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ADVERTISEMENT.

TaE Committee appointed by the Royal Socicty to direet the publication of the
Phalosophical Transactions take this opportunity to acquaint the public that it fully
appears, as well from the Council-books and Journals of the Society as from repeated
declarations which have been made in several former 7Transactions, that the printing of
them was always, from time to time, the single act of the respective Sceretaries till
the Forty-seventh volume : the Society, as a Body, never interesting themselves any
further in their publication than by occasionally recommending the revival of them to
some of their Secretaries, when from the particular circumstances of their affuirs, the
Transactions had happened for any length of time to be intermitted.  And thissecms
principally to have been done with a view to satisfy the public that thenr usual
meetings were then continued, for the improvement of knowledge and benefit of
mankind : the great ends of their first institution by the Royal Charters, and which
they have ever since steadily pursued.

But the Society being of late years greatly enlarged, and their communications more
numerous, it was thought advisable that a Committee of their members should he
appointed to reconsider the papers read before them, and select out of them such as
they should judge most proper for publication in the future 7ransactions ; which was
nccordingly done upon the 26th of March, 1752.  And the grounds of their choice are,
and will continue to be, the importance and singularity of the subjects, or the
advantageous manner of treating them : without pretending to answer for the
certainty of the facts, or propriety of the reasonings contained in the several papers
#0 published, which must still rest on the credit or judgment of their respective
authors.

It is likewise necessary on this occasion to remark, that it is an established rule of

the Society, to which they will always adhere, never to give their opinion, as a Body,
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upon any gubject, either of Nature or Art, that comes before them. And thtrefore the
thanks, which are frequently proposed from the Chair, to be given to the authors of
such papers as are read at their accustomed meetings, or to the persons through whose
handh'they received them, are to be considered in no other light than as a matter of
civility, in return for the respect shown to the Society by those communications. The
like also i8 to be said with regard to the several projects. inventions, and curiosities of
various kinds, which are often exhibited to the Society ; the authors whereof, or those
who exhibit them, frequently take the liberty to report, and even to certify in the
public newspapers, that they have met with the highest applause and approbation.
And therefore it is hoped that no regard will hereafter be paid to such reports and
public notices ; which in some instances have been too lightly credited, to the

dishonour of the Society.




PHILOSOPHICAL TRANSACTIONS

1. The Emission of Flectrons under the Influence of Chemical Actions

By O. W. Ricrarvson, FIR.S, Wheatstoue Professor of Physies, University of
London. King's College,

. Received October 21,-—-Read November 18, 1920.

§ 1.——SEVERAL investigators have claimed that electrons are emitted from metals under
the influence of chemical action. but the only claim* which seems well substantiated is
that of Haser and Just,t who found that when drops of cwesium or of the liquid alloy
of sodium and potassium are attacked. at a low pressure. by a number of chemically
active gases, the drops lose a negative but not a positive electric charge. The electric
currents set up with the drops negatively charged are stopped by the application in a
suitable manner of relatively small magnetic fields. This shows that the currents are
carried by electrons emitted from the drops.f

The object of the present investigation has heen to obtain quantitative information
about this interesting phenomenon, and, more especially, to ascertain the magnitude of
the kinetic energy of the emitted electrons and the mode of its distribution among them.
The importance of the subject lies in the fact that it is the only way, so far as 1 am
aware, in which any information at all can be made availuble as to the distribution of
energy among the individual products molecular, atomic, ionic or electronic  of a
chemical reaction.  The majority of the experiments have been directed towerds obtain-
ing the curves showing the relation hetween the chemical electron current and the
applied electromotive force for the case of a small spherical source concentric with a
large spherical electrode. If the currents are small and the gas pressure 1s low, so that
the motion of the liberated electrons is determined entirely by the applied electric field
and is interfered with neither by the molecules of the gas nor by the fields of force arising
from other electrons, we should anticipate that these electron currents would exhibit
saturation with zero applied potential difference; subject to the additional proviso

* * Possibly some of the cases exannned by Resovn (0 C. R, voll CXLIX., po 110 (1909), and vol. CLIL,
p. 1660 (1911)), may turn out to be an exception to this statement.

1 * Ann. der Physik,” vol. 30, p. 411 (1909) ; bid., vol. 36, p 308 (1911).

1 A survey of the previous work in this and athed fields, together with an account of the results of some
of the earlier experiments of the present research, will be found on pp 290 298 of my hook * The Emission
of Eleetricity from Hot Bodies ' (London, 1916) It will be seen that the earlier experiments gave results
which differ in some important particulars from those obtained later ynder more satisfactory conditions.
Cf. also bid., pp. 49 et seq., and pp. 128 et seq.

VOL. 0CXXIL.—A 594. B [Published April 80, 1021,



2 PROF. 0. W. RICHARDSON ON TIIE EMISSION OF ELECTRONS

that the electrons are liberated by the chemical action in such a manner that £or practical
purposes f,hey can be considered to be clear of the fields of force of the atoms or mole-
cnles of origin.  As to the validity or otherwise of this last assumption there was no
prior evidence, but the experiments show that it is at least approximately satisfied and
that small accelerating electric fields have little or no effect in increasing the electron
emission. Subject to the validity of the assumptions referred to, the currents in any
accelerating field should be constant, whilst their values in apy retarding field will be
a measure of the number of electrons whose kinetic energy when emitted exceeds the
equivalent applied retarding potential difference. It should, in fact, be equal to the
number of such clectrons divided by the electronic charge. A characteristic curve
satisfying such conditions for the case of the concentric spherical electrodes will there-
fore solve the problem so far as the total kinetic energy is concerned. Stated in this
way the matter appears very simple, but it has heen found in practice to be fraught
with very serious difficulties which have taken a long time 1o overcome.

In all the experiments the metal acted on was a liquid alloy of sodium and potassium.
In the majority of them this had an initial composition corresponding to the formula
NaK,. The alloy of this formula appears* to have the lowest melting point, and it is
a quite mobile liquid at room temperatures. In some of the early experiments an alloy
of higher melting point having the initial composition NaK was used. This fact will
be mentioned when it is necessary to refer to those cxperi-
ments. Where no specific reference to the composition of the
alloy is made, it can be assumed that it was close to that
given by the formula NaK,. There is reason to believe that as
the alloy is used the potassium is consumed faster than the
sodium, with a consequent increase in the viscosity of the
alloy. This effect is not so noticeable with the alloy NaK, as
with NaK, which after a time becomes almost solid.

After a certain amount of preliminary skirmishing with
apparatus of different designs, that finally used in the measure-
ment of the characteristic curves for concentric spheres is
shown in a working drawing in fig. 1. The supply of the
liquid alloy was kept in a glass reservoir (a separating funnel)
vertically above the tube A to which it was sealed. Between
A and the reservoir was a glass stop-cock for regulating the
flow of the alloy. A fine platinum wire trailed down the
extension BC and was sealed through the glass between A and
the stop-cock, and so brought to the outside of the apparatus
for the purpose of applying any desired potential to the alloy
in the tube B('. The dilated portion B of the tube AC' was ground to fit air-tight into
the neck of the main bulb D, and the joint could be sealed with mercury or wax at the

* H. Lk (‘natrLIEg, ¢ Recueil de Constantes Physiques,” p. 352, fig. 3 (Paris, 1913).
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lip E. Bel8w C the glass tube was drawn out to a fine nozzle, and the loyer end of
the tube about C was silvered, and the silver coating connected through to the alloy
inside by a platinum wire sealed through the glass. The object of this was %o
maintain the outside of the tube at a definite electrical potential and to prgevent
trouble due to charges developing on the glass surface. Matters were so arranged
that the nozzle was about a millimetre above the centre of the copper sphere . This
was attached to a stout wire supported by glass and connected through to the outside
by the platinum seal shown at H. Part of the weight of the sphere was taken by a
copper pin which butted into a small hump blown in the tube wall at M. The copper
sphere, which was 5 cm. in diameter, was provided with openings in front. and hehind
as indicated at G for the purpose of throwing a powerful beam of light of suitable
frequency on to the drops which formed at the nozzle. The hght was supplied by a
Westinghouse Cooper-Hewitt quartz mercury vapour lamp and admitted through a
tube sealed into the main bulb. This tube 1s at right angles to the plane of the figure,
which does not show it. The end was ground flat and closed with a thin quartz plate
cemented on with sealing-wax. The copper electrode F was provided with holes at the
top and at the bottom. The drops fell through the lower hole into the bulb J, which
was closed by a stop-cock below K. The alloy in J was connected to earth by the sealed
platinum wire K.  When a sufficient amount of the alloy had collected in J, dry carbon
dioxide or nitrogen could be admitted at N, and the alloy forced back into the reservoir
by a svstem of tubes and stop-cocks not shown. In this way a sample of the alloy
could be used a considerable number of times without dismembering the apparatus.

The side tube N led to the phosphorus pentoxide bulb, the MacLeod gauge. the gene-
rator of inert gas just referred to, the pumping system (Gaede mercury pump and Geryk
backing pump), and the generator of the chemically active gases under consideration.
This consisted of a closed vertical tube about 5 mm. in diameter provided wih a stop-
cock and connected with a point near N through about u metre of similar glass tubing
running horizontally. The gases dealt with were carbonyl chloride (C0Cly), chlorine
(Cly), hydrochloric acid (HCl) and water vapour (H;0). The three first were
condensed into the generating tube by means of liquid air in a thermos vessel
placed outside it, and the amount released into the apparatus could be vared by
manipulating the height of the liquid air outside the generating tube. The water
vapour was supplied from mixtures of water and sulphuric acid or from crystals of
Cal’l, 6H,0.

Most of the experiments deal with (COCl,. Except in the most recent experiments
this was prepared by boiling a mixture of 20 parts chloroform, 50 parts potassium
bichromate and 400 parts sulphuric acid in a flask with a reflex condenser attached.
The gas was freed from hydrochloric acid by bubbling through water, from water by
bubbling through sulphuric acid, and from chlorine by passing through a U-tube con-
taining small pieces of antimony, and then condensed in & freezing mixture of ice and
salt. For the most recent experiments we have been able to secure a pre-war sample

B2



4 PROF, 0. W. RICHARDSON ON THE EMISSION OF ELECTRONS

of COCl, by Kantraum. This seems to have the same properties as thaf which was
prepared in the laboratory. The chlorine used was prepared by the action of hydro-
ckloric acid on manganese dioxide, washed through sulphuric acid and condensed by
liquidrair. As a source of HCI gas strong hydrochloric acid was taken and the pressure
reduced by cooling it to a low temperature. For H,(), either water was taken and the
vapour pressure reduced by mixing it with an excess of sulphuric acid, or crystals of
CaCl, 6H,0 cooled below the room temperature were used.

The electrical arrangements were for the most part of an ordinary character and
do not call for detailed description. The currents were measured by a quadrant electro-
meter having. except when otherwise stated, a sensitiveness of 570 divisions per volt.
It is necessary that this instrument should be sensitive, as, although the currents dealt
with are of considerable magnitude, the differences of potential to be investigated are
small. One quadrant was connected to the point H in fig. 1, and the other to earth. In
most of the experiments capacities varying from 0-01 to 1 mfd. were added to the earthed
quadrant to reduce the deflections to convenient proportions. Potentials varying
continuously by any desired amount, between + 20 volts could be applied to the drop,
by means of a sliding contact on a rheostat fed by a battery with one end earthed,
and were read hy a double-scale Weston Voltmeter.

In some of the preliminary experiments the alloy was forced through the nozzle in a
fine stream by admitting inert gas to a pressure of several atmospheres to the space
above the main body of the alloy in the reservoir. This method was found to be unsatis-
factory,as the stream was apt to get diverted on to the copper ball, owing to some minute
particle of solid getting into the nozzle or to some slight deposit forming unsymmetri-
cally at its edge. In the experiments for which data are given the driving pressure
was only the atmospheric pressure, and the alloy flowed in a steady succession of uniform
spherical drops. These were about 2 mm. in diameter and flowed at the rate of about
6 drops a minute in the experiments on which reliance is placed. Different nozzles
have been tried and other conditions varied, so that experiments have been made
with drops from about 1 mm. to 1 em. in diameter and flowing at rates between about
1 per minute and 15 per minute. So far as 1 have been able to ascertain, the effects
recorded are not influenced appreciably by the size and rate of the drops. The size
(about 3 mm. diameter) and the rate (about 6 per minute) chiefly aimed at were
chosen as being convenient to work with and easy to attain. 1t should be
mentioned that with very slow drops irregular results may be obtained, as the
emission is greatest when each drop starts, and falls off as the surface becomes
protected by a layer of the reaction products. This effect is always present, but it
does not appear to lead to serious trouble if the number of drops is not under four
per minute.

With the viscous alloys containing a high percentage of sodium, exceptionally large
and slow drops can be obtained. Some of these formed so slowly that they became
covered with a visible white coating of the reaction products. As the drop increased in
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size this coating would fracture from time to time. exposing the bright allov underneath
the crack. Simultaneous with each fracture a sudden increase of the rate of electro-
meter deflection could be observed. owing to the increased emission from the cleag
alloy. Needless to say, no quantitative data are obtainable from experiments pnder
such conditions. In the experiments on which reliance is placed. the rate of the drops
was 80 rapid and the pressure of the attacking gas so low that no visible change occurred
in the appearance of the surface of the drops.

In general it has not been found possible 50 to regulate the pressure of the attacking
gas that the saturation current would stay constant. There 1s, however, no great difhi-
culty in maintaining conditions so that the saturation current increases or diminishes
in a regular manner with lapse of time.  For example. a common method of procedure
in dealing with COCl, has been the following :— Initially the COCl, would be strongly
cooled by immersion of the generating tube in liquid air. The cock between the gene-
rator and the testing apparatus would then be opened and all the gas pumped out of the
whole apparatus to a pressure of 0:001 mm. or less. The connection to the pumps
would then be shut off and this vacuum would be maintained. provided the (‘OCl, was
well immersed in the liquid air.  The alloy would then be allowed to drop. charged to
a suitable negative potential. and the copper ball connected with the electrometer. If
the electrical conditions were satisfactory there would be no deflection under these
circumstances. The next step would be gradually to reduce the depth of immersion
of the COCl, in the liquid air. This could be done by turning a screw table which
supported the thermos bottle below the generator. Meanwhile continuous observation
was kept on the electrometer spot, and at a certain stage a small movement would set
in, showing that some active gas was beginning to reach the apparatus. It was generally
convenient to raise the thermos bottle a little at this stage, as owing to a lag in the
thermal changes the lowering process was generally somewhat overdone before the
effects were perceptible. At about this stage transient effects would frequently be
observed. These may be attributable either to a more volatile active contaminant
present in the chemical used, or to some small trace of the latter which had condensed
on the upper walls of the generator. These walls would no doubt warm up quickly
when the liquid air was reduced. These transient eflfects would disappear after a little
while, and the electron currents under a given applied voltage would be found to increase
very steadily and deliberately as the generating tube gradually warmed up. 1f the
rate of increase became inconveniently lurge. it could be checked by raising the liquid
air and repeating the processes substantially as described until a complete set of observa-
tions had been obtained.

In some cases it was found preferable to work in a reverse manner, by allowing an
excess of the active gas to flow into the apparatus and to observe the phenomena under
examination as this gas was consumed. The consumption takes place rather slowly,
probably owing to adsorption of the gas by the walls of the apparatus. A typical
example of the diminution of the saturation current with time after admitting COCL,
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at a low pressure, is shown in fig. 2. The three curves correspond to unit8 of current
diminishing approximately by successive factors of 10, according to the different
cepacities, given on the respective curves, added to the electrometer system.

8
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At the beginning of this experiment the pressure was less than 0-001 mm. and the
admission of the COCl, did not show any ascertainable increase. It was therefore at
most 0-001 mm. After 20 minutes the pressure had risen to 0:0015 mm., after 70
minutes it was 0-003 mm., and after 100 minutes 0:004 mm. These data strongly
suggested that the admitted COCl, wds mainly adsorbed and did not make itself felt
on the gauge until the chlorine had been fixed and the carbon monoxide, a much less
adsorbent .gus, liberated. 1t will be seen that the chemical emission is most vigorous
at first and rapidly falls off. The rate of decay, whether considered absolutely or in
proportion to the amount of emission, steadily diminishes with lapse of time. This
probably means that the active gas initially is that in the immediate neighbourhood
of the drops, whereas later on it diffuses from more remote parts of the apparatus. It
i8 probable that the rate of emission is proportional to the chemical action occurring,
and that this is likewise proportional to the partial pressure of the active gas at the
surface of the drop.

Whilst fig. 2 exhibits the decay of the effect in a typical way under the conditions
referred to, it is not typical of the conditions holding during the majority of the measure-
ments, when a much higher degree of constancy of the saturation current was attained.
For example, in one set the saturation current only varied between the limits 26 -5 and
31 -5 during the whole experiment, which lasted over two hours. However, this change
with time was always present and its effect had to be eliminated. To accomplish this,
determinations of the currept under varied conditions, as, for example, under different
voltages, were alternated with measurements of the saturation current under some
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standatd voltage. The results were then expressed as fractions of the standard satura-
tion current ruling at the time the particular measurements were taken. The instanta-
neous value of the standard current, was ascertained in various ways, depending on the
rapidity with which it was varying. When the variation was small it was sufficient to
take the arithmetic mean of the determinations of the standard current immediately
preceding and following the measurement of the current under the given conditions.
For somewhat larger degrees of variation the geometric means of the corresponding
current values were found to give reliable results. Where the rate of variation was
still more rapid, it was necessary to note the times of the various measurements, to plot
a curve like fig. 2 showing the value of the standard current as a function of the time,
and to ascertain from this curve the instantaneous value of the standard current at the
time of the particular experiment. This method is, of course, one which is reliable
under any circumstances ; but, generally speaking, the rate of change of the standard
current was 8o slow that it was not necessary to record the times at which the different.
measurements were made. This was an advantage, as each experiment involved a
large number of settings and readings. The experimental manipulation was not par-
ticularly easy in any event, and each additional item which had to be recorded made
a series of operations increasingly tiring and correspondingly liable to involve erroneous
records.

This preliminary discussion will, I hope, give a general idea of the method of experi-
menting adopted. It will probably be more profitable to leave further details until
the results of the particular experiments are dealt with.

§ 2.—The Characteristic (Current — E.M.F.) Curre for Carbonyl Chloride.

These data all refer to the system in which the source of emission is a sphegical drop
of the alloy NaK, of radius about 1 mm. surrounded by a concentric spherical electrode
of copper of radius 25 cm. The pressure of the gas in the apparatus increased fairly
uniformly with the duration of each experiment, the extremes of pressure recorded lying
between the limits 0-:001 mm. and 0087 mm. With the exception of one experiment,
the final pressure did not exceed 0-020 mm. It is probable that, in the exceptional
case in which the final pressure of 0:087 mm. was recorded, there was a small leakage
of air from outside the apparatus. The data afford no evidence that the maximum
pressure of the COCl, ever exceeded 0-001 mm., and it may have been much less. The
préssures recorded are those of the unabsorbed products of the reaction, and are
therefore probably due to carbon monoxide. The sensitiveness of the electrometer
was 570 divisions per volt, and the capacity of the electrometer and its connections
000012 mfid.

In most of the series of measurements a determination of the photo-electric current
under the same voltage, due to the blue light from the mercury vapour lamp transmitted
through a Wratten filter No. 50, was made immediately after each determination of
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the chemical current. The actual measurement made was that of the combined photo-
electric and chemical emission, but the instantaneous value of the chemical current
gould be obtained from the determination immediately preceding after allowing for
its variation with the time, and thus the value of the photo-electric current obtained
by subtraction. The light transmitted by the filter is not strictly monochromatic, but
for most practical purposes it can be regarded as consisting of the violet group lying
between 4347 and 4358. Whilst I have not made a spectrographic examination of the
light transmitted by this filter, it probably lets through a certain amount of the group
4046-4077 and a smaller amount of 4916. Consequently no particular quantitative
reliance is placed on these photo-electric data, but they afford a valuable indication
as to the difference between the chemical and photo-electric characteristic curves and
also supply a useful guide as to the state of the surface of the alloy. Later on, when
accurate photo-electric information became imperative, a monochromatic illuminator
and a set of light filters were obtained. The reliability of these later photo-electric
measurements, in so far as it is dependent on the monochromatism of the light used, is
to be regarded as of a distinctly higher order than those dealt with in this part of the
paper (see p. 23 el seq.). Py

Preliminary tests with this apparatus showed that the chemical-effect currents were
not increasing appreciably when the negative (accelerating) potential on the drops was
increased from 2 to 8 volts ; so that — 3 volts was adopted as the potential for measuring
the standard current. The procedure adopted, when photo-electric measurements
were included, was first to measure the current with the light cut off at — 3 volts, then
with the light still cut off at the voltage under test, say, 2 volts | then at  volts with
the drop illuminated, then at -- 3 volts again with the light off, then with the light off
at a new voltage, say, y volts ; then at y volts with the light on, then at — 3 volts with
the light, off again, and so on, until a complete set of data had been obtained. From
these results the values of the relative chemical currents, i.e., the values of the fraction
obtained by dividing the current at the voltage under test by the instantaneous standard
current and also the values of the photo-electric currents at the different voltages,
were calculated in the manner already explained. When no photo-electric measure-
ments were made the procedure was the same, except that the measurements with
the drop illuminated were omitted. In all cases the successive settings and readings
were made as rapidly as possible.

At first sight the results got in this way seemed very inconsistent. For example, in
different experiments made at intervals perhaps of some weeks, but under conditions
which were identical so far as 1 could ascertain, the relative currents at zero volts (as
compared with — 3 volts as standard) would differ by 100 per cent. or more. Later
on it appeared that the current at zero volts had vanished altogether, and:that the
current, instead of being approximately saturated, was increasing rapidly between
— 2 and — 3 volts. However, when the precaution was taken of ensuring that the
standard current was really on the saturation part of the curve, and when the results
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of the whle of the completed experiments were plotted and compared jogether, it
was found that there was a definite method about these variations. This will be recog-
nised from an inspection of fig. 3, which shows three of the characteristics as actually
determined. The numbers alongside the crosses on curve 1 express the order in,which
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the different points were determined. It will be seen that each characteristic is
consistent, enough in itself. The variability, normally about 5 per cent., which seems
rather pronounced on the flat part of the curves, is due to the cumulative effect of the
errors inherent in the determination of the currents. The percentage error should be
independent of the magnitude of the currents, and consequently is not so noticeable
on the lower parts of the diagram where the relative currents are smaller.c It is
probable that the main source of error lies in the variation of the rate of emission
with the growth of the drops, and it will be noticed that it is most pronounced in
curve III., where the drops were formed with exceptional slowness (at the rate of 4 in
90 seconds). However, I believe that the accuracy of the measurements is sufficient
to establish the conclusions which it is intended to draw from them.

1t will be noticed that the shapes of the curves are all much the same, the most notice-
able difference being that they are spaced widely apart on the voltage axis. In fact,
it is clear from an inspection of fig. 3, that if any two of the curves are given suitable
horizontal displacements, they can be made nearly to coincide with the remaining one.
The explanation of such a result seemed obvious. The shapes of the characteristic
curves are the same in the different experiments, but they occur at different places
along the voltage axis, Now the voltage V plotted along this axis is that given by a

VOL. COXXII.—A, C
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voltmeter connected, in effect, across the gap between the drop of alloy ané the copper
sphere. The actual difference of potential across this gap is not equal to V, but is equal
t0 V + K where K is the contact potential difference between the surfaces of the alloy
and the copper sphere. If now the value of K is changing between one experiment
and another, the observed results are completely accounted for. 1t will be necessary
that K should exhibit an extreme variation of as much as 25 volts, but this does not
seem a surprising requirement when it is remembered that the contact electromotive
force between the alkali metals and copper is comparable with this amount. The
changes in the contact electromotive force which occur are to be attributed to changes
in the surfaces of the alloy and of the copper due to the gases and vapours to which
they are exposed, and to changes in the copper surface due to splashing with the alloy
and possibly to absorption of the vapours of the alkali metals by the copper.

To test this hypathesis, all the sets of observations with COCl, which were sufficiently
complete to form a reliable guide were collected together and the relative currents in
terms of the standard tabulated. In cases such as curve IV. in fig. 3, where the current
was not saturated at — 3 volts, the standard voltage was chosen about 3 volts negative
to a voltage at which the current was about 50 per cent. of the final saturation value.
The precise value of this voltage does not matter much, as the current in this region
is not varying with the voltage to an extent ascertainable by these experiments. What
is important is that the standard current should be saturated, and it was convenient
to employ the least voltage that would make sure of this. It was also felt that until
more information was available about the phenomenon, it was desirable to employ as
the voltage for the determination of the standard current a voltage which would occupy
the same position on each characteristic. For example, it was not, and is still not,
known with certainty whether there is a small variation of current with voltage on the
flat parts of the curves. 1f there is any such change, the values of the relative currents
would be affected by the value of the voltage at which it was decided to measure the
standard saturation current. The method adopted ensures that there are no errors
arising from considerations of this character, which would be appreciable in comparison
with the unavoidable experimental error. In all the curves but two the original three-
volt standard could be retained. In fact, it approximately satisfied the condition just
described, the current at zero volts in these cases being on the rapidly rising part of the
characteristic.

The relative currents thus obtained were then plotted for each series against the
actual volts given by the voltmeter and the amount of displacement along the voltage
axis was judged, which would be necessary to bring all the curves as nearly as possible
to coincidence. This amount is, of course, in general different for the different curves,
but is the same for every experimental point belonging to any one curve. The dis-
placements are not applied to the curves, which constitute a secondary inference from
the experimental data, but, to the primary source of evidence, the experimental points
themselves. The absolute position of the composite curve in relation to the scale of
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voltage is 8t present an entirely arbitrary matter, in default of any knowlgdge of the
actual contact difference of potential K occurring in any single experiment. The
displacements have, however, been so chosen as to bring the point A (fig. 4), formed by
the intersection of a harizontal line through the standard saturation value unity and
the dotted extension of the straight or slightly concave part FB of the characteristic,
over the zero on the volt scale.

That the point A will not be fur from that which corresponds to the condition of zero
electric field between the two electrodes, 7.e., V + K = 0, might be anticipated on the
following grounds. The data in fig. 3, and still more in fig. 4, indicate that there is no
considerable direct effect of the applied field in helping the electron emission. In fact,
I have frequently made explicit tests to see if the part DE of the curve slopes upwards,
as appears to be suggested by the points in fig. 4, but 1 have never been able to convince
myself that it does. Some experiments have given a small increase, some a small
decrease, and others no change with rising voltage. This is a point which deserves
further examination, but if there is any effect * of this kind it is certainly small. It
is presumed, of course, that the voltages used in such tests are not such as to generate
appreciable ionization in the surrounding gas. Inasmuch as the direct effect of the
electric field is negligible, the curving of the part BUD of the characteristic is to be
attributed to such secondary factors as the mutual repulsion of the electrons, electron
reflection at the copper electrode, the return to the drop of some of the emitted electrons
owing to collisions with gas molecules, and the effects of the holes in the copper sphere.
Inasmuch as under ideal conditions in which the electron-emission or saturation current
is very small, the vacuum is so high that gas collisions are negligible, there is no
electron reflection at the receiving electrode, and the receiving electrode is a complete
sphere, in the absence of electric field across the gap every electron once emitted from
the drop will reach the copper sphere, because there is nothing to turn it back or to
enable it to go elsewhere. Thus under such ideally perfect conditions the characteristic
will consist of a flat saturation part AE intersecting with a part such as AFG, in which
the emitted electrons are returned to the source by the opposition of the retarding field.
This argument does not establish the coincidence of the point A with the zero potential
difference, inasmuch as there is nothing a priori which enables us to foretell the shape
of the part AFG. I have, however, succeeded in making independent experiments
which determine, within limits, the contact difference of potential K and the charac-
teristic curve for the chemical emission simultaneously. These experiments, which
will be described later, fix the position of true zero volts somewhat to the left of the
point A.

Fig. 4 shows the results of displacing the data along the voltage axis in the manner
I have explained. The magnitudes of the displacement, and certain details which may

* For a case in which there is a definite indication of diminishing currents with rising voltage on this
part of the curve, see p. 25 infra (fig. 12).
¢ 2



12 PROF. O. W. RICHARDSON ON THE EMISSION OF ELECTRONS

be of importance relating to the different series of observations, are set forth in the
following table and remarks :—

TaBLe I.—COCIL,.

Mark indicatin . . Displacement in
Number of ex rimeln tal £ | Initial pressure,| Final pressure,| volts from volt-
. "Xpe e millimetres of | millimetres of | meter readings to Date,
series. points of series s O
Hg. Hg. scale position in
on curves.
fig. 4.
1. x 0-0015 0-016 + 1:00 3/8/1916
1I. '0) 0004 0-020 -4 1:45 25/7/1916
I11. A 0-001 0-011 + 055 25/9/1916
1V. ] 0-003 0-087 4+ 3-30 2/11/1916
V. P 0-002 0-012 -+ 2-62 3/11/1916
VI. . 0-001 0-038 16/9/1916

(The numerals I., &c., and marks x, &c., are relevant to the data in figs. 3 and 5, as well as in fig. 4.)

Remarks on each Series.

I. x.—Generator adjusted at the beginning of the experiment and later. The
effect rose slowly after each adjustment. Chemical saturation current : minimum
value 45 divisions per minute with cap. 0-01 mfd., maximum 200 divisions per
minute, cap. 0-04 mfd. Saturation photo-electric current, 64 divisions per
minute with 0+04 mfd. Maximum chemical and photo-electric eflects thus of
same order of magnitude. Gas was pumped out in the middle of these experi-
mepts without affecting the results. These observations were very consistent.
The only apparent defect was & small insulation leak which had to be allowed for.
The slight variability of this makes the point of intersection of the curve (1.,
fig. 3) and the voltage axis a little doubtful. A test at the end of the series with
the mercury line 4355 gave 252 divisions per minute and with the green line
0-7 division per minute, the capacity being 001 in each case.

II. @ —Generator adjusted at the beginning and again at the middle of the series.
Effect rose before and after adjustment. Maximum chemical saturation current,
160 divisions per minute, minimum 42 per minute ; A 4355 photo-electric satura-
tion current, 160 divisions per minute ; all with capacity 0-02 mfd. 8ix drops per
minute, diameter of drops 3 to 4 mm.

III. A .—Generator not adjusted in these experiments. Chemical effect dropped
steadily most of the time, then rose a bit towards the end and fell off again.
Chemical saturation current: maximum 28 divisions in 60 seconds, capacity
0-03 mfd. ; minimum 37 per minute, capacity 0-01 mfd. x 4355 photo-electric
saturation, 53 per minute with 003 mfd. capacity. Four drops in 90 seconds.
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1V. G.——Genemtor adjusted twice. Chemical effect rose after first adjustment.
After second it fell, then rose again. 1t was large most of the time. ®Chemical
saturation current : maximum 700 divisions per minute with capacity 0-04 mfd.,
minimum 7 divisions per minute with capacity 0-01 mfd. There was no detect-
able photo-electric current with A = 4355 in this experiment. An effect equal
to about 1 per cent. of the chemical emission should have been detected. Con-
siderable gas pressure was present, and there may have been a small air leak
into the apparatus. Six drops per minute.

V. &.—No adjustment of generator in this series. Chemical effect small but very
steady, only varying between 26 -5 and 31 -5 divisions per minute with 0-01 mfd.
capacity : photo-electric A 4355 saturation, 300 divisions per minute with
0-01 mfd.

V1. o.—No adjustment of generator. Chemical saturation current rose gradually
from 18 to 268 divisions per minute with 0-01 mfd. and then fell to 120 per
minute. Photo-electric 4355, saturation current 240 divisions per minute with
0-01 mfid.

An examination of the foregoing remarks shows that the series of observations 1. to

V., which are comprised in fig. 4, embrace a wide variety of conditions. Thus the satura-
tion chemical current is varied over the range from 700 divisions per minute with 0-04
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mfd. or 82 X 107" amperes to 7 divisions per minute with 0-01 mfd., or 2-05 x 107"
amperes. The photo-electric saturation currents under practically the same illumina-
tion in each case varied hetween the limits 8 -8 X 107" amperes and something under
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3 X 107" amperes. The pressure of gas in the apparatus covered the wide range from
0:001 min. to 0:087 mm. In the different series the chemical saturation currents rose
.or fell with time or did each of these alternately. 1In one series it was almost constant.
In one case the standard photo-electric current was 10 times as great as the standard
chemical current, in another it was less than 1 per cent. of it, whilst in another case these
currents were about equal. The number of drops per second varied between 1 in
10 seconds and 1 in 224 seconds, possibly more. The size of the drops probably varied
also.

In spite of these wide changes in the conditions, all the points in fig. 4 fall close to
the continuous curve drawn. 1t is not certain that they are not all coincident with
this curve within the limits of likely experimental error, with the single exception of
the observation marked a. An examination of the data makes it practically certain
that the electrometer was not functioning when this observation was taken, as the
photo-electric observation immediately following it also gave a zero deflection when
it should have given a measurable deflection according to the run of the rest of the
photo-electric curve.

The coincidence of the points with the smooth curve in fig. 4 proves that this curve
gives, approximately at any rate, the true shape of the COCl, characteristic, and confirms
the suspicion that the moving about along the volt axis, as in fig. 3 of the experimental
curves, is due to changes in the contact potential between the surfaces.

The plot of VI. e did not agree with series I. to V., and is not included in fig. 4.
but is shown separately in fig. 5, together with a copy DEF of the composite curve in
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fig. 4 shifted 0-25 volt to the right of its position in that diagram. In this experiment
the points to the right of -+ 1 volts were taken first and the others later. It will be seen
that the first five points taken agree with fig. 4, but the later points would have to be
given a different displacement to bring them on to the common curve. This seems a
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clear indicatidn of a change in the contact potential difference between the surfaces
taking place during the course of a single set of observations.

§ 3..—The Characteristic Curves for Chlorine.

The manipulation in the case of chlorine was very similar to that in the case of (COCl,
and the results are of the same general character. Two typical characteristics as
actually determined are shown in fig. 6. The curves show a flat saturation part for
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accelerating voltages exceeding about four. There is the same tendency to haphazard
displacements of the curves parallel to the voltage axis as in the case of COCL.
The magnitude of this displacement seems, however, to tend to be smaller with
chlorine, the maximum separation I have observed in six characteristics taken
with this gas being 0:95 volt. The fact that the two curves shown in fig. 6
do Not appear to be parallel is due to the distortion caused by the different vertical
scales. The standard current has the arbitrary value 1:09 in one casc and 095 in
the other.

As in the case of COCl,, the various series have been reduced to unit saturation current
and displaced by varying amounts along the vertical axis to form a composite curve.
The various data referring to the relevant experimental series are given in the following
table and remarks :—



16

TaBLe 11.—Cl,.
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' Mark indicating |y ... . Displacement in
Number of sxherimental Initial pressure,| Final pressure, volts from volt-
umber o X1 ronse millimetres of | millimetres of | meter readings to Date.
series, pomts Oi series Hg Hg scale pOSitiOl] ill
on curves. ' ' fig. 7.
I x 0-003 0-080 0-00 20/4/1917
11. 0] 0-002 0-052 - 0-10 22/4/1917
I11. 6 0-002 0-002 --0-25 22/4/1917
1v. 0-002 0-040 - 0-55 22/4/1917
V. ® 0-003 0-100 - 0:70 17/4/1917
V1. . 0-002 0-080 -+ 0-25 25/4/1917

- ——— o —

[The numbers 1., &c., refer to the curves in fig. 6 as well as fig. 7.]

Remarks on each Series.

I. x.—No adjustment of generator. Chemical saturation current increased uniformly

I1.

111.

Iv.

V.

VI.

and slowly from about 200 divisions per minute to about 800/min. and photo-
electric (4355) saturation current equal to about 100/min., all with additional
capacity 0-01 mfd. Pump stopped and gas allowed to accumulate.
®.—No adjustment. Chemical saturation current increased slowly from 310/min.
to 508/min., photo-electric 60/min., all with 0-01 mid. Pump stopped and gas
accumulating. One drop per minute.
A —No adjustment. Chemical saturation current increased slowly from 10/min.
tv 15/min., and then towards the end rose rapidly to 300/min.; photo-electric
12/min. ; all with 001 mfd. In this series the chlorine was kept immersed in
liquid air and the pumps running continuously. One drop per minute.
(.—Noadjustment. Chemical saturation current increased slowly from 250 /min.
with 0-02 mfd. to 500 per minute with 0:04 mfd., photo-electric 18/min. with
0-02 mfd. Pump shut off and gas accumulating. One drop in 110 seconds.
®.—Chlorine generator shut off from apparatus and effects presumably due to
chlorine adsorbed in the apparatus. Chemical saturation current fell slowly,
the measured limits being 135/min. and 97/min. with 0-000121 mfd., but this
difference is partly exaggerated by errors of measurement. Photo-electric
370/min. with 0-000121 mfd. Pump shut off and products accumulating. Six'
drops per minute.
o.—Chlorine generator shut off and other arrangements as in V. ©. Chemical
saturation current rose slowly from 209/min. to 258/min. with 0:000121 mfd.
Photo-electric (4355) saturation current 1300/min. with 0-000121 mfd. One drop
in 110 seconds.
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These. dat® show that the experimental conditions under which chlorine has been
tested cover a wide range as in the case of COCl,. Thus the chemical saturation current,
is varied between the limits 500/min. with 0-04 mfd.. equal to 5-9 x 107" amperes,
and about 3:5 x 107" amperes. The photo-electric saturation current varies between
about 3 X 107" amperes and 107 amperes. The chemical emission increases and
decreases with time in the different series ; sometimes it is almost constant. at others
it is changing rapidly. The pressure of gas in the apparatus ranges from 0:002 mm.
to 0:100 mm. The chemical effect is nearly 60 times the photo-electric in one series,
whereas it is only about one-sixth of the photo-electric in another, and this ratio has
intermediate values in other cases. In five of the seriex the gaseous products of the
reactions occurring were allowed to accumulate. whereas in one of them the pumps
were run continuously. The rate at which the drops fell was varied between 1 in 10
seconds and 1 in 110 seconds.

In spite of this wide variation in the conditions, all the points fall on the smooth
curve in fig. 7 to the degree of accuracy which it seems reasonable to expect.  An excep-

tion is perhaps furnished by the 3 points x of series 1. at - 2:5, — 3 and — 4 volts.
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It 1s unlikely that chance errors, which would have to be rather large in any event,
would make these three points, which were determined in succession at the beginning
of the series, lie so persistently to the right of the graph required by the rest. 1t seems
likely that we have here another example of a change in the contact potential taking
place during the actual course of the experiments, as in the case of series V1. with COCl,.
Some of the points in 1. x, Il. ®, and VL. e might seem to suggest a slower voltage
approach to saturation than the normal, and it was thought that this effect might be
VOL. CCXXIL—A, D
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attributable to the rather high gas pressures which developed in these’ experiments.
The fact that III. 4, in which the pressure was kept down to 0:002 by operating the
pumps continuously, does not show this tendency, would seem rather to support such
a contention. An examination in detail of the data, however, is againstit. For example,
in I. x and VI. e the currents at the high voltages were measured at the lower pressures
and in [I. ®@ conversely. On the whole it seems likely that any such appearance is
illusory and, except in the case of I. x, where a displacement caused by change in
contact potential during the series seems probable, due to chance errors.

It appears, then, that fig. 7 determines the shape of the chlorine characteristics. No
determination of the contact potential with chlorine present has yet been made, so that
the true zero on the volt scale in fig. 7 cannot yet be assigned with certainty. All that
can be said at present is that an examination of the relative positions of the chemical
and of the photo-electric curves which were taken at the same time shows that the true
zero of fig. 7 lies to the right of — 22 volts.

§ 4.—Hydrochloric Acid.

The effects given by this gas are of a much smaller magnitude than those given by
carbonyl chloride and by chlorine. 1t was impossible to make accurate measurements
of them with the apparatus used with the latter gases, and such fragmentary data as
were obtained only enable qualitative statements to be made. The characteristics
appear to be similar generally to those given by the other gases, and to drop from satura-
tion to zero current within a range comparable with one volt.

§ 5.—The Characteristic Curves for Water.

These experiments were made in 1915 with an apparatus which differed in some details
from that shown in fig. 1 and used in the experiments described up to this point. Instead
of the glass tube ABC of fig. 1, the alloy was fed into the testing vessel through a copper
tube fitted with a tapered silver nozzle. This had a fine hole bored vertically down
the centre and was screwed on to the copper tube. The other electrode was 7 -5 cm.
in diameter. The alloy used was also different, having the composition NaK instead
of NaK,. The electrometer sensitiveness was 540 divisions per volt and the capacity of
the electrometer and connections 0-00032 mfd. There is an element of doubt about
the correctness of the voltmetér set up which was used in some of these early experi-
ments, and I am only prepared to state the applied potential differences as relatively
correct. The units are probably volts, but they may be as small as 0-6 volt. The
data for the series of observations which were completed are given in fig. 8, and some
of the details in Table ITI. and in the remarks which follow.
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(The numbers 1., &c., and marks x, &c., refer to figs. 8 and 9 equally.]

Remarks.

The gas was not allowed to accumulate, but the pumps were kept running continuously
in all these experiments. The gas pressure ig not recorded, but probably it did not

D 2
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much exsceed 0-002 mm. at any time. In V. @ the water vapour was obtained by
placing crystals of CaCl, 6H,0 in the generating tube and immersing it in ice. In
*IV. [ the same crystals were used but the container was immersed in a mixture of
ice and salt. In all other cases mixtures of sulphuric acid with different suitable propor-
tions of water were used, and the mixture was kept at the temperature of the room.
In VII. A equal parts of the two liquids were taken. The water vapour was given off
quietly and the liquid did not boil. In I. to V. the drops fell at the rate of about one
per minute, in V1. at the rate of seven per minute. After V1. a large structure with a
wart-like appearance had grown on the end of the nozzle, and in VII. the globules came
out of this structure. They were very large and looked dirty when attacked by the
H,0. In the previous experiments, in which much larger currents were obtained, the
oxidised layer ecither looked quite white or was invisible. 1t was noticed that the
oxidised metal showed no appreciable photo-electric effect with the quartz mercury
lamp except just when the oxidised skin broke and the bright metal shone through.
In series 1. to V. the electrometer deflections were reduced by adding suitable capacity
from an adjustable air condenser. The added capacities are not recorded in these
cases. In VI. 0-2 mfd. was added from a standard condenser and the maximum satura-
tion current was about 50 divisions per minute. In VIL. the capacity was that of the
apparatus alone (0-00032 mfd.) and the saturation current was 50 divisions per minute
in this case also. VI. and V1. probably correspond respectively to the largest and
smallest effects dealt with.

In fig. 8 the individual data I. to VII. are plotted as they were experimentally deter-
mined. The points for I. x and V. @ {all so close together that they appear to fall
on a single curve. The same applies also to each of the pairs IV. [, VII. A and IIL. 4,
VI. ] Thus the seven sets of data appear to fall on four distinct curves. However,
these cutves are all nearly parallel to one another, just as was the case with the curves
for COCL, and Cl,. They have therefore been subjected to the same treatment, namely,
given the arbitrary displacements which are recorded in Table II1. parallel to the volt
axis. The result is shown in fig. 9. 1t will be seen that, with the exception of the points
marked @, b and ¢, all the points then lie on a single smooth curve to within the degree
required by the probable experimental errors. Of the cxcepted points, b is doubtful
owing to a rapid variation of emission with time when it was taken, and @ and ¢ should
not, except for the sake of having a complete record of the observations, have been
included in the diagram, as they are determined by minute deflections comparable in
magnitude with the variations in the natural leak of the electrometer system in this
particular experiment.

Fig. 9 shows that the form of the characteristic curve for H,O is of the same general
nature as those for Cl, and COCl,. No determinations of the contact potential K with
water present have been made, so that the position of the true zero of potential difference

on fig. 9 is uncertain.
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§ 6.—Location of Zero on the Volt Scale for COCI,.

A knowledge merely of the shapes of the characteristic curves does not enable us
to say much very positively about the kinetic energy of the liberated electrons, owing
to the uncertain and changeable contact potential difference. In fact, it is necessary
to find the position on the volt scale which corresponds to zero electric field between
the electrodes, either by a determination of the contact potential difference for some
particular case or by something which is equivalent to this. In principle the position
of the zero on the volt axis can be found from a study of photo-electric data. Experi-
ments by the writer and Prof. K. T. CoMpToN,* in which a structure similar to that used
in the preceding experiments was employed, namely, a small photo-electric source at
the centre of a large spherical electrode, have shown that the photo-electric characteristic
curves have the form shown in fig. 10. They consist of a flat part AB joined to a sloping
part such as AC or AD, whose slope diminishes with diminishing wave-length of the
mdénochromatic exciting light. The sloping portions all converge to a common point A
of the saturation part of the characteristic independently of the wave-length used.
A is the position of the true zero of potential difference, and, in fact, these small currents
are completely saturated in any accelerating electric field, however small. Thus one
method of locating the zero would be to find the convergence point A to the saturation
value of different monochromatic characteristics such as CA, DA. This would, of

* * Phil. Mag.,’ vol. 24, p. 576 (1912).
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course, have to be done simultaneously with the measurements of the chemYcal e;rlission,
and an examination of the preceding data will show that it is.hopeless to attempt to
determine this point accurately under these conditions. For it is just as the currents
apprpach the maximum value that the absolute errors become largest and the exact
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location of the points becomes most difficult. This difficulty can be avoided if we can
make an auxiliary determination of 4, the threshold frequency of the light which is
just high enough to excite any photo-electric emission at all. For if D is the point
where the foot of a characteristic such as DA for some particular frequency » cuts the
volt axis ‘and DE is denoted by V, then

BV = h(u - v‘,)

where e is the charge on an ion, A is PLANCK’S constant and e and V are in the same
absolute units. By using very large photo-electric currents, points such as D can be
determined with great accuracy and comparative ease, whereas increasing the magnitude
of the emission does not diminish the inaccuracies to which determinations of points
like A are liable.

Data to which this second method can be applied were obtained in connection with
the Series 1. x COCI, of 3/8/1916 (p. 12). Observations at the end of this series showed
that with the blue filter the photo-electric saturation current was 248 divisions per
minute, and that with the green filter it was only 0+6 div./min. At the same time the
chemical saturation current was 4 -0 divs./min., a capacity. of 0-01 mfd. being included
in each of these measurements. The pressure of the reaction products had risen to
0016 mun. at thic stage. The fact that the blue light of wave-length 4347-4358 and
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frequet;cy 6 89 X 10" gave a large deflection shows that this frequency was considerably
higher than tire threshold value. 1f the small value of the current with A°5460, fre-
quency 549 X 10" could be relied on as genuine, it would establish v, as very close tg
A 5460 and just on the low-frequency side of it. On the other hand, if this small doﬂw -
tion is spurious or due to a trace of light of higher frequency mixed with the x 5460,
the threshold value must be well on the low-frequency side of A 4350 on account of the
large deflection given by A 4350. This experiment shows that » was somewhere
between 5:49 X 10" and 6-89 X 10" at this stage. A plot of the photo-electric data
got during series I. x shows that the photo-electric current with x 4350 met the voltage
axis at — 0-20 volt. This was immediately below the
point at which the chemical current attained 0 -50 of its Fic.ll.
saturation value. Taking the frequency as 6 -89 > 10" -
for X 4350 and 5-49 X 10" for A 5460, the value of,
(v — w) ke is 0-58 volt for v, = 5-49 X 10" and zero for
w = 689 X 10*. Thus the true zero must lie between
a point which is coincident with the — 0:20 volt on the
voltage scale and with the 50 per cent. point on the
chemical characteristic and a point which is 0-58 volt
negative to these points. At this period the contact
potential difference between the two electrodes then
was between 0-2 volt and 0:78 volt, and the true zero
between the points where the chemical current had
attained between 0-50 and 0 -86 of its saturation value.
Comparing with the composite curve in fig. 4, this makes
the true zero lie between - 0+12 and + 070 volt on that
diagram. It must be definitely to the right of + 070
on account of the large deflections given by A 4855, but
how far to the right these data do not determine.

The importance of fixing this zero led me to make a
renewed attack on this part of the problem recently.
For success in this determination it is necessary to have v

a series of intense sources of monochromatic radiation

not too far apart on the frequency-scale. It is also

necessary to carry out the successive measurements with the utmost rapidity.
By this time the apparatus shown in fig. 1 had come to grief and a new
testing vessel of simpler construction, shown to scale in fig. 11, was employed.
Apart from the smaller dimensions, the principal change consists in the substi-
tution of a cylindrical copper electrode, 2 cm. in diameter, instead of a spherical
one. The alloy used was NaK, and the COCl; was the KAHLBAUM specimen already
referred to. The monochromatic sources were the lipes of the mercury arc
spectrum projected on to the drops by a Hilger glass monochromatic illuminator.



24 PROF. 0. W. RICHARDSON ON THE EMISSION OF ELECTRONS

-l

Some useful data pertaining to the lines used are collected in the fbllowing
Table : — '

) TABLE IV.—Mercury Spectrum (visiblc).
('olour. Wav?-ézlggl })(;\;ween Frequency (per second). | Relative intensity.*

Yellow, . . . . . H-769 and He19 x 1oH 236
H-790

freen . . . . . . 5460 5-49 x 10 18-7

Blue Ce e 4-916 6-10 x 101 1-0

Violet 1 . . . . . 4-347 and 6-89 x 10 147
4-358

Violet 2 1-046 and 7-40 x 10H 8.2
' 4-017

In addition to the illuminator, I had the use of a large selection of colour filters kindly
lent by Messrs. Hilger. Unfortunately, those which might have been useful cut down
the working radiation too much. TFor monochromatism the dispersion of the illumi-
nator has therefore alone been relied on. As a matter of fact, the lines were all sharp
and widely separated, and no trouble has been experienced, owing either to overlapping
or to stray light of other wave-lengths. The lamp was run at the maximum brightness
at which it could be depended on to run smoothly and remain constant. To prevent
trouble due to stray light it was necessary to enclose the lamp in a large tin box, and
to prevent over-heating a water-cooling system had to be provided. Once the apparatus
was adjusted the successive lines could be rapidly thrown on the drops simply by
adjusting the screw setting of the illuminator. In every case the satisfactoriness of the
mechanical setting was confirmed by visual observation.

Very steady conditions have been obtained with these arrangements. The data for
two determinations of the characteristic curves with this apparatus are shown in fig. 12.
One of these, x, was taken the same day as and immediately preceding the determina-
tion of the true zero to be described in a moment, and the other, @, as early as possible
the following day. The smooth curve is drawn to the first set of points marked x,
and will be seen to cover them very closely. The first set marked x agree with the
second, except that (1) they lie about 0:12 volt to the right, indicating a change by
this amount in the contact potential difference between the two experiments, and, (2)
they give higher values for the small currents at the foot of the curve on the left-hand

* These energy measurcments are taken from a paper by E. 8. JOHANSEN in ‘ Strahlentherapie,’ vol. 6,
p- 55 (1915), and are for a different design of lamp which ran on 220 volts, taking 26 amperes with 128 volts
between the poles of the arc. The quartz mercury vapour lamp used in these experiments ran on 200
volts and took 3-0 amperes with 150 volts between the poles. No doubt the relative intensities of the
lines will vary to some extent with different installations, but for the present purpose it is only necessary
to know the relative energies approximately,
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side. These Small currents are important, and the collective data bearing ongthem will
be considered later. An examination of the experimental conditions on which the
results plotted in fig. 12 are based shows that the values derioted by © are here liable
to much more serious errors than those denoted by x, which therefore are alone relied
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on in obtaining this part of the curve. The numbers written alongside the points
marked @ indicate the order in which these points were determined. It should be
mentioned that point 1 is unreliable owing to a very rapid change in the standard current
when it was determined.

The second series of points indicate a small but definite falling off in the saturation
currents with rising potentials. This may be due to some bias of chance errors, but
it does not seem likely to be, as the data for the first series also support it. There 1 no
evidence of such an effect in the COCl, data for the spherical electrode plotted in fig. 4,
but it may be masked by the errors of observation. In fact, the experimental data
which look most reliable for this part of the curve point to a rising current with rising
neggtive voltages in those experiments. On the other hand, although the matter was
not explicitly tested at the time the experiments were made, the chlorine data which
form the basis of fig. 7 show, on re-examination, a distinct drooping tendency towards
higher voltages. The evidence is thus not clear that this tendency is peculiar to the
cylindrical anode. It may be illusory, but that is unlikely. 1t may be a general effect
present with the spherical electrodes, but masked by errors. There are several physical
effects which the electric field might exert on the drops which might give rise to such
a phenomenon.

VOL. O0OXXTI.—A. K
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Apart from the hump near — 2 volts, the characteristic in fig. 12 is not ‘very different
from that in fig. 4. The horizontal stretch from the 50 per cent. point to the 1 per cent.
point is for fig. 12, x, 140 volts, as compared with the value 120 volts of the stretch
from the 50 per cent. to the 1 per cent. point for the curve in fig. 4. On the other hand,
the stretch from the 90 per cent. to the 50 per cent. point in fig. 12 is only 046 volt,
whereas it is 0 -65 volt in fig. 4. The total stretch from the 90 per cent. to the 1 per cent.
point is practically the same in both cases, the difference between the two curves being
that fig. 12 is relatively steeper near the top. The data in fig. 12 are only relied on to
give the shape of the characteristic. It is not supposed that the relative currents and
voltages had these values when the photo-electric data were being determined. The
instantaneous values of the relative chemical currents were determined at the same
time as the photo-electric data.

In taking the data in fig. 12 the pressure in each series was less than 0-:001 mm. at
the beginning and equal to 0:004 mm. at the end.

The determination of the threshold frequency y, was carried out immediately after
the series x of fig. 12 was completed, the pressure in the apparatus being 0-0045 mm.
The measurements are shown in the following table, — 3 being used for the saturation
voltage :—

TasLe V.
. Electrometer de- " . . L .
Nature of light fection in scale Additional capacity | Deflection due to | Deflection per unit
used. divisions per minute. microfarads. light. light energy.
No light. 47 0-01
A 3065 162 0-01 116 14-15
No light. 45 0-01
A 4355 160 0-01 117-5 8-00
No light. 40 0-01
A 4916 39 0-01 0-5 05
No light. 37 0-01
. A 5460 35 0-01 — 05 — 0-027
No light. 34 0-01

The deflections in the second column when no light was used are due to the chemical
effect which was falling slowly and steadily during these experiments. The. values in
the fourth column are got by subtracting the instantaneous chemical effect (got by taking
the means of the preceding and following measurements) from the combined effect due
to light and chemical action when the light is on the drop. The values in the last column
are got by dividing those in the fourth column by the relevant energy data given in
Table IV. o

The deflections per unit-light energy are plotted against the frequency of the exciting
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light in fig. 18. According to measurements of the writer and K. T. CoMPTON,* curves
plotted from such data intersect the frequency axis at the threshold frequer.my w. 1f
we assume the half-millimeter deflection with A 4916 to mean something, this fixes the
position of », at the point A or 6-02 X 10". On the other hand, if the reading at
A 4916 is disregarded, it follows from a consideration of the A 4055 and A 4355 points
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alone that the intersection cannot lie to the right of the point B or 625 x 10", which
is the point where a straight line through these two points meets the axis. Thus this
experiment establishes the value of v, as lying between the limits 6-02 x 10" and
6256 x 10™. It is unfortunate that the line A 4916 is so weak, otherwise these limits
could be narrowed very considerably.

Immediately after determining », the measurements for determining the intersection
of the photo-electric characteristic for the line violet 2 (A 4046 to 4077) with the voltage
axis were taken. The pressure was still 0:0045 mm. The photo-electric currents, in
scale divisions in 60 seconds with 0-01 mfd. additional capacity connected,with the
electrometer, were as shown in the following table in the order in which the points

were taken :—
TasLE VI.

—1-8

101

Volts e -3
Current 112

Phese data are plotted in fig. 14, from which it will be seen that the photo-electric
characteristic for frequency 7-40 X 10* cuts the voltage axis at — 1:07 volts. Thus
the true zero on the volt scale at this time was — (1-07 — ke (v — w)), Where
v="T740 X 10™ and hje, = 4-124 X 107", is expressed in appropriate units to give
volts. Now hfe (v — ») i8 equal to -569 or 474 volt, according to which of the
limiting values of », determined above we take. Adding 1:07 to these, it follows that

* ¢ Phil. Mag.,’ vol. 26, p. 562 (1913).
E 2
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we have ascertained the position of the true zero at that time as lying between the
limits — 1-544 and — 1-639 volts.
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The next point is to ascertain what was the position at that time of the chemical
characteristic curve in relation to the volt scale used. Relevant chemical data were
taken at the same time as the photo-electric data given in Table V1. An examination
of these data shows that with — 1 -00 volts the chemical current was then 34 per cent.
of its saturation value at — 3 volts. It follows that for any COCl, characteristic curve
for this apparatus the true zero will lie between the limits of 0:54 and 0+64 volts to
the rightof that voltage for which the current is equal to 34 per cent. of the saturation
value. Applying this to the curve, points thus :— x, in fig. 12, the two limiting values
are given by the two broken vertical lines at — 1-78 and — 1-88 volts respectively.
The inclined broken line represents the tangent to the characteristic at the point of
inflection. 1t will be seen to intersect the horizontal line through the unit 3-volt satura-
tion current value at the same point as the vertical line through the right-hand zero
limit, to the accuracy within which the lines can be drawn. Thus the true zero lies
between the intersection of the tangent at the point of inflection and the horizontal
saturation current line and a point one-tenth of a volt to the left of this intersection,

These results support the conclusions already drawn from less complete data in the
experiments with the spherical anode. In that case the true zero was only located
to within 0-58 volt, but it was definitely placed to the left of the corresponding inter-
section. It therefore seems reasonable to assume that either with spherical or cylin-
drical anodes the true zero in this potential scale lies a fraction of a volt to the left of
the point of intersection of the tangent at the point of inflection with the horizontal
saturation line. Considering the nature of the experiments, the location of this zero
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to a hig};er defiree of accuracy than one-tenth of a volt would obviously be a matter of
some difficulty. )

The data now under consideration clearly determine the contact differences of poten-
tial ruling between the electrode surfaces during the experiments. If v is the velocity
with which the electrons reach the receiving surface, V the retarding potential recorded
by the voltmeter, K the contact potential, then for illumination by light of frequency
v of a source whose threshold frequency is 1, in general,

I = h (v — ») — e(V + K).

At the intersection of a curve such as that in fig. 14 with the volt axis, V is just suffi-
clently great to reduce v to zero. Calling this value of V, V,, clearly

. K= h/e (" - Vu) - VU'

For the experiment to which fig. 14 refers, V, = — 107, » =740 X 10", and », 18
between 6-02 x 10" and 6-25 x 10%. Consequently the contact potential K was
between the two limits 1-544 and 1-639 volts. For the slightly different conditions
ruling when the curves in fig. 12 were taken, the limits for the contuct potential would
be :-For the full curve with points thus, @, 1-62 and 172 volts; for the series with
points thus, x, 1-78 and 1 -88 volts.

§ 7.—The Approach to the Voltage Auus.

It is well known that photo-electric characteristic curves for monochromatic illu-
mination approach the voltage axis at finite angles, indicating a finite limit to the
maximum kinetic energy, whereas the characteristic curves for thermionic electron
currents approach this axis asymptotically. An examination of figs. 4, 6, 7 and 12
suggests that in this respect the chemical electron curves differentiate themselves from
the photo-electric and resemble the thermionic ones. The point is an important one
for the interpretation of the results. It is, perhaps, not so easy to be sure about it as
might appear from an inspection of the diagrams, inasmuch as In many cases this part
of the curves depends on the measurement of small deflections liable to considerable
errors. Probably the best way of testing this question is by photo-electric and chemical
curves taken simultaneously, since any errors will then be liable to affect both curves
in & similar manner. Fig. 15 shows the results of such an experiment with chlorine
using the spherical electrode. The points marked x represent the relative chemical
currents, and those marked @ the relative photo-electric currents taken simultaneously.
The values are relative to the — 3 volt values, and the currents were not saturated at
this voltage. Some trouble arose during the measurements on the saturation part of
the curve, and the value of the saturation current could not be got accurately, so that
the vertical scale may be a little different from that of most of the other figures in this
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paper. This experiment leaves little doubt as to the reality of the gradual a;.pproach
to the voltage axis in the case of the chemical effect. It is the more convincing because,
during the determination of the two points at 0 and — 05 volts, the standard current
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at — 3 volts was increased to about 450 divisions per two minutes (cap. 001 mfd.);
whereas, during the determination of the rest of the points in fig. 15, the standard
current varied between 20 and 30 divisions per two minutes, with the same capacity.
Notwithstanding this very great change in the absolute value of the standard current,
the two end points are seen to fall on the same curve as the rest. The actual numerical
values may be of interest and are given in the next table :—

TaBLE VII.—Chlorine.

Applied volts (voltmeter
readings) . . . . .| 25 2-0 1:6 1-3 1-0 0-8 0-6 0

Chemical effect currents
(scale divs. per 2 mins.) | 18 | |11 6 3 2 1 8 2

Relative chemical currents | 0:78 0-43 0-24 0:116 | 0-068 | 0:0b 0-025 | 0,004

Relative  photo-electric ‘
currents . . . . . 0-51 0-16 0-00 0-00 0-00 0-00 0:00

The sensitiveness of the electrometer was 570 divisions per volt, the added capacity
0-01 mfd., making the total capacity equal to 0:01012 mfd. ; the pressure was 0-002 mm.
throughout and the pump running continuously in this experiment.
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Fig. 16 showh some similar data for COCl,, except that the photo-electric and chemical
curves were not taken simultaneously. The photo-electric curves, with the mercury
lines A 4046 to A 4077, were taken the day before the chemical data, and no doubt
there was some alteration in the contact potential between the electrodes in the intepval
between the experiments. The chemical data shown by crosses are a replot of those
similarly indicated in fig. 12. The photo-clectric data, shown thus ©, are actual
currents in scale divisions per minute, with a capacity of 0-01053 mfd. and an electro-
meter sensitiveness of 1100 divisions per volt. The saturation current was 130 in the
same units in these photo-electric experiments. These curves again show quite clearly
the reality of the small currents with relatively large opposing voltages for the chemical
emission. The actual data for fig. 16 are shown on the next page.

The second, third and fourth rows in this table and the last but one refer to the chemical
emission, the fifth, sixth and seventh and the last to the photo-electric. The corrections
for the electrometer drift in the fourth and seventh rows have been reduced respectively
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to the same units as the corresponding deflections in the second and fifth. Assuming
that the determinations are liable to errors of the same magnitude as this drift, an
assumption which is certainly conservative, the small chemical current at -+ 0-12 volt
should be reliable to within 30 per cent. and the errors in the others are comparatively
triﬁi.ng. The same test applied to the photo-electric data shows that the value at — 1 -0
should be correct to 16 per cent., the value at — 0 -4 meaningless and the others reliable.
With regard to the small electrometer deflections recorded in some of these experiments,
it should be pointed out that these can be measured with considerable confidence when
the large capacities employed are added to the instrument. The pressure during these
chemical measurements varied between the limits of 0-002 and 0-:004 mm., and during
the photo-electric between 00015 and 00026 mm.
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On referritg to fig. 12 it may be noticed that the values taken the following day and
shown thus ® on that diagram, are not in good agreement with the crosses on this
part of the curve. However, they are nothing like so reliable. The reading at -+ 012
volt is only 15 per cent. of the electrometer drift ; that at — 012, 37 per cent. ; that at
— 0-42, 80 per cent.; and it is not until the comparatively large relative current at
— 1-0 volt is reached that the accuracy becomes better than that of the worst point
shown in fig. 16.

§ 8.—The Effect of the Different Gases on the Photo-electric Threshold Frequency.

In the one case for which this frequency has been closely estimated ((OCl,) we have
seen that it was very near to A 4900 (6-02 % 10" < », < 6-25 % 10%). This 4, is
not to be regarded as a reliable constant, but one which varies with apparently trifling
changes in the conditions. Thus in one (‘O(Y, experiment no photo-electric current
could be got with the full light of the mercury lamp through the blue filter (mostly
A 4355). The chemical effect was working quite well and there was nothing otherwise
to differentiate this experiment from others which gave quite large photo-electric currents
with A 4355. With this exception, so far as 1 can recollect or tell from the record,
measurable photo-electric currents were always obtainable with X 4355 both in COCl,,
chlorine and water vapour. With COCI, it is probable that the threshold frequency was
always higher than that of the green line A 5460 (frequency 549 x 10"). At any rate,
tests made from time to time with the green filter never gave any deflections which
could be relied on to mean anything. As regards chlorine, all that can be said is that
the threshold frequency was less than that of A 4355 (6 -89 < 10") in all the experiments
here referred to. In some of the tests with water vapour present it was found that
not only A 4355, but also the green line A 5460 and the yellow line A 5769e— \ 5790
gave photo-electric currents. The same was true of the light from a photographic
dark-room lamp, and photo-electric currents were also obtained with the radiation from
an incandescent lamp filtered through a solution of iodine in carbon disulphide of such
strength as to make the lamp quite invisible through it. Evidently when water vapour
is present the threshold frequency can lie in the infra-red part of the spectrum.

§ 9.— Analysis of the Curves.

The obvious way of attacking the problem of the distribution of kinetic energy among
the emitted electrons is to take the curves, such as figs. 4, 7 and 12, and find the incre-
ments in current corresponding to equally spaced intervals dV along the voltage axis.
These will be proportional to the number of electrons whose energies lie between ¢V
and e (V + dV). This method will certainly give correctly, to the degree of accuracy
within which it can be operated and to the accuracy within which V is known, the
distribution of velocity among the electrons as they in fact reach the receiving electrode.

VOL. COXXIl.—A. F
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It i1s not so reliable a guide to the distribution among the electrons as etnitted at the
source, on account of the difficulty in estimating the effects of the factors enumerated
on p. 11 ante, which tend to prevent the attainment of saturation at zero field, in modi-
fying that distribution before the electrons reach the receiving electrode. The picture
may also be distorted owing to the inexact location of the true zero of potential differ-
ence. A study of similar phenomena, as displayed by thermionically emitted electrons,
supplies a useful guide towards the interpretation of the present chemical data. In the
thermionic case it is found that such factors exert their major effect in distorting the
original distribution in the neighbourhood of zero field, and the shapes of the curves in
the larger retarding fields are little affected. Thus this method of analysis leads to
much more reliable results for the faster than for the slower electrons.

Such an analysis, when applied to fig. 4, is shown in fig. 17, curve I.; when applied
to fig. 7, in fig. 17, curve I1., and when applied to fig. 12, in fig. 18. In each case an
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assumed zero has been taken which may be considerably wrong in the two curves in
fig. 17, but which cannot be out by more than 0-10 volt in fig. 18, if, as 1 believe, ‘the
experimental determinations are reliable. Curves 1. and II. of fig. 17 are seen to be
very much alike and considerably different from fig. 18. The data in fig. 18 which are
here referred to are the experimental points marked thus ®. The meaning of the
crosses and the full curve on this diagram will be explained below. However, all three
have certain important points in common. They show a distribution, such that for
low energies the number within a given range dE = edV varics only slowly with K
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(or V), whereas for high energies, .., further to the right on each diagram,,it falls off
very rapidly. Moreover, the shape of the rapidly falling part of the curve is much the
same in each case, and in fact on this part of the curves the ordinates are very nearly
proportional to ¢, where a is & constant for any one curve. This can be seen if
the logarithms of the ordinates are plotted against V when the points fall very nearly
on a straight line. On the other hand, the slowly varying part of the curve shows
distinct indications of possessing a maximum in fig. 18, whereas in curves 1. and 11.
it falls away continuously from the initial value. This disagreement at low energies
suggests trouble from the factors referred to above and points to the desirability of
keeping for the present to the high energy part of the curve in trying to find an inter-
pretation of the results. The outstanding feature of this part of the curve is the fact
that it falls away very approximately in proportion to the factor e=*¥, which at once
suggests a Maxwell distribution of energy among the electrons, since this distribution
18 dominated by a factor of this form. I have therefore calculated the currents which
would be obtained on the assumption that the energy of the electrons is a Maxwell
distribution pertaining to some, as yet undetermined, temperature T, and compared
the results of the calculations with the experimental data.

For a small source surrounded by a large electrode the direction of motion is imma-
terial, and it is only the magnitude of the total kinetic energy which determines whether
the emitted electrons will reach the receiving electrode against a given retarding poten-
tial difference. If the distribution is Maxwellian, the proportion with energies between
w and v + du is equal to

/.%—}'i" w due” kﬂf
where A is an undetermined constant and k is BoLTZMANN’S constant. They reach the
surrounding electrode if v ZeV. Hence the current against an opposing potential
difference V is ) C
1= PA_'J." L‘u due” it = A <1 + ;T‘l") o
eV

= 7,'" (l + %) ({—ﬁ,

if 4, is the value of 1 when V = 0, 1.e., the value of the saturation current. If the currents
are expressed as fractions of the saturation value, the proportion of the maximum current,
or, what is equal to this, the proportion of the emitted electrons, having energies between
the limits eV and e (V + dV), is given by

i\ _ ¢ -8
d(;’)>— WVdVC L

The following table of values of these various quantities calculated, to the accuracy
of the slide rule, for T = 1500°K, taking e = 48 X 107 and k = 1346 X 107" will
F2
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be found siseful. These values happened to be computed for T = 1500 In connection
with another matter. However, since all the functions are homogeneous in V/T, they
‘can at once be applied to any other temperature T! by simply multiplying all the voltages

by T!/1500. Of course, in dealing with the values of d <Z—> the appropriate value of the
0
factor f]g,l—‘-v has to be used. This can readily be ascertained for any values of T and dV

from the numbers in the second column of the table.

TasLE IX.

V. I‘% . (1 + %)r% %e-i—rvr

0 0 1 ] 0

0-05 0-398 0-672 _ 0-268
00 | o9 0-452 0-809  0-360

0-20 1.59 0-205 0-528 0%
0-30 2385 0-0926 0-314 o222
0-40 318 0-0418 ‘ 0-175 B 0-133 N
0-50 3-975 0-0189 C 0-0940 0-0751
T 060 477 0-00855 0-0493 C 0-0408

070 | 5565 0-00386 | 0-0253  0-0214

080 6-36 0-00175 0-0129 0-0111

0-90 7165 0-000787 0-00642 0-00563

100 795 0-000356 0-00318  0-00282

1-10 8745 0-000160 0-00156 0-00140

1-20 9-54 0-0000730 0-000768 0-00070

1-30 10-335 0-0000331 0-000374 0-00034
1-40 1113 0-0000148 0-000179

1-50 11-925 0-0000068 0-000088 B

A set of values of £V.¢™ 7 is plotted, on an arbitrary scale, in curve IIL, fig. 17.

kT -

The right-hand part of this shows & close resemblance with the rapidly dropping parts-
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on the right-hand sides of curves 1. and II., but the low-voltage parts of the curves
are quite different. Apart from the difference in shape, the low-voltage parts of 1. and
I1. are much broader than in the case of 111. relative to the rest of the figure. How-
ever, the breadth here is determined entirely by the assumed position of the zero. | In
curve II. this is at 1 volt in fig. 17 and corresponds to the zero in fig. 4. This zero has,
however, been shown to be at least 0:12 volt outside the possible limits for the true
zero a8 determined by the photo-electric data, and it may quite well be out by as much
as half a volt. In that case curve I. would have to come up from the volt axis at about
15 volts instead of at 1 volt, which would have made the curve show a much stronger
resemblance to curve II1. The position of the true zero for the chlorine data plotted
in curve II. is still more doubtful. These curves illustrate well the difficulties involved
in the analysis of the energy distribution unless the position of the zero is correctly
known.

In fig. 18, which refers to the data for COCl, with the cylindrical electrode, the position
of the actual zero is known to within 0:10 volt, and it is obvious that these experimental
points (marked thus ©) show a much closer resemblance to the requirements of the
Maxwell distribution. The crosses in this figure do, in fact, represent a Maxwell dis-
tribution for the temperature T = 3600°K, and the same range dV = 020 volt as the
experimental points deduced from fig. 12, and the full curve is drawn to meet the theo-
retical points. It will be seen that the points given by the experiments are very close
to the theoretical curve, and, in fact, the agreement is as close as could be expected
except in the immediate neighbourhood of the maximum. As has been explained
already, there are disturbing causes which are likely to produce deviations in this region,
and these deviations should be in the direction indicated by the discrepancy shown
by the diagram. It should be pointed out that the only quantity which can be arbi-
trarily varied in fitting the theoretical curve to the experimental points is the single
parameter T. The only other variable entering is the stretch dV, which is already
fixed by the way in which the experimental points are reduced from the observational
data. Given T and dV, the value of the ordinate for any particular value of V is deter-
mined absolutely.

I believe that the data exhibited in fig. 18 furnish strong evidence that the distribu-
tion of energy among the chemically emitted electrons is of a very simple character
and is identical with that which would be possessed by the molecules of a gas at a certain
definjte temperature. The fraction where kinetic energy lies between u and u + du
appears, in fact, to be given by

n  kTET
For COCl, acting on NaKj the value of T appears to be close to 3600° K. The evidence
would, of course, be stronger if it were unequivocally supported by the analysis of
figs. 4 and 7. It may be that too much emphasis is being laid on the uncertain data
and the disturbing causes which affect curves I. and II. of fig. 17. It may be that
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there is something real in the extra width of the low-voltage parts of the Curves. Some-
thing of this kind might arise on the not improbable contmgency that, in reality, more
. than one temperature T is involved. 1t is impossible to give a definite answer to such
questions until more experimental evidence is forthcoming, but another basis of judg-
ment on the data now available may be got by treating them a little differently.
Instead of dealing with the proportion of electrons whose energies lie between eV
and e(V + dV), I shall now calculate the fraction of the saturation current which will
be able to flow against an opposing potential V on the assumption that the initial velocity
distribution is a Maxwell distribution for some temperature T, and compare the result
with the experimental characteristic curves. The values of such currents for T = 1500

are the values of <1 + %) e_%: in the fourth column of Table IX. for the voltages in

the same row given by the first column. FKor any other value T! of T the corresponding

voltages are obtained by multiplying the values in the first column by the ratio %(I)T) .

In determining the appropriate value of T the values of i/i, have been made to fit the
experimental characteristics at 0-314 and at 0-0493. Unless the position of the zero
on the voltage scale is known, it is necessary to fix two points in this way in order to
determine the scale of T. Once this is done, all the other points are given by the corre-
sponding numbers in the fourth and first columns of Table IX,,subject to the transforma-
tion of the voltages in the first column in the ratio of the temperatures. Incidentally
it may be remarked that this process, subject to the correctness of the hypothesis, gives
the true zero as the point at which the value of /i, becomes unity. This affords a
further check on the interpretation of the data. The results of this treatment are shown
in figs. 19, 20 and 21, which will now be considered in turn.
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The full curVe in fig. 19 is a replica of fig. 12, and the crosses denote the series of
experimental points on which it is based. The auxiliary series of points in fig. 12 have
been left out for clearness. The currents calculated as explained are shown by the
points marked thus e, and when necessary the curve joining them is indicated by a
broken line. This line, therefore, gives the characteristic as it would be if it were deter-
mined entirely by the distribution of velocity of the electrons, and if this were a Maxwell
distribution for the temperature T = 3300°K, which is the value given by fitting the
points referred to above. 1t will be seen that the theoretical curve agrees with the experi-
mental characteristic for all retarding voltages exceeding about — 0-:20 volts. There
is a small deviation in the neighbourhood of zero volts which is the counterpart of the
discrepancy between the theoretical curve and the experimentally derived points in
fig. 18 in the same region.  This process places the true zero voltage at — 1 -84 volts in
figs. 12 and 19 ; the limits assigned by the photo-electric measurements were —1-78
and —1 -88 volts, and the value here found lies almost midway between them.

Fig. 20 deals similarly with the earlier data for (‘OCl, given by the spherical electrode.
The full curve is the composite curve of fig. 4 and the points © denote the best single

11 T —T T T T T T T
0,. /.0.{ A| r.’__B_-_ O
; '9 r Fl Go 20. ,’I -
m '
x -8 ¥ i
S
© 6f COC[Z .
N
N ‘St Spherical )
< .¢} Anode. .
N |
&) )
2 -1
/ .
0 I - e - A A
+3 +2 +/ o -/ -2 -3 -4 -5 -6

YoLTs

set of data on which this curve is based. The crosses denote the calculated values
on the assumption of MAXWELL's distribution, the fit at the two assigned points requiring
a value of T = 3000 in this case. The broken lines show the theoretical characteristic
as thus calculated. It will be seen that the agreement with the composite curve is satis-
factory at the higher retarding voltages (shown on the left of the diagram), but that
the deviation in the neighbourhood of zero volts is much more considerable than in
fig. 19. However, this deviation is greatly minimised if the circular points are considered
rather than the composite curve, and it may be that the rather considerable errors in
the determination of this part of the curve have displaced it unduly to the right-hand
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side. In any event the deviation is of such character and magnitude that further
investigation may assign it to causes outside the energy distribution. The true position
of zero volts given by this calculation is + 0-40 volts on the scale and is well within
the limits, marked by vertical lines at A and B on the diagram, set by the photo-electric
observations. '

Tt will be seen that figs. 18, 19 and 20 lead to three separate estimates of the value
of T for the case of ('OCl,, viz., 3600, 3300 and 3000. Of these the first and second use
the same experimental data but treat them in different ways. The third employs
different data but treats them in the same way as the second. The mean of these
determinations is T = 3300°K. 1t is probable that an agreement to within 10 per cent.
of the value of T is as much as it is reasonable to expect at the present stage of develop-
ment of the subject.

Turning to fig. 21, the full curve is a copy of the chlorine curve in fig. 7 and the broken
curve represents the theoretical characteristic assuming a Maxwell distribution, the

Iy T T T T T Y T T
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calculated points being shown by the crosses. The value of T for this curve was found
to be 4350. The general appearance of fig. 21 is the same as that presented by the
COC); data in fig. 20, and, in general, the same remarks apply to both curves. The
triangular ares CDE, which measures the discrepancy between the calculated curve and
the experimental characteristic, is somewhat larger in fig. 21 than in fig. 20, but the
increase is only about in proportion to the greater horizontal extension of the chlorine
diagram corresponding to the higher value of T. Whatever the difference between
the full and broken curves is due to, it is probably caused by similar factors operating
in the case of both gases. The value of the true zero given by the calculated curve in
fig. 21 is — 3-11 volts, which is well to the right of the left-hand limit —2-17 volts
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8et ., ... phOto-electric currents and shown at A. The right-hand limit could not be
determined at this stage. ‘

Another estimate of the value of T for chlorine can be got by assuming that for COCl,
and comparing the widths of corresponding parts of curves such as I. and II. in fig. 17.
Keeping to the rapidly falling parts of these curves, which are comparatively free from
errors due to the uncertain zero and to the disturbing causes in its neighbourhood, I
find that the width from the 66% per cent. point to the 4 per cent. point, is for chlorine,
1-387 volts, and for COCl,, 0840 volt. Taking the value of T for COCl; to be 3300,
1-387
0 -840
higher than the value got from a study of fig. 21, but it will be remembered that the
corresponding operation on fig. 20 also gave a low value for COCl,. Under the circum-
stances probably the best estimate that we can make for chlorine is the mean of the
two values, viz., 4900°K.

In each case the position of the true zero given by assuming the Maxwell distribution
falls within the limits set by the direct photo-electric measurements. If we assume
that the position of this zero is correctly fixed in this way, we can get another check
on the relative values of T. The displacement in volts from the zero to the place where
the current is a fixed small fraction of the saturation value, small enough to avoid the
disturbances in the neighbourhood of zero volts, should be in the proportion of the
respective values of T. The three sets of data give the following results, using 0-05
as the value of the small fraction :---

this would give the value for chlorine as 3300 X = 5450. This is considerably

COCl; Cylindrical anode—

zero. . . . . = 1'84}Displa.cement= 132 volts.
5percent. . . = 0-52
COCl, Spherical anode—
zero . o= 040 (.
.. Displacement = 1 -20 volts.
5percent. . . = 1 '60} opaeEe o
cl, Spherical anode—
zero . . . . = 31 }Dlsplacement = 1-75 volts.
5percent. . . = 1-36

The numbers 1:32, 1:20 and 1-75 are in the proportion 3300, 3000 and 4400, and
are therefore in agreement with the values already obtained.

§ 10.—Thermo-chemical Considerations.

An upper limit to the value of T can be obtained from thermo-chemical data. From
‘ Recueil de Constantes Physiques,” pp. 333 and 339, it appears that the heats of certain
relevant chemical reactions are as follows :— '

VOL. CCXXII.—A. G
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2K + Cl, —> 2KC1 4 208 -1 X 10° gm. cals.

2Na + Cl, —— 2Na(Cl 4 197 x 10° gm. cals.

2C! + 0, ++ 2Cl, — 2C0Cl, + 882 x 10° gm. cals.
20" 4 0, —> 2C0 + 522 X 10® gm. cals.

The data are for solid K, Na, K(1 and NaCl, for carbon in the form of diamond, and
for gaseous Cly, 0,, CO and (OCY,, in each case per gramme molecule, with the equations
as written. 1t is difficult to conceive of any way in which the average energy of the
electrons could exceed the equivalent of the heat of formation of two molecules of KCl
from two molecules of K and one of Cl, ; in fact, it is practically certain to be much
less than this. In general, if H is the heat available in gm. cals. per gramme molecule
we shall have as a limit for T

g =i,
where & is BoL1zMANN’s constant 1:346 x 107", J is the mechanical equivalent of
heat 4 184 X 107, and N is the number of molecules per gramme molecule 6 -2 > 10%.
If we put H = 208 1 % 10° this gives as a limit for T the value 697 x 10®. This is
about 14 times the value deduced from the experiments. However, something has
to be subtracted from the value of H for the unknown heat of formation of the liquid
alloy from the solid constituents, and the assumption that the whole heat of the reaction
is passed on to one electron is only worthy of consideration for the purpose of fixing a
limit for T. It is much more likely that the heat available is evenly divided among the
different atoms taking part in the reaction. The number of these is doubtful owing to
the somewhat uncertain degree of association of the reacting atom with its neighbours
in the alloy. It is also possible that the actual reaction in which an electron is expelled
is not correctly expressed by the equation of the end products written above, but is
some Intermediate reaction, such as
K + Cl, — KCI + Cl
or

NaK, + Cl; —> NaK + KCl + C],

or the like. Insuch a case the value of the heat available may be quite different from that
given by the end products. It is impossible to make any precise statements where
the data are so indefinite, but I feel that when all these factors are taken into account
the value of T given by the experiments on chlorine is a reasonable one. ¢
This position is strongly supported when the value given by COCI, is compared with
that given by Cl,. It is most likely that the mechanism of the reaction is much the
same in both cases, any difference arising mainly from the fact that the Cl, is now
loaded up with the CO group. This would have two effects. 1t would reduce the
total amount of energy available by the difference of the heats of formation of CO and
COClL, t.e., by 18 X 10 gm. cals. for each gramme molecule of COCL;, and it would
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increase by two the number of atoms among which the energy is divisible. Let us
consider a supposititious case in order to see what the effect of these differencés will be.
If we assume 6 as a reasonable number of atoms, including electrons as a special kind
of atom, to be concerned in the reaction which emits an electron in the case of chlorine,
there will be two more, or eight, in the case of (COCl,. Six atoms in the case of (1,
require a value of H = 884 X 103 to give T = 4900. This value of H is about half
the total given by the equation of the end products after making a probable allowance
for the unknown heat of formation of the liquid alloy, and is thus not unreasonable if
the reaction in which the electron is emitted is of an intermediate type. The value of
H for the case of COCl, now becomes 88 4 — 18 = 70 -4, and one-eighth of this is 8 -8,

which on division by : gives T = 2950, a value quite near to that given by

2 d
the experiments. This argument shows that the values of ' deduced from the
experiments are not in conflict with thermo-chemical data so far as our knowledge of

the reactions enables us to apply it.

In conclusion 1 wish to thank my assistant, Mr. J. W. Burrows, for his invaluable
help. I also gladly acknowledge my indebtedness to the (iovernment Grant Committee
of the Royal Society for a grant which has defrayed part of the cost of the apparatus and
materials used.
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IL. The Problem of Finite Focal Depth revealed by Seismomeers.

By Georer W. WaLker, 4.R.C.S5c., M.A., F.R.S., formerly Fellow of
Trinity College, Cambridge.

Recoived March 25,-—Read May 12, 1921.

Tue results discussed in this paper were obtained about five vears ago.  Kxcept for a
brief reference in * B.A. Reports.” 1917 (** Seismology ) they have not been published.
There were two reasons for this delay : (1) additional data were desired in a matter of
somewhat. critical importance in the measured properties of the earth ; (2) my official
duties left little spare tinie for the pursuit of u purely scientific branch of seismology
which required a good deal of tentative numerical computation.

At the present, date it appears that one must abandon all hope that additional resulis
which were expected from Russian observatories can be obtained.  Moreover, it appears
very doubtful if relevant duta from any of the Allied countries can be expected for some
years to come. Accordingly, publication of the results so far obtained now seems
desirable, and may serve to show how urgent is the need for the equipment of a few
seismological observatories capable of obtaining the data that are wanted.

A brief introduction to the problem is necessary, although it covers ground which is
fairly familiar to those interested in seismometry.

If we have complete data giving the brachistochronic time for a seismic ray (say the
P wave) to travel from a given point on the earth’s surface to any other poind on the
surface, it is possible to calculate the way in which the speed of propagation of the ray
varies with the depth. Two ethods are open : (1) we may use the differential equation
for the path of the ray, or (2) we may use the integral equation obtained from this.
Both methods correctly carried out must give the same result, and it is merely a question
of convenience which one adopts. By using & comparatively rough graphical method
based on (1), WikcHERT and Zoprpr1rz showed, about 14 years ago, from their accumulated
data that the speed for the P wave increases from 7-17 km. [sec. at the surface to 12-7
km. /sec. at a depth of 1500 km., while from 1500 km. to over 3000 km. depth the speed
incr@ases but slightly. No data are available for investigating greater depths.

More recently KNoTT (* Roy. Soc. Proc.,” 1918-1919) applied the second method to
the same data as was used by ZoppPriTz, and his results do not. differ materially from those
of the earlier and rougher method.

A very important supposition has to be made, however, before either of these methods
can be applied. That is, that the true focus is either at the surface or so near the surface
that a small correction can be made for it. 1f, however, the ‘focus is at a considerable

VOL. COXXII.—A 595. H [Publixhed August 5, 1921.
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and unknown depth both methods fail, as is obvious from the consideration that, since
all the rfays we can observe must have passed out from the focus, we have no data for
the comparatively large range of distance AB on the surface for which brachistochronic
rays would not penetrate as deep as does the observed seismic ray. In fact, another
unknown element enters into the connexion hetween the observed time curve and the
variation of speed with depth.

A finite depth of focus implies & minimum angle of emergence at some point on the
ecarth’s surface and a point of inflexion on the time curve, and »ice versa. Now, in
considering ZOPrPRITZ’s accepted time curve for P, we recognize that up to 4 = 1000 km.
the curve is probably hypothetical, but from 1000 km. to 13,000 km. there is no indication
of a point of inflexion. It is not until we come to consider GALITZIN'S direct measure-
ments of the angle of emergence that we are confronted with a most marked minimum
angle of emergence near A4 = 4000 km., implying a point of inflexion on the time curve
and a very considerable depth of focus. As (GiaL1TzIN’s observations form the whole
basis of this paper, they are reproduced here (although published elsewhere), as the
reader may desire to have them convenient for direct reference.

TabLe 1.
Epicentral - For . )
| distance. . ;
I A in kilometres. e from time @ computed. ! ol)mervud ot
: curve, Pulkovo.
0 0 99
0] 11 23
1,000 21 27 -—
1,600 30 32 —-
2,000 37 37 —
2,500 44 42 48
3,000 49 47 44’
i 3,600 b3 b2 43
4.000 57 54 42
' 4,500 60 58 43
5,000 63 60 44
5,500 65 62 46
6,000 65 62 48
6,h00 65 63 bl
7,000 65 63 54
7,500 66 63 H8
8,000 66 64 62
8,600 67 64 65
9,000 67 65 67"
9,600 68 66 68
10,000 69 67 70
10,600 70 67 T
11,000 70 68 T2
11,500 71 69 72
12,000 72 70 73
12,600 73 71 73
| 13,000 74 72 74
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The quantity ¢ is called the apparent angle of emergence at the surface, and js defined
by
tan ¢ = Z/H
where
7 is the observed vertical component of displacement

and
H is the observed horizontal component of displacement.

Thus ¢ is the direct subject of measurement by vertical and horizontal seismometers.
The angle e is called the true angle of emergence of the brachistochronic ray. It cannot
be directly measured, but may be calculated from the time curve for P by the formula

cos e ==V, (E ,
aA
where V, is the speed for longitudinal waves at the surface, and 'T' the time is supposed
expressed in terms of the epicentral distance .1,
When the conditions of reflexion are examined it can be shown that for a longitudinal
ray incident

COs ¢ — M 13 (1 -- sin @)},

V, '

where V, is the surface speed of transversal waves.

It is seen from the table that the values of ¢ calculated from ZoppPrITZ'S curve do not
agree with the values of ¢ directly measured at Pulkovo. The discrepancy is so marked
that we may set aside the supposition that the Pulkovo values are merely instrumental
errors. ln a matter so important GALITZIN would hardly have published them if he had
not felt assured that they were substantially correct. There remain two alternatives :
(1) that the ratio V;/V, for Pulkovo depends on the angle of impingence in such a way as
to exactly annul the discrepancy. The probability of such compensation of actual facts
to explain a theoretical formula must be regarded as small, and so we are left with
alternative (2) that within the limits of possible error in the time curve we can modify
it 80 as to agree with the direct measures of ¢. We shall show that this alternative is
quite possible within quite a large range of 4. But we must at once point out the
somgwhat startling consequence of accepting the Pulkovo numbers as correct.

It has been shown that a ray which emerges with a minimum angle must have set out
from the focus in a direction at right angles to the radius vector from the earth’s centre
to the focus. Thus for a minimum angle at 4 = 4000 km. we find that even for a
uniform earth the depth of focus required is about 0:2 of the earth’s radius, or about
1250 km. The actual value may be a little less or a little more, according to the way
in which speed varies with the depth. Anyhow, this is & much larger estimate of depth
than has formerly been suggested, viz., of order less than 100 km.

H 2
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A number of novel consequences with regard to reflexion follow if we admij such a
great depth of focus, so that before showing how a time curve can be deduced from the
Pulkovo observed angles #, we may within advantage consider what is to be expected
ir a uniform earth, as thereby we shall be in a better position to deal with what mpy
be inferred from the observed data.

We shall select for discussion a uniform earth R = 6370 km., depth of focus = 0-2 R,
with V,/V, having the theoretical ratio 4/3, while V; is taken as 10 ku./sec. These
numbers are taken partly for convenience of calculation and partly to get as near as
possible to the actual case.

The times for P and S may be computed for different epicentral distances from the
trigonometrical formula for the paths traversed. The results for epicentral distances
from 0 degree up to 180 degrees are shown in fig. 1. We may note that the point of
inflexion on the time curve is very ill-defined, and might easily escape detection by
direct observations of the time.

The direct measurement of the angle of emergence is, however, fairly precise, and
from such measurements we can, in fact, calculate the time curve more accurately than
we can determine 11, by direct observations of the time.

We may further note that the time increases but slowly for the first 1000 km., and
since the angle of impingence for this region is not far short of 90 degrees, the true P
might escape observation by horizontal seismographs, since the ground motion is almost
entirely vertical. '

Passing to waves reflected at the surface, we consider first waves which maintain their
longitudinal character throughout. We may call them PR ... PR, waves. The
simplest way of computing is to choose the point at which the first reflexion takes place
and then calculate the epicentral distance to the final point of emergence (the station).
The results are shown in figs. 2 and 3, where, in order to lead up to the large depth
of focus, we have first shown the efiect for depth 0-01 R (about 64 km.). We find that
for this depth we cannot get a reflexion at all until 4 is about 23 degrees, and that for
4 > 238 degrees there are two PR waves, the reflexion taking place at two different
points, and they occur at diffgrent times.  For depth as small as 0-01 R we see that we
can proceed to PR,, where » is moderately large.

When we pass to a focal depth 0-2 R we find that the smallest epicentral distance for
which we can get PR is 103 degrees, and beyond this we have two PR’s.  But when we
try tQ calculate the PR, we find that the least epicentral distance is over 180 degrees, and
so we stop. The corresponding times for PR, are calculated and shown in fig. 1, and
We note that the earlier arrival refers to the PR, which is reflected at the smaller
distance from the epicentre. Figs. 2 and 3 are equally applicable to S waves in which
the vibration is at right angles to the diametral plane through focus and station. The
times for the SR waves are shown in fig. J.

We consider next waves which undergo change from longitudinal to transversal, or
vice versa, on reflexion. PS or SP, which for a very shallow focus would arrive together
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on the seismogram, are now totally separate phenomena for a deep focus. Fig. 5 shows
that PS cannot occur until 4 is 149 degrees, and beyond this there are two PS’s for any
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given A. There is no PS, until 4 exceeds 180 degrees, and we do not pursue it. The
times of PS are included in fig. 1. Fig. 4 explains the position as regards SP . . . 8P_.

We cannot get an SP wave at all until 4 = 11 degrees, and thereafter it may continue
to be shown up to 180 degrees, the point at which reflexion takes place approaching the
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epicentre as A*increases. At A = 99 degrees a second SP wave makes its appearance
and may continue up to 180 degrees. The times for these are included in fig. 4, dotted
lines showing the limiting waves SP_.

From 4 =11 degrees up to 1 == 99 degrees the reflexion of S waves with vibration
in the diametral plane through focus and station is complex, and it is thus natural’ to
suppose that this is the region within which the manufacture of Rayleigh waves goes on.
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. SP,, waves. PS waves.

+We should infer that these would not appear until 4 = 11 degrees, but for greater 4’s
we should have a continuous succession of contributions of Rayleigh waves starting
immediately after S. We need not confuse this with the long-wave phase, which
appears to be a crustal phenomenon.

This now completes the effects to be expected for the hypothetical case selected. If
it is desired to look into the question of magnitude of the effects at different points,
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the investigation might proceed by aid of the tables and diagrams ih Phil. Trans.
Roy. Soc.,” vol. 218, A, p. 873, etc. We shall only point out that, on account .of the
large angle of impingence in some regions, some of the P effects would only be shown
on vertical component seismographs.

The preceding discussion on elementary lines of the effect of finite depth of focus has
led to inferences which differ in a very marked degree trom those we are accustomed to
draw from actual seismograms.

Naturally our results are qualitative in the first instance, and we must be prepared
to find quantitative alterations when data for the earth are availauble. For example,
we may be prepared to find that the epicentral distances at which PR, SR or PS start are
Jess than the values we have calculated. [In the case of SR or 'S this may be so (we
have not yet the required data to decide the matter), but in the case of PR, GALrrzin's
data, which we have taken as our basis, settle this at once. Anticipating the proof
which will he given later, we find that PR starts at 11,000 km., which is only slightly
less than the 103 degrees calculated. This, however, implies that the effects hitherto
interpreted as PR,, PR,. etc., cannot be so described, but in place we may be able to
interpret them as SP,, SP,, ete. Their capricious occurrence in practice favours this
suggestion, and direct test can be made by means of the vertical component
seismograph.

There are other possibilities as well as serious difficulties when a deep focus is con-
sidered, but we cannot discuss the problem with advantage until we have the requisite
data. Hence we now proceed to show what may be deduced from GaLrziN's data
themselves and what additional data are wanted before proper tests can be applied.

Fig. 6 shows in graphical form the Pulkovo observed angle of emergence é for various

§ 8 % 8 ¥:%8 ¢
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Fig. 6.

epicentral distances 4. No data are given for 4 < 2500 km., and the dotted part
from 4 = 0 to 4 = 2500 km. is hypothetical. It is certain that € must be 90 degrees
at 4 = 0. '
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From the tormule, p. 8, we have

v, % = {31 — sin &)},
so that we can at once calculate Vy% as a function of 4 from the numbers in fig. 6.
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The results are shown graphically in fig. 7. Graphical integration of the curve now

gives us
I=| {31 —sin?)d4

as a function of 4, whence

T=A+4 %, where A is a constant,

gives T as a function of 4.

Table II. gives the value of the integral 1 for different epicentral distances. Since
ZoPrRITZ’S time curve meets with general acceptance for the purpose of determining
epicentres, we first seek to see how far we can fit our new time curve with ZGPPRITZ's.
Taking first ZoPPRITZ'S value for V,, viz., 4-01 km. /sec., we find that the two curves fit
over the range 6000 km. to 12,000 km. with a discrepancy + 11 seconds, but the discrepancy
rises to 100 seconds at 3000 km. Taking a larger V, one can fit the curves together over
various ranges. For example, taking V, = 5-63 km./sec. we get the values shown in
Table II., where over the range 3500 km. to 8000 km. the discrepancy ranges through
only + 5 secs., an error we might quite well admit. But large differences must arise
towards the epicentre, for on the present view A must be a substantial number repre-
senting the time from focus to epicentre. No special significance is to be attached to
the above calculation beyond showing that in the middle range of distances we need
not make any large departure from ZGPPRITZ'S time curve.

VOL. CCXXIL—A I
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TasLE II.
# | 1/5-63 V | |
[ A& kms. ‘. 1. gecs. socs. Z —1/5-63
0 90 0 0 0 0
500 79 20 4 69 (113)
1,000 69 95 17 136 119
1,500 61 203 36 199 163
2,000 H4 344 61 257 196
2,500 48 512 91 310 219
3,000 44 699 124 358 234
3,500 43 894 109 402 243
4,000 42 1,096 195 442 247
4,500 43 1,299 231 478 247
5,000 44 1,497 266 512 246
5,b00 46 1,688 300 542 242
6,000 48 1,871 332 H72 240
6,000 51 2,044 363 601 238
7,000 H4 2,205 392 631 239
7,500 b8 2,301 418 660 242
8,000 62 2,481 441 68K 247
8,500 65 2,096 461 716 255
9,000 67 2,700 480 T43 263
9,600 68 2,797 497 769 272
10,000 70 2,888 513 795 282
10,600 71 2,972 528 820 292
11,000 72 3,055 H43 844 301
11,500 72 3,133 hhé 867 311
12,000 73 3,209 570 8RR 318
12,500 73 3,283 H83 909 326
13,000 74 8,355 Hv6 929 333

We riow proceed to show how a direct test may be applied to the Pulkovo data, and one
which will give a determination of A and V.

If ¢ is the emergence angle of a ray, then the Pulkovo data gives us two distances,
say, J; and ., for which ¢ is the same. We hence infer that a PR wave will be reflected
at 4, and pass to epicentral distance 2.4, + 4,, and another PR wave will be reflected
at 4, and pass to distance 24, + 4,. E.g., ¢ = 48 degrees gives .1, = 2500, and 4, =
6000, from which we get distances to station 11,000 km. and 14,500 km.

In this way fig. 8 has been determined directly from the Pulkovo data. It shows that
the least distance at which PR occurs is 11,000 km., and for greater distances there are
two PR waves for a given epicentral distance. The curve is in very close agreémant
with the theoretical curve in fig. 2. .

The test of the validity of the Pulkovo data is, then, whether for 4 > 11,000 km. we
can identify the two PR waves on the seismogram. The Pulkovo Bulletins for 1913-1914
show quite a number of records for 4 > 11,000 km., and it would seem desirable that
a careful study of the seismograms for such distances should be made. Should the
search prove successful the curve fig. 8 will then give two distances, 4, and 4,, for which
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»
A=214,+ 4, and 4 = 2., + 1,, and there is a check on this by means of the
measured ¢ for the two waves. Further, if 1, I, and I, are known integrals for .1, .1,
and Jd; and T, and T,, the observed time intervals between P’ and the two PR waves,

we have ,

T, =2A + (21, + 1, — 1)/V;

and *
Tz = 2A + (2]2 + ]1 “ I)/V s

which theoretically suffice to determine A and V.
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It is manifestly a matter of great importance in seismology to settle whether the large
depth of focus suggested by the Pulkovo observations can be maintained. ’

1f confirmation is obtained by the research suggested above, the problem of deducing
the focal depth and the velocity at any depth must be attacked anew. The two things
are related, and it looks as if the process of analysis would be largelv tentative. In any
case, it is clear that the speed at any depth cannot be uniquely determined until the
focal depth is fixed. But one might hazard a guess that a large depth of focus would
probably lead to a smaller variation of speed with depth than has been deduced by
ZOPPRITZ.

An, investigation on S waves might proceed on similar lines, although the relation
between the angle of impingence and the apparent angle of emergence is more complex
than for P waves; ¢f. ‘ Phil. Trans.,’ l.c. ante, p. 378.

The equations are

dT
da’
M 4
EE‘_"_“..-“—“E, where cose’ = AL CO8 e.
Vi sin e V,

122/%

cose=1VY,

tan ¢ =
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’

The meatter is further complicated by the circumstance that for a certain range of 4
the reflexion of S waves vibrating in the diametral plane is complex. Some attempts to
estimate e for S waves were given in the paper referred to, p. 388, but they are isolated
recults, and what we require is a systematic investigation for a large range of 1.

In the ahsence of such data,we may tentatively proceed a little way in the problems
arising from finite depth of focus by adding to the time curve obtained from the Pulkovo
data the values of S — P given by ZopprITz, which are known to be not seriously in error
over the middle range. Although T have made some calculations in this direction. one
cannot proceed very far, and it is an obviously unsatisfactory method. '

Summary.

Observations of the emergence angle of P waves at Pulkovo suggest that the depth of
focus is of order one-fifth of the earth’s radius. It is shown that important modifications
would have to be made in the interpretation of seismograms and in the attempt to deter-
mine how speed of propagation depends on depth. It is further shown that an important
test of the accuracy of the Pulkovo values can be made by a careful scrutiny of seismo-
grams for distances > 11,000 km. Further progress cannot be made until this research
has been carried out, and until we have corresponding measures of the angle of emergence
of § waves by means of three component seismometers.
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INTRODUCTION.

It is well-known that a considerable proportion of the effective resistance of inductive
coils when used at radio frequencies is caused by the eddy-currents set up in the wires
of the coils by the alternating magnetic field in which they are situated, and that in
extreme cases the alternating current resistance may amount to more than one hundred
times the direct current resistance. It is therefore important to have reliable formule
for the eddy-current resistance of such coils in order to determine the conditions which
will reduce the eddy-current losses to a minimum.

The simplest case, that of a long straight cylindrical wire under the action of its own
current, has been treated by KeLviN* RavrrioH,t Heavisipe.l and othere. The
general effect is known as the ¢ skin effect,” because the current tends to concentrate
more and more upon the skin of the conductor as the frequency increases.

The case of two parallel wires forming a go-and-return circuit has been considered
theoretically by NicHOLSON, § and experimentally examined by KENNELLY.|| KENNELLY
found that when the wires are close together, the added resistance due to the proximity
of the wires may be of the same order as that due to the simple skin effect.

NicHOLSON’s theoretical treatment includes the possibility that the dimensions of
the system may be comparable with the wave-length of the disturbance. His formula
is very complicated and difficult to apply numerically. A formula {formula (47)}

* * “Math. and Phys. Papers,” vol. 3, 1889.

1 ¢ Phil Mag.,” vol. 21, 1886.

1 ¢ Electrical Papers,’ vol. 2, p. 64.

§ * Phil. Mag.,” vol. 18, p. 417, 1909.

|| ¢ Trans. A.LE.E., vol. 35, part 2, p. 1953, 19156. Curtis (‘ Bull. Bureau of Standards,’ 1920) has
recently published a formula for this case which gives agreement with KENNELLY'S results.

e VOL. OOXXIIL.—A 596. K [Published September 10, 1921.
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for this case is obtained in Section 8 of the present paper. This formula is shown
(Section 9) to give results in close accordance with KENNELLY’s observations.

In order to reduce the eddy-current losses solid wire is often replaced by stranded
wire in which a bundle of thin separately insulated wires are interlaced symmetrically
with each other, the notion being that the sum of the eddy losses in the individual wires
shall be less than the eddy loss in the corresponding solid wire. LINDEMANN* verified
this experimentally at certain frequencies, but also found that if a solid wire coil and
stranded wire coil were compared at various frequencies, the stranded wire coil increased
in resistance more slowly at the lower frequencies but less slowly at the high frequencies,
until above a certain frequency the stranded wire coil had a greater effective resistance
than the solid wire coil.

Howet has treated the problem of straight stranded wire conductors, assuming the
eddy losses to increase as the square of the frequency, and from his formula has shown
that at high frequencies it is difficult to make the resistance of the stranded wire less
than that of solid wire of equal section.

In view of the extensive use of stranded wire in the construction of coils for high-
frequency currents it is important that the limitations of stranded wire in reducing
effective resistance should be known, so that the present investigation includes the
consideration of such coils. From the formula: obtained, conclusions are drawn in
regard to the utility of stranding and in regard to what degree of stranding it is necessary
to employ, before any improvement over solid wire coils may be expected.

In formulee hitherto given for the effective resistance of coils, one or other of the
following limitations occur :—

(1) The coil is very long.

(2) The frequency is limited to so low a value that the ‘ square of frequency ” law

" holds.
(8) The coil is wound with wire of square section.

The formule deduced in this paper differ from those already established in that—-

(1) The dimensions of the winding sections of the coils are small compared with the
coil radii.

2) There is no limitation imposed upon the frequency.

(3) The wire is taken to be circular.

In regard to (1) it is shown that coils of this type have better alternating-current
time constants than long coils. '

In regard to variation with frequency, the factor governing the upper limit to the
application of the square law is the magnitude of f/R, where f is the frequency and
R, is the direct current resistance per unit length of the wire used. If (in C.G.S. units)

* ‘Deut. Phys. Gesell.,,” 1909, p. 382; 1910, p. 572. * Jahrbuch der Drahtlosen Telegraphie,’ 1911,
p. 561.
t ‘ Roy. Soc. Proc.,” A, vol. 93, p. 468, 1917.
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f/Ry is less than’0-225 the eddy-current losses vary as (f/R,)* to an accuracy of one
per cent. At higher frequencies the variation is slower, the ultimate rate of variation
being as (f/R,)!. A knowledge of these limiting rates of variation enables an immediate
explanation to be given of LINDEMANN’s results with stranded wire coils.

A solid wire in a given alternating field has eddy losses which are a function of
J/Re = ¢ (f/R,) say. If the solid wire is replaced by s strands of the same total metallic
section, the loss per strand in the same field is ¢ (f/sR,) and the total loss in the
s strands is s¢ (f/sR,).

» Thus, as regards the losses due to the general field of the remainder of the coil, we must
replace ¢ (f/R,) by s¢ (f/sR,) in passing from solid to stranded wire.

At low frequencies ¢ (f/R,) = C (f/R,)* where C is a constant independent of the
stranding, so that the respective losses are C (f/R,)* and Cs (f/sR,)’ = C (f/R,)*/s.

The effect of stranding at low frequencies is thus to reduce these losses in the ratio 1/s.

At high frequencies ¢ (f/R,) = (" (f/R,)} and the losses are C'(f/R,); and
Cs (f/sRo)} = C's* (f/R,)}, or the effect of stranding at high frequencies is to increase
the losses in the ratio s*/1.

Since in inductive coils the general field produces the main losses, LINDEMANN’S
results are explained.

(A). EDDY-CURRENT L0sSES IN A CYLINDER IN AN ALTERNATING MAGNETIC FIELD.

(1) The cylinder is supposed to be non-magnetic and to have electrical conductivity k.
Its radius is . The magnetic field is perpendicular to the axis of the cylinder and does
not vary along the axis; otherwise its form is general. The field alternates with
frequency /2w, and the alternations are so slow that the dielectric current ean be
neglected in comparison with the conductance current. This means that the wave
length of the disturbance producing the field is large compared with the dimensions
of the cylinder. On the other hand, the cylinder is supposed to be long enough to
render its end effects negligible.

The procedure is to represent the electric and magnetic forces by rotors* Ee!, &c.
The values of these rotors are found at all points in terms of the (given) undisturbed
field. Then by application of PoyNTING'S Theorem over unit length of the surface of
the cylinder, the energy flow into the cylinder is determined.

This energy flow may be regarded as made up of two portions, one continuous and
the other alternating. The former portion is the energy dissipated by eddy-currents
_set up in the cylinder.

(2) Take the axis of the cylinder as the axis of a right-handed system of cylindrical

* These are the rotating vectors used to represent these quantities on the vector diagram. The term is
chosen to distinguish them from the space vectors which are also involved in the problem.
K 2



60 MR. S. BUTTERWORTH ON EDDY-CURRENT LOSSES

co-ordil‘mtes (z, r, 8). With the assumed conditions the electromagnetic equations
are

Y ¢

in which P, Q represent the components of the magnetic force acting along and
perpendicular to r, and E represents the electric {orce acting parallel to 2. .
Fliminating P and Q, the equation to be satisfied by E is

oE\ , 1 °E _
o a,r< é7‘> + —;T = 4rkwE, . . . . . . . . (2)
the normal solution of which is
E=R,cos n0+S,snn6,. . . . . . . . . (3)

in which R, and §, are functions of r both satisfying the equation
1d ( dR> n’

'rdr dr ?R”:“ﬂan"' N €

Writing A* = —4rkiw and putting = for Az, (4) may be written
¥R, +@—)R, =0, . . . . . . . . . (5)

v

in which
Ng

x

Fla

This is the general differential equation for the BESSEL functions, so that inside the
cylinder the appropriate solution of (4) is

Ro=AJ, ("), - « « o v v v .. (6)

the second solution being excluded, since the electric force is not infinite at the axis.
Outside the cylinder % is zero, so that the solution of (4) is

R, =B +CJr . . . . . . . . . .[(64)
except when » = 0, in which case .
R,=B,log. 7+Co.. . . . . . . . . . (6B)
oE

In order to maintain the continuity of E and v at the boundary of the cylinder,

A,, B,, C, must satisfy the relations
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AJ, (Ae¢) = B,a*+C,[a"
Apad, (Aa) = n (B,a*—C,Ja~ )} e
AJ,(xa) = B, log, a+C,
Apad’, (Aa) = }’

or, expressing A,, C, in terms of B, and making use of the properties of the BEssEL
functions,

C, = B,a™,,., Aa)J,_, (\a)

A, = B//Aat’, (Aa) -
C, = B, {J,(Za)\at’, (\a)—=log, a}

A, = 2uBa"\ad,_, (\a) }
n#(Q

The general solution of (2) is the sum of the normal solutions of the type (3), so that
the electric force may be expressed as a FOURIER series, whose form inside the
cylinder is

E =B —20r) v"B_UN cos (nb+a). . . . . (8)

! A(.IM,’ (A(t) H 1 A 'Tn I(A(

and outside the cylinder is

E,:B(,<log7—'+M‘>+EBv f1+<w> —'i‘—)\—(lncos (nf+a,). . (8a)

‘a Nad’y (Aa) J._1 (Aa)]

The corresponding series for P and Q follow by differentiation using the relation (1).
The combination of the cosine and sine terms into the form cos (nf + a,) is permissible,
since the ratios of the arbitrary constants are the same for both the sine and cosine
series. The values of B, and a, may be determined when the form of the undisturbed

field is given.
(8) Energy Dissipation in the Cylinder.—From (84) and (1) the values of E and Q

at the surface of the cylinder are

E=B‘,x(,+iB,,a"(l-f—x,,)cos(n9+a,,). I )
1

Q=- ﬁ{Bﬁ i‘nB,,a" (1—=x,) cos (n9+a,,)}~. e e o (10)
in which
Xn = Jn-u (Aa)/Jn—l (XCI,)
Xo = Ju(xa)/AaJ’u()\a)=*(1+X2)_%}. o T (11)

If ¢, g represent the instantaneous values of E and Q, the rate at which energy flows
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into the gylinder through a small area do about the point a, 6 is egds /47 by Poxnring’s
theorem, and the integral rate of flow into unit length of the cylinder is

a 8
_jnqda............(m)
4 Jo
Now, by (9) and (10), e and ¢ have the forms Xu, cos (n8 + a,) and Zv, cos (n6 + a,)
respectively.

Using these forms in (12), and remembering that

a

am
’ cos (10 +a,) cos (mh+a,) dd =0, n# m,

0

the integral rate of flow becomes
%(2u‘,'1;0+2u"'v". C e e e e (19)

To determine the products w,v,, the obvious method is to determine the real parts
of the complex coefficients in (9) and (10). The product u,», expressed as a function
of time would then be of the form w, cos ot cos (wf + ¢,), so that the rate of energy
dissipation in the cylinder would be 4w, cos g,. _

" A better method is to make use of the method of conjugates. If U’, V' are the
conjugates* of two complex quantities U, V; w, v their real parts, then

w=%(U+0T), »=3%(V+V),
we = HU+U) (V4 V),

so that

Further, if U, V rotate with time in the same sense, U’, V’ will rotate in the opposite
sense, 8o that UV’ and VU’ will not rotate. The steady portion of uv is thus

}(UV+UV).

Applying this to the present case, the steady flow into unit length of the cylinder
is from (9), (10) and (13)

= L J BoBlo (XO—X’O)+ i: nanan B’n (Xu-x’n) L’
8(:) 1 1 J
in which as before the accents denote conjugates.
Now y, is a function of xa and A\* = +4=kiw, 80 that, putting
P =dvked®, . . . . . . . . .. (14).
Xo = ¢u(2) =ty (2), . . . . . . . . . (1%)

“.(X-“X'n) = 2‘#! (Z),
* If U = Ac®, then U’ = A<~ is the conjugate of U.

x» Mmay be written

from which
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and when n = 0
° ’ 4 4
t (Xo_x o) = 'z'a +%‘/’ (z)

Using these expressions in the equation for W with (B,) for the modulus of B,,

[ € ] 7
w=L [ B 5+ 4 (0) + :);',L(B,)f(,,*-\/,u(:)]. ... (18)
The energy dissipation in unit length of the cylinder is thus expressed in terms of
coefficients B, depending on the form of the applied magnetic field and of functions
Vv having argument z == 2ua (vkw)’. The functions ¢,, . are discussed in the next
section. As regards the coefficients B,, if the components of the magnetic force in the
undisturbed field are P, Q, these components may be expressed in the forms

P, =XKp™ 'sin(nb+a,) ’
!

K, z AR ¢ 1
W = gl K" cos (16 + «,,)
g 1

at all points outside the cylinder as these expressions are derivatives of a potential
function satisfying LAPLACE’S equation and constant along the axis of the cylinder.

Further, by differentiation of (84), similar expressions to (17) are obtained, when
A Is made zero—that is, when the disturbance due to eddy-currents in the cylinder is
removed. These expressions are identical with (17) if we make

B(] = '):(')Ko, Ig,‘ = l.ll)l\',l/7l/.
Hence, using K, in place of B, in (16)

W’:}wL(K(,)’ 2 ()] + SR Py, (z)/n:l. L (1w

(4) The Functions ¢, and ,.— These functions are defined by
Pn (Z) -?“!’n (Z) =d,n (Vl’ll‘:’;z)/‘,w-l (\ :_ZZ)

Series formulse for these functions have been developed by the author.*
The cases n = 1 and # = 2 are the most important ones, and in these cases ¢ and v
may, be expressed in terms of ber and bei functions as follows :—
Let
X (2) = ber* z+bei’z
V (z) = ber”? z+hei” z
Z(z) = ber z ber’ z+bei z hei’ 2

W (2) = ber z bei’ 2z—bei z ber z |

e e e e (19)

* BUTTERWORTH, ‘ Proc. Phys. 8oc. Lond.,” vol. XXV, p. 204, 1913.
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Ther
_2W()_ _42Z(z) _
#O=Ixm " P (20)
_27Z(2) N_4W() 8
¥ (2) = z X(zz)’ ¥ (2) = . V(j) ]

The combinations W/X, Z/X, W/V and Z/V are tabulated.*
In the limiting cases of z very small or very large, it may be shown from the formuls
already cited that ¢, and v, assume the following simple forms:—

g = —22(2n) (2n+2) (2n+4

z small . = #/2n) (2u+2) (20 4) - . (214)
VY = 220 (20 +2)

zlarge. . . . ¢, = —1, . R 1L N (2 §1)

In regard to the limitations of (21a). the following table of values of v, v, (the
functions most generally used) has been calculated :—

l//|. l//-_l. . 5[/1/.’.‘2. 1.;/-_-//,:"‘.

0-0 00000 0-0000 0-1250 0-04167
0-5 0-03119 0-01041 0-1248 0-04164
1:0 01216 0-04149 0-121b 0-0414Y
1-5 0-2458 0-0918 — —
2-0 0-3448 0-1663 0-0862 003908
2-b 0-3770 0-2244 e —
3-0 0-3600 0-2827 0-0400 0-03141
3-5 03257 0-3212 — —

' 4-0 0°2920 0-3389 — -—
4-5 0-2643 0-3408 — —
5-0 0-2416 0-3337 — —

For v, (214) is a good approximation up to z == 0-5 and a fair approximation up
to z = 1. For higher values of n the range of (214) increases.

In regard to (21B), its region of application has not been reached at z = 5, but if
we take a second approximation we find, when z is large,

Py =422—1, Y, =2/2-6. . . . . . .[(2l0)

These formule give the following values for v, V., :—

z = 2 3 4 5
v, = 0-457 0-360 0-201 0-243
Y, =—0-086 0-276 0-332 0-326

* 8avIDGE, ‘ Phil. Mag.,’ 6, 19, p. 49, 1910. Rosa and Grovkg, ‘ Bull. Bureau of 8tands.,” p. 226, 1912.
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[ ]
while the actual values are
Y, = 0-345 0-360 0-292 0-242
Vo= 0-156 0-287 0-339 0-334

so that if z is greater than 3 the values given by (21¢) are fair approximations to
the true values. The values of y, and v/, from z = 0 to z = 5 are plotted in fig. 1.

O-4

{ 1 ! 7

o3}

o1}~

| i
1 2 z 3 Py 5

(6) Eddy-Current Losses at Low Frequencies.—The argument z is related to the
radius and conductance of ‘the cylinder and the frequency of alternation of the field
by the formula

22 = dmhod’,

If R, is the electrical resistance per unit length of the cylinder, the formula may be
written

:9 = 4(1)/R',. . . . . . c e P (22)

The frequency w/2x will be defined to be low when z is less than unity. so that the
VOL. COXXIL.—A. L
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condition of low frequency is < Ry/4. When this holds, formula (21a) applies in
regard to , so that by (18) the rate of dissipation of energy is

W =R, (K)+ T‘; ;91.,( S+ “(K,,) -4”"/211,”(27(-%2)1(. ... (23)
n J

Now by (17) the terms involving K, are due to a field whose components outside

the cylinder are Q,= K,/r, P, == 0. This field can only he due to a current of

magnitude I = }K, distributed symmetrically round the axis and ﬁowmg parallel to

the axis.
Hence the energy dissipation due to such a current is

\V,:%l%(l+,,§d>P L (2
This is the usual formula for the skin effect at Jow frequencies.
If a uniform field 1 is acting on the cylinder, then H = K, K, = K;~ ... = 0,50
that the energy dissipation due to a uniform field H is
W, = ﬁwul‘lz(f/]{(, Coe e e e e e e (25)

The remaining terms are due to non-uniformity of the field.

If the external field is expressed in a FOURIER series of the form (17), and if the
coeflicient of the term cos (w8 -}--a,) 1n the series for Q, has the value L, at the surface
of the cylinder, then this portion of the field contributes an amount

o’a’L? [2n* (210 +2) R,
to the energy dissipation.

The way in which % occurs in this expression shows how unimportant are the higher
terms of the FOURIER series in producing eddy losses at low frequencies.

The assumption that the external field is uniform and has its central value will,
therefore, in most cases give a good approximation to the actual loss when the
frequency is low. In illustration, suppose the external field to he due to a thin wire
carrying current 1, and stretched parallel to the cylinder at a distance D from the
axis. The value of Q, in the plane common to the axis and the wire is 2I/(D — r),

or, in ascending powers of 7,

.)] <
Ih+ﬁ+ﬁ+ >
so that
_2a
L= D D

and therefore the energy dissipation is

W1 1 a1 ‘
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In the extreme case in which the wire touches the cylinder, the sum of the series
becomes '

= —1 = 0'64493.
6

Upon the assumption of a uniform field, the first term of the series would be the only
one employed ; and as this is 1/2, the correction due to non-uniformity of the field is
a multiplying factor ranging from 1-00 to 1-29.

If there are two thin parallel wires and the cylinder is situated symmetrically between
them, the axes of wires and cylinder being coplanar, the alternate terms of the series
(26) vanish, and the losses become

8

40’a?l* o 1 «

R"‘[)J (11()+ﬁ i’? + E):'E])h t --) ' . . . . . . (2/)

if the currents flow in opposite directions in the two wires, and

G R R \ .
DT S e T N L)

when the currents flow in the same direction.
When the wires touch the cylinder, (27) reduces to

72 2 \
4ol (1 — log, L) = 4’1"{1 x 0°5405HD

and (28) to

40)21 2 < 4(1‘212 .
I = = x 0'10438.
T, \ga * o 21 =g X
The uniform field theory would give = 4T % 0:5000 and zero respectively for these
L

cases.
(6) Eddy-Current Losses al High Frequencies.—At very high frequencies

Yy = ...)1/~/~); = ')/\/l_{(,/2m,

so that by (18) the energy dissipation is
W = }v/Roaf2 {5(1((,)9 + ¥ (K. a""}, L (29)

, The first term is due to a current 1 = {K, distributed symmetrically round the axis
of the cylinder and flowing in a direction parallel to the axis, and when this is the only
factor producing the field the energy dissipation is

W, =3vRewf2lt. . . . . . . . . . (30)

This is the formula for the skin effect at high frequencies.

L2
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The emergy dissipation due to a uniform field H is got by putting K, = H,
K,=K,=...= 0, giving )
W, = }H’a”\/R‘,w/Z Ce oo (81)

1f the field is non-uniform, a comparison of (29) with (17) shows that the various
harmonic terms in the field produce terms of equal importance in the expression for
the eddy-current losses.

The examples of the last section give, for the single thin wire,

.2 4 ' a'2:[2

0, ol A  a ==
W = \,/]{c.,m/fl —IT; <l+ D +'l—)“ +) = 1)}‘;’—" X \/RUw/Q, R (32)
and for the pair of wires,
212 s 4 P
W = I(ii"]——)? PVRwf2  or  piea T Ref2, o ... (33)

according as the currents flow in opposite or the same direction in the two wires.

As regards (32), it is seen that the uniform field theory may be applied if we take as
the uniform field the field at the point where the tangent plane through the wire
touches the surface of the cylinder.

(B). EDDY-CUrRRENT Losses IN Two PARALLEL CYLINDERS CARRYING
EQuaAL CURRENTS.

(7) If the field acting on the cylinder is due to currents in neighbouring cylinders,
then, because of the distortion of the current distribution in these cylinders, the external
field acting on the cylinder under consideration is itself variable with frequency, and
the assumption that this field is that which would occur if all eddy-currents are absent
will lead to wrong results. The case of two similar parallel cylinders carrying equal
currents may be solved by considerations of symmetry.

Ba=Tl . Bg=0 040 , B4=0 m B.=0 , 0y =TT
K 1A ‘ 'fE
I |
| ! w
i |
o =P e —— — P *f
i |
R D= 3

(8) Let the cylinders each have radius a, and let the distance of their centres be D.
Take two systems of cylindrical co-ordinates (fig. 2), the first system (r, 6,) having
A as origin and AB as the line of zero 4, and the second system (', 6,) having B as
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origin and BA as the line of zero 6. Consider the field at the point C external to the
cylinders situated on AB and due to two current systems flowing in the two ¢ cylinders
parallel to the axes and symmetrical on either side of AB. By symmetry a, of equation .
(17) is zero; and since 6 is zero, we have from (10), using K, instead of B,. for the first
system of co-ordinates,

- a0 [ N\ dn
tg=§'+:Kn7-"-‘i1—(1) x,,1 L (39)
2 | ( 7 J
for the second system’
!’ . ( an
R R ) N N 1)
r | v/ I

Also, if the currents are equal and similarly directed in the two evlinders,

Khe = — Ku:
if oppositely directed.
K=} K.

Further, (34) may be divided into two portions,

) K“ @ . '1,‘.'11
Q= SR Sme o (86)

and

Qo= SKo"t . .. (87)

the former arising from causes ¢nside the cylinder A, and the latter from causes outside A,
which in this case are located inside B, and therefore Q, has also the value

/ - n
0 - (7 .
(‘\!‘.' = 7 - }].. KI" *'7;:1 x“. . . . . . . . e (58)
Equating (37) and (38),
d . K., & a .
% K,.’)’ 1= T,—— ?_, K’" ;-.7"': Xne . . . . . . . (1;9)

Putting K'n = +Kn, 7 = D-r, expanding the right - hand side of (39) in
ascending powers of r, and equating coefficients of ', a series of equations are
obtained to determine I\, in terms of K,. Now if I is the total current in either wire,
K, = 21, s0 that the method yields the values of K, completely. Thus, in the case where
the currents are gimilarly directed, K'n == —Kn; and on equating coefficients we

.ﬁnd
Ka = =2Iu + (K,a) i+ (Kaa?) e+ ..

K. = =21+ 2 (K@) i, + 3 (Kua?) uix.+ ...
Kyt = =214+ 3 (Ka) u'x, + 6 (Kut?) w'xo+ ... s

in which g = a/D and is less than 1/2.
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Solving by successive approximations to the order u*,

Kl(lr = —-2];1. \(1+;/.2X1+,U.4 (X12+X2) +J'
Koa? = —21u* (1 + 20, + ...) Ce e . (40)
K. = —2];1”(1 + )

In the expression for the eddy-current losses (18) the moduli of the complex quantities
K,, K,, K, are required, which, from (40) with y, == ¢,—1v,, are

(K\)* = 11)1, 20t (2,4 390 = 07) +

(K. = i‘_}:(l + 4+ )

|
o
(K= 2001+ ..) J

Substituting in (18), the energy dissipation per unit length in either cylinder is
given by

W= mI'[ + $r+ Y, {1+,L <‘?(/,,+ -\/Lf>+#“<"</ +13 +%q, =) +ﬂ>J‘j (42)

When the currents are in opposite directions a similar treatment gives

W = ol* [ + 3+ iy, {1+,‘ (ji z¢,)+,‘ <3¢,, — =2, — ﬁ&‘jﬁ'w ‘/'J> ] . (43)

In (42) and (43) the term
(OIA < + i\/’ :)

is due to the ordinary skin effect. Since 2w/z* = }R,. this term may be written
R,I* {1+T (z)} in which F (z) {= §2*y,,} is plotted in fig. 3 up to z = 5. When 2z is
greater than 5, then, by (21c),

F() = (V2e=8)4 . . . . ... (44)

This is shown in fig. 3 by the broken line A.

The next term, uy,,. is due to the proximity of the two cylinders when they are so
far apart that the quantity in { } may be regarded as practically unity. It would,
have been the term obtained hy assuming the current in the second cylinder as
concentrated on the axis and producing a uniform field of strength 2 1/D on the first
cylinder. Including the proximity effect to this order we may write

W=ymﬂuFm+§G@y.... L. (45)
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in which d (=%a) is the diameter of either cylinder, and G (z) = 2%y, is plotted in
fig. 3, its limiting value )

Gi)=G2:=10)8 . . . . . . . . . (46)
being indicated by the broken line (B). '
1 ! T T T 7
0-5}-
©

4 5

Finally the expression included in { } includes the effect both of disturbance of
current distribution due to proximity and of non-uniformity of the field.
At low frequencies, by (214), ¢, is negligible and both (42) and (43) give for { |

T+5u+ A+ ...

This is identical with the result obtained for the thin wire (Equation 26), so that at
Jow frequencies the distortion of distribution due to reaction of eddy-currents is quite
negligible, and the effect of non-uniformity of the field will give in the extreme case
where the cylinders are touching a correcting factor of amount 1-0456 to be applied to
the result obtained by the uniform field theory.

At frequencies so high that (21B) holds, the factor | } becomes

P
2

1—pt 2u
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when the currents are similarly directed, and
<
1-+-3p*+-10p!
when the currents are oppositely directed ; while, if distortion is neglected, its value is
14-p'pt
by (32). Thus the effects of distortion and of non-uniformity of field are equally
important. When the currents are similarly directed the distortion is such as to tend
to reduce the losses, and when the currents are oppositely directed the losses are
increased.
The term involving p* will contribute Jess than 1 per cent. at high frequencies if
D > 2-5d with the currents oppositely directed, and if 1 > 2d with the currents

similarly directed.
To this accuracy we may write for any frequency

Wzgn(,{lm(z)m()D(HII()D,)} © .. (46)
in which’

H )= 4(3 2 224,

1/1

If we assume the remaining terms to be in geometrical progression (46) may be

written
W=§R..{1+F(z)+- Gz) }I‘ . (47
d’ D"
1-LHE)

At low frequencies this formula gives 1-043 as the correction for non-uniformity
when the cylinders touch, and will certainly hold to 1 per cent. up to D = 2d at
extremely high frequencies. -

H (2) is plotted in fig. 4, up to z =5, the curve 1 holding when the currents are
oppositely directed, and 1T when the currents are similarly directed.

Since the effective resistance R’ of a coil system is such that

W = iR'F?,
the eflective resistance (apart from electrostatic capacities) per unit length of a pair of
parallel wires is given by the formula*

R’:R‘,J‘1+F(z)+——-(—'ﬁ—)——%§},. . . (48)

dJ

in which d is the diameter of either wire D the distance of their centres, and F, G, H
are functions of z { = 24/w/R,} drawn in fig. 3 and 4, and tabulated below.

* At extremely high frequencies it may be shown that ratio of the resistance of a go-and-return system
to the skin resistance is given by D/ »/D*—d?. Formula (48) is then 3 per cent. in error when d = 0-8D.
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I T T 1 /

Vavrues of F, G, H in Formula (48).

wf27 = frequency.

¢ =2 /R
~ = A, . . . .
s I, = D.C. resistance of eylinder per centimetre,

H (2).
2. F (). G (2). I 11.
C‘urrents (‘urrents
Opposite. Similar,
00 0-000 0-000 0-0417 - 00417
06 0000326 0-000975 0-042 -4 0041
1-0 0-00519 0-01519 0-0h3 1-0-033
156 0-0258 0-0691 0-092 +0-00]
20 0-0782 0-1724 0-169 - 0-05H6
2:5 0-1756 0-295 0:263 ~0-114
30 0-318 0-406 0-348 -0-152
35 0-492 0-499 0-416 ~0-170
4-0 0-678 0-584 0-466 —0-176
4:5 0-862 0-669 0-503 - 0-18])
5-0 1-042 07565 0530 - 0-18b
Large (vZ2-3)J4. (+/22—1)/8 0-750 —0-250

(9) Test of Formula (48) by Comparison with Expervmental Results.—An extensive
series of measurements of the resistance of a go-and-return system of parallel conductors
has been made by KENNELLY, Laws and PiErcE.*

* ¢ Trans. American Inst. El. Eng.,’ Vol 35, Part 2, 1953, 1915.

VOL. OCXXIL.—A. M
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'
The wire used was copper of diameter 1-168 cm., and the frequéncies employed
ranged from 60 10 5.000 cycles per second, so that the range of z in formula (48) is from
0-84 to 7-7. The spacing (I) - d) varied from 0-03 cnu. to 60 cm., so that the observa-
tipns aflord a very complete check on the adequacy of the formula.
The resistance of the loop, which for direct currents was of the order 0-01 ohm, was

7 T

©0-0090

Durect Current Resistance Ohms

. x Spacing
7 o 80 cm
+ 20 cm
«  84Cm
a oscm
+ 003Cm
X
00080 .
10 15 20 _ 5 30
Temperatore Degrees Cenlig raﬁm.

measured by an alternating current bridge. In this method variation of contact
resistance would probably be the chief source of trouble. As to whether this eflect is
appreciable, may be judged by a comparison of the tabulated direct current resistances
after allowing for temperature variations. In fig. 5 this is done by plotting the
resistances on a resistance-temperature diagram. Of the five groups of observations at
spacings 60 cm., 20 cm., 6+4 ¢, 0+8 cm., 0-03 em., four show to within half a per
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cent. 4 linear increase of resistance with temperature, this increase agreeing with the
temperature coefficient of copper. The fifth group. that corresponding to the spacing
6-4 cm., i1s low. The discrepancy is removed if we suppose the measured resistance in
error by 4 per cent. (0-0004 ohm). .

In the following tables the ratio of nltenmtuw current resistance R’ to the direct
current resistance R has been calculated from formula (48) and compared with the
observed value. This ratio is not independent of the temperature as the eddy-current
resistance varies with temperature in a different way to that of the direct current
resistance. The value of z has been calculated using that value of R which corresponds
to the temperature of the observation as deduced from fig. 5.

Tables comparing observed values of the cffective resistance of two parallel wires
with the calculated values :—

) = temperature of observation.
[ == frequency in cyeles per second.
R == direct current resistance.
Rs—R = increase in resistance due to skin effect.
R, == increase in resistance due to proximity of wires.

R’ = R, |-R,. = total alternating current resistance.

TasLe I.-—Spacing == 60 cn.

|

¢ C. RN I 37 242 | 950 | 256 | 262 | 27-1 | 274 |*>- o |

60 306 R | 1600 | 2040 | 3065 | 3950 | HOOO l

Ry/R... Lol 10047 1-108)  1-560] 2-045] 2-270: 2.7080 3-030] 3-372

Calculated< R,/R o .| Negligible | — - A | - -

R'/R U I R Y 1-108| 1-5600 2-045 2-270 2708 3. uml 3072

Observed  R‘/R .| 1:0038 T-111) 1-08TH 20420 2-27090 2-6940 3-0340 3 %l‘

Difference per cent. w104 02 14 4002 04 Tioen oo [0 l
‘ |

TapLe 11— Spacing = 20 cm.

° C, e 1742 15-2 15-2 16-0 | 14-9 15-2 15-4 15-3 15-4

[ .. .| 60 288 868 1663 | 2061 | 3063 | 3112 | 3860 | hodo
Ry/R el 1-0048 1-106 1-578) 2-120] 2-328) 2-775) 2-790{ 3-0756 3- 472;

Calculated < R,./R co] 0-00004]  0-0006] 0-002] 0-002] 0-003] 0-003] 0-004] 0-004] 0-004;
R'/R ol 100048 1-107 1-5800 2-122) 2-331) 2-778 2-799 3-079] 3-476

Observed R'/R v 100058 1-106 1-584 2-1200 2:313] 2-7566] 2-781] 3-067) 3-446

Difference per cent. [ ~0-] +0-1 —-0:3 |[401 [+0:8 [40-8 405 |40-4 |40-9

M 2
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Tapre T11.— Spacing = 6-4 cm.

|

Ve, o o lises 1189 1198 |24 |27 |29 210 |21-0 [21-6 —
‘ . 6o 26 ) 9923 1465 | 2019 | 1992 | 3028 | 3960 | 5320
Caleulated
R./R 0 1-004R] 1-088 | 1-340 | 1-602 | 1-984| 2-980] 2-268] 2-728| 3-076| 3-470
R,./R .. O-0003]  0-0045] 0-0099] 0-0132] 0-017] 0-021] 0-020; 0-026| 0:031] 0-036

R'/R o 1-0061 1-093 | 1-350 | 1-616 | 2-001] 2-301| 2-288] 2-7H4| 3-106] 3-506
Observed R'/R | 1-0087) 1-100 | 1-354 | 1-640 | 2-037| 2-344] 2-322) 2-851) 3-145| 3-5Hb8
Difference per

cent. ... vl -04 —0-6 —0-3 - 16 -1-8 |-1-9 |~15 |-36 [(—1-2 [-1'D

This group is abnormal on the resistance-temperature diagram. If we assume R’
and R as measured arc both too small by a constant. amount = 0-04 R, the group
becomes normal on the resistance-temperature diagram and gives the following values
replacing the observed R//R:—

Coorrd.  Obsd. |

R'/R 1008 1096 1-343 1-617 2-000] 2:296] 2-275] 2-734] 3-062] 3-466
Difference per
cont. 08 03 |40-5 =02 {40:0 [40-2 |406 |=1-1 [}1-5 |+1-5 |

TapLe 1V.-—Spacing = 0-8 cm.

6°C. oo ... —_ — 16-3 16-5H 16-9 17-2 17-8 18-0 18-3 18-4
I ... 60 239 671 1068 1509 1991 1988 2486 3028 3880 4900
Calculated

Ry/R ...| 1-0050{ 1-073] 1-424} 1-732) 2-028] 2-283 2:280| 2:517 2-744] 3-067] 3-409

Ry/R ...| 0-0062] 0-061] 0-187 0-254] 0-314] 0-382| 0-380; 0-424] 0-477] 0-550 0-620
R'/R ...| 1-0102] 1-134] 1-611] 1-986/ 2-342) 2-665| 2-660| 2-941| 3-221) 3-617} 4-029
Observed
R'/R ...| 1-0124| 1-132) 1-604] 1-981] 2-330| 2-643] 2-638/ 2-912| 3-179 3-587) 3-95b
Difference
per cent. [- 0:2 |40-2 [4+0:4 |]0:8 405|408 |08 |41:0 |-41-3 |40-8 |41-8

The calculated values are in general too high. A spacing 0-85 cm. would give the
following calculated values and diflerences :—

RY/R ...l 1-01000 1-131) 1-602/ 1-973| 2-326| 2-646| 2-641) 2-920| 3-197 3-589 3-998

Difference
per cent. |03 ~01 |-01 |—0-4 [-0-2 |-+0-1 {40-1 |4+0-3 |40-6 |40-1 {40-4
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TaBLE V.— bpa(lng = (- (»3 cm.

— N
i !
°C. ... o2l 1214 21-5 | 20-5 | 21-2 | 210 ) 20-9 | 200 | 211
... 60 236 740 1000 1173 2038 | 3068 | 3918 | bHlT0
Ry/R ... 100080 1-0681 1-464) 1-GhHR| 1-995] 2-31 274 3-06 I S48 |
(lulculatcd{R,./R v 0-015) 016D 0-7540 1-00 | 1+37 | 1-83 | 2:h6 | 3-00 | 372
R'/R ... o 1-0200 1-243) 2-2250 2-66 | 3-37 | 4-11 ] 530 6-1h | T-IR
Observed R'/R ... ol 017 1-244] 24231 24688 3-460[ 4-2720 55221 G-449) 7512
Difference per cent. 03 =01 |04 |- 1] 32 3-0 4-3 H-0 ‘ -4-h
|

. The calculated values are in general too low, but, with so small a spacing R’ is v:m‘ing
rapidlv. The formula gives the following values of R’ /] \\h(‘n the wires tnm]l

$ i l
R/R... ... .. I 1-021) 1-258] 2-288) 2:75 | 352 | 4-35 | D-61 ( 657 i O
l)lﬁervnu per(unt l 10 4 FO- 7 1246 | +2-2 t 1-7 ’ P14 1 l R4 16 ‘ P27 i

In Tables 1. and I1. the skin effect is the only one of importance and very good agree-
ment is obtained. These tables really check the experimental observations as the skin
effect formula is well established. Tables IV. and V. form the real test of the proximity
effect. 1t is seen that the small discrepancies are sufficiently accounted for by a slight
adjustment, (0-5 mm. at most) in the spacing. In Table 1I1. the skin effect is pre-
dominant, but there is a rather large discrepancy. It is noteworthy that this group
also shows a discrepancy on the resistance-temperature diagram, and that both the
discrepancies arc removed if we assume the measured values of R and R to he both
in error by 0-04 R.

(C) LosseEs IN PARALLEL WIRE SysTEMs AND IN SnHort CoiLs.

(10) When the field acting upon the cylinder is uniform and has magnitude 1, then
by (18) the eddy-current losses per unit of length are given by

W = i‘m(ll')}'{n\,//l (:)
or climinating w by o = 2°R,/4, and putting § 2*y,, = G (2), 2a = d,
W= iR, &GE)HL . . o (49)

Consider a system of parallel wires each of diameter d and occupying a square space
of side D. Let these wires carry equal currents 1 in the same direction. Then, if the
spacing is not too close, the currents may be supposed to he concentrated on the axes
and producing uniform fields acting on the other wires. The field acting upon any wire
¢ may be written H, = 21k,/D where k, is a numerical quantity depending upon the
distribution of the wires and the position of the wire s in the system. By (49) the eddy-
current loss in the wire s due to the field of the neighbouring wires is

W=tk La@r . .. (50)

. s Dl
per unit of length.
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If there are n wires each of length [, the total loss due to the proxinﬁty of the wires
will therefore be
2 n
IR LG (2) Tk
D¢ 1

or if the wires are connected in series to give a total direct current resistance R = R,nl,
the added resistance due to the proximity of the wires is

d?
R, _u”RI)‘ iz), . . .. .. R (31)
m which
'u,,_=.1—ﬁlc,,. Y 13
o

and depends only on the geometry of the axes of the wires.

The totul resistance (apart from capacity effects) is got by adding the skin effect to
(52) so that the formula for the alternating current resistance R’ of the parallel wire
system 1s

R'=R{H-F()+,,,,I°f.(,()}. (39

This formula may also be applied to circular coils if the winding section is small in
comparison with the radius. 1t remains to determine the values of w,.
(11) Single Layer Systems.—1{ all the axes lie in one plane (fig. 6), then, numbering the

wires 1, 2, 3...... $....n from left to right,
k,=—1 P T
s s+ H=—§

.

From this formula the following values of k? are calculated :—

s n=4 fn=28§ n =16 n = 24
1 3:35 6-70 11-00 14-00
2 0-25 2-10 5-06 7-30
3 0-25 0-61 2-82 4-63
4 3:35 0-06 1-61 3:14
5 0-06 0-89 2-16
6 0-61 0-42 1:49
7 2-10 0-14 0-98
8 6:70 0-02 062
9 &ec. 0-36
10 0-18
11 0-06
12 0-01
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These ana similarly deduced results give for v

ny

= 2 4 6 8 10
u, = 1-00 1-80 216 2-37 2-51
n o= 12 16 24 32 inf.
u, = 261 274 2-91 300 3-29
(
0-8 ﬁs 6 —08
o6 —0©
o4 o4
A
o2~ : —oz
B
_0.2\._ —‘-0'2

ONONONONONONONONONONONONONONON®

Fig. 6. Single layer 16-wire system. .
Curve A shows the distribution of effective resistance produced by eddy-current losses due to the proximity
of the wires.
Curve B shows the distribution of the losses throughout the system.

The value of v, when n = o is obtained as follows. Consider a long strip of width
I composed of N/ parallel wires each carrying a current I. The field ut a distance x
from the edge in this strip is 2NI log (! — «)/x. and the mean square field is

* S I 4N212 { 2]-.‘{' .
=4 j“log ' da

ey (1 1] '
= 16N*] (,]—_‘.’7 +-3—-, — +)
= §=*N°I%
But since N =1/D,
H,? = 4NT*u,,
so that
Ltw-—o u, = ‘&’7"2 = 3'2899.
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{

The tapulated values of u, when plotted against 1/n (fig. 7) enable the value of u,
to be determined for any number of wires.

™ T

3

Fig7

Urny

2

1 1 (

(el o2 . o3 o4 o5
n

(12) Distribution of Losses in Single Layer System.—The energy loss in the wire s,
due to the fields of the other wires, is proportional to & From the table for £ it is
seen that this is greatest in the end wires. Thus, in the case of four wires, 93 per
cent. of this loss takes place in the two outer wires and only 7 per cent. in the two
inner wires. For a greater number of wires, if the system is divided into four equal
gections the distribution of loss is still such that approximately 93 per cent. of the loss
oceurs in the two outer sections. This may be of importance in measurements of
eflective resistunce based on the determination of the increase in temperature of the
system, and account should be taken of the possibility of a temperature distribution for
alternating currents different {rom that for direct currents.

(18) Distribution of Resistance in Single Layer System.—The distributionof eddy-current
losses throughout the system does not represent the distribution of effective resistance.
In fact the energy required to produce the losses in any wire is supplied by the currents
flowing in the other wires, and therefore the other wires behave as if certain resistances
were added to them.

In order to determine these equivalent resistances, consider two coils (I) and (II)
carrying currents 1,, I, which produce fields acting on a cylinder carrying no current.
Ultimately these currents will be assumed equal, so that for simplicity they will be
considered in phase. Let the fields in the neighbourhood of the cylinder due to these
currents have intensities

Ho=al, H,=8L . . . . . . . . . (54

and let them be inclined at an angle ¢.
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By (49) the éddy-current loss in the cylinder is

W =y (H + H,*+ 2H,H, cos ¢)
= y (12481 + 28T, con ) . . . . . . . ():))

» = iR, &G (2).

in which

Now, instead of the cylinder being present, suppose the two circuits carrying the

currents I,, I, to be linked by the resistance system shown in fig. 8. The rate of
dissipation of energy by this system is

W= 4 R+ R4+ R, (1= 1,)!
= (R4 L) (Rt B) L=, o (06)

W’ is identical with W if the resistances have the values

R, = 2a (a+f cos ¢) v, R.=28(3+a cos ¢)y
R, =—2(aB cos ¢) v o

In the case 1, = I, no current flows through R,, so that the potential differences
produced by the eddy losses in the cylinder are thensuch that they may be represented
by the resistances R,, R, in series with the respective coils.

Applying to a single layer system, suppose we require the resistance to be added to
a wire s which would represent the contribution of s to the eddy losses in the whole
systeh. Let the wire s be the coil (1), another wire r be the cylinder, and the
remaining wires be the coil (I1). al is the field acting on 7 due to the current in
s, Bl is the field acting on r due to the currents in the remaining wires, so that
(a+B cos ¢)1 is the nett field acting on r resolved in the direction of al. Since in
the single layer system the fields due to individual wires are collinear, (a8 cos ¢) 1
is the total field in which the wire 7 is situated. It is to be regarded as positive
when the field due to s is the same sense as the total field.

VOL. CCXXIL—A. N
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Hence if H, is the whole field acting on r, and H,, that portion of the field contributed
by the wire s, the Tesistance to be added to the wire & to imitate the eddy losses in the

remainder of the system is

1{,,=3I;l{'ré:'H,,-H,+ b HH} L. (58)
r= r=8+1l
Remembering that
_ a1 _2I/1 1
H"_(r-—s)D' H'_ﬁ<r+ 'n+fr>
(58) may be written
2
R, = u,,,RD,G() Y (:1:))

where u,, is a numerical quantity depending on the number of wires and the position
of s.

The general distribution of resistance is sufficiently illustrated by the case of a 16-
wire system The values of u,, for this system are found by the above method to he

1 2 3 4 b 6 7 8
8§ =
16 16 14 13 12 11 10 9
Uy, = —0-19 --0-08 0-17 0-22 0-25 0-27 0-28 0-29

The values of u,, when added should give the value of u, for the whole system. Thus

8=1¢

% u,, = 2-74, and this agrees with the tabulated value of w, for the 16-wire system.
8=1

As regards the negative value of w,, for the extreme wires, it must be remembered
that the equivalent resistances for each wire are such as to imitate the potential differences
producnd by the eddy losses in the wires, and it is quite possible that the phase relations
may produce a rise in potential in phase with the current in part of a system. The
only condition that is essential is that the value of u, for the whole system shall be
positive. Curves A and B of fig. 6 (p. 79) show the distribution of proximity resistance
and of loss respectively for a 16-wire system.

(D). SiveLeE Laver Souip Wire CorLs.

(14) Single Layer Coils. Effect of radius of curvature of Coils.—A single layer circular
coil, whose width of winding is small compared with the radius of the coil, differs only
slightly from a straight parallel wire system, so that formula (53) will hold for a coil of
this kind as a first approximation. The slight differences which ocour, due to helicity
of winding and owing to the fact that the wire (regarded as a cylinder under the
action of a transverse field) is curved, are probably too small to be measurable and
the mathematical difficulties too great to make a theoretical treatment possible.

A more important difference is the modification of the transverse field acting on the
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individual wires. In a straight single layer system the field acting on one wire is per-
pendicular to the surface of the layer, but in a single layer coil not only is this normal
field modified but there also exists a component of the field acting along the surface of
the layer. The case where the number of wires in the coil is large will alone e
considered.

Solenoidal Coil.—Let the mutual inductance (M) between two equal parallel coaxial
circles of radius a and separation b be written

- M=draf(2a/b). . . . . .. . . . . . (60)
Then*

(k) = log du—2+}, (log 4w +4)=45 1 (log 4u—4})

+-23556%(]0g du—488)+... . . . . . . . (61)
so long as u < 1.
From this expression it is readily shown by differentiation and integration that the
radial and axial components of the field at the point on the prolongation of the surface
of a cylindrical coil distant ¢ from the edge are given by

= 2nl {f(za) —f<,'“:’£\)

H, = 221 ACALT N (329

Jaalh 4 ¢ d[l. ,U.2 >

n being the number of turns per unit of length and I the current.
When ¢ is very small, Hy tends to the value H,—#, in which

H, = 2u1 log

b+¢ (63
E,........(()

and is the field due to a straight strip of width b, while

};:27&{% , (log 4p—3%)—4% ‘(lt)g4y—»,},)+256—(]0g 4p — 2}],)} . (64)

1
,L
p = 2afd.

H, tends to the value

By = onl {982 — % (log 4 = 1)+ &, Jy(log u—1)= s - (log 4u—38)+..| (65)
p = 2afb.
To find the normal and axial components at any point on the surface of the coil,

* BuTTeERwWORTH, ‘ Phil. Mag.,’ vol. 31, p. 216, 1916.
N 2
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divide the coil into two portions A and B to the left and right of the point in question.
Then the two components of the field are

(H—H)=(h=F),  Hy+H,

where the accented letters refer to the field due to the portion B, and the unaccented
letters to that due to A. H, — H’, is the normal field for a straight strip, and 2 — &'
the correction on the normal field due to curvature, while H, — H’, is the field tangential
to the layer due to curvature.

Formulse (64) and (66) give the following values for 2 and H, :—

b/2a h/2nl H,/2nl
01 0-025 0-369
0-2 0-079 0-595
0-: 0-149 0-767
0-4 0-229 0-902
05 0-313 1-010
0-6 0-400 1-096
0-7 0-486 1-167
0-8 0-569 1-225
0-9 0-651 1-273
1-0 0-728 1-313

from which the values of A — 4’, H; -— H’; may be calculated for any point on the surface
of a coil if 1/2a < 1.

For the eddy loss formula we require the mean square field acting on the coils ; that is,
denoting H, — H’, by H, A — A’ by H,, H, + H’} by H,, we require the mean value of

(H-H,)’+H}* = H*-2HH,+H+H,?

throughout the surface of the coil.

As regards the integrations required in determining this mean value, the integral of
H* Jeads to the straight system formula; that of H* and H,;’ may be carried out by
approximate methods, since H,* and H,* are finite throughout the range of integration.
The integral of H-H, is obtained as follows. Choose the length of the coil as twice the

1+

unit of length so that H/2nl = log I 2 at a point on the surface distant  from the

-z
centre. Suppose H, may be expressed in the form

H, = a+Bx+y®+d*+....

The integrals required are then of the form

1 1+x
xflog dax.
j_: & l=x
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When s is even these integrals are zero, and when s is odd have the values

\

4 1
<1+,&+};+...+ ‘,)

s+1

Neglecting terms beyond z* in the series for H,
f HH, de =401 (B+39). -
-1

There is no need to evaluate g8 and § for H, (x,) — H, (—ux,) = 22, (8 4 dx,%), which
immediately gives 8 4 30 if we put »* = 2/8. Greater uccuracy may be ohtained
by suitably choosing a series of values of z, &c., to take into account the higher terms
of the series, but the above expression is sufficient, for the present purpose.

The evaluation of the integrals by the above methods leads to the following table of
values for w, in applying formula (53) to solenoidal coils of length 6 and radius a.

SiNGLE Layer Solenoidal Coils. Radius == a. Length = 4. w, in formula (53).

b/2a = 0-0 0-2 0-4 0-6 0-8 1-0
v, = 3-29 363 4-06 450 4-93  5-28

The assumption u, = 3-29 + b/a will give results which do not differ by more than

2 per cent. from the above values.
Flat Coils.-- By methods similar in principle to those used in determining the values of
) I I

u, for solenoidal coils, the following values of w, have been found :—

SiNGLE Layer Flat Coils. 7 = inner radius. R = outer radius.

r/R = 10 0-9 0-8 0-7 0-6 0-5
u, = 329 3-36 358 3-84 4-24 4-78

(15) Single Layer Coils at High Frequencies.—When z is greater than 3, F (z) and G (z)
assure the simplified forms

F(z) = (v/2:-3)/4, G (2) = (v/22—-1)/8,

8o that formula (53) becomes
R=a+Bz, . . . .« « . . . . . (66)
in which

a = 4R (2—u,d*/D?), B = i‘?i(‘zm,,d’/r)”).

Now w,d?/D* seldom exceeds 6, so that «/8 will usually lie between + 0-7 and — 0-4.
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Even when z is as small as 3, « is therefore less than }8z. For most purposes it is suffi-
ciently accurate to take

R = Bz N (14
From the relation 2* = 44 /R, we may write
2= 00470V fIR, = 830[V/R'\, . . . . . . . (68)

in which f is the frequency in cycles per second, A the wave-length in metres, R’, the
resistance of the wire of the coil in ohms per 1,000 yards.

Hence (67) becomes ’ B
R=Arx=AS . . 0 . . . . . . (69)

where A and A’ are given by
g )

(70)

|

A = 1467 (24 u,d*D*) R/x R,
A =847 x 104 (2 +u, D) BRI\ TV,

(16) Comparison of Formula (69) with Experimental Observations.——LINDEMANN
and HUTER* have measured the effective resistances of a series of single layer coils over
a range of wave-lengths to which formula (69) is applicable.

Their method was to bring the coil into resonance’with an air condenser at. the required
wave-length and to measure the effective resistance in this condition by adding a known
non-inductive resistance and observing the reduction in current. The method measures
the resistance of the whole circuit of which the coil is a part, so that the resistance of the
coil may be deduced if the resistances of the non-inductive portions of the circuit are
known, and the condenser is assumed to be free from loss.

Their results included four solenoidal coils wound with thick solid wire, and for these
coils they found that the effective resistance could be expressed in the form

R= ANX+BL . . 0 . (T

The data given by LinvEMANN and Hi'TER for these coils enable the value of A in formula
(70) to be calculated. The results are given in the following Table, which includes also
three other coils measured by a similar method at the National Physical Laboratory.

1t is seen that the value of A as calculated from formula (70) is in good agreement
with the value of A determined experimentally. In the calculation, the value of u,
taken has been the value given in the short table for solenoidal coils in Section 14.
These values have been deduced upon the assumption of a large number of turns.
Calculations based on the value of w,, as deduced from a straight system containing
the same number of wires as there were turns in the coil, were found to give a value
of A which in every cuse was lower than the value deduced from observations.

* ‘ Verh. Deutach. Phys. Gesellschaft,’ vol. 15, 1913, p. 219.
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TaBLE.—Effective Resistance of Single Layer Solenoidal Coils.

Dia- Induct- . Range
Radius | Length Turns meter | Direct | ance Experimental. Caloula- of '
Coil.| @ b urn of ('urrent L | | ted Obsr. | Wave-
cm. cni. . wire |R ohms. | micro- A, length
d mm, henries.| A. B. metres.
1 1565 1-8 7 2:2 — 36 9-H | 2:14 100 104 L.H. —
2 97, 26 11 2 0-0382 43 11-8 21> 101 11:2 L.H. 100
3500
3 11-3 2:0 13 0-71 0-425 75 26-1 |74 »10'| 25-5 | N.P.L. 150
. 600
4 |10-0 6-5 18 3 - 80 14:3 |7-0 ~10%] 13-2 L.H. -
b 9:8 215 156 1-1 — 84 25:H |7-0 »10'| 25-6 L.H. -
6 11-7, -0 13 0-71 0-444 100 490 [6-8 ~10'| BO N.P.L. 200
600
7 8-7, 7-3 40 1:62 0-193 320 56 1-7 ~10%| 56 N.P.L. 600
15600

The direct current resistances were not known in the cases of the coils 1, 4, 5. For
the calculation of A, their values were deduced from the dimensions of the coils using the
resistivity of copper as given by the known direct current resistance of Coil 3.

It was to throw some light upon the properties of the second termi (B/A*) in LINDE-
MANN’S equation that the three coils marked N.P.T.. were measured. Coil No.6, which
was wound with D.8.C. wire and held together by wax and silk without any other frame,
was measured first to confirm LiNDEMANN’S results.  The observations are given below
for this coil and are typical. In the Table, R, is the measured resistance of the coil.
R’ is obtained from R, by dividing by (1 — «°L.C)’, where C is the measured self
capacity of the coil. The values of A and B are deduced by plotting R’,/x against A~
(formula (71)).

CoiL No. 6. L = 100-0 microhenries. C = 20 up F.

A R, R’ - . R’
metres. ohms. ohms. Al B/ (formula (71)).
206 7-2 b0, 3.4, -6, B0,
229 6-2 4-6, 3-2, 1-3, 4:b,
v 260 5-2 41, 3-0, 1-0; 4-0,
294 4-3 3:6, 28, 0-T4 36,
360 35 31, 26, 0- b 3-2
463 2-8 2-6, 292 0-3., 2-64
500 2:6 2:4, 2:1 0-2; 2-44
543 2:b 2‘3x 2']0 0'23 2'33
584 2-3 2:3 2:0, 0-2¢ 2:2;




88 MR. S. BUTTERWORTH ON EDDY-CURRENT LOSSES

Coil No. 3 was of bare wire and supporled by eight pieces of ebonite upon which equi-
distant grooves had been cut to keep the wires in position, these ebonite pieces being
spaced equally round an octagonal wooden frame. The arrangement involved no metal
except the wire of the coil. Coil 3 approximately imitates Coil 8, except that the insula-
tion had heen removed and the spacing increased. Coil No. 7 was wound on a wooden
frame with 1).8.C". wire and no wax. It is included in the_table to increase the range
of inductance and to put a severe test on the curvature correction for ,.

In regard to the second term in formula (71), it is interesting to notice that if B is
divided by 1, the result is of the same order of magnitude for all the coils tested although
the inductance increases nine fold. Thus :—

Coil No. : 1 - 2 3 4 5 § 7
B/L” = 16-3 116 85 10-9 99 7-2 16-7

A leakage of conductauce G would contribute a term “L*G to the expression for the
effective resistance. In terms of wave-length this becomes 3-56 L*G/\* if X is in
metres, L in microhenries, and G in micromhos. In order to imitate the resistance
B/3* by such a leakage the value of 1/G must range from 0+2 to 0-4 megohm to give the
values observed for B.

As to whether leakage is the cause of the second term in LINDEMANN’s equation, and
as to whether it lies in the coil or the remainder of the circuit is a matter which requires
further investigation. There is no doubt, however, that the first term of LINDEMANN's
equations may be closely predicted by formula (69).

(17) Conditions for Minvmum Eddy-Current Losses in Single Layer Coils.—The
inductance of a single layer solenoidal coil of radius @ and length b may be written

L=47ra1)2X/])2, e e e e e e (72)

in which 1) is the distance apart of two consecutive turns and X is a function of a/b.
The effective resistance of the coil is by (53)

R=R1+F+2GD* . . . . . . . . . (73)

where F, G depend on the frequency and diameter of wire only, while u, is a function of
a/b. The values of X and w, for the range of a/b 1-0 to 2-4 are given below, the latter
being obtained by interpolation from the table of Section 14, and the former from
RavLeien’s formula

X = log, 8a/b—-1/2+0?[32a* (log, 8afb—=%). . . . . . (74)
afp = 10 1-2 1-4 1-6 1-8 2.0 2-2 24
u, = 4-29 4-10 398 387 3-80 3:73 3:69 3:66
X =

1-651 1-816 1-958 2-084 2-1956 2-296 2-388 2-466




IN CYLINDRICAL CONDUCTORS, ETC. 89

With wire of a given diameter, the value of R’/L depends upon the values of D, a. b.
If the length of wire (I) is also fixed, ¢ may be expressed in terms of I, D and b, since

l=2xabfD. . . . . . . . . . . (75)

Writing D = ¢d, b = 4a we have from (72), (73), (75)
0 £ (1+F+0,Gle") ) ;
R/L = R(T4) s N ()

The minimum value of R’/L is required for variations of ¢ and ,; the former gives
the best spacing of the wires with a coil of given shape, and the latter gives the best

shape.
Best Spacing.-—(76) is minimum with regard to vanation of ¢ when
g =3Gl(1+F),. . . . . . . . . . (7
and then
|
/ AN u LAY
{/L_§R<)P) 3G (14 F) "x.. S (W)

Condition (77) shows that at the best spacing the proximity losses are one-third the
skin losses. If the best spacing is not employed, then, writing R’/L == 7, and letting
7o & be the values of =, £ when the spacing is best,

ofro =4 (&) {3+ (&fer . . . . . . . . (79)

from which the following values are found :—

¢é(=DbMD)= 06 07 08 09 10 1-1 1-2 1-8
r/r, =1-120  1-0563 1-019 1-:004 1-000 1-003 1-012 1-023
gé= 14 15
7[r,= 1:037 1-055

Best Shape.—Keeping the best spacing, the best shape is that value of a/b which will
make (a/b)! u,!/X a minimum. The following values are obtained from the table given

above for u, and X :—
alb = 1-0 1-2 1-4 1-6 1-8 2-0 2-2 2-4
X/u (afb)} = 1-147 1-165 1-172 1-174 1-172 1-167 1-161 1-152
so that if condition (77) is possible the best shape is a/b = 1-6, and then
’ R/L = 1872R (/PP {G(1+F)yH . . . . . . . (80)
‘When z is very large, F = 2, G = 1/22/4, so that at very high frequencies
R//L = 0'557Rz (dfl*)},
R = 4plf=d?, 2 = 27 d’[p,

R//L = 315 (fpfld)}. Coe e e . (81)
VOL. OCXXII.—A. o

or with
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1f the frequency fis not sufficiently high for the approximation to hold, (él) must be

replaced by
R[L = 5 () (fpfid)}, . . . . . . . . .(81a)

in which y (z) = 315 |G (1 + ¥)*}{/z and has the following values :--
2= 15 2:0 2:5 3:0 3-5 4:0 4:5 5-0 o

v(z) = 3-81 3+ 6] 3:53 3-48 3-43 3-41 3:39 3:37 3:15

It is seen that v (2) does not vary much throughout a large range of frequency, and if
the formula

RL =84 lfpfid)s . . . . . . . . . . .(818)

15 used this will represent the best value of alternating current time constant attainable so

long as z is greater than 2. Taking for copper p — 1,600 C.G.S., expressing f in terms of

wave-length A (in metres), and supposing Li to be in microhenries, I and d in centimetres,

/L = 2:85/+/1dA.
Thus A in LINDEMANN’S formula cannot be less than

A =235 1L/\/.

min

In illustration we have for coils‘ No. 1, 2, 3 of the table of Section 16,

A, =171, 86, 22

“»]Jile nimn.
A A = 075, 0:73, 0-86.

The ratio 2-35 L/Ay id may be taken as a measure of the efficiency of any coil.
Cordition that Equation (77) may be satisfied.—Since, if the best spacing is used,
a/b = 1-6 is ulways the best shape, we have from (77), with u, = 3-87,

(Dfdy =1161G/1+F. . . . . . . . . . (82
This gives the following values for D /d :—
2 = 10 1-5 2:0 2:5 3-0 35 4-0 4-5 50
D/d = 0-425 0-88, 1:36 1-70, 1-89 1-97 2:01 2-04 207,
z = 60 7-0 8:0 9-0 10-0 inf.

Did = 2-14 2-17 2-20 2-22, 2-24, 2-41

Now 1)/d must always be greater than unity in practice, so that if z is less than 1-6,
close winding is the best. When z exceeds 1-61, spacing rapidly becomes advantageous,
the best spacing at very high frequencies being D = 2-4d. As regards departure from
the best spacing, the table of =/r, shows that the time constant will vary by less than
1 per cent. from the best value if D/D, lies between 0-85 and 118, by less than 5 per cent.

if D/D, lies between 0-79 and 1-28.
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If cloge winding is employed (keeping a/b = 1-6), the losses at high frequencie's will be
42 per cent. greater than when the proper spacing is employed. Fig. 9 summarizes the
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Fig. 9. Single layer solenoidal coils— Solid wire.

R’ = Alternating current resistance, 1. = TInductance.
T = R'/L , To = Minimum R'/L.
z = 830/ \/RTJ . R'a = D.C. resistance in ohms per 1,000 yards
A = Wave-length in metres,

Frequency high if z > 2.
At high frequencies best shape is a/b = 1-6, best spacing (average) is Djd - 2.
At low frequencies best shape (average) is a/b = 1-4 and close winding 18 the best.

resultg of this section. The full curve gives the best spacing, and the broken curves show
the limits allowable if losses 1 per cent. and 5 per cent. greater than the minimum losses
are permissible. The figure may be used to grade coils for different ranges of frequency.

Thus the 5 per cent. limit will be attained if below z = 2 we make a/b = 1-4* and
employ close winding, and above z = 2 we make a/b = 1-6 and space the wire so that

* Between z = 0 and z = 16 the best value of a/b rises from 1-2; (the steady current value) to 1-6. The
value afd = 1-4 will never produce a loss exceeding by 0-2 per cent. the minimum loss.

o2
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D = 2d. In estimating, for a given diameter of wire, the wave-l‘ength at which
spacing ‘should be employed, the formula

Rax=172,000 . . . . . . . . . . (83)

(deduced from (68) with z = 2) is useful. Thus, with No. 28 S.W.G. wire, R/, in ohms
per 1,000 yards is 140; so that if A is less than 1,230 metres, spaced winding should
be used.

Flat Coils.—A similar treatment for flat coils has yielded the following results :—

Spacing becomes advantageous at practically the same value of z (viz., z = 1-6) as
that for solenoidal coils. At any value of z greater than 1:6, the best ratio of inner to
outer radius is r/R = 0-60, and the best spacing is 1-04 times that for solenoidal coils.
When both these conditions are satisfied the eddy-current losses in the flat coil are
5 per cent. greater than those in the solenoidal coil wound in the best way with the same
wire. When z is less than 1-6, close winding is the best, and the best ratio of radii
varies from 0-4 to 0-6. The value r/R = 0-5 will therefore be the best ratio to take
for a range of working from z =0 to 2 =1-6.

(E). Svare LayeEr STRANDED WIRE CoiLs.

18. Single Layer Stranded Wire Coils.—1f ‘we replace the solid wire in a coil by a
number of insulated parallel filaments of the same copper section and connected in
parallel, the direct current resistance of the coil will be unaltered, but for alternating
currents the distribution of current between the filaments will not be uniform unless
the filaments are interwoven in such a way that they traverse similar paths.

As a non-uniform current distribution will cause increased losses, and twisting will
produce increased length in the filaments, it is a matter for invéstigation as to what
gain may be expected by using stranded wire coils.

It will be assumed that each strand traces out a helix about the axis of stranding,
the angle of which is a. Actually the radius of the helix will vary along a particular
strand ; but this need not be considered in getting the average result, as we may pass
from one strand to its replacing strand, and thus keep at the same distance from the
axis throughout the length of the stranded wire. The further assumption that « is
constant throughout the section will assure that there are the same number of strands
in the same axial length of any layer whatever its distance from the axis.

19. 1f 7 is the direct current resistance per unit Jength of one strand, the skin resistance
of each strand in unit axial length of the wire is

ro8ec a |1+ F(z)}

where 2* = rkwd’, § being the diameter of one strand. Upon this must be superposed
the resistances representing the losses due to two fields : —

(@) A field H, due to the strands in the same turn of the coil as that in which the
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strand in question is situated. This field is normal to the axis of stranding and tangential
to the cylinder on which the strand is wound.

(b) A field H, due to the remaining turns in the coil. This field will also be assumed
to be normal to the axis of stranding, and will have two components H, cos 6 tangentiul
to the cylinder and H, sin ¢ normal to the cylinder, # being the angular position of the
element under consideration.

Thus an element of one strand is situated in a nett field whose components tangential
and normal to the winding cylinder are H, + H, cos 9, H, sin . These may further
be resolved into components along and at right angles to the direction of the element,
viz. :—

H, = (H,+H, cos ) sin a,

Hy, = (H,+H, cos 6) cos «, H, sin 6.

Now, as regards the axjal component of the field, it may be shown that if a cylinder
is placed with its axis along the direction of an alternating field, the losses in the cylinder
are one-half the losses which would occur if the cylinder were placed at right angles to
the field.

Therefore the loss in an element dx of one strand due to the fields H,. H, is by (49)

AW = Lrdr&G (2) (Hy +3H,2).

Now, as we pass along one strand, the value of ¢ increases uniformly as we are rotating
relative to the field H,. Hence the average loss in one strand is got by replacing H,*,
H,* by their mean values throughout a complete cycle of 6 ; that is, H,* H,* are replaced
by

sin® a (H*+£H), cos* a (H+ §H)+4H,?

The loss per unit arial length of the stranded wire is thus
W =l secali(z) 8 {H (1 -4 sin*a)+ H (1 =% sin o).

(20) Since each strand carries the same current, the value of H, at a distance r from
the axis is 2I7/a,?, where I is the whole current and @, the over-all radius of the stranded
wire, the number of strands being assumed large.

Again the number of strands crossing an annular belt of width dr in the cross-section
of the wire is 2rs dr/a?, s being the whole number of strands. The mean value of H?

throughout the section is therefore

in which d, = 2q,.
The field H, is the same as that for the corresponding solid wire coil, and the mean
value of H,® throughout the coil is 4u,1°/D* D being the distance apart of consecutive
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\ 1
turns. Using these values in W and adding the skin losses, the following formula is
obtained for the effective resistance of a stranded wire coil :—

—‘)‘—( —§sina)+ ( —} sin® “)}‘] . (84)

. R’ = R,seca| 1 +F (2) +8*8G (z)‘i{d‘

in which

R, (= r,/8) is the direct current resistance per unit length of the equivalent solid wire,
8 = No. of strands,
8 = diameter of each strand,
o = angle of twist,
d, = over-all diameter of stranded wire,
D = separation of turns in coil ;

while in the calculation of F and G, 2* = xkwd.
(21) 1f the twist is so small that sin a == a, (84) becomes

R = T{.,[1+F+e‘a‘(;(d }‘)';>+§a jl+F+&u,,(‘i)'§‘ 1] ... (85)
The correction due to the twist will therefore he less than 1 per cent. if « < 0-14
radian (8°). In determining the most efficient coil only the main term in (85) need be
considered.

(22) The quantities fixed will be taken to be the length of wire, the number of strands,
and the diameter of each strand. Under these conditions it is clear from (85) that the
best value of d, is d, = 1), as adjustment of d, will have a negligible effect on the
inductance. Then

B = R{1+F+I)J(1(2+ot,,)] L. (86)

The best value of D and shape of coil then follow by a method identical with that for
the solid wire coil, except that sé replaces d, and 2 - u, replaces wu,.
The method gives as the conditions for the best time-constant

alb=15. . . . . . . . . . . (87)
(Dfsdy =1776G/0+F) . . . . . . . . (88)

and the value of the time-constant is then 1
RJL =1111y()VFoflsd, . . . . . . . . (89)

y (z) being calculated from the diameter of a single strand using (814).

(28) Limus of Application.—The quantity sd* is the diameter of solid copper wire
having the same section as the copper section of the stranded wire, so that if it were
possible to pack the circle D entirely with copper, D*/s&* could never fall below unity.
Actually the limit is greater than unity, partly because the wire is circular, but also
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because of twisting and the need for symmetrical distribution. Thus if three wires
each of diameter ¢ are arranged so that their centres form an equilateral triangle, the
diameter of the cylinder in which these wires can be twisted is

(142\ 3)nd = 2°155n8,

in which n is a factor greater than unity, introduced to allow for insulation between
contiguous wires. Denoting D?/sé* by u? the value of p for the three-wire system is
1:244n. 1f three three-wire systems are twisted, then, assuming rigidity, the over-all
diameter of the resulting nine-wire system is (2:155)° #d, and the value of u is
(1-244) n.

(ienerally, if the operation is repeated p times, the result is a 37 system for which

D =(2:155)7 ud, o= (1244)" 0.

Applying this result to (88), it is seen that, as G/(1 4 F) increases with frequency, there
is a lower limit of frequency below which the conditions may not be satisfied. 1f we
depart from the condition of best internal space the resulting increase in R//L follows
a law similar to that for solid wire. 1f we allow a 10 per cent. variation, the actual value
of u may rapge between 0'63 p, and 1:75 u, where y, is the ideal value of u, and this
may be used to extend the lower limit of the range of application. At the higher
frequencies, although G/1 | F tends to the finite value 1/2, the spacing required is so
large as to give unpractical coils.

If we set as practical limits to » the values 1:1 and 3-3, and allow a 10 per cent.
variation, the wave-length limits for copper wire of the usual gauges used in stranding
are given in the following table :—

TaBLE giving Limits of Application of Formule (87), (88). (89). .

A = Wave-length in metres.

Wire No. 8.W.G. 42 40 [ 38 ; 36 "
No. of strands : 1 ’
A 0 0 ' 0 0
3 |
A 430 630 960 | 1870
A 10 10 | 20 | 30
. 9 1 {
A 600 850 1330 | 2150
A 80 120 180 ' 290
27 !
A 900 1290 | 2030 : 3200
A 140 200 300 | 500
81 |
A 1270 1800 2800 4500
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The shorter wave-length assumes n = 3-3 and the longer wave-length assumes n =1-1.
If we introduce a third system with n == 2-2 for the mid-regions, a choice of one or
other of these systems will enable the time-constant (89) to be secured to within 10
per cent. throughout the range of the table. The table shows clearly the transference
of the applicability of the results to the regions of lower frequency as the stranding
becomes finer. The observed inferiority of stranded wire coils at short wave-lengths
is thus due to lack of internal spacing at these wave-lengths.

(24) Comparison of Stranded Wire Coils with Solid Wire Coils. —Assuming both coils
to have the same length of wire, the same total copper section and wound to give the
best time constants, the ratio of the time-constants is by (814) and (89),

Plr= 110y (2) sy (s), . . . . . . .. (90)

since 88 = d* and z is proportional to d.
In (90) +' = R//L for the stranded wire coll and = that for the solid wire. Now, the
ratio y (2)/y (s*2) lies between 1 and 2‘ for all possible values of z and s, so that the

formula
dlE=r2ft . 0 L 0 0 0 0 0 (91)

may be taken as comparing the two cases.
For the 3-system we have therefore

s - 3 9 27 81
N () 069 053 0-40

when the same length of wire is used in both coils.

If coils of equal nductance are compared, the conditions are different, as the spacing
for stranded wire coils is not the same as that for solid wire coils. In fact, throughout
the range for which spacing is advantageous,

D =2d

for the solid wire coils, and for stranded wire coils on the 3-system having the same

copper section,
D = (1-244)" nd.

For coils of the same shape and of radius @, the inductance L is proportional to
a’/D* and the length of wire ! is proportional to a*/D. Hence, to keep the mducta.nce
constant, I’/I) must be constant. We have then

lx D% a D"

and from (89)
R’/IJ oc D-I/'.
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Thus, if accented letters refer to the stranded wire coils, the relative values,for equal
inductance are

(TIY = (afa) = (1244) nf2

fr = 1°2[s'" {(1°244)p nf2}"
in the extreme case, when s = 81, p = 4. n =33,/ = 1-58], ¢’ = 2-5a, v'[+ = 0-82.

(25) Mod:fication of Formule when Strands are few in number.—The value of the
field H, was calculated on the assumption of a large number of strands, giving
H'=8I*/d? If there are two touching strands each of diameter 4. the field acting
on one strand due to a current I/2 in the other is 1/3, and d, (the diameter of the
circumscribing circle) is 25. Hence, for this case, H;* = 41*/d,>. The factor 2/d* in
the formula (84) must therefore he replaced by 1/d2 With three strands whose
centres form an equilateral triangle of side 8, H* = 41?/38* and d, = 2-155), so that
2/d,? is replaced by 1-55/d2.

With four strands in square order, the centres form a square of side §, H? = 9I*/8
and d, =2-4145; 2/d* is replaced by 1:65/d>. These new values react on the
conditions (87), (88), (89); the ““ shape’’ condition (87) is practically unaltered. The
“spacing ”’ condition (88) gives slightlv too high a value for D, viz. :—

and

S=2 3 4
D/D, = 0-90 0-96 0-97

where I, is the value calculated by (88) and D the true value.

The factor 1-111 in (89) must be replaced hy 1:054, 1078, 1-084 when s = 2, 3, 4.
These differences arc small, so that the theory may be safely applied even when the
strands are few.

(F). MaNY-LAYERED CoILs.

(26) Coils of Many Layers.—Let the winding section of the coil be b x c. Let ¢/b
be small, and let b be small compared with the radius of the coil. Let there be m layers
in the depth ¢ and » turns per layer.

The field at any point in the section will have two components H, and H, parallel
to b und ¢ respectively, which will act independently in producing eddy-current losses.

As regards H,, the field acting on a single wire is the same as that for a single layer
coil for which D = b/mn. Thus the added resistance due to the action of H, is

}7*RG (z) (mndfb),

d being the diameter of the wire and R the direct current resistance of the coil.
As regards H,, each layer behaves as a current sheet having current density nl/b,
VOL. COXXIL—A. P
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In the ipnmediate neighbourhood of the sheet the component of the field parallel to

the sheet is
I = 2enlfb

and reverses its direction as we pass through the sheet.
Assuming & to be constant throughout the depth ¢, the field acting on the first layer
is (m — 1) h, on the second layer (m — 3) k, and generally on the »* layer (m — 2r — 1) A.
The mean square value for all the layers is therefore

1 {m=1Y4+(m=38P+(m—=s)+...-/m = (m*=1) K¥[8 = §=* (m*=1) (nI/D)".

Upon applying this result to (49) it follows that the added resistance due to the
action of H, is

7 (m*=1) RG (2) (nd[b).

Adding these resistances to the skin resistance, the formula for the resistance of a
many-layered coil is
R=R{1+F+3*(2m*=1)(nd/b)!G}. . . . . . . (92)

The corresponding formula for & stranded wire coil is obtained by replacing F by
F + 25°*G/d,} and d by 8. ¥ and G in this case are calculated, using the diameter
of a single strand.

Assuming that the correction for curvature for the many-layered coil is of the same
form as that for the single layer coil, the following formula includes all the previous

formulee—
R=ROA4+FLMG) . . . . . . . . . (93

in which for solid wire coils
; M=u,@m*—1)(md/b} . . . . . . . . . (99

and for stranded wire coils
M = 2(sdfd,) +ra (2m*~=1) (ms /0. . . . . . . (95)

(27) Best Conditions for Many-layered Coils.—1{ different coils are wound with the
same length and diameter of wire on the same shape of frame, and with the same
spacing between the wires but with different radii, then the inductance will vary as
m! while the resistance will be of the form

o+ Bm?,

a =R {1+F=u,(ndf0) G}, B = 2u, (ndfb) G.

m which

At low frequencies F and G are negligibly small, co that increasing the number of
layers will always improve the time-constant. At high frequencies the best time-

constant is obtained when
a = 38n°,
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which gives '
6m'+1 = (1+F)/Gu, (ndfpy. . . . . . . . . (96)

Assuming the condition such as to make m large,
6 (mndfby = (1+F)/u,G, . . . . . . . . (97)
an expression determining the total number of turns (N =m x »). With this value
of N we obtain from

L= 47N2ax<;—)‘>, I = 2raN,

the relation
o _ 20 b a1+ F
L= rd a X (\('w/.“G)

for the inductance of the coil, and this leads to the same value for a/b as for single-

layer coils, viz. ;:—
afb = 176, w, =387, . . . . . . . . (98)

When both conditions are satisfied
RJL = 1187y (2)Vfpfld. . . . . . . . . (99)

When z > 1, condiuion (97) with «, = 3-87 shows that (mnd/b)* < 3; and since nd/b
is of the order unmity, m will not exceced 2. Many-layered coils are therefore only of
advantage when z < 1. When this is the case, G = 2¢/64 and F is negligible.

Condition (97) may then be written, when a/b =16,

Nd/b = 1'66/2*;

or, expressing z in terms of wave-length and diameter, and assuming the wire to be of
copper of resistivity 1600 C.G.S. units,

N=28x10"%a/d* . . . . . . . . .(100)

A being the wave-length in mecres, a the coil radius in centimetres, and d the diameter
of the wire in millimetres.
For stranded wire coils of the same total copper section the conditions are

alb=1-6
N =28x10""as/d® . . . . . . . .(101)
while
RIL = 1187y () V.fpllsd, . . . . . . . .(102)

d being the diameter of the equivalent solid copper, é the diameter of one strand,
s the number of strands, and 2 is calculated from the diameter of a single strand.
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Thus the gain in time-constant by using stranded wire is 1 /s! ; but, in addition, a larger
number of turns, and therefore an increased inductance, may be obtained with stranded
wire, while maintaining the best conditions.

'(28) Design of Coils of Large Inductance.—If a coil of large inductance is required
to have minimum effective resistance at a specified wave-length, the conditions

alb=1-6,
N =28x10"Navsd, . . . . . . . . (A)
together with the formula for the inductance
L=255N%, . . . . . . . . . . (B)

determine the radius, shape and number of turns for a given diameter of wire.
Usually these coils are required to resonate with a condenser of given capacity.
In this case, if C is the resonating capacity in micro-microfarads,

AP=3855x10"LC. . . . . . . . . . (O
Eliminating L and )\* between (A), (B), (C), we find
a® = 1'4x10%d%sC,

a relation independent of the number of turns. Thus, whatever inductance is used,
the coils must all have the same radius if wound with the same type of wire. In
illustration, let the wire consist of nine strands, each of diameter 0-2 mm., and let the
resonating capacity be 1,000 up F.
Then
8§=9, d=+/5)=0-6,
from which
a=9 cm.

Thus, if L = 20mh, N = 297. As the winding length b = 5-6 cm., this could be
arranged by having 6 layers of 50 turns each. To avoid large self-capacities the
winding should be  sliced.”
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IV. The Influence of Satellites upon the Form of Saturw's Ring.

By G. R. Gorvssrouvau, I).Se., Armstrong College, Neweostlo-on-Tyne.
’ a 7 1

Commaunicated by Prof. T. 11, HHAvELock, FLRN.
Recoived February 17, —Read May 26, 1921

§ 1. Tutroduction.

IN his " Adams’ Prize Essay ™ for the year 1856, Maxwernn, showed that the rings
of the planet Saturn could only be stable for small disturbances on the theory that
they were composed of meteorites sufliciently small.  This has been confirmed sinee
by spectroscopic evidence and”is now generally aceepted. Tu continuanee of  the
same idca, the various divisions of the rings have hecn accounted for by presuming
that, in those positions where a single particle moving in a cirenlar orbit about the
planet would have a period simply commensurate with that of one of the nearer
satellites of Saturn, instability would result.  This idea has been fully emphasized
recently by Lowkni.t His observations at Flagstaff have disclosed a large number
of additional divisions in the rings (see Appendix to this paper).  They have the
appearance of fine lines traced on the surfuce of the rings.  Tn cach case Loweknn is
able to show that the divisions oceur at intervals of periods commensurable with that
of satellite Mimas. The periods have the ratios such as ¥, %, 3, 1, & LoweLL
has stated the argument for this view in ‘ Bulletin,” 32, p. 189.  1f' the action of one
body upon another revolving about a third be examined by the method of the
ariation of arbitrary constants, in the expressions for the periodie inequalities
in the radius vector and the longitude, there appear terms of  the type
[Cl(pn—gn/)]cos {(pn—gn')t+4 QF, where n and 2/ are the mean motions of the
perturbing and perturbed bodies, p and g are integers, and the remaining quantitics
are constants. It is clear that when the ratio nfi’ is approximately equal to gfp,
then the inequality will hecome very large.

We may take a satellite of Saturn as one of the bodies and one of the particles
forming -the ring as the other; if nfn’ = gfp, approximately, then the particle will

* MaxweLl’s ¢ Collected Works,” 1., p. 258.
t LowkeLL, ¢ Observatory Bulletin,’ No. 66.

VOL. CCXXII.—A 597. Q [ Published October 13, 1921.
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depart considerably from its unperturbed path and collision with othtr particles will
result.  “Tn this way the divisions in the ring have been explained.

Some doubt has been cast upon this theory, and it has been shown* that even
when nand #' are commensurable, a closer examination of the motion leads to the
conclusion that the denominator will not vanish,

It is also noticeable that this explanation takes no account of the attraction of the
numerous particles upon one another, which may be considerable.

A re-examination of the matter is made in the present paper.  As the satellites of
Saturn are all approximately in the same plane as the ring, the problem is formulated
in two dimensions only.  The satellite is assumed to follow an unperturbed circular
orbit, and the problem reduces to a slight variation of the “ restricted problem” of
three bodies.  We shall eonsider the effect of this satellite upon a number of particles
forming u single ring round the planet, subject to their mutual attraction as well as
that of the sutellite and of Saturn,  The actual Saturnian rings are supposed to he
composed of a number of such rings arranged concentrically.  These will have some
cffect one upon the other, but, for the present, this effect is disregavded.

In his paper, MAXWELL considered the single ring of particles only.  Ile found
that the equations of motion eould be satisfied by assuming that the particles rotated
round the primary in a cirele with suitable angular motion.  He then examined the
effeet of a small arbitrary disturbance upon them, and his results show that the
disturbances would remain small i’ the masses of the particles were sufficiently small.
That is, the ring would be “ ordinarily ” stable.

In the present paper the plan is different.  The disturbance of the ring of particles
by the satellite is examined, with a view to determining under what conditions the
departure from a certain fixed cirvele will be large. 1t s clear that ift the departures
do become large, collisions with adjacent rings of particles will result, and the particles
will Teave the vieinity of the original circle irrevocably.  Tn this case a division in
the ring will result. Tt is with this meaning that the terms stability and instability
have been used in the paper.  But, as will be pointed ont again in its proper place,
the orbits in which the departure from the circular form does not become great with
increase of time may yet become *ordinarily ” unstable it further small arbitrary
displacements are imposed upon them.

The results of this paper will therefore indicate some, but not necessarily all, of the
positions of divisions in the rings due to instability of whatever kind,

In §§ 2 to 4 an analytical theory is fully worked out on the supposition of equal
particles in each ring. Tn §5 it is shown how amendments may be introduced to
cover the case of unequal particles.  The application to the Saturnian system is given
in § 6, and the last paragraph summarises the results obtained. ‘

* TISSERAND, ¢ Méc. Céleste,” vol. iv., p. 420.
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§2. Formation of the Equatious.

Lot M be the mass of the primary and 2/ the mass of the principal satellite whicel)
18 assumed to deseribe an unperturbed circle round the primary.  Take the origin at
M. Let there be » particles forming a ring round the primary, subjeet to attraction

from M. 2/, and one another, and let the mass and co-ordinates at time ¢ of particle A

be my, 7, 0h. I the co-ordinates of w/ at the same time are », ¢, then the motion

of particle A will be produced by forces which are the derivatives of the funetion

Mo ' wlr . m
= o (0 —6) P Y
.

A A, * Dy,
TS
— X =2 cos (0.~ 6,):
w0
where
A,\:' — ,,./'J }- ";.2-“2!")) COS (9/—-9)\)4
and

D2 = n2 40 =2r0 cos (6, —6,).

The equations of motion of m, are then

ol*r, - ('rlf_),\)” _ r"‘_l‘:

L S AL R I |
ot* dr e
e ()
1d ey o 17F ]
podt V0 7, 08,
As we are assuming that m/ describes an unperturhed cirele,
» = and O = ot

where oa” = M+m’ = M, with sufficient approximation.
Let us assume now that the remaining particles are moving in the vicinity of the

vertices of a vegular polygon of radius «. Then we may put

Py =+ Pa.

O, = ol +tet+N. 217/71;—{- T

for all values of X from 1 to », where p and ¢ arc assumed small, so that squares,

products, and higher powers of them and their first derivatives with regard to the
time may be neglected.

The equations (1) now reduce to

Q 2
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—'-]-2 —2aw -@n’ — oo —w’ = (;\F> +‘ ( &F ) 'W
ll’2I)A = ll’ * ) p}\ - a')')\ 0 P“ ' E\'),\ 0
R AY
F(r 00 ﬂn v \ (‘,)
llm+2 _Zu._.(.‘_f!\) 0P \ e ¢
dr ot 2, 00, g o, EHA p
2o (0
m 1\ H DHA 0 J

In order to determine the derivatives, we write in the formula for Ay, ¢n = o —0,,

and a = /i, Then

A,\~] =

/

ﬁ_-_,'.

14 a?=2a o8 ¢y |
) .+, cos gt

b+ D cos ¢+

-

J

1
/
§

by FOURIER'S series.
This series will he taken as abgolutely and uniformly convergent.

We find then

a " ! o . A ’
¥ - M-L.MA + w:, u. —j-'—" + ...+ ‘,b‘ cosigp+ ... L 7% COB ¢
)y AN | Cot oo

<, [m—=r,co8(8,—6,)  cos(6,—0 N
- am, l — ]T bt + —""—7 ; —'J ,
L -TAu n

M4 om’ .
P o A s (B D cos g L
P rAer, [ 7 e’ (200 ' ¢ )

—-Em,,{ 1 3 (=, (‘()hh(_’ —6)) :'
= DL Dy,
[mg (6,=6)) , 3 Ira—r, cos (B,=0)} {1, —7a cos (B,—6,)}
I" ’ ) - h
NG D,,
L 2eos (6,-6,)

3

", i

3
Puy

“F m’ g e m' .
.‘.‘.f‘r“-(,\—;;—(,\—"— = ',’ \( ({)l sin (/7% +‘II)‘ 811 (h+ ...)—;,—.;Slll ([)
i A .

[ r,sin (6,—6,) _ 3 {ry—r, cos (6,—6))} rur, 8in (6,—=6)) -
"L ‘ D,*

D,
_sin LG —6,)
72 _

LX)

=

(au—02),

, o) M — M
D’m&_ﬁ;) - —1-2 81 (H“—O‘)J’

m’ . .
— — Bl ¢+ 2m ;
N ¢ " M [ D, # ",

Ap

LF (cor +ib, sinigp+ ...)
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p“rﬂr 5, [ e (bysin p+ ... +1h sinfgp+ ...)
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m b e
— sy (oo b, 8N g )
r
w81, 8in (8,=6,) {r—7r, cos (6,=—60,) |
_‘..,7N“ = Cea
H { I);AA I
4 | (B =6) _ Brsin (6, —6h) ru =y cos (6, 0,)]
il R TR ), *

. _
+ -= 8in (0, —6,) | p,,

7"

. o'F ' . . m/
Xa =[~ — (®h cosi¢p ... ) 4 — co8g |
R )

T YINE 7
1aC0,08, LA

+ > [Eﬂﬂ‘ﬁ&_ H,\) _ 3)'~2"A Hi“{(ee‘,—_,("\‘)
e M 3 L)AM{,

3
H )’LA

»

In the summations of the right-hand members, u takes all nte
I to n, except u = A,
The zero values of these derivatives are obtained by putting

» =, " = @,

0 = o't +, = of + ¢+ 7\27/;4.
‘Whence

A = @+ =2 cos ¢

where ¢ now is
(m —-m)l-{—e —e—A2 7r/n ;

and’
Dy = 2 sin (n—2) =/n.
Then
MA4my, '/ db b, oom!
oF/[er), = =~ (F == ~—c(~4 eoo ) = =5 COK ¢
(@F/er.), o geos it L = con g

- 1
* 14 sin (u—A) 7r/)

__\
T

(@ _[2(M o .
z,( i =[__,(‘__t1n) + I (bt b cos g ..)

Pu Siye gipe
’ (')\(,““

»

— ’J—‘ COR (H,‘-—(ﬂ) (rr,. '_'TA)-

wral values from

4 ,€08 (u—2)¢ n-/u: ,

. 1 3 { '
-2 T )
T \Bat win® (u—A) wfn Ba’ sin (u—r) 7/n f e
x, L co8 (n—=2) 27/ ) 3 4 2 cos (u—A) '.31r/_{4J '
v L8d sin® (u—=A) mfn  8a”sin (u—A) wfu o P>
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e (’\J

- ’
m' g m .
[ - (bysing+...+¢h8inig...)— L q.“ T

o, [ e lum) ol sinu=) 2efa]
=+ 20 [h((, sin® (/l"?\) 7T//( 4 o .(”" ”A),

M

’ ’
), . . . M. .
— (.. +ib sindg .. )= T8I0 ¢
“

\, ’ ous_(,u )\M o __l )2 l
k ’ [446 gin® (u—A) wfn & it (p=x) 2for

/
y/ ’) . N M *
- [i £ (b, win g+ .o +ib, 8 i)
.

[
(AN

y l . . .
— 2 (D sin gt ... 41D, 8N AL, )— Sa
(( "o

[ ’kcos!;;—— 7:&_[ lm

* |8t sin® (u—n) wfu |

- ¢
. d cos (,u 7"/“ 4 i 8in (ﬂ—-)\) 2 ‘n’/u]p,,,

+ 'm Bet* sin® (u—A) =/ n

~ ’ ! "
M . . m
= l - (hycos -t oo+ *h, cosdgp...) b L «/)J T

_('(_xi(u—/\)_fl_v“r/_uv___ 3 sin® (u—n) 27/
R sin’ (u=A)mfi 32 sin® (u—A) =fn

—l L cos (u—2) ¢ -;—/HJ( —m)

In the summations of the right-hund members, u takes all integral values from

1 to w, except u

= A

Next assume that all the small particles forming the ring are equal to one another.

That is m, = m.

Further, let py,, = By, for all values of A

Then
whence

or

A= Paen = /.‘"/’M
/i" — 1 ;

B = cos 28w + ¢ 8in —Q—‘” where « = {/(=1),
N 7

and s takes all integral values from 0 to n—1.
The quantities appearing under the signs of summation ave then :

2 oo (u—

M

Y 'r_n__ sin (u
o

s

W

m. M g
==K

A) 2mfn = —'—Z—: ;

—\) 27fi = 0;

Y datsin (u=A) rf o
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e BB \L—A) un/‘N | cus \<;1 /\) "1r/n+: Nll & (u—-?\) 71’/!/ =1 ]
» 8a’ sin® (u—A) mfn ,
by 3m |:(-os s(u=X)2rfi+sin g(u=N)2r/r +1 |
« 8 “sin (u—n) 7/n
— [1 cos’ s (u \) TT/N _ ﬁ'l!._if_‘i:\)_”/“ cos” (u—)\) ™) ) __Mm
Y |® sin (u=A) wln sin® (u—=A) 7/ LT T
s Qﬁ.@:\) /| _ it s (e —1
T B st (u—n) s teos s (u=A)mfn +osins (u=\) wfn—1]
m o cos (u—X 1r/n sin s (u=x) =/n m
S St : == M,
B sin” ,u— )7r/n -
.M ms( A m
% o it (‘:4__)\)7;//' feos s (u=A)wfu+esins(u=\)wfn 13, = :: M,
h LS qu“( —-.-'/\-) 2‘”/“ -3 sin’ “.—7\) ‘n’/u]’ :(’()h S (,u.— \)_r/ll 4esiny (,u— .nr/u -1

w8 s (=)l A sin® (u=2) 7/ |

LI [18in®s (u— 7\) T//l.(t)h (u=2) 1r/l/ s s (w=X)wful _om N
= — 4oy -, p o= -
aty |® sin’ /u sin (u=A) wfu o

'y

The quantities K, L,, M,, N, can readily be found by direet summation when o, the
number of particles, and s are known,

In re-writing the differential equations (2), we may now omit the suflixes of pand o
Change the independent variable from ¢ to ¢ = (o' =)+ —=c=X.2m[n.  Also put
mfM =, 0/[M =+, ofo =k, (\=1)"=r, and, to sccure homogencity, replace
p by ap.  Let us further assume that o'« = M, and o™ = M (the latter holds very
approximately when 20 deseribes a cirele), so that we have afa’ = (o'fw) ™.

The differcntial equations then become

iZ_Q, — 2k (_l_r_;: = " : ( b+ ... + I'. CO8 I.(/)+ )—- Kx2v =& cos ¢ I
dg? d¢ ‘ot :
+ [31‘”4 e :(** (fgli.. t oo+ b, cos 1'4/» t ) -l ] , |
ca” |
e g O oy e . :
+ | & == (b sin g4 ... 4 (D sin i+ o= sin ) l
(¢ -
and |
Iy { ‘ (3)
“‘4.,1 + 2« AT Vil (/'1 sin Pt 'ﬂl‘ sin I:v/» 4 ) — k6" 8In ¢ l
d*¢ dg i
’ - »,’ N ]
o, .. ;
+ | Ve ( +‘1~(a—i'sm 1 + ) —1"A'"K"/“( +1[) sin u/, ) '
L \ [/ 3 i
el 2N (M , ) !l
-
+ | =V ( + 2.2[), cos ‘I.([n-f‘ . ) + s cos ¢+ |
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The equations (2) may be replaced, under the suppositions made,'hy equations (3).
Equatiens (2) form a system of 2 pairs of linear equations of the second order. The
complete integral will therefore involve 4n arbitrary constants. The system of
equations (3) will give the same result, for the solution of (3) will be a function of s
Tuvolving four arbitrary constants. By giving s its » values, 0, 1, 2, ..., (n=1), we
arrive at the complete integral involving 42 arbitrary constants.

Now it has been shown hy TIssERAND* that for large values of », whatever the
value of s may be, the limiting value of I, is 0°01942%, N, = 2L, and M, = 0.

These values largely simplify the discussion of the stability of the system.

Lastly the equations (3) may be written, for convenience, in the form

/)”"‘2!((7"?‘ ((’)l‘.,+91‘1 CO8 ¢+ ... +0, ,cosr ¢ ) I )
+ (0,80 p+0,, 810 2p+...+ 0, sinrp+ ...) o
=0, ,4 O, cos g4 ...+, cosrp+ . (1)
A .. (4
o kg 4 (O, 8N g4 O, 80 2p4 L4 O sinrgt L) p
-+ (HM, +6,  cosp+ .. 4O, co8r ) T
=06, 8 ¢+ ... 40, 8Inrd+ ...
The values of the quantitics O are :
Pl 1 72 2 (—\2 ) 9
€, = =3k = ran” = i,' +w."LK ;
do
L .
0,, = RS o (r0)
o
N
(’.‘ .= __VIK‘..‘A/‘;'A . i_{l]
- ‘o
)2 M ?’I‘“ 17
6, , = L/n iy — 'K
o
o, = VA i‘]—)—' — i ; !
(] ¢ ’ (r))
- r2 o, Fbr
a,, = VER T (0, 1)
ca
. o 0
6, r = — Ay (—Ei + i fay:l) |
' ot "
0., = —w’N, :
o, , = l'/K2A'nl')'2’)' ; (')‘ # ())
H"‘r — l,)K2K/’/a’.l‘r ; (r # 1)
eu.l = v’xgxn”’]h—l/xzx"/’ . J

* ¢ Méc. Géleste,’ vol. ii., p. 184.
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The best methods of determining the values of b, and its first and second
derivatives for known values of a, or «/«’, are given by TisseraND.*  The complete
evaluation of a number of these quantities for various ratios, applicable to the solar
system, is given by PoNTECOULANT.T  For the purpose of cstimating the order of the
numerical values of the quantities 6, ,, we may take the highest ratio a likely to
occur as that of the outer edge of the ring to the mean distance of Mimas. This
ratio s 07461 (sce Appendix for data). PoNTEcouLANT gives the values for

= 0'72333, which we may use to avoid laborious calculation. If we take ' = 7. 10 %,
the value for Mimas, we find

O, , = —=202590+4 6'7530u1,, ;

6, =-1385.10"" O, ==153.10" 0, =—-163.10 "% ;

6y, =—407 . 1077, O,,==739.107, O, ,=—934.10 ...

O, ==146.10""=179. 10K, 0, , = 407,107, O, =369.10 ...
0, , = —135060/1,,

I

It is clear that, compared with €, all products and squares of the remaining €'s
may be neglected.

§ 3. Solution of the Equations.
(@) The complementary function,

The equations
P =2k 4 pX0), |, cos g4 aXO, , sin g = (l,] '
cr”+2/\'p’ +p28, sin rg4 a8, cos rgp = 0, (h)
belong to the class of homogeneous linear differential equations with periodic
coefficients. The integral is known to be the sum of the forms ¢"*f (¢), where f'(¢)
is a periodic function of ¢ with the same period as the coefficients in the equations (6).
Equations of this form in oue dependent variable have been discussed by WHITrAKER, ]
Younc,§ INcr,)| and Bakgr.T  The present solution is a simple extension of the work
of these writers.
Let -
p= A,

T = ("‘.x,

* ¢ Méc. Céleste,’ vol. i, p. 270, ef seq.

t ¢ Systeme du Monde,’ vol. 3, pp, 353-376.

 ‘Proc Inter. Congress Math.’ vol. 1, 1912 ; ‘I'roc. Edin. Math, Soc.” xxxii., p. 76.
§ ‘Proc. Edin. Math. Soc.” xxxii., p. 81.

|l “Monthly Notices R.A.S." Ixxv,, b, p. 436.

§ H. F. BAKER, ‘Phil, Trans.” A, vol. 216, p. 129.

VOL, CCXXIL—A R
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where A and X are, as has been said, purely periodic functions of period 2x.  On
substituting in equations (6) we find

Ay 2e A A =2 (eX 4 X) + AXO,, cos rgp | XX, sin r¢p = 0
X4 20X 4 X742 (e A+ A) AZO,  sinrg+ X226, sinrg = 0

<

(7)

Let us now assume that A and X can be represented in the most general way by a
series of terms in O with suitable coefficients, the coeflicients heing periodic functions

of ¢ with period 2. That is, Tet

A = A,sin (np—71)+XXA, 0, + NXXEB, L, 0.0, 4.,
-X = Xll Cos (“(,)—‘r) '+‘ E:XI '(,’r"+ :"\:’SSY'&».]’. I/H1.:.Hp.q+ e

Tn these expressions A, and X, will be arbitrary constants, 2 is an arbitrary
integer® and = a parameter which will be detined presently.
We shall assume that the index e ig of the form

D= VY NVEY
¢ = XX, 0, ,+ X358, , 0,8, ...

Then, if we substitute these values in equations (7) and equate 1o zero those terms
which do not involve any O except O, , and 6, ,, which are large compared with the
others, we find

(O —=1®) A+ 260X, sin (np—71) = 0, (8)
1Ok A 4 (H_.,",-—'u”) o} cos (m,b-—T) = . S

On eliminating A, and X, we find
(Org=1) (O, y= 1) =4 = 0., . . . . . . . (9)

In general, the given values of 6, , and 6, will not satisfy the identity (9) for any
integral value of n. Let us replace O,, by «,,, where a,, is a quantity which
satisfies the relation .
(ll..“——i/"') (H;,‘l,—//"')—-dx'“'n‘" =0, . . . . . .. (IO)
For some suitable value of », it will usually be found that «, , approximates closely

to 6, . '
Following the method of WHITTAKER previously referred to, let us now assume
that
(B, 0= 1) (O, 0= 1i*) = (ay y—1®) (8, p—1*) = L, 6, ,+33XZp,, 0 .0,.0, +...,

or

. 4A’27l2 At LAyt
() Ll \'S 9 N'S'S'Y . 8 }
L0 =N + %) ”2 + ——lyy r.s+ -"’-""br.a.p. 'I( )r.n pg v ¢ v (l ])
R

* The use of u is to bo distinguished from a former use where it referred to the number of particles in

the ring.
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We now substitute the assumed values for A, X, ¢, 6, , in equations (7) an(} equute
to zero the coeflicients of each term in 6, , 6, ,, 0, , &c. It will be found that the
relations (8) are satisfied identically. Two conditions further must be imposed in
order that all the unknown coeflicients may be determined.  These are :

(1) The term cos (¢ —7) must. not appear in the series for A ;
(i1) The solutions for A and X must be purely periodie with period 2o

The condition (1) amounts to a definition of =, and condition (it) sccures that no
part of the exponent shall appear in the periodie series. Further, these conditions
determine uniquely the undetermined coeflicients in the series for 6, and ¢, The
work from this point is purely mechanieal though long.  The following sample
sufficiently indicates its character.

On equating to zero the terms involving 6, . we find

2¢, 1 A(, CO8 (m/p-—'r) -+ A”,.,—2~(',,,X‘, COs (/u/; —-7)
— %X ety AL b Asin (np—1) + A cos rgosin (ugp—7) = 0 > (12)
—2¢, Xy sin (ngp—7)+ X7, 4+ 200 Ausin (ep—7) 20A 1O, N =0
In the case when »is not 24 ov 4, it 1s clear that

¢, =0 and o, , =1,

Equation (12) then reduces to
A"L,.-—‘.’,xx/,‘,-i NL\,A,_,+ ..lgA,, i_Hill {(11 %‘/') ¢b—7 1 sin ‘(u—- ) p—! ] = (), l

. . 13)
‘\”n.r"f 2"'A'|.r'4 “:..w\l,r = 0. J (

Solving in the usual way we find

‘,u i rf =96, ., sin (u L_)z/:—--m 4 A (n—r) =0, b sin ((n=r) g—71,

A. = M p )
L 20 (2/1+))(4I,_U P (u t o)) Sr (2o —r) teg O = 0F (=)

X = Awie(utr)eos ((tr)g=ri Apck(i=r)eos i(u=r)gp=T]

e ')’('..’.u+)') Lty O o= 1 (42 P (2i—r) lu, O = (=)

In the special case where » = 2, we have

(‘I.n = ()’ ”l.n = “)
and
A =2, X AL AL s (2rg—T)— sin T = 0, l (14)
k”l n i’ AA’! n t (’.m\x n = “~f .

' From which
A,,(4/1 -6, (,) sin (Zm[» —) _A_.,_ .
6 (411 -, 9, .,) 2"1.0

Al(n =

and

X _ 2 ano cos (2"'4'—7)
Ion 3 4”‘—((].”".’),0 '

R 2 <



112 DR. G. R. GOLDSBROUGH ON THE INFLUENCE OF

Again, in the special case where » = 2u, we find in place of equations (12), the
following

2e, A, cos (np—1) + A"y =20, X, €08 (np—7) — 26X’} )
' |
bty oAy ot oty Ay sin (np—7) +3A, {sin (8up—1) — sin (ngp—7) cos 2r L (15)
. 5
— CO8 ('m/)—'r) sin 27| = 0, i
— 20y Xy sin (”‘/’-7) + X"t 260, Ay 8in (ngp—7) + 26A’ L, 0 XL, = 0.
In order to avoid the explicit appearance of ¢, we must have

4y 4 = 3 cos U,

Since we have already stipulated that A must not contain any term in cos (ng—r7),
‘+.an INUSE e 80 chogen as to make quantities involving cos (g —=7) annul.  Hence we
nust have

120, bt Ay—2xc) 0, Xo—3 A, sin 27} cos (ngp—7) —2'X’, ., = 0,1 6
P =20 g Xy + 2y 0, Ay} sin (up—7) + X"} 0+ O X 0 = O.j - 18)
Whence .
Ly =" (6,,,—*) sin 27
' 4 (4'11,“(-)_.“0—-71‘)
3 _(,'”2—”‘1,1') (Hb'.,j-_’il_")_)_ﬁill 27A, sin (71,¢{f7)
P (N ’

To the value for X, ,, must be added the further particular solution arising from
he term 1A, sin (3ugp—=) in (15). Tt is

(6,,—97") A, sin (3ng—7)
16 (”‘l.(JHb.u_g“‘) )

X . = 3ixA, cos (3ng—7)
Lan = 7 7 T Ty

8 ("‘1.0(.)-'-- W 9“‘)

Al.ﬂu =

Proceeding in this way, we have the following results :—

Terms ot tnwvolving argument 6 ;

In A

A, sin (ngp—r).
In X

X, cos (ngp—-r).
]11 «

None.
Also
21X, = — (a0, ,—n*) A,
vhen

., = 10+ 43O, =),
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Terms tnvolving corgument O, ,, wheve v is 1ot 1 wor 2n
a,, =0, )y =0,

A, = - A {(n+7r)P—6, | sin ‘L+o p—Th + Ao [(n=2)"=0, .} sin ,Qz—')jp_—ql '
" 20 (Loe 4+ 1) (g 0= (0 + 1)) 20 (20=r) {e, By =1 (1e—=1)}

Xl . + - A.,ll K(H+))(‘OH | II+”_)__(P’—1;; + A,,N Aﬁll"‘l (US :( 1:-71‘)_:[;-:7:. )
)‘( " +I)Ja,_.,(",,_u W)t o (2u—r)! u,‘.,“’;-, o= 12 (1—=r)*!

Terms tnvolving argument 6,

((l./ﬁ = 0* (‘I.n = 0.
A _ A, (_u —()‘n)hm (.,m/.-—f ,, sin T
o 6 (40—, ;) u].“

2k, cos (2ugp—T)
S(4nt—a, 9..)

?

>
|

Terms dieolving argument Oy,

) " (‘ ’,, 0 ) sin 2
l"L‘J'l = 3 COs o, (‘l.‘.'u = F_A—l—_)
'

(a0

ok

(( b, n-"‘)n )A,, Hln ( hu/:——-r)
16 (”l GO =0 )

%mA..(os( ln«/,—-;:} (rn*=et,,) (60— 1*) sin 27A, sin (g —7)
8 (’(l RSN ()”‘) Ban ((ll ,,(""5 U—QII.)

An w =

b

y
kI.‘)u = -

Terms vuvolving argument O, o where ras wol u or 2u:

¢, , =0,

oy, =1, 2,

21# 16— (4 )] X, sin .(“ A1) p—T] + 1 6, = (o= X, sin ((n=r)p—r)

A2,r B 4')'(’/1, +7') { ll.m,(").,“, " (Il 0 ) 4y (u —-/‘) :ll‘“,f“)w,---/l2 (u - /')2?
X, = X% (n+7r) cos {(n+7) p—7i : Xoi¥s (n=r) cos f(u—r) «/_»——'r: '
2r 2)'(71 +7') ety By — 1 (n +’)‘)“'} 2 (u —r) ey (,H W (n—r)

Terths tnvol ving argument O, :

,, =0, Cyn = O,
A, = X«»(eb,!"47") Hi"l_‘_z_“_"f:'r_) - ’_(.»_ﬁﬂl}_t
e 6 (”’l.oHn.u"";“‘) 2 ’

2X ke COss (2“‘["11)
3 (e, O, —41Y)

X'Z. =
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Terms 1ol ving crgument 6, ,,

0 me _ K1CCOB 2T o= k1 gin 27
2020 — T PRE] 2o = 7 T
H.’..n— 1 2 (“ —’l’lxil(?’b,u)

A, = (6,,,—9¢%) X, sin §_l</n—-1—)

Yut—a, ,,H,‘ "
X - dAuX,, cos J:/_(L-—Z) + ( ), ,,4 " )xn)&“ blll Z-r 8in (m/; 'r)
2 up 8 (9// _’('l,cJHb.u) (H b= )(N —ay, OH, “)
Terms tuvolving argument O, ., wheve v is w0t 4 wor 2u
Cor = 0, o, , =0,
A = Avk (n+2)sin {(n+2)p—7} | Ap (n—r)sin J(w—o') p—r!
er ™ (o ) ) 2. ,.'.‘l+.., N J ul 0
r(2n4) Loy O o= (e ) (2re—r) Loy By =1 (10 —2)? ]

X = A L+ 9) —ay b cos A (n+1) p—7) LA (n—/) —a, ) co8 1 (n—2r)p—T1}
er 20 (2004 7) ety Oy =1 (10+ )] 2 (Zr—r) L B o= (o= )| ’

Terms tnvolving argument 6, :
Con =0, n =0,

2k A, sin (Z.’.)t([;-ﬂ')
3 (e 0, —400Y) ’

X An (4“ -l (.) COS ( ”LT) _ An COs T
b 6 (e, 0,0 — 40 ) 26, , :

A-I. n

Ters trevolving argronent O,

1k CO8 271 _ wksin 21
2 (e, 8 =)

g oy = v Cyon =

0. =1’

A = A, sin (3ug—r)
e 9 (,,L”(»)‘,,_U-—Qm)

X,, :\(9!"5i.’.’:l.@t!.ﬁ‘lﬁ_(ﬂﬂ“l) 4 A, cos 27 cos (ngp—7)
! 16 (e0). Oy 0—94¢*) 2 (6, ,—n?)
+ (ct, o+ 2%) sin 27A, sin (ng—7)
4 (4, O; . —n*)

Terms involving argumend O ., whew v 4s wot 1w vor 2n :

¢, =0, o, =0,

nr

\ }\..n A(N+7') sin .fu #7)4»—-1-, _ Xl,w,"x(n-—’/’) sin .(u—?)g) 'r,
e = 2 (204 1) Loty By o=12 (et v (20—=r) Ly O, =1 (n—7)}

, Xg {(n+r)f—a,,}t cos {(n+r)p—r}  Xn? [(n—=1)—a,,} cos | (n=7)p—7}

tr 2r (24 2) Lay, Oy o—1* (14 7)*} 20 (20 —=1) {06, O =1 (—=2)}
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Terms involving argument 6_,

a, =0, ¢, , =0,

An

A = OXalrsin (2vp—71) X, cosT
- B, 8, —4n') 20,

- N, (4P —=cty ) cos (2ngp—7)

X\ n
' 0O (NU,H;“,,-»I n‘)

Terms Owvolring argnment 3, .,

= — (et, ,—1%) cos O .o (et y—2*) 8In 27
adn 2 (‘*,‘“n"”h) ’ b Jdn 4 ("1‘“(";.‘n-‘“‘)
AL = DIEX, S (-’%/up—-r)
e 8 (9"‘4_”’1.0( ).».ll) ’
X., = {)(“'-‘_u,w) ,\'“ 08 (3/%7) ' (r/, - u"\y cos 21\, cos (;l:[.—-r)
B 16 (V0= ety 0, ) Ak (O, 1)

e ) (= 0F) sin 27 A Rin (np—7)
8xie (ay O, —1t) '

Terms involving powers products of the s follow in similar fashion.
If we summarize the parts specially required, we find

(8,,,— 1) (O, = 1%) = 414 L (6O, y—1i*) cos 270, L, — ki cOB 210, 4, t k1 OB UTH)
— (b =1F) eos 270, L by . (17)

and
00 (ay O, 0= 1') = L (O, ,—17) sin 270, ,, —xn® sin 276, ,, +cn® 810 276, ,,
=% (0 =) Bin 2700, 5 4+ .o ; . . (18)

where, as already stated,
(= 1) (B = 0") = 4a¥0,

It is necessary to examine the expressions just obtained in order to see whether
the complete integral of equations (6) has been found.
The integer » is determined so as most nearly to satisfy the relation

! (Hl.u—""a) (H,'».u""lv?) = 4K2IL2,

when
6, ., 6, and « are known.

The negative value of n will also satisty this relution.

Ou solving equation (17), for each value of u there will be, in general, two values
of 27, equal and opposite in sign. So that altogether there are four distinct values
of 2r obtainable. Each of these with the corresponding value of » will give a
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different value of ¢ on substituting in equation (18), and different vatues 1r a and X.
Hence there are four distinct solutions and these when multiplied by arbitrary
constants will give the complete primitive of equations (6).

*(h) The Particular Integral.

We have now to determine the particular integral of equations (4). We shall assume
only one general term on the right-hand side and take the complete solution as the
sum of a series of the corresponding solutions. The equations may therefore be

written
/)”-— a4 /tSH,. » COB 7'¢h -+ a )., sin 1’ = :i.( ), ,,L(’M"M,T

(19)

0'”-} 2K/1’-{ pSH“ ” sin ¢+ GEH;” CO8 rep = 0. f

Assgume
p= {,ml'f’A ’~K<

and
- o= (,Lm'/"\,

where X and A as before are functions of ¢.  On substituting in equations (19) and
reducing, we find
—F A+ 20nA’+ A" =2k (X + X') 4 AXO, , cos r¢p+ XE2O, , sin r¢p = 16, ,,

. e . (20
—m*X +20mX" + X"+ 2¢ (mA + A') + AZO, , 8in ré+ X260, , cos r¢ = 0. )

As a solution we now tuke
A Ao+\‘\ A (—’ + :‘\-":21;1 R g 'I 1 NH}: rl+
X = xu+>_.\_‘h,..,0,._,+:z.\_‘zY, P BN C B
In these summations all the O's in the coeflicients of p and o are to be included

except 6, , and O, ,. A, and X, are constants, and the other coefticients functions
of p.

Now substitute these expansions for A and X in (20), and equate to zero the terms
involving no O except 6, , and 6, . We then have
’_'""LAAU'_‘Z'\'”"/XU'*'F)].UAU = 7_]'('*1 )

_7lL2X(|+ ZKCHL.‘A‘)""H,",‘“XU = U-
Whence
-‘&() - %‘d)l " (9 _,'n' ) r(Hl 0‘—7"“ ) ((-) “_1""“) 4'(27'1'2: ’

X, = —xmBy, + (8, ,—m?) (0; ,—m?*)—4*m*}.
Next, taking the coeflicient of 6, ,, we have the equations
—nA, +2mA) + A" =2 (X, ,+ X1 ,)+0,,A, 0+ A, cos g = 0
-m .Xx ,.+ l”&X’l ,-+X”‘ ,+2K (th1 '+A 1, f)+6 IDXI r = 0

* The use of m here to represent an integer is to be carefully distinguished from its previous use to
represent mass. :

(21)
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We shall form the solution by taking only ¢* in the term cos 7¢. Changing the
sign of »» will then give the other part.  Assuming that A, and X, | vary as ¢
have

, we

A (=mE=2mr—r*46, ) =2 (n+r) X, = —3A,, , ))‘
. . N
Ay, (i) 20+ X, (=0 =2mr =174 60, ) = 0.

From these

A= =3A0 10, = (me4r) [0 0= (e )y 010, = (4 ) =46 (b )],
and
X, = 4+3A, 2k (m4 ) =160, = (4 )0 = (4 r) =46 (k)]

On determining the corresponding values for ¢he term e~ and combining the two,

we have
A= =3A0m00, = (4 ) =110, = (e )] 160, = (m4r)? ) =45 (e + )]
—3A, A —(m=r) =10, = (=) — (m=r)* =4 (=), " o)
. 23
X, =Ac" " (m+r) =16, = m+r)) 10, = (4 ey =4 (ne 4 r)?] l[
+ Ak (m—r) + 160, = (m—1r)?] {H,,‘(,— (m=r)} —dx* (m —r)*]. J

Expression (23) shows that A, , and X, , are factored by A, which is a multiple of
A, ,. Now the terms in the expansions of A and X that we are seeking are A, 0,
and X, ,0,,. Since both of these involve the produet €, ,0, it is clear that they
may be neglected in comparison with the values of A, and X,.

nd

. . . y s . |
We have further to determine the parts of A and X arising from a term - 6 ¢
at  °

in the right-hand member of the sccond equations (4).  These can be written down
from the results already given, and are

.

ZLG“' w (0= 00%) 5 1(O, y=m%) (B —m¥) =S¥ |,
{
A" = K,rn'eﬂ.m - llf(e],u—',nu) (9-‘\,“—7”2)— 4K27N'2: .

Xu =

Hence to the degrec of accuracy we are using, we may summarise the results as:
[

p = E (6., (6, ,—m*) cos mep+ Lkm O, ,, cos mg |+ (O, ,—n*) (6, ,—m?*)— J&*m? Il
. , Lo (24
o= [ 2k, B Mg+ Oy (6, ,—m?) sin mg |+ (O, ,—m?) (6, ,—m*)— 4x’7)l"J.j )

Except when the denominators are small, 1t is seen that, owing to the very small
factors O, ,, and 6, ,,, the values of p and o derived from the above equations are very
small.

VOL. CCXXIT.—A. 8
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§ 4. Discussion of the Solutions of the Equations for the Case of Equal Particles.

(1.) The complementary funetion.
« Kquations (17) aud (18) which determine the value of the exponent ¢, may be

re written here, .
(6,,,—2%) (0,,—n*) = d*n*+ 1§(6, , =10, ,, } (25)
'—K""(—".‘, 2n + ""N'H‘i. 2;1—-‘]2 (’(‘I. ”__,“12) 85. ‘ln} CO8 2T . . N
1( .. (26)
J

2¢ () ,0;, 0= ') = {31.(6,,,—1%) O, 4, =16, ,,

+ k0 =10 (00, y=1%) O; 5, } 8In 27

In these a,, is determined by the relation
-

(0= 12) (8, —=1*) = dx2i%,

It is noticeable that the coefhicient of sin 2+ in (26) is 7 times that of cos 27 in (25).
Owing to the smullness of the quantities O (excepting 6, , and 6; ), it is clear that
the coeflicients of cos 27 and sin 27 are both very small quantities. Now real values
of ¢ are only given by real values of =, and conversely. Hence in order that (25)
may give real values of = it is necessary that the expression

(01.0=12) (6, ,—n?) =42 . . . . . . . (27)

should be less than, or at most equal to, the coefficient of cos 2=.  That is, the real
values of ¢ will be i the vieinity of these values of x that make (27) vanish.  The
actual limits of the zone in which real values of ¢ are found will be given by

(H,'"-—u”)(H;,bl,—n‘“)) = 4554 {% (9:,'(,-—7'1'") el‘gn-‘FK')I'ey.‘Jn_-tl(')lletz,,—'% ((1/1'\,-—712)(;)5‘._,,, [ (28)

There are tour groups of signs possible in this expression, and there will result four
values of x.  The outermost and innermost of these will define the zone i which
some real value of ¢ appears, and this zone will be the zone of instability. Owing,
howevcer, to the extreme smallness of the coeflicient of sin 2+ in (26), it is clear that ¢
will he extremely small, in general ; that is, the modulus of instability will be small
and departure from the zone will he slow. In one case, however, ¢ may be quite
large.  That is, when the cocfficient of ¢, @, 0; ,—2', 18 exceedingly small.

a

Each of the quantities © is u function of = or of x. Further 6, , and 6, , involve
[£]

both the mass of the particles and the number of them. Both of these are entirely,
unknown. All that can be said is that MAXWELL'S criterion,® that is,

2

, —
! 3

* TIsSERAND, ¢ Méc. Céleste,’ vol. ii., p. 184,
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where v is the ratio of the mass of a particle to the muass of Saturn and p is the
number of particles in the ring, must be fulfilled.
v appears in the expressions for 6,, and 6., in the form »l,. Tt has been

mentioned that 1., < 0°0164:* for all values of &, Hence vL, < 0°0194m4.  For the

present we shall regard vl as o variable parameter and diseuss the solutions relative
to this parameter.

In order to locate the zone of instability, we equate expression (27) to zero.
Writing it in full, but omitting the term involving /, which will be exceedingly
small and will hardly affect the result, we find

‘{(:‘;—l'];_‘) x2+1l2} R PSR 4t =0.. . . . . . (2.’9)

This equation, regarded as nvolving an unkpown quantity #*/4% is precisely the

equation used by MaxweLL to determine the condition of stalility of the ving of

particles when unperturbed by any satellite.  The condition of the rveality of s
leads to the upper limit for v just quoted.  In our problem we may take the unknown
quantity as «*f[n®, and then assuming a value for vl solve the equation.  The values
of « (for differing values of ») will give the position of the zones of instability of a

ring of particles of mass and number assumed.  Or, conversely, taking a position of

instability, as shown by telescopic observations of the ring, we may determine the
corresponding value of vl,, which establishes the order of value of the mass and
nuwber of particles at that point.

I have found that the latter process leads to no satisfuctory result, and henee 1 do
not record the work.

It is interesting to examine the meaning of the condition previously veferred to,
that the maximum instability is found when («, 6, ,— ') is approximately zero.  On
referring again to equation (28), it is clear that the broadest zone of instability
will be found, owing to the extreme smallness of  the last member, when
(8, ,—12) (95, ,—n*) —4a*1* changes most slowly with ~. This will oceur when the
equation (29) bas equal roots. Equal roots appear when, by the variation of the
parameter vL,, «/n passes from real to imaginary values, or when*

vL, = 0°039.

This is the upper limit of the criterion previously quoted from MAXWELL, und
would simply that all the particles were of such mass und number as to be on the
border-line of instability.

*When L, has this value, we find that

2vL, (3—VL,) H=nt=0;
or
85’061‘0—71} = 0-
* TISSERAND, loc. cil., p. 183.
8 2

<
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Whenee, by (11),

0,0 =1t = =0, , {22, O, ...}

. Thisright-hand member is of the same order of value as the factor of sin 27 in (26).
In this case, then, ¢ may assume u high value.  But it is noticeable that only at the
lmit of MaxwrLL's relation is great instability to be found.

When expression (27) has a value far from zero, cither by virtue of the value of
kfic or the value of vl it is clear from (25) that 2+ is imaginary and hence ¢ is
imaginary, the solution being stable.

It might be inferred from this that if values of »L, were chosen such that
MaxwerLls relation were not fulfilled the effect of the satellite would be to stubilise
what would otherwise he an unstable system.  As pointed out already, however, the
original equations and their solutions, as given here, simply give the motion of the
particles in the vieinity of certain civeles.  In some cases the motion may be such
that the particles depart rapidly from this zero cirele; this we have termed
instability.  In other cases the solutions may indieate that the particles never move
fur from the zero cirele ; and this type of motion we have termed stable.  But it is
clear that if' a small arbitrary displucement were given to each of” the particles in the
latter case, nothing in this paper precludes the possibility of their departure finally
from the zero cirele,  That is, they may be again unstable. What we have found
here is a series of orbits for the particles when subject to the attractions of Saturn, a
satellite, and one another.  Those in which the particles have lawrge mequalities result
in collisions with the neighbouring rings of particles and henee a complete departure
from their former positions.  Those which have no large inequalities and hence avoid
collisions with neighbouring rings of particles may yet prove unstable when an
arbitrary disturbanee is further imposed upon them.

(i1) The particular integral.
In the expression (24) there appears a denominator of the form

(O, 0—m?) (O, —m*) —dm®. . . . . . . . . (30)

Here m takes all positive integral values including zero.  When the conditions are
such, therefore, that expression (30) is approximately zero, the term in the particular
integral will become very great and departure from the orbit will result. This
expression is the same as (29), which, it has been pointed outl, gives the positjons of
the unstable solutions of the complementary function. It may therefore be said that
all the unstable positions are in the vicinity of the zero values of (30), and the
following remarks apply equally to both parts of the solutions.

Referring to the form (29) it is seen that there are two variables, x/n and vL,. For
a given value of vL, there are in general two values of «/n, and for a given value of x/n
there are two values of vL,. In the figure (p. 125), the relation between «/n and vL,
is shown graphically, only those values of vL, which satisfy MAXWELL'S criteriou being



SATELLITES UPON THE FORM OF SATURN'S RING. 121

chosen. It will be seen that «/n increases slowly from unity as rL, increases from
zero, until vL, reaches the value 0°03Y. At this point the curve turns back and rises
rapidly to an asymptote at v, = 0.

In the case when expression (80) is exactly zero, it is scen from clementary principles.
that the independent variable ¢ would appear explicitly.  With passage of time,
therefore, p and o would increase linearly in magnitude and there would be complete
departure of the particles from the vicinity of » = «.

§5. Cuse where the Particles forming the Ring are of Unegual Masses,

The previous equations (2) were redueed to the form (8) on the supposition that all
the masses ni, were of the same value m, = M. We now proceed to the modifica-
tions introduced when these masses are all distinet in value.

Equations (2) with the same reductions as before, but maintaining the separate
ralues mey, become :

) . | I
p” e A=K 2y, [ ( [l,. oo F Il‘ COS tp + ) — COS (/:J — K",

lda

12 . PR ) Y]
|:3x Fa T (bt o b cos gt L) =a¥Fs | ot 2 .
M

da*
+ [ [d (bising+ ... +7bsinigp+ ...) =" sin g —v*Hy | oy |

~ 2 .
+ a\-l\’ J“')\(T', N
m

o 2"y = VRN (bysin gt kD s ) =V sin g Fn B |
+ l Vit ( b (j!)—‘ Sin ‘l.(l) (. ) +1 A‘A’IJ( .. +ib, 81 '[«[: )

, da [

K ot 2G|

+ [ =V (. + 7, cos i+ ..L) +/K% cos q)——x"'_H'A] ™ l

J

\ 27/
+ 2k J w, AT e
[N

In these equatious

) _em 1
» EA - .: _ME 14 sin (;1—-)\)7:'/)0 + cos (,u A) 7/”
F, =3/ 1 _ 3 |
* m | 8 sin® (p.—)\) 7r/7l, sin (u-—)\) 1r/nJ,
«_ my [ cos (u—2) 2m/n 3 Cvors ]
Op A 'Mg 18 Slllq(u—A) 7"'/n Sill (#—'X) ‘n_/n +2 cos (a )\) Z?r/ll,f s
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3 —A) 7fn . 1
M= 2% [ cos (u ‘_)\
g M 18 sin? (u— \) wfn +8in (k=) "’/’6
! \) 7‘/N
b sl ) e
) M '8 sm‘ PESY + sin (,M 7\) 7r/n
. |
la/ — :: )I)“ COS8 { "= — .—A 2 o ,
A - 4 Slll'( ) - H’ Sin (,u. ) 7r/u£
Fl _ \‘1’_"& (15 COS (Iuo-x -"-/7;
YTEM 8 s (u=A) wful’
(v = M [ cos(u=X)m/n 9 i _ n
ATMOLTR sin? (u=\) =/ + 2 8in (u—=A) 27fn K
3 - ‘ 5o _ |
R,y oo 2 008 G 2l sin® Gwm N 2o 3y ol
! s M 8sin® (u—X) wfi 8in” ( ——)\).,./“ cos (u—X) /ui
T = o [ cu lu=2) 2 _ g s (# A) 2/ —cos (u— )‘27/1/ Co(32)

M [8si? (u— 7\ 7'//1 sin’ ,u—— 7r/ll

These equations may be written, with a slightly different meaning of the quantitics
6 from those formerly obtaining, in the form,

/)”;‘ - 2'(0";‘ -+ p)\z { H]. » COS ’)'9{:} + AEE(;F APu + ﬂ',\E ‘{ 62' " Sill ’)'(/A l(
r M 7
+x*2d a0, = 26, , cos 1¢,
M 4

) . .. (33)
ot 2 Ap,\ i—p)‘...|H‘,,.sm'r(/) + &° Z(rkxp#+ﬂA_|H,r0()S)¢

+ a2 am = 26, , sin g,
® r
We shall determine the particular integral arising from one term of the right-hand
member of the first equation, writing it typically 6, ™.
Assume that
/’A = A,\("m‘b,

and
— X)‘(,mnd*
for all values of A.
Equations (88) then become
=P A+ 20m A + A =2 (e Xn 4+ X))+ A\Z {6, , cos g | ]
FEZALG, 2+ XX 16, sin g} +75X, T L = 36, | "
(34)

—n* X+ 2on X'\ + X"+ 2¢ (mA,+ A')) + A2 {6, , 8in g}
+x' A, G, + X216, cosrp} +ZX T, 1 = 0.

There are 1 pairs of equations in this form corresponding to the i values of A
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As a solution we now take
Ay= A $33AY 6, .+ . .,
Xl\ - hl‘} +\‘\‘XA .>Hr,r«+
with the same restrictions as hefore.

Substitute in (34) and equate to zero the terms involving no 6 hut 6, } and 0, .
Then, for all values of A from 1 to #,

=AY = 2eemXh + O}, A) +A'.‘_A.'f G, a2 \“ doa =46, 1

e . . L ()
=X} F2emA) 4 Hﬁ'(, Ay +A'._.A:‘, (¢ wata ...\(, J'“IA = (. f {

These 21 equations can be solved by the usual processes to give the viadues of the
constants A) and X). 1t is not necessary for us to work out the results in detail; it
18 suflicient to note that the determinant of the left-hand members will appear as the
denominator in each case, The determinant is the following :

2 g 2 203 : . R 2 2 o
-m*+ 0], G, G, ..., ¥G,, i =2um . Sl L, AL )
PYall Tali el . 2 R R U KR I

Zem . G, G, NG =m0, 0 A AT L ,

A‘EG,'E N —7n,2+9}“'.‘,, :c"'G&._, Voo K"’G,,_z s K:’Jl‘z s -—2/3‘1))1 . K"’:I.LA_.. veey I\‘;,J”_ 2 l
o
KzG’]‘;, , o 2em K‘G!;“. R A"’(:’“. P ,1,;‘ e st s AL (36)

( P o . . . \ “ .
AQ(J],,, ) I\'z({a P A“(_;;“,. e =IO x“-'l‘“ . A'.l._.‘ N A'-l:h,,‘ ceen —Saumn

/ Tald N . OB v} [ B U o
KzG]',, G, Gy, ke K A e e

This determinant corresponds to the denominators in expressions (24).  When it
vanishes or becomes small, it is clear, as hefore, that the terms of the solution tend to
hecome large, and instability follows.

In estimating the values of ¥, (i, H and J, which appear in the above determinant,
it is to be noted that m,/M is exceedingly small for all values of . But the quantitics
in which it appears may be large by virtue of the small denominators which are
involved. 1In the expression for F,, the term 3fsin (u—2) -n-/n may be neglected in

) !

M 8 win' (/A—?\) w(n

since all the signs are positive, if 7 18 the

comparison with the first term for lurge values of n.  Also, X will

1
M 88111 (u— ?\ 1r/n
greatest value of m, appearing in the ring.  Hence F, lies hetween zero and
0°0096 »*m/M in value.
In the same way the value of (i, , will arise almost wholly from the first. term.
The largest value it may have will be m2*/8x*M or 0°0042W/M . E,, H,,J, ., K\ F'yand
G',., are seen to be one order lower in the reciprocal of sin (u=2) =/u and therefore

may be neglected. H', has the limit —0°0192r"m/M, and J', , the limit — 0008/ M.

lie between zero and ™
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We shall assume that the number of particles in any ring is large. It is probable
that they vary in magnitude from the infinitesimally small up to the limit given by
MaxwiLL, Hence the values of the expressions F), G, ), H', and J', will vary over

"a range of values, between the given limits, as X takes its successive values.

Reverting to determinant (36), we see that it may now be written

For all conditions satisfying MAXWELL'S criterion, the quantities G, ,, J' . will be
small.  So that, provided +* is not too great, the value of the determinant (37) will
be small for those values of « that satisty the relation

- (37)

i -m*+ 6 ,, 0 yer, 0 , =%, 0 Y 0 =0

1 Do, 0 ey 0 , —m*4 0}, 0 s 0

| ] , =4 0] 0 , 0 R 1/ N 0
] v 2em L, 0 , 0 , =46, 0 . (38)
0 . 0 yeeny —WEHO] 0 , 0 ) ees 2K
0 . 0 Y eens Sean 0 , 0 ey =mA4 0

This relation is satistied by those values of « which satisfy the equation
(=24 00 ,) (—m2 40N, )—demi =0, . . . . . . (89)

where X takes all its integral values in turn.  Further it is easily shown that, on any
distribution with % large, =¥, = $H’,. Hence we fall back upon the same type
of equation as we had in the case of equal particles (equation (29)) where we replace
1, by F,.

Instead of treating the equation (39) separately for the various integral values
of A, since n is large, we may imagine a single equation with the assumption that
F, is an arbitrary variable parameter.  The determinant (87) will then be small, and
instability result for all the values of « given by (89), for all values of the parameter
F, that exist. With a wide range of values of F, corresponding to a wide range in
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the magnitudes ot the masses of the particles, we may expect to find a broad region
of instability.

It can readily be shown that the condition (89) would also be produced if' the
general case of unequal particles were solved for the complementary function in the
same way as has been done for the case of equal particles, which produced (29).
This work is not reproduced owing to the length and complexity of the expressions,
and also because the results are wholly contained in the condition (39) produced from
the particular integral.

§ 6. Application of the Results to the Scaturiian System.
Equation (39) written out iu full is
W (B=F)+m*r 2F W —ddm*=0. . . . . . . (40)

In this equation m is any integer and F, may vary between zoro and 0°00961*m/M.
As the distinctions indicated by the suftix A are
now of no importance, it may be dropped.  The
solutions of (40) will give approximately the
positions where divisions in the Ring of Saturn
may be expected.

. , . 35r
For any given value of F, there are four
values of k/m, two pairs equal with opposite signs.
For auny given value of «/m there are two values v

of F; one, however, being greater than the
MaAXWELL limit, is excluded. The limiting value
of F for real values of «/m is 07039, This is,
of course, the same result as that found by
MAXWELL.

The relation between x/m and F is shown in
the figure, and the table shows actual numerical
values.

We may readily assume that in the existing
Rings of Saturn there are particles of all masses
from %the infinitesimal to MAXWELL's upper limit.
These will give rise to varying values of F,
aepending upon the masses of the particles
adjacent to the particle under consideration. The
maximum value of F is itself small compared with unity ; we shall then arrive at a
limit of « by taking F = 0 in equation (40). We find thus that the boundary of «
division should occur at x/m = 1, for each integral value of m.

VOL. CCXXIL—A. T

Values of &/m
5
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m =1, m = 2,
vL, or F. Kk/m.
ujd'. aja',
0 1 o 0 1 0-6299
0-0l 10395 3-9336 0-0243 08223 06456
0°015 10639 31412 01534 0-7745 0-6549
0-020 10940 2-6509 0-2102 07349 0-6656
0-030 11750 2-0156 0-2810 0-6338 | .....
0038 13353 15772 0-3981 0-5117
0-039 1-4424 —_ 04549
Remembering that k = —w (o' —w)7?, o’a® = o”a®, we find :
For m =1, = /1,/11,' = 0,

m=2 wfd=2, ald =062996,
m=3, wd=4%, ald =076289,

U
m=4, of’ =%, ald = 082524

[It should be remarked that a positive value of « gives positions without the
satellite orbit, and a negative value of « gives positions within.  As « appears in (40)
m the form of a square, both positive and negative forms result. We should
therefore have the same phenomena in a ring of particles heyond the satellite orbit
as we find within],

The result « =0 implies a division of the ring at the origin. This would fall
within the planet itself. But if the zone consequent upon the variation of F is
extensive, it may extend beyond the surface of the planet and show a clearance
of particles there.

For m =2, afd = 062996. In the case of satellite Mimas this should indicate
the commencement of a division in the ring at distance 16'9”. CassiNI's Division
begins at 16°87” and ends at 17°64”. This agreement is very remarkable.

Reference to the figure shows that in the vieinity of «/m = 1, « increases with"F.
But as « increases so does afa’. Hence the instability caused by the larger values
of ¥ should be in positions corresponding to larger values of «, that is, to larger values
of aj’. 1n other words, the division should extend outwards. This agrees with the
observational data just quoted. We may then attribute the production of CAssINI'S
Division to Mimas.

For n = 8, afa’ = 076289,

For satellite Mimas, this should cause a division at distance 20°46”. This is just
beyond the outer edge of Ring A, which terminates at 20°01”.

Considering next the satellite Enceladus, we should find a division at the origin
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for n = 1, and at distance 21°69” for n = 2. The last is again just beyond the limits
of Ring A.

The remaining satellites all produce instability at the origin, but the other points
at which this occurs are outside the existing ring.

We may use the observations of the dimensions of CassINT's Division to determine
the maximum value of F appearing. As we have already found, the inner edge
corresponds closely to F = 0. The radius of the outer edge is « = 17'64”. Hence
for satellite Mimas «fa’ = 0'65781, giving x/m = 1'0720.

If now equation (40) be solved for F, taking this value for «/m, the result is
F = 0'0173. Hence we may conclude that F ranges from zero to 0°0173.

Using this value of F, we now proceed to the study of the roots of equation (40).
Solving, we find

kfm = £1°0720 and «/m = + 2'8917.
Take m = 1. Then
afd’ = 0°1712 and afd’ = 07535,

We may expect to find a clearance of particles from /e’ = 0 to 0°1712; and from
afad’ = 0°7535 to unity.

The first gives the extent of the clearance near the origiu.

For the various satellites its dimensions are :

Mimas. . . . . . . . . . «a= 419"
Enceladus . . . . . . . . a= 616",
Tethys . . . . . . . . . a= 730
Dioné . . . . . . . . . . au= 934,
Rhea . . . . . . . . . . «a=1807",
Titan . . . . . . . . . . a=2004"

The radius ¢ = 9°34” indicates approximately the inner radius of' the Crépe Ring.
while « = 13'07” indicates more closely the inner radius of Ring B.

Applying the second ratio, «ft’ = 0°7535, to Mimas, we find radius « = 202",
There should be a clearance of particles from 202" up to the satellite itself. This
indicates with considerable precision the termination of the whole ring, which has a
radius 20°01”.

These results are subject to modification owing to the effect of the oblateness of
the plunet Saturn and the influence of one ring upon another. But the agreement
of ttheory and observation in this first approximation is sufficiently remarkable.

The interpretation of the effect of Dioné and Rhea on the inner parts of the ring
is not clear. From the theory one would expect that any satellite could affect a
clearance of particles from the origin up to a radius given by «f«’ = 01712, In that
case Titan, the largest of the satellites, should dissipate the whole of the existing
rings, for this ratio carries us far beyopd the outer radius.

T 2
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There are therefore two facts to explain. First, the existence of the Crépe Ring
within the dissipative area of Rhea, and second, the existence of the bright rings
within the dissipative area of Titan. In connection with the first, LOWELL has noted
a definite black band within Ring B, so that there is a clearance of particles between
the Crépe Ring and the bright rings. It would appear as though the dissipative
power of the satellites was only effective near the outer boundary of the unstable
area about the origin. To discuss this, let as examine the analytical results.

It has already been pointed out how very small the exponent ¢ is, as given by (18),
indicating a very slow rate of dispersion. Consider, instead, the numerators of the
expressions (24), the vanishing of the denominators of which causes the instability.
The numerators are small hecause of the quantities 0, ,, and 6,,. In the case under
discussion, m = 1. From (5)

0;, = ”/‘"Jdb' 1,(

Oy, = V& {x""l)l—x' hsl.,
Using the well-known expression for b,,* we tind

(:)3‘1 = l”K’K"/' l") J+f{ﬁ 4+

2on @

=V {oJo=1}"{8a'+$85a"+ ..
H(i.l = /¥ {a (a+§a3+ 1493-,2 al... ) —az}
=/ -Lw /w-—]}"3 <{§a‘+ﬁ{’2 a®

For small values of «, '[w is small, and the value of (o'fw—1)~? will be greater than,
but not far from, unity. Hence the values of 6,, and 6,, depend approximately
upon the fourth power of a or a/a’. It is clear then that the numerators in (24) will
be vanishingly small except for the larger values of aja’.

The physical meaning is that, while instability will always take place when the
denominators vanish, the rate of dissipation will be small except for the largest values
of « which are permissible. There will also be a uniform grading in the rate of
dissipation as a increases.

Applying this result to the case of Saturn’s satellites, we may expect to find
actually a clearance only near the outer limits of the areas under consideration. The
areas of clearance of the first three satellites fall within the body of the planet.
Dioné causes the clearance between the surface of the planet at 8'65” and 9°34”,
which is approximately the commencement of the Crépe Ring. The limit of the area
of clearance of Rhea is 13'07”, and only near that boundary is the action effective,
the Crépe Ring being undispersed in the weaker part of the field. The bright rings
are clearly in the weak part of Titan’s field of clearance, und so continue to exist.
It is obvious, however, that with passage of time the Crépe Ring will be dispersed
by Rhea and the whole by Titan.

% TISSERAND, vol, i,, p. 272,
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We have found the maximum value of F appearing as 0°0173. 1t was previously
shown that the limiting value of F was 0°00962"m/M. Hence

0°0096n"mfM = 0°0178,
which gives

_ 00178
M = iee

= 1'8/n*

That 1s, the siz: of the largest particles 1s just below that given by MaXweLL's
criterion.

§ 7. Summery and Conclusion.

(1) Assuming that a planet is surrounded by coneentric rings of particles performing
approximately circular orbits when unperturbed, and that the influence of one ring
upon another may be neglected to a first approximation, the effeet upon these rings
of a satellite performing also an unperturbed circular orbit is discussed.

If the particles in the rings are all equal, it is shown that we should expeet,
m certain places, large perturbations to take place, such that the particles in o
particular ring would leave that ring and mingle with those of other rings, and so
leave a ““ division.”

(2) As there is no reason to helieve that the particles in any ring are all equal, the
analysis 18 extended to cover the case of unequal particles.

We agsume that in any ring the number of particles is large, and that therefore we
shall probably have one specimen at least of all particles from the smallest to
the largest.

It is then shown that the divisions would become more extended, and therefore
more readily visible.

(3) Ou the supposition that some of the particles at any rate are indetinitely small,
we obtain CAssINI'S Division at once. On making use of the dimensions of this
division to estimate the greatest magnitude of the particles in any ring, we find the
following results :(—

Satellite Mimas should produce a clearance of particles from radius 202" up to
itself. The ring should therefore terminate at 20°2”. Observation shows that it
termindtes at 2001”.

Satellite Mimas should produce a division from radius 16°9” to 17°64"”. (This last
measurement was used as a datum for estimating the magnitude of the greatest
particles.) Observation gives the limits of CassiNI's Division as 16'87” and 17°64".

Satellite Dioné should produce a clearance of particles from the region of the
surface of the planet up to radius 9°34”. The Crépe Ring is observed to begin with
a diffused edge at 10°83".
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Satellite Rhea should also produce a clearance of particles up to radius 13°07”.
The inner edge of Ring B is observed to commence at 13'21”.

The existence of the Crépe Ring in a dissipative area is also discussed.

(4) By the inclusion of the effect of the oblateness of Saturn and the influence of
me ring of particles upon another these results might be still further improved.

The theory presented therefore gives a closely quantitative account of the salient
features of Saturn’s Ring. The numerous smaller divisions ohserved by LowgLL and
others are not accounted for ; but, for the reasons given in §4, their existence is not
excluded.

(5) The dimensions of (‘AssINT's Division show that particles of all sizes up to a
limit just short of that imposed by MaxweLL for stability exist in the rings.

Appendix on the Date of the Problem.

1. Dimensions and divisions of the ring in seconds of arc at mean distance™® :—

Distance from centre of planct to—

Inner edge of Crépe Ring . . . . . 1088"
Inner edge of Ring B . . . . . . 1300”
(BL. .. .. 133Y”

B:. . . .. 1404

C e ' Ba .. . 14747
Divisions of Ring B - Be 5
Bs. . . . . 1569

'B6 . . . . . 1595

Outer edge of RingB . . . . . . 1687
Inner edge of Ring A . . . . . . 1764”7
Divisionin Ring A . . . . . . . 1900/

Outer edge of Ring A . . . . . . 2001”
1I. Equatorial diameter of Saturn . . . . . . . 17°30"

IIT. Elements of satellites :—

. Mean distance. as fra.cti01:14 ‘:)Hfsﬁaturn,
Mimas. . . . . . . . 2682" 7.10°%
Enceladus . . . . . . 34'43" 25.10°"
Tethys . . . . . . .  4266" 11. 10~
Dioné . . . . . . . . 54'59"” 18'7.10°7
Rhen . . -~ . . . . . 76'88" 4.10°°
Titkan . . . . . . . . 174'¢” 21,10

* LowgLL, ‘Observatory Bulletin,’ No. 68, and “ Lecture” on April 26, 1916, in ‘Journal of Royal
Astron. Soc. of Canada.’




[ 181 ]

The Analysis of Sound.*

PART 1. —The Experimental Analysis of Sound in Air and Water - Some Experiments
towards a Sound Spectrum. By Guy Barvow, D.Sc. (Wales, Lond., Birm.),
F.Inst.P., Lecturer in Physics in the University of Birmingham, and H. B. KEENE,
D.Sc. (Birm.), F.Inst.D.. Lecturer in Physics in the University of Birmingham.

PART I1.—The Theory of Analysis of an Electric Current by Periodic Interruption.
By G. BarLow, D.Sc.

Communicated by Sik Ouiver Lonck, F.R.S.

Received April 6,—Read June 23, 1921,

PART I.—-THE EXPERIMENTAL ANALYSIS OF SOUND IN AIR AND WATER :
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INTRODUCTION.

A METHOD of analysing an alternating current termed “ Analysis by Periodic Inter-
ruption ” was worked out by G. BArRLow in May, 1916, and is described by him in some
detail in Part II. The present paper, Part 1., gives an account of certain experiments
in which this method has been applied to the analysis of sound vibrations in air and
water with the object of obtaining ““ sound spectra.” The principle of the method
may be stated as follows. The alternating current circuit contains a direct current
galvanometer and also an interrupter of which the speed can be varied over the whole
range of frequency to be investigated. Generally the type of interrupter used is such
that the intervals during which the circuit is open
and closed are equal. When the interruptions
synchronize with any component A sin 2znt of the
current, fig. 1 (a), the galvanometer responds by
giving a steady deflection of magnitude depending
on the phase difference. Fig. 1(b) shows interrup-
tions and current in the same phase. Practically
it is better toallow a slight difference in frequency ;
the galvanometer then oscillates slowly to and fro
as the phase alters. The maximum amplitude of
the gaulvanometer swings is then proportional to the
amplitude A of the component current—actually
it measures A/z. In making the analysis the frequency of interruption is slowly increased
over the whole range. The approach to the condition of synchronism is indicated by

Fig. 1. Interruption of a simple harmonic
current at frequencies n, #/2, n/3.
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a rapid oscillation of small amplitude followed by slower oscillations of greater amplitude
until the maximum is reached. Afterwards the oscillations die down in the reverse
order. This characteristic motion exhibited by the galvanometer will be referred to
by the term ‘‘ response.” In this way the amplitude of each component may be deter-:
mined. At the same time the corresponding frequency is obtained by observing, at
the moment of maximum, the frequency at which the interrupter is driven. For a
component of given amplitude the range of frequency over which the response is greater
than half its maximum value, and which may be called the *‘ width of response,” is
the same at all frequencies. For example, if a response at 10/sec. falls to half value
for frequencies of interruption of 9 and 11/sec., then one at 1000/sec. will fall to half
value at 999 and 1001 /sec. 1t will therefore be seen that it is necessary to have perfect
control over the speed of interruption, especially in the higher frequency region, and
the same time must be spent in sweeping over a range such as 1000-1100/sec. as over
10-110/sec. 1n measuring a response the rate at which the speed of interruption may
be changed is conditioned by the period of the galvanometer. It is necessary that the
speed should not change sensibly during an interval of time of the order of the galvano-
meter period. The galvanometer may be of any type, but its vibrations should be
well damped 8o as to be nearly dead-beat. A suitable period is 3 seconds. Under
these conditions the width of response is 0-7/sec.

It is a peculiarity of this method of analysis that a single simple harmonic component
of frequency, n, gives rise to responses not only when the frequency of interruption is
n, but also when it is 4n, 1n, In, &c., and these responses have amplitudes 4, }, 4 of the
fundamental response. These responses will be called ** Subharmonics.” Their origin
is made clear in fig. 1, which also shows why the even-order subharmonics 3=, {n, §n,
&c., are non-existent. When the alternating current represented by (a) is interrupted
at its frequency =, all the negative elements are suppressed as shown in (b), giving a
unidirectional current in the galvanometer. When interrupted at 4n, as in (¢), an
equal number of positive and negative elements are passed through giving no resultant
current in the galvanometer. But when interrupted at 3n as represented in (d), there
is a resultant current due to the odd positive elements. 'This is the third order sub-
harmonic, and it will be seen by comparing (b) and (d) that it has one-third the magnitude
of the fundamental.

The presence of these subharmonics is not so objectionable in practice as one might
expect, in fact their frequencies and relative magnitudes have on certain occasions
assisted in the identification of the fundamental with which they are associated. There
is g close analogy with grating spectra, inasmuch as each subharmonic corresponds to
a spectrum of a different order. The even orders are absent just as in a grating where
the opaque and transparent parts of the grating-element are equal in width. If the
intervals of make and break are unequal, then the even-order subharmonics are
introduced.

A type of interrupter has been constructed in which by repeating the sequence of

U 2



134 DRS. GUY BARLOW AND H. B. KEENE ON THE ANALYSIS OF SOUND.

intervals shown in fig. 2 it has been found possible to eliminate the subharmonics =,

+n, yn, &c., in addition to the even orders. The

‘ —— fundamental response is reduced to three-fourths

' ' . ' of its usual value, and there are certain other
Fig. 2. ] .

' disadvantages suggested by the few experiments

which have so far been made.

In order to analyse by this method of periodic interruption mechanical vibration of
a solid body or of sound waves in air or water, the vibration must be converted into an
electrical current which in wave-form faithfully represents the original motion. Some
distortion of the wave-form would not be a serious objection, provided it followed a
simple relation allowing correction to be made. Actually very few methods of con-
verting vibration into current are available, and none of these is free from objection.
Among the most practicable are :—

(1) Variation of electrical resistance by pressure, e.g. carbon microphone.

(2) Variation of electrical resistance by change in thermal conditions, e.g. Tucker
Hot Wire Microphone.

(8) Electromotive force generated by induction, magnetophones, &c.

It may be pointed out that all these methods depend on induction (assuming a trans-
former is used in (1) and (2)), and the final current therefore represents the velocity of
the vibration under investigation, but this is not an objection from the point of view
of analysis.

For, suppose the original vibration is resolved into simple harmonic components—

a, sin (2en,t -+ a,) -+ a5 sin (27ngt + ay) 4 &e. ;
then, assuming no other form of distortion, the current will be proportional to
2raymy o8 (27mt + ay) - |- 2waumy cos (2en,t + a,) + &c.

The analysis of this current will then give correctly the frequencies of all the com-
ponent vibrations, butin each case the amplitude is magnified in proportion to the corre-
sponding frequency. The product 2zan, representing the maximum velocity, is itself
an appropriate measure of the importance of the component, as the relative energies
for different components are proportional to (an)>.

In the present experiments the determination of the frequencies of the components
has been effected with all the accuracy desired, but as it has not yet been found possible
to avoid selective action due to resonance of diaphragms, the amplitudes of the com-
ponents are not faithfully represented. No attempt has been made to deduce the
absolute amplitudes of motion of the original vibration.

When the components of a vibration have strictly commensurable frequencies, as
in a harmonic series, the phase relations of the components are quite definite, and the
determination of the relative phases might be of value—in fact it would be necessary
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if it were required to reconstruct the wave-form of the vibration. It would not be
difficult to adapt the method of analysis by interruption for the determination of phase-
difference, but no experiments in this direction have yet been made. Hence at present
the method is incomplete in that it fails to take account of wave-form. If the wave-,
form were required it would appear simpler to deal with it directly by means of an
oscillograph method than to build it up from a complete analysis.

APPARATUS.

The interrupter (fig. 3) consisted of a brass cylinder made up of five discs ; the first
was complete and served as a slip-ring, the other {four contained ebonite segments giving
respectively 1, 4, 16 and 64 interruptions per
revolution of the cylinder. Contact was made /471664 Brass

= slipring
- Lbonile

by means of two small brushes cut from % mm.
sheet brass, each brush possessing four or five
separate fingers. One brush pressed lightly on
the slip-ring, the other on whichever disc was _
the most convenient for the frequency under Kbonete
examination. The electric contact was found  Brass N\ )
to be satisfactory when the surfaces were kept

. . . . ‘\/"”
clean and well lubricated with machine-oil. The Brass brushes
cylinder, insulated with ebonite, was mounted Fig. 3. Interrupter.

directly on the shaft of an electric motor the
speed of which could be regulated over the range 3-30 revs./sec. The four discs gave
overlapping ranges of interruption frequencies with a total range of 3 to over 2000 /sec.
It was required that the rotation of the interrupter should be extremely uniforln and
perfectly under control. This is especially important for analysis at high frequencies ;
thus for 1000/sec. an irregularity of rotation of 1 in 2000 would in one second completely
reverse the phase of the response, and with a galvanometer of 3 sec. period the full
value of the response would not be obtained.
Much preliminary work was done in examining the conditions necessary for steadiness
and smooth running of small motors. Two forms of apparatus have been constructed :—

(1) A Siemens-Schiickert 12-volt % h.p. motor was directly coupled to a flywheel
(radiu 11 cm., mass 74 kgm.) to prevent sudden changes of speed. This apparatus,
which wus used in nearly all the laboratory experiments, was suitable for exact measure-
ments, as the motor could be made to run very slowly over any required small range
of speed, and this range could be repeated by using the finger as a brake on the fly-
wheel. Since plain lined bearings were used, there was the disadvantage that the
ultimate speed attained was limited only by the work done in friction, and this varied
with the state of the lubrication. The great weight of the flywheel made this frictional
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work so considerable compared with the power of the motor that it was not feasible
to use an eddy-current brake to give further stability.
(2) This apparatus (fig. 4) was made as light as possible so as to be easily portable.

Frxed Lens

Fork Prong Al “’5 /’i’l:“’”’ -~

Soft lron
Role Pece

InTe 7e
- 3/’“’ er

Slrob
itz

1

NN

7
, ./F/. s
YN

4
Sca/o f L ) n , C.m.

Fig. 4. Portable motor-driven interrupter (elevation).

The shaft of a Siemens-Schiickert 12-volt, 4}, h.p. motor was lengthened and fitted
with a couple of ball-bearings carried by brackets from a rigid base-plate. No fly-
wheel was used, the required steadiness being given by an eddy-current brake consisting
of an aluminium disc (radius = 7 ¢cm.) attached to the shaft and spinning between the
four poles (distant 53 cm. from the axis) of an electromagnet excited by a constant
currens. In this case the friction of the bearings only formed a small fraction of the
total work done.

The different circuits were excited as follows :(— -
Armature . . . . . . . 6 volts, 0-3 amperes.
Field . . . . . . . . . 6 3 "
Brake. . . . . . . . . 2 1 ampere.

Except in special cases the whole range of frequency could be covered by variation
of the armature current alone. '

In addition to portability (the total weight was 8 kgm.) this apparatus possessed,
on account of its small inertia, the advantage of extreme rapidity in attaining a steady
speed. For a given adjustment the final speed was reached in about 3 seconds from
rest, whereas the former apparatus required 10 minutes.

The chief source of trouble in obtaining a constant speed was found to be due to
irregular variations in brush-contact on the commutator of the motor. Both carbon
and solid copper brushes were found to be unsatisfactory on this account. These were
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eventually replaced by springy brushes built up of long thin strips of phosphor-bronze,
each strip being slit longitudinally into alternately two and three fingers. In this way
a number of independent contacts was obtained,and much steadier conditions of running
of the motor were secured. Even with the improved brush design occasional irregu-
larities in speed still occur, and are usually traceable to the contact conditions on the
commutator. This appears to be the outstanding difficulty in obtaining a constant
speed of revolution with an electric motor.

The speed of the motor was measured by a stroboscopic method.* For this purpose
the shaft carries a cylinder the surface of which is divided into 21 rings. Each ring is
marked outinto 20,21,22 . . . 4I equally spaced black squares with white intervals,
and for ease in identification every fifth ring is tinted red. The stroboscopic cylinder
is viewed through double slits mounted on the prongs of a maintained fork (64/sec.)
giving 128 views per second of the rotating patterns. The speed is determined by
observing the number of the ring which appears to be stationary. When, as is generally
the case, no ring is exactly stationary, then two consecutive rings are seen to rotate
slowly in opposite directions with different speeds. By measuring the rate of progression
of one of these the required frequency may be obtained with a degree of accuracy limited
only by the constancy of the motor speed. In practice it is sufficient to interpolate by
estimation, as this can be done without giving an error in the frequency of more than
} per cent.

The laboratory experiments were made with a Broca galvanometer (10 ohms), and,
when required, a transformer having a primary resistance of 4 ohms and secondary of
90 ohms. At the reservoir a Broca galvanometer (100 ohms) was used, and also a
transformer with resistances 60 and 110 ohms. The period of the galvanometer was
in both cases adjusted to be 3 sec., and then made almost dead-beat. For the purpose
of dealing with vibrations of great complexity, it would appear quite practicable to
modify the present apparatus to give a photographic record of the *‘ spectrum.”

ANALYSIS OF A CURRENT.

Before proceeding to analyse sound vibrations the following experiments were made
to test the reliability of the method by applying it to analyse alternating currents of
known characteristics.

(1) Simple Harmonic Current.

The current was generated in a small coil, wound in the form of a figure 8, by the
motion through it of a U-shaped magnet (made from a piece of knitting-needle 4 cm.
long) attached either to the prong of an electrically maintained fork, or in the case
of the lower frequencies to an electrically maintained steel strip.

* RavprEiom, ‘ Phil, Mag.,’ 1807.
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The amplitude of the current 7, in c.g.s. units was calculated from the formula

where,

JN . 2mna

1’( = e ———e——
' T VR4 dr?L2

J = magnetic flux cut by one turn of the coil per cm. displacement, directly
determined by means of a ballistic galvanometer.
N — number of turps on the coil, usually 1-10 turns.

n —- frequency.

a = amplitude of motion of the magnet, determined by a microscope with eye-
piece scale.
R = resistance of the circuit (9 ohms) in c.g.s. units.
L = sclf-induction of the circuit. The only appreciable self-induction was due
to the Broca galvanometer (-0073 henry).

On interruption the current measured by the galvanometer response is 4/, and
from the known sensitiveness of the galvanometer (35 div. per microampere) the magni-
tude of the response can be calculated and compared with the observed value.

The results for experiments made with frequencies ranging from 1-2000/sec. are
given in the following table :—

Frequency.
n.

Amplitude of
motion,
a.

cm,
0-200
0:170
0-210
0-200
0-210
0-200
0-025
0-002
0-003

Amplitude of
current,
3.

amp.
0-67 > 107

11-0

(Falvanometer
deflection
(observed).

Galvanometer
deflection
(calculated).

73

3
43

120
160

40

The experimental error is likely to be greatest in the case of the two highest frequencies
owing to the small amplitudes to be measured. Moreover, the 2040 fork had to be
sustained by bowing. The agreement hetween the observed and calculated values for
all frequencies is a8 good as can be expected, but it only holds if account is taken of
self-induction, since at the higher frequencies the correction for impedance is very

large.

* Galvanometer with 9-4 sec. period, giving 340 div. per microampere.
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The currents were very nearly pure, but contained traces of the even harmonices.
Thus the analysis for the 95 fork gave the current-amplitudes of the components n,
2n, 4n, in the ratio 1: ), : ;. These harmonics may have been present in the fork
vibration, but it is more likely that they were produced by want of uniformity in the’
magnetic flux of the U-magnet. The so-called subharmonic responses described above
were also observed.

(2) Close Pair of Stmple Harmonie Components — Resolving-Power.

The current was produced by putting in series two U-magnet generators on separate
forks of frequency 64 /sec., which could be adjusted to have a slight difference of frequency
by means of sliding loads on one of them. The responses were examined for each alone,
and then for both together. When the difference in frequency was reduced to 0-6/sec.
the two components could still be resolved, owing to a distinct drop between the two
maxima. Separation was also eflected when the components were very unequal in
magnitude, e.g. a ratio 5:1. In all cases the double nature of the response was at.
once evident from the characteristic beating of the galvanometer oscillations, wherehy
it was readily distinguished from that due to a single frequency.  When the components
are unequal the beating is more distinct on the side of the smaller.  The difference in
frequency of the components can be determined directly by the frequency of the beats
without observing the positions of the two maxima.

Experiments on resolving-power were not made at higher frequencies, but theory
shows that two components with the above limit of frequency-difference should be
resolved whatever their absolute values, e.g. 1000 and 10006 /sec.

(3) Current Containing Harmonic Series.

Two types of current were produced simultancously from the same electrically main-
tained fork with mercury contact, 32/sec.—the first by induction in a couple of turns
of wire round the electromagnet of the fork, the second by using a small air-transformer
consisting of a few turns of wire (giving negligible self-induction) in which the current
in the primary was interrupted by a separate platinum contact attached to the fork-
prong and dipping into mercury. The level of the mercury was adjusted to give equal
time intervals of make and break. By means of a ** throw-over ” key the amplitude of
corresponding harmonics in the two currents could be compared.

VOL. CCXXII,—A. X
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Harmonie Frequency Current-amplitude Current-amplitude
' quency. with iron-transformer. with air-transformer.
|— . _—
1 32 280 215
2 64 150 10 erratic
3 96 240 210
4 128 210 20 erratic
D 160 180 205
6 192 175 30 erratic
7 224 135 200
8 256 150 20 erratic
9 288 100 190
10 320 130 40 erratic
11 362 85 180
12 384 80 20 erratic
13 416 85 160
4 448 65 20 erratic
H 480 150 160
16 512 135 120 fairly good
17 b44 140 170
I8 576 140 140
19 608 115 145
20 640 120 130
21 672 110 100
22 704 120 120
23 736 . 95 100
24 768 100 80
25 800 90 130
29 928 85 90
32 1024 : 90 100
| 33 1056 70 100
! 35 1120 60 130
a7 1184 70 130
40 1280 a5 120
11 1312 80 110
18 1536 60 a0
19 1H68 50 60

After the twenty-fifth the examination of several harmonics was omitted. The table
shows that the current produced by the air-transformer consists of practically odd
harmonics only, until the higher frequencies are reached, and their amplitudes are
nearly equal. This is what would be expected from the nature of the make and break.

(4) Complex Current.

.

In this experiment six maintained forks were used with their U-magnet generators in
series. The current-amplitude and frequency were first measured for each generator
taken separately, then all were excited and a complete analysis made. This ““ spectrum”’
is given in fig. 5. It will be seen that all six primary constituents were found, together
with their various subharmonics, and also a weak octave of the fork A.
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[

The frequencies and amplitudes of the primaries were as follows :—

‘ Frequency.

!

Amplitude
(Galvanometer response).

A 23-9 i a0

B o 646 ; 42

Coo e 694 , 62

D .. 98-8 ‘[ H&8

ke o e 2195 ‘ nh

ke e H02 1 130
|

These values are sensibly the same as were obtained in the separate examination except
for some small differences in amplitude easily accounted for by unavoidable variations
in the amplitudes of the forks during the experiment. As the whole range explored
extended from 3-2000/sec. and every response found was critically examined, this
analysis occupied a long time—about four hours.

In the diagram the response ¥ is shown accompanied by companions ¥’ and F”,
forming a triplet. These companions are due to irregularities in the spacing of the
segments of the G4 interrupter-disc. They are always given with this disc, but not with
the others in which, presumably, the spacing is more uniform.

When two responses occur close together the amplitude of each is reinforced by the
other. Several such examples occur in the diagram, notably in the case of A and /3.

ANALYSIS OF SOUND TN AIR.
(@) Magnetophone Receiver.

A Graham’s Patent * Loud-talking Apparatus ” (iron diaphragm 10 cm. diameter,
0-061 cm. thick) was placed in series with the Broca galvanometer and interrupter.
This instrument, although not extremely sensitive, proved to be satisfactory for analysing -
sounds. Examples of some of the experiments made are here briefly indicated :—

(1) Bowed fork, » = 512, at 8 metres gave a good response at this frequency.

(2) Voice, singing a note, » = 256, with moderate intensity gave a deflection off
the scale.

(3) Organ pipe, blown at a distance of a few feet. Analvsis gave the fundamental
n = 531 and also the third harmonic. The change to the octave on over-blowing
was readily shown.

(4) In determining the frequency of a fork it is not necessary that the vibration
should be sustained. By tapping a 640 fork with a rubber hammer the frequency
was determined by the interrupter to } per cent.
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(6) In a similar way the fundamental frequencies were found for three metal dia-
phragms (3 in. diameter). The values obtained were 345, 890, 1520/sec.

(6) Highly damped vibrations. The resonator box belonging to a standard 384 fork
was tapped in front of the trumpet of the magnetophone. The maximum deflec-
tion was obtained at 344 /sec., and the fork itsel{ gave a response at 382/sec.

In those cases in which the vibrations are not sustained there is no regular response,
but merely a kick on the galvanometer for each excitation. At any one speed the kicks
may be of either sign, and they vary in magnitude over a certain range according to
the phase-difference. The frequency is determined by the interrupter speed for which
the range is & maximum, but, as would be expected. this maximum becomes ill-defined
when the vibrations are highly damped.

In the above experiments electrically maintained forks were not used owing to their
direct magnetic action on the magnetophone.

(b) Carbon Granule Microphone Receiver.

An ordinary commercial instrument (G.E. Co.) of the “ solid-back © type with conical
mouthpiece was suspended by thin rubber cords. Some preliminary experiments in
which the receiver was enclosed in an exhausted vessel showed that no appreciable
vibrations were communicated through the supports to the microphone when suspended
in this way.

The electrical connections are shown in fig. 6. When required an additional resistance
was placed in the galvanometer circuit to

reduce the sensitiveness. As compared with Broca G"]"'ﬁf‘?j’”&" '

the magnetophone the microphone has the ,
following advantages :—- . Inlerrapier -
57w
(i.) Greater sensitiveness.
(ii.) Tt is non-inductive, and therefore not 75060
affected by stray alternating fields Yow Miliammeler
from electric forks, &c. ™
. ‘% it -
The disadvantages are :— o Volts
Microphone

(i.) Resonance : The above receiver has a

natural frequency about 1030 /sec.

(ii.) The mean resistance during vibration differs from the normal resistance (it is
actually increased), and therefore the starting and stopping of a sustained
sound gives kicks (in opposite directions) on the galvanometer.

(iii.) The resistance, and consequently the sensitiveness, is therefore subject to uncon-
trollable variation.

(1) Pure Tones.—A fork 512, mounted on its resonator, when bowed or struck near

the receiver gave, on analysis, deflections off the scale.

Fig. 6.
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l, ‘

When bowed 8 metres away a response 150 div. was obtained. (The magneto-
phone gave 20 div. under the same conditions.) When a 512 resonance box was placed
in front of the microphone the response was increased to over 200 div.

Fork 2048 bowed at 2 metres gave 200 div.

It was noticed that the overtone of a certain pipe blown gently gave abnormal dis-
turbances of the microphone without the interrupter. This disturbing frequency was
found to be about 1030/sec. Starting and stopping a 1024 fork gave violent kicks on
the galvanometer, indicating a large increase of microphone resistance during the
vibration. This change of resistance was shown directly on the milliammeter in the
microphone circuit.  This effect suggested that the microphone would be abnormally
sensitive to a note of about this frequency. This was actually the case ; thus it was
shown that the microphone as a detector was as sensitive as the ear for this particular
frequency. K.g., fork 1024 when bowed in adjoining room with doors shut was detected
by the galvanometer ; to the ear the note was only just audible.

Also this instrument was cxtremely sensitive to taps on a fork resonator-box, and
also in a less degree to almost any sharp taps given hy wooden objects—e.g., putting
down tool on table or walking about on wooden floor ; locomotive whistles from the
railway near by were especially effective.

(2) Note from Harmonical (KuLis).—The note selected had a fundamental frequency of
66/sec. All harmonics up to the twentieth (the analysis was not carried further) were
observed and their amplitudes measured. The results are given in the following table :—

Harmonic. Frequeney. Response, Harmonic. Frequency Response.
1 66 100 1 726 70
2 132 100 12 792 10
. 198 H0 13 858 15
1 264 40 14 924 )
h 330 60 15 990 80
6 396 20 16 1056 60
7 462 50 17 1122 60
8 Hag 14 3] 1188 10
Y 594 25 19 1254 b

10 660 H 20 1320 10

It will be seen that some of the harmonics are as important as the fundamental.
The fifteenth, sixteenth and seventeenth harmonics are probably enhanced on account
of their frequencies being nearly in resonance with the microphone. The subharmonjcs
are not recorded in the table.

In illustration of the complexity arising from the subharmonics of strong harmonics,
the following example from another experiment is given :—

The harmonical note 263/sec. contained a strong fourth harmonic of frequency
263 x 4 = 1052. This was greatly enhanced on account of its being so nearly in
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resonance with the microphone.  The subbarmonic series of 1052 was in consequence
pronounced. Thus in the experiment a marked response W
was ohserved at 151, which is 1052 = 7 nearly, w.c. the
seventh subharmonic of the fourth harmonic of the funda- 33------ IRt sy
mental vibration. In practice the presence of the sub-
harmonics is generally of less inconvenience than this
example might suggest, but it will be seen that analysis
is particularly affected if the receiver possesses strong 3

D L

resonance-points very much above the region of frequency g
under analysis. K "

(8) Complexr Sound.---In order to test the reliability of ~ 2
the analysis, it was thought desirable to produce a complex e
sound containing known constituents each of which could a-;% ! g:
be examined separately. Four electrically maintained forks )
were placed on the same table. and grouped in front of the o § =
microphone receiver suspended on rubber cords indepen- Ql"“Q T2
dently of the table. The four forks selected had the S ¢
following frequencies :—A 71-3, B 89. (! 100, D 261 /sec. 18 Yo
With all forks sounding together a careful analvsis was SN &
first made, in which each response was examined separately o G =
in order to determine accurately its magnitude and = 3
frequency. The result of this analysis i« shown in fig. 7. 1 é
It will be observed that the following frequencies were 9 g
present : — ) E,

(1.) The four fundamental vibrations A, B. (' and D. o o
—18

(ii.) Weak octave of (. Those of A and B were not.
observed, while the octave of 1) was out of range. q

(iii.) All the important subharmonics of A, B, ¢ and D,
except in those cases where they were masked by — <—— =
other responses, e.g., 31D was missed, as it was
nearly coincident with the fundamental B.

80
B -89:0 ~/sec.”

Analysis of complex sound vibration.

Fig. 7.

With the exception of uncertain responses at 158 and
161 /sec., all frequencies found in the analyvsis are accounted
for. The frequency 161 may be due to a combination- (. ]
tone, either D — C = 161, or A - B = 160-3. A separate <«

50
A-71-3 ~/sec

S
investigation showed that this response only occurred when §
the forks A and B were scunding together, and that it was bl
not always present even under those conditions. g 8 < §§

The analysis was now repeated by making a rapid sweep @
of the whole range by continuously increasing the speed of interruption without stopping
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to cxamine the separate responses. The results of this sweep are given in fig. 7,
where it will be seen that no important vibrations were missed, and that their
frequencies were obtained with almost the same degree of accuracy as in the more
“careful analysis. As would be expected, the amplitudes as determined in this rapid
sweep were generally less than before, and could only be determined roughly.

Other experiments which cannot be described here have shown that all responses,
however small or irregular, which occur in an analysis can always be accounted for.
In fact, analysis has sometimes indicated the presence in the source of quite unsus-
pected vibrations which have been afterwards shown to exist by other means.

Replacing the galvanometer by a telephone, a weak sound of machine-like quality
was heard, the frequency I) = 261 being most pronounced, and also a marked throbbing
which was probably associated with the heating of B and C (89 and 100).

(4) Analysis as affected by a General Background of Sound.—The object of these
experiments was to determine to what extent a definite vibration could be masked by
the presence of a general *“ background ” of sound. A suitable background was found
to be produced by placing a roaring hunsen near the suspended microphone.  As heard
in the telephone this background completely musked the note from a 256 maintained
fork. so that one could not detect when the fork started or stopped. On analysis it
was found that the background alone gave a disturbance on the galvanometer at all
frequencies of interruption, while the fork response was 15 times that due to the back-
ground, showing that in this case the analysis 1s vastly superior to the car using the
telephone. Similar experiments were made with a 512 fork, but it was found much
more difticult to mask this note. two roaring bunsens close to the microphone being
required. The analvsis appeared less efficient in distinguishing the fork note from the
background, the ratio of fork response to background disturbance being of the order
8:1." The galvanometer disturbance due to the background showed a maximum when
the speed of interruption was of the order of 1000/sec. Previous experiments have
shown that this is the resonance region of the microphone.

The masking effects of backgrounds appear to be of considerable interest and im-
portance, and require fuller investigation.

ANALYSIS OF SOUND IN WATER.

It was decided to give special attention to low frequencies ranging from about
5-150/sec. A number of low-frequency sounders and receivers of different types were
used, and will be described before the experiments.

(@) Sources of Sound.

(1) Cylindrical Sounder. (A type used by Lord RayLeiGH for experiments in air,
¢ Phil Mag.,” 1907.)—This was a metal can maintained in bell-like vibration by means
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of an electromagnet excited by a current of about 1 ampere from a spring-interrupter
using 4 volts. Two sizes of this type of sounder were constructed. These were generally
driven at their natural frequencies.

No. 1. No. 2.
Length . . . . . 12-8 cem. 16-1 em.
Diameter . . . . . 7-8 em. 9-4 cm.
Thickness . . . . . 0-68 mm. 0+30 mm.
Natural frequency in water . . 111/sec. 21 [sec.

With these sounders the intensity fell off exceedingly rapidly with the distance, probably
owing to consecutive segments moving in opposite phases causing short-circuiting of
the vibrations in the water. They have also directional properties, the sound being
sent out radially with four symmetrically placed maxima. The rapid falling off of
intensity with distance is an advantage in tank experiments, where multiple reflections
are a source of disturbance.

(2) Double Diaphragm Sounder.—This is non-directional, and on account of its great
range has been used in most of the experiments carried out in the reservoir.

It consisted of a shallow cylindrical cavity closed by two vertical metal diaphragms,
one of which carried at its centre an electromagnet, and the other an equal mass of soft
iron (fig. 8). The electromagnet was excited by an intermittent current from a spring-
interrupter. The space between the diaphragms
communicated with the water by a small hole at
the bottom. The apparatus could be used either
completely filled with air or filled with water,
with the exception of a small (.-.hnmper 01‘ about Ao chamber ]
30 c.c. near the top of the cavity, in which the 30cc
air remained trapped. The sounder was held by
a 12-ft. iron rod, by means of which it could be
lowered over the side of a boat to the desired
depth. When used air-filled, a long piece of
pressure tubing was attached to the cavity and
air pumped in until the air-bubbles escaping from Diaphragm.
the hole at the bottom were seen rising in the osmm
water. In the boat from which the sounder was
hung were the cells (4 volts) and the spring-
interrupter, these being connected by long leads
to the electromagnet within the sounder (current  Fig. 8. Double diaphragm sounder
2-24 amperes). The boat could be anchored in (section).
any desired position, and the apparatus when once adjusted would run for hours at
a time without attention.

The natural frequency of this sounder depended on the internal conditions. The
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restoring force on the diaphragm was mainly due to the elasticity of the air in the cavity
(the restoring force due to the elasticity of the diaphragm being relatively unimportant)
giving when air-filled a natural frequency of about 67/sec., the exact value increasing
with the depth of the sounder below the surface, the variation being roughly  per cent.
per foot. Although the effect of introducing water into the cavity is to increase the
effective inertia of the diaphragms, the frequency is raised on account of the greatly
increased restoring force given by the residual air. With the 30 c.c. of air generally
used the natural frequency was about 123/sec. 1In practice the sounder was generally
driven near the natural frequency corresponding to the working conditions; the
maximum energy is then emitted, and as a nearly pure tone. If driven at much lower
frequencies the intensity was diminished, and, as would be expected, any harmonic near
resonance with the natural frequency of the diaphragm became prominent.

(8) Single Diaphragm Sounder.—A thin iron diaphragm was bolted on to the end
of a massive cylindrical iron pot (fig. 9). A mass (380 gm.) of soft iron was attached
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Fig. 9. Single diaphragm sounder (section).

to the centre of the diaphragm, behind which the exciting magnet was rigidly held.
The cavity was always air-filled at the pressure of the surrounding water in order to
avoid distortion of the diaphragm. The sounder was hung from a punt by a double
chain at a depth of 4} feet. .
The instrument was found to be unsatisfactory in practice owing to the extreme
sensitiveness of the diaphragm to changes of pressure due to small variations in depth.
It had a natural frequency in water of 47/sec., a value much higher than was expected.
The effect of the restoring force due to the air-cavity can be avoided by using a single
diaphragm with both sides in contact with the water, but such an instrument would
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not be an efficient radiator for low frequencies in consequence of short-circuiting action
referred to above, and also it would be bi-directional.

(4) Evinrude Row-boat Motor.—To obtain a more powerful and complex source an
Evinrude row-boat motor was used.

This was a 2-8 h.p. single-cylinder, two-cycle petrol motor fitted with a two-blade
propeller. In most of the experiments it was attached to the stern of a 13-ft. centre-
board sailing dinghy, which either circled round the receiving instrument or was kept
in a fixed position, about 100 feet out, by steel wires made fast to posts on the bank
of the reservoir. The frequency of the piston, which must be regarded as the funda-
mental frequency, could be varied from about 10-11/sec. when the boat was fixed.
while a frequency of 14 5/sec. could be obtained when the boat was in motion. During
a single experiment the motor was found to run at a very constant frequency, and
proved to be a very convenient source of vibration for the purpose of analysis.

(b) Receivers.

In all the water experiments described below attention was usually confined to the
range of frequency 5-150/sec.

In order to obtain a faithful analysis the receiver should be either non-resonant or
its resonance frequency should bhe well above the range under investigation. In the
latter case the receiver will be insensitive in this range, and the results of the analysis
will be complicated by the disturbance of subharmonics of the diaphragm frequency
(see p. 144). We did not succeed in devising an ideal receiver for low-frequency vibra-
tions, although fairly satisfactory results were obtained with the Rubber Diaphragm
Receiver. Owing to damping the latter did not give unduly sharp resonance, and its
Tesonance frequency could be varied to eliminate selective action.

(1) Metal Diaphragm Receiver.—The construction of this instrument ig shown in
fig. 10. Owing to the thinness of the diaphragm, it is
necessary to compensate the external water-pressure.

This was done by putting the air cavity in communica- W

tion with a cylindrical reservoir the lower end of which § x . 8

was provided with a small hole to admit the water. If €3

the cross-section of the cylinder is sufficiently great, then % é g
it is easily seen that the level of the water in it will not |(=— @ §\
alter much with change in depth, and hence the air- |-~ q

pressure in the instrument will remain approximately at | —_
the préssure of the water outside. By adjusting the level H
of the reservoir with respect to the diaphragm, the D
compensation can be made exact for any particular  Fig. 10. Metal diaphragm
depth. receiver (section).
The microphone was attached by its base to the centre of the diaphragm, and enclosed
Y 2
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in a small sealed hox. The diaphragm was of tinned iron, 10 cm. diameter and 0'3 mm.
thick, and with a natural frequency in water of 120/sec.

(2) Rubber Diaphragm Receiver with Adjustable Natural Frequency.—With this instru-
ment the object was to obtain a much lower natural frequency. The effect of the air-
cavity in giving an additional restoring force to the diaphragm, as already referred to
under “ Sounders,” has now to be taken into account. In this receiver the diaphragm
was made of very thin rubber, so that the restoring force was almost entirely due to
the enclosed air. Advantage was taken of this fact to make the instrument of adjustable
frequency by changing the volume of the air-cavity behind the diaphragm. The prin-
ciple of compensation for hydrostatic pressure described above was again applied.

The diaphragm, with the microphone attached at its centre, formed one end of a
brass tube 30 cm. long and 5 cm. in diameter, the opposite end being closed by a screwed
cap (fig. 11). Inside the brass tube was a solid brass plunger the position of which

C ompensaling
C ﬂmb'/.f

NN
_.:§

P Rubber
Draphragm
Microphone

Cap
,S/na// Hole

IS

£

Fig. 11. Rubber diaphragm receiver.

could be varied by means of a detachable rod. A very small hole in the plunger allowed
equalisation of pressure on either side, while at the far end of the cylinder was a side
tube communicating with two symmetrically placed compensating chambers. The
total volume of the cylinder was 600 c.c., and the chambers were 500 c.c. each. This
allowed a compensation to be made for depths down to 40 feet. For convenience in
setting the chambers, a scale of depths was marked on the sides.
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Using the full volume of the tube, the natural frequency was 40/sec., and when the
plunger was pushed up within a few centimetres of the diaphragm the natural frequency
hecame about 100/sec. There was considerable damping, as a result of which the
natural frequency was not pronounced, and was difficult to determine.

Listening Arrangements.—In most of the experiments it was found useful to put a
telephone in the receiver circuit in place of the galvanometer and interrupter in order
to listen to the sound. Such observations are recorded below as ' sound in
telephone.”

In the case of low-frequency vibrations, e.g. 50/sec., the sound in the telephone does
not give a reliable indication of the character of the vibration in the water. since for
such a frequency the telephone responds only to the harmonics, and if they are not
present then no sound is heard.

A Broca tube also served as a useful listening device. The diaphragms were flat
sheets of tinned iron, 15 c¢m. diameter. The natural frequency in water was approxi-
mately 100/sec., and showed marked tuning with depth due to change in pressure.
The sounder 123 /sec. could be heard at a distance of 400 yards.

It was found that a short length of rubber tube, 1 ¢m. external diameter, walls 2 mm.
thick, formed a simple type of non-resonant Broca tube. The lower end was sealed
and weighted with a lead sinker, the upper end was connected to a stethoscope.

Except the cylindrical sounder first described, both sounders and receivers were

non-directional.

(¢) Reservoir Experiments with Sounders.

The Barnt (ireen Fishing and Boating Club kindly gave permission to make use of
Great Bittell Reservoir (near Birmingham), together with a number of boats, &¢., for
experimental purposes. The reservoir has an area of 100 acres, with a maximum depth
of 40 feet. The receivers were connected to the shore by cable, and the analysis was
made in the boathouse where the interrupter and 100-ohm Broca galvanometer were
set up. With few exceptions it was found impossible even in the caulmest weather
to use the receivers when hung from a moored boat, since a very small motion at the
point of support produced a large disturbance on the galvanometer. Satisfactory
results were only obtained when the receiver was either hung from a tripod or placed
directly on the bottom of the reservoir. The tripod was constructed from bamboos
11 feet long and provided with a sinker on each foot. When in the required position,
the lowering rope was sunk with a lead weight in order to prevent surface disturbances
being directly communicated to the apparatus. In some experiments a small cork
marker was used to indicate the position of the tripod. '

Determination of Natural Frequency of Sounders and Recevvers in Water.—This pre-
sented considerable difficulty, and it may be of interest to indicate the different methods
which have been used.
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Sounders :-—-

(i.) A platinum contact was attached to the diaphragm, and the sounder made self-
driving after the manner of an electrically maintained fork. The frequency was
then determined either by analysis of the current induced in a single turn of
wire acted on inductively by the circuit, or by analysis of the current generated
by a U-magnet attached to the sounder diaphragm. The platinum contact
worked quite well under water, but this system of driving the sounder was not
suitable for general use.

(ii.) With the sounder immersed, the diaphragm was gently tapped with a rubber
hammer at intervals of 1 second, and an analysis made of the current induced
in the windings of the electromagnet, as in earlier experiments on the analysis
of damped vibrations.

Receivers :—

(i.) By experiments in which a sounder was driven at various frequencies and the
receiver used to obtain a resonance curve.

(ii.) The natural frequency of the diaphragm was excited by impulses such as an oar-
splash or a tap on a neighbouring boat. In the latter case the analysis showed
in addition the natural vibration of the boat.

(iii.) A method more satisfactory than the last was to analyse the general water
disturbance on a rough day. (Compare experiments on Analysis of Background,
p- 146.)

Metal Diaphragm Receiver (Natural frequency, 120/sec.).—This instrument in mode-
rately calm weather could be used, when hung from an anchored boat with a galvano-
meter disturbance of no more than about 1 div., corresponding tv a faint background
in the telephone. Under rougher conditions a strong diaphragm noise was produced
in which on certain occasions the separate impulses could be identified with the lapping
of the water against the boat. The sounder could be distinctly heard at a distance
of 60 feet.

With this instrument remarkable variations of the intensity of the sound with depth
were observed, showing the existence of an almost silent layer on the bottom. Slowly
raising the receiver from the bottom to the surface showed a rapid increase in the first
6 feet, followed by a slower falling off towards the surface, the maximum occurring at
6-9 feet from the bottom. The observed amplitude at 6 feet was in some cases 25
times that at 1 foot from the bottom. The sound in the telephone varied in a similar
way. These effects as tested by the telephone appeared to be the same in different parfs
of the reservoir, where the depths were 12, 18 and 32 feet, and independent of the fre-
quency which ranged from 60-130/sec. Sounds due to taps on the boat, splashing of
oars, &c., and also natural disturbances, were modified in the same way. No definite
effect of this kind was observed when using the other receivers of lower frequency.

The amplitude of the vibration fell off with horizontal distance from the source with
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remarkable rapidity. Putting amplitude o the value of the index p (see

1
(distance)?’
below) is generally 3 to 35, which makes the energy fall off with the sixth or seventh
power of the distance. This gives rise to considerable difficulty in making exact measure-
ments, as a large error is introduced by a small change in distance.

The variation in amplitude with distance and depth is shown in the following
examples :—

Depth of Frequency | Depth of Depth of Horizontal R X | _
water, of sounder., sounder. receiver., distance, CSPONSC. Index p.
ft. ft. ft. ft.
12 105 6 On bhottom. 4 Off seale > 250
15 18 .
75 3 -0
15 124 10 9 40 270 -
9 80 25 30
9 130 <5 >2-6
On bottom 80 3
6 80 16
17 66-5% 3 11 135 7 50
11 60 80 ‘
On bottom 60 3
9 60 150
3 60 80

Rubber Diaphragm Receiver—When hung from a boat in very calm weather the
galvanometer showed oscillations of 20-40 div. with an occasional 200 divs., but on
the bottom the disturbance was reduced to 1-2 div. A residual disturbance of this
magnitude was always present under the quietest conditions, even when out of the
water, and this may represent the natural limit of steadiness of the microphone. The
instrument was used either on the bottom or on the tripod, and even then quiet weather
was essential. On a windy day there were large disturbances always closely associated
with the gusts. Their magnitude was not changed by altering the natural frequency
of the receiver.t

With this apparatus a number of experiments were made in which the sounder was

* In this case the weak octave 133/sec. present in the sounder was reinforced by resonance with the
receiver. This response varied with depth in the same way as the fundamental.

J} Some experiments made in the laboratory at a later date furnished the explanation of these disturh-
ances. It will be seen from the construction of the apparatus that slow pressure changes can be com-
municated to the air cavity through the compensating reservoirs. Such pressure changes would not produce
any motion of the diaphragm. The effects on the microphone are due to the direct action of the air pressure
on the lid of the button. This was confirmed by blowing air into the cavity of the instrument. It was
then found that when the microphone was subjected to a sustained additional pressure the microphone
current showed a rapid increase followed by a slow exponential recovery, the transformed current causing
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driven successively at different frequencies. Since the driving current contains har-
monics the forced motion of the sounder will also contain these harmonics, and if the
frequency of one of them is near the natural frequency, then on account of resonance
that harmonic will be very prominent, and may be much greater than the fundamental.
But the receiver also has a selective action, and will enhance by resonance any harmonic
which is near its natural frequency. These effects were observed in the analysis but
will not be further described.

The variation of amplitude with distance was determined using the two sounders near

their natural frequencies, and the results obtained are given in the following table :—

Depth of Frequency | Depth of Depth of Horizontal
water. of sounder. sounder. receiver. distance. Response. Index p.

ft.. ft. ft. ft.

18 44-5H 4:h 12 b7 190 3-1
150 9

17 lit] 9 On bottom. 60 180 3.5
165 <B zom

i

The high value of the index is in agreement with the results obtained with the Metal
Diaphragm Receiver.

A particular source of disturbance with the Rubber Diaphragm Receiver was found
to be due to the vibrations caused by trains passing at a distance of rather more than
a quarter of a mile. The effects were noticed when analysing in the region 30-40/sec.,
where on occasions definite responses of over 100 div. were obtained. These disturh-
ances greatly added to the difficulty of the experiments, especially when examining
vibravions of very small amplitude.

(d) Sound Spectrum of Evinrude Motor (Reservoir experiments).

A description of the motor together with the general arrangements has already been
given (p. 149). Analysis was made with both receivers. They were either placed on
the bottom or hung from the tripod 6 feet above the bottom. In each case a spectrum
wus obtained consisting of a harmonic series, n. 2n, 3n, 4n, &c., having for its funda-
mental the frequency n of the motor. In general the higher harmonics have smaller
intensities, and only in a few special cases could measurements be extended beyond
the first ten harmonics.

the galvanometer to give a complete oscillation, as would be expected. The exponential recovery, which
extended over some 15 sec., was evidently due to the air leaking into the partially air-tight button. The
whole effect completely disappeared when a small hole was dridled through the side of the button.
Tt was thought that the instrument might now be less sensitive to low frequency vibrations. An experi-
ment in a tank showed that for a frequency of 100/sec. the sensitiveness was reduced to about one-half.
It would thus appear that in the reservoir experiments the wind pressure was transmitted through the
water to the receiver. The metal diaphragm receiver did not show these effects since its button is enclosed

in & sealed cavity.
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The Rubber Diaphragm Receiver was found to be much more satisfactory than any
other type tried, and was used in all the experiments described below.

Variation of Spectrum with Motor Speed.—It was soon found that even under closely
identical conditions the character of the spectrum often differed greatly on repeating
the experiments. It has not been found possible to explain this variation completely,
but it is partly due to change in motor frequency. Experiment showed that quite small
variations in the motor frequency—variations originally regarded as of little conse-
quence—may greatly aflect the relative intensities of the ““lines’ in the spectrum.
There are several ways in which this may take place :—

(i.) In the experiments the motor speed was always changed by altering the phase
of the ignition ; this may result in a change in the character of the vibration
of the motor itself.

(ii.) Mere change of speed may bring certain harmonics into, or out of, resonance
with natural frequencies of the boat.

(iii.) Change of speed may bring certain harmonics into resonance with the receiver.

Experiments show that (iii.) at least is an important factor. Unfortunately, the
frequency of the Evinrude motor (with boat fixed) can only be varied by about 10
per cent., 7.e. from 10-11/sec.

Three examples of the variations in the spectrum are given in fig. 12, where the

n
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Fig. 12. Variation of spectrum of Evinrude with motor speed and natural frequency of receiver.
Depth, 15 feet. Receiver on bottom. Distance 13 feet; broadside on.
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harmonic series for low and high speeds are represented by continuous and broken lines
respectively. All three experiments were carried out under identical conditions as
regards the position of the receiver, which was placed on the bottom at a depth of

~15 feet. The only difference made in the conditions was in the natural frequency of
the receiver : in the first experiment this was made as low as possible, about 40/sec.,
by using the full volume of the air-cavity ; in the second it was raised to about 80/sec.,
and in the last to about 100/sec. The last two natural frequencies are only known
approximately.

It will be seen that in all three cases the responses n, 2n, 3n, are increased with increased
speed. In the first experiment 4n is very prominent, and showed a decrease with speed,
evidently due to its being put out of resonance with the diaphragm. The effect of
diaphragm resonance is also shown in the second and third experiments, which give
strong responses near 80 and 100 respectively, frequencies for which no responses were
detected in the first experiment. On the other hand, there seem to be certain perma-
nent features in the spectrum—for example, the third harmonic for the lower speed
always being very weak, and the harmonic near 68 being always prominent. These
characteristics may be associated with either the bhoat or the motor.

Variation of Spectrum with Direction.-- The receiver was placed in various directions
with respect to the axis of the boat, the distance from the propeller being constant.
Variations in the spectrum were observed, but as consistent results were not obtained
on repeating the measurements for any one position, no definite conclusions can be
drawn. In general the experiments showed that direction has no marked influence on
either the intensity or distribution in the spectrum.

Variation of Spectrum with Depth.—It was not possible to moor the motor-boat in the
deeper parts of the reservoir. Some experiments were therefore made with the motor
circling round a cork marker indicating the position of the receiver, which was— (a) on
bottom, (b) on tripod 6 feet above bottom. The depth of water was 26 feet, and the
radius of the circle either 20 feet or 60 feet. The spectrum of the boat in motion did
not differ essentially from results obtained with the boat moored in shallow water.
The motor frequency was 14-2/sec. instead of 10-11/sec., so that no exact comparison
is justifiable. The intensities observed were less than those for equal horizontal dis-
tances in shallow water, but not in greater proportion than is accounted for by the
greater actual (oblique) distance between receiver and boat.

Variation of Amplitude with Distance.—Experiments were made to determine the
variation of amplitude with distance in the case of the most prominent vibrations up
to the fifth harmonic. The most useful results would be obtained at distances great
compared with the dimensions of the boat, but on account of the rapid decrease in
intensity it was quite impossible to make observations at distances greater than 70 feet.
At these distances disturbances were comparable in magnitude with the effects to be

observed.
Since the source is on the surface and receiver on or near the bottom, any change in
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distance also involves a change in direction with respect to the vertical, and if nodal
planes exist in the water one would expect a more complex relation than that given
by the former experiments using non-directional sounders. There is the additional com-
plication due to reflection from top and bottom, which will be different in the two sets of
experiments owing to the sounder always being placed below, instead of on, the surface.
1
(distance)?’
the different harmonics are given in the following table :-—

Putting, as formerly (p. 153), amplitude o the values of the index p for

Depth :‘)f Frequency, Responses at horizontal distance. Index p.
water. n.
ft. ) T - T
13 111 (14 11.) (24 1t.)
n 90 25 24
2n 210 100 1-4
I 130 37 2-3
4n 230 60 2-0
bn 40 7 3-2
16 11-2 (1334 ft.) (21 ft.) (43 ft.) (69 ft.)
n 80 25 ) 0 2-4f
2n 45 25 10 0 1-3%
dn 45 10 10 b —
4n 140 70 23 10 1-6%
26 14-2 (21 ft.) (42 ft.)
‘.B_‘l’!“, n 28 15 0-91 (1-1)f
CIrehing. 2n 14 5 15 (1-6)t
3n 25 3 3-1 (4-9)%
The distances given in the table are .

horizontal distances, and these differ from
the true distances morve in deep than in
shallow water. This correction has not
been made, as it does not appear to lead to
a simpler law,

In fig. 13 the values of the log (amplitude) . |

204

Log wryolzbzde

are plotted against log (distance) for the on N
third experiment in the table, in which the

greatest range of distance was covered. &

It will be seen that the graphs for n, 2n and Log distance
dn are practically straight lines giving a 93 pe - = - s
constant value for p as determined by the Fig. 13. Variation of amplitude with distance- -
slope of the line in each case. The results Index graph.

* The receiver was 6 feet above the bottom.

t+ From graph, fig. 13.
1 These values of p are calculated for the oblique distances.

z 2
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for 3n are quite abnormal, as no falling off in amplitude was observed for the distances
21 feet and 43 feet. This is the only occasion on which such an effect has been recorded,
and may be accounted for by accidental disturbance.

The table shows that in any one experiment the various harmonics have different
values of the index p, indicating that the character of the spectrum really changes with
the distance, but the values of p depend on the experimental conditions. The range
of p is from 1 to 5, and in general the higher harmonics fall off most rapidly with the
distance (i.c., have larger values of p) and the harmonic 2n least rapidly of all. It is
not known whether this peculiarity of 2n is associated with the absolute frequency or
with the propeller action in which this vibration may have its origin.

The distances were always measured from the propeller, but it appeared that the
propeller only acts as an additional source. One can see the sides of the boat vibrating,
and in calm weather the ripples radiating from the stationary boat are quite evident.

On several occasions the boat-vibration was examined by placing in the boat a
frequency-meter of the vibrating reed type. Within the runge of this instrument
(25-50/sec.) responses were obtained corresponding to the harmonics which were simul-
taneously detected in the water. With the rubber diaphragm receiver used in these
experiments the sound in the telephone was distinct up to 50 feet. Listening directly
with the Broca tube and rubber tube, the sound was poor even at distances of about
20 feet.

Subharmonics.—In the diagrams representing the spectrum of the Evinrude motor
the subharmonics hawe, for the sake of clearness, been omitted. As the higher har-
monics are generally small, and not observable beyond the tenth, there were very few
subharmonics to confuse the analysis. Most of the subharmonics were below the funda-
mental, and this region was disregarded in the analysis. The fundamental response
often showed some irregularity due to the superimposed subharmonic ¥(3»).

The measurement of the amplitudes of the vibrations up to the tenth harmonic occupies
about 10 minutes.

Analysis by Telephone.—1t is interesting to note that by putting a telephone (in place
of the galvanometer) in series with the interrupter the fundamental frequency (10/sec.)
of the Evinrude motor can be determined with great precision, as the beats are very
marked when the interrupter is running near that frequency. Also the frequency of
the harmonics can be determined in a similar way, although with them the effect is
not so evident.

PART II.—THE THEORY OF ANALYSIS OF AN ELECTRIC CURRENT BY
PERIODIC INTERRUPTION.

The present paper contains an account of the theory of the analysis of an alternating
current by the method of periodic interruption. The experiments in which this method
has been applied for the analysis of sounds in air and water are described in Part 1.
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Let the current to be analysed be a function of the time expressed by

y=rf()

and represented by (a) in fig. 14. We may regard the effects of interruption as merely

@ A\ /JL\ N I

@ /RJH . f A

Fig. 4. Interruptions of current,

the result of multiplying the instantancous value of the current y by a factor which
has periodically the values 1 and 0. Tor equally spaced interruptions of frequency n*
and giving equal time intervals for open amd closed circuit, this factor is represented
graphically by the periodic form (b) (fig. 14), and has for its expression the Fourier
series :

3 +?r (sin nt + § sin 8nf + } sin St + &e.). .

The resulting intermittent current, represented by (c) (fig. 14), is therefore given by

Yy = {%+% (sin nt + 1 sin 3nt+ | sin 5nf + &c.)}f(t).

This expression must now be resolved into S.H. components. These may then be
regarded as forces of S.H. type acting on the galvanometer system--or on the telephone
diaphragm—and giving rise to a forced motion which is readily calculated. If the
galvanometer possesses very little damping, only those components which have a fre-
quency near that of the galvanometer will produce any appreciable motion. But we
shall suppose, in accordance with experimental requirements, that the gulvunometer
is heavily damped, and for convenience we shall here take it as being exactly  dead-
beat.” Under these conditions there will be no resonance, and a component is only

* The quantities n, n,, ny, p, &c., really angular velocities, are, for the sake of brevity, here referred to
as frequencies, the 27 being everywhere omitted. They are strictly the radian frequency of phase change.
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«

effective in producing appreciable motion when its frequency is less than that ot the
(undamped) galvanometer. The full amplitude of the component is not exhibited by
the galvanometer unless the component has zero frequency ; if it has half that of the
~ galvanometer the amplitude of the motion produced is 80 per cent. of the full value (see
fig. 15, which shows how the forced amplitude varies with the frequency p of the force).

On the other hand, a telephone in the circuit will render audible only those com-
ponents which are of sufficiently high frequency to excite the diaphragm and the ear.

If the circuit contains appreciable self-induction the effects of interruption are greatly
complicated—-at least theoretically— and special assumptions as to the conditions which
hold at ** break ”” must be made in order to proceed with the investigation. The general
effect will be to round off the sharp corners at ““ make” and * break ”” in curve (c)
(fig. 14) as represented in curve (d). Provided the “ time-constant ” of the circuit is
small, only the components of high frequency will be seriously modified by self-induc-
tion. The order of frequency affected is 1 + (time-constant), or R/L if the circuit has
resistance R and induction L. (For a Broca galvanometer alone R/L is about
1200 /sec.)

Actually we are not likely to be greatly concerned with the modification introduced,
for this would imply that we are using the analysis to determine a component of fre-
quency so high that, on account of ordinary impedance, it already must have undergone
considerable distortion. We shall, therefore, neglect self-induction and proceed to
consider certain special types of current.

(1) Steady Direct Current.

y = A, a constant.

Then

Y = % + %(sin nt+} sin 3nt + &e.).

The galvanometer is deflected by A/2. The sound in the telephone is represented by
the uneven harmonic series of tones with the interruption frequency » as fundamental.
This is the * interrupter note’” ; it is characterised by the wave-form (b) (fig. 14). When
n is very low only the numerous high harmonics in the audible region are effective,
and the sound is well described as a purr. As n is increased the note becomes more
musical in quality, and its pitch is recognisable.

(2) S.H. Current.
y = A sin n,t.
Putting A sin n,¢ in place of f(¢) in the general equation for y’, this may be written :

Yy = %sin nyt + A {cos (n—mn,)t—cos (n+n,)t+3} cos (8n—n,)t—} cos (3n+un,)t
- ™
+1} cos (5n—mn,)t—} cos (5n+mn,)t+ &e....}.
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The tones present are therefore
n, N+ n, 3n+n, n+mn, &
The difference tones n — n,, 31 — n,, &c., have zero value of frequency when

_ ) no=n, I, n, &ec,
with the amplitudes

é‘ 1 A A &e
- , &e.

3 I‘-"
T T

These represent the fundamental and ** subharmonic ” responses.

We shall now suppose we are running through the fundamental response so that
n = n, nearly. Put n —- n, == p where p is the small difference in frequency between
interrupter and current. In going up, i.e. with increasing speed, through the respouse
p changes from negative to positive.

The general expression may now be written

¥y = ;} s8I 1yt + A fcos pf —cos (2n—p)t+ 4 cos (2u+p)t = 4§ cos (4n—p)!
m
+4 cos (4u+p)t—=1 cos (6n—p) 1+ &e. .

The frequencies of the components are
P, 20t p, 4ntp, Ontop, &e

The galvanometer responds to p. It is seen that there is a series of heating tones,
2n, 4n, 6n, &c., and all these beat with the same frequency 2p, 7.e. twice the frequency
of the oscillations of the galvanometer at the same instant (confirmed by experiment).
The amplitudes of the beating tones are never equal, but they tend to equality for the
higher harmonics of the series. This explains the beating which is heard in the tele-
phone even when #, is well below the limits of audibility.

For synchronism (p = 0) there is produced the single note of fundamental n, con-
taining the cven harmonics 2n, 4n, &c. The original tone n, may be inaudible, and in
any case it is weakened by interruption, but the addition of the harmonics will in general
render audible the resulting note n,.

When » is near 2n, put # — 2n, = p. The component frequencies are then

n, W+ p, 3n --p, 5n - 3p, Tn + 3p, &e.

In, this case there is no galvanometer response. There is only one beating pair, ,,
n, -+ p, the amplitudes A/2, A/x of which are sufficiently near equality to give a marked
beuting, but, of course, this will not be heard unless », is within the audible range.
It will be noted that the beats have the frequency p in this case, instead of 2p as above.

Similarly, when # is near 3n, it is easily shown that there is no response and no beating.
[Confirmed by experiment.]
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Now take »n near », and put 3n — n, = p. Then

y = % sin oyt + A {cos (2n—p) t— cos (4n—p) t+} cos pt —} cos (6n—p)t
- ™
+} cos (2n+p)t—} cos (8n—p) t+ % cos (dn+p) t— &e.}.
Hence the frequencies are

p, m, 2nip, 4n+tp,  6n+p, &

The galvanometer responds to p; this is the third order subharmonic of amplitude
A/3n. The beating pairs all beat with the same frequency 2p, but their amplitudes
are more unequal than in the case of the fundamental response.

(8) Harmonic Series.

Let the original current be

y = A, sin n,t -+ A, sin 2n,t + A, sin 3n,¢  &c.

without regard to phase differences between the constituents.

The interrupted current is now made up of groups of components, there being one
group associated with each harmonic. It is sufficient to consider only the case of
synchronism with the fundamental of the series, i.e. when » = n, nearly. Putting
n — n, = p as before, the resulting tones may he tabulated thus :—

Am:p. ratio. A, A,. A, A, A,
ny. 2ny. 3n,. ] 4n,. on,.

1 P 2n—p | n-2p 3n—2p|2n—-3p 4n-3p|3n—4p On-—4dp|4n-56p 6n--bHp

3 2n4 p dn - p| n+2p HBn-2p | 3p 6n—3p | n—4p Tn—dp|2n-56p Bn-—-bp

H dn {-p 6n—p | 3n+2p Tn—2p | 2n+43p 8n—3p | ntdp 9n—4p | bp 10n --bp

H 6ntp  Bn--p|bnt2p 9n—-2p | dn+3p 10n—3p | 3nd-4p 1lln—dp | 2n4-5p 120 —5p

The interrupted current may be regarded as made up of
(a) 4 (A, 8in nyt + A, sin 2n,¢ + &ec.).

This is the original note with half the amplitude.
(b);tl- (A, cos pt + 3A; cos 3pt + LA, cos 5pt -+ &c.). .

This is the galvanometer response, which now has a complex character due to the
superimposed subharmonics of 3#n,, 5n,, &c.
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(c) The beating tones

A, , . 1 : i 9

=M, D2e+p, G 3)dntp, (), 1) 6n + p, &c.] beating at 2p,

™

A [(LHn+t2p, (,3)3n+2p, (3 3) 50+ 2p, &e.] beating at 4p,

™

B>

=3[, 1) 2n + 3p, (1, })4n + 3p, (3, 3) 6n + 3p, &c.] beating at Gp,

™

&e.,

where the numbers in ( ) brackets indicate the relative amplitudes of the beating pairs.
The sound in the telephone is, therefore, remarkably complex. It will be noticed
that the constituents of the original note (a) have frequencies which may be written

w-t-p, 20+ 2p, 3n 4 3p,  &e.

and these can be associated with components in (¢) to give beating at frequency p.  This
appears to be the explanation of the curious fact that in an experiment with a current
rich in harmonics the beating heard agrees in frequency with th galvanometer oscilla-
tions p, although with a S.H. current the beating frequency has the double value 2p.
Examination of the above table shows that this abnormal beating at p depends essen-
tially on the co-operation of consecutive harmonics of the original current. In all cases
the ear appears to appreciate only the slowest beats which are present.

The more general case in which the interruptions are of unequal intervals and unequally
spaced may be treated in a similar way to the above. It is only necessary that the
interruptions shall be strictly periodic so that they may be represented by a Fourier

series.
Simple Response.—1f the galvanometer system has a natural undamped period 2n
»

(1]

and is made cxactly dead-beat, the equation of motion due to a S.H. force is
@ 4+ 2nyr + nixr = F cos pt.
The solution of this for the steady state gives the amplitude of motion

F

(( = = *
n,? + p*

When the frequency p of the force becomes very small compared with that of the galvano-
meter n,, the amplitude has the maximum value q,, = ;Iiz corresponding with the centre
b

of the response.
Hence

“ 71,02

tn  NE+P?
VOL. CCXXIL—A., 2 A
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Plotting a/a, against pfn, we obtain the response curve ( equation y = T«%:?)
\

shown by the full line in fig. 15. The amplitude falls to half value when p = + n,

70
%
.
08
o6
o4
02 e
J/ M\
’l, \ p
/ 'l" s /Lo
- 2 ‘-..,_‘..\_
o PR WP B b . " i aiiniieds LIty ympmpy
8 7 (2] 5 4 3 2 7 o 7 2 3 + 5 6 7 8
z 7 o 7 P ~/sec

Fig. 15. TResponse curve.

i.e. when the difference in frequency between interrupter and current is equal to the
natural frequency of the galvanometer.

[For the galvanometer with period 3 sec. used in the experiments the half-value
amplitude is given for a true frequency of 4/sec., or the ““ width of response ” is §/sec.
The true frequency of the forced motion of this galvanometer over the range of the
response is indicated on the lower scale in fig. 15.]

Resolving Power.—Consider first the case of two equal components. Let

a, = maximum amplitude for each separately,
g = frequency difference,
a;, @, = response amplitude, for one component alone, at frequencies 34 and ¢ respec-
tively from the maximum.

The superposition of the two response curves is shown in fig. 16. The degree of reso-
lution is determined by the ratio

amplitude at central dip
amplitude at summit on either side

Approximately this ratio is , neglecting a slight displacement of the maxima.

a. + a,
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If we take for the limit of resolution a ratio 5/6, 7.e. a drop of 16 per cent. at the
centre, this corresponds to the condition ¢ = 2n,. Hence the least difference of fre-
quency resolvable is twice the frequency of the galvanometer. For the experiments
this limit is §/sec., but practically a rather higher degree of resolution was obtained.
Undoubtedly this is due to the fact that the above ratio is that of the maximum ampli-
tudes obtained by taking the two vibrations always in the same phase. If they are
taken in opposite phases the two peaks are completely separated, as indicated by the
dotted curve in fig. 16. The motion of the galvanometer is in general compounded of

r2
(Q)Separale response curves for components L ’\

i

4 Va 02 L JOUN S ,._‘,‘+"' [ S h_‘_‘.\]h\a‘_
4——-"“( P "\40 R 4 \‘l‘, \_‘A:J,\\\.
Frequency (b) Resultant curve
Fig. 16. Resolving power.

two S.H. motions of different amplitude and different frequency, but the maximum
excursion is the easiest observed. Midway between, the two components become equal
in amplitude and frequency, giving rise to pronounced beating. The beats have a
frequency which is variable between the two peaks, but on either side it has the constant
value ¢. For extremely close components (g/n, very small) practically the whole
response is characterised by beating with frequency ¢. so that from this point of view
the resolving power is unlimited. With components very unequal in magnitute the
presence of the companion is generally detected by beating on one side only of the
response. This will be understood by examination’of fig. 15, where the response curve
due to a companion of amplitude } of the primary is represented by the broken line.
The region of most distinct beating is where the two amplitudes approach equality.
Time Required for Analysis.—We shall suppose that the interrupter frequency » is

increasing at a uniform rate, j:“
component of frequency »,. It is required that the value of the maximum deflection
shall not possibly be less than a certain fraction, say 90 per cent., of the full response
ebtained by an infinitely slow rate. Measuring the time # from the instant of synchronism,
we may put n = n, + ci.

If at the instant ¢ = 0 the phase difference between current and interrupter happens
to be 0, or =, the conditions will be as favourable as possible. 1t is only necessary for
this phase condition to persist practically unchanged for a time interval sufficient for
the galvanometer to deflect. For a galvanometer in the dead-beat condition this interval

= ¢, in going through a response due to an isolated
) )



166 DRS. GUY BARLOW AND H. B. KEENE ON THE ANALYSIS OF SOUND.
. .

is approximately 3T, where T is the period when undamped. A phase change of + ’—8‘

may be allowed at either end of the interval, which we may take as extending from
t=—1T to t =-+}T. Then since n—mn, is the phase change per sec. at ¢, the required
condition is expressed by

e

% _ rT(u-—Wn)dt = jncfdt = 3¢ (1) ’

therefore
L .
radian/sec.

4
—’1-72

Cc =

Hence the limiting rate is g / sec. Thus in the experiments, with T = 3 sec., unit

range 1/sec. can be covered in 4} sec. But since the phase at synchronism may be
unfavourable, the rate must be much slower than the above limit—probably about
T« the rate.

The investigation shows that the limiting rate is the same at all frequencxes and it
is inversely as the square of the galvanometer period. The result is of importance in
considering the possibilities of making a photographic record of a spectrum by a con-
tinuous sweep through the whole range of frequency.
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PART L

1. Introduction.—The first part of this paper, written by LovE, contains a theoretical
solution of the problem of rational hydrodynamics which has been named by writers
on ballistics, “* LAGRANGE’s problem ” ; the second part, written by Pippuck, gives
the application to ballistics.
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In the problem* it is supposed that a given mass of gas, which is initially in a uniform
state, is contained in a segment of a tube of uniform section. At one end the segment
of the tube is bounded by a fixed transverse section, and at the other end the tube is
closed by a piston of given mass, which is initially at rest and is free to move along the
tube without resistance. 1t is required to find the subsequent states of the gas and
the motion of the piston.

Under the pressure exerted by the gas the piston begins to move, und wave-motion
of finite amplitude is set up in the gas. The waves are plane. The theory of plane
waves of expansion of finite amplitude has been the subject of much study,} chiefly
in connection with the question of the initiation and maintenance of surfaces of
discontinuity. The difficulties associated with this question do not arise in Lagrange’s
problem, because the waves that are generated are always waves of rarefaction, and
there is no tendency to discontinuity in waves of this type. Among the results that
have been obtained in the theory of plane waves of finite amplitude, two are specially
important for our present purpose. The first of these is that there exist waves of the
type known as ‘* progressive waves,” and that they are the only ones that can advance
without discontinuity into gas at rest. They are sometimes described as ™ motions
compatible with rest.”f The second important result is that the equations governing
the propagation of waves which are not compatible with rest can be integrated.§ Such
waves will be described in the sequel as ** compound waves.”

The most important writings in which LAGRANGE’s problem is dealt with are the
memoir of Huconior cited above, H. HaApAMARD’s “ Legons sur la Propagation des
Ondes,” Paris, 1903, and a memoir by F. Gossor and R. LiouviLLk in Mémorinl des
Poudres et Salpétres,” vol. 17, 1914, p. 1.

The problem is not rendered essentially more difficult if it is supposed that the
segment of the tube occupied by gas is bounded by two movable pistons of sgiven
masses. Provision can be made for the case of a fixed end by taking the masses of
the two pistons to be equal, for then there is never any velocity at the section midway
between them.

The tube will be thought of as running from left to right. When the pistons begin
to move progressive waves set out, one from the left-hand piston with a front proceeding
towards the right, the other from the right-hand piston with a front proceeding towards
the left. These waves meet at the middle section, and from that section there then
sets out a compound wave, which has an advancing front, proceeding towards the right,
and a receding front proceeding towards the left. This wave will be described as the
" 8. D. Posson, * Formules relatives au Mouvement du Boulet . . . extraites des Manuscrits de
Lagrange,” Paris, ‘J. Ec. Pol.,’ cah. 21 (1832).

1 Reference may be made to Lams's * Hydrodynamics,’” ch. 10.

1 H. Huconior, Paris, ‘ J. Ec. Pol.,” cah. 57 (1887) and cah. 58 (1889).

§ B. RieMann, ‘Gottingen Abh.,” vol. 8 (1859-60); also ‘Ges. math. Werke,” Leipzig, 1876,
p. 146.

282
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“first middle wave.” When the advancing and receding fronts of the first middle
wave reach the pistons the original progressive waves are obliterated, reflexions take
place at the pistons, and new compound waves are generated at the pistons and encroach
upon the first middle wave. These waves will be described as the *first reflected
wave from the left » (or “ from the right ” as the case may be). The reflected waves
meet at or near the middle section, from which there then sets out a new compound
wave called the ““ second middle wave.”” This wave again has two fronts, one advancing
and encroaching upon the first reflected wave from the right, and the other receding
and encroaching upon the first reflected wave from the left. The two fronts eventually
reach the pistons, and then the second middle wave will have obliterated the first
reflected waves, and will itself be reflected so as to give rise to new compound waves
setting out from the pistons. These will be called the ‘“ second reflected wave from
the left > (or ‘“ from the right ” as the case may be). The motion goes on in this way
until a piston reaches an end of the tube if the tube is of finite length.

In what follows Articles 2-9 are devoted to giving such an account of the theory
of plane waves of finite amplitude as seems to be necessary for the discussion of the
problem. Although so much has been written about the subject, it appears to be
impossible to find what is wanted in a suitable form. Articles 10, 11 contain the formulee
relating to the two progressive waves. These are already known from the work of
Gossor and LiouviLLe, but it seemed to be desirable, for the sake of completeness,
to obtain them anew. Articles 12-17 deal with the first middle wave. Sufficient
indications of the method of determining this wave have been given by the same writers
for the case of equal pistons. The really formidable difficulties of the problem begin
to present themselves when an attempt is made to discuss the waves reflected from
the moving pistons. In Articles 18-25 an approximate method of solution is found.
It seems to be capable of giving results for the first reflected waves correct to any desired
order of accuracy. In Articles 26-31 the second middle wave is determined. However
far the approximation to the first reflected waves is carried, the second middle wave
answering to them can be found by the method here given. Articles 32-40 are devoted
to the determination of the second reflected waves. The method used for the first
reflected waves does not give a sufficiently close approximation, and a new method is
applied. Numerical calculation of a particular example showed that all information
that can be of practical importance may be obtained from a solution which does not
go bevond the determination of these waves. The results of this calculation belong
properly to the second part of the paper.

THEORY OF PLANE Wavis oF FINITE AMPLITUDE.

2. General Equations.—The motion is supposed to take place in an unlimited straight
tube of uniform cross-section w. Let z be a co-ordinate measured along the tube,
and specifying the position at time ¢ of a plane of particles, which, when ¢ = 0, 1s in
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the position specified by x,. At the time ¢ = 0 the gas is supposed to be at rest. Let
P, and p, denote the undisturbed pressure and density, supposed uniform, and let p,
p, u denote the pressure, density and velocity at time ¢ for the particles specified by .
The equation of continuity is

or
Ig ‘a'.';o = Pos
and the equation of motion is
Cxdr __ p
Lo ox, T dx,

On introducing », which is éx/ot, these equations become

o _pie, 1
o, p* ot ot Po O,

It is supposed that p is a uniform function of p, and it is convenient to introduce,
after R1EMANN, a quantity « by the defining equation

do = i /\/(d}—)> dp

(ip/

and the condition that = = 0 when p = 0. Then the equations become

0 o 0

vo (&) o Cer
—4+H—==0 — +Ill = =0
ot i, ’ ot ai, ’

where |1 is a function of p defined by the equation

) ‘dp

The quantity I1, which is of the dimensions of a velocity, may be regarded as a known
function of . The value of 11 when p = p, is the velocity of sound waves of small
amplitude in the undisturbed state of the gas. This will be denoted by a. The equations
are of Lagrangian type, and z, and ¢ are the independent variables. The quantities
p and p, like II, can be regarded as known functions of . The value of « when p = p,
will be denoted by ..

3. Progressive Waves.—Two quantities » and s may be introduced, after RikMANN,
by the equations .

ot+u = 2r, o—u = 28,

or,
o =1r+8, u = r—s.

The equations of continuity and motion then give the two equations

renZ oo B_pko

ot ox, ot 5;;—
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If s is constant, the second of these equations becomes an identity, and the first can

be integrated in the form
r = F(x,~11t),

where F denotes an arbitrary function. This can be proved easily, and the equation
cun be written

x,—11t = f(o).

In like manner, when 7 is constant, the first of the two equations becomes an identity,
and the second can be integrated in the form

x,+ 11t = f (o).

3

A motion with constant r or constant s is described as a ‘‘ progressive wave.” A
wave with constant s is propagated in the direction of increase of «, with velocity 11,
which depends upou the constant value of s and the local value of r.  This is the velocity
relative to the medium, not the velocity relutive to the tube. Similar statements hold
for a wave of constant r.

4. Motion of a Junction.—When a wave is transmitted into gas at rest, or into a
region where there is some other state of motion, there may be discontinuity in the
values of the pressure, &c., in the two regions separated by the front of the wave. We
consider bere the case where there is no such discontinuity, but, while the pressure,
&c., have the same values on the two sides of any plane = const., the laws of variation
of these quantities on the two sides of a wave-front are different. We describe such
a moving wave-front as a ** junction.” " Our immediate object is to determine the
velocity of a junction relative to the medium. We shall attain this object by supposing
that there are very -slight differences between the values of any of the quantities on
the two sides of the wave-front.

Let w denote the velocity of the junction relative to the medium. In a very short
time 0t & mass equal to pww ot has its motion and state changed from those specified
by wu, p, p, to those specified by w + Aw, p + Ap, p + Ap. The increment of
momentum must be equal to the impulse of the difference of pressure, and therefore

we have the equation
poww 0t Au = w Ap O,

Further, the work done during the interval 8 by the external pressures on the ends

of this element of mass must be equal to the sum of the increments of the kinetic and

intrinsic energies of the element. Now the changes of state being adiabatic and very

slight, the increment of the intrinsic energy per unit of mass may be put equal to
—pa(1/p),

D)

and therefore we have the equation

w(p+Ap) (u+Au)dt—wpu 3 = Lpww dt Wu+Au) —u*} —pow dtp A (1/p).
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The two equations containing Ap and Au give

Ap = pye An
and
P A+ Ap = par Au+par (plp?) Ap.

The terms uAp and pwwdwu in the second of these equations cancel, and then, by
eliminating Aw between the two equations, we find

wt = P AP
/’02 AP

Since there is no actual discontinuity and p is a uniform function of p, we may replace
Ap|Ap by dpdp, and thus obtain the equation

'N"J = E)—‘ éj—)s
o’ dp
which shows that the velocity of the junction relative to the medium is that which
was previously denoted by II.

If motion is set up in one part of the gas, and advances into previously undisturbed
gas, the value of p at the junction is p, and therefore the velocity of the front of the
wave, relative to the medium or to the tube, is that which has heen denoted by a.

5. Nature of the Motion in a C'ompound Wave.—Important results can be obtained by
regarding «, and ¢ as functions of r and s.  On interchanging the dependent. and inde-
pendent variables in the equations

e Ve g a
TinZ =0, ZL_noy,
ot o, ot o,

we obtain the equations
o ot Ox, o
Y < =o, @ <o
0s os or iy

Now the differentials of x, and ¢ are always connected with those of r and s by the
formulee

o ox ot M
du, = o, dr+ &2 s, dl = (—’— dr+ & ds.
or 0s ar o8

Hence the places in the medium, and the times, at which any particular value of 7 is
found, vary according to the formule
ot

ds = Il — ds, dz:‘?” 1.=‘i&~

or, .
s 08 11

Iz, = S
wr, W

and thus it appears that any value of r is transmitted through the medium. in the
direction of increase of , with the velocity 1I. In like manner it can be shown that
any value of s is transmitted in the opposite direction with the same local velocity.
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We have seen that the velocity of a junction relative to the medium is the value of
I1 at the junction, and it follows that the value of r remains constant along a junction
which travels in the direction of increase of 2. If the junction travels in the opposite
direction, the value of s at the junction remains constant.

The motion consequent upon any initial conditions consists in the transfer of the
existing values of 7 and s through the medium with the variable velocity already described.
New values of r and s can be generated at boundaries and transferred through the
medium.

6. General Analysis of Compound Waves—When the dependent and independent,
variables are interchanged in the equations

do ou ou

der
— 4+l = =0 — LA
3 laz., ’ ot i oz, 0

there result the equations

ox, ot or, o
- 0o +11 o

0.

The first of these shows that there exists a function Z of « and « which has the properties
expressed by the equations

oz _azZ
X, = —II:,)—(;, t = au’

and then the second shows that 7 satisfies the differential equation

& (i) _y 7%
2 (ugr)-ngs=o

If Z can be found in accordance with this equation, the values of x, and ¢ answering
to any simultaneous value of « and » can be deduced.

There is 4 relation between Z and z, which can be obtained very simply by introducing
for a moment a quantity = by the equation

@ = pfp,
for then we have
do Lo
—-——— = - (1 - d ,
= " pdr=m
and it follows that we have at once
_0Z _ 92
" 0w T u
and
ox ox

W= —» U ==

ox, ot
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These are the relations of duality familiar in discussions of partial differential equations *
Y

and we may put
o ox

=+
ox, ot
Actually Z could differ from the right-hand member of this equation by a constant,
but as such a constant would be irrelevant, the above will be taken as the relation

hetween Z and ..
The equation satisfiedd by 7 can be written in either of the forms
Lo L dlL o4 L

==t g )7 =0
-co” 1 (la) '

Z"—"&C”

or

%, (] 41Il>(§_, oz

orcs , Ly

7. Relation between Pressure and Density.  The analysis of the problenn is not rendered

more difficult if the adiabatic relation between pressure p and volume r isx taken in

the form p (» ~ b) = const. instead of the more ordinary form pe const., and

the former is more suitable for the applications which we have in view.  We shall
accordingly take the relation between pressure and density to he

Loy 2 B Ay
P ——_} = P —_—,)~
K\/) /8/ l (.,,“ /'f
where 8 and y are constants. Then the following results can be obtained without

difficulty :—

2 ‘ [""y (lH—I'U) I : ( /.‘—ﬂn 4 (y 12
|

T = - ,
y—l ! /7/),, o ['J—,:
o, = 2 ]‘ ['n‘)’ (ﬁ_l’u)\l;
')/"l { ﬂ/'n
o = I_I_L."“ )8 ]‘
‘l’n(ﬂ_l’u)‘
b =pulafe),
HH=ua (fr/rr“)”",
where 2n has been written for (y | 1)/(y -- 1).
The equation for Z can now be written
7 g oz
e T/ %-/, =0,
o 22 o on

of
VA n ¢d ol
~2 L L .
('37'33_+ r+s(ar + as) (

* The reduction of the equations governing the propagation of plane waves of finite amphtude to a
single partial differential equation of the second order was cfiected by RieMaN N, who worked with ** Eulerian "
equations. The use of the principle of duality to connect Z and « was noted by Havamarn.

VOL. CCXXII.—A. 2 ¢
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8. Integration of the Equation in Special Cases.~—When » is a positive integer, the
equation can be integrated. We write for a moment D for ¢/cu, and observe that, if
D were a constant, the equation

'\2/ 2” 67 l)gz =0

3 R —

aﬂ' (o2 arr

would be a form of RiccaTr’s equation, and could be integrated in the form

_ l a n— ](('”“A.'*"('-””B)
Z - ((T ad’> a

where A and B are independent of #. Treating them as functions of «, we obtain the

general primitive of the equation for Z in the form

> |F («r+~)+f(rr—ug

1
( T ]

9. More General Integration.—Interpreting the variables » and s us the co-ordinates
of a point in a plane, RieMaNN showed how to integrate the equation for Z when the
values of this function and its first differential coefficients are given along an arc of a
curve in the plane. 1f V satisfies the ©* adjoint ” equation

{Y_ - (?‘3’ + ‘l) <__\.7_) =0,

s hIYAVIENY
the integral
¢ i’é nZ‘[_ﬁ_{ @X‘ﬂlJ ‘
H [a,. lV (ﬂs + ‘)‘+s>( o Z ( = 7'+3>J drds,

taken over any area in the plane, is equal {0

‘ | &2 n (?4 | L\ ,‘[8’V__<F 8(\’}]
J.HV |89 Os * »r+.s-<\3r o >I -2 | or Os "\or 3 ) ) dr ds,
and therefore vanishes. It follows that the line-integral

» [0 Y/ oV AN
.[\ (‘aw '":fs,\) ds+/<ﬂ) 1fl+s,) dr

taken round the boundary of the area vanishes.

Let the values of Z and its first differential coefficients be given along an arc AC of a
curve, and let P be a point which is not on the arc. Through P let lines PA and PC
be drawn parallel to the axes of » and s, and let the area of integration be that bounded
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by the atc AC' and the lines CP and PA. The contribution of (P to the line-
integral is

LAY A
‘ \ ( (_{_4 + i )d-\', .
op oS r+4s.

which may he written l :
YT A
o\ nV P

(VZ = [VZL= | 2 (5 =22 s

The contribution of PA to the line-integral is

[ Z(a:y —_ nV )!7:'. }*'ig. 1.
Jra

or »+ N/

Now we can find a function to satisfy the equation for V, to make V- 1 at I, and
so that, along CP, where 7 has the same value as at P, eV/as = 2 V;(r { ), and along
PA, where s has the same value as at P, eV/er = nVj(r | s). Then the value of
Z at P s

( / N/

(,s' ;+s

22 ) 2! N _ V.

«or AR S

[VZ].— ‘
The required function V can be shown, after RIEMANN, to be given hy the equation

‘T - (_T-t'\' A\ / _ .
. J"+.s") Fu, 1=n,1,0),

where F is the symbol for the hypergeometric series,

c (I'—I")!.s‘—-.\'/)

(r+s)(r"+5) ‘
and 7', " are the co-ordinates of .

Tt may be observed that if 2 is un integer the series terminates, and V like 7 is
expressible in a finite form.

It will be useful hereafter to note the formulse

:1V ’”'V _ (’.+‘\,)n-2 (‘\n-+_,,.’) (‘\'—_\-,) i F(Il 1 = l ()
¢ T

& rds I
VNl e
os ’I'+.§' (,-’+~’)n+l ({C ) , Lo Q).

THE PROGRESSIVE WAVES IN LAGRANCE'S PROBLEM.

10. The Progressive Wave from the Left.— Let the positive sense of the axis of z he
from left to right, and let the initial positions of the two pistons be given by x, = 0
and z, = ¢, where ¢ is positive. We shall denote the mass of the piston at x, = 0 by
M, and that of the other piston by m.

202
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1

1

The progressive wave generated at the piston M is determined by the equation of
motion of this piston. This equation is

on
M— = —up,
ot

and it must hold at 2, = 0 for all positive values of £. Tt may be written

ou " (‘ﬂ, )2»11
M—=—wp,|— )
ot ! -,

and, since in the progressive wave s is constant and equal to ds, or ¢ — w = a,, it
gives

! \2ndd
dt = — —1\1 ﬂ’) de,

P, T

from which. since & == ¢, when ¢ = 0, we have at 2, = 0

Mfru f ‘&, o ]
t = "~ - " <-> -1
Zump, \e |
Put for brevity
H = Mm,f&/ﬂmmj),,,

then we have the values of » and ¢ at 2, = 0 conuected by the equation
II I Lo >’ln 1
t == (=2 -1
< &) 71

Now in the progressive wave we have
"‘u—ll’ = .f(”)’

where the function fis to be found from the condition that at 2, = 0 the above relation
holds between « and t. Hence we find

J(e)=-H -{1 - <(L>h},

a,/

and the progressive wave formula can be written

w+H _ <:>
.I'..+I‘I - a

In the motion described by these formule any plane of particles, specified by a value
of x,in the interval ¢ > , > 0, remains at rest until ¢ = z,/, and then moves with a
velocity w, which is equal to ¢ — #,. Therefore the value of x answering to these
particles at any subsequent time is given by the equation
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t ~ e 2
v+ H o

€= x,+ j udt = g+ | (oy—0) 2n ~— vy do,

zula Sy (7 i

or
I j &y -1 1 a I
.'=1+—" xr,+H (—q -1, — (— -1 1
Sl P S (I R
This equation holds so long as the plane of particles is in the region occupied by the
progressive wave. In particular. the displacement of the piston M is given by the
equation

in which

The corresponding values of Z are found from the formula

2= =,
e,
in which
o p B=po_p_ o
a.l‘,, /). I /'5’—-/) T,/ ’
to be
H )( 2n -, R
w21 TS (;) J:

11. The Progressive Wave from the Right.— The equation of motion of the piston
m is8

~>

"
n

|

= wp,

~n
~

and we put
= magf2nop,.

Since in the progressive wave r is constant and equal to ya,. or « | % = a. the values
of » and 7 at 2, = ¢ are found to be connected by the equation

=aEr -

and then the progressive wave formula is found to be

. Ry _ (:ri,\)”"'
c+ /i -, ‘e

The value of z for any plane of particles specified by a value of 2, in the interval
$¢ < 7, < ¢, and for any time later than that given by t = (¢ -- )/, I8 found to be
given by the equation
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«

ro= ot ;Z’u(,.+;,_.,,“) H(@)”"] 1 _.ZLJ<@>2»-1_1 H

Ve, J—Z')l‘-—]l o

which holds so long as the plane of particles is in the region occupied by the progressive
wave,  In particular, the displacement of the piston m is given by the equation

L 20 !_c AT '
=t T (m' 7) o« ( 2i—1 rr-—rr..)f
in which
— [l_ { ”n\ “ l
= ,m(:;) -1y
The formula for Z is found to be
Z - __(;L J(/ﬂl.>‘-"l—l—]A}_.].'.'(”“__a-)

=1y ™15

THE First MinpLe Wave.

12. Conditions satisfied at the Receding Front.—In the progressive wave from the
left s is constant and r variable. The greatest value of 7, which is the undisturbed value
3o, travels at the front of the wave, and continually diminishing values of r. generated
at the piston M. travel after it. Similar statements. with » and s interchanged. hold
for the progressive wave from the right. The fronts of both waves travel along the
tube with velocity «. When they reach the middle section. a compound wave begins
to be generated there, and transmitted in both directions. encroaching upon the original
progressive waves. This wave has a receding frant, along which s is constant, travelling
towards the left, and an advancing front, along which r is constant, travelling towards
the right.  The constant values of r and s at the two fronts are equal, and each of them
18 :}a‘o.

At the receding front the variations of z, and ¢ are connected by the equation

dx,+ 11 dr = 0,

while the values of . t and # are connected by the progressive wave formula, which
can be written

xr,—Ilt+H (1-ﬂ> = (),

a
so that the variations of x,, ¢ and II are connected by the equation

H

dua,— (ITdt+ ¢ dIl) - ;dﬂ = 0.
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On elimination of dx, there results the equation

2]ldf+<t+ [—:—)dll = 0,

which can be integrated in the form

<f+ l—l) Il = const.
a.
To determine the constant there is the condition that when &, == 4¢ and ¢ = c¢ja. the

value of II is ¢. Hence at the receding front we have

(t+Hy I = (e +HY o,

or

(ot H) (et + H) = (St TR

13. Conditions satisficd at the Advancing Front.—At the advancing front we have
in like manner
dr,~1ldt =0 and c+h=—0,—1 (l+— | =0,
-leading to

(et + 01 = (St h) e

and
(eth=—w) (at4h) = (e +h)

14. Conditions determining the First Middle Wave. 1t will now he convenient to
restrict the value of n to be an integer. This happens when y has one of the values
3,5/3.7/5,9/7.11/9, . . . With a view to applications, in which the valuecof y

1:2 nearly, we shall take the value 11/9 for 4, or 5 for . Then in any compound
wave Z has the form

24 (Kl o]

|
) . |

or
105067 F (ﬂ'+’lt)—-](’fm"“ F“)((r—!- I()+45rr i Fm(rr—+ u)-—l()rr 6 fr (r+ Il)+ﬂ' b ‘“’(rr{-n)
+10567" fo=1)=1050"* fO(a=u)+45a P fO(a—=r)= 100 ¢ fD (c—r)ta " [V (a—n),

where F, I and so on stand for the first, second, &c.. differential coeflicients of
the function F with respect to its argument. We have to determine the unknown
functious from the values of Z at the advancing and receding fronts.

At the advancing front, where r = }o, and ¢ = }a, + 8, we have

Z= ((‘+h) (éa‘,+*>k_]f-'(%”"-g)
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and at the receding front, where s = {s, and o = 4o, -+ r, we have

- H
/= —}l'l < o ) — 3o, — 1)
%0'0 j + p (é"' )
15. Determination of the First Middle Wave.—To determine Z from these conditions
we may have recourse to RIEMANN’s method, taking the curve AC to consist of
segments of two lines AB and BC, which meet at

: the point B, where r = s = 14, and are parallel
. C K respectively to the axes of s and 7.
We have then
P —~lA
p 3V
[ V<ﬁ+ 5Z>d~+j A((—’l——s—v—)dr
Jep 08 r+s pA 0P 7+8
’
o 04 | 5Z\ .. (V. 5V,
Fig. 2. f] V(E 422 )aes | z(E TIZ> Ir = o.
This equation is
V7l _ /AN (’__Y__ﬂ , r’('\’_-\:—.'.)\v\ s
L\ ZJP l\ZL .“(:I’ZK?‘.\‘ 7 S> dl\+-[l'AA(\ai‘ ’)'+v5'/) @
S — Vg | g V),
+[V2u—[VZ]y —.[ABZ<\ 0s ')'+.s->d's+ 1;('/J<(,r 'r+.s->d' =0
or
T N = (V] 1V AN eV _ 5V e <ﬂ_ 5V g
200 8) = [VZ L= [VZ] + [V Z](‘+LBZ<88 FAREY | 2(& ,H)(z,,

where ', &" are the co-ordinates of . Also at A we have

1 '\,' 0 /
r = %rrl,, s=48, (=0, V= <2q“i_~ ), Z =) (( +’l) I(;;:—:) '—l} - "("1‘0'”""‘)

I"+.\" I a
so that
) N6 /1 N
Yy | . ﬁ‘ { '7“‘ __(-é—o'"+.§'> 1 l‘ _ ( (T“‘*’-\‘
VZ =4 ) S oyt~ U ) |~ =) (555
At B we have
¢ = s = ja, Z =,
s0 that
[VZ]y = 0.

At (' we have

p =, s=dow £=0, V=(i£i) z=-;,n‘(""l< L > ~+g(i«0-—r'),

’ /
”+8 %0’0 +7

80 that

[VZ). = —}H 7 | o - (%“0‘*"",)6 1 + %(iﬂ“_ ) (%O’..+ r’)“-

‘(; 1(7,;+ 8')” (%60_‘_1,1)‘ P +s J Yy
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Along AB we have

Z=hlerh) 2 (o) =1] = 2 (),

.u(T,.‘i’-\'

av 5V (Gat ) (Ga—0) Bmut )

(20— 180¢ + 420" = 280¢).

5'\. ’.+.~. (\l‘lﬁ .\',')n

where

o= - am=) (=) )

) 0" +5") (Fo 4 5)
so that

L I R ey N E I TE R I A
Jan o8 r4s AR ey | Loyt PR (4 7)"
20 (e + 5V + 180 (Go—1) (s=~) Qo+ )
<o ’_l,_+ ,\"
KA BNA Y ("_"0
4 42“ (é(rn_' ) ('\ h). ”u+\) fJH”( ) (7, ),) (,\ 5) I
e R

Along B(* we have

= — JpH T ,‘(_i‘_),.—]}» + g(‘.]t”n'"")’

a \Nay+r
V5V _ Goutr) Geumy) et r)! (20— 180G+ 42083 = 280¢*)
o '+~. () +.\) ) ) R

where

_ (2, =) (r=1")

(" ++")( .rr.,+;)

so that

vV sV " o, 7, — &
jm'z({}'——)—):ﬁl =j T )(‘ .

_&l; T )“__]I

| s Mg |!

N O da, | 9'( ;\ilpﬂ'“’f‘/' J (' 48 )”
{’“( 7t )* + 180 o= ‘)("')('m.+")"'
. o " +s .
4 2() (.Lﬂ'n N )"(l ) (uﬂn't_) + )HU ( 0T, V) (i - ) ,/'-’
(' + ) (' + )

There is no difficulty in the integrations. = After they have heen performed. we may
suppress the accents on r" and &, and 8o obtain the formula for 7 in the first middle
wave expressed as a function of » and 5. We find. for example. as the coeflicient of
(¢ -+ k) oo 9a the expression

(cmo ' (At Gmct Gmmr) g (g

48 r+8 (r+ )"
) ' .
Q”"*(f ﬁ;’ =7) {81, =900, (o, + 8) + 15 (4o, + )}
(%«ru+(:) +(§; = 1890, — 4200, (b + 5) + 270, (b ) =35 (hor )"
- 4 . . .
B &H(f)ar(%; 1) {1260~ 4200, (b + 8) + 5408, (Boy+ 8 =511, (L + )

+70 (3o, 4 5)").
VOL. UCXXIL—A., 2 D
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In this expression we put
Yo,—r = (do,4+8) = (r+s) = } (e, +0—1) —a,
and find that the expression is the same as
(1 K YJ{:, a—1)

o oo/ |
where

g (r=u) = 144 [fr.."—- %(m,-ﬂr-—u,)" 1260, —2100," (o, +a—u) 4+ 13502 (o, 4+ o= )?

-

8136 (g +a=u) + 805 (5,4 a—u) }]

The remaining terms in the expression for Z may he treated in the same way, and we
obtain finally. as the expression for Z in the first middle wave.

z=lethe (12 ple=nl (L 2 g (r=)]

Qe acal | T f T oo, - i

Moy 2 gy (o] (L2 o)
Y99 \o oo, [ o f " (,rr do’ | o J
in which the expression denoted by ¢, has been written down, and v, is given by the

formula

Y (o=—u) = Y rlx o (o + a=u)" (a,—a+u).

It may be observed that the differential coefficient of the function ¢, is given by
the equation
' (e=1) = ~ 0'—1(0“4- a—u)* (e, —a+u).

Although the actual caleulation of Z is rather long, it is comparatively easy to verify
that the form obtained satisfies the conditions hy which Z was determined.
16. Transformation of the Formuda.~ The form taken by Z in the first middle wave

18

<1 _(l)‘ [d’, (er-+-’/() +\l’l(rr—'u)l ,
[ PO” l aT l
where

ot = =y By o),

¥V, (e=u) = M' ¢ (e—1)+ f—: Y (o —u),

Y

so that &, and ¥, are rational integral functions of the tenth degree. Now it is impor-
tant to observe that when [ -{y~(8,

I ot fletu)l _ o wl O e=n)]
R RSO PR et
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while for v = 9 we have

, 1o
2(2.4.6.8)— (- 5‘&

PROBLEM.

4

) {((r-ll!“[

e |

(/-l- i)‘ {Ml = .’411(2.1.“.8. H))-’r \J— _(1>4{Mi
T O, ] o [ o O/ g i

It follows that the expression for Z can be written either in the form

TR -
7 = (l ; > {Q_‘_(_”_'t.”_) + K,+L,N.
. o7 T, a !
or in the form
/ ot ! P
Z = (']‘ .(> le=r)] + k41,
T Cer | T [
where
K, =2.(2.4.6.8) x the cosfticient of (e=n)* in ¥, (r—1),
Ly=—=2.(2.4.6.8.10) x the coeflicient of (e —)" in ¥, (a=1).
ky=2.(2.4.6.8) x the coetlicient of (a4 #)" in @, (a4 1),
L, =2.(2.4.6.8.10) x the coeflicient of (a+ )" in &, (a+n),

and Q, and ¢, are certain rational integral functions of the 9th degree.

expressions are

The explicit

Ki==5(c+h)(afa), L, = =hf, k= Wafo, 1= —H/e,
_ (r”lﬂ _ /I“}l f_9__ p " 4,
Q| (0-+7/) _m(0+l/ H)+——_|5X29(6 1Mo ( + ) I

[ !(!-}-/I + H)
945 x 28

{3150, (a+ 1) = 42000 (r+ ) +878a" (a4 0)°

— 1807 (a+1) +35 (o + )"},

and ¢, (e —») is obtained from Q, (#+#) by writing — (e =) for (a4 ).
17. Incidence of the First Middle Wave on the Pistons.—The values of all the quantitics

at the piston M, at the instant when the first middle wave reaches it, are to be found
from the formule, connected with the receding front of the wave. by putting x,

= 0,

We see that the receding front reaches the piston M at the time T, where

'Ivl —

“l

that the corresponding value of « is X,, where

«

-1 = Oy

D
-

( H

A\
Je+H/’
D 2

(Je+H)* }_'1_’

aH
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that the corresponding values of 7, s, u are Ry, 8,, U, where

Ri=X ae U = —(7,=2)),

-

| \G—
1T hl =

and that the corresponding value of Z is Z,, where

H o, s _oum)
Zo=7 Wemn-gg) )

In like manner we see that the advancing front reaches the piston m at the time
t,, where

DAY
t’l - {.2.‘——':—11—)- ..__!.'_1
ol a

and that the corresponding values of o, r, s, u, Z, are a, ri, 8, %, 2, where

/' ll\
o= ”"(‘504» h) ’ "= ;1:-0-,,. s o= ("’l"‘é‘d’..). T——
U (c+h) o, [ o) ] W
e Ot l<\;;l) —1! - (l(”\l 0'|).

THe First REFLECTED WAVES.

18. Conditions determining the First Reflected Wave from the Left.—After the instant
{ = T, the formula belonging to the pregressive wave from the left cease to hold in
the neighbourhood of 2, = 0, and & new compound wave, the first reflected wave from
the left, is generated there and encroaches upon the first middle wave. The junction
is characterized by the value R, of r. The conditions determining the reflected wave
are the condition which holds at the junction, where r = R,, and the condition which
holds at the piston, where x, — 0. 1t is further necessary that «, should vanish when
r - R,and s = 8,.

The condition which holds at the junction is that the value of Z, calculated from
the formula belonging to the reflected wave, should be equal to that calculated from
the formulae belonging to the first middle wave when r == R,. The condition which
holds at the piston is the equation of motion of the piston, viz., that at z, = 0

5
M(a—'; = — @p.

The condition that #, should vanish when r — R, and s = §, 18 the condition that
¢ L[da should vanish for these values of r and s.

To express the condition which holds at the piston in terms of Z we substitute
Po(o]ay)! for p, and

b )
oo/ \0oc du Ou Oo
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for du/ot. Then we have
M ¢u, ar, of (".1‘., cf |
___.._-—_(G") =

wp, ¢ dr v u Ba

Again we substitute — I11¢Z/cs for x, and ¢Z/¢w for t, and put ¢Z/¢e = 0, obtaining

the equation
27 4 ( 7 \’” _ tolle, *Z
dg? du? A eadn oot

The condition which holds at the junction is that

7_k_1, il) ._(_”i;’)l +K, 4L
o

a

)

-~

for all values of » and u for which & 4 v = 2R,.
19. Determination of the First Reflected Wave from the Left.— These conditions can be
satisfied by assuming for Z the form

Z=(LL )RR
ﬂ(‘()’ l o

expanding the unknown function ¥, in the series

Fi(a+n) = Aj+ A (o + n=2R) + Ay(r+ =210+ ...,

and finding the coefticients of this series.

The condition which holds at the junction determines the coeflicients A, A,, ..., A,
The condition that ¢Z/¢e vanishes when r = R, and s = 8, determines the coefficient A .
The remaining coefficients are to be determined by the condition which holds af the
piston.

We have

7= 105 Fletr) gz B (etm) | B (4 r)
‘ i B r ; -

a a'

l“ (K] " ]‘1 ) i
ol lrt )4 B (”,.+”)+I\,+ L
T
from which we find

A, =Q(2R). A = QI 2 Ay = QU (2R 3 A =QW(2R). 4 A = QW (2I)

We have also

) R
L 94-1‘ rr+?l +"45 O !a—+u! ‘,”I".”(ou-i ")
o

or
;@ . Nt AN
+m5—i——“' :f“ —lb}" (;*")J" (",*“),

'
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and the condition that this vanishes when r = R, and s = 8§, gives

. LA, 5!A,
—oa5 s 4045 490 2] A’+105 3l A* 5 4;} A,
Ll | - | -]

thus determining the coefficient A,. 1t is seen easily that 5! A, = Q," (2R,)).
Now when ¢Z/¢e = 0 the differential equation for 7 shows that

a7,

o
Also we have in general
VA 1()5F (@ (rr+’”) l()‘)F()(”‘Hl) +45 (rr+N) H)Fl(b) (”_+") N F,m<ff+")‘
i " U
o ()( 2 @) )
A ;51 —gp T lotr +J4'F_..L__"+”) 420—-—_“’*"
o

FY (4w F @ (g+n Fw + 1)
+105H—L (7 ) 155 (,‘ ) b ('2 ~
T o a

and therefore when ¢Z/de - 0 we have the equation

62{ 105}4‘](2)_ |(’f)rrFl(m+45(r"'Fl(")— l()a'“F,(:"%' rr4F|(6) } 2
— l945F,“’—9450F,(“’+.42(‘)a—”F,‘“’— 105¢°F,9 4154 wlun_(rr,Fl(o)} 2
+10H (af¢) 1 105F, P = 1050 K, + 456*F, 9 = 106°F ¥ 4 ' F, @} = 0

ug well as the equation
945F, —9450F, " + 4206°F,? = 105a°F,® + 1 56'F,* = ’F,® = 0

The equation expressing the condition which holds at the piston is linear in F,®,
and therefore can be solved for F\® without ambiguity. As it holds for r == R, and
8 = 8,, it determines the coeflicient A,. The equation in question holds for all values
of & and w for which the equation expressing the vanishing of ¢Z/¢s holds, and it can
therefore be differentiated totally with respect to o, v being treated as a function of «
in accordance with the equation ¢Z/dr = 0. This process yields an equation which
determines the coefficient A; without ambiguity. A second differentiation yields an
equation from which the value of the coefficient A, may be found. By proceeding in
this way we may obtain as many of the coefficients A as we wish.

This method of determining the coefficients A, A;, ... is not very well adapted to
numerical computation, and other methods will be explmned presently.

20. Determination of the First Reflected Wave from the Right.—The junction of thc
reflected wave and the first middle wave is characterised by the value s, of s. The
conditions determining the reflected wave are the condition which holds at the junction,
where s = §,, and the condition which holds at the piston, where @, = ¢. Further,
&, must be equal to ¢ whenr = r, and s = s,.
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At the junction, where s = s,, the value of Z must be the same whether it is found
from the formulae belonging to the reflected wave or from those belonging to the first
middle wave. At 7, = ¢ the equation of motion of the piston, viz.. the equation

-
i y

M= = wp)
cf

must. hold. The equation — [1¢Z/¢e = ¢ must hold at r —= r, and s = s,
To express these conditions it is convenient to write

r 1 N (‘d’um vy
= (L (et
mor/ 94dam
then 7’ satisfies the same differential equation as Z. and ¢Z'/¢o vanishes when », - ¢.
The condition which holds at the junction is that

Z = (;I_ ;:Tr)“ {QL((;__:_’_)} +].'|+/l//

for all values of » and « for which & — w = 2s,,
The condition which holds at the piston is that

‘L' VA dZ 10 T
R —( ) T Taog" oo

co? on? So
when ¢Z'[de = 0.

These conditions can be satisfied by assuming for 7 the form

{ L(T{ (‘a'“hn +‘/.‘ (U'—N)}l 4 A'|+/|”‘

94 H

Z=('li)

=
‘o do,

expanding the unknown function f, in the series

Ji = a4, (0—n=28) +ag(c—u—28)+ ...

and finding the coeflicients of this series.
For the coeflicients a,, a,, ..., a, we find

o
”’n+ - =, (28), @, = ¢V (25), 21y = ¢, P (28), 3Ly =g, P (28), 410, = ' (2%,).

1,4f
The coefficient a, is given by the equation

2! 5 .
—945 Lo 940*— 4207 94105 —-15 ‘ "‘ 9—'—-“-" = (),
O' o

1 o o o o 1

29 ay

The remaining coefficients can be determined from the condition which holds at the
piston in the same way as the corresponding coefficients in the formula belonging to
the first reflected wave from the left could be determined.
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«

21. Relation between Pressure and Velocity at a Piston.—The equation in terms of
o and ». which holds for the first reflected wave from the left at x, = 0. is the relation
between the pressure on the piston M and its velocity during the time that the wave
is being generated. 1t may also be interpreted as the equation of a certain locus in the
plane of r and s. This locus passes through the point (R,. §)). and we may take its
equation to be of the form

p=Tay = By (5= 4 (By/2) (s= 8, + (By=) (s— M) + ...

Now if the coefficients B were known, we could determine x,, as a function of r and s,
from the known value, zero. of the function along the locus and the values of its differen-
tial coefficients along the same curve. These differential coefficients also are known
along the locus. To prove this and obtain formule for these differential coefficients,
we write X for », and observe that the equations of Article 6 show that X satisfies
the differential equation

TR | TV,

which can be written either in the form

EX 100X _PX
o oo out
or in the form

O*X 5 <8}x )x) -0
oros r+s\or | 0s/ '

Further at &, = 0 we have

Qo _ep_ _epu(a a0y (@,
ot M Mo,/ " 10H \e,
and
‘@, dar, " ox,
o R _ T _ a(%) ‘o
ot day o day, ot «(.c(,) <8ac‘.>” a aﬁ]> [ /d_a)‘*l’
Ao dn on oo (3 M —<acr, L kdw, J

where do/du is to be found from the equation connecting r and s.  Thus we have along
this locus

do
QC_I:_(,_ 10H %____ I“H(u
do | do\¢| du T, (da\']
T ll (du)J i l] (du)

The equation for X is similar in form to that for Z, and may be solved by RIEMANN's
method. When this is done the coefficients B in the equation of the locus may be
determined by identifying the values of X at » = R, with those given for z, by the
formule for the first middle wave.
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22. Integration of the Equation for X.—We write the equation

X 5 <ax +ax> o,

aros or os)

ords r+s
and consider also a function Y which satisfies the adjoint equation

ﬂ+5<§;+i)( Y >=().

or 08 0%/ \r++«
Then the integral

((r e X 55X 0 oY
”[S—r{Y\a‘s‘as)J 5(.:{"(%, o )Hd’ ds

taken over any area in the plane of (r, s)

vanishes, and therefore the integral 4
e
X 9K ) g, g (BY Y o ],
s+X (5= +—dr c. g
jY('\s 7+8)d~r+‘( 8r+7'+.~'/) ! 7 F
taken round the boundary of the area also
vanishes. - e
We take the area of integration to be Fig. 3.

bounded by an arc of the locus along which
X = 0, and two lines parallel to the axes of s and r and meeting at the point P, where
r =1¢ and s = s". Let these be the lines PA and PC. Then we have

: C L /0Y | 5Y N\, [ v/eX  5X oY | 5y
VXL (YN [, X(5 2 ot | V(50 =0 s XG0 2D o
Y Y
+ J‘m‘)& (%—’— /')-f-s) dr =0,

or, since X = 0 on the arc AC,

X , Y Y o 5Y
330 ¥ B N 3 25

We choose Y so that, at P, Y = 1, along PA, where r =7, 6Y/os — — 5Y/(r -+ s),
and along CP, where s = &', ¢Y/or = — 5Y/(r + s). Then the value of X at P is

Jo¥

() S

The requisite form of Y is

Y=<’;+ )I‘((), -5, 1, ¢),

VOL. COXXII.—A. 2 E
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where
oo _(r=r)(s=s)
) (7 +5) (r+ 9)
and we have

X (0, ) = L s @95 - 5‘2?) 1 (do—du)

0o du

do

I+
_ [ yoH 1__?.1.1 L1 )a

du>

X da,

ACO

]

_5Hj

23. Determination of the Coefficients B.—The integral ( (Y /o) du may be evaluated
JAC

approximately by assuming, as in Article 21, that the equation of the locus, of which
AC is an are, is of the form

(’7‘—]{1)/2‘, = B,(Y-I— B..,S2 + B”J“+

where & stands for (s — 8,)/%,. Then along AC we have

w-=-U, =3, (B, —])8+B S+BS+. )
du =2 {(B,-1)+2B, 3+‘1Bqé‘ +. }d&,
5 \2
M[]+;0__£_ (,10£_J_¢_\)+m1,,
e (' +5') 0 J
Also any inverse power of o can be expanded in powers of ¢ by means of the equations
(.'l'=}:,l lL]-}—(B )8+B82+B(¥"

. < _ )
o*““=.‘.3,"'IJ—-x < + K+J<(‘r§‘,1 )—"'}’

-

o= S.,"‘[] —x (B +1)d— {KB —A—F-(—'C+—11)(B +1)3}

_'{“B‘*“"("H)(Blﬂ) B.,.+ﬂf_+1_)<_'f+_22(B,+ 1):;}33
—_ -{KB,;_’:‘—(%—]—} Bu’-*._x (K+ l) (B1+1 %+M (B +1

()7

_x(x+])(x+2) (x+3) (BH‘])‘} 3‘—...-, )

4! -

To obtain the expression for X on r = R, we have to put R, for +’, so that

7'—7', = }:«1 (B18+ B-;‘YJ'*'B:,(P'*' ---)s
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and for s—s we have to put ¥, (J—¢'), where & stands for (s'- 8,)/¥,. 1f the expan-
sions are carried as far as the fourth order, the result is that, to the fifth order in ¢,

jw(Y/a) du = (B,—1)8+ | By— (3B,—2) (B,—1)} &7
+ {B,—8B,(2B,—1) + (7B2=6B,+2) (B,—1)} &
+ |B,—2B,(3B,—-1) =3B+ 1B, (42B,*-33B,+5)
-1 (28B2=21B2+9B,-2)(B,—1); &
+ 1B,—1B,(80B,—7) —6B.B,+ y,B, (210B,*—~108B,+4 7)
+ 1B (105B,—27) = 4B, (560B,*~462B*+ 81 B, -7)
+ 1 (126B=56B2+ 21B*—6B,+1) (B,—1)! &

Now at any point (R,, ') on » = R, the formula for the first middle wave gives

e 2 L )

= —-L 1 _045Q, (2R) +9450Q,V (2RR,) —4200*Q,? (2R,) +105"Q,™ (21R))

10

o-lb
—15a'Q, " (21,) 4+ 0°Q,® (21R,)!,

in which we have to put o = ¥;(1-+&). Then, since &, vanishes with &, we have

without any approximation

x, = — 3_0’7 [19452,Q,% (2R,) —840%,2Q,® (2R,) + 3152.2Q,” (2R,) —60X,*Q,* (2R,)

+52.°Q, (2R) &

+{—=42022Q,?(2R,) + 315X °Q,P(2R,) = 90X,'Q, (2R ) + 10X,°Q, (2R} 87
+{1052,"Q,”(2R,) —60X,' Q.Y (2RR,) + 10X,"Q," (2R,) | &
+{=1524Q, " (2R,)) + 5X,°Q,®(21)} 8"
+3.5Q," (2R,) 8",

The coefficients B,,..., B, can be determined successively by equating the
coefficients of powers of & in the expressions for ‘ (Y/o)du and —u /5H. If
S AC

additional coefficients B,, ..., are desired, they may be found by equating to zero

n

the coefficients of powers of ¢ higher than the fifth in the expansion of J (Y /r) du.
AC

The expansion of z, (R, §) in powers of & may, of course, be found from the expression
for Z in the first middle wave without transformation to the Q form. In particular it
may be proved that B, = 6—4%, /o,

24. Second Method of determining the Coefficients A.—When the coefficients B are
known, the coefficients A,, ... may be found in the following way.

2 E2
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Since x,, which is —a (s /eo)" ¢Z/ds, vanishes at all points of the locus
r—R, = B, (s=8)) + (B,/Z)) (s=8,)? + (By/=,?) (s —=S,)* +...,
the expression

945F,(2r) —9450F @ (27) + 4200°F,@(22) —1050°F,?(27) + 150*F, @ (27) —*F,® (27),

in which
F.(2r) = Ai+ A, (2r—2R)) +A, (2r—2R,)* +
must become identically zero on substitution of
Y (BS+B,#+B+...)
for r—R, and of
X1+ (B +1)8+B+ B+ ... )

for ». Now the powers of +/S;, and (r—R,)/X, can all be expanded in powers of §,
and then the coefficients of the powers of § in the expansion of

945 T (Z’ ~ 9453 il ——L-*‘ ©(2r) +4vo( > ——L “ (2r) 105< > —i_m 27)

o

~1

+15 o 4 Fl«) (2,,.) _[o 5 F‘(n) £27.>
- bR V DORL
-~ “~1 “~1 -]

can be equated severally to zero. The equations thus arising give the values of
A, A, ..., successively. Suppressing the algebra, which is rather long, we may write
down the results in the following form :—

The equation for A, is

!
,Gi‘f}“ = 945(B,—1) {\— —210 (5B, —4) g—f‘- +105 (5B,~3) 3;,‘}“
vt -} — i |
-30(5Bl—‘)‘“““'+5(5B-1)52A
bt | 1
The equation for A, is
g ! ! \
oB LA ‘>B~*<945 2L A;_gy53L A gootl A 105 5\;“}°+156',‘f‘°)
._" a.q u] 2#1 zl
21 A 31 A, 4 A 6'A,,>
oF 52 1 ¢ 460 %A
+ B,(B,+1)< 945 = +840 S —815 +6 Z; P
21 A 3 A 41 A, 51 Ay
e 49 -10 b
+(B,+1)< 20 229 _315 +90 55 2,,)
A 2 A 31A 4 A g 61 Ay
+B< 1150 LAy g5 LA )
2 =) 2'1 z¢
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The equation for A, is
4B88;*f 4B’<9453 A 945“,]‘3““20 5;::_"“—105 C’élﬁ\“ns "—;:é—l\)
+6B,”(B1+1)<-— 45 3~A +8404é‘:} ~315 5;1A"‘+60 6;::““—57;?'/
+6BI(B1+1)"< 1203158 A‘+90 SlA:_qo %A
N =~ -
+3(B,+1)~"<--1053 Ay godL A‘ ~10 “Lﬁ*)
-’l "’l
+6B1B< H.A 3! A 4 A A + 25 VA:X,, 271‘;&,>
Ay X 5, = =
+3(Bl+l)B( 100011(“x +1050 25 A 4504;.?“ +100° j —10“;]'}«)
+8B, <945§‘7—10 02l A ‘A +525° ~lA ~15 4£.A‘+ 2 ’f z“;:‘})
The equation for A, is
2B‘912i=2B‘<94’ $LA g5 2L A 490 8L A 10’11-AA+1)8L§‘“>
. S s 3 ¥, SR
+4B,? (B+1)<—04r "}+340J A, 3156\‘5"‘%0 ' 58!\‘?8)
g S g, K SN
+6B,* (B, +1)4(420 ‘A —315 2L 4 ()0(—’——A*‘-1():’\—.{}—1>
S X,
+6B,(B,+1)-“< 10.)4 A +r0r’\‘;\ qo%)
l -\ -1
+6 (B, +1)*<1s4 A, r-“vﬁf')
X =
+12B,B, <94"*~l“\ —9454;“"“+4>0 _‘_A —10rm A“+1r E-ﬂ_“’})
+6B,(3B,+2)B,< 940”‘\ 8403 A 31"’\4A"‘+(i()6!\‘1}“——571“3’)
l ~1 -~ “
+6(B,+1)(3B,+1) B, ( 8l8 5154l B g SE,A ~10 (;:})
+3(Bl+1)”B,<—315§—A+1so4'EA —30 2. IA">
+3B’(4°0 2’21A 52 32‘“ 4‘.{,“ -10(»5;‘}’420 ';ﬁ‘“ z7zA7>
. 1 ,
+6B,B, (945 >:1A —10503 A 5-54;:%‘-15052‘? +2a";fﬂ-—:7—§—l{}—z>
+8(B,+1)B, (-1050—2-1—-4-%1050“I ‘i& --4504 A‘+100“ ]A’—WQL:?“"\)
K 5 5 x
+3B, (945:‘3; 10502 A 4525 2L y50 'lA*+20 2L A, 2‘"’;:?")-
oK 5, 3

The method avails for the calculation of as many coefficients as may be desired.
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25. Third Method Qf. determinm,q the C oeﬁl'ci(mts A.—Another nearly CyuaLy CHevUYE
process for finding the coefficients A, A;, ..., 18 founded upon an expression for ¢, valid
at the piston M.

The equation of motion of the piston shows that at z, — 0,

cn _ __ao!

ot~ 10Ho M
and the differential of u is always

ou o

—dx,+ = dt,

ox, ot

so that, at , = 0, ¢ can be expressed as a function of s by the equation

10 (a -
(=T =~ 10Ha," j (‘1> B ((B,=1) +2B,0+8B,8+ ... | ds,

(l’zlu 5 \‘El

and thus {—T, can be expanded in powers of & or (s—8,)/¥,. Also, since ¢t = ¢Z/ou,
and T, is the value of 7 given by putting r = R, and s — 8, in the formula for the first
reflected wave from the left, we have

~T, = 105 {F'm - Flmv(:ml)}"lm (E2 (2r)  F®
0-” 1y

(
l ol 3,

1

“ . o.ﬂ S )“ o.h

45 jFl(:«) (2, F @ (“’R )1 10 F (4) (27.) _ F‘I(U (21{1)} N .[Fl(o) (QQ _ Fltb) (2R1)], ’
Lo 1 ( =
so that a different form of expansion can be obtained for t—T,. By equating coefficients
of different powers of & in the two forms of expansion we obtain again a series of equa-.
tions giving the values of A,, A, ..., successively. The results may be recorded as
follows :—

The equation for A4 is

105{ (B+1)‘é—-+23,3i‘}"}-105f 8 (B +1)2L 2Bl3i‘f&“L
“- - [ 1 -1‘ J

3! A, 4! A, . 4! A, 5! A

+451—7(B +1)= 5 2 +2B, Sl“~}.-1(){—b(Bl+1) oK +2B, E,‘:’&}
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The equation for A, is

(21 ]
- =" : - -

L)

.| -~ ) -

. 21 A, SVA, 2, .41A
—l()5[.‘-—8B,+36(B,+1)"}~ A-*+2{B,—sBl(B,+1):3—\,—*‘?J+3-1B,-4\.,“’

x ' AL

+4.>[‘—7B,+28(B e1y 2R o B 7B, (B4 1) j;—,nﬁf’;}-]
-y PV -

f ] 4’A4 f | I 2 963 Ao;
—10|{=6B,+21 (B, +1)} == +2 |B,=6B, (B4 1)} 5 + 5 B =

- 1 - - -

) BLA, b 2T LA
+ |:-.‘—5B,+15(B,+1)‘} A o (BB, (B4 1) S ﬁ"+ T

=] - -

TN

= 102" B, 1 (B4 1) (B-

The equation for A, is

105[-{—9B;,+90(B1+1)B2——165(B1+1)“A +21B,—9(2B,+ 1)B,+45B,(B,+1)"] “‘.A

J e
Sl Lt

"~’BB-)B‘(B+|)‘
(2LA,

——IOJl" —8B,+72 (B, +1)B,—120 (B, +1)"}

+
\

="
+2 1 B—8 (2B, 4 1) B+ 561, (B, + 1)) 22
l

+i_~’fi (213,B,~ 8B (B,+1)}

SLA 2 paht A,
1

S YRS
+45[{-—7B;,+56(B.+])B —84 (B, +1)") === 31 A,
~l )
+2 [By—7 (2B, +1) B,+ 28B, (B, + 1)} £ A
X,
+ g—- (2B,B,~7B* (B, +1)) %u%i B‘n%”_‘
—10[{—6B;,+42(B,+1)Bz—5c (B, + 1) 42{}4
3,
+21B,—6 (2B,+1) B,+21B, (B, +1)] ’Sl‘b\
+§, (2B,B,—6B2(B,+1)] f’.;;l_"}" + 2” B Z_‘il_AJI
[{ 5B,+30 (B, +1) B,—385 (B, +1)"} 5;?
+.3{B,—?(,BI+I)B2+]3B,(Bl+1)=l{6"s:‘}a
+§3! 19B,B,— 5B (B,+1); ?_’S_A_z 4 37 R HzA]

= _10E<"">W{B3—131(38,+1) B,+22 (B, +1)*(B,—1)}.
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The equation for A, is
105[{-93&9‘ 10(B,+1) B+ 21083 210 1 (p 1,

'30
9.10.11. A,
+——-—-———4, (B+1)}—-2

+2{B,—9(2}31+1)B:,—9B,’ 2-10(3B,+1) (B,+1) B~ 210 11p, (8, +1y }-A

il |

+ 2128 B+ Bi—9B, (3B, +2) B+ 110 B (B 1y L
2

v ]
el

[3BB,— 9B (B,+1)) 1Ay Bv’”A]

-105[...]+45 [...]-10[...]

+H——5BJ+5.6(B1+1)B;,+ 5‘;!613,2—35';!‘7(1%,+l)2B, :’.64—78B+1 }

2. D 5.6. .
+2JB,,—5(2B.+1)BH—5B3+%(:;B,H)(BIH)B,— ;’ ’BI(BI+1)-} E.‘G

5'! {OB B,+B,~5B, (3B, +2) B,+ ‘i'—‘”’B.”(B,H)”} L

b |

— 108 ( )[ +1)B,- U IL12p (B4 1) B,

_11.12.13(B,+1)" _]
3! 4 (Bi=1) |,

where the law of formation of the terms that are not written down is sufficiently obvious.

The formulee of this article may, of course, be transformed into those of the previous
article by means of the relations by which the coefficients B were expressed in terms
of the differential coefficients of Q,, and the relations by which the coefficients A,, ..., A,
were expressed in terms of the same differential coefficients. They are useful in
numerical work as affording a verification of the values obtained for the coefficients
A, A, ..., from the previous formule.

Formulae similar to those of the present and preceding artic les may be obtained for
the coefficients in the expression for Z belonging to the first reflected wave from the
right, but it seems hardly worth while to write them down.

‘THE SEcOND MIDDLE WAVE.

26. Method of determwning the Second Middle Wave.—The first reflected wave from
the left meets that from the right at the place and time determined by substituting
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R, for r and s, for s in the formule belonging to the first middle wave. When they
meet, the first middle wave becomes obliterated, and the second middle wave begins
to be generated at the time and place in question, and encroaches upon the two first
reflected waves.

To determine the second middle wave we have the conditions that at its advancing
front, where » = R,, the Z belonging to it is equal to that belonging to the first reflected
wave from the right, and at its receding front, where s = ,, the Z belonging to it is
equal to that belonging to the first reflected wave from the left. RirMaNN’s method
may be applied in exactly the same way as in Article 15. 1f P is the point (7, §'), A
the point (R,, ¢'), B the point (R,, s,) and (' the point (+/, s,), we have

ro T ' 0 5 / r, v 5V
Z(r, §) = [VZL~[VZ}y+[VZ)e+ | Z (&Y - 2V )i | 8 g,

38 r4 8 Or r+s

At A we have

r=R, s=¢ ¢=0 V=( “l“’)",

Yt

and Z is the result of substituting R, for » and ¢’ for s in the formula

_ Loy (e )
A_L‘“Ll””( >[01945a+‘f‘(" u)y

. o oo
At B we have

R, =) (s,~¢) R+ \ ,
r=R, s=s, =—( ' ! . V=) (1 =208+ 90 =140+ 708
1 1 § (?,/+~I) (R'1+81) (\')"+.\") ( ¢ ¢ S < ),
and Z is the result of substituting R, for » and s, for s in the formule for the first middle
wave, or in those for either of the first reflected waves. For the present we shall denote
it by Z,, and observe that it is independent of »" and s .
At C we have
Jy o b
=g N= g8 F = () V=<"-~if—l’
7 ”, § 1y § 0, ‘73 +.§")

and Z is the result of substituting ' for r and s, for s in the formula

Z = K1+Lm+<l 9)‘ [Fi(o+n)| .

cooc) I o ]

Along AB, where r = R, and s increases from s’ to s, we have

L1 o |
Z=k+l(Tt—s)+ <; E-)(—O') L_r {;Zl&z +/i (U-u)} ’

OV _ 5V _ (R+¢) R =) (R +8) o 1ans - .
o8 ri8 (7 +7) (20—-180¢ + 4208 —280¢"),

E=— R,—7') (s—¢').
(" +5) (R, +5)°
VOL. CCXXII.—A. 2 R
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and along BC, where s = s, and r decreases from R, to 7/, we have

Z =K +L (r—s)+ (L 5 ){I‘—i‘l’-t’i)}

ﬂ - 5V —_ (31+"") (31—8’) (81+7‘)” _ - \
s CETY: (20—180¢+4208—280¢"),

¢ = _(r=1")(s,=¢).
(7 +5) (r+s)

The value of Z at (', §) can be regarded as a sum of terms with the coefficients
Zg, ky, L, co (945, ay, ay, ..., K, L, A, A, ...,

and each of these terms may be found from the formula for Z (', s’) by performing the
integrations where necessary. The result will be to exhibit Z (r/, §') as a sum of terms
with these coefficients.

27. Determination of the Second Middle Wave —No integration is needed in order
to obtain the term which has Zy as a factor, but it is important to observe that Vj,
as a function of #' and ¢/, can be expressed either in the form

= §(Ron) (2 55 ) [l e R,

Vi = (R, +¢1)<1’ ai;) {(r’—R,)‘ (r’_}_sl)l}.

or in the form

o’

We shall suppress the accents on 7’ and s’ 80 as to express the value of Z at (r, ). The
term with coefficient Zj is

. LB (R45)Z, <(, >{(q-— )‘(HRI)‘J['

o

The term with coefficient £, is

&k, (l _a_>4 {(s"sx)‘ (s+RI}.

o oo o

The term with coefficient [, is

sl <a- a¢>‘{(“""")‘ (5R,—48,—s) (8+Rl)b}.

o

The terms with coefficients co,'*/945a and a, are
o, ><1 0 >‘[1 <s—8 )‘{ <s+R ) <s+R >’
c —2—+ —— )| = (= 1) 4+10( 55—
< 9450~ */\ode/ Lo R, +s,. 1+4 R,+s, +10 R, +s,

+20<f€'—f§>3 +35<%T_+1%;>‘}]-
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The terms with coefficients @,, a,, a, are

_ ANl /s—s [ s+ R, /?+R>
2a](R1+8,)< aa) [0’<E1:;_1> ll+3<Rl+sl>+ \R|+3
¢+R> ) ]
R, +
1/ 8—8 s+ R, <8+R ! <~f+R 1],

2“’(R'+s')2<a-aa-> [ <R +81> {1 2<I{ +31>+3 R1+3‘1> 4 R +*> (R' +*> |
_ 1 0\ [1/s—s, ‘{ s+ R, <s+R>’ <s+R, 9+R,>1]

2a8(R +8]) <0’ 8a'> [ <R1+81) .1+<I{11+31>+ 1{«1'{"8‘1 * I{'l‘}'sl> * <1{' +& {

The terms with coefficients a,, a;, ..., are

1o

AN AT

and so on.
The term with coefficient K, 18

3K, < ) {(7-—]1,)‘ (r+sl)"}”

a

The term with coefficient L, is

- ettt

o J

The terms with coefficients A, A,, A,, A, are
(o ) (o) e () ool v oo (B35 oo ()]
—2A; (Ry+8,) <; —5;)‘ [}; <%T:I-%>‘ {1 +3 <1§j+8;1> +6 ( ﬁ;";)z
() +(Es) |
wau (0 R el o () o (R o () )

o8 1 0 r—R,\* <r+3, <'r+.~c," r+8) <7 +8 ]
2A3(R1+81) <0’80'>[ <R1+81> 11+ Bn+81>+ Rq'f'c‘h) +<1{q+81 + R1+81

The terms with coefficients A,, A, ..., are
a1 (r=Ry)*| 5 <l _3_>‘ [(r=R,)*)
2A<60'){ c ) 2Aha'8<r] o
and 8o on.

2F 2
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28. Indication of a General Method.—If the coefficients a or A with suffixes exceeding
10 were all zero, the expression for Z in the second middle wave could be transformed

at once to the form ( y
1 0\ Q. (o+u)| K.+L
<\rr 80') l o | + Bt Lty

or to the form

(our) {g—,(a—w)} + ky+ L.

But if these coefficients do not vanish a transformation of the same kind is still possible.
We have, for example,

(12 Y ol s o=} _ gy (o111,

| o

<l i>‘ (lotu)? =(e=m)* _ gr1 u (30t +110%)

o do o j

and thus Z can be expressed either in the form

1 0 o+ - o . . ;
<} ?3(-0') S ')J + K4 Lo+ M, (o + 114%) + Nyu (80 + 110%) + ...,

or in the form

(_l_ _&)‘{‘Lﬁ_{_"_’ﬂ)} +ky+ T +mg (0 4+ 119°) + mgu (307 + 1107) +

\0" 00,

where the factors whose coefficients are written K,, L, ..., or k,, I, ..., are the
homogeneous rational integral functions of o and » of degrees 0, 1, 2, 3, ..., which
satisfy the differential equation for Z.

When this transformation is effected we may proceed to determine the second reflected
waves. The first step is to find sets of coefficients analogous to A, ..., A; and
@y, ..., @, The next is to find sets of coefficients analogous to B, B,, ..., determining
the loci in the plane of (r, s) along which «, = 0 and z, = ¢ during the time that these
reflected waves are being generated. By means of the coefficients analogous to B,,
B., ..., sets of coefficients analogous to A, A;, ..., and a,, a;, ..., may be found, and
thus the second reflected waves may be determined.

From the formule for Z in the second reflected waves that in the third middle wave
may be found, in the same way as the formula for Z in the second middle wave was
found from those in the first reflected waves.

The method of solution can be continued, and gives a theoretically complete solution
of the problem ; but when arithmetical computation is attempted, failure may arise
through approximate equality of groups of terms with opposite signs, so that some
quantity, which ought to be calculable to five figures, for example, may only be calcu-
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lable to three. This difficulty was found to present itself in the calculation of the second
reflected waves by this method, and another method had to be sought. An account
of this will be given in the theory of the second reflected waves.

29. Pustons of Equal Mass.—A considerable reduction in the number of coefficients
to be calculated is effected by supposing the two pistons to have the same mass. When
this is 8o H = 4, and hereafter we shall write everywhere & for H. The calculation of
A, A, ..., A, is then simplified a good deal. TFurther, it appears that the coeflicients
a differ only in sign from the coefficients A, or we have

a, = —A,, a, = —A, ....

It is now unnecessary to calculate separately the pressures, velocities, displacements,
and times at the two pistons. We shall speak of the piston specified by «, == ¢ as the
“shot,” and of the piston specified by , = 0 as the *‘ image of the shot.” We shall
generally calculate the pressures, &c., for the image of the.shot, because a slight simpli-
fication is effected by putting x, equal to zero.

30. Incidence of the Second Muddle Wave upon the Pistons.—The value of s at the
receding front of the second middle wave is that which has been denoted by s, and
in the case of equal pistons it is the same as R, or ¥,—30,. This is therefore the value
of s at the image of the shot at the instant when the receding front of the second middle
wave reaches it. It will be denoted by 8,. The corresponding value of 7 may be found
from the formula

r=R, = B, (s=8)) + (B,/2)) (s —8,)* +

by putting S, for s. Tt will be denoted by R,. From this the corresponding value of
o may be found. It will be denoted by £,. The corresponding value of u, which is
R,—8,, will be denoted by U,. The corresponding value of Z, denoted by Z,, can be
found most simply from the formula for the first reﬁected wave from the left. We
have

N Q @ hH)] ‘(4)
Z, = K, +L,U,+105 & (3{{) 105 I ’(4R +45 E_ﬁi o B ( ), \(T)RL)'

.'

where

F,(2R,) _ (z_) [A, A <m,—zu >

v 10 AU
2210 Ny lll }-1 11

1 21A, (zn,-zu,y 1 3!A"<2H,—2R, s
-~ .
: s) g

21 5 x 317 3
FO(2R,) _ <E_>f A, _2!A, <2R,—2R,>
22" = 22 IEI” 218 21
1 3! Aa <2Rq 21{;4‘ 4 _ _1— 4! A 21{'1_21{1 3 !
METIEN 3, ) 31 5° ‘ 3 )+“'J'
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F,"’g21{,)_< [z!A 3Y . (2R, — )
s -3 03 5
+1_4? ‘<zR, 2R 1 514, <2R,—2R,>3+ }
21 X0 BRI 3 N

(75

[ 21{‘1 2R2) l_ 6! Aﬁ <2R1—'2R3>8 + }
5 ces [y

N T b

+

F.@(2R,) _ <S,> {3!A 4!
1

21 v
1A

F“(2R,) _ f§>ﬂ 41A, 5!'A, /2R y
- (B - ()
+ —

-] 31 21‘ -]
20 2,
1 6 LA, /2R, — 2R\ 1 714, (2R, —2R,\’
2f S‘l < ‘q 3‘ ‘<s El + ..

31. Transformation of the Formula for the Second Middle Wave.—In what follows
we shall disregard coefficients A beyond A, ; if it were desired to include further co-
efficients A some of the formule would require modification, but there is no difficulty
arising from the convention to stop at A,. The most effective transformation of the
formula for Z in the second middle wave is found by putting for Z, the value derived
from the first reflected wave from the right, viz.:—

7y = kit l (Ri—s,) + [(_1 _(')_>‘{ o, | Gyta (28—23,)+a2(2s-—2s,)”+...}:| ’
r=R,u=8

o oo/ |945a0 o

so that the terms contributed to Z by Z, come to

{11 (I{q'}' 51)“ +105 <.)4:: +(1,0) —105 (1{1+ 91) )

+45 (R +8,)* 21 a;—10 (R, 48, 81 ay+ (R +5,)* 4! a4}'

) <1 a> [la=s) (s+Ra)']
oo 1 (R1+-‘51)

and then, before putting R, for s,, or —A,, —A,, ..., for a, a,, ..., transforming the
terms contributed by A, A,, A,, A, to the form

4
((1? 5%) [-}‘- 1Ag+2A, (r—Ry) +2°A, (r—Ro)'+ 2°A, (r—R,)’ }]
I A('[ £ <s,+7‘ >b 83+ C i\ ( ‘*1+’r>”}

(o0 L ool v oo (s oo g wos (g3
_2A1 R]"‘S} (-0 81+’r> <81+7'>6 <81+’r>7 15<8]+’l‘>s}

o 1 HIKRVF& +96 R+ 50 Ri+s + Ri+s
+22A9!R1+31!2{_6<81+?‘>h+17< 9]+’) <81+" ) <S,+'r>°}

o Ri+s,

I{1+31 I{1+S1/ Rl+ $1

_2“A3(R1+s1)3{_< s,+r>°+3< s.+'r> <s,+r> < % +r> }]
T R+ R;+ Ri+s Ri+s

+
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The first line of this expression, with the terms contributed by A,, A, ..., makes up

8y i)

o oo

and the remaining lines are unaltered when —s is written for 7.
The terms contributed by K, and L, are the same as

o 'lcr o

and thus the Z of the second middle wave is expressed entirely as the sum of the 7Z of
the first reflected wave from the left and a function of the form

(LT}

o OO,

Further, noting that with equal pistons !, = L,, we see that ¢,(oc—u) contains no
terms of degree higher than the ninth in s or } (0—wu). Also we see that it can be
expressed as a rational integral function of (s—s,)/(R,+s,) of the ninth degree, and that
it contains no terms of degree lower than the fourth. Since Z and ¢Z/do are continuous
at § = s, with the Z and 0Z/do belonging to the first reflected wave from the left, the
function ¢, can contain no terms of the fourth or fifth degree in (s—s,)/(R,+s). The
vanishing of the coefficients of these terms does not introduce any new condition. On
replacing a,, ... by —A,, ..., we have the result that in the second middle wave

R A R O I

where ¢ is written for (s—«,)/(Ri+5), and 8, = Ry = Sy, while ns, m, m, e are given by
the equations

¢ L 10
(2B)_ 4o (ﬂ) +2806,+ 1406 + 628+ 236+ 6L~ o,

m=—g(Kl—kl) 221" _:_2—7—1; pO

m=4(K,—kx)%%‘o)— 6%,;("“) —2406— 1206 — 526,— 186 — 48— &,

10
m=—4 (K1—k1) Qg{%l - 5;1-1, <g£> +706%+ 356 + 158+ 583+ §o— s,
. -l

n = kl) (___2_ fo,

210
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in which
c=gplE) emmi H 6= 22%:5" =) (&)

THE SEcOND REFLECTED WAVES.

32. Relation between Pressure and Velocity at a Piston.—The relation between pressure
and velocity at the image of the shot is an equation connecting » and s, which holds at
x, == 0, and can be interpreted as the equation of a certain locus in the plane of r and s.
This equation can be written in the form

('7' - I{:,)/Ez = B'13 + :B’gl?’ + B’alya + oo,

where § stands for (s—8,)/¥,, and the coefficients B’ are at present undetermined.

To determine these coefficients we have recourse to the method of Articles 21-23.
During the progress of the second reflected wave from the left, the value of z, at any
point in the region occupied by it can be expressed in terms of the values # and s’ of
r and s, which occur simultaneously at the point, by the formula

ro = —5h LC (Y/o) du,

wherein the integral is taken along the locus from the point A, where r = ¢/, to the
point C, where s = ¢’. In this integral

‘II—I,T, = Sg {(B’p—-])(‘-&}g,’y-{—B’aJ‘{-— ...}',

du = 35 {(Bh—1) +2B0+ 8B4+ ...} db,

o

Ey {1+ (B’1+l)1?+B’2‘?3+B'388+ "'}’

§=MII+30(Z‘_I_)_(_‘_Z+21()£(__K):’%:_)+ }
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On putting R, for 7', we have the value of z, along the junction of the second middle
wave and the second reflected wave from the left expanded in a series of powers of &,
or (8~8,)/%,, in the form
= =5k [(B1—1) &+ {B3—(3B,-2) (B,—-1)} &*

+{Bs—8B, (2B —1)+ (7B *-6B,+2) (B, —1)} &*
+{B—2B;3(3B1—1)=8B’—4 B, (42B,*— 83B', + 5)
-4 (28B*-21B*+9B,-2) (B,—1)} &
— 1B (30B,—7)-6B,B;+ [, B3 (210B,*~108B, + 7)
+3B.7 (1058, —27) - 2,B (5608’ *—462B',* + 81B',—7)
+3(126B*=56B"*+21B*—6B,+1) (B, —1)} 8+ ...].

Now at any point (R,, s’) on the same junction the value of z, can be obtained by
forming —110Z/0a, where

Z =K+ 1 u+ ( ) {—-—&il)} pX "'< —)‘ {(-:-.(mf"-'mf?*‘ '/uf““'l\rf“)}

o

and
II =u ((T/o'“)““ f = (S—Sy)/‘z}{q,
and putting therein

o=Ry+¢, n = Rg—-s', s=4 P .‘l,«?’,

and the result can be expressed in terms of &' in the form
; NI P (s P @ (O
ﬁ:("’) [ 94FU:5-} 94f(1+3’)Bl \.fu”)+4zo(1+.s’)”b—v§f—’5£2
(¢4 &y ) -3

AR ONE ARONES .
._105(1+8')“F—J———‘ E;R“)+15(1+3’)‘P———(——‘ Ej‘n"’)—(us’)"}‘—j——‘ Ej“”)}

NI
Za ) 19450°—945 x 3 (1 +8) 8+ 420 x 3 (1+ ) &

+ "“(21{1

—105x 15 (1+8) & +15x %0 (1+8) =4 (1+4)" &
—,,7( R)fs453” —945x ] (148) I+ 420 x 4t (1+8)* 8"
—105x 198 (1 )8 +15x 198 (1 +8)'8°=3)2 (1 +4)° 8%
S . Y o
+ns(—i) 19450 —945x 4 (148) &+ 420 x 14 (1+8)*3"
2R,
—105x42(1+&)%8"+15x 105 (1+&)* 8 -210 (1 +4)" 8%}
<2R> {9458 —945x 3 (1+8)8"®+420x 18 (1+4')*47
1
—105%x63(1+8)*8+15x 189(1+8’)‘J’5—”31’(1+J’)"'6"}}
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The terms independent of ¢ in the right-hand member of this equation add up to zero,
for z, vanishes at (R,, S,) ; and, by equating the coefficients of powers of & in the two
expressions for z,, equations are obtained from which the values of the coefficients B’

can be found successively.

33. Relation between Velocity and Time at a Piston.—The time at which any par-
ticular simultaneous values of r and s occur at «, = 0, can be found by the method of
Article 25, and thus the relation between velocity and time at the image of the shot
may be traced. We can write down the equation

h o.ulu (] o -11 !
t—Tg =_]0(;, E?jb,(i—,) ‘{(B’1—1)+2B”8+3Bln(§u+ e }d.’s‘,
in which
8 = (S—SQ)/SQ‘ T = 22 '{1 + (B’1+ ]) 6+B’382+B’388+ . -},
and thus ¢t—T, can be expanded in powers of § in the form

t=T, = ad+cd+c i+ ...,
where

( IB =12 (2B, +1) Bs— 31 B+ 66B, (By+1) B,
—144 (B1+1)*(B1-1)},
o= 1_‘.’_"<"0>“’{ By— 32 (5B, +3) Bl— 11B, B, + 484 (58, +1) (B1+1) Bl
+ 422 (581 + 3) By - %% (5B —1) (B1+1)* B,
+2992 (B, +1)* (By—1)},

34. Displacement of a Piston.—To obtain the displacement of the image of the shot,
we have to find the value of z at z, = 0 in terms of simultaneous values of r and s
occurring on the locus

r=Ry = B (s—8g) + (BlyfZs) (s=Ss)*+ (By=) (s =o'+ ...

Now, when x, = 0, we have « = ut—Z, and for the value of = at (R,, S,), denoted by
X,, we have X, = U,T,—Z,, so that when z, = 0, we have

2—X, = ut—U,T,— (Z—Zs).



ON LAGRANGE’S BALLISTIC PROBLEM. 209

Also we have
r, s
Z—7, = f °Z g+ ‘da,
( do

Ra, §9 OU

where the integral is taken along the locus, and, since dZ/do vanishes along the locus,
we get

(r, )

tdu -I' " gl——d\

r—x, = ’ll,t—UuTu—J ds

. . (Re, §)
in which
nw="U +A-3 \ (B' - l) 4+ B’J(Sd-{»- B,((W

t =T, +ed+e,l+cd+ ...,
= S2+ }:28.

It follows that, at «, = 0, z is given by the equation

x X’ U)(‘](s'f []2(‘9""'%&43(1 (};’l—] ) lr 82+ { [TQC.+ gsfg (}{’l — 1) +'§'23('|B,-_.} (Y:‘
+ 1 Usc-t'f’%«-z(’: (B 1= 1) +;“963B',+}‘<9(7,B' ot
[Ug(’(,'f" "-"'C'4 (Bl-]) + - 3(3B3+ r,-q(JB 4+ }ag(l‘[%“ (V—{-

which may be written
z—X; = &0+ &8+ &5+ ...

The formulee which have been obtained avail to determine the displacement, velocity
and pressure at the shot or its image at any time during the progress of the second
reflected waves.

35. General Method for the Second Reflected Waves.—We shall need to be able to calcu-
late Z, ¢t and z, for any simultaneous values of » and s that can occur in the second
reflected wave from the left. It is best to obtain formule for ¢ and z, separately, and
not to deduce them from the formula for Z by diflerentiation, because the formula
will be approximate, and to obtain the terms of any particular order in ¢, for example,
by differentiation of Z it would be necessary to obtain the terms of order higher by one
in the formula for Z. The method of determining the formula for x, has been indicated
already in Article 32, and the work will be completed presently. The formule for ¢
and Z will be found by similar applications of the method of RieMANN.  We begin with
the formula for¢. After finding formule for ,, ¢, Z, we can calculate » from the equation

; (ﬂu 0'0 _&)" ] 1t e

a 13+( >(1 ﬂ)J+Mt Z.

36. Method of Determining t.—The value of ¢ along the locus z, = 0 has been found

in Article 33. To obtain the differential coefficients of ¢ along the same locus we have
the equations

a""'+II

ot 0xy a _
ou 70 H1I w

2G 2
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and
do
10h ox, 104 s

iy _ dm_
aa’ [ _< 11‘ R - do'
11 du )J i 1-<@

where do/du is to be found from the equation of the locus. Thus we may write

do
at _ ]O]IO'.. du ot _ 0 ha'nw 1
e ac T Tdo o " do \¢
< o " aot (f)
du ) du

Now let (¢, s') be any point P, and let lines PA, PC parallel to the axes of s and r
meet the locus in A, C, as in fig. 3 in Article 22. Then, since ¢ satisfies the same differen-

tial equation as Z, the integral
ot oV .V
jV<as )d +f<—— —aa)d:

taken round the contour formed by the arc AC and the lines CP, A vanishes, and
therefore we have the equation

N ov_ .V <az t>
t(),.s)_[Vt]A+J(A’(ar >td & V ds,

or, on putting
t' =t-T,,

the equation
v () =)+ [ (Vs ¥y rars (258 v an

But we have, along the locus,

o _ ot o _ = —10 hot 1 _ 5}100“’ du
ds 0o ou ao" do ach ds’
o7 _1
du

and, by the theory of Article 25, the expression last written is the same as the value of

1dt/ds along the locus, or we have

¢!
;)i = izz_l (Cx+2025+30382+ )

Also along the locus we have
t' = cd+cd 4+ ...
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Let s, denote the value of s at. A, Then at A we have

Y \b
N — (Tt
=, S =8y, V= ( 7‘;+~r‘) ’

= ey + el +ed+ ...

where 8, stands for (s, —8,)/=,.
Along AC we have the formulm already written for ¢ and &¢'/ds, and we have further

r+s )] N - I'——)‘,) (.\‘-——.\")
= | — -0 ( — ) = - \
Vo <’r’+”> (1= 20690814084 7087, 4 (' +&) (r+s)
Q}Y 0- (S + 7 )(g\:\ ;(' + \ (2()—180§+40() 28“;.!),
ar S

and we have to put

ds = ..‘, dl? dr = EZ (B,1+ 2“'284- 313’33“4* ) dd.

The limits of integration are §, and &, which is (s'—8,)/%.,.
The value of §, is to be found by reversing the series

r=Ry = (s=8,) 1B+ (B2 (s=8,) + (BoS7) (s= S, 4 0.1,

and putting »' for r and s, for s. 1f we write ¢ for (+'--R,)/¥, the result is

"By o (2B B, . (5B 5B.B, B,
§o= 22 P Dl o (9Da 9D ..t.)."
WU T E (e By Tl

B R I L Lol BELIALE

B/ 4 1{/ ’B/ . B/ by ) B/‘.‘B/‘ };’h . ’
(14 g2 S o T )

Thus §, 18 known in terms of #'.

37. Formula for the Time.—We work out the formula for ¢’ or t—T, in terms of §,
or (s—8,)/%,, and ¢, or (r—R,)/¥,, at any point answering to sinultaneous values of
r and § Whlch can occur in the second reflected wave from the left. For this we first
perform the integrations with respect to r and s and then suppress the accents on
and €. We record the results as far as terms of the fourth order.

The terms of the first order present themselves in the form

]+€+(s,\"!'
—_t —— J—
<1+e+3) ol + Tt +?)‘%°‘( )

and it is simpler to leave the factors

<1+e+8,;)", 1
l1+e+d (L+e+d)
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as they are, rather than to expand them in powers of ¢, d, and §. In like manner the
terms of the second order are

I+e+d,\° 1 '
< 1 +€€-:— §> Cada’ + (T+e+0y {4c,+ 50 (B +38)} (#=4,2),

the terms of the third order are

1 LAY _
(““‘—::L ] > cads’+ (1_+—3+_‘)“ {3c,+ 5, (B1+2) + Jei (B +1) (B1+5) + §e, B} (#—4,7)

—_— S C ___5_ ’ S=—8.)

+(1+€+8)‘5 C]G(f‘ (SA) (l+€+8)“ C]B1(8+26A)(? 3A) N

and the terms of the fourth order are

] l‘ ! ’ I3
< 112-:_ '€> c O\t + (17-:-{-(?—)“'{%6‘+%c’ (3B’1+5) +8e, (:B’)+ 1) (B1+3) +f{22B,9
+4e, (Bh+1) (B1+7) +§a (B4 3) B+ §e, By} (8 =4,%)
+ (—1--}-%-—}-—8-)71 1 ;'("+J (‘('1 (B,]+7)J € (5-#—23 )((y-(SA)
(;3)“. 2e, B+ e B (5B 4+ 11) +28¢, B} (8 +28,8+848,%) (§—3,)°

38. Formula for 7Z.—We write Z' for Z—Z,, and seek first a formula for Z’ along the
locus z, = 0. The value of Z’ along this locus is given by the equation

(r, 8) az do»+ 8Z

(o, 89 0T on

z'=[ du,

where the integral is taken along the locus 0Z/do = 0, so that

Z = f g:’ ds = ~af(T,+a,s+c,s*+...)(B’,—1+2B’,6+3B’38"+---)d&

Thus the value of Z’ along the locus can be expanded in powers of § in the form

Z = did+d, 8+ dy8 +
where
d[ = S;F2 (B’] - 1),
dy = 2, {T\B;+%c (B1—1)},
d;{ = 22 {TﬁB’ﬂ + %O]B’z + %C, (B’l - 1 )}' 1y
d, = %, {T;B +§c: B+ 4¢,Bs+ ¢, (B1 1)},
d; = 2, {T,B i+t B/ + §e,B'y+ §e; By + Ee, (By-1)},
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We require also the differential coefficient ©¢Z’/os along the locus, and this is given
by the equation
o= =t = —(Ty+ead+ e, +...).

The value of Z’ at any point (+/, ') is then given by the equation

/ / / ’\ / ’\ !
2,0 = V2 | (5= )2 re (54 5F) Ve

in which V has the same form as in Article 36, the value of Z’ at A is
d](?A + d"‘A’ + d“(‘Aﬂ + ceny

and the integration is taken along the locus.
The result may be recorded in a similar form to that for ¢’ in Article 37. The terms
of the first order in the formula for Z’ are

Lizbiy I S,
<1+«+8 iy (1+e+J)-""”1’('s )

the terms of the second order are

1+e+0,\° ;¢4 1 . Y fTer ANt b1 ffe v
(et g - gy 8 o ST (B 1)) =il (P,

the terms of the third order are

\ b
<] +€+8A\ da3A8 5[‘;!-'2 {ca+ bey (B/1+l)+l()rg(B’1+l) +5T,

1+e+d/ (1+e +3)
-3 {d,+4dl(B’,+ 1)} ] (8*=8,")
1 U ‘ D] 10
m 3 (2aTa—dy) B (84 28,) (3-4,)" - (-_LTYT’“ e (8 =04 )%,

and the terms of the fourth order are

(‘—t’f—*ﬂ>d Sy m e (43, {oat Bea (B4 1) + 106, (B + 1)+ 5e, B
T+e+d/ ¥4 (T4etapt™! ‘
+ 10T, (B +1) + 20T, (B, + 1) By 4 51,18,
— B {dy+dda (B1+1)+6d, (B4 1) + 4,851 ] (3 =8,%)

(l+ +(;)o[ ©3; {1+ 4Ty (B +1)} + 30, (B'1—5)] e (84+24,) (8—8,)

Treroy (425 {e,B 1 +4T,B' (B +1) + TaR%} —§ {dyB' +d, B (8B, +9) +2d,B',}]
x (8% + 28,0+ 83,%) (8—8,)"

(1+ +3
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39. Formula for z,—A formula has been obtained in Article 32, and can be written
in the form

) = = [ (Y (1o bet) NSy -
(1, 8) = 5th< — 11+30 (r,:;,)-}-w + ... ;(B1—1+2B,J+3B3«?’+ ) dd,

A

in which we have to put
14y =3 (1++ ),
o=35,{1+(B+1) i+ B +B"+
r—1" =¥, {Bé=¢+ B¢+ 10" +

omt = 35, (8=0).

After the integrations are performed the accents on & and ¢ are to be suppressed. The
result may be recorded in the form :—The terms of the first order in the expression for
x, are

=5h (1+e+8)" (B, =1) (8=40,),
the terms of the second order are
—=5h (1 +e+8)" {B,=3 (B, +1)(B,=1)] (§=0,7),
the terms of the third order are

=5k (1+e+d)" {Ba=2 (3B +1) Bu+ 7 (B + 1) (B'i= 1)} (¥=4,7)
=150k (L+e+0)* (3 (Bi=1)e=4 B, (B —=1) (84+248,)} (§—=0,)%

and the terms of the fourth order are

—b5h(14+e+8) {B—=8(2B+1) By,=3B + 218, (B, +1) B,
—14 (B1+1)*(B,—1)} (&'=48,)
—25h (1 +e48) [{2B,=7 (B'1+1) (B,=1)} e (§+24,)
—3 (8B =1) B,—7B, (B1+ 1) (B)1=1)} (F*+238,8+88,%)] (8—3,)~

40. State of the Gas at any Time.—With a view to applications it is important to
indicate how the state of the gas may be determined at any time, or when the shot and
its image have both travelled an assigned distance. We shall suppose that the time
in question is an instant during the generation of the second reflected waves, before the
second middle wave is obliterated. Then the central part of the tube is occupied by
the second middle wave, and beyond the junctions the rest of the tube, up to the shot
and its image, are occupied by the second reflected waves.

An assigned position of the shot and its image answer to a given value of z, and the
corresponding value of ¢ is to be found by solving the equation for z given in Article 34.
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This is the value of § at the image of the shot, and the corresponding values of r and s
at the image of the shot are given by formula in the same article.  Also, & being known
for the image of the shot in this position, the value of ¢ is given Yv the formula of Article
33.  Let this particular value of ¢ be denoted by T, and in like mann<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>