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PREFACE

In the present volume I have tried to make the discussion
of the various parts of the subject, which are here given,
as full as possible; and there will be found much which
has hitherto not appeared except in mathematical journals.
At the same time, the treatise does not profess to be com-
plete. Among the parts omitted are the investigations by
Fuchs on the integration of linear differential equations,
those of Konigsberger on the irreducibility of differential
equations, the discussion of Pfaff’s equation, the recent
researches of Hermite and Halphen, and the geometrical
applications of the hypergeometric series by Klein; only
a very slight sketch of Jacobi’s method for partial dif-
ferential equations is attempted, and there is no indication
of the methods of Cauchy, Lie and Mayer. These, and
others here omitted, I hope to give in another volume at
some future date.

While writing this volume I have consulted many
authorities in the shape of treatises, memoirs and text-
books; and, though it is impossible to give in detail every
reference, I wish in particular to mention, as having been of
great use, Boole’s Treatise and his Supplement, Moigno,
Imschenetsky and Mansion; and I have used, to a slighter
extent than these, Gregory’s Examples, Serret and De
Morgan. Many references to original memoirs will be found
in various chapters,

There occur, scattered throughout the book, many
examples, amounting in number to more than eight hun-
dred. Most of these are taken from University and
College Examination papers set in Cambridge at various
times; some are new, and many of them are results
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extracted from memoirs which have been consulted. In
the case of the last, the original authority is, I think, always
indicated. I cannot hope that, among so many, all results
given are correct and all equations set are soluble; and I
shall be glad to receive corrections of any mistakes actually
found.

In conclusion, I wish to express the very great obligations
under which I lie to my friend and former tutor Mr H. M.
Taylor, of Trinity College, Cambridge, for his kindness in
the revision of the proof-sheets. He has caused the re-
moval of many obscurities and has made many valuable
suggestions of which I have continually availed myself.
My thanks are also due to my friend Mr J. M. Dodds, of
St Peter’s College, Cambridge, for his kindness in reading

some of the early sheets.
A. R. FORSYTH.

TriNiTY CoLLEGE, CAMBRIDGE,
September, 1885,

PREFACE TO THE SECOND EDITION

THis edition will be found to differ very slightly from the
first. Inits preparation I have been much helped by the
kindness of many friends and correspondents who have
sent me notification of mistakes and misprints.

My thanks are specially due to Dr Hermann Maser of
Berlin for the honour he has done me in translating my

book into German.
A R F,

TriNITY CoLLEGE, CAMBRIDGE.
September, 1888.



PREFACE TO THE THIRD EDITION

THE present edition will be found to differ substantially
from the first two editions. Much of the book has been
revised; and there are definite additions.

The principal changes in the portions that belong to the
earlier editions occur in a modified treatment of Riccati’s
equation, in an amplified discussion of the condition of
integrability of a total differential equation, and in a com-
plete alteration of the proof of the main proposition relating
to the integral of Lagrange’s linear partial differential
equation of the first order.

The principal additions consist of a brief sketch of
Runge’s method for the numerical solution of ordinary
differential equations, here limited to equations of the first
order: of an outline of the method devised by Frobenius
for the integration of linear equations in series, the ex-
position being limited to equations of the second order
and applied to Bessel's equations in particular: and of an
introduction to Jacobi’s theory of multipliers.

At the end of the book I have placed, as a group of
general examples, a selection of between two and three
hundred equations and questions chosen from examination
papers which have been set within the University of
Cambridge during the last fifteen years.

I must again acknowledge the kindness of friends and
correspondents who have sent me notification of mistakes
and misprints; and it is a pleasure to thank the Staff of
the University Press for their unfailing assistance during
the printing of the volume.

I would add my thanks to Dr Alfredo Arbicone for the
honour he has done me by translating the book into

Italian.
A R.F,
TriNITY COLLEGE, CAMBRIDGE,
September, 1903,



PREFACE TO THE FOURTH EDITION

Tats edition, being the fourth, differs in several respects
from the earlier editions. It is somewhat larger in size.
But the general scope of the book remains unaltered. My
purpose now, in accordance with my purpose in its original
production, is to make the volume a practical working
text-book on the subject, with (as I hope) sufficient ex-
planation in developing the various methods that are
adopted at the various stages. I have definitely, almost
rigorously, avoided entering upon the general theory that
covers all branches of the subject—such as existence-
theorems, whether of ordinary equations (even of linear
equations) or of partial equations, and the characteristics
of integrals with their limitations. Such matters, of the
utmost importance in themselves, I have discussed else-
where in my Theory of Dufferential Equations to which
many references are given in the text. But my opinion is
that, in u treatise which aims at the exposition of practical
methods, there is an advantage (even if only of conciseness)
in assuming some results of theory, never however going
beyond the results elsewhere established.

In the work which I have just quoted, the fundamental
theory is developed in much detail; the present volume
remains a practical text-book which, in all its stages, can
be supplemented by the adequate exposition of the fuller
theory. Accordingly, I have deliberately avoided dealing
with many topics which usually or mainly do not lead to
practical processes in the soluéion of differential equations.

Some portions of thé Bookhavé been re-written, parti-
cularly the early part of'the chapter on the hypergeometric
series, and parts of the chapters on partial differential
equations,



PREFACE TO THE FOURTH EDITION ix

A few additions have been made, each of them brief in
itself. In association with the note on the method of
Frobenius for the integration of ordinary linear equations
in series, I have given further notes on equations which
have all or only some or even none of their integrals of
the type called regular. The section dealing with total
differential equations has been amplified so as to indicate
the methods of obtaining an integral equivalent of Pfaflian
equations when there are three variables and four variables
respectively. In partial equations, the main changes are
the insertion of a brief discussion of complete homogeneous
linear systems of the first order, the use of these systems
in the general construction of the intermediate integral of
an equation of the second order when it possesses an inter-
mediate integral, and a modified account of Ampere’s
method for equations of the second order.

In conclusion I desire, once again, to tender my cordial
thanks to the ever-courteous and helpful Staff of the
University Press.

A R.F.
ImpERIAL COLLEGE OF SCIENCE

AND TECHNOLOGY, S.W,
May, 1914.



PREFACE TO THE FIFTH EDITION

THE present 1ssue is almost an exact reprint of the fourth
edition. The pagination is unaltered; and the changes
mainly consist of corrections which were found to be
necessary, when the volume of Solutions of the Examples
(1918) was being prepared.

Once more, my thanks are tendered to the Staff of the
Cambridge University Press, who maintain their high
tradition of unfailing help.

A.R. F.

IMPERIAL COLLEGE OF SCIENCE
AND TEcHNOLOGY, S. W,
September, 1921,

PREFACE TO THE SIXTH EDITION

THE only differences between the preceding edition and
the present edition consist of occasional verbal modifica-
tions. No additions have been made: the pagination
remains unaltered.

Again I would thank the Staff of the Cambridge
University Press for their assistance and care during

the printing of the volume.

A.R.F
September, 1928.
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CHAPTER 1

INTRODUCTION

1. WHEN one variable quantity y is a function of another
variable quantity z, the relation between the two may be exhiliced
by means of an equation such as

$ (2, y) =0.

In this equation constants may occur; let one of such constants be
denoted by a. If the equation be solved for y in terms of «, this
constant ¢ will enter into the expression for y; and, by taking
different values for a, there will in general be obtained a number
of corresponding values for y. If it be desired to indicate in the
fundamental relation the fact that the value of y depends on that
of a, this may be done by writing the above equation in the form

@y, a)=0.cccceiiiiiiiiiiniii (1).

Now it is possible to derive from this equation another, which
shall include all the values of y that can be obtained by as-
signing all the possible values to the constant a. The differential
coefficient of y with regard to z is given by

06 , 29 dy _ i
3z + dy do 0 i (in),

in which 53:—0 and é% indicate partial differentiation with regard to

« and y respectively. Equation (ii) will in general involve the
constant a, which occurs in (i); and, if between these two equations
the constant be eliminated, the result of the elimination will be of

the form
d
I CYS L T — (i),

F.D.J A
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where f is a definite function depending on the form of the
function ¢ in equation (i). Now equation (iii) includes all the
values of y, which can arise from (i); for, while it is derived from
the two equations (i) and (ii), in each of which a occurs, yet of the
particular value of this quantity no special account is taken and,
were any other constant as a’ substituted for @ in all the steps of
the elimination, the result would be the same, since the constant
is made to disappear from the result.

In the same way, if ¥ depended on two constants a.and b in
a manner defined by an equation

D (2, y, a, b)=0,

and if the equations which give the first and second differential
coefficients of y with regard to # were written down, the two con-
stants @ and b could be eliminated, and the resulting equation

would be of the form
F (x " le—z, %) 20 e, (iiy.
In all cases, the functions f and F can be deduced (by any of the
customary methods) when the forms ¢ and P are given.
In particular, if such a form be
0 (2, y)=a,

from which a is to be eliminated, then, as the equation embracing
all the values of ¥, we have at once

20, 20 dy
or ' oy dx

no further elimination being needed.

=0,

Thus, for example, the equation
y? =4dax
leads to the equation
=2z Elﬁ
y dz’
which is the general equation of all parabolas having the same
axis and vertex.

2. Such relations as (iii) and (iiiY are called Differential
Equations; the equation (i), which is free from all differential
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coefficients, is called a solution of (iii). As, in passing from (i)
to (iil), a single arbitrary constant was removed, so conversely,
in passing from (iii) to (i), it is just to expect that a single
arbitrary constant will be introduced; and since, in eliminating n
arbitrary constants, there are needed the equations giving the
first n differential coefficients in addition to the original equation,
so conversely, in passing from such a relation between differential
coefficients up to the a'" inclusive to an equation frec from them
and equivalent to this relation, it is just to expect that n arbitrary
constants will be introduced.

3. It is not difficult to sce how these arbitrary quantities must
enter into the solution of the equation. For the sake of simplicity,
let us consider an equation such as
dy
da
in which M and N arc functions of z and y. Let z and y represent
the Cartesian coordinates of a point P in a plane referred to two
rectangular axes. Then the equation (i) is the equation of a curve;
dy
d
tangent to the curve at the point P makes with the axis of «,
so that the above differential equation gives the direction of a line
at every point in the planc. Let any point 4 be taken on the
axis of y, and let us proceed from A for a very short distance

M+ N-=2=0,

and is the trigonometrical tangent of the angle, which the

in the direction given by the value which le—z has at 4; we shall

thus come to another point B. Let us proceed now from B
through a very short distance in the direction given by the value

which % has at B; we shall thus come to another point C. If

this process be carried out for a number of directions in succession,
a figure will be traced in the plane; and, when each of the dis-
tances through which we suppose the tracing point to move
becomes indefinitely small, the figure will become a curve passing
through 4. This curve will have a definite equation, which may
be exhibited in the form
F("b’ Yy, yo) = 0)
where y, is the ordinate of A. Had another initial point A’ been
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chosen instead of 4, then another curve would have been obtained,
and into its equation the magnitude of the ordinate of 4’ would
have entered. The same result would ensue from taking each point
in succession on the axis of y, because usually one curve and only
one passes through each such point. As each equation, or one
single equation as the representative of all, may be considered
a solution of the ditferential equation, it is evident that into the
solution of the example we have been considering one arbitrary
constant will enter; and therefore, if by any method we can obtain
an equation free from differential coefficients, it must be expected
that an arbitrary constant will be contained in that equation.
But this arbitrary constant obtained by the latter method will not
necessarily be the ordinate of the point, at which the curve, repre-
sented by the solution, and the axis of y intersect; an arbitrary
element would have entered into the equation, had the tracing of
the curve begun from a point in the plane not lying on one of the
coordinate axes.

In the example considered, the equation giving Z had only
a single root; when it is of the form
then the integral equation may be expected to be of the form

A+ AP +Q =0,

where A4 is an arbitrary constant. And it is not difﬁcu]t to see
that, if the differential equation be of the n*® degree i 1n dw’ then
the corresponding integral equation may be expected to contain an
arbitrary constant raised to the n** and lower powers.

4. From what has been said as to one of the methods by
which differential equations can be constructed, it might be deemed
an easy matter to return from the differential to the integral
equation; but this is not so. The steps of an elimination cannot
be retraced, and therefore some other method or methods must be
adopted. The methods which are most effective for the solution

of several different forms of differential equations will be discussed
hereafter.
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5. When we pass from a given integral function to the equi-
valent differential equation, the latter may prove to be of a form
which is not included among those already known; so conversely,
if we pass from a given differential equation, we must not expect
to arrive necessarily at a function that will be included among
those with the properties of which we are acquainted. It is
therefore desirable to indicate what, in such a case, would be
meant by the solution of the differential equation.

When, in algebra, we ask whether any particular equation can
be solved, we thereby enquire whether the value of the variable,
which occurs in it, can be expressed in terms of known functions,
Thus, for instance, in the equation

ax =b,

the value of # can be obtained immediately by a process of division.
But let the equation be

£2=K.
To solve this we have to introduce a function, which was not
needed for the former equation; and, expressing £ in the form

E=+ K},

we consider the equation solved. Now equations of the third and
fourth degrees can be solved by means of functions strictly analogous
to these—the cube root and the fourth root of quantities; but
general equations of the fifth and higher degrees cannot be solved
in terms of these functions or combinations of these with similar
functions. It does not therefore follow that solutions of these
equations do not exist; they can be solved only when functions,
unused in the solution of equations of lower degrees, are intro-

duced.

Similarly, in the case of a differential equation, when we say
that it can be solved, we do not mean to imply that the solution
must be expressible in terms of purely algebraic functions, of
exponentials (including sines and cosines), and of logarithmic
functions (including inverse circular functions). The equation

E—fv=2$

is equivalent to
y = w’ + At
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But suppose that the properties of the logarithm were un-
known, and that the differential equation

dy 1

de =
were proposed for solution. We should then have

yA+d-af

dx
[Z=r@,
we should prove the relation

J(@ +f @) =F (zy),

and become acquainted with the properties of this new function so
as to include it amongst known functions. But, had we not been
able to deduce the properties of f(), the value of y given by

a+[E
x

would still have been considered a solution of the differential
equation. In fact, every duferential equation s considered as
solved, when the value of the dependent variable is expressed as
@ function of the independent variable by means either of known
functions or of integrals, whether the integrations in the latter
can or cannot be expressed in terms of functions already known.
Thus, for instance,

and, calling

lad
y=4 +f—a} dz
is a solution of
m‘_%fl = ez,
i

aitthough the value of y cannot be expressed otherwise than in this
form without the introduction of a new function the properties of
which can be investigated. In this way the solution of differential
equations is continually suggesting new functions to be added to
the stock of those already known.

6. Before we proceed further, it is demrable to give definitions
of some terms used in the subject.
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Any equation, which expresses a relation between dependent
variables, their differential coefficients of any order whatever, and
the independent variables, is called a differential equation.

Differential equations are divided into two species, viz.:—

L Ordinary differential equations, into which only a single
independent variable enters, either explicitly or implicitly. All the
differential coefficients have reference to this variable. Should
there be several dependent variables, the number of equations
necessary for their complete determination as functions of the in-
dependent variable is equal to the number of such variables. Thus,
for instance, we might have

d*x
de
in which # is a function of the only independent variable ¢; and
d*z
P

d?
(@ + )+ uy =0

+pz=0,

(@4 ¥ =7 +pe=0

in which both z and y are functions of ¢.

II. Partial diferential equations, into which two independent
variables at least, and partial differential coefficients with regard
to any or all of these variables, may enter. If several dependent
variables be present, the number of separate equations must be
not less than the number of the separate dependent variables; but
the occurrence of such systems of equations is relatively rare. As
examples of partial differential equations, we may consider

0%z 0%z ( 0%z )’ ~0,

0xz2 0y~ \0zdy

%_

and W=y
op_ oy

oy o=

The order of a differential equation is the same as the order of
the highest differential coefficient it contains.

As a rule, only those equations are considered which are algebraic
in the differential coefficients. The degree of the equation is the
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power to which the highest differential coefficient is raised, when
the equation is rational and integral in the differential coefficients
and is one-valued in the variables themselves.

The equation
dy

Lo
dy
dx

is of the first order and the second degree' the equation

dy\?) 2 d”
{1 + (dw) } ¢ da?

is of the second order and the second degree.

If a differential equation be such that, when it is rationalised
and freed from fractions, the differential coefficients and the
dependent variable enter in the first power and there are no
products of these, while the coefficients in the separate terms are
either constants or functions of the independent variables, the
equation is called linear. The following are examples of linear
equations :—

(1 —x*)d—Q?—{—2w(1'/—y+n(n+l)y=O,
oV oV eV

w oyt
0z 0z
8x+y3—_2_0

The relation, which exists between the variables themselves
without their differential coefficients and which is the most general
one possible, is called sometimes the general solution, and some-
times the primitive, of the differential equation.

7. The process of constructing the primitive of a given
differential equation will frequently be the deduction of a first
integral of the differential equation, that is, an equation of an
order lower by unity than that of the original equation and con-
taining an arbitrary constant; then of a first integral of the latter
which will be a second integral of the original equation; and so on,
until differential coefficients cease to appear. The primitive will be
found when the operation has been repeated the number of times
equal to the order of the original differential equation, Now the
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form of the first integral may be affected by any transformation
to which the equation may be subjected prior to integration; and,
since a given equation may be transformed in a number of
different ways, there might be a corresponding number of different
first integrals. But these will not all be necessarily independent:
that is, some among them may be obtained by combinations of the
remainder, with appropriate relations among the arbitrary constants.
As a matter of fact, of the equation be of the n'* order, it cannot

have more than n independent first integrals. For example, the
differential equation

dy
a?"r:l/——o

has the following first integrals, viz.:—

(-

dz
d—ycosw+ sinz=B
dx y ’
dy .
—%smw+ycosw—6’,

%=ycot(x+ a);
but they are not all independent, the four constants 4, B, C, q,
being connected by the equations

B=Acosa, C=Asina, B*+4(0%*= A2

When a system of first integrals has been so obtained in any
case, it can be used as a simultaneous system, from which the
highest differential coefficients can be eliminated; and if inde-
pendent first integrals of the equation, equal in number to the
order of the equation, have been obtained, all the differential
coefficients can be eliminated from them so as to leave the primi-
tive. Thus, from the second and the third integrals in the foregoing
example, we might deduce

y=DBsinz+ Ccosz,
and, from the first and the fourth,
y=Asin(z+a),
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each being a primitive. These solutions are seen to coincide on
account of the relations between the constants.

8. We proceed now to give reasons for the statement made
in the last paragraph; but they must be regarded rather as
suggesting, than as proving, the inference. A rigorous proof
involves considerations connected with the general theory of
functions, and can be based upon existence-theorems which will
be found elsewhere*.

A differential equation of the order n has n, and cannot have
more than n, independent first integrals.

From what has already been said, it is clear that an integral
relation between y and  involving = arbitrary independent
constants would lead to a differential equation of the order n.
Let the given integral equation be differentiated n—1 times in
succession; the n—1 resulting equations will involve all the
differential coefficients up to the (n—1)" inclusive and there will,
with the original equation, be n equations in all. Now from n
equations, in which n quantities occur, all but one of these quanti-
ties can be eliminated. Let the n arbitrary constants be denoted
by (4, C,,...... , Cn; and from the n equations, which we have, let
us eliminate all the arbitrary constants except C,. The resulting
equation will involve the variables and the derivatives of y up to
the (n— 1) inclusive and will also involve C,; it will therefore be
a first integral of the differential equation of the order » which is
equivalent to the given integral relation. Now eliminate all the
arbitrary constants except C,; the resulting equation will now
involve C, and, as before, derivatives of y up to the (n —1)® in-
clusive and will therefore be a first integral of the differential
equation; it will, moreover, be independent of the former, since C,
is independent of C,. Proceeding in this way with all the constants
in turn, we shall obtain » independent first integrals, each of which
arises from the elimination of all but one of the »n independent
constants.

As there are not more than n independent constants occurring
in the general integral equation, any other constant, which could
appear in it, must depend on C,, G, ......... , Cu; let A be such

* Bee the author’s Theory of Differential Equations, vol. 11., chap. 11
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a constant, and let the relation between them be denoted by the
equation
(4, 0, Cy, oo, , On)=0.

Then between this, and the original integral equation, and the
n—1 equations obtained by differentiation, (forming n + 1 equa-
tions in all), the n constants C may be eliminated; the result
will involve the differential coefficients up to the (n — 1)* inclu-
sive and the constant A. This would be a first integral of the
differential equation, but it is not independent of the n already
obtained; for from these let the respective values of the quantities
C in terms of the variables and the differential coefficients of y
be derived from the separate equations, in which they occur singly
and be substituted in the equation 4»=0; this equation will then
be one involving the differential coefficients up to the (n — 1) and
the constant A4, and will therefore be the same as the foregoing.
In fact, the two processes are merely different methods of obtaining
the one result; and the second shews that the first integral so
obtained is derivable from the other = first integrals.

Hence the differential equation of order n has not more than n
independent first integrals.

9. It is convenient to add here two lemmas to which frequent
reference will subsequently be made.

LeMMA I. Let uy, ug, ...... , Uy, be n functions of the n variables
&yy Ly eeeens , Zn, these variables being independent of one another;
if among these functions any relation, which may be represented by

F(uy, Uy evenennns s Un)=0 ciiiiiiiiiiiin, @A),
be identically satisfied, so that u,, u,, ...... , Un, are not independent
of one another, then the equation

ou; 0w ou, ..
'a;; ) a—wz 9 seescsessesescncsenee ) E—)w—n =0...... (ll)
ou, Ouy Ou,

a‘—wl' N 872 3 eseccssecerccssscnans N é;;

ou, Ou, ouy,

5%_'1 , 5{52— 3 seesessccritestaneans y a—x-j‘

is identically satisfied.
Since equation (i) is identically satisfied, when for u,, %,, ...... , Un,

are substituted their values’in terms of the independent variables,
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the partial differential coefficients of F of the first order with
regard to each of these variables are separately zero. Thus we
have

3Fa_u_, oF u, 8__F8u,,__
Zﬁazcl"'a_u;?z—,"' ............ +au,,a—xl“°’
aF 8u, 8F 8u2 oF auﬂu_
5715;2 -a—-—%éz;;'i" ............ +'a_1‘—n5;2—0,
OF Oy OBy oo o

Ou, 0zy | Oug O,

Let the ratios of the n partial differential coefficients of F with
regard to the u’s be eliminated between these n equations, which
are linear in these quantities; the result of the elimination is

ou, 0Ou, Qg | 0
5wy Bmy e 5 X
au, 8u2 au"
Sm Dm, e " B,
ou, Ou, oy
By? B e 5

and this is identically satisfied. The value of a determinant is
unaltered by the change of rows into columns and columns into
rows; when these changes take place the above equation becomes
equation (ii), which is therefore identically satisfied.

LeEmMMA II. The converse of this is also true: If u,, us,...... , Up,
be n functions of n independent variables @, @5, ...ov..ae , Tn, and
if the equation

du;, oy ou,
ey BT, cerireerreesnrerenens , — |=0
ox,’ 0z, oz,
Ou, Ou, ou,
é}‘; N é;s- ) seseeececssesceserans ) a—.l‘_n
ouy  0u, %
a—_wl. I} '8;2’ --------------------- aw"’
be identically satisfied, then the functions u,, u,. ......... , Un, Are

not independent of one another, but are connected by a relation of
the form
F(uy, tgy oveeenenn , Un) =0,
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If the n—1 functions u,, Ug, «veveeen. » Un—1, be not independent
of one another, then the proposition to be proved is at once granted;
we may therefore suppose them independent of one another.

Between the n equations expressing the » functions » we can
eliminate n — 1 of the variables; if the remaining variable, say z,,
be not thereby eliminated, the result may be written in the form

Un=0p (Uy, Ug, very Un—q, Tp).
If the equation of condition be written in the form
0 (Uy, Uy, oeee.. s Un)

we may write the theorem for the multiplication of determinants
in the form

0 (Uy, Ugy veenes ,u,.)=a (g, Uy eeennn s Uy, @) O (Uy, Uny eeenen s Unp—1,&p)
0(2y, Loy vennen s &n)  O(Up, Unyeeonss s Un—1s Tn) O (L1, Zay eeeees s Tn—1, Tn)
The left-hand side is zero by hypothesis. Since the functions
Uy, Ugy eevnee s Un—1, are independent, the first factor on the right-

a (uly Upy eeny un—l)
0 (@1, Zzy +ovy Tny)

hand side is 8—2, and the second is One of these

0z,
must therefore vanish.
If it be the former, then ¢ is explicitly independent of z,, so
that u, is a function of w,, u,, ..., u,—; only; and there is thus a
relation between the original » functions.
If it be the latter, we have
0 (g, Usy venne. , Un—1) _
0 (L1, Loy vevees s Tn—i)

0,

an equation, which corresponds to the given equation of condition
but in which there are only n—1 functions of n—1 variables,
since for the differentiations that now oceur #, may be considered
a constant. This equation is treated in the same manner as before ;
and we should find either that there is a relation between
Uy, Ugy « -« Un—1, considered as functions of x,, ,, ......, Tyn_,, Or thata
new equation involving n — 2 functions of n — 2 variables would hold.
If the relation between u,, u,, ..., 4,_, exist, it will be of the form
Y (U, Ugy eeenes y Un—1, Tn) =03

which will involve z, since we have assumed that u,, %g, ..., %n—1,
are independent of one another. Between y»=0 and u, = ¢ we can
eliminate z,, and obtain a relation between u,, Uy, ..., %n.
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Proceeding in this manner and diminishing by unity each
time the number of functions, which enter into the equation of
condition, we can prove that one of the two necessary inferences
at each reduction is the statement contained in the proposition.
And when the reduction has been repeated n — 1 times, the only
alternative to the proposition is that any one of the n functions u,
say u,, selected at will, should be such as to satisfy the relation
g—zf =0, where z; is any one of the n variables . This is manifestly
not the case: for each of the functions u involves some of the
variables,

Hence the proposition follows.

10. As a particular instance of the general lemmas, we have
the following. Let U and V be two functions of two independent
variables # and y; if V can be expressed as a function of U alone,
we must have

oUoV oUoV

5
and conversely, if this equation be satisfied identically, there is
a relation between U and V, satisfied for all values whatever of @
and y, such that
V=F(U).
Exz. 1. Are the functions
x+2y+z, x—2+3z, 2uy-—xz+4yz—22
independent of one another ?
The equation of condition is
1, 1, 2-2 =0,
2, -2 , 2@+4z
1, 3, —xt4y—-4
which is evidently satisfied identically; therefore the three functions are
dependent.
To find the relation between them, if we call them u;, ug, u3, we have
2r=u+ug—4z, 4dy=u —uy+2z;
and therefore
dug=u? - ug?,
on substituting these values.
Ez. 2. Prove that the functions ax?+ by?+ce?, Az + By+ Cz and
a?z?(Blc+ ) + b2y3(C?a+ A%) + c%? (A% + Ba) — 2abe(BCyz + CAzx+ A Bxy),
are not independent ; and find the relation between them.
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Now consider two coexistent equations U =0 and V=0, involv-
ing two variables # and y; and suppose that, for simultaneous
values of # and y which satisfy them, they determine a common

value of gl;g Then, as this common value is given by the relations

dz
oU oUdy oV, oVdy
oy ds 0 —55+8ydw 0,
we must have
oUoV oUoV

If this equation J =0 is satisfied identically, the quantities U
and V are not independent of one another; in that event, the two
coexistent equations, =0 and V=0, are not independent of one
another.

If the equation J =0 is not satisfied identically, but only in
virtue of U=0,0or V=0,0or U =0 and V =0, then we cannot infer
the relative dependence of the two equations. Neither of them
can be satisfied solely by means of the other.

Ez. 3. Asan example of the first case, let
Usy(l=at+a(l—p2h, V=(-29t1-y9h-ay.
It is easy to prove that the quantity
oUuoV oUV

%3 0y 0w
vanishes identically. The quantities U and V are then connected by some
relation ; the relation is

U2+ V2=1.
The equations U—a=0, V-b=0, are not independent; we must have
a?+b%=1 as a condition of coecxistence, and then the two equations are
effectively equivalent to a single equation.

Ez. 4. As an example of the alternative case, let
U=z?+3y2-1, V=zcosatysina-1,
where « is a constant. Then
J_a_U_ Q_V— 2-)_1.’ %’—2 (#sina—y cosa),

which manifestly does not vanish identically. The quantities U and V are
independent of one another.

The quantity J vanishes when U=0 and V=0, for
$2=U-V2-2V.
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That is, when the two equations U=0 and V=0 are postulated, J vanishes;
but it does not vanish identically. The two equations are independent of one
another; they have the property merely of leading to the same value of

% for particular values of ¥ and # which satisfy both of them.

The same kind of result is true, when we have any number n
of coexistent equations
u1=0, u2=0, ooy u,,=0,
.involving n variables #,, #;, ..., #n. Let J denote their Jacobian,
so that
J=8(ul, Uy, ovs Un)
0 (@1, @oy vvey @)’
When J vanishes identically, the n equations are not independent
of one another.
When J vanishes, not identically but only in virtue of some or
of all the equations, we cannot infer any relative dependence among

the equations. No one of them can be satisfied solely by means of
the rest.

When J does not vanish, there is no question of the relative
dependence of the equations.



CHAPTER 1II

DIFFERENTIAL EQUATIONS OF THE FIRST ORDER

11. THE general differential equation of the first order may be
represented by

F(w, Y, ;‘ZZ—Z) =0,

where F is a rational and integral function so far as the differ-
ential coefficient is concerned. In this general form, the equation
cannot be integrated; but there are certain particular forms, to
one or other of which many equations can be reduced, and which
admit of immediate solution. These forms are called standard
forms.

12. Before considering them in detail, we will prove a pro-
position, which is merely a particular case of the general theorem
indicated in § 8, viz, that a differential equation expressible in the
form

dy
M =N,

where M and N are one-valued functions of # and y, can have only
one independent primitive.

Suppose that, if it be possible, two primitives
¢l (=, Yy )=a,
$: (2, y)=b,

have been obtained. From the first of these, the value of % is
given by

0, 3¢1dy_0
oz " oyde
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and therefore
0 a¢1 _
M——ax + N~—ay =0,

Treating the second primitive in the same way, we should obtain
the equation

%y g%,
iz oy

The elimination of the one-valued functions M and N between
these two equations gives

009 _ 0,0 _

This equation must be satisfied identically: for it does not contain
a or b, and therefore it cannot be satisfied in virtue of ¢, =a or
¢.=b. Consequently (§ 10) ¢, is some function of ¢,. Hence the

two primitives are not independent; and the second can be expressed
in the form

F($)=b,
which is resoluble into equations of the form

¢l=a’

each of which is only a repetition of the first of the primitives.

If therefore in solving such a differential equation any primi-
tive has been obtained, this may be looked upon as the general
solution of the equation; for, from it, all other primitives can be
derived.

13. StanpArD L.

The equation Mdy = Ndz can always be solved when the
variables can be separated. For, in this case, the equation may
be changed to the form

Ydy=Xdz,

where Y is a function of y alone, and X a function of  alone; and
the equation can be integrated in the form

JYdy=[Xdz+ 4,
A being an arbitrary constant.
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dy  (1-9°\3_

Ez. 1. Solve ant <1 xz) =0.

The variables can be separated and the equation becomes
_dy dz

—q2
one integral of which is -y )i - x‘)*
arcsin y 4 arcsin z=c.
But the equation may be written
(=2 dy+(1 -2 dz=0,
which, after integration by parts, gives

y(1- x2i+f +x(1— 2)’3+f<1‘”j” =C.

xydx zydy
— + — =
(1-ait -yt
and therefore an integral is
ya-at+a-yii=c

But

This affords an illustration of the proposition in the preceding paragraph ;
for the latter primitive can be derived from the former by taking the sine of
both members, and the relation between the constants is

C=sinc.

Ez. 2. Solve (z—y?) dx+2xydy=0.

The variables, though not immediately separable, become so after sub-
stitution. Write y2=wv; the equation is
zdzx+xdv—vdz=0,

so that d +d (1_’.) =
x z
and therefore logz+ %= constant,
y?
or ze® =A4.

Ez. 3. Solve the equations
@ 21+t rya+ant Lo
(ii) seczxtan ydz+4sec?y tan xdy =
(if) o+ 2 =a2;
(i) (1457 do—fy+(1+)h (1 +2)tdy=0;
™ - z)<1+x*>*—=n<1+yﬂ>*
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14. STANDARD II. Linear Form.

When the equation of the first order is linear, it may be written

in the form p
ey =
dz +Py=0,

where P and @ are functions of # and do not involve y.

If the function @ were zero, the integral of the equation could
be obtained by the method of § 13, and would be found to be
y = ue~{Rd%
where u is a constant. oY
When @ is different from zero, we assume the same form for ¥,
but we do not restrict » to be constant. Substituting this value of
y in the original equation, we find

dy _ (‘Clll_z - pu) ¢-IPdz,

dz
and therefore
du
27 p=(Pdw —
dz € Q
so that
Z—}Z == ngp d\‘lf',

and therefore
u=0+ [Qeire,

where C is an arbitrary constant. Thus
y=ue-Iraz
= Q¢-IPdz 4 g—[Paz f Qe/Pdz dg

is the primitive of the differential equation.

Note 1. This method of obtaining an integral of the equation
when @ is zero, and then regarding the parameter » in that integral
as actually variable when @ is not zero, is sometimes called the
method of the variation of parameters. It is of frequent use for
linear equations of the second and higher orders.

Note 2. The preceding analysis shews that

dy du
- = —— p—JPd
an + Py dz® ,
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and therefore
d
ngdx ( Eg +Py>
is a perfect differential. Such a quantity as e/74z, multiplying a
quantityg%+Py so that it becomes a perfect differential, is often

called an integrating factor.

dy z 1
Lx. 1. Solve dx+ Trad= Pt
By the result in the general case, we have
xrdx
xdz dz f
It = ! Ttz?,
yel It =0+ x(l +x2) x
1 gz
hence y(1+at)z=C+ 2(Lrat)
— C+10cr .._x___
1+ 422}

Ez. 2. Solve i) z(l-2?) C—iz/‘+(2x2-— 1)y=az3;
(ii) d—y+ycosx=§sin 2z;

)0(111)./ +c_/2—aco‘;(x+B),

@) Wy B 22

Ez. 3. Shew that the solution of the general equation may be exhibited
in the form
y=-iris [ [4rea §].

15. An important associated form, which can be solved by the
same method, is
dz ’
where P and Q are functions of z alone, and » is neither O nor 1.

Divide by y*; the equation then is

1 d/1 1
Tn— ldx( "“)+P§’E_Q’

or %(:;Tﬂ)—(n—l)Pyi_l=—Q(n—l),
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which is the standard form ; and the general solution is

1
= - =(— 1) f Qe— v SPiz g,
Ex. 4. Solve xq‘—y+ =y2log .
. 4. s ty=Yy .
This becomes, after a transformation similar to the above,
L2 l) 1Ly,
dx yx & %

the primitive of which is
1 ..’1” j’d.zlogz _‘%

. dxlogz
This is @=C-— —
—opl87, 1
z x
whence %= 14 Czx+loga.
. dz
Ex. 5. Solve (i) ‘Tr+2xz=2a.z~'*z3;

(ii) (1-2?) dz —zz=ax?;

dx
(iii) ‘%Z+xg/=g/2 sinx;
"/
(iv) 7 (@ +ay)=1.
Ex. 6. Shew that the four equations of the first order in § 7 lead to the
same primitive,
16. STANDARD III. Homogeneous Equations.

(i) The equation, being of the first degree and expressed in

the form

dy _
M3 =N,

is said to be homogeneous, when M and N are homogeneous
fuuctions of # and y of the same degree. In this case, we can

write

w-ss()
N=aryp(Y),



15-16] STANDARD FORMS 23

r being the common degree of M and N. On the substitution of
y =z,

so that v may be considered a new dependent variable, the equation
becomes

(r+o %) s@=v0)

dx + ¢ (v) dv
z - vp(v) - ()
in which the variables are separated ; the integral is
dv
log « + J __pdv =A.
AR ETIOEI)
The primitive will be given by the substitution of % for v after

or =0,

the integration has been performed.

Note. This result furnishes another instance of an integrating
Jactor, of which one instance was indicated in § 14, Note 2. The
equation can be taken in the form

Mdy— Ndz=0,
so that
a” ¢ (v) (vdz + zdv) — 2" (v)dz =0,
and therefore
2" (v (v) — Y (v)} dz + 2"+ (v) dv = 0.

If v (v) — Y+ (v) vanishes identically, then 27" is an integrating
factor: for it changes the equation into

¢ (v)dv=0,
which is exactly integrable.

If v¢h (v) — Y (v) does not vanish identically, then the equation
becomes exactly integrable in the form

o @)
= Py =%

on division by the quantity
2 {up (0) — ¥ ()}

‘But My—Nz=a"y ¢ (;—i) oy (2)
=g {vp (V) =¥ (v)};
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and therefore the integrating factor is

1
My - Na’

provided My — Nz be not identically zero.

(i1) If the equation however be not of the first degree but still
be homogeneous in « and y, it may be written in the form

y dyl _
F{w,dx}_o.

There are now two methods of proceeding. The first method is

to resolve the equation, considering it as an equation in dy. ; let the

da’
249

This is the case already discussed.

result be expressed by

The second method is to resolve the equation considered as an

equation m Y ; then we should have

:b Y=f ((7;) =/1(p),
or y=af1(p),

where p is written for dy Differentiating this with respect to z,

dz’

we have

\ AN
p=£D)+af D)E,

dw _f(pdp
p=A(®)

and therefore

This gives on integm’clon

logz = C+]ﬁ_(§l)((;};

say ; the elimination of p between the last equation and

y=af,(p)

will give the primitive. But it is not always desirable to eliminate
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p; it may be retained as the parameter of a point on the corre-
sponding curve, in which case its use would be similar to that of
the eccentric angle of a point on an ellipse.

(iii) It may happen that, in the case of an equation
F {1/ d?/} 0

z’ dz
y dy
it is more convenient, or more easily possible, to express and

in terms of a new quantity u, than to solve the equation elther for

i%_ or for g . We then should have relations of the form
—f (u) =g ().
The former gives
=af (u),

and therefore
d N
L=f)+af ()T
so that
W —f @ =af %
g F(w)=af" (u T
The variables are separable ; and we have

dz S (u)

s = G-
_ 0
l°g‘""A+fg<u> —

where 4 is an arbitrary constant. This equation, combined with
= af (u), gives the primitive of the original differential equation.

and therefore

7 dy _
Ez. 1. Solve .z‘+g/%-—2
When we write y=vz, the equation becomes
vdy | dx
=tz =%
whence 1—1—v+log (1-2)+logaz=A4,

L4
or (z-y)eo—V=ed=C,
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Ez. 2. Solve ) x+y%=m§/;

s dy dy
2 &Y oy &Y
(i) g +.z'2dx zY 3.

Ezx. 3. Solve (a.r+by+c)%/_=Ax+By+0.

Let =%+ £ and y=£%+17, and suppose % and % so chosen that
ah+bk+c=0, Ah+Bk+C=0;
then the equation becomes
(g +bn) J1 =46+ B,
which is homogeneous.

If however g=§, but g differs from each of these fractions, then the

equations giving % and £ are inconsistent. Let each of the equal ratios be
equal to m; then

(ax+by+c) f%sm (azx+by)+C.

Substitute ax+by=v;
mv+C _dv
then a+b T —dn’
and the variables are separable.
If A = g:——: n, the equation is
dy_
=™
so that y=nz+E.
Ez. 4. Solve (i) 3y—-Tx+7=(3zx-"Ty-3) a_lg;

(i) (2v+4y+3) %=2y+x+1;

(i) (Bz+5y+6) 2 =7y 4o +2.
Ez. 5. Shew that the equation
d;
(P+Qz) 2 =R+Qy,

in which P, @, and R, are homogeneous functions of # and y, P and R being
of the same degree, may be solved by the substitution y=uvz.

Ez. 8. Solve
(Ax2+Bz"y+w+By+'y>%=sz/+3.’/”+¢'$+5'3/ +7
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17. Let now the curves, whose equations are the complete
primitives of the homogeneous equation, be traced ; they form a
system of similar curves. For let there be drawn through the
origin any radius vector cutting all these curves and making an
angle € with the axis of #; the inclination to the axis of # of the
tangent to one of the curves, at the point where this radius vector
meets it, is given by

tan ¢ = % =f (%) =fi(tan ),

and therefore all the tangents at points lying on this line are
parallel. Consequently all the curves are similar and similarly
situated.

18. StTanDARD IV,

Equations arise in which one of the two variables does not
explicitly occur.

Consider, first, that class from which the independent variable
is absent. The equation is of the form

As in the general equation under Standard III, there are two
methods of proceeding. If it be possible, we may resolve for %—‘Z S0
that

Y_re,
in which the variables are separable ; the primitive is
}% =z + 4.

Or, if it be possible, we may resolve for y; suppose the result to
be given by

y=h (g%) =fi(p)-

Differentiating with respect to z, we have

P=fx’ (P) g’g:
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in which the variables are separable: and the integral is

which, when combined with

y=/i(p)
for the elimination of p, will furnish the primitive. It may be more
convenient to leave p uneliminated.

Let us now consider the class from which the dependent variable
is absent. The equation is of the form

é, (x %) ~0.

dyds_,
dedy

the equation may be written

Since

or o (ac, %) =0,

an equation of the former class, and soluble by the methods thereto
applying. These methods however may be applied to the equa-
tion without making it undergo this transformation. Resolving the

equation if possible for%, we shall have

dy

=@
and the primitive is therefore
y=[F(z)dz+A.
Or resolving for « in terms of g% , when this is possible, we shall
obtain i
o=F () =Fp.
Differentiating with respect to y, the absent variable, we have
1 RN/
5 =F/(p) &‘7/ ’
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the integral of which is .
y=/p¥/ (p)dp+C.
This equation, combined with
z=1F 1 (P),

constitutes the primitive.

It may happen that, in the case of an equation
¢y, p)=0,

it is more convenient, or more easily possible, to express y and p in

terms of a new quantity u, than to resolve the equation either for p
or for y. We then should have relations of the form

y=r(), p=g.
The first of these gives

,, L du
so that

_Jf @
dz = 7(0) du,

and therefore

2=0=[L W,
g (u)
This equation, combined with
y=s),

constitutes the primitive.

Ex. 1. Shew how to obtain the primitive of the equation

¥ (2, p)=0,
when it is more convenient to express 2 and p in terms of a variable » than
to solve the equation for p.

2
Ez. 2. Solve @ y=aZsp ﬂ>;

z+a)?
(i) 1+(dx) .252+ 2az"
19. STANDARD V.
When the equation of the first order is of the n*" degree, suppose
it arranged in descending powers of the differential coefficient, so
that it may be written

Y 1y (7 By ()t P P,
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in which P,, P,,...... , Pn, denote functions of # and y. If we look
upon this as an algebraical equation in g%, which has » roots

D1s Poyeensns » Pn, these being functions of # and y, the equation

becomes

dy dy dy

((‘a‘ —P1> ((7;_ - pg) ......... (a‘E —pn) =0.
This can be true only if one or more of the factors on the left-
hand side vanish; and therefore any relation betwecen z and y,
which makes a factor vanish, will be a solution of the original
equation, while no relation which does not make some factor
vanish can be a solution. Suppose then that the primitives of
the equations

dy Y

(ﬁ—p,—o, %—pz—o, ......... N a;—pn——o,

(deduced by means of one or other of the preceding methods) are
¢ (z, y, C)=0, ¢y(z,y,C)=0, ......... » dalz, y, Cr)=0,
respectively. All possible solutions of the given equation will be

contained in
b (z, 1, C) o (2, y Co) e éu(z, y, Cp)=0.

But the generality of this integral will still be maintained, if
all the constants C,, C,, ...... , Cy, be made the same, say C; for in
order to find a value of y, we must equate to zero some factor on
the left-hand side of the new form, and this would give an equation

of the form

¢ (2, 7, 0)=0.
Now C is an arbitrary constant; if then all possible numerical
values be given to it, there must be included in the series of con-
sequent equations all the integrals, which can be derived similarly
from the corresponding factor of the first product. Hence we
have as the general complete primitive of the original differential

equation
&1 (2,9, 0) (2,9, C) euvereens Pu(2,,C)=0.
Ex. 1. 2% - 2xyp+yt=a%+ 2t
Then ap-y=+z(2? +y0,
which, by the substitution y =2z, becomes

dz

a+at .
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When the positive sign is taken, the solution is
z=sinh (z+c¢).
The negative sign gives
2=sinh (¢c-z);
hence the general solution is
[y =z sinh (2 +¢)] [y — #sinh (¢ - 2)]=0.

2
Ez. 2. Solve @) <§3) - i“=o;
dy yay
(i) ) rol ¥y
Ez. 3. Solve

(i) 22p2+32yp+2y2=0;
(ii) 2?p?+3zyp+3y?=0;
(iii) p(p+y)=2(x+y);
(iv) p°—(@+2y+y?) PP+ 23y + 222+ 25°) p — 2393=03
() (az—w‘”)lix+bx(a2—-x2)p2—p—bx=o;
. o2

(vii) p +(x+J 2 >p+xy+‘z—_/—3£=0.

Ez. 4. Shew that, if the general equation be homogeneous in z and g, it
can be solved by the substitutions
dt
y=tz, =z =
Hence solve

-3+ —p - ——0-

20. STANDARD VI. Clairaut’s Form.

The equation, to which this name is usually applied, is

=pz +f(p),

. . dy
in which p stands for T

Differentiate the equation with regard to #: then

p=p+[z+f (P)]fTZ'
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so that either

dp _
da=0
or z+f (p)=0.

Taking the first of these, we have p=¢, an arbitrary constant;
hence the primitive is

y=cz+f(c)
The second equation expresses « as a function of p; therefore, if p
be eliminated between this equation and

y=pe+f(p)
a relation between y and « will be obtained.

Of these, the former is evidently a solution of the equation, and

from it the differential equation can be deduced at once; for, on

differentiating, we obtain
L p=o
and eliminating ¢ we have

y=pz+f(p)
If now we turn to the other relation between « and y, which will
be that derived from the elimination® of p between

y=pe+f (p)}
O=z+f (p))’

we see at once that it contains no arbitrary constant and therefore

is not a general solution. Yet it may be a solution of the equation;

for differentiating the first equation, we have

d , d
=P+l +r O
=1):
by the second equation unless Zg be infinite; eliminating p from
the equations y=pz + f(p) and % = p, we obtain
_dy dy
s=a i+ I ()
which is the original equation.

* It should be noticed that, for purposes of elimination, p is merely & quantity
likely to depend upon y and z; it is not now necessarily Z—% .
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Note 1. The relation between the two solutions, when both exist,
is easily indicated by geometrical considerations. The first solution
y=ce+f(c)
rcpresents a family of straight lines; if they have an envelope, it
is found by differentiating the equation with respect to ¢ (in fact,
this is equivalent to giving ¢ a pair of cqual valucs for the same

values of # and y). Then we have
O=z+f" (c).
The result of the climination of ¢ between these two equations is
the same as that of eliminating p between the two equations
y=pz+j(p)
0=2+7 (p);
and therefore the curve represented by the latter is the envelope
of the family of lines represented by the first solution, should these
lines have an envelope.

Such a solution of the equation, which is not included in the
primitive (but which may be derived from it in the above manner),
is called a Singular Solution. We shall shortly return to a more
detailed discussion of singular solutions.

Note 2. That the two solutions are distinct can be seen as
follows. Let

U=y—cz—f(e), V=y—pz—f(p)
where, in V, the value of p 1s given by the equation z + " (p)=0.
Now

oU__, oU_y av_

w- "% b gt
oV _ R/
T —{z+f (P)}ax—"'l’-
. ooV _oUov_
ence oz oy oy om PO

which docs not vanish identically; it does vanish in virtue of
the two equations U=0 and V=0, when we take these equations
simultaneously.

Hence (§ 10) the two equations U=0 and ¥V = 0 are independent
of one another; and the two solutions are therefore distinct from
one another.

¥.D.E. B
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Ez. 1. Solve 3/=xp+g .

Ihe ﬁlst Solutlon 18
Y=Ccx+-
J c *

The second is given by the elimination of p between

a
0=.z*—;2

and the original equation ; eliminating p, we have
yi=4ax.
The latter is a solution, and so it is the singular solution; the curve
represented is touched by all the lines included in the primitive.
Ezx. 2. Solve @) g/:px+(1+p?)5;
(ii) y=pr+p-p*
(ii) ayp®+(22-b) p=y;
(iv) 2*(y —xp)=yp*;
() y=22p+yp>
21. There is an extended form of the equation, which can be
solved in a similar manner, viz.:

y=af(p)+(p)
To solve this, let the equation be differentiated with regard to
z; then
, , dp
p=r(e)+[zf" (p)+¢' (P 4
de (0 __ ¢
dp - f(p)=p p-S(p)
which is linear in # and comes under Standard II
Let the integral be

or

F(z, p,c)=0.

The result of eliminating p between this equation and the
original equation is the primitive.

Er. 1. Solve x+yp=ap?,
Zz
or y=ap-=.
Yy=ap »
Differentiating with regard to », we have
d
p=a —e ..]l+.£ dp

s p’plaa’
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and therefore
dx z  ap
dp” p(L+p%) L+p¥
the integral of which is

b
24P C+alog {p+(1+p).

This equation, combined with the original equation, gives the primitive.
The equation could also have been solved by differentiating with regard
to y.
Ez. 2. Solve (i) z=yp+ap?;
() y=ap+az(1+pH};
(iii) y=amp+n (1l +p3)é ;
(V) y=yp*+2pe;
) y(L+p) =n(z+yp).

SINGULAR SOLUTIONS.

22. Irom the investigation in § 20, it is clear that a solution
of a differential equation can sometimes be found which, when it
exists, is usually distinet from the primitive; such a solution does
not involve in its expression any arbitrary constant. It may,
however, be included in the primitive, by assigning a particular
valuc to the arbitrary constant; such a solution is then regarded
as being both a singular solution and a particular case of the
primitive*,

We proceed now to consider the thecory of these Singular
Solutions of the general differential equation of the first order
which will be written

¢ (@ y, p)=0.

If the differcntial equation either be lincar or be resoluble into
a set of rational linecar equations (as in the case of Standard V.),
then it has no singular solution; any solution of it apparently
of this nature is mercly a particular solution, derived from the
primitive by giving a particular value to the arbitrary constant
therein contained. For the present purpose, therefore, the equation
in p may be considered irresoluble: if it can be resolved into
factors which are not linear and not resoluble into linear factors,
then we should consider in turn each of these irresoluble factors.

* An example is given below, Ex. 6, § 29.
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We may thus consider ¢ =0 as a rational and irresoluble equation
of degree n. Moreover, we shall assume that ¢ is a one-valued
function, and that it contains no factor which is independent of p;
such a factor, if it were retained and equated to zero, would satisfy
the equation, but would not involve the differential coefficient.
If in any case these factors occurred, we should suppose them
removed.

23. The considerations adduced in the Introduction furnish the
inference that, if # and y be the coordinates of a point in a
plane, the differential equation determines a system of curves in
that plane, which depend upon a single independent variable para-
meter; and as the difterential equation determines at any point a
direction through that point, there will be » dircctions, given by
the values of p there, and therefore n curves will pass through any
point in the plane. To represent this system algebraically, we need
an equation of the form

F(@y, 6,05 ... »Cm)=0,
the constants in which are involved rationally and algebraically ;
but as only a single independent parameter is needed, there must
be m — 1 algebraical relations among these m constants. Further,
this function f will be onc-valued; and any factor, involving « and
y (or either of them) but none of the constants, would be rejected
for the same reason as led to the rejection of similar factors from
the differential equation. As the differential equation cannot be
resolved into simpler equations of a lower degree, the algebraical
equation is not so resoluble; if it were, to cach algebraical equation
of lower degree there would be a corresponding differential equation
of lower degree—a result excluded by hypothesis. And the reason
that m constants connected by m — 1 relations are inserted instead
of a single constant is this; the equation in the latter case would
be the same as that derived from the former with all the constants
eliminated except one, and as this climination would usually
imply operations (such as squaring) which introduce equations
other than that wanted, the result would be that the final equa-
tion would represent more than the single equation desired. For
example, suppose that by any process an integral is obtained in

the form
{#*+ 12— a (wcos a + y sin @)} = a? (@* + y*),
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or, changing to algebraical constants,
{2+ y*—a(lz +my)P=a*(2®+ 37,
with the condition
+mr=1;
then the equivalent equation containing one of these constants,
as m, alone would represent not only this equation but also

{2* + 2 — a (= lz+my)}* = a*(2®+ 3?),
with the same limiting condition, and therefore would not be
equivalent solely to the first of these.

Further, there are n curves passing through every point in the
plane; hence the equation =0, with the m — 1 equations between
the constants, must give at every point n sets of values for these
constants. Lect the aggregate of the constants be denoted by ¢, so
that for any point in the plane ¢ will have n values.

24. Consider now the formation of the differential equation
from the primitive
f(zy,¢)=0.

It is obtained by eliminating the constants between the m—1
relations, this equation, and the cquation
o [ Udy_,
oz Oydz
But suppose the quantities ¢ replaced by functions of x; the
deduction of the differential equation will proceed as before, except
that for the last equation we must substitute

of  Of dy  ofdo _
wtiyantocds™ "

The result will be actually the same as before, if

afﬂlf_o
ocdz
To satisfy this equation we must have either de zero, which

dx
leaves ¢ constant; or ¢ must be determined by

o _
= =0.

Let the value of ¢ so determined be substituted in the function f.
We may thus in general, as a possible solution of the same
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differential equation, equate to zero the discriminant of f with
regard to ¢; let this be written

Disct, f(z,y,¢) =0.

25. This locus is the locus of all points in the plane at which
the parametric constants ¢ have two or more equal values. In it
there will therefore be included the following :—

(1) the locus of all the nodal points (double, treble, ete.) of the
system of curves; for at such a point there are as many values of ¢
equal to each other as there are branches through the point, since
the branches belong to the same curve;

(i) the locus of all the cusps of the system, for similar
reasons;

(1i1) the envelope of the system of curves, which may be either a
single curve or several curves; for any point on the envelope may
be considered as belonging to two separate but consecutive curves
of the system, the constants of these consecutive curves being ulti-
mately equal. [In the case, when the envelope can be decomposed
into several curves, it may happen that one of these is merely
a particular curve of the system f (x, y, ¢)=0; its equation gives
part of the envelope and a particular curve of the primitive.]

Let these three respectively be called the nodal locus, the
cuspidal locus, and the envelope locus.

Note. The occurrence of the node-locus and the cusp-locus in

the equation
Disct. f(z, y,¢)=0

may be explained as follows.

The coordinates of a node or a cusp on the curve f= 0 satisfy
the equations

oz
let these coordinates be denoted by
X=g(@©), Y==IL()

On the consecutive curve f(z,y, ¢+ dc)=0, the coordinates of
the node or the cusp consecutive to X and ¥ may be denoted
by X +dX, Y+dY; and then, among the three equations to be
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satisfied, we have
f(X+dX, Y+dY, ¢c+dc)=0,
that is, when we include only quantities of the first order,

afolX+ dY+afd ~0.

Taking account of the cquations

9 G
%= =0
which are satisfied by X and Y, we infer that the equation
o _
dc

holds along the node-locus or the cusp-locus. Hence the locus of
all the nodes and the locus of all the cusps of the curves f=0, for
different values of ¢, may be expected to occur in the eliminant of

=0 Yo
that is, in the discriminant.

26. If we now consider the differential equation
bz, y,p)=0

in connection with the system of curves, whose equation constitutes
its general solution, it is evident that the envelope of the system is
a solution of the equation ; for at any point on the envelope (which
is a point on two consccutive curves) the direction of the tangent
is the same as that of the tangent to either of these curves at that
point; and since the differential equation is satistied by the quanti-
ties, which are connected with the clement of the system of curves,
it must be satisfied by these (unaltered) quantitics, which are con-
nected with the element of the envelope.

But the nodal locus is not a solution of the equation; if it
were, the differential equation would, for the values of # and y at
any node, be satisfied by the corresponding value of p at this point
on the nodal locus. Remembering that the nodal locus is formed
by a serics of points on our system of curves, we know that the
values of p at any such point which satisfy the differential equation
are those given by that curve of the system which passes through
the point. But as the tangent to the nodal locus at such a point
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will not in general be a tangent to any of the branches of the curve
of the system at the point, it follows that the value of p for the
nodal locus differs from those values of p for the curve of the system,
which satisfy the equation when substituted in it with the coordi-
nates of the point. And it would only be by accident that the
value of p for the nodal locus could coincide with any of the re-
maining values of p, which do not belong to the curve on which
the node lies, but are furnished by other curves of the system
through that point. Hence the value of p for the nodal locus at
the point will usually be such as not to satisfy the difterential
equation ; and the nodal locus will therefore, in general, not be a
solution of the differential equation.

Exactly similar considerations, applied to the cuspidal locus,
lead to a similar conclusion :—the cuspidal locus, in general, is not
a solution of the differential equation.

27. Now the envclope of the system can be derived from a
knowledge of the differential equation alone, i.e. without a know-
ledge of the primitive. At any point on the envelope, at least two
of the branches of the different curves coincide in direction ; and
therefore for such a point we shall have equal values of p belonging
to different but consecutive curves.

If now we express the condition that two values of p shall be
equal, by means of the equation

and eliminate p between this and the original ditferential equation
(in fact, if we equate the discriminant of ¢ to zero), then the locus
Disct,, ¢ (z, y, p)=0

will be one at points along which two values of p will be equal, and
will obviously include the envelope.

But, besides including the envelope, this equation will also give
the locus of all points

(1) at which two branches of the same curve touch, i.e. will give
all the cusps; this locus, as before, is the cuspidal locus;

(i1) at which two curves which are different but not consecutive
touch ; this locus is called a tac-locus. Thus, for instance, if we
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have two infinite series of concentric circles one round each of two
points, the straight line joining the centres (and produced both
ways) is the locus of points of contact of two circles, one belonging
to each system.

As before, the cuspidal locus is rejected, not being a solution
in general ; and reasoning, exactly similar to that which led to the
rejection of the nodal locus, indicates that the tac-locus is not a
solution in general,

Hence, of all these loci, the only solution of the differential
equation is the envelope-locus; and this, and this alone, we call the
“Singular Solution” of the differential equation. Either method of
obtaining the envelope-locus may introduce some of the other loci
which have just been shewn not to be solutions; and therefore in
any particular case, unless the equation derived obviously represents
the envelope and nothing but the envelope, it is nccessary to try
whether the result satisfies the differential equation. Should it not
do so, it may happen that the integral equation can be resolved
into others that are simpler, and one or more than one of them
may satisfy the equation; these will then constitute the Singular
Solution. And those resolved parts which do not satisfy the diffe-
rential equation will be found to be loci, which according to the
principles above explained ought to be rejected.

It may be added that the locus, obtained by equating the
c-discriminant to zero, contains the envelope-locus as a factor
once, the node-locus twice, and the cusp-locus thrice; and that
the locus, obtained by equating the p-discriminant to zero, con-

ains the envelope-locus as a factor once, the cusp-locus once,
and the tac-locus twice® The results are often expressed in the
forms

Disct, f (=, y, ¢) = EN?C?,

Disct, ¢ (2, y, p) = ET3C.

28. We can assign an analytical condition that the relation,
obtained by the elimination of p between

—o, %_
¢"‘O) ap_o)

* Cavley, Mess. of Math., vol. 11. (1873), pp. 11, 12, vol. xm. (1883), p. 8, Coll.
Math. Papers, vol. v, pp. 533, 534; M. J. M. Hill, Proc. Lond. Math. Soc., vol. x1x.
(1888), pp. 561—589. Cayley inferred the results from geometrical considerations;
an analytical proof is given by Hill,
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should provide a solution of the equation, which of course will be
a singular solution.

Imagine the second equation solved, so as to express p in terms
of z and y; and let the value so obtained be substituted in ¢, so
that it becomes ¢’. The equation then is

¢'=0.
If this equation provides a solution of the differential equation, it
must lead to the appropriate value of p which, in that case, will be
the value that was substituted in ¢. Now the value of p arising
through ¢’ is given by
P

oz a Y p 03
moreover,
' =¢
so that
op' b _0p  0¢  dpg
oz +20 aJ 8x+ 8y+da:8p
9
6&: +p ay’
0 .
because = 0. Hence p is given by
op 09
3 TPy =0

and this value of » is to agree with the value deduced from

g%’ = 0 and substituted in ¢ =0, which by hypothesis then provided

a solution of the differential equation. Accordingly, we infer that,

if a singular solution of the equation ¢ (z, y, p) =0 ewists, it must
stmultaneously satisfy the equations

0 o ¢

¢=0, o 0, 5 T =

If, however, the value of p be infinite, the last equation requires

that %—z should be zero. In that case, the best method of testing

the character of the equation resulting from the elimination of p is
actually to try whether it does provide a solution of the differential
equation.
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29. It is to be understood that an irreducible differential
equation has not necessarily a singular solution. Thus let the
discriminant with regard to p of

¢ (2,9, p)=0
be denoted by U, where U is a function of the variable coefficients
of p in this equation, and suppose that U cannot be resolved into
simple factors.

If the equation U =0 be a solution of the differential equation,
then the value of p is given by

oU oU
= p 0,
and we must have the equation
oU
0
${ my.—5p |=0
0y

satisfied for values of # and y connected by U=0. In other
words, there must be a relation between the coefficients of p in ¢
and their differential coefficients with regard to « and y; but this
will not in general be the case.

If we consider in particular the equation of the second degree

in the form
Lp*+2Mp +N=0,
then the singular solution, when one exists, is 8 =0, where S is
either LN — M? or a factor of this, In general, LN — M2 cannot
be resolved into factors; and it is not itself a solution, unless
oS oS o8
L (a—i) —ory ay+N(8y) =0,

where LN = M?; and these in general would be two independent
simultaneous equations determining 2 and y as constant quan-
tities. Yet, from what we have seen, the primitive of the differential
equation is of the form

L+2Mc+ N =0.
This equation may possess a general envelope; if it does, the
envelope is contained in

L'N' —M"?=0,
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and it is a singular solution of the differential equation. If the
integral equation does not possess an envelope, (and it does not
always possess such an envelope even when it is an algebraic
equation*), then there is no singular solution.

In fact, the exceptions in the first case—when the differential
equation has a singular solution—are the exceptions in the second
case—when the integral equation represents a family of curves with
a genuine envelope.

The theory of singular solutions of differential equations of the first order,
as at present accepted, was first given by Cayley, Mess. of Math., vol. 11. (1873),
pp. 6—12, Coll. Math. Papers, vol. viiL pp. 529—534; and an important
memoir was independently published by Darboux about the same time, Bull.
des Sc. Maith., vol. 1v. (1873), pp. 158—176. Many mecmoirs dealing with the
subject have since been written; it will be sufficient to mention those by
Workman, Quart. Journ., vol. Xx11. (1887), pp. 175—198, 308—324; M. J. M.
Hill, Lond. Math. Soc. Proc., vol. X1x. (1888), pp. 561—589; Chrystal, Trans.
R. 8. E., vol. xxxvI1IL (1897), pp. 803—824; and to refer to author’s T%eory of
Differential Equations, vol. 11., ch. viiL., for an analytical discussion of the
subject and, in particular, for an exposition of Hamburger’s method of
treatment.

We now proceed to consider some examples of the general
theory.

In the case of each example, the corresponding figure should be drawn.

Ez. 1. Solve P +p(z=y)—2=0.

The condition that p should have equal values is

(x—3/)2+41’.7=0,
ie. (z+y)*=0,
or y=—z,
which is not a solution. Now the equation may be written
(p-1) (py+)=0,
the solutions of which are
y—x=c and yi+a?=c.

The different curves represented are obvious,

This is an example of the remark (§ 22) that, if the equation be reducible
to linear and rational factors, it has no singular solution.

Ex. 2. Solve  p%?costa—2pzy sin?a+y?—x*sin2a=0.

The condition that p should have equal values is

z?%y?sinta=y2 cos?a (y%— #? sin?a),

* As to this result, see the memoir by Chrystal, pp. 819, 820, quated below.
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that is, (#?sin®a — y* cos?a) y2=0,
so that y=0,
and y=ztxtana.

The primitive is
22+ y% - 2+ ¢ cos?a=0;

and the condition that ¢ should have equal values is
2%=(z%+y*) cosa,
or Y= *xtana.

The curves represented are a series of circles; their envelope is the two
straight lines y = + # tanq, which constitute the singular solution.

The line y=0 is a tac-locus.

It is easy to verify that the lines y= +a tana satisfy the tests in § 28, so
that they constitute a solution of the equation,

Ex. 3. Solve 4p’z(v—a)(x—b)= (322 — 2 (a+b) +abi2,

The condition that p should have equal valucs is

2 (x—a)(x—0) {342 — 22 (a+b)+ab}2=0,

The primitive is

G +e)y=2z(z-a)(z-b);
and the condition that ¢ shall have equal values is
2 (v—a)(z—0)=0.

The differential equation is satisfied by =0, #=a, £=>0 (and the cor-
responding infinite values of p); and these are singular solutions. The
remaining factor in the p-discriminant gives

3.v=a+bi(a"--ab+b‘~’)i;
and these lines are tac-loci.

The cubic curve =z (z —a)(z-0b),

(0 <a<b) consists of an oval cutting the axis of x at the origin and at a
distance a, and of a curve like a parabola cutting the axis of # at a distance b;
the tangents at all these points are parallel to the axis of y. The system
of curves is obtained by moving the cubic curve parallel to the axis of .
The straight lines #=0, r=aqa, £=>, are envelopes of the system; the line
3r=a+b—(a?—ab+ b“’))" is a tac-locus of real points of contact; the line

3v=a+b+(a?—ad+ bz)’) is a tac-locus of imaginary points of contact.

7. 4. In the foregoing, make a=b; and remove (see § 22) the factor
(x=a)% The differential equation is
4rp?=(3r—a)*;
the condition that p should have equal values is
z (32 =a)?=0.
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The integral equation is
G+e)lP=z(z~a),
and the condition that ¢ should have equal values is
z (z—a)?=0.

Common to these we have #=0, which (with the corresponding infinite
value of p)is a solution of the equation, and therefore a singular solution.
Every curve of the system has a double point; the locus of these is z=a,
which is a nodal locus; the line x=3}a is a tac-locus.

Ex. 5. In the foregoing, let ¢=0 and remove the factor . The differential
equation is

4p*=9zr;
the condition that p should have equal values is
xz=0.
The primitive is
(+op=2
and the condition that ¢ should have equal values is
23=0.

The differential equation is not satisfied by 2=0 (with the corresponding
infinite value of p).
+ The curve y2=u23 is the semi-cubical parabola having a cusp at the origin;
and the system is obtained by moving the curve parallel to the axis of y, so
that =0 is the locus of cusps, and therefore is not a singular solution.

‘/Ex. 6. PP—4xyp+8y?=0;
the condition that p shall have equal values is
Y-y a%yP=0.
y=c(z—c)?

and the condition that ¢ shall have equal values is obtained by eliminating ¢
between this and

The primitive is

(z—c)(x-3c)=0,
so that either

y=0 or y=g4a3,
agreeing with the former. Both of these satisfy the differential equation.
The first of them is a particular solution (corresponding to ¢=0), and it there-
fore is both a singular solution and a particular case of the primitive; the
latter is only a singular solution.

\“Ez.7. Obtain the primitives and the singular solutions (where these exist)
of the following equations; and specify the nature of the loci, which are not
solutions but which are obtained with the singular solution.
(a) Zpt=2yp+4z=0;
Primitive 22=c(y—c);
Singular solutions y=1xt2x.
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(8) (2%~ a?) p? — 2zyp — 2?=0;
Primitive 4+ 2cy+at=2?%;
Singular solution r24yt=a?;
Tac-locus r=0.

6% pt=4y (vp—29)*;
Primitive y=c*(x—c)?;
Singular solution zt—16y=0;
Singular solution, also particular,

y=0.

(®) Zyp?+(2? - y* - b%) p— 2y =0;

() A=y p*=1;

© PP(l-a)=1-g%

() (bz—ay)* (b*+a’p?)=c*(b+ap)™.

Further examples occur in the paper by Cayley, Mess. of Math., vol. VI
(1877), pp. 23—27, Coll. Math. Papers, vol. x. pp. 19—23: and in one by
J. W. L. Glaisher, Mess. of Math., vol. X11. (1882), pp. 1—14.

PrixcipPLE oF DuaALITY.

30. There exists in ordinary differcntial equations a duality,
in virtue of which each equation is connected with some other
equation of the same order by relations of a perfectly reciprocal
character. We shall consider here only equations of the first
order.

We take a new dependent variable Y given by

Y=pz—y,
and we have
dY =pdz+ adp—dy
= zdp.

We take p as our new independent variable, and we write it X for
symmetry, so that

X =p;
and then we have
ay _d¥ o,
T dp dX 7T
With these relations, we have
Yy=pz—y
=PX-7,

so that the relations between the variables are reciprocal.
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If now we have an equation of the form
¢ (z 9, p)=0,
the above relations transform it to
¢ (P, PX—Y,X)=0.
When the integral of either of these is known, the integral of the

other can generally be deduced by a process of algebraical elimina-
tion. Thus let an integral of the second be given in the form

F(X, Y)=0.
Then we have
f  pf _
that is,
of o _,.
and
0 0
—y5{7=(Y—pw)a—{7
_v of
"Ya'Y"'XaX‘

The elimination of X and Y betwcen these three equations will
leave an equation between « and y, which will be a solution of

¢ (2,y,p)=0.

Note. The preceding process of constructing one differential
equation from another is the analytical equivalent of the geometrical
construction of a polar reciprocal of a curve.

Let a curve C be drawn ; a tangent to it at a point #, y is
n-y=p(E-a),
where £ and 7 are current coordinates. Let the pole of this tangent,
taken with respect to the parabola £— 27 =0, be X, ¥; then its
equation is
XE—-n-Y=0.
As the two equations are the same, we have
X=p, Y=pr—y.
The locus of X, ¥ 'is a curve C’, the polar reciprocal of C'; and C

is known to be the polar reciprocal of C”, that is, the locus of the
poles of the tangents to C’, taken with respect to the parabola.
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Thus the point z, y on C is the pole of the tangent to O at the
point X, Y'; by a similar process, we should find
z=P, y=PX-Y.
These are the relations* used in the analysis connected with the
differential equation.
Ez.1. Solve the equation
(y=pz) =Y.
Effecting the transformation determined by
pz-y=Y, p=X, x=P,

we have the equation in the form

—YP=PX-7%,
that is,
Y
P=v+x
Writing Y= VX, we have
av V - V2
el A
and therefore
1,1 dX
(T,+ 7,) av+ % =o.
Hence log V- —{—,+ log X =const.,

that is,
(X, Y)=log ¥~ ‘}—Y,= const.

Thus we have

and therefore

Ve

=yry YSTXFv
Thus

: X 1
Y = —‘Z., ‘)—7=;’— 1 H
so that, as
log¥ - X =const,
Y 2]
we have
N1 42 .

log (-—x) x+1—const.,

and therefore

y=azxe®
is the primitive of the original equation.

* These relations are the simplest instance of what are called contact (or
tangential) transformations.
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Ez. 2. Integrate the equations
(i) @-pz)r=cy,
where ¢ is a constant
(i) @-p2)(py+y-pz)=p.
MISCELLANEOUS EXAMPLES,

1. Solve the equations:

(i) y-zp=2+yp; (i) a(zp+2y)=wyp;

(iil) 2?+y=p*; (iv) p*+2zp=y;

(v) my—nzp=yp*; (vi) pP=y*(y+xp);

(vil) pP+at=azp; (viii) 2%p*+2%yp+a®=0;

(ix) az®yp+y=2xp; (x) P*+2ypcotz=yz%;

(xi) y-2ep=F(ap?); (i) 22— (2= ayp);

(xiii) (L—p)2—e~W=ple~2; (xiv) (nw+yp)t=(1+p? (y*+nz?);

(xv) (L+6y2-3a%y) p=3uyi-a?; (xn)) y=a{p+(1+pt};

(xvii) ay+brp=amy"(cy+exp);
(xviil) yp (22+y%+a?) + 2 (22+y%—a?)=0;

(xix) (zp -y>2=p2—2% p+1; (xx) (@p-yF=a(l+p) (@+y2)t;
(xxi) (@+at)d pry=(a2+at)t -z .

(xxil) y=pa+(L+p)E b (224973

Y pysin?)y=(ysin? —zcos? ) zp;

(xxiii) (x cos °~ +ysin x) Y (y sin'>—x cosx> zp;
(xxiv) (By+22t+ay+ 1)y + (@Y -2y -2y +1) ap=0;

(xxv) {(2%—y?)sina+2zycosa—y (v2+ ‘1/2)5} P
=2y sin a — (2% —-y?) cos a + 2 (3 +y2).
2. Shew that, if

1 1
u=1+A1.z'+2—l Agl‘g'*‘ﬂ A3$3+-..,

where the quantities 4 are connected by the relation
Ay=md,y_ =3 (m—=1)(m—2)A4,,_3,
then log{u(l-2)}=42+}2%
3. Integrate the equation
cos 6 (cos § —sin asin @) df +cos ¢ (cos ¢ —sin a sin §) dp=0.

Shew that, if the arbitrary constant be determined by the condition that
the equation must be satisfied by the values (0, ) of (6, ¢), the equation is
satisfied by putting 6+ ¢p=a.
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4, Prove that, if the differential equation
cydz —(y+a+bz)dy—nzx (xdy—ydz)=0
be transformed into an equation between % and x by the substitution
u(y+a+bz+nr?)=y (c+nz),
then the variables are separable; and reduce the equation to the form

dv _ dz
YONYE))
by the further substitution v=au+p, a and 3 being suitably determined.

(Euler.)
5. Reduce the equation
axyp?+(a? - ay®—b) p—zy=0
to Clairaut’s form; and hence solve the equation.
Solve the equation
z+y=1

dz+dy =0

z Y
a%+ﬁ "17‘/‘*‘7
where a+8+y=0.

6. Shew that, if 7, and y, be solutions of the equation

d;
d_I.Z + P, y= Qa
where P and @ are functions of & alone, and y;=y,2, then
Q

z=ltae J0: ™,
where a is an arbitrary constant.
7. Prove that the variables in the equation

@ (o+p)+a) 2L my (oty)+22

may be separated by the substitution x=u+v and y=~4u—v, provided % be
properly chosen; and integrate the equation.
8. Shew that the equations
y—ap=a(y*+p) and y-ap=>b(l+2%p)
are derivable from a common primitive, and determine it.
Are the pair
z+p(1+p) " d=a and y-(1+p) " 3=b
8o derivable? Also the pair
yp=ar and y?(1-p?)=>b1
9. Integrate the differential equation

#{ay’ +(ay +b0P}+y 2 (bes 4 (ay + b} =0.

A tangent to a curve at any point P cuts the tangent and the normal at a
fixed point O in the points M and W, and the rectangle OM P’V is completed.



52 MISCELLANEOUS EXAMPLES [cHAP. 1T

Find the curve which is such that the triangle formed by the tangents at any
three points P, @, R is equal to the triangle formed by the corresponding
points P', @, R'.

10. Determine the system of curves which satisfy the differential equation
dz {1+ +ng}+dy {(1+y9)} +na}=0;
and shew that the curve, which passes through the point #=0 and y=n»,
contains as part of itself the conic
22+ y2 422y (1 +n)h=n2,
11. Integrate the equation
2y _a-bz-yp
a' b atbatyp’
and examine the nature of the solution

12. Discuss the question whether y=0 is a particular solution or a
singular solution of the equation

(e
13. Obtain, and interpret, the primitive and the singular solution (if there
be one) of each of the equations
) pP+pp=aly+pz); (1) 2p’-Zyp+a+2y=0;
(iii) y(1+p%)=22p; (iv) PP=y+1)(p~-9)
14. Prove that, if a locus of points of inflexion can be obtained from the

integral family of curves of the equation ¢ (, y, p)=0, it will be included in
the result obtained by the elimination of p between the equations

_o 9, 0%
$=0, PP +p e

Discuss the solution of the equation
(4p+ 22+ 23)t=(1+22) (16y + 422+ 2%).

=0.

(Darboux.)
15. Obtain the primitive of the differential equation

a

2y xp+p.
Shew that exactly the same equation is obtained by expressing the con-
dition that p should have equal values in the differential equation as by
expressing the condition that ¢ (the arbitrary constant) should have equal
values in the primitive; and determine the geometrical meaning of this
equation. Is it a singular solution ?
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16. The primitive of the differential equation
(22°+1) PP+ (2*+ 22y +3*+2) p+2y° +1=0

is +ec(x+y)+1—2y=0. Verify this; and obtain the singular solution both
from the equation in p and from the equation in ¢, explaining the geometrical
significance of the irrelevant factors that present themselves.

17. Shew that the solution of the equation
a?yp?—4ap+y=0
is ¢4 2cx (3ay? - 8x%) - 3x%atyt 4 alyP=0,
Is 22= + ay a singular solution ?

Trace the curve and the locus given by the equation independent of an
arbitrary constant. (Woolsey Johnson.)

SUPPLEMENTARY NOTE:

RUNGE'S METHOD FOR THE NUMERICAL SOLUTION OF
DIFFERENTIAL EQUATIONS.

It is not always possible to obtain the explicit expression for
a quantity y as defined by a differential equation even of the
first order. Cases arise in which the quadratures required do
not belong to known forms; cases occur in which reduction to
quadratures is not possible, that is to say, the equation cannot be
solved analytically in simple forms.

There is, however, a convenience, particularly for numerical
problems, in being able to assign a numerical solution; and a
method has been devised by Runge* which is effective for this
purpose. The following account of Runge’s method relates only
to insoluble differential equations of the first order; reference
should be made to his memoir for applications to equations of
higher order. Briefly stated, the question may be propounded in
the form: :

A quantity y is defined by the differential equation

% =f(‘7"’ 3/),

and it is subject to the condition that y =b, when 2 =a; what is
the value of y, when 2 =c¢?

* Mathematische Annalen, t. xLvi. (1895), pp. 167—178,
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For the purpose of the question, it is assumed that «, b, ¢, are
real; that ¢ is greater than a; and that f(z, y) remains finite
throughout. As a matter of fact, we take f(«, y) to be not greater
than 1 numerically: if at any stage the value of f(z, y) is greater
than 1, we deal with the equation

(.?ic=_l_~_—_- (a; )
dy “F@y) Y2

which satisfies the assumption made.

The range between a and ¢ is divided into portions, not
necessarily equal to one another; if b denote one of these portions,
the governing consideration is that the approximation shall be
accurate to quantities of the order A inclusive. According to the
degree of accuracy required, we shall have an indication of the
extent of the portions.

For brevity, write
famp L iy, L famp L remp Zrwmp, L y)
)ylax Jy’axQ 7?/’83/ )ysayz ;y;away :f’/:
=f0) .ﬁ; fil) ,f27 f22) ﬁz:

respectively, when # is made equal to @ and y to b after the
differentiations are affected. Let

ki=f(a+3%h b+3fh)h;
k2= % (lcl + kll’)’

¥ =f;h,

K =f(a+hb+k)h,
K" =f(a+hb+x")h

and let

where

Then, expanding and rejecting powers of & beyond 4%, we have

ki=fih + 3 (L +ff) B+ 3 (fu+ Yofat oS B+ oo,

ke=foh + $(A+SSIN+ E { fut 2fofua+ ffu + 26 (A S+

Let the value of y when #=a + & be denoted by b +%; then, if
k=ah + Jagh® + §ash® + ...,
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we must have
a, + ah + Fah? + ...
=f(a+h b+k)
—fot bk Rt} (o + 2o+ R+ ..
=fo+ h(fit af) + 40 (aofot fu+ 20 frot @t fm) + ...
Consequently

= fo;
a=f+fofo
@ =fu + 2o fro + f S + o (L +fi12),
which are the initial coefficients in the accurate value* of k.
From the expressions for %, and k,, we have
k= %k + 3k,
=+ 3 (=),
accurately as far as quantitics of the order A* inclusive.
When we write k£ in the form
3K+ 4k + K",
the approximation takes the form stated in Simpson’s rule+-.

Having now obtained b + % as the value of y, which is associated
with @ + & as the value of # to the required degree of approxima-
tion, we can take a + h and b + k as initial values of the variables
for the next portion of the range of variation of #: and obtain a
final value b+ % + &’ of y which is associated with the final value
a+h+ 1 of  to the same degree of approximation as before.
We thus proceed from portion to portion of the range until the
ultimate value of z is attained.

Ez. 1. A solution of the equation
dy _yi-2z
dz~ y+x
is to satisfy the condition that y=1 when #=0; find its value when z#=4.
For the sake of illustration, the range from =0 to x="5 will be divided
into two portions: from #=0 to #="2, and from x="2 to x="5.

For the first portion of the range, we have
a=0, b=1, k=2, fo=1

* It would, of course, be possible to use this expansion to calculate % ; but the
calculations are long, and might be intricate. They are avoided by the adoption of
Runge’s result.

+ Lamb, Infinitesimal Calculus (2nd ed.), pp. 260, 277 ; in this connection, see
Runge, p. 168 of the memoir quoted on p. 53. ’
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Thus
k=1, 11)x2
101
= 2Xm= 154.
Also
¥=2;
d ol . o) o 1.44-'4_0 .
F'=f(2 12)x 2= 2x1_44+.2— 127 ;
N (9 1197V L210= 4 _ x0o.
fla+h b+&)=£(2,1 127)—1_270_*_.2— 592 ;
ko=3 (K +£7)
=32 {fo+f(a+h, 0+E")}
='1x1-5692="159.
Here
%!' (k2" ky)="002,

and therefore
k=/€1 +%‘ (kg— ]C1)= *156.
Consequently
y=1156, x="2,

are simultaneous values for the solution determined by
y=1, z=0.

The calculations in the second stage are similar to those which precede:
only the results will be stated. We have

a=2, b=1156, h='3;
ky="135;
¥ =183,
¥ =104,
¥ =085,

k2= *134.
Hence we have
k=-135;

and therefore the value of y, when z="5, is given by
y=1156+°135
=1291,
with a possible error of one unit in the third place of decimals.
Ezx. 2. Apply the process to the equation
ay_y-=z

dr  y+=x

for a solution which is 1 when »=0; and prove that y=1-499 when z=1
(It is convenient to divide the range into three portions 0 to -2, ‘2 to "5, an-
5 to 1.)

Integrate the equation; and compare the result obtained by the numerical
process with the accurate value. (Bunge.)



CHAPTER III

THE GENERAL LINEAR DIFFERENTIAL EQUATION WITH
CONSTANT COEFFICIENTS

Preliminary Formule.

31. Before proceeding to the discussion of the linear equation
of the nt® order with constant coefficients, it is convenient to for-
mulate and prove certain theorems in differentiation and integra-
tion, which will be required in that discussion.

Let D stand for (% ; D for Zld?:; and so on. Then this symbol
D obviously is subject to the fundamental laws of algebra; for
evidently

@Dr+DYu=(D"+Dr)u;
Dr.Dry=Dm, Dru= Dy,
D (u+v)=Du+ Dv.

It is necessary to deal with negative indices; thus if we have

Du=v,
and if, after the algebraical analogy, we write
u= D1y,
we have v=Du=D.Dy,
so that D.D=1.

Thus D! represents such an operation on any quantity that,
if the operation represented by D be subsequently performed, the
quantity is left unaltered. It at once follows that these symbols
with negative indices also follow the laws of algebra; and an
operation with a negative index is equivalent to an integration.
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But 1t is important to point out that the special object of these
inverse operations is to find an integral but not the complete
integral ; and the arbitrary constant which arises in integration is
therefore omitted.

In what follows, 4 denotes a functional symbol; and +r ()
everywhere denotes a rational function of # which can be ex-
panded in ascending or descending integral powers (or both) of
the variable.

32. Theorem I.
Y (D) e = (a)e®.

For, since D stands for 4 ,
dz
De = ae®.
When each side is operated on with D, the equation becomes
D1, De* = aD e,
or transposing the sides of the equation and dividing by a, we have
D 9% = q~1e0%,
Repeating these operations, we obtain the equations
Drear = gn eax’
Dmeaz — g—megazx,

Now as 4 is a rational function which can be expanded in
powers, we may write
v(D)ew=[A,+A,D+...+ A, D"+ ...+ BD + B,D™*+ ... ] &**

=[4o+ 410 +... + 40" + ...+ Bia™ + B,a™? +...]e*®
=1 (a) e
83. Theorem II. If X denote any function whatever of z, then
Y (D) {e X} = e (D +a) X.
A single operation with D gives
Di{e»X}=e¢*(D+a)kX,
from which, if both sides be multiplied by e~%%, we have
(e De) X =(D+a) X,
so that the effect of operating on X with e~9¥De%* is to give D+a
operating on X. Let the operation be repeated ; then
(¢7%* De*) (¢7** De**) X = (D +a)(D + a) X,
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or (e D*e**) X =(D+ a)X.
Operate again with e~ De?®: then
(e7%% De**) (¢ D*e¢**) X =(D +a)(D+a) X,
or (7= D*¢) X =(D +a) X,
and so on. If the operation be performed n times, the resulting
equation will be

(e Dre**) X =(D+a)* X,
which, multiplied by e?, gives
D e X} =% (D + a)* X,
where n denotes a positive integer.
Consider now the case of negative indices; write
D+ayX =X,
so that X=(D+a)"X,.
Then the result just obtained may be written
Dre=(D+a)™ X, =e*X,.
Operate on each side with D=": the result is
e*(D+a)y™X,=D"e® X,.
Now no limitations were assigned to the form of X and there

are therefore none on that of X,, which can thus represent any
function of #; denoting it therefore by X, we have
D (e X}=e*(D+ a)™X.
Let 4+ (D) be expanded in integral powers of D, positive and
negative (if necessary); and let e®* X be operated on by these
integral powers in succession, the equivalent values derived from

the foregoing equations being substituted and the terms collected
as before ; then the result is

¥ (D) e X} ==y (D+a) X.
Corollary. If we write
e X =Y,
so that Y is a function of z, then
¥ (D) Y=ewy (D +a) { Yoo,
a theorem which is useful. For example, let it be required to find
a particular value of y to satisfy the equation

dy _
a‘z-i-ky-— V.
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With the notation adopted, this will be

1
v=psx"
1 -
= kTl
or choosing a so that a + & =0, this is
y=e"‘"% Ve

= k= f Vet dam,

34. Theorem III. If + (x) be an even function of z, say ¢ (2?),
then
Y (D)sin (az + @) = ¢ (— a?) sin (az + a).
For Desin (ex + a) =(— a?)sin (az + a) ;
and the theorem follows as before.

Corollary. If yr (z) be not an even function of z, it can be

expressed in the form
¢ (2*) + 2y (o)
where ¢ and x are even functions of #; in this case,
VY (D) sin (az +a) = {¢p (D*) + Dy (D?)} sin (az + a)
= ¢ (— @) sin (az + a) + ay (— a?) cos (az + ).

If the function to be operated upon be the cosine instead of the

sine, the corresponding changes are obvious.

85. Theorem IV. This is really an extension of Leibnitz’s
theorem for the successive differentiation of the product of two
quantities whose differential coefficients are known.

If  (x) as before denote any rational function expansible in
integral powers of z, and ¥ (), ¥"' (), ¥'" (), ... denote its first,
second, third, ... differential coefficients with regard to z, then the
extended theorem is

¥ (D) uv
=uyr (D)v+Du’ (D)v+1—;—?1]r" D)yv + 2—?\1/” D)v+....

The proof depends on Leibnitz’s theorem, and is similar to that
of the preceding propositions.
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The advantage of this theorem arises in cases where one of the
two quantities » and v is a power of z, or is the sum of powers of
«. If, for instance, u= 2", the series on the right-hand side
need only be written as far as the m'® term; and such inverse
operations as are to be carried out will be performed on a single
quantity v.

Ex. Shew that, if
(D+kpy =22V,

where V is a function of # only, ¥ is given by

e-kx(ﬂ//ekzde2—4x///ewdx3+6//[ e"”de‘).

36. Another important operator which sometimes occurs is
d . . . .
@ - o, with the previous notation, «D; and similar thcorems

concerning this can be enunciated.

Let F(2) denote a rational function of z expansible in powers
of z; then in F(2D) we shall have terms of the form (zD)* which

n
means, not 2" a but d z 4 ... operating n times. The rela-

da™’ dz'" dx
tion between these two operators will be obtained immediately (§37).
Theorem I. F(xD)x™=F (m)a™
For («D) 2™ = ma™,
(zD)y2a™ = (2 D) ma™ = m2z™,
and so for all integral powers positive and negative. Hence the
theorem,

Ezx. Prove that, if U be a function of z of the form
A+ Bx+Cx2+ D3+ ...,

1 A4 B ¢ D

then

m U=m+mx+mx2+p(—§)xﬁ+....
Theorem II, F(xzD)a™ V =amF(zD+m) V.
We have zD(am V)=am(zD+m) V,
or (@™.2D.a™)V=(D+m)V,

so that the operators #=™.zD.2z™ and 2D+ m are equivalent.
The course of proof follows lines exactly similar to those for the
corresponding theorem with F (D); and the result is in the
enunciated form.
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87. The relation between the operators D* and «D is given by

the formula
a"D*=zD (xzD—1) (zD-2)...(zD—n+1).

The theorem can be established directly; for if u the subject
of operation be expanded in a series of terms of the form 4,,2™,
the result of operating on this with D* and multiplying by 2" is
zero if m < n, and is

m(m—1)(m=2)...(m—n+1)4,,2™,
if m Z n; but this is also the result of operating with the right-
hand side. Hence the operators are equivalent for each term of u
and so for the sum of all the terms of u, i.e. for u itself.

The theorem can also be established by induction; for suppose
a*"D*u=azD(zD-1) (zD-2)...(eD—=n+1)u,
and write u=(@D—n)v;
then Dry =g Drtry,
andso "t DHy=gD(xD—1) (zD—2)...(xD—n)w.
Now u is any general function ; hence v is also a general function.

The theorem, if true for n, is thus true for n+1; it is obviously
true for the values 1 and 2, and so it is true generally.

SOME PROPERTIES OF THE GENERAL LINEAR
DIFFERENTIAL EQUATION.

38. The general type of linear differential equation of the n*:
order is
dny dn—ly dn—zy
dz™ 1 Jzn—1 dz—2
in which X,, X,, ..., X,, V, are functions of # (or constants) bub
do not contain y; for the sake of shortness, let it be written
O D)y=".

If this equation be integrated step by step so that each
integration reduces the order of the equation by unity, every
time such a reduction is effected an arbitrary constant enters,
and therefore, when ultimately the integral equation is obtained,
n arbitrary constants in all will have entered; or we shall expect

+X + X, 5+ +XW—1Z—Z+Xny=V;
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the primitive of a given linear differential equation to contain
a number of arbitrary constants equal to the order of the
equation.

There are certain properties appertaining to all linear equations
in common which simplify to some extent their integration; the
most important of these are the following.

39. I Let 9 be any particular value of y, which satisfies the
equation; and let
y=n+7Y.
Then substituting this value of y in the equation we have
PD)YY+PD)yn=V.
But, since » is some solution of
eD)yy="V,
the equation now becomes
® (D) Y =0,
so that to solve the original equation we must solve generally this
equation, which is the same as the original equation except that
the right-hand side is now zero. When the primitive of this modified
equation, which will contain » arbitrary constants because it is of
the n** order, has been obtained, it must be added to %; and the
result equated to y will be the primitive of the given equation.
The primitive then consists of two parts:

First, the quantity », which is called the Particular Integral
and is any solution whatever (the simpler the better) of the original
equation ;

Second, the quantity ¥, which is called the Complementary
Function and is the primitive of the equation when the right-hand
side is made zero.

The sum of these two parts is the primitive of the general
equation. If in any particular case the right-hand side should
already be zero, the former of these parts will not occur.

The various methods available for the deduction of the Particular
Integral occur later in § 46. The remaining properties are useful
in the investigation of the Complementary Function.

40. II. If Y=Y, be a solution of the equation
(D) Y =0,
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then ¥'=0C,Y, is also a solution, where C, is a constant; and if

Y, Y, ... » Y, be particular solutions, then
Y=0,Y,+CY,+...... +C. Y,
is also a solution, where C,, C,, ...... , C,,, are constants.
For D) Y=D(D)C,\Y,+D(D)CrY,+...... ,

and each term on the right-hand side is zero. No restriction what-
ever has been laid on the values of the constants C, and they there-
fore are completely arbitrary; the above value of ¥ is thus the
primitive of the simpler equation

O D) Y =0,

and so it is the complementary function in the integral of the
equation
dDyy="V.
Hence the determination of the complementary function is re-
duced to that of particular solutions of the simpler equation.

41, III. If a single particular solution of the simpler equation
be known, the order of the given differential equation can be lowered
by unity.

Let ¥, be a solution of

®(D)Y=0,
and let the substitution of the value ¥z be made in the equation
eD)y=7V;
then, by § 35, the left-hand side becomes
Dz 2 ® Dnz o ®
2®(D) Y, +DzaD i+ 3T 51¢ Y.+... + 5 i Y,

in which the operations g% , ... are derived from @ by temporarily

considering D as a magnitude and obtaining the partial differential
coefficients with regard to D. But

ord

W =nl,

m1d 9l

e =HD+a-11X,

2P n!D (n 11) X1D+(n-—2)!xz,

oD 2] 1
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and so on; hence, re-writing the equation, we obtain

Y\ Drz+ (X, Y, +nDY)) D1z +...... +Dz Y +z20(D)Y,="V.

oD
But by hypothesis
@ (D) ¥, =0,

so that the last term on the left-hand side disappears; the quantity
Y, is supposed known, and therefore all the functions of it on the
left-hand side may be considered known. Let Z be written for Dz;
then the equation becomes

Y, D 24 (XY, +n DY) D= Z+ .. +za

2v.=7,
an equation of order n—1.

Ez. As a corollary prove that, if m particular solutions of the simpler
equation be known, the order of the original differential equation can be
reduced by m.

42. IV. The given equation may be transformed into an
equation, from which the second term (i.e. the term involving the
differential coefficient of order one less than the order of the
equation) is absent.

The substitution of ¥z for y gives, for the coefficient of D1z,
X, Y, +nDY,,

(and up to this point in the last section the assumed value of ¥,

was not used, so that the equation there was perfectly general).

Since the term in D" 1z is to be absent, we now have
X,Y,+nDY,=0,

and therefore

1
logY,=—9—JX1dx,

1
N xds
or Y, =e n-[ 1

3

no arbitrary constant being inserted as the differential equation
remains linear and of the n** order. If this value of Y, be substi-
tuted the differential equation in z is freed from the term in D"z

Of these properties, I. and IL will be immediately useful.

F.D.B. s
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GENERAL LINEAR EQUATION WiTH CONSTANT COEFFICIENTS.

43. If, in the general linear equation, the coefficients of y and
of its differential coefficients be constants, it may be written
dny dn-—ly

dan O g

or say JD)y=7,
in which f(D) is a polynomial function of D alone, and ¥V is any
function of . It has already been proved that the solution of the

equation consists of two parts which can be obtained separately ;
these will be taken in turn.

+...+a,._lil—l%+any= V,

44 To find the Complementary Function.
The complementary function is the primitive of
JS(D)y=0.
Now it has been proved that
S (D)e*=f(a)e™,
so that y = e will be a particular solution of the equation, if a be
such as to make
f(@)=0.

But f(2) is a polynomial function of degree m, and therefore
there are n roots of the equation

f(2)=0.
Let these n roots be a, 8,..., A; then %%, €82,..., €™, are n
particular solutions of the equation

JS(D)y=0;
and the primitive is therefore
y=Ae®+ B+ ... + Ler?,
in which 4, B, ..., L, are n arbitrary constants. This value of y is

the complementary function of the original equation; and, if the
roots be all real and different from one another, it is complete.

If however two roots be equal to one another, say a and B, then
the value of y becomes

y=(4+B)e*+Cer +... + Le*®
=A4,e*+ Cer® +...+ LeM*,
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A, being a single arbitrary constant (equal to the sum of two
arbitrary constants). There are now only n—1 arbitrary constants
in y; and the expression therefore ceases to be the primitive. In
order to obtain the primitive, we may suppose that the roots are
not equal but differ by some quantity A which will ultimately be
made zero; the part depending on the roots a and B will then be

Aea:c+Be(a+h):c
=eaw{A+B(1 +hm+’f2f,°+...)}

—e {4 +B)+ B+ Bh s

As the equations 4 and B are arbitrary, we may assume them
infinite in such a way that, as A approaches zero, Bk is finite and
equal to B,, while 4 and B are of opposite sign and their numerical
difference (or algebraical sum) is finite and equal to 4,; thus the
sum of the two terms 4e** + Bef* becomes

2
em%hfﬂ@+%ﬂ+gﬂ“m>}ﬂm+ﬂmfz

ultimately, when & is made zero.

Similarly, if » roots be equal, the corresponding r terms in the
complementary function will apparently coalesce into a single
term. It is easy to shew, by reasoning similar to that adopted
for the case of two equal roots, that the r terms will be trans-
formed to

e A+ Az + 427 + ... + 4,27,
a denoting the common value of the r equal roots; and the com-
plementary function will then be

y=e2[A,+ Ao+ ...+ A0+ ...+ LM
Again, if the roots be not all real, those which are imaginary
must occur in pairs, when (as is usual) all the coefficients @ in f(2)
are real ; let such a pair be 6+ ¢i*. The corresponding terms of
the complementary function are
e [A'e®t + B'e=*],
which it is sometimes necessary to express in a form free from

* Throughout the book, i will be used to denote /=1, in accordance with
custom.,
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imaginary quantities. If cosines and sines be substituted for the
exponentials, this expression becomes
e {(A’+ B')cos pz + v (A’ — B’) sin ¢pz}.
Since A’ and B’ are arbitrary constants, we may write
A +B =F,
i(4'—B)=G,
and we then have ¥ and @ arbitrary; the corresponding terms in
the complementary function therefore become
€% (I cos ¢z + G sin pz).

Lastly, of an imaginary root be repeated, the conjugate imaginary
root will also be repeated; and the corresponding terms in y will

be
&% O+6i) (AI+Auw)+ez(0-¢i) (BI+B”.’L‘)

Using the same method as before, and writing
A'+ B =F, A"+ B'=F",
1(4'-B)=@, 1(A"-B")=@,
we obtain as the corresponding part of the complementary function
&% {(F+ F'z)cos ¢z + (G + (=) sin dpa}.
Results, analogous to those in the case of multiple repetition

of real roots, are obtained in the case of multiple repetition of
imaginary roots.

45. In some cases of the general linear equation, when the
coefficients are not constants but are some functions of #, a method
somewhat similar to this will apply. Thus, it might happen that,
when for y in the equation

D"+ X, D4+ X, D+ X)) y=0

there is substituted r (m, ), where 4 is a function of definite
form, the resulting equation had a factor independent of z such
as ¢ (m); if this were so, the factor would usually be of the degree
n, and so equated to zero would satisfy the differential equation
and would furnish » values of m which may be denoted by m;,
My, ..., My; the primitive would then be

Y= A Y (my, 2) + A (my, )+ ... + ApYr (Mg, ).
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If two roots were equal, as m, and m,, then writing my=m, + A
we have for the corresponding part of y

(ds+ 499 (m, )+ 14, [ 2 ;:: 0, b om0, ul

or AN (my, )+ B % ¥ (my, z),

on changing the constants and making & ultimately zero as before.
A similar process holds for the case of a multiple repetition of
any root m,. In the case of imaginary roots, the corresponding
parts of y should usually have the constants changed in the
modified expression, so as to leave the latter free from imaginary
symbols.

This process was adopted in the case of constant coefficients,
the special form of 4 used being ¢™*, When the equation is homo-
geneous (§ 55), that is, when it takes the form

" dar? dy
" o doi e Ao g
in which the quantities 4 are constants, the proper form of
yr (see § 36) to be substituted is #™. Occasionally, by a suitable

change of variable, a given equation can be reduced to the above
shape.

+ A,z

+An?/ 0,

dJ dv -

When we substitute y=¢™%, the equation for m is
(m+1) (m+2)=0,
80 that y=Ae*+ Be™ %,

Ez. 1. Solve

a? dy
Ez 2. Solve d—x{- N L+ +p2) y=O.

The equation for m is
(m=2N)24-pu%=0,

so that y=erCcos(pr+a),
or y=er (4 cos pxr+ Bsin px).
Cor. The solution of >
d—zz +p’y=0

is y=24 cos px+ Bsin pz,



70 THE LINEAR EQUATION [cHAP. 11

Ez. 3. Solve Z% - gZ +y=0.
The equation for m is (m=1)*=0,
and therefore y=¢*(A+Bzx).
Ez. 4. Solve dy +2n? =% Zy 5+ niy=0.
dxt dx?

The equation for m is
(mE4n2)2=0,
and the value of y is
(4 + Bz) cos nz+(C+ Dz) sin na.

Ex. 5. Solve 22 -

When we substitute 2™ for y, the equation for m is
m(m—1)+m—1=0,
80 that m=+1 or —1; the value of ¥ is therefore

Ax+§.
x
3
Ez. 6. Solve x3%—3x3d‘y+7x —8y=0.

With the same substitution as in Ex. 5, the equation for m is
m(m—1)(m—2)—3m(m—1)+7m—-8=0,
or m3—6m?+12m —8=0,
giving m=2 thrice. Hence the value of y is
Ax™+ B = -Q—x b+ Caa 5 ™
m being put equal to 2 after differentiation; and thus the integral is
x? {A +B log z+C (log z)%}.

Ex. 7. Solve (a+b.z.)2 +A(a+bx)d/+BJ—0

Let a4 bxr=z; the equation will then be similar in form to the last two.

Ez. 8. Solve
() (D*+5D246)y=0;
(i) (D*+a)y=0;
(iii) (DP—a®)y=0;

. a8y
i) S5=7;
d2
) xzcﬁg+3x d‘/+y 0;

: &
(Vi) (14+aPTh+ (4o d—g+3(1+z)j—i’?-sy=o.
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46. Returning now to the linear equation, in which the co-
efficients of tke differential coefficients of y are constants, it is
necessary to find a Particular Integral of the equation

fD)yy="V,
in which V isa function of . Solving by the method of symbolical
operators, we have

1
I=rmy 7
the evaluation of the right-hand side will furnish a satisfackory
value of y.

In some particular cases the form of ¥V renders evaluation
easy ; we will proceed to mention some of these which occur most
frequently.

I. Let V be a polynomial in «; suppose the highest power
of # in V to be the n**, To find the particular integral, leD—S

must be expanded in ascending powers of D; and, because D+
and operators of a higher order would reduce to zero all the
terms of V, the terms in this expansion beyond D" may be
omitted. Further, if the lowest power of D in f(D) be D, then
the expansion will begin with D—* and it does not need to be
carried on beyond D", i.e. D~*¥*+&+n 5 hence in f(D) all terms of
order higher than D*** may in this case at once be omitted before
expansion.

Ez. 1. Solve (D*—4D+4)y=22
. 1 2
We have y—(Q_D),_,x
1 D D¥], 2* x 3

as the particular integral. The complementary function is ¢* (4 + Bz ; hence
the primitive is
y=e% (A4 Bz)+} (222 + 42 +3).
Ex. 2. Solve (Dt—at)y=2>
The primitive is evidently

y= _§+Ae¢x+Be-“”+ Ccos (az+a).
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Ez. 3. Solve (D*-2DF+ D% y=2a5.
We have y=zm1:—p—)-2.z"
= (1+2D+ 3034410 +5D4+6D) 2%,
terms up to the fifth being retained (§ 46). Now 1+2D+... and Dlz may be

considered separate operators; operating with the former first and remem-
bering that only a particular value is wanted, so that constants need not be

inserted with —;2, the value for y is
rLz 3 2
20-}- B + 32341222

1—; had operated first (or if the second operator had been taken
distributively, each term with 'j}z , 80 as to be

Now if

1.2
DD
then the value for ¥ would have become

+34+4D+5D24+6D3),

x5t 942 ;
20+§+313+12.z + 30x +36.

The primitive is
'y pr 28 ot
y=(A'+B'z)e*+ 4 +Bx+%+—2— +323+1222%

The apparently additional part of the particular integral obtained, when
the operators are taken in the second order, is seen to be included in the
complementary function, since 4 and B are arbitrary constants.

Note 1. 1t is easy to sece that in general not mercly may the terms of an
order higher than D®»** be at once removed from f(D), but also that in the
development of the expanded factor of f(D) all powers of D of an order
higher than D» can be omitted, whatever be the magnitude of 4.

Note 2. In particular, if X be a constant, only the lowest power in f(D)
need be retained.

Ex. 4. Solve
(i) (D*+2D3+3D%2+2D+1)y=1+2+2%;
(i) (D%+D2=D+15) y=a2.

II. This method may be applied to evaluate y, when V is an
exponential, and to simplify the process (by rendering the evalua-
tion more proximate) when V contains an exponential factor. In
either case we may write

V=e*X,
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and then
1 1.
=y Trm X
az 1
=¢ f(1)+a,)X

If X be a constant, the value of 7 is now at once obtainable by the
preceding method. The quantity ¢ may or may not be a root of
f(2)=0. Suppose it to be a root occurring r times, so that for
a single root r=1. If a be not a root, r=0. Then expanding
f(D+ a), we have

FD+ =200 @+ s o @)

in which /® (a) means the u* differential coefficient of f(z) with
respect to z, when a is substituted for z; for 7, we have (by at-
tending to the remark at the end of Ex. 3 on p. 72)

1
y=eax ,T____C!
f“(‘a)Dr

eaz m‘r
f " (a)’
In particular, if » =0, then
C
oM
Ez. 5. Solve (D*+D+1) y=e?=
Here 2 is not a root of 22+2+1=0, and therefore

Ui 1 .
i L
and the primitive is .
4 3,
y=e"§‘”<A cos:}?x+Bsin 3—2‘—Z>+% €%,

Ez. 6. Solve (D*—4D+3) y=2¢%.

1
=o-n@-3)
1
= D79

1
= s

Here 26%%

2=1z6%;

and the primitive is
y =46+ BeS* + 26,
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Ez. 7. Solve (1) (D—a)"y=e¢'=;
(i) (D= 6D+8)y=c=-en

Ez. 8. The voots of the equation f(z)=0 are 7 in number, being
@y, Qg ..., &y ; obtain the particular integral of the equation

F(D)y=en*+e%%+ ... + et
Discuss the case when two of the roots (; and a,) are equal
If X be a polynomial in #, then the quantity
1

e X
J(D+ a)
must be evaluated as before in L
Ex. 9. Solve (D2=-2D+1)y=x2e,
1
Here y= - 1)2x 2632
— 1 2
=32 ([) = 2)2 z

22 x 3
°’%<4 2+8>

"2 r 3
y=(4+ Bz)e*+é° (——§+8)

and the primitive is

Ez. 10. Solve (D - 23 y=a?e?=,

22022

Here Y= (T)——Q):j

1
=¥ V5 zt= ;2P e;
and the primitive is
y=¢* (A + Bx+ Cx?+ 525).
Ez. 11. Solve (i) (D*+D+1)2y=uzc*;
(i) (Di-1)2y=2ax'c®
III. Suppose that V contains a sine or a cosine as a factor, so

that
V=X cos (nz+ a),

in which n and a are constants. Then we have to evaluate

y=](iD-)Xcos(nw+a).
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Let f(D)Xsm(nw+a),
then y+up= 7 (ID) Xeimata)
It now remains to evaluate
femX

which may come under one or other of the given rules. Let its

value be u +14v; then, equating real and imaginary parts, we have
y =ucos (nz+ a)— vsin (nz + a).

In the case when X is a constant and cosnz is not part of the

complementary function, so that in is not a root of f(z)=0, the
evaluation is immediate; for then

1 1
S +1n) X " f@n) C
If, however, cos nz be a part of the complementary function, so
that in is a root occurring r times, then since

J(D+in)= f‘” (w)+ S f"“’ @)+ ...... ,

we have

1 O= Czr
S +in) " f0 ()’
we must separate and equate the real and imaginary parts as
before.

dy
Ex. 12. Solve Gatnly=zcosa.
Th L =——— 2 COS aL
en Y=y
. 1
=real pa.rt of eaxt m2 x
| 2at
T reererencnsnnas d ml<1—ml)>z‘

—_ eaxi ] .Z'_ 2ai
B eiecnaccarcens ni—al (n2 — a2)2

zecosar  2asinaz

T nioad (n2—ad)’
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d?
Ez.13. Solve ‘-E‘z+y=cosx.
1
Then Y= pagy o8
. 1
=real part of ¢* DT+l 1
— 21 1
=i, ZDT D
.z
T reeiiiecnnncnes Tt %
x .
=5 sinz;

and the primitive is
y=Acosz+ Bsinz+ixsinz.

Ez. 14. Solve ¢ (D)y=cosnz,
cos nz not being a part of the complementary function.
Let @ (D) =1 (D*)+ Depa (D?);
1
Y= 8 D)+ D6 (D7)
1
¢1 (=22)+ Dy (—n?
b1 (— ”2> Dy (—n?)
T {1 (= D+ Dby (= 1)} by (= %) = Depy (— )}
_$1(=n*) cos nx+ney (—n?) sin nx
{b1 (=) + 02 {bs (—n?)}?
If, however, cosnr be a part of the complementary function, then the
denominator will vanish and apparently render the particular integral infinite.
But it is merely a part of the complementary function, multiplied by an

infinite constant, which may be absorbed into the arbitrary constant. To
evaluate the particular integral, it would be sufficient to evaluate
1

é1 (D) + Db, (DP)
assigning the infinite part (when % is made zero) to the complementary
function, and retaining the finite part as the particular integral. It is however
better in such cases to use the former method ; in fact, this method is prefer-
able only in the case of examples like that just treated.

Exz. 15, Solve

then cos nr

COS nr

cos nxy

cos (n+k)z,

(1) + y=sinnz (both when 7 is, and when it is not, unity);

(u) a + y=8in22;
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3
+y=e ~42 sin%x;

e A2y
(iii) antay

. dﬂy d' y 2 . - .
(iv) amt -;2+ y=a%cosaz (when ais, and when it is not, unity);

dy

() %+4y=x sin?z;
(vi) (D2+m?¥"y=(1-x)2cosmz;

(vii) (1)2-2D+4)2y=xexcos(3ix+a) ;

dy

(viii) ———2 +43/ e*cosx;

(ix) d——z+n4y=sin)\x+p#-"+x5;
(x) {DV+(m24+n?) D24+m®n2}y=cos} (m+n)zcos (m—n)a;
(xi) dy+y sin sin 4.

Ez. 16. The equation

Z ‘Z 2a 5 &y +bJ ceP*sin (qz +a),

where a, b, ¢, p, 9, a, are constants, is of great importance in dynamics. The
form of the primitive depends, to some extent, upon relations (of equality or
inequality) among the constants. The results, for the various cases, are as
follows.

I. Let b>a? and take b=a?+«2
(i) If pis not equal to @, and ¢ is not equal to k*; or if p=a while ¢?
is not equal to k2 ; or if ¢g?=«? while p is not equal to @ ; the primitive is
y=e" (4 cos kz+ Bsin kx)+¢* (L cos g+ Fsin gz),
where 4 and B are arbitrary constants, and where £ and F are definite
constants given by the equations
E{(p—a)+x?—q¢}+2Fg(p—a)=csina
—-2Eq (p—a)+ F{(p—a)+«i- "’}=ccosa} ’
(ii) If p=a and ¢=x«, so that the equation is
32.?/‘ 2a dy +(a2+ k2) y=ce®*sin (kx+a),
the primitive is
y=e% (A cos kz+ Bsin xx)—gc;xe“”cos(xx+a),
where 4 and B are arbitrary constants.
II. Let b=a?, so that the equation is

ZZ-—M Z‘Z+a2y ceP*sin (g +a).
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(i) If p is not equal to @ and ¢ is not zero; or if p=a while ¢ is not
zero; or if p is not equal to @ while ¢ is zero; then the primitive is
y=(A+Bx)e**+er* (L cos gz + Fsin gz),
where 4 and B are arbitrary constants, and where £ and F are definite
constants given by the equations
E{(p-a)—q¢}+2F9(p—a)=csina
-2E9(P—a)+F{(p-a)”—q2}=ccosa}'
(ii) If p=a and ¢=0, so that the equation is
g;g —2a %*‘ a’y=ce**gin a,
the primitive is
y=(4+ Br+icr’sina)e™,
where 4 and B are arbitrary constants.
III. Let b<a? and take b=a%—p2.
(i) When ¢ is not zero, the primitive is
y=Aela*m24 Belo— w24 er% (G cos gz + H sin gz),
where A and B are arbitrary constants, and where ¢ and H are definite
constants given by the equations

E{(p-ay—p2-g}+2Fy (p-a)=csina
—2A'q(p—a>+F{<p—a>2—m-q2}=ccosa} ’
the form being effective for all values of p.
(ii) When g is zero, the preceding form is effective unless (p—a)?=pu%
(iii) When ¢ is zero and (p - a)?=p? the equation may be taken in the
form

&
LY 20 1 (@ g = o+ =4 hetaw,

covering both the exceptional values of p. The primitive of the equation is
y=Ada+mzy Be(a-#)z+§% {cee* Wz — fela=w)z),
where 4 and B are arbitrary constants.

IV. If V contain a power of # as a factor, so that we may
write
V=2amT,
then for the determination of the particular integral we may use
the extended form (§ 35) of Leibnitz’s theorem.

Thus

__]'__me
Y= 5 D)

e ma{8 1 m(m=1) . (d 1
Sl U T e Tl P oD A
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where the series must be carried to the (m+1)® term; each of
these terms still leaves a quantity to be evaluated which may be
effected by the methods applied to one of the preceding cases; if
it may not, the quantity may be obtained by the next method,
which is of universal application. The success of this general
method depends solely on the solution of an equation (the solution
being requisite to obtain the complementary function) and on the
integration of resulting expressions.

V. Suppose that all the factors, which occur in ¥V and can be
dealt with by one or other of the foregoing methods, have been taken
outside the operator and that the quantity remaining comes under
none of these heads, so that we have to evaluate expressions of

the form
1

——= U,
¥ (D)
Let ‘,’: Dy be expressed in partial fractions, each having for its

denominator a linear factor or a power of a linear factor of yr (D),
the constant quantities occurring not being necessarily real; then
the fractions will be of the form

_An
D =)’
where n is an integer, 4, and a constants, and a a root of Y (2) = 0.
Hence
1 A
U=3 c—
v (D) D = ay*

=2e™® %‘ e U

If imaginary quantities enter into any expression, the conjugate
imaginary quantities will enter into some other; such a pair of ex-
pressions must in general be combined so as to leave no imaginary
quantity in the explicit expression of the particular integral.

‘Ez. 17. Solve (D%*-5D+6) y=log x.

1 11
We have P 5DT6- D=3 D=3’
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Hence the particular integral is

1 1 -
s 3log.z‘— D_2logx=e3’[e 3"log.z'al:):—ez’”/«z"z"log.z‘al.z';
and the complementary function is
Ae* 4 Be3x,
Ex. 18. Let the right-hand side in the preceding example be x logz
instead of log #; then we may either integrate by parts or use the extension
of Leibnitz’s theorem. The latter gives

y=x »—l—logx———l——logx—x log 2+ —— ! log z
=3 (D=3)t D=2 (D—2y 8

D
= ge® e‘“logxdx—e“//e‘“logxdxz—xe‘“/e‘%logxdx+e”//e'2‘°logxdx2.

Ex. 19. Solve

(jy+n3/ U,

where U is a function of z. We have

1

V=prrm¥

1 (1 1
=m {DtTn U-p3am ”}

einx | [Je—inx gy — g—inx | [Jginz s
Zzn

or, changing the variabie under the sign of integration,

y=272/ Ug {ein(@—8) — g=in(@—8) g¢

=1—1f Usinn (z - £) d§,

in which U} is the same function of £ as U is of z.

Note. There is another method of integrating this equation which proceeds
on different lines. Multiply throughout by sinnz; then

d (dy . ot
Z (dx sin . —ny cos nx) = Usinnz,
and therefore

dzx

Similarly, multiplying by cosnz and writing the equation in the corre-
sponding form, we find an integral

dy . L.
—~ sinnw —ny cos ne=—An+ | Ugsinnédf.

% cos nr +ny sin ne=Bn +/x Ut cos ngdé.
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Eliminating Z between these, we obtain

y=A4 cosnz + Bsin nx+;bf Ugsinn (x—§£) d¢,
agreeing with the former result.
Or we may proceed thus. Multiply throughout by e"=#; then

d (dy
Zr <EZ e'"”-mye"‘“) Uen=i,

50 that

Z—% - iny—._—. Ale—nxi_*_[x[jeeni(f—z) df
Similarly

dz

Subtracting the one equation from the other and changing the constants
of integration, we again obtain the original result.

idl+z'ny= B'e’”“,+fac Uge—nili-2d¢,

. diy
Ez. 20. Solve (i) dit 5 + 0%y =x?cos az,

when 2 Z a and when n=a;
oy dP
(i) d—x‘g—-n“’y= U,
where U is any function of «;
2
(iif) %—2y=4z2ez’.
Liz. 21. By means of (iii) in Ex. 20, prove that
JQB"'IZ/m xze“‘"“zdx—\/%_zﬂ/x 22PNy 2,
1 1
7 w2
47. Owing to the close similarity between the linear equation

with constant coefficients and the homogeneous linear equation,
the latter may be dealt with here ; it may be written in the form

n, ll*l
j{{-i-Alx"—‘d "yl+. .+A,._1wdy+11ny v,

where V is a function of # alone and may be a constant C. In
the latter case, the particular integral is at once obtainable; it is
evidently

1
i C.
If the operator z Zi%;be denoted by %, then (§ 37)
- am

=S O =D ¥ =m+1);
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and the differential equation may be written
FO)y=V.
Consider the two points of the primitive separately. The com-
plementary function is the primitive of
F)y=0.
Now we have already seen that
F(Y)ar=F(p)ar.
Hence, if p be so chosen that
F(p)=0,
then a? is a solution of the equation; and if p,, p,, ..., pa, be the
roots of F'(z)=0, the complementary function is
y=A,07 + 42" +...... + A pxPn,
The case of equal roots has been discussed already (§ 45); if
two roots be imaginary and conjugate, say p, and ps, so that
m=a+18, p=a—18,
then the corresponding part of y will be
a* {4, cos (Blog z)+ 4, sin (B log )},
the arbitrary constants having been changed.
Ez. If the imaginary roots a+3 are of multiplicity =, the corresponding
part of the complementary function will be
ze[{4,)+ 47 logz+ A3 (log z)? +... + 4, (logx)*~1} cos (Blog z)
+{By + B, log x4+ B3 (log x)?+...+ B, (log )"~ 1} sin (B log ).

48. The particular integral is the value of

1
oM
The evaluation may be effected in two ways, which are really
equivalent save for the difference in operators employed.

If V either be a power of z, or contain as a factor a power of z,
say 2™, then

1
¥=Frm” T
™ 1
=z

F(S+'m)T'
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In the case when 7' is a constant, the evaluation is easy. If m
be not a root of F(z)=0, then we may expand {F(Y+m)}~? in
ascending powers of % and neglect all but the first term, which is
independent of ¥ and in fact gives

_ Cam
Y=F (m)’

The same method (of expansion) will apply when 7' is a rational

integral function of log«; and since

Ylogz=1,

the expansion does not need to be carried beyond ¥, where n is
the index of the highest power of log # in 7.

If however m be a root of multiplicity » for F'(z)=0, then

=— (r) (r+1)
F+m) =5 P (m)+ S P () + .
and we have to evaluate
Y= §r——1—— T.
—T—!F"" (m)+...
If T be a constant C, then since
1
S 1=loge,
the value of y is
O(log 2y
Fo(m) °

If it be a function of log as before, the operator should be ex-
panded in ascending powers of ¥ up to 9" (3" being rctained in
the denominator), and the value of y will be given as the sum of a
number of terms of the form

o (log 2y,
that is, of a number of terms of the form
+r
i Qoge

A general expression can be given for the particular integral in
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the case when V takes none of these forms. Let —— TS (S) be expanded

in partial fractions, and suppose some term to be
4

S-a
then y will be the sum of terms of the form

4

v,
¥—a
which is equivalent to

Ax“% Va—e, or Aa J Va—e1dz.

Note. Another method of proceeding is to change the inde-
pendent variable from z to z, where « is ¢?; this changes % into-(%

or D, and all the methods of § 46 will now apply. It is easy to see
that all the cases indicated for % arc strict analogues of cases
indicated for D.

Ex. Solve

2
(i) zzj—g— 4.2:3%+6.1/=x;

/(i) x2g—z-xg‘+2y=xlogx;

(i) xs—ﬂ ‘zz‘”+2 gf!-QJ =234 32;

(iv) .z4 +6 “"zzz+9 2 @ ‘/+3xg?l+./ (14log2)%;

2
(V) ”23%“3‘”%+4?/=2~’02;

J (vi) a2 -~-~—2y x1+l v

d?y

(vii) xﬁcm -(2m - l)x~+(m2+n'-')y n2a™log z.
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MISCELLANEOUS EXAMPLES.

1. If there be two linear equations of orders m and n (n>m) satisfied by
the same dependent variable, a third linear equation of order n—m can
without any integration be derived from the first two; and the equations of
orders m and n—m (when integrated) will suffice to furnish the integral of the
equation of order n. (Liouville.)

2. Solve the equations

d% 2(12/(
®) da? a;lx + )‘/

(-y) Tat +3/ sin 2 sin 2z.

3. Prove that the solution of
D+ce)y"y=cosax

n
is  y=e~ (A + Az +..i+Apam1) + (2 4a2) £ cos (cm:-na.rc cot 2)

4. Obtain the general solution of the equation
d%y

dz2+"dt+"2’/ U

in the form
¢ /
y=e~ ¥t (4 cos n’t+Bsinn’t)+%/ e~ (=) giny (¢ - ¢) U'at,
0
where U’ is the same function of ¢’ as U is of ¢, and ' is given by
n2=n?— }x2
(Sce also the results in Ex. 16, § 46.)

5. Solve the equations

(i) x‘ 4 7/-}-6,74'3 d37/+4 23 S 2y 05/ 4y=u2+2cos (log z);
" d*?/ d%y el
(ii) T +120l 5 +12y=16a1¢*";

dty dy

(iif) 7 +32 7448y = xe—2 4 ¢% cos 28 x5

3 '

(iv) ddz.z 3drz+4dj Zy=et+cosz;
4

v) 55 '3/2 ty=axr?+be~%sin 2z ;

(vi) <d7+ l) y=e"*+at42"1,
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6. Obtain the complementary function of the equation
d2 y 2n =
Sl —aty=f(z)
in the form

r=n-1 axcos —
y=Ce=+ De=%%4 S e -3 {A cos (a.z sin T) + B, sin (a.z' sin %)},
r=1

and shew that the part of the particular integral, corresponding to the typical
terms under the summation sign, is

1 fzea(z—f)coa%rc

nain-1

rm . rm
08 {71’- +a(zr—§£)sin 7} f(&)d¢.
7. Prove that the solution of the equation

co 1) =cos &
Sdz)Y=

is _’y:n:; (A, TTL B o~ (n+ 1) T +2 o8,
n=0 e+et

8. Prove that

7 (=305 @rar o @ =G@+aps (3.) o (@

9. Prove that
(i) 2m+1Dngn+d Pr+lgl_et,
(11) Dm‘vm'br_Drx—'mDn~r¢(x>=erm+n¢(x);
(ili) D*($—-n)yy=9" Dry.
10. Prove that, if 9 denote » 4 ,
dx
F=m! a1
s' 0= A0+A1x+ +A,,_1x

where Ay, A;, ..., An_1, are arbitrary constants.

11. If P, @, R, be commutative symbols of operation, the solution of
P.Q.R.u=0is
u=P~1.0+Q~1.0+R"1.0.

Apply this result to obtain the complementary function of the equation
J (D) y=0,

(i) when the equation f(6)=0 has no equal roots, (ii) when the equation
f(6)=0 has some equal roots.



CHAPTER IV

MISCELLANEOUS METHODS

49. BrroRrk we discuss the linear equation of the second order
with variable coefficients, there are several miscellaneous methods
which it is advisable to consider; they apply to systems of equa-
tions which admit either of complete solution or of approach to a
solution in the shape of a first integral. It is to be understood
that the equations hereafter given are typical and not merely
isolated equations which can be integrated ; it is frequently possible
to include others under some one of the following classes, by means
of well-selected substitutions for either the dependent or the
independent variable. Such substitutions point out however the
limits within which the methods are for the most part effective,
so that it must be borne in mind that the methods are not of
general application to all linear equations of the second order.

50. The simplest case of all is that in which the equation is
of the form .
_n—y ==
daz™ X,

where X is a function of » alone. It is immediately integrable;

the result of integration is
dn—ly
dx1

A, denoting an arbitrary constant. A second integration gives

ay f d dex +Aw+ A,

d 2

A, being another arbitrary constant. Proceeding in this way, we
shall have after n integrations as the general solution

y= j J ...... X (dw)* + B+ Bog™ + ... + By + Bu,

=fde+A1,
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and is therefore an arbitrary con-

_Ar_
(n—1)!

in which B, replaces
stant.

Ez. Shew that the Particular Integral can be expressed in the form

1 /’T(x-—nn-ldz
(n=1)'J0 ’
where 7 is the same function of ¢ as X is of 2. (Jordan.)

51. Another very simple equation to be considered is
d"‘:l/

a7

in which Y is a function of y alone; but in gencral it is integrable
in simple terms, only when = is either 1 or 2.

In the case when n is 2, let the equation be multiplied by 2 Z%,

then each side may be integrated, and we have
dn\® _ o (v
(d_w) —2 / Ydy+ A
=¥ (@) +4,

suppose. The variables can be separated; the general solution
of the equation

is
i
=x+B
W)+ A}
Ez. Solve &y +a’y=0.

dz?
A first integral is

2
<§g> +a%y?=A=a?c

where ¢ is an arbitrary constant ; separation of the variables gives
dy
(2-gn)}

adz,

and therefore

a.rcsin‘g=a,.t+a,

or y=csin (az+a).
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62. Any differential equation which merely expresses a rela-
tion between two differential coefficients, whose orders differ by
either 1 or 2, admits of solution. As a type of the differential
equation, when the orders differ by 1, we may take

2= 7 ():

Let Zn;ﬁ = Y; then the equation becomes
dY ,

the integral of which is
avy

Suppose this equation can be solved for Y and that the
solution is
Y=¢(z+ 4),
that 1s,
dn—l

d d/"—l

—¢(w+A)

Then this is one of the cascs already discussed (§ 50), and the
general integral can be obtained,

Or, after obtaining the equation ¥ (¥) =z + 4, we may proceed

thus. Since
d (dry
dz (dx"‘2> Y,
we have
dny YdY
wn—n de "J.F(YS'
Similarly
d"iy Yay
da™? —fdwfﬁl’)
J‘ Yd If
F(Y))F()’

and so on, until

-2 yay
Y= FY) F(Y) ...... 7Y’
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an arbitrary constant being introduced after every one of the inte-
grations, which must be taken in order from right to left. Then
we have two equations between z, y, Y, from which ¥ is to be
eliminated. The eliminant will be the primitive,

It is evident that the equation

7z &)=

can be solved by this method.

oY _2y
Ez. 1. Solve @ 5=
d2
Let d z 1 = & ’
o %
then a =§,
of which the integral is
z
E=A'ea,
T
Therefore y=4e*+ Bz +C,

where 4, B, C, are arbitrary constants,

o @
(if) —a {1 + (Zz) }%,
(i) @ Z:a szyz {1+ 2 (‘5”) }*.

53. As a type of the differential equations which connect
differential coefficients, whose orders differ by 2, we may write

212

dz® n—2 | °

Ez. 2. Integrate

y = z; then the equation becomes

o=/ ()
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the solution of which has been obtained in the form

f dz —2+B.
{4 +2[f(2)dz}

If, after the integrations have been carried out, the equation
can be resolved for z in terms of z, say
2f=0(.’L'),

where the function 8 (z) will involve the constants 4 and B,

then n — 2 direct integrations will furnish the primitive. But
if it should be impossible to effect this resolution, then we have

& (4 +2ff () dzph
dn zdz
g =l edo= | (4 +2[f(z)de}t
dn—4y _ f ,
Ao J{A +2[f (@) dzjt) (A +2[f(2)dz}

3

Hence

and so on. Ultimately we shall obtain y as a function of z; and the
primitive will be the eliminant with regard to z of the equation
between y and z and the equation between z and 2.

o 'y _dhy
Ez. 1. Solve =
When we write z for f[_u the equation becomes
%,
dxt™ "
z -z
so that z=cie® +cye 9,
z -z
and therefore y=Ae*+DBe 24 Cr+ D,

in which 4 and B replace c;a? and c,a? respectively.

Ex. 2. Solve
2By Ay
W) & =g

By dy dy\?| 2
i) 72— M{H(d?)}.
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54. In some particular cases, the general differential equation
of the second order can, by substitution, be depressed so as to
become a differential equation of the first order. Such cases
occur when one of the variables is explicitly absent from the
equation.

First, consider an equation in which «# does not occur, so that
it may be written in the form

Vot 290

P the equation thus becomes

T Py
\P(J,ppdj) 0,

a differential equation of the first order to find p in terms of y.
Let the solution be

Let (Z— =p, and then

p=f)
in which f(y) will include an arbitrary constant. Then the
variables are scparable, since we may write

f(y) =da;

and integration of this equation will lead to the primitive.

Next, consider an equation in which y does not occur, so that
it may be written in the form

dy dyy
¢ (J/’ dz’ dm‘l) =0.

Let {Q =p; then l“/ g ; the equation is transformed into

o(en)-o

an equation of the first order to find p in terms of . Let the
solution be

p=F(a),

where F' includes an arbitrary constant. Integrating this, we
obtain as the primitive

y=A +[F(2)da.
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Note. The foregoing explanations relate to an equation of the
second order; but they apply to similar equations of any order.
When either of the variables is explicitly absent from an equation,
whatever the order of the equation may be, the same substitution
can be applied; the order of the transformed equation is less by
unity than the order of the original equation.

. a*y dy
Ez. 1. Solve 2(.2a—y)d =14 <d )
When we write %: - p, the equation i transformed into
dp
2p dy 1
T¥pt 2a-y’

the integral of which is
(1+p) (2a-y)=
where p is an arbitrary constant; the primitive is given by the evaluation of

2a—-y 1%
e e

Ex. 2. Solve a‘z‘ﬁfé {1 + <dl/> }%
A%

The substitution %: p transforms the equation into

@ dp_
(14+pht &
on integration, this gives
atp 2
(it
and therefore
2__(ﬁ2'*_'£)2
— (224 4)¥’
8o that the primitive is
x?+ A4
y=|pdz=DB+ f T
(rﬁ+A)2}i

Ex. 3. Integrate

o () e
0 ai-fpee ()}
o v {8 oo ()P ()
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@) (1+a%) EY414(HY —o;
dz? dz) = ?

dy | (4 @
W Yia (dJ) —2az %Y

i) 1-a) %Y _ Y

dz? dz Z;

d.
(vii) ?/dxz (d‘.Z‘) =y*logy;

a? dy\?
(viii) y(l—logy)cﬁ'z+(1+logy) <a%) =0.

HoMOGENEOUS EQUATIONS.

55. There are certain classes of differential equations in which

a kind of homogencity subsists ; and the solution of these can, by
suitable transformations, be made to depend upon that of equations
of lower orders. The homogeneity is constituted as follows: if y
be considered to be of n dimensions, while z is of one dimension,
d2y

dy . . . . Ay . . .
then == 4, Since it is the limit of A 18 of n—1 dimensions; o

. .. JAp . . .
being the limit of —A—g , 18 of n— 2 dimensions, and so on; and the
equation is said to be homogeneous when, if these dimensions be
assigned to the corresponding quantities, all the terms in the equa-

tion are of the same dimensions. The simplest case is, of course,
that in which = is unity.

First, let # be unity so that # and ¥ may both be considered of
one dimension. Let y=az and x=¢?; then

dy dz
do—dpt®

dy (dz  dz\
51_5“—(0_152'*'«70)6 ’

and so on; the resulting differential equation becomes one between
z and 6. Now it will be noticed that the coefficient of @ in the
index of the exponential, wherever it occurs in any differential
coefficient, is the number representing the dimensions of that differ-
ential coefficient ; and therefore, when substitution takes place in
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the differential equation, supposed homogeneous, the index of 6 in
the exponential will be the same for each term of the equation, and
this exponential will therefore be a factor which may be removed.
The new independent variable 6 will no longer occur explicitly in
the equation, which will therefore be of the class already discussed
in § 54 and can have its order depressed.

Ez. 1. Solve ZQ'Z {mx“’( Z >2+ny“}i.

Making the substitutions of § 55, we have

dj;-&-de { (de-*-z) +n2 }b

When we write Z—e—v, the equation becomes

g% +o={m (v42)24ne}};
or, if v=2zs,
82+% +s={m (L +s)2+ n}%
a0 ’
and therefore ds =al.

{m (1 +3)“+n}§ —82—~s
The variables are separated; and the equation can be integrated.

Ez. 2. Solve
) n (xz_*_yz)i { (df/)2}§;

.. d?y dy
(ii) nas ke (y d:;)
a y dy
(iii) x‘ (y z dx)

Passing now to the case in which homogeneity is constituted
on the assumption of » dimensions for y, we write

z=é, y=a"z=ze".
We now have

dy ($6+m) (=18

Zﬁ {d62+(2 -n5 +n(n-—1)z}e‘”"’”

and so on. It is obvious that the coefficient of @ in the index of
the exponential, which occurs in the expression of every differential
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coefficient, exactly measures the dimensions of that differential
coefficient. As in the former case, the exponential will disappear
when substitution takes place; the differential equation, having
been thus transformed into one from which the independent
variable is explicitly absent, can have its order lowered by unity.

Ez. 1. Solve ———(r3+2 )—-4_1/

This is homogeneous if ¥ be considered to be of two dimensions while x is
of one. Hence we substitute

z=6, y=a%=12e";

and the equation becomes

d?z  _dz dz 2
St e=(1+2:) (_+ ) 42
d?z
or d02+2(1 2) 19—0
A first integral is given by
dz 0
- (1-ar=4,
in this, the variables can be separated in the form
dz
TFa=ap=%

the integral of which will vary (being either an inverse circular function or a
logarithm) according to the sign of 4.

Ex. 2. Solve

(%N

A particular set of cases arises when = is made infinite; all
the quantities y, %, have then the same dimensions. The

simplest method of solution is to adopt the substitution
y= eudz

the resulting equation between w and « is of an order lower by
unity than the given equation.
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Ez, 3. Solve
. d? dy\2
@ ay Z3+5(%) =y 2 (4at)-3;

i) oy o - (ZZ) ~y P e (%)2@2-@2)-&.

ExAcT DIFFERENTIAL EQUATIONS.

56. A differential equation of the form
dny dn—ly
(d_x’; N E._CUII 3 sescas R d Y Y, & ) =0

is said to be exact when, on representing the left-hand member
by V, the expression Vdz is the exact differential of some function
U, which is necessarily of the form

dn—ly d
ﬁ((%——n_l, ...... ,d—g,y,w).

Consider first a linear exact differential equation, which may be
represented by

dry
P,

dn-—ly

+ Poy o]

where all the coefficients are functions of #. An equation of this
form will not in general be an. exact differential equation; but
we proceed to shew that, if a certain relation be satisfied by these
quantities P, the equation can be integrated once.

Indicating for convenience differentiation with regard to by
means of dashes, we have on direct integration

fPoydw = f Pyyda,
fPl Y gy = — fP;ydw +Py,
fP, &y dz= ng"yda: — Py + P,y

3
fPsdyd:c——f Y ydz + Py — P,y + Py,

.........................................................

F.D.E. D
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and therefore

[Pdz=[(P,—P/+P/ =P/ +.....)yda
+(Pi= P+ Py —......)y
+(Py= P+ P/~ ...y
F(Pa= P+ Py =)y .

d
=onydx+Qly+Q2y’+ ...... + Q”Ja?':%,’

where the law of formation of the successive coefficients @,, @, @, .-
is the same for all and, in particular,

Qn =Py,
Qn—l =P, ,—- Py,
Now the condition of integrability evidently is that there shall

be no term remaining which involves an integral of y; and so
the necessary and sufficient condition is that

Qo = O:
_dP, &P,
dz d

When this condition is satisfied, the first integral of the
equation is

that is,
d"P,

—*=0.

P,

+(=1

n—1 n—2
Q” gﬁ;{/ﬁ-Qﬂ_l g;"—;?{-*- ...... + Q1y=de¢Z'+A1,

where 4, is an arbitrary constant.

If now the coefficients @ satisfy the corresponding condition
a1q,
dzn1
the equation is again integrable ; and the process can be continued
so long as the coefficients of each successive equation thus derived

satisfy the condition of integrability.

Q-2 +58 (-1 =0,

Ez.1. Express the successive conditions in terms of the coefficients 2 only.
Ez. 2. The equation
dd d? d;
(a2?-bz) a;‘z+(cx—e) dT:g+.r‘—i;‘z+y=x
is an exact equation; for we have
Py=1, P/=1, Py’=0, Pg"=0;
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and so the condition is satisfied. Integrating each side, we have
d? d
(ax? - bzx) J;:‘Z—{(%“ ¢)x+e—b} d—‘Z+(2a-—c+x)y=§x2+A.

In practice, it is sometimes easy to see that a given equation is integrable,
In many cases the quantities P are either of the form aazm™ or sums of
dry .
d n
be less than »; for integrating it by parts we have

dn dn-3y dn-m-1
a=1 x,._‘Z+m<m— zm= zdxn_‘/ "'+(—1)mm!dxn—-m_-—yf'

If n=m+1, the last term is (- 1)mmly.

expressions of this form; and 2™ is a perfect differential coefficient, if m

When we apply this lemma to the present example, the terms imolving
3y d2y
gxz , Z 7 » are seen to be perfect differential coefficients ; and » % +y is — 7= (xy),
so that the left-hand side is a perfect differential coefficient and the equation
is therefore exact.

Ex. 3. Prove that the equation in Ex. 2 cannot be further integrated by
the foregoing method.

Ez. 4. Obtain a first integra,l of the equations
@) x +(~z'2 3) +4x——+2/ 0;

dy d1/ 2(1"1/ dy .
(i) 20492 +20y G bo g+t im0l

and shew that the equation

2y 2
d3+4 dx2+(x +2) +3v_y 2

becomes integrable on being multiplied by some power of ». Obtain its
integral.

57. The method, used for integrating exact equations which are
not linear, may be illustrated by considering an example.

Ez. 1. Solve
y+3z dy+23/ <d >3+(x2+2y dy) 37‘2/— 3
On the supposition that this is an exact differential equation, we may write
AU=(y+3zp+2yp®) de+ (x2+2y*p) dp,
where p stands for @1./ Let U, denote what would be the value of U if p alone

dz
were variable, so that



100 EXACT [cHAP. IV
Let the restriction now be removed, so that
dU,=(22p+2yp®) dz +(2°+2y°p) dp,
AU =dU,=(y+ap) de=d (zy),

which gives on integration

and therefore

U- U1=.z:y+A,
that is,

U=z d‘/+_/ A ) +ay+4;
and therefore the first integral is

Y e (N =
xzt-i-i-i'_‘l/ (a;) +zy=C.

The preceding method will be seen to lead to the following
general rule for the integration of an exact differential equation of
the n'® order. The equation, being derivable from one of order n —1

by direct differentiation, will contain Z%{ only in the first degree;

if this condition be not satisfied, the equation is not exact.
Let the equation be written in the form V=0, and integrate

Vdz as if @-_—l ' were the only variable occurring in V" and d_y its

differential coeﬁicwnt, let the result be U,. Then de— aU,
involves differential coefficients of y of the order n—1 at the
utmost; as it is an exact differential, the highest differential
coefficient of y which occurs can enter only in the first degree.
Repeating the process as often as necessary, we shall ultimately
have

Vdz—dU,—dU,—... =0.
Then a first integral of the given equation is
U,+ U +...=0.
Ez. 2. Obtain a first integral of the equations
) DYl e,
(ii) .'czdxa +x +(2xy 1) +y2=0.

E=z. 3. Shew that the equation
d*y = e aly

dz? T (P4 at)e =0
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becomes integrable on multiplication by the factor 2x2 2.2;1/ Hence
deduce a first integral and the primitive.

Ex. 4. Obtain a first integral of the equation

dly, ey _,
dz2t Byt 7+ 20z + ex?)?

having given that there is an integrating factor of the form X Z—Z+X 2y
(Euler.)

LINEAR EQUATION OF THE SECOND ORDER.

68. We shall here prove some of the leading properties of the
linear equation of the second order; but the present investigation
will not for the most part anticipate the discussion of the general
linear equation, for the properties here established belong solely
to the equation of the second order.

The general form of the equation is

d*y

T 2+P L+ Qy=

in which P, @,and R, are functions of #; they may in special cases
be merely constant quantities.

Substitute in the equation for y a value vw, where v and w are
both functions of «; as yet, the only limitation on them is that
their product must be equal to y. We then have

d? dw dv d*w

As we may choose a relation arbitrarily between v and w or

make either of them satisfy some condition, we will suppose it

possible to determine w so that the coefficient of v may vanish,
that is,

T 2+P(—7l—+Qw)v=R.

d*w

T ‘+P +Qw 0,

which, it will be noticed, is the same as the original equation with
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the right-hand side equated to zero. The quantity w being now
considered known, the modified equation becomes
dv /2 dw dv_R
da? + (E dz P) e~ w’ "’
so that
dv ef”""—A +waede" de;
dx
and therefore

v=B+A4 fd'” ¢-1Piz +fd 'fpd‘waede”dw

It therefore follows that, ¢f any solution whatever of the ortginal
equation with the right-hand side equated to zero can be found, the
complete primitive of the original equation in tts general form can
also be found. The problem of deducing this complete primitive
is therefore resolved into that of finding some single solution of
the simpler equation. This, in the most general case of P and @
unrestricted to particular functions of «, has not yet been effected ;
but in special instances it is possible to determine such a solution
as is desired, sometimes by inspection, sometimes by means of a
converging series, sometimes by means of a definite integral;
but in the two latter cases (which are usually closely connected)
the explicit evaluation of the form obtained for v is difficult or
impossible, though this form (§ 5) still remains the solution.

Ez. 1. Solve

Z:Z x2%+my=.z""“.

A particular solution of
Py _ Y
da? dx+‘zy 0

is evidently y=2. Writing y=av in the original equation, we get

d?v  _dv dv m4l
dx2+2d ( ‘75+v>+:v2v—xm )
or Z%+ (g_ —x’) fi—l—;=x’”.
Hence
dv

et 533=A+/x"*”e 12 g
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and therefore
v=B+f‘% e*"’a-!-/d—fe‘-"’i[z”””e‘%zsdx.
X
If m=0, or if m be any positive multiple of 3, this can be simplified.
Ez. 2. Solve
¥ 2 T e L @-1)y=1x;

(i‘{) (ax bx2)d‘£+2a@+zby—-x’"

M) (14295 ~——2@ Y yoy=2X.

dz

59. If however, a solution of the equation when R has been
put zero cannot be obtained, then it is sometimes useful to remove

from the transformed differential equation the term involving %

In that case, w must satisfy

dw+Pw 0,

from which we find
w=e" ’de"”;

there is no necessity for adding a constant in the integration, as it

will afterwards disappearspInsert this value of w in the equa,tion;

and write 7
- -y

then the equation becomes

3—0+Iv—Reﬂpd” v

_——

In some particular instances, this equation admits of immediate
solution; but they occur much less frequently than those to
which the preceding method applies. The advantage of the new
form, which will be indicated shortly, lies in an altogether different
direction. Now we know that, if a solution of this equation with
the right-hand side equated to zero can be obtained, the primitive
of the general equation is obtainable ; and we may therefore quote

the equation in the form

d®
'd—wz-l"lv“‘
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E\zyl/. | Solve

diy 1 dy
e
dr® o} dz

Hence P= —i’ and therefore w=e~ §[Pdz_ 2t Also

N (- —-8+28 +2)=0.
422

ozl 1 11 2

2 4zt 4dr 4ot 4 2B

so that the equation giving v is

a2
7 A =0
The solution of this is

B
— A2 .
v=Ax +x ;

and therefore the general integral of the first equation is
y=(422+ Bx~1)e?,
Ez. 2. Solve

@) ZZ 2bzdy+b2x2y =x;

. A%y 2dy 2
(i) da:Z xda/c+< 2+.z—'2)y=0;

(iii) ZZ 4z dy L (4a2-3)y =,

60. The advantage of using the form

d
T +Iv=
instead of d
Y
dw’+P +Qy 0,

as typical of the linear differential equation of the second order,
lies in the fact that, for all substitutions such as zf'(z) for y in the
latter equation, I is a function of P and @ of such a form that,
when the new equation

d? dz
d;g+Pld +le 0

has its second term removed by the substitution

z=we~t/Pide
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it takes the form

dw

iz +Iw= 9/

i{us I is exactly the same function of P, and @, as it is of P

and @; and we may therefore caJl I an invariant of the coefficients
of the differential equation*" The equation so reduced may be
said to be in its normal form—"Any two linear equations, such
as the equations in y and z, can be transformed into one another
if the normal form of each be the same.~"

If it be known that two given equations are so transformable and the
equation of substitution between the dependent variables be desired, this can
easily be obtained by using the normal form as an intermediate transformed
equation. Thus, in the general example, the equation in y becomes transformed
to that in v by writing

¥ e{; Ide-___ v,
and the equation in v passes into that in z by writing
V=2 8% JP 1dx ;

and therefore the relation which transforms directly the y-equation into the

z-equation is

[Pdx J'Pldz.

ye’} =z}

Ez. 1. Prove that the equations
d’z dz
—z2) % ° _ az =
(1-2?) dx2+(1 3z) dx+kz 0,

and (1-29 58— (142 K 4 41)¢=0,

can be transformed into one another; and find the relation between z, ¢
and 2.
Ez. 2. Find the value of @ which is such that the equation
@Y W0,
P +a Iz +Qy=0
may be transformed, by a substitution y=2f (), into
d?z 1dz n
6_13:—2_*-:;‘ ‘%'F (1 —PZ) 2=0.
Obtain the value of f(z).

61. Let y, and y, be two particular integrals of the equation

2y, pYy _
dw’+Pda;+Qy_O’

* Malet, Phil. Trans. (1882), p. 751.
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and v, and v, the corresponding particular integrals of

2,

g—; +Iv=0;
then
v = yleﬂp‘l" and v;= y,e“Pd”,

and therefore

St

Y2 Y
so that sis the quotient of two different solutions of either
differential equation. We now proceed to find the equation
which is satisfied by s. Since each of the quantities y (or v) may
consist of two terms each containing an arbitrary constant factor,
the quotient of one by the other may contain three arbitrary
constants (not four, since without altering the value or generality
of such a quotient any of the four constants may be made unity);
therefore the ditferential equation satisfied by s, a function in-
volving three arbitrary constants, must be of the third order.

S,

Indicating differentiation with regard to & by dashes, we may
write
'U]H + I vh= O;
1)2” + Iv2 = 0.

Substituting s, for v, in the former equation, we have
§"vy+ 25'v, + 80" + Isv,= 0,

that is,
v+ 280, =0,
so that
Sk
§ Vs

Differentiating this, we have

/7 4 2 ” ’ 2
8 8 v )
_,_.(_l> =_2_3.+2<_2_)
s s v, v,

il

and the transposition of the last term gives

‘%-g(%',')Z ol
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This is the differential equation satisfied by s; and it is of the
third order, as was indicated.

The function of the differential coefficients of s with regard to «,
which occurs on the left-hand side of the equation, has been called
by Cayley the Schwarzian Derivative* and is denoted by him by
{s, «}; it is so called because its properties are discussed, and it is
of fundamental importance, in a memoir by Schwarz in Crelle’s
Journal (t. LXXV), though the function is not originally due to
him 1.

62. If now any solution of this equation can be obtained, then
a solution of the original differential equation can be immediately
deduced. For let such a solution of the new equation be denoted
by s; then since

vy s’
Uy 3' ’
we have, on integration,
2,=C¢'"3,

where C is arbitrary. This is one solution ; another is

Y, =1Vy8 = Cs'~1s.

From these, the corresponding solutions of the equation in y are
derived by inserting the exponential factor. When any one solution
of a linear equation of the second order is known, we can obtain
the general solution; and hence any particular value of s satisfying
its differential equation will lead to the complete solution of the
first of the differential equations.

This theorem holds in regard to the general linear equation of
the second order ; one of its chief applications arises when the linear
equation is that satisfied by the hypergeometric series, to be
discussed in Chapter VI.

* Cayley, Camb. Phil. Trans. (1880), vol. xm1. p. 5; Coll. Math. Papers, vol. x1,
p. 148,

+ It occurs implicitly in Lagrange’s memoir ‘¢ Sur la construction des cartes
géographiques,” Euvres, vol. 1v. p. 651 (this reference is due to Schwarz), and
Jacobi’s Fundamenta Nova ; and explicitly for the first time in Kummer’s memoir
on the hypergeometric series in Crelle, t. xv., which is referred to in Chapter v1.;
see also Cayley, l.c.
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Ez. 1. Prove that, if
s(ax+b)=cxr+d,

the Schwarzian derivative of s vanishes.

Ez. 2. Find the general value of s when
z%{s, z}+a=0,
where a is a constant.

Exz 3. Prove that
W a==-(%) @b

@ {5} =t;
(i) {5, 2)=() 16 93—t 911
@ o =(2) 60 (3) o+ (%) o
(Cayley.)

63. Another method which is sometimes effective is that of
changing the independent variable.

Take z as the new independent variable ; then

dy _dydz

dr  dzdaz’
dy_y doy: dyds,
da?~ dz? (dx dz da?’

and the original equation becomes

%{(g_i)=+dy (Z:,+P )+Qy =0.

As yet, z is quite arbitrary; it may therefore be chosen to
satisfy any assignable condition. Thus we may choose to make

the coefficient of dy vanish ; then

dz
d*z dz
) > +P 5-=0,

dz
and therefore z is given in terms of z by the equation

z= fdxe’”’d-“’.
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The eliminant of this relation between z and # and the trans-
formed equation may furnish a differential equation which proves
integrable,

One integrable case occurs when the value of z, thus obtained,
is such as to satisfy the relation

7 (22)2 =Q2,

where p is a constant ; and then the equation takes the form

&
22 Efﬂi + l"y = 0’
of which the integral is
y=Az+ B,

a and B being the roots of
m(m—1)+ pu=0.

It is not difficult to prove that the relation, which must exist
between P and @ in order that this may be the case, is

@ 42 Qh+Pei=o.
ud dz
Another integrable case would be furnished by
dz\?
I (ZZTZ.') =0,

and so for other cases. It will be noticed that in each instance the
equation is reduced to what may be called a known form, that is,
one of which the primitive can be obtained.

Ez. 1. Solve
N
(=) G =% =Y
Hence P(l-a%)=—uz,
zdz
so that £=e-dez=e.[1-u
=(1-2%)"3

and z=arcsin 2.
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When the independent variable is changed to 7, the equation becomes

dz‘ =%
and therefore
y=Aecmslnz+Becmeoaz.

. dy

Ez. 2. Solve (i) (#%-1) dx‘-i-x——cﬂ'y,
(ii) ZZg ytanx+ycos2x =0;
iy TSl dy { 6(z+1) }2_ .

dz? 2%—1 dz @=1)Bz+b)]

.\ Py 2dy a?
(%) Zoats ot iy =0;

W) A+ 5L +2% 49y=0.

64. The property used in § 60 to obtain the relations between
the dependent variables in two equations, which are transformable
into one another—viz. that the equations have the same normal
form—can be used to obtain the relations between the dependent
variables in two equations, the independent variables in which
are different, on the hypothesis that the equations ultimately
determine the same function. The process adopted will be similar
to the former one, as both equations will be reduced to their
normal forms in the same variable and these, being assumed
identical, will give the conditions necessary for the justification
of the hypothesis.

Let the two equations, which are to be thus transformable into
one another by changing both the dependent and the independent
variables, be

2 .
dy+2Pd FQU=0 oo, @),
and
o 4% o d”+sv— .................. (i),

in which P and @ are functions of #, and R and S functions of 2.
Writing in (i)
yelPe =y,
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and
-¢-%_p
we have
‘2’/; T (i),
Writing in (ii)
velRdz = y, |
and
J=8—- @ - Ry,
we have
(fiv; F+J=0 i, (@iv).

In (iii), changing the independent variable from z to 2, we
obtain

d?y, (dz\? dyldz
dz? (35) dz da? +1y,
or

dy it 1o

dz T dent A=

in which dashes indicate differentiation with regard to 2. To
reduce this to its normal form, we write

JELS
e = Yo

or, on the evaluation of the integral in the exponent,
yt=y;
the equation then becomes

dg/2
dz

6=t (5 - %@63

I 2" 2" Z\?1
~pmtn-t(H )
_ I {2, «}
=i

and {z, z} is the Schwarzian derivative of z.

+ Gy2 U ciiiieeietetiaetitiiinns (V),

where
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If, then, the equations be transformable into one another, the
normal forms will be the same when expressed in terms of the
same independent variable; hence. comparing (iv) and (v), which
are the normal forms, we have

Ya=1y,

and G=J.

Substituting for G in the latter equation, we have
I—1%{z,2}=J2"
dz

o bae+(E) (3- 55 -B) - (e- G- ) =05

and substituting their values for y; and v, in the former equation,

we have i
dz
22 Ve o[PAZ — ypfRdZ
Y (dw) v
These two equations are the conditions that the differential
equations (i) and (ii) should be transformable into one another.
The first of them gives the relation which must exist between the
independent variables. When the first is satisfied, the second gives
the relation which must exist between the dependent variables.

The foregoing equations enable us to obtain the general form
of all ditferential equations into which (i) is transformable, and
also to obtain the connection between two given related equations.
Thus, for instance, the equation in a given independent variable 2
equivalent to (i) would have as its normal form

d2, _
'd? + UIJ-— 0,
where
nh=y (gi)ief Pdv
and
I 2,
J-_—z_’2 -1 { 23 } 5

and since z and I are known in terms of z, J is also known in
terms of # and can therefore be expressed in terms of z. Every
differential equation, which is equivalent to (i) and has z for its
independent variable, must have the foregoing equation in v, for
its normal form,
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Ez. 1. Prove that the equations

(l-x?)——%3z+n(n+1)z=0
d*v  1-3k% dv (2n+1)
and - T D {1 i H}a

are transformable into one another by the relation
z(1—k%)=14+42;

and find the relation between z and ».
(G. H. Stuart.)

Ex. 2. Prove that the equations
2
O = +2(B=149) X4k (1= v=0

d*y 2k dy
dzt" z dz

are transformable into one another by the relation

and —-B2y=0
r—-1=xz;

and find the relation between y and ».

/ METHOD OF VARIATION OF PARAMETERS.
66. It was proved (§ 58) that, if a solution of the equation
B+ PY 4 gy=0
be known, the primitive of the equation
dy . p%y
st P . Qy=

can be obtained. The following method, which is different from
the methods already indicated, is effective in giving for this
equation, and for other lincar equations, the Particular Integral;
and it can be applied where the earlier methods cease to be
applicable.

Let , be a solution of the equation

d?y dy
dmﬂ+P +Qy=0,

so that

&y, dy, _
=T P dz + Q=
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Eliminating @, we have
d2y d2y, dy dy .
S s~ dw"+P( o ydw) 0;
and therefore
dy d./l
Vo™ ¥ds
where the constant A clearly is not zero when y denotes the most
general solution of the equation
Ty, pW,0y=
o +P do +Qy=0.
We now have a relation between y and y, of the first order; its
integral is

Ae—j'de,

y= BZ/x +Ay1fj—f e—dez.
J1

Let y, stand for the quantity of which A is the coefficient, so
that the primitive is
Y= By, + Ay,
and v, is a particular solution of the differential equation. Then
the preceding analysis shews that any two particular solutions
and y, are connected by the equation

dy, d

Yh—= dm —_ 3/2 Ce—f sz

where the value of C is no longer arbitrary but depends on the
forms of %, and ., the two particular solutions of the equation.

66. Let us now take the above value of y and substitute it in
the equation

TP qy=
on the supposition that 4 and B are no longer constants but
functions of « to be so chosen that the equation shall be satisfied.
Thus the form of y is the same for the two equations, but the
constants which occur in the former case are changed in the latter
into functiops of the independent variable; to this process is applied
the name\;:riation of Parameters (§ 14, Note 1).

We have now two unknown quantities 4 and B, in terms of
which y, a single unknown, is expressed; and we are therefore at
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liberty to choose any relation between them that may be most
convenient for our purpose. When we differentiate y, we obtain

dy dy, dy, dB d4
de+A e TNt
dy, dy,
=B dz +4 dz’
provided
dB dA
L el L 0;

we shall take this last equation as the chosen relation between A

and B. Again, if we differentiate y so that

dz
&y _ pdvyy | A, dBdy,  dd dy,
=B ap A i T e ds T T da

and substitute these values in the original equation, then, since
y, and y, are particular solutions of the equation when R =0, we
have as the result

dBdy,  dA dy,

dz dz * dz dz
Thus
dA dB
de _dz R R
hoo—o, A, dn O
iz ~Ydx

and therefore

A =F + (—I}J.Rylefpdz d‘z’

B=F - %fRygede‘ dez,

where E and F are arbitrary constants, and C is a specific constant
depending upon the forms of ¥, and ¥,.

If now, in the differential equation, we write ¢ («) for P and
¥ (z) for R; f,(z) for 3, and fy(«) for y,; then the general
solution of

W@ ty=v @
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8
y=Ef@+Fi@+ 5[ ¥ O 0= (L@ £ O -A@AE
where f,(z) and f;(x) are particular solutions of

B 1o+ qy=o0,
and are therefore connected by the relation

ﬁ (_i-.]f; — f Oe‘fzd' ) dz
(U

It may be noticed that we may make C unity without loss of
generality ; for, if it be not unity, we may substitute for f, (z) the

quantity % J (z) which, while still a particular solution, will render

the constant unity.

Ezx. 1. Solve
dy_,_ ay
I(?Z‘_y—(x_ 1) ((—1;;-2 -z+ l) .
Arranged in the ordinary form, this is

d? d; 1

dx‘xldxxlyxl

Particular solutions of the equation, without the right-hand member, are
2 and e*; hence, if we take

hi@)=2 filz)=¢,

we may proceed as above, and have as the primitive

y=Ae*+ Bz.
As in the general case, 4 and B are connected by the relation
dA dB
e"+ == 0,
. d4 dB
while da & T =z-1.
Thus %=xe‘= and %s—l;
and therefore A=E+ f ? ge—tdE
=F-e"*(x+1),

and B=F-uz.
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The primitive is therefore
y=EBe+Fr-(s*+2+1).

Ex. 2. Integrate by this method the equation
d
Jg +Qy=Ry 5,
where @ and R are functions of  alone.
Ez. 3. Solve

@) dz+”2J secnr;

(i) (1- x2)~——4x -(1+2%)y=x.

67. The method of variation of parameters may be applied
in a manner, different in regard to the terms neglected, to obtain
a subsidiary integral, the constants in which are subsequently made
variable parameters. Thus consider the equation

2+ (%) rap+Fp=0.

Neglect the term involving F () in order to obtain a subsidiary
integral ; this integral satisfies

dzy dy 2 _
T+ (D) rar=o,
and therefore is 3‘/ elrWdy=(,

Suppose now that C, instead of being a constant, is a function
of « and let this relation be differentiated; then

d?y dy\? (F ) d _dC
{d—w—’.*-f(y)(;i——m)}e Y ”—%.
dcC
- [f(y)dy = -
or F(y)g y)dy Tn"
Therefore o
d dy
= f(y).d
Cda: F(y)etrw de
and so

C*=4-2 J dy F (y) s W d,
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A first integral of the original equation therefore is
d,
El% el/Wdy = (A —2 j dy F(y) el s},

This can be again integrated since the variables are separable.

Ez. 1. Solve in this manner the equation

L @+ (E) p@=o.

Shew also that the integral of this equation may be derived by the method
of § 54.

By changing the independent variable in this example from z to y, obtain
the integral of the equation

Thrr @) Lo () -o.

Ez. 2. Integrate the geneml equation

Thrr@ 2+ 7o) (%) =0

Jirstly, by neglecting the last term to obtain a subsidiary equation and then
varying the parameters;

secondly, by applying the same method to the integral derived from neglecting
the second term ;

- l .
thirdly, by multiplying by (gg) and then integrating each term.
It thus appears from these examples that
¥y | ., dy dy\?_
dntl e (dz) =0
is integrable in the cases :—
(a) when both P and @ are functions of z,
(B) when both P and @ are functions of y,

(y) when P is a function of # and @ a function of 3.

Two PARTICULAR METHODS.

68. When, in the equation d

dx’+Iv =0, the quantity [ is a
rational function of a fractional form such that the denominator

is of a higher degree in the variable than the numerator, the
following method is sometimes of use.
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Let a quantity
zel Praa

be substituted for v; then the equation becomes

az
dz 2P1d +P,z=0,
where
PQ-I+P12+%13

On integrating the equation as if the left-hand side were a
perfect differential, we have

dz

d+2Pz+f (P 9 22, )d_

Since the quantities P, and P, are connected as yet by only a
single relation, we may assign as a further condition to determine
them

o dP,
Pg = 2 Wd;ﬁ .
This gives as the equation for P,
dp,
@ b=l

while, if any value of P, satisfying this be obtained, an integral of
the original equation is obtained in the shape

dz
d—+ 2P,z=A.

It should be pointed out that the possible utility of this method
depends on the form of the equation which gives P,; this would be
lost by the substitution

1 dw
Py=- wada’

for then the equation giving P, becomes changed to the original.

With the assumption which was made as to the form of I, we
may write
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say, where T, U, and V, are rational integral functions of 2. Then

we may assume

leaving the constants in f(z) as the quantities to be determined
from the equation; but in general there are not sufficient dis-
posable constants arising in f to allow the equation to be satisfied.
Hence this method, like the other methods which have been
proposed for the solution of the linear equation of the second
order, is not one of universal application, but is effective only in
particular cases.

Ez. 1. Solve JL‘(l—JC)"d2

v
JP=2’U.

Here the equation for P, is

P _pe_ 1
dz ' Twx(d-a¥

Let P,=§ + el and substitute ; the equation is satisfied by E=F= -1,

1—2
and therefore a first integral is
dz 2
T a4
v dz dz
where logz=- |7~ )i=a’
or ve=z(1-2z).

The primitive can easily be deduced, for the first integral equation in z is
linear of the first order.

Exz. 2. Solve
@) (1—x2)2%+'v=0;

(i) (2z+1)%(2%+2+1) %: 18v;

sin 3z

Y
() Ze=4 sorg

If a term involving % should occur in the equation, this term

should be removed before applying the above method.
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Ez. 3. Solve
) d’y y-(a+2)x dy _ay
dr?t w(l—-z) dz x(l— x)
d2y+a (a+B+1)xdy  aBy

(i) dz? z(1—x) dz z(l- x)_o.
a+1 —(a+B+N)xdy  aB y=0.
(i )ol:c2 z(l1—2x) dz z(1- x)

Ex. 4. Shew that this method will apply to the equation

dZv _42+ 2B+ 0"
=@ +2dz+BE "

provided there be a single relation between A4’, B’y and C’; and find this
relation.

69. A certain class of linear differential equations can be solved
by the resolution of the operator on y into the product of operators.
Thus consider the eauation

Y YW=
u(i—mg+v%+wy—o,

in which u, v and w are functions of ; then, if the operator
U E +v —‘i +w
dz? " dz
be resoluble into the product

(o) (o)

p, q, 7 and s being functions of =, the equation can be integrated.
For, if we write

d
(r Tr + s) Y=z,
we have
dz
P an +qz=0,
and therefore
-_[ng
z=2Ae 7

and we must now integrate

Iq
d +sy Ae )
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which is linear of the first order. In order that this resolution
may take place, we have the three equations

pr=u,
dr
qr+p (35+s) =7,
ds
gs+p=w

to determine four quantities p, g,  and s; but we may consider p
and r as known factors of u, and use the two remaining equations
to determine ¢ and s.

But these cannot be solved in general; and again therefore the
method will apply only in particular cases.

E2. 1. Solve
d?y dy
2 ~9) Y 2 2) 2~ 2 =
(e +2—2) dx2+(x ‘z)dx (6224 7x) y=0.
Here we may write p=2+2 and r=2-1.
If g=Ez+ F and s=E'z+ F', we have

E+E=1 LE'=-6
—E+F+2E’+F’=—2 . E’Iy‘+EFI+El=_7 ,
F-2F'=2 FF 42 =

which are satisfied by
E=3; E'=-2; F=4; F'=1.
Hence the equation may be written
{(x+2) J—‘i+3m+4} {(x— 1) (%}—(2@'— 1)} y=
A first integral is
(z-1) %_ (22=1)y=A4 (r+2)%e3,

and the primitive is

z4+2\2

e foraf () e

Ez. 2. Solve
@) ax +(3a+bx)dx+3by=0

@) (z-1)(x—- 2) —(2.z' 3) +23/—0

(iii) (2w~ 1) s —(3x 4)dw+(x—3)y-=0
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(iv) (z2+3x+2) +(5x2+221x+4) ——+(6x2+lglx+4)‘/—0
(v) (*- -3 +1> —(x’-««‘)z/=0;
(vi) a2 (a—ba) (1—12—2x (20— b5) 22 49 (30~ br) y=6a?,

70. There is a particular form into which the ordinary linear
differential equation of the second order may be changed ; multi-

plying
d*y
da?

throughout by /4%, we may write it

(
(% iedez %} + QefPds y = 0,

T

Let a new independent variable z be taken such that
dz = Qef Pz dg
then the equation becomes

d 0 dy
ad fPds “Y -
dz {Qe zdz} +y=0.
Now Qe Pdz ig a definite function of x and therefore of z;

let it be denoted by ll/" where U is a function of z. Then the

equation is
d (1 dy _
& {TI &} +y=0,

which is the form referred to.

Sir William Thomson (afterwards Lord Kelvin) indicated a
method of approximating to a solution of this equation by
mechanical means*.

du
Ex. Express 1’ o 2+Q dr

v=_8,-8;+8;—..., where
x T
So=C+C'z, Sn+l=/ d‘v/O S, dz,
0

expresses the solution of this in a series necessarily converging for all values
of x, provided p remains finite.

=0. Prove that

v
——+ Ru=0 in the form d.i?2+’w

Work out the case when p=z"

* See Proc. Roy. Soc. vol. xxrv. (1876), p. 269.
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GENERAL LINEAR EQUATION.

T1. The general linear equation with variable coefficients is
of the form

dn dn—l y dn-—s Y d .
Xod . 1W+XQW+ ...... +X, 1 3p +Xny V. (1),
in which X,, X,, X,, ...... , X, and V, are functions of z alone;

equations, in which the coefficients of the differential coefficients
of y are constants, have already been considered. The coefficients
X, Xby onnnnn , Xa, may be taken to be integral functions of z; if
in any equation they were not actually so, the equation could be
transformed so that its coefficients would be integral functions of z
by multiplication throughout by the least common multiple of the
denominators of such fractions as occurred in the given form.,

The primitive of the differential equation consists, as before, of
two parts:—

First. The Particular Integral, which is any value of y (the
simpler the better) satisfying the equation;

Second. The Complementary Function, which is the general
solution of the equation without the second member, that is, of the
equation

dr dr
X ° da Z dx n—yl n—1 d.z‘
The equation (ii), being of the n'™ order, will have in its general

solution n arbitrary constants—the necessary number for the primi-
tive of (i), which is the sum of these two parts.

+ X, + e +X

Y4 Xay=0 ...(ii).

72. If v, be a solution of (ii), then A4,y is also a solution
since the equation is linear; and therefore, if y,, ¥,, ...... y Yn, be
n different particular solutions of (ii),

y=A1y1 +A2y2+ ...... + An:'/m

where A,, 4, ...... , A,, are arbitrary constants, is also a solution.
If now the solutions v, ¥,, ...... , Yn, be independent of one another,
so that no one of them can be expressed by means of a linear
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function of all, or of any of, the others, then the foregoing value of
y is a solution involving n arbitrary constants; it is therefore the
Complementary Function. In order that this may be the case,
there must exist no equation of the form

MY+ AYet e + A yn=0,

for any values whatever of the constants A,, A, ...... , An, Other than

zero for each of them. If all the constants A be not zero, we have
the derived equations

dn—l n—l d"_
M dxﬂ_yl‘+qu I I + 2 S =0,
dn—2 dnr dan—2 n
MR Wy 2y 0 =0,
dy, dys dyn _ .
Kld +7\2;1“ +eeenn +An E;—O,

and, since the \’s do not all vanish, the determinant obtained by
eliminating the A’s must vanish, that is,

: dry, d"_l?lg "y, _
A= dant? dgnr? U T da =0
Ay, d" Ty, d_"‘__”?/"
dz*2’ dgn—2’ T P dan?
d_yl (—lL/? dyn
i’ dz’ ' d
Yo o Yo e o Un

Hence the condition that the y’s should be independent or, in
other words, that the foregoing value of y should be the Comple-
mentary Function, is that A should not vanish.

73. It is easily proved that, if A be zero, then some equation of
the form

x'ly]. +My2+ ...... +)~,,yn=0

must exist. For otherwise let the value of the left-hand side
be denoted by u; multiply the columns in A by A, A,, ...... y An
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respectively and add them together, substituting their sum for
any one column—as the first. Then we have

dn—1y d"-ly2 dn_lyn -0
e
dr—  drry, " Yn
dz"—2’ dgn—’ Tttt b dan?

u, y2’ ...... > yn

an equation of order n— 1 which determines u. Now this is satis-
fied by w =, ¥, ..., ¥a, that is, it has n particular solutions which
are supposed independent. But the number of independent par-
ticular solutions which an equation can have is equal to its order,
a property which is violated by the preceding result. The fore-
going equation in u must therefore be an identity so that u is zero;
and therefore, on the supposition that A is zero, there is a relation
between the n quantities y.

T4. The value of A, when different from zero, can be found as
follows. Let the values y =gy, s, ..., yn be substituted in (i1) and
from the n resulting equations let the cocfficients X, X, ..., X,
be eliminated ; then we have

ar» % danr Ya an Un _
Xo W’ Tizn‘, ...... N dmﬂ‘ +X1A'—'O-

dny, A"y, a"yn

daz2’ dgr-2’ T > da™?

gy, e

dwn—a ’ dxn—s LA ’ d "3
3/ 1 3/ 2y  eccves ’ y n

The determinant which is multiplied by X, is fl , and therefore
this equation is
db

X 0 % + XIA = 0,

which when integrated gives
A=CelXhXde
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Since A and leXo"‘dw are determinate functions of z, the

constant C' must be determined by some other method; compari-
son of particular terms is often effective. The value of C' will
evidently change with a change in the set of fundamental solutions
%1, Yas +++» Yn; but C is never zero.

Ez. Let g, bea particular solution of the equation
dy
%o dx’z X‘ d m—1 +'----~+Xm-1d/+me=0 ;

when we write g, [zdx for y, the equation determining z is (§ 76, post) of order
m—1, Let 2 be a particular solution of this, so that y,[zdx is a second
particular solution of the y-equation; and let 2 fudx be substituted for =.
Thus the equation in u is of order m — 2. Let #; be a particular solution of
this equation ; then y; [z dx {u,dx is a third particular solution of the original
equation. Proceeding in this way by m —1 successive substitutions, we shall
arrive at an equation of the form

of which a solution can be found ; and there will be, in all, m particular
solutions y.

Prove that these particular solutions y are independent of one another ;
and shew that for this set of particular solutions
A=( - l)im('”“)ylmzl”“lul""‘z.. sesesesWis
(Fuchs.)

75. The Particular Integral may now be deduced by means
of the method of the variation of parameters; this is the most
symmetrical method, but another will be indicated in the next
section. In the equation

y=Adyp+Asyatoenenis + 4,95,

let the A’s be supposed functions of  instead of constants; then

the value of gig is given by

dw
dy _ dyl dy, dyn
l Al Ag —&; F .o + A”_—d.’l}
dA dA dA
Y gy Ty Feee Y gy

Now as we haye n functions 4, while the only condition as yet
attached to them is that they are such as to make the preceding
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value of y satisfy the differential equation (i), we may make them
satisfy n — 1 other conditions assigned at pleasure, provided these
are not inconsistent. Let us assume as one of these conditions

d4, d4, dd, ..
Y iz '+ 1 d:c+ ......... tYn gz =0;

we then have

Y _ 4 dyz dYn
T =gy tAagy e +da o
Differentiating this again, we have
CYy_ g T, g Py &Yn
et A,U“+A2 d.z"‘ ......... +A,.%T,
provided we assign as another condition
dy,d4, | dy.d4, dyndAd,
do dz +d.€0 dw+ ......... +E;-d—:c—0.

Proceeding in this way, and assuming that the A’s are such as
to satisfy

Epdd, dpdds | ddd,_

dz®* dz = dz® dz dz? dz

Py dd, | Py.dd, + Symdda_,

dsd de " dz® dz T T dz® dz '
d“‘”y, dd4,  dy.d4, A"y, dAdn _ 0
dz" dz | da™? dg T dz"? dz ’

(which, with the previous two, make up »n—1 assigned conditions,
not inconsistent), we have

d:l ]/ _ da 3/1 dxy2 %
d—ws Al "d—x; + 2 a‘;s‘ + --------- + An d .7;3 )
dn—ly _ dn ‘3/1 dn—l ya dn.—l,,/
o = g A g s + A0 =2
The last of these, when differentiated, gives
dry d*y, ar Yo d™yn
?iw_"—A‘d“+A2d" ......... + 4, P
d"ly, dd, | d*y, d4, - d_éﬂ .
+ d" dz + a1 E; F e do— dz
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but, as all the conditions which were assignable have been used, the
second part of the right-hand side does not vanish. We multiply
the differential coefficients of y thus expressed by the algebraical
coefficients, which are attached to them in the equation (i) of § 71,
and add the results; since y is a solution of (i), and y,, %, ...... s Yns
are solutions of (ii) of § 71, we have

- Aty d4,  dy,d4, dy,d4,
V=X, (S T+ R e ).
Let A, be the minor of ‘fl y in A, for the values r=1, 2,..., n;
d4, dA, d4,,
then the n equations giving the values of —— o’ dm T
have as their solution the equation
x,0%_ya,,
for all the values of ». Hence
d4, VA,
dz ~ X,A’
and therefore
VA,
A,=C,+ f ¥z 4

where C, is an arbitrary constant. The value of ¥ is therefore

y:rgly' {Or'l" X A }
the Particular Integral being

VA,
“)X.A

J VA, da.

dw+y2JVA2dw+ ......... +9 | XA

Ez. 1. Shew that, if fi(#), fa(2), f3(«), be three particular solutions of
the equation

d$3+¢< )d.z'? +S.1/=0,
in which @ and S are functions of # only, then the complete integral of

a3 d? a
T+ @) A+ E+Sy=v (@)

¥.D.E. B
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is given by

Y=/ @+ G @+ Cfs@+ [ ¥ O s YO, L), GlBla,
S1(€), fa(E) fs(§)
H@), fol®), fi(2)

where €}, C;, Cs, are arbitrary constants and « is a determinate constant.

Ex. 2. Solve the equations

@) xzd’/ 2% (1+x) Lr2(1+a)y=1;
(ii) (x2+2)d 3 2x +(x2+2)~—2xy 2242,

76. When we know one or several particular solutions of the
equation (ii) of § 71, the order of the equation can be depressed
by a number equal to the number of particular solutions known.
Thus suppose we know that y;, is a particular solution of the
equation ; when we change the variable from y to y, u, the equation
becomes

dn /dn—l ’ d
Xoyl__;lﬁ-‘—Xl Wn—ul-'- ...... +.Xn_1d_‘z
d dr d
u (X2 x, i N + Ko 4 X)) = 0

or, what is the same thing,

-1
X.,yl‘éﬁ+Xlg LT + X,

in which X/, XJ, ...... , X 'n_1, are functions of X,, X, ...... , Xoay
and differential coefficients of y,. If now for %ﬁ we substitute v,
the resulting equation is of order n —1; the original equation has
therefore had its order depressed by unity.

If y, be another particular solution of (ii), then y,/y, is a value

of u, and therefore jx (‘; 2) is a solution of the equation in v; this

1
equation can therefore have its order depressed by unity and the

order of the new equation will be less by two than that of (ii). It
therefore is possible by proceeding in this way to diminish the
order of an equation by m, when m particular solutions are known.
Each depressed equation remains linear.
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77. When n— 1 particular solutions of an equation of the nth
order are known, the equation can be depressed so as to be a
linear equation of the first order, and as the latter can be solved,
it follows that we can obtain the primitive of an equation of the
n*® order when n—1 particular solutions are known. The following
method of obtaining the primitive avoids the process of successive
depressions of the differential equation.

Let the n—1 particular solutions of the equation (ii) be re-

presented by 21, ¥ay ceeens > Yno1; and let Gy, C,, ...... , Oy, be n—1
functions of z such that
y=0Cy+ Coyy+ ... + CorYna

is a solution of (ii); as this is the only relation between the n—1
functions, we may assign at pleasure n — 2 other relations, provided
they are not inconsistent. Let these be

dC, dC, ac,_
1dw+2dw+ ...... +yn_,d‘ =0,

dy, dC, | dy,dC, AyndCny

dz dz * dz dz SR + dz dx 0,
d"’_3yl dO’l d"‘*’y dcC, A" 3yn, an_l .
dz"3 dz ' da™ dz T + “dat do =0;

then the values of the successive differential coefficients of y are
given by

g—y=015‘£3i‘+02'f—;—ﬁ+ ...... +0"'ldgézn_l

e 02d92 ...... Oy T,
2;;2 =0 (s;: ;1/;} +C, (g;i‘ e + Cpy d’;;,?{f;’ ,
g:—::_?{ =0 g;;’/,-‘ +C, %gﬁ{—z Foveeet Oy d’;}ﬁ;‘

r—g:—l dC dn—zyr
r=1 da: dx"“” ?

dﬁ'{ —o ¥y ¥%, e, d—-;y =
r=n-—1 do, dn-:,!r r=n-1 d’O’ dn-a,qr

R 7= =

g
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The substitution of these values in the equation (ii) gives

r=n-1 deCr dn—zyr dO dar— ]/r r=n-1 dO, dn—gyr
X"{ 2z (EE a2 0 dg )} X2 a0
8iNce Y1, Yo, eveees » Yn—1, are particular solutions,
Let A denote the determinant
d’n—ey dn-zyz dn 2yn—1
dz3 " dgn—s? > T dan2 ’
dn—a % Ei:izyu dan—s Yn—
—dw"_s Py d.’l}"‘_s ) eecssssse > -a;:;i;?
ylr yg, ......... N Yn—
and let the minor of - a n_'jl; in A be denoted by A,, for the
.’l?
values r=1 2,...... ,n—1, Then we have
ac, dc, ac,,
9o _dz _ oG
A; = A2 = —z;l——zsay,
and therefore, for these values of 7,
dac,
% = ZA
Hence
r=n-140, dn-1y, =21 dnmly, dA
,E'l dz dz"? _z E de =% dp
and
r=n- ldC dn ny' r=n-1 d““’y,__
2'1 dz dovs ¢ rel 'dx”—“'“zA'
Also
a*C, _dz da,
dz*  dz Arts dz’
and
r-n—ldA dn ”3/7- )
21 dz da"? =0;
so that

"=§"1d90,d”°’y,. dzr=3"1  d*ty,  dz

T TG 2 M=o
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the transformed equation therefore is

dz dA

XQA%‘*' 2X0 d

z+ X,A2=0.

Dividing by X,A, we have
dz 2dA X\
a;-l- (Z%+E)z-0,
the integral of which is
X,
N
The corresponding value of C, is derivable from

Q‘=A'r A’_J‘Ao’

and therefore
X,
Co=A,+ A4 f%; e IB% do,

for the values r=1, 2,...... , n—1. Hence we have n arbitrary
constants, viz. 4, 4,, 4., ...... , A,_,; and the primitive of (ii)
is thus

-3 A,.y,+Ar£—y,fEe [ o,

Ez. Solve completely
3
d -’/ P( 2 & °y 2xd‘y+2_1/>+Q,

where P and @ are functions of z.

GEOMETRICAL APPLICATION : TRAJECTORIES,

78. It has already been noticed that a differential equation is
the appropriate analytical expression of any property of a curve
which is connected with its direction and its curvature; and it
therefore follows that the investigation of many geometrical
questions ultimately depends upon the solution of a differential
equation. In the higher parts of mathematics, differential equa-
tions are of almost universal occurrence; but in other subjects
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it is less possible than it is in geometry to give examples, as there
is no necessarily general method of arriving at the differential
equation, while its deduction in geometrical problems is obtained
almost immediately by the use of the formule of the differential
calculus. There will be no attempt to give here any complete
classification of applications to geometry; only a single general
problem will be discussed, that of Trajectories.

A Trajectory is defined to be a line which, at its points of
intersection with the members of a family of curves expressed by
one equation, cuts them according to some given law.

79. As the most general form possible, let
Sf(z,y,a)=0

denote a family of curves of which @ is the parameter; through
any point on one curve a trajectory will pass, and there will thus
be a second system of curves representing these trajectories. Let
£ and 7 be the currcnt coordinates of this second system; and
suppose the analytical expression of the law which holds at each
point of intersection to be

dy dy dn dn _
F{w,y,d—:;, qd? ,E,’I), (—i-g, dfz’ ......... }-——O.

In this equation, £ and 7 at a point of intersection are respectively
the same as 2 and y, being the coordinates of that point; but
dn dy .o

dE> T are not the same as LIRS , for they indicate the

direction and the curvature of the two intersecting curves.
We proceed as follows.

From the equation
f(@y,a)=0

we obtain the values of all the differential coefficients of y, which
occur in the relation F=0, as functions of , ¥, and @ ; and in each
of these expressions we substitute the value of a as a function
of z and y derived from the equation of the curve. This will be
equivalent to eliminating a between /=0 and the equation giving
each differential coefficient. Let these values of the differential
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coefficients of y be substituted in £=0; it then becomes an
equation which involves #, y, &, , and differential coefficients of 5
with respect to £ But we have scen that # and y are the same
as £ and 5, since both sets are the coordinates of the same point;
therefore /=0 becomes a differential equation in 5 and £ only.

80. The most frequent example of trajectories is that in which
a system of curves is to be obtained cutting a given system at a
constant angle. If this angle be a right angle, the trajectory is
called orthogonal; if other than a right angle, the trajectory is
called oblique.

In the case of orthogonal trajectories, the tangents at a common
point are to be perpendicular, and therefore

dy dn
1+ 7% £ =0,
which is the form of F=0 for this case. For the given system of
curves, we have

f((I} Y a)=0,
of 8fdl/ 0
0z Bydw_ ?

from which we eliminate @ and obtain a relation between #, y and
g%, which is really the differential equation of this system of
curves; let this relation be

Now, for the trajectory, we have

E=w; y=n

dy_ 1.

and %_—@’
dt

therefore the differential equation of the trajectory is

1
‘I’(f’ 7 -3—1'7>=0‘
dE
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The elimination of the parameter is immediate when the
equation of the given family of curves occurs in the form

¢ (2, y)=a.
For we then have
9  9bdy _
55T 3y o= 0,
which at once gives Z—Z independent of a, and is the form of 4» =0

for this case.

81. When the equation of the curve is given in polar
coordinates, the same method may be applied. For we then
have

x(r, 0,¢)=0
as the equation of the family of curves. If ¢ be the angle between
the radius vector and the part of the tangent to the curve drawn
from the point back towards the line from which 6 is measured,
we have

do

tanqb=ra—r;

while, if ® be the same quantity for the trajectory, and R and ®
be the polar coordinates of a point on it,

de
tan®=R JR .
Since the tangents are at right angles,
O ~p=3m,
and therefore
do ,,d®
T ar R iR +1=0,

where R and r, ® and 6 (but not their derivatives), are the same,

Now

o, ox 48
or ' 00 dr
eliminating ¢ between this equation and the equation of the curve,
we find a relation of the form

¥(rn6 %) =0
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For the trajectory

do 1 1 dR
.R—T, ®=0,and‘-z;=—;d—(§=—1—§;a@a
dR

the differential equation of the trajectory is therefore

¢(R,®,—Rl,§_g)=o.

This, when integrated, gives the equation of the system of curves
possessing the required property.

Ez. 1. Find the orthogonal trajectory of the series of straight lines
y=maz.

dy _
We have =

and therefore the differential equation of these lines is

)
xd—‘;=y.

Hence, by our rule, the differential equation of the system of orthogonal
trajectories is

d
£=— EZ )
which on integration gives
§2+’72=02a
a series of concentric circles having for common centre the common point of
the lines.
Ez. 2. Find the orthogonal trajectory of
rm=q"sin nd.
Taking logarithms and differentiating, we have

n glz_ncosnﬂ
rdf  sinnd’

which is the differential equation of the family of curves. For the trajectory,
we have

[

1dr de
Fas= " Eams
and therefore the differential equation of the trajectory is

de  cosn®_
dR "sinne
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The variables may be separated ; we have

dR sin 76
"R s nede’
8o that Rr*= A" cos 76,

the family required.

Ez. 3. Prove that, whatever be the value of 7, a non-parametric constant,
the orthogonal trajectory of the curves included in

y=cz"
is a family of conics.

Ez. 4. Shew that the orthogonal trajectory of a system of confocal
ellipses is a system of hyperbolas confocal with the ellipses.

Ez. 5. Obtain the orthogonal trajectory of the system of curves
(i) m™sinnf=a";
(ii) r2=a?log (¢ tan @), ¢ being arbitrary.

Ez. 6. Shew that, if f(x+1y) be denoted by u+ v, where » and » are real,
and ¢ denotes 4/ =1, then the families of curves u=-const., v=const., are the
orthogonal trajectories of each other; and the families % cos a+v sin a=const..
for different values of a, are oblique trajectories of each other.

In particular, shew that, if % and v, so obtained, be homogeneous of order
7, then the value of u is

How may the value of « be found when 7 is zero ?
Ez 7. Find a system of curves cutting, at a constant angle other than

right, a system of concentric circles,

82. If one of the variables be given as an explicit function of
the other and the parameter, the equation will be of the form

y=¢(z, a);

instead of eliminating @ we may proceed as follows. Let the
equation of the orthogonal trajectory be

n=¢ (£ a),

where in the last a is to be considered an unknown function of £ to
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be determined so that the curve may be the orthogonal trajectory.
We now have

dy _0¢
dz~ oz’
dnp _0¢  0¢da

de~ 0t "o g’

b (06 0 day | _
6w<8’g‘ 8adf)+1_0'

and therefore

Now, as no further differentiations are to take place, we may

write ?’g in place of g—f, since « is equal to £; hence we have
00): 2826 do
1+ (ag 5a 9 dE=

This is an equation between two variables a and £; when
integrated, it determines the value of a which, being substi-
tuted in

n= ¢(E) a)x

gives the orthogonal trajectory.

Ez. Obtain the orthogonal trajectory of the ellipses represented by
y=a(l- xz)é.

Here a—¢— —at(1-£)~1%,
Doa-et;
and the equation determining a is

= da
2_2  fg—=
1+a - gad£ 0,
which gives

da? 2a2¢ 2

&g
This on integration leads to the equation
F(1-)=4-£+1log§;
therefore the orthogonal trajectory required is
2=4 - £+ log £2.
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MISCELLANEOUS EXAMPLES.

1. Solve the equations:

d?y 2 dy s 2\ ..
O Gz gt (m-5)y=0;

()27~ Py (Lan=0

2
(iii) 2‘,(-— —3(5‘;/:) - 4y°=0;

(iv) z/3+{y2+ dy)z} Z‘Z =0;
") 25L+i2-0p (@) Ly (2);
o {y-= i} -4 ()

(vii) Zgé+2ncotm y+(m2—n2)y 0;

(viii) a:(.z+g/)d 2+(x 3/) dy+x (dq/) -y=03;

o (&) -+ Sz o TP

(x) sin?x di =2y ;

. d? dy ay
@) L+(E) 7@+ Ee@=0.
2. Assuming that the primitive of
dty -
e + (1 - ——) y=0
is of the form y=u+ g, prove that it is given by

u=4 sin (#+a), v=A4cos(z+a)
Obtain the primitive of

d?y 2°
dz"+ (1 —;—z)y=$2.

[cHAP. 1V
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3. By the method of variation of parameters, deduce the primitive of

dzy 1\ dy 2n
i ("";)GTH(“" 5‘)3“'0-

4, Prove that the equation
a2 d.
(a2+83) T+ (a+012) S+ (a+boz) y =0
has a particular solution of the form *%, provided
(@0b1 = a1bo) (@1 b3~ azb;) = (aoby— azby)?;
and hence solve the equation, assuming this condition satisfied.
(Schlomilch.)
5. Integrate

sinﬁxﬁy+sinxcosx@=u.
da? dz
If #=0 when =0, and =1 when x=g, then #=,/2~1 when z= %

Also solve the differential equation

2t
d2y+z/ 2y(1 ntl ‘ﬂ)

2 a*
determining che arbitrary constants by the conditions that y=a and %=0
when 2=0.

6. The equations .
= +P Y+ Qy=0,

@Y
d;’.‘,+P +Qy=0,

have a solution in common; find the primitive of each, and the necessary
relation between P, P’, @, ¢ supposed to be functions of .
7. Prove that the equation
1d% 1 \2
L =580 d@-b-0, 30-r-a), 3e-a-nf L, Lo LY
can be integrated by the method of § 68, provided the relation
@+H+0+Pi+c+hHi=3

be satisfied for some one set of signs given to the radicals.

Find the solution when this condition is satisfied.

8. Solve the equation
(#+a)? (-'v+b)2 2=k,
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where a, b, £ are constants, by assuming
=(z+a)y"(2+b)*;

and obtain the general solution.

Solve similarly the equation

(a+x)(b+x)d z+11,(a+zb+3ac) +;}——y =0;
also Ex. 1in § 68.

9. Prove that, if ¢ (z) be a particular solution of the equation

d2z

= =qx™—2
dxz—-ax 2,

then z¢ (i) is a particular solution of the equation

d?z
-n—-2
] z—ax 2.

Hence solve the equation
2% _ 4,
dz?” 77

10. Prove that, if 2=¢ («) be a solution of
a?z
=Y (@)
then (=(cz+d) ¢ <c.1:+ d) is a solution of

(er+dp ZE=tv (55 0),

cx+d)’
the constants a, b, ¢, d, being connected by the relation
ad—-be=1.
Hence solve the first equation in question 8.

11. Shew how to solve the equation

dry Ay drly Ay, driy Any
dz* " a+bx c-l.z”"‘-*'(ac+b.7e)2 dzn—? +(a+bx)” =4

where X is a function of # only, and 4,, ..., 4,, are constants.
V'12. Integrate the equation

d2y+(2X+a) (‘i‘; +X24aX+ b)
X being any function of 2.
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13. Shew that, if a particular solution of the equation
d;
d—z + X2+ X,=0

be known, X; and X, being functions of z, the primitive can be obtained.
Hence solve the equation

sinz

cos?z’

Y rgin we
sty sinzr=2

14. The primitive of
d? dy
dx"é +p dx+qy =0
being y=Ay,+ By,
shew that the differential equation which has for its primitive
2= A/ylm_*_ Blyzm

is
a2z dz
F@) ot {pP@)-m-1 2L} 2
d*F dF
+m{Em-)Z5+3 -1 p G +mgF ()} o=
where F(2)=119s.
(Hermite.)
15. Given an equation
dZy Tt Iy=0,
shew that the equation, whose integra.l is given by
u=.7/2)
. d3u dI
is P +4I +2 72 %=0
and that the equation, whose integral is given by
v=y53,
. dtv dl dv d?l .
is d4+101 ?+10d =t (3d 2+91)

Account for the respective orders of these equations; and state their primitives
when the primitive of the first equation is known.

16. Prove that, if y; and y, be two pa.rticular solutions of the equation
d?
T+ P 7 +Qy=0,

the roots of ;=0 and y,=0 separate each other so long as both of these
solutions remain continuous.
(Sturm.)
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17. Solve the differential equations:

(i) sin%d —‘1-4+s1n60059 —y=0-siné;

dg?
. d21/ 1 2
(ii) P leogxy e’(;+logx);
d?y dy

(i) (1+aa?) Teita g =nly;

(iv) .z‘“(z2+a)d 2+.Z'(2:z"*+oa)——-nﬂ’./,

az a\ d Ana
o —%-2(n~;)g+(ne-7)y=m;

dy _

(vi) (a?- xz) -8z -2 a5

-12y=0;

(vii) (83— x) -(9- 4:0)%4—(6 —3z)y=0.

18. Solve tho equation
PEL QY _ ry=o,

where P, @, and R, are functions of # which satisfy the relation
aQ dR
(d ) de

‘When this relation is not satisfied, can the equation be solved by the
introduction of a factor p so chosen that the new coefficients satisfy the

relation ?

19. Solve the equation

d?y —a- by
dz? (2cx —22)2°

(Stokes.)

20. Find the form of ¢ such that, if x=¢ (s) be substituted in the

equation
q &y
dz?

dy

Pt U

+24° == + 52y =0,

it will become
d2y+n2y 0;

and thence solve the former equation.

2
21. Prove that the equation %+P d_y+ @y =0 can be transformed into

d*y

o +F(z) L1y0 (=0,
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when the relation between z and « is given by

fdze'fF(‘)d‘=fdxe’IPd"’,
and & (z) is given by
Qe2!Pd”=<b (Z) e2fF(z)dz.

j::% - i_‘ d__zﬁy (n%~e*") to the form

dg/ 1dy n?
dz? zdz+( -1—2)3/—-0.

22. Solve the equation

d%y 1 B\dv A
—(—i—2—2+2(;+;§>3;+—v=0,

where 4 and B are constants.

Hence reduce the equation

Verify that the equation
Py, (B dy  pwy
™t (x3 +2x) ot =0
is transformable into the foregoing equation by the substitution
z=sin (arc tan A )
provided B2=4B*—4A+p;

and find the relation between y and ». Hence solve the second equation.

23. By transforming the dependent variable from y to e solve the
equation

Hence solve the equation

LAY S0 {5 L . (},‘ip)u(m -X7)- 2‘1&}
(Sparre.)

24. Prove that the primitive of the equation

d?e da
da? 4a'< ) +§0?=0,

where ¢ is the Schwarzian derivative of y with regard to z, is
Y(A'+B'x+C'2*)=A + Bx+ Ca?;
and shew that this is also the primitive of
Ys, 3y, 3y |=0.
Y 4y, 6y2
Ysy Sya 103
where y;, s, ... are the first, second, ...... differential coefficients of y.
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95. Prove that the primitive of the equation
{s, a}=0(a—B)}(z~a) % (z-B)"?
as+b _ ('f"_“ n
cs+d \z-B/°

where n2=1—26. Discuss the case in which 6, supposed constant, is equal to .

is

26. The arc of a plane curve measured from a fixed point 4 up to a point
P, whose rectangular coordinates are z and y, is denoted by s; obtain the
general Cartesian equations of the curves for which the following equations
respectively hold :

i) s=(x2+3/2)§; (ii) s=carctan (%),
o (BN dx dix . _dy.
(iii) (d_s) =a - o (iv) s=a

ds dis_ . N o2 1. N g ok
v) @+3yd‘72—0, (vi) s=(2%42cx)?; (vil) s=(y*+ma?)3.

27. Find the general differential equation of all parabolas touching the
axes and having their chord of contact of constant length. Solve the equation
obtained.

Obtain also the differential equation of all parabolas touching the axes.

28. Shew that the differential equation of a general conic is

2157

and of a general parabola is
@ {(0_@ -,
d dxﬂ) =0

29. Find (i) the curve in which the radius of curvature is proportional to
the arc measured from a fixed point; (ii) the curve in which the product of
the perpendiculars from two fixed points on the tangent is constant; (iii) the
curve which has an evolute similar to itself.

(Monge and Halphen.)

30. Find a differential equation of the first order of the curve, whose
radius of curvature is equal to n times the normal; and shew that it is
always integrable when » is an integer. In particular, shew that when n=2
the curve is a cycloid, when n=1 a circle, when n= —1 a catenary, and when
n= —2 a parabola.

31. Shew that the system of curves, cutting a system of confocal ellipses
at a constant angle a other than right, is given by
x=ccos pcoshn (\+¢), y=csin¢sinhn(A+¢),

where 2¢ is the distance between the foci and # is tana.
(Mainardi and Mukhopadhyay.)
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32. Obtain the orthogonal trajectories of the curves
(1) 2*+y?=cxz; (i) a2?+y?+c?=1+2cxy;
(iii) 2%+ y3=3axy; (iv) r'=c?;
in the last » and # are the distances from two fixed points.

33. The curve, for which the ordinate and the abscissa of the centre of
gravity of the area included between the ordinates #=a and =« are in the
same ratio as the bounding ordinate y and the abscissa z, is given by the
equation

34. The curve whose polar equation is 7™ cosmf=a™ rolls on a fixed
straight line. Assuming that straight line to be the axis of 2, shew that the
locus of the curve described by the pole in the rolling curve will have for its

equation
2m
do= {(ﬁ)l‘m- 1} gy,

In particular, shew that, when 2m=1, the described curve is a catenary;
when m =2, the described curve is an elastica.
(Frenet.)



CHAPTER V

INTEGRATION IN SERIES

83. IT may happen that a differential equation, the solution of
which is required, comes under none of the preceding classes which
are all of some particular form, and therefore that the methods
applicable to these fail. Recourse can then be had to approximation,
in order to obtain the value of the dependent variable. The form
of approximation which is most frequently adopted is that derived
from converging serics; by retaining a large number of terms the
error can be made small, and the scries may be considered to
represent the value of the variable. That this method is d priors
justifiable may be seen as follows.

The given equation is a relation between the successive differ-
ential coefficients of ¥ and may be considered as giving the one
of highest order in terms of those of lower orders; thus if it were

of the second order, it would give Z;/ in terms of Z—x and y. When

3
differentiated once, it would give d{_g in terms of Z‘Z R % and y,

that is, in terms of 3— and y, since gig is expressible in terms

of these two, and so for each of the differential coefficients of
dy

7o and 7.

But the differential equation will not give any relation between

higher order, which can thus be expressed in terms of
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% and y, which are thus independent of one another. Suppose

now that a value a be assigned to # and that for this value of 2 we

make y=4 and dy = B, which constants are, in general, arbitrary ;

dz
then the equations derived by successive differentiation furnish the
values for #=a of the differential coefficients of y of successive
orders. Let these be denoted by C, D, E,.... Now if the value
of y be ¢ (x), which we assume is a function expansible by Taylor’s
theorem in a converging series of ascending powers of z —a, we
have

¢ (2)=¢ {a+(z—a)}
d¢>(a) (z—ayd'¢(a) (z—ayd¢(a)

=¢(a)+(z—a) o dat 31 apt
where rd’a( )stands for the value of jx(rx), when a is written

for « after differentiation. Inserting now for the various coefficients
their values, we obtain

y=p@=A+B@-a)+0 gL Sy

This series, if it converges, is a solution of the given equation.

It should be remarked that, for some particular value of z, the
differential equation may determine not the coefficient of highest
order but one of lower order. Thus the equation

dy 2ndy .
Zi—x_’-i.wd m'y =0

would for values of x other than zero determmej but for z=0

would give -@—0 if we consider infinite values of any coefficient

dz

excluded.

The foregoing method and another, which is in practice substi-
tuted for it and which will be explained in the next article, are
almost impracticable in the case of equations which neither are
linear nor can be transformed so as to become linear; for such
equations, the determination of more than the first few terms of
the expansion often entails great labour.
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Ez. 1. Let us apply the foregoing method to the equation
ay
a;zﬁ'xy-o.

When differentiated » times, the equation gives
dn+2y d"J+ ldn 11/
dz+2 T T g T

=0;

and therefore, when =0,
ant? y an—1 Y
degtt = " Mgyt

Now the given equation leaves y arbitrary, say =4, and g:% arbitrary, say =B,

d?y
when 2=0; but -(T-.z=0. Hence we have
Xy
d3p"21/ d3p ly
dxspu de 3p—1
¥
=3p(3p- 3)d >y
=(~1)?3p(3p—3)...6. 3323’
similarly . p
Py _ y
Wl—(—l)”($p—l)(3p—4)m.5.2d—x0
=(-1)?»3Bp-1)(3p—4)....5.2.8;
dasr
and dxg_( 1)? (3p—2) (3p—5)....4.1. 7,

=(-1)*(3p-2)(3p-5)....4.1. 4.
The expansion of y is, by Maclaurin’s theorem,

dy z% d¥y  ad dBy | at diy
Y=Y%0% g, Y21 de T 31 dod T 10 gt

dlbg 1.4
_Al: 3% - “8"“]

+Bxf1- x’+ D0 2080,

a7 T Tor T ]
This expression is the sum of two converging series. It contains two arbitrary
constants, and is thus the primitive of the equation.

Ex. 2. Solve

) z s +2ciu+c3xzj =0;

(i) dwz-f-az‘?y =0.
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Ez. 3. Obtain an integral of the equation

d?y dy
z EZTI+cl_75+my"o
in the form
mx m2x? m3x3 mizt
y="[1"F+12.2="12.22.32’“12.22.32.42_‘“]‘

84. The preceding investigation shews that, by means of the
differential equation, and by the expansion of a function in terms
of the independent variable as given in Taylor’s or in Maclaurin’s
theorem, an expression in the form of a series can be obtained for
the dependent variable ; but, instead of working through what is
sometimes a troublesome process, it is convenient to accept the
principle that a series can be obtained, and so to assume for y
some series arranged according to powers of # with indeterminate
coefficients and indices. This scries is then substituted for the
dependent variable in the differcntial equation; as it is to be a
solution of that equation, it must make the equation an identity.
A comparison of the indices of the independent variable will shew
the law of their progression; and a comparison of the coefficients
of the different terms involving the same powers of the variable
will give the required relations between the coefficients in the
expression assumed. The latter will then, for such values of
the independent variable as leave the series converging, be a
solution.

85. As the method just indicated is really equivalent to the
earlier one, it is not better suited to the solution of non-linear
equations; but much labour is saved by it when the differential
equation to be solved is linear. One of the most important forms
to which it is specially applicable is that which may be written

{¢(e)+3¥ (e )}u=0

where ¢ and + are polynomial functions of their argument. To
solve this equation, assume

y=Ag™+ Aa™ + Aa™ + ...,

where m,, my, m,, ... are exponents in ascending order of magni-
tude ; since

$ (2 35) = p()an
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the equation, when the value of y is substituted in it, gives
A, (my)a™ + Ay (M) a™ + ...
+ 4,9 (m) g™+ Ay (mg) g™ 4. = 0.
In this equation, m; —1 is the lowest exponent and it occurs in

only a single term ; as the left-hand side is to vanish identically,
this term must disappear, and therefore

Ax"!’ (m)=0;

or, since 4, is a coefficient of a term actually occurring and so is
not zero, we must have
VY (my)=0.

A comparison of the indices of the remaining terms shews that
m;=mg— 1, and therefore my,=m, +1,
my=m;—1, , » my=m; + 2,

and so on; while a comparison of the coefficients of terms involving
the same indices gives

A1¢’ (my) + Aa‘l"(’ma) =0,
Aa¢ (ma) + Aa"’" (ms) =0,
and so on. Take now any value of m, as given by the equation

¥ (m,)=0, say m,=a; as A, is quite arbitrary, denote it by 4.
The remaining coefficients are given by

4@
e

__$latD) , _, d@é@+1)
== ar =t FarHy@rn?

and so for the higher coefficients ; the corresponding value of y is
thus
Apa[1__d@ $(a)$(a+1)
(1Pt S v

__$@3@+d@+?) ]
Y(a+1)y(a+2)Y(a+3) -

The expressions connected with the other roots may be similarly
obtained ; and as the equation is linear, the sum of all these values
of y is a solution.
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Of this general form the most important example is that
equation which has for a solution the series known as the hyper-
geometric series; it is discussed in full detail in the next chapter.

Ez. 1. Prove that the primitive of the equation

drr Tz dx+ my=

is given by

4 m2at
y= 2(2n+1) 2.4@n+1)(@2n+3) ]

1=2m[ 1 _ ma? m2at _
+82 [1 IG-2n) 2. AB -G -2

Lz. 2. In the case when 2n=1, the separate parts involving the arbitrary
constants in the preceding example become the same, each being

mzx? miat

=g +oig~

If this be denoted by », and y —uv=w, where u and w are to be determined,
we have on substituting, since » is a solution of the original equation,

d?w 1 dw d?u 1 du du dv
dzt Vg dp T (dx3+5 Zl._z:)+ dz dz

As there are two quantities » and w, we may assign any one condition we
please; let this be

=0.

d*u  1du

e dn=

The value of « hence derived is 4 + B log z, and thus

d?w 1 dw 2B dv
dz Tz de T =0
or
2w 1 dw ma? m2zt m3a®
dattg gy to=2Bm {2 9747 42.6 2.42.68.8 }

The value of y is now
v (4 + Blog z)+w,

and therefore contains two arbitrary constants, the total number necessary
for the primitive; hence we require only a particular integral of the equation
in w. To obtain this, write

w=DB'+ B2+ Byax?+ B3a3+ Byat + ... ;
then
d*w 1dw B,

%2-'-5 d—x'— +223 +3ﬂBsz+. +n2B,.x""+
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Substituting and equating coefficients of different powers of x, we have from
the

coefficient of 2~ 1......... B;=0:
............... 20 eeeee...mB' +22By=DBm
............... 2l e 32B4+m By =0;
............... =1 ......(2”+1)2B2”+1+7RB2"_1=0;
Bm?

............... 22 eennd2By+mBy = -3 4’

n
............... x‘zn—2 ......(27&)232,,+man_2=(—l)”‘l B"l

2.4%6%...(2n—2)2 20"
These equations give

BI=O=B3= cen =B2n_1=...

80 that no terms involving odd powers of # occur in w. For the coeflicients of
even powers, we have

m ,m
B4=—B m? 3242

m? n
=“Bm(5+1)+3' b

By=+B 5 41- 6 B“G‘

m3 . omd
=B g+ -B s

and, generally,

—(—1p-1B mn 1 B’ .m»
By=(-1) 22 4264 (2n) (n — 1+" +§+1>+( - 9242 6%...(2n)*"
Hence the value of y is

ma? mizt  m3ab
(4 + Blog x) {1 -7 +m—mz+...}

ma?  mixt m3 a8
"'B'{ o +2“.4“_22.42.62+"'}

( l)n Lynp2n 1
+BE {2' .65 (2n) (n aoite "'?""5*1)}

As B’ is undetermined, there are apparently three arbitrary constants,
But it will be seen that the expression multiplied by B’ is the same as that
multiplied by 4 ; and therefore these two constants coalesce into one new
arbitrary constant 4’, which takes the place of 4 4 B’.
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Ez. 3. Obtain the primitive of the equation

d%y  d;
o A+ oy =0
in the form
322 1128 502
y=2B (o= "5t it )
2 23 2
(1t ot g ) (A Blog )
(Fourier.)

Ex. 4. Integrate in series, and express in a finite form, the primitives of
the following equations :—
. d*y dy
— 2 2
@ a z)dxz dx+a y=0;

d1/

(ii) (z— .z'a) s +H(1— 3.7:2) —2y=0.

86. There are two special cases which occur in the integra-
tion of some differential equations. They owe their origin to the
same cause, but they require to be dealt with separately.

As an example of one of them, let us recur to the series
obtained as a solution of the equation

195( a0) 2 ‘P( )}y 0,

which was
b (a) d(a)dp(a+1) o jl
4o [1- S T Dy n )
the constant @ being some root of the equation
Y (m)=0.

This equation will usually have more than one root; let some
other root be denoted by &. Then, in the case when b is greater
than a by some integer k&, the solution in the form above adopted
ceases to be available; for in the denominator of the coefficient of
«* within the bracket there occurs the factor yr(a+ k) or ¥ (b)
which is zero, so that, unless there be a zero factor in the
numerator, the coefficient apparently becomes infinite.

‘When such a zero factor does not occur in the numerator, we
must recur to the fundamental equations from which the series
was derived. These are A/ L}
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A,¢(a) + 4.9 (a+1)=0,
Ap(a+1)+ A (a+2)=0,

....................................

Arp(a+k—1)+ Ay (a+k)=0.

Now since yr(a+k) vanishes and A4, is not infinite, being a
cocfficient in a series supposed converging, it follows that either
Ay or ¢(a+k—1)is zero. Rejecting the latter on account of the
hypothesis that no zero factor occurs in the numerator, we have
A =0, and thence from the preceding equations we find that all
the coefficients 4,, 4,,..., A;_;, are zero. Hence the part of the
series which precedes the term z* inside the bracket is, on account
of its coefficients, evanescent, and the series actually must begin
with the term Cz2*% that is, with Cz?; and this will be the series
derived from the root b of the equation 4r(m)=0. One of the
particular solutions has thus disappeared; but to obtain one in its
place, we may proceed as in Ex. 2 in § 85. Denoting by v the one
which remains and has absorbed the other, we may write

y=uv+w,
and, after substitution, assign some one relation which shall serve
to determine u and w and render the differential equation casier

to solve; this relation will usually be determined by the special
form of the equation.

Ex. 1. Consider the differential equation
d ” (x2+4.z) +4y 0.

Substituting .7/=on"'+1111‘"‘+1+A2x’"+2+...

which is easily seen to be the necessary form, we find as the equation

determining m
m(m—1)—4m+4=0,

that is, (m—-1)(m—4)=0.
Hence a=1 and b=4, so that the roots differ by an integer. It will be found
that, on taking the root m=1, the equation is of the form discussed and that

the terms up to, but exclusive of, z* disappear ; while the series derived from
the root m=4 is dxte~.

Complete the solution.
£z. 2. Solve
d29+ x(1+.z') +(3z~1)y=0.
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87. We now proceed to consider the other special case.
Hitherto it has been assumed that no vanishing factor occurred
in the numerator; and the result of the necessary alternative was
indicated. But a vanishing factor may occur in the numerator of
some of the coefficients of the terms within the bracket, either in
that term in which there is a vanishing factor in the denominator,
or in an earlier term. In the latter event, all the terms which do
not have a vanishing factor in the denominators of the respective
coefficients disappear; and if such a factor never occurs in a later
term, the series will end at the term next before the first which
contains that vanishing factor in the numerator, and the solution
will thus be expressed in a finite form. But some vanishing factor
may appear in the denominator of a later term, and the coefficient
of this term will then take the indeterminate form 0/0, while the
intervening terms will disappear; and all the terms after this will
contain this indeterminate coefficient. The series will then be of
the form

Aao 4 Bawhi .4 Fost? 4 (Kot Lastbhig ),

where k£ —1 is not less than £ This may be written

A (a;“+§—w“+l+ +§.z“+f> +M(m“+’°+1£{x‘”"+1+ )

where A is arbitrary, and B/A, ..., F/A, are determinate; M, being
equal to K x 0/0, is arbitrary (on account of the indeterminateness
of 0/0) and L/K, ... are determinate. This series is a solution
of the corresponding differential equation; it therefore will be a
solution when a particular value is substituted for the arbitrary
constant ; hence

A (w“+§a“+1+ +§.z"+f>,

obtained by writing M =0, is a solution. In such a case there is
therefore a solution of the equation expressible in a finite form.
Ez. 1. Consider as an example
dty dy

When we write y=Azm+Bam+1l4 ...,
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the equation to determine m is

-9=0,
and therefore m=~3 or +3.

For the root —3, it is not difficult to obtain the series

Ax-3 [1 —g.z‘+5—— 2%+ terms in 23, 44, 5 which vamsh]

-2.-1.0.1.2.3 -2.-1.0.1.2.3.4
—3 -— . . . 7
+dz [-—5.—8.—9.-8.-5.0xﬁ 5.-8.-9.-8.-5.0.7" +]

Write M instead of

-2.-1.0.1.2.3
—-5.-8.-9.-8.-5.0

then the series is

2 2.1
-3 1_Zpae-
Az [l x+5 82:]

4.5 4.5.6 .
01 ot gy~ e o)

thus verifying the theorem that one solution of the equation is expressible in
a finite form.

Ez. 2. Verify the general theorem in the case of the equation

d*y

.zad2

+x(1+‘7x)

FEz. 3. Solve the equation

d? 2
dx‘Z+(g 2m)d <m2—qm—-5§)g/=0.

88. Further illustrations of these special cases will occur
later, and they nced not therefore now be considered in greater
detail; various other matters arise which will be discussed in
connection with special equations. Thus it has not been stated
that a series must always proceed in ascending or in descending
powers of the independent variable; but the comparison of the
terms in the differential equation after the expression for the
dependent variable has been therein substituted will indicate the
nature of the series. In the case when one of the solutions
becomes evanescent one method has been pointed out, which will
be useful for supplying the deficiency thus caused ; another will
be indicated below. In fact, the difficulties that arise are usually
connected with special equations and not with the general equation;
and therefore some special equations will be considered. Of
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equations of a particular form, there are four which reckon as the
most important among those included in the class soluble by means
of series; they are :—

First, the differential equation of the hypergeometric series
which will be discussed separately in the next chapter;

Second, Legendre’s equation ;
Third, Bessel’s equation ;
Fourth, Riccati’s equation.

The last three of these will now be discussed in order. It must
of course be understood that what is carried out here is mercly the
complete solution of the differential equations. There is no attempt
at an exhaustive investigation of the properties of the respective
functions determined by the dependent variables.

LEGENDRE’S EQUATION.
89. This differential equation is

Py _o. % -
(1—w2)(7—m2—2wd—é+n(n+1)y—0,

or, what is the same equation,
9 (1 _p @ﬂ} _
e ((1 - )dx +n(n+1)y=0,

in which the quantity » is a constant. The equation is one which
frequently occurs in investigations connected with questions in
most of the branches of applicd mathematics; in these cases, n is
usually, but not always, a positive integer. The equation is one
of the second order, and has therefore two independent particular
solutions ; and every other particular solution can be expressed in
terms of these two. It will be found that the form of these funda-
mental particular solutions is different in the two cases when = is,
and when 7 is not, a positive integer.

We proceed to obtain these solutions. In accordance with the
general method of integration by seriés, we write

.y = A,w’”' +A2w"‘? +A3w"" + ceny
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and substitute this value of 3. Then we have
n(n+1)(4,2™+ d,5™+ Az2™+ ...)
= ;—; {(@=1) (m Ad;a™ 4 my Apz™ ™ + mg A gz +...)}
=m, (m, + 1) 4, 2™ —m, (m; — 1) 4,22
+ my(mg+ 1) Aa™ —my(my— 1) Apa™ 2+ ... R
and this must be an identity. An inspection of the equation shews
that, so far as powers of « are concerned, we have
my=my -2,
mg=my — 2:

...............

or the series must be one in descending powers of z; we there-
fore now assume that m,, my, ms,... are arranged in descending
order of magnitude, their common difference being 2. A com-
parison of coefficients of the same powers of x gives, for those
of a™,
{m(m+1)—n(n+1)} 4,=0,

or (my—n)(m,+n+1)A4,=0.

Now A4, is not zero, being the coefficient of the highest term
in y; hence either

m,=n,

or my=—(n+1).
The relation between the coefficients of consecutive terms arises

from equating the coefficients of #™~%+3 on the two sides; it is, for
values of » greater than unity,

n(n+1)A4,=(m —2r+2)(m—2r+3) A4,
—(my—2r +4)(m—2r+3)4,_,,
and this gives
(m=—m+2r—2)(n+m,—2r+3) A4,
=—(m—2r+4)(m,—2r+3)4,_,.

90. Consider first the solution corresponding to

m,=n.
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The highest term is then 4,2"; and the relation between the

successive A’s is
@r-2)@2n—2r+3)4,=—(n—-2r+4)(n—2r+38)4,_,,

so that

(n—2r+4)(n—2r+3)
T 2(r=1)(2n—-2r+3)

ann—1)(n—=-2)...(n—=2r+4)(n—2r+3) A
2-11.2.3...(r—1)(2n—=1) (2n—38)...(2n=2r+3) "

Ar = -Ar-l

= (-1

and therefore the series becomes

n_nm=1)  nr=1)n=2)(n—3) .
A’{” 2@En=1)" T 2.4(Zn—-1)(2n=8) " ’}

. Let the series within the bracket be denoted by yi, which is
therefore a particular solution. When = is a positive integer, the
series is finite. When = is even, the last term is

(- l)én nn—1)(n—=2)......... 2.1
2.4.. (n=2)n(2n—1)(2n—=3)...(n+ 1)’

or, what is the same thing,

1 nlnlal
(-1 inlin!2n?’
while, when 7 is uneven, the last term is

(_l)g(n—l) n(n—1)(n—2)......... 3.2 a:
2.4...(n=38)(n—-1)(2n—1)(2rn—=38)...(n+4)(n+2) "’

or, what is the same thing,

n—1 ninl(n=1)!
(- 1)%( )%(n_l)!%(n—l)l(‘ln-—l)!%

The numbers of terms in the two cases are respectively 4n + 1 and

3 (n+1).

When n is an integer, 2n is an even integer, and therefore a
zero factor can never enter into the denominator in this case; thus
the series considered will never come under the class considered in
§ 87 which yields two solutions.

F.D.B.
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The series ,, multiplied by
2n!

2r.nlnl
n being a positive integer, is usually denoted by P,, and sometimes
is called a Zonal Harmonic. This function is an extremely im-
portant one in physical applications.
Ez. 1. Verify that
an
2”.%!Pﬂ=d—;‘{($2—1)n}.
Ez. 2. Shew that P, is the coefficient of 2" in the expansion in ascending

powers of z of (1 — 2xz+2%)~ 3,

Hence shew that v=(1—2zz+22) ~ ¥ is a solution of the equation
02 (2v
Tt {(1 5 o} =o

Ez. 3. Prove that the roots of the equation y;=0 are all real and numeri-
cally less than unity.

Ez. 4. Prove that the sum of the coefficients in #,, with their proper signs
is unity.

Ez. 5. Obtain the equations
(i) nP,=(2n—-1)2Py_1—(n—=1)P,_z;

(i) (22—
dp, dP,, .

n“npn—l;

(111) =(2n—1) P,

Ez. 6. Prove that
P,=-= f {z+ (22— 1)’*’ cos 8}»dé,
P,,=-7—r f:{xi (22— l)} cos ¢} "~ 1d¢.

Ez.'7, Shew that
[ Pu@) Pat@yda=o,

when m and » are different positive integers; and that

' P (@) dpmaere
/_1 ,‘(.'l') =‘2n+1



90-91] EQUATION 163

In the case when = is not a positive integer, the series y, pro-
ceeds to infinity ; and for convergence, it is necessary that 2 should
be greater than unity. But in particular when 2n is equal to
some positive odd integer, say 2r — 1, then the coefficient of a2
has a zero factor in the denominator, and no zero factor occurs in
the numerator either of that term or of any subsequent term;
hence (by § 86) the terms whose indices are higher than n — 2r do
not exist in this solution of the differential equation, which will
thercfore begin with 2"~ multiplied by some new arbitrary con-
stant. But since 2n = 2r — 1, therefore n — 2r= —(n +1), or the
solution degenerates into an infinite series of descending powers of
# beginning with 2=®+), To the consideration of this solution we
therefore proceed.

91. We take now the second solution of the equation determ-
ining the value of m,; this is —(n + 1), so that the term with
highest index may be taken to be 4,2=®+), The relation between
the successive coefficients is

@n+2r-1)2r—2)4,=(n+2r-3)(n+2r—2)4,_,
for values of r greater than unity; and therefore
_ n+1)(n+2)......... (n+2r—2) 4
T 1.2.83..(r=1)(2n+3)(2n+5) ... 2n+2r 1) "V

go that the series is

4,

(n+1)(n+ 2)w‘("+3'

2 (2n +3)
4+ (n+2)(n+ 3)(n+4«)w_
2.4(2n+3)(2n+5)

Let the series within the bracket be denoted by y,, which is a
particular solution ; the series y, multiplied by

2% . nln!

G+l
n being a positive integer, is usually denoted by @,. For con-
vergence, it is necessary that « should be greater than unity.
This function @,, like the function P,, is of great importance in
physical investigations.

Ax {m—mﬂ) +

SR

When » is a positive integer, the series proceeds to infinity.
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When 7 is a negative integer, y, is a finite series; if n=—2p,
the series begins with 2%~ and proceeds for p terms; if n = —(2p+1),
the series begins with 2% and proceeds for p + 1 terms.

When 2n is equal to an odd negative integer other than —1,
say — (2r + 1), then the coefficient of #—"+*+) has a zero factor in
the denominator, and no zero factor occurs in the numerator of
any term in the series; hence, as before, the preceding terms do
not exist, and the series begins with #—®+7+) multiplied by some
new arbitrary constant. But since 2n=—(2r+ 1), therefore
—(n + 2r 4+ 1) =n, or the solution y, becomes an infinite series of
descending powers of z beginning with 2", i.e. y, degenerates into y;.

92. We thus have the following results.

I When n s a positive integer, there are two independent
solutions of the differential equation; (1) v,, a finite series, (2) .,
an infinite series; and the primitive is

y= Ay + By,.

II. When n s a negative integer, there are two independent
solutions; (1) ,, an infinite series, (2) ¥,, a finite series; and the
primitive is

y=Ay, + By..

III. When n s not <ntegral and 2n is not equal to some odd
positive or negative integer, there are two independent solutions;
(1) v, an infinite series, (2) ., an infinite series; and the primi-
tive is

y=Ay,+ By..

IV. When 2n is equal to an odd positive integer, there has
been obtained only one solution of the differential equation, for ¥,
degenerates into y,, this solution being an infinite series; the
primitive is thus not expressible in terms of y, and ¥, alone.

V. When 2n is equal to an odd negative integer other than — 1,
there has been obtained only one solution of the differential
equation, for y, degenerates into 7, this solution being an infinite
series; the primitive again is not expressible in terms of y, and ¥,
alone.
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VI. When 2n 4s equal to — 1, there has been obtained only
one solution of the differential equation, for y, and y, are the same
infinite series beginning with ™ %; the primitive again is not
expressible in terms of y, and y, alone.

It therefore remains to obtain the primitive in the last three
cases.

93 (i). Consider first the case when 2z is equal to an odd vositive integer;
then

(4D O2) o (4D 0+2) (243) (149)
2(2n43) 2.4(2n+3)(2n+5)

is a definite solution, and we have to find a second and different particular

solution. In the first instance, assume

2n=2p+1+46,

where 6 is an infinitesimal quantity which will ultimately be made zero.
Then, so long as 6 is not zero, the quantity

— o n(n=1)

NET =g ea—1)

y2=.2?-"_l+

zTn=b4 .,

=24,

is also a definite solution; and it'ceases to be so by the vanishing of 6, since
6 enters as a factor into the denominator of the coefficient of z"~2r~2 and all
lower powers. Now we have

n(n—1)

N7 am=2
2(2n_1)x +...

Ap= A {x"—
n(n—1)..(n-2p+1) n
2.4...2p(2n—1)(271,-—3)...(21L-—2p+l)x

+(-1)?

n(n—1)...(n=2p-1)

— +1
=DM e T Y G- D @i =8) @i 2p=T)

an-20-2

n(n—1)...(n—2p-3)
2.4...(2p+4)(2n=1)(2n—3)...(2n—2p—13)

N i)

_ _nr=-1) _,
= A{.z"' mz‘” +...

+(=1)p n(n=1)...(n~2p+1) xﬂ-?p}

2.4..2p(2n—1)(2n—3)...(2n-2p+1)

Oxn~2-2 _(n—2p-—2)(n_2p_3) - }
+2n-—2p—1{1 2p+4) (2n—2p-3) 24ty

where
n(n—1)....n—-2p-1)

C= (- M g TS @ = 1) @ =3) @ =2+ 1)’
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and so is determinate and finite. But
n—-2p—-2=~(n+1)+6,
and therefore
Zh= P 2=g= 0+ 1) 28=g—"=1(140log z),
approximately. Also the coefficient of #—?% within the second bracket is
(-1 (n—=2p=2)(n—2p=3)...(n=2p-2r-1)
(2p+4)(2p+6)...(2p+2r+2)(2n~2p-3) (20— 2p—-5)...(2n - 2p - 2r - 1)’

ie, is

(-1 (n+1—-6)(n+2-06)...(n+2r—0)
(2n+3-6) (2n+5—6)...2n+2r+1—6) (6 -2) (6 —4)...(8—2r)°
ie, is

n+1=8)(n+2-0)...(n+2r-0)
(@n+3-0)(2n+5-10)...22+2r +1—-0) (2— 0) (21— 8)...(2r—0)’

(n+1)(n+2)...(n+2r)

18, 18 @3 @ntb)..@ntort 2. 4. 6.2 L TGO
where
8=r ] 8=r 1 8=2r 1
C=2 55t 2 s a1 2 nts”
Hence
_ n(n-1) _ _,
Ay,—A{a!"-—(ma:" +...
_ n(n—1)...(n-2p+1) o
D e S @) @ =8). @Bt D)
s+ Ca-wen LEO I
r=w (n+1) (n+2)...(n+2r) —2r}
x[l"' 2 {2.4...27‘(2n+3) @nto) @iz TGO |

When the second part of the right-hand side is expanded the aggregate of
terms which involve 3—9 is @q Y23 the aggregate of terms which involve log # is
Cyzlog x;

and there remains the aggregate of terms independent of 4 (and also as it
appears of log ), as well as a further aggregate of terms multiplied by positive
powers of 6, most of which have been omitted and all of which disappear when
6 is made to vanish. From the first part of the right-hand side there is an
aggregate of terms independent of 6, as well as an aggregate of terms which
disappear when 6 is made zero. Hence the primitive of the equation is

y=By:+An
= (B+%) Yo+ C(ypplogz+ Th+ Ry)

=Dya+ C(yslog o+ Tt Ra),
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on changing the arbitrary constants. Here 7', stands for

A n(n-1) __
-c-,{zﬂ T@n= 1)”" 2+...

B n(n-1)...(n-2p+1) _
- e @) @n=3). @2 tD " 2”}’
and R, stands for

e (n+1) (n+2)...(n+2r)

a= 2 {2 1.0, @n33)(3n+5) @72 T) OF 2’}’

the value of C. being

= ( 1,01 1 1
=1 \28 ' 22+28+1 n+25—1 n+2s/°
The value of the coefficient 4/C, which occurs in 7T}, is

4.8.12. ...(4n—2)}2
{ 135,20 ) &t

so that we may write 7', in the form

4.8.12...(4n —2)) 2 nn=1)  _,
{ 1.3.5..9n }(8"+4)["’" g@n=1) @ te-

The second particular solution of the equation is thus
Y2 logx+ Tn+Rn;*

and it will be noticed that that part of it, which is expansible in descending

powers of z, begins with a term involving ™ and contains no term involving
x—rl,

But in the special case when 2n is equal to unity, so that p is zero in the
preceding investigation, then the form of T, now T,} say, is limited to the
first term; and we have

C=-4 '}_(1‘2_‘l) =14,
so that
=823
T& Sx .
The remaining parts are unchanged in form.

93 (ii). Consider now the case when 2= is equal to an odd negative integer
other than —1; the solution y, is definite, but
(n+1)(n+2) -
=gpmn—lg T AR L) 3
Yo=2"" "+ 2@n+3) ity P

is not a definite solution.

* The solution thus given corresponds to that for Bessel’s equation, Ex. 1,
§ 105, due to Hankel.
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Before assuming » to be half an odd integer, write
-n=m+1,

80 that 2m is a positive odd integer when the assumption as to the special

value of 7 is made. Then
(m+1)(m+2) z

-m-3
2(em+3) Foee

y1=x—m—l+
=Y2)

m(m—1)

—_— 7 -2
ZEm—1) &t

and y2=x"‘-
=Yl'

where Y, and Y3 are the special solutions of
d d
z {(1 —a?) d—z} +m(m+1)y=0,

m being positive. When 2m is an odd positive integer we know, from the
preceding investigation, that the primitive of this is

y=BY,+A(Y;logz+ T+ R,),
where

_ 4.8.12...(477;—2)}‘1x m(m=1) . _,
T’”_{ 1.3.5..2m | Bmt4)| 2m 2(2m—1)xm Foe

—m(m— 1){!; 3. ...(m—2)}2z_m”],

2.4...2m~-1)
and
r=wo (m+1)(m+2)...(m+2r)
=g—m-1 -2
Bp=amm ,21 {2.4...27‘(2m+3)(2m+5)...(2m+2r+1)A"x r}’
the value of 4, being

ﬂgr l+ 1 1 1 )
=1 <2s 2m+284+1 m+28—1 m+2s
Hence the primitive of

d ds

2la-oZ +r@erny=o,

in the case when 2n is an odd negative integer other than —1, is

y=B]/1+A (3/1 log z+ Vn+ Un),
where
n(n—l)(n—2)(n—.‘3)x“_4
2(2n-1) 2.4(2n—1)(2n—3)

ey

h=a"

[4.8.12..(-4n—6)? el
V“_11'3-5--~(—2n—2)}('8"_4)[” sy ¢t

. — 2
com @) ) T ]
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and

oaTe® n(n—=1)..(n—2r+1) _
Un=an 2 {2.4...27‘(27&—1)(2n—3)‘..(2n—2r+1)(_I)TE'x 2’}’

r=1
where in U, the value of E, is

<r/l 1 1 1
2 (2_s+23- 21—1 ‘23‘—n—'2_2s—n-1> ’
The second particular solution of the equation in this case is thus
Ylogx+ Vot Uy s

and it will be noticed that the part of it, which is expansible in descending
powers of z, begins with a term involving z~-"»-! and contains no term in-
volving a™.

93 (iii). Lastly, for the special case in which 2 is equal to — 1, we proceed
in a manner similar to that adopted in § 93(i); and we find that the primitive
of the equation is

Ay + By logz—w_y),
where y, is the series

x“5+é gz"‘f’+15 5.%.1

and

53..
wi=x§2 2

———— =2r
r=1 Pyl Dy~

and
s=r 1 1 1"
D,= 2 2 (21 +Zs—l+;‘23—1_§e)'
94, Since in all these cases 2n is an odd integer, the equation can be

written 4
{a-a @ +e-py=o,

where p is an integer.

The case of p positive is that considered in § 93 (i); the case of p negative
is that considered in § 93 (ii); and the case of p zero is that considered in
§ 93 (iii). Properties of the functions defined by the differential equation in
the present form have been discussed by Mr W. M. Hicks in his memoir on
“Toroidal Functions,” Phkil. Trans. Roy. Soc. (1881), pp. 609—652.

Ex. 1. Assuming the result of Ex. 1 in § 64, shew how the solution of

oo Pty

do 1= do
A-B) et 7=

which is the differential equation for the quarter-period in elliptic functions.

can be derived from that of
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Ez. 2. Prove that the Particular Integral of the equation
dz? dw dP

is AP,_;, where A is a constant and that the Particular Integral of the
equation

(1-22% f1:+n(n+1)w 4Qn

i8 '@, +1, where X’ is & constant.

95. In the general case of the differential equation, as represented by I.,
IL, IIL of § 92, it is possible to express the second particular solution in terms
of that already obtained und of similar functions. Let v denote the particular
solution already obtained, so that for instance » would be P, in L. ; and let

y=uv—w,

where » and w are as yet indeterminate. When this is substituted in the
differential equation, we have

_l:a% {(1 z‘z)dx}+n(n+l)w +»{(1 x)__g ZZ}

+2 d—"(l 22) : +u [d% {(1 —xﬂ):%} +7(n+1) v]:

Since » is a solution, the last term disappears; and, as the only condition
imposed on % and w is that y must satisfy the equation, we may arbitrarily
assign another. Assigning it so that the coefficient of » may vanish, we have

du
-2 -
1 .ac)H 2xd =0,

and therefore
(z2 1) — -—constant
As we are seeking a particular solution, it is convenient to have it as

simple as possible; and therefore, giving a special value to the constant, we
may write

d
(@ —1) d—g= -1,
so that a value of u is given by

u=1}log (‘“—1) .

The equation to determine w now becomes

{(1 x’)if} +n(n+1) w—2%
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When the Particular Integral, say w;, of this is obtained, the second
solution of the original equation is

- w41y
y=%vlog (x— 1) wy.
The value of w; as a series of descending powers of x is easily obtained.
Thus in the case when 7 is a positive integer, we take

n(n-1) n(n—-1)(n—-2)(n=3) . _,

_— -2 .7\ N
2@a=1)7 T a.a@n-1)@n=3) © o

v=a"—
and at once have the equation, which determines w;, in the form

% {(1 —xz)%} +n(n41)w,=2n [x"‘l—%—-———(ﬁ%&) x"‘3+...].

Let wy=C1a" 14 O34 Csam =54 .,..3
then, substituting and equating the coefficients of the highest term, we have
Ci{n(n+1)—n(n—-1)}=2n,
or C=1;
and equating the coefficients of the terms involving 2»~%+1, we have
Cr{n(n+1)—(n—-2r+1)(n—2r+2}}+(n—2r+3) (n—2r+2) C,_,

n(n—=1)(n-2)...(n-2r+2)

= e G @)@ 2r¥3)"

The general value of C,, deducible from this, is complicated ; the values of
the earlier coefficients are
Coe _(n-1)(n—=2)(3n-1)
2 3(2n-1)(2n—2) °’
c _(n=1)(n-2)(n—3)(n—4) (30n%—-50n+12)
$773.4.5(2n—-1)(2n—=2)(2n—3)(:n—4) ’

and so0 on; but there is no advantage in writing down more of the coefficients,
as the expression for w; will soon be put into a different form.

Relation between the particular solutions.

96. We have now obtained the primitive of Legendre’s equation in all
cases when 7 is a real constant, by deducing two solutions which are linearly
independent (§ 72) of one another. But we know (§ 65) that when one solution
of a differential equation of the second order has been found, the primitive
can be expressed in terms of it and, if necessary, of other functions, and
therefore any other solution is so expressible; we proceed to obtain this
relation for the cases—viz. L., IL, III. above—in which it has not been
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obtained. The first form in which it may be given is derived by means of
§ 65. We may define P, and @, by the generalised equations

_ 1'1(272)' w_n(n=1)
P"‘znmn)n(n){’ 2@n-1)" 2+"'}’

and Qn:w {x—(n+l)+ (itw——"—'g-)-x‘("*’3)+...},

O(2n+1) 2(2n+3)

whether » be integral or not; IT (r) is Gauss’s IT function and is I' (n+1), and
(see next chapter, § 126) is 2! when # is a positive integer; and P, and @, are
atill solutions of the Legendre’s equation, since they are respectively constant
multiples of ; and y;. We therefore have

x‘y~ “4+n(n+1) P,=0,

-z Tl

d dQ,
(1-29 T 250 10 (a1 1) Q=0
multiplying the former by @, and subtracting the latter multiplied by 2, we
have

(ﬁ-l)(@n%‘-ﬂ‘ﬁ%)wx(@n——l’ ‘ﬁ:‘) =0,
or (2-1) (@22 -2 02) = 4,

where A is a constant, which is definite and not arbitrary since @, and P, are
definite functions. To find 4, we consider the terms containing the highest
powers of x; these are

2711 (n) IT (n)

1 N N p=(nt])
in @ O(@nt1) ’

I (2n)
2*II (n) I (n)

.

and in P,

1 (2n)

hence A= TEntT)

fn+(n+1)=1,

since I (2n+1)=(2n+1) I (22); and therefore

n dQn_ 1
it e e

This gives
d (P,, _ 1
(T’l: E)—(xg— 1) an’
or, its equivalent

& (7)=a=sne
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dx
f(x"’ P2 f (z*—l)I’z’

no constant being needed, as may be seen by comparing the coefficients of
the highest powers of x in the expansion of the two sides in descending
powers of x.

and therefore

97. The result may be written in a different form, when 2 is an integer ;
but it is first necessary to prove two relations between the functions given by
Legendre’s equation for different values of .

From the expressions given in the preceding article, we find that the
coefficient of 7 *+1 =% in P, — Py_, is

1 I (2n—2) n—=1)(n—2)...(n—2r+42)
(=1 r=lfI(n—1)II(n~1) 2.4..2r 2rn+1)(2n—1)...2n—-2r+1)
2n4+2)(2n+1)2n (2n—1
{( ":(3}1’1‘;()”:5)2 )(n+1)n(2n—2r+1)+2r(2n+1)(2n-1)};

the last factor is easily simplified into
(2n+1)2(2n-1),
and therefore the coefficient is

1 I1(2n) n(n=1)(n—2)...(n—2r+2)
(1 )T (%) 2.4.-.2r @n—1)@n—3)..2n—2r F 3) (@ =37 F 1)

(2n+1).

Hence the coefficient of 2"~ 2" in

‘g{)ﬂ_ﬂ_‘ﬁ)ﬂ;l
dz dz
I (2n) n(n-1)..(n=2r4+2)(n-2r+1)

I8 (=1y@+1) Gy (m) 204,97 (G —1) @n—3)...@n—r 4+ 1)°

that is, is the coefficient of the same power in (2n+1)2P,. These two
expressions are thus equal term by term ; and therefore

‘%ﬂ d—l—"—l--_(2n+1)P,.,
ar, dP,_,
or dx R =(2n-1) P,_;.

In the present case n is a positive integer, so that this leads to a finite

. apP, .
series for a2 Viz:

‘ﬂ_(zn 1) Py—y+(20—5) Pp_g+(@n-9) Pp_s+...

the last term of the series 3P, or P, (i.e. 1), according as % is even or odd.
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98. Now by § 95 we see that

r+1
3P, log (le) -w

is a solution of the differential equation, if w be determined as the Particular
Integral of

d dw dP,

2 {(1 —a?) .Tx} Fn(nt1)w=20 =2 (@n—1) Py1+(2n=5) Pu_gt ..},
by the formula just obtained. To obtain this Particular Integral, we write
w=a1 Py _1+a3Pp_s+...+ 5 1 Py_gri1t..ey

and substitute ; since

2oL} =-mmen P,

the left-hand side has, as the coefficient of @g,_1 Pp_2r 41,
n(n+1)-(n—2r+1)(n—2r+2)
=2(2r-1)(n—r+1);
and therefore
ag-1(2r—=1)(n—r41)=2n-4r43.

The value of w is therefore now definite; and the corresponding solution
of Legendre’s equation is

241 2n—-1 2n—5 2n—-9
1Pulog (T5)) - {157 Pacrtgipmry Pacst e )P,,_5+.........},

the last term being
3

@-D @+
when 7 is even, and
1 . 1

B L M Gty
when 7 is odd.

99. We have now to compare this solution with @,. Let it be supposed
expanded in a series of descending powers of #; it must then be of the form

AP, +BQ,,

where 4 and B are constants. Now in the series the term involving z™ does

not occur, since
z+1\ 1 1 1
é 1 ( ) 5 é? + 5;5 + ......

and therefore 4 must be zero; hence the coefficients of the powers between
2™ and z~*+1) exclusive of the latter disappear; this is easily verified for the
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first few. The above solution is therefore a constant multiple of @,, and
thus

2n—5 2n -9

r+1 2n—1
BQu=}P, log( ) {1.n Pyt g Paat g Pt }

=3P, 1og(”+1) —Z,

where Z, stands for the series which, when = is integral, is a function of
degree n—1. Hence

1 Z,
_%1 'Ei'_._l_D:’
and therefore
BZ (& - 1 U
dx P,.) z2-1 P2’

where U is an integral function of x of degree not higher than 2n—2. When
we substitute on the left-hand side from § 96, it becomes

B 1T
(x?=1) P2 z:-1" P2

or B=P2+(22-1) U,

where the right-hand side is a finite integral function of 2. This is true for

all values of x; writing =1, we have B=value of P,2 when z is unity. Now
in Ex. 2 of § 90, P, was indicated as the coefficient of z* in the expansion of

(1-2xz+22) - % in ascending powers of z ; and therefore the value of P, when
2=1 is the coefficient of z# in the expansion of (1 - 2z+422) 4, i.e, of (1-2)~1
This coefficient is unity, so that P, is unity when x=1; thus B=1, and the

equation becomes
=3P, log (“ }) -z,

Ex. 1. Discuss the significance of this expression for €, when z is not
an integer.
Ex. 2. The following properties, analogous to those of P,, hold for @,:
N dt1Q,  (=2rT(n)
(1) dan+l (.Ll 1)n+1 ;

( ) dQn+l dQﬂ -1

=(2n+1) @n;
(iii) ndQ"+l+(n+1) dQ"—l—(2n+1) a:dQ“

Ex. 3. Obtain the properties of the integrals @, corresponding to those of
the integrals P given in the examples in § 90.
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Ezx. 4. Prove that, if y>1>2> -1,
n=owo
@-2)7'= 2 (2n+1) Pu(2) @u ()

The further development of the properties of the functions which are the
particular solutions of Legendre’s equations does not depend merely upon the
differential equation; the student will find most ample investigation of their
analytical properties and their applications to mathematical physics in the
excellent treatise by Heine—ZHandbuch der Kugelfunctionen. The treatises
by Todhunter, The Functions of Laplace, Lamé and Bessel, and by Ferrers,
Spherical Harmonics, will prove useful.

BESSEL’'S EQUATION
100. This ditferential equation is
d*y dy
e zEJ,+xo—l7v+(ao?—nﬂ)y=o,
or, what 1s the same thing,
d/( d
a:(—%(x B‘Z) + (2 —n?) y=0,

in which n is a constant; it will be assumed that n is real.
The equation, like Legendre’s, occurs in investigations in applied
mathematics, and 7 is usually an integer in such applications; but,
as in the case of the preceding differential equation, this limitation
will not be imposed on the value of n.
To solve the equation, we write
y=A g™+ A am+ Aga™s+ .. ...
and substitute; we then have
(m?—n2) A;2™ + (m? — n?) A,a™ + (md —n?) A, @™+ .........
+ Aamtr 4 doametr 4L =0,

which must be identically satisfied. Hence, from a comparison of
the indices, we have
mg=1m; + 2,

my=m,+2,

or the series is one in ascending powers of #, the common difference
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of the indices of the powers being 2; and thus m,=m, +2(r —1).
Taking the term in # with the lowest index, we have

m,? = n?
since A, is not zero; and therefore
m=+mn or m=-—n,
The coefficient of #™**" on the left-hand side must be zero ; and

therefore
{(’ml +2ry— nz} A+ 4,=0,

or, since m?=n3,

4, 1

Arer =g o

101. Consider, first, the solution corresponding to
my, =+ n,

The coefficients 4 are then given by

A4,
Ar+1=—M))
so that
r—1 Al
A1.= ("‘ 1) (7. . 1) ! 2:(1‘—1) (n + 1)(n+ 2)...(11, +7r— 1),

for values of r greater than unity; and the series, which is a
solution of the differential equation, becomes

a* xz
TSt l) 2 m D) (nT2)

A,an [1

a8
312+ 1) (n + 2)(n+3)+ ] ’
where 4, is an arbitrary constant.

When to 4, is assigned the particular value , Where

1
31 (n)
II (n) is Gauss’s function II and is the same as I' (n + 1), then the
expression is denoted by J,, so that

T = i 1 x? x
"‘2ﬁ1‘(—n‘)[ ‘22(n+1)+2!2¢(n+1)(n+2)""']

r=00 (_ l)r z\ntr
T emo H(n+17) 1 (r) (E)
which is usually called the Bessel’s function of order n.

b



178 BESSEL’S [cHAP. ¥V

When n is positive, whether an integer or not, the series proceeds
to infinity and, for finite values of the variable, obviously converges.
Thus AJ,, where 4 is an arbitrary constant, is one solution of the
differential equation.

Before considering the form of J,, where 7 is a negative integer,
it is convenient to obtain the solution corresponding to the case

m; = —n.

The work is the same as before with the change of sign of n, and
the solution is

xZ $4
T Car) T 2T (—ar ) (—n+2)

B,z [1

a8
B2t 2)(—n+3>+'“]’

where B, is an arbitrary constant. To B, assign the value

1
Il (—ny’
function of —n as J, is of 4+, and it may therefore be denoted
by J_n, so that

then the resulting expression is exactly the same

J o= ™ 1— bl o
STy | T Sentl) 2B (nt)(—nte)

rgao (_ 1)1' 2\ —nrer
"m0 H(=n+r)II(r) (§> )

If now n be negative, whether an integer or not, or be positive
but not an integer, this series proceeds to infinity and, for finite
values of the variable, converges. In this case, BJ_, is another
solution of the differential equation.

If then n be not an integer, whether it be a positive or a negative
quantity, J,, and J_, are two independent and determinate par-
ticular solutions of the differential equation ; and the primitive is

y=AJd,+BJ_,.

102. If n be an integer other than zero, two cases arise. First,
if n be a negative integer and equal to — p, a zero factor occurs in
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the coefficient of all terms after 2% inclusive within the bracket;
and therefore (by § 86) the terms which precede this disappear, and
J» becomes

™

5 meenrm @)

or, what is the same thing,

8= (_ 1)s+p T\Pt28
o0 IL(s)TI(s+p) (:‘):) ’

since n+p=0. Now this last expression is (—1)?J,, that is, is
(=1)™J_,; so that, in the case when # is a negative integer, one of
the particular solutions, J,, degenerates into a constant multiple
of the other, J_,.

Similarly it may be proved, or it may be at once deduced from
the foregoing, that when n is a positive integer one of the par-
ticular solutions, J_,, degenerates into a constant multiple of the
other, J,.

When = 1s zero, the two solutions coincide. Hence in every case
when 7 is an integer, whether positive, zero, or negative, we may
write

Jp= (=1 J_p.

But that this equation may be valid, it must be remembered that
it refers to the respective lemating forms of the particular solution
of the differential equation when the superfluous terms of the
latter for the special value of n have been removed from the
expression in the general case; and the relation merely gives this
limiting form. It however shews that, when = is an integer, it is
sufficient to take the positive square root of n* and to consider, as
the corresponding particular solution, the function associated with
that square root.

It thus remains to find a second particular solution in two
cases, in order to have the primitive; and these two cases are:—

First, when » is zero :

Second, when 7 is an integer which (from the above explanation)
may be considered positive,
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103. To obtain these particular solutions, it is convenient to have some
fundamental properties proved.

It may be at once verified that

0 %‘%=-J,;
(ll) (x J,.)—.Z‘"J,,_l,

v @

(“1) d_x(-t_" ,,)=—-.'IJ'"‘ n+1e
From the last two, we have

x"%‘é'+nx“'1J,,=x"J,._1,

dJ,
n Lty = 2.

dx

Dividing the first of these throughout by z#—1 and the second by z=»~1,
and subtracting the latter from the former, we have.

2nJ,.=$(Jn—1+Jn+l);

or J,._1+J,,+1=§nJ,,.
Similarly

2
—Yns17Yp43= __.(n+2) Jutos

Jn+3+Jn+6—‘ (n+4)Jprsy

Now it is evident, from the general value of Jy, that J,_,=0; hence the pre-
ceding equations give
ﬂ—l—“{n'] (n+2)Jn+2+(ﬂ+4)Jn+4'—. ad mf},
this series converges.

Ez. 1. Prove that

&y =g{imJ —(n+2)Jps2+(n+4) Jpyq—...ad inf}.

Ez. 2. Prove that, when = is a positive integer, J, (z) is the coefficient of z»
in the expansion of
1
4=(=-3)

in ascending and descending powers of z.
Hence deduce the relations (i), (ii), (iii), given at the beginning of § 103.
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Ez. 3. Shew that, when 7 is a positive integer,

I () —% / :cos (n6—z sin 4) dé.
Prove also that
Jy(z) =1 / " cos (zcos8)db;
mJo

and hence (or otherwise) verify that

/:e'“.fo (bz) dz=(a?+5%)~1,

104. To obtain the desired particular solution in the case when # 73 zero,
we substitute
y=udy+w
in the differential equation
dy
dz?

14y
z dx

+ +y=0;
the result is
?w ldw @y 1du\ _dudl,
T o= (G )
To make the coefficient of Jj vanish, we take

d?u 1 du

ATz ="

which is satisfied by
u=log .

The equation determining w is now

Rw ldw,  2dJ
et "z
2
= ;.Jl

4
= S{2h-4J+6- 8yt ..},

Now from the equation

dJ, 1ddJ, _n?
qi T de T
it follows that
.’/=XJn

is the Particular Integral of

d¥y 1dy An?
Ttz gz Y= Jne
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The general term in the right-hand side of the equation determining w is
4 -
2 (DIl
we have therefore for this term
4 pn-1
A= - (-1) .
Hence
w=2{J2—§J4+%Jﬁ—iJ8+]5‘JIO— ......... };
and therefore a solution of the original equation is
Jologz+2{Sy—3Jy+3Js—FJg+1Jp0—...... }-
Let this be denoted by ¥,; then the primitive of the equation

a2tz dp Y0

iS .’y=AJ0+BY0,

where 4 and B are arbitrary constants,

105. To obtain the second particular solution in the case where n is an
tnteger other than zero, we write

y=dJy,logz—w,
so that
dw 1 dw n 2 dJ,
Tzﬁ;d—x“”(l‘ﬁz) =z dz
2nJ 4 J J J
= 1L—z.—2{(n+2) nr2—(n+4) s+ (n+6)J, 6—...).
Now

A2(N\Jp) 1 d(A\J,,) ( n? _ mi—n?
d ta—dz T\ @) M= M

X being a constant; and therefore a value of w satisfying

w1 dw n -1)

%2-{-5 ?15+(1—;:> w=( .z‘2) 4(n+2r)dy,0r
. n+2r
18 w—(—l)’1————_ (n+r)Jn+2r.

Let w, be a quantity satisfying
d?w; 1 dw, n 2n 5 .
@tz %“f(";:) “= g3 s
then a suitable value of w is

r<® n+2r
= -1) .
w=w;+ ril( 1) W‘LH%‘
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The right-hand side of the equation giving w, must be transformed. By
the general relation between three successive Bessel’s functions, we have

2
z Jx-Jo=J2 H

h 2 (2 di-2 (B) sy=di=2 (2) Jom =, ;
ence 5) 1~ (5.) 0—N1= <5> 2= Y1593
hence also

2. 3( ) Jy-2. 3( ) Jo—3 (g) Ji=Ty=8 2 Sy Ty= i

also

2
2.3. 4( ) J,-2.3. 4() Jy-3. 4( ) Jl—4<;)J2—J3=23J4-J3=J5,

and so on ; and the general relation is

o (3 (3 B B

_I(n-1)2
“nr-2)z

Jn—S_Jn—'z:Jn)

or, what is the same relation,

st ) AR ) m )

Also, by actual substitution, we have

a2 1d n?) J, dx7,  1dJ, mz—-n?) 2m d.J,
{a;z’f;d_x“‘;z}ﬁ 7| & Tz dr +(1 )y dx]
1 [ o2m dJ, pz+mz--n2 :’

- )

W z dz T
80 that, on writing m=n-p,

. 1d n?) | 2(n—p) 1dJ,

n ya
@t X

z dx T v)’
A, being a constant. If p be not zero, the right-hand side is

2(n—p) kap—];

- Zh—P+1

while if p be zero, the right-hand side is
2n
+ ;‘;ﬁ )‘OJ 1

If now we substitute in the equation for w, the value

p=n-1 Jy
wy= p§ )\pan_p,
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a comparison of the two sides of the equation gives

on—p+1

~2(n—p)hy= —30(0) T

if p be not zero, and gives
2n7\0=§11 (n) gn+1
if p be zero; and therefore, whatever p may be,
A= 2P 1 I(n)
Ta-pI(p) 2
Hence the value of w; is
p=n-1 ] 2\"~? J,
wy =3I S —
1=311(n) onp<) n(p)

and therefore the second particular solution of Bessel's equation, in the case when
7 18 a positive integer other than zero, is

, n+42r
y¥= J lOg‘Z‘- 2 ( 1) r(n+r)Jn+2r
1[5\ J,
o (n) 0 n—p ( ) (p)’
Let the right-hand side be denoted by Y, ; then the primitive is given by
y=AJ,+BY,.

Note. In a Supplementary Note (1, pp. 243 sqq.) at the end of Chapter vr.,
an account is given of the method devised by Frobenius for the integration of
linear equations in series. The method is applied to construct the primitive
of the Bessel’s equation of order zero (Ex. 3, p. 252) and the primitive of the
Bessel’s equation of order n (Ex. 4, p. 253). The process there given will be
found more general, simpler, and more direct, than the preceding analysis.

Ez. 1. Another method of obtaining a second particular solution is em-
ployed by Hankel as follows. Any linear function of the particular solutions
is also a particular solution; hence, in the general case, such a solution is
given by

2penmi I cos n — Jon
sin 2nm ’
which is then perfectly determinate ; while, in the particular case when n is
an integer, it takes the form 0/0 since (—1)*J,=J_,. Prove that, when
evaluated, this assumes the form

-Q RO

O % mwimmm () 1 (5)-voen-vo},
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d
where ¥ (2)= o log I (2);
and compare this with the solution already obtained.

(Math. Ann. 1. p. 469.)

Ez. 2. The series for J, is always a converging series ; but, when z is
large, the convergence is slow, and it is convenient to have a series proceeding
in descending powers of z. Prove that

Jp= (T%)i {1 _g_lf—_t;%in_‘)_k} cos (z—%—n 1—;)

P (2) U @@t (7T,

so that the series terminates, if 2n be equal to an odd integer.

(Lommel.)

106. The relation between the two linearly independent integrals
J, and J_, may be found as in § 96. We have

d&J, 1dJ,
(1) o
aJ_,  1dJ_, n? .
and dx +"“d“+(1——J)J—n—O,
and therefore
d*J, aJ_, 1/dJ, dJ_n +\ _
(9= 1) + 5 (@ == " 7o) =0
which gives
ATy g _dony A
dz °™ dz " &’

where A is a constant which, however, is not arbitrary since J,
and J_, are definite functions. To obtain the value of 4, it is
sufficient to consider the lowest terms only in the left-hand side;
when these are substituted, we find that

1 1

A=901m) o=yt

_ 2n

T I (n) U (—n)

_ 2

T (n—-1)11(—n)

2 sin nr
—
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Therefore
daJ.

. 2
= J,.— — sm nir,

J’”’ dz

da:
or, what is the same thing,

d (J_)_ 2 sin nm
dz\J, )  ~ wadp’

Ez. Obtain the corresponding equation when = is an integer.

RELATION BETWEEN THE EQUATIONS OF LEGENDRE
AND BESSEL.

107. It is possible to derive Bessel’s equation from that of
Legendre. For, differentiating the equation

2
(l—m’)g—g2 d/+n(n+1)J 0
m times, and writing
_amy
2= dam

we have
(1 -x’)gz—z,_,—(flm + 2)w§i+ (n(n+1)=m(m+1)}z=
@ z
Let the dependent variable be changed to £ where
E=(1—-a)"s;

the equation now becomes
d
(1-a) 2t i de—E {n(n+1)— - wg}g 0.
Let the independent variable be changed from z to ¢, where

¢ = (1 —a);

then, after slight reductions, the equation becomes

(1"%:)2%+( —y>%g—i+(l+%—g—f)e=o.
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When we make n infinite, we have

which is Bessel’s differential equation.

When all these operations are combined, we have, as the result,
that the limit of

\m (nz_d)e)% d)m ¢2§
o e -2
when » is infinite, is Bessel’s function of order m, ¢ being the
independent variable.

. It would appear from the foregoing process that ¢ is infinite;
this however is avoided by making « approach indefinitely closely
to the value unity. The gcometrical analogue of this relation
between ¢ and « is that whereby any very small portion of a
spherical (or other) surface in the neighbourhood of a point is
studied, by assuming it ultimately to coincide with the tangent
plane of the surface at that point and to be magnified in that
plane.

Ex. Verify that the above expression becomes, in the limit, a multiple
of Jyp.

In this connection the student may consult Heine, Theorie der Kugel-
functionen, 2nd edition, vol. 1. p. 182 ; Lord Rayleigh, Proc. Lond. Math. Soc.
vol. IX. p. 61, Scientific Papers, vol. I. pp. 338—341.

The primitive of Bessel’s differential equation has been obtained for every
case ; the further development of the properties of the functions, which occur
in that primitive, canuot be given here. The student will find the functions
fully treated by Lommel in his Studien iiber die Bessel’sche Functionen and in
several papers by the same writer in the Mathematische Annalen, vols, 11. 111
IV. IX. XIV. XVI.; in particular, the paper in vol. x1v. deals with differential
equations which are integrable by Bessel’s functions. Reference should also
be made to Neumann’s Theorie der Bessel’schen Functionen and to Heine's
Theorie der Kugelfunctionen, 2nd edition, where (vol. 1. p. 189) a list of
memoirs referring to the functions is given. The most modern and compre-
hensive book on the subject is G. N. Watson’s T'reatise on Bessel Functions.

For a general property of all linear differential equations similar to those
which have just been discussed and which give rise to functions depending
upon a constant parameter, the student may consult, in addition to the fore-
going, Sturm, Liouwille, vol. 1.; and Routh, Proc. Lond. Math. Soc. vol. X.
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RiccaTr’'s EQUATION.

L]
108. Riccati’s differential equation is

dy — g™
ﬁ+by’—cz ;

but it is convenient to consider first the more general form
@ ?l% —ay + by* = ca™.

If in the latter the independent variable be changed from  to
2z, where z=2% and the dependent variable be changed from y to
u, where y = uz, the equation becomes

which is Riccati’s form.
Consider now the more general form.
Firstly, it can be integrated in finite terms when n=2a.
For assuming y =uz?, we find on substitution

2o+ g_j: + bwwua — cxn’

so that - %: + bu? = can—e,

In the case when n = 2a, this becomes
du
= =c—bu?;

the variables are separable, and  is expressible in terms of ex-
ponential, or circular, functions according as b and ¢ have, or have
not, like signs.

Secondly, it can be integrated in finite terms when (n + 2a)/2n
18 @ positive integer.

Let the dependent variable be changed from y to y,, where
A +% =y,and 4 is a constant the value of which has yet to be
1

determined. When substitution takes place and the terms are
rearranged, the equation becomes

—ad +bA°+ (n—a+ 2b./1)ac—n+b{0—2:—(i”—;1 d—y'=cw".
hn % Yy az
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We choose 4 so that the constant term vanishes; thus 4 =0 or
=a/b.
Taking the value a/b for A and substituting in this new form,
we have, after a slight change,

d” —(a+n)y, + cy,* = ba™.

Now this equation is of the same form as that with which we
began; and the changes, that have taken place, are in the coeffi-

cients—the original ¢ has changed to a+n, and b and ¢ have
changed places. In this last equation we write

_o+n a*
h= P 7’
the foregoing analysis then shews that the equation in y, will be

d‘/ ® — (a+ 2n) y; + by.* = ca™

And the result of 7 successive transformations will be to reduce the
given equation either to

wd——(a,+'m)y,+cy = bu™,

or to z t}— — (a+1n) y; + by = ca?,

according as the integer ¢ is odd or even.

Now, by the case first considered, this equation is integrable in
finite terms, if
n=2(a+1n),
n—2a
2n

that is, if

is a positive integer.
Taking next the value zero for 4, we can easily transform the

equation into

2 —(n—a)y,+ cy?=ba",

an equation which differs from the former in y, only so far as
regards the sign of a. Adopting now for this the preceding series
of transformations, we write
n—a "
h=——77

¢ Ya’
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and the equation in g, is

dy” —(2n—a)ys + by = ca™.

Hence after 7 — 1 transformations of this series (and therefore after
¢ transformations in all) the given equation is reduced either to

x%—(in—a}yi+ cy =ba™,

or to x % —(tn — a) y; + by = ca™

In either case, the equation is integrable in finite terms, if
n=2(in—a),

.. 2
that is, if ntZa
21
is a positive integer.

Combining then these two results, we infer that the equation

w%—ay+by2=cx"

18 integrable in finite terms when (n £ 2a)/2n vs a positive integer.

In each case, the integral is given in the form of a finite
continued fraction, the last denominator of which involves either
exponential or circular functions.

- 109. We can now obtain conditions that Riccati’s equation shall

be integrable in finite terms. From § 108 it follows that

du m
da +bu?=cx

is transformed by the substitution u = y/= into
dy
z =Y+ by = ca™,

where m =n— 2. Now the latter equation is so integrable when
n + 2= 2ns,

where 17 is a positive integer; and therefore Riccati’s equation is
integrable in finite terms if

m+2+2=2(m+2).
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Taking the negative sign, we have

me— L
T H-U
while the positive sign gives
—4(t—1)
T 2%-1
or (what is the same thing in the case of the latter)
=&
T 20+1’

by merely changing the integer <.

Hence Riccati’s equation is integrable in finite terms, if

T2t1’
1 being zero or a positive tnteger.
Ez. Prove that the equation

%+bz"u2=ax’"
%

is integrable in finite terms, if

mtl_ =241  —2i-1

E+1 7 241 2—1"
7 being an integer ; and obtain the limitations upon the value of 7 in the
respective cases,

110. Both Riccati’s equation, and the more general form dis-
cussed in § 108, are instances of the equation

d
=P+ +Ey,

where P, Q, R, are functions of .

Writing
__11ldu
" Rudz’
we find that the equation for u is
(Q_I_d]og R) du+PR ~0.
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The complete primitive of this equation is of the form
u=Au, + Bu,;
and the corresponding value of y is

y Rcu1+u2<'dw dx
which, as it contains one arbitrary constant, is the primitive of the
original equation. In other words, the primitive of
dy _ :

is of the form

_Ptq

Ter+s’
where p, g, , s, are appropriate functions of z, and ¢ is an arbitrary
constant.

Moreover, by §§ 76, 77, it follows that, if one particular solution
of the equation for u is known, the most general solution can be
obtained by means of quadratures. A particular value of u leads
to a particular value of y; and therefore it may be expected that,
if a particular solution of the equation

dy _ s
1,=L+Qy+Ry

is known, the most general solution can be obtained by quad-
ratures. To establish this inference, let y, denote the particular
solution that is supposed known; and write

sl
y=u% 7"
Then we have
, ldv
P+Qy1+Ry1—v—2%
_dy_lds
dz ~ v*dz
_ %y
Tdx

SaTIO
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and therefore

d
(—i%"'(Q'*' 2Ry,)v=~-R,
so that

vel @+2Ry)dz — 4 J‘ ReJQ+2Ry)dz ]

When the two quadratures required to give v as an explicit
function have been effected, and when this value of v is sub-
stituted in the expression for y, we obtain the most general value
of y which satisfies the equation. (It may be added that the
process just indicated is frequently of practical use in the solution
of differential equations of this type; its effectiveness depends
upon the knowledge of a particular solution.)

It has been assumed that one solution is known. If another
solution is known, we can avoid one of the quadratures in the
expression for ». In fact, a sccond particular solution implies
that a particular value of v is known. Denoting this by v,, and
writing v =v,w, so that

oL
Yy=%hv 3w
we have
dv, dw
w o+ 7 +(Q@+2Ry,)vyw=—R.
But as v, is a particular value of v, we have
d
2+ (Q+2Ry)u=—R,
so that
d
7 ﬁ =R(w-1),
and therefore
1
w—1=Ce aRdx,

which requires only one quadrature. When the quadrature has
been effected, and the value of w is substituted, we again have the
most general value of y which satisfies the equation.

The last result depends upon a knowledge of two particular
solutions. If it should happen that three particular solutions
are known, then we can obtain the primitive without requiring to

F.D.E, [e]
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perform any quadratures. For we have seen that the primitive
is of the form

_Ptq

Y=eor¥s’

where p, g, , 5, are appropriate functions of «, and ¢ is an arbitrary
constant. Let the supposed three integrals be denoted by v, ys, ¥s;

and let the corresponding values of ¢ be ¢,, ¢;, ¢;; then

=) (y2— Ys) _ (G —-c) (Ca - cs)
-9 @—3) (=) (a—a)
= B,
where B is an arbitrary constant because ¢ is arbitrary. This
relation expresses y in terms of known quantities, and it contains
an arbitrary constant. Manifestly it is the primitive, which ac-
cordingly can be obtained without any quadratures.

Ex. 1. Solve the equation

=P(1-ay)-3"
where P is any function of #. Manifestly, a particular solution is given by
1
Y=z
accordingly, we write
1 1
K =z + 2’

and we find the equation in v to be
dv
- ( P+ ) =1

v oJxPdT _ 4 fz dx —J’dez

.Z"

Hence

and therefore the primitive of the equation is

o =Axge;’x1’dz_ xgej'dez fz ‘é_:e—fz}’dx.

zy—1
Ez. 2. Solve the equations

() #(1-29 L=t sy -20y%;

oy
() =2z-@+1)y+y";

(i) =243 (2- 1) y-1o%

ay
dz
(iv) a—z=cosx ¥ sin z+y3
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RELATION BETWEEN THE EQUATIONS OF BESSEL AND RICCATI

111. The equations of § 108 in the form in which they have
been discussed are of the first order, but are not linear; there are
some important transformations which render them linear of the
second order.

In Riccati’s equation, let the dependent variable be changed
from u to v, where

bu,1
v

v
dz

so that, if w is expressible in finite terms, v often will be so also;
the equation then becomes

2,
i —beva™ =0,

da?
which might be taken as a standard form, equivalent to Riccati’s
equation.

If b and ¢ have the same sign (in which case exponential
functions occur in w), this equation may be written

d*
—— — %™ = 0.

da?

If their signs be unlike (in which case circular functions occur
in u), the equation is

2

dﬁ + a’*z™y = 0.

da?

Both of these are integrable in a finite form for the same value of
m that renders Riccati’s equation thus integrable.

Change the independent variable from z to z, where
qz = wq’
1
and q=1}m+1=1—lsay;

the equation then becomes



196 RELATION BETWEEN THE EQUATIONS OF [cHAP. V

This equation therefore is integrable in a finite form, if

% f1

20+1 201’

whence it follows that » must be equal to an odd integer; and so,
if the equation be written

1

the condition of integrability in a finite form is that p should be
an integer.

This is reducible to its normal form by the substitution
v P=w,;
and the equation for w is
d*w p(p+1)
i bew = — W

which is integrable in a finite form if p be an integer.

)

Lastly, let w=2¢ be substituted ; the equation for ¢ is

&t 1dt b
the primitive of which is
t=AJ, 4 {2(=bo)}+ BJ _ (44 2 (= Do)},

If p + 4 be an integer, this ceases to be the primitive; we then

have for the primitive
t=AJy,, (2(=be)t} + BY, ., {z(—bo)}}.

Hence the solution of Riccati’s equation can be expressed in

terms of Bessel’s functions ; and, in particulur, the primitive of

2,
@ | rvam=0
P
ts given by

v=ab [A J 1 (M)+BJ 4 (aa} ):l ,

m+2 m+2
or V= xé [AJ_I_—(ZA}) + B Y—_]__ (Z)\.i‘):l ,
m+2 m+2

according as m+ 2 is not, or 18, the reciprocal of an integer.
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This is immediately derivable from a combination of the pre-
ceding transformations.

The only case of failure is that in which m + 2 is zero, that is,
when m is — 2; the equation is then
2

w’g—;-:+7w=0,

which can be solved by the method of § 47.

For further information upon this equation a memoir by J. W. L. Glaisher
in the Phil. Trans., 1881, pp. 759—828, should be consulted, where full
references to authorities are given; and the connection between Riccati’s
equation and Bessel’s will be found fully discussed in the book and papers of
Lommel to which reference has already (p. 187) been made.

Some examples of the solution expresscd by series occur in the Miscellaneous
Examples.

SYMBOLICAL SOLUTIONS.

112. In cases, when the solution of a differential equation in
series consists of a function in a finite form, or when 1t consists
of a terminating series together with some function or functions
in a finite form, it is sometimes possible to obtain a solution
of a symbolical nature which will, when the operations therein
indicated are performed, prove equivalent to the solution other-
wise obtained.

As an example, consider the differential equation

2]

dy ,  m(m+1)
do ~"IT T Y

the solution of which has been proved to be expressible in a finite
form when m is an integer. When the dependent variable is
transformed from y to » by means of the relation

Y= ug™+,
the equation becomes

g%+2(m+1)iz—g—n“u=0.
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Consider now the differential equation
d*v
Ty =
da? n2y =0,
the general integral of which is
v=Ae™ + Be-nz,
and change the independent variable from z to z, where z stands
for }2*; the equation becomes
dv  dv
2 =
2z PR 0.
Let this be differentiated m + 1 times with regard to z, and let

dm-Hv
t denote - daii then we have

22(1 .+ (2m +3) ———n”t-()

Let now the independent variable be rechanged from z to z;
the equation becomes

dt  2(m+1)dt
dot " 2 de 0
Hence we have
u=t
am+iy
= g
m+1
-3 g-) (4™ + Ber);
the primitive of the original equation in y therefore is
m+1
Y= am+1 (i C%) (Aem: + Be—nz)_

A slightly different form may be given to this, for
nders e
xZ

:_0 (_g_v (Aem: + Be—'nz) =

A'e= 4 Blg
= —-—--—m—-— )
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on changing the arbitrary constants; and the primitive may be
written in the form

y=amh (1 i)"’ (w) '

z dzx z

Since the differential equation remains unaltered, when for m
is substituted — (m + 1), the primitive may be expressed in the
additional forms

1d\™
y= x—m (_ E;-) ( Ae® + Be—nz)

x

wi gean(LL) (AT B

z dx
Ez. 1. From the foregoing, it can be at once deduced that the primitive of
d%y 6
dx':‘ +nly= 29

(an equation arising in investigations connected with the Figure of the Earth)
is expressible in the form

y=C {(1 —'n"ix‘> sin (M+a)+% cos (nx+a)} .

Ex. 2. Prove that the primitive of the differential equation
d*v

—— —n22¥~2p=0

dz?

can, in the case when ¢ is the reciprocal of an odd integer 27 +1, be exhibited
in the forms

n n
41 L L]
vme (w1 DY (408 4Be ),
dz

ne "

-1
0= (z—wlgz) de? +Be ! ),

LYPR
v=2z (z‘zq"l(%y {z'ﬂ (Aeq +Be ? )},
n

—f 29 -Ezq
e () (0 )

(Glaisher.)



200 MISCELLANEOUS [cHAP. V

Ex. 3. Prove that the primitive of the equation

d*u p(p+1)
aty=LP7 "
d- 2 +a xz u
is given by .
_ d\P cos (72 x+a)
u=Cx"P <d7> -——_ré ,
where 7 is to be put equal to «? after the performance of the differentiations.

(Gaskin.)

In all these cases where the solution of the equation is thus given symboli-
cally, it is not difficult to identify the solution in this form with that obtained
in any other form, such as one in series by the earlier methods of this chapter,
or as one by means of definite integrals to be indicated in Chapter vir. The
student, who wishes for fuller information on the subject of these symbolical
solutions and their connection with solutions in other forms, will find a full
discussion in the memoir (Section vi.) by J. W. L. Glaisher already (p. 197)
quoted.

MISCELLANEOUS EXAMPLES.

1. Integrate in series, and express in a finite form, the integrals of the
equations

(i) xﬁ —-cy=0; (ii) .ﬁ%—-c{y:O;

d¥y 2d
ol =(n“’+52_;> 7.

and integrate

dzt" x dx
2. Solve the equations
N Ay _dy
(l) xw—d +y= 0;

(ii) .v‘i‘il+(z-?+3x2) d—x'g+(5x2—30x)%+(4x+30')y=0;

(11) &y x2d2—y-xdy_aby (a+b)x

a
(iv) (x2+gﬁ)3;-’§+{(a+3) gx2+(b—c+1)x}£+{(a+l)gx—bc}y=0.
3. Integrate in series the differential equation
d? du
2 (1- 42) 5 +H{(4p—O) w —p+1} - —p (P- 1) u=0;

and express the integral in the finite form

A= -4zl B+ - ax)bin.
(Glaisher.)
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4. Verify that any root of the equation
PB+y+x=0
satisfies
dy

(o) S+ 1 2 gy —o.
(Spitzer.)

5. Transform the equation

ndi+(m+x na)d +{p—a(m+a)}y=0,

da?
by assuming y=e** ¢ and m+2+na=£ (—n)?, into
@ L d¢
df‘ §d§+p§)

and integrate the last equation in series,

6. Obtain the primitive of the equation
Ay dy 2%
drt T4 = 22

in the form
qry= A (qx - 2) + DB ((1@‘-{- 2) e 9z,
7. Obtain the primitive of the equation
d3; 3
ds Y 9Y= 20 da

in the form

el 2 19z 1 3t 3t r3b
y=Ae"¢ (1+ﬁ>+b’e {<l—g—)sm<2qx+a q—cos(?qxai-a)}.
(Leslie Ellis.)

8. Prove that the coefficient of a™ in the expansion, in ascending powers

of a, of 12 2
- 2ax+a*)™
is a solution of
d 2n+§d!/ 2n) (1 an—% 0
T (1-2?) o +m (m+2n) (1 —a?) y=0.

9. Prove that, with the notation used for the solution of Legendre’s
equation, {P, (cos 6)}? is a solution of the differential equation

<¢j8 sin 8) (fi3+4n (n+1)8in 8 <d% sin 6) U=0.
10. Prove that, with the notation of §§ 90, 91,

1
Pn+lQn Qu+lpn n +l
(Trinity Fellowship Examination, 1884.)
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11. Prove that the primitive of the equation

(l—xz)dzy 2(m+1)xdx+(n+m+l)(n m)y=0
is given b,
& y dmPy | pd™@s
y= Ad "+ DB T
provided m be not greater than =.

‘What is the primitive when m is greater than = ?
(Heine.)

12. Shew that the solution of the equation

d d Vi
o= n e
where £ is an integer, may be expressed in the form
(1=t L
==

where y, is the solution of Legendre’s equation.

13. Obtain the primitive of the equation

az dy
(1-a) % +2m-1)o jj’c+(n—m+1)(n+¢)y=o.
(Heine.)
14. Prove that the equation

d21/ dy
7 gt gy T 1Y =0

has, in the case when 7 is an integer, for its primitive
y=2~ Y=g a4+ BY,_, («}).
(Lommel.)
15. Obtain the primitive of the equation

72
leg+ /+(b+c.z2’")y=0

g1, ()i, (5]
b

where pimi=}(n—1)2-

in the form

(Lommel.)
16. Verify that the primitive of

dmy

m o —
& dem_y

is =™ 3 4T 2 (= a0} + By Tn 2 (- 0],
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where ag, a;, ..., a1, are the roots of the equation a™=1; and that of

”H'i aim+1
dzim+1 =Y
is y=abm+1" >: Cold _ ey Qapd) 43, 4 (2a,28)),
where ay, a;, ..., azy, are the roots of a?m+1= —¢.
(Lommel.)
17. The primitive of the equation
da%y
dt 947 =0
is y=AJo(e")+BYo(e”);
dy
and that of x‘ +e’° y=0
1 1
is y=x{AJy(e*)+BY, (%)} (Lommel.)
(See, for connection between these two equations, Ex. 10, p. 142.)
18. Prove that, with the notation of §§ 101, 105,
2 .
J,‘Jl_,,+J,,_1J_.,,=;5‘sm nr,
7 not being an integer, and that
1
YanJrl'— n,]J,.:;‘.
(I.ommel.)

19. The differential equation

d?u Q m(m+1)

T+ {‘“ ‘T}“—O

is integrable in finite terms, whatever function of 2 is denoted by @, provided
m be an integer.

20. The equation

2
ah: rdu (b m )
is integrable in finite terms, if

2{(1 -r)2+4c}

m+2= TS ,

where 7 is a positive integer or zero.
(Malmsten.)



204 MISCELLANEOUS [cHAP. V

21. Prove that the coefficient of A?*! in the expansion of ea(s+ah}
satisfies the differential equation
e, P(ptD)
T g
(Glaisher.)
22. Shew that, if y=_1X be a solution of the equation

amy o
daxm +hmy=0
(£ being a constant), then & solution of
dmy oy P dam-ly
dm HE"Y= "
is given by
=gm(p+1)—1 ,1. _‘_l_. p_‘x_
Y am=ldx) am—1°
Hence solve the equation
d?y 4dy .,
s " zda T HY=0
(Leslie Ellis.)
23. The equation
(1 -a2) T b % _ey=0

is integrable in finite terms in the followmg cases:
(i) when g is an odd integer;

2
(ii) when {(1 - g) - 42}1} is an odd integer;

(iii) when gi {(1-_2)2 -42}} is an odd integer.

24. Prove that the equation

(a+b.z"‘).z2g 2+(c+ex").z' +(f+gx"')u-

admits of finite solution,
(i) when any one of the four quantities a — 3 is an even integer,
(if) when any two of the quantities
aj—az, B1—B artaz—pB1—Bs,

are odd integers; where ay, a3, and B, B, are the roots of the respective
quadratic equations

1on(a—2) (na—2n—2)+4en (a—2)+9g=0,

and anB(nB—2)+3cnB+f=0.
(Pfaff.)
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25. Prove that the three expressions

P ELEE S —_— T 1
-3 2 D e-D2E p-De-Dp-nH3rwty
ea,x-,{l P guypP(p=D) @2 p(p-1)(p=2) a®s® }

P

p(p=3) 21  p(p=3)(p-1) 31

—az - P, plp-1)aa® p(p-1)(p-2) s }
e~wp—rpll 4+l ar4+—"F—fl —— F
{ p 7 plp-d) 20 T p(p-d)(p-1) 3! ’
are particular solutions of the equation

@ —a2u=p-(2;—:.]—) 2.

Shew that, when p is not an integer, these three expressions are equal to

one another; and obtain, in this case, a second and independent particular
solution.

26. Prove that the primitive of

dy ., _p(p+l)
PR

may be written in either of the forms
y=a=r ("’ %)p{x-wue“we-u)},
d\r+1
_'y=.z"'”“3(x3d—x> (o2 (dew 4 Be=a2)).
(Boole.)

Prove that the primitive of the same equation may also be written in the
form
y=xP j ) (deo=+ Be~a=),
(Donkin.)
27. The primitive of the equation

d ‘/+{m+n+(a+B) x} +('m,3+na+a}3x)y=0

can be expressed in the form

am—1 an-
y=Ae~o* gl {z~rex@—B} 4 Be— R a.____ ; {pmezB-a),
Obtain that of
d?y dy
ot +mY= G
in the form

xzd

y=A4e" %;o (e~ 37" 4 Bed {e— 1 Je2®" da,

(Spitzer.)
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28. The orthogonal trajectory of the system of surfaces of revolution
given by P,=cr**1, where P, is the solution of Legendre’s equation and its
argument « is the cosine of the vectorial angle of any point, is given by the
equation

Py =P,y y=arm

29. Prove that, if the equation
d3y
das TUf(@)=0
be transformed by the relations z (cx +d)=ax+b and y=u (cx+d)? so that u
is the new dependent variable, the new equation is
d3u

where s
Fo=(5) f@.
Hence, or otherwise, solve the equation

3y _ Yy
dz® (du?+2Bx+C)3°

30. Obtain the primitive of the equation

dy ¥y =
de ¥z =3
in the form
, _A(E-K)+BE'
I=AE+BE -k’
where A+ B is an arbitrary constant, while X, K’, E, E’, are the complete
elliptic integrals of the first and the second kind respectively with modulus z.



CHAPTER VI

HYPERGEOMETRIC SERIES

113. THE series

14 2B a_z_(a+1)/8(3+1)
+1-’7 T2y G+D
ya@rD@+2)BB+1)(B+2)
1.2.3.9(y+1)(v+2)

is called the hypergeometric series and is usually denoted by
F(a, B,, z); the four quantities a, B, v, z, are called the elements,
and of these x alone is variable. The elements a and B may be
interchanged without affecting the value of F; if either of them
be a negative integer, the scries will consist of a finite number of
terms; otherwise it will proceed to infinity. It will be assumed
that ¢ is not a negative integer, so that infinite terms may be
excluded.

2 +...

The series converges* for all real values of # such that
—1<a<1. Itdiverges if #>1 and if z<—1. When #=1, the
series converges if ¢y >a+ B, and it diverges if y <a+ 8. When
z=—1, the series converges if y+1>a+ 8, and it diverges if
y+1<a+B. It is important to consider the actual range of
convergence of the series; for the most part, we shall not consider
the conditions of convergence for values of # at the limits of the
range.

The series is one of very great generality, and it includes as
particular examples very many of the series which occur in analysis.
The following examples admit of easy verification :

L A+azyr=F(-nRB, B, —x).
IL Q+ar+(Q—o)r=2F(—4n,—3n+1%, %, 2.

* Bromwich, 4n introduction to the theory of infinite series, pp. 83, 85.
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111 log(1 +z)=2F (1,1, 2, —a).
IV.  log i%; =2F (4,1, o?).

V. e’=F<1, B, 1, %),when,8=oo.

VI h —F( 8} -‘i“"i) when o= o0 =8
. coshz=F|a, B,  joB) Whem a=0=8.

VIL cosnz = F(3n, — }n, }, sin*z).

Ez. 1. Prove that all the differential coefficients of the series diverge for
the value =1 if the series itself diverges for that value ; and that all the
differential coefficients, from and after one of some order, diverge for the value
r=1 though the series converges for that value.

Ezx. 2. Express as hypergeometric series
(i) sint, the variable element in the series being #2;
(ii) sinn¢, the variable element in the series being sin?¢;
(iii) cosnt, the variable element in the series being —tan?¢.

Other examples are given by Gauss at the beginning of his earlier memoir
referred to in § 134.

114. Let the coefficient of 4" be written 4, ; then the relation
connecting consecutive 4A’s is
L+ (v+r)dpn=(+7r)(B+7)4,.
Consider the differential equation

{(S+a)(%+ﬁ)—-a%3(3+fy—1)}y=0 ......... i),

in which % stands for the operator « c% A solution of this equa-

tion can be obtained in a series: let the series be
y=DByz* + Bia*t + Byarte4 ...

Substitute this value in the differential equation, which must
be identically satisfied ; each separate power of # must therefore
disappear in virtue of the constant multiplying it being zero.
Thus, for the lowest power, we have

—ppt+y—1)B,=0;
and from the vanishing of the coefficients of the higher powers, the
relation between the successive quantities B is given by
wH+r+D)(p+r+9)Bp—(p+r+a)(u+7r+8)B,=0.
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We shall assume that the first coefficient B, is not zero, because
the relation B,=0 would make all the B’s zero; and thus the
former equation is satisfied by either
r=0,

or p=1—gq.

115. Take first the value u =0; the relation connecting the
quantities B becomes

(I+7)(v+7) Brn=(a+7)(B+T1) B,

Now when B,=1= 4,, the relation just proved, compared with
that which connects the 4’s, shews that B,= 4, ; and therefore the
series assumed for y becomes the hypergeometric series. Thus
one solution of the differential equation (i) is ' (a, B, v, ).

Let the operating factors in (i) be expanded and terms of the
same order collected ; then the equation may be written

[(A-2)+{y—1—2(@+B)}Y—aBz]y=0.

d
But S’=$a;',
az d
V= et g

when these values are inserted, the above equation, after rearrange-
ment and division by #*(1 — ), becomes

dy y—(a+B+1zdy  af

da? w(l_w) dz z(l_w)y=0 ......... (1)’
which is the differential equation satisfied by F (a, B, v, ).

Take next the value w=1-—¢; the relation connecting the
quantities B becomes

1+7)@-y+7r)Biu=(+1-7y+7)(B+1—-y+7)B.
Let B,=1}; this equation shews that the quantities B are the
successive coefficients in a hypergeometric series whose constant
elements are respectively a+1—¢, 8+1—¢, 2—¢. The series
assumed for y begins with #=7; hence the value of y is
Bt Fa+l—r,B+1—7,2—q,),
80 that this also is a solution of the differential equation (1).
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We have thus two particular solutions of this differential
equation; and therefore any other particular solution, which is
finite for values of # such that —1 < #< 1, may be represented by

AF(a,B,v,z)+ B Y F(a+1—«, B+1—1q,2—q,a),

where A and B are constants, the values of which may be
determined by comparing powers of . If in this expression 4
and B denote arbitrary constants, it furnishes the primitive of (1).

116. To reduce (1) to its normal form, we must compare it
with the general linear equation of the second order. We then
have

_y—(@+B+)z vy y—a—-B-1

P= z(l—2z) =T 1=
—af
Q=w(1—w)’

and therefore the invariant I, being
daP
{1242 p]
becomes, after some reductions,

1-A2 1—92 AN—puit -1
t iy ti S eoy

where
NM=(1-gp; w=(@-B8)y; =(y—a-pr

Let this invariant be denoted either by I or yr (z); the latter
form will be convenient when the independent variable comes to
be changed.

Thus equation (1), by the substitution

= yz}’y (1 — z)i (a+ﬁ+1 "7)’
becomes

in which 4 (#) denotes the foregoing function of «.
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SET OF 24 PARTICULAR SOLUTIONS.

117. We now proceed to find some further particular solutions
of this differential equation. It follows from the investigation
of § 64 that the conditions, which must be satisfied in order that
the equations

d?v ’
d—wﬂ'l-v\}/‘ (:v) =0

and f—; +2Yn (@) =0 cvirieiiiiiin 3)
should be transformable into one another, are firstly,
-3
ome (%)
and secondly,
btal+ () 1O -y @ =0 @
» dm 1\W) T Y W)=V eeeeencecees o

Hence, if we consider 4, (¢) as a given function of ¢, the latter
equation will give the value of £ in terms of #; and when this
value is found, the former will furnish the relation between
v and z.

Now assume that the function + (t) is such as to make
equation (3) the normal form of the equation satisfied by
a hypergeometric series with constant elements o, &, o'; and
suppose that we can obtain from (4) a value of ¢ in terms of .
Then, since the value of % will be at once derivable from that of ¢,
we have a solution of (2) in the form

wd’ (1= tpCHFHLN P, 8, 8):
and this is distinet from the value of » in § 116.

118, The primitive of (4) will give ¢ as a function of z, a, B, v,
o, B, v ; let us select those forms of this function, which make ¢
dependent on « alone and independent of the two sets of constant
elements. We may, to obtain these, write

{t, z} =0,

o (%) =¥ @
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The former of these, on multiplication by # =3, is directly inte-
grable in the form

t” tl -3 = 0’
proceeding with the integration, we have
4
t=4 -7 0)
_ae+b
Text+d’

on changing the constants. This is the general value of ¢ which
makes the function {¢, #} vanish. But the conditions require that

o (L) =+ @,

(ad - bc)ﬂ ax + b _ ‘
(cz+ d)‘ ‘Pl (c(p +d) =¥ (@);

and this will not be satisfied for arbitrary values of these constants,
which must therefore be determined so as to be independent of
the constant elements of the series. Now

or

R

where A=1-u3
B=AN4ur=12-1,

C=1-23;

and we may write

N

Hence the constants a, b, ¢, d, must be such as to satisfy
A2+ Bz + C
(1 —z)
___(ad_bc),A’(aw+b)’+B’(aw+b)(czv+ d)+ C’ (cz + d)?
(az + by (cx + d)* {(c—a)xz + d — b}? :
The quantities a, 3, y (and therefore 4, B, C' which are functions

of them) are arbitrary, and thus the numerator and denominator
of the left-hand fraction can have no common factor except a
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constant; and similarly for the right-hand side. Hence we may
write

m(Az*+ Br+ C)
=(ad—bc)[A’ (az+ b)* + B (az + b) (cz + d) + C’ (cz + d)?],
ma? (1 —z)'=(az +b)* (cz+ d)* {(c — a) z + d — b}?,
in which m is constant. The latter of these equations will deter-
mine the values of a, b, ¢, d which are admissible ; the former will

then serve to indicate the relations of &, B, ¢’ to a, B, ¢, in order
that the expression at the end of § 117 may be a solution of (1).

119. Comparing now the coefficients of the different powers
of # on the two sides of the latter equation, we find that the
following six sets of values for the constants make the equation
identically satisfied :

(i) ¢c=0=1> =a—d; m=a’
(ii) ¢c=0=d—-b=a+b; m=a’;
(ill) a=0=d =c—b; m="0°
@iv) a=0=d—-b=c+d; m=10°
(v) b=0=c—a=c+d; m=as
(vi) d=0=c—a=a+b; m=2D°

These values, substituted successively in the expression for ¢ in
terms of =, give:

. .. 1
1) t=w; (i) t=1-=2; (i) t=;3;
. 1 oz, N o, z—1
@iv) t=i—:—$, ) t—w————_l, (vi) t__w ,
respectively ; and these form the complete system of values of ¢
required.

120. We now transform the first of the two equations by
means of each of these in turn, and obtain the necessary relations
between o, 8, v and «, B, v.

Consider first the set of values (i). We have

A+ Bz + C=A'2>+ Bz + (',

A=4', B=PF, 0=0;

so that
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or, what is an equivalent set of equations,
A2 = )"'a; #2 = ,“'-,a; =177
When expressed in terms of the constant elements, these re-

lations are

A-9y=QA-9"

(@ =By=(—8)

( =d =By =(r—a=B);

and (remembering that an interchange of the first and second

constant elements makes no change in a hypergeometric series),
we find that these are satisfied by

Q) d=a .cocveiinininns B=B coeeiiiiinnn. Y =9;

2) d=qg—a ..ccoovvunen B=q9g—B ereniinn Y =v;

B) d=a—gy+1....... B=B—y+1 ... Y =2—q;

@) d=1—a .cc.vvvuens B=1=8 ............ Y =2-q.
Since ¢t =, ;% is unity and therefore  is unity for this value

of t; and the particular solutions of the v-equation, which corre-
spond to these four sets of values, are respectively

2 (1 — g @+B+1-7 F(q, B, v, ),

Y (1—ap OB+t D F(y—a, g -8, v, ),

A =g BN Fla— g+ 1, B~y +1, 2—1, ),
A Qg BtD (1 g 1-8, 2, 2).

Now these are solutions of equation (2). In order to obtain the
corresponding solutions of equation (1), we must (§ 116) multiply
each of them by

z= (1 - g)-2@tB+l-7),

and therefore four particular solutions of equation (1) are
@ y=F(a B, v 2);
AD) y=Q -2y~ F (y—a,y—B, v, 2);
(1) y=aYFa—y+1, B—y+1,2—q,a);
AV) y=ar(1—zy~BF(1—a,1—-,2—q,2).
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Treating now the relation {=1—4 in the same way, we find
other four particular solutions in the forms

V) y=F(apB a+B-—7-|L 1,1-2);

VI) y=a"F(a—y+1,8—y+1,a+B—9+1,1—-2);
(VII) y=(A-ap=*F(y—a,qy—B,y—a-B+1,1-z);
(VIII) y=a"v(1—-2)~PFF(l-a,1-8,y—a—B+1,1-2).

And from the relation ¢ =% we have as one particular solution
(IX) y=a=F(sa-y+la—f+ 1}6)
121. All the particular solutions for the different values of ¢
can be found in the above manner. Each value of ¢ leads to four
particular solutions, so that there are in all 24 of these. But this

laborious method of obtaining the remainder need not now be

adopted ; it is possible to write down, from the nine foregoing, the
following fifteen to complete the set:

X y=aF(BB-y+1l B-atl,);
- - 1
(XI) y=a57(1—a)y— ﬂF(l—a,ry—a,B—a+1,5>;
(XI) y=o* (1-oy=+*F(1-8y-Ba=B+1,7);
1
(XM y=(1-o)F(ay=Ba-B+L—);
1
XIV) y=Q-o0)?F(By-aB-a+l, —);
XV y=ar -y~ F(a=y+L1-8a=f+L 1);

1
XVI) y=ar(L=ay=F(B=y+1 1-a B-a+l, —);

(XVID) y=1=a)F(ay-Bv;2);
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(XVI) y=@1-ay? F (8 y—a 5 ~2);

z—1

(XIX) y=a-7(1 —w)"“‘F(a—ry +1,1-8,2—y, ;-%1')

(XX) y=ar(l —w)7‘5“1F<B—ry+1, 1—a,2—v, Ef—l>

(XXI) y=w"“F(a,a-—fy+1,a+ﬂ—ry+1,f_;__l);
(XXII) y=a" F(B’ﬁ—'r+1,a+6—y+1,””;1);
(XXTII) y=“‘“’(1—w)"“"’ﬁ’(l—a,'y—a,'y—a—ﬁ+l,w—-;1>;

(XXIV) y=a’8—’ (l—w)y-ﬂ—ﬂ F(l —B) 'Y—B, 'Y"'a—‘B’f' 1’ ‘?—.;;1-).

RELATIONS BETWEEN THE PARTICULAR SOLUTIONS.

122. Let these solutions be denoted by
Yiy Yo coeronnes s Yo Yosr

the suffixes and the numbers of the foregoing equations corre-
sponding to one another. These quantities y are not independent :
for, by the ordinary property of a linear differential equation of
the second order (of which they all are solutions), there is between
any three of them y», ¥y, ¥, a relation of the form

ya=Ay.+ By,;
and we must find these relations for the different combinations of
the solutions. But certain cases will arise in which either 4 or B
will be zero, and therefore the corresponding solutions will differ

from one another only by a constant factor; and these can be
recognised by the application of the following lemma :—

If there be two solutions of the differential equation (1) developed
in the same ascending powers of x, and if both series converge, then
they differ from one another only by a constant factor.
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For the sake of simplicity suppose one of the solutions to be
F(a, B, v, «) and the other, when developed in ascending powers
of @, to be given by

y=A4+Bzx+Cr+ ..........

Substituting this value of y in the differential equation we should,
by a process similar to that in § 114, find y = A F (a, B, v, ), which
proves the lemma.

123. Let us apply this lemma to obtain the particular solu-
tions which are equal to y,; this we shall suppose to be a con-
verging series, so that —1< #<1. Then y,isalso a converging series
proceeding in the same ascending powers of # as 7,; the first term
in each is unity; the constant factor of the lemma is therefore 1,
and we have

Y =Ys.
The next one in the list which, expanded in ascending powers of z,
begins with a? is y,; when we select from

F@Ba+B—y+1,1-2)
the coefficient of 2", we find it to be
-1y a(@+1)......(a+n—-1)B(B+1).......8+n—1)
1.2.....n.(@a+B—gy+1)(a+B—=y+2)...... (a+B—y+mn)
xFa+n, B+na+B—y+n+1,1).
But in this coefficient ¥ is converging (and so has a finite value)
only if

a+B—y+n+l=(a+n)=(8+n)
be positive (see § 113), that is, if 1 —« —n be positive. Hence from
and after some definite term the coefficients of the powers of z
will be diverging series; and we cannot then consider the series
F(a, B, a+B—v+1, 1—2z)to be converging though expansible in
ascending powers of #. Hence y; is not equal to y,.

Dealing with ¥, Y13, %16, Yur» Y1s» in the same way, it will be found
that the last two alone are converging series at the same time as
F(a, B, v, «); and hence we have

YI=Ya =Y =1 ceerererrenerirneneneess 1).
Again y; and y,, ¥, and g, Yy and ¥y, Y and y,, are derived
from each other by exactly similar transformations of elements;
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thus to pass from y, to ys the former is multiplied by #*~7, the new
first and second elements being obtained by subtracting the old
third from the old first and second and adding unity to each result,
and the new third element by subtracting the old third element
from 2. This process is seen to be the same for all; and therefore

Ys=Ya= Y19 Yo eeeerenrrrnernnrrnernns J(ii).
Ez. Prove that
Ys=Y6=Ya Y2 «erreerrerererrierrrorereanses (iii),
YT=Y8=Y28 =Yt ceereerrerrrserrerrenierrsren (iv),
(=1)=%yy =(=1)B~Yy1=013=( =11 "Y Y15 cervrurrrrrecrs v),
(1) Byp=(=12"Yyu=914=(=11"YY1g weeerrerrrr. (vi).

It thus appears that the 24 solutions can be divided into six
classes; and the equal members of these classes we may denote
respectively by Y, Y, Y, Y, Y, ¥, corresponding to the above
sets of quantities in order. It remains to find such relations as
there may be between these owing to the fact that they are solu-
tions of the differential equation.

124. Account, however, must be taken of the ranges in which
the respective integrals have significance.

The range of convergence of the hypergeometric series, which
occur in ¥, Ys, Ys» Y, 18 —1<@<1l. For those which occur in
Yss Yo» Yr» Ysy it 18 =1 <1 —z < 1, that is, the range is 0 <o < 2.

For those which occur in ¥, Y10, ¥, Yis, 1t 18 —1 < ;< 1; thatis,

the range consists of the two parts, —co<z<landl<z<+ .
For those which occur in vy, %, Y5 Yo, ib 18 —1< il <1;
that is, the range consists of the two parts, —o <2< 0 and

2<x<+ . For those which occur in uy, yis, Y9, Y, it is
-1< w—f—1< 1, that is, the range is — << 4. Finally, for
those which occur in ¥a, Yo, Yus, Yau, it 18 =1 < (f—{_;-l< 1, that is,
the range is § <z <+ 0.

Thus in Y, the quantities y, and y, are equal over the range
— 1<z <1; the quantities y;, and y, are equal over the range
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—w<a<}; all the four quantities are equal over the range
—1<z< 4. Similarly, for the sets of four qua.ntltles in V,, Y,
Y., ¥, Y, for their respective ranges.

Now, when ¢ is not equal to unity*, the two solutions ¥, and
Y5 are linearly independent of one another ; and they coexist in the
range —1<x<1. They therefore suffice for the expression of the
primitive of the equation, and also for the expression of any special
integral of the equation, existing in that range or in any portion
of that range.

The primitive of the equation in the whole of that range is

y = Ay, + By,;
where A and B are arbitrary constants.

A special integral of the equation is y;, which exists in the
range 0 <« <2 and therefore exists in the portion 0 <z <1 of the
range of existence for y, and 7;; hence there must be a linear
relation between y;, y;, and y,. This may be taken in the form

=M Ys+ N Y5y
which is valid over the range 0 < <1. We may also write it in

the form
Y, =MY,+ NY;;

but for the determination of the constants M and NV, it is convenient
to take the relation in the earlier form

1 = My, + Ny;.
In the same way, we shall have relations of the forms
Y,=M\Y,+N,Y,,
Y,=M,Y,+ N, Y,
Y\=MY,+ N,Y,,

selecting out of the typical quantities ¥, Y3, Y5, Y, Y5, ¥, such
of the respectively equal members as can coexist in any relation.
Thus the relation

Y,=MY,+N,Y,
could be taken in the form

Y= Mx% + leh

* The case when y=1 is dealt with later, p. 251, Ex. 1; the primitive of the
equation changes its character.
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valid over the range 0 < #< 1. The relation

Yl = Ma Ya + N, 3 Y:.
could be taken in the form

h= 1”2.% + Nz,?/u:
valid over the range —1 <z < 0; but as the range of equality of
(=1)y, and 3,5 is —w<az<-—1 and 2<x< o, the relation
could not be taken in the form

h= Mz?/a + Nzym

for there is no range in which the three integrals y,, ¥s, ¥, coexist.

Similarly the relation
Y,=MY,+ N,Y,

could be taken in the form
h= ]l[3y3 + Ns?/u:

valid over the range — 1 <z < 0; but it could not be taken in the
form
h= Msys + Nsylo:
for there is no range in which the three integrals y,, ys, 3 co-
exist.
Similarly, it is possible to have a typical relation
Y,=P Ys + QYn
which could be taken in the form

Ys= P Ys + th
valid over the range 0 < 2 < 1. There are, in fact, twenty such
typical relations; but in substituting a selected y from the four
represented by the corresponding Y, it is always necessary to have
the integrals in special form coexistent over some range of .

For our purpose®, it is sufficient to consider the four typical
relations

Yi=MY, + NY,,
Yl = M1Yn+ leu
Y1 =M2Y2+N2Ym
Yl = M3Y2+Nsye-

* A full discussion of the relations requires that z should be allowed to become
a complex variable, Such a discussion will be found in Goursat’s memoir, quoted
in § 184,
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We have to find the values oﬁqﬁ"the constants M and N; and we
shall see that, when M and known for the first relation, the
values of the other constants e deduced by using the pro-
perties of the hypergeometric seriés. ‘

Accordingly, to determine M and;“N in the first relation, which
we shall take in the form

h= Mys + -N.%;

the substitution of any two particular values"f z will be sufficient.
Let these be # =1 and =0, and suppose 1 — ¢ a positive quantity
80 that £~ is zero when #=0; we have for the two valges

F(a,B,v,1)=MF(a—y+1,8—9y+1,2—9,1)+ N,
1=NF(a, B a+B—y+1,1). -

To evaluate M and N we must obtain the relations betwd¥n
the series for argument unity, to which we now proceed.

INTRODUCTION OF (GAUSS'S IT FUNCTION.
126. The coefficient of 2™ in
F(a, B, vy, 2)—F(a,B,y—1,z)

is
a(a+1)...... (a+m=1)B (B +1)...... (B+m—1){1_fy+m—l}
1.2...... m.y(y+ 1), (y+m—1) y—1
___ B (a+1)(@+2).....(at+tm-1)(B+1)..(B+m~—1)
y(y=1)" 1.2.3...... (m=1).(y+1)..(y+m—-1)
= coefficient of 2™ in —'y(?nyl)F(a+ LB+, y+1,a);

and the term on the left-hand side independent of & vanishes, so
that

F(a,B, v, 2)— F(a, B, y—1, )

~F 1, 1, 1,
Ty =1 (@+1,8+1,¢9+1,)

d
= T @R )
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But from the differential equamem satisfied by F (a, B, v, z) we
have

O (a+ 8+ Wl AOF — o (1~ 2) T

Let the value of F'(a, A hen z is made unity be denoted
by F, (a, B, v); the ve:la ﬂ\.m&—g when  is made unity is finite, and
therefore

1 [dF
F (a) @) 'y%‘; Fl (a: B’ ) A 1) = _')’_——1 [%]x-l
< B
=T G=Da-a-p=n @A

_=-Dy—a—B-1)+aB
sgehat Fi (o 8,7 —1)= =) —a=B-D Fi(a, B, 7)

_(y=1-a)(y=1-75)
D —a—B-1) %57

or, changing v into ¢ + 1, we have

F(a, B, 7)=(7'-——al'(7—~@Fl(a’ B, y+1).

y(y—a—p)
Similarly
_(y+l1-a)(y+1-5) )
Fl(a; B) 'Y+1)-'(,Y+1)(7+1_a_’8)F1(% B’ 'Y+2)’
and therefore

_y—a)@+l-a)(v—-Bv+1-H)
Fl(a’ﬁ’ 'Y)—'Y('Y+1)('y—ﬁ—ﬂ)('y+1—a—ﬁ)Fl(a’B’ 7+2)

=@ +1-a)..(y+k—1-a0)(y=B)(y+1-B)..(y+k—-1—-8)
v+ (y+k=-1)(y—a=B)(y+1-a=p)..(y+k—1-a—p)
x Fy(a, B, v + k).

Let
1.2.3.....k
(z+1)(z+2)...... (z+k)

then

k? be denoted by II (%, 2);

BB D= MG y—a-D T Ey=g-1) @ AT
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Change a, 8, a+8—v+ l,ﬁi“b ¥-d, =B, y—d-g+1
respectively; that iS, leave " alt@red, and Change a and ﬁ into
y—a and y—p@8" respectiv Also, multiply throughout by
(1 —z)r—=—#, that is, by (I ¥R)"™7; the foregoing relation
becomes
F('Y —d, Y- B, % )(1— x)y_ﬂ’—ﬂ‘
=M(a, B, y) a7 (1 —x)V‘“'"ﬁ'F(‘~w+1, B—y+1,2—y)z

+N(a,B,7)(1—a) = Fy—d, W ““~v—a—F+1,1-2),

which is of the form

W =M B, )yl + N (@ 831,
where y,’ denotes y, with o/, 8’ as elements instead of oo 3. Now
CI(y=DI(a=y) I (B—y)
M@ B, M)= (1= NI (@—1)1I(8—1)
UG- DIE)I(H)
M-y (y—a =)l (y-F=1)’

_ IB=yII(a-y)
VBN arg—yl (=)
__ T(Eg)(-d)
@ —a =B)U(=v)

Hence, putting
_ TO(-HU(-a)I(-H)
HA-y)ly-—a-1)ll{y-B-1)

le__ H(—B)H(—-a)

M(y—a—R)I(—v)
we can take our deduced relation in the form

y2=M13/4+N1y7,

M,

or in the form

Y,=MY,+ N,Y,.
To find the constants in the relation
Yl = M2Y2 + Naym

we note that y,, in Y}, ¥, in Y3, and y,, in Y, coexist, the range of
¥.D.E. H
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their coexistence being — 0<% <4:0; so the constants will be
found from the relation

Y=gl b .
Change the variable « into &, W¥ ere

b

-1

then the relation becomes

(1-2yF(ay-8

, .
- N, (g,ﬁ_;“ &) TR P (a— 1,1 B, 2=, )
+N,(1-2'yF(a,y—B,a—B+1,1-2),
that is.on division by (1 —a’),
Fa,y—B,q, &) =M,(=2V " Fla—y+1,1-8,2—q,2')
| + N, F(a,y—B,a—B+1,1—2).
Let y—B8=/"; we now have
F,B,y,a)=—M,(—1)72"Fla—y+1, 8 —y+1,2—¢q,2)
+ N, F(a, B, a4+ 8 —y+1,1-2).
Comparing this with the relation
=My, + Noys,
we have

My=— (=1 L= DI (a—y) (8 = )

(=) (a— 1) (8 =1)
e (=1) Dy=1)I(a=y)TI(=B)
-y U(a-1)Il(y-8-1)’
N B =y (a—ry)
U@+ —y)lU(-y)
(=Bl (a—1m),
H@-p)I(-y)’
and with these values we have

Y,=M,Y,+ N,Y,.

We proceed in the same way to the determination of the
constants in the relation

Y,=M,Y,+N,Y,,
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taking it in the form
= Msgao + Nsym

the special integrals coexistingvin the range — o<z < 0, The
analysis is exactly similar to the analysis in the last case; and

we find

My=—(— Ny~ (B—y)(=a)

D A= HE-Dll(y<a=1)

LT (B=y)
TUE- Uy

Ez. 1. Establish the following results, indicating the respective ranges of
values of x over which the relations are valid :—

(1) Yi=A3Y;+ B3 Yy,

where
4y BO=DIG=a=p=1) g O =DI(at8=y=1)
¥ Ho(y—a=DH(y-F-1) S PR T
() Yy=A3Y5+ By 15,
where
H<7__l,?n(“,ﬂ__ i _pe-yHy=DH(a=y),
A= sy m=s-1" P~ ng oy ne=p)’
(ili) Y1=Ag ¥+ Bsg Y,
where

—(—1p B =DIB-y) (e 1e—y = DIB=Y)
Aw=(-1) O(+B-y) U(y—a—-1)° By=(-1y yn(a—l)u(lﬂ—-a)’
(iv) Y1=A44Y,4+ By Y5,
where
_ e O(y-1)II(-B) e Ty -DI(-B) |
Ay=(=1)Y I(a—1)I(y—a—B)’ Big=( 1)H(a—/3)II(y—a—l)’

(V) Yi=A4Y+ ByYs,

where
fqy-s Oy=DI(~a) e HG=DI(-a)
Ae=C P e Dig=a—p) 2=V RG-ane-8-1
and
(vi) Yy=AyYs+ By,
where

_OD@y-hHn(B-a-1) B.=Dly=DH(@-8-1)
®Tn@E-niy-a—1)’ ST (@=1)(y=F-1)

(These six relations, together with the four in the text, are the full set of
linear relations into which ¥ enters.)
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Ez. 2. Shew that
Y,=PY;+@Y,,

pHA=)H(y-a=p-1) @=T=yH@+8=y—1)
O(-a)I(-p) ’ O(a-y)I(B-7)
Ez. 3. Prove that, by an appropriate selection of individual integrals from
the groups 17, ..., ¥;, made by taking one from a group, it is possible to
establish linear relations between any three of the quantities 17, ..., Y.

where

Obtain the nine linear relations, other than those given in the text or in
the preceding two examples.

128. We now pass to a different set of equations which
connect any two of the particular solutions and their differential
coefficients.

It has been proved that, if ¥; and Y, be two particular
solutions of the equation

dw“ Y+ P + Qy=0,
then Y, %Y Y, i{y = Ce~IPax

where C' has a constant value which depends upon the pair of
particular solutions selected. In the case when the equation is
that satisfied by the hypergeometric series, we have
_'y—(a+B+l)a;__'1 y—a—RB-1
P= z(l—z) = + l—az

and therefore

L A e )

The value of C in any equation may be determined, either by
a comparison of coefficients of the same power of z on the two
sides, or by the substitution of a particular value of .

Ezample 1. Let
Yi=yy=0F(a—y+1,B—y+1,2—¢q,2);
Yo=y=F(a B, v, 2).

Let each side be expanded in ascending p« wers of ; the term
involving the lowest power of # in

dY,
Y dz

Y,
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B

is oy #'~7; the term involving the lowest power of z in

Y“' d:c

is —(1—#)@~7: hence, equating the coefficients of the lowest powers,

we have
and therefore

Ezample 2. Let
Yi=ys=F(a,8,a+B—y+1,1-z);
Y,=y,=F(a, B, v, 2).

We have already proved that

h=My,+ Ny,

in which M and N are definite constants. This relation gives, on
differentiation,

=(y—-Dar(l—ap—7F,

dJl dy, dys .
s Md +Nd ;

and therefore
dy, d di d
" <y3 o Y 313) ¥ (3" o d?)
dy, dy
or Ys d1 - dl — IV(,Y__ 1) (1 — z)ye—p-1,

from the result of the last example. Now, from the values of M
and N, we have
M_T(y=DT(=NTl(a+B )
NS THoA=pl@-DIE-1)
But II(A-y)=1-9)U(=y)==(y=DIl(-v),
and therefore

M _H(y=1TII(a+B—1y),
¥V ouE-n

the equation becomes

dy dys _U(y—DU(a+B—v) _ —afi
Yodg "V de = M(a- Hi@E-T) ° -7
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Ez. Prove that
dys dys _T(a+B—y)I(1—7) o=¥(1 - z)y-o-B-1;

Vsdz ¥dz ~ T(a—y) I (B—)
and that

(- 1)‘8(./10 d/‘l"' 1(3/;") HI(IB(}/;)])IZ(B_")I).% Y(1-ayy—o-b-L,

129. In all the foregoing investigations, the quantities a, 3, v,
have been supposed to be independent, and the series have con-
sequently retained their most general form; but many important
applications are made, by assigning either one or two relations
between the three constant elements, or by giving numerical
values to one or more of them. Such applications (as for instance
to elliptic integrals) cannot be discussed here; but the student,
who wishes for information on these matters, will find at the end
of the chapter a list of the more important memoirs dealing with
hypergeometric series.

SPECIAL CASES OF INTEGRATION IN A FINITE FoRrMm.
130. We pass now to consider some special cases when the
hypergeometric series can be cxpressed in a finite form.

It has been proved (§ 61) that the quotient s of any two parti-
cular solutions of the equation

d*y _
da® + I Y= 0
satisfies the equation
3is, 2} =1,

where 7 is a function of # only; and it has been further shewn
that, from any particular value of s which satisfies this equation,
the value of the two particular solutions of the former equa,tion
can be obtained. In the case of the hypergeometnc series, the
value of I is
I-2 1= M—pi+-1

i e
A, i, v, being definite functions of the constants a, 8 and v; and
therefore the corresponding differential equation, which gives s,
may be written

PR ES S T e s
{s,w}—«k %(w 1)’+% z(z—1)
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If then a relation between s and x can be found which is
expressible in finite terms, it follows from the formule of § 62
that the hypergeometric series will be expressible in finite terms.
This cannot be expected to occur in the case when the parameters
are general ; from the few instances now to be given, it will be seen
that the values of A, u, v, are definite numerical constants.

There are in all fifteen separate cases, and no more; for the
proof of this, reference should be made in the first place to the
memoirs of Schwarz (see § 134) to whom the investigation, in a
completely different form, is originally due.

It is convenient to recapitulate here the general formule of transformation
of the function {s, #} for the changes of the variables; the special examples
given in Ex. 3, § 62, are particular cases of the general relations which are

s, 2}= (""‘q){ S} - (d ")’{ X}+(-X> (8, X} e, @,

ar+b .
and {cx T’ x} =0t e eeaee (ii).

As additional examples we may take

fs, 2y =20~ BY” {9 "‘xtﬁ}

T (a8 Tyt
as+b  ar+B) _ (yr+d) i
and {c'.é_-Fd’ ;yx+8} (a0 =y ),{ ) L} eeineeiieeeenas @iv).

Another formula, which will prove useful, is that which arises by supposing
s»=z; then we have

1 241
§== x" s
1
S-1
"
so that {,— =2 H
s x
3’” ?r/ 2 1—71&
therefore - - (—) =—,
s s T
1 1
e PTaten
and ‘é :’7 = ) >
1-1

so that {s, x}=w@-,
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which may be written in either of the forms

1 1- nl
(o, 2=t
T ).
1

1-—
{s, s }=—2;:
131. CaseE L

By writing X =2 in (i) in the formule just enumerated, we

have
(s, 2} = (S, @} + (‘fg) (s, 8.

By a series of proper substitutions we may pass from this equation
to the corresponding equation for the hypergeometric series.
Firstly, let

then (s, o} = {8, o} + (%) {s, 51-1} ;
while, by (iii),
{S, :%} =}(c+1){s, g}

But o =s"; therefore

1-2%
s, o} = "
{s, o} oo
and thus
s, g—- 1} - n“("'*’l)‘
c+1 2 4o
Secondly, let
T=8=1-—z,

so that the relation between s and z is

g™ — 1\2
(o71) =1

then (‘é—i) l_i:_w
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Again, using (i), we have

dT\?
(8,0} = (T, 5} + (%) 15, 73;
but
dT
&=L
T, 2} ={1-a, 2}=0,
~1
{S’ T} = {S: Sﬁ} = 121124 )
so that we have
_p 1-1
R
Also, since
o—1\2
(El’l) 1-a,
do
we have NCES TR

and therefore
{ o — 1} ( 1\ 2
§,——r=(1- —.) —.
g+1 nt) a?

When these substitutions are made in the original equation
which gave {s, 2}, it becomes

ool =4 [ Th ;zla:;)]

1-} 1-5, m-1
“HamF )
This is of the same form as the equation (A) in the general
case, and is i1dentical with it when we write
1
7\"_‘,;" v=1%, /"=’};

and then the relation between s and z is

% — 1\2
<S”+ 1) =1-a

4

- ( 41 )1 .
Now M= (1—9), p*=(a-B) v*=(y—a—pB)*; remembering
that 4 —a— @ must be positive in order that the series may

or
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converge even when the variable is equal to unity, and assuming
that a is greater than 8 (which is permissible), we may take

1 1 1

a=t—5-, B=—g-, y=1-".

If it be desired to have 3 positive, we can change the sign of n;
and then the elements of the hypergeometric series are
1 1 1
—1l4 - = =1+-
a=ztg, B=gy ¥ 1+7z’

and the relation between s and « becomes

1—s"
% (1 —2)
1+sm  —a).
The latter gives
ao1-(0-2)
1+(1—z)?
and therefore
1
an
s= 5
{1+ -2
1_1 1
while ST =nt (1 —u)a B (141 -a)

Now the two particular solutions, when the equation is in its
normal form, are

C,s'~% and C,s ~3s,

and the relation between the dependent variable » in this case
and the dependent variable in the ordinary differential equation
is (§ 116)

y=vz" (1 —g)~3@+p+1l-7)

which becomes
1,1

y=m’(§+ﬂ) (1-a)~%
in the special case.

Hence the primitive of the differential equation

d*y di 3 1 1 1

s(l-z )——’+-~4{1+r””(§+ﬁ)}‘47(1*‘)3/=°
11 1

s y=CeTt L+ (L—af)F+ G L+ (L= ap)
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Moreover, on comparing these two particular solutions

11 1 11
{1+(1 -2} » and z *{1 +(1 —2z)*}

with the set of particular solutions, we find that they correspond
respectively to I and 1L of § 120; in fact, the relations are

1 1 1 1 L P
F{Q"'Q"L, on’ 1+7—L’ w}’"2 {I+Q =27} "...... (L),

1 1 1

1 11
and ﬁ%2 . ,—Qh,1—5,x}=2 (L4 (L= 2. (IL),

1
the common factor z ™ having been removed from the latter.
These two relations are of course equivalent to one another.

132. Case II. From what has been proved in the last case
it follows that, when we assign the particular value 2 to n, we have
the relation

.
E=Grriy

as a solution of

e o=t ioh 5t A

& 8 EE-D
Y- £2-F+1
SE(-E
Firstly, let
EG+D)=1;
then {o, El}={ 1- 2 E} & {o, &}
_LEE—E+])
e
fEP+E+T
AN
and £ = ("4;}_)_2 .
Secondly, let
E=E£2;

then .83 =(5) 1o 83 -6 )
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and (6o 8= (6 6 =5 = 5.
\ 1+ 1
so that {“&=E[§&ZB é]
—_ 8E E‘ _3 1 .
TR E L F(EA L
and the relation is
Ez = 022; 1
Thirdly, by writing
Ez = ‘\/g‘f:!)

we at once have

. S
o Bl =31 8=~ (g
where
gt—1
5T Vs

Fourthly, let o =s?; then

8= () (s ol + Lo 8

Now {s, 0} ={s, 8% = g"o_g§
= o’+1do
and 2V3 = o dE’
so that

1 (d_d)_ 1202 3
o?\d§,) (o2+1p 1+ 32

Hence
Er—1
{ Ea} (1 + 3g )2’
and the relation is
_s—1
b= 2224/3°
Fifthly, let
E+1,

Ea—'f 1’

[cHAP. VI
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4
then {s’ 54} (E 1)4 { Es}
4 27 4‘54 (E4 - 1)‘
T(E—D) 8 T E L 16+ £+ 1)
2 &
-8 (E; - 1)2’
and the relation is
£ s +282V3 — 1
T e—2eV3 -1
Sixthly, let
&=E2;
then o 83 = (92) T 8~ (6 01
Also g? = i’} R
4 4
and {&, E¢}=—g},=—gg
Hence {s, &} = L i

IR N T
Gt Bt Ea- gy

£,= [‘Sii'_:?fl/s%:l
T 252 4/3 —1
It therefore follows that a solution of

IR T R il i |
{s’x}—%[v@—-}'(l—w)”*" z(z—1) ]’

and the relation is

in the case when
A= %- =u, v= %—’
is given by
<s‘ + 25243 — )
s'—2s2V3 -1
From this relation the value of s can be found (it is a some-
what complicated function of #) and thence s'; and this will lead
(§ 62) to the solution of the equation

-+ () Y oo
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133. Casg III. From the two preceding cases a new one can
be constructed.

For, in Case 11, let

then {2 2} = ——;
by Case L; and so

) [;? * s w)]

4
4, _—1
z“‘+z(z+1)""

Now change z into —z, so that

4z _(s‘+2s"\/§—1)3_
(z=1y 7 \_g4+2e2V3+1
then (s 2} = s, —z}—i+z(1j‘§z),
_# s s
“eta-otza-o

A comparison with the general formula shews that the last
relation between z and s is a solution, provided

A=}, v=4§, p=%;
a=—18=%! ry=§..

Hence by means of the preceding relation we can obtain the
primitive of

and therefore

3(1"2) +(§ 2) Z'Fz;‘e?/:()
in a finite form.

Ez. 1. Shew that from Case 1. can be derived in a finite form the
solution of

a(1-2) T4 (4 - R a) 2= g =0,
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Ez. 2. Shew that from Case 1II. can be derived in a finite form the
solution of

2%, d
2(1-2) T4+ (3~ § )2 -y =0.

Further cases will be found in the Miscellaneous Examples at the end of
the chapter.

It may easily be verified that, for all the examples given, we have on taking
positive values of A, p, v, the inequality

Aptr>1;

the case of A+u+v=1 is integrable by the simpler method of § 68. See
Ex. 7, p. 141.

134, An entirely different method of treatment of the matter contained
in §§ 130—133 will be found in the author’s Theory of Differential Equations,
vol. 1v. §§ 59—62. For further information on the subject of the hypergeo-
metric series the following memoirs should be consulted :—

Gauss, “ Disquisitiones generales circa seriem infinitam

B L a@tr)B(B+1) , ”
1+1. r+ 1.9 ( 1)z+ ......
Ges. Werke, t. 111 pp. 123—163;

“Determinatio seriei nostreo per equationem differentialem secundi
ordinis,” #d. pp. 207—230.

KuMMER, “ Ueber die hypergeometrische Reihe,” Crelle, t. xv. pp. 39—
83 and 127—172.

ScEWARZ, “ Ueber einige Abbildungsaufgaben,” Crelle, t. LXX. pp. 105—
120;

“Ueber diejenigen Fille in welchen die Gaussische hypergeomet~
rische Reihe eine algebraische Function ihres vierten Elementes
darstellt,” Crelle, t. LxxV. pp. 292—335.

CAYLEY, “On the Schwarzian derivative and the Polyhedral Functions,”
Camb. Phil. Trans. vol. x111. ; Coll. Math. Papers, vol. X1. pp. 148—
216;

in the last of which references will be found to further memoirs.

There is a memoir by GoUrsaT which may be consulted with great
advantage—*“ Sur I'équation différentielle qui admet pour intégrale la série
hypergéométrique” (Annales de Décole normale supérieure, Sér. 11 t. X.)—in
which, by developing a method due originally to Jacobi, he obtains the results
of Kummer and Schwarz.

The Gamma-function, and the function defined by the hypergeometric
series, are discussed from the functional point of view by Whittaker and
Watson, Modern Analysis, Chapters x11. and X1v,
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MISCELLANEOUS EXAMPLES.

1. Prove that, if
(a?+ 52— 2ab cos p)~"=Ay+24, cos p+24, cos 2 + 24308 3p + ...,

then 4, may be written in any of the forms

2
(n+r-1)! a—m=rpr F (n, n+7r, 741, gz> 5

@ ri(n=1)!
oy (nr=1)1 b 4a?h?
@0 U= e (i e o, ),

vy (RF2=1)!  aTb" dab \ |
(lll) r!(n—l)!' (a+b)"'("+')F(n+r’ r+é’ 27‘+1’ (—a—_*"_"b?> >

. (n4+r=1)! arb" 4ab
(iv) Fl(n=1)! (a—i b)2(n+r)1’ (n-}-r, r+3%, 2r+1, " a- b)2>
(Gauss.)

2. Obtain a solution of the equa.tion
(A+Bx+0x2) +(D+Ex) = +Fy 0,

as a hypergeometric series ; 4, B, C, D, E, F, are supposed to be constants.
(Gauss.)

3. A function is said to be contiguous to F(a, B, v, #) when it is derived
from it by changing one and only one of the constant elements by unity. Let
F(a+1) B, v, %) be denoted b.Y Foi; Fa=1,B, Y z) byF ~;and F(“yBa V%)
by F. Then prove the following relations :—

(i) 0=(B-a)F+aF,, -BFg,;

(i) O=(y-a=1)F+aF,, —(y=1)Fy_;

(ili) 0={y—-2a—(B-a)z} F+a(l-2) Fo —(y=a) Fy_;

(iv) O=y{a—(y-B)z} F—ay(1-2) Fo\ +(y—a) (y—B) 2F,,

(V) 0=(y—a—B) F+a(l-2)Fy, ~(y-B) Fy_.
(Gauss.)

4. Prove that
(1-—&‘)F(a, B, Y .Z')F(l-a, 1-8, 1_7) x)—l

~a)(y-8
=(17(‘1>‘—1y’)“ ) oF (0,8, y+1, ) F(1-0,1-, 2—?(:)- |
auss,
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5. By changing the independent variable in the differential equation, verify
the following relations :—

() (L+F o 2a+1=3, 3 9)=F (& atd % 15) -

I+
(Gauss.)
(i) (4P (e atd-8, B+1,99=F (o 8,28, riks).
(Gauss.)
. . .0
(iii) F'(a, B, a+B+1}, sin? 0)=F<2a, 2B, a+B+}, sin? §> .
(Kummer.)

Prove also that, by changing the variable from z to — 8z {1 +(1 —z)}}-3,
a a+1 2u+2 - o a a+1 2a+2 —4sin2d
F( s 20)—008 F (:2', —é‘-, 3 W .
(Kummer.,)

6. Shew that the functions /°, and @, which are the independent solutions
of Legendre’s equation, may be expressed by hypergeometric series in the
forms

Pu(‘z) 221;1:?[[1((5;21)—1(1)5 ”F(%v -7, %—nr 52))
0= 0T b, ne1, ne, £

the variable # of Legendre’s equation being connected with ¢ by the relation

Qr=¢+ £
(Heine.)

7. Shew that, if the independent variable in Legendre’s equation be
restricted to be less than unity, the primitive may be represented by

AF(—%"L’ %n'*'%a %, x2)+Bx1ﬂ(_%n+"}: ’%n’{"l» *}’ xz))

where the series, if infinite, converge.

(Heine.)
8. Denoting the series
aB‘y a.a+1.8.8+1.y.y+1 2
et g0, 04 T.eerl O F

by F {(a’gﬁ ’ 7), x} , prove that F satisfies the differential equation
y €
LA diF

P
+{0e -z (aB+By+ya+atB+y+ 1)}%—11/37F=°-
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9. Obtain integrals of the equation

dSy —a—a'—(l+B+ﬂ')x’d__?/+aa'—(aa’+l3ﬁ’—y‘y')x+[3ﬁ'1‘2 -0
dx? z(1-z) dx 22 (1— z) y=5

(i) in powers of =, (ii) in powers of 1 -z, (iii) in powers of #~!; and indicate
relations between these integrals, it being given that

at+d+B+F+y+y=1

10. Shew that the differential equation of the hypergeometric series
possesses two integrals, whose product is a polynomial in #, in the following
cases:

(i) a=-1in,

(i) B=—14n,

(ili) a+B=-n,and y=4%,0or —%,0or -3, ..., or —n+1},
where 7 is an even integer in each case.

Are these all the cases in which the indicated property belongs to the
equation ?

11. The equation

dy dy
2(1-2) 7 +(3-20) ai_bFo
has a particular solution of the form 2" ; determine » and obtain the primitive.

Hence express sin~!2 as a hypergeometric series.

(Goursat.)
12. Obtain in a finite form the primitive of
x(1- a;) +};(1—2z‘)l+ y=0;
also of
z(l-z) dx2+% +2y 0.
(Goursat.)

13. Prove that the relation
Z__(S+14sh 41y
—17 108s* (s* = 1)*
satisfies the equation
_i A% 158
ba=nti et ri-0)

Hence obtain in a finite form the primitives of the equations:
(i) «(1-2) dx‘+<§ o) Yt Jasy=0;

dy

(i) (1~ w) +(§ ti2) 5, —338y=0.
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14. Prove that the relation

satisfies the equation

5 5 5

5 SR ¢ SIS i
ma=S+i—ypta-y

Hence obtain in a finite form the primitives of the equations:

. d? d
M) «1-2 5 +@-132) L+ hy=0;

(@) #(1-9274(g-130) L py=o.
15. Prove that
F(aya+}, 2a+1, 2)=2%{1+(1—z)}}-2;
F2, 5,5 2)={F(, }, 3, z)}?
={F(},1, 2, 2)}L

and that

SUPPLEMENTARY NOTES.
I

INTEGRATION OF LINEAR EQUATIONS IN SERIES BY THE
METHOD OF FROBENIUS.

The two methods, given in § 83 and 84, are equivalent to one
another: and either of them is effectively a process for constructing
the cocfficients in a Taylor series. The inverse of the process is
given in §§ 114 and 115, where a knowledge of the coefficients
is used to determine the differential equation. The only integrals,
that are thus obtained directly, are those which occur in the form
of series of powers of the variable. When other integrals, which
are not expressible solely in series of powers, e.g. integrals which
involve logarithms, are required, supplementary substitutions have
to be made and further investigations, sometimes of an elaborate
character, prove necessary.

There is another method, quite distinct in character and
significance, by which a single set of properly devised calcu-
lations can be used so as to give all the integrals of the kind
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indicated that are possessed by the differential equation. It is
due to Frobenius*; for the full establishment of the validity of
the various steps, various propositions in the general theory of
functions are necessary. Consequently, only an outline will be
given here; if a fuller account is desired, reference must be made
either to the original memoir by Frobenius or to other places
where a detailed exposition is givent. TFurther, the explanations
will be given only in connection with lincar equations of the sccond
order; they apply to linear equations of any order. And a further
limitation, to be indicated immediately, will be imposed on the
form of the equation.

Let the equation be taken initially in the form

do
%"I'P +QJ 0.

If an integral or integrals exist, proceeding in powers of z—a,
where both P and @ are finite when @ = «, the method possesses
no special advantage over the methods already given. If, however,
either P or () or both P and @ be infinite when # = «, then the
method can be applied effectively to determine integrals. We shall
assume that P, if infinite, has #=a for an infinity of the first
degree; we shall also assume that @, if infinite, has #=a for an
infinity of degree not higher than the second}. We write

z—a=1t,

1 1
P—zp: Q=§9’

* Crelle, t. Lxxv1. (1873), pp. 214—224,

1 Such an exposition is given in the author’s Theory of Differential Equations,
vol. 1v. (Cambridge, University Press, 1902), pp. 78 et seq.

1 It will be observed that these assumptions are justified for Legendre’s equation
when =1 or = -1; for Bessel’s equation when z=0; and for the equation
of the hypergeometric series when z=0 or x=1. If we are dealing with large
values of z, the natural expansion is in ascending powers of z~!; and very slight
calculation will shew that the assumption made in the text is justified for Legendre’s
equation and for the equation of the hypergeometric series (but not for Bessel’s
equation) when r=aw.

The corresponding assumption, when the linear equation is of order m and has
the form

dm m dnl—TzI

Zn* 2, Br gir =0
is that P,, if infinite when #=a, has z=a for an infinity of degree not higher
than 7, for all the values of .
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where p and ¢ arc finite (including possibly a zero value) when
t=0, and are supposed expansible in converging or terminating
series of positive integer powers of t. The equation thus is of the

form
dy
dt?

If an integral exists which is of the type indicated, by being
expansible in ascending powers of ¢, it may be taken in the form

y=te E cnt” 2 ettt =g (8, p),
=0

Dy=1¢ dJ

+tp +qy 0.

where the summation is for positive integer values of n. Should
this be an integral, it must satisfy the equation identically. Now

D™= {m (m—1)+mp + ¢} t™
=™ f (¢, m),

where f(¢, m) is of the second degree in m and, owing to the
character of p and ¢, can be expanded in positive integer powers
of t. When this expansion is effected, we have

J (@, m)=fy(m) + tfy (m) +fs(m) +...... ,
where f,(m) is of the second degree in m, and the other co-
efficients f (m), f;(m), ... are of degree in m not higher than the
first. Then

Dy (t p)= nE_oant”"
= 3 s pbn)
= 2 ot {filp+m) +tfi(p+m) +Ef(p+m)+ ]
= Z " afolp+ )t o filp+n =D+ ..+ afa(p)),

on gathering together the terms with the same exponent. If the
postulated expression is to be an integral of the equation, the
right-hand side must vanish identically and therefore the co-
efficients of the various powers of ¢ must vanish; hence

0 = CO/;) (P)’
0=c.fi(p)+cifo(pt+1),
O0=c,fa(p)+cifilp+ 1)+ fo(p+2),
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and so on. As ¢, 1s not zero, because it is the coefficient of the first
term that occurs in g, the first of these relations shews that the
values of p to be considered are given by

Jo(p)=0,
which is a quadratic in p. The remaining relations give
G =—20C “‘—‘0{;1)(_,:)1) >
€= G ks (p) >
o(p+1)folp+2)
¢y = hs (p)

“Fot D falp+2) filp +3)’
and so on, where £, (p), hy(p), ks (p), ... are polynomials in p.

If the two roots of the quadratic f,(p) =0 are equal, then no
denominator in the expressions for the successive coefficients c,
vanishes; these coefficients are finite, and the expression g(z, p)
is formally adequate for an integral *.

If the two roots of the quadratic are unequal, and their differ-
ence 18 not a whole number, then no denominator in the expressions
for the successive coefficients ¢, vanishes; these coefficients are
finite and, for each of the values of p, the expression g (z, p) is
formally adequate for an integral.

If the two roots of the quadratic are unequal, and their differ-
ence be a whole number s, which will be assumed positive, the roots
are of the form

P> pts
We then take

w=flp+D) folp+2)... fip+9)c,

and thus secure that no one of the coefficients ¢, is infinite;
moreover ¢, is undetermined, and therefore an arbitrary constant,
so that ¢ is an arbitrary constant. The expression g (z, p), when
¢ is replaced by its modified value, is formally adequate for an
integral.

* In order to render the proof of the method complete, it would be necessary to
establish the convergence of the series g (z, p) and, later, the convergence of allied
series, For these, and corresponding omissions, we refer to the sources already

quoted; the actual convergence of the series in particular examples will be manifest
on inspection.
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Thus far, the process coincides with the ordinary process; it
is at this stage that modifications are introduced which give
the distinctive character to the method of Frobenius. Instead of
dealing with quantities p which are roots of a quadratic equation,
we introduce a parametric quantity a; the quantities ¢, and ¢ are
regarded as arbitrary functions of a. Quantities ¢,, c,, ... are
determined by the equations

O-“‘-Clﬁ(a+1)+coﬁ(a):
0=c.fi(a+2)+c.fi (a+1)+c,fi(a),

which in form are the same as the earlier set, if the first equation
of that set is omitted and p is replaced by a. Moreover, we have

co(a) Iy (a) )
Sfola+ 1) fia+2)... fi(a+n)’
so that, if we choose a as different from a root of the quadratic
Jo(p) =0, the quantities ¢, («) are finite. We thus have an
expression

e (a)=

z=g(t, a)= 3 cytot";

n=0
also
D(z)= 3 ¢, Dtotn

n=0

= I cut% f(t, a+n)
n=0

= 3 cptotr {fy(a+n)+tfi(a+n)+Ef(a+n)+...}
n=0

= 3 tvn e, fo(a+n)+ o fi(@+n— 1)+ ... +cofn (@)l

n=0
On account of the relations among the quantities c, the coefficient
of to+* vanishes when n=1, 2, ...; and so

Dz =c, fo(a) %,
an equation satisfied by
z2=g(t a),
where a is an arbitrary parametric quantity*.
We take the three possibilities in order.

* The series for z is one of the allied series indicated on p. 246, foot-note; its
convergence is assumed in this exposition.
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I. Let fi(p)=0 have a repeated root p=oc; then, as the
coefficient of m? in f, (m) is unity, we have

Jo(@)=(a—0a);

Dz=c,(a— o)*t™

It is clear that the values of

so that

, 2
’ aa 3
when a is made equal to o, give
Dz=0, DZ =0,
oa
in other words, two integrals of the equation
Dy=0

are given by

2
y=[lacas Y= [£L

II. Let f,(p) =0 have two unequal roots p=¢ and p=r,
where 7 — ¢ is not a whole number: then

Jo(@)=(a—17)(a—0),
Dz=c¢cy(a—7)(a—0c)t%

It is clear that the value of z when a is made equal to 7, and its
value when a is made equal to o, give

Dz=0;
other words, two integrals of the equation
Dy=0

so that

are given by
y=[2le=r, y=[e]a-s.
III. Let f,(p)=0 have two roots ¢ and o —s, where s is a
positive whole number greater than 0; then

f(@)=(a—a) (a=a +).
We now take
o=Lfi(a+1) fo(a+2)...fo(a+$)c;

this makes the expression for z finite when the special values ¢
and ¢ —s are assigned to a. Also

afo(@)=(aa)(a— o + 8P4,
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where 4 is a quantity that remains finite when a has either of
the values o and ¢ —s. Hence

Dz=(a—c)(a—a+s)Ate
It is clear that the value of 2z when a is made equal to o, the value

2

of z when « is made equal to o —s, and the value of 3

when a is

made equal to o —s, all give

Dz=0;
in other words, there are apparently three integrals of the equation
Dy=0
given by
Y=[2]a0,
0z
y= [z]a——a—-S) y= [aa:lduv-"
But consider
Y =[2]axa—s-

We have

s=1
=t% 3 c,t"+1% 3 c,t?

n=0 n=g
s—}

=10 3 ¢ th+ 10t 3 ¢t
n=0 m=0

s regards the first sum, the coefficients c,, for all the values
n=0,1, ..., s—1,
contain a factor a — o + s, because

o = ¢o () by, ()
" foa+1). fi(atn)

=fo(a+n+1) "-fo(“+s)hn(a)0:

which, for =0, ..., s—1, contains f,(a+ s), and therefore also
a+s—o,as a factor. Hence, when a is made equal to o —s, the
first sum vanishes. As regards the second sum, we write it in
the full form

ta+80, (a) + ta+'+IC‘ +1 (a) + LEENY
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which, when « is made equal to o — s, becomes
¢ (0 —s) +tHegu (o —8) +...,

a series that begins with ¢~ and proceeds in ascending powers of ¢.
But
y=[2]a-s
is a series that begins with #7 and proceeds in ascending powers
of ¢t; hence the second sum in [z].-.—, 18 either another integral
beginning with #7, or it is a constant multiple of ¥ =[z]awo.
If it could be another integral, a combination

[Z] a=a — N [z] a=g—3
could be taken so that, by appropriate choice of the constant A,
the term in ¢ would vanish and the expression would begin with
. It is a linear combination of two supposed integrals and
therefore is an integral of the equation: so that, on the hypo-
thesis assumed, we have an integral of the equation that begins
with ¢“+* and involves powers of ¢ only. There is no such integral,
for o + 1 is not a root of £, (p) =0. Hence

Y =[2]ace-s
is not an independent integral ; it is a constant multiple (which
may be a zero multiple) of
Y =[]awo-
Consequently, in the present case, two integrals of the equation
Dy =0 are given by
¥ =[2)awa,

[
y= oa a-a—s.

Summing up the results, we may state them in the following
rule :—

The primative of the differential equation

d’y dy
Par TP

where p and q are uniform functions of t that remain finite when
t=0, can be obtained by constructing an expression

z= _lc tG+1)

+QJ 0,
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such that all the terms in
2Lt % g
e TP e
vanish except only the term in t* If

al2 dz
dt2 + pt == 7 + qz = ct* fo (a),

Jo(a) being a quadratic function of a, there are three cases :

L Ifthe roots of f,(p) =0 be equal, and have o as their common
value, two linearly independent integrals are given by

0z
y= [Z]a=m y= [a_a_jl‘l:a
IL. If the roots of f,(p)=0 be unequal and do mot differ by

an integer, and if they have o and T as their values, two linearly
independent integrals are given by

y=[z]ﬂ=0’ ?/=[2]a=1.
III. If the roots of f,(p) =0 be o and o — s, where s is a positive

integer, the proper modification in ¢, must be made: and then two
lineurly independent integrals are given by

0z
= [Z],,,:o; y - [a_a].,:v—ﬂ'
AS the equation
So(p)=0

determines the index of the initial term in the various expressions
for ¥, it is often called the indicial equation; and the quantity
Jo(p) is often called the indicial function.

The general theory will now be illustrated by some particular
examples.

Ex. 1. Consider the hypergeometric equa,tion when y=1; it is

day

z'(l—z) +{1 (a+B+1)x,——-—a[3J 0.

Let D denote the operator

d? d
2(1-2) +{l=(a+B+1) 2} T ~aB
Taking b s
y=x Cuz,

n=0
and the relations

(n+1+pfens1=(n+a+p) (n+B+p)cu,



252 APPLICATION TO [cHAP. VI

we have

y=%x,{1+(a+p) (B+p)

(1+p)?
=cyxPg (a, B, p, %),

say. We also have

x+(a+p)(a+p+1)(ﬂ+p)(8+p+1)2 }

(1+p)*(2+p)

Dy=xzpP-1cyp?

oy
[.V]p=0s a]pﬂ) )

Clearly

are solutions.
In the present case, we can take ¢, unity. The integral [y],=¢ gives

F(a, B, 1, 2)
as one solution. The integral [:0—1/] gives
p p=0

F(a, B, 1, z) log z

DLyl 2)peltDa@rDA, 1 1L 2 D,

12 +Z3"1 T2, 2 ariTatErI 172

as the other solution.

Ez. 2. Obtain the primitive of the hypergeometric equation, when v is a
negative integer.

Ez. 3. Consider Bessel’s equation for functions of order zero, viz.

=y’ +y +2y=0.
It is not in the exact formn of the general theory: to compare it with that
form, we note that

p=z, g=a%:
an irrelevant factor x can be removed. We substitute

z2=cox%+cyxttltexotig..,,

and choose relations among the constants ¢ so that all terms other than those
involving the lowest power of # vanish ; and we find

od z Dz=cya’z*,
provi
(a + 1)2 Cy= 0,

(a+n+1)20n+l+cn-l=09

the latter holding for n=1, 2, 3,.... When these relations are solved, and the
values of the coefficients ¢ are substituted, we have

fi o
2=Cyr {1 —(‘—l'_i_éjz'i' W'_(mji— u-} .
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In the present instance, we have f;(a)=a? so that the equation is included
in the first case (p. 251): the two linearly mdependent integrals are

o
K21 “‘[Z]u-oa Y2= a:]

1 2 ot
[ -2—2+§2_.—Z§—'" s

The first of these is

or, taking ¢,=1, we have

n=Jy(z).
For the second, we note that
2 { L camre }
da |(a+2)? (a+4)>2...(a+2p)*
a 2p+a 2p+a
dc, & 4 z

=~ %a (a+2) (a+2p) (a+2)2 (a +2p)2

cpztPre <2+i+ +_E._)
T (a+2)%..(a+2p)2 \a+2 " a+d T a+2p)’

and therefore, making ¢y=1, we obtain the second integral in the form
22 *
y2=< —wtapT ) log z
22 ot 28
+ 92~ W(l+%)+mz(l+é+%)—

(=1pr-1?
Jﬂlogx'*' El {H([’)} () ‘I’(p)’
where

(@) =1+}+.. +__[n'((:)) .

The expression for y, is usually denoted by X, (z), so that
Yo=K, (2);

the primitive of the equation is
y=AJ, (x)+ BK,(x).
Ez. 4. Consider Bessel’s equation for functions of order », viz.

Dy=2a%"+xy +(2*—n?) y=0.
Constructing an expression

2=0yx%+ 2% * Lp gt i L,
we have .
provided D=ty (a2 2%

{(a+ 1=} ¢, =0,

{(a+m)2"n2} CuntCn-23=0,
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the latter holding for m=1, 2, 3, .... When these relations are solved, and
the values of the coefficients ¢ are substituted, we have

x? zt
’“""’"[‘ T(ar2pontt aF o al -y ] '
In the present instance, we have
fo(@)=a=n2=(a—n) (a+n),

so that the equation is included* in the second case (p. 251) when n is not
a whole number, and it is included in the third case (p. 251) when n is a whole
number other than zero.

First, suppose that » is not a whole number. Then, when a=n, take
Co= Lo
0= 911 ()’
and when a= -2, take

PR
VTomnp(—n)”
The two integrals are
$1=[2]a=n
_ @© ( - l)r <‘%.>n-l»2r.~
_,zon(n+r) o(r)\2 =
and
Ye=[2)a=-n

_ o (_1)r <.r>—n+2r- .
_,fon(—n+r)n(r) 2 =/
and the primitive is
y=AJ,+BJ _,.

Secondly, suppose that n is a whole number which will be taken to be
the positive square root of n% the quantity that occurs in the differential
equation.

One integral is given by

h= [Z]a.—n H
. 1
taking ¢, to be ST ()’ we have

© ( — 1)" Z\n+or
=3 —— |- =J .
N L HAn T \2 "
* Strict comparison with the general case shews that the critical value arises
when 27 is & whole number. But the vanishing denominator factor arises through
a quantity of the form (a+2p)2 - n2, where p is a whole number : so that, whether

abe +nor -mn, the factor can vanish only when 7 (and not merely 2n) is a whole
number.
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The second integral arises when a= —n. One of the coefficients becomes
formally infinite through the occurrence of a denominator factor (a +2n)% —n?;
accordingly, we write

co=C{(a+2n)2-n?},
(=19 C=E T {(a+2r)* - n%};
r=1
and then

2 n—2
2=C{(a+2n)?— n?} z* I—Wr—m+"'+(_ 1)n—ln:.l__‘”—_.
I {(a+2r)?—n?%
r=1

2% at
et 2n PR -
e [1 (a+2n+2)2—n?+ {(a+2n+2) —n?} {(a +2n+4):— n?} ]

=21+2,,

say, where 2; denotes the first line and 2z, the second line in the expression
for z. And now

Dz=C(a’>—n?) {(a+2n)*—n?} z*
=C(a—n)(a+n)?(a+3n) z%

Two integrals are given by a= —n; they are

(e [2]

and the former, by the general theory, is to be a constant multiple of
[2]a=n- Now

[Zl]a= -n=0,
on account of the factor a+= in each term of z;; and

E

[22]¢=—n=mj']"9

so that
G % S 5 R
a=-n lla=~-n a=-n 2"H(7l) ny
and thus it provides no new integral.

For the other, we have

ez - ?ﬁn] + 3?_]
da as—n— da a==—7n da a.—--n'

ow
02, 1 20n "z f2\™II(n—1-m)
)T 2 5) G
say ; and
2

2? at
a—al-_fE”"lOg‘”[l"ﬂz DRI DIE DR 2‘]

+3Ee 3 IO ey an -y o (5)

reo I (r) I (n+7)
=§2)

say: so that the integral is {; + (3. N C) q/é é
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In {;, the part represented by

a2 (=1yI(n) Y (n) (2\*r
Yz ,ﬁo O(r)II(n+r) Q)

is a constant multiple of J,; it therefore can be omitted, for J, has been
retained and any linear combination of integrals with constant coeflicients is
an integral. Rejecting this part, and choosing

1
C= = 2”-111(7&—1),

so that
.1
T on-TrI(n)’

we have the second integral in the form

2\* 22111 (n— 1 — m) [2\2™
Yo=—|-) 2 L—)<r>
2/ m=0 l’I(m) 2

+(3) 2 e naas@les-v @ -v s (3 ),

which differs only by a constant multiple of J, from the expression given in
§ 105, Ex. 1.

The primitive is
AJ‘H+ B]/z-

Ezx. 5. Integrate the equation
Dy=2z(2-2%y" - (a*+40+2){(1-2) ¥ +y}=0
by means of integrals proceeding in powers of 2. (The equation can be
integrated by quadratures: it is here used to illustrate the method of
Frobenius.)
We take

z= S ¢, x%*",
n=0

and easily find that
2 Dz=2a(a—2) ¢yz*,
provided
0=¢; (a?~1)—co (a+1),

0=2¢ya (a+2) —2¢; (a+2) —co (a—2)?,
and

2(n+a+1){(n+a-1)c, 1 —ci}=(n+a-3){(n+a-3)co_1—Cn_g},
the last holding for =2, 3, ....
The equation f,(p)=0 here is
p(p—2)=0,
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80 that the two values of a are 2,0. When a is made equal to 0, the coefficient
of ¢y vanishes as the equations stand ; so that we write ¢,=Ca, and then

Ca
cl=a_1’
a (a?— 5a+10)
Cg—-i’— a"‘+a—2 ’
C.
%= 11

(a42) ¢y=c3+d’4,
where A is finite, and so on. Thus
= O @? 2
2—0a.z°<l+ >+c:_,z' {1+a+l (a+1)(a+2)+...}+a R (z, a),

where R (z, a) is a regular function of # and a, which remains finite if a=0
or a=2. For this value of z, we have

2Dz=2a%(a-2) Cz®.

First, let a=2; then an integral is given by [2)a=2, which is

2 l
or, making 2C=1, an integral is given by

2Gr2<1+x+ + + >

y=a%e"
Next, let a=0; then integrals are given by

0z
la a.—»l)‘

Taking account of the value of ¢;, the former of these is evanescent, and the
latter is
C(1=.)~8§Cx%;
or, adding § Cy; and making C=1, we have an integral
Y2= 1-2.
The primitive of the equation is

y=Ax*¢*+ B(1-x).

Ex. 6. Integrate the equations:
(i) a?(1+2)y" —(1+22) (a9 - )=0;
(i) 23(142) y" - (2+42) 22" +(4+102) o/ = (4+122) y =0;
(iil) #®(1+2?)y" — (24 42%) 22" + (4 +102%) wy’ — (4 +1222%) y=0
(iv) 2Q2-2)2% —(4—x)xy'+(B3~2)y=0;
(V) (1-2) 2% +(5—4) a7 +(6 - 92) y=0;
(vi) ay"+@22+1)y +4x (22 +1)y=0;
obtaining integrals in each case in series of powers of z.
F.D.E. I
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Ez.7. Discuss the integrals of the equation
& (1-2)y +{1—(a+b+1) a}y —aby=0,

which proceed in powers of 1-z; indicating their form in particular when
a+b=1.

Shew that the above equation includes Legendre’s equation
(1-22)y" =2y +p (p+1)y=0,
the relation between the independent variables being
z=1-2x;
and hence obtain an expression for the primitive of Legendre’s equation.
Ex. 8. Integrate the equations:
(i) % +4 (s+a)y=0;
(i) ay’+(1+aa?)y +bay=0;

where ¢ and b are constants.

IL
EQUATIONS HAVING ALL THEIR INTEGRALS REGULAR.

This note is restricted, for the sake of simplicity, to linear
equations of the second order. For the discussion of the corre-
sponding questions affecting linear equations of any order, reference
may be made to my Zheory of Differential Equations, vol. 1v.,
Chapters 111, 1v., VI, VIL

We have had numerous examples of linear equations of the
second order in which the integrals belonged to one or other of
two types. One type was represented by a power-series, say R ().
The other type was represented by an expression involving power-
series and a logarithm. Thus for Legendre’s equation, in varying
circumstances, we have had solutions given by

(1) P, and Qm
(ii) Q. and Q,logz+ R,,
(ili) P, and P,logxz+ 8,,

where P,, Qu, R,, S,, are power-series. Similarly for Bessel’s
equation, in ascending powers of z; and for the hypergeometric
equation. Such integrals are called regular.
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Some equations have all their integrals regular, whatever be
the variable of expansion in the power-series. Thus all the
integrals of the hypergeometric equation are regular, whether
they proceed in powers of «, or 1 —a, or 1/z, or 1/(1 —z), or
#[/(x—1), or (z—1)/x. All the integrals of the Legendre equation
are regular. The integrals of the Besscl equation are regular
when expanded in ascending powers of z; but (Ex. 2, § 105) they
are not regular when expanded in descending powers of «, for the
power-series in 1/x are multiplied by e* or e~

It follows that we may expect to obtain a special class of
equations, characterised by the property that all their integrals
(in whatever expansions they are taken) are of the type called
regular. We proceed to obtain their general form, when we deal
only with equations of the second order, represented by

2
373{ + P % +Qy=0,

where we shall assume that P and @ are uniform functions of z.
In the first place, if the equation has an integral
y=ulog(z—a)+v,
where » and v are series of powers in # — a, then
y=u
is also an integral. Let the former be substituted in the equation;
then

d?
(d—z + P —~+Qu) log (z — a)
dv %
+ PP ) v
which must be satisfied identically when the power-series for u
and v are substituted. The only way, in which the terms in-
volving log (# — a) can disappear, is by having
d*u
i P + Qu=0
identically—which shews that y = u is an integral of the equation.
Accordingly, we have two cases to consider, viz. (i) when there
are two linearly independent integrals in the form of power-series,
say

2 du 1

z—adz (z—a)y a)* =0,

y1=u’ 3/2=’w
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where u and w are series in ascending powers of z; (i) when there
are two linearly independent integrals
n=u, y=ulogz+uv,
where » and » are series in ascending powers of .
In case (i), let the first term in % be a,2™ and the first term in

w be c,2™ Without loss of generality, we can assumne that m and
n are unequal ; for if they were equal, we should substitute

COu - a/ow
for either u or w, and the requirement would be satisfied.

In case (ii), let the first term in » be @,2™ and the first term
in v be byx’. Again, without loss of generality, we can assume
that m and ! are unequal; if they were equal, we should sub-
stitute

QY2 — boyl
for y,, and then the requirement would be satisfied.
For both cases, we have
d?y d
T p Uy Q=

ng

and therefore
(y d'/l d’/z) P=— (,”/2 (?fl/_l _ _d2.1/2> ,

dz Y Qe det ~ Y de
dy, dy, dy, d*y, dy2 d*y,
(y2 daz:_yl da:)Q——Kd.z: de*  dz (LL)

CasE L. Taking the expansions in ascending powers of z, we
have

d dy,
Y d‘i‘ A Zl— =a,Co (M —n) g™ 1 4,

T EYs_
24z~ da?
dy, d*y,  dy, d*y,

= =L — =2 = — gqpcomn (m — n) ™0 4

dz dz® dz da?
Now m —n is not zero; hence

=@oCo (m —n) (m+n—1)am+r-24

_m+n—1+powers of &

aP = 1 + powers of

)
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that is, when P is expanded in powers of z, it may contain a term
n — as its lowest term; otherwise it will contain no negative

power. Again,
mn + powers of 2
1+ powers of z ’

Q=

that is, when @ is expanded in powers of , it may contain a term

x?
no term with a negative index, if m+n=1; and @ does not con-

.1 . . .
in — as its lowest term, and also a term 1n£. Clearly P contains

1
tain the term 1n , if m or n is zero.

Case II. We have

d > Y+ P du Fa Qu=
v 2du u | ,(dv  w
st PG ) *v=
There are two sub-cases, according as m <l or m > 1.

We procced as above. When m <, the lowest term in the
expansion of P is
2m —1
T

3

and the lowest term in the expansion of @ is

m2
‘/LT .
When m > 1, the lowest term in the expansion of P is
I+m—1
x )

and the lowest term in the expansion of @ is

The forms of P and (), as regards the index of the lowest power
of x which they contain, are the same as before; the quantity 2P
contains no power of z with a negative index, and the quantity
#*@ contains no power of # with a negative index.
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Hence for all the cases it follows that, when the integrals of the
equation
d*y
da?
are expanded in ascending powers of xz, and are of the type called
reqular for that expansion, 2P and a*Q must be devoid of terms
with negative indices when they are expanded in ascending powers
of z. But P does not necessarily contain a term in 2° and 22Q
does not necessarily contain terms in 2’ and 2"

Y . o
+P%+Q3/—O

Next, consider expansions in powers of # —a, where a is any
finite constant; thus a=1 for the hypergeometric equation.
Writing 2 — a =t, we have the differential equation in the form

ay
dt:

where now P’ and @’ are uniform functions of ¢. In order that the
integrals, when expressed in powers of ¢ and of a possible log ¢, may
be regular, tP’ and #*Q’ must be devoid of terms with negative
indices when they are expanded in ascending powers of ¢. Conse-
quently, when P and @ are expanded in ascending powers of z — a,
it is necessary that (z —a) P and (2 — a)* @ should contain no terms
with negative indices, if the integrals of the equation are to be
regular so far as concerns expansion in powers of  —a.

Ay

Further, consider expansions valid for very large values of «.
We change the independent variable from @ to z, where az=1;
and we consider expansions in ascending powers of z. The equation
becomes

d*y L p” dy Q"
dz? dz y=0
where
" 1 2 L, 1
P—"_;P"f';’ Q'==0Q.

In order that the integrals of the equation, when expressed in
ascending powers of z and of a possible log z, may be regular, zP"
and 2°Q"” must be devoid of terms with negative indices when they
are expanded in ascending powers of z. Consequently, when P
and @ are expanded in ascending powers of z, P must begin with
a term involving at least the first power of 2, and @ must begin
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with a term involving at least the second power of z. Therefore, also,
when P and @ are expanded in descending powers of #, P must
begin with a term involving at least the first power of 1/z, and Q
must begin with a term involving at least the second power of 1/z.

We have considered the forms of P and  for all the expansions
that are to occur: the results may be gathered together so as to
provide the complete explicit forms of P and Q. Let a,, a,, ..., a,,
be all the different finite values of  (including zero) that need to
be considered ; and write

T=(x—a)(z—a,)...(x—ay).

Then, for expansions in ascending powers of #—a,, the product
TP contains no term in #—a, with a negative index; and this
holds for each of the quantities a,, ..., a,. Hence I'P will contain
only terms with positive powers for each expansion; so denoting
this quantity by M, we have

TP =M.
Similarly, the product 7@ will contain only terms with positive
powers for each expansion; so denoting this quantity by N, we

have

T:Q = N.

When the integrals are to be regular for large values of z, we
imagine P and @ expanded in descending powers of z; and then

P must begin at least with a term in %, while @ must begin at

least with a term in % Now

M N
-P='T: Q=T’§:

and T is of degree n in #. Now P is not to have any positive
power of z and not to have any constant term; hence M is a
polynomial in # of degree not greater than n—1. Similarly, @ is
not to have any positive power of #, no constant term, and no term

in %; hence N is a polynomial in # of degree not greater than

2n — 2.
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We thus have the result :—

The most general form of linear equution of the second order,
which has its integrals everywhere of the type called regular, vs

dy Mdy N

ot T st V=0
where T ts a polynomial tn z of any degree n having no equal roots,
while M and N are polynomials in z of degrees not greater than
n—1 and 2n — 2 respectively.

These equations were first discussed by Fuchs* by a different
method, and for any order; so they are often said to be of Fuchsian
type.

It follows, from the theorem which has just been proved and
from the analysis used in the proof that, when an equation

dty

d 3
is given, where P and @ are ra.tlonal functions of , we can at once
settle by inspection what are the expansions that give regular
integrals and what are the expansions that do not give regular
integrals.

The regular integrals would be constructed by the method of
Frobenius.

+P +QJ 0

Ez. 1. Legendre’s equation

a? d
(1-o) Gy —2a

e TP (P+1)y=0

is of Fuchsian type. For 7'=1-22 havmg unequal roots; also n=2. Now

M= -2z, so that its degree is not greater than n—1; and
V=p(p+1)T=p(p+1)(1-2%,

so that its degree is not greater than 2z — 2. All the conditions are satisfied:

the integrals are everywhere regular.

Similarly all the conditions are satisfied for the hypergeometric equation

w(l—x)d 2 +y- (a+f3+1)x} —aBy=0;
its integrals are everywhere regular.

Ez. 2. Consider Bessel’s equation
dty  1dy  (—m?)
dz? "z dx at
Here T'=x, with a single root, and n=1.

* Crelle, t. Lxv1. (1866), pp, 139—154.
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The quantity A is unity. As regards expansions in ascending powers of z,
the condition for Jf is satisfied; and for expansions in descending powers of
2, the condition for J is satisfied.

The quantity &V is #2 —m? For expansions in ascending powers of z, we take
N=-m?+2?% and the condition is satisfied. For expansions in descending
powers of x, the degree of the polynomial & should be not greater than 2(1—1),
while it actually is equal to 2, so that the condition is not satisfied.

The integrals of Bessel’s equation are regular for expansions in ascending
powers of x; they are not regular for expansions in descending powers of z.

Ez. 3. Shew that the equation

dry  22%+ax+Bdy  dzt+Br+y
e L T A

where

T=(x—a)(x—-0)(z—c),
no two of the three constants a, b, ¢, being equal to one another, and q, 3, o,
B, v, denoting constants, has all its integrals regular. Obtain these integrals,
in expansions in z - a, x - b, z - ¢, 1/, respectively.

Ex. 4. Discuss the preceding equation for the cases

(i) a=b#c;
(ii) a=b=c;
obtaining in each case such integrals as are regular.

IIL
EQUATIONS HAVING SOME (BUT NOT ALL) INTEGRALS REGULAR.

We have seen that an equation (such as Bessel’s, for example)
may satisfy the conditions that all the integrals may be regular
for one expansion and not all be regular for another.

The question then arises; if not all the integrals are regular for
one expansion, are there any that are regular for that expansion ?

For simplicity, we shall consider an expansion in ascending
powers of z; and we shall, as before, represent the equation by

Dy=y"+ Py +Qy=0.
When all the integrals are regular, the coefficients P and
have the form

P=‘%’+pl+pﬁw+ .

Q=%‘;+%+qg+q,w+...;
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and the index p for a regular integral
Y=coxf + cxP + ...,
obtained by the Frobenius method with the relation
Dy=cox=*{p (p — 1) + pop + o}
is a root (p. 251) of the indicial equation
plp—1)+pp+q=0,
which is a quadratic. The method of proceeding has already been
explained.

Now suppose that not all the integrals are regular; thus
either P, or @, or both P and @), must cease to have the fore-
going form. We still contemplate the possibility of an integral of
the form

Y = CoxP + Pt + ...
First, let P have the same form as before, and let

Q-

Q=g§+g§+;+qa+q4w+...;

then, when we use the Frobenius method for the construction of

the integral, we have.
Dy = c,2°~q,.

The indicial equation is
q‘) = 0 H

that is, there is no index p, and therefore no regular integral.

Next, let @ have the earlier form, and let
P=%+%+pz+pax+ e}

when we use the Frobenius method for the construction of the
integral, we have

Dy = c,z*~*pop,
so that the indicial equation is

Pop =0.
Thus there is one index, viz. p=0. The equation may have one
regular integral; so we should construct the expression by the
Frobenius method and, in any case where the series obtained is a
converging series, we then do obtain one regular integral.
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Next, let neither P nor @ have the earlier form ; let them be

P=§‘; +% +pg+p3w+ ceey

Q=g§ +z—,‘;+q;2+gs+q4a:+....
When we use the Frobenius method for the construction of the
integral, we have

Dy = cyz*=* (pop + ),
so that the indicial equation is

Pop + o =0.
There is one index, viz. p=—gq,/p,- The equation may, or may
not, have one regular integral ; we procced as in the last case.

So for other forms of P and . What is done in every case is
to take the initial stage in the Frobenius method, so as to obtain
the indicial equation.

It the indicial equation has one root, the differential equation
may have one regular integral. We continue the Frobenius mcthod ;
according as it does or does not give a significant expression in the
form of a converging series, we infer the existence or the non-
existence of one integral which is regular for the expansion.

If the indicial equation has no root, the differential equation
has no integral which is regular for the expansion.

Ez. 1. Has the equa.tion
" 1 N o) 4
Y t v’ (2 t .Z)y xzy 0

any regular integral proceeding in ascending powers of = ?

‘When we construct the indicial equation for a possible integral y =¢,2° + ...,
we find it in the form

209p=0;
that is, there is one possible index, given by p=0. So we substitute
y=co+c12+ 2+ ...
as the expression of a regular integral, if it exists; and we proceed to make it
satisfy the equation formally. The law among the coefficients is
(n?=4) cpy+2 (n+1)Cp41=0;
so that .
=2¢, cp=§c;, ¢3=0, =0, ....

There is one regular integral, given by
y=0co(1+42x+3a?).
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Ez. 2. Has the equation
1 1

any regular integral proceeding in ascending powers of 2 {

‘When we construct the indicial function for a possible integral y=cy2f+...
we find it in the form
¢ (p—3)=0;

that is, there is one possible index, given by p=3. So we substitute
y=coa3+cyrt+coxS+...

as the expression of a regular integral, if it exists; and, as before, we proceed
to make it satisfy the equation formally. The law among the coefficients is
Cnp1=—(n+4)cy,
50 that
¢ =—4cy, cy=—5¢;=20c, ....

The series diverges, and thus is not a significant expression. The differential
equation has no regular integral, proceeding in ascending powers of .

Ez. 3. Discuss the following equations, in regard to their possession of
regular integrals, proceeding in ascending powers of z :—

() ¥ +matn)y - Sy=0,
where a and b are constants ;
() o'+ (a~2)y ~  (6a+§2)y=0,
where a iy a constant ;
(iii) ;1/"+—1—4 y- }5(5+2x’)y=0;
z z
() oy =(1-20+22% 5/ + (1P y=0;
(V) 2%'+@Bzx—-1)y +y=0.

In every case when the equation possesscs a regular integral
(which we denote by y,), we can obtain an expression for the
primitive of the equation. Proceeding as in § 58, we obtain this
primitive in the form

y=Ay,+ By, f z-"? e=IPdz,
1

where 4 and B are arbitrary constants,
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Iv.

EQUATIONS HAVING NO REGULAR INTEGRALS.

The question next arises as to whether an equation, which
possesses no integrals of the type called regular, still possesses
integrals of a recognised type or types in connection with which
expansions can be used. As in the preceding discussion, we shall
limit ourselves to expansions in ascending powers of z.

If a linear equation of the first order

dy -

possesses a regular integral

Y = Co (2P + Pt + P34 ..)),
then
P a+2cz+...

z l4+ce+ca®+..."

Hence, when expanded in ascending powers of «, I? is of the form
R=—§‘+a,+a2x+asw2+ vers

that is, /£ may contain a term with index — 1, but it cannot contain
a term with an index lower than — 1.

If then, for a given linear equation as above, the expansion of
R in ascending powers of z is of the form
(5=1) ksy k _p

R"J;sT1+' __-—+ +w2 ‘;}+al+a2a:+a3x”+ ...... ,

the integral of the equation will not be regular, in the previous

sense of the term. Take
ko ks ks

Q——+ R
&€

\l’ (m) =g~ MT- bagz? - Jagad -
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so that Q is a polynomial in %, and v (z) can be expanded in a

converging series of powers of z. We have
y=Aez*y (a),
where A is the arbitrary constant.

The expression for y in this integral consists of two factors.
One of them is #°+r (), an expression of the type which has been
called regular; it can be expanded in ascending powers of #. The
other of them is €% which cannot be expanded* in ascending
powers of z. Accordingly, we have an integral, quite definite in
type, and quite distinct in type from regular integrals. It is
customary to call such an integral normal.

Hence, for equations of the second order which have no regular
integrals for the expansions in ascending powers of #, we proceed
to enquire whether an equation

y/l+Pyl+Qy=0
has a normal integral. If it does possess such an integral, say in
a form
y = ey,
where Q is a polynomial in 1/, the equation for % must possess a
regular integral. Now, on substitution, we find that the equation
satisfied by u is
u’ + Py + Qu=0,

where

P =P+20Q, @=Q+PQ+Q"+Q"

There are two ways of proceeding at this stage; but, in each
of the ways, the effectiveness depends upon the forms of P and Q.

Firstly, suppose that ' can be chosen so that all the terms, in
the expansion of P,, in ascending powers of 2 and having indices in
those powers less than — 1, disappear. Let P, denote the remaining
terms in P,, so that P, is of the form

b
;°+b1+bza:+ bya? + ...

* The value z=0 gives what, in the theory of functions, is called an essential

singularity of the function €%,
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Let @, denote the resulting value of @, when this value of Q' is
inserted ; and let the expansion of @, in ascending powers of z, be

%+:’E+--o+%+ao+ﬂxw+,32$2+...‘

If s>2, the indicial equation possesses no root; the differential
equation in u, for this determination of ), possesses no regular
integral. But if s<2, the indicial equation possesses two roots;
the differential equation in u then possesses two regular integrals,
which can be obtained by the customary Frobenius method. In
the latter event, the original equation in y possesses two normal
integrals.

Secondly, if the preceding way is not effective, suppose that the
coefficients, and the initial index of the highest negative power of
1/z in ', can be chosen so as to make the lowest power of z and (if
possible) succeeding powers in @, acquire vanishing coefficients.
For this value of ', let P, and @, denote the resulting values of
P, and Q,; then the equation for u is

d*u d

TP+ Qu=o.

If this differential equation for u possesses a regular integral or
regular integrals, then the original equation for y possesses a
normal integral or normal integrals.

Thus, in any particular case, we have two definite alternative
methods of trying to discover whether the given differential
equation does or does not possess a normal integral.

Ez. 1. Is there any normal integral of the equation
o, 1 1
Y'+5C+a)y+5 (1=2z-23)y=0,

which is easily seen to possess no regular integral ?

Here we have
1 1 1 1

2 TnTaTs

2
P=gt z

Accordingly, adopting the first method of proceeding which has been indicated,
we choose
, . 2
29 + 2'?2 = O,
that is,
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Then
P=Pi2o'=L
x

’ " 1
Q=9+ P + 0 +Q=——;

and therefore the equation for u is
" 1 ’ 1 —
U +x w—_ u=0,

This equation has two regular integrals , and ug, where

z x? z3
+(—1—!)2+(—2!—)2+(3'!72+...,

ta=tnlog = {uxv)zi*(ﬁ) <1+1> (:f?y( tgtg)h o}

and therefore the original equation has two normal integrals
1 1
Uy €%,  UyET,
Ez. 2. Has the equation
1
any normal integral ?

Manifestly, as =0, the first method of procedure cannot be adopted: so
we adopt the second. The expression for @, is now

1 v/
-T2+
g0 we take
,_a
Q =2
and assume a?=1, so that «=+1. We now have

2a
Py==—, @=- =

x
the equation for  is
n"+ (xu —u)=0.
This is satisfied by u=2 for both values of @; so the original equation in
11
has two normal integrals xe?, ze %, and its primitive is
1 21
y=x(Ade*+ Be =),
Ez. 3. Has the equation

" 1 ’ 1
Yoy +a{l-(p-1)7a%y=0,
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where p is a positive or negative integer, any normal integrals? (It is easily
seen to be Bessel’s equation, with 1/ for variable in place of z; and its indicial
equation shews that it has no regular integrals with expansions in ascending
powers of z.)

Again, the first method of procedure cannot be adopted, owing to the form
of P; for it would only give @'=0. So we adopt the second method. The
expression for @, is

zdlf— ‘;13(}1—4‘:)2+é0’+9”+0'2.
We take
, @
Q =ﬁ,

where a?= - 1. Accordingly, we choose a= —7; and then

1 2 ¢ 1
P2=;-;2, Q2=;§— ;2(}"‘%)2:

so that the equation for u is

7 1 o , 1 .
7% —E(Qz—w)u +F{z—(p—§)2x}u=0.

The indicial equation for the u-differential equation is
- 2p+7=0,

that is, a possible value for p is 4. We therefore use the Frobenius method
to see if there is a regular integral

w=at (co+erz+cyz?+...);

and the application of the method shews that this expression will satisfy the
differential equation, if

2sc,i={(s—3)2~(p =83} ¢s_1,
for all the values of s. We thus have

= = -1

— ;=P stp=1)
ey

80 that, whether p be positive or negative, the series for » becomes a polynomial.

Let
U=1—(1‘P>P~<2—p><p+1) <£>2+...,

1.2 8

z_(1-p)p.(2-p) (p+1).(3-p) (p+2) (x>’+_“;

V=a-rlrg 1.2.3 8

then the regular integral « becomes
e (U~=iV)ah,
and the corresponding normal integral y is (on dropping the constant ¢y)

&(U-ivyat,
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A second normal integral is obtained by changing the sign of ¢; it is

1
6« (U+iV)zh.

Thus the original equation has two normal integrals ; and its primitive can be
expressed in the form

Aat {Ucos <1+a) + Vsin (l +a)} ,
z z

where A and a are arbitrary constants.

This result may be compared with the expression of J, for large values of
z given in Ex. 2, § 105.

Ex. 4. Discuss the following equations, as regards possession of normal
integrals :—
(i) 2% +22y ~y=0;
(il) aty’+22%y —(a?+22%)y=0;
(iil) 424y — (4+ 122+ 32?) y =0,
Ez. 5. Shew that the equation

, @ b
¥+ e ¥+ Y= 0
possesses two normal integrals, if the constant @ is an even integer.

Ez. 6. Shew that the equation
, 1
possesses a normal integral if @ is equal to 3, or 1, or —1, or —3.

In the preceding methods for the determination of normal
integrals, when they exist, there is the assumption that the
quantity Q is a polynomial in 1/z. But in the second of the
processes, where () is determined in connection with the quantity
@., where

@=Q+PQ' + Q"+ 07

in such a way as to make the lowest terms in the expansion of @,
disappear, it is the quantity Q% and not the quantity Q”, which
supplies the governing terms in the expression for Q. For, if O
begins with a term in «~", where » >0, then Q' begins with a
term in ! and Q” with a term in 2—"% so that the lowest
term in Q" has a lower index than the lowest term in Q7.
Accordingly, we have to balance the orders of the lowest terms
in 0%, P, Q.
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Now it may happen that, in this comparison of lowest terms,
the indices of the powers of 1/ which occur in ' become
fractional, if the coefficients of the lowest power or powers in @,
are to disappear. In that event, it is customary to call the corre-
sponding integral (if it exists) of the y-equation a subnormal
tntegral. The general process of determining subnormal integrals,
when they exist, is exactly similar to that adopted for the deter-
mination of normal integrals*. One or two examples will suffice
to illustrate the process.

Ez. 7. The equation
, 1
Y= +L2)y

has no regular integral and no normal integral, for expansions in ascending
powers of #. Has it a subnormal integral for such expansions ¢

The first method of proceeding is not effective; so we adopt the second
method, by which @ is to be chosen so that the lowest powers of z in

a2 5 ” 72
R o R
shall vanish, @ being kept infinite when #=0. Manifestly we can take
a
Q==
o’
with either sign for @ ; and then the differential equation for %, where

—207~ %
y=ue 2ax s

2z 3 a 51
" ’ ol v 2 =0.
u +x§u <2z%+16x2>u 0.

is

Change the independent variable from « to z, where #=2%; then the equation
for w is >
%, (4a 1\du [(6a 51
w+(E-3)% - (F+in)e=o

The indicial equation for expansions in ascending powers of 2, for this
differential equation, is
4ap - 6a=0,

so0 that there is one possible index, viz. p=2. Accordingly, we take
=zt (coterz+ca2®+...),

* For a fuller discussion of the whole matter, reference may be made to my
Theory of Differential Equations, vol. 1v., ch, vir
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substitute it in the differential equation for u, and determine the coefficients
so that the equation may be satisfied formally, We find

1
= =-¢ =0, =0, ...;
1 2u 0y 2 b} 3 (LI

and so the value of %, a normal integral of the «-equation, is

3 1
U=cCyz* 1+2Taz ,

where ¢, is an arbitrary constant.

Moreover, a is either of the square roots of a2 Hence the primitive of the
original y-equation is

Ao (g4 1 o0 4 peret (1o L2
y=Ade" % (x* +2“aﬂ)+l!e““ <r 2(4:“ y

where A and B arc arbitrary constants,

Ez. 8. Shew that the equation

" I 2
Y'=5(@+ba)y

has two subnormal integrals, when the constant b is equal to % (27 - 1) (20 +3),

where 2 is any positive integer.
Ez. 9. Shew that the equation
V'+Q‘;y’+%y=0,
where « is an odd integer and b is any constant, has two linearly independent
subnormal integrals.
Ez. 10. Does the equation
22y’ +ay +by=0

possess any integral, which is regular or normal or subnormal for expansions
in ascending powers of z?



CHAPTER VII

SOLUTION BY DEFINITE INTEGRALS

135. THE principal methods, which lead to expressions for the
dependent variable in terms of the independent variable by means
of what are ordinarily called known functions, have now been
given. There is however another method which certainly leads to
a solution of some differential equations though the full evaluation
by the operations indicated may not be carried out. This method
consists in expressing as a definite integral the value of the
dependent variable; its chief application in ordinary differential
equations arises in the case of a certain general class of linear
equations which can otherwise be solved in series, though not in
so concise a form. The method is however of primary importance
in the solution of those linear partial differential equations of order
higher than the first which arise in investigations in mathematical
physics; in fact, in some questions these solutions by means of
definite integrals constitute the only solutions hitherto obtained.
At this stage, however, we are concerned with the application to
ordinary differential equations.

136. The method applies with peculiar advantage to linear
equations, into the coefficients of which % enters only in the first
degree, and in which there is no term independent of y or of
differential coefficients of y; such an equation, in its most general
form, is

dr A, ' d
(ao+b‘,w)a;% +(a,+b,2) d?‘&lll + .o+ (Up—y+opy ) d—i +(ay+bp2)y=0,
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where the a’s and b’s are constants. This may be written

et (L) y+¥ (L)y=0

where ¢ and Y~ are rational integral functions of the order =
in general, though the order of either may diminish through
the vanishing of some of the coefficients. To solve this equation,

We assume
y=[etTdt,

where T is a function of ¢ but not of z; the form of this function
and the limits of integration (supposed independent of z) are to
be determined by substituting this proposed value of y in the
differential equation. Since

ay .,
‘Tx—-fte cht,

%’ = [te Tdt,
the result of the substitution may be expressed in the form
Jre? ¢ (t) Tdt + [extr (t) Tdt=0,
which must be identically satisfied. The former of the terms, on
being integrated by parts, is superseded by
[ (6) T] - fe & 16 () T} di;

and therefore the identity becomes

[ ) 71~ fo | 5 (6O )=y O 7] de =0,

the first term being taken between the limits of the integral, which
as yet are unknown. Now this will be satisfied, if we make

d
GBOTI -y O T=0

for all values of ¢ included within the range of integration, and if
[e"¢()T]=0

at the limits. The former of these equations determines 7' as a

function of ¢; the latter will determine the limits of this assumed

integral.
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137. To derive the value of T, we write the first equation in
the form

d ¥ (1)
7 (@) T}—a5¢(t)T=0,

'If(t)dt
(@) T=Ae" +®
where 4 is an arbitrary constant. Hence tke value of y 18

V(@) 4
¢(t)

=4 de,
Y 0
taken between limits of integration defined by the equation

v,
4 [ a:t+f¢(t) ] O,

these limits being independent of «.

and therefore

:ct+f

138. We have now to determine the limits. Consider the
equation

v (@)
at4- | S dt
40" _

where p, is a constant. Let 8, be a value of ¢ independent of z
and satisfying the equation; let u,, ..., u,, be other constants and
Bs, ..+, Br, be corresponding values of ¢, all independent of .
If the value
Ba Bs
y=4,| e#Tdt+4,| e*Tdt+...

8 B
be substituted in the equation, and if for each of these definite
integrals (7' being assumed to have the value before obtained)
a single integration by parts be effected, as in the preceding
analysis, then that the equation may be satisfied we must have

Al[ at+[ $Da :l [ .rt+f:§3dt]ﬂs =0
B, By

and when this is identically satisfied the foregoing value of y is
a solution of the equation. This last identity will indicate such
necessary relations as may subsist among the arbitrary constants 4,
and so will fix the number of independent constants. When this
number is the same as the order of the differential equation,
the foregoing value of y is the primitive; but if it be less, the
number of particular solutions necessary to make up the primitive
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must be otherwise determined. Examples will be given here-
after.

139. This is the most general method of obtaining the limits;
it includes as a particular set the limits obtained by taking those

roots of the equation

v,
‘*f s%

which are independent of #; they obv1ously make
v,
[ wt+ [ §ipd ] 0
and they are usually the simplest obtainable. When this equation
indicates only two limits distinct from one another, these will
give the only definite integral immediately derivable in such an
example. If, however, more than two, say » + 1, limits be indicated,
then r particular solutions may be constructed ; in fact, denoting

these limits by a, B,, 8., ..., By, we derive from them as the corre-
sponding part of the primitive

s=r Bs
y="3 {A,,f e“‘Tdt}.
8=1 a

Exz. 1. We apply the foregoing to obtain the primitive of the equation

ary
%‘ - xy =0.
Here we have, with the above notation,
¢ (t) =-1,
Y (@O)=t";
and therefore
- T=Aoe—ﬂ"dt’

or, changing the sign of the arbitrary constant, this is
tnt+1

T=A4,e ﬁ—l,
while, in accordance with the general rule, the equation determining the
limits is
m+1
&t -—
e

=_;1_0P'

Now this is satisfied by £=0 when p is zero, and by =0 when p= - 4,;
hence we may take O and o as the limits of the definite integral, which thus

becomes
{nt1
0 - —+zl
Ao e ntl di
0
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It must be noticed that, just as in the general case one of the definite
integrals alone was not a solution of the differential equation, this is not
a solution of the equation, because the terms outside the integral are

tntl

=-A0 [—eZt-’T_F]]w
0
=4,

instead of zero. This value of y is therefore the Particular Integral of the
equation

ary
Zx—n—xy+Ao.

Now the quantity 7' does not change, if for ¢ we write wt, where o is a root
of the equation
n+1 1.

Moreover, the limits of the definite integral are unaltered since in the equation
determining those limits the term 2¢ in the exponent has changed into zwt
which, so far as this equation is concerned, is the same as changing z into zw,
a change which has no effect on the limits since they are independent of z.
Hence we have another definite integral in the form

o Infl

- ——1+th

Al e "t d(wt),

0
or, when the » is moved outside the sign of integration, it is
© /u+1+ "
- ——+ X
wA1 / e ntl dt.

0

Forming now these definite integrals for all the (n+1)% roots of unity
and adding them together, we find as the expression for 7, which has to be
substituted,

ntl ntl {n+l
o _tat R e w2t ®
3/=A0/ e "t} xdt-l-mAl/ e "L dtt.... ‘+w"A,./ e ™1 dt.
0 0 0

When this value is substituted, as in the general investigation, the terms
which are under the integral sign vanish identically; and that part of the
expression taken between the limits, which is furnished by the integral
involving 4,,is 4,. Hence the resulting equation, when this value of y is
substituted in the differential equation, is

A0+Al+...... +An=0.

If then this single condition be satisfied among the 2 +1 arbitrary constants,
the above expression for y is the primitive of the differential equation

dry
s
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Ezx. 2. Prove that the above expression for y is the primitive of the
equation
dry
dan =Y tS
provided the constants 4 satisfy the condition
Ao+ A1+ Ao+ ...+ Ap=a.
Ez. 3. Prove that the primitive of the equation

5T (a+8) (1+2) 2 + 2ay=0

is, for positive values of z, given by

{a (a+8) a(ath) } ﬂ(ﬂ+ﬂ) +1}du

et} _(BG+a)
+Bf e (u—a) 0P (u=B) * B=e du,

y= A/ e (% —a)

Obtain the corresponding primitive for negative values of z.
(Petzval.)

Ez. 4. Solve
dzf/
S

where a and ¢ are constants, Here

P@O)=-¢% V(O)=at,

/ I ((:)) de=}alog (- g?).

Hence one solution of the equation is

df/

it 7= =0

8o that

y=C e"(tﬂ—qz)ia‘ Lgs,

taken between the limits given by
[+ (2~ g} 1=,
To obtain the limits, write
et (2= gt)ha=0,
and suppose a positive ; then two roots of the equation are given by
t=+gqgand t=-q.
If now z be restricted to positive values, a third root is given by
{=—00,
while, when # is negative, a third root is given by

{=+40w0.
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As in either case we have three values given by the limits equation, we can
construct two distinet particular solutions and so have the primitive. Thus
when # is positive, the primitive is

y=A fq (,2_92)%a— leudt+B/—q(t2—g2)5“-let’dt;
—q 00
while, when # is negative, the primitive is
y=A/q (tz—qﬁ)ia" Lowds+ B /w (22 —qz)“ “Lezgy,
-q q

Ex. 5, Verify that, when o lies between zero and 2, the primitive of the
equation is

y= le e9xcosfgina=19d4 4 Oyl - “/”e““’“’sinl'addé,
unless ¢ be unity, in which case the primitive may be written

y= ] " erzcosd (4 4 Blog (wsin?6)} do.
0
(Boole.)

Ezx. 6. Obtain by means of definite integrals the primitive of Bessel’s
equation.

140. The foregoing general linear differential equation is one
with variable coefficients which are of the first degree in the in-
dependent variable; and the definite-integral solution was ob-
tained by means of a linear differential equation of the first order
determining the unknown function 7. It is not, however, the only
type of differential equation to which the assumed form of integral
is applicable; it is, in fact, a particular case of a more general
process, indicated by the following proposition.

The solution, by means of definite integrals, of the general linear
differential equation of the n'™ order, whose coefficients are mnot
constant but are polynomial functions of the independent variable of
degree not higher than m, can be made to depend upon the solution
of a linear differential equation of order not higher than m, the
coefficients of which are variable.

This proposition we proceed to prove. Let the differential
equation be denoted by

dry dry
X n W n—1 d a:”“

dn—ay
+X +X,._,EF_'—,+ ...... +X, X,y=0,

da:+
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where X, (for all values of the suffix r) is a function of z only, of
degree not higher than m, given by

X,=a,+b.x+ca*+...... + ka4 L™,

while for some values of » some of the coefficients of the highest
powers of # may vanish. Taking a particular solution in the same
form as before, we write

y =fe"‘1’dt

with the limits as yet undetermined, and 7" an unknown function
of t. Now this value of y gives

d;y_f tz 48 7] .
e et T'dt

and therefore the equation, when this expression for y is substituted
in it, becomes

f G L[ X 40 Xy v 41X+ K] dE =0,

which must be identically satistied. Rearranging the expression
D G R +tX,+ X,

so that it may proceed in powers of , and writing

ant” + an—-xtn—l Foeeens + alt + A= UO’
bnt/"’ + bn-»l A + blt + bO = Ul’
ket + kpyt™ 1+ ...... + kit + ko= Upn,
Lt + Ly +ht + 1= Um’

we transform the above equation into
f =T [Uy+ Ura+ Usa+ oo+ Una@™ + Upa™] dt =0,

Now the left-hand side is the sum of m+1 integrals of the
form

f ¢ TU,a7dt
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and each of these can be integrated by parts until the variable
ceases to occur except in the exponential. Thus we have

f ¢ TV, a7 dt = [e"‘ {.2:"‘ TU, — a7 1 - (LU,)+ a7 sll—;(TU,) —..

HE1y

o, )H +(=1) [e= éi:;(TU,) dt,

tr—l

the part without the sign of integration being taken between
the limits of the integral, as yet undetermined. Denoting the
expression

w"‘TU,—a;"“ (TU)+ .+ (= 1)"1

2= (T

by V, for all values of r except zero (in which case no integration
by parts is necessary), and applying the foregoing formula to each
of the definite integrals on the left-hand side of the equation, we
change the equation into

I:em rim VT}
r=1

+ [e (10~ GOV + TPV et (1 (LT D) 0,

de? dgm

This will be identically satisfied if the unknown function T’ be
chosen so as to sat;isfy the equation
d m
T (ruy) +

(T = o+ (= 1)m " (TU,)=0

de?

for all values of ¢ between the limits of integration. These limits*
must be determined by

[etx 7'=2m VT:I =
r=1

Now this equation determining 7T is linear with variable co-
efficients, and it is of the order m, but it may degenerate to one of
lower order; when it is solved, a definite-integral solution of the
original equation is derivable.

t"b

Hence the proposition follows as enunciated.

* The more precise determination of the limits of the definite integral and of
its range is a matter of great difficulty in the general case. The most important
contribution of this subject is due to Poincaré: an account of his investigations,
leading up to what are known as asymptotic expansions, will be found in the
author’s Theory of Differential Equations, vol. 1v., §§ 101—105.
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Since the equation which determines T' is of order m, it will
have m independent particular solutions; these may be denoted
by Ty, To, ...... » T'm. Corresponding to these, there will be m
particular solutions of the original equation obtained by substi-
tuting for 7I"in

f e=Tdt
these m values in turn.

141. In the case when m =2, the equation which determines
T becomes

d
L (10 + 3 (TU)=0,
or, what is the same thing,
aT aU, aT (d:U, dU,
Uogs * (%w"m)— (dﬁ dt )T=Q

The following are some of the special cases in which this equa-
tion can be integrated very simply.

(1) Let the coefficients a, b, ¢, be such that the equation

U, dU,
de dt

is satisfied for all values of £; then the value of T is easily proved
to be
U, 46
4 f dt f .

(2) On multiplying the equation throughout by U,, we can

-+ U, =

rewrite it in the form &
olT aU, d*U,
dt U, dT) UUe Uz(‘(i—t"—' e —UO)T=O,
the left-hand side of which is a perfect differential if
aU, d U,
(U ) =T, ( dt ~ dit U°)
that is, if
7,20, 7,90, p,0,=0.

*de dt
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If the values of @, b, ¢, be such as to make this an identity, then
the value of T' is given by

dar
s dt
which leads to the result

14! -
r A T

(8) When the equation in T is reduced to its normal form by
the substitution

U1U2T= A,

1[G
TUze &'[ Uidt:S’
the new equation is
d:S
& TS =0,
U\ d /U,
where o= =) - (o)

A solution of the equation is at once obtainable when @
vanishes, i.e. when

UOU,=iU,’+§U,2%(%).

Further, immediately integrable cases are furnished when @ is
a constant, or is of the form A (e + f¢)~? or of the form A (e + ft)~.

In any case, whatever be the relations among the constants in
the functions U, the solution of the equation determining 7" is of
the form

* T=0CT, +0C,T,

The equation giving the limits of the definite integral is
[W%UT~4UD+U4]

which is satisfied by the values of ¢, if any, common to

dr
T=o0, @i =0.
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Ez. Integrate, by means of a definite integral, the equation
@y N s — ) Y=
% ma—(1+2%) ot p (1= pw =) y =0,
where p is a constant.

142. Another set of equations to which the method of solution
by definite integrals can be applied is the set derived from

for different values of n. To solve this we assume

y=[e* Pdp,
where ¢ denotes an unknown function of « alone and P an unknown
function of p alone, both of which functions, as well as the limits

of the integral, have to be determined. Differentiating the value
of y twice and substituting in the equation, we find

f o {pe (O‘f_;)z _ m"} Pdp - f e pP ((%idp —o0.
Choose the unknown function ¢ so that

dt : 7 .
(@) =
and suppose that A is positive and equal to ¢? so that the differ-

ential equation is
¢y _ .
== =Cc*a"y.

dz?

Then the equation which determines ¢ is

b _ hn

dz
and therefore

1 C
adntl = gm

t=%n+1 m

if m denote 4n + 1. Hence we have
1dt m 1d%t_m(m-1)
tde =z’ tdz® =~ a*
Let the equation involving the integrals be multiplied through-
out by a*/mt; it becomes, after a very slight reduction,

mfe P (p*—1) Ptdp —(m—1) fe?* Ppdp = 0.
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Integrating the first term by parts, we have
- [me‘P‘(p’—l)P]+mfe‘P‘a% {(p*~1)P}dp—(m—1)|e?* Ppdp=0.
Now this relation will be identically satisfied if we make
d
m ap {(p*—1) P} = (m —1) Pp,

for all values of p included between the limits of integration
defined by
e (p*—1) P]1=0.
The former equation serves to determine P as a function of p; it
is of the first order and linear, and its solution is
_mi1
P=A(p2_1) 2m B
A being an arbitrary constant; and the equation which gives the
limits is
m=1
[e——pt (pz —_ 1) 2m ] = 0.
The latter equation is satisfied by p=c0, and by p =+ 1 provided
the exponent of p?—1 is positive; this requires that m should
cither be positive and greater than unity, or be negative, and
therefore that n should be greater than zero or less than — 2.
Assuming that this condition is satisfied, we are in a position to
construct two definite integrals; they are
m+1

1 it
f e—pt (pn — 1) 2m dp’
~1

m+1

and fme—l"(p’—l)_%‘—dp.
1

The former of these is equal to

m+1

1 _m+1 0 _m*l
f et (p*—1) * dp+ f e (pt—1) * dp,
0 -1

1 _mt1 1 _mil
=f e—Pt (pn — 1) 2m dp +[ ept (pﬁ — 1) 2m a'p,
0 0

1 mtl
= [+ -1 dp.
0

F.D.E. . x
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Hence the primitive may be represented by

m+1 © m+1
1

l - ———
A’J (ePt + e Pty (p2—1) m dp+BJ et (pr—1) 2 dp;
0

substituting for £, we have

1 _nts 2cp
= _ m?) 2n+4 AYP An+l
y AL(I J ) cosh(n+2a: )dp
o 2P gt _nts
+Bj o nt2 (p*—1) "2 Fedp,
1
as the primitive of the equation
2,
B s,

for values of n such that n >0 or n< —2.

Ez. Prove that the primitive of the same equation may be given in the
form

1 - 2 2cp
_qr M2\ 9 4 Bt v in+1
y_Axfo(l p?) onF cosh(ﬂ_*_:zx >dp

o _2p in+l __m
+B’.z:/ e nt2® (pt-1) 2n+4dp,
1

provided n>—2 or n< - 4.
(Lobatto.)

APPLICATION TO THE HYPERGEOMETRIC SERIES.

143. In order to obtain a definite integral which shall satisfy
the differential equation of the hypergeometric series, we assume

Y =f(1 — vz)™ Vdy,

where V is an unknown function of v only and m is a constant;
the form of V, the value of m, and the limits of the integral, have
to be determined. From this value of ¥ we at once have

dy
dx

=— mf'vV(l — vz)™1dy,

dz
d—ga=m(m- l)ijV(l — vz)"2dy;
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so that, when these values are substituted in the equation
daz ds
m(l—w)‘—i—ﬁ+ {[y—(@+B+1)a} Zii_ aBy =0,
it becomes
fV(l —vey" 2 [m(m—1)v*e(l—z) —mv (1 —vz) {y—(a + B +1)x}
—aB (1 —vz)]dv=0.

The coefficient of 2?v? within the brackets is of the second
degree in m, which is as yet an undetermined constant; let m
be so chosen that this coefficient vanishes, so that m is given by

—-m(m—1)—m(a+B+1)—aB=0,
or m?+m(a+3)+aB=0,

whence m may be taken equal to either —a or —B. As the
differential equation is unaltered when a and B are interchanged,
either of these roots may be taken; we shall take

m=—a,

and then, substituting this value, we find that the equation
fV(l — vy [a(a+1) v’z +av {y —2z(a+ B+ vy + 1)}

—aB (1 —2vz)]dv=0
must be identically satisfied. Rearranging the expression within
the brackets under the sign of integration and dividing out by the
factor a, we transform the equation into

[V(l — w2 (a+1) v (v — 1) wdv
+f V(A —vz)y 2 2(vy—B) (1 —vz)dv=0.
Integrating the first term by parts, we have
Vv (1 —-v) (1 —vz)-o? +f(1 —vz)~o % {fv(L=v)V}dy,

and therefore the equation becomes
—[Vv(1—2v)(1—vz)=>]

+[(1 — va)—a-1 L_Z_) A=)V} —=(B—vy) V] dv=0.
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Now this relation will be identically satisfied, if we take as the
equation to determine V'

3 pa-nVi=@-mV,

and assign, as the limits of the proposed integral, values of v such

that
[Vo(1—=2)(1—va)o]=0.

To solve the former equation, we have

div{v(l—v)V}=v(1—-'u)V B vy

v(1—")
=v(1—v)V{§—-'{E~UB§.
Hence v(1—=v)V=A4vF (1—v)y-*,

where A is an arbitrary constant; and the equation determining
the limits is

[08 (1 — 2= (1 — )+-1] = 0,
which, on the supposition that B is positive and ¢ greater than

B, is satisfied by v=0 and v=1. It therefore follows that the
equation of the hypergeometric series is satisfied by

1
y=A4 f P71 (1 — )31 (1 — av)~* dv,
0
provided B be positive and & greater than 3.

It is easy to shew that, when (1 —av)~* is expanded and the
coefficients of different powers of x are evaluated, the resulting
series is a constant multiple of the hypergeometric series, this
constant factor being

1
A f vA71 (1 —v)r—F-1du.
0

144, If now we change the independent variable from z to
1—ua, the corresponding form of the differential equation is

ay _ aBy =0.

dz
a(1-2) Y 4w+ B+1—y—(@+B+1)2] o
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A solution of this equation (and therefore of the original
equation) is, from the foregoing analysis, given by

1
Y= Bf vA1(1 = v)*r (1 —av)~dy,
0

provided B is positive and a+1 greater than . If the conditions
of limitation of the parameters be satisfied, the primitive of the
differential equation of the hypergeometric scries is given by the
sum of these two different solutions.

Ez. 1. Obtain, in terms of definite integrals, the complete solution of the

equation

(4+ Dot o>

(see Ex. 2, p. 240).

L+ (D+ LJ,) +F_/

Ex. 2. Prove that,

(i) if B be positive and a+1 greater than v, then a solution is
y:fo—muﬂ—l (1 —w)=B-1(1—zu)~*du;

(ii) if y be greater than B and less than a+1, then a solution is
;1/=/:°uﬂ‘1 1 =w)=B~1(1 —zu)~2du;

(i) if y be greater than 8 and a less than unity, then a solution is
1
y:/x uB=1(1 = u)y~B=1(1 - 2u)~%du.
' (Jacobi.)
Ex. 3. Obtain the primitive of the equa,t,iou

4ox -——z/+4(x —x)~—y=0

(where 2’4+ #=1) in the form

P P
y=11/2(1-xsiu‘~'¢)"’2d¢+Bf (1—a' sinz¢p) "4 dop;
0 0
and of the equation "
1220 S =y
in the form
:
y=xx [Afz sin?¢p (1-zsin2 )~ ¥ d¢+Bfo sin? ¢ (1 -2’ sin )~ id¢],
0

& being the same as before.
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Solve also
@) 4m‘jlxz+4xfdy+y 0,
d? d
(i) 4x.z’ Q/ d_—g.q.y:o,
(iii) 4o DY 44y,

dx?~ " dx

d*y

(iv) 422/ 2 4 (2 - .z)d‘/+31/-—0

(Glaisher.)
Ez. 4. Prove that, if n+1 be positive, then

-(n 1 3n 3(n-1) 1 \-%(n+1)
z (+1>/0z (1-1) <1—;2z> dt

is a solution of Legendre’s equation ; while, if » be negative, a solution is
given by
/ Rl gy - a<n+2)< >indt
0

145, This chapter contains only a slight sketch of the method of solution
of differential equations by means of definite integrals ; the reader who wishes
for fuller information on this part of the subject should consult two authorities
in particular. By far the most important is PET2vAL, Integration der linearen
Differentialgleichungen ; the parts dealing with the method are §§ 2—5 of
Section 11.; §§ 19—22 of Section 11r.; §§ 10, 11 of Section v. The other
authority is EULER, Inst. Cule. Int., vol. 1L, c. X.; this work, however, labours
under the disadvantage of assuming the form of the solution first and then of
finding the differential equation satisfied by it. There are two other memoirs
which might also with advantage be consulted ; one by Losarro, Crelle, t. xviIr.,
p- 363; and one by Jacosi, Crelle, t. LVL., p. 149.

A full discussion of the solution of linear differential equations by means
of series and of definite integrals will be found, together with numecrous
examples, in a series of separately published memoirs by SPITZER.

MISCELLANEOUS EXAMPLES.
1. Integrate completely the equation

24"
d n+a11—-0

2. Prove that the primitive of the equation

L

z matae dy +b“’xy=0
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is given by

b
3/=/0 (bz-t")}a' 1(A sin 2t + Bcos xt) dt

+A/w (24 02401 gmgy
[

where the upper sign is to be taken if z be positive, and the lower if z be

negative.
(Petzval.)

3. Prove that the equation

has a solution given by

and that a solution of
d3y
Tl

w Z_1p
is 3/-_:0/qt o ¥ vdv,
0

+y=0

the minus or the plus sign being taken according as # is positive or is negative.

Obtain the primitive of each equation.
(Petzval.)

4. Investigate the primitive of the equation

2
%‘y +mPc2m =2y =0

in the form

7 1
y=4A / cos (cx™ sin @) cos ™ pdp
0 .

T 1
+ Bz / zct')s (cz™ sin ¢) cos™ Pde,
0

for values of m not included between —1 and +1.
(Kummer, and Lobatto.)

5. Shew that a particular solution of

d?y
d Y

_n(n+l)
=—

a
is y=z"“/ (v2—a?)" coszvdy;
-a
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and that a particular solution of

d?y ; n(n+1)
1yt

0
is y=xn+1f (2% +v%)~"~1cos avd.
o

6. Shew that the equation
artly i dy /

— _x"l

m=—1
dritl +m.z Y

is satisfied by

© _z"H-n
_2/=f m-le mtn . (z2)dz,
0
where y () is given by

dnrt1
N iy

and m is positive. Hence from the solution of

d3y
dz? _‘/
deduce that of
d2y
dz? z =Y.

7. Verify that
y= / s
xz

is a particular integral of

2
%5;—7_{— dnlain-2y=1le-22"y~ ¥ onatn—1e-an-1,

8. Shew that when the coefficients of the differential equation
a2y dy
(az+by) Ex—{ +(a+by2) 52?2 + (@ +box) y=0
satisfy the condition «; b, — ayby=0,2 the solution will be

_1/=/e"" V{A + Blog U, («y+byx)} du,

where Uy=b,u?+b,u+b,,
2
and log (VU= / GUtaitag,
1

the limits being given by
e V=0,

[cmaP. viI

(Spitzer.)
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9. Prove that equations of the form
a’ ?/
—=%+ (A4, + Bya™) x = + (4o+ Bya™ + Cox™) y =0

may be reduced to the form

tp ({%) z+\p(g—t) 2=0

of § 136, by the substitutions 2#m==¢ and y=1¢¥z ; and shew that % is determined
by a quadratic equation.
(Petzval.)

10. Prove that the particular integral of
(9+a1) (9 +a) coonn S+ y =F (),

where 9 denotes 2 :f , I8
11 /1
y= [ / / ...... F (01830 602) 6,710,371, 6,00"106,d0, ...... 0.
0JoJoO
11. Prove that the definite integral
11
/ / wuB=1 (1 = u)0=B-1yy=1(1 - p)e~¥-1 (1 —2uv)~%dudv
0/0
iy, when 6 >8>0 and ¢ >y >0, a solution of the differential equation
2d%y 0 dz?
(1-z)a %"L {0+e+1—(a+B+y+3) x}xél'il
d,
+{0e -z (aB+PBy+yatatB+y+ l)}‘TZ:—an/=

Give, in the form of definite integrals, the primitive of this equation.
12. The primitive of the equation

dy

dx~3+87\x3y.—_bg;
is _ a_gfi(l B/ﬂ eur? gy /y vy D/o _e"x’du
P @t o et o AT T <o et

where a, 3, v, are the roots of
u34+A=0,

and the arbitrary constants are connected by the single relation

A+B+C-D=-3b0\"%.
(Petzval.)
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13. Prove that the definite integral

00
3/=/ e= M =bMx=™ 7
[}

satisfies the equation
@y
dz?

mz b~m-—2 ./
(Poisson.)
14. Prove that

1+
Py - > 7 {1-2) /(1 z‘ﬂm“’e\i

P being Legendre’s function.
(G. H. Stuart.)

15. Shew that, if 8 be positive and a less than unity,
1

/xqtﬂ‘l(l —u)Y~B-1(1—zu)~2du
0

is a solution of the differential equation of the hypergeometric series.
(Jacobi.)

16. Shew that three linearly independent integrals of the equation

A3y d?y dy d%y
21( dv~‘+3 1dfﬁ+3a2d +a3y)+k<3a0d 1+6a1d +3a2y>

where £ and the coefficients a are constants, are given by

/; o {(a—u) (- B) (u—y)}*~ L du,
[fem«a—u) B-w) (w-y)}*-1dy,

/ T e {a—u)B=w)(y—utk—du,
where a, 3, v, are the roots of
aym3+3a;m? + 3a,m + az=0,
which are supposed real and unequal, and a >8> .
Discuss the integrals of the differential equation (i) when 8=y, (ii) when

a=f=1y.
(M. J. M. Hill)



CHAPTER VIII

ORDINARY EQUATIONS WITH MORE THAN TWO VARIABLES

146. It has already appeared that in some cases, though the
integration of separate terms of a differential equation would
introduce new transcendental functions, the solution of the equation
as a whole can be expressed in terms of purely algebraical functions.
Thus, for instance, the equation

dz dy
+ =0
A-a)t (1 -yt

can be integrated in terms of the transcendental functions arc sin z,
arcsiny; but there is a solution of the form

(- +y1-a)t=c,

which is equivalent to the other. We are thus naturally led to
enquire whether other cases exist in which such an algebraical
relation between the variables of the integrals of functions can
be obtained, when the integrals themselves cannot be evaluated
without the introduction of new functions. The case next in
point of simplicity, which furnishes a similar example, is that
usually known as Euler’s equation, in which the object is to find
the integral algebraical relation between z and y which corresponds
to the equation

X tdz4+ Y ddy=0,
where X =a+bz +ca? + ex® + firt,
and Y=a+by+cy*+ey® + Sy
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To integrate this, we assume

p=z+y,
and dm = —X%

dt  y—a’
} dy _ v
so that dt=o=y

3 _ x?

and therefore dp = u- .

dt x—y

A second differentiation with regard to ¢ gives

dp_ 1 {1 dYdy 1 dXdu,-} Y%-x%<dx dg)

de " z—ylayidy dt oxtds dtf T (w—y) \dt dt

1 d_YHdX_(YJz—X%)(YMX%))
“eply y-u

1 3 .
=(—w_—y)2{b+c(w+g/)+—2€(w‘*+g/2)+2f(w’+;z/")

—b—c(z+y)—e(+ay+1?) —f(x-*+w2y+xy’+y3)},
Yy-X

y—= '

the last four terms inside the bracket being the value of

Rearranging and collecting terms, we have
d? 1 4
b= gy Be@ =2y + ) +f @ =y —ap )]
=te+f(z+y)

=4e+ fp.

If we multiply by 2% and integratc, we obtain

dp\?
(£> =ep + fp*+C,

or substituting the value for ‘!Q, we have

dt

(Y*_A’i)'l_ . 2
G=ay —Cte@rn+f@ty),
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an algebraical relation between # and y, though the separate
integrals require for their expression elliptic functions.

Ez. 1. Prove that another integral of the equation

dz  dy _
Xty
2V _.2vhe
is s Yj_;v} — gt bay (aky) +a(o+y);

and verify the theorem of § 12 in this case by shewing that the two primitives
are not independent.

Ez. 2. Prove that an integral of
dz_ dy
xtori
(Vi xidyp ‘

ey =Ote@ryHf ety
Ez. 3. Express in an integral form the relation between y and x given by
dx dy

2 4
(1-aht " (1-ph

is

=0.

Ex. 4. Shew that the primitive of
dz dy
- +
fr(1=2)1-A}  {y Q=2 Q-a)H
may be exhibited in the form
{z(1=y) L=\ +{y 1 -2) A=A}t =4 (1 -rzy),

where 4 is an arbitrary constant.

=0

147. There is another method of proceeding, due to Cauchy;
it is quite different from the former.

Consider a general equation between the two variables of the
second degree of the form

w=X,*+2X,y+ X,
=Y+ 2Y 2+ 1,=0,
where ;Y,,, X, X,,7,,7,,7,, are all of the second degree, the first
three in «, and the second three in y; thus if
X, =a,2* + 20,2 + a,,
X, =bya? + 2b,x + b,,
X.= c,a*+2c,x + ¢,
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we should have
Yo=a,y*+ 2b,y + o,
Yi=a,*+2by+e,
Y.=a,2+ 2b,y +c..
Then the ratio of dy:dz is given by

ou ou
ou
But 5.;:=2(Y°£+Y’)

=2 (qu - Yoye)%,
since u=Y,a*+ 2Y,z + ¥, = 0; similarly

ou
=2(X12—X0X2)*;
and therefore
dz + dy -0,
(Avag"'—XolYDi (Y12— Yoyz)i

a differential equation the primitive of which is u =0.

Now since Euler’s differential equation is symmetrical with
regard to x and ¥, it is necessary that its primitive »=0 should
be symmetrical with regard to # and ¥, in order that the preceding
analysis may apply to the present case. In order that w may be
symmetrical, we must have

b=a, c=a, c¢,=b,

and X?— X, X, is then the same function of # that Y 2-Y,Y,
is of y. In order to obtain the primitive of

de  dy
ﬁ+ﬁ——0,
where X =a+bz+ ca®+ ez’ + fut,

and Y is the same function of y, we must make X and
X,*— X, X, the same. The comparison of their coefficients will
give four equations to determine the coefficients of w; but in
u there are five independent constants (there were originally
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eight as any one can be made unity, but three equations necessary
for symmetry are satisfied) and therefore one will remain undeter-
mined and so arbitrary. These equations giving the coefficients are

b2 — a,c, _ 4b,by — 2 (a6 + ancy)  Abiby— 2 (arc,+ az6) b2 —asc,
ya e N b T a

_ 4 (b2 —a,6,) — (ay¢0 + aoCy — 205D,)
c 3

when the values of the determined coefficients are substituted in
u, the equation u =0 contains one arbitrary constant and is thus
the primitive.

Ex. 1. Prove that the primitive of

dz dy
+ : =0
(Az2+2Bz+ )t (Ay2+2By+C)}

is ay (22 +y2) +2bxy + 20y (x+7) + =0,
blf—al b by —_f‘ob_l _bt—age,
where = = o -

Ex. 2. Verify that the primitive of

dz dy
+ N =0
(1 +a2x2+a0x“)§ (1+a2y5+a0y4)5

is Ay (22 +y?) + 2432y =1+ ay2?y?,
where Al —ay=A42+as4,.

(Cauchy.)
Chap. x1v. of Cayley’s Elliptic Functions may be consulted with advantage.

148. If instead of a single equation between two variables,
the relation between which is expressible in an algebraical form,
we have a system of n — 1 equations between n variables, we may
without integration of each integrable expression represent in
an integral form the dependence between the n variables in the
shape of an algebraical equation; and as this equation is obtained
by an integration, it must contain an arbitrary constant. The
process made use of in order to derive it in the general case will
be seen to differ materially from that adopted in the particular
case of n=2.
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Let the differential equations be

dr, dz, dz, )
—a g i + ===
Xt xp Xt
zdr, x,dz, apdan
s ol + =0
Xt + X} X} >
a"de,  ar"tdx, a2 dx,
............ 0
X} X2 X} )
in which
Xy=Ag+Az .+ 432+ ......... + Aoy 2+ Agp ™,
for all the suffixes p in the system. Let
f@)y=(z—2) (@ —2) .cuuen.n. (z—z,);
f ( )

and let f’(x.) denote the value of — when in it, after the

indicated differentiation has taken place, z, is substituted for z;
the value of f’ (z,) will therefore be

@y —2,) (@Bp— &) evnenens (T — zp),
the vanishing factor #, — «,, being absent. Solving now the above
system of equations in order to obtain the algebraical ratios of the

quantities dz;, d2s, «........ , dz,, we find
J(x) da, _ Vi (.7::,)_({.}9:2 _ f (€] d'v,,
X3 xi X,ﬁ

Let the common value of these equal fractions be denoted by
dt, so that we have
de, X} day X}
@ @) A (@)

and so on.

The first of these gives

(@) =7 e

and therefore, after differentiation with respect to ¢,

2dw;dw, 8[ X, Q_xu.i X, %+
dt O, [ @) @ " dw [ [f @yp) @
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27 X, ] X,
Now %[{7"@»}2]‘ 7 <w>~ar{ (@)

But since

S (@) =(2,—x,) (2, — @) ...... (@, — z),

we have

1 0, -
(@) ba {f (@)} i

8 X, 2X1 1
and therefore [{/ @) } f @) e —=

provided u be not unity. After substitution and division by the

2
coefficient of dﬁ' on the left-hand side, the equation becomes

d2
d’x, _ X, Xix} 1 Xtxp 1
d* %ax [{f’ (“71)}2] +f/ (@) f () @ — @, +_}‘;’>(w,)‘:f' () @, — @
+ Xix}r 1
1 S ey e
Similarly
A2, 2 X, Xix? 1 Xixd 1
ar = 4o, ['{—'( o)) } F@)f @ am—un ' f@) ) @) e—a
‘. Xixt 1

f (‘z"l).f (wn) ‘”«z"xn
and so for the others, making n in all. Now let the n left-hand

sides of these equations be added together ; the sum will be equal
to that of the n right-hand sides. It will be seen that in the latter,

xXiyp 1
f/ (xr)f, (v'”s) Zp— g
xrxi 1
S (@) [ (@) @~

the sum of the two terms is therefore zero. All the terms containing

enters, then

when in the " expression a term

in the s'* expression a term also enters, and

these fractions - iy will thus disappear for all values of s and 7;

and so we have
dz i 0 X, 0 X,
26—&5(‘@1+a‘2+ ...... +a,) = B, l:{f (w )}} e [-—————{f, (%)}2] Forenes
0 X,
+87n [{f/ (w”)}a]
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We denote «;,+z,+...... + 2, by p, so that the left-hand side

of the last equation is 2 Zt}:

149. We can obtain another value for the expression on the
right-hand side of the equation. Let X denote the same function
of z as X, of x,; and let

X

{f @)
be expanded in partial fractions. Since X and {f(«)}® are both of
the degree 2n, there will be a term independent of #, which will be
A,,; and so we may write

=Apt+ ——+ ——+ + —=
{f( z)}? z— w, c—a, z— 1z,
C, C, Cn
+ + Foee b —

(z—a,)? (x— )
Multiplying up by (z — ,)%, we have
X (@ —a)
{f (@)}
or, dividing out by the common factors in the numerator and the
denominator on the left-hand side, we have C, + B, (z — ,) + terms

X
(T — @) (B —23)2 ... (@ — )

If 2 be put equal to z,, the left-hand side becomes C, and the

[f'(a ( 1)}

=0, + B, (z — z,) + terms multiplied by (¢ — «,)*;

multiplied by (z—z,)? =

right becomes ,» 50 that

X,
‘=

The right-hand side of the equation in the form last written
does not involve z,, and its partial differential coefficient with
regard to z, is therefore zero; since the two sides of the equation
are identically equal, zero must be the value of the partial differ-
ential coefficient of the left-hand side with regard to z,, and so we
have

%g —B,+(z— a:l) + terms involving (z — ,)=0.
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This is true for all values of 2, and therefore

B~
a7 G|
Similarly B, =8_22 [rff—-;)}—‘] )

with corresponding expressions for the other quantities B. Hence
d*p 8[ X, ] 8[ X, ]
2=t = BT IRENT T |7 T eeeeee
@t~ oo, {7 @) T o |7 @ap)

Let the equation expressing the resolution into partial fractions
of the expression considered be multiplied throughout by {f()}?;
and let the coefficients of "~ on the two sides of the relation

Ao {f (@)

{f( z)}2 + (m z )2 {f (@)}

be equated. None of the terms involving the quantities C' can
furnish terms of so high a degree, since each begins with z**—3;
each of the terms involving the quantities B begins with 2%, and
the whole coefficient from this series of terms is therefore

B, 4+ By+...... + B,
Since
f@)=@=—z)(z—a)...... (% — )
=" —a" (2, 2yt ... + x,) + lower powers of

= 2™ — pz"~! + lower powers,

the coefficient of ™1 in 4,, { f(«)}?*is — 24,,p. That coefficient on
the left-hand side is A,,-,; and therefore

Appy=—24,p+ B+ B, +...... + B,

d’p

=—24np+22L.
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Multiplying by %I; and integrating, we have

\2
(C%E) = Azn])2 + Af_m—l]) + E:

dt
" where K is an arbitrary constant. But
dp dr1 dz, dz,
di + di . + it
Xt xi Xi
f (“‘1) f (“”2) ...... f (‘En) ’
and therefore the integral becomes
Xt xi X} }
...... =K+ A4, (o, +z,4...... +2,)
{f @) Pyt T @) = (4 )
+ Ao (T4 Tot e + @p).
Ez. 1. Prove that an integral of the equations
de | dy  dz_
SRR B
xdx 7/411/ zdz
Xt zt

where
X=a+bw+ca?+ 023+ yzt+ Bxd+asf,

and Y and Z are similar functions of y and z, is

{(J—-z) Xba(e-a) P (a—y) 2] Z%}

(=y)(y-2)(z-2)
where C is an arbitrary constant.

=B(z+y+2)t+a(x+y+2)2+C,

(Richelot.)

Lz. 2. Deduce a second integral of these equations in the form

y22% (y - 2) X202 (o—a) PR+ 222 (0 —-p) 23
{ (w=y)(y—2) (e—2) }

=C'22y2 2+ bryz (wy +yz+2x) +a (xy + yz+2x)2

(Richelot.)

Note. The theory of these and kindred equations will not here be carried
further, as it soon ceases to belong exclusively to differential equations and
merges into the general theory of transcendental functions (commonly called
Abelian Functions). The reader, who wishes for a fuller development on the
lines of differential equations than can be given here, will find a paper by
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Ricrrvot, Crelle, t. xxur., pp. 354—369, very useful; and he would do well
to consult the following papers by JacoBr,

Crelle, t. 1X., pp. 394—403;
t. X111, pp. 55—78;
t. Xx1v., pp. 28—35;
t. XXXIL, pp. 220—226,

>

all of which are contained in the second volume of his collected works.

The theory of these transcendental functions, and of others, involves issues
beyond the construction of integrals of systems of differential equations,
It is expounded in treatises on the theory of algebraic functions and their
integrals.

TorAL DIFFERENTIAL EQUATIONS.

150. The differential equations with which we have hitherto
had to deal have becn, except in §§ 148 and 149, such as include
one dependent and one independent variable; for the future we
shall consider those which include more than two variables. These
may be divided into two classes, one in which only one dependent
variable occurs, the other in which only one independent variable
occurs. In equations of the former class, we shall have the partial
differential coefficients of the single dependent variable relatively
to the independent variables; these are called partial differential
equations, and will afterwards be discussed. In equations of the
latter class, we shall have the differential coefficients of the several
dependent variables with reference to the single independent
variable (which may be either expressed or implied); these are
usually called total differential equations.

When we have an integral equation

¢ (=, Y, z)= C,
where C is a constant, we may suppose that «, ¥, z, undergo slight
variations dez, dy, dz, which we know will be connected by the
relation

9% o 0¢ 5. _
e dx+»a§dg/+-a—2dz—0

¢ 09 84> 0 h
8.1: oy’ o0z’
be simplified by the removal of that common factor; and so we

ave any common factor, the equation can
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may consider the general form of a derived total equation in three
variables as represented by

Pdz+ Qdy + Rdz=0.

Here P, Q, R, are given functions of z, y, z; they are proportional
to the differential coefficients of ¢, and they may actually be equal
to those differential coefficients.

But, conversely, when any equation of the form
Pdz+ Qdy + Rdz=0
is given, it does not necessarily lead to an equation of the form

¢ @y 2)=0;

for the existence of the latter equation implies that the three
quantities P, @, R, are proportional to the differential coefficients
of some one function, and this requirement is not satisfied while
P, Q, R, are quite general. We must therefore discuss in what
circumstances such a differential equation will lead to an integral
of the given form; and, on the assumption that such an integral
is possible, indicate a method of obtaining it.

There will remain the further problem of obtaining an equivalent
of the equation, when the conditions necessary for the existence of
such an integral as the above are not satisfied.

151. In the first place, then, we assume that such an integral
exists; we must therefore have P, @, R, respectively proportional
to the partial differential coefficients of some function ¢ with regard
to @, ¥, 2, so that we may write

_0¢ 000 _%
in which p is some quantity the value of which is not specified by
the equation. From the first two of these equations we have

0 0
7 P) = 7= 2 u0)
BP op Q
or oy oy + Pay ra Q ox’
. oP 00 8,u.
that is # (ay aw) Q Pay
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. 0Q OR
Similarly (&Q 8y> dy Q
oR 0P 3,u op
and (ax az) 5 Bz

Multiply the last three equations respectively by R, P, @, and

add; we have

0Q oR oR 0P
P(5-3) (5 %)+ B
which is an equation giving a relation between P, @, and R; it

is a relation which must be satisfied if the proposed differential
equation possesses an integral of the form considered.

(5 -5)-0

Further, if we take
P,=\P, Q,=\Q, R,=\R,

where N is any quantity, the same condition is satisfied by
P, Q, R, asby P, Q, R. For

0@, IR, (aQ aR) an Rax

0z oy \oz oy oz oy’
oR, 0P, oR 0P )N
oz 0z x(dw az) Ra_x_Pa—z’
g&_@&_wap aQ) ax _o®

oy oz " \dy Oz aw

and therefore

n(2-) 0 (B-2)4n (5-2)

0z oy ox 0z 0y oz
~efe(R-5)+ 2 (- 5) 2 (- )
=0,

which proves the statement.

Conversely, when the relation vs satisfied, the differential equation
leads to a primitive of the form

¢ (2 y,2)=0C.
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We proceed to prove this proposition. We know that, when a
differential equation

Pdz—Qdy=0

is given, a function % (z, y) exists such that the differential equation
is satisfied in virtue of the relation

u (x, y) = constant,

and consequently that P and @ are proportional to the derivatives
of w with regard to # and y respectively. If then, in the equation

Pdz+ Qdy+ Rdz=0,

we consider P and @ as functions of # and y, which involve z also,
we infer that a function of # and y exists, say u, such that for some
quantity A we can write

and % will involve other quantities occurring in P and Q that do
not affect the partial differentiation with regard to « and ¥, that
is, 4 will involve 2. But it cannot be at once assumed that R is
proportional to the remaining derivative of u; and we therefore
write

au
When we substitute
ou ou ou
P1=E‘Z‘; Q1=87y’ Rl‘—é—;'*'sy

in the relation

20, OR, oR, 0P,
(Bz oy ) + @ (aw —52—)+R'
which is satisfied because the relation between P, Q, R, is satisfied,
we have

Gy =%

oSou 0Sou

ox 0y 0y oz

The only integral equation which is possessed at present is
u = constant; and the equation between § and u is manifestly
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not satisfied in virtue of u =constant. Hence the equation between
S and u is satisfied identically; and therefore (§ 10) S and u,
regarded as functions of # and y alone, are expressible in terms of
one another. But the variable z may, and usually does, occur in u
and in S; so we can take the expression for S in the form

8= f(Z, ),
that is, S is expressible in terms of z and u only.
Moreover, we have
A(Pde+ Qdy + Rdz)

au ou

d+ dJ-f- % dz+S8dz

0z
=du + bdz ;
and therefore the original equation can be replaced by
du+8Sdz=0,
where S is expressible in terms of z and  alone.

This equation now involves two variables only. We know that
a function r (u, z) exists, such that the equation is satisfied in
virtue of
V¥ (u, 2) = constant ;

_ 0
for some quantity u. Hence
M (Pdz + Qdy + Rdz) = p(du + Sdz)
=dy;
and therefore the original equation is satisfied in virtue of
\r (4, z) = constant,

and we have

or, on replacing u by its value in terms of @, y, 2, the original
equation has a primitive of the form

¢ (z, y,2)=0C.
Note. In consequence of this property, the relation
0Q oR oR oP oP 9Q
(-2} ol 2) o n(2-0)
is frequently called the condition of integrability.



314 TOTAL DIFFERENTIAL EQUATIONS [cHAP. VI

152. We shall assume that the condition is satisfied, and that
consequently the primitive exists. The actual deduction of the
primitive can be effected in accordance with the preceding
analysis.

It is first necessary to obtain the quantity ». For this purpose,
we consider an equation

Pdz+Qdy=0,
with the assumption that z does not vary; then if its integral is
0 (2, y) = u = constant,

where the coefficients in @ may involve the variable z, we have the
required function ». Moreover, we have

ou ou
\P=Z, =g,

so that A is known.
We then multiply the original equation by A, so that it becomes
A(Pdz+Qdy + Rdz) =0,
and we express it in the form
du+8dz=0.

We express § in terms of z and  alone, which we know is possible ;
then the new equation

du+ Sdz=0

involves only  and z. Its integral is the primitive of the original
equation. Hence we have the rule :—

J To obtain the primitive of the equation
Pdz+Qdy+ Rdz=0,

when the condition of integrability vs satisfied, we integrate the
equation

Pdz + Qdy=0
as if z were invariable* : let this integral be

u = constant,

* If more convenient in any particular case, either of the other variables could
be considered temporarily constant: the corresponding changes to be made in the
process are obvious. . ~
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and find the quantity \ such that

ou
AP= e
The equation
M(Pdz + Qdy + Rdz)=0

has the form

du+ Sdz=0;
we express S in terms of z and u alone, and then integrate the
equation

du + Sdz=0.
Its integral vs the primitive of the original equation.

Note. Another method of proceeding to the construction of the
integral, when the condition of integrability is satisfied, is given in

§ 164 (post).

Ez. 1. Integrate the equation
(yde+zdy) (a—z)+zydz=0.

Here P=y(a—:z), Q=2(a—z), R=xy; the condition of integrability is
satisfied.

We take the equation

(ydw+axdy) (a—2)=0;
here, the factor @ —z can be neglected. Omitting it, we have an integral in the
form
ry=constant,

8o that we take

wU=2xy.
Thus
A P= a—u Y
ox v’
so that
NS
a—z
Thus
A (Pdz+@Qdy+ Rdz)=0
becomes
du+-"2—dz =0,
a-—z
that is,

%
du+a—_—zdz=0.
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The primitive of this equation is
2 _q
a-z
and therefore the primitive of the original equation is
zy=C(a-2).
Ex. 2. Verify that for each of the following equations the condition of
integrability is satisfied, and obtain the primitives:
J () (y+2)de+(+2)dy+(z+y) dz=0;
(ii)J zyde=zxdy+ydz;
(iii) (y+a)dz+zdy—(y+a)dz=0;
@iv) (v—a)de+(z—c)dz+{h?—(r—a)?— (2—0)2}5 dy=0;
(V)  (2y244az22?) zdz + {3y + 222+ (y2+22) "B} ydy
+ {422+ 2024 + (32 +22) ¥} 2de=0;
(vi) (¥%*+y2) dz+ (xz+2%) dy+(y2 —xy) dz=0;
(vil) (ay -y —y2) da+ (xy? — 2% — 2%2) dy + (wy?+22y) dz=0;
(viii) (22%4-2zy +2222+1) dv+dy +2:dz=0;
(ix) (2z+y%42x2) dx+2xydy + x?dz=du.

153. The preceding solution has been obtained on the sup-
position that the equation of condition among the coefficients of
the differential elements dz, dy, dz, is satisfied. It remains now
to consider the class of equations for which the condition is not
satisfied, and for which there cannot therefore be a single general
integral.

Let us now assume any arbitrary relation between , y, 2, of the
form

V(@ 9, 2)=0;
this, on being differentiated, gives

oy, o, Oy,

When the form v is specified, these two equations will deter-
mine z and dz in terms of 2, 7, dz and dy (or, generally, one of the
variables and its differential in terms of the other two and their
differentials) ; when they are substituted in the equation

Pdz+ Qdy+ Rdz=0,
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they make it of the form

Mdz+ Ndy=0,
where M and N are functions of # and 7, the values of which will
depend upon the form of the chosen function 4. Now this equa-
tion may be integrated and the integral, containing an arbitrary
constant, will together with the relation

Y (2, 9,2)=0
constitute a solution of the differential equation.
For it is evident from the method of derivation of the integral

that, in combination with =0, it furnishes relations between
z, y, and 2, such that the differential equation is satisfied,

By giving all possible forms to 4, every possible solution will
be obtained. Each solution will be constituted by two equations.

Er. 1. Solve
dz=aydz+bdy.

The equation of condition is not satisfied. Some relation between z, 7, 2
must therefore be assumed, and it may be perfectly arbitrary: let it be

y=1(2)
A combination of this relation with the differential equation gives

dz=af (x) da+bf' (z) dx,
the integral of which is

z=a/f(x) dz +bf (z)+C.
This equation, with f(z)=y, forms a solution of the proposed equation.

Ez. 2. Obtain the most general solution of the equation
2 .2\%
zdz+ydy+e (1 —‘22 - %) dz=0,

which is consistent with the relation
Ez. 3. Find the equation, which must be associated with 22+y%=¢ (2), in
order to give an integral of
& (@=a)+y (y-b)} de=(—0) (vdw+ydy);
and the equation, which must be associated with

g+zlogz+¢(2)=0,

1.

80 as to satisfy
zdz+axdy+ydz=0,
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Ez. 4. Prove that, if u be a quantity such that
w(Pdz+Qdy)=dV,
then a solution of the general equation may be represented by

V=4¢ (),
& hR=¢ (o).
This is Monge’s form.

Ez. 5. Obtain general equations which constitute the solution of
ydr=(x—2z)(dy—dz).

154. It is not at first sight clear how the equation of con-
dition affects the above process and, in particular, why what has
been given as the solution in the latter case is not the solution in
the former case. But the relation between the two solutions can
be seen as follows.

The elimination of the differential element dz between the two
equations in which it occurs leads to the equation

(R%‘—’;—P%‘—i’)dﬁ(R%‘g _ Q%%)@:O;

and, in order that this may be reduced to the form
Mdz+ Ndy=0,

the variable z, which occurs in it, must be replaced by its value
derived from 4r(z, y, z2)=0. Now suppose the equation of con-
dition is satisfied so that P, @, R, are proportional to the differ-
ential coefficients with regard to , y, 2, of some function ; if this
function be yr (2, ¥, 2), then we have

1oy _1oy 1oy (A)
e Qo =Py e ,

and the equation involving dz and dy is identically satisfied.
There will thus, on this supposition, be no other equation neces-
sarily associated with the equation 4»=0, or, what is equivalent
for this case, Y= C'; this by itself is sufficient for the solution of
the differential equation, and any other equation associated with
yr = C may be perfectly arbitrary (such as y = 0), for its expression
will not enter into the differential equation when formed from
these integral equations. If however the equation first written
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down be not that which leads to the particular properties (A), but
be another such as x =0, it will still be possible to derive the
equation y» = C, into the expression of which the form of y does
not enter; and we may therefore consider as the general solution
of the differential equation the equation

v=0;
while, if we wish to determine y and z separately as functions of
@, we associate with this any arbitrary relation between z, ¥, 2.

If however the equation of condition between the quantities
P, @, R, be not satisfied, there is no function 4 such that the
relations (A) hold; and thus

Mdz+ Ndy=0

18 not an identity but leads to an integral, the form of which is
affected by the form of the arbitrary equation first written down
and which must be associated with that ecquation in order to
constitute the integral.

It thus appears that the difference between the two cases is as
follows. While we may consider that in both cases two equations
are necessary to give the complete solution, in the case when the
equation of condition is satisfied one of these integral equations
(called 4= (') is completely unaffected in form by the other (called
x=0), but in the case when the equation of condition is not
satisfied one of these integral equations is affected in form by the
other.

155. The difference between the results in the two classes
having been indicated, it is now possible to adopt a method of
integration which shews the point of separation between the
progesses applying to these classes. Let

x (9, 2)=0

be any relation between z, y, and z; then
X7 07 X _
5;dw+5—y—dy+5;dz—0.

‘We also have

Pdz+Qdy+ Rdz=0,
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Let the former equation be multiplied by A (a quantity to be
determined afterwards) and added to the latter, so that

(P+7\ax)dw+(Q+x) )dJ+(R+7\.a )dz 0,

or, say, P,dz + @ dy + R,dz=0.

Let A be so chosen as to make P,, @), R,, proportional to the
differential coefficients with regard to «, v, 2, respectively of some
function yr; then the integral of the last equation is

‘\P\ (w: 3/} Z) = O}
where C is arbitrary, and the primitive of the differential equation
is given by the two equations

x(eu9=0)
Vv(z,y,2)=C

Now since Py, @, R,, are proportional to differential coefficients
with regard to «, y, z, we have
(7229 <o,

P‘@a% aIf) Q‘(ﬁ;"%lzi)’LR‘ oy o

or substituting for P,, @, R,, and reducing, we have

P(R-2B) 4 g(2R_E), (2L _%0)

0z 0y ox 0z oy ox
0Q OR\  dx (R P\  dy (3P _3Q
+ {ax 2 3J) ay(ax &)*52(‘8’5 aw)}
)N, oy 3)\.( X _ pox\ , N )
+8x(Qaz Ray)+8y RT3 )+az( oy~ 9%

If P, @, R, be themselves proportional to differential coefficients
with regard to «,y, 2, the first line in this equation vanishes and a
solution of the equation is A =0; P,, @,, R,, are then independent
of i, and therefore Y (z, ¥, 2) is independent of y.

If P, Q, R, be not such as to make the first line vanish, then A
is shewn by this equation to depend upon the form of x and there-
fore 4 also will depend upon the form of . The form of  will
in this case be determined by the method given in § 153 ; but the
foregoing investigation is useful as a means of instituting the
analytical comparison between the methods.
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GEOMETRICAL INTERPRETATION.

156. A geometrical interpretation can be given to the dif-
ferential equation and its integral, which will illustrate the
difference between the two classes of equation explained in the
last two paragraphs.

If as usual «, y, z, represent the coordinates of a point A4,
the equation will then represent some locus. Let A4’ be a point on
the locus adjacent to A; then dz, dy, dz, are proportional to the
direction cosines of A4’ and the differential equation implies a
relation between these direction cosines; the locus which it repre-
sents will therefore be some curve or family of curves, and not a
surface or family of surfaces.

Consider now the two differential equations
do’  dy d7 .
P—; = QJT = -R—, ........................... (1),

P, @, R, being the same functions of &', 3/’, 2/, that P, Q, R, are of
x, ¥, z; their integrals are of the form

U =a
' } .............................. (1),

Ug= Uy

where u, and w, are functions of #/, ¥/, #/; and as they coexist,

these integrals really represent the intersection of two surfaces,
each of which is one of a family. This intersection of any two
particular surfaces is a curve; and we therefore have a doubly
infinite system of curves. One curve of this system passes through
4; it is determined by those values of @, and a, obtained by
substituting in u, and u, the coordinates of 4. Let A” be the
point on this curve which is consecutive to A; then the direction
cosines of 44" are proportional to da’, dy’, dZ, or to the values of
P’ Q' R, at A, thatis, to P, @, R. Now the condition that 44"
and 4 A’ may be perpendicular is
Pdz+ Qdy + Rdz=0,

which is the given differential equation; hence it expresses
the fact that 44’ is perpendicular to that curve of (ii) which
passes through A. The solution of the difrerential equation
must therefore include all the curves which cut the system (ii)
orthogonally.

F.D.E. b
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If we start from A4 in any direction which is perpendicular to
the tangent at A to that curve of the system (ii) which passes
through A, we shall come at A’ to an adjacent curve of this system;
moving from A’ in any direction at right angles to this we shall
at another consecutive point in this path reach another adjacent
curve; and so on. The path thus obtained must be included in
the solution of the differential equation; and as, at each point 4,
we may move in any one of an infinite number of directions
(i.e. in any direction lying in the normal plane at A to the curve
of the system), it follows that the solution of the equation will
contain an arbitrary function.

Let us, then, draw through 4 any surface we please, and limit
our path so as to be in this surface. Starting from A at right
angles to the curve of (ii), there will, in general, be only one
direction possible in the surface; moving along this through a
small arc we shall at its extremity 4’ come to another curve; at
4A’, there will as before be usually only one direction possible in
the surface, and it will lead to another point 4”; and so on. We
shall thus obtain on the arbitrary surface a single path passing
through the point A. Had a different point B on the same surface
(but not lying in the path through A) been the starting point,
there would have been similarly obtained a single path through B
different from the former; and so for any point.

We should therefore have on any arbitrary surface a singly
infinite series of curves.

157. This is the exact geometrical process corresponding to
the analytical process applying to the case when the equation of
condition was not satisfied. For what was there done was to assume
an arbitrary relation among the variables—this is the equation of
the arbitrary surface; it was combined with the differential equation
and, after integration, another equation was obtained containing an
arbitrary constant which with the original arbitrary relation was
considered the solution. The new equation containing one arbi-
trary constant represents a family of surfaces; and the combination
of the two gives the system of curves which form their intersection.
Each of these curves lies on the surface first taken, and so we have
an infinite series of curves on this surface. The process therefore
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gives the system of lines which lie on any surface and which
satisfy the differential equation.

168. Now it may happen that the complete system of curves
(i1) can be cut orthogonally not merely by one surface but by a
family of surfaces; thus, if the system were a series of straight
lines all passing through one point, they would be cut orthogonally
by any sphere which had that point for centre. In this case, any
curve drawn upon an orthogonal surface would cut the system (ii) at
right angles, since it is at every point perpendicular to some
one of the system; and such a curve would therefore be included
in the solution. Hence the general solution must include all
curves that can possibly be drawn upon any one of these surfaces;
and therefore, if we look upon a surface as the aggregate of all
the curves that can be drawn on it, we may say that the surface is
included in the system of curves. As the surface is one of a family
all the members of which possess the same property, we consider
that the equation of this family of surfaces is the solution of the
equation; and what has been said shews it to be thereby implied
that the equations of every curve that can be drawn upon one of
the family constitute a solution.

159. This corresponds exactly with the process applicable to
the case for which the equation of condition was satisfied; we there
had (§154) an equation yr=C and any other arbitrary equation
x =0, the two representing one curve on each of the surfaces
4r = C'; by taking all possible arbitrary equations y = 0, we obtained
all possible curves on the surfaces 4»=C. Thus ultimately the
surfaces themselves into the expression of which the form of y did
not enter.

160. It only remains to shew how the equation of condition is
derivable from the geometrical considerations. The arguments
are applicable on the supposition that the system of curves, repre-
sented by

dd _dy' ds

PYTE
can be cut orthogonally. If they can be cut orthogonally, as at
any point 4, the tangent to the particular curve passing through
A must coincide with the normal at 4 to the orthogonal surface.
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Now the direction cosines of the tangent at A are proportional to
the values of P, @', R’, at A, that is, to P, @, R; and if

¢, y,2)=C
be the orthogonal surface, the direction cosines of the normal at

op 09 0.

35 3y a,smce

the direction cosines must be the same for the two lines, we must
have

the point , y, z (which is 4) are proportional to

10 1a¢ 104

Let each of these quantities be equal to u so that
o o _ ¢ _ p.
oz =nb, oy =#Q, 0z rE;

the elimination of ¢ and u between these leads (as in § 151) to
the equation considered, which is therefore the condition that the
system of curves may be cut orthogonally.

CASE OF n VARIABLES,

161. In what has preceded, only three variables have been
supposed to occur; but it is easy to pass to the case when there
are more than three. In order that the equation

Xidz + Xodz, + Xodwg + ... .+ X,de, =0,
where X, X,, ...... , X, are functions of z,, a,, ...... , &, should
have a complete integral of the form
b (@1, Loy ouvnennn, s Zn) =4,
the quantities X, must be proportional to the partial differential

coefficients 9¢ , 80 that we may write

0z,
o
UX“ = ;d;,; ’
for all values 1, 2, ..., n, of u. If now A, u, v, be three different
suffixes, we have

o, . ¥ D
%(”X»)— A =a—w:(”XA),

dl'“ aa:)‘
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or
X, 09X, ov ov
v (G- 6.«:,,) = Xa g ™ X
Similarly
aX,\ 8X,, _ ov ov
(G =) =~ Dot
and

0X, 00X, ov ov

V(G = Far) = Kuge, Ko

and therefore
0X, 00X, X, 0X, 0X, 0X,
X"<5EI‘E)+X“ (%— axA)““X* (’a;:"‘a?,)=°'

If the set of equations derived from this by all possible com-
binations of three different suffixes from among 1, 2, 3, ..., n,
be satisfied, then the differential equation has an integral of the
proposed form. The total number of these equations of condition
is 3n (n—1)(n—2). They are not all independent ; for if there be
written down the four equations which involve three out of the
four quantities X,, X,, X,, X,, any one of them will be found to
be derivable from the other three.

These are the conditions that must be satisfied if the differential
equation has a primitive constituted by a single equation.

The converse proposition also is true: when the conditions are
satisfied, then the differential equation possesses a primitive of the
Jorm

b (21, T3, ovunen , &p) =A.
The proof of this proposition can be effected in stages, each similar
to the proof of the corresponding proposition in § 151 for the case
of three variables*. It is, however, long: and it will be omitted
here.

The truth of the proposition will be assumed.
Ez. Prove that the total number of independent equations of condition is
$(n—-1)(n—-2)
When these equations of condition or the necessarily indepen-
dent equations are identically satisfied, the primitive, which must
therefore exist, can be obtained by an extension of the method

* A proof, arranged rather differently from the proof suggested in the text, is
given in the author’s Theory of Differential Equations, vol. 1., §§ 7—11.
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adopted for equations with three variables. We integrate as if all
but two of the variables were constant ; and we replace the arbitrary
constant by an arbitrary function of all those variables which were
supposed constant. The equation so obtained is differentiated with
regard to all the variables, and the result is made to agree with the
given equation; the conditions necessary for this agreement will
serve to determine the arbitrary function which was introduced
and so to determine the primitive™®.

Ex. 1. Tt is easily verifiable that the coefficients of the differentials in the
equation

(221 + 2,2 + 22, 24 — 23) dxy + 22 2o Ay — 2y A3+ 212 d2y =0,
satisfy the equations of condition which are four in number, three being inde-
pendent. Following the rule, we assume that only two of the variables may
change. These may be taken to be x5 and 24; the integral derived is
- $3+.Z'12-T4= 0=¢,
where ¢ is a function of x, and 2. Differentiating this, we have
( - Z3+2.‘UII4) d.l‘l - I dx3+a;1"dx4=d¢,
and a comparison of this with the given equations shews that
-_— d¢= (2:(:1 +x22) dxl + 223112(11'2.

We thus have an equation involving three differentials d¢, dz;, dz,,
instead of four (we should have, in the general case, an equation involving
n — 1 differentials instead of #). The rule is reapplied to this, and the number
is again decreased by unity ; and so on, until we can obtain a final integral.
In the example specially considered, the integral is easily seen to be

-+ Ad=22+2278
where A is now an arbitrary constant; and the primitive is
x12+.2711'22—x11'3+x121'4=14.

Ex. 2. Shew that the following equations have a primitive of the form
considered, and obtain it for each of them:

(i) yzudz+zurdy+urydz+ryzdu=0;
(i) (y+etu)de+(ctu+x)dy+(utr+y)de+(@+y+2)du=0;
(iil) z(y+2)de+z(u—x)dy+y (x—u) dz+y (y+2) du=0.

162. When only some of the equations of condition are satisfied,
or when none of them are satisfied, the inference from the preceding
analysis is that no single integral equation exists which is equiva-
lent to the differential equation.

* Other methods are given in the author’s Theory of Differential Egquations,
vol. 1., Chap. 1.
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In such a case, the question of determining the integral equi-
valent is often called Pfuff’s problem, and the differential equation
itself is often called a Pfuffian equation: the reason being that
the first important contribution to the solution was made in a
memoir by Pfaff*. He shewed that an integral cquivalent of
a total differential equation, containing 2n—1 or 2n variables, can
always be constituted by a system of integral equations not more
than » in number. For the establishment of this result, and for
allied investigations, reference must be made to other sourcest.
Here we shall be content with giving the solution for the case of
three \:7riables and for the case of four variables,

163~ When there are three variables, we take the total equation

in the form
Pdz+ Qdy+ Rdz=0,

where we shall assume that the condition of integrability is not
now satisfied.

We proceed to find whether it is possible to obtain quantities
u, v, w, functions of the variables , y, z, such that we may have

Pdz+ Qdy + Rdz=du +vdw
identically. Should it be possible we must have

Bw ow ou  ow
P-gtia 0 3y+ o Featrn
and therefore, writing

’—ag_?l_% aR ?i) R/,__a_l_)_a_Q'
S0z oy’ Y ow 0z’ oy ow’

we have, on substitution

P = ow _0v ow
020y 0y o0z’

* Berlin. Abhand. (1814-5), pp. 76—136.

+ A full discussion of Pfafi’s Problem will be found in the author’s Theory of
Differential Equations, vol. 1., which also contains a discussion of systems of total
equations (see Chap. 11, for systems of exact equations; Chap. xim., for systems of
Pfaffian equations),
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Multiplying these equations, first by %’g , g;’, 2—2—’, respectively, and
adding, we have
, 0w , 0w oW
P a?:"'Q @+R a—z_o,
and then b ov ov v respectively, and adding, we have
Y 3 oy’ oz’ : ’
,0v ,0v ,0v
P P + Q 8—;,/ +R Pl 0.

We also have

(D e-ere- e

, 0w , 0w , oW .
so that
Py R PP QY +RE
w gt e :

The right-hand side in this equation does not vanish, because the
condition of integrability is not satisfied ; otherwise, u obviously
would satisfy the same equation as w and v.

It thus appears that both v and w satisfy the equation*

,00 00 .,00
P o + @ +R % 0.
Anticipating the results of Chapter IX., we can solve this equation

by constructing the system of equations
dz _dy dz

P (7/ = 7
and integrating these equations; if their two independent in-
tegrals are

a(z, y, z)=constant, B(z, y, z) = constant,

every integral of the equation in @ is a function of a and 8.
Accordingly, both v and w are any functions of a and 8.

* The quantities v and w may be expected to satisfy the same equation; for we
can write
du+vdw=d(U+vw)-wdv,
that is, Pdz + Qdy + Rdz is unaltered when we interchange w and - v, and substitute
U+vw for u,
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Suppose now that we take w equal to any function of a and B,
the simpler the better for our purpose; let us choose w=a.
When we make

a(z, y, 2) = a, a constant,
which therefore is a relation among the variables, we have

Pdz+ Qdy + Rdz=du,

that is, for this relation among the variables, Pdz + Qdy + Rdz is
a perfect differential. Accordingly we use the relation a(z,y,2)=a
to remove one of the variables and its differential element, say
z and dz, from Pdz + Qdy + Rdz; the resulting expression is a
perfect differential, say d¢ (z, 3, ¢). In ¢ (x, y, @) we reinsert the
variable z and remove the constant a by substituting a = a (z, y, 2);
and then ¢ (z, y, a) becomes u.

We thus have u and w. The value of v is then given by any
one of the equations

ou  ow ou  ow ou ow
PV =5 BomTvm-
Consequently, we can consider the quantities «, v, w, known.
Now our differential equation is
Pdz+Qdy+ Rdz=0;
and therefore we have
du +vdw = 0.
Manifestly, there are different kinds of integrals, as follows. First,
we can have
u = constant, w = constant.

Again, we can have

% = constant, v=0.

Again, we can have

¥ (u, w)=0, va—‘#—a—‘!—r=0,

ou ow
where 4 is any arbitrary function.

In each case, the integral equivalent of the dufferential equation
consists of two equations; it does not consist of one alone, as 18 the
Jact when the condition of integrability 1s satisfied.
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Ez. 1. Obtain an integral equivalent of the equation
ydz+zdy+xdz=0.

Here P=y, @=2, R=x, P'=1, @ =1, B'=1; the condition of integrability
is not satisfied.

The equations

dz _ dy _ds

1)/ i Q; —Rl
become

dz=dy =dz,

so that we have
a=x-y, B=y-z
According to the rule, we take w=a, and we simplify the equation by taking
r-y=a.
Then
ydz+zdy+xdz=ydy+2dy+(y+a)dz,
so that
p=3y"+yz+az,

u=}y2+ye+(x-y)z

and therefore

=}y + 2.
Lastly, we have » given by
P- 21—‘ =v @—”,
ox oz
that is,
v=y—2

Hence, taking
u=3yl+xzs, v=y-2z w=z-—Y,
we have
ydz+z2dy+xdz=du+vdw.
Integral equivalents of the equation are given as follows :—
(i) w=c, w=a;
(i) w=c¢, »=0;

i) ¥ =0, v~ ¥,

where a and ¢ are arbitrary constants, and v is any arbitrary function.

(It will be noticed that v=_3, thus verifying the earlier remark that » and
w satisfy the same equation.)

Ez. 2. Obtain integral equivalents of the equation, in Ex. 1, in the form
(i) 322+ay=c, y—2=a;
(i) 324ay=c, 2-2=0;

(i) ¥ (o, w)=0, (-2 -,

where ¥’ =32 +2y, W =y~-z
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Ex. 3. Obtain integral equivalents of the equations
(i) zdz+zxdy+ydz=0;
(ii) (ay+bz)dz+(a'z+b'x) dy+(a’z+8"y) dz=0,
where the coefficients are constants ;
(iii) y¥dzr+22dy+a2tdz=0
(iv) zydz+yzdy+2x2dz=0
164. We have seen that when the condition of integrability

is satisfied, so that PP’ + Q@'+ RR’ =0, then u satisfies the same
equation as v and w.

In that case, each of the quantities u, v, w, is (by the later
theory of partial differential equations of the first order) a function
of a and B only, where a(z, y, z) =constant and B (z, y, z)=con-
stant are two independent integrals of the equations

da: (iy dz
Q R
Accordingly, substituting such values for u, v, w, in du + vdw, we
have
Pdz+Qdy+ Rdz=Ada + Bdp,

where A and B are functions of a and B as yet unknown. When
a and B are supposed known, then 4 and B can be determined
from the equations

8 ) a8
p=4A® +Bz,QAy+Bay,RA +B5;

after being determined, they should be expressed in terms of a and
B alone.

The integration of the given equation then depends upon the
integration of the equation

Ada+ BdB=0,
which is an equation in two variables only.

We thus obtain another method for integrating an equation
Pdz + Qdy + Rdz=0 when the condition of integrability is satis-
fied: viz. we take the two independent integrals

a(w’ Y z)=a, B, Y z)=b)
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of the equations
de  dy  dz
0@ oR oR 9P 9P 9Q)’
9z 0y O 0z 0Oy ow
we express Pdxz + Qdy + Rdz in the form Ada+ BdB, where A and
B are to be expressed as functions of a and B only; and we integrate

the equation

Ada+ BdB=0.
Its integral is the integral of the original equation.

E=z. 1. Integrate the equation

E= - zydz+2xdy+y2dz=0.
We have
P=x-2, @Q=y, R'=-22
The condition of integrability is satisfied. Two independent integrals of the
equations
dr__dy_ ds

2-2 ¥y ~2

are given by
a=y%z=constant, S =§ +2 log y =constant.

For the quantities 4 and B, we have the equations

_z_y=B$, ZZ=A.2‘1/2+B(—£ g)’

¥y
that is,
A=1, B=-a.
Hence
E=da—-adB=0,
the integral of which is
B=loga=A.

Consequently the primitive of the equation iy
x
~—logz=4.
7 3
Ezx. 2. Integrate, in this manner, the equations in Ex. 2, § 152.

166. When there are four variables, we denote them by z,, a,
zy, ,; and we write the total equation in the form
Q=X,dz, + X,dz,+ X,dz; + X, dz,= 0,
where X,, X,, X,, X,, are functions of all the variables. We first

proceed to obtain an equivalent expression for £, such that it shall
contain the smallest number of differential elements.
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Take three independent functions of all the variables, denoting
them by 1, ¥, ¥»; and express three of the original independent
variables, say ,, ,, @y, in terms of ¥y, ¥s, ¥s, 2, S0 that these now
become the independent variables. Making this change, we have
Q in the form

Q= Yy + Yody, + Vidy, + Vida,

where Y,, Y, ¥;, T, are functions of the variables y,, y., ¥s, @,.
Now the three functions y,, ¥,, ¥,, are at our disposal ; and they will
be determinable by three conditions or relations. As one of these,
we shall require that ¥,=0. As the other two, we shall require
that the ratios ¥,:Y,: Y, are independent of #,. Accordingly, we
can write

Y,=MU, Y,=MU, Y,=MU, Y,=0,

where U,, U,, U, are functions of ,; %, s, alone; and we then
have
Q= M(Uldyl + Uzdyz'*' Uﬂdy:i))

where the factor M is, or may be, a function of y,, ¥,, y,, z,.

Now the quantity
Uidy, + U,dy,+ Usdys

is an expression, involving only the three variables v,, v,, y5; it
has exactly the same form as the expression discussed in § 163;
and therefore, even in the most general case when no condition
holds between the coefficients U,, U,, Us, it can be represented in
the form

U,dy, + U,dy, + Usdys = du + vdw.

But unless the condition of integrability is satisfied, we cannot
transform the differential expression into another which contains
only one differential element. When this form is substituted in
Q, we have
Q=M (du + vdw)
= Mdu + Ndw.
From what precedes it is clear that, in general, we could not obtain
for Q an expression containing only one differential element ; and

we therefore regard this form as the reduced equivalent form
for Q.
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The foregoing method of proceeding involves two distinct
stages. In the first, ¥, ¥,, ¥, are determined. In the second, u, v,
w, are determined. Instead of carrying out these two stages, we
shall accept Mdu + Ndw as the type of the reduced form for 0,
and shall obtain u, w, M, N, by a different method. Accordingly,
we take

Xdz, + X,dz, + Xydzy + X day=Q=Mdu+ Ndw;
then writing (,?—;li= u,, and so for other derivatives, we have
1

X,=Mu,+ Nw,,
forr=1, 2, 3,4. Now let
2Xn_0X,

a. ==
mr ox » ax‘m ’

for all the combinations m, n=1, 2, 8, 4, so that

=0, Qun=—0pm;
and let
W,= Xoas+ Xya,+ X,ay,
Wo=Xiay + Xsag+ X, a
W3=le’u+X2au +X4a12 ’
Wi=X,0,+ X,ay + X;a, ‘

where obviously
WX, -wX,+WX,—WX,=0.
‘We have

amn=8—aw—n(Mum+J\vwm)_afi—”(Mun'*'an)
oM. oM N oN

= Up = 53— Un + 37— Wy — 53— Wy ;
oz, 0z, " 0xy, T Omy ™

and therefore, if

J=u_ g
oz, oz,
forr=1, 2, 3, 4, we find
Wi=(Mu, + Nw,) as, + (Mus + Nw,) ag + (Mu, + Nw,) ay

= Jy (ugwy — uyws) + J3 (u,wy — uyw,) + J (wyws — ugusy).
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Similarly
W= J, (usw, — u,ws) + J5 (waw;, — vyw,) + J, (wy ws — uswy),
W= J) (ugw, — uw,) + J, (waw, — wyw,) + J, (ww, — uw,),
W= J,; (uyws — uswy) + J, (usw, — uyws) + I (yw, — ugw,).
It follows immediately that
Wiu, — Wouy + Wiy — Wou, =0,
Ww, — Wow, + Wows, — W, =0
and therefore u and w are two integrals of the partial differential

equation

mL _wlw w0

oz, Zg ‘0 Xy

Hence, again (as in § 163) anticipating the results of Chapter 1x.,
we form the equations

de,  dz, _dz;  daz,
[k Ak A A
where
Wk = Xza,,m + Xma,,z + X”az,,,,

(k, 1, myn,=1, 2, 3, 4, in cyclical order), we know that u=con-
stant and w =constant are two integrals of these subsidiary
equations.

166. We now can proceed definitely to the construction of
the reduced form of Q. We take any integral, the simpler the
better, of the subsidiary equations

ola:1 day, _dzy _ dw,
W e W W3 - W‘ ’
let it be
u(xh Zg, Ty, Ty) = Q,
where a 1s a constant. Now
Q=Mdu+ Ndw;

and therefore, when we postulate the relation u=a among the
variables, we have

Q = Ndw,
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that is, the equation Q =0 is exactly integrable; and its integral,
under that relation, is w=c, where ¢ is a constant. Accordingly,
we use the relation

u(z,, 3, T35, T)=0

to eliminate one of the variables and its differential element, say =,
and dz,, from the original equation Q=0 ; we integrate the resulting
Jform of the equation, obtaining its integral in the form

¢ (2, 3, 2, @) =C;

and we then substitute u for a, obtaining the modified form
w (@, &y, T, L) =C

of the last relation.

With these functions u and w, the original total equation

becomes
Q=Mdu+ Ndw,

and the quantities M and N are given by the relations
X,=Mu, + Nw,,
for r=1, 2, 3, 4. We thus obtain a reduced form for the differen-

tial expression Q.

167. Integrals of the equation Q=0 are now obvious. We
have several classes as follows :—

(i) w=a, w=c;
(i) u=a, N=0;
(i) M=0, w=c;
(iv) =0, N=0;
W) f(u, w)y=0, Maf Nf
where @ and ¢ are arbitrary constants, and f is an arbitrary

function.

In each of these cases, the integral equivalent of the single
total differential equation in four independent variables consists of
two integral equations free from differential elements.

For further developments, references may be made as indicated
in § 162.
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Ez. 1. Obtain an integral equivalent of the equation

Q =x4dx1 + .24'1(1-%'2 +£2dT3+x3d$4= 0.
Here

Xy=2zy, Xo=mz, Ng=ay, Xy=as,
ap=-1, a;3=0, au=1, ag=-—=1, ay=0, ay=-1;
and therefore
Wi=—2)—23= W3, Wy=—zy—25=—-W,.

One integral of the subsidiary equations

is evidently given by
x) - x3=constant
80 we take
U=T— T3=0,
and use this relation to modify ©. We have
Q=x4dx3+ (v3+a) dzy+ vodas+23dz,

=d (2324 + 2323+ 02s) ;

hence

b =x324+ 2223+ axg,
and so

W= D324+ Ty Tg.
We easily find

M=x4—xy, N=1;
and with these values
Q=(2g4—2) du+duw.

Integrals are given by
() =z -a3=a, 2x3+2324=c;
(il) 2-2,=0, Z@y+2324=c;

(iti) f(u, w)=0, gg"(xq,—-’lf]) 2_{0=0'

Ez. 2. Another integral of the subsidiary equations in the preceding
example is given by
U=Tg—Tg=d.

Obtain the corresponding reduced form for @ ; and state the corresponding
integral equivalents.

Ez. 3. Obtain integral equivalents of the equations:
(1)  xodwy+ 23dxy+ zydcs+2,d2y=0;
(ii) @ydz)+ 22wy + 2o dw3+ 223d2y=0;
(iii) 2xodw; +23dxy + 22, Ay + 2,d2y=0.
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Ez. 4. Shew that, if the equation
Q=.de1‘1+X2d$g+X3d13+X4dT4=o
is reducible to one or other of the following forms, the respective conditions
are necessary and sufficient :—
(i) if @=du, then a,,,=0, for m, n=1, 2, 3, 4; being six conditions;
(i) if Q@=Mdu, then W,=0, for r=1, 2, 3, 4; being three independent
conditions;
(iii) if @ =M du+dw, then apa3+a13¢42+ a14a23=0 ; being one condition.
Ez. 5. Shew that, in the most general case when no condition is satisfied
by the quantities .Y, and when one reduced form of @ is Mdu+ Ndw, the
quantities U and W for reduction to any similar form are given by
f(U’ W, u, w)=0
1or _1ofp
Mouw N ow
where £ is any function whatever.

Deduce the most general integrals of ©=0, when one reduced form
Mdu+ Ndw=0 is known.

EqQuaTIiONS OF A DEGREE HIGHER THAN THE FIRST.

168. Equations may arise in which the differentials of the
variables occur in a degree higher than the first; into their
solution it is not proposed to enter fully but only to indicate a
method of proceeding in some cases. The general equation of the
second degree may be taken as

Xda*+ Ydy+ Zd2*+ 2X'dydz + 2Y 'dzdx + 2Z"dzdy = 0,
in which X, Y, Z, X', Y’, Z, are functions of =, 9, and 2. If the
left-hand side can be resolved into two factors, then the equation
may be replaced by two others each of the form

Pdz+ Qdy+ Rdz=0,

obtained by equating separately to zero the two factors. The
solution of either of these, obtained by previous methods, will
be a particular solution of the differential equation proposed;
and the two general solutions taken together will constitute the
complete solution. In the case when each of the linear equations
is satisfied, in the sense of the preceding paragraphs, by a single
integral of the respective forms

‘1’1(-’”’ Y 2)—C,=0, “l"z(m» Y, 2)—C;=0,
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the general solution will, as in § 19, be represented by

W (z,y,2)—C} (Y, (z,9,2)—C}=0 ......... (A).
In the case when two separate equations are needed for the
solution, each corresponding pair must be looked upon as a solution.

Now the condition that these should be solutions is that the
left-hand side of the original equation should be resoluble into
factors. The left-hand side is equal to

% [(Zdz+Y'de+ X'dyy — (Y*—XZ)da*—2(ZZ' — X' Y'Y dzdy
+ (X2 YZ)dy].
In order that this may resolve into two factors, we must have
(Y*—XZ)da?-2(Z2' - X'Y')dzdy +(X"*~ YZ)dy*
a perfect square, which will be the case if
(Y?—XZ)(X'*—YZ)—(ZZ'-X'Y'y=0,
that is, if
Z(XYZ+2X'Y'Z' - XX"-YY"-Z2")=0;
or, since Z is not zero, we must have
XYZ+2X'Y'Z - XX"?-YY"?-22"=0.
When this condition is satisfied, the general solution is obtained
in the foregoing manner.

When this condition is not satisfied, the proposed equation does
not admit of a single primitive of the form (A), nor does it admit
of a set of separate primitives each given by a pair of equations;
but it does in general admit of a solution expressed by a system of
simultaneous equations.

Note. Another method of proceeding is indicated by Guldberg*.
When the equation of the second degree which has been discussed
is satisfied in virtue of a single integral equation, the latter may
be regarded as the primitive. This primitive defines z as a function
of # and y, and is equivalent to

dz=pdz+ qdy,

0z 07
Where p=a—$_" q=ary',

* Crelle, t. oxxir. (1900), p. 84.
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and therefore this new differential relation is equivalent to the
original equation. Consequently, when dz in the original equation
is replaced by the value pdz + qdy, the result must be satisfied for
all values of dz and dy. Now the result of the substitution is
(X +2pY +pZ)da? + (Y + 29X’ + ¢*Z) dy?
+2(Z' +pX'+qY' +pgZ)dxdy=0;

as this equation must be satisfied for all values of dz and dy, we
must have

X+2pY' +pZ=0,
Y+2¢X'+¢Z=0,
Z'+pX'+qY +pgZ=0.
The first of these gives

(pZ+Y'y=Y"-XZ;
the second gives
(GZ+X'y=X"-YZ,

and the third gives
PZ+Y)(@Z+X")=X'Y'-2Z".
Y*-XZ2)(X"-YZ)=(X'Y'-2Z"),

which, after removal of the factor Z from the expanded expression,
gives

Hence

XYZ+2X'Y'Z -XX"-YY"—-277"=0,
the former condition.

Moreover, we have
pZ+ Y =(Y"*— XZ)},
¢Z+ X' =(X'Y'-22") (Y- XZ)},

so that

p=p -V +(¥ - X2},

g= - X'+ (XY = 22) (1* = X2y,
In order that

dz=pdz+qdy
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may be represented by a single primitive, we must have
op 0 0 op 0 0
a—z‘a"z °"a—§+qaf atPa
according as p and ¢ do not, or do, involve z. Substituting the
values of p and ¢, we obtain a further condition among the coeffi-
cients of the original equation.
If it is satisfied for one sign of the radical, but not for both
signs, then the primitive is of the form
Y (z,y,2)—C=0.
If it is satisfied for both signs of the radical, the primitive is of the
form
{‘l'l (%, y, 2)— 0} {'4’2(“" Y, 2)— 0} =
Ez. 1. The equation
22da? +y2dy? — 22 d2+ 2xy dady =0
satisfies the condition ; and the equivalent equations are
zdv+ydy+zde=0, wdz+ydy—zdz=0,
which lead to the integrals
2242+ -, =0, 22+y?—zt—ay=0,
and therefore a general solution will be
(2% + Y%+ 22— a) (22 +y2 — 22— a)=0,
ie. (#*+y2—a)=
in which « is an arbitrary constant.
Ex. 2. Solve
(i) Wdr2+mm'dy?+nn'd@+({Im' +1'm) dzdy +(In' +1'n) dzdz
+(mn'+m'n)dzdy=0;
(i) (zdrz+ydy+zdz)de=(2%-2%—y?) (vdz+ydy+2d2)dz;
(ifi) dzdydz=0
(iv) | dz, dy, dz |=0, where m is a constant.
x, Yy, mz
dz, dy, mdz
Ez. 3. Obtain a solution of the equation
a(b-c)zdydz+b (c—a) ydedz+c (a—b) 2dxdy =0,
consistent with the equation
az?+by?+ct=1.

(The former is the differential equation of the lines of curvature upon the
surface represented by the latter.)
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Ex. 4. Also of the equation
z%dz, yidy, 22d: |=0,

dz, dy, dz
Zy Y, z
consistent with the equation
xyz=1.

SIMULTANEOUS EQUATIONS WITH CONSTANT COEFFICIENTS.

169. We have hitherto considered only single differential
equations; we proceed now to consider systems of equations. The
simplest, and at the same time the most frequently occurring,
class is that containing only one independent variable of which
all other variables are functions; for the separate and complete
determination of each of these dependent variables, the number
of equations in the system must be equal to the number of
dependent variables. In this class are included most of the
differential equations of dynamics. Thus in the case of the chief
problem of physical astronomy—that of determining the motion
of a system of material bodies under the influence of their mutual
attractions—there is a single independent variable, the time
elapsed from some definite epoch, while the dependent variables
are the coordinates of the several bodies; these coordinates vary
with the time and so furnish the varying positions of the bodies;
and they are potentially determinate, since the number of equa-
tions is equal to the total number of coordinates. All equations
dealing with the small oscillations in a steadily moving system of
bodies are also included ; in them there is the additional simplifica-
tion that all the equations are linear, the quantities multiplying-
the differential coefficients being constants.

The general theory of the latter will be first considered.

170. Let ¢ denote the independent variable and D stand
for d/dt; taking the simplest possible general case, we have two
equations involving two dependent variables denoted by # and y.
As the equations are supposed linear, all the terms involving
differential coefficients of # can be gathered together, and so also
for all those involving differential coefficients of y; and the
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equations may therefore be written in the form

Si(D)z+ ¢, (D).?/=T:}

SiD)z+ ¢ (D)y="T,
where f3, f;, ¢1, ¢, are polynomial functions with constant coeffi-
cients, and T, and T, are explicit functions of ¢ alone, a constant
or a zero value not being excluded. Operate on both the sides of
the first equation with ¢,(D) and on both the sides of the second
with ¢, (D); then they become

$:(D) fi (D)@ + ¢.(D) ¢ (D) y = ¢, (D) Tx}
¢ (D) fi(D)zm+ (D) b (D) y =1 (D) Tof
Since the functions ¢ have only constants in their coefficients,
it follows that

¢:(D) $:(D)y = $1 (D) $(D) ,

and therefore the above equations give

{$:(D) /,(D) = $: (D) fo (D)} 2= (D) T1 = $1 (D) T .....(II).

Now let 4, I, m,, m,, be the indices of the highest differential
coefficients in f, f;, ¢., ¢,, respectively; then the index of the
highest differential in ¢, (D) f, (D) is m,+1,, and in ¢, (D) f,(D) is
m, + 1,; of these two numbers let » denote that which is not less
than the other, so that » is generally* the order of the highest
differential coefficient of # in the linear equation determining .
To solve it, we adopt the method of Chapter 111. applicable to an
ordinary single equation; if > be any value of # which satisfies
the equation (there called the Particular Integral), and A, X,,..., Ay,
denote the n roots of the equation

NN =D AN (M) =0.eereennnnnn (A),
the complete value of # is
=AM+ Aert + ...... + A et + P,
where 4,, 4,,...... , A, are arbitrary constants.
Proceed in the same way to eliminate # from the two funda-
mental equations, by operating on the first with f,(D) and sub-

tracting it from the second after this has been operated upon with
Ji(D); we then have

{6 (D) /(D) = (D) fo (D)} y = f1 (D) To = fo (D) Ty.....(ILD),

* But not universally ; see the Note at the end of § 172,
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and so, as before for z,
y = BieMt + Byerdt + ... + BpeMt + Q,

where B,, B,, ...... , By, are arbitrary constants, and ¢ is the Parti-
cular Integral of the differential equation (III).

171. We have, in the expressions for the two dependent
variables, two sets of constants arising from the differential equa-
tions (II) and (III) ; they are both composed of arbitrary constants,
but we do not know whether they are independent of one another;
this dependence may exist and yet the constants may be arbitrary.
Thus any one of the constants B might be a multiple of one of
the constants 4 ; the latter being arbitrary, the former would be
so also. We therefore must determine the number of independent
arbitrary constants. To do this, let the values of # and y be sub-
stituted in either of the equations (I), say in the first; then the
terms arising from P and @, which are particular integrals, give on
the left-hand side a term T cancelling with that on the right-hand
side. The resulting equation is

{Alfl (x‘) + B‘¢1 (7\‘1)} Mt + {Aﬂfl (7\2) + B2¢1 (7\2)} et 4 ...,
+ {A“.fl (x’ﬂ) + Bﬂ ¢1 (Xn)} et = 0.

Since this is to be satisfied for all values of ¢, the coefficient of
each exponential must be zero, and thereforc

A fi(M)+ B (M)=0
A i) + By (A) =0 ®)

..................

400+ Bah (o) =0

so that each constant B can be derived from each constant 4.
The number of independent arbitrary constants in the complete
solution of the simultaneous equations is therefore m, ie. the
exponent of the highest index in the operator

¢:(D) /1 (D) — ¢ (D) fo (D).

Hence the solution of the equations (I) is given by the fore-
going values of # and y; the quantities N occurring in the expres-
sions are the roots of the equation (A); and the relations between
the constants are given by equations (B).
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172. There is a corresponding theorem that, if there be three
dependent variables given by the three equations

SHiD)z+ ¢ (D)y+ 4 (D)z=T,,
fiD)a+ 6, (D)y+¥u(D)s=T,,
Ss(D)z+ ¢ (D) y + 45 (D)2 =T,

the number of independent arbitrary constants entering into the

complete solution is the index of the highest power of D in the
determinant

P Si(D), (D), 4 (D) |
Se (D), (D), (D) |.
S (D), $:(D), (D)

The same result is also true when there arc n dependent
variables, given by n simultaneous linear differential equations
having constant coefficients ; the number of independent arbitrary
constants, which enter into the complete solution, is equal to the
index of the highest power of D in the corresponding determinant.

For a rigorous proof of these statements, reference may be made to a
memoir by Chrystal, Trans. R. S. Edin., vol. xxxviI1. (1897), pp. 163—178.

Note. It must not be assumed that the number of arbitrary
independent constants occurring in the general solution, in accord-
ance with the theorcms in the last section and the present, is
always at least as great as the order of any one of the equations;
the number is strictly equal to the degree of the determinant.

The number of arbitrary constants may even be zero. An example is
given by Chrystal, in the form
(D*+ 1)z +(D*+ D+1) y=t,
Dz+(D+1)y=¢.

The quantity ¢q (D) fi (D)~ ¢, (D) fo (D) here is unity: and the solution is
given by
r=1+t-3¢, y=2-1.

173. If the roots of the equation (A) which give the coefficients
of ¢ in the exponents be real and unequal, the solution given
above is complete. It remains to consider the cases

(i) when there is a pair of imaginary roots;

(i1) when there is a pair of equal real roots;
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the case of equal imaginary roots will follow from a combination of
these two.

For the former, the solution obtained remains general ; but often
it is desirable to change the form so that it may be free from imagi-
nary quantities. The two imaginary roots, say A, and A,, may be
denoted by a + B7; hence the corresponding part of z is

eot (4, ehti 4 Age—f’“),
that is, e* (L, cos Bt + L,sin Bt),

on changing the arbitrary constants as in § 44. The part of y
corresponding to the two imaginary roots is similarly

et (M, cos Bt + M, sin Bt).

Instead of making the necessary changes in the relations be-
tween A4 and B, it is better to substitute again these expressions
in one or other of the fundamental equations and derive the cor-
responding relations as before.

For the latter case, the solution obtained ceases to be general
because two constants, say A4, and A,, become merged into one;
but it may be proved, exactly as in § 44, that the part of «
depending upon this repeated root A is

eM (A4 + A'),
and the part of y is
e (B + B't).

Ezx. 1. Prove that in the latter case the relations between the four
constants, reducing them to two independent constants, are

A i)+ B'¢ (A)=0,

40 +Bp )+ 4 L0 p 0D,

Ezx 2. If an imaginary root a+ B3¢ be repeated, write down the corre-
sponding parts of the complementary functions in # and .

174. It may happen that the question, in connection with
which the differential equations arise, will afford some indication
of the form of the result. Thus in a problem relating to small
oscillations, we should expect the values of the dependent variables
to be expressed in terms of purely periodic functions; and it would
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then be proper to substitute for # and y respectively functions of
the form

L, cos Bt + L,sin ft,

M, cos Bt + M, sin Bt,
instead of e* in the equations (II) and (III). By equating to zero
the coefficients of cos B¢ and of sin B¢ in each equation after these
values have been substituted, there will arise four equations linear
and homogeneous in the quantities L and M; and the eliminants
of these will furnish the values of 8. If on the other hand the
problem indicate a motion not purely periodic in character, the
form of value for # adopted would be

e*t (L, cos Bt + L, sin Bt),
and so for y. If there be no external information as to the char-

acter of the motion, then the ordinary method should be adopted.

Ez. 1. Solve the equations

Here we have

b

Dz+wy=0
- wz+ Dy =0}
and therefore the equation for « is
(D*+w?) x=0,
8o that z=4 cos wt+ B sin wl.
Similarly y=A'cos wt + B’sin wt.
The relations between A4, By A’y B’, are at once derived by substituting in
the first equation: we have
—wd sin wt+wBcos wt= —wd’ cos wt —wB’sin wt,
or A'=-B, B'=A.
The shortest method would have been to use the first equation to give y
in terms of z, so that

-_ldx
y » dt

= A sin wt — B cos wt.

This method is however applicable only in particular cases.
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Ez. 2. Solve the equations

a2 dy
az = d—'f+f"$=01

&y de
W+am+yy—0J

When we collect the terms which belong to the separate variables, the
equations are
(D*+p?)x —aDy=0
aDx+ (D24 p2)y=0|
Here the equation for z is

{(D* 420 + a2 DY =0,
and the value of x is

x=1L, cos B,¢+ Lysin B¢+ Lj cos Byt + Ly sin Byt,
where 3,2 and 8,2 are the roots of the equation

(w2~ ~aip=0;
and the value of y is

y=M,sin B,t — M, cos B, ¢+ M; sin Byt — M, cos Byt.
It is easy to prove that the relation between the constants is

Ly _Ly_Ly_ 1L,
0, M N,

=1,
Ez. 3. Prove that the solution of the equations in the preceding example
can be expressed in the form
z= A sin {pe® (¢ —£,)} + B sin {ue™ (¢ —4,)},
y=A cos {ue® (¢~ t;)} + B cos {ue™* (¢ — t,)},
where 4, B, t;, t;, are arbitrary constants, and a is defined by the relation
2u sinh a=a.
Ez. 4. Solve
dz
Pl by +c ]

di/_ ’ / /J‘
di =d'z+by+c

They might be solved by adopting the ordinary rule; the following is
another method applicable to this form.

Multiply the second equation by m and add to the first; then
d
@ (x+my)=z («+ma')+y (b+mb')+c+mc
=(a-+ma) (+my) +o+md,
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provided m be so chosen that
b+mb' =m (a+ma’),
that is, if m be a root of the equation
m?a’ +(a—b') m—b=0.
The foregoing differential equation, being

d(x+my) —dt
(@+mdy(@+my)Fetmd™

has an integral
(a+ma’) (z+my)+c4+md = Aetla+ma),

Let m; and m, be the roots of the quadratic equation; the last equation is
an integral, provided m is either m; or m,. On substituting m=mm,, we have

(a+ma’) (x+myy)+e+mycd = 4, et@+mae)
and on substituting m =m; we have
(@+mad) (+mgg) +o-Hmyd = Agetlo+ma),

where 4, and A, are arbitrary constants. These two equations constitute the
complete solution of the given pair of simultancous equations when the roots
of the quadratic are unequal.

To discuss the case, when the roots of the quadratic are equal, we write
Mo=m + €,
and keep e small: and we take
A=A +ed;.
The second equation then gives
(at+md +ea’) (w+my+ey)+cat+myc +ec' =(A;+ed3) etla+ma) +eat,

When we expand in powers of ¢, the terms in € cancel, owing to the first
equation. We then divide out by a factor e and, after division, we make e
vanish ; then

@ (z+my)+(a+ma’)y+¢=(43+a’t4,) eta+ma),
which is to be associated with
(a+m ) (4+myy)+c+myd =4, et@+ma’),
These two equations constitute the complete solution in the present case.

Ez 5. Solve, in the same way as the last example, the equations
2z
= ax +by

Z—;‘g: az+by
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Ez. 6. Solve the following equations:

. dx d
@) a—‘+7x—y=0, dz+2x+5y =0;

... dx d,
(ii) dt+5r+y—e, (7‘1:+3y-x=32‘;

(iii) 4 flf+9d’/+44x+49g t, 3d—’”+7dy+34z+3sy—et
. d;

(iv) 4 Zt +9 /+11x+31y e, 3d—x+7dt+8x+24y=e2‘;
™) 4Zf+9d‘?+2x+3lg/=e‘ Sd +7dy+x+24J—3

)
(vi) %;+m2g/=0, %%—mzx_o

d2y
z+x+y+5 =0.

... Pz
(vii) »7—31' 4y +3=0, 7

SIMULTANEOUS EQUATIONS WITH VARIABLE COEFFICIENTS,.

175. It will be assumed, as before, that there is only one
independent variable, and that therefore the coexistence of m
simultaneous equations should suffice to determine the relations
between the m dependent variables and that of which each is a
function.

Further, it will be sufficient to consider systems of simultaneous
equations which are only of the first order; for, to these, any other
system can be reduced. Thus if into any one of a given system
a differential coefficient of the n' order should enter, such as le Z,
we could obtain an equivalent series of equations of the first order
by making the substitutions

._dy dyl — dy? . dyn-—l
yl_a—x’ :_’/ d«’l;‘ ys—%’ """" ,yn——ax‘:

which are all of the order stated; and the corresponding sub-
stitutions for all differential coefficients of order higher than
unity will transform any system of simultaneous equations of
any order into an equivalent system of equations of the first
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order. If there be m dependent variables, this system must
contain m equations each of the form

¢(w,y,,y,, ...... , ym,—j‘;, ...... , —é;):O.

176. The solution of this system of equations can be made to
depend upon the solution of a single differential equation of the
m™ order connecting one of the dependent variables with the
independent variable.

For let the m equations be solved so as to give the m differ-
ential coefficients as explicit functions of the variables ; and suppose
these relations to be

d
a‘% = '\P‘l (wr 3/1, Z/z, ----- H .’Vm),

d
'd'._%!'_—"l"z(wr Yis Yoy -ovven ’ ym))

@

....................................

Let the first of these be differentiated m — 1 times in succession
with regard to # and, after each differentiation but before the next,
£ dys @Y

da’ i
m —1 of these equations. There will thus be obtained, including
the first equation, m equations connecting

let the values o be substituted from the last

dy, 'y, A"
de’ dat’ s T
with the variables z, ¥, %, ...... , Ym; from these m equations let
the m —1 variables v,, ys, ...... , Ym be eliminated, so that there
will result a single equation which may be represented by
dy, d*y dmy
Fog e, G ) =0

This equation, being of the m'™ order, has (§ 8) m independent
first integrals each involving one arbitrary constant, all the m
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constants being independent of one another; these integrals we
may represent by the equations

d dm—l
Fl (a:, Y1, HZ;, ...... N E‘;ﬂ;’l/:, 01)‘:0

d dm
By (o g0, s s i, og)=o ,
F, (x, Y, ddi/v_l’ ...... , %%‘, O'm)=0

in which the constants C' are independent. But from the pre-
ceding equations we know the values of the differential coefficients
of 3, in terms of all the variables; when these are substituted in
the set of equations F, the latter take the form

D, (, Y15 Ya5 eeveen y Ym, 01) =0
D, (2, y,, Yas eeeees » Ym, C)=0
<I>m(.'c, 3/1» 3/2, ----- ] ym’ C'm)=0

which are sufficient to determine each of the variables y as a
function of #; they are an integral system and contain m arbitrary
constants.

Hence we have as the general result :

The complete solution of a system of m differential equations
of the first order between m +1 variables depends on that of an
ordinary differential equation of the m'™ order and consists of m
equations, connecting the m + 1 variables and containing m indepen-
dent arbitrary constants.

The foregoing is the general theory; but, in particular cases,
simplifications arise enabling much of the labour indicated in the
general theory to be dispensed with. Thus, if the equations consist
of a set each of which is linear in the derivatives, it may happen
that an integral of each equation of the form

Pdz+ P,dy, + P,dy, + ...... + Ppdy,=0
can be obtained in the form

Y O TR TR s Ym) =0,
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and the long process would not need to be gone through. Again,
instead of determining the m independent first integrals, it would
be sufficient to determine the primitive of the ordinary equation
of the m'® order; for from it could be derived other m — 1 equations
in which the values of the differential coefficients could be sub-
stituted, and an equivalent result would be so deduced. Again,
in the case when the equations are all linear, we can solve them
to obtain the ratios of the m + 1 differentials in the form

de _dy, _dy, _dYn
X—le—z—....‘.-y;n’
which might be called the symmetrical form; the mode of treat-
ment for these will sometimes (depending upon the form of the
denominators in these fractions) differ very materially from, and
be much more convenient than, the general process. Examples
illustrative of this statement will be found appended.

Er. 1. The general method can be avoided, if integrals of all but one
equation can be obtained and, & fortiors, if all the integrals can be obtained.
Thus the equations

ldz+mdy+ndz=0,

xdz+ydy +2dz=0,
lead at once to the integrals
le+my+nz=c;, 2°+y2+2t=cy,

which determine y and z in terms of z.
Ez. 2. Solve
tdz=(t—2x)dt,
{tdg/ =(tr+ty+ 2x—t)dt.
d?z  _de

ay 2 _dv
aa i@

(i)

dz _dy _d: ]
Exz. 3. Solve X=¥V=2 where

X=ax + by +cz+d
Y=dz +by+cz+d
Z=a’,x+blly+cllz+dl!

In equations of this form, it is convenient to introduce some new inde-
pendent variable and to make all those variables, which already occur in the
F.D.E, M
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equations given, functions of this new variable. Calling the latter ¢ we may
assume, as an advantageous form,
dt _dr_dy d

T XTY  Z
_ldv+mdy+ndz
T lX+wmY+aZ

_ ldz+mdy+ndz
T AN(le+my+nz)+r’

provided Z, m, n, A, be so chosen that
al+am+a’n=\
Bl4+m+b'n=xm} ;

cd+cm+c'n=2An
the value of r is

ld4+md' +nd".
Eliminating [, m, n, between these three equations, we have
a-}\ a, a” =0,
b, Y- OV

¢, d, =2

a cubic equation determining X; let its roots be Aj, Ay Az. When 1}, is sub-
stituted in any two of the foregoing equations, the ratios of {:m :n can be
derived ; let them be denoted by I, :m; : %y, and suppose the corresponding
value of » to be »,; with similar expressions for the other values of A. Then
for the value \; we have

dt  Ldz+mdy+nde

t M(he+my+me)+r’

the integral of which is
ert=(lha+my+mz+r N
Similarly czt=(l2x+mgg/+n22+7-2)\2‘1,\>‘{l,
and est=(lsz+mzy +nzz+rghg)h

In order to obtain the general solution of the systewn of equations as given,
we must eliminate ¢ between these equations ; when we write ¢;= Ac¢;= Be;,
where 4 and B are arbitrary constants, the general integral as required is
given by the equations

(llx-l-m]y+n1z+r,)\1'1)"1'l=A (L4 may +ng2+ AN}
=B(lzz+mzy+ n32+r3)\3‘1)"f1.

Ez. 4. Solve in this manner the equations

e W __ _d
T 3y+4z 2y+5z°
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Ex. 5. This method may also be applied to solve certain systems of
equations 1n which the variables do not occur so simply as in Ex. 3. Thus
let us consider

dz
7 + T (ax+by)=T)

Z—‘;/+ T(@dz+by)="T,

where 7, T}, Ty, are functions of z. Multiplying the second equation by { and
adding it to the first, we have

% @+l AT (x+ly) =T\ +1T,,
provided ¢ and X are determined so as to satisfy the equations
a+ld =},
b+l =0,
80 that the values of A are A; and Az, the two roots of
(@a=A) (V' =) —a'b=0.
The integral of the foregoing equation being
(@+ly)NT®= A + (T, +1Ty) N7 gy,
the complete solution of the original equations is given by
(@+ly) MITC= A 4+ [(Ty+1, Ty) M I T gy,
(w4ly) T = A, 4 [(Ty 41, Ty) *aI T gy,
Ez. 6. Solve the systems of equations

dr 2
(@) 5 +5@=p)=1
dy ’

1

(B) lt%:ann(y—z)

d
a;/= nl (z=—2)

mt

dz
ntgz=lm (-

dz
)  gG=ry-—m

ly .,
m_lz ne
(~i—z=mx—ly

dt
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JAacoBr's MULTIPLIERS.

177. At the end of § 1706, reference was made to a system of
m differential equations of the first order and the first degree,
arising in the form

- o TR S T teeeee =

where all the quantities X, Y,, V,, ..., Y, are functions of
&, Yy, Y1 --.» Ym- Many investigations of general properties of
the integrals of the equation have been made; among these, one
of the most important is what is known as the theory of the last
multiplier. Only the simplest cases will be considered here;
reference to other sources must be made if ampler discussion is
desired *.

Consider the equations
do_dy_dz
X Y Zz
where each of the quantities X, Y, Z, is a function of «, y, z; and
let their integrals be denoted by
f@y2)=a g(zy 2)=b
Then any relation of the form
F(f,9)=c
is also an integral. Moreover, the equations
Soda + fydy + fdz =0,
92dz + gydy + 9,dz=0,
are satisfied in virtue of the given equations; so that
Xfa+ Yfy +2f,=0,
Xg.+ Ygy+Zg.=0.

* The theory is originally due to Jacobi; his fullest exposition is given in a
memoir, Ges. Werke, t. 1v. pp. 319—509, and a simpler exposition is given in his
Vorlesungen iiber Dynamik, pp. T1 et seq. Cayley’s memoir, Coll. Math. Papers,
vol. x. pp. 93—133, may also be consulted.
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Let

=\t | B=|fo fol =|fer Sy |5
Jys 9z 9z Yz 9z Gy
then a quantity M exists such that
A B C
x- vz~
Now it is easy to verify that
04 oB  oC

Tyt

vanishes identically ; consequently
0 0 0
553(]l[X)+5§(MY)+a—Z(MZ)=O,

and therefore

oM oM oM 0X oY oZ
D_x+Y8y Z——+M( +8y+az) 0

say
EM)=0,
an equation satisfied by M. It no longer contains any explicit
reference to f or g.
Suppose that two solutions of the equation
E($)=0
are known, say M and &, and assume that their ratio is not a pure
constant ; then
EM)=0, E(N)=0,
and therefore
NE(M)— ME(N)=0.
When we divide by N3, this equation can be written in the form
o (M d (M (M |
x5 (¥)+ Yoy (7)) 7a(x) =0
Consequently, the equation

s0) ) &) |-
fo o S o fz
Jz Iv > Js
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must be satisfied. It cannot be in virtue of f=a or g=>b that
the equation is satisfied, for @ and b do not occur; hence the
equation must be satisfied identically, and therefore (§ 9) there
must be a functional relation between M < N, f, g, free from all
variables. Hence

M
N=F(f’ 9)=F (¢, b)=c,
say, so that o is an integral of the original differential equations.
y v g g q

In other words, when two solutions of the equation K (M )=0 are
known, these solutions not being constant multiples of one another,
their quotient equated to an arbitrary constant is an integral of
the original system.

Quantities, such as M and N, are called multipliers.

One or two corollaries aro practically obvious: they will be stated without
proof.

I. If one multiplier M is known, then every other multiplier is of the
form Mk (a, b).

II. If three multipliers L, M, ¥, are known, such that L+ and M=V
are not pure constants, and such also that L+ ¥ and M-~V arc not connected
by any functional relation involving only pure constants, then

can be taken as integrals of the original differential equations.

IIT. If ox 3
Ft Y aZ
Fr + En + —a;=0,
then one multiplier is known: we can take M=1, so far as the equation
E (M)=0 is concerned.

The importance of the multiplier lies in the property that,
when one integral of the equations has been obtained and when any
multiplier is known, another integral can be obtained by quadratures
only.

Let the integral which has been obtained be
Sy 2)=a;



177] LAST MULTIPLIER 359

let M be any known multiplier; and let the other integral, as yet
unknown, which would be associated with f=a to give the mul-
tiplier M, be

gz, y,2)=0b.

By means of f(», y, 2) =a, let one of the variables (say z) be
expressed in terms of @ and the other two variables; and let the
value thus formed be supposed substituted in the other integral,
with the result

G(z,y,a)=0b.
Now
9z = ?)f + aa,f’“
9= %gf;:

and therefore

MX:\f'J’fzt _G

Jys 9z b?
oG
My=|fofe o G,
9z, 9= ‘ axf
Now
a¢=2% a5+ 20 qy,

ay

where d@ is a perfect differential: substituting on the right-hand
side, we have

dg=" (de—XdJ)
S
The left-hand side, regarded as a function of z, y, and the con-
stant a, is a perfect differential ; hence, when the quantities on the
right-hand side (all of which are known) are expressed in terms
of z, y, a, the expression is a perfect differential. Effecting the
quadrature, we have

G (z, y, a)=J'J;—;[(de—Xdy).
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The quadrature thus gives us G'(z, y, a). When the quantity
a is replaced by f(z, y, z), we have the second integral in the

form
g (z, y,2)=0b.
Ez. 1. Consider the equations

dv _ dy __ dz
x(y-2 yE-x z@@-y)
Here, we have
0 oY o7

M Z=0:
ox o_y+oz 3

hence we can take unity as a multiplier. Also 2#+y+2z=a is clearly an
integral, so that
S=zty+ts

and f,=1. To obtain another, we have to replace z by a —z—y in
[(Ydz— Xdy)
and effect the quadrature: that is, we have
§{y(a=25~y) do - (z +2y—a) dy}

=azy—a%y—y*

=2y (a—z-y)
The other integral, by our theorem, therefore is

xyz=">.
Ez. 2. Integrate the equations:
dz dy dz

D ar-a =i " iw—n’

i) _dz __dy _dz
W oA = @) T a@ gy’
(i) —dz __dy _ dz .
z(@+y) y(v+y) (-y)(@v+2+s)’
dx ay dz

V) i ? = fgata " Pyt
Ex. 3. The method can be applied to a differential equation of the second

order
d?
Jg =k (2 y),

when a first integral is known,
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We have
dz _dy _dp
1 p &’
where p=z—‘z ; 80 that an instance of the general system arises when we take
2=p,
X=1, Y=p=2 Z=h(z,y).
Thus _— )
p Y oz
a_.l‘- + @— + 'é; =0;

and so unity can be taken as the value of M.
Let the first integral, supposed known, be
f (2,9, p)=a;
and let this be supposed resolved to give
p=v¥(%9, ).
Then the general theorem shews that another integral is given by

Ez. 4. Consider the equation*

¥y’ —3y*=f(2),
where f(z)=ax?+2Bx+7.

Writing 3 =2, we have

dv_dy_ __ds
B TR
The equation for M is
L aM+ L IR ——+M§—_0
z
of which an integral ma.mfestly is

M=y-*t.
If then we can obtain a first integral of the original equation, the primitive
will be derivable by a quadrature.

Now
W'-31=7 @)

¥y =3y =1 (),
Yy +3yy" =3yt =f" (2),
¥y +3yy"=0,

* Laguerre, (Guyres, t. 1. p. 402,
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because f”(z)=0. From the last we have
Ll

and so
‘,/lv:,lﬁ =a.

Eliminating 3", 3", 7" between the last equation and the three above, we find
2y/f=3yf' =3 (a2 - 4f3—paydf)},

A=f2-2ff"=4 (8"~ ay).

Accordingly, we have a first integral of the equation in the form

where

p=r =15 4 o -4 -partpt
£y
77

R.

= }. = }.
To apply the theorem, we need g—; : we find
@ _1opy-%
i 12y~ 3,
The integral, being

M
@ (pde—dy)=b,
op
becomes
{12R (dy — pdz)=1;
or multiplying up by —8, we have

do {—}ydx—%dy
7t T

To effect the last quadrature, write

('

= —8b,

then
3dy —“f? yde= —%du,
R=y(a-Ltau-ud)}
so that the equation y@a-s &

dx / du
—_— + —_—_——
s u(A—{,au—u“)i

gives the primitive.
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Ex. 5. A first integral of the equation

ldzy

7 dz —5=142tan’z

is of the form
d_,_y =y (x) +ey ()
dz=Y :

Determine the primitive; and compare the result, obtained by the process
of the multiplier, with the result of immediate integration of the first
integral.

There is one case in which a value of M can be obtained.
Suppose that
10X 09Y  oZ
x5+ oy T a)
is the complete derivative of a function £ with regard to «, account
being taken of the relations

dr _dy dz

Then we have

oM YaM Z oM _OoM oMdy oMds dM

T X oy oy tX o 8a:+8y dot o &=

and the equation for M becomes

dM i M ZE =0,
so that we can take
M=e¢

A general instance of this type is given by Jacobi* in the form

d”y 0¢ (dy\* 0¢ dy
iy, (dx) towds V=0

where ¢ and ¥ are any functions of # and y. As in some of the
preceding examples, we take

so that, writing
¢> o _
=iy —pa -V

* Ges. Werke, t. 1v. p. 408,
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we may take the subsidiary system in the form
do_dy_ds
1 p Z°
Then
X ,0) oz op 0
(&t ) -

oz 0y 0z p@_a—x

d¢

and therefore
M=e
If then a first integral of the differential equation can be

obtained, the primitive can be constructed by means of a quad-
rature.

Ez. 1. Integrate the equations

(i) 2% dz dy  dz
W o e T atytt T wtart

Ez. 2. Obtain the primitive of the equation

d? d
y2d7/2+,/(dz> +by —cx=0,

where b and ¢ are constants, having given that a first integral is
Pp3+bxy?p?+(by — 3ex) 12 p+ cy3 + by?w — 2bey a? +c2at= A,

or, what is the equivalent,

(yp+7\3/+§ »z) (.w+>\’y+ ) (1/10+7\' Y57 x> =4,
where A, X', X, are the roots of the equation

A4 b\ —¢=0.

The preceding investigations have been restricted to the case
of three variables and two equations. Corresponding results hold
for the case of n+1 variables and » equations; but they will
merely be stated here, and the proofs will be found in the works
cited (p. 356) at the beginning of this section.
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Let the equations be
do, dxz dzy _ dTny

XX TR, S Xy
where each of the quantities X can be a function of all the

variables.

I. The equation for the multiplier 3 is

n+1
$x, ysteE

r
r=1 0z, rla

If any two solutions of this equation, M, and J/,, are known, their
ratio not being a pure constant, then

M, o

M, 7
where a is an arbitrary constant, is an integral of the differential
equations, Let u; =0y, u,=ay, ...... , Un = 0ln, be a complete system

of integrals, and let M be any multiplier; then every other multi-
plier is of the formm M¢ (a,, ay, ...... , ay). And if

‘%‘+%+ ...... +af;:‘—0,
manifestly we can take M =1.
II. Let
U=, Uy=10, ..u... » Un—y = Gn_1,

be n—1 integrals of the equations, so that all the integrals save
one are known; and let M be any multiplier. Then the last
integral of the equations is given by

0 (Uy, Upy eveens , Un_y)
0 (a3, gy evvn. s Tnt1)

J M (Xyda — Xod) = an,

where a, is an arbitrary constant, and all the quantities in the
subject of integration are to be expressed in terms of

by means of the given n — 1 integrals of the system.

It is on account of the theorem last stated that the name
last multiplier was attached to the quantity 3/ by Jacobi.
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Ez. Shew that, if two integrals of the differential equation

F(zs Y 3/', .'é/")=0
be known in the form

f@ 09,9 )=a 9@=9Y,9)=8

then a third integral is given by the relation

dy—ydr _
o 7

(¥, y")
(9

where 3’ and 501, ) are to be expressed in terms of # and y by means of the
)
equations f=a and g=@: the quantities a, 3, y, being constants.

A SpECIAL SYSTEM OF EQUATIONS IN DYNAMICS.

178. There are two classes of simultaneous equations which
are extremely important; one is the class already considered in
§§ 148, 149 as the generalisation of Euler’s equations leading to
one class of higher transcendental functions ordinarily called
Abelian functions; the other is the system of equations which
determine the motion of a particle attracted to a centre of force
that acts according to the gravitational law. The latter may be
represented by the simultaneous equations

dz R dy OR dz R

W'&"a—w—, EF_—:@, W=8—z' ............ (l),
in which R is a rational function of 7 or (a?+y2+ 22}, the
distance of the point 2, y, z, from the origin. To express the com-
plete integral, three independent equations (or their equivalent)
will be necessary. Since each equation may be replaced by two
of the form

yodo  dn_0R
'Tdt’ dt ox’

giving six equations in all to determine the six quantities, the
investigation of § 176 shews that we must have six arbitrary
constants in the solution.
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de dy de

If we multiply the equations (i) by i’ dt’ dt’ , respectively, add

and integrate, we have

HEG + () + (@)} -ren

in which B is an arbitrary constant.

Another form may be given to the equations (i). Since R is a
function of r, we have

BR _dRor wdR

and so for the others; and thus (i) becomes

dz_zdR  dy ydR  dz_2zdR
de "rdr’ dB " rdr’ de " rdr

Therefore
o - y%i—”f-=°:
e
‘G- ‘fé -0,

of which two only are independent; the integrals of these are
respectively

dy dz _
ogt Y@=
dz dy
ikl
dr dz _
‘T Ca O

Squaring and adding these, we have

sy e (G + (@) - (@)} - (G eyt

= 012 + 032 + 032«= A’,
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where A is an arbitrary constant; this is equivalent to
dr g
2r3 (R + B) — ( d t) —4

that is, to
rdr

T PR+ B)-AF

and therefore
rdr .
t+ =f ............... 11).
=) 2r B+ B)— 49t @

From the equation just obtained, we have

OR=— 2B+‘i2 + (‘(Z‘)

and therefore

dR dr A2 dr dr d*r
2_drdt —2r332+2dt de’
that is,
dR A’ dr
dr =" tas

‘When this value is substituted in the modified form of the
original equations, the first of them is

d*x d2r z

dt2=mdti_‘42r_ﬂ’
i(rfil”_” d’>+A
or a\"dt % dt
2d 2d &z ,ﬂm_
or r (%{T at(;)}-*-ll 7—‘——0.
Let dp= Ailf
Adr

r(2r(R+ B)— A9’

then the foregoing equation forg is

) vi-o
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and therefore
;—lf= @, Co8P+aSING ..oiiininiiinnn.. (iii).

The second and third equations, similarly treated, lead to

bicosp +b,8ingd .ooenininnnnen.n. @iv),

IR L

=C,CoSP+CSiNp ...l );

and in these the constants a, b, ¢, are arbitrary. But they are not
independent; for we have always

2+ yr+2=1
whatever be the value of ¢, and therefore the relation
(a2 + 02+ ¢®) cos®p + 2 (ayay + b, b, + ¢,¢,) cos ¢ sin ¢
+(a? + b +¢?) sin*p =1 = cos® ¢ + sin’¢p
is satisfied for all values of ¢, so that
a’+02+c2=1
a2+ 02 +ci=1y .iviiiiiniiinn... (vi).
a,a,+b,b,+cc,=0

The six constants are thus equivalent to three independent
constants. Further, we may put (iii) into the form

§= p1cos (¢ + Bi),

where p, and 8, are arbitrary constants; thus an arbitrary constant
is associated with ¢, and one will not require to be added in the
equation

é— j‘ Adr
{22 (R + B) — A%}

We have now sufficient equations to determine the general
integral. By mecans of (vii) ¢ is given as a function of », and
therefore by (i) as a function of ¢; hence (iii), (iv), (v), give =, ¥, 2,
s functions of #. Moreover, we have six independent arbitrary
constants, viz., A% B, a, and the six quantities a,, a,, b, b, ¢, ¢,,
connected by the three relations (vi). These therefore constitute
the general integral of the differential equations.
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Ex. Solve in this way

&
(@249} S +pr=0

&
(a*+y)t SL 4y =0

Also solve by transforming to polar coordinates.

MISCELLANEOUS EXAMPLES.
1. Prove that, if
d6 (m—ncos ¢p)t =d¢p (m —n cos o)k,

- 2
then 2m-n <02+ 1—1) +n (ccos 0+ _1 cos 6—¢) =0,
c 2 [ 2

¢ being an arbitrary constant.

2. Let F (2) denote the integral

/ N dx i
prove that an algebraical relation equivalent to
F(2))+F (w)+ F (23)=0
is 4(1-22) (1 =22 (1 — 23" =(2 =22 — 2% = 22 + 122 222 25)2

3. Let £ (z) denote the integral
z (1 -2 }
/ . {T¥x2 } dx;

E (21)+ E(29) + E (23) = — k2212273,

where xy, 2, 23, are related as in the previous example.

verify that

4. Verify that

Iy Y1y 1 |=0
Z2y Yoy 1
Z3, Y3 1
is an integral of
d.l‘l d.l‘g dz_—;
0,

+ + =
(1-z9)% (-8 (1-z?)}
¥ being given by the relation 23+ 33=1.
Interpret the result geometrically.

(Cayley.)
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B. Prove that the integral of

dx b ay
e T

may be exhibited in the form
' (144%) (1+2°) (1+0%) =(1 +ya),
where @ is an arbitrary constant; and that the integral of
dz dy
7+ =
(423~ Iz +J)s (498 - Iy+J)E
may be exhibited in the form

(42— Ie+J) (4P~ Iy +J) (4a® — la+J)={4zya - 3] (z +y+a)+J}3,

where 7 and J are definite constants, and « is an arbitrary constant.
Shew that a general integral of

X-3dz+ ¥-3dy=0,

where X=(k, I, my njz, 1)

Y=(k, I, m, nly, 1)3,
is XYZ={k+1(z+y+2)+m(vy +yz+22)+nxyz}3,
where Z=(k, 1, m, nYz, 1)},

and z is an arbitrary constant.
(MacMahon and Russell.)

6. Prove that integral relations equivalent to

dg  d¢ , dy_
26T ag Tayp=°
sin?6dd |, sin? ¢d¢ sinfydy =0 ’
Af “Ag Tay
where Ax={(1-«sin?y) (1 =Asin? x) (1 - psin? x)}i,
sin {r sin ¢ cos 6 A + sin fsinycos ¢ AP
are (sin? 6 —sin®¢)(sin?d — sin?yr) * (sin? ¢ —sin? §) (sin® P — sin? )
sin ¢ sin @ cos { Ay
(sin2 {r — sin? 4) (sin? yr — sin? ¢)
d cos{r cos P sin § A + cos f cos yJrsinp Ap
4G Sin?@—sin? ) (sin?G—sin? ) © (sin? p —sinZ ) (sin? p — sin? )
cos ¢ cos fsin{ Ay

(sm“’ V —8in?6) (sin?—sin? )
Determine 4 and B from the conditions that ¢ =a and Y= when §=0.
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7. Find the primitives of the equations
(1) (ay—bz)dz+ (cz—ax)dy+ (bz—cy) dz=0;
(i) dr(y+2-2x) , dy (s+x—2y)  dz (x+3/—2z)=0;
@-2)(z=2)  (z-3)(x-3)  (¢-2)y-2)
(i) (¥2+yz+22) de+ (2 +2w+2?) dy + (2 + 2y +y?) dz=0.
8. Shew that, if the equation Pdz+ @dy+ Rdz=0 satisfies the condition
of integrability (§ 151), and if P, @, &, are homogeneous functions of , , 2, of

n dimensions, the integral can be obtained by introducing new variables
» and » such that z=wuz, y=vz.

Hence obtain the primitive of the equation

(22-y2+20) do+2dz (y —2)= z2dy_‘t_dz(y2 22)

in the form

fe‘"’alu+0=e"‘2 ,
Y-z
where z=wuz.
(Euler.)

9. Solve the simultaneous equations
. dzx dy ds_
) am—(b—c)g/z, b‘—i?—-(c-a)zx, czﬁ—(a——b)xy,

expressing each of the quantities #, ¥, 2, as elliptic functions;
(i) dy dz
Y +yz+’2 Atz t+a attay+yt

10. Integrate the system of equations

do

T +ax+ by cos nt+bzsin nt=0,

aw—%;- by sin nt+ bz cos nt=0,

bw cos nt+ b sin nt— i—i{ —-az=0),

bwsinnt—bxcosnt+aj—§~0

11. Integrate the simultaneous equations

:ll;:+n2 {u— 3¢ (uf +o)} =0,

a?
2 7 (=30 (u + o)} =0,

where £ is written for cos (a¢+b) and 5 for sin (az+b).
(Liouville.)
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12. Solve the simultaneous equations

dty  d%
A It Thre=o,
diz dy

st dzs*‘bdzf*“”

13. Shew that any system of lines, described on the surface of the sphere
2%4+y2+22=7r2 and satisfying the equation

(1+2m)xdz+y (1—-2)dy+2dz=
would be projected on the plane of zy into parabolas.

Find the equation of the projections of the same system of curves on the
plane of yz.

14. Shew that Monge’s method (Ex. 4, § 153) would, if we integrate first
with respect to # and z, present the solution of the equation in the preceding
example in the form

(142m) 22 +2"=¢ (%), 2y (1~z)=-¢'(¥).

Apply this to solve the problem of the preceding example; and identify
the results.

15. Integrate the simultaneous equations
d’z, OR  d%x, OR d*z, OR

di T’ dE owp U de T omy’

where R is a function of (2,2+ 252+ .. +x,.2)}-
(Binet.)

16. Shew that, if
f(@toy+otz)=X+ol¥+0?Z,
where  is any cube root of unity, then
Xdz+ Zdy+ Ydz,
Zdz+ Ydy+ Xdz,
Ydz+ Xdy+Zdz,
are perfect differentials dP, d@, dR; and prove that the surfaces
P=a, Q=b, R=c,

where they intersect at a common point, intersect in pairs at the same angle.
(Laurent.)



CHAPTER IX
PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST ORDER

179. HiTHERTO we have been considering for the most part
differential equations in which the dependent variable or, in the
case of a set of simultaneous equations, the dependent variables
are supposed to be functions of only a single independent variable.
We shall now consider equations in which the number of indepen-
dent variables is greater than unity; and we shall suppose that there
is only a single dependent variable. The latter is usually denoted
by z; if it be a function of only two variables, these are usually
denoted by  and y; if z be a function of more than two, say of n,
then it is convenient to denote the latter by =y, #,, @, ...... 5 Tpe

The first partial differential coefficients in the former case, viz., g—;

2

and 3y are represented by p and g respectively; in the latter
case, the partial differential coefficients Qi, aﬁ ) eeneee s ?—Zv. are

axl aa:g axn
represented by p,, p,, ...... , Pn, respectively.

An equation in partial differential coefficients is a relation
between the independent variables, the dependent variable (which
is an unknown function of those variables) and its partial differ-
ential coefficients with regard to them. It is of the first order
when all the partial differential coefficients which occur are of
order not higher than unity, of the second order when the partial
differential coefficients of highest order which occur are of order
two; and so on. In this chapter, we shall consider only equations
of the first order.
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It may happen that we have more than a single differential
equation relating to the same set of variables; for instance, we
might have two equations between z, z, v, p, ¢. In this case the
two equations could be solved and from them values of p and ¢ in
terms of z, y, and z, could be deduced; these could be substituted
in the equation

dz=pdz+qdy,

and we should thus obtain a total differential equation. Similarly
in the case of n independent variables, n equations would be
sufficient and necessary to determine p,, p,, ...... , Pn; these n
equations would then be considered as furnishing a total differ-
ential equation. When the number of equations is less than the
number of partial differential coefficients and therefore of course
less than the number of independent variables, we are not able to
deduce solely from them a total differential equation. When only
a single equation is given, we call it a partial differential equation;
when several equations are given, we call them a stmultaneous
system.

As in the case of ordinary differential equations, the integration
of an equation is the derivation of all the values of z which, when
substituted in the differential equation, render it an identity.

CLASSIFICATION OF INTEGRALS.

180. Before indicating methods of integration and giving such
classes of equations as are easily integrable, it is necessary to
classify the different kinds of integrals of a partial differential
equation and to prove that the classes include all possible integrals
of the equation. For perfect generality the propositions should
be proved for an equation involving n variables, but the proofs
are given for an equation involving only three variables; this
limitation has the advantage of shortening the equations and of
lessening their number, while very slight consideration will shew
that it is possible to pass to the general case without any essential
difficulties of analysis.

181. Suppose that we have between z, 2,, #,, 3, a relation of
the form
F (2, @y @y @5, @y, gy A5) =0 eooiniiiiiiins 1),
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in which a,, @,, a,, are arbitrary constants and which contains no
differential coefficients of z. To obtain p,, p,, ps, we have the

equations
of LU _

2P T o=
af of
Dot 5= OV e (2).
3f o _
azp3 a—a:—g— 0

Betwecn equations (1) and (2) the three arbitrary constants
can be eliminated; and usually the result of the elimination is to
provide a single equation involving the variables z, 2, #;, 3, and
the derivatives p,, p,, p;. If in (1) there were more than three
arbitrary constants these equations would not be sufficient for the
elimination, while if there were fewer than three there would be
more than sufficient equations. Let the result of the elimination
in the present case be denoted by

F(py, pay ps, 2, @1, @5, ) =0 cevevnnnnnnnn. (A),
which will be the partial differential equation corresponding to the
integral relation (1).

Conversely, this integral relation (1) is a solution of (A), and it
contains three arbitrary constants. We cannot expect more than
three arbitrary constants in a solution of (A); for, on passing from
such a solution to the differential equation by the method in
which (A) has been obtained from (1), only three constants could
be eliminated. Hence (1) contains the greatest number of arbi-
trary constants that we can expect in a solution of (A).

The name Complete Integral of an equation is given to a relation
between the variables which includes as many arbitrary constants
as there are independent variables.

Nore. It must not however be assumed that an equation, having the

form of a complete integral, always leads to one (and to only one) partial
differential equation,

Thus the equation
e={(@1— @12+ (22— ap + 23 as,
when treated so as to lead to a partial differential equation by the elimination
of the three arbitrary constants a,, a,, as, leads to the two equations

2l+pt=1, pg=1,
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182. The supposition has been made that a,, as, a;, are con-
stants; and we have deduced equation (A) from (1) and (2). But
we may suppose that a,, a,, as, are functions of the independent
variables. If these functions are chosen as to leave unaltered the
forms of p,, p., ps, then the differential equation obtained by the
elimination of the functions will be the same as in the case when
the quantities @ were arbitrary constants, for algebraical elimina-
tion takes no cognisance of the value of the quantity eliminated
but only of its form. Now with the new supposition that the
quantities ¢ are functions of the variables ,, ., 2, the values of
the partial diﬁ'erential coefficients are given by the equations

f+8faal of 0a; | Of Oay _

0z, ' 00, Om, ' Oy Om;, = Oty O,
Bf i of 3f% Of 0a, gaﬁs_o
3o P Bx, 0a, 0z, @ 0a, 0z, = Oz 0%z
of i of | of 0a, | of Qa, , Of Oay_
2. P Oz, | 0a, 0x; = 0, 05 Octy oy

But the forms of p,, p., ps, are to be the same as before, when
they were given by equations (2); in order that this may be the

case, we must have

of 04,
oa, oz,
of
0a, 0z,
of oa,

0a, 0z,
e,
o,

o,

o _
Rgl=0, R

ox,’
ox,’

oxy’

oa, 0z,
o ta,
00, 05
Bf oa,

da, Oz

0a,

ox,’

8a,

ox,’

8a,

Oy’

rY _
ooy

of 9as _
0a,0m;

o 00, _

o0a; 0z,
of 0a,

0a; 025

o,
0,
ais
0,
B_ag
0z,

=0, R

Let R denote the value of the determinant

so that the foregoing equations are equivalent to

I _

0

dag

ooooo
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Now, if R do not vanish, these can only be satisfied by
of o _ o
oa, =0, oa, 0 oa, =0
and these are three equations which may determine values of
@, @z, a;, in terms of the variables. If they do determine values
of a,, @, a;, in any of the possible forms (whether as constants or
as functions of variables), the relation (1) is still a solution with
the change in the quantities a; when the values thus found are
substituted for them, we have a solution of (A) which contains no
arbitrary constant. This solution moreover will generally differ
from any solution, which contains no arbitrary constant but is
derived from (1) by assigning particular constant values to a,, a,, a;,
in (1). The result of eliminating the arbitrary constants between

(1) and (B) then gives a new solution.

This solution is called a Singular Integral; it is a relation
between the variables involving no arbitrary constant. Sometimes
it occurs also as a particular instance of a Complete Integral, when
special values are given to the arbitrary constants; but this is
usually not the case, and the Singular Integral (when it exists) is
usually distinct from a Complete Integral.

183. The equations (4) will all be satisfied if B=0; and as
we are now assuming that a,, a,, a;, are not arbitrary constants
but functions of the variables, this equation will be satisfied (§ 9)
by a functional relation between a,, a,, a;. This functional relation
may be arbitrary, so that we may write

A= (A, @) wevvenieiniiinennnn, ©),
in which ¢ denotes an arbitrary function. Multiplying now the
equations (3) by da,, da,, dz,, respectively and adding, we obtain

& o+ 2 dag+ L da, =0
2

oa,
But from equation (C) we have
da, = ajl da, + gi) da,,
of LU0 g0 (¥ LS, _
so tha (E)a,1 Ous aa ) &t (8a2 8a3 aag) da, =

Since @, and a, are independent, their variations da, and da, are
also independent; in order that this equation may be satisfied, we
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must therefore have

o ofob
o0 T 30350, ° 5
af afaé— ..................... ( )c

oa, Odayoa,

These equations (D) are sufficient to determine a,, a,, aj, in
terms of the variables,and the expressions so obtained will involve
the arbitrary function ¢; when they are substituted in (A), the
solution takes a new form which is different from both of the
other two.

This solution is called a General Integral; it is a relation
between the variables involving two (or, in the case of n variables,
n— 1) independent functions of those variables, together with an
arbitrary function of those two (or n — 1) functions.

The equation R=0 could also be satisfied by making «, an
arbitrary function of a, alone or of @, alone, and also by making
both @, and a; functions of a, alone. We should thus arrive at
different classes of General Integrals; but these are all less
general than the former, in which only a single arbitrary relation
between all the quantities @ occurs. This is easily seen from the
consideration that if, in equation (C), a; be expanded in powers
of a, the coefficients are arbitrary functions of a,, while if Yr (a,), an
arbitrary function of @,, be expanded in powers of @, the coefficients
are merely arbitrary constants; and the latter is obviously included
in the former.

184. It is thus manifest that we have three fundamentally
distinct classes of solutions of partial differential equations.

The question arises as to whether these three classes are com-
pletely comprehensive, in the sense that every integral can be
included in one or other of the classes. Usually, but not universally,
it is the case that the three classes do include all integrals.
Exceptions may arise for partial differential equations of particular
forms, and, when they do occur, the unincluded integrals will be
called special integrals; but special integrals do not occur for
equations of general form. It is, of course, necessary to have a
test as to whether an integral is, or is not, special; the test will
be obtained in the course of establishing the following theorem:
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Every solution (which is not special) of the differential equation
t8 tncluded in one or other of the three classes of solutions of the
equation which are constituted by a Complete Integral, the Singular
Integral, and a General Integral. ,

Let (A) represent the differential equation, and (1) a Complete
Integral of this equation; then the equations (B) and (C) will give
the Singular Integral and the General Integral. Let any other
solution of the equation be represented by

V(2 @1, @, T =0 evviivenvnnennnnnin (5).

As it is convenient to speak of z as explicitly expressed in
terms of the independent variables, we shall use Z to represent
the value of the dependent variable derived from (1) and & to
represent the value derived from (5). Now suppose it possible to
choose values for a,, a,, a;, whether variable or constant, so that
Z still continues to satisfy the partial equation, and so also that
the value of Z in terms of the variables becomes the same as the
value of {. In that case, the values of p,, p,, ps, derived from Z
become the same as the values derived from ¢, which are given by

a\p
az =0
oy 3\1"
9z P2t o5 =
oy 3‘!'

2 Pt o, 5 =0

Consequently, when we make these values of the differential
coefficients of & agree with those of Z given by equations (2), we
have the three equations

o oy _ovaof

oz, 0z Ox, 0z

of 0y _ 0y of _

55,35~ dw, a5 = O s (6)
of ooy of _

axs 0z 8x3 0z
These equations may, or may not, determine the values of a,, a,, a,,
in terms of @, ,, «;, and the dependent variable.
When the three equations do not determine values of a,, a,, ag,
we cannot proceed further in the attempt to modify Z so that it
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shall acquire the value {. In that event, the integral ¢ is called
special. It is sufficiently obvious that the failure of the three
equations to determine the three quantities a,, a,, a;, must arise
through some peculiarities in the form of the integral equations.

When the three equations do determine values of a,, a,, a,, we
proceed as follows. Since (5) is a solution of the differential
equation, we have

F(Pn P2> Psy {: Ly, Ty, 6!4‘3)= 0,
and since (1) is a solution, we have
F(pi, psy s, Z, @y, @5y 25) =0
satisfied, when the quantities @ are arbitrary. The last equation
is also satisfied when the quantities @, instead of being arbitrary
constants, become functions of the variables, provided these
functions are such as to leave the forms of p,, p,, p;, unaltered;
and we may therefore replace them by the functions of =, z,, @,
obtained as their values from the equations (6), provided the
necessary conditions be satisfied. When this is the case, the
values of p,, p., ps, are the same for the two forms of the equation
(A); and then, from a comparison of these two forms, we have the
necessary equation
y eq -

where, in the integral equation for Z, the constants a,, a,, a,, are
changed into the values that have been derived for them.

In order that the forms of p,, p,, ps, for the new values of
the quantities a should be unchanged, the three equations of the

form
af 8\]/‘ of oy

9z 0w, 0z 0z 1
3\[» of  of 0a, , Of Oa, Of Oay
~5¢ (o™ 2. i o )
must be satisfied at the same time as (6); and therefore the values
of a,, a,, a;, are such as to satisfy the equations
of Oay , Of Oay , Of Oas_
0a, 0m, ' day 0m,  Oag 0w,
o aal_'_ of da, | 9f day_
0uy 0 | Octy Oy Oy aw,
9f 0a; | 9f 0, of aas

0a, 0z; ' Odg Om; ' Oas Oxy

O
~
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But these are of the form of the equations (3) which enable us
to pass, from the Complete Integral considered, to the other two
Integrals; hence the values of a are included among those which
give either the Complete Integral, the Singular Integral, or the
General Integral of the equation. And as the necessary conditions
have been satisfied, we have

t=2,

or the value of z derived from the given solution coincides with
the value derived from one or other of the three principal integrals.

This proves the theorem and shews that, save for special
integrals, the three classes adopted include all possible solutions.

If, on solving the equations (6), the quantities @ be found to
be all constant, then the given solution will be a particular case of
the Complete Integral. If they be found to be functions of the
variables and there exist a functional relation between them of
the form

= (@, @),
then the given solution will be a particular case of the General
Inﬂ@'gg?,l;f,lf they be found to be functions of the variables and
thér‘.e‘ 'He)rg.b‘g}a‘qh. functional relation between them, then the given
solutlibx); 18 ,tké’Smgular Integral.
Ez. 1. Thd-eqﬁe}:\on
pg=4zy
has a complete integral in the form
z-——-‘l; z%+ay®+b,
where @ and b are arbitrary constants; and
2=2xy+c

is another integral, ¢ being an arbitrary constant. What is the character of
the latter integral ?

The general integral, derived from the complete integral, is given by
1 2
s=Cattayt+é(a), O=-T4+p+¢ (a);

and there is no singular integral. Hence the second integral must be a
particular case either of the complete integral or of the general integral : or it
must be a special integral.
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Forming the derivatives of the two values of z, and equating them as in
the text, we find

2;"‘ =2y, 2ay=2z,

both of which are satisfied by
z
a=%,

K
with this value of a, the complete integral becomes the second integral.

The other equations

of 2a . Of ob o o_,
daow Tz " dacy oy

are satisfied by

of

~ =0, b=constant.

da
The second integral is therefore a particular case of the general integral,
obtained by taking

¢ (a’) =6
where ¢ is the arbitrary constant in that second integral.
Ez. 2. The equation
pr=qy=(e=ay)*

has a complete integral in the form

1
2—xY __ zy +a
ze* ™ = 2y ¥b”
It is also satisfied by
Y=z2=2y=0;

what is the character of the latter integral ?

If the latter integral can be derived from the complete integral, which may
be taken in the form

1
f=10gx+;:;y—log(xy+a)+log(xy+b)=0,

the values of @ and & must be determined by the equations

Yo _Yow_, U _ofdy_

0z 0z 0z0x o Oy 0z 0z Oy %
that is, by the equations
1.9 , 9 _o

x xyt+a  xy+d

I I
zy+a  zy+b
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which, being incompatible with one another, do not determine @ and b. Thus
values of @ and b, suitable for the required modification of the complete
integral, cannot be determined; the second integral is therefore of the type
called special.

Ex. 3. Assuming that a Complete Integral of z=pg is
4z= (az +‘y+b>2,
a
investigate the nature of the solution
4z—2zy=(22+y?) seca+(2?—y?) tana.
Ex. 4. Assuming that a Complete Integral of z=pz+qy is
logz=alogx+(1—a)logy+b,

investigate the nature of the solution

z=y¢ (%)

Ez. 5. Assuming that a Complete Integral of z=pv+qy+pgq is
z2=0ax+by +ab,
investigate the nature of the solution
2+xy=0.
Ez. 6. A complete integral of the equation

a2\?
xp+2yg=2 (z - y>
is given by
2 a2 b
e

v=a';2+—,

where @ and b are arbitrary constants ; discuss the character of the integral
yz=2"%
Ez. 7. The equation 3px + gy +¢°xz?=0 possesses two complete integrals
z=a-3bx+byz =3,
z=¢zc’-§-§;1/gr (224 2b'2)~ 5,

where a, b, @/, ¥, are arbitrary constants. Shew that each of these integrals
is a particular form of the general integral derivable from the other.

185. In the case when there are two independent variables and
one dependent variable, the three may be taken as the coordinates
of a point in space; and the relations between the separate integrals
can be interpreted geometrically.
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A Complete Integral, being a relation between z, y, and z, is
the equation of a surface and it includes two arbitrary parameters.
Thus the Complete Integral belongs to a doubly infinite system of

surfaces, or to a singly infinite system of families of surfaces. This
integral is of the form

o (z, vy, 2, a,b)=0.

In order to obtain a General Integral, we make one of the
parameters an arbitrary function of the other, say b=0(«), and
eliminate @ between

¢z, 9, 2 0a,b)=0
b=6(a)

a4> a¢0() 0‘

This operation is really equivalent to selecting from the system
of families of surfaces a representative family and finding its
envelope. If a particular family be taken (which occurs when b
is made a definite function of « instead of an arbitrary function),
then the equation of its envelope is a particular case of the
General Integral. The foregoing equations, as they stand, repre-
sent a curve drawn on the surface of the family whose parameter
is a, while the equation resulting from the elimination of a
between them is the envclope of the family; hence the envelope
touches the surface represented by the first two equations along
the curve represented by the three equations. This curve is
called the characteristic of the envelope ; and the General Integral
thus represents the envelope of a family of surfaces, considered as
composed of its characteristics.

In order to obtain the Singular Integral, we eliminate the
parameters between the equations

¢(zy,2,a,b)=0
b _
0% _
0 _
% =)

F.D.IE. N
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This operation is the same as finding the envelope of all the
surfaces included in the Complete Integral; the three foregoing
equations give the point of contact of the particular surface
represented by the first of them with the general envelope. The
Singular Integral thus represents the general envelope of all the
surfaces included in the Complete Integral.

But when the elimination has taken place so as to leave a
relation between z, y, and 2z, it is necessary to ensure that the
resulting equation is that of the envelope and not that of any of
the loci which are included in the same equations*. Such loci
are, for instance, the locus of conical points and the locus of
double lines, neither of which satisfies the differential equation.
It is therefore desirable to substitute the result (when it cannot at
once be recognised as the equation of an envelope) in the differ-
ential equation ; it is to be retained only when it is a solution.

It may happen that the entire system of surfaces does not
admit of a general envelope; in such a case the Singular Integral
does not exist for the corresponding differential equation, and its
non-existence will be indicated by the equations ordinarily used
to obtain it. Examples will hereafter occur.

As an example to illustrate the preceding discussion of the geometrical
relations between the integrals, consider the equation

ax+by+ee=(@+ 0+ AE=1 oo (),

which contains two independent constants. It is easy to prove that the cor-
responding differential equation is

(@p+yg—2P=14+p*+@%ccerrrirrriiiririnnnne (A),
and that the general envelope of all the planes contained in (i) is the sphere
24P +2=1 cvriiiiriiniin (ii).

Hence (ii) is the Singular Integral of (A), and the sphere represented by
(ii) touches each of the planes represented by (i) in a point.

To obtain the General Integral we eliminate a between
aw+yf (@)+s[1-a?~{f (@)} =1

ey 2H@F (@) 0
z+3f' (@) Z[l_az—{f(a)}ﬁ]% ’

* In this connection a memoir by M. J. M. Hill, Phil. Trans. (A), 1892,
pp. 141—278, may be consulted ; it contains a full discussion of the occurrence of
the various loci, which do not provide solutions of the partial differential equation
and yet arise as parts of the eliminant.
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in which f(a) is an arbitrary function. This is clearly the envelope of a
family of planes the equation of which contains only one parameter; and it
is therefore a developable surface. The equation of any developable surface,
which envelopes the sphere, is thus included in the above General Integral.
The process of making b a function of @ is equivalent to drawing on the
sphere some definite curve; and the developable surface is the envelope of the
tangent planes to the sphere at points which lie on this line.

186. The explanation of § 182 shews how the Singular Integral
may be derived from a Complete Integral; it is, however, possible
to derive it directly from the differential equation, as js the case
(§ 27) in ordinary differential equations.

For the sake of brevity, suppose that there are only two inde-
pendent variables. Let the equation be

¥ (2, 9 2, p, 9)=0,
of which a Complete Integral is
F(z, 9,2 a,b)=0,

where a and b are arbitrary constants; the Singular Integral is
obtained by combining the equation #'=0 with

oF oF

a—a- = 0, —83 =0 ......... ceceecesrans (A).
Since F'=0 is the integral of the differential equation the values
of z, p, g, derived from the integral will render 4» =0 an identity;
and the substitution of the values of p and ¢ (but not that of 2)
derived from F=0 will in general render ¥ =0 equivalent to the
integral equation. Let this latter substitution be made, so that
p and ¢ are replaced by functions of #, y, 2, a, b; then, in order to
find the Singular Integral, we must form the equations analogous
to (A), which equations are

v ap v dy_,
opoa  0q oa ’

ovap  owog_,

apabtag b
These equations may be satisfied in two ways: firstly, by writing
é‘—k = 0 = a\P M

op oq’
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secondly, if a-‘—k and @L” do not vanish, then
op oq

opdq_opog _
dadb 0b2a

The latter equation implies a relation of the form

¢(p, 9)=0,

which does not involve either a or b, but may involve quantities
multiplying @ and b in the expressions for p and ¢; that is,
quantities depending on #, y, and z. If both the arbitrary con-
stants occur in p and ¢ (which does not always happen) the
equation ¢ =0 would imply that they are effectively only onc,
or that one of them is a function of the other; the equations
used then give the General Integral, with which we are not now
concerned.

We thus return to

W _o Y_,.

5 = 0, i 0;

the elimination of p and g, between these and 4 =0, will furnish a
relation between «, y, z, which is independent of any arbitrary
constant. [f this relation satisfy the differential equation, it vs the
Stngular Integral. When the relation is found by this method, it
18 necessary to see whether the differential equation is satisfied.

The reason that this precaution is necessary is similar to that
which renders the corresponding precaution necessary in the case
of ordinary differential equations. When the surfaces represented
have an envelope, this envelope will be given by the equations

—o: W_o. W_
¥=0; 55=05 Gn=0.

But these same equations will be satisfied by the coordinates of
any pinch-point on one of the surfaces represented by the complete
integral ; the locus of these pinch-points, however, is casily seen
not to be a solution of the equation. The equations will also be
satisfied by the coordinates of any point P at which two different
surfaces of the system touch, and therefore by the equation of the
surface which is the locus of these points. But this surface has
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not necessarily for its tangent plane at P that tangent plane which
is common to the two surfaces, and therefore the values of p and ¢
(which give the direction cosines of the tangent plane) derived
from this new locus are not the values of p and ¢ which satisfy the
given equation yr = 0. Such a locus corresponds to what was before
called the tac-locus (§ 27); and, while it may not be the only locus
(other than the envelope) which is introduced, the possibility of
its prescnce renders necessary an enquiry whether the equation
between , y, 2, satisfies the differential equation.

As in the case of ordinary differential equations of the first
order (§ 28), an analytical test of the form of the equation can be
assigned when it possesses a singular integral. When the latter
exists, it arises through the elimination of p and ¢ between

—0 NM_o W¥_
=0, 9 0, 2y =0.
Imagine the last two equations solved, so as to express p and ¢’
in terms of #, ¥, z; and let their values be substituted in .
Denoting the new value of 4 by 4, we have

¥'=0;

and this equation is then to provide a solution of the differential
equation. In order that the requirement may be satisfied, the
proper values of p and ¢ must be given by ¥'=0: and they must
be the values deduced from

W _o W
op  o0q
The values of p and ¢ are given by
oy’ 3‘1" o0 _
o p az =0, ta, =
But ¢ =+"; and therefore
oy , Oy Opdy qiy _ ENr
w TP Yowap Tiv oy w o az =0,
) 0
o, OV, 0 M ¥

0y % oyop 0oyoq dy % =



390 DERIVATION OF THE SINGULAR INTEGRAL [CHAP. IX

or, since % =0, ?:-g=0, the values of p and ¢ satisfy the
equations

3‘1’ o _ 6 0, oY
+P5 =0 gy Y15 =0

Accordingly we infer that, if a singular integral of the equa-
tion Y (v, y, 2, p, q) =0 exists, it must simultaneously satisfy the
equations
oy oy
=0, ==0, =0,
v o o
3\!' ha (AL
+po =0 5] 1%~

We have seen that an integral satisfying the first three of these
equations is a singular integral ; we have just proved that then it
must satisfy the remaining two ; and thus we infer that an integral
satisfying all five equations is a singular integral of the original
differential equation.

Ez. 1. The differential equation
2(1+p°+¢") =N {(@+p2+(y +¢2)}
has for its complete integral
(#—a cos a)?+(y — a sin a)2422=2%a?,
A being supposed a determinate constant. Forming the envelope of this sphere
by taking
F=(z—acosa)+(y—asin a)?+22-A2a2=0,

oF oF

= =0, P =0,
we easily find it to be

A% (22 4yl 2t =25

Now taking
V=22 (1452 +g) =N o+ P + (5 + o))

and following the rule for deriving the Singular Integral from the differential
equation, we have

8\1; =2p2% - 2\%z (2 + pz)=0,

%—‘g =2g2?— 2722 (y +¢2)=0,
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The last two equations are satisfied by 2=0 which, though free from p and g,
is not a solution of the differential equation. In fact, by drawing a figure it is
easily seen that z=0 is a tac-locus, being the plane which contains the points
of contact of the different non-consecutive spheres with one another obtained
by giving all possible values to ¢ and a.

As regards the analytical test at the end of § 186, the two additional
equations are

#(L+p*+¢%) p=N*(z+p2) + N (2 +p2) P+ 2 (y +92) gp,
2(L+p"+¢") g=N (y +¢2)+ N (@ +p2) pg + 22 (y +42) ¢
They are not satisfied by z2=0, which accordingly is not a singular integral.
They are satisfied by values of p and ¢ given by
pe—A(w+p2)=0, gz—A2(y+qz)=0.

Accordingly the integral, obtained by eliminating p and ¢ between these
various equations, is a singular integral. Itis

A2 (224 y2+22) =27,
which therefore is the singular integral.

Ex. 2. Consider the system of cones
. z  a\?
(#—a cos )2+ (y —asin §)2= <ﬁ —;ﬁ) s

in which m, 6, are arbitrary constants; the corresponding differential equation
is easily obtained. The equations, which give the envelope, are

sin 8 (x~ a cos 8) — cos 0 (y — a sin §)=0,
z a z | 2a
(ﬁ‘ﬁ)(‘mhﬁ)ﬂ-

. a
z=acosf, y=asind, Z=_s

These are satisfied by

which give 224 yt=a?
but z is arbitrary.

The equations are also satisfied by
2a .
s=_ 2 sin =y cos 6,

and the corresponding eliminant is

$2+ 2 — a+£ :
= 4a) *
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The last equation represents the envelope; the doubly infinite system of
cones is generated by the revolution, round the directrix of a parabola, of all
the right circular cones whose vertices lie on the tangent at the vertex to the
parabola, and one slant side of any one of which coincides with the tangent to
the parabola drawn through the vertex of the cone. The equation
z2 + ?/2 =q2

is that of the cylinder on which lie all the (singular) circles which are the loci
of the vertices of the cones in the revolution round the directrix.

For fuller information on the subject of the Singular Integrals of partial
differential equations of the first order, a memoir of DARBoUX, Mémoires de
UInstitut de France, t. Xxv1L. (1880), should be consulted. Reference may also
be made to the author’s Theory of Differential Equations, vol. v., ch. vii.

LAGRANGE'S LINEAR EQUATION.

187. We have seen that among the integrals of a differential
equation there i3 one—the General Integral—into the expression
of which an arbitrary function enters; the deduction of the
differential equation from the integral implies the elimination of
this arbitrary function. The simplest form possible for an integral
of this nature, when there are two independent variables, is the
equation

in which ¢ is an arbitrary functional symbol, and % and v are
definite functions of z, y, and 2. In order to eliminate ¢, we
differentiate with respect to each of the independent variables.

Then
Op (ou Ou\ 0¢ (v ov\ _
e Gat25)* o (G +23) =0
Op (0w Ju\ 0 (Ov ov\
u (33/ +qaz> o (8/ +q8—z)_0'
Therefore

@) Gy 3= Gy o3s) (0 Be):

which, on rearrangement, gives

Pp+Qg=R .coovrrrvrrrernnnnn (i),
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where
P e _ R
7 ou| [B% ou| (%% o]’
oy’ oz 0z’ ox| |0z’ oy
o | [0 w| o 2
oy’ 0z 0z’ ox oz’ oy
or, what are the equivalent;s of these,

P +Q +Rg”'

Qa =0

Hence, when we have a dliferentlal equation of the form (ii),
into which the differential coefficients enter linearly while the
quantities multiplying these may be any functions of z, ¥, 2, we
have a corresponding integral given by (1), provided we can obtain
% and v in order to insert them in that integral equation. A
differential equation of this form is said to be linear. The difficulty
in constructing the solution is the derivation of the functions u
and v.

188. Now let us consider the equations u=a and v=>, where
a and b are arbitrary constants, and let us form the differential
equations corresponding to them. We have

au on ou
d +83/dy azd 2=0,
3” = do +a-3’-d + Y do =

and therefore
de _ dy ds
7 ou] [ 00| [ &
dy’ 0z 0z’ ox oz’ oy
o ool o | o0 o
oy’ 0z 0z’ oz or’ oy
dz _dy dz .
PTQ TR e (iv).
These arc the differential equations which have for their
integrals u=a and v=0; they can be formed at once from the

or
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coefficients in the differential equation. We thus have the follow-
ing rule* :—
To obtain an integral of the linear equation
Pp+Qq=R,
write down the subsidiary equations

and obtain two independent integrals of the latter; let these be
u=a and v=>.
Then an integral of the partial differential equation is given by
$ (1, 7)=0,
where ¢ denotes an arbitrary function.

An arbitrary functional relation between % and v of any form
will be satisfactory; thus we might have

u=1(v),

where v is an arbitrary function.

189. This rule enables us to obtain an integral involving an
arbitrary function; it will now be shewn to provide all solutions
of the equation which are not of the type called special.

Let u =@, v=>0, be two independent integrals of the subsidiary
equations

8o that, as
Uz dx + uydy + u,dz =0,
vzde + vydy + v,dz =0,
are each of them satisfied in virtue of these subsidiary equations,
we have
uy P+ u,Q + u,R=0,
P+ v,Q+ v, R=0,

* The theory of linear partial differential equations was first given by Lagrange,
a8 well as the classification of the integrals of equations of the first order. The
subsidiary equations (iv) are sometimes called Lagrange's equations.
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and therefore

vy ’ vz v, 2 vz 'Ux ’ Uy

say, where M is the common value of the three fractions.

Consider now any integral of the partial differential equation

Pp+Qq=R.

The value of z which it gives, and the derived values of p and g,
satisfy the equation identically. Let this value of z be substituted
in » and v, making them functions of # and y only; in this form,
let their values be denoted by ' and v so that, in association with
the integral of the equation, we have

/

W=u v=u
Thus
ou’ ov’
%=ux+pu'z: % = Uy + PV,

ou’ o

5‘§=uy+ qu,, ‘ég='vy+qu;

and therefore, if J denote the Jacobian of « and v’ with regard to
2 and ¥,

ox 0y 0y oz
= (g + pu;) (v, + qu,) — (uy + qu;) (v + pvs)
=\ Uy Uy |+P| U, Uy |F+q| Uz, U
Ve, Uy Vz, Uy Vz, Vg
1
=5 (E—Pp—dg.

If then M is not zero, the right-hand side vanishes because the
differential equation is satisfied by the integral ; and therefore

J=0,

an’'equation that is satisfied identically, because it is not satisfied
in virtue of u=a and v =b.
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Now «' and v’ are functions of # and y ; as their Jacobian vanishes,
there is some functional relation between them, and therefore
there is some relation of the form

(v, v")=0.
But, in association with the integral of the partial differential
equation, we have u'=wu, v'=v; and therefore that integral is
included in the equation

¢ (u, v)=0.
But M might be zero. For instance, this would be the case if
P=0, @Q=0, R=0;

for as w and v are independent integrals of the subsidiary equations,
not more than one of the minors at the utmost in the fractional
expressions for M can vanish. In that particular case, we could
not infer that J must vanish ; and therefore we cannot assert that
a singular integral must be given by an cquation of the type

¢ (u, v) =0.

Such an integral would however arise by equating to zero some
common factor of P, @, R; the vanishing of this would make
P, @, R, all vanish; and its existence could be determined by initial
inspection of the equation.

The question arises as to whether M can vanish in any other
circumstance. To test this, take any particular value of z, say c,
and any arbitrary values of y and z, say y =a and 2 =3, such that
not more than one of the three quantities P, (), R, vanishes when
z=¢, y=a, z=[3; in particular, suppose that P does not vanish
for these values.

Consider the subsidiary equations in the form
dy_Q dz_K
de ™ I’ dx I’
It is known, by a theorem due to Cauchy *, that integrals of these
equations exist under particular conditions, as follows :—

Let the functions P, Q, R, be regular for values of z, Y, 2,

* See the author’s Theory of Differential Equations, vol. 11. §§ 10—12.
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in the vicinity of z=c¢, y=a, 2=, so that they are expan-
sible as series of powers of # —¢, y —a, z— 3, having positive
whole numbers for their indices; and suppose that P does
not vanish for #=¢, y=a, 2=/48. Then solutions of the
equations exist, uniquely determined by the condition that y
and z acquire the values a and 3 respectively when z=c.

Let these integrals in the present case be denoted by

y—a=a(z—c)+a(@—cl+ ...... =P(z—c),
2= B=Bi(w—0)+ Bul—f v = Q (2= )3
then as
%:a,+ 20, (x —¢) + ...,

=}

F=RiA2Wa(e=0)+ ey

and as @ and R do not both vanish when 2 =¢, y=a, 2=2, the
two quantities o, and B, are not zero together.

Now the integrals w=q, v=", of the subsidiary equations must
be consistent with these integrals, for the latter are the only inte-
grals of the equations that satisfy the assigned conditions. Let them
be written in the forms

w(z, y,2)=a, v(z,y, 2)=b;
then each of the equations
u(z,a+ P, B+Q)=uq,
v(z,a+ P, B+Q)=0b,

is an identity, so that when the left-hand sides are expanded in
powers of z — ¢, the coefficients of the various powers must vanish.
Taking, in each of them, the coefficient of the first power, we have

Ug + 0y Ug + Brup =0,
Ve + 0y Vs +131’Uﬂ =0,

where u,, %,, ug, are the values of ug, u,, u,, for the set of values
x=c, y=a, z=[3, substituted in all of them, and similarly for
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Y, Va, ¥g. The quantities oy and B, are determinate, and they are
not both zero; hence not more than one of the three minors

Ug, Uq, U

Ves Vas vﬂ

can be zero; and, in particular, u,vs — v, us cannot be zero.

Consequently the minor

uy ) uz

Uy, Uz
cannot vanish identically.

Nor can this minor vanish in virtue of any integral

Sz, 9,2)=0

of the original partial differential equation. The quantities ¢, a, 3,
have been arbitrarily chosen, subject only to the limitation that,
at the utmost, not more than one of the magnitudes P, @, R, shall
- vanish—in particular, that P does not vanish—when z=c¢, y=gq,
z=p. Now let them be chosen so that they satisfy the equation
f=0, so that

f(c, a, B)=0.

Then the integral, defined by the original equation f= 0, acquires
the value 8 when z=c¢ and y =a.

If the minor u,v,— vyu, were to vanish for all values of , y, 2,
subject to the relation f(z, y, 2) =0, it would be zero for any
particular set of values subject to that relation. But u,vg — v, ug
is not zero ; and therefore w,v, — v,u, does not vanish for all values
of @, y, z, subject to the relation f=0: in other words, u,v, — v,u,
does not vanish when for z we substitute its value as given by the
integral under consideration. Hence, as we have

M (uyv, — uvy) =P,

it follows that M does not vanish. Therefore the integral is included
in the equation

¢ (4, v)=0.
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In order to establish the preceding result*, the quantities
¢, &, B, have been chosen so as to satisfy the equation

S (2, y,2)=0,

which gives the integral, and at the same time so that not more
than one at most of the coefficients P, @, R, should become zero
when #=c¢, y=a, 2=. This of course is possible and imposes no
limitation. But it has been assumed that each of the quantities
P, Q, R, is expressible as a series of positive integral powers of
&—c,y—a,z—3; if the assumption is not justified by the form
of those quantities, Cauchy’s theorem is not applicable, and the
inferences cannot be maintained. We are not then in a position
to assert that the integral is included in the equation

¢ (u, v)=0.

190. In the preceding argument, it has been assumed that
P does not vanish in connection with the equations
dy_Q dz_R
de P’ dz P’
as associated with the integral

f(@, y,2)=0
of the original partial differential equation.

In the same way, as connected with the equations

&_P ds_R

dy @ dy @’
having «'=aand v =) for integrals, @ must not vanish in con-
nection with that integral /=0 if the latter is necessarily to be
included in the equation ¢ («/, v') =0; and as connected with the
equations

de P dy @

dz R’ dz R’

* The proof that has just been given is based partly upon the proof given by

Goursat, Legons sur Uintégration des équations auz dérivées partielles du premier
ordre, § 18. A different proof is given by Chrystal, Trans. Roy. Soc. Edin.,

vol. xxxv1. (1892), pp. 5561—562 ; he also indicates fallacies that occur in several of
the ordinarily accepted proofs.
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having «” =a and v” = b for integrals, R must not vanish in con-
nection with an integral f=0 of the original equation if the latter
is necessarily to be included in the equation ¢ (u”, v")=0.

It therefore appears that exceptions to the complete compre-
hensiveness of the equation

¢ (u, v)=0

may arise in the case of an integral =0 if, in connection with
that integral, either P=0, or @=0, or R=0, or if P, Q, R, are
not expressible as regular functions of z—c¢, y— a, z— 8, where
¢, &, B, are particular values of the variables satisfying f=0.

All integrals, which are not included in the equation ¢(u,v)=0,
will be called special.

191. CoroLLARY. When either of the equations u—a=0 and
v—b=0 dnvolves z, vt s an integral of the differential equation.
For the general solution may be written

u=1v(v),
where 4 is an arbitrary function. Take then 4 (v)=av’, where
a is an arbitrary constant ; the equation becomes v —a =0, which
is the first of the stated integrals. Similarly for the second.

These results can be obtained independently. The foregoing
article shews that, in order that - (z, y, z) = 0 may be an integral,

we must have
P Q2R o

But the equations
au
P + Q 5 24 R>—=0,

P® +Q@+R%

are actually satisfied ; hence u—a=0and v—b=0 are integrals,
with the limitations indicated.
To equations of the form

P QE s R2Y -

we shall return in § 194.
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192. We thus see that, when there is a single arbitrary
function entering simply (that is, without any derivatives) into
an integral equation, the corresponding differential equation is
necessarily linear; and that the linear differential equation has, for
its most general integral, a relation into which an arbitrary function
enters. We therefore infer that, in the case of a differential equation
which is not linear, the arbitrary function which is essential to the
General Primitive cannot enter in a manner similar to that in
which the arbitrary function enters in the foregoing equation; in
fact, with i1t will be associated in the General Primitive its first
differential coefficient.

193. In the foregoing discussion, we have limited ourselves to
the case of two independent variables; the proof of the method
when there are n independent variables follows the former on
exactly the same lines, and the corresponding rule is:—

To obtain the most general integral of the linear equation

Pp +Pp,+ Pypy+ ... +Pup,=R,

Jorm the subsidiary equations

doy_dey_ _dny_ds

P P, = =P =R
and obtain n independent integrals of these equations; let them be

Uy =0, Uy=Cg, +rorus ) Un=Qn.
Connect these quantities u by an arbitrary functional relation
b (uy, Uz, oeen.. , Up)=0;

the resulting equation s the integral required.

The proof of this, as well as that of the corresponding corollaries,
viz. that, when any of the equations u,=a,, uy=ay, ...... , Up =y,
involve z, they are integrals of the equation, is not difficult.

Further, it can be proved that the equation

b (uy, Usy ... , Uy)=0
contains all tntegrals of the partial differential equation which are
not of the type called special: the proof can be made to follow
the lines of the proof given in § 189 for the case of two variables,
The instances of exception from the theorem arise in a similar
manner to the corresponding instances of exception from the
theorem as stated in § 190,
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w4, 1. Solve the equation zp+yq=-2.

Lagrange’s subsidiary equations are
of which two integrals are z=ay, z=bx; hence the solution of the equation is

z 2
5(5:3)=0
It can be exhibited in the forms

2 2 2 z
— v xG)
w}?h three are easily seen to be equivalent to one another.
Bz

. 2. Solve the equation
(mz=ny) p+ (nx—1z) g=1ly — mz.
Lagrange’s subsidiary equations are

dz dy dz

Hence zdz + ydy+ zdz=0, whence 22+ y? +22 =a;
and ldz+mdy+ndz=0, whence lx+my+nz=0b;
thus the integral of the equation is
le+my+nz=q¢ (22+y2+2°).
Ezx. 3. Solve the equations:
(ﬁ/xzp— 2y9+9°=0;
(i azp+yeg=ay;
G (5745229 p2eyg + 20s=0;
W s-zp-yg=a(@+y+2%;
\/Q (@-z)p+(b-y) g=c—z;
(vi) , (P2 - 22%) p+ (2t —23y) g=9z (23~ 3%);
(vl) ptanz+gtany=tanz;
(viii) (117 —6y+2¢) p— (62 — 10y +42) =22 — 4y +6z;
(ix) @1p1+(2+23) pat (24 25) py=23+25.



193] LINEAR EQUATION 403

Ex. 4. Solve the equation
(%2t 23+2) pr+ (w3 + 21+ 2) pat (B + 23+ 2) p3=2,+ 22+ 25

Lagrange’s subsidiary equations are

dz, dxy dvg dz

Myt stz antatz Titaste o tagtas

Each of these equal fractions

(e-2) —(e—ap) —(a—25) B(+a+ap+as)

Integrals of these are

_dz—dy, _ dz—duvy _ di~dry _di+dz+dzy+dr

Cy _ Co C3

-2 Z—xy 2—23

=(z+.z'1+x2+x3)§;
and therefore the integral of the equation is

@ {z=—2)) Sy, (e~a29) 83, (2=2y)S8)=0,

where S stands for 2421+ Zo+23.

Lz. 5. Prove that, if the variables in the last example be connected by

the relation
P+ 2+ =1
when z=0, the integral is
{(@1- 2P+ (22— 2+ (w5 — 2"} (0 + Byt w3 +2)* = (21 + 74+ 23~ 32)".
(Mansion. )
Ez. 6. Solve the equations:
(i) P12y + poxetpsrs=nz;

. 2y
(ii) p,x,+p2‘r2+p3x3=az+—l§—;
(iii) Zoxa2py+ T3y 2p0 + 21 2y 2P3 =21 Xy 23,

Ex. 7. In order to illustrate the general theory in § 189, consider the
equation
yz—22=0,

which provides an integral of the equation
zptyg=2
already discussed in Ex. 1. The integrals of the subsidiary equations are

z 2
Z=a, -—==b

v x
With the notation of § 189, we choose constants ¢, q, 8, such that
aB—c*=0;
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and then
2-B=-B+aata(y—a),
z—B=—-B+bc+d (v—c).
We take
a=/—3, b=§;
a [
and then

a
z—B:?(m—c), y—a=_ (z-c).
Then, still with the notation of § 189, we have

B 1
U= =) ug=-; v,=0, vp=73

thus w,vg—v,ug is not zero. The coeflicients I, @, R, being z, 7, z, are
regular in the vicinity of the values ¢, a, 8, of the variables. Hence yz —2%=0
is included in the general solution

¢<§, 2):0:

in particular, it is included in the equation

Ez. 8. Consider the equation
{1+G-w-plp+g=2,
which is discussed by Chrystal in the memoir already quoted. The subsidiary
equations are
_de
1+(e—2— y)% 1 2’
and we can take
u=2y—2 v=y+2 (z—:v—//)%.
Now the relation
i=x+y
is easily seen to be an integral of the equation: we see equally easily that it
cannot be included in any form

¢ (u’ 'v)=0'
A4 a matter of fact, making the quantities ¢, a, B, satisfy the condition
B=c+a,

we notice that the coefficient P, which is 1+ (z—2 - y)i, is not uniform in the
vicinity of x=c¢, y=aqa, z=p, and cannot be expanded in integral powers of
r—c¢, y—a,2—B. Hence, by the general theory in § 189, we are not entitled
to expect that the integral can be included in the forin

¢ (u, v)=0.
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Ez. 9. Obtain the general integral of the equation
(@ +2 =) oy + (1= (24242 - 1)} g=0;
and discuss the relation (if any) borne to it by the integral
224 y2 422 =1,
(Goursat.)

194. In the course of § 191, we had the equation
a¢ vy 0 8\[r+ R aqz»

where P, @, I, are functions of #, y, z. This is a specialised form
of the more general equation

Rl]’l + .Rgpg + ese + Rnpn = O,
where R, ..., R,, are functions of the n indcpendent variables
%y, ..., &y, and do not involve the dependent variable 2.
As in § 193, we form a subsidiary system

dz, duw, _dz,

TR TR

of n —1 ordinary simultaneous equations; and we construct n— 1
independent integrals (the simpler the better) of these n—1
equations. Let these integrals be

Uy = U (L1y oeey )=y, (m=1, ..., 0—1),
where a,, ..., (t,—,, are arbitrary constants. Then, for each of these

integrals, we have

a U N aum —
o, de,+ ...+ o, dz, =0,

and therefore

Oty
n
0Zy

Oy,

la—wl =0.

R +...4+R

Apparently, this is a new integral equation among the variables
in the subsidiary system. Kvery integral equation connected with
this subsidiary system, if not evanescent, must be expressible in

terms of u,=a,, ..., Up=0a,_,. The new equation manifestly
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is not satisfied in virtue of the integral equivalent of the sub-
sidiary system, because it does not involve any of the arbitrary
constants a. Hence it must be satisfied identically; that is, all
the n —1 relations

Oty , Oty
.R1 *a'xl +... + ]L,,, E = O,
for m=1, ..., n— 1, are satisfied identically.

Now let
e=f(2y, ..., &)
be any integral of the differential equation
Rp+...+Ryp,=0;
then the relation

1af+ +Rn,\a[’=0
a Xy 0%y

is satisfied, obviously identically because it does not involve z.
Consequently, we have

(f Uyy oeey un—l) =0.

Zyy Loy eeey Ty

This relation is not satisfied in virtue of any, or all, of the
cquations u,=ay, ..., Uy_, = @y, 2=f. It thereforc is satisfied
identically; and consequently (§ 9) we have a functional relation
of the form

¢(f; ul; ey un—-l)=0’

where ¢ can be perfectly general. Resolving this functional
relation so as to express f in terms of w,, ..., u,_;, we have

sz(uh LR un—l))

where, as ¢ can be perfectly general, so ¥ can be perfectly general.
But

2=f(x,, ..., tn)=f
is any integral of the differential equation; consequently, every
integral of the equation

Rp+...+ Rypp=0
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can be expressed in the form
2=F (u, ..., Uny),

where =@y, ..., Uny =0y, are a complete system of n—1
distinct and independent integrals of the n—1 subsidiary
equations

It should be noted that the form
2=F(uy, ..., Uny)

has been proved to include every integral of the equation. There
are no special integrals (in the former sense of the term) of the
equation

Rip+...+ R,p,=0.

The equation is somewhat different in form from the equation in
§ 193. Owing to the facts that 2z does not occur, that the deriva-
tives py, ..., pa, occur in the first power only, and that there is no
term not involving a derivative, the equation is often called a
homogeneous linear partial differential equation.

STANDARD FoRMS.

195. Before proceeding to indicate a method of integration
which is applicable to the most general equation of the first
order, it is advisable to notice a few standard forms of differential
equations in two independent variables, which admit of integration
by very short processes, and to one or other of which many equa-
tions can be reduced. As the general method is usually much
longer than that which is effective for any of the standard forms,
it is advantageous to see whether an equation is included under
one of them.

The General Integral and the Singular Integral must in the
case of every equation be indicated as well as the Complete
Integral, or the equation is not considered to be fully solved.
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196. StaNDARD I.
Equations, in which the variables do not explicitly occur, may
be written in the form
¥ (p =0
A solution of this is evidently
z=ax+by+c,
provided @ and b are such as to satisfy

V¥ (a, b) =0.

If the value of b derived from this equation be b=f(«), the
Complete Integral of the equation is

z=ux+yf(«)+ec.

Note. Equations, which do not explicitly come under this
standard, can often be included by changes of the variables; thus
for instance functions of # which occur in the equation might
admit of association with the p, and functions of i with the ¢. But
the changes needed for any equation can be determined only for
the particular circumstances of the equation; there is no general
rule, since an equation cannot always be reduced to this form.

Ex. 1. Solve pg=>h

The foregoing shews that

i=ax+by+c
is a solution provided
ab=*t;

the Complete Integral therefore is
1.
4==(l.l+u'l/-{—l.
The General Integral is obtained by eliminating « between the equations
i R
z=a,7:+(-by+¢(a)

)

0=2 —(%]/-*-(f)/(ﬂ)
where ¢ is arbitrary.

The Singular Integral, if it exist, is determined by the equations
z=cw+£zg/+c]
a
y2 .
0= u ";(-2.7/ J

0= 1
the last equation shews that the Singular Integral does not exist.
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Ex. 2. Solve pg=amyr2l,
This can be put into the form

z_"’lldg z_‘:_“’lldz -
amdy  yrdy

Let dZ=2"¥ldz, so that (1-30)Z=21"31
dE=amdz,  aervrees (4 1) fmam Y,
dny=y"dy, e (n + 1) p=yn*1,

and the equation becomes
0z 0z _
ok on

which is included under the last example.
Ex. 3. Solve the equations:
(i) p*+q?=m?;
(i) a(p+)=z;
(i) 2*p*+yq*=z;

Im

(iv) p™sec?™x+42z'qn cosecy=2""";

() p+g*=npy;
(Vi) p"+ppt=1;
(vii) zp1popy=m12923.

197. The differential equations included under the form

¥v(p,g=0

have an important interpretation when viewed geometrically. We
know that the equation of the tangent plane to the surface

z=F(z,y)

at the point &, 9, §, is
or or
e=@=H5p+ -G, + FE)

oF oF oF  oF
w5+~ (Eog + oy )
and the surface is the envelope of the tangent planes. Now if

between ) and F there be a relation

o
o )0
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we can take =7 =a, and then oF is a function of a alone, say
ag on
oF
a;; =f(a).
Also
EOF BF _p oF
J< s ’ 6?)__ rror_ (1Y)
s, ) ~ g oy~ \akon
oF oF
0’ on
7 &
= O’
so that E oF +772F F is (§9) expressible as a function of %]g

alone, that is, it can be taken in the form
oF
Eag tng —F=g().
The equation of the tangent plane becomes

z=xa+g/f(a) -9 (a)s
and so it contains only one parameter.
The envelope of a plane whose equation is of this form is

a developable surface, and hence the surface considered is a
developable surface.

It therefore follows that

Vv (p9)=0
is the general differential cquation of a family of developable
surfaces; and the equivalent General Integral is the integral
equation of the family.

198. StaNDARD IL

In attempting to reduce an equation to the preceding standard
we may find it possible to remove from the equation the inde-
pendent variables, so that they no longer occur explicitly ; but it
may not be possible to remove the dependent variable, and the
equation will then be of the form

x (2, p,q)=0.
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We assume as a tentative solution

z=f(z+ay)=f(§)

(€ being written instead of z+ay), in which @ is an arbitrary
constant. We then have

dz0E _dz
T dEdw  dE’
_dsdk_ ds
“dgay” “dE’
and the substitution of these in the equation gives
dz dz
( ag ° ) 0.

This is no longer a partial differential equation, as there is
now only one independent variable. This independent variable
does not explicitly occur, and thus the equation comes under
Standard IV. (§ 18) of ordinary differential cquations of the first

order. Solving for dz

dE’

we have an equation of the form

gzz: =¢ (Z’ a),

the solution of which is

O e

or z+ay+b=F(z a)
This is the Complete Integral; the General and the Singular
Integrals may be found by the ordinary method.
Ez. 1. Solve the equation
9 (pPet+g?) =4
If we make the substitutions as in the standard case, the equation becomes

(é) (a?+2)=4,

or 3dz (@2 +2)b=dg,
the integral of which is
+ant=¢+c;
the Complete Integral of the equation therefore is
(z+a?pP=(x+ay+c)i
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The General Integral is obtained by the elimination of a between
(+atp={v+ay+6(a)}’
and 3a (z+a?={z+ay+0(a)} {y+6 (a)}}’
where 6 is an arbitrary function.

It is not difficult to prove that there is no Singular Integral.

Fz. 2. Solve the equations:

() p*=2(1-pg);

(i) ¢*y*=z(2—pr);

(i) p(1+¢")=¢(z—a);

(iv) 1=papstpapretpiped;
(V) pl+opt+apt=2pip.ps.

199. The relation between the integral and the differential
equation admits of a geometrical interpretation. The first step in
the process of solution is writing £ for & + ay, which is equivalent
to turning the axes in the plane of zy through an angle equal to
tan™ « and magnifying the coordinates in that planec in the ratio
of (1 +(L2)',§ :1. It i1s then assumed that z is a function of
but is independent of the coordinate parallel to the new axis
of y. Now

2=/ (&)
represents a cylinder whose axis is parallel to the new axis of y;
and therefore the equation gives the cylinders satisfying this con-
dition. But now, returning to our original axes, since a is an
arbitrary constant, the axis of £ is an arbitrary linc in the plane,
and therefore also is the line taken for the transformed axis of y.
It thus follows that what we find by our process of integration will

be all the cylindrical surfaces, which satisfy the given differential
equation and have their axes in the plane of xy.

200. StaNparp IIL

In attempting to reduce a given cquation to the first standard,
it may happen that 2 may be removed from explicit occurrence in
the equation, while # and y remain, and that then the functions
of p and & may be associated with one another, and likewise the
functions of ¢ and y; the equation will thus take the form

¢ (z, p) =Y (¥, 9-
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We assume, as a trial solution, each of thesec equal quantities
to be equal to an arbitrary constant «; from the first of the two
equations so obtained we have

p=0:(, a),
and from the second
q= 0, (y, ).

Integrating both of these we find that, by the first,

z=f,(«, ) + a quantity independent of =,
and that, by the second,
z=f;(y, @) + a quantity independent of y.

These are evidently included in, and are equivalent to, the
equation
z=fi(w a) +[:(y, a) + b,
where b is an arbitrary constant. This is a solution of the original
equation ; as it contains two arbitrary constants, it is the Complete

Integral.
The General Integral and the Singular Integral, if it exist, are

to be deduced in the usual way.
Lz 1. Solve the equation
Prgi=aty.
The equation, rearranged in the form
P= (g~ 1)
comes under the standard ; and we therefore write
1‘2'“"“.'/— (12:(1_
Hence p=(x+w)é,

g=(y-a},
and therefore

e=3@+a)t+3(y-a)l+b,
which is the Complete Integral.
The General Integral is given by the elimination of @ between
=3 @+a)t+i (r—a)t+x (@)
0=@+at-(y—at+x (@) } ,

where x is an arbitrary function. There is no Singular Integral.



414 STANDARD FORMS [cHAP. 1x

Ex. 2. Solve the equations:
() (g +g)=at+y;
(ii) g=zp+p%;
(iii) p=(gy+2)*;
(iv) phegb=2z;
(V) p2_y3q=x2_y2.
Ez. 3. Shew that this method can be applied to the solution of equations
of tho form
J1(p1, 20+ /o (P2y 22) +13(ps, 23)=0.
Thus solve fully the equation

PlHpl4pl=x2+z2 422

201. STANDARD 1V.

In this class are included those equations involving partial
differential coefficients, which are analogous to the equations
included under Clairaut’s form (§ 20) in ordinary differential
equations. For two independent variables, they are represented by

z=pr+qy+é(p 9
where ¢ is a definite function.
A solution of the equation is
z=uzx+ by + ¢ (a, ),
which admits of immediate verification. As it contains two arbitrary
constants, it is the Complete Integral; the General Integral is to
be obtained in the usual way; and there is a Singular Integral,
unless ¢ is linear in p and in q.
Ez. 1. Solve the equations:
(i) z=pr+9y+py;
(i) e=pa+gy+(1+pt+gik;
(iii) z=pz+qy+(ap*+Bg*+y)t;
(iv) z=px+qy+3pdg3;
obtaining in each case the Singular Integral as well as the Complete Integral,

Ez. 2. Solve the equations:
() z=p12+paatpszs+f (prs P2 P3)

L k=l -
(i1) 2=“_2__"p“z“+(n+ 1) (p1pg... pa)"t;

and obtain the Singular Integral in each case.
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PrinciPLE oF DuaLIiTy.

202. There exists in partial differential equations a remark-
able duality, in virtue of which each equation is connected with
some other equation of the same order by relations of a perfectly
reciprocal character. We shall consider here only cquations of
the first order.

Considering the case of two indecpendent variables only, we
write as our new dependent variable

Z=px+qy-— 2z,
and therefore
dZ = zdp + ydyq.
We take as our new independent variables p and ¢, which we write
X and Y for symmetry, so that

X =p, Y= q;
and then we have
04 _0oZ
T op X< =P,
0Z 07
Y=oq=oy~ @;
then z2=PX + QY -Z,

so that the relations between the variables are, as stated above,
reciprocal.

If now we have an equation of the form

¥y 2p9=0,
the above relations transform it into
Vv(P,Q PX+QY—-2,X,Y)=0.

The integral of either of these being known, that of the other is
deducible by a process of algebraical elimination. Thus let a solu-
tion of the second be given, or be derivable, in the form

¢(Z, X,Y)=0.
Then we have

a‘ﬁ 0 0p 09
Pogtax=0=Q5z+5p
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s 3d> 0
that is, d/ X" =0,
o a¢> )
Yaztsr =Y
, 00 ¢ ¢> o
and e Z X +Y 7

The elimination of X, ¥, Z, between these four equations will
leave an equation in z, y, z, which will be a solution of

V(@ 9,2 p 9 =0

Ez. 1. The simplest example of an equation which can be treated by this
method is that which comes under Standard 1V. (§ 201); the equation being

z=pr+qy+f(p 9
the trausformed equation is not differential, but algebraical, being in fact
-Z=f(4X, T).
Thus, in particular, consider
z=pr+qy+pi+g;
the transformed equation is

~Z=X2+7Y"
oz o ,
Hence x=3T=-2X and 3 y=z ———2)
L0Z O, e pa
where z—AaX+I ,Y—J-——(‘l + 3.

Hence, eliminating the quantities .Y, ¥, Z, we have
—de=x+y?,
which is easily seen to be the Singular Integral of
2=px+qy+pi+qt
Ez. 2. Solve the equations:
(i) (@p+yq) (e-pr—gy)+pg=0;
(ii) z41-2@+p)-y(y+9)=0;
(ill) p? (22— )+ 2pgay + ¢ (y2—y) — 2pxz — 29y2+22=0;
(iv) (pz+gy—2) (Pz+g*y)b=pg.
Ez. 3. Prove that the equations
() @fi(z-pr—gy, p, +uf2(2=pr -9y, Py =Ss(2=PX= 9% P, I
(i) F(z—pz—gy,2,y)=0,
are reducible, by the foregoing substitutions, to standard forms.
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Ez. 4. Prove that the equation
i (9, Py 2= p2)+ 912 Py 2= p2) =3 (9 Py 2 —P%)

is reducible to Lagrange’s form by changing the variables, so that p and y are
the new independent variables and z — px is the new dependent variable.

Hence solve the equation
g (y—0y+2pue=22+2p*(z+1).
Ex. 5, Solve (z=—pr—gyi=1+p*+¢"

203. The process of derivation of one differential equation from
another as exhibited in the preceding article is really a trans-
lation into analysis of the geometrical principle of duality between
surfaces. When we take a fixed quadric, which we may denote by
3, then with every surface S there is associated another surface S,
called its polar reciprocal, which is the envelope of the polar planes
with regard to 3 of points on the surface S; and the surface S is
the polar reciprocal of §’, being the envelope of the polar planes
with regard to 2 of points on S’

The polar reciprocal of a surface depends on the subsidiary
quadric, %, and is different for different quadrics; the quadric
most commonly chosen (on account of the geometrical simplicity)
is a sphere with its centre at the origin of reciprocation.

Let us select, as the subsidiary quadric, not a sphere but a
paraboloid of revolution whose equation is

a4y =2z,

To the tangent plane at a point A on the surface S corresponds
a point A’ on the surface S’; and to the point 4 corresponds the
tangent plane at A’ to 8. Let «,y, 2, p, g, be the quantities
associated with 4; and X, ¥, Z, P, @, the corresponding quantities
associated with 4’

The tangent plane at z, y, 2, to the given surface S is

f—e=pE—a)+q(m—y)
& 7, ¢ being current coordinates; the polar plane of X, ¥, Z, with
regard to the quadric, is
XE+Yn—-¢—=7=0.
But, because the two surfaces S and S’ are polar reciprocals, these
two planes are the same; a comparison of their equations gives
X=p; Y=¢q; Z=pz+tqy-=

F.D.E. o
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Similarly, taking a tangent plane at X, Y, Z, to the surface §',
and noting that it must be the polar plane of z, y, 2, with regard
to the quadric, we obtain the equations

z=P; y=Q; z=PX+QY -7
These are the two sets of relations used in the preceding method.

Other relations could be obtained by taking other subsidiary
quadrics in reference to which reciprocation should take place; but
the preceding seem the simplest that can be found.

Note. The transformation of variables just outlined is originally
due to Lagrange; often it is associated with the name of Legendre,
because he developed its properties. But it is only an individual
cxample of a general theory developed by Lie, which is usually
called the theory of tangential transformations or contact trans-
Sformations, when the number of independent variables is » and
not merely two.

All the contact transformations, in the case of two independent

variables 2 and ¥, are given by the equations which make

dZ — PdX — QdY = p(dz — pdx— qdy),
where p is a non-vanishing quantity independent of differential
elements.

The elements of Lie’s theory are expounded in vol, I of my Theory of
Differential Equations, chapter 1X., where references are given; also in vol. v,,
chapter 1x. The full exposition is contained (vol. 1) in the great treatise
Theorie der Transformationsgruppen by Lie and Engel.

It is obvious geometrically that two surfaces, which touch one
another, are reciprocated with respect to any quadric into two
other surfaces which also touch one another. Thus the Lagrange-
Legendre transformation is a contact transformation.

204. The General Integral of a differential equation involves
an arbitrary function, It may be necessary to obtain an integral
satisfying certain conditions; the latter will then be obtained if
the arbitrary function be rightly determined. The process is
equivalent to that which occurs in ordinary differential equations,
where the arbitrary constants are determined by some particular
relation or relations between special values of the variables. In
every particular problem, the arbitrary function is determined by
means of the specified conditions.



203-204] DUALITY 419
Ex. 1. The equation
ap+bg=1

implies that the normal to the surface represented by the integral equation is
perpendicular to a given line whose direction cosines are proportional to , d, 1;
this is the property of a cylindrical surface whose axis is parallel to that line.
The integral obtained, either by Lagrange’s method or by the method applied
to Standard 1., is

w—az=g (y-b2),

where ¢ is arbitrary. Suppose that the equation of a cylinder, having its axis
parallel to the line («, b, 1) and passing through the curve 22—y2%=1 in the
plane of zy, is desired. The section of the above surface by the plane of xy
is obtained by writing z=0 therein, and thus it is

z=¢(y).
According to the assigned conditions, it should be
2l=1+y%
A comparison of these equations shews that
b (N=+zh,
¢ (y—be)={1+(y - by,

Hence the equation required is

and therefore also

z—az={1+(y-bz)"}},
or, freed from radicals, is
(x—az)?—(y—bz)?=1.
Ez. 2. Prove that the equation
p@—a)+q(y—b)=z—c

represents a family of cones having the fixed point (e, d, ¢) for vertex. Shew
that the member of the family, which passes through the circle

22 42=1
in the plane of 2y, has for its equation
(az=cxz)? 4 (bz = cy)=(z—c)%
Ez. 3. Obtain the integral of the equation
p (ny —m2)+q (le—nx)=mz—1ly,

so that the section, by the plane of zy, of the represented surface is a conic
section of eccentricity e with its centre on the line

€2+ (1 —e€?) (lz+my)=0.
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CHARPIT'S GENERAL METHOD OF SOLUTION.

205. We now proceed to consider a more general method, due
to Charpit*. It applies to the general cquation, which may be
denoted by

F(z,v,2,p,¢=0;

and its success depends, as will be scen, upon the integration of
some ordinary differential equations.

If, in addition to the foregoing relation, we have another
between the variables and the differential coefficients, the two can
be considered as a pair of simultancous equations which, when
solved, will give p and ¢ as explicit functions of , y, and z. The
values so derived, when substituted in the equation

dz = pdz +qdy,

will render it either immediately integrable or integrable on
multiplication by some factor; and the integral will be a solution
of the original equation, since the values of p and ¢ derived from
it have in the inverse process been obtained from that equation.
Let then another relation between the quantities be denoted by

Oz, y,2,p 9)=0;

if we can find the form of @, we shall be in a position to use this
method of solution.

206. Now the integral of the equation gives z (and therefore
also p and q) as functions of # and y; whatever these functions
may be, they will, if substituted in the equations F=0 and ® =0,
render them both identities. Let these values of 2, p, ¢ (as yet
unknown) be supposed substituted; then the partial differential

* The method was contained in a memoir, presented 30 June, 1784, to the
Académie des Sciences, Paris. Charpit died soon afterwards, and his memoir was

never printed; see Lacroix, Traité du calcul différenticl et du calcul intégral,
2 éd. (1814), t. 1r. p. 548.
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coefficients of the left-hand members of both equations with regard
to « and y vanish, and therefore

oF oF  oF
*aﬁazf’*é,;% gfgi 0,
ob  ob $ 9
7“*%210 ?,p5§+%‘323 0
Z)lf’+8]1' +8[f§z) 0F oq
oy 9z 1 opoy 0q oy
aq> 3P 2bdp  adag
221 opdy ' 0q oy

b

Ehmmdtmv CH P between the first pair of these equations, we have

(817’ ob oF¢C ')<I)) (E)F ob oF B‘D) dq <8F ob oFr 84))

dw op  ap aw) " P\oz 0p Top 02) Tom\og op ~op oq

UL .
and climinating 5,,1) between the second pair, we have
[/

(BF oD oF 3(I>) (E)F ob oF 8<l)) op (E)F od oF 8<])>

oy oq oq ay) " I\Gz aq " oq 6z) T ay\op aq ~ oq ap
0 0z _Op
NOVV ax é‘;;j é—y ,

so that from the last two equations, when added together as they

stand, the terms involving these quantities disappear; and the
result may be rearranged and written in the form

/0F 8_1?) od + <8F . 8F> oP ( _ . oF 8F> oD

\ow z)op  \oy oq P op —4 oq/ 0z

(_?_’F_’>8‘E ( 81”)8‘1)

op o9/ 0y

which we may look upon asa lincar ditferential equation of the first

order to determine @. The method applicable to this equation is

therefore the one used in the ease of Lagrange’s equation ; we form
the cqunations (§§ 193, 194)

)

dp  dg dz _de _ dy dP
oF | OF oK o oF | ok ok _oF 07
oz " P 5z oy T4z 1 op qbq op oq
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and obtain integrals of these. Now, in order that these equations
may hold, we must have

dF=0,
or F=A,

an arbitrary constant, which must be zero. If another integral can
be obtained by equating any two of the first five fractions, it may

be written in the form
u=B.

By the corollary in § 191, u = B is a solution of the differential
equation determining ®. Now ® = 0 is the relation we are seeking
between z, ¥, 2, p, q; and the simpler this relation is, the easier
will be the deduction of p and ¢ from ® =0 and F=0. We may
therefore take as the relation required the equation

u= B,

that is, we may take any one integral whatever of the foregoing
system of ordinary differential equations, provided either p or q or
both occur in it; when this integral has been obtained, we combine
it with =0 and carry out the process indicated in the preceding
article.

207. The preceding result, which is of fundamental import-
ance, may be obtained by another process of using the necessary
analysis.

The given differential equation to be integrated is the equation
F=0; and we may assume that it has some integral equivalent,
in the form of a relation between «, y, 2. Suppose that the other
equation ® = 0 is also satisfied by this same unknown relation and
by the values of p and ¢ derived from it. Then the values of p
and ¢, given in terms of z, y, z, by F=0 and ®=0 as two
simultaneous equations in p and g, must be such as to make the
equation

—dz+pde+qdy=0
an exact equation. Consequently, the condition of integrability
(§ 151) must be satisfied; that is, we must have
0 op ,0q 0
P Y5+ 3 oy~ "
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an equation which was proved to be sufficient as well as necessary
to secure the exactness of the equation —dz+ pdz+qdy=0.
The values of p and g, given in terms of 2,7, 2, by = 0and ®=0
as simultaneous equations, are such that

OF oFop 0Fdq _
s " powtagon
o0 odop  odag

% T opaw T ogon O
so that
(130 _oko)og ko0 oo
opdy 9dq op)ox Oz dp Op ox’
Similarly

op og  dq Op

<8F8<I> 8F8<I))8p 0Fod oFod

0Fod oFob\dp _0FoD  0Fod
(ap dq 0y Dp)az ~ 020q  0q 0z’
(W@~W@yt.@@_@@
op 09 oqop)oz 0zdp Op 0z’
Now the equations =0 and ® =0 are regarded as determining
p and ¢ definitely, so that (§ 9) the quantity
oFod oFodP

dpdg  dq dp
does not vanish. Hence, when we insert in the condition of

9g 9p 9 g

50 B_f/ ' 557 52 the condition takes

integrability these values of

the form

FO®_9FD0  OFab_oFa0
0z 0p  Op dx ' 0y ¢ 0q Oy
2Fd oFod\  oFod oFod
2 (o o)t o 5 e )

b

I\3: ¢ " oq o2

which is easily seen to be the same equation as in the preceding
section (§ 206).
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From this stage we proceed as before, constructing the equations
subsidiary to the determination of ® in the form
dp _  dq dz _dz dy
A N R R ) A
i tP % oy ? %2 P op 1 aq op 0q

One integral of these, distinet from # =0 and involving either
p or g or both, is to be obtained, say u = B; this, as before, can be
taken for the equation ®=0. We resolve =0 and u= B for
p and ¢; we substitute the deduced values of p and ¢ in

de=pdz+ qdy;
and we integrate the latter which now is exact. The result is a
complete primitive of the equation F = 0.
The subsidiary equations are often called Charpit's equations;

and the method of integration is, as alrcady stated, usually called
Charpit's method.

208. The following proposition is an immediate corollary from
the process of the preceding articles, or it may be considered merely
as a re-enunciation of the result there obtained:

When two equations of the first order represented by

Fa,y,2,p,9)=0,
P @,y 2 p =0,
are such that they satisfy identically the relation

OF9® _oFod A oF3d _oFod
Oz 0p Op dx Oy dq 0q Oy
(?F 3@3_@@‘?> (?lfai’_af' 3_‘1?)
P\%. op op 0: \oz 0q 0q 0z

b

and are considered as two simultaneous equations giving p and ¢
as functions of #, y, and 2, then the values of p and ¢, derived from
them and substituted in the equation

dz=pdz+ qdy,

render it (when multiplied, if necessary, by some factor) an exact
differential,
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Another form may be given to the relation. Let

or or
Fe=gtry
oF oF
Byt

and similarly for ®; then the equation is easily transformed into

0P _ g, g 0P g OF_
op  Top T TVeq Yoq o

0.

x

Ez. 1. Solve the equation
P = 2px —2qy + 22y =0.

Forming the subsidiary equations, we have (among others)

dp__ dg _ _dv __ _dy
2y—-2p 2w-2¢ —2p+2 —29+2y°
Hence dp+dg=dz+dy,
so that p—r+qg—y=a.

Combining this with the original equation, which may be written

(p=2)*+(g-yy=(=y),

we find 2(p—-x)=a+{2(z—y)‘l—a‘l}%,
2(g-y)=a—{2(v—y)'—a’}d.
Hence de=pdz+qdy

gives 2dz=(2v+a) dz+(2y+a) dy+(dz - dy) {2{x - y)* - al,
the integral of which is

2z—b=acz+ow+_1/2+zz_'1/+'7”—2.'§3 {2(x-y)- o}t

-g% log [2} (v—p)+{2 (¢ - y)? - e} ].
This is the Complete Integral. The General Integral is deducible in the

ordinary way. There is no Singular Integral.

The above equation may, however, be solved without having recourse to
this method ; but some transformations and substitutions are necessary.
Taking the equation in the form

(P-2)+(g-y) ==y
we write Z=2-%x'- 3y,
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Z_ _ a_z_ _
so that =P % b_y_q Y.

Let the independent variables be changed by the equations
-3/=2’§X and x+y=2iY;

BZ <BZ oz

then Tprsy) 2Ti=Th ),

( gi, gf>2 t_9-4(g-P)

(e (2o

PryQr=2X7

and is thus of the form of Standard III. When the integral is obtained under
the rule (§ 200), and the old variables are substituted for the new variables,
it will be found to agree with the integral already obtained.

and therefore

The equation becomes

Ez. 2. Solve the equations
0) p*+e*-2pz—2qy+1=0;
(i) 2(pg+py+gx)+a®+y"=0;
by Charpit’s method.

Also reduce both of them to one or other of the Standard forms and so
integrate them, shewing that the integrals obtained by the two methods agree,

209. In these particular examples, Charpit’s method is less
laborious than the other; but this is by no means always the case.
It often happens that an equation which furnishes an easy example
of the general method is integrable still more easily because
included in some one or other of the special Standard forms; and
so the method is less used than would otherwise be the case. But
it is more general than any of them; and equations, integrable by
any of the special methods, are integrable by the general method.
It is moreover important in the general theory, as indicating a
process of obtaining a solution of the differential equation without
any restrictions on its form.

The limitations to success in practice are connected with the
integration of the subsidiary equations. Now these particular
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limitations are just such as give rise to the methods adopted for
the different Standards and really indicate the classification therein
adopted ; in fact, all the Standards are included in Charpit's method,
and integration is possible by Charpit's method whenever it vs possible
by any of the special methods.

210. Thus consider Lagrange’s form, which is
R—Pp—-Qq=0,

in which P, @, R,are functions of , y, z, and do not involve p or ¢.

In this case
F=R-Pp-Q,

oF oF
so that —é}—)_P’ —é“é-——‘Q,
oF @
95 PP +4q@=R;
thus two of Charpit’s equations are
de_dy_dz
FTQT R

the equations on which the integration of Lagrange’s form
depends.

But it should be noticed that this is not a proof of Lagrange’s
method for linear differential equations; the result has already
been assumed in the derivation of Charpit’s equations. Moreover,
Lagrange’s method is concerned with the construction of the
general integral. If Charpit’s method be adopted in detail, it
would be necessary to include the other fractions in the subsidiary
system, so as to obtain an integral of that system involving either
p or q or both p and g.

211. Next, consider the typical equation of the First Standard,
which is
¥ 9=0,
so that F=+v(p q),

in which «, y, z, do not explicitly occur; then

oF oF oF
é—‘; = 0, 'a; Lo 0, ‘a? = 0.
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The subsidiary equations now are

dp_dq_ _dv _
0= =g
op

so that we have p=a and ¢=0, both arbitrary constants apparently.
But, according to the rule, we must combine some one integral
with the original equation, and so we have

¥ (2 q)=0;
and therefore, if ¢ = b, we have

¥ («, b)) = 0.
Then dz = pde+qdy

= adx —{--b(ly,
of which the integral is
z=az +by +c,

with the limitation between a and b.

212. Proceeding to the typical equation of the Second Standard,
which is

Vv (zp 9 =0,
an equation into which # and y do not explicitly enter, we have
=¥ (% p, ),
and therefore
oF or
w9y~
The equation derived from the first pair of Charpit’s fractions
gives
dp _ dg .
aﬁY 8—11—"
P 1%

and therefore ¢ =ap. Combining this with 4 =0, we can find
both p and g in terms of z; let the values be f(z) for p and
therefore af(z) for q. Substituting in

dz = pdz + qdy,

we have =dz + ady,

/()
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or Jj%+0=w+ay,

which agrees with the former result.

213. Passing now to the Third Standard, in which the
equation is
F=¢(@p) =¥ @ 9=0

oF_op OF 24

so that

!

cx ox’ Op  op

OF _ _ay OF _ oy F_ .
oy oy’ d¢  oq’ oz

we have from the subsidiary equations

dp __du

0p - _0¢’

o op

0 10 0P g0

or ;T}) dp+a.l, dz =0,
that is, ¢ (¢, p)=a;
and therefore from the original equation,

v p=a.

Solving these respectively for p and ¢, we have

p=0(z,a), q=0.(y, a);
hence

dz =6, (z, a)dz + 6, (y, a) dy,
the integral of which is

z+c=f€l(x, a)dw+f62(y, a)dy.

Ez. 3. Derive by Charpit’s method the integral of the differential equation
of the form analogous to Clairaut’s form for ordinary equations.

Ez. 4. Obtain by Charpit’s method a solution of the equation

pr+y=r(p, )
where f(p, ¢) is a homogeneous function of p and ¢ of the degree .

Solve also ap+yqi=2pq.
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JAcoBI’'S METHOD FOR THE GENERAL EQUATION WITH ANY
NUMBER OF INDEPENDENT VARIABLES,

214. It has been indicated, in §§ 193, 194, that the method
used for the linear partial differential equation in Lagrange’s form
can be applied to the case when the number of variables is n. We
now proceed to indicate the method, due to Jacobi, of solving the
general partial differential equation when there are » independent
variables. This general equation may be represented by

D (2, i, P2y oeeeee s Py &iy Tgy eneess » ) =0,

where z;, 25, ...... , @, are the independent variables, and the p's
are the partial differential coefficients of z with respect to the a’s.

215. We will prove that, if the dependent variable explicitly
occur in this equation (which will usually be the casc since the
equation is perfectly general), the equation & = 0 can be changed
into another with a new dependent variable, in which that
dependent variable does not explicitly occur and the number of
independent variables is increased by unity.

The differential equation ® =0 has some solution. Let it be
represented by
u=[f(2, &, &, ..... , Zp) =0,
where f'is as yet an unknown function; then we have

ou , ou

oz, Tz Pr= 0
for all values of the suffix from »=1 to » =n. Let these values of
p be substituted in the original equation, which therefore becomes

ou ou ou

o, a—.% Eﬁ; _
03] ,—%,—E ...... ,—a—,wl,w,, ...... s Xy —0,

0z 0z 0z

‘If(wl,wz, ...... , Tns ou B @—, ?_’{‘>=0.

Z. —— —
,awl’ axg’
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We thus still have a partial differential equation of the first order;
the dependent variable u does not explicitly occur, and there are
n+1 independent variables z, z,, @, ...... , #». Hence the pro-
position is proved.

The integral of the modified equation leads to the integral of the
original equation; it will be proved to be possible to obtain the
integral of ¥ =0 in the form

When this integral of ¥ =0 is known, the complete integral of
the equation ® = 0 is given by
Sz, oy ... s Ty 2, Qyy Aay eenees , @y)=0,
in which z is now the dependent variable and there remain the
original n independent variables.

For u =f is the integral of ¥ =0 and ¥ is a modified form of
® =0, so that the latter is satisfied by « = f, and therefore

of O o

oz, oz, o«
o ——, — =, , —— &y, Lyy e, Zn =0,
z, ?[’ 7 T &z, & x 0
0z 0z 0z
But, since f= 0, we have
Ao _
8x,+§—zpr_0’
and therefore
of
oz,
pr=’_7)
0z

which is satisfied for all the suffixes 7 from =1 to » =n; hence
we obtain

D (2, p1y Py -evees s Py L1,y Ly evvens , Zn) =0,
the original differential equation.
216. It is thus theoretically sufficient to consider differential

equations from which the dependent variable is explicitly absent.
If the dependent variable explicitly occur in any given equation, it
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can be removed in the manner indicated; and a transformed
differential equation ¥ =0 can be obtained, the integral of which
will lead to the required integral. We shall therefore write the
general differential equation in the form

F(px» DPas eeeees s Pns X1y Xy evenn , wn) =0.
If, in addision to F'=0, we have other n — 1 equations of the
form
Fi=a, F,=a,,..... ,F.=a,, ...... By =anu,,

where F\, F,, ...... , Fu_y, are functions of p,, p,, ...... , Pa (or of
some of them), and may be, and usually are, functions also
of @, @y, vu.n.. , Ty, and where a,,a,, ...... , Gn—y, are arbitrary
constants, then from these n equations we can obtain values
of iy Pay vvnns , Pn, as functions of the «’s and the «’s. Let these
values be substituted in

dz = p,dz, + p,ds + ...... + ppdan;
if they be such as to render this an exact differential, its integral
will be the complete integral of F=0. For it will be an integral,
since the values of p,, p,, ...... , Pn, are derived from n equations,
one of which is F'=0; and its expression will involve n arbitrary
constants, viz. the constants a,, a,, ...... , Gn-, and the constant of
integration. Moreover, the integral is of the form

z2=x (@, T3y vrenee s Ty Bpy Qgy eueenn s Qp—y) + Qp,

which gives the dependent variable explicitly, and therefore
justifies the assumption made as to the form of the integral of
¥ =0.

The n —1 functions F' must be such that the values of the
quantities p will render the foregoing an exact differential equa-
tion, The necessary conditions, which are

Op, _ 0ps

oz, ox,’
for all values of » and s, will serve to determine these functions.
217. Suppose that the n equations
F=0,F =a, F,=a,, ...... sy Fpa=au_,,

are solved so as to give the values of p,, p,, ...... » Pn, 88 functions
of the variables @ ; these values will, when substituted, make each
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cquation an identity. When this substitution takes place in any
two such equations as F, = a, and F,=a,, we have

oF, oF,op,  oF,op, + oF, ops _ -0
awl ap]_ awl ap2 8501 ...... apn, axl ’
|08,  0F,0p,  0Fyope, | OF.opa_,
Oz, ' Op, Oz, ' Opaom opn 0z,
oF, oF,0p, OFdp.,  OFna_,
) 0z, = Op, 0z, op, oz, Opn 0z
OF, oFop 0F,op, L OFOpa_
oz, | Op, oz, op, 0z, ' T Opn 0z,

......................................................

giving altogether n pairs of equations; each pair is made up of
the differential coefficients, with regard to the same independent
variable, of F, and F, when in these the values of the p’s are

substituted. Between the first pair let the value of % be elimi-

Ty
nated ; the resulting equation is
[U] + [Eaf ] op. [F_l's] ops L [u] Pn _
Zy, Pr P2y P1 | 07, Dss D1 o, Pns P1] 02y
where FT’F —?LF_BE _@ﬁ_’a_.ﬁ'_
u, v ou ov ov ou

_ F,, F, _ s, By _ F, F,
T e | vy | [ vu |

Similarly, the elimination of g-—};z from the second pair gives
2

F,, F, F,, F, Q]_JA [Fr: Fs]ap_s [Fr)F]apn
[;’L'z,pzjl + [Px;}h:l ax2+ Psy Pe ?).Z‘2+ ““““ * Dns Do 0z,

and so on, each pair leading to an equation of this form.

Now let all the left-hand members of these equations be added

together. The coefficient of %Py (which is equal to %> will con-
ad),/ a.’L‘,'

sist of the sum of two terms, viz. the term
[Fr: Fs]
Des Pry
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from the +'*® equation, and the term

DPr> Ds
from the 5™ equation; the sum of these two is zero, and thus the

term in g% disappears, whatever be the values of ¥ and §’. The
~

resulting equation is therefore

(BB [Fa B[] [BE] o
Zyy, P1 Zgy P2 Z3, Ps Zny Pn

Let the left-hand side be denoted by
(Fr, Fy);
then the equation is
(Fy, Fo)=0;
and this must be satisfied, whatever the suffixes » and s may be.

Hence the aggregate of the equations which these functions must
satisfy may be represented in the form

0=(Fi; F)=(Fi1 FX)=(Fi) F2)= """ =(F'i) F‘i-—l))
for all values of the index ¢ from ¢ =1 to t=n —1.

218. These conditions, which are necessary for the integrability
of the equation dz = Zpdz, must now be proved sufficient; this
will be established by shewing that, when the functions F satisfy
the foregoing equations, we have

opr _ ¢
ory Oz’
for all values of »" and s’

The n equations derived from the n pairs of equations con-
nected with any two given functions ¥, and F; still hold; when
they are all added together, we have

Fr; Fs apf apu’
F, F, n ol (opr _ 9P\ L
( )+ 22 [PH: PJ (axs’ 300) 0

the double summation extending to all integral values of +" and
8 from 1 to n, but not including pairs of equal values since for
every such pair of values the term vanishes. But by the necessary
conditions satisfied by the functions, we have

(Fn Fc)=0:
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and therefore 33 I:J—’—Ié] (QE" — aﬁ’) =0,

Pry Py \Oxy  Oxp
which holds for all the values of » and s given by the different
functions; and every combination of the functions will give such
an equation. The total number of these combinations is 47 (n —1);
and therefore the number of such equations is §n (n—1).

Now each equation is linear in the quantities

opr _pr

E)x, a.’I},J ’
which are in number in(n—1) in all, that is, the same as the
number of the equations. Since each right-hand side is zero it
follows, either that each of these quantities

opr _9ps

Bxs/ 8.9:,;
is zero, or that the determinant formed by the coefficients of these
quantities is zero.

That the latter cannot be the case appears as follows. Let A
denote the determinant

oF oF oF |,

8}71 ) 'a-}*); 3 eeeees ’ 817" )

oF, oF, oF,

—a-.l)—l ’ 5};‘; 9 eresaen ) .a_ﬁn

oF, 0F,, 0F
op, op. ~ * Opn

then each of the expressions

7]

Dr,Ps

is the complement of a sccond minor of A and there are in all
}n?(n—1)* of them; let ® denote the determinant formed by
them, so that ® is the determinant which is under consideration.
Let ® be the determinant formed by the complements in A
of the constituents in ®; then we have, on multiplying ® and @’
together,

/0 = Ain (n- 1).
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Now @’ is not infiuite ; hence if ® vanish, we must have
A=0.

But this would imply that, among the n equations of the type
F =0, the n quantities p could be eliminated ; that is, that these
equations would not suffice to determine the quantitics p as
functions of the independent variables. This is contrary to what
has been assumed as to the independence of the functions F';
hence © is not zero.

It follows that each of the §n (n — 1) quantities

9y _ dpy
ax,,/ ax'y

is zero, and therefore that the assigned conditions are sufficient to
ensure that

dz= 2 dx, + y 2 de, + ...... + Pn dx,,
18 a perfect differential,

219. We may therefore sum up our results, so far obtained,
as follows:

To obtuin the Complete Integral of any given equation F =0, we
first determine an integral ¥, = «, of the equation

(Fy, F)=0;
then we obtain a common integral ¥, = a, of the equations
(Fy, F)=(F,, F|)=0;
then a common integral F,= a, of the equations
(Fy, F)=(Fy, F)=(F,, F,)=0;

and so on, thus obtaining in all n—~1 new equations, each con-
taining an arbitrary constant. The n equations, which involve the
n quantities p, are then solved so as to furnish the values of the p’s
as functions of the independent variables and the arbitrary con-
stants ; and these values are substituted in

dz=p,dz, + p,da, + ...... + pade,.
This, when integrated, gives the Complete Integral of the equation
F=0.
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Each of the equations determining any one of the functions
F, is linear in the partial differential coefficients of F,; we have
therefore to investigate a method of obtaining the common integral
of a set of simultaneous linear partial differential equations.

Ez. Prove that, if the equations
Fl (%15 X2y veey Zny 2 D1y P2y +ves Pu)=0,
Fy (21, 23y veey Zny 2 Py, P2y +++3 Pn)=0,

................................................. .
Fn (T1y Xy very Tny 2 Py P2y eeey pn)=0,

be solved so as to give p;, pa, ee.. + Pn, a8 functions of z;, &g, ..., 7, 7, the
necessary and sufficient conditions in order that

dz=p,dz;+p:dzs+...... +puday,
should be an exact differential are, that the aggregate of equations

0= (F ’i’@) + {P_ "'} - _&_@) + {Fi, Fg} ——— <F F) N {F FI} ,
z, P % p z,p 2 p ) % p
where Ff’ F") [F’LF"]+I:F1', Fk:l ______ [F., Fk],
21y P1 Zyy Py Zpy Pu

2 a4 .
and {I'n Pl.} l: :|+]’ [Pt’,],_k:l+ _____ +p"[Fn ﬁ:k],
% P1 2y Py 2y Pn
should be satisfied for all values of the index ¢ from 7=2 to t=2n.

220. It is convenient to prove here an important Lemma
which will be of use when the integration of the simultaneous
equations is being considered.

If A, B, C, be any three functions of 2» independent variables

&Yy Lyy ereees s @ny Pry Pay +eenees Pu, and if the function (B, C') be de-
noted by a, and the function (4, a) by
[4, (B, 0)],

then the equation
[4, (B, O)]+[B, (C, 4)] +[C, (4, B)]=
is identically satisfied.

Consider the left-hand member of this equation; it consists
of the sum of a number of terms all of the same form, each of
which is the product of two first differential coefficients of two of
the quantities 4, B, C, by one second differential coefficient of the
third of them. It moreover is a cyclically symmetrical function
of A, B, and C; and therefore, if the terms involving the second
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differential coefficient of any one function, such as C, disappear,
all the terms will disappear, and thus the equation will be
satisfied.

Let the quantity
2B 50 _oB o0
oz, Op,  Opr 0%,
be denoted by A,BC, so that A, may be considered as a symbolical
operator; we may write

B,OY=(A +A+...... + A,) BC,
the operators being obviously subject to the distributive law
(A, + A,) BO=A,BC + AyBC.

Then, in accordance with this notation,

[4, (B, O)]=(A1+A+...... +A)A (A +A+...... + A,) BC,
and therefore [ 4, (B, C)] is the sum of a series of pairs of terms
A AABC+ A AN BC

for all the values of » and s from 1 to » inclusive; in the case
when r and s have the same value, only a single term occurs for
consideration.

Expanding the functions thus symbolically represented, we
find that the terms depending upon the second differential co-
efficients of (' are

0A 9B °C 04 0B 0°C 040B °C 04 9B oC

from the first of the foregoing pair, and
049B °C 040B 0°C 9A 0B C 0940B 0oC

0z, 0z, Op,Ops 0%5 OP, OPsOX,  OPs 0T, OP,OTs + 0ps 0p, 0z, 0z,
from the second.

Selecting in the same way from [B, (C, 4)] the corresponding
pair of symbolical terms and considering in them the terms which
involve second differential coefficients of C, we find them to be
respectively

0Bod 9°C 0BoA 0°C 0B0A C A 9BoA C

0z, 9Py 0Py, 0%y 0y OP,OPs  OPy OPs 0%y 0T, + Opy 0z, Op,o,’



220-221] FOR THE GENERAL EQUATION 439

and
0B0oA 0°C 0B9A oC 0B 0A ©0:C 0B oA 0oC

0% 0Py OPs0%, 0Ty 0%, OP,OPs  OPs OPr OZ,0Ts + 0Ds oz, Op,0z,

The expression [C, (4, B)] does not contain any second dif-
ferential coefficients of C.

Hence, in

[4, (B, O)]+[B, (C, )] +[C, (4, B)],

the coefficient of the term which involves is the sum of

20

0p-0ps

those in the foregoing, and is therefore zero; so also are the co-
oC 0 0

Op,0xs” Ops0z,’ Oz, 0z,

If r and s be the same, we need only to consider the first and
third of the above lines of terms when in them we write s=1r; it
eC ¢ &0
op,*’ Oprox,’ ox?’

efficients of those which involve

will be seen immediately that all the terms in
vanish.

Since this is true whatever » and s may be, it follows that all
the terms involving second differential coefficients of C' vanish;
and therefore, by the symmetry, the whole expression vanishes.

SOLUTION OF THE SUBSIDIARY EQUATIONS,

221. We now proceed to obtain the values of Fy, F, ......, Fy,,
from the various differential equations which they must satisfy.
To determine F; we have

(-F, Fl) = 0;
or, what is the same thing,
OFoF, OoFOF, 0FOF, OoFOF, oF oF, OFO0F, _

0x,0p, Op, 0z, + 9—.23281), Op2 0,

a—.'l,‘; 3pn 3pn 0z,

Since this is linear in the differential coefficients of F,, we may
obtain an integral of it by using as subsidiary equations (§ 194)
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the generalised form of Lagrange’s equations. Let any integral
of the system

de,  dx, _ d=z,
—_a——.F.— ——a__ﬁ—'_."'.._ —Q.lr—
op Ope Opn
_dp_dp._ _dps
—-Q—-Ii—a_ﬁ_,—......—éz ...(A),
ox, 0, 0xy

containing at least one of the variables p, be denoted by

ﬁ (‘Tl: ‘Tb """ ’ wu: pl: ])2; ''''' » pn) = a’l)
where q, is an arbitrary constant; then F,=f, =a, is an integral

of the original equation (¥, #,)=0.

222. We have now to find a function F,, which will satisfy
the equations
(F’) FJ)=OJ (Fl! E)=(ﬁ) F2)=O-

The former of these, being an equation to determine F,, is
identical in form with that which determines F,, and therefore
we shall have the same subsidiary equations; let

¢ (z, 5, .o.nne s Lny Pry Pas vevees , Pn) = constant

be an integral of the equations (A) different from f;=«,, and
containing at least one of the variables p; then (F, ¢) = 0.

If ¢ be such a function as to satisfy

(fh ¢’) =0,
then we may take
F,=¢=a,

as a common integral of the two equations which determine F,.
If ¢ do not satisfy the equation, then we shall have
(S ) =¢13

the substitution of ¢, may be repeated and so on indefinitely, so
that we shall have a series of functions ¢ given by

(fl’ ¢1)=¢2; (fh 4’2)’: P33 eeneen ) (ﬁ’ ¢i—-l)=¢i; -------
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Now all these functions ¢ satisfy the equation
(¥, F)=0
when substituted for #,. In the identity
(4, (B, ()] +[B, (C, 4)] + [0, (4, B)]=0,
let F be substituted for A and f; for B; then
[C, (4, B)]=[C, (F, f)]=(C, 0)=0,
and therefore

[F, (fi, O] =LA (F, O)],

whatever ' may be.
First, let C'=¢; then this equation becomes

£, (fi, §1=L/i, (F, §)]=(/, 0)=0;

so that

(fh ¢)=¢x=F'-'

18 a solution of
(F, F,)=0.

Next, let C'=¢,; then we have
[F, (fi, d0]1=[/1, (F, d0)]=(A, 0)=0,

so that
(fn 4’1) = ¢2=Fz

*3 also a solution of
', F,)=0;

and so on with the whole series of functions ¢, each of which is a
solution of the first of the two equations which determine F}, and
is therefore, when equated to a constant, also a solution of the
subsidiary equations (A).

Now these subsidiary equations have only 2z —1 independent
integrals at the utmost; the functions ¢;, which arise from the
indefinitely repeated substitution in (fi, ¢i—y), cannot all be in-
dependent of one another; and therefore if the series of functions
do not cease, we must ultimately come to some one which is
expressible in terms of those already found.
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There are thus three alternatives to be considered :
(1), some function ¢; of the series may be identically zero;

(i1), some function ¢; of the series is variable but expressible
in terms of the preceding functions of the series;

(iii), some function ¢; of the series may be a determinate
constant c.

‘We will consider these in turn.

223. Firstly, let ¢;=0; then ¢;_, = a, will be the desired integral;
for it is one of the series of functions and is therefore a solution
of (F, F,)=0; also

(Fls ¢i—l) = (,fl ’ ¢i—l) = ¢i = 0)

and 1t is therefore a solution of (#}, F,)=0. Hence it is a common
integral of the two equations which determine F,, and it therefore
gives the second of the equations desired, viz.

bi = F,=a,

224. Secondly, let ¢; be expressible in terms of the preceding
functions of the series; suppose

¢i=6(Frf‘h ¢’ 4)1’ ¢2; ''''' ) ¢i—1)1

where 6 is a definite functional symbol. Proceeding now to form
¢i+1, We have

din=Cfor $0)
= o DY St O+ (ir 8) 55+ (fr 80 5 e

when the value of ¢; is substituted. But
(.fl: F)= _(F’ﬁ)=0¢

since f; is a solution of the equations; and (fi, f;) vanishes
identically, so that this equation becomes

0 . 20 26 00
¢i+1=¢la—¢+¢25$l+ ...... +¢i-15$;+¢i§¢7:1'

But each of the differential coefficients of & is a function of the
previously obtained quantities ¢; hence ¢4, is so also.

It follows therefore that ¢; and all the functions ¢ of the series
after ¢; are expressible in terms of those which precede ¢;.
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Let us then seek to obtain some function of these quantities
which shall satisfy the equations

(F, F;)=0 and (F,, F})=(f, F;)=0;
let it be given by
F2=\P(F’ﬁ, ¢; ¢1) """ ) ¢i—l)-
When this value is substituted, the former equation becomes
0=E NN+ BN+ EHE ... Fgi) ¥,
which is satisfied identically since every function ¢ is a solution of
(F, F,)=0;
and the second equation becomes, as before,
0 0

0=(f, F,)=¢, ‘!’+¢2 +¢3 I ...... +¢iaal.

The last equation is thus the only one which must be satisfied
by 4; and as no differential coefficients with regard to F or f;
occur in it, we may consider them as replaced by their respective
values 0 and @,. Any integral of the system

d¢ — idil. —_ fiiﬂ . d¢i—1
¢1 ¢2 ¢3 ....... - ¢i
. d¢i—l
6

of the form ®=a, will be a solution of the equation in +r; and
therefore we may write

F,=®=a,

and so we shall have the required common integral of the two
equations which determine F,.

225. Thirdly, let ¢; be some determinate constant ¢ which
will merely depend upon the coefficients of the original differential
equation ; the series of functions thus terminates because there is
no further function to substitute. We then proceed as in the last
case to find some function of the preceding quantities ¢ which
will be a common solution of the two equations; let

Fo=x(F, foy b, 1y veree i)
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When this is substituted in (F, F,)=0 the equation is identically
satisfied; when it is substituted in (f;, F,)=0, the resulting
equation is, just as before,

0= ¢, +¢a¢ ...... +¢"‘a¢‘_.«+¢‘a¢>,_,’
in which we may replace ¢; by c¢. An integral of this is given by
d¢i-—2 — d¢i—1
¢i—1 c ’

which when integrated gives
¢pi—1® — 2c¢p;_, = constant ;
and therefore we may, as in the last case, write
Fo=¢i *—2chi_,=aq,,
as the common integral desired.
This solution is satisfactory provided ¢ > 1.

Now ¢ cannot be zero since ¢ is determined as a function of
the variables; the only exception therefore to be considered is the
case =1, when

8

by =050

so that < is independent of ¢. Now

=x(#, /1, $),

and F and f; are replaceable by 0 and @, respectively; if then
x be independent of ¢, it ceases to be a function of the variables
and there is thus no solution common to the two equations to be
derived from these functions.

Should this be the case, we return to the subsidiary equations
(A) and determine a new integral distinct from those already
obtained, which are

F,=fi=a,, ¢=constant;
let this be

N (@1, Ty oo y Bny Prs Pas vevees , Pn) = constant.
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Next we perform with the function % all the operations which
have been performed with the function ¢; then the desired
common integral

F,=a,
will be obtained, except in the single case when we have
(S, M) =M=,
where ¢ is a determinate constant.

From a combination of these respective exceptional cases, which
are the only ones in each of which the common integral F, has
not been obtained, we can construct a common integral F,. For

let
F, =f2 (¢’ Y)

be substituted in (¥, F;)=0=(f;, F.,); then these equations
become

0=(F, ¢)af‘+(F YL

2 P
0=(/, ¢>a{;+(fl,s> %

Now the former equation is satisfied identically since ¢ and
% are both integrals of the subsidiary equations (A); while since

(fi )= =c,
and (i, M=% =,
the latter equation becomes

( fz ' ( fz
¢t é +¢ =0

This is satisfied by
J2a=0(dp—cY),
and therefore
F,=0(['¢p—cY)=a,,
where © is an arbitrary functional symbol (which may at will be
chosen of a simple form), is the desired integral.

Hence in every case a common integral of the equations which
determine F, has been found; for convenience we may denote

it by
2 =ﬁ = Q.
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226. We now proceed to obtain Fy; it must be a common
integral of the equations

(F’ Fa)=0=(,f1: FS)—__(.fﬂ: Fs)'

To obtain one we find, by the preceding method, an integral
common to the two equations

(F, F)=0=(/,, Fy),
which is different from f,=a,; this we may denote by
A@ys Tay oennn s Ty Prs Day eeeees , Pn) = constant.
We then form as before the series of functions
(oo M) =N (oo M) =g oenene s (o Mc)=Ni5 ennne ;

then all the functions A of this series are common integrals of
the first two of the equations which determine A. For, in the
identity

[4, (B, O)]+[B, (C, 4)]+[C, (4, B)]=0,
let A =F and B=f,; then since (¥, f;) =0, we have

[, (/o ON=L1os (F, )]

And, substituting in the same identity 4 =4 and B=f;,, and
remembering that (f;, ;) =0, we have

U (fo O1=L/a, (11 O)]
These two equations are satisfied whatever €' may be. Now let
C=X\; then
LF, (fo, M]=[/os (F, M)],

or (F, M) =(f2, 0)=0;
and LAs (fos M=o (f1s M1,
or (s M)=(fe, 0)=0.

Thus ), is a common integral of the equations

(F, F})=0=(f}, Fy).
Similarly the substitution of A\, for C would shew that A, is a
common integral of these equations; and so on, through all the
series of functions.

As in the former case, the number of common integrals being
limited, we shall in the series come to some integral A; which is



226-228] FOR THE GENERAL EQUATION 447

expressible, as well as those that follow it, in terms of those which
precede it, viz,, F, fi, fo; A, M, +evoeo, Mg—i. The same three alter-
natives are presented and the value of F, the common integral in
each, is determined as before. Either the single case of failure is
avoided by the choice of a new integral different from A ; or in
the case of failure of the latter, these two cases of failure are
combined so as to furnish a common integral. Thus we obtain
our third common integral, which may be represented by

Fy=f,=a,
227. The remaining functions 7, ...... , ¥y, may be derived
in the same way as the above ; and thus, with /=0, we shall have
n equations to determine the values of the p’s in terms of the

independent variables and n — 1 arbitrary constants, which, when
substituted in

dz =D dw, + pgdwg + .. +pndwn:

will render it integrable; its integral is the complete integral
of the original differential equation.

The associated integrals are derivable from the results of
§§ 182, 183.

228. The foregoing is an exposition of Jacobi’s method of integration in
its simplest form ; there arc, however, developments and simplifications and,
arising out of these, methods of avoiding the exceptional cases which cannot
be dealt with here. For these, as well as for a fuller exposition of the whole
theory of partial differential equations of the first order, reference may be
made to the fifth volume of my T%eory of Differential Equations, particularly
chapters 111, 1Iv., V. so far as concerns the preceding subject-matter. Other
methods are given in the later chapters of that volume, particularly Lie’s
method based on the theory of groups and the method of characteristics.
Full references to the original authorities are given there; so here it will be
sufficient to refer to Jacosr, “Vorlesungen iiber Dynamik?” (Ges. Werke,
Suppl. Bd. pp. 248—269); Jacosr, “Nova methodus...integrandi” (Crelle,
t. Lx. pp. 1—181); to a very valuable memoir by IMSCHENETSKY, Grunert's
Archiv der Mathematik und Physik, t. L. pp. 278—474; and to a memoir by
GRAINDORGE, Mémoires de la Société Royale des Sciences de Lidge, 11t série,
t. v., as well as to the treatise by MaNstoN, Théorie des équations auz dérivées
partielles, and the treatise by Goursat, Legons sur {’intégration des équations
aux dérivées partielles du premier ordre (Paris, Hermann, 1891).

The equations (A) are, when each fraction is equated to d¢, of the form
do,_ _OF  dp. OF
dt op,’ dt oz’
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these are the canonical equations of motion of a system of rigid bodies.
A disaussion of them will be found in the memoir by Imschenetsky, which
has just been quoted, in Rourr’s Rigid Dynamics, and in chapter X. of the
fifth volume of my Theory of Differential Equations, quoted above.

‘We now proceed to consider some examples of the foregoing theory.

Ez. 1. To solve the equation

Z=f(P1, P2y ooy pn)y

where f does not explicitly involve the independent variables. We must first
transform the equation so that the dependent variable does not explicitly
occur; let the solution of the equation be

‘l’(xh Xy eeey Ty 2)=0,

where the form of y has yet to be determined. Denoting g}' by P, and
r

0
% by P.,1, we have

P+ Py pr=0;
and thus the equation is
P P, P,
‘=f< TPy TEL ‘P,.’f])’

in which the dependent variable {» does not occur. Hence we have for our
general formula

v Pl P‘Z ])n .
For( =gty SR e pn)

and the subsidiary equations give

dPy_dP,_ _dP,_dP,.,

0 0 "™ 0 -1

From these, we have
P1=01, P2=a2, ...... Py Pn=0-n,

which give n integrals, coexisting with one another and with #=0. From
the equation /=0, we have

(i~ e i)
Solving this for P, ,,, we should have P,,;=y(z), where y involves the »
constants a; and therefore
dyr=DPidx,+ Podzo+ .ovvoc+ Podzn+ Py 1 dz
= dz) + apdzy+...... +andzn+x (2) dz.
The integral of this is

V+a=ai 21+ a2+ ..ot annt+ [ x (2) Az
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where a is arbitrary and may be assumed to be absorbed in y. But the
integral of the given differential equation is ¥=0; hence the integral of

2=f(]01s1’2, ------ apn)
is a1 ®)+ag®e+...... +(1,..Z‘n=jx (Z) dz,

where y, as a function of z, is given by the equation

ay dg a,.)
Z=J | —y 4 ecence — ]
4 (x x’ "

Ez. 2. The case, when f is a homogeneous function of order u in the p's,
is readily reduced to the form already considered in § 196. For we may change
the dependent variable from z to £, where

pol
§=;——f z ¥
and the equation is then

1=f(§l1 52) '''''' ’ En)y

where £,=§f— . The integral of this equation is
r

-1
;_ i? T::.f c+ a1 X+ A Zo+ ... ‘a2,
provided Slay, ag, ...... ya)=1.
Ex. 3. Solve
(1) 2+zpy=piP+pat;
() z+2p3=(p1+p2)*;
(i) (p1=2) (Pe=2) (ps—2)=p1paps.
Ex. 4. Solve
F=(zyp1+21p2) 23+ aps (p1 - p2)— 1=0.
The subsidiary equations are

—dr, _  —dm ~dvy _dpy_dps __ dps

TyX3taps  T1Ts—aps a_(Z»;l‘_Z-’z_) Zypy  Tspr Tapr+Type
From the equality of the 1st, 2nd, 4th, and 5th, fractions, we have

dey+dry, _ dp+dpy

T (# ‘;‘fjis (Px +Pz) 23’
which leads to

(pr1+p2) (@1 +29)=ay.

We therefore (adopting the notation of the previous articles) take

=(p1+p2) (21+22);
F.D.E. P
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and we have to determine a solution of the subsidiary equations Fy=a,, which
shall satisfy
(Fy, Fy)=O0.

From the equality of the 4th and 5th fractions, we have
P1dpy=p2dpy;
and therefore we have

¢=p,2— p,?=constant.

Now F1y §)=(p1+p2) 2p1 +(P1+p2) (— 2py)
=2¢=¢y;
the continued substitution in the equation
(Fy, pi-1)=¢i

would thus not lead to a function such as is required. We therefore return
to the original subsidiary equations to obtain an integral different from
Fy=a; and ¢p=constant. Such an one is derivable from the equality of the
3rd, 4th, and 5th, fractions, which give

d])l - dp2 _ dx;, .
Z3(p1—p2)  a(pi—p2)’

and therefore we have
Yr=a (p; — p;) — 3232 =constant.
Now (F1, ¥)=(p1+p2) a+(p1+p2) (—a)=0,
and so y satisfies the two equations; we thus have
Fy=a(p, —pa) $ast=a,.
‘We now solve the equations
F=0, Fi=a,, Fy=a,,

to find the values of p;, p,, p3. These values are

= +% 1 .

e é.z +z 2a+4ax3’
a a 1

P S P A

ri+xg 2¢ 4a

2- ul.Zs
2a2+x 2

P3= +2a(@1—xz)x;

hence

de=3a,dlog (214 xg) + — % {(a2 + 325%)(dxy — dxg) + (21 — 25) B3drg) + ‘‘‘‘‘‘‘ z — 4@,
)
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50 that the complete integral of the differential equation is

2+ A=3%a;log (z,+x,) +%& (21— 22) (@2 +325%) — % 0y log (242 +2a,)

+ ((%)i arc tan {(2'::)&} ,

(Imschenetsky.)

in which 4, a,, a,, are the arbitrary constants.

Ez. 5. Integrate the equations:
(i) palt=pl+aps?;
(i) &Py +wops’+ 23ps’=p1peps;
(iii) P4 pl+p? =22+ 2, 2y 4 22+ 21 23+ Lo 23+ 22
(iv) prt+3ped+pezi 23+ psy2,=0;
(V) &1+329"+ 23 pips+ 23 p1pp=0
(Vi) P1P2ps=p1 %1+ PaZa+pPss.

It has already been indicated that several of the forms (in §§ 194—201) in
two independent variables, which admit of immediate integration without the
use of Charpit’s subsidiary equations, can be generalised so as to include the
cases where the number of independent variables is greater than two.

Ez. 6. When a given differential equation can be written in the form

Si(@ry 2y . s Xpy Ply P2y seeees s Pr)=Jf2 (Zri1y coueen s Xy Praly eocees » Pn)y
the complete integral is the common integral of the equations
Si=a=f
where a is arbitrary. For the subsidiary equations are
dxl dPn - dz, =dpr_dzr+1 dET+I s
Th O T _eh o 9 _ O ’
apl ony Opr Oz, Opryy 0y 41

from these, we have

?J—tl dx,+ajj+ +8f1 da,,.+- A dp =0,
1

and therefore

by the given equation.
As an example, we may take

ZyP1+ &1 Pg+ (1 — Pa) (P3+%4) (Pat+2g)=1.
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Here we may write
(Ps+24) (pst25)=a,
yp1+zpeta(pi—p)=1,
where a is an arbitrary constant. The integral of the former equation is

3" 14+Cv

where 4 and C are arbitrary constants. The integral of the latter is obtainable
by Charpit’s method ; the subsidiary equations are

Z+.1:3£4=A$3+

—dz, _ —dr; _dp,_dp,

rzta ri—a P2 P

From these, we have

dp,+dp, | dzy+dx, =0,
Pt pe T+ 2
and therefore
(Pr1+p2) (1 +22)=4,+1.
Hence by combining with the equation the integral of which is sought, we
have
(z2+a) py+ps (z1—a)=1,
(v1=a) p1+p2 (22+a)=4;;
and these give
pif{(ri—a) = (2t a)?}=4, (¥1—a)—(22+a),
p2{(z1—a) = (23 +a)}} =2, — a— 4; (v3+a).

Thus
dz=p,dx,+ p.dz,
1 + Zy + a
- a
=A,d log {(z; — a)2—(z2+a)?} +4d log -x—_*_‘l :

Zy—a

and therefore

o= A, log {(&1 —a)? — (23 +a)3 +} log (" —w)t(@mta) o

1—a)— (2, +a)
The complete integral of the original equa.tlon is thcrefore

e

where A, 4,, B, a, are arbitrary constants.

2+ 23xy=Azxs+

Ez. 7. Integrate

(@o1+ 21p2) 23+ 3 (P1 = pa) { P4+ (Ps+24) (Ps+ Zo) pe} =a.
(Imschenetsky. )
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SIMULTANEOUS PARTIAL DIFFERENTIAL EQUATIONS*,

229. Instead of there being given only a single equation to
determine the dependent variable, there may be given a number
of simultaneous equations. If the dependent variable explicitly
occur in any of them they all can be transformed, as in § 215,
so that it shall disappear. The equations may then be taken
of the form

F (2, @y o s Ty Pry Poy voveee > Pn) =0,
F,(z, 2, ...... s Tny Piy Pay verees , Pn) =0,
Fo (2,2, ...... s Tny Pry Pas coeene , Pn) =0,

If m be greater than n, the equations cannot be independent ; for
the first » of the equations may be resolved so as to give values
of the p’s in terms of the variables #; and these values, when sub-
stituted in the remaining m —n, must reduce them to identities,
since there would otherwise be relations between the independent
variables. Thus in effect there may be given at most n simul-
taneous equations; and we may therefore take m either equal to
n, or less than n.

230. I. Let m=n. We have thus n equations giving the
values of the n quantities p in terms of the variables; these values,
substituted in the equation

dz=p,dz, + peday + ...... + Pady,
must make it a perfect differential if the given system have a
common solution. The conditions for this are that

opr _ Ops
Oz Oz’

for all pairs of indices; and these, as in § 217, lead to equations of
the form

(F,, Fy)=0.
Hence the given functions must satisfy all the equations for all

* This theory is due initially to Bour ; see authorities cited in § 228, p. 447.
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possible combinations of the suffixes; and then the common
complete integral is obtained by the integration of the equation

dz= p,dz, + pdoy + ...... + pady,.
It therefore contains one arbitrary constant.

It may happen however that the functions F are not independ-
ent of one another; then the determinant A, where

| OB R, oF,
)
oF, oF,  oF
O

is zero, and there will (§ 9) be an identical relation of the form

O, F,, ...... LB @, 2, . , ) =0.

But for the purposes of integration F,=F,=......=F,=0; and
this therefore becomes
(0,0, ...... ,0, 20, @y .. , ) =0

If ®=0 be not an identity, a relation is implied between the
independent variables, which is of course impossible; it then
follows that the given equations are inconsistent, and that there is
no common integral. If ® =0 be an identity, the number of given
equations independent of one another is less than the number of
the quantities p, which therefore cannot be determined from the
given equations alone; we must thercfore have recourse to the
method which applies when m is less than =.

Thus, if there be four independent variables and if four equa-
tions F,=0=F,=F,=F, be given, thcre can be no common
integral in a case when there is a relation of the form

F,= (2, — ) F+ (2, — ;) F, + o\zyz,2, H
when there is a relation of the form
FG=(“'1—we)Fa+(-T2—ws)F1+(wa_wx)F2»

there are only three independent equations.
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231. II. Let m be less than n. We may suppose the equations
reduced to such a number m, that they are algebraically independent
of one another, even though they were not so in the form in which
they were first given. It will be assumed that there is a common
integral, so far as the algebraic relations which give the dependent
functions in terms of the others indicate; this will be the case if
these rclations become identically-null equations because of the
equations ¥, =0, ...... , F.=0.

First Case. The equations Fy,=0=......=F, may satisfy the
relations
(Fr’ Fs) = O;

for all values 1, 2,...... , m, of r and s; they are therefore simul-
taneously integrable. To determine the values of the quantities
p, other n —m equations must be obtained by Jacobi’s method ;
these will involve n — m arbitrary constants. From these equations
and the given m cquations, the values of p must be derived and be
substituted in

dz=p,dz, + p.dzy + ...... + pudz,.

The integral is the common complete integral of the original
equations, and it contains n —m + 1 arbitrary constants.

Second Case. It may happen that, for one or for several com-
binations of the indices in the series 1, 2, ...... ,m, we find (F,, Fy)
a function of the independent variables only, or (F,, F,) a de-
terminate constant. In neither case can (F,, F;) be zero; the
conditions that the equations should be simultaneously integrable
are not satisfied, and there is no common integral of the proposed
equations.

Third Case. It may happen that, for one or for several com-
binations of the indices in the series 1, 2,...... ,m, we find results
of the form

(FT) R) =f(w1' .’L‘,, ...... ,wn,pl,pg, ------ ,pn),
where f does not become identically zero on combination with the
given equations. Let there be I such combinations, so that m +1

must not be greater than n; then, for combinations other than
these [/, the equations

(Ff,F‘)=0
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are satisfied. We now take

0=Fm+1=f1, O=-Fm+2=,f2v ------ > 0=Fm+l=fl;
and substitute in the functions
(FrJ FB))

where either 7 or s at least must be greater than m.

If then these functions all vanish, we have m+1[ equations
which are simultaneously integrable; and we determine, by Jacobi’s
method, the n —m —[ remaining equations necessary to give the
complete integral, which will therefore contain n—m—1I+1
arbitrary constants.

If for any combination (F,_i, fi), or for any one combination
(fi» f«), the function be a determinate constant or a function of the
independent variables only, the equations are not simultaneously
integrable; and then there is no common integral.

If for any combination (F,_;, fi), or for any one combination
(fi, f+), we obtain a function ¢ (z,, @,, ...... y» Zny Prs Poy wovnes > Pn)
which does not vanish in virtue of the equations already obtained,
we proceed with the functions ¢ as we did before with the
functions f. Ultimately, either we shall arrive at a finite number,
not greater than =, of independent equations which are simul-
taneously integrable, and then, in the ordinary way, obtain the
common integral; or we shall obtain a result indicating im-
possibility of simultaneous existence, in which case there will be
no common integral.

Ez. 1. Obtain a common integral (if one exist) of the simultaneous
equations
F,=p1p2—x3x4=0}
Fy=psps—212,=0
We have
(Fyy Fy)=p1 21+ pop— p3x3— pas,
where the right-hand side does not vanish in virtue of /,=0=/¥},; we there-
fore write

Fy=py 2y + paxy — p3z3 — py 24 =0.
Then (Fy, Fy)=0.
Also (£, F3)=~2p, p,+2x32,=0,
(Fy, F3)= 2psps— 221 22=0;
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the three equations are therefore compatible, Let F); be the other function

required, so that it will be determined as a common integral of the equations
(Fyy Fo)=0=(Fy, Fy)=(Fy, Fy).

Considering it as an integral of

. (Fy, F5)=0,
we form the equations

One integral is
P1=axs,

where a is arbitrary ; we therefore tentatively take

F4 =&’_a
X3
We then find (Fy, Fy)=0;
Y2_ P
and (Fy, Fz)_@‘a 1‘321)4'

On solving the equations

Fi=0=F,=F3; Fy=a,

1 1
we find P1=a%3, pa=7 %4, P3=aly, py=_ Ly
and therefore PrPa=2223,
so that (Fy, Fp)=0.

Hence a common solution is
Pl =axs.

To obtain a complete common integral, we have
dz=a (23dx)+z,d23)+ }z (x4dxg+ 2o dzy),
so that the integral is
z=ax,xg+}b Zy24+ b,
where a and b are arbitrary constants.
Ez. 2. Obtain integrals of the preceding equations in the forms:
@) z=ax,x4+(-1’:x2z3+b;

(i) 2=2 {woay (2 23— a)}* +b;
(i) 2=2 {z,75 (2324 — @)} + .
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Ez. 3. Obtain common complete integrals of the simultaneous equations:
L pi+(xs+ 2120+ 212) pa+ (22 + 24— 321) p3=0 .
P2t (212374 + 2 — 21 Tp) Py 4 (2324 -1‘2)]02=0}
IL 2254 +xl2p5=0}

21%p1 — 225 py + () %y — 25) p3 — 221 T4 py =0
(Imschenetsky and Graindorge.)

HoMOGENEOUS LINEAR SYSTEMS.

232. One of the simplest classes of systems of simultaneous
partial differential equations is composed of those in which each
equation is homogeuneous and linear, as in §194. They are, of
course, included in the systems which have just been discussed.
But the theory can be set out differently; and the practical
process of integration is arranged in a different form.

We take the systems of equations
A,=A4,(2)= anp,+ Gepe ...+ Gppp = 0,
Az =4, (Z) =AyPr+ ApPe ..o+ AP = 0,

A,=A4,(2)=a,pr1+ Cupet... + QepPr=0.

These r equations, which occur initially, are linearly independent
of one another; and the coefficients a;; of the derivatives are
functions of the independent variables alone, so that they do not
contain z.

It is obvious that any function 2z of the independent variables,
which satisfies all the equations of the system, must also satisfy all
the equations

Ai{4y(2)} — 4;{4:(2)} =0,

for all the combinations ¢, j=1, ..., . This last typical equation is
’gl [Ai (aj,) - Aj (ai,)] Ps= 0.

It is precisely the Jacobian condition of coexistence of the equa-
tions A;=0 and A;=0, expressed by the earlier relation

(4s, 45)=0;
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and we therefore shall use it in the new form which, as will be
observed on the completion of the operations 4, leads to an equation
of the same character as each of the equations in the original system.

As before, we have three alternatives. It may happen that
the condition is satisfied identically, so that the relation

Ai(ap)— A;(ay)=0
is satisfied for all values of s; no new equation arises. It may
happen that the condition is satisfied, not identically, but only as
a linear combination of the original equations; still, no new
equation arises. It may happen that the condition is not satisfied,
either identically or in virtue of the original equations; it must
be satisfied and therefore, in this event, it is a new equation which
must be associated with the original system.

This result, in its alternative forms, holds for every combination
1, =1, ..., r. Should any new equations thus arise, we may
denote them by
4,,=0,...,4,.,=0.

Then each of these equations must satisfy the conditions of
coexistence, alike with the original equations and with one another.
These conditions may be satisfied either identically, or in virtue of
the now augmented system, or they may produce new equations.
In the last event, we associate them with the augmented system;
and we proceed to consider the further conditions as before.

Ultimately, we obtain a system, for which all the conditions of
coexistence of its constituents are satisfied. It is then said to be
complete; and cvery constituent is homogeneous and linear. When
thus complete, we may denote it by

4,=0,..., 4,,=0,
where (under the construction of the complete system) the m

equations are linearly independent of one another.

If m >n, or if m=n, the only possible inference from these
linearly independent equations is
p1=0; v, Pa=0;
that is,
2 = constant.
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The original equations then do not possess any effective common
integral.

We therefore need only consider the case when m<n, an
assumption which accordingly will now be made.

233. We can change the complete system, in any manner, by
linear combinations which leave the equations linearly independent;
we proceed to prove that the modified system still will be complete.
For take such a modified system

By=padi+ pade+ ..+ prmAm, (s=1, ..., m),
where the determinant of the multipliers w is different from zero;
manifestly, our system is
B,=0, ..., B,=0.

As regards the modified system, we must have

B, (Bi(2)} = B {B, ()} =0,
for all the combinations r, ¢,=1, ..., m, cither identically, or in
virtue of the equations of the system, if it is complete. But

B, {Bi(2)} — B, {B, (2)}
= [}LﬂAi{j%/‘lej (Z)}] -'.21 [MjAj { '21 l‘n‘Ai(z)}:,
= J 1=

i=1

R

M3

m

1;'51 [prime (i {45(2)} — 4, {4:(2))
+ i A A (py) — g did; (un)];

the quantity 4;{d;(z)} — 4;{4;(z)} is a linear combination of the
quantities 4,, ..., 4,,, and so the right-hand side is a linear
combination of these quantities 4. It therefore is also a linear
combination of the equivalent quantities B, and so it vanishes
with these quantities; that is, the system of equations
B,=0, ..., B,,=0,

1

[

also is complete.

Accordingly, we may resolve the original complete system
4,=0,..., A,,=0, s0 as to express m of the n derivatives p in
terms of the remainder; let the result be

Ci(@D=p + cuPmir+t ... + Cu pa=0,
Ca(z)=P2 + CaPmpr+ ... + Cx Pr=0,

................................................

Con (2) =P + CouPams + «oo + ConiePu =0,
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where k=n—m, and the coefficients ¢ are functions of the
independent variables. In this form, the system of equations
C'=0 is complete ; and so all the conditions of coexistence

C G (2} - G {Cr (2)} =

for the combinations r, s,=1, ..., m must be satisﬁed. Now

Cr{Ca(2) = G (G (D} = £ {01 (0) = Cu (00} Pt

The right-hand side is to vanish, and manifestly it does not vanish
in virtue of the equations

0,=0,..., Cp=0,
for it does not involve p,, ..., pm; it therefore must vanish
identically, and so we have

Cr(ca) = C, (crt)=0,

for all the combinations r, s=1, ..., m, and for t=1, ..., n—m.

When expressed in this form, the system is often called a
complete Jacobian system. There are various ways of constructing
the integral ; one of them is as follows*.

234. We begin with the equation

DtenPmtrt eee FCuPu= 0,
where p=n—m. The subsidiary equations (§ 194) are the set
dz, dx2 _ C_livllf _ {J-Tmﬂ _ _ dz,

T._—O_ vee = 0 en = .. E.
Let the complete set of the integrals of these equations be
denoted by

xZ’ ey .Tm, 3/1) e 3/»;
the first m—1 of these obviously belong to the set, and the
remaining u are functionally independent of one another. More-
over, each of the quantities y is such that

% A2y + .. +a 2dx, =0,

am+1 a"

El_y, aJa s
ax,d aadw,-;- +a dz,, + ——

* Others are expounded in chapter 1. of the fifth volume of my Theory of
Differential Equations.
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that is,

a?/a a"/a 0Ys _

00, Mo T Mo, T
fors=1,..., p

Having obtained these integrals of the system of equations

subsidiary to the first equation, we change the independent vari-
ables so as to make y,, ..., %, take the place of Zm4s, ..., 5. The
first equation becomes

07 % 0z 0y, { L 0z Oy, )}
oz =0,
oz, + —10Ys 07, + tzl (s=1 0Ys 0%t

that is,
0z & 0z (0y, 3y,}_
awl + s=1 a,/a {8@ 2013 ZIZT:;-(-t =0,
and therefore
0z
o, =0,

when 2z is expressed in terms of z,, %, ..., @m, Y1, ..., Yu. Thus, in
the changed form, z will not explicitly involve z,.
Further, for the transformed expression of any of the later

equations (say (,=0), we have

0z u L 0z 0ys \| _

oz, + tzl { ( 2:1 ays axmﬂ)} 0
that is,

0z

A + é kﬂ 'ai = O;
Ty  g=1 aye
where the actual value of %, is given by

=%,

t=1 axm-f—t

and we suppose that all the coefficients % are expressed in terms of
the new set of variables #,, @, ..., Zy, Y1, .., Yu. Thus the whole
original system of equations, after the transformation of the
variables, is

az
, 0z
C/=0="4 Sk , (r=2,...,m),

a.cl =1 "a
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the system being still complete. Among the conditions for com-
pleteness are those which bind the first equation with each of the
remaining equations in turn; and these require that, for all values
of s in the equation C,’=0, as well as for all the values of r, we
must have

Okyy _

om
In other words, no one of the coefficients %,, involves explicitly the
variable #,; and so we now have the system of equations

C/'=0, (r=2, ..., m),

which still is a complete system, the independent variables now
being @y, ..., @, Y1, ++v, Yu. Every integral of the original system
is an integral of this later system ; and it does not explicitly involve
the variable ;, when a,, ..., @, %, +., Yu, are taken to be the
independent variables.

235. Accordingly, we take the complete system
C' =0, ...,0,/=0,

involving n— 1 independent variables and containing m —1 con-
stituent equations. We proceed as before and attain a stage at
which every integral is an integral of a new complete system

03” = 0) cey Cm.“ = O:

involving n — 2 independent variables and containing m — 2 con-
stituent equations,

And so on, from stage to stage. At the end, we have a single
equation

a 0z 0z
™ Slae+ +%,‘ =

in p+1 independent variables. Every 1ntegral of the original

system is an integral of this equation. We know (§ 194) that this

equation has u, ( =n — m), independent integrals, and also that, if

these be z,, ..., 2., every integral of this last equation is given by
2=¢ (21, ..., 24),

where ¢ is an arbitrary function. We therefore infer the theorem:—

0,

When a complete Jacobian system of homogeneous linear partial
differential equations of the first order involves n independent
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variables and contains m linearly independent constituents, it pos-
sesses n—m functionally independent integrals; and, if these be
denoted by 2, ..., Zn_m, every integral of the system is inclusible in
the equation

2=¢ (21, ..r) Znm),
for some form ¢ of that otherwise arbitrary function.

Moreover, after the preceding analysis, a process of constructing
the most general integral (if any) of a given initial homogeneous
linear system is obviously as follows :—

(i) we make the system complete, and resolve it for a number
of the derivatives py, ..., pm, each in terms of py4,,
e Pns

(i1) we obtain all the independent integrals, the simpler the
better, of the first equation, and use these as inde-
pendent variables to transform the original system,
which then involves one variable fewer and contains
one constituent fewer;

(ii1) we proceed from stage to stage as in (ii), until there is
only a single equation which is homogeneous and
linear; and then

(iv) the most general integral of the last and single equation
is the completely comprehensive integral of the
original system.

Ez. 1. Integrate the system
1 +z

Ay=p - PZ"PE"O

Ay=ps+i0—— 1+x P4=0.

We have
1 +$4 +.Z’6 pg
Ay (4g) - A5 (4y)= T Tiva ('— z2)
which must be zero; it manifestly does not vanish in virtue of 4,=0 and
Ay=0, so that it is a new equation. Hence we have

A3=p2=0.
Thus
1424+ 25

) %

Al (Az) —Az(A1)=
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and clearly
Ay (45) - A5(41)=0, Ay(As)~A (4)=0;

that is, the system is complete. An equivalent complete system is
P2=0,
P1—ps=0,

Xy _
p5+1+x6p4—0.

The first equation is satisfied by making z any function of 2y, z;, 2y, 25.

The second equation is then satisfied by making z any function of 2y, x4
and §, where
E=mx+x;.

The third equation is then satisfied by making z any function of £ and g,
where 7 is an integral of the equation

dys _ dz,
1= 2 ’
I+
that is, by taking
_ 1 +25
=

Consequently the most general integral of the original system is

z= (& 1)
=¢ (.z'1+x3, 1+x5) N

Zy

where ¢ is an arbitrary function.

Ew. 2. Shew that the system
(1+24%) ps+ 245 ps — 2324 p3 — T3 1 =0,
2,25 Pyt (1 +252) ps— 2375 p3s — T3 P2=0,

is complete as expressed ; and prove that its most general integral has the

form 2
2= (1 + 2324, Tat+23T5, 25¥+2572 + 252 050),

where ¢ is an arbitrary function of its three arguments.

Ez. 3. Shew that the system
Pa—=ps=0,

x
P2 —p1+ (24— 23) p3—2 ;:PF’O’

has no integral involving a3, 24, or 2.
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Ez. 4. Obtain the most general integrals (if any) of the respective
systems :
) zypa+(1+25) ps=

P1= PP =0

(ii) (1+24) ps+25p5=0 ]
x4 2y 5

Pl—mi’z'!‘ T_-F55P3=OJ

(iii) 24Py — 25 05=0
425 Ps Po+ X4 To 102+ L6 X1 Py P5+ Ty T P2y 3

+ (21 + 22+ 23+ 24+ 25) p3=0

(iv) P5+PP4=0}

P1—pP2+ (24— p2s) p3=0
where, in the last system,

p(l+zd)=xz4x5+1i(1 +z24z)h

MISCELLANEOUS EXAMPLES.

1. Integrate the equations:
(@) {m@+y)-n@+}p+{n(y+2)-l(y+a)}g=1(z+2)-m(z+3);
(ii) p(z+ed)+q(z+et)=22—e**V;
(iii) #*(y-2)p+y® (2—-2)g=7"(x=y).
2. Form the differential equation whose complete integral is
224y +22=2ax + 28y + 2y2,

where a2+ 8%+ y%=a?, « being a given constant, and a, B3, y, otherwise arbitrary.
From the differential equation, deduce the singular integral.

Illustrate the connection of the complete, general, and singular integrals
by a geometrical interpretation.

3. Integrate
Zp+ytg=2";
and find the equation of the cone of the second degree, which satisfies this
equation and passes through the point (1, 2, 3).
4. Obtain the primitive of the equation
plety+it+g)=1;
and discuss the nature of the integral

Z+y+2=0.
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5. Integrate the equation

(-9 Xt S+ - o) Pt (e 2k,

where X, Y, Z, are the same quadratic functions of =, y, z, respectively.

Integrate it also, (i), when they are quartic functions; (ii) when they are
sextic functions.

(Richelot.)
6. Prove that, if
u=exp h( o ) exp (kz?),
ou ou
then = =442 5% +2ku,
and hence that
1—-4hk)—3 ka?
u=(1—~4krk)~ oxp( 4/1&)
Shew also that
xp | / o (kzy)=(1-hk)~1 <kxy
exp (4 5= ”./) exp (kzy)=(1—hk)~lexp 1—_/;{).
Similarly prove that
p 92 _ 2
¢ dut {xe-kﬂ}=,_iz'»- g 1tk
(1+4hk)}
7. Integrate the equation
(4"1 -2 4"3) b1 + (41’2 —1‘21"3) Pe= ],
where Xo=a,121+a, g20ta,
m e 141 e 242 4y 39 (Hesse;)
and the equation
ay (T2 p3— 23 Po)t + g T3y — 1 ps) + ag (11 P2 — 2op1)P=1.
(Schlafli.)

8. Solve the equations:

@) P +g=2"+ay+y*;

(ii) pg=px+qy;

(iil) pg=py+gv;

(iv) p1paps+ 22323 (%) Py + 2o P3+ X3 P3) =¥ 23 P2 P3+ X328 P3Py + 21 29y Pa.

9. Find the equation of a surface which belongs at once to surfaces of
revolution defined by the equation py — gx=0, and to conical surfaces defined
by the equation pz+gy=2.



468 MISCELLANEOUS EXAMPLES [CHAP. 1X

10. If z=f (z, y) denote any solution of the equation
PP-g*+2pgz=c 1+,

the curves represented by the equation

(&) -2/ ng-1-0
are an orthogonal system such that the product of the curvatures at any
point is constant.
If f(z, y) do not contain y, the form of the function is determined by
f(z)=(2+tan?6)}tané,
where co=2} E’(ﬂ sin%é)—Zi F(2} sin §4),
Fand E being the first and second elliptic integrals, of modulus 2~ 4.

11. Find the surface cutting at right angles all the spheres, which pass
through a given point and have their centres on a given line passing through
that point.

12. Find the surface in which the coordinates of the point, where the
normal meets the plane of zy, are proportional to the corresponding coordi-
nates of the surface.

13. Find the system of surfaces orthogonal to the curves
cosh z : coshy :coshz=a:b:ec.

14. Prove that a solution of the differential equation

Su Ov Ow
wtyta=°
is ¢y, ¢; ¢n ¢z I: 4’:’ ¢v ,’
‘I’V’ ‘P‘ V”I 4”

where ¢ and { are arbitrary functions of z, y, and 2.
Prove also that this is the general solution.

15. Shew that, if the simultaneous equa.t,ions

ou ou

XJ—-G-Y 8y+Z

l '’ O_u
+Y & ‘2z = =0,
have a solution different from u = constant, then
(YZ'-Y'Z)dz+(ZX'-Z'X)dy+(XY'=X'Y)dz=0

is reducible to an exact equation, from the integral of which such common
solution may be derived.
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Have the equations
ou, Ou

ou

ou ou ou
(y=2) 55 H(e=2) @‘*‘(x"?/) =Z=0
a common solution other than w=constant ?

16. Solve by Jacobi’s method the equation

P1+(3734+225) pa+ (4724 523) pa+ {x4+ 25 (P2 - pa)} P5+:—)f Ps*=0.
(Imschenetsky.)

Shew that, by generalisation of the formul® which in the case of two
independent variables are the analytical expression of the principle of duality,
this equation can be transformed into one which is linear in the partial
differential coefficients of the new variable; and hence integrate the above
equation.

17. Solve by Jacobi’s method the equation

o1+ 29’ py — 2212 - blog py+2blog 2, =a,
(Ampere, and Graindorge;)
also the equation

22y=p1 (P1+ps) + 21 p2 (ps+ T3 pg).
(Imschenetsky.)

18. Obtain the complete common integral of the simultaneous equations:
22,22 p1 + 252 24 py — 232 =0
2y pa— 2, py—1=0,.

D0y Py + 2183 %4 Py~ 2,73 =0
(Collet.)
19. Obtain the complete common integral of the equations

(€42 — 232) py = (2,73 = Z9%y) 3+ (T3 — ‘”12?4)]’4=0}

(x,z - :tsz)pz + (Izza - 3134) Ps3 + (:clxa - xzx,)p‘_-.-.o
and that of the equations
T p1— xz}’z+$sl’s‘x4l’4=0}

Xy + T4 3~ T Pg — T py =0
3P1HZPa— Ty P3— TPy (Collet.)



CHAPTER X

PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND
AND HIGHER ORDERS

236. It will be assumed through practically the whole of this
chapter that there are only two independent variables. The nota-
tion already used for the partial differential coefficients of the first
order will be retained; and it will be convenient to introduce
similar symbols 7, s, ¢, to represent those of the second order,
which are thus defined :

0°z 0z _ 0z
“@ Ty

An equation is said to be of the second order*, when it includes
one at least of these differential coefficients 7, s, ¢, but none of
a higher order; the quantitics p and ¢ may also enter into the
equation, the general form of which will thercfore be

r

F(z,y,2,p,q75t)=0.

The complete integral of the equation is the most general
relation possible between =, ¥, 2z, such that, when the value of z
derived from it and the associated differential coefficients thence
formed are substituted in the differential equation, the latter
becomes an identity. No condition is annexed to the definition
in regard to the form of the complete integral, which may involve

in its expression either arbitrary constants or arbitrary functions
or both.

* For the whole theory of partial differential equations of the second order,
reference may be made to the sixth volume of my Theory of Differential Equations,
and to the treatise by Goursat, Legons sur Vintégration des équations auzx dérivées
partielles du second ordre & deux variables indépendantes, (Paris, Hermann ; t. 1.,
1896, t. 11., 1898).
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An intermediate integral is a relation in the form of a partial
differential equation of the first order such that the given differ-
ential equation can be deduced from it. It does not necessarily
exist as one distinct from, and derivable immediately by mere
differentiation of, the complete integral; when such an integral,
however, has been obtained, the application of the method of the
preceding chapter will give an integral which may actually be, or
may only be a particular case of, the complete integral.

A question naturally arises as to the most general form of an
intermediate integral and also as to the form, which may or must
be possessed by an equation of the second order having an inter-
mediate integral. The obvious elements of generality in any
equation are arbitrary functions and arbitrary constants.

When an intermediate integral is general, through the occur-
rence of an arbitrary function, it can contain only a single
arbitrary function. As will be seen in § 239, when such an
equation has the form

u=f(),
where £ is an arbitrary function, while » and v are specific functions
of z, y, 2, p, q, the equivalent equation has the form

Rr+8Ss+Tt+ U(rt—s)=1V,

where R, 8, T, U, V, do not involve derivatives of the second
order.

When an intermediate integral is general, through the occur-
rence of arbitrary constants which are not coefficients in an
arbitrary function, it cannot contain more than two independent
arbitrary constants. If it has a form

é(z, 9, 2,p ¢ a, ...)=0,
we construct the derived equations
dz dy
among these three equations we usually could eliminate two (but
not more than two) constants @. There is no limitation upon the

form of the deduced equation of the second order, corresponding
to the limitation in the preceding case.
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237. Hitherto, it has been possible only in particular cases to
integrate the general equation. The most important of these cases
is that in which the differential coefficients of the second order
occur only in the first degree, so that the equation is linear; its
most general form is then

Rr+Ss+Tt=17V,
in which R, §, T, V, are functions of #, y, z, p, and q. This
equation will now be discussed ; but before giving the methods
which have been used for its integration, it is desirable to consider
some special forms which are simple and can be solved immediately;
it will then be possible to exclude these cases afterwards from the
general discussion.

One of the simplest cases is
r=J(@),
so that %—Z=ff(x) dz+ ¢ (y),

where ¢ is an arbitrary function ; another integration gives

o= [[@dzm+as @)+ v )
where both ¢ and 4 are arbitrary.

Similarly, the integral of the equation
s=0

z=¢ () +¥ (),

where ¢ and 4 are arbitrary functions.

is

Similarly, we may integrate the equation
r=Mp=N,
where M and IV are functions of « and of y respectively; it may
be written

d
a:i‘+lwp=N,

y being constant for purposes of differentiation and integration
with regard to . Thus

p =i [ Jesais wie + g (3/)] :
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where ¢ is an arbitrary function; and therefore

z =fdwe'm"” l: "efM‘l" Ndz+¢ (3/):] +¥ (@),
¥ being an arbitrary function.

Ez. Integrate
(i) s+Mp=N; (i) s+ Hg=N;
where M is a function of z only and & of y only.

After these simple examples, we proceed to the integration of
those equations of the second order which possess an intermediate
integral. We shall begin with an exposition of the customary
method, originally devised by Monge ; it proves effective for some
equations of the forth

Rr+8s+Tt+U@rt—-s)=V,
whether U be zero or not.

Later, in §§ 251, 252, we shall give a quite different method,
which proves effective for all equations (whether of this form or
not) possessing intermediate integrals, and which also enables us to
decide in the case of any given equation whether it does or does
not possess an intermediate integral.

MoNGE'S METHOD OF INTEGRATION OF THE EQUATION
Rr+Ss+Tt="V.

238. Monge’s method consists in a certain process for the
discovery of either one or two intermediate integrals of the form

u=f(v),

where w and v are functions of , ¥, 2, p, ¢, and f is some arbitrary
functional symbol; there is thus implied in the method a tacit
assumption that the differential equation admits of such an
integral. It is therefore in the first place proper to enquire
whether this assumption is justifiable in the general case and, if
it should prove not to be so, to indicate how the general equation
must be limited so that the assumption may be fairly made. For
this purpose, it will be sufficient to proceed from the supposed
intermediate integral and obtain the corresponding differential
equation,
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239. Since u=f(v), and u and v are functions of z, ¥, 2, p, ¢,
we have

ou 0

w Ow Qu_df(v v v N
ax+p +7r @+ aq dv<ax+1"é}+’p+saq>’
ou Ou 0w ou_df(v ov 2_)1;_ ov

and S +qg +s ap“a’é‘iz&(aﬁqaz* ap”aq)

af

Eliminating the quantity - ao between these two equations we find,

as the equivalent differential equation freed from the arbitrary
function,
R+ 88, +tT+ U, (rt =)=V, eevevrnnnnn 1),

where Ry, S,, T\, U,, V,, are given by the relations

Rx=<"'-:—;)+q<;§:—2>’
si=(g3)+a(G) + Gp) +2 (i)
Ti=(op)+2(5g)
U= ()

Vima (i) (5) + (52):

the symbols (u, v) y verees denoting, as usual, udy _ dudv
z Y x

If this differential equation of the second order be the same as
the original equation, we must have

U,=0
and R, _ S _ 1’ _ V
I TV
which are four equations in all. Now when
Rr+8s+Tt="V.oocovvvviivinnnn.. 2)

is looked upon as the equation to be solved, these four equations
Just obtained will be equations satisfied by the quantities  and v
from which the intermediate integral of (2) may be constructed.
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But only two equations are necessary to determine the dependent
variables u and v as functions of their independent variables; they
may be therefore considered as given by any two of the equations
though, in practice, these might prove too difficult to solve. When
these values are substituted in the remaining two equations, the
latter must become identities; and they will in this state involve
the functions R, 8§, T, and V, of the original differential equation.
There will thus be two relations among these functions of «, y, 2, p, g,
which must be identically satisfied in order that the differential
equation (2) may have an intermediate integral of the form

u=f(v).

240. There is an important deduction from this result to be
noted, though not affecting our present aim: it would be useless
to seck an integral of the assumed intermediate form for any
differential equation which is not of the form

Rr4+Ss+Tt+ U@t—s)=7V.

Just as in the particular case when U =0, which has been already
considered, it may be proved that a differential equation of this
form can have an intermediate integral of the proposed type only
when two identical relations among the coefficients R, S, T, U, V'
are satisfied.

Ez. When there are three independent variables, these may be con-
veniently denoted by ;, 3, 23, and the corresponding differential coefficients
of z by py, pa, p3. Prove that, if every first minor of the determinant

o b 0P
p’ op’ Ops
o0 o o
Py ’ ¢ P2 [ P3
& X
?pl ’ Bpg ’ Bpa
(¢, ¥, x being functions of z, 1, 2, 73, P1, P2, Py) Vanish, then the equation

F($y ¥, x)=0,
where F is an arbitrary function, will lead to a differential equation of the
second order of the form

0% 0% 0%

R LR R R i
o g+ Bt B g,

0%
+ R gt B o =
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where R,, R, ..., Ry, V, are functions of the variables and the first differen-
tial coefficients of z only, and that the coefficients R satisfy the relation
Rl Rg;?'f' R2R312+ Raﬂmz— 4131 RgRs - ng Rza[fm =0.

Information on this class of equations will be found in Euler, Inst. Calc.
Int., t. 111 p. 448, and Legendre, Mémoires de I’ Académie des Sciences, 1787,
p- 323.

241. It therefore follows that we may consider

Rr+8s+Tt+U@t—s)=V

as the most general equation having an intermediate integral of
the specified type. The linear equation of § 238 is included in this
form, being given by the particular case when U=0.

We now assume that the relations between the quantities R, S, T,
U, and V, necessary for the possession of an intermediate integral
of the assumed form, are satisfied ; and we proceed to deduce this
integral. We have always

dp = rdz + sdy,
dg=sdz +tdy;

when we substitute in the above general equation the values of r
and ¢ derived from these equations, it takes the form

Rdpdy + T'dqdz + Udpdq — Vdady
= s (Rdy* — Sdzdy + T'da* + Udpdxz + Udqdy).
Now let u=a and v=>
(where @ and b are arbitrary constants) be two integrals of the
equations
Rdpdy + T'dgdz + Udpdq — Vdzdy =0,
Rdy*+ T'dx* + Udpdx + Udqdy = Sdxdy,
dz = pdz + qdy,
u and v being therefore functions of z, y, z, p, and q.
Hence we have

ou  ou ou Ou ou ou
<aw+p8_z>dx+ <3y+qaz) dy+3pdp+5§dq=0’

v o ov v o ov
and (am+pa—z)dw+(ay 95 )dy+apdp+ qdq 0,
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which must be equivalent to the equation of which u=a and
v=>0 are the integrals. Now solving these for dp and dgq, and
using the symbols of § 239, we find

—Udp="Tyda+ {(;i—;) + (“—3) q} dy,

) 2,

— U,dg=Rdy + {(}‘j—g) + (;—Z) p} dz,

e KR

and therefore
— U,dpdz — U,dgdy

= Tudat 4 Rody? 4+ (% (u_»z (u»v u_v)} d
16F o S y+{(y,q)+ z,q)q+ p,x)+<p,z pj dady
=T\ds* + R,dy* — S,dzdy ;

and similarly we obtain
(Uidp + Tydz) (Uydq + R,dy) =(U,V,+ R, T,) dzdy,
or R,dpdy + Tdqdz + U,dpdg - Vidxdy =0.

These being identical with the former equations, we have

R~T-T-V=%
and therefore the equation to be solved becomes
Rr+Ss+Tit+ U,(rt—s)=V,.

But we already know the solution of this equation because it was
derived from an intermediate integral ; and this integral is

u=f(v),

which is therefore an intermediate integral as required.

We thus derive the integral by making one of the functions
deduced from the two subsidiary equations an arbitrary function of
the other.

242. Let us consider in particular the case of the linear
equation when U=0; the subsidiary equations are now
Rdy* + T'da* — Sdady =0,
Rdpdy + Tdgdz = Vdzdy.
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The former of these is of the second degree ; it can, in general, be
resolved into two distinct equations of the first degree.

Since the necessary conditions for the existence of an inter-
mediate integral are supposed to be satisfied, it follows that one
at least of the equations of the first degree will, when combined
with

Rdpdy + Tdqdx= Vdady,
and with dz= pdz + qdy if necessary, lead to an integral system
which determines » and »; and there will thus be obtained an
intermediate integral of the form

u=f(v).
It may happen that each of the two equations of the first degree,

similarly treated, will lead to integral systems of the desired form:
and there will then be obtained two intermediate integrals

w=F(v), U= ().
If 8*=4RT, there will be only a single equation of the first
degree equivalent to
Rdy* + Tda* — Sdzdy =0}

since the necessary conditions are satisfied, this single equation will
lead, by a similar process, to an intermediate integral.

243. Passing now to the more general case in which U is not
zero, we may similarly prove that one intermediate integral will,
and two intermediate integrals may, be derivable from the sub-
sidiary equations, provided the conditions necessary for the existence
of an intermediate integral are satisfied. Let the subsidiary
equation which involves V be multiplied by a quantity A, as yet
indeterminate, and added to the other; the result is
Rdy*+ Tda? — (S + AV)dady + Udpdax + Udgdy

+ARdpdy + ATdqdz +AUdpdg=0.

Now this can be resolved into two linear factors so as to be
equivalent to

(Rdy + kTdz +m Udp) (dy +]~15

provided the quantities &, m, A\, be such as to make the coefficients

of the several terms in the expanded product the same as before.

do+2 dg) =0,
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Applying this condition, we find that the relations to be satisfied
by these quantities are

oT+ 1

3 1
FR=-@+27), —AR=T,

b

T AT, mU=AR, ™U=U:
m k

these are all satisfied by
m=k=2x lg_,
provided A\ be determined by the equation
MERT+UV)+AUS+ U2=0.

Let the two values of A furnished by this equation be A, and A,,
which will be unequal except when

8*=4(RT+ UV).

The two subsidiary equations may be replaced by the two
equations each resoluble into lincar factors when the values of
k, m, X, are therein substituted, which two equations, after a slight
reduction, may be written :

(Udy + \\T'dz + X\, Udp)(Udz + M Rdy +\, Udg) =0,
(Udy+ XTdz + 2 Udp) (Udz + M Rdy + 2, Udq)=0.

To obtain the functions » and », from which an intermediate
integral may be constructed, we must combine in pairs a factor
from the first with a factor from the second. But of the four
possible combinations two must be excluded, viz., that obtained by
combining the first factors in these equations, for it would lead to
a result

Udy =0,
which obviously would not furnish any solution : and that obtained
by combining the second factors in these equations, for it would
lead to a result

Udz =0,
which obviously also would furnish no solution. Hence the equa-
tions may again be replaced by the two pairs of equations

Udy+\Tdz + MUdp=0}
Udz +MRdy+2Udg=0 ’
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and de+7\,Rdy+7x1qu=0}
Udy + 2 Tdz + A Udp =0}

From one of the pairs we shall have two integrals of the form
u=a and v=>0; and therefore also through that pair we obtain an
intermediate integral.

And it may happen, as in the simpler case of § 242, that we
can obtain an intermediate integral through each of the pairs of
equations of the first degree.

These two integrals, which may be denoted as before by
wm=f(v), u=¢(v),

are intermediate integrals of the original differential equation,and
are distinct except when

S1=4(RT+UV),

when only a single intermediate integral is obtainable.

244. We may now proceed further in the integration for
either the linear equation of § 242 or the more general form of
§ 243. Taking the intermediate integral obtained if there be only
one, or either of the intermediate integrals if there be two, we
have a differential equation of the first order; the complcte
integral (and the associated integrals) of this can be obtained by
the methods of Chap. 1X. This integral will be the final integral
of the original equation.

245. In the case when there are two intermediate integrals,
we may apply an important proposition (now to be proved) which
will considerably shorten the further labour of deriving this final
integral. This proposition may be enunciated as follows:

When we have obtained two intermediate integrals of the form

u =f(vl)) Ug = 4’ (v3),
and we consider them as simultaneous equations to determine p and
q a8 functions of z, y, and z, the values of p and q given by these
equations will be such as to render

dz=pdx + qdy
integrable.
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Assuming this proposition established, we have therefore merely
to solve the two intermediate integrals as simultaneous equations
in p and ¢, to substitute the values of p and ¢ thence derived in

dz = pdz + qdy,
and to integrate. The result will be the final integral.

246. We now proceed to establish the proposition enunciated
in §245. Let F =0 and ® = 0 respectively denote these integrals,
so that F=u,—f(v,), P=1u,— ¢ (v;); and, first, let F=0 be a
solution of the equation

Rr+8Ss+Tt+ U(rt—s)="V.

We have only the single equation F = 0, which is not sufficient
to enable us to express 7, s, and ¢, each as functions of z, v, z, p,
and ¢; we can express any two of them in terms of the third and
of quantities explicitly independent of them. When these values
are substituted in the differential equation, the latter will contain
one set of terms involving this second differential coefficient of
the dependent variable and another set not involving it; and the
equation is to be satisfied identically without regard to this differ-
ential coefficient. Now since F'=0, we have

oF oF oF OF

B_w+a_zp+8pr+@8=0’

"op° T oq

when for brevity we replace %— %F p by F, and %F g by F,

t=0;

these equations give

oF oF
A TR
or oF
_a.?Z.t__ a_};s_ Fy-

Let these values of » and ¢ be substituted in the differential
equation; it becomes

oF or oFoF
RF, 5+ TF o +V 55— UFE,
) BFGF F) dF}
oF 91 =0,
+ {R (o) 553+ 7(5) -U% 3

F.D.E. Q
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This must be satisfied identically without regard to s; and
therefore the coefficient of s, and the term independent of s, must
both vanish. If this were not so, the equation would determine s
(and therefore also r and ¢) as functions of z, y, 2, p, and q.
This result, as we know, cannot be deduced from the single
equation ¥ =0.

Hence we have
or aF oF oF

R Zag-‘}'TFy p Va—p?—a—q'—UFsz=0,

oF oFoF oF oF or

LY g F v~ ~o.
R(aq) Sap8q+ (ap) U”aq “op 0

The same equations will be satisfied when we replace ¥ by ®;
and we may therefore consider F and ® as the solutions of the
equations

0 90 00
R, +T0yap Vo 5a U@, =0,
0\ 000 /90 0 e
R(E)_s—agsaﬁuz'(ap) U8, 5.~ 8.5 =0.

247. We must now consider two cases.

(i) The linear equation, when U=0.

Let & and £, be the roots of
RE:—8E+T=0,

so that the second equation becomes

(682 & 8p> (a?)(; & Bp>

We may therefore write

E)F ’a
A
BCD

dq E” op

thus associating &, with F' and &, with ®@. The first equation, on
dividing out by %(—II:’ becomes
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and therefore

REF, +TF,+VE, %{Z 0.

But "= RE,§,, and the last may therefore be written

Fz+§2Fy+%g—£j=0.
Similarly
<I>,+£1<I>y+%%%)=o.

From the last two equations we have

o oF oF 0o oF oo
Fzg—éz?p—fx®ya7—E2Fy %=¢y%—Fy'a—q‘,

and therefore
oP oF od oF
o~ Pegp Ty~ Pugg =0

which is the condition (§208) to be satisfied by the two functions
F and @ in order that the values of p and g, derived from F=0=®
as simultaneous equations, should render

F,

dz=pdz+ qdy
integrable. This proves the proposition for the case of U =0.
(ii) The general form, when U is not zero.

We now proceed as in §243; the first equation in ® is
multiplied by a quantity A, given by

N(BRT+ UV)=AUS + U2 =0,

and is added to the second; the resulting equation is resolved
into factors for each of the values of A; and the linear factors are
combined as before, giving two pairs that may be retained. These
are, if A, and A, be the two roots,

or oF
XIT’a‘pT=xlUFz+U'a—q

’

oF oF
MRy =MUF+ U
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and
od . od
MT-a;;=7\gU<Px+ U—a—é-
P ad( "
MRS =0 Uy U%

From the first and third of these equations, we have

od oF 10F0od 10F0od
e, =TT 2

ap op

and from the second and fourth,

7,2®_ o __10F00  10F00.

F,

and therefore

od oF od oF
—a;—q)xa_p +Fy‘a?—q)ya~q-=o.

This shews that, for the more general form of the equation,
when F = 0=® are treated as simultaneous equations, the values
of p and g thence derived are such as to render

F,

dz=pdz+qdy
integrable.

Hence the proposition is proved in general. When these
values of p and ¢ are substituted, the integral of the resulting
equation is the final integral of the proposed differential equation;
it will involve in its expression either implicitly or explicitly
the two arbitrary functions which occur in the two intermediate
integrals.

248. The statement of the method of solution, as derived

from the preceding investigation, is contained in the following
Raules.

RuLE I. When the equation
Rr+8s+Tt=V
is integrable by this rule, we transform it by the equations
dp =rdz + sdy,
dq=sdw + tdy,



247-248] EQUATION 485
into
Rdpdy + Tdgdz — Vdady =s (Rdy* — Sdedy + T'da?);
we resolve the equation
Rdy*— Sdzdy + Tdz*=0
into the two equations
dy—&Edr=0, dy- Edz=0.
From one of these linear equations and from the equation
Rdpdy + Tdgdz — Vdzdy = 0,
combined if necessary with dz=pdz +qdy, we may be able to
obtain two integrals u, =a,, »,=b,; then

U =/‘1 ('Ul)’
where f; is an arbitrary function, is an intermediate integral.
From the other linear equation, combined with the same equations,
we may be able to obtain another pair of integrals u, = a,, v, =b,;
in that case, u, = f; (v;) is another intermediate integral, f; being
arbitrary.

To deduce the final integral, we integrate the intermediate
integral, if only one has been obtainable, by the methods which
apply to differential equations of the first order. If there be two
intermediate integrals, we resolve them as equations giving p and g,
and we substitute in

dz=pdz +qdy;
when this is integrated, it gives the complete integral.

RuLe II. When the equation
Rr+8s+Tt+U(rt—s?)=V
is integrable by this rule, we either may be able to obtain two
integrals u, = a, and v, = b, of the equations
Udy+M\Tdz+\Udp = 0}
Uda + N\ Rdy +2,Udg =0}’
or may be able to obtain two integrals u, = a; and v2=. b, of
Udz+MRdy +MUdg = O}
" Udy + 2Tde +2,Udp =0)’
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where A; and A, are the roots of
M(RT+ UV)+AUS+ U= 0;
or we may be able to obtain both sets of integrals.

Then u,=f,(v) and w,=f;(v,), where f; and f, are arbitrary,
are intermediate integrals in the respective cases. We proceed
from these exactly as in Rule L.

249. It may, however, prove not to be possible to obtain, from
the two intermediate integrals, values of p and ¢ suitable for
insertion in

dz =pde + qdy;

and in that case we may proceed to obtain the final integral by
integrating one of the intermediate integrals, adopting for this
purpose Charpit’s method as indicated in § 206. But without
actually going through the work necessary in that method to
derive the additional relation between p, ¢, and the variables, it
will be sufficient to take, as this additional relation, any particular
first integral of the general system other than that which is being
directly integrated; thus we may take

w=f(n), w=a

where a is an arbitrary constant. Since an arbitrary constant is
a particular case of an arbitrary function, the values of p and ¢
derived from these equations will be such as to render

dz = pdz+ qdy

integrable; and the integral will involve one arbitrary function f
and two arbitrary constants, viz., @ and the constant of integration.
This result constitutes the complete integral of the intermediate
integral; the general integral may be derived by Lagrange’s rule
(§183), by converting one of the arbitrary constants into an
arbitrary function of the other and eliminating this remaining
constant between the equation so transformed and that deduced
from it by differentiation with respect to that constant.

260. This process ceases to be effective in the case in which
the roots of the quadratic in A are equal; there is then only one
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system of integrals given by u,=a and »,=5, and so there is
only one intermediate integral given by

Uy =f('”1);

and this must be integrated. Just as before, we may avoid the use
of the general method for the integration of an equation of the
first order by combining the general and particular first integrals

wm=f(v,), vn=>b.

The values of p and ¢ hence derived will evidently satisfy the
condition of § 208, and therefore, when substituted in the equation

dz=pdz + qdy,
will give another integral of the form
w, =c.
If p and ¢ occur in w,, they may be eliminated by means of the
former equations v, =b and u, =f(); so that
w=c

is a complete integral of the equation, since it involves two
arbitrary constants b and c¢. To obtain the general integral, we
must make ¢ an arbitrary function of b, and then must eliminate
b between the resulting equation and that derived from it by
differentiation with respect to b.

Thus in the cases, when the roots of the quadratic are unequal
and when they are equal, we are led to a general integral, into the
expression of which two arbitrary functions enter.

It may be noticed that the foregoing reasoning would apply
equally if there had been taken, instead of the particular integral

U= @,
some other particular integral such as
kug+ v, = a,

k and ! being disposable constants. This particular integral may,
in fact, be taken so as to render the subsequent integration as
easy as possible.

Some examples will now be given.
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Ez. 1. Solve r=alt.
Substituting for » and ¢ in terms of s, we have
dpdy — a*dzdg=3(dy*- a¥dz?),
8o that the subsidiary equations are
dy?— a?dz?=0,
dpdy —a?dxdq=0.
The former can be resolved into the two equations
dy—adz=0, dy+adz=0,
the respective integrals of which are
y—ar=4, y+axr=B.
Taking the first of these and combining it with the second of the subsidiary
equations, we find that the latter becomes
dp—adq=0,
which, when integrated, gives
p—ag=4"
Hence one intermediate integral is
p-ag=¢,(y—ax).
Taking the second equation y+ax=20, and proceeding in the same way,
we find

dp+adg=0,
which leads to

prag=F5’;
and therefore a second intermediate integral is

p+ag=¢;(y+axz).
‘We now, in accordance with our rule, treat these as simultaneous equations
giving the values of p and ¢; and we find
1
dz=}dz {$s(y+az)+ b1 (y - az)} +5- dy {$, (y +a2)— b1 (y — ax)}
_(dy+adz) p,(y+az) (dy—adz)$ (y—az)
2a 2a ’

which can be integrated. Let

¢ (O=3; [#r(0dt and ¥ (0= - [0t
then the integral is

2= (y+a)+ ¥ (y-az).
The arbitrary constant of integration may be considered as absorbed in
either of the functions ¢ and . Since ¢, and ¢, are arbitrary, ¢ and y are
also arbitrary.
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Ezx. 2. Solve
(b+cq)ir—2 (b+0g) (a+cp) s+ (a+cp)2 ¢=0.

Transforming this by the relations of § 248 we find that the subsidiary
equations are

(b+¢9)*dy®+2 (b+cq) (a+cp) dudy +(a+cp)? dz2=0,
(b+cq)? dpdy +(a+cp)? dgdz=0.
The former of these gives only a single equation
(b+cq) dy+(a+cp)dz=0,

so that only a single intermediate integral can be obtained for the equation,
if it be integrable by the method. When this equation is combined with

dz=pdz+qdy,
it gives adz+bdy+cdz=0,
so that one integral of the subsidiary equations is
ar+by+cz=A.

Eliminating the ratio dy : dz between the second subsidiary equation and
the modified form of the first, we have

(b+cq) dp=(a+cp)dy,
the integral of which is
a+ep=B (b+cq),
B being an arbitrary constant. Hence the intermediate integral is
atcp=(b+cq) P (az+by+cz).

This must now be integrated ; Lagrange’s process for linear equations
may be adopted. Denoting ¢ (az+by+cz) by ¢, we have as the auxiliary

equations
dz _ dy dz

T Tep bp—a’
From these we have
adx+bdy+cdz=0,

8o that ar+by+cz=C,
and ¢ =¢ (az+by+cz)=¢ (C) is a constant.
Hence, for a second integral,
dy+dxz¢ (C)=0,
that is, y+ap(C)=0C"
16-5
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The final integral of the differential equation is therefore
y+2¢p (ax+by+cz)=v (azx + by +cz),
where ¢ and y are arbitrary functions.
It may also be exhibited in the form
2=20 (ax+by +cz) +yx (ax+by +cz),
where 6 and y are arbitrary functions.
Ez. 3. Integrate
(i) r+katt=2as,
(1) when £ is not unity, (2) when £ is unity;
(i) a%+2zys+y?t=0;
(ili) g% —2pgs+p?t=0;
(iv) a¥r-y%=0;
(V) r—a?t+2ab(p+aq)=0.
Ez. 4. Integrate the equation
ar+bs+ct+e(rt—s2)=h,
a, b, ¢, e, &, being constants.

The equation in A is
A2(ac+eh)+Aeb+e2=0,

or, if we write Am+e=0, the equation which determines m is
m?—-bm+ac+eh=0;
let m, and m; be its roots. The first system of integrals is
cdx+edp —mydy=0
ady +edq —mgdx=0} ’
80 that one intermediate integral is
cz+tep—myy=F (ay+eq—myz).
The second system of integrals is
ady+edq—mdr=0
cdx+edp—m2dy=0} ’
and therefore a second intermediate integral is
cx+ep—moy==> (ay +eq—m ).

If it were possible to resolve these intermediate equations so as to express p
and ¢ in terms of x and y, the final integral would be at once derivable ; but,
a8 this is not the case, we combine any particular integral of the second with
the general integral of the first system. Thus we may take

cx+ep —myy=a,
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and then F (ay+eq —mgx)=(mg—m;) ¥ +a,

so that, if ¥ be the inverse function of #' and therefore an arbitrary function,

we have
ay +eq=mgx+¥ {(mg—m;) y +a}.
Thus

ede= —cxdx —aydy+(mey +a) de+[moz+¥ {(mg—m;) y+a}] dy,
the integral of which is
ez+ea’ +yayt=myzy +ar+0{(my—m) y +a}+B,
where © is an arbitrary function (since it is given by
(mg—my) © (2) =¥ (2) dz,
and ¥ is arbitrary) and 8 is an arbitrary constant.

This is the Complete Integral ; to obtain the General Integral we eliminate
a between the equations

ez+% (ca®+ay®)=myzy +azx+© {(my—m1) y +a}+x (a)
1 '
0=-”+,712—_‘;;;l ¥ {(my—m) y+a}+x (a)
x denoting an arbitrary function.

Ezx. 5. Solve

(i) s*—-rt=a?;

(i) gr+(p+2)s+yt=—q+y(s¥—rt);

(ili) 2pgyr+(py +92)s+xpt=pq (rt—s)+2y.
Ez. 6. Solve

z2(14¢2) r—2pqes+2(1+p?) ¢ — 22 (s2—rt) + 14 p2+¢2=0.
The equation which determines m is
m? + 2pgzm + p2q?22=0,

80 that the two values of m are equal, the common value being — pgz; and
the system of integrals reduces to one given by

2 (14 p?) dz+22dp +pgzdy =0,
2 (14 ¢?% dy+22dp+pgedz=0.
The former by means of
dz=pdz+qdy
gives, after division by
dz+pdz+2dp=0,
the integral of which is
Z+ps=a;
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the second similarly leads to

dy+qdz+2dg=0,
the integral of which is
y+qz= b)

so that the intermediate integral is

F(x+ pz, y+q2)=0,
where F is arbitrary. ’

Proceeding as indicated in § 250, we have
z+pzr=a,
y+qz=b;

and therefore edz=pzdz+qzdy

=(a=x)dz+(b-y)dy
the integral of which is
(x—a)2+(y—dP+22=c

A general integral is found, as there explained, by eliminating ¢ between
the equations
{z-¢ (OF+{y=¥ (@) +2=c

and {r=¢ (@} ¢ ()+{y— ¥} V¥ () +c=0,
¥ and ¢ being arbitrary functions.

Ez. 7. Solve
(i) xgr+ypt+zy (s—rt)=pq;
(ii) @*r+4pgs+pit+pPQ?(rt - s%)=da?;
(ii)) (1+¢%) 7 —2pgs+(1+p)i=(s2—rt) (1 +p°+¢?) " E-(1+p2+ DL

Ex. 8. Prove the converse of the general result of § 250, viz., let the
equation of a surface be

¢ (2, 9, 2, @, b, €)=0,
where a, b, ¢, are connected by any two conditions of the form
x (@, b, ¢)=0=1 (a, b, ¢);

shew that the equation of its envelope will satisfy a partial differential
equation of the form

Rr4+8s+Tt+U(rt-82)=V,
the coefficients of which satisfy the relation
S2=4 (RT+ UV).
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GENERAL METHOD OF CONSTRUCTING AN INTERMEDIATE
INTEGRAL IF IT EXISTS.

261. We now come to a more general method (mentioned at
the end of §237) for determining an intermediate integral of an
algebraic equation

f(x) Z/, Z, P; q; 7‘1 3’ t)=0’

polynomial in 7, s, ¢, if any such integral exists.

Suppose that, if possible, this equation possesses an inter-

mediate integral
n (z, 9, 2, p, Q) =0,

where we are not concerned, at the moment, with the form of the
equation » =0, nor with the kind of arbitrary element—whether
of function or of constant—which this equation may contain. The
significance of the intermediate integral lies in the property that
the equation of the second order is satisfied in virtue of the integral
and of its two first derivatives. The equation of the second order
may not be the only deduced equation which is thus satisfied; but,
under the hypothesis, it is satisfied in this way. It follows, then,
that the possession, by the equation f =0, of an intermediate inte-
gral u =0 implies that the equation f = 0 is satisfied unconditionally
in virtue of the equations

& TPt Tt T“"”“"*”‘FO’

du Ou Ou  Ou
&=y qa_z+ a_I_J-i-t 3 =y + Sup + tug=0.

=0,
du Oouw Ou Ou ou
0
ou

Consequently, when we use the last two equations to express ¢
and 7 in terms of s and of the other quantities, and when we
substitute these values of ¢ and r in the equation f =0, this last
equation (under the hypothesis) must be satisfied unconditionally.
It then is not an independent equation, and so it cannot determine
s; that is, the coefficients of the various powers of s in the
modified equation, integral in s, must vanish. We thus obtain a
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set of equations, involving derivatives of « and also the quantities
@, 9, 2z, p, q; and as the relations, which lead to the change in the
form of f=0, are
'r=—-—-—syi1, t=———8-—+,
Up U Ug g
each of the equations in the deduced set involves only ratios of the
first derivatives of u.

But there are only four such ratios; consequently the deduced
set of equations may not contain more than four members. There
always will be two at least, for otherwise all the cocfficients of
powers of s, from the first power upwards, in the modified form of
the equation =0 would vanish identically. But the members
may be not independent of one another; so we can say that usually
there will be not fewer than two independent equations, and that
there cannot be more than four independent equations, in the seb
thus deduced.

We thus have algebraical equations, either two or three or four
in number when the process is possible, involving the ratios
Uy :UytUz iUy iUy, The first step is to resolve the algebraical equa-
tions so as to express two of these ratios in terms of the others;
and the result is to give a number of differential equations, two or
three or four in number, which are homogeneous of zero order in
the derivatives of u. The effective cases in the simplest form occur
when these equations are rational in the derivatives of ; we then
can express each equation as an equation, linear and homogeneous
in the derivatives of u, the derivatives of u being taken with respect
tox, ¥, 2, p, ¢, and the coefficients of the derivatives of u being
functions of the five quantities z, ¥, z, p, ¢.

We thus have a simultaneous system of equations satisfied by
the quantity u, when it exists. So we proceed as in §§232—234.
The first stage is to make the linear simultaneous system a
complete Jacobian system. When this stage is finished, we proceed
to construct the most general integral u of that system, if any such
integral exists. When that integral u (if any) has been obtained,
the corresponding intermediate integral of the original equation
/=0 is given by

% (2 9, 2 p, 9)=0.
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If the complete Jacobian system contains fewer than five members,
it does possess some common integral. If it contains more than
four members, it does not possess any integral other than
u = constant, which has no significance for the present purpose.

262. We now proceed to give some examples in detailed
illustration of the method. As it is always possible to settle
whether a given simultaneous system of linear and homogeneous
partial differential equations does or does not possess a common
integral, the method enables us to settle whether a given equation
of the second order, algebraic in 7, s, ¢, does or does not possess an
intermediate integral. Further, subject solely to difficulties of
mere quadrature, the method leads in practice to the most general
form of that intermediate integral, if it exists.

Ez. 1. Does the equation
g(1+q)r—(1+p+9+2pq) s+p(1+p)t=0
possess an intermediate integral ?

Denoting the possible intermediate integral by « (2, ¥, 2, p, ¢)=0, we are to
have the original equation satisfied unconditionally in virtue of the equations

U+ Uyt 8%y =0, u,+suy+tug=0.

Adopting the process in the text so as to eliminate 7 and ¢, we have

g(1+g) (Z—p+ s:—:)ﬂl +P+q+2p9)s+p (1+p) (Z—Z +s:f:—l’)=0.
We then make this equation in 8 evanescent as regards s, so that
9 (14 ul+(1+p+9+2p) upug+p (L+p) 1*=0,
q (149) uzug+p (14 p) w,u,=0,
which are two equations satisfied by .

The former equation is

{pup+ (1 +q) ug} {(1+p) up+que} =0,
so that either
puﬂ+(l +Q) uq=0,

or (14p) up+qu,=0.
When the former is used, the second equation gives

uz-H'p

u, =0,
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that is,
Qu_l+plu_Du_,.
ox ¢ dy o0z
and when the latter is used, it gives
Uy - l;qu,,=0,
that is,
u_l+glu_0u_
 p 0z Gz
Consequently, the function u satisfies one of the systems
ou ou ou Ou
pa—p+(1+q)é;—0 _([5&4'(1"‘]3)5;)—0
0u_Ltpu Ox ou_l+gdu Ou_
ox g oy o0z oy p Oz 0z

The condition of coexistence of the two equations in the first of the
systems is

¢ o
which is not satisfied in virtue of either equation in the system ; it is a new
equation which must be satisfied, and so the system is

=Y

ou u
Popt(1+e) 7, =0
ou Ou

PR Fiai
ou
5 =0

This system is easily seen to be complete ; so (§ 235) it possesses two inde-
pendent integrals which, by the process given for complete Jacobian systems,
are easily found to be
1+g
P

The most general integral of the system is
1+
u=%o (—p——q y 2 +2> y
where & is an arbitrary function of its arguments. Now the intermediate

integral is u=0, that is,
@ (1:“—9, x+z)=0;
p

and this relation can be expressed in the form

s (7).

y Z+2
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where f is an arbitrary function of its argument. This equation accordingly
provides an intermediate integral of the original equation.

We proceed similarly for the alternative system ; and we obtain a relation
1
o (2)

where g is an arbitrary function of its argument. (In this special case, the
new relation can be deduced from the former relation by interchanging « and
4, p and ¢, and by taking another arbitrary function g instead of f.) This
equation accordingly provides another intermediate integral of the original
equation, which thus possesses two independent intermediate integrals.

If we are to proceed to a primitive, we have to settle whether these
intermediate integrals coexist. The form of the original equation is the same
as that of § 239; and therefore we can apply the theorem of § 245, that is, the
intermediate integrals do coexist. But it is possible that, for another equation
not of the particular form, two intermediate integrals might be found ; it then
would be necessary to apply the Jacobian condition of coexistence [F, G]=0
of §208. The condition is satisfied in the present instance.

Consequently, to obtain the primitive, we use the two simultaneous

equations _
ot (), suem (2).
Let
19, P,
q
so that
b4 1 g _ 1.
Trprg T+’ 1ipig  I+0°
then, as
dz=pdx+qdy,
we have
(14 p+q)dz=p (dr+dz)+gq (dy+dz),
that is,

1o, 1
dz=mf (u) du+———1 +vg’(v)dv,
and therefore
2=6()+3(v),
where 4 and 3 are arbitrary functions, because f and g are arbitrary. But
r4z=f(u), y+z=g();
and therefore we have the primitive of the original equation in the form
:=F(2+2)+G (y+2),

where /" and @ are arbitrary functions of their respective arguments.
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Ex. 2. Shew that, when the method is applied to the equation
rt—s2+ Rr+28s+ Tt=V,

it leads to the two systems
Uy~ Ty~ pug=0 Uy — Ty — oug=0
Uy = Uy — Rug=0 ' %y — pity — Rug=0 ’

where p and o are the roots of the equation
pi+2uS+ RT+ V=0,
unless p=g¢, when it leads to only one system.

Ez. 3. Deduce the conditions that the equation in Ex. 2 should possess
(i) a single intermediate integral, (ii) a couple of intermediate integrals, each
involving an arbitrary function.

Ex. 4. Apply the method to the equation
Rr+28s+ Te=U,

80 a3 to obtain the results corresponding to those in Ex. 2 and Ex. 3.

Ex. 5. Integrate the equation
2(rt—s%) +2{(1+¢°) r— 2pgs+ (1 +p°) }+1+p?+¢*=0.
Using the equations

to substitute for » and ¢, and making the resulting equation evanescent as an
equation in 8, we have the two relations

% %

(z 1;: -1 —pz) (217: -1 -9’) =p*¢%
Uz _1_p2)¥e Uy _qgz) Y
(Z“p ! p)uq+ (Zuq 1 q)“p 2pg-
These are uniquely equivalent to the set

2uz—(1 +PZ) Up = PqUq,
2uy = (1497 w=pqu,,

which (in this instance) is the only set of equations determining an inter-
mediate integral #=0, if any such integral exists. These equations are

Ou ou ou Ou
= 2 P e — g
E=(1+p )ap+ pqaq Py =i 0,

Ou 0 ou 0
E,= pqai+(1+q2)51—;—qza—z—z%u=0.
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The condition of coexistence (§ 232) is

ou  Cu 8u+ ou
gop P3q dg TPy By
that is,

gk, - pE,y=0,

and therefore it is satisfied. The two equations E}=0, E,=0, are a complete
Jacobian system as they stand; and therefore (§ 235), as they involve five
variables z, y, 2, p, ¢, they possess three independent integrals.

To obtain these integrals, we adopt the regular process. The equations
subsidiary to the integration of £;=0 are
dp _dg_ dz _dx_dy
T+pt g —-pz -z 0O

A complete set of independent integralg of these equations is
y=a, S=a2: n=a, (=ay,
where
E=z+pz, n=¢% (=(1+p%/¢%;

and therefore the equation ;=0 will be satisfied by making » any function
of y, & n, ¢

We therefore now make y, & n, ¢, the independent variables; and we
transform the other equation £,;=0, so as to have derivatives with respect to
these variables. It is easily found that (after removal of a factor 2) the
modified form of the equation is
Ou_tu_ol+¢0u_
¢ 9y T om &

(The property that the system Ej=0 and E,=0 is complete secures, after
§ 234, that all the cocfficients in £,=0 are expressible in terms of y, £, n, ¢.)
The equations, subsidiary to the integration of E;=0, are

(lf dr) d?/ d{
[ = _g 1+ T 1+¢
]
A complete set of independent integrals of these equations is
f=ci, nty=cy 7*(1+{)=cs
If then
a=z+ps B=y+qs y=#(1+p'+g),

% can be any function of a, 8, y; and so the most general solution of the
complete Jacobian system is given by

u=F(a, 5 7)1
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where ¥ is an entirely arbitrary function of its arguments. But the inter-
mediate integral, if any, of the original equation is x=0: that is, the most
general intermediate integral is given by

F (a$ B, ')’)=0)
which is an equation of the first order.

To complete the integration, this equation of the first order must be
integrated ; for the purpose, Charpit’s method will be used. The subsidiary
equations are

where, if Fy, Fy, F3, denote 0F[da, 0F /0B, 0F|0y, respectively,
P=Fi+p{pFi+9F;+(1+p*+¢% 2 F3),
Q=Fy+g {pFi1+9F+(1+p*+¢%) 22 F3},
X=—2F,—2:2pFs,
Y= —2F,—2:2¢Fy;

and one integral is required. We have, with these values,

dz+pdz+2dp=0,
so that an integral is given by
a=z+pz=a,

where a is a constant. This equation has to be taken simultaneously with
F=0, so that the values of p and ¢ which they determine may be sub-
stituted in
dz=pdz+qdy.
The remaining analysis may be set out otherwise, Because
z+pz=a,
it follows that
23+ (x —a)?=function of y only;
and therefore
¢z="function of y only,

that is, 8 is a function of y alone. But
F (al B, 7)=0’

a is equal to @, and 8 is a function of y alone, and therefore y is a function of
y alone. Now

y=2(1+4p'+¢%)

=+ (@~ 2P +B-y),
80 that

Ydy=1d: - (a-z)dz+(B~y)(dB~dy)
=(8~y)dB,
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because
dz=pdz+qdy
1
= a-2)dot(B-p)dy).
Also
dB+aF dy=0

and therefore

oF

Eliminating 8, y, p, g, between this equation and the equations
F(a, B, y)=0,
z+pz=a, y+gz=p, 22(1 +P2+q2)=%
we have the primitive of the equation.

Ez. 6. Shew how the preceding primitive must be modified, so that it
may include the primitive of the same equation given in Ex. 6 of § 250.

E=z. 7. Shew that the equation
r—t=2?
z
has no intermediate integral.
Ez. 8. Oltain an intermediate integral (if any) of the equation
g*rs+pq (rt+5%) +p*st — qur - (pr+gy) 8 — pyt +pg=0.

Proceeding as usual from the equations

we find that « must satisfy the three equations
Y +2P9"'P2 —=0
- ”+qx 0 —px—qyﬂv % =0

MZ—:—ZZ+M+W%+M’%=O-
From the first of these we have
F=pu,—qu,=0.
The second of them is satisfied identically in virtue of #=0. The third is

G'=pguytg+qrustig+ Py, tp+pgus 1y =0.



502 EXAMPLES [cHAP. X
The Jacobian condition of coexistence of these equations, being the
relation (F, G)=0 of § 208, leads to
ou

cz ’

so that, if we write x, y, z, p, ¢, =21, %y, &3, &3, %, and denote the derivatives
of u by p,, p3, s, ps, Ps, the three equations are
P3=0, Z3py—Zsp5=0,
45 P4 P+ T4 T P1 P2+ X126 P1 P+ T 83 P2 Py =0.
The first of them is satisfied if « does not explicitly involve 3, that is, 2.

The second of them then is satisfied if » is any function of .z, 23, and zg,

0
Ps=Z%sPey Ps=2%3ps;

where 2g=x,2;5. Write pg for B% , So that
6

then the third equation is
Zype’ + &1 p1Pe+ Tapape+ p1P2=0,

on the removal of a factor xg. We nced the integral of this equation of the
first order; to obtain it, we adopt the Jacobian process of § 219, and we

find that
_ xg""(}z]
u=® ( r2ta ) ’

where @ is any arbitrary function, is the most general integral of the system.
But the intermediate integral is w=0, that is,

® (xe+a-lf1) —0;
x2+a

or, as ¢ is an arbitrary function, it is

1‘0+axl_

Tyt a ’

where b is an arbitrary constant. We thus obtain the intermediate integral

in the form
P9 +ax+by+ab=0,

where a and b are arbitrary constants.
Ez. 9. Prove that the equation
2 (rt — 8824 (rt+8%) pg — req? - stp?=(rt — s2) (p*t - 2pgs +¢*r)
possesses an intermediate integral
24ap+bg+ab=0,
where a and b are arbitrary constants.



252-253] PRINCIPLE OF DUALITY 503

Ez. 10. Obtain the most general intermediate integral of the equation
{(14+¢®)r—2pgs+(1+p?) t}2=4 (rt—8%) 1+ p*+¢?) ;
and prove that the only real surfaces, which satisfy the equation, are spheres,

Ex. 11. Integrate, by the foregoing method, the equations in Ex. 3 and
Ex. 7 of §250.

Note. Further discussion of equations of the second order having an
intermediate integral will be found in the author's Theory of Differential
Eguations, vol. VL, ch. XVL

PrincipLE oF DuaLiTy.

2563. This principle, which was shewn (§ 202) to be effective
in deducing from the solution of one equation of the first order
that of another associated with the former by relations of a perfectly
reciprocal character, may be applied to equations of the second
order. The analytical connection consisted in taking new variables
defined by the equations

X=p, Y=¢q, Z=pz+qy—z
from which there were derived the reciprocal equations
z=P, y=0Q, z=PX+QY-Z

From these we have

de=dP = RdX + 8dY,
dy = dQ = SdX +TdY;

8o that
_Tdx—Sdy
X ="pr—g
—Sdz + Rdy
WY =—Fr—5
But rdz + sdy =dp =dX,

sdz +tdy=dg=dY;
we therefore obtain, by equating coefficients,

T -8 N 2
TERT—S» *TRT—8v 'TRT-S¥
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and also

Let these substitutions be applied to any equation of the form
A+ us+ vt + o (1t —s) =0,
in which A, g, v, o, are functions of =, y, 2, p, ¢. Let their values
after the transformations have taken place be denoted by \, u’,v’,¢",
respectively ; then the result of the substitution gives
NT-pyS+vR+o'=0.

If then the solution of the former equation be known, that of the
latter can be obtained ; and vice versa.

Thus, in particular, the solutions of the two equations

rd(p, @)+ s (p,g) +tx(p, 9) =0,
and rx (@, y) = s¥ (2, y) + tp (2, ) =0,
are derivable from one another.

Ez. 1. From the solution of

zir+42zxys+y*t=0,
derive that of
g°r —2pgs+pt=0.

Ez. 2. Integrate the equations:
(i) pr+qy-sxy=z;
(ii) z(rt—st)=-pqs;
(iti) ¢*(z—pz—qy)=(pt—gs)2z;
(iv) pPr+2pgs+qit=(ap+yq)(rt—4);
(V) (+pg)(r-t)=(p*—gh)s+p*t—g°r

LAPLACE'S METHOD FOR THE TRANSFORMATION OF THE
LineaRrR EQuaTION.
254. The linear equation
Rr+8Ss+Tt+Pp+Qq+2z=10,

in which R, S, T, P, Q, Z, U, are functions of z and y only, can be
reduced to simpler forms. The process consists in changing the
variables,
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Let the independent variables « and y be changed tv ¢ and 7,

as yet undetermined; then, when p’, ¢/, ... denote g%, gf , ... the
n

equation becomes

"{ (ai) +Sg_§g‘§+T(a§)}

+ t’{R (a”) +nggZ+T(aZ)}

0Eom onoE  onod 0Eon
+ 8 {2R +S<ax@+@55 +2Ta—y-ay}

*E, o T E 43
+p {R e TS saay T +T52+ P>+ Q
o' 0’7 0? U } _
+q' {Ré +Sa—xay+Tay +Q +Zz="U.
Let m and n be the roots of the quadratic equation in %

Riz+8Sk+T=0.

First, suppose that these roots are unequal; then choose ¢ and ¢
so that

o€ _ 85
o 83/
an 81)

"oy’

which determine £ and #. The terms involving 7' and ¢’ now
disappear; and the coefficient of &, being
43 3n( S
0y dy - R) ’
does not vanish since the roots of the quadratic are unequal. Let
the equation be divided throughout by this coefficient; then it
takes the form

0’z

5Edn La +M +Nz—V

3
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255. In two cases, the integral of this equation can be obtained
without further transformation. We may write it in the form

0 (02 0z ) oL\
58 (5;1-!-132) +M (377+Lz +z(N-LM— 5-5) =V,
so that, if the condition
oL
N-LM~- 9= 0
be satisfied, the equation becomes
My Mu=V,
ok
where u replaces g—; + Lz. A general value of u can be obtained,
and thence a general value of z.
We may write the equation also in the form
0 (0z 0z oM ;
> (5g+Mz) +L(ZZ_;+Mz) +2 (N—Lzl ~5 ) -V,
so that, if the condition
yorn-M_
an
be satisfied, the equation becomes
o +Lv=V,
on

where v replaces gg+ Mz, From this, through v, a general value

of z can be obtained.

256. If however neither of the conditions in § 255 between the
coefficients in the transformed equation be satisfied, it can still be
transformed by changing the dependent variable. Thus when we
write

0z I
a_” + Lz = Cs
we have
g—§+M§+ z(N—LM—g-%) -V,
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oL _ N by K, we may write

Denoting LM + T

1 B;’ M ¢
e 6§ K
and therefore

Lot LM, LV ot M
¢ A d'd an{Kag txé- K}’

which is equivalent to

st L e W=,

0Eom of
where
,_ . 10K
L "L“Ea_n'
M =M,

N=LM-K+K L (%),
K
so that the same form is reproduced but with altered coefficients.
The equation in its new form can be integrated, if the analogous
relations between the new coefficients be satisfied. From the
values of L', M’, N’, we have

L'M-N=K - oM

_K___an__

so that, as K is not zero (by hypothesis), the relation

LIMI ?M_ — NI
on

is not satisfied. The other condition, being that the equation
rag ai’ 1
L'M + a? N'=
should be satisfied, is when expressed in terms of the original
coefficients

oL_oM _12K 10K3K_,

K+ 55~ 3y Kook T Kooy o
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If this be not satisfied, nor the corresponding relation derived
by the consideration of the other expression

LM+ a—JL{—N,
on

the process of transformation may be repeated indefinitely. If, at
any step of the process, the requisite condition should be satisfied,
the solution may then be found.

Ez. 1. Prove that for any substitution of the form
2=2Au,
where % is to be the new dependent variable and A is a function of £ and 7,

LM~ 1V+§£{ and LM - 1V+a—L
8] 0¢

are absolute invariants, and that therefore such a transformation is ineffective
for the purpose of solution.

Ezx. 2. Prove that, if

K==L -2k g =N, 1,,- %
ot . on’
being the functions of the coefficients after » transformations, then
. @ (log &y)
Ar+l""_’_a'§_a” +21(1-"Jr’
J, r+l1= Kr-
Hence solve the equation
s+ayp=2y:z.
(Imschenetsky.)

Note. A full discussion of these equations, subjected to Laplace trans-
formations, will be found in the author’s Theory of Differential Equations,
vol. VI, chapters xi1L. and xIv.

257. Next, consider the case when the roots of the quadratic

are equal, so that
S?—4RT=0.

The two equations determining £ and 5 now coincide, so that
from them only one of these quantities can be obtained ; let it be
£ given by
of —m I3

ox oy’
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and suppose £ and y to be the new independent variables; then
we may write n=y. In the transformed equation the coefficient
of ¥ now is zero, that of ¢ is 7', and that of & is

0 o0k
S 2t 2T 3
But m being a repeated root of
Riz+8Sk+T=0,

me_ S __2T
T 2R TS

8o that the coefficient of &' is

23 NG

o (2T - ﬁ),
which is zero. Hence the transformed equation, on division
throughout by T, becomes

Pz .0z 0z
5‘1/")+L(E+.ﬁ[é-:-y +Nz=V.
The case suitable for treatment by this method is that in
which L is zero; the equation may then be looked upon as an
ordinary equation in y, the variable 2 being considered parametric;
the arbitrary constants of integration should be replaced by arbi-
trary functions of .

we have

Po1rssoN’s METHOD.

268. Poisson has shewn how to deduce a particular integral
of any partial differential equation which is of the form

P =(rt—s'yQ,
where P is a function of p, g, 7, s, and ¢, homogeneous with respect
to the last three quantities, and  is any function of the variables

@, y, 2, and the differential coefficients of z, which remains finite
when 7t —s?=0.

He assumes

g=¢(p)
=r¢' (p), t=s¢'(p)=7{¢' (PN

and therefore
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These values make
rt — =0,
and reduce the differential equation to
P=0.

Now P being homogeneous with respect to 7, s, and ¢, there
will, when the foregoing values are substituted, occur a common
factor throughout, being some power of r; this may be rejected
and the remaining equation will involve only p, ¢ (p) and ¢'(p)
which when integrated will determine the value of ¢(p) and so
will lead to an integral of the original equation. This integral,

being of the form
=9 (p),
can always be further integrated.
It may be noticed that Poisson’s process is equivalent to

obtaining the developable surfaces which are included under
the given differential equation, for

9=¢(p)
is the differential equation of developable surfaces.
Ez. 1. Solve r2—2=rt—s2
Proceeding as above we find
1-{¢/ ()} =0,
80 that, retaining only the real values, we have
¢ (p)=+%1,
whence g=9¢(p)=atp,

where a is an arbitrary constant. The complete integral of this, considered as
a partial differential equation of the first order, is

z=ay+A(rty)+v,
where X and v are arbitrary constants; the general integral is
z=ay+¢ (z1y),
where ¢ is an arbitrary function.

Ez. 2. Solve
(i) t4+2ps+(p?—a?)r=0;

(i) (1497~ 2pga+(1+p?) t=0.
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LiNEAR EQUATIONS WITH CONSTANT COEFFICIENTS.

259. We now proceed to consider equations which are linear
not merely with regard to the differential coefficients of highest
order but also with regard to the dependent variable and all
its differential coefficients, and in which the various terms are
multiplied by constants only. Such an equation is

0 0
(I) (a—w— ) Ej) Z2= If,
where @ is a rational integral algebraical function all the coefficients

of which are constant ; V' may be any function of the independent
variables,

As in the case of ordinary differential equations the complete
integral consists of the sum of two parts:

first, the most general integral of

2 2 _
(I)<a—w-, 5&)2=0,

second, any particular solution of

(D(é%, %)2=V.

These will be obtained separately. For convenience, let 5% and

8%/ be respectively denoted by D and D'.

260. The simplest case of the general equation is that in which
only differential coefficients of the nth order occur, so that it may
be written

D+ A, DD+ A, D3 D%+ ...... + A4, D™ z=V.

B Ay B+ A+ A E 4 A,=0;
then the equation may be transformed into

D-a,D)y(D—0a,D)...... (D—-a,D)z=V.
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To find the complementary function, we write V'=0; then a
solution of
D—-a,D)z=0
will be a term in the complementary function; and as there are

n such factors there will be n such terms.

Now the solution of
(D=-N\)z=0,
where A is independent of , is given by
z=¢e"2(,
C being also independent of z. The quantity €' may therefore, in

the solution of
(D—-aD)z=0,

be made an arbitrary function of y, and we then have

s
z=e¢ Y (y)
= ¢ (y + az).

There is one such solution for every value of a; and the sum
of these different solutions is also a solution, so that the com-
plementary function is

z=¢, (Y + a,z) + ¢ (¥ + :2) +...... + ¢u(y + anz),
where all the functions ¢,, ¢, ...... » $n, are arbitrary.
In the case, however, in which two roots a are equal, this value
ceases to be general, as the sum of two arbitrary functions of the

same argument is merely an arbitrary function of that argument;
the corresponding terms are then obtained as follows.

The solution of

(D=Apz=0
is z=¢"(4 + Bz),
where 4 and B are independent of #; hence the integral of
(D—aD)z=0
4
is e=e" W (g (y) +aop ()

= ¢ (y + az) + ay (y + az),
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where both ¢ and 4+ are arbitrary; the sum of these two terms
replaces the sum of the two terms, which had coalesced into one,
and the general character of the solution is restored. Similarly,
when any number of the roots a are equal, the corresponding
terms of the complementary function, which coalesce into one,
are replaced by a series of terms derived in the same manner as
the above.

261. To obtain the particular integral, we may represent it
symbolically by
= 1 vV
T D-a )Y D—-aD)...(D—a, D)
1 1

== V.
D (%_m) (%,—%)...(2)12,—%;)

To evaluate this, we resolve the second symbolical fraction into
the sum of n symbolical partial fractions, into the denominator
of each of which only one of the quantities D/D' —a enters.
Thus, if

z

1 _er A,
E-a)(E—)...(E—a) r1E-a’
we have
_ 1 N,
Z——mr=1£ i V
Dl r
1 r=2n ‘7\71 V,

N, being a constant and depending only upon the constants a.
Let

then, since
oz 2 —az 2
(D—aD)'=¢ o [dze 0,
we have
1 aza-a- ""d —afg—
= V=€ oy y
e V=0 [(age T By g y)

w? [
=" "y 6 y-ap)
=rd.f\p-(f,y+aw—af);

¥.D.E. B
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hence the particular integral of the equation is
z r=n
s=[[ -y [ @ e (6 y @01

This is the value in the most general case possible; in particular
cases, the actual evaluation becomes much more easy. Thus, if V'
be a function of « only, we may consider {® (D, D)}~ as expanded
in a series of ascending powers of D'; every term may then be
neglected (so far as the particular integral is concerned) except
that which does not contain D’. Corresponding simplifications

arise in other examples.
?u 0%

— —q?2 =
Ez. 1. Solve e a e

Z.

(See Ex. 1, § 250.)

For the Complementary Function, we have
0 2\ /0 2
(&) Greg) o

az 2. —ael
w=e" 0§ (y)+e WY (y)

=¢ (y+az)+¢ (y -a2),
¢ and y denoting arbitrary functions.

and therefore

For the Particular Integral, we have

1
Y= a”

=L 1+a2—l—y—2
=75 1)2+... z

]

x

15 &

(]

Hence the Complete Integral is
3
u=¢(y+az)+y (y-az)+35.
Ez. 2. Obtain a solution of the equation

such that, when ¢=0, y=F(2) and %’f:-— ‘!'%g:—), F () and f(z) being known
functions of 2.
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Ezx. 3. Solve the equations:

. 02z 0%z
i) a—x§+w=cosmxcosny;

.y 022 0%z 0%2

(i) W+3axay+ 8_/9—”4-‘%

(i) 22 _9a 22 4 o2 =f(y+az);
ot axay Jz yrazis

., 0z 032

(iv) P 8y3 =23y,

(V) (D-aDpz=¢(2)+¥(9)+x (=+by);
(vi) (D-D)Yz=z+¢p(z+y).
Ez. 4. Solve the equation

0%y  Bu  Bu Bu

5.23+@5+‘52_3—— 0x 0y 0z T R A

For the Complementary Function, we have

0 8 2,0\ (0, ,0 0
(ax ) (az+“’ oy z) (8;+w 87/+m B‘z)u
o being a cube root of unity. The solution of
6 0 9
g e w0
9, 0
is u=e_z(l\3—”+“a_’)¢(% z)
=¢(y=Az, 2—pa);
hence the Complementary Function is
$1(y =2, 2= 2)+¢2 (¥ - 02 2—0?2)+¢3(y — 0’7, 2-01),

where ¢;, ¢q, P3, are arbitrary functions.

The part of the Particular Integral corresponding to a3 is
1 1‘3

(&) + (%) +(g) -3 axayaz (a>

and so for the other terms; the full value is

x“+'z/°+z° i xzyzzz

4.5.6 8

,

The Complete Integral is the sum of the Complementury Function and
the Particular Integral.
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Ex. 5. Solve

Bu, e Pu_Pu_
FICRg Py Pl T A

... O0%u o0%u Pu Gu, Bu Bu . Pu
(i) datey  Omoyr T 0xtdz U Cwo:r T 0y*dz - 0yo: ! twoyoz

(1)

262. Passing now to the general cquation, we proceed to find
the solution of

where ® is of the form

an A an A an
A"@t-’_ xé,_@n_—la‘;/.'_ léx_ﬂ__‘—zaya+ ......
on! on—1
+ Bo gt Biggamigy T
F e 5 a
...... + Koa‘,’;'*- ]{lé?—/*‘ L'

We assume as a trial solution
7= Aehx+ky,

where b and k are constants yet to be determined. With this
value, we have :

0 _ hz, EE =kz;
ox oy
and therefore
b (b, k)z=0,

which will be satisfied, if & and £ be determined so as to satisfy
D (h, k)=0.

This obviously makes one of the constants to depend on thc
other. Let the equation be resolved to determine k, so that we
obtain results of the form

fo=0(h),
n in number. Taking onc of them, as k= 6,(k), we have the

solution in the form
2= Aehstvb ),
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for all values of A and h. The sum of any number of solutions is
also a solution; hence another is given by

2 = 3 4 ehztye (ln’

where 2 implies summation for all values of & ; and 4, an arbitrary
constant, may be looked upon as an arbitrary function of A which
may vary from term to term of the series.

Similarly another value of %, such as 8,(k), will lead to another
solution which may be represented by

z=SBezun )

and, as each value of k£ will lead to a corresponding series, the
general solution may be represented as the sum of n series in the
form

z2="2 {Aehx-(»ye,(h)} +3 {Beh’:u+y6,(h’)} +...,
the summation in each series extending to terms arising from all
possible values of the constants A.

The fact, that the coefficient belonging to any term may be
considered as an arbitrary function of the constant which occurs
in that term, shews that each series may be regarded as having
in its expression one general arbitrary function. Thus, in the
Complementary Function, we should expect n arbitrary functions.

263. This general result, in the form of the sum of n series
each containing arbitrary clements, may appear to be of slight
value. Sometimes, however, by the form of the differential equation,
a simplification is introduced such as that indicated in the next
paragraph. Sometimes, by conditions imposed on the dependent
variable other than the satisfaction of the differential equation, the
number of terms of the series is limited to those which contain
particular values of the parametric constant.

For example, whenever a solution of the equation which de-
termines £ is of the form
k=ah+p8,
where a and B are determinate constants, the corresponding series
may be expressed in a finite form. The solution is

eﬂy EAeh (z+ay)’
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that is (save as to the factor outside 2), it is the sum of any
number of arbitrary powers of e*+*¥ each multiplied by an arbitrary
constant; such a sum is an arbitrary function of e**+*¥ or, what is
the equivalent, an arbitrary function of # + ay; and the series may
therefore be replaced by

eV (z + ay),

where ¢ is arbitrary. Corresponding to the conditions which in
any particular case limit the number of terms included in the
series, there will be analogous conditions which determine the form
of the arbitrary function.

Exz. Prove that, if the root
ke=ak+B

occur 7+ 1 times, the corresponding part of the Complementary Function is
M (o (z+ay) +yb1 (T+ay)+ oo +y e (4 ap)],

where ¢y, b1y ceeene » ¢, denote arbitrary functions.

264. To obtain the Particular Integral, we may represent
it by
1,
=m0y’
the evaluation of this expression will depend upon the form of V.
Thus if
V =eo=tly,
we should have

eaz+by'

® (a,b)

as the value of z required. If V were a polynomial function of
z and y, then it would be possible to evaluate the expression
by expanding the inverse operator in a series of ascending powers
of both D and IV, if permissible, or in powers of either of
them. The methods, applied to the particular forms considered
in §46 in the case of ordinary differential equations, indicate
the corresponding methods to be adopted for some of the varying
forms of V.
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Ez. Solve
%—%5—3 gg+3 %=xy+e’*”.
First, for the Complementary Function, we must solve
D=D')(D+D'~3)z=0.
Let z=Aehxtky
be substituted. Then
(h—k) (h+k-3)=0,
80 that k=h, k=3-4,
are the relations between % and £. Hence
2=SAet@+V) 4 ¢33 BV (x-)
=¢(@+y)+ey (z-y),
where ¢ and y are both arbitrary.
The part of the Particular Integral corresponding to €=+ is
1

P P —"

(D-D)(D+D -3)
1
*azoy ="
1 1
aA-D'-2)(D'+2-92)°
l

o+t

=t

= —gz'l'gll

= —yestu,
The result indicates that a term of the form e*+% will arise in the Com-
plementary Function, as is obvious from the identity
W=,
The part of the Particular Integral corresponding to the term xy is
1
==Y+ -3

D+D' | (D+DN?
P25 (55}

~~ipop

- 3—15 (1 +%) (zy+3z+3y+§)

~sp (@ +z+iy+i+ieteio)

= -(}2%y+323+ fay + Rz + 752
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the expansions in each case being taken no further than is necessary to
furnish non-evanescent terms.
The Complete Integral is, as usual, the sum of the foregoing three parts.

Note. It might happen that, by a different method of procedure such as

expanding in powers of g, a particular integral of apparently different form

would be obtained ; it would however be found that the two could be trans-
formed into each other by means of the Complementary Function.

265. Any equation, such that the coefficient of a differential
coefficient of any order is a constant multiple of the variables of
the same degree, may be reduced to an equation of the foregoing
form. Such an equation will be of the form

vc*ys@,—V

We may either change the independent variables tow and v, where

0"z 0
EA,w" +~qupr a‘T})a q

» 0 0
z=¢" and y =e°; or we may represent z5 by & and y/@ by ¢,

and then we have

0"z
FIE (=1 =2 . (Y =T+ 1),
aﬁé_;%yq YO—=1) (= p+1)d(b—1)...(p—q+ 1)z,

In either case, the equation is reduced to the form already con-
sidered.

Ez. 1. Solve the equa.tion
+ Ja_.z_};_*_‘/ a__y_=xm‘/n

We have, on assuming v=logz and v=log 7,

AN EINL -
(b—u+3—v) (az‘fa?,"‘)m’”“* :

The integral of this is
e=etFy(v—u)+fi(v—-u)+

emu+ny

(m+n)(m+n—T)

2P (Y Ny =29
~F(0)+ )+ Grrmmay
where fand F are arbitrary.
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Ez. 2. Solve the equations:

Bz 0%
i) o —-y Pk

(i) xz o’z= 0z _ az
z -9 a? Y E Tz
Ex. 3. Solve the equations:

. o%u 2u 02 0 o
@ ﬁh—z+2z:yax—a—y+g/2@;+nu=n x£+y5—; +a%+yt+a3;

0%u 0%u
(W) o* o + 22y g+ ayz—-<r2+y”)5";
(iii) ( TR ?y+zg) u+n?u=0.

Ez. 4. Solve
2 a2 2
(1—-2%2 g—g+2 (1-2%)(1-=y) %-}- (1 —xy)2 M+n”u

=2z (1- x‘) +(x+y 21‘2J)a .
Ex. 5. Solve the equations:

0%z ,0% 0z 0z
@) P 82+2ab +2a2b§—0

.. 0%z 0% ez
(ii) mn 8x‘+8_1/> (m? +n?) +mn 3 5;/)
=cos (mx +ny)+cos (kx+1ly);
0%2 0%z ¢z
(iii) a; +2lzm7 +ba 2+2‘qa$+2fa +cz=0.
Ex. 6. Solve f (w)z— ny

where @ denotes the operator z, ~§—+z2 ~§—+ +xm—g~ , f is a polynomial
P oy 0y 0z, P

function of w, and H, is a homogeneous function of » dimensions of the
quantities x;, 22, ..., 2.

MISCELLANEOUS METHODS.

266. There are several partial differential equations which
are of frequent occurrence in physical investigations. Solutions
of these have frequently been obtained by methods, the appli-
cation of most of which to equations other than those connected
with their discovery is very limited. The two chief methods
are integration by means of definite integrals and integration

17-5
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in series; but as each method is of special application only,
and as the variations which arise owe their origin to the con-
ditions imposed upon the function whose value is sought and not
to any variety in the differential equations to which it can be
applied, it is not possible to give here a full discussion. The
discussion will, accordingly, be limited to a few examples; for
fuller investigations, recourse must be had to the treatises on
those branches of mathematical physics in which the differential
equations occur.

267. Consider first an equation which can be integrated by
both methods.

Such an equation is
ou a’u
a “ o
which arises in investigations connected with the conduction of
heat. It is not without interest to indicate some of the different
methods which may be applied to obtain a solution.

By the method of § 260, we may write
(l’
=" (),
where ¢ (z) is arbitrary; expandmg the differential operator, we
obtain
a‘'t? d'¢ | a’ts d'¢

d‘-’¢
u= @ Gt 3T d T 3T et

This solution contains one arbitrary function.

We may proceed otherwise thus: the solution of the equation

d*u .
E—.’;” = ANu
is u=e"4 + ¢ B,

where 4 and B are independent of «; so that we may express the
solution of the equation

Fu_1du

0z*  a* 0t
in the form

w= 35(.%) },1, &+ e'f(dit)*x (@),
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where 4 and y are arbitrary functions. In order to free the result
from symbolical operations, which would require interpretation if
they remained, we change the arbitrary functions to f and F, where

FO=4%O+x)
Fo)=(3) v O-x0);

then, since 4 and  are arbitrary, both f and F will be arbitrary,
whatever interpretation be assigned to (g})& When the sym-
bolical operators in the first form of solution involving y» and
are expanded, and the terms of the same order in differentiation
are gathered together, the solution becomes
_ ot df o &f
f(t)+2'a?dt taeawt

2 dF a2 d&°F

PO+ 575 g Vi ap

+ ...

This solution contains two arbitrary functions.

268. It may at first sight seem paradoxical that two perfectly
general solutions of the same differential equation can be obtained
of apparently so different a character. The difficulty will dis-
appear if it be noticed that the equation is only of the first order
in ¢ while it is of the second order in z; the former solution
contains only a smgle arbitrary fuzction of «, which is all that
can be expected in the case of an equation of the first order; the
second solution contains two arbitrary functions of ¢, which is the
number of arbitrary functions to be expected in the case of an
equation of the second order.

If we assume that all the arbitrary functions can be expanded
in positive integral powers of their arguments, we are able to
transform one of these solutions into the other. For let

p@)=3 2= (),

where the coefficients A, are arbitrary; and let this value be
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substituted in the first solution. Then the term independent of

218
LAy A,

d,+ 4, t+2‘t+»~t’ ...... )

which is a series with arbitrary coefficients and so may be denoted

by f (t), where f is arbltrary, the coefficient of ( ) ; 71

A,
A,+At+2, ...... R

that is, Z—{; and so for the other even powers of z. Thus the part

of the solution depending upon the even powers of z is

2 df o df
f(t)+2'a’5l—t+4fa‘ dt‘

.......

Similarly collecting the terms which depend upon the odd
powers of z, and writing

F@)=4,+A4. t+f;‘

which is another arbitrary function, we should obtain the second
part of the second solution. It thus appears that the two algebraical
expressions are cquivalent, independently of the fact that they are
both solutions of the differential equation.

SOLUTION BY DEFINITE INTEGRALS.

269. Now let the method of § 262 be applied. We substitute
U= eaz+ﬁt;
the necessary relation between the constants a and 8 is
B = u*a?,
so that u = Aeortata?t

for all values of A and a, would be a solution. Instead of « write
at, 8o that solutions are given by
e—0talt+azi e—a’aﬂt—azf,
and therefore by
A e—a&tﬁt+a (z=A) t’ Be-aio)t—o, (z=A) i’
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where \ is any constant, and A and B are arbitrary functions of \.
These solutions may be replaced by

A'e=* cosa(x—N), Be ¥ sina(z—2N),
where A’ and I3’ are arbitrary functions of A.

Further, the sum of any number of solutions is also a solution.
Consider the solution obtained by summing any number of terms of
the first form for all values of A and a, and by assuming that, while
A’ is an arbitrary function of A, the form of the arbitrary function is
the same for different values of A. (The corresponding terms which
would arise from the second may be deemed included in this because,
so far as the variable part is concerned, we need only to change A

7 to obtain the first.)
2a

Let then A'=+ (M) d),

and suppose summation to take place for all values of A between
—o0 and + o0 ; the corresponding solution is

00

J e~ cosa (z —A) Y (M) dX.

into A —

This again may be multiplied by any function of a and the
summation taken for all values of a; as it stands, the function is
an even one of a; and so, if the factor be taken as da, it will suffice
to take 0 and oo as the limits of a. Consequently, we have as the
solution

u =f da f e~ cos a (z—A) Y (N) dX.
0 -

The solution in this form is specially suitable for the case in which « is to
satisfy some condition, for instance that

u=f(z)
when ¢ is zero; we then are to have

f(z)=/: du/l}cos:z(x—)\)qr()\)d)\.

But, by Fourier’s theorem, the value of the right-hand side is «y (z), so that
¥ is a determinate function ;" thus

u:.}; / da f P gog a (v = A) FA) A
0 -0
(Riemann.)
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Ez. Obtain a solution of the equation
u_ 0%
= a
which is such that
u=f(z), and g—T:=F(x),
when ¢=0.
The result is
1 z+at
u=a}{f(x+at)+f(x—at)}+%/ t["()\)d)\.
(Riemann.)

270. We may again solve the equation by a method, due
originally to Laplace and extended by Poisson.
We have
f e du=qnt;

hence, writing « — ! for u, where [ is independent of «,
]
f e+l gy = e,
-0

When [ is any differential operation to be performed, this
relation indicates that the symbolical operation e can be expressed
provided e can be expressed.

This method may be applied to the equation
ou_ a0
ot~ %o’
}ai 2
u=e(t da:)f(w)’

where f(x) is an arbitrary function independent of ¢. The fore-
going formula in equivalent operators may be applied, if / be

for we have

replaced by ati(iiw; and thus we have

* —ut 3 2
u='n-'§f PR < f(z) du

= -n-'*f e f (@ + 2uat?) du.
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Another form may be given to this result by substituting A for
@ + 2uatt, Then u becomes

o (Wt)},/‘ a‘t f()\.) dx.

Now f () is an arbitrary function; if we choose to assume its
value to be zero everywhere except when A =7, and then write
JS(\)dr= H, we have

H x—7)?
e

_— 4a’t
2q ()}
Ez. 1. Prove that, if u satisfy the conditions
(i) w=f(x) when t=0,

(ii) u=¢ (¢) when #=0,
then its value is

(z—A) _(z4a2
- 7 = PN aA
e 4at —e 4at}f(>\)d)\+ % e4a(¢ A)(t )\)é'

2a (wt)}

Ez. 2. Obtain a solution of the equation

) )
5 +b2(8.z4+ axzay2+ PN )

in the form
g/=fff(x+2ut bk, y+420 b4) sin (u?+02) dudv
+ ff F (z+2utbd, y+20tbt) cos (u2+v2) dudw.
Ezx. 3. Verify that
%= 41—" f:"drp /: if (x+atsin 6 cos ¢, y+atsin dsin ¢, z+at cos §) sin § dd

1d

2 - . . . .
‘Yo o do fo tF (z+at sin 6 cos ¢, y+atsin Osin ¢, z+at cos 6) sin 6d8

satisfies the differential equation
0 (azu 02u | 0%u
W \amtartaz)

and is such that u=F(z, , 2) and T f (#, g, 2), when ¢=0.
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Ex. 4. Obtain the value of the integral
f/’”‘“"“"ds,

taken over the surface of a sphere whose centre is the origin and radius &, in
the form R
4 ? sinh (£2p),

where pi=al+pi 4+
Hence shew that over the surface of any sphere the mean value of a
function, which satisfies the equation
Pu_ Pu Pu_
cxt "oyt " 022
and which, for all points within the sphere, is expressible by a converging
series, is equal to the value of the function at the centre of the sphere.

0,

Further information on this part of the subject and, in particular, on the
applications in physical investigations, will be found in H. Weber's edition of
Riemann’s Die partielle Differentialgleichungen der mathematischen Physik.

SOLUTION IN SERIES.

271. Consider now a case of integration by means of series.

The most important equation, to which this method is applied,
is the equation
o
ox* "0y ' 07*
which continually occurs in physical investigations. To solve it by
the method under consideration, we change the independent vari-
ables from z, y, z, to r, 6, ¢, given by the relations

=O’

z=rsinfcos$, y=rsinfsing, z=rcosb,
which will in effect be changing from the Cartesian to the polar
coordinates of a point in space. The equation becomes
P, 18 g0y, LT
or* " sinfof ( 00) " sin?6 0¢*
and, if another change be made by writing u instead of cos 6, the
resulting form is

0;

r

C 0w 0 (g ) 1 Pu_
r '+aﬂ{(1 /")a_ﬂj'*'l_'#za(pa

e 0.
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272. First, let a solution be desired which is to be a function
of r only, that is, of (a?+ 32+ 23, so that it will be a specially
symmetrical solution; the equation then reduces to

o (ru)
or =0,
and therefore

u=A+]—3.
r

In a similar way, a solution which would be a function of 6
alone, and one which would be a function of ¢ alone, may be
deduced ; but they are not so useful as that just obtained.

Next, suppose that solutions which are not functions of r alone
may be expanded in a series of integral powers of r; and in u let
there be a term

™ Uy,
where u, is independent of » but may be a function of 8 and ¢,
the form of which is still to be determined. Then, when the
value of u is substituted, the term on the left-hand side of the
differential equation corresponding to this particular term of u is

and the sum of all these terms is to be zero for all values of the
independent variables. The foregoing is the only term which
involves the »'* power of 7 ; in order to have the equation satisfied,
the coefficient of the term must vanish for every value of .
Hence u, is determined by

2
n(n+1)u, + {(1 M)aun} jﬂ'z%%:o:

and therefore 7" u, is a solution of the original differential equation.
The coefficients of the terms involving the differential coefficients
of u,, do not depend upon n; and the coefficient of u, is unaltered
if for n there be substituted — (n + 1); hence r—®*+Vu, is another
solution of the original equation. These two solutions just obtained
may be combined into one, so as to give a solution

B,
(A”'I‘" + ,,n+l) Un,
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A, and B, being arbitrary constants. Thus the general value

of u is
B,
i+l Uns

provided u, be determined by the equation

0 ou,) 1 @
2 { ) u} ga;;‘-}.n(n-{-l)u,.—o
273. The general solution of this equation would give u, as a
function of @ and ¢; consider the case in which u, is a function
of @ only. The value is then determined by

n=9un
u= 2 (A,,r”+

n=0

d,u{(l_ 2)d }+n(n+1)un—0

the independent particular integrals of which (§§90, 91) are P, (u)
and @, (x); the corresponding terms in u are

(4w +222) Pat) + (474 22 Qu

In most physical investigations, the term dependent upon @, (u)
has to be rejected ; and then the general value of u, expressed as

a function of r and 6, that is, of z and (2* + yz)*, is
n=00 B
u= %0 {(A,,’r"‘ n+1> "(/“)}
in which the A’s and B’s are arbitrary constants. It will be
noticed that the solution formerly obtained, viz.,
4+ 13,
r
is the particular case obtained, by making all these arbitrary

constants zero except 4, and By, and by remembering that P, (u)
is a constant.

274. Consider now the general case in which w, is a function
of @ and ¢; it may be expanded in a series of trigonometrical
functions of multiples of ¢, the coefficients of which are functions
of u. Any term of the series for u, may be denoted by

v, cos o ¢,
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where v is a function of 4 only; and, just as in the case of the
separate terms in u considered as involving different powers of r
when each such term was a solution of the equation, this will be a
solution of the equation giving u,. Substituting and dividing out
by cos a¢, we find that v,@ is determined by the equation

{(1 - 2) aon } +n(n+1)v,” = v,

This equation would also have been obtained by the substitution
of v, sin ¢¢ in the equation for u,; and therefore the solution of
the equation in u, is

Q,,9
1M
—- 3

{Eesinod + Fycos o} v,

the value o =0 not being here included, since it gives terms
independent of ¢ which have already been found.

Now, by Ex. 12, Chap. v., p. 202, the solution of the equation
giving v, is

dy.
0 = (1= g e

where y, is a solution of the equation when ¢ is zero and thus
may be either P, or ,. Hence the corresponding term in wu, is

P,
(E,sincd + Fycosop)(1— p)¥e P
d
+(E'ssincg + F'ycos o) (1 - ,,,a)tw-;Q—

The term involving @, often has to be rejected in physical
investigations; the suitable value of u, then is

VE” 1 - w)¥* (E,sin o + F, cos o) %} ,
o=1
it being obviously useless to include values of o higher than n.

The sum of any number of solutions of the original equation is
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a solution; and therefore the most general value of « expressed in
a series is

43 {(A,,'r + Ii) P }

Q {(A' ™+ %) sino¢

+ (A”,.r" ﬁ;) cos a-qb}]

We have omitted from the foregoing general value, (i) the
terms which would arise from the part of « independent of r and
¢, which can easily be proved to be

1+;w
—p’

(i1) the term dependent upon ¢ alone which obviously is M,
and (iii) the terms usually rejected as unsuitable in physical
investigations.

3 [”z (1= p
1

c log

Any further investigations on the solution of the equation are
connected either with other equivalent forms of solution or with
the particular solutions obtained by a determination of the con-
stants in accordance with imposed conditions. For them, recourse
should be had to the authorities on the scveral subjects in applied
mathematics in which this equation arises; in particular, those
quoted on p. 187 will be found of great value.

Ez. 1. Solve the equation
u 0w
Ere

in series, by transforming the polar coordinates.

=0

Ez. 2. Prove that the equation

Pu_ (0w Pu Oy
e ax‘+ +az‘)

has a solution of the form

umet’3” L Py{ et £, (kr) 4 Do £, (i),
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where

—qntl) (@-Dn(r+l)(n+2) (n-2)..(n+3)
fr@=1+=g—+ 2.4.2 2.4.6.8

1.2.3...2n
1 2.4.6..2n . 20"

Obtain a more general solution which is not independent of the spherical
coordinate ¢.
(Stokes.)

Ez. 3. Shew that the general solution of the equation
2 (32u 32u) %
a

w2 tar) =
or, by transformation to plane polar coordinates, its equivalent

o ('c“zu 10w  1¢2 u) _ 0%

o’

m e TR

can be expressed in terms of Bessel’s functions as the sum of two terms of the
form

u=cosakt 3 [{A, (kr)+ BY, (kr)} cos nf+{d'J, (kr)+ B' ¥, (kr)} sin n].
n=0

AMPERE’S METHOD FOR EQUATIONS OF THE SECOND ORDER.

275. The methods, given in §§ 238—252 for the construction of
a primitive of a given equation of the second order, have proceeded
upon the supposition that an intermediate integral exists; and
they have been directed towards the construction of that inter-
mediate integral. Usually, however, the supposition is not justified:
that is to say, an equation must satisfy conditions in order that an
intermediate integral may exist. Thus the coefficients R, S, T, U,
V, in the equation

Rr +28s+ Tt+ U (rt—s)=V,

must (§ 239) satisfy two conditions in order that an intermediate
integral may exist. An equation of the second order, which is not
of this form, may or may not possess an intermediate integral ; at
present, the discrimination can be made only by the process of
§§ 251, 252, or by some similar process. In every case where there
is no intermediate integral, the various methods are ineffective.
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Other methods suggested are somewhat of a tentative charac-
ter; the most general, in its bearing, is the method associated with
the name of Ampere. We proceed to give a bricf outline of it* in
its application to equations, which possess a primitive of a specified
type of a fairly general character.

276. In the various examples which have been considered, we
have seen that the primitive involves two arbitrary functions in
its expression. This character is not restricted to equations which
have an intermediate integral; thus it is easy to prove that the
equation

r—t=2nL ,
z
where n is a positive integer, possesses no intermediate integral,
and to verify that its primitive is

A

2 (- 1>m,;1(~2n—)w’" (¢™ @= )+ 9™ @+y))
m

where ¢ and 4 denote arbitrary functions of their arguments.
Moreover, it is a consequence of Cauchy’s general theorem T as to
the existence of an integral of a partial equation of any order,
that the number of independent arbitrary functions involved in the
primitive is equal to the order of the equation; so that, for our
case in general, the primitive will contain two arbitrary functions.

Accordingly, we consider equations which have a primitive
involving explicitly two arbitrary functions, free from all operations
of quadrature; and we shall allow the primitive to contain deriva-
tives of these up to any finite order. Thus the preceding equation

r—t=2n£
z

would be admitted ; but we should exclude the equation

4
P__o,
z+Y
* For a fuller account, see the author’s Theory of Differential Equations, vol. v1.,
ch. xvi. Ampére’s two fundamental memoirs are contained in the Journal de

vEcole Polytechnique, Cah. xvir. (1815), pp. 649—611, Cah. xvi. (1819), pp. 1—188,
1 8ee the author’s Theory of Differential Equations, vol. vi., § 184.

r—t+



5-277] METHOD - 535

;ause its primitive, which can be expressed either by

2y 2y
(w+z/)z+e"+”F(w+y)+e”+”fe *f(2y—a)dy=0,

1ere, after integration, z + y is to be substituted for a), or by
2y .
e G(z+y)=9@y—o)+(@=+y) g (y—2)+(@+y)’g" (y—=)+...,

10t of the specified form.

Each of the arbitrary functions in the primitive has its argu-
nt; the two arguments may be the same or may be different,
rording to the equation. Let a denote the sole argument when
sre is only one, and one of the arguments when they differ.

277. Now change the independent variables, choosing a as one
them and temporarily keeping « as the other*; and denote the

inged partial derivation with respect to # and a by 8% and 58& . For.

y function u, we have

" dz + y(g"'d +§3/ da)

8

that
Su_ou  oudy du_odudy
52= 00 oy 8’ Sa—dysa

noting %by w/, for all functions w, when a is the other inde-

1dent variable, we have

, , Oz _ 8

, 5
p=r+sy, g=s5
§=s+% 5=l5’

If the subsequently obtained subsidiary equations prove inconsistent with one
ther, then we should take a and y as the temporary set of independent variables.
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and therefore, when we retain the relation
8 _, %
Sa " da
as defining ¢, we have
s=q —ty,
r=p" - q'y +ty"
Let these values of 7 and s be substituted in the equation

f(-'L‘, Y, 2, D, q7S, t)=01

which will be assumed to be polynomial in the derivatives », s, ¢;
and denote the result of the substitution in this equation by

fo+§f1+t2f;+-n+tn n=0,

where the quantities f;, i, fs, ..., [, involve @, y, 2, p, ¢, ¥/, P, ¢/,
together with 2’ as given by

Z=p+qy.

In the primitive of the equation, the number of derivatives of
the arbitrary function of a is finite; let the number be m. Then
the number of derivatives of that arbitrary function, which occur
in p or in g or in both, is m + 1.

When z and a are made the independent variables, so that we
take a as non-varying when we form p’ and ¢/, these quantities p’
and ¢’ still will involve derivatives of the arbitrary function of

order no higher than m + 1. But the operation (% does affect

. 3 . . ..
those derivatives; and therefore 8—3 will contain the derivative of

the arbitrary function, which is of order m + 2; that is, the
quantity ¢ will involve this derivative of the arbitrary function, of
order higher than the derivatives which can occur in f,, £, ..., fa.

The differential equation, in any form, and therefore in the
form

Sotth+tfat ... +87f, =0,

has to be satisfied in connection with the primitive; and ¢ contains
a derivative of the arbitrary function of order higher than any
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1ich occurs in the primitive or in f,f,, ..., f,. Hence the coeffi-
ont of the highest power of ¢ must vanish; and so on, in the
mplete succession of the decreasing powers of ¢{. Thus we
ve

fn=0; fn—1=0’ "‘r,fl=09_ﬁ)=0°

1ese equations involve z, p, q, z, ¥, ¥, p’, ¢'; there is also the
uation

'=p+qy;

d there is no derivative with respect to a. Consequently, these
duced equations are formally a system of ordinary equations for
e determination of 2, p, ¢, y, in terms of , the arbitrary elements
their set of integrals being functions of a, as arbitrary as we
;ase. As we have a permanent equation # =p + ¢y, which
st be associated with every equation to be solved, it follows
at we cannot have more than three algebraically independent
uations equivalent to the set

fn=0,f”_l=0, ...,ﬁ:(), f0=0.

278. Accordingly, we resolve these equations, so as to have
eir simplest equivalents. If there is only one resulting set, we
sociate it with the argument a which temporarily is non-varying.
there are two resulting distinct sets, we associate them with
yuments a and B respectively. If there are more than two
sulting sets, we infer that the propounded equation of the second
ler does not possess a primitive of the specified type.

When there is one set of equations, we require integrals of the
i. The arbitrary element in one such integral can, without loss
generality, be made equal to a; and then the arbitrary elements
other integrals are made arbitrary functions of a.

When there are two sets of equations, it is desirable to have
least one integral of each set. For an integral of the one set,
make the arbitrary element equal to a; for an integral of the
1er set, we make it equal to 8. We then make a and B to be the
lependent variables for the whole of the two sets of equations;
3> modified equations are to be treated as a system of equations,
pressing @, ¥, 2, p, ¢, in terms of a and 8. The equations, which
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express &, ¥, z, in terms of « and B, constitute (either explicitly or
implicitly) the primitive of the differential equation.

Some examples will illustrate the detailed process of the
method.
Ez. 1. Required a primitive of the equation
st+x (rt—s%)2=0,
Following the process in the text, we take
s=q =ty r=p'-qy+iy*;

and we make the resulting equation evanescent as an equation in ¢ Thus

we find
x2g'4=0,

7 —22¢*(P'+99)=0,

-y +2 (P +qy»=0.

¢=0, zp?-y=0,

. a single system of two not inconsistent equations.

Consequently, we have

As ¢'=0, that is, g—Z=o, we have

g=any function of a alone=¢’(a),

where ¢ is an arbitrary function. Also (p. 535)

o, .8 _ NSy 8y ..
§;+y'g;—(3+ty)8a"q&;'—o)

and therefore, by the equation z2p -y’ =0, we have
3 (3PN 4 ()=
3aT% (8}) ¢ (a)=0,

an equation of the first order for p. Its complete integral is
p=1+2kzt - k2¢ (a),

where £ and / are arbitrary constants ; and so
y=ap=F,
whence
y=Bz+6(a),
where 6 is an arbitrary constant, that is, a is an arbitrary function of y - 3.
Further,

a a / 1
=1 =9 ()¢ (a),

% —ptay =gkt +1,
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on substitution ; hence
s=lz+ 3kt + G (a)
=lz 4§kt 4+ F(y—22),
where ¥ is an arbitrary function, while Z and [ are arbitrary constants.

We have taken the complete integral of
3 . (%0\? ..
L+ (s?) ¢ (a)=0.
When we take its general integral, the second arbitrary function arises for
occurrence in the final primitive.

Ez. 2. Required a primitive of the equation
(14¢%) r—2pgs+(1+p%) t=0.

(It is the equation of minimal surfaces; and it expresses the property that
the principal radii of curvature are equal and opposite.)

Using the equations

s=¢—ty, r=p'-qy+ty?
as before, we find
(1+¢%) ¥%+2pqy +1+p*=0,

(1+¢)(p' —-¢¥)—2peq =0,

together with )
Z~p-qy=0.
Let w denote (1+p?+¢?)} ; the first of these equations gives
(1+¢1) ¥ +pg= tiw.
We thus have two sets of equations, viz.
I . Ptiw
v+ 1+¢2 0 v+ 1+¢2 0
_petiw y_Pg=t0
P37 ¢ 7=0), =5 e q"=0\.
z'_m}f =0 "_p—iqw _
1+4* I+g¢?

For the first set, we denote the non-varying argument by a ; for the second,
we denote it by 8; while y/ =§‘—Z when a is constant, 3"’ = %—Z when B is constant,
and so for p', ¢, 7, p", ¢", 7"

The second equation in the first set of ordinary equations may be written

dp _pgtiw
dg  1+g¢*"
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It is easily seen to be a Clairaut equation of the first order; and its
primitive is )
pgt: ;f =constant.
1+¢
After the explanations in the text, we can take

pgt+iw_
1+4¢%

Similarly, an integral of the second set is given by

We now proceed to make a and S the independent variables. In the first
set of equations, y is a function of # and a; thus it comes to be a function of
B and a, through the expression of # in terms of 8 and a, and therefore

% _.

Similarly, in the second set, y is a function of # and B8; thus it comes to be a
function of a and B, through the expression of x in terms of 8 and a, and
therefore

o, ox
=Y %
Consequently
9 (., 0z 0%y 0 [ ox
ACHEE - R 1C AL
and therefore
%z
dacg =

<o that
z=¢"(a)+¥' (8),

where ¢ and { are arbitrary functions, Then

dy= Y ag

/3
= —a@" (a) da—BY" (8) dB;

y=@(a)~a¢’(a)+v (8) - BY' (B).

hence

Finally, we have
dz-(pg +q3”)da+<paﬁ+gaﬁ das
= (p—aq)§" (a) da+(p~Bq) " (8)dB.
—ag=i(1+a)}, p-Bg=i(1+m};

But
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and therefore

e=i [+ abe @ dati [(L+9EY (@) e
The three expressions for z, y, z, when combined, constitute the primitive of
the equation as constructed by Ampére and Legendre.

When (as is permissible, without loss of generality) we change the variables
a and 8 to v and », by the equations

i1 _ z.u?+1
Y

, 2 , 2u
itat =0, Q)=

and we change the arbitrary functions by the relations
¢ (a)=(1—22) V" +201" =27V,
¥ (B)=(1—-u?) U" +2uU'—2U,
where U and V are arbitrary functions of » and of v respectively, we find
r=(1-v?) V'4+200V' =2V+(1-u?) U420 -2U
=t {(1+0?) V" 420 V' 42V} = {(14+12) U" =20l 42U} .
2=20V"=2V' +2uU" =20’

These equations, expressing z, ¥, 7, in terms of two parameters » and v, and
of two arbitrary U and 1" functions of those parameters respectively, constitute
a primitive of the equation. The primitive, in this form, is Weierstrass’s set
of equations for a minimal surface.

Note. For the developed inferences from this equation as made by
Woeierstrass, Schwarz, and others, reference may be made to the author’s
Lectures on Differential Gleometry, chapter viiL. Above all, as regards these
inferences, Darboux’s Théorie générale des surfaces, vol. 1., book 111, should be
consulted.

Ez. 3. Obtain the primitive of the equation
(r—pt)2=grt
in the form

x=¢1_z' q,l (ﬂ)+¢l’li (a),

y=a¢1 (B)_aﬂ¢lﬂl (ﬂ)+2a¢'” (a) - 2¢I' (a),
z=}(2B—a’) ¥ (B) - §¥ (B) +a'®"™ (a) — 4a°¢P" (a) +12a%¢" (a) - 24a¢’ (a)
+24¢ (a).
Ex. 4. Shew that, when the equation in Ex. 3 is resolved into two equa-

tions which are linear in 7 and ¢, each of these equations has an intermediate
integral ; and obtain these integrals.
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Exr. 5. Shew that the primitive of the equation
gr+(:q—p)s~zpt=0

can be represented in the form
=@ (@ +¥ () }
y=a¢'(a) - P (a)+2¥' (2) - ¥ (2)
Ez. 8. Integrate the equations:
@) (g+y) (r+1)=8(ys—p—2);
(i) 2pgyr+(p?y+qx) s+apt=p% (rt—s®)+zy;

(i) {pga®+(1+g) zy}r+{(1+9%) 52~ (1+p?) 2%} s
- {pgy*+(1+p?) xy} ¢=0.

IMSCHENETSKY’S GENERALISATION OF A LIMITED PRIMITIVE.

279. It may be added that, when an equation (such as
Rr+28s+Tt+ U(rt—s)=V

or any other equation) possesses an intermediate integral, the
analysis connected with Ampere’s method is somewhat simplified.
In actual practice, difficulty may arise in developing the method
beyond the stage of constructing an intermediate integral or two
independent intermediate integrals.

In that case, we proceed as before from the single intermediate
integral (by Charpit’s method) or from the combination of the two
intermediate integrals (as in §245) to the general integral of the
equation; and this integral will usually involve either two arbitrary
functions or three arbitrary constants. But it is not the most
general integral possible. For if we had an original integral equa-
tion of the form

¢ (2,2, 9, @, Gg, Gy, a4, a5) =0,
and obtained thence five other equations giving the values of
P, ¢, 1, 8, t, we could between the six resulting equations eliminate
the five constants a and have a differential equation of the second
order ; and, according to the form of ¢, the degree of this equation
would vary. Conversely, in the integral, which is most general so
far as the number of arbitrary constants that enter is concerned,



278-280] INTEGRALS 543

we might expect more than three constants. But ¢ =0 will not
necessarily be the most general integral ; the only inference to be
made is that the equation containing three arbitrary constants is
not the most general integral,

The integral can be replaced however by one which is more
general; the method of obtaining this, due to Imschenetsky, is
similar to that employed by Lagrange for partial differential
equations of the first order—viz., variation of the constants. The
method will be sufficiently illustrated by considering an integral
of the equation

Rr+28s—Tt+U (rt—8)=V.

280. Let the integral obtained by any of the foregoing methods
be represented by

z=f(z,y,a,b,c).

To obtain the general integral, we shall suppose ¢ to be changed
into a function of @ and b the value of which is, as yet, undeter-
mined ; and we then consider @ and b to be functions of z and y
such that p and ¢ preserve the same forms as when a, b, ¢, are
constants. Denoting’
of , of oc of , of dc
9t 509 *™ 35+ 5o
df df
da * 52

0z dfoa  dfob

%—p +da8m db oz’

respectively by we have

o dfta, i
oy~ 1V dadyt db oy’
. 0z 0z

and therefore, since 5= P and 5y g, we have
dfda  dfob
dade T dbas™
dfta  dfod _
dady ' dboy

which will be satisfied if we write
i _ oY
da db’
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The second differential coefficients are
oz dpda | dpob

o= Tdats T dbe " T

0z  dpda  dpdb _ c?qaa dqob _ .
sway = Vdady t abay = Vdase Tdoe = TE
oz, dgoa dgdb _

5_y’— +da3y+db8y t+1.

df

But since Ja is identically zero when we suppose @ and b

replaced by their values in terms of » and y, we have

9 (df\ , difda  df B
a;(za) diiont dadbos = 0

and | oz (d](;) da Gﬁ) gg’

p+d2f8a+ d*f ob
da " da*oz " dadboz

. dg  dfda &f b
Similarly da ™ da? oy ' dadbay =0;

p+ d*f 8a+ d*f b _
db " dudboz " db*oz

dg , df da dfob_

db " dadboy ' db*Oy
These equations satisfy the condition

_dpda dp 0b _dgoa dq ob
daay dboy ~ dadx tdbos’

and from them there can be obtained the expressions

hA = ﬂ(dp) ) d*f dpdp + df (dp)’

so that =0.

=0;

da?\db dadbdadb " db*\da)’
n=%f (‘12)’_2 &f dedg  dif (dq)

" da*\db dadbdadb " db*\da/’

wa=%fdpdg _ d&f (dpdq dqdp) d'f dpdq
da*dbdb ~ dadb\dadb " dadb) T db* dada’
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’ _( @\ _dfdf
where A= (dadb) —'(wa—b—,.
But with the modified forms of «, b, ¢, the equation
z=f(x,v,a,b,c)

is still to provide a solution of the equation

0% 0%z 0% 0% 0%z 0%z \*
A R U{a;,a?_ (5@) } _

The coefficients of the seccond differential coefficients are unaltered
in form, since we have retained the forms of the first differential
coefficients; and therefore R, S, T, U, V, remain unmodified.
0’z 0% 82z
ox?’ 0xdy’ Oy*

and remembering that the differential equation is satisfied when
h, k, 1, are zero, we find that it takes the form

(R+U)A+2(S—-Us)k+(T+Ur)l+ U({h—k)=0,

where the quantities r, s, £, which explicitly occur, and the quantities
P, ¢, z, which implicitly oceur, are to be replaced by their respective
values derived from the integral

z2=f(z,y,a,b,c),

in which «, b, ¢, are considered constants. We must now substitute
the expressions found for A, k, I; then the equation, after some
reductions, is found to be of the form

d B d
R‘df; 23‘@50 I'jw]: Vs,

Substituting now in this equation the values of —

where

=R+ U (3) 4 23— U0) B 474 ) (21,

(R+Ut)( PV 23— U BU L 14 v (1)),

dpdp | ¢ dpdg  dpdq\ dgdq
Si=(B+Ut) 50 p + (S = U)(dadb dbda)+(1+U)d db
dpdg dpdq\?
Vi= U(dadb dbda)

¥.D.BE. 8
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In all these coefficients, the quantities 2, p, g, 7, s, ¢, are to be
replaced by their values in terms of # and y as derived from the
given integral equation.

This differential equation is linear in the second differential
coefficients of f with regard to « and b; it is, moreover, the equa-
tion which is to determine the value of ¢ as a function of a and b.

Now
o _o, e
da  da ' 0cda’
Bf_ B, o B 0o 5 (00 O o
da®~ 0a? + 28a808a tae (5&) + oc 0a®’
and also for the other coefficients; when these are substituted for
&f d&f df
da?’ dadb’ db¥
differential coefficients of ¢ with regard to @ and b, and the

the resulting equation is linear in the second

quantities multiplying these are functions of =, y, a, b, ¢, g%, g[c,
But we also have

af _o_ %

da™ ~ db’
from which the values of # and y can be found as functions of

a,b,c, a%i , g—z; and these, when substituted, will make the equation

one which involves only the quantities ¢, b, ¢, and the differential
coefficients of ¢. This equation is found to be of the form

0% 0% 0%
Asn+205 = +Byp=F,

dc dc
) éﬁ—l ) %.

Now it may not be possible to integrate directly the original
differential equation, while it may be possible to obtain,almost by
inspection, a particular solution which involves three arbitrary
constants; or it may be possible to derive such an integral not
obtainable merely by inspection. In either case, such particular
integral can be generalised provided the solution of the new equa-
tion satisfied by ¢ can be obtained ; and if this solution be repre-
sented by '

where A, B, C, F, are functions of a, b, ¢

0 (a,b,0) =0,
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then the new integral of the original equation is obtained from

z=f(z,y,a,b,¢)
0=6(a,bd,c)
oawdc 0ocoa |’
0220 00
~0bdc 0c b |

by eliminating a, b, ¢, between them.,
Ex. 1. Integrate the equation
r+2(g-2)s+(g—x)t=q.

Here R=1, S=¢ -2z, T=(¢-x)%, U=0, V=¢; thus G=0, and the equa-
tions determining W are only a single pair, viz.

ow oW
0—'8?{““(9_‘2) ap )
ow oW oW

O0=77+(g= x) +(p+q —) Gty
We proceed as in §§ 232—235. We denote the equations by
0=F=Q-(¢-2) P,
O0=Fy=X+(q—2) Y+ (p+¢*—gx) Z+qP.
As a condition that these equations may coexist, we must have

0=(F, Fp)=—-qZ-7Y.

Heunce we write

0=Fy=-9Z-Y
then (Foy F)=0; (I, Fy)=Z;
and so we take 0=Fy=2,
and then 0=(Fy, Fy)=...=(Fs, Fy).

Hence ¥Y=0=Z; X+¢P=0; @-(g—2)P=0; substituting in
0=Pdp+ Qdg+ Xdz+ Zdz+ Ydy,

we obtain
0=P(dp - gdz +gdq - xdq),

and therefore we may write as the intermediate integral

W=p+4¢*—2q+a=0.
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To obtain the complete integral of this equation, we apply Charpit’s
method ; we must obtain an integral of
dz _ _dy _dp _dg
One is given by g=8; and therefore
p=—a+Br—F
These values, substituted in
de=pdz+qdy,
lead to the integral
2=Ry+4Bx(r—-P)—az—c,
which contains three arbitrary constants.
To obtain the modified integral (§ 280), we write this
s=f=—av+By+4pe(z=p)=c

considering ¢ as a function of @ and 8. Then we have

af Oc
0= -s-2;
O_Elf 22 oc

_JB=3/+1}.@ —Bx—a—ﬂ;
o Y] 2
p=—a+Br—}p%; r=B; g=B; s=0=¢; é'l; O“B‘G"(%' ggg‘ =¥

2 2
g—/: O o0y B 0L, AP, B,dg 1=-9P, 91_

=-1; 50705 e~ 48 ag= da’ da”

Hence R,=0; Ty=1; 8§ =0; V;=0; and the equation in fis

af
ag=%
or, on substitution in terms of ¢,
e
- - (—)_ﬁ—2=0’
0t¢  Oc
or finally B

But, by § 270, an integral of this equation is
c=/ e~Nf(B+2nad)d) ;

and therefore an integral of the original equation is given by the elimination
of a and 8 between

sy—arriire-g)-[ e/ enaan,

O=zat + / e f' (8+2Xad)dr,

-—00

0=y +§2?—Bo- / °_° =N f" (8 +2\ad) d\.
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When the definite integral is integrated by parts, the second of these
equations may be replaced by

0=z -/m e=A £ (B+2\ak) d.

-—00

Ez. 2. Integrate the equations:

. 2p
@) r—t=—;

(ii) ztr—4x?gs+49%+2pa3=0;

(iil) (@+gPr+2(r+9)(y+p)s+y+p)t+2(z+q) ¥ +p)=0;
2

(iv) x3r+2a:23+(12-52—q—2) t=2z;

v) r+2¢3+(¢*-2%t=q;
(vi) a'r-4a?gs+3qt+22°p=0;
(vii) 7+42¢s+¢%=0%;

(viii) 2ps+t—p=0.
(Ampere and Imschenetsky.)

A fuller discussion is contained in the valuable memoir by Imschenetsky,
Grunert's Archiv der Mathematik und Physik, t. LIV.

MISCELLANEOUS EXAMPLES.

1. Prove that the integral of the equation
(z+y) (r—8)+4p=0,
as given by Monge’s method, is

2y 2o W
(@+y)a+e Y F(a+y)=e*V /e *f(2y-a)dy,

where y+ is to be substituted for a after integration, and f and ¥ denote
arbitrary functions.

Hence solve the equation
(p+q)(r-t)y=4z(rt - ).
2. Solve by Monge’s method the equations :
() g+g)r+(p+g+2pg)s+p(l+p)i=0;
(i) (+pg+g®)r+s(®—ph)—(1+pg+p’)t=0;
(iii) (r-t)zy-s(s®=y) =g -py;
(iv) 2’r-git=ap-yg;

F.D.E. 82
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) r-2+t=z+dp(x+y);
(i) (r-9)z=(-9)y;
(vii) &%r-y%t—2zp+2:=0;
(viii) (r-8)y+(s—t)x+g—p=0;
(ix) wr+@y-—x)s—-yt=q—p.

3. Solve the equation r+¢=2s; and determine the arbitrary functions by
the conditions, that bz=y? when #=0 and az=2? when y=0.

4. Integrate the equation

and obtain a first integral of the equation
g _ 1\ _o,Pe p_1 —24PY( _PETIN _
rq (z ,7,/) 2s p +ip <z x)—}-n s +J;1/ 1 p )—0.

6. Investigate a solution of the equation
rt—82=0,
subject to the condition ¢2=22%(1+2?), in the form

(g — 22
z=ay+(a”—x2)5+alogw

6. Integrate the equation
(A +p%)t=2pgs+(1+4%) r=0,

having given that py — g2 =0; and shew that a particular solution is
(22 +y2)}=ccosh Z .

7. Solve the equations:
(@) ev(r-p)=e*(t-q); (ii) gys=pyt+pq;
(iii) ar+ays+yg=0; (iv) ar+2ys+p=4z;
(V) 2xr-2t43p=0; (vi) @ (r—a?t)=2p.

8. Prove that the only real solution of the simultaneous equations

0%y 0%u
Bt

ou\ 2 w\ 2
=) + G-

is umzcosa+ysina+tp.

0
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9. Prove that the only real solutions which simultaneously satisfy the
equations
r+t=2a
8 —rt=0t } ’
are comprised in
2=%2%(a+ccosa)+cxysina+iy? (@ —ccosa)+PBr+yy+3,

where ¢?=a2+0? and q, B, ¥, 3, are arbitrary parameters.

10. Obtain an intermediate integral of

pgr=s(1+p%);
and shew that its general integral is obtained by eliminating @ between the
equations

2= (@)~ az~(1+ait f(5)=0
¢'<a>+x+a<l+aﬂ>-*f@>=o} ’
where ¢ and f denote arbitrary functions.
(Serret, and Graindorge.)
11. Integrate the equations:

(i) zp+yg+xir+Says+y?t=0;

(ii) (zp+yg) (rt=s")+q*r—§pgs+p*t=0;

(i) (2%-y?)(t-r)+4(pr+gy—2)=0.
Also solve, by changing the independent variables to £ and 75, where x2=§£y

and xy=§,
2%r - 2zys+y*t+2yq=0;

and, by changing the independent variables to & and », where z=ef*" and
=t
y=e 5
a’r—y*t=(2p-yq) f (zy)-
12. Integrate the equations:
. 0% 20z ,0%, o 0%2_ 0%z 20z 2
(1) (-).7/_’2 x};};-a 55@, (11) a—yz-—a (a—x‘z .2'52'—.?2> ;
o 0%z a?0% (iv) 62_z_3z_a6_% .
() 5= ay?’ ozt~ 22" dwoy’

0%z 1 [0z 0z 2
(v) TE] + 747 e + 53—/—) ~ 1P 2=0. (Gregory.)
13. Find the surface whose equation satisfies the equation

0%z
aoay—

and whose trace on the plane of zy is the hyperbola zy=a?
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14. Integrate the simultaneous equations:

. Ou_dv 0 [oa OB 0%2a 0%a
(i) Frie 5} . (i) m=— 7 (8:: + BJ) n (E_i” + 3;)}
8_11__ oul’ 0 < {i‘ ( o] aa
T may\w Tay) T e T ap

15. Shew that the simultaneous equations
rt4c(r+t)=0, pg+c (py-qz)=0,

represent a series of coaxal paraboloids; and that they cut any fixed plane,
perpendicular to the axis, in a series of similar conics the ratio of whose

axes is
(¢ = : (¢ +e)b.
16. Shew that the equation
Gs+ Hp+ K=0,
in which @, H, K, are functions of #, 7, 2 and g, has an intermediate inte-

gral, if
o (aH oK (c_lg’ 0> (80 of
7z @ ) cy @ )
and obtain the integral.

Hence obtain the integral of the equation

{z+y2)s—ypg}(z+y)=qy (1-2)
in the form
(zf;')l’i(,,) f( ¥ )4>() __xdy
- z+y)é (y
z=e [¥@- / TrIon

(Imschenetsky, and Graindorge.)

17. Obtain a solution of the equation
0%u , 0®u  0%u
a Yo T

in a series of ascending powers of . (Lagrange.)

=0

Solve the equation

0*u u
axz+2ﬁ6x6y+2gaxaz+bay f8y8z+ @Y

where the coefficients are constants; and discuss the case in which the dis-
criminant of the left-hand side is zero.

18. Verify that the partial differential equation

is integrable in finite terms, if b (2¢+ 1)=2¢, where ¢ is a positive integer.
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Solve also
Pu_ P i+,
oz? cy? z
(Legendre.)

19. Shew that the complete integral of
1% _ 0u 200 n(n+l)u

atot:  or? 7 or re

(n being an integer) may be exhibited in the form
v (L) $re 000,

ror r

where ¢ and y» are arbitrary functions; and obtain, in the form of a definite
integral, the complete solution of

1 0% %u , 10u
AT 7 ot
20. Obtain as a definite integral the solution of
9 vV 1 (8 V_ i_i_l_’)
oxdy ax—y\ew oy)’
21. Obtain a solution of the equation
1
APy L
ot oxt
in the form

”U='/N: f:o e—n'—v'¢(x+2§auv’kt*)dudv.

22. Change the dependent variable from z to ¥ in the equation
(A +g)r—(p+g+2pg)s+p(l+p)t=0;
and hence obtain the solution of the equation in the form
r+f()=F(z+y+2)
23. Shew that, if there be five functions 2, 23, 23, 2, 2, each of which

satisfies the equations
r=a18+a2p+a3q+a4z}
)

t=b18+b2p+b3q+b42

where the a’s and ¥’s are functions of x and y alone, then between them there
is a linear relation with constant coefficients of the form

Clzl + 022'2"" 0323 + 0414 + 0525==0.

18-5
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If, in addition, any four of them z, z, z, 2;, be such as to satisfy iden-

tically the equation
2, 2y 23, 2z |=0,

Py P2 P3y P4
91y 92 3y 94
81, 82, 33, 8
then there is also a relation of the form

C121+ Cy2+ C323+ Cy2,=0.
(Appell.)

24. Shew that the function #(a, 8, y, 6, €, z, ¥), given by the series

O(a+m+n—1) MB+m—1)T(y+n—1)T(@=1)T(c~1)
H(a—-1)IO(m)I(n) M(@+m—1)(e+n—1)II(B-1)II(y—1)
the summation extending for all integral values of m and n from zero to
infinity, satisfies the two equations

(x—2?)r-xys+{0—(a+B+1) 2} p—Byg—aBz=0,
@ -y t-aystie—(a+y+1)y} g—y2p—ayz=0.
Hence shew that F(a, 8+¢, —¢, 6, ¢, 2, y) is a solution of
(-2t r—2xys+(y~y2)t+{0—(a+8+1) 2} p+{e—(a+8+1)y} ¢ —ads=0,

¢ being an arbitrary constant.

P> amym,

(Appell.)

25. If there be three functions z;, 2,, 23, satisfying the equations
r=a1p+aq+asz
s=b; p+byq+bs2,
t=cip+caq+cyz,
5 (P2=gs)+22(ps— 1) +2(P1— 92)=0,

where the a’s, &’s, and ¢’s, are functions of z and 7, then there exists between
the functions z;, 2, 25, a linear relation with constant coefficients.

(Appell.)
26. Shew that the integral of the equation
s+zyp+kyz=0
may, by differentiation, be connected with that of
s+zyp+(k+n)yz=0,
k being a constant and » being an integer.
Hence solve the former equation in the case when £ is a negative integer.

Obtain the solution when % is a positive integer.
(Tanner.)
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27. Obtain the solution of
s=e
in the form
_, P @V ()
=2 B @V P

where ¢ and  are arbitrary functions,

(Liouville.)
Hence integrate 8=2zp.
(Tanner.)
Integrate also
, s=p @)V (y)e
in the form
_2n20(2) x(¥)
“sinn (F+£)’

where 7 is a constant, F” ()= ¢ (=) 8 (#), and f’(y)=v (%) x (¥), and 6 and x
denote arbitrary functions,
(R. Russell.)

28. Integrate by Ampére’s method the equations:

@) zs+§2t+pq=0;

2 2
(ii) %‘2 r+ I%_ t+(lz+my+ nz) (rt— %)
= 2 _P_9\,(2_P_9)l.
(lz+my+nz) {2 (xg/ P x) + <xy ¥ x) },

(iii) gr+(p+=)s+yt+y(rt—s*)+qg=0.
(Imschenetsky.)
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GENERAL EXAMPLES.

1. Obtain the complete primitives and (where they exist) the singular
solutions of the equations :

(i  pP-y=0;
iy  3y(1-2p®)=x(1-4p%;
(i)  p(ny-pr)=c;
(iv)  y(A+p)-2ap(1+p)=2(1-p);
) yp*-2uyp -2+ +at=0;

(vi)  yP-2zy (PP+p+1)+ap?=0;
(vii)  zp?—-2yp+3a=0;

(viii)  ap=(z—-a)?;

(ix)  32—2xyp+(xt—ay) p*=0

(®  py+ap)+e=0;

(i) (ap-y)y=2*2y-ap);

(xii)  (zp-yP=2-y;

(i) g*=p* (y-p);

(xiv)  (ap-y) (@*-y’p)=cp;

(xv)  pPat+py(Qe-y)+y*=0;
(xvi)  p?at—dpzy - 8pz+4y2+8y=0;
(xvii)  (a?+y?) (L+pY)=a?(pr—-y)};
(xvill) p?=2y%2%p +4y32?;

(xix) y=zp’+p3;

(xx)  y(1+pH=2zp;

(xxi) 22 (pP+1)=c(z+yp);

(xxil)  (a*+y°p") (y—2p)=2p;
(xxiii) (2% —zy) p+ 222+ 32y — y*=0;
(xxiv)  y=z(p+p?);

(xxv) =z (3P -2)p=y (22-3");
(xxvi)  2Ay*(y—apy=p*;

(xxvil) p=22+a3y - a2y?;
(xxviii) (1 -22) p=uwy—y*;
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(xxix) 2py=zy?+23;
(xxx)  y=p+p*;
(xxxi)  a*(p+y¥)+at=0;
(xxxii) 22 (p—ay—y*)+2+ar=0;
(xxxiil) 2% (x=2y) p=y3—42y%+223;
(xxxiv) (a2 g%) (1+p) =22y (1-p);
(xxxv) (2y+4z) p=y2+22+2y;
(xxxvi)  p (2*+y2+a?) +22y=0;
(xxxvil) zp*+yp—yi=0;
(xxxviii) p%*—6pr3+422y=0;
(xxxix) (2 —aPy®—y*) p? - 2ayp+y*=0;
() PP’ +2xypat(1-a)(y*—b*)+aa’=0;
(&l)  (az+by) QL +y2b=(ay+02) 1 +22)}p;
(xlil)  22(p?+1)—4dayp—4du(zx—a)=0;
(xliii) g (2—y—ap)*~p (2 2wy) (x—y — 2p)+yp*=0;
(xliv)  (y—px)(py+y-px)=p;
(lv)  (v+y)p*+2pr=y;
(xlvi)  2y=(1+pY);
(xlvii) 2y (22~ ?) (PP~ 1)+ (22— %2 p+a? (zp+y)*=0;
(xlviil) (a?—c?) y?p?— 2c%ryp+a?y?—cta?=a?c?;
(xlix)  (2®+37) (L+p%)=4a® (2p-y)*;
D 9y (- 1) p2—62ySp —422=0.
2. Given the relation
y—aw=}at (a—off - }b (a—0),
where ¢ is the arbitrary parameter, shew how to find the corresponding
differential equation. Find the curves which may or may not be singular
solutions: and discuss the different cases.
3. Prove that, if the differential equation
Lp*+2Mp+N=0

has Ac?+2Bc+1=0
for its primitive, then LN~ M2=4(A4 — B%) T? where
7 0(4, B)
0 (z,9)°

and interpret the result geometrically.

4. Prove that the equation
(1-at-tdz+(1-y)tdy=0

s=(55)"

is satisfied when
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5. Verify that a primitive of the equation
(1425~ dde=(1+y") - tdy
is 22y 2azy (x+y) +a (2~ y)P—4 (r+y)+4a=0,
where « is an arbitrary constant,
6. Obtain the primitive of

(r—u) (.v—b)%+y3+7\(y+x—a)(y+x—b)=0
in the form
YA (y+r-a) z—-D\M
JEN(gte=0) ° <z:—:—c¢> ’
and discuss in particular the cases when A=0, A=~1.

7. Transform the equation
1
(w=a)@=0) 3+ 4 (g +a—a) (y+a=b)=0
to an equation of the second order in z by a substitution

=i (2).

Hence integrate the equation: and discuss, in particular, the case in which
a=b.

8. Shew that the equation y=ap+f(p) is the only ordinary equation of
the first order the primitive of which can be obtained by replacing p in the
equation by an arbitrary constant.

9. Shew that, if the primitive of f(z, ¥, p)=0 be ¢ (z,y, ¢)=0, then the
primitive of f(p, ap—y, )=0 is given by the elimination of p between the
equations

f(])i 1p=Y, 2)=0,
¢ (p, xp—y, )=

10. By reciprocation with regard to the parabola y%=2z or otherwise, shew
how to deduce the complete primitive of the equation

Y_z 1 1>=
f(;o Hpy
from that of Sz, p)=0;

and extend the result to equations of the second order.
Solve the equation

2
a=(+ay.
11. Solve the equations :
@) %— Z——z+2_1/=sinh2x;
s d%y dy
() (42972 -23 +y=0;
(i) w(‘iz;/-yw%’{ g ~y=33+22+7;
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. d®y diy
(iv) dJ}.{+2d_3+'r/—-,w‘°c

; d
W el =(r-2)s
. Py 6dy  6dy
W) Ztedt R~
(vii) j%—xzdi’—wu)?yw;
d*y  dy
(viii) ng—xd
. dty 2y .
(ix) S5+zly=73;

d%y dy

(x) x“d 27+3x2(-i'—+xy=1;

—2y=sinz;

(xi) d?/+(2+x xz)———x(x-}-‘})y 0;
(xii) Zzz cotzg/+./sm z=sin?2 cos (cos z);

(xiii) 4 (1+2 +a:2)"’ =3y;

(xiv) (x’+'3z‘+4) +(r2+x+1)d-—y(zz+3) =03
a*y ldy 4a.2

&) T rde T AV
y d
(i) T48 ~f’-+y =o0;
2
(xvii) g—g— + j}-/- tan 2 -y cos?x=0;
(xviii) z d-:1+x’d’/+¢(x2+e) (22— 4) y=a2e~ ¥,

(xix) (z+1)?(224+22+3) 8;3:12_1/ H

xx) TY_1at)y;

(xxi) (2t+2?) 52 PP &y + (6x‘+3x) -—12xy ;

(xxii) 2 El?—(x” x) +(.z' l)y—eéx,

Py oY —tan?zsecs;
(2;2+2I”tanx+3‘1/—tan rsecx;

. d? dy
(xxiv) d'g+2xd—x+x2./ 0;

(xxv) Zﬂ +.1*‘ &y —z‘3y=log z}

(xxiii)



562 GENERAL EXAMPLES OF

(xxvi)  (42%— gy2— gy) —;+( ﬁgz) d +n2y=0;
(xxvii) J2'73”('74'*1)’al—z—g—;'*'»"5(3«‘2—-l)o—l‘:{~+(1+.7a‘—.1:2)3/.—..0;

(xxviii) +(2.Z' xz) + {n(r+1)—2}y=0

dv
dz?

d
(xxx) xc%( E.% —y) - 2xd—"/+2g/+x2y=0;

(xxix) s+ 2(c —1) —-n(n+1)y=0;

(xxxi) (2x—1)d - 3z — 4) +(x 3)y=0;

(xxxii) fz+3g;‘f ax?y=0;

JUTY 24 2 d, 3

(xxxiii) dxz-*_ —3)d1 (2_5>y=0;
.y Ay 1-3z

(xxiv) e = Am -2 Y’

(xxxv) 2% (2— x)d ¥ ‘il” —9y=(r~1)2;
(xxxvi) 2x(x3_1)ojl§é f’tz_/__y(z N,

2
(xxxvii) g—-fl-x2(1 +2) 5 dy Lz (24-2)y=0;

(xxxviii) & d2 T  + (2az? + bx) + (a?2®+abx+c) y=0;

(xxxix) & Z 4 2xj/+2_/ (z+1)%;
d?y dy 2
(=) de2t dz = 7Y
(xli) 22 (22— )d Y =(22-2) (x o y)

(xlii) :1:(1+:zc)2 +x(1+x)d +y=wx.

12. The equation

d3y 2 %Y
7 =5 ) — 42?2 prl
has 2 sin 2 and z cos # for particular mbegrals : find the primitive.

+x(8+x2) ———2 (4+2%) y=0

13. Integrate completely the equation

d3
T raraTh +yaan Wt frasaty=0,

having given that e~ $%27 1 o solution.



DIFFERENTIAL EQUATIONS 563

14, Verify that the left-hand side of the equation

. d?y dy
(sin x — 2z cos x) T—xsmx —+y sing=s

vanishes when y=sin#: and obtain the primitive,

15. One integral of the equation
ay

7t T 2z ytanx ~}y(2+56tan?z)=0

is given by
y?=secz;
obtain the primitive.

16. The complete primitive of ——/ +P + Qy=0 is of the form

y=A¢ @)+ By (2);
shew that the additional term in the complete primitive of
j;§+PdJ+ Qy=F (z)
is given by
f PG AGEAGE TN
PEOVE-VEPE)

17. Solve the equation

a3y d
dz{ czd_’/+ zY= =0,

where a is an even positive integer: and prove that, when a=2,
= f(Ae‘=+Be—°=)x'3dx+C.

18, Prove that, if y=¢ () is a solution of the equation
d’y  ady
drt Vs ds

then g/=}:¢' () is a solution of the same equation with ¢+2 written for a.

+by =0,

Thence (or otherwise) obtain the integral of the equation when a is an even
integer.

19. Prove that the transformation

y=ng~" b=z=(2- 1},
transforms Legendre’s differential equation into a hypergeometric equation in
which 7 is the dependent variable, and £2 the independent variable.
20, Shew that, if
¥°-by3+ 5y —~4r+2=0,

dy, -1 dy y
dat " 2z (x—1)dx 25z (z—1)
Account for the difference between the degree of the algebraic equation and
the order of the differential equation.

then =0,
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21, Prove that the equation
PY @ DLty (5)y=0

has a complete primitive of the form y=Af <7—ﬁ>+Bf (E), where 4 and B
are arbitrary constants, provided
_ M (m2) =0y (na)
=" (ma)—ngh (n)
is a solution of the equation
G 1 gy (m) g1~ 3=y (ma),
and that then
log f () + [y1dx=0.
Shew that there is a failure when m+2=0.
Solve the equation

abx(a+b-z)f—ﬁ+{(a+b)x2—(a2+bz)x-ab(a+b)}3—'§—x2y=0.
22. Prove that, for values of z between O and 1, the primitive of the
equation >
d
2 (1-2) T +4(a+B+1)(1-20) L - agy=0
is AF{}a, B, %, (1-22)3+B(1-22) F{a+3%, 3B+3, 3, (1-22)%,

where A and B are arbitrary constants, and F'(a, b, ¢, z) denotes the hyper-
geometric series.

23. Shew that the function

I 1 1
Qn(2)= 2n+x n(n(_t)% ey (é”ﬁ'é, $n+1, n+4, ;),

where F(a, b, ¢, z) denotes the hypergeometric series formed with the elements
a, b, ¢, z, satisfies Legendre’s equation
(1 -—z’)a A —22(1 +n(n+1)y=0.
Shew also that, when the real part of n is greater than —1,
Q,.(z)=/:{z+ (= 1)} cosh g}=~1d8,

24, Investigate the differential equation which, with the usual notation
of Bessel’s functions, has its primitive of the form

y=v" (@) [AJu{¥ (@)} + BV {§ (@)}],

obtaining the result

%-{4',+(2m 1)i}d"’+(m‘ i) (’f;)z =0.

Deduce the integrals of the equatxons
a:——— -(2n - 1) +.zy =0,

d L+t DL +1y=0.
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25. Express the primitive of
a’y 4 224 1 =0
in terms of Bessel’s functions, of‘ n.rgument 20} and of order unity.

26. Prove that y= (1 d>1 (4 cosh nz+ Bsinh nz), where m is a positive

integer, is the primitive of

d*y | 2m d7/
2t dnm =0
Shew also that any solution of
dy  2dy  ,
de* T o a0

is & solution of
22 ) v (-
and obtain the primitive of the latter.
27. Shew that the complete primitive of the equation

d?y n(n41)

dx ty= i b
when # is an integer, can be exhibited in the form

y=a"* Ay (2)+ B, (v)},
sina

where Yn(@)=(~1"1.3., <9n+1><— 2yHns,

x

and ¥, (#) is the same function of il

28, In the differential equation (?—L—Z =By, the coefficient B is a polynomial

in z. Shew that, if @ denote the operation of integrating from O to z, each
of the series
1+ @B+ Q2BQ*B+..., x+Q*Bxr+@QBQ*Bx+...,
of which each term is obtained from its predecessor by multiplying by B and
then integrating twice in succession from 0 to z, converges for all finite values
of x and satisfies the equation.
29, Obtain a series in ascending powers of  to satisfy the equation
z/’+(n+1)g/’+g/=0.
© (=2
It (@)= 2 r=o(n41)lr!’
and if 4 denote the continued fraction
1 x x z

R+l =n4+2=—n+ i—n+4-—....

_I uda
prove that Pu (&)= 'ﬁ—l eV,
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30. Shew that, if
sm (x—a)

excota
sin z !

where a is a constant, then
Zz; (311122z+00t a)y,
and deduce the primitive of this equation, (i) in general, (ii) when a=3.
31, Prove that, if » is not negative and m is a positive integer, the
equation
(x? 1) +(2n+2).z———m(m+2n+1)y
has the two solutions

Eon(@)=(at=1) o (b~ 1y},

In@=@-= [ ET R0,

z being numerically greater than unity.

32. Prove that a solution of the equation
1 d%g m(m- l)+b2
y Az’ 2*
is given by
3,=sz" bz cosginm=19 g,
0
33. Shew that
y=[ﬂ cos (mx cos ¢ +nx sin ¢ +6) do
/]
satisfies the equation
d’y ldy
dx? *z z dz
34. Apply the method of solution by deﬁmte integrals to find the primitive
of the equation

+(mi4nd)y=-2—- smécosmx

d? d;
-9 2%y,
for values of x satisfying the mequa.lity
-l<a<l.

Prove that the equation is transformed into itself by the substitutions
(@-1)(@-1)=4, y@+=y (@@ +1;
and thence obtain the primitive for values of  satisfying
l<zr<wo.
35, Obtain the primitive of the equation

By dg/
!S+2x ] +g/.—
in the form

fo e— 3t {Ae‘ 2 4 Bedt'7 gin (‘? x4 C')} dt,
where 4, B, C, are arbitrary constants.
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36. Prove that the equation
2% Sh+(mtep +3)d———w— ~(n+1)y=0,
where z and p are real quantities greater than —1, is satisfied by
y=/: " (1-2)pe=tzdy,
for =1, -1, 0.
37. Shew that the primitive of the equation

dz d2y :
d) (m+n-—l).z‘—+mny+a (x~—pgz> 0,
where m, p, n, are positive integers in order of magnitude, is a polynomial in z

38. Shew that every solution of the equation
x2(2+43) a‘—{d——:}x(x+2)d +6(.z‘+1) —-6y=0
is a polynomial in 2.

39. Shew that, if the equation
dy
da? +@y=0

has y=Au+Bv

for its primitive, » and v being polynomial functions of z, there are no
squared factors in the denominator of P and no cubed factors in the denomi-
nator of Q.

40. Find the condition that the equation
dﬂ.*.:_l_ (_'i'_/ —_ (1+%§)y=0

+Pd”

dx? "z dx

should have one solution expressible in integral powers of 2'; and shew that,
when the condition is satisfied, every other solution of the equation possesses
a logarithmic infinity at the origin.

41, Prove that, if the equation
(Az2+Bx) +(Dx+E)d +Fy=0

has a polynomial function of # as one solution, it is necessary (but not
sufficient) that the quadratic Ap (p—1)+Dp+F=0 have a positive integer
for a root.

What are the conditions that the complete primitive should be a poly-
nomial function of z ?

42, Solve the equation
d*
.Tz(.’l'— 1)2@1’-]’6’0‘——0;

and shew that  is a single-valued function of the quotient of two linearly
independent solutions,
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43, Prove that, if it is possible to determine constants a, %, b, so that
ay 2+ 2hy, y,+by,? is constant, where y; and g, are linearly independent solu-
tions of the equation

I d
;l :/ P I/+(g,/_()
then gg+'2P()=<);

and solve the equation when this condition is satisfied.
Obtain also the respective conditions which must be satisfied by 2 and @,
when two linearly independent integrals y; and y, obey one of the relations:

() ngyet+ay+bys+e=0;
(ll) y13+y23= 1.
44. A relation of the form
ay®+bys* +cys’ + 2245 +29ys91+ 2k 32 =0
subsists among the linearly independent integrals of the equation

d3y
dﬁ+P Y +Qy=0;

prove that i 20,
and solve the differential equatmn

45. Shew that the dlﬁ'erentxa.l equation of the third order, satisfied by the
ratio of any solution of e +Ig/ 0 to any solution of l— +J 'y =0, is

d ‘2—2+(l J)S _; (sz-}-([—c,)*
do|” N EES
dz dz
46. Having given one solution of the equation

Py pW
@+P3}+Qy~0,

=2J.

where P and @ are functions of z, find the complete primitive of the equation
and also of

- =Q—Py+y~
Integrate the equation

ay_ . _ 2

47, Find the form of f(y) in order that, by changing the independent
variable from z to z, where =2 - f (), the equation
d’y 3 (dy dy
dat ™ ) +3dx y=0
may be reduced to a linear equa.tlon ; and hence obtain the primitive.
Similarly solve the equation

dy{2(zl x)( >+4/;h/+1}+(x+y2)-
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48, Integrate the equation

d?r 3 (dr\? r
.dgz-“(—) +ir=75,

with the condition that g—e vanishes when 2r=c.

49. Prove that the differential equation

(d’]/)“d”g/ 5 d?y diy d* dly d?y
5P T At )

dzt) das ™~
2,
has <J—v_,) as an integrating factor, for each of two values of n. Hence
integrate the equation completely.
50. Shew that the primitive of the equation
A T= fyo-
is
fla+}22+2[f(2)dz} ~ 3 dz=b+log ,
where
z =3/x - b.
Solve the equation
(a+2bx+cu)i I =fly (a+2bw+ca?) =3
by using a similar substitution; zmd reduce the equation
Z—i‘g=(ax2+2hz_1/+by2+2gz+2fy+c) -§
to this form.
51. Integrate the equations :

. d; d?
i) 1+< 3/) —cﬂdﬁ,
.2

(ii) vy? e y+2=0

dy\?| @ d
(iif) {“ (dz:)}dx% A=

@iv) x dy_ ny+my?=a";

dz
dty (AN o 4dy 2.
\ déc_?+<dx> trde T =0

. N\ dy Py _ (o (27 d2y> .
(vi) {“‘( ) }dx a5~ {3@ - (a@)
d
i)  ayTd-2 (d”) +y+D D~
d?y dy dy_ x+2 3.
{viii) "'3/;[;} z <dx> +2y 5= (——“x+1)2?/ H

. d’f/ x dy ¥ d'/
) St Fa—ad = p-a\ds)
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52. Prove that the orthogonal trajectories of the curve
( - é) cos § =constant
p
are the curves
(,2 + 2;‘) sin? §=constant;
and sketch roughly the two families of curves.
53, Prove that the orthogonal trajectory of the family of curves
7= 2a"r" cos nd + a? =c™,
where ¢ is the variable parameter, is
7™ cos (nd +y)=a" cos y,
where v is the variable parameter.
54. Prove that the system of curves, orthogonal to the family represented

by the elimination of ¢ between the equations

z=f(t, a), y=9( a),
a being the parameter of the family, is given by substituting for a the
complete integral of

of Of | 0 0p\ da | (OA\?  (OP\?_
(a dat o B_a) at (7 + (J =0.
Find the orthogonal system in the case
rz=f(a)+acost, y=asint.
55. Shew that, if u+v./—1 is a function of x+y./—1, the oblique tra-
jectories of the system of curves ¢ (u, v)=c are given by

0 0
% (@u— dotana) + 3 (do-+dutan a) =0,
56. Find the differential equation of a curve cutting the coaxal circles

22+ y*+ 20z +¢=0,
where v is parametric, at a constant angle; and integrate the equation.

57. Prove that, if J(z+iy)=u+1v,
where 7 denotes (- 1)}, and u, v, are real, the curves
u=a, v=P,
cut orthogonally.
Shew that,

(i) when f(u)=logu, the curves are concentric circles :
(i) when f(u)=e% the curves are catenaries of equal strength :
(iii) when f(u)=cos~1u, the curves are confocal conics :

(iv) when f(u)=tan-!«, the curves are stereographic projections of
meridians and parallels of latitude on a sphere, which has the plane of z, g,
for its equatorial plane.
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58. Prove that the equation

% ay dy o @yt
vt (@) -1 i 1y =0

is satisfied by each of the quantities
@+t +1+anl, @+of-(1+a},

where a is a cube root of —1. Obtain the primitive of the equation.

59. Solve the equations

d%y . dz 2
dx2+2{_—2z ¢
gi+2dy 3y=0

60. Integrate the equations
dy 2 ! ()=
T (@)= 2¢ (2)=0,

dz , N
7z TP @)+ (2)=0,
Jfand ¢ being known functions of .

61. Solve the equations
D(D-2)x—(D-1)y=0,
@D-1)z+D*(D-1)y=t,
where D denotes d/dt.
62, Integrate the equations

de  dy dz
T+y-2 y+i—x ztx-y’

63, Solve
dz dy dz

zry—ayt ay-z-y z(f-a?)’

64. Illustrate the method of variation of parameters by obtaining an
approximate solution of

a
%f= ~y+ko? -d'—:/=x—kya,

in circular functions, # being a small quantity whose square may be
neglected.

Hence (or otherwise) shew how to integrate

dx (1'1/ ’ 1
b +ﬁ?l_i =dv+By+rsint+ycost,

ag—';/=/3'w—a’3/+—’¢ cost—ysint.

x
B~
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65. Solve the equations

y=zp+p’—ay, z=zq+py,
dy dz
where p—a; 3 q=a; )
and shew that there are three distinct solutions,

66. Solve the system of equations

dr _ dy dz
7 =ar+hy+gz, (—E—Iw+by+fz, E—-gx+fy+cz.

Shew that, when

the solution is
x=Ae'\‘+$e“t, 3/=A’e”+§e"‘, z=A”e"’+‘%a"‘,

A A’ A"
where +_=0
7ty
h K fq
and =)\+g
Ftyt

67. Let P, @, R, be any functions of three independent variables ; and with
a point 4 (=, , z), associate the plane (X —z) P+ (¥ -y) @+(Z—2) R=0. Let
a consecutive point B(z+dz, y+dy, z+dz) be taken in the plane through 4.
Shew that there are two directions through A such that the intersection of the
planes, associated with 4 and with B, is the direction 4 5.

Interpret the result when the condition of integrability for the equation
Pdz+Qdy+Rdz=0
is satisfied ; and find (i) when the two directions are perpendicular, (ii) if the
two directions can be coincident.

68, A doubly infinite system of similar conics in parallel planes have their
centres collinear and their corresponding axes parallel. Shew that they can be
cut orthogonally by a family of surfaces only if the line of centres is perpen-
dicular to their planes.

69. Find a solution of the equation
(224 22y +y% - ) dz — (224 2y + Y2+ ) dy + 2 (¥ +y) 2dz=
which is satisfied by r=y=z=1.

70. Obtain integral equivalents of the equations :
(i) 2(y+2)do+(x+3y+22)dy+(z+y)dz=
(ii) (yz+2%)dx—zzdy+2ydz=0
(iii) 2y (1+422) dow - 22 (1 +222)dy —zydz=0;
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(iv)  yz+(3zy—22) dy - 2y2dz=0;
(V)  (2r+yz)yde—a2idy+(v+22) y*dz=0;
(vi)  yP (2% —yz) do+2x? (g2 —22) dy + 2y? (22— zy) dz=0;
(vii) (2yz+ax—2*) do—awdy — (x°+ .0y —22) dz=0;
(viii) g%z (x cos x —sina) de 4222 (y cos y—sin y) dy
+xy (y sinz+xsin y+xycos z) dz=0;
(ix) (2P —ay+y?) ede+ (28 +a2—ay) 2dy — (w4 y) (zy+:2) dze=0;

(x)  (y+2) (2%y%2—1) do +2%%? (xy + x2) (6;—‘1/ + d?z) +2z(dy+dz)=0;

(xi)  (y% -y +ay) du— (w2 +2° = 2y?) dy + (2% ~ 2y%) dz=0;
(xii) (y%?-ye)du—(vz—1)dy —(zy—y*)d2=0;
(xili) 2z (1—2?)dow+zdy—(x+y+ae?) dz=0;
(xiv) (3224 22y —y2+2) dx+ (22— 20y — 3y*+2) dy + (v +y) dz=0;
(xv)  (B+2x®+2yxt — y%) dy +(y° + yr2 + 2222 — 2%) dz
=2z (y*+ 22+ yz) dz.
71. Find an integral equivalent of the equation
zdydz (b—c)+ydedz (c—a)+2zdzdy (a—b)=0.
72. Shew that the differential equation of a plane curve
(% y, 2, ydz—zdy, zdx— xdz, xdy - ydz)=0,
where z, , 2, are homogeneous point-coordinates, is transformable to
J (vdw — wdv, wdu —wdw, udv—vdu, u, v, w)=0
by the introduction of line-coordinates from the equation
ux+vy+wz=0.
Obtain the primitive of the equation
az* (ydz—2dy) + by" (2dz — xdz) + ez (xdy — ydx)=0
m the form

Aa+Bb+Cc=0}_
Ax"‘”+By"“+ Csl—n=0}’

and apply the above transformation to deduce the primitive of
ax (ydz— zdy)+ by (2dx — 2:dz)* + ez (xdy - ydo)»=0.
73. Integrate the partial differential equations:

(i) P=gqz;
(ﬂ) Z=qum;

2 g2
Giiy £ -4 = 1 (1 +l);

y x z\r ¥

@(iv) (pg—p)(1+2°)+gay’=0;
(v) 3(p+g)l+(p-9)2=48;
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(i)  zp-29=y;

(vil) (p-g)(z+y)=2;

(vii) p+gP=(*+y%) z;

(ix) @rt+y-2)p+E+y—2)9=20-9);
(x) y(2u+a)p-2g+yz=0;

(xi) p?+9¢%—2pq tanh 2y=sech?2y;

(xii) (z+y-2)(p—g)+a(pr-gy+2-y)=0;
(xili) pg (z—y)+pr—qy=(p=9)2;

(xiv) zyp+22q+yz=0;

4P
Y

(xv) ¢ z+yp (z—pa)?;

(xvi) ayp-y@r+y)q+222=0;

(xvii) - pr+gy=2(1+p)t;

(xviil) z(p*—qH=x-y;

(xix) (2wy—z)p+3rg+(2y—1)z=0;

(xx)  qz+py=@' -9

(xxi) (ax+hy+gz) p+(hzx+by+12) g=gz+fy+cz;
(xxii) ap+(ar+by) g=cxtey+/z;

(xsili) (p—9) 2=y (2-pr-99);

(xxiv) (pz+gy)*-2(pz+99)+p*+¢*=0;

(xxv)  (py+2)(gz+2)=(pz+2+y)(qy+2+2);
(xxvi) ag (z+p2)+bp(y+92)=0;

(xxvii) (p-y)+(g-2)=1;
(xxviil) ap-yg=2qf(z-pr-gy);

(xxix) #z(y"-2)pty(#-am)g=2(z"-y");

(xxx)  (2+1) yp*+azpg=4a"y ;

(xxxi) (p*+¢°) (g2 —py)=1;

(xxxii) (22422 p+ (y2—22%) ¢ +2zy+22=0;
(xxxiii) pr?+z=y2q¢?;

(xxxiv) py+gz+pg=0;

(xxxv)  (p=q)(**V+ay2)+(yg - ap) (a+2ye ="V + (- 9) (1 - 2")=0.
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74. Shew that any partial differential equation of the form

F (p, ¢ 2-pr—gy, %) =
has a family of solutions in common with z—pz—gy=a.

75. Obtain a complete integral of the equation
pry (zy+22)+2(qy —2) (92~ @%)=0

in the form
z+a z+a  y+b y+b + —0;
Y z
and investigate the nature of the integral
T, YL2 + -2 _o
Y 2 ‘1/& 23

Also shew that
(2— a)?=4x+4by,

Y (z—a)=ctz+y?,
are integrals of the equation
2P +ypg=1;
and indicate their relation to one another.
76. Obtain a complete integral of the equation

4z=p2+¢?
in the form
z=f(z+Ny);

and derive from it the solutions
(@) z=(@-aP+(y-0),
(i) (224224 —2)2=4c? (22 +22).
77. Prove that the general integral of
2=2p+yq+pg

can be obtained by eliminating ¢ between the equations

ad (p d dp
"’Jt<q> dt(q)+dt =0

d(¢q\ _d dg
v (8- a () +d=o

when, in the latter, p and ¢ are arbitrary functions of the variable
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78. Solve the equation
b (bey +axz) p+a(acr+byz) g=ab (- c?);
and shew that the solution represents any surfuce generated by lines meeting
two given lines.
79. Investigate the integral of
P o+r+2=0,
containing the line =z, y=0; and obtain it in the form

s=de" W4+ (22 +4y—3)e " V—r—1.
80. Find the surfuce, which satisties the equation

(z+y)p+(r—y) g=2

and passes through the curve z*+y%=1, z=c.

81. Determine the surface which satisfies the differential cquation
(22— a®) p+(xy — az tan a) g= 22— ay cot q,

and passes through the curve z2=0, z2+y?=aq?

82. Integrate the equation
(554 3uy2) p+ (5 +302) g=2 (2 +7) < 5
and find an integral which represents a surface passing through the circle

24 yt=c? z=a.

83. Obtain the primitives of the equation
2ty
5 +L= 22
prg
and illustrate the results by a geometrical interpretation.

Investigate the equations of surfaces possessing the property that the
parallelepiped contained by the radius vector from the origin, a unit length
along the perpendicular to the tangent plane, and a unit length along the axis
of z, is of constant volume.

84. Find the differential equation of a surface, normals to which have
intercepts between the coordinate planes of constant ratios b—c¢:¢c~a:a-b.

Obtain a complete primitive in the form
22 22 2
o

aﬁ+b+h +p=0;

and determine the nature of the solution

(b—c)§x+(c—a)*y+(a— bt z=0,
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85. If the complex of lines ¢ (¢, b, ¢, f, g, £)=0 be the complex of tangents
to a surface, the equation

33 op0p  3pdp_

3a of Yoo og t oc ok
is satisfied. Is the condition sufficient, as well as necessary ?
Transform this equation to
ob b b
a9t oa o=
where the variables are now the quotients of a, d, f, g, by A; and shew how

the complex of tangent lines is contained in the general integral of this
equation.

86. The square of the reciprocal of the perpendicular from the origin on
the tangent plane of a surface is equal to f(«), where % is the reciprocal of the
radius vector. Obtain a primitive of the differential equation of the surface
in polar coordinates in the form

J{f (w) =2}~ 3 du={¢p+sin~1(tan a cot )} sin a — sin 1 (sec a cos §) + .
87. Integrate the equations:
(1) zz1=pi(p1+p2)+ 1Pz (ps+a3pa);
(i) a®(2z+a1p1)=221p1 (Z3p2+22p3);
(iii) (#p+a3+2) p1+(B3+21+2) pot (21 + 22 +2) ps=0.
88. Shew that the equation

P+ P+ P =2 (121 +Pa2s +pas)
has the integrals

. 2,2 252 xg?
@ 24a,  ztay  zdag L

(ii) (z—c) (N +p’+2) =21 +prgtvas),

(iii) (2+425? — 2202 - 22,22 + 8232 (22 4+ 29%) =0
and shew how to derive (ii) and (iii) from (i), also (i) and (iii) from (ii).

89. Shew that the equations
o of o _
('”".7)3';—2 (x—y)ay+3(‘”+y+2z) a"‘z’_oa

(y+2) %+2 (2@‘—-33/-—:)%—3(2x+y+3z)%{=0,

have a common solution. Find the solution ; and shew that it may be deter-
mined by a single quarature.

FDE 19
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90. Obtain the most general integral common to the equations

(_) +(g;) "‘( ) =f(a¥+33+22),
102 10w

91. Find all the solutions common to the two equations
P1P2P3=P4 } .
P1%1=PaZa+P3s+PsTs
92. Shew that the most general function satisfying both the equations
— 11+ 2o P2+ T4 Py + Z3ps=0,
2 (x3+24) P2+ 22 (P3+pg) =0,
is a function of the two quantities
o {x? — (T3t 7)), (T3—xg)+ 210

93. Shew that, if

a.1ad
u=ea da:‘1+:c dr, el:z’l’
ou 20U
then —=-4k 8k+4ku’
and thence deduce that
kax?

w(1 — dak)=eT-bak

94. Integrate the equations:
(i) P+ r+{Q(Q+9)—P(P+p)}s—Q(P+p)t=0;
y+gz Q= z+pz

where P= ,
yp—rq 2q-yp’

(i) =r—ylt=xy;

(iii) Ar=alt¢;

(iv) gqr+ps+qt=0;

) 2r—yt-zptyq=zy;

(vi) z(r-2N2t)=p%—-N2¢?;

(vil) (y-2)(g*r—2pgs+p*)=(p+9)*(P-9);
(vili) (=) {pg(r-0)+(g*~p) 8} +2pq (P+9)=0;
(ix) aydr+(a+d) 2%y?s+4abadyt =y3p+abzdq;

(x) (gz+2){(z+y)r—p* (@ + P} + (249 {(z+7) t - ¢* (p+q)}
=2 (gz2+2) (pz+3) {(x+y) 8= (1 +pg) (p+ @)}



DIFFERENTIAL EQUATIONS

95. If z is any solution of the equation
82
5oy (@ - .1/)2

« being a constant, then

32 0z 0z o 02
87: 83/ oty oy’ 8.z:+'/ ay
are also solutions.

96. Solve the equation

and verify that
z=[" cos (zy cos ¢) dep
0

is a solution.

97. Shew that an integral of the equation
o ( ou ou
i (50) + 3 (o)
u=/"f(xcos¢+iy) do,
0

where f is an arbitrary function; and that the real part of the integral

/:xcos¢f(xcos¢+iy) do

is given by

satisfies the equation

9 (1owy, 2 (100

z\x ox/) " Oy \x 9y
98. Solve the equation
(pt—r)t=q?rt;
and shew that the common solution of the equations
r= 9’ t=p,
is 2= Ao+ s A e”"’“*”“’
p=t

where o is a cube root of unity.

579

99. If p, ¢, 7, are three arbitrary functions of «, subject to the condition

PP+ @*+1r2=0;
if % be determined as a function of #, y, 2, by the equation
au=xp+yq+ar,
where a is any constant ; and if
G (u)
a—zp —yq -2’
where ' and ¢ are arbitrary functions; then
%y 0% 0%
Tt e

v=F (u)+

=0.



580  GENERAL EXAMPLES OF DIFFERENTIAL EQUATIONS

100. Shew that the most general integral function of the nth degree in the
variables, which satisfies the equation

Pre o + 8“=V~u=0,
. 22y Al
18 =V-g@m-ntea@-n@i=3 "

where V is an arbitrary homogeneous integral function of z, y, z, of degree =,
and 73 denotes 22+ g%+ 2%

Shew also that the Particular Integral of the equation
Viu=¢,
where ¢ is a homogeneous integral function of z, g, 2, of degree n -2, is

ré i

=3@n-1) 4@ -D@i-3) "

w
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in two independent variables,” 420.

Chrystal, 44, 845, 399.

Clairaut’s equation, 81, 414,

Classification of the integrals of a partial
differential equation, 875 ;

every non-special integral is in-
cluded in one of the three
classes, 380.

Complementary Function, 63, 66, 82,
512, 517,

Complete integral of a partial differen-
tial equation, 376, 470.

Complete Jacobian linear systems of
partial equations of the first order, 460 ;
integration of, 461.

Complete Jacobian systems of partial
equations, 461.

Condition of integrability, 313.

Contact transformations, 49, 418,

Cuspidal locus, 88.

Darboux, 44, 892.

Definite Integrals, solution of linear equa-
tion whose coefficients are of first
degree in independent variable by
means of, 277 ;

proposition relating to solution of
general equation by means of,
283

solution of a partial differential
equation in, 524,

Degree, definition of, 7.

Depression of order of equation when
one or more particular integrals are
known, 64, 130 ;

when one variable is absent,
92.

Duyality between partial differential equa-

tions, analytical, 415, 503 ;
corresponds to geometrical prin-
ciple of duality, 419.

Duality between ordinary differential

equations, 47.

Envelope locus, 89; the only Singular
Solution, 41.

Equation of first order and first degree
has only one independent primitive,
17.

Equations giving relations between dif-
ferential coefficients, 89.

Equivalence of linear equations of second
order, conditions for, 110.

Euler, 294, 476.

Euler’s equation, 299 ;

generalisation of, 803.

Exact equations, 97, 99, 309 et seq.,

331.

Factor, integrating, 21, 28.

Ferrers, 176.

First integrals, definition of, 9; number
of independent, belonging to equation
of n't order, 9.

Frobenius’ method for solution of linear
equations in series, 243 ; summary of
results, 250; application to Bessel’s
equation of order zero, 253, and of
order n, 253.

Functions, conditions for relations be-
tween, 11.

Gamma Function, 221 (se¢ Gauss’s II-
funoction). ’

Gauss, 221, 239.

Gauss's II-function, 221,
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General integral of a partial differential
equation, 379.

Generalisation of anyintegral of a partial
differential equation containing con-
stants, 542.

Glaisher, J. W. L., 47, 197, 200.

Goursat, 239, 399, 447, 470.

Graindorge, 447.

Guldberg, 839.

Hamburger, 44.
Hankel, 167, 184.
Heine, 176, 187.
Hicks, 169.
Hill, M. J. M., 41, 44, 386.
Homogeneous linear partial equations of
the first order, 458 (see Complete
Jacobian linear systems).
Homogeneous ordinary equations of first
order, 22;
linear of nth order, 81;
in general, 94;
partial equations, 520.
Hypergeometric equation, range of sig-
nificance of integrals of the, 218 et seq.
Hypergeometric series, definition of, 207;
differential equation satisfied by,
209;
particular solutions of this equa-
tion, 214;
relations between these solutions,
216—228;
cases when expressible in a finite
form, 230+ .
as & definite integral, 290.

Imschenetsky, 447, 543, 549.

Independence of functions, and of equa-
tions, 11—15,

Independence of Particular Integrals of
general linear equation, conditions for,
125.

Integrability, condition of, 318,
Integrals of a linear equation, regular,
258; normal, 270; subnormal, 275.

Integrating factor, 21, 28.

Intermediate integral, 471.

Intermediate integral of partial equation
of second order, general method of
construction of, when it exists, 493;
with examples, for various cases, 495.

Invariant of coefficients of linear equa-
tion of second order, 105,

INDEX

Jacobi, 107, 239, 294, 309, 363, 447.

Jacobian systems (complete) of equations,
460.

Jacobian systems (complete) of partial
equations, 461.

Jacobi’s method of integrating the gene-
ralised form of Euler’s equation, 309.

Jacobi’s method for the integration of
the general partial differentialequation
of the first order in n independent
variables, 430.

Jacobi’s multipliers, 856.

Kelvin, 123.
Kummer, 107, 239.

Lacroix, 420.

Lagrange, 107, 892, 394, 543.

Lagrange’s linear partial differential
equation, 392 ;

generalised form, 401.

Laguerre, 361.

Laplace’s transformation of the linear
partial differential equation of the
second order, 504.

Last multiplier, 365.

Legendre, 418, 470.

Legendre’s equation, 159, 244, 258.

Lie, 418,

Linear equation having integrals that
are regular, form of, 258 (sce Regular
integrals, normal integrals, subnormal
integrals).

Linear equation with constant coeffi-
cients, ordinary, Chap. mr.;

partial, 511.

Lobatto, 294.

Lommel, 187, 197.

Malet, 105.

Mansion, 447.

Minimal surfaces, equations of, 541,

Monge’s method of integrating the equa-
tion of the second order which is linear
in the partial differential coefficients,
473.

Motion of particle under central force,
integration of equations of, 366,

Multiplier, Jacobi’s, 856;

last, 865.

Neumann, 187.
Nodal locus, 88.
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Normal form of linear equation of second
order, 105 ;
of equation of hypergeometrio
geries, 210,
Normalintegralsof a linearequation, 270.
Numerical solution, Runge’s method of,
53—56.

Order, definition of, 7.

Particular Integral, 63, 71, 82, 513, 518.

Petzval, 204.

Pfaffian equations in three variables,
327; in four variables, 332; the in-
tegral equivalents, 827, 336.

Pfaff’s problem, 327.

Poincaré’s asymptotic expansions, 285.

Poisson’s method for a form of homo-
gencous partial equation, 509.

Primitive, definition of, 8.

Quadratures for integration of Riccati’s
equation, number of, 192.

Quotient of two solutions of linear equa-
tion of second order, equation satisfied
by, 107.

Range of significance of integrals of the
hypergeometric equation, 218 et seq.

Rayleigh, 187.

Regular integrals of a linear equation,
258 et seq.

Relation between linearly independent
solutions of a differential equation,
115, 127, 171, 186, 228.

Riccati’s equation, 1883

reducible to Bessel’s equation, 195.

Richelot’s method of integrating Euler’s
equation, 308,

Riemann, 528.

Routh, 187, 448.

Runge’s method for numerical solution,
53—56.

Schwarz, 107, 230, 239.
Schwarzian Derivative, 107, 231.
Scott, 126.
Series, possibility of integration in, 148;
form of solution when a vanish-
ing factor occursin the denomi-
nator of a coefficient, 1553
form when such a factor occ
in the numerator, 157:
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Series (cont.)
Frobenius’ method of integrating
in, 243 (see Frobenius’ method);
integration of partial equations
in, 522, 528.
Simultaneousequations(ordinary),linear
with constant coefficients, 342;
with variable coefficients, 850.
Simultaneous partial differential equa-
tions in one dependent variable, 453.
Singular integral of a partial differential
equation, 878; derived from the dif-
ferential equation, 387.
Singular Solutions of ordinary equations
of first order, 83, 35, 37, 89.
Solution of ordinary equation, what is
to be considered a, 6.
Species, definition of, 7.
Spitzer, 294.
Standard Forms of ordinary equations
of first order, 18—35;
of partial differential equations
of first order, 407—414; they
are particular cases in which
Charpit’s method (g.v.) proves
effective, 427.
Sturm, 187.
Subnormalintegrals of alinear equation,
275,
Symbolie operations, 57, 511, 523, 526.
Symbolical method for partial equations
due to Laplace and Poisson, 526,
Symbolical solutions, 197.

Tac-locus, 40, 389.
Todhunter, 176.
Total differential equations, which are
linear, 309 (see Pfaffian equations);
they separateinto twoclasses, 316;
geometrical interpretation of
linear equations with three
variables, 821 ;
case of n variables, 324;
equationswhicharenotlinear,338.
Trajeotories, 134.
Variation of parameters, 20, 113,127,131,
377, 543.

Watson, G. N., 187, 239. b

Weber, H., 528. ? 6

Weierstrass, 541.

Whet - ker, 239,
vgwman, 44. @
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