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PREFACE

This book is the outcome of a course given at the College of Wooster
to juniors who intend either to major in physics or to proceed with
the cooperative plan in engineering at the Massachusetts Institute of
Technology. Prior to studying the material in this book a student is
required to have had a minimum of a year’s course in general college
physics and the same in calculus. The course in mechanics and
properties of matter lasts one semester, or half a year. Each week
there are three lecture hours and a two- or three-hour period used
either for discussion of problems or for laboratory work. Usually
the problem sessions have taken about two-thirds and the laboratory
work about one-third of the available time. All the material included
in this book has never been covered in any one semester though prac-
tically all of it has been used at one time or another. Dynamics and
wave motion have always been given, and then selections have been
made from the remaining topics.

The underlying philosophy of this book is that physics is a unified
body of knowledge and that mechanics furnishes the basic concepts
for the whole of physics. Mechanics was one of the earliest of the
sciences to be developed and very profoundly influenced the growth
of the later sciences of sound, electricity, heat, light, and even quantum
physics. The neutrino, that evasive entity associated with the emis-
sion of beta particles in radioactivity, was originally introduced in
order to satisfy the fundamental laws of conservation of angular
momentum and energy.

Throughout this book emphasis has been placed on the physical
concepts. Although mathematics is indispensable in physics, it must
nevertheless be used as the servant and not the master. In presenting
some of the more difficult concepts an elementary introduction has
first been given before proceeding with a more rigorous analysis. This
helps a student to develop an understanding of the physical theory
before becoming involved in mathematical procedures.

Vectors and some simple forms of vector analysis have been used
throughout the book because of their usefulness in presenting the
physical ideas in a concise manner. Since vector analysis is com-

v



vi PREFACE

monly used in more advanced treatises on physics, there is an advan
tage in becoming acquainted with it early.

Many problems have been worked out in the text in order to aid
in understanding the underlying theory. A number of carefully
chosen problems are given at the end of each chapter. The more o
these that a student solves for himself, the sooner he finds out wha
he has not grasped and the better becomes his understanding of th
subject, for ‘“By your deeds ye shall be known.”

A rather rigorous selection of topics has been made in the section
on properties of matter. The subject of elasticity has been limited t
a discussion of homogeneous isotropic materials, and only brie
accounts of viscosity and surface tension have been given. Dimen
sional analysis has been briefly introduced in order to show the impor
tance of this form of analysis. A few results have been obtained b;
this means which could not otherwise have been handled at the leve
of this book. Historical references have been made throughout th
book in order to add that touch of human interest which often helg
a student to feel more familiar with some of the laws and principle
which he is studying.

It is impossible to pay just due to the many people who, either a
teachers, authors, students, or colleagues, have contributed to th
point of view expressed in this book. In particular 1 should like t
thank Drs. George Arfken and Lawrence Biedenharn, theoretica
physicists at the Oak Ridge National Laboratory, for reading anc
criticizing the manuscript. I should especially like to thank my wife
who has carefully read and typed the manuscript

RFGINALD J. STEPHENSON
College of Wooster
Wooster, Ohio
January 1962
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1 . KINEMATICS

1.1 Introduction

Physics, like all the sciences, has evolved from the simple to the
more complex. As new observations have been made, theories have
generally been modified rather than discarded. Each new theory
must account for all the old phenomena as well as the new. Thus
one finds the theoretical structure of physics becoming more and more
complicated and correspondingly more capable of interpreting the
results of a highly developed experimental structure. To understand
modern science one must begin in a humble manner to master those
basic ideas on which it is founded. To a large degree they are the
concepts of mechanics which Galileo and Newton gave us and which
were later developed in breadth and depth by other scientists. Essen-
tially the science of mechanics gives a description of how objects change
their positions with respect to time.

The science of mechanics and our modern scientific era may be con-
sidered to have started in 1638 with the publication of Galileo’s book,
Two New Sciences.* This book contains some of the fundamental con-
cepts of mechanics and even today is worthy of study. Galileo’s ideas
were extended by Newton, who in 1686 published The Mathematical
Principles of Naiural Philosophy, generally called The Principia.t In
this book the laws of motion, the law of gravitation, the theory of
tides and the theory of the solar system are presented. Newton
shows how these laws can be used to describe the motion of the moon
about the earth and the planets about the sun. At that time these laws
appeared to be universal in application and provided a stimulus for
further investigation which has continued to the present. Many of the
results given in The Principia were derived by Newton from his inven-
tion of the calculus. This he accomplished independently of and
about the same time as the German mathematician Leibnitz. How-
ever, this form of mathematical analysis was not used in The Principia

* Two New Sciences. Translated by Crew and de Salva, Northwestern Uni-
versity Press, 1932.

t The Principia. A revision of Motte’s translation by F Cajori, University of
Californisa Press, 1934.

1



2 KINEMATICS

but was replaced by a geometrical one which makes the book somewhat
difficult toread. Nevertheless every student of physics should become
acquainted with this great work.

After Newton many advances were made by the French and German
mathematical physicists. In 1743 D’Alembert published an impor-
tant book, Traité de Dynamique, in which momentum and kinetic
energy are clearly distinguished. Lagrange (1736-1813) published
Mécanique Analytique, and Laplace (1749-1827) Mécanique Céleste.
In these the concept of potential and many modern methods of analy-
sis were first introduced. During the first half of the nineteenth cen-
tury Joule performed many experiments, the interpretation of which
led to the important principle of conservation of energy. The cul-
mination of many of the advances in mechanics came with the pub-
lication in 1905 of the theory of relativity by Einstein. Although the
Newtonian theory has been superseded by the Einstein theory, never-
theless for objects moving with velocities much less than the velocity
of light, namely 186,000 mi per sec, the Newtonian theory is suffi-
ciently accurate.

The discoveries in mechanics did much to further our knowledge of
the sciences of electricity, sound, heat, and light. As will be shown
later, there is a close analogy between the equations representing the
motion of the forced oscillation of a spring, the motion of an electron
in an atom acted on by electromagnetic radiation, the motion of a
galvanometer coil, and the alternating current in a circuit consisting of
an inductance and capacitance in series. In each of these equations
both force and motion are represented, though in each the nature of
the force and of the object moved is different.

The study of wave motion has likewise proceeded from the simple
to the more complex. It now appears that all matter in motion
exhibits wave properties. This combination of the particle and wave
theories is dealt with in more advanced texts under the name of
quantum mechanics. Fourier’s studies in periodic heat flow gave rise
to a form of mathematical analysis called the Fourier series. This
analysis now has applications in all periodic phenomena, ranging from
vibrating strings to radar. With this brief review of physics one can
perhaps glimpse something of the unity of this science as well as the
importance of mechanics in it.

At this point it might be well to comment on the role of mathematics
in physics. Without mathematics the physical sciences would have
been almost stillborn; they could only have been qualitative and
incapable of much development., Mathematics is the tool employed
in the precise analysis of physical concepts. However, without a clear
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understanding of the physical concepts involved, mathematics is of
little value in solving a physical problem. It is a good rule to try to
express in words the physical concepts represented in any equation
expressing a relationship between physical quantities.

1.2 Space and Time

A discussion of kinematics or the ‘“‘geometry” of motion involves an
understanding of the concepts of space and time. Many of us feel
satisfied with our intuitive ideas of these concepts. We tend to feel
that space and time are in no way connected with each other. That
this was Newton’s idea is shown by his definitions of absolute space
and absolute time given at the beginning of The Principia. These
definitions were not seriously challenged for over two hundred years.
However, difficulties arose in the interpretation of certain optical
phenomena which led Einstein to examine the concepts of space and
time very carefully. He assumed in the theory of relativity that all
common systems of coordinates are suitable for the description of
physical phenomena and that the velocity of light in a vacuum is con-
stant and independent of the motion of the source and the observer.
The restricted theory applies only to those coordinate systems that.
move relative to each other with constant velocity. As a result of
much more careful philosophical and mathematical analysis Einstein
showed that space and time are interrelated. However, it is not the
purpose of this book to give an account of the theory of relativity. A
clear exposition is given by Einstein in his book, The Theory of Rela-
twity.* It is recommended that you read this book, if possible, for it
can give you much intellectual pleasure.

A comparison of the Galilean or Newtonian and Einstein transfor-
mations for an event in a system moving relative to a stationary one is
given in the footnote.f From this we see that the Einstein transfor-
mation reduces to the Newtonian one for all velocities which are small

* A. Enstein, The Theory of Relativity, Henry Holt, New York, 1920.

1 The primed system is moving relative to the unprimed one with a velocity v,
as shown in Fig. 1.1. In the Einstein expression ¢ represents the velocity of light
in & vacuum, 3 X 10'° cm per sec.

The Newtonian Transformation The Einstein Transformation

, z - vl

=z — ot = ——
2 =z - z ,___1_(”2/02)

to-t t =

V1 = (v%/c?)



4 KINEMATICS

compared to the velocity of light. These small velocities include all
moving macroscopic objects on our earth, even the modern jet plane.
It is with such relatively small velocities that the Newtonian or classi-
cal physics is concerned.

As a simple example of the kind of relativity dealt with in classical
physics consider the motion of a stone dropped from a car moving
along a straight road with constant speed. If
air resistance is neglected, the stone appears
to the driver to fall vertically down in a
straight line. To a person standing beside
the road the stone appears to follow a par-
abolic path. Which of these descriptions
is correct? Both are correct if the ob-
server’s coordinate system is taken into ac-
Fre. 1.1 Primed coordi- count. In a coordinate system moving with
nate system moving rela- the car the path is a straight line, whereas in

tive to unprimed one a coordinate system attached to the earth

the path 1s parabolic

For most of our work we shall use a coordinate system attached to
the earth though, as we shall see, the rotation of the earth must be
taken into account in some instances. For these a coordinate system
attached to the “fixed’’ stars is chosen. Then the motion of the earth
relative to it can be taken into consideration.

1.3 Measurement of Space and Time

We are all familiar with the simple direct measurement of length in
which a rod of some arbitrary length is taken as a unit and is compared
with the object to be measured. In contrast to this comparatively
simple method of measurement are the much more complicated and
less direct methods of measuring very short and very large distances.
Unfortunately there are two systems in common use which have dif-
ferent unit lengths as their standard. These are the British or engi-
neering system, based on the foot, and the metric, based on the meter.
To these unit lengths are added their multiples and submultiples,
giving derived lengths. The relationship between the British and the
metric units of length was originally

1 meter = 39.37 in.

but this has been slightly changed so that the relationship between the
inch and the centimeter is exactly

1in. = 2.54 cm.
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The measurement of time is based on the rotation of the earth. One
complete rotation of the earth relative to the fixed stars is an interval
of time called a sidereal day and is assumed to be constant. Relative
to the sun one rotation is called a true solar day. Since the sun
moves eastward at a slightly varying rate with respect to the fixed
stars, the true solar days are of different lengths. An average of all
true solar days in a year is called a mean solar day. Our watches and
clocks indicate mean solar hours, minutes, and seconds.

Since these standards of length and time may not be so constant
nor so easily duplicated as is desirable for today’s science, it has been
recommended that atomic standards be adopted. About the begin-
ning of the present century Michelson compared the standard meter
with the wave length of the red cadmium line in air. This work has
been extended so that the International Conference on Weights and
Measures in 1948 endorsed the definition of the meter as equal to
1,831,249.2 waves of the green line of the mercury isotope of atomic
mass number 198 whose wave length is 5460.7532 X 108 cm. It
was also suggested at this conference that time be measured by an
“atomic clock” which is based on the frequency of vibration of the
ammonia molecule. Both of these units can be accurately reproduced
in any suitably equipped laboratory, and both have a constancy that
far exceeds our present standards. It is entirely possible that within
a few years the definitions of our primary standards may be based on
atomic properties.

1.4 Linear Velocity and Acceleration

In the following discussion we shall be concerned with the motion of
a geometrical point or of an object whose dimensions are negligible
compared to the distance necessary to fix its position. Such an
object is called a particle Thus the earth may be regarded as a
particle when its motion 1elative to the sun is considered, but it is very
far from being a particle to us moving about on its surface.

1

o
R~
Rt~
.:(_.

b

1

F1a. 1.2 Motion along the X axis.

Let us consider a particle moving along a straight line, which for
convenience we shall take as the X axis. As the time increases, the
position of the particle along the X axis changes. The origin O of the
X axis, Fig. 1.2, is the reference point for locating the particle on the X
axis. In agreement with the usual convention, positions to the right
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of O are taken as positive and to the left of O as negative. At time ¢,
the particle has the position z;, and at time ¢, the position z;. The
distance zo — 1 is called the displacement of the particle in the time
interval s — ¢;. If, as shown in the figure, x5 is larger than z;, then
2 — 1 is a positive displacement whereas z; — z2 would represent a
negative displacement. The average velocity # of the particle during
the time interval is defined as

Z2 — X1

P =
o — 4
Suppose now that we attempt to find the actual or instantaneous
velocity of the particle at the instant that it is moving past position z.
If the velocity of the particle is not constant, then its instantaneous
velocity varies with z. To obtain the instantaneous velocity at z we
find the average velocities over smaller and smaller intervals of time
and then proceed to the limit where the interval approaches zero. In
order to indicate small finite changes in any variable, the symbol
delta A-is-yged in front of the variable. Thus, if the particle is at
position z at time ¢ and after a short interval of time Af the particle is
at position z + Az, then the average velocity # during the interval
At is
y o i

)
The instantaneous velocity » is the limit of this expression as A/
approaches zero; that is, it is given by the derivative of z with respect
tot. Thus

Az dx

i T T

where & (z dot) is used to indicate the first derivative of  with respect
to t. This is the instantaneous rate of change of the displacement z
with respect to time ¢. If the displacement is increasing with increase
in time, then % is positive; if the displacement is decreasing with
increase in time, then # is negative. Notice that some convention
must always be adopted for the positive direction of z.

As an example of a particle moving with non-uniform motion con-
sider one projected vertically upward under gravity. Its displacement
z from some fixed point at any time ¢ is

z = ut — 3gt?

where ¢ is a constant, z is positive in an upward direction, and at
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t =0 and z = 0 the object is moving with an upward velocity u.
The instantaneous velocity of the particle at any time # is

= d_:c =u—gt

dt g
This-instantaneous velocity & decreases as the time ¢ increases, becom-
ing zero at a time u/g and negative thereafter. Notlice that the
velocity # can be negative even though the displacement is positive.

X
ol B(
% g
=
Fa
a
D
P Al ¢
t
0 t 2 Time

Frc. 1.3 Graphical representation of motion.

It is often helpful to represent graphically some of the concepts given
above. Let the curve OAB, Fig. 1.3, represent the position z of a
particle at any time {. Notice that we are considering that time can
be represented by points on a straight line just as the position of a
particle could be. This assumes that time varies continuously and
has no sharp breaks. The position of the particle at some particular
time can then be represented by a point in the plane formed by the X
and ¢ axes. At time {; the particle has a displacement x; from O and
is represented by the point 4 in Fig. 1.3. Similarly at time ¢; the
particle has a displacement z, from O and is represented by the point
B. The average velocity of the particle from A(x:t1) to B(zats) is
(zg — x1)/(t2 — t1) and is given by the slope of the chord AB or the
tangent of the angle BAC. Proceeding in the manner given above, we
find that the instantaneous velocity at any point D is given by the slope
of the line EE’ tangent to the curve at D.

When the velocity of a particle changes, the particle is said to be
accelerated. By definition, acceleration is the rate of change of velocity
with time. In the present example we arc considering motion along a
straight line where the acceleration consists in a change in the magni-
tude of the velocity and not in the direction. T.ater we shall discuss
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accelerations where the direction changes but the magnitude of the
velocity, or the speed, remains constant. Finally we shall consider
accelerations where both the magnitude and the direction of the veloc-
ity of a particle change.

Suppose that a particle is moving along the X axis in such a
manner that its velocity at some point z and time ¢ is v and at z + Az
and time ¢ 4+ Afis v + Av. The average acceleration a in the interval
of time At is

_ Av
i ==
At
and the instantaneous acceleration a at time ¢ is the limit of this as At
approaches zero, or
Av  dv
o=l ==
where % (v dot) is the time derivative of ». Since the instantaneous
velocity of this particle at position z and time ¢ is

dz
d

the instantaneous acceleration along the X axis may be expressed as

. d(da:)_d_za_c_x
dt Tar

where % (z double dot) is the second derivative of  with respect to .
From the previous example in which ¢ = u — gi, we see that z is a
constant negative quantity, —g. In the upward motion of the particle
the displacement and velocity are positive, or upward, whereas the
acceleration is negative, or downward. For the downward motion of
the particle the displacement is positive and the velocity and accelera-
tion are both negative.

Suppose that the acceleration x along the X axis is a constant quan-
tity, a. By integrating a simple differential equation the velocity at
any time or the distance traveled in any time may be easily obtained.

st d(d)
fo(@)- oo

Y =

Integration gives
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The evaluation of this expression depends on the initial conditions.
Let us assume that at time zero the particle is at the origin and is
moving along the positive X axis with an instantaneous velocity u.
Att=0,dz/dt = u,and at t = {, dv/dt = v. Thus

1-[u]

v —u=al (1.1)

or

This is the familiar equation for a particle moving with a constant
acceleration and follows directly from the definition of acceleration.
The velocity v at any time ¢ may be given as dz/dt so that

dz

—=u-+al

dt +
where u and a are constants in this example. Integrating this equa-
tion and from the conditions that the displacement is zero at time
t = 0 and that the displacement is z at time ¢,

ﬁa=ﬁm+mm

or

2
z=m+%— (1.2)

The two equations 1.1 and 1.2 are two independent relationships
between four of the five quantities, z, i, a, w, v. Thus three other
equations may be obtained from these two by eliminating one quan-
tity at a time. They are the ones familiar to you from your elementary
physics, namely:

z =t lat2 v
- 2

1.6 Relative Motion

As we have already seen, all velocities and accelerations are relative
to some coordinate system which we have so far considered to be at
rest. There are situations in which one has to consider the motion
of one body relative to another moving body. If we are sitting in a
train A which is moving along tracks parallel to a second moving
train B, then the motion of A relative to B depends on the velocities of
both trains. Let A and B be two trains moving along the same straight
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line. At time ¢ let the position of A be z; and of B be z2, Fig. 1.4.
Then z; — z; is the displacement of B relative to A. Similarly

d d?
7 (2 — z1) and 7 (@2 — 1)

are respectively the velocity and acceleration of B relative to A.
Thus

dzz dﬂ'l

o dl

is the velocity of B relative to A and is equal to the velocity of B minux
the velocity of A. If we were on train A, then we could consider our-
selves at rest and train B moving relative to us with a velocity equul

o 4 B

1
I 1
13 X

F1a. 1.4 Relative motion of B with respect to A.

to the difference of the velocities, dxs/di — dxi/dt. Notice that we
are adopting the non-relativistic point of view here, which is suffi-
ciently accurate for all velocities that are small compared to the
velocity of light.

1.6 Centripetal Acceleration

We shall now consider the acceleration of a particle the direction of
whose motion is changing at a constant rate but the magnitude of
whose motion is constant. A particle moving with constant speed in
a circle sutisfies these conditions. Let the radius of the circular path be
r and the constant speed be v, Fig. 1.5. Suppose that at some time ¢
the particle moving in the circular path is at A and after a short time
At it is at B. In the interval of time At the radius OA has swept
through the angle A6. By definition, the angle Af in radians is the
arc AB = As divided by the radius:

Af == (1.3)

In this problem the particle is moving with constant speed in a circular
path and the rate of change of angle ¢ with time, A6/At, called the
angular velocity w, is constant. The speed v of the particle is the rate
of change of its distance with time, or

As

v o= —
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and
A6 As v
@ = = == —— == -
At rAt r
or
v =10 (1.4)

Notice that the instantaneous angular velocity, which is the limit of
A8/At as At approaches zero, or d6/dt, is equal to the average angular
velocity A8/At since the angular velocity w is constant.

B Av A’

A0

BA

(a) ()
Fia. 1.5 Centripetal motion.

The instantaneous linear velocity of the particle is always tan-
gential to the circle; at 4, in Fig. 1.5a, it is along the tangent A4, and
at B along the tangent BB;. Thus the velocity is changing in direc-
tion but not in magnitude. At time ¢ the velocity is along AA’, Fig.
1.5b, and at time ¢ + Af it is along AB’ in the triangle formed by
bringing the lines AA; and BB; to a common point. The lines A4’
and BB’ have the same length, for they are vectors representing the
same magnitude of velocity.

The change in velocity during the time At is represented in Fig. 1.5b
as A’B’ or Av. On the same scale that A4’ and BB’ represent the
linear velocity v, the length A’B’ represents the change in the velocity
Av. If A6 is small, the chord A’B’ may be set equal to its arc and

A'B' = (AA") A6

or
Av = v A8
8o that
dv A8
& 'a

This is the average acceleration and is in the direction 4’B’. Proceed-
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ing to the limit as At and A6 approach zero, we obtain the instantaneous
acceleration of the particle as

a=® %2 _,
a aT™

This acceleration is directed toward the center of the circle in which
the particle is moving and is called a centripetal or inward acceleration.
Since v = rw, the centripetal acceleration is

©

v

2 =
r

a = Vw = rw” =

(1.5)

1.7 Vectors

Quantities, such as velocity, that require both magnitude and direc-
tion to be completely described and can be added by the parallelogram
law of addition are called vector quantities. They may be contrasted
with quantities such as time, volume, speed, etc., that have magnitude
only and are called scalar quantities. Scalar quantities expressed in
the same units may be added or subtracted by the simple rules of
arithmetic, but this does not hold for vector quantities. (In order to
differentiate between scalar and vector quantities it is usual to print
scalars in ordinary type and vectors in heavy or black type. For the
blackboard or notebook it is convenient to denote a vector by placing
a line below the appropriate symbol.)

North

40°
o > East

F1e. 1.6 Representation of a vector 3 units in magnitude making an angle of 40°
with the east.

A vector may be represented graphically by an appropriately
directed line segment whose length, drawn to a suitable scale, repre-
sents the magnitude of the vector and whose direction is indicated by
an arrow drawn on the line. Thus the velocity of 30 mph, 40° N of E,
may be represented by the line OA, Fig. 1.6, where each unit of distance
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marked on OA represents 10 mph. Similarly the vector OA represents
a displacement of 3 ft 40° N of E where each unit of distance on OA
would be 1 ft.

In the discussion of centripetal acceleration we were using the law of
addition of vectors when Av was stated to represent in magnitude and
direction the difference in the two velocity vectors. To understand
this addition or subtraction of vector quantities let us start with dis-
placement vectors. Thus, if a person takes 3 steps east and 4 steps
northeast, the resultant of these may be found by drawing the vector

B (0] A

0 4 %

F1e. 1.7 Addition of two vectors. F1c. 1.8 Subtraction of two vectors
by adding the negative of one of them.

diagram, Fig. 1.7, with the vectors OA and AB respectively represent-
ing in magnitude and direction the number of steps taken. The
resultant displacement is represented in magnitude and direction by
the vector OB drawn from the origin or tail of the first vector to the
head of the second. The magnitude of OB may either be measured or
calculated from the cosine formula. Thus

OB? = 0A® + AB? — 204 X AB cos 135°
=0+ 16 + 24//2

= 42 (approximately)
Therefore
OB = 6.5 (approximately)

The direction of the vector OB may be indicated by the angle BOA
which OB makes with the easterly direction. This angle is probably
most easily obtained by the sine formula.
OB ~ BA
sin 135°  sin BOA

or

4
sin BOA = ———= = 0.435 (approximately)
6.5V2 (spp
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and
angle BOA = 25° 47’ (approximately)

The addition of the vectors has been carried out by placing the tail
of the second vector at the head of the first. In this vector triangle the
resultant is represented by the vector drawn from the tail of the first
to the head of the second. The resultant can also be regarded as the
diagonal of the parallelogram formed by placing the origin of the vec-
tors at the same point as shown in Fig. 1.7. If more than two vectors
are involved, the additional vectors are placed tail to head in a manner
similar to that employed in the addition of two vectors. The resultant
may be found from a scale drawing or by successive application of the
cosine formula. Both methods are rather tedious, and it is more con-
venient to use the method of components given later.

To subtract two vectors the negative of the one to be subtracted is
added to the first vector. The negative of a vector is a vector of the
same magnitude but of opposite direction Thus, to subtract the two
vectors in Fig. 1.7 the negative of the vector AB, equal to AB’ and
having a magnitude 4 and a direction SE, is added to the vector OA,
Fig. 1.8. The resultant of the subtraction of the two vectors is given
by the vector OB’ shown in Fig. 1.8.

1.8 Components of Vectors. Unit Vectors

A vector in a plane, such as OP = r, needs two coordinates to specify
its magnitude and direction. These may be its length OP and the
angle 6 which it makes with some specified direction, or the z and y
coordinates in a Cartesian coordinate system. The vector OP, Fig.
1.9, can be resolved into the two vectors OA and AP. From this
figure e
OA + AP = OP

The vectors OA and AP are called the components of the vector OP.
Though it is usual to resolve a vector into components mutually at
right angles, this is not a necessary condition

There is another manner of looking at a component of a vector which
is often more convenient than that given above. The component of a
vector r in the direction of a vector p is defined as the product of the
magnitude of r and the cosine of the angle between the positive direc-
tions of r and p. Thus in Fig. 1.9a the component of the vector in the
X direction is 7 cos 6 and in the Y direction is r cos ¢. TIf, as here, the
components are taken in directions at right angles, then 6 + ¢ = 90°
and r cos ¢ = 7 sin 6.

In many problems it is convenient to introduce what is termed a
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unit vector. This serves to indicate direction since its magnitude is a
constant quantity, namely unity. Along the X and Y axes of a
Cartesian coordinate system it is usual to denote the unit vectors by i
and j respectively. If the point P, Fig. 1.9a, has the coordinates z and
y, then the vector OP = r is given as
r=iz+jy

Suppose now that p; is a unit vector in the direction p, as shown in

Fig. 1.9b, and the angle between the positive directions of vectors

1

1

(a) (b)

Fia. 1.9 Components of a vector.

rand pis @. The magnitude of the component of r in the direction of
pis
T COS a

This magnitude is given by the dot product of the vectors r and p,,
that is, by the scalar quantity
L U
By definition, the dot product of two vectors is the product of the
magnitudes of the two vectors and the cosine of the angle between
their positive directions. Notice that the magnitude of the unit vec-
tor p; is unity. Now in order to indicate that the scalar component
r-p; is along p; we write the magnitude and direction of the com-
ponent as
pi(r - p1)

Later we shall see that two vectors can be combined to form a so-called
cross product. However, no meaning is attached to the division of
one vector by another vector. A vector can be multiplied or divided
by a scalar, for this only affects the magnitude of the vector but not
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its direction. A vector can also be differentiated with respect to a
scalar but not with respect to another vector.

It is readily seen that in the addition of vectors the algebraic sum
of the components in any direction is equal to the component of the

\Y

|
(P

3

|

|

|

I

I

I

I
—
I

|

|

|
>

< 3 4 X

Fic. 1.10 Addition of three vectors by the polygon method.

resultant in that direction. Suppose, for example, that three vectors
I, Iy, rz in Fig. 1.10 are to be added, where

n=3+4]j 1o = 4i + 3j ry3 = —2i+2j
If R is the resultant vector, ther
R=r1+4+r141;
and if the components of R are ix and jy, then
iz + jy = 5i + 6§
The magnitude of the X component of the resultant is
z=25
and of the ¥ component is
y=26
The magnitude of the resultant [R| is Vz + gl or
[R| = V61
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A space vector needs three coordinates to specify it. These may
be the z, , z coordinates in a Cartesian coordinate system, or a distance
and two angles in a spherical coordinate system. In the Cartesian
coordinate system k is used for the unit vector along the Z axis.

Y,
x,y,z/
AP
g 7
(23
Ol X
J 4 ’X
4
B z
C

FA
Fra. 1.11 Figure showing the space vector r with its components.

Thus the space vector OP = r, in Fig. 1.11, having coordinates z, ¥, 2,
may be written

OP = OA + AC 4+ CP
or
r=ir+jy+ ke (1.6)

The magnitude of the vector r is
Irl = .‘/(xZ + y2 + 22)

In general we shall employ a right-handed system of coordinate axes
X,Y,Z. By this we mean that if the X axis is rotated through 90° into
the Y axis this rotation will cause a right-handed screw to progress
along the Z axis. Similarly rotation of the Y axis into the Z axis
causes movement of a right-handed screw along the positive X axis.
This rule may be easily remembered by means of Fig. 1.12 in which
the X, Y, Z axes are placed in clockwise order.

If the angles that the vector r makes with the X, Y, Z axes are o, 8,
v respectively, then from Fig. 1.11
cos 8 =

Cos a =

z COB vy =
r 7=

Sl
SN
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and
T2 = xﬁ + y‘l _+_ 22
Hence
2 2 2
T y z
o NS o |
72 +r"’ +r2
or

cos? @+ cos? B+ cos?y =1

The cosines of these angles are called the direction cosines of the vector
r. Thus the sum of the squares of the direction cosines is unity.

Fia 112 The cyclical order for the positive set of axes.

1.9 Radial and Transverse Accelerations in a Plane

We have already investigated two special cases of acceleration. In
the first the magnitude but not the direction of the velocity changed;
in the second the direction but not the magnitude of the velocity
changed. We now turn to the general case in which a particle moves
in a plane and both the magnitude and the direction of its velocity
change. -

Let us consider a particle moving in the XY plane, Fig. 1.13, along
the path CABD. At every instant of time the particle has some

definite position along the path. These positions may be located
either with reference to a set of Cartesian coordinates X, Y or equally
well with reference to polar coordinates. Thus, when the particle is at
A it can be located by the z, y coordinates of this point or by the vec-
tor r drawn from the origin O to the point A and making an angle 6
with some fixed straight line such as OX. A short time later the
particle has moved to a neighboring point B, having different z, y
coordinates and a different vector r. The displacement, velocity, and
acceleration of the particle can be given in terms of the z, y coordinates
or in terms of the vector r. Thus the components of the velocity of the
particle in the X and Y directions are given respectively by the rate of
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change of the z coordinate with respect to time and by the rate of
change of the y coordinate with respect to time, that is, by dz/dt and
dy/dt. Similarly the components of the acceleration along the X and
Y directions are given respectively by d%z/dt* and by d%y/dt*. In
some problems it is convenient to express the velocity and acceleration
in terms of the Cartesian coordinates; in others the polar coordinates
are preferable. Since the vector representation may not be familiar to

y

o X

F1a. 1.13  Motion of a particle in a plane.

most of you, we shall now find the expressions for the velocity and
acceleration of a particle moving in a plane in terms of vectors. The
results obtained in this section can also be obtained from velocities and
accelerations expressed in the Cartesian coordinate system. You are
asked to do this in problems 25 and 26 at the end of this chapter.
In Fig. 1.14 let us consider a particle at a point P at a time ¢t whose
position is given by the vector r drawn from an arbitrary origin O and
making an angle 8 with some fixed direction O0’. The particle is
assumed to move in the plane of the paper. It is useful to express the
vector r in terms of its magnitude r and its direction by the unit vector

11, which is along r. Thus
A3 ='{-'l7l (1.7)

The instantaneous velocity of the p;rticle is given by the time deriva-
tive of the vector r. Thus

dr dr dry

:i—t=l'lg}‘+rdt (1.8)
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In this we have applied the ordinary differentiation for a product of
two quantities. The quantity r,(dr/dt) is & vector that is the com-
ponent of the velocity of the particle along the radius vector OP, or

o reg

Fic. 1.14 A vector r showing the unit vectors ry and 05,

[}

0
Fia. 1.15 TFigure showing the vector dry equal to the vector 01 do.

along r. Now we must investigate the time derivative of the unit
vector, dr;/dt. Since 1 is a unit vector it cannot change in magnitude,
so that dr; must be a vector in a direction at right angles to r; and
have no component along r;. This is represented in direction by the
unit vector 8;, which is at right angles to r; in the direction of positive
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or counterclockwise rotation. At time ¢ the position of the particle is
P, and at time (¢ 4 di) it is @, where OP has the direction r; and 0Q
the direction (r; + dr;). From Fig. 1.15 it is seen that dr; is in the
direction at right angles to r; and has a magnitude of df since r, has a
magnitude of unity. Thus

dl'l = 01 de
and
dry _, df
dt 't
Hence
dr dr rdf
L a T hathy (19

The first term on the right-hand side of the equation is the com-
ponent of veloeity along the radius vector r, and the second term is the
component in a direction at right angles to this radius vector.

T1a. 1.16  Figure showing the vector r resolved into 1ts two components along 6,
and 1.

The physical significance of Eqn. 1.9 is brought out in Fig. 1.16. As
already stated, P is the position of the particle at time ¢, and Q is its
position at time (¢ 4+ At), where

OP =r
and
0Q =r+ Ary
The motion of the particle in time At is given in magnitude and direc-

tion by
PQ = Ar
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From the vector triangle PQS, in which PS is at right angles to OS,
PQ = PS + SQ
or
Ar = 017 A6 + 11 Ar
To obtain the average velocity of the particle during the time At we
must divide this expression by At, giving

Ar ")
A ey
a sty tn

Ar

At

The instantaneous velocity of the particle is given by taking the limit
of the above expression as At approaches zero, or

V=—=07r—+1— (1.9)

which was obtained earlier. Notice that dr/d¢ has a magnitude of
dr/dt when the motion of the particle at P is along the line OP; that is,
when the particle has no angular velocity of motion about P, or
dg/dt = 0.

We now turn to the acceleration of the particle, which is obtained by
taking the time derivative of the velocity. From Eqn. 1.9 the accelera-
tion is .

dv dr d?e drdé de; do d’r  drydr
et aataa T E® T a w
(1.10)

We have now to investigate the term containing d6,/dt, since all the
other terms are known. To do this consider Fig. 1.17, in which the
positions P and Q are those occupied by the particle at time ¢ and
(t 4+ dt) respectively. The vector 0; is perpendicular to r, and
(61 + d6,) is perpendicular to (r 4+ dr). Thus from the diagram it is
seen that the vector d8, is in the negative direction of the vector r.
The magnitude of d6, is df, so that
de, do
ey = l']do and al = n a
Substituting for dr,/dt and d0,/dt in Eqn. 1.10, the acceleration a may
then be written
a = 0,70 + 0,270 — 1y76® + 1,F (1.11)

Collecting the terms in r; and 8;, we have
a=*%=r( — r6% + 6,(rd + 2i0) (1.12)
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The acceleration a has the components (7 — r6%) along the radius
vector r or OP and (r# + 2r0) along the direction at right angles to
OP in a counterclockwise or positive rotation of OP. We can give a
physical interpretation of some of the terms in this expression for the
acceleration. The component r is the outward acceleration of the
particle along the radius vector, and r6% is the centripetal or inward
acceleration which we have previously investigated. For the trans-

Fi1a. 1.17  Figure showing the veetor do) equal to the veetor —ry de.

verse components along 0; the term 76 represents the linear accelera-
tion of the particle at P due to the angular acceleration . The last
transverse componeni 276, called the Coriolis acceleration, is not
readily given a physical interpretation and probably cannot be
obtained except by mathematical analysis. You can notice this
acceleration if you walk radially out on a moving merry-go-round.
As a summary, the components of acceleration in a planc are as
tollows:
The radial con.ponent along r; is (r — r6%) (1.13)

The transverse component along 8, is (r8 + 2ré) (1.14)

For a simple example in which these components are employed con-
sider a point on the rim of a bicycle wheel which is being given an
angular acceleration about the axle through its center. Let the dis-
tance of the point from the axis of rotation be a constant B. Then

r=R =10 r=0
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At any instant of time the angular velocity is # and the angular accel-
eration §. Therefore the acceleration of the point on the rim is

a = ri(—r6?%) + 0,(rf)

The first term is the centripetal acceleration of the point towards the
axis of rotation, and the second term is the tangential acceleration of
the point due to the angular acceleration § of the wheel.

1.10 Units and Dimensions of Velocity and Acceleration

Linear velocity is measured in terms of length and time. The
common units of the British system are feet per second (ft per sec) and
miles per hour (mph). In the metric system the units are centimeters
per second (cm per sec) and meters per second. Angular velocity is
always measured in radians per second in any physical equation, but
this of course may be changed to degrees per second if desirable, using
the relation 2r radians equal 360°.

Linear acceleration, which is defined as the time rate of change of
velocity, is usually measured in the British system in feet per second
per second (ft per sec®) and in the metric system in centimeters per
second per second (cm per sec?) or in meters per second per second.
Angular acceleration is expressed in radians per second per second.

To denote the dimensions of length and time the symbols L and T
are adopted. In general, symbols in square brackets represent dimen-
sions of quantities. Thus velocity has the dimensions [L/T] or
[LT™Y, and linear acceleration has the dimensions [L/T?% or [LT3.
Since an angle in radians is defined as the arc subtended at the center
of a circle divided by its radius, it follows that an angle has no dimen-
sions. Thus angular velocity has the dimensions [1/7] or [T™!] and
angular acceleration of [1/7T%] et [T~2.

Every term in an equation expressing a relationship between physi-
cal quantities, that is, a physical equation, must have the same units
and dimensions. This basic principle of dimension theory, called the
principle of dimensional homogeneity, was stated by Fourier in 1822
and by Maxwell in 1863. A discussion of the dimensions of physical
concepts is given in the reference in the footnote.* For those inter-
ested in this subject many other references will be found in this article.
The restriction on physical equations does not in general apply to
mathematical equations. For instance, consider the linear distance s
covered by a body starting from rest and moving with a linear accelera-
tion a for a time ¢. The relation between these quantities is s = at?/2,

*P. Moon and D. E. Spencer, “Dimensions of Physical Concepts,” Am. J.
Physics, 1T, 171 (1949).
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and the velocity attained by the body in the time ¢ is v = at. Both
equations are dimensionally correct. Since, if equals are added to
equals, the results are equal, it follows mathematically that

2
s+v=-azi+at

On the other hand, this equation is not dimensionally homogeneous
and is of no value as a physical equation

Obviously the units employed in the various terms of a physical
equation must be consistent; that is, in one term the acceleration must
not be expressed in centimeters per second per second and in another
in feet per second per second. It is also quite easy to make rather
foolish errors in changing the units in which a given quantity is
expressed. As a simple method for avoiding such errors consider
changing an acceleration of 50 mph per min to feet per second per
second. To do this we must change the miles to feet, the minutes to
seconds, and the hours to seconds, thus.

50m 50 m 1 min 1hr 5280 ft
hr X min  hr X min ~ 60 sec ~ 3600 sec 1 mi

_ 50 X 5280 {1
~ 60 X 3600 sec X sec

= 1.22 ft per sec?

Each term after the first 50 mph per min is a conversion factor whose
value is unity, contaming suitable units so placed that after all units
are canceled out the answer is obtained in the desired units. This
method of explicitly writing out all units may appear cumbersome,
but it will help you to avoid many careless errors.

1.11 Setting Up and Checking of Physical Equations

Though no rules can be given for solving physical problems that will
replace a sound knowledge of physical principles, the following sug-
gestions should be of real aid.

a. After reading the problem and understanding its implications,
draw a neat diagram if the situation calls for it.

b. Clearly indicate on the diagram which direction or directions you
are choosing for positive, such as the positive direction for the coordi-
nate axes, forces, velocities, accelerations, ete.

¢. Set up a physical equation and explicitly state what assumptions
you are making in doing this.
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d. Check this equation and any derived from it for consistency of
dimensions and units. It should be noted that this does not check
any multiplying factors such as the 14 in the equations s = at?/2.

e. After solving the equation to obtain the final answer, examine it
to see if it is qualitatively correct, that is, of the right order of magni-
tude. This can usually be done by simplifying the original equation
by omitting one or more of the less important. terms and then solving
the simplified equation. From the nature of the problem it should be
possible to say whether the answer to the simplified equation should
be greater or less than the correct answer. For example, if the time of
fall of a body is to be found, taking into account the resistance of the
air, this may be compared with the time of fall with no air resistance.
Another method applied especially in research problems 1s to compare
the theoretical answer with an experimental one. Though this method
may not be possible with many textbook problems, it should be fol-

lowed whenever practical
PROBLEMS

1. Given 1 meter = 3937 m  Find the veloaity in meters per second equiva-
lent to 60 mph. As a check on the arithmetic {ind the velocity, assuming the
meter to be 40 1n.

2. a. Find the acecleration due to gravity in centimeters per second per second
and in meters per second per second, assuming that g = 32 ft per sce?

A body falls from rest from a height of 10,000 {ft with an acceleration ¢

b. Find the time of fall and the velocity with which the body strikes the ground.

¢. Owing to air resistance a falling body is subjected to an opposing acceleration
of (2v) ft per sec?, where v1s the velocity of the body at any instant of time  Briefly
state how the acccleration and the velocity of the body change during the motion

d. Find the constant terminal speed with which the body ultimately falls.

3. A bullet 1s shot vertically upwards with an imtial velocity of 1200 ft per sec

a. Find the maximum elevation that the bullet attains and the total time 1t
18 1n the air R

b. Find the time that must clapse before the velocity of the bullet is halved,
and its elevation at this time

4. The position y of a moving point 18 given for various times ¢ in the table
below:

t (sec) 0 1 2 3 4 5
y (cm) 2 5 6 5 2 -3

a. Plot these values with { as the abscissa or z coordinate.

b Find the average veloeity of the moving point during each of the intervals
0-1, 1-2, 2-3, 3-4, 4-5 sec.

¢. Find the rate of change of the average velocity during cach succeeding
second.

d. From the graph determine the average velocity during cach of the intervals
1-2, 1-1.5, 1-1.25 sce and the instantaneous velocity at ¢ = 1 sec.

e. Find the mstantancous velocity at ¢ = 2, 3, 4 sec.
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J. Find the rate of change ot these mstantaneous velocities and show that this
is an acceleration of —2 em per sec?.

g. Assuming the acceleration to be —2 cin per see? and the moving pomt to
have an initial displacement of 2 em and a velocity of 4 em per see, find the equa-
tion for the displacement at any time.

h. From this equation find the displacement at £ = 0, 1, 2, 3, 4, 5 sec.

5. A pomnt has a Linear acceleration given by r = 4 — 3t + 2% Imtially the
point has a displacement of 4 ¢cm and a veloeity of 2 em per see  Find the velocity
and displacement, of the moving pownt after 2 see

6. A moving point has a displacement griven by # = 4 cos (8t + 1)

a. Show that the acceleration 1s 1 = —g%¢

b. Show that the veloaity and displacement differ by #/2 radians at every
mstant of tune

c. Show that the acceleration and displacement differ by = radians at every
instant of time

7. A stone X falls vertically from 1est over the edge of a chiff, and 2 sec later
another stone Y 1s projected vertically downward with an mutial veloeity of 50 ft
per sec. It is ohserved that stone Y strikes the ground 0.5 sec later than stone X
Tind the height of the chff

8. Two scctions of an express train are started 10 min apart. When starting
from rest, both are capable of attaining therr maximum constant specd of 60 mph
in a distance of 34 mi.

a. Show that both sections tuke 1.5 min to accelerate to ther constant speeds.

b. Show that when the second section starts the first section 1s 9.25 mi shead

¢. Show that when both tramns are running at their constant speed they are
10 mi apart.

9. For a body shot along the X axis the distance z 1s related to the time of
travel ¢ by the equation ¢ = axr + bx?.

a; Show that the body 18 subjected to a retardation or negative acceleration of
2bx°.

b. If the body has traveled a distance of 100 {t 1n 0.081 sec and 200 ft in 0.164
sec, show that the value of @15 8 X 1074 and b1s 107

c. Show that the mitaal veloeity of the hody 1s 1250 ft per sec and that after
1 sec the veloeity 1s approximately 981 ft per sec.

10. On the same track but behind a slow cngine going at a constant speed of
20 mph is an express engine going 60 mph. The two engines are 1000 ft apart
when the driver of the express secs the slow engine and applies the brakes. Find
the mmimum deceleration of the express that will just avoid a colbsion, i.e., so
that the express attains the speed of 20 mph when 1t contacts the slower one.

11. A boat X is moving with a constant vcloeity of 4 mph, NE.

a. If boat Y is moving with - velocity of 3 mph, SW, what is 1ts velocity relative
to X? (Observer on X considers himself at rest and ¥ moving relative to him
Therefore bring X to rest and find the veloeity of Y.)

b. Find the velocity of Y relative to X when Y is moving north with a velocity
of 3 mph.

12. A motorboat having a speed of 6 mph is headed dircctly across a river
100 ft wide with a current of 4 mph.

a. How far down the opposite bank from the point directly opposite to the
starting point does the boat land?
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b. At what angle upstream must the boat be headed if it is to land at a point
directly opposite its starting point?

13. A motorboat having a speed of 6 mph goes }4 m: down a river and back
to its starting point. Find the difference in time taken by the hoat when the
river is calm and when it has a current of 2 mph.

14. A ship 18 moving NE by the compass through a tide that 1s running at
4 knots. After 2 hr the ship is 3 nautical miles SE from 1ts starting point. Find
the speed of the ship in knots and the direction of the current i the tide  (Note
1 knot = 1 nautical mile per hour.)

15. An airplanc having a cruising speed of 100 mph goes from city A to a aity B,
which 18 400 m1 NE of A There 1s a wind from the south of 20 mph. Find the
direction 1n which the plane must be headed and the time taken to go from A to B.

16. a. Give the dimensions of each term in the radial and transverse com-
ponents of the acceleration 1n a plane expressed in polar components

b. What are the dimensions of the unit vectors ry and 6,?

17. A poimnt 18 whirled around in a horizontal eircular path whose radius 1s 100
em at a constant speed of 50 rpm.

a. Find the angular velocity in radians per second.

b. Find the centripetal acceleration.

18. The radius of the earth 18 approximately 4000 mi.

a. Find the angular velocity of the earth about 1ts axis 1n radians per hour.

b. Find the linear veloeity in miles per hour at the equator

c. Find 1ts linear velocity at latitude 40° N.

19. Find the centripetal acceleration for a point at (a) the equator; (b) a latitude
of 40° N.

20. The apparent acceleration due to gravity g1s the vector sum of the earth’s
gravitational attraction go which is directed toward the center of the earth and
the centripetal acccleration toward the axis of the earth. If R 1s the radius and
« is the angular velocity of the earth, then show that the resultant acceleration ¢
at any latitude 6 is approximately

1 - w?R cosz_f
g =4go 90

(Note that w 1s a relatively small quﬁty so that terms such as w?R?/go? may he
neglected as compared to 1.)

21. A circular disk with a radius of 5 cm 1s rotating about an axis through the
center of and perpendicular to 1ts plane with an angular acceleration of 0.5 radian
per second per second. Initially at { = 0 the disk has an angular velocity of
2 radians per sccond. At the end of 10 sec find:

a. The angular velocity.

b. The angle through which the disk has turned.

¢. The distance traveled by a point on the periphery.

22. A wheel whose radius is 20 cm has a constant angular acceleration of 120
rpm per sec and an 1nitial angular velocity of 30 rpm.

a. Find the angular acceleration and the velocity in radians per second per
second and radians per second respectively.

b. Find the angular velocity of a point on the periphery at the end of 0.2 sec.

¢. Find the resultant linear acceleration of a point on the periphery at the end
of 0.28ec. Give both the magnitude and the direction of the resultant acceleration.,

d. Find the angle through which the wheel turns in the 0.2 sec.
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23. A point moves in a plane in such a way that its distance r from a fixed origin

18 given by 542
r =3¢+

and the angle 6§ which the radius vector r makes with a fixed direction by
=2~

a. Find the radial and transverse components of the acceleration of the point.

b. Find the equation of the path of the pomnt, i.e., a relationship between r and
6 not contamning {.

24. A particle is placed on the spokes of a wheel in such a manner that it can
shde outward from the axis. The wheel starts from rest and accelerates at the
1ate of 05 radian per second per second, with the particle increasing its radial
distance 7 1n such & manner that r = 2¢t + 3{2. Find the resultant acccleration
of the particle at the end of 2 sec.

25. Derive Eqn 1.9, using the components of velocity z and y and the relation-
ship from Fig. 1.13, 2 = rcos 8, y = rsin 6. [The component of the velocity
of the particle along 1, 15 (z cos 6 + y sin ). First find the component of the
velocity along 0;.]

26. Derive Equ. 1.12, using the components of acceleration z and y,



2 . FORCE AND MOTION OF PARTICLES
2.1 Introduction

In the last chapter we discussed motion and changes in motion
without any regard to the manner in which these are produced. Now
we turn our attention to a study of dynamics, which is concerned with
forces and their effects on the motion of bodies.

Intuitively we think of changes in the motion of a body as caused by
a push or a pull. A football is set in motion by a kick, a bullet by
the force of expanding gases, a falling body by the pull of the earth.
In each of these examples we can identify some force with the change
in motion. The change in motion, or acceleration, depends not only
on the size of the force but also on a property of the body moved,
which Newton first called the ‘“quantity of matter’” and which later
became known as the inertia or mass of the body. The difference
between setting a brick and a football in motion by means of a kick
will readily convince one of this property of inertia.

Furthermore the forward motion of the ball does not cease when the
kick is over. The ball continues to move forward and, owing to the
action of the gravitational pull of the earth, downward. The forward
motion diminishes somewhat, owing to the resistance force of the air.
Suppose now that the air resistance force and the gravitational pull on
the earth could be eliminated. .~What would happen to the motion
of the ball? Though it is impossible to reduce the forces on a moving
body to zero, experiments show that as thesc forces are reduced the
velocity of the body becomes more and more nearly constant. It is
assumed that if the resultant force on a body were zero its velocity
would remain unchanged. A force is required to change the velocity
of a body, that is, to start or stop a body, to speed it up or slow it down,
or to change the direction of its motion. The acceleration depends
both on the force applied and on the inertia of the body. For the
present we are concerned with the motion of a body as a whole and not
with any rotation about an axis through the body. For such purposes
it is convenient to consider the body as a particle. The quantitative
measure of inertia is mass, and a simple experiment will illustrate how
this may be measured.

30
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2.2 Inertia and Mass

Suppose that two cars, A and B in Fig. 2.1, have frictionless bearings
and are placed on a horizontal track. The cars are held together by
a taut thread which prevents them from separating when a com-
pressed spring is placed between them. This compressed spring pro-
duces an internal force on the system which exerts an equal and oppo-
site force on the two cars. When the thread is burned, the cars move
apart, car A moving to the right with a velocity v, and car B to the left
with a velocity vs. The cars would then continue to move indefinitely
with these velocities if the resultant force on them were zero.

Up ~em—— ———> Uy
B A
O=OO!
o o ~| o o
Fra. 2.1

If the changes in velocity from zero to v, and v; respectively take
place in some short interval of time At, then the acceleration of car 4 is

Va
a, = At
and of car B is
U
=N

Although At may not be known, it is the same for both cars. Hence

[ V4

ag Up

Since the velocities can be measured, it follows that the ratio of the
accelerations can be determined. Suppose that the experiment is
repeated with a different tension in the compressed spring. It will be
found that the ratio of the accelerations is the same as that previously
obtained. Further exgeriments would show that, no matter what the
tension on the spring, the ratio of the accelerations would be constant.
These accelerations depend on the inertias or masses of the cars; the
larger the inertia or mass of a car, the smaller its acceleration for a
given force. If m, is the mass of car A and m; the mass of car B, the
ratio of these masses is defined as

Mmy Qp

Mmp Gy
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Suppose now that car B is replaced by a car (" and the experiment is
repeated. Then

If car B is placed on top of car (7, then

My Apy ¢

My 4

From these experiments each of the masses gy, m, mpy can be
obtained in terms of m, The results show that the total mass mpy ¢
is equal to the sum of the masses m; and m.. Thus mass is a scalar
quantity.

Suppose that we arbitrarily assume the mass of car 4 to be
unity Then the inertial mass of any object can he determined by
this method  Actually this dynamic method is not followed i prac-
tice, but mstead some static method depending on the extension of a
uniforn: spring or on an equal arm balance. In all these methods some
arbitrary standard of mass is adopted, and then an unknown mass 15
determined in terms of the standard. Consistent resulis for the ratio
of masses are obtained by any of these methods. ITere the distinetion
between mertial and gravilational mass has been neglected A dis-
cussion of this is given in most books on relativity.*

The it of mass in the meter-kilogram-second or mhs system 1s the
kilogram. which is the mass of a lump of platinum-iridium carefully
preserved mm France. A submultiple of {his, a gram or one-thousandth
of a kilogram, 15 the unit of mass in the centimeter-gram-second or egs
system. It was originally intended that the gram should be the mass
of 1 ecm® of pure water at its temperature of maximum density, 4°C
However, more precise experiments have shown that this is not exactly
correct  In the British system the unit of mass, the pound, is the mass
of a lump of platinum-iridium kept in London. It turns out approxi-
mately that

11b = 453 6 gm or 1kg=221b

R
Another unit of mass, called the slug, has been adopted in the British
engineering system of units and will be discussed later.

2.3 Force and Mass

In the discussion of inertia we stated that the velocity of a body is
constant when the resultant force acting on the body is zero. This is

* A discussion of gravitational and inertial mass 1s given by L T Pockman,
Am. J Phys., 19, 305, 1951,
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the basis of Newton’s first law of motion, which 1n more formal lan-
guage may be stated as follows:

\ Every body conlinues in a state of rest or in uniform motion wn a straight
line unless acted on by some force.)

This law implies that the motion of a body is changed when an
unbalanced force acts on it.

Newton's second law deals with the relationship of the force involved
and the change in motion. 1In order to state this law Newton coined
a new term, quantity of motion of a body. This is now replaced by
the term momentum of a body Momenium is a vector quantity
having the direction of the velocily and a magnitude equal to the
product of the mass and the magnitude of the velocity of the body.
Just as in the discussion of velocity and acceleration we had to choose
carefully the coordinate system in which the motion took place, so in
using Newton’s second law we must also be careful. The coordinate
system to which Newton’s laws are applicable 1s called a primary
wnertial system. A system of axes attached to the fixed stars is such a
primary inertial system, and any system moving with constant velocity
relative to this is an equivalent system. Although coordinates
attached to the earth do not constitute an inertial system, yet for most
of our problems it is sufficiently accurate to assume that they do. In
a later section we shall see what effects the rotation of the earth pro-
duces For an inertial coordinate system Newton’s sccond law of
motion may be stated as follows:

The tame rate of change of momentum of a body is proportional to the
resultant force acting on the body:

d(mv)
dt

F « d%(mv) =k

where F is the resultant force acting on a body of mass m and instan-
taneous velocity v. The proportionality factor k is a constant whose
value can be made unity by a suitable choice of units. With such
units Newton’s second law may be written

_ d(mv)
Tdt

From the time of Newton to early in the present century the mass of
a body was considered a constant, independent of its velocity ~With
the advent of relativity in 1905 Einstein showed that the mass of a
body relative to an observer varies with its velocity. Ilowever, for
bodies moving with velocities small compared with the velocity of
light the change in mass with velocity is negligibly small, as indicated

.1
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by the equation in the footnote.* Since the velocities dealt with in
classical or Newtonian physics are all negligibly small compared to the
velocity of light, we shall assume that the mass of any body is a con-
stant quantity, independent of its velocity. Thus we may write
Newton’s second law as

F=m— =ma (2.2

where a is the acceleration of a particle of mass m acted on by a
resultant force F.

Equation 2.2 deuls with the vector quantities F and a. Suppose
that a force F has components F, and F, along the X and Y axes
respectively. Then, using unit vectors as in section 1.8,

F = iF, + iF,

If this force is acting on a particle of mass m, its accelerations & and 3
are given by
iF, = imz and iF, = jmy

Also, if the vector r has the components iz and jy, then

r

ir + jy
and

-
]

iz + jy
so that
F = mf = imz + jmy

Forces and accelerations may@ compounded by the vector method
of addition as was done above. When a particle is acted on by several
forces simultaneously, the product of its mass and the resultant accel-
eration is equal to the resultant of the forces compounded vectorially.
When the force and acceleration are resolved in any direction, the
product of mass and acceleration in that direction is equal to the com-
ponent of force in the same direction.

* According to the theory of relativity the mass m of a body moving with
velocity v relative to a coordinate system in which its mass is mo is

mo

m = ———
1 —v%/c?

where ¢ is the velocity of light in a vacuum.
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2.4 Kinetic Reaction. Centrifugal Force

Newton’s second law may also be written F — ma = 0. The vector
quantity —ma is called the kinetic reaction, or sometimes the_jnerti
fff‘fﬁi—%L- In his Traité de Dynamigue, published in y43 D’Alelbert
enunciated a principle now known as D’Alembert’s principle, which
may be stated as follows: When any particle is acted on by an external
force, the resultant of this external force and the kinetic reaction of the
“particle is zero. Familiar examples of kinetic reaction are observed

en we are thrown backward by a streetcar’s starting suddenly, or
forward by a car’s stopping suddenly, or outward by a car’s rounding
a corner at high speed. In the last example it is usual to call this
kinetic reaction the centrifugal force.

- -
w
f ——" r T il

B—
/ T=mrw?

Fic 22 Centripetal and centrifugal forces.

Suppose that a particle of mass m is whirled around on a cord of
length r with an angular velocity w, Fig. 22 From Eqn. 1.5 the
centr_lpetal accelerat:on of the partlcle is rw®>. Hence the tension in
the string, i.e., the centripetal force, W, which is the mwa,rd pull of
the string on th the mass m. § The force that the moving mass m exerts
on the string or on the hand holding it is the kinetic reaction mrw? act-
ing outward. This force, which does not act on mass m but on the
means of constraint, is called the centrifugal force. Thus we may
consider the moving mass m to be in equilibrium under the action of
the force T inward and the kinetic reaction outward. Essentially the
application of D’Alembert’s principle changes a problem of dynamics
into one of statics. '

2.6 Units of Force

The manner in which the force and mass units are defined differs in
the metric and the British engineering systems. In the metric system
it is usual to take mass as the fundamental quantity and force as a
derived quantity. The unit of force in the mks system is called the
newton. } It is that force which when acting on a mass of 1 kg gives
it an acca’e’mﬁmter per second per _second. 4 Similarly the:
unit of force in the cgs system is called the dyne and is that force whlch
when acting on a mass of 1 gm gives it an acceleration of 1 em per sec?.



36 FORCE AND MOTION OF PARTICLES

From these definitions it follows that
1 newton = 10° dyncs

If the unit of mass in the British system 1s taken as 1 1b, then the unit of
force in this system is called the poundal and 1s that force which when
acting on a mass of 1 Ib gives 1t an acceleration of 1 ft per sec2. The
poundal is not commonly employed as a unit of force

The above units are sometimes called the absolute system of units,
although there is really nothing absolute about them They refer to
a system in which mass is taken as fundamental and force is a derived
quantity. For such a system the dimensions of force are given m
terms of the dimensions of mass [M], length [L], and time [T] from
Newton’s second law as

(F] = [MLT"?)

There is also the gravitational system of units which we shall discuss
m the next section

2.6 Mass and Weight

We have previously stated that at any particular location on the
earth all bodies fall vertically downward with the same acceleration if
air resistance 1s absent. Newton demonstrated this by the so-called
feather and guinea experiment in which o feather and a small coin
were allowed to fall in an evacuated tube It was found that the
light and the heavy body fell with the same acceleration. This
acceleration, called the acceleration due to gravity and denoted by g,
is not exactly the same at different clevations and places on the earth.
For sea-level elevation the value of g is about 983.21 cm per sec? at
the poles and decreases Lo about, 977.99 ¢m per sec? at the equator of
the earth In the middle latitudes the value of ¢ may be taken as
approximately 980 ¢m per sec® or 32 {t. per sec?.

Since a body of mass m falls with an acceleration g, it follows that
there is a vertically downward force of mg on this body This force
due to the earth’s gravity is called the weight w of the body. Thus

w = mg

A body whose mass 15 1 gm has a weight of | gram weight (gmw) and
exerts a force of approximately 980 dynes:

1 gmw = 980 dynes
1 kgw = 9.8 newtons

In the British absolute system it similarly follows that 1 pound weight
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(Ibw), the gravitational force on 1 pound mass, is approximately
equal to 32 poundals.

It is common practice in cngineering to use the British engineering
or gravitational system of units. In this system force is taken as a
fundamental quantity and the unit of mass is derived. The unit of
force in the engineering system is taken as the gravitational pull on a
pound mass at sea level and 45° N latitude; that is, the unit of force
is 1 Ibw. For this unit of force, what unit of mass has to be used in
Newton’s second law? This unit of mass is called a slug. [t 1s that
mass which, when acted on by a force of 1 Ibw, acquires an accelera-
tion of 1 ft per sec®. Since a force of 1 Ibw gives a mass of 1 Ib an
acceleration of 32 ft per sec?, it follows that the slug is 32 times as large
as the pound mass

Writing [F] for the dimension of force, it follows that in the gravita-
tional system mass [M] has the dimensions [FT?L~!. In this system
Newton’s second law 1s written

F=Ea
g

The forces F and w are in pounds weight, and the accelerations ¢ and
g are in feet per second per second. In general we shall use the metric
system, but most of the equations may be written immediately in the
engineering system by replacing the mass m by w/g.

2.7 Newton’s Third Law. Conservation of Momentum

You have probably noticed that forces always occur in pairs although
acting on different objects. For example, when a gun is fired there is
a forward force on the bullet and an equal but opposite force on the
gun. This force is sometimes called the “back-kick” of the gun. In
walking, one pushes back on the carth and the earth exerts a forward
force on the person. If there is no friction, as on perfectly smooth ice,
one cannot push backwards. There is then no forward force, and one
cannot make any headway. A propeller pushes back on the air, and
the air pushes the propeller and airplane forward. When we observe
any one force, it is an interesting game to pick out the other force
acting on some other body. The principle involved in these and other
cxamples is summarized in Newton’s third law of motion, which may
be stated as follows:

To cvery force acting on one body therc is an equal and opposite force
acting on another body

If Fy, is the force exerted by body 2 on body 1 and F; is the force
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exerted by body 1 on body 2, then Newton’s law may be mathe-
matically stated:

Fi3 = —Fa
where the negative sign indicates that the forces are in opposite
directions.

Let us now consider the interaction of two bodies. The forces of
interaction may be due to spring connections, to electrical charges, to
collisions, etc. If the forces of interaction are the only forces acting
on the bodies, the system is a closed or isolated one. From Newton’s
second and third laws the important principle of conservation of
momentum can be derived for an isolated system.

Consider an isolated system consisting of two particles mi, me
moving with velocities %;, X, respectively in which the forces of inter-
action are F;; and Fy;. Then by Newton’s third law

Fi2 = —Fn

and by Newton’s second law
d d
57 (mi%y) = — 7 (maks)
or
i (mi%; + meXz) = 0
g 2Xp) =

But m;%; is the momentum of particle 1, and my%, that of particle
2, so that the rate of change of the total momentum is zcro and
independent of time. This is the principle known as the conservation

of momentum. It may be stated as follows:
If no external forces act on a system, t.e., if the system is isolated, the
total momentum in any direction remains

constant.

Uy Uy e
As an example of the interaction be-
™ . tween two bodies consider the impact of
> two spheres moving along the same
Uy ——— Uy———

straight line. Let the spheres have

Fie. 23 Collision of two mpagsesm;, mgand velocities uy, u, before

spheres and conservation of -y 50t and vy, v, after impact, as shown

momentum. in Fig. 2.3. If the positive direction of

motion is to the right, then all the velocities shown are positive. In

order for there to be an impact %; must be larger than u,, and if the

spheres are to separate v, must be larger than v;. The forces at
impact on the two masses are

F!2 = _F21
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By Newton’s second law

miy — u1) _ ma(ve — up)
At At

where At is the short time interval of impact during which the velocity
of m; changes from u; 1o v; and of my changes from us to v,. Trans-
posing and canceling, we have

myuy + molg = mivy + Movy (2.3)

The left-hand side of the equation represents the total momentum of
the two balls hefore collision, and similarly the right-hand side the
total momentum after the collision. Thus there 1s no momentum lost
in the collision; that is, the momentum is conserved at the collision.
One cannot overemphasize the importance of the law of conscrvation of
momentum in science. 1t is applied universally in physics whether
such large objects as stars or such submicroscopic objects as atoms are
dealt with.

Momentum is a vector quantity and has the same direction as the
velocity of the object. TFor a shell exploding in the air the momentum
of the shell immediately before the explosion is equal to the total
momentum of the system just after the explosion. Iragments of the
shell are presumably sent in cvery direction. In any direction the
total momentum of the fragments after the explosion is equal to the
momentum of the shell in the given direction before the explosion.
If just before the explosion the shell is moving downward, then after
the explosion the total momentum of the fragments added vectorially
would be downward and the total momentum in the horizontal direc-
tion would be zero.

Before proceeding with an example of the components of momentum,
it is worth while noting that Eqn. 2.3 does not. give the velocities vy, vy
of the two masses, since a single equation can give the value of only one
unknown. Further information concerning the impact is necessary
if these velocities are to be found. This information is given by what
Newton termed the cocfficient of restilution ¢, which is defined as the
ratio of the relative velocity of separation to the relative velocity of
approach. For the two impacting balls shown in Fig. 2.3 the coeffi-
cient of restitution e is

e= 2L @2.4)

U — Uz
There are two limiting values for e, namely ¢ = 0 and e = 1. An
impact for which ¢ = 0 is called an inclastic impact, and v, = v; or the
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bodies stick together after impact. The other case, ¢ = 1, is an ideal
one never actually attained in practice. For this bodies would move
apart with the same relative velocity as that of approach, and the
impact would be perfectly clastic.

As an example of impact consider two smooth bilhard balls A and B. Suppose

that ball A has a mass of 100 gm and on impact an 1mtial velocity of 20 cm per sec
at an angle of 30° with the line of centers. Similarly ball B has a mass of 50 gm

20 cm
per sec

Fi1e. 2.4 Collision of two smooth spheres.

and a velocity of 10 cm per scc at an angle of 60° with the line of centers. The
velocities after impact are given in Fig. 2.4. With a coefficient of restitution of
0.9 between the balls the problem is to find the velocities after the impact.

Since the spheres are assumed to be smooth, there is no force perpendicular
to the line of centers. Thus the component of the momentum of either ball does
not change along this direction. Ience, resolving the velocities or momenta along
the line perpendicular to the line of centers of 1impact, we have for ball 4

20 sin 30° = vy 8in 6 or va 8 6 = 10 cm per sec

and for ball B
10sin 60° = vpsin ¢ or wvpsin ¢ =54/3 ¢cm per sec
/

By the principle of conservation of momentum there is no change at impact in
the total momentum of the two balls in any dircetion The most convenient
direction to choose 1s that along the line of centers, and from the law of conserva-
tion of momentum 1t follows that

2000 cos 30° — 500 cos 60° = 100v4 cos 0 + 50vp cos ¢
or

204 008 8 + 5 cos ¢ = 20 /3 — 5 = 29.64
From the definition of the coefficient of restitution it follows that

¥B CO8 ¢ — V4 COS O

09 = 35 cos 30° 10 cos 60°

or
v,cos¢—04c050=9\/3+45 = 20.09
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There are now four unknowns and four independent equations. Solving these
equations gives

tan 0 = 3.142 0 = 72° 21/ v4 = 10.48 cm per sec

tan ¢ = 0.372 ¢ = 20°2¢ vp = 21.80 cm per sec
Hence as a result of the collision ball A and ball B move approximately in the
directions shown in Fig. 2.4.
2.8 Momentum Change and Impulse

In practice there are many examples of a large force acting for a
very short time to produce a momentum change in some object. A
few familiar examples are a hammer striking a blow, a bullet propelled
from a gun, and a charge of electricity setting the coil of a ballistic
galvanometer in motion. ILven though the variation of the force with

S

o dr T t

Fic 2.5 TImpulse represented as the arca under a force-time curve.

time may not be known, the force-time integral is a definite quantity.
If the variation of force with time is that shown in Fig. 2.5, the integral
JF di is given by the area under the curve. This integral is called the
impulse of the force. Suppose that at any time ¢ a force F is acting on
a particle mass m and velocity v. By Newton’s second law

d(mv)

F==a

By integration
T
Jrra= [ aomv)
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where v, is the velocity at the time { = 0 when the force starts to act,
and v is the velocity at time ¢ = T when the force is again zero. Thus
the impulse is

/;T Fdi = mv — mv, (2.5)

The impulse of a force acting on a particle is equal to the momentum
change of the particle Impulse 1s a vector quantitly, as is momentum
It follows that the component of the impulse in any direction is equal
to the momentum change in that direction. When applying the
impulse-momentum relationship onc must be careful to maintain a
consistent set of units, namely, those of Newton’s second law.

2.9 Examples Involving Newton’s Second Law

Our first problem is to determine the accelcration of two unequal
masses hanging on the ends of a cord passing over a pulley, Fig. 2.6.
Such a system is known as an Atwood machine

after George Atwood, a professor at Cambridge

° University about 1780. For simplicity we shall
make the following assumptions about this appa-

al T ratus.
T 1 1. The cord is weightless.
2. The cord is perfectly flexible and inextensible.

*”“ m 3. The pulley is weightless and smooth.
Obviously these assumptions are impossible to
mg mog attain in practice, but they may be so approxi-

mated that there is only a small error introduced.
F16.2.6 Atwood’s .t ug pssume that the mass m, is larger than
machine. .

ms. Then my has a downward acceleration and me
an equal upward acceleration, since the string is inextensible. The
forces T marked on the cords represent the forces exerted by the cords
on the masses mj, me. It requires all three assumptions to justify
considering the tensions equal.

Consider first the mass m; on which there is a resultant force
(mig — T) acting downward. The downward acccleration a of mass
my is given by Newton’s second law as

(myg — T) = mia
Similarly for m, with its upward acceleration a and upward resultant
force (T — mqg) we have

T — mag = maa
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Adding these two equations gives

_ (m1 — my)g
g = T Mg
(my + my)

This equation could have been written down immediately for the sys-
tem as a whole, since the resultant force is (m; — mg)g and the total
mass moved is (m; + my). By eliminating the acceleration a, the
tension T in the cord is

= 2m1ng
(my + my)
This tension must have a value between m g and msg and be expressed
in units of cither dynes or newtons if the metric system is employed.

In the British engincering system the above equations would be
written

Wl bt = H{—lg T — ”/2 _ _W_}_‘}
g g
W =Wy 20
- W'] + ﬂ'z (”'1 + |V2)

In this example 7T is in pounds weight smce
W is in pounds weight (

As a modification of Atwood’s machine let
us consider the system shown in Ing. 2.7
All assumptions given above apply here ex-
cept that we shall now consider the movable
pulley to have a mass m but to have a neg-
ligible rotational mertia. Suppose the mass
m3 to be sufficiently large to move downward
with an acceleration a’. Then the movable
pulley of mass m moves upward with the ac-
celeration a’. If m; is larger than my,, then,
relative to the center of the moving pulley, m;
moves downward with an acceleration a and
mg moves upward with the same acceleration

Since the center of the moving pulley has
an upward acceleration a’, the acceleration of ~ ¥re. 2.7 Lincar acceler-
m, relative to a stationary object is (@ — @/) #tions in a modified At-
downward and that of m, is similarly (@ + a’) wood machine.
upward. By Newton’s second law the equations of motion are:

mg  myg
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For mg:  (msg — T') = mga’

[

Formy,. (mg—T) mi(a — a’)

For my: (I — mayg) = mola + a')

For m: (T" — 2T — mg) = ma’
If the movable pulley had zero mass, m = 0, T’ would be equal to 27T
Since this is not so, there must be a resultant force acting on m to
give it the upward acceleration a’ It can be seen that in this problem

a carefully drawn diagram with the forces and accelerations correctly
placed is almost indispensable.

\
N mg cos 8

me

Fi16. 2.8 Acceleration on a smooth inclined plane

As another application of Newton’s sccond law let us determine the
acceleration of a body on a smooth inclined plane The assumption
that a plane is smooth means that there is no friction force parallel to
the plane opposing the motion of the mass. Since the mass moves
down the plane, its acceleration @ is also in this direction. The result-
ant force along the plane is thé component of the weight mg in this
direction. By resolving the vertical force mg along and at right angles
to the plane we find that the component along the plane is mg sin 6
and the component at right angles to the plane is mg cos 6, as shown in
¥ig. 2.8. This latter component is balanced by the force N, called the
normal reaction exerted by the plane on the mass m. Since the mass
m has no motion at right angles to the plane, it follows from Newton’s
second law that

mgeos 6 — N =0

The equation of motion of the mass m down the plane is

mg sin § = ma
or
a = gsin 0
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In practice it is impossible to have a perfectly smooth plane. There is
always a frictional force present, and this we shall now discuss.

2.10 The Force of Friction

In general, when any two objects arc in contact and the one is
moved with respect to the other, there 1s a force at the plane of con-
tact opposing the motion. This force is called the force of friction.
Though the force of friction has some annoying aspects, it also has
many useful ones. Without friction we could not walk, automobile
wheels would spin around without producing any forward motion, and
power could not easily be transmitted from a motor to a machine. On
the other hand, friction produces power losses in moving machinery.
Mechanical energy is always transformed into heat by the work done
against the force of friction.

It appears that Leonardo da Vinei (1452--1519), with amazing practi-
cal genius and insight, was the first Lo present the laws of friction.
They may be stated in the following manner: The force of friction is (a)
independent of the area of the sliding surfaces and () proportional to
the load between them. Apparently these laws were not commonly
known, for in 1699 a French engineer, Amontons, independently dis-
covered them. About 1781 Coulomb verified Amontons’ ohservations
and also made a clear distinction hetween the foree of static {riction,
that is, the force required to start shding, and kinetac or sliding friction,
that is, the force required to maintain sliding. Coulomb showed that
sliding friction is appreciably smaller than static friction and also that
sliding friction 1s approximately independent of the speed of shiding.

N

mg

F16. 2.9 Friction on a horizontal plane

In order to understand some of the characteristics of the force of
friction let us consider a block placed on a horizontal surface, as in
Fig. 2.9. A horizontal cord is attached to the block, and the tension
in it is inereased until it reaches some value F, at which sliding com-
mences. If the force is smaller than F,, no motion results since the force
of friction is a self-adjusting force opposing any motion. When sliding
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starts without any appreciable acceleration, the frictional force F, is
equal to the applied force F. The normal reaction N exerted by the
surface on the block is equal to the weight of the block in this example.
The results of experiments show that for sliding there is an approxi-
mately constant ratio between the force of friction F and the normal
reaction N. This ratio is called the coefficient of friction and is
denoted by the symbol u.
_F
KT
If a weight is placed on the upper surface of the block, both N and F are
increased in the same ratio so that F/N or u continues to have the
same value.

The values of the coefficient of friction between the various surfaces
given in the table below are only approximate since a slight change in
the composition of the surface can make a fairly large change in the
coefficient.

or F = uN (2.6)

ArPROXIMATE VALUES of THE COEFFICIENT OF FRICTION

Substances Coefficient of Friction p
Wood on wood, dry 0 25-0 50
Wood on wood, soapy 0 20
Hemp on oak, dry 0 53
Hemp on oak, wet 0 33
Metals on metals, dry 0 15-0 20
Steel on agate, dry 020
Steel on agate, oiled 0 11
Smooth, hard oiled surtaces 0 05

In recent years many expermments have been made 1n order to further
our understanding of the meehanism of the force of friction. By
means of interference, the ricroscope, and the electron microscope it
has been shown that the best flat surface has hills and valleys on iv
that are large compared to molecular dimensions. ILven with the
most careful preparation it is difficult to obtain a surface that is flat
to within 100 to 1000 Angstroms (1 Angstrom = 107® cm). The ques-
tion then arises as to what is the “real” area of contact between two
surfaces? This has been estimated by measuring the electrical
resistance between the surfaces of contact of metals. It has been
found that the real area is almost independent of the actual area of the
surfaces and is approximately proportional to the load pressing the
two surfaces together. These results do not affect the laws of friction
given above since the actual area of contact is used in stating them.

The real arca of contact is a very small fraction of the actual area,
and the force per unit area or pressure at these points of contact may
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be sufficiently high to cause localized flow in metals. There are
localized adhesions such that there is transfer of metal at the sliding
surfaces. If the slider surface is made radioactive, it has been found
that small portions of the radioactive material are transferred to the
other surface. It might be thought that these localized adhesions
would cause the surfaces to adhere when the load was removed. This
is found to be so for metals from which

all surface oxide layers have been re- )

moved by heating in a vacuum. For ’/3’

hard metals in air it appears that © )

although the metal is deformed plasti- F

cally at the points of contact there is

elastic deformation in the bulk of the @ vghh::: f;;;(r)npe:l:obmy;a
metal nearby. When the load is re-

moved, the elastic stresses break any

junctions that have been formed.
By impregnating the surface layers O)
of sintered copper with the plastic F
Teflon, a material has been made with
. .. " (b) Wheel rolling due to
a coefficient of friction of about 0.05. the force of friction

This is independent of temperature up

to 250°C, and it appears that copper- TN

impregnated Teflon would be a valu-

able antifriction material. l l
F f

It 15 interesting to consider how the
force of friction betwecn the wheels of

(c) Brakes are apphed

a locomotive and the ground changes 1o a wheel

dllrlI.lg the operations of propulsionand o 510 e frictional force F,

braking. . on a wheel under different
Case A. Consider a locomotive or conditions.

automobile wheel driven by some

mechanism from a motor. I[f the wheel is to move forward on the
ground the instantancous point of contact between the wheel and
the ground must be at rest. For this to be so a frictional force in the
direction of motion must act on the wheel, Fig. 2.10a.

Case B. Consider the wheels of a locomotive or automobile running
freely without any driving mechanism. Without friction the wheels
would slide along the ground. It is the force of friction which causes
the wheels to rotate. The force of friction on the wheels is then in the
opposite direction to the motion, Fig. 2.10b.

Case C. Consider the effect of brakes in stopping a car. Brakes
exert forces f on the moving wheel, tending to stop its rotation, Fig.
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2.10c. If the forward motion of the wheel is to be stopped, that is, if
there is to be a backward acceleration, then the frictional force must
act in the backward direction. It is the braking force which stops the
wheels from rotating; it is the force of friction between the wheels and
the ground which stops the car. If the forces f exerted by the brakes
are very large compared to the frictional force between the wheels and
the road, it is possible to have the wheels lock and then skidding takes

place. *

2.11 Motion of Projectiles

Here the problem is to find the time of flight and range on a hori-
zontal plane of a particle initially projected at some angle with the
horizontal. Suppose that a particle of mass m is projected with a

Y,

Uy

Uy hY

F16. 2.11 Parabolic path of a projectile, assuming no air resistance.

velocity v at an angle o with the horizontal, Fig. 2 11.  We shall make
the following assumptions in this problem:

1. The value of the gravitational acceleration g is constant through-
out the motion.

2. The forces due to air resistance can be neglected.

3. Any effects due to the rotation of the earth may be neglected.

If F, is the component of force acting on the particle along the X
axis and F,, is the component along the Y axis, then, taking into con-
sideration thesc threc assumptions and Newton’s second law, the
equations of motion of the particle are

F,=mz=0
Fy=my = —myg
Integrating the first of the equations gives
=0 and z=Cit+ Cq

The initial velocity of the particle along the X axis is the resolved part

* For a detailed discussion of the laws of friction see the articles by F. Palmer,
Am. J. Physics, 17, 327, 1949.
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of the velocity v along this direction. Thus at{ =0
Z=vcosa

Hence the constant C is v cos a; i.e., the horizontal velocity is con-
stant. If the origin of the coordinates is at the point of projection,
then, at ¢ = 0, z = 0 and the constant Cs = 0. The horizontal dis-
tance traveled in time ¢ is

z = vl cos a 2.7

For motion in the positive Y direction we have
y=—q y=—g+C
From the initial conditions of motion, ¥ = vsin «a when ¢ = 0. Hence

Cy =vsina
or
y=—gl+rvsma (2.8)
Integrating again gives

gt* .
y=-% 4+ ol sin @ + 'y (2.9)

Ati =0,y =0 Hence C, = 0.
The equation of the path traveled by the particle is obtained by
climinating the time { between Eqns. 2.7 and 2.9, giving

2
gx
=ztana — —5—5— 2.10
y « 2?2 cos? & ( )
Since for any particular projection v, g, and « are constants, it follows
that Eqn. 2.10 represents a parabola
The time t; taken for the projectile to attain its maximum height is
the time taken for the vertical velocity 1o become zero.  From Eqn. 2.8

v sin o

g
The total time the particle 1s in flight 1s 21, since the time of descent is
equal to that of ascent During this time the particle has been mov-

ing with a constant horizontal component of velocity v cos a so that
the total horizontal distance traveled by the particle, or its horizontal

range, i8

ty =

2 sin acos e v? sin 2o
2y cos @ = —— ———— = —

q g
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The maximum range occurs when sin 2a has its maximum value of
unity, that is, when

2a = 90° or a = 45°

Thus for any angle of projection greater or less than 45° the range is
smaller than the maximum value.

To determine the range of a projectile on an inclined plane it is
simplest to find the point of intersection of the inclined plane and the
parabolic path of flight. Let the point of intersection be P having

Fia. 2.12 The range of a projectile on an inchined plane.

coordinates z;, y; as in Fig. 2.12. The angle of projection with the
horizontal is @, and the angle of inclination of the plane is 8. Since
Zy, y1 is a point on the flight path, it follows from Egn. 2.10 that

- _ g
Yy = o tan o 202 cos? o
From Fig. 2.12 it may be seen that
Yy = &y tan B
Thus the coordinate r; is given by
p 2
-
zytan B = xy tun a — ~—2-u—;
20% cos* a
or
w?
Ty = — c¢os” a(tan a — tan B)
The range OP on the inclined plane is
x 2* cos® a
=L = (tan @ — tan B) (2.11)

—cosﬁ— gcos B

2.12 The Inclined Plane with Friction

Suppose that a body of mass m, is placed on an inclined plane whose
angle of inclination is . From the mass m; a cord is attached which
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passes over a smooth peg to a hanging mass m,, Fig. 2.13. The
coefficient of friction between the mass m, and the plane is . In any
numerical problem one first has to determine the direction of motion
of the masses. Depending on the relative values of m; and ms and
the value of p, there may be either no motion or an acceleration up
or down the plane. To be specific let us assume that the mass m; is

me

Fic. 2.13 Motion on an inclined plane.

accelerated up the plane with an acceleration a. Then, assuming that
the cord is inextensible, the mass my has the same acceleration verti-
cally downward. The force of friction which opposes the motion is

uN = wmig cos a
By Newton’s second law the equation of motion of m, is
T — myg sin @ — pmyg cos a = ma
and of my is
may — T = mea
Hence

(mg — my sin @ — myp cos a)g
(m1 + mg)

2.13 Motion in a Resisting Medium

When an object moves through a medium such as air, it is subjected
to a resistance force. This resistance force is a function of the velocity
and the size and shape of the moving object. There is no simple rela-
tionship between the velocity and the force, but at very low velocities
it appears that the force varies approximately as the velocity whereas
at higher velocities it appears to be approximately proportional to the
square or cven higher powers of the velocity. In any practical situa-
tion the relationship between the resistance force and the velocity has

to be obtained experimentally.
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Without air resistance a parachute would be useless. When a man
jumps from a plane with his open parachute, he is accelerated vertically
until he reaches such a velocity that the air resistance force exactly
equals the total weight of man and parachute. This maximum
velocity is called the Zerminal velocity of the system.

k
i Suppose that the mass of the falling object is m and
at any particular velocity » the air resistance force is
mkv, where [ is a constant of proportionality with di-
mensions [T~ At the terminal velocity »; the resist-
ance force 15 exactly equal to the weight:
v
g mkyy, = mg
or
Fia. 2.14 Mo-
tion against air v, = 9 (2.12)
resistance. k

For a downward velocity v less than v, the body has a downward
acceleration dv/dt and the equation of motion is, from Fig. 2.14,

kv = m &
— mkvy = m —
" dl
where the downward direction is taken as positive. Thus
dv
g— kv

If we assume the acceleration of gravity g to be constant, the integra-
tion of this equation gives

—ilog,f(g~kv) =t+4+C

Suppose that the body starts from rest. Then, at ¢t = 0, » = 0 and
C = —1/k log, g, so that

1 g—lcv)
Icog g

g = kv = ge™

or

The velocity v at any time ¢ is

v=2>(1 — ¢ (2.13)

e

Thus the velocity starts from zero and increases until after an infinite
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time, when the exponential term becomes zero, the velocity reaches a
constant or terminal value of 1, as shown in Fig. 2.15.

Velocity

| | l | | 1 L ! | 1
Time, ¢

Fic. 2.15 Velocity plotted against time for motion in a resisting medium.

Suppose that the body starts from some height h above the ground.
The velocity » may be written as dy/di where y is measured downward
with its origin at the point of fall. Thus from Eqn. 2.13

I
;dy = (1 —e*)dt

and by integration
k P
—y=t+— +C
q k

Sincey =0att =0,

1
€="%
and the distance y fallen through in time ¢ is given by
k PR |
VTR T
or
y = {‘2 (% + kt — 1) (2.14)

If the body started from a height . above the ground and reached the
ground in time 7', then

h =k%(e—"+ kT — 1)

or the time of fall 7 is
—kT 1

+"—=—~+E (2.15)
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Possibly the simplest way to solve for T is to proceed by trial and error.
Suppose that we wish to calculate the time of fall of a body from a
height of 10,000 ft with the value of the air resistance constant equal
to 0.1. If there were no air resistance the time of fall would be given
by the equation

h=3%gt®
or

4

= 2 >3<210» giving ¢ = 25 sec

With air resistance the time of fall would be larger. As a first guess
let us take the time T as 40 sec. Then 40 + 10¢~* should be equal
to (103/82) + 10, or 41.25. From a table of exponentials the left-
hand side of Eqn. 2.15 is found to equal 40.18 which is less than the
number of seconds required. Since the exponential term yields only a
small number, then for a second guess let us take T = 41.1 sec. With
this value for T the left-hand side is

41.1 + 1074 = 41.1 + 0.16 = 41.26

This is sufficiently close to the value of 41.25 on the right-hand side to
be acceptable.

If the particle were projected vertically upward with an initial
velocity 1" and were subjected to a resistance force of mkv, the equation
of motion would be

dv .
m— = —mg — mkv or Yy = —g—"FLy

dt
where v is the velocity at any time {. In this example the origin is
taken at the ground and the upward direction 1s taken as positive
This equation can be integruted if the initial conditions are known.
This would give the maximum height attained by the particle and also
the time taken to reach the maximum height. The result of a similar
integration is given by Eqn. 2.17.

Ezample of a projectil g 1n a resust di If a projectile is shot
with a velocity V at an angle « with the honzontal and is subject to a retardation
of kv due to air resistance, then it no longer follows a parabolic path. The equa-
tions of motion along the horizontal or X axis and the vertical or Y axis are

mi = —mki or T = ~kz

and
mj = —mg—mky or y=—g—kj
Integrating the first of these equations with the conditions that, at time ¢ = 0,

& = V cos a, we have
@ _ f —kdt+C
z
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or
loge 2 = —kt 4 loge (V cos @)
or
z = (V cos a)e™*

The distance traveled in a time { is by integration

= V8 w0
k
Ifz =0att =0, then
V cos &
k
and
z= t—'—"ki"—“(l — oHt) (2.16)

The elevation y of the projectile at any time t can be found by integration to he

1 it
=730+ sm o) — k) - % (2.17)

since the utial velocity 1s V sin @. Elminating the tume ¢ between FEgns. 2.16
and 2.17, we obtain the equation of the path as

1 kx g V cos a
= kv -4 — _.
L™ (g + kV s o) (V cos nr) k? log. (V cos a — ka:)

x . g g kx
= vV = Sloge\ 1 — 2.1
v Vcnsa( sma+k)+kzlog ( Vcosa) @.18)
If the nght-hand side of this equation 18 expanded in powers of k, then
L 9 g kx k2c? kiz?
Y= vV g R S — —_— -~ e s e
V cos ”( S R Veosa 2Vicosia 3V cos®a

or

or

gxz qux gk"’z‘
2V2cos?a 8V3cos®a 4V4costa

Yy =ztan a — (2.19)
which, when k = 0, reduces to Eqn. 2 10, the equation for the parabolic path of a
projectile without air resistance. The path of the projectile given by Eqn. 2.19
is no longer parabolic since for each value of k there is a diffcrently shaped path.
Tt can be shown that the angle at which the projectile strikes the ground is greater
than the angle of projection a. The slope of the path at any pomnt is given by
the value of dy/dz at that point. Thus it is readily seen that at the point of

projection, z = 0,
dy
<2 -t
(%)_, - e

Although the assumption that the resistance force is proportional to the velocity
is not completely justified, in practice this analysis does give a first approximation
to the path followed by a projectile in air.
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In this chapter we have discussed the action of forces on a particle
and the resulting acceleration. To do this we have isolated the par-
ticle and listed all the forces acting on it before applying Newton’s
laws. It cannot be overemphasized that a carefully drawn diagram
listing the forces and the directions of the velocities or accelerationsis
of great value.

PROBLEMS

1. If a force of a 100 newtons acts on a mass of 100 gm, find the acceleration
in meters per second per second.

2. A force of 10 Ibw acts on a body weighing 16 1b. Find:

a. The acceleration, using the British engineering system of units.
b. The number of poundals in 10 lbw.
c. The acceleration, using the absolute system of units.

3. A cord having zero mass passes over a frictionless and massless pulley. On
one side hangs a monkey, and on the other a counterbalance. If the monkey
starts to climb up the cord with an acceleration, show that the counterbalance
moves upward with the same acceleration.

4. An Atwood machine has weights of 10 lbw and 8 Ibw respectively hanging
on the ends of a cord passing over a pulley. Neglecting the masses of the cord
and the pulley and assuming that there is no friction, find the acceleration of the
system and the tension in the cord.

5. Machine-gun bullets are fired at a target in a regular manner, as shown in
the accompanying figure. Find the average value of the force exerted by the
bullets on the target, assuming the maximum force is 300 lbw

|

Force, pounds

| ]
001 002 003 005
Time, seconds

ProBLEM §

6. A body having a weight of 1 kg is placed on an inclined plane having an
angle of inclination of 30°. Find:
a. The acceleration of the weight down the plane if the plane is smooth.
If the coefficient of friction between the weight and the plane is 0.2, find:
b. The acceleration of the weight down the plane.
¢. The smallest value of the coefficient of friction that will just prevent any
sliding.
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7. Two cars A and B are traveling toward an intersection and have a collision.
Car A has a weight of 3000 Ib and is moving with a speed of 40 mph toward the
west; car B has a weight of 4000 1b and a speed of 50 mph toward thesouth. If
they interlock at the collision, find the magnitude and direction of the velocity of
the cars immediately after collision.

8. A bullet is shot at an angle of 60° with the horizontal with an imtial speed
of 2000 ft per sec. Neglecting air resistance, find-

a. The maximum elevation of the bullet
b. The range of the bullet along a horizontal plane.

9. A bullet is shot at an angle of 60° with the horizontal along the hine of maxi-
mum slope of a hill whose angle of inclination is 10°. If the bullet has an initial
velocity of 2000 ft per sec, find the range of the bullet along the hill.

10. A bullet 18 shot at an angle « with the horizontal along the line of maximum
slope of a hill whose angle of inclination 18 8. If the bullet has an initial velocity
of v, show that when air resistance is neglected the range of the bullet on the hill is

2
R = l:-’—sf:‘c2 B[sin (2a — B) — sin B)
and that the range has a maximum value when
B
= 45° + -
a -+ 3

and that this maximum range is
o2
g(1 + sin E)
If the bullet strikes the inchined plane at an angle ¢ with the horizontal, show that

(// 1/)
tan ¢ = |-~ ] = 2tan g — tan
dr

11. A bullet 18 shot with an initial spced of 1000 ft per sec at an angle of 60°
with the horizontal from the top of a hill whose angle of mmchnation with the
horizontal is 10°. If the bullet is shot along the line of greatest slope, show that
1ts range down the hill is approximately 30,250 ft.

12. A man having a weight of 200 Ib stands on an accurate weighing machine
n an elevator. Find the reading of the weighing machine when the elevator 1s:

a. Ascending with a constant speed of 10 ft per sec.

b. Ascending with an upward acccleration of 4 ft per sec per sec.

¢. Descending with a downward acceleration of 4 ft per sec per sec.

d. If the elevator has a speed of 10 ft per sec at the fifteenth floor and comes to
rest at the twentieth floor in a distance of 50 ft, find the reading of the weighing
machine during this deceleration.

e. Find the acceleration of the elevator when the reading of the weighing
machine is 190 Ib.

13. A bullet having o mass of 4 gm and a velocity of 2000 cm per sec penetrates
2 cm into a block of wood before being brought to rest.

a. Find the average resistance force exerted by the wood on the bullet

b. If the piece of wood were only 1.5 cm thick and the resistance force the same
a8 in part a, find the velocity with which the bullet cmerges.



58 FORCE AND MOTION OF PARTICLES

14. A 5-1b block is started from the bottom of an inclined plane with a speed
of 50 ft per sec. If the inclined plane has an angle of inclination of 30° and the
coefficient of friction between the block and the plane is 0.2, find:

a. How far up the plane the block moves before coming to rest.

b. The speed of the block when it reaches the bottom of the plane again.

15. A block slides without friction from the top of a roof 18 ft long which is
inclined at an angle of 30° with the horizontal. If the edge of the roof is 10 ft
above the ground, find how far the block strikes the ground from the point directly
below the edge of the roof.

16. A ball A 1s projected at an angle of 60° with the horizontal towards a ball B,
and at the instant the ball 4 is projected the ball B starts to fall. Prove that the
two balls will collide if the velocity of projection 1s large enough. If the mitial
distance between the balls 18 8 ft and the mitial velocity of A is 16 ft per sec at an
angle of 60° with the horizontal, find:

a. The length of time after projection when the balls colhide

b. The magmtude and direction of the velocity of ball A just before 1t collides
with ball B.

17. A 60-gm block 1s placed on an inclined plane whose angle of inchnation 1s
30°. Attached to the 60-gm block 1s a cord which passes over a smooth peg at
the top of the plane and which has a mass of 50 gm hanging vertically from 1t
Find:

a. The maximum value of the coefficient of friction such that the 60-gm block
will just move up the plane

b. The acceleration of the system and the tension in the cord when the coeflicient
of friction 18 0 10

¢. The motion when the coeflicient of friction 18 0.40.

18. Masses of 100 and 500 gm are connected by a cord which passes over a
smooth peg as shown in the figure. Find the acceleration of the system and the
tension 1n the cord if the coefficient of friction 18 0.20.

ProBLEM 18

19. A bullet whose mass 18 3 gm has a velocity of 20,000 em per sec and is hori-
zontally fired into a block of wood of mass 500 gm lying at rest on a horizontal
table. If the coefficient of friction between the block and the table 18 0.30 and the
bullet becomes embedded in the block, find:

a. The velocity of the bullet and the block immediately after the bullet comes
to rest in the block

b. The distance moved by the block hefore it comes to rest.

If the bullet penetrates 5 cm into the block of wood, find:

c. The force exerted by the bullet on the block.

20. A bullet is shot vertically upward with an initial velocity of 1000 ft per sec.
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If it is subjected to an air resistance force of mkv where k has the value of 0.10,
m is the mass, and v the velocity of the bullet, find:

a. How high it rises

b. How long it takes to reach 1ts maximum altitude.

¢. The velocity with which it strikes the ground.

d. How long it takes to get from its maximum altitude to the ground.

21. Repeat problem 20 for a resistance force of mkv? where k again has the
value of 0.10.

22. A bullet is shot with an initial velocity of 1000 ft per sec at an angle of 30°
with the horizontal. If the air resistance force is mkv where k£ has the value of
0 10, find:

a. The maximum altitude attained

b. The total time of flight

¢. The range of the bullet on a horizontal plane.

23. A particle 18 shot vertically upwards with an 1nitial velocity of w. If the
retardation due to the air is equal to a constant & times the square of the velocity
of the particle, show that the particle will reach the ground with a velocity v
given by:

k
g

+

Sl =
Sel =

24. A pulley system is set up as shown in the figure with equal masses on the
ends of the cord. If cach pulley has a neghgible mass, show that the acceleration
of the mass on the left is g/5 while the acceleration of the mass on the right is 2¢/5.

ProsLEM 24

25. If the movable pulley in problem 24 has the same mass as the hanging ones,
show that the acceleration of the mass on the left 18 g/3 and on the right is 2g/3.



3 - WORK AND ENERGY OF PARTICLES

3.1 Introduction

The concept of energy is one of the most important in physics, with
applications in every branch of science. We are so familiar with its
manifestations and transformations in our daily life that they often
evade our notice. Energy is now recognized in a great variety of
forms—gravitational, electrical, chemical, thermal, atomic, etc. The
standard of living of man has always been dependent upon the extent
to which he could utilize the various forms of energy. With the dis-
covery by Einstein in 1905 that matter itself is a form of energy,
science has progressed until our very civilization may be threatened
by its uncontrolled use for military purposes.

It is about a hundred years since the principle of conservation of
energy was first announced. This principle states that energy can
never be destroyed; it can only be changed from one form to another.
Though many new forms of energy have been recognized in the past
one hundred years, the principle of conservation of energy has never
been invalidated.

The energy of a body is measured by the work the body is capable
of doing. Work is done whenever a force moves a body; it is measured
by the product of the force and the distance moved in the direction of
the force. Though force and displacement are each vector quantities,
work and energy are scalars with magnitude but not direction. Since
we are not concerned with energy of rotation we shall consider bodies
to be particles in this chapter.

8.2 Definitions, Units, and Dimensions of Work

Suppose that a force F acts on a particle and moves it a distance dr
in such a direction that the angle between the force and the displace-
ment is 6, Fig. 3.1. Then the work W done by the force on the par-
ticle is

W = F cos 0 dr 3.1)

Since the quantity F cos 6 is the component of the force in the direction
of the displacement dr, the work done by any force is the product of the
60
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magnitude of the displacement and the magnitude of the component of the
force in the direction of the displacement.

If the force is at right angles to the displacement, no work is done
by the force in this displacement. Thus no work is done by or against
the force due to gravity when a body is moved in a horizontal direction.
The work done by a force on a body can be positive, zero, or negative,
according to whether the cosine term is positive, zero, or negative.
Work is positive when the force has a component in the direction of the
displacement, zero when the force is at right angles to the displacement,
and negative when the force has a component in the direction opposite

Fia. 3.1 Force F moving an object through a distance dr.

to the displacement. As an example of negative work consider a body
being moved along a rough horizontal plane. Work is done by the
forward force against the backward force of friction. Thus the work
done by the force of friction during the displacement is a negative
quantity.

The common unit of work in the cgs system is the dyne centimeter
and is called the erg. One erg of work is done on a body when a force
of 1 dyne moves the body through a distance of 1 cm in the direction
of the force. In the mks system the unit of work is the newton meter
which is called a joule. Thus 1 joule of work is done on a particle
when a force of 1 newton moves the particle through a distance of 1
meter in the direction of the force. Since 1 newton is equal to 10°
dynes and 1 meter is equal to 10% c¢m, it follows that

1 joule = 107 ergs

In the metric gravitational system a unit of work is 1 gmw multiplied
by 1 cm, or 1 gmw cr, where approximately

1 gmw cm = 980 ergs

In the British gravitational or engineering system the unit of work is
1 lbw of force multiplied by 1 ft, 1 ft lbw. Thus 1 ft lbw of work is
done on a particle when a force of 1 lbw moves the particle through a
distance of 1 ft in the direction of the force.

The dimensions of work in the metric absolute system are [MLT L]
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or [ML?T~?%. In the engineering or gravitational system force,
length, and time are arbitrarily taken as fundamental, so the dimen-
sions of work in this system are [FL].

3.3 Linear Kinetic Energy

Let us now consider the work done by a horizontal force moving a
particle a horizontal distance. Since we are discussing linear and not
rotational motion, this may be considered to be an automobile accel-
erating along a horizontal road. The forward force F is the resultant
of a forward force F; and a backward resistance force F;. Both these
forces may be considered to be horizontal so that

F=F —F,

Work is done by the forward force F; and against the backward force
F, during the displacement. The resultant force F' gives the automo-

Fia. 3.2 Kinctic energy given to an automobile.

bile an acceleration, and its speed is increased. Thus the work done
by the resultant force goes into increasing the speed of the automobile
or giving the automobile kinetic energy.

Suppose that the automobile has a mass m and an initial velocity u
when the force F starts to act, so that the automobile has a constant
acceleration a, and after traveling a distance s its velocity is v, Fig. 3.2.
From Eqn. 1.2 it follows that //

v? — u? = 2as
The acceleration a of the automobile is given by Newton’s second law as
F = ma
and the work done by the horizontal force F in acting through a hori-
zontal distance s is
ma

Fs = = — (p? — y?

8 = mas = — (v u®)
= ymv? — mu? (3.2)
The quantity }4mv? is by definition the linear or translational kinetic
energy, K.E., of a particle of mass m moving with a linear velocity ».
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Thus the work done by the accelerating force F on the car is equal to
the increase in kinetic energy of the car. To stop the car a braking or
decelerating force is necessary. The work done by the braking force
on the car is equal to its decrcase in kinetic energy. In order to
increase or decrease the kinetic energy of a particle an accelerating or
decelerating force must act through some distance.

The units and dimensions of kinetic energy are the same as those of
work as may be easily shown. In the British engineering system of
units the kinetic energy equation is written

Fs = 111)(1;2 — u?)
29

where w is the weight of the accelerated particle and F the resultant
force acting on the particle. Both F and w are in the same units,
namely pounds weight.

A more general and sophisticated manner of deriving the relation-
ship between work done and kinetic encrgy will now be given. If a
particle of mass m, acted on by a resultant force F, moves a distance dr
in a direction making an angle 6 with the force, then the work done by
the force is by Eqn. 3.1

W = F cos 6 dr

This can be written in vector form as is done in section 1.8. Thus
W =F-.dr

This is called the dot or scalar product of the vectors F and dr. The
expression F - dr is read as F dot dr and by definition has a magnitude
equal to the product of the magnitudes of the two vectors and the
cosine of the angle between their positive directions.

An analytical expression for the dot product can be written by
expressing the force F and the displacement dr in terms of their respec-
tive components and the unit vectors along the X, Y, Z axes. If
F., F,, F, are the respective magnitudes of the force F along the X, Y,
Z axes, then from Eqn 1.6 it follows that

F=in+ij+sz

Similarly if dx, dy, dz are the magnitudes of the components of the dis-
placement dr, then
dr =idzx+ jdy + kdz
Thus
F.dr = (iF, + jF, + kF,) - (idz + jdy + kdz)
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This expression can be simplified by recognizing that

iri=cos0°=1=j-j=k-k
and
i*j=c890°=0=j-k=k-i

Hence by multiplication
Fedr =F,dr + F,dy + F, dz (3.3)

The quantity F, dz is the work done by the component F, moving a
distance dz. Since both these quantities are scalars, il follows that
the work F, dz is also a scalar quantity. Thus the work F-dr is a
scalar quantity. Later we shall see that two vectors can be multiplied
to give a vector or cross product.
Let us return now to the particle of mass m acted on by a resultant
force F. Its acceleration is given by
m d’r
F = 7 = mf

The work done by the force F in the displacement dr is
W = F.dr = m¥-dr
From the identity

dr
dr = —di=tadt (3.4)

the acceleration equation may be changed mmto a velocity equation
Thus
Fedr=mf-tdt
“md(t-1t)
2 dt

N

dt

m .
=3 a(*)

{f the velocity of the particle is u at time f, and position ro and is v at a
later time ¢ and position r, then by integration

r v
= Pty =T e
/;.,F dr—ﬁzd(r) 2 ? 2 ¥ (3.5)
Thus the work done by the resultant force F during the time (¢ — o)
in which there is a displacement of (r — rq) is equal to the change in
kinetic energy of the particle.
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3.4 Potential Energy

A body at rest may possess energy owing to its position or con-
figuration. A raised weight and an extended or compressed spring are
examples of bodies possessing energy owing to their position; that is,
they possess potential energy. Consider a body
of mass m raised a vertical height y from posi- BL1 o]
tion 4 to B, Fig. 3.3. The work done against
the force of gravity in lifting the body from 4 to mg

B is mgy since the force due to gravity mg acts

vertically downward and the upward vertical +
direction is taken as positive. In position B y T
the mass m possesses gravitational potential

energy mgy relative to position A. In other
words, the difference in potential energy of the
mass m in positions B and A is mgy. It is
assumed that the body is at rest at A and B AD | c[]
and that any displacement is made very slowly A
o s . .. h F16.3.3 Gravi-
50 fahat the km.etlc energy is negligible. Gra\'n— tational potential
tational potential energy increases upward while energy.
the force of gravity acts downward.

Let us now consider the work done against gravity when the mass
m is taken along the rectangular path ACDB from A to B. Along the
horizontal paths AC and DB no work is done by or against the force
of gravity since thc displacements are horizontal. The only work
done against gravity along the path ACDB is mgy. No matter what
path is chosen to take the mass m from A to B, it may be broken up
into a series of horizontal and vertical paths. The total vertical dis-
placement will be AB or y, and the total work done against gravity
mgy. When the mass m is moved from B back to A, an amount of
work mgy is done by the force of gravity. There is a decrease in the
potential energy of the mass m equal to mgy. If the work done against
gravity is taken as positive, then the work done by gravity must be
negative. Therefore the total work done against or by gravity when a
body is taken around a closed path is zero. Any force of such a nature
that the total work done against it in a closed path is zero is called a
conservaiive force. The force of gravity is such a force. There are
other conservative forces, a familiar one being the force exerted by an
electrostatic field on an electrically charged body.

The difference in potential energy of a body moved between two
points in a conservative force field is the work done against the con-
servative force, or the negative of the work done by the conservative
force, when the body is moved between the two points, Thus, if F,
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is a conservative force, then, when a body is moved against this con-
servative force from position y, to y, the increase in potential energy
V is given by

- — m’ F,dy (3.6)
and the conservative force F, is
av
F, = — =~ !
e 37)

In the gravitational case the difference in potential energy of a mass
m moved a vertical distance y is

V = mgy
and
av
F,, = — E:l; = —mg
The force F, is positive in an upward direction, that is, in the positive
direction of y, while —F, which is equal to mg acts downward. This
of course is in accord with Eqn. 3.6.

If the mass m in Fig. 3.3 is allowed to fall freely from B to A, then
the work done by the conservative force, that is, the decrease in
potential energy, is converted into kinetic energy. The decrease in
potential energy is

Vs — Vi = mg(BA)
From Eqn. 3.2 this is equal to the change in kinetic energy
Vg — Va= '}"W.az — fmvg?

Hence .

Vs + dmog® = V, + dmo,’
Thus the sum of the potential and kinetic energies of the mass at B
is equal to the sum of these energies at A. This situation applies to
any point along the path followed by the body. In this motion there is
conservation of the mechanical energy of the body. Mechanical energy
exists in the two forms, kinetic and potential. If the mass startsfrom
rest at B, then

Vs — V4 = mg(BA) = 3mv,*
or

v’ = 29(B4)

This same result could have been obtained from the kinematical equa-
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tions in Chapter 1 for a body falling from rest through a height BA
with the constant acceleration g due to gravity.

The law of conservation of mechanical energy may be derived in a
more general manner. Consider that a conservative force F moves a
body from position A to position B, Fig. 3.4. If V,, V5 are the

F B

dr
A

F1a. 84 Work done by a conservative force in moving a body between two
points is independent of the path.

respective potential energies of the body at A and B, then by Eqn.
3.6 it follows that the work done by the force F is

[iRear= [0 —av=v.-V, 3.8)

Algo, if the conservative force F is the resultant force acting on the
mass m and the velocity at 4 is v, and at B is v, then by Eqn. 3.5

B
L F-dr = 3mvs® — $mo,®

Thus
Va— Va=4mos® — mv,®
or
Vit dmv® = Vi + dmo,?

If, as is frequently done, the symbol 7T indicates kinetic energy, then
the law of conservation of mechanical energy may be written

VA + TA = VB + Tx
or
V 4+ T = a constant 3.9)

At any point along the path of a particle moving in a conservative force
field the sum of the kinetic and potential energies of the body is a
constant.

If other forces such as air resistance or friction are present, the total
work done on a body in taking it around a closed path is no longer
zero. Resistance forces always oppose motion, and work done against
them goes into heat energy. Such forces are called dissipative forces
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and are not capable of being derived from a potential function. When
dissipative forces are present, there is no longer a conservation of
mechanical energy. A decrease in potential energy does not yield a
corresponding increase in kinetic energy for some of the energy goes
into heat.

We shall now generalize the expression given in Eqn. 3.7 and show
that the space rate of change of potential energy in any direction is
equal to the negative of the conservative force in that direction.
Suppose that a force F displaces a particle through a distance dr.

Then the work done is
dW = F - dr

This may be written in terms of the components in the X, Y, Z direc-
tions as in Eqn. 3.3 so that
Fedr =F,dz+ Fydy + F,dz

Suppose now that the components F, F,, F. of the force F are functions
only of the coordinates z, y, z of the point at which the force is being
considered, so that

Fedx + F,dy + F,dz = —dV(zyz)

where dV is a perfect differential. If dV is a perfect differential, it
follows that

v v vV
dVv = ;;dx+-£dy+$d~
Thus
oV v aV
= — — = - — F,= —— .
F, o F, P 32 (3.10)

e
Since the function V is the poténtial energy of the particle, it follows
that the component of the conservative force in any direction is equal to
the space rate of decrease of potential in that direction. Partial deriva-
tives are employed since the function V depends on the three coordi-
nates z, ¥, 2, and in taking the derivative with respect to one coordinate
the other two coordinates are considered constant.

This result may become somewhat clearer if we consider a contour
map, Fig. 3.5, on which the closed curves represent places of equal
elevation above sea level. They are curves of equal gravitational
potential energy or equipotential curves. If you have carried such a
map when walking through mountainous country you have probably
realized, sometimes painfully, that the hill is steepest where the con-
tour lines are closest together. The steepest direction of ascent or
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descent is in the direction perpendicular to the contour lines or to the
equipotential curves. If a direction s is chosen perpendicular to the
contour lines, or s is in the direction of maximum slope, then along this
direction the rate of change of potential energy dV/ds is a maximum.
Along an equipotential curve in which V is constant the rate of change
of the potential energy is zero; that is, there is no gravitational com-
ponent of force along the horizontal equipotential curves. In any

arbitrary direction, as for instance G
along the X axis, the rate of change of 32
potential energy dV/dx or the steep- 2100
ness of the hill in this direction is

equal to the negative of the gravita- 2000

tional force in this direction.

Frequently the potential energy per
unit mass, called the gravitational
potential, and the gravitational force
per unit mass, called the gravitational
intensity, arc used rather than the Fie.3.5 A contour map showing
potential energy of and gravitational ~P2ces of eql;al ellevat"m above sea
force on a mass m. Gravitational ever
intensity has the same dimensions as acceleration. If V' is the grav-
itational potential and g the gravitational intensity, then corresponding
to Eqns. 3.6 and 3.7 we have

V' = —fgdy

and
4
= "%

Largely for the sake of abbreviation a vector differential operator del
V is sometimes used. This operator is defined as
VvV = i_a_ + i _a_ + k .ﬂ
Y ! Yy 0z
A conservative force F may be written in terms of this operator and
the potential energy V. From Eqn. 3.10

This operator adds nothing to the analysis here, though it is used exten-
sively in vector analysis.
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3.6 Examples of Conservation of Energy

A. Let us consider a particle of mass m placed on a smooth inclined plane of
height & and inchination 6, Fig 3.6. The potential energy of the mass m at any
height v 18

V = mgy
relative to its potential energy along the horizontal X axis. If the distance s is
measured from the origin along the incline, then

Yy =s8mb
and

V = mgs sin 6
The conservative force F, acting on the mass in the direction of increasing s is
v d(mgs sin 6) _

F, = —
* as as

—mg 8 6

Thus the force along the plane acting on the mass m 18 mg sin 0 1n a direction down
the plane. This same result was previously obtained by resolving the vertical
force mg into components along and at right angles to the plane.

Y

] 1 X

Fie. 3.6 Conservation of mechanical energy on a smooth inclined plane.

Since we have assumed that the plap€ 18 smooth, 1.e., there 18 no force of friction,
the system in Fig. 3.6 is a conservative one and the sum of the potential and kinetic
energies of thc mass as 1t moves down the planc is a constant. If the particle
starts from rest at the top of the plane, 1ts energy in this position is all potential
and has a value of mgh. This potential energy 18 equal and opposite to the work
done by the force F, in moving the particle down the plane a distance BO. The
work done is

F,

. h
sn6 mg sin. 6 sin g mgh
If v is the velocity of the particle at the bottom of the plane, then by the law of
conservation of energy it follows that
3mo? = mgh
or
v? = 2gh
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This is the same result as that obtained for a particle starting from rest and falling
through a vertical height & with a constant acceleration g It could also be
obtained by considermg the motion of a particle down the plane where the acceler-
ation 1s ¢ sin 6 and the distance traveled is A/sin 6

B A particle weighing 2 lbw is acted on by a force F, measured in pounds
weight according to the equation

Fy=5—y—2°

where y 18 measured in feet as shown in Fig. 3.7.  The problem 1 to find the work
done by the force when the particle moves from y = 0 to y = 2 ft, also to find
the velocity of the particle at y = 2 ft, assum-
mg that the velocity ot the particle is zero at
y = 0ft The work done by the force on the
particle in moving 1t fromy = Qto y = 2 ft is

2 2
/ Fydy = / 5—y— 2% dy
0 0

) 2

y ."]
=|sy-Z -2

[./ Py o

w

4
3

L]

10 — 2 — 533 = 267 ft Ibw

Y .
w
~

It should be noted that the force Fy decreases
ag y increases from zero on, that F s zero at
y = 1.35 and 18 negative thercafter. Thus the
particle is repelled from the orgin up to
y = 1.35 and is attracted towards the origin
thereafter. Though the force on the particle 1s
zero at y = 1.35 ft, its velocity at this position
is directed away from the origin since the total
work donc on the particle 18 positive from y = 0 —5}-
toy = 1.35. From the expression for the work
given above 1t can readily be shown that the
total work done by the force on the particle is  Fig. 3.7 Variation of force F,
zero from y = 0 to y = 2.39ft  Since the par- with distance y.
ticle is assumed to start from rest at y = 0,1t
follows that the particle 1s again at rest at y = 2.39 ft. The particle will not
go beyond the pomnt y = 239 but will be attracted towards the origin and will
subsequently oseillate about the equilibrium point at which Fy = 0, that 1s, the
pomnt y = 1351t

To complete our problem of determining the velocity of the particle at y = 21t
we have for the work done on the particle from y = 0 to y = 2 ft a value of 2 67
ft Ibw  Since the velocity and kinetic energy of the particle is zero at y = 0, it
follows that the kinetic energy at y = 2 ft is 2.67 ft lbw. Thus

:'.w2
-— = 2.67
v 6

or
v? = 32 X 2.67
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The velocity of the particle at y = 2 ft is approximately
v = 9.24 ft per sec

As an alternate manner of deriving this velocity, the acceleration and then the
velocity may be expressed as a function of y. The acceleration y of the particle
is given by

Fu=%y=5—y—2y2

From the identity (dy/dt)dt = dy and multiplying the left-hand side by y dt and
the right-hand side by dy, we have

. w
—gm/dt =6-y-2dy
or

w d@y?)

— —dt=(5—y— 2% d
2 dt 65—y y*) dy

Hence by integration we obtain for the kinetic energy of the particle

w v 20
___2=5____'_
201/ Y 2 3+

where the constant of integration C 1s determined from the initial conditions,
9y = Owheny = 0, giving C = 0. Thevelocity y at y = 2 ft is then approximately
9.24 ft per sec as obtained above.

3.6 An Elastic Collision in the Center of Mass Coordinate System

Elastic collision theory is of importance in nuclear reactors in which
fast neutrons are slowed down by colliding with stationary nuclei.
In the first operating chain reactor of December 1942 the uranium
that underwent fission was embedded in blocks of graphite. When
fission takes place, neutrons ;f/high energy are emitted, and these
have to be slowed down or moderated in order to cause further fission.
This slowing down is accomplished by the elastic collisions between
the neutrons and the carbon nuclei. As may be shown by working
problem 3 at the end of this chapter there is conservation of kinetic
energy at an elastic collision. The fractional loss of kinetic energy of
the neutron at each collision can be readily calculated from the laws
of conservation of momentum and energy. However, the analysis is
simplified if it is calculated with respect to a coordinate system attached
to the center of the mass of the colliding particles. In order to illus-
trate the procedure we shall essentially repeat some of the material
given in section 2.7.

Up to the present we have employed a coordinate system which is
at rest with respect to the moving particles or one in which the target
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nucleus is at rest before the collision. This system is frequently called
the laboratory or L system inasmuch as this is the system in which all
measurements are made. In contrast to this let us consider a collision
in the center of mass or C system.* Suppose that a neutron of mass
m moving to the right with a velocity vy collides with a stationary
nucleus of mass M. After the collision the neutron and nucleus are
scattered as shown in Fig. 3.8a for the laboratory system. In the C

Laboratory L System Center of Mass C System
Neutron
m

i o Neutron CMm. Nucleus

4 Yo o> . ‘T_—o

" N I:l m U=V Before collision M

ucleus Nucleus 0=V

M Neutron m

Before After CM.
collision collision
(a) Nucleus M
After collision
(b)

F1e. 3.8 Collision of a neutron with a nucleus in the laboratory and center of
mass systems.

system an observer attached to the center of mass would see the col-
lision, as shown in Fig. 3.8b. From the point of this C coordinate
system the center of mass is at rest. In the L system the velocity V
of the center of mass to the right is given from the law of conservation
of momentum as

mvo

(M+m)V=-mvo or V=m

In the C system in which the center of mass is considered to be at rest
the neutron is moving to the right with a velocity of

Mvo

7 )

and the nucleus is moving to the left with a velocity of

_ mvo
(M + m)

*If you are not familiar with the center of mass, you will find a discussion
in section 6.2.

14
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In the C system the total momentum before collision is zero as is
readily seen from the above equations, and from the law of conserva-
tion of momentum it is zero after the collision. Since there is con-
servation of kinetic energy at the elastic collision, the kinetic energy
before impact must be equal to the kinetic energy after impact. This
must mean that in the C system the speeds of the neutron and the
nucleus must be unchanged at the collision, for a change in speeds
would imply a change in the total kinetic energy. In the C system

\4

F16. 3.9 The velocity v of the ncutron after the collision in the L system deter-
mined from the velocity v, — V in the C system and the vclocity V of the C.M.

after the collision the two particles go off in opposite directions
with their speeds unchanged, or the total cffcet of the collision is to
change the direction but not the magnitudes of the velocities as shown
in Fig. 3.8b. This is not true in the L system, in which both the mag-
nitude and the direction of the velocities are changed. Since experi-
mental measurements are made in the L system, it is necessary to
change the velocities from the C to the L system. This is done by the
vector velocity triangle, Fig. 3.9. The velocity v of the neutron after
the collision is obtained in the I. system by adding the velocity (vo — V)
in the C system to the velocity V' with which the center of mass moves
in the L system relative to the C system. From Fig 3.9 and the law
of cosines and substituting for7” and (V — vy), we obtain

v = (vo — V)2 4+ V% 4+ 2V(V — o) cos 6
vo2 M2 vo2m? 20*mM cos 0

SWrmr T Mt mr T M+

The ratio of the kinetic energy E of the neuiron after the collision to
its kinetic energy E, before collision is given in the laboratory system
as

E _m’/2  M’+m®+ 2mM cos §

By mw%/2 (M + m)*
It follows that, the larger the mass of the nucleus, the smaller the
amount of energy which the neutron loses on impact.
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3.7 General Law of Conservation of Energy

In the foregoing examples we have neglected the force of friction
though in practice it can never be entirely eliminated. Let us con-
sider the first example dealing with a particle sliding down an inclined
plane. If we now include friction, then with a coefficient of friction
u between the particle and the plane the force down the plane would be
(mg sin & — umg cos ). In this case the kinetic energy of the particle
at the bottom of the plane would not equal the potential energy at the
top of the plane since some work would be done against the force of
friction as the particle slides down the plane. The system is no longer
a conservative one since the work done in taking the mass around a
closed path, as for instance from the top to the bottom and back to the
top of the plane, is not zero. Whem the mass moves up or down the
plane, ‘work i done against friction and this goes into an equivalent
amount of heat energy.

About the middle of the last century Joule, an English physicist,
carried out a large number of experiments in which the heat and the
work against the force of friction were carefully measured. These
experiments showed that 4.187 joules of work done against friction
would heat 1 gm of water 1°C, that is, would produce 1 calorie of heat.
It was not until after quite a controversy that heat became recognized
as another form of energy. However, the results of the experiments
of Joule and others could not be denied, and it was on the basis of these
experiments that the general law of conservation of energy was enunci-
ated. According to this law the total energy in a closed or isolated
system is a constant. If the isolated system taken is our universe, it
follows that the total energy of it is a constant independent of time.
Although energy is continually changing from one form to another, the
total encrgy of the universe must remain constant.

Since the time of Joule many other forms of energy have been recog-
nized. Possibly the most important discovery in our time is that
matter itself is a form of energy. This discovery was made by means
of theoretical reasoning by Einstein who showed that any piece of
matter of mass m grams has an energy equivalent to E ergs accordlng
to the relation

E = mc? 3.11)

where ¢ is the velocity of light, approximately 8 X 10'® ¢m per sec.
Thus each gram of matter is equivalent to approximately 9 X 102°
ergs of energy. The practical possibility of changing matter into
energy did not come until the early thirties when research with nuclear
accelerators was started. Until the advent of the atomic bomb the
amount of matter ever transformed into energy was exceedingly minute.
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All the various forms in which energy can exist are included in the
general law of conservation of energy, making this a law of universal
application. This law in a sense disposes of the law of conservation of
mass inasmuch as the latter is included in the conservation of energy
law. However, classical physics deals with such relatively small
amounts of energy that their mass equivalents are negligible, so we
shall continue to use the law of conservation of mass.

3.8 Kinetic Energy in Relativity Theory

Such a section as this does not really belong in any discussion of
classical physics, but having already included some discussion of the
relativity theory it seems appropriate to give the equation for kinetic
energy. According to the relativity theory, if a body has a mass mg
when at rest, then when it is moving with a velocity » its mass relative
to an observer at rest is given by

mo
Mmy = —————
"V = v¥e?

and its kinetic energy is

K.E. = moc (3.12)

=)
W= -1
( 1 — v?/c?
where ¢ is again the velocity of light. If the velocity of the mass is

small compared to the velocity of light, then the relativistic equation
for kinetic energy may be written

KE.
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= %’mov2
when terms in v*/c* and higher powers are neglected. Thus we are
justified in using the expression mg?/2 for the kinetic energy of bodies
such as moving automobiles or airplanes. The Newtonian or classical
theory is the limit of the relativistic theory when the velocities of the
moving bodies are small compared to the velocity of light.

As an example let us consider how the relativity theory affects the mass and
kinetic energy of an airplane traveling at the very large speed of 1000 mph. The
ratio of the velocity of the plane to the velocity of light (186,000 mi per sec)

1

v 1
- . — —— 1, 0t
P X 3600 493 X 1
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Hence
02
= = 2.220 X 1013
[
and
—-..__l——_ =14 1.116 X 1012
V1=t

Thus the increase in mass is quite negligible, and the relativistically kinetic energy
is negligibly different from that obtained by the classical theory.

3.9 Power

Frequently one is interested not only in the amount of work done
by a force but also in the time taken to do this work. The time rate of
doing work is called power. If an amount of work AW is done by a
force in a time At, the average power developed P is

AW
p-2"
At
The power P developed at any instant is given by the limit of this
expression as At approaches zero or

P =limit— = — = W (3.13)

If a force F moves a particle through a displacement dr in a time d¢, the
work done is

dW =F .dr

and the instantaneous power developed by the force is
@ _fFr. YT _F.v (3.14)

where v is the instantaneous velocity of the particle.

The dimensions of power in the absolute system of units are [ML*T 3]
and in the gravitational system are [FLT}. In the cgs system the
unit of power is the erg per second, which is very small for practical pur-
poses, so the unit of the mks system is used instead. This is the joule
per second, also called a watt. Energy and work are frequently
measured in units of power multiplied by time, as for example in
kilowatt hours, kwh. In the British engineering system of units the
unit of power is the foot pound weight per second. Another unit is the
horsepower which is equal to 550 ft Ibw per sec or to 746 watts.

An example of energy and power. A train is traveling at a constant speed of
60 mph and is picking up water from a trough between the rails. If it picks up
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15,000 1b of water in 400 yd, let us determine the extra force and horsepower
required.

The speed of the engine 18 60 mph or 88 ft per sec. It goes 400 vd mn (400 X 3)/
88 sec 80 that the tunc rate of picking up water 1s (15,000 X 88)/(400 X 3) = 1100
Ibw per sec The force F which the engine must exert to pick up this water 18
given by Newton’s second law as

domo) _ dm_vdw
dt dt gadt

= {4 X 1100 = 3025 Ibw

F

since the velocity v is constant. The additional horsepower which the engine
must develop to maintain 1ts constant speed and pick up the water is

Fv 3025 X 88

550 550 is4hp

Now it might be thought that the additional force necessary could be found from
the relationshup between the work done by the force F and the increase in kinetic
energy of the water An amount of kinetic energy

1 1 _ 15000
KE. = -2 = X —— X 88 X 88 = 1.815 X 10 ft Ibw
29" "27 32

18 picked up in a distance of 400 yd, so the force 1equired for this is

1.815 X 10°

F
1200

= 1512.5 Ibw

This is exactly halfl the value obtained by using the rate of change of momentum.
The discrepancy lies in the fact that the enginc has done morc work than that
required to give the water kinetic energy. Some encrgy goes into heat and, as
illustrated m problem 21, 18 exactly equal to the kinetic energy recerved Thus
the total amount of energy received by the water in the 400 yd 1s double that
given by the kinetic energy, or 8.63 X 10° ft lbw. With this value for the energy
the force comes out correctly. For the situations in which a mass in motion
captures another object, or whenc¥er onc mass 1s added to or subtracted from
another, the force cxerted cannot be obtamned directly irom the relationship
between the work done and the increase 1n kinetic energy.

PROBLEMS

1. A gun having a mass of 5 kg fires a bullet whose mass is 20 gm with a velocity
of 30,000 cm per sec.

a. Find the kinetic energy of the gun immediately after firing the bullet and
compare this with the initial kinetic energy of the bullet. Discuss the energy
relationships in this problem.

b. If the bullet goes down the barrel in 0.01 sec, find the average force exerted
on the bullet.

2. A bullet whose mass is 10 gm and which has a velocity of 30,000 cm per sec
is fired into a block of wood whose mass is 10 kg and which is suspended so as to
swing as a pendulum. The bullet penetrates 3 ¢cm mto the block of wood before
coming to rest.
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a. Find the vertical height through which the block and bullet are raised.

b. Find the amount of heat produced in the block and bullet.

¢. Find the average resistance force exerted by the block on the bullet.

3. Two spheres 4 and B moving in the same direction impact along their line of
centers. The mass of A is 10 gm, and its imitial velocaity is 100 cm per sec. The
mass of B is 20 gm, and its initial velocity is 40 cm per sec. Find the loss of
energy at impact for coefficients of restitution of (a) 0; (b) 1.0; (¢) 0.8.

4. A body whose weight is 10 Ibw 1s pulled up a smooth inclined plane whose
angle of inclination is 30° and whose length is 1 meter by a force of 8 1b making an
angle of 60° with the horizontal. If the body starts from rest at the bottom of
the plane, find 1ts kinetic encrgy and velocity at the top of the plane. Show that
the work done by the force in pulling the body up the plane is equal to the increase
in mechanical energy.

5. If the plane in problem 4 is rough with a coefficient of friction of 0.15, find
the kinetic energy and velocity of the body at the top of the plane. Show that
the difference between the work done by the force and the increase in mechanical
energy is equal to the work done against the frictional force.

6. A body having a weight of 10 Ib is projected from the bottom of an inclined
plane, having an angle of inclination of 30°, with an 1nitial velocity of 30 ft per sec.
If the coefficient of friction between the body and the plane 1s 0.20, find:

a. The distance the body moves up the plane beforc coming to rest.

b. The work done against friction mn bringing the body to rest. Show that
this is equal to the difference between the initial kinetic energy and the final poten-
tial energy.

¢. The velocity with which the body reaches the bottom of the plane on sliding
down. Check this answer by finding the kinetic energy at the bottom of the
plane using the data obtained in part b.

7. An automobile whose weight is 3000 Ib is traveling at 60 mph. It can be
stopped in a distance of 100 ft after the brakes are applied.

a. Find the value of the braking force.

b. Find the distance in which this automobile would be stopped when going
at 30 mph.

¢. Find the distance in which this automobile would be slowed from 60 to 30
mph.

d. Compare the time of stopping from 60 mph with that from 30 mph.

8. A steel ball falls from a height ho and strikes a large steel block. If it
rebounds to s height h;, find the coefficient of restitution for the block and ball
in terms of ho and h;. Find the height hg of the sccond rebound and the height
hn of the nth rebound in terms of ky and hq.

9. A mass of 10 gm is hung on the end of a light inextensible cord 100 cm in
length so as to form a simple pendulum. The cord is pulled aside so that it makes
an angle of 30° with the veruical.

a. Find the potential energy of the system relative to the lowest point of its
swing.

b. If the system is released, find the velocity of the mass at the lowest point of
swing.

¢. Find the tension in the cord at the lowest point of swing.

d. Find the kinetic and potential energies of the system when the cord makes an
angle of 20° with the vertical.

10. Assuming that the tangential components of velocity remain unaltered at
an oblique impact of a sphere on a plane, show that the law of reflection for the
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436104

sphere on the plane is ¢ cot @ = cot ¢ where e is the coefficient of r
between the sphere and the plane, and 0 and ¢ are the angles of incidence and
reflection respectively.

11. A freight car weighing 8 tons is moving with a speed of 30 mph when it strikes
a spring bumper and is brought to rest by the force of compression of the spring.
If the force of compression F is proportional to the distance z through which the
spring is compressed, or F = kr where k is a constant equal to 500,000 lbw per
ft, then:

a. Show that the work done in compressing the spring is kz2?/2.

b. Find the distance through which the spring is compressed mn bringing the
car to rest.

12. A block having a weight of 10 1b is placed on a horizontal surface and is
attached to a horizontal spring whose force constant k 1s 2 Ibw per in. of com-
pression. Assume that the force of compression 1s proportional to the distance
through which the spring 18 compressed and that the coefficient of friction between

ProBLEM 12

the block and the horizontal surface is 0 20. A bullet whose weight is 0.125 Ib
and whose velocity is 1000 ft per sec is fired into the block and comes to rest in it.

a. Find the distance the block moves before it comes to rest.

b. Assuming that the force constant for extension is the same as that for com-
pression, find the second position of rest.

c. Describe qualitatively the subsequent motion of the block.

13. Find the equivalent number of:

a. Joules in a kilowatt-hour.

b. Calories in a kilowatt-hour.

c. Watts in a horsepower.

d. Joules in a horsepower-hour.

14. A block whose mass is 50 gm placed on a horizontal frictionless surface
moves under the action of a horizontal force given in dynes as

F = —10%
where z is measured in centimeterS. Originally the block is at rest at a distance
of 5 cm from the origin of the X axis Find:

a. The work done by the force when the block moves to the origin.

b. The kinetic energy and speed of the block at the orngin.

c. The kinetic and potential energies of the block at z = 2 cm.

15. A mass of 100 gm is placed on the end of a spring whose restoring force is
proportional to the extension. When 100 gm is placed on the lower end of the
spring, which is rigidly held at its upper end, the extension is 2 cm. Initially the
100-gm mass is pulled downward 5 em below the equilibrium position.

a. Find the potential energy of the system

b. Find the kinetic energy of the mass as it passes the equilibrium position.

¢. At what displacement is the speed again zero?

16. A block whose mass is 100 gm is placed on a frictionless horizontal surface
and is acted on by a horizontal force F in dynes of

F = —10% — 10z3
where z is red in centimeters. The block is originally at rest at the origin.
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a. Find the work done against the force when the block is moved to z = 5 cm
If the block is released from rest at z = 5 cm and moves toward the origin, find-

b. The kinetic and potential energies at z = 2 cm.

¢. The potential energy at any position z and show that the force at any point =
is given by the space derivative of the potential energy at that point.

17. An electrically charged body whose mass is 5 gm is attracted by another
charged body with a force of

10
F = — denes

where 7 is red in centimeters.

a. Find the work done against the force when the charged body is moved from
r=2t r =5cm.

b. What is the shape of the equipotential surfaces about the charged body?

c. If the potential energy of the 5-gm mass 1s considered to be zero at an infimite
distance, find 1ts potential energy at r = 10 cin

18. An automobile can go up a hill whose inclination is 1 in 60 with a constant
speed of 60 mph when the resistance force 18 359 of the weight of the car. 1If this
weight 1s 3000 1b:

a. Find the horsepower exerted by the car.

b. If half of this horsepower 1s exerted when coming down the hill and the
resistance force is the same as that going up, find the constant speed with which
the automobile comes down the hill.

19. Find the horsepower developed by a fire engine which can project 200 1b
of water per second with a nozzle speed of 88 ft per sec

20. A umform flexible rope having a weight of 4 1b per ft is drawn from a heaped-
up coil with a constant speed of 6 ft per sec along a frictionless floor. Find the
force exerted and the horsepower developed.

21. A number of 1-gm masses are placed 1n a straight line at equal intervals of
2 cm apart on a frictionless horizontal table A 10-kg mass 18 pushed along the
table so as to make inelastic impacts with each of the 1-gm masses, thus adding to
its own mass. If the 10-kg mass 18 pushed along the table at a constant speed of
20 cm per sec, find:

a. The kinetic energy received by the 1-gm masses each second.

b. The mechanical energy lost at each impact and the energy lost per second
owing to the inelastic impacts.

¢. The force necessary to maintain the constant velocity both from the total
work done per second and from the time rate of change of momentum.

22. a. Find the speed with which a 1000-hp engine can pull a train weighing
500 tons along a horizontal track if the resistance forces are constant at 15 lbw
per ton.

b. Find the acceleration of the train when its speed is 20 mph.

¢. Find the maximum speed with which the engine could pull the tramn up an
incline of 1 in 200 against the same resistance forces

23. Find the energy equivalent of 1 microgram of mass. At the price of 3 cents
per kilowatt-hour how much 18 this energy worth?

24. If the mass of a body at rest is 10 gm, find the mass of the body relative to
an observer at rest when the body has a speed of

a. 3 X 10° cm per sec. b. 2.7 X 10'° cm per sec.

¢. Compare the kinetic energy of a body moving with a speed of 3 X 10° em
per sec as given by classical mechanics with that obtained from relatavistic

mechanics.
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25. Show that the maximum fractional loss in energy in an elastic collision
between a neutron and a stationary nucleus occurs when there is a head-on col-
lision, and find this fractional loss for a collision with a deuteron, mass 2, and a
carbon nucleus, mags 12. Take the mass of the neutron as unity. Make these
calculations in both the laboratory and the center of mass coordinate systems.

26. It appears that the scattering of neutrons by nucle: 1s spherically symmetric
in the center of mass coordinate system for relatively light nuclei and neutron
energies of a few thousand electron volts This implies that all values of cos 8 in
Fig. 3.9 arc equally probable. Show that this also means approximately spher-
ically symmetric scattering in the laboratory l. system for nuclei in which M /m is
large but not for hydrogen nucle:r for which M = m = 1.



4 - NEWTON’S LAW OF GRAVITATION
AND SOME OF ITS CONSEQUENCES

4.1 The Law of Gravitation

During the great plague in 1666 the English universities closed and
Newton, who was then an undergraduate at Cambridge, returned to
his home in the midlands of England. While sitting in the orchard he
is said to have pondered on the problem of the fall of the apple.
(Apples have played other important roles in the history of man.)
Newton was interested in whether any common principle could explain
the falling apple and the falling of the moon toward the earth as it
revolves about the earth. It appears that Newton made some rough
calculations, assuming that the earth attracted both the apple and the
moon with a force proportional to the inverse square of the distance
of the respective body from the center of the earth. These calcula-
tions can be repeated by solving problem 13 at the end of the chapter.
Newton then extended this assumption into what has now become
known as Newton’s law of gravitation, which may be stated as follows:

Every particle in the universe altracts cvery other particle with a force
which is proportional to the product of their masses and inversely propor-
tional to the square of their distance apart.

As we shall see, one of the important contributions made by this law
is in the interpretation of the motions in our solar system.

Mathematically the law of gravitation may be stated in the following
manner. If m;, my are the masses of two particles separated by a
distance r, the force of attraction F along the line joining the particlesis

mimse

Foa—
7'2

This equation may also be written

mymsg

F=c™;

(4.1)

where @, the constant of proportionality, is called the constant of

gravitation.
83
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The earliest experiments for determining G were made in the
eighteenth century by the Reverend Mitchell and by Lord Cavendish.
These experiments were repeated in the nineteenth century by Profes-
sors Poynting and Boys with improved apparatus. The present
accepted value of G obtained by Dr. Heyl* at the National Bureau of
standards in Washington is

2
@ = 6.670 x 10-* YBE ™.
gm

with a probable error of +£0.005 X 1078,

Essentially all these determinations were carried out by the method
indicated in Fig. 4.1. In this method a light rod has a mass m placed
on each end. The rod and masses are suspended horizontally by a

F16. 4.1 Cavendish method for measuring the gravitational constant G.

vertical fine fiber. Close to each mass m is a large mass M. When the
large masses are in the positions A and B, the small masses are attracted
and take the equilibrium position at m'm’. When the large masses
M are moved to the position A’B’, the rod and light masses move to a
position indicated at m’’m’’. If the masses and their distances apart,
the torsion constant of the fiber, and the angles of torsion are known,
it is possible to calculate G. Such a calculation is called for in problem
23, Chapter 6. Since the force of attraction is very small, the fibers
must have a very small torsion constant. Professor Boys made a sig-
nificant improvement when he developed a method for drawing very
fine quartz fibers.

In the statement of Newton’s law of gravitation the masses are con-
sidered to be particles, and since the earth is anything but a particle
from the point of view of a falling apple the question arises as to what
is the appropriate distance between the earth and the apple. To solve
this problem Newton is said to have invented the calculus. All this
he did as an undergraduate while on vacation!

*P. R, Heyl, Proc. Nat. Ac. Sci., 18, 601 (1927),
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4.2 The Gravitational Attraction between a Uniform Sphere and a
Particle iﬂ_

We shall now prove that the earth attracts an external particle as
though all the mass of the earth were concentrated in a point at its
center. To do this we must first consider the attraction between a
uniform spherical shell and an external particle, since a solid sphere
may be thought of as built up from a large number of concentric thin
shells.

Let R be the radius of a thin shell whose mass per unit area is .
The problem is to find the force of gravitational attraction between this
shell and a particle of mass m at P located at a distance [ from the
center of the shell, as shown in Fig. 4.2. In order to find this force we

Fi1c. 4.2 Attraction of a uniform shell and an external particle.

first divide the shell into a number of strips formed by the intersection
of the shell with spheres of radii » and r + dr. The particular strip
shown in Fig. 4.2 has a width R da. The area of the strip is 2R
gin d R de, and its mass is ¢2rR? sin a da.  Every element on this strip
is, to a first approximation, at the same distance r from the particle at
P. The force of attraction between any element in this strip and the
particle at P is along a straight line drawn between the element and P.
Thus the vectors representing the forces at P form a cone with its
vertex at P. Two of these vectors are shown in the plane of the paper.
The forces at P can be resolved into components along and at right
angles to PO. It is easily seen that the components at right angles to
OP cancel and have a resultant of zero, whereas the components along
PO add together. The resultant force between the mass m at P and
the strip is along the line PO and has a magnitude of

(2roR? sin a da)
)

dF =G m cos B 4.2)

Since the values of 7, a, and 8 are different for each strip, it is not possi-
ble to integrate Eqn. 4.2 directly to find the force between the shell and
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the particle. We must eliminate some of the variables. From the
cosine formula we have

= R*+1* — 2Rl cos o

and by differentiation
2r dr = 2Rl sin a de

since R and [ are constants. Thus

sin a da = Zl%
Similarly
1‘2 + l2 — R2
c0sf = o

Substituting for sin « da and cos 8 in Eqn. 4.2, we have
l2 — P2
dF = G‘"’"‘R(1 += TZR>dr

Since the total mass of the shell m, is 4rR%, the force dF may be given

as
_ p2
aF = Gm"m(1+ R)dr

4Ri?

This equation now contains only the variable » so that the resultant
force F between the shell and the particle can be obtained by integrat-
ing this equation between the limits (! — R) and (I + R). By

integration
Qm,m 1?2 — R?)+ER
F = r —
4R/}/[ r ]z—x

Gm,m 2R(l2 - R
"~ 4R [2” te R ]
- “3)

This is the value of the force of attraction between two particles of
mass m, and m respectively, separated by a distance . Thus, as far
as the attraction of the shell and an external particle is concerned, the
shell behaves as though all its mass were concentrated at its center.
Since a uniform solid sphere may be considered to be built up of an
infinite number of concentric shells, it follows that a uniform solid
sphere attracts an external particle as though all the mass of the sphere
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were concentrated at a point at its center. If the earth is a uniform
sphere or made up of uniform concentric shells, it attracts an external
particle such as the apple as though all the mass of the earth were con-
centrated at a point at its center.

In problem 2 at the end of the chapter one is asked to show that the
resultant force on a particle inside a closed shell is zero. There is no
gravitational force inside  closed shell-and the gravitational potential
within the shell is constant and equal to the value on its surface. This
is analogous to a similar conclusion made in electrostatics, namely tha,
the electric field inside a closed charged conductor is zero and the elec-
tric MWMU&I to the value at its
sutface. These results are a consequence of the inverse square law

ich holds for point electric charges and for particles.

t follows from these results that the force on a particle within a
solid sphere is due to the mass within the spherical portion of the
sphere enclosed by the particle, since the portion of the sphere outside
the particle exerts no force on the particle.

4.3 Gauss's Law

Another manner of stating the inverse square law, which is useful
in solving problems involving symmetrical figures, was first given by
the German scientist Gauss and is called Gauss’s law. This law may
be stated in the following manner: The total outward gravitational
flux through any closed surface is equal to —4x(G times the total mass
enclosed by the surface.

dA
-GM/r3 f
/. 0 roe h

F16. 4.3 Gauss’s law for a closed surface about a mass m.

If f, is the normal coiaponent of the gravitational force on a unit
mass at an element of area dA, then f, dA is defined as the gravitational
flux through dA4, and Gauss’s law may be written

fandA = —4aGM

closed
surface

where M is the total mass enclosed within the surface. In order to
prove this law let us consider a mass m at O, Fig. 4.3, with a closed
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surface drawn around it. If d4 is a small element of area in the
surface at a distance r from O, then the gravitational force exerted on
a unit mass at dA by the mass m is Gm/r®. This force is directed along
r from dA to 0, and the normal component of this force is f,, in an out-
ward direction where

Gm cos 9
Jo=— 2
The gravitational flux through d4 is
0dA
fudd = — Gm co: d

r

But dA cos 6 is the component of the area d4 perpendicular to the
radius r, and (d4 cos 6)/r? is the element of solid angle dQ subtended
by dA at O. Hence

fadA = —Gm dQ

and integrating this expression over any closed surface gives

[ fnda = —6m [ 9= —sxGm

closed closed
surface suiface

If the surface drawn about the mass has re-entrant portions as shown
in the figure, then there must always be an odd number of times in
which the lines from elementary cones drawn from O to the outside
must cut the surface so that the expression given holds for any surface
enclosing a mass. When the surface encloses a number of separate
masses m, mz etc., whose total mass is M, then Gauss’s law becomes

fadd = —41(/?(Jm1+m2 c) = —4aGM

closed
surface

As an example let us consider the gravitational force on a unit mass
placed outside a homogeneous sphere of mass M, Fig. 4.4. Since
there is symmetry, we shall choose as the closed surface a sphere hav-
ing the same center as the homogeneous mass. This closed surface
shown dotted in the figure has a radius R larger than that of the mass.
Since f, is everywhere the same on the surface, the total gravitational
flux over the closed surface f fa dA is in this case 4rR%*f,. Thus from
Gauss’s law we have

xR, = —4xGM  or fo = _gé_ll

Hence the gravitational force on a unit mass at a distance R from the
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center of a homogeneous sphere of mass M is —GM/R? where the
negative sign indicates that therc is attraction between the mass M
and the unit mass. This is essentially the result given in Eqn. 4.3. It

Fi6. 4.4 Gravitational force at a distance R from a homogeneous sphere of mass
M.

should be stated that Gauss’s law is of great importance in electro-
statics where the inverse square law holds between point charges.

4.4 The Acceleration Due to Gravity and the Law of Gravitation

The force the earth exerts on a mass m near its surface is given by the
law of gravitation as

where M is the mass and R the radius of the earth. This force F acting
on the mass m is its weight mg, where g is the acceleration due to
gravity. Hence

Mm

mg = GF (4.4)
or
M
g= Gﬁ (4.5)

If g and R are known from independent experiments, the measurement
of G, the gravitational constant, provides a means of obtaining the

mass of the earth, which is about i 0%! tons.
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4.5 The Variation of the Acceleration Due to Gravity with Elevation

From the previous discussion it follows that the acceleration due
to gravity at any point varies as the inverse square of the distance from
the center of the earth to the point. The change in this acceleration
is negligibly small for objects falling from points
m { near the earth, but this is not so where the dis-

—f tance of fall is an appreciable fraction of the radius
of the earth, 4000 miles.

Let O be the center of the earth of radius R and
mass M, Fig. 4.5. A particle of mass m is placed
at P at a distance r from the center of the earth.
In order to locate the point P let O be the origin of
the vector r which is equal to OP. The force on
the mass m is

T

F = ——Gﬂ—f:—nrl

Fie. 4.5 Variation
of gravity with ele-
vation.

where the negative sign indicates that the force
F is in the opposite direction to the vector r or
the unit vector r;. By Newton’s second law the
equation of motion of the particle at P is

miT) = -G 'ji‘:n n
r
or
M
f=-G= 4.6)

To integrate Eqn. 4.6 or to change from an acceleration to a velocity
we use the identity

idt = dr
Thus
P dt = —Gf—%dr
or
18 oy L oe (l)
2dt(r)dt—2d(r)—GMd ; 4.7)

For the initial conditions suppose that the mass m starts from rest
at a height h above the surface of the earth, or, at { =0, # = 0 and
r = R + h. Then the velocity v with which the mass strikes the
ground is given by
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1 v 1 R
2 [1“2] = GM [_]
2 o r IJR+h

1 1 26 Mh
2 = _—— =
v =M (R R+ h) Rh + R? (48)

Thus

If the particle starts at a very large distance from the earth so that
h is much larger than R, then the velocity v,, with which it strikes the
earth when falling from an infinite distance is
2GM

v, = 7 4.9
This is likewise the vertical velocity a particle must have if it is to
permanently escape from the earth’s gravitational force. This
velocity of escape from the earth, v, is about 7 mi per sec.

If the body falls from a height A which is small relative to the radius
of the earth, its velocity » on reaching the earth is given by »® = 2gh.
This equation assumes a constant gravitational acceleration g. For
the condition that A is very small compared to R, the term Rh in Eqn.
4.8 is negligible compared to R? and the velocity is given by

2GMh
R2

v =

Using Eqn. 4.5 where ¢ = GM/R?, it follows that
v? = 29k

as is given by the simpler analysis in Chapter 1.

We shall now determine the time a body takes to fall from a large
elevation h to the earth. For convenience let B 4+ & = R;. Then
the velocity # at any distance r from the center of the earth is obtained

from Eqn. 4.8.
1 1
22 L2
2 2GM (r Rl)
Thus
dr N3G 1 1
— = —~V2GM /- — — 4.10
- -z (4.10)

The square root with the minus sign has been chosen because the
velocity dr/dt is positive in the upward direction of increasing r
whereas the right-hand side of the equation decreases as r increases.
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In order to integrate Eqn. 4.10 let us change the variable from r to 8
by making the substitution

r = Ry cos® @
Then
dr = —2R; cos 0 sin 6 df

Substituting these values in Eqn. 4.10 we have

R.% cos? 0
VM dt = | ————— ) i
Rl = cos? 6) 2R cos 6 sin 6 d6
or
V2GM dt = 2R¥ cos? 6 do
= R* (1 + cos 26) d§
Integrating
V2GM t = R* (0 + S‘%ﬁ) +0
N v \/rﬂg_— r>] ,
R, [cos 7 + 7 + C

If we again assume the same initial conditions as above, namely that,
at ¢ = 0, r = R,, then the constant of integration C is zero. The time
T taken by the body to reach the earth is found by putting r = R,
where R is the radius of the earth.

Rl [ B 2 2]
- L2 - 4.11
T \/ZGM R; cos 7, + VRR, — R ( )

4.6 Gravitational Potential?ue to the Earth

The difference in potential energy between two points is the nega-
tive of the work done by the conservative force F, in moving a body
between the two points:

F,dr = —aVv’

or
av’
Fr=

The conservative force of gravity is downward whereas- the potential
energy V' increases upward. Hence the negafive sign. Rather than
deal with a change In pofential energy of some mass m it is common to
use the change in potential energy per unit mass called the change in
potential. If f is the force per unit mass, or the gravitational accelera-
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tion, and dV the change in potential in a distance dr, then
f.dr = —dV

At a distance r from the center of the earth, Fig. 4.5, the force on unit
mass f or the intensity of the gravitational field is
GM
f=— -3 I
r

The negative sign is due to the fact that f is positive downward
whereas the vector r; is positive in an upward direction. When a unit
mass is moved a distance dr upward, the potential increases by an
amount dV in such a way that

f-dr = —Grizlrl-dr= —dV

Since r; and dr are in the same direction, the dot product is equal to
the scalar dr and

av =G—:2£dr

If the potential is V¢ at a distance ry from the center of the earth and V
at a distance r, then by integration

[]h. - 1=
Vo - r dro

V—V0=GM(1—1)

To T

or

If the gravitational potential is taken as zero at an infinite distance, or
Vo = 0 when 7y = o, the potential at any distance r from the center
of the earth is

V=-— (4.12)

The presence of the negative sign sometimes gives trouble in Eqn. 4.12.
This need not be so if we bear in mind the definition of potential dif-
ference. Since the gravitational force is directed toward the earth, the
potential ificteases away from the earth or upward. If the potential is
taken as zero at an innnite distance, then it must become increasingly
negative in a direction toward the earth. The smaller the value of r,
the smaller, that is to say the more negative, the potential becomes.




94 NEWTON’S LAW OF GRAVITATION

The intensity of the earth’s gravitational field f or the gravitational
acceleration at a distance r from the center of the earth in the direction
of increasing r is found to be

f.__ﬂ,__i((ﬁ'_l)r__ai’,
T T YT T\ /)T P2t

This is to be expected, since we started with this expression for gravi-
tational intensity.

4.7 Kepler’s Laws

During the seventeenth century there was considerable interplay
between the sciences of astronomy, mathematics, and physics. Late
in the sixteenth century a Polish monk, Copernicus, had accounted for
m:wwmmwwwme

T planets revolving around it. This was called the
heliocentric or Copernican theory in contrast to_the earlier geocentric
or Ptolemaic theory which assumed a cemﬁﬁtﬁ the
sun and planets revolving around it. Ptolemy’s theory had been
accepted for about fifteen centuries, but during this time there had
developed an increasing number of discrepancies between the observa-
tions and the theory.

On the observational side Tycho Brahe, the last great astronomer to
make observations without fhe aid of a telescope, had carefully col-
fected data on the position of the planet Mars. This data was given
to his student Kepler, who worked nearly twenty years before he
obtained any satisfactory explanation of the observations. His results
are summarized in what have become known as Kepler’s three laws.
They are:

1. The law of elliptical orbits; The planets move in ellipses about the
sun which is located at one of the foci.

2. The law of areas: The line joining any planet to the sun sweeps out
equal areas in equal intervals of time.

3. The harmonic law: The square of the period of any planet about the
sun 18 proportional to the cube of its mean distance from the sun.

These are empirical laws inasmuch as they were derived directly
from observational data without any interpretation by physical
theory. Newton was able to show that Kepler’s laws could be derived
from the laws of motion and the law of gravitation. This was a great
triumph for the Newtonian theory and had much to do with the sub-
sequent rapid increase in knowledge in the physical sciences. We
shall now repeat Newton’s analysis, though not in the form given in
The Principia.
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4.8 Motion as Governed by Newton’s Law of Gravitation

Let us consider the motion of a particle of small mass m which is
attracted by a particle of large mass M. The force of gravitational
attraction between these masses is along the line joining them, so the
resulting motion is often called motion under a ceniral force. The
acceleration of the large mass M will be much smaller than that of the
small mass m, so that without making too much error we may consider

M
F16.4.6 Motion of a small mass m under the gravitational field of a large mass M.

M to be at rest with m moving about it. Any motion under a central
force takes place in a plane which we shall here assume to be the plane
of this page. Suppose the origin of the coordinates to be at M and
the position of m to be given by the vector r joining M to m and making
an angle 9 with some fixed direction, Fig. 4.6. The coordinates r, 6
are the polar coordinates of m with respect to M.

(By Newton’s law of gravitation the force F exerted by M on m is

F = -G]:'iml'l

where r; is the unit vector in the direction of r, namely from M to m.
The general expression for the acceleration of a particle moving in a
plane is given by Eqn. 1. 12 Thus the force F on the particle m or its
equation of motion is

GM

F=- 1 = rym(f — r6%) + 0ym(rd + 2?0) (4.13)

* From this it follows that, since the component of force along 6,, or
perpendicular to ry, is zero, the component of acceleration in this direc-
tion must be zero. Hence for any central force

rd + 276 = 0
This may be written

11 (r’O) =0
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which gives by integration ,

. ’9 = Constant = lp- / (4.14)

Let us consider the sxgmﬁcance of the equa.tlon r?0 = k. Let the
vector r in Fig. 4.6 rotate through a small angle Af, as shown in Fig.
4.7. The area AA swept out by the vector r in turning through Aé
would then be

r2 AB
2

AA =

rAf

Af
[

Fic. 4.7 Area swept out by the vector r.

If the angle Af is turned through in a time Af, then the area A4 is also
swept out in this time.

A4 r? A0
At T 24t
and in the limit
dA  r*de
da T 2d
Thus from Eqn. 4.14
0/= 2 — =k (4.15)

or the rate at which the small mass m sweeps out an area as it moves
about M is a constant. This is Kepler’s law of areas in which the small
mass represents a planet and the large mass the sun. From what has
been said it follows that the law of areas is valid for any type of central
force whether of the inverse square type or not.j

{In order to find the equation of the path in which m moves it is
necessary to eliminate the time ¢ and to obtain an equation between
rand 6. The equations from which ¢ is to be eliminated are

r20 =

and from Eqn. 4.13

, - G’Mm

% /i (4.16)
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A considerable simplification in the elimination of the time from these
equations can be introduced by changing the variable to 4 where

1
r =~
u
By differentiation
gr __ldu
a8 u? df
and
. dr drdef 1 duk
= Y _ L 3E
dt dodt u® do r’
du
= —f —
de
Similarly
Cdr d [du d (du\ dé
=== k- %)= —k=(=)=
( dt \dé do \de/ dt
de ., k
e d de - &,
de*
Substituting these values in Eqn. 4.16, we have -
2 2,4 7
—~GMu* = Ir2u{d—z§ ko
de u
or
d*u oM
) +u= = ‘ (4.17)
A solution of this equation is
GM
u = (C cos (0+a) +k—2

where (' and « are the arbitrary constants of integration. Thus the
equation of the path is

%=Ccos(0+a)+gk—2M—

The constant « may be eliminated by measuring 6 from a new axis,
making an angle —a with the old axis, Fig. 4.8. In terms of this new
axis the equation of the path is

:T=Ccosa+GI_—J:[ 5 (4.18)
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This is the equation of a conic section: an ellipse, a parabola, or a
hyperbola.

Since there is possibly some haziness in your mind about conic sec-
tions we shall digress somewhat to discuss them. Suppose that PAP’
in Fig. 4.9 is a portion of a conic section of which FAD' is the axis.

m

M

Fi6. 4.8 Use of a new axis for the vector r.

(3

p:

F16. 4.9 Conic section having focus F, apex 4, and directrix DD’.

The conic is symmetrical about the axis. In the diagram F is the
focus, A the apex, and DD’ the directrix which is perpendicular to the
axis. If P is any point on the conic and PD is drawn perpendicular to
DD’ then the eccentricity e of the conic is defined as

FP

€ = ——

PD
From Fig. 4.9 it may be seen that

r

e=d—rcose
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or
r =ed — er cos
Dividing this equation by edr gives
1 cosf 1
- = — 4 = 4.19
;=2 ta (4.19)
This is the equation of a conic in polar coordinates. Comparing this
equation for a conic with Eqn. 4.18 for the motion of a particle gov-
erned by the law of gravitation we have
1 k?
C= t_i and ed = GTW

or
k%C
= 4.20
€= (4.20)
From analytical geometry we know that a conic section is an ellipse if
the eccentricity e is less than one, a parabola if e equals one, and a

Yo

o

o

F16. 4.10 An elliptical orbit of a planet.

hyperbola if e is greater than one. Since the only closed conic section
of the above three is the ellipse, it follows that the planets must move
in ellipses about the sun with the sun at one of the foci. Comets may
move in elliptical, parabolic, or hyperbolic orbits, but it is only when
they move in elliptical orbits that they return to be seen again. Thus
we see that the law of elliptical orbits follows from Newton's laws.)
(We shall now proceed to derive Kepler’s harmonic law, assuming an
elliptical path. Consider the ellipse, Fig. 4.10, a8 having its focus at
F, its semi-major axis OA = a, and its semi-minor axis b. If e is the
eccentricity of the ellipse, then Eqn. 4.19 applied to the points 4 and
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B at the ends of the major axis gives respectively
1 1

1

1
Td e
and

r__ 1,1
Te B d ed
since, for the point A, cos 6 = 1 and, for the point B, cos § = — 1
Thus

_
S R
and
ed
T2 1—e¢
Now
2cd 242
M= T T GG - )
or .
k2
SN
(1=e) = @.2n

The area of the ellipse may be shown to be mab, and the semi-major
and semi-minor axes to be related by b = a V1— ¢ If Pis the
period of revolution of the mass m, then the area mwab is swept out in
time P. From Eqn. 4.15 the rate of sweeping out of this area is k/2
Thus

mab k&
7P T2
Hence
2rab a® V1 — ¢t
Tk T Tk
Using Eqn. 4.21 we have .
p= 2
vVGeM
or o ‘,
P = 4&; Yo (4.22)

Thus the square of the period-‘of i'e‘volution is proportional to the cube
of the semi-major axis or the cube of the mean distance of m from M,
which is Kepler’s harmonic law. By means of this law the mass of the
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sun can be determined if the period and mean distance of one of the
planets are known. Similarly, if a planet has a satellite whose period
and mean distance are known, then the mass of the planet can be
determined.

The harmonic law as given in Eqn. 4.22 is only approximately correct
since we have assumed the large mass M to be stationary. The
acceleration of mass M or of the sun toward a planet of mass m is
Gm/r* and of the planet toward the sun is GM /r%, where r 1s their dis-
tance apart, Fig. 4.11. If the acceleration of the sun is to be made

J

M "

o> G oM im
Sun r? [ Planet

Fi1a. 4.11 Relative accelerations of the sun M and planet m.

zero, then it must be given an acceleration of Gm/r? away from the
planet. The acceleration of the planet relative to the sun is then
@M Gm @
Tt E =3 (M + m)

The corrected form of Kepler’s harmonic law is then
PP= e (4.23)

Thus the law correctly stated should be: The square of the periodic
time of a planet about the sun is proportional to the cube of its mean
distance from the sun and inversely proportional to the sum of the
masses of the planet and sun. Actually this correction is very small
for the solar system, since the largest planet, Jupiter, is less than one-
thousandth of the mass of the sun, and the earth is about one three-
hundred-thousandth of the mass of the sun.

4.9 The Energy of a Planet Moving in its Orbit

We shall again assume the sun with its mass M to be at rest and the
planet with its mass m to be moving about the sun. Thus the planet
possesses both kinetic and potential energy. If v is the velocity of a
planet of mass m, its kinetic energy is #mv? and its potential energy at a
distance r from the mass M is —GMm/r, from Eqn. 4.12. Since the
dissipative forces on the system are negligible, the system is a con-
servative one and the sum of the kinetic and potential energies is a
constant which we shall call E;. Thus

1 , GMm

= my? —
2 r

=Er (4.24)
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The velocity of the planet varies with its distance r from the sun and
can be most easily calculated when the planet is at either A or B, Fig.
4.10; that is, when it is at one end of the major axis. For these posi-
tions the velocity is perpendicular to the major axis of the conic sec-
tion. Let vq be the velocity when the planet is at 4, a distance r; from
the focus F. From Eqn. 4.14, namely r20 = k, it follows that the
velocity is
k

Vg = T10=—
T1

From Eqn. 4.18 at r = r, it follows that

1 GM
n-wmte
Hence
k
1'0=—=—‘+Ck
1

The energy equation, Eqn. 4.24, at r = r; and v = v, gives

GM:
lmvo”— ™ = Er
2 ry
or
oBr _ 0 _ oM
m T

i

2272
(M) +C’k’+2GM(”—-2GM - 26MC

- (%) (+“7ae)

Using Eqn. 4.20,
2
2& = —(g—ﬂ—l) 1—e?

m k
Hence
2
Er=— ’L‘(GTM) (1 —e)

/ E1k?
e=4/1+ 2;—]‘%; (4.25)

This equation applies to any conic section in which the mass m can
move. This equation shows that if the total energy of the planet m in
its orbit is negative the eccentricity e is less than one and the planet
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moves in an elliptical path. Similarly the orbit is parabolic or hyper-
bolic according to whether the total energy is zero or positive. In
order for the total energy of a planet to be negative its potential energy
—G@Mm/r must be numerically larger than its kinetic energy mv?/2.

PROBLEMS

1. Find the value of the gravitational constant @ in the mks system of units,
using the value 1n the cgs system given in the text. Find the force of attraction
1n poundals between two particles each 1 1Ib 1in mass placed 1 ft apart, and also
find the force in pounds weight hetween two particles each 1 slug in mass placed
1 {t apart.

2. Show that the force on & particle inside a closed spherical shell 18 zero.

3. Show that the potential inside a closed spherical shell 18 a constant equal
to its value at the surface of the shell. If the potential at infimty 1s taken as zero,
find the potential at the surface of a spherical shell of mass m and radius R.

4. Find the mass and mean density of the earth, given that its radius 1s 6.37 X
108 cm. Use the values given in the text for the acccleration of gravity g and the
gravitational constant G

5. Find the vertical velocity a body must have if 1t 18 to escape from the earth’s
gravitational field

6. Find the force in dynes and newtons exerted on a mass of 1 kg placed at a
depth of one-quarter of the earth’s radius below the surface. Assume the earth
to be of constant density.

7. If a hole were bored through a diameter of the earth and a particle dropped
into it, then, assuming the earth to be of constant density, find:

a. The velocity of the particle at the center of the earth

b. The time the particle takes to reach the center of the earth.

c. The velocity with which the particle emerges from the other sde of the
earth.

8. Find the mass of the sun, assuming that the mass of the earth is negligible.
The period of the earth about the sun is approximately 365.25 days, and the mean
distance of the earth from the sun is 93,000,000 miles.

9. What is the approximate per cent error made in calculating the period of
the earth about the sun, if one assumes that the sun 1s fixed relative to the earth
rather than the two rotate about their common center of mass. .

10. Assuming the mass of the earth to be 5.95 X 10% gm, find the mass of the
moon if its mean distance from the earth is 239,000 miles or 3.84 X 10! ¢m and
its period about the earth is 27.3 days.

11. A body falls from ~ height of 1500 miles toward the earth. If air resistance
is neglected but the variation of gravity with height is taken into consideration,
find:

a. The velocity with which the body reaches the ground.

b. The time taken to reach the ground.

¢. The time taken in falling the last 500 miles to the earth. Assume that the
radius of the earth is 4000 miles

12. A bullet is shot vertically upward with a velocity of 3 mi per sec (4.83 X 10°
cm per sec). If air resistance 1s neglected but the vanation of gravity with height
is considered, find:

a. The height above the earth’s surface to which the bullet rises.
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b. The time the bullet takes to reach its maximum height.

¢. The velocity with which the bullet strikes the ground.

13. The first check Newton made on the law of gravitation was to compare
the acceleration of an apple toward the earth with that of the moon toward the
earth. He assumed the path of the moon about the earth to be circular and the
distance to the moon to be sixty tumes the mean radius of the earth. Show that
the acceleration due to the earth’s gravity at the moon is approximately equal to
that of the moon in its orbit, each being equal to about 0.27 ecm per sec per sec.

14. A particle of mass m moves under a central repulsive force of mb/r? and is
initially moving at a distance a from the origin of the force with a velocity V at
right angles to a. Show that the equation of the path of the particle is

rcos (pd) = a

where p? = (b/a?V?) + 1.

15. If the mean distance of Mars from the sun 1s 1.524 times that of the earth
from the sun, find the time of revolution in years of the planet Mars about the sun.

16. The period of the planet Jupiter is 11 86 years, and 1ts mean distance from
the sun is 483 X 10° miles. A satellite of Jupiter, analogous to our moon, is
261,000 miles from Jupiter, and the satelhite has a period of 1 day 18.5 hours
From this data show that the ratio of the mass of the sun to the mass of Jupiter
is a little larger than a thousand.

17. From the data in problem 16 find the mass of the planet Jupiter.

18. A particle of mass m 1s attracted by a central force ma/r® toward a fixed
point. Imtially the particle is at a distance ¢ from the fixed point and has a

velocity of \/E /c in a direction at 45° to ¢ and away from the fixed point. Show
that the path of the particle 1s an equiangular spiral whose equation is r = ce™.

19. Two particles having masses of m and M respectively attract each other
according to the law of gravitation Imitially they are at rest at an infinite distance
apart. Show that their relative veloeity of approach is

\/2G(M + m)
a

where a is their separation and G is the constant of gravitation.
20. A particle of mass m 18 a.ttmctyd by a central force of ma/r® toward a fixed
point. Imtially the particle is at & distance ¢ from the origin and has a velocity

of \/ a/2c¢* n a direction at right angles to c. Show that the equation of the orbit
isr = ccos 6.

21. The maximum and minimum velocities of a planet revolving about the sun
are 18.3 and 17.7 kilometers per second respectively. Find the eccentricity of the
orbit.

22. Assuming that the moon subtends an angle of 0.5° at the earth and 1s
239,000 miles or 3.84 X 10’ cm away from the earth and has a mass of 1§y of
the mass of the earth, find the velocity of escape of a particle from the moon.

23. If the eccentricity of a planet’s orbit about the sun is 0.02, find:

a. The ratio of the lengths of the major to the minor axes of the orbit of the
planet.

b. The ratio of the velocities of the planet when 1t is at the ends of the major
axis of its elliptical orbit.

24. Show that the encrgy of a planet moving in an elliptical orbit is the same
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for all ellipses having the same major axes and does not depend on the shape or
eccentricity of the ellipse.

25. Show that, if the force between two masses'm and M is that given by the
repulsive inverse square law, as for similarly charged particles, then the orbit of
m about M is hyperbolic. Assume that M is very much greater than m. (Con-
sider the total energy of the system.)

26. Suppose that a particle of very small mass is at rest at an infinite distance
from a large mass M. If the particle m is pulled in toward M by gravitational
attraction, show that the orbit of m about M is parabolic.

Show that, if the orbit of m about M is to be an ellipse, then its velocity in its
orbit must be less than that acquired in falling from infinity.

27. An alpha particle emitted from radium has a velocity of about 1.5 X 10° em
per sec and is shot out in such a direction as to make a head-on collision with the
nucleus of a gold atom. The charge on the alpha particle is 9.6 X 10719 electro-
static units, and its mass is 6.6 X 10724 gm. The charge on the nucleus of the
gold atom is 79 X 4.8 X 10710 electrostatic units. The positive charge on the
alpha particle and the positive charge on the nucleus of the gold atom repel each
other according to the inverse square law of force.

a. Find the closest distance of approach of the alpha particle to the nucleus of
the gold atom in the head-on collision.

b. Show that in general the alpha particle would move in a hyperbolic path
about the nucleus.



6 - FREE AND FORCED HARMONIC OSCILLATIONS

6.1 Introduction

A great many of the phenomena we observe in everyday life have a
periodic motion. Our pulse or our heartbeat, a pendulum clock,
many kinds of machinery as well as the seasons and night and day are
examples of phenomensa repeated at regular intervals of time. In
many cases the periodic motion is maintiained by a periodic driving
force. Without this the oscillations would gradually die out, owing to
dissipative forces in the system. For these so-called forced oscillations
the amplitude or maximum displacement depends on the frequency of
the driving force. There is usually some frequency of the driving
force at which the oscillations have their maximum amplitude. The
vibrating system and the periodic driving force are then in resonance.
This phenomenon of resonance plays an important role in almost every
branch of physics. It is encountered in mechanical vibrations, in
musical instruments, in the dispersion of light and x-rays, and in
alternating-current circuits.

The development of the analysis of periodic phenomena gives one
an insight into a portion of the development of physics. It shows how
relatively complicated phenomena in light, electricity, and so forth
were explained in terms of simple mechanical ideas. Perhaps from
what is presented here a partial picture of this unity in the realm of
physics may be obtained. As an introduction to the analysis of
periodic phenomena we shall first discuss the vibrations of an idealized
spring.

6.2 Simple Harmonic Motion of a Mass Hung on an Idealized Spring

By an idealized spring is meant one in which it may be assumed that
the mass of the spring is negligible, that there are no dissipative forces
tending to decrease the motion of the spring, and that the restoring
force exerted by the spring is strictly proportional to its extension.
Although these assumptions are never completely justified in practice,
nevertheless, for a light spring in which the extensions are kept small
and the oscillations are not prolonged over a long time, the errors intro-
duced are not large. At this point one may well ask what is meant by

106
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a light spring, a small extension, and a long time. It should be recog-
nized that these terms are all relative. By a light spring is meant one
whose mass is small compared to the mass hung on its lower end; a
small extension is one that is small compared to the length of the
spring; a long time is one long compared to the
time of one oscillation.

Consider the spring, Fig. 5.1, with its upper
end rigidly supported and with a mass m or
load mg hung on its lower end. The equilib-
rium position of the spring with the load myg is
indicated by the position O. Let O be the
origin of the Y coordinates with displacements
upward from O being considered positive and
below O negative. Suppose that the load is
pulled downward a distance —y by an applied
force —F. There is then an upward restoring
force of +F exerted by the spring If the
spring obeys Hooke’s law, that is, the restoring
force is proportional to the displacement, then

F = —ky (5.1)

where k is a constant called the force constant of
the spring. This force constant & can be meas-
ured in dynes per centimeter, newtons per
meter, or pounds per foot. The negative sign .
in Eqn. 5.1 indicates that the restoring force fii&tii 1 A spring os-
N Lo, g between the
exerted by the spring on the mass m is in the limits 4 and B.
opposite direction to the displacement.

Suppese that the downward applied force —F is removed. Then
the upward restoring force +F accelerates the mass m upward from
A to O. Since the restoring force decreases as the mass approaches
the equilibrium position at O, the acceleration of the mass decreases
until it becomes zero at 0. At the equilibrium position O the velocity,
momentum, and kinetic energy of the mass m have their maximum
values and the mass moves upward to position B where the displace-
ment OB is equal to the original displacement OA. Although at posi-
tion B the kinetic energy of the mass is zero, its potential energy is
mgy. There is a constant interchange of potential energy into kinetic
energy and vice versa as the spring oscillates up and down.

By Newton’s second law the acceleration 3 at any instant of time is

F = my
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Substituting in Eqn. 5.1, it follows that

" ky
= - — 5.2
¥ - (5.2)
This is the fundamental equation of undamped simple harmonic motion.
It shows that the acceleration is proportional to and in the opposite
direction from the displacement. Table 1 summarizes some of the
properties of simple harmonic motion, abbreviated as SHM. The

TABLE 1
Displacement Restoring Acceler- Veloery }\‘motm P?tontml
Force ation Energy Energy
Positive Negative Negative Zero Zoro Maximum
Maximum Maximum | Maximum
+o
Zero Zero Zero Positive or | Maxinum | Zero
negative
Maximum
Negative Positive Positive Zero Zero Maximum
Maximum Maximum | Maximum
Yo

maximum displacement OB or OA is called the amplitude of the oscilla-
tions. The time taken for one complete oscillation, for instance from
A to B and back to 4, is called the period P, and the number of com-
plete oscillations per second is called the frequency f of the oscillations
From these two definitions it iéllows that

In order to obtain the displacement at any instant of time we must
solve Eqn. 5.2. This may be done by multiplying both sides of this
equation by 2y, giving

) 2k
2yy——myy
or
d o _ _kad ,
dt(y)— mdt(y)
Thus

4w = - Zaeh
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By integration
k
P¥=-—y+C
m

where C is a constant which may be determined if the velocity 7 is
known at some displacement y. Hence

W _ iy
VC — (k/m)y*

. [k &
sin —y=tA—t+ a
mC m

where « is a constant which may be determined if the displacement y
is known at some time ¢&. Thus the displacement at any time is given

by
N I G )
y—\/k sm(:t mt+a

This solution of the second-order differential equation, Eqn. 5.2, con-
tains two arbitrary constants C' and « and may be written in the
equivalent form

Integration gives

k k
y=-Asin\/-—t+ Becosq/—t 5.3)
m m .

Here A and B are the two arbitrary constants
Let us consider a spring that is started from rest at the position
-Y. Att=0,y=~Yandy =0.
Then from Eqn. 5.3
-Y =B
Differentiating Eqn. 5.3 gives

[% \/% \/k— . \/E
y=AV’r—ncos 7—n~t——B Esm Et

and, using the initial conditions § = 0 at ¢ = 0, we have
0=4A4 \/ £ orA =0
m

Hence the displacement y at any time ¢ with these initial conditions is

= —Y cos kt (5.4)
m
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If the period of the motion is denoted by P, then after one period the
displacement y has its original value or

cos [\/g- @+ P)] = cos [\/%t + 2rr]

8o that
\/-—’;- P =2r
m
or
P=2r % (5.5)

The displacement under the initial conditions is given by Eqn. 5 4,
which may be written

2mt
y = —Y cos -}—)11 (5.6)

The quantity 2x/P is the angular velocity of the motion, omega, w.
The displacement may then be written

y=—Y coswl (5.7)

1t can be readily verified that the quantity V' m/k has the dimensions
of time. The force constant k& has the dimensions of force divided by
distance or [MLT 2L or [MT~%. The dimensions of m/k are [T?).
From Eqn. 5.7 the velocity y ayny instant is

9y = + Yo sin ot (5.8)

which may be written

g=—Mm%m+9 (5.9)

Comparing Eqns. 5.7 and 5.9, we see that the velocity of the mass is
90° ahead of its displacement. When the displacement is zero, the
velocity is a maximum. By a second differentiation

g = Yo?cos wt = —aw’y

Comparing this with the equation of motion, Eqn. 5.2,

k
17=—;1/
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w? = k or w= \/—E (5.10)
m m

and the period P is given by

) k

which was obtained previously by direct integration.
In general the displacement y at any time { may be written

Y = Yo cos (wt + @) (5.11)

we see that

The angle « is called the phase angle inasmuch as it gives the displace-
ment at zero time. At ¢{ = 0, the displacement y is yo cos a and the
velocity —yow sin . With the initial conditions used above, ramely
y=—Yandy = 0att =0, it follows that

=Y =ypcos a and —Ywsina =0
Hence
a=0 and yo=-Y

Thus the displacement at any time ¢ is
y = —Y cos wt

which is the result obtained in Eqn. 5.7.

As we have seen, there are several equivalent solutions of the origina,
sccond-order differential equation of motion. These general solutions
must contain two arbitrary constants. For any given set of initial
conditions the displacement-time relationship must be unique, since it
corresponds to a particular physical situation.

6.3 Kinetic and Potential Energies in Simple Harmonic Motion

The kinetic energy of the oscillating mass at any time is mg?/2.
Taking the same initial conditions of motion used in deriving Eqn. 5.8,
the kinetic energy of the mass m is

ImY?%? sin® wt = kY2 sin® wt

gince in this problem w? = k/m. The maximum value for the kinetic
energy occurs when sin? wt = 1. With T the symbol for kinetic energy
it follows that

Trax = 372 (5.12)
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The potential energy V at any displacement y is the work done on the
mass m in giving it this displacement. From Eqn. 3.6

dV = —Fdy
and since the restoring force is
F=—ky
it follows that
14 v ky?®
- - _ by
V= ./; dV = -/; ky dy ) (5.13)

Thus the potential energy at any time ¢ is

An
V ==Y?cos? wt

and has a maximum value of

k

=-y?
Vmax 2

Since we have assumed that there are no dissipative forces present, the
total mechanical energy of the system should be constant and inde-
pendent of the time. This is easily proved for

T+V

i

3Y? sin® wt + $6Y2 cos® wi

3kY?

The quantity $kY? is also the maximum value of the kinetic or poten-
tial energy, for at the time wl)él the kinetic energy has its maximum
value the potential energy is zero, and vice versa.

F16. 5.2 Average value of kinetic energy T over a complete period P.

The average value of the kinetic energy over a complete oscillation

will now be considered.

In Fig. 5.2 this average value of the kinetic
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energy T is the ordinate of the rectangle whose area is equal to that
enclosed by the sine-squared curve. Mathematically this may be

expressed
1 [P 1 [Pk
i == | Eyrgpe
PﬁTdt P/;Z sin® wt dt

Since 2 sin® wi = 1 — cos 2wt, this equation may be written

T = %-/:(1 — cos 2wl) dt
_ lc_YQ[t __sin 2wt]”
4P 2w 0
kY?
!

since wP = 2r.

It can be readily verified in & manner similar to that given above
that the average value of sin? 6 or cos? 8 over a complete cycle or
angle of 2r radians is 14 and the average value of sin 8 or cos 6 over a
complete cycle is zero. The time average of the potential energy V
over a complete oscillation is similarly given by k¥?/4. The sum of
these averages is

kY?
V om e
T+ 5

which is the total energy at any instant of time.

6.4 Effect of the Mass of the Spring

So far we have assumed that the mass of the spring was negligible
compared to the oscillating mass hung on its lower end. We shall
now take the mass of the spring into account by calculating the
total kinetic energy of the system when oscillating. Suppose that
the spring is uniformly wound and that its length is [ and its mass M.
The mass per unit length ¢ is then given by

Consider a small portion of the spring of length dy at a height y
above the equilibrium position, Fig. 5.3. The mass of this small
portion is ¢ dy. Suppose that the velocity of the lower end of the
spring at any instant of time is ». Since the upper end of the spring
is always at rest and if we assume that the velocity at any point on
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the spring is proportional to its distance from the upper end, it
follows that the velocity v, at any point y is given by
v, = "_(l_l—_l/_)

The kinetic energy of the small portion at
position y is

1 1 0021 — y)?
Y, lopldy = = Y
dy 2‘""11 dy = 2 2 dy
3
The total kinetic energy T of the spring and
1 the mass m is
1
y T = omt 4 1o (z—y)’dy
l 27
U
3 2
O_i_ Ly 1, V2
> 2”‘”+212[l+3 2 o
1, 1 ,1
— mv* 4 = ov* —
m 2 2 3
Fia. 5.3 Kinetic energy of __] 2 _;M__
spring and mass m. - Ev m+ 3 (5.14)

Thus the fractional part of the mass of the spring partaking in the
oscillation is one-third.

6.6 Composition of Simple I}n’i-monic Motions

Let us consider the problem of finding the path of a particle attracted
toward a fixed point by a force proportional to its distance from the
fixed point. Depending on the initial direction of the velocity of the
particle, the path may be a straight line, a circle, or an ellipse. Let O
be the center of attraction and A be the point of projection of the
particle with a velocity V. Take OA as the direction of the X axis
and OB parallel to V as the direction of the Y axis, Fig. 5.4.

At any point P, a distance of r from O, the equation of motion for

the particle of mass m is
d*r
— = —kr
™

where k is the force constant.
If PQ is drawn parallel to the ¥ axis and P has the coordinates z, ¥,
then the force —kr along PO is equivalent to the vector sum of the
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forces —kz and —ky along QO and PQ respectively. Thus
mi = ~kx

my = ~ky
The solution of these equations, with w = \/E/—m, may be written
z = X sin (0wt + o)
y = Ysin (ot + B)

F16. 5.4 The path of a particle of mass m attracted to a point O by a force pro-
portional to its distance from O.

The initial conditions of motion assumed in Fig. 5.4 are those at ¢t = 0:
2=04 =a,y=0,%=0,y=V. Substituting these values in the
above equations gives

a=Xsina

and
0 =wX cosa
Hence
-z d X
a=3 an a=
and
0= Ysing V = wY cos 8

Hence

=0 and V =wY or Y=Z

w
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Thus we have

T = asin —t+4+ =) = acos -1
m 2 m

_v. (\/Z,)

y—wsm m

Hence by squaring and adding

72 ¥

a T

=1 (5.15)

The path of the moving particle is therefore an ellipse referred to OX
and OY as conjugate diameters

The figures produced by two sources of simple harmonic vibrations
such as tuning forks or pendulums were first studied by Lissajous about
the middle of the last century. A modern simple method of producing
these so-called Lissajous’ figures is by means of an oscilloscope. In
such an instrument the moving particles, the electrons, have a mass of
about 9 X 1072% gm. These small electrically charged particles can
be made to oscillate in mutually perpendicular directions by applying
alternating voltages to appropriate deflecting plates. By applying
voltages of the same frequency and varying the initial conditions it is
possible to produce a straight line, a circle, or an ellipse on the viewing
screen. If the voltages applied to the X and Y deflecting plates have
different frequencies, then very interesting figures may result.

We shall now investigate the case in which the amplitudes of the
mutually perpendicular X and Y vibrations are equal and the fre-
quencies are w/2r and (w +v)/2r respectively. If the particle is
started with maximum displdcement along the two axes, then the dis-
placements along the X and Y directions are given by

T = A cos wt
y = Acos (w+ v)t
Expanding and eliminating wt gives

y =axcosyt — VAL — zsin 4t
Thus
z? + y? — 2zy cos vyt = A%sin? 4t (5.16)

This may be regarded as the equation of an ellipse whose axes rotate
with time. It is easily shown that the ellipse will repeat itself after
some time only if the ratio of w to v is an integer. Suppose that
(w 4+ v)/w = % or ¥ = w/6. Then, for one complete vibration along
the X direction, there is 74 of a vibration along the Y direction, or, for
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each vibration in the X direction, the vibration in the Y direction
gains a phase difference of 60°. Thus, when there have been six com-
plete cycles in the X direction, there have been seven complele cycles
in the ¥ direction and the two motions are back at their starting
points. This is not possible unless w/v is an integer.

To plot the path of the particle it is possible to eliminate ¢ in the
above equations, but in practice it is much simpler to take the equa-~
tions for = and y given above and proceed 1o solve for r and y by brute
force. A partial table of the x and y values for different values of wi is
given below. The values show how (v + )¢ increases by 60° for each
360° of wt.

TABLE 2
Position on
wl (o + M T y Fig 5.5
0° 0° A A a
60° 70° 0 54 0 344 b
360° 360° + 60° A 0 54 ¢
2 X 360° 2 X 360° + 120° A -0 54 d
3 X 360° 3 X 360° + 180° A —A e
4 X 360° 4 X 360° + 240° A —0 54 I
5 X 360° 5 X 360° + 300° A 0 54 g
6 X 360° 6 X 360° + 360° A A h

A graph of this motion is shown in Fig. 5.5 where the path of the parti-
cle may be traced.

Y
y ah
kY4
b
X
-A,0 7 4.0
—d.f
0.-4 ¢

F1a. 5.6 Composition of two simple harmonic motions at right angles and having
frequencies in the ratio of 7/6.
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5.6 The Simple Pendulum

A simple pendulum consists of a small mass suspended by a light
inextensible cord from a fixed support. We shall assume that there
are no damping forces so that theoretically once
the pendulum is oscillating it continues indefinitely
with the same amplitude. Let O in Fig. 5.6 be the
fixed point of support, OP the length of the pendu-
lum, and m the mass of the particle at P. The
point O is taken as the origin of the radial vector
r which at time ¢ is along OP and makes an angle
6 with the vertical through O. We shall now set
up the equations of motion of the particle m along
and perpendicular to the radius vector OP.

From Eqn. 1.13 the force along the radius vector
F,is

0

F, = m(i — r6?)

and this is equal to the components of the applied
forces acting on mass m in the direction OP. Thus

m(r — r*) = mgcos6 — T

where T is the tension in the cord at the angle ¢
Similarly for the transverse force Fjin the direction
of increasing 6 we have from Eqn. 1.14

Fy = m(2#0 4+ r§) = —mgsin 0

F16. 5.6 The sum-
ple pendulum.

Since the string is assumed to be inextensible, the
vector r has a constant magn}'zﬁde equal to ! and it follows that
F=0 and F=0
The equations of motion become
—mlf? = mgcos 6 — T (5.17)
ml§ = —mg sin 0 (5.18)

In order to make Eqn. 5.18 linear let us assume that 8 is so small
that sin 6 may be set equal to 8 in radian measure. This really
assumes that 6° and higher powers of 6 are negligibly small compared
to 6 since the expansion of sin 8 in radian measure is

. 08 05
sxn0—0—3'+5‘

Thus for 6 = 3°, sin 3° = 0.05234 and 3° = 0.05236 radian. If there-
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fore the maximum angular amplitude of the pendulum is a few degrees,
we may write Eqn. 5.18 approximately as

§=— %’o (5.19)
This is a second-order differential equation similar to Eqn. 5.2 with
the difference that here the variable is an angular displacement rather
than a linear one. Following the discussion given earlier we may say
that Eqn. 5.19 represents a system oscillating with simple harmonic

motion whose period is
P =2r \/Z (5.20)
[

The tension T exerted by the cord on the particle depends on the angu-
lar displacement as given by Eqn. 5.17, namely

T = mg cos 6 + mif?

Thus, when 6 = 0, the tension has a maximum value equal to the
weight of the particle plus the centripetal force. Since we have
assumed no dissipative force, the system is a conservative one and
there is conservation of mechanical energy.

We shall now drop the assumption of a small angular amplitude and
investigate the period for relatively large amplitudes. To do this we
must integrate Eqn. 5.18 or

§=—7sing
l
Again we employ the trick of multiplying the respective sides of this
equation by the identity

do
0dt—&?dt—d0
giving
b6 dt = —-zqsinlido
or
1, 0 g
2d(é) —ld(cos )

Integrating and using the initial conditions that the pendulum has a
maximum angular amplitude of @ or § = 0 when § = a

6 = 2? (cos 6 — cos a) (5.21)
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Thus
de 29
hm———————————————————4 dt
Vcos 8 — cos @ l

The time taken by the pendulum to swing from +a to —a is half of the
period of oscillation P, for the angular amplitude a or

+e do 2 /Paﬂ \/ZgP
———— = 4 dt =
—a Vcos§ — cos a ' Jo l 2
Using the transformation

[/}
cosf =1 — 2sin%-
)

the integral becomes
+a de \/E
- — =4/7P, (5.22)
~a« Vsin? a/2 — sin® 6/2 l

To evaluate this integral we shall make the substitution

[’}
sin 3= sin g sin ¢ (5.23)

This is a legitimate substitution inasmuch as the limiting value of 8 is
a. Hence the limits of sin ¢ are 1 and —1 Let us consider ¢ as the
new variable with the limits of /2 and —=/2. Differentiating Eqn.
5.23 we have

1 [/}
Ecos§d0 = singcosd)dda

or

2600 (a/2) cos ¢ d¢
\/1 — sin? («/2) sin? ¢

Substituting in Eqn. 5.22 for the period, it tollows that

o [
P,
-=/2 /1 — gin? (a/2) sin? ¢

+n/2 -%
= f 2d¢ (1 — gin? > gin? ¢)
—x/2 2

+=/2
=/ 2d¢<1+—sm = gin? ¢+—sm —sm‘:b .- )
—x/2 2 2

LY CAL. )%...
2[1r+2sm (2)2+8sm (2 8 ]

de
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Hence

i 1 a 9 o
P, = \/_< Zain2 = _.'4_..)
= 2r p 1+4sm 2-l- sm2

If the period for an angular amplitude of approximately zero is called

P, where
Py =2r \/£
q

then the period P, for an angular amplitude « is

P, =Py (1 + isinz 2 e ) (5.24)

2 64 2
From the three terms in the expansion given in Eqn. 5.24, we obtain
for an angular amplitude of 90° a period of

Pyor = Po(1 + 5 + z%3)
= 1.16P,

Even for this amplitude another term in the expansion should be
added if real accuracy is desired. However, in most experiments
amplitudes as large as 90° are not encountered. For an amplitude of
20° the contribution of the sin? a/2 term is 0.0075 and of the sin* a/2
term is 0.00013. If the amplitude is smaller than 20°, then the sin* /2
term may be neglected without making an appreciable error. A
further simplification can bhe made by replacing sin? a/2 by «?/4.
Thus for @ = 20° the value of sin® 10° is approximately 0.0308 and
o?/4 is approximately 0.0305 in radian measure. With these limita-
tions we may write the period

2
a
P,=Po(l+-1—6

and by the binomial theorem to the same degree of accuracy it follows

that
o
= Fa 1] — —
Po=P ( 16)

If the angular amplitude is 4° or 0.0698 radian, then

Py = Pg(1 — 0.0003)
or
Py = Py(1 4 0.0003) = 1.0003P,
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The periods differ by 3 parts in 10,000. The tension in the cord can
now be evaluated for any angular displacement. From Eqn. 5.17 the
tension in the cord is

T= mg cos § + mif?
and, substituting for §? from Eqn. 5.21, we have
T = mg(3 cos § — 2 cos a)

6.7 Simple Harmonic Motion with Damping

We shall now drop the assumption that there are no dissipative
forces acting on the particle which is executing simple harmonic
motion. The amplitude of a simple pendulum continuously decreases
with time largely owing to air friction, though if the pendulum were
placed in a vacuum there would still be some damping or decrease in
amplitude due to the lack of perfect rigidity of the supports.

For relatively small velocities of the moving particle it is a fairly
accurate assumption that the damping force is proportional to the
velocity of the particle. This damping force always opposes the
motion or is in the opposite direction to the velocity. Thus, if the
velocity of the moving particle is v, the damping force may be set
equal to —Rv where R is a constant, namely the damping force per
unit velocity.

Tf at some instant of time the mass m has a displacement y from its
equilibrium position and a velocity 3, then by Newton’s second law the
equation of motion of the mass m in Fig. 5.1 is

my = —ky — Ry

where —ky is the restoring "}o/rce due to the spring and — Ry the damp-
ing force opposing the motion. Thus

my + Ry + ky =0 (5.25)

This is a linear homogeneous differential equation of the second order
with constant coefficients. It is a linear equation because it contains
no powers of y higher than the first; it is homogeneous because it
contains no term independent of y or its derivatives; it is of the second
order because its highest differential is of the second order. Such
equations can be solved relatively simply by assuming an exponential
relationship between the variables y and ¢ such as

y = CeM (5.26)

where C and \ are constants depending on the particular problem.
By differentiation of Eqn. 5.26
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7 = \CeM
and

¥ = \Ce™
Substituting these values in the equation of motion, Eqn. 5.25, we
have the auxiliary or characteristic equation

mA\2+ RN+ k =0
Thus the solution of this equation is

_~R+VE —4mk_ R _ [E &k

A 2m 2m am?® m

The displacement of the mass m at any time ¢ is
y = & I (AT G | g~ T (5.97)

where A and B are the constants of integration required to satisfy a
second-order differential equation.

Equation 5.27 presents three distinct cases according to whether
R?%/4m? is greater than, equal to, or less than k/m. These correspond
physically to the following situations.

R? k

® T m
In this situation the damping force is large compared to the restoring
force. This results in the displaced mass coming slowly to the equilib-
rium position but not passing it. The system is said to be overdamped.
R? k
b —_— = =
®) am® m
In this the displaced mass comes to its equilibrium position in a
minimum time and does not pass beyond the equilibrium position.
The system is said to be critically damped.
R? k

—_— <
am?® " m

(@)

Here the damping force is relatively small compared to the restoring
force. The motion of the mass m is oscillatory with the amplitude
decreasing with each oscillation. This is called damped oscillatory
motion.

We shall now discuss each of these cases.
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6.8 Overdamped Motion: R?* > 4km

For this condition the radical is real and the solution is that given by
Eqn. 5.27. The constants of integration A and B are determined from
the initial or boundary conditions. Let us assume these to be that at
time ¢ = 0, y = yo and ¥ = 0. That is, the mass m starts from rest
with an initial upward displacement of -y,. Substituting these
values in Eqn. 5.27 yields

Yo = A + B
Differentiating Eqn. 5.27 and for convenience replacing

V/(R*/4m?) — (k/m)

by a«, we have

R 9, 9
= - ﬁ e—(lf/..m)t(Aeal + Bc-—at) + e—(n/_m)t(Aaeat — Bae_"‘)

Substituting y = 0 at ¢ = 0 gives

0=—£(A+B)+a(A—B)
2m

or

Ev_4_p

2m a

Thus the quantities (A + B) and (A — B) can be determined so that
A and B can be found. RatheT than carry this out with symbols we
shall take a numerical example.

Example of overdamped motion. Suppose that a spring has a force constant of
2500 dynes per cm, a damping force constant R of 1000 dyne sec per ¢cm, and a
mass of 25 gm hung on the lower end. The problem is to find the displacement y
at any time ¢ if the mass is started from rest 5 cm below the equilibrium posi-
tion. First we must check whether the motion is overdamped or whether R? is
greater than 4km. Substituting these numerical values gives R? = 10° and
4km = 2.5 X 10° g0 that the motion 18 overdamped and Eqn. 5.27 is directly
applicable. From the data

k
R _ 20 sec™! = 100 sec™2

2m
)
4%12 —% = /300 = 17.3 sec™! (approximately)

Substituting these numerical values in Eqn. 5.27 gives

y = e—zoc(Aen.n + Bc‘“'")
= Ae~2Tt 4 Bem¥H
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The second term is negligible for anything but exceedingly small values of i.
Nevertheless we cannot neglect it at present. From the initial condition that
y=—~5cmatt=20

-5=A+B

Also
§ = —2.74¢7 %" — 37.3B¢ ¥
Fory=0att=0
0= —274 — 373B
These equations give
A = —5.39 cm B = 0.390 cm

Thus the displacement at any time 7 is

y = —5.39¢72 7 + 0 390¢¥7-¥
The graph of this equation is shown 1 Fig. 5.7a.

6.9 Critically Damped Motion: R? = 4km
In this case Eqn. 5.27 for the displacement reduces to
y = 6—(R/2m)t (A + B)

Since the two constants A and B are multiplied by the same time factor
they are really equivalent to one constant and as such this equation
does not satisfy the second-order differential equation requirements.
The solution for this condition found in most texts on differential
equations, is

y = (4 + Bt)e~®/2m (5.28)

That this is a solution may be readily verified by substituting it in
the original equation of motion, Eqn. 5.25. The constants of inte-
gration, A and B, are obtained from the initial conditions as seen in
the following example.

Ezample of critrcally damped motion. Let us take the data of the previous
example, namely, k = 2500 dynes per cm; m = 25 gm; and, at t = 0, y = 0 and
y = —5 cm. First we must find the value of R, required for critical damping.
Substituting these values in the equation R.? = 4km, we have

R = 25 X 104
or
R, = 500 dyne sec per cm
and

2RT; = 10 sec™!

Thus the displacement at any time ¢ is
y = (4 + Bt)e™ 1%
Substituting the values y = —5 cm at ¢ = 0 sec gives
A = —b
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Also
§ = Be™1% — 10(A + Bp)e1%

and using y = 0 at ¢ = O gives
0=B— 104

Thus A = —5 cm and B = —50 cm per sec. The displacement y at any time ¢
for the critically damped motion 18

y = —B5e %1 + 102)

The graph of this equation 1s given in Fig. 5.7b. Comparison of graphs a and b
in Fig. 5.7 shows that when the motion is eritically damped the mass m reaches its
equilibrium position in a shorter time than when the damping 18 larger.  Although
theoretically 1 both cases the equilibrium position 18 not reached until after an

Displacement

F1a. 5.7 Graph of displacement of mass m on the end of the spring plotted against
time. (a) Overdamped motion. (b) Critically damped motion. (¢) Damped
oscillatory motion.

infinite time, nevertheless for all practical purposes the displacement becomes very
close to zero in a finite time. For any damping constant less than 500 dyne sec
per cm in our particular example the motion becomes oscillatory. This type of
motion we shall now investigate.
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6.10 Damped Oscillations: R? < 4km

In this case the radical V'E?/4m? — k/m is the square root of a
negative quantity and is therefore imaginary. To overcome this
difficulty we shall make use of the V' —1 represented by the symbol j.
Thus Eqn. 5.27 {or the displacement becomes

y = e VI [ AoV G/m) = (B Imi)t 4 Be—rv b/m)— (BYAmMY]  (5.29)

For convenience we shall put
VB,
m am? °

The appropriateness of the symbol «" will appear later when it will be
shown to be an angular velocity. Now by Euler’s theorem

et = cos w't + j sin o't
et = cos w't — jsinw't
With these relationships Eqn. 5.29 becomes
y = e ®(A 4 B) cos w't + j(A — B) sin 'f]
For convenience let
A+ B)=C and j(A—-B)=D

Then
y = ¢RI ((Ycos w't + D sin w't)
or
y = Ke ™™ cos (o't — ¢) (5.30)
where

Kcoso¢ =C and Ksing =D

The two constants of integration determined from the initial condi-
tions are A and B or C and D or K and ¢. Which pair is used is
immaterial though Eqn. 5.30 with K and ¢ is often the most con-
venient. From this equation it may be seen that the motion is
oscillatory, having a period of P = 2r/w’. Note that the period of
oscillation with damping is larger than that without damping. The
amplitude of the motion is continuously decreasing owing to the fac-
tor ¢~*¥?™ which is called the damping factor. The principal features
of this motion are given in the following example.

Ezample of d d llahon. Again we take the data of the previous proh-

(d

lem: k = 2500 dynes per cm, m = 25 gm; but now the damping constant R is
equal to 100 dyne sec per cm. The initial conditions are: at { = 0, y = —5 ecm
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and y = 0. To be sure that these data correspond to oscillatory motion we must
show that R2is less than 4km. Since R? = 10 and 4km = 2.5 X 105, the motion
is oscillatory and Eqn. 5.30 is applicable. From the data

k R?
o = el R V96 = 9.80 sec™! (approximately)

and
L3 —1
om = 2 sec
Thus Eqn. 5.30 becomes
y = Ke™% cos (9.80t — ¢)

Substituting the initial conditions y = —5cm at ¢ = 0,

K cos ¢ = —5
Also
y = —2Ke % cos (9.80t — ¢) — 9.80Ke™ % gin (9.80t — ¢) (5.31)

Att =0,y = 0. Hence
0 = —2K cos ¢ + 9.80K sin ¢

Thus
1 ——2— = 0.204
an ¢ = 98 = U.
and
¢ = 11° 32’ or 191° 32’
Also
K=-— 5
cos ¢

T ¢ = 11° 32', then K = —5/0.980 = —5.10 cm, whereas if ¢ = 191° 32/, then
K = —5/—0.980 = +5.10 cm. Either value of ¢ can be substituted, but the
appropriate sign for K must also be used. Thus we see that the displacement
can be written either

y = —5.10¢~2 cos (9.80¢t — 11° 32’)
or

y = 5.10e"% cos (9.80¢ — 191° 32’)

If the angle ¢ is stated in degrees, then it 1s probably more convenient for purposes
of calculation to express the 9.80¢ in degrees than in radians

1 radian = 57° 17’ 46"’ = approximately 57.3°
and

9.80¢ radians = 561.5%
The displacement y at any time ¢ 18
y = —5.10e~% cos (561.5°% — 11.54°) (5.32)

A simple check on this equation is to see whether the displacement is —5 cm at
t = 0. In order to plot the displacement curve shown in Fig. 5.7c it is well if
'one determines the period P of the oscillations:

2r 2r

Pa:,-m=064lsw
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We can then determine at what times the displacement is zero. These times are
obtained by setting the cosine function equal to zero. Thusy = 0 when 561.5° —
11.54° = 90° 270° « - - (2n 4+ 1) 90° where n is any integer. From this it
follows that at times of approximately 0.181, 0.501, 0.822, 1.14 sec the displace-
ment is zero. Since displacements are zero every half-period, once the first time
of zero displacement has been determined, successive times are found by adding
0.3204 sec successively.

It might appear at first sight that maximum values of the displacement would
be obtained by setting the cosine function equal to unity. However, this is not
correct, for the maximum values of the displacement occur when the velocity
y is zero. From Eqn. 5.31 for the velocity  at any time ¢, it follows that y = 0
when

tan (9.80t — ¢) = — 9——35 = —0.204

The angles having a tangent of —0.204 are —11°32', 180° — 11° 32/, 360° —
11°32', ete. Hence the times of maximum displacement occur when the term
(561.5°% — 11° 32') is equal to one of the above angles, as when

561.5t = 0, 180, 360, etc.
or

t = 0, 032, 0.64, 0 96, etc.
Notice that these times are not exactly midway between the positions of zero
displacement as would be given by setting the cosine function equal to unity.
The values of y for these times can now be calculated, and a graph may be filled in
free hand with a fair degree of accuracy. A partial table of these values is given
below.

TABLE 3
t cos (561.5° — 11.54°) ¢~ 2 y
0 000 0 985 1 000 -5 000
0 181 0 000 0 000
0 321 0 979 0 527 +2.630
0 501 0 000 0.000
0 641 0 978 0 278 ~1 385

The graph of this damped oscillatory motion is shown in Fig. 5.7c. It is not a
true cosine curve partly because of the negative exponential factor e—?¥2™  For
this particular example the larger the value of R, up to the critical value of 500
dyne sec per cm, the more warped the curve becomes.

56.11 The Logarithmic Decrement

The amplitude of the oscillations decreases with time owing to the
exponential or damping factor ¢ *¥/?™, This decrease in amplitude
is often expressed in terms of the logarithmic decrement 8, which is
defined as the natural logarithm of the ratio of two maxima a period
apart.

Y Ke ™™ cos (w't — @)
6 = log. Yerr = log, Ke— ®am) @t+r) oqq '+ P) — ¢] (533)
RP/2m __ E_I_’

2m

= log. €
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For the example given above, the value of the logarithmic decrement
o is
RP 100
6= om = 50 X 0.641 = 1.282
This value may also be obtained by taking the natural logarithm, or
2.303 times the logarithm to the base 10, of two maxima a period
apart.

65.12 The Energy Equation with Damping

Since the amplitude decreases with time, it follows that the mechani-
cal energy of the system is being converted into heat energy through
the agency of the damping force. The rate of dissipation of energy,
or the rate of doing work against the damping force, is

Fy = Ry*

From the law of conservation of energy this must be equal to the rate of
loss of mechanical energy. This statement can readily be proved
analytically by the equation of motion, Eqn. 5.25. Thus

my + Ry + ky =0
Multiplying each term by y gives

myy + Ry* + kyy = 0

or

md o T, kd .,

g W) TR+ 550 =0
The successive terms in this equation are the time rate of change of
kinetic energy, the time rate of doing work by the damping force, and
the time rate of change of potential energy. If the kinetic energy is
denoted by 7, its rate of change by 7, and similarly for the potential
energy V, then

T4+ V= —Rg? ,(5.34)

or the rate of change of the mechanical energy is equal to the rate of
doing work against the damping force. If the damping force is zero,
then
T+Vv=0
or
T+ V = A, where A is a constant

This equation shows that the law of conservation of mechanical
energy applies to an idealized spring oscillating without damping.
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Let us calculate the amount of energy lost in the half-cycle from ¢ = 0.181 to
t = 0.501 sec when the mass on the spring moves from its equilibrium position
to its first maximum and back to the equilibrium position. Calling the points
of zero displacement corresponding to the times given above A and B, we have
for the loss of kinetic energy during the half-cycle

Ta— Tz = dmya® — dmys?
From Eqn. 5.31 for the velocity 7, it follows that 32 is given by

9?2 = K% %4 cos? (9.80¢ — ¢) + 9.80% sin? (9.80/ — ¢)
+ 392 sin (9.80t — ¢) cos (9.80f — ¢)]

Now at times 74 and {5 the value of the cosine terms are zero and of the sine terms
unity. Substituting numerical values:

$mya® — dmya® = 3F X 5.10% X 9.80%(¢ 0 724 — g2 004)
= 10,929 ergs

This loss of cnergy 18 equal to the work done aganst the damping force. From
Eqn. 5.834 we have
d(T +V) = —Ry?dt

At the points A and B the potential energy is zero since the displacement is zero.
Hence by integration

A4 .
Ta—Tr = —j;] Ry?*dt

Now this integral which represents the work done against the damping force can be
evaluated from mathematical tables, and it will be found to be equal to the loss
in kinetic energy in the nterval.

It is interesting to note that the maximum kinetic energy does not occur at the
times corresponding to zero displacement but slightly before these times. You
will be asked to evaluate these times in a problem at the end of this chapter.

6.13 Forced Oscillations of a Damped Oscillator

In every oscillating system there is dissipation of mechanical energy,
and consequently, if the oscillations are to be maintained indefinitely,
energy must be supplied to the system. The slowly falling weight in
a grandfather’s clock or the spring in a watch or clock are means of
supplying energy to the system to maintain the oscillations. In these
the energy is supplied by some mechanism which produces a periodic
driving force.

Suppose that a spring is subjected to a periodic force Fy cos wf,
where F is the maximum value of the applied force and f = w/2r is its
frequency. Then for a mass m hung on the lower end of a spring
whose force constant is k¥ and whose damping constant is R the equa-
tion of motion is

mjj + Ry + ky = Focos wt (5.35)
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Once a steady state is set up, the system will oscillate with the same
frequency as the applied force. This is a necessary physical condition
of the oscillations. Let us therefore try as a solution of Eqn. 5.35

y = A cos (wt — 6) (5.36)

where 0 is the angle by which the displacement y lags behind the
impressed force Fycos wt and A is the amplitude of the oscillations.
By differentiation of Eqn. 5.36 we have

g = —Awsin (of — 6)
j = —Aw?cos (wt — 0)
Substituting these values in Eqn. 5.35 and collecting terms gives

cos wt(—mw?A4 cos 6 + RwA sin § + kA cos § — Fy)
+ sin wt(—mw?A sin § — RwA cos § + kA sin 6) = 0

If this equation is to be satisfied for all values of the time ¢, then the
coefficients of the cos wf and of the sin w! terms must each be zero
Hence
A cos 0(k — mw?) + RwAsing — Fg =0 (5.37)
and
—RuwA cos 6 + A sin 0(k — mw?) =0 (5.38)

From Eqn. 5.38 the phase angle § between the displacement and the
applied force is given by
wk

— mw?

tan 6 = 3 (5.39)

From Eqn. 5.39 it follows that
wR

\/(wR)z.-:—(—;r — mw?)?

sinf =

and
f = k — mo? B
V(wR)? + (k — mw?)?
Substituting these values in Eqn. 5.37 gives for the amplitude A of the
oscillations

cos

Fo

A= (5.40)
V(k - mo?)? + (wR)*?
Hence the solution given by Eqn. 5.36 may be written
v Fgcos (vt — 6) (5.41)

T Vi = mo): + @R)?
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That this is a solution of the equation of motion, Eqn. 5.35, may be
verified by substitution. However, it cannot be a complete solution
since it contains no arbitrary constants. The equation of motion,
Eqn. 5.35, is a linear, second-order, inhomogeneous differential equa-
tion with constant coefficients. The inhomogeneity arises from the
term Fg cos wi, which does not contain the dependent variable y or
any of its derivatives. The related homogeneous equation is Eqn.
5.25, which does not contain the applied force term. In the theory of
differential equations the related homogeneous equation is called the
auxiliary equation and its solution the complementary function. The
complementary function in this problem is Eqn. 5.27. A solution of
the inhomogeneous equation is called the particular integral and is
given above in Eqn. 5.41. The complete solution of an inhomogeneous
equation is the sum of the complementary function and the particular
integral. The proof of this follows from the linearity of the differential
equation.
If ¥, is the complementary function or a solution of

my + Ry + ky =0

and ¥» is the particular integral or a solution of Eqn. 5.35, then the
complete solution of Eqn. 5.35 is the sum of these or

y=y+Yy2
For this to be a solution

myr + Ry1 + ky: + mys + Rys + kys — Focoswt = 0
and this follows from the fact that

myr + Ry1 + ky, = 0
and
my“2+R:l}2+kyz —‘Focoswt =0

For this problem, in which the independent variable is the time ¢,
the complementary function is called the transient solution inasmuch
as its value decreases with time owing to the damping factor. The
particular integral is called the steady-state solution. Thus the com-
plete solution of our problem is the sum of the transient solution y;
and the steady-state solution y,. The initial or boundary conditions
must be applied to the complete solution:

y=yl+yu

The choice of the solution for the transient depends on the particular
value of the damping force constant B. An example will probably
make this point clearer.
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Ezample of a forced oscillation. Let us use the data for the spring of the previous
problem, namely k = 2500 dynes per cm, m = 25 gm, and a damping constant R
of 200 dyne sec per cm together with an applied force Fo of 12,500 dynes having a
frequency corresponding to w = 8 radians per sec. The problem is to find the
digplacement y at any time ¢ if, at time { = 0,y = O0and y = —5 em.

First we must examine the transient solution and determine whether this motion
is overdamped, critically damped, or oscillatory This depends on the relative
sizes of k/m and R?/4m® From the data we find that

2
L 100 sec™2 E; = 16 sec ™2
m 4m
Since k/m is greater than E2/4m? the motion 1s oscillatory and the solution is
given by Eqn. 5.30. Thus

Y = Ke ¥ cog (o't — ¢)

k R?
o =4 ,a i /84 = 9.17 sec™! (approximately)

The steady-state solution is given by Eqn. 5.41, and the phase angle 6 is given by

where

tan 6 = = 1.778

.
k — mo?
and
6 = 60° 39’ = 1.058 radians
The complete solution using the numerical values is
y = Ke % cos (9 17t — ¢) + 6.80 cos (8¢t — 1.068)
The initial condition y = —5 coaat ¢ = 0 gives

—~5 = K cos ¢ + 6.80 cos (1.058)
or
Kcos ¢ = —5 — 3.33 = —8.33 cm

Also

g = —4Ke ¥ cos (9.17t — ¢) — 9.17Ke~* sin (9.17t — ¢)
—8 X 6.80 sin (8¢t — 1.058)
At ¢ =0,y = 0. Hence

0 = —4K cos ¢ + 9.17K sin ¢ + (54.4 X 0.872)

or
. (—47.44 — 33 32)
- Y~ B8
K sin ¢ 017 8.81 ¢cm
Henoce
tan ¢ = 1058

and

¢ = 0.810 radian = 46° 36’
or

¢ = 3.952 radians = 226° 36’



DISPLACEMENT AND APPLIED FORCE 135

and

K = 1/ (881)% + (8.33)? = +12.12

Now K sin ¢ is a negative quantity. Hence, if we choose the angle ¢ as 46° 24/,
then we must take the negative value of K. This is consistent with K cos ¢
being negative. Hence the displacement of the mass m from 1ts equilibrium
position at any time ¢ is

y = —12.12¢7% cos (9.17t — 0.810) + 6.80 cos (8¢ — 1.058)
where all the angles are expressed in radians We see that the first term of this

equation representing the transient decreases rapidly with time, for after 2.5 sec
the factor e~ is equal to 0.00005 of 1ts value at zero time. After a few seconds

y

IWANAWA
AR

Fia. 5.8 The displacement y of a spring undergoing forced oscillations plotted
against the time ¢.

T

I

T

T

the contribution from the transient term 1s effectively zero, and then only the
steady-state term remains, which has the same frequency as the applied force.
In the steady state the displacement y lags behind the applied force by 1.058
radians or 60°39’. A plct of this motion is shown in Fig. 5.8. From this 1t
can be seen that the effect of the transient is negligible after about 1 sec.

6.14 Phase Difference between Displacement and Applied Force

As we have seen in Eqn. 5.36, the displacement y of the mass m in the
steady state of motion lags behind the applied force by an angle 8
which is given in Eqn. 5.39 as

tan § = kTme? (5.39)
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The quantity v k/m is the angular velocity wo of the system vibrating
without damping. This we shall call the natural angular velocity of the
undamped simple harmonic motion of the system, and the correspond-
ing frequency fo is

wo _ 1 \/E (5.42)
Jo 2r 2r Vm
With this notation the phase angle 6 may be written
R
tan § = ——; IR (5.43)

m(we’ — @) 2em(fo’ — 1)

where f is the frequency of the applied force.

R = 0 dyne sec per cm
180~ pe
R=50
150 I~
R =500
120
[}
90_
60_
30_
1 |
0 L—
£ 2f, 3f, f

Fia. 5.9 Lag of the displacement 6 behind the applied force plotted against the
frequency f for different values of the resistance force constant.

As the applied frequency f is increased from zero to the natural fre-
quency fo of the system, the phase angle 0 increases from zero to 90°.
When f is larger than fo, then tan 6 is negative and 6 increases beyond
90° and approaches 180° as f becomes very large compared to fo.
Thus, when the applied frequency is very large, the displacement lags
behind the impressed force by 180°. In other words the displacement
and the force are in opposition.

The change in phase with frequency is shown in Fig. 5.9 using the
data for the spring problem given earlier, namely m = 25 gm, k = 2500
dynes per cm. Three values of the damping constant R are used: 0,
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50, and 500 dyne sec per cm. The natural frequency f, of the system is

fo= i % = -1-22 = 1.59 cycles per sec

When R is equal to zero, the angle 6 changes abruptly from 0 to 180°
where the applied frequency f becomes equal to the natural frequency
fo of the system. The proof of this is given as a problem at the end
of the chapter.

The lag of the displacement relative to the applied force can be
simply demonstrated by swinging a meter stick, as a pendulum, about
an axis near one end. If the axis is oscillated horizontally, then we
notice that the displacement of the lower end is in an opposite direction
to the applied force when the frequency f of the applied force is
greater than the natural frequency fo of the stick. Initially the dis-
placement is in the same direction as the applied force, and it is only
later when the steady state is set up that the displacement is in the
opposite direction to the applied force.

6.16 Displacement Resonance in Forced Oscillations

The amplitude of the steady-state oscillations varies with the fre-
quency of the impressed force. There is some frequency called the
resonance frequency at which the amplitude becomes a maximum.
This resonance frequency can be recognized in many vibrating sys-
tems. Automobiles, especially the oider types, frequently have some
part which vibrates violently at a particular speed. Below or above
this speed the vibrations are small and usually not noticeable. In
some cases such as the marching in step of soldiers crossing a long
bridge the increase in amplitude of the vibrating system may produce
disastrous results, whereas in a child’s swing or the tuning of a radio
a large amplitude may be what is desired. If two tuning forks of the
same frequency are placed close together and one is set in vibration,
the other will commence to vibrate. There are important examples of
resonance in sound and in light. In fact resonance can occur in any
system capable of vibrating unless the damping force is too large.

The amplitude A of the oscillations at any applied frequency
f = w/2x is given by Eqn. 5.40 as

= FO
V(k — mw?)? + (0R)*

The angular velocity, ,w,, at which the displacement has its maximum
amplitude, or at which there is displacement resonance, can be found

A



138 FREE AND FORCED HARMONIC OSCILLATIONS

either by plotting A against w and determining the value of w at which
the maximum amplitude occurs or analytically by determining the
value of w at which d4/8w = 0. This we find gives d4/0w = 0 when

R? — 2km + 2m%w,? = 0
Thus
k R?
ry = 2mfy = \/; ~ o (5.44)
From this equation we see that there can be no resonance if R2/2m? is
greater than k/m; that is, if the damping of a system is large, then the
amplitude A continually decreases as w increases.
Figure 5.10 represents the variation of amplitude with w for the data
given in the earlier problem, namely m = 25 gm, k£ = 2500 dynes per
cm, and Fy = 12,500 dynes. The smaller the value of R, the sharper

4

30

R = 0 dyne sec per cm

0 l ] l |
0 5 10 15 20 w

Fia. 510 Variation of the amplitude A plotted against the angular velocity « of
the forced oscillations—displacement resonance.
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the resonance or the tuning of the circuit to the applied force. Equa-
tion 5.44 shows that the resonance frequency varies with the value of
the damping force constant B. It can be seen from Eqn. 5.40 that
the amplitude becomes infinite when the applied frequency becomes
equal to the resonance frequency and the system has zero damping.
When the damping constant R is not zero and v = ,w,, then thereisa
maximum amplitude of ,4,. The amplitude at which resonance takes
place is

F
Ay = P
B /(& _ _Iﬁ)
m  4m?
5.16 Velocity Resonance in Forced Vibrations

The velocity of the moving particle attached to the spring executing
forced vibrations varies from zero to & maximum in a manner some-
what similar to the displacement. However, the frequency of the
applied force that produces the maximum velocity is not the same as
that which produces the maximum displacement. We shall now
determine the frequency necessary to produce the maximum value of
the velocity, or to produce velocity resonance.

The velocity y of the moving particle in the steady state at any
instant of time is given by differentiating Eqn. 5.41. Thus

_ ~Fow sin (w0t — 6)
V' (k — mo®)? + (wR)?

The amplitude of the velocity 4 is the maximum value of 3 obtained
by setting the sine term equal to unity.
A= Fow

V(k — ma®)? + (wR)?

(5.45)

]

(5.46)

In order to obtain the frequency at which the velocity amplitude A4 is
a maximum one finds (94/dw) and sets the result equal to zero.
Carrying this out we find that 84 /dw = Owhen (k — mw?) = 0. Thus
the angular velocity, ,w,, required for velocity resonance is given by

oy = \/% (5.47)

This is the value of the angular velocity of the natural oscillations of
the free system without damping as given in Eqn. 5.10. The maxi-
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mum velocity A is obtained from Eqn. 5.46:

. F
Ay = E" (5.48)

It is interesting to note that the angular velocity at which velocity
resonance occurs does not depend on the damping force whereas it

A

250 |- | R = 0 dyne sec per cm

R =50

100 —

50—

ry

1 | _l

0 |
0 5 10 15 20 @

Fia. 5.11 Variation of the velocity amplitude A plotted against the angular
velocity w of the forced oscillatic velocity r

does for displacement resonance. Of course the value of the velocity
at velocity resonance does depend on the damping force as given by
Eqn. 5.48. Figure 5.11 shows the variation of the maximum velocity
with the frequency of the applied force based on the data of the previ-
ous problem.
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5.17 Phase Relations between Displacement and Velocity

In the steady state of the applied force oscillations the displacement
and velocity differ in phase by 90° as may be seen from the appropriate
equations. For the steady state the displacement is given by

y = A cos (wt — 6)
and the velocity by
9y = —Awsin (wf — 8)

Aw cos (wt — 0+ g)

Thus at any time the velocity leads the displacement by 90° as it does
for simple harmonic motion.
For convenience let § — (x/2) = v. Then
-1
tan v

tan 6 =

and
¥y = Awcos (wt — ¥v)

Since by Eqn. 5.39 we have

ol
tan 6 = k——-—_ mat
then
2
-k
tany = = % (5.49)
wR

Since the applied force at any instant of time ¢ is given by F = F,
cos wt, it follows that the velocity lags behind the applied force by the
angle v.

The angular velocity at velocity resonance is

so that when the applied force has this angular velocity
tany =0 and y=0

That is, at velocity resonance the velocity and applied force are in
phase whereas the displacement lags behind the applied force by 90°.
Velocity resonance plays an important role in the theory of alternating-
current circuits since the current in such a circuit is analogous to the
velocity in a mechanical system.
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5.18 Energy Relationships in Forced Oscillations

In the steady state energy is being supplied to the oscillatory system
by the applied force Fgcos ot and is being dissipated through the
agency of the damping force. From the general law of conservation
of energy it must follow that in the steady state of motion the rate at
which energy is being supplied to the system is equal to the rate at
which it is being dissipated. We shall now prove this analytically.

The instantaneous value of the time rate of doing work W or the
rate at which energy is being supplied to the system is the product, of
the force and velocity at the same instant of time or

W = gF, cos wt
= AwF, cos (wi — v) cos wt

= AwFy(cos? wt cos v + 3 sin 2wt sin ¥) (5.50)

The average value of W over a complete cycle or several complete
cycles may easily be obtained from the above expression. As was
proved earlier in section 5.3 the average value of cos? wt over a complete
cycle or period is 24 and the average value of sin 2wt is zero. Hence the
average rate at which energy is supplied to the system is

W= AwFgcosy
2
This expression may be rewritten in different terms by substituting the

value for A from Eqn. 5.40 and noting that Eqn. 5.49 gives for cos v the
value

(5.51)

cos y = ok
V(mw? — k)? + (oR)?
Hence
2 2
W= -Fl—éc—;%u' (5.52)

where v is the angle by which the velocity lags the applied force.
The variation of W with the angular velocity or frequency of the
applied force is shown in Fig. 5.12 using the data of the earlier problem.
Since at velocity resonance the angle v is zero, it follows that at this
resonance frequency the power supplied to the system is a maximum.
This is to be expected, since at this frequency the velocity and kinetic
energy have their maximum values.

The instantaneous rate of dissipation of energy D is the instan-
taneous rate of doing work against the damping force. The rate of



ENERGY RELATIONSHIPS IN FORCED OSCILLATIONS 143

-
WA
150 |~ n
R =50

100 |~

B N\

100) R =200

0 1 ! >

0 10 20 w

F16. 5.12 Average rate of dissipation of energy W plotted against the angular
velocity w of the forced oscillations.

doing work against the damping force is the product of the damping
force Ry and the velocity 7 at the same instant. Thus

D = Rj?
= RA%w? cos® (wt — v) (5.53)
The average rate of dissipation of energy over a complete cycle is

RA%?
2

D= (6.64)

which by substituting for the amplitude A gives

_ Fy?cos?y

D="3¢

As predicted from the law of conservation of energy this is equal to the
power supplied to the system by the applied force.
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65.19 Forced Vibrations in Other Fields of Physics

Since almost every branch of physics deals with motion of some kind,
it is not surprising that some of the ideas developed for mechanics are
of value in other branches of physics. It is neither desirable nor
possible to present a long list of such examples in this text nor to give
the complete theory in any one example. Frequently some of these
systems are considered as analogous to a mechanical system. How-
ever, though analogies are very useful one has to be careful. Often
analogies are drawn on the basis of the similarity of equations and not
on fundamental concepts. For instance it is common in alternating-
current theory to consider the inductance L as analogous to the mass
m in the mechanical case, the capacitance C to the elastance 1/k or the
inverse of the force constant of the spring, the current ¢ to the velocity
9, the charge ¢ to the displacement y, the resistance R to the damping
force constant R, or the electromotive force E to the force F. These
analogies are based on the similarity of the equations of motion, for
the fundamental concepts in electricity are not the same as those in
mechanics nor are they the only possible set of analogies.

The following examples may be omitted without any loss to the sub-
ject of mechanics.

a. An alternating-current seres circust. Let us consider a circuit composed of a

resistance R, an inductance L, and a capacitance C placed 1n serics with an alter-
nating electromotive force of Eg cos «f, Fig. 5.13. An alternating current is set

R L C

A
&

E = E, cos wt

F1a. 5.13 An alternating current circuit consisting of a resistance R, an inductance
L, and a capacitance C placed in series

up in the circuit, and, if at any instant of time the current 1s ¢, then by Kirchoff’s
laws the equation for this circuit is given by

, di 1
R1+th-+-a[zdt=-Eocoswt (5.55)

Since the current ¢ may be considered as the time rate of change of the charge at
any point in the circuit, then
dg
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and Eqn. 5.55 may be written in terms of the charge g as

d2
L#+R%+%-Eom«¢ (5.56)

This is an inhomogeneous linear differential equation of the second order similar
to Eqn. 535 for the forced oscillations of a spring. The analogous quantities
mentioned above are immediately obtained by comparing Eqn. 5.35 with Eqn. 5.56.
Since 1t 18 the current : with which one is usually concerned in an electrical

circuit, then we must compare this with the velocity 3 of the oscillating mass. The
resonance angular velocity ,w, given by Eqn. 5.47 becomes for this electrical
circuit

™ = NIc
or

1 1
rf v = % c (5.57)

where ,f, is the resonance frequency at which the current reaches its maximum
value. The value of this maximum current I, given by the analogous Eqn. 5.48 is

E
Iy = 7§ (5.58)

In alternating-current theory the so-called root-mean-square values of current and
voltage are used If these are denoted by 7 and E respectively, then by the
definition of the root-mean-square values

1= 1—0_ = 0.7071,

V2

and
E = 0707E,
so that Eqn. 5.58 may be wrnitten
E
I ==
R

When the frequency of the spplied voltage is the resonance frequency given above,
then the phase angle v, Eqn. 5.49, is zero, that 1s, the applied voltage and current
are in phage at every instant of time

When the applied voltage E has an angular velocity w, then from Eqn. 5.46 the
current [ is given by

Eo

2 5.69
\/(‘5 —w) + WR)? ®59

In the electrical case one is interested in the impedance Z of the circuit, which is
the ratio of the current to the voltage, or

I=
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1 D
‘\f (— - Lw’) + (wR)? H 5.60)
Z = E = c = R? + ( — .:.l.) (
1 wC

2]

The angle v by which the current lags behind the apphed voltage is given by Eqn.
5.49:
mw? —k Lo?— (1/C) Lw— (1/oC)

wR wR R (6.61)

tan v =

If one cares to follow this analogy further, one can show relatively easily that the
voltage and current are in phase in the resistance, that the voltage leads the cur-
rent by 90° in the inductance and lags by 90° behind the current in the capacitance.
These results are usually represented as in Fig. 5.14. In this diagram the voltage

JwL
I(wL - ;%)
E
¥
IR I
ey

Fia. 5.14 A diagram showing the magnitude and direction of the voltages in an
alternating-current circuit.

drop in the resistance is IR in phase with the current, the voltage drop in the
inductance is ILw, leading the current by 90°, and in the capacitance is I/wC,
lagging the current by 90°.

We could have analyzed the mechanical oscillation system by making use of
imaginaries. Then the applied force F cos w? would be the real part of the quan-

tity Foe’*!, where 7 represents \/ —1. By Euler’s theorem
& = cos wt + j 8in wt

where cos wt is the real part and jsin wt is the imaginary part of the complex
quantity ™!, A complex quantity such as 2 4 3; can be represented graphically
by employing an axis of reals and an axis of imaginaries as shown-in Fig. 5.16. In
this mode of representation, multiplying a real number by j corresponds to rotating
the point through 90°, multiplying by 72 or —1 to rotating the point through 180°,
multiplying by j® to rotating the point through 270° and by j¢ or +1 to rotating
the point through 360° or 0°. Thus we may represent both the magnitude and
the direction of a complex quantity in the complex plane.

For example, the voltage drop in the resistance R is /R in phage with the current,
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the voltage drop in the inductance is written (jwL)I and leads the current by 90°,
and the voltage drop in the capacitance is written as —jI/wC or I/juC. The
applied voltage £ may then be expressed as

. J
E=] (R + jwL wC’) (5.62)
The magnitude of the impedance Z of the circuit is given by Eqn. 5.62, and the

phase angle by Eqn. 5.61. This mode of representation is very convenient for
expressing both the magnitudes and phase relations of current and voltage.

n
£ =35 *(2+3))
£
®
E-2j
k]
Edad
Axis of reals
] | ] ! ] |
-3 =2 -1 1 2 3
=7

1=y -2

F16.5.15 Representation of complex quantities on a plane having axis of reals and
axis of imaginaries.

b. The damping of a gal ter. 'This is an example of the free oscillations
of a galvanometer coil. In the ballistic galvanometer a quantity of electricity
is discharged quickly through the coil of the galvanometer. A torque due to the
electromagnetic forces is exerted on the coil which causes a deflection. 1f 6 is the
angular deflection of the coil at some 1nstant of time, then the equation of motion
of the coil at this instant is

d?% do
—_— = —ph— — ch X
I—h=—bo = (5.63)

In this expression c@ is the torque due to the twisting of the suspension of the coil
through the angle 6 and c 1s the torsion constant of the suspension, b(d6/dt) is the
torque due to the damping of the coil which has an angular velocity dé/dt at the
particular instant, I d26/d:? is the product of the moment of inertia of the coil
about its axis of oscillation, and d20/d¢? is its angular acceleration. This motion is
damped simple harmonic motion as is seen by comparing Eqn. 5.63 with Eqn. 5.25.
Just as in the linear motion of the spring, so in the angular motion of the coil the
motion may be overdamped, critically damped, or damped oscillatory. Which of
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these three types of motion results depends on whether b? is greater than, equal
to, or less than 4cl.

Let us suppose that the galvanometer is so constructed as to produce damped
oscillatory motion. Then in the ballistic case the initial deflection is smaller than
it would have been without any damping. The deflection without damping can
be calculated from the initial observed deflection by means of the logarithmic
decrement 8. The logarithmic decrement is the natural logarithm of the ratio
of two maxima a period apart. In the linear case § is given by Eqn. 5.33 ag

5= —

2m
and this corresponds in the galvanometer problem to
bP

§ = —

21

In general the quantities b and / cannot be calculated separately, but by observing
successive maximum swings the value of  may be obtamned. Suppose then that §
is known for the galvanometer. If 6y is the initial observed deflection and since
it takes a quarter of a period P /4 to go from the central undeflected position to 6,
then the deflection 69, which would have occurred had there been no damping, is
given approximately by

or
B = 0174 (5.64)

c. Dispersion theory in light and z-rays. In the dispersion theory of light and
x-rays it is assumed that the electric field of the electromagnetic wave falling on a
substance acts on the electrons of the atoms of the substance. The electrons are
displaced from theirr normal positions, causing the electromagnetic wave to be
refracted. This refraction is measured in terms of the refractive index. The
refractive index varies with the frequency of the electromagnetic wave, and it is
the object of the dispersion theory to provide a relationship between the refractive
index and the frequency.

Let us assume the electron to be a point charge having a mass of m gm and a
charge of e electrostatic units. If an electromagnetic wave having an electric
field intensity given by Eq cos wt acts on the electron, then a force Ege cos wt is
exerted on the electron. The electron is displaced a distance y from its equi-
librium position, and owing to this displacement a restoring force ky is set up.
Let us further assume that the motion of the electron is not damped. The problem
then is one of forced oscillations without damping.

The equation of motion of the electron is similar to Eqn. 5.35 and is given by

my + ky = Eoe cos wl (5.65)

In Eqn. 5.65 the frequency of the electromagnetic wave producing the forced
oscillations of the electron is f = w/2r.

The solution of Eqn. 5.65 giving the displacement y at any time ¢ is obtained
for the steady state from Eqn. 5.41 as
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- Focos (wt — 68) Focos (wt — 6)
k — me? m(wo® — w?)

eEy cos (2nft — 6)
= 4x2m(fo® )

where wy = 2xfo = A/ k/m and fy is the natural frequency of the electron within
the atom.

In the present example we are interested only in the amplitude of the oscilla-
tions. The displacement y of the electron from 1ts equilibrium position separates
the positive from the negative charge of the atom in such a manner that the atom
becomes an electric dipole. This electric dipole has an electric moment given by
the magnitude of either the positive or the negative charge multiplied by the
distance between the charges. At time ¢{ when the separation is y the dipole
moment of the atom is ey.

Now from electromagnetic theory, by a proof which would take us too far
afield, it follows that the dielectric constant K of a gas having a refractive index n
and N electrons of natural frequency fo per unit volume is

i = g Ny
K=n 1+ R
80 that from Eqn. 5.66, using the amplitude only, it follows that the square of the
refractive index is

(5.66)

Ne?
wm(fo® — f%)

The phenomenon of anomolous dispersion in which the refractive index becomes
very large 1s explained by this theory by assuming that in this region the frequency
f of the electromagnetic waves becomes almost equal to the frequency fo of the
electron in the atom. For many substances it appears that the frequency fo is
much larger than the frequency f of the visible light waves, so that in this region
we may write

n? =1+

Ne?

2 comaaz
'n'"‘l«fo2

nt =1+
and, since the second term on the right is very small for gases, the refractive index

n, by the binomial theorem, becomes
Ne?
=14 —
" + 2rmfo?

PROBLEMS

1. A particle whose mass is 10 gm moves with undamped simple harmonic
motion with a frequency of 5 per second. If the particle starts from rest 5 cm
below its equilibrium position, find:

a. The displacement, velocity, and acceleration of the particle at any time ¢;
plot these quantities on a graph over a time interval of one period.

b. The maximum kinetic and potential energies of the particle.

¢. The velocity, acceleration, kinetic, and potential energies of the particle
when it has a displacement of 3 cm. Show that the total energy of the particle
is the same as that obtained in part b.
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2. A particle is executing undamped simple harmonic motion with a frequency
of 10 per second. Find the displacement y at any time ¢ using the following initial
conditions,

a.t=0;y=A;y = 0.
bt=0;y =0y = —o
c.t=0;y =0;y = +o.
d.t=0;y =3;y =5.

3. The end of one of the prongs of a tuning fork which executes simple harmonic
motion of frequency 200 per second has an amplitude of 0.5 mm. If damping 18
neglected, find:

a. The maximum velocity and acceleration of the end of the prong.

b. The velocity and acceleration of the end of the prong when 1t has a displace-
ment of 0.25 mm.

4. A block is placed on the top of a piston which is executing simple harmonic
motion in a vertical direction. The piston has an amphtude of 5 cm. Find:

a. At what position in the motion of the piston the block is hikely to leave the
piston.

b. The maximum frequency of the piston at which the block will remain con-
tinuously in contact with the piston at all times during the motion.

5. The piston of an automobile has a weight of 4 Ibw and executes simple
harmonic motion with a frequency of 20 per second and an amphtude of 2 1n.
Find the maximum velocity, acceleration, and force of the piston.

6. Suppose that a hole were bored along a diameter of the earth and a particle
whose mass 18 5 gm were dropped into it at the surface of the earth.

a. Show that the particle will execute simple harmonic motion and find its
period.

b. Find the maximum kinetic energy of the particle. Take the radwus of the
earth as 6.37 X 10° cm and its mass as 6.1 X 10% gm. Assume that the earth
is of constant density. ’

7. A particle moves in a circle of radius r with a constant speed ». Show that
the projection of this motion on any diameter is simple harmonic motion with a
period of 2xr/v.

8. A periodic force F given in dynes varies in a manner shown 1n the diagram.
Find the average force acting over a period of 0.4 sec.

8
T

Force, dynes
—
o
o
T

0 —
0 02 04 06 0.8
Time, seconds

ProBLEM 8



PROBLEMS 151

9. A particle whose mass is 10 gm which is free to move in a plane is attracted
towards a fixed point O with a force proportional to its distance from the fixed
point. When its distance from the fixed point is 10 em, the force of attraction is
10,000 dynes.

a. Find the period of the motion.

b. Suppose that the particle 18 started with a displacement of 10 cm from O in the
X direction and a velocity of 20 cm per sec 1n the perpendicular Y direction. Find
the equation for and plot the path of the particle.

c. Suppose that the particle 18 started with a displacement of 10 ¢cm from O in
the X direction and a velocity of 20 cm per sec in a direction towards the fixed
point at an angle of 60° with the X axis. Find the equation of the path and plot
this.

10. Electrons in an oscilloscope are deflected by two mutually perpendicular
electric fields in such a manner that the displacement at any time ¢ is given by

z = E1sin of y = Ejsin (wf + 8)

a. If Ey = E; = 16 cm and the phase angle 5 is 90°, show that the path of the
electrons is a circle whose radius is 16 cm

b. If 8 = 0° show that the path 18 a straight line making an angle with the X
axis whose tangent is E2/E;

c. If & = 30° find the equation of the path and show that it is an ellipse.

11. A particle of mass m moving along the X axis is attracted towards the
origin with a force of mkx. At a time ¢ of 1 sec the particle is at the orgin, and
at time ¢ of 2 sec the velocity of the particle 18 2 cm per sec. If the period of the
simple harmonic motion 18 6 sec, then show that the force constant k13 x2/9 and the
amplitude of the motion is 12/x.

12. Lissajous’ figures are produced by a particle’s bemng subjected to two simple
harmonic motions at right angles, along the X and Y axes respectively. Suppose
that the frequency along the Y axis is twice that along the X axis and that the
two simple harmonic motions have equal amplitudes A and a phase difference of
90° and are started withz = A andy = 0. Show that the equation of the path is

41.2
vy 47—

and plot the path for an amplitude 4 of 4 em.

13. Plot the path of a particle subjected to two simple harmonic motions at
right angles to each other and of the same amplitude 4, if the frequency along the
X axis is 34 of that along the ¥ axis and the motions are started in phase at z = 4
and y = A.

14. If a pendulum clock has a period of exactly 1 sec when its amplitude is 4°,
find the number of seconds gained or lost per day when the amplitude is 10°,
agsuming that the clock behaves as a simple pendulum. Find the maximum
tension in the member holding the bob if the bob weighs 1 1b.

15. A simple pendulum consists of a weightless inextensible cord 100 ¢m in
length and having a small mass of 50 gm placed on one end. If it is started from
rest with an amplitude of 20° and there are no dissipative forces acting, find the
velocity of the mass when the cord is:

a. Vertical.

b. At an angle of 5° with the vertical.

¢. Find the tension in the cord for the condition in part b.
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16. Show that by integration of Eqn. 5.18
mlf = —mgsin 6

the kinetic energy at any angular displacement 6 is equal to the loss in potential
energy at this displacement or that there is conservation of mechanical energy for
the simple pendulum.

17. Show that the solution for critical damping, namely Eqn. 5.28 or y =
(A + Bt)e™®¥?m ig g solution of the equation of motion, Eqn. 5.25.

18. Show that the logarithmic decrement &, obtained by taking two successive
maximum displacements on the same side of the equilibrium position for the data
in Fig. 5.7¢, is about 1.28.

19. Show that the logarithmic decrement & equal to RP/2m has no dimensions.

20. Find the time for which the kinetic energy of the moving mass of 26 gm in
section 5.7, Fig. 5.7a, is a maximum for the overdamped motion. Plot a graph
of the kinetic energy of the mass against time for the overdamped motion.

21. Repeat problem 20 for the critically damped system, Fig. 5.7b.

22. Repeat problem 20 for the damped oscillatory system, Fig. 5.7c. Find
the energy lost between the displacements of —5.0 cm and zero, and between zero
and 2.63 em. Give a physical explanation for the kinetic energy’s not having its
maximum value at zero displacement.

23. Show that the work done against the damping force during the half-cycle
from the times 0.181 to 0.501 sec in Fig. 5.7¢ is equal to the change in the kinetic
energy during this interval, namely about 11,000 ergs. (The necessary integrals
can be found in Pierce’s Table of Integrals, numbers 935, 937, and 938.)

24, Calculate the loss in energy for the mass executing damped oscillations as
shown in Fig. 5.7c in the half-vibration between the times 0.501 and 0.822 sec.

25. Find the equation for the displacement with time for the forced oscillation
using the data employed in Fig. 5.8 except for the damping force constant which
is now R = 1000 dyne sec per cxac— Plot a curve of the displacement against time.

26. A body weighing 2 Ib is hung on the lower end of a spring and produces an
extension of 0.5 in. Assuming no damping, find the period of the simple harmonic
motion.

27. A force of 2500 dynes produces a stretch of 1 cm in a spring. If a mass of
20 gm is hung on the lower end of the spring and the mass is pulled down a distance
of 5 cm below the equilibrium position and then let go so as to move without
damping, find:

a. The period of the simple harmonic motion.

b. The maximum energy of the mass.

¢. The maximum velocity of the mass.

d. How the total mechanical energy of the system varies with time.

28. If the spring in problem 27 is subjected to a damping force of 1000 dyne
sec per cm with the initial displacement of —5 cm, find:

a. The displacement of the spring after 0.1, 0.5, and 2.0 sec.

b. The initial energy of the system.

¢. The energy after 0.1 sec.

29. If the spring in problem 27 is subjected to a damping force of 200 dyne sec
per cm with the initial displacement of —5 cm, find:

a. The equation of the displacement y at any time .

b. The period of the damped oscillations.

¢. The logarithmic decrement from two maximum displacements.
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d. The logarithmic decrement from the equation RP/2m.

e. The loss in energy in the first complete eycle.

30. A weight of 20 Ib is hung on a spring whose restoring force is 40 Ibw per ft.
The spring is started from rest with an upward displacement of 0.25 ft. Find
the equations for the displacement y at any time ¢ and plot the curves, using time
intervals of 0.2 sec in the range from zero to 1.6 sec under the following conditions:

a. Zero damping force.

b. A damping force of 1.5 Ibw sec per ft.

¢. A damping force of 25 Ibw scc per ft.

d. The critical damping force.

31. The spring in problem 30 is subjected to a periodic driving force of 10
cos wt lbw and a damping force of 1.5 lbw sec per ft. For the steady-state con-
dition find the equations for the displacement y at any time ¢ with the angular
velocity w equal to:

a. \/ k/m, the natural angular velocity without damping.

b. \/k/m — R?/2m?, the angular veclocity for displacement resonance.

c. Vk/m — R*/4m?, the natural angular velocity of the free system with
damping.

32 An electric charge sent through a ballistic galvanometer produces an 1nitial
deflection of 5.0 cm to the right of the zero mark of a scale. Subsequent deflections
on alternate sides of the zero mark are —4.80, 4.61, —4.42, 4.25. From this data
find:

a. The logarithmic decrement.

b. The initial deflection which would have occurred if there had heen no damp-
ing.

33. An electrical circuit is composed of a resistance of 40 ohms, a condenser
having a capacity of 100 microfarads, and an inductance of 0.2 henry connected
1n series to an alternating voltage of 150 sin (120xt) volts.

a. Find the maximum value of the current in the circuit.

b. Find the root-mean-square current in the circuit.

¢. If the capacitance of the condenser can be varied, find what value it must
have if the current is to be a maximum. Find the value of this current.



6 - TRANSLATIONAL AND ROTATIONAL MOTION
OF RIGID BODIES

6.1 Internal Forces in Rigid Bodies

Up to the present we have been concerned with the motion of par-
ticles or of bodies that can be treated as particles, where no rotational
motion is involved. In the present chapter we shall extend the con-
cepts introduced earlier to bodies of finite size that can possess both
rotational motion and translational motion. In dealing with these
bodies we shall assume them to be rigid; that is, they do not change
size or shape under the action of forces. Although this assumption
may not be strictly accurate, it is sufficiently so for our present
purposes.

The rigidity of a body is due to the nature of the internal attractive
forces between the molecules composing the body. We shall assume
that the internal force between any two molecules acts along the line
joining them and that Newton’s third law is applicable. Thus for
any two molecules or partielés 7 and j in a body it is assumed that the
internal force F;, exerted on ¢ by j is equal and opposite to the force
F;, exerted on j by 7. In symbols

F,, = —Fj,
Therefore the sum of the internal forces within any body is zero.

8.2 Translational Motion and Center of Mass

In this section we shall show that for linear or translational motion
the total external force acting on the particles composing a body is
equal to the summation of the time rate of change of momentum of the
particles. Also the total external force is equal to the total mass of
the particles multiplied by the acceleration of their center of mass.

To prove this let us consider a body made up of a number of par-

ticles whose masses are my, mg, * + +, my, etc., respectively, and
whose positions relative to some fixed origin O in an inertial system are
given by the vector distances ry, rq, * * * , I;, etc., as shown in Fig,

6.1. Let the external force acting on the particle of mass m; be F;
154
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and the corresponding internal force be F,’. By Newton’s second law
mi; = F; + F/
Taking the summation for all the n particles of the body, we have

Zmﬁ, = ZF,-{- IZF."

where the symbol £ denotes a summation. Now the internal forces
consist of equal and opposite pairs, and for the body as a whole the

sum of these forces, 2 F/, is zero. Thus

1
n n dz n
z m,i; = z Ei (m,r,) = E F,=F (6.1)
1 1 1

where F is the resultant external force acting on the whole of the
particles.

An important development of this theory is brought about by the
introduction of the concept of center of mass. The center of mass,

o
Fia. 6.1 Center of mass of a number of particles.

C.M,, of a body or of a system of particles is that point in the body or
system of particles at which, for purposes of calculation, all the mass
may be assumed to be concentrated. Relative to the origin O, the
vector position ¥ of the center of mass of the n particles in Fig. 6.1 is

defined as

=Ll (6.2)
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where M is the total mass, Em.-, of all the particles. By differentia-
1

tion of Eqn. 6.2 we have

Mf = i’m,ff;
1

and from Eqn. 6.1 it follows that
MY =F (6.3)

This is an important result showing that for a group of particles or a
rigid body the translational motion of the center of mass behaves as though
all the mass of the particles were concentrated at the center of mass and the
resultant external force also acted at that point. In other words the
motion of the center of mass of a body is the same as that of a particle
having the total mass of the body and the same resultant external force
acting on it. This result applies either to a system of particles in
motion, as the molecules of a gas, or to a rigid body. In all cases the
resultant internal force must be zero if Eqn. 6.3 is to be applied.

If a hammer or other body is thrown at some angle with the vertical,
then its center of mass will follow a parabolic path just as would a
particle with the same initial motion. This applies whether the ham-
mer has an initial rotational motion or not. The resultant external
force is the weight of the hammmer, and the acceleration of the center
of mass is the acceleration due to gravity. On a larger scale, if we
assume that there is no resultant external force acting on the solar
gystem as a whole, then its center of mass will either be at rest or
move with constant speed in a straight line.

For many purposes of calculation it is convenient to express the
position of the center of mass in terms of its three Cartesian coordinate
components. Thus, from the vector position F of the center of mass
given by Eqn. 6.2, three equations may be written giving the X, Y, Z
coordinates, i, 7, Z, respectively, of the center of mass. These are

n n n
Smee  Swa Sma
1 1 P L1

% V=" i

£ = (6.4)

where x;, ¥, 2; are the coordinates of the particle m;. The vector r;
giving the position of m, may be written

r; = ir; + jy: + ke,
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and the vector  giving the position of the center of mass
=i+ 7+ k2
If F,, Fy, F, are the components of the external force F, then Eqn. 6.3
may be written
F,=Mf F,=M§ F,=M:} (6.5)
Thus the component of the external force in the X direction is equal

to the product of the total mass and the component of the acceleration
of the center of mass in the X direction.

Ezxample of translational motion of the center of mass of a number of particles.
Consider that four masses of 30 gm, 50 gm, 20 gm, and 100 gm are placed in the

800 dynes
Y
100 gm -
3 —
300 dynes
2+ e ®
CM 50 gm

Lt 1 I

| |
-4 -3 -2 -1 0of 1 2 3 4 5°X
-1 30 gm
l
500 dynes

-3}

700 dynes

—— -4}

20 gm

F1a. 6.2 Motion of the center of mass of four particles.
XY plane and have coordinates of (4, —1), (5, 2), (—3, —4), and (—2, 4) respec-

tively. These are shown in Fig. 6.2 with the external forces acting on them. Let
us first determine the coordinates of the center of mass. From Eqn. 6.4

4
E My
1

z =

M
- (30 X 4) + (50 X 5) 4+ (20 X —38) + (100 X —2)
200
= §§% = 0.55

Similarly
g = (30 X —1) 4+ (50 X 2) + (20 X —4) + (100 X 4)

= §§§ = 1.95
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Thus the coordinates of the center of mass of the particles are (0.55, 1.95).
Suppose that the external forces act on the masses as shown in Fig. 6.2. The
problem is to calculate the acceleration of the center of mass. In the X direction
the resultant force is
F; = 700 — 300 = 400 dynes
and in the ¥ direction
F, = 800 — 500 = 300 dynes

The resultant force on the particles has a magnitude of
F = 4/400% + 3002 = 500 dynes
and a direction that makes an angle 8 with the X axis given by
tan 0 = 433 = ¢
From Eqn. 6.5 it follows that the acceleration of the center of mass is

F @—25m e T
a I 200-.0 per sec per sec

and it makes an angle with the X axis whose tangent is 43. Thus, while the
particles would change their relative positions with time, their center of mass would
proceed with the above acceleration.

6.3 The Center of Mass of a Portion of a Body

It is readily proved that, if the center of mass of the whole of a body
and that of a portion of the body are known, then the center of mass of

A

B
Fia. 6.3 Center of mass of a portion of a body.

the remainder may be found. Let C be the center of mass of the whole
body ADBEA, and C; that of the portion ADBA, see Fig. 6.3, where
ADBA may be considered to be cut out of the whole body. The prob-
lem is to find the center of mass C; of the remaining portion ABEA,
given the positions C' and C; and the corresponding masses of these

portions.
Let M be the mass of the whole body ADBEA and M that of the
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portion ADBA. The center of mass C of the whole body may be con-
sidered the center of mass of two point masses, M, at Cy and (M — M,)
at Cs, where C; lies on the line C1C. Let Cy be the origin of the X axis;
then from Eqn. 6.4

miZ;

...M:

M M
i=CyC = = ﬁ’ C.C; = zTil (C1C + CCy)

M
or
M,
C =—
Cs M- M, GiC _—
Thus when a known portion is cut away from a body, if the centers of
mass of the whole and the portion are known, the center of mass of

the remainder can be found.

6.4 The Centers of Mass of Various Symmetrical Bodies

a. Center of Mass of a Uniform Rectangle. The problem is to find
the center of mass of a uniform rectangle whose length is a, whose
width is b, and whose mass is //. We shall prove what is more or less

Y,

J';"'b a

N -

Fia. 6.4 Center of mass of a uniform rectangle.

obvious, that the center of mass is at the geometrical center of the
rectangle.

In a uniformly distributed mass the summation in the expression
for the center of mass is replaced by an integration. Thus the equiva-
lent equations replacing Eqn. 6.4 are

__f:tdm _ [y dm !zdm
= i ﬂ———M Z= i (6.6)
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where the integrations are carried out over the whole of the body of
mass M. Suppose that the rectangle lies in the XY plane with the
lower left-hand edge having the coordinates 21, y; and placed as
shown in Fig. 6.4. To find the X coordinate Z of the center of mass,
consider a narrow strip at position 2 whose width is dz and whose
height is b. If the mass of the rectangle of area ab is M, then the mass
of the strip is

M
dm = bdr pry
Then from Eqn. 6.6

B 1 z|+nM 1[x2]:rl+a
x_M/n ab(bdx)x—a 2 4,

a
=z + 2
Similarly the Y coordinate of the center of mass 7 is given by
I
Yy=u 3

Thus the center of mass has the coordinates a/2, b/2 relative to the
lower left-hand edge; that is, the center of mass is at the geometrical
center of the rectangle.

b. Center of Mass of a Bfiifform Right Circular Solid Cone. Sup-
pose that the cone has a vertical height h and a base with a radius a.
For convenience we shall place the vertex of the cone at the origin of
the coordinate system and the axis of symmetry of the cone along the
Y axis as in Fig. 6.5. Consider a horizontal thin slab of the cone
whose thickness is dy, whose mean radius is r, and whose height above
the origin is y. If the density or mass per unit volume of the cone is
p, then the mass dm of the thin slab is

dm = xrip dy

The radius r of the slab is proportional to its height y, and from the
figure it can be seen that

Thus



THE CENTERS OF MASS OF VARIOUS SYMMETRICAL BODIES 161
and the total mass M of the cone is

2 h 2

Tea wpa“h
M= — 2 =

R

The vertical distance of the center of mass from O is

"y dm
o M

moa [ .
= /; y*dy
Integrating and substituting the value for M, we have
3wpa’ht 3h
Y= thmpath ~ 4

g =

or the center of mass 1s 84 of the altitude measured from the vertex.

Y

dy

(o]

F1a. 8.5 Center of mass of a cone.

It can be readily appreciated that the center of mass can be calcu-
lated only for bodies having some degree of symmetry. For such



162 MOTION OF RIGID BODIES

bodies one must use judgment as to how to place the axes relative to
an axis or plane of symmetry. With a little care, considerable time
and effort may be saved.

6.6 Experimental Determination of the Center of Mass of an
Unsymmetrical Body

In unsymmetrical bodies the center of mass cannot be calculated
simply. It must be obtained experimentally. The principle of such
an experiment may be illustrated for a plane object as shown in Fig.
6.6. A smooth peg passing through a small
hole as at O is used to suspend the object. A
piece of string with a weight on the end is
fastened to the peg at O to indicate the vertical
direction. The line OA in the direction of the
string is drawn on the object. Now in principle
it is the center of weight or center of gravity,
C.G., which lies on the line OA. Each element
of mass dm has a weight g dm where g is the
acceleration due to gravity. If we define the
center of gravity of a body as the point in the
body at which all the weight may be assumed to
be concentrated, then the center of gravity of
Fia. 6.6 Experimen- the plane in Fig. 6.6 must lie somewhere along
tal determination of (¢ Jine OA. Similarly another line 0’A’ may

center of mass . .

: be drawir on which the center of gravity must
lie. The intersection of these lines gives the position of the center
of gravity of the body.

‘We may now ask whether the position of the center of gravity is also
the position of the center of mass? The equations giving the position
of the center of gravity relative to the X, ¥, Z axes are similar to
Eqns. 6.6 for the center of mass. The z coordinate of the center of
gravity is defined as

z = Lz dm ©.7)
fg dm
If the acceleration due to gravity g is assumed to be the same in mag-
nitude and direction at all points on the body, then the center of grav-
ity coincides with the center of mass. This can be assumed to be cor-
rect for all ordinary objects. In dealing with the center of gravity we
are finding the resultant of a series of forces. If g is not considered
constant in direction and magnitude throughout the body, then the
forces are neither parallel to each other nor proportional to the ele-
ments of mass, and almost impossible mathematical equations result.
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6.6 Rotation of a Uniform Symmetrical Disk about a Fixed Axis
through Its Center

In this section we shall prove in an elementary manner that for
rotational motion about a fixed axis the total moment of the forces or
torques about this fixed axis is equal to the time rate of change of the
angular momentum of the body about the fixed axis. This rotational
motion introduces a new concept called the moment of inertia or the

B ds
db
__F
yds =Rdo#
F
Fia. 6.7 Rotation of a disk Fia. 6.8 Kinetic energy of a
about a fixed axis. rotating disk.

rotational inertia of a body. In terms of this the torque about a fixed
axis is equal to the product of the moment of inertia and the angular
acceleration of the body about the axis.

Consider a plane circular disk free to rotate about a fixed axis
through its center O and perpendicular to its plane. A light cord is
coiled around the periphery of the disk, and a constant vertical force
F is applied as shown in Fig. 6.7. (Note that this is not equivalent to
replacing the constant furce F with a hanging weight when the system
is moving.) As the cord is pulled downward by the force F, the disk
rotates with an increasing angular velocity. Suppose that the angular
velocity at some instant of time is w radians per second. Then its
angular acceleration « is the time rate of change of this angular
velocity:

dw

a='d—t

This angular acceleration depends on both the force F and the perpen-
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dicular distance of the force F from the axis of rotation. The product
of the force F' and this perpendicular distance is called the moment of
the force F, or the torque L, about 0. From Fig. 6.7 the torque L for
the force F' about O is

L=FXO0A =FR

where R is the radius of the disk.

Consider now a particle of mass m in the disk at a distance OP or r
from the axis of rotation. If at the instant considered the angular
velocity of the disk is w, then the tangential velocity of the mass m in a
direction perpendicular to OP 1s rw. The instantaneous linear momen-
tum of the mass m is mro, and the moment of this momentum or the
angular momentum about the axis of rotation is mrkw. For all the
particles of the disk the total moment of momentum € of the disk
about O is

Q = Zmris = wZmr?

where w is the same for all the particles in the disk and the summation
is taken over every particle in the disk. The quantity Zmr? plays
a very important role in rotational motion and is called the moment of
inertia or the rotational inertia I of the body about the axis of rotation.
Thus we may write

Q=Iw (6.8)

To obtain the relationship between the torque L and the angular
acceleration «, consider theforce F, acting on the particle m at P.
From Newton’s second law this is

dw
F, = mra = mr —

dt
and the moment of this force about the axis of rotation is

dw
Fur = mrla = mr® —

dt

For the whole disk the total moment of the forces acting on all the
particles of the disk must be equal to the moment of the applied force

L. Thus
L=FR = Zmrza = zmr’%:’
dw

=Ja=1—

di
From Eqn. 6.8 it follows that the time rate of change of the angular
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momentum § is equal to the product of the moment of inertia I and
the rate of change of the angular velocity. Thus we may write for the
rotation of a body about a fixed axis

L=Ia= ¢ (6.9)

Thus the torque about a fixed axis is equal to the product of the
moment of inertia and the angular acceleration about the fixed axis.

6.7 Work and Rotational Kinetic Energy

We shall now determine the relationship between the work done
on the disk by the force F and the increase in the kinetic energy of the
disk. If at some instant of time the angular velocity of the disk is w,
then the disk will turn through an infinitesimal angle df in an infinitesi-
mal time dt where

_de
7

During this time dt a point on the periphery of the disk moves through
a distance ds given by

or df = wdl

ds = Rd6

The work done by the force F in this time is F ds, Fig 6.8. This work

can be expressed as
Fds =FRdo = Ldb

Thus the work done is equal to the product of the torque and the angle
through which the disk turns. By substitution it follows that

dw
Lde = I-d-twdt = Jowdw

where dw is the change in the angular velocity during the time di.
Suppose that the disk has an angular velocity wo when the force is
applied and that after the disk has turned through an angle 6 the
angular velocity has become w. With these boundary conditions we
have

~L%w=ﬁmm

or
Lo = }lw? — $lwe? (6.10)

where 141w? is called the angular or rotational kinetic energy of a body
having a moment of inertia I and an angular velocity w. Thus the
work done by the torque in turning the disk about a fixed axis through
some angle is equal to the change in the angular or rotational kinetic



166 MOTION OF RIGID BODIES

energy of the disk. The quantity 14Iw? plays the same role in rota-
tional motion that 14mv? does in linear motion. Equation 6.10
expresses the law of conservation of mechanical energy as applied to
rotational motion.

In order to emphasize the ideas presented above we shall take a
numerical example. Suppose thai the disk shown in Fig. 6.7 has a
mass of 500 gm and a radius of 10 em. A constant force of 20,000
dynes is applied at the end of the cord. If the disk has an initial
angular velocity of 4 radians per second when the force is applied, the
problem is to find the angular velocity and rotational kinetic energy
after 2 sec.

First we must calculate the value of the moment of inertia I of the
circular disk about its axis of rotation. The definition given for the
moment of inertia is

I = Zmr?

where the summation is taken over all the particles composing the
body. For a continuously distributed mass such as a uniform solid
body, for example the disk, one replaces the summation Zmr? used
for a discrete series of masses by an integral. Thus for a uniform solid
the moment of inertia is given by

I = fr2 dm (6.11)
The calculation of I for the disk about an axis through its center per-
pendicular to its plane can be made by considering
the disk as made up of a large number of concen-
R tric circular rings. One of these having a radius
of r and a width of dr is shown in Fig. 6.9. If the
mass of the disk of radius R is M, then the mass

of the ring of radius » and width dr is

dr

M 2M
Fia. 6.9 Calouls- dm = —o5 2nr dr = 5 rdr

tion of the moment
of me’it“"(;’_f l: eired-  Qince, to a first approximation, all points on this

ar disk. ring lie at the same distance from the center, the
moment of inertia of this ring about an axis perpendicular to its plane
and through its center is

2M
r¥dm = o rédr

Thus I for the whole disk is

R
I=/r’dm= o B Sdr = — (6.12)
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In our problem M = 500 gm and R = 10 cm so that

2
I= Mzi = 2.5 X 104 gm cm?

The torque L exerted on the disk is
L =FR = 2 X 10° dyne cm
From L = I« the angular acceleration of the disk « is

2 X 10 dyne cm

= 23 % 10t am om? = 8 radians per sec?

a

If the angular velocity at zero time is wp and at time ¢ 18 w, then since a = dw/dt

it follows that
wdw = f ! adt
wy 0

w— w) = al

or

Since the 1nitial angular velocity wg in this problem is 4 radians per second, then
the angular velocity w after 2 sec is

w=wy + o
= 4 + (8 X 2) = 20 radians per second
The rotational kinetic energy after 2 sec is
$o? = § X 2.5 X 10* X 400 = 5 X 10° ergs

It might be profitable to show numerically that Eqn 6 10 dealing with both
work and kinetic encrgy is valid. We must first find the angle ¢ through which
the disk turns mn the 2 sec. Since w = d6/dt, 1t follows that, if 6 = 0 at ¢ = 0, then

] t t
ﬁ’d0=/(;wdt=[)(wo+al)dl

0 = wot + }at?

or

In our example
0= (4 X 2) + (8 X 4) = 24 radians

so that the work done by the force in the 2 sec is:
Lo = (2 X 105 X 24) = 4.8 X 10° ergs
This quantity should be equal to the change in kinetic energy during the 2 sec or
Lo = }lo? — }lwy?
= (5 X 10%) — (2 X 105) = 4.8 X 10° ergs
which of course agrees with the value of L8 given above.
6.8 Two Theorems Relating to Moments of Inertia

Theorem a. The moment of inertia of a uniform plane body about
an axis perpendicular to its plane ©8 equal to the sum of its moments of
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inertia about any two perpendicular azes in the plane that intersect on
the first axis.

Let the plane object lie in the XY plane and let the perpendicular axis
be the Z axis. From Fig. 6.10 the moment of inertia I, about the X
axis is given by

I, = [y*dm

and similarly that about the Y axis is
I, = [z*dm
Y

X Pdm

(o] X

Fia. 6.10 Moments of inertia about perpendicular axes.

For any point P in the plane having coordinates z, y the distance r of P
from O is
"= a? 4 y?
The moment of inertia I of the plane about the Z axis is
L= [rPdm = [+ y?) dm
Thus
13 = lz+Iy (6.13)
As an example of the application of this theorem let us find the
moment of inertia of a plane circular disk about any diameter using
Eqn. 6.12. If the disk lies in the XY plane with its center at the origin
of the coordinates, then
MR*
- =

[=I+1,
For the circular disk
I,=1,
Hence the moment of inertia of a plane circular disk about any diam-
eter is
MR?
4

Theorem b, or the theorem of parallel axes. The moment of inertia I
of a body about any axis is equal to the moment of inertia I . of the

L=1,=
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body about a parallel axis through its center of mass plus the mass M of
the body times the square of the perpendicular distance l between the axes:
I=1Icm + M

For convenience let the axis about which the moment of inertia is
to be taken be the Z axis which is perpendicular to the XY plane.
Let the coordinates of the center of mass be %, 7, 2. If a particle at

A

o x X
F1a. 6.11 Moment of inertia about parallel axes.
P in Fig. 6.11 of mass dm has coordinates z, y, z relative tothe X, ¥, Z

axes and 2/, y’, 2’ relative to a set of parallel axes X', Y’, Z’ through
the center of mass of the body, then

z=2'4+Z2 and y=y +7
The moment of inertia I of the body about the OZ axis is
I=[@+yHdm = [+ 2+ @ + §)?dm
= [(@?* + y'?) dm + (2 + 7% [dm + 2z[=' dm + 25fy’ dm
Since the coordinates z’, y’ are chosen with respect to axes through the
center of mass, then by definition of the center of mass
Jzdm =0 and _fy’ dm =0
Let the moment of inertia about the Z’ axis through the center of
mass be denoted by I¢.., and let the distance between the Z and Z’

axes be ! so that
Ion = [@* + y'?) dm

=@ +7)

and
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Then
I= IC.M. + ]‘[l2 (6. 14)

As an example of the application of this theorem we can find the
moment of inertia of a plane circular disk about an axis at its edge
perpendicular to its plane. For the axes through the center of the
disk and perpendicular to its plane

MR?
1 =—
oM B

Since we have assumed the circular disk to be uniform, the center of
mass must be at its geometrical center. Hence for a parallel axis
through the edge of the disk at a distance R from the center of mass
the moment of inertia I is
_ MR’ 3MR?

2 =
2 + ME 2

6.9 Radius of Gyration

The radius of gyration k of a body of mass M and of moment of
inertia I is defined as

I

I = Mk? (6.15)

Thus we see that the moment of inertia I of a body of mass M and
radius of gyration k is the same as that of a particle of mass M placed
at a distance k& from the axis—of Totation. Notice that the radius of
gyration applies to a particular axis. For the plane circular disk and
for an axis perpendicular to its plane through its center of mass the
radius of gyration is

R

T2

and for an axis parallel to its plane through the edge of the disk the
radius of gyration is
k=V3iR

6.10 Calculation of Moments of Inertia

1. Moment of Inertia of a Narrow Uniform Rod about an Axis
through Its Center and Perpendicular to Its Length. Let the mass
of the rod be M and its length be . Then the mass per unit length
of the rod ¢ is

d =

M
]
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o, 0,
l e |
Y L |
<—x—--{"lkdx
0, 0

Fic 6.12 Moment of inertia of a uniform rod.

If the X axis lies along the length of the rod with its origin at the
center of the rod, then the moment of inertia about 0,0, in Fig. 6.12 is

+1/2 +1/2 3 2
- 2 gm = iz = L = ME
Tow /—z/z @ dm /—1/2 vedr =15 =713
The moment of inertia about an axis 0304 parallel to 0,0, is
M2 M2

I=lom += =7

2. Moment of Inertia of a Uniform Plane Rectangle about an Axis
through Its Geometrical Center Perpendicular to Its Plane. Let the

Y

be— o=

a

Fra. 6.13 Moment of inertia of a rectangle.

length of the rectangle be a, its width b, and its mass M, as in Fig. 6.13.
Let us consider the rectangle as made up of narrow strips parallel to
the Y axis. From the previous example the moment of inertia I,
about the X axis is

Mb?

L=

Similarly \
Ma

=7

From theorem @ given above, the moment of inertia I about an axis
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through the center O and perpendicular to the plane of the rectangle
is given by
I=1,+1,
_ M@+
Y
3. Moment of Inertia of a Solid Uniform Sphere about Any Diam-

eter. Let the sphere have a radius a and a mass M. To find the
moment of inertia aboutl a diameter, consider the sphere as made up

Fic. 6.14 Moment of inertia of a sphere about a diameter.

of a series of disks, one of which is at a distance z from the center and

has a thickness dz, Fig. 6.14.—The area of the disk is v(a® — %) and,

if the density of the sphere is p, the mass of the disk is mp(a? — %) dz.

From Eqn. 6.12 the moment of inertia of the circular disk about the
axis OX is

2 2

dl = mp(a® — o¥) do & =)

Hence the moment of inertia of the sphere is

+a
I= / %(a’ — 222 dx

-a

P 5 2a%%]te 8
Since the mass of the sphere is M = 4xa®/3, then
I = $Ma?
From these examples it can be seen that it would not be possible to
calculate the moment of inertia of an unsymmetrical body about any



CALCULATION OF MOMENTS OF INERTIA

173

axis. For such bodies the moments of inertia must be obtained
experimentally, as for example by using the torsion pendulum, sec-
tion 7.12. A table of moments of inertia of some common symmetrical

objects is given below

TaBLE oF MoMENTS OF INERTIA

(m is mass of body)

Body

Axis

Moment of Inertia

Uniform thin rod length !
Uniform thin rod length ¢
Thin rectangular sheet, sides a

and b

Thin rectangular sheet, sides a
and b

Thin circular disk, radius r

Thin circular ring, radii r3, re

Thin circular ring, radii r;, 72

Uniform solid sphere, radius r

Thin spherical shell, radius r

Spherical shell, radii r3, r2

Right cone, radius of base r

Uniform circular cylinder, length ‘

1, radius r

Hollow circular cylinder, length
l, radii ry re

Very thin circular cylinder,
length !, radius r

Normal to length through | mi?
center 1z
Normal to length at one | mi?
end 3
Through center parallel to | ma®
side b 12
Through center perpen- | m(a® + b%
dicular to sheet 12
Through center perpen- | mr?
dicular to disk 2
Through center perpen- | m(r1® + ra?
dicular to plane of ring 2
Through center along any | m(r1® + r?)
diamecter 4
Any diameter 2mr?
5
Any diameter 2mr?
3
Any diameter 2m(ri® — rs%)
(r® — re%)
Along axis of cone 3mr?
10
Through center perpen- m f + _li
dicular to axis 4 12
Through center perpen-| r1® + ra? + l_s
dicular to axis 4 12

Through center perpen-
dicular to axis
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6.11 A More General Analysis of the Motion of Rigid Bodies

In this section we shall show the importance of the center of mass
in dynamics. We have already proved that for linear motion the
center of mass of a body moves as though all the mass of the body
were concentrated at that point and the resultant external force acted
there. We shall now show that there is the same relationship between
the rotational acceleration and the applied torques about an axis

Y

F,

e
/B//
7 m
r
o)
90¢ X
A

z -

Fie. 6.15 Rotational motion of a body with reference to a fixed point.

through the center of mass as there is about a fixed axis. Finally we
shall show that for a body having both translational and rotational
motion the total kinetic energy may be expressed either as the sum
of the translational kinetic energy of the center of mass and the rota-
tional kinetic energy about the center of mass, or as the rotational
kinetic energy about the instantaneous axis of rotation.

Let us consider a particle of mass m acted on by a force F as shown
in Fig. 6.15. Relative to an origin O fixed in an inertial system, the
force F exerts a torque L which has a magnitude of

F X 0OA = Frsin 6

and a direction that would tend to produce counterclockwise rotation
about 0. This torque L can be expressed as the vector or cross product
of the vectors r and F. This product is written as

L=rXxF (6.18)
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By definition the vector product of two vectors is a third vecior whose
magnitude is the product of the magnitudes of the two vectors and the
sine of the angle between their positive directions, and whose direction is
given by the direction in which a right-handed screw would progress when
rotated from the first to the second vector. If the vectors all lie in the
plane of this paper, then rotating a right-handed screw from the posi-
tive direction of r into F, that is, in a counterclockwise direction,
would cause the screw to progress perpendicularly out of the plane of
the paper. Notice that the positive direction of each vector must be
used when considering the rotation. Applying this definition to the
vectors r and F in Fig. 6.15, we see that their vector product has a
magnitude of 7F sin 6 and is directed perpendicularly out of the plane
of the paper corresponding to the counterclockwise rotation of r to F.

Before proceeding further with the dynamical theory, let us con-
sider some of the properties of this vector product. The vector product
of a vector and itself such as (r X r) is zero since the angle between
the vectors is zero. Thus for the unit vectors i, j, k along the X, Y, Z
axes respectively it follows that

iXi=0 jXji=0 kxk=0

Also, by applying the rule to a system of right-handed axes X, Y, Z
it can be seen that, if the unit vector i is rotated into the unit vector j,
there results a unit vector k along the Z axis. Thus

iXj=k jxk=1i kxi=j
and
jxi=-k kxj=-i ixk=-j

The results can readily be recalled by noticing that if the vectors are
taken in the cyelical order i, j, k the cross-product of two of them is
the positive third unit vector, whereas if taken in a reverse direction
the cross-product is negative.

By writing out the vectors r and F in component form their cross-
product can be written as a determinant. Suppose that the coordi-
nates of a point P are z, y, z relative to the respective fixed axes
X, Y, Z with the origin at 0. The vector r can be expressed

r=ic+iy+k

Also, if the components of the force F acting at P are F;, F,, F, respec-

tively, then
F =iF; + jF, + kF,

The vector product is
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r X F = (iz + jy + ke) X (iF; + jFy + kF;)
= kaF, — joF, — kyF, + WyF, + joF, — izF,
= i(sz - ZFy) + j(ZFz - wFl) + k(xFy - sz)

which may be written in the form of a determinant, thus:

i §j k
L=rxXxF=pz y = (6.17)
F, F, F,

Let us now return to the problem of the particle of mass m in
Fig. 6.15 acted on by the force F which produces a torque r X F about
the fixed point O. Suppose that the instantaneous angular velocity

0

F16. 6.16 The linear velocity of m about O due to the angular velocity w.

of the mass m about the fixed point O is . Owing to this angular
velocity » the particle of miass m has an instantaneous linear velocity
t which from Fig. 6.16 may be seen to be

=0 XTr

The magnitude of t is wr sin 0 and is in a direction at right angles to
the plane containing the vectors » and r. In this example we are
considering the motion to be entirely one of rotation. Thus the
vector t in Fig. 6.15 is perpendicular to r in the plane containing the
vectors r and F. The linear momentum of the mass m is mt, and
the angular momentum or moment of momentum Q of m about the
axis through the fixed point O is defined as

Q=r1Xmt (6.18)

We shall now show that the torque (r X F) exerted on the muss m in
Fig. 6.15 is equal to the time rate of change of angular momentum of
the mass m. By Newton’s second law, F = mf. Hence the torque L
about O is

L=(XF) =(rxXmi)



GENERAL ANALYSIS OF THE MOTION OF RIGID BODIES 177

Now by carrying out the differentiation in the usual manner it follows
that

s =2
(erf)—dt(rxmt)

since (¥ X mt) = 0 or the cross-product of a vector and itself is zero.
Hence from the above equations
di .

L= i Q (6.19)
or the torque about any fixed point O as origin is equal to the time
rate of change of the angular momentum of the particle about 0.

Let us now consider the rotation of a rigid body relative to some
fixed point which is produced by a torque. Let the mass m in Fig. 6.15
be one of the particles of the body, as for instance the 7th, having a
mass m, at a distance r, from the fixed point O. In other words we
are considering the particle m to be a typical particle m, of the body.
The particle m, has an external force F, and also an internal force
acting on it. Both of these exert torques about the fixed point O.
The sum of the moments of all the external forces acting on all the
particles of the body is the total moment L, of the applied forces,
since we have assumed that the sum of all the internal forces acting
on the particles composing a rigid body is zero. If the sum of the
internal forces were not zero, then the body would spontaneously
accelerate. In other words the sum of the moments of all the internal
forces acting on the particles about the fixed point O is zero. Hence
the sum of all the moments of the external forces about O is

n

Lo = r, X F;
2
Now
F, = m,}7,
Hence
Lo = 2 (rl X m‘lf‘l)
1
\K
= Z a (r‘l X m‘l‘*i)
1
since
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The total angular momentum L of the body about the fixed point O
is defined as

n
Qo = z (r. X mttl')
1

Hence

dQo .
Lo=—=Q )
0 7 o (6.20)
Thus the resultant external torque acting on a body about a fixed
point is equal to the time rate of increase of angular momentum of the
body about the fixed point. This principle applies equally well to
either a group of particles or a rigid body so long as the internal forces

0
F16. 6.17 Rotation of a body relative to its center of mass

act along the lines joining~them. If there are no external torques
acting on a group of particles or on a rigid body, then from Eqn. 6.20
it follows that the total angular momentum of the particles or the
rigid body about any fixed point as origin is a constant quantity.
Thus the angular momentum is conserved.

It will now be shown that a similar expression can be obtained for
rotation about the center of mass of a body. Let P be the position
of a particle of mass m, in a body that is rotating about an axis through
the point O fixed in an inertial system. In Fig. 6.17 the position of
the center of mass of the body is at the point marked C.M., and the
position of a particle m, at P is given by the vector r, relative to the
fixed point O and by the vector r,’ relative to the moving center of
mass of the body. If f is the vector distance of the center of mass
from the fixed point O, then at any instant of time

r=f+r/

The total angular momentum Qg of the body about the fixed point O
is by definition
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n
Qo = ) (5. X mit,)
1

= z [E + 1)) X m,F + £.)]
1

=ﬁxMﬂlfx(imm)+(i¢)xMr+i@/xmm3
1 1 1

where M is the total mass Zmi of the body and f is a constant.
1
Since r,’ is measured relative to the center of mass of the body, it

follows that E mgx; must be zero for the whole body and it also follows
1

z m,i‘,-' = % z m,r,' =0
1 1

Thus the two middle terms in the expansion are zero and the total
angular momentum Q is

that

Q=1 X M+ 2 (r/ X mt,)
1

Now the total angular momentum of the body about its center of
mass Qg ym 18 by definition

QoM = z (r X mit,")
1
Hence

Qo =FX Mt + Qcwm. (6.21)

Let us now consider the total torque Lo exerted about O which is given
by Eqn. 6.16 as

n

m=2mxm

1

=fxim+5:(r,~'xp.-)
1 1
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n
Now E (r/ X F,) is equal to the torque L¢ y. exerted by the external

1
forces about the center of mass of the body so that
Lo =% X 2 F.+ Lom (6.22)
1

Since the torque Ly and the total angular momentum Q; are taken
with reference to the fixed origin O, we can apply Eqn. 6.20, namely
Lo = Q¢. Substituting the values of Q¢ and Ly from Eqns. 6.21 and
6.22 we have
d . .
rX 2F1+LCM =5 EX Mz) + Qc.m.
1
=fX M¥+ Qcy

since the vector product (f X £) of a vector and itself is zero. From
Eqn. 6.3 for the translational motion of the center of mass of the body
it follows that

iF,=M1l and EXE'::F,=TXM\'

Hence by subtraction we have
Lem = Qowm. (6.23)

or the torque about the center of mass of a body is equal to the time rate
of change of the angular momentum abous the center of mass. This rela-
tionship between the torque and the rate of change of angular momen-
tum holds whether these quantities are computed with reference to a
point fixed in an inertial system or to the moving center of mass of the
body. R

We now have two important relationships which hold with respect
to the center of mass of a body. The first of these, given in Eqn. 6.3,

F = M¥

shows that the linear or translational acceleration of the center of
mass of a body is the same as though all the mass of the body were
concentrated at the center of mass and the resultant external force
also acted at that point. The second relationship given in Eqn. 6.23
shows that the body turns about the center of mass as though the
center of mass were fixed and the same system of forces continued
to act on the body as were already acting. These two important
principles regarding the translational and rotational motion of the
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center of mass can frequently be applied in solving problems, inasmuch
as the translational and rotational motions about the center of mass
of a body are independent of each other.

6.12 The Kinetic Energy of a Rotating Body

We shall now find the kinetic energy of a body rotating with respect
to a fixed point and also with respect to its center of mass. Taking
the fixed point O, Fig. 6.17, as the origin of the polar coordinates, the
kinetic energy T of the body about this fixed point is

T =Y tmi? (6.24)
2

This kinetic energy can be written in terms of the translational and
rotational kinetic energies of the center of mass by using the rela-
tionship shown in Fig. 6.17, namely

r,=f+r/
I'rom this it follows by differentiation that
t,=f+1t/

Tf the dot or scalar product of each side of this equation and itself
is taken, then the kinetic cnergy 7 in Eqn 6.24 can be written

7= i%mt(,'«,?) = iémi(t, - t,)

1 1

= ¥ lmad + £ - (¢ + )]
1
= '}MF2 + '}m#z'z + £ ) mt)
2 :

n
where M is the total mass z m; of the body and # is a constant. Since
1

r’ is measured relative to the center of mass of the body, it follows
that

n n

zm,r,-' =0 and Emd';’ =0

1 1

Thus the kinetic energy of the body relative to the origin of coordinates
at its center of mass is
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n

T = }M# + zim,t,’z (6.25)
1

The first term on the right-hand side of Eqn. 6.25 is the translational
kinetic energy of a particle having the mass M of the body moving
with the linear velocity £ of the center of mass, and the second is the
total kinetic energy of all the individual particles taken with respect
to the center of mass.

This increase in the kinetic energy is equal to the work done by
the applied forces. Suppose that the sth particle of the body under-
goes a displacement dr, under the action of the applied force F;,
Fig. 6.15. Then the work done by the applied force is

F, - dr,

Since the applied force F, produces an acceleration ¥, on the particle,
the work done may be written

F, : dr, = m¥, - dr,

Now there is also an internal force acting on m,, but for the body as a
whole the work done by the internal forces is zero since the internal
forces are in equilibrium. Hence the work done by the applied forces

on the body in the displacement is zF ,»dr,. From the above this
T

work can be written —

n

n
z F, odr, = 2 m,i',- . dl'.
1 1
> 1d
2 2 q (mt, - t,) dt
1
B!
z 5 d(mﬂ"ﬁ)
1
Suppose that the body undergoes a displacement from r; to r; and that

in consequence the velocity changes from v, to ¢v;. Then by integra-
tion we have for the work done

n n
Y [l Feedr= Y dm0d - mowd) (6.26)
1 1
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Thus the total work done on the body in a given displacement is equal
to the change in kinetic energy of the body during the displacement.
These results are calculated with reference to the fixed point O in
Fig. 6.15. 1In order to give a better understanding of these principles
we shall apply them first to a problem in which there is a fixed axis
of rotation and second to the problem in which there is an instan.
taneous axis of rotation which maintains a fixed direction in space.
An example of the latter is a cylinder rolling down an inclined plane,
Fig. 6.18.

For the first problem let us suppose that the body in Fig. 6.15 is
rotating about a fized axis through the point O with an angular
velocity w perpendicular to the plane of the paper. For this situation
t, = o X r, has a magnitude of wr,, and the kinetic energy 7 of the
body about the fixed axis from Eqn. 6.24 is

n

B! 1
T = zém,’hz = zém,r,"’wz
1

1

1
= 5 [m2 Z m,"",z]
=—— (6.27)

n
since w is the same for every particle in the body and zm,r,2 is by

1
definition the moment of inertia I of the body about the axis through O
about which the rotation is taking place.
Relative to the center of mass the kinetic energy is given by Eqn.
6.25.

T = }M# + Z&m,i',’z
1

The first term on the right is the translational kinetic energy of the
center of mass, and the second is the total kinetic energy of all the
particles in the body relative to the center of mass. This second
term is equal to Icmw?/2. Hence the kinetic energy of a body
rotating about a fixed axis may be written

T = 3w = M 4 3T 0’ (6.28)
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where Iy is the moment of inertia of the body about the fixed axis
through the fixed point O, and I¢ . is the moment of inertia of the
body about its center of mass. This kinetic energy can be equated
to the work done by the applied forces as is done in Eqn. 6.26.

6.13 Example: A Cylinder Rolling Down a Rough Plane

Let us consider the motion of a uniform cylinder of mass M and
radius R rolling down a rough, inclined plane whose length is ! and
whose angle of inclination is 8. The problem is to find the linear and
the angular acceleration of the cylinder, its energy at the bottom of

Fia. 6.18 Cylinder rolling down an inclined plane.

the plane, and the time taken for it to roll down the plane. We shall
assume that on the rough plane the force of friction between the
cylinder and the plane is large enough to cause the cylinder to roll
without sliding. This force of friction, shown in Fig. 6.18 as f, is
exerted by the plane on the cylinder and causes the line of contact of
cylinder and plane through O to be instantaneously at rest. Consider
what would happen if this were not the case!

If the angular acceleration of the cylinder about the axis of rotation
through O is «, then the linear acceleration £ of the center of mass
down the plane is ar e ¢ - -

£ =aR

If the cylinder is rolling and not sliding, the angular velocity and the
acceleration about the axis through O must be respectively equal to
the angular velocity and acceleration about the axis through the
center of mass C. In order to satisfy yourself on this point consider
the displacement of C' and O when the cylinder rolls a short distance
down the plane.

To obtain the angular acceleration we shall use the relationship
Lo = Iya for the instantaneous motion of the cylinder about the axis
through O. Thus

MgR sin 6 = I (6.29)
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The moment of inertia about a horizontal axis through C is the same
as that for a circular disk. From Eqn. 6.12

MR?
Iom = =5
and by the theorem of parallel axes
2
I, = Ai; + MR? = -32—MR2

Substituting in Eqn. 6.29 gives the angular acceleration « as

_ 2gsin g
*T 73R
and the acceleration of the center of mass parallel to the plane as
£=oall = %gsin 0 (6.30)

This result may also be obtained by considering the motion of the
center of mass. From Eqns. 6.3 and 6.23 for the translational and
rotational accelerations of the center of mass, we have

M& = Mgsin 6 — f
and
JR = QM =Icme

(You should prove that in this problem Qcn = Igma.) Substitu-
ting for a and I¢ . gives

I _ MR* _ MRi
cMea ="opm =g
Hence
Mz
=%

Substituting this value for f in the above equation, we have

M:E=Mgsin0—¥2—£
or
£ = §gsin 6

which agrees with Eqn. 6.30.

Consider now the kinetic energy of the cylinder as it rolls down the
plane. Let us assume that the cylinder starts from rest at the top
of the plane and after a time ¢, is at the bottom of the plane where it
has an angular velocity of ws and a linear velocity of the center of
mass equal tov, Thusatt=0,2=0,%2=0, and w = 0; at t = ¢,
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z=14=v,and o = wy. The velocity v at the bottom of the plane
can be obtained from Eqn. 6.30. Multiplying this equation by the
identity £ dt = dz gives

3d(#? = §gsin 0dx

Integrating and applying the boundary conditions gives

o?

2

Now this result can also be obtained from Eqn. 6.26, which, applied

to this problem, gives for the work done and the change in kinetic
energy

= ;-gl sin 8 (6.31)

Mgl sin 6 = $lows® = 3o mws® + $Mv?

where we have taken the work done by the external force [F - dr as
equal to the loss in potential energy Mgl sin 6. Substituting for I,
and Icm. and setting w;2 = »?/R? we have

3MR%?
Mgl §in § = _7R2_11
or
gl sin § = $v?

Thus from the expression for the energy we have
v? = gl sin ¢
which agrees with Eqn. 6.31.

The time taken for the cylinder to roll down the plane is obtained
by integrating Eqn. 6.30 with respect to time. Integrating £ = §gsin 6
gives

i = $tgsin 0 + C)
where C; is zero from the boundary conditions. Integrating a second
time gives

t2
£=§gsin0+Cz

where the boundary conditions give Cs = 0 and I = (t;%/8)g sin 6 or

t = ’ 3l
7= g sin 0

In obtaining the value of the velocity v at the bottom of the plane
from the energy equation we assumed that the work done by the
external force was Myl sin 6 and that no work was done by cr against
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the frictional force f. The force of friction f brings the cylinder
instantaneously to rest along the line of contact through 0. There is
no work done by this force of friction since there is no displacement
of the cylinder in the direction of the force. If work were done, then
the cylinder would be sliding and not rolling.

6.14 Example: Rotation of a Heavy Pulley

Suppose that a uniform pulley of mass M and radius R is free to
turn about a frictionless axle through its center. Two masses M,
and M, are suspended at the end of a weightless inextensible cord
passing over the pulley, Fig. 6.19. The problem is to find the acceler-
ation of this system.

If mass M, is larger than mass M,, then M, will descend with some
acceleration and M, will ascend with an equal acceleration. Why
must this be so? The pulley will rotate only if there is friction
between the cord and the periphery of the pulley. If this is assumed
to be 50, the tensions in the cord on the two sides of the pulley must
be different. They are denoted by T'; and T, and from the direction
of the accelerations it follows that T'; must be greater than T';. The
upper arrow for T';, Fig. 6.19, represents the direction of the force
exerted by the cord on the pulley, and the lower arrow the direction
of the force exerted by the cord on mass M.

If we apply Newton’s second law to each of the masses M; and M,
respectively, we have for the linear acceleration a

Myg—T:=Mua
Ty — Moy = Msa
Taking moments about the axis of rotation O
MR%a
2

where « is the angular acceleration of the pulley and Iy the moment
of inertia of the pulley about the axis through O. But a = a/R.
Hence

TR — TyR = Iy =

Ma
(T, —To) = 3

Combining the upper two equations, we have

My — Ma)g — (T — T2) = a(M1 4+ M,)
or

M
(M, — My)g = G(Ml + M, + —2—)
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or
(M]—'Mz)g _ (Ml—Mz)y
- 2
M,+Mg+% My + Ms + (Io/R%)

Thus the effect of the mass of the pulley 1s to increase the inertia or
effective mass of the system by Io/R? or M/2.

7 T
° |
. [é Mg a+a’
M, Mg
L»a'!z g 18
Fiq. 6.19 Rotation of a heavy Fia. 6.20 Cord unwinding
pulley from a cylinder.
— -

6.16 Example: A Cord Unwinding from a Cylinder, as in a Yo-Yo

A cord is wound around a cylinder and the free end of the cord is
passed over a fixed smooth peg with a weight M’ attached to this
end, Fig. 6.20. Suppose that the cylinder has a mass M and a radius R.
The cylinder has an instantaneous axis of rotation about O, the point.
of contact of the cord and cylinder. Let the constant angular acceler-
ation about O be . Then the axis of the cylinder has a linear acceler-
ation a = aR relative to O. Suppose that mass M’ moves upward
with an acceleration a’. Then a’ is the acceleration of M’ relative to
our assumed inertial system of which the peg is a part. Since the
point O moves downward with this acceleration a’, the acceleration
of the center of mass of the cylinder relative to the peg, sometimes
called the absolute acceleration, is (a + a’). The problem is to find
a, a’, and also T, the tension in the cord, in terms of M, M’, and R.

Consider first the angular acceleration and the torque about the
center of mass of the cylinder. From Fig 6 20 we see that
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TR = Ioye = Ic.u.%

For a uniform eylinder Iy = MR?/2 so that
- Mo
2

From Newton’s second law the linear acceleration of the center of
mass of the eylinder is

Mg—T =M@+ a)
Similarly for the mass M’

T—-Mg=Mgd

These three equations are the dynamical equations of motion of the
system. From them we obtain our required quantities. Substituting
for T gives

g= 33“ +a
and
Ma tot ) / _M
2—-Ma+Mg or a+g—2M,a
Thus
o= 4gM' o = g(M — 3M’) MM’
T (M + 3M) T (M 4+ 3M) T (M + 3M)
We could also have taken moments about O, giving
3R*M
Mg = )R = Toa = ===

Notice that the moment of the force about O is not MgR but
M(g — o’)R. Why? Thus

(g—0d)=4a

which can be obtained by adding the equations for the angular and
linear accelerations of the center of mass. From these equations it
follows that, if 3M’ is larger than M, the acceleration of the hanging
weight will be downward.
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6.16 The Stability of a Car on a Horizontal Turn

Suppose that a car of mass M having a speed v is making a horizontal
turn to the left, Fig. 6.21. The radius of this turn is R. The force

b T A

!

F1a. 6.21 Forces on a car making a horizontal turn.

providing the centripetal acceleration of Mv?/R is the force of friction F
between the wheels and the ground. Thus

M
" R
Since there is no vertical acceleration
celer
P+Q=»Mg

Also, since the angular acceleration a about the center of mass at C
is zero, it follows that the torque about C is zero.

Pl Ql
g ~g tIh=
Hence
2hMv?
Q-P="r
and by addition of these equations
2hMy?
2P = Mg — R
Now P is negative or there is no support on the inside wheel if
2hv?

w®' Y
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or
IRg
2h

Thus, if v is large enough, the wheel on the inside of the curve leaves
the ground and the car tends to overturn outward.

The force of friction F between the tires and the road can be elimi-
nated by banking the road as shown in Fig. 6.22. It is a simple

v >

Fia 6.22 Car making a turn on a banked road

problem to find this appropriate angle of banking of the road 6 for a
car turning a corner of radius B with a speed v. In this example the
centripetal force necessary for the turn is provided by the horizontal
components of the forces P and Q acting on the wheels

My?

—E‘=(P+Q)Bin0

The vertical components must equal the weight
Mg = (P + Q) cos 6

Thus, if there is to be no horizontal force of friction between the road
and the wheels, the road must be banked at an angle 6 given by

2
tan0=%&

6.17 The Physical or Compound Pendulum

In Chapter 5 we discussed the ideal simple pendulum which was
assumed to consist of a point mass suspended by a weightless cord
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from a rigid support. We shall now drop some of these restrictions
and investigate the motion of a rigid body oscillating about a fixed
frictionless support. The rigid body might be a uniform rod such as
a meter stick oscillating in a vertical plane about a fixed horizontal
axis through a point near one end as in Fig. 6.23.

Fra. 6.23 A physical pendu- Fia. 6.24 The same physical

lum showing the center of sus- pendulum with the positions of

pension O and the center of the center of suspension and
oscillation 4. oscillation reversed.

Let the rod have a mass M and be suspended at O from a frictionless
support a distance ! from the center of mass C. Suppose that at some
instant of time the rod makes an angle 8 with the vertical. At this
time the torque L, exerted by the rod about the axis through O is

Lo = Mgl sin 6
This torque is related to the angular acceleration § by Eqn. 6.9, which
in this case gives
Mglsin 6 = —Iof (6.32)
where I is the moment of inertia of the rod about 0. The negative

sign is used since the torque tends to decrease 6 whereas § is positive
in the direction of increasing 6. We are assuming that there are no
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torques due to friction or air resistance, which is, of course, only
approximately correct in practice.

We shall further assume that the maximum angle of oscillation is
so small that sin 6 may be replaced by the angle 6. If this is not
done, then the expression for the period becomes relatively compli-
cated but may be evaluated by the same method as for the simple
pendulum. With this assumption Eqn. 6.32 becomes

_ Mglo
Iy

This is the expression for angular simple harmonic motion, the period
of which is

b=

I
Py = 2rn Mgl (6.33)

Tt is well to check equations such as these for dimensions, that is,

to show that VT o/ Mgl has the dimensions of time. The moment of
inertia of the rod about O may be written by the theorem of parallel
axes in terms of the moment of inertia about the center of mass as

Iy = Icm + M2
If k is the radius of gyration of the rod about the center of mass, then
I CM & M kz

and
Io= ME:+13)

Thus the period about O from Eqgn. 6.33 is
K412
Py = 24r\/ ;: (6.34)

An ideal simple pendulum having this same period Py would have a

length I’ given by
1
Po=2r \/Z
g

This length ' is related to the length ! between the point of support O
and the center of mass C of the physical pendulum by

2 12 k2
k ';' =L 41 (6.35)

We shall see that this length V', called the length of the equivalent
gimple pendulum, has physical importance. Suppose that the pendu-

U=
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lum is now suspended from an axis through A a distance I’ from O, the
former axis of suspension. It is then readily shown that the period
of oscillation about A is the same as that about 0. The moment of
inertia I, of the rod about A in Fig. 6.24 is

I, = ME:+ MU —-1)*
which by Eqn. 6.35 becomes

2\ 2
I, = Mk’+M(k—l)

=T AR

The period P, of the oscillations about A4 is given from Eqn. 6.33 as

[ L MEEQ? + k)1 [* + 1)
Pa=\Noyppo = =7 PMgE o w Do

The two points O and A are called the center of suspension and the
center of oscillation respectively. It follows that, if either point is the
center of oscillation, the other is the center of suspension.

We shall next prove that there are two points of suspension at
different distances from the center of mass and on the same side of the
center of mass at which the periods are equal. From Eqn. 6.35 the
length I’ of a simple pendulum of a given period is

2
v=t 1

or
P—-W+k=0

The solution of this quadratic equation is
U+ VI — 4t
e

so that the two lengths I;, I; having the same period as that of the
simple pendulum of length I’ are
_ UV v — VIt =4k

2

I = — (6.36)

The period of the compound pendulum of length I, is
ME® + L%
Mgl

L

P =2r



THE PHYSICAL OR COMPOUND PENDULUM 195

which may readily be shown by substitution to be equal to

v
P=2r4l%
g

As shown in Fig. 6.25 the period of a physical pendulum varies with
the distance of its center of suspension from the center of mass. When
the pendulum is suspended at its center of mass, the period is infinite.
The figure shows that the same period is obtained when any of the
four points A, B, 4’, B’ is the point of suspension. The distance of

P,
B’ A’ oT A B
s k k—>—>1
I ! | | l
20 10 cCM 10 20

Fi6. 6.25 The period P of a physical pendulum plotted against the distance from
1ts center of mass

the point of the suspension from the center of mass for which the
period is a minimum may be calculated by setting dP/dl equal to

zero in the expression
21 72
P=2r \/ e oL
lg

When the differentiation is carried out, it is found that dP/dl = 0
when [ = k. The minimum period of oscillation is therefore

Ppp = 2r \/glf
[

If this minimum period is experimentally determined, then the radius
of gyration k of the physical pendulum can be found. This radius of
gyration k may also be found from the product of any of the two
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distances Iy, I, for from Eqn. 6.36 it follows that

lly = k? (6.37)

About 1818 an English sea captain, Kater, constructed a special form
of physical pendulum to make a precise determination of the acceler-

Fia.  6.26
Kater’s pen-
dulum;
Courtesy of
the Central
Bcientific
Company,
Chicago.

negligible.

ation due to gravity g. In this apparatus, Fig. 6.26,
there are two fixed knife edges on opposite sides of the
center of mass of the pendulum. It is the object of the
experiment to arrange that the periods of oscillation
about each of these two knife edges are almost equal.
This 18 done by adjusting the position of two masses,
one relatively large for coarse adjustment and the other
relatively small for fine adjustment.

Let us assume that the period about one knife edge
at a distance of L, from the center of mass is P;, and
that the period about the other at a distance of L, is
P,. The adjustment is made so that P; is nearly equal
to P;. From Eqn. 6.34 the periods P, and Pj are given
by
kZ + L2

P =2 (6.34)

or for the length L,

_PiLyg = 4x*(k* + L%
and for the length L,

Py’Log = 4x°(k* + Lo®)
By subtraction
g(P1*Ly — Pa’Ly) = 4a*(L,* — La?)
or
;4*_!'_2 - Py*L, — Py’L, _ l[Plz + P2 Py?— Pz’]
g (L% — Lo» T2l L+ L, Ly — Ly

(6.38)

If considerable time and care are taken, then P; may
be made so nearly equal to P, that the second term is

Assuming that P; may be taken as equal to P, which we

shall set equal to P, then

4n? Pp?
—9_ T Li+ Ly
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or

4’,2
9="pz (L1 + Ly)

The distance (L; + L3), the distance between the knife edges, can be
measured very accurately with a comparator and a standard metal
meter scale. If the period is accurately known, then a really accurate
determination of the value of g can be made. If the period P; is not
exactly equal to Pj, then the first term on the right in Eqn. 6.38 can be
evaluated accurately. The second term, which is very small, need
not be evaluated so accurately. By balancing the pendulum on a
knife edge at its center of mass, the distances L; and L can be meas-
ured with sufficient accuracy.

Though hardly in keeping with the material in this book we shall
digress to give the method by which the period of oscillation of a
Kater’s pendulum is determined. In science, measurements are often
made by comparing a standard quantity with an unknown quantity,
using a suitable instrument to make the comparison. A mass is com-
pared with a standard mass by means of a balance; a voltage is com-
pared with a standard voltage or electromotive force by means of a
potentiometer. In this experiment the standard timing device may
be an auxiliary pendulum clock whose period, of perhaps 2 sec, is
checked with the time signals from the Naval Station at Arlington.
The standard pendulum and Kater’s pendulum are then connected in
an electrical circuit so that when both are in their central positions
the electrical circuit is closed and a bell rings or a lamp lights. This
15 known as the method of coincidences.

Suppose that after a coincidence the standard pendulum makes
n half-vibrations and the Kater’s pendulum makes (n — 1) half-
vibrations before the next coincidence. The period P’ of the Kater’s
pendulum is larger than the period P of the standard since

nP _ (n — )P
2 2

Half-periods are used since a coincidence takes place when the pendu-
lums are in their central positions. Suppose that the period P of the
standard pendulum is precisely 2 sec; then

P’ n 1 1\ 1,1
'2‘=,7_—1-(1_1)—(1‘;) sttate
n

If, for example, there are 552 half-vibrations of the standard pendulum
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and 551 half-vibrations of the Kater’s pendulum between successive
coincidences, then n = 552 and

P 552 1
2 "o e
= 1.001819
or
P’ = 2.003638 sec

6.18 Reactions on the Axis of Rotation

When a body is rotating about a fixed axis, there is present a force
exerted by the rotating body on the axis. By Newton’s third law
there is a reacting force exerted by the axis
L on the body. The simplest but most com-
mon problems of this type are those in which
both the forces and the body are symmetri-
cal with respect to a plane through the center
of mass perpendicular to the fixed axis. We
shall assume here that the fixed axis is per-
pendicular to the plane of the paper and that
the only external force acting on the system
is that due to gravity, as shown in Fig. 6.27.
Let O be the fixed axis on which the body
of mass M rotates. From the assumed sym-
metry of the body the reactions of the axis
reduce to a single force in the plane of the
paper whose components, along and perpen-~
dicular to the line OC joining the axis to
] the center of mass, are R, and R, respec-
Fre. 6.27 Reactions on ively  Ag the hody vibrates about the axis
the axis of rotation of a . . .
physical pendulum. 0, the line OC changes direction and.sf) do
the forces R, and Ry. Let O be the origin of
a radius vector r along OC. Then from Eqns. 1.13 and 1.14 the
acceleration of a particle along r is (r — r6%) and perpendicular to
r in a direction of increasing 6 is (r§ + 276). For the center of mass
the vector r has a constant magnitude of ! so that # and # are zero.
From Eqn. 6.3 for the linear motion of the center of mass, we have
for the equations of motion along and perpendicular to OC respec-
tively, at any instant of time,

Mg cos 6 — R, = —MIé* (6.39)

and
Ry — Mg sin § = Ml§ (6.40)
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where 8 is the instantaneous angle made by the line OC with the
vertical. The final equation of motion comes from the relationship of
the torque to the angular acceleration about the fixed axis. Applying
Eqn. 6.9 to this problem, we have

Mgl sin 6 = —1Iy¥ (6.41)
where the negative sign is used since the torque is in the direction
tending to decrease 6.

The moment of inertia Iy about O may be written in terms of the
radius of gyration k about the center of mass as

Iy = Ioym + MI* = M(K* + 1%)
Thus Eqgn. 6.41 becomes

i = 5 8in 8 (6.42)

TR + l
To obtain the angular velocity 6, Eqn. 6.42 is multiplied by the
identity
de
=—dt =0dt
de 7

giving
1 gl
~d(6?) = 9 =
2d( ) k2+l2sm0d +k2 lzd(cosﬂ)
By integration
lp_ o0
3 6 = W o0 64 Cy (6.43)

where C; is the constant of integration determined from the initial
conditions of motion. In order to complete the problem let us assume
that, at time £ = 0, § = 0 and ¢ = =/2; that is, the body is started
from rest with the line OC horizontal. The constant of integration C
is thus zero. Substituting for 6 and § in Eqns. 6.39 and 6.40 gives

R, = M, 0(1+——-2-L)
r = Mg cos e

and
. I
Ry = Mgsme(l - m)
The magnitude of the resultant reaction R is

- VEITES
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As an example of the reactions on an axis of rotation let us consider the following
problem. A uniform meter stick whose mass is 150 gm is free to turn on a hori-
zontal axis 10 cm from one of its ends. It is started from rest when the rod is at

an angle of 45° above the horizontal, Fig. 6.28. The
problem is to find the resultant reaction of the axis of

rotation.
& We must first find the radius of gyration k. For a
uniform rod of length L
ML?
= 2 =
S Io.u Mk 2
or
2 4

A0 . , L 10 2
~ o k?* = =
YN & Yme 12" 12°

The constant of integration C; in Eqn. 6.43 is eval-
uated from the imtial conditions: ¢t =0, ¢ =0,
6 = 135°, so that

. gl
C1 = z+lzcos 135 ’°7°7k2+12

From Eqn. 6.43

0% = kz + 7 (cos 6 + 0.707)

Fio. 6.28 A meter stick Hence from Eqns. 6.39 and 6.40 the components of
falling from an angle of the force of reaction when the meter stick makes an
135° with the vertical angle 6 with the vertical are

Ry = Mg cos 6 + + l’ (cos 6+ 0. 707) (347.5 cos 6 + 139.6) gmw

2
I—c—z—-l_—l_—-ﬁ> = 51.3 sin 6 gmw
When the meter stick is in the vertical position, # = 0°. Then R, is zero, and
R, = 487.1 gmw; that is, the reaction by the support is entirely vertical.

This value of R, when the rod is vertical can be obtained in a simpler manner,
for in this position the support must exert a force equal to the sum of the weight
and the centripetal force, or

Ro = Mg sin 0(1 -

R, = Mg + Miée®
where 6y is the angular velocity of the rod when it is vertical. The value of 8, can
be obtained from the conservation of energy equation. If k is the height through
which the center of mass falls, then
Mgh = 31400
From Fig. 6.28
h = 40 X 0.707 4 40 = 68.28 cm
and

To= M2 4 12) = M(gg—;zzg—o) gm cm?
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Hence
0% = 2 X 682)9 2((‘2)3 X 12) seo—?
..

(2 X 68) - (28 X 12 X 40)
29,200

R,-Mp[1+ ] = 487.1 gmw

6.19 Impulsive Forces

In Chapter 2 we showed that the change in momentum of a particle
is equal to the time integral of the force acting on the particle or is
equal to the impulse of the force. A similar theorem holds for the
linear motion of the center of mass of a rigid body.

From Eqn. 6.3 the linear acceleration of the center of mass ¥ of a
body of mass M acted on by a resultant force F is given by

Mt =F (6.3)

Suppose that the force F is very large and that the time AT for which it
acts is very small. Then the impulse H of this force is defined as

H=/;ATth

During the time AT the force may vary considerably in magnitude
as when a bat strikes a ball. From Eqn. 6.3 it follows that

Md®#) =Fdt

If ¥, is the initial velocity of the center of mass when the force begins
to act and ¥ that after the impulse H is given, then

v . AT
/-, Md@E) = ﬁ, Fdt=H
or
AT
M@ %) = ["Fa=H (6.44)

This is an equation between vector quantities. It states that the
change tn momentum of the center of mass of a body in any direction is
equal to the ponent of the impulse in that direction.

Consider now an impulse on a body free to rotate about a fixed
axis through a point 0. Then from Eqn. 6.9 a torque Lo produces an
angular acceleration 8 about the axis given by

Lo = Iob

where I is the moment of inertia of the body about the axis through O.
Suppose that a large torque acts for a short time. Then j Lodt is
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called the impulse of the torque. From Eqn. 6.9 it follows that
Lodt = d(Io) = Iod(d)

I wo is the angular velocity of the body about O just before the
torque starts to act and  that im-
mediately after the torque has ceased
acting, then

T
100cm [*" Lodt = To(@ — wo) (6.45)

or the impulse of a torque about a fized
axrts 18 equal to the change in angular

H momentum about that axis.
\m As an example of this analysis let us consider
o 60 cm 1A } the following problem. A meter stick whose

mass is 150 gm can rotate about an axis through

Fia. 6.29 A meter stick mak- O atoneend, Fig. 6 29. Suppose that the stick

ing an inelastic impact with starts from a vertical position and falls to the

rod A. horizontal position where it strikes a fixed n-

elastic rod A at a distance of 60 ecm from the

end O. The problem is to find the impulse of the blow on the fixed nelastic rod

and the impulse of the reaction at the support O.

The angular velocity » of the rod when it 18 horizontal and just before it strikes

the fixed rod at A is given by the law of conservation of energy

1 !
2 Jow? = It
gl = Mog
where
M2 M2 M2 M2
homlox +=F =5 +% =%
Hence
2 _ 3 2

w -=-—l— = 20.4 sec™

If H is the impulse of the blow exerted on the meter stick when it strikes the
rod 4, then from Eqn. 6.45 for the motion about the fixed axis
H X 60 = Igw
since the meter stick comes to rest after the inelastic impact with the rod. Thus
" M’s 15 X 10°4/29.4
180 180

If H' is the reaction of the blow on the rod at the support A4, then from Eqn. 6.44
for the motion of the center of mass

= 452 x 104222
sec

Bem =M
)
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Thus
H' = (4.07 — 4.52) X 104 = —4.50 X 103%‘;3-‘

The blow exerted by the axis is therefore downward in the opposite direction to
that shown in Fig. 6.29.

6.20 Center of Percussion

If a body that is capable of rotating freely about a fixed axis ts given a
blow at such a point that there is nmo impulsive __
blow on the axis, then the point is called the
center of percussion of the body. 0 —H'

Let us consider that a uniform rod of mass T
M, suspended freely about an axis near one end a
0, is struck by a horizontal blow of impulse H ‘*__‘ oM
at a distance (z 4+ a) from O as shown in Fig.

6.30. In general the blow H causes an im- j

pulsive action —H’ on the axis and a reaction
H’ on the rod. In this example H’ is hori- L]
zontal since H is horizontal. Th‘e problem is Fic. 6.30 The center
to find some distance x where H’ is zero. of percussion of a rod.

Let « be the angular velocity of the center
of mass immediately after the blow. Then from Eqn. 6.44

H + H' = Maw
From Eqn. 6.45 for the moment of the impulse about O we have
Hx +a) = Iw
where
Iy = Icm + Ma? = Mk? + Ma® = M(k® + a?)
Hence
M®E? + a¥w
H= r+a
and
M(k?* + a%w
! = — ——————————
H' = Maw e (6.46)

1f the blow is struck at the center of percussion, then by definition
of the center of percussion H’ is equal to zero. Thus the center of
percussion lies at some distance z below the center of mass where

k* + a®

z+a

a — =0

or
za = k? (6.47)
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This is similar to equation 6.37 derived earlier for a compound pendu-
lum. Thus, if 4 is the center of percussion where the impulsive
blow H’ on the rod is zero, then the distance OA is the length of the
equivalent simple pendulum when the meter stick is regarded as a
compound pendulum. In other words the center of percussion with
respect to a fixed axis coincides with the center of oscillation with
respect to the same fixed axis. From Eqn. 6.47 it follows that the
blow H’ at the axis is positive in the direction shown in Fig. 6.30 if
the blow H is struck below the center of percussion A. Also, H’ is
negative or in the opposite direction to that shown in the figure if the
blow H is struck above the center of percussion.

A rough example of the above theory, and one with which most of
us are familiar, is that of a bat striking a baseball. Although the bat
is held by the hands and does not move about any well-defined axis,
you probably realize that there is a certain place where the bat must
be held if no “sting” or impulsive blow is to be received by your
hands.

6.21 An Approximate Theory of the Gyroscope

A gyroscope is any symmetrical hody rotating on an axis, which
axis is also free to turn about some point. A spinning top and a
heavy wheel rotating on an axle supported at some point as in Fig. 6.31
are examples of gyroscopes. In these gyroscopes the axis of sym-
metry, about which the body rotates, precesses or rotates about another
axis. Thus in Fig. 6.31a the wheel and axle precess with an angular
velocity o’ about a vertical axis. We shall assume that the angular
velocity of spin w is very much larger than the angular velocity of
precession «’ so that the total angular momentum of the system lies
along the spin axis. Our approximation then consists in neglecting
the angular momentum about the axis of precession.

If the wheel were not rotating it would fall vertically under gravity.
When it is rotating rapidly the torque due to the weight of the wheel
Mg causes precession about the vertical axis through 0. The torque
about O is Mgl and is represented by the vector L in Fig. 6.31b. This
torque L is in a horizontal plane perpendicular to the plane formed
by the axle and the direction of the weight Mg. If I is the moment
of inertia of the wheel about the axle and w is the angular velocity
of the wheel, then the angular momentum of the wheel is Jw along
the direction of the vector w. In a short time di the torque L produces
a change in angular momentum given by Eqn. 6.45.

Ldt = d(Iw)
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and is in a direction parallel to the torque vector L. This change in
angular momentum is represented by the vector d(Iw) at right angles
to Iw in Fig. 6.31b. The resultant of these two vectors is a vector
which makes an angle d¢ with the vector Jw. In the time dt the

90°
do.
To d(Iw)
(%)
Fia. 6.31 A simple gyroscope and the components of angular momentum Jw and
torque L.

vector Jw and hence the axle turns through an angle d¢. This is
the motion of precession.~ From the vector triangle in Fig. 6.31b it
follows that
d(lw) = Iwd¢
Thus
Myldt = d(Iw) = Iwde

or the angular velocity of precession w’ is given by

PG _ Mgl

. o= =T (6.48)
From the discussion above it follows that the direction of the pre-
cession is such that the spin vector precesses towards the torque
vector. If such a gyroscope as shown above is watched carefully, it
will be noticed that the axle does not precess exactly in a plane but
rises above and falls below this plane. This motion, called nutation,
cannot be analyzed by this simple theory, but a more complete theory
is given in section 6.28.
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6.22 Velocity and Acceleration Relative to Moving Axes

In the discussion of Newton’s laws of motion it was stated that
these laws should be referred to a primary inertial system of axes such
as those attached to the fixed stars. Since the earth is rotating on its
axis and revolving about the sun, it follows that any system of axes
attached to the earth cannot theoretically constitute an inertial system.

Y z P

Y

r

Ty

0y

Xo

Z,

Fr1a. 6.32 A particle at P referred to fixed and moving axes.

We shall now investigate what changes should be made in Newton’s
laws when they are referred to a system of moving axes such as ones
attached to the earth. This investigation will be important in rigor-
ously analyzing the motions ofﬁsi)inning top or of a gyroscope.

Suppose that O is the origin of a right-handed system of axes
Xo, Yo, Zo which is rigidly attached to a primary inertial system.
Further let O be the origin of a system of axes X, Y, Z which is moving
with respect to Xo, Yo, Zo, Fig. 6.32. The motion of the axes X, Y, Z
may involve both that of translation and that of rotation with respect
to the fixed axes Xo, ¥, Zo.

Suppose that a point P which is moving with respect to both sets
of axes has an instantaneous position denoted by the vector ro with
respect to the fixed axes and by the vector r with respect to the moving
axes. If R is the vector distance between the origins 0¢0 at the
instant of time being considered, then from Fig. 6.32 it may be seen
that

ro=R+4+r

Suppose that the coordinates of P with respect to the fixed set of axes
are Zo, Yo, 20. Then
ro = io%o + joyo + Kozo (6.49)
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where 19, ju %o are the unit vectors along the Xy, Yo, Z, axes respec-
tively. These unit vectors are constant both in magnitude and direc-
tion. Similarly, if the coordinates of P with respect to the moving
set of axes are z, y, z respectively, then

r=ir+jy+ke (6.50)

where i, j, k are the unit vectors along the X, Y, Z axes respectively.
These unit vectors have a constant magnitude, namely unity, but
have the varying direction of the rotating axes.

The velocity of the point P relative to the fixed axes is to, and this
is given by

tg=R+1
The velocity t is
d
p=24 .
g (o + iy + k)
—1x+Jy+kz+xdt+ydt+zdt (6.51)
In this expression
+jgt+ki=v (6.52)

is the apparent velocity of the point P relative to the moving axes
X, Y, Z. Thus, if the point P is at rest in the moving system, then
its velocity v, relative to the axes X, Y, Z would be zero. However,
even in this case the point P has a velocity relative to the fixed axes
X, Yo, Zy due to the rotation of the axes X, ¥, Z. Thisis given by
the last three terms in Eqn. 6.51.

In order to understand these terms we must investigate the meaning
of such terms as di/nli/t, the time rate of change of the unit vector along
the X axis of the moving axes. To do this we shall resort to geometric
analysis, Fig. 6.33. In this figure let OA be unit vector i at time ¢ and
OB the same unit vector at time (¢ + dt), where dt is an infinitesimal
change in the time. The lines OA and OB both have a length or
magnitude of unity. Since

OA 4 AB = OB
then
AB = OB — OA
is the infinitesimal change in the unit vector i in the time dt, or
AB = di

To complete the description of Fig. 6.33 a perpendicular BC is
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drawn from B onto the XZ plane and C4 is drawn in he XZ plane.
Thus
AB = AC + CB (6.53)

Now AC represents a rotation about the —Y axis in the time d¢ and
is parallel to the Z axis. Hence

AC = —uw,dtk
where w, is the angular velocity of rotation about the ¥ axis. Simi-

Y

c
Z

Fi1a. 6.33 The change of unit vectors with time.

larly CB represents a rotation about the Z axis in the time dt and is
parallel to the Y axis, so that

CB = ju, dt

where w, is the angular velocity of rotation about the Z axis. Substi-
tuting in Eqn. 6.53 gives
di = jw, dt — kw, dt
or
di

T jo, — Kay - (6.54)

Similarly it may be proved that

dj
7 ko, — iw, ‘\

@

and

b iwy — jw,
These latter two equations may be obtained from Eqn. 6.54 by
cyclically rotating each of the items in the equation.
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If the resultant angular velocity of rotation of the X, Y, Z axes
relative to the X, Yo, Zo axes is o with the components wz, wy, w,
along the X, ¥, Z axes respectively as given above, then

m—-lw,+]w,,+kw

As an exercise in mampulatmg vectors you can readily prove from
the above relationships that

di
éz+ﬁy+—4 mxr5 (6.55)
Hence we may now write Eqn. 6.51 as
t=oXr+v (6.56)
and
=R+eoXr+v (6.57)

In words, these terms signify that:

R is the velocity of the origin O of the moving axes relative to the
origin Oy of the fixed axes.

ty is the true velocity of the moving point P as measured relative
to the fixed axes X, Yy, Zy.

t is the velocity of the point P as would be measured by an observer
who is located at the origin of the moving axes X, Y, Z and who is not
rotating with the axes.

® X r is the velocity of the point P which is not moving relative
to the origin O but whose motion is due to the rotation of the axes.

v is the velocity of the point P relative to the axes X, Y, Z or as
recorded by an observer who is attached to, and rotating with, the
moving axes X, Y, Z.

Thus the velocity of the point P which is given by the one term t,
relative to the origin of the fixed axes is also given by three terms
relative to the moving axes. These three terms are the motion of
translation R of the origin of the fixed set of axes relative to the
origin of the moving set, @ X r due to the rotation of the axes, and v
due to the motion of the point P relative to the axes X, ¥, Z which
are now considered as stationary.

We next turn to the linear and angular accelerations referred to the
fixed and moving axes. From Eqn. 6.57, by differentiation, the
acceleration of the point P is given by

=Rt+oxr+oxt+v (6.58)
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Sﬁlbstituting for ¢ from Eqn. 6.56 gives
fo=R+oxr+oX@X)+toxv+y (6.59)
Differentiating Eqn. 6.52, we obtain for ¥:
v =i+ jy + ks + il + gj + 2k (6.60)
in which 1 is used in place of di/dt, etc. Substituting from Eqn. 6.54
for i, j, k and rearranging gives

iz + J.y + ki = i(wyg — wey) + Jwet — wz8) + k(w,y — “’uz)

i § k
=lw; Wy w]=0XV (6.61)
i gy z

The first three terms in Eqn. 6.60 represent the apparent linear
acceleration a of the point P relative to the moving axes X, Y, Z or

a =iz + jy + kz
Thus Eqn. 6.60 may be written
v=atoXvV .

It is left as an exercise to p7l)ve that
& = idg + jo, + ko,
Thus the term & may be considered to be the angular acceleration of

the moving axes relative to the fixed axes Xo, Yo, Zo. Collecting the
terms, we then have for the acceleration of the point P from Eqn. 6.58

ag=fh=R+a+20Xv+oXr+oX (@xr) (662

As a summary we shall give the physical meaning of the terms in
Eqn. 6.62:

a9 or fy: The acceleration of the point P relative to the fixed axes
Xo, Yo, Zo in the inertial system.

R: The acceleration of the origin O of the moving axes X, Y, Z
relative to the origin Oy of the fixed axes Xy, Yo, Z.

a: The acceleration of the point P relative to the moving axes
X, 7, Z.

20 X v: The so-called Coriolis acceleration. It is the acceleration
received by a point P moving relative to the axes which are rotating
with the angular velocity o.

& X r: The linear acceleration of a point P, at a distance r from
the origin of the moving axes, due to the angular acceleration & of
these axes.



MOTION OF A PARTICLE FALLING TOWARD THE EARTH 211

o X (0 X 1) The centripetal acceleration of the point P due to the
rotation of the axes X, ¥, Z. It is readily shown that this term is
equal to w?p where p is the perpendicular distance from the point P,
or the head of the vector r, to the angular velocity vector .

6.23 Motion of a Particle Falling toward the Earth

We have repeatedly emphasized that the earth is not an inertial
system, though up to the present we have assumed that Newton’s
laws of motion are valid for a coordinate system attached to the
carth. We shall now investigate how far we have been in error in
making this assumption.

Let the center of the earth be the origin of a rotating set of axes
rigidly attached to the earth. Relative to the origin Oy of a set of
axes X, Yo, Zp in an inertial system, the acceleration of the center
of the earth O is negligibly small. Thus we may set R in Eqn. 6.62
equal to zero. The angular velocity o of the earth is easily calculated
to be about 7.3 X 107° radian per second. Since this angular velocity
o is constant, it follows that its angular acceleration & is zero.

Thus from Eqn. 6.62 the acceleration of a point P relative to the
axes attgched to the rotating earth is

a=8)—20XV—0 X (0 XT1) (6.63)

Consider a particle falling toward the earth under gravity with the
acceleration g. Now when g is measured, as for example with a
pendulum having a negligible velocity relative to the earth, its value is
the resultant of the earth’s gravitational attraction ao and the centripe-
tal acceleration @ X (0 X r). This effect was investigated in problem
20 of Chapter 1. Thus the value of the acceleration due to gravity is

g=a —0X(@Xr) (6.64)

From Eqns. 6.63 and 6.64 it follows that the acceleration a of a point
moving with a velocity v on the earth is

a=g—20XV (6.65)

This acceleration is relative to the rotating axes X, Y, Z attached to
the earth. Since the position of the point P on the earth, given by
the vector r, is not contained in Eqn. 6.65, it follows that the origin
of the rotating axes may be placed anywhere on the earth and not
only at the center of the earth. Let us take the origin of the rotating
axes at some point O on the earth at latitude 8, Fig. 6.34. Suppose
that the Y axis is drawn vertically upward and the Z axis on the horizon
circle through O pointing north. Then for a right-handed system of
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axes the X axis is directed perpendicularly out of the plane of the
paper towards the west on the horizon circle.

Now suppose that a particle falls from rest from a point on the Y axis
near the surface of the earth. Its velocity v after a time ¢ is given
approximately by

v =gt

and is directed toward the center of the earth approximately along
the —Y axis. For this particle the vector (—2w X v) is directed into

<

S
F1a. 6.3¢ Motion rclative to the moving earth.

the plane of the paper, that is, along the —X axis or in an easterly
direction on the horizon circle through 0. From Fig. 6.34 it can be
seen that the magnitude of this vector (—2w X v) is

2vw cos 6 = 2glw cos 0 (6.66)

This then is the easterly acceleration of a particle dropped from rest
above the surface of the earth. It signifies that a particle does not
fall vertically down toward the earth or along a plumb line but falls
east of this line. The direction of this easterly acceleration, given in
Eqn. 6.66, is, by our convention, along the —X axis. Hence we may
write
—& = 2gtw cos 0

Since at time zero both the velocity # and the displacement z are zero,
it follows that

_ wgt® cos 6

R



HORIZONTAL DEFLECTION OF MOVING AIR 213

This —z is the easterly displacement of a particle starting from rest
and falling for a time ¢ under the constant gravitational acceleration g.
It is the easterly displacement from the foot of a plumb line hung
from the point where the particle is initially started. In this example
it should be noticed that angular momentum is conserved.

6.24 Horizontal Deflection of Moving Air

If you have ever observed a weather map you have probably
noticed that the winds are not from the high to the low-pressure
regions but rather along the lines of equal pressure. This result is

N
w2 E
S
Fi16. 6.35 Motion on a hori- Fia. 6.36 The winds and curves of equal pres-
zon circle. sure in a cyclone.

given in some meteorological books as Buys Ballots’ law, which states
that if a person stands with his back to the wind the region of lowest
barometric pressure is on his left hand and slightly towards his front.
An explanation of this law is given in terms of the Coriolis acceleration.

Consider a westerly wind, that is, a horizontal mass of air moving
from west to east with a velocity v, Fig. 6.35. In this horizon circle
the effective angular rotation, from Fig. 6.34, is w sin 8, directed
vertically upward out of the plane of the paper. The Coriolis acceler-
ation —2w X v has a magnitude of 2wv sin 8 and a direction toward
the south in the northern hemisphere.

Thus a mass of air moving toward the west is deflected toward the
south. It is easy to show from what has been given above that a
low-pressure area gives rise to cyclones whose winds move in a counter-
clockwise direction, Fig. 6.36. In the southern hemisphere the winds
would be in the opposite direction. A low-pressure area would give
rise to winds in a clockwise direction.
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6.286 Motion of Rigid Bodies Relative to a Fixed Point

The analogy between rotational and translational acceleration holds
only when the rotatior is abolt a fixed axis.,y For the translational
motion of the center of mass of a rigid body the resultant force is equal
to the product of the mass and"the linear accéleration of the center of
mass. Similarly for the rotational motion of a rigid body about a
fized axis the resultant torque is equal to the product of the moment
of inertia about the axis and the angular acceleration of the body
about the axis. In these cases mass and moment of inertia are both
constants. The accelerations are then respectively proportional to
the resultant force or the resultant torque. These accelerations, both
linear and angular, are simple functions of the coordinates, either r or 6.

Now if the rotational motion ig given with reference to a fixed
point rather than with reference to a fixed axis, no simple relationship
exists between the torque and the angular acceleration. This may
seem incorrect since the torque referred to a fixed point is equal to
the time rate of change of the angular momentum of the body about
the point as given in Eqn. 6.19. Although this is a simple relation-
ship, it yields no simple result, for the moment of inertia is a tensor
and in general is not a constant quantity independent of the coordi-
nates. In general for rotzzion about a fixed point it is not possible
to have three angles whose/time derivatives give the angular velocities
about the axes from which these angles are measured. These diffi-
culties would appear to make the solution of problems pertaining to
rotation about a fixed point well nigh impossible. However, there are
simplifications which considerably overcome these difficulties.

6.26 Moment of Inertia Tensor

Since the torgue L exerted on a body rotating about a fixed point is
equal to the time rate of change of angular momentum €, we have
from Eqn. 6.19 -

L=qa

where from Eqn. 6.18 for the sth-particle in the body, Fig. 6.15,
g Q= zm‘(" x.1)
<>

= z mi; X (@ X 17) (6.67)

In this double vector product it is necessary ﬁrst to evaluate the
vegtor product (w X r;). The vector product of r; and the vector
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(@ X r;) is then found. Notice that Eqn. 6.67 is not equivalent to
the vector product m;(r; X o) X r;, As an exercise in algebraic
manipulation you should expand Eqn. 6.67, using the determinant
form for the vector product as in Eqn. 6.17 and also the following
equations.

r; = iz; + jy; + ke;
o = iwy + jo, + ko,
For the component of r; X (0 X r;) along the X axis you should find
that
n
10, = 1) [0 + 2.2) — wz@s — wz] m;
1

The components along the Y and Z axes may be written from the
above by cyclically changing the coordinates. Thus the angular
momentum about a fixed point is

n n n
Q=i [w; z my.2 + 2,3 — o, 2 MEYs — Wy z m,x.-z,-]
1 1 1

n| n n
+j [w, ima‘(zi2 +z%) — 2 MYiZy — Wz miy.'xe]
1 1

1
n n n
+k [w: 2 mi(z® + yi?) — ws z M2y — wy 2 mizi?l:']
1 1 1
In this expansion it is usual to abbreviate the terms in the above
equation in the following manner:

n n n
I, = 2"‘1(%2 + 1:2) Izu = — z MaT5Ys I = — Emixiz{
1 1 1

* 7Y

I,, = zmi(Z"2 + IC,") Iy: = - Emi%’zi Iw: = - zmﬂ/{xi
1 M 1 1
n n n
I, = Zm.(xa’ +4?)  La= - z mzg; Iy = — zm.-z.-y;
1 1 1
These nine quantities I, I, * + +, I, are the components of the

moment of inertia of the body about the fixed X, ¥, Z axes. The
components I, I,, I, are usually called the moments of inertia, and
the components Iy, Iys, * * * , I, are called the products of inertia.
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A quantity such as moment of inertia is called a tensor. As is seen
Q and w do not necessarily have the same magnitude or direction.
Now it is possible to prove, though we shall not do so here, that
any rigid body has three principal axes of inertia of such a nature
that the products of inertia are zero when the principal axes are used
as coordinate axes. This result is of considerable importance. In the
following discussion we shall use the principal axes as the coordinate
axes. For such axes the expression for the angular momentum
becomes
Q = ilw, + jl 0, + kl,w, v/ (6.68)

The kinetic energy of the rotating body may be written
T=3%)mi?=14) meXr): (oXr)
Jmit =3y

Using the principal axes and expanding, it follows that the kinetic
energy is
T = }(lw.° + w2 + Lw,?) (6.69)

6.27 Equations of Motion of a Rotating Rigid Body Referred to a
Fixed Point

We shall now find the #pressions for the components of the torque
acting on a rigid body rdtating about a fixed point in terms of the
corresponding components of angular momentum. To do this let us
suppose that the coordinate axes are the principal axes of the body
and that these coordinate axes are rigidly attached to the body. The
coordinate axes then rotate with the body. Thus the moments of
inertia about each of the axes are constants. From Eqn. 6.19, L = Q,
and, using Eqn. 6.68 for Q, it follows that
d . x. dj -

@ + JI:‘% + I”w"EJi + kl,0, + I:‘ﬂz% v
where @, is the time rate of change of the angular velocity of the
X axis and di/dt is the time rate of change of the unit vector i along
the rotating X axis. Substituting for di/d¢, dj/dt, dk/dt the values
given in Eqn. 6.54, it follows that ‘

L = i, + Lo,

L, = z = (Iz‘;’z - IWW: + Izwy"’l)

= [L0; + oy, (I, — I1,)]
and - (6.70y
L" = Qv = [Ivy + wzwz(Iz - It)]

L, = O, = [La, + waw (I, — I)]
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The three equations given above for L,, L,, L, are known as Euler’s
equations. They relate the torque about each one of the principal
axes to the angular velocity of the principal axes. Since the principal
axes are fixed in the rotating body, it follows that the moments of
inertia I, I,, I, are constants independent of time. We shall now
apply this theory to the gyroscope.

6.28 The Motion of a Symmetrical Rigid Body. The Gyroscope

In this section we shall analyze the motion of a gyroscope a little
more rigorously than was done in section 6.21. This theory applies
to the motion of any rotating symmetrical body. By a symmetrical
body is meant one that has two of its principal moments of inertia
equal to each other. These are generally perpendicular to a third
axis, the axis of rotation of the body. The gyroscope, the earth, and
certain types of atomic and molecular structure are examples of such
symmetrically rotating bodies.

Let us consider the gyroscopic motion of a symmetrical spinning
top. To describe this motion we shall choose the principal axes of
the top as the rotating coordinate axes, X, ¥, Z. These rotating axes
have a common origin O with a set of axes Xo, Y, Z¢ which are fixed
in an inertial system. The common origin of the axes is taken as the
fixed point of the top. In Fig. 6.37 the Y axis is the spin axis of the
top about the origin O of the coordinate systems. Any motion of
the top, other than its spin, is measured in terms of the angles 8 and ¢.
These angles are called the Eulerian angles and serve as independent
variables in the equations of motion. ~

Let us first describe the motions of a spinning top. The top is
spinning about the Y axis, which is rotating about the fixed Y, axis.
In this motion the Y axis of the top describes a cone about the vertical
Yo axis. This motion is known as the precessional_motion and is
measured by the time rate of change of the angle ¢. In general the
axis of the top changes its cone angle 8 as the precession takes place.
The angular velocity of 6 is called nutation. Thus in general the top
may-be said to have three motions, sg__ precession, and nutation.

The Eulerian angle ¢ is constructed in the following manner. The
rotating OZ axis is perpendicular to the spin axis OY and also lies in
the fixed X¢Z, plane. Thus the precessional angle ¢ is the angle
between the fixed 0Z, axis and the rotating OZ axis. To complete
the system of rotating axes the OX axis is chosen perpendicular to the
OY and OZ axes. From the nature of the construction it follows
that OZ is perpendicular at every instant of time to the axes 0Y, OY,,
and OX. Thus the three axes OY, OY, and OX lie in the same planc.
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We must try now to relate the Eulerian angles 0 and ¢ to the com-
ponents of the angular velocity of the rotating axes X, ¥, Z. This we
must do if we are to obtain the differential equations of motion of the
top from Eqn. 6.70. Let o be the vector angular velocity of rotation
of the axes X, Y, Z with respect to the fixed axes Xo, Yo, Zo. The
components of o along the axes X, Y, Z are w;, w,, and w, respectively.

%y VK
F1a. 6.37 The motions of a spinning top.

Since OZ is perpendicular to OY and OY,, it follows that the com-
ponent w, of the angular velocity about the OZ axis is measured by the
time rate of change of the angle § between the OY and OY axis, or

=6 - d
wy =0 = 51 (6.71)

Again, since 0Y, is perpendicular to 0Z, and 0Z, it can be seen
from Fig. 6.37 that the rate of change of ¢, the angle between the
0Z and OZ axes, is along the fixed QY ¢ axis. This angular velocity ¢
about the OY, axis can be resolved into the components w, and wy,
along the rotating OX and OY axes. From Fig. 6.37 it may be seen
that .

wy = ¢ cos §

. 6.71
w; = ¢ sin ©.71)

From the symmetry of the top the momente of inertia about the X
and Z axes are equal, that is

I, =1,
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Also the total angular velocityMabout the Y axis is the sum
of the spin angular velocity s and the angular velocity of the ¥ axis.
This total angular velocity will be called S.

1
S=a,+s
¢ ]
Now the only torque acting on the top is that due to its weight, and
this acts about the Z axis.
L, = Mgl sin 0

where [ is the distance of the center of mass of the top from the point O.
Also
L,=L,=0

The equations of motion of the top are obtained from Eqn. 6.70, but
now the component of angular momentum along the Y axis is
I,(wy + s) rather than I, used in Eqn. 6.70. Hence, replacing I,
by I, we have

Lo, + oIy — I,)) — Isw, =0
Ij(ay + 8) + wewe(I; — I;) =0 (6.72)
i, + wawy(I, — I) + Is0, = Mglsin 0
From the middle equation above we have
IL(,+s =0 I,8=0 orI,S = Constant
Since I, is a constant, it follows that S, the total angular velocity
about the Y axis, is a constant.
Next we turn to the total energy U of the top. This“is the sum
of its kinetic and potential energies. Using Eqn. 6.69,#nd noting that

the angular velocity about the Y axis is (w, + &) rather than w,, the
total energy is

U = $1,0.% + 3, (wy + 8)% + 31,0, + Mgl cos 6
Substituting for ws, wy, w, from Eqn. 6.71, we have
U = }I,sin? 0 ¢* + $1,8% + $1,6% + Mgl cos 6

We now require a further relationship between the angles 6 and ¢.
This may be obtained by recognizing that there are no torques about
the 0Y, axis and hence the component of angular momentum about
this axis is a constant C.

Qp, = I,S cos 6 + Iw, 8in 8 = C
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or

C=1I,Scos0+I,sin%64 (6.73)
Thus

6= C—1,8cosé
I, sin® ¢

Substituting this value of ¢ in the equation for the energy U given
above, we obtain a relationship involving only 6 and its derivatives.
Thus

P 2 [U (C — IS cos 6)2 I,8?

il - ¥ _ Mgl cos 8] (6.74)
I,

21, sin? 6 2
Theoretically at least we should be able to determine the angular
velocities of precession and nutation from Eqns. 6.74 and 6.73 respec-
tively. However, Eqn. 6.74 is a difficult one to integrate and would
take us much deeper into the analysis of gyroscopes than we wish
togo. In ordertoavoid this we shall introduce a new variable p where

p = cos 0
and
p=—sginbb

It follows from the deﬁnitio%of 0 that p must lie between —1 and +1.
Substituting for 6 and 6 in Eqn. 6.74 gives

. 2U 2 — (C —1,8p)* 1,81 —p") 2Mglp(1 — p?)

Pt —_—m2
=7, 4P 1. 1. I.
2U —1,8% 2Mglp> (C — I,8p)*
— — 2 Y — — Y
=1-7 )( I, I. 1.2
. = (1 -4 - Bp) — (D — Ep)® (6.75)

where A, B, D, E are the constants from the equation above. Equa-
tion 6.75 is a cubic and can vanish for no more than three values of p.
The limits of the variable p are +1 and —1, and at these limits p2 is
negative since

Pown = —(D —E)? and  pPoen = —D + E)?

Thus the graph of p? plotted against p must cross the p axis between
—1 and +1 as shown in Fig. 6.38. In the physically possible motion
the cone angle § must lie between 0 and #/2 so that p must lie between
1and 0. That is, the curve in Fig. 6.38 must cross the p axis between
1 and O rather than between —1 and +1. These values at which p?
is zero are called p;, p2. They correspond to two values 6; and 8, of
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the cone angle and are called the libration limits. Notice that when p
is very large compared to any of the constants then Eqn. 6.75 becomes

p? = Bp®

so that when p has a very large negative value p? is negative, and
when p has a very large positive value p? is positive. It is from these
considerations that Fig. 6.38 was qualitatively drawn.

This analysis shows that the cone angle 6 varies between the libra-
tion limits 6, and @, as the precessional motion takes place. In this

i,2

, NNy
-1 jp, pW P

Fi6. 6.38 Curve showing the variation of p* with p where p = cos 6.

Fi. 6.39 Nutation of a top be- Fi16. 6.40 The motion of a top
tween the libration limits 6, and 6,. started at a given angle.

motion both the angular velocities 6 and ¢ vary with time. The
expression for these variations is given in treatises exclusively devoted
to this subject.

A possible type of motion for the axis of the top is shown in Fig. 6.39.
Here the axis of the top moves between the libration limits 8, and 6
at the same time that the precessional motion about the fixed vertical
axis 0Y is taking place.
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.29 The Condltion for Precession without Nutation

In secuon 6.21 we gave an approximate theory of the gyroscope.
This applies to the special case where the spin angular momentum is
very large compared with the precessional angular momentum and
there is no nutational motion present. The top then precesses with
its axis at a constant angle a with the fixed axis 0Y,. In mathe-
matical terms the conditions for this special case are

0=a =0
and from Eqn. 6.71
=60=0 wy = ¢ CO8 & w; = ¢ 8in
Applying these conditions to the equation of motion, Eqn. 6.72, and
setting I, = I,, we have for a top with a spin velocity s
Lo, =0
Iy(@y + $) =0
Iy(wowy + 8wz) — Iwywy = Myl sin o
These equations give
@y + =0 wy + s = Constant = S
and
IwS + Iwyw, = Mglsin o
or substituting for w, and w, and dividing by sin a gives
I,8¢ — I,¢%cos a = Mgl
Solving for ¢ gives

¢=

1,8 + V1,28% — 41, cos a Myl
2I,; cos a

If ¢ is to have real roots, i.e., the top precesses at a constant angle «
without nutation, then

I,28% > 41,Mgl cos o (6.76)

There are two possible rates of precession given by the positive and
negative values of the square root. The larger of these two rates,
obtained by taking the positive sign for the square root, is difficult to
produce physically. Its precessional angular velocity is approximately

1,8
I, cos a

é1 = 6.77)

and is independent of the torque but dependent on the angle of inclina-
tion of the top.
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The smaller angular precessional velocity ¢, may be obtained by
expanding the square root using the condition that I,2S? is very large
compared to 41,Mgl cos «. This gives

_ Mg
h=1g

This was investigated in section 6.21. The angular velocity ¢2 given
in Eqn. 6.78 shows that, the smaller the spin velocity, the larger the
precessional velocity. However, this does not hold for small values
of the spin velocity since the conditions of the problem require a large
spin velocity according to Eqn. 6.76.

(6.78)

6.30 The Motion of a Top Started with a Spin at a Given Angle

In this section we shall investigate the motion of a top started with
a given spin velocity s and with its axis making an angle a with the
vertical. The initial conditions at zero time are

0=a 6=0 ¢=0

Thus at zero time the angular velocities w,, wy, w, of the rotating axes
are zero. From Eqn. 6.73 the angular momentum about the vertical
fixed axis OY is a constant. Hence

I,Scosa =1I,8cos6+I,sn*0g
or
_ I,8(cos & — cos 6)

T en o (6.79)

¢

Assuming the total energy of the top to be a constant, we have from
the expression for the energy U in section 6.28:

41, sin? 0 ¢® + 3I1,8% + $1,6* + Mgl cos 0 = 31,82 4+ Mgl cos a
or
I.(sin? 6 ¢? + 6?) = 2Myl(cos @ — cos 6) (6.80)
Substituting for ¢ from Eqn. 6.79 gives
s 2 2q2
2Mygl sin_ 0 (cos a — cos §) — f f
I, I,
For convenience we shall introduce a new constant v where
LS
Y= .M

(cos @ — cos )%

6% sin% 0 =



224 MOTION OF RIGID BODIES
Then

2
2Mgl sin* 0 (cos & — cos 6) — ;4Mgl-y

I I

6% sin? 6 = (cos @ — cos §)2

From this equation, § = 0 when

6=«
and also when

sin? § — 2y(cos @ — cos 6) = 0
or when
cos?6 —2ycos 6+ 2ycosa—1=0

Thus 6 is zero when
cosf =5+ Vyr+41 — 2y o8 ~

Both roots of this equation are real, but the larger of the two roots is
greater than unity and corresponds to a physically impossible situ-
ation. The smaller root, involving the negative value of the square
root, must be used. Hence the values of ¢ at which the nutational
velocity is zero are

0 =« and joseg='y—\/'yz +Tj5y;:?);x

When the spinning top is initially set free at an angle a with the
vertical, the top begins to descend and then the precessional and
nutational motions set in. The axis of the top varies between the two
values 6; = a and the value of 6, given above. At the angle a, the
values of the precessional and nutational motions are zero. Hence
the axis of the top makes successive cusps with the horizontal circle
around 6 = o as shown in Fig. 6.40. At the other libration limit
where 6 = 6, the nutational angular velocity 8 is zero and the pre-
cessional angular velocity may be obtained by dividing the energy
equation, Eqn. 6.80, by the angular momentum equation, Eqn. 6.79,
and setting 6 = 0. This gives

I, sin® 0 ¢*  2Mgl(cos « — cos 6)
I.sin®0¢  I,S(cosa — cos6)

orat 8 = 0,
2Mgl

1,8
Thus the upper end of the top touches the horizontal circle of angle 6,
as shown in Fig. 6.40.
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6.81 The Gyroscopic Compass

Possibly the most widespread application of the gyroscopic principle
is in the gyroscopic compass. This is used for navigation on many
ships and airplanes and supplements the older magnetic compass.
The theory of the gyroscopic compass was originally given by the
French physicist Foucault. In its simplest form such a compass con-
sists of a rapidly rotating circular disk whose axis is free to turn in &

N
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Fi1g. 6.41 The gyroscopic compass. (a) The motions on the earth. (b) The
horizon circle. (¢) The axes of the spinning wheel.

horizontal plane. We shall prove that due to the earth’s motion the
system is in equilibrium when the axis of the rotating disk lies along a
geographical north-south line or along a meridian.

Suppose that the earth is rotating on its axis with a constant angular
velocity wz. At a place on the earth at north latitude N this angular
velocity may be resolved into components wg sin X along the vertical
and wg cos A about the horizontal, in a northerly direction, Fig. 6.41a.
Let the angular velocity of spin of the disk be s. Take a system of
axes X, Y, Z attached to the disk with the origin at the center of the
disk, and let the Y axis be the axis of spin as in the case of the top.
The X, Y, Z axes are as shown in Fig. 6.41b and c¢. Suppose that
originally the Y axis of the disk makes an angle 8 in the horizon circle
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with the meridian pointing north and that this angle is positive when
measured east of the north line as shown in Fig. 6.41b. Thus the
rotational velocity of the axis of the disk is measured by 6 along the
negative Z direction or by —4 along the positive Z axis. Owing to
the rotation of the earth there are components of angular velocity w.,
wy, w, along the X, Y, Z axes respectively. From Fig. 6.41 these are

Wz = —wg CO8 \ §in 6

wg COS A cos 0

Wy
w; = wgBin A\ — 6

If the axis of the disk is to place itself along a meridian, this implies
motion about the vertical Z axis. We shall not need to have the X
and Z axes rotate with the disk in order for their moments of inertia
to be constant since the disk is symmetrical. Hence we can consider
the Z axis to remain vertical and the components of angular velocity
wg, Wy, @, t0 be due to the rotation of the earth. The torque about the
Z axis is given in Eqn. 6.70 with the modification that here the angular
momentum about the Y axis is I,(w, + s) rather than I,w, as in
Eqgn. 6.70. Since there is no torque about the Z axis and I, = I,, we
have f
Izd’z + wz n

(, — L) + swsi, = 0
or by substitution
—I.6 — ws® cos? \ sin 6 cos 8(I, — I,) — I 8w, cos A sin § = 0

Since the angular velocity of the earth wy is approximately 7.3 X 107°
radian per second, it is negligibly small compared to the angular
velocity of spin of the disk. Thus, without making any serious error,
the second term containing w,? may be neglected. 1t then follows
that

(I 8wg cOS\) .,
~—— i

I,

For small values of the angle § we may replace sin 8 by 6, and for this
the motion of the axis of the disk is simple harmonic in character about
the geographic meridian. From Eqn. 5.5 the period of the motion is

I,
P =2 \/I,,sw, cos A

The torque on the axis causing it to swing into the meridian is a
maximum at the equator where X is zero and zero at the poles. In

b+ ng=0
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practice the motion of the gyroscopic compass is damped so that the
oscillations about the meridian do not continue indefinitely. A gyro-
scopic compass has to be constructed exceedingly carefully if it is to
operate successfully. The next time you are on a ship you should
see this gyroscope if you can, for then you will appreciate how compli~
cated such a compass can be.

PROBLEMS

1. Masses of 5, 6, and 9 gm are located at the respective points A, B, C of an
equilateral triangle whose sides are 10 cm long. Find the z and y coordinates of
the center of mass from A, if 4 is considered as the origin and AB as the X axis.

2. The density of a rod increases uniformly along its length from 1 to 10 gm
per em. Find the total mass of the rod of length 100 cm, and the distance of the
center of mass from the end having the smallest density.

3. A uniform circular disk whose radius is 156 cm has a circular area 7.5 cm
in radius cut out between the periphery and the center of the 15-em disk. Find
the distance of the center of masgs from the center of the 15-cm disk.

4. A solid, uniform, right circular cone has a vertical height of 20 cm and a
base whose radius is 10 em. If the upper 10 cm of the cone is cut away, find the
height of the center of mass above the base of this truncated portion.

5. The mass of the moon is about 0.013 times the mass of and its
distance from the center of the earth is about 60 times t| e earth. If
the radius of the earth is 4000 miles, find the distance o™the center of mass of the

earth-moon system from the center of the earth.

6. According to Newton’s law of gravitation the earth and moon attract each
other and are in turn attracted by the sun. What is the path of the center of mass
of the earth-moon system about the sun, and what are the paths of the earth and
moon about their own center of mass?

7. A uniform meter stick whose mass is 150 gm lies at rest on a horizontal
table. Two small masses of 150 gm and 200 gm are placed at the 0-cm mark and
the 100-cm mark respectively of the stick. A resultant force of 1000 dynes acts
continuously at right angles to the stick at the 40-cm mark. Find the center of
mass of the stick and the distance through which the center of mass moves 1n 10 sec.
Does the answer to the second part of the question depend on where the force is
applied to the stick?

8. Two particles A and B, initially at rest, have masses of 200 gm and 500 gm
respectively and are 140 cm apart. They attract each other with a constant
force of 2000 dynes. Find the positions of particles A and B after 3 sec, and
find how much the center of mass has moved during the 3 sec. At what distance
from the initial position of A do the particles collide?

9. Two particles A and B are placed along the X axis: 4, whose mass is 50 gm,
at the origin, and B, whose mass is 150 gm, 100 cm from the origin. The initial
velocity of A is 10 cm per sec along the negative Y axis, and that of B is 20 cm
per sec at an angle of 456° with the positive X axis. The particles attract each
other with such a force that the particle B is at its starting point after 10 sec.
Find:

a. The center of mass of the system at zero time.
b. The z and y components of the velocity of the center of mass at zero time.
¢. The z and y coordinates of the center of mass after the 10 sec.
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d. The z and y coordinates of the 50-gm mass after the 10 sec.

10. Two particles A and B are placed along the X axis; A, whose mass is 50 gm,
at the origin; B, whose mass is 150 gm, 100 cm from the origin. The initial
velocity of A is 10 em per sec at an angle of 60° with the positive X axis, and that
of B is 10 cm per sec along the positive Y axis. If the particles attract each other
and collide after 5 sec, find the coordinates of the point of collision

11. Prove from fundamental principles that the results given in the table of
moments of inertia, section 6.12, are correct

12. A 100-lb wheel 1 ft in radms has a concentric axle attached to it which
has a radius of 3 in. and a weight of 16 lbw. The wheel and axle are free to rotate
about the common axis. A light cord is wound around the axle, and a 5-1b weight
hangs vertically from the end of the cord. Find the acceleration of the hanging
weight and also the tension in the cord.

13. A circular disk having a radius of 2 ft and weighing 40 Ibw has a small
weight of 20 lbw attached to 1t at a distance of 1.5 ft from its center. If the disk
is set in rotation about an axis through its center so that its minimum speed 18
120 rpm, find its maximum speed.

14. A heavy flywheel is rotating on its axis and 1s slowing down owing to the
friction of 1ts bearings. At the end of the first minute 1ts angular velocity is 0.8 of
1ts angular velocity wo at the beginning of the minute  Find the ratio of its angular
velocity at the end of the second minute to the angular velocity wo if the moment
of the frictional forces is (a) constant; (b) proportional to the angular velocity.

15. If A, B, C are three vectors having a common origin, show that (A X B-C)
represents the volume of the parallelopiped formed by these three vectors. Show
that the volume of the parallelopiped is also given by (A+-B X C). Show ana-
lytically, by expressing the vector;in terms of their components along the X, ¥,
Z axes, that

(AXB:-C)=(A-BXC)

16. A uniform plane circular disk whose mass 1s 500 gm and whose radius is
10 c¢m is free to turn in a vertical plane about a horizontal axis through 1ts center.
Suppose that the disk has a small light projection attached to its periphery and
that originally the disk is at rest with the projection placed vertically above the
center of the disk. A piece of wax whose mass is 100 gm is thrown horizontally
with a velocity of 100 em per sec so that it becomes attached to the projection.
Find the resulting angular velocity of the disk and wax.

17. A so-called Borda’s pendulum is made up of a spherical bob of radius a
and a long thin wire of negligible weight  If the length of the wire from the point
of suspension to the center of the bob is {, show that the period of the pendulum

for small oscillations 18
,l 2 a?
P =2r E (l + B_Z—z)

If this pendulum is considered as a simple pendulum, show that the period calcu-
lated on this basis is in error by about two parts in a hundred thousand when the
radius of the spherical bob is one-hundredth of the length of the wire.

18. A uniform rod of mass M and length 2 is suspended from the same hori-
zontal level by two vertical cords of length I which are attached to its ends. Show
that the period of this bifilar suspension for small oscillations about a vertical axis
through the center of the rod is
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Il
P = —_—
2' Mgh?
where I is the moment of inertia of the rod about a vertical axis through its center
of mass.
19. A steel sphere of radius r executes simple harmonic oscillations of small
amplitude on a concave surface of radius B. Show that the period of the oscilla~

tions P is given by
. {1.4(}; -7

(Hint: Set up the equation of motion from the energy equation.)

20. A ring of inner radius ry, outer radius 7z, and mass m has a rectangular cross
section. This ring is suspended from a knife edge perpendicular to the plane of
the disk. Find the period of the ring for small oscillations about the knife edge.

21. A compound pendulum has a length AB of 100 cm and a period of 1.50 sec
when allowed to oscillate 1n a vertical plane about an axis at one end A and a
period of 1.51 sec when oscillating about an axis through the end B. Find the
distance of the center of mass from the end A and the radius of gyration of the
pendulum about an axis through its center of mass.

22. A Kater’s pendulum has been carefully adjusted so that the period about
one knife edge A is almost the same as that about the other knife edge B. The
distance between the knife edges as measured by a comparator is 99.8503 cm.
The periods are obtained by the method of coincidences, using an accurate 2-sec
pendulum. It is found that for 500 half-oscillations about knife edge A there are
501 half-oscillations of the 2-sec pendulum, whereas after 10,000 half-oscillations
about knife edge B there are 10,021 half-oscillations of the 2-sec pendulum. From
an approximate measurement the center of mass is 53.9 ¢cm from the knife edge B
and 45.9 cm from A. From these data determine the value of the acceleration of
gravity g.

23. The determination of the constant of gravitation G was made bv an appa-
ratus similar to that shown 1n Fig. 4.1. Two small spheres, each having a mass
of 10 gm, were placed on the ends of a light rod 10 cm long. The light rod was
supported horizontally from its center by a long thin vertical fiber. The period
of torsional oscillation of this system was 769.2 sec. A fixed sphere whose mass is
10 kgm was placed near each suspended sphere so as to produce the maximum
torsion. It was found that there was an angular deflection of the suspended rod
of 0.02 radian when the distance between the centers of the large and small spheres
was 10 em. From this data calculate the constant of gravitation G.

24. A sphere and a cylinder, cach having the same mass and radius, roll without
slipping down an inclined plane whose inclined length is ! and whose angle of
mclination is 8. If both sphere and cylinder start at the same time from rest at
the top of the plane, find:

a. Which reaches the bottom of the plane first.

b. Which has the larger translational kinetic energy at the bottom of the plane.

¢. Which has the larger total cnergy at the bottom of the plane.

25. A sphere rolls up a rough inclined plane having an angle of inclination of
30°. If the translational velocity of its center of mass at the bottom of the plane
is 20 ft per sec, find how far the sphere travels up the plane and the time it takes
to reach the bottom again.
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26. An 8-lbw block is placed on a plane inclined at an angle of 30°. A cord
parallel to the plane, passing over a pulley with a mass of 4 lbw and a radius of
6 in. at the top of the plane, attaches the block to a hanging weight of 20 Ibw.
The coefficient of friction between block and plane is 0.2.

a. Find the acceleration of the block up the plane, and the tension in the cord
on each side of the pulley.

b. If the hanging weight is changed to 5 ]bw but otherwise the system remains
the same, find 1n what direction the system moves

27. A cylindrical rod 1 in. i radius, 6 1n. long, and weighing 4 1b has two cords
wound around 1t whose ends are attached to the ceiling as shown in the figure.

b/ ProBrLEM 27

The rod is held horizontally witlythe two cords vertical. When the rod is released,
the cords unwind and the rod rotates. Find the translational acceleration of the
rod and the tension in the cord as the rod falls vertically.

28. A 4-1b weight hangs from one end of a cord that passes over a pulley that
is free to rotate about its horizontal axis and has a radius of 3 in. and a weight of
2 Ibw. The other end of the cord is wound around a cylinder whose radius is
4 in. and whose weight is 16 Ibw. When released, the 4-lb weight accelerates
upward and the cylinder downward as the string unwinds. Find the upward
acceleration of the hanging weight and the angular acceleration of the cylinder.

29. A fixed pulley 3 in. in radius and weighing 2 Ibw is free to rotate about a
frictionless horizontal axis through its center. A cord passes over the pulley,
the left side of the cord being wrapped around & cylinder 4, 4 in. in radius and
weighing 4 Ibw. The right side of the cord is wrapped around a cylinder B, having
a radius of 6 in. and a weight of 6 Ibw. Originally the cylinders are at rest with
the cords vertical. When released the cords unwrap, causing the cylinders to
rotate. ' Find the angular acceleration of the pulley and the linear accelerations
of the centers of mass of the cylinders A and B relative to the fixed axis through
the pulley.

30. A meter stick held vertically with one end resting on a table is allowed to
fall over. Find the velocity of the far end when it hits the table, assuming that
the end on the table does not slip.

31. Find the reaction of the table on the end of the meter stick in problem 30
just before it strikes the horizontal table if the meter stick weighs 150 gm.

32. A meter stick weighing 150 gm lies on a frictionless horizontal table and
is free to rotate about a vertical axis through one end. It is struck a blow whose
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impulse is 10,000 dyne sec at a point 80 cm from the pivoted end and at right
angles to the length of the rod. Find the kinetic energy of the rod and the impulse
on the axis.

33. A meter stick weighing 150 gm lies on a horizontal frictionless table and is
subject to no constraints. It is struck a blow whose impulse is 10,000 dyne sec
at the 80-cm mark in a direction at right angles to the length of the rod. Find the
point about which the rod begins to turn and the kinetic energy received by the rod.

34. A man holding a weight in each hand with his hands at his sides stands on a
horizontal platform that can rotate about a frictionless vertical axis. The plat-
form and man originally have a moment of inertia of 2 slugs ft2 and an angular
velocity of 1.8 revolutions per second. The man raises the weights by stretching
his arms out and changes the moment of inertia of the system to 6 slugs ft2. Calcu-
late the new angular velocity of the system and the change in kinetic energy.
Explain how this change in kinetic energy is brought about.

35. A meter stick whose mass is 150 gm rests on a frictionless horizontal table and
is free to turn about a smooth pivot at its end or zero centimeter mark. Almost
in contact with the rod at the 40-cm mark is an inelastic piece of putty having a
mass of 50 gm. A horizontal blow whose impulse is 104 dyne sec 1s given to the
meter stick at the 80-cm mark in a direction perpendicular to the rod. Find the
resulting angular velocity of the rod and the impulsive actions at the pivot and on
the putty.

36. A uniform rod of mass 240 gm, having one end attached to a smooth hinge,
is allowed to fall vertically from a horizontal position. Show that the horizontal
force on the hinge is a maximum when the rod makes an angle of 45° with the
vertical and that the vertical force on the hinge at this angle is 330 gmw.

37. A plane circular disk having a weight of 6 lbw is free to turn about a hori-
zontal axis through a point O at its circumference. The axis is perpendicular to
the plane of the disk. The motion starts when the diameter through O is ver-
tically above O. Prove that when this diameter has turned through an angle 6
the components of the force on the axis along, and perpendicular to, this diameter
are respectively (14 cos # — 8) lbw and 2 sin 6 lbw.

38. A pendulum is made up of a solid sphere of radius R attached to a rod of
length I. The system is suspended on a horizontal axis through the free end of
the rod. The masses of the sphere and rod are equal. Show that there is no
force on the axis if the pendulum 1s struck at a distance of

P¥R? + 12 + 4RI)/(3! + 2R)

39. A uniform rod AB weighing 25 lbw and having a length of 10 ft hangs
vertically from a smooth horizontal axis at A. The rod is struck normally at a
point 8 ft below A by a blow whose impulse is 120 lbw sec. Find the instantaneous
angular velocity of the rod and the impulse received by the axis.

40. A uniform solid cylinder rolls down a plane whose angle of inclination is 6.
Show that, if there is to be rolling and no sliding, the coefficient of friction between
the cylinder and the plane must be equal to or greater than 14 tan 6.

41. A sphere whose radius is 10 cm and whose mass is 200 gm starts from rest
from the top of an inclined plane whose length 18 100 cm and whose angle of
inclination is 30°.

a. Show that there is slipping if the coefficient of friction u between the sphere
and the plane is less than 34 tan 30°.

Now suppose that the coefficient of friction is 0.1 so that there is both rolling
and slipping.
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b. Show that the velocity of the point of contact of the sphere on the plane
after a time ¢ is gt (sin 30° — 3.5u cos 6).

¢. Show that the time taken for the sphere to reach the bottom of the plane is
0.703 sec.

d. Find the linear velocity of the center of mass of the sphere at the bottom
of the plane.

e. Find the angular velocity of the sphere at the bottom of the plane.

f. Find the translational and rotational kinetic energy of the sphere at the
bottom of the plane.

g. Find the energy expended against friction by the sphere in moving down the
plane.

42. A uniform rod having a mass of 200 gm and a length of 100 cm is lying on a
smooth horizontal table and is struck horizontally at one end by a blow of 10,000
dyne sec in a direction perpendicular to its length. Find the linear velocities with
which the two ends of the rod begin to move.

43. An airplane has a total moment of inertia about an axis perpendicular to
the plane of rotation of the propellor of 20 slugs ft2. The propellor has an angular
velocity of 3600 rpm. If the airplane moves in a horizontal circle of 200-yd radius
with a speed of 180 mph, find the torque exerted on the airplane and the direction
of this torque.

44. A gyroscope is constructed from a plane circular disk 5 cm in radius and
800 gm in mass capable of rotating about an axle 200 gm in mass and 50 cm in
length, as illustrated in Fig. 6.31. The axle is supported at its far end on a vertical
pivot and the disk set in rotation with an angular velocity of 2106 rad /sec. If the
axle is originally horizontal, show the angular velocity of precession is 20 rpm.

45. A circular wheel whose radiu:}f gyration is 5 cm and whose mass is 500 gm
is free to rotate on one end of a light axle whose length is 50 cm. At the other
end of this axle a weight of 1 kg 18 placed. The system is supported on a vertical
pivot 30 cm from the wheel. The wheel is rotating at an angular velocity of 10
revolutions per second. If the axle is originally horizontal, find the angular
velocity of precession.

46. A top such as that shown in Fig. 6.37 has the moments of inertia /., equal
t0 0.5 Ib ft2 and I, equal to 0.1 Ib ft%. The weight of the top is 2 Ibw, and the
distance ! of the center of mass from the point of rotation is 6 in. Show that
steady motion is possible with the axis OY inclined at 30° to the vertical if the
spin is greater than about 71 radians per second.

47. A top is made by forcing a light pin through the center of a uniform circular
disk whose radius is 2 in. The pin projects 3 in. below the digk. If the top is set
into steady motion so that the rim of the disk just fails to touch the ground, find
the minimum number of revolutions per second of the disk.

48. An axle is placed through the center of a uniform circular disk so that the
axle is inclined to the plane of the disk at an angle «. The system rotates with
an angular velocity w. Show that there is a torque on the bearings holding the
axle which has a magnitude of (I, — I.)w?sin a cos @. This torque lies in a
plane containing the axle and the perpendicular to the disk. The principal
moments of inertia I, I, are discussed 1 section 6.26.

49, The axis of a gyroscope is mounted so that it is always horizontal but the
frame containing the gyroscope can turn about a vertical axis. This system forms
a simple gyroscopic compass. If a torque L 1s applied to the frame about a
vertical axis show that the axis of the gyroscope comes to rest at an angle 8 with
the meridian where
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sin § = —————
Iywp8 cos N

The notation is that used in section 6.31.

50. A body is dropped from the top of a tower 150 ft high at a latitude of 40° N.
Find the easterly displacement of the point directly below the point of dropping.
Neglect air resistance but take into account the rotation of the earth.

51. A body is projected vertically upward with an initial velocity » at a lati-
tude \. Show that the distance between the point of projection and the point of
return to the ground is 1.33wv® cos A/g%  Is the point of return east or west of the
point of projection? In the above, w is the angular velocity of the earth and air
resistence is neglected.
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7.1 Hooke’s Law

In the previous chapters we have been concerned with the action
of forces on rigid bodies. These bodies have been translated or
rotated as a whole, but with the exception of the spring they have not
been considered as changing in size or shape. Any changes in size or
shape were of secondary importance, and their effects were assumed
to be zero. We shall now drop this assumption.

Any change from the normal configuration of a body in either size
or shape is a deformation, and the corresponding fractional change is
a strain. In general such a change is the result of a force that acts
either on the surface or on the body as a whole. If a force AF acts on
area AA at some point of a body, then the stress at the point within
this area is
StrenZ; = limit AR

ad—0 AA
‘Where the force F is uniformly distributed over an area A, then the
stress over the area A is F/A.

It is necessary in discussing stress-strain relationships in different
materials to divide these into two main classes called ¢sotropic and
anisotropic. In isotropic materials the strain at any point is inde-
pendent of direction, or the elastic properties of the material are the
same in every direction. For anisotropic materials the elastic proper-
ties at any point are different in different directions about the point.
Quartz and many other crystalline substances are anisotropic. They
also show different optical properties in different directions. The
analysis of the relationship between stress and strain for anisotropic
materials is relatively complicated and must be left to more advanced
treatises. Here we shall limit the discussion to isotropic materials.
This limitation, although considerably simplifying the analysis, still
permits us to discuss many important phenomena. We shall also
assume that the materials are homogeneous, that is, they have the
same elastic properties at all points in the material. If this were not
assumed, the analysis would be impossible. Thus the analyses given
in this chapter apply only to homogeneous isotropic materials. Further-

234
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more, unless the stress is relatively small the strain is not proportional
to it. Within the limits in which this proportionality holds, the
modulus of elasticity is defined as the ratio of the stress to the corre-
sponding strain. This region of proportionality is usually designated
as the region in which Hooke’s law is valid. Robert Hooke (1635-
1703) showed experimentally for coiled and flat springs and the bending
of wooden rods that if ‘‘one power stretch or bend it one space, two will
bend it two and three will bend it three, and so forward.”

C
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o (Extension) Strain

F1ac. 7.1 Stress-strain curve for structural steel.

In order to investigate the limitations of Hooke’s law let us consider
the stretching of a long, uniform bar. Suppose that such a bar is
hung vertically from a fixed support and has increasing loads placed
on its lower end. In this bar the stress is measured by the load or
force divided by its area of cross section and the strain by the increase
in length divided by its original length. Thus, if the cross-sectional
area is A and the load F, then

F
Stress = 1
and, if the bar of original length ! is elongated an amount Al by the
force, then
. Al
Strain = N

The shape of the stress-strain curve depends very much on the
nature of the material composing the bar. Figure 7.1 shows such a
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curve for structural steel though the curves change quite markedly
with the carbon content of the steel.  As the stress is initially increased,
there is & corresponding proportional increase in the strain up to some
point, A, Fig. 7.1, called the proportional limit. For structural steel
the proportional limit is about 30,000 psi (Ib per sq. in.). Since there
is some departure from strict proportionality near the point A, it is
common to define the proportional limit as that point on the stress-
strain diagram at which there is 0.19, deviation from the straight line.
In general all structures are made so that the strains are well below
the proportional limit, and in all the work of this chapter we shall
assume this to be 80, i.e., that Hooke’s law is valid.

Another term of importance in this discussion is elastic limst. This
is defined as the maximum stress a material can withstand without a
permanent elongation or set remaining after the stress is completely
removed. For many materials the elastic limit and the proportional
limit are practically the same.

For a load greater than that corresponding to the proportional limit
the elongation of the bar increases rapidly as shown at B in the figure.
There is then plastic flow in the material of the bar. For some
materials there is an elongation even when the load is reduced. The
stress corresponding to the I;;nt B is called the yield point. With
further elongation of the bar there is again a region in which the stress
increases with the strain. There is some point C, the maximum of
the curve, at which the stress has its maximum value. This maximum
stress the bar is capable of withstanding is called the ultémate strength
of the material. After the conditions corresponding to the point C
are reached, the bar elongates even if the load is decreased. Finally
some point D is reached that corresponds to fracture of the bar.

The rate at which a body attains its unstrained or normal configura-
tion after the stress is removed differs for different materials and may
also differ for the same material, depending on its previous treatment.
The rate of attainment of the equilibrium position is important in
many instruments in which the restoring torque is supplied by a fine
fiber. It is found that in this respect quartz fibers are superior to
glass fibers and fine platinum fibers are intermediate between these
two. Professor C. V. Boys used a quartz fiber for suspending moving
masses in the Cavendish experiment for determining the gravitational
constant G. Quartz fibers are also used in many electrometers, two
of the more common being the Lindemann and Lauritsen electrometer.
In all these the fiber must never be twisted beyond its elastic limit.
Another phenomenon, discovered by Lord Kelvin, is called elastic
fatigue. He found that the rate at which the oscillations in a wire
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died away was slower when the wire had been previously oscillated.
The wire behaved as though it were fatigued and, like us, recovered
its normal properties after a rest. These and other

phenomena pose some difficult problems for the met- F
allurgist who tries to explain them in terms of crystal (-1.; R
forces and other fundamental concepts. — @7
i 1
7.2 Young’s Modulus E and Poisson’s Ratio ¢ | i
This modulus of elasticity E is concerned with the E E
stretch produced by a simple tension. A convenient o
method of measuring Young’s modulus for a substance ':‘d«’*f'
is to prepare a long wire of uniform cross section from lo E I
some of the substance. This wire is rigidly held at ledsl
its upper end, and its elongation is measured for Pl
various loads placed on the lower end. The strain is f )
measured by the increase in length divided by the ! i
original length, and the stress by the stretching force Vo)
divided by the area of cross section of the wire. If a __H
wire of length ! and cross section A is subjected to a et

force F that produces an elongation Al, then Young’s
modulus for the material of the wire is

»

l“~
i
i

Fic. 7.2 Lat-
_ Stress F 1 eral contraction
Strain 4 Al accompanying
longitudinal
From this equation it follows that the dimensions of extension.

Young’s modulus are [ML™'T?] in the absolute sys-

tem or [FL™% in the gravitational system. The unitsin which moduli
of elasticity are usually measured arc dynes per square centimeter or
pounds weight per square inch. For most common metals Young’s
modulus is of the order of 1012 dynes per cm?.

When a wire is extended there is in general an accompanying
decrease in the area of cross section. In Fig. 7.2 is shown an exagger-
ated picture of this phenomenon. A wire of original length !, and
diameter dy is subjected to a tension F' changing the length to I and
the diameter to d. The longitudinal strain is

-l Al
PR

and the transverse strain is
d—do Ad

do do
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The ratio of these two strains is called Poisson’s ratio ¢, or

_ _Transverse strain ~ Ad _lg 7.1

7= Longitudinal strain Al dg @1

For most substances the value of ¢ lies between 0.25 and 0.5. As

may be appreciated from a numerical example, problem 1, the change

in cross-sectional area of a wire for any load within the elastic limit is

negligible. Thus in the expression for Young’s modulus the area A
can be taken as a constant.

7.3 Bulk Modulus %

A second type of simple strain is the change in volume per unit
volume when a substance is subjected to normal stresses over its whole
surface. These normal stresses are most easily produced by immersing
the substance in a fluid subjected to a pressure p. If under these
conditions a normal inward force F acts on each element of area A of a
substance of volume V to produce a decrease in volume of —AV, then
the bulk modulus % for this substance is

Stress F  V 114

B sm:? T A —AV AV

where p is the increase in pressure producing the decrease in volume
—AV. The value of the bulk modulus for most common metals is
of the order of 10'% dynes per cm?.

7.4 Shear Modulus or Modulus of Rigidity n

This third and final type of simple strain is that in which successive
layers of the material are moved or sheared by tangential surface

/ —>F
|
n T : i T
|
0 : 0
fJ- )
f”,’ _F
K J

Fia. 7.3 Shearing of a rectangular block by a tangential force F.

forces. This is represented in an exaggerated manner in Fig. 7.3.
To the upper surface of the rectangular block a tangential force is
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applied, and an equal and opposite force —F to the lower surface.
As a result the upper surface is sheared relative to the lower. If the
lower surface is considered fixed, then the upper edge is moved from
the position HI to H’I’. Each layer is moved or sheared by an
amount proportional to its distance from the lower fixed surface. The
strain is measured by the ratio of the horizontal displacement of any
layer to its distance from the fixed surface:
. . HH'
Shearing strain = K = tan 0

where 0 is called the angle of shear and is always very small if the
elastic limit is not to be exceeded.

The shearing stress is the tangential force F divided by the area A
over which it acts. Thus the modulus of rigidity »n is given for
Fig. 7.3 ‘as

_ Btress  F
™ = Strain _ A tan 0

For most common metals 7 is of the order of 10! dynes per cm? as
shown in the following table.

ApPROXIMATE VALUEs oF Erastic MopuLl

Young’s Shear Bulk
Modulus Modulus Modulus Poisson’s
Substance dynes/cm? dynes/cm? dynes/cm?  Ratio

Aluminum 7.0 X 101 2.4 X 101 7 5 X 1011 0 34
Cast bronze 81 x 101! 3 4 X 1011 9.6 X 101 018
Copper 12 3 X 101 4 5 X 101! 13 1 X 1011 0.34
Gold 8.0 X 1011 2 8 X 101! 16.6 X 1011  0.42
Lead 1.6 X 101! 054 X101' 50 X101 0.45
Silver 7.8 X 101 2.8 X 101 10.9 X 1011 0.37
Steel 20 6 X 1011 8 9 X 101! 18.1 X 1011  0.33
Tin 4.5 X 101 1.67 X 10 51 X 101! 031
Quartz fiber 5.2 X 101 3.0 X 101 14 X 101 ..
Glass crown 7 0 X 101 3.0 x 101 5.0 X 101! 0.2
Phosphor bronze 12 0 X 101 4.3 X 101! e v ven.. 036

7.6 Relationship of Shearing to Tensile Stresses

After considering three simple stresses we shall show how these are
related in a particular case. Consider the rectangular parallelopiped
abed, Fig. 7.4a, each of whose faces at ab and cd perpendicular to the
X axis have an area A, and are subjected to a uniform tensile force F.
Similarly the faces at bc and da perpendicular to the Y axis each have
an area A, and are subjected to a uniform tensile force F,. If we
imagine that the rectangular parallelopiped is cut along the diagonal
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ca, then there is formed a prismatic section acd, Fig. 7.4b. The forces
acting on this section are F, over the face at cd, F, over the face at
ad, a force N normal to the face at ca, and a surface or shearing force

TFy

d
ts

(a)

F16. 74 Equlibrium of forces on a rectangular block.

S along the face at ca. These four forces must keep the prismatic slab
in equilibrium. For this to occur, from Fig. 7.4b

N =F;cos a + F,sin o (7.2)
S =/)‘, sin a — Fy cos a (7.3)
If A is the area of the diagonal face at ac, then
A, = A cos a and A, = Asina

Let s, and s, be the tensile stresses over the areas A, and 4, respec-
tively. Then
_ F z F z F ¥ F v

8 = and g =-L= -
y Asina

A, Acosa

B

Similarly let s, and s, be the normal and shearing stresses respectively
over the diagonal face whose area is A so that

S
8p = — and s,—z

Substituting for N and S in Eqns. 7.2 and 7.3 we obtain

3, 008 & + s, sin?

]

Sn

é‘-§’~(l + cos 2a) +82—"(1 — cos 2a)

Sy = s_,,__-2l-_s_, + -83—;-& cos 2a (7.4)
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and
8y = (8, — 8,) 8in @ co8 a = }(s; — 8,) sin 2« (7.5)

Both the normal and the shearing stresses vary with the angle a.
If « is zero and s, is larger than s,, then, as may be seen from Fig. 7.4
or from Eqns. 7.4 and 7.5, the normal stress s, has a maximum value
and the shearing stress s, a value of zero. Similarly when a = 90°
the normal stress s, is a minimum and the shearing stress s, is zero.
The planes for which the normal stress s, has a maximum or minimum
value are called the principal planes.

Fia. 7.5 Shearing and normal stresses on a cubical block drawn inside the rec-
tangular block shown in Fig. 7.4.

Now imagine a cubical block efgh, Fig. 7.5, drawn with its center
coinciding with O, the center of the rectangular parallelopiped shown
in Fig. 7.4a. By analysing the other three triangles similar to the one
shown in Fig. 7.4b it can readily be shown that the stresses over the
faces ef, fg, gh, he, have the same magnitude and act in the directions
shown in Fig. 7.5. For example, over the face gh the stresses are equal
and opposite to those over the face ef.

7.6 Relationship between the Three Elastic Moduli, E, &, and n, and
Poisson’s Ratio ¢
The problem is to show that for a homogeneous isotropic body

9kn
R~ 4 n

E = 3k(1 — 20) = 2n(1 + ) =
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In order to prove these relationships we shall consider that a cube
made of an isotropic and homogeneous substance is acted on by forces
at right angles to the faces. Let s, 8y, s; be the stresses or forces per
unit area acting on the faces of the cube placed as shown in Fig. 7.6.
Suppose that the magnitude of each of these stresses is the same. If s,
acted alone, it would produce an extension per unit length in the

Y,

e ———>F,

F1a. 7.6 Cubical block acted on by normal forces.

X direction of s,/E and a contraction per unit length or negative
linear strain along the Y and Z directions of os,/E. Similar expres-
sions hold for the stresses s, and s, acting alone. Thus, if all three
stresses s act simultaneously on the cube, there will result alinearstrain
of extension parallel to each of the three coordinate axes of

8
5(1—2")

From the definition of the bulk modulus k these stresses would produce
an increase in volume per unit volume, or volume strain, of s/k. Now
it is left as an exercise to prove that a volume strain is equivalent to
three mutually perpendicular linear strains, each equal to one-third
of the volume strain. From this result it then follows that

8

8
- g1~ %
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or
E = 3k(1 — 20) (7.6)

Let us now consider a rectangular parallelopiped on which are acting
both the tensile force F, and the compressive force F, over the areas 4,
and A, respectively, Fig. 7.7. The corresponding stresses s, = F,/4,
and s, = Fy/A, are assumed to have the same magnitude. If an
imaginary cube abed is drawn within the rectangular parallelopiped
with common centers at O and the faces inclined at 45° to the X and
Y axes, then from Eqn. 7.4 the normal stress s, is zero, since in this
problem s, = —s,. From Eqn. 7.5 the shearing stress s, is equal to 8.
This cube is therefore acted on only by shearing stresses of equal
magnitude and is in a state of pure shear.

S
®

T16. 7.7 Rectangular parallelopiped acted on by tensile and compressive forces.

Owing to these shearing stresses the cube abcd is deformed into the
rhombus drawn in dotted lines in Fig. 7.7. Since there are no normal
stresses, the sides of the rhombus are equal in length to the sides of
the cube.

Now the tensile stress s; produces an elongation per unit length or
linear strain of elongation of s;/E along the X direction and a linear
strain of contraction of ¢s,/E along the Y direction. Similarly the
strain of compression s, produces a linear strain of contraction of s,/E
along the Y axis and a linear strain of elongation of ss,/E along the
X axis. Thus for this case in which s, = —s, = s the linear strain
of elongation along the X axis or along the diagonal is s/E + o8/E
and there is an equal linear strain of contraction along the Y axis.

By rotating the cube through 45° the elongation and compression
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along the diagonals can be represented as in Fig. 7.8. In this the
angle of shear is 6 where the modulus of rigidity n is related to the
shearing stress s by n = 8/6. From

bR 24 Fig. 7.8 the linear strain of extension

\ @'|  along the diagonal is

AN . ’ a’A s
N - ==
NN . cA E 1 +o0)
- " Now, since 8 is very small, the angle
7 aAa’ is approximately 45°, and to this
degree of approximation a'A =
aA/\/é, cA = ca = /2 ad, and tan
60 =0 =ad/ad. Hence

c d
F1a. 7.8 Angle of shear 6 for cube ‘l':é - ﬂ = f’ - s (1 +o0)
abed shown in Fig. 7.7. cA 2ad 2 E

Thus, substituting s/» for 6, we have

s 8

—_— =—=(1

2n E (1 +0)
or g)

=2n(1 + o) (7.7)

Equations 7.6 and 7.7 are two independent equations relating three of
the four quantities E, n, k, 0. It is not possible to have any more
independent equations between these four quantities, but it is possible
to have two other equations relating three different quantities. Thus,
if ¢ is eliminated from Eqns. 7.6 and 7.7, there results

9kn
B =tk +n .8
and, eliminating E, we have
3k — 2n
7= Gkt an @9

From Eqns. 7.6 and 7.7 it follows that
3k(1 — 20) = 2n(1 + o)

and since k¥ and n are positive quantities it follows that Poisson’s
ratio ¢ cannot be greater than one-half and cannot be less than minus
one.

We have emphasized that the foregoing theory applies only to
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homogeneous isotropic substances. For anisotropic substances no
such simple relationships exist. It is shown in more advanced treatises
that for anisotropic substances there are twenty-one elastic constants.
The general expressions for stresses and strains are called dyadics or
tensors, and each contains nine terms. These of course reduce to the
simple expressions we have obtained for isotropic substances.

7.7 Young’s Modulus as Obtained from the Bending of Beams

We have already shown how Young’s modulus for a wire can be
obtained by measuring the extension produced by a known load. A
less obvious method for obtaining Young’s modulus utilizes the deflec-
tion of a beam under a given load.

. S -

WV

Fie. 7.9 The bending of a rod

Suppose that a rod such as a meter stick is slightly bent into a
circular arc of radius R. There is a surface passing through CC’ in
Fig. 7.9 that does not undergo any change in length with the bending,
whereas surfaces above and below CC’ respectively undergo extension
and contraction. The surface through CC’ that remains the same
length before and after bending is called the neutral surface or neutral
plane. It will now be shown that the neutral surface passes through
the center of mass of the rod.

Consider a surface DD’ at a distance y above the neutral surface CC’.
From Fig. 7.9 it follows that

CC' = R¢ and DD’ = (R + y)¢
80 that the elongation of DD’ is y¢. Thus the linear strain of the
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surface DD’ or its elongation divided by its original length, is y¢/R¢
or y/R. At a distance y below the neutral surface there is similarly a
linear strain of contraction of —y/R. These strains increase from
zero at the neutral surface to a maximum at the surface of the rod.
Corresponding to each of these strains there are stresses on the different

D’Z by wam ?F

c

g
F <]
(a) (b)

F1a. 7.10 Forces acting on a cross section of a bent rod.

layers. In order to evaluate these stresses consider a thin layer of
area dA in a cross section of the rod at a distance y above the neutral
surface as shown in Fig. 7.10. If F is the force acting perpendicular
to the area dA, then by definition of Young’s modulus

_ Stress _ E_ . E
Strain d4d y
or /
EydA
F= -1’R— (7.10)

In Fig. 7.10b these forces are shown in a cross section of the rod.
They act in opposite directions above and below the neutral surface and
produce elongations and contractions respectively. These forces are
in translational equilibrium so that their vector sum is zero or

3F =0
and from Eqn. 7.10 it follows that

E
EEydA‘:O

Since neither E nor R is zero, then 2y d4 must be equal to zero. If
the rod is of uniform density, the masses dm are proportional to the
areas dA so that Zydm = 0. It thus follows from the definition of
center of mass that the neutral surface from which y is measured must
pass through the center of mass of the beam.

Now in order for the beam to be bent there must be external torques
applied to the beam. These must be balanced by or in equilibrium
with the moments of the internal stress forces. The moment of the
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stress force acting on d4 at a distance y from the neutral surface is
E
Fy = =y*dA
Y R Yy

and the total moment of all the forces acting over the whole cross sec-
tion of the rod is

E , _E 2 _E
ERy dA—RZy dA—-RIA

I.= Zy%dA

where

The quantity I, is very similar to the corresponding moment of inertia
Zy®dm. For this reason I, is often called the sccond moment of area.
Like the moment of inertia its value depends on the axis about which
it is taken.

Let us consider a rod whose second moment of area is I, and whose
value for Young’s modulus is E. If an external torque L acts on this
rod so as to bend it in an arc of a circle whose radius is R, then

E
L==1 7.11
= L @.11)
This is the fundamental equation for the bending of beams.
It is often useful to express the radius of curvature R in terms of
the derivatives in an XY coordinate system. Thus, as is proved in
most elementary calculus books

_ 11+ (dy/dn)*
d%y/dz?
In all the cases that we shall consider the deflections are within the

elastic limit and the slope dy/dz at any point in the beam is so small
that it will be sufficiently accurate to take B as

R (7.12)

1 +Y A
k= d?y/dz? B
Thus from Eqgn. 7.11 the external torque
L is given by
%y
= — 7.1 >
L=EI, 7zt (713) o -~

be Fia.7.11 Curves having posi-

In applying this equation one has to tive and negative curvatures.

careful of the signs of the terms, and for
this purpose the curves in Fig. 7.11 are drawn. Along OA in Fig. 7.11
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the slope dy/dz of the curve is continuously decreasing so that along
this curve d*y/dz’ is negative. Similarly along OB the slope dy/dz is
continuously increasing so that along OB d’y/dz® is positive. The
torque L about any point is positive whenever it has a direction such
as to tend to cause the rod to have a positive curvature, that is, to
make d?y/dz? positive. Conversely L is negative if it tends to produce
a negative curvature.

7.8 The Shape of a Heavy Beam Clamped at One End and Loaded at
the Other End

Let us determine the shape and depression of a uniform heavy beam

clamped at one end and loaded at the free end. Suppose that the

beam has a length of [ and a weight of W’. A load W is placed on the

free end as shown in Fig. 7.12. Consider any point z, y on the beam

Y

— X .
(o]

w
F1a. 7.12 Deflection )ﬁ a horizontally clamped heavy beam.

with the X, Y axes drawn as shown in the figure. The torque exerted
by the forces to the right of the point z, y is balanced by the internal
torque in the beam exerted at the point z, y. From Eqn. 7.13 for the
moments about the point z, y

d? w’

EI‘E’; = —Wl-2) -5 -2

In this case d%y/dz® is negative along the bent rod, and the moments
that tend to bend the rod in the shape shown must be negative. The
second term on the right-hand side of the equation is that due to the
weight W’(I — z)/l of the portion of the rod of length (! — z) acting
at its center of gravity a distance of (I — z)/2 from the point z, y.

Integration gives

LA SR S LA S
EL 5 =5 (0= + (=2 +C

where C; is the constant of integration and is evaluated from the
condition dy/dz = 0 at z = 0.. Hence
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w2 Wi

Ci= — o = ==

2 6
Integrating a second time gives
_wa - z)* _ Wit _ Wtz
241 2 6

EIAy=—%(l—x)3 +C.

where Cj, the constant of integration, is evaluated from the condition
y=0atz =0. Hence

¢ T LT
*T e 24
Thus the deflection y of the beam at any point z is given by
W'l —x)* Wik
241 2

Witz WE WP
e T T 9

Bly= " (-2

6
and the deflection y at the free end where z = 1 is
B (W W’)
V=" &L §'+"é- (7.15)

Thus the effect of the weight W’ of the beam on the deflection at the
end of the beam is the same as if the beam were weightless and a weight
of 3W’/8 added to the end.

7.9 The Shape of a Heavy Beam Clamped at One End and Sup-
ported at the Other End

The problem is io determine the shape and the depression at the
center of a uniform beam clamped horizontally at one end and sup-

Y
\Lo .
<X l ™
 — X %
P Xy Q

w
F1g. 7.13 Beam clamped at one end and supported at the other end.
ported at the same level at the other end. Let us suppose that a beam

having a length ! and a weight W is supported as shown in Fig. 7.13.
Let the clamped end A be the origin of the X, Y coordinates. At A4
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there is an upward supporting force P and a torque Lo due to the
clamp; at end B there is only an upward supporting force Q. Owing
to the nature of the supports the beam is not symmetrical about the
mid-point. For translational equilibrium

P+Q-W=0
The torque about 4 is

Ql+Lo—%"‘0

From Eqn. 7.13 for a point z, y we have

d*y Wa?
Zi_p - =
Bliga=Pr—Lo—
where E is Young’s modulus for the beam and I, is the second moment
of area of a cross section. The term Wx%/2l is the torque due to the
weight Wz /[ of the portion of the beam between A and x whose center
of gravity is at z/2. By substitution for P and L, we have

d?y Wx?
E'IAdz—Wx—-Qx—-———+Ql—7
Integrating this equation aid using the boundary conditions that,
atx = 0,y = 0 and dy/dz ~ 0 gives
dy Wz Q2! Wiz Wa?

and
Wz  Qz® Wiz Ql:::2 Wat
6 6 4 2 24l

In order to determine Q in terms of W we must use another boundary
condition, namely, y = 0 at z = I. This gives

_aw
T8
Thus the deflection y at any point z is
W 2 2
y = 48EI 7 (5xl — 31 2z%)
and the deflection at the mid-point z = /2 is
wid

W2 = = {o2mI,
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As an example let us suppose that the beam is a meter stick whose length [ is
100 em, whose weight W is 150 gm, whose width is 2.5 cm, and whose thickness

¥
)
dy

a

|

F1a. 7.14 Second moment of area of a rectangle.
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i8 0.5 cm. Young’s modulus E for the beam 1s 0.5 X 10! dynes per cm?2. If the
meter stick is placed with the 2.5-cm side horizontal, then from Fig. 7.14

1 rad = [ ywa
A Zy = _a/21/ )

_ba® 25X (05 0625
12 12 24
Hence
150 X 980 X 10® X 24 dynes cm?
7192 X 5 X 101 X 0.625 dynes
- cm

cm

Y2 =

= —0.588 cm

or the center of the beam 18 depressed a distance of 0.588 cm below the horizontal
owing to its own weight.

7.10 Period of Vibration of a Light Horizontal Beam Carrying a Load

The problem is to determine the period of oscillation of a light beam
of length ! clamped at one end and carrying a load W at the other as

Y
, -

— X L

0 %
B

Yy
c

w

F1a. 7.15 Period of oscillation of a horizontally clamped light beam carrying a
load W.

shown in Fig. 7.15. If the beam is horizontal before the load W is
added, then this load causes a depression AB given by Eqn. 7.15 as
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WI3/3EI, since the beam is assumed to be weightless or W’ = 0.
The equilibrium position of the beam with the load W on it is OB.

Suppose now that the end of the beam is pulled down from B to C,
a distance y below the equilibrium position. If F is the applied force,
then there is a total deflection of (y; + y) due to the total force
(W + F) where, by Eqn. 7.15,

A (W —+ F)
wm+y=- I, 3
By subtraction of the value of y; it follows that
- _F
Y= 7 3EIL

The force F required for a displacement y below the equilibrium
position is

3El,y
T
If the beam is released when in the displaced position, it starts upward
with an acceleration y given by Newton’s second law as

F =

J=/e o= =2 (7.16)

where the mass of the body moved is W/g. The negative sign appears
because the acceleration is in the opposite direction to the displace-
ment y. The acceleration 3 in Eqn. 7.16 is proportional to and in the
opposite direction from the displacement y. This equation then repre-
sents simple harmonic motion, the period of which is

’ wid ,Ml3
P=2r 3By 2 3EL, (7.17)

In this analysis the mass of the beam has been neglected. If this is
to be included, then one has to take into account the fact that different
portions of the beam move with different velocities. The clamped
end has zero velocity whereas the free end has maximum velocity.
An analysis of this problem shows that the period of oscillation of a
heavy beam of weight W’ clamped at one end and carrying a load W
at the other end is




MEASUREMENT OF THE MODULUS OF RIGIDITY 253

7.11 Measurement of the Modulus of Rigidity n by a Static Method

One of the simplest means of determining the modulus of rigidity is
to measure the angle of torsion in a cylindrical rod produced by a
known torque. Suppose that a uniform cylindrical rod is hung verti-
cally with its upper end rigidly clamped. The lower end is subjected
to a known torque, and the resulting angle of twist is measured,
Fig. 7.16a. Each cross section of the cylindrical rod is twisted through

dr

(c)

F1a. 7.16 Measurement of modulus of rigidity n.

some angle proportional to the distance of the cross section from the
upper fixed end.

Suppose that the cylindrical rod has a length I and a radius R,
Fig. 7.16b, and that a straight line AB on the unstrained rod is twisted
into position AC by the torque at the lower end. The angle BAC on
the rod is ¢, and the angle through which the point B is turned is 6.
From the geometry of the figure

l¢ = RO = arc BC

Consider now a magnified cross section of the lower end of the rod,
Fig. 7.16c. The shear on this is measured by the angle ¢. If F is
the shearing force on an annulus of radius r and thickness dr, then the
coefficient of rigidity = is
__F 1
"= 2xrdr ¢
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or
F = 2xn¢rdr
The moment of F about the center O is
Fr = 2xn¢r? dr
For this annulus
l¢p =rd

where 6 is a constant amount over the cross section. Hence

Fr = 2T-l—nor’dr

These shearing moments act over the whole cross section, and their
total sum is equal to the applied moment of force or torque L. Thus

R R
2rné
j Fr=L=/ I 3 dr
0 o 1

or

mmoR*
]
The torque required to prodyce an angle of twist of 1 radian is often
called Ly, the torsion constant, and is equal to L/6, or
anR*

2l
Thus, by measuring the quantities Lo, R, and I, the modulus of rigidity

n may be obtained. In Fig. 7.16a the torque L is equal to 2mga
and 6 is measured on a graduated scale so that L, is readily obtained.

(7.18)

Lo =

7.12 Measurement of the Modulus of Rigidity n by a Dynamic
Method

Suppose that the cylindrical rod in Fig. 7.16a is fixed at its upper
end and has a concentric circular disk attached to its lower end. If
the lower end and disk are twisted through some angle 6, then the
system is subjected to a torque given by Eqn. 7.18. This torque
produces an angular acceleration §. If I is the moment of inertia of
the system about an axis through the longitudinal axis of the rod, then
the equation of motion of the system is

mnR*0
o T4 (7.19)
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The negative sign appears because the angular acceleration is toward
the origin while 8 increases away from the origin. Equation 7.19
represents angular harmonic motion whose period P is

211
wnR*
The moment of inertia I is the sum of the moments of the inertia of
the disk and of the cylindrical rod about the central axis. In general
the moment of inertia of the disk is so much larger than the moment
of inertia of the rod that the latter may be neglected. From Eqn. 7.20
it follows that the modulus of rigidity of the material used in the rod
shown in Fig. 7.16 is given by

P=2r (7.20)

_ 8l

- P’R*

By placing two similar bodies on the disk at equal distances from the
axis and then determining the new period, it is readily seen that the
moment of inertia of the bodies can be obtained. This is a fairly
common method of obtaining the moment of inertia of unsymmetrical
bodies since it is not easy to calculate them.

n

PROBLEMS

1. A wire 100 cm in length and 0.05 cm in radius is clamped at its upper end
and has a load of 1 kg on its lower end. If Young’s modulus is 6 X 10!’ dynes
per cm? and Poisson’s rato is 0.3, find the extension of the wire and the decrease
in the radius due to the lateral strain.

2. Find the work done by the stretching force, and find the potential energy
of the stretched wire in problem 1.

3. Show that for a homogeneous isotropic substance a volume strain is approxi-
mately three times the corresponding linear strain. As a method of proof con-
sider a cube whose length of side is /, subjected to a uniform pressure p producing
a decrease in length of the sides of Al.

4. Show that, when a shearing stress T shears a body through an angle 6, the
work done per unit volume is ¥476.

5. Show that, when a uniform stress p produces a volume strain v, the work
done per unit volume is ¥4§pv.

8. A cubical block of material is subjected to a uniform tension perpendicular
to one pair of faces.

a. Show that the change in volume per unit volume is approximately a(1 — 2v),
where a is the longitudinal strain in the cube and o is Poisson’s ratio for thematerial.

b. Show that the fractional decrease in area of a cross section perpendicular
to the tension is approximately 2ac.

7. A cylindrical bar of copper 6 cm? in cross section and 100 cm long at 0°C is
rigidly held between two end blocks. If the coefficient of linear expansion of
copper is 1.7 X 105 per °C and the copper is heated through 50°C, find the force
on the end blocks
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8. A cylindrical rod of copper 0.5 cm in radius and 100 cm in length is welded
at one end to a rod of steel 0.5 cm in radius and 200 cm in length. The pair of rods
is hung vertically from a fixed support, and the lower end has a weight placed on it.
If the lower end is extended a distance of 2.3 mm, find the load placed on the end
and the extension of each rod.

9. Find the increase in density of water at 99 ft below the surface of a lake
if the pressure increases by 1 atm for each 33 ft of depth. The bulk modulus of
water is about 2 X 10* atm, and the normal density of water is about 62.5 Ib
per ft®. (Using 1 Ib of water, find its decrease in volume, its new volume and
density, and then the increase in density.)

10. Show that the bulk modulus k may be expressed k = p dp/dp, where p
is the deusity of the substance If the rate of change of pressure p with depth y
below the surface of a lake is given by dp/dy = pg, find the expression for the
density at any depth y below the surface, assuming po is the density at the surface
where y = 0.

11. If the pressure p of a gas varies with volume v so that pv = constant when
the temperature is constant, show that the bulk modulus of a gas under these
conditions is equal to its pressure.

12. When a gas 18 thermally insulated its pressure and volume are related by
pv” = constant, where v is the ratio of the specific heat at constant pressure to
that at constant volume for the gas. Show that for a thermally insulated gas or
for adiabatic changes in the gas the bulk modulus is k¥ = vp.

13. A lLight rod of length [ is supported at its two ends in a horizontal position,
and a load W is placed on the center of the rod. If the coordinate axes have their
origin at the center of the rod, show that the equation for the deflection y at any
distance z is 7W

W
2 4 —
Y= jag7, 0" — 4t = 00
where F is Young’s modulus and 4 is the second moment of area of the beam.
14. A light rod of length I 1s clamped at 1ts two ends in a horizontal position,
and a load W is placed on the center of the rod. If the coordinate axes have their
origin at the center of the rod, show that the equation for the shape of the rod is

w 2 3
Y= Toa1s E[12lz 1623 — 19

15. A uniform beam of length ! and weight W is supported at each end at the
same horizontal level. Find the equation of the shape of the beam for axes whose
origin is at the center of the beam.

16. A uniform beam of length ! and weight W is clamped at each end at the
same horizontal level. Find the equation of the shape of the beam in the region
of positive z for axes whose origin is at the center of the beam.

17. A uniform beam of length I and weight W has a weight W’ placed at its
center and is supported at each end at the same horizontal level. Find the equa-
tion of the shape of the beam in the region of positive z for axes whose origin is
at the center of the beam.

18. A uniform beam of length ! and weight W has a weight W’ placed at its
center, and the two ends are clamped at the same horizontal level. Find the
equation of the shape of the beam in the region of positive z for axes whose origin
is at the center of the beam.
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19. A light beam of length [ is supported at each end at the same horizontal
level. A load W is placed on the beam at a distance of a quarter of the length
of the rod from the left-hand support. Show that the equation for the shape of
the beam between O and /4 is

Wz (7 , 2
Vi 8El,4(16l ")

and between //4 and [ is

we-bn(, 2
7Y T G T

20. A light cylindrical wooden rod 0.5 in 1n diameter and 30 in. long is hori-
zontally supported at its two ends so as to be used as a clothes hanger. When a
suit weighing 5 1b 1s suspended at the midpoint, it is found that this point is
depressed a distance of 0.5 n  Find Young’s modulus for the rod in pounds
weight per square foot.

21. A cylindrical wooden rod 1 in. in diameter, 20 in. in length, and 1 lbw in
weight 18 clamped horizontally at one end. If the free end is found to be depressed
owing to its own weight by 0.03 1n, find Young’s modulus for the rod in pounds
per square inch and the period of vibration of the rod.

22. If the rod in problem 21 has a weight of 2 1b hung on its free end, find the
total depression and the period of vibration of the system.

23. A torque of 200 1bw in. apphed to one end of a cylindrical rod 0.5 in. in
diameter and 12 in. in length produces a twist of 1° when the other end is fixed.
Find the modulus of rgidity of the rod in pounds per square inch and the work
done by the torque in foot pounds weight.

24. A steel wire 1 mm in diameter and 100 em long is suspended from a fixed
support at the upper end while the lower end is rigidly attached to the center of a
steel disk 10 cm in radius and 4 em thick. If the plane of the stcel disk is hori-
zontal, find the period of the system, assuming that the density of the steel is
7.8 gm per em?,

25. Taking the values of Young’s modulus and the shear modulus from the
table for copper and steel, find the values of the bulk modulus and Poisson’s ratio
for these substances, assuming them to be homogeneous isotropic substances.

26. A uniform wooden rod has a mass of 200 gm, a length of 100 em, a width
of 4 cm, and a breadth of 2 cm and is clamped 1n a horizontal position about one
end.

a. If Young’s modulus for the rod is 0.5 X 10! dynes per cm? find the deflec-
tion of the free end of the rod.

b. Find the period of oscillation of the rod.

¢. If the rod has a maximum amplitude of oscillation of 2 cm, find the maximum
kinetic energy of the rod, assuming no damping.

27. Calculate the torque exerted by the clamp on the end of the rod in Fig. 7.13.

28. Obtain the deflection y at any point z in the beam shown in Fig. 7.13 by
considering the moments of the forces to the right of the mid-point rather than
to the left of the mid-point as given in the text.
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8.1 Introduction

Up to the present we have been concerned with the motion of
objects under the action of forces. It follows from Newton’s laws
that when the resultant force on a body is zero its acceleration is zero
The body can then either move with constant velocity or remain at
rest, depending on the initial conditions. It is this state of rest with
which statics deals. At first glance it might appear that statics is
just a special and relatively unimportant case of dynamics. However,
as we shall see, there are many problems that do not have their
counterpart in dynamics.

8.2 Statics of a Particle

If a particle is to remain 320 rest, the resultant force on it must be
zero. In Chapter 1 we showed how the resultant of a system of
forces acting on a particle could be found by the parallelogram and
polygon of forces and also by the
resolution of forces into compo-
7 R nents. Even at the expense of rep-

etition we shall again state these
theorems as we shall be using them
Q frequently.

The theorem of the parallelogram
of forces states that, if two forces
acting at a point be represented in magnitude and direction by the
two sides of a parallelogram drawn from one of its angles, their result-
ant is represented in magnitude and direction by the diagonal of the
parallelogram passing through this angle. In Fig. 8.1 the two forces
P and Q are represented in magnitude and direction by the two sides
of a parallelogram and their resultant R by the diagonal.

From the above theorem there follows the theorem of the triangle
of forces which states that, if three forces acting at a point be repre-
sented in magnitude and direction by the sides of a triangle taken in
order, they will be in equilibrium. Suppose that the forces P, Q, R

258

Fig. 8.1 The parallelogram of forces.
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acting at O are represented in magnitude and direction by the sides
AB, BC, CA respectively of the triangle ABC in Fig. 8.2a. Let us
complete the parallelogram ABCD. Then the force represented by
AD is Q, and from the theorem of the parallelogram of forces the
resultant of AD and AB or of P and Q is AC, that is, —R. Hence the
resultant of AB, BC, and CA is equal to the resultant of CA and AC
and is therefore zero, or the forces are in equilibrium.

(a) (b)
R

F1a. 8.2 The triangle of forces and equilibrium of three forces acting at a point.

The converse of the theorem of the triangle of forces states that,
if three forces acting at a point are in equilibrium, they can be repre-
sented in magnitude and direction by the sides of a triangle taken in
order which are drawn parallel to the directions of the forces. It is
this theorem that is usually proved experimentally. The theorem of
the triangle of forces was first stated by Stevinus of Bruges in 1586.

There is still another theorem, called Lami’s theorem, derived from
the triangle of forces. This states that, if three forces acting on a
particle keep it in equilibrium, each is proportional to the sine of the
angle between the other two. If the three forces P, Q, R in Fig. 8.2b
acting at O are in equilibrium, they can be represented by the sides
AB, BC, CA respectively of the triangle ABC in Fig. 8.2¢. From a
fundamental relationship in plane trigonometry called the law of sines
it follows for the triangle ABC that

AB  BC (A
sin ACB  sin BAC  sin CBA
Comparing Fig. 8.2a with Fig. 8.2b, it may be seen that the angle ACB
is equal to the angle (180 — v), angle BAC is equal to (180 — a), and
angle CBA is equal to (180 — B). Since sin (180 — a) = sin a and
sin (180 — v) = sin ¥, it follows that in Fig. 8.2b

—_———— = — (8.1)
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If more than three forces are acting at a point, then the triangle of
forces becomes a polygon of forces. The theorem of the polygon of
forces states that, if any number of forces, acting on a particle, can be
represented in magnitude and direction by the sides of a closed polygon
taken in order, then the forces are in equilibrium. In Fig. 8.3a the

S

/\ ’ ’
T L) (b)

Fia. 8.3 The polygon of forces.

magnitude and direction of the forces P, Q, S, T, U acting at the
point O are represented by the closed polygon shown in Fig. 8.3b. It
is a simple extension of the theorems already given to show that, if the
force polygon is closed, then the forces represented by its sides acting
at some point are in equilibrium.

8.3 Resolution of Forces

Just as several forces acting at a point may be compounded into a
single force, so a single force may be resolved into any number of

Y

3

=
™

F,

Z
Fia. 8.4 The resolution of forces.
forces acting in different directions. A convenient direction for the

resolution is frequently along the X, Y, Z coordinate axes. Thus in
Fig. 8.4 the force F is resolved into the components F;, Fy, F, along
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the X, ¥, Z axes respectively. From the figure it can be seen that
for the magnitude of the forces
F,=Fcosa F,=Fcosp F, = F cos v

Also

Fz = F,2 + sz + Fzz
and

cos® a + cos? 8 + cos? v = 1

If i, j, k are the unit vectors along the X, Y, Z axes respectively, then
the force vector F may be written

F= iF:n: + jF Yy + sz
8.4 Forces on a Simple Crane

Suppose that a crane is made up of a light wooden rod AB and a cord
CB supporting a weight W as shown in Fig. 8.5a. Let T be the

(b)

Fia. 8.5 A simple crane and its force triangle.

tension in the cord and F the thrust in the wooden rod. Since the
three foreces W, F, T act at the point B and are in equilibrium, they
can be represented by the force triangle shown in Fig. 8.5b. From
Lami’s theorem or the law of sines:

W T F
gin 15° sin 45°  sin 120°

Thus
sin 45° 0.707
sin 15° Wo.259 = 2.18W

sin 120° 0.866
an15° = " ogse - oW

T=W
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The problem may also be solved by resolving the forces horizontally
and vertically. Thus

F cos 45° — T cos 30° = 0

or
F = 1.22T
and
Fcos45° — T cos 60° — W =0
80 that

T =273W and F = 3.34W

If the weight of the rod AB had been taken into consideration, then
the force exerted by the rod would not have been along its length
and this simple analysis would not apply.

8.6 Equilibrium of a Rigid Body

It is easily shown that, even though the resultant force on a body
is zero, the body may still be capable of rotation. Suppose that a
pair of equal and parallel forces lying in
the same plane act in opposite directions
not; in a straight line. If such forces
a.‘c'z on a body, then the body will rotate
B even though the resultant force is zero.
Such a pair of equal but opposite forces
is called a couple. We shall now prove

F

S that the moment of a couple about any
point in its plane is constant. Consider
the moment of the couple about the

F, 0 point O in the plane of the two forces
Fie. 86 The moment of a F- ¥rom O drop a perpendicular onto
couple about & point. the lines of action of the forces cutting

these at A and B, Fig. 8.6. The mo-
ment of the couple about O in a counterclockwise direction is

(FXAO) — (FXB0O) =F X AB

Thus the moment of a couple about any point in its plane is the product
of one of the forces and the perpendicular distance between the lines
of action of the forces. Thus two conditions are necessary for the
equilibrium of any rigid body:

a. For translational equilibrium the resultant force on the body must
be zero:

F=0 o F,=0 F,=0 F,=0 (82
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b. For rotational equilibrium the sum of the moments or torques
about any point must be zero:

L=0
or
rxF=0 (8.3)

We are now in a position to illustrate these principles with some
special problems.

8.6 The Funicular Polygon
Suppose that a light cord is attached at the two points 4 and B and

has weights Wy, W, W3, - - - , W, hung as shown in Fig. 8.7. Let
the inclinations of the portions of the cord to which the weights are
B

Fi1c. 8.7 The funicular polygon. Fia. 8.8 The force
triangles for the funic-
ular polygon.
attached be 6,, 6,5, 83, - + - respectively, and the tensions in these
portions be T4, Ty, Ts. Resolving the forces horizontally and verti-
cally at the points where the weights are attached gives

Ty cos 0 — Ticos 6y =0

Tscos 83 — Ty cos 62 =0 ete.
Thus

Tico8 0, = Tycos6, = Tscos83=---Tr,co88, =K
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Also
Tesinfp — Ty18in 6 — Wy =0
Tgsin 63 — Tosin 3 — We = 0 ete.
Substituting gives
- K .. T = K
17 Gos 6, 27 cos 0 ’ ™ cos O,
1t follows that
tan 6; = tan 6; + Ls"
2 = 1+ %
tan 0 = tan 8 + 2 = tan g, + 1L W2 (8.4)
K K
If the weights W1, Wy, - - -, W, are all equal to W, then

w
tana,.=tan01+(n—1)—lg

and the tangents of the angles of inclination of the cord increase in
arithmetical progression.

We shall now give a graphical construction for the forces in the
funicular polygon. From a 'horizontal line AC draw the angles 6,

02, 03, - - -, 0, given in the funicular polygon in Fig. 8.7. Let a
vertical line through C intercept the angles at D, E, F, - - - as shown
in Fig. 8.8. From Eqn. 8.4 we have
W, EC DC ED
T T AR TR Vs
W, FC EC FE
K =tan03—ta.n02—R'-—AC_Xé
Thus
W. _FE ..
W, ED
or the ratio of the weights is given by the ratio of the corresponding
intercepts.

We see that the triangle AED is the force triangle for the point at
which the weight W, is attached and AFE is the force triangle for
the point where W is attached. On the same scale that represents
T, by AD, the force T, is represented by AE, W, by ED, Ts by AF,
and W, by FE.
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8.7 A Bridge Framework

As a further example of graphic construction let us consider the
following framework shown in Fig. 8.9. The framework is made up
of light rods freely jointed and supported by pillars at A4 and E.
Loads are placed at B, C, and D as shown in the figure. The problem

2 tons T,
R l
1ton € 1ton T T4
T (a) 3
4 TB p
B, D
7, B
T, 1
tons T,
4 25 (BN s\ g O ® ‘

T, F (c)
R R

Fia. 8.9 A bridge framework and the equilibrium of the forces.

is to determine the forces in the various members of the framework.
For the vertical forces, from the symmetry of the figure, we see that

2R = 4 tons
R = 2 tons

The force triangle for the point 4 is shown in Fig. 8.9a. By accurate
measurement or calculation

T, = 2 tons T, = 2.828 tons

and their directions are as shown. The force polygon for the point B
is shown in Fig. 8.9b. From the diagram

Ts = 0.707 ton

and
T, = 2.828 — 0.707 = 2.121 tons

The force diagram for the point C is shown in Fig. 8.9c. By calcu-
lation or measurement
T5 =1 ton

The forces Tp and Ty are tensions, and T, T, and T, represent
compressions in the members. Thus such members as AF, FE, and
CF could be replaced by ropes. Notice that the arrows give forces
exerted by the members on the particular points considered, and the
forces exerted on the members are equal and opposite to these.
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8.8 The Suspension Bridge

We may consider a suspension bridge as a cable suspended between
two pillars of the same height. The cable is loaded so that the weight
on each element of it is proportional to the horizontal projection of
that element. This is equivalent to neglecting the weight of the cable
in comparison to the weight of the roadway supported by the bridge.
In order to find the equation for the shape of the cable we shall draw
vertical and horizontal lines through the lowest point 0. These arc

5/

i

0| N M X

Y

Ty

F1a. 8.10 The suspension bridge.

equilibrium of a portion OP of the cable. The weight of this portion
is proportional to the horizontal line OM, and this force acts at the
center of gravity or at the middle point N of OM. The tension T in
the cord at P makes an angle 6 with the horizontal. If T is the ten-
sion in the horizontal portion at O, then by resolving the tension at P
we have

called the X and Y axes r(}spectively in Fig. 8.10. Consider the

T cos 6 = To
T sin 6 = (Weight of OM) = wz

where w is the weight per unit length of the flooring and z is the hori-
zontal coordinate of P. Then

where y is the vertical coordinate of P. By integration
2
wz
— 4+ C
y 2T, +
Since y = 0 when z = 0, then C = 0, or
W o2

y=5-—72

3T, (8.5)
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Since w and T’y are constants for a given bridge, it follows from Eqn. 8.5
that the cable has the shape of a parabola.

8.9 The Catenary

The problem here is to determine the shape assumed by a heavy
flexible cable suspended between two points at the same horizontal
level. Suppose that a uniform, inextensible, flexible cable is hung
between two points A and B as shown in Fig. 8.11. Consider a point P

A % B
T
P,

X,y

0 X

(]
Fic. 8.11 The catenary.
of the cable where the tension 7' makes an angle 6 with the horizontal.
Let the arc CP of the cable have a length s and a weight ws where w is
the weight per unit length of the cable. If T'yis the horizontal tension
at the lowest point C, then by resolution

Tcosb=T,
T sin 0 = ws

For convenience let 7 = wa. Then

tan 0 = L ] (8.6)
a dz

where z, y are the coordinates of the point P whose distance along

the arc is s. Now
(ds)? = (dz)® + (dy)*

ds\? dy\* s*+a?
@) -1+ (@) -
ds _dz
Vere s

8o that

Thus
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is the differential equation of the cable. By integration
§=log.(s+Vs’+a2)+C

where C, the constant of integration, is determined from the boundary
conditions: at z = 0, s = 0. Hence

= —log. a
or
s+ Vs®+ad’ L. 8
z=aloge{ —— ) = asinh™ -
a a
Hence
8 = a sinh z
a
From Eqn. 8.6
£ onE
a dx a
Hence

y = a cosh z + C,
where C; is determined from tlZe boundary conditions. Suppose that
the origin of the axes is placed at a distance a equal to CO below the
lowest point. Thenatz = 0,y = a. Now
cz/a —z/a
cosh z_ ___.__+_e_
a 2
80 that
Ci=0

The equation of the curve of the suspended cable is
z
y=a cosh; (8.7)

This curve is called a catenary. In problem 14 at the end of this
chapter you are to show that T = wy so that it follows that the tension
at any point z on the catenary is T = wa cosh (z/a).

The quantity a, which defines the size of the catenary, is called its
parameter and is the distance of the vertex above the origin. The
horizontal line through the origin or OX is the directrix of the catenary.
From the original defining equation for a, namely a = Ty/w, it follows
that this parameter depends on how tightly the cable is stretched
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and on the linear weight of the cable. If this parameter is large, then
the catenary approaches a parabola. Suppose that the X axis is
taken through the lowest point C of the catenary. Then from Eqn. 8.7
the equation of the catenary is

y=y’+a=acosh2=g(e”"+e"/“)

a 22 2zt )
-5(2+27=+m+“'

I
+
l
+
+

or

zt

et

2ay’ = z* +

If a is made very large, that is, To/w is large, then approximately
z? = 2ay’
which is the equation of a parabola. Notice that y’ is the sag of the
cable.
8.10 Heavy Flexible Cable Suspended from Two Different Levels

Suppose that the heavy cable is suspended between the two points
O and A in Fig. 8.12. Let O be the origin of the X, Y coordinate axes.

y

L/

[v) [} X

To
Fra. 8.12 A heavy cable suspended from points A and O.
The tension T at the origin O makes an angle 8 with the horizontal,
and the tension T at any point z, y has a corresponding angle of 6.
If w is the weight per unit length of the cable, then the weight of a
length ds is
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N, H
wds = w N (dz)? + (dy)? = w\/l + (Z—i/) dz
and the weight of the cable between the origin and the point z, y is
z dy 2
w '/(; \/ 1+ (d_x) dz
Let us resolve the forces along the horizontal and vertical directions.

Then
T cos @ — Tocos 6 =0

. X ’ dy\*
T sin § — Ty sin 8 — w ] 14+{(=—=) dz=0
g dx

Suppose that the horizontal tension is again equal to wa or a length
a of the cable. Then

T cos 6 = Ty cos 6y = wa
From this equation it follows that

d
Tsina-7)watan0=wa—y
dzx

W, * @y
wagg—Tosmoo—wﬁ \/1 +<d_i/:) dz =0

By differentiation
d%y , (dy)2
wa i w4/l + i) = 0

For convenience let us introduce the new variable © = dy/dz. Then

Hence

ad—u=\/1+u2
dz

and

By integration we have

log.(u+\/1+u’)=§+01
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or

sinh™ y = 2 +

where C is the constant of integration. Thus

q

dy
dz
At z = 0 the value of dy/dz is tan 6y so that sinh C'; = tan 8, or is

equal to the tangent of the angle of slope at the origin. Integrating
again gives

U =

= sinh (2 + cl) = tan 6 (8.8)

y=acosh(-2+01)+C’2

The boundary conditions are: at z = 0, y = 0, so that
Cqs = —a cosh Cy

Hence the value of y at any point z along the cable is given by
y=a [cosh (g + Cl) — cosh Cl] (8.9)

In order to obtain the relationship between s and x we shall make use

of the equation
(ds)® = (d2)* + (dy)*

. i
ds _ \/1 +(@) - \/1 + sinh? (f+ 01)
dx dx a

Now from the definitions of sinh and cosh it follows that

1 + sinh? a = cosh?
ds _ cosh (E + Cl)
dz a

s=asinh(:—j+01)+03

or

Hence

By integration

Since 8 = 0 at = 0, it follows that C3 = —a sinh C;. Hence

s = a sinh (5 + c,) — asinh C,
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The tension 7' at any point is given by
T cos § = wa

or

R N A « (&)

cos dz
T = wa cosh (Z + Cl) (8.10)

In practice most cables are not perfectly flexible so that they do not
exactly follow the equations given above. However, to take into
account the lack of flexibility would be almost impossible mathe-
matically. In order to illustrate these equations we shall take a
practical example.

Ezample. An electric cable considered perfectly flexible and weighing 0.2 Ibw

per ft is suspended between two points whose distance is 1000 ft horizontally and
100 ft vertically. Find the tension at the upper and lower supports if it is observed

Y
}}OOOﬁ B
< ’ ﬂoﬂ
Ly

\
Bo N

Fic. 8.13 Example of a heavy cable suspended at different levels.

that the cable sags below the lower support by 10 ft. Let the X and Y axes be
taken through the lower support, and let z;, 1 be the coordinates of the lowest
point of the cable as shown in Fig. 8.13. At this pomnt dy/dx = 0. Thus from

Eqn. 8.8
sinh (ﬂ + Cl) =0
a

E'O‘CJ“O
a

and therefore

Also, since y; = —10, then from Eqn. 8.9
z1
~10 =qa [cosh (; + C’;) — cosh C';J

—10 = g(1 — cosh (";)

or
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8ince if sinh z = 0 then cosh z = 1, this follows from the definitions given in the
footnote.* Thus

10 a 410

e

cosh Cy =1 +

Now for the upper support z = 1000, y = 100. Hence from Kqn. 8.9
100 = a [cosh (% + C’;) — cosh Cl]

=q (cosh @ cosh Cy + sinh 5?9 sinh C; — cosh C;)

Since tan 6 15 negative then from Eqn. 8.8 sinh C; 18 negatave, hence

100 (a + 10) 1000 [\/(a + 10)2 ] . 1000 (a + 10)
_—= cosh — — —1}sinh — — | ——
a a a a a a

110 + a = (a + 10) cosh 2000 _ 4/100 + 20a sinhl—oz—m
a

This 1s an equation where ¢ must be found by brute force. After several tnals
it was found that a = 2690 satisfies the cquation  From this value

cosh C) = 3}3% = 1.00372
and from the above C) is negative so that
C; = —0.0861

The tension T at any point z is given by Eqn. 8.10. At the lower support z = 0.

Hence
To = wa cosh C1 = 0.2 X 2690 X 1.00372 = 540 lbw.

At the upper support xr = 1000 ft. Hence
T (zm1000y = 538 cosh (3§38 — 0.0861) = 538 cosh 0.2857
= 538 X 1.0411 = 560 lbw.

8.11 Tension on a Cord Wrapped around a Rough Post

Most of us are familiar with the fact that when a rope is wrapped
around a rough post a small force on one end can balance a large
force on the other. A capstan pulling a ship into a dock is an example

. e —e* e’ 4 e~*
ginh z = 3 cosh z = )
Also
cosh (x; 4+ z2) = cosh z; cosh x5 4 sinh z; sinh z3
and

cosh?z — sinh?z = 1
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of this. To analyze this problem let us consider an element ds of a
light rope resting on a rough curved surface. This element ds is pulled
by tensions (T + dT) upward and by the tension T’ downward so that
the rope is on the point of slipping upward, as shown in Fig. 8.14.

02N,

5 ft

5 ft

160
10 ft

40 N
0
L(——4ﬂ—>|

Fia. 8.14 Friction on a cord wound F16.8.15 Equilib-
around a rough post. rium of a ladder
resting against a

rough wall.

The force of friction on the rope then acts downward. Its value is
equal to the product of the coefficient of friction u and the normal
reaction acting on the element ds. If N is the normal reaction per
unit length, then the normal reaction on ds is N ds in a direction
perpendicular to the tangential force T. The force of friction on ds is
uN ds acting in the direction of 7. Resolving the forces along the
tangent and normal we have, when ds is in equilibrium,

(T +dT)cosdd — T ~uNds=0
(T +dT)sindd — Nds =0

Since d6 is very small, cos dd may be set equal to unity and sin dé
equal to d6 in radian measure. Hence

T 74

:i;=uN and ds=N

Eliminating N between these equations gives

ar_ pd0
s X ds
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or

aT
T = udb
By integration
loge T = ud + C

If 6 = 0 at a point where T = T, then the constant of integration C
is log, T and

d

log, Fo = ub

or
T = Toet @®.11)

is the equation for the tension in the rope at an angle 6 if the tension
at the zero angle is T.

As an illustration of how the tension increases with the angle con-
sider a rope wrapped one complete turn round a post for which g = 0.6.
For one complete turn § = 27 radians and

T .
i ¢!’ = (2.718)%77 = 43.4 approximately
)
If the rope is wrapped twice around the post, then the ratio of the
tensions is

Tl = ¢247 = (2.718)"-% = 1900 approximately

°

Thus it can be seen how a heavy load can be held by a comparatively
small force when the rope is wrapped several times around a post.

In the foregoing examples we have used only the first part of
Eqn. 8.2 involving translational equilibrium. We shall now discuss
some examples of the equilibrium of rigid bodies where it is necessary
to take into consideration both conditions of equilibrium.

8.12 Equilibrium of a Ladder

Suppose that a ladder whose height is 20 ft and whose weight is
40 b rests against a vertical wall with the lower end 4 ft from the foot
of the wall. If the coefficient of friction between the ladder and the
wall is 0.2, the problem is to find the minimum coefficient of friction
between the ground and the ladder that will prevent slipping when a
man weighing 160 1b stands on the ladder 5 ft from the top.

Figure 8.15 shows the ladder together with the forces acting on it.
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Because the ladder tends to slip downward, the forces of friction at the
ground and wall are in such a direction as to prevent this. If the
normal reaction of the ground on the ladder is N, then the force of
friction along the ground is uN; where u is the coefficient of friction.
Similarly if N, is the normal reaction at the wall, then 0.2N is the
force of friction on the ladder at the wall. The problem is to find the
smallest value of u that will prevent slipping, and to do this we resolve
the forces into horizontal and vertical directions.
Resolving forces horizontally:

Ng—puyN; =0
Resolving forces vertically:
02N+ N, — 200 =0
Taking moments about O:

(40 X 10 cos 8) + (160 X 15 cos 6) — (N2 X 20 sin 6)
— (0.2N2 X 20 cos 6) =0
or
400 + 2400 — 20Ny tan 6 — 4N, = 0

From the figure, cos 6 = 44 an hence tan 6 = 4.90. Thus.

2800 £ 98N, + 4N,
or
Ng = 27.5 Ibw
N1 =200 — 0.2N; = 200 — 5.5 = 194.5 Ibw
and
N: 275
=222 202 ga41
PN, T 1oas 0

In such problems the point about which the moments are taken may
be chosen for convenience since the resultant moment about any point
is zero.

8.13 Reactions at Smooth Joints

In engineering many of the members of a structure are made free
to move relative to one another. This hinging of one member to
another may be attained by means of a ball and socket joint, a peg
fitting in a round hole, or an ordinary door hinge. In any case, if the
hinge can be considered to be smooth, then the action of the hinge
consists of a single force. Since the direction and magnitude of this
force is usually unknown, it is generally convenient to represent the
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force by two components at right angles to each other. If the weight
of the pin of the hinge is negligible, then the force of the hinge on one
of the bodies attached to the hinge is equal and opposite to the force
on the other body. Thus in solving problems on jointed structures
we shall represent the force on one member by two components at
right angles and on the other member by two equal and opposite
components. If the joint is not smooth, then there is a couple due to
friction in addition to the force. In this discussion we shall assume
that all joints are smooth.

By
B B
Cy
-By
w
T c
\ 1
J w
D, -G

() -—Dy

Fic. 8.16 A jointed rhombus resting on two pegs and held by a horizontal cord

As an example let us consider a rhombus, consisting of four equal
rods of length I and weight W, freely jointed at the end of each rod
and placed symmetrically on two smooth horizontal pegs a distance
a apart. Equilibrium is maintained by a horizontal cord joining two
opposite corners of the rhombus. The problem is to find the reactions
at the joints and the tension in the cord.

Figure 8.16a shows a rhombus ABCD with two of its angles equal
to 26. Let the reaction at the pegs be R and the tension in the cord
be T. The figure alongside, Fig. 8.16b, shows the members separated
into left- and right-handed halves. This avoids difficulties with the
horizontal components at the joints A and C. By resolving the forces
vertically, we have for the system as a whole:

2R cos (90 — 6) = 4W
or
_ow

" sin 0
By resolving the forces vertically for the left section, DAB, we have
Rsng —2W - D, — B, =0
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Similarly for DCB
Rsing —2W + D, + B, =0
From these it follows that
2w

D,=0 B,=0 R=-—

Taking moments about A for the rod BA, we have

7

Bl cos 6 =—v}2—lsin0
or

B, = tan 6

©|F

Taking moments about 4 for the rod DA,

Dzlcos0+—2/—lsine—h’.(l aé)=0

2 sin

E (__o_
cos 6 21 sin 0)
2W Wa

gin 0 cos §  Lsin® 8 cos 8

D,=—%,tan0+

w
= —Etano,

By resolving the forces horizontally on the left section DAB, we have

T =B;+ D, — Rcos b

_ 2W _ Wa »__2_Wc030
T sinBcos @ Isin® 6 cos b sin 6
Wa tan 6
= 2W tan 0 — ———

1sin® 6

Owing to the fact that the rods have weight and that there is a tension
in the cord, these forces at the joints do not act along the rods.

8.14 The Principle of Virtual Work

In 1717 John Bernoulli formulated & principle associating work with
the conditions of equilibrium of a body. For a body in equilibrium
the components of any resultant force acting on the body in any
direction must each be equal to zero or

3F,=0 3ZF,=0 Z3F,=0
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Suppose that such a body in equilibrium is considered to undergo a
small displacement. This displacement need not be an actual one
but may be a hypothetical or virtual one. It, of course, must be
consistent with the geometrical conditions of the body. If the com-
ponents of the virtual displacement are dz, dy, dz, then the virtual
work done §W is

oW = ZF,dz + 2F,dy + 2F, dz

and according to the above equations must be zero. This principle
of virtual work may be stated as follows: If a system of forces acting
on a body is in cquilibrium and if the body suffers a small displacement
consistent with its geometrical conditions, then the total virtual work
done by the forces is zero. Conversely, if the virtual work is zero the
forces are in equilibrium. The usefulness of this principle will be
shown by applying it to some of the cxamples already solved by the
ordinary conditions of equilibrium.

Application of the Principle of Virtual Work to the Ladder Problem.
Consider the ladder shown in Fig. 8.15 as undergoing a virtual dis-
placement in such a manner that the angle 6 increases by d6. In
other words the ladder is imagined to move closer to the wall. The
force of friction 0.2N; at the wall is at a height of 20 sin 8 feet above
the ground, and when 6 increases by d8 this distance increases by
/(20 sin 0) or 20 cos 6 df. This is the virtual displacement of this
frictional force, and the virtual work done by this force on the ladder
15 0.2N2 X 20 cos 6 df. Consider next the normal reaction force N,.
This force is perpendicular to its virtual displacement, and hence no
work is done by this force. Similarly no virtual work is done by the
normal force Ny at the ground during the virtual displacement.

The algebraic sum of the virtual work done by all the forces is

0.2N 3 d(20 sin 6) — 160 d(15 sin 6) — 40d(10 sin 6) — pN; d(20 cos 6)
and by the principle of virtual work this is equal to zero. Hence
(4N 2 cos 8 — 2400 cos @ — 400 cos 0 + 20uN; sin 6) df = 0
Since d@ is arbitrary we have
4N, cos 6 — 2800 cos 6 + 20uN, sin 6 = 0

This is the equation obtained by taking moments about O, the foot of
the ladder. It contains the three unknowns u, N3, N2. In order to
determine these we must have two more independent equations.
These can be obtained by resolving the forces horizontally and verti-



280 STATICS

cally as was done previously. It should be noted that it is the length
of the ladder that remains constant during the virtual displacement
and not the initial distance of 4 ft between the foot of the ladder and
the ground.

Application of the Principle of Virtual Work to a System of Jointed
Rods. Let us next consider the thombus ABCD in Fig. 8.16. Sup-
pose that the virtual displacement consists in changing the angle 6 of
the rhombus by d6. This flattens the rhombus and increases the
diagonal AC. The distance a between the pegs and the length [ of
the sides of the rhombus remain constant. Since the system is sym-
metrical about the vertical diagonal BD, this diagonal remains vertical
after the virtual displacement.

The height of the center of gravity of the rod AD above the fixed
horizontal line of the pegs is (I/2 — a/2 sin ) cos 6, and the virtual
displacement of this point is

1. a a cos® 0 do
3 sin 0d0+2d0 + oot 8
Similarly the center of gravity of AB undergoes a virtual displace-

ment of
a cos? 0do

3l . a
—Emn0(¢+2d0+ 2 sin? 6

The virtual displacement of A, the point of application of the tension
force T, is
d(lsin0-—g) =l cos §df

The total virtual work due to the virtual displacement dé is

2 2
acos®@ 3l . a . acos 0)
- sm0+§+2sin20

2sin26 2
+ 2Tl cos 6d6 = 0

i . a
2W(—§sm0+§+

Since d6 is arbitrary, it follows that

2
Tlcos 6 =W 2lsinf7-—a-—acms 0)

sin® @

. a
=W (2l gin 6 — pray 0)

a
=W (2 - 5ty)
as given by the previous analysis.

or
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8.16 Equilibrium and Potential Energy

- From the principle of virtual work the condition for equilibrium is
obtained by setting the virtual work equal to zero. This may be
expressed in symbols as

2F,dz + ZF,dy + ZF,dz = 0

where dz, dy, dz are the components of the virtual displacement along
the X, Y, Z axes.

Let us now assume that all the forces acting on the system are
conservative. From the discussion in Chapter 3 it follows that these
forces are derivable from a potential energy function, where

T S | Y
iz dy 9z

and
ZF,dx + ZF,dy + 2F,dz = —dV

Thus the condition for equilibrium for a system of conservative forces

may be written
dvV =0

that is, the potential energy of a system of conservative forces in
equilibrium has either a maximum or a minimum value.

Example of equilibrium and potential energy. Let us again consider the equi-
librium of the rhombus given in Fig. 8.16. Suppose that the potential energy is
considered as zero at the level of the two horizontal fixed pegs. The potential
energy of the rods AD and DC is

! a
w (5 " 2%in 0) cos 0

The potential energy of the cord is given by the work done against the tension in
constructing the rhombus from four horizontal rods lying on the two pegs where
8 = 90° to the position shown in Fig. 8.16a. Thus the potential energy of the
cord is

0
- / Tl cos 0 do
/2
The total potential energy V of the system is

[)
! a 3l a
V--2W(§—2Eino>coeli+2W(2 _Zsin0)+2j;/2nc°50d0

and

29
W o aWising +2Wa +2 2 L 2Tl con s
de sin? @
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For equilibrium dV /d@ = 0, or

2
Tlcos 8 = W(msina—a—a?o: 0)
sin® @

This is the same equation as that obtained by applying the virtual work principle.
1t gives for the tension in the cord

T=Wtana( - -—4‘—,-—)
Isin® @
In the ladder example there are frictional forces and hence the system is not a

conservative one, so that the equiibrium condition cannot be found by the prin-
ciple given in this section.

8.16 Stable and Unstable Equilibrium

In most practical cases one is interested not only in the equilibrium
condition of a given system but also in seeing that this equilibrium is
stable. A system in equilibrium is stable if, for a small displacement
from the equilibrium position, forces are brought into play that tend
to return the system to its former equilibrium position. Similarly a
system is unstable if the forces resulting from a small displacement
tend to move the system away from its former equilibrium position.
Finally a system is in neutral equilibrium if no forces result from a
small displacement that tend either to return it to or move it away
from its former position. Iryither words it is also in equilibrium in
the displaced position. A ball at the bottom of a valley is in stable
equilibrium, a ball at the top of a hill is in unstable equilibrium, and
a ball on a horizontal surface is in neutral equilibrium.

These conditions may be readily stated mathematically for a con-
servative system in equilibrium. For such a system the potential
energy V is a maximum or a minimum if AV = 0 for a very small dis-
placement. The ball at the bottom of a valley has minimum potential
energy. A small displacement increases the potential energy, and the
conservative force of gravity tends to return the ball to the bottom
of the hill. The potential energy can be expressed in terms of some
parameter such as an angle 8 or in this case the vertical height y.
Suppose, for example, that the potential energy V is expressed in terms
of y. Then for equilibrium

av _

dy a
For stability the rate of change of dV/dy must be positive or, in other
words,

0

2

d_I:' must be positive
dy? § P

The ball at the top of the hill has maximum potential energy. A
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small displacement decreases the potential energy or changes dV/dy
from zero at the equilibrium position to some negative value at the
displaced position. For unstable equilibrium
2
717 18 negative
Finally it may be readily seen that, if the equilibrium is neutral, then

ﬂ is zero
dy?

Thus the stability of a conservative system in equilibrium depends
on whether the value of d?V /dy? is positive, negative, or zero.

PROBLEMS

1. Along the sides of a triangle X, Y, Z taken 1n order, forces proportional to
the lengths XY, YZ, 3ZX are acting. Show that the resultant force acts at a
point A along YZ extended, where ZA = YZ/2, and also show that its magnitude
is 2ZX and that its direction is parallel to ZX.

2. Along the sides of an equilateral triangle 4, B, C taken in order, forces of
4, 6, and 8 lbw respectively are acting. Show that the resultant of these forces

has a magnitude of 2 \/f3 Ibw and acts at a point D along AC cxtended, where
CD = 2AC. Show that the resultant force acts in a direction making an angle of
30° with AC.

3. Forces of 6 Ibw and —6 lbw act perpendicular to the X axis through points
having z coordinates of 0 and 2 respectively, and a third force of 121bw acts through
the point having an z coordinate of 5 in a direction making an angle of 30° with
the positive X axis. Show that the resultant of this couple and the single force
18 a force of 12 lbw acting through the point having an z coordinate of 3 in a direc-
tion making an angle of 30° with the positive X axis.

4. Give a proof showing that the moment of a force about any point is equal
to the sum of the moments of its components about the same point.

5. A balance is made up of a rigid rod free to rotate about a point not at the
center of the rod. It is balanced by unequal weight pans placed at each end of
the rod. When an unknown mass m is placed in the left-hand pan it is balanced
by a mass m, placed in the right-hand pan, and similarly when a mass m is placed
in the right-hand pan it is balanced by a mass mgy in the left-hand pan. Show
that m = \/ mymg and indicate any assumptions that you make in doing this.

6. An equilateral triangle is made up of three uniform rods, each of weight W,
freely jointed at their ends. The triangle is supported on a fixed peg placed at
the center of one of the rods so that this rod is horizontal. Find the magnitude
and direction of the reactions at the hinges.

7. A gate weighing 50 Ibw is hung on two hinges, the lower one supporting
the whole of the weight. The hinges are 4 ft apart vertically, and the center of
gravity of the gate is 5 ft from the line of the hinge. Find the forces exerted by
the hinges on the gate.

8. A stepladder is made up of two uniform identical ladders hinged at the top.
The ladders each have a length of 8 ft and a weight of 15 lbw. They are main-
tained at an angle of 60° with the horizontal by a rope connecting the mid-points of
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the ladders. If a man weighing 150 Ibw stands on one of the ladders 2 ft from
the top, find the tension in the rope and the force at the hinge when:

a. The ladder 18 placed on a smooth floor.

b. The force of friction on the ladder holding the man is that associated with
a coefficient of friction of 0.2 at the floor. Find the force of friction acting at the
foot of the other ladder.

9. A uniform ladder having a length of 12 ft and a weight of 30 lbw rests
against a vertical wall at an angle of 60° with the horizontal If the coefficient
of friction at the floor is 0.45 and a man weighing 200 Ibw can walk 10 ft up the
ladder before slipping takes place, find the force and the coefficient of friction at
the wall.

10. The boom of a derrick is hinged at one end to a vertical post and at the
other end carries a load of 3000 Ibw. A cable attached to the vertical post slopes
downward, at an angle of 60° with the vertical, and is attached to the end of the
boom where the load 1s placed If the boom has an upward slope of 45°, find the
tension in the cable and the force at the hinge.

11. A umform ladder having a length of 20 ft and a weight of 50 ]lbw rests at an
angle of 60° with the horizontal against a smooth vertical wall If the coefficient
of friction between the ladder and the ground is 0.4, find how far up the ladder a
150-Ibw man can go before the ladder starts to shp

12. From Fig. 8.10 show that the force triangle for the section of cord OP is
PMN. Using this figure derive Eqn. 8.5.

13. If the coordinates of the point of support B of the cable in Fig. 8.10 are
i and v, show that the horizontal tension in the cable is Wh/4v, where W is the
total weight of the suspended load. Also show that the tension at the supports is

LAV e

14. In Fig. 8.11 for the catenary let T be the tension in the cable at any point
x, ¥, having a length s from C. Let CO = a and the weight per unit length of the
cable be w, and the vertical height of the poimnt z, y above the vertex (', or the
sag, be y’. Then, if a new variable z = z/a is introduced, show that

wz cosh z
—_—
z

T =wy =

z sinh z
8§ = —
2z
and
z(cosh z — 1)
z

Y

(These relationships are useful in solving the following problems.)

15. A uniform cable 120 ft long and weighing 0.151bw per ft is supported between
two posts 90 ft apart and from the same vertical height. Find:

a. The horizontal tension in the cable.

b. The tension at the supporta.

¢. The sag of the mid-point of the cable below the horizontal level of the sup-
ports.

16. A telephone line has posts 200 ft apart. It is desired to have a maximum
allowable tension of 80 Ibw, using wire of 0.1 Ibw per ft. If the line is supported
from two points at the same horizontal level, find:
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a. The tension at the middle point of the line.

b. The sag of the line at the middle below the horizontal level of the supports.

¢. The total length of the telephone line between the posts.

17. If the wire of the telephone line in problem 16 expands by 0.2 per cent on &
hot day, find the new tension at the supports.

18. Find the maximum tension in a wire having a weight of 0.5 Ibw per ft
which, when suspended between two horizontal points 100 ft apart, has a sag of
1 ft at the middle.

19. A single span of cable crosses a valley 1000 ft wide. The cable weighs
1.5 Ibw per ft and is supported from points at the same horizontal level. If the
maximum tension is 1800 lbw, find:

a. The sag.

b. The total length of cable between the supports.

20. An electric cable is supported from two posts 90 ft apart at points having a
vertical separation of 18 ft. If the cable weighs 0.4 Ibw per ft and sags below
the lowest point of support by 1 ft, find the tension at each of the supports.

21. A boy, holding the end of the string of a kite which is flying in the air,
exerts a force of 2 Ibw at an angle of 30° above the horizontal. If the string weighs
0.05 1b per 100 ft and the boy has 800 ft of string extended, find:

a. The force exerted by the kite,

b. The vertical height of the kite.

(Neglect the weight of the kite.)

22. A suspension bridge has a total weight of 10 tons. The horizontal distance
between the supports of the cable (assumed to be of negligible weight) is 200 ft,
and the vertical distance between the lowest and highest points of the cable is
20 ft. Find the force exerted by the cable on the supports.

23. A horizontal rough peg whose diameter is 6 in. has a light cord hung over
it on one side of which hangs a weight of 10 lbw. If the coefficient of friction
between the cord and the peg 1s 0.6, find the downward vertical force that must
be exerted on the free end of the cord in order to raise the weight at a constant
speed.

24. Masses of 500 gm and 100 gm are placed one at each end of a light, inex-
tensible cord passing over a rough fixed peg having a coefficient of friction of 0.4.
Find:

a. The tension in the cord on each side of the peg.

b. The acceleration of the system.

25. A uniform beam weighing 50 Ib is at rest with its upper end against a smooth
vertical wall and with 1ts lower end on a smooth horizontal table. The lower end
is prevented from slipping by a horizontal cord in which there is a tension of
100 Ib. Find the angle the beam makes with the vertical, from:

a. The general conditions of equilibrium.

b. The principal of virtual work.

c. The equilibrium and potential energy theorem.

26. Six uniform rods of the same length and of weight W are freely jointed at
their ends so as to form a hexagon. This hexagon is then placed in a vertical
plane with the lower horizontal rod resting on a horizontal table. The hexagon is
kept in position by a vertical cord attached to the mid-point of the upper rod.
Prove that the tension in the cord is 3W.

27. Four uniform rods of the same length and of weight W are freely jointed at
the ends to form an equal-sided parallelogram or rhombus. This is held in a
vertical plane with one corner resting on a horizontal table and the diagonal from
this corner vertical. A horizontal cord placed along the other diagonal holds the
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rhombus in position. If 4 is the angle the vertical diagonal makes with its sides,
show that the tension in the cord T is given by

T = 2W tan @

28. Four uniform rods of the same length and having a weight W are freely
jointed at their ends to form a rhombus. This 1s suspended in a vertical plane
with one corner of the rhombus resting on a fixed peg. A hght rod joins the
mid-points of the upper two rods of the rhombus so as to hold it in position with
the upper angle of the rhombus equal to 26. Prove by the principle of virtual work
that the force in the rod is 4W tan 6.

29. Three uniform rods of length L and weight w are freely joined at the upper
end to form a tripod. This 1s held in position by joining the middle of each rod to
the middle of the next by means of horizontal strings of length I. The tripod is
placed on a smooth floor with a camera of weight W resting on top of the tripod.
Prove by the principle of virtual work that the tension T 1n the strings is

(4W + 6w)l
34/9L% — 1212
30. A symmetrical system of hght rods freely joined together and supported on

two pillars is shown in the figure. Two loads of 05 ton each and one load of
1 ton are placed as shown. Find the forces in the various members marked

1,2,3,4,5.

1ton
2
% ton 3; ton
3
90°
1 4
60°
te t
ProBLEM 30
1 ton % ton
B c
A D

s b

ProBrEMm 31
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81. A framework ABCD is made up of light rods with a brace at BD as shown
in the accompanying figure. Given AB = CD = 3 {t, BC = 2ft,and AD = 6 ft,
and the fact that BC is symmetrically placed with respect to AD. Loads of 1
and 0.5 ton are placed at B and C respectively. Find the forces of support F;
and F2 and also the forces in the rods 4B, BC, CD, DA, BD.

32. A simple triangular framework ABC is made up of three identical, uniform
rods of weight W freely joined at the ends and placed in & vertical plane. The
horizontal rod AC is supported at its ends 4 and C on pillars. Find the forces
at the pillars and the forces at the joints 4, B, C.

33. A triangular framework ABC is made up of three identical, uniform rods
of weight W freely joined together at the ends. It is supported in a vertical plane
on a horizontal fixed peg placed at the middle of the horizontal side AB with the
joint C vertically below the peg. Find the reactions at the joints 4 and C.

34. An electrostatic voltmeter is a device for measuring the direct-current
voltage between two sets of plates, one of which can move with respect to the
other. The two sets of plates form a variable condenser whose capacitance C in
farads can be found from

C =a+bd

The movable set of plates has a pointer attached which can turn on an axis about
which a flat, coiled spring is wound. The torque developed by the electrostatic
forces is balanced by the mechanical torque k6 developed in the spring. If
a =5 X 10712 farad, b = 6 X 10~!! farad per radian, and ¥ = 10° dyne cm per
radian, find the deflection produced by a voltage of 2000 volts between the plates.
Given the electrostatic energy E of a capacitance of C farads and a potential

difference or voltage of V volts,
E = }CV? joules

Then show from the principle of virtual work that the torque k6 is given by

k0-=d—o



9 - HYDROSTATICS AND HYDRODYNAMICS

9.1 The Three States of Matter

The three states of matter—solid, liquid, and gaseous—are charac-
terized by very different physical properties which for our present
purposes can be summarized in the following manner. Large forces
are required to change the shape or volume of a solid. With liquids,
although a large force is required to change their volume, practically
no force is required to change their shape. In other words, liquids have
a large bulk modulus but practically no rigidity or shear modulus.
Almost no force is required to change the shape of a gas, and only a
small force to change the volume. Thus gases have practically no
rigidity or shear modulus and only a small bulk modulus.

When we atlempt to place every substance into one of these three
classes, we experience some 2ﬂicu]ty. For example, ice is considered
to be a solid. However, this substance is known to flow very slowly
downhill under the action of gravity. The flow of glaciers is well
known to geologists. Since the flow of so-called solids is rarely met,
we need not be concerned with them here.

In many cases the properties of gases and liquids are similar and
can be discussed under the single heading of fluids. For the present
we shall deal with perfect fluids, which exhibit no forces opposing
changes in shape, or have no shear modulus. In a later section this
assumption will be modified and the results discussed under the sub-
ject of viscosity. It will be further assumed that solids, liquids, and
gases are continuous throughout their volume. This, of course, contra-
dicts the atomic or molecular theory of matter. However, it is easy
to show that any very small element of volume contains a very large
number of molecules; for example, 1 mm? of air contains about 3 X 101
molecules. We may also neglect the forces between the individual
molecules and consider the matter to be continuous. We have already
assumed a continuous theory of matter in the discussion of elasticity.
The alternative would have been to explain the properties of sub-
stances in terms of intermolecular forces, which is extremely difficult.
First we shall discuss the theory of fluids in equilibrium, that is,

288
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hydrostatics, and later some of the phenomena exhibited by fluids in
motion, that is, hydrodynamics.

9.2 Pressure in Hydrostatics

Let us consider a small plane area AA inside a perfect fluid at rest.
A force AF is exerted by the fluid on one side of this area, and an equal
and opposite force is exerted by the fluid on the other side. The
pressure p at this area is defined as the force per unit area or

_ 4P
P=23a
At the point at which this area is situated the pressure is given by
. ., AF dF
p=lmit o = ©-D

As will now be shown, this force is always at right angles to the area.
Thus, when we consider the vessel shown in Fig. 9.1 as completely
filled with a liquid of density p,
the force exerted by the liquid on
the plane sloping area must be at
right angles to the arca. By
Newton’s third law the force ex-
erted by the sloping area on the
liquid in contact with it must be
at right angles to the area. Were
this not so, the force could be
resolved into components along
and perpendicular to the sloping
area. Any force parallel to this
area would cause the liquid to
move, and this would violate the
condition that the liquid is at
rest. Thus the force exerted on any plane area within a liquid at rest
is normal to the area.

Now any plane area can be represented by a vector normal to it
and having a magnitude proportional to the area. Thus the force
exerted by a liquid on any area has the same direction as the outward
drawn normal to the area. By writing Eqn. 9.1 as dF = n;p dA,
where n; is a unit vector along the outward drawn normal, it appears
that the pressure p is a scalar quantity. Actually pressure is a tensor,
though in the simple problems we can consider it to be a scalar just as
we consider temperature to be.

(o]

Fia. 9.1 Pressure in a liquid.
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Now imagine a right circular cylinder, drawn within the liquid, of
area A as shown dotted in Fig. 9.1. Suppose that the Y axis has its
origin at the surface of the liquid and is positive in a downward
direction. Let us consider that two horizontal cross sections cut this
cylinder at y; and y; to form a pillbox-shaped mass of liquid of height
(y2 — y1). If p1 and p; are the pressures at the upper and lower
surfaces respectively, then there is a downward force of p;4 exerted
on the upper surface at y; and a corresponding upward force p24 on
the lower surface. The liquid in this pill box is in equilibrium under
the action of the two surface forces on its ends and the body force
of the weight of the liquid contained within it. All other forces
exerted on the cylinder are horizontal and have no vertical components.
Hence for equilibrium

p2A — 1A = A(ys — y1)pg

or
(p2 — P1) = (y2 — Y1)pg
If we let
y2—y1=dy and py —p1=dp
then /
d
b 9.2)
Y

If the density p is a constant, then
p=opgy+C

where C is a constant of integration. Now suppose that at the surface
of the liquid in the vessel the pressure is po, or at y = 0, p = po.
Then

P = po+ pgy (9.3)

The pressure increases linearly with downward depth in a liquid of
constant density.

The common units of pressure are dynes per square centimeter,
pounds weight per square foot, and pounds weight per square inch.
In meteorological work a unit of pressure called the bar is introduced.
It is equivalent to a million dynes per square centimeter. Since
normal atmospheric pressure is the pressure equal to that exerted by a
column of mercury 76 em high and 13.6 gm per cm?® in density, it
follows from Eqn. 9.3 that this atmospheric pressure is
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Patm = 13.6 X 980 X 76
= 1,013 X 10° dynes per cm?
= 1,013 bars

For a large mass of gas such as exists in our atmosphere the density p
is not a constant independent of the height above sea level and the
pressure is not a simple linear function of the height.

LY
\2

2 ft y 2%

21t

2 ft

F1a. 9.2 Forces exerted by a hquid on the sides of a vessel.

In order to consider the forces exerted by a liquid let us think of a
vessel filled with water as shown in Fig. 9.2. The problem is to find
the forces exerted by the water on the various portions of the vessel.
The force on the base is

F = pA
= hgpA
=2X624X2X15
= 374.4 Ibw

We have taken pg as equal to 62.4 Ibw per ft? for water.

To determine the force on any of the sides consider a horizontal
strip along one of the sides at a depth y from the top and a width dy.
The pressure at this strip produced by the water is yog, and the force
exerted on such a strip is

2 P
F = 1.5/; yge dy = [1.5gp —2-]0

2
= 1.5 X 624 X 23 = 187.2 Ibw
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Next let us determine the vertical height at which this force acts.
Suppose that this is a distance yo from the top of the vessel. Then
the moment of the resultant force about the top edge of this wall as
the axis must be equal to the sum of the moments of all the strips
making up this wall about the same axis. Thus

2
1.5p9 [, ¥ dy
=
1.509 ﬁ, ydy

Therefore the point at which this resultant force acts, sometimes
called the center of pressure, is 44 ft from the top and 24 ft from the
bottom of the liquid.

9.3 Archimedes’ Principle
An important principle in hydrostatics was first presented by
Archimedes (287-212 B.c.). This principle states that when a body

is immersed in a fluid there is a resultant upward vertical force exerted
on the body by the fluid equal to the weight of the fluid displaced

Ol

8 2
Yo —§Xz— ft

Y,
dp
/ -(p+ Fr dy)dxdz
dy
B
’/d dz
\( pdxdz
o, |

z

Fi1a. 9.3 Vertical forces exerted o;; a parallelopiped of a body placed in a liquid.

by the body. In order to prove this principle consider an element of
volume dz, dy, dz of a body immersed in a fluid of density p. On the
four vertical sides of this element of volume, Fig. 9.3, the forces are
all horizontal and have no upward component. But there are vertical
forces on the horizontal faces of the element of volume. The difference
between the upward force on the lower face and the downward force
on the upper face is
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dp ) dp
- —dy)dzdz = — —
pdxdz (p+dy y ) dz dz dydyd:cdz
Now dp/dy is the rate of increase in pressure with height and from
Eqn. 9.2 is
dp
dy
since we have here chosen the Y axis to be positive upward. Thus
the resultant upward force on the element of volume is
dF, = gpdx dy dz
=gpdV

= —gr

The buoyant force on a body of volume V immersed in a fluid of
density p is then

|4
Fy= [ godV = gov 9.4)

Now oV is the product of the density of the fluid and the volume of
the body and is therefore the mass of fluid displaced by the body.
Thus Eqn. 9.4 is a mathematical statement of Archimedes’ principl

When a body is floating in a liquid, the weight of the liquid dis-
placed must equal the weight of the body. In other words, for a
body to float in a liquid the average density of the body must be less
than the density of the liquid. This of course must be the case for a
ship whose hull is made of stecl. Not only must the ship float, but it
must also be stable in the water. If the ship is disturbed from its
equilibrium position, there must be present forces that when brought
into play will tend to return the ship to its equilibrium position.

The upward buoyant force on the ship acts through a point in the
ship called the center of buoyancy which is at the center of gravity of
the displaced liquid before its displacement. In order to show that
this is true let us consider what would happen if the ship were removed
and the displaced water were back in its former position. The water
surrounding the ship is in equilibrium with either the ship or with the
water replacing the ship. In the latter case the force is exerted at
the center of gravity of the displaced water and consequently the
center of gravity of the displaced water must be the same as the point
in the ship where the buoyant force acts.

Consider the ship shown in Fig. 9.4a, whose center of gravity is at G
and whose center of buoyancy is at B. In Fig. 9.4b the ship is shown
slightly displaced so that the center of buoyancy is now at B’. Let
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the vertical line through B’ intersect the line of symmetry BG at M,
called the metacenter. Figure 9.4b shows that if M is above G the
equilibrium is stable; if M is below G the equilibrium is unstable; and
if M coincides with G the equilibrium is neutral. The distance GM is
called the metacentric height h. Thus the equilibrium is stable,
unstable, or neutral, according to whether h is positive, negative,
or zero.

(a) (b)
F1G6. 9.4 Equilibrium of a floating body.

In practice the point M and the metacentric height & depend on the
angle of displacement 6 (see Fig. 9.4b), but for relatively small dis-
placements the point M can be;,) considered to be fixed. We shall now
determine the period of roll of the ship in terms of the metacentric
height h, assuming it to be positive. Consider the motion about the
center of mass of the ship. The torque about G is

Vpgh sin 6

since the buoyant force is Vpg where V is the volume of displaced
water whose density is p. This torque produces an angular acceler-
ation § about the center of mass of the ship given by

I8 = —Vpgh sin 0

where I is the moment of inertia of the ship about a horizontal axis
through its center of mass.
If 0 is sufficiently small so that it may be substituted for sin 6, then
Vpght
I

This is the equation for simple harmonic motion whose period P is

’I
P =2r m

a.—.
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Thus the period is inversely proportional to the square root of the
metacentric height . A very stable ship has a large metacentric
height and consequently a relatively small period. This may be very
safe but gives somewhat uncomfortable riding.

The positions of @ and M depend to a large extent on the load the
ship is carrying. When a ship has no pay load, it usually carries
ballast purely for reasons of safety. The angle through which a ship
can roll safely depends, of course, on how the ship is built but for most
ships is of the order of 40°. Long before this angle of roll is reached,
most passengers would be sure the safety angle had been passed.

9.4 Hydrodynamics. The Equation of Continuity

The problems associated with fluids in motion can be very complex,
80 we shall analyze only some of the simplest of them. Let us consider
first what is meant by the stationary or steady flow of a fluid. In this
type of flow the velocity of the fluid at any one point is always the
same. Of course the velocity will probably be different at different
points along a line of flow. Any small element of volume of the fluid
follows a particular path called a stream line. The tangent at any
point in the stream line gives the direction of the velocity of the fluid
at the point. If V is the velocity and ds is a distance measured along
the stream line whose components along the X, Y, Z axes are dz, dy, dz
respectively, then the equation of the stream line in differential
form is

=== ©9.5)

where u, v, w are the components of V along the X, Y, Z axes respec-
tively.

The stream lines in a liquid can be made visible by inserting in the
liquid a very small amount of colored liquid and following the lines
taken by the colored liquid. It follows from the definition of stream
lines that an element of fluid can never pass from one stream line to
another. Suppose that the flow of the fluid is such that the velocities
of the fluid elements over any cross section perpendicular to the flow
are constant. The stream lines then form a tube of low which may be
considered a bundle of stream lines. Let Fig. 9.5 represent a tube of
flow which might be an ideal liquid flowing in a tube with a constric-
tion. Over the cross-sectional area A the velocity is »1, and similarly
over A, it is vs. If p is the density of the fluid at A;, then 41v1p1
represents the mass of fluid crossing the area A; each second. Simi-
larly, if ps is the density of the fluid at the cross section As, then
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Agveps is the mass of fluid crossing the area 4, per second. If there
are no sources or sinks within the volume between A; and A3, then
the mass of fluid flowing into the tube per second at A; is equal to

U

F1c. 9.6 The principle of continuity in a liquid.

the mass of fluid flowing out of the tube per second at A,. This is a
statement of the principle of conservation of matter. Thus we have

Awipr = Agwaps 9.6)

If the fluid is incompressible or if its density is constant, as is very
approximately true for all liquids, then

A 101 = szz N (97)

Thus where the cross section is large the velocity is small, or “still
water runs deep.” ’2

The principle of continuity expressed in Eqns. 9.6 and 9.7 can be
given in a differential form. Let V be the velocity at some point z, y, 2
with components u, v, w parallel to the X, Y, Z axes respectively.

Y

u—ag» | dy| —4+—>u+ %dx

[P a4 S

dz

Z

F16. 9.6 The principle of continuity for a small parallelopiped of liquid.

Around the point z, y, 2z construct a parallelopiped whose sides have
the lengths dz, dy, dz respectively, Fig. 9.6. Consider the fluid flowing
through this element of volume. Into the left-hand face whose area
is dy de, perpendicular to the X axis, there is a mass of fluid flowing
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per second equal to pu dy dz. Through the right-hand face there is a
mass of fluid flowing out per second equal to

[ +-~(Lu—)d ]dydz

The net outward flow per second through the parallelopiped in the
X direction is

a(tm)

dzx dy dz

Similar expressions hold for the net outward flow in the ¥ and Z
directions. Hence the total excess mass of fluid flowing per second
out of the parallelopiped over that entering each second is

a(pu) | 3(pv) a(pw)]

— 4 = dxdyd

[ ax + Yy + a Y G2

This expression gives the rate of loss of mass of fluid within the volume
dx dy dz. Hence, if there are no sources or sinks within this volume,
the equation of continuity can be written in the following manner:

(pu) | 3(ev) a(mv)] dp
[ P + o + s dx dy dz atd:::dydz
or dividing by dx dy dz
d(pu) | 9(pv) | d(pw) , dp _
oz dy + oz Toa " 0 ©.8)

If the density of the fluid is a constant, then the equation of continusty
becomes
ou , v ow
o + P + i 0 9.9)
Equations 9.8 and 9.9 can be written in an abbreviated form by
means of the vector differential operator del written as
[¢]
v = 1— +i- + k—
oy 9z
where i, j, k are the unit vectors along the X, ¥, Z axes. The velocity
V of the fluid has the components u, v, w so that

= iu + jo + kw
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Writing the dot product of ¥V and pV we may express the equation of
continuity, Eqn. 9.8, as follows:

dp
v (pV)+at =0

If the density p is constant as in Eqn. 9.9, then this may be written
v.-V=20

The quantity V - V, del dot V, is called the divergence of the vector V.
It is a measure of how much more of a vector quantity leaves a unit
volume than enters the unit volume per second. The equation of
continuity for clectric charges is similar to that given above. If I is
the electric current or the amount of electric charge flowing past any
point per second and p is the volume density of charge at the point,
then the law of conservation of electric charge requires that

dp
J4—= =
v +at 0

9.6 Bernoulli’s Theorem

About 1738 Daniel Bernoulli applied the law of conservation of
mechanical energy to the motioph of an incompressible liquid having a
steady flow. In order to prove Bernoulli’s theorem consider a tube

Al
Py

Ay

hy

B v,
he

l

F16. 9.7 Bernoulli’s principle for a liquid.

of flow having a pressure p; and a velocity v; over the cross-sectional
area A;, and a pressure p; and velocity v, over the area 4,, Fig. 9.7.
Let the mean height of A, above some horizontal level be hj, and
similarly let hs be the mean height of A, above this level. If the
area A, is larger than A, then for an incompressible liquid Eqn. 9.7
shows that the velocity v, is less than v,. Between 4; and A the
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flow of the liquid is speeded up or accelerated. This acceleration
comes about by a reduction in the pressure between A4; and A4; in
the liquid and a reduction in the vertical height of the liquid. The
liquid gains kinetic energy at the expense of the pressure energy and
the potential energy. Bernoulli’s theorem gives a quantitative rela-
tionship between these forms of energy.

In a small time interval Af a mass Am of liquid of density p passes
through the area A; into the tube where

Am = pAw; Al

In this same time interval this same mass Am passes out through A,.
This assumes that there are no sources or sinks between 4; and A.
Thus

Am = pAﬂ)] At = pA.gvz At (910)
The work done by gravity on this mass Am as it moves from 4, to
Az is
g Am(hy — hg)

The work done by the pressure forces p14; and peA4 . respectively on
the mass Am having the volume A v, At = A At is

2
-/; pdV = plAlvl Al — pzszz At

e

The change in the kinetic energy of the mass Am in moving from 4,
to Az is

3am(ve® — v,?%)
Assuming a perfect fluid and no dissipative forces, it follows from the
principle of conservation of mechanical energy that the work done

on the mass Am is equal to the increase in the kinetic energy of this
mass. Thus from the principle of conservation of energy we have

g Am(hy — hg) + prA w1 At — p2Agvs At = FAM(ve? — v,?)

Dividing this equation by Am, which is given by Eqn. 9.10, it follows
that
1
gl — he) + 22— B2 = = (0 —0?)
P P 2
or

1 1
ﬂ+gh1+;vlz=p_2+0h2+'f):’
p 2 P 2
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Thus along a stream line the quantity
P v’
{ ; + hg + 7= Constant (9.11)

The terms in this equation can be physically interpreted in the fol-
lowing manner: p/p is the pressure head or the potential energy per
unit mass of the liquid due to the pressure; hg is the elevation head
or the potential energy per unit mass of the liquid due to gravity;
and v?/2 is the kinetic energy per unit mass of the liquid.

9.6 The Eulerian Equations of Motion of a Liquid

In this mode of analysis, first given by Euler about 1755, we choose
a particular point in space and try to determine the velocity, density,
and pressure of the liquid at that point for all instants of time. First
we find the expression for the acceleration at a point in the liquid.

Suppose that a fluid element is at P, the point z, y, 2, at time ¢, and
in an interval of time dt moves to @, the point whose coordinates are
z+dz, y + dy, 2+ dz. Let V be the velocity of the fluid element
at P which has components parallel to the coordinate axes of %, v, w
respectively. Then each of the components u, v, w are functions of
the independent variables z, y, z,)and {. The increase in the X com-
ponent of the velocity of the ﬂui)l element in moving from P to Q is

ou ou ou ou
=—dt + —d —d — .1
du att+axx+6yy+6zdz (9.12)
The X component of the velocity u is equal to dz/df. Similarly
dy dz
"Ta YTa

Thus from Eqn. 9.12 the acceleration of the fluid element at P in
the X direction is

du du ou du ou

d - Y Yy Ve
Similar expressions hold for the components of acceleration along the
Y and Z axes. In moving from P to Q there is a step forward in time
and a step forward in distance. The expression for the acceleration,
Eqn. 9.13, contains these two factors: the first term on the right is
due to the time factor; the remaining three terms are due to the space
factor. Notice that the partial derivative of the component velocity
with respect to time is the rate of change of the velocity u with respect
to time but not with respect to distance.

(9.13)
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In order to relate the acceleration to the forces we shall choose a
small rectangular parallelopiped drawn about the point P in the liquid,
shown in Fig. 9.8. Let p be the pressure, p the density, and F the
extraneous force per unit mass at the point P. Suppose that the
force F has components F., F, F, along the X, Y, Z axes respectively,

Y

((P - F)ayaz

” (p+ 2 %)y
dy

dx

Fic. 9.8 Horizontal forces on a small parallelopiped of liquid.

The rate of change of momentum of the fluid element in the X
direction is

du
pdzx dy dz r

The body or extraneous force in the X direction on this fluid element is
pdxdydzF,

Finally there is a force due to the pressure. On the left-hand face of
the fluid element, which has an area dy dz, there is a force of

ap dz)
(p ox 2 dy dz
Similarly on the right-hand face there is a force of
op dx)
(p + 9z 2 dy dz
The resultant force in the X direction due to the pressure change is
_o% dz dy dz
oz

Thus from Newton’s second law the equation of motion of the point P
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in the fluid in the X direction is

du ap
pdx dy dz i pdzdydz F, — dzdydz %

and, dividing by p dz dy dz, it follows that

u

™ (9.14)

e a
— =F ——-——=—+u—u+v—1-‘+w

oz dy
using Eqn. 9.13. Similar expressions can be immediately written for
the Y and Z components. If the force F per unit mass can be derived
from a potential @ which is independent of time, then

[:1Y] a2 Q2
F

Fz='—_ y = — — = — —

oz

du  du ou du ou 02 1ldp
a - at e 'y Y% Ta s OV
Similar equations can be written for dv/dt and dw/dt.

Now these equations are a starting point for many relatively difficult
derivations which we shall have jo omit here. Instead we shall apply
the equations of motion to the derivation of Bernoulli’s theorem.

Let us transform Eqn. 9.15 to an cxpression for steady motion
along a stream line in a direction s. At the point P the velocity V of
the fluid element is tangential to the stream line and V is a function
of s and £. The acceleration along the stream line may be obtained
from Eqn. 9.13 and is given as

av vV v
@~ a7 %

a8
Now in the Bernoulli theorem the motion is considered to be steady,
or the velocity at any point in space is constant. Hence for steady
flow
14

Fiak

and the acceleration along the stream line is
av 14
%=V

Similarly the resultant force per unit mass at the point P along the
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stream line can be obtained from Eqn. 9.15 and is

Thus the equation of motion for steady flow along a stream line is

av o0 1ép
Vs = "5 pos (9.16)

By integration of Eqn. 9.16 we have
d V2
/-2 + Q +-—2- = Constant
P

If the fluid is incompressible so that p is a constant, then for steady
flow along a stream line we have Bernoulli’s theorem:

2
4 + Q4 —I;— = Constant 9.17)
P

In the earlier derivation of Bernoulli’s equation, section 9.5, we
assumed the extraneous force per unit mass to be that due to gravity.
Hence the potential encrgy per unit mass € is given by

= gh
where h is measured vertically in the Y dxrect,lon Thus Eqn. 9.17
becomes identical with Eqn. 9.11.

9.7 Applications of Bernoulli’s Theorem

a. The Venturi Meter. This application of Bernoulli’s theorem is
extensively used for measuring the velocity of liquids and gases. The

F1a. 9.9 The venturi meter for the velocity of a gas.

venturi meter usually consists of a horizontal pipe with a constriction
in it. The pressure in the wide and the constricted portions can be
measured by means of liquid manometers, as shown in Fig. 9.9, if gas
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is flowing in the tube. If a liquid is flowing in the tube, the manome-
ters will consist of three vertical tubes attached to the top of the
main tube. If there is no friction between the tube and the moving
fluid and the cross-sectional areas A, and Aj; are equal, then the
pressure p; is equal to p; and the velocity V' is equal to V3. It thus
follows that the liquid in the manometer tubes at A; and A3 stands
at the same level. From the equation of continuity, Eqn. 9.7, the
velocities and cross sections at the wide and constricted portions are
given by '

A1V1 = A2V2 (9.7)

Bernoulli’s theorem, Eqn. 9.11, assuming stream-line flow, applies to
the venturi tube. From this and the relation h; = hy we have

P1

1
V12+“=-V22-|-zlz
p 2

1
2 P
where p is the density of the fluid and is assumed to be constant.
Substituting for V, from Eqn. 9.7 in the above equation it follows
that the velocity V', is given by

2 —
) Vs ARy

If the liquid in the manometer tubes in Fig. 9.9 has a density p’ and
the difference in levels of the liquid in the two tubes is A, then

p2 — p1 = hp'y

In using the venturi meter to measure the speed of a gas there is some
error introduced due to the difference in density of the gas in the
wide and constricted portions of the tube. This is less than 19, if
the velocity of the gas does not exceed about 50 meters per second.
In the above example we have assumed that there is no friction
between the moving liquid and the stationary tube. This of course
is not possible in practice. Its effect can be shown by allowing a
liquid to flow through a horizontal tube of constant diameter as shown
in Fig. 9.10. The pressure in the liquid decreases in the direction of
the motion, as indicated by the height of the liquid in the manometer
tubes. From Eqn. 9.17 the energy per unit mass of the liquid at 4 is

2
Pa g ghe + 24
P 2
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Similarly for the point B the energy per unit mass is
2
v,
Po y ghs + 2
p 2

If there were no energy loss along the tube, these two expressions
would be equal according to Bernoulli’s theorem. However, there

Fic. 9.10 Energy loss in a pipe carrying a liquid.

is an energy loss. Let E be the energy loss per unit mass per unit
length along the tube. The energy loss per unit mass of fluid between
A and B is El and is given by

2
Ds _
> ghs ) El

2
v
BAtogha+% -
P 2
From the conditions of the problem it follows that
ha = hg and V4 = Vp
Hence
PP _
P

If H, is the height of the liquid in the manometer tube A and Hp the
height in manometer tube B, then

Pa = Hugo ps = Hsgp
The energy loss per unit mass per unit distance along the tube is then

E=H -Hn)!

b. The Pitot Tube. Another device for measuring the speed of
fluids is the pitot tube. One type for measuring the speed of liquids
is shown in Fig. 9.11. In this the opening A is perpendicular to the
flow and the opening B faces the flow. As a result the levels of the
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liquid in the two arms are separated by a height h. Along the stream
line, which is in line with the tube B, the velocity of the liquid falls rap-
idly to zero and the manometer reading gives the value of p + pV?%/2.
The tube A, past which the stream lines flow, measures the static

F1a. 9.11 Phe pitot tube for a liquid.

pressure p in th;leiquid. Since the two manometer tubes are con-

nected together gnd have a difference in level of k, then it follows that
oV?
h=2_
gpi 2
or
V = V2gh

A pitot tube is frequently attached to an airplane for measuring
the velocity of the air relative to the plane, or the so-called airspeed of
the plane. It isrepresented diagrammatically in Fig.9.12. It isplaced

/o o o
v_ [VE

—\o.0 o o\J

F1a. 9.12 The pitot tube for a gas.

A

on the leading edge of a wing or in the nose. The air rushes through
tube B, giving the value of p + pV?2/2; a second tube A has openings
on its sides giving the value of the pressure p. The two tubes are
usually connected to a differential aneroid barometer which measures
the difference in these pressures or p¥%/2. By proper calibration the
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pointer on the aneroid gives the velocity V of the plane, though of
course this is only possible for one particular value of the density p of
the air. Since the density varies
with altitude, this is hardly an ac-
curate instrument for measuring air-
speed.

¢. Torricelli’'s Theorem. This
theorem, given by Torricelli in 1643,
concerns the velocity of flow of a
liquid from an orifice in a vessel.
Consider a stream line starting from
A and moving to B as shown in Fig.
9.13. At A the velocity of the
stream line is zero if the height of
the liquid is kept constant gr ap- FIG.. 9.13 Tfm-icelli’s theorem ff)r a

h . hquid emerging from a hole in a

proximately zero if the vessel has a vessel.
large diameter. Also, the pressure
p at both A and B is regarded as atmospheric. From Eqn. 9.17
Bernoulli’s theorem for a stream line moving from A4 to B gives

V2
b=ttt
P p 2

where gy, and gys are respectively the potential energy per unit mass
at A and B, and V is the velocity of emergence of the liquid at B.

Thus
V=V2(ys — ys)
=V 2gh

where h is the height of A above B. This result, known as Torricelli’s
theorem, was originally derived not by the above method but rather
along the lines of reasoning given by Galileo for falling bodies.

Now the result given above is only approximately correct, for
observation shows that the jet of liquid does not emerge from the
orifice in a cylindrical form. The liquid coming out of the orifice is
made up of a large number of stream lines converging towards the
orifice. This convergence continues outside the orifice until there is a
minimum cross section at some place C, Fig. 9.13, called the vena
contracta. 'The ratio of the area of cross section at C to the area of
the orifice is called the coefficient of contraction. This coefficient
depends on the shape of the orifice. For a plane circular orifice the
coefficient of contraction is experimentally found to be about 0.62.
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Furthermore the convergence of the stream lines at the orifice
implies that the pressure there is not atmospheric. At the vena
contracta the stream lines are approximately parallel and the pressure
there is equal to atmospheric. Hence the height h in Torricelli’s

theorem should be (y4, — y¢) rather

Y / than (y, — ys) as given above.

\_ *J > mxw? 9.8 The Shape of the Surface of a

17 4{ sdr] Rotating Liquid

ng N When a liquid is set in rotation, as

for example by stirring a cup of coffee

with a spoon, the free surface is no
<, longer horizontal but is parabolic in

shape.

Consider a liquid in a cylindrical
vessel rotating with a constant angu-
lar velocity w about the Y axis as
shown in Fig. 9.14. A fluid element
of & rotating hquid of mass m at the point z, y on the
? surface of the liquid is in equilibrium
under the action of its weight mg and the centrifugal reaction mzw?
outward. If the tangent to the surface at z, y makes an angle ¢ with
the horizontal, then from Fig. 9.14 we see that

mre® 2w’
tan 6 = = —
mg g
Since tan 6 = dy/dx, we obtain the differential equation for the shape
of the curve as

F1a. 9.14 The shape of the surface

By integration
y=—++0C (9.18)

If the X axis is drawn through the lowest point in the surface, then
z =0 at y = 0 and the constant of intcgration is zero. Thus the
shape of the surface is parabolic.

Suppose now that the rotation of the cylindrical vessel is suddenly
stopped with the liquid still rotating. Gradually the motion of the
liquid stops, and as it does so we see that the fluid elements, near the
stationary walls of the vessel, lag behind those near the axis. Thus
there are tangential forces between contiguous fluid elements. These
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tangential forces do not exist when the liquid is rotating as a solid body
but only when there is a velocity gradient from the axis outward in the
liquid. Up to the present we have assumed that we have been dealing
with ideal fluids in which these tangential forces could not exist. We
shall now investigate some of the propertics of real liquids in con-
nection with these tangential forces.

9.9 Viscosity

In order to simplify the understanding of these tangential forces we
shall consider two plane horizontal plates with liquid placed between
them. The lower plate is kept at rest while the upper plate, which
is resting on the upper surface of the liquid, moves with a small con-
stant velocity ». This is represented diagrammatically in Fig. 9.15.
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F1c. 915 Viscosity of a liquid.

We shall assume that the liquid in contlact with the upper plate moves
with this plate and that the liquid in contact with the lower plate is
at rest. In other words there is no slippage between the plates and
the liquid. If the velocity v of the upper plate is sufficiently small,
then the liquid moves in horizontal stream lines or with laminar motion
where each stream line moves relative to a contiguous one. The
magnitude of the velocity » depends on the type of liquid, the distance
between the plates, and the force F. If the velocity exceeds a critical
amount, the regular laminar flow is broken up and turbulence occurs.
We shall here assume that the velocity is below the critical velocity
and that the liquid flows with this laminar motion.

In order for the motion to take place a tangential force F must be
applied to the plates. Suppose that the plates have an area A and
are separated by a vertical distance y. It is found experimentally
that the force F required to produce laminar flow, with the upper
layer moving with the velocity », is proportional to the velocity » and
to the area A and inversely proportional to the vertical distance y
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between the plates. Thus

Fc:E
Yy

The constant of proportionality in this equation is called the coefficient
of viscostty n of the liquid. Hence

/ F="Ivi4
Y

or

Fy
=" 9.19)
The quantity F/A is the shearing stress, and the quantity v/y is called
the velocity gradient.
The coefficient of viscosity of a liquid is the tangential force per
unit area per unit velocity gradient. For two contiguous layers having
a velocity gradient dv/dy the shearing stress F/A is given by

F dv
1% (9.20)
From Eqn. 9.19 it follows that the dimensions of the coefficient of
viscosity are [MT~'L™'. The cgs unit of coefficient of viscosity is
the dyne second per square centimeter which is also called a pozsc.
1t follows that a coefficient of viscosily of 1 poise means that 1 dyne of
force is required to maintain a tangential velocity difference of 1 cm per sec
between two surfaces each a square centimeter in area and 1 cm apart.

It is found experimentally that 7 decreases with temperature increase
for liquids and increases with temperature increase for gases. A few
values of 5 for liquids and gases are given below.

COEFFICIENTS OF VISCOSITY 7

Temperature, Coefficient of
Substance °C Viscosity, poises
Water 10 0 01308
Water 20 0.01005
Glycerin 0 121.1
Glycerin 20 14.9
Castor oil 10 24.2
Castor oil 20 9.86
Air 0 170.8 X 10~¢
Air 18 182.7 X 10~¢
Hydrogen 0 83.5 X 10~°
Hydrogen 20 87 5 X 1078
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9.10 Measurement of the Coefficient of Viscosity by the Capillary
Tube Method

About 1840 the French physicist Poiseuille carried out experiments
on the flow of water through tubes of very small diameter. He found
that the volume of water flowing per unit time through a horizontal
capillary tube varied as the fourth power of the diameter of the tube,
as the difference in pressure at the two ends, and inversely as the
length of the tube. We shall now derive these experimental results
from theoretical considerations.

’ =1 fevan TR
10 e S 4 (@)

Fie. 9.16 The measurement of the viscosity of a liquid by a capillary tube.

Consider a horizontal capillary tube of length ! and radius R,
Fig. 9.16. Suppose that a liquid having a coefficient of viscosity 7 is
moving with laminar flow in the tube. The velocity of the liquid is a
maximum along the axis and is zero at the walls of the tube. Let
the X axis lie along the axis of the tube, and let the pressure at z = 0
be po and at z = [ be p;.

Let us now consider the forces acting on an imaginary cylinder of
radius r described about the axis of the tube. The radial velocity
gradient at all points on the surface of this imaginary cylinder is dv/dr.
Then from Eqn. 9.20 the force F exerted on the liquid inside the
cylinder by the liquid outside is
dv
dr

where 2xrl is the area of the surface of the imaginary cylinder. The
liquid inside the imaginary cylinder is moving with a larger velocity
than that outside, and therefore the force F is to the left. This force
is supplied by the pressure difference between the ends of the imaginary
cylinder and is equal to

F = 2xrly

wr*(po — p1)

Since the flow is steady, the forces acting on the liquid in the imaginary
cylinder must be in equilibrium or

dy
¥ (po — p1) + 2arly =

dr=0
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Thus
d_ 1 (po—p)
dr 29 l ®.21)

where (po — p1)/l is the pressure gradient of the liquid in the tube.
There is no radial pressure gradient and hence no radial flow since
there is laminar flow of the liquid. The radial velocity gradient dv/dr
is negative as giown by Eqn. 9.21 and also by the fact that the velocity
is a maximund along the axis and zero at the walls. By integration of
Eqn. 9.21, using the boundary conditions » = 0 at r = R, we have
for the velocity » at any distance r from the axis

p=R0 " Plipr_ o (9.22)
49l

In order to obtain the quantity of liquid flowing through the tube per

unit of time we shall first consider a thin cylindrical shell whose radius

is r and whose thickness is dr. The area of cross section of this shell

is 2xr dr, and the velocity of flow at the distance r is given by Eqn. 9.22.

Thus the volume passing this cross section per second is

dQ = 2mvrdr

and the volume of liquid passing any cross section of the tube per
second is

R
- Po — Pt po .3
Q /; o B R — ) dr

= ™o —p) R 9.23)
8l
This is known as Poiseuille’s formula and agrees with his experimental
results. From Eqn. 9.23 the coefficient of viscosity of & liquid can be
obtained experimentally.

Suppose that the pressure difference of the liquid between the ends
of an inclined capillary tube is maintained by connecting one end to a
constant level tank at a height h above the entrance end of the capillary
tube. The top of the liquid in the tank is at atmospheric pressure Py,
and its velocity may be taken as zero. If the velocity of the liquid
in the center of the capillary is v, then the pressure p at the entrance
end of the capillary is given by Bernoulli’s equation as

2
Po+ goh = p + 5

The velocity v is obtained from Eqn. 9.22 by setting r equal to zero.
At the exit end of the capillary the pressure is atmospheric, Py, and,
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if this exit end is at a vertical distance k; below the entrance end, the
pressure difference (po — p;) in Eqn. 9.23 becomes

2
Do — Pi P0+gph—%—Po+aph1

2

pv
goH >
where H is the vertical height (A + h1) of the exit end below the top
of the constant level tank.

9.11 Measurement of the Coefficient of Viscosity by the Revolving
Cylinder Method

In this method the liquid whose coefficient of viscosity is to be
determined is placed between two concentric cylinders as shown in
Fig. 9.17. The outer cylinder is rotated with a constant angular
velocity wp while the inner is at rest supported by a torsion fiber.
Owing to the viscosity of the liquid,
a torque is transmitted by the liquid
to the inner cylinder which is bal-
anced by the torque in the torsion
fiber.

In order to calculate the torque on
the inner cylinder, consider an im-
aginary concentric cylinder of radius
r and length ! drawn within the
liquid, where I is the length of the
inner cylinder immersed in the lig-
uid. If w is the angular velocity of
the surface of this cylinder of radius
r, then the radial velocity gradient
at this radius in the liquid is r dw/dr.
At the outer cylinder where r = r,
the angular velocity of the liquid is
wo, and at the inner cylinder where Fie. 9.17 The measurement of the

. viscosity of a liquid by a rotating
r = ry the angular velocity of the eylinder.
liquid is zero. The liquid on the
outer surface of this imaginary cylinder exerts a tangential force and a
torque on the liquid on the inner surface of the cylinder. Since the
surface area of the imaginary cylinder is 2xrl, the total tangential force
F exerted on this surface is given by Eqgn. 9.20 as

wo

dw
F = 21r1'lrprdr
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The torque L exerted by this tangential force is

L = Fr = 2xlyr® de
dr
Since the liquid between the imaginary cylinder of radius r and the
stationary cylinder of radius r; is in steady motion or undergoing no
acceleration, thetorque L is exerted on the stationary cylinder and is
equal to that ¢xcrted by the imaginary cylinder.
By integrating the above equation, applying the boundary con-
ditions of w = 0 at r = r; and w = wy at 7 = rp, we have

/ 2rlndw=_/-Li-§
0 1 r

or

Now the torque L exerted on the inner cylinder is balanced by the
torque in the supporting fiber. If the fiber has a torsion constant L,
and is twisted through an angle of 6 radians

L = Lo

Leg (1 1

"=ty <r12 r22> ©0.24)
In the above derivation we have neglected the torque exerted by the
liquid on the under surface of the stationary cylinder. If there were
regular stream-line motion between the two horizontal surfaces, it
would be possible to calculate an expression for it. However, at the
edge of the inner cylinder the stream lines would not be concentric
with those nearer the axis. We can overcome this difficulty by
making a determination of the angle of torsion 6 for two different
heights of the liquid. We must of course use the same angular velocity
of rotation of the outer cylinder in both experiments.

The viscosity of liquids increases very much as their temperature
is decrcased. We are all familiar with this phenomenon since we
change the oil in our car from one having a high viscosity in summer
to one having a relatively low viscosity in winter. The grade number
of car oil is proportional to the number of seconds a given quantity
of oil takes to go through a capillary tube. The smaller the number,
the less viscous or the “thinner” the oil.

and
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9.12 The Velocity of Fall of a Sphere through a Viscous Liquid

This problem was first solved by Sir George Stokes about the middle
of the last century. Since the method he used is beyond the scope of
this book, we shall give only a partial solution by dimensional analysis.
As was mentioned earlier, both sides of an equation between physical
quantities must have the same dimensions. This statement is the
foundation of dimensional analysis. In applying dimensional analysis
to this problem, we must first attempt to ascertain the physical quanti-
ties that determine the force exerted on a sphere moving with constant
velocity in a viscous liquid. This must be done by intelligent guess-
work or intuition.

Suppose that a sphere moves through a viscous liquid with a con-
stant small velocity so that there is stream-line motion. The applied
force must be exactly equal and opposite to the friction force exerted
by the liquid on the sphere, since we have assumed constant velocity.
This frictional force F might be expected to depend on the size or
radius r of the sphere, the viscosity 9 of the liquid, and the velocity v
with which the sphere moves. If these are considered to be the only
quantities on which the force depends, then we may say that the
friction force is a function of the radius r, the viscosity », and the
velocity ». We can then write

F = Kr*nbr®
where K is a dimensionless constant and a, b, ¢ are dimensionless
numbers to which r, 5, and » must be raised respectively for the result
to have the same dimensions as that of a force.

Writing out the dimensions of these quantities in terms of mass [M],
length [L}, and time [T], we have

[MLT™? = [LIYML~'T~ Y [LT)°
Equating the powers for [M], [L], and [T] respectively, we have:

For [M]: 1=0b
For [L]: l=a—-b+c¢
For [T]: —-2=-b—c¢

The solution of these three equations gives

a=b=c=1
Thus
F = Krqw

The dimensionless constant K could be obtained by experiment by
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actually measuring the force required to pull a sphere of known radius
through a liquid of known viscosity at a known speed. If this were
done accurately, then a value of 6r should be obtained. This is the
value obtained thcoretically by Stokes, and the expression

F = 6rrp (9.25)
is known as Stokes’ law.

If we now ;f{urn to the problem of a small sphere falling at a con-
stant velocity through a viscous liquid, the effective weight of the
sphere in the liquid is balanced by the frictional force. This effective
weight is given by Archimedes’ principle as

'57"'3 (Ps - Pl)g

where r is the radius of the sphere of density p,, and p; is the density
of the liquid. Thus we have for the velocity of fall v, using Eqn. 9.25,

F = 6rrqu = 4wr3(ps — p1)g
Hence

2
0= 9—"’ 7 (ps — p1) (9.26)
n

From this equation one can experimentally determine the viscosity
of a liquid since all the remaining quantities in Eqn. 9.26 can be easily
measured. However, one must be careful to see that the motion is
stream-line or laminar. This type of motion depends very much on
the viscosity of the liquid and the shape of the body. A marble
falling through glycerin does so with stream-line flow, and the motion
is in a straight line with constant speced. If, however, the same marble
is dropped through water, then the motion may be irregular because
turbulence has been created in the liquid. Turbulent motion is very
difficult to analyze, and we shall again have to revert to the method of
dimensional analysis.

9.13 Turbulent Motion and Reynolds’ Number

Toward the end of the last century Sir Osborne Reynolds investi-
gated the change from laminar to turbulent flow in liquids in cylindri-
cal tubes as the velocity of flow was increased. He found that for
any liquid there was a critical velocity at which there was a sudden
change from the laminar to the turbulent type of motion. His experi-
ment consisted in inserting a narrow thread of colored liquid into the
main body of liquid flowing through the tube. With laminar flow the
narrow thread followed a straight line, but once the critical velocity
was passed the thread broke up and the colored liquid ultimately
diffused into the main body of the liquid. In order to determine the
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point at which turbulence sets in we must ask ourselves on what
quantities we might expect this critical velocity v. to depend. These
would seem to be the viscosity n and the density p of the liquid and
the diameter d of the cylindrical tube into which the liquid is flowing.
If these are the correct and only factors on which the critical velocity
depends, we may write for dimensional purposes

v, = R,"apbdc

where R is a dimensionless number called Reynolds’ number. Writing
the dimensions of these quantities we have

[LT7Y] = [MLT'T7 P [MLT*PILY

Then:
For [L]: l=—-a-3b+c¢c
For [M]: 0=a+b
For [T]: -1 = —a

Hence from these cquations we have
a=1

= —1

c= —1

Thus we have for the critical velocity v,

n
ve = R — 9.27
po 9.27)
Reynolds’ number R is then given by
o oo
n

If the critical velocity is determined experimentally for a given liquid
and diameter of pipe, then Reynolds’ number can be found for a
cylindrical pipe. Of course this analysis is only approximate for, as
we have seen, the velocity of a liquid in a cylindrical tube varies from
a maximum along the axis to zero at the edges of the tube when there
is laminar flow. The critical velocity is the average velocity over the
cross section of the tube.

Now when an object is pulled through a liquid so that there is
laminar motion, then, as we know, the force varies with the velocity,
but as soon as the motion becomes turbulent the force varies with the



318 HYDROSTATICS AND HYDRODYNAMICS

square of the velocity. Eddies are set up behind the moving body so
that the pressure behind the moving body is less than that in front,
Fig. 9.18. Evidence of these eddies is seen when a car moves at a
high speed over light objects that are whirled around in the air behind

== N

;

F1a. 9.18 Turbulent motion at an obstacle.

With laminar or stream-line motion no eddies are set up and there
is no pressure difference between the front and back of the body
moving through the fluid. In this the resistance force is entirely due
to viscosity whereas with turbulence the resistance force is largely
due to the pressure difference and is only slightly due to the viscosity.

The force due to pressure difference in the turbulent motion depends
on the area of cross section A of the body perpendicular to the direction
of the motion, on the velocity v of the body relative to that of the
fluid, and on the density p of the fluid, which is either a gas or a liquid.
Thus we may write the pressure resistance force F for dimensional
purposes as

F = KA%Y*
where K is a dimensionless quantity. Writing out the dimensions of
these quantities we have
[MLT™? = [LPILTPML™Y)
Equating the powers of [M], [L], and [T] respectively, it follows that
For [M]: l=c¢
For [L): 1=2a+b-38¢c
For [T]: -2 = —-b
Solving these equations, we have

a=1 b=2 c=1
Hence
F = KAp® (9.28)
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The value of the dimensionless constant K in Eqn. 9.28 depends on
the shape of the body which is moving relative to the fluid. For any
particular body it can be measured experimentally. It is about 0.7
for a flat disk and about 0.03 for a pear-shaped body.

9.14 Surface Tension

You have all probably noticed that when mercury is spilled over a
table it collects into small drops and does not spread out into a thin
film as water does. This difference in behavior between mercury and
water is explained in terms of the surface tension of the two liquids.
Another difference in the behavior of these two liquids that can also
be explained by their surface tensions is shown by the fact that water
rises in a capillary tube whereas mercury in a capillary tube is depressed
below the outside level. That the surface of a stationary liquid
behaves as though it were a stretched film is readily seen when a
needle is made to rest on a water surface. This is, of course, contrary
to Archimedes’ principle since the needle is denser than the water.
The needle lies in a small depression in the water, and if the surface is
disturbed the needle immediately sinks to the bottom of the vessel
containing the water.

This apparent surface film is considerably changed if a small piece
of camphor is placed on it, for when the camphor dissolves in water
the surface tension of the solution is much smaller than that of pure
water. A small amount of oil on the surface of water also considerably
changes the surface tension of the water. There are a number of
so-called detergents which can so change surface tension relations
between a duck and the water on which it floats that the duck will
actually sink.

An elementary and simple explanation of surface tension can be
given in terms of intermolecular forces. In the molecular theory of
liquids it is assumed that the molecules of the liquid exert attractive
forces over distances of about ten molecular diameters. These attrac-
tive forces decrease rapidly with distance from the molecular centers.
Thus at an approximate distance of about 107 cm from the center
of a molecule the attractive force becomes zero. This is, of course,
only an approximate statement, for molecules of a liquid are not small
stationary spheres like minute marbles. However, if we adopt this
assumption of attractive forces between molecules, we shall be able
to give a qualitative explanation of the phenomena associated with
surface tension.

A molecule in the interior of a liquid or at a distance of a few molecu-
lar diameters from the surface is completely surrounded by other
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molecules so that the resultant force on it is zero. This is not so for a
molecule at the surface of a liquid. For such a molecule the upward
force of attraction due to the molecules of the gas above the dense
liquid is much less than the downward force due to the molecules of
the liquid. There is, then, a resultant downward force on the mole-
cules at the surface of a liquid. If a molecule is moved from the
interior of the Jiquid to the surface, work must be done against this
downward forde. Thus the molecules at the surface possess greater
potential energy than those in the interior of the liquid. It is this
downward force on, or the larger potential energy of, the surface
molecules that gives rise to the surface property called surface tension.

Since any system tends to attain a configuration in which its poten-
tial energy is a minimum, we might expect a liquid to assume the
shape having the minimum surface area. For a given volume of
liquid a sphere is that shape which has the minimum surface area.
Thus when surface tension is the controlling factor we should expect
liquids to have a spherical shape. This is what we find when small
drops of liquid fall from the end of a fairly narrow vertical tube. Lead
shot is made by allowing molten lead to fall through small circular
holes at the top of a long cooling tower. As the size of the drops
increases, so does their weight, and the potential energy due to gravity
modifies the spherical shape. Small drops of mercury resting on a
table are approximately spherical; larger ones tend to become flat
on top.

9.16 Measurement of Surface Tension

The mechanical tension in the surface of a liquid may be simply
demonstrated by the Dupré frame shown in Fig. 9.19. In this a clean
rectangular wire frame with a freely sliding arm AB has a film of soap
solution stretched over it. If the downward force F, which includes
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F16. 9.19 Measurement of surface tension by a Dupré frame.
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the weight of the wire AB, is sufficiently small, the wire will move
upward due to the upward surface tension force of the soap film on
the wire AB. Suppose that the system is in equilibrium with the
force F. Then, since the film has two surfaces, the surface tension S
is given by
F

S = 5 (9.29)
where ! is the length of the wire AB. If the length ! of the sliding
arm is 5 cm and the force F is 250 dynes, the surface tension S of the
soap film is 25 dynes per cm.

Suppose that the sliding arm AB, 5 cm in length, is pulled downward
a distance of 6 cm so that the total area of the two sides of the soap
film is increased by 60 cm?. If the temperature remains constant,
the work done by the external force is the product of the surface
tension and the length of the arm AB, that is, 1500 ergs. Thus the
work done per square centimeter when the temperature is constant
is 1500 ergs/60 cm? or 25 ergs per cm?. It follows that the surface
tension may be expressed either as a force per centimeter or as the
increase in surface potential energy per square centimeter.

When the film is stretched, molecules come to the new surface from
the interior of the previously unstretched film. These new surface
molecules have greater potential energy than those in the interior,
and this energy comes at the expense of the kinetic energy of the
molecules. If no heat were added to the system, the film would be
cooled on stretching, or, conversely, heat must be absorbed by the
film if its expansion is to be isothermal. In order to calculate the heat
absorbed at constant temperature we must apply thermodynamic
principles.

9.16 Carnot’s Cycle and Surface Tension

Let us consider the surface of a liquid being extended and con-
tracted under isothermal and adiabatic conditions. At constant tem-
perature the surface tension is a constant independent of the area of
the surface of the liquid. The initial surface tension and area of the
surface is given by the point A in Fig. 9.20. Suppose that the area
of the surface is increased from A to B by an amount a at a constant
absolute temperature of T. If S is the surface tension at tempera-
ture T, the work done on the surface in expanding a cm? is Sa ergs.
During this process an amount of heat of Q calories is absorbed by the
surface in order to maintain the temperature constant at 7.

Now let us expand the surface adiabatically from B to C as shown
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in Fig. 9.20 so that the temperature falls to a temperature (T — AT).
At this lower temperature let the surface tension be (S 4 AS). Con-
tinue this cycle by the isothermal CD and the adiabatic DA so that
the surface is in the same condition after the cycle is completed as it
was initially. Along the isothermal CD the surface is decreased in
area a cm? and the work done by the surface is (S + AS)a ergs. While
this decrease jn area is taking place, an amount of heat (Q + AQ) is
given out if the temperature is to remain constant.
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Fic 920 Carnot’s cvele and surface tension

In this cycle a quantity of heat @ has been absorbed by the surface
at the temperature T, and an amount of heat (Q + AQ) has been given
out at the temperature (7' — AT). The net amount of work done by
the surface is equal to the area of the figure ABCD which is approxi-
mately a parallelogram whose area is

S + AS)a — Sa = a AS

By the first law of thermodynamics the net amount of heat given out
AQ must be equal to the work on the surface or

AQ = — ==
Q J
where J is the value of the mechanical equivalent of heat or 4.2 X 107
ergs per calorie.

This Carnot cycle is reversible, and the second law of thermo-
dynamics applied to it gives
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AQ AT
QT
Substituting for AQ gives
aAS AT
QT T
or
AS JQ
AT - T ar (9.30)

Now @Q/a is the quantity of heat absorbed by each square centimeter
increase in arca at the constant absolute temperature T. This may
be written (dQ/da)r. Similarly AS/AT is the rate of change of the
surface tension with temperature when the area is constant and may
be written (dS/dT),. Hence Eqn. 9.30 may be written

awy __T £§)
da)r— J(dT o ©.31)

The surface tension S of water at 0°C is 75.60 dynes per cm, and the
change in surface tension per degree centigrade at 0°C is approxi-
mately —0.14 dyne per cm per °C. Thus (dQ/da)r, the heat absorbed
at 0°C for each square centimeter increase in area of a water surface,
is given by Eqn. 9.31 as

dQ

(—) = 273 X 0.14
da T

= 38.2 ergs per cm?

If, then, the surface of water at 0°C is increased by 1 em?, 75.60 ergs
of work must be done by the external stretching agent and 38.2 ergs
of work are absorbed by the surface in the form of heat. Experi-
ments have shown that in many cases the heat required to maintain
the temperature constant when a liquid surface is extended is approxi-
mately equal to half the work done in stretching the surface.

9.17 Angle of Contact of Liquids with Glass and Rise of Liquids in
Capillary Tubes

You must have noticed the marked difference in the curvature of
the free surfaces of water and mercury placed in small glass tubes.
Water forms a concave surface relative to the air whereas mercury has
a convex surface. Pure water wets a clean glass surface in such a
manner that the angle of contact between the water and glass is zero,
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as shown in Fig. 9.21a. With mercury the free surface makes an
angle a with the glass surface at the point of contact. This angle of

— 7 (4
e
—_—— (21
p——
w_ate_;. ;-: 0° Mercury, o = 140° Kerosene, a: = 26°
(a) (2] (c)

F1e. 9.21 The angle of contact for various liquids and glass surfaces.

contact o shown in Fig. 9.21b is of the order of 140° but changes
somewhat after the mercury is exposed to air. For kerosene the angle
of contact a is about 26° as shown in Fig.
9.21c.

Let us now consider the rise of a liquid
of density p, angle of contact a, and surface
tension S, when placed in a uniform capil-
lary tube of radius r, Fig. 9.22. The up-
ward force on this liquid is 2778 cos a.
This balances the weight of liquid in the
tube. This liquid column has a height &
measured to the lowest point in the menis-
cus. The weight of this cylindrical portion
is wr’hpg. The small portion of liquid in
] the meniscus has a volume that is ap-
Fia. 9.22 The rise of & proximately the difference between a por-

liquid in a capillary tube. 4 ) o g cylinder of height r and a hemi-
sphere of radius ». This volume is therefore
3

2 wr
3 _ 2.8

3 3

Therefore the total weight of liquid in the column is

wr

3
r
xrihpg + 5

Hence
3

2rrS cos a = nrheg + %—m
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The surface tension S is then given by

ger T
s = 2 cos a (h + 3) (9.32)

If the vapor of the liquid has a density po, then a portion of the weight
of the liquid is balanced hydrostatically by the vapor and Eqn. 9.32
should be corrected to

S = gr(p — Po)( ) (9.33)

2 cos a

Actually the correction factor »/3 is valid only for tubes that are less
than about 0.2 mm in diameter. For tubes of larger diameter other
correction factors must be used which can be found in the literature.*
This method of determining surface tension is capable of considerable
accuracy if sufficient precautions are taken. This involves more
complicated apparatus than that shown in Fig. 9.22 as can be appreci-
ated by referring to the original literature. The value found by this
method for the surface tension of water at 20°C is 72.785 dynes per cm.
Though the capillary height method provides the highest accuracy,
there are several other methods for the determination of surface
tension. These methods depend on the weight of a drop falling from
the end of a tube, or the force required to raise a circular ring of wire
from the surface of a liquid. However, a rigorous discussion of the
theory of these methods would be too com-

plicated to be given here.

9.18 Excess Pressure inside a Spherical

Bubble
As you may recall from your younger @
experiences with soap bubbles you blew ‘

into a pipe in order to form the bubbles.
In other words the pressure inside the
bubble must be greater than the outside
atmospheric pressure. In order to calcu- p.. 993 Surface tension
late this excess of pressure let us imagine of a soap bubble.
that the spherical bubble is cut along a
diameter into two hemispheres, Fig. 9.23. The downward force on
the upper half, considering the inner and outer surfaces of the bubble,
is
2(2xRS)

*W. D. Harkins, “Determination of Surface and Interfacial Tension,” in
Physical Methods of Organic Chemistry, Interscience Publishers, New York, 1945,
Vol. I, Chapter VI, p. 149.
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where R is the radius of the bubble. This force along the surface
balances the force due to the pressure over the cut surface whose area
is #R%. If p is the excess pressure inside the bubble over that outside,
then for equilibrium

xR*p = 4xRS
or /
48
=7 (9.34)

This result can also be applied to any spherical liquid surface. The
pressure on the water side of the concave meniscus that occurs when
water rises in a capillary tube is less than atmospheric. Similarly
the pressure in the under side of a convex mercury meniscus in a
capillary tube is greater than atmospheric.

PROBLEMS

1. A rectangular box has a base 3 ft long and 5 ft wide and a height of 6 ft.
It is filled to the top with water having a density of 62.5 Ib per ft%. Find the
resultant force on the bottom and on the vertical sides due to the water, and also
the points where these forces act.

2. The top of a vertical gate is 40 ft below the level of the water at a dam. 1f
the gate is 6 ft wide and 2 ft high and 1s hinged along its upper horizontal edge,
find the torque exerted by the water about the line of hinges as an axis.

3. A horizontal cylindrical pipe 3 ft in radius has 1ts ends closed with vertical
slabs of glass Find the resultant force and the distance of this force from the
center of the pipe when the pipe 1s half-filled with water.

4. The cross section of a wooden trough is an equilateral triangle, 2 ft on a side,
with the upper side horizontal. Assuming that such a trough will hold water, find
the force on one of the ends when the trough 1s filled with water.

5. A uniform solid sphere floats in water so that 0.8 of a vertical diameter 18
submerged in the water. Find the specific gravity of the sphere.

6. A hollow spherical 1ron shell is so made that it just floats when completely
submerged in water. If the wron has a specific gravity of 7.8 and the shell has
an outer diameter of 2 ft, find the inner diameter.

7. A U tube has a uniform diameter of 2 cm and contains 100 cm? of oil whose
density is 0.8 gm per cm3. The oil originally stands at the same horizontal level
in the two vertical arms. By blowing into one of the arms the column of oil is
set into oscillation with an amplitude of 1 em. Assuming no damping, find the
period of the simple harmonic vibrations of the oil and the force originally exerted
by blowing on the oil.

8. A cylindrical steel tube, 6 in. in outside diameter and 2 ft long, is cut along
a diameter. The vertical ends of the cut tube are closed by steel plates of the
same thickness as the tube so as to form a boat. When placed in water it is found
to float with its horizontal edges 1 in. above the horizontal level of the water. If
the specific gravity of the steel is 7.8 find:

a. The thickness of the steel in the tube.
b. The center of gravity of this steel boat.
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¢. The center of buoyancy of this boat.
d. Whether you consider the boat to be stable or unstable.
e. The maximum volume of water the boat could contain without sinking.
9. Show that for any point in & liquid at rest having a density p and a pressure
p, the force per unit mass in the X direction is

1ap
F,= -2
® p oz
10. If po is the pressure at sea level and p 1s the pressure at the top of a column
of air h meters in height and having a uniform temperature of T degrees absolute,
show that

logio po — logio P1 = 0.0148;-'
Take the denstty of air at 0°C as 0.001293 gm per ¢cm® and the pressure pg of air
at sea level as 1.01 X 10°® dynes per cm?.

11. Water flows out of a circular hole in the side of a large cylindrical tank
1 meter in diameter. Initially the water level is 4 meters above the vena contracta
which has a circular cross section of 2-em radius. Find the volume of water
escaping from the tank per second when the water level is 3 meters above the vena
contracta, taking into account the velocity of fall of the top of the liquid in the
tank. Find how long it takes to empty the vessel.

12. At a fixed point the velocity of the water in a stream line is 40 cm per sec
and the rate of change of the velocity with distance along the stream line is 5 cm
per sec per cm. Find the acceleration of the liquid at the fixed point.

13. Write out the dimensions of each term in Eqn. 9.15.

14. From Bernoulli’s principle, explain why a ping-pong ball can stay within
a vertical air current issuing from & tube.

15. Liquid is flowing 1n a horizontal pipe that has a constriction along its length.
Vertical tubes are attached at both the wide and the constricted portions to serve
as manometers. Supposc that there 18 a stopcock at the exit end. Would the
liquid in the manometer tubes rise or fall on closing the stopcock? Ixplamn your
answer.

16. The cross section of the wide portion of the pipe in question 15 is 10 in.2
and at the constricted portion is 2.5 in.2 Water is flowing at the rate of 2 ft per
sec in the wide portion of the pipe where a pressure gage reads 4 Ib per in.? Find
the reading of a pressure gage inserted in the constricted portion and the number
of cubic feet of water flowing through the pipe per minute.

17. Find the volume of water flowing per minute through a horizontal pipe
6 in. in diameter if there is a difference in height of 2 ft in the levels of the liquid in
the two manometers, one of which is placed at the wide portion and the other at
the constricted portion. The constricted portion has a diameter of 2 in.

18. A horizontal tube 1 mm in diameter and 20 em long is connected at one end
to a constant level water tank whose height is 100 cm. If 578 cm? of water flows
through the tube in 8 min, find the coefficient of viscosity of water.

19. A horizontal capillary tube whose radius is R and whose length is / is con-
nected to an airtight vessel whose volume is V. Enough air escapes from the
vessel through the capillary tube during a time of ¢ seconds to reduce the pressure
of the air in the vessel from P, to P; without any change in temperature. If
atmospheric presure is Py, prove that the coefficient of viscosity » of air is given by
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- *R*Pot
? (P + Po)(P1 — Po)

8Y log. (P2 — Po)(P1 + Po)

(In order to prove this relationship consider a small section of the capillary tube
of length dz where the pressure is p and then integrate over the length I of the
tube. If P is the pressure at the entrance to the capillary and P is atmospheric
pressure at the epd of the tube, then show that the time rate dV/dt at which air
enters the cnpil)zj is

av_ aR' .,
Py =1eq & — P
From Boyle’s law
av dP
P—=—-V—
dt 4 dt

where V is the constant volume of the vessel and dP/d¢ is the rate of change of
pressure in the vessel.)

20. A capillary tube 0.04 cm in radius and 100 ¢cm in length is connected to a
vessel having & volume of 4000 cm?®.  The original pressure of the air in the vesscl
i8 80.5 cm of mercury, and after 20 sec the pressure has fallen to 79.4 cm of mercury.
If the temperature of the air is constant throughout the experiment and atmos-
pheric pressure is 76 cm of mercury, find the coefficient of viscosity of air.

21. A liquid having a coefficicnt of viscosity 5 is flowing through a vertical
capillary tube whose length is I and whose radius is R. If the exit end of the capil-
lary is a vertical height H below a constant level tank, then show that the volume
of liquid Q emerging from the capillary per second may be given as

=Rgp 2Q?
¢ 5 (” mr’R‘)

22. A pitot tube mounted on the leading edge of an airplane indicates a pressure
difference of 0.01 atm on a differential air barometer. What is the velocity of
the airplane?

23. Assuming that Reynolds’ number is 1000 for cylindrical pipes, calculate
the critical velocity of water and of glycerin at 20°C in tubes of 5-cm diameter.
The density of glycerin is 1.36 gm per cm.3

24. In the determination of the coefficient of viscosity by the rotating cylinder
method as described in section 9.11, two heights of liquid /; and I3 are used and the
corresponding angles of torsion 8, and 6, are observed. If the radii of the inner
and outer cylinders are r; and rg respectively, and Q is the angular velocity of
rotation of the outer cylinder in both cases, and Ly is the torsion constant of the
suspension, show that according to Eqn. 9.24 the coefficient of viscosity n of the
liquid is

T ol - \r?

25. The coefficient of viscosity 5 of a gas or a liquid can be found by measuring
the torsion Lof exerted on a horizontal circular plate placed a small distance d
above a concentric and parallel plate which is rotating with an angular velocity Q.

Lo(6: — 61) ( 11
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If R is the radius of the circular plates, show that

- 2dLq6
~R‘Q

26. Assuming that the maximum diameter of raindrops depends on their surface
tension, density, and the acceleration due to gravity g, find, from dimensional
analysis, the order of magnitude of the mass of the largest drops.

27. A soap film having a thickness of 10~ c¢cm and a temperature of 0°C is
stretched adiabatically until its area is doubled. Assuming that the specific
heat and density of the soap solution are each equal to unity, find the fall in tem-
perature of the film if its surface tension decreases at the rate of 0.15 dyne per
cm per °C rise in temperature.

28. Find the weight of a drop of water that might be expected to fall from the
plane end of a glass tube having a diameter of 0.5 cm. The surface tension of
water is 72.8 dynes per cm. Find the force due to surface tension that would be
needed to raise a circular ring whose diameter is 2 cm from the surface of water.
(Both results will be only approximate as the conditions are not so simple as
assumed.)

29. From the fact that the pressure on the underside of the meniscus of water
in a capillary tube is less than atmospheric, find the height to which water rises in
a capillary tube of radius r.

30. Four small spherical drops of water, each of 1-mm radius, coalesce to form
a single drop. Show that the surface potential cnergy of the four drops is about
1.59 times the total surface potential energy of the single coalesced drop.

n



10 - WAVE MOTION

10.1 Wave and Particle Motion

Classical physics has two main branches: the one deals with the
motion of particles or rigid bodies, and the other with wave motion.
These two branches developed independently up to about the begin-
ning of the present century. Until then electrical charges had, along
with many other concepts, been explained in terms of particles,
whereas light and sound phenomena were explained in terms of wave
theory. Very briefly we may say that the motion of particles can be
interpreted by Newton’s laws, together with the additional develop-
ments of the eighteenth and nineteenth centuries made by Laplace,
Lagrange, Hamilton, and others. According to the particle theory
energy is carried by the moving particle, whercas the energy of a
spherical wave spreads out in all directions. The course of physics
in the present century has shown that natural phenomena cannot be
explained quite so simply. Light or electromagnetic radiation has
both wave and particle properties. The properties of electrons are
also interpreted in terms of both particles and waves. These two
distinct theories, each formerly used independently to explain certain
natural phenomena, have, in a sense, been merged into the modern
theory of wave mechanics.

In this chapter we shall be concerned with some of the fundamental
characteristics of the propagation of waves in continuous media such
as solids, liquids, and gases. When an oscillatory motion is impressed
on some part of a body, this motion is propagated as a wave motion to
all parts of the body. Up to the present our only discussion of
vibratory motion impressed on a body has been concerned with the
oscillations of a spring. We may properly ask whether waves were
not propagated in the spring? Actually waves were set up in the
spring, but they were so small that they could be neglected, since we
were dealing with springs whose mass was negligible compared to the
mass of the body attached to its end. When the mass of a spring is
assumed to be zero, no inertial force is required to set any portion of
the spring in motion, so that any force applied at one end of the spring
is passed on to the other end undiminished by each elementary portion

330
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of the spring. This force remains the same throughout the spring,
and every elementary length of the spring is stretched an amount
proportional to its length, so that the resultant extension of the whole
spring is proportional to the applied force.

Let us drop the assumption that the spring has zero mass. Now a
force is required to accelerate each elementary portion of the spring.
The force at any instant is no longer the same throughout the spring,
and waves are propagated in the spring. Wave motion occurs in any
medium in which mass and restoring force are associated with each
elementary portion of the medium. In our previous discussion of
springs we considered the restoring force as evenly distributed through-
out the spring whereas the mass undergoing acceleration was con-
sidered to be concentrated at the lower end of the spring. A similar
situation occurs in electrical circuits. So long as we assume that
inductance and capacitance are separate or lumped parameters we
deal with forced oscillations or alternating currents and not with true
waves. Although in practice there is always some capacitance associ-
ated with an inductance and some inductance with a capacitance,
these small effects can generally be neglected if the frequency of the
alternationsis small. When the frequency is large these effects cannot
be neglected and waves are propagated. Here again the parameters,
inductance, and capacitance, are distributed throughout the circuit.

For most practical examples the medium in which the wave is
propagated is limited and not infinite. At the boundaries of the
medium the waves are reflected so that the medium is acted on by
both the incident and the reflected waves. With suitable geometrical
configurations, standing waves can be set up in the medium. These
may occur in a string fastened at both ends, in a membrane such as a
drumhbead clamped around its edges, and so forth. Before discussing
the phenomenon of standing waves let us find an expression for the
velocity of propagation of transverse waves in an infinitely long cord.

10.2 Transverse Waves in a Cord

When a stretched cord is caused to vibrate either by giving sinusoidal
vibrations to one end or by plucking it, transverse waves travel along
the cord. In this transverse wave the motion of the elementary
portions of the cord is at right angles or transverse to the direction
of the traveling wave. The wave is a motion of a geometrical pattern
transmitting energy and not a mass motion of the cord as a whole.

In order to determine the velocity of a wave in a cord let us consider
a uniform cord whose mass per unit length is u. The cord is subjected
to a constant tension F. We shall assume that the deflections of the
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cord are so small that the tension remains constant throughout the
deflections and that damping can be neglected. Suppose that at some
instant of time the cord assumes the configuration shown in Fig. 10.1a.
An element of the cord whose horizontal length is Az at position z, y is
shown enlarged in Fig. 10.15. On the ends of this element the forces
make angles 0;, 6, respectively with the horizontal X axis. The
problem is tg'find the motion of the element AB under the action of

Y
y
0 Ax X
‘ P . \F
A o7
(a) 6 Ax >
F (d)

F1a. 10.1 Transverse wave in a cord.

these forces. We shall assume that the displacements are so small
that sin @ = tan 6, where the notation ~ means approximately equal
to. The mass of the clement AB may be approximately taken as
u Az since cos 8 = 1. The resultant vertical force on the element is
F(sin 8, — sin 6,), and this may be set equal to F(tan 6 — tan 6,).
Now

Ftan 6, =F (%) (10.1)
0z/ 4

where (9y/9dx), is the slope of the tangent at A at the instant of time
under consideration. It is necessary to use partial derivatives since y
is a function of both the position z and the time #. The resultant
vertical force on the element of length Az is then

r(), -+ (),

By Taylor’s theorem, using only the first-order terms,

(o), - G, + 2 ()

The resultant vertical force Fyy on an element of length Az is

2,
F,=F g—z’; Az (10.2)
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and by Newton’s second law this is equal to the mass of the element
multiplied by the vertical acceleration. Hence

o?y _ %
azt ~ Mar
or
o’y _ wdly
6-1-;5 = ‘F—, 5;2" (10.3)

This is the wave equation for waves propagated along the X axis.
You should be able to show from the assumptions that the resultant

horizontal force is zero. From Eqn. 10.3 it follows that V. 17;: has

f A >
A T\
y /3’
of== AN 7
\“"’/
B

F1a. 10.2 Equal displacements on a transverse wave a wave length A = vP apart.

the dimensions of a velocity which we shall see is the velocity of the
transverse waves in the cord. The wave equation above is a linear
homogeneous partial differential equation of the second order. There
are several methods of obtaining a solution of such an equation.
Because of its importance we shall illustrate two of these methods.
It may be readily verified by substitution that

y = f(x — ot) (10.4)

is a solution of the wave equation. In this equation fis any function—
sine, cosine, square, cube, etc. By substituting Eqn. 10.4 in Eqn. 10.3
it is easily shown that » = V/F/u. Similarly y = f(z + of) is also a
solution. Let usask whaty = f(z — f) signifies physically. It repre-
sents a wave traveling in the positive X direction, and y = f(z + vi)
represents a wave traveling in the negative X direction. Suppose
that a wave is traveling along the positive X direction, Fig. 10.2.
If there is a displacement y at position z and time ¢, then, if the wave
is traveling in the positive X direction, there is the same displace-
ment y at some position (z + vP) to the right of = at the time (¢ + P)
or a time P later. Mathematically this is given as

y = flz — vi)
= f(z + vP — vt — vP)



334 WAVE MOTION

An important special case of the function f is the sine or cosine
function. Consider the solution

y = A sin k(z — o) (10.5)

where A is the maximum displacement and is called the amplitude.
It gives the value of the height of the crest at A or C or the depth of
the trough at’B. The quantity k(z — vf) is called the phase of the
vibration, and the distance between two points in the same phase,
such as AC, is called the wave length . If P is the period of the wave,
then, if the wave is traveling to the right, there is the same displace-
ment at z and ¢ as there is at (z + A) and (¢t + P). Hence

A sin k(x — vt) = A sin k[z + X — v(t + P)]

or, since the arguments of the sine funection are equal,
A =2P = (10.6)

The quantity v is the ratio of the distance \ traveled by the wave to
the period P. It is called the phase velocity of the wave since it gives
the velocity at which any point of any phase travels along. The
[frequency f of the waves is 1/P as indicated in the discussion of simple
harmonic motion. This phase velocity may be understood as follows:
If a given value is taken for y, then for this to be constant the quantity
(z — vt) must also be constant. The derivative of this latter quantity
with respect to time gives v = dx/df. This is the velocity of a point of
constant phase and is therefore called the phase velocity of the wave.

It may be seen that every element of the cord executes simple
harmonic motion with a period of P and a frequency of f. For any
particular point where z is a constant

y = A sin (ki + ko)

where k; and k, are constants depending on the period P and the
position z.

The quantity k¥ in Eqn. 10.5 may be obtained in terms of the wave
length by noting that the distance A corresponds to an increase in the
argument of the sine function of 2r radians:

k(x —ovt) + 2x = k(z + N\ — vf)
or
2%

k=3 (10.7)

Thus the displacement y at any point = and time ¢ on the rope along
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which a simple harmonic wave is traveling in the positive X direction
may be written
y = A sin k(z ~ vt)

=Asin2f(x—-vt)

AN P
= A sin (kx — wt)

=Asinw(f—t)
v

where w = 2r/P = 2mv/\ = kv.

= A sin 2r (f - i) (10.8)

Since the wave equation is linear and homogeneous, it follows that
¥ = filz — vt) + falz + ot)

is also a solution, as may be readily verified by substitution. Now
this solution deals with waves traveling in opposite directions along
the string. If these waves are simple harmonic and have the same
amplitude, they give rise to what are called standing waves. The
equation of such standing waves is given by

y = A sin (kx — ot) + A sin (kx + wt)
= 24 sin kz cos wt (10.9)

and this satisfies the wave equation, Eqn. 10.3. These standing waves
will be discussed in a later section.

10.3 Solution of the Wave Equation by Separation of the Variables

The one-dimensional form of the wave equation for a transverse
wave in a cord of mass per unit length p and tension F placed along
the X axis is given by Eqn. 10.3 as

% _ ud%

az®  F ot
In this partial differential equation the dependent variable is the dis-
placement y. It is a function of the two independent variables z, the
position along the cord, and ¢, the time under consideration. A rela-
tively simple method of solving such a partial differential equation
is to find a solution that is the product of functions of each of the
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independent variables. Let us assume that a product solution is
possible of the type
y=X@)T®

where X (z) is a function of x alone and 7T'(¢) is a functien of ¢ alone.
From this equation it follows by differentiation that

a%y a?x %y da*r
pra N
The wave equation becomes
£X _ X dT
dz*  F df?

Dividing by XT gives

Xdit  FTdff

In this equation the left-hand side is a function of z alone and the
right-hand side of ¢ alone. These two sides cannot be equal unless
each is equal to some constant, k’. Thus we have

a*x dr F

Tt = kX and 7 Ic’T -
These two equations are homogeneous differential equa.tions of the
second order. We have encountered such equations in the discussion
of simple harmonic motion where &’ was intrinsically negative. Since
any point x on the cord is undergoing simple harmonic motion, we
are led to believe that k¥’ must be negative in this problem. To

emphasize the negative character of ¥’ we shall put ¥’ = —c® The
equations resulting from the separation of the variables then become
ax d*T F
%— = —C’X and W = - ;c’T

From the procedure outlined in Chapter 5 the solutions of these
equations are

X = A cos (cx + o) and T = B cos (\/F;‘ct + ﬁ)

where A, B, a, and 8 are constants. It would have been equally valid
to use the sine function in place of the cosine. The displacement y of
any point z on the cord at & time ¢ is given by

y=XT=ABcos(cx+a)cos(\/§ct+ﬁ>
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By a trigonometric transformation this may be written

y=-4£cos(cz+'\/i'ct+a+ﬁ)+é-§cos(cx—\/i'6t+a—ﬁ)
2 B 2 M

In order to interpret this equation we shall set VF/u equal to the
phase velocity v of the wave and the quantity ¢ equal to 2r/\. The
latter follows since cx and vet must be angles so that ¢ must have
the dimensions of an inverse length. This length is the wave length A
of the wave in the cord. Thus

y=%cos(2w;+?—:—vt+a+ﬁ)+A—2Bcos(z'rf—@t+a—ﬁ>

S
- 4B z, 1 a+ﬂ) AB (f_z a—ﬁ)
2“’82”(x+1>+ w )T 7S p TS

where P = A\/v is the period of the waves. The solution represents
two progressive waves: the one traveling in the negative X direction
and the other in the positive X direction. Their amplitudes are
AB/2, and their phases at £ = 0, { = 0 are respectively (a + 8)/2r
and (o — 8)/2r. These quantities are determined from the initial or
boundary conditions of the particular problem.

From the above we see that the wave equation, Eqn. 10.3, is satisfied
by any of the above solutions representing a wave traveling along the
positive X axis or similar expressions for a wave traveling along the
negative X axis.

10.4 Energy in a Progressive Wave

We are all familiar with the fact that waves transmit energy since
many of the important aspects of waves are associated with this
transmission of energy. Let us calculate the energy per unit length
of the cord, Fig. 10.1, in which there is a wave progressing to the right
whose configuration is described by

y = A sin k(z — vt) (10.8)

This is the equation of a plane-polarized plane wave traveling along
the positive X axis with a velocity v. It is confined or polarized in the
XY plane and is a plane wave since its direction of propagation is
along the X axis perpendicular to the YZ plane. In our problem the
velocity is determined by the tension and mass per unit length of
the cord whereas the frequency of the waves may have any value.
At any particular point in the string the energy is changing from
kinetic to potential and back again so that to obtain the energy of
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the wave per unit length it is necessary to calculate both the kinetic
and potential energies. The kinetic energy of a unit length of the cord
is uy?/2, where p is the mass per unit length. For any particular
point the vertical velocity is, from Eqn. 10.8,

y = —Akv cos k(z — vt)

and the K.E/per unit length is

A2
—2’: k%? cos® k(x — vt)

The potential energy is the negative of the work done by the restoring
force in putting the rope into any particular configuration. For any
point the restoring force per unit length is given by Eqn. 10.2 as
8% 2 2
F, = Py R —FAk® sin k(x — vt) = —Fk*

and the potential energy per unit length is
v 2 2
- T LT —
L Fydy = Fk 2 3 A? sin® k(x — vt)
A? .
=5 uk®? sin® k(z — ot)

since »> = F/u. The average values of the kinetic energy and the
potential energy per unit length are each equal to A%uk%?/4 and the
total energy per unit length is the constant

A2 k2 2 A2 2
B = “2 L. —é‘i"— (10.10)

which is independent of the time.

10.6 Longitudinal Waves in a Solid Rod

A longitudinal wave is one in which the displacement of any part
of the medium is along the direction of propagation of the wave.
Sound waves are longitudinal waves in air. A perfect fluid—that is,
a perfect gas or a perfect liquid—can transmit longitudinal waves but
not transverse waves since a perfect fluid has no shear modulus.

As an introduction to longitudinal waves we shall first determine
the velocity of propagation of a longitudinal wave in a uniform
rectangular rod. Figure 10.3 shows such a rod of a uniform cross
section A and a density p oriented along the X axis. This rod is sub-
jected to a longitudinal force which varies with position and time as
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would occur if a longitudinal wave were passing through therod. This
varying force causes any cross section of the rod to undergo small
longitudinal displacements about a mean position. It is these varying
displacements that constitute the wave motion. We shall assume
that the displacements are within the elastic limit of the material and
that any damping can be neglected.

Y
AF+ 5 dx)
LAF-— —p
x x+dx
at X
i A
4 4
Z,
x x+dx

F1a. 10.3 Analysis of a longitudinal wave in a solid rod.

Let us now consider a thin slab of this rod at position z and of a
thickness dz. At some particular instant of time let the force per unit
area transmitted to the slab by the material of the rod at the left of
the slab be F so that the total force is FA. Since the force varies
with z, its value at (z + dr) may be expressed to a sufficient degree of
accuracy by the first term in Taylor’s expansion as

A (F + Qde)
oz

This is the force exerted on the slab by the material to the right of it.
The resultant force acting on the slab is

A or dz

oz

Suppose that £ is the displacement from its equilibrium position of the
cross section in the X direction. This is the displacement of the slab
that has a mass p4 dz. From Newton’s second law the acceleration
9%/at? is given as

3% oF

pA dzat2 =A 7 dz
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PoE = o (10.11)

Since the stress on the rod is different at different points and times,
it follows that the strain must likewise vary with position and time.
At position zthe displacement is £, and at (z + dz) the displacement
is £ + (9¢/Pz)dz. The strain on the slab is the resultant displace-
ment (9£/0x)dz divided by the original length dz, or the strain is
9t/0z. From the definition of Young’s modulus E for a rod

_ Stress  F
Strain  9%/0x

Hence
13
F=E=
Eé)x

and
ok _ o
ax  9x?

Thus from Eqn. 10.11 the equation of motion of the slab becomes
% %
v il hew (10.12)
This is the wave equation for a longitudinal wave traveling in the rod
with a phase velocity v of .
\/E
v = 4/—
p

This longitudinal wave is a plane wave inasmuch as the displacement
£ is the same at all points on any given cross section.

The energy per unit volume of the waves in the rod may be calcu-
lated in a similar manner to that used for the waves in a cord. If a
harmonic wave of amplitude 4 given by

t = A sin (kx — wi)
is traveling through the rod, the average energy per unit volume E, is
A%
2

where w is the angular velocity of the wave and equals 2zv/X. This
energy travels through the rod with the phase velocity v since it is
the wave that transmits the encrgy.

E, = (10.13)
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Another concept associated with waves is that of the intensity of a
wave. This is defined as the amount of energy passing per second
through each unit area of the medium perpendicular to the direction
of propagation of the wave. For the plane harmonic wave in the rod
the intensity I is
A%

I-= )

(10.14)
Intensities of waves are generally expressed in ergs per square centi-
meter per second or in watts per square meter. An average person
can just hear a sound having an intensity of 0.000001 microwatts per
square meter.

10.6 Longitudinal Waves in a Gas

The analysis of the motion of plane waves in a gas is almost the same
as that for the rod discussed in the previous section. Suppose that
the plane wave is traveling through the gas in the X direction. 1f the

T/'—\ I
l/ N4 YAANNEEYE 7 5\/4 X
-t == ==

- - e > = > ¢ . - < o (e)

L e e ol T S Y TS — ) |

Fic. 104 Longitudinal wave in a gas. (a) Equilibrium positions. (b) Dis-

placed positions. (¢) Longitudinal displacements replaced by equivalent vertical

displacements at time ¢; (d) at time ¢t 4 df. (e) Velocity of particles at time ¢.
(f) Accelerations of particles at time ¢.

gas is considered to be composed of molecules, then as the wave passes
through the gas the molecules vibrate about a mean position along
the X axis. This motion is superimposed on the random motion of
the molecules. All molecules in the YZ plane having a given value
of z on the average have the same displacement at any instant, or the
plane wave front of the wave is in the ¥Z plane. The displacement of
the molecules about their mean positions produces rarefactions and
compressions in the gas. These are shown in Fig. 10.4, where R indi-
cates the position of a rarefaction, N the position of normal pressure,
and C the position of a compression. In Fig. 10.4a are shown the
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normal position of the molecules; and diagram b shows their position
when displaced any amount £ at some instant of time. This displace-
ment varies with z, the position of the molecule. Where the molecules
crowd together there is a compression, and where they are far apart
there i8 a rarefaction. Notice that at the center of a rarefaction or
compression there is no displacement, whereas normal pressure occurs
at maxim\Z{u:iisplacements. In Fig. 10.4¢ the longitudinal wave is
represented as a transverse wave by rotating the displacements
through 90°, thus making displacements to the right positive and
vertically up, and displacements to the left negative and vertically
down. According to this convention d#/9z has a maximum negative
value at a compression, 8 maximum positive value at a rarefaction
and a value of zero at a position of normal pressure.

Suppose that the wave is traveling to the right. After a short
time dt, the wave has the configuration shown by the dotted curve (d).
From this the velocities of the molecules may be obtained. The dis-
placement velocity and acceleration of the molecules can be also
obtained from the equation of the wave

£=Asin2%r(x-vl)

The curve ¢ is drawn for ¢ = 0, so for this time
. 2mx
£ = A sin iked
A
The velocity of the particles at any time ¢ and position z is
a¢ 2r 2r
— = —Av— —(x—u
Y v Y cos N (x — ot)

which for ¢ = 0 becomes

This is shown in curve e. Similarly the accelerations are given by
a%¢/at?, which at time ¢ = 0 is

2 2
. —?—Av’sinz—r}

These are shown in diagram f.
Let us now return to the determination of the velocity of sound
in a gas. Consider a thin section of the gas of thickness dz located
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at z as shown in Fig. 10.3. At some instant of time the displacement
of the particles at z is ¢ and at (z + dz) is

az)
e+ ()
If p is the density of the gas in the thin section, then the motion of
the gas is given by Eqn. 10.11 as
o _ar
Pa ~ oz
The modulus of elasticity involved is the bulk modulus %,, instead of

Young’s modulus E as for a solid. The increase in volume of the
slab due to the different displacements of its two faces is

az)
A ( p dz
where A is the cross section of the slab. The original volume of the
slab is A dz so that the volume strain (dV/V) is
9%
ox
Now the bulk modulus of the gas k., is given by

_ Stress F

™~ Strain  (9¢/0z)

where F is the stress on the thin slab. Hence

a¢
F = kp—
™ 9z
The equation of motion becomes
o _ . ok
Por = "magt

This is a wave equation, and the velocity of the progressive waves is
given by .
e
v = 4f/—
p

The question now arises as to the value of the bulk modulus k. for
the gas. If the temperature remains constant as the wave passes
through it, then the pressure and volume are related by Boyle’s law,
or the pressure multiplied by the volume is constant.
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If PV = a constant, then PdV + V dP = 0, or

- Stress ~ dP -
Strain  —dV/V
Notice that the increase in pressure or stress dP causes a decrease in
volume dV or a strain of —dV/V. Thus, if the temperature remains
constant, tZe/velocity of longitudinal waves or the velocity of sound
in a gas is given by

P

m

v="VP/p

This expression was first obtained by Newton, who realized that it
was definitely lower than the experimental value but failed to correct
it in an acceptable scientific manner. The method* Newton used to
make the correction is interesting inasmuch as he knew the experi-
mental value of the velocity of sound in air. It shows that when the
answer is known even the best of scientists may make mistakes in
theory!

It was Laplace who, in 1816, pointed out that when sound waves
pass through a gas the condensations and rarefactions respectively
heat up and cool down the gas. The compressions and rarefactions
take place so rapidly that there is no appreciable heat loss and the
condensations and rarefactions are adiabatic rather than isothermal.
Thus the relation between pressure and volume of the gas through
which a sound wave is passing is given by the adiabatic equation
for a gas

PV = Constant

where v is the ratio of the specific heat of the gas at constant pressure

to that at constant volume. For air, v is approximately 1.41. It
follows from Laplace’s correction that the velocity of sound in a gas

is given by

hli
P

v = (10.15)
The formula gives values that agree very well with the experimental
values for the velocity of sound in a gas.

10.7 Waves in Unlimited Solids

Up to the present we have discussed the velocity of transverse
waves in a string, and of longitudinal waves in & rod and in a gas.
Although the mathematical analysis of other types of wave motion is

* The Principia. A revision of Motte’s translation by F. Cajori, University
of California Press, 1934, p. 382.
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beyond the scope of this text, we should not leave this subject without
giving some of the results. In an unlimited homogeneous isotropic
medium the velocity of the longitudinal waves v; is given by

km + 4n/3
v = \,——-—
p

where k,, is the bulk modulus, n the shear modulus, and p the density
of the medium. An informal derivation of this equation will be given
because it is related to the earlier work on elasticity.

The velocity of longitudinal waves in a rod is given by v = V E/p
where E is Young’s modulus. Now in the definition of Young’s
modulus we are concerned only with the longitudinal strain and not
with the lateral strain which, according to Poisson’s ratio, is ¢ times

h

Fi16. 10.5 Forces on a portion of an unlimited solid.

as great. The distinction between a rod and an unlimited homo-
geneous medium is the fact that when there is a longitudinal strain in
the rod there is a lateral strain, whereas in the unlimited homogeneous
medium no lateral strain is present. Thus we must be able to deter-
mine the longitudinal strain when there is no lateral strain. To do
this let us consider a rectangular parallelopiped under the stresses fi
and f, as shown in Fig. 10.5. The stresses f; are applied so that there
is no change in length or strain in the directions of these stresses.
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The problem is to determine the strain in the direction of f; when
there is no strain in either of the directions perpendicular to f1.

If all these stresses act simultaneously, then, following the argument
in Chapter 7, the strain in the direction of f; is

/ E E
In the diréction of f; the strain must be zero or

fo_fo _Jw_
E E E
Hence
fo(l — o) = fio

Substituting for f in the first of these equations gives for a the strain
in the direction of fi:

- _( 2" ) Jl(‘:j:_‘?"f)
@ 1—o 1 —0
_N1d+00d -2
T E 1 -0

The modulus of elongational elasticity is then given by
i Ed-—o

a (A+a1-—20)
Using Eqns. 7.6 and 7.9, which are

3k, — 2n
= 8k, (1 — 2 = 2om — 47
E = 3kn( 7) and g ok T 2n
it follows that
f1 4n
2k, 4+ —
a + 3

It is left as an exercise for you to show that the velocity of any
particular type of wave in a medium is given by the square root of the
appropriate modulus of elasticity of the medium divided by its density.
Thus the velocity of longitudinal waves in an unlimited homogeneous
isotropic medium of density p is given by

\/f/" \/E +4”/3 (10.16)

Now we shall prove that the veloclty of transverse waves in an
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unlimited homogeneous isotropic medium is given by v; = Vn/p. To
do this consider a thin slab of medium thickness dz with sides perpen-
dicular to the XY plane, Fig. 10.6. Suppose that a plane transverse
wave whose wave front is parallel to the sides of the slab passes
through the medium. As a result of this a point 4 on the X axis
at position z is moved vertically a distance of y to A/, and a point B

YA

oF
F+ 5-dx

B
ap—"Jrr o

¥\ |~ dy

o A
x dx’B X
L )

F1e. 106 Transverse forces on a portion of an unlimited solid.

on the other face at position = + dz, originally on the axis, is moved
to B’, a distance of y + dy from its original position. There is a
shearing action on this slab due to the wave. Suppose that the
shearing stress on the face through AA’ is F and that on the face
through BB’ is F 4 (9F /dx)dz. Then for a unit area of the slab, by
Newton’s second law,

or F=n—=

Thus

which is the wave equation and gives for the velocity of a transverse
wave through an elastic medium

v = \/-'5 (10.17)



348 WAVE MOTION

Thus we see that the velocity of longitudinal waves in an unlimited
solid is larger than the velocity of the corresponding transverse waves.
This is of importance in seismology where the waves created by
earthquakes travel out in all directions. The first wave to reach a
seismograph from an earthquake is the longitudinal one, and then
follows the transverse one. If the time interval between the arrival of
the longitydinal and that of the transverse waves is measured, then
the distarice of the earthquake from the seismograph can be deter-
mined. This, of course, involves a knowledge of the difference in
velocity of the two types of waves. When the earthquake waves
reach the surface, they create surface waves whose velocity we have
not calculated. Since a perfect liquid does not posscss any shear
modulus, there is no transverse wave in the body of it but only a
longitudinal wave whose velocity is V'k/p. There are, of course,
surface waves on a liquid as, for example those on the surface of a
body of water. These waves may appear to be transverse but are not
really so. The individual particles of the water move in ellipses.
When a wave strikes a boundary, it is partially reflected and partially
transmitted, the relative amplitudes of the two waves depending on
the densities of the media on the two sides of the boundary. We shall
now proceed to calculate the relative amplitudes of waves on reflection.

10.8 Reflection of Waves at a Boundary

Since it is easier to visualize transverse waves than longitudinal
ones, we shall consider the reflection and the transmission of a trans-
verse wave at the boundary of two ropes of different linear densities.

Suppose that two ropes, having masses per unit length of uj, o

Y.
-X K ___.___ﬁ’___.__‘ b
R
1 0 2

Fia. 10.7 Reflection of waves at a boundary.

respectively, lie along the X axis in their equilibrium position and are
joined at the origin, z = 0, Fig. 10.7. The tension F in the two ropes
is the same, and the velocity of the transverse wave in rope 1 is v1
and in rope 2 is v,. Let us investigate what happens to a wave
traveling from the left toward the right when it arrives at the boundary.
Any transmitted or reflected wave must have the same frequency f as
the incident wave. For the incident wave in rope 1 the displacement
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at any time is given by
Y = A, sin 2nf (z - —”—)
51
and for the reflected wave in rope 1 traveling to the left by
. z
Yr =A,sm21rf(t+v—>
1

where A, and A, are the amplitudes of the incident and reflected
waves. The transmitted wave in rope 2 moving to the right is
represented by

ye = A, 8in 21rf(t - 1)

V2

At the boundary, z = 0, the vertical displacement of the two ropes
must be the same at every instant of time, or

Yo+ Yr = Ut
From this it follows that
At -+ Ar = At

Also at the boundary, # = 0, the vertical forces on the ropes must
be the same. From Eqn. 10.1 this gives

Y,
F _i/. + %’ = F _62
ox 0% /20 0Z /zmo

By substitution in the above equations we have

4, A, A
e Wik 2

V1 V1 Vo

or
A, — A, =24,
V2

Substituting for A; we have

Az - Ar V1

AT A (10.18)

If the coefficient of reflection R is defined as the ratio of the amplitude
of the reflected wave to the incident wave, then

A, Ve — V1
ER e B m———
4; ve+n

The velocities in the two ropes are

R (10.19)



350 WAVE MOTION

’F ,F
v = A|— and vy = 4f—
K1 K2

1 1

e Vi Va_Va-va

Vs 1\/—+\/‘
Vit

If the mass per unit length u; of rope 1 is smaller than us of rope 2,
then the coefficient of reflection is negative and the amplitude of the
reflected wave A, is opposite to that of the incident wave. The
reflected wave is 180° out of phase with the incident wave at the
boundary. This is the case when a rope is tied to a wall or when a
sound wave is reflected at a closed end of an organ pipe. The dis-
placements of the air molecules in the incident and reflected waves
are in opposite directions at the closed end. A compression is reflected
as & compression and a rarefaction as a rarefaction.

On the other hand, if p; is greater than u,, then R is positive. There
will be no change in phase at reflection, so A, has the same sign as 4,.
In acoustics this corresponds to reflection at the open end of an organ
pipe, and for this a compression is reflected as a rarefaction and vice
versa.

The incident and reflected waves traveling in the same medium with
the same velocity, frequency, and wave length can interfere with each
other in such a manner as to produce standing waves. We shall next
investigate the conditions necessary for setting up standing waves.

It follows that

(10.20)

10.9 Standing Waves

Although progressive waves in various media have occupied much
of our attention, it is perhaps well to remember that there are no such
entities as infinite media. Sooner or later a wave meets a boundary
and is reflected. The medium is then acted on by the two waves, the
incident and the reflected. To investigate the action of these two
waves we shall consider a cord fastened at both ends. If the cord is
plucked or excited as by a violin bow, standing waves are set up along
the cord.

The incident and reflected waves whose wave length is A and whose
period is P may be represented at any time by

. T t . z t
y=Asm21r(i-F +Asm21r()\+P)
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where it is assumed that the amplitude A of the two waves is equal.
By expanding the sines it follows that the resultant displacement y at
any point z and time ¢ is

12

P

This is a solution of the wave equation, Eqn. 10.3.

Suppose that a cord of length [ is rigidly clamped at z = 0 and
z = l. At these two points the displacement y is zero at all times.
The boundary condition, y = 0 at z = 0, is already satisfied by the
equation. To satisfy the condition y = 0 at z = [ for all values of ¢
we must have

y =24 sin%;cos%r

1
in2r - =0
sin 2r =
or
21ri = nr
where n =1, 2,3 - - - . If A is the value of A\ corresponding to
n = 1, then
AMo=21
Similarly
21 21 21 21
X2=El )\3=§“) X4=Z! X”=;"'

The corresponding frequencies are

v v 2v 3v ny
fl—)‘—l—ﬁ’ fz—ﬁ’ f3='27’ fn=‘§'l""

The lowest frequency fi is called the fundamental, and the other
possible frequencies f2, f3, * -+ - , fn are called the harmonics or over-
tones. For the nth possible or allowable vibration

nrx

l

This is the equation of & standing wave. There are some points,
called nodes, at which sin (nxz/l) or y is always zero and therefore
the cord is always at rest at these points. There are other points
called the antinodes or loops where sin (nwz/l) equals unity. Such
points oscillate with maximum amplitude. The nodes and loops
for the fundamental and the first two harmonics are shown in Fig. 10.8.

y = 24 sin cos 2xfnt (10.21)
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It is instructive to write the equation for the standing waves in the
equivalent trigonometric form representing two waves traveling in
opposite directions. From these we may show the manner in which

N NN IONONON
NN NSNS

=1 n=2 n=3

Fia. 10.8 The fundamental and first two harmonics in a standing wave.

Time () Pfa Pf2 3P4
—_ | | — N — ]
Traveling L NS
waves
L N
Resultant
standing
wave

F1a. 10.9 Formation of standing waves by two similar waves traveling in opposite
directions.

the standing wave is built up  The nth vibration of the standing wave
may be written, using f, = nv/2l, as

. N t
y =24 sm?cos?%

hAsin?ll(x—vt)-f-Asiny—LlE(m-i-vt)

In Fig. 10.9 the formation of standing waves is shown. These are
produced by two similar waves traveling in opposite directions.

10.10 Vibration of a Cord with a Given Initial Displacement

As we have seen, a cord fixed at both ends is capable of vibrating
with many different frequencies f, related to each other in a simple
manner. When such a cord is plucked, the initial displacement and
velocity of each part of the cord may be quite complicated. However,
the cord will vibrate with many of the frequencies f, simultaneously,
the fundamental usually having the largest amplitude whereas the
amplitudes of the harmonics generally decrease considerably with the
frequency.
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Since the wave equation for a cord having a linear density x and a
tension F

1)

Py _ pdy

az 12

is a linear homogeneous equation, the complete solution is the sum of
the solutions for each frequency. If ¢ is the phase angle, the displace-
ment y at any point z and time ¢ is, from Eqn. 10.21,

<

|

N
N
D

n=

y = z 24, sin@?cos(ﬁ'zlv—t— ¢)
ne]
since f, = nv/2l, A, is the amplitude of the nth harmonic wave, and
2 denotes the summation of the solutions. In a more general form
the displacement at any point x and time ¢ is given by

Nes o

. /3

y= 2 sin ’i’l'f (2A,. cos T;it + 2B, sin ’—”’i—") (10.22)
n=l

Let us now consider a cord fixed at x = 0 and z = [ with its center

point pulled out a distance h at zero time, Fig. 10.10. The problem

Y]

X

e

o 1
F1e. 10.10 The initial displacement of a cord.
[}

is to determine the amplitudes A, of the waves at the various fre-
quencies that arise when the cord is released. At time { = 0 the
displacement at z, from Eqn. 10.22, is

nw= o

Yz, 00 = Yo = E 24, sin n_;—x (10.23)
nel
and the initial velocity dy/ot at ¢t = 0 is
Z’rv N o )
% =y = — z nB, sin Tz (10.24)
9t/ 0 l ( l

A series such as those given by the right-hand side of Eqns. 10.23 and
10.24 is known as a Fourier series.
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About 1700 the French physicist, Saveur, noted that a cord could
vibrate with several harmonic frequencies at the same time. In 1755
Daniel Bernoulli showed mathematically that this was possible and
that the resultant displacement at any point was the algebraic sum
of the displacements due to each harmonic. At this time several of
the great mathematicians, among them Euler, saw that Bernoulli’s
conclusion meght that any arbitrary function, such as that describing
the initial shdpe of a vibrating cord as given above, could be expressed
by an infinite series of sines and cosines, and this they seriously
doubted. In 1822 a distinguished French military engineer and
mathematician, Joseph Fourier, published a great work, Théorie
Analytique de la Chaleur, in which he presented what has become
known as the Fourier series. Fourier showed that an arbitrary func-
tion can with certain restrictions be expressed as a series of sines and
cosines with appropriate coefficients. The Fourier series is of the
greatest importance in every branch of physics, especially in sound,
heat, and electiricity. To develop this series in a complete manner
would take us far afield, so we shall limit ourselves to the particular
problem at hand. Mathematically no completely satisfactory proof
has been given to show that it is possible to express any function
satisfying the boundary conditions in terms of a Fourier series of the

e

type z A, sin (nrz/l). However, as physicists we may be satisfied
n=l

with the experimental proofs showing that the initial shape and

velocity of a cord does definitely specify the motion of the cord.

We shall now proceed with the problem of the cord set in motion by
raising its center a distance h and then letting go. Since the initial
velocity of the cord, uo(x), is zero, it follows that the coefficients B, in
Eqgn. 10.24 in the velocity series must each be zero. The values of
the coefficients A4 ,, are not so easily disposed of ; otherwise there would
be no problem. To obtain these coefficients we use the mathematical
trick of multiplying each side of Eqn 10.23 for y(z, 0) by sin (rmz/l) dz
and integrating from 0 to I. This procedure is useful because the

integral
1. wnx , w™mx
sin — gin —— dz
° l l

is zero for every integral value of m except where n = m, at which
point its value is I/2. Try it and see if this is not true! Thus

/yﬂm—dx 2211 /sm-——sm —l—dx

nw=l

= 4.,
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or
l
Ap = lz / Yo sin ’"”—l—”dz (10.25)
1]

We shall break the integral into two parts, one from 0 to [/2 and
the other from /2 to I. In the interval from 0 to [/2 the equation
of the initial configuration of the string is

Yot or =2 he
z U2 =T
and in the region from /2 to ! the equation is
v _ —ohl—2
=z 12 v= 1
Thus
1 /2 2
Ap =~ 22 0™ g+ [ 20— ) sin ™ da
i) T 1 e b 1
4h . m™m
= 2t sin —2— (10.26)

This may be proved by integrating by parts. If m is an even integer,
then the corresponding A,’s are zero. If m is an odd integer, then,

recalling that sin 7/2 = 1 and sin 37r/2 = —1, it follows from Eqn.
10.26 that
4h (m—1)/3
Ay = —5— (D™ (10.27)
wim

From Eqn. 10.22

]

z 24, sin @ cos M

¥ 7

Then, using Eqn. 10.27, it follows that

8h ( T mt 1 . 3wz 3ot
sin — cos — — = sin —— cos ——

= e A 1
1 7
+%sin?cos5+l-m —Zésin-";—xcos 7m)t )(10 28)

Using [ = 5 and h = 1, the first four terms are plotted in Fig. 10.11
fort = 0. We see from the above equation that even harmonics are
absent for a cord started in the manner described. These even har-
monics would imply a node at the center which does not exist since
the cord is initially displaced at the center. Since the intensity of a
wave is proportional to the square of its amplitude, then for the sound
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emitted by the string the fundamental would have an intensity 81
times the third harmonic and 625 times the fifth harmonic, etec.

—~ ~

(a) (b)

(c) (d)

Fie. 10 11 The initial displacement of the cord given by the Fourier series, Eqn.
10 28: (a) one term; (b) two terms; (c) three terms; (d) four terms. The dotted
curve shows the mtial displacement.

In an organ pipe, wind is blown past a lip and eddies are set up
which produce the fundamental and the overtones. To compute the
relative intensities of these is a difficult matter since the initial con-
ditions are difficult to determine.

10.11 Velocity of a Group of Waves. Group Velocity

In every example discussed so far the velocity of the waves has not
depended on their wave length. All waves, whatever their wave
length, traveled with the same velocity but this is not always so. In
both surface water waves and in light waves traveling through some
medium the velocity of the waves depends on their wave length and
there is then dispersion. The effect of this dispersion is frequently
seen when a motorboat moves rapidly through a body of calm water.
An inverted V-shaped wave front is produced with the point of the V
at the moving boat. Individual small waves of various wave lengths
are produced by the boat, and these move out with their respective
velocities and interfere in such a manner as to produce the inverted
V-shaped wave front. We shall now proceed to calculate the velocity
of a group of waves produced by interference of waves of different
wave length traveling with different velocities through the medium.

Suppose that two harmonic waves of the same amplitude but
having slightly different velocities, wave lengths, and frequencies are
traveling along the positive X axis. If wave 1 of wave length A,
velocity v, and amplitude A produces a displacement y; of the medium
at a point x and time ¢, then y, may be expressed

y1=Asin2—;(x-vt)
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Similarly, if wave 2 of wave length (A 4+ d)), velocity (v + dv), and
amplitude 4 produces a displacement y; of the medium at the same
point z and time ¢, then

y2 = A sin [z — (v + dv)i]

27
A+ d\
The resultant displacement y at the point x and time ¢ is given by the
principle of superposition of the waves as

2r
A+ d\

y=y1+yg=Asin£;-’(x—vt)+Asin [z — (v + dv)i]

This expression can be transformed by using the trigonometric

identity

P+Q P-Q 2 sin sum difference
2 2 2 “® T2

gin P + sin Q = 2 sin

Hence

A+dr A (A + dx)
[Z T v_t+ v+ dv)t]]
A A+dh XN (A+dN)

Assuming that d\ and dv are small compared to A and v respectively,
we have

y =24 lsinwr[;-}— z vt (v+dv)t]

y = 24 sin el (x — vt) cos [x d—); - M] (10.29)
A A A

This complicated expression represents a wave traveling with a phase
velocity v given by the sine term. The amplitude of the wave is
changing as the wave travels along with the group velocity given by
the cosine term. If Eqn. 10.29 is plotted for some instant of time,
then curves similar to those shown in Fig. 10.12 are obtained. The
full curve is the sine term representing a wave of wave length A\ and
velocity v whose amplitude changes in a manner shown by the dotted
curve. This dotted curve is given by the cosine term. The points of
maximum or minimum amplitude travel along the X axis with a
velocity U called the group velocity, where

(v d\ — N dv) /A2 dv

Y Y (10.30)

If, as is the case for water waves, the larger wave lengths have the

U=
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larger velocity, that is, dv/d\ is positive, then the group velocity U is
smaller than the phase velocity v of the waves. The individual waves
move from the origin to the front, creating the larger crests and troughs
which travel with the slower velocity U. The group waves are pro-
duced by the interference of the smaller waves advancing through
the group from the origin to the front of the group where they die out
and are repl?oéd by new waves from the origin.

F1a. 10.12 Group velocity curves. The dotted line wave curve, the cosine curve
mn Eqn. 10 29, moves with the group velocity U, and the full curve, the sine term,
moves with the phase vclocity v.

In optics the concept of group velocity played an important role in
reconciling the results obtained for the ratio of the velocity of light
in air and in carbon disulfide by direct measurements with those
obtained by refractive index methods. It has also been of importance
in founding the modern theory of wave mechanics.

An interesting analogy to the bow wave produced by a fast moving
boat is that of the electromagnetic radiation given off by a charged
particle moving in a medium with a speed greater than that of light
in the medium. This radiation is called Cerenkov radiation.* It can
be observed with electrons moving with almost the speed of 3 X 101° ¢cm
per sec in lucite in which the speed of light is about 2 X 10'° c¢m
per sec.

10.12 Dimensional Analysis of the Velocity of Sound in a Gas

In order to illustrate the method of dimensional analysis we shall
consider the problem of the velocity of sound in a gas. Let us assume
that at any given temperature the velocity of sound » depends on the
density p, the pressure p, and the viscosity n of the gas. Then the
velocity v may be expressed

v = Kp*pPy® (10.31)

where K is a dimensionless constant and a, b, ¢ are dimensionless

* D. Halliday, Introductory Nuclear Physics. John Wiley and Sons, New York,
1950, p. 191,
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numbers which must be determined. Let us now put in the dimen-
sions of the quantities in Eqn. 10.31 in terms of mass, length, and
time. We have:

LT = (ML= ML T P[M T~ L)

Equating the exponents for the three-dimensional quantities, we have:

For M: 0=a+b+ec
For L: 1=-3a—-b-—c¢
For T: —1=-2b—-c¢

Solving these three equations, it follows that

a=—% b=4% c=0

v=K Jé
P
Thus the velocity of sound does not depend on the viscosity of the
gas through which the wave is passing. By mecasuring the velocity
of sound in a gas of known pressure and density it is possible to deter-
mine the constant K.

It can readily be appreciated that if some physical quantity is a
function of four or more other physical quantities no unique solution
can be obtained as was done in the above problem. It is usual then
to form independent dimensional groups among the quantities. If a
problem can be formulated in terms of p secondary quantities such as
density, viscosity, force, pressure, etc., and if these p quantities can
be expressed in terms of ¢ primary quantities which are frequently
mass, length, and time, then p — ¢ independent dimensionless groups
can be formed.

Hence from Eqgn. 10.31

10.13 The Use of Models and Dimensional Analysis

Dimensional analysis has provided a powerful tool for investi-
gating difficult problems dealing with airplanes, ships, ete. It is used
to predict the forces on full-scale airplanes and ships from measure-
ments of the corresponding forces on suitable models. Suppose that F
is the resistance force exerted on a body having some characteristic
length I when it is moved through a fluid of density p and viscosity 4
with a velocity v relative to the fluid. The length ! might be the
chord of a wing or some length associated with the beam of a ship.
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The force F is a function of the above variables and may be stated
as follows:

F =fd, p,mv)
The force F may then be written
F = Ki°p*nv® (10.32)

where K is Amensionless constant and the exponents are dimension-
less constants which have to be determined. By inserting the dimen-
sions of the various quantities, we have

(MLT=% = [LP[ML™* ML T [LT

Since the exponents of the three primary dimensional quantities must
each be equal to zero, it follows that:

For M: l1=b+c¢
For L: l=a—-3—c+d
For T': -2 = —c—d
These equations may be solved to give
a=2-—c¢
b=1-c¢
d=2—c¢

Equation 10.32 can then be written

F = l2—-—c l—nncv2—e

= @) (l v)c

L)

Since in Eqn. 9.27 we have introduced Reynolds’ number R as lov/9,
we shall again use it here Thus Eqn. 10.33 may equally well be

written
—F— = (l‘”’ ) (10.34)

Each side of Eqn. 10.34 represents a dimensionless group. Other
equations having dimensionless groups on each side could have been
obtained from the three equations between a, b, ¢, and d. From

or
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Eqn. 10.34 it follows that the force exerted on a body in its motion
through a viscous fluid can be represented by a curve showing the
quantity F/I%%p plotted as ordinate against Reynolds’ number lpv/y
as abscissa. Such a curve is called the characteristic curve and
depends on the shape of the body but is independent of the siz. of
the body. This curve defines the function f; in Eqn. 10.34. Once the
curve is constructed for the model it is equally valid for the full-scale
airplane or ship.

Suppose that conditions can be arranged so that lov/n is the same
for an airplane wing as for its model. Then if F; is the measured force
on the wing model having a chord length i, wind velocity »;, and
density p1, the force F on the full-scale wing having a chord length [, a
wind velocity v, and an air density p is given by Eqn. 10.34 as

F I"l
lzvzp ll V1 P1
or

12
F=p -2
11 vl P1
Now, if lpv/n is the same for the wing and its model, then, from the
above notation in which the subscript refers to the model,

lpv _ lip1vy
n m
If the model is placed in a wind tunnel where
n=m and p=p

then in order for Reynolds’ number to have the same value it is

necessary that

v = ol (10.35)

h

Now, since the ratio I/, is usually very large, it follows from Eqn. 10.35
that the velocity of the air in the wind tunnel must be much larger
than the velocity of the plane in flight. These conditions cannot be
carried out in practice. What is frequently done is to construct a
wind tunnel in which the density of the air p; is larger than the den-
sity p at atmospheric pressure. By this means fairly large values of
Reynolds’ number can be obtained without excessive velocities. Thus
results applicable to large planes can be obtained with relatively small
models in pressure wind tunnels.
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10.14 A Final Word

In the preceding pages an elementary picture of classical mechanics
has been given. There are many more complicated methods of
analysis in classical mechanies than have been presented in this book,
but these must be left to more advanced treatises. What has been
covered here uld give you a good preparation for further study.
Modern phyzZZs it has been developed in the present century forms
such an important part of the whole of physics that you may wonder
why you should spend so much time on classical physics The fact is
that, although modern physics has made some breaks with classical
physics, nevertheless, on the whole, there is a continuity of ideas
running through all of physics. The laws of conservation of momen-
tum and energy are just as valid today as they were before the turn
of the century. Modern physics cannot really be understood without
a sound knowledge of classical physics.

PROBLEMS

1. Show that the one-dimensional wave equation, Eqn. 10.3, is satisfied by
the following functions:
a. y=A(x — o)
by = A(x — vt)?
c. y=A(Vz+ )
d. y = Alog.(z + vt)
where v = \/F/u and A is a constant.
2. Explain why the functions given in problem 1 are not useful in discussing
wave motion.
3. Show that F/u has the dimensions of the square of the velocity, using both
the absolute and gravitational systems for the force F and mass per umt length u
4, Show that Eqn. 10.21 for a standing wave is a solution of the wave equa-
tion, Eqn. 10.3.
5. Show that the energy per unit volume for a plane longitudinal wave of
amplitude 4 and angular velocity w in a homogeneous rod of density p is (4%w?%s) /2.
6. Show that the velocity of sound in a gas is given by Eqn. 10.15, or v =
vV ¥P/p.
7. a. Find the velocity of sound in air at 1 atm of pressure and 0°C if v = 1.41.
b. Find the velocity at 0°C and 2 atm of pressure.
¢. Find the velocity at 100°C and 1 atm of pressure.
8. Prove that, in general, the velocity » of waves in a medium is_give/mf)y

*
"v - Modulus of elasticity
Density of medium

9. An explosion creates a sound wave which travels uniformly out in all direc-
tians from & point. Explain why the displacement £ of the sir at any distance r
from the center may be written

£--§aink(r-—vl)
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To do this consider the energy per second crossing a spherical surface of radius r.
Show that the intensity of the wave varies as the inverse square of the distance
from the source.

10. A meter stick whose mass is 120 gm is clamped horizontally so that 80 cm
projects over the edge of a table. When a 120-gm load is hung on one end, a
further deflection of 2 cm occurs. The width of the stick is 3 em, and its thickness
18 0.5 cm. The stick is placed so that the width is originally horizontal. Find:

a. Young’s modulus for the rod.

b. The velocity of longitudinal waves in the rod.

11. A note whose frequency is 250 vibrations per second has an intensity of
1 microwatt per square meter. Find the amplitude of the vibrations in the air
created by this audible sound. The velocity of sound in air is about 331 meters
per second.

12. The displacement ¢ in a plane sound wave 18 given by

£=Asm2%(z—ut)

Prove that for this wave the excess pressure in a gas above normal atmospheric
pressure may be expressed as

2
pv 2r
= —2x4 —cos— (z — ¥
P A = 3 ¢ )
Note: For a gas Eqn. 10.11 becomes

pd%t ap
at? oz

13. Find the decrease n pressure below normal atmospheric pressure in a rare-
faction, using the data and result of problem 11.

14. Prove that the pressure above normal atmospheric pressure in a standing
wave 18 given by

—huszco 2 L 8 2: z
P X 8 2m 7 cos 2w -

15. Prove that in a standing wave a pressure node occurs where the velocities
of the particles or molecules of air are at a maximum and conversely that a velocity
node occurs where the pressure 18 at & maximum.

16. Show that at the closed end of an organ pipe a compression is reflected as a
compression, or that the reflected pressure wave is in phase with the incident pres-
sure wave, and that the total excess pressure at the closed end is twice the cxcess
pressure in each of the waves. (At a closed end the resultant velocity of the
particles is zero.)

17. Show that at the open end of an organ pipe a compression is reflected as a
rarefaction. (At the open end there is a pressure nodg. and a velocity maximum
or loop.) ..

18. The phase velocity of waves in deep water is proportional to the square root
of their wave length. Show that the group velocity is equal to one-half the phase
velocity.

19. About 1924 a French physicist, L. de Broglie, announced a new theory
according to which a particle of mass m moving with a velocity V has associated
with it waves whose wave length is A = h/mV. In this theory h is a constant
called Planck’s constant. The phase velocity of these waves was given as v =
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¢2/V, where c is the velocity of light in a vacuum. This phase velocity is greater
than ¢, the velocity of light, and this is contrary to the restricted theory of rela-
tivity. Prove that the group velocity of these waves is equal to the velocity V
of the mass m. Use the equation of Chapter 1 showing that the mass m of a par-
ticle moving with a velocity ¥V 1s given in terms of the rest mass of the particle as

Mo
" V1 —(V%/c?)
20. About Vé

5 Michelson measured the velocity of light in air and in carbon
disulphide and found their ratio to be 1.758 He also measured the refractive
index n of carbon disulphide and found it to be 1.635. According to the wave
theory of hight the refractive index for & medium is the ratio of the phase velocity
of a wave 1n air to that in the medium. Thus for carbon disulphide n = ¢/v =
1.635, where c is the velocity of light in air or a vacuum. Direct measurement of
the velocity of light gives the group velocity so that for carbon disulphide ¢/u =
1.758. Note that the group velocity is

dv

u=v—)\..g);

where A\, is the wave length of the light in the medium and A\n = A/n. Show that

¢ N dn
=T
and that this theory is in agreement with Michelson’s results for light of wave
length A = 5.8 X 107% ¢cm at which the mean rate of change of refractive index
with wave length 18 —2.1 X 102 per cm.
21. Prove the result given in Eqn. 10.25:

l

1

A,,.——/ Yo 8in o dz
!t Jo I

Also prove that in the Fourier coefficient

1
By = — Yo sin ™me dz
xom Jo l
Where m =1, 2, 3,4 - - - and 7, is the initial velocity of the cord.

22. A cord of length  is nig1dly attached at both ends and is plucked to a height
h at a point 34 from one end. If the velocity of transverse waves on the cord is v,
show that in the subsequent vibration the third, sixth, and ninth harmonics are
absent and that the displacement y at any distance z along the string at time ¢ is
given by

»

3% xz  wp 1 2z 20t 1 . 4wz 4wt
-?r—i 8in — €08 —— 4 -~ 8ln —— CO8 —— — — 8In —— CO8 —— * * *

l l 4 1 i 16 l l
23. The cord in question 22 has a mass of 0.01 gm per cm and is subjected to a
tension of 4 X 10® dynes. If its length is 50 cm and it is plucked to an initial
height of & = 2 c¢m, find the energy per unit length of the cord of the fundamental
and the first two harmonics.
24. A cord of length ! and rigidly attached at both ends is struck at its center.

Y
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The velocity of the transverse waves in the string is v. If at time ¢ = 0 the dis-
placement yo of the cord is zero but the initial velocity of its center is ¥ and this
changes linearly to zero at both ends, show that the Fourier coefficients 4, are
all zero and that the even harmonics, that is, those with a node at the center, are
absent. Show that the displacement y at any point z at time ¢ is given by

81 sinizsinﬂ 1 3 ?L’”_l_i. L 5_"'.‘9'“5.'1".’
Lt PR TS T AR T T T T

L sin Tnz sin Tmot
343 l l
25. The cord in problem 24 is struck at a point one-quarter of the length from

one end. At time ¢ = 0 the displacement of the cord is zero while the velocity
changes linearly from V at [/4 to zero at both x = 0 and 2 = [/2 and is zero from
1/2 to I. Show that the fourth and eighth harmonics are absent, that is, those
having nodes at z = I/4. Show that the displacement y at any point z and time ¢
18 given by

8V1 - t 1 2: 2mvt
'} "—[(\/2—1)sinzlfsin7—u-+‘ oin 22 gn 27

" [ l [
1442  3rz . 3wot
——=-= 8In - 81
27 I l

26. From dimensional analysis find the velocity of sound in a solid, assuming that
the velocity v depends on the density p, Young’s modulus E, and the acceleration
of gravity g.

27. Waves on the surface of a liquid may be divided into two classes: those due
to surface tension and those due to gravity. Surface tension waves are the short
wave-length ripples, and their velocity 1s a function of the surface tension of the
liquid, their wave length A\, and the density p of the liquid. Gravity waves may
be divided into two classes, depending on the relative size of the wave length and
the depth of the hquid. If the wave length 1s short compared to the depth, the
velocity of these deep sea waves depends on their wave length A and the acceler-
ation due to gravity g. On the other hand, if the wave length is large compared
to the depth, the velocity depends on the depth h and the acceleration g due to
gravity. By dimensional analysis find the velocity of the waves in each of the
three cases.

28. By means of dimensional analysis and the data given below find the com-
plete equation for the velocity of sound in a solid rod. The velocity v depends
on the weight per unit volume p», Young’s modulus E, and the acceleration due to
gravity g. The following data was found for a rod of steel: v = 1.65 X 10*ft
per sec; pw = 490 lbw per ft%; E = 4.16 X 10° lbw per ft2. If the density of
aluminum is 168 Ibw per ft® and Young's modulus for this substance is 1.30 X 10°
Ibw per ft%, find the velocity of sound in an aluminum rod.
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in elasticity, 245
Thermodynamics, 322
ipde,3, 4
5, 217
Torque, 164
as vector, 174
Torricelli, E, 307
Transient motion, 133f
Translational motion, 6f, 156
Transverse acceleration, 23
Transverse velocity, 20
Transverse waves, 331f
Triangle of forces, 259
True solar day, 5
Turbulent motion, 316

Ultimate strength, 236

Unit vectors, 15, 19, 90, 156
changes in, 208
cross product of, 175
in a plane, 20

Units, British engineering system, 24,

35, 36, 61, 77
cgs system, 24, 35, 61, 77

gravitational system, 36, 61, 77

mks system, 24, 35, 61, 77

INDEX

Units, of energy, 61
of force, 36
of mass, 32
of power, 77
of surface tension 321
of viscosity, 310

Vector, 12
addition, 13
components, 14
cross product, 174f, 214f, 228
divergence, 298
dot product, 15, 63
in a plane, 20
operator del, 69, 297
polygon, 16
space, 17, 260
unit, 15, 20, 22
Velocity, 6
angular, 10, 22, 164, 214
of escape from earth, 91
of sound, 344f, 359
of waves, 333f
radial and transverse, 22
relative, 9, 178, 206, 212
resonance, 139
Vena contracta, 307
Venturi meter, 303
Vinei, da Leonardo, 45
Virtual work, 278f
Viscosity, 309f
table of, 310
Voltmeter, electrostatic, 287

Watt, 77

Wave, length, 334
mechanics, 330
motion, 3301

Weight, 36

Work, 60f
and energy, 62
and rotational energy, 165
as dot product, 63, 182
virtual, 278

Yield point, 236

Young’s modulus, 237f, 340, 345
by extension, 237
by bending of beams, 246f
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