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LIST OF ADOPTED CONVENTIONS

While it is neither possible nor desirable to stereotype alge-
braic notation, certain conventions are expedient if waived when
inopportune.

2 sum of functions

II product of functions

z argument of function

Ziy0t5 roots of function

19 function of z

o, function of the z;

¢(xi)?,¢($¢) = ‘P(xl’ LI xn)

Vi conjugate functions

F reducible function

J irreducible function

R,r rational function*

J integral function
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S symmetric function* of the xz;
s symmetric sum* in the x;

s same on 7 letters x;

A alternating function of the x,
R resultant
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G203 invariants of cubic

g2,03 invariants of biquadratic

w weight of function

D total degree of function
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G(v) complete Galoisian function

* Symbols for symmetric and rational functions may be used without
reference to a definite form of those functions.
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CHAPTER I
INTEGRAL FUNCTION

§1. INTERPOLATION

It is the test of a perfect theory that its study leaves in the
nind of the student a sense of accomplishment and beauty. One
such theory is the theory of algebraic equations created by two
nen of genius: Lagrange and Galois.

The solution of equations is the principal object of algebra,
1s the original meaning of this term implies, but it is understood
;hat the means of an algebraic solution are confined to algebraic
sperations alone which, beside the rational operations of
arithmetie, include the extraction of roots.!

It will be noticed that equations in one unknown only are
treated here and that the problem of elimination is not under
discussion.

An algebraic equation is of the form

F(x) =0

where F(z) is an algebraic function. As single-valued algebraic
functions are necessarily rational,> we may set

f(z)
F(z) ===
2 g(z)
with integral f(z) and g(z) and proceed to an equation
f@) =0

where f(z) is an integral rational function.

1 By such operations we mean here nothing more than the use of the
proper signs, by extraction of roots nothing more than the use of the radical
sign.

2 Cf. Townsend, Functions of a Complex Variable, Art. 54, p. 290.
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2 ALGEBRAIC EQUATIONS

Hence we begin by noting some properties of integral rational
functions,! or polynomials. Every such function of the variable
z can be respresented in the form

f@) =apx" + ax" '+ . .. + a1 + @
So to determine the n + 1 coefficients a; that forn + 1 given values
Toy L1y - . .y Tn
of the variable the function assumes n + 1 given values
Yo Uy « s Yn

is a problem of interpolation, It is solved by the
Interpolation formula of Lagrange :

@) = go, & SEDICIENCEED I ,(x_ T3
(ivo - ffl)(xo — x2) (20 — xa) . (xg — x4)
n (x — 2)(x — 22)(x — z3) . (a: = Za)
Py = 20) (@1 — o) (a1 = 23) - .. (01 — @)
(@ — 2)(x — 2)(z — 73) . (= x)
Ty — )@ — )@ — 7). (2 — 2)
(@ — e — 1) . . . (& = 20_)
+ y"(x,. =~ 20)(@n — 21) . . . (Tw — Tn1)
Setting
gx) = (x — zo)(x — )@ —x2) . . . (x — z).

we have as its derivative

g'@) =(x—x)(x—x2) ... (z— xa)
+ (@ —xo)(x —x2) ... (T — x0)

+ (x — :co)'(:c .—- .:cl)‘ . ..(:v.- ZTn_1),

whence
g'(x0) = (xo — ) (o — 22) . . . (o — Tn)
g @) =@ —a)(@ —x2) . .. (&1 — T4)
g,(xu) = (xn e 1;0)(—:1';. - 3;1) '. .‘ . .(x,. - 1:”__1).

1 If no confusion can arise, we shall simply call them integral functions.
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Consequently, the interpolation formula can be written

16) = 00| v <55 + Vg e o
or
fa)= g(x), ?og (x‘) (IC> - Tt)
§2. DIVISION
If
f=ax"+ax* '+ ... 4+ an

and
o =a +tax '+ ... 4 a,
are two integral functions of z such that
n v,
we form the integral function
ay

Si=J— av". ¢
which is of degree smaller than n. Then setting
fi=Dbox™ + bam 4+ . .. + by,
we form the integral function

bo
= fi — —x™".
fz f1 o (4

which is of degree smaller than m. So we continue until we reach
the integral function

Do
S = fic1 — —2h7 o
2 4]

which is of degree smaller than v and then adding obtain

f= agz" " + bux""”a-i- .+ pozt o+ fi
)
or
f=q.0+r.
Since such an operation is ordinary division of two integral
functions f and ¢ giving ¢ as quotient and 7 as remainder, we can

note that



4 ALGEBRAIC EQUATIONS

(1) quotient and remainder in the division of two integral
functions are themselves integral in the variable of
those functions,

and also in their coefficients when ap = 1:

q = jl(x !a*'l a.)
r= jz(x |a.~| a.-).

It appears now that Euclid’s algorism for finding the greatest
common factor of two integers can be applied to two integral
functions f and f, of z. For we have

f= 01 + 12
f1 = (szz +f3

r—3 = q'f'-2fr-—2 + fr-—-l
fr—2 = qr-lfr—l +fr)

which terminates since the degrees of the f, constantly decrease
until f, becomes independent of z. If f and f, have a common
factor other than a constant, this factor is evidently contained
in every following f, and

f, = 0.

But then, by the last equation of Euclid’s algorism, f,_; is a
factor of f,_s, by the preceding equation it is a factor of f,_;
., and hence it is a factor also of f; and f. Morcover, it is
the greatest common factor of f and f, since it contains every
common factor of f and f,, and so it follows that
(2) the greatest common factor of two integral functions is
computable by rational operations.
Substituting the value of f; obtained from the first equation of
Euclid’s algorism into the second, we find

Js = (1 + q@fr — ¢2f,

or abbreviated:
Js = g:if + gfr.

Expressing by similar substitutions the value of every following
fiin terms of f and f;, we finally obtain

fr = Glf + Gfl-
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In this equation G and G, are integral functions of x, but they
are not uniquely defined since the equation remains true when we
replace G by G + Hf and G, by G, — Hf,, where H is any integral
function of z. There is only one function @, however, of degree
not more than n; — 1, so that f, — G.f is of degree not more than
n + ny — 1, if n and n, are the degrees of f and fi; and corre-
sponding to this only one function G of degree not more thann — 1.

If f and f, have no common factor, f. is a constant different
from zero, and by dividing it out we prove:

(3) If two integral functions f and f, of degree n and n, have
no common factor, we can compute by rational operations
two integral functions ¢ and ¢, which satisfy identically
the relation

l¢1-f+¢-f| = 1]

and are uniquely defined of degree not more thann — 1
and n, — 1, if we so choose.
Multiplying this equation by any integral function g of z, we
have

gorf + 9o/ = ¢,
and setting
ge =qf +r,

where g and r are integral functions of x and r is of degree smaller
than n, we have

gef +affr+ 1/ =y,
where we may put:
r = geo1 + ¢f1.

From this we conclude:

(4) If f and f, and g are integral functions of x such that fand
f1 have no common factor, we can compute by rational
operations two integral functions r and r, of x which satisfy
identically the relation

ri.f+r.fi=4,

and r such that it is of lower degree than f.
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§3. REDUCTION

An integral function of z is said to be reducible if it is expressi-
ble as product of some integral functions of z other than con-
stants and irreducible if it is not expressible so.

The following proposition is quickly verified:

(5) If an integral function of x divides the product of two
other integral functions of x, then, having no factor in
common with one of them, it divides the other.

For if the integral function f of z divides the product of two
integral functions g and 4 of x and has no factor in common with
g, we can find by proposition (3) two integral functions ¢ and ¢ of
x such that

<Pf+1l/g=1,

and from
efh + ygh = h

follows that f divides h since it divides both terms on the left.

The proposition is readily extended to include the product of

more than two functions and as such leads to another:

(6) A reducible function of x is expressible as product of
irreducible factors in only one way, if we disregard
constants.

For suppose the reducible function F of x is expressible so

in two ways:

F=f1f2...=glgz...

Then the irreducible function g, must divide some function f;,
say fi1, and differ from it by a constant factor alone since f; also
is irreducible:

fx = klgl-
From
k]fz e =g .

follows likewise that g, differs from f;, say, by a constant factor
alone:

Jo= kzgz,

and so on. This proves the proposition.
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§4. PRIMITIVE FUNCTION

If an integral function has integral coefficients, the greatest
common factor of those coefficients is called the divisor of the
function, and if the divisor is 1, the function is said to be

primitive.
Let
g=gx" +qz" '+ ... + gn
and
h=hox"+h1x""' + PR +hn
be two primitive functions and
F = aoxm+" + a'lx"H-"_l + e + [ PN

their product. Suppose that the coefficients

go, g, - - -, Gk

ho, By, . . ., hiy
are divisible by some prime number p, while the coefficients g,
and h; are not. Then

eyt = Gehi + Go—thigr + . ..
+ grprhioy + ...

is not divisible by p either, inasmuch as all its terms except the
first one are divisible. Hence F is primitive and it appears that .

(7) the product of primitive functions is primitive.

Since the product of the imprimitive functions pg and ¢h,
where p and ¢ are integers, evidently is divisible by pq, we may
add that

(8) the divisor of a product of imprimitive functions is the

product of the divisors of those functions.

If an integral function of the form

a4 ... + a.

has fractional coefficients, we can represent it as fraction of a
primitive function bringing its terms over the lowest common
denominator. It follows by proposition (7) that the produet of
two such functions is of the same form and hence also has
fra.cj;ional coefficients.

To recognize a primitive function

f=zr4+ax 14 ... + a,,
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where z™ has the coefficient
Ay = 1,

as irreducible, the following proposition! is helpful:

(9) If the coefficients a; other than @, of a primitive function f
are divisible by a prime number p while @, = 1 and a, is
not divisible by p?, the function f is irreducible.

For suppose that

J= gh;
g=at+gzt'+ ... +q
h=z 4+ b1+ ... + h.

Then g and h have integral coefficients since f has.
Comparing coefficients, we set

where

an = gl
An-1 = Gihi—r + Ge—1h
Qu_g = Jrhi—a + Gr—1hi—y + Gu2hi

Gnt = Qhik + go—tbi e + . . . + gl + Ry,

where the k; with possible negative subscripts are 0 and where
ho ’-'—‘1.

If now every a, other than a, is divisible by p and a. not by p?,
we infer from the first equation that either gi or h; is divisible
by p and the other is not. But when g, is divisible by p, we
infer from the following equations that gi—1, gr—s, . . . , g1 are
divisible by p, and from the last equation that k; is divisible so,
which is a contradiction.

As the same argument applies when h; is divisible by p, the
proposition is proved.

§5. LINEAR FACTORS
Dividing an integral function
fl@) =axr + a4+ . .. + @ + an
by the linear function £ — «, we obtain

f@) = (z — a)g(z) + ¢,
1 Called the proposition of Eisenstein.
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rhere the remainder ¢ is a constant since as function of z it is of
»wer degree than £ — a. Substituting from
g@) =bex™ 1+ biz" 2+ . . . + baa® + b
vith degree one less than the degree of f(x), we have
fl@) = b+ bzt 4+ ... + baix+ec
el abox"" - .. abn_gx - ab,._l,
vhence
bo = Qg
b; - abo = 1

boor — abn-—? = Qn-1

¢ — ab,_1 = an
and consequently
bo = ao
b1 = Qo + ay
bt = !+ aam 24 L L L A A
c=aw"+aa" '+ ...+ a_1a+ a.
Comparing now f(z) with ¢, we find that
¢ = fla);
hence
_J@) —f@
g(z) = r — e
which for z = a gives
g(@) = f'()

if we assume here the continuity of integral functions® and intro-
duece the derivative f'(x) of f(z).
This clears the way for the discussion of roots. When

f(a) =0,

we call « a root of the function f(x) and have from the preceding
J(@) = (z — a)g(2).

1 The continuity of integral functions underlies also the fundamental
theorem of algebra which is used on the next page. For the continuity
of integral functions cf. Townsend, Functions of a Complex Variable, Ch,
11, and Burnside-Panton, Theory of Equations, Art. 7, p. 9, and Art. 192,
p. 427.
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By the fundamental theorem of algebra,! every integral func-
tion has a root, whence it follows as before that

g(z) = (z — B)gi(x)

gn2(x) = ao(z — »);
consequently
f@) =az —a)x—B) ... (x— ).
It appears that
(10) an integral function of degree n is the product of n
linear factors,

and that

(11) an integral function of degree n has just n roots.
It could not have more roots unless it would vanish identically
with coefficients equal to zero, for the degreesof ¢, ¢, . . . con-
stantly decrease by one.

Since we have

gl@) = asla — B) . . . (@ —») = f(a),
it follows that
(12) the function f(x) has a multiple root « when
f(e) = f(e) = 0],

that is to say when not only the function but also its derivative
vanishes for a.

1See footnote on preceding page. For the fundamental theorem of
algebra cf. Townsend, Functions of a Complex Variable, Art. 54, p. 291,
and Burnside-Panton, Theory of Equations, Art. 195, p. 431; see also the
end of §82.



CHAPTER II
EQUATIONS AND PERMUTATIONS

§6. DISCOVERY OF LAGRANGE

Easy as the solution of the linear equation is, and versed as
we are in the solution of the quadratic, the solution of equations
of higher degrees becomes increasingly difficult if not impossible.
And it is the study of these equations which gave to us the cele-
brated theories of Lagrange and Galois and with them the first
investigations into groups and the first dim notion of domains:
two concepts that were destined to predominate in modern
algebra.

We consider a discovery of Lagrange. Given the general cubic
equation

—bxt+cx—d=0

whose roots we denote by z,, we set

b
x=y+g

and obtain the reduced cubic equation

v¥+poy—q=0,
where

and
: be  2b%
1=d- gty

Its roots are by Cardan’s formula

y1=\/ +\/R+\/ \/R

I
eN
%
+
é
+
€
%
|
<
=]

Ya

L — 3
=01t vE+e ! - VE
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where
e, P
B="f+a
and where o
_-14v-3 , -1-v-3
w = ——) W= ——
2 2
are primitive cube roots' of unity for which
4+ ow+4+1=0,
wd =1,

To find z;, we only have to add b/3 to y;; whence in the expres-
sions for z, there will be no radicals save those contained in the
expressions for y.. And these radicals Lagrange noticed to be
expressible as functions of the roots z; themselves.

To see this for the cube roots of the formula, we multiply the
equations for the y; by 1, w, «? respectively and adding them
obtain

Ll ——

343 + VE = 41+ aps +oys

3 we have

3
3\/g+ VR = &1 + wzs + ozs.

This equation has a cube root as member. Setting

Substituting then for y; = z; —

L ——

¢1 =21+ T2 + w'z3 = 3 %-}-\/}—3,

we know from elementary algebra that the other two cuberoots are

3 —————
¢3 = wlp; = 3w? %+ VR
and
3
05 = wpy = 3w\/% + VR

Again, multiplying the equations for the y; by 1, w?, w respec-
tively, adding them and substituting for y;, we obtain

3 T
3 %—\/R=x1+w2x2+w-’t'3.

! Primitive roots are defined in §§38, 79 and computed in §84.
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And if we set
3
¢ = 1 + Wy + Wty = 3\/% - VR,

the other two cube roots are

¢4 = woz = Jw g—\/ﬁ,

and

3 —————

w'er = 3w\ [7 — VR,

I

(4]

To find VR in terms of the roots x;, we cube the equations
for ¢; and ¢, and subtract. We obtain

54‘\/E = (.’61 + wxe 4 0)21‘3)3 - (171 + w’xz + wxg)s,

and after expanding, simplifying and factoring we have

18VR = V=3 (21 — 22)(21 — 23) (22 — 23),

where

V-3 =0w— o
The other square root is —V/R.

§7. SOLUTION OF CUBIC

The solution of the general cubic equation requires the com-
putation of the six values ¢;, but is then readily found from the
equations

o1 = I + wzp + wiry
o2 = 21 + wis + 0z
b=2x, + x4+
if we add them as they stand, and multiplied by w?, w, 1, and then
by w, w? 1 respectively. It may be found also from two other
values ¢; if we take care to choose them so that their product
is equal to

3 3
3yI+ VR 3L - VE = -3,

which is the product of ¢, and ¢».
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We can compute the six values ¢; when we know the two
values of their cubes. Setting

Ai=3 + VR
and
Y
2 b
we have the equations
\3
(%) = =135
and
3
(‘gf) = 42 k=246

to find the ¢;. The A; we then recognize as the roots of the
quadratic equation

p3
2 - —_ i =

This last equation cannot be avoided either for the six values
¢ satisfy the equation

(0 — e1)(e — 02)(0 — 03) (@0 — ¢a) (e — @5)(¢ — vs) = 0,

and multiplying out we obtain the quadratic equation
¢ — (02 + 020)¢® + 0:i0s® =

in ¢® which is reducible! to the other in A.

The coefficients ¢ and p3/27 which permit us to compute the
two values A; and the six values ¢; have just one value as they
are rational functions of the coefficients d, ¢, d.

Thus, retracing the solution of the general cubic equation, we
begin with its coefficients of one definite value. We solve a
rational quadratic equation and find the two values 4; = ¢/2 +
+/R, introducing or adjoining the radical VR not contained in
the coefficients. Then we find the six values ¢; extracting the
cube roots of A;, and adjoining them we compute the roots z;
of the cubic.

1 Cf. Serret’s Algebra No. 508.
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§8. CONNECTION WITH PERMUTATIONS

All the quantities that we operate with in solving the general
cubic equation are expressible as functions of the roots z, them-
selves of the cubic.

Tabulating all ¢; as functions of the x; and rearranging the
order of their terms, we have

o1 = T1 + wry + Wity

03 = T2 + wrz + Wl = 0l
¢5 = T3 + 0T + 0¥ = wer
P2 = 21 + w3 + w2

P4 = T2 + w1 + 0’ = w2
¢s = T3 + 0Tz + 0¥ = wies.

If we now closely examine these functions, we perceive that
all values ¢, are obtained from ¢, by interchanging in all possible
ways the letters z;. Every such permutation changesthe function
o1, and corresponding to the 3! = 6 possible permutations we have
six values ¢;. Hence ¢, is said to be a six-valued function of
the X,

The radical VR as function of the z, is by §6 a multiple of

(xr — 22) (21 — z3) (T2 — T3).
Interchanging here the letters z; in all possible ways, we obtain
just two alternating values with the plus and minus sign, hence
V'R is said to be a two-valued or alternating function! of the z;.
The coefficients of the general cubic equation are as functions

of the z,:
)+ x3 + 23

1Zs + 2123 + T2x3
129X 3.

Interchanging the letters z; in all possible ways, we do not alter
the value of the coeflicients, hence they are said to be one-valued
or symmetric functions? of the z;.

The function A4, composed of a one-valued and a two-valued
function, is obviously two-valued.

Thus we notice the existence of functions in the roots z; of
the cubic equation which are one-valued, two-valued and six-

1 Cf. §29.
1Cf. §22.
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valued with regard to the permutations on these roots. We
notice the possibility of computing two-valued functions from
one-valued functions by adjoining square roots, and of six-valued
functions from two-valued functions by adjoining cube roots.
We notice the possibility of expressing the roots x; themselves
rationally in terms of such functions with the highest number
of values.

Does all this not suggest a connection between the solution of
an equation and the permutations on its roots? It did suggest
that to Lagrange.



CHAPTER III
ALGEBRA OF PERMUTATIONS

§9. NOTATION

To interchange symbols is to perform on them a permutation
or substitution. It is commonly denoted by s or a letter
following s.

Cauchy calls such an operation a substitution and the result
of it a permutation. But the use of these terms is not settled
as yet, and it seems preferable to denote by substitution a differ-
ent operation, as it occurs in §63.

We shall operate permutations on letters z; representing roots
of an equation; and, more seldom, on functions of these z,
denoting such a permutation by o.

The n letters z; of the general case are roots of the general
equation

f@) = a@" +ax*'+ ... +a, =0.
Given the three letters
Ty Xoy T3

we can perform on them altogether 3! permutations, including
the permutation that leaves the arrangement of the letters
unaltered. This last one we call the identical permutation or
identity and denote by 1, if no confusion can arise.

To agree upon a notation for permutations other than identity,
we suppose that some permutation s changes the arrangement
X1y X2, X3

into the arrangement
T2y T3, T1.

We could denote this permutation by

12223
8 = y
L2231

17
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meaning that each letter in the upper row is replaced by the
corresponding letter in the lower row. Or, simpler, could denote

it by
(123
§=\o31/)

writing only the subscripts of the z;.

But we notice that the permutation s replaces z; by z, z. by
z3, 23 by z.; that is, replaces the letters in a cycle. And we
readily find a more convenient and frequent notation:

s = (z1xar3),
or
s = (123),
meaning that each letter in the cycle is reglaced by the following
one and the last letter by the first one. '\
Such a permutation, interchanging the

X letters z; cyclically, is called a circular per-
'\§ mutation. It can suitably be illustrated by
a circular diagram, and it should be clear
that in the circular notation the symbols
Xz X3 ‘ (123), (231), (312)
N a4

represent the same permutation, which can
be denoted in as many ways as there are letters marked in its
cycle.

But not a circular permutation only, any permutation can be
represented in the circular notation if we decompose it into
cycles. We do that taking any one letter and noting in a cycle
the succession of replacing letters until we return to the letter that
we started from. Here we close the cycle and begin a new one
with a letter not yet noted, and we keep on doing so until the
notation is complete. Thus we may have a permutation ¢ on
five letters z; denoted as

. (xww) = (z:zs2s) (@) = (135)(24).
X 3T 4T 2T

§10. DEGREE
The number of letters operated on by a permutation is its

degree. The permutation
s = (123)
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is of degree three, the permutation

t = (135)(24)
is of degree five. The degree of a cycle is the number of letters
marked in a cycle. Thus we have to distinguish between the
degree of a permutation and the degrees of its cycles: the per-
mutation ¢, while of degree five, has cycles of degree three and
two.

A cycle of degree one notes that the letter marked in the cycle
has not been displaced. It is commonly omitted in the notation
and not counted toward the degree: we set for instance

(135)(2)(4) = (135).

A permutation of degree two, as

(12),

is called a transposition. A permutation whose cycles are all
of the same degree, as
(123)(456),
is called regular. Two permutations with cycles corresponding
as to number and degree, as
(123)(45) and (135)(24),
are called similar.

§11. COMBINATION

Permutations obey the law of combination: when we have
two permutations s and ¢ and apply them successively, we com-
bine or multiply them, as we say, into a permutation denoted by
st and called the product of s and ¢, and there is only one such
product.

For example, to the set of letters

Xy T2, L3
we apply successively the permutations

s = (123)
and
t = (23).

The given arrangement of the z; is changed by s into
T2y T3y X1,
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and this by ¢ into

X3y T2y T1.
This result we obtain directly by applying to the given arrange-
ment of the z; the permutation

(2)- 0o

st = (123)(23) = (13).

This product of s and ¢ can be read off from the permutations
s and ¢t without performing the indicated operations: s replaces
1 by 2 and ¢ replaces 2 by 3, therefore st replaces 1 by 3; s
replaces 3 by 1 and ¢ does not alter 1, therefore st replaces 3 by
1 and 3 closes the cycle; s replaces 2 by 3 and ¢ replaces 3 by 2,
hence 2 is not displaced by st.

Similarly, in four letters x; we find that

(12)(13)(14) = (1234).

Applying first the permutation ¢ and then the permutation s,
we obtain the product ts of those permutations which is not the
same as the product st:

ts = (23)(123) = (12).

Hence it appears that permutations do not in general obey the
commutative law. Yet they may do so, in which case they are
called commutative or permutable : for instance, the permutations

hence

s = (12)(34)
and
t = (13)(24)
on four letters z; give
st = ts = (14)(23).

It is obvious that permutations are always commutative when
they operate on different letters: for instance, the permutations

s = (123)
and
t = (45)

on five letters z; give
st = ts = (123)(45) = (45)(123).
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It follows that
(13) a non-circular permutation can always be represented as
product of commutative circular permutations.

§12. ORDER

Multiplying the permutation s by itself, we obtain the prod-
ucts ss, sss, . . . , and adopting a usage of elementary algebra,
we call them powers of s and set

ss = 8%, s¥ls =% ...
If
s = (123),
then s? replaces 1 by 2 and 2 by 3, 3 by 1 and 1 by 2, 2 by 3 and
3 by 1, hence
s? = (132).
Likewise, s* = s% replaces 1 by 3 and 3 by 1, 2 by 1 and 1 by 2,
3 by 2 and 2 by 3; hence
s = (1)2)B) = 1.
Continuing the involution on s, we make up the table
l=83=g0= ...
s=8t=38"= ...
sE=s =g =

and find that we can obtain no other distinct permutations than

1, s, s? and that the permutationss?, s®, . . . are equal toidentity.
The involution on
{ = (1234)
gives

12 = (13)(24)
3 = (1432)
tt=(1)2)3)4) =1
We notice that the powers of a circular permutation are not all
circular unless the degree of the permutation is prime, but they
are all regular.
The lowest power of a permutation or a cycle that equals
identity, or the difference of two successive powers that are
equal, is the order or period of the permutation or the cycle.
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Thus the permutation s = (123) is of order three, the permuta-
tion ¢ = (1234) is of order four.

To form the square of a circular permutation we replace each
letter by the second to its right, to form the cube, by the third.
If we have a circular permutation s of degree n, the n-th power of
s, replacing each letter by the n-th to its right, replaces each
letter by itself and is identity.

Any power of such a permutation s higher than n equals some
power of s lower than 7, and all distinct permutations that we
can obtain by involution on s are contained in the set

1,s 8% .. .,87]
or
s, 8% 8, ... ,8n =1
Hence it appears that
(14) the order of a circular permutation is equal to its degree,
and both are determined by the number of letters acted
upon by the permutation.

To find the order of a non-circular permutation, we decompose
it into cycles; to the cycles we then apply the proposition for
circular permutations. For instance, the permutation

u = (123)(45)
gives
u? = (132)4)(5), u* = (1)(2)(3)(45),
u! = (123)(4)(5), u® = (132)(45),
u = (12)B)MHEG) =1

and is of order six.

Clearly then,

(15) the order of a non-circular permutation is the lowest

common multiple of the orders of its cycles,

for only such a power of a non-circular permutation resolved into
cycles turns each cycle into identity.

It follows that the order of a permutation cannot be prime
unless the permutation is circular of prime degree or regular with
cycles of prime degree. Such permutations are, for instance:

s = (123) v = (123)(456)
s? = (132) v? = (132)(465)
=1 v =1
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Hence we can note:
(16) If the order of a permutation is prime, its powers other
than identity are similar permutations,
which is readily verified. Furthermore:
(17) If order and degree of a permutation are prime, the per-
mutation is circular,

for a regular permutation with several cycles cannot be of prime
degree.

§13. ASSOCIATION
While the commutative law does not generally hold for per-
mutations, the associative law does:
(st)u = s(tu),
and we write for both stu. Likewise, we have
(st)(uv) = (stu)r = s(tuv) = s(tu)v = stuw.

We can test the associative law on any example, but it also
follows for permutations from the law of combination. Thislaw,
requiring that the product of two permutations be identically
defined, can be extended to the product of three permutations.
But the simplest way of expressing the postulate that such a

product be identically defined is the associative law.
From the associative law follows that

Sksl = slsk = sk+l’

as we see from the scheme

k l

8§ ...88...88...8.

i k

Hence powers of a permutation are commutative.
If the two permutations s and { are commutative, we can set

skt = pigk,
This we show to be true for the particular case s32, by induction
it will then be true in general:

§%? = sssit = sstst = sists = istss = tisss = 123,



24 ALGEBRAIC EQUATIONS

We can also set
(st)? = si2
if the permutations s and ¢ are commutative; but not otherwise,
since
(st)2 = stst = ssit = s,
To set
(stw . .. )2 =sq2?2. ..,

it is necessary that every pair of permutations be commutative.

§14. INVERSE

There always exists a permutation that undoes or reverses
the interchange of letters effected by another permutation, and
it is called the inverse of that permutation. The product of a
permutation and its inverse evidently is identity. Again, if the
'productm of two permutations is identity, each permutation is
inverse to the other. For instance, the permutations

. 5 = (123> ~ (123)

231
and
231
= = (132
t = (fas) = 12
are each inverse to the other, and

st = 1.

It is clear that we obtain the inverse of a permutation by
reversing the order of the numbers in its cycles. The example
makes this evident for circular permutations:

s = (123)
t = (321),
and for non-circular permutations it follows by proposition (13).
We infer that
(18) the inverse of a permutation s is a permutation similar
to s.

If the order of a permutation s is r, the permutations s* and s™—*

are each inverse to the other because

gksr—k = 1,
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If the order is three, s? and s are each inverse to the other; if the
order is two, s is its own inverse.

Adopting a usage of elementary algebra, we denote the inverse
of a permutation s by s~!, so that

ssl=1
and
t = s1
if
st = 1.

We adopt also the elementary notation
sTlsTl=g"2 s l=s"3 | ..

and the symbols s! and s° defined by the relations

st=g3s
and
0 =1,
so that
s~ = gls7! = ¢0 = 1,

The inverse of s? is s~2 because
s%2 = s(ss sl =1,

and a like relation is true for any power.
The inverse of st, denoted by (st)~!, is {~'s~! and not s~'t~},
for only
st.t7ls7l = 1;

having operated the permutation st we must retrace our way back
step by step.

With the indices, we define also division by a permutation
as elementary algebra would have it, namely as multiplication by
the inverse of the permutation. Thus

-2 =g,

i s3.s
If
st =1,
multiplication by s is eguivalent to division by s?; which we
readily interpret on the circular diagram of §9, taking division
and the negative sign of an exponent as reversing direction.
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§15. IDENTITY

The multiplication of a permutation on either side by identity
obviously does not give a product different from that permutation:

l.s=s5.1=s3s.

Identity may therefore be regarded as commutative with
every permutation and may be suppressed in the notation of a
product.

Conversely,

(19) if e and s are two permutations such that

[es = se =},

then e is identity.
For
l.e=c¢e

from the nature of identity, and

1.e=1
since it is given that sc = s. Hence it follows that
e =1

We conclude with a few examples:
(a) Prove that ¢t = u if st = su:
sl (st) = 871, (su); (s7'8)t =(s"'s)u; ¢t = u.
This verifies that e = 1 if es = se = s, for s1 = s and se = s

give se = sl and consequently e = 1.
(b) Prove that st is the inverse of s if s2 = {2 = 1;

st.ts =st%s =382=1
It follows that
st = (ts)™! = s~1t-L

(c) Prove that s and ¢ are commutative if s2 = ¢2 = (st)2 = 1:
st = 2%t = tist = {s%st = isstst = {s(st)? = is.

(d) Prove that hy = s~lhs if shas™! = hy:
shes™ = hy; §7'shes™! = s7hy; hesTls = sT's; kg = s ks,



CHAPTER 1V
GROUP AND SUBGROUP

§16. GROUP

Suppose we have n letters z,. By functions of such letters
we always mean rational functions, both here and later.

If to a function ¢ of the z; we apply all permutations that
are possible between the x,, there will be some that do not alter
the function ¢. Let them compose the set

81, 82, « . ., 8.

A complete set of distinct permutations that do not alter a
function is called a group of permutations and is denoted by G
unless we use special notation. It will often be found convenient
to mark G as a group by noting {G}. The development of the
group theory is due to the genius of Cauchy.!

A function ¢ is said to belong to a group of permutations if it
remains unaltered by all those, and only those, permutations
which are in the group. It appears that

(20) every function ¢ of the x, belongs to a group G of permu-

tations between the x..

Since identity is contained in every group of permutations, we

commonly set

G=1,8, ...,8,
assuming that ’
S = 1.

When we apply two permratations of G successively to the func-
tion ¢, or one permutation twice, the operation leaves ¢ unaltered
since every permutation of G does so.

It follows that a group of permutations contains the product
of any permutation by itself or another permutation, hence in

1 Cauchy lived 1789-1857.
27
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particular the inverse of any permutation. And this property
defines a group if we can prove that
(21) to every group G of permutations between the x, belongs
a function ¢ of the x;.
The function
Y1 = i1 + @ + . . .+ aala

i~ evidently altered by every permutation of G other than iden-
tity, and by no two permutations alike. Suppose that the
permutations

1,89, . .. ,8
of G convert ¢, into

Kl’l:'l’zr- .. r¢r

respectively.  'We form the function

o=+ v+ ...+ Y

this function belongs to G and satisfies the proposition.
For any permutation s; of G applied to ¢ gives

‘Pi=\l/h+¢2i+ CENC +¢’r1,;
where the subscripts identify the permutations that have been
applied to the functions. But each of the permutations
Isi) 8285 o o ., 8:85

is in @ since it is the product of two permutations which are in
G, and no two of these permutations are alike since from

8;8i = SiSi
would follow
S; = S8y

which is untrue. These permutations represent therefore in
some order or other the permutations of @, and hence the i,
in some order or other the y;. Consequently
Pi = @.
If a permutation ¢ is not in @, then s; ¢ is not in G either, and

Ot #* Q.

The function ¢, remaining unaltered by every permutation of
G and such a permutation alone, belongs to G. And since we
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can construct in the way indicated any number of functions
belonging to G,

(22) a group of permutations is defined as a set of distinct
permutations such that the product of any two, or the
square of any one, is a permutation of the set.

The number of permutations contained in a group is its order,
the number of letters that its permutations operate on is its
degree.

The degree of a group G is denoted by n which may be added
to the symbol of the group as in G™.

The order of a group G is denoted by r, or by 7, to identify the
group it belongs to, and may be added to the symbol of the group
as in G,.

The simplest group in a sense is identity by itself. It is denoted
by 1 if no confusion can result, otherwise by {1}, and its order is
one. In ¢; we had a function belonging to identity.

Next in simplicity is a group containing only the powers of a
permutation s. It is called a cyclic group and denoted by C or

{s} =s,8% .. .57
its order is the order of the permutation s.

The complete group of all n! permutations that are possible
between n letters z; is called the symmetric group on these letters.
It is the group of symmetric functions,! is denoted by S, and n!
is its order.

§17. SUBGROUP

A group which is contained in another group is called its
subgroup, and we denote a group and its subgroup by G and H
respectively when we do not use special notation.

Such groups stand in a beautiful relation. Let the permuta-
tions of the set

H=1,8,...,8

form a subgroup of order r in G and let ¢ be a function that
belongs to H. If ¢ is a permutation contained in G but not in
H and converts ¢ into ¥, such that

‘h # ’I’)
1 Cf. §22; also §8.
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then every permutation of the set
Ht=t, s, . .., s8¢
converts y into ¢, for s; leaves ¢ unaltered and ¢ effects tl\lg change.‘
There is no permutation outside H¢ that converts rptmto ¥i.

Suppose that r does so; then 7t~! leaves y unaltered as ¢! con-
verts ¢, into ¢. Hence

it = s,

and after multiplication by ¢ on the right:
T = 8 t.
The permutations of Ht are all different from the permutations
of H, and they are all unlike since from
S;t = 8t

would follow

8y = 8.

If the sets of H and Ht do not contain all the permutations
of @, there is & permutation % in G but neither in H nor in H¢ that
converts y into ¢,. And so does every permutation of the set

Hu = u, squ, . . ., su,

to which all conclusions for Ht apply.
Continuing so until the group G is exhausted:

H=1,s5 ..., Y-y
Ht = t, 83k, . . ., 8t [\P—*‘P.
Hu = u, squ, . . ., su ¥ =

we arrange the permutations of
G=H+H +Hu+ ...

in partitions of G with respect to H or co-sets of H in G, as w
say; and they convert ¥ into

‘P’ \0" wur .

respectively, which functions are called conjugate with { under G
We may arrange the permutations so as to set

G=H+tH+uwH+ ...,
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but in general

Ht = tH,
for the commutative law does not always hold for permutations
and sets of such.!

Since every partition contains as many permutations as H
does, and all partitions together contain as many permutations
as @ does, the proposition follows which is due to Lagrange:

(23) The order of a group is divisible by the order of any

subgroup.

If , denotes the order of @ and r;, the order of H, then

Ty = .7 - Thy
where j is called the index of H in G. It gives the number of
partitions in G with respect to H and the number of conjugate
values that a function ¢ belonging to H takes under G.
Any group on the n letters z; is contained in the symmetric

group S on these letters. Denoting the index of G in S by j,
and the index of H in S by ji, we have therefore

n! = jyrg = jhrh;

so that the index j or, preciser, j,, of H in G is expressible as a
quotient of either orders or indices:

. T ]
]hﬂ = _0 = '?;h.
Th  Jo
Since the order of any possible subgroup H of S has to divide
n!, there are for n = 4, let us say, no other subgroups of S

possible than such as have

=1 2 3 4 6 8 12 24
jh=24 12 8 6 4 3 2 1.

As illustration may serve an example:

H =1,(12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)
¥V = 1122 + T374
Ht = (23), (132), (234), (1342), (1243), (14), (124), (143)

Ve = Tits + TaTs [t = (23)
Hu = (24), (142), (243), (1432), (13), (1234), (134), (123)
Yu = 124 + 2735, fu = (24)

1 By §11. But cf. proposition (32): Nt = tN; cf. also proposition (82).
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In a sense every group G contains itself and identity as sub-
groups, but it often is more convenient to consider one or both
as not included among them. If this is not specified, it will be
clear from the context.

Since the powers of a permutation s in @ by themselves com-
pose a cyclic group {s} and this group is a subgroup of G,

(24) the order of any permutation in a group divides the

order of the group.

If the order of a group @ is prime, it follows that the powers
of a permutation s in G compose the whole group which then is
cyeclic:

G = {s};
and since s is any permutation in G, that

{s} = {s*},
which becomes intelligible if we recall that by proposition (16)
the powers of s are similar permutations: the order of s* equals
the order of s while every power of s* equals some power of s.
Calling a cyclic group {s} circular when s is so, we note that
(25) a group of prime order is cyclic, a group of prime order
and degree is circular; '
the latter by proposition (17).

§18. CONJUGATE SUBGROUPS
While the permutations
Ht =t s2t, ... ,8: 1
of @ convert the function ¥ belonging to
H=1,8,...,s

into the conjugate function ¥, and compose a partition of @, they
do not compose the group of ¥,; not even a group at all since we
notice that they do not contain identity and contain ¢ but none
of its powers.

To find the group of ¢, which we denote by H,, we let r be any
permutation contained in it, so that r applied to ¢, leaves it
unaltered:

¢¢1 = Y.
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To both sides of this identity we apply the permutation ¢!
and obtain

Vet = Yy = ¢

since the permutation #~! = 1 does not alter y. It follows that
the permutation ¢rt~! does not alter y either and is some per-
mutation of H:

tri—?

8.
Hence we find
o= 1"1s; ¢

as shown in example (d) of §15.

The permutation ¢—'s, ¢ is called the transform of permutation
s; by . Any such transform leaves ¥, unaltered as (! changes
into ¢, and s; leaves y fixed, and ¢ changes ¢ back into y;. Since
any permutation 7 of H, is the transform of a permutation s, in I{
by t, and any transform of a permutation s, in / by ¢ leaves ¥,
unaltered, we infer that the group of ¢, is

H, = 1,t""s3t, ..., 17 s L. [tls1t =1
This set of transforms of the permutations in H by ¢ is called
the transform of group H by ¢t and denoted! by ¢~'Ht; hence we
can set
H, = t~'Ht.

It is clear that H, is a subgroup of G. Since the permutations
of H are all distinet, their transforms are so, too, and H, must
have the same order and index in G that H has.

As the function ¢, is called conjugate with y under G, so the
permutation r is called conjugate with s; under G, and the sub-
group H, is called conjugate with H under G.

It follows that

(26) the transform of a permutation is a conjugate permutation,

the transform of a subgroup is a conjugate subgroup,
and that

(27) conjugate subgroups have the same order and index.

Corresponding to the partitions

H, Ht, Hu, . . .

1 Sometimes by ¢H¢™!, which is read from the right.
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and the conjugate functions

¢; ‘l’h ‘pu» L
we thus have the conjugate subgroups
HH,H, ...
such that
H, = t"'Ht
H, = v'Hu

This gives the proposition:

(28) If j is the index of H in G, a function ¢y belonging to H
takes j conjugate values under G which belong to sub-
groups conjugate with H under G.

Since the product of any two permutations s; and s; of H is

equal to a permutation s, contained in H, the product of their
transforms by any permutation ¢ of G is

Tls, bttt =t 8, =8

contained in ¢(~'Ht. This verifies that the transform of H by
t is a group.
The transform of a product equals the product of the trans-
forms, for
t—1s; sjt =11 t. t_lS,' t
whence the transform of a power equals that power of the
transform:
skt = (11, 1)
The transform of the inverse equals the inverse of the transform:
Fls e = (s )Y,
for
Clsit et s b = 1.

§19. RULE OF TRANSFORMS

To avoid the multiplication of three permutations in computing
transforms, we make use of a simple device.

Suppose we have the permutations
(abed)

8

! = abed . . .
“\klmn . .. )

and
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the letters in parenthesis denoting the subseripts of the x; upon
which the permutations s and ¢ operate. The inverse of ¢ is

-1 = (klmn C )
abed . .. )’
and the transform ¢{~!s ¢ replaces k¥ by ¢ by b by [, I by b by ¢ by
m, m by ¢ by d by n, n by d by a by k, which closes the cycle:
t=1s t = (klmn).

But this result we obtain simpler if we replace the subscripts in
the cycle of the permutation s as indicated by the permutation ¢.

When sis not a circular permutation, we represent it by proposi-
tion (13) as product of circular permutations s; and s;, say, decom-
posing it into cycles. We then perform the operation on every
cycle, which we can do since

=8t = {"1s182 80 =t s1 8.t 80 L.
Hence we have the rule of transforms:
(29) The transform of a permutation s by a permutation ¢
is obtained by operating ¢ within the cycles of s;

and it is clear that

(30) the transform of a permutation s is a permutation similar

tos.

The order of any transform of a permutation is therefore the
same as that of the permutation itself.

An example may illustrate the rule:
1, (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)

¥ = 1132 + Za74

H, =1, (13), (24), (13)(24), (12)(34), (14)(32), (1234), (1432)

o

Ve = 2123 + Toxy [t = (23)
H, =1, (14), (32), (14)(32), (13)(42), (12)(43), (1342), (1243)
Yu = T1%4 + T3Ta. [u = (24)

This example makes the rule of transforms self-evident: if
we convert ¢ into ¢, by interchanging z. and zs;, we have only
to interchange 2, and z, in the permutations of the group to which
¢ belongs in order to obtain the group of y..

It will be noticed that the permutations of conjugate subgroups
do not make up a group:

G=H+Ht+Hu+ ...
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but
G#H+H,+H, + ...

This may be verified by taking as G the symmetric group on four
letters given in §21 and as H the group above.

§20. NORMAL SUBGROUP

If a subgroup of G is identical with the subgroups conjugate
to it under @, so that transforming it by any permutation of
@ we reproduce the same subgroup, the subgroup is called
normal or invariant or self-conjugate! in G' and is denoted by
NorJ.

If N is a normal subgroup of G, we have therefore

"Nt = N

‘or any permutation ¢ of G, whence N contains with a permutation
; also every transform of s by a permutation of G. These trans-
orms are by proposition (30) permutations similar to s; yet N
may contain not all permutations of G similar to s. For instance,
the group

G =1, (12), (34), (12)(34)
has a normal subgroup
N =1, (12)

not containing the permutation (34) similar to (12).

But every permutation similar to s is its transform by some
other permutation, and that permutation is by necessity con-
tained in the symmetric group; consequently

(31) a normal subgroup of the symmetric group contains with

a permutation s also every permutation of that group
which is similar to s,
therefore every possible such permutation.
From the relation

t"'Nt = N
we obtain the other:?
Nt = (N,

1 Normal subgroups were discovered by Galois.
2 Cf. §17, where Ht > tH. Cf. also proposition (82).
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and conversely. This means that
(32) every permutation of a group is commutative with a
subgroup when, and only when, the subgroup is normal.
A subgroup which is normal in the group G and contained in
the subgroup H of G is evidently normal also in H, but a subgroup
which is normal in H is not necessarily normal in G. Thus the
group N of the example above is not normal in the symmetric
group.!
Every group G may be taken to contain itself and identity as
normal subgroups, because for any permutation ¢ of G we have

-1t =1
and
Gt = G.

But we do not ordinarily mean these groups when we speak of
normal subgroups.

A group containing no normal subgroup except itself and
identity is called simple; a group which is not simple is composite.

A group of prime order always is simple, since it can have no
subgroups whatever different from itself and identity.

Normal subgroups of their symmetric groups are, for instance:

(a) N =1, (123), (132)
lp = (2}1 + WX + 0)2$3)3

N, =1, (132), (123) = N

Yo = (@1 + o%rs + was)?. [t = (23)

(b) N =1, (12)(34), (13)(24), (14)(23)

Y = (21 — 22) (T3 —24)
N, =1, (13)(42), (14)(32), (12)(34) = N

Yo = (1 — 23) (24 —T2) [t = (234)
N. =1, (14)(23), (12)(43), (13)(42) = N

Yu = (21 — x4)(x2 — z3). [u = (243)

! Another example is in §46.



CHAPTER V
SYMMETRIC GROUP AND ITS FUNCTIONS

§21. GENERATOR

The permutations of a set are called independent if no one of
them can be expressed as a product of the rest. They define a
group and as such they are called generating permutations.
To obtain that group, we combine the generators in all possible
ways until we get only such permutations as we already have.

The n — 1 independent transpositions

(xlx;)'; = (z1x2), (T123), . . . , (124)
generate the symmetric group on the n letters z;. To verify
this, we consider that every permutation is composed of cycles

or resolvable into such by proposition (13); that every cycle is
decomposable into transpositions:

(z1227324) = (T1%2) (X123) (B174);

and that every transposition is expressible as product of some
transpositions in (z.r.)5:
(xzxa) = (:clxz)(xlxs)(xlxg).

Since there is no permutation in the symmetric group which
is not a combination of transpositions in (z.z:)}, we infer that all
possible combinations of these transpositions give us the sym-
metric group.

If {s,t} stands for the group generated by the permutations s
and ¢, we can note therefore that

(33) the symmetric group on n letters x; is generated by the

n — 1 independent transpositions (x.x)}:

IS” = {(x1x:)5} I

It follows that a group is symmetric whenever it contains all
transpositions (z:z.)5.
38
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For the lowest degrees the symmetric groups are:

8? =1, (12)
S=T1Tas (23)

(12) | (123) | (132)
St =

1 (14) (24) (34)

12 | (129 (142) | (12)(34)

(13) | (134) | 13)(24) | (143)

(23) | (14)(23) | (234) | (243)
(123) | (1234) | (1423) | (1243)
(132) | (1324) | (1342) | (1432)

As to the rule by which to form a symmetric group of higher
degree from the preceding symmetric group of lower degree, we
notice that

83 = 8% 4 8%, + Sy,

where
ty = (13) or (123)
t2 = (23) or (132);
and
S4 = S3 + Sst], + S3t2 + Sata,
where
t, = (14) or (1234)
t2 = (24) or (13)(24)
t3 = (34) or (1432).
In general
Sro= 814 Sl 4 Sl 4+ L L L 4 S,
where

ti=(An)or (1 ... n)
ta=2n)or(1...n)?

taci=(m—1n)or (1 ... n),
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§22. SYMMETRIC SUM

Any function of the n letters x; that remains unaltered by the
permutations of the symmetric group on these letters is called a
symmetric function of the z; and denoted by S. It remains
unaltered because the permutations of the symmetric group do
nothing but interchange its terms.!

A symmetric function does not have to be homogeneous in
the z;. But if it is not, we evidently can express it as a sum of
homogeneous functions collecting the terms of one total degree?
in the z; into one such function.

Every homogeneous function which is part of a symmetric
function is symmetric itself because permutations, interchanging
the terms of the symmetric function, interchange the terms within
every homogeneous function only, since they cannot alter the
total degree of a term.

If a homogeneous symmetric function contains the term

a. Tt L L xpt, (e

it also contains every term that is obtained ’/applying to this
the permutations of the symmetric group which mterchange the
subscripts of the z; leaving the exponents fixed.

The sum of terms obtained in such a manner we call a sym-
metric sum and denote by s. With the term that we noted the
homogeneous symmetric function contains the symmetric sum

sa. .z L) =aLs(@t . L T,

the notation will be readily understood. This symmetric sum
has k! terms if all the exponents u; are distinet; if some of them
are alike, including those that may be zero, the number of terms
is a fraction only of k!.

A term of the homogeneous symmetric function which is not
contained in this symmetric sum belongs to another, so that a
homogeneous symmetric function is composed of symmetric
sums. They are all of the same total degree in any one term
since they belong to one homogeneous function.

1 This applies to integral symmetric functions; fractional symmetric
functions are expressible as quotients of integral symmetric functions,
which alone we consider.

2Cf. §24.
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§23. COMPUTATION OF SYMMETRIC SUM

We prove that
(34) a rational symmetric sum in the n letters x; which repre-
sent the roots of the general equation

If(x) =x"—cx" '+ ... + cn=0]

is rationally expressible in terms of the elementary
symmetric functions

s(x1) =xi+x2+x+...=cqa
s(xxe) =xxe+xx3+ ... =c2
S(X1 ... Xn) = XiXoX3 . . . Xn = Cn,

To obtain a unique arrangement of terms in any function, we
agree to call the first of two terms
I ALt 2 B
and
q.rxe . L
higher if u; > v or, u; being equal to vy, if u2 > vy, and soon. This
convention will hold also in the case that some x; has the exponent
zero and disappears.
To obtain a unique arrangement of functions, like symmetric’
sums, we agree to call the one higher whose highest term is higher.
Two terms could be equally high only if all corresponding
exponents were equal, but would for that same reason be added
into one term. Likewise, two equally high symmetric sums
would be added into one sum.
The highest terms of the elementary symmetric functions

s(x1), s(@1x2), s(xwexs), . . .
are respectively
Ti, 1%z, T1TaTz, . . .
The highest term of the homogeneous symmetric function
i1 gt TR |y Mgt = C
of the z; is obtained as the product of the highest terms in its
factors if we assume that their exponents are not negative:

w1 — p2e= 0y e — pg=0, . ..



42 ALGEBRAIC EQUATIONS
It is
.’131”1_“’(171132)”’_"‘ e (xl e xk)“" = xMrafs L L L T,

so that the highest symmetric sum in C is

S(x;”lxz"’ . x,,“ﬁ).
It follows that z:*1 . . . 23, being the highest term in C, also
is the highest term in s(z . . . 23*), with which we readily

agree recalling the assumption as to the exponents and writing
it in the form
B g2 = . 2 e
With this assumption made, we prove our proposition for
s(zi*ae* . . . xx*+) on the lines of actual computation.
Subtracting s from C we obtain

C—-s5s=28,
where

m
S = 2 D18y (TP g L L L X k)
1

is a homogeneous symmetric function composed of symmetric
sums s; all lower than s and arranged so that every s; is higher
than s, while every
Miy = Kig+1.
For the lowest possible sum s,, with
Mmli = Mm2 = . . . =I-¢mkm=1

and

km =mn
we have the total degree

i = Sy = .

From 8 we subtract
p1C1= picypnte | || Cr i
with the highest term p,z ... x*% and the highest

symmetric sum
plsl(xl“" e Tkl"”‘l).

This removes pis; from S and gives
S - »Ci = 8y,
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where
m
S = zq.s, (P . .. xebm)
2

is composed of symmetric sums all lower than s;. With S; we
now proceed as we did with S.
Having eliminated successively the highest remaining sym-
metric sums, we rewrite our equations of elimination
s=C—-8
O=S"‘1)|C|"‘S|
and adding them obtain

s=C—plCliq202i Ce ey

which proves our proposition.

Since any symmetric function is composed of homogeneous
symmetric functions, any homogeneous symmetric function is
composed of symmetric sums, and any symmetric sum is ration-
ally expressible in terms of the elementary symmetric functions-
we have the fundamental theorem of symmetric functions:

(35) Every rational symmetric function is rationally expres-

sible in terms of the elementary symmetric functions.

While the procedure of the proof may seem complicated, it
will become clear from examples:

(a) s(xi2x2?).
S = 32 — s(21%2%) = (maxe + . . .+ x3x4)? — s(x1%22%)
[s(z12x22) + 2s1(x12an3) + Bs2(x1222324)] — s(x122,?)
= 281(.’”1%32173) + 682(271.’112273x4)
Sl =8 - 2cic3 = S - 2[81(27122?21?3) + 482(.’131172173134)]
= 285(T1227324) = 2¢4
8 = C22 - 20103 + 204.

To expand
622 = (xlyﬂ + PR + 273%4)2,

we observe that the term z,%,? can appear only once, as the
product z,x;. .25, this determining the coefficient of s in the
expansion. The term z%r.x3 twice, as product z,z, . z1x3 and
Z,1%3 . 213, which gives the coefficient of s;. The term z,z0232 six
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times, as product z:i%s.2X3Ts, Tix3. Toky, Tixy . Tok3, To%3 . T1T4,
ZoT4 . T1T3, T3T4 . T1%2, Which gives the coefficient of s,.
To expand

cics = (@ 4 . .. Fr)(@reTs + . .. TaT3Ty),
we notice that the term z,%r,z; appears once, as the product
T, - Z17223, this determining the coefficient of s;; the term zz.x324
four times, as product z; . 22324, T2 . £123%4, T3 . T1T2T4, Tq . T122T3,
which gives the coefficient of ss.

(b) s(z1mo%rs).
S = C9€3 — 8§ = 381(5012.?213%;) + 10 82(.’1511[2333.’04135)
S =8 — 3cicy = 582($1x2x3x4x6) = bcp
s = co3 — 3CiCs + Scs.

Since the highest subscript of the ¢; determines the degree of
the general equation whose coefficients they are and the number
of its roots z;, the highest subscript of the ¢, may not be greater
than the number of the z; in the symmetric sum s, and higher
subscripts must not appear in the computation. Marking the
number of the z, in s by an index in parenthesis, we have for
instance:

(a) sP(z1%22) = co?; ¥ (21%02%) = 2® — 2c1c3;
s (x,229%) = ¢2 — 2¢1¢3 + 2¢4.

(b)s® (z12x5%3) = cac3; P (x122223) = cac3—3cicy;
s (x,2x9%r3) = cacz — 3cicy + Se.

§24. ANOTHER COMPUTATION

To learn how to avoid calculations like those which precede,
we set

s(x™ ... oa) = Ep,,cl"lcyz . e Cay

which we now know to be true. Replacing every z; by Az;, we
change c; into Acy, ¢z into A%cq, . . . , the exponent of X depending
on the degree of ¢; in the z;, and we obtain

Nt Fmg(g i) =2>\"1+2’2+ co G 01M00" L LL Cn

Hence we see that for every term of 2 holds the relation

nt2+ .. Fa=mt o o
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The product of exponent and subscript of a letter is called the
weight of a letter. The sum of the weights of letters in a term
is called the weight of a term in those letters and is denoted by W.
The sum of the degrees of letters in a term is called the total
degree of a term in those letters and is denoted by D.

Since the weight in the ¢; of all terms in 2 thus is constant and
equal to the total degree of s in the z;, we can express s in terms
of the ¢, by simply restricting our choice of combinations
€1”t . . . ¢a" to such as satisfy the condition of weight. If then
w1 is the highest degree of any x;in a term of s, the total degree of

the ¢, in any term of 2 must not exceed u;, which may exclude
some combinations of the ¢, that pass the restriction of weight.
Applying this we find:

(a) s(xi%x?) = z,p,,cl”l .G
W = 4 permits ¢*, 2%, ¢1c3, ¢4
D £ 2 excludes c;*

s(x1%2%) = ¢2® + peics + qc.

(b) s(xi%r.%;) = 2 PLI"E . .. Gyt

W = 5 permits cicq?, cac3, CiC4, Cs
D = 2 excludes cics?

s(x12xa%r3) = cac3 + peicy + qcs.

For computation of the numerical coeflicients, which remains to
be done and which is done best by the use of special equations,
we refer to the examples of chapter eight.

Also, there exist tables with the results of such computation.
They are arranged according to the total degree of the symmetric
sums, and we reproduce the table for the total degree four:

2

Csy C3C1 C2 c61?  ciq

s(zY) | —4 4 2 —4 1
s(x13x2) 4 -1 -2 1
s(x1%2,%) 2 -2 1
s(z12xox3) | —4 1
8(x129x324) 1
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This table gives, for instance:

8(4)(13[4) = 014 - 461262 + 2022 + 46103 - 404
8(2)(1114) = 014 ol 401262 + 2622.

Since symmetric functions are composed of symmetric sums,
the rules of computation may be applied to them directly, the
highest weight and degree setting the mark.

§25. RESULTANT!

Among the symmetric functions in the letters z; which repre-
sent the roots of the general equation

f@) =axm+ax™ '+ ... +an=0
are the resultant and the discriminant.
If besides the function f(z) we have another such function
g(x) = box" + byzn' 4 . . . 4 by,

it will be convenient to denote the roots of f(x) by ., and the roots
of g(z) by Bs.

The two functions f(z) and g(x) have a root «; in common if
the product

glan)g(az) . . . glam)

vanishes with g(a;) becoming zero. This product is evidently
an integral function in the b;. Since a permutation between the
a; only interchanges its factors, the product is a symmetric func-
tion of the a; and as such by proposition (35) rationally expressible
in terms of

a; Qs am

Ty Ty e e ey T

Qg Qo Qg

Since the product is of degree not more than n in any one a,
it is of total degree not more than # in the a;/a,. Multiplying
it by ao®, we therefore obtain a function

R(f,9) = ac"g(ai)g(es) . . . g(am)

which is integral in the a; as it is in the b;, and this function is
called the resultant of f(x) and g(z).

1 The rest of this chapter may be omitted on first reading.



SYMMETRIC GROUP AND FUNCTION 47

It appears that ¢ T.¢

(36) the vanishinga'"i'esultant of two functions indicates that

the two functi;ns have a root in common.
Since
g(@) = bo(x — B1)(x — B2) . . . (x — Bn)
and hence
g(al) = bo(lxl - ﬁl)(al - 32) e (al - Bn)
g(az) = bo(az - Bl)(a2 - 32) oo (0‘2 - Bn)

)

the resultant takes the form
R(f,g) = ao"bo",‘H(a; —B), E=1,...,mk=1...,n
ik

and a mere glance suffices to verify that its vanishing is a neces-
sary and sufficient condition for any common root.

Interchanging the two functions f(x) and g(z) we may or may
not alter the sign of the resultant, for

E(f,9) = (=1)""R(g,f)
= (=1)™b"f(B)f(B2) . . - J(Bn)-

§26. RESULTANT AS DETERMINANT

To express the resultant of the two functions f(x) and g(z) in |
terms of their coefficients, we search for it anew. We already
know that it is an integral function of the coefficients a, and b..

Suppose that a; is a common root of the two functions. Then
we may set

J@ = (@ — a) . fi(®)
and

9(z) = (z — a)) . q1(2),
where fi(z) is of degree m — 1 and g:(x) of degree n — 1 and
both are integral functions of z. Eliminating £ — «; from the
two equations, we find

J@) . gi(x) — fi(z) . g(z) = 0.
Assuming that

filx) = px™ '+ pix™ i+ ... + DmooT + Pma
g1(z) = g™+ qurm i+ . ..+ oo + gna
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and substituting, we find

(@00 — bopo)z™ =1 + (@190 + Gog1 — bipo — bopr)z™=2 4 . . .

+ (aan—-2 + Am—-19n-1 — bnpm—z - bn-—lpm—l)x

+ (aan-—l - bupm-—l) = 0.

This being an identity, the coefficients of x must be zero.
whence p and ¢ must satisfy the equations

Qogo —bpo =0
190 + Goq1 — bipo — bopy =0
AmQn—2 + Am—1Qn—1 —bnpm—Z - bn—lpm—l =0

AmQn—-1 - bnpm-l =0

They will satisfy these equations if the determinant of their
coefficients vanishes. With rows and columns interchanged,
the determinant is

Rd = Ao A1 . . . Ay 0o ...0
0 ay. .. Cu1Apn ...0
7 TOWS
0 0........... an
boby . . o oo 0
0 bo . . ........ 0
M TOwWS
00........... b,

This determinant is obviously homogeneous of total degree n in
the a; and of total degree m in the b,, so that its terms are of
the type

k.ao”"al"'ag“’ c e bo""bl'"bz"2 e ey
where
pot+mtpt+ ... =n
vot+vi+ vt ... =m.

These terms may be written in the form

N CAYEAS AW
o (S CYE)
hence the determinant in the form

Ra = aobo™ . ¢(a,8),
where ¢ is an integral function of the o; and 8;.
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As the determinant vanishes for any common root
a; = Bk;

the function ¢ is divisible by any a; — 8, hence the determinant
divisible by

ag"bo"‘H(a; —B). b=1,...,mk=1,...,n
ik

To find the quotient, we set

1

aonbomg(ai ~ 8 = arllipoas — B (e = ) - . . (o — )]

al)”]:[g(ai) [l = 1, e . M
T

(—1)mnbom]}[ao<ﬁk —a) . (B aw)]

= (_l)m"bom]]f(ﬁk)- k=1,...,n
k
Since Hg(ai) is homogeneous of total degree m in the b, and

l;I f(Bx) is homogeneous of total degree n in the a;, it follows that

ao"bo"'II(ozt — Bx) is homogeneous of total degree n in the a; and of
1, k

total degree min the b;. But so is the determinant, and their quo-
tient can be only numerical. Comparing the leading term of the
determinant, which is a¢"b,™, with the corresponding term of

ao"bo’”[[(a; - Bk): which is
i,k

ao"[bo(—B1)(—B2) . . . (=B)I"™
= ao"[bo(—l)"ﬂlﬂz e .Bn]m

bs |™
= lh{‘[bﬁ)(’)]

= ao"b,.’",

we find that the quotient is 1, so that
Ro = asbollai - 0) = R(s0)

and the determinant appears to be the resultant itself expressed
as function of the coefficients a; and b.
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The resultant, expressed as function of the roots a; and 8;,
evidently is homogeneous of total degree mn in these roots.
Considering that a; is of degree k in the a; and b, is of degree k
in the 8;, we notice that the terms of the resultant expressed
as function of the coefficients a; and b; are of constant weight
in these coefficients, for

pr+ 2u + 3us + ...
+V1+2V2+3V3+ ... = Mmn.
Hence we have the proposition:
(37) The resultant of two functions is homogeneous of total
degree mn in their roots and expressible as determinant
of constant weight mn in their coefficients, if m and n
are the degrees of the functions.

§27. DISCRIMINANT

If f'(x) denotes the derivative of
f@) = ax™ + axm '+ ...+ an,

R(f,f") is divisible by ao as we sce from its determinant form
which permits a, to be taken out of the first column. We set

TRGSY = 1.D0),

introducing the coefficient I for an adjustment to be made pres-
ently, and call D the discriminant of the function f(x).
Since

R = amf (@)f (e2) . . . f'(etm),

we have

1.0 = amllp@).  -1.m

But the derivative of f(z) for a, is

() = aol(es — ar)(os — a2) . . . (i — a)(ai — @) . ..
(i — am)].
This gives
m(m—1)
:[i[f'(a.-) = (—1) 2 ao"‘g(ai - ak)z, [’I:, k= 1, N (]
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with a coefficient taking care of the sign because there are
m(m — 1) factors a; — a; and every such factor appears twice
with opposite sign in the left member while appearing twice with
the same sign in the right member.

Substituting into the expression for D, we obtain

mm=1)

— 2m=—2
1.0g) = (=) * e A —ar =1 m
i<k

Now we set

m(m—1)

I=(-1 ",
and our formulas become definitively

zx(m—]\

(%)R(f,f’) - (-1 * D),

2m—2
() = a0 e = ae.
iSk
Since

R(7,f) =0

means a common root of f(z) and f’(z), and by proposition (12)
such a common root is a multiple root of f(z), we conclude that
(38) the discriminant

wﬁ;(m-—l)R , ’
e

of a function f(x) of degree m vanishes whenever that
function has a multiple root.
For ay = 1 we obtain the non-homogeneous form of the dis-
criminant, which we denote by A:

A(f) = H(a; - )’
iSk

In case of the quadratic equation
flx) = ax® 4+ ayx + a, = 0,
the discriminant is

D = a12 - 4(10(12.
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In case of the cubic equation
f(x) = aex® + a1x® + ax + as = 0,
the discriminant is
D = a,%a:? + 18a0a10:a3 — 40002 — 4a.’as — 27a0’as’.

We may notice that already
‘\/Z = :[[(Cl.‘ - ak)
iSk

disappears when two roots are alike; but it is not symmetric
in the a; and hence not rationally expressible in terms of the a..

We may also notice that it makes a difference with VA
whether we set i < k or 7 > k, while it makes no difference with
A, for

m—1)

m(r

)| S N LR
where

;[[(a; — ) = (a1 — a)(a1 — az) . . . (o1 — am)

i<k

(ag — az) . . . (a2 — om)

and

.]]:(a.‘ - ak) = (a2 - al)(as - al) [N (a,,. - a,)

i>k

(as — @) . . . (am — a2)



CHAPTER VI
COMPOSITION OF SYMMETRIC GROUP

§28. COMPOSITION-SERIES

A complete series of normal subgroups, each the greatest such
group in the preceding, is called the composition-series of a
group. The composition-series of the symmetric group begins
with the symmetric group itself and ends with identity as every
composition-series necessarily does.

The indices of the composition-series, each one taken as the
index of a group in the group preceding it, are called the factors
of composition. .

To find a composition-series, it is useful to know that normal
subgroups of a group @ are composed of all permutations which
are common to conjugate subgroups of G.

For suppose such conjugate subgroups of G are

H,H, ...,H,
The permutations which are common to these subgroups form a
group, since with any two of them contained in H, also their
product is contained in H,; by the very definition of a group.
And since the transforms of H; by permutations in G are the same
conjugate subgroups
111, t2—1H1t2, ey t,—lHlt,‘,

the group of common permutations, which is part of any one of
them as it is of H,, is identical with its transforms and hence a
normal subgroup of G.

A group of all permutations which are common to conjugate
subgroups is called their greatest common subgroup' and denoted
by D, so that we have the proposition:

(39) a greatest common subgroup is normal in the group.?

The question may occur why there cannot be distinet conju-
gates D’ and D" such that D’ of H, is transformed into D'’ of

1 Called ‘‘ Durchschnitt’’ in German.

? Compare §54.
53
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H; while D’ of H; comes from D" of H;. But this implies the
presence of both D’ and D” in any H; and more common permu-
tations than we have in fact.

Thus the conjugate subgroups in the example of §19 have the
greatest common subgroup

D =1, (12)(34), (13)(24), (14)(23)
which is normal in S, while

H, =1, (12)(34)
Hy =1, (13)(24)
Hs =1, (14)(23)

are common subgroups but not normal since they are not greatest.

§29. ALTERNATING FUNCTION

The greatest possible subgroup of the symmetric group S on
n letters x; is one of index

J=2

and order
n!
r = 2

It exists by proposition (20) because there exist two-valued func-
tions of these z,, which are called alternating functions.!

Suppose that A; is an alternating function with no other values
than A, and A.. If the group of A, is

(A} = 1,8, . . ., 8

and the permutation ¢ is not in it, then the permutations of
{A}t =t89t, . . ., 8l

convert A, into 4, and
{8} = {4} + {4}t

Since both sets A¢ and tA contain all permutations that are
in S and not in 4, we have

(A

i

1A}
and

ANt = {A).

1Cf. §8.
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Hence A is normal: it is the group of 4: as it is the group of 44,
while the permutations of A¢ convert 4, into 4, as they convert
A, into A,.

As a permutation of S either leaves the functions A, and 4,
unaltered or interchanges them, the sum

A+ 4,
is a symmetric function while the difference
A1 - A2 = q>

has the conjugate value
A2 - A1 = —¢

and is an alternating function.

Taking now a permutation that alters ®, we resolve it into
transpositions. As we successively apply these transpositions
to ®, we must strike one that changes the sign of &, for the per-
mutation does so. If it is (z,2;), so that

DTy, Loy . . ., L) = —D(X2y, Try . .., Ta),
we set
Ty = T2,
this gives
q’(.’lf], P ,.’17,,) = ""‘i’(.’l?l, . .. ,.’L'n) = (),

since both members differ by their sign alone.

It appears that ® is divisible by z; — z;. But then @* is
divisible by (x; — x:)? and, as it evidently is symmetrie, by every
(z; — z)?. Hence ® in turn is divisible by every z, — xx and
equals

N |
isSk

itself or multiplied by a symmetric function. Setting
A+ 4, =28,
P = Al - Az = 282\/A,

we find that
(40) the general form of alternating functions i

Al = Sl + 32\/3

A = 8 — S:Vb|,
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With the alternating functions exists the group of these func-
tions which is called the alternating group and is denoted by
A or, to guard against confusion, by{4}:

(41) The alternating group is a normal subgroup of index two

in the symmetric group.
It is the greatest subgroup of the symmetric group, containing
one half of its permutations. The simplest function that belongs

to it is the root v/A of the discriminant.

§30. ALTERNATING GROUP

Every transposition alters the sign of /A and the value of an
alternating function, as we can verify on any example. Writing
subscripts only, we have in five letters xz,, for instance:

VA =(1-2)(1-3)(1 - 41 -5
2-3)2-492-5)
3—-4)@3-15)

4 — 5).

By the transposition (24), say, the factors (1 — 2) and (2 — 5)
only change place with (1 — 4) and (4 — 5), the factor (2 — 3)
changes place with (3 — 4) and also sign. While this leaves
V/A unaltered, there is one factor, the factor (2 — 4) containing
the numbers of the transposition, which changes its own sign and
that of V/A.

Hence we conclude that any even number of transpositions

leaves VA unaltered while any odd number of them alters its
sign. If then some permutation once breaks up into an even
number of transpositions, it always does so since it cannot alter
and not alter the sign of +/A. Such a permutation is called
an even permutation; while another which is formed by an odd
number of transpositions is called odd.

(42) A circular permutation, or the cycle of a non-circular
permutation, is odd or even according as its degree is
even or odd; a non-circular permutation is odd or even
according as it contains an odd or even number of odd
cycles.

For instance:

(123) = (12)(13)
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is even while
(1234) = (12)(13)(14)
is odd, and

(1234)(56)

is even because it contains two odd cycles. Two similar permu-
tations evidently are both odd or both even.

It is clear that

(43) the alternating group is composed of all even permutations

in the symmetric group,
all those that leave unaltered the sign of VA. We readily admit
that such permutations form a group, for the product of even
permutations is again an even permutation; also that this group
is normal, for the transform of an even permutation is by propo-
sition (30) again even.

Every permutation on n letters z; can by proposition (33) be
represented as the product of transpositions which are in the set
(z12:);; every even permutation therefore as the product of two
such transpositions, which is to say as the product of circular
permutations

(rrsxe) = (212,) (2128)
of order three. But we can easily verify that
(xlx.xk) = (xlxzxs)Z(xlxﬂ?k),

whence the permutations of the alternating group are resolvable
into cycles of order three and, if we so choose, into such as give
the n — 2 permutations

(z122w); = (T129%3), (T122%4), . . . , (T129Ts).

It follows that
(44) the alternating group on n letters x; is generated by the
n — 2 independent permutations (x,x:x:)} :

A" = {(xixox))3 s

and a group including these permutations is the alternating if
not the symmetric group.
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For the lowest degrees the alternating groups are:

A =1

A% = 1, (123), (132)

A= 4 ’ (12)(34) | (13)(24) , (14)(23)
(123) (243) (142) (134)
132) | (143) (234) (124)

If we denote the numbers
1,2,3,4, ...
in any order whatever by
11y G2y T3y Tay - - -

we can assert that the two permutations

<1234 . )
tl = e e s
11722374 . . .

(1234 e )

fo=1(....

12217374 . . .
cannot both be odd or even, for their product #,¢; is odd since the
product

and

LWt = (12)

is odd and the permutations ¢, and ¢,~! are similar by propo-
gition (18).
Hence either ¢, or ¢, is in the alternating group, and
(45) a normal subgroup of the alternating group contains with
one circular permutation of order three every possible
such permutation.
For suppose it contains the permutation
s = (123).

If the permutation £, is in the alternating group, its normal sub-
group contains the permutation

b sty = (4iats);
and if the permutation ¢, is in the alternating group, its normal
subgroup contains the permutation

ta 5%, = (’il’izis).



COMPOSITION OF SYMMETRIC GROUP 59

Thus it cannot help containing any circular permutation (7,7s5)
of order three.

§31. COMPOSITION OF S AND A

So far we know about the composition-series of the symmetric
group on 7 letters z; that it is

S A4...1

We now ask the question that could make our hearts beat quicker
if we knew its significance: Are there in the symmetric group
normal subgroups other than the alternating group? And arc
there normal subgroups in the alternating group?

Supposing there is in either of these groups a normal subgroup
N, so that we have

ti_lN t; = N

at least for every permutation {, of the alternating group, we
search for those permutations of N that have the lowest degree.
Of course, we shall disregard identity and not count toward the
degree letters that remain fixed.

The permutations of lowest degree cannot be circular of de-
gree more than three, nor non-circular containing a cycle of
degree more than three, for a permutation

s1=(1234 ...) ...
of N is transformed by the permutation
t = (123)
of 4 into the permutation
"l = (2314 . .. ) ... =8

of N. Hence N contains also the permutation
818571 = (2)(31 Ve e ) ...

which is of lower degree than s, since the letter with subscript 2

is excluded and no letter added.
The permutations of lowest degree cannot be non-circular
with a cycle of degree three, for a permutation

81=(123)(4...)...
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of N is transformed by the permutation
t = (234)
of A into the permutation
Clst=(134)2...) ... =38
of N. Hence N contains also the permutation
sis2=(3)(24...).

which is of lower degree than s;.

Circular permutations of degree three qualify as permutations
of lowest degree in N. But containing one of them, N contains
them all by proposition (45) and is by proposition (44) the
alternating if not the symmetric group.

Likewise single transpositions qualify; but containing such, N
is a subgroup of the symmetric and not the alternating group,
contains them all by proposition (31) and is by proposition (33)
the symmetric group itself.

Non-circular permutations of degree more than four with
cycles of degree two are impossible, for a permutation

s = (12)(34) . . .

of N is transformed by the permutation
t = (345)
of A into the permutation
tlsit = (12)(45) . . . = s,
of N. Hence N contains also the permutation
8182 = (1)(2)(35 . . . ) .

which lost two letters although it may have gained one and is of
lower degree as compared with s;.

This conclusion is not valid, however, for a group of degree
four. The two possible transforms of

s1 = (12)(34)
then are

sz = (13)(24)

sy = (14)(23),
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and these permutations together with identity constitute the
quadratic group!

V =1, (12)(34), (13)(24), (14)(23)

of degree and order four which is normal in both the symmetric
and alternating groups of degree four.

The disappointing result of our investigation is this:

(46) The symmetric group has no normal subgroup other than
the alternating group, and the alternating group has no
normal subgroup at all. Only the symmetric and alter-
nating groups of degree four are exceptions.

Hence the symmetric group is always composite; but the alter-

nating group is always simple, except when its degree is four.

The quadratic group is unique in many ways; although not

circular, it is composed of commutative permutations: for
instance,

(12)(34) . (13)(24) = (13)(24) . (12)(34) = (14)(23).
As a six-valued function belonging to V we mention
Vo= (11— 12) (73 — x4);

another example occurs in §39. But not every six-valued funec-
tion belongs to V; thus the function

E=21+ 22 — 23 — 24
belongs to the croup
W =1, (12), (34), (12)(34).

§32. SUBGROUPS OF S AND 4

If the symmetric group has no other normal subgroup than the
alternating group, it has other subgroups that are not normal.
But

(47) the symmetric group on n letters x, has no subgroup of

index between 2 and n, except when n = 4.
This implies that a function in » letters x, which has fewer than
n values cannot have more than 2 values, unless in the unruly
case of n = 4.

1 Called “Vierergruppe’’ in German,
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For suppose that a function ¢, takes under the symmetric
group S fewer than n conjugate values, and suppose that these
values are

‘l’l) ¢2, o e ey \bi
belonging to conjugate subgroups [j<n
Hy,H, ...,H;

of 8. The n! permutations on the z; which are in S can do no
more than interchange the y;, as it was explained in §16, and
interchange them in j! possible ways only.

Since j! is less than n!, there must be distinet permutations
on the x; that operate the same permutation on the v, Lett
and u be two of them, then

s = tu!

is a permutation different from identity that leaves the ¥, unal-
tered. But permutations which do so are contained in every
H;; they are the only common permutations of the H; and com-
pose by proposition (39) a normal subgroup

D=1,s,...,s

of the symmetric group S.

By proposition (46), this normal subgroup D can be the alter-
nating group alone, for it is not identity. Containing then the
alternating group, the subgroup H, is identical with it if not
symmetric; and belonging to H,, the function ¢, is an alternating
if not a symmetric function. Having less than n values, it
cannot have more than two values, which proves the proposition.

Likewise, the number n!/2 of permutations in the alternating
group A is greater than j! for j less than n,! if a function ¥,
takes j values ¢; under A, and there must be distinet permutations
in A which operate the same permutation on the ;.

Since a subgroup of index between 1 and 7 in the alternat-
ing group then calls for a normal subgroup between the alter-
nating group and identity, and such a subgroup by proposition
(46) does not exist, it appears that

(48) the alternating group on n letters x; has no subgroup

of index between 1 and n, except when n = 4.

1 This is meant for n > 2.
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The subgroup of index n in the symmetric group is therefore not a
subgroup of the alternating group, as we shall observe presently
when identifying such a subgroup.

Another way of putting the proof of our propositions follows.
The number p of permutations between the ¥; under S is

p = n!/ T,
while necessarily
itz p.
Asj > 2 means!
r=1,
we have
iz n

An n-valued function ¥, in n letters x; is readily constructed
if we set ¥1 equal to z; or to the sum of all z; except ;. Thus
we have for n = 3 the three-valued functions

Y1 = T3, Y2 = T, Y3 = T3,
or
Vi=1x2+ T3 Yo=2a+ T3 ¥Y3=2a1+ 22
This verifies that a subgroup of index n in S* is S*~!, the group
for instance of ¥, containing all permutations which act upon the
z, other than z,.
In the exceptional case of four letters x; there is between the

alternating group and identity a normal subgroup of order
r=4

in the symmetric group. Hence we have
iz3

and look for a function with
2<j=3<4.
One such function is
Y1 = 11Tz + 23Ty,
which occurred in §17.
The number p of permutations between the ¢; under A4 is

1
P = %/7‘,
while again
'z o».
As j > 1 means!
r=1,

1 By proposition (46).
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we have
> n!
e g
The exceptional case
r=+4
when n = 4 gives
j1=z6
and permits
1<j=3<4

The same function
Yi = T1T2 + TsTa

will serve as an example.

We note that our results may also be expressed by saying that
symmetric and alternating functions exist for any number of
letters; three-valued functions exist in three and four letters
only; and after that no n-valued function can be constructed
in more than n letters.

§33. GROUP ON FUNCTIONS

We noticed that under the partitions of a group
G=N+Ntz+ « 0. +Nt,
with respect to a normal subgroup N conjugate values of a func-
tion interchange in as many ways as there are partitions if they
belong to N or to groups! containing N as grcatest common
subgroup.

We have to add that the permutations between such conjugate
values of a function, as effected by the permutations of G, form
a group, which we express in the proposition:

(49) The permutations under G between conjugate functions
¥: belonging to a normal subgroup N of G or to groups
containing N as greatest common subgroup compose
a group I'.

For suppose that these permutations are

| A
interchanging the conjugate values

‘Pl:%, D "l’i
1 Whether subgroups of G or not.
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as permutations in the partitions
N, Nty, . . ., Ni;

, ___(\"1% N 21 )=('l«')
¢ 'Pla‘ph ... \Lia ‘Pia

=)= (o)

of @ do. Set

and

65

which we can do because the Y, represent in some order or

other all the y;. Then we have

o= (1)
¢ Vi)’

and since the permutation
taly = L.

is contained in @, the permutation

TaTo = Tc

is contained among the r; which consequently compose a group

=17y ...,7

This we illustrate on the permutations between the functions

Y1 = 21Tz + 7374
Ve = T1T3 + ToTy
Vs = 21%4 + Toxs

conjugate under the symmetric group on the z;:

T on the ¥, S on the z;

1 Vidads 1, (12)(34), (138)(24), 14)(23) = N
r2 = (123)| yalays | (234), (132), (143), (124) = Nts|t, = (234)
73 = (132)] yspuye | (243), (142), (123), (134) = Nts|ts = (243)
o= (12) | y2¢nys | (23), (1342), (1243), (14) = Nt |t = (23)
76 = (13) | ¢avavn | (24), (1432), (13), (1234) = Nts|ts = (24)
Te = (23) | yivay2 | (34), (12), (1423), (1324) = Nts|ts = (34)




CHAPTER VII
THEORY OF LAGRANGE

§34. RESOLVENT EQUATION

In the endeavor to find a solution of the general equation
f@y=a"—car '+ ... £e=0
we now turn to functions of its roots
Xy, Loy o o .y Tny

for we know from chapter two that the computation of such
functions may imply the solution of the general equation.

Any such function takes a certain number of conjugate values
inder every group containing the group of the function. An
squation whose roots such conjugate values of a function are is
:alled a resolvent equation or resolvent of the general equation,
ind the following proposition applies:

(50) The conjugate values which a function takes under a
group to whose subgroup the function belongs are roots
of a resolvent equation whose degree equals the index
of the subgroup in the group and whose coefficients
belong to the group.

For suppose that some function ¢; of the z; belongs to a

subgroup H of index j in the group G on the z;. Its conjugate
values

‘I’h‘#b CEE )'l’i

under G are roots of the resolvent equation

W) =W —¥)W —¥) ... W—¥,) =0

of degree j with coefficients

ittt .o Y
e + s + . . iy
20 23 Z I 1

66
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which are symmetric in the y;. Since a permutation of G can
do no more than interchange the y;, as explained in §186, it leaves
the coefficients of the resolvent equation unaltered. This no
permutation outside G does, and the proposition follows.

In this connection we say that r(¥) = 0 is a resolvent equation
for H and that @ is the group of this resolvent equation.

§35. LAGRANGE’S THEOREM

That the solution of a resolvent equation may imply the solu-
tion of the general equation follows from a proposition known
as Lagrange’s Theorem! and published in a celebrated contribu-
tion of Lagrange to the Memoirs of the Academy of Berlin for
1770-71:

(51) If a rational function ¢, in the roots x; of the general
equation remains unaltered by all those permutations
on the x; that leave another rational function ¥, of the
x; unaltered, then the function ¢, is rationally expressible
in terms of the function ¢, and the coefficients of the
general equation.

This is to say that the function ¢, can be computed from the
function y; and the coefficients of the general equation by rational
operations. We note incidentally that by the conditions of the
theorem the function ¥, belongs to the group of the function ¢;
or to one of its subgroups.

Let ¢, and ¢, be two rational functions of the z; belonging
first to the same group H of index j in the symmetric group S
on the z;, We shall prove that ¢, is rationally expressible in
terms of ¥, and the coefficients ¢; of the general equation.

The conjugate values

PL1y P2y, -« 5 Pj

#’l;"l’% DI !‘ﬁi

of ¢, and ¢; under S can be arranged so that permutations of
S converting ¢; into ¢ also convert ¥; into yx. The function

Vifor + Yofos + . L+ Y

1 Compare the statement of Lagrange’s Theorem in §71. Another proof
is given in §69. Lagrange hved 1736-1813.
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then is symmetric in the z; since no permutation on the z; can
do more than interchange its terms. Consequently it is rational
in the ¢; by proposition (35), and we have a system
o1+ e+ . ..+ i =roc)
Yier + Yeee + . ..+ Yip; = ri(cd)
Vitor + ¥alee + . . .+ Y0 = 1a(ci)

Virler + aiTlee + L L T e = 1ima(e)
of j equations linear in the ¢;. We need no more equations to
solve for ¢;; and we can have no more since powers of y; higher
than j — 1 can be eliminated by rational operations. For y;
satisfies by proposition (50) an equation
) =y¢i+ Ayt Agii 4+, .. =0
with coefficients that are symmetric in the z; and as such rational
in the ¢;, whence
Yo = —Aw, =t — A= — . L.

Y tl = —A,7 — Agp, ™t — . L.

(A2 — AW+ (Ade — A2+ .

I

Solving the system of equations in the ¢; given above for ¢,
we obtain

To 1 1 e 1
T Yo Y3 ... ¥
2 2SR 7 28
L g 2 e
=TT 11 .1
Y1 222 N 2]
¢12 ¢’22 ¢32 L 'Pzﬁ
D g gl L L g

Since the determinant of the denominator vanishes for every
¢|‘ = ‘pk; [i # k
this determinant is divisible by every ¥; — ¥x and hence by

s — vo = Va3,
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where we take
i>k
Having j values ¢., we can pick y¥i — ¥i such that ¢> k in
j(G — 1)/2 different ways, whence II(://. — Y1) is homogeneous of
total degree j(j — 1)/2 in the y;. But so is the determinant as
. i
1+24+ ... +(]—1)=‘7~(‘?—§—),

and their quotient can be only numerical. From the leading
term of the determinant, as compared with the corresponding

term of H(xb; — Y1), it is seen to be 1, whence

1 1 1 ... 1 |=+a,
A
A S
R 2R 2NN

Denoting now by T the determinant of the numerator, we may
set

where A, is symmetric in the y; and hence the z; and as such
rational in the ¢;. To complete our proof, it remains to investi-
gate the numerator

T. \/&; = To 1 1 ... 1 1. \/AW
1 123 V3 e ¥
S7C B . 25

rie1 Yl yett L T
It is a function symmetric in the conjugate values
Vo, ¥ - . - ¥
other than ¢, for interchanging any two such values ¢, we alter
the sign of both T and 4 B; but do not alter their product.
To examine such a function, we take the equation

W= =) . (=)
=V AW AW+ 4= 0
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with coefficients rational in the ¢; and dividing out ¢ — y; obtain
the equation
W= ...0—1)
=yt (Y + A+ WP+ A + A3+ L
=yt + By + Byt + ... =0,

B, =y, + A,
By =y’ + A1 + 4.

where

Hence it appears that a symmetric function of the roots ¢; other
than ¢, rationally expressible in terms of the elementary sym-
metric functions B; of those roots, is expressible so in terms of
¥1 and the A, and therefore expressible so in terms of ¥, and
the c;:
Sym. (¥q, . . . ,¥;) = Rat. (¢, ¢.).

Since the numerator in the expression for ¢; is such a function
and its coefficients are rational with the r,, we may set
_ Rat. (4, )

Ay

®1

or
P11 = R(¢l; cy)
with R integral in ;.
This proves Lagrange’s Theorem for functions belonging to
the same group. Inasmuch as the coefficients ¢, of the general
equation are to be regarded as rational, we may set also

Y1 = R(‘Pl)-
Since powers of y,; higher than 7 — 1 can be eliminated, the
expression for ¢; can be reduced to the form

_ R4+ Ryt 4 L.+ R;
P = A‘#

§36. LAGRANGE’S THEOREM, Continued
If the function ¢, belongs to H as it did before, where H is a
subgroup of index k in the group G, and the function ¢; now
belongs to G, we have as corresponding conjugate values of ¢,
and ¢; under G:

P P2 - - oy Pilky Py o ooy Pilk

1200 Z VR P 27 TR N H



THEORY OF LAGRANGE 71

and we have as equations in the ¢,:

o1+ e+ ...+ et o1+ ...+ emr=T0
Vier F e+ . o0 F Vet Yorner + o oL T Ve =11

The ¢; are not all distinet, but this does not interfere with the
computation of ¢; which is to follow, and we have again

e1 = Ry, ¢2)
or

f1 = R(¢1)~

This completes the proof of Lagrange’s Theorem.
In the last case

Y1 # R(ey, ¢,

for a computation of ¢, from equations constructed for the ¢,
leads to determinants vanishing with like columns in the ¢.
Conversely, if
P 1= R(‘l’ly (7,'),

then a permutation leaving ¢, unaltered leaves unaltered also ¢4,
and we infer that the group of ¢; contains that of ¢,. If moreover

¥1 = R(ey, ),

then also the group of ¥, contains that of ¢;, whence both groups
" are identical. Thus the Theorem of Lagrange presents a neces-
sary and sufficient condition.?

If the function ¢, belongs to the subgroup H of G, then (7 can
do no more than permute the conjugate values ¢, that ¢, takes
under G. Hence symmetric functions of such values are unal-
tered by @; yet they may belong to @ and may not.

That they may not appears from an example. Conjugate
values of a function belonging to identity are:

Wl = 2.‘01 — X2 1 T T
Yo =21y — 23 | (123)G |
lﬁz = 2z3 — ) (132) l S
Yi= 22 — 24 (12) l
Vs = 223 — T2 (13)

Ve = 21 — T3 @23 |

1 The rest of this paragraph may be omitted on first reading.



72 ALGEBRAIC EQUATIONS

These conjugate values are permuted so:

1 Vivababadsds | 1 I
| (123)(456) | yavadrvsvedy | (123)
I'on the ¢, (132)(465) | ya1¥avevads (132) S on the =z,
(14)(26)(35) | vapedsviyaya | (12) i
(15)(24)(36) | ¥sabepadivs | (13)

! (16)(25)(34) | yovstavavays | (23) |

The symmetric functions
Vi + ¢+ ¥s

and

Vs + Vs + ¥
of three ¥; conjugate under G are unaltered by G and conjugate
in 8. Yet they belong not to G but to S because they are sym-
metric also in the z,:!

Vit vt vs=vs+ s+ Y6 =a1+ 22+ 25

Another example will occur in §58. Thus we can note:
(52) A symmetric function of values conjugate under the
group G belongs to G or to a group containing G.2
If a function £, belongs to a group = containing H but no other
permutations of G, it behaves under G as a function belonging
to H does. For we can arrange the subscripts so that a per-
mutation ¢; of G converting

\l’l i 'Pz
converts also

& — &
and if

tit; = i,
we have

Vi = ¥
and also

£ii = &

For example, the function
EL=21+ 22— 23— 24

1 But y1ays is not symmetric in the z,.
2If to a group containing G, the corresponding group T is imprimitive,
by §51.



THEORY OF LAGRANGE 73

belonging to

=
-
it

1, (12), (34), (12)(34)

behaves under

G =1, (23), (24), (34), (234), (243)

1l

like the function
Y1 =12, — T3 — 24
belonging to
I

1, (34).
We have:

(1) . (23) l (24)‘ (34) ‘ (234) l (243)

2 ‘ ¥: | Vs | 23 123
Va| ¥ | ¥2 | Vs ¥s 1
Vsl ¥ | ¥ 2! ¥ Va2

and this remains correct if we replace ¢ by £ Permutations
outside G replace all ¥, although not all £; but they alter any
sum of either the ¢, or the £;. Hence we infer:

(53) When values taken under G are such that

(1) the sum of any values! conjugate under a group
belongs to the group
(2) any value belongs to a group such that
(a) the group contains a subgroup but no other per-
mutations of G
(b) G contains all permutations leaving unaltered or
interchanging the values
then the sum of the values belongs to G.

The proposition is true also for other symmetric functions than
sums, but is needed mostly for these.?

In a sense which we are apt to imply, Lagrange’s Theorem fails
whenever two conjugate values ¥, are equal, making the denom-
inator in the expression for ¢; vanish. We note however that
this may not happen in case of the general equation, as will be
explained in §70.

1 Any values of those taken under G.
2 Compare §§44 and 48.
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§37. PLAN OF LAGRANGE

It will be clear now why the solution of a resolvent equation
may imply the solution of the general equation

f@)=ar —cax '+ ... £ea=0
for its roots
xly v ey Tn.

This is so because a root z; of the general equation is an n-valued
function of the x; belonging to the subgroup

X, = St

of 8* which acts on all letters z; other than z;. Hence z, is by
Lagrange’s Theorem rationally computable from the coefficients
¢; of the general equation and any function of the z, that belongs
to X1 or a subgroup of X;. But any such function is a root
of a resolvent equation.

Since X; must contain identity as subgroup, a root of the
general equation is certainly computable from the coefficients
¢; and a function

v=a1x1+a2x2—|— [ -I-a,.x,.

that belongs to identity and hence is a root of a resolvent equation
of degree n!.

Suppose that a series of subgroups from the symmetric group
S on the n letters z; down to identity is

Se—i—»Ge—r—H...1
C; © ¥ v,

where the indices of the groups are written between them and the
functions of the x; belonging to the groups are written below
them. Then ¢ is a root of a resolvent equation of degree j whose
coefficients are rationally computable from the c;; ¢ is a root of a
resolvent equation of degree k whose coefficients are rationally
computable from ¢ and the ¢;; and so on. We can construct a
chain of resolvent equations

ol + Ri(c)e'+ ... =0
V' + R(gedft+ ... =0
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if need be down to identity and consider these equations solved
if their roots can be computed by algebraic operations. This is
the plan of Lagrange.

Is our task completed? Alas, here our troubles begin! For
the symmetric group on n letters z; has by proposition (47) no
other subgroup than the alternating group of index less than n
when n is greater than four; and the alternating group has
under such circumstances by proposition (48) no subgroup at all.
It follows that among the resolvent equations is one of degree n
as the general equation is, and such an equation we cannot solve.
Thus Lagrange’s tentative plan of solving general equations
fails when n is greater than four.

The solution of the general biquadratic equation

fl)y =2 —cuxP +cx? —csr+ ¢ =0
is possible in several ways. One plan of solution' is this:
2f s ©
A Va
V (1 — xo)(xy — X4)
H
1

3t
2{

[a(zy — 22) + B(xs — x4))?
a(z; — x3) + B(xs — T4),
where the indices of the groups are to their left and the functions
belonging to the groups on their right and where?

H =1, (12)(34).
Since no resolvent equation is of degree more than three, the so-
lution of the general biquadratic equation is reduced to the solu-
tion of quadratic and cubic resolvents.

§38. LAGRANGE’S SOLVENT

The solution of the general cubic equation
J@) =2*+pr—qg=0
in chapter two is based on the plan:

S pa
A Va

1 e =2 + wzrs + wis.

2f

3!

1 Another plan will be found in §46.
2 V was given in §31.
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It is not possible to avoid a resolvent equation of degree three,
and yet this resolvent solves the cubic equation which is of the
same degree but not solvable without it. By what virtue then
can this resolvent render such a service? Evidently because it is
binomial making a solution possible by extraction of root; for
it is
o = R(\/A) q, ),

the w coming from the irrational coefficients of ¢.

A sudden thought flashes through our minds. If we cannot
avoid a resolvent equation of the same degree as the general
equation, just when is the resolvent binomial?

If the resolvent equation

\l/i - R({O,C") = O
for the values y; conjugate under @ of ¢ is binomial, then
!l/o = '\’/I_Z, ¢/1 = e\j/k, e ,'l’;—l = e’._l{/k,

where e is the primitive root of unity' defined by the formula
€ = COS %w =+ 7 sin glr

The conjugate values ¢, differ by constant factors only and
therefore belong to a normal subgroup N of G.

A binomial resolvent either is of prime degree or can be replaced
by such resolvents. For assuming that

i=pr-q
where p and ¢ are prime, we can set

Y =x
and

x? = R(e, ci).

It follows that the group G of a binomial resolvent? either has a
normal subgroup of prime index or a series of such:
Ger— J —a— N
¢ X 12
Conversely,
(54) if the group G has a normal subgroup N of prime index,
then G is the group of a binomial resolvent for N.?

1 Cf. §§79 and 84.
2 Cf. §34, last two lines.
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Let the index of N in @ be a prime number p, and let ¢, be a
function of the z; belonging to N. Under the partitions of
G=N-+Nt+ Nta+ ... + Nty
the conjugate values
Vo ¥L ¥ o . ., ¥
are interchanged in p different ways, as explained in §33, and
by proposition (49) the permutations between these conjugate

values form a group. This group is circular by proposition (25),
and we may set

I'=1,r+% ..., !
W1 . . . o).
We now form the function
(V) =vot+ebr+eXa+ ... + e, 0+ @ Yy

also belonging to N, where

I

T

e=cosz7£+isin?1r
14 p

is a primitive root of unity! and
e = 1.

A permutation in the partition Nt; interchanges the ¢; of the
function as r indicates, therefore cyclically, converting (¢,¢)o into
(¥ =v1+ebat+ e+ ... + e X1+ Y,

= e—l(e;‘l’)ﬂ)
while a permutation in the partition Nt, interchanges the ¢; as
7% indicates converting (e,y), into
(W) =Yo+ s+ e+ . .. + e+ Yy
= 5_2(5;5{/)0’

and so on. It appears that the permutations of

G on the z;: N Nt Nt |........ Nt,_,
like those of T on 1 - ot
the ¢1: T | T eeeeee T
convert (e,¥)o into: | (¥)o| (e¥) ()2 |.vvve... (&,¥)p1
equal to: (e¥)o| €M e¥)o | €2(e¥)o| ... . P (e¢)g
and to: (e¥)o | € 1(e¥)o| 2o o vvvnn.. e(e,¥)o

1Cf. §§79 and 84.
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if we multiply by e» = 1.
As we have

(61'/’)6’ = [ep—i(e"p)o]p = (e",,)op,

the function (e,)o? is unaltered by any permutation of G and
such a permutation alone, so that by Lagrange’s Theorem

(é)¢)0p = R(Cir¢;e)-
Hence the function (e,¥)o is a root of the binomial resolvent
T(G,\l/) = (ﬂ’#)p - R(Ci,<p,€) =0,

and the group @ satisfies the proposition.

The functions (e,¢); permit the calculation of the ., as it
was illustrated in the solution of the general cubic equation of
chapter two by the functions (w,z);, and such a function (e,¥);
is called Lagrange’s solvent! for a normal subgroup N of G.

It follows that

(55) aresolvent equation for a normal subgroup of prime index

is binomial if constructed on Lagrange’s solvent for that
subgroup.

It should be noticed that not every function ¢; belonging to
N has its p-th power belong to G as Lagrange’s solvent (e,¢); has.

§39. SPECIAL CASE OF SOLVENTS

For the alternating group of index

=2
in the symmetric group and
e=—1
we have by proposition (40)
Y1 =8+ S:VA
Yo = 8) — S;V4,

so that Lagrange’s solvent is
() =1 + &2 = 232\/51
in the simplest case just V/A.

1 Also called Lagrange’s resolvent (function).
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Reviewing the solution of the general cubic equation in chapter
two, we observe that Lagrange’s solvent for the alternating group
complies with the rules, but Lagrange’s solvent

(w0,2) = 11 + wzs + w3

for identity in the alternating group is constructed on the
functions

z; with group 1, (23)

zo with group 1, (13)

z3 with group 1, (12)

which do not belong to identity. This is possible because the
functions z; belong to groups containing identity but no other
permutations of the alternating group

A =1, (123), (132),

and because there are no permutations outside the alternating
group that leave the functions z; unaltered.!
The significance of the last condition is seen on the function

(w,0) = o1 + wpe + w3
with
¢1 = T1T2 + 23T4
02 = T1T3 + TaT4
03 = T1T4 + TaT3,

which belong to groups? containing identity and no other per-
mutations of
G =1, (123), (132)

but are unaltered by the permutations of V,? which are not in G.
The function (w,¢) behaves under G as if it were Lagrange’s
solvent for identity in four letters z,:

1 ot +otes = (we)
(132) p1 + wes + wlor = 0l w,e)
(123) P31 + wer + wlor = W w,¢)

1 Compare proposition (53).
2 These groups were given in §19.
3V was given in §31.
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yet this function belongs not to identity but to the group
{1L,v}y =7,

and its cube not to G but to the group
{G,V} = A4

It appears that the functions y; of Lagrange’s solvent may
conditionally be replaced by functions &;:

(56) Lagrange’s solvents for a normal subgroup N of G can be
constructed on conjugate functions belonging to N, or
on conjugate functions belonging to groups containing N
but no other permutations of G if there are no permuta-
tions outside G that leave the conjugate functions
unaltered.

§40. LIMITS OF LAGRANGE’S PLAN

We have learned how to construct binomial resolvents. Does
it help us to solve the general equation of degree n? Only when
the composition-factors of the symmetric group on n letters x;
are prime.

Whenever the symmetric group in n letters x, has a series
of subgroups each normal and of prime index in the
preceding, the series beginning with the symmetric group
and ending with identity, then we can solve the general
equation of degree n by algebraic operations using
primitive roots of unity.!

But when these conditions do not hold, it would not seem
possible to solve the general equation of degree n by algebraic
operations, which beside the rational operations include the
extraction of roots.?

With scarcely any hope left we therefore acknowledge failure,
for we have no such series of normal subgroups with prime indices
if n is greater than four, since the symmetric group then has no
other normal subgroup than the alternating group and the

1 We need primitive roots of unity for Lagrange’s solvents, but they can
be computed, as will be explained in §84.

2 Compare the statement of our conclusion in §§69 and 76. For the
final statement see §82.
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alternating group no normal subgroup at all. The composition-
series for
n >4
is
Se—2—A4 "2! -1,
where n!/2 is not prime.

This seems to put an end to all attempts of solving the general
equation of degree higher than four: indeed we shall find! that
it is not solvable. While special equations of higher degree can
be solved, they elude the grip of Lagrange.

That they do, is not a fault. Lagrange’s plan of solving
equations has been treated as inferior: that it is not. Directed
toward the solution of the general equation, it is perfect as such;
and concluding our study of it, we salute the genius of the master.

1Cf. §76.



CHAPTER VIII
GENERAL EQUATIONS

A. QUADRATIC EQUATION:

lx2 — cix + ¢2 = 0

§41. The binomial resolvent is given by the plan
Se—2—04 =1
ci,A \/A,
where the symmetric group is
S =1, 012)
and the alternating group, normal in the symmetrie, shrinks to
identity.
Lagrange’s solvent for
A=1
ist
\/A = x1 — 2.
Its square, belonging to the symmetric group and hence by

Lagrange’s Theorem rationally computable from the c;, is the
discriminant

A= (3 — x)°
= (Jll + (Cz)z - 4:61332
= 012 - 402.

This gives us the binomial resolvent for A.
The roots x, and z., belonging as functions of the z, to the group
A =1, are by Lagrange’s Theorem rationally computable from

VA = Ve — 4o,
We set
T+ 2z = c1
VA =z — 23 = Vi — 4e,
1 Cf. §39.

82
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c c1\?
x1=“§+\/<'é> o
_a " fi‘f }
T2 = 9 2 Csa.

If we write the quadratic equation in the binomial form:
az® + 2a17 + a2 = 0,
and then substitute from

and have

2(1.1
C = — -
Qg
a»
Cy = -
(2]

we obtain

—a; + Va,? — @ols
Qo

—a; — V (112 — Qod2

Xg = ~—— e s e

Qo

Ty =

B. CUBIC EQUATION:

[x* — cix® + cax — ¢3 = 0

§42. The solution by binomial resolvents is given with the
plan
S22 431
C,',A \/Ky‘pts (D)
where
and
A =1, (123), (132).
The square of Lagrange’s solvent for 4 is the discriminant!
A= (21 — 22)% (21 — 23)%(22 — 23)*
which is symmetric in the z; and by Lagrange’s Theorem ration-
ally computable from the ¢;. To do the computation,? we notice
that the discriminant is homogeneous of degree six in all the z;
and of degree not more than four in any one of them. Hence it
is expressible as
A= 261”'62"63"',

1 Cf. §39.
2 Cf. §24, end.
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where the weight of each term is
W = v, + 2vs + 3v3 = 6,
while the total degree is
D=vi+vy+ v £4.

The combinations of the »; satisfying these conditions are

Vi V2 V3
0 0 2
0 3 0
1 1 1
2 2 0
3 0 1

Consequently
A = lics® + lace® + lscicacs + laci®c® + Usei’cs,

where the I, are numerical coefficients.

We proceed to compute these coefficients with the help of

special equations. Thus the equation

) 2—-2=0
with

x1=0,l‘2= 1,x3= -1
and

Cl=0,02=—1,63=0

gives
A= -l

from the equation for A, and gives directly
A =(0—1)20+ 1)1 + 1)? = 4,

whence
l, = —4.

(2) 22 =222 42 =0
with

:L‘1=0,.’£2=1,333——1
and

01=2,L‘2= 1,C3=0
gives

A=l2+4l4=4l4—4 [l2=
and

A=(0-1%0-1)>1-12=0,
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whence
=1
3) 22 —-3r+2=0
with
T = 1,272= 1,133 = -2
gives
A =41, — 271, = 0,
whence
ll = - 27
4) 22 —3r24+4=0
with
Ty =2,22=2,23=—1
gives
A= 16l1 - 108l5 = 0, [ll = — 27
whence
l5 = - 4
(5) ?—2—r+1=0
with
nn=1z=1z=—1
gives
A=l1 —12+13+l4'—ls=0,[l4= 1, l5= —-4
whence

l3 = 18
Substituting the numerical values of the l,, we have as binomial
resolvent for 4 the equation

A = — 27¢3% — 4c¢® + 18cicacs + ¢1%¢2® — 4ci’cs.
§43. As Lagrange’s solvent for identity we can take by prop-
osition (56) the function
(0,2) = 21 + wr2 + 0’23 = @1

Its cube belongs to the alternating group and is by Lagrange’s
Theorem rationally computable from V'A: as alternating func-
tion it is by proposition (40) of the form

e = 81 + S: VA,
To compute it, we have

01 = (21 + wzs + wix3)?
= 22 + 2.° + z3® + 3w(zi®22 + 22%5 + z4%4)
+ 30)2(11;1.’1322 + x2x32 + xaxl") + 62311:2273.
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Substituting from
-14+Vv -3
w=—
2
,_ —1—-vV -3
w? = g

and then setting!
8(z®) = zd + 2 + zgd
8(z12x2) = 21222 + Tz + w81 + 122 + 222 + z570®
8(.’1212?22?3) = T122T3
we obtain
3V -3

3
(,013 = s(xl") _ 58(2712372) + 9

— T1%9? — Tox3® — T3712) + 6s(xirers).
Since the third term alone is non-symmetric in the z;, it must

contain V'A: indeed we find

(z12z2 + z2?2s + x3%r1

VA = (21 — z2) (21 — 23) (22 — 3)
i<k
= 2,22y + T22r3 + T2 — T1xe® — Toxs® — TaTi?
so that o
3 3V-3 -
¢1s = 8(3?;3) - és(xlzxz) + 68((51.’1721'3) + ““é“ \é%

Computing now by the method used in §42:
s(z1®) = 3cs — 3cica + ¢id
s(xi1%2xs) = —3c¢s + cice
S(l?lxzxa) = Cs,
or computing directly:
3
018 = 28 + 243 + 73 + 6217073 — 5(3’:12%2 + 2225 + 5%
3v —3A
+ 2129 + zoxs® + T32:) + 5
9
= (z1 + 22 + 73)° — é(xl2x2 + z22x3 + 23’1 + 21227
. 3V —3A
+ ToX3g” + 13112) + ——-'\/2 3'4
9
= (21 + 22 + 23)° — ‘2(2?11‘2 + 2923 + z321) (X1 + T2 + 73)

2 3V =-3A
+ —27-:cxxzxs + 2 3

’

1Cf. §22.
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we have as binomial resolvent for the function
o1 = 71 + wr + wiz;

belonging to identity the equation
3V -3A

27 9
et = e — gac + o’ + g

1 —
= 2(27 ¢5 — 9c1ca + 2¢:® + 3V —34).
2 i<h
Applying the transposition (23), we find as binomial resolvent
for the function
oz = 21 + wlrs + wr3
the equation
3 1 < 3
prt = o(2Tcs — 9eies + 20,° — 3V =34),
i<k
since a transposition changes the sign of VA.
The conjugate values of ¢, under A are
p3 = wlp1
Y5 = W1,
the conjugate values of ¢, under A are

P4 = W2

@8 = wlpg;
and these conjugate values are the remaining roots of the resolv-
ent equations.

§44. We have found the value of every function ¢, belonging to
identity, and all what remains for us to do is to compute the value
of every function z;: in terms of any ¢; if we please, by theorem
and method of Lagrange in chapter seven, or more conveniently
from the sum of two ¢;. For the function ¢, takes under the
group

X, =1(23)
of z, the conjugate value ¢;, and the function

o1+ o2

lends itself by proposition (53) to a rational computation of z;.
Recalling that
o+ w= -1,
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we have
zy + wzs + wzfﬂs = 1
Z1 + 0¥%s + wz3 = @2

221 — 22— 23 = o1+ ¢
1t T2+ 23 =01

3x1=c1+ o1+ o2

Similarly we may compute any z; in terms of ¢; + ¢: properly
chosen. Or we may find the z; adding the same equations as they
stand and multiplied by

w? w1
and then by
w, w? 1
respectively. Recalling that
1+ o0+ w?=0,
we thus have
z1 + wxs + 0’3 = @1
T+ @’y + wrs = @
ot 2t =0
3zi= ca+ o1t e

3z = ¢+ wlor + wes
3z3 =  c1 + wp1 + wle,

where we may substitute the proper ¢; to rid the result of w.

§45. If the cubic equation is written in the binomial form:
aox® + 3a12? + 3asx + as = 0,

we set
_ 8% 8w %
6= ao’ 2—a0,63— Qo
and obtain
27 2 2 3
A= - a—"‘t(ao’aa2 + 4a0a2® — 6a0a1a2a3 — 3ai%a2* + 4ar’as)
0
= gl (ao’as — 3aoa10: + 20:%)? — 4(a;® — aoas)®
- ao4 aO2
27 3v —=3A 3A
‘Pls = -— —(ao as - 3(10(1102 + 2a13) + e

2a0 2
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Introducing the notation
Gy = agas — 1% = |aoay
@102
G3 = a02a3 -_ 3(10(11(!2 + 2(113

for functions whose virtues are revealed in the theory of invari-
ants, we finally have

27
A = — Z5(Ga? + 4G2%)
Qo

I

27 S

@® (G5 + VG + 4G

2(10

ot = — 2(Gs — VG + 4G
2 243 3 3 2" )y

and as solution of the cubic equation

_a T
= i (s + VGs® +4G,? Gs— VG52 +4Go?
z) oao\/(a"}' 32+ 4G°) — 0\/2(3 32 44G5?)
rr=— " A’a—(Ga + VG + 4G — 3/ (G3— VG2 +4G,)
QAo ao\/
zy= = =@+ VG 4023)—?~—A (@a— VG52 +4G5).
ao o\/ aoV/2
Example:
2% — 72?4+ 142 — 8 = 0,
7 14
ap=1,a, = —3,a2= 3,a3= — 8.
7
Gz = apaz — a, = ~ 9
20
Ga = a02a3 - 3aoa1a2 -l— 2a13 = — ‘277
27 R .
o = = 5@ + VG + 4657 = 10 — 9v/ -3

o=—-2-+vV=-3

o= —2+vV-3

T+ oz oty = —2— V-3

z1 + w2y + wz; -2+ V-3

i+ 2+ zT= 7

=1

2 [w+w2=—l;w—w2=\/;——3

ro = 4.

8
»
il
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C. BIQUADRATIC EQUATION:
[x¢ — cx3 + cax? — cyx+ ¢, = 0

§46. The biquadratic equation written in the binomial form is

(1,021?'1 + 4a1x3 + 6(123}2 + 4(132 + ay = 0,
where

fo, _ 6 fo

) Co 1 Cg = ——77) 4 = —°

C =
[21) Qg [24)] Qo

A convenient solution! is given by the plan
S—3—>GF—2—>N
Ci Y, &° £,

where S is the symmetric group on four letters z,, as given in
§21, while

G =1, (12), (3¢4), (12)(34), (13)(24), (14)(23), (1324), (1423)

and
N =1, (12), (34), (12)(34).

A kind fate thus spared us the search for the discriminant.

Since the group @ is not normal in 8, the cubic resolvent for
¥1 is not binomial and has to be solved by one square and one
cube root, as shown under B.

Let?

Y1 = 103 + T34

It is a root of the resolvent cquation

W -yl — y2)y — ys)
=4 = W1+ y2 + y)y’ + Wy + yays + ysyy — yiyays
= Aoy + 341y* + 34y + A; = 0,

whose other roots are the conjugate values

Yz = T1%3 + TaTs
Ys = T1Z4 + ToTs

of y, under 8. The coefficients of this equation are symmetric
in the y;. As a permutation on the z; can do no more than
interchange the y;, the coefficients are symmetric also in the z;
and hence rationally computable from the c;.

1 Cf. §37.
2 Cf. §§19 and 39.
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Noting that
Ag = 1,

we compute:
—3A1 =ty + s
602.

= 1% + T34 + 123 + Toxs + 2104 + T2T3 = 3 = PN
0
Further:

345 = yiy2 + yays + yan
= (2122 + x3xe) (@223 + x2x4) + . . . = S(zy),

where any term of S(z,) is of degree four in all the z; and of degrec
not more than two in any one z,. Hence!

S(Z,) — 261"'02”63“04“7
with the condition that

W=wv 4+ 2vy+3v; +4vy =4
D=vi+vetrvitv =2

The possible combinations of the v; are:

and we have:
345 = licy + lacies + lscs®.

To compute the I;, we use special values of the z; and the cor-
responding values of the ¢; and the y;, as we did in §42:

Xy T2 T3 T4 t €4 CiC3 C2? Y Y2 Ys ‘ 34,
1 1 0 0 ‘ 0 0 1 1 0 0 ‘ 0
1 1 -1 -1 1 0 2 -2 =2 -4
1 1 -1 0 ’ 0 -1 1 -1 -1 I -1

The first set of values gives
34z = hieq + licacs + lice® = 1g
1 Cf. §24, end.
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and
345 = Y2 + yays + ysy1 = 0,
whence
I; =0.
The second:
34, = lica + lacies = Uy [l =
and
34, = ywr + yays + ysyr = —4,
whence
I, = —4.
The third:
3A2 = 1104 + l2(5163 = - l2
and
34, = Yiyz + Y2ys + yan = -1,
whence

I, = 1.
Thus we have

—4a0a 16a.a
34, = —4cy + cie3 = = ::; =

'Likewise,
—As = yyays = (122 + 2524) (X125 + T2x4) (2224 + 2273)
= 201"'02v’03 g,
with the condition that

W=V1+2Vz+3V3+4V4=6
D=y 4 va+4 vs+ vy = 3.

The possible combinations of the »; are:

Vi Ve V3 V4

1
0
0
0
1

N =IO O O
QO = WO
S = O N O

~

and we have
—A;s = Licscy + laes® + Iies® + licicaes + lscr%c.

0
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Special values of the z; give:

Ty Tz T3 Ty | CaCe C3® €23 €1CoCs Ci%¢e | Y1 Y2 Ys | —As| Result
1 1 0 O 00 1 0 0 1 0 0 ls=0
1 1 -1-1-20 0 0|2 -2 -2 8 L =—-4
1 1 -2 O 0 4 0 0 1 -2 -2 4 =1
1 1 -1 0 01 1 0 1 -1 -1 1 ly=0
1 -1 -1 -1 0 4 -4 10 0 s =1

Thus we have

—24 16a.as2 + 16a,2
—Ag = —desey + 5 + ci%cs = a0a2a4 + 16a0as” + 0a1°a4

0,03
§47. We now solve the resolvent equation
Ao?j3 + 31‘11112 + 3A2y + 4;
PRI L P L e L
Qo aot
2daaas — 16a0as* — 16ar'as _
(103

as explained under B:
Gz = AoAz - Al2
G3 = A02A3 - 3AOA1A2 + 2A13,

where
—2
Ao = 1, Al = __'(12
Qo
A _ "'4(1[1(14 + 1611103
2= 30,02
24(10&204 —_ 16(10(132 bl 16(11204
A, = S =

Substituting for the 4;, we obtain

4
Gy = —5 5(a0as — 4aia; + 3a2?) = —5—;
2 3%2( 0 1a3 + 3as?) 320
16 16
Gs = a“s(aoazala — aoas® — a,as + 20,0203 — as®) = 239
0 (]
where
. g2 = QeQ4 — 4a1a3 + 3(122
3 = Q00204 — 00057 — 01°a4 + 201205 — a2 = |G a1 a2
a; Qs asz

s a3 a4
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The cube of the function!
o1 = Y1 + wy: + w?y;
is

27 R
pi® = —ma(Gs + VGs? + 4G7)

27 /16 256 , 256

= _2A08 a0393 "&;Bgs - 27ao6g2
—216g; — 24V/81g;? — 3g2°
= —— )

(103

while the cube of the function
¢z = Y1+ &2 + wys
is
—216gs + 24V/81gs* — 3g5°

9% =
(2 asd

Hence

2 P
o = ~(—27gs — 3V/81g;2 — 3g,3)%

0

2 T A
v = o (=27g5 + 3V8lgs? — 3g:%)%,

and we have as solution of the resolvent equation

2(12

U ““+ (¢1+¢2)

2a,
Jr = + “(w2¢’1 + wes)

2
< Ys —'—a—2+ (w<p1+w<pz)

The discriminant of the resolvent equation is

Ay = (Y1 — Y2) (Y1 — ¥3)*(yz — ¥s)?
= (371132 + z3x4 — T173 — sz4)2($1x2 + Z3Ty — T1 T4 — .’I:zxa)z
Az + 2oxs — 2174 — Ta25)?
= (z1 — 24)%(x2 — 23)2(x1 — T3)% (X2 — 74)2(T1 — T2)?
- (x5 — x4)%;
1 Cf. §39.
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it isidentical with the discriminant A, of the biquadratic equation,
which we thus find incidentally, and by §45 we compute:

A

27
“'Z;&(Gaz + 4G4?)

_ 2569, _ 256g.°
- —27( - 27(106)

(loG
256
= e — 27g).

Clo6
This permits to set

216, 3
® —*a(;g‘s - 2\/—3A

2az\* _ 4ge ?a_z) 169
(y— ao) - aoz(y - Qg + a03 - 0,

which is the same as

2+ 3Gz + Gy =
with
2(12
2=y — @
Substituting
2z 204
w=Y " a

we reduce the resolvent equation to

22— g2+ 293 =0,
and substituting

- =y ==

Qo g
we reduce it to
42 — gz — g: = 0,
historic resolvents of the biquadratic equation.
§48. As Lagrange’s solvent for the normal subgroup
N =1, (12), (34), (12)(34)
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of G we take the function

(6, ¥) = ¥1 + es = &1,

where
e= —1
V1 = 11 + 2
Belonging to N, ¥, takes under @ the conjugate value
Ve = T3 + 24,
so that

fL=21+ 22 — T3 — T4

The square of £, belongs to G and is by Lagrange’s Theorem
rationally computable from y;:
= (21 + 19 — T3 — T4)°
= (xl + 2 + 23 + 3’34)2 — 4(11123 + 2124 + Tox3 + 9321134)
= (z1 + 22 + 22 + 292 — 4@122 + 7123 + T1T4 + 2223

+ oy +zsza) + (2122 + 374)
2

<- ‘E‘l‘) _ 452 + 4y,

ay ay

£?

4
= a—2(4a12 o 6aﬂa2 + aozyl)'
0

Solving this binomial resolvent for £, we obtain

2 . ——
1 =21+ 22— 13— x4 = % ;\/41112 — 6asaz + ao’y1.
0

Although the group N of £, is not a subgroup of the group
X, =1, (23), (24), (34), (234), (243)
of 21, we need not go any further since it contains such a subgroup
H =1, (34)
and satisfies both conditions set forth in proposition (53). Hence
the sum of the conjugate values that £, takes under X, lends

itself to a rational computation of z;,.
The equation for &, is converted into

b= -2t — 2= % (—12“ \/4a12 — 6aoaz + ao’y2
0

by the permutation (23) of X; and into

rhy=n1— T — 3t = % &2— Vda,* — 6aoaz: + ac’ys
0
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by the permutation (24) of X,. The other three values of &;
under the symmetric group on the z; are the negatives of the
values obtained, and from the sum of three ¢; properly chosen
every z; can be rationally computed.

If we take
Tit T —x3s—Ta= &
Tyi—Ta+ T3 — T4 = &
. Ti— 22— 23+ 2a= &
4(1/1

Tt 22+ x5+ 24

H
o

we have as solution of the biquadratic equation

.’l?1=—(~z~l'l‘1 ( &1+ &+ &)
Qg 4
ay 1
ro=— =4+ (£ —§&—&)
QAo 4
$3=“a*1+1("‘51+fz'—53)
ag 4
1

o= =84 (—f = 8+ &),
Qo 4

where we may replace any negative &; by a positive one if we
choose to express an z; in terms of a sum.

To determine what sign to select for the value of a £;, we
notice that any transposition between the z; leaves one of the
three &; unaltered and interchanges, with possible change of
sign, the other two. Hence the product £:£,¢; remains unaltered
inder the symmetric group on the z; and is rationally expressible
n terms of the a;. A computation gives

32
b16283 = — a—s(aozas — 3a¢a102 + 2(113),
0

ind this is the restriction imposed upon our choice of sign for
¢ If in the last calculation we obtain a root z; that does not
satisfy the biquadratic, we have only to change the sign of any
ne §; to correct our mistake—if we did not blunder before we
;ame to the &;.
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Example:

ao

t — 2224+ 322+ 2x —4=0
=1l,a1= —15,a: = 14,a: = 13,a1 = —4.
g = apay — 4a1a; + 3a2 = — 93
gs = |ao ar as = — 13¢
ay az as
az as Qs

%
o = 5(_2793 — 3V/8lg? —3¢%) = —3
0

= 3.(-—27g3 + 3V8lge = 3¢ =

A
-]

2 1
Y1 = ——@ t+ gler + o) =
2 1 9
Yo = ma} + 3(w e1 + wps) = 2V —3
2a2 1 \/—-“
ys =+ glwer +oe) = —2V =3
& = g\/4(112 — 6acas + ac’y = —2

2 -
tp = \/40,1 — 6aoa: + ao’ye

_Q\Cm\/ 3= -2-2v-3

£ = zl—()\/élal2 — 6ava: + ao’ys
—2V-2 —2v/-3= —2+2v"3
such that
162k = — 53;'25(002613 — 3aoaa: + 2a,%) = — 32
=21+ T2 — 23 —xe = —2
=21 —Za 2 — 2= —2—2V -3
fs=a1 —Z2— s+ 24 = — 2+ 2V =3
1+ z2 + 235 + x4 = 2
;= —1
z2 =1
r3 =1 — V=3

ze=14+V=3.



CHAPTER IX
MORE ABOUT GROUPS

§49. ISOMORPHIC GROUPS

To continue the study of equations, we have to know more
about groups and something about domains.

Two groups may be subordinated as group and subgroup, or
they may be codrdinated by a common property. Cotrdinated
in such a manner that their permutations match under a common
law of combination, they are called isomorphic and conveniently
denoted by G and T'.

If the permutations of two groups

G=1,82,83,...,Sr
P=1,02,0'3,. . v 3 0p
correspond one to one in such a way that

Gi0; = O
when

8; 8 = 8k,
the groups are said to be simply isomorphic. Two groups simply
isomorphic with a third evidently are simply isomorphic with
one another.

Since the product of two transformed permutations is the

transformed product of those permutations:

Tl t. st = s 8;t,
the permutations of every group are in a one to one correspond-
ence with their transforms in the transformed group:
G=..., 84 8, « o .y S"S‘,',..
CGt= ... sk s, L s s
Hence
(57) every group is simply isomorphic with its transform,

and conjugate groups are simply isomorphic with each other.
99
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If the group G is isomorphic with the group I' in such a way that
to the identical permutation in I' corresponds not one permutation
but a set

Sty « « -y 8n
of them in G, this set of permutations is a group since the product
8; 8; = 8k

of any two such permutations corresponds to
1.1=1
in I' and is in the set by its very correspondence to identity in T'.
The transform of this group
{s:i} =81, ... ,8
by any permutation ¢ of G corresponding to the permutation
r of I contains only such permutations of G as correspond to the
transform
rl.r=1
in I and therefore is the group itself:
st = {8,
It appears that this group is a normal subgroup of G:
{s:}i =N
If the permutation ¢; of G corresponds to the permutation 7, of
T, all the permutations Nt; do so as they correspond to
1. T2 = T2
in T, and no other permutations will.! It follows that to every
permutation in I' corresponds an equal number of permutations
in ¢. If that number is n, we say that G and T are n to 1 iso-
morphic, which we denote by (n, 1)-isomorphic. Hence we
conclude: .
(58) Whenever two groups G and T are (n, 1)-isomorphic,
we have in correspondence :
G=N+Nt;+... + Nt,
=1, T2 e e ey To
where N is a normal subgroup of G
and p is the order of I" or index of N in G; the order of N is
r

n=-
P

’

r being the order of G.
1 Compare §17.
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The permutations on the z; contained in a partition of G with
respect to N are equivalent in their effect upon conjugate func-
tions of the z; that belong to N or to groups including N as
greatest common subgroup.! Hence the group G on the z;
is (n, 1)-isomorphic with a group T' of permutations between
those functions. It follows from proposition (49) that with N
also I exists.

An example of such isomorphism occurred in §33 and was
tabulated there.

Two groups G and @’ may be isomorphic in such a manner that
to a normal subgroup of G corresponds a normal subgroup of ¢'.
If they are, the respective groups I' and I' are simply isomorphic.

§50. TRANSITIVE GROUP

he letters z; and z; are said to be connected by a group if
there is in the group a permutation that replaces z; by z;, this
then implying that there is in the group the inverse permutation
replacing x; by z,.

If a group connects two letters z, and z; with z;, it connects
them with one another; for if it contains a permutation replacing
z; by z; and a permutation replacing z; by xi, then it contains
also their product which replaces z; by zx.

A group connecting z; with every one of the other letters is
called transitive. As it connects all letters with z,, it connects
every letter with every other letter. If it does not do so, it is
called intransitive. For instance:?

V =1, (12)(34), (13)(24), (14)(23)
is transitive because its permutations replace 1 by 2 and 3 and 4;
W =1, (12), (34), (12)(34)
is intransitive because its permutations replace 1 by 2, but do not
replace 1 by either 3 or 4.

(59) A cyclic group {s} is transitive whenever the permutation

s is circular,
as in

(s} =1, (1234), (13)(24), (1432)

1 This is true only for a normal subgroup N, by §§32 and 33.
? These groups appeared in §31.
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with
s = (1234)
or
s = (1432).
This is to say that every circular group is transitive.

By the intransitive group W the letters z; and z, are connected,
and so are the letters ;3 and z4. Thus the four letters z; of the
group are divided by the group into two sets in such a way that
each letter is connected with those of its set, but is not connected
with those of the other set. Such sets into which the letters
of an intransitive group divide are called intransitive systems!
of the group, and the number of letters in a system is its degree.

If two transitive groups operate on distinct letters, the group
that we obtain by multiplying in all possible ways their permuta-
tions is an intransitive group. Thus the intransitive group W
is obtained by multiplying the permutations of two transitive
groups

H=1,(12)
and
=1, (34).

But we cannot say conversely that every intransitive group is
obtained by multiplying the permutations of transitive groups,
for

G =1, (12)(34)
is not.

While the order of every group of degree n is a divisor of n!
by proposition (23), we now prove that

(60) the order of a transitive group of degree n is a multiple

of n.
Let @ be a transitive group of degree » such that its permuta-
tion ¢; replaces x; by x;, which is to say that
tl = 1
while
t, replaces z1 by 2.

t; replaces xz; by 23

t, replaces z1 by zn.

1 Also called transitive systems or sets.
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Those permutations of G@ that do not displace x;—of which
there is at least the identical permutation—form a subgroup H
of G because the product of two such permutations, not dis-
placing z; either, must be in H.

If now ¢; replaces x; by x2, all permutations in H{; evidently do
the same, and no other permutations will; all permutations in Htg
replace z; by z3, and so on according to the table:

H=1,8, ...,s, 11—
th = {g, Sals, . . . , Silo, ry— 22
Ilt" = tn, s2t1|, . e ey s-rtny Ty — Tn.

This table contains all the permutations of @, since no permu-
tation of @ can help leaving z; unaltered or replacing it by some
z;. Denoting the order of @ by r, and that of H by rs, we there-
fore have

Ty = NTh.
If identity alone leaves x; unaltered, we have
r, = 1
and
Ty = n,
as for the group V.

A transitive group of degree and order n is called regular,
because its permutations are all regular. For instance is V a
regular group; other examples are the two groups C in §51, while
the group W is of degree and order four but not regular.

If all permutations of H leave x; unaltered, all permutations
of

H =t lf] t;
leave z; unaltered since the permutation ¢,~! replaces z; by i,
the permutations of H do not displace z;, and the permutation
t; replaces z; by ;. Other permutations of G displace z;, and it
appears that

(61) the permutations of G which leave any one letter x;

unaltered compose conjugate subgroups of G.

This is self-evident if we recall the rule of transforms, and
we infer that

(62) any subgroup H; is transitive in the letters it acts upon

if the subgroup H is so.
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A transitive group can be simply transitive, as the group V is.
It is doubly transitive if it connects every pair of letters with
every other pair; it can be multiply transitive and, when sym-
metric of degree n, obviously is n-fold transitive.

Permutations of a doubly transitive group leaving pairs of
letters z; unaltered compose conjugate subgroups, as those do
leaving single letters x; unaltered.

For a group @ to be doubly transitive, it is necessary that its
subgroup H whose permutations leave one letter z; unaltered
should be transitive itself in another letter x,, because the sub-
group H must contain a permutation replacing any

X1XT s — T1Tk.
And this condition is sufficient since in that subgroup conjugate
with H whose permutations leave z; unaltered there is a per-
mutation replacing

X1Xp — X;Tk,
and hence there is in ¢ a permutation replacing

L% —> T,Tk.
But connecting every pair of letters with z,z,, the group G con-
nects every pair of letters with every other pair, and we conclude
that

(63) a group is doubly transitive if its subgroup leaving one

letter unaltered is transitive in another.

The order of the subgroup H is by proposition (60)

= (n— r,
where 7, is the order of a subgroup of H leaving one of the n — 1

letters acted upon by H unaltered. Hence the order of a doubly
transitive group G is a multiple of n and n — 1:

r, = n(n — 1)re.

§51. IMPRIMITIVE GROUP

Transitive groups may be primitive or imprimitive. If the
letters operated on by a transitive group divide into equal sets
in such a way that the permutations of the group either inter-
change the letters within the sets or replace them by the letters of
other sets but never break up the sets, then the group is called
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imprimitive or non-primitive, and the sets are called imprimitive
systems of the group. Otherwise the group is called primitive.
For instance, the transitive group

C =1, (1234), (13)(24), (1432)

on four letters z, is imprimitive because it has the imprimitive
systems
Ty, 103!12, T4,
the transitive group
V =1, (12)(34), (13)(24), (14)(23)

is, primitive because it has no such systems.

Those permutations of an imprimitive group ¢ that do not
displace the imprimitive systems form a subgroup of G, since
the product of any two such permutations does not displace the
imprimitive systems either. This subgroup of permutations
only interchanging the letters within the imprimitive systems
is normal in @ by proposition (58), so that we may denote it by
N and set

G=N+Nt,+ ...+ Nt,.
For the permutations of this subgroup correspond with identity
in the group
P=1,1'2, c e ey Ty
composed of permutations between the imprimitive systems
themselves, as caused by the permutations of G between the z;
and obviously isomorphic with G. In the example given above
we have
N =1, (13)(24).

Since the normal subgroup N operates on letters of differen
imprimitive systems but does not connect them it is intransitive
and we have the proposition:

(64) The permutations of an imprimitive group not displacing
its imprimitive systems form a normal subgroup whicl
is intransitive.

Conversely,

(65) if a transitive group has a normal subgroup which is
intransitive, then the group is imprimitive.

Suppose that ¢ is a permutation in the transitive group @

connecting two letters in different intransitive systems of the
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normal subgroup J of G. The transform ¢~1J¢ is obtained by
proposition (29) if we operate the permutation ¢ within the cycles
of J. But

rtJt=J

and consequently has the same intransitive systems. Hence the
permutation ¢, having replaced in the cycles of J a letter of one
intransitive system by a letter of another, must have so replaced
every letter interchanging the two systems. This means that
the permutations of (7 either leave the intransitive systems of
J unaltered, as the permutations of J do, or interchange them,
as the permutation ¢ does, whence it appears that G is imprimitive
as our proposition states.

Since N contains all permutations which do not displace the
imprimitive systems of G, it follows that J is a subgroup of N if
it is not identical with it.

It is clear that the intransitive systems of J or N are also the
imprimitive systems of G.

No imprimitive group can be more than simply transitive, for
its permutations can replace a pair of letters which is contained in
an imprimitive system not by any other pair of letters, but by
such pairs alone as belong to some imprimitive system.

If the letters x; operated on by the permutations of a group
divide into k£ imprimitive systems with m letters each, the letters
of any one system can interchange in m! ways, which gives for
all systems (m!)* combinations; and the systems can interchange
in k! ways. Hence the greatest number of permutations possible
for imprimitive groups with such systems is

r = (m!)*.k!
In case of four letters z; the greatest imprimitive group with the
imprimitive systems
Ty, T2 l xa; X4

has the order
r=28

and is the group of the function

¥ = 2175 + 2374
given in §17.
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An imprimitive group may be imprimitive in more than one
way. For instance, the transitive group
C = 1, (123456), (135)(246), (14)(25)(36), (153)(264), (165432)

on six letters z; has the imprimitive systems

T1, T3, T | Ta, T4, Tg
with the normal and intransitive subgroup

N =1, (135)(246), (153)(264);

and also the imprimitive systems

T1, T4 | To, 25| 23, To
with the normal and intransitive subgroup

N’ =1, (14)(25)(36).

§52. QUOTIENT-GROUP

If we multiply two groups H and H’, which is to say multiply
in all possible ways their permutations, we obtain a definite
group

G ={H,I'}.
We call G the product of H and /I’, and both H and H’ arc con-
tained in G as subgroups.

But the order of G is not in general the product of the orders
of H and H'. For instance: if

H =1, (12
and
H =1, (34),
then
G =1, (12), (34), (12)(34);
if
H =1, Q12
and
H' =1, (12)(34),
then

G =1, (12), 12)(34), (34),
the order being equal to the product in both cases. But if

H =1, (12
and
H' =1, (13),
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we have!
G =1, (12), (13), (23), (123), (132)

with an order greater than the product, while we have
G={HH}=H
if I1’ is a subgroup of H, the order now being less than the product.
The product of two groups is called direct if every permutation
of one group is commutative with every permutation of the other
and the two groups have no permutation but identity in common.
It is readily seen that
(66) the order of the direct product of two groups is the
product of their orders.
For instance, the product of
H

]

1, (12)
and
H =1, (34)
is direct.
Pursuing the analogy with numbers, we may well inquire
whether division of groups has a meaning.
If we arrange the permutations of

G=H+Ht,+ ...+ Ht,
into partitions with respect to H, the permutations
1,6y, . .., 4

of I’ do not necessarily form a group. Indeed, it may not even
be possible to pick them out so that they do form a group. And
again, it may be possible to pick out more than one group H’.
Thus for
G = /1, (12), (34), (12)(34) = H
1 (13)(24), (1423), (1324), (14)(23) = His,
we find
' =1, (13)(24)
or

~

H' =1, (14)(23).

All then we can say is that in every partition Hi; of a group G
with respect to its subgroup I/ there may be contained a per-
mutation g¢; such that we can set

G=H+Hqy+ ...+ Hg,

1 Symmetric group by proposition (33).
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and that the permutations ¢; compose a group. This group we
call the quotient of G divided by H and denote by Q:

Q=1;Qz, < ooy Qo
The quotient is in general neither certain nor unique, but evi-
dently it is so when @ is the direct product of H and H’, for then
Q=H.

Here the matter ends unless the subgroup is normal. In that
case the quotient is not certain either; and it is not any more
definite as we see from the example:

1, (12)(34), (13)(24), (14)(23) = N

¢= {(12), (34), (1324), (1423) = Ni,,

where

Q=1012)
or

Q =1, (34).

But if the quotient of
G=N+Na+ ...+ N,
divided by N, say
Q= 1)92; N )

exists, it is isomorphic with G in such a manner that its identical
permutation corresponds to N in @, and it is therefore simply
isomorphic with an always existing! and readily constructed
group
P=1,T2, « e ey Ty

of permutations between conjugate functions belonging to N.
This gives a good deal of information about @ since simply iso-
morphic groups obey the same law of combination.

If we emancipate our notion of groups from its connection
with permutations and regard a group as exhibiting on elements,
whether permutations or otherwise, a definite law of combination
for which alone it stands, we obtain the concept of an abstract
group.?

Abstractly speaking, simply isomorphic groups are identical;
and the quotient ), together with the group I', merges into an
abstract group called the abstract quotient of G divided by N, or

1 Cf. §49, near end.
2 Cf. the note at the end of this chapter.
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factor-group, and denoted by G/N. We take it as composed of
the elements Ni;; they contain the product of any two elements
among them, since by proposition (32)

Nt;. Nt; = NNtt; = Niy,

and contain N as the identical clement:

G/N = N,Nts, . .. , N,
Q = 1; q2, . . .5 @
I = 1, T2 « « « y Tpe

With the group T, the factor-group G/N always exists, and we

can note:

(67) If a group G has a normal subgroup N, there exists the
factor-group G/N abstractly identical with the group I'
of permutations operated by G on functions belonging to
N or to groups containing N as greatest common sub-
group. The order of G/N is equal to the index of N
in G.

By proposition (25) it follows that G/N is cyelic if the index

of N in @ is prime, and this obviously applies also to @ and T.

§563. SUBGROUPS OF QUOTIENT-GROUP

To every subgroup of the quotient @ that we obtained dividing
G by N corresponds isomorphically a subgroup of ¢ containing
N, and a similar relation holds true for T'.

To verify this, let a subgroup of Q be

R = 1L, ¢a g8y - -
Then the partitions of G with respect to N which correspond
to the permutations of R evidently compose a subgroup
H =N+ Nt,+ Ntg + . ..

of (@ containing N. But R is isomorphic with H in such a manner
that its identical permutation corresponds to N in H, whence
its law of combination is given by the factor-group

H/N = N, Nt., Nts, .

If R is normal in @, also H is normal in G, since the transform of
Nt, by a permutation of G corresponds to the transform of ¢, by a
permutation of @, and with this transform in R the other is in
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H. In this case @ is isomorphic with @ in such a manner that
the permutations of H in G correspond to the permutations
of Rin Q:
G=H+ Hi, + Ht, + . . .
Q=R+RQa+qu+ L]

for with!
Hta . }Itb = Htutb
also
Rqa . Ry = Rqags,
and
QP = qc
corresponds to
tudy = ..
It follows that
Q/R =Q/H,

and the index of R in @ equals the index of H in G.
Replacing @ and R by abstract groups, we may write

{G/N}/{H/N} = {G/N},
which agrees with the rules as to division of elementary algebra,
and we have the proposition:

(68) To every subgroup of G/N corresponds a subgroup of G
containing N; if one is normal, the other is also.

§564. MAXIMUM NORMAL SUBGROUP

A normal subgroup of G contained in no other normal subgroup
of G is called a maximum normal subgroup of G and may be
denoted by N.

This does not imply that there is in G no normal subgroup
of greater or the same order, only that it does not contain a
maximum normal subgroup. The group

G =1, (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423),
for instance, has two maximum normal subgroups:

N =1, (12)(34), (13)(24), (14)(23)

To maximum normal subgroups applies the proposition:

t Cf. proposition (32).
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(69) If N and N’ are maximum normal subgroups of G and D
is their greatest common subgroup, then D is a maximum
normal subgroup of both N and N’ for which

G/N = N’'/D

and B -
G/N’ = N/D.
To prove this, we notice that NN’ is a normal subgroup of @,
since any permutation ¢ of @ gives
t"'NN't = t"'Nt.t"'N’t = NN’;

and since NN’ contains the maximum normal subgroups N and
N’, it even is identical with G:

G = NN'.
Setting
N =D+ Dt;+ ...+ Dt,
we have
G=NN =ND+ Dty + ...+ Dt,)
or

G=N+ Nt + ... + N¢,
because D is a subgroup of N and therefore

ND = N.
The partitions of G with respect to N are all distinct as from
Nt = Nix
would follow B B
Nttlk—l = N,

showing that ¢,~! is a permutation of N. Since ¢t~ also is in
N’ which contains any combination of the ¢;, it would have to
be in D. But

Dt‘tk—l =D
gives
Dt; = Dt
which is untrue.
Now with
Nt,.Nt, = Ntit; = Nt
also

Dt.‘ . Dt, = Dt,tj = Dtk,
for D is normal by proposition (39),! and it follows that the groups
G=N+Nt+ ...+ Nt

! The proof of proposition (39) given for conjugate subgroups remains
true for maximum normal subgroups.
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and

N'=D+th+ o« .. +Dt,
are isomorphic in such a manner that the permutations of D in
N’ correspond with the permutations of N in G, whence

G/N = N'/D.
Interchanging N and N’, we prove likewise that
G/N' = N/D.

All these factor-groups are simple since by proposition (68) it
appears that only when G/N is simple has G no normal subgroup
containing N and is N a maximum normal subgroup of G.

Again, since these factor-groups are simple is D a maximum
normal subgroup of both N and N’.

§55. CONSTANCY OF COMPOSITION-FACTORS

The proposition we proved leads to an important theorem due
to Jordan and Holder:

(70) If a group has more than one composition-series, their

factor-groups are identical except for the sequence.

Suppose the proposition is true for groups whose order is the
product of fewer than n prime numbers, and let ¢ be a group
whose order is the product of n prime numbers. If we can prove
that the proposition is true for @, it will by induction be true in
general, since the constancy of factor-groups is evident for groups
of prime order, which are simple.

Let two composition-series of G be

G N I ... 1
and

G N I ... 1,
made up of maximum normal subgroups by the definition of a
composition-series.

Let the greatest common subgroup of N and N’ be D; then we
can construct by proposition (69) two other composition-series
of G containing D and identical from D on:

G N D J ... 1

G N D J ... 1,
having the factor-groups

G/N N/D DJ/J

G/N' N'/D D/J
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But
G/N =N'/D
and
G/N' =N /D
by proposition (69), and it appears that the last two composition-
series have identical sets of factor-groups with the sequence
of the first two factor-groups inverted.
Again, the two composition-series

N T ... 1
and

N D ... 1
as well as the two composition-series

N ... 1
and

N D ... 1

have identical factor-groups by assumption, since the order of
@ is the product of n primes and consequently the order of both
N and N’ the product of fewer than n primes.

It follows that with the two composition-series

G N D ...1
and

G N D ... 1
also the two composition-series

G N I ... 1
and

G N I' ... 1

have identical factor-groups, which proves the theorem.

The existence for the symmetric group of a composition-series
with prime composition-factors is a sufficient condition for the
solvability of the general equation, as we know, The theorem
of Jordan-Holder relieves us of the necessity to investigate all
possible composition-series, since they all have the same com-
position-factors.

In a sense which is obvious for the symmetric group, and which
will become so for other groups in connection with the theory of



MORE ABOUT GROUPS 115

Galois, we call a group whose factors of composition are all prime
a soluble group.! Hence we conclude that
(71) all factor-groups in the composition-series of a soluble
group are cyclic;
this is true by proposition (25), for the order of any such factor-
group is prime by proposition (67).

§56. ABELIAN GROUP

Just as the transform of a normal subgroup of the group G by
any permutation of G is the same subgroup, so it may happen that
the transform of a permutation z of G by any permutation ¢ of
G is the same permutation z. Such a permutation is called
normal in G.

If 2’ is another normal permutation of @, then also the product
22’ is normal in @G, for

tlz2't = {~128 . 12"t = 22,

Hence all the normal permutations of ¢ form a subgroup, and this
subgroup, normal not only as a whole but in every permutation,
is called the central subgroup? of G and may be denoted by Z.
It is needless to say that every subgroup of Z is normal in G.
A trivial case of a central subgroup presents itself in identity.

Being normal in G,

(72) the permutations of the central subgroup of G, and such
permutations alone, are commutative with every per-
mutation of G,

since from
Uzt = 2
follows that
2t = lz,
and conversely.

If the permutations of a group are all commutative, we call the
group commutative or Abelian, in memory of a man who excelled
in genius and misfortune.? It isclear that subgroups of an Abelian

1 A soluble group is also called a metacyclic group, and a solvable equation
a metacyclic equation. This has to be remembered well if one is to under-
stand the literature, but we shall use the term in another sense.

2 Called ““Zentrum”’ in German.
3 Abel lived 1802-1829.
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group also are Abelian. Denoting an Abelian group by A or
(A), we observe that
(73) the central subgroup is Abelian:

{2z} =)

Every subgroup of an Abelian group, indeed every permutation,
is normal since
tlst =tUs = s
for any permutations s and ¢ of the group. Therefore we note that
(74) an Abelian group is its own central subgroup.
A simple case of an Abelian group is a cyclic group: the eyclic
group
{s} =s,82 ... s s =1
is Abelian since
s's? = glst = stt,

It is quickly verified that

(75) every cyclic group of order r has a cyclic subgroup, and
only one, of every order which is a divisor of r.

In particular, if » has a prime factor p and

kp =,
the cyclic group {s} has the cyclic subgroup
{sp} = sp, s, . . ., stp [sk» =1

of order k£ and index p. Hence it follows that
(76) every cyclic group is soluble.
In general it is true that
(77) an Abelian group whose order is divisible by a prime
number p contains a permutation of order 2.
For suppose the Abelian group A is generated by the

permutations
S1, 82, 83y .

and let r; be the order of s,. If then ry is the order of s, the
permutation s;™ obviously appears in {s,} because

St = 1.

But it may happen that already a lower power of s, appears in
{s1}, determining what is called the order of s; relative to {s,}.
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Let it be p;. The order p; of ss relative to {s;} is a divisor of the
absolute order r; of s,, for all the permutations

892, 8%, 8302 L |

and these alone,! are in {s;}; but so is s, which therefore is
one of them, and
Ty = lpz.

Similarly, let p; be the order of s; relative to {si, s.} while r;
is the absolute order of s3, and so on. The order r of A then is
T = Tp2p3 - - «

and all permutations of A can be expressed in the form

sihsghisgls L. .
where
1y = 1, 2, [ ]
=12 ...,p
=23, ...

If now the order r of A is divisible by a prime number p, it
follows that divisible by p is also 7; or some p, which itself divides
r,. For some r, we thus have

ri = kp’
and s.* is a permutation in A of order p since
(sf)? = 1.
This enables us to prove that
(78) an Abelian group of order r contains a subgroup of any
order h which is a divisor of r.

The proposition is true for any order whose factors are all
prime, since corresponding to any such factor there is by proposi-
tion (77) a permutation in the Abelian group A whose powers
compose such a subgroup.

We assume that the proposition is true for any order which is
smaller than r; if we can prove that it is true also for r, it is by
induction true in general.

Let p be a prime factor of 2 and hence of r, and let a permuta-
tion of order p in 4 be s.  The quotient-group A/{s} is Abelian
of order? r/p, which is smaller than r, and by assumption it

1 Since otherwise a power of 8; lower than p, would be in {s:}.
2 Cf. proposition (67).
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contains a subgroup of order /p. But to this subgroup of 4/{s}
corresponds in A by proposition (68) a subgroup of index

roh_r
p p h
and hence of order h, which proves our proposition.
It follows that not only every eyclic group, but
(79) every Abelian group is soluble.

If we write the order of A as
T = p1Mpa® .. DT
where every p, is prime, it appears from proposition (78) that A
has a subgroup H, of every order p,™, and only one. For if it
had two, their product would be a subgroup of order p. with
B: > a,, and p,’» would have to divide r which is impossible.
The different subgroups H; have no permutation but identity
in common, since any subgroup H; contains only permutatiois
whose order is a power of p;, so as to divide the order p,» of H;.
The direct product of the H; has the order
Piipes™ L L P =T
by proposition (66), and having the same order as A it is identical
with A. Hence we conclude that
(80) every Abelian group is the direct product of Abelian sub-
groups whose orders are powers of prime numbers.

If
}11 = {81},H2 = {82}, N
and
8§ = 8182 .. .,
then
A = {s}.

Therefore A is cyclic if the H; are so.

§567. THEOREM OF CAUCHY

Permutations which are conjugate under a group G make up
what we call a class of permutations in G. It appears that
(81) a group is composed of classes which have no common
permutations; the permutations of a class have the same
order,
since conjugate permutations are similar by proposition (30).
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(82) Permutations of a group G which are commutative with

a given permutation ¢ of G form a subgroup of G whose

index equals the number of permutations in the class of c.

They form a subgroup H because with the permutations s,
and s; contained in H also their product s;s; qualifies for H, since

8182 . C = 8182 = C. 8;82.

If two permutations ¢, and ¢, which are in G but not in H trans-
form ¢ into the same conjugate permutation, then

t1-10t1 = t2_16t2
or
C. t1t2-1 = tltg—l . C.

Therefore the permutation ¢,f,-! is in I, and from

IItltz'"l = II
or
Ht, = Ht,

we infer that G has as many partitions with respect to 11 as there
are permutations conjugate to ¢ in G. But this is to say that the
index of H in @ equals the number of permutations in the class
of c.

It follows that the number of permutations in the class of ¢
divides the order of G, since the index of H does. We may note
that the subgroup H of @ is called the normalizer of ¢ in G.

If every permutation of G is commutative with the permuta-
tion ¢, the number of permutations in the class of ¢ is one, which
is to say that c is a normal permutation as we should expect it to
be by proposition (72). A trivial case presents itself when the
permutation c is identity.

Now we can prove the Theorem of Cauchy:!

(83) If the order of a group is divisible by a prime number p,

the group contains a permutation of order p.

Suppose the proposition is true for groups whose order is the
product of fewer than n prime numbers, as we know it to be true
by proposition (25) for groups of order p. We proceed to prove
that it then is true also for groups whose order is the product
of n prime numbers.

1 The Theorem of Cauchy was stated without proof by Galois.



120 ALGEBRAIC EQUATIONS

Let G be such a group. If it contains a subgroup whose index
is prime to p, then the order of the subgroup is divisible by p and
the subgroup contains by assumption a permutation of order p.

Otherwise the index of every subgroup is divisible by p. By
proposition (82) the number of permutations in any class of G
then is divisible by p, too, if it is not one. Also the sum of such
numbers is divisible by p, because it is by proposition (81) equal
to the order of G. Since the number for the class identity is
one, we conclude that there must be more classes with just one
permutation and altogether a multiple of p such classes.

The permutations of these classes compose the central subgroup
of ¢. 'This subgroup is Abelian by proposition (73) and, having
an order equal to a multiple of p, contains by proposition (77)
a permutation of order p.

Thus one subgroup of ¢ must contain a permutation of order, p,
which proves the theorem.

§568. METACYCLIC GROUP

While we traced the composition-series of the symmetric group
from that group down to identity and found that no symmetric
group of degree more than four is soluble, we now reverse the pro-
cedure: tracing the composition-series from identity up to larger
groups, we search for the largest soluble group within our reach.

But in doing so, we restrict our purpose in two ways:

(1) we confine our work to transitive groups

(2) we confine our work to groups of prime degree.

The soluble group next to identity then is the cyelic group

C = {s}
of order p with

e CFRN R

In an other notation, with the modulus p understood, we write

s=(zil);

which means that every subscript
2=12 ...,p
is replaced by the subscript z + 1 and p by 1 since
= ((mod p).



MORE ABOUT GROUPS 121

In this notation we obviously have

Szz(z-lz-z)’ 83=(z:—3)’

so that all permutations in C are of the form

Sx:(zi)\)

A=12, ...,p

Any transitive group contains the cyclic as a subgroup, by the
Theorem of Cauchy.! And the cyclic group immediately pre-
cedes identity in the composition-series of a transitive group,
if the transitive group is soluble. For

(84) a normal subgroup of a transitive group of prime degree

is transitive, unless it is identity;
otherwise a transitive group of prime degree p would have to be
imprimitive by proposition (65), but p letters cannot divide into
equal sets. It follows that every transitive group has a transitive
composition-series, by which we mean a composition-series
formed by transitive groups alone.

Hence we search for the largest group containing the cyclic as a
normal subgroup. That group beyond the cyclic we call the
metacyclic group,? using the term in its original and literal mean-
ing, and we denote the group by M. The composition-series
of the metacyeclic group is

M ... C L

= (o

is any permutation of M which is not in C. To represent it in
the other notation as
z
t = )
(<p(2))

we need a function ¢(z) such that

(1) =a, o(2)=b, ..., olp) =k

! The order of a transitive group is a multiple of p, by proposition (60).

2 The metacyclic group is denoted as linear group or congruence
group when metacyclic is used in the sense of soluble, and these terms are
applied to include the subgroups of the metacyclic group. This has to be
remembered well if one is to understand the literature.

with

Suppose that
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Such a function is given by the interpolation formula of Lagrange:!

of (2) bf(2) WG
G @t T e ar )

J@)=@GE-1(E—-2)...(-p)
and f'(z) is the derivative of f(2).
Since C is normal in M, the transform of a permutation s of C

by a permutation ¢ of M is contained in C and hence a power
of s:

o(2) =

where

st = s*;
here
p#El

because s is not identity. But we have:

= ()

o — ‘P(z)
t—'s 241
t.-.] t — ¢(z)
? (so(z + 1)/
while
2
-
s z + p,)

can be written in the form

v (2)
S_Qé:)

because ¢(2), just as 2, stands for the subscripts
1,2, ...,p
It follows that
ez + 1) = ¢(2) + p(mod p).
Putting now
2(0) = ¢(p) =,

e()=v+u
e2) =o(1) +p=v+ 2

we have

and in general:
¢(z) = » + zu(mod p).

t Given in §1.
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b= (yz::- v)’

=12 ...,p—1
v=12...,p—1,p.

Hence it appears that

where

Consequently there exist p(p — 1) distinet permutations ¢

composing the group M, and we note:

(85) The largest group of prime degree p containing the cyclic
group of degree and order p as a normal subgroup is
the metacyclic group of order p(p — 1) with all permu-
tations of the form

= (s )|

The metacyclic group contains no circular permutations of
order p other than those in C, for any permutation

ol

uFl

leaves unaltered that letter whose subseript is determined by the
congruence!

with

w2 + v = z(mod p).
It will be shown in §81 that there exists a number g such that

modulo p its powers

g, 9% .. .,97"
are the numbers

L,2,...,p—1

in some order or other.
This makes it possible to represent the permutations of the

metacyclic group in the form?
t = shur,
1 Cf. §80.
zghyp = (z i )‘) (giz) = (g“ (z:_ )\)) stands for the same permutations

st = (nz:- V)'
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8= (zi1)
- )

A function ¢ belonging to C is unaltered by s* while u converts

where

VoY, = — ... o
All these functions are conjugate with ¢ in M and belong to C
which is normal.

Hence the group I' of permutations between these functions, as
caused by the permutations ¢ of M, is cyclic, and so is the factor-
group M/C.! This group thus has a normal subgroup of any
index dividing p — 1, by proposition (75), consequently M has
such a subgroup by proposition (68).

It follows that the metacyclic group is soluble; but we can
prove even more:

(86) The metacyclic group of prime degree is the largest

transitive group of that degree which is soluble.

For suppose that the metacyclic group M or any of its transi-
tive subgroups is contained in a larger group ¢ as a normal sub-
group. If ¢ is any permutation of @, it transforms the permuta
tion s of M not into any permutation of M but a power of s
because the transform is by proposition (30) a circular permuta
tion of order p, and there are no such permutations outside C.

Therefore

t-lst = s*,
and we are back to the relation which gave us the metacyclic
group.

The metacyclic group of degree three is

@ Ci) G G) Gi) G

or respectively
1 (123) (132) (12) 13) (23),

which is the symmetric group as we should expect it for the
degrees three and four.

1 Cf. proposition (67).
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The metacyclic group of degree five is:

@ Ci) G Cha) (1)

1, (12345), (13524), (14253), (15432)

() (3G 32y 8) (e )

(1243),(1325), (1452), (1534), (2354)

() G G2t o))

(1342),(1435), (1523), (2453), (1254)

() G 0032l 8)(i )

(14)(23),(15)(24), (25)(34), (12)(35), (13)(45).

The permutations

t = s™¥,
where
5= (z —T— 1)
0= ()
and
E=1,2, ... ,73%1,

compose a group which is called half-metacyclic.
The permutation

s=(12...p
is even, the permutation
u=(1g...g7?

is odd because it leaves x, unaltered. The permutation v is
even: it is composed of two equal cycles, since p — 1 is divisible
by 2 and g7~! equals the subscript we started the cycle with.!
Hence we infer for a prime degree that

(87) the metacyclic group is not contained in the alternating

group, but the half-metacyclic group is.

No odd power of u can be an even permutation, because it has
an odd number of odd cycles, u itself being an odd permutation.

1 Cf. Fermat’s Theorem in §81.
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But an even power of u is a power of v; hence the half-metacyclic
group contains all even permutations of the metacyeclic group and

(88) the half-metacyclic group is normal of index two in the

metacyclic group

by proposition (30).!

The half-metacyclic group of degree five is:

1, (12345), (13524), (14253), (15432),
(14)(23), (15)(24), (25)(34), (12)(35), (13)(45).

For this degree and
g=2
we have
= (12345), u = (1243), v = (14)(23).
A function unaltered by s and v is
¥ = 21%p + ToT3 + T304 + T4Ts + TpT1
It is converted by u into
V' = 23 + 2335 + T5x2 + 1wy + 2474,
also unaltered by s and ». Both ¢ and ¢’ belong to the half-
metacyclic group and are conjugate under the metacyclic group.
The sum
v+
is symmetric, while the difference
v—y
belongs to the half-metacyclic group and its square
e = —¥)

to the metacyclic group.

NOTE ON ABSTRACT GROUP

The concept of a group originated with the theory of permu-
tations, but reaching out as it grew it finally became disassociated
from any concrete operations whatsoever while applying to all
of them. In its abstract form it embodies a certain law of com-
bination exhibited on abstract operations or elements, and around
its abstract form clusters the modern theory of finite groups.

Elements of a set, to qualify for the theory of groups, must

(1) possess a law of combination

(2) satisfy the associative law

1 Because it is identical with its transforms.
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(3) contain the identical element!

(4) contain the inverse of every element.

A set of elements forms a group if

(1) the product of any two elements is an element of the set

(2) the set contains the inverse of every element.

The number of elements in a group is its order.

Groups are commutative or non-commutative depending on
whether their elements are commutative or non-commutative.

Groups can be isomorphic, but simply isomorphic groups are
identical representing the same law of combination.

A group is defined by a set of generating elements satisfying
independent and consistent relations. For instance, the gen-
erating elements a, b, ¢ satisfying the relations

a®=1,b*=1,ab=ba =c¢

define a group of order four:

I=1,q,0b,c.
This we see from the multiplication table:
lla b ¢ lija b ¢
alaa ab ac all ¢ b
b|ba bb be ble 1 a
cica ¢b cc cib a 1,

for we obtain froimn the given independent relations the other ones:
ac =a® =b,cb = ab? =a
be = b%a =a,ca =ba?=>
cc = abba = 1.

The symmetry of the multiplication table around the main
diagonal indicates that the group is commutative.

The theory of finite groups, developed from the theory of
permutation-groups, remains essentially identical with it, for
Cayley’s Theorem states that

(89) every group can be represented as permutation-group

on its elements.

Let the elements of a group I' be

a,b,c, ..

1 Denoted by 1 if no confusion can arise; it is 0 in ordinary addition.
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The combination of these elements with one of them, say a,
obviously gives the same elements in the same or another order,

8o that
(a b ¢ ... )
Sa =
aa ba ca . ..
stands for a permutation. In the same sense we set

a b ¢ ...
Sb_(ab bb cb...)’
which can be written

aa ba ca . ..
o= (aab bab cab . . . )

since the latter permutation, as the former, only replaces every
element of T by the same element multiplied with b.
Combining s, and s, we obtain

abc..N\saa ba ca ... a b ¢ ...
Sulh = (aa ba ca . . .)(aab bab cab . . ) B (aab bab cab . . )—s,,,,
and see that the permutations s, and s, combine as the elements
a and b do. Hence it follows that the groups
I'=a, b, ¢
G = 84 S, S
are simply isomorphic and abstractly spcaking identical, which

proves the proposition.
For our example of an abstract group we find

r=1, a, b: ¢
G =1, (1a)(be), (1b)(ac), (1c)(ab) = V.



CHAPTER X
DOMAIN
§59. ALGEBRAIC DOMAIN

Numbers compose a domain or field if they combine into such
numbers only as are among them when acted upon by the rational
operations of arithmetic (except division by zero).

Acting upon numbers 1, the rational operations produce the
domain formed by the rational numbers of arithmetic. It is
commonly called the domain of rational numbers and denoted
by (1).

Every domain! contains the number 1 as quotient of any
number other than zero in the domain by itself, and contains
therefore the domain (1) of rational numbers.

If we adjoin to the domain (1) a number « not contained in it,
we obtain a larger domain denoted by (a); it includes (1) and «
and everything that the rational operations can give acting upon
a and the numbers of (1). If we adjoin to the domain (&) a
number 8 not contained in it, we obtain a still larger domain
(a) ﬁ)

Whenever an implicit notation is expedient, we denote a domain
by @, a symbol which qualifies for this use by its very form, it
would seem. A number in @ we can denote by w. If we set

Q= (a),
then
2) = (o, B).
Every number belongs to some domain. An integral function
fx) =apx" + a4+ ... +a,
is considered as belonging to such a domain
(a»)? = (al: )]
as contains its coefficients and hence symmetric functions of its
roots. Number and function are said to be rational in a domain

1 Other than (0), which we do not regard as forming a domain properly
speaking.
129
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to which they belong, and a number also to be rationally known
there.! It may be well to note that we mean by a domain to
which a number or function belongs the smallest such domain,
unless specified otherwise.

When we say in elementary algebra that a function 22 — 2 is
irreducible, we do not quite mean what we say: we only mean to
say that it is irreducible in the domain (1) of rational numbers, for
evidently the function

22— 2= (x4 V2)(x — V2)
is reducible in the domain (V' 2). And although the function
2242 =(z 4+ V2i)x — V2i)
is irreducible in the domains (1) and (V'2), it is reducible in the
domain (V'2, 7).

Thus, a function is reducible or irreducible only with reference
to a domain. Any function becomes reducible if we adjoin &
root of the function to its domain, and the lincar function alone
is not reducible any further.

We shall denote functions reducible in a domain preferably
by large letters and functions irreducible so preferably by small
letters.

An equation

F(z) =0
is considered rational and reducible in the domain in which the
function F(z) is so.

If an equation

f@) =ax"+axt4+ ... +a,=0
is rational but irreducible in the domain
Q= (al'),l"

it becomes reducible in the domain

Qz1) = (ai, 217
which we obtain adjoining to (a;)] the root z; of the equation;
for there we can separate from f(x) the factor 2 — z,. Hence
the equation can be solved in the domain

Qz)t = (ai, 21,
where it is reducible to linear factors.

1In short, we shall say that a number or function is in @, instead of
rational in Q.
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Domains that we obtain by adjoining to the domain Q of an
equation its algebraic roots—which alone concern us here—are
called algebraic domains on @, and @ is said to be a subdomain
of those. Not every equation is reducible in an algebraic domain
since not every equation has algebraic roots.?

For integral functions we note:

(90) A function f(x) which is rational but irreducible in the

domain @ has no common factor with another function
F(x) which is rational in Q unless the entire function
f(x) is a factor of the function F(x).

This is obvious since the highest common factor of the func-
tions F(z) and f(x) is computable from them by rational oper-
ations® and therefore belongs to their domain €, while we assume
that the function f(x) has no factor rational in Q other than itself.

It follows that the function f(x) has none of its roots or all of
them in common with the function F(z), and we note in particular
that it has all of them in common if it has one.

It also follows that an irreducible function never has a double
root, since it cannot have a root in common with its derivative.

§60. ALGEBRAIC DOMAIN, Continued

A root z; of an equation

F(i)=0
rational? in the domain € is also a root of an irreducible equation
@) =0

rational in Q. For F(z), if not itself irreducible in 2, must have
such a factor f(z) containing the root z,. If we set
f@)y=2"+ax" 14+ ... +an
with
a = 1,

then z, is a root of a very definite equation rational and irreducible
in Q.

It is the degree of this equation which determines the degree
of the algebraic domain @ (z,).

! We mean algebraically computable roots. Cf. §1.
2 Cf. §82, end.

3 By proposition (2).

¢ This refers to the equation.
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We now prove for any root x, that
(91) the algebraic domain Q(x;) consists of all integral
functions of x, which are rational in Q.

Since any number v, in (z;) can be obtained from z, and the
numbers in @ by rational operations, it is expressible as function
of z; rational in Q:

_ ‘P(fl?l)
" Y@

where ¢ and ¢ are integral functions. Since y(z;) cannot be
zero, ¥(z) has no factor in common with f(z) which is irreducible,!
and by proposition (4) we may set

Rf + 1y = o,

where R and r are integral functions rational in Q and r is of
degree less than n.

wy

If now
T = Ty,
then
;=0
and
x
%E?L‘% = r(xl).

Hence any number in Q(z;) is expressible as integral rational
function of z;:
w; = r(xl).

This function is unique as from another relation

wi = p(x1)
would follow that the equation
r(x) — p(x) =0

of degree less than n and rational in Q is satisfied by
r = 2.

But then all other roots of f(z) would have to satisfy this equation
by proposition (90), for f(x) is rational and irreducible in €.
This is impossible since f(z) is of degree n, which completes our
proof.

1By proposition (90).



DOMAIN 133
§61. CONJUGATE DOMAINS

No root z; of the irreducible function f(x) of degree n in the
domain Q is rational in Q, since the function f(x) has no factor
2 — z; rational in Q. Adjoining the different roots z, of f(x) to
Q, we obtain the conjugate domains on Q:

Q(xl)r Q(x2)y c ey Q(xn)’

and we note that they all are of degree n. The number of con-
jugate domains thus equals the degree of any one.

Such numbers in the conjugate domains as we obtain by giving
to the variable z in the function r(z) the values z,:

wyp = r(xl), Wy = T(xz), e ey Wy = 7'(131;),

are called conjugate numbers; there is one in each conjugate
domain.
It is clear that
(92) every number w; in an algebraic domain of degree n
on Qis a root of an equation
I'i[’((.)) = (0~ )@ —0) ... (0 o) = O|
of degree n whose other roots are the numbers conjugate
with o, and which is rational in Q.
For the coefficients of ®(w) are symmetric in the z, since any
permutation on the z; only interchanges the w;.
If ®(w) is reducible in @, as it may be, it must have there
irreducible factors since the w, are not in Q. If o(w) is one such
factor, the equation

p(w) =0
in Q@ must be satisfied by some number w,, say w;. From
‘P(wl) = 0;
which is the same as
elr(z)] =0,
it then appears that z, is a root of the equation
elr(x)] = 0

in Q. Since a root of the irreducible equation

fx) =0
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in © cannot satisfy another equation of the same domain unless
all its roots do so,! we then have

olr(z))] = 0,
which is the same as t=1,...,n
p(w) = 0.
Hence ¢(w) has all the roots of ®(w) and consequently
P(w) = o(w).

But this is completely true only if all numbers w; are distinet.
If among them the numbers

Wy v v oy Wy
alone are distinct while any other number w; equals one of these,
we still assume that the function
ew) =(w—w) ... (@—wn
is rational and irreducible in Q; but the function ®(w) then is
reducible in € since it has the factor ¢(w). Any other irreducible

factor of ®(w) must be equal to ¢(w),* having some root w, in
common with ¢(w), whence

d(w)

ﬁak (w) y
where

km = n.
Thus,
(93) the function ®(w) is either irreducible in Q or else some
power of an irreducible function, while conjugate numbers
«; are either all unlike or else divide into equal sets of
unlike numbers.

A pumber of an algebraic domain Q(z,) different from its
conjugates is called a primitive number of that domain and may
be denoted by 6. We observe that it is a root of an irreducible
equation in @ which has the same degree as the domain Q(x:)
has on Q.

If the numbers w; are imprimitive, dividing into equal sets of
m unlike numbers, 8 number w; evidently is primitive in an alge-
braic domain of degree m on Q; whence it is rational in Q if the
w; are all alike.

1 By proposition (90).
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§62. CONJUGATE DOMAINS, Continued
Let w; be any number in the algebraic domain Q(z;) of which
6, is a primitive number, and let their conjugate values be
wy = 7(x1), we = r(Xs), . . . , wn = 7(Ts)
6, = p(xl)) 02 = p(l?z), sy b= p(Tn).
The function
w1 wg W,
6—6, 6 — 0, 0 — 0,
of fisrational in @ since it is symmetric in the x;, any permutation
on the z; only interchanging its terms. Multiplying it by the
function

o(8) = (6 — 6.)(0 — 65) . .. (6 — 6,
which also is rational in ©, we obtain
W n

w) w
¢(9)(0_01+0_02+... +‘0_é:>=x(0)

which is an integral function rational in @ and of degree n — 1
in 0 if we expand it.
Setting in this function

we find that
x(0:) x(01)

“r= (6 — 62) . .. (60— 0:)  &'(6),
where ¢’(0) is the derivative of ¢(f) and as such an integral
function rational in ©@; ¢’(6;) cannot be zero since the 6, are all
unlike.
Thus we proved that
(94) every number o, of an algebraic domain Q(x,) is expres-

sible as a function rational in Q of any primitive number

01 in Q(xl) .
lwl = R(01)|.

This obviously means that the domains @(6;) and @(z,) are
identical:

9(01) = 9(131)

The primitive number 6, is a root of an irreducible equation
in @ of degree n while the imprimitive number w,; is a root of an
irreducible equation in © of degree less than n.! Hence 6,

1 By proposition (93); cf. §61, end.
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cannot be rational in @(w;) and the latter is a subdomain of
Q(8;) or Q(zy):
Qw1) < Q(zy).

An algebraic domain on © containing no imprimitive numbers!
is called a primitive domain; it certainly is primitive if its de-
gree is prime, since its numbers then cannot divide into sets.
When not primitive, an algebraic domain is called imprimitive.
A primitive domain on Q contains no other subdomain than Q.

Proposition (94) seems to recall the Theorem of Lagrange: there,
functions of one group rationally expressible in terms of each
other; here, functions of one domain expressible so. We feel that
the circle of our investigation is going to close.?

§63. NORMAL DOMAIN

If an algebraic domain of an irreducible equation isidentical with
its conjugate domains, it is called a normal or invariant domain,
and the equation is called a normal or invariant equation. It
appears that a normal equation is irreducible and has roots which
are rationally expressible in terms of each other.

Suppose that the equation

f@ =0
of degree n, rational and irreducible in €, is normal; then
Qry) = Qas) = . . . = Qa,).

Let 6, be a primitive number in Q(z;) and have the conjugate

values

01, 02, PN ,0,,.
Since

Q6,) = Q)

by proposition (94), we have

Q0) = Q8,) = . .. = Q.),
and consequently the 6; are roots of the equation
g9(6) =0

also normal of degree n in Q.

1 Qutside those in @, of course.

2 The proof of proposition (94) can be applied to Lagrange's Theorem, and
the proof given there can be applied here; but the present proof adds an
elegant tool to the mathematical outfit of the student. Compare §69.
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Any one root of a normal equation in ©, and of such an equation
alone, is expressible as a function rational in  of any other root
and we may set

01 = R1(91), 02 = Rz(ol), . e ey 0,. = R,.(Bl).
If on these functions we perform a substitution! replacing 6,

by 8, we obtain as result the same functions in another order
because from

glR«(6:)] =0
follows? that every root of the irreducible equation

9(6) =0

in Q satisfies the equation
glR:(6)] = 0

in Q, whence with

R.(8))
also

R.(6:)
is a root of

g9(0) = 0.

And no two roots K,(6:) and R,(8) are alike since from
R,(()k) - R,(Ok) =0
would follow as before that also
R.(6,) — R,(6,) = 0,
which is untrue.
The substitution that we performed on the 6; we denote by
O = (0,0k).
It converts any root
0.’ = R,(Bl)
into a root 6; defined by the relation
6; = R.(6) = R.[Ri(0))] = R,(6)),
so that of two roots like 6, and 6; we may choose one at pleasure
while the other is fixed by the substitution.
Any number
w1 = ¢(6:)
rational in Q(8,) is converted by the substitution ¢, into
W = <p(0k).

1 Compare §9.
? By proposition (90).
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As w; is rational also in Q(6;), we may set

wy = ‘p(oi)’
and this is converted by ¢ into
wr = ¥(6,),

whence
o = (0:6:) = (6:6,).

The substitutions (6.6,) are called substitutions of the normal
domain (6;), and since they can be expressed in the form (8,6y),
the normal domain has as many different substitutions as its
degree indicates, which is n.

Every one of these substitutions converts a number w, of the
normal domain ©(6,) into a number of the same domain, and no
two numbers into the same number. If a number w; remains
unaltered by every substitution of the normal domain, it,is
identical with its conjugates and therefore rational in €.

The substitutions of the normal domain Q(6,) are qualified
elements composing a group in the sense of the note to chapter
nine. For

) 7.0k = 0,
since
(0101)(0507) = (0101)’
if we arrange it so that the first letter in the second substitution
is identical with the second letter in the first substitution, and the
other qualifications are readily verified.
It appears that
(95) the substitutions of a normal domain compose a group

|<P) = (0.6; 'l'l’

and this leads us back to the theory of equations.



CHAPTER XI
THEORY OF GALOIS

§64. SPECIAL EQUATION

Disappointed in our effort to solve the general equation, we
now turn to special equations, that is to say equations with
numerical coefficients. Therefore it has to be kept in mind
firmly that in all what follows we are dealing with numerical
values, unless specified otherwise.

Lagrange’s plan of solving the general equation falls short if
applied to numerical equations whenever we strike conjugate
functions that are equal. Thus, for the equation

¥ —2=0
with the roots
z, = 2%, 1y = 2%, 23 = @227
the conjugate functions
Y1 =223 — 2> =0
Yo = L33 — 222 = 0
Y3 = 1Tz — 23 =
would not permit a computation by the formula
_ By
4,
of Lagrange’s Theorem, since the denominator becomes zero.
Likewise, for the equation
2+ 1=0

P1

with the roots
=%, 2 =, 1y = Py =M
the conjugate functions
x1=2T12 x2=2% x3=2% x4= x4
=1, = —1, = 1, = —1.
would not permit such a computation.
139
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Furthermore, the permutations that leave y, unaltered in
value, either because they leave it unaltered in formal value:

1, (23),
or because they convert it into ¢, and ¥s:
(12), (13), (123), (132),

they do form a group. But those that leave x; unaltered in
value, either because they leave it unaltered in formal value:

1, (23), (24), (34), (234), (243),
or because they convert it into x;:

(13), (13)(24), (132), (134), (1324), (1342),

they do not form a group. Hence, passing to numerical values,
we cannot say any longer that permutations which leave the
value of a function unaltered compose a group.

To become applicable to special equations, Lagrange’s plan had
to be modified, and this work was done by Galois.! Lagrange’s
special plan of solving general equations young Galois replaced
by his general plan of solving special equations, and a touch of
supreme genius marks his achievement: it is an epic of human

glory
“not ill-befitting men that strove with gods.”

§65. GALOISIAN FUNCTION

Permutations that leave a function numerically unaltered do
not in general form a group; but when they concur with those
that leave the function also formally unaltered, they evidently
do so. Discarding functions that remain numerically unaltered
by permutations which do not leave them formally unaltered,
Galois taught us to construct functions that belong to a group
both formally and numerically; and such functions we call
Galoisian functions.

Let
F@)=awxr +ax1+ ... +a, =0
be a special equation rational in the domain
Q= (a)7

1 Galois lived 1811-1832. He was seventeen when he obtained his first
beautiful results in mathematics, at nineteen he had divined the nature of
equations, and he was twenty when a duel ended his stormy life.
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of its coefficients, or any wider domain @, and let us impose on
it the condition that it has no double roots. Evidently this
condition does not limit the range of the theory which is to be
built up, for double roots of a function are intimated by its
vanishing diseriminant and readily found and eliminated as roots
of the common factor which the function has with its derivative.
Then,
(96) it is always possible to construct in the domain Q of an
equation a Galoisian function of its roots x, which belongs
to the group identity on the x,.
Altered by every permutation on the z, both formally and
numerically, such a function », takes under the symmetric group

S=1,8 ..., 8
on the z, the conjugate values
V1, Voy . . . , Uny

and may be called an elementary Galoisian function for the given
equation.
Galois puts

V1 = UXy + U2 + . . . 4+ Uz,
with indeterminate u,; for the integral rational funection!
@, —w) = J@,w)t Gk=1...,n
iSk

does not vanish identically,? so that we may assign to the u;
integral numerical values that do not make H vanish, that is to
say do not make two values v, equal.
It follows that
(97) it is always possible to construct in the domain © of an
equation a Galoisian function of its roots x, which belongs
to any group on the x;,
both formally and numerically.
Suppose such a group is
G=1, 8, ...,s
converting the elementary Galoisian function », into
Vi, Y2y . . ., Ur,

! Integral and rational in both the a; and the u,, for symmetric in the z,.
2 Because the v, are distinet by §16, the u, being indeterminate quantities.
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so that like subscripts identify the conjugate values into which
the permutations of G convert v;. Galois obtains a function
which satisfies the proposition by putting!

g) =@ —v)(w—2) ... (v—v,),
where v is a rational number properly to be chosen but for the time
indeterminate.

For a permutation s of G only interchanges the v;, since applied
to v; it gives the same result as s,s; applied to v; and hence a
conjugate value which is in the set as s;s; isin G.  While a per-
mutation of G thus leaves g(v) unaltered, a permutation not in
G converts the v, of the set into such as are outside and alters
g(v).

It will be observed that functions as Galois taught us to con-
struct are integral functions.

Applying Lagrange’s Theorem to Galoisian functions, we
evidently need not fear trouble:

(98) If a rational function ¢ in the roots x, of a special equation

remains formally unaltered by all those permutations
on the x; that leave a Galoisian function g of the x,
unaltered, then the function ¢ is rationally expressible
in terms of the function g;

here as rational is considered the domain Q of the equation.

For the proposition is true by virtue of Lagrange’s Theorem if

we take the z; to be indeterminate quantities:
R(g)
¢ = Tg—‘
On replacing the indeterminate x; by numerical values we meet
no difficulty, since the discriminant in the denominator cannot
be zero.

In particular, any function ¢ is rationally expressible in terms

of the elementary Galoisian function v,:

o(z:) = R(vy).
As this relation is an identity in the z; both members remain
identical when we operate a permutation s on the z;. This gives

es(x:) = R(v,),

! To express that g(v) is a function also of the z; we denote it by g(v]z;).
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the subscript s identifying the permutation that converts ¢,
into ¢, and v, into v,. Hence we note:
(99) If ¢(x,) is a rational function of v,, then ¢,(x,) is the same
function of v,, the v; being elementary Galoisian functions
in the x; and s a permutation on the x,.
The proposition holds true for the roots x; themselves:

T, = Rl(vl); s = R, (v,), e ey X = R,.(vl),
or

71 = Ri(v1), 22 = Ri(va), . . . , 2o = Ri(v,)
when for instance
s2=(12), . . ., 8. = (1n).
This recalls to our mind that a special equation is solved when
we know a Galoisian function , of its roots belonging to identity.

§66. GALOISIAN RESOLVENT
The function
Gw) =@ —v)w—12) ... @—wn)
which belongs to the symmetric group on the z, we call a com-
plete Galoisian function for the special equation
F(z) = 0.

It may happen that such a complete Galoisian function G (v)
is reducible in the domain © of the equation—which evidently
implies that there exist functions! of the z; not symmetric and
yet rational in Q. If G(v) is reducible, it must have an irreducible
factor g(v) since we assume that the equation cannot be solved
in Q; for when it can, there is no problem left to be considered.

The function g(v), still rational in Q but not further reducible
there, must vanish for at least one value v, say v,. If it has
more roots, let them be

01, Uy o+ o, Uy
subscripts again identifying the permutations on the z, which
applied to v; give its conjugate values. The function
gw) = @w—0v)v —9,) ... @ —1v)
is called a primary Galoisian function and the equation
glv) =0

a Galoisian resolvent for the given equation.

1 But they can exist even though G(v) be irreducible, as will appear in §70.
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If the complete Galoisian function G(v) is irreducible in @,

it is itself a primary Galoisian function and

Gw) =0
a Galoisian resolvent. Furthermore it is to be noted that also an
equation

g) =0
often is called a Galoisian resolvent, when ¢ is any function
numerically belonging to identity, not necessarily a Galoisian
function belonging to identity both formally and numerically.

For a normal equation we may set

v, = Xy,
because a normal equation is irreducible and its roots z, belong to
identity being functions rational in @ of each other;! identity is
the only permutation which the groups of the z; can have in
common. -

Again, since all roots », of a Galoisian resolvent belong to
identity, they are expressible by proposition (98) as functions
rational in Q of »,. This permits to conclude that

(100) every Galoisian resolvent is a normal equation, and

every normal equation is its own Galoisian resolvent;
further that

(101) the domain Q(v,) is a normal domain if v, is an ele-

mentary Galoisian function for a special equation in Q.

Also the roots z; are expressible as functions rational in @

of »;, while we have

V1= Wy + Uy + . . . UnTa.
Hence it appears that
Q) = Q(xi)’l‘)
which is to say that
(102) the adjunction of an elementary Galoisian function for a

special equation is equivalent to the adjunction of all
its roots.

Thus Galois has taught us to construct a normal equation for
any given equation and for its domain an algebraic domain which
is normal.

1 Being rational functions of each other, they must belong to the same

group, by proposition (98) which presents a necessary and sufficient condi-
tion; compare §36.
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§67. GALOISIAN GROUP

The permutations on the x; converting a root v, of
Gw) =@—v)(®—102) ... @®—0va) =0
into all its roots evidently compose a group. Galois discovered
this always to be true for his resolvent:
(103) The permutations on the x; converting a root v, of the
Galoisian resolvent

o) = (w—v)v—v) ... (v—v) =0
into all its roots compose a group.
We call it the Galoisian group or simply group of the equation
F@) =0
in 2 and denote it by G or (G).

Consider the root », of the Galoisian resolvent. It is expressible
as function rational in Q of the root v,:

v, = R,(vy),
so that
g(vs) = g[R,(v)] = 0.
But also
g(vl) = 07
whence v, is a root of two equations in Q:
g) =0
and
g[R.(v)] = 0.

Since the first equation is irreducible in @, all its roots must
satisfy the second equation as one does.! In particular, the
root v, must’ do so; this gives

g[R.(v))] = 0,
whence R,(v,) is a root of
g(v) = 0.
To find the significance of this root, we apply to the identity
v, = R,(v1)
in the z; the permutation ¢ and obtain?
v = R,(vy).

1 By proposition (90).
2 By proposition (99).



146 ALGEBRAIC EQUATIONS

Hence it appears that v, is among the roots of the Galoisian
resolvent and therefore st among the permutations converting
v, into those roots.

This proves that the permutations on the z; converting v, into
Vi, Usy o o - 4 U
compose a group, the Galoisian group
G=1, s ...,t

of the given equation. Its order is equal to the degree of the
Galoisian resolvent for that equation.

It is clear that the primary Galoisian function g(») belongs to
the group G of the equation; for the permutations of G do nothing
more than interchange its roots, and they are the only permu-
tations which do so.

Since any two roots v; of the Galoisian resolvent are inter-
changed by just one permutation of the Galoisian group! and
just one substitution of the normal domain, we obtain a beautiful
result:

(104) The Galoisian group of a special equation and the

substitution group of its normal domain are simply
isomorphic and abstractly identical :

6y = (r)}

This links up the theory of groups with the theory of domains.

§68. PROPERTIES OF GALOISIAN GROUP

The Galoisian group of the special equation
F(i)=0
rational in the domain of its coefficients or any wider domain has
two fundamental properties which we formulate referring ration-
ality to the domain @ of the equation.

(105) Property (1): Every rational function of the x; which
has a rational value remains numerically unaltered
under the Galoisian group.

For let such a function be

e1(z:) = o,

1 Only the permutation s converts », into v, for instance.
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where w is & number rational in Q. Expressing the function
rationally in terms of

V1 = W1 + Tz + . . .t U,
which we can do by proposition (98), we set
Q1 = R(vl).

Now we apply to this identity in the z; the permutations of the
Galoisian group and obtain!

po = R(v.)
¢ = R(v,).
Since the rational equation
R@) = v
is satisfied by the root v; of the rational and irreducible resolvent
gv) =0,
it is satisfied by every root of it. Therefore we have
R(»)=R@,) = ... =Rv) =ow
and consequently
QL= Pg = .00 T P T W,

which proves the proposition.
If a permutation s’ leaves every rational function of the z;
which has a rational value numerically unaltered, then with

glv)) =0
which we know to be true also
glve) = 0.

Hence v, is a root of the Galoisian resolvent and consequently
s’ a permutation of the Galoisian group. This means that
(106) the Galoisian group is the largest group under which
every rational function of the x; which has a rational
value remains numerically unaltered.
Since a rational equation
p(x:) =
can be written in the form
x(z:) = ¢(z:) —w =0,
1 By proposition (99).
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so that the function x(z.) has a value rational in any domain,
it follows from property (1) that
(107) every rational equation in the x; remains true when
operated on by the permutations of the Galoisian group;
or permits those permutations, as we say.
The other property is
(108) Property (2): Every rational function of the x, which
remains numerically unaltered under the Galoisian
group has a rational value.
Assuming that
PL= @y = . . . T @y
we can sct

or = MRO) + R@) + . . . + RO

if » denotes the order of the Galoisian group. Since the coeffici-
ents of the Galoisian resolvent have rational values and every
symmetric function of its roots is rationally expressible in terms
of its coefficients, the symmetric function

R(@) + R(@) + .. . + R(v)
of its roots has a rational value, which proves the proposition.
If some group '
G =14¢ ...,
possesses property (2), the coefficients of the function

g =@—v)@w—vy) ... (—v)
have rational values by assumption, for they remain numerically
unaltered under G’. But being rational and having a root v,
in common with the rational and irreducible function g(v), the
function ¢’(v) must contain all its roots and consequently G’ all
the permutations of the Galoisian group. This means that

(109) the Galoisian group is the smallest group such that

every rational function of the x; which remains under it
numerically unaltered has a rational value.

Since the Galoisian group is the largest group possessing
property (1) and the smallest group possessing property (2), it
follows that

(110) the Galoisian group of an equation is uniquely defined

by its fundamental properties.



THEORY OF GALOIS 149

Now it is clear that the group of an equation does not depend on
our choice of »; among the roots of the complete Galoisian fune-
tion: any irreducible factor of

G) =g .¢9'w) . ..
may serve as primary Galoisian function and must yield the same
group. The group of the equation does not even depend on the
construction of v, which is possible in any number of ways.

§69. PLAN OF GALOIS

The coefficients of a Galoisian resolvent for a special equation
are rationally known while any one root solves the equation.
Therefore the plan for solving a special equation depends on the
composition-series not of the symmetric but of the Galoisian
group for the equation, as the coefficients of the resolvent belong
to that group and every root belongs to identity.

The Galoisian group takes in the theory of special equations
the same place which the symmetric group has in the theory of
general equations, and the permutations of the symmetric group
that are outside the Galoisian group are completely ignored in
the theory of special equations.

In this theory we can make use of any rational functions
remaining numerically unaltered by the permutations of a group,
they do not have to be Galoisian; but these establish the possi-
bility of constructing such functions and link up the plan of
Galois with the plan of Lagrange.

Let G be the Galoisian group of the special equation

F(x) =0
rational in Q. In the theory of special equations a function
of the roots z; is said to belong to a subgroup H of G when it
remains numerically unaltered by all those, and only those,
permutations of ¢ which are in H; so that also in the theory of
special equations

(111) to every group on the x; belongs a rational function of

the X

Conversely, the permutations that leave a rational function
unaltered compose a group, so that also in the theory of special
equations



150 ALGEBRAIC EQUATIONS

(112) every rational function of the x; belongs to a group on
the X
To prove this, let s and s’ be two permutations of H leaving a
rational function ¢; of the z; unaltered, whence

Y = ‘/’s = ‘/’a"
Then with
Vor = 121
also
Vora = ‘l’a)
by proposition (107). But from
\I/c'c = 'l/a = ¢’1

follows that the permutation s's leaves the function ¢, unaltered;
consequently it is contained in the same group H with the per-
mutations s and s’.

Also in the theory of special equations the function ¥, takes
under the partitions

H, Ht, . ..
of G the conjugate values
¥y Yy .
For with
‘I/a = \bl
also
Yor = i,

by proposition (107). Hence all propositions in the theory of
general equations which follow from this are readily verified for
special equations. In particular:

(113) If a group has a subgroup of index j, a rational function
belonging to the subgroup takes j conjugate values under
the group which belong to conjugate subgroups.

Also in the theory of special equations

(114) the conjugate values of a rational function under a group
to whose subgroup the function belongs are roots of a
resolvent equation whose degree equals the index of
the subgroup in the group and whose coefficients belong
to the group.

If the resolvent is

W) =@ —v¥1) ... HF~—¥) =0,
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a permutation ¢’ of the group only interchanges its roots since any
permutation #’ is contained in a partition of the group.

Conjugate values ¥; of a function are roots of a resolvent equa-
tion in Lagrange’s sense of the term, an ordinary resolvent so
to say, well to be distinguished from a Galoisian resolvent.

Any rational function of the z; which belongs to the group G is
a number in @ by property (2) of G. It follows for the domain
Q that

(115) the conjugate values which a rational function takes
under the group of a special equation are roots of a
rational and irreducible resolvent.

Were the resolvent reducible, the Galoisian group would not be
the smallest group such that rational functions of the z; remaining
under it numerically unaltered have a rational value.

The proposition is true for general equations if we replace the
Galoisian group by the symmetric group. That the resolvent
then is irreducible will be proved in §70.

Lagrange’s Theorem is in the theory of special equations
replaced by the Theorem of Lagrange-Galois,! which we formu-
late referring rationality to the domain © of the equation:

(116) If a rational function ¢, in the roots x; of a special
equation remains numerically unaltered by all those
permutations of the Galoisian group for the equation
which leave another rational function y; numerically
unaltered, then the function ¢, is rationally expressible
in terms of the function ¢.

In other words:
(117) Any number w, in the domain
Qx,)?
remaining unaltered under a subgroup H of the Galoisian
group G is rational in

Q1)
if ¢, is a function belonging to H.
This follows from Lagrange’s Theorem; or we prove it anew
setting
G=H+th+ . e +Htj

1 The Theorem of Lagrange-Galois is also called the Theorem of Lagrange
generalized.
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and assuming that

‘l’l;\bb . . 'l‘pf

Wiy, We, . . ., W

are corresponding numbers. The w, may or may not be distinet
and it is
Y1 = ()

wp = wl(x;).

As we did before in §62, we construct the integral function

! wi w2 w,;* _
¢(‘P)(¢_‘ljl+¢_¢2+ Ce +¢":¢]>—X(¢);

where

e(W) = W =)W —¥2) . .. (¥ —¥)

is rational. Its coefficients are rational in the z, and unaltered
under the Galoisian group which cannot do more than permute
the w; and y; and permute them alike. Hence the coefficients
are rational numbers by property (2) of the Galoisian group,
and setting

V=
we find as before

wr = R(y1).

This completes the adjustments which convert Lagrange’s
theory of general equations into Galois’ theory of special equa-
tions, and recalling now the substance of Lagrange’s plan we
conclude for the plan of Galois:

Whenever the Galoisian group of a special equation
has a series of subgroups each normal and of prime index
in the preceding, the series beginning with the Galoisian
group and ending with identity, then we can solve the
general equation by algebraic operations using primi-
tive roots of unity.

But when these conditions do not hold, it would not seem
possible to solve the special equation by algebraic operations
which beside the rational operations include the extraction of
roots.!

1 Compare §§40 and 76. The final statement is in §82.
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§70. GENERAL EQUATION
If the complete Galoisian function G'(v) of an cquation in @ is
reducible there, the equation is said to be affected in 2. We
proceed to prove that
(118) the general equation is unaffected in its domain
composed of numbers that are rational functions of its coefficients
Ciy Coy . . . 4, Cp
as independent variables.
To this purpose, let first
1, Ty . . ., Tn
be independent variables and
VL= a1+ aals + . . .+ alls,
a function of these variables with distinct and rational coefficients
taking under the symmetric group on the z, the values
Uiy V2y « v o , Umy
Since the function
Gw) = (w—v)@w—12) ... @—0.)
is symmetrie in the x,, it is rational in their elementary symmetric
functions which we now replace by the independent variables
¢., and as rational funection of » and the ¢, we may denote it by
GQle)) = 0= v) —vy) . .. (v — V).
Suppose this function is reducible in the domain of rational
numbers, so that
Gle) = g@le) . g'(e) . . .
As the function identically disappears for

V=0
when we write »; and the ¢, in terms of the x,, a factor
g(vle.)
must identically disappear when we do so. But with
g(vile,) = 0.
also
g(vie)) =0
g(vﬂllct) =0,

because permutations on the z, alter »; without changing the c;,’

1 We can apply such permutations inasmuch as g(vje,) =0 is an
identity in the 2,.
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and g(v|c;) appears to be the same function as G(vlc,) since it has
the same roots.

From this the proposition follows, because G(v) is irreducible
in the domain of the ¢; when G(v|c,) is irreducible in the domain
of rational numbers.

The Galoisian group of the general equation is the symmetric
group. Therefore we infer from proposition (115) that

(119) the conjugate values which a rational function takes

under the symmetric group are roots of a rational and
irreducible resolvent of the general equation.

The Galoisian group of any equation without affect is the
symmetric group, and such an equation is in the Galoisian theory
sometimes spoken of as a general equation.

An example of an unaffected equation other than the general is

22 —2=0.
It has the roots
z = 2%, 2y = w2, 13 = 022§,
and its group is symmetric by proposition (109) since every sym-
metric function of its roots has a rational value while an alter-
nating funection like

VA = (1 — zo) (1 — 23) (2 — 23) = 6\/:»:;’
has not.! Indeed we find that any rational function of its roots
which has a rational value, like

Tire — 232 = 0,
remains numerically unaltered under
S =1, (12), (13), (23), (123), (132).

For the genecral equation the only rational functions of its
roots which have a rational value are the symmetric functions.?
But this is by no means true for all unaffected equations, as
appears from the example.

Hence it is inaccurate to say that the plan of Lagrange breaks
down whenever functions occur with numerically equal conjugate
values, because this cannot happen. This would imply the

t Compare the explanation in §73, example (a).

2 By the definition of its domain following proposition (118); or by
proposition (119) since an assymetric function is a root of an irreducible
resolvent.
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existence of assymetric functions having a rational value,!
which is not possible with the general equation. But it is true
that the plan of Lagrange cannot be applied to all unaffected
equations.

§71. DUALITY OF PLANS

It is clear that the theory of Galois is precisely dual to the
theory of Lagrange: in the general theory of special equations
the Galoisian group takes the place which the symmetric group
has in the special theory of general equations, and from there on
both theories run precisely parallel.

We put together dually their principal thcorems referring

rationality to the domain of the equation:

Lagrange
The group of a general equa-
tion in z is the symmetric
group on its roots x,.

Permutations of the symmetric
group leaving a rational
function ¢, of the z; formally
unaltered compose a sub-
group H of the symmetric

group.

To every subgroup H of the
symmetric group belongs a
rational function ¢, remaining
under H formally unaltered.

If a group has a subgroup H of
index j, a rational function
belonging to H takes j formally
different conjugate values
120 ‘P% I 2

under the group which belong
to subgroups conjugate with
H in the group.

Galois
The group of a special equa-
tion in z is the Galoisian
group on its roots z;.

Permutations of the Galoisian
group leaving a rational func-
tion ¢, of the z; numerically

unaltered compose a sub-
group H of the Galoisian
group.

To every subgroup H of the
Galoisian group belongs a
rational function ¢, remaining
under H numerically unaltered.

If a group has a subgroup H of
index j, a rational function ¢,
belonging to H takes j numer-
ically different conjugate values
200 ZYRRR 21
under the group which belong
to subgroups conjugate with
H in the group.

1 For instance, the sum of the conjugate values which are distinct.
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Lagrange
If a group has a subgroup of
index j, the conjugate values
which a rational function be-
longing to H takes under the
group are roots of a resolvent
) =0
whose degree is j and whose
coefficients belong to the group.

The conjugate values which a
rational function takes under
the symmetric group are roots
of a rational and irreducible
resolvent.

Theorem of Lagrange:

If a rational function ¢,
remains formally unaltered
by all those permutations of
the symmetric group that leave
another rational function v,
formally unaltered, then ¢,
is rationally expressible in
terms of ¢,

e1 = R({).

If the symmetric group of a
general equation is soluble,
the equation is solvable by
algebraic  operations using
primitive roots of unity.

ALGEBRAIC EQUATIONS

Galois
If a group has a subgroup of
index j, the conjugate values
which a rational function be-
longing to H takes under the
group are roots of a resolvent
) =0
whose degree is j and whose
coefficients belong to the group.

The conjugate values which a
rational function takes under
the Galoisian group are roots
of a rational and irreducible
resolvent.

Theorem of Lagrange-Galois:
If a rational function o,
remains numerically unaltered
by all those permutations of
the Galoisian group that leave
another rational function y,.
numerically unaltered, then ¢,
is rationally expressible in
terms of ¥,
p1 = R(¥).

If the Galoisian group of a
special equation is soluble,
the equation is solvable by
algebraic  operations using
primitive roots of unity.

§72. IRREDUCIBLE EQUATION

From the fundamental properties of the Galoisian group of an

equation follows that

(120) the group of an equation F(x) = 0 is transitive on those,
and only those, roots of the equation which are roots of
an irreducible factor f(x) of F(x).
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For is the group intransitive on the roots z, of the function
Fa)y=(@—2)...@—x) ... (@@ —xn)
in @ connecting x, only with
Ty « « o 3 X

but no other z;, the coefficients of the function

f@) = (@ —=x1) ... (& —x)
remain numerically unaltered under the group and are numbers
in Q by its property (2). Hence the function F(z) can be reduced
in Q.

Conversely, is the function F(z) reducible in @ having there
the irreducible factor f(z), the coefficients of f(z) are numbers
in Q@ and remain unaltered under the group by its property (1).
Hence the group can be transitive on the roots of f(x) alone.

If the equation

F(z) =0
in Q is reducible there and F(x) has the irreducible factors

Ju@) = (@ — @) . .. (¢ — ap)
Jol@) = (@ =) ... (&= B)

in Q, so that

F(x) = fo(x) . fo(x) . . .,
we conclude that the group of the equation is intransitive with
the intransitive systems

Ay . . .y O

ﬁl)"')Bl

And if the group of the equation is intransitive with these systems,
we conclude that the function is reducible as shown.

Hence we can note:

(121) If an equation F(x) = 0 is reducible, its group G is
intransitive so that to every irreducible factor of F(x)
corresponds an intransitive system of G.

And conversely:

(122) If the group G of an equation F(x) = 0 is intransitive,
the equation is reducible so that to every intransitive
system of G corresponds an irreducible factor of F(x).
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Further we can note:

(123) The group of an equation is transitive when, and only

when, the equation is irreducible.

If the group G of an equation is regular of degree and order n,
also the degree of the equation is n. The n roots of the equation
then are conjugate functions under @, and each root belongs to
a subgroup of index n in G. This is to say that the order of the
subgroup is one and the subgroup itself identity.

Since such an equation is irreducible by proposition (123) and
its roots are by the Theorem of Lagrange-Galois rational functions
of each other, we infer that an equation with a regular group is
normal.

This condition on the group is not only necessary but also
sufficient, for the roots of an equation must belong to identity
to be rational functions of each other.! Hence

(124) the group of a normal equation, and of such an equation

alone, is regular.

§73. APPLICATIONS

To find the Galoisian group of a given equation is extremely
difficult, but the propositions that we just proved are helpful.’
We know that equations may be rational in different domains,
and it is clear that for different domains we may obtain different

groups.
Examples:
(a) Find the group G of the equation?
¥ —-2=0
for the domain
Q= (1).

Sinece the equation is irreducible, the group @ is transitive and
its order is a divisor of n! = 6 while a multiple of » = 3. Thisis
to say that the order of G is 6 or 3 and @ the symmetric or alter-
nating group.

The diseriminant of the equation is

A = —27c3? = —108,

1 Compare §66.
? Compare §70.
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and
VA =3¢,V -3 = 6V 3.
Were G the alternating group, the rational function
VA = (xy — 22) (21 — 23) (22 — 3)
would have a rational value remaining unaltered under @. This
is not true, whence G is the symmetric group:
G =1, (12), (13), (23), (123), (132).

(b) Find the group G of the equation
2—-2=0
for the domain
Q= (),
where w is a primitive cube root of unity.
Now
VA =6V =3 = 6(w — w?)
has a rational value and must remain unaltered under G. Hence
G contains no transposition and is the alternating group:
G =1, (123), (132).
We observe that G is regular and consequently the equation
normal:
r; = R(xry),
which we verify remembering the roots given in §70.

(c¢) Find the group @ of the equation

zt— 2 =
for the domain
Q= (1).
Its roots are
Ty = 2%, Ty = 'L.2%, Ty = —‘2%, Ty = —’1;2%.

The rational function
T1T3 + T2x4 = 0

has a rational value and must remain unaltered under G; hence
we have

G = 1,(13), (24), (13)(24), (12)(34), (14)(23), (1234), (1432)
or a subgroup.

This means that the order of G is a divisor of 8. Since the
equation is irreducible, the order of G is also a multiple of 4;



160 ALGEBRAIC EQUATIONS

therefore it is 8 or 4. Were the order 4, then G would be regular
and the equation normal. But

Ty # R(x1),

whence G stands as given above.

(d) Find the group G of the equation

2t —-2=0
for the domain
Q = (2).
Now @ is regular of order 4 since the equation is irreducible and
x; = R(x1).

The rational functions

x1 X4 T3 _ X2

——== - = - = 1

T4 X3 T X1

have a rational value and must remain unaltered under G.
Hence we have

G =1, (1234), (13)(24), (1432).

(e) Find the group G of the equation
¢+ 62241 =0
for the domain
Q= (1).
Since the equation is irreducible, the group G is transitive and
its order a multiple of 4.
The equation is quadratic in
z? =y.
Therefore we have
Y2 = 1;

Ty = '\/y_1, Ty = ’—'\/y—l
Xy = \/yg, Ty = —\/?—jz
1 1

Ty = —, X3 = —T, T4 = ——.
x Ty

whence setting

we find

These relations remain true under
G =1, (12)(34), (13)(24), (14)(23).
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We observe that G is regular and consequently the equation
normal, which is verified by the relations between the roots.

(f) Find the group G of the equation
¢+ 622 +1=0
for the domain
Q= (V2).
Now the equation written in the form
(@ +3)?2—-8=0
is reducible:
(@243 +2V2)(2+3 - 2V2) =0,
and the group G must be intransitive connecting the roots of the

factors only.
From the relations

1 1
Xy = x‘, X3 = —T, Ty = -—xl‘
follows
e = 1, 2104 = —1,

whence one factor must have the roots z; and z3; and the other
factor the roots z, and z,. We set

2wy = 3 + 2V2, maxy = 3 F 2V2;

the group leaving these rational functions with rational values
numerically unaltered and connecting the roots of the factors is

G =1, (13)(24).

§74. IMPRIMITIVE EQUATION
Suppose that the equation
f@) =0

of degree n in Q is irreducible there, so that its Galoisian group
is transitive by proposition (123), and set

Ty = ay.

If the algebraic domain Q(a;) is imprimitive, it contains an
imprimitive number 6, equal to some of its conjugate values:

6, = P(al) = ... = P(am)’
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and taking under the transitive group of the equation the other
conjugate values

b2 = p(B1) = ... = p(Bm)
This divides the roots of the equation into the systems
Aly + o« + y Oy
By « + + s Bm

such that no two roots in different systems are alike.!
Since by proposition (107) the relation
ple) = ple;)
must remain true when operated on by the permutations of the
Galoisian group, it follows that those permutations interchange
either roots within systems or else entire systems. Hence
(125) an equation with an imprimitive algebraic domain ha< 2n
imprimitive group;
such an equation is called an imprimitive equation.?
The conjugate values
01,0 ..., 0k
are roots of the function
c0(0) = (60 —6)(0—0) ...(0— 6
which is rational in @ by property (2) of the Galoisian group,
the group not more than permuting the 6;, and is irreducible
there by proposition (115).
Denoting by
wyp = Sl(ai)
ws = S2(B:)

symmetric functions on the imprimitive systems, we construct
the integral function
w2 Wg

w1 _
(25 + g ) = %O

1 The B, are all unlike, with the «;; and none equals an «, as from
a; = B
would follow
ples) = p(8;)
and two entire systems were indentical.
21t can be proved that an equation with a primitive algebraic domain
has a primitive group.
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whose coefficients, rational in @ and unaltered under the Galoisian
group which cannot do more than permute the w; and 6; alike,
are numbers in @ by property (2) of the group. Setting
= 01)
we find
wy = R(01),
this relation being rational in Q.
It follows that the function!

Julz]0) = (@ —a)) . .. (& — om)
is rational in Q; it is also irreducible there,? since those permu-

tations of the Galoisian group which leave 6, unaltered are transi-
tive on the «;. This means that the function

fol@) =(@—ai) ... (& — an)

is rational and irreducible in Q(8,).
As the degree of an irreducible equation is also the degree
of its algebraic domain, we have the proposition:

(126) An imprimitive domain Q(a1)  of degree n
on Qis identical with the domain @'(a1) of degree m
on Qif Q' = Q(0,) is of degree &

on 2 and k. m=n.
For the example (d) of §73 we have:

} Q(2%) = Q’(2"‘)L
4 Q(2%) = @ !
I =)
Here
6, = (2%)2 = (_2%)2
6, = (2%)? = (—i24)?,
whence
oy = 2%, Qg = "‘2%
Br = 12%, By = —q2%
0, = 2%, 0, = —2'%,

§75. REDUCTION OF GROUP
Any equation which is rational in a domain @ is with stronger
reason rational in a domain on Q obtained by adjunction. The

1 It is a function also of 6.
* By proposition (123).
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group of the equation may be different for the new domain, and
we prove the proposition:

(127) The group of an equation is reduced to a subgroup when
we adjoin to the domain of the equation a rational func-
tion of its roots which belongs to the subgroup.

Let the group G of the equation

Fi)=ax"+ax'+ ... +a,=0
rational in the domain
Q= (a)

of its coefficients, or any wider domain @, have a subgroup H and
let

¥ = ()
be a function rational in 2 which belongs to H and adjoined to
2 produces the domain

Y = (aiy ‘pl)

Since any function x of the z, rational in @’ is a function of

¢1 and the z, rational in @—which we may express by setting

x(@.) = x(z.|¢1),
it also is a function of the z; rational in Q because ¢, is.
Assuming first that such a function x has a value p ration.

Q= Q(‘pl))

p = p(¥1)

is a function?! rational in €, we have a relation

X(xil‘pl) = P(‘lﬂ)

between the z; which is rational in Q. This relation remains true
under G by proposition (107), while the function p(¢,) is unaltered
by the subgroup H of G. Hence we infer that also the function
x(z;) is unaltered by H.

Assuming second that the function x remains unaltered by the
subgroup H of ¢, we infer from the Theorem of Lagrange-Galois
that it has a value rational in Q', whence it appears that H
possesses the fundamental properties of the Galoisian group in
@', and the proposition follows.

1 Cf. proposition (91).

so that
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It implies that

(128) a normal domain Q(x;);1 of degree 1,
on @ is identical with the domain Q'(x;)T of degree 7,
on O when Q' = QY1) is of degree j
on @ and J = 1,/1,

in the notation of §17. For the group of an equation in its normal
domain is identity. If its group in Q* is H*, the degree of the
resolvent in Q* for identity equals the index of identity in H*,
which is the order of H*, and the degree of this resolvent is also
the degree of the normal domain Q*(x,) on Q*.
It is clear that to solve the equation
Fz) =0
means to widen its domain by adjunction so that its roots z; are

rationally known and its group G is reduced to identity, therefore
means to obtain its normal domain
Qv1) = Qzy).
But we know now that it is not necessary to adjoin at once
an irrationality which is primitive there: we may widen the
domain @ of the equation by successive adjunctions reducing its
group @ from subgroup to subgroup.
Let in the domain Q of the equation its group be

G=1,...,t
and its resolvent
gw) =(@w—2v) ... @—9) =0,
let in the domain Q' its group be
H=1,...,s

and its resolvent
h@) =@ —19) ... @®—1v) =0.
The function h(v) is rational in ' but may be expressed as

hwlg) = 0 —01) . .. (v — vs)
rational in ©. Since the permutations of H are contained in G,
h(v) is a factor of g(v) and g(v) appears to be reducible in Q.
Under the group
G=H+ ...+ Ht
of the equation the function ¢, takes j conjugate values

L 2RI 7
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and the function h(v|¥:) goes into
h(”[‘pl): L ] h(vl‘h)
such that
R@ly) = @ —v1) ... (v— )

R@|lg) = @ —v) ... (v — var)
and the unlike! sets
Viy « « . 4 Vs

Vegy o o o 5 Use
contain all values of v, conjugate under G. Hence we can say
that
(129) adjunction reducing the Galoisian group splits the
Galoisian resolvent into conjugate factors:

[g(v) = hw[¥) . . . h(v[y))];
these factors are rational in
QW), . . ., Q)
and of the same degree 7, in ».

If the subgroup H is normal in @, the domain Q(¢,) is normal
on  since we have

% = R(‘l’l)
for any ¥, by the Theorem of Lagrange-Galois; and the Galoisiau
resolvent under @ splits by adjunction of ¥, into rational factors
each yielding the group H.
If H is not normal in G, a normal domain on Q is produced?
when we adjoin the function

br=ayr1+ ... + ay,
the a; chosen such that 6, is altered by every permutation between
the ¥;. The adjunction of 8, reduces G by proposition (127) to
the greatest common subgroup D of
H,...,H,

and is equivalent to the adjunction of all y; by proposition (102).

We have come to another point of vantage from which we can
survey the plan of Galois. The essence of solving an equation

1 Since v; takes different values under different permutations of G.
? By propositon (101).
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isthis: by adjoining proper irrationalities we reduce the Galoisian
group of the equation and split its Galoisian resolvent.

With this in mind, we turn to resolvents which solved give proper
irrationalities. But in doing so we call attention to the circum-
stance that it will be important not to confuse the Galoisian
resolvent g(v) = 0 and the resolvent r(y) = 0 of Lagrange’s
conception, the ordinary resolvent so to say. The Galoisian
resolvent illumines the solution, but the ordinary resolvent is the
one that gives it.

The function y, is a root of the resolvent equation r(y) = 0 and

(130) the group of the resolvent equation

rw) = 0]

is in the domain of the given equation
[F(x) = 0]

the group T of permutations which the ¢, undergo when
the x, are operated on by the permutations of G.

For any function of the ¢, rational in the domain @ of the given
equation is also a function rational there of the z,:

q)(',’l) = ‘P(xi)y
and if ® remains unaltered under T, then ¢ remains unaltered
under G, and conversely.

Therefore ¢ remains unaltered under I'if it has a value rational
in ©, for ¢ then remains unaltered under G by property (1) of @;
and ® has a value rational in Q if it remains unaltered under T,
for ¢ then has such a value by property (2) of G. Hence the
proposition follows because I' has the fundamental properties
of the group in Q.

We note that the group T' of the resolvent is transitive since
the resolvent is irreducible.!

The group T is abstractly defined by the factor-group

G/H=T
when H is normal in @, else by the factor-group
G/D =Tr.

1 By propositions (115) and (123).
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Consequently the resolvent in 9 has the same group as the resolv-
ent in y; it is alike in solution although of higher degree when H
is not normal.

If the ¢; belong to subgroups of G having no permutation but
identity in common, then

D=1,
abstractly
r =G,
and the resolvent
r(y) =0

is called a total resolvent. The adjunction of its roots reduces
the Galoisian group to identity and splits the Galoisian resolvent
into linear factors. This implies the solution of the given equa-
tion, yet nothing is gained because the group of a total resolvent
is identical with that of the given equation and its solutton
equally difficult.

We observe that a total resolvent is Galoisian in the wider sensc
of this term when the y; belong to identity.

If the groups of the ¥, have more permutations than identity
in common, then the resolvent

r(¥) =0

is called a partial resolvent. The adjunction of its roots reduces
the Galoisian group to a normal subgroup D and splits the Gal-
oisian resolvent into conjugate factors.

Suppose the group G of the given equation has the composition-

series
G N J ... L

The smallest groups for partial resolvents are defined by the
abstract quotients
G/N,N/J, . ..
of the series, and it is the purpose of Galois to replace the solution
of the given equation by a successive solution of partial resolv-
ents with such groups. Their roots adjoined to the domain of
the given equation reduce its group along the series of composition.
Such partial resolvents we may call resolvents of composition,
and we infer from proposition (124) that
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(131) for soluble groups resolvents of composition are normal.

For the group I' of any such resolvent is circular, since it is
of prime degree and order:!

r=9,0% ... ,0% [or =1
where

U=(¢1¢'2 e ‘pp)
and p is a factor of composition.

For soluble groups resolvents of composition are even binomal,
we now recall,2 and can be solved by algebraic operations on
rational numbers and primitive roots of unity if constructed in
the form

1'(6, ¥) =0,

where (¢, ¢) is Lagrange’s solvent.

§76. NATURAL IRRATIONALITY

To solve an equation
Flz) = ax" +ax 4+ ... +a, =0
rational in the domain
Q= (a)
of its coefficients, or any larger domain @, we must widen its
domain to the normal domain
Q) = Az

where its roots are rational, its Galoisian group reduced to
identity, its Galoisian resolvent split into linear factors.

We achieve this by successive adjunction of numbers contained
in the normal domain; such numbers are roots of resolvent equa-
tions and called natural irrationalities after Kronecker.

Thus we know exactly what we need to solve the equation.
Can we solve it? We recall that a sufficient condition is that
the group of the equation be soluble. Is it necessary? When
this condition holds we can construct and solve resolvents,
otherwise we can not. And with a last glimpse of hope we now
ask the question: When natural irrationalities cannot be com-
puted, are there perhaps other irrationalities which can solve
the equation?

1 By proposition (25), and a circular group of same degree as the equa-
tion is regular by proposition (59).
2 Proposition (55).
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A negative answer is given with the proposition that
(132) every possible reduction of the Galoisian group is
effected by adjunction of natural irrationalities.
Suppose that adjoining an irrational number y we produce a
domain
Q, = (ay, )
in which the Galoisian resolvent is
hly) =@ —v) ... (®—0) =0
We proved for any domain that the permutations yielded by the
resolvent compose a unique group
H=1,...,s
If now h(v|y) is a factor of g(v), then H is a subgroup of G and
we reduce the Galoisian group by adjoining y. But the same
reduction, of course, results when we adjoin any function ¢ of
the z; belonging to H. And furthermore the domain

Q = (ai) lﬁ)
is contained in the domain
Q, = (an ?/)s

since the coefficients of h(v|y) are rational in no smaller domain
on @ than @, and also are rational in @,.! It appears that we
can certainly construct y if we can construct y, and that no solu-
tion of the equation is possible which cannot be effected also by
natural irrationalities.

Considering that any complete solution of the equation reduces
its group to identity, we now conclude for all equations, since the
theory of Galois includes that of Lagrange:

Whenever the Galoisian group of an equation has a
series of subgroups each normal and of prime index in
the preceding, the series beginning with the Galoisian
group and ending with identity, then we can solve the
equation by algebraic operations on rational numbers
and primitive roots of unity. But when these conditions
do not hold, then it is not possible to solve the equation
by algebraic operations on such numbers.?

t For the coefficients belong to H, and so does y; moreover y is a root of
an irreducible resolvent and primitive in Q.

2 Compare §§40 and 69. The final statement is in §82. For primitive
roots of unity compare footnote to §40.



CHAPTER XII
SPECIAL EQUATIONS

§77. ABELIAN EQUATION

As we did in the preceding chapter, we shall assume here that
the equations we treat of have no double roots. Furthermore
it will be observed that the typical equations we treat of are
irreducible.

An irreducible equation whose group is Abelian we call an
Abelian equation.

Suppose that

f@) =0
is an Abelian equation with n roots z;, Then its group @ is
transitive by proposition (123) and contains a permutation s;
converting z; into z,.

Those permutations of G that leave x, unaltered compose a
subgroup H, and those that leave x; unaltered compose a
subgroup

H = Si_IH 83
conjugate with H. But subgroups of an Abelian group are
normal, by proposition (32),! and we have

H;=H =1,
for identity alone leaves every z; unaltered.

If a permutation s,” other than s; would convert z; into z,, then

the permutation s,’s,~! would leave z; unaltered, so that
s/t =1
and
s = s
Hence the group of the equation is
G=1,8,...,s.
The group is regular, and it follows by proposition (124) that
(133) every Abelian equation is normal.

1 Cf. also §56. .
1



172 ALGEBRAIC EQUATIONS

This means that all roots z; are rational functions of z;, and
we can set
r, = R](ZL‘]), Ty = Rz(xl), N R”(l‘l).
By proposition (107), any relations
X, = R.‘(zl), Xy = Rk(:cl)
remain true when we apply the permutation s, of the group to
one and the permutation s, of the group to the other:
Ty = Rz(xk), Ty = Rk(x;)-
But with
8.8k = 8iSq,
which is true for an Abelian group, also
T = Xki
and
R.(xk) = Rk(CL‘;).
Hence
(134) for an Abelian equation in x the relation holds:

|R[Ri(x1)] = Ri[R,(x))]].

Conversely,
(135) when this relation holds for the roots x, of an equation
while any
lxi = R.( l)ly

the group of the equation is Abelian.
For it follows from
Tk = R@(:Ek), Ty, = Rk(x,»)
that
Tik = Tk
and
8.8k = 8iSy,
which proves the proposition.
It is to be noted that in proving the converse we did not qualify
the equation as irreducible.

§78. CYCLIC EQUATION

An irreducible equation whose group is cyclic we call a cyclic
equation.
Suppose that
J@) =0
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is a cyclic equation with n roots z;. Its group is cyclic by
definition and transitive by proposition (123), therefore by propo-
sition (59) circular:
G = {s},
containing all powers of the circular permutation
s = (.’171172 P x,.).

It follows from propositions (25) and (124) that

(136) every normal equation of prime degree is cyclic;
in particular resolvents of composition for soluble groups are
cyclic equations by proposition (131).

Since cyeclic groups are Abelian, cyclic equations are also;
consequently cyclic equations are normal by proposition (133).

Whether the group of the equation

fz) =0
is G or a subgroup
H = {s%}
of G, the integral function
T2 T3 Iy
p R P =

has coefficients unaltered by the group and rational by its
property (2). Setting

Xr = X
and
X(xc)
S0 = R(x),
f(z) (x.)
we find! that
Ty = R(xl), XT3y = R(xg), ey Xy = R(xn_1), Ty = R(x,.)

If we put
R[R(z1)] = R*x1), R[R*z1)] = R¥(z1), . . .

where exponents do not denote powers, we have the relations

2y = R(x)), z3 = R*(x1), . . . , &n = R* (1), ;1 = R*(x1),
or

Z.41 = R#(zy)
with
2=1,2, ... (modmn),

1 Compare the procedure in §62.
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and say that

(137) the roots of an equation compose a cycle when the
group of the equation is circular of same degree as the
equation or a subgroup of the circular group.

In case of a cyclic equation we obtain the cyclic relation of its
roots more simply by applying the permutationsof G to therelation
Ly = R(x;),

which is true for any normal equation.

Conversely,

(138) when the roots of an equation compose a cycle, the group
of the equation is circular of same degree as the equa-
tion or a subgroup of the circular group.

For let any permutation of the group be

_ Ty o« o o Zzg1 + . .
b= (xa e Legr .. )
Applied to the eyclic relation! it gives
Tep1 = R*(x)

by proposition (107). But
R#(z,) = R:[R*(z1)]

It

R*(x1) = Zopa
whence
T4l = Teta
and
¢+ 1 =2+ a (mod n).
It appears that
1 2 3 c ..
t=(a a+1la+2.. )
With the modulus n understood it is
z+1
t= (z + a)’
but this is the (@ — 1)st power of the circular permutation?

s=(z_f_1)=(12...n).

Hence the group of the equation is G or a subgroup H, and the
proposition follows. If the group of the equation is G, the equa-
tion is eyeclic.

1z = Re(xy).
2 Cf. §58.
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§79. ROOTS OF UNITY

To solve an equation by algebraic operations, we need prime
roots of unity which are primitive, as we recall.
Roots of unity are defined by an equation

" —1=0;
there are n distinet roots since the discriminant! of this equation
cannot vanish. Such roots whose n-th powers, and no lower ones,

equal unity are called primitive n-th roots of unity.
If ¢ is some root of this equation, its powers are also, for

() = ()" = 1.

And if m is its lowest power that equals unity, we say that e
belongs to the exponent m and find that
&€l ..., ™

are all unlike. For were

such that
a> g,
from

e Ff =1
would follow that a power of e lower than m is unity.
Since
etm = ¢,
we can arrange the n roots

2 m

€ e, ... €
emtl emt2 2m
ekm-l—l’ ka+2, e, "

of the equation so that roots in the same column have the same
value. It then appears that m is a divisor of n since

&+ )m = n.
Whenever
n=p
where p is prime, also
m=17p
while
k=0,

1 Cf. §27.
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and e is a primitive root of unity whose powers

€ € ... ,€r
are all distinct and identical with
€, e ..., e

except for the sequence.
Hence it appears that
(139) a prime root of unity other than 1 is primitive.
The equation

zr — 1
c(av)=x__1 =gl gr24 .. 4+24+1=0

whose root it is we call a cyclotomic equation.
But before we can approach this equation, we must digress
into the theory of numbers.

§80. CONGRUENCE

Let ¢(n) denote the number of positive integers smaller than
n which are prime to n.
When
n=np
is a prime number, then
1,2, ...,p—1
all are prime to p and

]

e(p) =p — L
When
n = p%
we eliminate from
01,2, ...,n—1

07pr2pr .. )(Z""l)p:

leaving those prime to n, and find

n 1
o(n) = n— i’ = n(l — ;)

the n/p numbers

When
n = ab
where a and b are one prime to the other, we put
z=aqy — bx
and let
z=01,2, ,a—1
y=0,1,2 yb—1
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This gives n values for z which are all distinet modulo n. For
assuming that
z = z'(mod n),
we have!
z—2 =aly—y) — bz — )
divisible by n and consequently b(x — z’) by a. But b is prime
to a, hence # — 2z’ is divisible by ¢ and we have

z—2 =0,

as it is smaller than a. It appears that

z =1,
and similarly that
y=y.
Thus
2=0,1,2...,n—1(modn).

To eliminate those values of z that are not prime to n, we must
eliminate those values of z that are not prime to a and those
values of y that are not prime to b, whence

e(n) = ¢(a)e(b).
When
a = p-
and
b =¢f

where p and ¢ are prime, then a and b are one prime to the other,
and we have the proposition:

(140) If there are ¢(n) positive integers smaller than n
which are prime to n and

In = paqﬁL

P O )

Among the values of z one must be
z2=c+kn

where ¢’ is an assigned number. Hence the equation

then

ay — bz =c + kn

12/ =ay — bx'.
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has one solution; and so has any Diophantine equation
ay — bz =¢
where a and b are one prime to the other.

It follows that bx + ¢ is divisible by a and the linear

congruence

bx + ¢ = 0(mod a)
has a solution, and only one. This is to say that there is one
value of z satisfying the congruence and at the same time deter-
mining y; it is said to be a root of the congruence.

Likewise, for any integral function

f@)y =axr +azrt+ ... + a,
with integral coefficients and a, not divisible by p the congruence
f(@) = 0(mod p)
is said to have a root « if f(a) is divisible by p.

Using such a function of degree n, we prove that

(141) a congruence of degree n modulo p where p is prime

has no more than n roots.

This is true for

n =1,
and the proposition follows by complete induction.
Assuming that z and « are indeterminate, we can set!
@) = (& — a)g(2) + f(o),

where g(z) has the same qualifications as f(z) but is of degree
n — 1. From this relation we conclude that (r — a)g(z) is
divisible by p if f(z) and f(«) are, so that g(z) then is divisible
by p if x is not congruent to a.

If now the proposition is true for n — 1, then g(z) has no more
than n — 1 incongruent roots and consequently f(z) no more
than n such roots, whence the proposition is true also for n.
The additional root must be « making both terms on the right
divisible by p although g(«) is not divisible.

But differing from equations, a congruence may have less than
n roots; and even no roots at all like

22 4+ 1 = 0(mod 3).
Yet there exists a peculiar congruence that cannot have less than
n roots, as we shall see presently.

1Cf. §5.
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§81. FERMAT'S THEOREM

According to Fermat’s Theorem,!
(142) for a prime number p one has

|a>=! = 1 (mod p)|

if a is a number not divisible by 2.

This is true because it can be proved by complete induction
that

a? = a(mod p).
For
a=1
evidently
17 = 1(mod p).
For
a=2
we have
2”=(1+1)"=1+I)+&(2‘2“—12+ .ot p+1

= 2(mod p)
since all middle terms are divisible by p. And if it is true that

a? = a(mod p),

-1
(a 4+ 1)? = ar + par—' + ﬂp—z——)

then also

a4+ ...+ pa+1

= a + 1(mod p).
It appears that the congruence
z? = z(mod p)
has p roots
0,L,2 ...,p—1,
and the congruence
z?~! = 1(mod p)
has p — 1 roots
,2,...,p—1
The two congruences are essentially alike since the first has only
an additional root 0. These are the peculiar congruences with
a number of roots equal to their degree.
If m is the smallest positive number for which

a™ = 1(mod p),
t Fermat lived 1601-1665.
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then a is said to belong to the exponent m modulo p, and if also
a® = 1(mod p),
then = is & multiple of m, so that m always is a divisor of p — 1.
A number g that belongs to the exponent p — 1 is called a
primitive root of the prime number 5.
For the prime number p = 2 it is readily seen that g = 1.
If p is an odd prime,* we set
p—1=a%bfc .
where a, b, ¢ are prime numbers and prove that
(143) there is a number A belonging to the exponent a°.
For the congruence
p—1
z * = 1(mod p)
is of lower degree than p — 1 and has by proposition (141) fewer
than p — 1 roots. Hence there is a number y among

1,2 ...,p—1
which does not satisfy the congruence. We set
A —_ ybﬁc‘/ e .

and have
A% = 1(mod p).
If now A belongs to the exponent m, then m is a divisor of a*
and consequently a power of a. It must be equal to a*, for were

m < a%,
we should have?
A =1
and
p-1
ya“"bﬂc" =y ¢ o= l(mOd p)’

which is a contradiction.

Likewise it can be shown that there are numbers B, C, . . .
belonging to the exponents b#, ¢, . . . respectively.

We now prove that

(144) the product ¢ = A B C . . . belongs to the exponent

p— 1
It cannot belong to an exponent A such that
h<p-—1,
! An odd prime is any prime number other than 2.
1 Am to some power a* would give 4",
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for that gives!

where j is a positive integer greater than 1 and hence divisible
by some prime number a, b, ¢, . . . Suppose it is divisible by
a; then it follows from

i
—

gh
that

p—1

g ¢ = 1(mod p)
since (p—1)/a is divisible by h if j is divisible by a. In other
words we then have
p—1 p—-1 p-—1

A* B* C* ... =1
But (p—1)/a is divisible by b?, ¢, . . . Hence
p=1 r=1
B* =1,C°* =1
leaving
p—1

4 ¢ = 1(mod p).

This is not true since (p — 1)/a is not divisible by a*, and the
proposition follows.?
It appears that ¢g is a primitive root of the prime number p.
Its powers
Lg,¢% ... ,9"7"
are identical with

1,2,3,...,p—1

except for the sequence, since they are p — 1 incongruent num-
bers not divisible by p.
If p — 1 and k have the greatest common factor f and

p—1=/1Q
k = fq,
where
<@
and prime to it, then
gt =gld =1

1gp~1 = (ABC . .. )?"! =1 by proposition (143).
* This proof was given by the great Gauss; he lived 1777-1855.



182 ALGEBRAIC EQUATIONS

only when [ is divisible by Q. Hence g* belongs to the exponent
Q, and as ¢ can have ¢(Q) values, there are ¢(Q) incongruent
numbers belonging to the exponent Q.

For
Q=p»-1
we find that
(145) there are ¢(p — 1) primitive roots of p.

§82. CYCLOTOMIC EQUATION

Returning to the cyclotomic equation for prime roots of unity,
we prove for odd primes that!
(146) a cyclotomic equation for prime roots of unity is irredu-
cible in the domain of rational numbers.

In
zr — 1
c(x) = 21
we set
z=y+ 1L
Then
-1
“0+U=y”“+mrt+m%rlwﬁ+...

+£Q;By+ﬁ
The right member is irreducible by proposition (9), and with
c(y + 1) also c(z) is irreducible.
Hence the group G of the cyclotomic equation
cd) =z l422+ ... +az+1=0
is transitive? and its order a multiple® of p — 1.
The roots of this equation are
Ty =€ Ty =€, ... ,Tp1 =€}, [ee =1
so that
x; = x4,
and a permutation of G leaving z, unaltered leaves unaltered
every z;. It necessarily is identity, whence G is regular of
order*
r=p-—1

1 The same can be proved for any cyclotomic equation.

¢ By proposition (123).

3 By proposition (60).

+Cf. §§72 and 77. It follows by proposition (124) that a cyclotomic
equation is normal.
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By proposition (107) the relation
z; = ot
must remain true if operated on by the permutations of G. But
a permutation of G converting

Ty T = T

converts
i —zi =2

and is modulo p
S = (231131'..?7112 e e ) PR

If we now take as 7 a primitive root of p:
t=9,
then one cycle of s contains all z,; it is modulo p
s = (eee* . . . ) = (Txyy2 . . . )
of order p — 1, whence
G = {s}.
This means that
(147) every cyclotomic equation for prime roots of unity is
cyclic

and implies that every cyclotomic equation for prime roots of
unity is solvable.! Besides it is of degree one less than the degree

of the resolvent for which we need its roots.?
Hence prime roots of unity can be computed by algebraic

operations, and we can state the main result of our study in the
final form:?

(148) Whenever the group of an equation has a series of sub-
groups each normal and of prime index in the preceding,
the series beginning with the group and ending with
identity, then we can solve the equation by algebraic
operations which beside the rational operations include
the extraction of roots. But when these conditions do
not hold, then it is not possible to solve the equation
by algebraic operations on numbers which are rationally
known.

1 Cf. proposition (76).

2 Note that for a cubic resolvent the cyclotomic equation is of degree

two, that is one less. This is why we can solve the general cubic.
8 Compare §76, also §§40 and 69.
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Thus not every algebraic equation has algebraic roots, and the
fundamental theorem of algebra is not a theorem of algebra at all.

§83. DISCRIMINANT OF CYCLOTOMIC EQUATION

The discriminant A of the cyclotomic equation
c@) =z 424+ ... +2+1=0
is determined by the relation!
p—1
(=1) 2 A=c(z)c(xs) . . . ' (@p-1)

since
r-1 @-1({—-2)

(- * =(-n °*
p — 1 being even and p — 2 odd.
Differentiating

z? — 1 = (x — (o)

we obtain
pzr-! = c(x) + (x — 1)c'(x),
and setting
T =T

with z; standing for any root of the cyclotomic equation, we have

pr#~t = (z; — Dc'(z)). '

Multiplying such relations for all z;, we find that

p—1 p—1 p~1
pri=1le@) JLa - 2) = (=1 7 a.c)

=1 i=1
Il -1

C(l) =D

since

and p — liseven. But

whence
(149) the discriminant A of a cyclotomic equation for prime
b-th roots of unity has the value
-1
A=(-1)7%p "%

It follows that

1Cf. §27.
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with rational p®~3/2 is real if

p = 1(mod 4)
and imaginary if

p = 3(mod 4).

§84. APPLICATIONS

It is in the sense of Galois to use cyclic resolvents, but often
convenient to solve cyclotomic equations by more elementary
methods.

In the computations which follow we shall consider that

€ = cos 2—10—75 + 7 sin 2101
p
whenever difficulties arise concerning the sign.
To find primitive roots of p that we shall need, there is no
general method but trying.

Examples:
(a) For
sttt a4 24 1=0
and
p=25
we can take
g = 2(mod 5)
giving
9’=49"=3,9'=1
Hence
s = (ee?ele?) = (1243)
and
Gy =1, (1243), (14)(23), (1342)
G = 1, (14)(23)
G1 = 1
To G, belongs the function
o1 =2+ 24
with the conjugate value
¢2 = T3 + Ts.
We have
mteor=x1+ 2+ 25+ 24 = —1,
and also
o102 =21+ To+ 23+ 24 = —1
since

Tty = k@8 = g, 4imoas),
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so that the ¢, are roots of the quadratic resolvent

PP+ e—1=0
giving
-1+ V5 o = 2 002"
Qo = ) ¢1 = 2 CO8 5
-1-+5  geos™
©Qr = ————2'—-—-——' [(pz = 0085

To G, belongs the function

Y1 =2
with the conjugate value
Yo = Z4
But
4/1 + ‘pZ = ¢1
Ve = e = 1)
so that the ¥; are roots of the quadratic resolvent
V5
v+ —‘——l// +1=0
giving
o L V5 + 2/—10 —2V5 (o020 4 sin 2
Yo = T4 = -1+ \/5 — ;/—10 —g\~/§ [cos‘—zg: —isin%’r
Likewise
oo _1::/“:_“ “10+2V5 o™y o]
T3 = :1 —- V5 - 2/_10 + 2____\/5 [—cosg—ising
(b) For
b+ttt ai+at+c+1=0
and
p=17
we can take
= 3(mod 7)
giving

1l
ot
.

?=20=6¢'=449"=57¢"°
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Hence
s = (132645)
and
Ge = 1, (132645), (124)(365), (16)(34)(25), (142)(356), (154623)
Gs = 1, (124)(365), (142)(356)
G, = 1.

To G; belongs the function

er =1+ T2+ T4
with the conjugate value

p2 = T3+ T¢ -+ Ts
and

o1+ o= —1
P12 2.

From the quadratic resolvent

Ptet+2=0

Il

we obtain -
oL = ll_jizl/iz [sin %’f + sin 37" — sin ’7’ >0
o = T}—_—z--}/——z- [sin ’7' — sin “;l’ — sin 37” <0
To G, belongs the function
Y1 =
with the conjugate values
V2 = Ty
Vs = Ty,

and these functions are roots of the cubic resolvent

¢3_<P1¢2+<P2‘//"1=0

which we know how to solve.

(c) Historic interest is attached to the cyclotomic equation

6454+ ., +24+1=0
with

p =17,

because here Gauss discovered that the construction of a regular
polygon with rule and compass is possible whenever the roots of
unity which give its vertices can be computed by quadratic
resolvents.
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Taking
g = 3(mod 17)
we obtain
s=(139101351511161487 4122 6)
and '
Gis = {s},Gs = {s%},Gs = {s*},G: = {s?},G:1 = 1.
Setting
01 =21+ To + T1z + Tis + Tie + Ts + T4+ T2
o2 = 23 + 10 + x5 + T11 + T1a + 7 + T12 + Te
we have
o1+ 2= —1
P12 —4.
From the quadratic resolvent

2+ e—4=0

we find
=14 17
Y1 = _*_’5”‘“‘“'
—1 — V17
P2 = ——2’—"
Setting
X1 = Z1 + T13 + ZTie + T4
X2 = T9 + T15 + s + T2
X3 = T3 + Ts + Tia + T12
X4 = Tio + T + T7 + e
we have
X1+ x2 = ¢
xixz = —1
and
X3 + x4 = @2
xsx4 = — L.
From the quadratic resolvent
x* + 1——2—\/1—3;»( —1=0
we find .
—1+ V17 \/17 — /17
X1 = +
4 8
o = —1+V17 17 =17

4 8 ’
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and from the quadratic resolvent

we find

—1 =TT \/17 + V17
- 4 T 8

—1 V17 _ \/17 +V17
4 8 )

Setting

Y1 =2 + 216

Vo =13+ T4

Vit ¥ = x1
Vive = xs,
and from the quadratic resolvent
V= xiy+ xs=0
we find ¥, and ¢,. Finally we set

we have

w; = T
wg = T1g
where
w) + wp = Y
wwe = 1,
and from the quadratic resolvent
W= Yw+1=0
we find z, and z,.

Since the roots of a cyclotomic equation can be constructed
geometrically with rule and compass whenever they can be com-
puted algebraically by square roots, this might seem possible
whenever

p—1=2m
and

p=2"+1,
for a cyclic group of order p — 1 has a subgroup of any order
which is a divisor of p — 1, as we know.*

But when

m = kq

t Cf. proposition (75).
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where ¢ is odd, then 2™ 4 1 is not prime because
2741 - -
L ti-@ -+ ... +1
is integral. Hence it is necessary that
m = 2"
and
p=2"+1.
Such numbers p are called Fermat numbers, and it was believed
that they all are prime until Euler! discovered that 2% 4 1 is
divisible by 641.2

§85. METACYCLIC EQUATION

An equation whose group is metacyclic we call a metacyclic
equation.? We do not have to qualify such an equation as
irreducible because a metacyclic group is transitive.* .

When the degree of a metacyclic equation is prime, the equa-
tion is solvable by proposition (86); and so is any equation of
prime degree whose group is a transitive subgroup of the meta-
cyclic. Conversely, when an irreducible equation of prime degree
is solvable, its group is by proposition (86) the metacyclic group
or one of its transitive subgroups.

This gives the Theorem of Galois:

(150) If an irreducible equation of prime degree is solvable,
its group is the metacyclic group or a transitive sub-
group of the metacyclic group.

When we reduce the group of a metacyclic equation of prime
degree along its series of composition, the equation remains
irreducible until the last by proposition (84). Only when we
reach identity, the equation splits and splits at once into linear
factors yielding the roots. The same is true for any equation
of prime degree whose group is a transitive subgroup of the
metacyclic, is therefore true for any irreducible equation of prime
degree which is solvable.

! Euler lived 1707-1783.
2 Now Fermat numbers are known not to be prime for

n=2567S8,09,11,12, 23.

3 Compare footnotes to §§55 and 58.
4 Cf nronosition (123).
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Such equations have a peculiar property:

(151) All roots of an irreducible but solvable equation of
prime degree are rationally expressible in terms of
any two of them.

For the identical permutation is the only permutation of the

metacyclic group leaving two roots z; and z; unaltered, which is
readily verified from the nature of such permutations:

t =(/.tz -zl- v)'

v = ouTi + arlk

Hence the function

belongs to the group identity, and every root of the equation is
rationally expressible in terms of v, which is to say in terms of
z; and z.
Conversely:
(152) An irreducible equation of prime degree whose roots are
rationally expressible in terms of any two of them is
solvable.

For the group G of the equation is transitive on the roots
oy L1y « o« 3 Tp—1

of the equation,! whence its order is a multiple of p.2 But p

is prime; by the Theorem of Cauchy the group G has a subgroup

of order p, and by proposition (25) this subgroup is circular.
Let the subgroup be C formed by the powers of

s=01...p—1),
where 0 and 1 designate any two roots of the proposition. Unless
the subgroup C is normal in the group @G, there is in G
a permutation
t = (’ioil « e ip_l)

similar to s yet not a power of s, by proposition (30).

If x and » are two numbers not congruent modulo p, we apply
to the relation

Ti, = R(x;o, xix)

1 Cf. proposition (123).
2 Cf. proposition (60).
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of the proposition the permutations ts and ¢’s7** of G and
obtain the two relations

)

—i,)’

R(xo, x.‘.w—.’"
= R(x,, i,

x"a+u" Su

xa —i
fatr 4 »

which are true by proposition (107).
The numbers u and » can be chosen so that
fut1 — & = 4,41 — ¢, = k(mod p),

for there are p such differences and they can take only p — 1
values incongruent modulo p, zero not being possible. This
gives

Ziy, ~i, = R(xo, z1)

xia+u_iv = R(xO; xk);
whence

latp ~ U = laty — U
for

a=0,1,...,p—1
If these relations are written out in full, it is readily seen that
they imply the other:
ta+1 — q = constant,
say m. But this means that
[ = gm
contrary to our assumption; hence C is normal in G. Since the
largest group containing C as normal subgroup is metacyclic,
the proposition follows.

The roots of an equation being rationally expressible in terms
of any two of them thus is a necessary and sufficient condition
by which we recognize the equation as solvable when it is irre-
ducible and of prime degree.

It appears that

(153) an irreducible but solvable equation with real coeffi-

cients whose degree is an odd prime has only one real
root or real roots alone.

For it has one real root by a proposition of elementary algebra;
and if two roots are real, all are so by proposition (151).

Irreducible but solvable equations of prime degree have an
other peculiar property:
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(154) An irreducible equation of prime degree is solvable
when, and only when, the general resolvent! for the
metacyclic group having no double roots has one rational
root.

Such a resolvent for the general equation is

W) =W —¥)W —y2) ... =0,
where ¥, is a function belonging to the metacyclic group. Its
degree is equal to the index of the metacyclic group in the sym-
metric, which is
Jn=1.2...(p—2);
and it is irreducible with coefficients that are symmetric by
proposition (119).

Suppose now we substitute for the roots z, of the general equa-
tion those of the special equation given by the proposition. Let
no two ¥; become alike, which implies that y, still belongs to
the metacyclic group; this can always be arranged by a proper
choice of y;.

If the group of the equation is soluble, the root ; of the resolv-
ent has a rational value by property (2) of the group, because
¥1is unaltered by the largest possible such group, the metacyeclic.

Conversely, if the root y, of the resolvent has a rational value,
the group of the equation is contained in the metacyclic by
property (1), because ¢, is unaltered by the metacyelic group.
Hence the proposition follows.

To the irreducible but solvable equations of prime degree
belong the binomial equations. For

(155) a binomial equation of prime degree in @ with no root

rational in Q is irreducible there but solvable.

Let such an equation be

P — ¢ = 0;
it has the roots
Toy €Xoy . . . el
when z, is one of them and e a primitive root of unity.
Suppose that
z? — ¢

1 We mean the resolvent for the general equation with the roots of the
given equation substituted.
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has a factor

204 ... +4d
in © with
q <p.
The product of its roots, which is to say the constant term
d = €*xy?

with unknown 2z, is rational in Q.

By proposition (3) which applies also to integers,! there
exist two integers a and b such that

aqg — bp = 1.
Hence rational in € is also
(€209)® = e*x PP+t = ey . b

where €%z, is a root of the equation.

With ¢? also €%z, then is rational in @, which is contrary to
the assumption of our proposition. -

Writing the roots of the equation in the form

Xoy 1y « « « 5 Tp—1y

we have

and

It appears that all roots of the equation are rationally expressible
in terms of two of them, which completes the proof.
As function belonging to the cyclic group

C = {s}
with
s=01...p—1)
we can take
_ x_l _ X9 _ _ Xy
¢ To Ty Tp—1

But e satisfies the cyclotomic equation

24+ ... +2z+1=0
of degree p — 1. In the domain of rational numbers this equa-
tion is irreducible by proposition (146) and serves as resolvent

1 Compare proposition (91).
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of the binomial equation, whence the group of the binomial
equation is metacyclic containing C as subgroup of index p — 1.
We conclude that
(156) a binomial equation of prime degree with no rational
root is metacyclic in the domain of rational numbers.

§86. QUINTIC EQUATION

The general quintic has a resolvent of degree six, as already
Lagrange knew; for the metacyclic group is of index six in the
symmetric. And when the resolvent for the metacyclic group
takes for a special quintic one rational root, the quintic is solvable
by proposition (154). It is possible to construct such a resolvent
sextic, but to compute its coefficients is very painful. Somewhat
lighter is the task when the quintic is reduced to the Bring-
Jerrard normal form

28+ pr 4+ ¢q = 0.

To reduce the quintic, we figst prove that

(157) every quadratic form is expressible as sum of squares

of linear forms.

By aform we mean a homogeneous function, by a quadratic form

¢ = o(@)]
a homogenecous function of degree two in the z;. If it contains
terms in z,%, we can set
¢ = c,? + 2y + w,
where y is linear and w quadratic in the z, other than z;. But
this is the same as
e = (cz1 + )2+ (v — ¥?)
= u? 4 (w - #"2):
where » — ¢? is a quadratic form in the z; other than ;.
If ¢ contains no square of an x;, we can set
¢ = ciirs 4 exz1 + Yz + o,
where x and ¢ are linear and w is quadratic in the z, other than
z; and z,. But this is the same as
¢ = lle(xr + 22) + (x + P — Mle(x — z2) — (x — PI?
+ (0 — x¢) = Jqu? — 10° + (0 — x¥),
where w — xy is a quadratic form in the z; other than z; and z..
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The quadratic forms obtained in fewer than n letters z; we then
treat as we treated ¢ and continue until ¢ is expressed as sum
of squared linear forms. Evidently there can be no more than n
such squares.

Jerrard proved, what Bring achieved much earlier for a quintic
equation, that

(158) by a Tschirnhaus transformation involving square and

cube roots the second, third and fourth terms of an
equation can be removed.

The general equation

z2+azx14+ ... +a,=0
is transformed into
v+ byt ..+ ba=0
by the substitution
Y= ap+ ox + ax? + azx® + asr?
which is a case of the Tschirnhaus transformation

_ ¢(@)

Y= ey

For this substitution we have

yY:=0Bo+Bx+ ... F Boorzm!

yr =8+ x4+ ...+ Sz}
gince powers of z higher than » — 1 can be reduced from!
= —qax"l— ... — O
Any 8; is homogeneous of degree two, any d; is homogeneous of
degree n in the a.
The relations between z and y hold for any z; of the general

equation, for every z; we have a y;, and setting

s; = s(z¥)

oi = s(y)
in the notation of §22 with the subscripts of z and y not marked,
we find

o1 = nag + ons1 + azss + asss + auss

g =08+ &1+ ... + BaciSna

1 Compare the same for y in §35.
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The s; are computable from the a;, by proposition (34); like-
wise the o; are computable from the b;:

o= —b
0’2=b12"‘2b2

Any o; being homogeneous of degree ¢ in the a,, the same is true
for any b..
From the equation
b1 = 0
linear in the a; we obtain one «, in terms of the other four and
eliminate it from the equations
bg = 0
bs = 0,
putting the equation for b, by proposition (157) in the form
Mu? 4+ Naue? + Naus? + Nug = 0,
where any wu, is linear in the «,.
Then we find such «; that
Muy? + Nu2 = 0
Nsuz? 4 Nug? = 0,

Vi ur = V=2 uy
VN us = V=i Uy,
which is to say express two a; in terms of the remaining two.
Substituting into the equation
b3 = 0,
we have an equation homogeneous of degree three in two a..
Choosing one «; at will, we solve for the other, and all a; are

determined.

With the «; the substitution is determined which removes from
the general equation the terms in y»!, y»~2, y»~2.

Thus we can take the general quintic
254 axt + ax® + azx? +agx + a5 =0

2+ pz+g¢g=0,

or

to be

with
ar=a,=a3=0

a3 =P, 05 = ¢.
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The function ¢ of its roots given in §58 and belonging to the
half-metacyclic group takes under the alternating the conjugate
values:!

Y1 = 0172 + T9T3 + T3Ts + T4T5 + T2y
Y2 = 2oT1 + D124 + T4T3 + ToT5 + TsTe
V3 = ZToT4 + el + T5T3 + T3T1 + T12e
Vi = T5Ty + 2421 + T123 + T3T2 + Xa¥5
Y5 = ToTs + T4y + T1T5 + T5T3 + TsT2

Ve = ZoTs + T51 + 173 + TaTs + T4To.
The function ¥’ conjugate to ¢ in the metacyeclic group takes
under the alternating the corresponding values:

V' = 2123 + 2124 + Tots + 2ot + 2325

Vo' = 2xs + xixs + 2ax3 + 2224 + Taxs

¥s' = 11 + 2125 + 2973 + Toxs + 2374
Vi = 2y + 216 + ToTa + Tsxs + 325
Vs = 2172 + T3 + 2ok + T3Ts + TaTp
Vo' = 21%s + 2124 + Tox3 + Tax5 + T4
such that
‘/’t + ‘l’tl = Qa.
The function
wy = Y — l//ll

belongs to the half-metacyclic group; the six conjugate values
of w; under the alternating group are roots of the resolvent
(0 — w)(w — wo)(w — w3)(w — wy)(w — ws)(w — wg) =0
whose coefficients belong to the alternating group, by proposition
(50). Since the w; change their sign when the root of the dis-
criminant does, the resolvent is:
w8 + Aw? 4 Agw? + g — VAW + Ngwd + Aw) = 0,
where the \; are symmetric in the z;.
We find for
MV A, A, MV A, A, AsV/A, A
the total degrees
2 4 6 8 10 12

in the z;, But V/A is of total degree ten, whence \; is some
number and
)\1 = )\3 = 0

!We apply to ¢, the permutations: (12)(34), (1243)(15) = (12435)
(1243)(25) = (15243), (1243)(35) = (12453), (1243)(45) = (12543).
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The weight for
A2, gy Mg
in the a; is
4 8 12
by §24. Therefore a5 is not contained in \;; it is not contained
in Ay, Ag either because it could be there only in combination with
a1, az, az which are zero.
Consequently XA, Ay, A\g are not affected if we assume that

q = 0.
Then
1= 0,22 = (—p)%, 25 = i(—p)*
te = —(=p)%, &5 = —i(—p)%,
whence
Va = Hk(x.- — ) = —16Vpb
i<
A = 256 p®.
From
‘l’t + ¢;, =0
‘/’t - ¢z’ = W,
we have
W, = 2\0;,

and substituting the values for the z;:
W) = W3 = Wy = wg = —2\/]_)-
wr = (4 4+ 20)V'p, wg = (4 — 20)Vp.
The resolvent for this case is
(0 + 2Vp) 4 w? — 8uVp + 20p)
= w® — 20 pot + 240 p%w? + 512V p%w + 320 p? = 0.
Hence the resolvent is always
w® — 20 pot + 240 p2w? — 32VA w + 320 p? = 0,
considering that A\; does not depend on q.
The discriminant is expressible in terms of p and ¢. Being of
total degree twenty in the z;, it is
A = kpb + lg*.
We find £ by setting ¢ = 0 and I by setting p = 0 and then have
A = 28p°% + 554
In terms of ¢ the resolvent is

¥ — Bpyt + 15p%? — VAY + 5p° = 0.
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Substituting
@i = ¥i?
we find:

(159) The Bring-Jerrard normal form
[©° + px + ¢ = 0]
of the general quintic has a resolvent sextic
|(¢* — Bpe? + 16p% + Bp°)* = 4y
for the metacyclic group. It is the resolvent also of a
special quintic if the special quintic is irreducible.

For the degree of the resolvent is six, its coefficients are sym-
metric and its root ¢; belongs to the metacyeclic group.

When the roots z; of a special quintic are substituted, ¢, still
belongs to the metacyclic group if the quintic is irreducible,
because then no ¢; are alike.

The resolvent in ¢ has equal roots only when the resolvent in ¥
has equal roots or roots differing by the sign alone.

Two roots ¢, differing by the sign alone are possible only when
the resolvent in ¢ has

A =0,
which is to say when the quintic has double roots. But this

case is excluded.
Equal roots y; are possible only when the resolvent in ¢ has
a root in common with

6y° — 20py?® + 30p% — VA = 0,
or eliminating V/A:
5¢° — 15py* + 15p%y° — 5p® = 5(y* — p)® = 0,
which is to say when
@ =p.
But this means that
. qg=0,
which is readily verified from the resolvent in ¢ with the value
of A put in. In this case the quintic is reducible, which proves
the proposition.
Hence it follows that any quintic in the Bring-Jerrard normal
form is solvable when, and only when, it is irreducible and the
general resolvent for the metacyclic group has a rational root.
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Diagram of circular permutation, 18

Diophantine equation, 178

Direct product, 108, 118

Diseriminant, 60, 51

—, root of, 52, 55, 56

— of biquadratic, 95

— of cubic, 52

— of cyclotomic, 184

INDEX

Discriminant of quadratic, 51

— of quintic, 199

Division of functions, 3

— of groups, 108

— of permutations, 25

Divisor of function, 7

Domain, 11, 129

—, algebraie, 131, 132, 133, 135

—, imprimitive, 136, 162, 163

—, invariant, 136

—, normal, 136, 144, 165

—, primitive, 136, 162

—, rational in, 129

— of general equation, 153

— of rational numbers, 129, 182, 195

Domains, conjugate, 133

Double (multiple) root, 10, 51, 131,
141, 171, 193

Doubly transitive group, 104

Duality of plans, 155

Durchschnitt, 53

Eisenstein’s theorem, 8

Element, 126

—, generating, 127

—, identical, 127

—, inverse of, 127

Elementary Galoisian function, 141,
144

— symmetric function, 41, 43

Elements, commutative, 127

—, group of, 127

—, multiplication table of, 127

—, product of, 127

Elimination, 1

Equation, Abelian, 171, 172

—, affected, 153

—, algebraic, 1, 184

—, binomial, 76, 78, 193, 195

—, biquadratic, 75, 90

—, cubic, 11, 52, 75, 79, 83

—, cyclic, 172, 173, 174, 183

—, cyclotomie, 176, 182, 183, 184,
185

—, Diophantine, 178

—, general, 73, 75, 81, 82, 152, 153,
154, 155, 156

—, group of, 145; see also Galoisian

group



INDEX

Equation, imprimitive, 162

—, invariant, 136

—, irreducible, 131, 134, 135, 136,
158, 171, 172, 182, 190, 191, 192,
193

—, irreducible but solvable, 190, 191,
192, 193

—, metacyclic, 115, 190, 19

—, normal, 136, 144, 158, 169, 171,
173, 182

—, quadratic, 51, 82

—, quintic, 195, 200

—, rational, 131, 148

—, reducible, 157

—, resolvent, 66, 150, 151, 154, 156,
167, 168, 183

—, solution of, 1; see also Equation,
solvable

—, solvable, 80, 152, 170, 183, 191,
192, 193, 195, 200

—-, special, 139, 149, 152, 155, 156

—, unaffected, 153, 154, 155

— of prime degree, 173, 190, 191,
192, 193, 195

— with affect, 153

— without affect, 163, 154, 155

Euclid’s algorism, 4

Euler, 190

Even permutation, 56, 57, 126

Extraction of root, 1

Factor, common, 4, 5, 6, 131

—-, greatest common, 4

—, irreducible, 6, 156, 157
Factor-group, 110, 111, 115

—, order of, 110

— of composition-series, 113, 115
Factors, conjugate, 166

— of composition, 53

Fermat, 179

— numbers, 190

Fermat’s theorem, 179

Field, 129

Finite group, 126

Form, 195

Formula of Cardan, 11

— of Lagrange, interpolation, 2, 122
Function, algebraic, 1

—, alternating, 15, 64, 55

203

Function, complete Galoisian, 143,
144

—, continuity of, 9

—, divisor of, 7

—, elementary Galoisian, 141, 144

—, elementary symmetric, 41, 43

—, Galoisian, 140, 141, 142, 143,
144, 146, 149

—, highest, 41

—, integral, 1, 2, 10, 132, 142

—, irreducible, 6, 8, 130, 131, 134,
143

—, primary Galoisian, 143, 144, 146,
149

—, primitive, 7

—, rational, 1, 2, 67, 129, 131, 132,
142, 143, 146, 147, 148, 149, 150,
151, 154, 155, 156, 164

—, reducible, 6, 130

—, root of, 10

—, symmetric, 15, 40, 43, 154

—- belonging to group, 27, 28, 34, 64,
72, 73, 110, 149, 150

— in algebraic domain, 130, 132

— of Galois, 140, 141, 142, 143, 144,
146, 149

Functions, conjugate, 30, 34, 66, 80,
101, 139, 150, 151, 154, 155, 156

—, division of, 3

—, group on, 64, 65, 101, 167

—, product of, 7, 10

Fundamental theorem of algebra,
10, 184

— — of symmetric functions, 43

Galois, 1, 11, 36, 119, 10, 155, 156

—, plan of, 140, 149, 152, 155, 166,
168

—, theorem of, 190

Galoisian function, 140, 141, 142,
143, 144, 146, 149

— —, complete, 143, 144

— —, elementary, 141, 144

— —, primary, 143, 144, 146, 149

Galoisian group, 146, 146, 147, 148,
149, 151, 152, 154, 155, 156, 166,
169, 170

— —, property (1) of, 146

— —, property (2) of, 148
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Galoisian resolvent, 143, 144, 145,
149, 151, 166, 167, 169

— —, conjugate factors of, 166

Gauss, 181, 187

General cquation, 73, 75, 81, 82, 152,
153, 154, 155, 156

— —, domain of, 153

— —, group of, 154, 155

General resolvent, 193

Generalized theorem of Lagrange,
151

Generating element, 127

— permutation, 38

Greatest common factor, 4

— — subgroup, 63, 64, 110

Group, 11, 27, 28, 29, 127, 141

—, Abelian, 115, 116, 117, 118, 172

—, abstract, 109, 126

—, alternating, 56, 57, 58, 61, 125

—, circular, 32, 102, 173, 174

—, commutative, 115, 127

—, composite, 37, 61

—, congruence, 121

—, eyclie, 29, 32, 101, 115, 116, 120,
121, 123, 172, 173

—, degree of, 29

—, doubly transitive, 104

—, finite, 126

—, Galoisian, see Galoisian group

—, half-metacyclic, 126, 126, 198

—, imprimitive, 106, 106, 162

—, index of, 31, 33

—, intransitive, 101, 102, 157

—, linear, 121

—, metacyclic, 115, 121, 123, 124,
125, 126, 190, 198

—, non-primitive, 105

—, order of, 29, 31, 32, 33, 107, 108,
127

—, partition of, 30

—, primitive, 105, 162

—, quadratic, 61

—, reduction of, 164, 170

—, regular, 103, 158, 182

—, simple, 37, 61

—, simply transitive, 104

—, soluble, 115, 116, 118, 120, 124,
169, 173

INDEX

Group, symmetric, 29, 38, 61, 120,
154, 155, 156

—, transform of, 33, 99

—, transitive, 101, 102, 103, 104,
105, 120, 121, 124, 156, 158, 173,
190

— identity, 29, 32, 37, 115, 120, 121,
141, 143, 144

— of binomial equation, 195

— of cyclotomic equation, 182

— of elements, 127

— of equation, 145; see also Galoisian
group

— of general equation, 154, 155

— of permutations, 27, 29, 127

— of prime degree, 120, 121, 123,
124, 125

— of prime degree and order, 32, 123

— of prime order, 32

— of resolvent, 67, 167 -

— of special equation, 155

— on functions, 64, 65, 101, 167

— theory, 27, 126, 127

Groups, direct product of, 108, 118

—, division of, 108

—, isomorphie, 99, 100, 127

—, multiplication of, 107

—, n to 1 isomorphie, 100

—, product of, 107

—, quotient of, 109, 110

—, simply isomorphic, 99, 146

-—, theory of, 27, 126, 127

Half-metacyclic group, 126, 126, 198
— — in 5 letters, 126

Highest function, 41

— term, 41

Holder, theorem of, 113

Identical element, 127

— permutation, or identity, 17, 24,
26, 119, 144

Identity (group), 29, 32, 37, 115, 120,
121, 141, 143, 144

Imprimitive domain, 136, 162, 163

— equation, 162

— group, 105, 106, 162

— number, 134

— system, 105, 106



INDEX

Independent permutations, 38, 57

— transpositions, 38

Index of group, 31, 33

Integral function, 1, 2, 10, 132, 142;
see also Function

— —, continuity of, 9

— —s, division of, 3

— —s, quotient of, 4

Interpolation, 2

— formula of Lagrange, 2,

Intransitive group, 101, 102, 157

— subgroup, 105

— gystem, 102, 106, 157

— —, degree of, 102

Invariant domain, 136

— equation, 136

— subgroup, 36

Inverse, transform of, 34

— of element, 127

— of permutation, 24, 25, 34

Involution on permutation, 21

Irrationality, natural, 169, 170

Irreducible but solvable cquation,
190, 191, 192, 193

— equation, 131, 134, 135, 136, 158,
171, 172, 182, 190, 191, 192, 193

— factor, 6, 156, 157

— function, 6, 8, 130, 131, 134, 143

Isomorphic groups, 99, 100, 127

— —, simply, 99, 146

— —, n to 1, 100

122

Jerrard, 196
Jordan-Holder, theorem of, 113

Kronecker, 169

Lagrange, 1, 11, 31, 67, 81, 155, 156,
195

—, generalized theorem of, 151

—, interpolation formula of, 2, 122

Lagrange-Galois, theorem of, 151,156

Lagrange’s plan, 74, 75, 81, 139, 140,
149, 152, 154, 155

— solvent (resolvent), 78, 80

— theorem, 67, 73, 139, 142, 151,
156

Law, associative, 23, 126

—, commutative, 20
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Law of combination, 19, 126
Linear group, 121

Maximum normal subgroup, 111,112

Metacyclic equation, 115, 190, 195

— group, 115, 121, 123, 124, 125,
126, 190, 198

— — in 5 letters, 125

Multiple (double) root, 10, 51, 131,
141, 171, 193

Multiplication of groups, 107

— of permutations, 19

— table of elements, 127

n to 1 isomorphic groups, 100

Natural irrationality, 169, 170

Non-circular permutation, 21, 56

— —, order of, 22

Non-primitive group, 105

Normal domain, 136, 144, 165

— —, substitution group of, 138, 146

— —, substitution of, 137, 138

Normal equation, 136, 144, 158, 169,
171, 173, 182

— — of prime degree, 173

Normal permutation, 115, 116

— subgroup, 36, 37, 53, 58, 61, 64,
76, 78, 80, 100, 105, 110, 111, 116,
121, 123, 126

— —, maximum, 111, 112

— —s of alternating group, 61

— —s of symmetric group, 61

Normalizer, 119

Notation, circular, 18

Number, imprimitive, 134

-—, primitive, 134, 135

—, rational, 129

— belonging to exponent, 130, 180

— in algebraic domain, 130, 133, 135

— of Fermat, 190

— one, 17, 29, 129

— ¢(n), 177, 182

Numbers, conjugate, 133, 134

0dd permutation, 56

— prime, 180

Operations, algebraic, 1, 80, 152,
170, 183

—, rational, 1, 4, 5, 129, 183
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Order, absolute, 117

—, prime, 23, 32, 119

—, relative, 116

— of circular permutation, 22

— of cycle, 21

— of factor-group, 110

— of group, 29, 31, 32, 33, 107, 108,
127

— of non-circular permutation, 22

— of permutation, 21, 22, 23, 32

— of transitive group, 102

Ordinary resolvent, 151, 167

Partial resolvent, 168

Partition of group, 30

Period of cycle, 21

—of permutation, 21

Permutable, 21

Permutation, 17, 38

—, absolute order of, 117

—, circular, 18, 21, 56, 58, 101, 123

—, cycle of, 18, 38, 56

—, degree of, 18, 23, 56

—, even, 56, 57, 126

—, generating, 38

—, identical, 17, 24, 26, 119, 144

—, inverse of, 24, 25, 34

—, involution on, 21

—, non-circular, 21, 56

—, normal, 115, 116

—, odd, 56

—, order of, 21, 22, 23, 32

—, period of, 21

—, power of, 21, 34

—, regular, 19

—, relative order of, 116

—, transform of, 33, 34, 35

— group, 27, 29, 127

— of prime degree and order, 23

— of prime order, 23, 119

Permutations, class of, 118, 119

—, commutative, 20, 21, 23, 24, 37,
115, 119

—, conjugate, 33

—, division of, 25

—, group of, 27, 29, 127

—, independent, 38, 57

—, multiplication of, 19

—, product of, 19, 34

INDEX

Permutations, similar, 19, 24, 35, 36

— between conjugate functions, 64

Plan of Galois, 140, 149, 152, 155,
166, 168

— of Lagrange, 74, 75, 81, 139, 140,
149, 152, 154, 155

Polygon, regular, 187, 189

Polynomial, 2

Power, transform of, 34

— of permutation, 21, 34

Primary Galoisian function, 143,
414, 146, 149

Prime degree and order of group, 32,
123

——-—— of permutation, 23

Prime degree of equation, 173, 190,
191, 192, 193, 195

— — of group, 120, 121, 123, 124, 125

Prime number, odd, 180

— —, primitive root of, 180, 182, 185

Prime order of group, 32

— — of permutation, 23, 119

Prime root of unity, 12, 76, 80, 152,
170, 175, 176, 182, 183, 187

Primitive domain, 136, 162

— function, 7

— group, 105, 162

— number, 134, 135

— root of prime number, 180, 182,
185

— — of unity, 12, 76, 80, 152, 170,
176, 176

Product of elements, 127

— of functions, 7, 10

— of groups, 107

— — —, direct, 108, 118

Product of permutations, 19, 34

— — —, transform of, 34

Property (1) of Galoisian group, 146

— (2) of Galoisian group, 148

Quadratic equation, 51, 82

— —, discriminant of, 51

— —, solution of, 83

Quadratic group, 61

Quintic equation, 195, 200

— —, Bring-Jerrard normal form
of, 195, 200

— —, discriminant of, 199



INDEX

Juintic equation, resolvent sextic
of, 195, 199, 200

— —, solvable, 200

QJuotient, abstract, 109

— of groups, 109, 110

— of integral functions, 4

Rational equation, 131, 148

— function, 1, 2, 67, 129, 131, 132,
142, 143, 146, 147, 148, 149, 150,
151, 154, 155, 156, 164

— in domain, 129

— numbers, domain of, 129, 182, 195

— operation, 1, 4, 5, 129, 183

— root, 193

— value, 146, 147, 148

Rationally known, 130

Reducible equation, 157

— function, 6, 130

Reduction of group, 164, 170

Regular group, 103, 158, 182

— permutation, 19

— polygon, 187, 189

Relative order, 116

Remainder, 4

Resolvent (equation), 66, 150, 151,
154, 156, 167, 168, 183

—, binomial, 76, 78

—, general, 193

—, group of, 67, 167

—, ordinary, 151, 167

—, partial, 168

—, total, 168

— for group, 67

— of composition, 168, 169, 173

— of Galois, 143, 144, 145, 149, 151,
166, 167, 169

— of Lagrange, 78

— sextic, 195, 199, 200

Resultant, 46, 47, 50

Root, algebraic, 184

—, common, 47

—, double (multiple), 10, 51, 131,
141, 171, 193

—, extraction of, 1

—, rational, 193

— of congruence, 178

— of discriminant, 52, 55, 56
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Root of prime number, 180, 182, 185

— of unity, 12, 76, 80, 152, 170,
175, 176, 182, 183, 187

Roots, cycle of, 173, 174

— of cyclic equation, 174

— of cyclotomic equation, 189

Rule of transforms, 35

Self-conjugate subgroup, 36

Set, transitive, 102

Similar permutations, 19, 24, 35, 36

Simple group, 37, 61

Simply isomorphic groups, 99, 146

— transgitive group, 104

Soluble group, 115, 116, 118, 120,
124, 169, 173

Solution, algebraic, 1

— of biquadratic, 75, 97

— of cubic, 11, 13, 89

— of equation, 1; see also Solvable
equation

— of quadratic, 83

— of quintic, 200

Solvable equation, 80, 152,
183, 191, 192, 193, 195, 200

— quintic, 200

Solvent of Lagrange, 78, 80

Special equation, 139, 149,
155, 156

— —, group of, 155

Subdomain, 131

Subgroup, 29, 61, 62, 110

—, central, 115, 116

—, greatest common, 53, 64, 110

—, intransitive, 105

—, invariant, 36

—, maximum normal, 171, 112

—, normal, 36, 37, 53, 58, 61, 64,
76, 78, 80, 100, 105, 110, 111,
116, 121, 123, 126

—, self-conjugate, 36

Subgroups, conjugate, 33, 34, 99,
103, 150, 155

— of alternating group, 62

— of quotient-group, 111

— of symmetric group, 61

Substitution, 17, 137

— group of normal domain, 138, 146

— of normal domain, 137, 138

170,

152,
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Sum, symmetrie, 40, 41

— of conjugate values, 73

Symmetric function, 15, 40, 43, 154

— —, elementary, 41, 43

— — of conjugate values, 72, 73

— —s, fundamental theorem of,
43

Symmetric group, 29, 38, 61, 120,
154, 155, 156

— —, composition-geries of, 61, 120

— —, normal subgroups of, 61

— —, subgroups of, 61

— —in 2 letters, 39

— — in 3 letters, 39

— — in 4 letters, 39

Symmetric sum, 40, 41

System, imprimitive, 106, 106

—, intransitive, 102, 106, 157

—, transitive, 102

Term, highest, 41

Theorem of algebra, fundamental,
10, 184

— of Cauchy, 119

— of Cayley, 127

— of Eisenstein, 8

— of Fermat, 179

— of Galois, 190

— of Jordan-Hoélder, 113

— of Lagrange, 67, 73, 139, 142, 151,
156

— of Lagrange generalized, 151

— of Lagrange-Galois, 151, 156

— of symmetric functions, funda-
mental, 43

Theory of groups, 27, 126, 127

INDEX

Total degree, 45

— resolvent, 168

Transform of group, 33, 99

— of inverse, 34

— of permutation, 33, 34, 35

— of power, 34

— of product, 34

Transformation, Tschirnhaus, 196

Transforms, rule of, 35

Transitive composition-series, 121

— group, 101, 102, 103, 104, 105,
120, 121, 124, 156, 158, 173, 190

— —, composition-series of, 121

— —, doubly, 104

— —, order of, 102

— —, simply, 104

Transitive set, 102

— gystem, 102

Transposition, 19, 38, 56

Transpositions, independent, 38

Tschirnhaus transformation, 196

Unaffected equation, 153, 154, 155
Unity, root of, 12, 76, 80, 152, 170,
175, 176, 182, 183, 187

Value, rational, 146, 147, 148

Values, conjugate; see Conjugate
functions

Vierergruppe, 61

Weight of lettei', 45
— of term, 45

Zentrum, 115
Zero, 129
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