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PREFACE

Tue matter contained in this book had its inception in the author’s effort to
obtain the value for the sum of the series of powers of natural numbers, in an
explicit form and without the use of the Bernoulli numbers. This problem led
to the study of the higher derivatives of functions of functions, which in turn
required certain principles in operations with series, which had to be established.
By means of these and other principles, methods for the expansion of certain
functions and the summation of various types of series were devised and other
topics developed.

Since as a rule only the simpler tests are needed to determine the validity
of the expansions in the various parts of the book, the criteria for convergence
which are so fully covered in other texts have been omitted. Although much
of the work is believed to be new and, 1t 1s hoped, will prove of interest to mathe-
maticians, the material has been so presented that it ought to be possible for
anyone who has a good knowledge of the Calculus to read it comprehendingly.

The author was fortunate in being able to avail himself of the ciiticisms and
suggestions of his friend and colleague, Dr. H. H. Mitchell, Professor of Mathe-
matics at the University of Pennsylvania. The author wishes to express his
gratitude to Mr. William A. Redding, a member of the Board of Trustees of the
University of Pennsylvania and President of the University Press, who by
sceuring the funds has made the publication of the book possible.  His cordial
thanks are due also to Mr. E. W. Mumford, Sccretary of the University of Penn-
sylvania, for the solicitude and untiring efforts with which he has attended to
the many questions that arose in connection with the negotiations for the printing
of the book, and during its passage through the Press.

I. J. SCHWATT.
UNIVERSITY OF PENNSYLVANIA,

PuinaverLruia, Pa., US.A,,
April, 1924.
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CHAPTER L

HIGHER DERIVATIVES OF FUNCTIONS OF FUNCTIONS
AND THEIR EXPANSIONS.

1. SEVERAL methods for obtaining the hi%her derivative of a function of a
function have been given,* but they are not altogether convenient for purposes
of application. Some of the leading treatises on Calculust give the general
derivatives of only the simplest functions, and in most cases the derivatives are
obtained by special devices or by induction. Also in the expansion of functions
the first few derivatives are as a rule found by actual differentiation, and in this
way only the first few terms of the expansion are derived.

In the following we shall obtain the higher derivatives of certain classes of

functions of functions and their expansions.

2. Given y=(3y+ 0,2+ ag2?)P =P, (1)
where p is any real number.
To find &y
da®
Letting ay + 205 =u,, (2)
then by actual differentiation we have
d
d—':/: =puP- 1uv
d
By — a(pgur-2ut+ 2py) w1,
% = 6(pg)uP ~3u;® + 12(pg) u? ~2u,a,,
8
‘—1—;'{ =24 (pg) uP—4u,t + T2(pg) uP ~Su,a, + 24 (pg) uP ~%a,. (3)

* Faa de Bruno, Quarterly Journal of Mathematics, vol. i. p. 359.—Goursat—Hedrick,
A Course in Mathematical Analysis, vol. i. p. 34.—Arbogast, Du Calcul des Dérsvatives, p. 15.—
Williamson, Iligerential Caleulus, p. 88.—Schlomileh, Zeitschrift fiir Mathematik und Physik,
vol. iii. p. 85.—Saalschiitz, Vorlesungen iber die Bernoullischen Zahlen, 1893, p. 67.—Fujisawa,
Journal of the College of Science, Imperial Universily of Tokyo, vol. vi. p. 174.—Meyer,
Grunerts Archiv der Mathematik und Physik, vol. ix. p. 96.—Worpitzky, Lehrbuch der Differen-
tial und Integralrechnung, vol. i. p. 140.—Todhunter, Differential Calculus, p. 148.—Bertrand,
Traité de Caleul Différential et de Caloul Intégral, vol. 1. p. 140.—Edwards, The Differential
Calculus, pp. 657 and 440.—Czuber, Vorlesungen iiber Differential und Inlegralrechnung.—
Price, A Treatise on Infinitesimal Calculus, vol. i.—Dini, Lezioni di Analiss Infinitesimale,
gart, i. p. 361.—Stolz, Grundziige der Differential und Integralrechnung, p. 121.—Genocohi:

eano, Calcolo Differenziale, p. 652.

t Edwards, Williamson, Bertrand, Todhunter, Czuber, Serret, Schidmilch, Harnack,

Kiepert and others.



2 OPERATIONS WITH SERIES
This may be written symbolically thus :

B 3o
Again
® g =5! [(g) up—5u.8 4 <€) 4uP-tuay + (g) 3uﬂ'3u,a2’:j
=0 8 (22) (7 g

We now assume

3—;"—,{=n!g(n{k> (”;"k)up-wkuln-zkazk, (6)

where [%] denotes the integral part of g

+1
We shall show that the form (6) holds also for g—;—”—g
Now one of the terms of the derivative of the ™ term of (6) is of the same
power in u and u, as one of the terms of the derivative of the (k4 1)* term of
(6). The sum of these two terms of equal powers in » and v, gives the (k+ 1)*

term of the derivative of (6). This term is
n! up-(n+1>+ku1n+1-2k[( P k) (" ; k) (p-n+k)

:
A, L) (5 e

=n!d?-(n+l)+ku1n+l—2k(n+1)( P )(n+lt_k)a“k' )

n+l-k
We then obtain

[n+l
2

n4 -

But since (8) is of the same form as (6), we conclude that (6) is universally
true.

3. To find the expansion of (1) in powers of 2.

By Maclaurin’s theorem we have

oy 2
y—g dz"],éon!’ ®)
and by means of (6) we obtain
- [Z]
= n
=2

() et

If p is a positive integer, the upper limit of nis 2p. For, from (n}i k>’ n-k
2

assume, 1:»-162=n—[g]=[7—b—;—1- cannot be greater than p, or n cannot be
greater than 2p,

cannot be greater than p. And since ["—L] is the greatest value which £ may
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4. If Y= (ag+ 0,2 + 2% + ag7?)P = 3, (11)
we find

-t ],
e S (DB (oo, oo

where Uy =a,; + 20,7 + 3ag2?,
Uy = 20, + a7,
= 6ag,

and by Maclaurin’s theorem we obtain

x"z (n k)EZ](n k)(k ﬁ) p-ntkqn-2k+8g,k-280 8  (13)

—- k=0 0 k ﬂ

Slml]arly, if

Y= (g + 012 + a2® + a,2% + a,24)? = u?, (14)

3 2
dﬁ_ [ ] [‘k] [g] B-vy
e Exll) Z OGS GNE)
uP -~ ntky n—2k+By K -2B+vy, B~ Zvy,y, (15)

du d*y d?u du

W= L~ WS nm W= g

The expansion of y is then readily obtained.
In general, if

where

y= ( E amzm)ﬂ= u?, where p is any real number, (16)
then =0
r-1 r-2, r=3,
41‘g_n' 4 "] 1 [ e :I s n-kl)['_ﬁ:‘:](?)ka kl—k2
dzn = k,Eo 2h(n k ) 2; (3) (kx -k/) = \4 (k.,-k,)
ol P
Z (1-‘_—_1) r~1 (kf_:i - kr"?) (kr—2 - kr-—l) ul’—"+"lul"'2"1+h...
k=0N T kep g~ kyp_y ke
ur_z"r~3‘2kr—2+kr—l N«,._lkr—ﬁ' 2kr—1 urkr—l ) (17)
dt
where u,= Tt Y=t (18)
By means of (17) we obtain the Multinomial Theorem in the form
kr 2]
kr—s - kr—:) (kr-z - kr—l)
= an k= <"' kl) £5=0 ( ) - o(kr~= — ke keey  /

p-ntkig n-2kthg b~ 2krtks a, r-s'2k7—2+kr—|a k2= 2% 1g ke * (19
a, @, —92 r—1

* The Multinomial Theorem as ordinarily given (see for instance Chrystal, T'ezt Book of
Algebra, part ii. pp. 15 and 16) restricts the exponent p to positive integers.  The above method
also esta ghshes a definite way in which the succession of the operations is to be performed.
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If in (10) we let p= -1, and ay=a, =a,=1, we have

< [ n -
l+x4—~== -lye g(—l

On the other hand,

1
e e G OEL

m=0
Comparing coefficients of equal powers of z, we obtain

dm
for n=23m, Z( 1)"<3m L> (-1)ym;
3m+l
for n=3m+1, Z (- 1)':(3m+l k) (~1)m

m+2

for n=3m+2, a( 1)‘*<3m+2 k) 0;

or l%]( l)k( )=%[(_ 1)[3]4_(_1)[’1—;_1]],

n=3m+y, y=0,1, 2.
Derive from (13)

[2”](—1)"%(” k k a 1[1 (-1) 2]]

n=4m+vy, y=0,1, 2 3;
and by means of (15)

;1'( 1)"3(" WESHIE NS 1)[”3]]

n=5m+7’ 7=07 1, 2 3 4

HP
and Sp=£ l;—_a

5. The above expansions can also be obtained by the repeated application
of the Binomial Theorem, and without the use of Calculus.

To illustrate the method we shall find the expansion of (11).

Now (11) may be written thus:

y= E( )aov'nzn.vn, (20)

n=0
where v=a, + 0,7 + az2% (21)
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We then have

n
ﬁ) a," " Bxf(ay+azr)P

8
e rat 2 ()t
a,n-BxB aB-kakyk
()orn-22 3 (1) o Fas

[

%
i
b Bl
QS
N

It
M:s

£=0

C (M gn-s S <B B-kg KBtk
ﬁ=U('B> ay Bk;) k)az a kxBtE, (22)
Letting B+k=F, (23)

and dropping the accent, then
o= S (" n-8 A( B 2Bk g k-Pyk * 24
_;) B> @, ;=13<L i B) a,2B-kagk- Bk, (24)
n 28 2n K
Now > ZABJ:=2 Ap T (25)
A=0 k=B E=0,_ :5;_1]

and by means of (25), (24) changes to
o= 3 z n

‘ k B n-Bn 28— o
12) 8:]%:}:] (B) <k - ﬁ)al 5a2~3 ka3l' 8, (26)
Letting k- B=ﬁl, 2

k
2n [5] A
ne S Y (" > k-p -k+Bg k-2Bq.8 27
"= 2:0<k—ﬁ ("7 )mrmrra-2eagt @)
Applying (26) to (20) gives

3
S0 G SN rnen,

n=0 k=0

F—
_53 P>ap—n ixk[g:}( n )(k—n-ﬁ)u?.n—k+ﬂa k-n-280.8 (29)
y—”=0<n 0 “~ ~ k-n-B B 1 2 3P
Now, by means of the principle
@® 3 k

S ;: A= S dnit (30)
n=0 k=n k=0 ”___[_kj_._?]

3
* In (23) the variable is k. Now if k=0, then &'=g, and if k=g, k¥*=28. Therefore as
k passes from 0 to 8, &’ goes from 8 to 28. Now, from (23), k=Fk’ - 8. Substituting this value
for k in the expression under the second summation sign in (24) we have
28

8 e a

1 Expanding the first member, we have

Letting n+ k=¥,

0 2 4 2n

S= E Aox+ E Ay x+ E Az‘x+.“+ 2 Anx.
k=0 k=1 k=2 k=n

Writing the terms with equal indices of k in columns and adding these columns gives the

desired result.

{ The proof is similar to the one for (25).
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with due regard to the convergency of the series involved, (29) becomes

= S zk S fn a,P~" ,‘Z . k-n-p
V=24 “_Eﬁ]() 2 (o))

QIZn—k+ﬁa2k*n—2Baaﬂ, (31)
Letting k- n= n’,

_gzk 2:5 <k n) (l" ")( )aop—k+nalk—2n+5a2n—2paas’ (32)

which is the same as (13), n and # being interchanged.

H

6. We shall illustrate the above by a few examples.

(i) Given =sin"1z, 33
y )
to find g;—':{ and the expansion of ¥ in powers of z.
dry _dr-1 1
Now & =T T (34)
and by (6),

n-1

(- 2z)n-1-2, (35)

But <n —1é k> (—;zlznu;:l (22:,3]1_12) (36)
wisies - (LIEACTTN-CRETCH)
therefore

dry_(n-1)! an- 2 2'n 2k 2\ /n -1\ (1 - z3)*
dan ol (l—x’)”(l a3 ;‘ >< k w o @D

To find the expansion of y we let in (35), z=0; then =0, except
when n=2k+1. 7=

Hence 7 must be odd, and as the exponent of z is bhen 2n - "k k can have
the value n only.

Writing in (35) 2n+1 for n, and then = for k, we have

d2ntly -5\,
P :=~o=(—l)”(2")l< n ) (38)
d2n+1 2n+1
Iz = y d
therefore sin-1z Z P "'I:L @R ET)]

22n+1

- (D o9
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and since (:f) ! ’2,3,) (2:>,
: = 1 (2m) a2ntle
-1y — -
s x""z::o22"(n)2n+l ! l<z<l. (40)
.o hod 2
(i) Show that tan-lr=>"(- 1)"£n—+1-, -l=z=1 (41)
=t 2n+1

(iii) To find the coefficient of z2# in the expansion of y = (tan-1z)2.
Now, by Leibnitz’s theorem,

d"y

dk
l 2 tan-! |
b §;<k pr ktan zd . tan -1z - (42)

and since, for =0, the terms in the second member of (42) corresponding to
k=0 and k=n vamsh we have

k-1 k-
dry d" 1 dv-1 ] (43)
dz ], dz"kll-f-z’dzk L] 422,
Now, by (6),
n-k-1
dn-k-1 | . 2 n-k-1l-a
G F1 Ty (DR S ("R
(l +zi)—n+k+u(27;)ﬂ—k—l—2¢ (44)
ith a similar f ; dk-1 1
with a similar form ormm-
We then obtain
' =] k-1
dry PRI = 4 ) W off=k-1-a
dz"],ﬁo“( 1) ;(k)(n E-DH-1)E 33T """ )
k=1
2 k-1-8
—1)8 0x)n—k-1-2a+k-1-28 45
S (T Do) )
=0, except when n-k-1-2a+k-1-28=0. (46)
We shall now show that under the condition (46),
n-k-1-2a=0 and %k-1-28=0. (47)
For, let n -k ~1 - 2a>0, then, from (46), k-1 -28<0. (48)

But from (k N 23_ A ) follows £~ 1~2B8=0; therefore the assumption (48)

is not tenable. Similarly » -k -1 - 2a cannot be less than zero, which proves
the correctness of (47).

* In the Differential Calculus by Williamson, p. 68—Todhunter, p. 92—Edwards, p
and other authors, the first few terms of the expansion are found by tha method of Undeter
mined Coefficients. 1

The result (40) can also be obtained by expanding ——— by the Binomial Theorem and
then integrating term by term. V1 -
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It then follows that

n-k-1 k-1
= ) a,nd B = —2—
are the only values @ and B can have, and (45) reduces to
d"y . n n-2 n-1
S

(49)

Now, since n —k=2a+1 and k=28 +1, it follows that £ must be odd and

consequently n must be even.

Therefore .
2n.
- I=.o=(—l)"-l(2n)!é;2n—12k+l SE-T
uo1 o 1 1 1
and (tan =ty = S D D o T T
But 2n-12/c+1 2k1—1=2]h<2n-‘lk+1+2k1— 1)'
Letting n — k=%, then
Z 1 113 1
Aokl 2k—1 nE42%—1
therefore (tan‘lx)2=2(‘l)”'li‘i ! ’
“~ n ~2%-1

and the coeflicient of z?? in the expansion is

»
(- 1)p—112__ 1._
PE2%k-1

This result can also be obtained as follows :

(tan-1 x)ﬂ’—z(—nk 12 ,z< -t

e 1 (= 1+
= —_—— °( k)—2
kz:l‘k—lZ n-1 R,

Letting n+k=n', then

by (41)

st 1 o a2n—2
12 =NV © - —
(tan~taf'= B o1, 20, D oo
Applying the principle

’?:?” Akn—zzszlkn

* Expanding the first member, we have
@ o 0
8= ED Aa,2a+p+ 520 Aay1, 204148+ ﬂEkoz. 204248+

Adding 8 in columns gives

0 1 2 @© —a
S=ﬂ2°Aa+p.2a+BEOAa+p,2a+1+ﬁ20-4a+ﬂ,2a+2+.~-= T I 4dax

k=2a n=a

(50)

61)

(53)

(54)

(55)

(56)

(57)
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to (56), we have

3 1 1
-1,)2 = no2n—2 —_
(tan~t2) ,§< 1rain E2n %-1%E-1

1 1
= ~1)n—142 .
22( r=iatn ﬂzn-2k+12k-r
which is the same as (51).
(iv) Given y=(1+2%7?sin"1z,

where p is a ]{ real number. To find the expansion of y.
Now, by Leibnitz’s theorem,

dx"_;?( ) z"-*(l+z) —ksm-lx

Then, by means of (6) and (35), we obtain

(= 1)1 [‘k] p n—-k—a _
<n—k—a)( a )(1+a:2)r ntk+a

RS
[“‘]

Now % =0, except when n — 1 =2a+ 28,
" Jz=0
or n-k+k-1=2a+2B.
But from (n - (I;_ a), n-k=2aq,
and from (k—;;—ﬁ), k-1=28.
If we assume n — k> 2a, then by (62) k-1<20,
and if we assume k—1>28, then n-k<2a.
Therefore only n~-k=2a and k-1=28

are admissible, and # and £ must both be odd.
Writing 2n+ 1 for » and 2k +1 for % in (63), we have

n-k=a and B=k
We then obtain

2n+1

], = 2 GG ()

But from (n}—) k)' n -k =0, and k cannot be greater than n.

Therefore y= 21 x2n+l 2 3% (np k) (2k> Qk: 1

n=0

SRR L G TP ——

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)
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This result can be obtained more directly thus:
Applying the expansions

A F=
=0

n=0
to (59), we have

SRR

Letting n + k=n’, then

y= ;(4)"(5): -1, lk)éniz“’;flﬁ
Now ; Akn ﬁAk,n)*
0 ne=

with due regard to the convergency of the expansions.
Applymg the principle in (68) to (67), we obtain

y= 3o -0 (8) () e

Letting n - k=k', then

212"“;:( (2 0 >2k+1

which is the same as (65).
(v) Show by both methods given in (iv) that

1
(1+a:2)"tan“z—2x2"+12( l)k(n k) Frl

n=0
Cad
and (1+z™)?log(l +2)= E( r-tan ;6 n—mk (k)

n=1l

(vi) To expand y =log (722 - 5z +3) in powers of z.
We have

dry _ dn-t

d 2
Jg =(14z - 5)u, where u=(T22-52+3)" and T = dn=

Then, by Leibnitz’s theorem,
dry "Sl/m- 1\ dr-1-k
S (3 ()
n— dn—2
=(14x—5)%;_—1u+14(n-1)d};:2u.

* Expanding the first member gives

£ a0 o0
S=3 Aont+ T dint X dsnt....

n=0 n=1 n=2

(66)

(67)

(68)

(69)

(70)

Ty
(72)

o (142 - 5)u].

(3)

Writing the terms thh equal mdxces of n in columns and adding these columns, we obtain

8= 2 Aro+ 2 A+ 2 Ar2+...= 2 2 Axon-
k=0 n=( k=0



HIGHER DERIVATIVES OF FUNCTIONS
Now, by (6),

11
f [":_}
n-1 1 I k
tls@ -0 ()G o
n-2
dn-2 3 ‘221 -2 -k\ /21\*
and L. ;]M 25( ) (-2l S (- 1)k<" 2 )(é_ﬁ> (15)
Then, by means of (74) and (75), we obtam from (73)

ny ; (%] 1-
wl @ e[S <-1>*(" G
) ; (—1)k(n TG
Hence

25
y=log3 - Z ()Sz"

T
where S, is the expression within the brackets of (76).
This ¢ expression may be reduced as follows.
We may write

(76)

-S ____ _[ ";]( 1)k<n_li~k>('2l [”]

4 s (@) o
Now, since the upper limit of the first summation is

l; ] if n is odd, and the
term corresponding to k= [ ] is zero, if n is even, ther

eiore
] [ LTt |
Bt (i)
hence

(80)
1 1,4
n

itk (e )Gs)

25

(81)
[3](:_1)': n—ky (21\*
and y=log3- Z() ;n—k(k)< >

In general, if y=1log (a4 +a,z + az2?), then

)
e
y=logay- 3 (- 11(3)' 500

; ) (nk k) (ao%)

agt
o [2
from which log (1 -z+2% =

-5 S ()

(3
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This result can also be obtained without the use of Calculus as follows.
We may write

y=logao+log(l +a—1z+ﬁza).
G %

ogee- 530 3 (@) (G
Letting k+a=n, thenm e -
y=logay - gz ,,Z;‘(n k)( l) (a:> "
But ;1 EAE n= i |:§]An—k.n5

n=k ==l ko=

therefore y=loga,- i (= 1) [2] (n— 13:( ) <al sz (‘12>
n=1

o S0 (2= T ()

1+23 & n
Now log(l -z+2%)= log + -”zn;l( - l)n-xT - "E=l( _ 1),.-1 =,
then
m & 2 &
n2=1( 12— z=;(_1)u-x§;_2(_])n- 3n +2( 1)n- 1

2z3n z3n-1  3n-2
therefore  log(l -z +2?) = - Z( e e e 1 [

and we obtain

(%]
(=1)% /3m—k
4 3m - k( mk ) (=1 3m
[3m l]

(-1 (3m-1-k w1
il e )=

r=£2)
(-1* /3m-2-k oy 1
3m-2—k( k )=('l) ey

7. We shall next derive a formula for the higher derivative of a function of
a function which is applicable to a wider class of functions.

If y=¢(u) and u=f(z), then
1% & o 8" L dE
=SS () g (83)

=0

=0
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To prove this formula we proceed as follows.
By actual differentiation we find

dy dydu_
&z “dndz ‘“)dz

g T+ (%),

d3y a3 .o d%u d " du\3
A=W 3w g e o (%)

fﬁ,’i A‘¢()+ <i> (u )+ ¢ "(u) + .. +‘%;!¢,(n)(n)

;, L), (84)

where the «I’s depend on u and not on y. For a definite u the values of the A’s
are therefore the same whatever y = ¢ (u) might be.

Letting y=d(u)=1u,
then ‘% =4, (85)
Assuming y=p(u) =u?
we have %?:(f)zilu+<§)/12. (86)
If we let y=ud,
then %2;=<?)Alu2+(g>‘42u+(g)Aa; (87)
and if we assume ¥ =u?, we obtain
%ZL;= (Jf) Ayur-1+ (‘;’)Aw‘z +.o.+ (f) Ap_yu+ 4, (88)
Solving the set of equations (85)-(88) for Ay, we have
1 0 0 ...0 Dwu
2u 1 0 .0 Dm2
3uz (2) w 1 0 Drud
A= oo (89)

(k- l)u"‘2<k ; 1>u"-3<k§ l)uk"‘ ... 1 Druk-t

kuk—1 (;) uk—2 (]:,:) uk=3 _ku DmiF

8. The followmg method will render the value of A4; in the form of a
single summation.

By means of (85) we obtain from (86)
dru® 2\ dhu
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Applying (85) and (90) to (87) gives

_drud 3\ dru? | 73\ ,d'u
A= - (1) G + (o) 7
or written symbolically,
_Z(—l)"( )u" — ud—k,

Letting 3 —k=%', then
3 3 dn
Ag=(=1)> (= 1)F( Jus—k o uk. 91
b= (=13 (-1 () e g ©1)

In a similar way we find

A= ( -1)*;;(—1)"( )m- {%—u" (92)

We now assume
L k ar
=(-1) ~1)* k—a - 4%
Ar=(-1) EE-I( 1) <a>u o= (93)

and will show that this form holds also for A;4..
Letting y =u*+1, then

ar k+1 k+1
uk+l = k k-1
P ( )Al +( )A uk—1l4 +( )Aku+Ak+1, (94)
. druk+l k+1
from which Arpr=—-— T ; < ) A uktl-a (95)
and by means of (93) we have
drug+l X o+ 1Y ii1oae a\ ._,d*
=T - S 0e(B e S (e (w9
Denoting the double summation in (96) by S, and since

z S o p= > ZAa,a, (97)

P p=1d=8
k k+1\/a
- _1)Buk+1-8 % _1)° .
therefore S 33 (~1)pukt1=s dz”u‘az_ﬂ( ne(“+ ) (5) (98)

Bat CNE-CENCLD)
hence S=i(—l)5<k+l)uk+l—s _.uaz( 1) "Zi;f) (99)

B=1 a=p
Now, letting a - 8=a" in

Sﬁé(—l)“ krl- B) (100)

a=g

* The proof is similar to the one for (68).
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k=8 (Ek+1-P
then S=(-1P 5 (-1 “*. )

k1A ofk+1-8 b1 y
=1 3 () are - o
Applying (101) to (99) gives
k+1 ar

S=(- 1)"2(—1)5( )u}‘+l—ﬂwu9. (102)

Then, by means of (102), we obtain from (96)
dryk+1 X k+1 dr
Ap1= T +(- 1)"‘;( - l)p( 8 )‘ul‘“""d?u’

il k+1 dn
= (—1)*+1 N (_1)8 ) +1-8 &8
(-1pr 3 (1T Juries (103)
which is the same as (93), except that k + 1 appears in place of k.
Substituting (93) in (84) gives (83).

9. For the pur{uose of illustrating some of the methods of the operation
with series, we shall show the validity of (83) in the following manner.

dy _ dy du,
We have d= T d
dy _d*udy  (du\? dy
=i ot (z) o (104)
dzu? du d*u
Now 7:57=2(da:> 2u 7,
. d%b2 2 iy
from which ) 3 |[ Tz dz“‘]' (105)
Applying (105) to (104), we obtain
dy_dudy 1 2)d2u2 (2) d*u)d?y
A2~ dz dut 2 ( dz? ~\1 daz:‘]du2
- 1 N du® d*
;; St 2( 1) (E) wre T 24, (106)

Thus (83) holds for n=1 and n=2, and we shall show that it holds true in
general.
Differentiating (83) with 1espect to z, we have

dntly & LAt du de+ly
dzng ; Z( ])a(> V@ o da
dmu® du d¥
BT E () - e

+ G S ()T (107)
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We shall designate the double summations in (107) in order by S;, S, and ;.

Then, since ! ( )(k a)_ ll)'<k—l),
we may write
_ —1)k-1k e 1o 8™ du dry
w3 1'2( o(* )T

Letting k—1=%', then

n-l drus du dh+ly

Sy = _El 2( l)a(h> k-a_— g dz daF ey

(108)

(109)

Now (109) with sign changed is equal to S, minus the term in §; cor-

responding to k=n; therefore
—-1) e OU® du\drtly
sies,= G (5 -0 (e 2zt

Then, by means of
1 /n 1 n+1
n'( ) (n+1)< )(M'l" a)

du au®  d dnu dn+1yo
and (41 -apun G g = dr( e dz”) e
(110) becomes
(= Dty n+1 _ dntlyl dntly
S+ 8= ( +1)| E(_”a( ) untl-a dan+l guntl

(= 1) it n+l _, druy doly
mnyz(ly( )d@”‘ﬂw dun

Let (- 1)n+1'§( 1)a(n+1> dx( »+1—u.‘f;?"".>

d ntl n+1 dru®
( 1)n+1 ( 1)“‘( ) nt+l-a T = P.

Now (-1)n+ti-e (n Z 1) untl=a = ((rm+1=a))(1 —ur)nt!* g—:= 0,

dnu® ar 1
and @ =N g

then by means of (113) and (114), (112) becomes

d a1
P= () (L -un)™ o v

dn 1 ; A4 k‘r"

But AR N

where 4, is a funetion of 2 only.

(110)

(111)

(112)
(113)

(114)

(115)

*Where ((r*+1-%))(1 —ur)"+! denotes the coefficient of 7"*1~% in the expansion of

(1 =ur)n+t,
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n
Therefore P=ii- ~ (1) ;Akr"= 0, (116)
(=1)n+1 ntl ofn+1 _gdntlyd dntly
and S, + Sy = ( e .,;( 1)< ) wnti—a S S, 17)
But the second member in (117) may be obtained by letting k=n+1 in Ss;
hence
drtly RE(- 1)" . —a BM1ut dby
T A =4 A

This result being of the same form as (83), it holds true for all values of n.

10. In the following a few applications of (83) are given.
(i) By means of (83) to find (10), which is the expansion of (1).

Letting in (1) 0,2 + a,2? = u,
then ¥ =(ag+w)?, (119)
and by (83),
dr - 1
DR Z( 19 (§) @+ agts fr(apraatp Gl (120)
druB  dn
Now —dz_u’,“ = (.-iﬁ Z (g) alﬂ—vazvxﬂ-i-’/
—n'z( )(ﬁ V) ap-vaganrr-n, (121)
y=0
and % =k!(k> (ag +u)P=*, (122)

Applying (121) and (122) to (120), we have

%“"’yg(’l)k( )yupz( l)ﬂ( )(aﬁamk ’

a (5) (13 : 7) af-vark-nty,  (123)
dﬂy y=

and F] =0, except when k—n+y=0, ory=n-#%, (124)
z" ;=0

in which case

. E ORI

a2*-ng -k (125)
Now from (g), k=, and from (/3+n—k)’ B=k; hence B=k. It then

follows from (nﬁjk):(nk ) tha tk>[‘+1

Therefore %:L_.o=n! FH] (k>(ﬂ,ik)ao’“"a1”“"az -k, (126)
= fmt
2
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Letting n-k=k,

then y= Zw: xn[ﬁ‘::l <n{). k) (n ; k) agP—ntkg n—2kg )k,
=0

n=0
which is the same as (10).

(ii) Given y=(1+2m)?,
where m and p are any real numbers.
To find 27,

Letting in (83) u=a™, we have

s (g ()

If p is negative, we may write

(&)= E*7Y)

(127)

(128)

(129)

(130)

If m is a positive integer, then from (n:f) it follows a_z_%, and that

[m +_____Z - 1] is the smallest value @ may assume. Then

%_% i ‘1>k(>yk/: ij (—1)‘1(/;)(";?

[ (2]

(iii) Given y=a2(1 +2m)7,
where g, m and p are any real numbers.
To find e Z

By Leibnitz’s theorem,

dny dan-k

dzn "~ ;( )dz" K dz:"(l','-ﬂc )*.
Applying (129) and

dan-%

Tk = ( q_k)("’k)!”’—"“‘
to (133), we obtain

%'%y (n k)Z(- *( )(1+x"‘)“}-‘( 1)5(2)(”; )

a=0 =0
< a\ /mB\ _ . .
Now sl_g(-l)s(ﬂ)(k -0, if k<a,

as this principle depends on

-3
8, =S (-1)8 (%) pr=0, if y<a
=2 (- 12 () Br=0, i 4
We shall prove (136) first.

). (131)

(132)

(133)

(134)

(135)

(136)
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From (e,_l)a=(_1)a(1_ex)u_;(_l)ui(_l)ﬂ(g)eﬂz

=0

=10 325 3 -1 (5

y=0
we conclude that Sy=(—~1)%y! times ((z¥)) (e ~ 1)%

22 a
Now (e”—l)“:z"(1+2'+3' ),

and since in (139) z* is the lowest power of «,

therefore Sy=0, if y<a.

We are now prepared to prove (135).
Since (ﬂ;cﬁ ) is a polynomial in B of degree k, we may write

(D)-5 0

where 4, is independent of .
Therefore S, -1 i (-1)8 (a)i A,BY
Tk & B/ ==

- B S S - ()e

Now, if k < a, and since y =%, hence y < a.
But SZ—O if y<a; therefore from (142) also S, =0.
Then (134) becomes

gfz:’#‘y (n k)z(gl)a( )(1+z’")“z( 1) ( )("'B)

a=0

myE( ()(1+xm)“§o( v*(3 >;’(" (%)

Now i (n k) (mﬁ> é((xﬂ—k))(l +2)2 (%)) (1 + z)me

=((@")(1 +z)7+tme
7).
n
Applying (145) to (144), we have

- R Qarg G 0)

And since Z( 1)9( )<g+m,8>=0’ if a>n*

=
therefore @ cannot be greater than =, and we obtain

A 20 ()i +x"‘)°2‘ o))

* The proof is the same as for (135).

19

(137)
(138)
(139)

(140)

(141)

(142)

(143)

(144)

(145)

(146)

(147)

(148)
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(iv) We shall find the expansion of (72) also by means of (83).
Letting 74? ~ 5z =u, then by (83),

- ;( 1)2( 1)“( )(hhm)k—a%(uﬂ L 10g(3+u). (149)

But %,;(w - 52)% = (- 1)*n! i (- 1)5(3) 5a—p 75(“:’3)95“;—7., (150)

k—1 1
and Tlog(3+u)—d—umm= ~1)k-t

Applying (150) and (151) to (149) gives

;,kz( ) 7%—5)"‘“;:31(*l)ﬂ—l(g)(":ﬂ)su-mg%. (152)

am=]

(k—1)!

B+uwF (151)

Then —] =0, unless B=n—F, in which case

O Gt AN ANy R

=(-=1)"1p!
d:c" ( ) ; a.zl
Now from +:—k>, a=k and from (i), k=a; hence a=#k, and (153)

becomes
oS EEC)E) e

We then have

gt S (e EGE(IE o

n+1

But since k=n -k,

y=1og3+§<-1>ﬂ-1(§,)"xﬂ F CUCEIEYS s
n= b=

'_'i'_l]
F
and letting n - k=£', we obtain

['_'
(- De/n~k
r=toga- 35 (5 5, (")),
which is the same as (82).
(v) Given y=(1-23+27)2, (157)

where p is any real number.
To find the expansion of ¥
Let 23 - 2" =u; then

dnu da:"z‘( l)ﬂ( )z3a+4s=n!ﬂz:)(—1)5(2)(3a:4ﬁ>xsa+4p-n’ (158)

and e —up=(- 1y (§) (1 -wp (159)

is the smallest value of %, therefore
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Applying (158) and (159) to (83), we have

= S () - S (-1 (F)a -spme S -

(Z) <3a ; 4!3) r+48-n, (160)

Then ?—g =0, unless 3k +4B8=n; (161)
" Jz=20

and since 3a+4B=n, it follows that 3a - 3k=0, and a=% But from (ﬁ):
a=k; hence a=k, and

H] SO R o

The solutions of 3%+ 48 =mn are,
k=ky, ko—4, ..., kg —4(m—l),}
B=PBy Bo+3, ..,,80+3(m 1

where —4[3] n and By=n- 3[%}
Now B =k, hence B,+3(m - 1)=k,~4(m-1), or

m=1+ [g] - 27;}
dny [1+[¥

2
3 "7'] e
=3 WPl GR ALY <-1>[3] l

m=1

(163)

Therefore

p 4 {l—n 4(m-1)

(4 ;‘] n—4(m -~ 1))( 3[n]+3(m 1)) (164)

] ® 3)777 [—J—m—l
and (1-224+2p=3(-Nmn S (-1
n=0

m=1

P 4[%]-1»—4(7,;,-1)
7 . (165)
(4[3]‘”“‘(”“ 1)) n- 3[§]+3(m- 1)
Expanding (157) by the Binomial Theorem, we have

=k26 ;}0( 1)k+5( ) (ﬁ) 23k+H48)

and continuing as above we obtain (165).
Show that

(1 +27)P1(1 — £3)Pe

n 2n
o [272] n[§]'[‘7] . F2l P2 *
=’?=_JO(-1) z k; (-1) (n 3[271] 3]»)(_2“7[275]”». (166)

* For additional expansions see Appendix.
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(vi) Given y=e¢", p any real number.

dry
To find P
Letting in (83) u=c2?, then
dry _nly(=1F . 2 a(k pa
= 2w 20 () 167

and if p is a positive integer,

dry ! B : k
2§ G & ()
Y4

-[*5=] o[
11. We shall next obtain a formula by which the higher derivatives of
22 \P 2P 2P
and similar expressions can be more readily found than by (83).
If u is a function of z, we shall show that

drn o mp\ & (=DEmy o dr
" ’—P( P >§1p+k <k>u ? "a;‘u". (169)
Letting y =u?, then
dan n k k dn
Eﬁup:lmzl( - 1)"({.)‘;(—1)“((1)15?—0.{7?‘1‘“, by (83),
S _ 1your—a 2® e o k\ (i
= D (- Drwre %(_1)’:(0[)(2), by (97);  (170)

- -0 m»

i & L3 -
W,u1’=}J(-—l)"<€>ulo-a@u“kz=a(—1)"(2_3). (172)

a=1

Letting k- a=Fk, then
B Eere)

k=a

and letting n —a - k=Fk,

s ()

=(= 1" 33 (@40 (@ H) (142
= (= Dr(ara)(1 + et
=(_1)n<1"°“1>. (174)

n-a
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Then (170) becomes, changing a into %,

T P R
If p is negative, then -
(F-crd)
(5= (G2 ar
wd Q[ R =2 are)
Applying (176)-(178) to (175) gives (169).
(i) Given y=(zszj 1)’. (179)
To find ary
d "’
Letting 5‘7"=u’ then by (169),
B (IESROC) TECY oo

n+p\ (- D¥/n k- 3a
="!p( n )Z;(]Mk()(xs 1)”“‘2‘1( 1)“( >( )
p3k—3a+2p—-n, (181)
Now if =0, 3k - 3a=n— 2p, and n = 2p, then
d n+p

] - e () FEE T
(v_»ié ) (18)
3 ~P

(_*_) Ly 2{( (- 1),»:;%"(7”.1;)Z —l)"( >(2p+ik—l)

k
g2} oo

only those values of n being admissible for which n +p is a multiple of 3.
(ii) Glaisher* obtains the coefficients of the expansion of
z
log (1 +2)

in the form of determinants. The method used cannot, however, be conveniently
applied to the expansion of the more general form

Vrd

Y= TogP(1 +2)°
* Phe Messenger of Mathematics, vol. vi. p. 50.

and

(184)
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_log(1+2)
=

Now, letting p

(185)

then, since uP=¥so=1,
we have by (169),

e (v = JHE L I

.
To find pr :L='o , we write
zku* =1logk(1 +z), by (185);
then by Leibnitz’s theorem,

"tk n 4k dntk- o de . dn+k
¢_°< a )dxn+k— dzau:l —0=W10gk(l+x):]l=_o. (187)

Now as the first member of (187) vanishes except when a =n, therefore

n+k dntk
( n )k‘dzn :|=,o=giWk1°g"(1+1)l

dr n!  dnt
and Ey'ukjlzéo (n+ k) dzn+e log a +z):| (188)
But 2" 1og(1 =2 Jogk
u Zzm 108" ( +x)l=,o- 2 108 zla.l, (189)
and by successive differentiation we find
qm _]m-1m 2
Flogtz= 3 (- 1>u-IQm-1.,,.-a( )ar(ogap-=;  (190)
dan+ n+k
hence s ,,+klog 1+a:)_] n+k10g a:l o
=(‘1)"k!Qn+k—l,n- (191)
Applying (191) to (188), we have
nlk!
‘ “k] (n+k)'Qn+lt-l ne (]92)

Then by means of (192) we obtain from (186),

dil:_”u— ]zso=(— 1)”n!p(nzp>ix(]::/)ck( )(nI:-'k)'QHk we (199)
log’?;i-z) (p

We shall now show that @ is the sum of the products of the numbers
1,23,. ntakenkatatlme
Lettmg m-a=a’in (190), we have

and

(- eSO (190

am
WIOg"z — E ( l) Qm-l ad(] gz)m‘ﬂ lngQZ- (]95)
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If we let D represent the operation of differentiation with respect to log z, then

d 1 x
‘—E_log"x— z Dlogkz, (196)

@ ook L petoskz — L Dlogk
plog =1 log:c—ﬁ ogkz

1
=5§D(D-l)log"z. (197)
If we now assume that
ﬂlo kx—lD(D-l) (D-m+1)logke, 198
dxzm g T ogm g, ( )
we find by differentiation that

am+1
Tt D(D-1)... (D -m)logts, (199)

thus completing the induction.
An expression for @, ; will be given in a subsequent chapter.

12. The higher derivatives of functions may also be found from their
expansions, if they can be readily obtained without the use of Caleulus. The
processes, however, by which the results are arrived at are in most cases very
laborious. The methods will be illustrated by the following examples.

@) leen 1/ (1 +2™)?, m and p being real numbers.

To ﬁnd from the expansion
e
y=2 (i) zmE, (200)

From (200) i zgo (1;;) (”Z‘) gmk=n, (201)

Introducing in the second member of (201) the function

=P = 3 _.p =
y(1+am)-» yazo( Pama=,

. d"/_ 'n‘y [P\ [mk
we obtain Ton = a-o( );}( L)( n )xm(k+a)_ (202)
Letting k+a=a’ gives
e I GG
&~ 24\ a é(k (n gmk+a, (203)

Then by means of (68) and letting £ — a=a’, (203) becomes

e R AT a0y



26 OPERATIONS WITH SERIES

Now ( ) BZ-O( I)B(P a)(/g—_‘;:%)* (205)
Letting a + 8=/, then
(k__];)=(—1 “Zk}(— l)ﬂ(k_%)(gzg) (206)

- -G on
hence (k——}:z) =175 ( p) 2 ( -1, /3> (ﬁ> ) (208)

a

o FLEEor DR
-f’""é‘ 0e(F) (i B)Z( pe(5)("), by (69),
=’_’;;‘£’§0(_1)a( )2( (o) (" ) ( )’f’"" by (97). (209)

a=o
IO Pl
therefore dzz "'x'"y 24( 1) (,8)(1 f.:m)si( _ l)a(g) (n;a)_ (210)

Now, it fon 3= 2(5) (") =0, by 139);

we then obtain

S () e S ()

which is the same as (129).

* Any Binomial Coefficient can be expressed as the sum of thi d f
Binood) Coafoionts. P! e products of two or more

( ) k-o( )( ) where x>b-k and <a-k;

b+ _ b fa\/b-1 .
We then have ( ) - l)b( ) ( ])bkgo(k><b—k>

. [k ~1 k—a
(¢2)=C-v* “(ﬁ+‘};*_’f_p)=(—1)*-“B§O((xﬂ>>u+x)v'“((x'f-“—ﬂ)nln)"*‘

~-r 5 (5 ()

k-1 —a-
and by means of (k_a_p>=(—l)k““-ﬂ (lc—t —68)’ we obtain (205).
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ii) Given y=e°%?, p any real number.
y »p any

To find g—; from the expansion

ary  n! ek kN ok
Then ——_ﬁk‘é}k—!( )zv .
Introducing in (218) the function

Je-“"—-yZ( 1)e -ch¢~1

a=0

ly ©_catk
we have dry_n'y 2—6( 1 }JC‘:— (pk) ZP(a+k),

dan~ am & ool &
Letting a + k=a’, and applying (68) to the result, we obtain

anr n'y k k=a
T k"“"k -1 )(pn>

Q=

Letting k — a=da’, then

3:z n'y%ﬂ( : Ckzpka%ﬂ( l)“( )(pa)}
and since, if k>n, é;( - l)“(k) <pa> =0, by (135),
therefore g:z nz'" 2( D Z( 1)“( )(p:)’
=1

which is the same as (167).

(214)

(215)

(216)



CHAPTER IIL

HIGHER DERIVATIVES OF TRIGONOMETRIC FUNCTIONS
AND THEIR EXPANSIONS.

1. WE shall first find the expansions of sinz and cos 2.

(i) If y=sinz, then Z%zmsin (:v+1;—r) (1)

and y=>, e (2)

an . nmw

Now .Y =gin —
z=0

=0, if n is even,

n
=(- l)[zl if n is odd. 3)
Writing 2n + 1 for n in (2), and since
d2n+1y

dz2n+1 z=’o= ("’ l)na by (3)’

d z2n+1

therefore y='§0 (-1)» @ E)r 4)
.. an
(ii) If y=cosz, then dz% =co8 (x + %’r), (5)
and Z—:z . —cos/'L:
”
=(- 1)[51 if n is even,
=0, if n is odd.
. > . X
We then obtain y=n};o( -1) @ (6)
2. (i) Given y=tanz. ()
To find % and the expansion of y.
2 .
Now Y= o %
dry .dn 1

e =%z
and =% u+1,whereu €%, (8)

28
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Then, by Ch. I (83),

uk
(20)n+1 _ . A— 9
2" “; D(5)e e ®
uk (cos z + isin )k-1
But (w4 1)E+17 26+l cosh—13 cos®z
=)k1 seck+1z (cosk— 1z +isink - 12); (10)

and since z Y is real, then, by means of {10), we obtain from (9)

dazn 2n 1 k %
;Zﬁhtanz=(-1)"+122"?_l 3% seck+lzsin(k - 1)z Z ( )az" (11)
Y k=1 a=1
and

d2n+1 2n+1

g tana= (= 1)r1aina Z sec"“rcos c—1) xZ(—l ( >a2"+1. (12)
Combining (11) and (12) gives

nt2 n
é%tanxz(—»l)[ 2 ]" k“-lk scc"“a:sm( B+k —lx)Z(—l)“( )a",(13)
where /3:1_12———9:.

n

e e N An T
Now taxnx-%dlﬂtall {L_—;On!' (14)
and since i tan z] =0, by (12) (15)
dz®n =0 ’
d2n+1 on n-}%11 k R
and l,.,ng.mx] =1y lkz:l 5,;( ( ) a1, by (13);  (16)
therefore

z2n+l 21H 1

@© k
— \ ~
tanx:ngu(—l)" @er) E 21 (-1 ( > 2n+1, (17)

This result can also be obtained in the followmg way :

uk

Writing CETE T )klﬂ sec?z(l + ¢ tan )kt (18)

in place of (10), then (9) becomes

Y _ iyt soets S, | ; k-1 S a (k) 4
dpn = (L sects 300, i (L + itana) 2N (a)a. (19)

Separating the expansion of (1+iZtanz)*~! into its rcal and imaginary
parts, we have
(1+itan x)""‘ = Nog+ iN25+1,

kf_)l
where Nyg= [2] (-1) (%};) tan2bz, (20)

=0
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k—

& k-1
and Nogyr= 520 (-1)8 2IB+l)ban25+1z. 210
Therefore, when n is even,
P fanz= (= 1120 sects S0 L 3 (-1 () e 22)
77 tan 2= - 1)*~122 sec zgﬁﬁ; a 28+1,

and when n is odd,

g+l 192n+1 2 Sy 1 £ a k 2n+1 23
—_ =(-1)n-192n iy - .
i tan e = (112 seste 55 00 S (1o, (29)

Combining (22) and (23), we have

dn ] 213 a(F\ gn
J;-nta.nz=(—l)[ 2 ]2 sec“’z%@;z(—l) (a)a Nogiys (24)

where y =.l_+.£2"_1)".

To find the expansion of tanz, we let z=0 in (24), and then obtain (16),
and finally (17).

We arrive at (16) more directly by letting =0 in (9).

(i) The expansion of y=tanz can also be obtained without the use of
Calculus.

We have Yy sinz i (- 1)"( _}}) sin*+1z, (25)
=

- (1 - sin?z)? -
To find the expansion of sin?*+1z we proceed as follows :

) —1)k-14
sin?k+1y = (-1

i s (26)
7

— 1)k-1; 2k+1
e R

a=0
(m1F-1Q, . an % af2k+1
g i 2 (Y @k 1-2ar @)
We shall first reduce

2k+1 A
§=3 (- 1)“<2’°; 1)(2k+ 1-2a). (28)

2+ 1) e(2+1—2a) iz
a

Now
& of2k+1 Comm a
S-az_;o(-l)( a )(2k+1 a) + (-1)(

Designating in (29) the first summation by S, and the second summation
by S, and letting in S,, 2k+1-a=d, then

8,= —é(—l)“(2k:l>(2a—2k—l)"

k
= (-1 (- 1)%(”‘(1+ l)(2k+1 —fap=(-1)"18,.  (30)

%4l 2% +1

a ) (2k+1 - 2a)". (29)

a=k+1
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Applying (30) to (29) gives

=[1+(-1)1]8, (31)
=0, when 7 is even. (32)
But if n is odd and =%, we obtain from (31)
3 2k+1)
=23 (-1 %+ 1 - 2a)2n+1, 33
s a}_,o( 1)(a 2k +1 - 2a) (33)
Letting k- a=d,
S—‘>(—1)k§k)(_1)«(2’“‘1)(2“1)2"+l (34)
- a=0 k-a '

Then, by means of (34) and rcmembering that n=Fk, (27) becomes
2k+1
2k+1 .__ ________ 2
sin¥+iz Z( (2n+l)'2( ( )(2 a+1)m+ (35)
Applying (35) to (25) gives

ta”—;) 7 (_k%)g( )(%H),Z(—l)a(?"“)m +1)me1, (36)

-1
fli:)tr;:hlch by means of < L‘)=( oZk) <2k> and the principle, Ch. I. (68), we
o

z2n+1 no1 /9% k| %t 1 n )

tanz=%o( » 2n+1)!’2’2‘1‘(16)%0(_Ua(lc—a)(ga*")"*- 37)

3. (i) Given y=secz.® o)
dny

To find _l_" and the expansion of .
Letting in Ch. L (83) u=cosz, we have

25 S

_2( 1)%secatly ll cos :c; (k), by Ch. 1. (97). (40)

a=1

But kg (5)= (@ ?:2“ +a)t

= (@) [(1 +2)™+ = (1 +2)7]

n+ 1)
= 41
<a +1/ (1
* Stern, Journal fur Mathematik, vol. 79, pp. 67-98, finds by actual differentiation the higher
—p—x 9
derivatives of F(x)=sechz in terms of 4 =e‘12_e:" Zz(z:—::-;—_-!> and B_e‘ Ze <» Up to

FU)(z) =B(1385 - 72662 + 109202* - 50402?%),
F®)(z) =4 (1385 - 24568Z + 8366422 - 1008002Z° +403202°).

but does not give a general form of the higher derivative.
Shovelton, Quarterly Journal of Mathematics, vol. 46, pp. 220-247.



82 OPERATIONS WITH SERIES
and (40) becomes

n+1
dz" ’?3(— 1)"( 1>sec"+1zd—— costz (42)
N an k 1 %7 —1z\k
ow d?COS x=§}‘ﬁ(ﬂ +€ )
1dr & L)
= (k—2a)iz
2k dz"é(
m K
Sy < i) (k = 2a)n e—20)iz, (43)

and we obtain

%=ing(—2i)k(21i) k+lxz< )(k 2a)"

[cos (k- 2a)z +isin (k- 2a)z]. (44)

Then when » is even,

2n
;:nsecx (- 1)”;‘1(_21)k(2kn++11) c““;cZ( > 2a)?" cos (k- 2a)z, (45)

a=0

and when 7 is odd,

2n+1 2+l _ 1\k /9
dd2n+1 secz=(-1)""1 Z( 01}) (“::12>530k+lx}4( >(L 2q)n+l
= -

sin (k - 2a)z. (46)
Combining (45) and (46) gives

d ——secz=(— l[”H]Z( ‘):)k(n_-}'l)sec"“xZ( >
cos(iﬁ—k+2a)z, (47)

where 3= l—'(z_—l)f
To express (45)-(47) in terms of powers of secz and tan z.
From cos 72z + 1 8inrz=(cosz + ¢sin z)7,
2 r
we have €o8 7L = Z (-1)r (",B) cos™28z sin2fz (48)
B=0 a
=1
2 r
inrz= ~1)8 —28—1y 5in28+1z,
and sinrz ﬁgo (-1 (2B+l)cos’ xsin28+1y (49)

Then, by means of (48) and (49), we obtain from (45)

dm D1kt 1\ &
msecx=( 1)"% 9k <k+l>z

a=0

(i) (k - 2a)?" sec?a+ly

22 (- 1)a<k ;;“) tan2*z, (50)

B=0
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and from (46),
2n+1, 1\
i soez= (=1t S (D) S3(4) o sapntn e
E~1

- [~a

ﬁz (- l)a(écﬁ—f?) tan28+1z,

B=0

Combining (50) and (51) gives

d nSecz=(— 1)[ ]; —l)kG:i)a‘;?(D(k—2a)"sec2¢+‘z

[k;?y]—a k-2a

> (- (5 B+~/) tane+vz,

-(-1
5
Letting z=0, then

Freed] B ) () 6o

where y = !

since tan?#z],.o=1, for 8=0 only.

dent+1
And ZzEn i veC z]zéo =0.

To reduce (53), we shall show that
k—

S=§( )(k % =v-—2[2]( > (k= 2a)2n,

a=0
For, if % is even,

E_
S=§:(§) (k- 20;)%4,“-%1 (2) (k - 2a)yn.

Letting in the second summation k - a=da’, then

‘i:}
S=2 2((’:) (k - 2a)m.

It k is odd, the upper limit of § is 2.

Then, by means of (53) and (54), we find

k=1
S6CZ = 2( —-1) (;’:;! 2:1 %_1%_7:(2::11) g:] (z) (k- 2a)2n.

n=0

This result can also be obtained by letting =0 in (44).

33

(51)

62)

(53)

(54)

(55)
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(1) Another form of the n** derivative and the expansion of sec z is arrived
at in the following manner.

From y=secz, we have %= % ?gﬁ’ (56)
and by Leibnitz’s theorem,
ary o Sn\drk o de ]
dan ™~ 2k§(k> T+ I am 1 67
-k
Now Jd;;—-'ﬁ ev’z,,:in—keiz’ (58)
a1 (2 E e & a\ m
and E;ke""‘+l_ez"+la (e2{x+l)u;)(‘l)s<ﬁ)ﬁ- (59)
Then, by means of (58) and (59), (57) becomes
adry . N o @\ gr
il L — - 3 60
@ 23 ()2 2 e 2 (-1 (3) )
e2iaz 1 .
Now m=§a(l+ztanx)"
1 .
= 7a (Ney +1Nzy12), (61)

where Nz, and N, are of the same form as (20) and (21) respectively, except
that a is written in place of &k — 1.
Applying (61) to (60), we have

Y _insecs g;—.,(N2,+iN2,+1>§< -1 35 () 280 by Oh.1(91). (6)

a
And si -1)8(2)Bx=0, if k<a, by Ch. L. (136),
nd since B%( )(ﬁ)'B 0, if k<a, by (136)

d”y n o 1 . S a\ <~ /n
therefore Zan = " 8ec 1‘1%27 (Nay + 1Moy +1) g;)( - 1)5(/3)/,2(’)(1‘) (2B)~. (63)
e 23 () epr=a 2,
and (63) becomes
g%= " gec x;: 51-(; (1V2., + iNzy.H)Bg (-1)8 (g) (1+2B8)n. (64)

Then, from (61) and (64), we obtain

%secz: (- 1)"sec xié_ﬂ% (- l)y(;y) tanzyx:;( - 1)5(73) (1+2B)2, (65)

and

a—1
d2n+l 2n+1 4 _2: a a
g =(=1)n-1 hl —1y 2y+1 —1)8
Zariseca=(-1) sec:cag) g -,2-6 (-1 (27+1)tan Y xs%( 1)

(g) (1+2B)2+1. (66)
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Combining (65) and (66), we have ,

a-8§
dan n+l "1 [427 a
Jyn S€CT=(~ 1)[ 2 Jsec xé—:ﬁ ;} (-1) <27a+ 8> tanzv“zﬁgo( -1)8
()a+2er (o1

where 8=1—~—(0_¢.
Then, from (65),
dm _ " L a on
gnseor] =SS ns(g)asemm 69
2n
and from (66), (%—2:?11 sec leo =0.
Therefore
seca— 3 (-1 Qn).Zyz,( 12 () 1+ 28 (69)

(i) Still another form for the derivative and the expansion of secz is found
as follows.

dn dn 2
We have 7o See Z]z:'o =1qn b e‘-*-_e’—’.’lso‘ (70)

. 2
Letting =4 and T:efz =y, (71)
d* /1 1
then 25( (e imnte) @
_ 1(u+z)""“+(u—z)"+ x u(k
_"ZH{) (u2+l)k+1 u 26(“1) a)a". (73)
And letting u=cot 6,
. e 1 . et 7
whence Uti=r o and w-i= R (74)

Then, by means of (74), (72) changes to
dny 2cos (k+1)6
dzn Zo coseck+1g uZ( l>“( )
_9 " cos [(k+1)cot~ c’]e&zz( ])a< > (15)

1
=0 (e*2+1) ) 2 a=0
Therefore
n

Tsees] =i J2szlzcos(k+1) S (- () (76)

a=Q
and as n must be even,

z=lay2 S (cap im 1 k+1)’ii(-1)a(‘)a=n )
8CC T = +\/ "2-1 Wzl2k/20 ( 4“-1 a 8
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The expansion (77) can also be obtained by the following method :

2eiz , 1 1 .
We have sec:v=em+1=z<1+“i,-l_z-e,,>='y; (78)
dn .d™y
then I seer= de

Letting, in Ch. L. (83), u=1¢, we have
L o (¥) gnin -1 1
dzm g; 1)"2("1) < )a i +kem[(1+wiz)k+l-(1 —ie")"“]' (79)

Q=1

But 1 +ie'® =2 cos ( ) (‘ 2 (80)

and 1-icit= -2s1n( )(4 2 (81)

Applying (80) and (81) to (79), and proceeding as before, (77) is obtained.
(iv) The expansion of secz can also be found without the use of calculus.

1 & - .
Now secz=m=§)( - 1)"( k&) sin%z. (82)
Following the method which has led to (27), we find
. IS an K 2k
sinZkx = ("2—22‘ "20’" i at 240( -1)* ( a ) (k- a), (83)

and as n must be even,

sinztz— SIS 1>n2=n(2n).z< () —am. (s9)

n=0

Now $3(- 1)=<2")(k ) =0, if n<k, by Ch. L (135),

a=0
=2(-1) 2 fn=k;
(- E( ( - )a if n
therefore  sin¥zr= (—1 nom 2 ( -1 a2, (85)
Zk p (o ), k a

Applying (85) to (82), we obtaln, by means of Ch. L. (68)
secx=2i(— nowm = o 1 <2k> E(—-l)“ a"‘ (86)
(gn)v f 28 :

a=1 a=1
4. (i) Given y=cotz. (87)
To find g‘g
Now Y=t (88)
then ay_g; dn 1 =2i a

dan = Vg o1~ Y g (89)
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But, by Ch. L. (83),

dn uk .
d:gll (2iyn Z( 1)"'() _;m’ U= 62,

1a=l

(cos x + ¢ sin z)*-1

Now (u- )k+1 T PRI N sink-1
1 .
= = g cosec?z(1 — i cot z)k-1
and (1—icotzyel=Mopg—iMgyq,
k-1
h M S 1 8 k-1 28
where 0= s§)(_ )(2B>cot x,
k-2
)
and Magir= > (- 1)"( )cot’-’B'Hx.
i=o 28+

Applying (92) to (90), we have from (89)

dl? cot z=(~ 1)n-192ncosec?z 2‘ i Z (- 1)“( >a2”Mzﬂ+1

-1
2n+1 2n+1 3
and dd sami Cotz=( — 1) 22"+ cosec? \‘ 21 > (- ( ) a1 Mo,

a=1

lv

Combining (95) and (96) gives

i [",‘:T“Y]
d"cotx (-1)[ ]2“cosec2 E% > )“(i)a” ﬂ;) (=1)

k=1* a=1

( k-1 >CO§25+1_7,
Y

2B+1-

—_ - n

where v= 1——(2#
(i) We shall next find the expansion of
y=xcotz.

. 2ix
VVe have y=w + e‘zl-ii_l
Ayl gapdt =z ]
and di |0 (24) dev e —1 J, o

2z x z
Now E1Tw-1 T
Letting 2x ==z, then
(L L S WL L 2
dxn e22 -1 dzm et -1 dzn et~ 1

and, by means of (102), we obtain from (101)

n_a ol oa __,_z_J
(—i.’t—" €xr — I:L_;()c 2n -1 dx® e* + 1 z,,'o.

87

(90)

1)
(92)

(93)

(94)

(95)

(96)

o7

(98)
(99)

(100)

(101)

(102)

(103)
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oz Bo/m\ dF o gk 1
But d‘x?ﬁu:go(k)dxﬂ—”az—keul
a1 -1 1

i a1t a1

! n-1
hence d"y] D —1—:' . (105)
z=0

(104)

dan 2n — 1 dzn-1¢% 4 ]
Applying
dn-1 1 K QR N
dn=1 mlio= s ZFFL ‘é( 1) <a>a , by Ch. I. (83), (106)
(105) becomes
dny _ (21 »n e a1
2B e o

Therefore n must be even, and we obtain
n22n s 2=l
zeobz=1- Z( g1 a2 22 2( 1)°( Jant (108)
5. (i) Given Y =cosecz. (109)
To find Z—;"—/ in terms of powers of cosec z and cot z.

Let u=sinz; then, by Ch. 1. (83),

dz" ;( 1) (L 1) cosec"‘*lzg-- sinkz. (110)
Now sinbz = (- 1)t L 5 20( ( )o"‘ 2a)iz (111)
dr LIt L k .

and asintz= (= 1oy ago( -1y <a)(k—2a)"e(’f~2“)”; (112)

therefore
n k k
g%y=i"§1 ;—,‘ ZI })cosec"ﬂzgo( -1) <];> (k—2a)"(cosz + isinz)k~2a, (113)
But (cos z + isin x)k—2a = (~ 1)®¢*(sin z — 1 cos z)k~2q, (114)

and separating (sin z — i cos z)¥~22 into its real and imaginary parts, (113) becomes

dl"—z" LT—,}—-—(ZIII)Z ( >(k— 2a)"cosec?e t1z(Mog — iMagy1), (115)

=0
sk~ 2a
where Mzg— ( 1) cot“z (116)
ﬂ-O
7l k—2a\ ...
and Mag 1= ( 1)5(23 1 )eot2+iz, (117)

B=0
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Therefore
2 2 — 1) k
ng:cosecz=( - 1)n;ﬂ %(25:11) 2 <i>(k_ 2a)™cosec2a+1g Mo, (118)
=1 a=0
d2n+1 2n+1 (-1)%/2n+2
wd - gpgmmrooseor=(=1" 33 e (1)

k
> (ﬁ) (k- 2a)2n+1cosec?a+1z Mog,y. (119)

a=0

Combining (118) and (119), we obtain

d svome( o D] (= DF a1y E
T coseez=(~ 1)[2]1231 o <Ic + ]> ;_’0 (a)(k - 2a)"cosecatly
":J]_a
2 k- 2a
-1)8 cot2f+vy, (120
szo (-1 (218"'7) (120)
where y= 1 ,_-,,(2— L
(ii) Another form for the higher derivative of y = cosec z is found as follows :
dr . dn
Now d—;:%(-[ﬁyl, (121)
elz
where n= gy
dn /m\ dr-k o dk ]
Then = 2 () T=s g = 1 (122)
and, by Ch. L. (83),
* 1 e eiar & a\ o
(Ekew—rz’;)(;z*—x_l)mg()(*l)’(ﬁ)/% (123)
Hence

dan

I ety PR

8

k
=0 =0
Now, applying to (124) the method by which (64) was obtained from (62) and
(63), we have from (121),

dry N gazr @ (a)
= s I ITIRELY -1)8 1 +28)n 125
dxn r"cosec zaz-lo (l,‘hx - l)a B=0( ) B ( ﬁ) ( )
eliaz 1 X «
But (jﬁz_l)a=§i(l"°°tx) (126)
and (1 —icot z)® =My, —iMo, 41, (127)

where Mz, and My, 1y are the expressions in (93) and (94) respectively, except
that a takes the place of & — 1.
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Hence
2n

(Z 2n ‘l‘
dammcosec e = (=1)rcosec :cago 2Ala 5236( -1)8 (?3) (1+2B8)2m My,

and
2+l 2n+1 a

Zganricosecz =~ 1)"cosecz Z/ % Z (Z) (1+2B)2+1 My, 1.

Combining (128) and (129), we obtain

;ncosec:c (—I)I:?]cosecxz Z (=1) <,8> (T+2B)

205
[z

> (- 1)"(27(:_ 8) cot2v+dy,
y=0

1= (-1

where §= 3

(ii1) We shall next find the expansion of

y =X cosec Z.
Now Y= 2ixe™ = i + i
VY=ge_1 g1 Tz’
dany ar 1 dr 2
then El_xw" =" dzn ex+1 27;_1 IL”" &+ 1]; by (103),
27] 1__ 1 dn z
- =1 da"er+ 1 |,

_gn-1_7] gn-1
= n2 .
2ne 2n—1 dzr-! e”+l:|z='o’

and since n must be even, then, by means of (106), we have

2n (22n-1— 2" 1

d
dznzcosecz] _0=(—1)"@—:—2»27_: - ;‘ 2,‘_12‘ (-1) ()a""‘ -1

and finally obtain

2n 9n—1_ 1 2n-1

Z Cosec z = 1+Z (-1 22 2 !
n=1

(iv) Another method for expanding y =z cosec z is the following:
Let z=8in~16, then

_sin an S:( (}%)279?—1’ by Ch. L. (39),

TS SRV (i

k=1

@n)! 281 ;: o= 1;:1 ( )az"-l'

(128)

(129)

(130)

(131)

(132)

(133)

(134)

(135)

(136)
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and by means of (85)

3‘=1+2 g1 (2k>2k+12

n=k

Sk‘( e, 2ka>a’". (137)

a=

(2n
Applying Ch. I. (67) to (137), we obtain

. 228 201 /2 1
eoseor=1+ 3 (=1 G 2351 (1) 7

Nl
Z( 1) ( )azn. (138)

a=]



CHAPTER IIIL
SERIES OF BINOMIAL COEFFICIENTS.
IN the preceding chapters we have had occasion to reduce Binomial Coefficients
and to find the value of a series of them. We shall give here a few examples
which will illustrate additional methods of the operations with Binomial
Coefficients.

1. (i) To find the value of

=55
Let Sy = 2 (nz-:—lk) - él (n21tk> ; (2)
then S+Sl=2)(2:)=(l +1)n=2%n, (3)

Letting n —k=£"in (2), we have

s (0)-3500-(7)

or s-sl=(n). 4)
From (3) and (4), we then obtain

s ()]s (52 ®

1 2n op— 2n-1
and Sl=§[2?ﬂ—(n>:|=2 - (270 ©)
(i) To find the value of

s-3 () ()

Lot S;=(—1)"g(-l)"(ffk); @)

42
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then S+Sl=§;)(—l)’=<2kn>=(l—1)"=0 )
and s-sl=(-1)n(i:‘). (10)

Therefore S=(~—‘,lr <2n ) (- )"(2n - 1) (11
and N —(——Bﬁ—l (ZL) (=1)n- 1(271 11>- (12)

The results (11) and (12) might also be obtained as follows:
Letting in (7), n - k=%, then

s=(-1m S -1(,) (13)
=1 3 (@)1 +2) (@) (1 + 2
(= 1)1+ et
=-or(* =3
=(_1>"(27?__11)§Z —21)71(2:)’
which is the same as (11). In a similar way (12) is obtained.

I N 5 P
(ili) To show that ;(%): S <2k+1>=2"-1. (14)

k=0

Designating the first and the second summations in (14) by S, and S,
respectively, we have

L1+S2_é6( ) (15)
Now, since (‘:2 =<n,,_kl)+<;k:11>, (16)
H P

therefore S;=1+ k}ﬂ{( ok +F§<:k—ll)
(%5 1] . [% 1] -

> (a )+ 2 () an
n-—l:l - %3] .

and <2k+1) ( o ) (18)

Then (15), (17) and (18) give (14).
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(iv) Show that _( = k_0(2k+l —g2n-1

and 2(27”'1)— (222::) 22n,
(v) To find the value of
Lo,
==Y (Qk)'

n—1

Let $i= 20 04y
Now S=§)(2k)z‘”‘
and S, = Z% (2k+1)i2k;

then S+ is,=§jo(:> = (1 +i)"

and S-is,=g(-1)k<’]z>ik=(1-i)n.
But  (1+i= (J2)"<:}-2— + i7‘§>" = (/2 (cos +isin A
et
Similarly (1 -¢)"=(/2)" (cos— —i8in 4 ) = (J2)"e_ ‘
Then, by means of (27) and (28), we obtain from (25) and (26),
8=(J/2)" eos'_z—’

nmw

and S, =(J/2)"sin e

nr (= 1)[2]

Now cos =

n
[1 +(- 1)5:], when = is even,

=(- 1)[ﬂ+1] 1 when 7 is 0dd ;

(19)

(20)

1

(22)

(23)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)
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therefore cos%’[—r=}4[( - 1)[11-—11:/2{1 (-1} +(- 1)['{| {1 +(- l)g}

{1+(—1)"}], (33)

whether n be even or odd.

Similarly sin”-% =£—:—1—)[i—]—[1 -(- l)g], when 7 is even,
n—1
[ ] le, when n is odd ; (34)
hence sm%’—r=}1[(—l)[ﬂ{l—(—l)g}{1+(—l)"}

n—1
w(-00T - -om ] (e
whether 2 be even or odd.
Applying (33) to (29) and (35) to (30) gives the values of S and S,.
We shall express cos = i " and sin T " also as summations.
Now taking the sum of (27) and (28), we have

nmw

cos - = (\/2"[l+z +(1-14)m], (36)
and their difference gives
sin’fT"=ﬂd—2—)”[(1+i)n-(1 ). (37)
I ey .
But (L+ip= 3 (-1 ( )+z > (-1)*(2k+1) (38)
I
and (-ir=33 (-1 (%)-1 > (2“1) (39)
then by means of (38) and (39), we obtain from (36) and (37)
]
nr 1 n
08 = g o 1)k(2k) (40)
d .onr 1 ['Lil (™ 41
an SmT—U2—" é’o (-1) (2k+l>' (41)

Applying (40) to (29) and (41) to (30) gives (21) and (22).
In a similar way we obtain by means of

co! 5+zsin 2ﬂ(l+z\/3)

n—1

=2‘[ 3k+1¢3 2 (- ”"(21;11)3"]’ (42)
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and from the expression for cos?— isin ; , which is of the same form as (42),
except that 7 is negative,
nr 1 [ ] n
€08 — 1)k 3k 43
5=z~ (s2) (43)
2
.onw /3 n
and sin"y =30 kz_;o (-1)k(2k+1)3k. (44)
We also find
ar 1 ['2'] n k
cosgziz—"(l+\/5)"k§(—1)’°<2k>(5"2~/5) (45)
n—1
d in " L+ 55— 25 TS (= 1) 5-2/5)  (46)
smd sin g (LG =200 3 (-0 ) (- 2080
(vi) Show by the method used in (v) that
w2 [ on
> (Mg )=t (47)
2n+1 ["]
-1) =(-1)L2i2n, 48
S0 (t) =0 (48)
> 2n ['—']
- 1)k = (=1Ll +(-1)"]2n-1, 49
S 0(g) = (-0 (-1 (49)
n-1 n
S0y D)= -0k - (- e (50)
(vii) The result (49) can also be obtained as follows :
Applying (16) to (49), we have
2 2n 2n -1 2n -1
~ 1)} =(=1)" 4+
2D (g)=(-1r+ P ~u (M) §< (2
" 2n -1\ , "3 2n-1
=(-1) +;}<—1> (Mo )+ 2 (nge) OV
Letting in the second summation on the right n — k=¥, then
1S 2n -1 2n -1
k=0(_l)k<2n-2k> ?_«( (") (52)
= 2n-1 '
+(=1 3 (- 1) ( - ) (53)
Applying (53) to (51) gives
n ~1 2n-1
- » , 54
35 (- 1(30) ~+ (-0 5 (-0 (T (54)

which by means of (47) gives (49).
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2. (i) To find the value of

=500
Now S=§<§::)
= ((zﬂ-"))g}(l + )P~k
= (@@= )1+ 2+ - (1 +2p-7)
(212,
(ii) To find the value of

n

S=,§1(_ l)k_l<n+zl)—k)'
We have S='§“:(- 1)"-1(7”_—7; —k>_(_ 1)
=1

n+1

= 2 () 1+ 2 (@) (142 - (- 1p

=(@)) (L +zp-1-(-1)
=<P;;l>_(_1)n.

(iii) To sum the series
s= 5 (DC)
Now (Z;):(k_’f">=(_ l)k_,.( _I:i.‘nl)

and (a)=(, 2k )= (LY

Applying (61) and (62) to (60), we have

sy (6w

= (= 1p=n-m ST (@) (1 4o (@A) 142y

= ( - l)p—n—m((zp—n—m))(l +z)-n—m—2

nemf =N=-M=2\ [ p+1
=(-1pn (p-n—m)_(p—n—m>'

47

(55)

(56)

(57)

(58)

(59)

(60)
(61)

(62)

(63)

(64)

(63)
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(iv) To find the value of

IR

n=0

Since (" T™)=(™*" is a polynomial in n of degree m,
n m ©

§=0, if m<p, by Ch. L (135). (67)

The result (67) and the value of S when m=p and when m is greater than p
can be obtained in the following way :

m+n
5= () (") )
2 —m-1
6T g
= 32 (@) (1 +2p (@) 1+ (10)
=(( ))(1+x)12 m— 1_(?‘;7“1):0’ when m<p, (7])
=(- 1)?(;‘), when m>>p, (72)
=(-1), when m=p. (73)
3. (i) To express S= ;: (2k+ l) (74)
as a polynomial in 7.
Since, in (74), 2k+1=m, S= i <2k+ 1)- (75)
k-[’—z"]
When m is even, ((z™) i 1 4 )2+ (76)
'i
(@) (L+a)tmsd— (1 )it o7
1 +g

Denoting w’ by S (78)

145

2
and L™ 4o s, (19)

1+

zo 2n+4-3

then S,=:§(-l) =) (2n+3)zﬂ. (80)
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Letting a + 8=d/,

2n+3 0
Sim S (10 27./;-3)2 (= 1)age 2a1-p

B=0 a=8
m 2n+3 1
and ((zm+1)) Sy =(-1) +1ﬂ§-)0 1)5( )2m+1-a'

Next S=3 (-0 m“(m“)

a=0 B=0

m+1 m+1\ & l

= -1)8
AR Ze

Letting m+1 - B =3, then
(@) Sy = (- 1)m+1"§1 (= 1ym+i-s <m; 1) 1

=0 28
1
=gwn
Applying (82) and (84) to (77), we obtain
m-1rmil 2n+3
S ()

When m is odd, the result is the same as (85).

T N O R ()2
Therofore > (1) =L [S3 (- s 2+1]
k= ﬁ] -B=0

49

(81)

(82)

(83)

(84)

(85)

(86)

While the second member in (86) is also a summation it is expressed as a

polynomial in %, a form often required in mathematical work.

(ii) To express S = i (=1) (2k + 1>

m
as a polynomial in n,
When m is even,

n

2 (D) = () 2 (-1 2

m
k-i k=

)3

iad
2

= (@)
We shall first find the expansion in powers of z of

(= 1)n(1 +z)m43
242z + 22

2 + 27 + 2°

Sl=

—1)2(1 +2)mH 4 (= 1)(1 4 z)2ned

(87)

(88)

(89)

(90)
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& [Igj k—a\ 1
Now (2+2x+z’)'1=§)(—l)"z’cz-lo(-l)“( a )W‘” by Ch. L (10); (91)

therefore k
k-a\ 1 243 9043
= n V‘ o —
(-1) 2( 1t 3~ D] (G P M( p e (92)
Letting k+ 8=k, then
k=8
2n+8 2 _n_
si= -0 3 e ()3 o B 0e () Lo
Hence
& 2n+3 [m—dj m-a-B\ 1
(@S, = (=10 32 -0 () S - 02(" 5 7F) g o)
In a similar way we obtain
[m-u

oy (= DEQagmama
() = g = (=% (- ne(" )?:,; (-1)8
—a-p\ 1
("8 )z 9

Therefore

8-S ()

[*z*] e
> (" g o

When m is odd, then by means of (94) and

_1(1+x) -(- 1)3m2—1 i( ( )

1
(@) = 2)+ 22 + 22

[:é—o] (-ne(" _E_ﬁ)galrp 97)
we obtain
Zr e S P @)

[g](—l)‘B(m-g_'B)g:Tp (98)
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Therefore whether m be even or odd,

k-%n]( 1)k<2k+1) (- 1),,,i(_1)a[(_1)m—2‘<M+1 ).,.(..1)"(%;3)]

n a=0
2 [m—a
2 m-a-£\ 1
S (" ) g 9
where 7=1—1(‘_1)m.
L m+k
(ili) To express S= k;)(—l)"( m ) (100)
as a polynomial in n.
ey
S (m+k m+2k+1
Now s=3 ( )-2 ) ( z ) (101)
Letting 8, = g(m;’k) (102)
and Sz=§’6<m+f’f+l>, (103)
then 8, = ((zm)[(1 + z)m;"j (1 +2)¥) (104)
=0
1
=(";’i’;1>=("+’:+ ) (105)
Next Sy = (™) [(1 + z)m+1 i (1 +2)%] (106)
=3((z™+1)) 83 - L ((zm+))S,, (107)
where Sy= “—‘LLZ:'"—"LS (108)
1+2
and 5= 1+ )m+x (109)
Then, by the method used in (ii), we obtain
m 1 m+1 3
Hemsy == S e (P e (110)
_ m 1m+1 1
and 3(amys, = 2 (- (" e
D"y gymer ) 1)
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Applying (110) and (111) to (107), we have

5, _)7]"):; 1[r§l( 1)“(2n+m+3>2“+(—1)"‘]. (112)

Then, by means of (105) and (112), we obtain from (101)

S=("+2+1>+2;?T[S§(‘U"F[E%l]+m+3)w+(_”m] (113)
a= a

(=1)m n+m+1 m
St Y [(—1 > D GRMAR ERTE) ] (114)
This result can also be derived as follows :
From (100), S=((z™)) [(1 +z)™ E( D¥(1+z ] (115)
=3 ((@™) S5+ 1 ((z™)) Ss, (116)
where 55= U “;l and Sy=(- 1)n“fi)f;m“. (i
1+§ 1+§
We then find (™)) S5 = o, (118)
__1 n+m m
and (@) Se= "0k > (- 1)° (" 1)2'1. (119)
(- % n+m+1\ .
Therefore S-—‘,;H I: 2=4 ( o )2 (- l)m:|’ (120)
which is the same as (114).
2\ (3k -2
4. To express 121)
=20 (
as a sum of polynomials in powers of n.
Now S=((@m) 3 (1 +z)%-2
=
=((@E™m*1)) 8, - (@™+1)) Sy, (122)
(1 +7)3n+1
where S, = LI P (123)
1+z
and 2= m‘*‘“x_’_zz- (124)
We find

° ] «
3+3}c+x2=%f§)(_ S (- 1)a<k;a)(§) , by Ch. L (10).  (125)

a=0
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Then
(3%
3 1 k-3~ 1\a
R D BN G [
and
" m+12—a] . IB )
- _ (=D g3+ _neMmtl-a-B\1
(@ === S (") X T g
12 [ﬂ k-a\1
. q - % a
Similarly bz_gkéﬁ(—l)"z ago(—l) ( a )1-,’3
13 ek [l;l k-a\1
EPIED e CR I (e )3 (128)
Gl
and e i Y N (G B
(=]
(-1)m ofm—a\ 1
+ 5 (" ) (129)
Applying (127) and (129) to (122), we obtain
1)m-177tl 31[m+1] 1 /1
. (=)™ m1] _yaf3n+ N a m+l-a-gB\1
o= [%{,( l)<a> 525 (1)ﬁ< B )3#
[rn+l mal [721&]
-B\1 m-\ 1
2 (" g -0 ("") )
(= mil 3n+1 [ME:JJ m+l-a-p\1
sz R e (" )
(%]
(e} aw

The results (82), (84), (94), (95), etc., could also have been derived by
Maclaurin’s theorem.

5. We shall find here the sum of a few series.

The methods applied in obtaining the results will be used in subsequent
chapters.

(i) To find the value of

Z(—l)" ‘( )Zlnlz (131)

k=1
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and since

therefore

To find the value of

we let

then

Let
then

Now

-Zal-ZerG)

=(- 1)’"“;2—:; ((z%) (1 +2)~ (™= 1F)) (1 +2)"

OPERATIONS WITH SERIES
Now, by Ch. L. (97),

s-3 & 3 (-1}

kgo“”k( )=-1r=0,
> 2 -(})
Sl=k§0 -1 (3)

m-1-k=F;

ﬂ

. m=l n
(-1 1}; (_l)k(m—l—k>

()

Applying (135) to (133), we obtain

S=

Fen *(;1 -1

m-=1

pr— ,_[ 1". ] 1
m—O m. n

This result can also be obtained as follows :

Sy=

S g

S“ Sr]r:‘l-

ds,
dr

___.’é; (- l)k—x(Z)érnl-t

B
50

=(1-r)-1,

+:Z—:(—l)"<2)];

()

()]

(132)

(133)

(134)

(135)

(136)

(137)

(138)

(139)

(140)

(141)
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Therefore  §,= ~ (1 -7)" +C. (142)
But when » =0, S,=0 and C=#
hence S, = —%(1 -r)'=+11L (143)
1
and S=7—¢' (144)
n n\ & 1 1-2n
Show that ;(-1)1:—1(,6)";(-1)%: -z (145)
(ii) To find the value of
(-1t 1
S=2 2w (146)
el M 1 -
Let S,=21(—1)"- —ﬁ;@k_j’ -l<r=1; (147)
n= =
then S=ST r=1-
Now, by Ch. I. (97), (147) becomes
8= L S L (148)
T 2%k -14 n
Letting n - k=n/,
R g THE
=g (T (149)
aS, &1 &
and _dTT___ :12 _lé(_l)nﬂt-lrrwk-l (150)
I & rk-1
- — 1)1
1+ré{( ) 2k -
L gl
(l+r)rh=, 2k -
(1+7 jtan” L3, by Ch. L (41). (151)
Therefore S, = j tan Ldy
o
= (tan lri) (152)
-7

and & (153)
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(iii) To find the value of

=5

()
hence §= j (—1)*(‘1” (,’:)217,

and since < >

S-(éi)"( D)5 (e
-GS a-pe

Now  §= ﬁ =3 (270 e by on. 1. (a7),

=(1 +7‘)7; 2([ :7),‘

=—(1 +r)”log(l - 1“+7>=(1 +7Plog (1 +7).

(v) To find the value of
S=§;( ()
Now S= ;J nck( k) yn—k

";4 "-1 (l+r =(1+7)Plog(L+7).

This shows that (159) and (162) have the same values.

(154)

(155)

(156)

(157)

(158)

(159)

(160)

(161)

(162)

(163)

(164)
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(vi) To find the sum of

. > k P+k 5
9 %( 1)( N )r" (165)
Letting p+ k=¥, then
JEIPS
§=15 ;5:;( 1) (n)r" (166)
(@) If p is less than n,
GRSt .
S—hﬁrv_;,.( ”(k—n)rk’ (167)
© /on-1
d letting k- n=% (=122 (7 ~
and letting k- n=4%, S=(-1)r-7r 2:0( % )
(= 1)rorm? (168)

(b) If p is greater than n,
S <—71)N§_( e <k>r,, (-T:)PZ( 1)k<2)rk (169)

=ﬁ1}k—f;—“+(flf—1§(-1)k(ﬁ)ﬂ. (170)

Now, if p<n, the summation in (170) is zero; therefore (168) holds true
whether’ P be greater or less than .

Also ,Z;(p?:k)”‘ (1*:7’5?1 sz(ﬂ) . (171)

k=n



CHAPTER 1IV.

HIGHER DERIVATIVES OF POWERS OF TRIGONOMETRIC

FUNCTIONS, AND THEIR EXPANSIONS.

1. GIVEN y=sin?z,

8]

d
to ﬁnd m powers of sinz and cos z, and the expansion of y in powers of 2.

Now (1P (e 1y

27 emx
d”]/ ( - 1)?111 dan (ezw l)v
and den~ 2 dzn ~ eviz

Then, by Leibnitz’s theorem,

dry _(-1)P® 5:: (n) dn-* ¢-Piz :_; (¥ ~1)7;

dzn 20 A\k/dan-F
i dn-* z n—k pn—k;n—k,~piz
and since dnke’"=(—1) pr-kin—kg
and (;izk (¥ - 1= (- l)vzk,kZ(_l)a( )akemaz

therefore, from (4),

G s S () (8 Qe

a=0

But 3 (_1)1:("’;)(2_‘%) (p=2a,

k=0 r

no -nr & .. _
hence a—dﬁsm”z=( ,)p) z"ﬂ’u%ﬁ(—1)“(2)(])—-2a)"(c0sx—zsmx)9 2a,

&

2

©)

4)

®)

(6)

This result can be obtained, without the use of Leibnitz’s theorem, by taking

the nth derivative of
. (-1pr & * (p) )
sinPx = -1 elp—2kliz
;)( ¥k

2

g P\ —ip—2mi
=§ig(_1)k<k)g (p—2Kk)iz,
58
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Now, from (6), we have

2n )rtp 2p

(%—sm :r- 22,; 21)( 1)k("P> (2p - 2k)? cos (2 - 2k)z. (

-3

)

Denoting by Py the expression under the summation sign in (7), then

ipk: 5%1)};+ i Pk. (8)
= = k=p+1
Letting in the second summation on the right 2p — k=&, we find

> p =2 p"P . 9)

?
Therefore (;—iﬁsm?”x—( 221”):':9152—?)(_ )* (?) (2p — 2k)2" cos (2p - 2k)z. (10)

In a similar way we obtain from (6),

J%Si"”“x 2;131 s 2,( (21’ +1)(2 +1 -2k
sin (2p+1-2k)z, (11)
gg;;_ilsmz"x =(";2:+.:+12()( 1)1:(-‘1’)(01, 2%)2n+1
sin (2p — 2k)z, (12)
;:;Tl sin2P+lzp = 2p+: i 1)k<2p+ 1)(2p+1 _ gyt

= cos (2p+1-2k)z. (13)
Letting, as in Ch. II. (48) and (49),

»
Pl -k
2 _9
cos (p—2k)z= 26 (-1)e (P 2(;L> cos?P—k—2aggin2ar = Jf,, (14)
p—17_
2 -
and  sin(p-2k)z= 2 (-1)e (ga ff)cos”-z"-za“lx sin?etly =, ., (15)
a=0

and combining (10)-(13), gives

ntp+a []

TSl PR e

‘—i——sm’x —‘——-2-5?——— k=0 )(k)(}’ 2k)" Maq 4 a,, (16)

1
( _1)” )ﬂ+1)

where A1=(—])Pl_ and A,= 1-(-

If p=1, then from (16)

5

n+1 n+1
jnsmx (- ])[ ]M2a+1—( 1)[ : ]sinx, when = is even,

=(- 1)[{I Moy = (- 1)[g]cos z, when 7 is odd.
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2. We shall now find the expansion of sin®z.

From (16) follows . sin ’e] =0, if 4,=1, an

that is when n is even and p is odd, or when n is odd and p is even.
But when 7 and p are both elther even or odd, then A, =0, and since a =0
is the only value which may be assigned to a, Mz.,],,-o—l
We then have
n+p+ [p]

j—;sm”x] ” (—-—I)L——- 2( 1)"( ) (p - 2k)" (18)

But, by Ch. L (136), the second member of (18) vanishes for values of
n<[ p :l ; therefore
n<p

o

piptagn o)
sin?z = ey B ]<—1>[”+ 1% S e-2wr 09
N ne=p.

Now, if » and p are both even, then A, =0, and

P 4

i an (3]
sinvz= (17 S ("1)"(;1)' S (-1 (B) o -2k, (20)

Letting in (20), JQ” =1/, then

zZn +p [p]

. -1)2& n
sm’x=£—2;:7§0(-— 27”'10)';( 1)"()p = 2k)2te; (21)

(__1)11§1 ek 2"+1 [g:]
— n 2n+1) Z: l)k( )P 2k)2n+l (22)

2r-1 ,.af;z_l
Letting now in (22) n —}i;— =,
p—1

Combining (21) and (23), we obtain

H
. 1 w-\ 2n+9 P ”
sinfa=g5m 2 "Gy 25 (-17(}) 0 - 2kyn+>. (24)

The expansion of sin®z can be obtained more directly by letting =0 in (6).
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3. The expansion of sin?z in powers of = can be found without the use of
Maclaurin’s theorem.

We have sinPz = %ﬁ
(PP P) o —2h)iz 25
g 2 (-1} : (25)
and if p is even,
: (" 1)1; ) k(P 2% 26)
Py — _ —
sinvx 95 éf)( 1) <k>cos(p ). (
Denoting by Py the expression under the summation sign in (26), then
1’ »
Zl) = ZPk+ >+ Z Pk. (27)
k=0 2 E=%+1

Lettmg]—)—lc k" in the first summation of the second member of (27) and

k- 3 —L in the second summation, we obtain

P
2_41)"'224( 1)k+2< >0032kz+<§> (28)

Applying (28) to (26) gives

1 p 1 P
SIn"x——~2~,;~— (=¥ p _g Jeos 2kz+2;, ?) (29)
=1 2 2
(2k )2n
But cos 2kx = ,2) (=1n @’ (30)

therefore

sin?r = 2;171 i:) (- Zn i (-1 (P k) (2&)2"+ (I’) BD

We shall now show that the term corresponding to n=0 in (31) is equal to

1<p> , P ? P
-—-—DP ,thatls SN Vk =__1 32
\g PSS (%-k> ‘(‘%}> @
2 V4 1 4
= —1)* = . 33
or S g}( 1) (g—k> 2(12)> (33)

Now 8 =io[((1")) (L+2)=2x (@ 75) (1 +2)7]

p _ p-1 1/?
(@ arap-i=( p =§<z . (34)
2 2
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Applying (32) to (31), we obtain

. > u2n g“ k ? 2n
sinPe = ?72 2n)!;_/0(—1) g_k (2K)#n.

Letting Z‘;; ~k=Fk, we have

=0

But S 1\k(P __2]r2n=1 < ok)2n

u > (-1 (k)(p =2 (-1 (}) 2 -20
=0, ifn<‘gi

2
n+§‘ 95_2"_ NP - 2n
therefore sin?. x_Q, i Z @nl Zo; (-1 (k) (p-2k)

and letting n -% =1n', we obtain (24).

If p is odd, then from (25) we have
p-1

sinPz = (_7}217: éﬂ (- 1)k<§:> sin (p - 28).

Denoting by Py the expression under the summation sign in (38), then

»
n 2z P
;{Pk=; P+ Py.
=0 =0 r=Ptl

Wt

(36)

(37)

(38)

(39)

Letting ‘?;—l—k=k’ in the first summation of the second member of

(39) and k-‘/—p-+—l=k’ in the second summation, then

2
" p
P,, 2; s (1’ k)sin 2k +1)z.

Applying (40) (38), we have

P;l P
. 1 .
sinPz = 5o §=O(-1)"<}’;1 _k>sm @2k +1)z.
[ 2n+1
Substit ti in (2 = - 2n+1 &
ubstituting  sin (2k+ 1)z ”2-0;( )™ (2k +1)2+ XS]

n (40), and then letting E—;—l —k=K, we obtain from (41)

© n+251 x2n+1

n=0

(40)

(41)

(42)
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r—1
é(”l)k(@ Y ‘2">2"“=%2, (-1(4) w-21=0,

p-1.
therefore 2’
p-1
. _ 1 — "+~l zn+1 2‘\ w(P on+1.
sm"x~27_—1 S ( 1) mé,o(-l) (k)(P—zk)” ;0 (43)
Ex
. p-1 ., . .
and letting in (43) n—" o= =1, gives again (24).

an . . .
4. To find 7zn C0s"z in powers of sinz and cosz and the expansion of cosPz

in powers of z.

Now cos"z———;;( )g(p-?k)iz, (44)

& e S . ,

then (E;Icosvx-_— -2_‘,; (i) (p — 2k)*[cos (p — 2k)z + ¢sin (p — 2k) z] (45)
dzn -1»

and prel x_( 2v) Z:Q(i) (p — 2k)2" cos (p — 2H)z. (46)

Denoting by P the expression under the summation sign in (46), then
if p be even and 2> 0,

b B2
;_/Pk= 2Pk+ 2 Py. (47)
=0 k=0 k=241
2
Letting in the second summation on the right of (47) p k=% gives

21

); b= 2;: Py. (48)

If p is odd, ‘“ Pr=2 Z Py. (49)
i=b
p—1
p_g N p (50)
Therefore > =2 ) ) :
=t P

whether p be even or odd.
By means of (50), (46) becomes

lzn _1 [1’ 1]

cosPx = j

da?n -1

[ o%k

S Q- (3

a=0

cos?P~2%—2ag sinlag,  (51)
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In a similar way we obtain from (45)

den+1 (—1)"‘1[1’_’2:1] ) . [p—}l]—k J(P=2k
groorr =L S () (p g S -0 (3720)

&b \k % 2a+1

cosP—2%k—2a-lzginZa+tly, (52)
Combining (51) and (52) gives

dn oI, e p-2k
o=y o (H)e-wr 5 00

cosP—%-2a-agginZatay,  (53)
1-(-1)»
where A= 1

2
Letting =0 in (53), then

dan
I cosl’a,l o 0, unless A=0,

in which case n is even, and since a =0 is the only value which can be assigned
to a, ﬂ[ga]x=~0= 1.

Now when 2=0 and p is even, then for n=0, (47) changes to

4
s 1

§(€>=2§(€>+(§) )
-5 0-(2) -

P
5 P
1 & zn [21 P o 14+ (=1
cos"x—ii_-inz-lo(—l)"@‘n)!];{)(k r-2m- (2 ) 60
Denoting by (), the coefficient of 20 in the expansion (56), then
1 Bl 1a

Co=2'p;—1ké6<k - W(g . (67)

and we shall show that Cy=1.

Now, if p is even, then from (55) we have
?

We then obtain

5 P
SO-150+(0)
_121:.'.! P
ii(3) o

Applying (58) to (57) gives

c,=1 1<P> 1(p>1
v=l+g(2)-5(2)=1
»\2) o\
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If p is odd, then from (56)

Co 2»424(P> 2»2( ) by (49). (59)

Therefore Cy=1, which is the first term of the expansion of cosPz, whether P

be even or odd.

5. (i) Given y=tan’z. To express Z = In powers of tanz and secz and to

find the expansion of ¥ in powers of .

and

Now tanz = — i( 1- efiizl*l/)
and ‘%':—.tanpx=(—l)pi”g)(—l)k(1]:> 2’0(;2;— Wi-T)’" (60)
Bt g = 0973 () 3 () e o0

(62,:?:’),‘;; = sezc:::m (cos x —isin z)k—a
S;fiaf N2y = iNzy41), (62)
where Ny, = [k;:] 1) k-a o, 63
y—yéﬁ( )<2y)tnnn: (63)
k=a—1

and Noyj1= é;) (- 1)7(2y+ )t,an27+1z (64)

Applying (61) and (62) to (60), we obtain

dn . > (k+a-1)\ sec?x
a;ntan"x=(—1>"1"“’2",‘2,1 ( >2:( ) 2
a
A

< > " (Ngy = 1Ny 41). (63)

From (65) we have

dm . on B 2\ & k+a-1 seczﬂz e
s WP = (=19 35 (~1)% (L) ( > (-1)

B=1

(g) BNy, (66)

<k+z—1>se;iﬂx2“:(_l)ﬂ

B=1

d2n 2p+1 2?_*_1 27I1
& tanHy = (—1)n+p+192n ~1)k S
dgn AT (=1) ;=1( ) ( k )

a=1

(3)BNevsns (67
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d2n+1
dz2n+1

2p.
——_tan? z_( 1)n+p22n+1k}3(_1)k<

=1

2]:> Zntl (k +a -1\ sec2az
k 24 a ) 22

a=1

a

E (>ﬁ2"+1N2~,+1y (68)

=1
d2n+1 2p41 2p + 1\ k4 a - 1\ sec2ar
o tan®P e = (- 1)n+egensl El (~1)% )a 1< ° ) 8

& a

>3 (- 0e(g) B (69

Combining (66)-(69) gives

"_+.7’_+_A__ 2 n 2a
J‘il”tanﬂz=(_l)[ 3 1]2n’;(_l)k<_€> . k+a- ].)Sec X

a=1
S (= 0%(§) B Nagis (70)
B=1

1-(=1)n+»

where Ap=(-1)n 1-(=1r 5

—5— and A,=

To find the expansion of tan?z we have from (70) dan tan"x] =0, unless
20
A,=0, that is unless n+p is even. Hence n and p must both be even or
both be odd, and since a=0 is the only value which may be assigned to
a, Noylz=0=1.

Therefore

tanbz = z -
Nem

@S
S -ve(3)en o

with the conditions following from above that n is even, if p is even and n is
odd, if p is odd.
To reduce (71) we let

S= ; 1),‘< ><k+a l) (19)
1
Now (k+¢;—1> <k+a l) <ka—ll)
hence S= _?’:‘1<p{k (_k(i-11>
- ~§1 (@-5) (1 +2)P(@@) (1 +2)=o2

i U BY G (i (73)
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Then, by means of (73), (72) becomes

© n+p+A, n
wem (1 BT E S (DL @) g

Letting n - p=n/, then

) [M-HH;A{] . xn+p n+p -
tan»x:(_l)p”go( e 2<p 1>2a2( 1)8

(5)Brs @)

and since the powers of the expansion are even when p is even and odd
when p is odd, therefore » must be even, and

{rESIE

This result could have been obtained from (65).
Letting p=1in (76) gives the form Ch. 1. (17).

+

a2n+p 20

= (= n92in
tanPz = ( )Z‘o( 1)»2 +p(2n+p)

nM

(ii) The expansion of tun?z may bhe also obtained in the following way :

in?x © P
Wehave  tano= ——— = 3 ( —1)"( - 2) sinp+2kg, an
(1 —sin%z)2 k=0 k

Now, by (24),

. q2n+p+2k ] p+2k
s e e SV e & ()
(p + 2k - 2a) 242+ (78)
Letting n + k= 1/, then

p
1 @ . AP [21;""(_1)a(p+2k)

= s 2 UV a
(p -2k —2a)2+?.  (79)
Applying (79) to (77), then, by means of Ch. I. (68), we obtain

P

z2n+27 L3 - [] p+2k

tan? x-~2-p 4 E 2"+P ‘22%( ) a 1)a< a )
(p+2k-2a)2"+”. (80)
Letting, if p is even, §+k a=a', we have
P\2+k p+2
e (- l)k( )2 (

" (=D\Lyx-
(2'n+p)!§ 3%\ GZ -a

(2a)tn+s, (81)
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Similarly, if p is odd,

( l)p'_;l @ mp B (_])k p>p2:‘l+k P+ 2k
_EDE Sy e 2 3N(-DH 7 :
tan®z = =1 '.20( 1)"(2'“*-[‘)!;) 92k <k 2 (-1)e <P2 +k- a)

a=0
(Qa+1)2+p, (82)

Therefore, whether p be even or odd,

_I% 7’]+L p+2k
- _(—l)[zj e PO (- < >[ )
tan?r = -1 7.23;0( 1) (2n+]1)’k2=6 22" k |:2:|+k ¢

(2a+A)2+2,  (83)

where A= 1-(~ l)f‘
2
6. (i) To ﬁnd d nsec’z in powers of secz and tanz and the expansion of
secPz. *
Now secP = (_e%;%’; (84)
then, by Leibnitz’s theorem,
dn o (N drok o dk 1
a7 =P 2 () e g I (85)
ax 1 (29) p+a—-1\ ¥
But o m e em+1vaZJo( >em+1 21,( ne(g )‘8" (86)
e2iaz 1 . .
and m 2‘1 (1 +17tan Z) 2— (A’gy + 1N27+1), (87)
] “
where Noy=> (~-1)" (2)/) tan2vg (88)
y=0
[
2
= —nv(. ¢ 2
and Noy i1 ;} (-1 (27+ l)tan y+1g, (89)

* Ely, American Journal of Mathematics, vol. v. p. 339, obtains by induction for odd
powers of p,

1 .4
secl’x:(p_l)’ (2n)‘ ZSP’ kB, p=2p°+1,

where §,, is the combination » at a time of 12, 32, 52, . ,(p~2)% Noexpression for §, is given.
The values of the £’s (Euler’s numbers) are ‘obtained (zbui p- 338) by multiplying

secx=l+E,2—,+E4§+
by the expansion of cosz, and equating coefficients of like powers of z.

Shovelton, Quarterly Journal of Mathematics, vol. 46, pp. 220-247, derives by means of the
theory of Finite Differences,

seorx=2(_l)nglnrxeng(_l)k;(2k+kr—l>r+kAk(ir)2n

n=0

h k 0 . k
W] = _ ~ ),
ere AF(3r) a2=o( 1)a (a> (}r+k-a)
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Applying (86) and (87) to (85), we obtain, when n is even,
20\ (2VE K 1 fpta-1
d—z;lsec’z (=1)npin sec”xk;)<k><5> é,?(p u )

a

2 (-12(g)mm Ny 0

p+a 1
=(- 2n secPx Z 2a< >ﬁ=0 ( )
2n\ /23
N, by Ch. L. (97 91)
;ﬁ( $) (%) e by OB T 0. (
Now, if k<a, c"(-1)rs(”'>/3k=o, hy Ch. L. (136);
= B
2n x

and since kZ;) <2]:> (%) =i]% (p+2B)%,
therefore

dq2n 1

Jpm secrz= (= 1) sec”r%zae)—*a ) 2: ( ) (p+2B)2 Na,. (92)

Similarly,
dq2n+1 2n+1
dz TRl secPr = (

1)»—1sec?x Z (p+a l) 5:

Combining (92) and (93), we obtain

v(5)

(p+2B)2+1 Ny 11, (93)
[ 1 /pta-1\& a
1o 56CP% (-1l 2 ]secp.naéi»:le( a >§ZO(—I)B<,B>
(p+2B)" Nayya, (94)
where A= 1—:—(—:1)—”

2
If p=1, then (94) changes to Ch. IL. (67)
Letting =0 in (94), then
(751:'7' sec”:v:l =0, except when A =0, that is, when # is even
z=0

Then a=0 is the only value which @ may assume, and Noylzzo=1.
Therefore
dzn 1 p+k-1 k
L gecP =(=-1)» W 2n
d%secx]ﬁo (-1) 1;4)2 < ' >a=0( 1)e ( )(P+2a)
© 21 Zn
sec?r="> (-1)"- g

p+ k -1 k\, .
a=0 (2n)! &4 2¥ ( )Z (=1)e ( )(p+ 2a)2n.  (96)
Letting in (96) p=1, the result is the same as Ch. II. (69)

(95)
and
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(ii) The expansion of sec?z can also be obtained as follows :

© P
We have seePr = ————— = Z ( )51112"9: 97
=0 n

(1 —sin2z) D
Writing 2p for p in (20) and then = for p gives
. (- & 2 2n
sin?nr = -1)% 2n — 2a)%. (98)
(0 g 2 (- De(q)

2n—1
2 =

Letting now n —a=d’, then

. 1 2
mnz%:iﬁ'jg;.( ko 2 (2k . E (- ( na> a*; (99)

and by means of (99), (97) becomes

_p n L
sec"z—Z( 1)»< 2)22,, 124 (Zk §=; (2’ >a2". (100)

Applying to (100) the principle of Ch. 1. (97) and interchanging & and =,
we obtain

n _D k
sec=1+2 3 (- 1'»2"(2," ‘2(-1)k< 2)21%2( 1)a<k2_ka)a2n. (101)

n=1 k a=1
(iii) Another method for ﬁndmg sec"J and the expansion of sec’xz may

be derived thus:
Letting v =cosz in Ch. I. (169), we have

n (1% in
woe=r () B R (oo 0oy
=1

then, by means of (53), we obtain
k-1
" [T]

‘%—:—.sec’x=(—1)[9;}JI,<R;¥L‘P>SCCPJ;§="II;—l{“él_(lb) S (2)“"2“)"

a=o
IZE_A_ * k-2a .
?:% (-1)5(2B+ A>sec2a+2ﬂ+t~z sin2f+az,  (103)

where a=lz(=1"

2

Now %sec x]zéo=0, unless A=0, or n is even, in which case 8=0;
therefore \
secPz=1+ "’,.2_1 (2np+p> (;2:; kznl (])_+1;Ck 21:1 1 <2Ln>

k-1

R
S ';) (k- 2a)®n.  (104)

amQ
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Ifp=1,

k—1
on 2n [T]
secz—l+”z_:1( g ;{(2,‘1)1 (%Z‘:f) > (§>(Ic—2a)"‘, (105)

which is the same as Ch. II. (55).

7. (i) To ﬁnd cot}’x in powers of cosecz and cot z.

Now cotzr= 3 (P) 2, (106)
et k (6212_1)k

from which

il . P P P ok+a-1 e2iaz a a
e — onin+p 13 P R — —-1)8 . (107
g cotPr =2 %(02 %( " )(em—l)’ﬁﬂ;( 1) (B)/J"‘ (107)

e2iaz _1) 2% . i
But EE-D)Ee = geva cosec?z (1 — 1 cot x)@
= D secta(Ny il 108
= “gkFa cosec z(Noy —tN2y41), (108)
(%]
where Noy= > (—1)*(a2;k>cot2m (109)
y=0
a—k—1
and Noyyq= 22) (-1>v(““" cot2v+iz; (110)
v+l =3 2y +1 ’
therefore
dqn a k+a-1\1
& cotPy = onin+ ok
7 OO = 2min f‘é‘l( 1) <)cosec L;( )

S (-1) 12(j) Br ey = ibey). (111)

g=0
From (111) we obtain

dzn 2» 2p k+a-1
oty = (= 1)n+292n N ( 1)k ) 2k ( )
Py (= 1)n+r2 Z=1( ) <L cosec®zr 2 %a

a=1
a1 a 2
- nNa,, (112
2 (- 0(g) A, (12
2p+1
otttz (- riogen 0 (= (P )oosecnne 3 (F72 1) L

2n
dz =] a=1

31 12(G) BmNavss, (13)
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dazn+ 2n+41
lzn“cotz"x (- 1)"+"22"+1;J( 1) ( )cosec”‘zz<k+a 1>1
=1
a

- 15(G) B Ny, (114

B= 1
2n+1
0%m—ﬁcot2°+lx= (--l)"“’“22"+1 1)"<2p >cosec”‘x
2n-+1 1 a
()% (e

Combining (112)-(115), we obtain

ar o= S 3 k+a-1
dncot?x (- 1)[ 2;,1(—-1) <k>cosec2kz%1( " >2a
2 (04 (g) B Nerss (110
=1
—-(—-1)" — n+
where A1=(_1)n,1,‘(TD_’ A2=1 (21) ’

If p=1, then if n is even, (116) changes to Ch. I (95), and if n is odd, to
Ch. II. (96).

(ii) Letting v=tanz in Ch. I. (169), then in a way similar to 3 (iii) another
form for cot?x can be obtained.

(iii) To find the expansion of cotPz in powers of z, we shall first find the
expansion of 2% cotPz in powers of .

Letting u=t—a¥, then, by Ch. I. (169), we have

(g’]:n d °°°px)l = (tan a;)-r]zﬁo
=F (n+p>;1 p+;c ( )dx“(m;—]_r> l.—.-o' (17
tan z

T\k
To find dzn( > > , we proceed as follows :

Taking the (n+ k)th derivative of

x*uk = tankz, (118)
ntk p o4 b\ dntk— de dn+k
we have 2’0< a )d————xwk B kdz“uk],;o_d—z;+ktan x] o (119)
= = -

Now for z=0, the terms of the first member of (119) vanish, except
for a=mn, in which case

n+k\ d¢  d» dntk
( n >azk llz”uk]zz-ozda:"+’°m"km:|,,_:o (120)

or ﬂ u"] - M i tan"x—l 121
dat Jze0 (k) dantk diz0 (121)
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Then, by means of (121) and (70), we obtain from (117)

d2n @Gn+p)t 3 1 /20 2wm+k
zga(ZCOtx>’]zﬁo (=D =qyr é,;;m(k)(zﬂﬂ?

LGS () am

which is the coefficient of (2 ) in the expansion of (z cot 2)?.

8. (i) Following the method in 6 (i), we obtain

dzn

l p+a-1\& a
cosecPz = " cosec?z ( ) < )
d 2n 6120 52,30 B
(p+2B)™ Nyy  (123)
d2n+1 X1 pta-1
and ZganT1 cosec’z = (—1)" cosec?x ( > o ( )

a-=0
(17 2B)2 I Noyi1,  (124)

H

where No, = (- 1)7< a ) cot2vz
v go 2
[t
and Noyyr1= 2 (=1)¥ <2yi 1> cot2v+1yz,
vy=0

Combining (123) and (124) gives

) (%:—. cosecPr = (— 1)[;:’ cosecPz ;::0 21 <‘D ta-= l)ﬁ-o 1)p (g)

(P+2B)" Noyra, (125)

where A= 1-%}2 .

If p=1, (125) changes to Ch. IL. (130).

Sn) By({gg)method given in 6 (iii), we derive for é% cosecPr an expression
similar to

9. To find the expansion of 27 cosec?z in powers of z.

Letting in Ch. 1. (169) u=s~)2—2, we obtain
ar 2 Cose x)pJ _ d™® /sin x)"’
ameosesn? | = o (5

=("30) 3 S i (22 (126)

N qn+k x k] dn+k
ow prsas u*) oo AT 8in x]h'o,
. . _m!  dntk k:, 0
from which v ]z:‘o“ (0 R A sinkz e (127)
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dan+k n ’,‘?, k
= - ;— k
But e sin x] LT ;ﬂ‘o( 1)a<u> (k —2a)n+k,

Therefore # must be even, and

[]2n+k -1\» kﬂ k
e 2n+ks“’l7l=.o=( 21;) Z’o (’“1)"<a> (k- 2a)2m+k

Q=

[L 1
S e (-2

We then obtain

2n 2 (=D 1 2

;zﬂ(rcosecz)rlz'o (- 1)"1)( 7u+]7>_1 </:+L 9k— 1(1?)
%
>«
a= 0

which is the coefficient of in the expansion of ¥ cosecPsr.

(2 )'
10. (i) To find the expansion of

¥ = sinPx cosr,
in powers of z.

2k +p
k &

]
Now Qllll-—-;( (% + ) 2 <£>(p—2a)?’°ﬂ’

1 & atn 2n
and COS%:QEZ (-nn (2n !2( > (=25

=Q

Letting in the product of (132) and (133) n+ % =7/, we obtain

~§’L§j 2/»*']"2( < )(p 2[1)2“?2‘ (=1 (2n =2k

..1! +»

(128)

(129)

- 1)a< k) (k - 2a)2+k, (130)

(131)

(132)

(133)

A -2k
S (2= s

) 1 1 (2n+p
and since @k+p) (@0 -2k) " @n+p)l (2k +p)

therefore

y= 2.,,@( 1y e ‘},(g}jjjj)?(—l)a( 2) (p - 2ay+e

g;“,o (3)a-2pm-2 135)

To show that

;(22192( 1)“(7))(1’-2a)”"“’§)<z>(9~2ﬁ)2"-2" (136)

a=(
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reduces to Zq_; ( (1> > (- 1)5(1)> (P +9-2a-2B)n+» (137)
a=0 a B‘:O IB

we distinguish between the cases when in (136) p is even and p is odd.
(a) Let p=2m, then

b=§>(gZ: §;Z> éo (Z> (4~ 2“)2""2":22) (-1)# (2/’3n> (2m — 2B)%+2m (138)

Letting k+m=F,

S = ".g_:n(2n+2"’>2<'l> (7 —2a)? n+m-zk2, < )2’”—2/3)2", (139)
. Zm 2m i
i Y ( l 8 2 - 2 %= 0) f k 4
and since ,512:0( ) </3>( m = 2) s
therefore

"2+ 2m\ L (g 2m )
S=2 2a)pnim-2 %) (~1)8 2im —23)%. (140
=0 ( 2k ( >(’1 @) 2/ ) ( B)( m—23)%*. (140)

a=0

2m

Now = > (-1 (2"‘) (2m — 2B)2+1 - 0. (141)

This can he shown in the following way :

Denoting in (141) by Sg the expression under the summation sign, we may
write

m—1 2m
Sl = 2 S,g'l- 2 S,g. (142)
g=0 B=m+1
Letting in the second summation in (142) 2m — B =/, we obtain
m-1 m—1
Sy= 3 Sp— >, Ss=0. (143)
£=0 £=0

Then, by means of (141), we have

"+'”“ 2n + 2m 221
> (2“1)2(),1 2a)2n+m-2-15, =0, (144)

Adding (144) to (140) gives

S=2:§m<2n 4};2m>§ (z) (- 2u)21n+m)—k:2f:; (- 1)5(7}”) (2m-2B)% (145)
=u:0<Z>:Zm:o(—l (Zﬁ?)@m*“! 2a - 2B)2n+2m, (146)

(0) If p=2m+1, then
1

= EGIIDE G 0TS ()
(2m +1 - 2B)%+2m+1  (147)
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Letting k+m=#', then

S=”{2"”(2n-2+-k2lnl+ 1);?0( )(q ) 2n-+2m-2k 2 (=1)8 (2mﬁ+ 1)

k=m B=0
(@m +1-2B)%+1,  (148)

2m+1
Now 21) (-1) <2m+1)(2m+1—2ﬁ)2k+1=0, if k<m;
. il 2m+1
d —1)8 2 1-2B)%*=0, 149
and since B;)( )( 8 )( m+ ) (149)

we obtain

_ Qﬁ q 2m+1 am+1 ’ o
S—(;,()(a> SZ% (—1)5< ,3 )(2m+1+q-2a—-23)2 +2m+1, (150)

Now (146) and (150) being of the same form, therefore, whether p be even or

odd,
s=3 (1 1) +9—2a - 2B+ 151
;g)o( )Z( ( )p g A) (151)
and
. _ 1 001 ren+p L Y ( ot
sins ot = 51 3 (- i i (1)~ 0 (2) 2 42028 e
(ii) To express % = §inPx cos%
in terms of sin and cos of multiples of z.
Now = (P2 e — eminp(eie 4 =i (153)
=§’%e—w+a>i:(1 — iz (] 4 gRiz)q, (154)
Letting e* =17, then '
y= _i.c~¢p+ah‘z(1 - 72)11(1 .H—a)v, (155)
op+e
&
2k — 2y 2y — NV (1)@ r q )
But (@)@ =P +990= 35 (~1) (a><k_a
ptg k
and (1T -r2PA+120= > 9% S (= 1) ( q ) 156
=0 az:o ( ) k-a (156)
Therefore
8inPz cosdr = » R o—izp+q- wz ( )( )
ope ;{ a=0 k-a
® 22 P q
T re ey cos (p+¢ - 2k) Z’( 1yl(ot)(k a)
PHLEEE

-é,, join P+~ 2k)z,( 1“(£)<kqa) (157)
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Since the result must be real, therefore the second or first double summation
in (157) will vanish according as p is even or odd.

Hence
2 cos(p+q 2A:cz 1)“<£><kza)

[pH]]z_HHll)p:ilsm (p+q- 2k)fcz <P><kija>'

a=0

l)p p+q

sin”z cos% = (— 1)[2] 12D+a+l

—
ot

58)
(iii) The expansion (152) can also be obtained from (157) as follows :

Let p=2m, then
m 2m+4-q¢

) 0?:6( 1y (* )<k_a>cos(2m+q—2k):c. (159)

—1)8 2
Now cos (2m+q — 2k)z_2( 1)8(2m + g — 2k)28 .= — 2/3)' (160)
Applying (160) to (159), we have
(=&
2zm+a Z Sa, 85 (161)
. mia k 2m\/ ¢
here Sa, 8=  (—1)e 2 - 2k)%8, 2
where e 2 2= (a>(k_a)( m+q - 2) (162)

Letting in (16") k—-a=da, then

Sap= 2,( l)kz,( (2 ) (2) @t g - 2bes
i ( )2"'26('( 1)k( 2m >(2m+q 22, by Ch. I (97);  (163)

=0
and since (Z) 0, if a>g, therefore

e (1) R
_a%‘o( 1) (a) k‘:';( l)’»( )(2m+q k)25, (164)
Letting now k —a=1%"in (164), then
2m+
i( )”:2_:16 a l)k(zzl)@m"'Q"Qk—2(1)25; (165)

2m
k

Sa,,3=}q_j(i)g)( 1)k( >(2m+q ok - 2)25. (166)

a=0

and since a =g, ( >=O, if k>2m, hence

But by Ch. I. (136), Sg, =0, if /3<m; therefore

x2ﬂ
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Letting 8 —m=mn, and interchanging k and a, gives

1 o am+2n 4 q 2&‘ om
Y= S (= 1)1 ‘() - (% >2m+ ok — 2a)2n+am.
y 22"“"721( (2m +20) gt \ aZJo( ) ( 7= ) (168)
If p=2m +1, we obtain the same form as (168), except that 2m+1 is in
place of 2m.
Therefore, whether p be even or odd,

2n+ q

n=0 a=0 (169)
which is the same as (152).
If ¢ =0, then, by making use of the relation
2
g,
S (- 1e(D) - 20 =2 35 (= 15 ) (- 2apns,
a=0 a=0 a
(169) reduces to (24).
If =0, then, by means of (55), (169) reduces to (56).
11. To expand in powers of z,
¥ = (a, cos bt + ay sin b)?, (170)
where p is any real number.
1,0 = ) (1 + ce2bzyp
Now y=( 1(21')1»2) ( Pz ) ) (171)
where ke ) (172)
ai—a,

Then, by Leibnitz’s theorem,

) @i ) Ark ieps & 2ib ]
d.’t"]z 0 (2; gdo< dl""" xdmk(l'*'“ z);: zzo' (173)

n—k
But (;2"~ke-ibpz] Jr—kin—kjn—k pn—k (174)
and
a* 20 — Ok » k‘ (1”> - (/’)> kP o
b (L +ce x)p:l B 2%i%pr(1 +-¢) p=o YZ_J( 1)y ) T (175)
Applying (174) and (175) to (173), then, by means of
(a0 —a,)? c8 a,? g
_(2_1,)”—_.(1+c)1’(_—_‘l 198 25a — (@, — ia,)
2B(l 5(N2‘Ix iN2Y1+1)) (176)
@,
where N2“= Z (- ])‘n<2 )alP—Z*/x a22v,
v1=0 71
A1
Ve 9 B 1q.2v141
and 1\12.,1+1= Z (— 1)‘/1 (271 + 1)015—271' ay Y1+ .
y1=0
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we obtain

] e S () S

(1 )B}J( l ( ) 1\271 iN?‘Ir{“l) (177)

= (- 1)mindra, "Z, (- 1)5(3) (20]1)5‘1&0( ~ 1)y (5)

(»- 27)"(N271 = iNoy, 1) (178)

Therefore, whether n be even or odd,

amy _ [n—H] o 1 &, 8
dat 520 (= b, 52:0 ( )(2al)ﬁ§( Iy <‘>’>
n (]’ - 27)"N271+A) (] 79)
where A= L_—(g_“l-)— )

and
© +1
.1/=a1”2 (_1[ ]bn l)”< ) 2: ( ) 27)"N2771Aé0)

12. In Chapter 1. 12,a method was given by which the higher derivatives
of functions may be obtamed from their expansions.

We shall here ﬁnd Pl from the expansion
cosPz = p;‘ (- <p>(p—2a)2’°. REI
2 (2k &,
Taking the nth derivative of (181), we have
dn 12t 22k
G 0P =550 2 (=1 ( )(zk),}d ( )(p 2a)% (182)
and since zp: (p) (p—2a)k+1=(
a=0\&
therefore
dan 1 n! o (RN &S p *
A ’E-—ﬁb-—”;ll <n>l_—!%{)<a)(p—2a) (183)

" Oy tkmgh-n P . k .
=% >, ) 2 Z <a>(1) 2a)%, since (n>=0, if k<n. (184)
Letting k—n=F%"in (184) gives
an 2, tkxk
T C0S”. r-~— 24( )(p—2a)”Z:01—H(p—2a)’°

iﬂ

-5 2 (ﬁ)( P —2a) etp-2a)iz, (185)
P
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(186)

Then, if n is even,
dn =) &y \2n
Jpin COPT =" E)(k)(’)‘%) cos (p - 2k)z

dx2n
3’_:1]
REA — 2Ky cos (p — 2k
-1 ;_1) <k>(T )2" cos (p )z
25 e
o o P2k
-4 P <k> (p=20P 2, (=D ("2 )
cosp—2k—2agsin2ay, (187)
and if » is odd,
o 2] |
Emieoe=gle > ( k)( — 2k +1gin (p - 2) (188)
p—1 p—1
] [%z:]-+ :
—_ n a ]7—2Iu
S ‘2; (%) (@ -2kpres 2 (=D (3as1)
cosP—2%k—2a-lggin2a+tly  (189)

Combining (187) and (189) gives (53



CHAPTER V.
d n
THE OPERATOR <zd_x) .
THE SUM OF EQUAL POWERS OF A SERIES OF NATURAL NUMBERS.

1. Ler (z ;i_)n denote n operations z ;5 each on the analytic function S,
z and 2z ot being permutable, that is

iy iy Oy
(ztE) S=<x£><z%> (z%><zﬂ>8’ (1)

We shall show that

Cafs- B B (eris @
Carrying out the indicated operations, we have
(x %) S-zglj,
(-2) 5o +2
(z%)aS—mZS+ 3z 2%2§+m j:f,
() er sl ool

Continuing this process, we may write

( d.z:) §= Za”kzk (3)

Now from the above it is evident that a,x is obtained by multiplying by &

. drs . . AN . .
the coefficient of x"(m in the expansion of (x cﬁ) S, and adding to it the

. dk-18 . . da\n-1
-1 2T —
coefficient of z* Z7=T in the expansion of (J; da:> S.

That is, nk=Kan_ 1,6+ -1, k-1. 4)
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Writing in (4), n=1, n~2, ..., k for n, then multiplying the resulting rela-
tions in order by k, k% k3 k”"‘, and adding the equations thus obtained,
gives

Zk“an ak—~zk"‘+1¢ln a- 1k+zk“dn a-1,k-1. (5)
a=0

Cancelling terms, we have
-k

an;rzk“an a=1,k-1. (6)
Now a, =1, and from (6)
anz—zzan—u 11—22tl 271 (7)
a=0
Next, Ap 3= 2 3%y _q-1,2
a=0

- 2n-z§(g>“ - szm
e

13 3
toa= g3 2 (= 1(3) G- ®
-1 & 3
etting 3 - a=a’, aﬂ3=(3!)a=1(—1)“(a)a". (10)
n-4
Again, a,,,4=24ﬁan_5_1_3 (11)
=0

7
[\ju

-1 (3)an-ans
[ aml a

B=
~113 3
=( 4!) aZl( 1)e ( )(4 a)24ﬂan B-1,
n-4 1
But E45aﬂ B- 1_4_,(471-303 a")
8=0
W s oo 1P part
ma=gy 4 21(-1)“(0)&’— 2 ¢ l)“(a>a". (12)
Now, since the terms in both summations corresponding to a=4 are equal,
we have
~1)3 ¢ :
a,,_‘=( 4}) 4n—32(_1) ( >as+( 1) Z( 1)a< ) 13)
' a=1
: 4
But > (- 1)“(a)a3=0, by Ch. I. (136);
a=1

(-1 S a EAP
hence tna=g0 2 (1) <a>a. (14)
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w

We now assume a,,,k-. k’ ,Z (- 1)'1( ) (15)

and shall show that this form holds also for ag, g+1.
n-k-1
From (6), 1=, (k+1)Pan-5-1,1, (16)
f=0
which, by means of (15), becomes
_1\en-k=-1 k
=G S <k+1>sz<—1>a(’“)an-ﬂ-l an
: B= a=1

~-k-

(k+1'2/ (e -0 2 (k+1)pqn-5-1

($c+11)'24( <k+1>(k+1 —a)an- 1"826 (7%1>ﬁ
T OUE O USSR YT o P

1) k k+1 k+1 k+1 1
=(- l)k(]:]:-}-)])' 2( 1)a<k+1> k+(k+)l;’ }J( l)“(k; )an' (18)

a=1 a=1

Now, by Ch. I. (136), the first summation in (18) is zero ; therefore
(-1 i k+1
A, k1= (]C+l)' 2( l)a( ) . (19)
whlch is of the same form as (15), k + 1 appearing in place of k. Applying (15)
to (3) gives (2).
n
2. The expression for g;;‘F (w), where u is a function of 2, as given in Ch. L.

(83), can also be obtained from (2) as follows:
Writing u in place of z in (2), and letting u = €%, then

a\n» d  du d n ad\n
() =5+ %) = (=) = (&) (20)
and (2) becomes

dn (- ]) dk

Py O ; 2(-1)=( )a»chwa(u). (1)
Now an ek = aneazelk - a)z

(k-a)z dr 0z — -0 3" ya 22
=e¢ gttt =uke e (22)

Then, by means of (22), we obtain from (21)

dn no(_1\ k n
E.F(u)=§1(—k-}i§1(—1)a( Jub-e e s Pl (23)

which is the same as Ch. 1. (83).
And conversely, by letting z=logu in (23), the expansion (2) might be
obtained.
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3. The operator (z;;—ii )ﬂ has a wide range of applications. It has enabled the

author to perform operations and obtain results which he believes to be new.
A few applications of the operator are given here, and further use is made of it

in subsequent chapters.
(i) To find the value of

Now 5= (Y E (-

and by means of (2), we obtain

i k
Iir=1then S=>2% S Sl PP (k)aﬂ'

(ii) Show that

» k .
S -1t 2%2 -1t (B e

n=1 k=1

(iii) To express in powers of n

Now Snp= (r %)p :1 (:) Tk]r:l
Sy
pr=0, Sn_o=2"—1$

and if p>0, np_;: k Z(-l)"‘( )a"dekl'H)]
- S 1) 35 1)

a=1

Now it follows from Ch. I. (137), (138) and (139), that if a=y=p,

S5 (~12(2) a2 = (= et @)en - VP = (- 1t

a=1

therefore  Sp p=2""7 (;)P! + 22 (=1 (Z) %c Zk; (- l)a(:> o

Q=]

(24)

(25)

(29)

(30)

(31)

(33)

(34)
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Thus m,0=2"—1,
Sp,1=2""1n,
Sp,2=2""%n(n +1),
Sp,3=2""3n2(n + 3),

Sy, 4=2""%n(n+1)(n? + 5n - 2),
and so on.
w0

(iv) To find S= E (= 1)»—nPrn.

n=1

Then (1 d> Z(_ Jr=1rn

n=1
~(r) 15s

G (e L
=é(1-+%)“m§('l)“_l\a>“”'

In a similar way we obtain

U

2\ n_ 1)L7 k

(v) To find the value of

© n-1
=> (- 1[ Jn”r"

n=1
® 1
Now S= (r(%’)p}:( 1)n ],n
n=l

where

de

But ((}lr) —a}__“,l( a") az,( (g et o

then, by Ch. 1. (146), we have

[i:a —a'FZ(“_TmBE( 1)5( >(k+m,31>

Then by means of (45) and (44) the desired result is obtained.

85

(35)

(36)

67

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)
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THE SuM OF EQUAL POWERS OF A SERIES OF NATURAL NUMBERS.

4. The operator (r %)n enables us to find the sum of equal powers of a

series of natural numbers in a manner and obtain it in a form not given
heretofore.

(i) To express Spp= ?:-:1 k» (46)
as a polynomial in n.
S EerQerngrl, W
n
g ew()e 5 ) “)
But mi:k ( k) mZ:: (1+z)m
= (@A +arr - +)=(3F ) (5)
therefore S, ,,_/; 1)k(21}> (1) ( ) 51)
If in (48) we write

and perform the differentiation on the second member, the work is more
involved, but the methods employed will be helpful in subsequent work.

From (52) we obtain

R e S () ey o5

To evaluate (53) for r=1, we bring the terms in the summation to a
common denominator ; we then have

S, =k! [(————1 _’:)M - 522) (;:fé) (17 "“:fl'fz 1)v<k ) ﬁ),,y]. (54)

Taking the (k+ 1)st derivative with respect to 7 of the numerator and the
denominator of (54) separately, we obtain

] B S et ) @

n+l+B+7y) _ -k-2
Now ( e )—(—-l)n E+B4y n—k+ﬁ+y)' (56)
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Then, by means of (56), (55) becomes

VR _ n+1
5] =R S e (p ) (57)
-k-2
where Sy = %(k B- 'y)(n—k+,8+7>' (58)
But Sym S (21 + 2t er-bBr (L4222
y=0
= (@)U +2)p-2= (- rer (01, (59)

Applying (59) to (57) gives
-n-1 n+1
8., - ,3_1 5 )(i1-p)
n

—EICE)-C 6]
--Slemaer-Gi)]-GE) oo

=0
which is the same as (50).

(ii) The terms in (46) obey the Law of Finite Differences.
The sum may therefore also be found in the following manner :

If d denotes the first term of the kth order of differences, then

S,,,,,:E(Iczl)db (61)
2 k
and d,,=§)( ~1)® (a) (k+1-ap. (62)
We may write s
S”"’=,?,;o<kil>%0( e ()¢ E)k+1-ap. (63)

It will now be shown that in (63) & cannot be greater than p.
From (63),

Sn.p=(—1)”"§:<k21>}5(— ()}J( 1)8ar—8(k + 1)8

a=0 =0
ST S A q a k -8 64
12 2 (44 1) B DR 2 (<)o, (64)
and since, by Ch. I (136), Sy, , =0, if £>p, (63) becomes
2 k
Spp= DX k+1-ap. (65)
ke <k+1);>;'0( ( >(

Letting k—a=a’,

Sn,p=éo(-1)k(k:1)§_,( 1) ()a+1)v (66)

a=0
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and letting next a +1=a’, then

Sn,p=g’(—l)k<k:1):i=:(_l)a—l (a]fl>ap
A RE () @

5. We shall now derive a relation between the coefficients of (Z) in Sp,p
and S, 51 and the coefficient of (kﬁ l) in Spp—1.

Let ay,x denote the coefficient of (n) in S, ,; then, from (67),

k
k k-1
=N (—-1}-a P, 68
=3 (-1) (a_l)a (68)
And similarly let a,_,,; and a,_; ;—, denote the coefficients of (2) and
<kﬁ 1 respectively in Sp ;.
We shall then show that
ap,k=kap_1,k+ (k-1)ap_1,1-1. (69)
Letting in (68) k—a=a’, then
k-1 k-1
ani=> (- 102(*~ 1) -apr

a=0
k-1

k-1 k-1 _ — o k-1 . i

=k (0r(" ) - api- 3 (12" atk-ap o)
k-1 a k-1 ~ k—2 k-1 . i
But ‘12_41(—-1) ( a )a(k—a)v 1_ —é)(—l) <a+1>(a+1)(k_1_a)p 1

Ly k-2
=-(k-1)> (-1)¢ (k-1-ap-1
az:o ( « ) (71)
Applying (71) to (70) gives (69).
By means of (69) we obtain from

Se=(D+()

successively,
gk2=(;’)+3(’2’>+2<;‘ ,
2= (1)1 (3)+12(5) o ()
k= (1) 103 a0 () ran )4 )
:1k5= (1)+s (5)+180 (g) +390(}) + 360 (5)+120(5)

..........................................................................
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6. The sum of equal powers of a series of natural numbers, with the signs of

the terms alternating.

n
To express Spp=> (-1)k-1f»
P D / )

as a polynomial in n.

" H
We have S,,,p=z Ic"—2”+1;2 kv,
=1 =]

then, by means of (51),

R

n
7. We shall now express Sn, ="Z w
=]

as an explicit function in z.

We have Sp,p=Sn-1,p + 0.
3, ar enz -1
Now Sn-l,p—wgoc zlso—tw’——_e”—l l::'o'
ent—1 x
Let - =f(z) and e:_1=¢>(x);

then, by Leibnitz’s theorem,

Suern= 35 (D) e ) b 9]

g1
=¢(z)d“x?» f(z)] » +1>¢’(z)a—,:1f (x):]“.o
P
g( )dx” W d-’t"ﬂm)]
dv-* dr—k na+l
Now e —=.J (@ :l dzv~k2(a+1)’ J

% na+1 a
= ~k\ra~-p+k
ao(a+l)!<p—k>(p kytasr :|z='0

a
=0, unless a=p -k,

nP—k+1 nP—k+1 .
RS i i su
dr P+l de-1 o

wd from 81, 57@] =205 S sw] -z
The result (81) can also be obtained in the following way :

cnx —
Let

. . drv-%
in which case TF f (x):L

1=~u;t,hen ur=en® 1,

(72)

(73)

(74)

(75)

(76)

()

(78)

(79)

(80)
(81)

(82)

(83)
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dp—F+1 dr- k+1
and Wuz]z =0 zp—k“' _1)]:: =0
p-k+1 -
p—k+1\ dp-k+1-8 ds dp—k+1
or ﬁgo < B )dlp 187 b ] b= =1 G l)ls,o' (84)
Now the first member in (84) is equal to zero, except when B=p—-k. We
then have
dr-* 1 dvr-k ap—k+1
dzv—ku]z__:o =p_k+ld z__p—k-i»l (5 - l)lso =P TETT (85)
which is the same as (81).
Next
¢ z
xk@(x)] - 1], = - 3T ik 1] , by Ch. 1L (103), (86)
k de-1 1
- “ldrFler+1 220 &7
a1 1 ";1 1Sy k-1 .
But FE= S W %ﬁiﬁ 2D () (82)
heref d* kRS : o(®)
therefore e 95(9:)}1:'0 = -5k ] ag 2 526 -1) <B>IB (89)
from which ‘(#)]zz0= -} Also ¢(x)]z20=1 (90)
Substltut,int7 (81), (82), (89) and (90) in (7 9) gives

a

Z -1 () B (o)

np—k+1 -1
Sn-1,p= p+1 ”Z()Fﬂi% Z=:

k=2 =
We shall now show that
5,25 LN (Cuya(@) 1o, itk
=S = - -1=0, if k—11is even, 92
EOENCUP (92)
that is, if % is odd, except when k=1, in which case S, =1.
N S, = 1()701—___1_20.] ;
ow = S V() B = o], (93)
and since S, =0, if a> k-1, therefore
dk-1 /] —e® dk-1 ] _ ¢
8= 2 dzF—1 ( > :L=-o = drF1 l+e“]z='o' (04)
But };—z: being an odd function in z, we conclude that S, =0, if k-1 is

even, and in (91) the values of X can only be even.
We then obtain

np+l 2k-1

Sp-1,p= - +;_,<2k 1>22k 1 22a+12( 1p-t

(/3) B?k—lnp—zk+l’ (95)
and S, by adding n? to (95).
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8. The coefficients of the powers of n in the expansion of

Spp= SR
k=1

can be also expressed as determinants.

Let Sn,p = E Aqn®; (96)
a=0
then Snit,p=2, Aan+1)= (97)
a=0
n+1
But Sn+l,p=2kp=sn p+H(M+1)
=1
ZA 7%+ (n + 1)%. (98)
Equating (97) and (98) gives
2.4 n+1)a—2A ne + (n+1)p (99)
a=0
or A, nB= > A.n+ 100
3, 4.5 ()= 3 denes 35 ()t (100)

Equating in (100) the coefficients of n¥, we have

() ae-aee ()
. ail<z>‘4“=<€)‘ (101)

Now, since <€> =0, if k> p, hence

Apyy=0, if y>1, is one of the solutions of (101),
p+1

and ) gﬂ (Z) d,= ({) (102)

Assigning to k the values &, k+1,k+2, ..., p=2, p-1, p, we obtain the
set of p — k+1 equations

(ﬁf Ap+ pi_’z AP+(§:;)AP_1=<I’_2>‘
<£:})AP.H-’-(’cﬁl)AP+(€:—i)AP"l+"'+<::%>Ak+2=<k£l),
(pzl)Apﬂ*'(Z)Ap*l'(P;I)Ap_l-%...+(kL2>Ak+2 (k;g-l>‘4k+1=(z>~
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Solving for A, gives
@ CEICE)- @) )] [CHED-03)
) )@ GED)-GIED) | o ()G
B0 srreereerisiniiii ol BT
(pfl) 0o 0 ..(p’il) ’{’f}) 0o 0 (ﬁii)
@ oo oo OO0 o 0 ()
Reducing (103), we obtain
1 11 1
(p-k)! 20 3 (p-k+1)
A””’(pf!l)!p!(kkt(i)i(’;;(i):éiﬁ(g1)! (R‘kl' ! - (1’_1’3'
0 0 0. %
Therefore 1 11 1
(p=k+1)! 2! 3! " (p—k+2)!
1 11 1
(p-k)! 1121 ™ (p-k+])!
pt1q| 1 o L 1
Sn.ﬁ“]’!g_,lk'! (p-k-1)! 1! (p=Fk)! |nk
oo )
L0 5
9. The expression (51) for Sy ,= i P
£=1

can aJso be obtained by the following method :

0
Let S=18 3" 2<1;
A=l
then Snp is (@),

Applying (106) to (107), we have

© n

Snézﬂgl

i

. (103

. (104)

(105)

(106)

(107)

(108)

(109)
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=37 k2 N an-%, by Ch. I (97),
=1 n=k
l ]
=—— " kPxk
1-24&
1 d\ 1
=05 = (119)
. dy 1 zk ok .
Nov (o) T B e )
therefore s=3 (—l)kzk(l—x)“k*zi(—1)“<k>a” (111)
é a=1 a '

Now, since Sy, is ((z")S, we must find in (111)

((@)*(1 —2)7*=2 or ((z*~F)(1 —=)~*-2.

This coefficient is (- 1)”"k< _nlt__kz> = (Z : }), and from (111) we obtain

Suo= 2 (-3 1) > (-1,

a=1

which is the same as (51).

10. The method of the preceding article enables us to solve problems which
otherwise present considerable difficulty. A few illustrations of the method
are given here, and further applications will be found in subsequent chapters.

(i) To find the value of

(Al
>

Let S=>"8pr, 2<1; (113)

& -k
then S=3 n) " )p—zkzp’ 114
2200 e
o [B:I © ®
and by means of S, = A,,_;,=§ Ap i (115)
p=0 k=0 =0p=

0 0 1 1 2 2
'SI=Z;A0J:+EAL&-FZAzH-E;As.H-gAJJ'* As o+ ...
== = == k= =i =

Writing the terms with equal indices of & in columns and adding these columns gives

® ©

S=§_}A,,,O+ZA,,,,+EA,_2+...+ ad,,,w...: ;AM.
= = p=¢ = =0 p=
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(114) changes to S= ;;2_.6 ( n) 2}: (pn:212) (2z)p-2*
S0
where Sy = kgp (;: 2Lk> (2z)p -2k,

Letting p — 2k =4, then

s, =§) (” . ") (22)h = (1 + 22)n~*

Applying (118) to 116), we have

§= (1+2”§)< ><l+2z>

=@+290(1 +1+2x> =(1+a);
and since Sp=((27))S = ((z?))(1 + )27,
2n
heref; Sp= .
therefore p <P>
In a similar manner we obtain
[P:l n\/n-— 1 1 2
kza(,) (- o) g =g (@) 22 2+ 21,
]< )(n o )3"”‘= (@) (2 + 32+ 1)
é/ k/\p-2k ’ )
(ii) To find S=s 1 (1"")
" ;,{) p-k\n-k)’
where p is any real number, except n.
& N 1 /p-k
Let S= ANy 2
° n-zox =ol’_k<n“k>

Letting n— %=/, then

S=2ia ()

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)

(126)

(127)
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1 N |

And letting l+-=7r and Pk=y, (128)
z =
du k-1 _ T
then == __; " o
du_du dr _ (1+2)p
and & U T T e (129)
@K
Therefore Z ( ) P+ C (130)
and 2 Spz" = Z ( >z" + CaP, (131)
n=0 n=0P —

If p is negative, we multiply both sides of (131) by %, and for z=0,
then C=0.

If p is positive but not an integer, we may write
p=i+f, where f<1.

Differentiating (131) i+1 times with respect to z and multiplying both sides
by z!~/, then C is agam zero.
Hence for p#+0,1 .

g 1 §4
Asn_;_—h< ) (132)

Since (132) and (124) are each continuous functions of », except when p=n,
(132) is true for all values of p except n.

(iil) To find the value of

So= 3 (1 F) (133)
Let §= 2) S (134)
then §- }:0 an“ (2“, ’”)
—?4(” %(22: o) (135)
Letting n—k=n,  S= ;( )kn=0<2"+k> (136)
o (e (EY)(h)

hence S=§) (rz)* i)( —2; 1)(1%)2". (137)
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But >(7 o 1)@m= R )Rt 1 - by
n=0
k 1 e \F
therefore 3—2; l:l+z§ 1+:v* P (1 —zt)]
1
-2 1+zi—m+l—z§-—rx:|
1-r2

1- % (2r + 1)z + (r2)?
If we let 7z =y, then, from (134) and (139),

1-y

=|_‘

e 1)
1- —_(2r+1)y+y2

Now f(y)_~__ B

Yy T3y

where 7; and 7, are the roots of

1—%‘(2r+l)y+y2=0.
We then find
_I—T, 1 + -1 1
Ty=TiT =Y Ta—TyTy—y

l-r -1l &
71(72 ) 2 72(”2 Zs;

n==0

Comparing (140) and (142), we obtain
S .._""__<1_'L1 - 1:&) ,
T A
and since 7,7, =1,

e ™ pann
S,,—Tl (Tl+l)(rl n+ly]).
But r=g @r+1:VT5 0
1 (2r+ 12T+ dr)entl 4 (2r)2ntl
£ Sp=gp =
therefore 2 @+ 1:VT+ar)n(4r + 1£J/1+4)
If7'=11

3 r2n-k 1 i )
&=2;( k )=%wi¢mu&hﬁ)“+2®¥Jm}
If r= —1’

L 2n -k ( 1 n—
8= 32 (01" B gy ey -t -0 -y - 3

(138)

(139)

(140)

(141)

(142)

(143)

(144)

(145)

(146)

(147)
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(iv) To reduce S,= é‘{) <2kk) (%:i_zc) 210% , (148)
we let S= i St z<lt; (149)
n=0

then S= 'é;ox" ?::0 <2’f) (2::15 ) ﬂ'l.ri

- ;( k) 2;:1 2 <2n k) ot (150)
Letting n-k=a/,

S=g)<kk> xk é <2n) o (151)
Now s, _gd (2"> 2;: ; (152)

suggests the form Ch. I. (40) of the expansion of sin-1z.
We may write for (152),

o 2%\ (2z3)2+1
S, = zi 2%( > i Z—ﬁsm—i(zx%) (153)
We shall next consider in (151),
2
So= 20( " )an. (154)
=

The expression (154) suggests the expansion of a binomial with a negative
exponent.

Writing (2:) ~(-10(5, %) g2n.
we have Sy= go( - 1)»( ‘f) o= l‘m& (155)
Then by means of (153) and (155), we obtain from (148)
Su=(@") 2123(-'1‘?;‘;’}. (156)
Show that k:( 1’) (@) (1—5:)(1—+z>'”
PR G

PERINECOR =
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11. (i) To express S=; (2k+1)? (157)
=0
as a polynomial in n.
n
N §= 3 @k+1pre |
ow ;6( +1)pr .

_ T% "é‘w_{,zw:l:. (158)
2‘( 1) z( -1) ( )Bp,ra ;/ofzkn:] . (159)

r=1

da.

But o ;:‘_:OTZHI:IE . =a!§)<2k: l)ﬂkﬂ—al:.l
2 2% +1
R
1)a_ a+1

S e [Z( 1) (2’“’3)2*“], by Ch. IIL (86).  (161)

y=0
Then, by means of (161), we obtain from (159) the desired result.
(ii) To find the value of

S=3 (= 1) (2k+1p. 162
Z:o( Ye(2k + 1) (162)
Now S=<r a‘fr)’ ='0(-1)krn+1]’_.l (163)
y4
2 T 0 () (-] e
and-—;( 1)krzk+1 ] % (-1 2"“ (165)
2]

—(- 1)"a';:( 1)5[( l)_z"s(a+l 5>+(-1)n(2ngﬁ)]

2 (—1)7(“ fj 7)21“, by Ch. IIL (99), (166)

where 8=

Then, by means pf (166), we obtain from (164) for 7=1 the value of S.
n

(iii) To express S= Z (a + kh)», (167)
=0

where a and A, either or both, are integers or fractions, as a polynomial in 7.
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Then S=< d1> ?;:T”kh,lfﬁl

dm ra+(n+1)h _qsa

—E(W }J( 1)8 ()B’“drm—-——ﬂ, . (168)
But by Ch. I. (148),

dm roHntUA_ 8 mlyer < h Y y
drm rh 1 rm I:,(n+l)l E (7‘h_1)7+1 Z (- 1)71 (71)

OIS S CPNCATCLER)) R

=0

To evaluate (169) for 7 =1, we bring the terms in the bracket to a common
denominator ; we then have

E (n+1+*/)h rh 11;:'+:Z( l)h( )(a+n+ﬂll+71h>

y=0
‘Z (,h 1):+:2,( 1) ( )(“";”h). (170)

Then, by the method applied to (54) the desired result is obtained.
In the same way the value of ;‘ 1)¥(a + kR)? is found.

(iv) To find S= Z (@ + nk)Prm, (171)

n=0

where a and b are either, or both, integers or fractions.
Letting r, =1/A then

S=L S @rnbprormaL g (172)
Tla n=0 rla
Now Sy=(r rotnh 173
=(na) Sn (173)
= dy_n®
= — (T] d_7'1> Tlh' 1
= 1) e -
> 2,(- () Erigmar a1
d re  kine a+nh
and Ik rfo1™ Z - 1)v+1 24 (=1 (7)( k ) (179)
Applying (175) to (174) we obtain S,, and then § from (172).
v) If 8= (~1)*(a+nhpre, (176)
n=0
1 4\ 12 _An.
then §= (r, dr) A = )

and continuing as in (iv), the value of S is obtained.
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n
12. The series Sno=2 (-1)':(2) ko (178)

enters frequently into the work in connection with operations with series.
Its value for p=n has been found in Ch. I. (140), and in this chapter (33) for
p=n. In the following, a further discussion of this important series is given.

We shall first derive the value of Sy, , for p<<n and for p=n, by a method
different from the one used hefore.

0 Sna= 2 (- 1F(3)p (179)

=so,o+§(-1)k(’£).

But So,0=1 and g(—l)"(@:é(—l)k(;g-l, =-1;
therefore Sp,0=0. (180)
Next S”,1=§(-1)k(z>k (181)
= Eev (o)
Letting k-1=F,
Sp1= -ng(-l)’c(";1>= —a(l=1)n-1=0. (182)
Again Sp 2= 2) (-1p(p)w (183)

=n;;:(_])k<z:i>k= —7&2(—1)k<n;1>(k+1)
= —-n:Z;::(—l)k(ngl)k—n:z;;(‘l)kcbgl)
= —nSp-1,1 - nSn-1,0=0. (184)

We now assume S, ,=0, where p is at most n—2, (185)

and shall show that S, ,41 is then also zero.

Snpt1 =§(—1>k(’,§)k»+l (186)
- _n'g(- (" ) s 1y
=13 (2)Sn-rp-a- (187)

a=0
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But each of the terms in (187) vanishes, if p<<n—1; therefore

Sp,p+1=0
or Sp,p=0, if p is at most n—1. (188)
We shall next consider the case when p=n.
Then Sa,n =ﬁ (- l)"(") kn (189)
= k
n-1 -1
- (-1 k(n ) k+1)n-1
;:;0 U g )&+
n—1 -1
_—_— <"a )S,._l,,,_l_u. (190)
a=0
Now all the terms in (190) except the one corresponding to a=0 vanish ;
therefore
Sn,,,,= —nSn_l,,...l. (191)

Substituting in (191) in succession n—1, -2, ..., 2, 1 forn and multiplying
the resulting relations, we obtain

Sp.n=(~1)mn! (192)
(i) If p=n+1, then
N n n
As',,,n+1=;=jo(-1)k(k) kn+t (193)
- —nZ(—l)"(n;1>(k+l)"
n=l .
=03 () Snnnees (194)
and since Sp—1,n-a=0, if a>1,
therefore San+1+ 081, n=(-1)"n!n. (195)

Now we first write in (195) n—1 for n and multiply the result by —n. In
the relation thus obtained, we again write n—1 for n and again multiply the
result by —n. Continuing this process, we obtain n equations, which if added
give

Sunir=(=1)"5 (n+1)! (196)
If p=n+2, then
Hlpgl
Sn,n+2= —-7LZ< a )Sn—l,n+l-a; (197)
a=0

and since the terms in (197) vanish except those corresponding to a=0, a=1
and a =2, therefore

3 1 1
bn,n+2+nSn—l,n+l= "71[(/"'-; )Sn_l,"+(n;— )Sn—l,n-l]- (198)
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But S,._l,,.=(-1)»-1”—;—ln!
and Sp—1,n—1=(=-1*"t(n-1)!;
n?
hence Spnte+ -1, np1=(-1)" 5 (n+ 1)t (199)

Applying to (199) the method used in deriving (196), we obtain

Spnsz=(~1)" = (n+2)!(3n+1). (200)

4 |

(iii) The following method for obtaining the value of Sy, ; is not as laborious
as the one given above. But as p increases the work becomes also cumbersome.

By (33) we have Spp=(~- 1)*77.((@))@— 1) (201)

Now (& - 1)"=x"<1+2 pa .)". (202)

Su+l) , w2+l
But (1+ 2y )=1+gx+"( B %u"‘ﬁf;‘!)

2! " 3t 2

+ 5 (1573 4+ 3002 + 5n — 2)28 + 5y (303 + 1002 + 51 — 2)25

10(4) "0(‘*')
+7I(n) (63n5+ 31504+ 31503 - 91n2 - 420 + 16)a8 + ...

Therefore

n,n'—"'(“ 1)*n!,

n
Sn,n+1=(— 1)"(“+ 1)! §’

Spniz=(- 1)"(n+2)!£—! GBu+1),

2
Snnts=(=1rn+3)! 5 (n+ 1),

. 4!
n
Sﬂ.ﬂ+4=(_ 1)"(n+ 4)' 1—0—(‘4—{)-5(15713'{' 30n2 + 571.-2),
,nz
Sn'”+5=(— 1)*(n + 5)! m (3n3+ 1002 + 5n — 2),

Sy, ni6=(—~1)"(n+86)! 7—,’;—')2 (6305 + 31578 + 31503 — 9102 — 42n + 16),

at

Spni1=(-1)"(n+7)! (978 + 6515 + 10508 — Tnd — 4074n? + 121120 — 8064),

n?
31418!

Sn,n+8=(-1)"(n+8)! 2y (13507 + 126008 + 3150785 + 840n* — 234503

+ 54002 + 404n — 144),

................................................................................................

59'
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13. In the following a few examples will be given which illustrate some of
the principles established above.

0 Toredueo 5= 33 1 (")am S5 (=17 ()b (203)
Now, since ;"j (=1 <Z>k’"=0, when m<n,
therefore mﬁ (’") ;1 (-17(} Yo (204)
But from (;’) follows that mZ p;
hence S= ,,,me'(m)“’" (- 1)k< )km
23 (e (209)

Letting m—p=m/,
=53 (e 3 T
)‘Z(-x ()k’e"" (206)

(ii) To find the value of

S=S (~1E(M) (2 ok 207
ST (207)
Now (p :Lh) is a polynomial of the nth degree in k.
We may therefore write (p k’) Z Agkn-a, (208)
where the A’s are free of .
”
Th S= Aqkn-a
en ( );‘0
n n
=2 e 20 1)"( )k" oF (209)
. 2 N\ e
and since ’;)(— ])7‘<k)k” =0, for a>0,
therefore S=4 ’l‘( 1) ") kn
G
=Ady(-1)"al. (210)
But A0=(_ ”nr";

hence S=rn, (211
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In a similar way we obtain

() -coe

£=0 n

" kr
Show that D (- 1)k ") PERT 0, if g<n.
ow tha k=0( )(k ( ¢ > if g<n

(iii) To find the value of

S=k:1 <§)kn:é::(_ l)u<P;k>.
Now B H-GL)(0):
hence S=é:1k":;z(‘ 1 (k2a> (kfa)

S

(=135 (-1e(2) ()

a=k

(- l)a(ﬁ),;;‘l(— () ke

2), and suggests the expansion of

Letting k+a=a’, S

&
]
-

I
M=

2
I
-

This form is similar to

—_

But ilir"=(p>a!r1’—ﬂ.
: a

(212)

(213)

(214)

(215)

(216)

(217)

(218)

(219)

(220)



CHAPTER VI

HIGHER DERIVATIVES OF A CERTAIN CLASS OF FUNCTIONS.

THE CONTINUED PRODUCT I”I (z+k).
k=1
1. THE higher derivatives of functions like

» »
II 1 —=2%), 1l sinkz, etec.,

k=1 k=1
cannot be readily obtained by the methods given in the preceding chapters.
Let f'(@) = f()5(2), (1)

where f'(z) is the derivative of the given function f(z).
Applying Leibnitz's theorem to (1), we have

) N n-1 1-k)( ) Stk
() = ( >(n——)z k1) ( ). 9
=3 (" )@ s @)
Now, if to n be assigned the values 1, 2, 3, ..., n, we obtain a system of
equations in the n unknowns,
(n)
ff((x’;), n=1,23 ..., n (3)
Solving the system gives
-1 0 0 0o -9
S’ -1 0 0 S’
2 e 2 ’ Q7 re
<1>b (3)8 -1 0 -8
n—2 n-2\. n-2
(~2) f(n—3) -4 1 _Smn-1
("7%)s (378 (P37)sme -1 -
n-1 n-1 n-1
Sn—1 ( (n=2) ) n-3 ¢ Qi
f‘”'f?’)__ ( 1 ) 2 )S ( 3 8 S S
flz) -1 0 0 . 0 0
S -1 0 .. 0 0
2 '’ 2 ’
(1) (3)s -1 0 0
<"1‘2> Sin-2 <";2) Sin=3) ("g2> Sm=0 __ _1 0
(";‘ I)Sm—n (n ; 1) Sin-2) ("’ ; ])S”‘"" s -1

105
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The determinant in the denominator reduces to (—1)". Changing in the
determinant of the numerator the sign of the last column, and then moving it
to the first column, multiplies the debermmant by (-1)" Therefore

J™(@) =f(=)

- =1\ qu_y [n—1 2 ,
S (1>S”’(2>S‘"’... S
2. We shall apply the foregoing to a few examples :
P
(i) To expand fl@)=1I (1 —=%),
k=1
in powers of z.
p(p+1) fin)
Now f@= > f fO
“ on!
To obtain f™(0) we let
?
log f(z)="> log (1 -2%) =38
=1
then [ (@) =f(x)S
and Sy = iilloo(l_xk]
¢ [ ~ dzn > ) 220
7 (-1 kB
- — ! 1( N £
EPIDNeDNCL </3><n> Ty

=0, except when ku=n.
Now, since ka Z kB = n, it follows that S=a.

P
Hence Sy = —(n-1) !; k,
=

where by (9) k is a factor of n.
The result (10) may also be obtained as follows:

k
S= 2, log (1 - %) = z i
1 a=1
then S,™ =0, except when a= %;
P
hence as before Sy = —(n— 1)!; r.
=1

S’ -1 0 .. 0
S S’ -1 .. 0

(4)

®)

(6)

M
®)

* I am informed that Sylvester used a similar form, but I canuot find any reference to it.
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P
Letting ; k=N,, then §"=—(n-1)!N,, (11)
=1

where N, denotes the sum of all values of £ between 1 and p which are factors
of n.

‘We then obtain

0N, 1
1'N, 0!V,
2N, (f)zz\@ 0
FAO)= (1) | oo . (12)
(n-2)!N,_, ";2>(n-3)!1v,,_, 1
(n-1)!N, <”;1>(n~2)zzv,,_1 .. OIN,
Multiplying the columns successively by 0!, 1!, 2!,..., (n—1)! and then
removing from the successive rows the factors 0!, 11, 2!, ..., (n— 1)!, we have
NN 1 0 .. o0
N, N, 2
Fm(0)=(=1)" N, N, N, ... 0 ) (13)
N..y N,» N,_, n-1
N, Ny N, ... N,

Now, since f(x) is an integral expression, f™(0) must contain n! as a factor.
Denoting the determinant in (13) by n!A,, then

S™O)=(-1)"ala,
ip(p+1)
and f@=1+ > (-1)"azn* (14)
n=1

Expanding in (13) A, in minor determinants corresponding to the elements
of the last column, again expanding the resulting determinants in the same
manner and continuing this process, we obtain

SO =(= 1IN, f®=V(0) + (n = ) Nof"=2(0) + (n = 1) (0 ~ Y Ny f*-5(0)
+ot(n=1)(n-2)...2N,_, ' (0) +(n - 1)! N, £(0)]

== > O = (- 1t (15)
therefore A, = 71? ;”1 (= 1)F=INA, . (16)

* The method given here for finding the expansion of f(z) is believed to be more direct and
the result obtained more simple than arrived at by Cayley—see his works, vol. ii. p. 243.
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(i)) To expand in powers of z,

f(z)=1I sin k=. 17
k=1
; p
We may write f@)= %:e-ir(ﬁl)‘zkﬂl (1 — e2k=), (18)
Letting eZ=r and ip(p+1)=m, (19)
y )
we have fir)= %: r-""'”kII1 (1 -7%. (20)
P
And if we let P(r)= H (1-7%), (21)
then P(r)= E P'"’(O) pPo0)=1,
n=0
m
Z (= 1)"A,r", (22)
where A, is the determinant in (13) divided by =!.
Therefore flx)= %, e"'"""%( -~ 1)rA eniz (23)
1 & 2y ikt
- 55 ”2;0( - 1)"/3,,;;0 for (@ —mykat (24)
and since the lowest power of z in f(z) is z?,
1 &, k+?p mﬂ
f@)=g> S & 2 (= 1)"da(2n - m)t (25)
k=p : n=0
This can also be shown as follows:
From (24),
d\k P
- nA kyn = el H 1 -7 :'
,?;,‘1)( b nr]-‘l <’d7'> a_l( r)r='1
k 8 »
= (=1~ _ v'B kafi_s _a]
_;_ﬁ!_%( 1) (7>7r i L= .

If & is less than p, the terms of the derivative will each contain at least one
factor of the form 1 -2, which vanishes for r=1; hence

2 (-1)rA,n*=0, if k<p.

n=0

Letting now k- p =% in (24), then

flz)=(~ 1)#2,2(7,”,2 = 1)78, (20 - mp e (26)
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and since f(z) is real,

LA P +2k m.
klglsmkm— 2p ;/(— )¢ p+2k)'2 An(2n—m)p+2e. (27)

To expand f(z) in terms of sines and cosines of multiples of z, we change
(23) to

f(z)= %; i (=1)"4,[cos (m — 2n) z — ¢ sin (m - 2n)z] ;

Nlﬁ

m
then flz)= =g 2 =1)"A, cos (m —2n), if p is even,

m
=% Z(—l)"Ansin(m-%), if p is odd,

p
and I sinke= 21 Z (-1)mA, cos [;D +(m- 2n)x]
k=1 =

whether p be even or odd.
It follows that if m is even,

ﬁsmkx—-—-m—_Z( 1) cos( - +m — 2nz>[A +(=1)m+PA,, )
k=1

n=0
m

1
+(2p+2 Am[l"‘(‘l)’],
and if m is odd,

iy
(-pld

IpI sinkx = 26 (-1)7cos <227E +m—2n x) [Bp+(-1)m+2A, ).

k=1 n=
Therefore
-1
1) 2] [m J pr
H sme—— — (-1)"cos (—2-+m—2nz>[A”+( —1)m+pA,, ]
k=1 n=

+(—1)tz’51—+§(,;2m13§[1+(-1)v].

(iii) To expand f(z)==z* in powers of z — 1.
Let z—1=y; then

f@) = +yprr=1+ 3070 (28)
n=1 '
Now logf(y)=(1+y)log(1+y) and f'(y)=fy)S,

. d .
where S =‘—17J[(1 +y) log (1 +¥)] (29)
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an dan-1
Then S‘"’=(1+y)@,—‘10g(1+y)+n@"—_ﬂog(l+y)
_ aey (M=1)! 1 (n-2)!
_(—1) 1(1+y)n—l+n( 1) (l+y)n—1
=(— n,(in,_g),'_
_( ) (1+y)”_1 (30)
and SP=(-1)*n-2)!, 8,/=1
Therefore
1 -1 0
(-1p (i -1
(-191! (3)(-1)20! 3)

f(0) = 22 .................................. .61
(-1)"-1(n-3)z<"; )(-1)ﬂ-2(n-4)z<"; )(—1)n-8(n-5)z... -1
(~1)*(n—-2)! <"Il>(-1)»—1(n-3)!(”;1)(—1)ﬂ-2(n—4)1...(Z:i)

Removing (a-1)! from the ath row and ﬁ from the Bth column, we

finally obtain

1 -1 .0

1 1 .0

o 1 ""}‘.‘ "]T .0
:::z=l+?;:lm 1 -1 o |@-1)m (32)

1 a1
(_l)nn—l (=1 n-g 1
3. (i) To find the expansion of the continued product
n
fl@)= 1L (z+k), (33)
k=1
in powers of z.
n n

Let =Y k=S Q, n_p ¥, 34
e fl@) ;:()Qn,k z.‘an’n k (34)

where Qy, 1, is the sum of the products of 1, 2, 3, ..., n taken & at a time.
The Q’s can then be expressed symbolically thus:

n
Qn,l = kl,

1=1

n:‘l n_‘
Qn,2= 2, k, ky,

h=1 k=k+1

-1

n;2 n 1 n
Qn,3= Z kx ; kz ks$
ke=ki+1  ky=ky+1

k=1
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and in general,
n—k+1 n—k+2 n—k+3

Qn,k= 2 a, Z a, E a ... 2"‘: ax

ay=1 ase=a;+1 ag=as+1 ar=ay_y+1

k n—-k+a
=1II ( ;: k,,), where ko=0.
a=1\ka=ka-1+1

From (33) we have

logf(x)=l?:log (z+k)=S8 and f'(z)=f(2)9"

To find fl@y=n!+ ?:j IO
=1
we must first determine Sy
Now SH = (= 1)k=1(k - 1)! uz.;, (“a)k '
W |
and So‘k’=(-1)k-l(k-1)!;:)10—,‘=(k-1)1N,;.
Therefore, by (4),
o', -1 0
1!'N, 0N, -1
2!N, ()11N, ()N,
FRQ) | s

k=212 (3 %)@-9ms, (552 a- 9w,

k-1 k-
k-8 (*71)E-2m (F ) a-sm,
Removing (a-1)! from the ath row and

obtain B-1)!

S (0)=n! N3 N, A

Designating the determinant in (40) by A,, then
20 = nlde;

N

111

(85)

(36)

(37)

(38)

(39)

yi from the Bth column, we

(40)
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and we finally have

Tl (2 +k P
z+k)=n!+n! =
LA 1
n—1 xn—k
=n!+n!§)d,,_km. (41)
Comparing (41) with (34), we obtain
Q,,,,,=(Z>km,._,,, k=0,1,2 ... n—1. (42)

(ii) The coefficients of the expansion in (33) can also be expressed in form of
determinants, the elements of which are powers of 1, 2, 3, ... n.

Let fI $+m=—." n __zk;
m-l( ) Z:OQ ok
hence ;‘ Qn,n—r(-mfr=0, m=1,2,3, ..., n. (43)
=0

Solving the system of equations resulting from (43), we obtain

Qn, n—p=(—1)k""1-Fn!
(=D (=12 (=D (=10 (=1 e (SR (D=1 ()7
(=2 (2P0 (=27 (=20 (= o (2 || (=21 (- 2P e (- 2"

(-n)"+1(—n)"+2...(—n)”(—n)“ -n)t...(-n)1 (- (-np...(-n)"
11 12 ... 1%1 1k81  |n 112 ... 1»

2 k—1 k+1
o Qungmnt |12 2 2020 o 22 .2y

’ 1 n n ... nkl pktl . gn n n? ... na"

4. We shall next express @, as a double summation.
For that purpose we shall first derive the expansion

el —~ 1\
log?(% + 1) = Qp—1,02” + P! ;} ('(i‘)—;%)top-i‘k-—l,kﬂ'*k,* -l<z<l, (45)
=1 4

where, as it will be shown, the @’s have the same meaning here as in (34).
By successive differentiations, we obtain

n n—1
o) = 25 5 (= 1SR ), (46)
where F¥(lz) = Ii(%t (i),

* Cauchy, Analyse Algébrique, obtains by induction (see also Chrystal, Text-Book of Algebra,

part ii. p. 215),
Pk

logP(x +1)=p! ;(- 1*p-142Pp-1 TR

where ,Pnm is the sum of the products of %, %. :l;. %, taken m at a time.
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Now, to find @i, we assume

flz)=eve=g-v; 47)

then B f2) = (=1 (" ") pigren 48)
and fm—k) (l:c) =flﬂ—k1(e—vlz) — ( - l)n—kvn—ke—vlz

= (= 1)n—Fkyn—kg—v, (49)

Substituting (48) and (49) in (46) gives

§Qw”"‘=n!<v+n_l),
n

which shows that Qi (we shall designate it by @,_1,) has the same meaning in
(46) as it has in (34).
Letting in (46) n—1-k=£k', we have

d” 1n—1
T flx)= (l2). (50)
Letting now f(iz) = (Iz)?, then
FH(Iz) = (k + 1)z(kf l)ax)v—k-l (1)
and & tap=- 0T pOYCE Il CALTDNRN S (52)
Ifz=1, %(lz)”=(— 1)M? pl1Qn_1, n—p, if n=7p. (53)

Now, by Taylor’s theorem,
(1)
logr(z+1)= 32 LM o, (54)
-2

which, by means of (53), becomes
log?(x + 1) = p! ép (- l)k‘H’Qk_.l'k_y'k-!

@ k
= Q049! D) (= 1H*7Qemt iy s (55)
Letting k£ — p=k’, we have

o
P P+k
log?(z +1) = @p—1,027 +Z (P+k),Qp+k—1 124
which is the same as (45).
5. Lagrange * obtains from the relation

y=z$(y) (56)
the expansion = f(y) =g+ 3+ 2o [(# WS (Wly-o 7y (57)

* Edwards, Treatise on Differential Calculus, p. 451.



114 OPERATIONS WITH SERIES
Letting in (57)

u=log?(z+1), y=log(z+1), <1>(y)=—yz~=ey3_’_1
and F(@)=py" =0,
qr-1 y _ 3
we have loge(a+1)= 33 v | (72) 7)o i (58)

Comparing coefficients of equal powers of  in (58) and (45), we obtain

(= 1)k do+r-1 Yy \P o
Qp+k-1,k =" gove=t <e‘v’—’1‘> Py l]y=o

_ (—l)" P+k-1<p+k_1> dp+k-1-a o1 de ( yl)p-{-k]y 0

ol 24\ a @i dye e
=0, except when a=4k, (59)
in which case y
_1ye(PrE- 1)@1_9_’*] 0
Qp+k-1,6=(-1) ( dyk(ey__l) Vo (60)

Now, by Ch. L. (169),
AL ] I o) SR e (4 () R
dk fev —1\%
d?/ ( y_> ]v:'o

-weh (P 3 reraWap () D O
-1

ar sev a
To find N=+ , 62
dy*\ y y=0 (62)
we write y“(e y‘])“=( ~1)e. (63)

Taking the (k+ a)th derivative of (63), we have

kte k4 ay\ deta-p  df rev—1 dk+a

HZ:O( B )dylH'“ 3Y° dyg< y ) ]1/ 0 ylt+u (e¥ - l)ﬂ] o’ (64)
Now the first member of (64) is zero, except when B=%k; we then obtain

k! dk+a
N= k+a)! dy"’f“(e l)u] =0

GRS (e
and (61) becomes

g.}(‘y_;l>"-k] (;’p"j‘zk;‘)'zﬁ“ +k+a (k:a)‘ (k>

> (-0 () e (60)

y=1
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Applying (66) to (60), we obtain

(=1 (p+k-1 5 1 k
N E =y GNP (D W =

a=1
S (-1 (2) e (67)

=1
Writing n +1 for p+%, then Y

Qﬂk"( 1) ( )(n+1+k Em( )Z( 1)"( )‘)‘H'“, (68)

a=1 y=1

and we have

Onn =(-1)" '}‘&1—<2n+1>2( ( )7n+u_nl

y=1

Ounrm (1) 12n+a(n n 1)2( 1)-,( ).yn l4a=p i%

a

Qnn-z= —l)nz(n+a)(n+a l)< 2n-1 )2‘( l)"( )7”_““

n-a-2

a=1 y=1
n-1 k
1 -\1
=SS
. . n'gllwln_la’
1 l 2 1
Qnnos=n! S
- ,ﬂz_:lk +2 %ﬁﬁl%ﬁﬁk{
and in general
E+1 &, 1
=n
On, &= na‘2_1a1+n k- 12a2+n k-2 Zag+n-k-3""
Qn—x—1 1
i (69)
Qp g™ -
Letting in (69) k=n—mn, we have
k3 1 kn-2 1 kn-1 1
Gn.o=n! ,z-:lkl*‘” 12"?*" 27 ku%lkﬂ-l'*lh-lz;
=n!l=l.
n!

Another form for @ 1 is derived thus:

Qn,1=(n;1)7
Q,.,2=";'2(k+2>0k+1.1—f2<k+2>("+2) tene2) ("3 ),

ona—z (k+3)Qus2,2= 2<k,+3> 2 (k:+2)(""’2)

=,n(n+1)(":l).
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‘We further obtain

Qn.e= 5 (1503 + 1502 — 10n -8)(" ; 1).
Q@n, 5= 15 (308 + 213 — 1702 + 104n — 300)("; 1>,

Qn,0= 53 5(63n5 — 31508 - 224n2 + 140n + 96)<"+ 1)

6. We shall now express @y, as a funetion of the Q's preceding it.

n ”
Let, as before, f@) =11 (z+k)=> Q”,kxn—k;
k=1 =5

then f(z+1) éanZ:( )z"-""l.

a=0

Letting k+a=da’,
“ L A
fat D=3 Q3 (77 7) =

“Z Zn- az (n:i) Qn.k, by Ch. L. (58).

a=0 =o\&
Applying (70) and (71) to
(z+1)f(x+1)=(x+n+1)f(x)
i n-a n-k = 3 =0
gives (x+l)§0x ,Z(a k)Qn,k—(x+n+l)§OQ,.,a:c )

Equating coefficients of like powers of z, we have
a+l

Z,(owl L)an‘i';(a k)Q"k n+1)@n,a+9n,a+1

or S (arit o) G4 10na

N Pt R G L ey AT
therefore Zi,(nn kzl)Qn k=n+1)@na
or a@n, 0= g(nnkZI)Qn,k-

Changing a into %k and k into a,

<n a-&-l)Qmz

inc“E

a=0

(70)

(1)

(72)

(73)

(74)

(75)

(76)
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7. The higher derivatives of certain functions may also be obtained by
special devices. Such methods, however, often present considerable difficulty,
and the results are, as a rule, in a form not convenient for practical application.

As an example we shall find here the nth derivative of

y=e’,
By actual differentiation we have
Yy =yepar,
¥ =y[(cp)*a®=2+cp(p-1)a¥-2,
¥ =yllep)’s*=3+3(cp)*(p - 1) 23+ cp(p - 1) (p - 2) 2°~?],

............................................................................

We shall now assume

n
y(n)___yE (cp)n-i-l—hAn,hzm+1—h}p—n, (77)
h=1

where Ay, p is free of z.
To find 4y, » we differentiate (77) with respect to z ; we then have

ymn): y[ﬁ (cp)n+1—hA”,h(mp - n)w(n+l—hlp—(n+1)
=1

n
2.
+ (cp)m+lJ+1—hAn,hx(n+2-h)p—(n+1)]
h=1

n—1 —_
=y [; (Cp)"+1'hAn_ A (n +1- kL - n) Zn+H=hp~int1)
=1

n—1
+; (cp)"+l"hA,. h+1xln+1—hw—(n+l)
=1

+(cp)™ Ay 1@ mHIP= 4 Lep 4, (P — 1) zp—(n+1>:l

n—1
=y [(cp)"ﬂA”,12;"‘“”’“"“’ + %‘: (cp)n+1—hzrn+l—hrp-—ln+l)
=1

ARTTZhp-n)Anp+ A ri1} +0pdn n(p—n) z"‘"“’] ;(18)

and since 4y 0=0= 4y, n41, Wwe may write
n -
ym+1) = yz (Cp)n+l—hxln+l—h)p—m+l){(mhp -n) /1n.h +Au,h+1}

=0

n+1 —_—

= y; (cpyrt2—hgnt2-Wp—t0{(n 1 O —hp—n) App—1+Ann}. (79)

=1
But from (77)

ntl

Q - —hp—

?/("“':?/?J (cp)n+2 hAn+1,h$m+2 hp—intl), (80)
=1
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Comparing (79) and (80), we obtain
An+l,h= Ann +(ﬁ‘+2 —hp —n)An k-1,

n n n
from which ZAHl'h:;Ak'h+21(k+2—hp-k)‘4k'h—l'
-1 =] -

n

But Z (Aest,n=Aden)=Anira— 41
el
and since if A>1, 4, =0,
n ——
An+1,h= 2 (k+2—hp—k)z4k,h_1
k=hi—1

k-1
and Ak,h—l= 2 (m+3—hp-m)A,,,,;,_.2.
Mme=h—2
Therefore
n k-1

n—1 n
= > m+3-hp-m)dmnr-2 >, (k+2-hp-k).
Mm=mph—2 k=m+1

In a similar way

n—2 n—1
Aps1n= (my+4=hp-m)Admn-s3 D, (my+3-hp-—my)
my=h~3 Mmy=m,+1
n
> (my+2-hp-my).
my=ms+1

Continuing this process, we obtain

ﬂ—hﬁ+2 h—1 , n—h+1+k
Ansrn= 2, Amhd"hP-mﬂII( > @u—kp—mn);
my=1 k=2 Mmr=my_1+1

and since Apm,,1=1,

nohil h=1, n-hik
App= 2, (myp—my) IT ( Z (7”k-kp—mk)>-
my=1 k=2 \mr=mp_1+1

which has been obtained in Ch. I. (167).

(81)

(82)

(83)

(84)

(85)

(86)

Apﬁlying (86) to (77) gives the required derivative, a much simpler form of



CHAPTER VII.
EXPANSION OF POWERS OF SERIES.

IN extending the methods given in Ch. L. 4 and 5, we shall treat of the two cases :

1. When the sum of the series to be expanded to a given power can be
expressed in terms of known functions and the general derivative of the power
of the sum can be readily obtained.

2. When the sum of the series cannot be expressed in terms of elementary
functions, or when the general derivative of the power of the sum cannot
conveniently be found.

The methods will be illustrated by a few examples :
1. (i) To find the expansion in powers of z of

y=(1+z+a2+...+2™ 1) pany real number. (1)

o (75 ®
and = () o a2 (3)
I e SR [ ®

d* 5
and 7z (1 —zmP =kl

a=0

x
@3- (G)(E)ma-mrn

=
Applying (4) and (5) to (3) gives

gj:—?‘]zéoz (= 1)”7”1;:) . nk(n__};c) Zk: (g>

a=0
ST, ©
=0, unless ma=k.

Now, from (¢ , ¢ =0, and from mf3 , mB=k. It then follows that
B k

maZmB=k Butma=k; hence 8=a, and

a=0
119
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Since a=,—I:L, k can only have values which are multiples of m. Letting
k=mh, then a =h.

Therefore %; '—n't}_&( 1)"<n—:‘nli:£—1>(}]:) (®)
e I e g [

In a similar way we find
(1 -z +a2—...+(=1)mlgm-1)p

“1+3(- 1)"[{"]( 1)m- vk(""”k”"l)(@xn, (10)

n=1 i=h p-1

when m is even,

=1+i(_1>n[§”;:]0(_1)mk(n-7r;k_+lp—l><];> o, a1

n=1

when m is odd.

(ii) Given y=, (n+2n+3)a", |z, (12)
n=1
to find the expansion of y?, p any real number, in powers of z.
d\? d z
Now A [CAREICHERI
_z(3a2 Tz +6)
=T ATap W (13)

To expand y? we first find

dn n dr-*k l 2
dzny,] ; V) g (1= ) (327 7x+6)"i]h:0

M
_(—”ﬂw"';/(n k)( ) a%:(kfa>( a )(lg) (1)
M 8

wen  p=or 3 e S (S O 5) 0
by Ch. I (207).
(i) To find the expansion of y? in powers of , if

y=20(3n+l)z3", 2| <1, (16)
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z z
we have Joydx=m, 17
3\p
from which we ((11“‘ 2;5)2, (18)
dnyP Ld
Now 'y _;( 2y L " -2, (19)

R DG HED NN

B=0
z3a—n+k(l +213)p—a (20)

d* oy 3B;\ adu—k

and (=) ”"k'a,go( ?) 2, 1 () CF) e @D
Applying (19) and (20) to (18), we have

dnyv

dz"

‘We shall now show that

] =0, except when 3a-n+k+3a,;-k=0. (22)

3a-n+k=0 and 3a,-k=0. (23)
Let 3a~n+%>0; then from (22) 3a,-k<0 and 3a,;<k, and since from
(g:), a, = B,, 3B,<k, which is not tenable, since from < ﬂ’) 3B, =k.

In a similar way it can be shown that the assumption 3a—n+ k<0 is not
valid, and the equations (23) hold.

Now, from </(;>’ a=f3, and from <n3-{3k>’ 3B=n-k; hence 3a=3B=n-*k.

But 3a=n-k; therefore B=a. Similarly 8,=a,.
And we obtain

]SS OEON(T)

0a=0 a;=0
But a=nT_k and a1=§; n and k must therefore be multiples of 3, and
(24) becomes
dry? Q) kon-k( P -P
dzn] ,= B (-1 (n_k>(2k) @25)

and we finally obtain

eSS ()T

The above result can also be obtained by means of the Binomial Theorem.
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(iv) To find the expansion of y? in powers of z, if

Zan+1 il ko
Y= 2 —-1)- 1 +l)! ;: 21:2/ < >a2n+1. @mn

n=0 a=1
2+l 1
Let 8= 21:5 (28)
= a k en+1 a1 x k:| .
where Sl-azl(—l) <a>a"+ =l -e) eo’

and since S; =0, if k>2n+1 by Ch. L. (136), therefore
D d2ntl ] e\ dn+l ] _ex
S ;: dzzn+l< > ]z:,0=dzzn+l 1+exi|x=_o
den+l ¢ é
_z

_ _ 1 d2n+l eT —e—% 29
= g+l : ¢ T T Qnvl JpPntl g2y -7 o’ (29)
e “+e-Jz=0

NNN

'R

Then, by means of (28) and (29), we obtain from (27),

+1 g2 _ o=
y:Z —q2n+2 a €F—e~® gt
dz?n+1 ez 4 =2 | .o (2n +1)!

n=0

(30)

® d2n+1 eiz - e—iz z2n+1
) dz?n+l (o= + e“i’):lzﬁo(2n +1)!

x2n+1

tan z:|z£om=tall z, (31)

© d2n+l

=4 dx2n+1
and from Ch. IV. 5 the expansion of tan?z in powers of z.

2. Let Y= Ay, nz", (32)

n=0
where the A’s are free of z, be 2 series which converges for certain values of .
To find the expansion of y? in powers of 2, p being a positive integer.

Now yr= Z Ay, p ™ Z Ay . (33)

ﬂ)s

Letting n+n; =n’, then

yr= > Ain, Z Avnon (34)

n,=0 n=n,;

L
" Z Ay, n, Ay, nen,, by Ch. L (97),

n-O ny=0

0

= Az 2", where Ag = E Ay, pen, A1, (35)

n=0 ny=0
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o @
Next y8= 2 A2,"lz"1 2 Ay pzn (36)
=0 e}
a0 Q0
= Z A2v"l 2 Al,”_"an
=0 n=n
a0 n
= z" Al,n—n|A2,m
n=0 ny=0
] n
= A3 nz", where As n= > 4; n_p, Az p,. (37)
n=0 ny=0
We now assume
a n
\ —\
¥? =", Ap na", where 4, o= > AvnnAp_i ny, (38)
n=0 ;=0

and shall show that this form holds also for the expansion of y?+1,
From (38) we have

L a0
P+ = ZOA,, @ ZOAL":C" (39)
“=

ny=

0 L
= 2 A4y, m Z Al,n—-mz"

ny=0 n=n,

0 n
= Z z" Z Al,n-—nlAp,m

n=0 n=0

@ n
= Ap1,na", where Apiy = > Ain-nApn, (40)
n=0 n,=0
which shows that 4,1, , is of the same form as Ap,n-
We shall now express 4, in terms of A,’s.
Using (38) as a recurring formula, we have

n n
\
Apn= z Al,n-—n, Z Al,nx—n:AP—&m (41)
n,=0 ny=0
n ny n,
= 24 Al,n—n. Z Al,n,—n, 2 Al.n,—n, Ap-—S,n,
ny=0 nyg=0 ng=0
n ny np-2
= Z Al.n—n. 2 Al,n,—n,~-~ 2 Al,np—ﬂ_np—lAln"pl-]
n,=0 ny=0 ngp_1=0
-1 ,ni-y
=II (2 Al»”k—l—ﬂk>Al,p~ly Ng="n. (42)
k=1 \ngy=0

By means of (42), we find
(2 -3z + 522 - 428 + T2%)5 = 32 — 2402 + 112022 - 380023 + ... .
(i) To find the expansion of (tan-1z)? in powers of z.

@ an+1 ek 2\n
1NV (e = - n;(g"_).
Now tan z_nz_,o( 1) o1 znz_o( 1) ol (43)
—1)m
and "ll’"'=(2m"-;)1'
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Therefore
Pl Mol (e ) (=1)"%-
“lg)p = gp n TT
(t’an z nz_oxz Eml <n2-0 21— 2m +1 2np_1 +1
~1)ng2n+p [T S 1 1 44
- n
"E_O( ) k=l<n§0 2m,,_1—2m,+1) 2np1+1° (44)
Ex. (tantz)P =5 — §a7 + 2050 — $8710 4 .,
(ii) To expand (sin~'z)? in powers of .
© 1 2n+1
in-lg = - -z T
Now sin~tz =33 ¢ ()3
1 20\, on.
EO 4"(2n+1)< )(“‘ * “9)
1 2m
then A1,m= m( )

d (sin-lzp= x“"‘“ H S ! 2 =
an ( z) 2 Rl — P— 1)< Mot — Mt

ﬂ-O
s ()} 49

The following method for obtaining the expansion of (sin~1z)? is due to
Cauchy.
Expanding sin mz and cos mx in powers of sin z*, we have
. _ i —1y H (m3 — %= T2 Stz sin2n+ly 7
siINnmr=m (2,n+1)|’ (4 )

n=0

n

where II (m?2 -2k - 12)] =
k=1 =
sin2tg

and cos mz = ”Z-:O( 1)» H (m? - 2k?) 5 @) (48)

n—1
where II (m?- 2k2)]

k=0

- dr <z <3 for all values of m.

The results (47) and (48) can also be obtained by means of some of the methods given
before.
To derive (48), we have

z]
cosmé = 2(—1)"( )cos"‘ 2t 8in24.

Now, if m is even,

m %‘—k m
cosm—2%0 =(1 - 8in26)% *= 20( -1)@ (E - k) sin224 ;
a=! a

-k m
therefore cosmé= 2( l)"( ) Z (-1)«( k) sinZ+2a g,
a

* Hobson, 4 Treatise on Plane Trigonomelry, p. 105 and p. 265.
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(ma)n+1
But sin mx = ;0 (- 2n 1)t (49)
_  (mx)2n
and cos mz -EZ;O( -1r @) (50)

Equating coefficients of equal powers of m in (42) and (49) and in (48) and
(50), we obtain et

@ H(2k+1) 2+l

—1, k=
sin~lz ,,EO 2nl Zn+l’ 61

Letting k+a=mn, then

cosmé= Z(Zk)i ._l)n(fz k>smeng

—k

3 m

=3 (-1 (’”><H"‘> 0,

20 E () (25 @

Denoting the coefficient of sin®?6 by S, then

S=(-1) 2 (;’]‘c) (; :)

%1 k—1 k-
1 11 (m-a) . I (m-2) IT (m-2a-1)
Now (5) =gy 5= iy === V@)=t n (2a+1).
II (2a+1) (2a 4 1)
a=0 a=0
m ke
Also <§—k>= 1 Ik ](%L—k—a)
n-k (n—k)! q=0
1

=m H (m -2a), after letting k+a=a’.

m

Denoting (g;‘) (72- - k) by P, then P=%"
n-k

H (m - 2a) II (m—2a+1)
2kt (n—k)! II (2a+1)

Multiplying the numerator and the denominator of P by II (2a +1), we have
a=k

k-1 n—1

net II (m - 2a- l)H(°u+l
1 m-2a q=0
a=0 2a+1 2"L'(n— )
1 m-1 1 1 2n -1
But — I(m—2a—l):2* 2 and II (2a+l)——— 2 |
1 am % 2 (n-k)! n—k

"l oq 2n -1\ /m-1
=(II = ) p 2 ’
Hence P (a=° )| 2, ) 2
-l n (2n-1\/m-1
and s=(-1)n(n m 2“)2 7|2 )-
a=o 2e+1 /50 . 2 k
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n—1
where for n=0 and n=1, I (2k+1)=1;
k=1
. ® n—1 - ! 2n
(sin-12)2=21>) ’%Ti_in__l)_ ?2_; (52)
=l 1 (2k+1)
k=0
n—1
II (2k+1)
) n 1 z2n+1
in=12)3 =3! k=1
(sin-1z) 3.”21 o] ; (@a =1 T’ (53)
Denoting the summation on the right by 8,
n m-1 m-1
then &= (B (14+x) T ((@H)(1+2)
k=0
mimor (MA=D a
=((@)(1+z) * =( 2 Fra o, (m+20),
o (__l)u n-1 n—1 _(_l)nn—l —
and b:m)—! kI=ID (m—2k)kl'=Io(m+2k)— @)1 )‘I=Io(m7 - 242), ()

Similarly when m is odd, etc.
The result (b) can also be obtained in the following way.
Letting n — k=%’ in the coefficient of (- 1) sin?@ in (a), then

m
2 m ~-n+k
S=3 )(2 )
2= 2 \on_ok &

= 3 (@) + (@) (1 -2

k=0

= (@A + ) (1 - 2)"(F) = 2wy s,

Fn-1 M in 1 © E-nﬂs
We then have 8= \2 ze > (‘2 )xe_
a=o a

'.f—-n+l)

g=0 B
Pt /M 0 3\ = /T -
Letting a+8=8, S= X (2 tn-l) 5 <-z n+p “)xa
a=0 a B=a B-a
™ m m
=2+2 ’:cﬁ % ‘2.+n—l)(§—n+/3—a.),
B=0  a=0 a -a
o /M m
and () 8y= (2‘*”-1) <§+"~“)= $ pp,
= a 2n-a a=0

a-1 ZF-n-1
Now Pi=3 T (F+n-1-k) and Pp=r o "I (Fen-ack);
al yo\2 (m'—n)' =0 \2
™)1

7—;—‘+n-a B-n+a-1 /m (gli-n)!@-i-n-a
hence pP=— 2 Y| (.-+n-k)_ 2772
)!a.'

(%n— (%‘+n) k=0 2 —(g-n)!a!(2u-a)!(g+n).
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where H (2k+1):| =1;
k=1 =1
© n—z !
(sin~1z)8 =41 n—i_l"l—) 7ol 1 fln (54)
Y (k) dT O A
k-=1
n—1
I (2k+1)
® 2n+1
in-1z)s=51S5 k=l ___ g T 5
(sin—1z) ).%2 ST 29,71 (55)
1 1 1
where S, denotes the sum of the products of oo m—, taken two at
a time. P 127 32> " (2n-1)2
. (2n)!  _(2n
And since ( on ) 2n)! and «F(’Zn——a)!_< a)'
m &
therefore pp, (7 ) mia%)'

and (s =(z ) ¥ 2")(1_ Za ) G| g Qon=1
o a_=0(u m+2n) =\ %, m+2n

—om ™ (2+") m -HH (m +2n - 2k)

m+2n\ ", Zn) !
2n

2n-1
II (m +2n - 2k) [(m+2n 2Ic):| II (m+2n-2k).

(Zn k=n k=nil
Letting 2n - k=%’ in the second product then
((J—‘Q"))Ss-‘é")v H [(m+2n - 2k)(m - 2n +2k)] ;

and letting n - k=%, we obtain

- 1 -1 —

2n \J 2 _ ¢ —_— 2 _ )2
((x ))53—(, B II (m ZF)—(Q’L)!"I_}O(m 2k2).
In connection with the above we shnll show that

m-—1

2 -
sinmé= 3 (—-1)"("‘—: 1)2""‘-’*"005""2"-‘0.

m~—1

i s _ m m—2n—1g gindn+l
Now sin mé= n§0 ( l)"(2n+l)cos f8inin+1 9
mel
3
=i x ~2n2k—1 i k=K
=siné “Eo (-1)n (Zn+l) E ~-1) ( )coa”‘ 6,letting n-k=%k’,
m—1

2

=g o n m—2k~1
=sind };0 (2n+1>2( l)‘(k>cos ]

=s8in § [ 2—,)]( =¥ cosm-2-19 [mg_l] (‘Zn”:- l) (2) )

n=k
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(iti) To expand (sec~'z)? in powers of i

—1, > ~1)n —% 1 _.1__
Now sec 13:-”20( 1) +1< n )szznu
2n\ 1

;2w )W 20)

then (sec™lz)p=(~1)? 2‘0 x”’}‘“’ II P,.‘t (67)

where P, is the expression following the product sign in (46).

If in S_ Z (2n+l ( ) we let n —k=n’, then

[m'—':l]—k m n+k [mT_}]—k

= ((xk))(l +r)m—t—l (l - x-l)—(k'}-l): ((xk)

P
Now P=m2 (m : l)x”‘ —k-1-n 2 (k:a> x~%, letting n+a=qa’,
)

n=0 a=
=m—}5—l<m k- l) k+a n)xm_,‘_l_u
n=0 n n

___"'—2"‘" %(m -k- l)(k+a n> m—k-1-a
a=0 n=0

and if we let a=m -2k -1, we have
m-k-1 (n+k)
) n+k ) k

((z*))P—mu 1(,,, -k~ l)(m Ickn )_m
(m k- 1)"- % ‘(m 2%k - 1)_(m-k—1>2,,._u-x, by Ch. L. (207).

n=0
=0 k

Mw

n

1

In this way the desired result is obtained. In a similar manner

[¥] m-k-1\ m
= — —_— -2k -1 m—2k
cos mé = ;go (=1 ( k ) P 2k2"' cos 6.



CHAPTER VIIL
SEPARATION OF FRACTIONS INTO PARTIAL FRACTIONS.

WE shall in this chapter consider the separation of certain fractions into partial
fractions. As a rule the coefficients are obtained in form of determinants,
while the methods used here render them as single or double summations.
1. (i) To separate
n
Z Maz"—o

F(z) _hi@) —a=0

== P> @)
£@) 1 @+ kb
k=0
into partial fractions.
L Fay=> 2, @
et =2 5
= fl(z)]
then Ar=(z+ kh)f2 @) Joe—in
T E-1 fl(m)p ’ 3)
I (z+ak) II (z+amk)
a=0 ar=k+1 Zm—kh

where, when k=0, the first product in the denominator is 1, and when & =p, the
second product is 1.
(=1, (- kh)

We then obtain Ae="15 wp-R 4)

d . DL n a 1
B T O STEI (AT S R

PRz pl=n k
1 m, & P\ & « . 1
=5t 2+ R () D -t L @)
In a similar way we find
s 1 1 L /n-1\ 1
® " k=(n‘1)!k§(—1)kl<k-l>x+k
+
L
1 1 & n\ 1
and T”“'“’;ﬁg(‘”"(k%m‘ (6)
II (z+ k) =
k=0

129
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?
knl(x-'.kg) l -1 1 » 1
i % oy T 2,( =1 (3)) T (k=)
z +
k=1 P2>p (7)
n n
2, Mmaz" =" D (=1)rmglyn-a
(iv) = (- 1)n $ a=0 Y
ﬁ(m—h)- ;1"1"11( hi + b)) 11‘} ( h+h,)x+h"’
—hi + b, - .
k=1 i ay=1 ay=k+1 * p>n (8)
2. To separate into partial fractions
n
mpa"k
9
F(w)—zj— . ®

(x +a)?
(i) By division.
Dividing the numerator and the denominator of ¥ (z) by z + a, we obtain

Ql kzn—l ~k

(x+a)” -1 +(:::+a)p

Clearing (10) of fractions and equating in the result coefficients of like
powers of z, we have

— () + 0

@+’

(10)

=@+ a1, k-1, k=1,2,3,..., n-1 (11)

Ql,0=moy
Ri=m,—aQy n-1. 12)
If we now write in Q1 x=mir—aQy k-1, (13)

k-1, k-2, ...,2, 1 for k, multiplying the resulting relations by
-a, (—a’)zy sy ( _a)k-Z’ (—a’)k—l

and add the equabions thus obtained, we have

Z< 1)°a# @y, z- a=2( 1)Paf my- s+2< 1)£a8Qy, k—p. (14)

£=0
Cancelling terms gives
k k
Q1,k=;(—1)""’a"‘”mﬂ=2 (=1)fafmy.—p, (15)
F=0
and Z( 1)n-Ban-Pmy = 2 (-1)BaBmy_g. (16)
B=o

Dividing now the numerator and the denominator of

n—1
E Ql’kmn-—l—k
Fy(@)= k=3

(z+a)p1
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by z +a, we obtain

n—2
—2—k
>, Qo 2"

= R R
F@) = taram =@+ an
(z+a) (z+a) (z+a)
from which Q2, k=01t~ aQ2, k1
k
=>(—1)k—gk-£Q, ,
=0
E
=D, (=1)Pa®Qy, r—s. (18)
F=0

It is evident that R, is formed in the same manner as Q2,n-1, if it existed,

and R2 = Qz' n—1- (19)
Applying (15) to (18), we obtain

Qs k_z (—1)k- sak—ez (-1)8-vaf~vm,

y=0

i
MR‘

(=1fk~vak—vymy (k- y+1)

(= 1)k—Bak—8 (k‘f'* 1) me

<
]
o

i
M=

=0
-3 B+1
Sy B+1
d Ry=(-1)r1 —1)Bgn-1-8
an o= (=03 (- 1parir (P 1) mg
-_-"2_:1 (-1)fa# (n—,B) Mats. @1)
5=0 1

Dividing next numerator and denominator of

;, @z, pzn—2-k
Fy(z) =

T (xHapt
by z +a, we have

@3, pzn-3-k
Fy(x)= —;: R,

- R,
Grap= T arapr- B@ e @2)

from which we obtain

L k-B+2
- —1)k—Bgk-8
Q3,1 BE-O:( 1)*-£q/ ( 9 )ms

k
=2 (-l)ﬂaB(B;2>mk-p (23)

=0
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and R3=Qs,n—2=(—l)"—2”2—:(_I)Pan_2_3<ﬁg2)mﬂ

“5- 1par ("

A=0
We now assume

B>mn—2—ﬂ'

On k= Ek: (_1)lc-faak.3<k-,3+h-1)m'3

=0

h-1

k h-1
=§)(_1)sas(ﬁz_l >mk-ﬂ’

and shall show that this form holds also for @441, .

k
Now Qrs1,e=) (- 1)k-Pak-5Qs s
B=0

Y=

=3 (< 1)t-Bak-8 S (= 1)p-vas-y (5'7”'-1

2 h-1

=Zk:( 1)k- yak—ymyz(ﬁ 7+{z l)

B=y

L 3
But 2(B_Zj—{l—l)=((xh—l))2(l+x)ﬂ_’+h_l

B=y

=((@){(1 + z)e-v+r - (1 + x)h.—i}
_(k—y+h
‘( k )

k
Therefore Qnir,6=2, (‘l)k'pak-s(k—€+h>mﬂ
. B=0

k

=0

= (—1)5aﬂ(ﬁzh)mk-s

n—k
h
wd B e=Qunn= g (<1rot-raros (U ),

=z (-1)8a8 (n—,@) My—h—g -

B=0

—a)n-k- ﬁ(" ﬁ)"w

Hence F(z)= ; Z=:

Letting n —k - B =0, gives
-k

(x+a)?*

F(x)=§)ﬁ=0

S - (* 1) ma-ica

-k

o

(24)

(25)

(26)

@7

(28)

(1Y)
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If n=p, then the last division will be of the form

R
2 Qp P et A kg . +7’&
k
where QpL—Z( a)"—3<k_ﬂ+p_1>mg
p= p-1
k ,3+
Z )5( )mk-ﬁ' (32)
n—p k
Therefore F(z)= Z a)8< )mk_g:c""""
04=0
n-k
ZJ < B >mn k—pg
£=0 - . (33)
=} (z+a)?
(ii) By differentiation.
5N A
Let F(z) =2 Graps =g (34)
then clearing (34) of fractions, we have
;lm;_x” —k = 3 4k(a;+a)
h- n
_;4‘4"(“”“) + Aj(z +a)k + Z Ay(z + a)k. (35)
k=h+1
Taking the hth derivative of (35) and then letting = —a, we obtain
A=t B S 36
= hrdzhzl’"”” ]z=—a (36)
n-h
=N (_g\n—k—h n-k
L:JO( a) ( A )mk.
Letting n—k—h=p, gives
o B+h
= —a)p
2 a2 (P4 )ns, (37)

which is the same as (28).

(iii) Another method of effecting the separation of F(z) into Partial Fractions
is as follows :

Let 2=y ~a; then from (9),

Z7nk(J -a)*

Fly-a)=

=y—1’2mk}J( 1)"( Bk>a’y"'k"ﬂ' (38)
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Letting £+ 3=/, (38) becomes

Fy-a)= 2""‘2( 1)8- k(g k)aﬂ—kyn-—p-p

_}: yn-p- ﬂ;: —1)8—kqgB- k(ﬁ k)m,‘. (39)

A=0
Now if n<p, we may write for (39)
A -k
. ;“6 (= 1)p—kgs—F (g -k) e
Pu-a-B o
Letting n—%=p8 and 8-%k=/', we have
n—k k
n Z (_a)ﬂ( ‘;/3) Mp—k—8
Fy—a)=> A=0 . 1
y-a)=2, o (41)
Substituting z +a for y gives (31).
If n=p, the integral part of (9) is the quotient of
n—p
; me2"F g n k
Now the exponent of ¥ can only be positive ; therefore
np  nplk n—k
Fi@=3 me >3 (=1p(" ") aryrmron (43)
i=0

Denoting the second of the double summation in (43) by F(z), and letting
in it y=xz +a, we have

Fz(z)—-”—z;_)(- (n L>"-p§ ﬁ(,z—p k- ﬁ)aﬂ_,_k_,zy;

y=0 Y
m m—g —h
and since 2 2 Agp= h}‘ E Ag.n,
g=0 0 g=0
n Pk n—p=k—y n—k\/m-p-k-8
- n—p—k-y ~1)8 < P .
therefore  F,(x) Eo a zv HZ‘:O (-1 ( B ) y )

Letting n—p-k—-y=1y/, then
n—p—k _ 1.
pi="S e (),

=0
G o ) N ) S Gt 1
hence Fy(z) _":Z;_k( l)vav:cn—p—k-yéo( ) (p - n;-]fg./ _ 1) :

and the value of the second of the double summation heing (P + Z - 1), we obtain

n—p—k -
Fyo= > (-7 (7" Y argn-s-t-.

y=0
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Letting k+y =7/,

n—
Sy (TR e
S e e e (49
and F (z)=n_pm EP( _1)7—k<7—k+P—l>a7—kx”—l’—Y
! kz=o k7=-k v=k
= -k+p-1
- QPR Y 4 P n—p—
-yZOk-( a)? < y—k )mkx -y, (45)

Letting y - k=Fk,
nr 7_‘ k+p—'1
Fi(z)= —a)* My VPV, 46
@ =2 S (T ) (16)

Interchanging y and k and writing 8 for y, we obtain the same result as
the integral part of (33).

3. To separate into Partial Fractions

_ S
ﬂ”“u+@f (47)
where f(z) is a polynomial in z of higher degree than p.
Let ¢(x) be the integral part of #(z); we shall then show that

P-;lftk)( —a) 1
F(z)=¢(x) +é/0 B @rapF (48)
; (z) - (z +a)?
We may write (_{%3)7 =¢(x) +L:i%————-——w
R
=¢(z) + (:v—-i-a)a’ (49)
where R is a polynomial in z of lower degree than p.
N R _p—l Ax ) 50
o @ ap ™ s G0
from which Ak--.% t%;[f(z) —(x+a)?¢(r)]y=—a- (51)
k
But %c(z+a)”¢(x)],,-a=0, fork=0,1,2, ..., p-1;
k
therefore Ak=7~_1—! g;kf(z)]zu_a, (52)

which proves the principle.

To separate an vmproper fraction into partial fractions it is not necessary to
find first the remainder, but the coefficients of the partial fractions may be obtained
derectly from the given fraction tn the same way as if it were a proper fraction.
The integral part can be wrilten without carrying out the actual division.

4. To separate into Partial Fractions
n
Maxn—% r
((_zl)= ;) * , n <g: P (63)
z =0
IT (2 + ki)™
k=0

e
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< B r m—1 AL »
Let F—-—-—— 2;_.1 u=0 $+hl_ Pr—v
p"t\l Ak v 9 54
S e 2
T
where 6¢(z) is a polynomial of degree less than E pe—1, and
=0
P p— L . (55)
II (x + kkl)ph I (z+ h){z)”’w
k=0 kp=k+1
Clearing (54) of fractions, we have
fla)px(z) 2, Ay o (& + he)? + (2 + he)Pu0 (%) di (). (56)

Taking the vth derivative of (56) and lcttmg then z= — ki, we obtain

A S0 ],

S1ME —a
- Mg

L) |

z=—hy
) mn_w_a( 2 Jzbitto) . (58)
We shall next find qbk‘”(x)] .
z=—hg
From (55), we have
= 4
log di() = = > pr,log (@ +hy,) - . Pr, log (2 + ha,). (59)
k=0 2=k+1

Differentiating (59) gives

1 Pk r Pi
P ()= ~ (e [; s %J,JIIEJ' (60)

Denoting the expression within the brackets by S, we have by Ch. VL (4)
(notice that for 8’ there, we write S here)

S -1 0o ... 0 0
S’ S -1 ..
S” 28 S .. 0 0
" (w)] . 4»:(1:)] ......................................................... 61)
z=—hx z=—hg

S"‘2’< . )S(t-—S)( 22> St-9 . 8§ -1

s(3)se( s (T8
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An expression for ¢;*(x) can also be obtained in the following way :

-1 r b b

Pk, pk: _ _1_ .
Let (- l)ab[; bt k,§+l @rhye] = ( Sk°> ; (62)

then
d _ . 1 P, r Pk, b-1
<§,:) (=)o [Z Crh 2 (z+hk,>°]
k-1 r
ph pkl

xa(-1) [k§0 EThe)e +k.=2k+1 @1 b hh)u“] (63)

l)a(b-n[k—l Pry___ + - Pk, ]b—l
= (z+ h,)? kymEt1 (% + hy,)

7, ,
<(-ira 3 ot 3 GrheEa) O

B=0 k,-
for which, in accordance with the notation in (62), we may write

Jdi (S%l)b =ab (sig)b—l(;g;{‘“)v (65)

and for (60) &' (1) = u (@) (I;;) (66)
Differentiating (66) gives

¢ (@) =u@) () + #40) (3.)

= ¢y () (S z> + dr(x) (g)

=210 gy ( () *2n (s2)) ©n

w @ =340 511 (5.) + 17118 (52)

@) =419 | 73 (5) +arrres (51 (g
1

and in general

1
bt (2) =t dp(2) D) bo! by 1yl ... by ab(a+ 1)t (@ + gy

(2o ke () )

q
the summation extending to all terms for which 2 (a + y)br=t, neither b nor a
v=0
being greater than ¢, while a may not be zero.
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‘Writing (70) in an abbreviated form, we have

S0 (@) =t b (2)S) o1 ( 1 )by -
) * yoo brl(@+ 7)Y \Saty) 2

therefore

v n—v+i - q 1
=6 @ 2 S (") S T et

t=0 g=0 y=0
(s5) ],

5. To separate into Partial Fractions

n
Z myan—k

F(2) 2%"‘?5)—”—’ n<2p. (73)
p=1
We may write F(z)= ; (;:’f a-; B (74)

Clearing (74) of fractions gives
n p—1
Mm% =" (4 z + By) (2% + a?)*. 75
20 k );0( k k) ( ) (75)

Equating in (75) the odd powers of = and then the even powers, we have

n—l
kz My —op 1 2% = ?_:Ak(x’-*-a’)" (76)

and ?J My ok T2 = Z By (22 + a?)*. (77

Taking the Ath derivative with respect to x* of (76) and (77) and then
letting 22 = — a?, we obtain

l:n IJ B
g__; (=1)8- h( )GE(B-h)mn_zﬁ_l
e
= 520 (—1)B<hzﬂ>a25mn-m—1—2ﬁ, (78)

HE
N h+(
d B, = -1 28 My —oh —28.
an h BZ{) ( )ﬁ( b >a By —gh—28 (79)

Therefore

F(z)= g[{ ; k("1)5<kzﬁ>a“mn—2k—x—2s}$

n]k

+ > (- l)ﬂ<k+ﬁ>a25mn—2k—zs—,w—‘j:27;1- (80)

B=0
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6. To separate into Partial Fractions

. 2y dgz+ By Ajz+Bp ©
We may write F(x):Z-ﬁ%-a;;~— xk2+akk 4’:?;

where br(z) = (:cz + ax, 2) H (12 +ag2).

ko=k

Now, from (82), we ha.ve

Z": Mgz P = (Arx + Br) i (x) + (2% + 02) O (x).
B=0

Letting in (84) z=1a;, then

n
Z m,,“,;iﬂakﬂ = (A;,.z'ak + Bk) br (1’ak).
=0

H "]
E”: m 1BaB = S B, 28 M 1)8q,28+1 .
2 n-gtPaf = 5%)(-1) a2y _og+1 Z (= 1)Paz®+lmy_op_y;

A=0
['1:1
2

> (=1)PaxPmpy_ss_y
therefore A== £=0

?
I @2-a?) I (a2-ad)

=1 ha=k+1
n
B
}_/ (=1)Par®Pmy _2p

and Bk=k:l»§7—°—— p T T
I (er?~a®) II (ar?-ad)
h=1 Ra=k 41

But

Denoting the denominator of 4; and B by Py, we obtain

&1 i : 28 1
F(z)= -IE[ ;_,; (= 1)Pa?my _ga_12+ ﬁ};ﬁ (=1fa Mn—ﬁﬁ}mr

7. To separate into Partial Fractions

Z mpan - -k

T(@Far+ b
n§2p and 4b-a?>0.

139

(81)

(82)

83)

(84)

(87)

(88)

(89)

(90)
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Letting z + —;—=y and b- }a?=c? we may write for (97),

e S

@+

n n-k _n n—k -k a\n—k-8
I
PR ACh féo?:o’"*(ﬁ 2

n n—k
and since ; > Ars 2 Akr.p,
=0 =0 =0 £=0

the second member of (99) becomes

::o ”Z": " <n [_3' k) ( - %)”"“5] U =ﬁ§::0 Ngy?
I

sty“ +y Z Nog 1928,

Letting y2=2, we have

IS

(z+c?)P

Applying to (95) the methods of 2, leads to the required separation.

8. The separation into Partial Fractions of

n

n—k
1 _ P
F(z) (22+az+by
can also be obtained by division.

Let first n<2p, and, without loss of generality, we may write
(x® —ax - b)? for F(z), where a2+ 4b<0.
N Sf(z) [’_2'1] Arz+ By
ow _F(—x)=é40 (2® —ax - b)P—*

To find the values of 4; and By we proceed as follows :
Dividing f(z) by 2% —ax - b, we obtain

f(x) ;Ql pan- 2 k+ Ao$+B

2_qr—-b 22—az-b

(91)

(92)

(93)

(94)

(96)

o7

(98)

(99)
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Clearing (105) of fractions and equating then equal powers of , we have

QI,O '—’mOv
Q1,1 —aQy,0=my,

Q1,2 —an, 1- be,o =My,

- an, n—2" le, n—3=My,__

. ] By —bQ, n—2=m,,
The last two relations give

Ao=my_1+0Q), n2+bQ1, 53
and By=m, +bQy, n—2.

(100)

(101)

1 (102)

(103)

(104)
(105)

It is evident that 4, is formed in the same manner as @1, n—1, if it existed.

We then would have
Ql, n—1—" an, n—2— le, n—3= QO, n—1=
We shall now express the @'s in terms of the m’s.
Ql. 0=m,
Ql, L=my+amg,
Q1,2 =my+am; +a2mg + bmy,

Q1,5 =my+amy + a?m, + admg + b(m, + 2am),

Mp_y- (106)

Q1,4 =my +amy+amy + admy +a*my + b(my + 2am, + 3a2my) + b2m,

_Zan y+b2(1 7)(177724 2...,+b22’

y=0 y=0
4 4—28
= Z b8 E aY<'B+7) my_28—y,
=0 y=0 Y

Q1,5 ="m5+ amy + a?my + aPmy + adm, + adm,

(2 ; 7) avmy_e_, (107

(108)

+b(mg+ 2am, + 3a2m, + 4a®mg) + b2(m, + 3am,)

1
-Za1m5 ,+b2a"( )ms_z_,+b22a7

y=0
5-28

('BB }') Mms—28—y-

Q, k—lgb"’ 22) a’('@ 7)’”1: ~2B—y»

B=0 y=0

-5

We now assume

=0

and shall show that this form holds true for @y z41.

(2 ; 7) @54y (109)

(110)

(111)
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Now @y, k41 =myyy +aQy i +0Q1, k-1 (112)

[5] k—28

=My +a D, b8 > av <’8; 7>mk-z,s—y
B=0 y=0
[’f{;fl] k—1-28

NS a7</3;7)mk_1_25_.,

f=0 $=0
:]
2 k+1-28
+y-1
=My + st 2 ay<18 Y )mk+l—-25—y
B=0 ye=1 B

[E] sz

+ 03 e <B;ZIl)mk+1—2s—y;

= ¥=0
and since <B+Z§_1> (B;z 1) ('BE 7>,
] s g,
therefore QLer1= ﬂ;‘) b8 y: a‘/( B7>mk+1_2,5_,. (113)

The value (111) is therefore true for all values of % (the highest value of %
being n —2).

We next divide

f1(2)=§Qx.kZ"“2"’° by 2?-az-b. (114)
We then have
= {‘i?_ —?402 pani- k+;1_”;;3b, (115)
and find Q2,1 =01,k +aQ2 k-1 +bQ2, k2, (116)
A1=Q1,n-3+aQ2 n_s+bQs, n_s, (117)
B, =Q,n-2+bQ2 n—s. (118)

It follows that 4, is formed in the same way as Qg 53, if it existed.
We would then have

Qo,n—3=Q1,n-3+aQ2 n_s+ Qs n_s. (119)
Similar to the above, we obtain
H NEE B+y-1
=SB+ v Y o
Cei= 52-0 ( );_;0“ ( y )mh 28—y (120)

n—3

Al:[ﬂgjbﬂ(Bﬂ)n—zs _3 (/3+7+1>m”_25_3_w 21)
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['"2‘]'1 n—26—2
- 2 b 20 ay<18+7>m”~2s_2_7
i=b 5=

+ b[i b <ﬂ y 1>"—§‘4 a’ (B M 1) My_gg—s—y. (122)

B=0 y=0

It is evident from (119) that the €),’s are the same functions of the @,’s as
the @,’s are of the m’s. Hence if @y, k=0, 1, 2, ..., n—2¢, are the coefficients
in the quotient of the tth division, we have irom (lll),

th=[25}be Z

g=0 y=0

(Bg y) Q—1,k—28—y- (123)

‘We now assume

H t-1\*% t—1
Qz,k=;=-%bﬂ<ﬁ+ﬁ ) 2 (’8+7; )mk-zs—y; (124)

y=0

and shall show that this form holds true for @y, x41.

Now Quk+1=@Q—1,k+1+ 2@ r + Qs 1. (125)

Writing in turn ¢-1, t-2, ¢t-3,..., 2, 1 for ¢ and adding the resulting
equations, we obtain

-1 t -1 t-1
D Qprt1=2, Qprt1+a >, Qupr+b>, Qpr-1. (126)
B=0 g=1 8=0 B=0

Cancelling terms and since o, +1=mz+1, We have

t t
Qt,k+1=mk+1+az Qa,k+b2 Qa, k-1 (127)

;
z[z] z Y
"mk+1+a’l§b5§avmk_zﬁ_yz;(a*'ﬁ (s
o [”“‘] —Z) amscaso (VBB TY),

a=1

YO e

(a+/ﬁ3
and i(a+£—1)(a+ﬂ;—y—l) <B+7) 1(“5::;-1)- (130)
Q] G

) ME—2p—y

Now
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= ((@F+r+1)[(1 + @) v+t — (1 + )8+]

(,3+'y+t>_<,8+7+l);

B+y+1) \ t-1
therefore
[a k32 By -1\/B+y+t-1
Qt,k+l=mk+l+p}_,0bs 21 a*( B )( -1 )mk+1-—2B—v
= for
[H}] k+1-28
3 +y=-1\/B+y+t-1
+ b X (B ;,, )('B Z—l )mk+1-zs—y~

=1 y=0

Now

<B+7 1) <B+7—1> (ﬁ+7)
and (,8+7>( +7+t~ ) <B+t- )(B+y+t 1)

Y

Then, by means of (134) and (135), we obtain from (133),
k+1

@, k+1—[2;]bﬂ<18+t~ ) 12 <’8+7;t—1>mk+1—25-y,

B=o
which is of the same form as (123).
To find the values for 4, and B, we proceed as follows :

We have
Qur=0Qi—1,k+ aQs k-1 +bQs k-2,
80 Ar=Qyn-1-20+0Qet1, n—2-2+ bQry 1, n-3-2

=Q1+1,n—2-1
a1

[ 2] b (BE t) ~2t—225—-1 o (IB +y+ l) Mp—tt—28— gt

B=0 v=0 Y

n n—28—
B e
and By=Qn-2t+bQt+1,n-2t-2

(3] s i}
ey

B=

My-~2t -28~-y
y=0

5]-t-1

+b Z b8 <,Bg t) n-2¢§5—2 a¥ (’8 Ty t) Mp—21—28—2 -y

B=0 y=0 Y

(131)

(132)

(133)

(134)

(135)

(136)

(137)
(138)
(139)

(140)

(141)
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L
bt}_, b"( >y§) a’<'8+;l-l>mn—ze—v

+L [5% po(P7 1)2 (’“’ ) tnzay (142)

B
p=T+1
If n=2p, then

n—2p -1 A B
%3, 3 Qpaan i B T (143)

—ax—b)r-t’
where @, , A; and B, have the values obtained above.

9. Cayley (Collected Works, Vol. 11.) has shown that

P P-n ] _gntk
2 (_l)n—-lxin(n—-l) II 1:_5 - =1. (144)
n=1 k=1 x

The method of proof given here involves Partial Fractions, and is believed
to be more direct than the proof given by Cayley.

1 2 1 1

Now 2 Z‘ p 2 yoan (145)
1I (y_a’n) n=1 H (an"ak) II (an—ak) "
n=1 k=n+1

If we let y=1 and a; =%, then

1 P 1 1
- =3 i . e (146)
II(1-a%) »=LII (a"-a*) II (z"-2%)
k=1 k=1 k=n+1
2 1 1
- n— P
n=1 gnip-n II z8 H (a*-1) H (1-a*)
B=1 k=1 k=1
P
) (1=t I (1-2%)
E=n+1
E e . (4
n=1 pinn—1 gnip—n) H ( 1:") H (1 _xk)
k=1 =1
Cancelling — , we have
II (1 - =z*)
n=1
2 (=1yn=1  P=ny_gktn
=24 w5”‘"‘1’z""’_"’k1;11 1-zF (148)
Replacing in (145) = by > e obtain
é( l)n-lztn(n Lgnip—n) ﬁ"z_l” {T{t}l_l ; (149)

n=1 k=1
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. Pmn 1 ] _gktn 1 P—n | _ gxtn
and since kg 7 I~ L T (150)
? P=n ] _gk+
therefore "2_;1 (- l)""l.':;"”"-l’kl;[1 11 _mxk".—. ,
which is the same as (144).
vd n
10. To separate S=>" 1T (6, +1by,) (151)
n=ml m=1

into its real and imaginary parts.

The a’s and the b's being restricted to the condition agby - a,bs+ 0, where
B and y may have any value between 1 and p.

n n
Now IT (@p+ibp) = T1 (@3 +bpd) . (152)
m=l m=1 IT (6, —%by)
m=1
Letting
" : =ak‘fﬁcbk+ k-1 ¢k(x) ) (153)
II (G —2b,) II (ar~2bs) II (ag, — zbs,)
mm1 k=1 ky=k+1
from which A= p——— L
k
-—b,
kEl <akl b h> kz-I}::+1 (ak' b bk’)
b n-1
= B , (154)
II (arbe—acbe) II (ak,be—axar,)
ky=1 ky=k+1

where, if k=1, the first product is unity, and if k=n, the last product is unity.
Therefore

1 2 byt 1
== (165)
° i=1 a, - aby
II (am-2by) H (ar, bx — axbr,) H (ar,be - axbs,)
m=1 ky=k+1
- ;"j by @y +iby). (156)
“ @+ ) H (ar,bz — a‘kbh)k H (ax,be ~ axby,)
gk +1
Y4 n
and > I (@ +iby) f) > abit ‘F..k+z2 Zb,, wk  (167)
fn=]1 m=l n=1 k=1 n=1k=1
k-1 n
where Fﬂ,k= I ap"+0 +bh akz + bkt

k=1 aklbk akbk, Ey=k+1 ak,by — a,,bk,



CHAPTER IX.

EVALUATION OF INTEGRALS.
APPLICATIONS TO THE SUMMATION OF SERIES.

WE shall in this chapter evaluate integrals of the form

8

t
I=J L dr, forz=1,

?
z741
where ;‘and P may either or both be positive or negative, and apply the results

to the summation of certain types of series.
The integral I may be reduced to the forms

x™dr amdx
I=|\=—"-% or L=|-"-7%% 1
N 2 | L PO (1)
where n and m are integers, n positive and m either positive or negative.

1. (i) To find I, we shall first separate

F,(z) =¢—,,£1—'l— , m positive and less than n, (2)
" +1

into partial fractions. The results obtained here are in a form more convenient
for purposes of application than those generally given.

We may write Fi(x)= ;- —, (3)
II (z—7%)
k=1
27k—+'17r‘i
where 7, is one of the n nth roots of -1, r,=e¢ »
Let F (z)= }ﬂj Ax )
1 Sha-r
I € -LQ] -1 m+1] .
then A= T ey, n " e ()
13 pmtt 17T el
therefore F1(1)=—'h2:1;—:;;— _;sz{)z—rk' (6)

since in the first summation in (6) the terms corresponding to k=0 and k=n

are equal.
147
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2%+1 .
If nowin rp=e »  welet
k=0, -1;1,-2;2 -3; ...; n—;--, —g, when n is even,
=0, -1;1,-2;2 -3; ...; n_;B, —-11;; n_z_—l’ when » is odd,
we obtain the sets of conjugate roots in order.
Therefore
n-—-2]
m+1 rm+1 1—(=1)
Fy(2)= - 2, ( +—=FD ) S IR (M
k=0 T —7Tg Z-T._(k.H) 27&((E+1)

n—2
[ ]2zcos k (m )m - 2cos2l”+1mvr

1 2 n 1-(=1)
- e S0
n ~ 2<tcos2k+l +1 2n(z+1)
By means of (8) we find
z 1 z+1
R 3(w+1)+ S@i-z+1)’ ©)
2 z x
x4+1_“/2<x2—x\/2+1~x2+z\/2+1)’ (10)
1 z+¢5+1 . r-J5+1

Fri-ToWs- 1);2;?\/7_3}]?1 —1o(Vo+ I)W

1
+5_(z_+—l_)’ (11)

2+V2-J22+1 22-V2 - J2z+]1

+1 W JZ( T+J2V2+ /2 x—J2~/2+J2)
z+J2V2-y2  z-J2V2-2
2+V2+22+1 22-V2+ 2z +1

+;,~/§+—\/§< ) (12)

(ii) We shall next separate

m

=——, m positive and less than n, (13)

into partial fractions.
Similar to (6),
1 & r,m+1 2kri

F2(z)=;bkz=:1;_rk) T,=e", (14)

where k=0;1, -1;2, -2;. g, when n is even,
=0;1, -1;2, -2; ...; 7—L—}, —Q_—l, when » is odd.
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We then obtain

P ,,
Fz(x).—-}b }2: <n oy +1>+ (1 (1 (L4 (=1y

&= \e-re z-1_/ n(z-1) 2n(z +1)

n—1
[ z ]2zcos%bl—c(m+l)—2cosz7?m7r

1 +_l__
n £ —chosglfrr+l n(z-1)
=1 n
14+(=1)"
—Qyn-1- AT )
D ey 19
By means of (15), we find
z 1 z-1
T173G@=1) 3@+a+l) (16)
1 _ z-5-1 z+5-1
e R LA A e v VP B AL P R 1 S e
1
+5_—(:::—1)’ (17)
2 -1 25+ 1 1 1
w‘—l—‘<z2—x+l+x2+w+l+~ —-1> a8)
. ™
(iti) If in Fl(a:)=x—n—_:—l, m>n,
we let m=np+a, a<n,
m
n
= \" k—1,m—kn p_
then F(z) k2=J —1)k-1g +(-1) x"+1' (19)
2 (1P met
1\ = . np —( —
But (-1) | - k=11—?‘k’ and rm?=(-1)?;
[m n 2k+1
1 Tk m+1 eyt
1)k—1gm—%k L o n
therefore ; 1yk=1gm—kn _ nzzlft—fk re=e . (20)
Similarly, if m >n,
[n 2,
_ain - !‘—‘«m—kn 19 ™! n 21
xn_l——kZ:Jlﬁ +n =1}£--—_—7;, Ty=¢€ ( )

Applying (8) to (20) and (15) to (21) gives the required separation.
zm

(IV) If in ;m,

m is negative,
we proceed with the separation as follows :

m—1
A, > B | (22)

Let F(x)=x’"(x"-(:I) ;g:‘:c—rk &hamk
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Multiplying both sides by z —r, and then letting =r,, we have

1l z-r 1
e @)

Azzm
J k
Now, from (22), x,, ST ; et ZJOB,,I" (24)
Taking the hth derivative of (24) and then letting =0, we obtain
1 a¢ 1
== % = —h
Bim g 7 )s ;0( 1ye(" ama, (25)
and B, =0, if b+ na,
=1, or -1, if h=na; then B,,=(-1).
Therefore
[*&] 241
1 1S, -m+1 ( 1 _ Kl
TN Tn gy oone | g g KT (26)
1 [ 2]2 cos 1(m—1)7r—2co.i12k’:-1m
" ;’ z2—2x0052k;-17r+1
[’" ‘]
(- 1)" 1-(-1)"

+ 2 et (GO gy @0
A similar form is obtained for

1 1 L rk""H-l [ ] 1 gl‘,n
Zm(zﬂ—1)=;;§l . kgo zm—nk' rk_.e . (28)

2. The integrals I, and I, may be obtained by integrating (8) and (15)
respectively. But to illustrate certain operations with series, we shall find

z gmdy
h=[ w1 @)
directly from (6).

1

From (6 h =~ —j g

rom (6) we have I, ; _Tk

1 1 x—T
= —ﬁg:lrk""* log ™ — (30)
But 7™+l =cos 2k +1 (m+1)mr+2sin 2—13—- (m+1)m (31)
Te—% 2k+1 . . 2k+1

and log £ £ =log (1 -zeos = —m +izsin — 1r>. (32)
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To separate the second member of (32) into its real and imaginary parts, we

make use of the relation
log (u + i) =1 log (u2+v2)+itan"1£, [v]=]u],
which can be proved as follows :

log (u + w) =log u + log<1 + ig)

but log(1+i§>=i : (%k_l):k{_l <2>2k—1+;::1(—2:—1 g)n

. ) 02
=stan"!—+ L log(1 —)
1t " + 3 log ( + w2

=g tan~! 1{]‘ + L log (u? + v?) —log u.

Substituting (35) into (34) gives (33).
Then, by means of (33), (32) becomes
+1

. 2k
1 zsin——m
7r+x2>+itan'1———-
l-zcos== —=
n

log f@fﬁ: log <1 ~ 9z c0s F
k

Applying (31) and (36) to (30), and, since I, i3 real, we obtain

zsin 2k+1n~

n 8 RV

Il=l?_“‘sin?kn—+l(m+l)7rtan-1 27;C+1
"= 1 -z cos T

1
2n

n
;: cos 2k: 1 (m+1)=log (1 ~ 2z cos 2k: 1 7r+z2>.
=1

%+1

(33)

(34)

(35)

(36)

CY)

To reduce the upper limit in the first and the second summation in (37), we

denote them by P, and @, respectively ; then

13 1 &
Il=ﬁ§lPk"2‘hg‘Qk;

and since Py=P, and Qy=@,,
n—1 n-1
g P 2 O
n—2

n—1 =2 n—1

Now ; Pk=; P+ Py, whennis even.
= =0 b}
H

(38)

(39)

(40)
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Letting in the second summation in the right of (40), n—1-k==%"; then

n—1 2
;)Pk=2)§)Pk.

Also, since P, =0, for k=-n——2-—l , when # is odd, we find

n—3
n—1 “'2:
P.=2> P,.
n—2
n—1
Therefore ;: =2 ; P,, whether n be even or odd.
n 2
n—1
Next % L—2; Qx, when n is even,
n—3
z
=2;: Qk+Q,l__1, when n is odd.
But Q,._l— -1)m-1log (1 +x);
n—2
n—1 p
hence ;Qk=2 D Qe+ ()™ 1-(-1)"]log (1+2),
=0 £=0

whether n be even or odd.
Applying (43) and (46) to (38), we obtain

[ "2] ok + 1 z sin 2]:-]71'
I,_— sin 22F (m+1)7 tan—? - ok TiT
" E=0 1-zcos——m
L
Z m+1)7rlog<zz—2zc052k+11r+1>

+(- l)m};(—i#log (1 +x).

In a similar way we find

[ﬂ 1] xsil)2—k7r

12=r ands 2 )‘2‘ sin 2—k(m + 1) tan—?
ox™—1 n &= n

["—1]
= 24 cos—k m+1)1rlog< 2zcos?£w+l)+llog(l—x)
=

2k
1-zcos—m
n

+(=-1)m= 11+ (=1) -log (1 + ).

2n

(41)

(42)

(43)

(46)

(47)

(48)
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We also find

['—':E] ok + zsin 2k+1

dx oL 2 si n
Jmﬁ';;‘, 'T""“)”‘"‘ okl

1 -zcos
[gj d 5.2,'0—-—.—"—1(m+l)ﬂ-log(x2 2zc032kT+l7r+l)

1- (-1 ey 1
- log (1 +2) - Z}o (m Ak =Ty g1’

(49)

and a similar form for J‘z_'"(gTz—f)

By means of the above we find
ﬁ?@f—l 1 (J5-T1)log (22 + 1B -1z +1)
— (B +1)log(a®-3Vo+1z+1)

yiz+5-1
J10+2J5

dr-,/5-1
Vio-275

+3log(1+z2), (50)
2 +x/3+1

% dr 1. % -
L P 123 log Aay3+l + 3 tan™! et 1 tanlz, (51)

+ 4 V10 + 25 tan— + %VI0—2/5 tan~1 S

22~ Jor+1 @ -2+ 2z +1

V2= 2z +] 2+J2+ 2z +1
»»»»» J2+J2z V2 =2z

+3V2+y2tanTt Ty +3V2 -2 tan1 Y T (62

rfiflf_”\& \/2)00 5 +15V2+2log

0% +1

zy3 1
—§J3tan 12_—2—';. (53)

dx a z’-t_2x+1
I;z(xsn)“‘ RLI

3. We shall give here a few applications of the results in the preceding
articles.

(i) To find the value of S= "ZO( 1) 5n+l (54)
1& gt ]
Let r=at; then  S=_ 3 (=1 gy =25 (65)
ds; < 1
Now ﬁz,é;,(—])nxsn=é5+i’

: d
hence Sy = j —f . (56)
0
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Then, by means of (50) and letting z=r!5, we obtain from (55),

S=bﬁ(\/§ ~1)log (P + }V5 =175+ 1)

(/5 +1)log (15 - 1B+ 175 4 1)

2() 507175
+J;_)_ 115_J5_1
5 "1 — == 1 14—y
10 l,5\/10+2\/ tan \/10 NG 1071’5\/ 0—-2/5 tan— Ji0=275
+5—7J7510g (P15 +1). (57)
(=1
To find S-—"Zo Bl (58)

we must evaluate (57) for r=1.
Denoting in (57) the terms in order, for r=1, by T, T,, T3, T, and T},
we find
Ty + Ty=5 (/3 —1)log 3 (3 +v/5) + %5+ 10 + 25 tan=1/5 - 2./5.

But tan-W/5-2/5= 5 " (see table at the end of this chapter) ; hence

Ty+ Ts=15(/5-1)log 3(J5+1) +5 J10+2Jo (59)
Similarly
~To+Ty=—{5(/5+1)log} \/)_1)+, T J10-2J5 (60)
and Tg=1%log2. (61)
Then, by means of (59)—(61), we obtain from (57),
5+1 = =
S =155 loaj5 56(J10+2J5+2~/10—2J0)+ tlog2.
But (V10 +25 +2V10-2./5)2=5(10 +2/5) ;
therefore gn——i)——- Jo logg(\/o+l)+ J5\/10+2\/5+}g10g2. (62)
n==
(ii) To find the value of
§=3 - (63)
n=0 T[ (4n+2k-1)
k=1
Now
1 13 2 1
g =g 2 (=1 T ) T by Ch. VIIL (6), (64)
II (4n+2k-1) — (k 1) in+2k-1
k=1
and letting r =24, then
©  dn+2k—1

;:(" D <k 1)7;2"-12 ok —1 (65)
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gin+2k-1

Denoting nz-'o yropr) el A (66)
2k—2
we have dS" =q%- 22 zin = _z
n=0
z 72k—2 Jp
and 8= -.’-oﬁ’ (67)
the constant being zero.
Then, from (65), S=1<3 sl--2—32+%sa). (68)
Now S;=1 log — +;— tan~lz, (69)
S;=11log i f -3 tan—lz, (70)
S3=—x+-}logi—f:+1}ban"lx. (71)
Applying (69)-(71) to (68), and letting z=r1/5, we obtain
1 1+ 1
S=3-13—( —pliz)2 logl :”‘_,_1615/‘(1_,_,1/2)2 tan—171/4 _ o (72)
kel 1 1
If r=1, 8= 53— ={ "5 (73)
A=0 IT (4n+2k—1)
k=l
o 1 nyn
(i) If 5=3 S b (74)
n=0 H (4n+2k-1)
11 1/4
then S=-8<§S1—;332+—£583>, z =1l (75)
and we find
[z dz xz+x,/2+l J2
Sl‘j A1 8Os s ey + iR tan (76)
22dx z +xJ2+1 _ a:JZ
Sa= j pre " hV2log] T R R AL ()
_[ratdz ?+z/2+1 | _13/2 -
S| e e T e B (78)

Then, by means of (76)—(78), we have from (75),

5=, (r+2r2-1)lo grl/2+’1"~/2+1

Garen ‘xmm
2 7174, /2
+ g;z—rgl“ ('I' -2r12 - l) tan—1 1= J 7+ 8—7 (79)

This result can also be obtained by writing in (72), -7 for 7. In this way
the laborious operations of integration are avoided.
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Denoting in (72)
:,':T;(l - 7122 by F(r), log1 1/4 by F,(r) and r5/‘ (147122 by Fy(r), (80)
and since the principal value of (~1)'4=1(1+1)/2; we have

Fi(-1)=- 2

sl =i (1 -r-2in")
N2 [(1 —7—2r12) - (1 -7 + 2r172)] (81)
21—5/4 *
o e \/2 1/2 1/2
Similarly  Fy(-7)= 2rw[(l -7 +212) (1 -7 - 2r12)]. (82)
143742 + Jart4, /2
Now Fy(—~7)=log = 271,4\/2 —-zirl“\ﬂ ; (83)
then, by means of (33), "
1+ /2412 | y14)2
Fz(—T) 110g 71W+1 n 1’1—1’2. (84)
To separate tan~!(—r)V8 =tan—1(3rV8/2 + Jirlh,/2) (85)
into its real and imaginary parts, we shall first show that for |v| =] u|,
Yy pi)= —log (LR Lo 2w
tan—(u + w) 4log(l+v)2+u2+2mn o2 st (86)
Now log (1 + du) =1 2( w14 ] )k " (87)
g k-1 ,‘2
and log (1 —7u) is of the same form as (87), except that ¢ is negative.
Ltiu o (=1%o ore 1
Therefore logl - —2121 T ¥ =2¢ tan~lu. (88)
Writing in (88) w + ¢ for u, we have
l-v+wu 1 u
tan“(u+n)—— log - 1 Tom —2—1[ gl+v+10g(l +1 1—>—Iog <1 —zl—-)] (89)
;%\ itan- % 4 Mog u \?
But 10g(1+1,1—-:—v)—ztan i 2105[1+<1_v) :I (90)
S % ) o itant Yy ] Ay
and log(l tl+v>_ i tan l+v+2log[l+<l+v>]' (91)

Substituting (90) and (91) in (89) gives (86), by means of which (85) becomes
1-rU4/2 4912 1 V42

tan“( 7‘)1“= —'—1 gm+2tan 12" (92)
Applying (81), (82), (84) and (92) to (72), (79) is obtained.
If r=1,
5= T a2+ log L+ y2) - 1) (93)

3
=0 T (4n + 2k 1)
k=1
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(iv) Show that

n —6rl2
i B [, f;frs P+ 1 a1
=0 17 (4n +k)
k=1
r+6rY2 41, 1494 1+r” 1+12 1
——W— T pin lOg (1 +T“2) + ]Og (1 _7112) —1'_] (94)
® 1 1
and 2 5 —————4¥<410g2—%—1>. (95)
(4 n+k)
k=
Also i g—l) ,,n =}, -fr/-sg (r+6rv2-1) tan“‘lr ‘{,22
n=0 TT (4n + k)
k=1
2 s 244 /241 1 1
-—2t;m‘1r”2+%;(7-—-67"3——l)looru2 r”‘j2+l —log(l+r)+;:| (96)
and 5: Bk V. a(trv2-G 10210 ://2 1 1og 2). (97)
7=0 1T (4n+k)
k=1
0 m (1 _7-1/2)2 7-1/3+/’-l/6+1
(v) Show that z - - = 5ig, log " (T= 7oy
n=0 1T (6n + 3k - 2)
k=1
(L+712)2 142706 445 J3(L47l2)2 A8 /3
916,78 08 T s 5 T T iog,a AR lf:’ri/s
J3 . rsy3 1
"‘2—7-1'573 tan 12:_}176—.@’ (98)
and by writing in (98) —r for r, find the value of
uo_‘ (_ 1)7!,’"

3
7=0 IT (6 + 3k — 2)
k=1

4. The integrals I, and J, are involved in the process of obtaining the sum
of many types of serles We shall here evaluate these integrals for z=1.
Letting =1 in (20) and (47), we have

(2] .
I] o B_,( lk—thn{f-*‘n §=':’) sin 2% +
5 I

1(m+l)ﬂ'

2%+1 . 2k+1 9 2 9
~m szo gy Sin = — (nz+1)1r—hlog2 é’o cos (m+1)r
Ln—-Z]
2k+1 2k +1 1-(~1)»
—;c = cos ———-—(m+l)7rlovsm G +(-1)m - log2, (99)

where the ﬁrst summation is zero if m <n.
The result (99) will be reduced by evaluating the several summations in it.
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n—2
[i] sin 2k +1

(i) To reduce S, = ar, a=m+1. (100)
=1
. L . n\ . n+l '}
If in ; sin (b + kg) =sin ( b+59)sin ~g~ g cosec,
=0
we let b=a—:, g= -2%— , and write n—z—g for the upper limit n, when n is even, and
n;_.‘_i for n, when = is odd, we obtain
129 050 0T 1 (=1 a7 ;
S;=sin 5 cosee 3 cosec —~, when = is even, (101)
—sin2( 4T .97 i
and sin ( 3 "o )cosec

_(l=(=1p e 14(-1p
‘< 2  on 3 2

a
5=+ —5 —= sin? «) cosec 7

=3 <coseca—: -(=1) cotaf), when 7 is odd. (102)

Therefore, whether n be even or odd,

S, =14 cosec — — ( 1)““‘—&_1—)7100500‘%—(—1)“ 1—--({—120% %’E
=1 ar _(-1) 9T (- ‘i’f)
=7y cosec i (cot 5 +(—1)"tan on)? (103)
if @ is not a multiple of n.
And 8§,=0, if ais a multiple of n. (104)
(ii) We shall next simplify
n—2
[’z 2k+1
S, = kza cos == am (105)

n
by letting in > cos (b + kg) =cos (b + gg> sin 75—;;1 g cosec g,
£=0

b="T, g=2_5:1’ and by writing for the upper limit n, first ﬁ—;—g and then

n
—2——:2 We then find, if @ is not a multiple of n,

= [°
2

;: kzlaﬂo and ;% cos 2 gra(— 111 (106)
0 -

Therefore, whether # be even or odd,

Sy=(-1)-1 1—:(4;1)—", if @ is not a multiple of n, (107)

=( —1)"[?], if a is a multiple of n. (108)
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(iii) To find the value of

n—2
2
S;= > (2k+1)sin e+l
£=0 n
Then, when = is even,
n-2

1 z 2k+1 2k +1
ss=2_ig‘6(2k+1)(r, g2k +1),

ami _anmi
where ry=en and r,=e ©,
n—2

d

1 QY 2k+1
Therefore S3=2—i[<’1(fﬁ)2‘4 " (Tzd')k;or ]

rl[ (=12 (n+1)]+7r3[1+(-1)*(n-1)]
2¢(1-r))?

rp(1-(=1¥(n+D]+r3[1+(-1)(n-1)]
2t(1 —17,)?

=(—1)“'lgcosec a;—”, if @ is not a multiple of =.

And when 7 is odd, Sy=(~-1)s-1 gcot%:—r.
Hence, whether » be even or odd,

Sg=(-1)"1 (cot§—+( 1)"tan%>

when a is not a multiple of n, and
S83=0, when a is a multiple of =.

Substituting (103), (107) and (113) in (99), we obtain

[ ) _
L= 3% (-1

" cosee ™1
= m—Fn+12n

2 [—% 2k+1 . 2k+1
- ;) cos ==— (m+1)7 log sin =5,
when m +1 is not a multiple of n.
If n is even, the second summation in (115) reduces to
Gl s 2% +1
+ +
’; cos (m+1)7logtan =g =,

when m is even,

159

(109)

(110)

(111)

(112)

113)

(114)

(115)

(116)
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and to

[ % +1 2k +1 (-1)&2u i
;0 cos — (m+1)1rlog(;sm i )-_h—m-[l—(-l)i:‘log&

when m is odd. (117)

When n =2, the summations in (116) and (117) are defined as zero.
If m +1 is a multiple of », then

[m]( 1)kt

118
1 jl m P (118)
where N= —}Llog 2, when m+1 is an even multiple of »,

and N=} log 2, when m +1 is an odd multiple of n.

The result (118) can also be obtained from (99) as follows. This method is
given because of the principles in the operation with series which it involves.
Applying (104), (108) and (114) to (99), we have

= . m
N T B ST Ty
,,,H["‘?]

-(-n" > lovsm 111-. (119)
k=
n—2 ’
Now S,= S logsin 261, 119) (120)
4 g )
= n
can be reduced in the following way :
Whether n be even or odd,
n-l . 2k+1
S,=-,£-?:Ologsm TR (121)
n=1; , 2+l . 2k+1 .
=.;_]0g I é(g en ™ _¢ 2n ”)
k=0
n—lz' _1_2",1' - 2km~
=1llog II o n (e n_e® > (122)
k=0
_m 2% _m
But e »—en™ is a factor of 2% —1, when z=¢ n ; therefore
n—l, _xi 2_. _miyn .
H(e n_en l>=<g n> —l=€_’"—1=—2, (123)
k=0
gnn—1 1-2k .
and S,= %log<2,, i H e In M>

2—-n_. _
=1log (2;f: ez m>= —?—2—1 log 2. (124)
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Applying (124) to (119), we obtain

] =E2]7rf Ilc:+ll n[( 1 7 {u”[n]}"'( 1)"' il 1)]10g2;
and since ” n-1 [2] 1+( 1)"

["']
- (=11 1 .
Il:lz::'l ,‘_Zlm kn+1 2n[( ™1 —-(=1)")
m+l

—(-1) ™ (L+(- 1)”)]10g2 (125)

Denoting the expression within the brackets of (125) by M, then, when = is
even and m+1 is an even multiple of n, M= —2, and when m +1 is an odd
multiple of n, M =2.

hen » is odd and m +1 is an even multiple of n, m + 1 is even ; therefore
m is odd and M =-2. Andif m+1 is an odd multiple of n, m+1 is odd ;
therefore m is even and M =2. Applying the values of M to (125), we obtain
(118).

Although I is infinite for z=1 we shall nevertheless find it to our advantage
to evaluate the finite terms that are involved.

5. To find the value of I, for =1, we let z=1 in (21) and (48), which gives
[ﬂ] ["_1] [n—-l
> e E Py
I’]zﬂ:;m”ﬁ 2} s1n_(m+1) ) e
n—1

. 2k 2 2 2k
sin = (m +1)m + - log 2 Z:l cos —= (m +1)r

n—1
2L &, Ll (=n 1
+ ; os—(m+1)7rlogsm +( 1)m- TIOg2+ﬁlog(l—z)],=~1'
(126)
(i) To find the sum
2] o
Sg= sin—am, a=m+1. 127
I:ZI n 4=
Then Ss=1—_——(§:1)~a cotz—”, when 7 is even,
=1}cob‘-1n1—(— 1)+1 cosecaT’:, when 7 is odd,
am ar amr
=1}—cot—n——(—l)ui(cot%—(—l)"tan%), (128)

whether n be even or odd, and if & is not a multiple of n.
Also Ss=0, if a is a multiple of n. (129)
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[*z]
" 2kr . 2k
(i1) Sg= 2 - sin - o (130)
Now Sg=(-1)21 % cot ‘%r ,  when n is even,
=(-1)1 7%cosec a_v:, when n is odd,
n
=(-1)a17 (cot——( 1) tan 27), (131)
whether n be even or odd, and if a is not a multiple of n.
And Sg=0, if a is a multiple of n. (132)
.
(iii) Let S;= 1‘21 cos = ar. (133)
Then S,= —-1—.’i2_—l)f, when z is even,
= -1, when nis odd,
= =32+ (=1 + (-] (134)
whether n be even or odd, and if a is not a multiple of n.
And S,_[”T‘l . if a is a multiple of . (135)
Then, by means of (128), 131) and (134), we obtain from (126)
]
I] = 3 ___1—__icot,7n_+l _llo 2
o1 Lim-kn+1 2n n " n 8
n -1
+2 ; cos ——(m+1)1rlog sm— +—]og(1 :z:)] (136)
if m +1 is not a multiple of x.
If n is even, the second summation in (136) reduces to
n—2
i
; cos % (m +1)logtan Iﬁn’—r, when m is even, (137)
=1
n-1 m+1 ]
z 2km\ (-1) 2 2
and to 21 cos—(m+1)1rlog(gsm ~-) ——4—[1+("’l) log 2,
when m is odd. (138)

When #n=2 and n=4, the summations in (137) and (138) are defined as

zZero.
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If m +1 is a multiple of n,

AR

12=k=17n—kn+l

1 1
+logn+log (1 x):Lﬂ- (139)

This result can also be obtained from (126) as follows :
Applying (129), (132) and (135) to (126), we have

I,:] tzm ,:7”_1 n[n 1]1 2+-; logsm-—-
1+(-1)"
~1\m-1
+(=1) - log 2+ ~log (1 z):' I (140)
To reduce (140), we shall find the value of
n—1
2 . kr
Sg= log sin —. (141
8 ;:1 g Py )
N 85=13 logsin*T 142
ow s—gzl ogsin - - (142)
n-1 2k_. k_.
15 [ (1 - 5) - og (264
gg;ll:og(l en ) og ( —2ten )
n—1 2_1:". n—-1 15".
= Hlog 11 (1-¢ )-,1,1ogn(-2ien ) (143)
E=1 k=1
2,
But 1-¢n " is a factor of 1 —2"]z.1.
n-1 Zo\ 1z
Therefore k1=11<1-—en ) T»x]rl—n. (144)
n-1 gwi
Also log II (—2ien )=(n—-l)1og 2. (145)
k=1

Applying (144) and (145) to (143) gives
Sg=11log 22—2 (146)

Then, by means of (146), we obtain from (140)

1
] ;m it l: ]log2+—log2

+;.logn—log2—-(—l)'"wlog2+llog(l—z):l . (147)
z=

2[n-17_n-1_ _1+(-11

and since =
d nlL 2 n 2n
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therefore
["‘] 1 1 14+(=1)
I .. _ pymp L=
Iz:]:::l =4 m— kn+1+n1°gn [1+(-1)™] o log2
1
+_log (1 -m)]m- (148)

Now, if n is odd, the term

[1+( l)m]li(___l_)_]

(149)

vanishes. If n is even, and since m +1 is a multiple of », m must be odd, and
(149) is again zero.
We then obtain

=,
la:lzﬂ:;z:lm Tl nlogn-}- log(l z):l

which is the same as (139).

6. (i) As an application of I, and I, for z=1, we shall obtain (73) without
first finding the integrals (69), (70) and (71) and the result (72).

Applying (126) to (67), we have

Sl] =g+-}log2--}log(l—x)] , (150)

Zzm=1 z=1

S{l = g }log2-1log(l- ac)] (151)
z=1

S”]z=1=’1+‘g‘] K (152)

Substituting (150)-(152) in (68) gives, by evaluating the resulting inde-
terminate form,
§ (5-1)
which is the same as (73).
(ii) To obtain (62) from (115) without finding (57).
Then r o | =1 CoseC «

2( ) in 1 ™
5 5 CcOoS — Ogﬂln 10 E Ogc085>

AN RN J510g‘/ 1 110g2,

which is the same as (62).

a0
7. To find the sum of ~ S= S (=17 (153)
=) a+nh
. 1 & patnh
Letting r=zh, then S=x_“”_0(— m
1 (22914,
=;“L§:"+lx (154)
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By means of (47) we obtain
a—kh [’1:'2 2k+1

1 2 r R % + 71/h 5in 5T
= E — -1- E [ -
S ralh [ ~ ( a— kh h — sin A a'”' tan—1 “_2,0 1
1-rllhgog == "

%]

-3 cos
h

k+
= h

L awlog (1'2"‘ — 2112 cos ?k—;l ™+ 1)

1)

+(=1)a-r 1= ( 10g(1+r‘”')] (155)

Letting in (153) r=1, (155) gives

) [a 1]( l

h—2
x ar 92 [%] % +1

5 (- _z
a+n ,‘2;1 a- kh 2% g = Cos —g—ar
log sin 2k2h ln-, (156)

if @ is not a multiple of 2. But if ¢ is a multiple of &, we let a=a,k ; then

oy (D13 (=)
"0 a+nh h”_o +n
—_ k—
}l }_, V(= 1)k‘+}1l(~1)a,-1 log 2, by (118). (157)
k= ay =

8. To find the value of

S=}+—}— ! +. L - -
a a+h+a+2h +(@-1)h a+ph a+(p+1)h
1 1 1 1
—— - we. (158
a+(p+h " Ta+@p-Dh aroph Tar@prh T (158)
This may be written thus:
H
g=> (=== (159)
,;, a+nh
el ["]/,-a.+nh
y - _1\l2 = . 160
Let S, ”Z:;O( 1) i thenS Sl] R (160)
Now dS i(_ [P],-a—1+'nh
n=0

1 ] -1
=] — —1+mhdy, 161
and S, jol o manra 1A dy, (161)
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Therefore, by (115),

a—1+nh
=L o 1 a+mh_
S= O L oy e cose 1
,.,Z.;o =4 (-1) a+(ny— kp)h 2ph "Z_o 0sec
ph—2
2 1L + . 2k+1
-2k ,.2=.o Z;o cos(2k+l)a Wy wlogsmWw,

Letting in E cos (b +ag) =cos <b +5 g) sin 2 q +1 g cosec 34,

p-1=gq, 2—%%}(1#=b and 2k;11r=g,

and applying the result to (162), we obtain

a—1+4+mh
S p=1
8= (-ppt__ o7 a+nh
mz-o = ) “+("1—kp)h+2ph mz=ocosec o T
M+@ 1)h %+ 1
= ke
h Z (=1)ke (2k + 1) cosec TR
lOg sin g&i}ﬂ
2ph "

If a=1, h=2 and p =3, then from (163)

TS 2 T 13 k % ™
.—_..§Z= cosec (| nﬁ.l)é-gtgo(—l) cos (2 +1)§

cosec (2k + 1)% log sin (2k + 1)112

=17;
and indeed, since from (161)
1+t
SI‘L ®+1 dr,
then by (116) P T 0. 1 t
y e 12c sec——cos og anm,
als =T cosec T log ta
o+l 12% 5cos 5 log g
J‘l ridr T 5m T oo ta
A1 osec 75+ cos zlog n12

and ‘S=j§' the same as (164).

(162)

(163)

(164)

(165)

(166)

(167)

(168)
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If, however, the integrations are carried out, we obtain

T dr 1 Pary3+l 0 Ty
AT T TR T Rt (169)
e L

L 5+1—3tan 3, (170)
r ridr 1 P+r3+1 7 -1

Iov—g-:l:—mlogm+tt&n 1—*‘*_72'{"%1’;&11 . (171)

Then S,=3tan" ‘1 r,+§tan-‘r + § tan—173,

br
and S =13 8 before.

9. To find the value of

L

2 (172)
n=0 II (na+ k)
k=1
1 =1 1
Now - Z (-1)m e I (173)
IpI(M"-k) ' ( >m+m+
k=1
) -1 1
therefore S= 71 mz—:o( - l)m(pm )W‘S"" (174)

where

z xmdx ['ﬂ gm—Fka+1 I 1a 175
Sm=—_[oz“—1=_2_41m—ka+l— » =T (175)

And by means of (48) we obtain S in terms of .
If r=1, we have by (136)

- H
3t o) S

.
II( +k)
m m+1 5 m(P-1
ME_O( 1) ( )cot——w+log2m;o(—l) (m )
2_1] 2k kr
"2"%( 1)"'( ) ; os—a-(m+l)1rlogsin7

S 1)"'( o) g log (1 - z)] 1}' (176)

m=0
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Reducing the summations in (176), we find

m 1 .
ng;o( 1) (p ) 0; (177)
a—1

»-1 =]
mZo(.-l)m(pml) ,;:’1 cos%k(m—i-l)wlogsin%r

1 [‘l;—l:l 2%km p—1 ~1\ Z%mr
Sl e 2 (e

=1 m=0
a—l]
JHmp-l ~1\ -Zmr . km
;: a Z( l)"‘( )e z ]logsm—
m=0 a
a1 a-1
1[[ SIPA e S N
- eal]l—-¢a + e all—e a log sin —
2 ,;1 ) ,gz_:l > g a
r—2 X
p=2 2
=(-1) 2z 291 Z sinlg(p+l)ﬂsink—§logsin%, when p is even, (178)
=1

a1

(=17 2715 c0sF (p 4 1) sin T logsin 7, when pis odd.  (179)
“Z_:l cos—(p+ )wsxn—a— ogsin—, when p 1s odd.

Also
-1 P 1
> (PN S log1-a) | =L 0-ap-tleg-a)| . as0)
Applying (177), (178) and (180) to (176), we obtain, when p is even,
m
® 1 p-l [ ] 1
zﬂ‘ (p 1)'[ - 7n>;m ak+1

»
°II (na+k) m=-0
k=1
a—-1
71'1"_'1 _1 m+1 ) 2 . k . k‘)r ] k
+§mz_o(-l)m<pm )cot T+ (-1)%27 1;21 sma(p+1)1rsm710gsm£].

(181)

If p=a the sum of thesc terms arising in finding the sum of (172), in which
m+1 18 not a multiple of g, can be found by the same method.
If p is odd, the last summation in (181) is replaced by
a %
? Z
= k .k .k
-1) 220 N = = -
(-1) %2 Zﬂ cos (p+1)msin —logsin — (182)

The sum of the terms in which m+1 is a multiple of a is obtained from
(148).
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If a=1, then from (148)
SYR. I
V= = -1 . (183
,aﬁ(n”) - 1)*,?;'1‘ " ) w089
k=1

Letting m -k +1=F', then

T-pma N E R

(184)
and since the summation in (185) is, by Ch. III. (136), equal to | , therefore
1
|/ L — 185
F-DE-1! aso
10. It may be noted here that
LAY T W ) A (186)
=0 I (ak+1) *=0 1T (ak +1)
k=1

k=1
which are similar to (172), lead to integrals which cannot be expressed in terms
of elementary functions.

Operating on the second summation in (186), we have

1 foin 1
m an” 1:‘;1 (n 1)! ( 1) Fri (187)
k=1

Then s-1=s,=a§jl(-1)ng£ - e

=~ (n-1)! \k-1/ak+T’ (188)
Letting £=t, we have

= —-q g_l_ii( l)n-k -
! gjl(k—l)!akﬁ-ln# -

k
e (189)

LU (190)
= 2 F-T)iak+1
Writing 2° for ¢, then
a ZQ 1 goktl a -Z
Si= - e ,(T:‘m 1= 5 S (o
Sy & (zo)*2 0
and T ;’1 a:ak x“Z i 1)'=alz“'e
or ,gz:“ieg - lrezﬂdx (192)
a a),
Therefore Sy =-1 +ie-="rez"dx (193)
0
and §=Le-=l* :

(194)
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If a>1, the integral in (194) cannot be expressed in terms of elementary

functions.
@ m
We also find Z - - ;; eaaj’ e-2%z.
"=0 I (ak+1) 0
k=1

11. To find the value of

n=0 k=0
where @ and b are positive integers.

a+k
Let kI;I(,(b-i-k) Qn:
_(b=D)ia+n)! (b=1)! 1
then Qn=,- v -
n= 1 ] R
@=Die+mi (@-1) H(n+a+k)
k=1
1 1 & oy (b-a-1\ 1
Now ;= = (- 1)1 )____;
- b-a-1)! k-1 k
II (n+a+k) (b-a )éll ( nrex
k=1
b-1\%¢ _/b-a-1 1
hence Q,,=a( a )21(-1)1‘ 1( k-1 >n+a+lc
b-1\5%8 L fb—-a-1\ & ™
and - ( )?,:1( 1 1( k-1 >,§n+a+k
b-1\5%=¢ eorfb—a=1\ 1 & pntetk
=a( a )21(-1) x( k-1 )m§n+a+k
ol n+a+k
Letting > nlm=sky
n=0
@ n @ " a+k~'1’,n
t S = T_sT_ ”
hen * n=2a;{-kn n=ln nzl n
a+k—lrn
=-log(l-7)- Zl o

Applying (202) to (201) gives

S=a(b;1)[ ,a+1l°g(1-r)b-;a: (-1)k<b~7c-l>%

158 b-a- 1 N
LSV (=) A
) 25
. bgt b-a-1\ 1 1\p-a-1_(r—1)b-a-t
and since "Zo( -1) ( );:(1—;) =

(195)

(196)

(197)

(198)

(199)

(202)

(203)
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therefore
S=a(b; 1) [(——_—g—b;a (1-r)p-e-1log(l-7)

%"Z 1)k(b a- 1)“2”’:”} (204)
To find 8= i,o ilo (ﬁ«) (205)

we evaluate (204) for r=1.
Now  (1-rp-a-tlog(l -r)]r=_1=(1—_7)7_—,,:i | =0ifa<b-l (206)

‘We shall next reduce

b—a b—a-1 at+k-1 1
- _1) ol
Si=3, ( 1)( 1) 2w (207)
S a+k—1 1 a—1 1 a+k—1 1 9
i S == > o, 08
nee n=1 %1” nZJu n (208)
“-‘1”‘“ b—a-1\ %¢ b-a-1\ %t
1) — 1) =
n-lnzl( )< ) Z':x( )( k-1 ) n=a T (209)
b= b-a-1
K — — -
But 1( 1)( b1 >_ (1-1)-a
b—a-1\*HET 1
therefore SI—Z(— ( ) nz;ﬁ - (210)
b-a-1\ "t gn
Letti Sy z= 1) e 211
etting Lz ;:( ( ) ,.ZJa " (211)
and n—a+1=n"in (211),
sy, s b-a-1 N
then Sz o ;o (= 1)k- 1( ),:S-:‘oz 212)
Writing m for b—a -1, n for k and & for n, we have from (212)
dSl z_ 12 (- 1)" 1<m> 2 x
a1 2 m
= 01 n—1 —1\» 1
v ,,2,,‘0( 2 ( ) l—xzo( D (n)xM
= zé}( l)"(m>x"=w"(l—x)""1, (213)

and Sl,,=jﬁ(l ~z)m-1dr+C. (214)
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But when =0, $;,,=0 and C=0,
therefore S, =rz"(l —z)"ldr=
0

_al(b-e-2)!
G-I

Applying (206) and (215) to (204), we obtain for a<<d -1

a!(m-1)!
(m +a)!

S=§,,}i Zle) (b 1)31 b-a-1'

12. To find the value of

S=§o§: 1)k(n+17c+l)

k
Letting ;( (n+k+1> =8n,1,
then Sn,1=( n+1)'2( 1 n+k+1)'
=(n+1)! Z( 1)":n+1
k=0 II (k+a)
a.-l
1 1 ntl n 1
Now e =i 2 U D) e
O (k+a) = & ()
a=1l
therefore
ntl _ n (—l)"
Sn,x=(ﬂ+1);_41('1)“ 1(a-—l) L k+a
\
~Sue] =) 3 (-0 (1)) S -
z=1
dS”z n+1
Now Tdz 14z Z(-I)a (a)za
n+1 "
=1—+—z(l—x)
hence Sn,z=(n+1)jo (11 +x) dx.

Letting in (223), 1 + 2=y, we have
14z B n
= 1 —~1)* on—kyk—14,
Sp,z=(n+ )L :;.o:( ) (k) y iy

=(n+1)2n.“:ﬂ%+(n+l)£ 2,( 1)"< )2" kyk-1dy.

(215)

(216)

(217)

(218)

(219)

(220)

(221)

(222)

(223)

(224)
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Therefore
Sp1=(n+1)2log2+@+1) S (1! (k>2"

k=1

—men Y D 2 : (2‘) on—k (225)

k=1

and S= log2}J (n+1)(2r) + Z (n+1)2 (—kl)k (2)(21-)"

ne==l

-3 ) 2 ( ) g, (226)

n=1

Denoting in (226) the first summation by S, and the double summations in
order by S, and S;, we have
S=8 log2+Sz-—S . (227)
1 1
Now S;= d(2r) Z (2r)n = d(2r) o= -i<r<} (228)
o _ k ®
Next 8=, (=D <~ (Z) (n+1)(2r)», by Ch. L (97),
%
+1& /n+l "
SIS (e

Denoting by S, the second summation of the double summation in (229),
and letting in it n —k=n’, then

e (14 )
S n -k-2 n
=@r3s (<17

%@ —j<r<i. (231)

Applying (231) to (229), we obtain

Sy = a -127)2 [Z: (-1) (1 ?T2r>k + 1?:21 ( _kl)k (1 %727)*]

=(—1—_1—2T)—z[—2r+log(l ~2r], r<}. (232)

k
Similarly sa_;;( 1) & }:1 (ZI})(zr)» (233)
+1 rk
‘;( -1 Tl e E<r<d

~ 1= 27),[ o+ log(1 - 2r)-loo(1—r)] @34)



174 OPERATIONS WITH SERIES
Applying (228), (232) and (234) to (226), we obtain
§= 1% )3[10g2+10g(1-r) rl - 2”], —j<r<i  (235)
It can be shown that (235) is valid for -1<r<1 except when r=4%, in

which case S=
If r=0, S=log2. (236)

The result (236) can be obtained from (217) directly.
If =0 in (217), n can have the value zero only, and

= —1) =
S—é‘o( 1) k+1 log 2.
The expression (221) might also be reduced by first finding the value of

Sel,0 = Z‘ ””zfm]“ (237)

dSs & z%=
Now Fr “T+z
z po-1
and Sa=j l+zdx' (238)
21 a—-2 ( l)a. l
But m“Z(—l)“ BBt —— T3z
therefore Sa=2 (- l)u“ﬁl—g—— +(-1)-1log(l +2) (239)
d ] '12—2( —12 7P (~1)r-1log2. (240)
an " A B g

Then, by means of (240), (221) becomes

s,.] n+1)log22< ) n+1)'§(anl)‘§(ﬁ1+)s;1

a=1

—(n+1)2nlog2+(n+1);< >Z‘ i (241)

To reduce the double summa.mon in (241), we let

] mOZ 5 ) @)
then dS4 3 ( )“l( 1)%z2-1 (243)
e S e
R HER eI
)"
z

1+
_(-2 2
- EY (244)

+
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Letting in (244) 1 + 2=y, then
ds, dS,, (2-yr 20
dz " dy~ "y Ty
y-2)»_ 2n
=(—1¥ =2 _ &
(-1) ” m

;( l)k(>2knk1 2;

_( 1 ;:( 1)k( >2kn k-1
Therefore S;] L= )";( 1)"( >2n:i

Letting n— k=¥, 34_;( 1) () -2

Applying (248) to (241) gives (225).

Show that
o 1 _n+l n itive int
;om—n+k+l>_ n_» ™ & positive integer.
("
SBS - —log (1 -7),
"_l§<n+k+l>
3 (=D log (1 1
DI C DIy I (1+2r)2 og(l+7)+log2+=
n=0 ==0( k )

13. The separation into Partial Fractions of

m

P Zam k:c"_é;am_kx"

ey ﬁ (z—7,)?

a=1

2a+1
”

where m, n and p (p>>1) are positive integers and ro=e¢ »
If it be required to find l=j F(z)da,
0

the following method reduces I to (29).

* gkdg
et o[ p

m
then I=Z Opnrdt,p.
=0

175

(245)

(246)

(247)

(248)

(249)

(250)

. (251)

(252)

(253)

(254)

(255)
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Integrating by parts, we have

1 gk+l-n  k+l-n
Ik,p= —'n(p--l) (mn+1)p—1+ ( =1) Iy, -1 (256»-1)

z pk-ndy
where Ik_”’ p-1= J‘o (E;ﬂ—_*-_l_)p:l‘

Using (266,._,) as a recurring formula, we obtain
E+1- Rl Sel) N k+1-n gh+l-2n
n(p-1) "7 n*(p-1)(p-2) (z"+1)**

(k+1-n)(k+1-2n)
n(p-1)(p-2)

Ik—2n, 2 (2561:-2)

-2 s
wl _ 1(k+1 an) gk+1-ip-In
'ni’—zpl k-(@-2)n,2= — np 1(}7 1)! 11
p-1
II (k+1-an)
+%—-T(§:—1ﬁ—1k—(p—l)n.1- (256,)
Addlng (2561)—1)-(2561) gives
h—-1
; H (k+1-an) o gk—0+0n gy D= 1ag1(k+1—an) priom
k,p= p -1 1 j "1l 7 . o (257)
- (p-1) Jo & 2 1L (pa) (@ +1)
a=1
0
where IT k+1-an)=1.
a=1
-1
e (b 1m0 ( r-a); (258)
a=l a=1\ T
p-1
Hl(k+1—an) np k+1
Q= Y ——
hence _7_1'5:1(17—1)! = +l< n ) (259)
P
h—-1
Hl(k+1—-an) . kel
Similarly el = T) (260)
-1
nt 11 (p-a) (k+1)(ph )\ h

a=1

Therefore
zk+l —hn

k+1 k+1 1
__112_ - xzk—(p—lmdz _p —TT\p<h" (261)
Ik,p—-k+1< z >LW e 1; ( >(x”+1)v
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VALUES OF TRIGONOMETRICAL FUNCTIONS OF CERTAIN ANGLES.
. singyr =3[ - (V5 -1)+/3VI0+275],

cos gpm =[V/3 (V5 - 1) + V10 +2./5],

tan Zpm =1(/5 +1)(2/3 -VI0-275),

cot gy =1(3 —/5)(2/3 + V10 - 275).

. sin fr=1(/3V2+/2-V2-J2)=12/2-V2-./3,

cos Fm =1 (VZH 2 +3V2-J2) =12+ V2 - /3,

tan & =(J/2+1)(J3-4/2), cotgim=(/2-1)(J/3+2).

kg

sin ’5'=%J10—2,/5, cos z=1(1+/5),
o

tan~—J5—2J5, cotg—\—/;s/b +275.

s1n——%J2 V2-J2

cos Zr=1./2+J2-2,

tanf%w=.~/2~/2t:/—2—(\/2—l),

cot G =4/2V2—/2+./2-1.

. singgr=1/2[WI0+2/5 - (V5-1)],

cos 57 = 3J/2[VI0+ 25 +/5 +1],

tan i =5 —1=/5 =25, cotm=y5-1+5-2/5.
. sin Fr =3[V3(/5 +1) -v10-275),

cos & =25 +1+./3V10-2/5],

tan fgm=1(3 +5)( - 2/3 +V10+2/5),

cot Zpw =1 (/5 —1)(2¥3 + 10 + 2./5).

in %-—-%(JS -1), cos —-_—Jlo +25,

tan 10 J5J5 2./5, cot——J5+2J5.



10.

11.

12.

13

14,

15.

OPERATIONS WITH SERIES

m

(\/6 \/2)r cos _2= (\/6+\/2)r

sin

tan s5=2-,/3, cot——2+J3.

12

= E—SH

sin 5w =1[V2+/2V10-275 -2 - /2(1 +5)],

cos 5 m=3[V2 - /210 - 25 + V2 + J2(1 + b)),

tan Fw =1 (1 -/5 +2/2)[v10 - 25 - /2(/5 - 1)],
0t & =3(—1+/5+2,2)[VI0O - 275 +/2(/5-1)].

sin & =3[ - /3(/5 - 1) + V10 + 2],
cos 15= [V5-1+y3J10+2/5],
tanl’r—5=%(3-J5)(2J3—~/m——-—275—),

15= (1+5)(243 +VI0-275).

sinll'6=;m cos 75 = We+Ver e,
tan—=J2J2+J2 -(J2+1),

cot 15 =V2VTF Y242+ 1.
sm—-—-g\/2(\/5+1 JI10-2/5),

cos ———FJ2(J5 +1+J10-2./5),

tan—— =J5+1-J5+2./5, cot 5 —J5+1+J5+2J5.

sin 5 = HVEFJ2-V3VE-J2) = }V2-V2+ 5,

cos —aT(JZ J2+V3V2+J2)=1V2+V2F /3.

ta.n——sJ(2 1)(V3-V2), cot =(J2+l)(J3+J2)

sin 57 =,[ (V5 +1) +3J/10-2,/5),

co8 o -,[Js(Js +1) +V10-275],



16.

17.

18.

19.

VALUES OF TRIGONOMETRICAL FUNCTIONS
an 31’()=;.(¢5 ~1)(VI0+ 275 -23)

cot 3’%=%(3 +5) V10 + 275 +2/3).

sin g5 = 1/2V @+ /BB - 5) -V (2= I3 6 +V5) ),

=3V2[V(2-J3)B-UB) +V2+/3)(5+B)],

tan

0880~
1’6 1(2—/3)(1 + 23 - /5)(V10 - 2./5 - 2),
co 10 1(2+3) (- 1+23 +5)(VI0 =275 + 2).
sm-—-=( l)l:z:ll ( l)”
cos___ =(- 1)[2] l_._"'(.z—ﬁn,

nr_ 1-(=1)"
2T+

tan
n n+1

smn—;=(—1)[§]‘§[l—(—l)[ 3 ]], if n is even,
n ni1

=(-1)[3:|JT3[1+(_1)[ 3 ]], if nis odd;

(534 (-l )
B s

, if nis even,

g ]
4

=(~-1)-°
n+2 n+1
an "3"_'= (- 1)[—3—] ‘Zzg [l (- 1)['T ]] , if nis even,

n n+1
l)[ﬁjb/;[]_ +(- ])[—;—]], if n is odd.

, ifnisodd;

['_‘]1 1)[;]
sin’%’f=(—1) 4 —(——2——, if n is even,

n—1
=(..1)[ 4 ]:/1—2, if n is odd;

179
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" H

cos’—"f:( - 1)[:] u—%n—z, if 7 is even,
+1

=(._1)|:”TJ\/—1—2, if nis odd;

" H
ta.n%’f=(—1)[4] l:_(_‘:_l_)_j_, if n is even,
1+(_1)[§]

2n+1
=(-1)[TJ, if n is odd.
n n41
20. sin’%’r=( - l)[?’] ‘—?[1 -(- 1)[—3—]] , 1if nis even,
n (%]
~ (-] 3:—(—'1’—3— it n is odd ;

n+2 ["ail]
cos’%"=(_.1)['°“] :i*'(;i)__, if m is even,

n+l n+1
=(—1)[‘:“]iz§[1-(-1)[_§]], if n is odd;

n n+1
tan’}é—r=(—1)[§]\-§[1 _(_1)[_3]], if n is even,

=(—1)|};:| 2 s » if nis odd.
,/3[1 +(-1)[_3"]]

n+1 n n41
921. sinﬁé_'=(_1)[_8_]%\/2_(-1)[‘]—(-1)[3‘ ],ifnis even,

n 38 I
-=(—1)[§]§\/2—(—1)[ 142, it nis odd;

n+5 n S+l
cos%:(-l)[—g;]%\/z"'("1)[‘]'*'('1)[ ¢ ],ifnis even,

n+3 "
=-(—1)H—]é‘\/2+(—1)[%l/2, if  is odd ;

n 3n+1
ta nr I:‘Z"T'H]2_(_1)[4]_(_1)[ :]
n-—=(-1) 3
8 HEN
(-)-=(-1- *

n+1
=(_1)[2ﬂTH][J2..(_1)[’% ]], if n is odd.

, if n is even,



CHAPTER X.

THE SUM OF A SERIES AS THE SOLUTION OF A
DIFFERENTIAL EQUATION.

BooLE* obtains the sum of a special type of series as the solution of a
differential equation.
A method is developed here which applies to a more general class of series.

1. Every finite or infinite power series in a single variable in which the
coefficients are rational functions of the number of the term of the series can
be expressed as the solution of a linear differential equation in which the
coefficients are rational functions of the variable.

Let S= Zf(" n 1)

be the given series in which f(n) and F (n) are polynomials.
Let u,, denote the (n+1)st term of (1) ; then

uy _ fmF(n=1)_ 0(n)
Uy Ff(n 1)~ $(n) @

where 6(n) and ¢(n) are relatively prime.

t t
We then have >, ¢(n)u, =7 E 6(n)u,_,
n=1 n=1

2‘ (n+1u, —r0(t+1)u,. (3)
Adding <I>(O)u0 to both sides of (3) gives
,.z=0¢ n)u, —TE O(n+1)u,-r0C+1)u+¢(0 )';,((00)) (4)
Letting d(n)= ; axnk
and 6(n+1)= Zbkn"
E=0
then (4) becomes
> 3 ok B b ft+1 0L 5
"2:{”26 axnFu, =7 zéknu—r +1)u; - ¢( )FE—) (5)

* A Treatise on Differential Equations, third edition, pp. 441-450.
181



182 OPERATIONS WITH SERIES
Letting D ug=8;
k
th ku,, s
en ”Z_On w ( >
- 2( 1)52( 1)1( ) k,ad‘s

= 2 Gﬁ"p dr’ (6)

f=1
]
where Gp"( 1) Z( 1)y ( )
y-l
Then, by means of (6) we obtain from (5) the differential equation
0
(ao—-rbo)S+Z (ax —7by) 2 Gort 2 5= 4(0) .1/;—((6))—79(” Du, (1)

the solution of which is the reqmred sum.
If the series is infinite, that is if ut 0, then

0
(B0=1b0) S+ 3 (05~ rbk)z Gort 75=$(0) £, ®)
We shall now establish the fo]lowmg prmclples

(i) If 6(n+1) and ¢(n) have a common factor, say n—p, then S=1? is a
particular integral of the differential equation.

(ii) If » is a common factor of 6(n + 1) and ¢(n), the substitution r 4 S=y

reduces the order of the differential equation by one. dr
To prove (i) we write
m m
II (n—ws) for (n) and II (n+1-—ws)for 6(n+1); (9)
h=1 h=1
then for t=c0, (4) becomes
0
> I (n vh)u,,—rz H (n —wp')u, + 11 (0), (10)
n=0 h=1 n=0 h=1
where wy'=wr—~1 and II(0)= H (-wn) JO

F(0)

Let v, =w) =p, that is, let the two products in (9) have a common factor
n -% then 7# is a partlcular integral of the differential equation.
or, if S=77, the first member of

n:-O hI-Ix( ——'v;.) II ( _"w" ]S =11(0) (11)
becomes '20[ I II (p—vp)—7 II (p—wn )] ™, (12)

which is equal to zero, since each of the products have a vanishing factor.
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In general, if 6(n+1) and ¢(n) have j common factors, n—p,, n—-p,, ...,
n—pj, the differential equation has j particular integrals, 77, 193, ..., 7%, by
means of which the order of the equation can be reduced from m to m —j.

The above includes the proof also of the second principle.

2. In the preceding the differential equation is derived from the ratio of the
(n+1)st term to the nth term of the given series. If the series is infinite and
if f(n) and F(n) are finite polynomials, the differential equation can be written
directly from the series.

If t=o0, we may write for (1)

F(rg-;)S=f<rd%> ,lzjoruf(r%)li_r. (13)
Let Fn)=TI (n-az)
k=1
then kI:’II (r;;_ - a,,) S=f(r %)li—r . (14)
Now, since (r%-a,) % =(a, —a,)r% =0,

7% is a particular integral of (11), which by means of S=r/»S, reduces to

Pty d s dy 1
=~ +1 771 — ) —
kI_Il (T dr ak) re dr f(r dr) 1-7" (15)
Let next o, ds, _ 1918, ;
dr
then (15) reduces to
rrrd ds, dy 1
5= ISR D it _)
i (rgimo) e G=r ()1, (16)
Continuing this process we arrive at
d 419851 _ d> 1
(r 3;—a1> roat - _f(rd—r = (17)
where S, | = rostl d%’r—z .
Letting 78+l d“s'i%l =70 Sp ,
we finally obtain ratl @(ZST? =f (r (—%) I%—;' (18)

If the steps are retraced S may be expressed as a multiple integral, the
constant of integration being determined at each step.

3. The following examples will illustrate the above methods.
(i) To find the value of

S=f}(-1)n(”+"‘l)rﬂ, lr| < L. (19)

n=0 n
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Let u, denote the (n+ 1)st term of S; then
Yn _ _,ptn-1

Up—y n
and Enu -——-rZ(p+n ),
fi=]l
or Z"“n="2 (p+n)u,.
n=0 n=0
& ds
Now nz-o nu, =17
then (21) becomes (flf 1£ TS =0,
whence logS+plog(l+7r)+C=0
or S=C(1+r)?
If r=0, S8=1 and C=1;
therefore S=(1+7)?
(i)) To find the value of
n—1
w II (2k+1)
§=Sk=o _ att o Pl ]
,,Zo 2np! 2n+1’ k=0 +1)
n—1
s o II (2k+1)
’ k=0
Then —— —-S ”20 W 7%,
Denoting the nth term of S’ by u, and letting 2=y, then
Un _2n-1
vy n P
0 0
and > 2nu,=y >, (2n-1)u,_,
n=1 n=1
a0 0
or > 2nu,=y >, (2n+1)u,;
n=0 n=0
whence 2 @§— =8"+2y ‘fiS
Y
from which log 8 —logJ—+ C.
Now, if y=0, S'=1 and C=0;
1 1
h 8 ==
ence N i
and S=sin~1z.

=1.

(20)

(21)

(22)

(23)

(24)

(25)

(26)

@

(28)

(29)
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This result can also be obtained more directly from (25) thus:

n

-1
I (2k+1)
E

T e

().

as & 1
Then =2 (-1 ( I)zen—(l -}
and S=sin-1z,
(iii) Show that
n—1
II 2k+1)
F=o Z2n+1
7;20( o 2nn! 2n+l-—10g(x+\/l+xz)
(iv) To find the value of
Led " xn+l
S=§0(-1) (—*2n+1)' .
. S >
We may write = Zo (2n+ 0"
If again u, denotes the (n+1)st term of S, then
L =12
. @nt1)2n’ where y =22,
from which 22 (2n+1)nu, = ""24 U, ;
n=0 n=0
d*S ds,
whence 4y? dyzl + 6y -1 Ty 1+yS =0,
Now 8, _dS, dz_ds, 1

dy dz dy dz 2z
@8, _ 1 a8, 1 dS
Ay T4zt d:v2 428 dz-
Applying (36) and (37) to (35), we obtain
d S, S,

T +2%31, 08 20

L

and

or Ez (z8,) + 28, =0.

Letting , 8, =v and multiplying both sides of (38) by 2dv, we have

2dv g;z: - 2vdy

o (v

185

(30)

@)

(32)

(33)
(34)
(35)
(36)

(67

(38)
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Hence oA =dz,
from which sin—1 Cﬁ =z+C,
1
or v=x8,=C\sin (z + C,),
and (%Q =C| cos (z + C,).
Now, if =0, S8,=1 and tﬂ;'—si) =1;
x
therefore C,sin C;=0 and C,cosC,=1.
It follows that C,=0 and C(;=1,
and z8, =8 =sinz.
S 3;211 1(px -z
(v) Show that 7;0 @) =1(e"+e-7%).
. hd ™"
(vi) To find S=§o(—l)"§—m.

(39)

(40)

If as before u,, denotes the (n + 1)st term of S,— which notation will be used

hereafter,—we have

Un _ 80T,
Up—y  Bn+1
o 0
and > Bn+u,= 7> (Bn+1)u, +1,
n=0 n=0
as 1 1

from which o & S= &asn

Letting in (42) 81_7~=P and gr_(ll+—r) =9,

then S= e—jpd'<c + jejpdr dr)

_ L [rrBdr 1 (= ds o —7l/8
8By r(I4+r) ABJy s+ T
. a (2 —/2)12 +2 (2 - /2)12 -2
Now zs+1_‘1‘s/2 <z2+1(2—J2)1/2+1_zz—x(Z—J2)1f2+l
z(2+2)12+2 o z(2+2)2 -2
24+22+ /22 +1 22-2(2+.J2)2+1)

by means of which we obtain

1
8= ol +2P)12(26 +log v) + (2 - 212)12(24 +log )],

" _rA BRI L] Ay U2 4 QU2 4]
where M= R R@ ool VT A Am@ iRy Ry
1/8 1/2)1/2 1/8(9 — 91/2)1/2
fotan 1 TEEHBEE (2 - gi)

1-214  ° | <

(41)

(42)

(43)

(44)

(45)

(46)
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If r=1,
(-1 1 2.4 (2 gue)
2 1= 8 |:(2 ~212)\2 Jog ORI
24+ (24 212)1/2

. ™
+(2 + 212)12]og —@-amr t3 (4+2. 21/2)1/2]. (47)
This result can also be obtained from Ch. IX. (115 ) and (116) directly. Then

1 3r
S= 6 cosec < 81 (cos log cot 1 st sm loa cot 16)

=[5 2VE(2+ BBUE 4 L[(2 4 2112)172 log {222 + U2 4 212 4 1)

+ (2 - 212)112Jog {21/2(2 — 21/2)1/2 4 212 ~ 1}],
which is the same as (47).
The differential equation (42) can be written from (40) thus:
(sri+1>s (- rn—i. (48)
dr =4 1+7
(vii) To find the value of

@

7.n
§= ,,2_,30(2n+1)(2n+2)(2n+3)' (49)

Then g (_71_’1{(_12)1(2‘7113) (50)
and 2(n+1)(2n+3)u,,=r 2"(2"-1)%45
n= n=
and since (n+1)2n+3)uy]n0=1,
therefore éo(n+ 1)(2n+3)u,,=r,2)(n+ 1@2n+1)u, +3. (51)
The resulting differential equation is then
(7%+1>[2(1—9’)7%+3-— :]S=%. (52)
Letting now S=r18,,
then [2(1—7) rds- dfrl L (53)
and letting %S~ =8,
gives the differential equation
%1%*23 - )Sz=4r(11_ =3 (54)
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By means of (43) we obtain
S.e 1- 1 1-r, 1+ 12
2= 4,1/3 ~ 552081 ,1/2:]
: 1147, 14772
from which 8= il 77 log =—5 it 2log(1-7) - 2]

/2
and finally S=p L log LT +210g (1-1) - 2]

This result can also be obtained as follows :
Letting 7 =22 in (49), we have

& 22n+3
zas_s‘-,§(2n+1)(2n+2)(2n+3)'
@3S 2 1
Now 3;3='§z2"=1_zz.
. as, 1 l+a:
from which PP i —l =z
dS

1+2%, 14z

Hence Sl=———lg1 +3 log(l x’)—-
1/1+r, 14712
and S=E(mlogl 1,2+2log( -r)- 2)

which is the same as (57).
The following is another method for finding the value of

(D"”
— 73
§= ”}_30(2n+1 @n+2)@n+3) O
We then have

(i) ea?) ()= 5=

Letting (z% + 2)(:5% + 3) S=8,
then, from (63), (zd% + 1),8l = 1_:_.1352
1(* dz 1 14z
and 8 ““meg og

Substituting (65) in (64) and letting
d
(I a— + 3)S = Sg,

we have <z3—+2)52——logi+:

‘ ;[(1+z)log(l+z)+(1 ~z)log (1 -2)]

(55)
(56)

(57)

(58)
(59)
(60)
(61)

(62)

(63)

(64)

(65)

(66)
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from which Sy = 57 jlog}izdz

l+x
23122(:r:log1 +log(l- zz)>.

Finally I[xlog +10g(1 x’):ldz.

Integrating by parts we obtain

_1rl+42? 14z o (] — a2
S"ﬁ[_z—"logl_“"xlo (1-22%- x]

Letting z =11/2 in (69) gives (57).

We shall now find the value of (49) without the use of integration.

1 17 1 1 1

Since

we may write for (49)

lra SO S
S=§<"=Om——"_on+l+n2:02n+3)
N N 1 1
v Zone1=mlos=n)
2 m 1& ™ 1
and i3 r el
Iri+r& ™
therefore S=§[—T-§02n+l——+log(l—r)]
ked 2 rli2(@n+1)
But =‘,,202n+1 11/2}4 Tn+l
. e 1+(=1)"
and since "2027”_1 22{ o
1 r1/2(n+1) L rli2(n+1)
therefore SI=W['§O_W+§0(_1n e ]
1
=g~ log (1 =717) +log (1 +1172)]
1 14712

=g 18 T
Applying (74) to (71) gives (57).
(viii) To find the value of

S- (=1)ms"
S=§0(2n+ 1)(2n+2)(2n+3)

@nrD)@n+2)(2n+3) 2\Zn+1 a+it2ns3)

189

(67)

(68)

(69)

(710)

()

(72)

(73)

(74)

(76)
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Following the last method of (vii), we have

(=1 & (= (=1yem
S—-[E 2n+1 "20 2n+3 ,.Z-:o n+ ()
_1 (=D 1& (- 1
‘2[,,2_: I+ 1 ,,2_:0 s "bg(l'”)] (m
1 (=1rrenty 1 1
‘é[ R Z Tl }‘“rl"g(”')]
=5 l:l —log(1+7)- —3—/2 tan‘lrllz] (78)
4. We shall next find the value of the finite series
» II (p-k+1)
S=> (-n1k=l | (79)
=t II (k- h)
k=1

where h may have any value, positive or negative, integral or fractional, except
the positive integral values from 1 to P.

n
» II(p-k+1)
Let By=D (=1r-rkzl____ gn-1y (80)
=l I (k-h)
k=1
then S=8,]r1.
Uy _ _p-n+l
Now, from 8,, = oy ekl (81)
and Z(n k) u, -——rZ(p n+1)u,_,
n=2
or Z(n -h)u, ——rZ(p N U, +P; (82)
na=1
therefore dS;_ h-pr P (83)

dr Tr(I-n"1T -1)
Solving (83), we obtain .

_ pr (1=r)h=2 (1 = r)h-2+1
S=aoL T ae pw+l+(h+1)(h —P)(h= p+1),m+---] ®4)

‘;727; A1) Ay -

where 4,, 4;, 4, ... are free of .

= =P
If r=1, s=55 (85)
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e !
5. To find the value of ~ S=3 5—
"=01I (p+k)
E=0
. 13 1
We may write S=-
Pazo <P + ”)
n
Letti S=3-""
etting 1=ﬂ2‘10 (p +n), then S=48]-1.
n
Now, from 8, we have Un oy ,
Up_y PN
S a8, m-r « p
which gives Er_+r(l—r)sl_r(l—r)'
_pd-rp TyP=1dy
Therefore Sl = '———T'r—— [0 + . m]
rp-1dy 222 rp—k-1

(1 r)? ;( 1) (P -k=-T)(I=r)p—*= 1 +(=1)?log(1~7).

Then, by means of (90), we obtain from (89)

Q-nr C(l—rpp-t
Slp[gx Do e+ (<P g -y CAS)
Multiplying both sides of (91) by #2, then, if r=0, C =0.

Therefore S= 1 .
p-1
6. To find the value of S= Z
"I (p+ k)
k=1
Now Un _, 2
Up_y NA+P
o ]
and E(n+p)un=r2(n+l)u,,+
n=0 n=0
Whence s, p-r S 1

P Ty W el Ty y Py g

1 (1-r)p-Lpr ¢2-14r
ey e

Denoting the integral in (96) by I, then

1 Pl
brptaepei e

and S =

1
=D

191

(86)

(87)

(88)
(89)

(90)

(€29)

(92)

(93)

(94)

(95)

(96)

(97)
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Using (97) as a recurring formula, we obtain
Bol_1)E-1 gk

ID=(-1)p;1 % m+(—l)’lo

L= 1)” E( et (1 =r)2=%=1| (99)

g (1-7). (98)

Hence
r)P—

1 (1=rp=1
S=(p_1)![(—l)’ P log (1 -

(=17 :’21 (= l)k_lrk(l —y)p-k-1
(=1

But S, = 5 %
-1 k-1 P_k—-
=(— (-1) —1\@ p_k-l 1
=SS (P e o
Letting p-k-a-1=d,
12-11 1\#-%-1
Si=; 2i(1-7)
Therefore
1 [(=1e _ 1811 1”—1]
S= ————(p 1)'[ 1-7)? 110g(1—r)+; =1E<1— > (101)

If r=1, k must be equal to p—1 and
1

8=
(p-1(p-1)!
which is the same as Ch. IX. (186).

7. To find the value of S= I (Z:k> ™, (102)

n=0 k=0

where a and b are positive integers.
Uy, a+n

Then Uy =17 m,

and E G+n)u,=r 2 (a+mn)u,_,
Nl n=1

i b+n)un=ri(a+n+l)u”+a, (103)

or
n=0

. a8 b-(a+l)r, @
from which o ra=n S=rd-n (104)
™ ro-1dy
We then have === —S=a j g (105)

We shall distinguish between the cases when

b=a, b=a+1 and b>a+l.
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(i) If b=a, then
r S=aJ-rr”‘1(1 —r)e=bdy

(1 _,r)b—a——l °

20

a a=b a-b\ r*
- ~ 1\ RN
and S—(—IWZO( 1) ( k )b-}-k.
If =0, then % can have the value zero only, and
a
S(O)=$r
which is evident from (102).
Also S(l)=w.
(ii) If b=a +1, then
rs=q| 7
ol -7
@ Lk
=a[—log(1 —r)--;l —IE]
a 2, ¥
and S=Tm[:—log(1—r)—2l ﬂ.

1 S TE
We then have S(0)=a[—;.;—n1°g(1"')'§1k_] -

—a Y 1 ] -2 0
T EF D) T =1 leo a1 H
S(1)=o
o (=1)
and S(—1)=a[-log2—k2:1—k‘—k].
(iii) If b>a+1, then
P SEEEN

(_1:-;)"—_;— 1 zb-e
=(- 1)ba'[:"§:( - 1)k(b Z l)w—l-kdz
~(-1pa 5 (- (PR Lot

+(—1)"(b;l>log(1—r)+k§ (-1)*(1’;1)

=a+1

193

(106)

(107)

(108)

(109)

(110)

(111)

(112)

(113)

(114)

(1= r)a—k— 1] ;

a-k

(115)
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whence S=(- )brb[( I)a(b 1>(1 rp-a-1log (1 —7)
+E(—1)k(b‘1) (1= r)p=-1— (1 —p)p-a-1

&h a-k

k=a+1
It follows at once from (102) that S u%, ifr=0. We shall, however, evaluate

(116) for =0, since the work involves useful applications of the operations
with series.

Now (_1———733_5:7’71], ' =|:(—1)” 5 {( - 1)"(b_ l)log (1-17)

+(§+k-a+l)‘ (= L am

1. & ™
But N1=;blog (1 —7)150 = —sz_l E]r.—:o (118)
. d&m db,b
'—875,” w7t

= _,..21 (Z‘)b! r_m:—:_b!],:-o;

and since m can have the value b only, therefore
1

Ny= -3 (119)
(1-r)s—%_1 1 @ il @
Next -—W a—-_k kb (] —T) k—.'mfb]réo (120)
(=1p (-12/a-k-1
=l k)b!( I )
=_3(b ‘1’7“_”1‘ 1. (121)

Applying (119) and (121) to (117) gives
so=-13[- () (5+ 5 )
() 0m

and since b>a + 1, the first summation is zero ; therefore

so=-0§[-1 () 5 o C)CE]

k=a+1

But (-1)-1 (b e 1) is the term of the summation corresponding to % =a; hence

so =155 (P (). 24
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Now if k<a, (b 'gjf‘ ‘) ~0, and we may write for (124)
3 b-1\(b-a+k-1
S(0)=(—l)b-1%;:0(—1)"( [ ) (125)

-1
But (b (Z'H: 1) (Ski_—m +terms in k of lower degree than b~1 ; and since

?_}( l)k( )kv— 0, if p<b-1, by Ch. L (136),
=(=1p-1(b-1)1, if p=b-1, by Ch. V. (192),

therefore S(0) =%-
Ifr=1, S(1)=b_z_l,

the same result as in Ch. IX. (216).
We shall finally obtain S for r= —1.
From (116),

S(—1)=a[(-—l) (b 1)2b «-1]og2

(S S22

Qv-1-k __9b—a-1

But pp

=92b-a-1]og2;
:Ik=a o8

9b—1—k _ 9p—a—1

therefore ?;(—1)':( ) I A (127)
2a— -k _

—9- a-la;; (- 1)k( ) (128)
8. (i) To find the value of

d ! n+2
§=3 - 2Tom, (129)

= ks TR

k=0
U, n(n+2)?
Then Yoy T +3)@n 1) (130)
and 2(n+1)(n+3)(2n+5)u,,-—rzn(n+2) Uy
n=1

=7 E (n+1)(n+3)2u,

or Z(n+l)(n+3)(2n+5 Uy "'Z (n+1)(n+3)u, +2. (131)

n=0
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We may now write (131) in the form

f) (n+1)(n+3)[2n+5—r(n+3)]u, =2,

n=0
. d d d .
from which (r?i—r+l>(r¢i_r+ 3)[2rd—r+5-r E-—Sr]S=2. (132)
Since the indicated operations may be performed in any order, we let
S=r38;
d = -3 -3 —ﬁdsl__ -2 dS2
then (ra;+3)S—-3r Sy +3r-38, +7 P Pk o
and (132) becomes
d d 48,
[(2—r)rz;+5—-3r](r%:+l)r D1, (133)
ds,
-271 =q=1
Let now 7= dr Ss;
dS,
then (133) changes to [(2 r)r 453 |2, (134)
And again, if we let %—Ss,
. dS,
we obtain 2-7)r P (5-3r)8;=2. (135)
Solving the differential equation gives
1 732
Ss=,——s/z(2_,)1/2[03+2_[(‘2”-7_)1/2 ar] (136)
Letting in (136) 7 =sin%6, then
- 1 1 1 g7 -
Sa—m(30—281n20+3—81n49), 03—0,
1 . T r+3
=Ry [3 sin 1<§) -T2 g - 7)1/2] (137)
_dS, dS,do
Now S~ = @
hence 8, =3 cosec?d — } cot?d — O(cot36 + 3 cot 6) + C, ; (138)
and since Cy=3%,
Sy =5 — 0 cot30 + cot?6 — 36 cot. 8
5 2 2(r+1 . 7r\1/2
=242 20 Do _ppe sm"l(é) : (139)
ds 148, d6
i =121
Again Sy=r = dO F
therefore S, =8(3 sin®6 —  cos®d — $6% + 0 sin 40

+ gz €08 46 — 105in 26 — 3 cos 26) + (. (140)
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We find €, =22 and

12 1/2
8, = -3[sin~1 (;) ]’-(1 +7)P2(2  p)li2gin-1 (é) +i—g'rz+g—r; (141)
therefore
3 . /r\1ZR 147 . 4fr\¥2 13 5
S= —7—3[sm 1<2) ] =g TP(2=r)sin 1<§> +igtoe (142)
1/43 3x2
If r=1, S=;—<-3~%—2v). (143)
(ii) We shall now obtain the value of (129) from
d3S d2S ds
(2-7)r8 st (19 —107)r? it (41 - 237)7;1% +(15-97)S=2, (144)

which is the explicit form of (131). The work involved is somewhat simpler
than in the preceding method.

Since n+1 and n+3 are common factors of the two summations in (131),
r~! and =3 are particular integrals of (144).

Let therefore S=r-1y and (‘lg =z;
then (144) becomes
@-nrL2 131 © 4 1591222 (145)
dr? dr ’
Letting now z=r"3u and 31: =,
dv .
we have (2—r)rd~—r+(l—'r)v=2r~; (146)
1 T 32dr
hence V- 71/2('2“:—75'1/2 <Cl + 2J0 Em2> . (147)
Letting r =2 sin26, then
1 . .
V= e Teosd (36 — 25sin 20 + 1 sin 46)
2 o 1 (T\Y2 r4+3 »
=HRE R [ sin~t () e ””‘] (148)
and u=6602+4cos20~1cosd0+C,, C,= ~15
. 1272 2
-6 [sm—l (;) ] ~3r-%. (149)
6. _,/r\122 3 1
We then find z= 3 [sm 1 (2> ] — 2T (150)

_ 3T _1(_T>1/2]2 r+1 12 Y2 xin—1(T Y2 5 13
y..-rz[sm 3 - (2 -17)125in <§) +2-T+Cs, 03=1-2-, (151)

and finally

3 . _,/r\12? r+1 . _/r\'2 5 13
="';s[5m ‘(2—> ]-——73—7'1/2(2—7')1/25m l(é) toatig, (152)

which is the same as (142).
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Show by both methods that

(-1)"n! n+2
S=
Z;mzk e

1/2 12 - 1/2 1/2 12
=--[1 P2 4 (2 + 1)t ]3+(r D@+ AR @R B 13

917 7572 o2 *3aT g,
Ifr=1, S=};-3log(2+./3).

The result (153) can also be obtained by substituting -7 for r in (152).
Let f(r) denote the first two terms of (152) ; then

/2
f(-n= 3 l:sm‘lz (2)1 ] + 1—73— 12 (2 + 7)12¢sin—14 (2) (154)
2k+1

© 1
oy Y et X
Now sin u-kgo( 1) (k >_2k+1

uk+1

and sin—liu= ig (7}) %71
= t_‘- ; u”‘ du

- j m
=ilog[u+ (1 +u2)2]. (155)

Applying (155) to (154) gives the first two terms of (153).
Show that

© — )2 in—1z1/2)2
=0 (n+ 1) IT (2k+1)
k=0
9. To show that 2
94n sin (2x1/2)
Sp= T =((z")) 27i2(1 — da) 2 (157)
@n+1) ( y )
0
Let §=3) 842";
n=0
U, 8z
then Up_y 2n+1
and 2(2n+1)u"=8z2(n+1)u,,+1
n=0
dS, 1-8x 1 (158)

whence 35‘*‘2(1_4;,;)3’2:;(1 —4z)°
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Therefore S= 1 : dz
2z1/2(1 ~ 4x)V2 ) xV/2(1 — 4x)l/2

_sin—1(2z12)
T 22121 - 4x)i2

sin-1(221/2)
22 (1 — dz)li2”

From Ch. V. (156) we conclude that

and Sp=((")

24
200 arl:ﬁ(m‘

In Ch. II. (108) we have found the expansion of z cot z.
We are now prepared to find another form of the expansion.
Let x=sin"16; then

Zeobz=p(1 - 69)(1 - ¢ sin—lol_m= S - oz)f(a)] ,

0=sinz
where f(0) = (1 - 62)~tsin-16.
Now si *10-5:(—1 "( ) gkt
R~ 2k +1
i -1
d 1-62)-t= —1n( %) 6em,
an a-ei=5 -1 ()
—m - -% __._1_. S —~1)» -3 n.
therefore f(6)_§0( 1)"( n )2k+1"2_0( 1) ( N >eﬁk+z +1,

Letting k+n=n’, then

£(6)= ?_‘,( >2k+1,.§:,,‘ 1>"(‘ Mas

—EQ(—I)"W“;) ( . )(n‘_*},) 2k——1+1- by Ch. L (68),

and (162) becomes

a:cot:v=(l—92)§( 1"“”;( )(m}i)Tl—]o-amz'

n=0

But

S5 B e

L 22"
hence zcotz=(1-62) Z ———————~0’"] .
n=0 (2n+ 1)( ) @=3sinz

199

(159)

(160)

(161)

(162)

(163)

(164)

(165)

(166)

(167)
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Substituting in (167) the value of 62¢=sin?*z from Ch. II. (85), we obtain
(after interchanging the letters k and »)

n

seotz=1-3 (- 1)n22n_-_2’i§—))i -11(, 2k ,)am (168)

Nwm] k=1

10. To find an expression for

© 0
8= " | I (ka+1)=1. (169)
"I (ka+1) *
k=1
Now Un =_L
Up_y an+1’
0 o
and > an+u,=r> u,+1 (170)
n=0 n=0
or dS 1- TS= 1.
ar t ar
1 11
whence S—me“j a-rr1/ae—f/adr. (171)
0
Letting r=ax?, then
! o a0 r\ue
S= ¢ e‘ dz, x=<d> . (172)

If @ >1, the integral in (172) cannot be expressed in terms of elementary
functions.

We also find 3 ,,f_ﬂii:ie-xaj ¢ dg, x=<2)1’“. (173)
"I (ka+1) °



CHAPTER XI.

THE SEPARATION OF TRIGONOMETRIC EXPRESSIONS

INTO PARTIAL FRACTIONS.

WE shall here consider the separation into partial fractions of some trigono-
metrical expressions and then the separation of powers of the trigonometrical

functions.
1. To separate into partial fractions of

cosPx <n
cos nx’ P :

We must first find the factors of cos nx.
Now cos nz =0 is satisfied by

z=2 1 k=0,1,9 ..., n-1;
2n
n-1
therefore cosnz=AT]] (cos Z —CoS 2 + 17r>.
£=0 2n

We then have

n—1
forz=0, ATl (l—cos2k+l1r>=l,
F=0 2n

n
and forz==w, A

“( 2%k +1
k=0

—1-cos —-27-11-) =(-1)"

n-1 2k +1
or I (l+cos o™ 1r>=1.

k=0

Hence A=

and since sin—Tr= -e 2n (1 —-e ®

1

()

&)

(4)

®)

(6)
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%+ .
Bute ® " isaroot of 1 +2"=0, and

n—1 2k+lﬁ

H(l—e” >=l+z"] =2;
k=0 z=1

therefore A=9n-1
n—1
and oS NT = 2"“; (cos z —cos g’fﬂ,,-)
=4 2n
n—1
We then have cosPz *A_’s._.____,
cOs nT 2k + 1
=0 cos z — cos S
COS T — C0S 2+ L.
- 2k + 1 T om
= P
from which Ay =cos o - . 21:1-_1"
1 2k+1 . 2k+1
=(=1)k= =
(-1) ; c0s? gy T8N ——7
okl o 2%+l
cosPy 1%} * 2n 2n
and Msmc'“;z,?,—_{)(—l) 2k +1
COS £ — CO8 ———
2n
In a similar way we obtain
. 2k+1
sin®?x 1 n-l sin®>+1 no
cosnz n ( 1 % +1
C0S & — €08 —5—m

For example :

cos’z_l 1 + 1 )
cosSz_4<2cosz+J3 2cosz—/3)
sinzz_l 1 + 1 >_ 1
cos3x-l2<2cosx+J3 2cosz—/3/  3cosz’

cos’z _ J2< 2+/2 + 2+2
cos4xr 32

2c087++/2+J2 2cosz—vV2+.2

R =N NS BN
2c08T+2-J2 2cosz—V2-
from which
zcosdz dx 551 V2—J2sectiz +4tan iz
=(/2+1 21 2z
Io condz ~W2HIVEHY NS J2sec*iz +4tan iz

V2+ 2sectix + 4 tan Lz

- (W2-1)VZ2=J2log

V2+2sec?ir—4tan jz’

@)

®)

9

(10)

(11)

(12)

(13)

(14)

(15)
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2. To separate into partial fractions
sin?x
m, p<22n+l.
Since sin (2n + 1)z =0, for values of
kr
T= im, k=0, 1, 2, ey M,
therefore sin(2n+1)z=Asinz In] (sin*z ~sin? km )
E=l n+1/
where 4=(-1)n2%n,
Now sinfy sin?~1z
sin(@n+1)z sin(2n+1)z+sinz
1 Ak Bk
B ‘l[sin x —sin 2 sinz +sin «—kl—}
2n+1 2n+1

and we obtain

sin z(sin Z —s8in
kr

. kr
2n + 1)]
(Cn+1)z = T

—=sin?-1
4 =sin 2n+1 sin pLus
(=D sin® kw kmw
T 1M I 1% 11
C(=1pFE g kr
and Be= T M 531 s 1
Therefore
sin? ke
sin?z 2( 1) In+1 +l 2n+l
sin(@n+ Dz 2n+1 sinz—sin T kn
k=1 S P |
kr kr
1)72( 1)]; 2n+1 2n+l
k=1 sin z + sin 2:: i
We also find
sin?? —kL cos lcl— sinz
sin®?x Z":( 1) 2n+1" 2n+1
sm(2n+l)x 2n+l ; .k
sin%z — sin?

2n+1

kr

2p+2 T

and sin2?+lg Z (- l)ksm 2n +1 2n+1.
sm(2n+1)z 2n+1 . .o kw
sin®z — sin?
2n+1

203

(16)

(17

(18)

(19)

(20)

(21)

(23)

(24)
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For example :

sin3x=__1__< VIo-2J6 JI0+2U5
sin 52 8B \4sinz-v10-2/5 4sinz—JV10+2/5

___ Jio-20B + JI0+2y5
45in2+V10-2/5 4sinz+10+2/5

1 Jb-1 VB+1
1 (s‘sinzx —(6-J5) sﬁ%:'@'ﬁ)' (26)

) @)

3. To separate into partial fractions

cos2PHly
snonz’ 2p +1<<2n. (27
n—1
Now sin2nz= A sinzcosz [T (sin’z - sin%—”), (28)
k=1 n
where A=(=1)n-192-1;
2p+1 n—1
then c;s 2”; SIAz . 4, _— B, =1 29)
g BT E21 | sing—siner  sinz+sin
2n 2n
1 _(=1F apiakT
and we find 4 =5 A= 5 008 e o
— 1)k kr
and Bk‘_’( 2n) cOos2P+2 o (30)
Therefore
cos?+1ly n= apra kT sinz
sin 2nz 2n snz Z_: Fcos o siné-k;:' (31)
2n
We also find
cog2p+1 sinz
cos??x 1
L P S
sin(2n + l)z (2n+1)sinz 2n +1 ,‘Z (-1) sin®z — sin? kr (32)
+1
2p<2m+1,
2k+1 . 2k+1
cosmz 171 cos m—p— sin———
- k
and cos nz n,;z‘( l SEr1_ 0 "< (33)
€032 ~ C08 g —

4. We shall next separate into partial fractions powers of the trigono-
metrical functions.
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(i) To separate tan?z into partial fractions.
. ® 2z 2z
Since cos :c-”lzo (1 “@nt l)”_) (1 *ony 1)1r>’ (39)

, p _ N don An,v Bn,v
we have tan?z= 3 3° 9y s T o 7= | (35)
=05=0 -
"t (1 (2n+1)‘n’> (l +(2n+1)7.—)
Multiplying both sides of (35) by
2z P
(1 “(@2n +'1_)',;> ’

taking of the resulting equation the vth derivative with regard to z, and then

letting z = I+l m, we obtain

2
()
2n+1lm) &° (@n+1)m
An v “'( - 1) vy ! EE cot?x 2_2”_“” (36)
- a’ cot~?x a
To find P w] d " p],_z"_tln N
( T@n+ D) -l :

we make use of

d’u-?

v
bl _ N\ (# 1)1‘ v —p—k d k]

by Ch. L. (169);

. 2P+k
and since u""‘] i1, T @n g 1)pFEReE
therefore
d® 'U+P> 1 ~ 2k 1 v
——u-? =P . N ~ 1)k
" :LJ";"}” P ( p ) @ntimp Y @n+ln)p+Ek (k)

a .
%) u :L='L_’§_ﬂ, . (39)
2

dv

T 3 —ak
We shall now obtain Pk :] oni1
T=—p -

By Leibnitz’s theorem the (v + k)th derivative of the identity

2z L otk
(- @mens) ]_ - oots]
. 0k o4k gothe 2z k da A
18 aZo ( a ) dzv+k—a (1 _(2n + 1)1r> dza ¥ :L_‘L’L;_l,,’ (41)

(40)

z..,zL;_l "
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Now the first member vanishes, except when a=v, in which case

v+k\ d* 2\t d° detk
( k )Jﬁ(l'(‘z'nu");) zzv““kl_z_nzﬁ.=dzv+b°°”k”],_2_n+_1,' (42)
2

Therefore

If we now let z=2”2+ 1, in Ch. IV. (111), we have
dL‘Z—rcoth:L“@_;_1 _,r+k2raz_l( 1)e (k)§1(0+l3 1) il
E(' "By a
Bt 33(- 1)6(")(“*'8 1) (= 1) (/3 1> B=E, by Ch.IV. (73). (45)

a=1l
Applying (45) to (44), and then replacing r by 7 + &, gives

dr+k

cotkz] =( _])kir+2k2r+k’§ (B“ 1) 1 Zﬁ; (- l)v(IB) ks (46)
dr¥E ML S \k-1/ 28 < R
and since TR COtkzlgzLﬂ ] is real,
2
therefore r must be even and
drrtk ac( — 2+k2r+k(ﬂ"1>_l_ g _ B 2r4-k
P ’”l,z'g_l,, (-2 3 (k1) 2 -0 (5) 7+ an
Then, by means of (47) and (43), we have from (39)

2 2
il__v_u—p] o1 =(=1)° kﬂgiv (2v)! (2” + P> 2
xs-——2—1r

da? @n+1m)? 2 (2')+k)——!(]>—+k)
(27? ) 251: (llj—b 2( 1)’<B )yt (48)

and from (36) we finally obtain

1y par 2v+p 2k 20\ 1
Ap20=(-1) (2n+1,,-)p—2v( 2v ),‘2_'1 (2v+k)! ( ) +k
2v+k

2, GD)3 2,32( 1y (8 ,) 7o (49)

We also find By, 2o=(-1)7** A4y, 2. (50)
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If p=1, then v=0 and

o
_ Apno By,
tan z—nE_O |:1 % + o :} ) (51)

@n+D)r T @ar s

and from (49) and (50),

2 2
n,O—(2n+1)” and Bn,0= "(2n+ l)ﬂ’. (52)

(ii) To separate cot®z into partial fractions.
. . ad x x
Since sinz=x "I_Il <1 - ;‘;) (1 + 7—‘;), (53)
we may write

-1 A o p—1
cotﬁx____vz-% a;p-fv+ Z Z{ Bn,v + Cﬂ,v -v:|. (54)

n=1 y=0 1- i)p—v (1 +_z->ﬁ
nw nw

Multiplying both sides of (54) by z?, taking the vth derivative with respect
to z and fttmg z =0, we obtain

1 d° tan T
A,,:a d_x—”(zp cotvx):lzé =i dz" ) :|

1 d°
=% .- .
—V!dzvu ]z:‘O

(85)
Following the method in (i), we find
@ o1 (v+p (=1)%rv k]
b7l Jz=o p( v )gzwk(k)dzv =0 (56)
dv A v! dv+k
" Jezo = [0+ )1 daok B0 a:] <0 (57)
d2v+k ] B 1 ,B
e mnkx— z=.0=( —1)o+kQ20+k ;( )252 (- 1)7( )72v+k (58)
and finally oork
o (20+p 2k W\ REFB-1\ 1
A= -1 (5 ) 5 et (s ) 24 (e-1)z

3 0 (B)y o)

In a similar way, we obtain

Busy= (= 1rts 22 (B4 7) S > Trhtamir)

PRI
and Cn.zo=(=1)? By,z2,. (61)
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If p=1, then =0, and

cotz=é9+z {___B"-O
z z
7=l | —

nmw

From (59), (60) and (61), we have

(iii) To separate sec?z into partial fractions.
We may write

Cn

1+ =

1
x
nw

n=0 v=0

1 1
4,=1, Bn.0=‘;;;» o=
B, .
P—-v+ 1 2; p—u]’
- 2n+l)1r> ( +(2n+1)‘1r>

2 2= A”U
sec x-z 2 a
(¢

2n+11r) d”( T @n

z

then Ay p=(~- l)"

Now £ cos—Pzr =£
o G % N\ P
< _(2"+1)7"> i 2ntl

_ . 2 v+ p (= 1)mrigk 1)n+0Ek roy 1 _di .

(=1r @n+1ax)P ( );“ (Cn+ 1)k ( >p+kdzvu
2z ko ok

and from (l _(775—‘*’_1)—) uk = coskz

+l)r>p}

ol drv cos?x

u“’]
=

On + 1 m)kv! dVHE

.od %l
we obtain Jﬁiuk]z_%;l —-( ]) “‘-(m—‘ mcos"x]z

But cos*z =5 2 < )g(l-—Za)w

a-0

A et +kplk—2a)
and T TE 00 z]z i1, =5 Z( >(k 20)v+ke w]z-?"gl,'

1 1'_>,

To evaluate
n

. +1
R =e(k—2a)wl-?%l, =(- 1)a (005 3

we must distinguish between the cases when £ is even and when & is odd.

(a) If k is even, then R=(~1)k+e,
and (69) becomes

dv+2k o
GO | 1, =(-1*

e+l
2

2n+1 °
-

2

.. 2n+
T+ 18in

2

2,,c 2( 1)«( )(21.: —2a)"+%;

l_Zn;-lﬂ_

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)

()
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hence v must be even, and

d2v+2k -1)®
Wcos“zl onp1 = )Z( 1)“( >(2k 2q)2v+2k, (72)
2T

a=0
We then have

a2 p2%(20)! (2v+p
sz U” =(- +y LT _
dzZvu D:L;-g”;i " ( l)np v (2n 1 x)”( ); (2'0 + zk)y 2%

( )p+2kz( 1)e ( )(2k—2a)2”+2*. (13)

a=0

() If & is odd, R=qi(-1)r+k+ta—-1 (74)
and v must again be even.

Writing now in (69), 2v for v and 2k -1 for % and for R its value from (64),
we obtain from (67) the same form as (73), except that 2k —1 is in place of 2k.

Therefore, whether % be even or odd,

dzv p2?(2v)! 1
- =(- +v
" ”],-m;.l, e e Loy AT+

<2v)pik2( ~1e () =20, ()

i p2p—2 (2v+p) 1
and  dp,2,=( 1)"”*”("2n+' Tmyp—2o ;2—k—1(2v+k)'

( )p+k[2( 1)“( )(k—za)”“‘. (76)

We also find By, 2y =(—1)?4,,2,. (17)
If p=1, then v=0, and

_ = An,o Bn,O .

secz-”zao ; ot N o } (78)
T+l (2n+1)m
and from (76) and (77), we have

n 2 _ 2

Ano=(-1) @nr ) By o=(-1)" 1(_2,:;17,;: (79)

(iv) To separate cosec?r into partial fractions, we write

-1 ® p-1
cosec?s =:=0 ﬁ_”—v + '; :g [(1 .B;;iv)p-v + (1 +C§v)p-v:l' (80)

nw

Following the preceding methods, we obtain

doy=(-1)p (20-:?) 2T—(Té%‘):']zrg(2v>p+k 2, (- l)u( )(k—2a)2v+b,(81)

a=0
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By oo=(-1)n=Dp+o L __ o )?__2" (21) +?> ; 21:—& (2:,)_4,_‘ %) !(27})1%‘;
(2]
a=0

and Cn,Zv = ( - 1)’Bn, 2v.
If p=1, then v=0, and

A ® I B C
cosecz="21+ > Lm0 L Tno |,
L | l—ﬁ 1 z

nmw nmw

and from (81), (82) and (83), we have

~]1n-1
Ao'=1’ Bn,0=( 71")r ’ Cm0=

> (1) k-2ape0,

(82)

(83)

(84)

(85)



CHAPTER XII.
TRIGONOMETRIC SERIES.

IN the preceding chapters the sum of several series involving trigonometrical
functions were found. Additional methods for obtaining the value of trigono-

metric series are given here,

1. We shall first consider a family of series which is related to Fourier’s series.

(i) To find the value of

< 8in nx —
S=E Tr", [r|=1.

n=1
I (e & (re—"‘)"]
Now Sué—i[gfl n _g-:l n
1—re—i=

% o8 1-re=

1 l1-rcosz+irsinz
21 l-rcosz—1rsinz

—llo 1+iu where u= rsinz
=%, %8 T s “1-rcosz’
and since log }%’t =2 tan~1y,
therefore S=tan-1 T80T
1-rcosz
©
Ifr=1, ;S’r-zs";m=§(1r—:c), 0<z<2m.
n=1
In a similar way, we obtain
- COS NT 1 2
> = —1log(1-2rcosz+1),
=1
0
”Z;l coi‘m:____ —log (2sin 1z),
> sin nx rsinz
—1\n-1 n -1___— 7
"21( 1 n e s’

2n

1)

@

(&)

(4)

(®)

(6)

@)

®)

®)
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- .
2(_1)7»—15"””:;, —r<lz <, (10)
n=1 "

Z( —-1)n- lcosnx " =1log (L +2rcosz+12), (11)
n=1
21( ~1)n- lcosnz—log@cos;x). (12)
=
. < 8in nx
(ii) To find S=n§-31 a+nr”' [r|=1, (13)
a a positive integer.
1 & sinnx 1,.
Now S—Fln—l at+n rotn ;aSU (14)
o0
then %j—‘=r°;1sinnxr"‘1 (15)
__Llyrer  rei
2i(~re“‘—1 're“'”—l>
a —(@a=1iz (@—1)iz
=__ ~iln=Dz,8-n _ im-Nzga-n ¢, €
»2—:16 o nz-=:1€ e l—re‘z+1-fe““) 16)

& sin(n-1)z
) a-n+l

=L§“: sin(n—-1)z 1 —re—iz

———pa-ntl 4 — cosaz o,
=4 a-n+l 2t g 1—re=

and §;= ra-n+l 21; e~z ]og (1 - re'®) + 2%.3'"'3 log (1 —re—%)

+§sinazlog(1—2rcosx+72)]. (17)

Therefore

1M&, sin(n-1)2 rsinz
S=_[ SN T )Y a—-ntl -1_"
™ :4_:2 ammyl T teosartanTii o

+§sinazlog(l—-2rcosa:+rz)]. (18)

sin(n-1)z

0
If a=0, then > 1=

n=2

is defined as zero, and we have

sin nx rsinz
r=tan~1.———>
1-rcosz’

the same as ().

S sinnz  Gsin(n-1)z |
If r =1, S_"Z,a-(m —“2';2 aonl TH(T-2)cosaz

+sinazlog (2sin {z), O0<z<2m, (19)
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Show that
sin nx 1) _p8in(n-1)z
1)n- -1 ,n___ |: 1 n+l
,‘21( ) a+n ”22( a-n+1 -
rsinz .
+ cos az tan—! Toreoss ™ % sinazlog (1 +2rcosz+ r*)],
cosm:n [ cos(n 1)z pa-ntl
‘a+n = a- Ta-n+l
. rsinz
+sinazx tan-lm—}[cos azlog (1 —2rcosx+r3)],
cos nT cos (n—-1)z
11— n= a-n-1"""\" /7 .a-n+l
;-31( ) a+n [,;Z;I( -1 a-n+1 r
+s8in az tan—?! 1:_—5:% + % cosazlog (1 +2rcosz+ r’)].

o ThPD
(ifi) Tofind the value of §=3, T2 —1=r<1.

n=1

Now, if p be even, then, by Ch. IV. (29),

1 3 P &, cos 2nkz 1 P> 2™
S=5—s — 1)k ™+ S .
2"_]);21( ) (lgj" >§1 n 2,(12’ R
@
But > c—(18—‘11:1n—]':£1"'= — }log (1 —2r cos 2kz +713), by (7),
n=1
and E——-——log(l—r)
n=1
therefore
P 1/?
Z( P 4 log(l—2rcos2kz+r2)—2—p P Jlog(1-7).
gz 2 2
If p is odd,

{) sinn(2k +1)

1 =z . ®
then S—2—p—;l§0(—1) (}7_2 >'§l~——-n—-—— ;

p—1
=z P ;
1 X[ e 4 rsin(2k+1)z
S"gp-lga( 1) (p_z_l_k>tan 1-rcos(2k+ 1)z’
&, sin nx _, rsinz
If p=1, S S T

n=1

which is the same as (5).
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(20)

(21)

(22)

(23)

(24)

(25)

(26)

@7
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© -
If p=1and r=1, S= Es":‘ma}(w—x), O<zr<2m,
=]
the same as (6). "
Show that

b4
13 P
E( )= lsm”m: =5 2 1)"<£_k)log(1+2rcos2kz+r3)
k=1 2

n=1

+%<§)log(l +r1), —1<r=1, when pis even, (28)

1 3 M ! rsin (2k+1)z
= - - -1
21 (-1) (p____2 1—k>mn 1+7rcos(2k+ 1)z’ 1=r=1,

when p is odd. (29)

?
2, cosPnz 1S ( P )
N e P log (1 —2r cos 2kz +7%)
2 n 2”‘21 ﬁ—k 8(

P
L <p> log(l-7), -1=r<l1, whenpiseven, (30)
2

P S
1 2 <y=
=i ;: p-1 log(1-2rcos2k+1z+7%), -1=r=],
2» -0( 3~ ) when p is odd. (31)

Also » p
2

E( —1)m- 1cos ne "=—1’-,kzl< k)log(1+2rcos2kz+rz)
nm=l =

P
+§1;,(£> log(1+7), -1<r=1, when piseven, (32)
2

-1
2

P I
1 2 =<
=5 1 log (1+2rcos2k+1z+1%), -1=r=1,
2» f‘:‘()(p k) & when p is odd. (33)

9. We shall give here a method for finding the value of another type of
trigonometric series.

(i) To find S= 2( 1)k-1 < )smk:c (34)
k=1
Now S=2li§(“l)k'l(k) eikz——;—izl(—l)"" (3 e (35)

1 11 . _l
= —g (- tg (- - g

iz

i iz iz niz n
= _%e%(e-%_e§>"+%ie"2 e2 —¢ 2) (36)
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-—@sm” I:( 1)"e";z-e ;]

n+2
=(-1) 2 2n sinn & 3 sin ? , when 7 is even,

n-1
=(-1)2 2"sm";cos§ , when # is odd.

n(r+x)

=(-1)n-12n sin"gsin

Show that

n n+2
; (=1)k-1 (2) coskx=(-1)"2 2"sin® gcosp-z +1, when n is even,
=1

2

n+l
=(-1)2 2" sin® 2 gin ?—z-i- 1, when n is odd.

2 2

n(r +x)

= — —-19n o1 f
(-1)n-12 51n"2cos 3

whether » be even or odd.

. 23 /n
(ii) To find the value of S,=>] LZ (k) cos kx

n=1k=1
P n
and S, = (n) sin kz.
Following the method in (i), we obtain

2. /n T nx
,‘:Zl(k)coska:=2"cos"§cos -2——-1

and 12::1 (Z) sin kz = 2" cos® :25 sin %’f .
Applying (46) to (44) and (47) to (45), we have
2 z e
Sy +iS,=, 2 cos"ze® ~p

n=1

iz iz

n=

x
9P+1 gogP+1 T
2 2cosz
1z - iz
e—g(P‘l) e?

+1

2, (etie T\" F z
= 2n( e’ —p= iz 4 1) —
() e e

5 whether n be even or odd.

P
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(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)
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=2cos ; (2’ cos? gcos p-1 —92-; —cos ;)

+2 cos—g <2” cos’%sin p-1 g +sin g) -p. (48)

From (48), we obtain

z zr ——x
Sl=2cos§(2"cos"§cosp—lé—cos%)-—p (49)
%
and S,=2cos 5 <2"cosp2smp 12+sm 2) (50)
7
1 SI=Z 1)"-12< )coskw
n=1 k=1
and S, = 2”:(_1)"-1 S (")sinkx
show that z
1)7-127 cos? p-1 2 ptl 3cos s 2COS§ 1-(=1)7
S=[ (12 o G (cost o corl 2 a) 4 oo [prn -5
and z
2cos 5
(=112 pqv(-p—l -P+1> -?ﬂ] 2
[( 1)P~12? cos 5| sing z+2sin g— @) +sing |z
P‘\ n n
If 8= D (-1t (k>coskx
n=1 k=1
» n
and 32=E > (- 1) ( )sm kz;
n=1 k=1
then, if p is even, z
4 sin?
=l(- 29 gin2® ~ “1x- -
S, = [( 1)P22% gin (cosp 1z -2 cos px) cosz+2]5 tcosz P
and 4sin2;
S _[ 1)»92? 2p% .
a=|(-1) sin (smp 1z - 2 sin pz) +sin z:] T Tcos’

and if p is odd,

Sl=|:(_ 1)P-1229 sin27-1 ;(sin 2p2—3x—-2sin 2]72— 1 :z:>+1 -2 cos z] 2sin’js

S5—4cosx
and
=l (=1)929 4520 % 2p-3__ 2p -1
S, l:( 1)72 sln”2<cos g ¢=-2cos = x)
2sin $z
—(2cosz—3)cos§x]m.
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3. THE SUMMATION OF TRIGONOMETRIC SERIES BY MEANS

d\?
OF THE OPERATOR (r E) .

(i) To find the value of S= ;:1 kP sin kz. 1)
Let 8= :1 sin kxr* ; (52)
d\?
chen §= <T d_"> Sl]f:l (53)
(= ds
- 42-1 a! ﬂzl (=1 <:3>'B’ra dre Sll:'l ' (54)

Carrying out the summation in (52) gives

rsinx — r"*lsin (n+ 1)z + r™+2gin ne
1-2rcosz+12

8= (55)

Designating the numerator in (55) by N, and the denominator by N,
we have

da. a a\ de—v _
a7 5= 25 (3) s M g N ()
But

%;_j_; Nl]r:'l =(a-7)! [(a _1_ }') sinz — (:ti)sin (n+ 1)z+<:i'3> sin m::l (57)

and

Mkl N
dr"N :l cos&.ac’2 > (=1 <Y 7;’1>2—2—;1 coseczvx; (58)

v1=0

Applying (57) and (58) to (56) and the changed form of (56) to (54), we
obtain the desired result.

An expression for (51) may also be found as follows. We have

; k22 sinkz=(-1)° ; sin kz (59)
and EI k*#»-lsinkr=(—~ l)’gﬁr_—l Z:x coskz. (60)

Combining (59) and (60) gives
? p+1 4
?j kvsinkz=(-1)[ 2 ](—1)[2]3‘%82
=1

-1 s, (61)

where Sy = ﬁ sin (3271 + k:c) . (62)
=1
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Carrying out the summation in (62), we have

S, =sin (P +2F lx) sin o cosec

2 2
; cos <P2" + ;) —C0s (%f +n+ ; z)] cosec 3z ; (63)
ar- pr 1 pr 1 a z
242_;0( >dz1~’-a [cos(—2— +§x)—cos(——2—+n+éx>]dﬁcosec§
=17 (P)ain (42 gin 2 L ogee?
(-1) éo (a) sm( 3 3 z) sin 5~ -5 cosec 5, (64)
and by Ch. I (120)
de z (- [2] gA 1<
Zza cosecy =" ) -—cosec 24,9 1;) (- 1)"</—73> (L+2y)*Msy, 45,  (6D)
ﬂf&
B 29487 _1-(=-1)°
where Moy 45= 7.2:1) (-1 ( 8> cotn+ 50 3_ g
Substituting (65) in (64), and the resulting expression in (61), gives S.
n
(ii) To find S =; k? cos kz, (66)
=1
. . a\?
we either operate with <r E’) on S,
d rcosz —r™+lcos (n+ 1)z +r*+2cosnx — 12
where 5, =Z\'1 cos kart =" - 1-2rcosz+1r® ’ (67)
and let then r=1; or, by means of
n dr 2
; k2 coske=(~1)? 75 ; cos kz (68)
daw-r
and Z kP-teoskr=(-1)? 5 2‘ sin kz, (69)
: i kP cos kz = BT ik 7
from which Z:l cos kz 333_” ;1 cos( 5 + z) (70)
dr +1 . nx z
=gz | 08 (7—027 + 22—z) sin - cosec i]' (71)
n
(iii) To find S= Z (- 1)*-kPsinkr. (72)
=51
Then

d P n 1ot
S-(ra;) tzl(—l) smkacr"]:l'=
_(,d\?Prsinz+(~ 1)r—1pn+lgin (n+ 1)z + (=1)*~1r*+2sin nx]
_(73}) 1+2rcosz+72 yul (73)
Following the method in (i) leads to the result.
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The sum might also be obtained thus:

n 2p n
We have kzl( ~1)x-129 sin kz = ( —I)PLZE—:, Z(— 1)k-1sinkx
and ?:,;( 1)k=1j2p-1gin kz=(-1)? "1d %
Combining (74) and (75) gives
> (~DFWosinkr =0 S (1)~ sin (B + 1
":Z,:( ) sin ‘2;( ) sm(2+ z)
=%%[sin(%—+{;x)+(—l)"" sin (%—r+mx>]sec%x.

(iv) In a way similar to the above,

2::1 (=1)%-1k? cos kz=(7(%)’é:1( ~1)¥~% cos kzﬂ‘l:‘x

_( é_)”rcosx-y(—1)"—1r"+lcos(n+1)x+(—1)"“r"+2cosm:+r”] .
=\"dr 1+27rcosx+172 1’

or, by means of

n di» B
Z(—l)k—‘WcosM=(- )? o > (-1)¥1coskz
=1 =

— z (=1)k1coskz.

S dw-1 0
1) k-1)2p—1 (1191 e
and 2;1( 1)%-1§22-1¢os kx =( - 1)? dlz"‘,‘azl (= 1)%~1sin kz.

Then, from (80) and (81), we have
n ar & T
Zl(—l)k“lk'cosk:c=(—I)Pd?,zl(—l)"" cos(%+kz)

(=07 ;)pd p[cos(p; +§) +(-1)*tcos (%I +rT+_1‘zz>] sec:—;.
4. (i) To find the value of

2 n?sinnzr®, |r|<l.

@
Let 2 sin nzr® ;
=
then ( )
1 1 1
Now S1=34 1—r,‘1-r,>‘

where ry=re% and 7rg=re~i,
Therefore, from (86),

LB S (e,
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(74)

(75)

(76)

()

(78)

(79)

(80)

(81)

(82)

(83)

(84)
(85)

(86)

(87

(88)
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a 1 & 1
—p kT T gk _ T
where Dy=r, FET=T 74 TFEi-n

) k+1 sin (k- B)=
=kz§6(-1)a( 8 >rk+ﬂ(l—:7m_zw’3‘—“'

If p=0, then from (88)
rsinz

z_:lsmnzr T1-2rcosz+r
. a_ t(l-rY)sinz
andif p=1, ”Zlnsmm:r =T=2rcosz+ 7"
Show that
(i) zn’cosmr“—a( 1yt a( 1)&( )a’a( 1)5("”)fw
A=l

cos(k—-LB)n
(1 - 2rcos z + r2)k+1’

. @ 1-rcosz r(cosz —r)
n_ _ =
from which nz_ cos nar 1+1 970052412 1-9rc0sz +12

@ _r(l+7%)cosz—-2s°
and ”Z‘{ncos nzr”—mu—rz)z'
) 3 (-1 yeer (e 33 (55
i n=1y? gin naer® = B ( ) ( ) ?
6 3 Sz Q5
sin (k- B)z
(1 +2rcosz + r2)k+1
- .
vl - rsmz
From (95) Z( 1)»=* sin nar® 1+2rcosz+12

r(l-r¥)sinz

and ”Zl(-—l)" ‘nsmnzr”—mx—+ e
. © k+1 k+1
—1)n-1p? o 1)2-1 k+8
() 33 (~1)-tn cosmar ga}:o( ) ( ) 3;( g )r

cos (k- B)x
(1 +2r cos z + r2)k+1°
This result gives

= 1+rcosz r(cosz +7)
2: ~1)n-1 nm=1 - =
"_1( =t cos mart =1 1+2rcosz+7® 1+ 2rcosz+1r2
1+72%)cosz + 22
~ 1)1 n (
and n-zl: (= 1)*=1n cos nzr (T +2rcosz 4 7"

5. (i) To find the sum of S= qu sin? kz.

Then S= (7%)01‘2 sin? er"]'=l

(89)

(90)

(1)

(92)
(93)

(94)

(95)

(96)

97)

(98)

(99)
(100)
(101)

(102)
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Now, by Ch. I (29), if p is even,
r n 1 P )
k‘zlsmp kot =g E (-1 ( a);cos 2akzr® +§3<12)>7—(T—_—_:—) (103)

d\?
Applying (67) to (103) and operating on the resulting expression by ( & )
we obtain the value of S.

If ¢=0, we have from (103) when p is even,

; P
cos(n+1)azsinnoax n
ZSln”kz—2p 12( 1)“( ) P +§;(g>, (104)

=1
and when p is odd,
" 1 2—;—1 P sin(2a+1)n42-lar:sin(2a+1)312E
sin? kx =5— —1)ef p-1 > . (105)
; 2 IWZO( ) (T'— sin(2a+1)—;
i S ke cos? ko= (L)' S cos? kert (106)
(1) ,:2{ cos z=<7‘a> ’;cos L

Then, if =0 and p is even,

i p
cosPkr = cos (n+1)azsinnaxr n . 107
Z ow- 1‘;(2 a> Sz +55 2% ;0 (107)

and if p is odd,

p-1

2< p >cos(2az~1-1)7%!:::sin(2(}:41~1)Z'2'E

Zcos kx—zp )

a=0

. (108)
L -a sin 22+ 1)

n d\1 & .

iee —1)k-1 : = —1)%-1 ? % . 109
(iii) Z}l( 1yk-1kesinka <r dr> 21( 1)k=1sin?kar ]rﬂ (109)
If ¢=0 and p is even,

?
;”; (=1)%-1 sin”kx=§l—p§23 (—1)“(pp >cos az+(—=1)""1cos(2n+1) ax
=1 a=1

Cos ax

-(-1
A s 2(,,“)(2) (110)

and if p is odd,
Z (- 1)%-1sin?kz
=1

p-1 . 2a+1 2n+1

1 = (_1)a<p..]1) >sm 3 z+(~1)"1sin (22 +1) z. ai
Z _—._—.a
cos(2a+1)§
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i Y (- 1)t cosrho=(r L)1 k=1 0ogP kark 112
(iv) 2}(— ) cos —<r cﬂ) Z:l(-—l) cos?kzr :Lﬂ. (112)
If g=0 and p is even,

P
> (=1)k=1cos?hka = ls cosaz+(~1)""1cos (2n +1) az
Z:l ) % al cosaz
—(-1
+%"_)<2> (113)
and if p is odd,
n
2 (=1)*-1cos?kx
=1
1 ?~;—1 P cos (2a + 1) -( 1)7—1cos (2a+1) ?]t_-i-_l
L <p_1_a> . (1g)
a=0\ 2 cos (2a + 1)»2~
6. To find 8=1 ntsin?nzrt, |r|<l. (115)
n=1
Then S= (r d) 2 sin?nar™, (116)
fim=]

If p is even, we have

@ P\ «
> sinPnart = oo »-1 Z (- 1)“( )Z cos 2anar® +2—1 <p)z ™ (117)

Ne] =~ 5) =
r cos 2azx —r? N, )
But ”Z_;lcos Qanar™ = T—2roos2am i~ N’ by (93); (118)
3 »
1 d\eN, 1
then S=§P_-l§l(-1)°<£_a>(7 dr) N 27(_)( ) i (119)
But ( ‘d‘) “*Z( 1>k2(-1)s< )ﬁﬂrk 'y, (120)
dr/ Ny £ It N,
d* N, dk—y FARN
and g N, = ( ) 3V g Ve (121)
dx

k-2
=N, N+ keos 20z -2m ) NP kE-1) S N 22)

Now, by Ch. I. (6),

2 k- N
——N -1 (-T),E"f—,’“ (r—cos 2az)* > (- 1)’-( 7;") 7 W (123)

Yy=0

L4
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Writing &~ 1 and then % -2 for k in (123) gives
dk-1
drk-1

In this way the result is obtained.
Similar considerations lead to the value of S when p is odd.

N,! and N2 .

-
drF—t

Find the value of 8=7" n?cos?nar".
=]
7 G 2. 8in? (@ + nz)
. (i) To find the value of S= > ™ (124)
n=0 °
Now sin?(a + nz) = (;lﬂ ﬁ (-1)* <£) el (p—2k)(a+nz), (125)
=0

-1y itp-2mya S 00
then §= EE( 1)k< )e(p . 35 Lo
=(- 1)1’2113 ;)( —1)* (i’) er cos (1—2k)z[cos {(p — 2k)a + r sin (p — 2k)z}

+4sin {(p — 2k)a + rsin (p — 2k)x}]. (126).
And since S is real, therefore @ 2

» P
5 2
S= 251 (=-1)* (i) ercos (P—2k)z cos {(p — 2k)a + r sin (p — 2k)x},
0
when p is even, (127)

=1"/ 7 (- 1)"(?) ercos (P—2K)z sin {(p — 2k)a + r sin (p — 2k)z},

when p is odd.  (128)
Combining (127) and (128) gives

HIE
(_2:)12 2 T ({)ercos(p—ﬂf)zcos[ B—{(p-2k)a
=0 +Tsm(p 2k)$}] (129)
1-(=1)?

where B= 3

Show that
P
©. cos?( a+'n:v) e [ ] rcos (9-202 cog {(p — 2k
(i) ”2-:0 = gp- lg:(k)e cos {(p - 2k)a
+rsin (p—-2k)z}. (130)
P [P
sm”(a+nx) [ ] [ ] P\ -
(lll) E = 2p T ; ])k(k)e rcos(p—2k)z

n=0

cos |58 {(p - 2Wa-rsin(p-20)} |, (1)

where = L:(—# .
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cos (a+nz) 1 [g] P ok
"-————— = —rcos (p—2k)z
(iv) E( 1) m 2"1§0<k)e r co8 (=2k)
cos {(p — 2k)a —rsin (p — 2k)z}. (132)
Letting in (129)-(132) p=1 and a =0, we obtain

(v) 2‘)@——:‘”{@= €% gin (sin x). (133)

(vi) 20 "°; !’””= €°08% cos (sin z). (134)

(vii) 20( 1)n Sln—ﬂ;—.‘z—'-“’”sm (sin z). (135)

(viii) Zo( ~ 1) 2 g —eosz g0 (sin 7). (136)

=
8. (i) To find the value of S= ”Z:O S(i:h’)‘f . (137)
Now 3—211 i ‘(e;;’))," 5 Z ("(:;)’, : (138)
We shall first derive the value of

Sl=§o (-7% (139)

Let r=z"; then S, 7.230 (i;:;f (140)
Let now 6, stand for one of the % roots of unity ; then

and azl ¢%a® = gon Z Bam (142)

h Zarm e2nmi _ 1

But 20"—2 B =g

am]l e A1
=0, if » is not a multiple of &, (143)
=bh, if n is a multiple of k. (144)
A ®  nh
Therefore az_l %% =h"20 (b1 1S, (145)
and s, =% i e"a'=-1£ 2"3 oar™, (146)
a=]1 a=1
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2ani
To reduce S; we have, since 6, =¢ 4 ,

2ar
ar't = g7 o8 5= [cos (rll" sin 27) +148in (rll" smg—;:— )] ;

. . 1A cog 287 2ar
and since S, is real, 2 7 con > cos (rll" sin T)
a-l

If b is even,

3

by 2ar
1 2 pihgg=T
S1=3 I:e"’" ety Se k cos rl”' sin 2 T

a=1

a ==

Letting 2 —a=a’ in the second summation, we obtain

A
=1
1T an 1A gog 227 2ar
S;= h{e +e +2%16 h cos(r”h sin i ):I
If h is odd,
pt 2
3 2ar

Sy =}% e +2 > € oo (r‘/" sin 2—;”)]

a=1

Combining (1560) and (151) gives

ZG'

~-1)* [ ] 1% cos
Sl = :'_l [erll“ + li(z__]i eTi* L9 2{ rl cos (,llh 8in 2%‘)]'

a=1
the summation in the second member of (162) being zero if A<<3.

O .n

If h=1, =
=n!
* n
If h=2, Eo ( 2'n)!=% (€ + '),

Applying (152) to (138), we obtain S in the following way :
Letting err=r,

1/ = e'm‘ h

R
= w08, cos (r‘”‘ sin h) +1sin (r‘”‘ 8in h)]

_ph _amg % 3 .. .z
g~ g hoos}, [cos (rl”‘ sin I—z) ~1sin (71”' gin 71)]'

then en

Al 2amr
2 ¢ con’) y cos (rl”' sin —h_)]
’3

225

(147)

(148)

(149)

(150)

(151)

(152)

(153)

(154)

(155)

(156)

(157)
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2an 2am z
A oos 237 i ¢ 2ar . =
e B o=¢" “®H “®hi|cos (r”" cos =~ sin h)

+4s8in <r1"' cos g‘;—" sin %)], (158)

cos (r Vhgin 2an =3(e*+e%) cos (r’”' sin Zar cos §>
h h h
- Li(e* = e~?) sin (r‘”' sin -211"1 cos }f) (159)
where s=rVhgin ?% sin ;: (160)
From (158) and (159) we have
7 2ar An 2ar+2
e’ ™ cos (711”' sin L;") =1 P cos (r‘/" sin ~2a—’;l—4f>
N g 2072 _ WA, 207 +2
+ %erl P cos ('r‘ " gin m%) + i[%er “®7F sin (r‘/" sin 2a1rh+ a;)
oo 22T 2ar -z
~le P sin (M sin 227 )] (161)

Applying (156), (157) and (159) to (161), we obtain the value of the first
summation in (138). The value of the second summation in (138) is the same
as the first, except that ¢ is negative.

Therefore

o sinmz 11 Moos? . o2\ L (=1 _amene? . .z
"20 (”—h)!r" =7;[e A gin (rl /h gin ﬁ> -y Agin (rl”' sin 71)
[" ‘]

a-l

SPeos®IE . am 4z
sin ( 7V* gin —h—

A 2ar—2z

- O 7h gin (r“" sin g—ql;_—x)}] (162)
If h=1 and =1, then from (162)

©
2 INNT _ ecosz sin (sinz),

=, n!
the same as (133).
If h=2 and r=1, then
00 : z z
> s(‘;"';f =%<e°°°§ e 2) sin (sin ;) (163)
n=0 '
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(ii) Show that

o cosnz . P oa s b ain @Y TP ooy hos T
,.Z.:o (nh)' = l:e hcos (r sin h) —5—¢ cos (1'1/ sin 71)
[’}:2:_1 sart
VA ar+2
+ uz_l {e’ 7 cos (7’/" sin 2_‘2’_};_{”)
1A 2ar—2z _
¢ T cos (r‘/" sin ga”va}] (164)
9. To obtain the value of
& 2 Sinnz -
S= ,.Z_o -1) ki ™ (165)
we shall first find S, = 20( —1)n (n}: (166)
oy

If 4 is odd, S, is obtained by writing in (151) - for r; we then have

2ar
S;=7 [6" +2 e * cos 227 h cos <'r”" sin ———)] (167)
‘ Z h
If & is even, then (=1)a Tl/h=ei s

and
2a+1
eba (=1r _ eﬂ/h cos = -7 [COS (71/h sin 2z +
and (148) becomes

1
S, =111 > ¢ N s (rll" sin ?ah_-{-l 1r). (169)

1 1r> +isin (1'1/" sin 2 ; 1 Tr)] (168)

Now the terms corresponding to a=0 and a=» in the second member of
(169) are equal ; we may therefore write
r—2

2 A oo 20+1
S1=%[E " h cos(rll"sin 2a}:rln)

a=0

A=l g 20tl
+ Z € A T cos <r1/" sin 29{_1 w)] (170)
A

Letting in the second summation h-1-a=a’, we obtain

E_ g1k os 2 . 2a+1
== 1/k . 7
S, ?_:_0 cos(r sin — vr) (171)
Then, by the method which led to (162), we find by means of (167) and (171)
the value of (165), and also of

0

ncos‘nz n
z ( 1) (nh)l .

n=0
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O sinPnz
10. To find the sum of S=§W7 . (172)

Then, if p is even, we have from (24)

~cos2knz 1 PANe m,
S—2,_ Z}( 1)k (__k> _o " +§,—,<1§o>”§_%m (173)

and if p is odd, from (26),

p-1
1 & L F ® gin (2 + 1)nz
—2—,:1?_,1(—1) g;_l_k ”}_,()————-(nh)! . (174)
Then, by means of (162) and (164), the values (173) and (174) are obtained.
o ?,
I il cosPnz 175
n a similar way n-O—_—(n‘h)l 7 (175)
and (172) and (175) with the terms alternating in sign are found.
R
11. To find the value of S——”Z_Jom—!. (176)
Letti 2 th S 1 & abtnh
etting r, =", then =z—°n_0 B v k)] 177
" h
We now define f(n)= L :;2-:1 8., (178)
where as before 6, is one of the A™ roots of unity.
A
Then, since > 64" =0, if n is not a multiple of ,
a=1
=Ph, if n is a multiple of &,
© ug‘ zn h
therefore ,E; f(n)= ; (b_"'—")' Z 0," (179)
h,; b+nh)' =hS,. (180)
Adding the terms in the second member of (181) by columns, we obtain
A @ (9 n
hS= (0a2) 181
az-;x ,‘z_:o (b+n)! (181)
1 (Baz)2+n
2 Z BraT (182)
k 0,)
=> etas S G ] 183
Saale- S0 &)
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Therefore 8= }%LZ { ez 5 “’“””’"}] (184)

h
and since Z 0,7-2=0, if n-b is not a multiple of A,

Q=1

=h, if n—b is a multiple of &,

we need consider only such values of n as will make n—-b=ah, or n=>b-ah.

Now when n=0, a=%, and when n=>b-1, a_.z, hence
b
3=1,n b H e
NS gn-b=h .
?:‘on?azq * a?:l(b-ah)z (185)
b
1 h edaz [7&] zb—ah
and Sl:WLZIWE _h:él(—b—ah)!:]’ (186)
A 1A ';. boah
1 ebar r h
" nz-’o (”“‘" "t [21 P =y !]‘ (187)

In the following we shall give another derivation of (187):

znh
Let "Zu./o(b ,3+'nh Sﬂ’ S0=S) (188)
d 2 amh
then (b-—ﬁﬁ-z%)&:gom. (189)

If now to B are assigned the values 0, 1, 2,...5—1, b relations are obtained,
the one corresponding to 8=5b-1 being

Ee"a“ by (146), (190)
a.-l
dSy_, l
or d’z 25— nz_leoa (191)
. . 1 et C,
Solving (191) gives Sp-1 =iz aél Lt (192)

To determine C,; we write

1 h
“sz—1 - E Z -'6— (193)
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Now when z =0, S,_; being finite,

aw=1
and since Oh=1,
1 h
Cl = —z 2 0“"_1
am]l
=0, h—1 not being a multiple of &. (194)
1 €%®
Therefore Sp_1= 2 o (195)
a-l
d
Next, from (2 +27) Sz =Som, (196)
. efa®  C,
we obtain Sp2 = _h:c3 Z bz I,}, (197)
and again, since Z 0ah—2=0, h+2, C,=0, (198)
a=1
e’a“
hence Sp_g = i E (199)
a.-l
h egaz
We now assume S, =i ;-;1 o 1< k-1, (200)

and shall show that this form bolds also for Sp—(,+1).

For, from (7 +1+z d%:) Spmy—1=8p—y (201)
1 & etz (Ovh1
follows Sp—y—1= Far Tl 24 G + o5 (202)
and since y +1<<h, Cy+1=0
1 eba®
and So—y-1= 51 E X (203)

which is of the same form as (200). We therefore conclude that (200) holds
for all values of y up to and mcludmg y=h-1

8, & C
For y=h, we find Spn= AN 3 204
7 ] b—h = hI" QE-], 1;" ( )
. 11 1
from which Cr= -3 > gi= —ph=-1 (205)
a=1 "G
1 & etz 1
Therefore Sy 20
b—h = ,Z_J‘h (206)
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In a similar way we find

b, efaz 1

So-res = 2, g T
1 & ez 1
So-h-2= v 24 gawi a1

1 1
Sb—zh+1=h—z§h71 uzl 0,571 (A=)
1 h efa® 1 C!}I
and Sh_zh=7n—2h¢2-lo—az—h—m+ﬁ, (207)
where Cop= -1
We further obtain
efa® 1 1 1
Sp—sn= hzah 2 0~ @RS ki (208)
Let now b=ch+m, m <h; then
1 & ofe= 1 1
S =8Sp—ch = — IR — B —
™0™ e ZJX 0 " (c—1h)!a* (c—2h)!ath
1 1
T higle=Dh " zek
LoSvets & ! 209
‘WEW‘Z%( Sk .
[h] 1
Therefore Sp—p = hz') aZ:_l (= ah)zo
) b—-a.h
1 h eoa"llh [h]
- - 210
hoblk L‘?l 0,0 (b ah)' (210)
which is the same as (187).
h_‘ eaarl”‘
We shall now evaluate N= g (211)
a=s] a
and show that N is real.
Denoting r/» by » and writing
1 6
60 =g 00 =0
A
then N="> 6,defar, (212)
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(i) If r is positive and & is even, the real roots of u are

On =cos 2r +18in2r =1

and Or=cosm +isinmr= -1,
2
. 2ar . . 2ar
and the conjugate roots 0y =cos 5 +isin -
2 . . 2a
and Op—q = cOS- ZE —1zs8in —%,

corresponding to the sets of subscripts

Lhol; 9 h=2; .. ;h=2 h+2
We then have
Ay
2
N=et+(-1)le=v4 Y, (6,00 +
a=1

=e¥+ (—1)de "+ N,,

h—l é+1.

2’72 373

eg—a e‘h-—a")

where N, is the summation in the second member of (213).

Now, since 6,4 =cos 2“;‘1 +1isin 2_ah7li
and 67 =cos Zahml —1sin g%:ii,
_2_: P cos 227 . 2ar 2abr
therefore N,=2 az:l e R cos (11/1: sin 5" - _h_)
Cagg %ar  2ab
and N=e""4+(-1)ter" 42 é e 7 cos (fr”" sin —Z—" - _‘%_’I

)

(213)

(214)

(215)

(216)

(ii) If  is positive and & is odd, then a=h gives the only real root, 1.
The pairs of conjugate roots correspond to the set of subscripts

1,h-1; 2,h-2; ...; ——

We then obtain
h—1
2 anp

" 2 cosm—' .
N=e"+2 > e cos(r"”smT

a=1

(iii) If r is negative and 4 is even, we let

m
Te=ehp;

(217)
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1 Aiefa® 1 i etati/h
then h— az;_l “—a'b‘—-il“—m ‘?_Jl ‘do
1S pudgtan (218)
= =5 z“l ad eta¥,
where t¢=cos2a}:'11r+isin 2(1}-:-1”.

The roots t; and #_,_, are conjugate and correspond to the sets of
subscripts 0, k-1; 1, h-2; 2, A-3; ...; g—], Izl It is to be noted that
h=t,.

Therefore

2

Z tyletat = Z (t detar +tg_1_ae h—-1-a" )

#1 gog 22-F1 Ao 20+1 (2a+1) br
=—22e o cos(rll sin —— 7 - G ) (219)

a=0
h
9 I pheZile e 2e+1  (2a+1)br
= 1A -
and N hr"/"az,% cos(r sin =—— A ) (220)

By means of the above results the values of

”sin’(a+ng) (- l)z —ekyai "
8= biail " ;:( 1)k< )e(p 2k) E(b+lnh)

n=0
where 7, =rep—2b)gi
_ <A cos?(a + ng)
and S = "2‘0 W ™

are obtained.

(iv) If 7 is negative and % is odd, then a—ll——l gives the only real root,

2
- 1. The pairs of conjugate roots correspond to the subscripts
0,h-1;1,k-2;21-3; ...; }—"——2-—3, b—;—!
Hence
A3 2a+1
2 1A aog =0T o
N=e"4+2 Z e TR oo (r‘/" sin 2a}:— 1 T - (2a +h1) br). (221)
am
12. To find the value of
L8in(a+ ng)
s=3 -1yt (222)
nh 8 ai
Now S—§1<x 5 2 (-1 2 b+nh ) (223)

75 -%
where zy=et b and my=e b 1l
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Letting %(ah —bg) =f, then, by Ch. IX. (47),

b—1

h b—kh
—efi ;“1 (- 1)k-1 Zi‘z_ T

b—l
S=—m[ef ; (~1p-1 %

oL2]
+cosf{ ; 8i 2k;1b1r(tan-1ml-tan~1m2)
["'2]
e

bnbg 2h(1V‘U (-1)®lo 1+%}

81y
|:h z]
+smf{ ,,z 'n2k+lbr(wﬂ“ml+m"'l"‘2)
=0
h—2
_l[ 2]0082k+1bﬂ_10 (pupy) + L(_l)b-x(]_(_l)h)loa 1+2z) (1 +1,) ]
hé 3 & (P1P) * o slrmienlf )
. 2k+1 220
T, 8In 3 ™
here S (225)
1-z,cos ™
h
and P1 =122~ 2z, cos 2_7‘_th m+1; (226)

my and p, are of the same form as m, and p, respectively, except that z, takes
the place of z,.

We shall reduce (224) and separate in it the real and imaginary parts.

g. 2k +1
7510 =, .
;171'+7'2/"

12r1/k sin

m

Now  tan—lm, - tan—lm,=tan—1 (227)

1 -2k cos % cos 2k

then, by Ch IX. (86), we find

i 1 —2rl/k cos % A, +r2h
tan~1m; —tan=lmy,= -§log I , (228)
1-2r1/k cos i D, +r2h

where Ay =2k+1)r—g and A,=(2k+1)r+g.
Similarly
2714, sin ?f;_l x
tan~1m, + tan—1m,=tan—1! SFFi (229)
1 - 720h — 271hA cos }': .

2k +1
h

where Ay =cos % —rl/hcos .
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Next log p, =log (211/"A, cos % + 1 — 92k 4 201hA  sin %), (230)
where Ay =1r1hcos % - cos % }': 1 ,

and the same form for log p, except that ¢ is negative.
Then, by means of Ch. 1X. (33), we obtain

2r1hA sin %
log =2ttan—1 (231)
1 — 72/ 4 271A  cos %
and log (pypa) =log [4A,’rﬁl" + (1 72/)3 4 42 gUR(L — 42%) cos %] . (232)
l+x i/ sin%
also log =2tan~! — (233)
1+ cosd
h
and log (1 +27) (1 + z5) =log ( 1+ 27t cos I + rzlh). (234)

Applying (228)-(234) to (224), we obtain the value of S.
If r =1, then, from (224) and by means of Ch. IX. (115), we find

x (5 1
> (- l)nsm(-‘:‘;:g)_ > (__b__l‘),a‘r sm(b‘—;;!_7+f)

h—2
183, 2k+lb1r (2k+1)r+g
+Z Za l:sm —f) log sin —p

i % + 1 b s 2k+l)7r-gJ
<_._._+f) a+Dr g

(=1p. (-1 ]
+ 57 sm_f[2 cot +( 1)* tan 5, ) 1-(- 1))logcos2h (235)
By Ch. IX. (136), we also obtain
(]
o 8in (@ +ng) 79
Z—b+nh PN kh*““( Ef+)
[Z]
1 . (2kbr iy 2k +g
+3 ; [sm(—h——j)lobsm 3

—sin (%}f;ﬂ +f) log sin 2";}:—9—

smf[2 c t— l)htangh> (1+(-l)")logcos§q7l

+2(-1)>-1logsin Wl:l +35 cos f. (236)
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The above methods enable us to find the value of

2 sin®(a +ng) i gin®(a +ng) .

benh T ¢ G +mhyt

ne=0

,‘2 (ay + ngy)? s———mg(:’,;l;’? ) pn,

and similar forms.

13. We shall now consider a type of series the terms of which are products

of trlgonometrw functions.
”

i) To find the value of S= ﬁsin ar
( e value of 2y L SR

ar
Let aI_Il sin Tl =P;
% 2anmi
— e2k+1
then P=11 l—e—a—:‘.-=5.
a=l _gie+1 !
2ami
Now 1-e2%+1 g 3 factor of 1 —x”‘“] H
z=21
2%k 2am 1 — z2k+1
therefore P =11 (1 —e“‘“) =3 :l =2k +1.
a=1 - z=1
We also find Py = (- 2)2ky2kghmi — 92k,
2k+1 2%k +1
Therefore P= o and S= ) g

Letting } =7, then

n d n
S=2 2%k +1 3"+1:| LA ,2k+1]
kz;.( )7 - drgl —

d 13 —y2nt3
=&;~_-—1—_—TT~ -‘ [11—2—2;‘ 6n+11)]

Show that

(-1)k-1 11 o sin [13+( LA (10’n+13):|
EZ 151 21c+1 25 22n ’

n 2k
(=1)n—4n
1aﬁ"°”2k+1 5.40

n
k-1 ar 1-47
2 H°°“2k+1 ER N

a=0

n k-1
2a+1 1
II in —5— r=2 -~ “on=1°
L om0 2k 2n-1

(237)

(238)

(239)

(240)

(241)

(242)

(243)

(244)

(245)

(246)

(247)
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;( 1)%- ‘aI_Iosn 11r4=§+—(§T—213—?_—:~1. (248)
ki T 1)'**si112"HL w-E(—l)[k] !
.
=24 e )E’[l 2(~ 1y, (249)
(ii) To find the value of
S=§ zr}: cos 221, (250)
Let S=k:22p, then P =gl ;

and since P is real, k£ must be even.
And indeed, if k is odd, then for a=’£——l, P-0.

[gjzk— 2a+1 [2 (__l)k

- (251)
Therefore S= ;1 al;Io cos =+ ( gEET
= (-%-l)_;:_?, when 7 is even,
= n—1
%;2”;’2-— , when n is odd,
Bon 1o (—1p (-3 gt
and e S e &5 (252)
whether n be even or odd.
H iy
And since (-1 (=1)pr= —(-1)
we obtain, after reducing (252),
(% H
S=prs [ 1) —ple -2n+1]. (253)
(iii) To find the value of S=kZ:2 1'—11 cos ‘LI:. (254)
E-1
)
Let S=$2P; then, if kis odd, P=(~1p-t(1L T (255)

a
and S cos%%= ?:31 o (256)
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We then obtain

S= -2 [1 (2”1),2] when n is even,

—-——I:l (23)1 ], when = is odd ;

n+1
and since (- 1)[2]( —1)r=(~ 1)[ +]
n+l n
and (-1)»(_1)[ 2 ]=(_1)[2]’
" nt1
therefore S= —5%2;[2"+(— 1)[2]+3(—1)[ 2 ]:I, (257)
whether n be even or odd.
n k-t n+2
Show that 2 II sin & % =3 - on=10 (258)
k=2 a=1
L . 5 3n+2
—l" sin & =2 L (—n2nEl 259
hf )algl =g (-t (259)
2k—1 ar 9k 2k—1
We find II sin 5 =2—, H cos =0,
a=1 2 22
2k—1-1 2k—1_3 2k
am _ ar gz 47
a];[l sin o a]l €08 5 = =2, 42k?
(2m+ﬁ2k—1 “in ar _ (2m +1)2%
aml (2m +1)2% 9(em+1)2k
(2m+1)IzIk—l—x . ar =(2m+1)1_21k—l -1 ar 1z (2m+ 1)1/221/2k
a=1 (2m +1)2% a1 S Em Y QI2@Em+12E
2k—1-1 2k—1_1
. 2a+1 k—2 2a+1 2
II sin—g—m=(-1)? II cos——m=-_—,
20 9k am=0 ok 221‘ 1
EminZ=i-1 - 9q 4] pyeminz—e CPINETISL 94
I gz =(=1) o g™
2
=2_(é17;3rT)ék~1'
It follows that whether n be even or odd
Gty n mr nl/2
u{[}sm T and al=11 sin —2—11_. H 5 = gact’
and when n is even whether it be of the form 2* or (2m + 1) 2%,
n—2 n—2
2 2
. 241 n 2a+1_ 2
al;Iosm m r=(-1) ago“’ST"“gE'
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(iv) To find the value of

22 ar
S=§lr aI-I1 8in 57— » |r|<4.

< 2k +1

Then S=k-1 ke
9 = y1/2) 241

- -1(2k+1)(-§—) :
. qls
Letting 5 =T, We have

0

& d
Sl=k§ (2k +1)r 2641 = (’1 d71> ;17‘1"“

_ r3(3 —7,2)

(1-r2?”
_r(12-7)
and S= T
© 2k
N k-l . ar  r(12+7)
Show that 3 (=1 L sin gy ="y -

® 2k
amr r
k
> 7% I cos 57— = ———,
= a1 2k+1 4+7r

© 2k
_ 1)1,k _ar __ T
2 (DR T cosgrg = -

289

(260)

(261)

(262)

(263)

(264)

(265)

(266)

(267)

14. By combining the results obtained above we can find the value of series,
the terms of which are products of tangents and cotangents of certain angles.

We find, for example,
@) i 12; tan o = z";(-l)k(2k+1)
o 2641
=n, when n is even,
= —(n+2), when n is odd,
=(-1)*n+1)-1,
whether # be even or odd.
2k— n 2k-1 n
(ii) 2 :i}: tan 20;;: L >, II cot 2“4;: L kzl (= 1)*
=0, when n is even,
= —1, when is odd,
S Sl el
IR

whether n be even or odd.

(268)

(269)

(270)

(271)
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o 2k

2 (-1F_ & (=1F_,_7

(i) 3y II eot 1™ 7 Pt G i (272)
2 r(3+7)

Show that _E I-I tan 5—— 2’6 T 1 m, If I< 1, (273)

k-1 ar ___7(3-7)
;( 1) r*n et =t (274)
15. We shall here find the va]ue of series, the terms of which are products
of powers of trigonometric functions.

(i) To find the value of

8=
; Bt @
Now SEL by @), (276)
a—l
Letting 2,_r, then S= 2»2(2k+1mk+1] @71
k=1 =1
=99 2% +1
(&) &
~1)8 &8
_293221( ) E( 1)1( )),p,.p Z,!kﬂ] . (278)
dB 13 — p2n+3
But e P
k=1 =2 =3
Birrd { M +3 ,,,} i ,l{ (=1 1
7 2, (s- 71> (850 (1+r)7.+1+(1_7)n+1}l_2l,

B & 2n+3\ 1 (-1m 1

g 3, ((62,)- (L) we) {wpim ) @9
Denoting the summation in (279) by Pyl,

we obtain S=grmi 2( 1 3 (-1 I (280)

y=1

Letting in (275) p=1, then from (280)

S H"“2k+1 :[{3 (2“3)21’"}4 (l_flﬁﬁj

=1 a=l

=%[11 —512;(6”-0— 11)], which is the same as (243).
(ii) If in (275) we let n=co, then
o 2k ar
II sin® (281)

2k+1

k—la-l
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and similar to (277) S=29§; (2 + 1)77"‘“]
-]

7-27,

2v+1 i( 1)32( 1)’( ) - (282)

=1

where P:,l 1;-0(B 71) {(’2'35_: 1))7:-'-1 + (2n _11)1,—1} .

If p=1, S=212, the result also obtaincd by letting r=1 in (264).
(iii) To find the value of

n 2k , ar
S="ZMI“I'1 cos” g7 (283)
kp 2np __
Now S= ‘E 22,,, 25-,-‘2?(;2,——%13, when p is even,
92np ( - l)n .
- a1y when p is odd,
2y _ (—1)np
whether p be even or odd.
(iv) If in (283) we let =00, then
o 1 .
S= 1ml’-Il cos? 2k+1 =om 7’ when 7 is even,
= - ﬁ, when p is odd,
= m[l +(=1)P2%], (285)

whether p be even or odd.
If in (285) p=1, then S= -}, the value also obtained by letting r=1
in (266).

> 2a +1 209 —
Show thas = GI.IOS’“’ T T Tk (289)
2% a4
d that the value of II cos? ™ (287)
and tha 1:-21 T Y
is 27 multiplied by (284).
n
16. To find the value of S= II tan? (288)

2k

=1 a=1

n
(i) If p is even, Sef}: (2k +1)». (289)
=1
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Then S= 2 2k +1) p,,ak+1:l (290)
k=1 r=1
AL Sy (-1),a_ BY.pp &
(rdr) Pl ]rﬂ ;.21 7_21( 1)’( )7’r” Zl’"’“] L@
Yo rpge] e 2 58

k(3]
and since the value of S in (288) is one less than the value of (157) in Ch. V.,
we have from Ch. III. (85)

21 B B
S= - 1 2 NV (-1 (2 )yrS 2
143 35 23 (-1 (TS (202)
& 2n+3
b 8, =3 (-1 1. 293
where W= )(71) " (203)
n
(i) If p is odd, 8= (- 142k +1)%.
k=1

The value of S being one less than the value of (162) in Ch. V., we obtain
from Ch. III. (99)

p B
S=-1+33 > (-1)7 ( ) »Sy, (294)
F=1y=1
where Z(_l) [( 1)3 8(ﬂ+711 8)+(__1)"(2n74]-3)]
B=n1
7230( )v,(ﬁ ';'lln 73)21”,
sl-(=1p
g

pr-l then from (294)
3, i gfi= 11 20| ()
[l—-g] 1)v.<l Nh- 72)1

Y3=0 Y2 2"
=-1-3{1+(-D}+3{1+(-1)"2n+3)}
= —1+(-1)"(n+1), the same as (269).
2n ; 2kni
17. To find the value of P= II (g%“+e*é?_ﬂ).
k=0

P P
Since ed™ +¢ f_l is a factor of 2+l 4+ 1, z=ed therefore
P=cos(2n+1) +zsxn(2n+1)—~+l (295)

where p and ¢ may have any real value.
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Similarly
norp, i
o (ea ‘_e*zn+1)=cos(2n+1)P_"+isin(2n+1)%5-1; (296)
k=0
2n—1/p . 2k+1_ .
I (e?"+ei I ') cos2qp +1sm2nqp" 1; (297)
£=0
2n< P *:k-H A pr
II \e? +e 2n+1 cos(2n+l)~—+zsm(2n+l)7-l; (298)
k=0
nop 2+l
I (eq P gtemri” ) cos(2n+1)—+zsm(‘7n+1):%"+l. (299)
k=0
18. Show that
sm(
e
— 1 sin ko= —
(i) kz=1( L) sinkx v

{cos("; 2) (-I)E%Jcos(%r+Mz)}.

] ) sin (3 -3)
(i) 12(—1) 21cos kx = (-1

Cos T

{sm<2 - i)

(iii) [Eél( 1)[;]smka:-snéz{ -1) Jcos [] z- 00852:}

(iv) |:22:[(--1) chosk:c— _sx_n«}‘x{ -1 []sm( I:J+%)z—sin}:c}

[" + —1—:—(——2]—)[5]( - 1)[{] cos[g] x.
W) ké](—l)[k]ksmkx——-ﬂig{ - ['—:]cos(2‘}]—%)z—cosix}
]l )
+(—l)[4]sm2[4] 1—(;l)[g](_1)[%J<2[%]+1)sin[g]x,

2co

E 13
and a similar form for Z( - 1)[§] k cos kz.
=

Additional examples will be found in the Appendix.



CHAPTER XIII.
EVALUATION OF DEFINITE INTEGRALS.

THE evaluation of a definite integral from its definition as a summation presents
in general considerable difficulty. Moreover, in many cases the value of the sum
of the series resulting from the definition cannot be expressed in terms of known
functions.

For example, from the definition we have

bsinz | = sin (a + kh)
I do=h 3 ]M, nh=b-a,

a2k+1

—;‘ 1) 2k+1) 2k+1 ;( Varnmeny O
ez n—1 ea+kh
J_d =h a+kh:|he0, nh=b-a,
pr+1 L ak+1
—logb—-loga+’§o B+l (k+1)'_ _o(k+1)(k+1)!, (2)

I (tan—lz)2dz = h”z:_d {tan‘l (a+ kh)} ]).:o , nh=b-a,

=b(tan~1b)? - a(tan—'a)? - tan—1b log (1 + b?)
L BRFL — g2kt

+tan‘1alog(1+a’)+;(—l il Zk’ [b]=1, |[a|=1. (3)

No methods for obtaining the sums in (1), (2) have been devised.
If a personal reference be permitted, the author has spent considerable effort
in trying to express in terms of elementary functions

8= Z nx!”n (4)

n=1

and the solution of the differential equation
d’S 1-zdS_1

it s &z
which is satisfied by S in (4).

It is hoped that mathematicians will feel induced to take up this and similar
problems in the operation with series which are waiting solution and which have
such an important bearing on mathematical analysis.

244
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We shall now evaluate the following integrals:

b
1 () I=j (sin-12)2dz. )
a
Then, by the definition,
n—1 2
I=h {sin—1<a+kh)} ] . mh=b-a. ©6)
=0 h=0
2Q B 28
Now  (sinlz)p=3 Tz—@—’éfl by Ch. VIL (52); 0
PO (2y+1)
y=0
then
® 25,8’. n—1
o P S k), mh=b-a, [b|=1, |a|S1. (8)

FROB+1) IT (2y+1) *7°

y=0

We shall first find the value of
n—1
S=1Y (a+kh)2#+3),_o, nh=b-a. 9)
&=

Writing p for 26 +2, then

S= Z( )hm+1ap mZLm (10)

m=0 k=1

m_ nmtl 4 Fm(n)
Now, by Ch. V. (95), ;; k prris

where F,,(n) is a rational, integral function in n of not higher degree than m;

therefore
R F (n)]p-0=0

and S= i < )av—m(b_a)mﬂ

m=0
_1—,%1 (6941 - aP¥1) = gy (93 a9, 1)
Therefore =033 —— 2P Ly, (12)
OB+ I (2y+1)

=0

minus the expression of the same form, and in which b is replaced by a.
Letting in Ch. X. (156) z=>0% and then z=a?, we obtain

I=2(1-b%!25in-1b+ b(sin—2b)* - 2b
—-2(1 —a?)!Bgsin-1a -a(sin' a)® + 2a. (13)
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(i) By moans of Ch. VIL. (53), we find
r (sin~1 o)dz =h>::: {sin=) (@ + kA)¥hs0, mh=b-—a,
=b(sin=1B)S + 3(1 B2 (sin—1b)2 - 6bsin—1b— 6b(1 B2, (14)

minus the expression of the same form as (14), except that b is replaced by a.
And by means of Ch. VII. (54), we obtain

j (sin~1z)'dz=h Z; {sin-1 (@ + kB0, nh=b-ag,
a =0

=b(sin=15) + 4 (1 — b%)! 2(sin~1b) — 12b(sin-b)?
—24(1 - %! sin=1b + 24, (15)

minus the same expression as (15), only a appearing in place of 5.

2. To find the value of I=J.zz2(log z)%dz. (16)
Now I=h§:(a+kh)2log’(a+kh)];,=-o, nh=b-a. 17)
I can be obtained by evaluating

I,=h:Z‘_1(1 +kh)2log? (1 + kk)}s o, (18)

first for nh=>b~1 and then for nh=a -1, and by subtracting the last result from
the first.

Now 1og(l+kh)=§l(—l)ﬁ“(%r, k| =1,
and S=log? (1 + kk) Bil( 1ys-1 BRE S i (-1 1"‘7’) : (19)
=
Letting 8+ y =y, then
®© l 0 (kh),
S=S" - 1) 7 2
leﬁv ;1( (00)
) @ © y—1
i Y| 4
and since 2 y;ﬂ 8y= wal;‘ PR (21)
_ o _ (kh)ﬂ -1
—E( b’ ,Z.;n(ﬁ 7’ @
3 B =
Bt S S LS L
y=1 y-l 7-1

Letting in the second summation ,B- y=7', we have

=B —ﬂ—ll
256972 %y

y=1 y=1
& kh)E RS 1
and (22) becomes S=2 E; -1 p (KR)? 2 ~. 23
p-z( ) IB y=17 (23)
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Applying (23) to (18) gives

gB—-1
I,- 2h2(1+kh (-1 RIS T
B=2 ﬁ -,-17
We may write
I, 2h2f l)ﬂzl'ikﬂhﬂl+kh)2]
B y=17 k=0 =0

(-1)B[(b-1)s+1 (b 1)6+2 (b 1)8+s B— 11
,2.‘2 B [,34'1 * B+2 += B+5]

=2§3(_1)5[</§_Bl )(b 1)a+1+<; gs 2)(1, 1)8+2

=2
+§</3—/3+—3 (b—1)a+s]

7='17

=‘3(b3—l)i( 1) - 1)5351 22("1) (b- 1s+12
? i~ B y=17 B+1 y=17
® (_1)8 ﬂ——ll (=
- . b—1)8+t2 N\ © +3
N PN %
e 1)1oozb+2§)( Ll 1)52
SN VS PR Y LI C S |
2R ML P ITAS PIRY I
=3(b® )lo«r2b+2z( g (- 1)5 11
B—S y==l
ao‘ uoﬂ( —-11
-9 —-1)8(b—-1)B _2 b 1)8
I (-1)8 ~(-1 11
+23 0y (b—-l)6<[3 o )+,2J5 Y5 1)52“/
$ (=1 J_ 1
P Rl <;s 1Y ETR )

— 165 log2b - (b - 12+ } (b= 1)8 = s (b —1)8
(-1)# 2
U ”"(ﬁ 1" g2 ;33)

=35 logth—y (b 13+ 4 (=125 3 ¢ -1y

p.=4

(35i-52+5ms)-

247

(24)

(25)

(26)

@7

(28)

(29)

(30)

@31
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eo_‘ 5
Now z,‘——lf(b 1)s (ﬁll ,322 = 73)= 2, ﬂ,,,,b 1)

Fry! Frer?
( @®
-(b-1) 2, St o1 S ___0_ " b1y
5—4 p=4 B-2
(-1)8
-30-1p E (b 1)e
=3b310gb—3(6—1)—§(b—1)2+{§(b—1)3. (32)
Applying (32) to (31), we obtain
I, =3b%log?b — 3b%logb+ 2(b—1) + 5 (b-1)2
=y O-1P -5 -12+5(-1)
=3b%log?b - tbtlog b + % b3 — %, (33)
and finally
I=3b%log?b - 2% log b + 2 b3 — Ja? log?a + 2a%loga — 2 a® (34)

3. To find the value of

b
1= j zPe™2 (g
a

n—1
=h;)(a+kh)"em(a+k")] , nh=b-a, 0<b=2, 0<a=2  (35)
=0

h=-0

In evaluating (52), we shall make use of the method of Finite Differences.

Letting S= :i:l (a+ kh)Pemiatkh) (36)
=0
and Sy =e—mag§, (37)
nlo
then S, = é{,ukt \ (38)
where ug=(a+kh)? and t=emh

Subtracting ¢S, from 8, and designating

Uy —Ux by Ay,

and in general ANy, —Alr-Dy, by Ay,
n—-2

we have (1-0)8;~-uy= 2 Ayttt — oy, _n, (39)
=0

Subtracting the product of (39) by ¢ from (39) gives

n-3 o
(1 =028, = (1 - t)uy ~ tA'uy= ;: A Yy — (1 =t up— ) + Aty o). (40)
=0
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Subtracting next from (40) its product by ¢, we have
(1 =)38; = (1 - t)2ug — £(1 — t) A'ug — £2A"u,

n—4
= ; L8Ny, — tn [(1 —l)z’un_l +(1=t)A"up_o+ A”u”_g]. (41)
=0
Continuing this process, we obtain
P
(1-t)ph1S, ~ 2} tH(1 = t)P-R AW 4
=0
n—-p-2 P
-\ tﬂ+k-1A(P+1)uk - tn;: (1 - l)v-—kA(k)u”_l_’“ (42)
k=0 =0
vhere Aluy =y ;
und since AP+l gy, =0,
Y4 1k y 1
, =S ARy S Ay
herefore S, 230(1 _,)k+1A Uy —t ;0(1 —t)"“A Up_1_k (43)

ind
I=hS]hso=k6’"“SlJ}.=~o, by (37),

tk d 1
_ —- Ak)gy — homasn (k) :
hemaé:o v Ak yy — hemag 2‘(1 gy A un_l_k]h:ﬂy (44)

(1-
Now  wp=a?, Auy= (71’> ha?-1, ., AR, =k! G’) htqp-k

and Uy =17, A’u,,_2=<11)) oo, A(")u,,_l_k=k!<z> hepo—k.
We then have

tk ])) hk+lemkh gp—k
. A =(-1)k1F! — .
h(] _t)kHA uoj'héo (-1 k'<k Rkl p” :|h='o

1 P\ Ikt ek
~ k =( -~ 1\k-17 . o
and hv(l_t)mm)un_,-k]h:,o (-1) k'(k)h"“m"“P,]h;-o

. > (mh)T ]"“]
P.= =
since {,‘:{,(7’*'1)'1 heo 1
Therefore I= S (=1)%k! (p ) 1 (embbp—k — gmagr—k) (45)
2 (%) ke :

We might have developed (35) first for nh=b-1 and then for nh=a—1.
But the work would not have been much simplified thereby.



CHAPTER XIV.
DERANGED SERIES.

IT has been shown* that if the terms of a conditionally convergent series are
deranged, the sum of the resulting series is, in general, different from the sum of
the given series, but no method for finding the sum of a deranged series seems
to have been given.

1. We shall consider the sum of the series obtained by deranging

o 1
SV (=1)
LL;JO( l) b+ A'}L’ (1)
so that m positive terms are followed by = negative terms, that is, we shall find
RS ["': 1 E S 9
=2 24 br2kmh v 20k~ 2 bF Thnk 3 2a F 1A @)

where b and & are positive integers, and without loss of generality it may be
assumed that b<h.

Let now R= ,?‘:{, S, r2mnkh, 3)

where 8, is the expression within the brackets in (2); then
S=R), .
If R is uniformly convergent, we may write

m=1 ©_ yn(b+2kmh+2ah)
A r

24 2ah z +

R &y rbt2ah) b + 2kmh + 20k

n-l . ym(b+2knh+2a+14k) .
‘?:zo,m(mm 2_4 b+ 2knh+(Ca+ k" 4)

X, yn(b+2kmh-+2ah)

e e 59
Let now 2 b 2k 3k~ Dee ©)
2 ym(b+2knh+2a+1R) .
and 2 b+ 2hnh % Ga s 1)~ ke (6)

* Dirichlet, Werke, vol. i. p 318.—Riemann, Werke, p. 235.—Scheibner, Ueber Unendliche
Reihen und deren Konvergenz.—Pringsheim, Mathematische Annalen, vol. 22, p. 455.—Pascal,
Repertorium der hoheren Mathematik, vol. i. p 425.

250
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de’ a ny(d+2ah)n—1

Then dr = 1 yemna
7 p(b+2ah)n—1
and Pro=n L Ty Ty 4T (7
Letting (b + 2ak)n — 1 =2mnhp, + ¢a, ¢o < 2mnh, we have
- Pa—1
A LI aZ r2mnh (Pg—B—1)+4q . 8
T—p2meh = | qmmn 24 ; ®)
2mnh kni
. . r7a N Ak . pdidd
and if we write 12 p2mnn= 2 e =1 where pj =emnh, 9)
- aq+1
A = 5.4 Pr—7 :| - Pr .
then e=pPile T rmny ZmnhpZh
and since pi2mnh =1,
1
= i p(b+2ak)n .
Ay = g piltF 2ok (10)
1 2m*:h Pr—7T
therefore Py o= T 1?211 pple+2eh)n log S
(b-+2ak) n—}J
2mnh rlb-+2ah—F+12mh)n
T2 B dah=(BE )k (1)
= (B+1)2m

Now @y, o is of the same form as Py, 4, except that m and n are interchanged
and that 2a + 1 is written in place of 2a.
Then (4) becomes

1 ko= "L p \(0+ 2t TR m
R=pr k}:llog— > 7>

2 (12)
1 2mnh Pr—7 m:\l P (b+2ak)n
~gu 218" 2 () as)
[wﬁ@!m;l -1
n—1 2mnh\ 1 B 1 14
+m§0 =) (b+2a+1h—p+12nk)m r+1)2mnh ()
(b+2ah) n—1
m—1L '2':7::?)?‘ ’]_1 1 1
- - (15)
" 20 = (b+2ah - B +12mh)n r+1)2mnh

Now when r=1, the terms in (12) and (13) corresponding to k=2mnh
cancel cach other, and there remains

1Bl Pe=T w1 (o
= & ~L(p+hm — kI
5 2nh g{ log P (Per™) " 1= (per—)2mh |,
1 Zmnhﬂ—-l - 1- (pkf“)z""'"

- Pr. _7 -1ybn __ s
2mh lrzni log Px (par =5y T~ (ppr-1jmn " (16)



252 OPERATIONS WITH SERIES

But for r=1, l-p2mmh=0 and 1-p,2mh=0,
unless k is a multiple of n, in which case
1 — (ppr—1)2mnh _ 2mnh
L= (pur % ™ 2 ™ o

Then (16) becomes

8, = Al’ ’3;1-1 Pgﬁmm lo Pin ~ 2 1 - znhz—l bn lo kafj] (18)
1 2h k=1 g Pr =1 Pl'm g Pkm

n
2mb~1
or Sl=§1ﬁ[k§3 (-—])"cos]i%flogsin%

2nh—1 2mh—
- cos——logsm { Z coskblr

=1

Mt kb kN . kbr
- == o= “1*(1 ==

24 cos h}lo 2 { Z (-1) (l h)sn 3

—2;21 (1 —%) sin L_b_z} ] (19)

2. To reduce the summations in (19), we proceed as follows :

Letting p=2mh -1 and z= {)}:Ar in

?
E (-1)%coskx=1(-1)?cos 2p2+lzsec;z—%,
E=1

and p=2nk~1 and z=b—;: in

P
g T cosec 4z,

1 .
coskz=cosp; z sin

k=1

2mh—1
then > (-1 cosk—bf-—-—l (20)
E=1
St kb
and co8 —— = —1. 21
IRl @)

Again, letting p=2mh -1 and = l—)}:: in

i (~1)*sinkz =} (- )’sm2p2-"lxseciz—-§tan§a:,

and p=2nh-~1 and z=-}i— in

?
; sin kz=sinp +1 zsinPz cosec }z,
= 2 2
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2mh—1
we have > (- l)ksm—— =0 (22)
=1
2nh—1
and > sin’f%= (23)
The results (20) and (22) can also be obtained in the following way :
Let Sz- z; (- l)ksm kbm and S:,— 26 (~ l)"cos@F—
2mh~1 kbr kb
_— T kb kb
then S, +1S,= kz() (-1) (cos 5 +isin h)
2mh—1 bri,
= > (=1p(en ),
=0
2mh—1 __bli k
and Sy—iS= > (—IV(E h).
=0
bmi
Letting now e =7, then
! (= 1)krk= 1.TL2'_".',';
i=h L+r
and since y2mh — p—2mh < ],

S;+48,=0 and 8S;-1S,=0, unless b=(29+1)A.

2mh—1 kbr
Hence 83=8,=0 and k}:l( l)kcosT= -1

If b=(2g + 1), then, since
sin(2g +1)kr =0, S,=0,
2mh—1

and since co8(29+ 1) kr=(-1)%, Sz= > (-1)*=2mh.
=0
In a similar way (21) and (23) are derived. These results may also be
obtained by replacing b by b + & in (20) and (22).
We shall next evaluate

2mh—1 A
Sy= >, (- 1)k sinzb—il. (24)
=1
d 2mh—1 X
Now Sy=5 (—=1)*1cos kx

=
d ~ 4mh-1 _br

= (§ + % cos g asecs %z), T=7

br
=1mh tan %

=0, if b=2gh. (25)
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Similarl a1 kbr b
imilarly I; ksin T_—nh00t2_h
=0, if b=(29+1)A, (26)
2mh -1 kbr
and S (=1)*kcos =— = —mh. 27
> (<1tkeos (27)
Applying (20)-(23) and (25)—(27) to (19), we obtain
2mh—1 kr 2nh—1 kbr Jer
- k L il
S, 2h Z‘ (-1) cos log sin Ty k;‘l cos = log sin 2nh]' (28)
Therefore
ot [(b+2a.+1h)m 1] 1 .
S=m > SR —
a=0 A=0 (b+2a+lh—,3+12nh)m
ak)n—
m—1 (h+§mn):‘ l] 1 1
-n +8;  (29)

b 6= (b+2ak - B +12mh)n

where S, is the value in (28).
If m=n=1, then, from (29),

S——— [;( -1y 008 X° logsm’;h—-l?: osu;z logsmg;] thosecbh. (30)

Now, within the brackets of (30), the terms of the two summations corre-
sponding to the same even values of k cancel each other, and the sum of the
remaining terms is equal to

h-1
-2% 032“ bnlogsin?-"—tlﬂ. 31)

2h
Denotmg by P, the expression under the summation sign in (31), then
if A is even

A

|
o

k+ZJPk

"Mwi

DS

-3
T
=2> Py;
h—1 2 h—1
and when h is odd, Pe= P+ > P,
k=0 =0 pltl
2
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We then obtain

=
™ br 2[2 2k+1 . 2k+1
8= g7 cosec 5= — 7 kz=o cos ~——br logsin =, (32)

which is the value of (1) and the same as Ch. IX. (156).

From (29) the following is evident: If the terms of a series like (1) are
arranged in groups so that a group of positive terms is followed by a group
of negative terms, each group containing the same number of terms, then the
sum of the series is the same whatever the number of terms in each group
might be and is equal to the sum of the given series.

3. We shall now evaluate (29) for b=1, k=3, and then for b=1, A=4.
That is, we shall find the sum of the series obtained by letting n negative terms
follow m positive terms throughout

ST 9
and IZ;O( ~-1)* 1—+]E (34)

(i) Applying (29) to (33), we have

owy3 it ko ko D kL ke
S_T-’_é[k}_‘l (-1) cos~3—10gsmW‘—1‘2-'41 cos—glogsmgﬁ]. (35)

Denoting in (35) the summations in order by S, and S, respectively,
we have

8, =:Z§ (- 1)3%*-2cos 3k§-_2” log sin §];;2w
+:}:jl (~-1)%-1cos 3k; L log sin 3’;; L
+ 2:21 (-1)%*cos %c” log sin gﬁ”
=2:2:§11 log sin ZL—; - ,12 g log sin §Ig;2” - ;-12 jZ: log sin 3’;;1#. (36)
But 2:2—11 log sin é% =:: 2;21 log sin ;—% - ‘1.2 2:21 log sin %7% (37)

Applying (37) to (36), we obtain

3 2m—1 8m—1

3 ! . kn
8=5 1;—211 logsin 5 - 5 Ic=21 log sin . (38)
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We may write

Z cos =5 2, log an3E=2, 2 cos =1y log sin k-1,
k=1 =1 6n
-l 3k . 3k
+ kzn;l cos g7 log sin T
32”—1 . k 1 2n—1 . kﬂ
=5 2 (-1)*log sm—2—g -5 Z (-1)*log sin o
1 2n
"3 ( l)"]ogsmak 21r+ \‘( 1)¥log sin knlw
2n 1 e -1 krr
=3 L (- l)klogsm Z (- 1"10gsm~
327;-— 3n—-1 ke
=3 S" log sin 7 —2 Z logsm- - Z logsin 3~
=
Gn 1 k
+35 2 logsin
k=1
To reduce (38) and (41) we first evaluate
Pl kr
Sy = ; log sin —.
pn
. 1 2kmi
Now sm~k—n_33 1”'( —e”")
n
ke ki o
and logsmir:]ogz—logZ——ﬁ—+]og(1~c’”‘
We then have
- pn—1 2k
Sa=(pn—])§—(pn—l)log2 (pn - l) +log 1’[ (1 —e?n ),
2
and since z—eP" is a factor of zP7 -1,
m—1 2kri on ]
theref, (1- )2 -
ereiore k{[} e ) z=1 . pn
and Sg=log (pn) — (pn—-1)log2.
Applying (44) to (41) gives
S;= — Yog (6m) + }(6m — 1) log 2 + § log (2m)
-—%(2m-l)log2=log\4—;—g
and Sy;=1}log(6n) — }(6n—1)log 2 —log (3n) + (3n —1) log 2

—3log(2n)+3(2n—1)log2+3logn

—3(n-1)log2=log\—7§.

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)
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‘We then obtain

< 1 ™ 1 dm n
-1 = = = —log—
,,Z,;,( V=g ‘/3+6(10g 73 1°gJ3)
=T 3+glog, (47)
(i) We shall next find the value of the series obtained by deranging (34).
Then, by (29),
T 1 8m=1 kmw .k 8l gy . km
S=§J2 + g[ ;::1 (- 1)kcos Tlog sing_ - k2=:1 cos = log sin o )

To evaluate (48) we separate the first summation S, into groups of terms
corresponding to k =4k, 4k'+1, 4k’ +2, and 4k’ +3. Now, for k=4k' +2, the
group is zero, and the sum of the remaining three groups is

2m—1 2m—1
. k‘ll’ W . 4’6 + l
S, = 1;2-:1 (—1)klogsln2—7—n—.%J2 ,,2:0 (- 1)¢logsin S

mt . 4k+3
+ 42 - 1)¥logsin T. (49)
W g,o( Jrlogsin—g = (

Denoting in (49) the summations in order by S,, S; and S,, we may write

2m;1 . kT m—1 . kr
Sy= - g!l logsm27n+ 2 1:431 log sin o (50)
ol . 4k+1 nal . Bk+1
8y= - kZ(:) log sin —g—" = +2 "Zo log sin —— (31)
= —Ss,l+Ss,2
Ml 4k+3 Ml k43
—_ - Q) _ in ——
S, = é‘o log sin—- +2k§0 log sin —-= . (52)

Now, by means of (44), (50) reduces to
Sy= —log (2m) + (2m - 1) log 2 - 2(m - 1) log2 +2logm

=logm. (53)
To reduce (51), we write
emelp; (L1 wi eri
Ss,1=log II [f e(om 8m )’"(e m_ o m )] (54)
' k=0 L2
_m 2k -
Now e M _ g2 jg 4 factor of 2™ -1, when z=e¢ #m;
therefore
om—1 wi  2mi i K m
Il (e'ﬂri_eTm>=<e‘4m)’"‘_1=e 2_1o¥2ee (55)
k=0 1
and 81 =122 10g 2, (56)

2
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In a similar way

m-1 (»_1 8k+l)ﬂ m ki
- ¢ \im™ 8m Tim_, m 57
83, 5 =log EO 5€ (e € ﬂ, (37
from which S —L::ll—nl 2+1log (V2 is obtained 58
3,2=—5—log2+log (V2 -1) is obtained. (58)
Therefore Sy=log (/2 -1), (59)
and similarly 8, =log (V2+1). (60)
Applying (53), (59) and (60) to (49) gives
8, =logm +/2log (/2 +1). (61)

Denoting the second summation in (48) by S, then if in S, in (48) nis written
in place of m, we have

in—1 A
Sy=—S5+2 Z cos %’ilog sin% (62)
k
=-85+2 2 cos kr log sm —
=1
ot .k o
=‘Ss+224 (—-1)"10gsm—27{l=—b5+2S3. (63)
Now Se= _0{—1 log sin k— +2 > log sin é— 64)
6= &~ ; g
which, by means of (44), reduces to
Sg=log n. (65)
Applying (65) and (61) to (63), we obtain
S5 =logn —y2log (Y2 +1), (66)
and finally S=- JZ +3 log +}/2log (J2+1). (67)
- 1 T
= 1= T
If m =n, then ;=:0( 1) Ty gv2log (V2 +1). (68)

In a similar way the sum of the scries obtained by deranging

L X 1
&V ivn

is . o (1082 +3 V5V I0T 275 +2/5 log Yol alog 2). (69)

4. While the series treated in this section do not come properly under the

definition of deranged series, they are in a sense related to them.
(i) To find the value of
S=1 1 1 1 1 1

-6 TI- 20+ -3 1 (70)
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which may be written symbolically thus :
d (=1

s=3 . (71)
= n+l] 1+(=1)»
n 10[ o |+
10["“]+ bt
Let g,=3 (- 1):+1 14t 2) ; (12)
=0 _-*___
i 10[_ o [+ 5
then S=S;¢]z=l-
S, 1-2°
But T 1=a0
1 dx 1 2%dx
hence S= _."oim 1+LW:—1. (73)
1 dz 1 dx 1 dx
Now [t 52 2 - (14)

To find I,, we denote in Ch. IX. (17) the terms in succession by T,, T,
and Ty ; then, by means of Ch. IX. (48), we obtain

IT,dz=§‘6(\/5-1)log VP - temJI0T S, (15)
0

1 A -

[ 1ade= o5 41106752 4 3 rvio =275, (16)
]

1

j Tydx=}log (1 - )]y - (77)
0

Therefore

r;;f—— m/510g‘-/§_—l—nlog5-_(3J10+2¢5+J10 ~275)
° +3log(1=2)]ser; (18)
and since (3~/10+2J5 +VI0=275)2=20(5 +25),

1
xs‘ii”—l_Twol g-——- Pplog 5~ 5 /6V5+275

+3log(1-2)]z=1. (79)
This result can also be obtained directly from Ch. IX. (136). We then have
1 dx T s
Lz—sj= - Ecot 5 ~3log2+}log (1 -2))

N 21rl inT —eos™1 . 2_1r)
+x(cos-—5— ogsm—5 cos5 og sin 5 )

which gives (79).
‘We also find

1 dx
71 50J5J10+2J5 +35 log

+ $log2. (80)
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Then, by means of (79) and (80), we obtain from (74)

1 dg T S —
¥ - 1503 (V1I0¥ 25 + V5 +2./5) + g5 /5 log (V5 - 2)
- logb—J5log 2+ K log (1 —2)]z. (81)
But JVi0+2/5+V5+2/5=V5+2/5+V5-2/6+V5+2/5;
and since 2VE+2/5 +V5 -2/5)2=5(5+2/5),
therefore
! d:l} J 51 1 log 5
= 5= 5425+ 255 log (V5 -2) - ¢ log b

—Tlﬁlog2+116 log (1 —2)];-1. (82)
This result could have been found directly from Ch. IX. (136).

1 29dx
Next _[o:cm— 1 =15log 10+ & log (z = 1)]z—1 — 1 log (- 1)

=5log 2+ log 5+ 5 log (1 - 2)]z1. (83)
Applying (82) and (83) to (73), we obtain

S—-J5+2\/5—w\/5log(\/5 2)+4log5+4log 2. (84)

(ii) To find the value of
1 1 1 1 1 1

S=l-{5-T1*zo*si~30 3+ (85)
n+1
<l .
2 w1, NEIEIE (86)
2 2
Following the method in (i), we find
1 dx 1 g8dz
S=Lam‘fo;xm- (87)
1 29dz

Now J.oa:-w—:l-—~1-6]0g2 (88)

and by means of Ch. IX. (116), we obtain
1
xlfi i 20 cosec = 10 + (cos log cot . 90+ sin - log cot go>
0
25 (VB+ 1)+ V1025 log (J5 +1++5 + 2./5)
+555v/10 =2 /5 log (/6 -1 +/5=275).  (89)

Subtracting (88) from (89) gives (87).

The advantage of the use of the formula Ch. IX. (116) is evident in the
evaluation of integrals like the first in (87).
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Replacing in
10 2 (J5-Dz+4 —(JB+1)z+4 (90)
B+l 2+l B+(B-Na+1 2-F(J5+D)z+1
z by 22, we have
10 2 (1-yh)z*-4 —(1+.5)2%+ 4 (©1)
PR e Jruy b~ IO (Y, JG ) Py (g g Yy Sy S
from which
20 _ 4 VIO =25z +4 -J10-2/52+ 4
20+1 @*+1 224+3J/10-2J52+1 22-3J10-2/5x+1
VI0+2./5z+4 -J10+2/52+4 (92)
2+3J/10+2052+1 22-3JI0+2/5+1"
We then obtain
zlfi o= d5V/I0-2 /5 logu + 5103 /5 logv
+ 251 +/5)0 - (1 - /D) b + } tan—1z, (93)
where a:2+%~/10 2/5x+1 o z2+,}J10+2\/5x+1
-3J10-2/6z+1’ :_3J10+2/5z+1
11+ 5)z o (I=ydH)z,
1 - 1
0 =tan POk ¢ =tan -2
116-375
and since Iogu] =2logbl—m=2log(\/5—l+J5—2J5)
z=1 Jo+1
and logv] =210g4+\\//],0t2—/§ ~2log (V5 +1+J57375),
Jz=1
1 [ —_—
therefore j T‘ol”_. =2 (JB+1)+ V104275 log (5 +1 +/5 1 25)
02%+1 20
+45v10=2/5log (V5 - 1 +V5 = 2/5),
which is the same as (89).
5. To find the value of the series obtained by retaining throughout
L -1
S=Z( b (94)
n=] n

groups of p successive terms—beginning with the first term of the series—and
omitting g successive terms after each of these groups.

Denoting the series thus obtained by S, 4, then

n(ﬂ+q)+m 1

© P
2
=2 24 np+q Y+m (99)

n=0 m=1
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We may write
0 ? (__l)nw+q)+m-1

Sp.o= At A nw+q>J
A=) = np+g+m r=1
l
—m_l o :, (96)
ol - 1)ﬂw+al+m 1
where Y yn(P+Q+m, 97
'Ey n(p+q)+m (97)
S [
Then _d_._ = Z — )P+ O Em=1, (98)

If we let 2= —r, we have

as,, & zm-1

Lm_ N gnivta+m-1_

dx = gPte—]
zm-ldg
and S =.‘.o FTC] (99)
where the upper limit z= —1.
( ":t"'—lda{
Therefore Sp,q -ngll 2o lls-l' (100)
Now, by Ch. IX. (48),
% gm—1Jy [ ] % Z sin 2—k1r
j _:c"——T':__ ; sin —m tan~1 "2k
o =1 1-zcos™~m

=]
2k 2k
Z cos ——mm log <l ~ 2w cos—rr+z2>
’"/ k=1

1 (-1)m
+—7—llog(l—-z)+ o

(L+(=1)"]log (1 +x). (101)

We shall next evaluate (101) for z= -1,
Denoting the first and second summations in (101) in order by S, and’S,, then

(2],

S,:l = - 2 — sm 2—kmn— =—- S1 (102)
z==—1 k=1 n
and Sy =(- 1)""1—Zcot ln’{:, when n is even, (103)

= (- 1)m17 cosec ”-}Lf when n is odd. (104)
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Therefore, whether n be even or odd and if m is not a multiple of n,

81] = (=g oot 2T (- l"tan—] (105)
e
We also find
"% %]
z 2 .
Sz] =2log2 >, cos zlcmrr +2 ;: cos g1"mvr log cos E’—r (106)
z=—1 k=1 n =1
'_':1]
. o 2% :
and since 2 €08~ = — 31+ (-1)"], when = is even, (107)
k=
= -4, when n is odd, (108)
= -2+ (-D)m{1+ (-1, (109)

whether n be even or odd ; hence

2

Sz:l =2 2 cos—émrr log cosw 32+ (=-1)™{l+(-1)"]log2. (110)
7 m——1]

Applying (105) and (110) to (101) gives

—lgm—ldy mm mm
L (- (ot BT - (= I tan T

["z']
2 . _
+g > cos—ﬁ-mvrlogcos%r+(_1)m_ll+(2 1

n & log2

+(—1)’”1—+—(§;—]r]og(l-x)] ; (1)

Jdz=1

and by means of (111) we obtain from (100)

Spa=7 (- 1=t (eot g (= 1 tan 3 )

n =4 2y
-1
& 2] o
2 2_‘ cos ?l"mfr log cos — ke 1 +( log 2 Z (-1m-1
m-=1 k=1 n n mm=1
1+(-1)
+ 1 log (1 40) }J zml__l (112)

In reducing (112) we distinguish between the cases when n=p+qis even
and when # is odd.

(i) Let n be even.

2.1 1-a?
Now  N=log(l+%) mz_:l z'”:lz:—-l ~To7 log (1 +o:):L=_
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Hence, when p is even,

= = 13
N- (1 +w)w" log (1 x)Ll 0, (113)
and when p is odd N=- 1+2% log (1 - z) (114)
T +z)2? %8
Therefore, when n is even, (95) is convergent when p is even.
v 1-(=1)
- -1_- 1 -/
Next m2=1( 1I)m 5
and I+(-1 f'i( pma 1217 (115)
2n = 2n
Si 2k kr
ince Z cos —~mm =} sin (2p + 1)— cosec —;-—7}, (116)
m=1
therefore
n-2
2 & % kr
> E cos —mm log cos —
m=1 k=1 " n
n-2 ',';
1& . kmr ke km kr
=§Zfl sin (2p + l)—; cosec—~ log cos W ’25_4 logcos—. (117)

Denoting by S, the second summation in the right-hand member of (117) and
N | ,
letting in it 5 k=F, then

;‘ logsm—~—-;l Ne. (118)
Now ;N LNk+Nk] ot 2 Vk_2ZN,,, (119)

n+2
n-—-2
hence lo cos——— lo, sm— 120
,52 g ;, g (120)
=5 log 5%, by Ch. IX. (146). (121)

Applying (121) to (117) and the result, together with (113) and (115), to (112),
writing p + ¢ for n, gives

B
™ 1 ~— 2,
8p,¢= 2(P+9),y}=1(~1) ‘cotp }J 2p+])

k=1

km kr P+q
cosec - - log cos — p 2(p 9 log &=~ pF-i° (122)
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(i) Let n=p+ ¢ be odd.
To find the value of

P
&=U+(—Uﬂbgﬂ+x)2}$ﬂz in (112) (123)
m=1 ==
ite Sy=1-z")1og(1 3 ! 124)
we w. e=(] - - —_ .
rn 4 ( T ) Og( Z) mgl ( ‘x)m]zél’ (
and since (1-x)log(1- x)] =0,
z=1
therefore S, =0. (125)
Now, n being odd, the upper limits of the summations in (117) are n-2- !
Letting “=1 _ k=& in
n-1
z .
Ss=zlog005]ir, (126)
E=1 n
n=3
2 A
we have Ss= >, log sin 2k+1 ™ (127)
=t 2n
= —-3%(n-1)log2, by Ch. IX. (124). (128)
Applying (125) and (128) to (112), we obtain
P -1
Sp g= s —1m-1 mr  Prg-ly .9
P 2(p+g) ,,.2,1 (oo T S g %8
pte-1
2
+ 1 sin (2p +1) kr cosec kr log cos —k—”— (129)
P+q £ p+g P+q Ptq

6. If in (95) p is even and ¢ is odd, or when pand ¢ are both odd, the signs of
the terms of the series do not alternate throughout. ~If the signs of the terms
are changed so that they alternate, then (95) changes to

© 1; (_l)nw+q}+m—l
= =1)" . 1
Sp.q “ZO( ) mz_l n(p+qg)+m (130)
. 21
We may write Sp.0=, —,—,,Sm] ) (131)
m=17 r=1
o n{ __
where Sm=(=1)m=1;m 3 (=1 (—nrrte (132)

= nlp+g+m

Then ‘.i(‘i_s_;'?=(_1)m-—1,.m—1n22(_1)n(_,)mpn); (133)
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and if we let 7= —7, Sy = -j:%, (134)
where the upper limit z= —1.
1)ym-1fzgm-1dy
Therefore Sp,q= 2 (= ) j ml*—f (135)
Now, by Ch. IX. (47),
(%]
“lgm-idy 2L E\2%k+1 . 2k +1
0o Z*°+1  n = 2n ™ sm n m
2
—-glo 2 < cosgk-‘_lmw-—[g“] 2k +1 m log co 2%+1
ng ; n "‘h-o n T 08008 m
P - -y og e | (136)
r=-1,0
n—2
(% ]2k+1 . 2k+1
But ——sin mr
=~/ 2n n
=(- l)’"‘lgcosec ”g, when n is even, (137)
= (=11 cot ’%’f when nis odd,  (138)
=(- 1)m-1§<cot G+ (=1)*tan %) (139)
whether n be even or odd, and if m is not a multiple of n.
Then, by the methods given above, we find :
(i) If p+q is even, p and ¢ must then both be odd,
T 2 mr  p+q-1
— —1)m-1 G S el
p.q 2(p+q),,.2:‘1( 1)m cosecp+q+ 5 +9) log 2
AN
+1 2k+1
p+q ; )(2p+1)1r cosecz( 0 = log cos g™ (140)
(ii) If p+qis odd, p must be even and ¢ odd,
?
= T N (o)1t T 1 ou 2H1
P9 2(P+9)m-1( l)m COtP'f'q 2(])+Q)1 g2p+a 1
p+g-—3
1 . 2k+1 2k+1 2k+1
+p—:§ EZO Sin g (2p + 1) cosec i log cos TRk (141)
7. To find the value of
1 1 11 1,1 1 1 1 1 1
Se7=l-g+3-3*5 3t Tstie 1B 26" (142)
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Then, from (140),

Ss, 7=2I Z(—])"‘ 1cosce 1112 12,;4 sm(2k+1)—1rcosec2k+l1r

m=1 24
1 %) L S logeos@k+1) 7. (143)
og cos (2k + )§—4~i§k%{) ogcos (2k +1) 57

Evaluating the summations in (143), we find
5

> (=1ym- lcosec = J3 +J2+2/6-2; (144)
m=1
. 11 ™
and since sm(2lc+1) 5 rr—(-l) cos (2k+1)§1’
the second summation in (143) hecomes
5
~1)% — log
%( 1) cot(2k+l)2ilo cos(2/b+1)24 (145)

Denoting by Py, the expression under the summation sign in (145), then

5 2 5
Py =S Py i+ S Py 146)
ké) 2k+1 k/:(,) 2k +1 ,Zs 2k + 1 (
Letting 5~k +%’, the last summation in the second member of (146), we
have
2
12— (2k +1) =(@k+1)
ZPZIC-H k;)( 1)7‘001’:———2-4 = log cos ——24—
2
—_ — k .
= k%s( 1) mn(2k+1)24loosm(2k+1)2 (147)
Therefore
;:PZH-I‘ 1)’*cob(2k+l)24 logcos(2k+l)
XV -1) YA kR . . ™
’é{)( 1) tan(...k+1)2410g sm(2k+1)24 (148)

=(W3+v2(V2+1)log 1 V2 +V2+Y3 - (V3 -y2) (2 ~1)log 2 /2 -vV2 7 U3
+(V3+V2)(W2-1Dlog 1 V2 +V2- /3 - (V3 -y2)(J2+ 1) log L /2 + V2= U3
+(W2-1)0ogiv2=/2 - (/2 +1)log } V2+ /2 (149)
=W3+V2)[V2log} (V3+2) +log} (V2 +1) (V6 - v2)]

~(V3-v2)[V2log } (V3~y2) +log} (V2+1)(/6 +v2)]

+y2log (2 - 1) ~log ! /2 (150)
=26 log (3 +4/2) +23log (V3 — 1) +2 log (V2 + 1)

-3 (6+2/3)log2. (151)
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5
We also find glog cos (2k +1) 5”1 =- 1—21 log 2. (152)
Applying (144), (151) and (152) to (143), we obtain

S5,1= 55 (2/6-+2+ 3/3-2) + 1, [2/6log (/3 +2)

+2{/3log (V3 -1)+2log (y2+1) + (3 -3)log2]. (153)
8. Show that

{1 (-1) }{ 1)[ 1]}] (154)
Tha(E-CE)
. ~]>2 +3 {1 [z]} {1 +2(- [2]}. (156)
E S HEH B R (H R (e
[’2‘]{1+ 1)[91} (158)

I__l
r-——x

=%(..1)["%2] {1_(-1)[2]}["1'2] 1+(- 1[+2]] (159)

o S 05)
G+ CFD -5} vo
6(n 1)(n+4)- [ ] { kAT H} (161)
o) 3(-1e5]=3{c- ol 2= 1B 5] -1}
Y el - +[3]-[”;1]. (162)




CHAPTER XV.

THE NUMBERS OF BERNOULLI AND EULER.
BERNOULLI'S FUNCTION.

IN this chapter expressions for the numbers of Bernoulli and Euler are
derived. The results are believed to be simpler and the methods by which
they have heen obtained less laborious than those given heretofore.*

"The numbers of Bernoulli and Euler enter as coefficients in many expansions,
especially in those of the trigonometrical functions. The expression for the
Bernoulli and Euler numbers will be obtained from their definitions. We shall
denote the nth Bernoulli number by B, and the nth Euler number by E,.

1. (i) From the relation defining B,,

2nT, _
B, =22,.(22-——'—,,‘:11—) ) 0]
2n—1
where T"fIl is the coeflicient of é)———nl in the expansion of tanz, we have,
from Ch. II, (16), -
2n—1 k
~ n 1 _yal/kY eno1
Bu=(= 1y’ 2 ge 23 (=% (5 ), )

and from Ch. II (37),

(i1) The definition B,,=212,; Vs (4)
where V,, is the coefficient of (g:;l)!’ in the expansion of xcotz, gives
B,=(- 1)";21"(—'2%:‘%{2 (-2 (2 o vy on X, 68, 3)

and by Ch. II. (108) the form (2) is obtained.

* An expression attributed to Laplace is given by Lacroix, T'raité des différences et des
Séries, 1800, p. 106—and by the same author in T'raité du Calcul Différenticl et du Calcul
Intégral, second edition, vol. iii., 1819, p. 114.—Saalschiitz, Vorlesungen uber die Bernoullischen
Zahlen, 1893.—Eytelwein, Abhandlungen der Akademie der Wissenschaften zu Berlin, 1816-
1817, Mathematische Klasse.—Scherk, Journal fur Mathematik (J. f. M.), vol. 4, 1829, pPp- 299-
304.—Stern, J. f. M. vol 26, 1843, pp. 88-90.—Schloémilch, J. f. Af. vol. 32, 1846, pp. 360-
364.—Bauer, J. f. M. vol. 58, 1861, p]iv. 292-300.—Worpitzky, J. f. M. vol. 94, 1883,
pp. 203-232.—Kronecker, J. f. M. vol. 94, 1883, pp. 268-269.—Shovelton, Quarterly
Journal of Mathematics (@.J.M.), vol. 46, 1915, pp. 220-247.—Sheppard, Q.J.4. vol. 30,
p- 31.
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1

(iii) From the definition B, = F@E-TT) w.., (6)
where W, is the coefficient of ’sz.‘n in the expansion of z cosec z, and by means
of Ch. I1.'(138) (@n)!

2in 21 2k 1 & 2k
B,=(~ 1) smapt Blﬁﬁ(k>m§l(-1)a<k_a> )
is derived.

(iv) The definition

-1
%1 P=1_ g9 _ 1y p-1 3 1r-1{ P B zp-2n
#ap)=p 3, == iperte S (-1 (] ) B (®)

is given by Jacob Bernoulli, the originator of the Bernoulli numbers, in his Ars
Conjectands, p. 97, ¢ (2, p) is called the Bernoulli function. Writing in Ch. V.
(95), p —1 for p, & for n and multiplying the result by p, we have

z—-1 [”'—1]

2
PZ\ k?P-1=g® - 1 pzP-1 4 E
k=1 k=1

i; (-1)8-1 (;)sz_xz»—zk_ 9)

p=1

Comparing (8) and (9), we obtain for B, the expression (2).

. .
2. Euler’s numbers are defined as the coefficients of ;>— in the expansion

of secz, or (2n)!
© 2n
= E, .
sec 'é) " ) (10)
We then have, from Ch. II. (55),
k-1
2n [_’f
_ i (DFr2n+1 k .
from Ch. 11. (69),
n 2n 1 k . k .
B, =(=1 5, g 35 (<1 () 1+ 20 (12)

from Ch. IL (77),
ol & k

E,=(-1)"y2) skcos (k+1)T > (= 1)2 (%) aan,;

n= (=12 5, gppeos (b4 DG 53 (~1) WES (13)
and from Ch. II. (86),

51 2%\ & 2k
=(- 2n+1 il -~1)@ 2
Ey= (=121 3 o () 20 (18 () @ (14)
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3. The coefficients of the expansion of

y=tanz+secr= tan<4 ;) (15)
2n+1
are equal to E, for even powers of z and to I,—the coefficient of 22 " N
in the expansion of tan z—for odd powers of . 2n+1)!
Now y=-i+ & . where u=¢' (-‘z“’);
u+1
dy & (-1 & . )Hd” & 1
then 7‘""212;1—?! %1(—1)< ut e (16)
dn ol « k> *
and 7, =2 2 2 -0 @ T o a7)
51 ¢ k> :’
N L e k+1
TN (a (ua1pt|

w1 G5 k E+1 .. k+1
=~/2’”?;1W24 (—1)“(a)<cos g T Hesin—— 1r). (18)
Now, if n is even,

am E g2 S 1 D (-1 ) 2 19
= =(-1)" ,,,,.wcos_____ T a n’
dan¥] o == N2 g 2,0 () 9

and if n is odd,

dx2n+1 _ 2n+1 E+1 E p
Wy] 20 =T,=(-1)""1J2 Z 2k/" sin —— a};,l(— 1)°<a>a2”+1. (20)

4. We shall now express the sum of the reciprocals of the powers of the
series of natural numbers in terms of the Bernoulli and Euler numbers.

(i) By Ch. XL (62) and (63),

o0 L
cotz=1 - _1_7}__.+21_ ! (1)
= L A )
nw nmw
_1 Z”: 1 2z
Tz Linram 2®
1- poy-
22 &K1
and zeotz=1- Z —,‘Z—ﬁ . (22)

Letting Z -12— (23)
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then zeotz =1~ 5 Syua?;

and from the definition (4),

bo=1-39%B, 2
zeotx = —éﬂ « @yt

Comparing (24) and (25) gives
s 92k 1,2k
2k = (2k) 1 13
and from (5) we have

227c 1,2k K

a=1 A=l

Other expressions for Sy are obtained from (2), (3) and (7).

1
5. To find Sz = nzl( D
. , 2 22%-1_1
Now S2k=S2k—22kS2k—'.——_22k i ok

> '2&_11)12( ( B)ﬂ”"

(24)

(25)

(26)

(@7)

(28)

(29)

and applying to (29) the expressions for S, we obtain corresponding expressions

for Sg.
Values for Sy, can also be derived as follows:

From Ch. XI. (84) and (85),

(-1 1 2 (=-1n-1 1
cosecz—5+z ) —E( )

n=1 1- 2 n=1

1 & )"'1 22 a2k
‘5*,,2,3, pre (2k)
and zcosecr=1+2 > 1 i(—l)"‘
gl’r-z—knml n2k
1423 1
=1+ Sor 22k,

But, from the definition (6),

z2k
zcosecz=1+2 (22" “l.1)By i
(2k)‘

Comparing (31) and (32), we have

;o (21 1)k

(2k)! By

(30)

@81

(32)

(33)
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We then obtain
E
k
Saa=(= 1) Z < >2a+12( s <u /3)/32 (34)
from (7), and other expressions from (2), (3) and (5).
6. We shall next find the value of
d 1
= . S 35
U ,,2:41 (2n = T)& (39)
Now, from Ch. XI. (51) and (52),
2 1 % 2 1
ta”"‘gl(zn-l)n [ 2% ‘”2___41(2n-1)1r N (36)
(2n-1)m (2n-1)r
_ 22k+l © 1 -
;’ n% n=1 (2n - 1)%
® 92k
A (3
=1
But, from the definition (1),
92k ( 22k Z2%—1
- 38
tanz = ;‘ (2k—1)." (38)
Comparing (37) and (38), we have
(2% — 1)n2k
and applying to (39) the values obtained for By gives corresponding values
for .
2k 92k _ ]
Also, from (26), Uzk— —5u Sox (40)
=§2—k82,¢ + Sox. (41)
7. To find the value of Usgyy =S A= e
. To find the value o 2"“_”2_41‘('2—7»_:1—)—@1' (42)
Now, from Ch. XI. (78) and (79), we have
@ 2 1 L 1
=SY(_1\n~1 XV _1ym-1
seoz=2) (=1) @n-Tr]_ 2 2 (=D (2n Ve %
T@n-1)= @2n D)=
® 92k @ ,...1
=2 w2k ”1 >;4 P 1)='°+1 “
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) w2+l
Then U2k+l =?m‘[‘27:)‘y
and we obtain

Uygai= (- Vg > %—(?)g(—l)"<azfﬁ>ﬁz",

from (14), and other forms of U, from (11), (12) and (13).

kr
m+1

8. To find the value of S= Z II cot? ——

n=1k=1

Now, by Ch. XII. (272), S= Z (Zni)

1»’
y b S— 1 d 1
then when p is even, 2:1 2n+1)2”=n21(2n—1)2"—]

2 _ {)p2p
_(22(2;;! Bt
and when 7 is odd,
_1\n-1
8= ,;1 2n+1 2”"’ Z(2(71—1) S
n2p-1
“2iep- 1))
If in (49) we let p=1, then from (50),

»—

w k 7T
1’[ cot e
nznll k=1 2n+1 4

which is the same as Ch. XII. (272).

9. RELATIONS INVOLVING THE NUMBERS OF BERNOULLI AND EULER.

(44)

(45)

(46)

(47)

(48)

(49)

(50)

Stern,* Glaisher,t Worpitzky, 1 Sheppard,§ and others have established
recurring formulae for the Bernoulli and Euler numbers.  But these results have,
as a rule, been derived by the use of some artifice. The following methods

enable us to obtain such relations in a more direct manner.

g2+
Let tanz—;l Ty s @EFI)!
a2k
and secx:);o E: (2)1”
92k+1
where Ty = (2%%+2 - 1) i Bkﬂ

To=1, T,=2, T,=16, T,=272, ete.
Ey=1, E,=1, E,=5 E,=61, ete.

S
S M., vol. 94, p. 203. § Q.J.M, vol. 30, p. 18.

. M., vol, 26, p. 88, 1 In numerous articles in the Q.J. M.

(51)

(52)

(53)
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(i) We shall first derive the relation

Bu=3, (M) BeTeion (54)

which was obtained by Stern and is reproduced by Saalschiitz.*

. d _ g , g2ntl -
Now, from (52), e secx—-n}:o E. rEa Nk (55)
Multiplying (51) and (52), we bave
@ 2k ® g2n+l
tanz=> By oo S T, ) 56

sccxtan @ ;,Z;o "(2k)!"2=0 @n+1)! (56)

Letting in (56) n + k=n', then
z2n+1

sccxmnz~z E"(2k ' Z "k G E )

S 2n+1
Z 27l+1 4 ( ok ) ]‘an—ky by Ch. I. (68). (57)

Equating (55) and (57), we obtain
Zy /2n+1
Bn+1=2 < 2%k )Ean—k-
E=o
Writing n—1 for n gives the relation (54).
(ii) From secr=1+tanxtan }z (58)

we will obtain a relation due to Scherk.
Applying (51) and (52) to (58), we have

0 g2k +1 °9 x2n+l
EE"(2n)' ”;JT" zk+1)'222ﬂ+1 " @nF 1)1 (59)

o 2242 iz N IMm+2
or 143 Bpypgon = +222"+1 B, (Zkﬂ)nrn_k (60)

Equating in (60) the coefficients of equal powers of z, and writing n—1
for n, gives
1
En=§g;;;1 (61)

=) 2n
where S=;422k<2k l)T"T" 1-k- (62)
-

* Vorlesungen iiber die Bernoullischen Zahlen, 1893, p. 27. The relation is derived by means
of the following expansions :

x? x4 x8
log(EO""El +E’I4| >=T02’!+T14}+T25‘!+

10'smr 2 2 2B xt P, 2t
21727741 3
2(2:-1) x_’_‘{‘_(z‘_—l)B

and logeosx= - ———" B, 5; ) T 3 3@»....
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If » is odd,
n—3
2 2n 2n
~\ 2% n~1
S= k—2=02 <2L+1>Tan—l—k+2 (n)T”;lT";l
2 2k
" n+1 2 (2k+ I)TkT"_ k- (63)

Letting in the second summation in (63) n—~1 - k=4’, it becomes

2n
g 24 gt (30 31) T Tt

=)
Therefore
n—3
2n 1 /2n
= o5 2k+1 (92n—4k—2
E, 22 (2% +1)(2k+1> Tan_l_k+2n( )T&;_IT,L;_\. (64)

If n is even, the expression obtained differs from (64) in that the upper

limit of k is 7%2 and that the term outside the summation is wanting.

Therefore, whether n be even or odd,

n—2
ar 2n 1-(-1)"
E,=g, kz_% e () L —2"—+1—)T,;:1T,,;1.*(65)

(iii) Similar to the above many relations involving 7, B, and E, may be
obtained.

From secrcosx =1,
n
we have > (- )<2k)Ek-0 if n>0, E,=1. (66)
k=0
cosztanx=sinzx
" 2n+1
: 1)k -1
gives Z:O( 1) (2k+l>Tk L (67)
from secrsinz=tanx
n
we find 3 - or( ) B (68)
and By= (=11 goi s g = Z( (" )Ek; (69)
and from sinztanx =sec — cos ¢

* Saalschiitz, thid. p. 29.
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we derive E =(‘1)""1”§jl(—1)"( 2n )T +(~1), (70)
n = 2k+1)" %
and =(-1) n~1>_l 1)k< 2nl>22k+1(22k+2 )Bk+1 +(=1)n (71)
i=o

10. We shall now find relations involving the coefficients of the expansions
of cot z and cosec .

. 2R+
Let ootx—-+;/ k1) (72)
°\ , IZk’Fl
and cosce x=;+k23 W @k+T)" (73)
22k+1 92%-+1 _ |
where V= - I Bkﬂ and W,/ =° T Bir. (74)
(1) By means of (73), we have
sin z cosec & = T + z 1§45 (2;:,1)‘ ‘\-:J o (2_“1:':__11)‘ (75)

Letting n + &=/, then (75) becomes

g2n @ 2k+1 @ z2n+2
Slnxcosccx~21( 1) ié’m*) 2/ ( 1) ]Vk (ZL—)—I)‘ 2/ ( ])n(éﬁA;li‘!
z2n+2

2 ” 2n+2 A
-2 (- (Zn+3)‘+24 D vy s 1)k<2k+1)w’=’ (76)

and since sin z cosec z = 1, therefore

) (2042 1
— k '=-——*. 7
éo( h <2/»‘+]>W" 2n+3 (77
(if) From sin z cot x = cos z we obtain
> 2n+2
N\ _ k —- ~
g:o( 2 <2k+l>V" 2n+3 L. (78)
Comparing (77) and (78) gives
) 2+ 2
(i o - v - 79
’;40 ) % + 1 (Wi x) (79)
3 2n +2\2%+2 _ ]
A\WEIRTY’ amrr =l .
and 2 (G ) e Bm . (80)

(it) From 1 + cos 2c =sin 2rcot z we derive
" - 1)"(2); + 2) Vo 2(2n+1)
= 2% \2k+1/"* 2n+3

(D 202 m+1
and Z 1 (i) Be=an ®2)

k=0

(81)
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11. NumBERS RELATED To EULER'S NUMBERS.
Glaisher* has by induction and comparison obtained the expansions

_6%9522_ 3 P (83)
. eeeSe
where P,=(-1) ZJO (- 1)':(32) 9%, (85)
and Q,.=(—1)"§(—1)k(2"2; Yeg,, (86)

but no formula for Ey is given.
We shall consider here the more general expzmsions

e,z -
»(z) —CES”az:E Z p"(2n)' (87)
sin?a,x gin+l
and 5> = ovags = 2 G Gmr 1 (88)
n=0

and derive
p—1

Ppa=(- l)nzp 2":0( 1)k @2)( ) [:22;’]@)(?_27)2,._21:5}_,‘

_1+(-1)

op+1 <[P] )azanp n  (89)

n 2k I:p 1]
Opm= (=122 2: (2n+p)(gf> 7_0 (-1) (P)
(p—2y)yn=%+2Ep,,  (90)

where E) ; is the coeflicient of 2 )’ in the expansion of sec’z. The number

and

Ey 1 is called the Euler number of order p.
By Ch. IV. (96),
2k a
(N (Pra-1\1 _ a ok
=13 (PO B> ce(eramx @y

If p=1,a=1and b=2, (89) and (90) reduce to Glaisher’s expressions.
To derive (89) we multiply

coraz= g, 3 (= et g 3 (P)(p -2y (92)
2pk=0 (2k)!.,=o Y
2n
=N gon T
by secPa,x —nz——-loaz ”(2n)!E,,, ,,, (93)

*Q.J. M., vol. 29, pp. 59-69 and vol. 46, pp. 187-222.
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giving
_1 ® w‘\ n x2n+2k 11‘ P
Fole)=gs 2 (=D 3% o oy 2 (0) =2 (09)

Letting n+ k=n/,

1 & - z*n (P
Fol)=gs 2y (-1 ka‘n,.zam k(zm)!(zk)'z()

'y=o\7

(@ =29)*Epn-t  (95)

___2%"2‘:”‘2::0(_ kaxzk( ) 2(n—/cnz< )P 27)2k

Ep u—k, by Ch. L. (68), (96)
and letting n — k=k’, we obtain

@b 5 e Sy ()@ & é,@

(p-29)"~%Epi.  (97)
Now, whether p be even or odd,

2 (0= 2[2,]( Y- 2y,

and =2y=0<€>—<7§>,

when p is even and k=0; therefore

[p 1]
z».n—(—])n‘“2 ) 21 (—1)'»(2”) (512)%

<P>p 2y)2n-2k

v/ P
BT [72’] " E, .. (98)
The coeflicient of - in th ion of
e coeflicient o @)1 n the expansion o
cosPa,
cos?a,r

is of the same form as (98), except that in £, , and E, ,, g appears in place of n.
The expression for @, . is obtained by multlplyma

-1
. a? & TP+ [ 2
sin?a, =1 —1)kg2k 2 -1 Y<p) — 2v)2k+p
1 op—1 kz_:o( ) 1 (2k+p)q 720 ( ) y (7’ 7)
by the expansion of secPa,x and following the method by which £, was obtained.
12. (i) We shall next express the Bernoulli number—defined as the coefficient,

T, . z . .
of @)1 in the expansion of ;cot g—in form of a determinant.
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For that purpose we first expand

zet+1
f(z)=§ez_11 (99)
in powers of .
Taking the (2n+ 1)st and then the (2n +2)nd derivative of
1) f(x)=5 (" +1),
L Al 00 11N dk den+1-k z
we obtain é; ( A ) mf(z) T (es-1) =2e¢+ 7(2n+1)e* (100)
R r2m+2 dant2-k z
and g}( f ) ) e =) =S i en s e (10)
Now, since f(x) is an even function, we may write
i 102
./(x Z v’n 271«) 1 ( )
b dzn
where Vg dx-ﬁf(x)jlho .
From (100) and (101) we obtain
"ﬁ 2n+1
éﬁ( ok )’{‘Zk=n+;., =1, (103)
n
and Z (27@ N 2) Vg =n+1. (104)
Subtracting (103) from (104) gives
I: 2n+0 _ un+l>] rye=1; (105)
and since (“”2;: 2) - (2712;: l) = (g: i_ }) ,
& 2n+1 , .
therefore é} <2k N ]> =1, n=1,28 .., n (106)

Solving the system of equations resulting from (106), we obtain
) <2n+1) 2n+1) 2n+1>1 2n+1> 2n+1>

4 ( 6 ( 2n < 2 < 4
n-1\ [2n-1 2n-1 2n-1

1 < 2 ) ( 4 > <2n—2) 0 ( 2 )

Van =} 2n-3 2n-3\|+
1o (U0 (Y 0 0

2n + 1)
< 2n

2n — l)
(2n—2

' <2n - 3) - (107)
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The determinant of the denominator reduces to

2n+1\ /2n-1 5\ /3\ _(2n+1)!
CENET) -G0S o
If now in the determinant of the numerator (2n +3 —2a)! be removed from

1
Enr1=9p) from the Sth column, except

the first, 8=2, 3, 4, ..., n, the determinant becomes

the ath row, a=1, 2, 3, ..., n, and

LI S L
2n+1)! 41 61 (2n)!
111 1
@n+1)!2n=1)!.. 5131 (@u=I)t 2t 4 (2 =2)! (109)
@n-8)i@n=5) 31| 1L, 1 by
(2n-3)! 2! (2n—4)!
1 1
31 0 0 2!
Therefore
111 11
4161 81 7 @Za)! @n+l)
11 1 1 1
20 4 6 (2n=2)' (En=T)
Vg = (= 1)"712771 (20 - 1)! o 11 1 1 |- (110)
21 1T 2n=4)! @n-3)!
1 1
0 00 31 31

Denoting the determinant in (110) by &, (3, not being defined), we have

x er+ 1 ao\ a£n

f@=ygoy=1-4 2, (-2, . (111)

Substituting in (111) 276 for © gives

i0 4 g—16
wz‘ +i p=tcotf=1- Y gin-2 © ) ' 112)
n= 1
1 & g2n-1

therefore cot b=y >7 2924, w (113)

n=l

and by the definition (4) B,=@2n-1)120"1A, . (114)
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(ii) By means of tan 6 =cot 6 — 2 cot 26,
* e n g2n-1
we find tan 6 =7 23n-2(2 ~1)4, —

ne=l

which gives for B, the same form as (114).

(iii) By the use of cosec 8§ =cot 16 —cot

1 2 gan
cosec =5+ >y 2n-1(2m-io1) A, o

n=1

we derive

and obtain for B, again the expression (114).

13. To represent Kuler’s number as a determinant.

1 (= e o
set secr= — WUope o751 3

=5 % (2k)!
then from secxcosz=1

. /20
we obtain ?:O <2I.:) Uy =0, n>0, wuy=1,

or 3 (2”>u -1, n=1,23 ..,n
21 2k 2k ’ y &y Uy eeny 0o
Solving the system of equations resulting from (119), we find
2n 2n 2n
-1 (2) (4> <2n—2>
2n -2 2n -2
" -t ( 2 ) <2n—4>
e 2n -4\ |’
1 0 1 <2n_ 6)
-1 0 0 1
Removing in (120) (2n —2a +2)! from the ath row and —2——1———,
the Sth column, we have (2n-2B8-2)!
1 11 1
@n)t 21 4! @n-2)!
1,1 _1
(2n-2)! 2! (2n-4)!
Up, = — (2n)! 1 0 1
(2n—4)! 1 (2n - 6)!
1
3i 0 o0 1

(115)

(116)

(117)

(118)

(119)

(120)

from

(121)
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or
111 1 1
2! 4 6! (2n-2)!  (2m)!
p L1 P 1
21 41 @n-4)! (2n-2)!
Ugn = (- 1)"(2n)! o 1 1 1 1
21 (2n-6)! (2n —4)!
1
0 0 0 1 3i
Denoting this determinant by A,/, then
Ugn = ( - 1)"(2n)' An’;
and since o =(— 1)y,
we have E,=(-1"2n)!4,"
We also find cosecz=1 + > A, e,
z n=0
where 1 1 1 1 1 |
31 B TV T @e—=1)! 2n+l)
111 1 1
1! 3! 5! (2n-3)! (2n-1)!
A=l 1 1 | T
1! 3! (2n-5)! (2n-3)!
1 1
0 00 T 3
and by definition (6) we obtain
)!
I

Q@ T_1) -

283

(122)

(123)

(124)

(125)

(126)

(127)



APPENDIX.

1. WEg shall give here expansions of a few expressions similar to Ch. I. (157)
and (166), but of a more general type.

(1) To find the expansion in powers of x of
y=(3 — 4z + Tx18)7, 1)

where p is any real number.
Expanding (1) by the Binomial Theorem, we have

STy () ISR [ R

Letting 5k+13a=mn, 3)
we shall solve (3) for positive integral values of k£ and a. To this end we first
find the smallest value ay of a and the corresponding value k, of k, satisfying

5k+13a=1. 4)

Now a, is the solution of 13a=1(mod 5).

It is evident that the absolute value of ¢, is the denominator of the next to
the last convergent of the continued fraction in which %2 (the quotient between
the coefficient of « and the coefficient of k) is converhed and the absolute value
ko is the numerator of this convergent. We find k= -5 and a,=2, and

k= —5n+13[%]— 137,}

a= 2n- 5[%”:]+ 57.J

Now, since k& and a are both positive and £ =: q, it follows that

- 2n] Tn
v=0 and yg[[—g] - -1_8]’

where if f is a proper fraction [~ f] is defined as zero.
Therefore [[2 ] \
n m
—sn+13[ 2|13k 7 2n—5[2"] sk
y=3”i(—l)"x" k <_> [3] (%)n [5]+

n=0

®)

=0

~on+ 13 | -1k »
2n . (8)
N 2n 1+ o <~5n+13[:-5~]—13k>
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For example,

((#19) (3 — 425 + Ta18)3 = 27 (%) <(2)>( > 144 ;

3

2
o= ram - (G () %)=

2

1

((22%) (3 — 45 + T219)} = 3*(3> ()() Z%/&

(i) To expand in powers of z,
Y=L+ (L+ a0y, ™
where p; and p, are any real numbers.

Then i (I;CI) zs"g (2;2> 7%, (8)

£=0
Letting 8% + 3a =n, and following the method in (i), we find

k= _n+3[38n] 3y,

9)
a= 3n —8[%7—1] +8y,

3nT_n
o LL5]5] ( Py > ( P2 )
A ) “3n 3n . (10)
and y= > z" - o2l sk —8| <=
y=2" 2 n+3l_8] 3k J\3n-8 8]+8k
Denoting in (10) the product of the binomial coefficients by P, ., we have

] [[¥]-5]

(L=a®)P(l+2d)P2=> (- 8 2; (=1)%Pp z. (11)
Show that " =
ow a

w [ ’}]_2!! _ 7 _on
(5- 3x4)l/3(9 - 217)1/5 =51/391/5,§)( _ 1)"+[2] rn [429 (- 1)k<g> 9 [4] ok

k=0

<§>H m“k( o+ 9;[ ] 9L> (n 4 ﬁﬂ + 4k>' (12)

(iii) To expand in powers of z,

y=(1+z™)?log (1 + 29). (13)
AP i A o 200
Then g_éo(k)zma}%(-l) . (14)

Letting mk + ga =n, we find
k= nlo+q[»~:| q7

na,
a=nay—m "’"-{ +my,

(16)
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where a, is the smallest value of @ and k, the corresponding value of %

satisfying ks +ga=1. (16)
We then obtain

Rikied
© na-m[ %] Llm (- 1ym*
1) [ ]:r > o

=293 (- (Pn,), an
¥ y§)( P (3
where g =Naty — M [7%%9] +mk+1,
(18)
and Ny=nky+q [na"] gk.
(iv) Show that
@ H[zg] [5 ]J( l)lc
(@) tan—1zflog (1 +2%) =214 Z (-1 =o vy (19)
where n= 4n-10 18 -10k +1,
(20)
and Ry = —7n+18[ig]+18k+1.

If n, and n, either or both are negative, the corresponding term is zero.
n

T
®) antablog (1) =of 30 (- 1103 B g gy @1

AECIN

a0
(¢) tan-tzdlog (1 +at) =o' > ( 1) % I (22)
n=0 =0 n]nz
where m= 2n- 6[3n -6k+1,
(23)
and 2y = -3n+10[—" +10k+1.
n_ 1311]]
5 1 /2n\ 1
“1y# tan—1g7 =3t 35
(d) sin—lad tan—127 =z Z( 1)z k=0 5im )an (24)
where n= 14n-30 13”} 30k +1,
(25)
and n2—~26n+56(28]+56k+1.

2. Show that
3

() g(%) sinkx =2n-1 [cos" i sm T + (-1)"sin® z sin (”; + ”:)],
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nrr nx
cos Lo (-n» sinn cos )]

4

(ii) EZ <2L>cos kx=2n-1 [cos”

n:—l
(iii) ; <2k )sin (2k+ 1)z
=9n-1 [cos”gsinl‘;‘%"( l)n Sin”gsin (”+I) ;]’

n—1

2
D) <2k 1)cos(2k+1)x
(—1)”sin"gcos(7r+:r)g:|,

—9n-1 an Y i
2 [cos 2cos 2

[n—l:l >sm kx

) 1,-=0 <2L+I
=2n- l"(:os"-sm(n 2) —~(—l)"sin”1€sin1~(2n7r+n 21;)]
4 174 ’

n—l]
(vi) < >coskx
&b \2k+
=27 1[008" cos (n—2) 7 —(—1)"sin"§cosi(2n7r+n—2:r):l,
(vii) kleo(—l) (2k>sm kz
+'Esin#:xn+(-—l)nsinnfzxsini(2mr+n—+;cn):’,

m
=2m-1{ cos®
4
”n

2 y
(vili) S (- 1)k(2’2> cos ks
=0
T s T Ty (-1)*sin®

—=9n—1 %
2 [cos n 1

a+r 1 ——e
cos ¢ 2nr+7m+x n):l,

n~-1

2 (- 1)"(2]01 ]>sin kx
=0
=2n-1 [( -1)" sin"ﬂ-::wcos%1 (3nm +n—2ux)

! (n7r+n—2z):|,

(ix)
—cos™ T Bcos -
4 1

n=1
:‘_‘ _ x n

(x) % (-1) (2k+1>coskx
7I’-'_—xsml(:}nn--%n 2 z) + cos™ :xsin}(nw+rﬁ_2x):|.

=gn-1 [( ~1yr-tsinn "



CHELSEA SCIENTIFIC BOOKS

NOTES. 1. Arrangement 1s alphabetical, by author. 2. The
item number (given in brackets) and author identifies title
completely. Books may be ordered by item number and author
3. A Supplement to this Check List will be issued every three or
four months

MODERN PURE SOLID GEOMETRY
By N. ALTSHILLER-COURT

In this second edition of this well-known book on
synthetic solid geometry, the author has supple-
mented several of the chapters with an account of
recent results.

—Approx. 340 pp. 534x8. [147]1 In prep.

STRING FIGURES, and other monographs
By BALL, CAJORI, CARSLAW, and PETERSEN

Four VOLUMES IN ONE:
String Figures, by W. W. Rouse Ball;

The Elements of Non-Euclidean Plane Geometry,
by H. S. Carslaw;

A History of the Logarithmic Slide Rule,

by F. Cajori;

Methods and Theories for the Solution of Problems
of Geometrical Construction, by J. Petersen

—528 pp. 5V4x8 [(130] Four vols. in one. $3.95

THEORIE DES OPERATIONS LINEAIRES
By S. BANACH
—1933 xi11 + 250 pp. SVax8V4. {1101 $3.95

THEORIE DER FUNKTIONEN MEHRERER

KOMPLEXER VERANDERLICHEN
By H. BEHNKE and P. THULLEN
—(Ergeb. der Math ) 1934. vii4-115 pp 5V;x8Y;. [68] $3.25

CONFORMAL MAPPING
By L. BIEBERBACH

“The first book in English to give an elementary,

readable account of the Riemann Mapping Theorem

and the distortion theorems and uniformisation

problem with which it is connected. . . . Presented

in very attractive and readable form.”

—Math. Gazette.

“. . . thorough and painstaking . . . lucid and
clear and well arranged . .. an excellent text.”

—Bulletin of the A. M. S.

“Engineers will profitably use this book for its

accurate exposition.”—Appl. Mechanics Reviews.

—1952. vi 4 234 pp 4/4x6V/;. [90]) $2.50

BASIC GEOMETRY
By G. D. BIRKHOFF and R. BEATLEY

A highly recommended high-school text by two
eminent scholars.
—Third edition. 1959. 294 pp. 5V4x8. {1201 $3.95
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KREIS UND KUGEL
By W. BLASCHKE

Isoperimetric properties of the circle and sphere,
the (Brunn-Minkowski) theory of convex bodies,
and differential-geometric properties (in the
large) of convex bodies. A standard work.

—x + 169 pp. 514x81) [59] Cloth $3.50
[115]) Paper $1.50

VORLESUNGEN UBER INTEGRAL-
GEOMETRIE. Vols. | and I
By W. BLASCHKE

EINFUHRUNG IN DIE THEORIE DER
SYSTEME VON DIFFERENTIAL-
GLEICHUNGEN

By E. KAHLER

—222 pp 5Y4x8l; [64] Three Vols in One $4.50

VORLESUNGEN UBER FOURIERSCHE
INTEGRALE
By S. BOCHNER

“A readable account of those parts of the subject
useful for applications to problems of mathe-
matical physics or pure analysis.”

—Bulletin of the A. M. S.
—1932 237 pp. 5%x8Y;2 Orig pub at $640 [42] $3.50

ALMOST PERIODIC FUNCTIONS
By H. BOHR
Translated by H. CoHN. From the famous series
Ergebnisse der Mathematik und ithrer Gremzge-
biete, a beautiful exposition of the theory of Al-

most Periodic Functions written by the creator of
that theory.

—1951 120 pp 6x9. Lithotyped German edition was $4 50
(271 $%$2.50

LECTURES ON THE

CALCULUS OF VARIATIONS
By O. BOLZA
A standard text by a major contributor to the
theory.

—Ready June or July, 1961. Corr. repr of first ed xi + 267 pp
53x8 (1451 Cloth’ $3.25
[152] Paper $1.19

THEORIE DER KONVEXEN KORPER
By T. BONNESEN and W. FENCHEL

“Remarkable monograph.”
—J. D. Tamarkin, Bulletin of the A. M. S.
—1934 171 pp 514x81, Orig. publ. at $7 50 [54] $3.95
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THE CALCULUS OF FINITE DIFFERENCES

By G. BOOLE

A standard work on the subject of finite differ-
ences and difference equations by one of the semi-
nal minds in the field of finite mathematics.

Some of the topics covered are: Interpolation,
Finite Integration, Summation of Series, General
Theory of Difference and Differential Equations
of First Order, Linear DEqns with Variable Co-
efficients, Linear DEgns, Geometrical Applications.

Numerous exercises with answers.

—Fourth edition. 1958. xn 4 336 pp. 5x8. [121] Cioth $3.95
[148] Paper $1.39

A TREATISE ON
DIFFERENTIAL EQUATIONS

By G. BOOLE-
Including the Supplementary Volume.
—Fifth edition 1959, xxiv + 735 pp 5V4x8. [128] $6.00

THEORY OF FUNCTIONS

By C. CARATHEODORY

Translated by F. STEINHARDT. The recent, and
already famous textbook, Funktionentheorie.

Partial Contents: Part One. Chap. I. Algebra of
Complex Numbers. II. Geometry of Complex Num-
bers. IIl. Kuclidean, Spherical, and Non-Eueclid-
ean Geometry. Part Two. Theorems from Point Set
Theory and Topology. Chap. I. Sequences and Con-
tinuous Complex Functions. II. Curves and
Regions. 1II. Line Integrals. Part Three. Analytic
Functions. Chap. 1. Foundations. II. The Maxi-
mum-modulus principle. III. Poisson Integral and
Harmonic Functions. IV. Meromorphic Functions.
Part Four. Generation of Analytic Functions by
Limiting Processes. Chap. I. Uniform Convergence.
II. Normal Families of Meromorphic Functions.
I1I. Power Series. IV. Partial Fraction Decompo-
sition and the Calculus of Residues. Part Five.
Special Functions. Chap. I. The Exponential Func-
tion and the Trigonometric Functions. II. Logarith-
mic Function. III. Bernoulli Numbers and the
Gamma Function.

Vol. II.: Part Six. Foundations of Geometric
Function Theory. Chap. I. Bounded Functions. IL
Conformal Mapping. III. The Mapping of the
Boundary. Part Seven. The Triangle lgunction and
Picard’s Theorem. Chap. 1. Functions of Several
Complex Variables. II. Conformal Mapping of
Circular-Arc Triangles. III. The Schwarz ’Friangle
Functions and the Modular Function. IV. Essential
Singularities and Picard’s Theorems.

“A book by a master . . . Carathéodory himself

regarded [it] as his finest achievement . .. written
from a catholic point of view.”—Bulletin of A.M.S.
—Vol. |. Second edition. 1958. 310 pp. 6x9. [97] $4.95

—Vol. 1. Second edition. 1960 220 pp. 6x9. [106] $4.95
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MEASURE AND INTEGRAL
By C. CARATHEODORY

—About 360 pp. Translated from the German in prep.

VORLESUNGEN UBER REELLE FUNKTIONEN
By C. CARATHEODORY

This great classic is at once a book for the begin-
ner, a reference work for the advanced scholar and
a source of inspiration for the research worker.

—2nd, latest complete, ed. 728 pp. 5V/;x814. Orig. publ. at
$11.60. [38] $8.00

ELECTRIC CIRCUIT THEORY and the
OPERATIONAL CALCULUS
By J. R. CARSON

“A rigorous and logical exposition and treatment
of the Heaviside operational calculus and its ap-
plications to electrical problems . .. will be enjoyed
and studied by mathematicians, engineers and
scientists.”—FElectrical World.

—2nd ed. 206 pp. 5V4x8. [92] Cloth $3.95
[114] Paper $1.88

TEXTBOOK OF ALGEBRA
By G. CHRYSTAL

The usefulness, both as a textbook and as a work
of reference, of this charming classic is attested
to by the number of editions it has run through—
the present being the sixth. Its richness of content
can be only appreciated by an examination of the
twelve-hundred-page book itself. Thousands of
valuable exercises (with solutions).

6th ed 2 Vols. 1235 pages. 533x8. [84] Each volume $2.95

EIGENWERTPROBLEME UND IHRE
NUMERISCHE BEHANDLUNG
By L. COLLATZ

“Part I presents an interesting and valuable col-
lection of PRACTICAL APPLICATIONS.

“Part II deals with the MATHEMATICAL
THEORY.

“Part III takes up various methods of NUMER-
ICAL SOLUTION of boundary value problems.
Thes e include step-by-step approximations, graph-
ical integration, the Rayleigh-Ritz method and
methods depending on finite differences. Here, as
throughout the book, the theory is kept in close
touch with practice by numerous specific examples.”

—Mathematical Reviews.
—1945. 350 pp. 5V4x8'4. Orig. pub. at $8.80. [41] $4.95
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ALGEBREN
By M. DEURING

—-—1Ergeb der Math ) 1935. v 4 143 pp. S'/zxsl/z Orlg pub.
at $6 $3.95

HISTORY OF THE THEORY OF NUMBERS
By L. E. DICKSON

“A monumental work . . . Dickson always has in
mind the needs of the investigator . .. The author
has [often] expressed in a nut-shell the main re-
sults of a long and involved paper in a much
clearer way than the writer of the article did him-
self. The ability to reduce complicated mathemati-
cal arguments to simple and elementary terms is
highly developed in Dickson.”—Bulletin of A. M. S.

—Vol | (Divisibiity and Primality) xn 4 486 pp. Vol i
(Diophantine Analysis) xxv -+ 803 pp Vol. Il (Quadratic ond
Higher Forms) v 4+ 313 pp [86] Three vol set $19.9

STUDIES IN THE THEORY OF NUMBERS
By L. E. DICKSON

A systematic exposition, starting from first prin-
ciples, of the arithmetic of quadratic forms, chiefly
(but not entirely) ternary forms, including numer-
ous original investigations and correct proofs of a
number of classical results that have been stated
or proved erroneously in the literature.

—1930 wvini 4 230 pp 534x8 {1511 In prep.

THE INTEGRAL CALCULUS
By J. W. EDWARDS

A leisurely, immensely detailed, textbook of over
1,900 pages, rich in illustrative examples and ma-
nipulative techniques and containing much inter-
esting material that must of necessity be omitted
from less comprehensive works.

There are forty large chapters in all. The earlier
cover a leisurely and a more-than-usually-detailed
treatment of all the elementary standard topics.
Later chapters include: Jacobian Elliptic Func-
tions, Weierstrassian Elliptic Functions, Evalu-
ation of Definite Integrals, Harmonic Analysis,
Calculus of Variations, etc. Every chapter contains
many exercises (with solutions).

—2 vols. 1,922 pp 5x8. Ongmo(ly published at $31.50 the set
(102], {105] Each volume $7.50

AUTOMORPHIC FUNCTIONS
By L. R. FORD

“Comprehensive . . . remarkably clear and ex-
plicit.”—Bulletin of the A. M. S.

—2nd ed. (Cor. repr.) x + 333 pp. 534x8. {851 $4.95
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ASYMPTOTIC SERIES
By W. B. FORD

TWO VOLUMES IN ONE: Studies on )ivergent Series
and Summability and The Asymptotic Develop-
ments of Functions Defined by MacLaurin Series.

PARTIAL CONTENTS: I. MacLaurin Sum-Formula;
Introduction to Study of Asymptotic Series. II.
Determination of Asymptotic Development of a
Given Function. III. Asymptotic Solutions of
Linear Differential Equations. ... V. Summability,
etc. I. First General Theorem. . .. IIl. MacLaurin
Series whose General Coefficient is Algebraic. . . .
VII. Functions of Bessel Type. VIII. Asymptotic
Behavior of Solution of Differential Equations of
Fuchsian Type. Bibliography.

—1916; 1936-60 x { 341 pp. 6x9 [143] Two vols n one
$6.00

THE CALCULUS OF EXTENSION
By H. G. FORDER

Partial Contents: 1. Plane Geometry. II. Geometry
in Space. III. Applications to Projective Geometry.
... VIIIL. Applications to Systems of Linear Equa-
tions and Determinants. XII. Oriented Circle and
Systems of Circles. XIII. The General Theory of
Matrices . . . XV. Algebraic Products.

—1941-60. xvi 4 450 pp 53/3x8 {1351 $4.95

RUSSIAN MATHEMATICAL BIBLIOGRAPHY
By G. E. FORSYTHE

A bibliography of Russian Mathematics Books for
the past quarter century. Supplements may be
issued. Added subject index.

—1956 106 pp 5x8 [111]1 $3.95

CURVE TRACING
By P. FROST

This much-quoted and charming treatise gives a
very readable treatment of a topic that can only
be touched upon briefly in courses on Analytic
Geometry. Teachers will find it invaluable as sup-
plementary reading for their more interested
students and for reference. The Calculus is not
used.

Seventeen plates, containing over 200 figures,
illustrate the discussion in the text.

—5th (unaltered) ed 1960. 210 pp + 17 fold-out plates.
534x8 [1401 $3.50
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THE THEORY OF MATRICES
By F. R. GANTMACHER

Translated from the Russian, with further revi-
sions by the Author.

This treatise by one of Russia’s leading mathe-
maticians gives, in easily accessible form, a co-
herent account of matrix theory with a view to
applications in mathematlcs, theoretical physics,
statistics, electrical engineering, ete. The indi-
vidual chapters have been kept as far as possible
independent of each other, so that the reader ac-
quainted with the contents of Chapter I can pro-
ceed immediately to the chapters that especially
interest him. Much of the material has been avail-
able until now only in the periodical literature.

Partial Contents. .VoL. ONE. 1. Matrices and
Matrix Operations. II. The Algorithm of Gauss
and Applications. III. Linear Operators in an
n-Dimensional Vector Space. IV. Characteristic
Polynomial and Minimal Polynomial of a Matrix
(Generalized Bézout Theorem, Method of Faddeev
for Simultaneous Computation of Coefficients of
Characteristic Polynomial and Adjoint Matrix,

V. Functions of Matrices (Various Forms
of the Definition, Components, Application to In-
tegration of §ystem of Linear Differential Eqns,
Stability of Motion, . . .). VI. Equivalent Trans-
formations of Polynomial Matrices; Analytic The-
ory of Elementary Divisors. VII. The Structure
of a Linear Operator in an n-Dimensional Space
(Minimal Polynomial, Congruence, Factor Space,
Jordan I'orm, Krylov’s Method of Transforming
Secular Eqn, . . .). VIII. Matrix Equations (Ma-
trix Polynomial Eqns, Roots and Logarithm of
Matrices, . . .). IX. Linear Operators in a Unitary
Space. X. Quadratic and Hermitian Forms.

VoLuME Two. XI. Complex Symmetric, Skew-
symmetric, and Orthogonal Matrices. XII. Singu-
lar Pencils of Matrices. XIII. Matrices with Non-
Negative Elements (General Properties, Spectral
Properties, Reducible Matrices, Primitive and
Imprimitive Matrices, Stochastic Matrices, Limit-
ing Probabilities for Homogeneous Markov Chain,
Totally Non-Negative Matrices, Oscillatory Ma-
trices . . .). XIV. Applications of the Theory of
Matrices to the Investigation of Systems of Linear
Differential Equations (Systems with Variable
Coeflicients, Lyapunov Transformations, Reduc-
ible Systems, Erugin’s Theorem, Multiplicative
Integral, Volterra’'s Calculus, Differential Sys-
tems in Complex Domain, Analytic Functions of
Several Matrices, The Research of Lappo-
Danilevskii, ..). XV. The Problem of Routh-
Hurwitz and Related Questions (Routh’s Algo-
rithm, Lyapunov’s Theorem, Method of Quadratic
Forms, Infinite Hankel Matrices of Finite Rank,
Stability, Markov Parameters, Problem of Mo-
ments. Theorems of Markov and Chebyshev.

Generalized Routh-Hurwitz Problem, . . .). Bib-
liography.
—Vol | 1960. x + 374 pp. 6x9 [1311 $6.00

—Vol 1l 1960. x + 277 pp 6x9 [133] $6.00
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ARITHMETISCHE UNTERSUCHUNGEN
By C. F. GAUSS

The German translation of his Disquisitiones
Arithmeticae.

—Repr of 1st German ed 860 pp 534x8 [150] In prep.

THEORY OF PROBABILITY
By B. V. GNEDENKO

Translated from the second Russian edition, with
additions and revisions by Prof. Gnedenko.

Partial Contents: 1. The Concept of Probability
(Different approaches to the definition. Field of
events. Geometrical Probability. Statistical defini-
tion. Axiomatie construction . . .). Il. Sequences
of Independent Trials. III. Markov Chains. IV.
Random Variables and Distribution Functions
(Continuous and discrete distributions. Multi-
dimensional d. functions. Functions of random
variables. Stieltjes integral). V. Numerical Char-
acteristies of Random Variables (Mathematical
expectation. Variance . . . Moments). VI. Law of
I «rge Numbers (Mass phenomena. Tchebychev’s
form of law. Strong law of large numbers . . .).
VII. Characteristic Functions (Properties. Inver-
sion formula and uniqueness theorem. Helly’s
theorems. Limit theorems. Char. functs. for multi-
dimensional random variables . . .). VIII. Classical
Limit Theorem (Liapunov’s theorem. Local limit
theorem). IX. Theory of Infinitely Divisible Dis-
tribution Laws. X. Theory of Stochastic Processes
(Generalized Markov equation. Continuous S.
processes. Purely discontinuous S. processes. Kol-
mogorov-Feller equations. Homogeneous S. proc-
esses with independent increments. Stationary S.
process. Stochastic integral. Spectral theorem of
S. processes. Birkhoff-Khinchine ergodic theorem).
XI. Elements of Statistics (Some problems. Varia-
tional series and empirical distribution functions.
Glivenko’s theorem and Kolmogorov’s compati-
bility criterion. Two-sample problem. Critical
region. Comparison of two statistical hypotheses
... Confidence limits). TABLES. BIBLIOGRAPHY.

—Ready, 1961-1962 About 400 pp 6x9 [132]

LES INTEGRALES DE STIELTJES et leurs Appli-
cations aux Problémes de la Physique Mathé-
matique

By N. GUNTHER
1932 498 pp 5V;x8 1631 $5.95
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LECONS SUR LA PROPAGATION DES
ONDES ET LES EQUATIONS DE
L'HYDRODYNAMIQUE

By J. HADAMARD

“[Hadamard’s] unusual analytic proficiency en-
ables him to connect in a wonderful manner the
physical problem of propagation of waves and the
mathematical problem of Cauchy concerning the
characteristics of partial differential equations of
the second order.”—Bulletin of the A. M. S.

—vin+375 pp 5Y2x8V4. (58] $4.95
REELLE FUNKTIONEN. Punktfunktionen

By H. HAHN

—426 pp 5Yx8', Orig pub at $12 80 (521 $4.95

LECTURES ON ERGODIC THEORY
By P. R. HALMOS

CONTENTS: Introduction. Recurrence. Mean
Convergence. Pointwise Convergence. Ergodicity.
Mixing. Measure Algebras. Discrete Spectrum.
Automorphisms of Compact Groups. Generalized
Proper Values. Weak Topology. Weak Approxima-
tion. Uniform Topology. Uniform Approximation.
Category. Invariant Measures. Generalized Er-
godic Theorems. Unsolved Problems.

“Written in the pleasant, relaxed, and clear style
usuzlly associated with the author. The material
is organized very well and painlessly presented. A
number of remarks ranging from the serious to
the whimsical add insight and enjoyment to the
reading of the book.”

—Bulletin of the Amer. Math. Soc.

—1960 (Repr of 1956 ed ) vin t+ 101 pp 5'4x8 [142] $2.95

INTRODUCTION TO HILBERT SPACE AND
THE THEORY OF SPECTRAL MULTIPLICITY
By P. R. HALMOS

Prof. Halmos’ recent book gives a clear, readable
introductory treatment of Hilbert Space. The
multiplicity theory of continuous spectra is
treated, for the first time in English, in full

generality.
-—1957 2nd ed (c repr of Ist ed.) 120 pp. 6x9. [82] $3.25
hd
RAMANUJAN:

Twelve Lectures on His Life and Works
By G. H. HARDY

The book is somewhat more than an account of the
mathematical work and personality of Ramanujan;
it is one of the very few full-length books of “shop
talk” by an important mathematician.

—vin 4 236 pp 6x9. [136] $3.95
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GRUNDZUGE DER MENGENLEHRE
By F. HAUSDORFF

Some of the topics in the Grundziige omitted from
later editions:

Symmetric Sets—Principle of Duality—most of
the ‘‘Algebra” of Sets—most of the “Ordered
Sets”—Fartially Ordered Sets—Arbitrary Sets
of Complexes—Normal Types—Initial and
Final Ordering—Complexes of Real Numbers—
General Topological Spaces—Euclidean Spaces
—the Special Methods Applicable in the Euclid-
ean plane—Jordan’s separation Theorem—The
Theory of Content and Measure—The Theory
of the Lebesgue Integral.

—- First edition 484 pp S5 x84, [61] $4.95

SET THEORY
By F. HAUSDORFF
Now for the first time available in English,
HausdorfI’s classic text-book has been an inspira-
tion and a delight to those who have read it in the

original German. The translation is from the
Third (latest) German edition.

“We wish to state without qualification that this
is an indispensable book for all those interested in
the theory of sets and the allied branches of real
variable theory.”—Bulletin of A. M. S.

—1957 352 pp 6x9 (1191 $%6.00

VORLESUNGEN UBER DIE THEORIE DER
ALC"EBRAISCHEN ZAHLEN
By E. HECKE

“An elegant and comprehensive account of the
modern theory of algebraic numbers.”
—Bulletin of the A. M. S.

“A classic.”—DMathematical Gazette.
—1923 264 pp 54x8Y; [461 $3.95

INTEGRALGLEICHUNGEN UND
GLEICHUNGEN MIT UNENDLICHVIELEN
UNBEKANNTEN

By E. HELLINGER and O. TOEPLITZ

“Indispensable to anybody who desires to pene-
trate deeply into this subject.”—Bulletin of A.M.S.

—-With o preface by E Hilb 1928 286 pp. 5V4x8. [89] $4.50
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Grundziige Einer Allgemeinen Theorie der
LINEAREN INTEGRALGLEICHUNGEN

By D. HILBERT

—306 pp 5Yyx8Y4. 1911 $4.50

PRINCIPLES OF MATHEMATICAL LOGIC
By D. HILBERT and W. ACKERMANN

The famous Grundiige der Theoretischen Logik
translated into English, with added notes and re-
visions by Pror. R. E. LUCE.

“The best textbook in a Western European
language for a student wishing a fairly thorough
treatment.”—Bulletin of the A. M. S.

—1950-59 xn + 172 pp 6x9 {691 $3.75

GEOMETRY AND THE IMAGINATION
By D. HILBERT and S. COHN-VOSSEN

The theme of this book is insight. Not merely
proofs, but proofs that offer insight—intuitive
understanding-—into why they are true. Not
merely properties of the hyperboloid or of Pascal’s
hexagon, but insight into why they have these
properties. In this wide-ranging survey, one of the
world’s greatest and most original mathematicians
uses insight as both his technique and his aim.
Both the beginner and the mature mathematician
will learn much from this fascinating treatise.
Translated from the German by P. NEMENYL

CHAPTER HEADINGS: 1. The Simplest Curves and
surfaces. II. Regular Systems of Points. III. Pro-
jective Configurations. IV. Differential Geometry.
V. Kinematics. VI. Topology.

“A mathematical classic . . . The purpose is to
make the reader see and feel the proofs.”—Science.

“A fascinating tour of the 20th-century mathe-
matical zoo.”—Scientific American.

“Students . . . will experience the sensation of
being taken into the friendly confidence of a great
mathematician and being shown the real signifi-
cance of things.””—Science Progress.

“A glance down the index (twenty-five columns
of it) reveal the breadth of range:—

“Annulus; Atomic structure; Automorphic func-
tions; Bubble, soap; Caustic Curve; Color problem;
Density of packing, of circles; Four-dimensional
space; Gears, hyperboloidal; Graphite; Lattices;
Mapping; “Monkey Saddle”; Table salt; Zinc.

“These are but a few of the topics . . . The title
evokes the imagination and the text must surely
capture it.”—Math. Gazette.

—1952. 358 pp. 6x9 {871 $6.00
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SQUARING THE CIRCLE, and other
Monographs
By HOBSON, HUDSON, SINGH, and KEMPE

FOUR VOLUMES IN ONE.

SQUARING THE CIRCLE, by Hobson. A fascinating
account of one of the three famous problems of
antiquity, its significance, its history, the mathe-
matical work it inspired in modern times, and its
eventual solution in the closing years of the last
century.

RULER AND CoMPASSES, by Hudson. “An ana-
lytical and geometrical investigation of how far
Euclidean constructions can take us. It is as thor-
oughgoing as it is constructive.”—Sci. Monthly.

THE THEORY AND CONSTRUCTION OF NON-
DIFFERENTIABLE FUNCTIONS, by Singh. I. Fune-
tions Defined by Series. II. Functions Defined Geo-
metrically. III. Functions Defined Arithmetically.
IV. Properties of Non-Differentiable Functions.

How To DRAW A STRAIGHT LINE, by Kempe. An
intriguing monograph on linkages. Describes,
among other things, a linkage that will trisect any
angle.

“Intriguing, meaty.”—Scientific American.
—388 pp. 4Y4xTV, [95]1 Four vols 1n one $3.25

SPHERICAL AND ELLIPSOIDAL HARMONICS
By E. W. HOBSON

“A comprehensive treatise . . . and the standard
reference in its field.”—Bulletin of the A. M. S.

—1930 512 pp. 534x8. Orig pub. at $13 50 [(104] $6.00

DIE METHODEN ZUR ANGENAHERTEN
LOSUNG VON EIGENWERTPROBLEMEN IN
DER ELASTOKINETIK

By K. HOHENEMSER

—(Ergeb der Math ) 1932. 89 pp 514x8'%5 Orig pub at
$4 25 [551 $2.75

ERGODENTHEORIE
By E. HOPF
-—(Ergeb. der Math ) 1937. 89 pp 514x81; [431 $2.75

HUDSON, “Ruler and Compasses,” see Hobson

THE CALCULUS OF FINITE DIFFERENCES
By CHARLES JORDAN

“...destined to remain the classic treatment of
the subject . . . for many years to comé.”—Harry
C. Carver, Founder and formerly Editor of the
ANNALS OF MATHEMATICAL STATISTICS.

-—1947. Second edition xxi + 652 pR. 5Y2x8V4 (331 $6.00
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THEORIE DER ORTHOGONALREIHEN
By S. KACZMARZ and H. STEINHAUS

The theory of general orthogonal functions. Mono-
grafje Matematyczne, Vol. VI.
—304 pp. 6x9 [83]1 $4.95

KXHI.ER, see Blaschke

DIFFERENTIALGLEICHUNGEN:
LOESUNGSMETHODEN UND LOESUNGEN
By E. KAMKE
Everything possible that can be of use when one

has a given differential equation to solve, or when
one wishes to investigate that solution thoroughly.

PART A: General Methods of Solution and the
Properties of the Solutions.

PART B: Boundary and Characteristic Value
Problems.

PART C: Dictionary of some 1600 Equations in
Lexicographical Order, with solution, techniques
for solving, and references.

“A reference work of outstanding importance
which should be in every mathematical library.”

—Mathematical Gazette.
—Third ed 692 pp 6x9 Orig Publ ct $1500 [44]1 $9.50

KEMPE, “How to Draw a Straight Line,” see Hobson

ASYMPTOTISCHE GESETZE DER
WAHRSCHEINLICHKEITSRECHNUNG
By A. A. KHINTCHINE

—1933 82 pp (Ergeb der Math.) 5,;x8',; Orig pub at
$3 85. {361 Paper $2.00

ENTWICKLUNG DER MATHEMATIK IM 19.
JAHRHUNDERT

By F. KLEIN

Vol. I deals with general Advanced Mathematics

of the prolific 19th century. Vol. II deals with the
mathematics of Relativity Theory.

—616 pp. 54x8Y4 Orng. $1440 [74]) 2 Vols in one $7.50

VORLESUNGEN UBER HOHERE GEOMETRIE
By FELIX KLEIN

In this third edition there has been added to the
first two sections of Klein’s classical work a third
section written by Professors Blaschke, Radon,
Artin and Schreier on recent developments.

—Third ed. 413 pp. 5V2x8. Orig publ at $1080 [65] $4.95
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VORLESUNGEN UEBER
NICHT-EUKLIDISCHE GEOMETRIE

By F. KLEIN

CHAPTER HEADINGS: 1. Concept of Projective Geom-
etry. II. Structures of the Second Degree. III.
Collineations that Carry Structure of Second De-
gree into Itself. 1V. Introduction of the Euclidean
Metric into Projective Geometry. V. Projective
Coordinates Independent of Euclidean Geometry.
V1. Projective Determination of Measure. VII. Re-
lation between Elliptic, Euclidean, and Hyperbolic
Geometries. VIII. The Two Non-Euclidean Geom-
etries. IX. The Problem of the Structure of Space.
X AND XI. Relation between Non-Euclidean Geom-
etry and other Branches of Mathematics.

—1928 xu 4 326 pp 5x8 [129] $4.95

FAMOUS PROBLEMS, and other monographs
By KLEIN, SHEPPARD, MacMAHON, and MORDELL

FoUR VOLUMES IN ONE.

Famous ProBLEMS oF ELEMENTARY GEOMETRY,
by Klein. A fascinating little book. A simple, easily
understandable, account of the famous problems of
Geometry—The Duplication of the Cube, Trisec-
tion of the Angle, Squaring of the Circle—and the
proofs that these cannot be solved by ruler and
compass—presentable, say, before an undergradu-
ate math club (no calculus required). Also, the
modern problems about transcendental numbers,
the existence of such numbers, and proofs of the
transcendence of e.

FroM DETERMINANT TO TENSOR, by Sheppard.
A novel and charming introduction. Written with
the utmost simplicity. PT I. Origin of Determi-
nants. II. Properties of Determinants. III. Solution
of Simultaneous Equations. IV. Properties. V. Ten-
sor Notation. Pt II. VI. Sets. VII. Cogredience,
ete. VIII. Examples from Statistics. IX. Tensors
in Theory of Relativity.

INTRODUCTION T0 COMBINATORY ANALYSIS, by
MacMahon. A concise introduction to this field.
Written as introduction to the author’s two-volume
work.

THREE LECTURES ON FERMATS LAST THEOREM,
by Mordell. These lectures on what is perhaps the
most celebrated conjecture in Mathematics are
intended for those without training in Number
Theory. I. History, Early Proofs. II. Kummer’s
Treatment and Recent Results. III. Libri’'s and
Germain’s Methods.

—350 pp SV4x8V, {1081 Four vois in one $3.25
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THEORIE DER ENDLICHEN UND
UNENDLICHEN GRAPHEN

By D. KONIG

“Elegant applications to Matrix Theory . . .
Abstract Set Theory . .. Linear Forms . . . Elec-
tricity . . . Basis Problems . . . Logic, Theory of
Games, Group Theory.”—L. Kalmar, Acta Szeged.

—1936 269 pp 5V4x814 Org. publ ot $7 20 [72) $4.50

DIOPHANTISCHE APPROXIMATIONEN
By J. F. KOKSMA

—(Ergeb der Math.) 1936 165 pp 51,3x814, Orig publ. at
$7 25 [66] $3.50

FOUNDATIONS OF THE THEORY OF
PROBABILITY

By A. KOLMOGOROV

Translation edited by N. MorrisoN. With a bibli-
ography and notes by A. T. BHARUCHA-REID.

Almost indispensable for anyone who wishes a
thorough understanding of modern statistics, this
basic tract develops probability theory on a postu-
lational basis.

—2nd ed 1956 vin 4- 84 pp 6x9 1231 $%$2.50

EINFUHRUNG IN DIE THEORIE DER
KONTINUIERLICHEN GRUPPEN

By G. KOWALEWSKI

—406 pp 5V4x8Y; Orig publ at $10 20 [701 $4.95

DETERMINANTENTHEORIE
EINSCHLIESSLICH DER FREDHOLMSCHEN
DETERMINANTEN

By G. KOWALEWSKI

PARTIAL CONTENTS: Definition and Simple
Properties . . . Systems of Linear Equations . . .
Symmetrie, Skew-symmetrie, Orthogonal Deter-
minants . . . Resultants and Discriminants . . .
Linear and Quadratic Forms... Functional, Wron-
skian, Gramian determinants . . . Geometrical ap-
plications ... Linecar Integral Equations... Theory
of Elementary Divisors.

“A classic in its field.”—Bulletin of the A. M. S.

—Third edition 1942 328 pp 5141 x8 [391 $4.95
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IDEALTHEORIE
By W. KRULL
—(Ergeb der Math) 1935 159 pp. 5'4x81, Ong publ
(paper bound) at $7 00 [48] Cloth, $3.95

GROUP THEORY
By A. KUROSH

Translated from the second Russian edition and
with added notes by ProF. K. A. HIRSCH.

A complete rewriting of the first, and already
famous, Russian edition.

Partial Contents: PART ONE: The Elements of
Group Theory. Chap. 1. Definition. II. Subgroups
(Systems, Cyclic Groups, Ascending Sequences of
Groups). III. Normal Subgroups. IV. Endomor-
phisms and Automorphisms. Groups with Opera-
tors. V. Series of Subgroups. Direct Products.
Defining Relations, etc. PART Two: Abelian Groups.
VI. Foundations of the Theory of Abelian Groups
(Finite Abelian Groups, Rings of Endomorphisms,
Abelian Groups with Operators). VII. Primary
and Mixed Abelian Groups. VIII. Torsion-Free
Abelian Groups. Editor’s Notes. Bibliography.

Vol. II. PArRT THREE: Group-Theoretical Con-
structions. IX. Free Products and Free Groups
(Free Products with Amalgamated Subgroup,
Fully Invariant Subgroups). X. Finitely Genera-
ted Groups. XI. Direct Products. Lattices (Modu-
lar, Complete Modular, etc.). XII. Extensions of
Groups (of Abelian Groups, of Non-commutative
Groups, Cohomology Groups). PART FouUr: Solv-
able and Nilpotent Groups. XIII. Finiteness Con-
ditions, Sylow Subgroups, etc. XIV. Solvable
Groups (Solvable and Generalized Solvable Groups,
Local Theorems). XV. Nilpotent Groups (General-
ized, Complete, Locally Nilpotent Torsion-Free,
cte.). Editor’s Notes. Bibliography.

—Vol | 2nd ed 1959 271 pp. 6x9 [107] $4.95
—Vol H.2nd ed. 1960 308 pp. 6x9 [109] $4.95

DIFFERENTIAL AND INTEGRAL CALCULUS
By E. LANDAU

Landau’s sparkling Einfiithrung in English trans-
lation. Completely rigorous, completely self-
contained, borrowing not even the fundamental
theorem of algebra (of which it gives a rigorous
elementary proof), it develops the entire calculus
including Fourier series, starting only with the
properties of the number system. A masterpiece of
rigor and clarity.

—2nd ed. 1960. 372 pp. 6x9. [78] $6.00

ELEMENTARE ZAHLENTHEORIE
By E. LANDAU

“Interest is enlisted at once and sustained by the
accuracy, skill, and enthusiasm with which Landau
marshals . . . facts and simplifies . . . details.”
—G. D. Birkhoff, Bulletin of the A. M. S.
—1927. vit 4+ 180 4 v pp. 5Y>2x8Y;. [26] $3.50
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ELEMENTS OF ALGEBRA
By HOWARD LEVI

“This book is addressed to beginning students of
mathematics. . .. The level of the book, however, is
so unusually high, mathematically as well as peda-
gogically, that it merits the attention of profes-
sional mathematicians (as well as of professional
pedagogues) interested in the wider dissemina-
tion of their subject among cultured people . .. a
closer approximation to the right way to teach
mathematics to beginners than anything else now
in existence.”-—-Bulletin of the A. M. S.

-~Third ed 1960 xi - 161 pp. 53x8 (1031 $3.25

LE CALCUL DES RESIDUS
By E. LINDELOF

Important applications in a striking diversity of
mathematical fields: statistics, number theory, the
theory of Fourier series, the calculus of finite
differences, mathematical physicc and advanced
calculus, as well as function theory itself.

—151 pp 514x8Y 134] $3.25

THE THEORY OF MATRICES
B8y C. C. MacDUFFEE
“No mathematical library can afford to be without
this book.”—Bulletin of the A. M. S.
—(Ergeb der Math ) 2nd edition 116 pp 6x9 Ong publ
at $5 20 1281 $2.95

MACMAHON, “Introduction . . .”" see Klein

COMBINATORY ANALYSIS, Vols. | and |l
By P. A. MACMAHON

TWwo VOLUMES IN ONE.

A broad and extensive treatise on an important
branch of mathematics.

—xx + 300 1 xx + 340 pp 53gx8 [137] Two vols in one
$7.50

FORMULAS AND THEOREMS FOR THE
FUNCTIONS OF MATHEMATICAL PHYSICS
By W. MAGNUS and F. OBERHETTINGER

Gathered into a compact, handy and well-arranged
reference work are thousands of results on the
many important functions needed by the physicist,
engineer and applied mathematician.

Translated by J. WERMER.
—-1954 182 pp 6x9 German edition was $7 00 [51] $3.90
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THE PROBLEM OF PLATEAU

By T. RADO
—(Ergeb der Math ) 1933 113 pp S1,x8 Orig publ Gin
paper binding) at $5 10 [81] Cloth, $2.95

EINFUHRUNG IN DIE KOMBINATORISCHE
TOPOLOGIE
By K. REIDEMEISTER

Group Theory occupies the first half of the book;
applications to Topology, the second. This well-
known book is of interest both to algebraists and’
topologists.

—221 pp SYyx8Y4 [761 $3.50

KNOTENTHEORIE
By K. REIDEMEISTER
—(Ergeb der Math ) 1932 78 pp 5V,x8Y;.  [40] $2.25

FOURIER SERIES
By W. ROGOSINSKI

Translated by H. CouN. Designed for beginners
with no more background than a year of calculus,
this text covers, nevertheless, an amazing amount
of ground. It is suitable for self-study courses as
well as classroom use.

“The field covered is extensive and the treatment

is thoroughly modern in outlook . . . An admirable
guide to the theory.”—Mathematical Gazette.
—Second ed. 1959 vi-L 176 pp 4V2x6Y;. (671 $2.25

CONIC SECTIONS
By G. SALMON

“The classic book on the subject, covering the whole
ground and full of touches of genius.”

—Mathematical Association.

—~6th ed. xv 4 400 pp. 5Vax8V4. [99] Cloth $3.25
[98] Paper $1.94

HIGHER PLANE CURVES
By G. SALMON

CHAPTER HEADINGS: I. Coordinates. II. General
Properties of Algebraic Curves. III. Envelopes. IV.
Metrical Properties. V. Cubics. VI. Quartics. VII.
Transcendental Curves. VIII. Transformation of
Curves. IX. General Theory of Curves.

—3rd ed xix 4 395 pp 534x8 [138] $4.95
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ANALYTIC GEOMETRY OF
THREE DIMENSIONS
By G. SALMON

A rich and detailed treatment by the author of
Conic Sections, Higher Plane Curves, etc.

—Seventh edition (V 1). 496 pp 5x8 [122] $4.95

INTRODUCTION TO MODERN ALGEBRA
AND MATRIX THEORY
By O. SCHREIER and E. SPERNER

An English translation of the revolutionary work,
Einfithrung in die Analytische Geometrie und
Algebra. Chapter Headings: I. Affine Space. Linear
Equations. (Vector Spaces). II. Euclidean Space.
Theory of Determinants. III. The Theory of Fields.
Fundamental Theorem of Algebra. IV. Elements
of Group Theory. V. Matrices and Linear Trans-
formations. The treatment of matrices is especially
extensive.

“QOutstanding . . . good introduction . . . weli
suited for use as a text . .. Self-contained and each
topic is painstakingly developed.”

—Mathematics Teacher.
—Second ed. 1959. vin + 378 pp [80] $6.00

PROJECTIVE GEOMETRY OF n DIMENSIONS
By O. SCHREIER and E. SPERNER

Translated from the German by CALVIN A. ROGERS.

A textbook on the analytic projective geometry
of n dimensions whose clarity and explicitness of
presentation can hardly be surpassed.

Suitable for a one-semester course on the senior
undergraduate or first-year graduate level. The
background required is minimal: The definition
and simplest properties of vector spaces and the
elements of matrix theory. For the reader lacking
this background, suitable reference is, made to the
Authors’ companion volume Introduction to Mod-
ern Algebra and Matrix Theory.

There are exercises at the end of each chapter
to enable the student to test his mastery of the
material.

CHAPTER HEADINGS: 1. n-Dimensional Projective
Space. II. General Projective Coordinates. III.
Hyperplane Coordinates. The Duality Principle.
IV. The Cross Ratio. V. Projectivities. VI. Linear
Projectivities of P, onto Itself. VII. Correlations.
VIII. Hypersurfaces of the Second Order. IX.
Projective Classification of Hypersurfaces of the
Second Order. X. Projective Properties of Hyper-
surfaces of the Second Order. XI. The Affine
Classification of Hypersurfaces of the Second Or-
der. XII. The Metric Classification of Hyper-
surfaces of the Second Order.

—1961. 208 pp 6x9 [126] $4.95



CHELSEA SCIENTIFIC BOOKS

PROJECTIVE METHODS

IN PLANE ANALYTICAL GEOMETRY
By C. A. SCOTT

The original title of the present work, as it ap-
peared in the first and second editions, was “An
Introductory Account of Certain Modern Ideas and
Methods in Plane Analytic Geometry.” The title
has been changed to the present more concise and
more descriptive form, and the corrections indi-
cated in the second edition have been incorporated
into the text.

CHAPTER HEADINGS: I. Point and Line Co-
ordinates. II. Infinity. Transformation of Coordi-
nates. II1. Figures Determined by Four Elements.
IV. The Principle of Duality. V. Descriptive Prop-
erties of Curves. VI. Metric Properties of Curves;
Line at Infinity. VII. Metric Properties of Curves;
Circular Points. VIII. Unicursal (Rational)
Curves. Tracing of Curves. IX. Cross-Ratio,
Homography, and Involution. X. Projection and
Linear Transformation. XI. Theory of Corre-
spondence. XII. The Absolute. XIII. Invariants
and Covariants.

—Ready, Summer, 1961 3rd ed xiv 4- 288 pp 5x8.
[146] Probably $3.50

LEHRBUCH DER TOPOLOGIE
By H. SEIFERT and W. THRELFALL

This famous book is the only modern work on com-
binatorial topology addressed to the student as well
as to the specialist. It is almost indispensable to
the mathematician who wishes to gain a knowledge
of this important field.

“The exposition proceeds by easy stages with
examples and illustrations at every turn.”

—Bulletin of the A. M. S.
—1934 360 pp 514x8',; Ornig publ at $8.00 [31] $4.95

SHEPPARD, “From Determinant to Tensor,”’ see Klein

HYPOTHESE DU CONTINU
By W. SIERPINSKI

An appendix consisting of sixteen research papers
now brings this important work up to date. This
represents an increase of more than forty percent
in the number of pages.

“One sees how deeply this postulate cuts through
all phases of the foundations of mathematics, how
intimately many fundamental questions of anal-
ysis and geometry are connected with it...a most
excellent addition to our mathematical literature.”

—Bulletin of A. M. S.
Second edition. 1957. xvu 4 274 pp. 5x8 [117) $4.95

SINGH, “Non-Differentiable Functions,”” see Hobson
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DIOPHANTISCHE GLEICHUNGEN
By T. SKOLEM

“This comprehensive presentation . . . should be
warmly welcomed. We recommend the book most
heartily.”—Acta Szeged.

—(Ergeb. der Math ) 1938. x4 130 pp 512x8Y,. Cloth
Orig. publ at $6 50 [75]1 $3.50

ALGEBRAISCHE THEORIE DER KOERPER
By E. STEINITZ

“Epoch-making.”—A. Haar, Aca Szeged.
—177 pp including two appendices. 5V4x84 [77) $3.25

INTERPOLATION
By J. F. STEFFENSEN

“A landmark in the history of the subject.

“Starting from scratch, the author deals with
formulae of interpolation, construction of tables,
inverse interpolation, summation of formulae,
the symbolic calculus, interpolation with several
variables, in a clear, elegant and rigorous manner
... The student . .. will be rewarded by a compre-
hensive view of the whole field. . . . A classic ac-
count which no serious student can afford to
neglect.”—Mathematical Gazette.

—1950 2nd ed 256 pp 5Yx8Ys Orig $8 00 [71] $4.95

A HISTORY OF THE MATHEMATICAL
THEORY OF PROBABILITY
By I. TODHUNTER

Introduces the reader to almost every process and
every species of problem which the literature of
the subject can furnish. Hundreds of problems are
solved in detail.

—640 pp 5Y4x8 Previously publ at $8 00 [S7] $6.00

SET TOPOLOGY
By R. VAIDYANATHASWAMY

In this text on Topology, the first edition of which
was published in India, the concept of partial order
has been made the unifying theme.

Over 500 exercises for the reader enrich the text.

CHAPTER HEADINGS: 1. Algebra of Subsets of a
Set. II. Rings and Fields of Sets. III. Algebra of
Partial Order. IV. The Closure Function. V. Neigh-
borhood Topology. VI. Open and Closed Sets. VII.
Topological Maps. VIII. The Derived Set in T,
Space. IX. The Topological Product. X. Con-
vergence in Metrical Space. XI. Convergence
Topology.

—2nd ed 1960 vi - 305 pp 6x9 [139] $6.00
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LECTURES ON THE GENERAL THEORY OF
INTEGRAL FUNCTIONS

By G. VALIRON
—1923 xu + 208 pp. 5V4x8 (561 $3.50

GRUPPEN VON LINEAREN
TRANSFORMATIONEN

By B. L. VAN DER WAERDEN

—(Ergeb der Math.) 1935. 94 pp 514x81; [45] $2.50

LEHRBUCH DER ALGEBRA
By H. WEBER

The bible of classical algebra, still unsurpassed for
its clarity and completeness. Much of the material
on elliptic functions is not available elsewhere in
connected form.

PARTIAL CONTENTS: VOL. I. CHAP. 1. Rational
Functions. II. Determinants. III. Roots of Alge-
braic Equations. V. Symmetric Functions. V.
Linear Transformations. Invariants. VI. Tchirn-
haus Transformation. VII. Reality of Roots. VIII.
Sturm’s Theorem. X. Limits on Roots. X. Approxi-
mate Computation of Roots. XI. Continued Frac-
tions. XII. Roots of Unity. XIII. Galois Theory.
XIV. Applications of Permutation Group to
Equations. XV. Cyclic Equations. XVI. Kreistei-
lung. XVII. Algebraic Solution of Equations.
XVIII. Roots of Metacyclic Equations.

VOL. II. CHaps. 1.-V. Group Theory. VI.-X.
Theory of Linear Groups. XI.-XVI. Applications
of Group Theory (General Equation of Fifth De-
gree, The Group G.» and Equations of Seventh
Degree . . .). XVIL-XXIV. Algebraic Numbers.
XXV. Transcendental Numbers.

VOL. III. CHAP. I. Elliptic Integral. II. Theta
Functions. ITl. Transformation of Theta Functions.
IV. Elliptic Functions. V. Modular Function. V.
Multiplication of Elliptic Functions. Division. VII.
Equations of Transformation. VIII. Groups of the
Transformation Equations and the Equation of
Fifth Degree...X1.-XVI. Quadratic Fields. XVII.
Elliptic Functions and Quadratic Forms. XVIII.
Galois Group of Class Equation. XIX. Computa-
tion of Class Invariant . .. XII. Cayley’s Develop-
ment of Modular Function. XXIII. Class Fields.
XXIV.-XXVI. Algebraic Functions. XXVII. Alge-
braic and Abelian Differentials.

—Ready, Fall, ‘61. 3rd ed. (C. repr. of 2nd ed ) 2,345 pp. 5x8.
[144] Three vol. set Probably $19.50
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DAS KONTINUUM,
und andere Monographien
By H. WEYL, E. LANDAU, and B. RIEMANN

FOUR VOLUMES IN ONE.

Das KoNTINUUM (Kritische Untersuchungen
ueber die Grundlagen der Analysis), by H. Weyl.
Reprint of 2nd edition.

MATHEMATISCHE ANALYSE DES RAUMPROBLEMS,
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