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PREFACE TO THE ENGLISH EDITION

"] NHE two following reports on the Principles of the
Quantum Theory first appeared in two volumes of
the well-known series ‘“ Ergebnisse der Naturwissen-

schaften’’ (Jul. Springer, Berlin). The authors have the more

readily wellomed the suggestion of Messrs. Methuen & Co. Ltd.
to allow them to appear in one volume in an English transla-
tion, by Professor Henry Brose, as they felt assured that the
work was being placed in experienced hands. Nevertheless, the
authors feel constrained to admit that they themselves enter-
tain certain misgivings about publishing reports in book form,

—misgivings which will no doupt be felt generally.

A number of text-books on the quantum theory have
already appeared to date, some of whith give a full and
detailed account of the new theoretical ideas The coherence
and completeness achieved by such works cannot, of course,
be aimed at in the present book, nor is it to be expected.
Although the authors have endeavoured to bring into clear
relief all the physically important ideas that have played
a part in the development of the new quantum mechanics,
yet the book in its present form cannot claim to do more
than to record a stage in the development of the quantum
theory both with respect to the view it embodies and the
uacts it contains.

; The appearance .of the book in English may perhaps be
jlsstified by the manner in which the subject is presented,
Wit also by the interfusion of the theoretical principles with
tihe physical principles of the theory. We believe that this has

vil
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not been carried out to the same extent in most of the other
accounts that have come to our notice. May we finally
express the hope that the book will also secure a place as a
critical work, such as was accorded in * Nature ” recently by
a leading English physicist, & propos of a similar occasion.

OTTO HALPERN
H. THIRRING

NEw YoRrk
VIENNA

THE translator wishes to express his warmest thanks to the
authors for their kind help in reading and checking the proofs,
and also to his friend and colleague, Dr. L. G. H. Huxley, for
undertaking the final reading of the proofs.

HENRY L. BROSE

UNIVERSITY COLLEGE
NOTTINGHAM
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THE ELEMENTS OF THE
NEW QUANTUM MECHANICS

PART I

THE COURSE OF DEVELOPMENT UP TO 1926

CHAPTER I
INTRODUCTION

I. ALTHOUGH the quantum theory of spectra founded by Niels
Bohr in 1913 has impressed its characteristic form on physical
rescarch for over fifteen years, its creator has never regarded
it as other than a provisional structure. By making certain
postulates (the existence of stationary radiationless states, the
frequency condition, quantum transitions, the correspondence
principle), it became possible to interpret the genesis of the most
important types of optical and*Réntgen spectra and, still more,
to obtain valuable information about the structure of atoms,
valency, the periodic system and other questions. The funda-
mental postulates themselves, however, were factors alien to
the structure of theoretical physics. Their crass contradiction
with the ideas of classical electrodynamics and mechanics was
tolerated only on account of the extraordinary successes of the
theory, which had disclosed unsuspected relationships between
spectral lines, chemical properties and so forth. The effect of
these successes had become so powerful that the majority of
physicists had become accustomed to accepting the ideas of
quantum orbits and electronic transitions as obvious, and to make
unhampered use of them without realizing with sufficient clear-
ness the deep chasm which lay between these ideas and the
conceptions underlying the rest of physics.

The position became changed, however, when the continued
application of the original ‘ classical’ quantum theory more
and more often encountered obstacles before which it showed
itself simply powerless. In the problem of the double helium
spectrum, in the multiple structure of alkali spectra, in the
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anomalous Zeeman effect, in the problem of dispersion, difficulties
of a serious nature arose which called into life again the latent
need for a re-moulding of the theory from its very foundations.
This process of reconstruction was envisaged in 1925 and 1926
from two totally different angles: further, the two theories
proposed led, in spite of their radically different starting-points,
to practically the same results. The * Quantum Mechanics
founded by Heisenberg and elaborated by Born, Jordan and
Dirac may be regarded as a kind of phenomenological theory,
inasmuch as it regards as its problem the establishing of relation-
ships between quantities which, at least in principle, are observable.
The *“ Wave Mechanics "’ founded by Schrédinger, which follows
directly on the ideas of de Broglie, stands in strong contrast to
Heises.berg’s theory, for it operates with new conceptions and
abstractions in principle inaccessible to direct observation, such
as, for example, with waves of unknown physical meaning in
multi-dimensional spaces, and so transgresses consciously those
rules which governed Heisenberg in the formation of this theory.
Nevertheless wave-mechanics leads ultimately to the same re-
sults as quantum mechanics and, indeed, in a manner which
renders it much more amenable to mathematical treatment, so
that the introduction of the fictions mentioned is shown to be
very helpful.

The account of these theories here given is intended to meet
the need felt by numerous physicists to grasp the fundamental
ideas of these new and not easily understood theories. For
this purpose we attach more importance to a wide and intelligible
treatment rather than to an exact and complete presentation.
The skeleton of the two theories is to be stripped of all encum-
brances and shown in its most elementary form. In the first
part of our account we restrict ourselves to the first stage of the
development of the theory, which was reached about the autumn
of 1926. The second stage, due to later work by Heisenberg
and, in particular, Dirac, will be treated in the sequel.



CHAPTER II

THE FIELD OF RADIATION OF REVOLVING ELECTRONS
ACCORDING TO CLASSICAL ELECTRODYNAMICS

2. The Formulation of the Problem

J
IN order better to understand the new theories we must go back
a fair way and—even at the risk of repeating what is we!t known
—begin by contrasting the rules of classical electrodynamics for
calculating the radiation emitted by an atomic system, with
those of the quantum theory. Suppose we have a system of
point-charges, after the manner of the nuclear model of Ruther-
ford and Bohr, consisting of an atomic nucleus and one or more
electrons that execute orbits around the nucleus under the in-
fluence of their mutual forces. According to classical electro-
dynamics the problem of calculating the radiation is equivalent
to that of determining the electromagnetic field generated by
the charges. The fundamental equations of electrodynamics
prescribe perfectly definite rules for calculating this field, so that
for a given system of charge3 and under given initial conditions
there always exists a definite field and therefore also a definite
radiation. The actual process of calculation is, however, highly
intricate and cannot be exactly performed except in the very
simplest cases. For the field at a definite point of observation
P depends on the position and the velocity of each individual
electron at the time ¢ — 7/c.* But the position and velocity of
the individual clectrons is again conditioned by the electro-
magnetic field yet to be calculated. Hence although solutions
of the field-equations and the equations of motion always exist,
and although the motion of the system in the sense of classical
electrodynamics would thus be completely determined when the
initial positions and velocities of the electrons are-given, these
solutions are not found in practice, and therefore we must resort
to methods of approximation. The first step towards such an
approximation consists in neglecting the electromagnetic forces

* Retarded time (Lafenzzeit): it indicates that moment of time which
is previous to the moment ‘“now’’ by an interval of time equal to that
required by light to travel from the place at which the charge is situated to
the point P under consideration.

3 »
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in comparison with the purely electrostatic forces. This step
is justifiable in that (as Bohr argued in his earliest papers) under
the conditions that presumably obtain within the atom, the
electrical forces predominate over the magnetic forces. Since
Coulomb’s elementary law of electrostatics is formally equiv-
alent to Newton's law of gravitation, the problem of calculat-
ing the electronic orbits, when the magnetic forces are neglected,
becomes reduced to the well-known astronomical problem of
determining the orbits of planets, which, however, for its part,
too, is not exactly soluble for more than two bodies.

3. The Fundamental Equations of Mechanics

For the sake of completeness we shall here recapitulate those
fundamental laws of mechanics to which we shall frequently
need to refer later when discussing the theories of Heisenberg,
de Broglie and Schridinger. We are essentially concerned with
Hamilton’s formulation of the fundamental laws of mechanics,
on which these theories all rest. At the same time these are the
laws which, in principle, enable us to perform the mechanical
part of the problem above proposed, namely, the calculation
of the motions of the electrons under the influence of the nuclear
field and of the forces of the remaining electrons.

We restrict our attention to conservative systems, that is,
to those whose total energy E is constant. If we call the kinetic
energy of the system 7" and the potential energy V, we must
then have

TH+V=E. (1)
We designate the co-ordinates of the system, which may be
either Cartesian or generalized of any sort by ¢y, g5 . . . ¢, (where

f is the number of degrees of freedom of the system). The
kinetic energy T(q, ¢) is a quadratic form of the ¢’s. Here the
dots, as usual, signify differential coefficients with respect to

time, that is, § = g—;—l As is well known, we then jntroduce in
place of the velocities ¢ the generalized momenta
2T
Pk - b_q.k, (2)

and, with the help of eqn. (2), we eliminate the velocities out of
the expression for the total energy, which thus, in the case of
conservative systems, passes over into the Hamiltonian function
designated by H(p, g) :

T+V=Hp,q (3)
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In other words, the Hamiltonian function in the case of a con-
servative system is nothing more than the expression for the
total energy in terms of only the generalized co-ordinates and
generalized momenta of the system.

Examples—From the expression for the kinetic energy of
a point-mass of mass y,

T =5+ g+ ), )

we get for the momenta in Cartesian co-ordinates p, = u, etc.,
and the Hamiltonian function for the one-body problem is
I »
Hp, q) = 2 (b + 2* + p47) + V(% 9, 2) (s)
[ 4
For a point-mass that can move along a straight line and that
is attracted by a force — ax to its position of rest x = 0 when
no force is acting (this is the case of the linear harmonic
oscillatory this equation becomes

I a
— h2 ~a2
Hip, g) = 50"+ 50 (6)
For the corresponding three-dimensional problem (harmonic
anisotropic oscillator) the corresponding formula is

H(p, q) = Ej;w + Pt £.2) + Hax® + by 4 c2?). (6a)

In polar co-ordinates the kinetic energy of the point-mass is
expressed by

T= g(iz + 7262 4 7% sin? 0¢2). %)

By using (2) we get
br=pF, po=prl, p,= pr*6$. (8)

Hence, if e denotes the elementary electronic charge, Hamilton’s
function for the model of the hydrogen atom analogous to the
simplest planetary system is
I I I e?
H(p, @) = o=(p* + 706 + sgrghe?) — =
(P: q) 2p P + r3p° + 72 sin® 0P¢ r (9)
It is known that the fundamental laws of mechanics may
be derived from a variation principle which asserts that a certain
integral taken along the actual path of the motion has an extreme
value as compared with all the integrals with the same integrands
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taken over any other kinematically possible paths. This prin-
ciple of variation may be formulated in various ways. One
of the oldest formulations is the Principle of Least Action of
Maupertuis, which states

B

det = a minimum, (10)
i

where the paths permissible for comparison comprise those which
occur between the same limits of the space co-ordinates and
have the same total energy E. For a single point-mass we have

2
= ’—"—;’—, so that on account of vdt = ds we may also write the

conditiQn (10) in the form
B

j;wds = a minimum, (11)
A

a relation which plays an important part in the theory of
de Broglie.

The condition necessary for the fulfilment of this property
of being an extreme value (Euler’s conditions of variation) may
be brought by means of the Hamiltonian function H(p, ¢) into
the form of the fundamental canonical equations of mechanics :

. H . H )
qk=.b___<p_’_q_) pz___(ul.;kzliz...j:(IZ)

Dpk ' * obqk
To integrate these equations we often find it expedient to
use the fact that the canonical equations do not change their
form if in place of the co-ordinates ¢; and the momenta p, we
introduce new variables ¢, and p, by means of a transforma-
tion which fulfils certain conditions.* After such a canonical
transformation

#,9)~> (7,9 . (13)
has been effected the transformed equations run
P ;% B S ): (%)
qr = bﬁk Pr= ng . (IZa) :

The canonical transformations then lead directly to an integra-
tion of the fundamental equations (12) or (124), if we can arrange
for the transformed Hamiltonian function H to depend only on
the p,'s and not on the §;'s as well. Thus

H=Hp: . .. py). (14)

* Concerning the characteristics of these canonical transformations, see
M. Born, ** Lectures on Atomic Mgchanics,” § 7.
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In accordance with (12a) we then have

;k =0 or p=const. = o (15)
Further,
. _dH - =
g = 35;(?1 C o Py). (16)

The right-hand side of this equation is constant on account of
(15). We call this constant v;, thus

oH _ (17)
3 E 7

and the integrals of the equations of motion are then
Ge=vit — B,  Pr= % (Ié)

The considerations that now follow are restricted to s2parable
conditionally periodic motions: in these motions the original
co-ordinates g, of the system change periodically with the time,
but each one changes with a different length of period so that
in general the initial point is never traversed a second time.
(Example.—the Lissajou figures of the plane anisotropic oscillator

X =a cos wy(t — &), ¥y =0bcos wy(t — 3,). (19)

If w, and w, stand in no rational ratio to each other (that is, if
they are incommensurable) the motion does not repeat itself ;
if their ratio ¢s rational the orbit will pursue its old track after a
finite number of revolutions. In the latter case the system is
called degenerate.) The transformed variables that lead to the
solutions (18) do not, however, change periodically with the
time, since according to (18) the ;s are constants and the g;'s
are linear functions of the time. Hence in view of the periodicity
of the motion the ¢;'s have the character of angles or of functions
of angles, for example the area swept out by the radius vector.
If the initial co-ordinates are to be periodic functions of the
time, then in conformity with (18) they must also be periodic
functions of the g,’s, and we can choose the units of the g;'s so
that the length of the periods becomes equal to one. The
quantities g; that have been normalized in this way are then
called angle variables w,, (also called cyclic co- -ordinates), and the
associated “canonically conjugate '’ momenta p, are called the
action variables I,. The quantities v, are then the frequencies
of the motion of revolution, and, in accordance with (17), we
have
YH(I, . . . Iy)

vy = T (172)
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This relation plays an important part in.Bohr's form of the
quantum theory.

In the case of the planetary problem (hydrogen atom) the
function for H(p, ¢) given in (9) must be substituted in the funda-
mental equations (12). The integration of the equations of
motion then lead to Kepler ellipses, the expression for which
in polar co-ordinates may be assumed known and which, for the
rest, is of no account for the sequel. On the other hand, in view
of calculation of the field of radiation in the next section, the
Fourier expansion of the rectangular co-ordinates of the electron
is of interest. For this we get *

[o o]
r__ 3
- = 26+2A,,cosnwt
p= (20)

[e2)
®, .
=\/I—ezZB,,smnwt

‘nnl

Here a denotes the semi-major axis of the ellipse; ‘e is the
numerical value of the eccentricity ; w is the angular velocity
with which each revolution is performed (called Kreisfrequenz
in German, being the number of radians described per second) ;
A, and B, are coefficients that depend only on the number # and
the value of the eccentricity T e. The rectangular co-ordinates
have, of course, been so placed that the X- and the YV-axes are
respectively parallel to the major and minor axis of the ellipse,
whereas the Z-axis is perpendicular to the orbital plane.

4. Hertz’s Formulae

After the solution of the problem of motion the next step of
the task set in § 2 is to calculate the field generated by the revolving
electrons. In this process we may restrict ourselves to those
approximations which describe the field at a distance from the
centre of the atom which is great compared with the wave-length
of the radiation. Further, we make use of the principle of super-
position, which states that on account of the linearity of the
fundamental electrodynamic equations we obtain the field gener-
ated by several point-charges or by several components of motion
of one point-charge by calculating the field due to each indi-
vidual component of motion and forming the sum of all these
fields. But the resolution of the motion into single components

* See M. Born, ‘‘ Lectures on Atomic Dynamics.”
1 See M. Born, loc. cit.
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is equivalent to replacing the moving charge by point-charges
that vibrate linearly (that is, along a straight line); and the
radiation due to such linearly vibrating point-charges may be
calculated from formule given by
Heinrich Hertz. To illustrate these
formule let us consider Fig. 1,
which is taken from Sommerfeld’s
“ Atomic Structure and Spectral
Lines ” (p. 24). Here the origin
or ‘‘ source-point ”’ (Quellpunkt) O
denotes the position, and v denotes
the wvelocity vector of the point-
charge, while P is the reference
point (Aufpunkt) at which the
strength of field is to be de- ) ) .
termined. The directions of the F’G'gﬁ;g?;‘ fﬁ: 3;’:;_“,%33}“*'
electric intensity of field E and of

the magnetic intensity of field H are evident from the figure;
their contributions at the time ¢ are given by

€ . ¥
Bl = [H| = v, (¢ — ©). (21)

Here e denotes the charge, ¢ the velocity of light, » the distance

between the source-point and the point P, v, the component

of acceleration perpendicular to the direction of vision. The
¥ L]

argument (t — ;) denotes that the value of the component of

acceleration is to be taken at the retarded time (t — ;) The

amount of radiation that goes through the point P (energy flux
per unit time per unit area) is given by Poynting’s vector

181 = BN H = (- 1) = 2555 (= D). @2)

e ¢/ T 4micSr?

The radiation is polarized, the plane of polarization being given
in conformity with the convention usual in optics by the magnetic
vector H and the radius vector connecting the source-point with P.
Hence for the intensity as perceived through a polarization ap-
paratus the effective component of the acceleration of the point-
charge is that which is perpendicular to the line of vision and the
plane of polarization of the polarizer. The change of the field
in time comes about owing to the time change of acceleration,
v, ; the change with position, on the other hand, arises through
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. r . .
the time ¢t — p changing as the distance » between the source

of light and P changes. Moreover, in accordance with (22), the
intensity of radiation decreases proportionately with the inverse
square of the distance.

Equation (22) gives the field of a single linearly vibrating
point-charge. The field of a system of electrons that execute
motions that do not occur in a straight line is obtained by super-
posing the fields of each individual component of motion, these
fields being formed in accordance with (22). The dependence
of such a field on space and time would in general be very
complicated. Spectral analysis, however, shows that the radia-
tibn emitted by luminous gases (that is, from a system of atoms
that inferfere little with one another) consists of single lines of
definite wave-length. Now the production of a spectrum is
nothing other than a sort of harmonic analysis, a resolution of
the field of radiation into individual components depending
according to the sine law on space and time. The presence of
spectral lines, therefore, leads to the inference—also $uggested
by analogy w1th planetary motion—that periodic terms occur
in the motion of the system of electrons. Further, according
to Fourier a periodic motion is capable of being developed as
a series of pure sine vibrations. Let g be the co-ordinate of the
vibrating charge, such that for the acceleration we have |v] = 4.
Now if ¢q is a periodic function with the fundamental frequency
w, it may be represented by

[eo)
q= X Ay sin nw(t — 5, (23)
n=1
where 8, is a phase-constant that changes as we pass from one
member to the next of the series. The partial vibrations given
by the individual terms of the series (25) are called karmonic
components of the motion.
Two successive differentiations of the expressxon (23) with
respect to the time give the acceleration

(e ]
V= § = — w? Y n?4, sin nw(t — 3,) (24)

n=1
which occurs in the equations (21) and (22). According to the
above-mentioned principle of superposition the total wave-field
of the point-charge is composed linearly of the individual
summands of the series (24). Thus, according to classical electro-
dynamics, due account being taken of the approximations here
applied, the spectrum that we may expect of point-charges in
periodic motion should consist of a line of greatest wave-length w,
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and the associated harmonic vibrations 2w, 3w, . . . If the
motion of the charges generating the field is multiply periodic
(various fundamental frequencies in various co-ordinate direc-
tions), there also occur along with the fundamental and harmonic
frequencies the combination frequencies which arise from the
linear superposition of different harmonic frequencies. If we
pass from the angular frequencies in radians per second to the

usual frequencies (vibrations per second), v = Ew—, the most
w

general expression for the frequency of a combination vibration is

v=nw + nwy + . .. (25)

. . . .2
where the n;’s are whole numbers. Taking into consideration
the relations (174) we may write this expression in the fefm

YH YH
v = nls—[—l + 11257; + ... (26)

According to (22) the intensity belonging to the nth harmonic
is to be set proportional to (n24,)%. Observation through a
polarizer would then allow the full intensity of this radiation
to be perceived if the plane of polarization had the position given
above (parallel to the magnetic vector). For the sequel we shall
find it expedient to specify the ** components of intensity ”’ of the
radiation, that is, thosc intensities S,V and S,® of the nth har-
monic, which are obscrved in the polarization apparatus at two
definitc azimuths perpehdicular to each other. For this purpose
we must insert for § that component of the acceleration vector
of the point-charge which is normal to the plane of polarization.
If we designate the Fourier coefficients of these components by
A,M and A4,@ then, according to (22) and (24), we have

S0 ~ (n24,1)2
S, ~ Enz An(z)gz} (27)

This relation will be used later in calculating the intensities
of spectral lines according to Heisenberg and Schrédinger. We
have yet to mention that the word *‘ component * is here to be
understood simultaneously in the double sense of *vector
component,” that is, projection on a given direction of polariza-
tion, and secondly as a “ Fourier-component,” that is, as that
part which belongs to a definite partial vibration. Further, it
must be observed that the factor of proportionality in (27) also
contains, according to (22), the square of the electric charge of
the vibrating corpuscles. The quantity ev that occurs in (22)
represents the second derivative with respect to the time of the
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electric moment of the corpuscle with reference to the centre of
vibration. The components of intensity of the field of radiation
are therefore proportional to the squares of the second differential
coefficients with respect to the time of the component under
consideration of the electric moment of the charged corpuscles.

We next apply formula (27) to the radiation which, according
to classical electrodynamics, should be emitted by an electron
that executes an elliptic orbit. The corresponding Fourier
expansions are given by the equations (20). The following
table gives the components of intensity that should be observed
according to theory, if the model is observed along the three
co-ordinate axes :

LY
Direct:gn of Polarized Character of the Plane of
Observaiton, adiation. Polarization. Components of Intensity.

X linearly polarized zX S5~ (n%aV1 — &B,)*
Y ” » Yz Sp? ~ (n%ad,)?

- . = 231/ 1 «- €B,)?
z elliptically polarized — {g " ~ EZ”Z:I/:) - €Ba)

Since according to classical theory the eccentricity of the
orbit is subject to no restrictions it can also have the value zero.
In that case A, = B, and the radiation emitted in the Z-direction
would be circularly polarized.

5. Criticism of the Preceding Reflections

The approximate calculation of the classical theory, which
we have just outlined, would thus lead to a spectrum that would
consist of the lines with the frequencies v, 2v, 3v . . ., which would
therefore be equidistant in the scale of frequencies, and whose
components of intensity for different directions of observation
and different azimuths of polarization would be given by the
above table. The second part of the calculations sketched out
above, in which with the help of Hertz's formule the field of
radiation is worked out from the given components of motion
of the electron, is sufficiently exact; on the other hand, the
calculation of the orbit of the electron itself implies that
something has been neglected in that the equations of
motion (12) with the energy function (9) involve only the electro-
static attraction of the nucleus, whereas the electrodynamic
reaction of the field of radiation on the electron itself was not
taken into account. This reaction, moreover, causes secular
disturbances in the motion which, although they are hardly
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appreciable in intervals of time of the order of magnitude of the
period of revolution of the electron, yet play an appreciable part
in the times required for practical observation. For the radiation
continually takes energy from the system, with the result that
the electron continually approaches the nucleus in a sort of spiral
orbit, the frequency of revolution in conformity with Kepler’s
third law becoming increasingly greater as the diameter of the
orbit decreases. Corresponding to this the field of radiation
above defined, having fixed fundamental and harmonic fre-
quencies, will subsist only for very short intervals of time, of the
order of magnitude of a few periods of revolution. In the length
of time required to observe a spectral line the orbital diameter,
and hence the frequency of revolution, would on the other hanli
change so rapidly that in place of each line a broad band skeding
off towards the violet would be emitted. The result, according
to classical electrodynamics, would thus be as follows. A super-
snapshot (time of exposure being about 10723 sec.) of the spect-
rum of a Rutherford model of the hydrogen atom would have
to show lines equidistant on the scale of frequencies ; a *“ time "
exposure would, on the other hand, give a continuous spectrum.
The hydrogen spectrum actually observed is, as we know,
quite different. It contains series of sharp lines which are not
spaced at equal distances in the scale of frequencies but accum-
ulate at the short wave end of each series. It would be possible
to regard the hydrogen spectrum as derived from a system of
harmonic vibrations by a sort of stereographic projection which
transforms the point at infinity to a point finitely distant.



CHAPTER II1
BOHR'S THEORY

6. The Existence of Stationary States. Frequency
Condition

1HE arguments in the preceding sections show that the nuclear
model and electrodynamics together lead to definitely false results
so far as spectra are concerned. Now whereas the older attempts
to find a theoretical interpretation of the hydrogen spectrum
betrayed the desire to retain the electrodynamic ideds, and to
adapt the atomic model to correspond with the spectrum (J. J.
Thomson), Bohr decided in favour of Rutherford’s nuclear model
and, taking his stand on the older quantum assumptions of Planck
and Einstein, disregarded the electrodynamic view-point alto-
gether. The fundamental postulates of his theory are so well
known that we need do no more than recall them in a few brief
words. .

Existence of stationary states of the atom.—There are a series
of stationary orbits with discrete energy wvalues, in which
the electrons travel without emitting radiation (radiationless
orbits) ; for the radiation of the electron in the hydrogen atom,
in particular, the energy assumption (9) holds exactly cxcept
for the relativity correction for mass in motion.

Frequency condition.—In the transition from one state of
energy E, to another of energy £, monochromatic radiation is
emitted or absorbed, as the case may be, and its frequency is
given by

1

v(nm) = —;L(Eﬂ — Eqn). (28)

The fact, established long ago by spectroscopists, that the
frequencies of the lines of the series allow themselves to be repre-
sented as the differences of two members of series of speciral
terms, here receives an easily pictured interpretation since the
spectral terms represent nothing other than the energy values
of the individual stationary states divided by Planck’s constant k.

14



THE CORRESPONDENCE PRINCIPLE 18

7. The Correspondence Principle

The rules of the quantum theory for calculating the frequencies
and intensities of the spectral lines are to be such that in the
limiting case of long wave-lengths (large quantum numbers)
they merge into those of classical electrodynamics. The fulfil-
ment of this postulate with regard to frequencies leads, if we use
equation (28) for periodic and conditionally periodic motion, to
the quantum conditions for stationary orbits that are given in the
next section. With regard to the application of the correspond-
ence principle to the components of intensity, it must be remarked
that so far as questions of intensity are concerned this principle
cannot relate to the radiation from a single atom, for the radi®-
tion emitted in a single act of emission causes the removal #f the
energy hv in conformity with (28). What is actually observed
is, indeed, not the radiation of a single atom but that of a great
number of atoms. Hence the correspondence principle restricts
itself to ap assertion of a statistical character. It gives us points
of attack for dealing with the probabilities of transition between the
individual stationary states. The intensities of the individu.aklines
in the spectrum of a luminous gas are, according to the quantum
theory, equal to the product of the energy hv of a single light
quantum (photon) with the number of emitted quanta of tke
frequency in question. But this number is equal to the number
of actual transitions cxecuted. On the other hand, according to
classical electrodynamics, thg intensity components of the indi-
vidual lines depend in accordance with (27) on the harmonic com-
ponents of the motion. Bohr had shown that with the use of the
quantum conditions to be given in § 8 the following relation holds.
If » and m are two integers, which are large compared with their
difference p = n — m, the frequency of the radiation emitted
in the transition between the mth and the nth state is approxi-
mately equal to that of the pth harmonic of the radiation that
the electron would generate according to classical electrodynamics
in revolving in one of these paths. The application of this corre-
spondence, which holds with regard to frequencies, to the inten-
sities yields, after what has been said, the following result. The
relative frequency with which transitions occur (transition fre-
quencies) between the mth and the nth orbit, depends on the
pth harmonic component of the motion of the electron in one
of these orbits. The nature of the functional dependence is
given by (27), in which the index # is to be replaced by the index
p. In particular the complete absence of certain harmonics in
the motion of the electron allows us to infer that the correspond-
ing transitions will not pccur. In this way the correspondence
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principle has been intensified so as to yield selection rules and
has proved itself an excellent guide for understanding certain
peculiarities of spectra. Special mention must be made of the
occurrence of ‘‘ forbidden " transitions in cases where the atom
is perturbed by an external field, and which could be explained
by supposing the action of the field to change the form of the
orbit in such a way that harmonic components of the motion
which were absent before are now able to assert themselves.
Nevertheless, there is a certain element of uncertainty in the
assertions of the correspondence principle. A quantum transition
or switch, as it is often called, involves two orbits, the initial
and the final orbit. Of which of these two paths do the harmonic
domponents determine the transition probabllxtlesP In default
of al.~unambiguous answer to this question attempts have been
made to overcome the difficulty by taking a mean of the initial
and the final orbits so as to get a value for these quantities.*
The need for a more precise formulation, however, remained,
and has now actually been met by the newer forms of the
quantum theory proposed by Heisenberg and Schrodinger,

8. The Quantum Conditions

The central problem in Bohr’s form of the quantum theory
is the fixing of the electronic orbits (quantum orbits) correspond-
ing to stationary states of the atom. In those systems whose
motion calculated on classical mechanics is periodic or condition-
ally periodic definite conditions result for the stationary orbits
if we apply the postulate, expressed in the correspondence
principle, that for large quantum numbers the radiation, cal-
culated according to the quantum theory by (28), is to be the same
as that which is to be expected according to classical electro-
dynamics. To find these quantum conditions we follow on the
dynamical reflections given in § 3. We imagine the equations of
the mechanical system integrated by the introduction of angle
and action variables. In the case of a conditionally periodic
motion a definite orbit has a definite system of action variables
I, which remain constant during the whole motion, in accordance
with (15) and (16). The values of the I,’s themselves depend
on the initial conditions of the problem: according to the
classical theory they should be able to have arbitrary values.
On the quantum theory, however, only a discontinuum (discrete
series) of orbits is able to exist. Corresponding with this the
action variables I, will also be capable of assuming only discrete

*H. A. Kramers ‘“ Dissertation, Kgl. Danske Videnk. Selsk. Skrifter,
Naturvidensk.,” Afd. 8, Raekke III, 3, 287, 1919.
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values. It can easily be shown that the correspondence principle
is satisfied if we assume for these discrete values that

in which the #,’s are positive integers, which we call the qguantum
numbers of the state in question. For we imagine, in agreement
with the ideas of Bohr's theory, that the system performs a
transition from the state given by the quantum numbers m,,
my, Mg . . . to another with the quantum numbers #,, n,, . . .,
in which process all the differences m; — 7, are to be small com-
pared with the values of the quantum numbers themselves.
According to the frequency condition (28) radiation is emitted

during this transition, and its frequency is given by N4
YH 0H
hv—AE—AH—D—]lAII-i—D—-IzAIz—{-.. . (30)
On account of Al, = (m; — ny)h this equation becomes
" H 2H
v = S—I—l(m1 —ny) + -b—i;(m2 —ny) + ...

This expression * is now identical with the most general expres-
sion (26) for the radiation that is to be expected according to the
classical theory. (Concerning the coefficients 7, that there occur,
it was only assumed that they were whole numbers; that is why
we can here identify them at onge with the differences m; — n,
that now occur.)

Through the assumption (29) for the quantum conditions of
the stationary states the postulate of the correspondence principle
is satisfied so far as the radiation frequencies are concerned.

The quantum conditions (29) may also be expressed in the
older form given by Sommerfeld and Wilson,

§pkqu = nh (20a)

in which, however, the choice of the co-ordinates g, and p; are
subject to certain definite conditions (separation variables).
Hence, according to Bohr the calculation of a spectrum is to
be effected in the following steps. The energy expression H(p, q)
and the equations of motion (12) for the atomic model in question
must first be set up. Action variables must be introduced, and’
stationary orbits must be selected according to (29). The energy-

* The expression of AH in terms of a Taylor series, which ceases after the
linear terms, is permissible only on the assumption made above, namely,
that the differences m; — #; are small compared with the quantum numbers
themselves.



18 BOHR’S THEORY

values of the individual orbits are then calculated and, from
them, by means of (28), the frequency of the lines emitted in the
transitions are obtained. The intensities are estimated by har-
monic analysis of the forms of motion of the stationary states.

9. The Achievements of Bohr’s Theory

The application of the quantum conditions (29) to the atomic
model of hydrogen, whose motions are given by using (12) in
conjunction with (9), leads, as we know, to the result that the
energy-values of the individual stationary orbits are inversely
oroportional to the squares of the quantum numbers #. We
heae

2mimet 1
E,,=——E2— - (31)
From this we get, by using the frequency condition (28), the well-
known Balmer series formula -

I I

v = R(5=50), (32)
which not only has the correct form required by experimental
results but also gives the correct numerical value of the Rydberg
constant R, evaluated from the mass and charge of the electron
and the radiation constant 4. Another consequence is that all
the finer deviations of the valuedfrom those of the energy assump-
tion (9) are correctly reproduced in the observed spectra. By
taking into account the fact that the nuclear mass is not infinitely
great but that rather the nucleus and the electron revolve about
the common centre of gravity, we get a quantitatively correct
value for the difference between the hydrogen spectrum and that
of ionized helium. If further we add to the energy assumption
(9) the potential energy of an clectric field, we get the character-
istic resolution of the lines which are observed in the Stark
effect, and so forth. We make emphatic reference to these well-
known facts in order to point out clearly that the application of
the fundamental mechanical equations (12) to the calculation
of the stationary states is justified without doubt in the cases
here given. A reform of the theory of the hydrogen spectra
can therefore relate only to the pictorial interpretation of the
events discussed (stationary orbits, quantum switches and so
forth). The functional relationships between the observed
spectral frequencies and the fields that excite them are given
absolutely accurately by applying the fundamental mechanical
equations in conjunction with the frequency condition (28), so
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that every new theory will with advantage take its stand on these
very relationships. This, it is true, holds only for systems with
one electron (hydrogen, ionized helium and approximately also
for the alkalies and the Rontgenspectra), whereas the attempts
at an exact treatment of the simplest of systems having more
than one electron, such as neutral helium, led to crass contra-
dictions with experiment. The results of the calculations always
came out as if the motion of an electron in a static field (for ex-
ample, in that of the nucleus plus that of, say, an externally
superposed field such as in the Stark effect) were described
perfectly accurately by the fundamental mechanical equations,
whereas these equations fail even in the simple case of describing
the motion of an electron under the influence of the nlyxs
and a second electron revolving round it. .

This failure was to be anticipated from the very outset in
view of the fundamental ideas of the Bohr theory. /A_gg_Q_:ding
to these ideas an electron pursuing an orbit in an atom and
exposed to a field of radiation excited from without remains
undisturbed in its stationary orbit until it is raised through
the absorption of a quantum to a higher quantum orbit. Thus
it responds to the action of the alternating field in a manner quite
different from that of classical theory. And so it was not to
be expected that it would react to the alternating field of a
second electron, moving in the same atomic configuration,
according to the prescripts of classical electrodynamics and
mechanics. Thus the theory of stationary states had already
reached the limits of its possible achievements at this point.
On the other hand, the frequency condition (28) seems to be of
universal importance,



CHAPTER 1V

HEISENBERG'S QUANTUM MECHANICS

In spite of the new and strange character of Heisenberg’s quantum
mechanics and its mathematical apparatus we may nevertheless
reyard it as a rational product of reflections based on Bohr's
Corfe.pondence Principle. Although, as we have shown in the
preceding section, we have been able, by means of semi-exact
considerations in the sense of the Correspondence Principle,
to draw inferences from the mechanics of the system in question
—some of which were even far-reaching—we have nevertheless
had to admit to ourselves that this method of describing the
processes involved contained, apart from its incompleteness
and ambiguity, too many superfluous ‘‘ wheels,” so to speak,
to furnish a final trustworthy basis for atomic physics: its
failure in practice strengthened this view. We shall illustrate
these shortcomings for a special case, inasmuch as historically
it led directly to Heisenberg's new quantum mechanics.

The treatment of the dispersion, phenomena of any arbitrary
atom, such as the sodium atom if we wish to take a concrete
instance, offered Bohr's theory a characteristic difficulty which
could not be overcome by semi-mechanical explanations. It-
is known that the dispersive properties of a linear harmonic
oscillator, or of any other mechanical system which can execute
vibrations, are characterized by the appearance of the character-
istic denominator

C

2 __ 2
Vo v

Here C is a constant which represents the response of a mechanical
system to an incident wave of frequency v, while v, represents
the frequency of the orbital motion of the irradiated mechanical
system. If we apply these formule to Bohr atoms we find that
the dispersion equations contain the orbital frequency but not
the line-frequencies which, emitted according to the Frequency
Condition, are in no way connected with the orbital frequencies.
The orbital and the line-frequencies coincide or agree very
approximately only in the special case of harmonic oscillators
20
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or for very large quantum numbers. Now, experiment shows
that the dispersion of Bohr atoms can be represented excellently
by means of the above classical formula so long as we replace the
orbital frequency v, by the transition frequency v,,.*

In some respects this behaviour is not surprising, since the
application of quantum-theory reasoning to non-closed systems
in the sense of the original form of Bohr’s theory hardly seemed
possible; for all ‘“ quantum conditions " rested on the existence
of an energy integral and the possibility of obtaining action
variables by means of the corresponding phase-integrals. On
the other hand, this example shows clearly that it is not possible
to make progress with ‘‘semi-conservative '’ methods ; ra:?r,
we must follow Heisenberg and regard the good agre~#fent
which occurs in the case of closed systems as a sort of ** accident.”
So, to set up a theory that would be applicable really generally
we should certainly have to introduce far more definite departures
from the concepts of classical mechanics than those exemplified,
say, in the supplementary quantum conditions.

This conclusion was not entirely negative. The Correspond-
ence Principle suggests to us to make the formal structure of the
new theory conform as closely as possible with that of Bohr's
theory, which had proved its value up to a certain point, and
so to take over the above-mentioned ‘‘ accidental '’ agreement
into the foundation of the new theory. In this connexion we
can do no more here than to refer to a note by Kramers 3?2
in which, for the special case of dispersion, certain formal
generalizations led to the classical theory of dispersion being
satisfactorily translated into the quantum theory. But even
so it was necessary to take an independent decisive step to arrive
at the new quantum mechanics of Heisenberg.

10. The Fundamental Ideas of Heisenberg’s Theory

In setting up his new quantum theory Heisenberg was
guided essentially by the following considerations. In the ap-
plication that had so far been made of mechanics to atomic
theory the macroscopic quantities, position, orbit, momentum,
and so forth, had been used. Yet, so far as the theory of spectra
was concerned, these concepts were of no account for the final
result. In spectroscopy we deal only with energy-levels, whose
differences indicate the frequencies, and with the intensity and
polarization of the different spectral lines. The circumstance
that the material particles also have, say, mechanical co-ordinates,

* Cf., for example, the dispersion of sodium.
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position, momentum, and so forth, does not arise for the final
results. Hence economy of thought leads us to try and
formulate the theory in such a way that at any rate no super-
fluous kinematical and mechanical quantities enter into the
discussion of the spectroscopic phenomena that are being
treated, but only those physically observable quantities which
interest us at the end of the calculations. Of course, this does
not relieve the theory of the responsibility of formulating the
precise connexion between these quantities and the macroscopic
quantities of space, time, orbit, and so forth, but this is a second
problem. The fact that such an elimination of the quantities
that are irrelevant in this respect would have its purpose is
sho%a particularly well by the example of the dispersion formula
above-mentioned, into which the irrelevant orbital frequencies
intrude undesirably instead of the line-frequencies. On the other
hand, the Correspondence Principle shows that the quantities
that are characteristic for the frequency, intensity and polariza-
tion must be sought in forms which are analogous to nmrechanical
and kinematical quantities.

This is the sense in which we must interpret Heisenberg's
assertion that he wishes to take up into his new quantum
mechanics only quantities which, * in principle, are observable.”
This is not to mean that we are not in the position to determine
the position of an electron or its impulse and so forth. This
question is in itself very complicated. In Ch. X we shall discuss
exhaustively the problems connected with it. Heisenberg’s
point of view is, rather, that the concepts of mechanics and
kinematics are unnecessary in the framework of Bohr's original
spectral theory and must be replaced by a general formal scheme.

11. The New Kinematics *

Following directly on Heisenberg’s original investigation by
considering the special case of a system of one degree of freedom,
we shall show how the classical mechanical quantities are to be
translated into quantum-mechanical quantities. As we know,
the motion of a system bounded in space may be represented
as a function of the time by a Fourier series of the form

+ .
x = 3 C,(F)errimin,
)

* We shall refrain here from giving an account which is based on inde-
})endent axioms. Some of the laws which are specially postulated in the sequel
olfow completely or in part from assumptions that have already been made,
but it seems to us to be more important here to give a clear picture of the
important features than to present an axiomatic structure which is compact
as possible,
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Here the Fourier coefficients C, are functions of the action vari-
ables . The motion is singly periodic, but in general the period
depends on the action variables, that is, on the integration
constants. The different frequencies

Tv(®, 2.0 ...t (...

are harmonically related to one another. We can regard each
frequency as a function of two whole numbers ¥, %, so long as
we quantize according to

F = nh.

In the classical case the one variable 7 always occurs as a
multiplicative factor

v(r, n) = Tv(n).

For great quantum numbers the application of the Corre-
spondence Principle has shown that the quantum-mechanical
frequency that belongs to the transition » — n — r agrees very
approximately with the rth harmonic. Hence according to
the quantum theory for great quantum numbers vibrations
occur which can be characterized symbolically by the expression

A(n’ 0w — ,T)emev(n, n— ‘r)t.

The significance of this expression, which will be explained in
detail later, consists in the fact that it contains all the determining
clements that come into question for characterizing the radiation,
namely, the frequency (in tite exponential) and an amplitude-
factor A which when more closely defined is to furnish a measure
for the intensity and polarization of the radiation.

The most important point is the difference between the
classical and the quantum-mechanical frequencies. For, while
the classical frequencies are always harmonic, the relation

vim,m—o)+vin—o,n—oc—r1)=v(n,n—o—r)

(Ritz’s Principle of Combination) holds for the quantum-mechan-
ical frequencies; this relation gives harmonic overtones only
in the case of great quantum numbers.

The decisive difference between the classical and the quantum-
mechanical method of description consists in the following.
In the classical theory there is sense in representing the ‘‘ motion ”
of the mechanical system by means of a sum of different terms
in the Fourier series. Moreover, according to the classical theory
all frequencies are emitted simultaneously with the relative
intensities given by the Fourier coefficients. On the other hand,
according to the quantum theory only one frequency is to be
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allocated to every elementary process. Although the Fourier
coefficients of the classical vibrations are still of importance in
view of the Correspondence Principle, they now only make as-
sertions about relative frequencies of occurrence of the many
elementary processes that constitute a manifold, in other words,
we are dealing with a system of statistics. Accordingly it would
be meaningless to form a sum of the quantum-mechanical quan-
tities
A(n, n — 7)etrivmn—1t,

Every quantum-mechanical quantity corresponds to an ele-
mentary process which has a definite frequency, intensity and
olarization. The problem of quantum mechanics consists in
H\r}l‘ing laws which will enable us to calculate for every given
‘“ mechanical model ”’ the quantum-mechanical quantities char-
acteristic of each elementary process.

Thus in the quantum mechanics of a system of one degree
of freedom each quantum-mechanical quantity ¢ has a two-
dimensional discrete manifold allocated to it which may be
depicted most conveniently in the form of a scheme :

a6t ape®™t
amezm'v“l a22321rivggt . .
.......... a. ez’rivnnt
At . L.

Schemes of this kind have long been known in the theory of
determinants. They are called quadratic matrices. In particular
the matrices which are to be considered here are called infinite
maitrices, since even in Bohr's theory the number of quantum
states are infinitely great. We denote the matrix q by the
abbreviated symbol (g,m).

Since a Fourier’s series of the form

+
f(t) — ): Cre2m‘rv¢,
—

whose coefficients C, are in general complex, represent a real
quantity only if
C.=C.,

(where C} denotes the complex quantity conjugate to C;) we
likewise postulate, in order to maintain correspondence, that in
the case of the matrices the relation

Inm = 9% mn
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must hold, and hence that

Vam = — Vmnp,

Cpm = Q% .
A matrix which satisfies this condition is called a Hermitean
matrix.

12. Calculations with Matrices

Matrices represent a type of hyper-complex numbers. Just
as, for example, the realm of real numbers has been extended
to that of complex numbers by introducing certain calculations
with imaginary numbers which for the special case of real numbers
merge into the well-known rules of arithmetic, so also for matriges
we must agree upon certain rules if we are to be able to op.iate
with them. These rules of calculation can in many cases be
endowed with a direct physical meaning.

(@) Equality of Matrices

Two matrices f and g are called equal if each element f,,
of the one matrix is equal to the corresponding matrix-element
gnm of the other:

fnm = Znm. (33)
This is analogous to the statement that two complex numbers
are equal to each other only if the real and imaginary parts of
the one are respectively equal to the real and imaginary part of
the other. This statement Has also a physical foundation, since
every matrix-element f,,, is allocated to an elementary physical
process and has no direct concern with any other elementary
process.

(b) Addition and Subtraction of Matrices

The matrix h = f 4 g stands for the matrix whose elements
hum satisfy the relation

Bom = fam £ Enm.
(¢) Multiplication of Matrices

To illustrate this process we first refer to the rules for multiply-
ing Fourier series. If two quantities f(t) and g(t) are given in
the form of Fourier series thus :

4+ 00 .
f (t) = —Z';OC 1e2m'ry¢

4o i
g(t) = X D™
- ®
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then their product, f(¢)g(t) = h(f) is given by the expression
h(t) = Y7 YoC D,e*m™,

In this expression we always have

f(0g() = g(Of(1) ;
that is, the commutative law holds. Further, it must be
observed that the frequencies of the quantity A(f) agree with
the frequencies of the functions f and g, respectively. This
is necessary physically since othertise different physical quan-
tities would exhibit different periodicities.

We analogously define the matrix h(f) = f(¢)g(t) as that
m;&rix whose elements %, satisfy the relation

hnm = %‘fnkgkm (34)

This definition is familiar to us from the theory of determinants.
It is here shown that the product of two determinants defined
by the matrizes f and g is equal to the determinant defined by
the matrix h as determined by the law given just above for Z,y,.

But there is an essential difference in this case compared with
the classical theory. For whereas in the classical theory we

always had
fe =g,

fg =+ gf.

Thus, in general, multiplication is not commutative in quanium
mechanics. The difference

herc in general

fg — gf
is called the commutator or multiplication difference of f and g.
In this definition we find Bohr’s frequency condition entering
as an essential element. For we obtain as the frequencies of
the matrix h terms of the form .

Vnk T Vim = Vpm.

But these are already contained in the old frequencies, so long
as the relation
Vol + Vim = Vam

holds. Bohr's frequency condition or Ritz’s Combination Prin-
ciple, respectively, expresses that all the physical quantities of a
mechanical system are described by a single group of frequencies.

The idea of a diagonal matrix is in many ways useful for the
sequel. This term denotes a matrix for which all the elements
in which the index » has a different value from the index m
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are zero, so that only the diagonal elements # = m remain. If,
in particular, all the elements of the diagonal matrix are equal
to I, the matrix is called a unit matrix. It is characterized by
the fact that if it is multiplied by an arbitrary matrix f, the
matrix f again results.

(d) Division of Matrices

The division of matrices may be defined very simply with the
help of the multiplication rule. For this purpose we need only
introduce the concept of the reciprocal of a matrix. If the
product of two matrices f and g yields the unit matrix 1, then
we say that f is the reciprocal of g. It is easily seen that thep
the relation a

fg=gt=1
also holds, that is a matrix can always be commutated with
its reciprocal.* The reciprocal of f is symbolically denoted by
f-1. We now take the quotient f: g as simply standing for the
expression

f:g=1f.g.

(e) Differentiation with respect to the Time

The differentiation of a matrix with respect to a pure number
is carried out fully analogously to the process used in the
mathematics of commutativg quantities. We take the matrix
‘%ft—z g to stand for the matrix whose components are given by

the relation

_ Ofam
Eam = 7‘ (35)

On account of Bohr's Frequency Condition, which always allows
us to represent f,, in the form

Fam = G2 am,
we may also write the new matrix g in the form

Enm = 2TWmfum. (350)

This last expression may also be represented in another way.
To do this we introduce a diagonal matrix W  and form the

matrix product
(Wt — IW).

* We shall not deal here with the complicated mathematical question as
to whether a reciprocal exists at all.
t In the case of a diagonal matrix it is sufficient to give on¢ index.
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Applying the multiplication rule and the definition of a diagonal
matrix we get

(Wf - fW)n'm = (Wn - Wm) nms

If we now set

W—W,,
Vam = -~ )
h
we have
df 27

Q;s allows us to state the following theorem. Differentiating
a™matrix with respect to ¢ is equivalent to forming the multi-
plication difference of this matrix and that which, according
to Bohr's frequency condition, determines the frequency.

Hence the momentum of classical mechanics mX is represented
by a matrix py which is connected with the co-ordinate matrix
X by the relation
o m2mi
ok

Px (Wx — xW).

(f) Differentiation of a Matrix with respect to another Matrix

By means of the rules so far given we have defined what
is to be conveyed by the function of a matrix f(q), so far as this
functional sign only implies a succession of elementary arith-
metical operations. Thus, expressed briefly, we may treat any
function capable of being represented as a power series in the
form of a matrix. We define the process of differentiating a
df(q)

matrix, g by means of the equation

af(q) _ ., Ha+«1) — tq)
o

dq o—> 0

(37)

Here 1 stands for the unit matrix. This definition of differ-

entiation produces in the case of all simple functions the relations

which are well known from the ordinary differential calculus.
For example, we get

ax? . (x4 al)? — x?
—_ = ljm ——— =
dx >0 *®
2 24 . w2
_ limx + 20X + ¥ — X = 2, -

«—>0J *®



THE COMMUTATION LAW 29

or, in general,
ax® .
Ix = (374)

In the same way the following rule for the differentiation of a
product also holds :

d _df ag
but we must observe that, in general,

ﬁ—l(fg) + L%(gf)-

13. The Commutation Law

The matrix q can be commutated with every matrix which
is only a function of q. But besides the co-ordinate matrix we
also have the momentum matrix. As yet we know nothing
of the possibility of commutating the co-ordinate matrix with
the momentum matrix. We now agree to decide that the follow-
ing relation must hold for them :

h
Pq—ap=—.1. (38)
Here & is for the present a constant which has been introduced
for dimensional reasons, its dimensions being cm.? grm. sec.™™.
We shall find later that it is Mentical with the constant which
enters into the frequency condition, namely, with Planck’s con-
stant.

As the reason for introducing this relation we merely state
here, without giving the details of calculation, that for high
guantum numbers it merges into the quantum condition of the
old Bohr theory :

Et;pdq — k.

It is justified otherwise only by its success. With the help of
the commutation law we can yet derive another form of the
definition given above for the differentiation of matrices. For
every function f(p, q) which can be represented by means of
power series the two following relations hold :

oA  2m

ok (fq — af),

) { 27

Sy = et — ).

(39)
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We prove this relationship by means of mathematical induction.
If it is assumed to hold for two functions g and h, then it also holds
for the sum and product of the two functions. The fact that it
holds for the sum needs no further proof. To show that it holds
for the product we proceed as follows :

_ g, b
bp(gh) ot T 8ap

- Z’L‘[(gq — qg)h + g(hq — qh)]

27

= —-[(gh)g — q(gh)],

and an analogous result holds for the differentiation with respect
to q.

Now the two relations for ¢ and p hold in view of the vahdlty
of the commutation rule. Hence they hold generally.

14. The Mechanical Equations of Motion

A mechanical system is characterized in the classical theory
by its Hamiltonian function H(p, ¢q). We take the expression
for Hamilton’s function over into quantum mechanics, but we
now regard the quantity / as a matrix H which is itself a function
of the matrices p and ¢.*

The equations of motion then run:

dp__H
dt _?6’
dq (40)
T = + __.

These equations of motion are explained unambiguously by the
rules of calculation given above. The following fundamental
law is a consequence of them : if the quantity H is not an explicit
function of the time t, H is a diagonal matrix. To prove this
theorem we first transform the equations of motion. On account
of (36) and (39) we now have

d 3 YH
2 2 wp — pw) = — 35 = Z(rip — )
(W— H)p = p(W — H). (41)

* Difficulties which may occur in certain Hamiltonian functions which
have the form pgq, say, in classical theory, are treated by Born, Heisenberg
and Jordan (18a).
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Similarly,
d 2 °H )
@ = 7 (Wa— qW) = 3 = Z(Hq — qB),
(W — H)q = (W — H). (42)

Thus the quantity W — H can be commutated with p and q,
and therefore with every function f(p, q). Hence we also have

d 27
(W —H) ==- [W(W—H) — (W HW]
—~ — ™WH - HW) = — fH—D. (43)

K]
Thus H is a diagonal matrix, and, moreover, on account of (41)
it is identical with the diagonal matrix W that was introduced
earlier,

The Integration of the Quantum-mechanical Equation of Motion

The matrices p and q or functions of them are determined
as follows. We form the two cquations of motion which hold
for each matrix-element ; these are in reality, then, an infinite
system of equations with an infinite number of unknowns. We
next make use of the commutation relation. If we are then
successful in finding matrices p and q which satisfy this system
of equations together with thg commutation relation, the quantum-
mechanical problem is solved. From these matrices p and q
we form Hamilton’s function H(p, ). On account of (41) and
(42) this becomes a diagonal matrix :

Huym = HuSpm,
H=W, (44)
and the difference of the diagonal elements H, — H,, gives us
the frequency vy, = &_—h&n associated with the transition

n—> m.

When we have formed the Hamiltonian function in co-ordinates
which correspond to the Cartesian co-ordinates and momenta
of the classical theory we can then also derive expressions for
the intensity of a line. For this purpose Heisenberg, by ap-
propriately generalizing the classical expressions (24) and (27), sets
the intensity of the line allocated to the transition # — m pro-
portional to the expression

(Epm)?
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For high quantum numbers this relation is in agreement with
the Correspondence Principle and refines it for the region of small
quantum numbers.

15. Systems with Several Degrees of Freedom

A system with several degrees of freedom is characterized
by the co-ordinates gy, s, . . . ¢, and the momenta py, p,, . . . Py
together with the Hamiltonian function H(g;, p,). When trans-
lated into the matrix form the whole treatment is fully analogous,
the only difference being that the commutative properties become
changed. '

« At the outset we are fully ignorant of the nature of the com-
mutation of

¢ with g,
that is, %m — Ay,
or of q with  p,,
that is, q:Prn — PmQy,
or of pi with  pp,
that is, PP — PmPi-

We are helped by the following hypothesis, which is in agreement
with the quantum conditions of the original Bohr theory :

Qn — qng: = O, (45)
PP — PmPr = O,h (46)
Pidn — qnD: =‘ﬁ1 Sim (47)

Om=1forl=m; 8, =0if | &= m.)

This hypothesis is evidently justified since at least in those
cases where the Hamiltonian function can be separated, the
motions in the individual degrees of freedom occur independently
of one another, so that we cannot here expect definite com-
mutation relations to hold. Apart from formal completeness
practical success is here again ultimately the surest support for
the generalized commutation rule.*

16. Survey of the Matrix Method

The mechanical quantities become replaced by matrix-ele-
ments which are characteristic of the properties of a spectral line
which has been assigned to an elementary process. The form
of the Hamiltonian function is taken over unchanged into matrix

* The formulation (47) is also suggested by some important correspond-
ence considerations.
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mechanics. An essentially new datum appears with the com-
mutation relation between the co-ordinates and the momenta.
The calculation of the matrices q and p is then performed by
combining the infinite system of equations (40) with the
commutation relation (38) and calculating from them the
individual matrix-elements p,,, and ¢,,. If with these matrix-
elements we then form the Hamiltonian function H, this is a
diagonal matrix. The diagonal members of Hamilton’s function
become identical with the individual energy-levels of the atom
and the frequency v, which is associated with two levels,
is calculated with the help of the frequency condition, which
has been taken over unchanged. With certain restrictions the
quantities ¢, then give a measure of the intensity of the line
emitted during the transition # — m.

When applied in practice the matrix method often fails
except in quite simple cases owing to the impossibility of solv-
ing the systems of equations (40) and (38) with their infinite
number of equations and unknowns. This is where Schrodinger’s
wave-mechanics has been able to play a helping part.

The Achievements of Quantum Mechanics

We shall comment on the successful results of quantum
mechanics at this early stage although the more flexible method
of proper functions (cf. Ch. I¥) serves much more conveniently
for deriving them. In all cases where the original theory of
Bohr was confirmed by experiment the results of the new theory
agree with those of the old theory, but in addition it overcomes
a great number of difficulties which the original theory could not
conquer. In the first place, it automatically yields half-integral
quantum numbers, which had previously presented consider-
able difficulties, particularly in the case of molecular spectra.
In the same way the theory of the anomalous Zeeman effect
with all its details results from it, for example, those which occur
in the transition to the normal triplet, as caused by a Paschen-
Back effect. The difficulties in dispersion theory mentioned at
the beginning of this section are removed by means of the new
quantum mechanics in agreement with the formula of Kramers
which was based on the Correspondence Principle. A particularly
valuable feature, which speaks for the logical consistency of
the theory, is that several supplementary decrees (Verbote)
which had to be invoked to impose restrictions on quantum
states allowed by the older theory (pendulum orbits and adiabatic
invariance) now disappear. The fact that with the help of the
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new theory we are able to deal successfully with many-body prob-
lems by making certain refinements, will be shown in Ch. IX.
Finally, in questions of intensity we are no longer dependent
on the unsatisfactory qualitative statements of the Correspond-
ence Principle. Rather, as mentioned above, the quantities
(%,m)? give an exact measure of the intensity of the associated
spectral lines.

In this connexion we shall only briefly mention aperiodic
phenomena which may be treated much more simply with the
help of Schrédinger’s theory. We shall discuss a number of
questions which link up with this subject in later sections.

Perhaps the most surprising factor in the new quantum
tnechanics consists in the following. Heisenberg gives up entirely
the idea of mechanically interpreting atomic processes in space
and time. The whole calculation is adapted to determining
certain optical data. On the other hand, the Hamiltonian function
and the whole formal structure is taken over from mechanies
and the individual relationships are arranged in such a way that
agreement with macroscopic mechanics is established for high
quantum numbers. This apparent paradox has become elimin-
ated in the later development of the theory in the following
manner (see Ch. X). Itis by no means necessary to restrict
ourselves to optical data. We can equally well describe purely
mechanical data, such as position, momentum of an electron and
so forth, but we cannot intelligently talk simultaneously of the
energy and the position of an electron in an atom. We call at-
tention to the new interpretation discussed in detail in the last
chapter merely in order to remove the feeling of dissatisfaction
which the theory necessarily calls up in its present stage of
development,



CHAPTER V
THE MATERIAL WAVES OF DE BROGLIE

17. The Allocation of a Vibration Frequency to
the Electron

A vEAR before the first paper of Heisenberg’s on quantum
mechanics appeared an attack on the problem of matter had been
made from quite another quarter by Louis de Broglie.2* His
arguments had their origin in a certain paradox that occurs
when we seek to bring the laws of light-corpuscles and of the
motion of elementary particles under one heading. The energy
of a light-corpuscle is, according to the fundamental postulate
of the quantum theory, Av; the energy of a material particle
at rest is given by uc? according to the theory of relativity, where
w is the mass and ¢ denotes the velocity of light. Many experi-
mental facts, particularly that of the pressure of light, had taught
us that inertia is a property of radiation, and, more recently,
the Compton effect had shown quite clearly that the laws of
mechanics hold for collisions of electrons and light-corpuscles,
the mass hv/c? being ascribed to each light-corpuscle. This fact
suggested to de Broglie to proceed conversely and to allocate
to the material elementary particles, such as electrons and
protons, a vibration frequency v such that the relation

hy = pc? (48)

holds. For example, we might, as a first step, imagine the electron
to be a very minute kind of oscillator, which vibrates with the
frequency

v = uc?/h = 1-29 . 10%° sec.”L,

It soon becomes manifest, however, that this method of connecting
light-corpuscles and electrons would be in contradiction to the
theory of relativity. The numerical value of the frequency v
just given has been chosen so that the relation (48) holds in a
system of reference K in which the electron is at rest. Let us
now consider the event from the point of view of a system of
reference K’', with regard to which the electron moves with the
velocity v rectilinearly and uniformly. According to the well-

35
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known law of the theory of relativity, which asserts that the
rate of clocks and of all regularly periodic events is slower when
regarded from the moving system of reference, we should have
in K’

2
v o= V\/ I— %. (49)

On the other hand, however, the relativity theory also states
that the mass and energy of the particle must appear greater
when regarded from the moving system, that is

Iz 2\7—_1)_2' (50)
=2

c?

Thus we see that the relation (48) would lose its validity in
the moving system of reference, and this would conflict with
the principle of relativity. This simple discussion would doubt-
less be regarded by many physicists as a proof that the alloca-
tion of a vibration event to a material particle is impossible and
senseless. De Broglie did not, however, allow himself to be
daunted by this negative result but applied himself to removing
the apparent contradiction. His efforts brought to light very
remarkable relationships. For it became evident that the
equation (48)loses its validity in the moving system of reference
only if, as was done above, the vibration event in the electron
is regarded as strictly localized. It is therefore not permissible
to imagine the electron as an oscillator of sub-atomic dimensions.
On the other hand, we can arrive at a transformation formula
for the frequencies », which agrees with the equation (50) for
the change of mass, if we replace the picture of the oscillator
restricted to electronic dimensions by a vibration event extended
in space. We shall divide the next part of our argument into
two steps.

18. First Step: the Phase-Waves

We first ascribe a vibration of unlimited extent to a material
particle of mass p at rest in a system of reference XK. Regarded
from the point of view of K let the phase of the vibration depend
only on the time and not on the place. In other words, let all
points of our vibrating * something " always be in the same phase
at the same time (as, for example, the points of a rigid rod that
is being moved up and down periodically). Thus if we designate
our vibrating quantity, about whose physical character we make
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no assertions whatsoever, by i, then the vibration event may
be represented by the expression

Y(t) = A4 sin 2mit. (51)

We next postulate that the fundamental relation (48) holds in
all systems moving uniformly and rectilinearly with respect to
K, and thus also in a system K’ moving with the velocity v in
the direction of the negative X-axis. Then, on account of (50)
the frequency observed from K’ must be given by *

’ 14

v = \/;.—:—_g (52)

Further, if we denote by ¢’ the time measured in the system of
reference K’, then on account of the Lorentz-Einstein transform-
ation for the time we have

t= ———(r - 5. (53)

From (52) and (53) we get
(), 5

Thus, regarded from K’', thewibration event is givén by

7

Y, t') = A sin 2m/’ <t’ - ”—C’;)

(55)
Hence the vibration event, when regarded from K’', no longer
oceurs synchronously at all points ; rather, it represents a wave,
which travels in the direction of the X-axis. This is at the same
time the direction in which our material particle moves with
respect to the observer, since we assumed above that K’ moves
with respect to K, and hence also with respect to the particle,
in the direction of the negative X-axis. If we call the phase-
velocity of the particle v, then such a wave can be represented
by the expression

’

A sin 21rv'(t’ - ’-‘u—) (56)

* The transformation formula (52) appears to contradict (49). But we
must bear in mind that the two equations refer to different events. In (49)
we were concerned with the frequencies of revolution of an individual clock
localized at one point; in (52), on the other hand, we are dealing with the
frequencies of an event extended in space,—with a wave.
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" from which we get by comparison with (55)

w="5. (57)

v
De Broglie has introduced the expression ‘‘ phase-waves ”’ (ondes
de phase) for the waves representing the point-mass: this ex-
pression actually tells us nothing new since every vibration event
manifests changing phases. But as the physical character of
the quantity ¢ has been left quite open and as it plays no part
in the first part of our discussion, the lack of expression in the
term phase-wave is fully appropriate at this juncture. The more
striking term ‘‘ material waves "’ which is now often used may
give rise to misunderstanding, for what actually vibrates is
certainly not matter.

Result of the first step.—We may assign to a material particle
(such as an electron) a vibration event extended in space and
having the frequency » such that the relation (48) is valid in all
systems moving uniformly and rectilinearly with respect to the
particle. Corresponding to a particle moving with the velocity
v there is a wave travelling in the direction of motion of the
particle whose phase-velocity is given by # = ¢2/v. The object
in view, namely that of ascribing a frequency to a material
particle, has been achieved in this first step, but at the price of
losing almost all the other characteristics of a corpuscle ; in place
of the space-time localization we ngw have a spatially unlimited
vibration event. An assertion such as ‘‘ the point-mass is
situated at a given time at a given place’ becomes devoid of
meaning in the relationships just given.

19. Second Step: the Wave-Groups

The complete absence of localization of corpuscles just
mentioned may be rectified by allotting to a particle not a mono-
chromatic vibration of fixed frequency » but, instead, a narrow
spectral interval, say the frequency band between v and v 4+ Aw.
For if we imagine v in (52) to be replaced by the phase-velocity
u with the help of (57), we obtain a law of dispersion: every
frequency has a different but quite definite phase-velocity of its
own. Now if instead of a monochromatic wave a frequency-
band of vibrations passes through a dispersive medium, then
according to well-known laws of classical wave-kinematics the
following phenomenon presents itself. The partial vibrations
of the frequency-band which lie close together will in general
weaken one another by interference, and only at one place will
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a region of maximum amplitudes arise, a so-called wave-group,
in which the major part of the total energy of the frequency-
band is concentrated (Fig. 2).* This wave-group moves on with
a velocity which is in general quite different from the phase-
velocity v. It is called the group-velocity g. It is related to the
phase-velocity in the following way 1 :

@)

Z - (58)

If we make use of the relations between v, # and v given by
equations (55) and (53) we get from this that ’

g=u. (59)

/\U[\VI\VAV[\ \\/f\v,\V/\V/\VAV/\V/\V,_C
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FiG. 2.—A wave-group.
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So the velocity v with which the material particle allocated to
the vibration event moves is nothing other than the group-
velocity of the wave-group. We might therefore identify the
moving particle with a travelling wave-group, which belongs to

a narrow spectral region of mean frequency v = ,u%. The wave-
length of the phase-waves comes out as

2

= i (60)

N
me 7%

u
1 4

(SRR

* This figure has been taken from F. Flamm, see reference (11).

t See, for example, de Broglie, *“ An Introduction to the Study of Wave
Mechanics,”” p. 44 (transl. by H. T. Flint), Messrs. Methuen & Co. Ltd. A
still more detailed treatment is given by Sommerfeld, ‘* Wave Mechanics.”
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For electrons which move with a velocity about one quarter
of that of light this gives a wave-length of roughly 107° cm.*
The relationship between the wave-length and the momentum G
of the particle is given by

v w h
G=yv=ﬁv=a=/~\. (61)

So far the only noteworthy feature about the preceding argument
is the fact that we have encountered the equation v = c®[u
twice; firstly as that relation between particle-velocity and phase-
velocity which enables us to ascribe an invariant frequency to
a material particle; secondly, as the expression for the group-
velocity of the wave-group. The circumstances which imbue
these speculations with a certain physical truth present them-
selves subsequently in the light of the facts now to be enumerated.

20. The Optical-Mechanical Analogy

According to Fermat’s Principle the path of a ray of light
between two given points is such that less time is taken in
traversing the actual path than in traversing any other path. If
we call the differential of the path ds and the wave-velocity %, then

B

J‘%s = a minimum. (62)
A

Now the motion of a material point takes place according to
the Principle of Least Action given in § 3 in such a way that
the path integral of its velocity is a minimum, thus

B
jfw ds = a minimum. ) (11)
p: |

If we make use of (61) we see that (11) assumes the form of (62).
So the conception of phase-waves allows us to reduce the funda-
mental principles of wave propagation to those of the motion
of material particles, or vice versa.

* These waves are, of course, not to be confused with Réntgen rays of the
same wave-length, for the phase-velocity of the material waves (phase-waves)
is greater than that of light. In passing we may remark that this circumstance
does not conflict with the law of the theory of relativity which states that no
effect can be propagated with a velocity greater than that of light. For the
transmission of the phase of a wave of infinite extent does not represent a
transference of energy. The energy of the wave-group is transported with
the group-velocity v, which is less than c.
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21. The Interpretation of Bohr’s Quantum
Conditions

The conception of phase-waves further makes it possible
to form a convincing picture for interpreting Bohr's quantum
conditions for the circular orbits of the hydrogen atom. The
general quantum conditions (294) give in the special case of
circular orbits

§p¢ d¢ = 2mruv = nh. (63)

Here 7 denotes the orbital radius. By using the relation (61)
for the wave-length of the phase-waves (63) becomes

277 = nA. (64)

The circular orbits allowed by the quantum conditions are thus
distinguished by the fact that their circumferences are integral
multiples of the wave-length of the phase-waves assigned to the
revolving electrons.

22. The Occurrence of Interference Phenomena
in the Case of Electrons

Quite independently of the purely theoretical considerations
of de Broglie certain recent experimental researches have given
rise to the suspicion that under certain circumstances cathode
rays which have hitherto been regarded as purely corpuscular
rays, also assume the character of a wave-radiation. In this
connexion we must mention above all the important experi-
ments of Davisson and Germer.2! They allowed a small pencil
of electrons to fall on a nickel crystal and then determined by
measurement how the intensity of the rays reflected in different
directions depended on the velocity of the electrons. Certain
maxima occur which may be interpreted, similarly to those that
occur in the interferences of Roéntgen rays in the case of Laue’s
and Bragg’s experiments, as a diffraction phenomenon of wave-
radiation at the space-lattice of the crystal. A knowledge of
the angles of reflection and the lattice constant enable us to
calculate, by a well-known method, the wave-length of the radi-
ation. It was found that the apparent wave-length of the
electron-radiation is inversely proportional to its velocity, as is
required by the formula (60) of de Broglie's theory.

A phenomenon which dates back further than that of the



42 THE MATERIAL WAVES OF DE BROGLIE

reflection of electrons by crystals was discovered almost simul-
taneously * by Ramsauer 2 (method of circular electronic beams),
and Townsend and Bailey (diffusion method), and consists essen-
tially in the fact that atoms offer less resistance to electrons of
low velocity (of the order of one volt, that is, 5:95 . 107 cms. /sec.)
than to electrons moving with higher speeds. In the case of the
inert gases this decrease of the effective cross-section of the
atoms is particularly marked. There appears to be a definite
low velocity of the electrons for which each type of atom has
a definite minimum } cross-section. It is possible to consider
this phenomenon, too, as a diffraction effect of the phase-waves
of the electrons.

Finally, we may mention that the conception of material
waves has been made use of by Einstein (23) in dealing with the
statistics of the ideal gas, but a discussion of these interesting
ideas would lead us too far here. s

28. The Conception of Phase-Waves as a Guide
to Wave-Mechanics

The interpretation of the quantum conditions as an integral
relation entering into the phase-waves, which was given in § 21,
tended to inspire the hope that with the help of the concept of
waves it would be possible to arrive at an understanding of
quantum conditions by a less artificial route than before. The
discontinuous element introduced+into atomic physics by the
quantum conditions (29) does not harmonize well with the
remaining ideas, according to which the atom is to be regarded
as a sort of planetary system. The singling out of a discrete
series of orbits, the traversing of the electronic paths without
the emission of radiation, these are features which have been
impressed somewhat violently on the otherwise classical picture
of the electron. On the other hand, the occurrence of discrete
values for the frequencies is quite familiar and natural even
within the framework of classical physics, namely, in vibration
problems of elastic continua. In the case of vibrating