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PRELIMINARY CHAPTED.

Lo shew that of ¢ = B, then
v -

_B Z__la-l-waﬁ—l-;zy
= o4 my 4+ nx

Let cach of the given fiactions =X, we shall have

a = Ar,
B:)‘.% (1)
'y:)\Z;

and, multiplying these cquations by 7, m, n, respeetively, and
aua rrowe get

la+ mB 4 ny = Nr 4 Amy 4 Anz
= ANle 4+ my 4 1z);

X — la+ mp 4+ ny
T e 4 my 4 nz

Examples of the theorem here proved occur in Arts 20, 23, 25,
31, 34, 54, ete.

=§=
Y

whence,

SRS
0

Bl
1o shew that +f L ; then
x Yy 3
a _ é _ 7 _ <Z,B'y+ mya -+ mB)% )
Ty oz \lyz 4oy



xvi PRELIMINARY CHATTER.
Multiptying equations (i) two and two together, we get
By = Nz,
ya = Nz, (1)
aB = Nuy;
and mul\tiplymg these by 7, m, n, respectively, and adding we have
IBy + mya + naR = A*lyz + Nwmzw + Noxy

= N(lyz + mzr 4 nay)
Therefore

a

- _ B _
z Y

X = (lﬁ-y + mya + na6>}s
T \lyz + mze 4 nry

ST

The reader will find instances of the application of this theorem
1 Ar‘s. 40, 45, ete

0.

10 shew that if

Q'Tb

i =Y. then
z %

B

—_— - =

¥

0 |

<la“’ + mp? + n;ﬂ)%
A= - .
I 4 my* + na?

g R

Squaring equations (1), we have

a2 — )\2.%'2,
B = Ny, (i)
')/2 — X222;

and multiplying these respectively by /, m, », and adding, we get
la® + niB® 4 ny® = N2? 4+ Nmy® 4 NP
= N(l® + my? + nz?).
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Hence,

«

£ 2

_B_v_ \ — la® + mB® + ny’\3
y (l.cl + mp* 4 7’y2> '

This theorem is employed 1n Art. 5.

DI

The aiscriminant of the quadrie
A+ B4+ CY¥ 4+ 2DBy+ 2 Eya+ 2FaB

[denoted hereafter by ¢(a, 8, y),] or the condition that it should
be 1csolvable into lLinear factors, is obtained (Art.147) by the
elimimation of a, 3, y between the equations

@)= (@)=> (&)=
1e : between
Aa+ FB 4 Ity = 0,
a4 B3+ Dy =0,
Fat DB+ (y = 0.

It is, therc.ore,

A, I F
r, B, D
E D C

= 0. (1V)

The determinant which forms the left-hand member of eq .ation
(iv) occurs frequently in the course of the present work. It is
convenient, therefore, to have some abbreviation for it. Ve
shall denote it by A, and whercver this symbol is employed (see
Arts. 138, 144, 146, 162, .tc.) *he above meaning is to be

attached to it.
The abbreviation (4, B, C') in which only the Jiagonal consti-
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tuents wre given is sometuncs (Art 167) used to represent the
same determinant

The first nunors of this determimant [viz. the determinants, with
proper signs, which we cobtain by cancelling successively the
column and 10w to which the several constituents .1, B, C, D, I, I'
are common ], are also of frequent occurrence * these, therefore, it
wi'l be convenient to denote by .1, 55, ¢, I}, E’, I, respectively
so that

B, D , A, IJ

— Y — ).. — /’ — —_— Al (v___ . —_— )/’
D, ¢ nCc—1 1 rD L 1D =1
A, E rn

=(Cl—-L=1, = D — ) = I,
i ¢ Cl— K V)] E D I'D— BF )
% ) D

’ =AB— 1=, - =DE— (1" =1I"

I n (7 “, I, C D1

The value of A may be expressed mn terms of these miors as
follows ; —
A=A+ I'l" 4+ EL",
A=Fr 4+ b8+ DD,
A=FKES DD 4+ CC
An instance of the use of this notation will be seca in At 138,

If a determinant be of the form

ay + by by 4 my, o+
ag 4 by by 4y, 3 + my
as 4 b, by + my, oy + ny

or (ay + L, by+ my, ¢y 4 ny), each constituent being the sum of
two others, the detetminant 15 equal to the sum of all the deter-
minants which can be formed by taking for each column one of
the paitial columns of the cciresponding column of the origmal
determinant, that 1s to say,
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(a4 0, by myy e+ 1)) = (ay by ¢3) + (aymgey) + (@y050,,
4+ (aymyng) 4 (1 bye)) 4 (bym, cy)
4+ (4 bony) 4 (1) imgny).

An application of this property will be found 1 Art. 167,

E.
The bordered determinant
A, F, E L 0, I, m,n'
F B, D, I, A, IV I
or
E D, O, n ! Lo, BB D
|4 omy n, 0 n, I, D, ¢ i
will be denoted by A™
It becomes, on expansion,
ly my m l, my, n by m, n !
— 1 F,BD 4+m d FFE —n A R,
V&, D, C vl D, () 1B, D
that 1s,
I, I I I A, F f ly .1, I
— Uy By D\ miom, I, D | —n s 1B E
] n, D, C ' n, &, C | n, F, ])l
o1,
'l“ £ ¢ ? 4r n A Fl n t
— — f— l — Y
Z)(J Ll F B KD n — cte

o1, 1if we employ the notatica 2xplained n (D),

— (A4 Bal 4 04 2Dmn + 2L 0l 4 2FIn)
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The expression within the brackets, from its similarity in form to
the quadric ¢(q, B, y), will be denoted by ¢(/, m, »); we shall
have, therefcre,

A, F, E, 1

F’ B’ -D’ m IAm ’

ED Cn | =& ="¢bmn)
' l, m, n,.0

Il

If ¢(a, B, y) represent the geneial quadrie, as i section (D) of
this chapter; then

(o)t ()t (g =)o (30) o+ (&)

For,

(E)er+ ()t ()= (4o + Fs + By
+(Fa + BB + Dy)B,
+(Za + DB + Cy)y,

= (da+ FB, + Fy)a
+(Za, + BB, + Dy))B
+(Za + DB+ Op)y-

=(@)er @)e+ (@)



TRILINEAR CO-ORDINATES.

CITAPTER 1L

EXPLANATION OF T1IIE MEIIIOD. THE STRAIGHT LINE,

1. Twr position of a pomt in Tiilinear Co-ordinates 1s given by
means of 1ts perpendicular distances fiom thiee fixed stiaight hnes
which do not meet m a pomnt  In accordance with the usual Tri-
gonometiical notation, .1, 77, C'aic employed to denote the angles
of this triangle of 1efeience, and «, b, ¢ the sides which respectively
subtend them , the area of the titangle being 1epresented by S.

The perpendicular distances of any point from the thice sides
arc called the co-c*dinates of the pomt, and are denoted by the
Gieck letters & B, y, and the pomnt itself, for the sake of bievity,

28 ~ 28 28
by (a, B, 7). Thus <—a—: 0, 0), [\Os 5 0), (0, 0, —c—)’ and (0,
?sm C, ? gin ])’), (é sin C, J, ésmA), <_o sin B3, “sin A, O), repre-
2 2 2 2 2 2

sent 1espectively the thiee vertices of the tilangle of reference,
and the middle pownts of the opposite sides

2. It is necessary, as in the Cartesian system, to lay down some
rule for the inteipretation of signs; the position of a point depend-
ing upon the sign, nd less than upon the numerical value of its
co-ordinates. The direction of a perpendicular is indicated by thn
one, as 1ts absolute length is by the other  Thus, a and —a refer
to points which are equidistant from the side BC, but which lie
on opposite sides of that line.

It 1s customary to 1cgard the a- co-oidinate of any point P as
positive or negatwe, according as the vertex 4 and the point P lie

B



2 TRILINEAR CO-ORDINATES,

on the svme or on opposite tides of BC, the sign of the 8- and
y- co-ordinates being determined mm a similar manner. If the

Fig 1

/I/ P‘z (dnlgv')'z)‘

° C\"'Ps @ B, 7s)-
,3:\

point lic on the side B, 1t is obvious that its a- co-ordinate will
be = 0. And sumilarly for points which lie on either of the other
two sides.

Thus then the co-ordinates (ay, B,y) of any pomnt Py, witlen
the triangle of reference, are all positive; whilst in the figure 7,
has on¢ (viz. the B- co-ordmnate), and 2% two (viz. the B- and y-
co-ordinatcs) negative.

3. Bearing in mind this convention with regard .o .igns, the
student will have no difficulty in proving for himself that ¢ke co-
ordinates of any pownt (a, B, y) satisfy the relation

aa 4 b8+ cy = 28. (1)

For if the point (a, B,y), whatever 1ts position, be joined to
the vertices of the triangle of reference, 1t will be seen at once
that the algebraical sum of the triangulur arcas represented by

1 1
%aa, 3 b8, 507 is always equal to th~ iea of the triangle 4 BC.

4. By means of the relation (1) any trilinear expression n.ay be



THE STRAIGHT LINE. 3

rendered homogencous, or raised to any 1equued order. For, since

aa+ b8+ ¢y,

o5 18 equal to unity, we can, without alter-

g the value of the expression, multiply any term by such a power
of 1t as may be necessary to raise 1t to the given Aimensions.
Thus the equation

G+ IB+y)+ =0
may be wiitten in the homogeneons foim
1876 4 28H(aa + B8 + )6 + 7) + #* (ca + 18 + ey)* = 0,

and the linear expression

the quantity

la+ mB + ny

1eplaced by the equivalent quadiic
1
55 (@@ 88 + ey)(la + mB + ny),
1
or 5 { ald®+ b + eny*+ (bn+-cm) By~ (cl+an)ya+ (am+-bl)ap }

5. The relation of Art 3 1s.also useful 1if 1t 18 requured to deter-
mine the co-ordinates of a point, when then 1atios only ae given
Instances of 1ts being so employed will be met with in the present
chapter (A1ts. 20, 23, 25).

6. The foregoing account of the method will suffice for the in-

terpretation of the following simple forms of trilinear equations.
(1.) a=0 represents the locus of points the perpendicula

distances of which from BC are = 0. This being true only o”

pomnts which lic on that line of reference, a =0 must be the

equation of BC Similarly =0, y =0, are the equatic 1s of
the sides C4 and A respectively.

Hence the thiee lines of reference are sometimes convenient'y
denoted by the letteis a, 8, y; and their points of intersection by
(B), (va), (aB).

(11 ) Again a=1 (a constant) is the equation of a straight
line parallel to BC, at a distance 4 from 1t; for it 18 true only
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of poi.ts which lie on such a line. TIn the same way 8= a con-
stant, y= a constant, represent straight lines parallel to C4. 45
respectively.

(iii.) The equation B—y =0, or B =1, is tiue only for points
which are equidistant from CA4, 4B, the perpendiculais upon
those sides being either both posiive or both negative; whereas
B 4 ~ =0 is the cquation of the lo~us of points whose distances
from the same two sides are equal but of opposite sign. Ilence
B—y=0,B+4 y=0 are resnectively the equations of the in-
ternal and external biscetors of the angle at A, and the equa-
tion 8?—+* = 0 represents this pair of bisectors
Similaily 3*—a* = 0, *—B° = 0 represent the internal and ex-

ternal bisectors of the angles at A and C.

(1v ) By—da®*=01s the equation of the locus of pomnts such
that the squares of their perpendicular distances fiom one of
the sides of the tiiangle of reference are equal to the pro-
ducts of their distances fiom the other two sides. The nature
of this locus will be determined hereafter (Art 216. (2).).

7. On the general equation of a struight line.

Let PQR be any stiaight line, passing thiough the fixed poimnt
Fig 2

72 B

E(ay, By 7o), and making with the sides of the triangle of reference
the acute angles 6, ¢, .
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Take F(a,B,y) any other point on the line and let the perpen-
dicuiars a, ay be drawn. Then, if » be the distance betwcen the
two points, we shall have

a—a=HIG
= rsin 6,
and, therefore,
a— ay=—rsinf.

In the same way, we get
B— By =rsing,
Y — yo=rsiny.
Hence,

a—q 23—/30:7“‘70
—smé  sm¢ si

=Zir (2)

18 the equation of the strawght line wn terms of the co-ordinates of
a fired pont on 1t, and the acute angles which 1t makes with the sides
of the lr1angly of reference.

The lower sign mnst be taken with 7 1f (a, 8, y) be on the other
side of %, as at 1"

8. It will be observed that the denominators of (2) have not all
the same sign . the reader will do well to remember the following
rule with respect to them.

One of the segments QR, P, I’Q of the line always subtends
(as dnes NP in the above figwe) the supplement of the correspond-
ing vertical angle, instead of the angle 1tself, and 1t will be found
that in all cases those membeis of the equation have their deno-
minators of the same sign which coriespond to segments that ar~
in this respect similar.

Thus the lines maiked (1), (2) in the annexed figure have their
equations respcctively of the forms

a—ay __ B — B — Y — Yo
smf  —sing sy

and a—d_ B=F _r—n
sin 6 sln ¢ —sin
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Fig 3.

We have given this form of the equation of the right line, be-
cause, owing to the simplicity of the angles involved, 1t 1s more
easily written down in particular cases than the form which we
now proceed to give, and which, on account of its greater sym-
metry, we shall hereafter employ.

9. Let £, F, as before, be the points (ay, By o), (a, B, ) respec-
tively, and ZF = r.

Fig 4.

Let a,, by, ¢, be the angles whica the line EF makes witl the
perpendiculars from any internal point, as (ay, By, v,); the angles
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~

being measured in one and the sam: direction (namely in that in
which we pass from q, to B), from B, to y,, and from v, to a,), as
indicated by the dotted lines 1n the figure.

We shall then have

sin = cos @y, sin ¢ = cos(¢,—m) =—cos b, siny =—cos ¢, ;

and the equation of the last .irticle becomes, on changing 'he rign
of the whole

a—a /3—30_ Y — %Y
oS ¢, cos b, oS ¢,

=1t (3)

which is therefore the equation of the fraiqlt line mn terms of the
co-ordinates of a fixed pont on ¢ and what we shall in future call
the durection-cosines of the line.

These direction-cosines we shall occasionally denote bv A, p, v,
and the stiaight line 1tself by (A, , v), or by (cos a,, cos by, cos ¢,).

10 The student would do well, by employing a variety of
figures, to satisfy himself that the forms of the equation given in
the preceding Articles hold in all cases, whatever be the position
chosen for the line itself, or for the points (ay, By, ¥0), (a; B, ¥).

11. To shew that the equation of the right line may be written wn
the form
la-\-mB <4+ ny=0.
Let the diizction-cosines of the right line be A, p,»; and its
cqua‘ion-

a— 00_3—[30:‘)/“70.
A v
From these we get
py — vB = you — Bor
va — Ny = ag¥ — YA,
which give
(yh — agw)(py — vB) = (yor — Bo¥)(\y — va);

whence, multiplying out, div'ling by », and arranging the terms,
we get

(130” - ‘Yof*) a-+ (707\ - ao") 8-+ (“0}" — B\ ) y=0,
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i Bos Yo Yos Qo ay, .30\ —
p,va+ v,7\8+ |- y=0, (4)

an equation of the 1equired form. It may be wiitten in the form
of a determinant, thus:

or

a, 3,7

py By Yo
A, By v

= 0. (5)

12. 7o shew conicrsely that every equation of the form

la+mB4+ny=20

represents a «l)arght line
Take any point (ao By, 7o) as pole, and let the equations of the

radius vector fiom 1t to any pomnt (a, B,%) ¢n the locus of the
equation

latmB4ny=20 (6)
be a—%:B—B":y—w:ér. (M

A m v

‘We have fiom (7)

a"--“a0+7\r,
B=130+Pr)
Y =70+ vr;

and, substituting these values of a, 8,y 1 (6), we get

(IN 4 mp 4 m)r 4 (lag + mBy + ny,) = 0,
which can give only one value of » for each separate value of
(aos Bos y0)- or of (A, p, v).
Hence, no straight line can meet the locus in more than one
roint; the locus of (6) 1s therefore a stiaight line®.

13. Polar form of the general equation of the second degree.

The method of the preceding Article may be applied to the
general equation of the second degree,

d(a, B, y) = Aa®> + BB+ Cy* + 2DBy +- 2Eya + 2FaB = 0.

* It will be observed, moreover, that if (ay, By, 7,) be taken on the locus,
since in that case lay+mBy+ ny,=0, » will always = 0, except when IA + mu
+ nv =0 also, (which, as will shortly be scen, 18 the condition that the radius
vector should coincide 1n direction with the lecus), and then 1t 1s indeter-
minate.
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. For putting, as before,

a:ao+)\7‘,
B:{SO"‘"#"’
7=70+V7"

vre get, by Taylor’s Theorem,
d B\ (W),
Blaw B v) + | ( "’) A (a’ﬁ‘,)“_" (-) } 7

dyy
+ 1ot (G o+ (e (50) 2 (G )

. +2 ((l;l: (ctlao ) A+ 2 (d:i (f;ﬁo))‘l‘ } r*=0,
01, since 12(1)
( >= (d[-}0> 2p, (’d%)o___ 20,
dﬁ(i ‘l}'o> - (d‘yo da0> = 2L, (8{;}%) =27,
o)+ { (G + ()t () )+ 0,7 =

(8)
which is the polar form of the general equation of the second
degree, (ag, By, v0) being the pole, and A, g, », the direction-cosines
of the radius veetor.

14. As it vill be necessmy sometimes to distinguish between
the two fre~ of the equation of the straught line which have been
investigated in Arts. 8—11, we propose to call the former the
symmetrical and the latter the 7. . , ~» foom  The latter form
will be denoted by (7, m, n) = 0, or simply by (/,m,n), the former
as has been already stated, by (X, u, ») or (cosa, cosd, cose).
Examples will be found at the end of the work which will fami-
liarize the reader with the method of forming the symmetiica:

equations of a right line in particular cases.
15. To construct gecmelsially the tsa.qlt line whose equation s
gwen in the homoaencous form.

Suppose the given equation to be

la4mB+ ny =0,
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and, in order to find the cc-ordinates of the points P, Q, R, (see
fig. Art. 7) in which the locus intersects the sides of the trihngle
of reference, make a=0, 8 =0, y =0, successively. We get
(Prelim. chap. (4).), for P, @ and R respectively

a _ B _ 5 _ 28
0 n  —m  bn—em
a _ B _ vy _ 28
—n 0 T 1l T ed—an’
a _ B _ v _ 28
m —1 0 ~ am—bl

Hence these points may be obtained geometiically by diawing
parallels to the sides of the tiiangle of 1eference at distances
determined by the preceding equations. And, when any two of
the thiee pownts 2, @, B, are found, the position of the stiaight
line is known.

1C. If @ struwight Line pass 1hiongk the wntersection of two othes
slracght lines whose equations are

bha+ mB 4+ ny =0,
loa + mB 4+ ngy = 0,
1ts equation will be of the form

(lia + m\B 4+ nyy) — k(lua + myB + nyy) = 0,
k being an arbitrary constant
For the equation (7}, my, #,) — A{l;, mg, n;) = 0 (Art ' mvst re-
present some straight line, also, 1t 1s satisfied by those values of
a, B, y, which satisfy the equations (4, my, n,) = 0, (l, my, n;) = 0,
~imultaneously It theiefore represents a straight line which passes
through the point of mtersection of the lines (7,,my,n,), (Zy,m, n).

17. If the equations of three strmght Lines (1, my, n,), (&, mg, ng),
(ls, m3, n3) be such that the sum cf the left-hand members, when mult:-
pueed each by some constant, vanishes identically, these three straight
lines meet mn a point.

For suppose L,, Ly, L; to be certain multipliers, such that
Ly(ba+mB+ny)+ Ly(LatmoB-+nyy)+ Ly(lsa+m B+ ngy) = 0.
Then it is nfarifest that the co-ordinates of the intersection of any
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two of the thiee straight lines (sincc they satisfy simultaneously
the equations of that pair of stiaight lines,) will, by virtue of this
relation, also satisfy the equation of the third.

Hence any one of the threc given straight lines passes through
the ntersection of the other two.

18. In the following examples the given triangle is taker as the
triangle of reference, so that the equations of its sides are a =0,
B=0,v=0.

19 7o find the equations of the b.sectors of the angles of a triangle,
and to siw that they meet in a point.

The straight line which bisects the £ A of the triangle AR ('
may be regarded as the locus of points which are equidistant fiom
the two sides (.1 (8 = 0), .1B(y =0); its equation, thercfore, will
be B =1+, or

B—qy=0.
Simlaily, y—a=0, (9)
a—B=0,

are the equations of the bisectors of the angles B and C respect-
wely.

Also, since the left-hand members of (9), when added together,
are 1dentically cqual to zers, the condition of Art. 17 1s satisfied,
and the three bisectors meet 1n a point.

20. If (w0, 70) be the co-ordinates of this point, v/e shall have,
by equations (9)

28
ay =Py =17y, = o (Prelim, chap. (4).),
8

2s being the perimeter of the tiiangle.

21. By Art 16, the equation of a straight line which passes
througi the vertex . of the tiiangle of reference must be of the
form

3+ll‘)’=cy
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for it passes through the intr1section of the lines whose equations
ate 8=0,y=0. This 1s otherwise evident, since 1ts equation

2S
must be satisfied by the co-ordinates of 4, (i, 0, 0>-

Similarly, str.ight lines through ? and € will be represented by
equations of the forms

7+L2a= 0,
a4+ .yB=0,

respectively.

22. To find the equations of the bisectors of sides of the triangle
ABC, and to shew that they meet in a pont.

Let D be the middle point of BC. The equation of 4D, since

Fig §

it passes through the intersection of 8 = 0, y = 0, must (Art, 21)
e of the form

g — ]C‘y = 0. (11)
a. a . .
Also, since D), (0, 5 sin C’,Esmu’) 18 a point on the line, we have
from (11) ,
sin C —ksin P =0,

in s . .
and therefore A = Z_E—l—f’ and, substituting this value for £ in (11),
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we get for the equation of 4.D
smBB—sinCy=0.
Similaily, we find sin 'y —smn 4 a=0, (12)
and simnda—smBB=0,

for those of the other biscctors.

Also, since the sum of the teft-hand members of these equaticns
= 0 1dentically, the three biscetors of the sides of a triangle meet
m a poiat. (Ait. 17.)

23 This pomnt, which we shall denote by (ay, By, y0), 18 evidently
such that its co-o1dinates satisfy the 1clations

sin Aa, = sin 133, = s Cly,, (13)
or aay = bBy = ¢y,
whence, since aag + 0B, + ¢y, = 285(Art 3),
28

aao=bﬁ(,=cyo=? (14)

24. 1o find the equations of the perpendicalars let fall fiom the
ver tuces of the triangle A B C upon the opposite sides, and to shew that
they meet 1 a pont.

Fig 6.

Let p. represent the length of .40, the perpendicular from 4
on BC. The equation of 40 must (A1t 21) be of the foim

B — ty = 0; (15)
and, since D(0, pq cos C, p,cos B) is a point on the linc, we have

cos C —kcosB=0;
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whence, substituting for 4 1 (15), we get for the equation of 4D
cos BB —cos Cy=0.

Similarly, cos 'y — cos.4a=0, (16)
cos Aa—cosBB=0,

will be found to be the equations of the other perpendiculars.

Alsc, since the left-hand members of these equations, when added
together, vanish 1dentically, 1t follows that the three perpendiculars
from the veitices of any triangle upon 1is opposite sides meet in
a point. (Art. 17.)

25. If (ay, By 7o) be the co-ordinates of this point, we shall have,
as in Ait. 23,

cos Aay, = cos BB, = cos Cy,, (1)
and therefore, (Prelim. chap. (4).)

secA " secB secC  asecd + bsecB + c¢secC

ag Bo _ Yo __ 2Aq (18)

26. In the above instances the actual values of the co-ordinates
(agy Bos 70) have been deduced, but 1t 1s to be observed that these
are 1arely required in practice. For, as the tulincar equations,
when not homogeneous, may (A1t. 4) be easily rendered so, 1t 1s,
i general, sufficient for us to know the proportional values of the
co-ordinates of a point.

Thus, (cosec A, cosce B, cosec (),
(sec 4, sec B, sec()

see Eqq. 13, 17) may be used respectively for the co-ordinates
of the point of intersection of the bisectors of sides, and of that
of tl> perpendiculars from the vertices upon the sides which
subtend them.

So again, (1, 1, 1)
(cos 4, cos B, cos C)

may be taken instead of the co-ordinates of the inscribed and
circumscribed circles respectively.
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27. The equations of Aits 22 anu 24 are perhaps mo-e casily
obtained by the following geometiical method.

For the busectors of sides :—Let P{a,£,v) be any point on the
bisector .4.D.

Fig. 7.

Draw DB, DB” perpendicular to ('4, and DC’, DC” perpen-
dicular to 4 B.
Then, by similar triangles,

B_PB DB _DCsin(C_ sm(C
y  PC"T DO’ DBsmB~ smB’

whence smBB—smCy=0, ete.

For the perpendiculars from the angular ponts :—Let Pla, B, )
Fig 8

be any point on the peipendicular 40, and let the perpendicdlars
DB, DC, PB, P be drawn as before. We have }

B_ P _ DI _ ADcosC _ cos (',
y  PC" T DO~ ADcosB ™ cosB’

and cos BB —cos Cy = 0; ete.
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CITAPTER II.

TIHHE STRAICHT LINE CONTINUED. RELATIONS BETWEEN
THE CONSTANTS.

28. In the foregouing chapter (Arts 9—12) we have anived at
two forms of the cquation of a right line which have been named
respectively the symmets ccal and the JZomogoncons We proceed
now to investigate certain important 1clations which connect the
constants 1 these two fooms with cach other and with the clements

of the triangle of 1eference.

29 Fust, however, that needless 1epetition may be avoided, let
1t be remaiked, once for all, that the equations

— g — —
il Rl =, (19)
cos a, cos b, cos ¢,
and la + B+ ny=0, (20)

o1, more briefly, (cos a, cos by, cos ¢,) and (7, m,, n,), wall invariably
be emploved to r1epresent the seme stiaight ine. When the mnves-
tigation requires the mtioduction of another straight line, this
second line will be 1epresented by (cosa,, cosb,, cose,) or (&, my, n,),
or by both, according as 1t may be convenient to use either or both
of the two forms of the equation. Hence, wheiever a straight line
1s represented by (7, my, »,) = 0, 1t 1s assumed that ite direction-
cosines aie cos a;, cos by, cos ¢;, and so conversely.

30. The relations

sin (b, —¢,) =smn A, cos (b, —¢,) = —cos A,
sin (¢, —a,) = sin B, (21) cos (¢, —a) = —cos B, (22)
sin (@,—b,) =sm C J ) cos (@,—b,) = —cos

between the dueclion-auglis of any right line and the angles of the
triangle of reference, follow at once from the equations
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180" — A= b — e,
180° — B = ¢ --ay, (23)
180° 4+ C = —(a, — b)),

the truth of which appears from an inspection of the figure given
m Art 9.

31 To prove the relations

acosda, + bcosbh, 4+ ccosr; =0, (24)
asina, + bsmm b, + ¢sm ;= 0, (25)
{,cosa, + m,cos b+ n,cos¢; = 0 (26)

Equations (24) and (25) are easily obtammed by projecting the
triangle of reference upon the line (cos a;, cos by, cos ¢,), and upon
any other straight line cutting it at right angles. (See Art. 34)

To prove the last, take the equations (19) and (20), (Art. 29)
From the first of these we have

“—’“1_:3‘:/11_7"‘)’1

cosa, — cosbh T cosq

_ (hat 18+ npy) —(hay 081 +nym)
- {y cos dy 41y €08 by, cos ¢

» (Prelim. chap (A) )
But the nv»merator of the right-hand member vanishes by reason
of (20). Tence we must have also

[y cosa, + mycos b, + nycoscp=0;

w relation which always holds between the direction-cosines of @ riaht
line and the co-ijlicints of «ts 7+ ... equation,

32. To find the equation of the ‘1 7' lLine which passes thiuwuy’
the pownt (ay, By, y:) and makes an angle o with the raight line
(cos a,, cos b, cos ¢,).

Let (1) in the figure repiesent the given straight line, whosc
c
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Fig 9

@

ducction-angles are a,, 8, ¢,; and let (2) be the straight line
whose equation 18 required

Suppose the direction-angles of (2) to be ay s, ¢,, then, since it
passes thiough the given point, 1ts equation will be

a"'"l_B"‘31__‘V““Yl___
cosay ~ cosby, ~ cose,

(27)

Draw the co-ordinates of the point o1 intersection of (1)and (2),
then, fiom the geometry, we have

“e=o+a
Similarly by = o + b, (28)
«nd G=wo+ ¢
Henee (27) becomes
a—a __B—B _ y—y

cos(wtay) = cos(wt4y) ~ eos (at-) (29)

which is the required equation.

33, If o = —2"-', the straight lines (1) and (2) intersect each other
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at 1ight angles; and we have the following thcorem, of which
frequent use will hereafter be made,

If two slrawght Lines cut each other at righy angles in the powns
(ay, Buy y1), thewr equations are of the form

a—a, B—F y—mn

cosa, — vosb, — cose, " (30)
a—a B—f y—

1 = 1 — Y p2! = (31)
sin a, sin b, 81 e

In other words, the durection-cosines of two perpendicular right lines
are of the form (cosa, cos by, cos ¢;), (sin @, sin b, sin ¢,).

34. The result of the last Article affords us another proof of the
relations (24) and (25) of Art. 31. For, remembering that

aa+0B+4cy = 28 always, (Art. 3. (1))
we have from equation (30)

r=2"_"%9__ B— Bl 7_71

. cosd;  €os b cos ¢

(““+b5+0)’) — (""1+b/31+"71)
—  acosa;+bcosbi4ccose
28 —28 .
= a cor a;+4-b cos by+ccos e ’

(Prelim. chap (A).)

and, since the numerator vanishes, we must have always

acosd, + bcosd, + ccose; = 0.
The relation

asina, 4+ bsin b, + ¢sine, = 0
follows in a similar manner from cquation (31) of the preceding
Aiticle.

34. To prove the formule
sin%d4 = cos %, 4 ¢ s, 4 2 cos b, cos ¢, cos 4,
sin ®B = cos %¢; + cos ®a, + 2 cos ¢, cos a, cos B, (82)
and sin?C' = cos *¢; + cos %b; + 2 cos g, cos b, cos C.
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It was shewn (Art. 30) tlat sin 4 =sin(d,—¢). We have
therdfore

sin’4 = sin *(b;—¢))

= (1—-cos?b,) cos *¢; 5~ (1 — cos *¢)) cos b,
— 2 cos b, cos ¢y sin b, sin ¢

= cos *b, + cos?c, — 2 cos b, cos ¢; (— cos 4
— 208 b, cos ;) — 2 cos %b, cos %

Since (Art. 80), cos 4 =—cos(6; —¢,);
sin 4 = cos ®}, + cos’c, + 2 cos &, cos ¢; cos A.

The others follow by symmetry

35 To prove the following «ywwtivcal expressions for the area of
the tr.angle of reference.

4 8?
g = @cos A cos *a; + b cos B cos *b, + ¢ cos Ccos %c,, (33)
48?

— g, = acos b, cos ¢; 4+ b cos ¢, cos ¢, 4+ ¢ cos a, cos b;. (34)

By Art 34 we have
4 8 = b**sin’ A = b*c® {cos *b, + cos*c,+2 cos b, cos ¢, cos A }
= b%c?(cos %b,4cos ’c)) + be cos A { (b cos b, 4 c cos ¢;)’
— b*cos *b,—c* cos ’e } ;
or, since (Art. 31 (24)) bcosd +ccose, = —acosa,

© 4 8% =becos A(a*cos’a)) + e(c— bcos A) (5’ cos?b))
+ 5(b — ¢ cos A) (¢* cos %¢,)

= abe {a cos A cos *a,+b cos B cos *b,+¢ cos C cos %, }.
Again

4 8% = b’ sin A =0%" cos 2,4 b*c*cos®e, + 2b%* cosb, cos ¢, vos. |,
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o1, since bcosbh, = —(ccose,+acosay), ‘
ccos¢, = —(acos a,+ b cos b,),
and 2bccos A = b+ — 4,
4 8 = —bc® cos by(c cos ¢, +a cos a,) — b cos ¢, (acos a,+ beosd,)

+be(b®+c*—a?) cos b, cos ¢,

= —abc{acos b, cos c;+ b cos ¢, cos a,+¢ cos a, cos b, L.
1 1 1 1 1 1

36 The results of the last Article aic of use when it is required
to find a symmetrical expression for the distance between two
given points (A1rt. 44). They also give us the following symme-
lrical expresswons for the swnes of the angles of the triangle of
reference ;

sin’4  sin’B  sm?C  acosAdcos’a,+bcosBcos?h, -+ ccosCeos’e, (35)
« T T 7T abe

acosb,cosc,+ beose,cosa, 4+ ¢ cosa,cosb, (36)
abe

also, = —

37. Itis to be observed that, since (Art. 33) sina,, sin d,, sinc,,
are the dircction-cosines of some line, viz of some line perpen-
dicular to (cos @, cos b, cos ¢;,) the 1esults of the preceding Articles
remain true, if for the cosines of the direetion-angles we substitute
the corresponding sies. For obvious reasons this remark docs
not apply to formule which involve 7, m,, n,.

Hence, besides
l,cosa, + m, cos b, + n,cosc, =0,

we have the following relations in which X, p, », may be replaced
either by cosa;, cos d,, cosc,, or by the sines of the same ang'es;

ax + bp + cv =0,
p2 4 v 4 2uvcos 4 = sin’4,
¥ + A2+ 2yA cos B =sin’B,
AT+ w4 2apcos C =ssin °C,
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sin4  sin’B  sin’C 48 acos AN? 4 beos Bu® 4 ccos Ov®
@& — B T T dlET abe '

apv + bvx + C)\,.a.
- abe )

also =

38. By adding the two expressions involved in

482
e = acos AN + b cos Bu? + ¢ cos C?,

since, sin’s; 4+ cos’e, = 1, >te. = ete ; or those involved in

452
'—'a;sé:apu-}-bu}\—l-c?\p,

since (Art. 30. (22) ), cos (b,—¢,) = —cos 4, etc =cte.; we get
1n each case the expression

2

88
-é—b;--:acosA—i-bcosB-}-CCOSCa (37)

which is sometimes useful, and may assist the student in remem-
bering the more important formulee from whick it is derived®.

39. To write down the homoysnivns equation of a L line
whose symimciiical equations are gen.

Let the given equations be

a—a, B—~B, Y% .
=t (38)
and suppose
la +mB +ny=0 (39)
to be the homogeneous form of the equation of the same straight
line

Since (aq, By ¥o) 18 a point on the line, we shall have

lay + mBy + my, = 0;

* This formula is easily proved independ n‘ly; for the right-hand member
20%¢2 + 2c%* + 2a%h%— at — bt — 4 _ 8s(s—a) (s—0b) (s—c) 8&*
= 2abe - abe = abe
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also, (Art 31.(26)) I\ 4 mp 4 n» =0,

wheace, ! o om
530, Yo Yos aol o ag, Bo s ("10)
|y v 2% S BN b W
and (39) becomes
Bos Yo |‘Yo» ao ay, By —
w v a-+ 3+ A, y = 0. (41)

40 To find the direction-cosines of a s.raight line u hose equation
18 gwen wn the hounogenrous form.

Let lla + mlB + %yy = O
be the given equation: then, since (Art. 31. (24), (26).)

acosa, 4+ bcosh, + ccose, =0
and l,cosa, 4+ m,cosb, 4 n,cos¢; = 0,

we have, by cross-multiplication,

cosa, __ cosbh, __ cos €0 ¢y
b, ¢ ‘ ¢, a a,, b, |
LOCROW Ry O by my |

acosb, cosol 4+ bcosc,cosa, + ccosa, cosd,

2‘// e, @ a, b b, ¢ ()IC,
ny, A ’ l, ml LMy My, 7y |m,, ” ]n]’]
(Prelim, chap. (B))
_ 28
T abe N (i + mi 4+ 0f—2mn, cos A —2nyl, cos B—2/,my cos C)
(Art 35)
28 ,
(:2)

= abe {1, my, nl}’

if we denote by {/, m,, n,} the function of 7, m,, n,, for which it
has been substituted ®,
® In the same way the expres.ic.i
(W (a® + b + ¢« — 2be cos 4 — 2ca cos B — 2ab cos C)
will be represented by {a, , ¢ }
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t1. Tl e direction-cosines ot (/,, m,, n,) may obviously be written
in the somewhat more convenient form

cos a, _ cos b, _ cos ¢, _ 1
= =, =
sin B, s C| sin C, sin A4 sin A4, sin B {10, mym} (43)
wy, Ny n, 1 T, my

l

the same abbreviation being made.

42. 1o find the sines of the diection nugli< of @ straight line, when
uts equation 18 groen an the Lonoy o onos form.
By cquation (43) of the last Article, we have
., Lymyny *—(n, stn B—m, sin C)*
s -“a, = -
! {lb my, ny }2
1 . 2y, 2
It L1} + micos’C +nicos’B—2mn,(cos A

= {4,my,m
—sin Bsin C)—2n,/, cos B—2/,m, cos C]]

(1,—m, cos C—n, cos B)*
= 2 ’
{0, my, )
l,—m, cos C—n, cos B

T'herefore sing, = + ’
{6, my, )}

the values of sin b, sin¢, following by symmetry. Hence

sin a, sin b, sin ¢,
{,—myco8sC—nycos B~ my—n co8.4—{cosC ™ n,—I,cosB—m,cos4

1
- {ll’ my, nl}.

(+4)
2 10 shew that
Lisina, 4 m,sin b, + =, sin ¢, = {1, my, n,}.
Since I, cos a, + m, cosb, + n, cose, = 0 (Art. 31. (24).), we have

(hisinay+msmb, +nsine)> = (I, sin a, +m, s b, + », sin o)’

+ (ly cosa, +m, cosd, +n,cosc,),
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= I} + m, + n} 4+ 2mn, cos (b, — ¢))
-+ 2n,l,cos(e, —a,) + 20,m, cos(a,—b,)
= B4mi4-ni—2mn, cos A—2n,l, cos 3
—20lm, cos C

- :lu my, 7212}, (Art. 40 )
Hence

l,sina,+mysmb,4-n,sine, = {1, my, n, } (45)

44 To shew that
[,cos(w4-a)+m, cos (w+b,)+n,c08 (wtc¢)) = —{I, m,n, } sin w.
Expanding, we get
l,cos(w=+a,)+m, cos(w+b,)+n,cos(w+c,) = (/,cosa,4m, cosb,
~+7, €08 ¢;) COS

— (I, sin a; 4 m smd,
+n,8me,) sin o
= — (I, sina, + m, sm b,
+n51n¢))s1n w,
(by Art. 31 (24).),
= {6, m;, m; } sinw, (46)
by the result of the last Article
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CHAPTER III.
THE STRA'GHT LINE CONTINUED. LINE AT INFINITY.

45. To find the distance botween two ponts,

Let (ay, By 11)5 (ag, Bsy 72) be the given points, and 7 the distance
between them. Then, if \,u,» are thc direction-cosines of the
Joining line, we have (Art. 9.)

a “02 B 32__‘)/1 "‘}’2;
A gy

r =

whence, (Prelim. chap. (C).),

_acos A(a;—ay)’ 4 bcos B(B,—ps)*+¢ cos Cly—y2)°
a cos AN + b cosBy? + ¢ cos O

b
= 23% {a cosd(a,—ay)*+bcos B(B,—B.)+c cos Oy —v.)7}, (47)

or, (Prelim. chap. (B).)
— ‘1(/31_/32> ('}’1"“)’.’>+"<‘)’1“'72> (—az)+c(a—ay) (Bi—B:)
- apv 4+ by + chp
- 4;5'2 {“(ﬁl Bz}(‘)’x ‘)’z) +b(y— 7")\01—'(12)"'0(“1-“2)( ./j ’
(48)

(47) and (40) following by reason of equations (33) ana (34),
(Art. 85).

46. It is sometimes more convenient to wiite the results of the
last, Article m the following form :

- (ay—ag)?sin 244 (B, —B,)* sin 2B+ (y1—7y.)* sin 20 19
- 2sin.4 s BsinC > (49)

and

(Bx"“Bz)(Y: —‘y:)SinA + ()’1,—‘)’2)@ L 'az)SinB“‘ (‘11 “"az)(ﬁl —Bz)Si" C

=
sin Asm B sin C

(50)
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47. 1o find the length of the perpendicular from the pownt (a,, By o)
upon the \traight Line (1, my, n,).
The direction-cosines of the perpendicular will be (Art. 33) sin «,,

sin b,, sin ¢,.
Fig 10

('1 )B)y;)

(q’o) 18 oj}’o)

If therefore p be the 1equired length, and a, B,y the co-ordi-
nates of the foot of the perpendicular, we shall have

a—ap B—By _ Y Y _
sig, ~ smmb, ~ sin ¢

bl

whence a=a,tsmap
B=7B,*sinbp
y =1, *sinep
and, substituting these valuec for a, B, y, in the cquation
la+ mB 4+ ny=0,
we get
hag 4 ruBy + myyo + (I sina, 4+ mysind, + mysine)p =0,

and therefore

ll“() + mBy 4+ nyy,

p=t
—lsina, 4 mysin b, 4 n,sin ¢,

Lay 4+ m\8, + nyyo .
= +— , (Art. 43, 51
- {ll: my, nl} ( ) ( /

where, as before,
{hymy n} = N (B4-mi4-ni—2mn, cos A—2n,l, cos B—21m, cos C).
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48 TTence also, if a straight line be drawn from (ay, 8y, yy) to
mcet the line (J,, m,, n) so as to make an angle o with it, its

Fig 11
@")ﬂ))’)
I
@o; Bo,),o) 20
(4, myym,)

length p is known; since, from the geometry of the figure,

I
P~ smoe
Thus
Lag 4+ m,By + nyy,
— + 1% 10 1Yo
P=- {lymy,m } sin o (52)

49 But this result may be arrived at independently; for the
cquation of the line which meets (7, m,, #,) at the given angle will
be (Art. 32)

a—ag _ B—By _ Y—Y +
cos (o +a)  cos(w+8)  cos(wte) -~

and, proceeding as in Art. 46, we shall get finally

— hay + m,B, + n1yo
P = =1 cos (ot )+m, cos (046,)+n, cos (w4¢))

l1“0+ m, By + .o by Art. 44

ha {h, myy m, } 810 @

50. To find the angle included between the two straight lines
(cos @y, cos t,, cos ¢,), (I, my, n,).

Let @ be the angle between the two given straight lines.
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Then, the direction-angles of the first being a,, b, ¢;, those of the
second will be (o4 @), (0 + ), (¢4 ¢). “Art 32 (28)).
Hence, (Art. 31. (26).), we have the relation
I, cos (o4a,) + mycos (0+b;) +~nyco8 (0+¢,) = 0;
wherefore

L,cos @, 4 m,cosb,4nycos ¢, = tan w(lysin @, 4mysin b4 nysine,),

lycos (,4m,c08d,4nycos¢,
and tan o = - ' . (53)
lsaa, 4 s b, 4n,sine,

We have also the following values for sin » and cos o :

I, cos a,+m, cos b 4-n,cos ¢,

sinw = i’
=V {(L,c08a,4 m 050, + nocose, ) 4 (Lsina, 4 mosinb, 4 nosine; )}
I, cos a; + m,cos b, + n,cos e, 1)
- 10, m ”2} ’
Lsina; 4 m,sin b, + nysm e .
coSw = : 1+ msme, (55)
{lla 1o, n2}

51. To determine the angle included between the tuo strarght lines
(0 myy my), (lg, myy 0g).
Using the results of the last Article, and remembering (Arts 41,
42) that

cos a, _ cos b, _ cos ¢, _ 1
'sin B, sin (J‘ " [smC,smAd| |sm A, sm BI - 3y myy b
| by, m ny, A L,
and
s @, sin &, sin ¢,
l,—m,cos C—n,cos 3 = m,—mn,cos A —1, cos i n,—bLeos B —my~ A

1
{ll’ mh nl},
we have for the tangent of the included angle

sin B, sin 0' . pin C, slnA|+ smA sin 3.
s ' Ny, L, m ’

Iyt mymeg 4 mymg— (gt mgny) €08 A — (mylytnofy ) cos B— (Lymy4Tym, )eos €

ly

-

Me
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and the following values for tan o, sin o, cos o, respectively,

n‘b ll ll) ml

My Wy | . .
’mm 1, sind+ ny 1, sin B4 s m, sin ('
L4 mymg- e — (inng + magn ) cos.A —(nyly+nyly) cos B — (fym, 4+ lym, )eos ¢
. (56)
| .
M M sin 44 |0 o sin B+ hy m, sin ('
19y M) ny, 1y lyy my (57)

{]u my, nl}' {ZZ’ Mg, 7&2}

L4 mymy-ng0,— (myng4-mn, Yeos A — (myly-noly Yeos B — (Tmy4 Ly Jeos (f
{4y myy my b o, my, nt
(%)

52, To 1y otonuts the meaning of the equation
aa + b3 + cy = 0.

The given equation, being linear, must (Art. 12) represent some
straight line.
Also the equation

(a\ + b + ev)r + (aay + BBy + ey) = 0
gives, as in Art. 12, the distance of the required locus from a point
(ag By 7o) DOt on the locus, in any dircction (A, g, v).
Therefore, since (Art. 31. (24))
o +bp+ev=0

always, the radius vector is in every direction infinite,
Llence the equation
aa+ BB+ cy = 0,
or sin Aa + sin BB 4 sin Cy = 0,
or, (Art. 3, (1)), a constant = 0,
must be interpreted as 1 (presenting a straight line which hes altogethe)

at an wfimte distance.

53. It will be observed that, as {a,b,c} =0 identically, the
direction-cosines of this line are (At.. 41) indeterminate.
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CHHATITER 1IV.

PROBLEMS OGN THE STRAIGHT LINE.

54 To find the co-ordinates of the poirt of intersection of the
strawght Lines (4, my, ny), (05, my, ;)

Let (ag, By, 7) be the co-ordinates of the point of intersection of
the given straight lines, then we shall have

hay 4 By + nyyy = 0,

and Lo + myB3y 4 Ry = 0;

whence, by cross-multiplication,

Ay - Bo Y (. 28
my, i N byl my Myy My ny, 0 4y, my
S + b +c ‘
M, N, Ny, lg | Zz, Mg my, N, g, [2 ' 12’ M,
(59)

55 To find the condilion that the three /1 1iul! hines (1), my, n,)

1, myy 1), (lsy My, ny) may meet wn @ point.
) Y 2

Suppuse the point (a, By, o) to be common to the three given
straight lines. Then we must have simultaneously
Lay + m,By + 1,5, = 0,
by 4+ moBy + nay, = 0,
lag + myBy 4 ngye = 0
and the condition that these equations should co-exist is
L, my, my

”2, my, my| = 0

: (60)
! ls: ms, ”s
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36 To find the condition that the thee points (a. By, w), (as, Bos 1),
(ag By, vs) may lie wn the same /ragh! lLine.

Suppose the three given points to lie on the right line whose
cquation 18

lat+ mB+ny=0:
w 2 shall then have
la, + mB, + ny, = 0,
la, - mB, + ny, = 0,
and lag + mBs + ny; = 0

aud these equations cannot exist together, unless

a;, B, b4
ay B Y2
ag, B Y3

=0, (61)

which 1s therefore the 1equized condition.

57. To find the <yuws!lrial equations of the frawyht ine which
passes Through the two gwen points (ay, Biy y1)s (az Bay 72)-

The equations of a stiaight line through (a, B,, y,) must be of
the form

a— &“Bz:‘)’_‘)’z' (62)

AT 7 v

Also since (ay, By, 1) 18 & point upon the line, we have

a—a B—=B yn—m (63)
) N 7

Hence, eliminating A, p, » between (62) and (63) we get

0“02__/3“32__‘)'_‘)'2

= = 64
a, — a B — B Y — Y2 ())

which are the equations required.
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58 To find the howaginious equation of the straight line ohich
passes through the two guwen ponts (ay, By, 1), (az By ¥2)-

Suppose the equation of the joining line to be
la + mB 4+ ny=0: (65)

then, since the given points lie on the line, we shall have, to
determine 7, m, n,

lal + mBl + nyl pumend O, (66)
and la, + mB; + ny, =¢C (67)
F1om these, by cross-m.altiplication, we get
l _oom _m
Bis N o Y & - a;, B
B vz Y2 Q2 ag, f3; ’

whence, substituting 1n (65), we have for the 1cquired equation

B, Y1 Y @ a, }31] =0: 68
Bb Y: ¢ + Y2 @ Ay, /32 4 ’ ( )
or, more briefly,
a, B} Y
@, Bl’ ’)’l = 0. (69)
ag Pa vs

In the latter form the equation might have been written down
at once as the eluninant of the three equations (65), (66) and

(67).

59. To find the 7+ «n+ ..« equation of the stiawght line which
passes thiough the pont (ay, By, y0), and whose direction-cosines are
A, p, V.

Let the equation be

la + mB + ny=0;
then, since (ay, By, 7) is a point on the line,

lag 4+ mBy + ny,=0:
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also, (A+t. 31. (26).), I\ + mp 4 n» = 0.

And, eliminating [, m, n, between these three cquations, we have
for the required equation

la: B, Y
aps By, ye' = 0. (70)
A, gy |

This equation may also be written thus:

Bo’ ')’0

Ay, B()
By |7 = o. (1)

7°"“°|B+

v,

60 If the equations of the two preceding Articles be compared,
1t will be scen that the homogencous equation of a 1ight line may
be formed with equal ease, whether the co-ordinates of two ponts
on the lme, or the co-ordmates of onc such pomt and the direction-
cosines of the line, be given

61 T find the equation of the straight line which jons the point
(@, Boy y0) Lo the poent of wntersection of the st aight lLines (4, my, ),
(ly, my, ny)

The required equation must (Art 16) be of the form
Lha + mB 4+ nyy + k(la 4+ mB 4+ ngy) =0, (72)

because it passes through the intersection of the given straight
lines.
Also, since 1t passes through (a,, By, 7,), We have, to determine %,

hay + m,8, + nyye + L(Zzao + mBy + nay) = 0,
and (72) becomes, when this value is substituted for 1,
(lzao“" M3+ ”2‘)’0)(Zxa + 7nlB+n17>: (Liag+m,8)+ 73170)(lsa+ moB4 ”2‘}')-
(73)
62 To find the equation of the straight line which passes through

the pount of ntersection of the fraiynl lines (4, my, my), (L, my, ng),
and bisects the angle between them.
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The bisector 1s the locus of points the perpendicular d*stances of

g 12

(l »,,M /
/

d pMM e)

which from the two given straight lines are equalj its equation
thercfore (A1t. 47. (561) ) will be

Z‘.‘l+ mB 4+ nyy . la 4 my8 + ny ’ (74)
L, iy, i} = Al iy, 0y}

the upper sign belonging to the wfernal, and the lower to the’
external bisector.

63 If the direction-angles of the two lines be given, and
(ag, By»y0) be *hewr pomnt of interscetion, the bisectors wall be 1e-
spect ~ly represented (Ait. 33) by the symmetrical equations

a—aq _ B Bo _ Y %Yo
coS ft_lj___(_lf l + at o (75,>
2 2 2
q a—ay B—B Y™ Y
an - 1 ' g
sin -L_t-—f 8in [3—-2—])3 sin -L+—2 (")

For the duection-angles of the internal bisector are the Arithmetic
means between «, and 1,, b, and 4, ¢, and ¢, respectively ; and the
exte.nal bisector cuts the former at 11ght angles.
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64. 7o /"nd the condition that two giren styaight lines (1, my, ny),
(15, mg, ng) shonld be parallel to each other

The two given lines must, if they are parallel, have the same
direction-cosinesy hence (A1t. 31), we must have, not only
acosa,+ b cosd + ~ cose =0,
and lycos a, + m, cos b, + n; cos e, = 0,

but also ly cos a; 4 m, cos b, + ny cos ¢, = O,

whence, eliminating cos a;, cos b, cosc;,, we get for the required
condition

a, b, ¢
ly,my m! = 0. 7
lz, 7)12, /I?2|

65 To find the equation of the «troght line which passes *” 7 the
pont (ag, Bo o), and s parallel to the straight Line (4y, my, n,)

This straight line may be regaided as the locus of points the
perpendicular distances of which from ({;, my, #)) are equal to that
of (ay By y) fiom the same night line. This (Axt. 47) will be
expressed as follows :

lla + 7”1,8 + nl‘y _ ll"O + 7”130 + 71}'}/0
{h, mym}p T {0, my, m, }

or ha + mB + ny = Lay+ mBo + mye (78)

’

66. Or we may proceed as follows :

Since the straight line passes through the point (ay By, o) and
1s parallel to (/.. my, my), 1ts durection-cosines (A1t. 40) are 1espec-
*-vely proportional to

b, ¢ ¢, a‘ a b |,
my, m |’ ln,, L1’ 14, m|?
and its equation (Art. 59 (70).) is
a, B; ’ N l
ay, BU’ Yo =0. (79)

bn,—em,, cl,—an,, am,—bl,
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This equation is in the homogeneous form, and, beiny identical
with

(“ao'l" b3+ 0’)’0)(11““' mB+ny)= (11"0+ mBy+ ”1‘)‘0)(““'{" b8+ cY): (80>

18 equivalent to (78) of the last Axticle, since

aag+ 0Byt ¢y, = aa+0B8+cy, (Art. 3).

67 From (78) it appears that the general equation of @ stratght line
parallel to (1, m,, ny) s

lia + mB 4 nyy = k (a constant), (81)

and, conversely, two stiaight lines are parallel when thewr equations
duffer only by a constant term.
Equation (81) becomes (Art. 4), when 1endered homogencous,

k
ha + mB +my = 55 (ca+ 63 + ¢y),
and 1s therefore of the form
. lay + mB, + ny, = &’ (aa + 08 + ¢y), (82)

the meaning of which (Aits. 16 52) is that every strawght line whick
18 parallel to (I,my,ny) passes through the intersection of (1, my,n,) with
the strarght hine at infinty.

This follows also from the condition of parallelism (Art.6¢ (77).),
which cxpresses (A1rt. 55. (60) ) that the given stiaight lines must
intersect on the straight line at infinity. Indeed we might have
assun. . 1 this property of parallel straight lines, and deduced from
1t the condition of parallelism by the method of Art. 55. For the
convenience of the student this form of proof 1s given in the
next Article.

68 70 find the condition that the straight lines (1,, my, n,),
(ly, mgy my) may be parallel.

If the given lines be parallel they will intersect on the 1ight hine
at infinity. Let (ay, By 70) be their point of intersection; we shall

have cay+ 8y + ¢y =0,
Lag + myBy + myy, = 0,
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and l2l10 -L 7n230 + NoYo — 0:

and, eliminat.ng a,, B,, 7, from these equations, we get for the re-
quired condition

a, b, ¢
by my, n,
lgy Mgy Mg

=0,

69. It was shewn in Art 33 that fhe straight lines (cos a,, cos b,
cosey), (cosds cosby, ensey) will wntersect at right angles, of

cos @y = sin ay,
cos b, = sin b,,
€OSs ¢, = sin ¢,

Hence also, since (Art. 31)
[y cos ag 4 mycos by, + n,cos ¢, = 0,

the condition that (L, my, ng) should be perpendicular to (cosay, cos by,
COs ¢,) 18
lysin @, 4+ mgsin b, 4+ ngsin ¢, = O, (83)

70. o find the condtion that the stiaight line (cosay, cos by, oS y)
should be perpendicular to the straight line (1, my, ny).

By Art. 33, we must have cosa; = sina,, etc = ete. ; also, (Art
42. (44).),

s1n @, sin b, sin ¢,
[y —mycos C—nyco8f2 = my—n,cosd —licosC ™~ ny—lcos s —m,cos.]

Therefore the required condition is
COS ay cos by COR (g
v, cosCU—ncos 8~ my—ncosd—IicosC ™ n —IcosB—n,cosd
(84)

71. To find the condition that the straaght lines (1, my,ny), (ly, mg, ny)
should be mutually perpendicular.

We have seen (Art. 33) that if the given straight lines intersect
at right angles, cos @, = sin ¢,, etc. = ete. Hence the relatio.
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Iy cos ag 4 mq cos by + nyc08 0y =0
of Art. 31 becomes
[ysin a; 4 mgsin b, 4+ ngsin ¢, = 0,

or, since (Art. 42, (44).)

sin a, SHEA sin ¢,
= — )
I, —mycos C—nycos 8 — my—ncosd—1licosC ™ ny—1lcosds—mcosd

ly(l,—m,c0s C—nyco8 B)+my my —mcos.A —l,cos C') 4 ng(m —1; cos B —mycos 4) =0,
that s,
Wlgtmmgt-nymy— (myngmgn, ) cos 4 — (m 7y +ngl,) cos B— (lmg+Tym, Jeos (=0,
(85)

which is the required condition, another and somewhat more in-
dependent proof of which is given 1 the next Article.

72. Let the equation of the pair of lines be
¢(a,8,7)=(ha+mB-my) (lha+my34-ngy) =0

= llya? + myng8t 4+ mmgy + (myny 4 mgn,) By + (m/3+ 14"y ) ya
+(hmg4Tym)aB = 0.

The polar form of this equation, any point (ay, By, 7o) being taken
as pole, is (Art. 13. (8).)

1 P

0

Hence the radius vector is infinite, and therefore parallel to
(hymy,my), (15, mg, my), when the direction-cosines satisfy the equatiou

¢ (7\) 1 ") =0, /.h"/
or

LN S mymop® 4 nymgy® 4 (myng - man Yy (mly + gl o\ 4 (Limmg+ Dymy )\ =0,

But (Art. 33) the values A, u,», which correspond to a pair of
perpendicular lines, mrst Le of the form (cos 4, cos b, cos¢;) and
(sin ¢, sin by, sin ¢,), 1espectively.
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We heve therefore, by (86), both
¢ (cos @, cos b, cos ¢)) = 0,
and ¢ (sin a;, sin b, sing)) = 0:

adding these, and remembering tlLat cos (8, — ¢) = — cos d,
etc. = etc, (A1t 30.(22).), we get

Wyt mymyt-mymy — (mymy -+ mymy )cos. A — (nyly+- noly )eos B — (D =+ lymy Jeos C=0;
(87)
which is the condition sought.
73. It may be remarked that, since
al+4bm + en— (bn+ em) cos A — (¢l + an) cos B—(am+-bl) cos A=0

always, any straight line (J, m, n) whatever is to be regarded as
perpendicular to the straight line at infinity (Art. 52).

74. It is only necessary to remind the reader that the conditions
of the immediately preceding Auticles, as well as the condition
for the parallelism of two given straight lines, follow at once as
corollaries from the results of Arts, 50, 51, of the last chapter.

75. To find the symmetrical equations of the sliraight line whach
passes through the pownt (ay, By, y0), and 18 perpendicular to the straight
bne (1, my, m)).

The required equation is, (Art 83,)

a—a B—B y—

sine, — smb T smg’
that is, (Art, 42,)
a—a — B—Bo — Y%
oy —meosC—mceosB  my—mn,cosd—licosC  n,—1cosB—m,cosAd’

(88)

76. To find the howogencons equatron of the straight lme which
passes through the pount (ay, By, y.), and 1s per pendicular to the ols aiyht

lwne (1, my, my). .4
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Suppose lgv 4 mg3 + ngy = 0 (89)
to be the equation of the perpendicular

Since it passes through (ay, By, o), ¢ have
Iyt + mgP, + 157, = O. (90)
Also, since it is perpendiculas to (7, my, 7,), we have (Art.69 (83),)
lysin @, + mgsin b, + nysine, = 0. (91)

Hence, eliminating /;, my, n5. betwoen equations (89), (90) and (91),
we obtain for the required equation

a, B, Y
ay, B, v |=0. (92)
sin @,, s b, sin ¢,
Or, (Art. 42,)
a, B, 4
ay, B Yo =0
l,—m,cos C—mn,cos B, m, —n,cosA —1l,cos(, n,—1,cos.t—m,cos.A
(93)

77, To find the hawrwy wions equation of the straight line which passes
thiough the pownt (ag, By, ), and makes an angle o with the straight
line (1,, my, my).

Assu.aing lgn + mg3 4 ngy = 0, (94)

for the equation of this straight line, we have, since (a,, B, o) lies
upon 1t,

lLay 4+ myBy + nyyy = 0. (95)

Also, since its direction-cosines (Art. 32) are cos (o 4+ a,).
cos (o + b)), cos (o + ¢), the 1elatioa (26) of Art. 31 becomes

lyc08 (0 + @) + mycos (@ + &) + nycos (0 + ¢,) = 0. (96)

Therefore, eliminating , m,. n, bet-veen (94), (95) and (96), we
have J[or the required equation
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a, B’ Y
ay, By Yo =0. 9
cos(w+a,), cos(w+8,), cos(wt¢,)

But (Arts. 41. 42) cos (o + ;) = cos w cos @, — sin w sin g,

sin 23, sin C
my, m

{COS(D

=T —cin o (I, —m, cos ('—
{0y mym § i aw (, —m cos ¢ nICOSB)}

__msin (o+B) 4+ 7 sin (o— ') =1, <inn
- {hy my, 14} ’

with similar values for cos (o + 4,), cos (0 + ¢,).

Hence (97) may be written

a, ag, 4 sinw—m,sin (@— C)—n,sin (o4 B)
B, By mysme—n, s (w—_A)—1 sin(o+ ()
Yy Yo M 8D @—/; sin (0 —B) —msin(e+4)

= 0.

(98)
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CHAPTER V.

ANHARMONIC RATIOS. HARMONIC POINTS ANI PENCILS.
HOMOGRAPHIC SYSTEMS. INVOLUTION.

78. In the present Chapter a short account will be given of the
theory of Anhaimonic and Harmonic section, s¢ far as 1t relates to
the properties of the point and line. For a more complete in-
vestigation of the subject the recader is referred to geometrical
treatises °.

79. When a pencil of rays, originating at a centre O, is cut by

a transversal m powmts P, 1, P, ... , PP, P\, P, . ... ae
Fig. 13
o
P
P2

convenicntly employed to represent not only the corresponding
segments of the transversal, but likewise the angles which those
segments subtend at the centre of the pencil. In the same way .
shall occasionally use Py, P,, P, . . . . to denote the rays 0P, OP,
0P, ....

With reference to the range of points Py, Py, s, . ... the trans-
versal is sometimes called the ov:s of the system.

* T may mention Townser «’s “ Modern Geometry,” Hodges, Smith, and Co.,
Dublin, 1863—5.
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80. Definition of An/armonic ratio. Let the segment (or angle)
P, P; be Awvided, as 1n the figuie of the last Article, by the two

. . bhr, PP

points (or lines) P, P;; cnd let the two ratios 5 ——l-—,-4 (01'
_1 3 .1)2 P3 14

sin P, P, sin .’ D,

sin P, P, sin P Py

) be denoted by p,, p, (or o, 0,), respectively

Then the ratio p, : or o, : o) aud its reciprocal p, : p, (or
Pz - P4 Ps.p
oy . 0y) are the two anharmonic ratios which are due to the division

of the segment (or angle) P, P,.
Written at full length this pair of Anharmonic 1atios will be

Pr, PP

Ly Py PPy

(or sin 2, P, sinD P,

sin Py Py s )

but the following abbieviations are often used; viz.

{P\ Py, PP} and { P\ Py, P}, (99)

, and its reciprocal,

and its reciprocal> :

to express the pair of ratios for the system of points, and
{0 PP, P,P,} and {0.P\P;, P, D} (100)

to represent the corresponding 1atios for the pencil.

81. But when four points on a common axis ( r rays through
a common veitex), Iy, Iy, I, Py, are given, any onc out of the six
segments (or angles) PP, P\ P;, P\ Py, P, Py, P, P, P;I;, may be re-
garded as the divided segment (or angle), and we shall have ac-
cordingly twelve anharmonic ratios; viz the following six,

{Ple P3P4}, {-PIP3v P2P4}: {P1P4; P2P3}’ ete.,

and their six reciprocals
{Pxps, P4P3}9 {Pl-Pa) P4P2}, {P1P47 PPz}, ete. :

(or the corresponding ratios of sines). Their number, however, is
only half of that stated above, for it vill be found that the ratios
of the segments (or sines of the segments) of P, I, made by P,P,,
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are the same in sign and magmtude as these of the segmeats (or
sines of the segments) of 2°,I’,, made by 1,5, so that {PD,,
PP} = {0, PP}, and so on. Hence for a system of four
pounts (or lines) there are but six different Anharmonie ratios, whereof
three are the reciprocals of the remaving three: viz.

{]’1]), ])3P4}, {]’,Pa, ])21’4}, {Plpl, PZP:,},
{P1P2, 1)41)3}, {1)1]) ' P«tl)z}: {Pl])‘b ])31)2}-

82 These six Anharmoric ratios may be rep.esented briefly by
X, Y, Z, and their 1eciprocals; ard fiom an mspection of ther
actual values it appears that

1 1 1

XYZ:-—I,andJ—\, 1’7'—2:—1. (101)

The student will have no difficulty in proving that they aie also
connccted by the following relations,

Co 1 1 1
X4+5=1 Y+ ;=174 3=1 (102)

83. If a pencil of four concurrent lines be cut by a transversal, the
anharmonic ratios of the four points of wntersection are equal to the
correspunding ratios of the pencil, and are therefore the same for any
position of the transversal

Let a pencil, having 1ts ceatre at O, be cut by a tiansversal 1n

the points 1, P,, I, I,.
Fig 14

o

=/
(29)
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Usir ¥ the notation 0” Art. 80, we have
nHr, Pr,
r,r, o,
. A0l P, AOP,P,
— a0, A01,P,
. 0P, OP..sin P,/_’2 or, OP,.sin P, P,
— 0. 0P i P2, 01 OF, s PP,
_sm Dl s P D
— sin ])31)2 Sisl ])31)4
=1{0 PP, PP} (103)
And the same may be proved with 1espeet to the 1emain my five
anharmonic 1atios of the 1ange.

{Pxpsy R2P4} =

(Bue. vi. 1,)

81 It follows friom the theorem of the preceding Article that of
twn pencils vriginaling at O and O, are such that their 1ays inter sect,
Fig 15

0]

Pid -
,
S y
P - ,
r*z\ g
4’ ’
. y
l' '/
’
’

two and two, m pownts which he wn the same slrmght Line, they will
have the same anharmonic ratos.

. For, if P, P, P;, P, be the puints of interscction of the two
pencils, then, since their annarmoniu ra. os are equal to the cor-
responding ratios of each of the pencils, we have
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{0.]’[1)3, P2P4} = {Plps le’4}
= {0".P.P, P.I} (104)
etc. = ete.,

and the pencils are therefore eg»i-ankarmonic®.

85 Any two pencils which aie so mutually related that thelr
corresponding 1ays 1ntersect 1 pairs collmearly are said to be in
perspective, or 1 humnlugy with each other; and the line on which
their common points he 1s called the aris of perspective, o1 the axis
Of II'III”I”':I"/.

86 Definrtion of harmonie section  Any segment (or angle) 1s said
to be Aar monically divided by two pownts (or lines) when each of 1ts
two anhaimonic 1atios (A1t 80) = — 1 Thus the line (o1 angle)
P, Py will be divided haimonically by the pomts (o1 lines) 2, 2,

rr, PP, (01‘ sin PP, , sm DD,

: . or its recipro-
VY SN Y sin L%/, sin 1’J1’4>’ I

provided that

cal, = — 1; and then the pownts (or lines) 7%, 7, are said to be
harmonie conpugatcs with respeet to 17, P;, and 2, ’,, P, I, foom
a harmonic range (o1 pencil).

87 The equation of harmonicism

PP, PP

m : j’sl—': =—1 (105)
may be wiitten 1n the form
P1P2 P1P4 (lnp\

PP = T D
Hence we conclude that a segment which 1s harmonieally divided 18

dwided internally and eaternally wn the same ratio. This 1s some-
times taken as a definition of harmonic section.

® Equi-anharmome syster s of points o. hines are said to be Zomogi aphie
The tw~ pencils 1n fig 15 ¢ _e bouh homographic anl perspective, (Art. 85).
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88 Amnother definition is afforded by the following property,
which 18 . asily deduced fiom (105). If the ceqment P\, Py be har-
moncally dwded by Py, Py, and C be the pownt which bisects P\ Py
then

CP?=CPl= (CD,.CP,. (107)

89 The condition of harmonic section may also be written in

tle foum
{P]]Z,Pgl{;} e {P]PJ. P4P2}, (108)

(or {0.PP, P,P}=1{0.P,P,P,P}); (109)
for the only case in which the two reciprocal ratios of a divided
segment (or angle) are equal to each other is that in which the

dividing points (or 1ays) are harmonic conjugates of the two points
(or rays) by which the divided segment (or angle) is terminated ©.

90. Zv find the ankarmonic ratios of a pencil of four concurrent

lines whose i1 " wu- vy’ « are gren.
Fig 16
)
Py
Fs
Pa
Pi

Let the direction-angles of the four rays OP,, OP,, OP;, OP,,

Ly, by ), (@, by €3), (a3, by €3), (a4 by, ¢) respectively. Then if
P,P, PP, P,p, PP,

¢ For (108) gives ( P.b, DD ) = 1. Therefore —1_2 PP Pop. =+1;

and, neglecting the positive sign, since it makes the points P,, P,, coincident,

PP, PP,
PP PP

we have —1_2

(105).).

— 1, the conditicu of harmonic section, (Art. 87
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(aoy Bor 70) be the co-ordinates of O, the equations of the 1ays
will be

a—q B—'Bo Y Y et
— — , L]

cosa@, ~ COosf3, ~ cosq

Also, as in Art. 32,

LP]PQ = ad,—ay, = bl"'_bz = 0}y

with similar values for the other angles of the figure.
Hence, to take only on. of the six anhaimcnie 1atios (Art. 81),
viz.
sin P\P, s PP,
S_Hl.j’):i;z " sm PP,
we have for its equivalent 1n terms of the direction-angles

sin (a,—a;) | sm (a,—ay)
. )
s (¢;—a,;) sm (a;—a,)

(110)

or cither of the expressions derivable fiom this by the substitution
of (b, by 3) and (¢, ¢, ¢,) successively for (a,, a,, «,)
The 1emaining five 1atios may be formed 1n the same manner

91. 7o find the condition that four concurrent strarght lLines, whose
doechion-augl s are guen, should form a harmonie pened.

Recuiring to the figuie and notation of the last Article, we
have, as the eq nvalent of the relation

sin’, P, simDP P,
s/l sl P,

— 1 (Art. 87),

sin(m, — a;)  sin(a, — a,)
s (az— @g)  sm(eg—ay)

—1, (111)

in which, as before, (a,, a;, @;) may be replaced by (4, 5,, 4,) or by
(1 €3, €5)-

If the condition (111) be satisfied, the pencil will be harmonie,
and (cos a,, o8 b,, cos ¢;) ~nd (cos a,, cos b, cos ¢;) will be harmonic
conjugates with respec, to (cosa,, cos b, cos¢,) and (cos as, cos b,
cO8 ¢3).

¥
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92. To find the anharnonic ratios of a pencil of four right lines
which pu-s thiough the vintersection of the guen lines (I, m, n),
(lo’ My, ”o)-

Fig 17.

Let the equations of the four rays OP,, OP, OP, OP, (Art.
16) be

(lm Mo, ny) — by (4, m, ”) =0,

%y Moy my) — Ay (4, my m) =0,

(2, M0y my) — Ay (I, m, m) = 0,

(o) mgy my) — Ay (I, myn) =0,

(112)

respectively.

Draw any transversal, parallel to (7, m, #), mecting the succes-
sive rays of the pencil in p,, p;, p3, p4, and (4, my, 7,) in L. Then,
(Art. 83. (103).),

{O.PIP;,, PP} = {pps, po s}

_nn
DsP2 P3P
_pl—pL pL—pL
~ psLl—p.L . p»L—p,L
h—ly | l—R
T hy—Ay ) 7:;:-—7»: ’
and the other five ratios may be forme¢d in a similar manner.

(113)

¢ For p, L, p, L, etc. are proportional to the lengths of the perpendiculars
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93. Fiom (113) it appears that the cnharmonic ratits of the
system of rays are independent of the constants in the equatlons
of the given pair of lines (4, mq, 2,), (¢, m, n).

Hence, if there be another pencil of lines huving for their
equations

(Foymoy ') — ky (U, m',n") =0,
(Zoy Moy mo) — Ay (0, m', n) =0,
(Loy mio, Wy) — ks (Uy ', n') =0,
Loy mloy o) — Ay (U, m/y w) =0,

(114)

this pencil will have the same anharmonic 1atios as that of the last
Article, in other words, the equations (112) and (114) represent
homogr aphie systems.

94. 7o find the condition that four straight lines which pass throngh
the wntersection of the pawr of lines (I, my, ny), (I, m,n) should form
a harmonic pencil.

Let us employ the same notation as in Art. 92. The equation
of harmonicism

PP, : PP,

PP, PP,

-1,

(Art. 87. (105).), becomes, by reason of (113),

k)'—‘]v2 Ll'—]f:4
Lg—Lg ) L3""L4

and, if this condition hold, the second and fourth lines of (114)
will be harmonic conjugates with 1espect to the first and thiid.

=-1, (115)

from p,, p,, ete upon (7,, m,, n,), and therefore, as will now be shewn, to
k., k,, etc respectively.

Suppose 8 to be the length of the perpendicular upon (I, m, n) from an,
pomnt on the transversal. Then (Art.46) the perpendicular from p,[(a, B, 7)

la+m,B+n,y la+mB+ ny
say] wpon (lo, mo, o) = o{zo, — }0 = {lor m0r 70}

ky [(112) first eq ]

_ {l,m,n} Ia+mB+n-)k - {lmn}
{lo. mg, no}' {l, m, n: t {10, my, 0 }
C is a constant for all points on the transversal.

. 8%, (Art.47) = Ck,, where
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95. T find the form «f the equations of any parr of <l1mgh! lines
which are “armonic conjugates with respect to the gwen pawr (Io, my, ny),
(l, m, n).

Let (Zys Mo, M) — Ky (L, mym) =0 (116)
(Loy Moy o) — Ky (0, mym) = 0 (117)
be th~ equations of the pair of conjugates.
Applying the condition (115) to the equations
(lo, Moy Mp) = 0
(Toy Mg, o) —Ay (8, my )= 0
(5, myn)=0

(Los Mgy mg) —hy (I, m, n) =0,

we find that (116) and (117) will represent harmonic conjugates
with respect to the given lines provided that

[ll___l_Q . kl—l4]
L=k kh—kJp

or hy = — Ly = « (suppose).

Hence four straight lines whose equations are of the form
(Loy Moy 19) = 0
(ly my n)=20

(Zoy Mgy mo) + k (2, my, n) =0
(loy moy o) — (4, m, ) =0

(118)
(119)

Jrm a harmone pencil, (118) and (119) being conjugate pairs.

96 Cor. Since the equatious
(l,, my, nl) =0
(%, Mg, 1) = 0

]la+'m13+7’)1'y l2(l+ mgﬁ +7?.‘V
+ =
‘M, "y, ’71} - {12; my, ”2}

0,
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(Art. 62. (74).), are of the required form, we see that ¢k wnternal
and external bisectors of the angle wncluded by any paw of .1ght lines
are harmonic conjugates with respect to them.

97. In the preceding Articles we have taken the most general
case. It will be at once seen that the harmonic pencil formed by
the lines 3 =0, y =0, 8+ y =0, B—y =0, affords an i1nstance of
the theorem of Art. 96 : also that the pencil

B—ly=0

B—Ahy=0

6—72;—0 (1209
Vd —

B—Ay=0

is homographic with (112) and (114).

98. To prove the harmonie properties of a complete quadrilateral.

Let B, C,, C\B,, B,C;, C,B), be the sides of the ¢/ {rugram, and
Fig 18.

L
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let A, 4.5 By, By, (), U; be the pairs of intersections of opposite
sides ; als. let X, ¥, Z be the points of intersection of the three
diagonals.
Take 4, B, C, for the triangle of reference, and let the equations
of its sides, takcn in order, be a = 0, 8 = 0, y = 0, respectively.
Assume for the equations of the two diagonals XY, ZX

la —mB=0...\XY)
ny—la =0...(7X)

respectively. The equation of 5,(", the fourth side of the quadri-
lateral, will be of the form ny — la+ A3 = 0; also of the form
la—mB 4+ 'y =10, (Art. 16): and, 1dentifying these two equations,
we get L =m, ' = —n; from cither of which we find

la—-mB—n'yz 0... (Bzaz)

to be the equation 1equired. Also, since the line 4,X passes
through the intersections of 8 =0 with y = 0, and of XY (la—mp
= 0) with ZX (ny—la=0), its equation wi'l be of the form
B+ ky=0, or la—mB + A (ny—Ila) = 0, and 1dentifying, as be-

nh! )
=— therefore the equation of

fore, we get L' =1, A = —

J‘IIX iS

m

mB—ny=0...4X).

Again, since YZ passes through the intersectionc of 8 =0 with
y =0, and ¢. a =0 with 7,(’, (la —mB—ny = 0), we obtain, by
a similar process, for its equation,

mB+ny=0...(YZ)
TTence 4,0, (B=0),
4,05 (v=0),
4, X (m8 — ny = 0),
A,Y(mB+ny—-0)

(Art 95,) form a harmome pencil, anc C,, 0y, X, ¥ are four har-
monic points,
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In the same way it may be shewn that
§B,. 4,4, YZ}, {C,. D\B,, XY}
are harmonic peneils, and, consequently,
{4,4,, YZ}, {B\B,y, XY}
harmonic ranges.

The tiiangle XYZ is sometimes called the harmonie triangle,
since its sides are harmonically divided by the pairs of points
Ay, 45 By, By; C, Cy respectively.

99. The reader will observe that the harmonic properties of the
quadyangle (or tefrastiym) are also established by the proof just
given in the case of the quadiilateral.  'We have, therefore, as the
result of Art. 98, the two following 1cciprocal theorems.

(a) In every tetragram the three paus of opposite intersections
divide harmonically the three sides of the triangle determined by their
three lines of connection,

(B) In every tetrastigm the thice pairs of opposite connectors
dide 1.0+« 7y the thiee angles of the triangle determined by
thewr three pownts of wntersection. (Townsend’s ¢ Modern Geo-
metry,” Art. 236 )

HOMOGRAPHIC SYSTEMS OF POINTS AND LINES.

100 Definiton of humaysaphy —Two rows of points on any axes
(or peneils of rays from any centres), py, Po, Pie e« . and ¢y oy @s - + s
are saild tobe © 7 when they coirespond 1n such a manner
that the anharmonic ratios of any four points (or rays) of the one
are equal to those of their four correspondents in the othe=.

(Art. 84, note.)
The homography of the two systeris is expressed by the equation

oy} ={0pg- .}
(Or {O'Z’lﬁ"f’a x } = {0- 9293 - }),

but ir the following “rticles, for the sake ~f brevity, the former
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notation only will be used; the student will have no difficulty in
seemng wh re the latter is imphed, and the ratios of segments may
be replaced by the corresponding ratios of sines.

101. Zhree g wrs of T pownts (or rays) are <ufficunl to
determmne two homuygraphie systome; for 1if we suppose the three
pawrs py, 15 Pa, 25 P I3 to be given, the correspondent ¢, of any
fourth point (or 1ay) p, (taken 1n the first system) is known fiom
the homographic relation

{D1popsps } = {91929394}- (121)

102. Pownt on erther azrs which corresponds to the pownt at wnfinity
on the other. Let I, J be thosc pomnts of two homographic systems
{pv p2ps - -5 {q, 42 s - - -}, which correspond respectively to
7w P o, the points at infinity on the two axes.

We have, by the condition of homography (Art. 100),

P} ={0 02000 b

that is, 171293:]’1[_9173:91700’
p:ps 2T s (290

173
_nn, 122
9293 (122)
Similarly, N7, 91J_ Pps (123)

9295 92 paps

-

103. From (122) and (123) it appears that of the correspondent
of the point at infinity on either axis, and two pawrs of corresponding
pownts, be gwen, the correspondent of any thurd pownt, taken on either
a 8, 18 known.

104. If the points at infinity m the two axes correspond, the -
will be sumilar : for then
{nmprot={n0090}

whence Piis Qs
D205 G205
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or, sy %
PiPs q=93

1 ‘1 'l )
Similarly, Dobs _ 2 and therefore —— Bl _ i
s G npr: ¢ Qz
Thercfore Paps:PsPr PP =00 Gt e

And, conversely, the pownts at wfinity on the axes of tuo sumilar
homugraphic syt ms correspond.

COAXAL (OR CONCENTRIC) HOMOGRAPIIC SYSTEMS.

105 Double points and lines.—1In every system of two Twmugiapl o
rows on the same axis (or pencils of rays from a common centre) there
exust two pownts (or rays), called double points (or rays), whick are thewr
own correspondents. For suppose the two coaxal systems to be
{pp.ps. ..} {14295 . - .}. Since they are homographic, we have

{ppps. .} ={0ee- -} (124)

Let 7, J (Art. 102) be the pomnts which correspond to the points
at infinity p, 9., and suppose 2 to be a point which belongs to
both systems and 1s 1ts own correspondent ; we have by (124)

{Ppo 12} = {014y 2},

or, nl . . pr _ 94s . 0%
Pol Pt Jop J5
therefore nr gz
nl—Jec
_bhT=pq
T pr—pd

(by introducing an origin p,), whence we get

il — (4 pd) pr| + p . pgn = 0, (125)

a quadratic which determines two positions of #, its distance being
meast ‘ed from p,.
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If C be the middle point of the segment ZJ, we have

ol +pd

p10= 2 t4

and (125) becomes
—ZZ”—P - 21’10%] +pd pg = 0. (126)

There arc therefore two double points (which we shall call
P and @), real or imaginary. They will manifestly be on opposite
sides of the origin if p, ' = 0, that is, if the origin be at C the
middle point of Z/; since theiwr position will then (126) be given

by the equation
Ciff 4 CI.0C' =0, (127)

in which €’ is the correspondent of C.

1u6. Hence the segmente IJ and PQ are concentrie. Also from
(127) it appears that if C'C"= 0, P and Q coincide in the pont C.

107. Any pair of correspondents (say p, q,) dwide PQ nto seq-
ments whose anharmonic ratios are constant. IFor since, by their
definition, P and @ are their own correspondents, we have (124),
from the homography of the systems, p,, ¢; being any other pair
of correspondents,

{Z’i}’APQ} = {Ylfsz}a

or }91P.1’91Q_71P_91Q.
’ PaP.ﬁ‘zQ—(hP.ng’

in other words, the ratio

»nP pQ
91P /A Q
18 constant. '

108. From the theorem of the last Article it follows that, of one

of the double points (Q, <appose) be at ml,’imty the ratio Z;—l—g, f-r any
1
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pair of correspondents p;, ¢,, is constant: tnat is to say, the systems
are sumilar.

ON INVOLUTION.

109. Defimtion of mnvolution.— When two homogr aphie coazal rows
(or concentric pencils) are such that every pownt (or ray) has the same
correspondent, to whichever system 1t be regarded as belunying, the two
rows (or pencils) are said to form a system n involution, and the cor-
responding constituents are called conjugates.

110. Zwo pairs of conjugates are sufficint to determine a system in
mwvolutiwn  For, 1f two points py, py, and their conjugates ¢y, ¢,, be
given, the conjugate of any fifth point p;, is known (121) fiom the
equation

{hapgs} = {‘.711’1921’3}- (128)

111. It follows at once fiom (128) and the other similar equa-
tions that any three paws of 1on wypil < of two homograplee 1ows (or
pencils) wn wnvolution are connected by the ful v iy relation,

P24 PsT: P9
P g P

(129)

<or sinp, g i sinpgq_z ) sin p, ¢ —1 >
sinpyq, swmp g, smpyqy '

and co, versely, when two homuograplie rows (or concentric pencils) are
such that these relations hold between any three pawns of o puuding
constituents, the rows (or pencils) are wn wnvolution.

112 Any pawr of conjugates are harmonie conjugatis with respect to
the double pownts of the wnvolution. For, since P, @ (Art. 105) are
self-conjugates, we have, supposing »,, ¢, to be any pair of conju-
gate points,

{pﬂnPQ} = {QIPIPQ};

which shews (Art. 89. (108).) that p,, ¢, arc harmonic conjugates
with r spect to P and 4.
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113. Hence (Art. 88. (107).), if C'be the point of bisection of
PQ, we rave

CP2= CQ2= Cpl‘ qu= Cp_‘). Og2=-..=.-.-

C is called the centre of the involution, and evidently, if circles be
described on the segments pq), p.0;, pugs, - - - as diameters, they will

Fig. 19.

all pass through the same two points, and € will be that point on
the line of centres through which the radical axis of the system
passes.

114. The results of Arts. 112, 113, afford definitions of involu-
‘.on which are more convenient than the one given in Art. 109,
since they admit of a simple geometrical interpretation by refer-
ence to the well-known properties (i.) of harmonic points, (1i.) of
a system of circles having a common radical axis. Thus any one
of the following definitions might have been given.

115. When three or nore pawrs of collinear pownts (or concurrent



DEFINITIONS OF INVOLUTION. v 61

lines) are heymonn conjugates with respect wo @ fired pair, they are
samd to form a row (or pencil) mn wnvolution, and the fixed pawr are
called the double points (or lines) of the system.

116. Or, when three or more pairs of collinear points, p,, ¢, 5 P, 423
P G35+ + - are so sutuated with rference to a fixed pumt C on ther
common axs that

Cpl . 091 = Cp2. (/@2: Cpgo CQJ TP
= a constant
=+12(say), (130

the pownts are smd to be in involution, and the pont C s called the
centre of the system, the involution being said to be positive or nega-
twe according as A* 1s affected by the upper or lower sign. The
double pounts P, Q, since they are given by the cquation

C2?+iP=0 (131)

(130), are equidistant from (' and on opposite sides of it, and wll
be real or imaginary according as the mvolution 1s of the positive
or negative kind.

117. Or again; «of @ system of three or more pairs of collinear points
Pu Qi Paqes Ps Qss - - - be such that the circles described about the
sy’ gy P9 Pis - - - a8 diameters have a common radical axis,
the system 1s samd to be wn wnwvolution. The pont C, wmn which the
radicav axis meets the axis of the collinear system, 1s called the centre
of the wnwolution, and the involution 1s smd to be positive or negative
according as the points py, pa, psy -« and thewr conjuqatis qu, qoy qa o .
e on the same or on opposite sides of this central pomnt. In the former
case there are two pownts, P and Q,— viz. the limiting points of the
system of circles (being, in fact, circles with infimtesimal radn)—
equidistant from C and on opposite sides of it, which, when con-
sudered with reference to the collinear system, are thewr own compngates
and are therefore called the double points of the involution. They are
the pownts wn which the axis of the wnvolution 18 met by the crrcle, of
radwus k (131), which cuts the above system of curcles orthogonally. In
the lat.or case such doulle pounts do mot exis*, here being no points



62 TRILINEAR CO-ORDINATES.

belonging to the system which possess the property of being self-
conjugare.

In both cases the centre C 1s the conjugate of the pount at infinaty.

118. It will be observed that the definitions of Arts 116, 117,
do not apply to a system of lin-s in involution, which may be
defined as in Arts. 109, 115. It is obvious, however, that any
pendil of rays through an involution of points forms a system of
lines in involution, of which the corresponding rays are those
which pass through coniugate points. Also the rays which pass
through the double points will be the double lines of the involu-
tion. Similarly, a pencil of lines 1n involution 1s cut by any
transversal i points which are also in involution.

119. In a pencil of lines wn wwolution there exist always two con-
Jugate rays which are at right angles to each other : for suppose p,. ¢;
P2 23 P ¢y to be pairs of conjugates of the involution in which
the pencil 1s cut by any transversal, and let circles be desctibed on
the segments p; q1, p2qs, P3¢+; these circles (Art 113) will have
a common radical axis. Let now that circle of the system be
described which passes through the vertex O of the pencil,and let
pgq be 1ts intercept on the transversal: p, ¢ are cvidently conjugates
of the involution of points, and Op, Og, consequently, conjugate
rays of the given pencil. Also Op, Og are rectangular, since pg 1s
a diameter.

120. If more than one parr of conjugates of a pencl wn wwolution be
rectanguler, every pawr will be so; for then the vertex of the pencil
is evidently one of the two common points of the system of circles
described as explained in the last Article.

121, From the definition given of involution in Art. 115 it ap-
pears that straight lines whose equations are of the form

(lo» oy mo) 4 Ky (3, myn) = 0
(ZO) My, no) + Aq (l, m, n) =0
(lo’ My, "’0) + ks (Z, myn, =0
. [ . . R . = 0

(132)
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form a pencrl which 1s in mvolution WTth t e concentric homograpl i
pencil (Art, 93) represented by the follus vy equations,

(Loy Mgy ) — by (L, mym) = 0,
(Zyy myy ) — Ay (lymyn) = 0,
(Zo, mo, no) - 7»3 (l, m, n) - O,

.=0;

(133)

the < 47" lines
(lys myy my) = 0
(4, my n)=0
bewng the double lines of the system. For we have seen (Art 95)

that (132) and (133), taken in pai1s, are haimonic conjugates with
respect to (134).

(134)

122, Similarly the straight lines
Bty =0
Brhiy=0
Briy=0

(135)

form a system in involution of which

B=0 (136)

y=0

are the double lines, since each pair of (135) forms with (136)
a harmonic pencil.



CHAPTER VI

THE GENERAL EQUATION OF THE SECOND DEGREE.

123. We now proceed to discuss the trilinear equation of the
second degiee, the most general form of which (Art. 13) is

¢ (a,B,y) = Ad* + BB + Yy’ + 2DBy + 2Fya+ 2FaB=0; (137)

and whenever, in this chapter, the equation ¢(a,B,y) =0, or the
curve ¢(a, B, y) = 0, 1s spoken of, the reader will understand that
the complete equation (137), or 1ts locus, is intended. An investi-
gation of various modificd forms of the cquation of the sccond
degree will be found 1n the next chapter.

124, Do shew that the general equation of the sccond degree always
represents @ conie section.

It was shewn (Art. 13) that the geneial equation of the second
degree, ¢{a, B,y) = 0, may be thrown into the polar form

O\, py ) 4+ { (%) A+ (ggo)p + (%‘1)” } r 4+ p(ags By yo) = 0.

(138)

Now, since (ay, By, 7o) may be any point and the direction-cosines
(\, u, ) may have any values whatever, this quadratic shews that
.f a straight line be drawn through a point (ay, By, y0), in any direc-
tion, it will meet the locus of ¢(a, 8,7) = 0 1n two points, which are
cither real, coincident, or imaginary.

Hence the locus of the general equation is a curve of the second
degree, that is to say, a conic scction.

125. To find the conditions that the general equation of the
second degree should represent a [ype bola, a P..aboia, or an
Elhpse.
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Trom the equation (138) it appears that the directions of the
asymptotes are given by the equation

b,y v) =0, (139)
or AN 4 Bt + OV 4 2Dwv + 2B\ + 2F e = 0
whence, climinating v by meaus of the relation
a4 bp + v = 0,

we get, to determine the ratio A : p,

AN 4 B2 +0( b")—z(p +Eh) +2m“=o

which, on arranging the terms, becomes

(A4 Ca* — 2 Eca)N*+2(F6*— Ebc— Dea+ Cab)\p~+( Cb*+ B> —2 Dbe)p*=
(140)

Now the roots of this equation are real and unequal, coincident,
or imaginary, according as

F— Ebo— Deat Caby Z. (AP + Ca—2 Eea) ( C¥+ Bé—2Dhe).
( . )

This condition may be put into another form, for, multiplying
out and dividing by ¢%, we get, after arianging the terms,

(DP—BO)E + (B~ CA) + (F— AB)*
+ 2(AD—EF)be + 2(BE—FD)ea + 2(CF—DE)ab % 0,

that is (Prelim. chap. (D).)
(A4 BB+ OF 4 2D be + 2B ca + 2Fab) Z 0
<

or, according to the notation explained in Preliminary chap. (%),

>
— ¢(a, b, ¢) = 0 (141)

F
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b >
or, a = 0. (142)

Hence the equation ¢(a,B,y) =0 represents a IT p .7 7, Parabola,
or Ellipse, acco~ding as

¢(a, b, c) is negatwe, zero, or positive,

’

or as N 18 postwe, zero, or 1 .

126. Equation of the chord jowning the two points (ay, B1, 1),
(agy Bsy y2) on the conie ¢(a, B,v) = 0.
The equation
A(a—a)) (a—az)+B(B—PB) (B—B:)+ Cly—x) (v—7.)
+ D{(B—B)(y—y:)+(y—=n)B—B) 3+ E{(y—n)(a—a;)
+(a—a)(y—y2) }+ F{(a—a))(B—B:)+(B—Bi)(a—as) } =Aa’+ BB,
+ Oy’ +2DBy+2 Eya+2Fap, (143)
is evidently satisfied by the co-ordinates of bo.h the given points;
and is lincar, since the higher terms disappear on expansion.

It therefore represents the straight line on which the given
points lie, and 1s the 1equired equation of the chord of the conic.

7o find the equation of the fnwy nt to the conic ¢p(a, B,y) =0 at
the pownt (ay, By, y))-

127. First method.—Writing ay, By, y, for ay, B, . respectrvely in
(143) (since this is the same as making the two pomnts on the
curve, through which the chord passes, comncident), we get for the
equation of the tangent at (a;, B, 1)

A(a—a))' + B(B—B1)* + Cly—n)* 4 2D(B—RB) y—n)
+ 2E(y—vy) (a—a) + 2 F(a—a) (B—B)) = da* + DB’ + O
+ 2DBy + 2Eya + 2Faf;

or,

4a12+ B2+ Cy*+ 208y, 42 Byya,+2Fa) 3, = 2{(A.,.+FB,+ Ey)a
+(Fay4 L3+ Dy )B+(E 14 D3+ Oy v} (144)
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But the left-hand member of this equation vanishes, since (a),8,,y,)
is on the curve; we have therefore

(Aal +F31+E71)a+ (Fal +-BBI +D71313 -+ (E“l +Dﬁl + C‘}'l)'}' =0,

which may be written in the abbreviated form

Ber (Do hmo e
or again (Prelm. chap. (F').), thus,

(@)t (ot (Gm=os 0

the expressions which form the lcft-hand members of these two
last equations being identically the same. Other methods of find-
ing the equation of the tangent will now be given.

128. Second method —Suppose
lo + mB + ny =0 (147)

to be the equation of the tangent.
Since it passes through the pomts (ay, B8y, 1), (ay+day, Bi+7B,,
y1+dy,), we have the two equations

lay, + mB, 4+ ny, =0,
Zdal + mdﬁl + nd‘yl = 0,

which give, by cross multiplication,

l _ m _on
B, yll“ Y @ a, B (14%)
dBla d‘/l d‘)’h dal dab dBl

Also, by Etler’s Theorem of homogeneous functions,

(@) (@) + (@) =0

and, from the equation of the conic,

() (L) ()0
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whence, as before,

d¢ d¢ i
B(:zalzl ‘: 5:?‘8‘31 a(lilw[zl l (149)
By, dy, dy,, d day, dB,
From (148) and (149) it follows that
A m n (150)
BNENG

and (147) becomes

(@)e+ (aa)e+ (=0

which is the required equation.

129. Thurd method.—Taking the point (a, 8, ;) as pole, we
have (Art. 124) to determine 7,

b(A, py v)r* + {(ﬁ) +(d¢)

dg, (d¢\ } r 4+ ¢(an, By 1) = 0.

dy/

But, since the point (a), 8;,7,) is on the curve,

95(01, By ')’1) =0;

and, if the radius vector be a tangent, both values of » will=0 at
t'.e point; we must have, therefore,

Epe (@)es (B)me. oo

Hence, since (Art. 12. (7).) A, p, v are proportional to a—a,,
B—B., y—, respectively,

(;llf) (a—a)) + ( ¢) B—B) + (;79:) (y—m)=0, (152)
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or, by Euler’s Theorem of homogeneous functions,

d d
(@)o+ G)er (@)r=0s o
which is the equation of the tangent at (a;, 8, 71)-

130. To determine the direction-cosines of the tangent, we have
(Art. 129. (151))

(@) @)+ (@)=

and the relation

AN+ dp+en=0:
whence
A @ v

@)@ 1@ @) @ @)

b, ¢ ¢ a a, b

and the symmetrical equations of the tangent may be formed
at once.

131. 7o find the conditior that the strarght line (I, m,n) should
touch the conic ¢(a, B,7y) = 0.

Let (a), By, 9:) be the point of contact. We must have (Art
127. (145).)

) _(m)_()_

= = — k (suppose). (154)

Therefore
Ao+ B+ By + Ik =0,
Fa, + BB, + Dy, + mk =0,
Ea)-- DB, + Cy, + nk = 0.
Also le, + 18, 4 ny =0,
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from the equation of the tangent. Whence, eliminating a), 8,7
and 4, we get for the required condition

A, T, E, 1
516 =" 1
5 my, n, 0
that is (Prelim. chap. (%),)
A =0, (156)
or, o(l,m,n)y = 0. (157)

Cor. Hence it appears (A1t. 125) that every parabola touches the
strarght line at wnfinity.

132. o find the equation of the normal to the conie ¢p(a,B,y) =0
at the pownt (ay, By, ;).

The equation of the tangent at the given point (Art. 127) is

() (i) 2+ ) =0

Hence the equations of the normal, which is a perpendicular to the
tangent through the point, are (Art. 75. (88) )

- e — B—B:

(it) (ggl) 0s0— (jj,) cos 3 (%) (Z:) cosA—(Z—fl)coso
—_ Yr—n
= (Z‘fl) (gi)COSB (dﬁljcos/.l (158)

~ 133. Hence also (Art. 76. (98).) the equation of the mormal at
(a1, B1,71) 1 the homogen :ous form is
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o)~ (78) s 0= (2)
a a, ((I;, —\ s, cos C'— E’)’l cos B

B, By (%) <Zfl) cosA-—(%) cos C|=0. (159)

’ (ld)) do ((Id))
Y Y <;l;1 — ( da1> cos B— a8, cos.A

184 70 find the equation of the polar of the pont (ay, By, y,) with
respect to the come ¢(a, B, y) == 0.

Let (a3 By vs), (a3, B, y5) be the points of contact of tangents to
the curve through (q,, 3, 7,)-

The equations of the tangents at the points (aq, 85, 7,), (a3, Bs, 73)
(Art. 127) are
d do
(’[ft) ag + < )Bz"l‘ (df/)h_ 0,

CZ) o+ <d£>5 + <d¢)7°‘_0

and, since the point (aj, B8;,7,) lies on both tangents, we have

(@) +<55§)Bs+(3’>w—°

i (B (B (o
which shew that
(@)et(@e+ (@ =0 0

is the equa*ion of the line on which the two points of contact li.,
and thercfore represents the polar of the point (a;. 81, 71)-

135. If the polar be defined as the locus of points whose dis-
tances from (a;,(3,,y;) are harmonic means between the radii vec-
tores drawn 1rom that point, in the same direction, to the curve,
the fc'lowing method may e employed.
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The equation of the conic referred to the given point as pole is

B0 )1+ {(Zf)u(dg)w(df) L+ e ) =0

and if R be the Harmonic mean between the roots of this equation,
we shall have

B (@04 )+ ()] o=

o1, since R\ = a—a;, Ry =B—B,, Rv = y—y, (Art. 12 (7).),

(e G (a2)r =@+ ()2 () ]2

= 0, by Euler’s Theorem.

136 7o find the pole of the «1+uiqhl Line (1, my, ) with respect
to the conie ¢(a, B, y) = 0.

If (ay, By, y1) be the co-ordinates of the pole we must have, by
equation (160)

(gz) _ (%) _ <%)1) = — L (suppose): (161)

A 1y A

that is, Aay + IB + By, + Lh=0,
Fa, + BB, + Dy, + mi =0, (162)
Eo + DB + Oy + mk=0;
these, with the equation
aa, + BB, + ¢y, = 285,
completely determine the values of (a;, 8,,7,). (See Art. 137.)

137. To find the co-ordwnates of the centre of the conic ¢(a,B,y)=0.

Let (a,8, y) be the co-ordinates of the centre ; tue polar equa-
tion of the conic, referrc to this point, will (Art. 13) be
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<P<w’v>r+{(1’) +( )#+( Dt s =o.
(163)

Hence, as the two values of » must be, for any direction, equal in
magnitude but of opposite sign, we must have

P fy=e

da ag dy

where ), u, » are not independent but cornected by the relation
a\+ b+ v = 0. (165)

Now (164) and (165) are true simultaneously for @/l values of
A, u, v: they give therefore

@ (@) G2 (D) o+ (P
a — b T ¢ a;+b[§+c;
_tEE), (166)

(Prelim. chap (4), and Euler’s Theorem).
Equations (166) may be written

Aa+ I'E-{-E;-—aﬂ%%—"—):o;
Fa+ BB + Dy — b"’(“’zi: Y o, (167)
Ea+ DB+ Cy — c"’————(“;g’ Y=o
whence we get (Prelim. chap. (Z).)
. _ _ _ (a8, 7)
a B _ v _ 28
P B a|  [dEa A Fa |4F E| (168)
B,D % —|F Db |FBb —|F BD
D, C ¢ EC ¢ E, D,c E, D, C
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138. Equations (168) of the last Aiticle may be put into the
form

_ _ _ (a, B, 7)

a _ B _ ¥ _ 28
a, Fy F| ™ |Ad,a, K|~ |4, 1, a| |4 F E (169)
b, B, D F, b, D I Db F B, D
¢, D, C E e C E D ¢ E D, C

or, if we expand the determinants in terms of their first minors
and write A for the denozainator of the last member of (169),

_ 8 _ y _ (a8 v)
0’4 OF 4 c B~ aF' b8 4+l ™ al'+0D4cC" T A S
(Prelim. chap. (4).); (170)
o — aa+bB+cy 98
T A PB4 C 2D 42K ca4-2F ab T ¢p(a, b, c)
28 .
= (Prelim. chap. (E) ), (171)
whence
g2 A -
B By) = — 45 S5 (172)

a relation which will be uscful hereafter.

139. A comparison of (166) with the equations (.61) of A~t 136
shews that in every conie the centre 1s the pole of the strawyht hine at
mfinity (Art. 52). And in finding the co-ordinates of the centre
o1 the conic ¢(a, B, y) = 0, the student may, if he please, start with
this property of the centre, and, dcducing the equations (167) as
in Art. 136, proceed as 1n the last Article.

Again, since (Art. 125. (142).) A =0 when the conic is a
parabola, it appears from (171) that the centre of a parabola les on
the straight line at infimity.

- 140. To find the equation of the pavr of langints which may be
drawn to the conic ¢(a, B, y) = 0, through the pownt (ay, By, vo)-
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The equation

30+ { (T )+ () 4 ()} awn =0

gives the length of the radius vector drawn to the curve in any
direction from the given point. It will have cqual roots, and the
radius vector, whose cquation is

a — Q B Bo ‘)’—‘)’0_
A I y 2

(173)

will touch the curve, provided that

K%) M (dqb) mor (di) ) ] = 4 (a Bor 70) $(A; pv). (174)

Hence, substituting for A, g, v from (173), we get for the equa-
tion of the pair of tangents through (ay, By, o)

() emer+ ()8 (2) o]

== 4¢(a0’ BO, 70) ¢'(a_a09 B"BO) ’y"“}'o) (,l 75)

= 4¢(ag, Bos ¥0) [‘l)(a; B, y)— { <d¢)ao

- <Z§> Bo+ (df)‘y() } + ¢ (a0, Boy 'Yo)] ;

which becomes, since, by Euler’s Theorem,
d d
kda )ao + ( ¢ )Bo + <;l%’0>70 = 2¢(aq, Bo» ¥0)s

[(?) a+ (ZZ’) + (3,%) J == 4¢(ag, By, vo) P(as B, 7). (176)

The form of (176) shews (Art. 170. (C).) that its locus is a cmve
of the second order having double contact with the conic ¢(a,B,y)
= 0 a. the points where 1t ’s met by the p lar of (ag; Bu 70)-
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141. Equation (176) of the last Aiticle may be written in the
form

( CB(H' B,73-2D'50')’0) + (A Yo + (' —2E ")’0“0)324‘ (Blag+ A’Bg" 21 ’“uBo))’?
- 2(])'“3""44 'Bo‘)’o"'-r Yo — B aoﬁo)ﬁ}"“ Q(E,ﬁ?ﬁ" B"}'oao"‘ Y/ a3y — F 'Bm)ya
—2(F '73'1‘ O’GOBO-E’:BOYO_D )’oao)aﬁ =0. (177)

142. 1o find the locus of the point of intersection of tangents to the
conic (a, B, y) = O which cut each other at right angles.

Equation (174) of Art. 140 gives a relatirn between the direc-
tion-cosines of the pair of tangents which can be drawn to the
curve through the point (ay, By, y0) : but these, if the tangents inter-
sect at right angles, must (Art. 33) be of the form (cosa,, cos b,
cos ¢,), (sina, s b, sin¢); hence we shall have

23
L(Zd))cos dl-}-(‘;j’ )COSb +( ¢>COS clj} — 4 ¢(00v BO) 70) [ACOS Qal
By
4+ Bcos®%, + Ccos’, 4 2D cos by cos ¢, + &e . .],

and

d d It 2
[( d¢>s1n a,+ ( l¢ )sm b, +( ¢ )sm cl] = 4 ¢(ay, By y0) [ sin
a @By
+ Bsin®, + Csin’c, 4 2Dsin b sine¢, 4+ &e. . .];

adding (Art. 30. (22).), and omitting the suffixes, we get for the
equation of the locus

(2] +(g8) + (3] () () ot () o
2(d¢> (dg) cos C=4¢(a,B,9)[4d+B+C—2Dcos 4
—2 Ecos B—2 Fcos ('] (178)

- 143 The equation of the last Article may also be written in
the form
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(B +C 42D cos A)a® +(C" + A"+ 2E cos B)S + (A'+ B
+21" cos C)y*—2(D' — A’ cos A+ F" co3s B+ E' cos O )By—2(F
— I cos B+ D' cos O+ F” cos A)ya—2(F — (' cos O+ E’ cos A
+2 cos B)a = 0. / (179)

This, therefore, is the equation of the director of the comic
¢(a, B,7) =0, and will be found to satisfy the condition for
a circle. (See Art. 149.)

144. 7o find the equation of the asymptotes of the conre ¢(a,B,y)=0.

The asymptotes being a pair of tangents which have the line
at infinity for their chord of contact, their equation must be of
the form

¢(a,8,v) = Maa + B8 + ¢y)’
= 418%.
Since they pass through the centie of the curve, we have,
$(a, B, 7) = 4k87;
and consequently their equation is
$(a, B, v) = $(as B, 7). (180)
This equatior may be written in the homogeneous form
457 (a,8,7) = P(a, B, 7) (da+ B8 + oy)*;  (181)
or, again (Art. 138, (172).),
N ¢(a, B,7) + A (da+ B8 + oy = 0. (182)
145. Equation (180) of the last Article may of course be ob-
tained directly from the polar equation of the conic. For, as in
Art. 125, we have the directions of the asymptotes given by the

equation
P pyv) =0;
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hence their equation is

¢(a—-;1—, B"'E: 7—;) =0,

or
#o ) - {<%>“+<%)B+(%)V}+¢(3,E,§)=o
(183)

But, since (a, 8, y) is the centre, we have (Art. 137, (164).)
W)y
(dz?)“" (dﬁ) + < y)y

o (D) a—a+ () @B o =0;

that 1s,

() o+ Gl ()= (@) G o+ (5
= 2 ¢(a, B, v), by Euler’s Theorem ;
and (183) becomes,

®(a, B, y) = ¢<‘_1’ B’ ;)

146. 70 find the condition that the equation ¢(a, B,y) =0 mag/
represent a par of right lines.

Let (a, B, v) be the point of intersection of the two lines This
puint being the centre of the conic, and therefore the pole of the
line at infinity, we have, as 1n Art. 136. (161),

& @ & ) 4@y,

— = — 184
@ )/ ¢ S (184)

But, in this case, the centre lies on the conic; so that

®(a. B.v) = 0.
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and we must have simultaneously
d d d
()=0 ()=o) -0
da ] dy

Aa+ FB+ Ey=0,
Fa -L B8+ Dy =0,
Ea+ DB+ Cy=0;

that is to say,

and the condition that these should co-exist is
Ad, I E
F,B,D| =0,
I, D, C
or, (Prelim. chap. (D),)
A=0.

79

(185)

(186)

(187)

(188)

147 The condition of the last Article may be otherwise ob-
tamned, as follows. If ¢(a,8,y) = 0 represents a pair of right
lines, ¢(a, B,y) must be the product of two linear factors # and v

(suppose) : so that
¢(a, By y) =uv =0,

and we shall have

()=+(8)++5)

(@) =+()+(&):

whence it appears that any values of a, 3, y which satisfy u = ¢,

v = 0 simultaneously, will also make

(@)= (&)= @) -°
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and we obtain, as before,
A =0.

148. 70 fina the condition that the equation ¢(a, B, y) = 0 should
represent a arabola.

If the conic be a parabola, the straight line at infinity
aa 4 b3+ cy=0 (189)

is a tangent to it (Art. 131. Cor.). Let (a), 8,, y;) be the point of
contact. We shall have (Art. 131. (154).)

() Gh) () _
p = A = . —k (say),
whence Aay + 1B, + By, + ok = 0,
Fao, 4+ BB, + Dy + bk = 0,
Ea + DB+ Oy + ¢k =0,

also by (189) aa, + 88, + ¢y, =0:

and climinating a, 8,7, between these equations we have for the
required condition

W =0, (190)
which (Prelim. chap. (Z).) may also be written in the form
¢(a, b, ¢) = 0. (191)

149. To find the conditions that the equation ¢plu, R y) =0
may represent a curcle.

The polar equation of the conic, referred to the centre, since the
co-efficient of 7 vanishes, gives

¢(7\, M ")7'2 - ‘P(E B’ _'J;) (192)
= a constant.
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Hence, if p,, pg, p,, be the lengths of the semi-diameters respec-

tively parallel to the three sides of the triangle of reference, we
shall have

$(0, —sinC, sinB)p; = ¢(sin C, 0, —sind )pg = ¢(—sinB,sin,0)p}
(193)

But, in the case of the circle,

Pa = pﬁ = p-y:
hence we have for the required conditions,
¢(0, —sin C,sinB) = ¢(sin C, 0,—sin 4) = ¢(—sin B, sin 4, 0).

(194)

Or, if we write them at full length,

Dsin?C4 Csin?B—2Dsin Bsin C = Coin?.4 4 Asin® (0 — 2 Esin Csin.A

= Asin*B+ Bsin®*A4—2Fsin_4sin B. (195)

150. 7o find the condition that the equation ¢(a, B, y) = 0 should
represent @ 1¢tanyular Liypcrbola

The directions of the asymptotes (Art. 125) are given by the
equation

(A, p, ») = 0.

But if these are mutually perpendicular, the two sets of values
for A, p,», given by this equation, will be (Art. 33) of the form
(cos ay, cos by, cos ¢,) and (sin @y, sin d;, sin ¢;).

Hence ¢(cos a;, cos by, cos¢;) = 0,
¢(sin a,, sin by, sin¢,) = 0;

adding and remembering the relations (22) of Art. 30, we get, as
in Art. 72,

A+ P+ C—2Lcos .A—2FEcos B—2Fcos C=0 (196)

for the required condition.
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151. 1o find the conditions that two comes whose equations are
¢(a, B, y) =0, fla,Byy) =0, should be sumilar and ~ . 7wly
situated.

Let p,, pgr p, and 7,75 7, be the central radii vectores of the

two conics, diawn parallel to the si'es of the triangle of reference .
we have, as in (193) Axt. 149,

¢(0, —sinC,smB)pl = (snC, 0, —sindd)p; = ¢p(—simB,sind,0)p3,

S0, —smCsm B)rl = f(s nC, 0, —simd) g = f(—snB,sinA, 0)7.

But, 1f the two conics arc similar and simil.rly situated, we must
have

Pa _ Po_ Py,
1y Tg Ty

hence the required condition is

¢(0, —sin ¢, sm B)  ¢(sin (', 0,—sin 4)  ¢(—sinB,sind, 0) ,

J(0, —sm ¢y smB) ~ f(sin C,0, —simnd) T f( - sin B,smd, 0)
(197)

in other words, the quantities
Bsin*C4 Csm*B — 2Dsim Bsin C,
Csin®d 4 Asin?C — 2Esin Csin ,
and Asin*B 4 Bsin*4 — 2F'sin A sin B,

must be to each other in a constant ratio.

152. v find the direction of the axs of the parahola whose
equation 18 ¢(a, B,y) = 0.

The equation
4+ Ca*— 2 Eea)\* + 2(F*— Ebe— Dea— Cab)\y +( C6*4 B —2Dbe)u?=

(Art. 125. (140).) gives the value of the ratio A: n for the direc-
tions of the asymptotes.
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If ¢(a, B,y) = 0 be a parabola, the asymptotes will be co-incident
and 1 the direction of the principal diameter, and the above

equation will give

A _ " _ v
V{CVPHBE=2Dbey T A4 Cé—2EBea} T J{ Bt AP —2FubY
(198)

the last member following by symmetry.
These equations, therefore, determine the diection of the axis of

the parabola.

153. 1o find the equation of the cucle, of radius p, uhose
centre 15 at the powt (a, B, y)-
Let (a,8,y) be any pont on the cutve; then, since 1ts dis-

tance from the centre (q,8,y) 1s constant and = p, we have
(Art 45.(48))

2 2

a(B—8) (y—7)+b(y—7) (a—a)+c(a—a) (B—B) + :(bf =0,
(199)

which is the required equation.

154, To find the radius of the circle whose equation 1s ¢pla.B,y) =0
The length of the cential 1adius vector of a conie, in any direc-
tion (N, p, ») is given (192), (172), by the equation
B s )r* = — $las 5, 1)
= 48° 8, (200)

If therefore 7. 7, be the lengths of any two radii (cos a,, cos b,
cos ¢,), (sin @y, sin b, sin ¢;), which are at right angles to each other,
we shall have '

48°A 1
¢(cos a,, cos by, cos ¢,) = Rk
. . . 4‘?2 1
and ¢(sin @y, sin by, sin¢;) = = -3

N7
4
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whence, adding, we get

1
A4+DL4+C—2Dcos A—2E cos B—2Fcos (= ——S—A—é [72 + ;{,,
1 2

(201)
a relation which holds for any pair of rectangular cential radn of
a con‘c.
But, in the case of a circle,
r) = r; = p (suppose).

Hence the radius of the circle ¢(a,B,y) =0 is given by the
equation

aA’)
L = o [A4B4C—2Decos A—2 Ecos B—2 Feos ).

p 887 A
(202)
155 From equation (201) the condition for a rectangular hyper-

bola (Art. 150. (196).) may be easily deduced. Making 75 = — 7}
(since one pair of the principal semi-axes 1s imaginaiy), we get

A4+ B4+ C—2Dcosd —2FEcos B—2Fcos C=0. (203)

156. Zo find the area of the circle whose equation 18 ¢(a, B,y) = 0.
Using the value of the radius given in (202), we have,—

Area of @ = mp?

_ 8n S2A

“Al' [A+B+C—2Dcos A —2EcosB—2FcosC]™.

(204)

157. To find the equation of the duameter which bisects all chords
whose directior, cosines are A, p, v.

If (aq, By, y0) be any point, its distance from the curve in any
direction 1s determined by the quadratic

4’(7\’ ll«aV)T + { (d()l:>ao+( ¢)3o+( ¢) 0}7'+ ¢(ao’/309')’0>=0°
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If therefore (ay, By, 7o) be the middle point of a chord of the given
system, we must have

(@)oot (30) (37 Jo=o.

Hence (ay, By, 7o) lies on the right ine whose equation is

(i) o+ () + (@) Jr=0: (205

this thercfore is the equation of the diameter or locus of middle
points.

Cor. I. Hence

(@ (Berlity=e om

is the equation of the diameter which is conjugate to
a—a _p—B _y—y

= 7. 2
S p . r (207)

Il

Cor. ITI. Its direction-cosines being formed as in Art. 40, we

may write the equation of the diameter which is conjugate to
[}

“—;=B"§=7";=r (208)

A m v

in the symmetrical form

a—a . B— R
7 — = = 7 (209)

c, a a,
@) (&)

@@ @) &)
dv 2N N/ \dp

Coz. ITI. Again, it follows from Art. 157, that two straight
lines, wnose ~quations are of the form

lat+mB+ny=20 (210)

@I

3
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@)+t )+ 5 @) =0 em

and Lm, n I, m
arc parallel to conjugate diameters.

158. To find the condition that the sfraght DLimes (A, ),
(Ney pay v2) may be pardllel to conpigate  diameters of the conie

$(a, B, ')’) =0

It was shewn m the last Article that the straight line

(@ )e+ (@)s+ (@)r=0

1s conjugate to (A}, w1, ). Hence we have

l, Moy

= 2 2 (Art. 29,)

@ (@) @)

and the relation
[+ iopy + 0wy, = 0 (Art. 1. (26).)

becomes
. (Z(f )"2"'(01:{))“"'(?)"2— 0, (212)

which is the required condition, and may be written

ANAg+- Byypot Cryvy+- D (vt pan)+ E(vhg+veh)+ F (ApratRgpy ) =0
(213)
159. To find the condition that the straight lines (t,,my,a,) (I, mony)
% 1y be parallel to conpugate diameters of the come ¢(a, 8,y) = 0.

Let (A, p, ») be the direction-cosines of (1, m,, ny): then, if
(13, mg,m5) be conjugate to it, its equation (Art. 157. (205).) must be

(&)e+ (@)a+ (@)r=o
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We must have, therefore,

(((%b) — (:7%> = (:_5?1) = — I (suppose).

ly My Ny

Hence, AN + Fyy + By + LL=0,
F)\ 4+ By, + Dy, + mih =0,
E\ + Dy + Oy 4+ nh =0
we also have  {)\ + myp + 2y =0, (Art.31.(26).)
And, eliminating A}, p,, », and 4 between these equations, we get
for the required condition

A, F, E, I,
F, B, D,m,| _
E D C, ony|
by, myy 0y, 0

(214)

If this determinant be expanded it will be found to be
A Lyt B'mma+ C'mng+ D (myng 4 mgm,) + B’ (] +n5l,) + F/(Lmy + Tym, ) = 0.
(215)

160. 7o find the equation of the principal axes of the
conie da, B, y) =0

The principal axes may be regarded as the locus of points whose
polars are perpendicular to the lines joining those points to the
centre.

Let (), 51,71) be a point on the axes. The polar of (a;, 8, )
has for its equation (Art. 134) ‘

(@)e+ (@)e+ (5)r=0

and the equation of the right line joining /a;, 8;, 1) to the centre is
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al’ Bl

a,

Bh')’l
:3’ Y

and the condition that these should be perpendicular is (Art.
71. (85).)

+l'}’19 1 ‘y=0;

v Y, a

B+

LG )= (G5 eom o= (g0 s} |5+ { (3F)
(et {28} 22 () (2
Y | L P

whence, suppressing the suffixes and using the determinant form,
we have for the equation of the locus

)~ (B ono—(B)ous o

(d¢> @;b\ s — (Z_;E)cos ¢, 8 B |=0.(217)

) - B)ens—-(D)ows . 5

161. The equation of the axes may be obtained directly in the
form of a determinant, as follows.

Let (7, m, n) be an axis and let (a), 8, 7,) be a point on it; then,
since the centre (a, 8, y) also lies upon it, we have

lay, + mB, + ny, = 0, (218)
ead la +mB + ny = 0. (219)
If (¢, m, n) be perpendlcular to the polar of (a), By, y1), Whose

equatlon is
Zf) <d¢ )8+ (d;;,) =9
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we must have (Arts 69. 42)

()-8 e () om0} 4 [ ()-8 v

(Zi)cos() } +n { (%) (Z,:>cos]} ((;g)coszl } =0
(220)

and, eliminating /, m, » between (218), (219), and (220), and sup-
pressing the suffixes, we get for the equation of the locus

oo (@)~ e o= ez

B, B, (ZZ)) <Zf)cos:1 ((Z))COSO =0. (221)

7 '; (%)-(%) cos B— (gg))cosA

162. 7o find the lengths of the semi-axes of the conie ¢(a, B,y) = 0.

The length of the central radius, in any direction (A, g, »), is
given (Art. 149. (192).) by the equation

-

~

3,
¢(“ [ 7/+¢( ,p,,v)._O
or, since (Art. 138. (172))  ¢(a, B, y) = — %é,
A 48?2
by aw " T = =\ )3 (222)

l . . .
and we have to make ;2 & maximum or minimum; A, u, v being

connected by the relations (Art. 37),
2
vcos AN? 4+ hcos Bu? + ccos (v = 71% (223)

o\ + bp + ov = 0. (224)
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Let then
U= (AN + B + Cv*+2Dpv + 2Ew\ + 2F\p)—P(a cos AN
+ beos Bu? + ccos CvF) + 2Q(ax + bp + ),

where P and @ are indeterminate multipliers; differentiating we
have

%DU: 0 ={(A—PacosAN+Fu+ Ev4-aQYd\+{(B—Pbcos B)u
+ Do+ FAX+0Q}du~+{(C—Pecos C)v+ EX+ Dp+cQYdy;
and therefore, simultancously,
(A—PacosA\ + Fu+ Ev+ aQ =0,
F\4 (B—DPhcos BYu+ Dv+ 5Q = 0, (225)
EX+ Du+ (C—Docos C)y+ ¢Q=10

Multiplying the equations (225) by A, p, » respectively and adding,
we get, by means of (223) and (224),

4 P8
abe DA, 1y v) (226)
Hence, by (222), r=2. f’;-”, (227)

and, substituting this value for P and eliminatiug A, p,» and @
from (225) and (224), we get

b
;ﬁ—b-%’acosA, F, E, a
b
F, B— ;A—, . a—;bcos B, D, b
[2 b —
E, D, C—%-(;J—occos C, ¢
a, b, ¢ 0

(228)
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. . . .
a quadratic 2 which gives the lengths of the principal semi-

diameters.

163. 70 find the arca of the conic ¢p(a, B, y) = 0.

Mr. Ferrers has deduced the arca of the conic from the equation
(228) of the last Article. If we expand the determinant, and, for
convenience, write (1), (#), (C), 0 for its diagonal elements, this
quadratic becomes

(1), D, bl I FE a \F, E, a ‘F, E, a

(4) 1D, (C),e\—F|L,(C), ¢|+E (B), D, b|—a (B),D b|=0.
b, ¢ 0 b, ¢, 0 { b, ¢ O D, (("), ¢

or,

() —(B)*+2Dbe—(C)b*} — F{ — F*+ Dea+ Ebe—(C)ab}
+E{—Fbc+ (B)ca+ EV*—Dab} —a{ FDc—(C)Fb
+(B)(Ca—(B)Ee+ DEb—Da} = 0;
or, if we collect only the constant terms and those which involve

1 .
—, and make the necessary reductions,
r

— (A PB4 C' A4+2D be4-2E cat-2F ab) 4-cte . . .
(A 060)2 16 §*

W) T =0;
¢

that is (Prelim. chap. (E).),

AN 1
"é”-{- ete. ¢ o+ — (Qach%—,) pey = 0. (229)

Hence if 12, —12 be the roots of this quadratic, we have ;—
P1 P2
Area of the conic = mpp,

2manbe S A

—_— = 230
T (230)
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CHAPTER VIL

INTERPRETATION OF PARTICULAR FORMS OF THE EQUATION
OF THE SECOND DEGREE.

164. The present chopter will be devoted to the consideration
of particular forms of the trilinear equation of the second order.
We commence with those which occur in the subjoined list:

S, — A8, =0, (A)
S, — ktu= 0, (D)
S, — =0, (0)
S, — ku =0, (D)
S, — B =0, (E)
vw — Mu =0, (F)
ow— k=0, (G)
ow— lu =0, (I)
vw— B =0, (J)

I» lhese, 1 is any constant and S, == 0, S, =0 represent any
two conics; =10, % =0, v =0, w= 0 are the abridged forms of
the homogeneous cquations of four straight lines (7, m,, n,),
(% Mgy M),y « « . . In which the co-cfficients may *~e any possible
values.

165. Of the above forms, which will be examined in order, the
second, third, fourth and fifth are succ~ssively deri~atle from the
first, and the remainder from thcse, in a manner which will be
understood as we proceed.
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(). 8, — 1S, =0

is cvidently satisfied by any values of a,3, y which satisfy S, =10
and S, =0 simultaneously It therefore
represents a conie (or, if 1 varies, a system

of conics) passing through the Jour points S,
of intersection, whether real, coincident, or
imaginary, of 8, and S,. Such a cuive is
indicated by the dotted line in the figure.

Fig. 20
D2

166 If the conditions of the last Chapter v//
(Art. 125) be applied to this equation, 1t

will appear that it 1epresents a hypeibola, an ellipse, or a parabola,
according as

A, — A, F, — P, B, —LE, al*

F,— IV, B, — LB,y D, —ID,

B — LK, D, — LD, C,—1LC,, ¢
a, b, e, 0

is positive, gero, or ncgatfue  Its locus will be a pair of right lines
(Art. 146) of

Ay — kdyy, B — L F,, By —LE,
F,— LF, B, — LBy D, —iD, | = 0. (231)
F,— LE, D, — LD, C, —1C,

In like manner the condition for a circular locus (A.! 149) is
easily applied.

167. The cubic (231), when the determinant is expanded
(Prelim. chap. (0),) becomes

(4B, C)—{(A: B, C) 4 (A, By C) + A, B, Cy) Y- { (A, 3. Ce)
(B O+ (A By O} — (e By C)P = 0. (282)
a Tt is assumed that

S, =4,a* + B 82 + C,y% + 2D,Py + 2E,ya + 2F,a8 = 0,
and S, = 4,a? + B, B2 + C,v2 + 2D,By + 2E,ya + 2F,aB =0
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Let 1y, 4, L, be the roots of this equation ; then it is manifest
that
S — A4S, =0,
Sy — 1,8, =0, (233)
S) — Ay = 0,

are the cquations of the three pairs of chords of intersection of
the conics S} =0, N, =0, and, theiefore, of the whole system

represented by the 2quation
Sl b LS«J == Oo

168 Now all this will be true 1if either S, or §,, or both, be
resolvable into linear factors, that 1s to say, 1f onc or both of the
conics degenerate into a pair of nght lines.  Should a factor be of
the form «a 4 0B 4 ¢y, o1, which 1s the same thing (A1t 3 (1).),
a constant quantity, one of the right lines will be at an mfinite
distance (A1t 52) If the factors be identical, the pair of lines

will be coincident.

169. Fust suppose the conic S; to consist of two 11ght lines
(s my, 1)), (lgy My, m;), whose equations in their abiidged forms are
t==0, #=0; the above equation becomes

(B). Sl - Lt?& = O,

which, therefore, represents a system .
18. 21

of conr, passing through the four ,

poruts of intersection of these two right

lines with the conic 8, (fig. 21). In ¢

this case ¢ and » are two of the common \

chords ; one 100t, therefore, of the T~

cubic (232) will be infinite, and, as we ‘

should expect (Art. 146), (4,5,C;)=0. ‘ S,

170. Next let the two rigﬁt lines. of
which S;1s composed, coincide Malang
# = u, we have
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(o). S, — =0,
whose locus is, therefore, a system of conics Fig 22
passing the two paits of comcident pomnts g, .

i which « meets the come S), and, there- .
fore, having double contact with S, at the \ 7
extremities of the chord v = 0 (fig. 22). /‘ —_

171 It 1s obvious, fiom an nspection

of the figuie, that two out of the thice pairs of chords common
to S), S (Art. 167. (233) ) have now comre into cowmncidence with
the choird of contact u, and the 1emaming pair become tangents at
its extremities. The cubic (232) will have two finite 100ts, and
therefore both (L4,7,0,) = 0 and (L, 2, () + (1.5, C0) 4+ (L1, B,(Y)
= 0. the latter being tiue independently of the values of A, B, (',
ete. . . ., we must have the first mino1s of the detexmant (L{, 0, (%)
all = 0; that s 5,C,—05 =0, (A, —FE;=0, A,B,—F; = 0,
i —A,D; =0, cte. . . (whercof the thice latter 101'1t10ns are
mvolved 1 the thice former), o0 3= B,(,, Fi= (.1, Fi=_.1,1,,
conditions which are evidently satisfied when S, 15 the square of
a lincar expression.

(D). S — lu=0

1s of a form such as we should derive fiom (B) if we weie to
Fig 23.

0

S,
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replace ¢ by a constant quantity. Its locus, therefore, (fig. 23)
is a system of conics which meet S, where it is cut by « and the
Line at infinity. This system will be simlar and similaily situated
with respect to S), and the csymptotes of the conics of the system,
whether real or imaginary, will be paxallel.

If the curves be paiabolas, since the two points at infinity in
this case coincide, they will have contact with cach other at
infinity.

172. The equation
(E). Sl —iF= 0,

again, is obviously a particular case of (), fiom which it is de-
rivable by the substitution of a constant for «. Hence it denotes
a conic (or system of conics) having double contact with S}, where
that curve is met by the straight line at infinity. This system of
conics will not only pass thiough two common points at infinity,
but will have common tangents at those points  All the curves of
the system, theiefore, have the same asymptotes, and are not only

Fig. 24

~

similar and similarly situated, but likewise concentric (fig. 24).
Tf the curves be parabolas, they will be equal and have with each
other a contact of the third order at infinity.

'173. Now let us suppose the conic S, also to degenerate into
a pair of straight lines; (2Z) will become of the form
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(). 1w — kit =0, Fig 25
t! /7
which theicfore 1epresents a system of | /A
conics cucumseribing the quadnlateral /J »
C
w’/’/

s

s
e

of which{=0, u=0,and r = 0, w = 0,
arc the paus of opposite sides  The tiuth
of this, however, may be seen without
refeience to the preceding equations, since
(1I7) 1s evidently satisfied by any one of
the suppositions,

o
.

"=0,and £ =0,
v =0,and =0,
w=20,and £ =0:

o1, w =0, and v = 0.

174. Similarly, 11om a comparison of the next equation with
(C), 1t appears that

Fig. 26.

(G). rw — =

1epresents a system of conics which
have contact at two fixed pomnts, u =10
(fig 26) bemng their chord of contact,
and » =0, w =0 the tangents at its
extremities.

175. Again, by a reference to Art. 171. (D), it will be seen that

(). rw—hu =0

has for its locu a system of conies having that portion of » which
1s intercepted between v and w for a common chord, and passing
H
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through the two fixed points at infinity in which the line at
infinity is met by » = 0, w == 0. These conics are therefore similar

Fig 2T.
v

and similarly situated hyperbolas having thewr asymptotes parallel
to v =0, w =0 (fig. 27).

176. The locus of
(). w—F=0

18 a system of concentric, similar, and similarly situated hyper-

Fig. 28.
~_ -

bolas, having » = 0, w = 0 for their common asymptotes and the
intersection of those lines for a common centre, (fig. 28).

177. It is obvious that in the four last cases v = 0, w = 0, taken
together, form one of the family c® cu ves, just a~ 5, = 0 did in
the preceding instances.
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178 The meaning of the equations

(K). S+ kB =0,
(L). S+ id® =0,
(). S+ ha =0,

follows at once from the mterpretation just given of equations
(B),(C),and (D); the two sides, a =0, 3 = 0, of the fundamental
triangle taking the place of the two straight lines { = 0 and » = 0,

or lya+ mB + ny =0 and La + m;B8 4+ n;y = 0.

179. We now proceed to consider some of the more special
forms of the equation ¢(a, 8, y) = 0 which we employed in the
last chapter, and to indicate the nature of their loci and the rela-
tion in which they stand to the tilangle of reference. A number
of typical forms aie collected here for the sake of reference, and
will be discussed in the order in which they occur.

Ify + Mya+ NaB =0, (N)

L+ M4 N+ 2MNBy + 2NL\a + 2 LMaB = 0, (0)
Id 4 M8+ No2=0,  (P)

L'a® — M8 — N =0, (@)

By—td=0, (R)

By—ka=0, (8)

By— k=0, (T)

B —la=0. (U)

180. The first equation |

(V). LBy + Mya+ NaB =0,
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15 satisfied by any one of the thiec following suppositions,

B=0and y=0,
y="and a =0,

or, a=0and B=0

The conie, therefoie, which o 1epresents passes thiough the {hiee
cng tley pounts of the trwangle of 1eference.

181 The equation may be wuitten in the foim

I8y + (I + NB)a =0,

hence (A1t 173 (/) )a=0,8=0,y=0, and Iy + NB=0, a1e
the four sides of an inscribed quadiilateral; and, therefore, since
B =0,y =0 iterscct on the conic (A1t 180) the fourth side 1s
evidently a tangent to the curve at .

Lence
B v _
ﬂ"'l'N"-O’
w+ T =0 (284)
a B _
ztu=9%

are the equations of the luwyifs to the circumscribing come at A, D,
C rosprctindy. These taugents evidently meet the sies of the triangle
which ree__ctively subtend theor pounts of contact wm pownts which lie
on tne same right line

Fig 29

a B Yy _
—z—+ﬂ+—ﬁ_0 (235)

For this right line, since the equa-
“lon may be written in the form

e (B, 7\ ' X
7 + (M 4 N>_ 0, must pass through

the point of intersgetica cf the tan- B “
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gent at A with the side B, and similarly for the other two
tangents.

182 If A'7’ (' be the triangle formed by the three tangents at
the angular points of the tiiangle of reference, tue cquations of
AAd’y BI, CC" aie easily shewn to be respectively

B Yy _

A A

Y a

zv——fz(), (236)
a /3__

7 u="

and since these cquations when added together vanish identically
we conclude (Art. 17) that L.1', BE, CC" meet wn a pond.

183. If (ay, By 7o) be the co-ordinates of tlus point of intersec-
tion, we shall have

ap Bo Y _ 28 .
L= N  aLF i+ N (237)

184. From the form of equations (234) and (236) it appears
(Art 95) that ruy side of the triangle A1 C7, and the '1nyh! Line
which jomns ts pont of contact to the opposite vertea, ¢ve harmonic
vo e s wath respeet to the two sudes of the triungle of 1., rence
which meet mn that point of contact.

185. With regard to the nature of the curve whose equation we
are considerng 1t is to be observed, that, since in this case

¢(a, B,y) = 0a® + 0% 4 0y* 4 2 LBy + 2Mya + 2NaB = 0,
and, conseque-tly,

P(a,0,¢) = = La>— MR — N 4 2MNbe + 2NLca + 2LUab,
Y
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the locus of (N) will be (Art. 125) a hyperbola, a parabola, or an
ellipse, ac ording as

L 4 202 4 N —2MNbc—2NLca—2LMab

18 positive, gero, or negalive,

186.
(0). Ld* 4 M8+ N°%* + 27INBy+ 2N Lya + 2LMaB = 0.

The various possible combinations of signs in this equation give
us eight distinct forms; four of these, viz.,

La* 4 M8+ N + 2MNBy + 2NLya 4+ 2LMaB =0, (0,)
Ld® 4 M?B + N + 2MNBy — 2NLya — 2LMaB = 0, (O,)
L 4 MR 4 Ny* — 2MNBy 4 2NLya — 2LMaB =0, (0,)
LD+ MR+ Ny —2MNBy — 2NLya + 2LMaB =0, (O,)
may be written
(LZa + MB + Ny} =0,
(—ZLa+ MB+ Ny) =0,
(La — MB+ Ny)* =0,
and (La + MB — Ny)? = 0,
respectively, and therefore represent pairs of comecident right lines.

The 1cmaining four, viz.,
L2a2+ﬂ12ﬁ2+JW72—2MNB-y—?NL,/a-QLMB =9, (0,

L'’ + M3+ Ny — 2 U NBy+ 2NLya+2LMaB =0, (0O;)
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L3+ M8+ N4+ 2 N3y —2NLya+-2LMaB = 0, (0,
L4 B4 N+ 2 MNBy+ 2NLya—2LMaB = 0,  (0y)

may also be 1 sprcticly written wn the forms
(La): + (MB)¥ + (My)? =0,
(I + (UB) + (W) =0,
(La)t + (—MB)* + (My): =0,
(La)f + (B + (=Npi=0,

and represent, 1oy 71y @ come which s wnscribed in the triangle
of reference, and three other conies which touch one side and the other
two sides produced.

187 For the first equation of the last four, viz,
(0,). L%*+ M3+ N*%?—2MNBy—2NLya—2LMaB =0,
(Za)t + (MB)* + (My)* =0,
may be written in the form
(MB—Ny)* + La(La—2MB—2Ny) = 0;
hence (Art. 174 (@).), a=0 and
La—2MB—2Ny =10
are tangents to the conic, and
JMB—Ny=0

18 their chord of contact. Also, since this chord of contact evi-
dently passes through the vertex 4 (Art. 16), it appears that, of tke

i
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ponts of contact A’y I, C', of Fig 20
the mnserbed conre be yoned to the
opposite vestices of the triangle of
reference, the equations of the
jonang lines A A"y BB, ('C7 wll

be
MB—Ny=0,

Ny—La=0, (238)

La—1I3=0,

they therefore meet wm a pownt

(ays Bos o) Such that

25
La,= J][:BU:N')/O:T*[) ¢ (239)
ADTANY

188. Also the tangents at A”, B*, C”, where the chords meet the
conte again have for thewr equations, 1osppritieitu,

La — 2B — 2Ny =0,
MB — 2Ny —2La =0, (2-40)
y —2La — 2J3=0.
From the form of these equations it appcais that
M3+ Ny =0,
'y + La = 0, (241)
La + MB=0,

are the equations of the slraight lines whih jorn the vertices of the
triangle of reference to A, B C", the points wn which the opposite
sudes are met by the tangents (240)
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189  Also, the pownts A", B, € Lie tn the same straght line
La+ 1B+ Ny=0; (212)

for the stiaight Iine represented by this equation mamfestly passes
thiough the interscctions of (2{1) with =0, =0, y=0,
respectively

190. It will be observed morcover that A .17, A A" aie harimonee
compugates with respect to ADB, 1" (Art 95), and that I and ('
are the centies of sirilar harmonie pencils

191. Again, smce the cquation (0;) may be thrown into the
form

(—ZLa+ 2B+ Ny)'—4INBy =0,

we see (Art. 171 (@) ) that the equation of 5'C’, which is the
polar of ., is

—La4 MB4+ Ny=0,
similarly, La— B+ Ny=0, (243)
and La<- 2B — Ny=0,

are the equations of C’A4’, A", respectively: and from the form
of thewr equations we conclude that these polars, the sides of the
triangle A’ B' (', pass thiough the pomnts A", B, C," v spee 11y,

192. And further, since the first equations of (241) and (243)
may be writien m the form
— La+ (La— 2R —2Ny)=0
and — La— (La—2MB — 2Ny) =0

respectively, it follows (Art. 95) that {4 . AC’", A" A’} 18 a har-

monic pereil.  In like manner, B™, (" are respectively the
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centres of the harmonic pencils {8 . B4, BB} and {C”.CH,
c'cy.

193. When
¢(a, B, y)=L*+ M*8*+N*y?—2MNBy—2NLya—2LMaB = 0,

¢(a, b, ¢)y=0a408+044L* M Nbc+4 LM Nea+4LIM Nab ;

therefore (Art. 125) the inscribed conie represented by the equation
(0;) will be an ellipse, a parabola, or 1 i 1™ acomding as

Lbe 4 Mca + Nad
L M N
o Tt Tty

18 positive, zero, or usgnliie

The equations of the escribed conies (0y), (07) (0y) (Art. 186)
may be discussed in a similar manner.

194,
(P). Lia® + M8 + N%? =0,

This equation, since the terms are all essentially positive, can be
satisfied by no real and possible values of the variables, and there-
fore represents only an 1maginary locus.

If, however, two of the terms only have like signs, the cquation
15 of the form

(Q) L2a2-—M2ﬂ2—N2'y2=O;

and the conic which it represents stands in an important relation
to the triangle of reference., This equation we shall now discuss,
and whenever hereafter, for the sake of symmetry the equation
(P) is employed, it must be understood that one of the three
quantitics L, M, N 1s to be 1egarded as imaginary.
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195. The equation ( Q) may be written in cither of the forms
(La + MB) (La — MB) — N =0,
(La + Ny)(La— Ny) — Mg =0,

and therefore (Art. 174. (&) ) represents
a conic which is so situated that
CA(B=0) is the chord of contact of

N2-y2 — L% =0,

the pair of tangents through B, and
ADB(y=0) that of

La* — M3 = 0,
the pair through C (fig. 31).

In other woirds, B and C arc the poles of (4 and ADB respee-
tively, and, conscquently, 4 1s the pole of BC. So that the
equation (Q) represents a conwe with respect to which the triangle of
reference 1s self-comjugate.

196. Writing the equation in the form
L’® — (I8 4 N*?*) = 0,

we see (Art. 174. (@).) that, although A is the pole of the opposite
sides, the pair ot tangents through . are imaginary.

197. It will be observed that ¢he pawr of tangents thiough any
vertex of the conjugate triangle form a harmonic pencil with the sides
which meet wn *hat vertex.

Fig. 31, which shews the position of the conic (@) with regard
to the triangle of reference, will, if the letters be twice inter-
changed 1n a circular oider, represent successively the loci of the
equations

— L hB? — N2 =0,

— L*a* — M 4+ N4 = 0.
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198, Let
Lid - MB — N2 = (244)

and Lid — M8 — Ny’ = 0, (245)

be the equations of two conies with 1egard to whieh the trangle
of 1efcience 1s sclf-conjugate  Ehmwmating a, 8, y successively,
we et

(L3 — LIMHB* — (NiL} — NiLi)y* =0,
(MN3— LNy + (L3 — LM = 0, (246)
(NiL; — NiLa' + (MiN;— MiNT)B = 0,

for the equations of the common Fig 32
chords of (244) and (245); these
therefore (fig. 32) pass two and two
thiough the thice veitices of the
triangle.

199. Hence also, if a system of
conics be descuibed thiough four
fixed points, the points in which the
three pans of opposite connectors interscet form a conjugate tricd
with respect to cach curve of the system, and the triangle foimed
by jowning them is a self-conjugate tr1ungle

200. In this case

$(a, B,y) = L’a® — M*B — N°y* + 0By + Oya + 0aB = 0
¢(a, b, ¢y = M>N*a* — N> L*b* — L*M>*.

Wherefore, (Q) will represent an ellipse, a parabola, or I iy 17
according as

18 posutive, 2ero, or uegaliie
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201.

(). By —ka =10
Fig 33

By 1eference to (Art 174 (7)) 1t will A
be scen that ¢he equation (R) 1epresents A
@ conie section to wlich C.1 (B = 0) and % c
ADB(y = 0) are tangents, while BC (a=0) g
18 thewr chord of contact. B

_______

202 MHere

P(a, B,7) = 24’ + O + 0y — 28y + Oya + 0a3 =0,
¢<a’ ba ")’: —a + 41bc -

and ¢he locus of (L) will be an ellipse, a parabola, or hyp:ibola, ac-
cording as

a2
4be

ALV

203.

(8). By — ha=0.

The locus of this equation (Axt 175 (I7) ) is a system of sunila
Fig 34
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and simlarly-placed hyperbolus (fig. 34), having the side BC of the
triangle of reference for v common chord, and passing through the
pownts at nfinily on the other two sides. Fach curve of the system,
therefore, has its asymptotes parallel to C4, 4B,

204, Fquation (S), as we should expect, satisfies the condition for
@ huperbola ; for we have

, 28
¢(a, B, y) = 2ad®> + 08 + 05 — 2(—];;-)6'}/ 4+ 2¢ya 4 2ba3 =0,
and therefore

482 . .
(@, by ¢) = — 7 42—0262—5202-1-2(50 + 4_(;5)60_2(_2_%8;)%_2(2?)(16
v

44*S? . . .
== cssentially a negative quantity.

205. Again the equation
(7). By — =0
gives us
B0 8,7)= e+ B + &'+ 20— 2 ) 8y - 20aya +- 2abag = 0
whence we shall find that

4(&284
A

¢(a, b, 0)': —_

and that (Arts. 176. 125) (7') represents a system of concentrie,

Fig 35,
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ssmilar, and similarly situated hupesholos, having the two sides CA,
AB, of the tiwangle of reference for thewr common asymptoli < (fig 35)

206. Lastly, the equation
(o). BP—ka=0

has for its locus a systen: of conics (Art. 175. (II) ) to wuaich
a=10 and the line at infinity are tangents at the extremities of
the common choird 8 = 0. We shall now have

¢(a, B,y) = 2ad® — %?Bz + 04 4+ 0By + 2¢ya + 2baB = 0 ;

d(a, b, )= — B — (8(;'6' + b“’)o" 4+ 2(be)be 4 2(10;)0(1,

::0;

and (U) represents a system of sumilar and similarly placed parabolas
Fig 36.

~~ B 73

of which 3=10 18 a dwameter, and a =0 the tangent at 1ts eolicmidy
(fig. 36).



CIIAPTER VIII.

EQUATIONS OF TIIE SECOND ORDER CONTINUED.

207. Instances will now be set before the reader of the mode
of application to particular cquations of the general results of
Chapter VI, the proof being, however, given i an mdependent
form where the case appears to deserve a separate nvestigation,
For the convenience of the student some of the most 1mportant
forms of the equation of the second o1der arc colleceted in the next
Article

208.

(N)' LB‘Y+Mya+NaB= Oa
or £ +ﬂ—{+ —N— =0,
a B v

which represents a conic oicumsirihing the triangle of reference
(Art. 180).
(0s). L% 4+ M3 4 NQyQ—QAINBy—2NLya—2LM¢13 =0,

or (La)* 4 (MB)E + (Ny)t =0,

which represents a come nscribed wn the tri ngle of reference
(Art, 187).

P). L% 4 M8+ N =0,

which 18 the equation of a comc witl respect to wh'h the triangle of
reference s self-conjugate ‘see Art, 194. (). (@).).
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(R). By — ka* = 0,

which 18 the equation of a comc touching the sides CA, AB, of the
traangle of reference at the pownts C and B rvy ' 7 (Art. 201).

(). By — ka =0,

which represents a hupesholu yovo s a {hiough B and C and having 1ts
asyptoloe parallel to CA, AB (Art. 203).

(7). By —i*=0,

which is the equation of a hyhetbole whose centre vs at A, and to which
the sides CA, AB are asymploly (Art 205).

(). B —ka=0,

whach represents a parabola of which CA s a diameter and BC the
tangent at 1ts extremity (Art 206).

To these may be added the equation
(7). ay — kB8 =0,

which represents a conic irenmcr dhing a quadrilateral whose sides
are a=0,R=0, y=0, 8 =0, and, though not strictly speaking
trilinear, may be regarded as a particular case of (Art. 173. (£').).

209. Eguation of the chord joining the two points (ay, By, 71)
(02' Bs 72)’

L M
—;+—E+ = 0.

T

N
(N). =
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The cquation of the straight line joining the two given points
(Art. 58. (68).) is

(Bx‘)’z - 32‘)’1)0 + (')’102 - ‘)’2“1)5 + (01/32 - aﬁl)‘}’ =0; (247)

But, since in this case the points 1'e on the conic (), we have

— — _=0
Q) +[31+‘)’1
and £+J_‘_[+_]_Y=0;
as B2 Y2
L _ M _ N
whence, 1 1 1 1 1 1

13172 - 5271 Y1Q2 Y:2a1 0132 asB3y

51‘)’2 - 52‘}'1 — Y1@2 — Y20y — B — ag 3 ; (2-18)
L M N

or

a,a; 5@ Y72
and (247) may be written

L M N
a =0 249
a,ag + 13132’8 + Y1Y2 Y ’ ( )

which is the required equation.

(0y). Lrad 4 Mgt 4 NEE =,
Since (a;, B1y 71), (az By 72) are points on the curve, we have

Ziaf + gl + whi=o,

and Ziaf + arsd 4 NhE = 0;

whence, Al ' Mt Nt

g gl T R b T adgh — igb’

S — 22 -
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or,
Biy: — By — vias — ‘}’201 — a, 3y — aB,
1 1 1 1 1 1 1
L*(8iv: + /55')’12) at (71"2 + ’)’*01) ]W(afﬁ‘z% + az”fj)

H

(250)
and (247) becomes

LZ(BJ% +5v'}’1 a+]l[ (71“2 +‘}’z : B'*‘]V%(“l%ﬁ;%“*‘“.:%ﬁik)‘)’:(),

(251)
the equation of the chord.
(P). L4 MR+ N =
Since the given points are on the curve, we have
L’} 4 M8+ Ny = 0,
and L34 M?8:4 N%2=0,
which give
L M? N?
Biv— Byl vi —yial  aid — a8l
Hence, Biva "-n By — /12 T Y2 — aB; + a3 : (252)
L? M? N?
By + B yiaz + v ai3; + a8,
and we have for the equation of the choid,
L2 2 2,
o 4 M8 + Ny o (258)
B-v2+ 3 na; + y. a3; + @B,

(.R)o By - ]b(l‘z — O‘ ;
We have, since the given points are on the curve,

ﬁl‘)’l = ]»'af, ‘ (954>
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Bay: = hal. (255)

Hence, multiplying (254) and (255) by 43 and 4] respectively, sub-
tiacting, ana dividing by (y1a; + y.a)), we get

3172 - 32‘)’1 — Y1ag — 'Yzal.
— Mpa, + ¥2a1) 0292

(256)

Similarly, if we multiply (254) and (255) by 5; and B} and sub-
tract, we get

Bry: — By _ a)8; — a3 ; (257)
—k(alﬁz + aﬁﬁl) — BiBs

and (256) and (257) give

3172 - Bz’)’l . Yia2 ™ Yoy _ o3y — a8
— 4 Y1Y2 B1B;
Y19z + Y201 a,3; + a3,

; (258)

whence substituting in (247), we have for the required equation

7 Y2 BiB:
ka + Ya2 + Y221 + a3 + a5,

v=20. (259)

Second method.—The equation of the chord may, however, be
more easily formed, in the present instance, after the manner of
Atrt. 126, as follows. The equation

(B=B)(y—72) + (B—B:)(y—n)—2k(a—a,)(a—ay) = 2By — 2ka®
(260)

must represent a right line, since it is linear; also it is satisfied by
the co-ordinates of each of the given points ; it must therefore be
the equation of the chord.

Equation (260) may be ‘written

2/‘7(01 + ‘12)0—' (‘}’1 + 72)/3 - (ﬁ .+ 32)7 - 2]“11‘12 + /91‘)'2 + 1327: =C, (26 1)
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which may be readily thiown into the homogeneous form (Auit.
4).

(8). By — ka=0.
Here the chord will be represented by the equation
(B—B)(y—72) + (B—B:)(y—mn) = 2By —2la, (262)
or, 2ha—(y 4+ v)8— B+ By + By + Bay) =0, (263)
for (262) is cvidently linear and is satisfied by (a,.f), 7)) or by

(a2 B, v2). The equation just found may be rendered homogeneous
by the method of Art. 4.

(). By — 1P =0.

As in the last sectivn, the equation of the choid of (7') is easily
seen to be

(B"‘Bl)(‘)"—‘)’?) + (3'—52)(‘)""71) = 2/37—2/”'2» (264)

which is also not in the homogeneous form.
(0). B — ha=0.
In this case the linear equation

B—=B)B—B)=p —1ha (265)

is satisfied by the co-ordinates of the given points on the conic
(U), and therefore represents the chord which joins them. It may
be written

ka — (B, + B:)B + BiL. = 0. (266)

)
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210. Equation of the tangent at the pownt (ay, By, )-

The equation of the tangent may either be deduced from that of
the chord (Art.209) by making a,=a,, 8,=8,,y.=1v,; or be formed
after eqq. (152), (153). If the latter method be adopted, it must
be remembered that the form (153) may only be used when the
equation of the conic 1s homogencous, and that in other cases
(152), the gencial equation of the tangent, must be employed.

(N). LBy + My« 4+ Na = 0.

Putting a; = a,, B; = B1, y2 = 11 in (249) the equation of the chord,
we have

“a-l‘a+ 78 + 27—-0 (267)

which is the equation of the tangent at (q,, 8, 7,).
Second method.—The equation of the tangent 1s (A1t. 129. (153).)
d dep d
() o ()= o9

and, in the present case,

((M)) M‘}’l + NBI’

da,

i‘i’): o+ L 269
(%)= Nou+ Ly, (269)
dp\ _ X

<?d_7—1> —‘ LB, + May;

hence,
(M'Yx + NB))a + (Nal + L‘)’l)ﬁ 4+ (LB + Mo )Y =0 (270)

is the required equation.
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It is obvious that (267) and (270) may be derived the one fiom
the other by means of (N).

(0y). Liad + M%ﬁ% + N%-y% =0.

Making a; = a;, By = Biy y2 = y1, in (251) we get for the equation
of the tangent at (aj, 81, 1)

¥ My Nt
gt et =0 (271)
1

au

The second method will give the same result, since
3 3
@=5F @)= @=% o
dal dBl B d‘yl ,y%'
If the equation of the conic be taken in the form
L’a> + M3 4+ N?y?—2MNBy—2N Lya—2LMaB =0

(153) gives the equation of the tangent in the form

L(La,— MB, —Nyl)a-l-M(MBl —Ny, —Lal)B-l—N(N'yl —Lal—Mﬁl)y:"—‘ 0.

(273)
(P). L' 4+ M’ 4 N =0.
The equation of the tangent, obtained by either method, is
ala + M*8,8 + N? 71‘)'-— (274)

(R). By — ka® = 0.

The equation ¢ the tangent, derived from (259) Art. (209), is
2kaa — 9,8 — By = 0. (275)

)
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Also, since

(ﬁ) — 2k, (§§ ) =y, (ff:) =B, (276)

the equation (268) gives exactly th: same result. If the equation
(261) be employed, the equation of the tangent will be obtained
in the non-homogeneous form

21”“1“ - ‘)’1/8 - .31‘)' - La? + 3171 =0,

which, however, reduces to the Jorm (275) by reason of (Z).

(S). By — la=0,

The equation of the chord (Art. 209. (263).) gives for the equa-
tion of the tangent at (a;, By, 1)

La—'}'lﬁ — By+Byn=0;
or, since by (S) By = hay, (277)
]»(a + a,) —vyB—=By=0, (278)

which (Art. 4) may be rendered homogeneous, if necessary.

Second method.—The equation of the tangent at (a), B, y1), (Art.
129. (152).) is

(%Z)(a a)+( )(B Bl)+(dy)<y —y)=0; (279)
therefore, since ’

(ZZS,) —k (3—,}”‘) = (%’) B, (280)

the required equation is

Ha—a)— (s —B) —Bly —m) =0,  (281)
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which, when By, is replaced by Za, (277), is identical with
(278).

(T). B‘y —_ ]Cg = Oo
dep’ d d
In this case ( dal) 0, (;,(—g) =, (ﬁ) B, and the equation

of the tangent (Art. 129. (152) ) is

NnB—8) + Buy—m) =0, (282)
or, since, by (7', By = 13,
B + By = 2I°. (283)
(U)' ,32 — ka = O,

d<l>> — (dd> — (d¢> —
H ) ==}, (ZZ :
ere <dal ]’ d[31> QBD d')’l 0 ’

and (152) becomes
— k(a—a)) + 28,(8—RB) = 0, (284)
or, by (U), k(a4 a) — 288 =0. (285)

211. Eguation of the polar of the pownt (ay, Brs 1)

From the results of Arts. 134 and 135 it appears that the equa-
tion of the rolar >f the curve ¢(a, B,y) = 0, when the equation is
homogeneous and of the second degree, 15

Eer@or(@rme o

identical with the equation of the tzagent at the point (ay, B 1) 5
and is
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(dq))( —a)+ (dﬁ )(’8 B+ <¢$y )(7 1) + 2¢(a B y) =0,
(287)

when the equation of the curve, though mot homogencous, 1s of the
second degree.

Hence the equation of the polar may be readily formed in the
case of any of the curves we are considering It may also be
deduced from the equation of the tangent by the method which
was applied in the gencral case (Art. 134). Examples of cach
method are subjoined.

(). LBy + Mya + NaB = 0.

@) (i) (&)
Substituting’in (286) the values of ( a8 \an, given in

(269), we have, for the equation of the polar,

(My, + NB)a + (Nay + Ly)B + (LB, + Ma)y = 0. (288)

Second method —Suppose (as, Bs, v5) (a3 Bs, y3) to be the points
of contact of tangents drawn through (ay, 8, ;) to the conic. The
equations of the tangents (Art.210. (270).), since (ay, B1, y1) lies
on each, give

(M}’z + Nﬁz)a + (Na2 + L‘}'z)ﬂ + (Lﬁfz + M’fz)? =0,
and  (My,+ NBg)a + (Nay+ Ly;)8 4 (L8 + Mag)y = 0.

Hence the points of contact both lie on the line
(My + NB)ar+ (Na + Ly Yo+ (I8 + Ma )y =0
or (My, + NBi)a + (Nay + Ly)B + (LB, + May)y = 0, (289)
and (289) is, therefore, the équation‘ of the polar.

It may be shewn, in a similar manner, that the equations‘of the
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polars of the given point with respect to (0;), (P) and (2R) are
identical with (273), (274) and (275), 1espectively.

Again, if we take the non-homogencous equation
(). By — ha =0,
we have, by (287),

“k(a—‘h) + ‘}'1(3‘31) + ﬁl("’—‘}’l) + 231‘)’1"2]“11 =0;
or, k(a + al)_YIB“BlY =0; (290)

the same as (278) the equation of the tangent at (a;, B1, 7).

Second method.—If (ag, By, 7,)s (a3, B3 ys) be the points of contact
of tangents through the given point, we have (Ait. 210. (27R) ),
smcee (a;, By, v,) lies on each tangent,

L(a2 + 01)"“)’251"‘53‘}’1 =0,
and ]”(‘13 + “1)_7531—3571 = 0.

Hence,
k(a + al)'—')/lB —Bx‘)’ =0

is the equation of a straight line on which both points of contact
lie, and therefore represents the polar of (a;, By, ).

In the same way the equations of the polars of the point with
respect to (Z') and (U) may be shewn to be (283) and (285)
respectively.

212. Condition that the straight line (1, m,n) should touch the conic.

The required condition may be obtained either, as in Art. 131,
by comparing the equat.on of the given line with that of the
tangent (Art. 210), or by the direct application of the results of
Art. 161 (Eqq. 155, 1567); or, again, by combining the equations
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of the straight line and curve (the latter in the homogeneous
form,) and expressing the condition that their points of intersection
should bée coincident. The following are examples.

(N). LBy 4+ Mya 4+ Nap = 0.

Eliminating a between (V) and the equation

la4 mB + ny =0, (291)
we get

NmB—(Ll—Mm—Nn)By + Mny* = 0;

which will give coincident values for é, if
Y

(LI—Mm—Nn)*—4MNmn = 0.

This, therefore, is the required condition; It may be written in
either of the forms,

LV 4 M°w® + N*n*—2MNmn—2NLnl—2LMlm = 0, (292)
or (L)Y + (M)t + (Nn)* = 0. (293)

Second method —Identifying (291) with the equation of the tan-
gent at (a;, 8y, y1) (Art. 210. (270).), we get

M’Yl + NB, — Na, + L)'l — 1B, ':; Ma, — — (say):

l m

therefore,
NB, + M’}’l + I\ =0,

Na, + Ly, +mA=0,
Ma, + LB, 4+ mA = 0.
Also, la, + mB, + ny, =0;
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and from these, by the elimination of a;, 8,,y,, and A, we get for
the condition of tangency,

0, N, M, !
N, 0, L, m
M, L, 0,n
&y m, n, 0

= 0. (294)

If the determinant be expanded and the sign of the whole
changed, it may be seen that this 1csult agrees with that before
obtamned (Eqq. (292), (293) ), and might nave been wiitten down
at once as ’%”‘ =0, or ¢(f, m,n) = 0 (Art. 131. (1565), (157).).

(0,). LYt + Mgt 4 i = 0.

A comparison of the equation of the tangent (Art. 210. (271).)
with (291) gives

a _ 8 _ A
L} T Mmi Nt
l n n

and substituting these values for q;, 8,, y, in the equation
lay 4+ mB, + ny, = 0,
we get for the required condition,

L
7

¥R

JALX
n

+= =0 (295)

(P). L%® + M@ + N =0,

The condition of tangency may be at once written down from
(155) Art. 131 in the form

L, o0, 0,1
0, M? 0, m

=0; 296
0, 0, N*n ’ (296)
l, my, n, v |
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or obtained, from (274), as in the last case, in the form

2

F m  n
2Tt m=? (297)
(R). By — ka® = 0.

Ideatifying (291) with the equation of the tangent Art. 210. (275),
we get

"217@1:_§_1=‘}'1.
l m "’

whence, since By, = ka}, we have for the condition sought

I — 4hmn = 0. (298)

(S). By —ha=0

The equation of the tangent to (S) at the point (a;, By, 71), written
in the homogeneous form (Art. 210. (278).) 13

28 28
(aa, + 28)a + (bal -7 71)3 + <t’al -7 3,)7 = 0. (299)

Replacing 258 in the coefficient of a by aa + 88, + ¢y, (A1t.3.(1).),
and comparing (299) with (291), we have

5 _28 28
2aa, + BB 4oy, 1T EN T T A

] o = " = —X\ (suppose).

Whence, eliminating a;, 83, y;, A, we get, as in (V) of this Article,

2a, b. e, 1
b, 0, —-—2;, m
' g§ . = 0. (300)
0, - ]C [} ) n
l, 13, n, 0
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If we make use of (157), and remember that, in this case,
2 2 s of ¢ b
¢(a, B,y) = ad’ + 08° + 0Oy _2ZBY + 2§'ya + 25‘13 =0,

we shall have

2 2
(1, myn) —-—-]‘S—:,-l?_fm“’__é n2+2(bo+§:a> mn— 2<Sb> nl— 2<Sc>lm,

24 2%
. (301)
so that the condition is
S"’l“’ | 4Slm 2a b ¢

a result which will be found to agree with (300).

(7). By — B =0.
Here

$(a, B, y) = ¥d® + VB + & + 2(60 —-————)B‘y + 2caya 4 2abaB,

- and the condition of tangency (157) becomes

(0). B2 —ka=0.

In this case

¢(l,m,n) = —'22 m*— (2}?“4‘ [,2> 2-1—2(6 )mn—2(§k€)nl,
(304)

and the conditic 11s that this ~uantity should equal zero.
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213. 7o find the co-ordinates of the centre.

Let, a, B, -; be the co-ordinates of the centre. This point (Art.
139) 18 the pole of the straight linc at infinity whose equation is

aa + b8 4 ¢y = 0. (805)
(V). LBy + Mya 4+ NaB = 0.

The equation of the polar of (a, 8, y) with respect to this conic
(Art. 211. (289).) is

(My + NB)a + (Na+ Ly)B + (LB + Ma)y = 0.
Identifying this equation with (305), we get

My+ N8 _Na+ Ly IB+Ma__

a I ¢ —A (say) >
whence, proceeding as in Art. 137, we find
; 8 _ v _ X (300
N, M, o 0, M, a 0, N, a 0, N, M
0,L,b| —| N,L, b N, Lb| —| N,O, L
L,0,¢ M, 0, ¢ M L,c ML 0
that is,
a 8 ¥
L M N

—ZLa+ Mb+ Ne La—Mb+ Ne La+ Mb— Ne

— 28
T L@ 4 MW 4 NG — 2MNbe — 2NLea — 2LMub

(Prelim. chap (4).),

(307)

" equations which completely determr ne the centre.
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(0s)- L%+ I8 + N — 20INBy — 2NTya — 2L1a8 = 0,

Comparing the equation of the polar (Art, 210. (273).) with (305),
we get

L{—La+ M3 +Ny)  M(Ta—J15 + Ny) _ N(Ta + J5—Ny)
@ - b - ¢ ’

whenee, proceeding as in the last cxample, we have finally

a - B . Y _ S
Me+Nb ™ Na+Le — Tb ¥ Jla — Zie + JMew + Nab'
(308"
(). Ld+ 08+ Ny =0
grves, i a similar way,
a _B_ 5 2.8 . o
?‘5“7—w+w T (309"
Zowr y rtptiy
(R)- and B‘y — ke’ = 0,i
« _ B_ 5 8
@ T ST T T g I)' (510)
2L ar
(S) ﬁ‘y - Ka = 0.

Here, comparing
T - 28 _ - 28_
Cort 18+ et (3= 35 ) 4 (e 255 ), =0,

the Juwungcnswns equation of the polar, with (305), we find

B vy k
GZNa = - ci = -—(zz = @ (3“)
2be + —— A



130 TRILINEAR CO-ORDINATES.

Similarly, in the two next examples, the subjoined results are
obtained.

(. ,B‘y--l,“’=
a B v .
3
(U) 6P —ha=
a B y 28
—_—— = = 31
¢ 0 —u 0 (313)

214, Condition that the conie should be a parabola.

Since (Art. 131. Cor ) the stiaight line at infimity is a tangent
to every parabola; and, agamn, (A1t. 139) the centre of every
paiabola lies on this line; the required conditious may be deduced
from the results of either Art. 212 or Ait. 213. They are secn
below and will be found to agree with those given in Arts
186—206.

(NY L4 M+ N*?—2MNbe—2NLca—2LMab =0

L M N_
(05). —+ T+7_O'
, a® b* ¢
L) Tt et T 0.
a?
(). k-m.

(8). Impossible (the curve being always huperbolic).

(T). Impossible (the locus ocing aluays a hyperbola)
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(U). The condition s satisfied for every value of & (and the curve 1s
always a parabola).

215. It appears also from Art 213 that the vertex 4 of the
tiiangle of reference is the centie of the cone (7') (see Art. 205).

216. Conditions that the conie should be a circle

Applying the conditions (194) of Art. 149 we obtain the fol-
lowing results.
L M N

+ 5+

— = 0.
a 8 Y

().

The conditions are

M N N L L /4

simC smdB” swmd smmC sindB s’

whence we easily deduce

L M N (314)

sin.d ~ smB "~ sm(

Hence
sinA + sin .} n sin 0= 0, (315)
a B Y
a b e
or, L2 4L = (316)
a B v

18 the equation of the circle described about the triangle of reference.
(05). Ld’+ B+ N°y*—2MNBy—2NLya—2LMaB = 0

In this case the condifion becomes

Msin C+Nsin B = Nsin A+ Lsn'C = Lsin B4 Msin 4 ;
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whence we shall get

I, N
= (317)
cos’o  €ostym  cos'y
and the equation of the wnseribed cu cle will be
A 3 VAN 3
cos 5@ +c0s-§—/3 + cos -7 =0. (318)
(P). L’d* + M8 + N%' = 0.

The conditions of Art 149 become, 1n this case,

Isin? 04 N?si 2 B=N*sin’ A+ L s *C= L sm*B4+M?sin°.1,

and give
2 2 2
smLQA - 515:[21)’ - Sll’f\; C’ (819)
and the equation of the ~ "-c.., i ' eircle 1s
sin24d® +sin28p° +sm 20y =0, (320)
or, acos Aa®+bcos BF +ccos 0y =0; (321)

which will not, however, represent @ real locus (Art. 194) unless one
of the coefficients be negative, that 1s, unless the triangle of reference
be obtuse-angled.

(R). By — ka® = 0.
Here, the conditions (Art. 149) aie
sin Bsin C = ksin*C = ksin®B,

whence, £ = 1, and the trv w,le of reference 1s 1sosceles (322)
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OF A CONIC REFERRED TO TWO TANGENTS AND

EQUATION
THEIR CHORD OF CONTACT
Fig 37

217 Let the equation of a conic
referred to a pair of tangents and
their chord of contact (Art. 174.

(323)

(@).) be
Lil = R

Then, if
L_X (324)

1

be the equation of any chord L@, through the intersection of the

fixed tangents, we get, by combining (323) and (324), the
equations

L kB _ M _
1 = '_*'_[L - #2 ’ (320)

to determine 1ts points of intersection with the conic; the upper
and lower signs referring respectively to the points 2 and @, which

lie on opposite sides of 2 = 0.
218. The chord () may be denoted briefly by u? and the

points P and € (after Dr. Salmon’s notation) by 4 p and — u

respectively.
219. The reader will observe that the equations

B = +ul,

)

M= + R,
represent the pairs of lines which join (ZR) and (MR) respectiveiy

\

to P and Q.
Similarly, any pair of straight liz> through (LR) and (MR)

whosé equations are of the form
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L =1L,
M= LR,

will inteiscet on the curve.

220. Any point which does not lie on the curve may be denoted
by a pair of equations of the form

(R=LL, M= iR)

221. 70 find the equation of the chord which joins two given
pownts on the come LM = I

Let py, py (Art. 218) be the two points. At these points, as in
A1t. 217. (325), we have, respectively,

T T (320
and L_r_M (327)
1 p om
Suppose the equation of the chord to be
IL4+ 7R 4+ mil = 0. (328)

Since py, py both lie on this Iine, we have, by (326) and (327),
I 4+ r + mypd =0, (329)
I 4+ rus + mpj = 0. (330)

Hence, ehiminating 7, m and r between (328), (329) and (330),
we get for the equation of the chord u, u,

L, R, M
1, py g |=0; (331)
17 M2y l"g

which, when expanded and divided through by u; - p,, becomes

mpel — (py + po) B+ M = 0. (332)
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222. 1o find the equation of the lungcnt at any point p, on
the cone LM = I*.

Making p, = p,, in the result of the last Article, we sec that the
cquation of the tangent at p, 1s

p.f]; —2u R+ M =0. (333)

223 Similarly the equation of the tangent at — p, (Axt. 218),
the other extremity of the chord pi, is

il 4+ 2umBR+ =0 (334)

224 T find the polar of a given pornt with respect to the
come LM = R,

Suppose the given point (At 220) to be the intersection of
the pair of lines

(R=*hL, R= kM), (335)

and let p, be the point of contact of one of the tangents through
this pomnt  The equation of the tangent (Art 222. (333).) 1s

p.?L—— QFIR + M=0.

Since therefore the pcint (335) lies on this hine, we have, by
substitution

hud — 20y, + k= 0. (336)
But at the point of contact g, we have (Art. 221. (326).)

L_2_4. (337)
1 ™ I

and, eliminating p, between (336) and (837), we find for the equa-
tion of the polar at the given point

RL — QhER + kM = 0. (338)
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225. If from a gwen point O two «'rial! Lines be drawn cutting
a conre 1 the pomts Py and Q,, Iy and Q, 1espectively ; the two
pairs of chords which join, directly and lransicrsely, these four ponts,
will mtersect on the polar of O.

Let L =0,37=0 be the cquations of the pair of tangents
which can be diawn to the conic thiough the given point. and

Fig 38

let R = 0 represent the polar of 0. The equation of the conic
1eferred to these thiee lines will be

LI — R =0; (339)

and, 1f the straight lines 0P,Q,, 0P,Q, be represented by ui, ps.
respectively (Ait, 218), the points 2, @, will be denoted by + u,,
and P, Q, by *pu,, 1espectively. Hence (Ait 221, (332).) the
chords 7, P, Q,Q, will be represented by

papel + (py + po) R+ M = 0, (340)
and the tiansverse pair, I’lbg, 2,Q,, hy

—papal ¥ (p — pp) B+ M =0 (341)
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Fiom the form of these equations it follows that the two pairs
have their ponts of intersection on /2= 0, the polar of O TFo
(340) shews (Art. 16) that 7,Q,, ,Q., both pass through 8, the
point of intersection of 22 = 0 with M4 ppu,L=0; and fiom (311)
it appears that 2, Q,, ’,Q, botl pass through 7 the point of inte1-
section of =0 and M —pp,L =0

226 Hence also 1t follows that the equations of 0S8, 07 are
respeetively

M+ pp.L =0, (342)
M — pp,L = 0. (343)

227 Therefore also 08, OT form with 0P, OP, a harmonic
pencil (Art 95); for the equations of these four lines are

L=0, =0, M+upL=0.

228 Agan, from the form of the equations (340) it appears that
the four hines 80, 87, S, 8@, form a harmonic pencil. There-
fore the chords P, @, I, (Q, are cut harmonically by the point O and
its polar; and we have the well-known Theorem ;}—

Every chord of a conie 1s harmonically dwided by any pownt on of
and the polar of that pont.

This is also evident from the form of the equations

= .—_*.- FIL’ (344)
R=+ul, (345)

representing (Art. 219) the pairs of lines which join the point of
contact of onc of the fixed tangents to the extremities of the
chords 2, Q,, P-Q), respecuvely. For (344) and (345) cach form
a harmonic pencil with L=10, =", and, consequently, the
transvirsals 0P, Q,, 0L,Q, are harmonically divided.
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229. The poles, with reference to a given comie, of straight lines
which pass through a fixed pont, lie on a fixed 11ght line.

Let the conic be refeired to any pair of tangents and their chord
of contact, and let its equation be

LN = I (346)

Also let the straight line the locus of whose pole with respect to
(346) is to be found be represented by the equation

IL —2pR % mil =0, (347)
in which p is indeterminate (Ait. 16)
Suppose
(R="ML, R=1M) (348)

(Art 224. (335).), to be the pole of (347), then (Art. 224. (338).)
the equation

RL — 2R+ M =0 (349)

must be identical with (347). Comparing them, we get

k Rk k

TS T (350)
But at the pole we have, by (348),

L R M .

TS (351)

hence, substituting for 4, 4, from (350) n (351), we get
L_E2_X,
m

p 07

and the locus of the pole of (348) is a straight line whose equa-
tion is
IL—mM=0. (852)
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230. W shall conclude this Chapter by calling the attention of
the 1cader to a few geometrical thcoiems, which arc involved 1n
the forms of equations investigated 1n the preceding Art:cles

Thus fiom the forms of (£), (5), (Z") and (U) respectively we
deduce the following ;—

The product of the distances of any point on a conic from a pair of
tangents bears a constant ratio to the square of its distance from thewr
chord of contact.

If at the extremities of any chord of a hypeibola parallels be drawn
to the asymplulis, the distance of any pomnt on the curve fiom this
chord 1s i a constant 1atw to the product of ils distances fiom these
two straight lLines.

The rectangle under the dustances of any pont on @ hypcibola from
the . <. " s constant

The square of the distance of any powit on a parabola from a
diameter 18 proportional to its distance from the tangent at ats
extremity.

Again, (316) may be wiitten in the form

aBy + bya 4+ caB=10;

and, 1f 2 be any point on the circumseribed circle and @, R, S the
feet of the perpendiculars fiom 2 upon the sides of the tiuiangle,
this equation asserts that the algebiaical sum of the triangular
areas PRS, PSQ and PQR1s==0. Hence Q, R, S are 1n the same
straight line, and we have the following theorem ,—

If from a pow* on the cucumference of a cucle perpendiculars be
drawn to the sides of any wnscribed triangle, the feet of these perpen-
diculars will lie in one and the same straight lLine.

Also fiom (322) 1t appears that of a circle be described touching
the sides of an wsocceles triangle at the extremities of the base, the
rectangle under the distances of any pownt on the circumference from
the two sides 1s equal to the square of 1ts distance from the base.
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CHAPTFR IX.

TIIE CIRCLE.,

231 7o find the equation of the cirele described about the
7 l"u{ﬂl ABC.

We may assume the equation Fig 39
(Art, 180. (IV).) to be of the form -

LBy 4+ Mya + NaB = 0.
(353)
The equation of the tangent at C

(Art 181. (234).) gives for any
point 2 upon it

L_
ar— B

Therefore (Eue ii1 32), when (353) represents a circle,

L  a_ PR _PCsind__sind

—

A~ BT PrPQT PCsmB s B’

and we have, by symmetry,

L M N

stnd sinB  sinC

Hence (353) becomes
sin 4By + sin Bya 4+ s;m CaB = 0, (354)

or, 4B, + bya + caB = 0. (355)
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232. 1) find the equations of the wnscribed and escribed cireles.

The cquation must (Art 187. (0;) ) be of the form
(Za)* + (MB)* + (Ny)i=0; (356)

and the equation of the straight line which joins € to the powt of

Fig 40.
C
A\
e
o)
) \
L \
i 0 ,
( e “'\ ’
7 -7 \f \\\\ / \
/ L ' \Q_
e - PR e
A D I3

contact of the opposite side (Art 187 (238) ) gives, for any pomt
upon it and thercfore for the point of contact D,

A . .
L B_DR_Ddsind __ 0])cot—2—5m 4 B cos’-
=" a DQ™ DBsmB

B - 2
0D cot 5 sin B cosz—{j—

Hence, by symmetry,
L M N

9 j_l - o B - o ¢
COS™ 7~ COS™ 3~ COS™
2 2 2

and the required equation is, by (356),

A 1 .B 1L (/’ 1
cos 5-a® + cos - B + cos 5 y* = 0. (357)

233, Similarly the equations of the escribed circles may be
shewn to be

A YR
€08 < (—a)% + sm-—zﬂlﬁ 4+ . .n—y*=0,
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sln—£ 2-|—co~s—~( B)%-l-sm—gwy%— (358)

sin §~ a* + sm —gﬁ* + cos—g- (—y)¥ =o.

234. It will be seen that the equations just obtaned for the
circumseribed and insenibed encles 210 the same as those given
in Art. 216. A full discussion of them here would be superfluous,
since all that was said with regaid to the comes (V) and (0;) m
the two preceding Chapters -~pphes, mutatis mutandis, to these
circles. A few, however, of the more important 1esults there ob-
tained will be given i the present Chapter under their modified
forms  For the sake of clearness we commence by explaining the
notation employed

235

R, Op; A4, B, C Sp=0, the corcumscr ibed .

r, O0,; A, B, C, S, =0, .. mseribed
Tay Ou; Ay Do C, S, =0, .. escribed(onBC) .
ry Oy, Ay, B, C, S, =0, . . escribed (on CA)

ry 0.5 A, B, C,

represent respectively the radius, centre,

S, =0, .. escribed(onAB) ..
S, =0, .. edf-compuyale

Ay, By, C)
rg, Oy;
_A‘h -B29 02

Sy =0, . . mne-pont

and pownts of intersection (or contact’ uith
the sides of the triangle of reference, of

Similarly S Sy Sae Sar are the circles described through

Oa’ Ob’ Oc; Or) Oln Oc; Oas On Oc; Oa, Ob’ 0" respeCtiVEIY°

Also, A4, B, ¢, , ) “mddle ponts of the sides.
ave the -
Az, By, C; feet of 1" from the vertices,
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and Vi) —t—]w 1.’ at the muddle ponts
P, the 1" from the vertices
G, Ad,, BB, CC,.
G, sthe | 44 BB, CC,
mtersec-

G‘, tion of fl/lav BB(U 001:'

, ALy, BB, CC
¢, | Ad, BB, CC,
G e AL, BD, CC,
236.
(Sg) aBy 4+ bya+ caB=0

Suppose a triangle .1'5’'C" to be formed by drawing tangents to
the citcumseiibed cirele at the pomnts A, B, ¢.  Then 1t will ap-
pear, as 1 A1t. 181, that 1ts sides, whose equations are

,B._ Y --0
b+0 ’
7 i:O 359
=~ , (359)
d e, B _)
an a+b ’

meet the opposite sides of the original triangle in points which
Lie on the straight line

a B Y _q.
_‘;_+__b_+-_-__0, (360)

¢

also Art, 182. [236).) AA’, BB, CC’ are represented by the
equations
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B _2 oy,
¢
Yy _ 0, (361)
¢ a
and e _ _B_ =0,
! @ b
and (Art. 183. (237).) meet 1n a point (ay, By, 7o) such that
@B 25 (362)

b ¢ T AP+

237. For the equation of the chord joning the pomnts (ay, Bi, 1),
(as, B3, 72), We shall have (Art. 209. (249).)

aa b8 ey
=0, 363)
aa; BB + Y1Y2 (

and the equation of the tangent at (a;, By, 1) wiil be

“ 4 B0, (364)
a, B Yi

while (Art. 212 (2983)), for the condibion of lungency of (I, m,n),
we have

(al)% + (bm)% + (cn)% =0. (3695)

238. The centre Oy of the curcumseribed circle 18 gwen (Art. 213
(307) ) by the equations

a _ B _ v _ 28
cosd ~ cosB T cosC acosd 4 bcosB 4 ccos (!
_ abe
T 48
= R, (366)

and therefore, as may cas..y be shewn, coincides with 2.
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239,

A D C
(S,). cos-2—a% + cos —Q—Bl + cos— ) y% = 0.

It may be shewn, as in Axt, 187, that the equations of 4.,
BB,, CC, are

/i ¢
cos” ——,6‘ — cos® Y= 0,
C A
cos® 5y — cosg-é—a =0, (367)

cos2—é-a — cos2-§—B =0,

respectively, and that &,, their point of intersection, is given by
the equations

A B C
0082700:0052?@,: cosg—z—yo, (368)
or, a(s—a)ay = b(s—b)B, = ¢(s—¢)y, (369)

210. The equation of the {unycnt at any point (a), By, 7)) (A1t
210 (271).)1s

A 1 C
—t—cos a+ cos£3+-——cos—é—y_0 (370)
"

a, 1

and the condition of tangency for (1, m,n) (Art. 212. (295) ) 1s

1 o4 B 1 : 0 __ . 1
- cos? - +7n_cos-2~+700s_§__0, (371)
a(s — a) b(s - b) e(s — c)__O 379

L )
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241. Again, O, the centre of the inscribed cirele (Art 213, (308).)
18 gwen by the equations

“ |

;:E:;: =7, (373)
and therefore (Art. 20. (10) ) comcides, as we know fiom the
geometry to be the case, with the point of intersection of the
bisectors of the angles of the triangle

242  The centre O, of the circle escribed on B (' (since it is the in-
tersection of the lines B—y=0,y+a=0,a+4 B=0)1s given
by the equations

- = - 28
TeTPEYE T
S -
=8—A—a:7’a (374)
243.
(8,). acos Aa® + bcos BB? 4 ccos Cy' = 0.

The equation of the tangent at any pownt (ay, 8y, 7,) on the self-
conjugate circle (Ait. 210. (274).) 1s

a cos Aaja + bcos BBB + ccos Cyy =0, (3795)

and the condition of langency for (I, m, n) (Art. 212 (297).) is

2 2

2 m n

@ cos + bcos BB + ¢ Ccos 02 (876)

244, Also (Axt. 218. (309).) O, the centre of the self-conjugate
cucle, is such that

28
aseccd + bsce B + ¢sec C

= 2R cos.1cos B cos C, (377)

cos Aa = cos BB = cos ('y =

and therefore (Art. 25. (18,.) coincides with 7%,
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THE NINE-POINT CIRCLE.

245. Theorem.—1In any triangle ABC, the feet of the per pendienlars
Srom the vertices (which meet in Py), the bisections of the seqments
AP, BP,, CPy, and the nuddle pownts of the sides, are nmine points
which lie on the same cuiele, and this cuele touches the wnscribed and
the three escribed cucles of the triangle. (Nouvelles Annales de

Mathématiques, 1842)

The following general form of this Theorem is given by
M. Terquem in the same paper.

If thiough the veitices of any triangle A DB C, inscribed e @ cone,
three straight lines be drawn conpuyatc to the opposite sides®, these
three lines intersect v @ pont I ; and the thiee points i which they
meet the opposite sides of the trwngle, the bisecbions of the scgments
AP, BP, CP, and the middle points of the sides, are mine ponts
which lie on a second similar and stmelarly situated come - also this
conie touches an inscribed cone which 1s sumilar to the given one and

semalar ly placed.
The equation of the nine-point cucle will be found hereafter

(Arts. 253, 254).

246. 7o shew that the equation of a circle may always be written
wn the form

aBy + bya + caB = (aa + b3 + ¢y) (la + mB + ny);
I, m, n being arbitrary constants.
The general equation of the second degree
¢(a, B,7) = Aa® + B+ Oy’ + 2Dy 4 2Fya + 2Faf =0

may, since aa 4 08 + ¢y = 25, be written in the form

Abe(bB 4 cy—28)a 4+ Dealey + aa—28)B 4 Cab(aa+58—28 )y
—2abe(DBy 4+ Eya + FaB) = 0,

» Straight lines are said to be conjugates w1 21 respect to a conic when they
are paraliel to conjugate diameters.
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or,

(B4 O —2Dbe)By+b( Ca*+ A —2 Lca)yat e( AV + Ba* — 2 ab)aB

—2ach( +£é+ ):0. (378)

But, if ¢(a, B, y) = 0 represent a circle we have (Art 149.(195).)

B+ C¥* — 2Dbe = Cd® 4 A — 2Fea = AV 4+ Ba® — 2Fub

= 1 (say); (379)
and (378) becomes
28 A B C
aB‘y-‘-b‘ya—}-caB— ab((“ a+—b-B+*—c-‘y> (380)

abc
- (da+88+cy) <—-a +5 B+ — 7)
(381)
which is of the required form, the values of /, m and » being

Abe Bea Cab
TR T » respectively.

For examples of this foim of equation to the circle the 1eader is
referred to Arts. 2562 et sqq.

247 The form of the equation airived at in the last Article
shews (Art. 169. (B).) that every circle meets the circle

aBy--bya+ caB=0 (382)

in four points, two of which are imaginary, the straight line at
infimty (Art 52) being-always one of .he chords of intersection.
Hence all circles pass theovngh the same two imayinary pownts at
wfinity.
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If this property be assumed, it follows at once from Art. 169
that the equation of a circle may be wiitten in the form

aBy 4 bya+ caB = (aa+ 93+ ¢y) (la + mB + ny), (383)
or aBy + bya 4 caB = 28(la + m8 + ny). (384)

248. The equation of the ofher chord of intersection is evidently

la+mB+ ny=20; (385)
this therefore is the equation of the radical axis of (383) and the

circumsciibed circle (382).

249. To find the equation of the radical axis of two circles.

Let the equations of the ciicles, when thrown into the form
which has just been investigated, be

aBy + bya + caf = (aa + 08 + ey) (ha 4 myB8 + nyy),
and @By + bya + caB = (ea + B + ¢y) (laa 4+ moB + n,y).

Subtracting, we get

(aa 4 0B + cy) {(lh—L)a+ (my — 1,)B + (ny—ny)y} = 0: (386)

hence, one of the chorls of inteisection (Art 167) is imaginary
and at an nfir-te distance (see also Ait.247); the other 1s real
[except 1 the case of concentric cucles (Art. 251),] and 18 1epre-
sented by

(6, — Lya 4+ (my — mp)B 4+ (ny — )y =0, (387)

which is therefore the equation of the radical axis.

250 If the equations of the two circles be given in the general
form

4@+ 28 + Ciy' + ° Dy + 2Fiya + 2FaB = 0,
Ay 4+ BB+ Cof* 4+ 2Dy8y + 2Ligya + 2168 = 0, (388)
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the equation of their radical axis (A1t. 246. (381).) will be

lAl__Ag) 1/B, ]}2> 1(0,__(72) .
a(r, 7c;“+z<71"723+22: B=0 (8

the values of 1,, &, being similar to vhat which % has in the Article
referred to.

251. Suppose the given equations to differ only by a constant
term, or, which is the same thing, by a multiple of aa + B + cy.
The circles, 1n this case, aie zoncentiic® and we get on sub-
traction

(aa + 0B + ¢y)*=0;

which shews (Art. 249 (386) ) that both chords of inteiscction are
imaginary and coincide with the straight line at infinity, Ience
it is to be infeired that concentric curcles touch ecach other wn two
cmaginds y ponts at infinity.

252. o find the equation of the curcle inscribed in the
triangle AL

Let 1t be assumed (Art 247. (383) ) to be

@By + bya + caB = (aa + b8 4 vy) (la + mB + ny).  (390)

b For the centre of the conic
¢.(a, B, Y) + 2k(aa + 68 + ¢y) =0
18 (Art. 137. (166).) given by the equations

(d-i—;‘) + 2ka <d‘f‘> + 2kb (ﬁlg_i_‘-) + 2ke
da ds dy

= =

a b c
d«»,) <d¢,) («wl)
Therefore, ( da _ iB iy
e ~ b - e

and the conic is concentric with the conic ¢,(a, 8,7) = 0.
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Since the circle passes thiough A,, (0, (s—c¢)sin C, (s—b)sin B),
1 1

Y b(s—b) ¢(s—¢)

B, we have by substitution in (390)

or (Art 26), <0 ), the pont of contact of the side

1 1 2 n
bo(s-—ba)(s—-c) = (s—b Tz (‘)kb(sib) + c(s-c))'

) m n _ '({_. 391
Hence, b(s—b) + ¢(s—¢) abe (390

n A b

c(s—e) ' a(s—a) = abe’

Simila1ly, (392)

/ m _ _'(’_. 393)
and a(s—a) ¥ b(s—b) ~ abe (

Therefore, subtracting (391) fiom the sum of (392) and (393),
we get
¢l b4e—a _ 2(s—a)
a(s—a) ~  abe ~  abe

and therefore, by symmet1y,

l — m — n =_1~’ (394)
a(s—a)  b(s—b)}  c(s—ec) abe

and (390) becories

28 . . .
oy + bya + caB = — {a(s—a)a+ Bs—B}8 + cls—c)y}, (39)
which is the required equation.

253. To find the equation of the circle which passes through the
middle ponts of the sides of the triangle ABC.

Suppose the ~quation to be

By + bya+ caB = (aa + b8 + ¢y) (la+ mB 4 ny).  (396)
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Since the circle passes through the middle point .1,

/

ko gsm C, - sin B) ( 2, -}), (396) gives

Therefore, m no_a
T = s (897)

Smmilaxl n / b*
” T = s (398)

and ! m ¢

= . 99
@ b 2abe (399)

Subt.acting (397) fiom the sum of (398) and (399), we have

g__b+(—(z cos A,

a  2abe ~ a
therefore, by symmetry,

I 0m _ n 1

— — =y 400
cos A cos B3 cos (' 2 (400)

and, substituting these values of 7, m, n in (396), we have

aBy + bya + caB = ;lj(aa + 58 4+ ¢y) (cos A a + cos BB + cos Cy).
(401)

254. To find the equation f the cirele which passes 1 ynnql the
feet of the g 10 <« " 1+ from the vertuces of the t wangle ABC upon
the opposite sudes.

Assuming the equation to be

aBy + bya + ca = (aa 4+ 58 + ey)(la + mB + ny)s (402)
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we have, since it passes thiough .f, (see A1t 235) (0, pqcos C,

1 1
Pa COS B) or <O, cosD cosC U)’

a b ¢ \< m n )
cos Bcos C (cosb’ + cos U/ \cos BB + cos ()’

that 1s, since beos ('+ ccos B = a,
m n
E—(—)—S‘—B EO—S-—C-’ —_— 1. (403)
Similar] m oyt 404
tmuiatly, cos C cosd — 7 (404)
d ! n m_ 405)
an cos A cos 8 (405

Hence, subtracting (403) fiom the sum of (404) and (405), we
find

21
cosA — 1,
and therefore, by symmetry,
l m n 1

cosd cosB  cosC 2’ (106)

values which give for the requned equation
1

aBy + bya + =7 (aa + BB + ¢y)(cos Aa + cos BB + cos Cy). (407)

255. The resulting equations of {ne last two Articles, it will Le
observed, are identical, and M Terquem’s Theorem (Art. 245) is
proved so far as the six points 4,, B,, C,, 4;, B,, C; are concerned.
With regard to the three remaimning points it is only necessary to
remark that the circle which passes through A,, B;, C; must like-
wise, vy what precedes, (since these points are also the feet of the
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perpendiculars upon the sides of the triangle A B P, fiom the ver-
tices which subtend them,) pass through the middle points of AP,
BP,, and, for a similar reason, must also bisect CP,.

256. Thus it appears that (407) 1s the equation of the nine-point
arcle Sy, That part of the Theorem of A1t. 245 which refers to
the contact of this circle with the inscribed and escribed circles of
the triangle 4 BC may be verified by applying the condition of
tangency (Art. 131. (155).) to the equation of the radical axis (see
Art 262) of S, with S,, S,, S, and S, successively.

257. Fig 41 exhibits the relations in whick these circles stand
to one another, and the position with 1espect to them of certain
important points connected with the triangle of refeience. Thus
Oy, @), O, and P, are collinear, O, being the bisection of 0y, and
G\, =2G,0y Again 0,, (G, and G, are collinear, and GG, =
2G,0,. Hence also P,G,, is pawallel to 0,04, and 1,6, =
20,0;.

258 The centre of the mine-point circle is manifestly the intersec-
tion of perpendiculars to the segments A,A,, B\ B;, C\(;, at their
middle points.

If thereforc q, E,; be the co-ordinates of O, we shall have
(Art. 238. (366) ) and (Art. 244. (377).),

1

»

(Rcos A + 2R cos Beos C) — %cos (B—-0),

a=—_

(]

and therefore, by symmetry,

a _ ) _ " _R
cos(B—C) ~ cos(C—A) ~ cos(Ad—2) 2 (408)

259. To find the equation of the circle which passes through
0., 0,, O, (Art. 235).

Let the equation be assumed to be

aBy + bya + caB—(aa + 88 + ¢y) (la + mB + ny) = 0. (409)
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At O, we have
—a=B=y="1,

Therefore a—b—c—(a—b—c)(l—m—n) = 0, by (409),

whence, l—m—n=1.
Similarly, —l4+m—n=1,
and —l—m+n=1

These equations give
l=m=n=—1, (410)

and, substituting these values for /, m, » in (409), we get

aBy + bya + caB 4 (aa+ 8+ ¢y) (a+ B84 y) =0  (411)

for the equation of S,

260. 7o find the equation of the eircle which passes
Wy 70, 0, 0.

Proceeding as in the last example, and substituting in (409) the

values of q, 8,y at the points O,, O,, O,, successively, we get to
determine /, m, n,

l4+m4n=1,
—l4m—n=1,
and —l—m4+n=1:
whence,
—l=m=n=1, (412)

and we have for the equation of §,,,

aBy + bya + caf + (aa + 88 +¢y) (a—B—y) = 0.  (413)
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261. The equations of some of the more important eircles arc
collected in the subjoined list  For the sake of shortness 28 has
been substituted for aa 4 8+ cy. For an explanation of the
notation employed the reader 1s again 1eferred to Art 235.

(8z).  aBy+byatcaf =0.

2Aq 9 o

(8,).  aBy+byat-caB — EZ—O{a(s—a)"a+b(s—-b)23-1-c(s—c)“y} =0
28 2 2 2

(8.). aBy+byat-caf — ahe {(H‘“a +o(s—c)B+c(s—0Py}=0
i 28 . .

(Ss).  aBy4bya+tcaB — 5170{“(8 —cfa+bsB4 (s —a)iyt =0

28
(8.).  aBy+byatcaB — e {a(s = b)Y a+ b(s — a)’B+ cs’y} =0

(8o).  aBy+byatcaB— S {cosda + cosBB + cosCy} =0
(8.).  aBy+bya+tcaB — 28 {cosd a + cos BB 4 cosCy} =0
(Sac)- aBy+byatcaB+ 28 (a4 B+ vy) = 0.
(Sic)- aBy+byat-caB+ 28 (a — B — y) = 0.
(Sure) aBy+byatcaB + 28 (8 —y —a) = 0.

(Sar)- aBy+bya+tcaB 4+ 28 (y —a— B) = 0.

262. The radical axes of these circles taken in pairs, arc 1epre-
sented (Art. 249) by the following equations :—

(8z) and (8,).  a(s—aja+ b(s—b)*8 + ¢c(s—¢)?y= 0.
(Sg) ... (8,). as’a 4+ b(s—b)*B + c(s—¢)’y = 0.
(Sz) « .. (Sy)- IcosAa+ cos BB+ ¢ Cy=0.
(Sz) ... (S,). cosda4 cosBB4+ cosCy=Nn.
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(Sg) and (Su.).

(Sg) - -+ (S
(Sr> N (Sa>
(8)) ... (S
(Sa) - ()
() ... (S
(8e) + v+ (8y)
(S,)

(Save) + + + (Sppe)
(Sate) + + (Sare)-
(Sae) « + « (Sur)-
(Sare) + + o (Sapr-
(Savr) o+« (Srpe)-
(S) + + + (Sue)-

a+B-—|—'y:0.
a—fB—y=0
b
thaa—I-bB-—(‘y:O.
@, W L o _
b—c+c—a a—-b_o
aa b8 by
b—o+c+a a+b—0'
—aa bB cy
b+c+o—a+a+b—’0'
aa_ B cy
b4 ¢ c+a+(z—b—0°

. (Sy) cos.da - cos BB + cos Cy = 0.

y—a=20

a—B=0.

159

From the above it appears that Sz, S,, and S, are coaxal circles,
a conclusion to which we are also led py a comparison of the
cquation of S,, which may be written in the form

a*sin2.4 4B%sin 2B+ y*sin 2 C—2(By sin 4+ yasin B+4aBsin (') = 0,

with those of Sy and S, (Eqq 315, 32v).

(414)
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263. The co-ordinates of some of the principal points 1eferred
to in Art 235 will be found below - —

|

(£ or (On) wd = B = e =F
(0,). «a = B =y =r
(0.)- —a = B =y =
(). s = - = 7 =n
(0.). « = B = —y =

« _ B __y _R
(Go)- oS B—C)  cos(O—d)  cos(A—B) 2

(Py) or (O,) cosAda = cos BB = cos C'y = 2Rcos.1cos Beos (.

_ _ - 28
(Gl)' da = bB et ey = 'g"
(G,) a(s—a)a = b(s—Bb)B = e(s—c)y.
@ E = 0‘)7 = 2

(Gad 0 T =0 T =
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CHAPTER X.
GENERAL THEOREMS AND PROBLEMS.

264. A conac 18 complitily deter mined when five points upon
it are yjwen.

For the most general form of the equation of a conie, viz :
Aad®> + BR* + C¥* + 2DBy + 2FEya + 2Fa =0, (415)

involves six constants, and the five equations which we obtain by
successively substituting in (415) the co-ordinates of the ziven
points aie sufficient to determine their proportional values.

265. A conie is completely determined when five tangents to ot
are gwen.

The condition that any lLine (/, m,n) should touch the conic
(415) is (A1t 131. (157))

AP+ Bw? + C'n® 4+ 2D mn + 2E'%l 4+ 2F'in=0; (416)

and, if five tangents (7, my, n,), ({5, mq, n5), . . . be given, we shall
have five such equations, whence the proportional values of
A, B, ¢’ ... may be determined. These being known, the pro-
portional values  f the coefficients in (416)—the constituents of
the determinant A, are also known. This proves the proposition

266. If from a pownt 0 two chords OR,R,, 08,8, be drawn wn
gwen dwrections. to a curve of the second degree, the ratio of the
vectangles under the segments of the chords 1s the same for every

positroi. of O,
M
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For (Art 13. (8).) the distance of O (ay, By, 7o) from the curve,

in any dircction, is given by the equation

S, g, )1+ v+ Plag Bor o) = 0.

Hence, if (A}, p1, v1)y Mgy poy v5) a1e the two fixed directions, we
have

ORI ORJ _ ‘I’(“m Bm ‘)’0) . ¢(“0’ B(n '}’n)
OSl . US; Sb()\h H1) Vl) ¢<)\2s P2y Vz)

_ ?(_)\2' Has V2)’
SNy s 21)

an expression which is independent of ap, By, 0, and 1s, therefore,
constant for every position of O.

267. 1o prove that the anharmonic ratio of the pencil formed by
jowning four points on a conic to any fifth pownt on ot s constant.

Let P\, P, P;, P, be the four given points, and 4, B, C any other
pomnts on the conic

Take the inscribed triangle 4BC for the triangle of refer-
ence; then the equation of the conic {Art. 180. (V).) will be of
the form '

L

a

N
Y

+

LA
B

= 0. (417)
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Let us nrssume

’y-—-]lla=0,
vy — hga =0,
(418)
y — hya =0,
7—7l4a=0,
and
B—ha=0,
3—12(1:0’
(1419)
6-13‘1:07
B—]«,‘a:O,

for the equations of the successive rays of the pencils

{B. P\,P P} and {C P.P,DP,D,}, respectively.

The point of intersection of the first pair of corresponding 1ays
in (418) and (419) is given by the equations

M N
L T + = 0
NEk,
Hence hy= —'m"ﬂ‘[;

and we should get similar values for %y, Ay, Ay, in terms of &y, £y, 4y,
respectively.
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Taking, therefore, one of the anharmonic ratios (Art. 92. (113).)
of the first pencil, since

MN

~@h s, vtk

}ll—"}'2=

ete. = ete,

we get
lzl—/lz.lll—])4*A1*]lz ]l:l—l,"
hy—hy hy— by hy—hy Ay —k,

The equality of the other ratios may be shewn in a simlar
manner. We have therefore

{B0P1P2P3P4} = {O'PI-PZI)'SI)4}?

and the truth of the proposition is established.

268. If the centres of the two pencils be made the opposite
vertices of an inscribed quadrilateral, the proof of the Theorem
of the last Article will be somewhat simplified.

Fig. 43.

Thus; let 4, B’ be the centres of the two pencils, 4BC the
triangle of reference, and 8 =0 the equation of the fourth side

BB’ of the quadrilateral. The conic will be repiesented (Art.
208. (7).) by an equation of the form

ya = kB8. (420)
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Let us assume for the equations of the corresponding rays of the
two pencils

B—bLy =0,
B — lz‘}’ = 09
(421)
rR— ZB'}' = 0,
B — l4’)' = 0;
and
a —md=0,
a — myd = 0,
(422)

a — myd= 0,

— m,d= 0;

]

then, since they interscct on the conic, we get by substituting for
a and 8 n (420),

my = /fll,
me = hl,, (423)

ete. = ete. ;

and the second pencil is represented by the equations

a— A3 =0,
a— 8 =0,
a — kI, = 0,
a— A3 =0,

and is therefore (Art. 93) homographic with (421).
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269. Four fixed tangenls to a conie are cut by any variable tangent in
pownts whose anharmonie ratios are constant

Let ABC, the triangle formed by any three of the fixed tan-

gents, be taken as the tiiangle of 1eference.

Fig. 44.

The equation of the conic (Art 187 (0;).) will be of the form
(Za)* + (M)} + (M)t = (424)
Suppose the equation of the fourth fixed t.ngent to be

la+ mB 4+ ny =0, (425)
and let

a4t B4+ vy=0 (426)
ropresent any variable cange..t meecting the four fixed ones in
Pis P2y P3s Py

The condition of tangency (Art. 212. (295).) gives

L
7t ] + —]—v— (427)
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and %— + 24X oy (428)
® v

Now the successive rays of the pencil {4.p p,p,p,} may be
1cadily shewn to have for their equations

8 =0,
(mX — Tu) B + (nh — by = 0,

y =0,
and

pB+ vy = 0, respectively
Hence (A1t. 92. (113).), the ratio

nps P b=k ok

—_ l‘
P3P

nN — Zu
' D3Py - ]'f—/”z ]v;""h, [When ll = 0’ 12 = MmN — l,u.,
lszoo,lo,‘:—l—l—]

_ [k
= l:'{i:l k, - nA — v

MA — ly..

"

(53
_p(%)\-—lu)__ _ Iy - nA

T ou(ma—lp) (_}____L)
" lp  mX

V! B constant quantity ;

the last step following by reason of (427) and (428), which gi-e
by cross-multiplication

_ M _ N
L 1~ 4 171 1
nu my lv

N
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270. Dascal’s Theorem — The three pawrs of opposite sides of «
hexragon inscribed 1n a comc wntersect wn pownts which he wn the same
Jrargl! Line.

Let AZCDBI be any inscribed hexagon, and let 42C be
taken as the triangle of reference.

Fig 45.

The equation of the conic will be (Art. 180. (V).) of the form

LN 429
3 ;=0 (429)
Suppose
(BD). a=ky) tobe the equations of the two
(CD). a=1B } sides which intersect in D,
(CE). B=1lsa }
(AE). B=1ly k)
(AF). y=1L8 }
(BF). y —_— ksa R
Since D, E, F' lie on the conic, we have from (429)
L + MUk, 4+ Nk, =0,
Lk, 4+ M <4 Nk, =0,
L4+ Mk, 4+ N =0,
and, therefore,
l’ k)’ kl
R 1, %, | %= 0. (430)
hgy ks, 1
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But the condition that the opposite sides should intersect on the
same straight line,

la 4 mB 4+ ny = 0 (suppose), (431)

1S 1, 4, Ak
ky 1, ky | = 0. (432)

1, k5 ks

TFor the intersection on (431) of
CE and BI gives I + mlhy + nks = 0;
that of AF ... CD ... Uy + m +nks=0;
.. BD.. AE ...l +mh,+ n = 0.

But the conditions (430) and (432) arc identical ; hence the
theorem is proved®.

271. Brianchon’s Theorem.—The d. -4 nnls which connect the three

pairs of opposite angles of a hevagun described about a conic meet in
a point.

Fig 46.
A
At
£
Cct 2
N
C C:.\ “B. B

Let the ciicumscribed triangle 4B be taken as the triangle of

* This proof of Pascal’s Theorem is given “y Mr. Ferrers in his treatise on
Trilinea. Co-ordinates.
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1eference ; then the equation of the conic (Art. 187. (0;) ) will be
of the form

(Za)* + (MR + (M)t = 0. (433)

Let A, 4,, B\B,, C,(,, the other thiee sides of the hexagon, have
for their equations

ha 4 mB 4+ ny = 0,
]2a + ”226 + ”2‘)’ = O, (434)
and La4+mB 4+ ngy =0,

respectively.

It may be proved by the usual method (¢ g see A1t. 98) that
the equations of the thice diagonals B.C), A4,C, 4,8, aie, 1e-
spectively,

mq n,
a+TB +T'y=0,
2 3

l) n3 -
-;l:a-l" B-I-;;;;‘y—o, (435)
by Lo
¢ T ="

Also, since (434) are tangents to the contc (433), we have

L ¥ ¥ _
ll + ny ny -
I, x ¥_,
ly + mg  mg
L M T
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and, therefore,

1 1 1
L7 m’ wy
1 ! 1
A ) = 0; (136)
111
L omg
but this may be written in the for.n
1 1 1
Lo
1 1 1
m my m, | = %
1 1 1
n ony g
or,
my Ny
b
_l.‘_ 1, e =0
m, ng ’
5L, my
‘n_l'Q '%;9 1

which (Art 55 (60))is the condition that (435) should meet in
a pomnt. This proves the theorem.

272. To find the locus of the centre of 3 come which touches three
gwen straight lines and passes 11, onyl the gren pont (ay, By, y1)-

Let the given tangents be taken as the triangle of reference, and
suppose the eqnation of the conie to be

(Za)* 4+ (MB)F + (My)F = 0.



172 TRILINEAR CO-ORDINATES.

The centre (Art. 213. (308).) is given by the equations

« __ B __ vy __ 1.
Nb+4 Mc ™ Le+ Nao~ Ma 4+ Lb k(say),
whence,
Me+ Nb+ ol =0,
Le +Na+§/c=0,
and Lb 4 Ma + vk =0,

which give

I, M XN
Ic, b, a - 0, b, a . 0, ¢, a
IO’ a’_B 16 G,B ¢, O’B .
(4, 0, v b, 0, y b, «a,
or,
L s N . (487)

a(—aa+ BB+ ¢y)  blaa—bB+ cy)  c(aa+ bB—cy)
But, since (a), 8, 7:) always lies on the curve,

(Za)t + (MB)Y + (M)t =0;

and, substituting in (438) for Z, If; N from (437) and wiiting

a, B, y for a, B, y, we get for the equation of the lo~us

Vi{aa(—aa+ 88+ ey)} + /{88 (aa — 88 + cy)}
+ J{chl(ﬂa-*- B — cy)} = 0.

- Now,
—aa+ b8+ cy=0,
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aa — B3 + ey =0,
and aa + b3 —cy =0,

represent the sides of the tiiangle 4, B, C;, whose vertices are the
middle points of the sides of the triangle of reference. The re-
quired locus, therefore, 1s a conic section which touches the three
sides of the triangle 4, B, 0.

273. o find the equation of the polar reciprocal of the conie
d(a, By y) = A& + BB+ Cy* + 2DBy + 2Lya + 25 e = 0,
with respect to the conie
x(a, By y) = Asa® + BB + Coy* + 2D:By + 2Lyya + 2F;0B =0

Let («, B, 7) be a point on the reciprocal curve. Its polar with
regard to ¢,(a, B, y) = 0 has for its equation (Art. 134)

(2)es (@ (=0

and the condition that 1t should be a tangent to ¢,(a, B, y) = 0 15,
therefore (Art. 131. (155).),

-Fla -Bl, Dl) (W)

() ) (G2 o

Hence, suppres.ing the acce1ts, we have for the equation of th~
polar reciprocal
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4, F 5 ()

da
d D]
'l’ Bu Dl» (dg)- )
=0 (440)
El’ -Dh Cl, <—¢i’2">
dy

(dqba) (dsz) <d¢2) 0
' \da /' \dg )’ \dy /’
or, to use the notation hitherto gmployed,

o[@) @) @)l=0 w




EXAMPLES.

TTswuglanl the following examples, except when the conliary 1s
stated, ABC s used to denote the ti cangle of reference.

Il

Fryp the proportional values (Art 26) of the co-ordinates of the follow-
ing pomts, ABC being the tuangle of reference.

1 The muddle pomt of the angle-bisector 4.4,

If I be the length of 44, the actual values of the co-ordinates will be

](bzz ) sin -f;—, ésin :‘;—’ 2{ sin —‘; -, and their proportional values (b + ¢, a, a)

2 The middle pomt of the side-bisector 44,

N
The actual co-ordinates are -, %sin C, g sin B, and the point may be repre-
a

211
sented by (;, 3 ;)
3 The middle pomt of the perpendicular 44,.
Ans. (1, cos C, cos B).

4 The pomt of mtersection of the side-bisector BB, with the angle-
bisector CCo

The equations of these lines are, respectively, ¢y — aa =0 and a — 8 = 0.
Hence the actual values of the co-ordinaves of their intersection are aa = uB

_ _ 2a8
ST et ¥

’ 1
and their proportional values (1, ]1-, -).
a a'c

5 The intersec.ion of the external bisectors of the angles B and C

Ans. (—' 1, 1’ 1)0
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IL

6. Shew that the three peipendiculars drawn to the sides of an equi-
lateral triangle, from any pomnt within 1it, are together equal to the altitude
of the triangle.

7 Prove that
AysmAd + BysinB + CysmC =0,

where 4, B, C, are the arcas of the triangles formed by joining the ver-
tices of the triangle 43¢ to the centres of the mserihcd and esciibed

cireles.

8 Shew that the sum of the reciprocals of the distances of Gy (Art 263)
from the sides of the trangle of refercuce 1s equal to three times the radius

of the inscribed curele

For the notation employed m the followmmg examples the reader 1s
referred to Art 235 and lig 41.

9. Prove that Oy 1s the nuddle pomt of P,0r (Art 257)

Let a,, a,, ax be, respectively, the a-— co-ordinates of the three given
points. Then, by Art. 263,

ar + a, = Rcosd + 2R cos Bcos C
= Rcos(B — C)
= 2a,;

and the same is true, by symmetry, for the a— an' 8- co-ordinates.
10. I’rove that G]Pg = QGIO_R (Art 257).

11. Shew that G,G.y = 2G10,.

12. The sides of the triangle of reference being 5. 12, 13; construet
(Art. 15) the hne whose equation 1s

2a — 38 + 4y = 0.

III.

Write down, m their symmeirical forms, the equations of the following
right lines (Arts. 7, 8, 9) .—
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13 The straight Iine through A which biscots the £ BAC of the triangle
of reference.

The 6, ¢ and ¢ of tlus line are, respectively, -g— + C, g«, and »‘g—; its
3

direction-cosines, therefore, (smce,'by Art 8% they are equal to — sin 0, sin ¢,
siny) are

s ~A— + C ), sin i s 4
2 ? 2’ 2

28
Also 1t passes thiough .1 ( ~(; , 0, 0> Hence the requited equations are
]
28
@ — ——
a __B 0%

- + C sin 4 s 4
- SIn K 2 2 ?‘

1t The stiaight line through £ perpendicular to BC

T T n . . .
Its 6, ¢ and ¢ are, respectively, o, 5~ C, 5~ B, 1ts direction-cosines,

therefore, are — s g, sin (;r - C), sin (;r - B), and, since 1t passes throngh

the point <ga§’ 0, O), 1ts equations are

28
a—-—-———

a ——3 B b= 'y .
-1 cosC  cos C

15. The straight linc perpendicular to 4B through 1ts middle point
Its direction-cosines are cos B, cos 4, — sin 121, and its equations, therefore,

a— :—;-sinB 8 — ;’-.smA y

cos B - cos A ~1

* When the di ection-cosines of a straight line through one of the vertices
are sought, the signs of the denominators (Art 8) are best determined by con-
siderirg the segments of some stiaight line parallel to the given one.

N
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16. The straight line through C paallel to 4B

The direction-cosines are — sin B, sin 4, sin 0, and 1ts equations, there-
fore, are

a _ B _ o
—smB  smd 1)

17 The straight line through B at 1ight angles to 4B.

28
Ans. B — T 5
cos B cosd 1

IV,

Find, m the homogencous form, the equations of the following night
hnes —

18 The straight line through C parallel to 4B

The equation must be capable of expression 1 either of the forums
a+ k B=0 (Art. 16) and (aa + b8 + cy) — k,y = 0 (A1t. 67) 1dentifymg
these, we get £, = ¢, and for the equation required, aa + 48 = 0.

19 The sides of the triangle DZF, formed by jonung the pomts m wlich
the angle-bisectors meet the opposite sides of the 4 of reference.

Furst method —The bisectors (A1t 19)are 8 — v =0,y —a=0,a — B =0
The equation of EF, since 1t passes through the mtersection of y — a = 0 and
B8 =0, must be of the form ¥ — a + £,8=0, also of the form & — B + &,y =0,
since 1t passes throngh the intersection of @ — 8 = 0 and ¥ = 0. Identifying
these, we have ¥, =1, 4, = — 1, and, for the equation of LF

—a+ B+ y=0
Similarly, a— B+ v=0,
and e+ B—79=0,

are the equations of D, DE, respectively.
“econd method.—The co-ordinates of D, 7", F are, respect.vely, proportional

to (0,1,1), (1,0,1), (1,1,0). Heuce the equations of the jomning lines may be
written down at once from eq. 58. Art. 68.



EXAMPLES. 179

20. The straight line which joins the mteisection of
Qa + B +cy=0and 48 —cy =0

with that of
2ba + B + cy =0 and aB — ¢y = 0.

ab
a+b

Ans (@—B)+ey=0

21 The stiaight hine through A at right angles to AB.

L st method —Take any pomt P on this line, and draw PQ perpendicular
to C4  Then, from the geometry,

B —PQ —PAsnPAQ _
; =57 = S = — cos A.
Therefore B + cosdy =0,

which 1s the required equation.

Second method.—Its ducction-cosines are
cos B, cos 4, — 1,
and 1t passes through the point 4, whose co-ordinates are proportional to
1, 0, 0;

hence, Art 59. (71) gives for the required equation

cosd, -1 i — 1, cos B cos B, cos .1 '
o+ vy=0,
0, O l O’ ]- 1) 0 l
or B + cosdy = 0.

Third method —The equation must be of the form B8 + %y = 0, since the
Iime passes through 4. And, since it is | " to v = 0, we have by Art. 74,
k — cosd = 0.

o B+ cosdy =0.

22 The straight hine which joins B, C. the feet of the perpendiculars
from b and C upon the opposite sides.
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The co-ordinates of B,, C, are pioportional to
cesC, 0, cosA,
and cos B, cosd, 0;

hence Art. 58 gives for the required equatio .

0, cos A “ cos A, cos C cos C, 0 -0
cos A, 0 I 0, cos B cos B, cos A v ’
or, cosda — cos BB — cos Cy =0

23 The straight Iine which joms the middle pomts of the sides Cd, AB
Also shew that 1t 1s parallel to BC

Let the equation be la + mB + ny = 0 since (Art 1) it passes through the

b
pomts  —sin C, O, 5 smA> and (Z; sn B, g sin A4, 0), we have

/b
\2
IsinC + nsmAd =0,

and lsmB +msind =0,

and the required equation is
— sin da + sin B8 + sin Cy = 0,

or — aa + B + cy = 0.

\J
Also, since it may be written in the forin 2aa = aa + 88 + ¢y, or a = i.

1t appears (Art. 67) that the straight line which 1t represents is parailel to
BC (a = 0).

24 The thiec perpendiculars to the sides at their middle pomts  Also
shew that they meet 1n a pomt.

Furst method.—Let 4, be the middle pomnt of BC and D the pont in which
tne perpendicular at D meets the second side (CA suppose) of the A. Join DB
Then evidently DB = DC = [(say), and the co-ordinates of D are ! sin C, 0,
Ismn (B — C). Hence the points 4, and D may be represented by

[0, sinC, sinB]

and [sinC, 0, sin(B— C)] respectively.
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The equation of the | ' 1s therefore, by Art. 58,
'

smC, smDB \ sin B,

st 0 8+ 0, sin C l
0, sin(B-0C) s (B—C), sin C ;

sin C, 0

or, dividing by sin C,
s (B — C)a + sin BB — s Cy = 0.

Similarly for the other two perpendiculars we have
sin(C — A4)B8 + sin Cy — slaua = 0,
oin (4 — B)y + sm da — sm BB = 0.

These equations, when mu'tiplicd by sin®4, sin?B, sim*C, respectively, and
added together, vamsh. The lines, therefore, meet mn a point (Art 17).

Second Method —The first | 7 passes through the pomnt (0, sinC, sinB),
and 1ts duection-cosines are (— 1, cos C, cos B) hence, by Art. 59, we have for
1ts equation

sim C, rin B sin, O \ ' 0, sinC ‘
8 + v =0,
cos C, cos B cos B, —1 —1, eosC
or, sim(B — C)a + sm BB —sinCy = 0.
V.

F,. the notation and method employed in this set of eaamples, the student
1< referred to Arts 26, 58, 263, and {0 Fig 41.

25. Find the equation of the straight line which joins Og and O,.
It passes through (cos4, cos B, cos C) and (1, 1, 1), and its equation 18

(cosB — cosC)a + (cos C — cosA)B + (cosd — cos B)y = 0.

26 Shew that the equation of the stiaight line which joms P: and
Opr 18

sin24sm (B — C)a + sm2Bsin (€ — 4)B + sin2Csin (A — B)y = 0.
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27. Find the equation of 0yG).

cos(d — B) cos(C — A)
Ans. [ smB ~ smC

]a+&c ....... = 0,

which 1s easily reduced to the form of the result of the last example, hence 1t
appears that Og, G, O, and P, are collinear (Art. 257).

28 Find the equation of 0,0,.

Ans. [coe(d -~ B) —cos(C—Ad)]a + &e. . . .. .. =0

29. Shew that the equation of G,0; 1s
1 1 1 1 1 1
(z*z%*(z‘;%+\5‘iﬁ=“

30 Find the cquation of 71Gu., and shew that 0,, @, and G, arc
collinear (Art 257)

Ans. The 1esult is the same as that of the last example

31 TFind the equation of G, Gue
Aus. @G- —aa+Pe—a) -8+ a—b)(—y=0

or, a?(cos B — c0sC)a + b°(cos C' — cosd) B + r*(cosd — cosB)y = 0.

32 Find the equation of the straight line which joins the centies of
the circumseribed and self-conjugate circles.

Ans, sin24sin(B — C)a + sm2Bsin(C— 4)B + sn2Csm(4 — B)y =0

33 Shew that the straight line wluch joins the centre of the inseribed
cuele with that of an eseribed circle passes through a vertex of the triangle

Ans. The equation of O, O, is 8 — v = 0, which is also the equation of the
hisceoor of the angle at 4.
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VI

314 In any tnangle 4BC, the mternal bisector of one angle and the
exteinal bisector of the two other angles, meet m a pomt.

Their equations are 3 —y = 0, + a = 0, a + B = 0, and if the last be sub-
tracted from the sum of the other two the result 18 =0. Hence (Art 17),
the proposition 1s true.

35. Find the equation of the line through 4 which 13 perpendicular to
B—ky=0.
It must be of the form B + Ay = 0 by Art 16, and the condition of Art 72

1—/%cosA .
—_:TSE'Z-’ and the required

gives 1 —EA — (& — A)cos4 = 0, whenee A = Z

equation 18
(A —cosAd)B+ (1—kcosd)y =0.
36 Find the equation of the straight Imne through the centre of the

mseribed circle and perpendicular to 4B

Its direction-cosines are cos B, cos A4, —1, and the co-ordinates

of the centre are proportional to 1, 1, 1

The required equation 1s, theiefore, by Art. 59,

@ + cosA)a — (1 + cos B)B + (cos B — cos A)y = 0.

37 Straight lines are drawn through the vertices of 4BC, the triangle
of 1ererence, and cutting the straight lines

o LR

=O,

N

=0

Qe
> w
i
o

b

>
Qe

at 11ght angles. Trud thewr equations and shew that they meet in a pomnt.

8

First Method.—The direction-cosines of a perpendicular to 3

+ Y- 0, are,
¢
by Eq. 84 of Art. 70,
—ccosC—bcosB,c—bcosd, b—ccosd,

or, —ccosC —bcos B, acosB, a cos C.
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Also it passes through 4 (1,1,1) Hence Art. 59 gives for its equation

B Y 0.

cosB cos C

And the equations of the other two perpendi ulars, viz.

Y a

cos C  cosd
and « __B =0,

cosd cos B

may be written down by symmetry. These thice equations vanish identically
when added together. The hnes, therefore, meet i a puint.

Second Method.—The equation of a straight Iine through .4 must be of the

torm B — ky = 0, and if 1t be perpendicular tog- + } = 0, we shall have by

the condition of Art. 72 L_EB_(L_#*, cos 4 = 0, whence
b ¢ e b

—bcos A acos B
k=2 —
b—ccosd acosC’ and the equation 13

B Y

B el =~ 0, as before.

38. Find the equation of the stiaight lmme passing through the two
pomnts defined by the equations

ha = B = ny,
la = moB = nyy
Ans, 1 0, (myny — mon )a+mom, (0,1, —n,l )8+ nyn,(Limy —1,m,)y=0

39. Within a triangle two points are taken The distance of the first
from any side is proportional to that side The distance of the second fiom
any side 18 proportional to the sum of the other two sides  Shew that the
straight lime jomng these two pomts passes through the centre of the
circle inscribed in the triangle.

-0, If the straight lnc /e + mB + #y = 0 be perpendicular to a =0,
prove that £ = m cos C + n cos b.
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41 Prove that perpendiculars drawn to the sides of a triangle from the
centres of tue escribed circles meet 1 a point.

49 If through the vertices of any triangle there be drawn three straight
lines mecting m a pomt, the three limes diawn through the same vertices
and equally mclined to the biscctors of the angles will also meet n

a pomt.

43 Two straight lmes are drawn from the vertex A4, one through the
middle pont of BB, (one of the biscetors of sides), the other parallel to
BB, Fmd therr equations and shew that they are Harmonic conjugates
with respect to the syles 45, 4C.

The equation of BB, (A1t 22) 8 ey —aa = 0 Hence the equation of the
parallel through 4 (1,0,0)is 68 + 2¢y = 0. The middle pomt of BB, 1s
b’ 4 a’b’c
(Art. 58) is 8 —2¢y = 0 and the condition of Art 95 1s satisfied.

<% sin C, s -b—smA), or <1 2 —1—) Therefore the equation of the first line

t1. Two triangles 4BC, XY7Z, have thewr sides parallel, viz ¥Z to BC,
ete. .. .: shew that 4X, BY, CZ meet m a point.

Let the equations of the sides of XYZbe a—%, =0,8B—%k,=0,7v—k, =0
1espectively (Art. 67). The equation of 4X must be of the form B — Ay = 0,
and also of the foom 8 — %, — u(y —k,) = 0. Identifying these we get u = A

k .
= —2 ; and the equation becomes

ky’
B Y
il il
. Y a _
Sinularly, we get T E 0
a B
ana 70—1— - 70—; =0

for the equations of BY, CZ, respectively, and these three equations when
added together vanish identically.

45 Two tiiangles 4BC, XY7, are homologous, ie are such that heir
corresnonding sides mtersect on the same straight line (called the awes of
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homolugy) , shew that the straight lines which jom corresponding vertices
meet in a pont.

Let la + mB + ny =0
represent the axis of homology. We may 2 .sume
Aa + mB + ny = 0,

la + uB + ny = 0,

la + mB + vy =0,

for the equations of ¥Z, ZX and XY, respectively, and the cquations of
AX, BY, CZ will be, respectively,

(m — p)B — (8 — v}y =0,
(n = v)y = (I = N

(I =Aa — (m—p)B=0,

I
=

and these when added together vamsh 1dentically.

The student will observe that the last example 1s a particular case of the
present, the linc at nfimty being 1n that case the axis of homology  The
centre of homology mm Ex 44 1s given by the equations

[} B Y _ 28 .
kl 162 /"d dﬁ‘l + 0k + Ck;’

in this example by the equations
(= Na=(m—pB=(2—r.

46 Trom the angles 4, B, C of a triangle, straight lines are drawn,
through o pomt O, to meet the opposite sides m F, F, G, respectively
F@, GE, BF arc produced to mect BC, CA, AB, respecuvely, n P, Q, It
Prove that P, @, R lic 1n one Line.

Taking ABC for the A of reference and assuming (ag, By, v,) for the
co-ordinates of O, we shall have

B _v 7
- ] - )
Bo Yo Yo % & Bo
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for the equations of the three lines through the vertices, and it will be easily
shewn that I, Q, R Le on the right line whose equation is

47. If three straight Dnes, drawn through the vertices of a triangle, meet
m a point, their respective parallels, drawn through the middle pomts of
the opposite sides, also mect 1r a pomnt

48 A triangle LMN 1s formed by drawing, ** ™ cach vertex of the
titangle of reference, a straight line which makes an angle 6 with the
hisector of the angle af that vertex  Find the equations of the sides

The direction-cosines of the bisector of the / A are

08 +A+B cos"r i °337r+A
S % T3 el N 2’“’(2 2 )

hence, by Art 32, those of MV are

™ A T A 3r A
cos<-2—+0+-—2—+B),cos<——2~+6——§—>,cos<7+0+ )

A . A ) A
or, —sm<0 + —2—-!-]3), —sm(@— ?)’ sm(l) + —5-)

Therefore the equation of MV 1s, by At 59, since the co-ordinates of 4 are
proportional to 1, 0, 0,

sm(ﬂ + ;)B + sm<9—- —;—)7—0
B
Similarly, < 12i>7 + sm< —2—)a =0,
/

C
and ( ) o + sin < -§—>B =0,

are the equations of the sides NL, LM.

49 Equlateral tnangles a~e described on the sides of the triangle 4BC,
and then veitices omed to the onposite sides of the triangle Find the
equations of the jomng lines and shew that they meet 1 a point.
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The co-ordinates of the vertex of the A described on BC are proportional to

sin ;L, sin (g + C), sin (g + B), therefore, by Art. 58, the equation of the

straight Iine which joins this vertex to 4 (1, 0, 0) 1s

3 " 3 w
sin (3 + B)B — sin <§ + C)-y

Smmilarly, sin <g + C’)’y — s (;—r + A>a

" . T _
sIn <§ + A)a — sin (5 +B)B = 0,

are the equations of the other two lines. The three, therefore, meet n

a point
™ . " — E
sm<§ + A)a = sin <3— + B>B sin <3 + C’)y,

VIL

0.

0,

50 Through the vertex A of the triangle ABC pairs of lines are drawn
cqually mehmed to the sides 48, 4C, shew that they form a penel 1
mvolution of which the mternal and exteinal bisectors of the angle A aie
the double lines

Such a pair of lines may be represented by equations of the form
B—Fkyy=0, k,B—9=0;

these may also be written in the form

B+ +

1+ Fk
l_k(8—7)=0:

1+7%
B+7)—s—7B=-7=0.

Hence (Art. 95), they are harmonic conjugates with respect to the two bisectors,
and the rest follows from Art. 121,

51 The equation of a conic being By - #a® =0, prc.ec that 1f the point
(BY) be jomed to the pomts where any tangent meets the curve and the
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line « = 0, the jommg hnes form with the lines g = 0, y = 0 a harmome
pencil

See Art. 210 (R).

52 Chords drawn to a come t' rough a fixed pomnt O without the curve
meet the curve in the pomts Py, @, P2, Q:, P, Qs ete Shew that the
pencil formed by joming these pomts to the pomt of contact of one of the
tangents that may be drawn thiough O forms a system m mvolution of
wlieh that tangent and the polar of O are the double hnes

(See Art. 225)

53 Fmd the locus of the pole of R fixed night line with respeet to the
system of conics represented by LM = LAR?

54, Shew that any pair of (oo e diumeters of a hyperhola are hai-
monic conjugates with respect to the asymptotcs of the curve.

Let the equation of the hyperbola (Art. 205) be 8y = &7, and let

e—a _ B—Bo Y%
A M v

be the equations of a chord. The diameter parallel to this 1s evidently

g - ZL, org - % = 0 Putting B =By + ur, v =17, + vr in the equation

of the curve, we get

prr? + (B + yu)r + Byy, — &2 = 0.

Hence, for the locus of m.ddle points we get

By +yu=20,
and B, 7Y_o
M 14

is the equation of the conjugate diameter, Tlus (Art 95) proves the pro-
position

55 The bisectors of the angles of the triangle 4BC meet the comic
i + ]'_[. + _]\_f_ = ()
a 8 %

1 the powmts D, E, F; find the equations of BD, CD, DE.
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Aus. v + J—[-Z—L-ra = 0,
Mz Na +8=0,

(M + N)a+ (N + L)B—ny=0.

56 A comc 15 deseribed touching the sides of the trangle 4BC m
D, L, F,f P,Q, R are the pomts m which vhe stiught lines 4D, BE, CF,
respectively, mect the come, shew that BR and CQ mteiscet on 4D, CP
and AR on BE, and 4@ and BP on CF

. Vide Art 187 et sqq.

57. Fmd the condition that the equation
IBy + Mya + NaB =0

may represent a rectangular hyperbola, and henee prove that every 1ectan-
gular hypeibola desciibed about a given triangle passes through the pomnt
of mterseetion of the perpendiculars from the veitices of the tiiangle upon

the opposite sides
Ans. The condition required is
Lcosd + McosB + NcosC = 0;

and the co-ordinates of the point I°, (Art. 263) evidently satisfy the equation
of the come.

»
58 Fmd the equation of the conic wlich touches the sides of the triangle

ol reterence 4BC at their middle pomnts
Ans. (aa)% + (bB)% + (c—y)E = 0,

59. Shew that the equation of the fourth common tangent to the m-
scribed circle of the tuangle ABC and that escribed on BC 1s

A B
COS Z-a + sl — B=7=0

60. A conic 1s mscrihed 1n a tuangle 4BC, the vertices of which are
jomed to a given pomt O by straight lines 40, B0, CO cutting the opposite
sides m @, &, ¢, respectively . find the equations of the tanzents (other than
the sides of the triangle) which ~an be diawn to the conic from the points

a, b,ec.
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Ans. If ( La)% + (MB)% + (Ny)% = 0 be the equation of the conic, the
equation of the second tangent from a will be

Lmna + (Nm — Mn)mB + (Mn — Nm)ny = 0

61. Find the cquation of the ecllipse which touches the sides of the
triangle of reference where they are met by the bisectors of the opposite
angles.

Comparing eqq. 238 (Art. 187) with the equations of Art. 19 we find,
L = M = N, the required equation, therefore, 13

NVa + /B + Ny =0.

62 If thice conics have a common chord, the other three common
chords meet 1 a pomnt

Let S —tu=0, §—tv=0, §—tw=0 (At 169) represent the three
conics, ¢ = 0 bemng their common chood  The equations of their other three
chords of intersection arc v — w =0, w — v = 0, w — v = 0, and the straight
Iines represented by these equations evidently mecet 1 a pont

63 The asymptotes of a hyperbola are tangents to an ellipse, shew
that the choids which jom the pomts of mterseetion of the two cuives are
parallel

Take the asymptotes of the hypeibola and the chord of contact of the ellipse
for the sides of the tilangle of reference.  Then (Art 208) the equations of the
two curves will be of the forms

By = l%a?, By = m>.

The equation I” * — m? = 0, therefore represents choirds of intersection, and
from 1ts form it appears (A1t 67) that these chords aic parallel to one another
and to the chord of contact « = 0

64 If the angle .1 of the triangle of reference be a right angle, the
equation .
B2 + 42 = k%l

tepresents a cone which has @ = 0 for its directrix and A for its focus.

For B2 + 97 repr.sents the squarc of the distance of any point on the locas
from 4, and the equation expresses that the wstance of any pont on the locus
from 4 is in a constant ratio to its distance fiom BC.
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65. The tangents at the extremities of any focal chord meet in the
cortesponding dircctiix,

Assume the equation of the conic 1 the form given in the last example,
taking the given focal chord for one side (y = 0, say) of the triangle of
reference It appears as in Art 195 that

Yyrha=0,9y—ka=0

are tangents at the extremities of this chord, and the form of their equations
shews that they mteisect on a = 0.

66 Fud the locus of the pole of *he line
la + mB + ny =0

with respeet to a conic which passes thiough the four fixed pomnts

ay, Bt 7,

2 2 2
Ans. E}_ + Z’EB_L ¢ c:y_} =
a B Y

67. Find the loous of the centic of a conic which passes through the
same four pomts

Ans, o 20
68 Tind the locus of the pole of the straight line
la + mB + ny =0

with respect to a conic passing through three pomts and touching the
fixed line
Ada + BB + Cy = 0.

Ans \/{A(mB + ny — Za)a} + \/{B(n'y + la — mB)B}
+ \/{C(la + mB — n-y)'y} = 0,

69 Obtain the equation of the chord which joms the two points
\a1, B, 11), (a2, B2, 72) on the conic By — £a = 0 1 the form

a(l-+-1—-> -L+—1-)+ ko (1 + 1>+ ko (1 +—1—) ka
l: B, B (71 Y2 ) 7172(61 BB <71 Y2 :I

Bl Bg/ BIBQJ \ 1 7172 )
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70, If a quadrilateral be inseribed m a circle, the product of the per-
pendicular distances of any point on the circumference from two opposite
sides will be equal to the product of 1ts perpendicular distances from the
other two sides

Let ya = kB(la + mB + ny)

[Art. 208 (v) ] be the equation of a conic circumscribed about a quadrilateral
whose sides area = 0, 8 = 0, v = 0, and la + mB + ny = 0.

If it be a circle, we shall have (Art. 119)

c(me — nb) = :];i = a(ma — b)

or me — nb 1 bl —ma _ blan — el)

’ e RS = T e—a
L1 alan — l) (b1 — am) + b(bl — am) (cm — bn) + c(cm — bn) (an — cl)
.o %7 =

€O (o2 2) — L — @
——b—-(('—a) abc+b(c a?)
=0+ m?+ a® - 2mncos A — 2lncos B — 2lmcos C,
andl = {l, m, n}
k

. lo + mB + n
Hence the equation of the circumsenbed circle is ya = (le A,
{l, m, n}

and (Art. 47) the proposition 1s proved.

71 Tf three comes have each double contact with a fourth, their six
chords of tersection will pass, thice by thice, through the same pomts

We may assume the equations of the three conics to be §— u?=0,
S —v*=0, 8 — w? =0 (Art. 169). Their chords of interscetion will be repre-
sented by the equations

— 2 =0, 2 — 22 =0,

)

Thus we have four groups of three equations each 1epresenting chords which
meet in a point  viz.—

v+w=0 w—u=0 v+ 0v=0,

i

v—w=0 w+u=0 v+ v=0
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v+w=0 w+u=0 u—-0v=0,
v—-w=0 w—u=0 4u-—v=0

The student will observe that the above theorem includes that of Brianchon,
of which an independent proof was given . Art. 271

72 In any triangle the hisector of any angle and the straight line which
15 perpendicular to the opposite side at 1ts middle point, intersect on the
circuinference of the eircumseribing cirele

For the point of intersection of « — 8 = 0 and sinda — sinBB + sin(4d — B)y
= 0, is given by the equations

sin(4 — B)

a= b= smd —sm B
whence we may easily shew that

sin .4 s B sin C
+ + =
a B Y

0.

73 Shew that if the tangents to a circumscribed elhpse at the vertices
of the trangle of reference arc parallel to the opposite sides the equation
of the conic 1s

74 The two pans of tangents at the extremities of the diagonals of
a quadrilateral msciibed 1 a conte, and the pars of opposite sides mterscet
on the same stiaight line

This Theorem is easily deduced from that of Pascal which was proved n
Art 270.

75 Shew that 1f a comie cut two sides of a triangle w1 powts equidistant
trom their middle pomts it will cut the third side m the -ame way

Tet the sides BC, C4 of tue tria: gle of reference be cut in this manner,
then if ¢(a,8,7) = 0 be the equation of the come, (ay By, 7,) the middle point
of BC, and A, p, v the direction-cosines of that side, we shall have by equation
(8) of Art. 13, since the roots are equal and of opp )site sign

do do do
(22) 2+ (38) %+ (&) -0
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which, since the value of a,, B, 7, are 0, %sin C, % sin B, and those of A, u, v

are 0, — sin C, sin B, gives

(BsinC + DsmB)sinC — (Dsin Cj+ CsmB)sim B =0,

B C
sm-B smm-C
b ]

that 1s,

Similarly, since C4 18 cut 1n the same way, we have

C 4 0
sm<C sm-<d
These give also
A B 0
sm<4 sm:B O’

but this 1s the condition that the middle point of the side 4B should be the
bisection of the intercept on that side.

! m Vi l5 Nig 7>
76 If L + =2 + L =0and = + 22 + 22
a Yy a B Y

8 = 0 be the equations

of two comics deseribed about the tuangle of reference, find the equations
of the several himes jommg the eentre of the mseribed enele with the four
pomts of mterscetion of the two conies.

77 With the angular pomnts of a triangle 4BC as centres, and the sides
as asymptotes, three hyperbolas are deseribed, having P, Q, R for thewr
respeeave vertices, prove that 1f

AP sin —/21— = BQ sm —‘]} = CR sm ——g-,

the intcerseetion of each pair of hyperbolas lies on the axis of the third

The given condition muy evidently be .tated otherwise ; thus,—the perpcu-
dicular distance of the vertex of each hyperbola from its asymptotes is the
same

If we assume for the equations of the three curves By =¥, ya = m-,
aB = 7%, so that wueiwr axes are B8 — ¥y =0,y —a =0,a — B =0, the avovr
conditron gives I = m = n.
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The three equations are, therefore,

By = B,
Ya = Z2,
aB = F;

and, since the first may be written in the form
yo—P —(@a—=B)y=0

1t 18 clear that 1t passes turcugh the intersection of the second with the axis
of the third.

78. Find the polar reciprocal of the conic
LIPe® + M8 + N2 =0
with respeet to the come

FPa® + m*B + w2y =0,

Ans. — =0,

79 TFind the polar reciprocal ot the come
Ada® + B2 + Cy* + 2DBy + 2Eya + 2FaB = 0

with r spect to the come
a + B+ 2= 0.
0, a B, v
Ans, o d, BB 0.
B, ¥, B, D
v E, D, C

80 An cquilateral hyperbola 1s deseribed with regard to which a given
triangle is self-conjugate. Shew that the curve passes through the centres
of the 'uscribed and escribed circles of the tilangle

The co-ordinates of the four centres (Art 263) will satisfy the equation

; La? + MB* + Ny* =0
provided that
L+ M + N =0,



)

EXAMPLES. 197

but this (Art 150) 13 the conditicn that the curve should be a rectangular
hyperbola.

81 Three circles mutually touchinyg cach other are described about the
vertices ot the tnangle of refeience  Shew that the three straight limes
which jom the centre of one circle to the pomt of contact of the other two
mcet 1 a point

Let @, y, z be the radn of the circles described about 4, B, C, respectively.
The pomnt of contact of the circles about B and C is (0, zsmn C, y sin B), and
the equations of the three lines are

ysmBB —zsmCy =0,
zsmCy —xsinda =0,
rsmda—ysm BB =0,
which vanish identically when added together
82 Supposing that a, 8, v arc the perpendiculars from any pomt m the

planc of the triangle 4 BC upon the straight lmes which jom its vertices to
the centic of the mseribed encle, prove that

acos—fl- B £+ —0——0
‘2+0082 Y00 5 =

$3. Shew that the radius of the nine-pomt circle of any triangle 1s one-
half that of the circumscribed circle

84. The circle which passes through the extrcmities of any side of
a trangle and through the centic of the msciibed circle, passes also
through the centre of the circle escribed on that side, and its centre hes
on the circumference of the circumserwed circle :

85. In any triangle the centres Oy, O, and the vertices B, C lie on the
circumference of the same circle ; and the centie of this circle Lies on the
circumfercnce of the circumscribed circle.
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86 If z, y, = be the distances of the centre of the nine-pomt cirele from
the vertices of the triangle of reference, its distance from the mtersection
of perpendiculars from the vertices, and 2 the radius of the circumseribed

circle, shew that
] N o 5 > 2
r~+g~+z~=§]v—p

THE END.

Printed by Wessrs Purher, cornnvhet, Oxford
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RICHARD BAXTER ON THE SACRAMENTS: Holy
Orders, Holy Baptism, Confirmation, Absolution, Holy
Communion. 18mo , cloth, 1s

Consecration;

Or, A PLEA FOR THE DEAD By the Rev. Joserg Dopp,
M A. With an Appendix stating the Law with respect to
Churchyards and Bunal-grounds, by J. THEoDORPE DoDD, M.A.
8vo., sewed, 165 pp , 4s.

The History of Confirmation.

By WirriamM JacksoN, M.A., Queen’s College, Oxtord; Vicar
of Heathfield, Sussex. Crown 8vo., cloth, 2s. 6d.

A Short Explanation of the Nicene Creed,

For the Use of Persons beginning the Study of Theology. By
the late A. P. ForBes, D.C.L., Bishop ¢° Brechin. New
Edition, Crown 8vo., cloth, 6s.

An Explanation of the Thirty-Nine
Articles.
By the late A. P, ForBEs, D.C.L., Bishop of Brechin. With an

Epistle Dedicatory to the Rev. E. B. Pusex, D.D. New
Edition, in one vol., Post 8vo., 12s.

Apollos; or, The Way of God.

A Plea for the Religion of Scripture, By A, CLEVELAND Coxx,
Bishop of Western New York. Crown 8vo., cloth, 5s,



SCRIPTURE COMMENTARIES, &o. 3

Studia Sacra:

Commentaries on the Introductory Verses of St John’s Gospe!,
and on a Portion of St Paul’s Epistle to the Romans; with
an Analysis of St. Paul’s Epistles, &ec., by the late Rev. Joun
KeBLE, M A. 8vo, cloth, 10s. 6d

Discourses on Prophecy.

In which are considered its Structure, Use and Inspiration.
By JorN DavisoN, B.D. Sixth and Cheaper Edition. 8vo,
cloth, 9s.

The Worship of the Old Covenant

CONSIDEPED more ESPECIALLY 1x RELATION 10 THAT
oF THE NEW. By the Rev L. F. Wirnis, M A, late Vice-
Principal of Cuddesdon College. Post 8vo., cloth, 5s.

A Summary of the Evidences for the Bible.

By the Rev. T. S. ACKLAND, M.A,, late Fellow of Clare Hall,
Cambridge ; Incumbent of Pollington cum Balne, Yorkshire.
24mo., cloth, 3s.

A Plain Commentary on the Book of Psalms

(Prayer-book Version), chiefly grounded on the Fathers. For
the Use of Famihies. 2 vols,, Fcap. 8vo., cloth, 10s. 6d.

The Psalter and the Gospel.

The Life, Sufferings, and Triumph of our Blessed Lord, revealed
in the Book of Psalms. Fcap. 8vo., cloth, 2s.

The Study of the New Testament:

Its Present Position, and some of its Problems. AN INAU.
GURAL LECTULE delivered on Feb 20th and 22nd, 1883,
By W Sanvay, M A., DD., Dean Ireland’s Professor of
the Exegesis cf Holy Seriptme 64 pp. 8vo, 1n wrapper, 2s.

Sayings Ascribed to Our Lord

By tk., Fathers and other Primitive Writers, and Incidents in
His Lafe narrated by them, otherwise than found in Scrip-
ture. By JonN TrEopore Dopp, B A, late dtudent of
Christ Church, Oxford. FKcap. 8vo., cloth, 3s.

A Comn.mentary on the Epistles and Gospels
in the Book of Common Prayer.
Extracted from Wrntings of the Fathers of the Holy Catholic
Church, anterior to the Division of the East and West. With
an Introductory Notice by the DEAN or ST.PaUL’s. 2 vols,

Crown 8vo., clot., 10s. 6d.



4 OXFORD EDITIONS OF DEVOTIONAL WORKS.

®Oxford Eoitions of Debotional IWorks.

Foap. 8vo., chiefly printed in Red and Black, on Toned Paper.

—

Andrewes’ Devotions.
DEVOTIONS. By the Right Rev.
LANCELOT ANDREWES. Trans-
lated from the Greek and Latin,
and arranged anew. Cloth, 5s.

The Imitation of Christ.

FOUR BOOKS. By THOMAS A
Kempis, A new Edition, re-
vised. Cloth, 4s,

Pocket Edition 32mo ,cloth,1s ,
bound, 1s 6d.

Laud’s Devotions.
THE PRIVATE DEVOTIONS of
Dr. WiLLiAM Laup, Archbishop
of Canterbury, and Martyr. An-
tique cloth, 5s.

Spinckes’ Devotions.
TRUE CHURCH OF ENGLAND
MAN’S COMPANION IN THE
CLOSET. By NATHANIEL
SpinckEs. Floriated borders,
antique cloth, 4s,

Sutton’s Meditations.

GODLY MEDITATIONS UPON
THE MOST HOLY SACRA-
MENT OF THE LORD’S SUP-
PER. By CHRISTOPHER SUTTON,
D.D., late Prebend of Westmin-
ster. A new Edition. Antique
cloth, 5s.

Taylor’'s Golden Grove.

THE GOLDENGROVE: A Zhoice
Manual, containing what 18 to
be Believed, Practised, and De-
sired or Prayed for, By Bisuop
JerEmMY TAYLOR. Antique cloth,
3s 6d,

e

Taylor’s Holy Living.
THE RULE AND EXERCISES
OF HOLY LIVING. By Bismor
JEREMY TAYLOR. Ant cloth, 4s,
Pocket Edition 32mo., cloth, 1s.,
bour, 1s. 6d.

Taylor’s Holy Dying.
THE RULE AND EXERCISES
OF HOLY DYING. By Bisnor
JEREMY TAYLOR Ant cloth, 4s.
Pocket Edition. 82mo , cloth, 1s.;
bound, 1s. 6d.

Ancieut Collects.

ANCIENT COLLECTS AND
OTHER PRAYERS, Selected
for Devotional Use from vae
riour Rituals, with an Appendix
on the Collects in the Prayer-
book. By WiLLiAM BrieHuT,
D.D. Fourth Edition. Antique
cloth, 5s.

PDevout Communicant.

THE DEVOUT COMMUNI-
CANT, exemphfied 1n his Be-
haviour before, at, and after the
S8acrament of the Lord’s Sup-
per Practically suited to all the
Parts of that Solemn Ordinance.
7th Edition, revised. Edited by
Rev.G, MouLTRrIE. Feap. 8vo.,
toned paper, red lines, ant.cl., 4s.

EIKON BAZIAIKH.

+ THE PORTRAITURE OF HIS
SACRED MAJESTY KING
CHARLES 1. 1n his Solitudes
and Sufferings. New Edition,
with an istorical Preface by
C. M. PriLLIMORE. floth, 58,



ECCLESIASTICAL HISTORY, dec. 6

A History of the Church,

" From the Edict of Milan, A.D. 813, to the Council of Chalcedon,
A.D. 451. By WirriaMm BrieHT, D.D., Regius Professor of
Ecclesiastical History, and Canon of Christ Church, Oxford.
Second Edition. Post 8vo., 10s. 6d.

The Age of the Martyrs;

Or, The First Three Centuries of th. V/ork of the Church
of our Lord and Saviour Jesus Christ. By the late JorN
Davip Junking, B.D., Fellow of Jesus College, Oxtord;
Canon of Pieter Maritzburg. Cr. 8vo., cl., reduced to 3s. 6d.

Eighteen Centuries of the Church in
England.

By the Rev. A. H. Hore, M.A., Trinity College, Oxford.
712 pp. Demy 8vo., cloth, 15s.

The Ecclesiastical History of the First
Three Centuries,

From the Crucifixion of Jesus Christ to the year 313. By the
late Rev. Dr. BurroN. Fourth Edition. 8vo., cloth, 12s.

A Brief History of the Christian Church,

From the First Century to the Reformation. By the Rev.
J. S. BARTLETT. I'cap. 8vo., cloth, 2s. 6d.

A Histcery of the English Church,

From its Foundation to the Reign of Queen Mary. By MARY
CHRLOTTE STAPLEY. Fourth Edition, revised, with a Re-
comwendatory Notice by DEax Hook. Crown 8vo., cloth, 5s.

Bede's Ecclesiastical History of the

English Nation.

A New Translation by the Rev. L. GypLey, M.A., Chaplain of
St. Nicholas’, Salisbury. Crown 8vo., cloth, 6s.

St. Paul in Britain;

Or, The Origin of British as opposed to Papal Christianity.
By th: Rev. R. W. Mcsean. Second Edition. Crown 8vo.,
cloth, 2s. 6d.



6 THE PRAYER-BOOK.

The First Prayer-book of Edward VI. Compared
With the Successive Revisions of the Book of Common Prayer,

Together with a Concordance and Index to the Rubrics in the

several Editions. Second Edition. Crown 8vo., cloth, 12s,

An Introduction
TO THE HISTORY OF THE SUCCESSIVE REVISIONS
ot the Book of Common Prayer. By JamMEs PArker, Hon.
M.A. Oxon. Crown 8vo, pp. xxxil., 632, cloth, 12s.

The Primc'ples of Divine Service;

Or, An Inquiry concerning the “rue Manner of Understand-
ing and Using the Order for Moruing and Evering Prayer,
and for the Admimstration of the Holy Cominunion in the
Enghsh Church. By the late Ven. Pnirir FrReEMAN, M.A,,
Archdeacon of Exeter, &c. 2 vols. 8vo., cloth, 16s.

A History of the Book of Common Prayer,

And other Authorized Books, from the Reformation; with an

Account of the State of Rebgion in England from 1640

to 1660. By the Rev. THoMAs LATHBURY, M.A. Second
Edition, with an Index. 8vo, cloth, 5s.

Addresses to the Candidates for Ordination on the
Questions in the Ordination Service.

By the late SAMUEL WILBERFORCE, LorD Bisnor oF WIN-
CHESTER. Fitth Thousand Crown 8vo, cloth, 6s.

The Prayer-Book Calendar.

THE CALENDAR OF THE PRAYER-BOOK ILLUS.
TRATED. (Comprising the first portion of the ¢ Calendar
of the Anghican Church,” with additional Illustrations, an
Appendix on Emblems, &c ) With 200 Engravings fiom Me-
dicval Works of Art. Swrth Thousand. Fcap. 8vo., cl., 6s

A CHEAP EDITION OF
The First Prayer-Book
As issued by the Autbority of the Parliament of the fecond

Year of King Edward VI. 1549. Fifth Thousand 24mo,
lnnp cloth, price 1s.

’

Also,
The Second Prayer-Book of Edward VI,
Issued 1552. Third Thousand. 24mo., himp cloth, price 1s.

Ritual Ccaformity.

Interpretations of the Rubrics of the Prayer-Book, agreed upon
by a Conference held at All Saints, Margaret-street, 1880—
1881. Third Edition, 80 pp. Crown 8vo., in wrapper, 1s,

The Orhaments Rubrick,
Irs History AND MeaNiNg. Fourch Thousand. 72 pp.
Crown 8vo., 6d.



? DOCTRINAL THEOLOQY. 7

On Eucharistical Adoration,
With Considerations suggested by a Pastoral Letter on the
Doctrine of the Most Holy Eucharist. By the late Rev.
JoEN KEBLE, M.A,, Vicar of Hursley. 24io., sewed, 2s.

The Catholie Doctrine of the Sacrifice and
Participation of the Holy Eucharist.
By Grorae TrEVOR, M.A,, D.D., Canon of York; Rector of
Beetord. Second Edition, Revised and Enlarged. Crown
8vo., cloth, 10s. 6d.

Thé Administration of the Holy Spirit

I THE BopY OF CHRIST. The Bampton Lectures for 1868.
By the Right Rev. the LORD BIsHOP OF SALISBURY. Z%urd
Editron. Crown 8vo, 7s. 6d.

S. Athanasius on the
Incearnation, &e.
8. Patris Nostr1 8 Athanasn Archi-
episcopl Alexanorie de Incarna-
tione Verbi, ejurque Corporali ad

S. Aurelius Augustinus,
Ep1scorus HIPPONENSIS,
De Catechizandis Rudibus, de Fide

Rerum qu# non videntur, de Uti-
litate Credendi  In Usum Junio-

nos Adventu With an English
Translation by the Rev J Ring-
way, B ., Hon Canon ot Ch.Ch,
Fcap 8vo, vloth, 5s

rum Edidit C Marrior1, 5 T B.,
ohim Coll Otiel S8ocus A New
Edition, Feap 8vo, cloth, 38 6d.

St. Cyril, Arehbishop of

Alexandria.
The Three Epistles (ad Nestorinm,
n,1m, et ad Joan Antioch) A Re-
vised I'ext, with an old Latin Ver-

De Fide ¢t Symbolo :
Documenta quedam nec non Ah-
quorum S8 Patrum Tractatus.
Edidit CaroLus A, HrUuRILEY,
8 TP, Dom Margaretee Pree- sion and an kngheh Translation
lector, et Adis Christ1 Canonicus, Edited by the late P E Pusky
New Ed Fecap 8vo , cloth, 48 6d M A 8vo,1n wrapper, 3s. ’

Vincentius Lirinensis

For the Antiquity and Umversahty
of the Catholic Faith against the
Protane Novelties ot ali Heretics.
Latin and Enghish. New Edition,
Fcap 8vo.

The Pastoral Rule of
8. Giregory.

Sancti Gregorn Papse Regule Pas-
toralis Liver, ad JorANN¥M, Ep1a-

The Canons of the Church.
The Defimitions of the Catholic Faith
and Canons of Discipline of the
First Four Gener..d Councils of the
Umiversal Chuich In Greek and
Enghsh. Feap 8vo, cloth, 28 6d

Tae English Canons.
The Counstitutions and Canons Eccle-
s1astical of the Church of kngland,

referred to their Original Sources,
and Illustrated with Explanatory
Notes, by MackknNzik kv C WaL-
coir, B U, F S A, Precentor and
Prebendary of Chichester Feap.
8vo., cloth, 2+ 6d _

Cuar Deus Homo,

Or Why God wuas made Man; by
ST ANsELM. Latin and Enghsh

The Athanasii_n Creed.

A Critic~]1 History of the Athanasian

Creed, vy the Rev DANIRL@VATER~
LAND, D.D. Fcap.8vo., cloth, 5s

copum Civitatis Ravennee With
an English Translation. By the
Rev H R BramMrLEYy, M A, Fel-
low ot Mugdalen College, Oxford.
Ferp. 8vo., cloth, 6s,

The Book of Ratramn

The Priest and Monk of Corbey

commonly called Bertram, on
the Boay and Blood of the Lord.
(Latin and Enghsh.) To which
18 added AN APPENDIX, contain-
ing the Saxon Homily of ZElfrie,
Foap. 8vo. {In the Press.



8 BIOGRAPHICAL.

REv. JOHN KEBLE.

A MEMOIR OF THE REV. JOHN KEBLE, M A,, late
Vicar of Hursley. By the Right Hon Sir J. T. COLERIDGE,
D CL. ¥Yifth Edition. Post 8vo., cloth, 6s.

LETTERS OF SPIRITUAL COUNSEL AND GUIDANCE.
By the late Rev. J. KEBLE M.A, Viear of Hursley. Edited
by R. F. WirsoN, M A, Viaar of Rownhaws, &c. Fourth
Edition Post 8vo, cloth, 6s.

OCCASIONAL PAI E.:S AND REVIEWS, on Sir Walter
Scott, Poetry, and Sacred Poetry, Bishop Warburton, Rev.
John Mller, Exeter Synod, Judicial Committee of Privy
Council, Paroclnal Work, the Lord’s Supper, Solomon, the
Jewish Nation, By the late Rev. JoEN KEBLE, Author of
¢ The Christian Year.”” Demy 8vo, cloth extra, 12s.

ARCHDEACON DENISON.

NOTES OF MY LIFE, 1805—1878. By GEORGE ANTHONY
DENISON, Vicar of East Brent, 1845. Archdeacon of Taunton,
1851. Third Edition, 8vo., cloth, 12s.

BisHorP HERBERT DE LOSIINGA.

THE FOUNDER OF NORWICH CATHEDRAL The LIFE,
LETTERS, and SERMONS of BISHOP HERBERT DE
LOSINGA (b. curc A D 1050, d. 1119), the LETITERS (as
translated by the Editors) being incorporated 1to the LIFE,
and 1the SERMONS being now first edited from a MS. 1
the possession of the Unwversity of Cambridge, and accom-
panied with an English Translation and Eughsh Notes. By
EDWARD MEYRICK GOULBURN. D D, Dean of Norwich, and
HENRY SyMoNDS, M A , Rector of Tivetsha'l, and late Pre-
centor of Norwich Cathedral. 2 vols, 8vo, cloth, 80s.

JOHN ARMSTRONG.

LIFE OF JOHN ARMSTRONG, D D., late Lord Bishop of
Grahaumstown. By the Rev. T. T CArTER, M A,, Rector of
Clewer. With an Introduc'ion by SamMvuEeL, Logrp B.sHOP
or OxrForp. Third Edition. Fcap. 8vo, with Portiait,
cloth, 7s. 6d.

BisHOP WILSON.

THE LIFE OF THE RIGHT REVEREND FATHER IN
GOD, THOMAS WILSON, DD, Lord Bishop of Sodor
and Man. Compiled cliefly from Originul Documents, by
the late Rev JoHN K2BLE, M.A., Viggr ot Hursley. "n Two
Parts, 8vo., cloth, £1 1s.



STANDARD ENGLISH DIVINES. 9

Works of the Standard Fnglish Divines,
PUBLISHED IN THE LIBRARY OF ANGLO-CATHOLIC THEOLOGY.
Andrewes’ (Bp.) Complete Works. 11 vols.,, 8vo., £3 7s.

THe SERMONs. (Separate.) § vols., £1 15s.

Beveridge’s (Bp.) Complete Works. 12 vols., 8vo., £4 4s.
Tue EnGLisH THEOLOGICAL WoRKs. 10 vols, £3 10s.

Bramhall’s (Abp.) Works, with Life and Letters, &ec.
5 vols, 8vo, £1 15s.
Bull's (Bp.) Harmony on Justification. 2 vols., 8vo., 10s.
Defence of the Nicene Creed. 2 vols, 10s.
Judgment of the Catholic Church. &s.
Cosin’s (Bp.) Works Complete. 5 vols., 8vo., £1 10s,
Crakanthorp’s Defensio Ecclesiee Anglicanee. 8vo., 7s.
Frank’s Sermons. 2 vols., 8vo., 10s.
Forbes’ Considerationes Modesta. 2 vols, 8vo., 12s.
Gunning’s Paschal, or Lent Fast. 8vo., 6s.
Hammond’s Practical Catechism. 8vo.,Js.
Miscellaneous Theological Works, 6s.
Thirty-one Sermons. 2 Parts. 10s.

Hickes's Two Treatises on the Christian Priesthood.
3 vols, 8vo., 15s.

Johnson’s (John) Theological Works. 2 vols., 8vo., 10s.
Enghsh Canons, 2 vols., 12s,
L%d’% (Abp.) Complete Works., 7 vols., (9 Parts,) 8vo.,

L’Estrange’s Alliance of Divine Offices. 8vo., 6s.

Marshull’s Penitential Discipline. 8vo.. 4s.

Nicholson’s (B{).) Exposition of the Catechism, (This
e

volume cannot sold separate trom the complete set.)

Overall’s (Bp.) Convocation-book of 1606. 8vo., 5s.
Pearson’s (Bp.) Vindiciee Epistolarum §. Ignatii.

4 vols., 8vo., 10s.

Thorndike’s (Herbert) Theological Works Complete.
6 vols,, (10 Parts,) svo, £2 10s.

Wilson’s (Bp.) Works Complete, With Life, by Rev.
J. KEBIrE. 7 vols,, (8 Parts,) 8vo., £3 3s.
*«" The 81 Vols. in 88, “or £15 153. net.



10 PARISH WORK.

The Catechist’s Manual ;
By Epw. M. HoiMmEs, Rector of Marsh Gibbon, Bicester. With
an Introduction by the late SaAMUEL WILBERFORCE, I.ORD
BisaoP OF WINCHESTER. 6th Thousand. Cr.8vo., limp cl., 5s.

The Confirmation Class-book:

Notes for Lessons, with APPENDIX, contammng Questions and
Summaries for the Use of the Candidates By EDWARD
M. HoimEes, LLI. B, Author of the ¢ Catechist’s Manual.”
Feap 8vo, himp cleoh, 28 6d.

THE QUESTIONS, separate, 4 sets, in wrapper, 1s,
THE SUMMARIES, separate, 4 sets, 1n wrapper, 1s.

Catechetical Lessons on the Book of Common Prayer.
INlustrating the Prayer-book, from 1ts Title-page to the end of
the Collects, Epistles, and Gospels. Designed to aid the
Clergy mm Public Catechising. By the Rev. Dr. Francis

HEsseY, Incumbent of St Barnabas, Kensington. Fcap. 8vo.,
cloth, 6s.

The Church’s Work in our Large Towns.
By GrorGE IlUNTINGTON, M.A,, Rector of Tenby, and Domes-
tic Chaplain of the Rt Hon. the Earl of Ciawtord and Bal-
carres. Second Edit , revised and enlarged Cr 8vo,cl 3s 6d.

Notes of Seven Years’ Work in a Country Parish.
By R.F. WiLsoN, M.A,, Prebendary of Sarum, and Examming
Chaplamn to the Bishop of Sahsbury. Feap. 8vo, cloth, 4s.

A Manual of Pastoral Visitation,

Intended for the Use of the Clergy in their Visitation of the
Sick and Aftlicted. By A Parisa Priest. Dedicated by
permussion, to His Grace the Archbishop >f Dublin. Second
Edition, Crown 8vo, Iimp cloth, 3s. 6d , roan, 4s.

The Cure of Souls.
By the Rev. G. ARDEN, M.A,, Rector of Winterborne-Came, and
Author of * Breviates from Holy Sciipture,” &c. Feap.
8vo., cloth, 2s. 6d.

Questions on the Collects, Epistles, and Jospels,
Throughout the Year. Edited by the Rev T. L Cravenron,

Vicar of Kidderminster. For the Use of Teachers m Sunday

Schools. Fifth Edition, 18mo., cl. In two Parts, eack 2s.6d.

Pleas for the Faith.
Especially designed for the use of Missionaries at Home and
Abroad. By the Rev. W. SoMERVILLE LAcH Szy s, M.A.
St. Augustine’s College, Canterbury. Fecap. 8vo., cl., 2s. 6d.



DEVOTIONAL WORKS. 11

DAILY STEPS TOWARDS HEAVEN,;
Or, PRACTICAL THOUGHTS on the GospeL HisTORY, and espe-
» cially on the Life and Tcaching of our Lord Jesus Christ, for
Every Day 1n the Year. Fiftieth Thousand. 82mo, roan,
g1t edges, 28 6d.; morocco, 5s.
LARGE-TYPE EDITION. Crown 8vo., cloth antique, 5s.

THE HOURS:

Bemng Prayers for the Third, Sixth, and Ninth Hours; with
a Preface and Heads of Devotion for the Day By the
Author of ¢ Daily Steps Tow~1ds Heaven ”’ Seventh Edition.
32mo , 1s.

ANNUS DOMINI.

A Prayer for each Day of the Year, founded on a Text of Holy

Scripture. By CHRISTINA G RoOSSETTI. 32mo., cloth, 3s. 6d.

MEDITATIONS FOR THE FORTY DAYS

OF LENT.
By the Author of ““ Charles Londer.” With a Prefatory Notice
by the ARCHEBISHOP OF DUBLIN. 18mo., cloth, 2s. 6d.

PRIVATE PRAYERS FOR A WEEK.
Compiled by WirrLiaM Brigur, D D, Canon of Christ Church,
Oatord. 96 pp Feap. 8vo, limp cloth, 1s 6d

PRAYERS FOR USE IN COLLEGE.
Collected and arianged by A CorreEcE CHAPLAIN. 21mo.,
limp cloth 1s.

OF THE IMITATION OF CHRIST.
Four Books. By THomas A Kempis. Small 4to, printed on
vhick toned paper, with red border-lines, meaigeval title-pages,
o namental 1ntials, &e.  Cloth, 12s.

PRAYERS FOR MARRIED PERSONS,
From Various Sources, chiefly fiom the Ancient Laturgies. Se-
lecte«. and Edited by Ciiarirs Warp, M A., Rector of
Maulden  Tlurd Edition, Revised. 24mo, cloth, 4s. 6d.;
Cheap Edition, 2s 6d

FOR THE LORD’S SUPPER.
DEVOTIONS BEFORE AND A¥FTFR llory CommunioN. With
Pretace by J. KEBLE. diath Edition. 32mo., cloth, 2s.
With the Office, cloth, 2s. 6d.

OrrrcivMm EUCHARISTICUM. By EpwARD LAxE, D.D. New
Edition. 32mo, cloth, 1s 6d.

A SHORT AND Pral.. INSTRUCTION FOR THE BETTER UNDER-
STAND'NG OF THE LORD’S SUPPER. By BisHorP WILSON.
82mo., 2s., 8d., and 6d.; 24mo., 1s.



12 SCRIPTURE COMMENTARIES, 4ec.

Catena Aurea.

A Commentary on the Four Gospels, collected out of the Workz
of the Fathers by S. THoMAs AQUINAS. Umniform with the
Library of the Fathers. A Re-issue, complete in 6 vols.,
cloth, £2 2s.

A Plain Commentary on the Four Holy

Gospels,

Intended chiefly for Devotiona® Reading. By the Very Rev.
J. W. Bureon, B D., Dean of Chichester. New Edition.
4 vols., Fcap. 8vo., limp cloth, £1 1s.

The Last Twelve Verses of the Gospel

according to S. Mark
Vindicated against Recent Critical Objectors and FEstablished,

by the Very Rev.J. W. BURGON, B D, Dean of Chichester.
With Facsimiles of Codex N and Codex L. 8vo, cloth, 6s.

The Gospels from a Rabbinical Point
of View,
Shewing the perfect Harmony of the Four Evangelists on the
subject of our Lord’s Last Supper, and the Bearing of the
Laws and Customs of the Jews at the time ot our Lord’s

coming on the Language of the Gospels. By the Rev. G.
WiLpo~N Pikritz, M.A. Crown 8vo, hmp cloth, 3s.

Christianity as Taught by S. Paul.

By Wirriam J. Irons, D D, of Queen’s College, Oxford; rre-
bendary of S. Paul’s; being the BAMPTON LECTURES for
the Year 1870, with an Appendix of the CONTINUOUS SENSE
of S. Paul’s Epistles; with Notes and Metalegomera, Bvo.,
with Map, Second Edition, with New Preface, cloth, Us.

S. Paul’s Epistles to the Ephesians and
Philippians.

A Practical and Exegetical Commentary. Edited by the late
Rev. HENRY NEWLAND. 8vo., cloth, 7s. 6d.

The Explanation of the Apocalypse.

By VENERABLE BEDA, Translated by the Lvev. EDW. MARSHALL,
M.A., F.S.A., formerly Fellow of Corpus Christ College,
Oxford. 180 pp. Feap. 8vo., cloth, 3s. 6d.
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]

THE AUTHORIZED EDITIONS OF

THE CHRISTIAN YEAR,

With the Author’s latest Corrections and Additions.

NOTICE —Messrs PARKER are the sole Publishers of the Editions of the
‘¢ Christian Year’’ 1ssued with the sanction and under the direction of

the Author’s representat.ves. All Editions without their imprint are
unauthorized

SMALL 4to. EpiTioN s, d Cloth. 1 32mo EpITION. s d

Handsomely printed on toned oth, mp .« « 1o

paper, with red border lines Cloth boar s, .1t edges . 1 6
and 1nitial letters Cl.extra 10 6 48mo EDITION.

DemMy 8vo EbITION. gloth, limp 0 6

Cloth . . . . 6 o] toun . 1 6

FAcsiMILF OF THE lsT EDI-

FoourscaPr 8vo. EniTION TION, With a Lst of the

Cloth . . . . . 3 6 variations from the Origi-

nal Text which the Author
24mo EpITION. made 1n later Editions.

With red lines, cloth . . 2 6 2 vols , 12mo , boards 7 6

The above Editions (except the Facsumile of the First Edition) are kept
in a variety of hindings, the chief of which are Morocco plain, Morocco
Antique, Calf Antigue, and Vellum.

By the same Author.

LYRA INNOCENTIUM. Thoughts in Verse on
Chunistian Cmldren.  Therteenth Editeon. Feap. 8vo, cl, 5s.
48mo. edition, imp cloth, 6d., cloth boards, 1s.

MISCELLANEOUS POEMS BY THE REV. JOHN

KEBLE, M A., Vicar of Hureley. ZThird Edition. Fcap.,
clo'h, 6s

THE PSALTER, OR PSALMS OF DAVID: In
Enghrh Verse. Fourth Edition. Fcap, cloth, 6s.

The above may also be had in various biudings.

By the late Rev. ISAAC WILLIAMS.

THE CATHEDRAL; or, The Catholic and Apostolic Church
in England  32mo, cloth. 28 64

THE BAPTISTERY, or, The Way of Eternal Life, with Plates
by BoeTius A BoLswgRT. Fcap 8vo, cloth, 7s. 6d#; 32wo.,
(‘loth, 23 6d.

HYMNS translated fiom the PARISIAN BREVIARY. 32mo.,
cloth, 2s 6d

THE CHRISTIAN SCHOLAR. Fcap. 8vo, cl,, 5s.; 32mo.,
cloth, 2s. 6d.

THOUGHTS IN PAST YEARS. 22mo, cloth, 2s. 6d.

THE SEVEN DAYS; or, The Old and New Creation. Fecap.
8vo.. clc.h, 3s. 6d.

A



14 SERMONS.

THE ARCHBISHOP OF CANTERBURY.

SINGLEHEART. By Dr Epwarp WaITE BENSON, Archbishop
of Canterbury, late Bishop of Truro, &¢ ADVENT SEBMONS
1876, preached in Iancoln Cathedral. Second Edition.
Crown 8vo., cloth, 2s. 6d.

THE LATE BIisHOP VWILBERFORCE.
SErRMONS preached before the University of Oxford Second
Series, from 1847 to 1862. By the late SAMUEL WILBER-
FORCE, LORD BisHOP OF WINCHESTER. 8vo, cloth, 10s. 6d.

Third Series, from 1853 to 1870. 8vo, cloth, 7s 6d.

SERMONS preached on Various Occasions. With a Preface by
the Lord Bishop ot Ely. 8vo., cloth, 7s. 6d.

THE BISHOP OF NEWCASTLE.

THE AwaxkiNgG SouL As sketched in the 130th Psalm. Ad-
dresses delivered at St. P. ter’s, E:ton square, on the Tues-
days 1in Lent, 1877, by E R WILBERFORCE, M A [the Rt.
Rev. the Lord Bishop of Newcastle]. Crown 8vo., limp
cloth, 2s. 6d.

THE LORD BISHOP OF SALISBURY.
BERMONS ON THE BEATITUDES, with others riostly preached
before the University of Oxtford, to which 18 added a Preface
relating to the volume of ‘ Essays and Reviews.” New
Edition. Crown 8vo., cloth, 7s. 6d.

THE BISHOP OF BARBADOS.
SERMONS PREACHED ON SPECIAL OccasioNs By JouN MITCH-
INSON, D.D., late Bishop ot Barbados. Crown 8vo., cloth, bs.

THE REV. CANON VWORDSWORTH.
UNIVERSITY SERMONS ON GOSPEL SUBJECTS. By JoHuw
WORDSWORTH, M A., Canon of Rochester. Fcap. 8vo., cloth,
2s. 6d.

YERY REV. THE DEAN OF CHICHESTER.
SHORT SERMONS FOR FAMILY READING, following the Conrse
of the'Christian Seasons. By the Very Rev. J. W. BUrGoN,
B D., Dean ot Chichester. First Series. 2 vols., Fcap. 8vo.,
cloth, 8s. .
SECOND SERIES. 2 vols., Fcap. 8vo., cloth, 8s.

REV. J. KEBLE.

SERMONS, OCCASIONAL AND PaAROCHIAL. By the late Rev.
JorNx KEBLE, M.A, Vicar of Hur<ley. 8vo., cloth, 12s.

s



SERMONS. 15

CHARACTERISTICS OF CHRISTIAN
MORALITY.
THE BAMPION LECTURES FOR 1873. By the Rev. I,
GREGORY SMITH, M.A., late Fellow ot Brasenose College ;
Vicar of Malvern. Second Edition, Crown 8vo., cloth, 3s. 6d.

REvVv. E. MONRO.
ILLUSTRATIONS OF FAITH. Eight Plain Sermons. Feap., 2s. 6d.

Plain Sermons on the Book of Common Prayer. Fecap., 5s.

Historical and Practical Sermons on the Sufferings and Resur.
rection of our Lord. 2 vols., Fcap. 8vo., c.oth, 10s.

Sermons on New Testament Characters. Feap. 8vo., 4s.

LENTEN SERMONS AT OXFORD.
Re-issue of the Series of Sermons preached at St. Mary’s, &c.
Uniform, Demy 8vo, cloth, at §s each Volume
kor 1857, 1858, 1859, 1860, 1863, 1865, 1866, 1867, 1868,
.1869, 1870-1.

REv. W. E. SHORT.
CHRIST'S SOLDIERS Sermons preachcd at the Gartison Church,
Woolwich By the Rev W F. Suort, M A., Fellow of New
College. Post 8vo., cloth, 5s.

ALLEGORICAL SERMONS.
TwWENTY SHORT ALLLGORICAL SERMONS By B W, K. PEARSE,
MA, aud W. A, Gray, M.A Sixth Edition. Fcap. 8vo,
sewed, 1s.

RT. REV. J. ARMSTRONG, D.D.
ParooHIAL SErRMONS. ' By the late Lord Bishop of Grahams-
town. Fifth Edition. Fecap. 8vo., cloth, 5s.

SErMONS on the Tasts and Festivals, Third Edition. Feap.
8vo., cloth, bs.

SER.IONS FOR THE CHRISTIAN SEASONS,

First Series. Edited by JouHN ArMSTRONG, D.D, late Bishop
of Grahamstown. 4 vols., Feap. 8vo., cloth, 10s.

- Second Series. Edited

by the R v. JouN Barrow, D.D, late Principal of St. Edmund

Hall, Oxford. 4 vols., Fcap. 8vo., cloth, 10s.

J

THE LATE DEAN STANLEY.
SERMONS AND EsSsSAYS ON THE APOSTOLICAL AGE. By the

late Very Rev. A*THUR PENRHYN STANLEY, D.D. Third
Hditinn rauvicad (MYraun [Run nlath 7o Ad




16 MISCELLANEOUS.

CHEAPER ISSUE OF TALES FOR YOUNG MEN
AND WOMEN,

In Six Half.crown Vols., 1n handsome and attractive cloth
bindings, suitable for School Prizes and Presents.

Vol. I. contains Mother and Son, Wanted a Wife, and Hohson’s
Choicé, by the Rev. F E PaGeT.

.Vol. II. Wyndecote Hall, Squitch, Tenants at Tinkers’ End,
By the Rev. F. E. PAGET. .
. Vol. III. Two Cottages, The Sisters, and Old Jarvis's Will,
by the Rev. W. E, H_.YGATE.

Vol. IV. James Bright the Shopman, The Politician, Irre-
vocable, by the Rev. W, E. HEYGATE.

Vol. V. The Strike, and Jonas Chint, by the Rev. R. Kina,
Two to One, and False Honsur, by the Rev. N. BrRown.

Vol. VI. Railway Accident, by the Rev. J M., NeaLE, The
Recruit, Susan, Servants’ Influence, Mary Thomas, or Dissent at
Evenly, by the Rev. E. MoNro, Caroline Elton, or Vanity and
Jealousy, by the Rev. H. Hayman.

Each Volume 1s bound as a distinct work, and sold separately.

Crown 8vo., 1n roan, 12s. ; calf hmp antique, 16s. ; rorocco, 18s.

The Serbrice-Book of the Churey
of England.

In this New Edition the Lessons appointed for the Immove-
able festivals are printed entire 1n the course of the Daily Lessons
where they occur. For the Sundays and Moveable Festivals,
and for the days dependent on them, 2 table contamning fuller
references, with the mitial words and ample directions where
the Lesson may be found, 1s given Wheie the Lesson for the
Moveable Feast 1s not included entire amongst the Daily Les-
sons, 1t 1s printed in full in 1its proper place  Also 1n the part
containing Daily Lessons, greater facilities have been pro.ided
for verifying the references

There are also many modifications n the arrangement,
wherem this Service-book differs from the Prayer-book : the
Order for the Admimstration of the Holy Communion 1s printed
as a distinct service, with the Collects, Epistles, ard Gospels,
which belong to the same : the Psalms immediately follow Daily
Morning and Evening Prayer - sthe Morning and Evening vLes-
sons also are by this arrangement brought nearer to the Service
to which they belong, while the Occasional Offices are trans-
ferred to the end of the book.

OXFORD anp LONDON: PARKZER anp CO.
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