9)3](?2 =7t + hlrae — 750 — 1 =11, +

2
(211 = 75107011’
2 .
Y410 — ¥50 — 1

§4, 3:
ZpImis — MU = Zp,[ o — ) —

= ‘?Pn[mf‘l) — My )* — 2%%;1’«1[7‘& —myol [m)y — mg ] +
210

'ﬂll(

xX; —Mm =
Ha10 ‘ ”0)

2
s UBt 2 __ 2 2
+ MT‘ %—"Pu["x — My 0)® =M 1Mz — Mol 1

2|10

§4, 3. Let

x=W, +Wy+.. . +W,4+U, +U,+...4+U,
y=W, +Wy+...+W,+T,+T,+...+T,
where W, W,, . . . W,.; U, U, ... U,; T,T, ...

T, are independent chance variables which follow the same
law of distribution. Denoting the mathematical expecta-
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tion of the variables by m, and the variance by u, and
noting that

EW, —m] [W, —m] =0, EU, —m][U, —m]=0,
BT, —m] [T, —m] =0 (j+9),
E[W. — m ] [UJ - ml] = E[W, —m,] [TJ - mx] =

ELU, —m) [T, —m] =0 (j i),
we have
x — Ex “Z[W — m,] +Z[U ],

y—Ey= Z[W —m] Z[T,—ml],

-1
O’f = E[x — Ex}2 = E[Wa - 7”1]2 + E[U} —m1]2 =
2 &
= [m -+ nlu,, o) = [m + lu,,

E{lx — EXI [y — Eyl} = D EIW, —m,J* = mp,
i--1
and hence
Eily — Exlly — Eyl} _ m
0,9, Vim tnim £ 8

11

§ 5, 2. The parameters
+RH® x2 2”1|1£§B + 92

1 —
LI a0 - XY dxdY
Trn = Zn\/l - 1’”1 j je [ ! Il] @ )

can be expressed in different forms. The formulae men-
tioned in the text are due to K. Pearson and A. W. Young,
“ On the Product-Moments of Various Orders of the Normal
Correlation Surface of Two Variables’ (Biometrika, Vol.
XII). The most direct way of obtaining them is by substi-
tuting ¥ =7,,,9 + Z and then expanding [»,,,9 + Z}/ in
powers of §) and Z, when the double integral can be repre-
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sented as a product of two single integrals which can be
easily calculated from the formula

.|w o
Jt%le-cl’dt = 1.-;_‘.;.___ N ‘(2’1 - 1)/\/1—'
n o2 ¥l
=0
Fromzy ,,, =1:3:5 ... (2f + 1)r;, =7y, 96" it fOl-

lows that the regression of Y on X is linear (cf. Chap. IV,
§3, 2, C).

From 7,,y =1-3-5 . . . (2f — 1) it can be inferred that
the variable X follows the Gauss-Laplace law of distribution.

If Y is held constant, it is easy to see that the distribu-
tion of values of X which correspond to a constant value
of Y follows the Gauss-Laplace law of distribution and that
the conditional variance is equal to [1 — #%]u,, for any
constant value of Y.

2
The formula ¢? = IJ-_I%Z— is due to K. Pearson, On the
1

Theory of Contingency cmdllz'ts Relation to Association and
Normal Correlation (Drapers’ Company Research Memoirs,
Biometric Series, I ; 1904) ; the derivation of the formulae
is to be found on pages 7 and 8.

§ 7. When the variables can take only two different
values each, we have

Ex = D% + Dai%e Ey =2uy + 212):
% — Ex =P2I[x1 — %) %y —Ex = —'Pll[xl — X,]
Y —Ey =pulyy =31 ¥ —Ey = —puly — 3l
Hajo = Py, — EX]® + py(%p — EX]® = Py 100 (%1 — %]®
oz = Puly — EYI® + Pialye — EVI* = pubielyy — 5:1°
= Exy — [Ex] [EY] = (P1n — Drpi)%ids +
+ (Prz — P1D12)%Ye + (Pann — D2 ) %edr +
+ (Paiz — PaPio)®ele =0[%.Y — %1Ye — %)y + %Y, =

= 0[x, — %] [y, — ¥4
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1 1
my = _[plilyl + P112el mfy = :52"[152(13’1 + Po1292]

Moy =P +1b|zyz
miy — My, =7‘>— {(Prn — Pupnlny + [Prie — Pubielye} =

1
= —0
™ (5 yz]
my — My, = 6[.’)’1 — ¥y]
"7ylz = __Zpil[mu mOll] =
" 1 1
B [y1 — ¥l p P2I:] B 52
o P|1P|2|:LV1 - 3’2]2 - P11P2|P|1P|2.
CHAPTER V

The formulae of Chapter V are so closely connected with
the corresponding formulae of Chapter IV, that their deriva-
tion cannot cause any difficulties : it is only necessary to
bear in mind the corresponding treatment in Chapter IV.

CHAPTER VI

§2, 1. In drawings with replacement the probability P,
of drawing x white balls in N draws is well known to be

given by

p_NN-1.. . W x+1)( by

1-2. .. (= 1)x

and
N

DP.=[p+(1—pF =1
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The mathematical expectation of the number of white
balls in N draws can be most simply calculated as follows :

N
NN —1) ... (N —x+1),, o
En :A-Z: o o P =

N 1) (N~ 1), v
ZNP;‘ 1-2 x -1 -—p 1(1 P) ’

substituting (¢ + 1) for x:

En ZNPZ(‘N _11-)2. - (Atr “Ip —pyrr =
—Nplp + (1~ P =Np

The probability of drawing x white balls in N draws

without replacement if the urn contains B = Ap white and
C = A(1 — p) black balls is equal to

NN —=1)...(N—=x+1)
P, = 1-2.. . %
.B=x+1)CC—1)...(C~N+x|1
"Jq‘({g.—l) .. A=N+1

where _S. P, =1. In the same way as before, we have

r 40 ¥
En = E sz a=
=0

_NEYUN 1)

BB -1) ..

oL (N =z 1)

T A& 2w -
B-1)...B=x+1)CC=1)...(C=N+zx+1) _
. (A=1)...(A—=N+1 T

N-1
N—1)... ([N —¢
=mp Q= Ol
s
B—1)...B=9C(C—1)...(C—=N+1t+2) )
T T A=y T ANy =Np;
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as the sum by which Np is multiplied is precisely the sum
of the probabilities of drawing 0, 1, 2, . . ., N — 1 white
balls in N — 1 draws without replacement, from an urn
containing B — 1 white and C black balls.

Noting that x? =x(x — 1) 4 x for draws with replace-
ment we obtain similarly

N
En® = D pa* =N(N — 1)p* + Np = N*p* 4+ Np(1 — p),
and hence , .
n 2 n
@ =E[% —Ex] =Ef —#* =520 —9),
and for draws without replacement
N(N - 1)B(B —1)  NB _N?B(B —1)

T L M 7 |

i

and hence
. _rn* B* B -B)
Tu = Exe — 2= 2u -y 1] -1 Nib —2)
§ 3, 2. Denoting by E% 2o the conditional mathematical

expectation of #,, when #,;, = &, and by P, the probability

that #,, assumes the valuc 4, then
N(N—l)...(N b+ 1) _l
Ph = 1-2 ... plll[l Plll]N !

(k)

and Fny ymy, =2Ph En . Assumlng that n,,, = A, then
N — h trials are lcft for the remaining three combinations
of X-values and of Y-values, and the probability that any
one of these N — & trials results in the combination of
values X,Y, is equal to

) 2 — Pa2 . He _ h)Pztz
Papp b Pre + e 1 — o , enee En;“ 1 —Pm and
_ ¥ _ 202 __ 212 _
Enns = SPAN — B = o P NP

- %phhz} = %Q;E{szm jbm Npm[l "Ibm]} =

= N( - 1)?1|1P212~
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Introducing, for shortness, the notation N(N — 1) .
(N — ¢+ 1) = N*, we obtain similarly
Eny Mg 501 == NPy ParaPrinan
Ent 3, = NP} P35 + Nopy poialbrny + Puie] + Nz‘f’llllbm
En?lZ"%ll = N[‘_P%IZ ﬁl] _l_ N1P1|2P2|1[P1|2 + lel] + NZ_PIIZPZH
and hence
NYE[O]? = B} m3yy + Endind), — 2E0, g 00 M0, =
= N4 [plllpmﬁ Puzﬁznj +N§_{P1|1P2|2[plll+p2|2]+
+ PriaPoplLrieHDunl} A N2 Dorat Driobonn) =
= N(N - 1) {Nzéz + N[f)mpzlz(lbm +P212) Jf'pllzibzu
(pllz“*“ Ibzll) - 562] "Wl‘[pluszlz‘*‘f)ltzpzll - 211’1111’2!2
(plll m*‘ p:l\ﬁ) - zpll‘.’,p:lll(?ll‘z + 1)2[1) + 662]}

N 2 .
~E[y =] -0 -
—ﬁ'g’f{[P1|1Pz|2(P1|1 + D) + Prisban(Priatban) —
— 46%] + Xli[(Puz + $211)0 — (Prp + Puyp)d + 667}

§4, 1, B. As the law of distribution of X is the same

at all trials and the individual trials are mutually in-
dependent,

A At U =
S E
and E [ — x ] [x“”' — %) E[x”‘" i ] [x = x).

Hence we have ., W
[x[!l — x5] E [ — xg)

[P — x) [P — ) EY] -
% N =ik 2% B
1 . x{/}]{Z[xldxr — 2]+ WMV 2] — [V ,_x(',]}
d==f
=N -1k 2t N
1 A — % ]Z
=-N_iE T
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Similarly we find

E[yln’ — y{,] [_Vl’“' _y(')] L 1 [yUJ' __y(')]z.
>3 T TN-IET R

Substituting the above values in

Elo = {ZW - xg]l;:v“ﬁy]}
O L

N
[ — ) (Y — ) D — o) DY — el _
+ E {Z‘Z 0 0 s 0 0 } —

11 d==f
+ N{E[xffl' — xo]2} {E[ylf]’ - % ]2} +

0 — ) Y — w0\ [ —v6 P =)
+N(N-1){E b “HE P 2y,

we have

) [ A1V ]2 [ylll’ — ,) ]2
Eui B S EY )

and finally, as

N
1y 2 L7t = o 1 [ 2
Eh —”] B L}
¥ %= o=y and [ 5 =
N

Ef"m] N1

§ 4, 2. Although some of the expansions mentioned in

2
text have been carried up to the order of magnitude (%),

the following collection of auxiliary formulae is confined to
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those which are needed for the calculation of terms of order

—;—,, as otherwise they would take up too much space :

Elapi =5 pu(l —p0)  ELapi) = apu(l — i)
Eldp..app]=Epipn] — pubne =

= N bty = Pubss = — xPuibns
Elapidpi)= —bopas  ELpudp)] = — xbuty

Elapidpi,1= {[Z‘iPm]de}
~F {[dﬁm]‘"l-Zalp‘,,d ) =

gkj

bl = pu) = 5. 2gbib = xbull = £
Eldpidpi,) = wpull — b1
Etdpidp)) = E{[ap + de:.,][dpzu + de;u}}=
:1‘%?411(1 - ‘u NPtuZPm NPHJZ,?W"

- —;[;Puv][;ﬁu] = N[Pm — pupul-
For the proof that
E{[dp,, 1 1dp; 1>~ 1"} and  E{[dpy, [}, 1" ")
contain no terms of a lower order of magnitude than (%’)‘.

I take the liberty of referring to my paper ‘ On the Mathe-
matical Expectation of the Moments of Frequency-Dis-
tributions ’, pp. 194-200 (Biometrika, Vol. XII). From that
it follows directly that E{[dp; ]"dp;]*'7*}, &c., likewise

1\*
contain no terms of a lower order of magnitude than (ﬁ) .
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§ 4, 2, C. Noting that when the variables are mutually
independent ¢? =0 and that all differences p,;, — p,p,
are equal to 0, we have

el = §{ 2200 —pl1 — 2} + Nz{ZZ[l“Pu]

(I —pyl}+ .. .=3\7[k—1][1—1] **‘ﬁz[k_'l]
—1]+ ...

0% == L{4ZZPW — 32[?,%;7(??12?1;){] -
—3 2 [ 2| +
+ ZZZ[‘E;”(PTZZPN)(PZ)!Zpu)]} =
:,[‘;[[4 3342 ...

To derive the general formula for the variance of [¢]?
it is best to start from

o= El¢']* — {E[tp’]z}"’

v {ZT f[SET -
w2225§g- =[] 2o -
[Z‘Zﬂf.] _..Z,:;l)fz

7y My
" ZZZ '”m"ur ZZZ ”w"m 4
s T gy
n ZZZ'Z-_@L’WW
[ RS YT LAV

The calculations are rather detailed, but offer no special
difficulty.
§4, 3. Using the above (§4, 2) mentioned auxiliary
formulae as a basis, the following formulac can be derived
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without any special difficulties. Some of them are auxiliary
formulae and some of them are of direct interest :

Emy, = E{%‘?P;ux;yg} = ??P-‘uxfyi' = My
dny, = ZE[Py — pu s = EXdp, Ly
Eldm; dm;,,] = IL\,[mfumd — My M)
Eldm), )2 = g, — 13,
Eugly =ty Eldpgdpns] = 1‘-[/lfmw — fyiptterd]
Eldu;,)* = [M 12— Mio)
Eldplydmy) = a3, — Mon)
ELdp), dmy) = ypalmiy — moy]
Eldp);dmy,) = [1;15 LYy — ]
ELdp), duy)y] = 5 Balx — mye] D — my] — ppts)
E[dp) dplia) = o (Pult — myel® — Puptsio)
E[dp, dpifs) = o Bulmiy — mou]® + palis — ors])

Eml) = E{Z b } = i"’y, m (cf. supra, p. 114)

"tl
(i)’ P«u Ibcu:l bu; @;Lf __dp“

dm ‘“Z Pl P ~ Pi | P Py ey
E[dm(i)’]z — (i) +

Eldmdm?)] = ]% ...

’ 0’ 1 i
Eldpydmii] = I\-Tﬂp'”[y ,— m] +
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’ O 0
Eldpydmii] =5+ . .

’ ’ 0
Eldpldm] =5+ ..

’ 1)/ 1 i
Eldpdm'y ] ZA—I_P"U[yj mil + . ..

Eldm dmy,]) = ull + . .

Eldm})duy,] =~ + . . .

2=

' 1 i
Bl duys) == {ul + 20ml) — mo Jul} + . . . =
1 1 ()
= f) 3 pz!i[yf - 1”'0[1] [1” -
— Mgy Jpfy — ] — 7"011]3} +
Eldm!ydpy},] = NP {2 P.u[x my o) [y; — mg)° —
[nlm mou]?fﬁm[xt - 1!0] [yj - mon]} + R
= N{[xs - muo]‘?]yf;[y) — Mgy ]* — [H — ]
» 1 .
()] — my 12} + . .. = % — Myelpels + ...

' 1
E/‘JIa = M)y — N{(f +g):“!|v -

1 1
3 (f = Dty gy ottzio — Qg(g — Dptgposttors —

— S8y vy b} F - -
' 1 . S 2 9
E[daullv]z = N{/':Z!I‘M - :uflv +f24u?*11wu2|0 -+ gzlu';W -fo1z —

— 2ftp110b-110— 2885101185101 T 2181 v iatig-atain ) - -
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§4, 3, Band C. Noting that for linear regression of Y and X

@)
myy -

,u
Moy =711 0|z[x — Myl
B0
we have
2__ Moz 2 o
?ptl[xi_ my ol[miy — My )= ;2{(’)7141!‘3102 /‘olz\/ﬂzlo"%u"sw
Z"?”[m{;l) — Mg ]t = 1yt 11 a0
‘;‘:Pu[xi = My Iy — my 1 = prisths 717410
%’Pu[x: — myyol[mi] — mol* = Vi i Ve
From the identity
Hops = Zzpm[x‘ — iy J [y — My ]* =
Z{jDi,[x‘ - 7”'1(0])275(”[3’) My ]*} =
= 2 {pulx; — my P(EPELy, — mPA4 [l — g} =
= iﬁu[xr* my ) ufy + %”Pu[xs““ my o miy — myJ?
it is casily seen that if the regression of Y on X is linear,
¥ 2
“’quxi — 1y s = g ot17ae — 75117 410)
i Hoj2, 5 i
le[mu—mou] iy = ”(:2 1|1‘)‘pz|{x — Myl =
= pe? 722 = 311" s10)
Z,.‘Pu[xt'“ iy ) [m ] — Mgy Jul Z\/ﬂmo/‘glz"ln["zm‘ 7111410}
Similarly from the identity
Py = ?Pﬂ["s — My olpt s + 3?25{1["‘ — myollmi] — mouly +
+ 2;]51|[xs — Myo] [mfy — myy]°

on the assumption that the regression of Y on X is linear,
we have

‘Z 0} T8 9,3
‘P,,[x,. — Myolufy = \//‘2|0H0|2[7'1|3 — 3Nnae + 21347410
%:pll[ml“x) — My Jufy = pgrinlrys — 3ntae + 2170l
and from the identity

M2 = );"p,.,[x, — myolufs + ?P-t[xi — o] [m] — g 1%
when the regression of Y on X is linear,

‘,‘:Pcl[xf — myoluls =Ho|2\/ﬂz|o[7’1|z — 775100
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From 72, =1 — 'L—%I—;?p‘,y,“z’ we obtain

Zpypis = posl1 — 02,
If Y is homoscedastically connected with X, we have
iy = poell —n%.]. When the regression of ¥ on X is
linear 72, =%, and hence Zp,u(b = po,[1 —7%,]; if also

Y is homoscedastically connected with X, u) = pgo[1 — 73]
)

Putting pf; = po[l — 73] in
‘??q[xc — My oiuly = /‘z]oﬂ(lz_[fmz — 71 410)
and in z,"Pd[xt — Myyoluly = tonV paioltiis — i1l
for the case when the regression of Y on X is linear and the
connexion of Y with X is homoscedastic, we have
1 — 7% = 752 — "1ia0
0 =7, — 310
§4,3, D. If the values Eu', E[«#']? o,, o, are com-
puted at the same time, it is not necessary to carry out
all the computations four times. The work can be con-
siderably facilitated, as follows :
If U’ is expressed U’ =c¢ +d"' +d" + . .. where ¢ is
the sum of terms, which do not contain the differences

dp;,, &c., @' the sum of terms which contain only the first
powers of the differences dp;,, &c., we have

(W] =c* + 2cd" + {[d']* + 2cd”} + . . .
[w']* = c* + 2¢%d" + {6c*[d"]? + 4c®d"} + . . .
Hence
Evw' =c +Ea“" 4+ . ..
w —Eu =d + {@" —Ed"} + . ..
E#']? =c® 4+ {E[d']®* + 2cEd"} + . . .
Elw']* = c* + {6c*E[d]® + 4c°Ed"} + . . .
oy =E[W —EW]? =E[@T* + . ..
oty = E{[w]* — E[w]*}*=E[w]* — {E[»]*}* =
— 4CE[dE + . . .
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Thus the calculation of E[#']? and of oy, requires, if
we are content with the approximation up to the terms of
order -;—,, only the knowledge of the values E[d’]* and of

Ed”, which are necessary for the computation of E#' and
of ow.
Similarly the calculation of the variances

[le]z [77,| — ['.)?

can be simplified. If, for shortness, we write 5 instead of
1.1 and 7’ instead of 7};, and start from expansion analogous
to those above

Y =c+d" +d"+ ...
2 =k4+A4"+4" + ...,
we have
[ =c* + 2cd" + {[d']® + 2cd"”} + . . .
P[] = kc® + {2A" + 2kcd'} +
+ {PA" + 2cA’d" + k[d']® + 2ked"} + . ..
E{M'® — E'PPHI? — ElFP?} = B0} —
— {El'PHENT?} = 2cE[4d'] + . .
oty = E{((n]* — EMT?) — (r']* — EF)}® =
= otyp + oty — 2E{[n']*— Eln' 13 [ ]*— E[']*}
= ofyp + Ofp — 4cE[4"d"] —
§ 4, 4. Introducing the abbreviated notation Ez' = m,,

1 1 2m m
E#'w'=m,, where -Ez’ —=Fz'(w' —¢) = =1 — —3% then

the condition
2my19 _ M)y
o[ 73 - 4

c2 m m
=92 11 __ 110 =0
oc ¢ c?

L TP

yields the value ¢ = , after the substitution of which

2
we find Mo __ " _ Mo



Appendiz
Further, putting Ew’ = m,,, E[w']? = m,,,, where

tey 1 1 2myyg M
C‘Ez - ;Ez’(w’ — ) +-0-§E(w’ —¢)t = — T m T

Mop _ 2My)
T

we obtain similarly
_ M1 ~ M0

Mojg — Myjy

§4, 5. The formulae for p,,, gy 71, When both the
variables can assume only two values each, have been
derived above (Chap. IV, §6). Since

PP+ (1 =) =1-=3p(l —9)

c

we have
1y = [Py 02 +P2|Pf|][x1“‘xz]4=p1|1bz|[1 — 3py P2 1[%, —x,)*
_to_ 1 g
Tato 30 Db
Substituting p,,; =0 + Py P11 Pri = — 0 + Pyps &c.,
we obtain :

tsin = (% — 010 — Yul[Prnd3iP 1 — PriebliP i — Pl Pr +
+ P2|2l’?lpll] = [xl - xz]g[yl - yz] {‘S[Pglplz - glpll +
+ P§IP|2+ P::!pll] + Pu;bﬂPan[:/’m — Py — pll + Pll] }=
= [%, — %,]’[y — 21000+ £3]
Tsin = "0
tare = [%, — %[y — Yl [Prni Pl +
+ Pnzj’glﬁfl + ?2“15%11’?2 + i’mﬁfiﬁfl] =
= (%, — %[y — 3212 {0[p1) — Do 1[B11— P 1o) +D11D21P1P12}
Since 74, = 7,,47,0 and 7,3 = 7,,7,,, it is only necessary
to put the above values of the parameters 7 in the formulae
which have been derived for mutually linear regression in

order to obtain the mathematical expectation and the
variance of 7;;,.
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CHAPTER VII

§ 1. For the scheme of draws without replacement we
have found above (Chap. VI, §2, 1):

Eldpl]t = S Tpu(l — pu)
Eldp, ) = IZ _l\lf ;ﬂbcl( — )

A—-N1

E[dP,II]2 A NPU( Pll)'

Proceeding from

— _ ) ___ b _
By, = %'Phh(N h)= Py 1 — P‘“{N%'P;.h

—-EP 2y = Pm {sz " N?«UA

— Npa[1 = 5= l]} — Vst

we obtain further

Eldp},dp),) = I—%{E[nmﬂm] — [En) [y =
A —_

1

= —'P‘Up lg
and hence
’ ’ A —-N
E[qu dP,,] = .A———_i Xlrpupll
’ ’ A~N
E[qudP«u] = .Z—-—l "Z%P«u(l - Pq)

Eldpdp,] = 4= wlbus — Pubul

Hence, the mathematical expectations of second powers
of differences dp;,,, &c., become equal in the case of draws

without replacement, to %——:—ll—v times the corresponding

mathematical expectations in the case of independent trials.
Thus, if we proceed from the expansion of a function of
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the empirical values in the form (cf. Chap. VI, § 4, 3, D)
w=c+d +d" +...
and denote by %D” the mathematical expectation of 4",

in the case of independent trials we obtain for the case of
draws without replacement
A —-N1

r__ T I Di
Ew =c+ =7 D"+ -
Similarly, it may be seen that in the case of draws with
.. . A+ N 1
addition E[dp,,]* = T bus(l — pu), &c., and hence
, A+N1_,
EM—-—C-{‘-mND +...
. A+ N
In this case one must not overlook the fact that 71 >1

and that for small 4 j—{-%’ can be of the order of magnitude

of N. Accordingly the following terms of the series can be
of the same order of magnitude, even for large N, so that
the approximation reached in this way will become illusory.

§2. As
Moz = ‘?P]JD’] — my)* = Z;Pllf[yl — m]* —
- 2?15’1;["”:)11 — Mgy ] [y, — Mol + Mgy, — Mg J* = pgjp —
— [dmy),]? Ettors = More
in all three cases, and
E[dmy, ]2 = I%I'“O'z in the case of draws with replacement,

E[dmy,,]? = %"}Nf%{“o'? in the case of draws without re-

;9 A+NI1 .
placement, E[dm,,,]* = A:: 1 oz 10 the case of draws
with addition,
we obtain :
' 1 N -1
Etore = Moz — toiz = 57 Hoiz
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in the case of draws with replacement,

’ 4 -N1 A N-1
Erorz = Hoi2 — 77— o1z = 7 =7 — N Poi2

in the case of draws without replacement,

, A—- N1 A N -1
Ettor: = Hoj2 T 4F 1 NPz = 4 F1 N Moj2

in the case of draws with addition.
§3, 1. As

N N
3 038 5 )~
1 =1

— Nl%, — my30] [Yo — Mop1]
and, again, for mutually independent trials,

E[x(', — My] [ycl) — My, = I\~17_2 {Z[x[!]' - ml[o]}
71

{ZN‘[ym' — ] } - A”lﬁ {ZN’[xUJI — ] [P — mgyy]
S-1 =1
-’rZZ[xm, — my o) [y — mon]} =-1:,,u,|1,

f=1 g %f

it follows that

E{Z[x[”'—x&}[y[”' _yé)]} = Nuyp — tn = (N = Dpyjye

7-1
§ 3, 2. As the trials of each series are independent, we
have
’ ’ 1
Bl — myollye" — mop) = 7 M

As again x; is the arithmetic mean of the values %IV, and
¥, the arithmetic mean of the values y{", we have from the
above general formula (§ 3, 1)

E{ " — it —5) = =Dl

he=l
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§ 3, 3. Denoting the numerator of ¢ by Z and the
denominator of Q by T, it can be easily shown that in the
case of normal stability for any value of REZT* = ET*"?

and obviously for £ = —1, =EQ =1. Proceeding

from

ran

Z'[xm' — Y — ] = me'ym' — rnxy,
f=1 r=1

and noting that the law of dependence remains constant
and all the trials are mutually independent, we obtain

ET*'! —ETT* =

= 1_ 1{E[I2xuyym']p . %E[;xw]
LZy[f]’]T»}
E[me'yw 4 szm/ m']rp} _

f-1 g=f
== Ex[n'ym'Tk _ Ex[f,l’y[aJ’Tk.
In the same way it may be shown that
y y
EZT* = EAW I T* — ExV ooV T
and hence EZT* = ET*'.

{m Exy T+ —

m
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NOTES AND BIBLIOGRAPHY *

THE present treatise is not intended to serve as an introduction to
the practical application of statistical methods. For this latter
purpose A. Tschuprow recommended in the first place G. Udny
Yule’s An Introduction to the Theory of Statistics. This famous
textbook, revised by G. Udny Yule and M. G. Kendall, is now in
its eleventh edition (London : Charles Griffin Company Ltd.;
1937). Tschuprow also mentioned Truman L. Kelley’s Statistical
Methods (New York: Macmillan; 1923) and pointed out that
American statistical literature is notably devoted to the simplifi-
cation and improvement of methods of calculation of correlation
coefficients, ratios, &c., which may be followed in the Journal of
American Association.

The translator would like to suggest in addition to the above-
mentioned books R. A. Fisher’s Statistical Methods for Research
Workers (7th edition ; Edinburgh and London : Oliver & Boyd ;
1938), the first edition of which appeared in the same year as the
German original of the present book. Fisher’s statistical methods
may be considered as a most practical guide to the application of
statistical methods, particularly in the field of biology. Arthur
L. Bowley’s Elements of Statistics (6th edition; London: P. S.
King & Son, Ltd. ; 1937) will be of particular use to investigators
in the field of social and economic science.

Those readers who are sufficiently equipped with mathematical
knowledge to understand such articles as, for example, L. Isserlis’
‘On the Partial Correlation Ratio’ (Biometrika, Vol. X, 1914,
pp. 391-411, and Vol. XII, 1916-17, pp. 50-66), will find ample
bibliography on correlation, apart from the articles referred to
below by A. Tschuprow (cf. pp. 184 ef seq.), in Yule-Kendall’s
Introduction, pp. 509 et seq., as well as in the articles on ‘ Recent

* The translator thought it expedient to substitute a survey of
contemporary English literature for the author’s introductory notes.
However, bibliography relating to separate chapters has been
translated from the original.
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Notes and Bibliography

Advances in Mathematical Statistics ’, edited or written by J. O.
Irwin and published periodically in the J. Roy. Stat. Soc. (the last
bibliography appeared in Vol. CI, Pt. II, pp. 394 ef seq. ; 1938).
Further, we should like to mention some useful statistical tables
which may considerably facilitate the computer’s task. The
most important of these are Karl Pearson’s Tables for Statisticians
and Biometricians (two parts ; Cambridge : University Press) ;
The Kelley Statistical Tables, by Truman L. Kelley (New York :
The Macmillan Company; 1938), and Statistical Tables for
Biological Agricultural and Medical Research, by R. A. Fisher and
F. Yates (Edinburgh and London: Oliver & Boyd; 1938).

There are also some special tables for the purpose of correlation,
as, for instance, T. L. Kelley, Tables to Facilitate the Calculation of
Partial Coefficients of Correlation and Regression Equations
(Bulletin of the University of Texas, No. 27 ; 1916), J. R. Miner,
Tables of V'1 — 72 and 1 — #2 for Use in Partial Correlation
(Baltimore : The Johns Hopkins’ Press ; 1922), and F. N. David,
Tables of the Ordinates and Probability Integral of the Distribution
of the Correlation Coefficient in Small Samples (issued by the
Biometrika Office, University College, London, and printed at the
University Press, Cambridge, England; 1938). Also a small
elementary textbook by C. B. Davenport and Merle P. Ekas on
Statistical Methods in Biology, Medicine, and Psychology (4th
edition, completely revised ; New York: John Wiley & Sons;
1936), as well as the eleventh edition of Yule’s Introduction,
contain very useful tables.

L. Isserlis has translated into English Tschuprow’s paper on
‘ The Mathematical Theory of the Statistical Methods Employed
in the Study of Correlation in the Case of Three Variables’ (Trans.
Camb. Phil. Soc., Vol. 23, 1928, p. 337).

M. K.

CHAPTER I

From about the middle and during the latter half of the nine-
teenth century, statisticians were engaged upon the discovery of
those statistical methods which nowadays are considered ele-
mentary ; the French statisticians Guerry and Dufau deserve
particular mention. These methods are very popular in Russian
statistical textbooks, where, until recently, they were understood
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as modalities of inductive method of competitive variation
referred to by J. St. Mill’s Logic. In order to give an example
of a more recent date, an article by F. Toennies, ‘ Eine Neue
Methode der Vergleichung Statistischer Reihen’ (Jahrbuch fiir
Gesetagebung, Verwaltung, und Volkswirtschaft, Vol. 33, 1909) may
be mentioned.

§2, B. In a similar way to the above, the correlation co-
efficient is introduced with reference to Fechner’s Index-Numbers
by L. March in his inspiring treatise on ‘* Comparison Numérique
de Courbes Statistiques’ (Journal 'de la Société de Statistique de
Paris, 1905). :

§ 2, C. The coefficient ¢ was introduced by the psychologist
C. Spearman. The collocation of the problem of rank-correla-
tion in the system of the theory of correlation and the proof
that in the case of normal correlation the correlation coefficient
r is connected with Spearman’s coefficient p by the formula

r =2 sin (%9) is due to K. Pearson (vide K. Pearson, On

Further Methods of Determining Correlation, Drapers’ Company
Research Memoirs, Biometric Series, IV, 1907).

CHAPTER 1II

The conception of the subject and the task of statistical
correlation inquiry referred to in this chapter is represented in
more detailed form in my Theory of Statistics (Russian, 2nd
edition, St. Petersburg, 1910); vide A. Tschuprow, ‘Die
Aufgaben der Theorie der Statistik * (Jahrbuch fiir Gesetzgebung,
Verwaltung, und Volkswirischaft, 1905) and A. Kaufmann,
Theorie und Methoden der Statistik, Part 1, Chap. V (Tiibingen,
1913).

CHAPTER III

§ 4. The presentation in the text corresponds in a priore
conception to the ‘generalized idea of correlation’ which K.
Pearson has developed in his treatise On the General Theory of
Skew Correlation and Non-Linear Regression (Drapers’ Company -
Research Memoirs, Biometric Series, 1I, 1905). With reference
to Fr. Galton, K. Pearson originally stated the notion of being
correlated defined above (§ 4, 3). Vide K. Pearson, ‘ Regression,
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Hereditary and Panmixia ’ (Phil. Trans., A, Vol. 187, pp. 256-7 ;
1897). For detailed bibliography, vide A. Tschuprow, ‘ Ziele
und Wege der Stochastischen Grundlegung der Statistischen
Theorie ’, § 2, 3 (Nordisk Statistisk Tidskrift, Vol. III; 1924).

§5. J Kleiber appears to be the first person to draw attentlon
to the fact that when working out measurements of functionally
connected magnitudes, which are liable to chance errors, one
obtains incompatible equations if at one time one considers X and
at another time Y as independent variables. (‘ Uber den
Abrundungsfehler Meteorologischer Zahlen ’, Meteor. Zeitschrift,
Vol. V; 1888); however, Kleiber does not take into considera-
tion the nature of this discrepancy and tries to attribute it to the
smoothing-error. Sresnewski has proved, however, that this is
not the case (‘ Uber Abrundungsfehler’, Meteor. Zeitschrift,
Vol. VI; 1889). This problem was put into a more precise
conception and solved under certain restricted conditions by
Karl Pearson (‘ On Lines and Planes of Closest Fit to Systems
of Points in Space’, Phil. Mag., Ser. 6, Vol. II ; 1901). This
problem has been treated in a similar way by various authors
with partial reference to K. Pearson and partial independence
of him ; vide, for instance, the treatises by C. Gini, Suil'inter-
polazione di una retta quando ¢ valors della variable indipendente
sono affetts da errori accidentals, and L. J. Reed, ‘ Fitting Straight
Lines’, in the second volume of Metron (1921). W. Wirth takes
an exceptional stand, according to which the point is not the
finding out of the law of functional relationship between non-
chance variables, but (to clothe his thoughts in my expressions)
the point in question is the method of determining the stochastic
connexion between two chance variables (vide W. Wirth,
‘ Spezielle Psycho-Physische Massmethoden’ in Handbuch der
Biologischen Arbeitsmethoden, edited by E. Abderhalden, Sec-
tion 6A, number 1; Berlin, Vienna; 1920; and the articles
referring to this treatise by E. Czuber and W. Wirth in Archiv fiir
die Gesamte Psychologie, Vols. XLI (1921) and XLIV (1923);
particularly the article by W. Wirth on ‘ K. Pearson’s Angepasste
Grade (Best Fitting Straight Line) und die Mittlere Regression ’,
(Archiv fiir die Gesamte Psychologie, Vol. XLIV).

K. Pearson very instructively elucidates in his ‘ Notes on the
History of Correlation’ (Biometrika, Vol. XIII) the distinction
between the statistical correlation meaning and the standpoint
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of non-statisticians on the hand of Gauss’-Bravais’-Galton'’s
contributions to the theory of correlation.

CHAPTER 1V

The presentation rests upon my treatise in the second volume
of Investigations by Russian Scientists Abroad (Russian, Berlin,
1923). The problems treated in Chapters I and V are usually
handled monographically in connexion with those questions
which are attached to the frame of this systematic presentation
of Chapter VI. In consideration of this it appears to be more
expedient to concentrate the corresponding bibliography upon
Chapter VI.

§2,1. (Cf. Chap. V,§6.) W.F. Sheppard has suggested to
compare the differences p;,; — p;p}; with their probable errors
in order to determine the absence of mutual independence
between the variables, whereby Sheppard characterizes this
method as ‘ an extension of the ordinary method (used largely
by Prof. Lexis and Prof. Edgeworth) for testing the stability of
statistical ratios ’ ( On the Application of the Theory of Error to
Cases of Normal Distribution and Normal Correlation’, § 21 ;
Phil. Trans., A, Vol. 192, p. 130 ; 1899). Sheppard stops at the
consideration of totality of individual values, without having
constructed any comprehensive coefficient. The introduction
of the coefficient ¢ (mean square contingency) is due to K.
Pearson, On the Theory of Contingency and its Relation to Associa-
tion and Normal Correlation (Drapers’ Company Research
Memoirs, Biometric Series, I; 1904).

§2,1,and § 7. (Cf. Chap. V, §7.) The value of tetrachoric
correlation coefficient is computed in the same way as above,
“however, under assumption that the variables X and Y can
obtain only the values 1 and 0 ; cf. G. U. Yule, ‘ On the Methods
of Measuring Association Between two Attributes’, pp. 596,
606 et seq. (J. Roy. Stat. Soc., Vol. 75; 1912); L. von Bor-
tkiewicz, Review of Charlier’s textbook, pp. 346-7 (Nordisk
Statistisk Tidskrift, Vol. I, 1922) ; vide further, C. Gini, ‘ Indici
di omofilia e loro relazioni col coefficiente di correlazione e con
gli indici di attrazione’, p. 600, and note 1 to p. 602 (A#t del
Reale Istituto Veneto, t. 74, Parte seconda, Venezia, 1915).
C. V. Charlier (Vorlesungen iiber die Grundziige der Mathe-
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matischen Statistik, pp. 105-14 ; 1920) obtains the same expres-
sion for the correlation coefficient indirectly by the equation of
correlation surfaces. S. D. Wicksell (‘ Some Theorems in the
Theory of Probability, with Special Reference to Their Importance
in the Theory of Homograde Correlation ’, Svenska Aktuarieforen-
ingens Tidskrift, 1916) arrives at it by the regression equations.

The consideration treated in the text which starts from the
assumption that both the variations can obtain only two dif-
ferent values each is to be distinguished from the presentation
of a problem based on a supposition that any quantity of possible
values of variable can be gathered into two groups each, in which
it would appear to be the task of theoretical treatment of the
problem, to show in what way the coefficients characterizing the
law of dependence can be obtained on the basis of such a tetra-
choric table. This is the problem presented by Karl Pearson in
his consideration of the tetrachoric table. In order that this
task be solvable the assumption of a definite law of dependence
must be added ; the normal correlation comes into consideration
in the first place as a matter of course ; vide K. Pearson ‘ On the
Correlation of Characters Not Quantitatively Measurable * (Phil.
Trans., A, Vol. 1905; 1901); K. Pearson, On a Novel Method
of Regarding the Association of Two Variates Classed Solely in
Alternate Categories (Drapers’ Company Research Memoirs,
Biometric Series, VII ; 1912); K. Pearson and D. Heron, ‘ On
Theories of Association’ (Biometrika, Vol. IX); vide W. F
Sheppard, loc. cit.

The fact that the computation of the mean square contingency
leads to the same expression for the tetrachoric table has been
stressed by K. Pearson simultaneously with the statement of the
notion of the mean square contingency ; vide K. Pearson, On the
Theory of Contingency and its Relation to Association and Normal
Correlation, p. 21 (Drapers’ Company Research Memoirs,
Biometric Series, I; 1904).

§ 2, 2. Various dodges of which one usually makes use at the
statistical assessment of qualitative attributes are instructively
reviewed in the final Chapters, XVI-XIX, of A. Niceforo’s
textbook, Il Metodo Statistico. Teoria e Applicazione alle Scienze
Naturali, alle Scienze Sociali, e all’ Arte (Messina, 1923).

§3, 1. The notion, ‘ Probléme des Moments’ is due to
Stieltjes, ‘ Recherches sur les Fractions Continues’, p. 48
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(Annales de la Faculté de Toulouse, 1894). With regard to recent
literature concerning the problem, G. Pélya, * Uber den Zentralen
Grenzwertsatz der Wahrscheinlichkeitsrechnung und das
Momentenproblem ’ (Math. Zeitschrift, Band VIII ; Berlin, 1920)
and M. Riesz, ‘ Sur le Probléme des Moments et le Theoréme de
Parseval Correspondent ’ (Skandinavisk Aktuarietidskrift, 1924),
should be mentioned. Further, vide J. F. Steffensen, Mate-
matisk lagttagelseslaere, pp. 41-2 (K6benhavn, 1923).

§ 3, 1. The connexion 73; <1 can be derived in various ways.
The proof mentioned in the text represents Yule’s derivation in
an a priori conception ; vide G. U. Yule, ‘ On the Significance of
Bravais’ Formulae for Regression . . . in the Case of Skew
Correlation ’, p. 482 (Proc. Roy. Soc., Vol. 60; 1897). One can

= "o :Fy 2> 0 (vide L. Tr.
(rl/

proceed likewise from E[

Kelley, Statistical Methods, p. 191) or from
Hatohorz — M3 = ??[(x.‘“ My 10) (3 — Mypy) —

— (¥ — mypo) (Ve — Mg )P
(vide A. L. Bowley, Elements of Statistics, p. 354). Further, the
identity
Mzlobolz — Mijy = ﬂzlozi’tl/‘ﬁhz +

 ZXEPhpypn A% — ) [y — mi) — 15— ] [l —
— mii]}* + 222{?141’04’1/15“.{[% — %) [m{) — mi]—
— [, — x] [y — mi)

can be laid down as a basis (cf. my treatise in the second volume
of the Investigations by Russian Scientists Abroad) which gives
simultaneously an insight into the relationship between the
correlation coefficients and correlation ratios. Finally, we may
arrive at the proof that 73,;< 1 indirectly by 72,; < ., 9. < 1
(cf. Chap. IV, §4, 2 and § 4, 3). This shape of proof must be
suggested particularly in the case of more than two correlated
variables for the derivation of analogue relationship for the so-
called coefficient of multiple correlation.

In a similar way it can be proved that the empirical correlation
coefficient (cf. Chap. V, § 2, 2, § 4, § 5) in its absolute magnitude
cannot be larger than 1,
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§3, 2. (Cf. Chap. V, §3.) Vide K. Pearson, On the General
Theory of Skew Correlation and Non-Linear Regression (Drapers’
Company Research Memoirs, Biometric Series, II; 1905) ; vide
K. Pearson,  On a General Method of Determining the Successive
Terms in a Skew Regression Line ’ (Biometrika, Vol. XIII).

§3,4. (Cf.Chap.V,§3) The presentation in the text corre-
sponds, in a priors conception, to the methods of consideration
due to Yule; vide G. U. Yule, ‘ On the Significance of Bravais’
Formulae for Regression . . .’ loc. cit.; G. U. Yule, * On the
Theory of Correlation’, loc. cit.

§ 4, 3. Trials with partly remaining dice are eminently suit-
able for the illustrations in classes concerned with the importance
of correlation coefficient as well as mutual relationship between
the empirical correlation coefficients and their basic a priors
correlation coefficients. A. D. Darbishire’s ‘ Some Tables for
Illustrating Statistical Correlation’ (Mem. and Proc., Manchester
Lit. and Phil. Soc., Vol. 51, No. 16, p. 1; 1907) may be regarded
as a really rich source of such illustrations.

CHAPTER V

The limitation to the consideration to discontinuous distribu-
tions allows us to proceed in theoretical analysis from the assump-
tion that the observed values of variables can be submitted to
treatment without being contracted into classes. The problems
which arise from the classification, which in the case of continuous
distributions belong to the nature of the task of relevant shaping
of empirical material, have, in the case of discontinuous distribu-
tions, only practical interest. For this reason I am not entering
more closely into these problems, viz. into so-called Sheppard’s
corrections. With regard to thislatter, I may refer to E. Pairman
and K. Pearson, ‘ On Corrections for the Moment-Coefficients of
Limited Range Frequency-distributions when there are finite or
Infinite Ordinates and any Slopes at the Terminals of the Range ’
(Biometrika, Vol. XII).

CHAPTER VI

§1 and §2. Vide A. Tschuprow, ‘Ziele und Wege der
Stochastischen Grundlegung der Statistischen Theorie’, §5,
loc. cit.
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§3,2. (Cf. Chap. IV, §2; Chap. V, §7.) The magnitude ¢’
is called by K. Pearson ‘ the transfer per unit ’ (K. Pearson, ‘ On
the Correlation of Characters Not Quantitatively Measurable ’,
loc. cit., p. 14). For the theory of coefficients based on the
magnitude 8, apart from Sheppard’s and Pearson’s referred to in
considering Chapter I, § 2, 1, Yule’s articles should be considered
of first importance, from which we here mention only G. U. Yule,
‘ On the Association of Attributes in Statistics * (Phil. Trans., A,
Vol. 194 ; 1900), and G. U. Yule, * On the Methods of Measuring
Association Between Two Attributes ’ (J. Roy. Stat. Soc., Vol. 75 ;
1912). Vide A. Tschuprow ‘ On Mathematical Expectation of
Quotients of Two Correlated Chance Variables ’, pp. 263 ef seq.
(Russian ; Investigations by Russian Scientists Abroad, Vol. I ;
Berlin, 1922) ; V. Romanovsky, ‘ On Probabilities of Correlated
Characteristics * (Russian ; Westnik Statistiki, No. 12 ; Moscow,
1922),

§ 4. K. Pearson has dealt with the problem of calculation of

Ef in his treatise, ‘ On a form of Spurious Correlation which may

Arise when Indices are Used in the Measurement of Organs’
(Proc. Roy. Soc., Vol. 60; 1897); vide K. Pearson, ‘On the
Constants of Index-Distributions as Deduced from the Like
Constants for the Components of Ratio, with Special Reference
to the Opsonic Index’ (Biometrika, Vol. VII). Later it was
adapted by various investigators, who, in a similar way, but with-
out having been aware of Pearson’s treatise, derived some of
Pearson’s formulae; vide E. Czuber, ‘ Uber Funktionen von
Variablen, Zwischen Welchen Korrelationen Bestehen ' (Metron,
Vol. I; 1920). A systematic survey of methods available at the
time is described in my treatise, * On the Mathematical Expecta-
tion of Quotients of Two Correlated Chance Variables ’, referred
to above.

§4,1, A. Vide A. Tschuprow ‘ On the Mathematical Expecta-

tion of Quotients ’, pp. 244-5. The form E’fﬂ_’ = P following

7y 21
connexion Em{) = m{ has been approximately derived by K.
Pearson in ‘ On the Application of “ Goodness of Fit *’ Tables to
Test Regression Curves and Theoretical Curves used to Describe
Observational and Experimental Data’, p. 240 (Biometrika,
Vol. XI); wvide the editorial article ‘ Peccavimus!’, p. 267
191 .
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(Btometrika, Vol. XIII), where it is proved in a way different
from mine that it holds good ‘ not merely to a high order of
approximation, but absolutely .

§4,1,B. Vide A. Tschuprow ‘ On the Mathematical Expecta-
tion of Quotients’, pp. 246-51.

§4, 2. (Cf. Chap. IV, §2, 1, and Chap. V, §6.) Vide A.
Tschuprow ‘ On the Mathematical Expectation of Quotients’,
pp. 256-61. The coefficient ¢ (mean square contingency) is due
to K. Pearson, ‘ On the Theory of Contingency and its Relation
to Association and Normal Correlation ’, loc. cit. The various
formations of coefficients in the first instance are not differentiated
sufficiently sharply. K. Pearson differentiates: ‘the mean
square contingency for the whole population’ (my ¢), ‘the
approximate value of the mean square contingency ’ (my ¢), and
‘. ; , [Pe’u - Pi]Pu]z .

its true value ’, defined by the Z Z,' vy . Vide K.
Pearson ‘ On the Probable Error of a Coefficient of Mean Square
Contingency ’ (Biometrika, Vol. X), and K. Pearson and A. W.
Young, ‘ On the Probable Error of a Coefficient of Contingency
Without Approximation’ (Biometrika, Vol. XI; some of the
formulae of this treatise are not quite correct; vide ‘ Pec-
cavimus ! ’, pp. 259-60). The probable error of ¢’ is to the first
approximation derived in a different way from mine by J. Blake-
man and K. Pearson, ‘ On the Probable Error of Mean Square
Contingency ’ (Biometrika, Vol. V).

§4,3,A. Vide A. Tschuprow, ‘- On the Mathematical Expecta-
tion of Quotients ’, pp. 267-9. For the case of normal correlation
systematic errors and the probable error of empirical correlation
coefficient is derived in a similar way by H. E. Soper, ‘ On the
Probable Error of a Correlation Coefficient to a Second Approxi-
mation’ (Biometrika, Vol. IX). R. A. Fisher, inspired by the
treatise by Student’s, ‘ Probable Error of a Correlation Co-
efficient ’ (Biometrika, Vol. VI), has derived the law of distribu-
tion of values of empirical coefficients of correlation for the case
of normal correlation ; R. A. Fisher, ‘ On the Probable Error of
a Coefficient of Correlation deduced from a Small Sample’
(Metron, Vol. I; 1921). The general formula for the probable
error of empirical coefficient is due to W. F. Sheppard, loc. cit.,
p- 128; the formula mostly used for the probable error of 7,
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in the case of normal correlation takes its original from K.
Pearson and L. N. G. Filon, ‘ On the Probable Errors of Fre-
quency-Constants and on the Influence of Random Selection on
Variation and Correlation’, p. 245 (Phil. Trans, A, Vol. 191 ;
1898). In older literature we occasionally find the value of
standard error of empirical correlation coefficient denoted by

1 —2,
VNI + 73
Heredity, and Panmixia ’, loc. cit., p. 266 ; and is replaced in
Pearson and Filon’s above-mentioned treatise by the correct
approximation formula.

§ 4, 3, B. The probable error of A}, is, under assumption of
normal correlation, derived by Pearson and Filon (loc. cit.,
p- 245) ; in the editorial treatise, * On the Probable Errors of the
Frequency-Constant ’, p. 9 (Btometrika, Vol. IX), the formula,
after dropping the assumption of normal correlation, is repro-
duced under the supposition that ‘the frequencies are sym-
metrical and the regression linear ’ holds good ; in the same place
the standard error of A}, is stated in the form

6‘4'“ = \/[m%lo + Hajol-

§4, 3, C. (Cf. Chap. IV, §4, and Chap. V, §4.) Vide V.
Romanovsky, ‘On Correlation Ratio’ (Russian; Westnik
Statistiki, No. 12; Moscow, 1922). The Magnitude %’ is intro-
duced by K. Pearson, On the General Theory of Skew Correlation
and Non-Linear Regression (Drapers’ Company Research
Memoirs, Biometric Series, IT ; 1905). In this treatise the prob-
able error of %’ is stated on page 19. The systematic estimation
error of 7" was calculated at a later date ; cf. K. Pearson, ‘ On the
Correction Necessary for the Correlation Ratio %’ (Biometrika,
Vol. XIV). '

§4, 3, D. Vide J. Blakeman, ‘On Tests for Linearity of
Regression in Frequency-Distributions ’ (Biometrika, Vol. IV).

This formula is due to K. Pearson, ‘ Regression,

’

\/Pu:l’zlf’uf’lz
G. Yule, ‘ On the Methods of Measuring Associations Between
Two Attributes’, loc. cit., p. 603, in a manner deviating from
mine.

§ 5. Vide E. Slutsky, ¢ On Some Schemes of Correlated Con-
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nexion and Systematic Error of Empirical Correlation Coefficient ’
(Russian ; Westnik Statistiki, No. 13; Moscow, 1923). Vide
the presentation of the problem by L. Isserlis, ‘ The Variation of
the Multiple Correlation Coefficient in Samples, Drawn from an
infinite Population with Normal Distribution ’ (Phsl. Mag., 6th
Series, Vol. 34; 1917).

CHAPTER VII

The conception stated here is developed in greater detail in my
treatise, ‘ Ziele und Wege der Stochastischen Grundlegung der
Statistischen Theorie ’, §§ 7, 8 ; ‘ Uber Normal-stabile Korrela-
tion ’ (loc. cit.). Vide J. Morduch, ‘ On Connected Trials which
Meet the Condition of Stochastic Commutability * (Russian ;
Investigations by Russtan Scientists Abroad, Vol. II ; Berlin, 1923).

CHAPTER VIII

§ 1, 2. With regard to the application of coefficients it is very
instructive to compare the treatise by G. U. Yule, ‘On the
Association of Attributes in Statistics ’ (Phil. Trans., A, Vol. 194 ;
1900), and ‘ On the Methods of Measuring Association Between
Two Attributes’, loc. cit., with the treatise by K. Pearson and
D. Heron referred to above.

§ 2, 1. Asexamples of cartographical consideration of correla-
tion measurements in the meteorology may be mentioned F.
Exner, ‘ Uber Monatliche Witterungsanomalien auf der Nord-
lichen Erdhilfte im Winter ’ (S##z.-Ber. d. Akademie d. Wissensch.,
Vol. 122, Sekt. IIa; Vienna, 1913 ; reviewed with reproduction
of illustrations by A. Defant, Wetter und Wettervorhersage (Leipsic
and Vienna, 1918), and by A. Schmaus, ‘ Korrelationen von Mirz
bis September ’ (Meteor. Zeitschrift, Vol. 41 ; 1924).

Vide further, ‘ Brit.-Antarctic Exped., 1910-13°, Meteorology,
Vol. T (Calcutta, 1919).
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