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AN INTRODUCTION TO THE
STUDY OF WAVE MECHANICS

GENERAL INTRODUCTION !

HE new wave mechanics has received during the past

I two years the firm support of experiment, thanks to the

discovery of a striking phenomenon completely unknown
previously, viz.: the diffraction of electrons by ecrystals.
From one point of view it may be said that this discovery is
the exact counterpart of the older discovery of the photo-
electric effect, since it shows that for matter as for light we
have hitherto neglected one of the aspects of physical reality.
The discovery of the photo-electric effect has taught us that
the undulatory theory of light, firmly established by Fresnel
and subsequently developed by Maxwell as the electro-
magnetic theory, although it contains a large body of truth,
is, nevertheless, insufficient, and that it is necessary, in a
certain sense, to turn again to the corpuscular conception of
light proposed by Newton.

- Planck, in his famous theory of black body radiation, was
led to assume that radiation of frequency v is always emitted
and absorbed in equal and finite quantities, in quanta of
magnitude kv, h being the constant with which the name of
Planck will always be associated. In order to explain the
photo-electric effect, Einstein had only to adopt the hypothesis,
which is quite in conformity with the ideas of Planck, that
light consists of corpuscles and that the energy of the cor-
puscles of light of frequency v is hv. When a light corpusele
in its passage through matter encounters an electron at rest,
it can impart fo it its energy hv and the electron thus set in

! This introduction is the reproduction of & communication made
by the author at the meetmg of the British Association for the Advance-
ment of Science held in Glasgow in September, 1928, K
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2 An Introduction to the Study of Wave Mechanics

motion will leave the matter with kinetic energy equal in
amount to the difference between the energy kv, which it has
received, and the work it has had to expend to get out of the
matter. Now, this is precisely the experimental law of the
photo-electric effect in the form which has been verified in
succession for all the radiations from the ultra-violet region
to X- and y-Tays.

Einstein, in developing his 1dea has shown that if the
hypothesis of light corpuscles or light quanta be accepted, it
is necessary to attribute to each of these corpuscles a momen-

tum p = kcr together with energy W = hv. These two rela-

tions define mechanically the light corpuscle of frequency ».
More recently the corpuscular theory of Einstein has been
confirmed by the discovery of the Compton effect. This effect
may be described in the following way; a beam of X-rays
falling on matter may undergo a lowering of frequency, while
electrons are set in more or less rapid motion. The phenom-
enon is readily explained if it be admitted that there is an
encounter, or impact, between a light corpuscle and an electron
initially at rest in the matter. During the impact the electron
takes up energy from the light corpuscle and is set in motion.
The light corpuscle has thus lost a part of its energy, and as
the relation W = Av must always be maintained, the frequency
of the light quantum will be less after the impact than before
it. The theory of the Compton phenomenon, based on the

two equations W = hv and p = 7,, has been developed by

Compton himself and by Debye : experiment has confirmed
the theory quantitatively, and thi8 has provided another
brilliant success for the hypothesis that light has a granular
structure.

In spite of these successes the theory of light quanta
would not by itself be completely satisfactory. In the first
place, those phenomena described by the terms diffraction and
interference demand the introduction of the cancept of waves,

and, further, the two relations W = Av and p = }2 imply the

existence of a frequency v.
This is sufficient to show that light cannot consmt of simple
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particles in motion. Nevertheless, the discovery of the photo-
electric effect confirmed by the Compton‘effect has shown the
necessity of introducing into optics the idea of corpuscles side
by side with the idea of waves. A curious duality of Nature
appears to be revealed here.

But if for a century we have neglected too much the cor-
puscular aspect in the theory of light in our exclusive attach-
ment to waves, have we not erred in the opposite direction in
the theory of matter ? Have we not wrongly neglected the
point of view of waves and thought only of corpuscles ¢ These
are the questions the author of this book set himself some
years ago in reflecting upon the analogy between the principle
of least action and the principle of Fermat and upon the
meaning of the mysterious quantum conditions introduced into
intra-atomic dynamics by Planck, Bohr, Wilson and Sommer-
feld.

By reasoning which will be studied in this volume, we may
arrive at the conviction that it is necessary to introduce waves
into the theory of matter and to do it in the following way.
Let a material particle (e.g. an electron) of mass m be con-
sidered which is moving freely with a constant velocity ». If'
we adopt the expressions given by the theory of Relatwlty, its
energy and momentum are :

me? my Wy v
W= P v e (=5 O

¢ being the velocity of light in empty space.

According to the new conception it is necessary to associate
with this particle a wave travelling in the direction of motion
of which the frequency is.:

: - W

V=7z- . . . . . (2)

and of which the phase velocity is :

’ c .
V = —‘5 —F, . . . . (3)
hence : ) .
w

V=p . . . ¢ (4)

<

c‘

*



4 An Introduction to the Study of Wave Mechanics

and consequently if A is the wave-length of the associated wave,

A=Y=—h-. . . . . (5)

v P
If we seek to apply these formule, not only to a material

particle but also to a hght particle, we must write v = ¢, and
then we find :

]

-.W—-hv,p_-}gz ...

-
1

These are exactly the fundamental formule of the theory of
light quanta. Our formule (2) to (5) are thus general ; they
apply equally well to matter and radiation, and they are the
expression of the necessity in both cases of introducing side by
side the ideas of corpuscle and of wave.

As follows, in particular, from the elegant works of
Schrodinger, and as we shall show in detail in the course of
these studies, the old mechanics corresponds to the case in
which the propagation of the associated wave proceeds accord-
ing to the laws of geometrical optics. In this case the cor-
puscle or particle may be regarded as describing one of the
rays of the wave with a velocity equal to Lord Rayleigh’s
group velocity. Thus we may under these circumstances
consider the particle as constituted by a group of waves of
neighbouring frequencies and this gives a physical picture of
the particle which would be very satisfactorgy were it possible
to generalise it ; unfortunately, this is not tRe case.

It is to be noted that, if the associated wave is propagated
according to the laws of geometrical optics no experiment can
prove the existence of associated waves, because the result of
an experiment can then always be regarded as proving only
the exactness of the laws of the old mechanics. But it is quite
another matter when the conditions of propagation of the
associated wave are such that the approximations of geo-
metrical optics are no longer sufficiently accurate to describe
the process. According to the new ideas, we must then expect
to observe phenomena which the old mechanics is quite power-
less to predict and which are characteristic of the new un-
dulatory conception of dynamics.

In the domain proper to the new dynamics, the principle
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which appears best established is that the square of the ampli-
tude of the wave, i.e. its intensity, must measure at each point
of space and at each instant of time the probability that the
associated particle is at that point at that instant. A little
ieflection will show that this principle is necessary to account
for the phenomena of interference and diffraction of light, for
in optics the maximum luminous energy is found in the places
where the Fresnel wave has the greatest intensity. Since we
are following as our guide the idea of bringing together as
closely as possible the theory of light and that of matter, it is
quite natural to extend the principle which is necessary in the
case of light to the case of particles of matter.

We thus arrive at the idea that material particles will give
rise to phenomena analogous to those of interference and
diffraction of light and that the methods of calculation must
be closely alike in the two cases. Thus a cloud consisting of
electrons with the same velocity must be associated with a
plane monochromatic wave. Let us suppose that this cloud
falls on & medium with regular structure, such as occurs in the
case of a crystal. If the distances between the elements of
this structure are of the same order of magnitude as the wave-
length of the incident wave, diffraction will occur, and in
certain directions, which may be readily found by calculation,
the amplitude of the diffracted wave will have maximum
values. In accordance with this, we must expect that the
electrons will be concentrated along certain directions. We
shall thus have the exact analogy with Laue’s experiment on
X-rays, and if the result agrees with the theoretical deduction
we shall obtain a very direct and a very strong proof that it is
necessary, even in the case of matter, to complete our concep-
tion of a particle by the addition of that of a wave.

These experiments have been realised by various methods
under different conditions by Davisson and Germer in New
York, by Professor G. P. Thompson in Aberdeen, and by Rupp
in Gottingen. The agreement between theory and experiment
is excellent ; the deviations which had been established in the
first experiments of Davisson and Germer appear to receive a
very natural explanation by taking account of the refractive
index of the waves in the crystal. Rupp has, indeed, been
able quite recently to diffract a beam of electrons at grazing
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incidence on an ordinary lined grating. Thus, experimental
confirmation is as satisfactory as could be desired.

In this way a collection of magnificent experimental results
has clearly established the necessity of introducing simul-
taneously particles and waves into the whole domain of
physics.

But what does this duality of waves and particles mean ?
This is a very difficult question and one which is still far from
being very clearly elucidated.

The simplest idea is that which Schrodinger put forward at
the beginning of his work, viz. that the particle or the electron
is constituted by a group of waves; it is a ‘“ wave packet.”
We have seen that this can be maintained so long as mechanical
phenomena are considered which are in harmony with the old
dynamics, that is to say in the new language, phenomena in
which the propagation of the associated wave obeys the laws
of geometrical optics. Unfortunately, when we pass to the
domain proper of the new theory it appears scarcely possible
to support this idea which is so attractive on account of its
simplicity. In an experiment like that of the diffraction of an
electron by a crystal the wave packet would be completely
dispersed and destroyed ; as a result no particles would be
found in the diffracted bundles. In other words, if they were
simple wave packets the particles would have no stable exist-
ence.

If it appears impossible to maintain Schrdédinger’s view in
all its consequences, neither is it easy to develop another
opinion with which the author has for a long time associated
himself and according to which the particle is a singularity in
a wave phenomenon. In the special case of the uniform
motion of a particle it is possible to find a solution of the
wave equation showing a moving singularity and capable of
representing the particle. But it is very difficult to make the
generalisation to the case of non-uniform motion, and there
are serious objections to this point of view; we shall not
discuss this difficulty any further in this volume.

The author has also made another suggestion which is
published in his report to the Fifth Solway Congress.! We
have seen that we must always associate a wave with a

1 ‘ Electrons et photons,” Gauthier Villars, editeur, Paris, 1928,
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particle, and so the idea which is in best agreement with the
older views of physics is to consider the wave as a reality and
as occupying a certain region of space, while the particle is
regarded as a material point having a definite position in the
wave. Thisis the basis of the suggestion. Since it is necessary,
as we have said above, that the intensity of the wave should
be proportional at each point to the probability of the occur-
rence of the particle at that point, we must attempt to connect
the motion of the particle with the propagation of the wave
go that this relation is automatically realised in every case.
It is, in fact, actually possible to establish a connection between
the motion of the particle and the propagation of the wave,
so that if at an initial instant the intensity of the wave
measures the required probability the same is true at all
later instants. We may thus suppose that the particle is
guided by the wave which plays the part of a pilot-wave.
This view permits of an interesting visualization of the cor-
puscular motion in wave mechanics without too wide a departure
from classical ideas. Unfortunately, we encounter very serious
objections to this view also, and these will be pointed out in
the course of the book. It is not possible to regard the theory
of the pilot-wave as satisfactory. Nevertheless, since the
equations on which this theory rests are sound, we may
preserve some of its consequences by giving to it a modified
form in agreement with ideas developed independently by
Kennard.! Instead of speaking of the motion and of the
trajectory of the particles, we speak of the motion and of the
trajectory of the ‘‘ elements of probability ” and in this way
the difficulties noted are avoided.

Finally, there is a fourth point of view developed by
Heisenberg and Bohr which is most favoured at present.
This point of view is a little disconcerting at first sight, but yet
it appears to contain a large body of truth. According to this
view, the wave does not represent a physical phenomenon
taking place in a region of space ; rather it is simply a symbolic
representation of what we know about the particle. An
experiment or observation never permits us to say exactly
that this particle occupies this position in space and that it
has this particular velocity. All that experiment can show us

1 ¢«¢ Physical Review,” 31, 1928, p. 876.
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is that the position and velocity of the particle lie within
certain limits, or, in other words, that there is a certain prob-
ability that the particle lies in a particular position and some
other probability that it has a particular velocity. The in-
formation that an initial experiment or observation made at
time f, gives may be represented symbolically by a wave of
which the intensity at ¢, gives the probability of occurrence of
the particle at any point and of which the spectral distribution
gives the relative probability of the various states of motion.
If we study the propagation of the wave from the instant ¢,
to a later instant ¢, the partition of intensity and the spectral
distribution at the instant ¢ will allow us to say what the
probability is that a second experiment or observation, made
at the instant ¢, will localise the particle at a particular point
or ascribe to it a particular state of motion.

The essential consequence of this point of view is Heisenberg’s
uncertainty relation. A limited wave train can only be con-
sidered appreciably monochromatic if its dimensions are large
with respect to the wave-length. If, therefore, as the result of
an observation, we localise the particle in a region of space
which is of small dimensions with respect to the wave-length,
it will have to be represented by a wave train which is by
no means monochromatic. Thus, from Heisenberg’s point of
view, the more precisely we attempt to determine the position
the less accurately can we determine the state of motion.
Conversely, the more exactly the state of motion is defined
the more closely will the associated wave approach a plane
monochromatic wave with constant amplitude. Thus the
more exactly the state of motion is defined the less definite
will be the estimation of the position of the particle. Bohr
states that there are two complementary aspects of reality ;
localisation in space-time and dynamical specification by
energy and momentum. It is as if there were two different
planes and it were impossible to focus exactly on both at
the same time. For illustration let it be supposed that there is
a diagram of which certain parts are drawn in a plane IT and
other parts in a plane II’ very close to IT and parallel to it. If
we examine this diagram with a not too precise optical instru-
ment we shall succeed, by focussing on a plane between IT and
IT', in obtaining an image in fair agreement with the diagram,
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and we shall have the impression that it is all traced in one
plane. But if we use an optical instrument of great accuracy,
the more carefully we focus on IT the more blurred will be the
parts traced on JI' and we shall recognise that the diagram is
not all traced on one plane.

The old mechanics is the analogy of the inaccurate optical
instrument ; under its guidance we had the illusion that we
could determine at one and the same time both the position
and state of motion of the particle. But with the new me-
chanics, which is the analogy of the accurate instrument, we
are compelled to recognize that localisation in space and time
and energy specification are two different planes of reality
which it is impossible to bring clearly into focus simultaneously.
This, it appears, is the fundamental conception of Bohr and
Heisenberg.

This leads to the consequence already foreseen by Born
that we can no longer assert that there is a rigorous deter-
minism in Nature, for all the determinism of the old dynamics
rested on the possibility of determining simultaneously the
initial position and velocity of a particle, which is impossible
if Heisenberg’s view is admitted. Consequently there are no
longer any rigorous laws, but only laws of probability.

This method of interpreting wave mechanics introduces
many surprises. In the first place, the particles have existence,
and we admit that in speaking of their number we are
giving expression to something which has a definite meaning.
But with Bohr’s ideas it is no longer possible to hold the
clear and classic picture which portrays them as very small
objects having position in space, a velocity and a trajectory.
In the second place, the other party in this dualism, the
wave, is no more than a purely symbolic and analytic represen-
tation of certain probabilities, and no longer constitutes a
physical phenomenon in the old meaning of the term. An
example will make this last point clear. Let us suppose that
at the time ¢ the wave train associated with a particle occupies
a region R of space, and that a particular observation made at
this instant permits us to state that the particle is to be found
in a region R’ which is naturally within R; then the wave
packet must be ‘‘reduced,” to use Heisenberg’s expression,
that is to say, the whole of the wave within R but external to
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R’ vanishes just as the expectation of an event which is not
realized vanishes. This shows very clearly the non-physical
character of the wave in the conceptions of Bohr and Heisenberg.

To sum up, the physical interpretation of the new mechanics
remains an extremely difficult question. Nevertheless,” one
great fact is now well established ; this is that for matter and
for radiation the dualism of waves and particles must be
admitted, and that the distribution of the particles in space
can only be foreseen by the consideration of waves. Unfor-
tunately the profound nature of the two members in this
duality and the precise relation existing between them still
remain a mystery.



CHAPTER I
THE OLD SYSTEMS OF MECHANICS OF A PARTICLE

1. Hamilton’s Principle

HERE are two systems of mechanics which we may

describe under the term ‘‘ old mechanics.” The first of

these, and the older of the two, is the classical or New-
tonian mechanics ; the second is the relativistic mechanics of
Einstein. Newtonian mechanics remained for a long time
sufficient for the needs of science, but the profound conceptions
of Einstein have shown that it must be modified so that a
system is obtained which coincides with the older when the
velocity of the particle is small compared with the velocity,
¢, of light in empty space, but which deviates from it when the
velocity is comparable with c.

The two old systems of mechanics, in spite of the differences
between them, at the same time resemble one another in im-
portant particulars; the general equations have the same
form, they are both derivable from the same principle, that of
least action, and there are other analogies. For this reason
it is easy to describe at the same time the general principles
of the two systems. The essential point is that all the formulz
of Newtonian mechanics can be deduced from the mechanics
of Einstein by supposing that the velocity of light in empty
space is infinitely great ; in other words, the classical formule
are always obtained from the relativity formule by a develop-

ment in a series in powers of B(= %) and by omitting the terms

of higher orders.

We shall consider first the dynamics of a single particle,
that is to say, we shall study the motion of a particle in a field
of force which is assumed to be given. We shall define this

11



12 An Introduction to the Study of Wave Mechanics

field of force by a potential function F(z, y, 2, f) of the co-
ordinates of space and time. In the old mechanics we consider
particles or corpuscles as having a definite position in space so
that we can record their position by means of three co-ordinates.
Thus, since the particle has a definite situation in space at each
instant, we may evidently define its velocity as the limit of the
ratio of the space described along the trajectory and the time
taken when the latter tends to zero. If the position of the
particle is recorded by means of rectangular co-ordinates, we
have :

o= VETF T A,

where the dots denote differentiation with respect to time. In
the general case, where curvilinear co-ordinates (g;, ¢,, q;) are
employed, the velocity is expressed by a certain function of
the ¢’s and ¢’s.

The fundamental principle of the two old dynamics is
Hamilton’s principle of stationary action. Let it be supposed
that at the instant ¢, the particle is situated at a point M, of
space and that at a later instant ¢, it is at M;. The problem
arising in the dynamics of a particle is to determine the motion
in the interval of time between ¢, and ¢,, Hamilton’s principle
states that a certain function L(g, ¢, ) exists, which is a function
of the ¢’s, ¢’s, and the time, with the property that the integral

4
j Ldt is smaller for the actual motion than for any other
to

infinitesimally varied motion which takes the particle from
M, at time ¢, to M, at time ¢,.

t
- »The integral JlLdt is the Hamiltonian integral of action.
W ‘

The function L is called the Lagrangian function and some-
times the kinetic potential.
Hamilton’s principle of least action is thus described by
the formula :
2%
sj Lig, 4t =0, . . . (1)
to
t, and ¢, being invariable, and the symbol denoting an in-
finitesimal change in the form of the function ¢(¢), and conse-
quently in ¢(f), with the condition that their initial and final
values are unchanged.
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2. The Equations of Lagrange

The general procedure of the calculus of variations will
lead to the equations of Lagrange. If we change the function
q for each value of ¢ so that it becomes ¢ + 8¢, the function ¢
will become ¢ + 8¢, and we obtain :

n=23
L P} P
BL -Z(E‘”SQn + ES%) . . (2)
and in consequence, since £, and ¢, are fixed,
ty ty
SL, L — [ oLt j Z(an sq,, dt=0. (3)
But &G = 8<dq> = =(8q), so that by integration by parts
n=3 n=3 n=3

(St [ - (S ma o

whence we obtain for Hamilton’s principle (1) :

ne=3
J.2plsg (i) e=0 - - @

Since the 8¢’s are arbitrary, it follows that :
d /dL YL
Jt(a‘g‘,.) YD
These are the equations of Lagrange. They define the motion
of the particle as a function of 6 arbitrary constants which

may be the three initial co-ordinates and the three components
of the initial velocity.

=0 (n=1,2,3. . . (6

8. The Lagrangian Function. Momentum and Energy

Up to this point our dynamical theory has remained, as it
were, a blank form, since we have not stated the form of the
function L in the ¢’s, ¢’s and ¢. It is just at this point that the
mechanics of Newton and Einstein diverge in that the choice
of L is different.
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In the Newtonian system
L(qg, ¢, t) = $mv? — F(q, t), . . (7

m being a characteristic constant of the particle considered,
called its mass. The function F(g, ¢) is the potential function,
and v is the velocity of the particle which must be expressed in
terms of the ¢’s and ¢’s.

In Einstein’s system

L(q: q.s t) = - mcg\/l - ﬂz - F(q’ t)' . (8)

Since V1 — B2 =1 — 382 4 .. ., we see that by neglecting
the unwritten terms, we have :

L = — mc? + $mv? — F(q, ¢), . . 9)

so that the relativistic form of the function with this degree of
approximation differs from the classical form only in the con-
stant term — mc? In the integral (1) this term gives rise to
— me2(t, — t,), which is not subject to variation and may
consequently be neglected. In this way we readily appreciate
the point mentioned above that these two systems of mechanics
coincide when we neglect the higher powers of 8.

Now that we know how we must fill in our blank Hamiltonian
form in order to obtain the one or the other old system of
dynamics, let us return to the equations of Lagrange.

We shall define certain quantities » by the equations :

oL
p”—SE;. n=1,23) . . . (10)
and we shall describe p, as the conjugate momentum of g,.
The equations of Lagrange then give :
dp, L
& g . . . (11)
Let us consider briefly the particular case where the co-ordinates
are rectangular. We have then :

Q=2 g=1Y, ¢ =2 andov?=ag2+4 g2+ 2%
With the Newtonian form of L we find :

D= mzE, p,=my, p;=mi . . (12)
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The p’s are thus the components of the momentum mv. With
the relativistic form of L,
me L
\/1 Bz’ \/1 — Bz’ Ps ’\/l — ﬁa'
The p’s will then be components of momentum if this quantity
ig defined to be equal to

(13)

mv
V1—pg
Moreover, in both cases the choice of rectangular co-ordinates

has the effect of making L. depend upon the ¢’s only through
the function F. Hence :

oL _ _aF
2 3
If we consider the vector — grad F' with components

% —% ~%)

(14)

and if we call this vector the force applied to the particle,
denoting it by f, the equations (11) give the classical equations :

d d d
pl—fzr B?;—e:fw dl;s:fz . . (15)
which are applicable in both the old dynamical systems.
Let us now introduce the conception of energy. . For this
purpose we begin with the general formal expression of the
equations of Lagrange :

d /L dpa _ L .
7 b—q—,.) Te_ 2 (=123 . (16)
Now let us consider the qua.ntlty :
%=3
W=>»pdg.—L, . . . (17

and obtain its time derivative :

dp,, dq',, )L, L dg,] L
z[ Pt~ 3gal T 3 dt] 5 (18)
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The first and third terms of the right-hand side of (18) cancel
on account of the equations of Lagrange, the second and fourth
on account of the definition of p,. Thus :

aw WL

‘Tiz* = —b—t, . . . . (19)
whence the theorem ; if the function L does not depend ex-
plicitly on the time, the quantity W remains constant. W is
called the energy of the particle.

Let us examine the expression for the energy in classical
dynamics. We have in this case L = {mov? — F, and whatever
the co-ordinates chosen, the term 4mw? is a homogeneous
quadratic function of the ¢’s for v? = #2 4 y2 4 22, and each
of the terms %, y, 2 is a linear function of the ¢’s. Thus, if
T = 4mv?, we obtain, by means of Euler’s theorem,

n=3 n=3
oT — an 5 zqn zpnqm . (20)

since L depends on the ¢’s through T only.
We therefore obtain :

W=2T—L=2T—(T—F)=T+F. . (21
The energy is the sum of T(= 4mwv?), called the kinetic energy,

and of F, called the potential energy.
Let us pass now to the dynamics of relativity where

L= —meW1 - g —
We can no longer follow exactly the same argument, since

4/1 — B2 is not a homogeneous quadratic function of the ¢’s,
but we can write :

ne3$ n=3 n=3
n n . (22
Zp G = zq 3n Zq” 2\/1 .y bq,. (22)

and since »2 is a homogeneous quadratic function of the ¢,’s,
we have :

n=3

E : ?
2 —
20 & 3

ne=l
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and by (22):

n=3
mo?

'Zp =i (23)

Thus :

W= Epnq,. L—\/l B,—i—mc\/l —P+F

n=1
2

= \—/—i”}c———-=ﬂ=2 + F. (24)

The term represents the energy of the particle in

m02
V1i-pg
motion in the dynamics of relativity. If the particle is at rest
the term has the value mc?, which is the energy of the particle
at rest, that is, its internal energy corresponding to its rest mass
m and equal to the product of the rest mass and the square of
the velocity of light. When the particle is in motion this

mc?
\/ — ’
and the quantity ———— Ti—F /3

of the particle in motion. It is important to note that a
particle with a proper mass different from zero must always
have a speed lower than that of light, since its energy tends to
infinity when B tends to unity.

2

energy becomes

= which may be regarded as the mass

If we develop VIML; in a series of powers of B, neglecting

higher powers, we find :

W =mc?+ mv2 + F . . . (25)
and we see that the relativistic énergy is to this degree of
approximation equal to that of Newtonian mechanics increased
by the term mc?. We must never lose sight of this essential
difference, and must remember that classical dynamics syste-
matically neglects the internal energy term mc2.

4, Another form of Hamilton’s Principle. The Principle of
Maupertuis
We proceed to show that it is possible to give to Hamilton’s
. integral of action the form of an integral along a curve. For
5 .
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this purpose let us consider an abstract four dimensional space
formed by the union of the three co-ordinates g and the time ¢.
The motion of the particle is represented in this space by a
certain curve, since this motion is expressed by three relations
of the type :

n = fn(t)-

This curve is what is called in the theory of relativity the
world line of the moving particle; along this curve each
co-ordinate ¢, is a certain function of the time.

By (17) Hamilton’s integral may be written :

n=

I::(zzo,,dg,.—walt), N )
n=1

the points P, and P; corresponding to the times ¢, and ¢, on
the world line. The principle of stationary action asserts that
this line integral is stationary for all infinitely small deforma-
tions from the curve of integration, the extremities of the curve
being kept fixed, which means that neither the initial and final
instants nor the initial and final positions are varied.

In the case of constant fields of force the principle of
stationary action takes a particularly important form. In fact,
we have : %Z = 0, and consequently ba—I; = 0. The energy is
constant, and we can give to the principle a celebrated form
of expression which is due to Maupertuis. This permits of the
determination of the trajectory without the necessity of con-
sidering the way in which the particle describes it. It is only
for fields of force which are constant in time that such a separa-
tion between the study of the trajectory and the study of the
motion can be realised ; this may be readily understood by the
following consideration.

To pass from Hamilton’s principle, which is always true, to
the principle of Maupertuis, which is restricted to constant
fields, it is necessary to establish a formula sometimes called
the principle of varied action. Instead of considering a varia-
tion in which the initial and final times and co-ordinates are
fixed, let us cause them to vary also by very small amounts
8ty, 6, and (3¢,)p, (8¢,);- The variation of Hamilton’s integral
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is the sum of what it would be if the limits were not varied
and of the variation due to change of the limits.
Thus :

n=3

("L at = LSL dt+[z Pdn— WSt] .27

to

for when the initial instant is varied by 8, and the initial
co-ordinates by (8¢,),, the integral, considered as a line integral,
evidently changes by

n=3

—[S@ban)e — Webto],
n=1
while for variations at the upper limit, the change is
n=3
S e, — Wian |
n=1

The first term of (27) is zero according to Hamilton’s principle,
so that :

n=3

det [Zp,.aq,, WSt] .. (28)

n=1

This formula is the expression of the principle of varied action.
Denote by S Hamilton’s integral, and by S,; the curvilinear

integral,
M= 3
ie. S, = I Padgqy, . . . (29)
Mo
n=1

taken along the trajectory from the initial point M, to the
final point M,. Thp integral (29) is the integral of action of
Maupertuis. Since in the case of a constant field the formula
(21) and (24) allow the velocity, and consequently the p’s, to
be expressed as a function of the constant energy and of the
co-ordinates ¢, the integral of Maupertuis does not depend
upon the time. We have:

ty
s=sl—jtwau .. (30)
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and consequently in general for any variation whatsoever :

ty 1
58 =ss‘—j swou—-[wm]. .. (@Y
t 0
.By comparison with (28) we find :
n=3 1 b
88, = 29¢n SWdt, . . (32
: [Z’" o]+, (32)

If, therefore, we restrict ourselves to variations of the trajectory
in which the ends My and M, are unchanged, while the energy
is unaltered, the integral of action of Maupertuis is stationary.
This is the principle of Maupertuis.

Let us consider the case where the ¢’s are rectangular co-
ordinates so that :

n=3
2 Padgn = pdx + p,dy + p.dz . . (33)
n=1

and we see that the integral S, has the following interpretation.
It is the integral of momentum along the trajectory, and has

0 _ds in
V1 — g
relativistic mechanics, ds denoting the element of arc of the
trajectory.

the value Imvds in classical mechanics and j

5. The Hamiltonian Canonical Equations

We proceed to show that the dynamical equations can
be put into a form well known as Hamilton’s canonical
equations. Since the function L depends on the ¢’s, ¢’s and ¢,
we may, by means of (10), express the p’s as a function of
these variables, and consequently write in general :

q.'n =fn(q) y t)) (n =1, 2, 3) . . (34)

where f, denotes a function which can be calculated in any
particular case.

We may thus choose as our variables the ¢’s, p’s and ¢ in
the place of the ¢’s, ¢’s and t. Let H(g, p, t) denote the energy
expressed in terms of these variables which are often described
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as the canonical variables. We have by the definition of
energy :
n=3
Hg.p.0) = > pdn —Lig, 40, - . (35)
n=1
where, on the right-hand side, we must suppose that the ¢’s
are expressed as functions of the p’s, ¢’s and ¢ by means of

(34). If we determine the derivatives ;—-IEI—- and %I:I_, where
m m
m has a definite value 1, 2 or 3,
— U bL fn
bpm In + ;_«lp 0P bqn Pm
= m . . . . (36)
n=3
YH dfn L L U
Y Zp " Wm | G O
= __Sb.qE =-— dg t"" by the equations of Lagrange. (37)

We have thus obtained the system of Hamiltonian canonical
equations :

clq_,. ) : H

dt_b_p"’ W=—b7" (n=1,2,3) . (38)
It is easy to deduce the theorem of conservation of energy, and
it suffices to determine TiI—ti_
dH _H dH dp, , dHdyg,
dt ot +nz<ap,. dt +bq,, dt)
YH
== - . . . . . (39)

According to the definition of energy given in (35), it appears
that if L does not contain the time explicitly, the same is true

of H and %I; = 0. Thus the energy is constant, a result

already obtained.
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We proceed to consider in detail Hamilton’s equations in
both the old systems of dynamics.

Let us take first the case of classical mechanics with rect-
angular co-ordinates.

We have :
Pz = MYy, Py = mvu P. = Mv,,
P =} 4 vy 4 v = L), . . (40)
whence
1
H=gm!+F=g3 (px+py+P)+F(q, t).  (41)
The equations d—gf = %g— are immediately verified, since we
have, for example :
de __p._oH
. dp,  H )
The equations @ g now become :
dv, _ F
W = — SC_U—’ ete. . . . (43)

These are the fundamental Newtonian equations.

Let us now take the relativity theory with rectangular
axes.

In this case :

m

N =2 4 v(m
px »\/1_:-?2 2 p” '\/lTﬁz v pz-\/l 2)
mc?
H=orest¥e0.. . . 4
It is necessary first of all to express H as a function of the ¢’s,
p’s and .
We have :
, m2y?
ﬁ+ﬁ+ﬁ:1—w
whence

1 2 2 2 B?
W(Pz+1’y+1’z)=l_’32- . . (46)
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If we add unity to each side and take the square root, we
obtain :
__.___._l = 1 2.2 2 2 2

Vi—p m VMt tn - @)

and

H(g, p,t) =cVm* + p2 + p2 + p2 + F(g. t)  (48)

We have therefore :

dH OF 0H CPn

Rl qn OPn \/m 52 |- %pg
1

where the suffixes 1, 2, 3 are to be identified with z, y, 2

LV —y
-—E\/I—B, (49)

respectively. The equations 44 = M are again identically

dt Pn
satisfied in this case, since we have :
dx = Pe ji—0ps
i === V1 —F ete. .. (50)
The equations %‘ =— %;;I give the equations of motion of the
n

dynamics of Einstein’s theory :

ar mo, ¥
%[ﬁg] = — _b;’ ete. . . (51)

6. Contact Transformations

Hamilton’s equations are expressed in terms of seven
variables, the time ¢, the three co-ordinates ¢,, and the three
momenta p,. Let the variables ¢, and p, be replaced by new
variables a, and B,(n = 1, 2, 3), defined by relations such as :

tn = fa(® ¢, 1), Bn = éa(p, ¢, 0). . . (52)

We do not at present attribute any particular dynamical
significance to the «’s and B’s, they are merely six new variables.
The relations (52) may be written :

Pn=Fu(a, q,8), Bn= Pulx, q,1). . . (583)
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We may then obtain the theorem that if it is possible to find
a function S(«, ¢, ¢) such that:
n=38 n=3
S pultn— > Budta=—(@S)y . . (54
n=1 n=1

where (dS); denotes a variation in which ¢ is constant, then the
variables « and B satisfy the canonical equations :

de, K dB, K

@B T aw, LB (9
S
where K =H — 5
In order to prove this, we note that
28 S . 28
5&; - Bn’ E = — Da, (ds)t - dS _— ﬁdt . (56)
and in consequence, by (54),
n=3 n=3
<l . 28
%pndqn —Hdt = gﬁnda,. —Hdt —dS + 54 (67)
n=3
= > Buda, — Kt — 8.
n=1

Let the initial and final positions be characterised by times ¢,
and ¢, and by co-ordinates (g¢,), and (g,), respectively.

Consider space of four dimensions in which the co-ordinates
are the four variables (¢,, ). Hamilton’s principle shows that
if the motion of the particle is represented in this space by a
curve C joining M, with co-ordinates (g,),, ¢ and M; with co-
ordinates (g,),, ¢, the integral

n=3

| z(g pudg, — H )

taken along this curve does not vary to the first order of small
quantities if the curve is deformed while keeping M, and M,
fixed. We have:

n=3

f:a(z pudg, — Hdt) = 0.

ne1l
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Let us consider also the four-dimensional space formed by the
time and the three variables x,. A curve I’ in this new space
then corresponds to the curve C, for at each point of the latter
there are definite values, not only of ¢, and ¢, but also of p, ;
in consequence, by (52), each point of C corresponds to a point
of I Let (), at ¢, and (a,), at ¢, be the co-ordinates of the
extremities of I When the curve C is varied with fixed
extremities in order to apply Hamilton’s principle, the curve
I’ varies in consequence, but in general its extremities are not
fixed, since the initial and final values of the p’s are, in general,
affected by the variation of C, and on this account a change
occurs in (e,), and («,);-

Thus :
n=3
IZ”: 8(2 Paig, — H &) j zﬁnd«,, — K df)
n—3

+[S uten| =93] o9

1 1
since j asS = [S] , and since the gy’s and the ¢,’s are fixed,
) 0

we have :
s[s] =[ LS”Sa,,:l: L (59)

The last two terms of (58) cancel one another by (56) and (59),
and finally :

(q,,)l ,.)x =
j Zp,,dq,, —H dt> I zﬂndoc,, — X dt), (60)
(@no (%n)o 1

where the variation of the right-hand side is subject to the
condition that the initial and final values of the «’s are fixed.
Since the left-hand side is zero by Hamilton’s principle, the
same is true of the right-hand side, and since the B’s, «’s, and
the function K play the same part as the p’s, ¢’s and H, we
conclude that the equations (55) are verified.

In short we may say that the change of variables ex-
pressed by (54), and known as a contact transformation, pre-
serves the form of Hamilton’s equations, provided that the

original H is replaced by K = H — 2—?



CHAPTER 11
THE THEORY OF JACOBI
1. The Equation of Jacobi

HE theorem on contact transformations will enable us

to obtain at once the Jacobian equation. Let it be

supposed that we have found a contact transformation
such that K = 0. Then the new canonical variables «, and 8,
will satisfy the Hamiltonian equations :

detn

—o 9B _ —
—37_0’ —-——O. (n—l: 2, 3) * . (]’)

di

The o’s and B’s will thus be constants. Now K is equal to
H- gZS , and p, to — —DDES_ Thus, by expressing the energy in

terms of the ¢’s, p’s and ¢, and by replacing p, by — %?—, the

condition K = 0 is equivalent to :

H(g, ~ 3 t) =3 . . . (2)

This first order equation in the partial derivatives of S is the
equation of Jacobi. If an integral of this equation is found
containing three arbitrary constants, «,, that is to say, the
complete integral of (2), this function S(gq,, «,, t) will define a
contact transformation between the variables ¢,, p,, ¢t and the

quantities o, S, (- bbf,) ¢t with K = 0.
We have :
«, = constant, B, = — = constant. . (3)

Lo
26



The Theory of Jacobi 27

We may thus derive Jacobi’s theorem that if it is possible to

find a complete integral S(q, «, f) of the first order partial
differential equation :

S S
(¢, — by i) = > . . .4
we shall have :
XV S
Pn= S Bn . . . (5)

The PB’s being three new constants, the equations (5), which
define the six quantities ¢,, p, as functions of the time and the
six constants a,, B,, give completely the motion of the particle.

2. Hamilfon’s Integral and Jacobi’s Function

In the theory of contact transformations given above, the
variables «,, B, are six variables, of which the dynamical
significance is not defined. We can thus suppose that the a’s
are co-ordinates, the S’s being the momenta. Since the o’s
are constants in the function S(g, «, t), we are naturally led to
consider them as initial co-ordinates of the particle. In order
to examine this in detail let us consider not a single particle
but a cloud of identical particles, all situated in the same field
of force and without mutual reactions. The motion of this
cloud, taken altogether, represents a whole assembly of possible
motions of the same particle in the given field. The motion of
the cloud between the instant ¢, and the instant ¢ has the effect
of transforming the initial co-ordinates (g,), of the particles of
the cloud at time ¢, to the final co-ordinates (¢,) at the instant .

Let us now consider Hamilton’s integral :

I = I (gp,.dq,, — Hdt)
n=1

along the trajectory of the particle from (g,), to ¢,. It is a
function of the co-ordinates ¢,, (¢,), and of the time which
satisfies the equations :

U A

a_q""=pm m=_‘(pn)0’ . . (6)
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the quantities (p,), denoting the initial values of the p’s. The
function I with its sign changed thus defines a contact trans-
formation between the variables ¢,, p,, and the variables

(@n)o> (Pn)o- Moreover, the function S(g, (¢)o, t) = — I satisfies
Jacobi’s equation, for
n=3
1 —
S(g: (9)e: ) = jo(H di —%pndqn) - (7
and consequently :
S S
ﬁ = H(q’ p, t): E = Pa» . . (8)
thus :
8 S
E-H(q,——b-q-, t) L ()

According to Jacobi’s theorem the co-ordinates (gq,), must be
constants in the course of the motion, which is in agreement
with their character as initial values of the co-ordinates, and
the quantities (p,), must therefore be constants; they are the
initial momenta.

3. The Reduced Function of Jacobi

The «’s are not necessarily the values of the initial co-
ordinates. We can also find a complete integral depending
upon the initial momenta, or even of other constants.

Whenever such an integral is found, we have :

RIS
Pp=— q B. = constant . . (10)

and these equations will determine the motion.

A special case of importance is that of constant fields. In
this case, as we have seen, the energy is constant. Denoting’
this constant by W, the Hamiltonian integral is

j(“i;ndQn -W dt),

n =1
and if we adopt for S this integral with the sign changed we

2]
have : = W.
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Moreover, if we write :

n =3
S, = jz Padgn ..oy
n=1
we have :
_ X S,
S_Wt-—s,,@_—@. (12)

Finally, H does not contain the time explicitly, so that S,
which we call the reduced function of Jacobi, satisfies the
equation :

H(q, 9%1) =W. . . . (13

If a complete integral, which will depend upon W and two
arbitrary constants «; and «,, be found for (13), the function
S = Wt — Si(q, «, 2y, W) will be a complete integral with
three arbitrary constants o, a«,, os( = W) of the complete
Jacobian equation, and from Jacobi’s theorem we know that
the motion is defined by the relations :

I . S, _
"3 v B1 = constant, o B, = constant,
;\% =t — %3—-{, = — B, = constant. (14)
Let us write B3 = — ¢, so that the last equation gives
S
p=t—t- - . . (19

This equation, the only one that contains the time, gives the

law of motion, while the two equations : %S—l = const. and
1

%Sl = const. depend upon the ¢’s, and define the form of the
2

trajectory. Here we find the separation of the study of the
motion and the study of the trajectory which is characteristic
of constant fields.

4. Different Forms of Jacobi’s Equation

Before studying concrete examples, we will consider in
detail the form that Jacobi’s equation takes in -classical
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mechanics and in the mechanics of Einstein, taking the classical
case first. For the sake of generality we suppose the co-
ordinates chosen are of any kind whatsoever. In classical
mechanics the kinetic energy T is a homogeneous quadratic
function of the velocities ¢.

Thus :

T= %zmkﬂﬂb . . . (16)
where the summation is actually double and extends over the

values (1, 2, 3) for k and I, and where m;; = my;, these being
functions of the ¢’s only. From (16) we deduce :

L=T-—-F= %ka;jkq} —_ F(q, t) . . (17)
W = T + F == %kaﬂkq‘; + F(q, t) . . (18)
By definition :
P = == = N My, (n=1,2,3 . (19
oL 7 2 e ) (19)

If we solve the linear equations (19) with respect to the ¢’s,

we find :
k=38

b= =123 . . (20)
knllmkl]

where |m;,| denotes the determinant formed by the co-
efficients my;, and where M;, denotes the minor correspondng
to the element my, of this determinant.

M.,

Let us write = m*n,
(770
so that :
k=3
b= S (p=1,2,3) . . (2]
k=1

Replacing the ¢’s by the values (21), and substituting in (16)
we find :

= }>mum*"p,mp,, . . . (22)

where the summation is to be made over the values (1, 2, 3)
for k, 1, n and r. By the properties of determinants :
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k=3 k=3
ka,m"" = ka, =1loro0, . . (23)

wecording as I = norl * n.
Thus :

T = § 3 mi"pip,, . . . (29)

where, again, the summation is a double one over  and r.

Consequently the energy expressed as a function of the
I's, p’s and £ is :

H(g, p, t) = $3m"pp, + F(g, 7). . . (25)
We then obtain for Jacobi’s equation :
28 _ 1, ;08 38
St——éz Wﬁ_{_ Fg,n. . . (26)
In the special case of rectangular co-ordinates we have :
T = Im(22 4 y* + 2% . . .20
so that :
My =M, My =0, whenk =+ [,
Hence :

1
m"":a, mb =0, fork =1, . . (28)

and Jacobi’s equation takes the simple classical form :

bt 2m[( ( ) ] + F(z,y,2,t) (29)

Let us now pass to the dynamics of relativity. As we shall
not make many applications of these dynamics in this work we
will limit ourselves to the case of rectangular co-ordinates.
We have found (Chap. I (48)):

H(g, p, t) = cVme® + p% + p} + pf + F(@,3,2,1). (30)
This expression for H leads to the relativity equation of Jacobi :

%? = C‘/mz(}2 + (%% 2 + (g_s)z + (g_f—)z + F(x, y,2,0), (31)
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§. Jacobi’s Function in the case of Uniform Rectilinear Motion

We proceed to find the form of Jacobi’s function in two
simple and important cases, which will be useful later on.
We will content ourselves with classical dynamics and begin
with the case of the uniform rectilinear motion of a particle
in the absence of a field. Thus F = 0 and equation (29)

becomes : g g g
1 2 2 2 S
mlGa) * &) t&) =% @

It is easy to verify that a complete integral is given by :

m

S(x’ yy 2, Xy, Yo, 205 t) = 2t (x - xﬂ)z + (y - ?/0)2 + (z— zo)z]- (34)

By Jacobi’s theorem we have :

pz.:—yx:?(x—xo) . . . (35)
and
X m
3:?0 = T(g,; — x,) = constant, . . (38)

with similar equations in ¥ and z.

The constants occurring are thus equal to the constant
values of p,, p,, p, and the equations of the motion take the
well-known form :

T=o,F v, Y=Y+ v, z2=12,F vt . (37)

It appears that the three arbitrary constants x,, y,, 2, of the
complete integral are in this case the three co-ordinates of the
particle at ¢ = 0. The integral (34) is simply Hamilton’s
integral with the sign changed. We can, in fact, write
Hamilton’s integral in the form :

rT dt = r‘}mzﬂdt = {mo% . . (38)
0 0

Now, since the motion is uniform,

T =%

=, v, =24"Y 5 =%"% (39

v
N i t
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and
1
vi=1f 4+ %+ o= &= 22+ (¥ — 40)® + (2 —20)*].  (40)

It thus appears that Hamilton’s integral is exactly (34) with
the opposite sign.

In the case of no field we can also find a complete integral
of Jacobi’s equation where the arbitrary constants are the
three momenta, which are in this case constant, instead of the
three initial co-ordinates. This complete integral is :

1
S(z, 9s 2, 8, Pas Pu> P2) = 5 (P2 + Py + P2) — Pat — piy—psz. (41)

The equations g—: = p,, etec., are identically satisfied. The
other three Jacobian relations are :

%S; = %pxt — z = constant, . . (42)
together with the equations in y and z.

If we denote the three constants by — z,, — 3y, — 2,4, We
obtain again the equations of motion (37). The solution (41)
may be derived also from Hamilton’s integral, since for the
latter, except for an additive constant, we have in this case :

P + Py + Pz — Wt
Since
Dz = MUy, Py = MUy, P; = MU,
and

1 1
W= Gmv* = %(Pi -+ 2% + p2),

Hamilton’s integral with change of sign gives (41).

Finally, we have seen that in constant fields, where the field
alone plays a dominant part, we could write Jacobi’s function
in the form W¢ — Si(z, ¥, 2, a;, «y, W), S, being an integral of
equation (13). In order to put the function in this form we
shall note that it is possible to express one of the momenta,
for example p,, in terms of W and the other two, since

P =2mW — p2 — p2. . . . (43)
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By substituting this value of p, into Hamilton’s integral
with the sign changed, we obtain :

S(m, U, 2, t, W, 92, py)
=Wt — px — py — 2vV2mW — p? — Py (44)

and

Si(x, ¥, 2, Doy Pus W) = Do + Dy + 2V 2mW — p2 — p2.  (45)

The equations of motion (14) and (15) give :

28 5
2 —x— P2 = constant, with a similar
Ry 2 VomW — pZ — p?
equation in y,
and (46)
25, mz

= =1t—t

W VomW — pE — 7t

The first two give the rectilinear trajectories defined by

x_xozy”‘?/o:z“zo.
Pz Py D=

(47)

The third equation of (46) defines the motion on the trajectory,
i.e. it gives z as a function of ¢ :

t‘_to

— 2 P
z —TV2mW — P — P = %(t — 1), . (48)

where ¢, evidently denotes the time corresponding to y = 0.

6. Jacobi’s Function in a Uniform Constant Field

Let us now take the case which, after that of no field, is
next in order of simplicity. This is the case where a uniform
constant field exists. Let k,, k,, k,, denote the force com-
ponents, which have the same values everywhere.

Then '

F(z, y,2) = — Sk, . . . (49)

. )F .. ..
gince [, = — %= k., and there are similar equations in y and z.
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Jacobi’s equation in this case is :

1 /28?2 A8\ 2 A8y 2 28
i Gz) + () + () - 2ka=5 - @0
The following is a complete integral of this equation :

S(x; Y, 2, t) Zos Yos ZO) =

— B w) Dkl e gt S (1)

It is easy to verify this solution by substitution, and we find,
from the equations of Jacobi’s theory,

PN 1
Po=— =T gkt - . (52)

together with similar equations in ¥ and z.
These equations may be verified, since in the case of uni-
formly-accelerated motion we have :

1k,
a:-:xo—i—'th—}—irnt‘ . . . (63)
and
Vy =V +I&t 54
e = Voo + -, . . . (54)

again with similar equations in y and z.
From these :

1
Pz = MV = tﬁ(x - xo) + § kzt;
which is the same as (52).

The other three relations : %S = constant, are in this
n

particular case :

B _ ?(w — &) — —%Icmt = constant . . (65

1)
and the similar equations in y and z.

. . RIS B

- at —_— —y —

If x,, y,, 2, are initial co-ordinates, Sz e
the initial momenta mvy,, mv,,, mv,,, and we obtair *

equations (53) for uniformly-accelerated motion. — 2} (68)
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We will now show that the complete integral (51) can be
obtained from Hamilton’s integral. The latter, with a change
of sign, is in fact :

j(Wdt — Sp.e) = f[(%mv2 — Skx)dt — Smvde]  (56)

where the integration extends from the initial to the final
time and position.

But the formule (53) and (54) for uniformly accelerated
motion give :

v2=v£+v§+vf=z<x x“—{———t) . (87)
and substituting in (56) we find, for the right-hand side :

j[{ ——t zkw:v}dt
~2 ”°+——t) o] (58)

We note that the coefficient of d¢ when partially differentiated
with respect to x gives the result obtained by differentiating
the coefficient of dx partially with respect to ¢, and a similar
remark is true for those of dy and dz. Thus the quantity
under the sign of integration is a perfect differential. On
evaluating the integral, we find that it has the value (51) so
that, except for the sign, (51) is equal in this case also to
Hamilton’s integral.

As in the case of uniform motion, we can obtain a complete
integral of Jacobi’s equation, in which the three arbitrary
constants are the initial momenta instead of the initial co-
ordinates. These initial momenta are :

Pox = MVoz, Poy = Mgy, Poz = MVps. . (59)

n. 'f we again change the sign of Hamilton’s integral and make
cor e of the equations (54), we obtain :
pone.

Then ([ {35 (00s + )* — Shz}dt — Slpo + k)i |- (60)

condition of integrability is verified at once, since :

Slncefﬁ == Yoz + kmt)2 —_— zkzx} = — ka; = —%t(poa: "I' ka:t) (61)
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with similar equations in y and 2, and the integral (60) has the
value :

S(x, Y, 2, t, Doz, Pos Pos) = gﬁlzw - z (Poo+ kat)z (62)

We may easily verify a result which follows from the second
paragraph 'of this chapter, i.e. that the function (62) satisfies
Jacobi’s equation (50). The equations p, = 378” are identically
satisfied, because of the manner in which (62) was obtained.

The equations —;.CE = constant give :
n

08 _ 1 (pox + kut)®
apox = % km — X, . . (63)
with the equations in y and z.

Do Py P
2mk, 2mk, 2mk,

Since are constants, we can also write :

— Pos llf“_v 2
xr = mt -+ 2mt -+ constant, . . (64)

and similar expressions for y and z, and obtain again the classical
equations (53). Finally, we seek a complete integral of (50)
having the form :

S, ¥, 2, 8, oy, ag, W) = Wt — 8,(2, ¥, 2, oy, s, W), (65)

which we know is possible, since the field is constant in time.
We shall obtain this function by once more calculating
Hamilton’s integral and changing the sign, but to simplify
the calculations we will take the direction of the uniform field
as the axis of x. Then k, = k, = 0, and the momenta p, and
p, are constant. The energy expression

1o, 2 AN A
W - %(pz + py + pz) kza” . . (66)

gives us :

o= VINW T k) — = . . (67)
and consequently the negative Hamilton integral is :

Wt — [(pudz + pydy + pude)
=Wt —py —p2z— [ VIM(W + ko) — p} — plda

1 Y
= Wit —puy — pz — gopA2m(W + k) — py — 21} (68)
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By equating this to (65) we deduce :
Sl(x’ Y, 2, &, o, W) = Py + P2
1
+ m‘;{2m(w + k) — py — P, (69)

where

Py =%, P = %
The other expressions of the theory give :

28 4
=Y~ mk, VW + ku2) — pj —p} = constant, (70)

and a similar expression for 25, . These define the trajectory,

z
which in this case is a parabola.

Also
S, 1 5 5
W = k_:c \/2m(w + k:cx) —py—p;=t— 1, . (71)
or

Pz = I‘a:(t - to) = k:ct + Pozs . . (72)

where p,, denotes the initial value of p,, and the equation gives
the well-known relation between the velocity and time (cf. 54).



CHAPTER III
THE CONCEPTIONS UNDERLYING WAVE MECHANICS
1. The Point of Departure

HE point of departure in wave mechanics was the wish

always to associate the idea of a particle with that of

periodicity in such a way as to bind inseparably the idea
of the motion of a particle with that of wave propagation.

We shall first examine the simplest case, that of a corpuscle
moving freely outside any field of force, and we shall see that
the connection to be established between wave and particle is
then in some measure imposed by the fundamental principles
of relativity.

We remind ourselves in the first place that a Galilean system
of axes is a rectangular system at rest or in uniform rectilinear
motion with respect to the fixed stars ; it is for systems of this
kind that the equations of dynamics are valid. The principle of
inertia, which is of the nature of a definition in disguise, teaches
that if a particle is subject to no forces it is necessarily at rest
or in uniform rectilinear motion in a Galilean system.

Of the infinite number of Galilean systems let us consider
two in particular. The first with respect to which the particle
possesses the velocity v (= fc) is so oriented that the particle
describes the axis of z. The second, called the * proper
system 7 of the particle, moves with respect to the first with
the velocity v in magnitude and direction, and its z axis slides
over that of the first system. We will denote by z,, y,, z, the
co-ordinates of a point in the proper system, while z, y, z denote
those of the point in the second system.

Before Einstein’s theory came into being the existence of
an absolute time was accepted with the property that an
observer bound to the system (z, y, z) was supposed to make

39
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use of the same time co-ordinate as an observer bound to the
proper system. The variables of space and time were there-
fore supposed to be related by the Galilean group of formulz :

=29 Y=Y 2=29+F 0 t=1, (D
The profound researches of Einstein have led us to think that

it is necessary to substitute instead of (1) the following Lorentz
group :

B
ty + =2
. . 2o+ by 0™
T = Xy, y-—?!o, z—a'\/l—_—*—-ﬁ" t_’\/l—:ﬁﬁz’. (2)

from which we deduce inversely :

t—Ez
z— vt c
To=2, Yo=Y, zo=71——_——ﬂ—2, to:\—/_l_=———f5” (3)

We shall adopt the formule (2) and (3) without entering here
into any further discussion of the ideas of the theory of rela-
tivity, which would be out of place in the present work.

Let us place ourselves in the system of reference (z,, ¥,, %)
which is bound to the particle. Since it is our aim to associate
a wave with the particle, it is quite natural to suppose that
this wave has the form of a stationary wave in the proper
system, that is to say, that its mathematical expression depends
only on the time through a factor cos 2mv,(¢, — 7,), and we
can place 7, = 0, since this depends only upon a convenient
choice of the origin in time. We shall describe the constant
vo by the term ‘ proper frequency  of the particle.

Let us now change our point of view by placing ourselves
in the system (, y, 2) with respect to which the particle has
the velocity Bc along the z-axis. The essential point is to
determine what will be the form of the wave associated with
the particle in the system (x, y, 2). In the proper system the
phase factor was cos 2myyly, so that according to the last of

t — gz
equations (3) in the system (z, y, 2) it will be cos 27rvo\—T_——-——:‘T~é.
Let us write :
Vo ¢ c?
= e, V = = = — . .
v Vi—p B~ (4)
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so that the phase factor is cos 211v<t — %) . The wave will thus

appear to the observer of the system (z, y, z) as a wave of
frequency v propagated along the axis of z with phase velocity
V. This appears as a simple direct consequence of the way in
which the time variable is transformed according to the theory
of relativity in passing from one Galilean system to another.
The phase velocity of the wave associated with the particle
is inversely proportional to the velocity of the particle itself ;
it is infinite in the proper system where the particle velocity
is zero. We have already remarked that according to the
dynamics of relativity a particle can never be made to move
with a velocity greater than that of light; we have always :

B<cl, Vsec. . . . (5)

The sign of equality cannot apply except when the mass is
zero, which is the case when the particles are light corpuscles.
We shall return to this point later.

2. An Alternative Method of Obtaining the Preceding Results

The foregoing results with regard to the phase of the
associated wave may also be obtained by the use of a rather
more concrete method which gives precision to certain points.

Since the wave has by hypothesis the same frequency and
phase at each point of the proper system, we can represent the
phase distribution by imagining that synchronous clocks of
period, T, = ;}l—, are situated at all points of the system. In

0

the system (z, y, z) each of these clocks will be moving with
velocity PBc, and will be subject to the relativity retardation.
This retardation arises because the clock has a co-ordinate z,
fixed in the proper system, but in the system (z, y, 2) its 2
co-ordinate increases by ¢ in time £. Thus the variation of ¢,
recorded by the clock is connected with the variation of ¢ by
the fourth of Lorentz’s formule :

B
8t — S8z 2
¢ _ 81 —pY) _ dvi—pe. . (8)

= i~ VI
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When the clock has completed an oscillation, the lapse of time
is 8ty =T, in the proper system, and consequently in the
system (z, ¥, z) the interval is measured by :

= —m—=>T,. . . . (7

The observer in the latter system attributes to the clock a
longer period than that recorded by an observer in the system
bound to the clock. This explains the relativity retardation.

Let us pass from periods to frequencies. Each clock has a
frequency :

v1=,-1,l—==vo\/1——ﬁ2<vo, . . (8)
1

but at the same time it is in motion with velocity .

We shall see that in this motion it remains constantly
in phase with the wave :

Y = a cos 21w<t — %) . . -9

To show this, let us suppose that at a certain instant when
t = t, the clock agrees in phase with the wave i, as judged by
an observer in the system (z, ¥, 2).

Then :

27w<t1 — i-;) — %ty . . . (10)

where z, is the value of z at time £,. At a later time £, the
clock occupies the position z, = z; 4 v(t, — ¢;), so that the

phase of the wave at this point is 27rv<t2 — z_z)’ while the phase

A
of the clock is 2mvt,. In order that the agreement in phase
may persist, it is necessary that

wty = v(t2 — ?V?) .. .oy
which by (10) may be written :

ity —4) = v(ty — ) — “v](zz —?2)

— v(l — :’—7)02 —t), . . (12
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or

v =l — B3. . . . . (13)
But this equation is identically satisfied on account of the
definitions of v and v, in equations (4) and (8).

3. Refractive Index. Fundamental Theorem on the Group-
Velocity of the J-waves

The phase velocity V may be used to define an index of
refraction for the y-waves in the system (z, y, z). We define
this index by the usual relation :

(14)

¢
n= g

which gives by (4)

n = B.

(15)
Thus, by substituting (15) in the first of the formule (4)

nz\/l—%. N e 1)

This formula may be considered as defining the dispersion
of space for the y-waves associated with a particle the nature
of which is characterised by the constant v,. In other words,
if we consider the assembly of possible uniform rectilinear
motions of the particle in the system (z, y, z), the frequency
and phase velocity of the associated wave are always connected
by the equation (16).

The dispersion formula just established leads to a very
important theorem, but before stating it we must consider the
meaning of the term ‘ group velocity,” which was introduced
by Lord Rayleigh in connection with the propagation of waves
in a dispersive medium. A plane monochromatic wave of
frequency v which is propagated in a certain direction, which
we may take along the axis of z, is represented by the function

a cos 211'v<t —_ 71:-’) , where n is the refractive index of the medium

for the frequency v. Instead of a single plane monochromatic
wave, let us consider a very large number of waves of this
kind travelling along the axis of x with frequencies lying in
the small range v — 8v to v + 8v; this is what is called a
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group of waves. An element of the group may be represented
by :

a, . de cos 2m(v 4 e){t — n”% -+ b.}, le] € dv,

where b, is a phase constant. If at a certain instant all the
members of the group agree in phase at a certain point there
will be a high resultant amplitude at the point. As the medium
is dispersive, which means that the phase velocities differ
slightly for the various waves of the group, the waves will
get out of step with one another during the propagation. We
shall, however, show that a point where there is agreement of
phase exists, which travels with a velocity in general different
from the phase velocity.

Let there be two waves of the group characterised by the
values ¢, and €,. According to our assumption, the two waves
agree in phase for a certain value of 2 and for a certain value
of t. Let  and ¢ change by amounts dx and d¢ respectively,
so that the phase of the first wave changes by

2m(v + €1)<dt — n.,“f?),
Since ¢, is very small, we may write :
dn,
Ny, =N + i . . (17)

provided that n is continuous. Thus if we neglect quantities
of the second order the change in phase in the first wave is :

d dn, d
271{(v + e)dt — (v + el)n,,—g — veldiu . ;x}

There is, of course, a similar expression in ¢, for the second
wave.
The difference of the two phase changes is :

d dn, d
2m(€ey — el)(dt — n,%) — 2m(e, — el)vdv . ?x . (18)
so that if df and dz satisfy the relation :
dn\dz
dt = (’n,, + Vd—l;)—c—, . . . (19)

the two waves are still in phase.
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This equation defines a velocity U given by :

1 dx\~"1 1 dn) 1d
1‘1:(%) =5(n,+ v=t) == my). . (20)

If we travel along the axis of 2 with velocity U, we see the
two waves always in phase. But ¢ and ¢, are arbitrary, and
our reasoning holds for all pairs of waves in the group. Thus
if we travel with velocity U along the axis all the waves are
seen in phase, in other words, the maximum which arises as a
consequence of this agreement in phase travels along the axis
with velocity U, which we describe as the group velocity.

We proceed to establish the theorem that the group velocity
of the associated waves of a particle is equal to the velocity of
the particle.

The equation of dispersion (16) gives,

=Vt — 2 . . . (2))
and
d v 1
%(nv) = \/V2 = V02 = ;L (22)
Thus, from (15) and (20),
U =nc = Be. . . . . (23)

4. Relations Between Wave and Mechanical Quantities

Hitherto we have introduced no relation between the
mechanical quantities, mass, momentum and energy, which
are characteristic of the particle and the characteristics of the
wave, frequency, phase velocity and index of refraction. Yet
if we wish the associated waves to be of use to us in the inclusion
of quanta, such relations must exist and, in particular, we must
expect to find the energy W of the particle and the frequency
v of its associated wave related by the formula :

W=hy . . . . (24)

where % is Planck’s constant, which is a relation which forms
the starting point of the quantum theory.
By the theory of relativity the value of the energy of the
particle is :
mce?
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in the system (z, ¥, 2). In the proper system its value is

W, = mc?, . . . . (26)
whence
w
Wi (27)

This formula, giving the transformation from W, to W, is
thus the same as (4) which transforms v, to v. Since this
similarity in the transformations in the Galilean systems exists,
we are justified in adopting the relation :

W=hm . . . . (28)

between the energy of the particle and the frequency of the
associated wave, where % is a constant of proportionality,
which is naturally taken to be Planck’s constant.

We pass to consider the momentum which is a vector
tangential to the trajectory, and has the value,

p=
v1— ¥
in the dynamics of relativity.

From (25) and (29) it appears that the magnitude of this
vector is:

(29)

lpl =—v. . .. . . (30)

2
If we replace W by Av and (—:; by V, we see that it is possible

to describe momentum as a vector in the direction of the phase
velocity of magnitude :
hv  hv
ol =3 =on. (31)
It is of interest to introduce also at this point the wave
length, A, of the associated wave, by writing as usual :

A== . . . . (32

Formula (31) gives :

h
pl=x - - . (33



The Conceptions Underlying Wave Mechanics 4

5. The Principle of Least Action and Fermat’s Principle

We may sum up these points by saying that a particle of
mass m, moving in a certain direction with velocity v (= Bc),
ch
W —p>
2
travelling in the same direction with phase velocity V(= %)

must be associated with a wave of frequency v =

The wave length is :
N _ AT —p
Tp mw

and the group velocity is v.

When B2 is negligible with respect to unity, as in Newtonian
mechanics, it is sufficient to write :

h
—_ 2 2 —
v =mc?®+ jmv? and A = e

We conclude this chapter with the consideration of an im-
portant point. In a medium of refractive index =, the rays
in geometrical optics are limited by the condition, which is
Fermat’s principle, that the ray which passes through two
points A and B must have a form such that the line integral

B v v B
Lvdz _6IAndl

is a minimum. In our case the index is constant in space
and the principle states that the ray joining A and B is a curve
of minimum length or a straight line. The rays are rectilinear
14

and the waves are plane. The important point is that, v

being equal to B’ the Fermat integral may be written

1 1
}—J pdl = Ej(pxdx + p,dy + p.dz)

and it is thus identical with the principle of Maupertuis, except

for the constant ’l-b An analogy between this principle for the

particle and Fermat’s principle for the associated waves thus
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appears. We have, in this chapter, established the connection
between waves and particles only in the very simple case where
there is no field of force. It will be necessary to seek a general-
isation of this connection in the case when the particle moves
in a field of force. In order to attain this goal we shall rely
upon the analogy which we have just pointed out, and this
makes it necessary to study rather more closely the question
of wave propagation.



CHAPTER IV
GENERAL REMARKS ON WAVE PROPAGATION

1. The Propagation of Waves in a Permanent Homogeneous
Medium

propagation in a space which is homogeneous and has

permanent properties. This is the familiar case, for
example, of the propagation of light waves in a homogeneous
refracting medium. The conditions of propagation are then
characterised by a certain quantity, the refractive index =,
constant in space and time. If the velocity of light in empty
space is denoted by the constant ¢ (= 3 x 10'°© cms. per sec.)
the wave equation has most frequently the well-known form :

W W 2 n
Vet tw e - 0 O

‘ N J E will first consider the simplest case ; that of wave

A solution of this equation in the form :
p(x, ¥, 2, t) = a cos 2ﬂ{vt — Zf;"(ax + By + yz)} . (2)

will be said to represent a simple sinusoidal or plane mono-
chromatic wave.

The constants a and v are respectively the amplitude and
frequency of the wave, «, 8, y are direction cosines, and satisfy
the relation

a4 B4 y2=1.
The phase of the plane monochromatic wave is defined by :

D(x,y, 2, t) = vt — 7—23(ax + By + v2). . . (3)
4 49
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It is easy to verify that (2) is a solution of (1). In the first
%

place, Y Rhaien 4724, so that we can write (1) in the form :
4in2y?
V2 + " =0, . . . 4)
Moreover,
4 472l
-—D—x-g = — 02 a2¢, . . . (5)

and similarly for y and 2z, so that equation (4) is immediately
verified on account of the direction cosine relation.
We shall write :

O,y t) =2+ By . . (6

At a particular instant the phase (3) will be constant on
the planes :

@, = constant or ax + By + yz = constant.

These are planes of constant phase, and the quantities
(«, B, y) are the direction cosines of the normals to these planes.

As the time passes, the values of the phase @ progress in
space, passing from one equiphase plane to another. We may
say that the phase travels in the direction («, B, y) which we
call the direction of wave propagation. The parallel straight
lines with direction cosines («, B, y) are the rays, and we can
easily calculate the phase velocity, that is the velocity with
which it is necessary to travel along the ray to keep up with
a certain phase value. Let dl denote the element of length
along the ray, so that:

dl = adx + Bdy + ydz . . . (M

and the change in phase for the given values of dt and dl is
thus :

dq>=udt~%fdl. . ®

This variation will be zero if we travel along the ray with
velocity
al ¢

V=&z=ﬁ. . . . . (9)

V is the phase velocity.
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The wave-length A is defined in a similar way ; it is the
length which must be traversed along the ray at a particular
instant in order to obtain a variation in @ of amount unity,
which restores to i its original value. We find at once :

A=2=20 . .. o)

2. Dispersion

In the foregoing discussion we have supposed » constant,
but it is often necessary to consider » as a function of v in
equation (4), that is to say, that =, although independent of
%, y, z and ¢, is a function of the frequency of the simple sinu-
soidal wave considered. We say, then, that there is dispersion
and the relation between n and v is called the dispersion formula.
In a special case, this occurs when the wave equation in its
general form has, instead of (1), the form :

vy~ 1% gy . Ly

c? 2

where K is a constant, for then, on substitution of (2), we can
write (11) in the form :

4 2,2
\ZY ( g K)¢. =0, . . (12)
and to obtain (4) we must write :
Ke?
n:=1— m _'-—-"f(V), . . . (13)

so that » depends upon v.

8. Trains and Groups of Waves

The plane monochromatic wave must in a certain sense
be considered as an abstraction, for it would fill the whole of
space and last throughout all time. In practice a wave always
occupies a limited region of space at a particular instant, and
at any particular point it has a beginning and an end. A
wave thus limited is known as a wave train.

To represent a wave train we consider not merely a single
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plane monochromatic wave but an assembly of such waves,
representing the assembly by :

l/‘(“’) Y, =, t) = za(v: o, B’ 7)
cos 271{vt — ;—zu(ax + By + vz) + A(v, @, B, 'y)}, (14)

where A denotes that the individual plane monochromatic
waves have, in general, different phases. If «, B, y are always
related by the equation «? + B2 + y2 = 1, it follows as above
(§ 1) that each individual wave satisfies the wave equation, and
on account of the linearity of this equation, the sum of the
waves is a solution. Instead of a sum of a finite number of
terms we may also consider the integral :

Pz, y,2,t) = jjja(v’ o, f)
cos 277{vt — Zi—:-)(otx + By + yz) + A(v, «, B)}dvdcxdﬂ, (15)

with «2 + B2 + y2 = 1.

We must remember that » may be a function of v in equa-
tions (14) and (15). In order to make it clear how one can
represent a wave train by a sum of plane monochromatic
waves, we shall consider the case of a train travelling along
the direction of the z axis, which may be represented by :

¥z, ¥, 2, 1) = A2, 9, 2, 1) cos 277(%-—-’2—'%), . (16)

with a suitable choice of the origin of time. We shall suppose,
in addition, that the form of the wave train is symmetrical
with respect to the z axis, i.e. A is an even function of the
variables z and y.

A(—=z,y,2,t) = Az, y,2,1), Ax, —y,2,1) = Az, y,2,t). (17)

Since the wave train is limited in space, at any given time
the function A will be different from zero only if the variables
are included between the limits (xz;, ¥y, 2) and (z,, ¥, 2).
These limits determine the extension of the wave train in space.
In order to simplify the analysis a little further we shall
suppose that in the region occupied by the wave train at a
given instant the value of A is appreciably constant, except at
the boundaries, where it falls rapidly to zero ; in other words,
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for given values of ¥, z, and ¢ the function A, considered as a
function of x alone, is zero for # < x,, passes rapidly to a constant
value in the neighbourhood z = x,, remains constant up to
¥ = x,, and then falls rapidly to zero (Fig. 1).

The dependence upon y and 2z is of the same type. In
short, our wave train may be mistaken in the greatest part of
its domain for a plane monochromatic wave, but it differs from
it, of course, at the boundaries.

By the definition of a wave group, the assembly of waves
constituting it have neighbouring frequencies and directions.

We propose to show that it is possible to represent the
wave train studied by means of a group with the condition

A

X, X,
Fia 1.

that the dimensions of the train in space are large in relation to
the wave-length, and that its duration at a fixed point is large
in relation to the period. On account of the assumed symmetry
of the train about the z-axis, if we represent it by a wave group
the form must be :

+n, +2, +ay
j daj dﬁj de ale, o, )
-M — N2 —-MN3

cos 2m{ v+t — LE (e py )+ Al B (19)

We have written z instead of yz, since « and S are very

small and consequently y(= V1 — «? — B2) differs from unity
by terms of the second order only.
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By limiting ourselves to quantities of the first order, we
have :

(v + €n, .,+,-vn—|-e (nv) . . (19)
and the argument of the cosine in (18) becomes :

211[14 — 2z + By +2) + e{t — d%”—)g} + Ao ﬁ)]. (20)

If we make use of the formula: cos(a + b) = cosacosb —
sin a sin b, we can write (18) in the form :

f-nl +n3
cos 217-<vt — l"';llz>j J. dea (e, «, B)
(4 —m

=72 ="

cos 217|:e{t _ d(mw) z} — 2—(0@ + By) + Ale, a, B):I

dv ¢

+ + +
— sin 2n (vt — 2%) j “da | B[ "de ale, « B)

sin 211'[5{1‘/ — dgiv)—i} — ;?:;(ux :f-mﬁy) + Ae, a, /3)] (21)

. In order to identify this expression for the wave group with

(16) for the wave train, it is necessary, in the first place, to
make the coefficient in the sine term vanish. To bring this
about we shall suppose that A has the same value for all the
monochromatic waves of the group, and we shall then write
A = 0. In addition, we shall suppose that a(e, «, B) is an even
function in the three arguments ¢, «, 8. This assumption with
regard to « and B corresponds to the symmetry of the wave
train about the z-axis, and with regard to € to a symmetry of
spectral distribution in the group about the central frequency ».

To complete the identification, it is sufficient to write :

A(x,q,z,t)=j+"‘ r"”dﬁj "de ale, @, B)

cos 2] eft — o) =T+ B + M B 22)

The expression (22), when it is exact, that is to say, when
the wave train can be exactly represented by a wave group,
allows us to determine once more Rayleigh’s group velocity.

Let us consider a straight line parallel to the direction of
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the z-axis. When this line is displaced by an amount dz the
displacement is associated with a constant value of A if it
1d

c ——;—nvi)dz, to make the displacement. We
can thus consider, to the degree of approximation employed !
that the amplitude resulting from the wave train is displaced

in the direction z with velocity U defined by the formula :

1 1ld(nv)
¢ dv . . . (23)

takes a time df =

This is the group velocity previously introduced. If n is in-
dependent of v we have: U = 1%, or the group velocity is

identical with the phase velocity.
Thus, when (22) is applicable, A depends upon z and ¢

through (t — %) only, and it is natural to introduce 2z’ = 2z — Ut.

For any given value of ¢, 2’ measures the value of z, except for
a constant, and if z;" and z,” correspond to points at the begin-
ning and end of the wave train :

2 — 2 =2, — 2,. . . . (24)

It is easy to see that the group (22) is symmetrical in 2’ as in
x and y. We can now write (22) in the form :

, s
A, y,7) = L d«j_n dBLn de afe, , )
€

cos 277{ & —n—:(ocx + By)}. (25)

If we decompose the integral into a sum of products of
sines and cosines, the only part which does not vanish will be
that which contains the product of three cosines on account of
the evenness of a(e, «, B).

Thus if we write :

c(e, a, B) = 8a(e, a, B) . . . (26)

! Actually for intervals of sufficiently long duration a wave train
has always a tendency to spread. More rigorous calculations made in
Chap. XIII will show this clearly.
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we obtain :
Az, y,2') = j J. d,Bj *de c(e, a, B)
27re , ny ny
cos g%’ cos 27r?ocx cos 2112—,331. (27)

This is the form which A must take in order that the wave
train may be represented by a wave group. But the question
arises with regard to the possibility of expressing A in this way.

Fourier’s theory of integrals shows that under very general
conditions a function f(x, y, 2), which is even in 2, ¥, 2, can be
expressed in the form :

[e o] [c o) <o)

flx, y,2) = I d).j dp.J dv p(A, p, v) cos Ax cos uy cos vz, (28)
0 0 0

where

P, p,y v) = —I dxj j dz f(x, y, 2) cos Ax cos uy cos vz.

(29)
Thus the function A(z, y, 2’), which is even in 2, y, 2/, may be
written : .

Alz,y, ) = j jda j :odﬁ j :’de ole, «, B)

2
cos cme 2’ cos 217?0(3: cos 271'7%}&/, (30)

U

where
[ee] [ee]
cle, o, B) = Sj- j nvdxj_w%l’dyA(x, Y, 2)
cos g%;-ez' cos 27r7—?'c—vocx cos 2w’—?ﬂy. (31)

But to be able to represent our wave train by a wave group
we must identify (27) and (30), i.e. we must reduce the intervals
of integration in (30) to the very small intervals 0 to 7;, 0 to %,,
0 to n;. Thus it is necessary that the function c(e, o, B)
defined by (31) should vanish outside these small intervals.
Now, by hypothesis, A is appreciably constant for x; < & < x,,
Y <Y <Yy 2 <2z <2, and is zero elsewhere. If in (31)
we consider the integral with respect to z, we have :

c(e, o0, B) = constant X j *A cos 27%30(90 dz, . (32)
&
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where A is appreciably constant. When the cosine has a large
number of periods in the region z, to z,, c(e, «, B) is approxi-
mately zero. In order that ¢ may have an appreciable value
it is necessary that :

§(xl—x2) ~1, ... (33

where the sign ~ denotes ““is of the order.” In order that
this should be equivalent to « < 1 it is necessary that :

A < xl - xz. . . . (34)
The dimension of the wave train in the 2 direction must be
much greater than the average wave-length A. We find the

same result for the y direction,
For the z direction we find :

€

g’ —w) =g -z~ L, . . (35)
and in order that ¢ < v we require :
21 —_ 22 > g - UT- . . . (36)

The product UT is not, in general, equal to the wave-length
VT, but the two quantities are often of the same order. We
can thus say that the wave train can be represented by a group
when all its dimensions are great with respect to the wave-
length. The time taken by the wave train to pass a fixed
point completely is clearly :

tl h t2 - zl {J_ zz. . . . (37)

According to (36) this interval must be long with respect
to the period. According to (33), to the similar relation for y
and to (35) the quantities 7’71(051 — x,), %Z(yl — ¥,), and %*(zl—zz)
must be at least of the order unity. Let us describe a vector N
for a plane monochromatic wave in the direction of propagation
and of magnitude equal to the number of waves per cm. by

the term “ vector wave number.”” Its components are :
_ _B _Y
N, = ¥ N, = ¥ N, = SO . (38)
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On account of the hypotheses made with regard to «, 8
and vy, the maximum variations of N,, N, and N, corresponding
to the various monochromatic components of the wave train
are :

— N — N —s/ = M
SNI_'A’ SNv"—A: SN;-—S(A>—- dv ns—f]" (39)

Let us write :
8t =y — 2y Y=Y — Yy =2z . (40)

These are the maximum variations of the co-ordinates through-
out the extent of the wave train. We may therefore write
the inequalities in order of magnitude :

8N,.8z>1, 8N,.8y>1, 8N,.d8z>1. . (41)
Finally, let us write :
St = tl -_ t2 . . . . (42)

for the time of passage of the wave train at a fixed point, and
dv for the maximum variation in frequency in the group, so
that by (35) and (37)

Sv.dt>1. . . . . (43)

We shall see later the importance of (41) and (43) in the theory
of Bohr and Heisenberg.

4. Propagation in a Permanent Heterogeneous Medium

Hitherto we have assumed that the index of refraction was
independent of z, ¥ and z. We will now suppose it a function
of these variables, but independent of the time. This is the
case occurring in optics for refracting, heterogeneous media.
In general, the index depends upon the frequency or hetero-
geneous refracting media are dispersive.

The equation of propagation of simple sinusoidal waves will
in this case be :
dryin?

c2

Vi 4

p=0, . . . (44)

where 7 is now a function of z, y, 2.



General Remarks on Wave Propagation 59

Let us consider the sinusoidal solution :
¥ = a(z, y, z) cos 2n{vt — Dy(x, y, 2)}, . . (45)

where a is the amplitude and is variable from point to point.
The quantity

¢(x: Y 2, t) = vt — (pl(x, Y, 2) . . (46)

is the phase, and is still linear in ¢, though 1.0 longer linear in
z, Y, 2.
If we substitute (45) in (44) we obtain :

2 2,2
{Vza, — 47% z(b—i—}) -+ 41;: nza} cos 27(vt — D,)
+ (4

2P, da 2 .
7> S22 2maV qsl) sin 2m(vt — @) = 0. (47)
Since this equation must be always satisfied, the coefficients
of the sine and cosine terms are each equal to zero, so that :

(5 ="F taa -9
W | 1 o0
235370 52V20, = 0. .. (49)
We shall describe as the wave-length the quantity A where :
1 9,
T . . . (50)

where dl denotes an element of length along the normal to the
surface, @, = constant, at the point under consideration. In
this case, A varies from point to point.

This definition, of course, includes the case where » is con-
stant, for then the surfaces, @, = ?cl(ocx +4- By + zy) = constant,
are planes of which the normal has direction cosines («, 8, y) and

20, _m_ v

A "¢V
As in the case of homogeneous media, we shall describe the
surfaces, @, = constant, as surfaces of constant phase, and
these are not, in general, plane. The curves normal to these

surfaces are still called rays, and we shall call the velocity with
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which it is necessary to move along a ray to accompany a
constant value of the phase the phase velocity V(z, y, 2).
It is easy to determine V, for if we traverse a length dl of

the ray in time d¢ the change in @, is (vdt — E%&ll), and for

this to be zero we must have :
_dl \/ 2 b(Dl .
V=0= aTn = - . (51)

The function (45) can thus be written in the form :

Y = a(z, y, 2) cos 2ﬂ( vt — v (él) . . (52)

the integral being taken along the ray to the particular point
M(z, y, z) from a certain surface of constant phase chosen as
origin. But, in general, the function V(z, y, 2) is not known
a priors and its determination requires the evaluation of
a(z, y, 2) and @,(x, y, 2) by means of the simultaneous partial
differential equations (48) and (49).

Nevertheless, there is a very interesting case where the
determination of V and of @, can be carried out at once without
a determination of a. This is the case in which the medium
may be considered homogeneous and the refractive index
constant for variations of the order of the wave-length. We
shall then have :

2
s SN
with similar relations for y and 2, and :
A2 Vg <q J
The last of these equations taken with the definition of A

2
in (50) shows that in (48) the term 4—1—”2 Va__a is negligible with

2
respect to z (%) , since this is equal to ;5 Moreover, by
multiplication of (49) by A2, and making use of (50), we find :
1 da

(53)

A-{— )@V?Q) =0, . . . (54)
and by (53) the ﬁrst term may be neglected.
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Finally, (48) and (49) may be written :

0P\ e, —
| (‘al—) =YL MV 0. . . (5)
We will write in agreement with (51) :
v c V ¢
V=5'—'1=7";, A= ;-—-—-h—v. . . (56)
A

The second equation (55) is necessarily true, since @, is
appreciably linear in (z, y, z) in measurements of the order of

. A% are

%P
the wave-lengths, and thus quantities such as 25 !

dx?
negligible.

Formula (52) therefore gives in this case the approximate
solution :

Y, ¥, 2, t) = a(x, y, 2) cos 21r<vt — v“'p_?l) . (57)

and the determination of @, is made a priort, since » is given,
without the necessity of calculating a.

When the foregoing approximation is satisfactory we say
that geometrical optics is applicable. We can thus say that
for an extension of the order of magnitude of a wave-length
the wave is plane and monochromatic, but for an extension
containing many wave-lengths there is a progressive variation
in the conditions of propagation appearing as a variation in
amplitude and a non-linear form of the phase.

5. Construction of Wave Envelopes and Fermat’s Principle

We suppose that the conditions are such that geometrical
optics is applicable and pass on to study the propagation of
a wave. If we know one surface of constant phase we can
construct others infinitely close to it by describing about each
point M of it a sphere of radius eVy, where € is an infinitely
small constant and where V, is the value of V at the point M.
The two sheets of the envelope of these small spheres are
surfaces of constant phase, for they are surfaces on which at
the times (! — ¢) and (£ 4 €) we find the value of the phase
which at time ¢ is associated with the known surface. The
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two straight lines which join each point M to the points of
contact of the sphere of which it is the centre with the envelope
are elements of rays. By proceeding in this way, step by step,
we can construct all the constant phase surfaces and at the
same time we determine the rays as limits of broken lines.

This method, known as the construction of wave envelopes,
makes it possible to demonstrate Fermat’s principle, which, in
geometrical optics, is a postulate. According to this principle
any ray passing through two points A and B is such that the
line integral
Bdl Bndl
R jA P (58)
taken along the ray, has a stationary value. From the point
of view of the wave this means that the time taken by the
phase to go from A to B is a minimum along the ray.

To prove this let @(z, y, 2z) = C, and D,(x, y, z) = C, be
two constant phase surfaces through A and B respectively.
Let the intermediate constant phase surfaces be represented by
D,(z, y, z) = C, where C may have a series of infinitely close
values between C;, and C,. The ray from A to B may be
regarded as formed of small straight segments normal to this
series of surfaces. Any varied curve infinitely close to the ray
is formed of infinitely small straight lines having the character
just described and of at least two segments not normal to the
equiphase surfaces which pass through their extremities. The
quantity v taken over the normal elements is equal to this
quantity taken along a ray, for since the elements in each case
are normal to surfaces @, = C and @, = C + dC passing through
their extremities, we have for each :

dl_130, . _dC

V=yae v
If we compare a non-normal element of the varied curve with

the corresponding element of the ray, the quantity (g is greater

for the former than for the latter, since the perpendicular is
shorter than the oblique element. This proves the principle
which is no longer a postulate but a theorem, valid, however,
only when we can apply the principles of geometrical optics.
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6. Wave Groups in a Permanent Heterogeneous Medium

We must now enquire how the conception of wave groups
can be generalised in the case of permanent heterogeneous
media when geometrical optics may be applied. The function
@, then satisfies the equation :

G+ G+ —w="e - o

which is often described as the equation of geometrical optics.

The equiphase surface which serves as the starting point
in the construction of the wave envelopes is one of a family
of complete integrals :

D(z, y, 2, a, b) = constant, . . (60)

of equation (59), and the surfaces obtained by this construction
belong to this family, the constant alone varying as we pass
from one member of the family to another. Thus for a definite
propagation the equiphase surfaces form a family with two
parameters. In the special case of homogeneous media, we

have: @, = %E(ocx + By + yz), the two parameters ¢ and b

being the direction cosines o« and B, where we still take
Y=11—a— B2

Let us consider a group of waves consisting of an infinity of
simple sine waves with frequencies comprised within the small
interval (v — 8v) to (v 4- év) for which the parameters a and b
have values in the small intervals (@ — 8a), (@ + 8a) and (b — 6b),
(b + 8b), and let us suppose that all the waves are in phase at
the point (x,, Yo 2,). We enquire how this state of phase
agreement will be displaced. The function @, depending upon
V depends in general upon v, and in order that the waves of
the group may be all in phase at the instant £, at the point
(%o, Yo, 20), it is necessary that :

D¢1 b‘pl b(pl } —
i —{(5a) o+ () B +(5) &) =0 v
where the suffix 0 denotes that the values are those at (x,, ¥, 2)
and where da, db, dv have values less than da, 8b, dv. If this
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agreement in phase is to be found at a later time ¢ at a point
(x, y, 2) we require :

tdy — <a<1>1d a+ 2 ‘db + ldv) —0, . (62

where the derivatives have the values at (z, y, 2) and the same
limits are imposed upon da, db, and dv.
The relation (62) will follow from (61) if we have :

W0, 0D, 2D, .
52 = 0v 55 = 0o —b;—t~03- . (63)

The first two relations give the locus of the point where
this phase agreement exists, and the third describes the motion
of the point on its trajectory. The analogy with Jacobi’s
theory is obvious.

It is easy to show that the locus obtained in this way is
normal to the equiphase surfaces. For by differentiation :

2P gy 4 21y L BBy, . (64)
Dxba byba d2da T
d @1 d (Dl d (151 _
Wb g T =0 - (644
By differentiation of equation (59) with respect to a and b :
WD, P, b@l P, | D, 32@1
F babt+ aaby+ " dadz =0, . (69
20, 220, aqil 7P, | 20 20, _ . (650)

T dbox ' oy T obdy | oz dboz

If these two systems of equations be compared, it will be
seen that : :
00, 9, and bq§ ,
w Y 2
are proportional respectively to dx, dy and dz taken along
the trajectory. Thus this curve is normal to the surfaces
@, == constant.

When geometrical optics is applicable and the dimensions
are of the order of a wave-length, the propagation proceeds
as if the refractive index were constant, and even in a region
containing a certain number of wave-lengths the waves (45)
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may be considered as plane and as having a constant amplitude.
But in the cases usually occurring the wave-length is much
smaller than the smallest dimensions directly measurable. It
will thus be possible to consider wave trains with very small
dimensions, as judged by ordinary standards, but which contain
a large number of wave-lengths. These trains can be re-
presented by a wave group with neighbouring frequencies and
directions which at each instant can be regarded as appreci-
ably plane and as having a constant amplitude, but, of course,
the amplitude and phase will be slowly changed during the
propagation on account of the large scale variation of the
refractive index.

7. Propagation ot Waves in a Non-Permanent Medium

Finally, we consider the most general case where the con-
ditions of propagation vary not only in space but also in
time ; this is the case of heterogeneous, non-permanent refrac-
tive media. Let us take, for example, the equation of propa-
gation : .

gy M
V¥ = Pyt . . . (66)
where n is a function of z, y, z and ¢. Since the time in this
equation plays no distinctive part we can no longer eliminate
it by taking a sinusoidal solution of which the phase is linear
in the time.

We shall thus take for the general form of the sinusoidal
solution :

Yz, ¥, 2, ) = a(x, y, 2, t) cos 27D (x, ¥, 2, t). . (67)

If we substitute in equation (66) and equate to zero the
coefficients of the sine and cosine terms we obtain :

S8 =508 +am(ve-55) - o

2 2 3\2
Wi n b@ba_*_g(Vz@__"_"_B@):O. . (69)

ddx  cf ot ot c? AP

We will write, as a definition of v and A:

oD APy -1
v(x,y,z,t)—st- A(x,y,z,t)_( )

5
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dl being an element of the normal to @ = constant at the point
and at the instant considered. The frequency and wave-
length defined in this way are in general both variable, but when
n is constant they coincide with the frequency and wave-length
in the usual sense of these terms. We shall say that the
approximation of geometrical optics is valid if the conditions
of propagation vary very little over extents in space of the
order of A or over intervals of time of the order of the period

é. We can then write by (68) :

z( g MD) )

where we consider the derivatives of the second order as zero.

Equation (71) is the form taken by the equation of geo-
metrical optics (59) which is appropriate to the general case.
Over distances of the order of the wave-length, and during
intervals which are not very large with respect to the period,
we can consider (67) as a plane monochromatic wave. This is
the basis of the possibility of imagining in this case trains of
waves of which the space and time dimensions are less than
those we can measure and which still satisfy the conditions
necessary for their representation by a wave group.

Let @(z, y, 2, t, a, b, ¢) be a complete integral of equation
(71), and let a group be formed of sinusoidal waves for which
the constants a, b and ¢ are included within the limits a — 8a,
a+da; b—28b, b+ 8b; ¢ — 8¢, ¢+ b¢.

Let all the waves be supposed in phase at the time ¢, at the
point (z,, ¥, %), Whence :

(gf)d +( )db+< )dc——O . (12)

where the suffix denotes that the values are appropriate to
the chosen time ¢, and the point (z,, ¥,, 2,), and where da, db,
dc are less than 8a, 8b, 8c, respectively. If the agreement in
phase recurs again at a point (z, ¥, z) at the time ¢, we must
have :

aala-;- + =0. . . (73
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In order that (73) may be a consequence of (72) we require :

¥ Zoo, oo, .
These three equations give the locus of the agreement in
phase, and again the analogy with Jacobi’s theory is obvious.
Following this study of wave propagation, we pass on to
seek the equations of propagation which we must adopt in
wave mechanics for the associated waves of a particle.



CHAPTER V

THE EQUATIONS OF PROPAGATION OF THE WAVE
ASSOCIATED WITH A PARTICLE

1. The Criterion for the Choice of the Equations of Propagation

N the special case of the motion of a particle in the
absence of a field of force it has been possible to establish a
correspondence between waves and particles. This corre-
spondence finds expression in the statement that a particle of
energy W and of momentum p must be associated with a
wave travelling in the direction of motion, which is the direction

of the vector p, and which has the frequency v(= -Vh—‘{) and

wave-length A = é The motion proceeds as if empty space

2
had an index of refraction for this wave of value n = \/ 1— —V—z,
Vo

where v, denotes a constant characteristic of the particle and

2
related to its proper mass m by the relation v, = lnhi The
velocity of the particle is equal to the velocity of the group
corresponding to this law of dispersion.

Further, there has been revealed (Chap. III, § 5) a connec-
tion between the principle of least action and Fermat’s principle,
and this analogy between the old mechanics and geometrical
optics has been confirmed by the fact that the motion of a
wave group, when the order of approximation is that of geo-
metrical optics, is expressible by equations strikingly analogous
to those of Jacobi (Chap. IV).

We shall thus seek equations of propagation for the asso-
ciated waves such that, to this order of approximation, the
rays coincide with the trajectories of the old dynamics.

One essential point may be mentioned. The wave-length

68
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A and the period T(= %) of the associated waves are propor-

tional to Planck’s constant . Now we have seen in the last
chapter that when A and T become very small the principles
of geometrical optics become exactly applicable. Thus when-
ever it is legitimate to consider h as a negligible quantity the
old mechanics is sufficient. We must choose our wave equations
in such a way that when % tends to zero they give us the
equations of the old mechanics. This is a criterion for the
choice of the equations.

2. The Wave Equation in the Ahsence of a Field of Force

We take first the simplest case of motion with no field of
force. It is agreed that we must adopt the equation :

2% dmtmic?
Vi G,

Let us substitute the expression which represents a plane
2

.. . ) . .
monochromatic wave. Since we have -5 = 4mv%p in this

case, (1) becomes

422 m2c4
V2¢+—’OL2."—<1—W)¢=0. )

Since mc? = hvy, by definition, we can also write (2) in the
form :

4722 Vo2
v+ ( —viz).p—:o. )
This goes back to the form (4) of the preceding chapter, if we
write :
2
n = \/ 1 — % . . . (4)

This is what we ought to find in order to be in agreement with
the former results which we have just recalled.
Let us write the simple sinusoidal wave in the form :

Y(x,y,2,t) = a cos 27r{vt — tbcl’(ocx + By + 'yz)}= a cos g}:qu, (5)
¢

in which % denotes what @ denoted in the preceding chapter,

and from this point the term phase will be applied to ¢.
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Thus :
¢ = hvt — hv’cﬁ(ax + By +9y2) . . (6)

and consequently :
W — Iy, b_qu_nhv ?i;__nhv

ot 0y c® W B, Y (7)
We must write :

nhv h
hV=W, szzp: (8)
so that we deduce :
_ % _ ¥ _ ¥ __ %
W = St Pe = 3% Py = by’ P = az i (9)

These are exactly the equations which Jacobi’s function
satisfies, and we are thus led to identify the phase with this
function.

3. The Wave Equation in a Constant Field of Force

Let us take the slightly more complicated case of a constant
field of force which corresponds to the case of permanent but
heterogeneous refracting media. The field of force is char-
acterised by a potential function F(x, y, 2). The law of dis-
persion, which, as we shall show, it is convenient to adopt, is :

n—-«/ 1~— R N 1))

2

where mc? = hy,, We obtain, of course, the law of dispersion
given by (4) for a zero field of force when F = 0. The wave
equation for monochromatic waves of frequency » must then
be written :

V2¢+4’”{(1—m ——-2}¢=0. . (1)

From what we know already, geometrical optics will apply
if the function F(x, y, z) varies slowly enough to be considered
appreciably constant in a region containing many wave-lengths.
We may then take as the solution :

Y(z, y, 2, t) = a cos 27r<vt — gjndl), . (12)
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the integral being taken along a curve normal to a family of
complete integrals of the equation :

(2 (2" (2 = o

the integrals depending upon two parameters, « and B, and
n being a function of z, y and z.

In a wave group the locus of phase agreement is defined by
the equations :

2P, _ W,
'5&' Cl’ “ﬁ = CZ
and motion on the locus by :
2D
> = t + Ci.

In order to arrive at the laws of the old dynamics, it will
suffice to suppose that the phase :
hd = ¢ = hvt — éz“-frwll hvt — éy(x, y,2) . (14)

is to be identified with Jacobi’s function :

S@, ¥, 2,6, W, a, B) = Wt — [(padz + p,dy + podz)
= Wit — S)(z, y,2, W, o, 8). . (15)

This leads us to write :

dp 8 _

—b—t——-b—t—— kV,

2, mhy .
‘—S;:-—-b—x—-px—- ca, . . ( )

p:—:‘—v-:x. . . . (17)

From this identification of S with ¢ and of S, with ¢, we
deduce several important theorems.

Theorem I.—The principle of least action of Maupertuis
coincides with Fermat’s principle.
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We have, in fact,
[as, = [wado + pay + pudn) = [,
— j”_c-h"(adx + Bdy + ydz) = %;yj.ﬂdl’ (18)

and the condition of Maupertuis, 8S, = 0, coincides with that
of Fermat, Sj‘ndl = 0.

In other words, the rays of the associated wave are identical
with the possible trajectories of the particle which correspond
to a complete integral of Jacobi’s equation.

Theorem I11.—The equation of geometrical optics coincides
with that of Jacobi.

In its relativistic form the latter is :

A5 1) - (- (- (e

and in the present case may be written :
1 85\ 2 8,\? IS \2 kPl
6‘2(,“’ . F)z _ ( 1) . ( 1> _ 1) — Yo

w) T\ T\%) TTe
B+ (5 + )
=’ﬁ2{(1—£>2—”—"2}=n%2vz- - (20

c? hy v? c?
If we replace @, by %:% in equation (13) we obtain (20),

and thus the theorem is proved.

Theorem I1I.—The .equations of the trajectory and of
motion which are given by the theory of Jacobi are identical
with those of the locus and motion of points where there is
agreement in phase in a wave group. This is a direct conse-
quence of the relation ¢ = S.

Theorem IV.—The velocity of the particle defined by the
old dynamics is the same as the group velocity of the associated
waves. ,

To show this directly we start from Jacobi’s equation of
motion :

S =t+C.. N ¢ )]
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If di is an element of the path described by the particle in
time dt, we have :

228,
bldel dt, . . . (22)
and since %Sf = p, the speed of the particle is given by o,
where :
I di\=t %S,
v (Et) T MW T W - @)
This may be written :
nhy
1_w (%) _ Ly 1 (24)

v W d(hv) c w U
which is the result required to establish the theorem.
We have seen above that the relativistic form of the wave
equation in a constant field of force is given by (11). In the
case where Newtonian mechanics is sufficient we may write :

hv = mc* 4 E = mc? + Imo? + F(z, y,2), . (25)

and the quotients hE and ’I; are very small in comparison with

unity.
We may thus write approximately :

n=y (- ) i E (BB

=\/2(E’;F) ____\/2 Em_c;F)‘ (26)

This is the law of dispersion which must be adopted when we
approximate by using classical mechanics. To this degree of

PR . 2(E — F)mec?
approximation it is permissible to equate n%v2 to -—(E——hz—)zn—c
and we obtain for the equation of a plane monochromatic

2
wave of frequency v = me + B in the constant field defined
by F(z, y, z) the non-relativistic form :

Ve + 8m¥m( E F) g =

This is the now classical equ&tlon of Schrodinger.

(27)
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4. The Wave Equation in Variable Fields of Force

We have just found a suitable form for the equation of
propagation for monochromatic waves in constant fields of
force. This form, as we have already said, must be considered
as a degeneration of a more general one, in which the frequency
does not occur, and which is suitable not only in the case of a
superposition of monochromatic waves but also in the case of
fields of force which are variable in time.

The idea which must guide us in seeking this general equa-
tion is that to the approximation of geometrical optics, to be
precise when A is supposed infinitely small, the equation of
geometrical optics must be identified with Jacobi’s equation,
so that the phase ¢ can be identified with Jacobi’s function.

The general relativistic equation which satisfies this condition
is the following :

1 3% | 4m 3  4n? F2
o — = 0% oY AT e T\
v c? 2 T 7o her™ ot h? (m ¢ c2>¢ 0, (28)

in which F is a function of z, y, z and &.

For F = 0 we obtain again equation (1). If F depends
only upon z, y and 2, and not upon ¢, we can take a mono-
chromatic solution of the form :

bz, y, 2, t) = a(z, ¥, 2) cos 2n{vi — Py(x, y, 2)} (29)

and by making use of the complex form i = ae®>™*~*) we
obtain :

Wy o .
5% 2mivip, Y dnt¥p. . . (30)
Equation (28) now takes the degenemte form :
477 v? 87y Fx
R (mzcz — S =0, (3

which is identical with (11).

Let us consider the general case where F depends on the
time or the case of the variable field. We shall show that if
the function i, written in the complex form, satisfies equation

(28) we can obtain Jacobi’s equation in ¢ if we suppose A to
2n1

be infinitely small. By substitution of ¢ = ae®’ in (28), and
equating the real part to zero, we obtain :
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Vi —-612 a;;—: - @h—:ﬁl{z(g - é(%%)z}
87F ¢ 4"2(m FZ)a =0,

— 202 .
C Py

TR TR (82)

If 4 is supposed very small the terms containing }-}é are of much

greater importance than the others and, after removing a
common factor, we obtain :

R G

and ¢ thus satisfies the relativistic general equation of Jacobi
(Chap. II, 32).

Equation (33) can be considered as being the equation of
geometrical optics for the associated waves. As we have seen,
if §(z, 9, 2, ¢, a, B, y) denotes a complete integral of this equation
(33), the three relations :

’ z—:i = Cly g% = 02’ g(—; = 03’ N * (34)
define the motion of states of phase agreement in a wave group
and these three relations are nothing more than Jacobi’s equa-
tions of motion. In this case also and in complete generality
the motion of the particle, to the approximation of geometrical
optics, can be regarded as that of a group of associated waves.

A very special characteristic of equation (28) is that it
contains an imaginary coefficient and that, in order to satisfy
it, the wave function must be taken in the complex form.
In the equations of the classical wave theory the coefficients
are real, and the real wave function, ¢ = a cos 27®P, must
satisfy the wave equation. The complex form of ¢ is also a
solution and the calculations are usually made by means of it,
only, however, to return to the real part at the end. The use
of the complex form in that case is merely a simple mathe-
matical device. In the present theory this is by no means the
case ; the real wave function does not satisfy equation (28),
and the complex function itself is the solution.

Just as in the case of constant fields of force we passed
from the relativistic equation (11) to the non-relativistic equa-
tion of Schrodinger (27), so we can in the general case pass
from the relativistic equation (28) to a non-relativistic form.
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We have to remind ourselves that in the dynamics of the
theory of relativity the energy is given by :

mc?
\/ 1—

T being the kmetic and F the potential energy. E is the
energy as defined in Newtonian dynamics, being equal to the
relativistic energy diminished by the internal energy mc?, and

+F(x ¥, 25t)=me? + T+ F=me*+E, (35)

Newtonian dynamics is applicable when the ratio Eé is small.
me

To carry this over into wave mechanics we write the wave
function in the form :

2mi

by nt) =t "z, y, 0. . . (36)

2
i, is thus the expression obtained on removing the term ﬂ;:————t

from the phase of the complex wave, that is to say, by reducing
W, E
the frequency from W to %

We shall call i, the reduced wave function, and he

=t
h
reduced frequency. Substituting (36) in (28), we obtain :
4, 47rz o O, 47'r
2 ____ J— .__
Ve = ( Y o sty )
Y, 211@ mo? 411 F?
P (5 mergn) = G (et — 5o ) = 0. 30

The term containing F2y, is negligible in comparison with

that containing Fmc?y),; a similar remark applies to FE;—/; and
me? ;l;' and also to —-- "b' and me? ;’Z’, because all the derivatives

of ¢, with respect to the time are small compared with mec2.
Thus :
872 dmim Dy
2) . 2 = 2 Trr
Vi, h? mEY h
This is the non-relativistic equation ! which the reduced wave
function must satisfy.

(38)

1 The non-relativistic wave equation is of the first order in ¢, while
the relativity equation is of the second order in ¢. This is an important
point of difference which Dirac has brought forward.
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If the field does not depend on the time, we may write :

2mi
lp':aeh(m—d’x) (39)

where a and ¢, are functions of z, ¥ and 2, and we readily
return once more to Schrodinger’s equation (27).

Equation (38) is often written without the suffix r, but it
must always be remembered that it is the reduced wave function

2
of which the frequency is diminished by n——,’f— which is a solution
of (38).
5. A Device for Finding Equation 38

We can find the non-relativistic wave-equation by making use
of a device which is somewhat automatic and which has great
importance in the comparison of Heisenberg’s matrix theory
with wave mechanics. We know that Jacobi’s equation in
Newtonian mechanics is :

H(g,t,—— —~%®_y, .. (40

(Chap. II, 9), where H(q, 6, — 2—3) denotes what the energy

H becomes when expressed in terms of the co-ordinates g, of

the time ¢ and of the momenta p when the last are replaced by

— -g—qs~ If we take the first term of (40) and replace —2—2 by the

B D S B D .
symbol Tmi 3¢ and 35 by o 37 e obtain an operator.

Now apply this operator to the reduced function ¢ and
equate to zero; if the ¢’s are rectangular cartesian co-ordinates
we obtain equation (38). We have, in fact, in this case :

T=43m@E +92+4), . . . (41)
so that :

1
H(g, p,8) = 5-(v: + 7y + P0) + Fl@, y,2,0), . (42)

and Jacobi’s equation is :

)+ G+ @) -
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The operator obtained by the method described is :

h? /22 o2 2 h D
~emGat g T T w9
and we arrive at the wave equation :
1, 8nt 4w Y
ﬁvi/;—FF.p_Tg. . . (45)

which is identical with (38). It may be easily verified that the
same process applied to non-rectangular co-ordinates gives an
incorrect wave equation.



CHAPTER VI
CLASSICAL MECHANICS AND WAVE MECHANICS
1. The Meaning of Amplitude in Classical Mechanics

HE old systems of mechanics correspond, as we now

know, to the case where the propagation of the -waves

follows the laws of geometrical optics. The phase func-
tion ¢ can then be identified with Jacobi’s function. But we
have now to enquire what is the meaning to be attributed to
the amplitude a if we wish provisionally to preserve the con-
ception of particles localised in space.

We shall be content for the present with the study of the
non-relativistic equations. Of course, these considerations will
not be applicable to particles in very rapid motion, for example
to light corpuscles, and when we consider the case of photons
we shall have to resume our discussion.

Let us begin with the general non-relativistic equation

8m2m 4mim dy
2 -— —-—— =]
Vi Fy o . (D)
and substitute :
b—aet, . . . . @
a and ¢ being two real functions, the modulus and argument

of the complex quantity . We obtain by separating the real
and imaginary parts :
8712'm __ 8a'm ¢
——V2a+ 2( + ha B X abt’ . (3)
dari <20a ¢ ” 4_11_1 a
) wm+_y¢“ ot - @
79
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It follows from the discussions of Chapter IV (where D= %)

that if geometrical optics is applicable, the term V2a is negligible
2 2

with respect to %’:—az <¥) . We can therefore write our

equations (3) and (4) in the form :

1 <'og 2 ¢
2m> (5‘5) + F(xi Y, 2, t) - 'Sz . . (5)
da dp | 1 _ a
and SE S—‘x +‘§ aV’¢ = m—b—z . . . (6)

Equation (5) shows that ¢ is identical with Jacobi’s function, a
result already known, and equation (6) will show us the mean-
ing of a.

Let S(z, v, 2, t, «, B, y) be a complete integral of Jacobi’s
equation where «, 8 and y are three constants. According to
Jacobi’s theory the equations of motion are :

B_a, §%=02, B_o . .o
There is thus an infinite number of possible modes of motion
of the particle which correspond to the same function of Jacobi,
that is to say, correspond to the same value of the constants
«, B, y, but with a different choice of the constants C,, C,, Cs.
We shall say that these modes belong to the same class.

Instead of picturing a single particle describing a path, let
us imagine an assembly of identical particles in motion in
modes belonging to the same class. We know that the momenta
Dz Dy, P, are deduced from S by the equations :

S S S
pz=—5;;) p'u‘_“'—b;: Pz=""3é’ . (8)
or vectorially :
= — grad S. . . .9

In Newtonian mechanics p = mv, hence :

= — % grad 8. ' . (10)
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Thus the motion of the cloud of particles is known completely if
S is known. Since we may now identify ¢ with S, equation (6)
is equivalent to :

da da 1 .
E+vaﬁ+§a divv =0. . . (11)
By multiplication by 2a we find at once :
d2a? .
> + div (a%v) = 0. . . . (12)

Moreover, the motion of the cloud of particles must satisfy
the equation of continuity, which is the expression of the fact
that the increase in number of particles in unit time in a region
of space is equal to the difference between the number entering
and leaving in that time.

w
m\

r--=-F-~-

\
\
\
\
(@)

Let ABCD A’B'C'D’ be a small parallelepiped with faces
perpendicular to the axes of co-ordinates and with infinitesimal
sides of lengths dx, dy, dz. Let p, v,, v,, v, denote the density
and velocity components of the cloud at the centre of the
parallelepiped. The flux of particles in the interval d¢ across

ABCD is {p’vm — 5 a(pvs) dx}dt dy dz, and across A’B'C'D’ in
s

1
the same time the flux is {pvm + 5%(pvz)dx}dtdy dz. Thusthe
excess of those entering over those leaving in this direction is
— ;—(pv,)dt dx dy dz, and a similar calculation applied to the
x

other pairs of faces shows that the total excess is
— div (pv) dt dz dy dz.
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This must be equal to the increase during the time d¢ in the
number p dx dy dz of particles present in the element of volume.

This increase is %gdt dx dy dz, so that we obtain the equation

of continuity :

-abi;+div(pv)=0. Ly

From a comparison of this equation with (12) we are led to
write :

p = Ka? . . . . (14)

where K is a constant of proportionality which may be put equal
to unity, since ¢ may be multiplied by an arbitrary constant.
We can thus say that the square of the amplitude of the y-wave
or its intensity must be considered as measuring at each instant
and at each point the density of the cloud of particles.

2. The Probability of Occurrence

The cloud of particles imagined in the preceding paragraph
helps particularly in the visualisation of the assembly of possible
modes of motion of the same class for a single particle. The
density of this cloud may be considered as representing the
probability that a particle, of which the mode of motion belongs
to the class considered but of which the actual position is
unknown, occupies a particular point at a particular time.
Thus a restatement of the result obtained at the end of the last
paragraph is that the intensity of the y-wave measures at each
point at each instant the probability that the associated particle
will occupy the point at the particular instant. This is the
proposition which we described in the introduction as the
principle of interference. We see that when the y-wave is
propagated according to the laws of geometrical optics, the
exactness of the principle is automatically guaranteed by the
fact that under these conditions the laws of the old systems
of mechanics are applicable to the motion of the particle.

The cloud of particles associated with one and the same
wave appears therefore to be interpretable as a probability.
We can consider this cloud as forming a fictitious fluid, the prob-
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ability fluid, of which the density, equal to a2 by (14), gives
at all points and times the probability of occurrence of the
particle associated with the y-wave considered. The infinitely
small portions of this fluid, the probability elements as we
shall describe them, describe paths which coincide with possible
paths of the particle of which the exact position is unknown.
All this theory is very clear in the special case we are consider-
ing where geometrical optics is applicable for the propagation
of the y-wave. We shall see that the difficulties begin when
we leave the domain where geometrical optics applies.

We must underline one important point. The phase function
is determined quite independently of the amplitude, and from
this it follows by the equations of Jacobi’s theory that the
motion of the particle in its path is quite independent of the
function @. This is necessary in order that we may agree with
the old mechanics in considering the motion of the particle as
being completely determined by the six initial conditions of
position and velocity (i.e. the six constants of Jacobi’s theory).
Were the determination of ¢ not independent of that of a, the
form of ¢ would depend on the values of that function at the
different points of space at the initial instant, and this would
mean that the motion of the particle would depend not only
upon the initial conditions but also on the probability that the
initial co-ordinates had this or that set of values. We shall see
that it is this paradoxical circumstance which presents itself
when we try to extend the ideas of the old mechanics to the
domain proper of the new mechanics.

Let us consider closely the way in which the function

a(x, y, 2, t) must be determined when we assume that Jacobi’s
function S(z, y, 2, ¢, «, B, y), which is a complete mtegral of
(5), is known. We must find a function satisfying (6) and such
that at the initial instant ¢,, a(z, ¥, z, t,) gives the probability
of occurrence of the particle. If, for example, we have carried
out an experiment at the instant ¢, to determine the position
of the particle, the result is always affected by a certain possible
error, and must be expressed by saying that the probability
that the particle was at the point (z, y, 2) at time ¢, is given
by a function f(zx, y, 2)—the region of space where this function
has a value appreciably different from zero being the smaller
the more exact the experiment—we shall have therefore to
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impose as an initial condition which the integral, @, of (6) must
satisfy, the relation :

a¥(x, ¥, z, ty) == f(x, y, z). . . . (15)
The meaning of f implies :

jfdv:l,. . . . (16)

where the integral is taken over all space so that the function
a always satisfies the condition :

jaz(x,y,z,t)dv=1,. . . Q7

since the left-hand side of (17) measures the total probability
that the particle occupies a point somewhere in space at time
t and this total probability, being a certainty, is evidently
unity.

3. Concrete Examples

We give two examples to make these points clear. Let
us take first the case where there is no field of force. The
plane monochromatic wave is then a solution of the wave-
equation. Its amplitude is constant, which means that if we
consider an infinite number of particles forming a homogeneous
unlimited cloud, all moving with the same velocity, the density
will undergo no change with the motion.

More instructive is the case of the motion of an unlimited
cloud of particles with the same energy all moving in the
direction of a uniform field of force acting upon them. We
can describe all the phenomena by a single variable z.

If we resume the notation of Chapter II, § 6, we have :

Fe) = —kx . . . . (18)
and the abscissa of each particle is given by :

1
x=x0+vot+§£t2, N 0 1))

x, being the abscissa and v, the velocity of this particle at time
t = 0. We have found that the complete integral of Jacobi’s
equation where W plays the part of an arbitrary constant is :

S(x, t, W) = Wt — §%TC{zzm(kx W . (20)
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Moreover, equation (6), in which we may replace ¢ by S, gives
us :

wdS | 1% da

o T 2% = " &
As we are determining the motion of an indefinite cloud of
particles, we may suppose the motion permanent in such a
way that a is independent of the time. Then (21) will become
simpler and we have :

dWwdS 1S
S:/;‘; S}j‘ + Qarxz = 0. . . . (22)
Now, by (20) :
S — 3% — mk
_——= — 2 v e —————— 2:

thus the amplitude @ must satisfy the equation :

lda k

ade = fEziwy - - - 4
of which the integral is
a = Clkx + w)? . . . (25)
where C is a constant.
By (14) the density of the cloud is therefore :
— a2 — ._.__9_____ — M 26
P = W PV rwe - (26)

where p, is the value of p for a certain value z, of .

The density of the cloud thus diminishes in the direction of
the field. Since we are considering a case where wave mechanics
and the old mechanics are identical, we ought to be able to
find (26) by means of the classical equations of motion. We
proceed to show that this is possible.

Let us fix our attention upon a certain abscissa 2, and upon
the particles to be found in the plane z, at the instant ¢ = 0.
These particles begin with a velocity v,, and at time ¢ they will

1
have reached the plane with abscissa ¥ = x, 4 vt + 5%2’ by

(19). The particles lying in the plane (x, — 8x,) had a velocity
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v, — v, at t = 0, and at time ¢ they will have reached the
plane with abscissa :

1
' = (xg — 82y) + (vo — SV)t + E;—’th. . (27)

Thus the particles which at zero time occupied a cylinder of
unit cross-section bounded by the planes z, and x, — 8z, will
occupy at ¢ a cylinder of the same cross-section bounded by the
planes  and z’. If N is the number of corpuscles within these
limits, the density at x, is

N

PO = Sa (28)
and at « :
pe N N N L P )
x —x 8wy + vt Oz, 3 v,

Vo,
bt 1o g

But since by hypothesis all the particles of the cloud have the
same energy W, the velocity and abscissa of each particle are
related by the equation :

jmv2 — ke =W . . . (30)
[2(W + ka)
or v = x/T . . . (31

Since v, is the variation which the velocity undergoes for a
change of 8z, in the abscissa, we have by (31):

kdz,

e (32)
and (29) becomes :
p = P — s \/kxo+Wkt (33)
L eVl T W 4 e
V' 2m(kx, + W) 0 V2m
We have also :
v = v, + ;’;t L (34)

and by (31) :

kt
\/kx+W=\/kxo—|-W+{7§——7;,- - (39)
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so that we obtain finally for p the expression :

_ Akx, + W
PPV erw @9

and this is the formula (26) obtained from the amplitude of the
agsociated wave.

4, Summary of the Chapter

We have thus established a parallelism between the old
mechanics and the propagation of the if-waves when this
proceeds according to the laws of geometrical optics.

Jacobi’s function then becomes identical with the phase
function of the y-waves, and if we preserve the classical concept
of particles describing well-defined paths with definite velocities,
we may imagine a cloud of particles describing all the paths
which correspond to one and the same function of Jacobi, in
which case the density of the cloud can always be measured by
the intensity of the associated wave. We may also imagine a
probability fluid the elements of which describe the paths
which correspond to a given form of Jacobi’s function, and we
may say that the density of this fluid measures at each point
of space and time the probability of occurrence of a single
particle. Our information about this particle is only that it
describes one of the paths, but we do not know which.

All these conceptions are in this case clear and quite in
harmony with classical ideas, but is it possible to extend them
when the conditions of geometrical optics do not prevail ?
We shall see that we must at all cost hold to the view that
the intensity of the i-wave measures the probability of occur-
rence of the particle, even if our effort makes us sacrifice the
traditional idea which gives to the particles a position, a velocity
and a well-defined path.



CHAPTER VII

THE PRINCIPLE OF INTERFERENCE AND THE
DIFFRACTION OF ELECTRONS BY CRYSTALS

1. The Principle of Interference

HE essential principle which is used in the theory of
light to anticipate the results of an experiment in inter-
ference or diffraction is that the square of the amplitude,
or the intensity, is a measure of the quantity of luminous energy
which is present on the average at each point of space. Further,
the optical experiments on interference have always given the
same result however feeble the intensity of the light used.
Thus if we admit the existence of particles of luminous energy,
or photons, it is necessary to suppose that for each photon the
probability of occurrence is proportional at each point to the
intensity of the luminous wave associated with them, this is
what we describe as the principle of interference. As we have
said in the introduction, it is quite natural in wave mechanics
to try to take over this principle from the case of light to that
of material particles, that is, to admit that the intensity of the
Y-wave always measures the probability of occurrence of the
particle at a particular point of space and time, even though
the principles of geometrical optics may not be applicable to
the propagation of this wave. Let P(x, y, 2, t)Jdv denote the
probability that the particle lies at time ¢ within the element of
volume dv, and let (z, y, z) denote the co-ordinates of the

centre of this element. By writing :
2ni
Ulx,y,2,1) = a(x, y, 2, t)eTm.y.z,t), . . (D)

we have :
P = Ka? = Ky, . . . (2
88
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¥ denoting the complex conjugate of . By a convenient
choice of the arbitrary constant factor of ¢ we may make
K=1.

The relation (2) is the expression of the principle of inter-
ference.

All experiments which have been carried out with particles
under conditions where the propagation of the associated waves
proceeds according to the laws of geometrical optics verify of
necessity the principle of interference, as follows from the
preceding chapter. To obtain experimental proof of the general
value of the principle it is therefore necessary to turn to
phenomena where the associated wave propagation proceeds
no longer according to these laws. This is exactly what takes
place in experiments on diffraction of electrons by crystals.
These experiments may be considered as supplying at one and
the same time proof of the necessity of introducing associated
waves and proof of the exactness of the principle of interference
in its application to material particles.

2. The Diffraction of Electrons

Davisson and Germer have the honour of being the first to
obtain diffraction of electrons by crystals. They directed a
beam of electrons, all having the same velocity, normally on
the face of a nickel crystal, this face of incidence being one of
the faces of the regular octahedron of the cubical system of
nickel. The electrons first used by Davisson and Germer were
very slow ones of 50 to 200 volts ; later these American physicists
extended their researches to electrons of several hundred volts.
The results obtained showed very clearly that there was a
concentration of electrons scattered in the directions in which
the associated wave is expected to present a maximum as a
result of the agreement in phase between the waves diffracted
by the different crystal centres. The phenomenon is thus
exactly comparable with that of Laue for X-rays. The numer-
ical values have, moreover, indicated clearly that a wave-
length of magnitude

h

A= L @)
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must be attributed to the associated wave, as was indicated by
the general theory of Chapter III. Nevertheless, certain differ-
ences were found between the results of the experiment and
the deductions from the theory of Bragg and Laue obtained
by applying (3). It seems possible to explain these differences
by taking into account the possibility that within the crystal
the index of refraction for the electron waves differs appreciably
from that in empty space.

Experiments of the same kind have been very brilliantly
repeated by Professor G. P. Thomson. in a different way. He
made use of a method exactly analogous to that of Debye and
Sherrer for X-rays by using electrons of great velocities,
obtained by subjecting them to potentials of some thousands
of volts. Under these circumstances the complications due to
the refractive index of the crystals disappear. We have, in
fact, found that in a field in which the potential function is
F(z, y, z) the refractive index of the associated wave is

2(E — F)
= \/W L@

Outside the field F = 0 and the index is :

[2E
no = 772‘5‘2. . . . . (5)

The refractive index of the crystal with respect to empty space
for the associated waves of an electron with energy E is thus :
n F

=Nl N )
F being the potential energy of the electron at the point
(z, y, 2), due to its interaction with the centres of the crystalline
medium. Since F does not depend upon E it is evident that

nﬁ approaches the value unity as E increases indefinitely.
0
In the experiments of Davisson and Germer the refractive

. 1

index ;:5 could have differed from unity by nearly 10 for the
0

electrons in Thomson’s experiment, which were 50 to 100 times

faster than those in the former, the difference between nﬁ and
0



Principle of Interference and Diffraction of Electrons 91

unity was negligible. We shall see in detail further on that
the results were quite in agreement with the theory of Bragg
and Laue and with formula (3).

Other very remarkable experiments on the diffraction of
electrons have been made in Germany by Rupp, who caused
slow electrons to pass through metal films. Here again the
theory was verified, but with a slight systematic deviation
which was attributed to the refractive index. Quite recently,
Rupp, making use of the method so successfully applied by
Thibaud for X-rays, was able to diffract a beam of electrons
at grazing incidence on an ordinary optical grating. The
formula (3) was again verified with great exactness, and the
wave-length of the associated electron wave has thus been
measured directly by a ruled grating.

In the present work it is impossible to examine in detail
all the experimental results, which are already numerous. We
shall limit ourselves to the study of Thomson’s experiments
which are free from the difficulty with regard to the refractive
index. For the other experiments the reader is referred to
the original memoirs. The essential point for us is that experi-
ment has provided a wonderful confirmation both of the exist-
ence of associated electron waves and of the formula for the
wave-length in terms of the velocity. It has also shown the
validity of the principle of interference, even in its application
to material particles.

3. Preliminaries to the Study of G. P. Thomson’s Experiments

The method of G. P. Thomson is to send an approximately
homogeneous beam of electrons across a very thin metal film.
We regard such a film nowadays as made up of very small
crystals joined together. In order to see to what phenomenon
the scattering of waves by these crystals must give rise we must
first recall some of the notions of crystallography.

Since the work of Bravais we regard all crystals as formed
of material centres arranged according to regular laws in the
form of a lattice. The simplest type of lattice is that in which
any displacement of the form mna 4 n,b -+ n;e causes one
crystalline centre to be carried over to another, a, b, ¢ being
three vectors not all in the same plane and n,, n,, n, being
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any three integers. The centres or nuclei thus form the corners
of an infinite number of parallelepipeds situated side by side.
If we consider two nuclei, A and B, of a simple lattice, the dis-
placement which makes one pass into the others is thus of the
form n(ha + jb + ke), where » is an integer, while &, j, k are
three integers with no common factor. The straight line AB
thus carries an infinite number of centres which may be derived
from one another by means of the displacement 2a - jb + ke.
It follows that any plane containing three nuclei not in a
straight line contains an infinite number of nuclei at the corners
of adjacent parallelograms; such a plane is called reticular.
If a reticular plane is subject to a displacement #,a -+ n,b 4+ n5¢
we obtain another parallel reticular plane, and thus the reticu-
lar planes form a system of parallel planes. In order to describe
a family of reticular planes we will take three co-ordinate axes
passing through a nucleus of the lattice and parallel respectively
to the three vectors a, b and e. We will then consider that
plane of the family closest to the origin which cuts the three
axes in three nuclei situated on the positive sides. This plane
cuts the z-axis at the point m,a, the y-axis at m,b and the z-axis
at mgc. The indices of the family of reticular planes considered
are the smallest whole numbers (h,, A,, ;) which are propor-
tional to the reciprocals of (m,, m,, m,).

The plane which serves to define the numbers (m,, m,, m;)
is represented by the equation :

LY L F
ma g Tms =1 . .M
Let k denote the lowest common multiple of m,, m, and m,,
then :
k k k
hy=—, hy=—, hy= —, . . (8)

ml m2 m3

and equation (7) may be written :
x z
by + h;’g the =k ... (9

All the reticular planes of the same family have therefore an
equation of the form :

hlg + hﬂg + haz = constant. . - (10)
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Now it is easy to see that a plane of the family considered
Pas;ses through every nucleus of the lattice. Suppose that P
isléa plane passing through a nucleus A, and let B be another
Jaucleus not lying in P.  'We pass from A to B by a displacement

ma + ngb + nge, and this displacement transforms P into a
parallel plane P’ passing through B. Every nucleus situated
in P is transformed to one situated in P’. The plane P’, which
contains an infinite number of nuclei, is a reticular plane of the
same family as P, and it passes through the nucleus B which
is chosen arbitrarily.

With the notation just used we proceed to calculate the
distance between parallel planes P and P’, but we shall make the
restriction that the vectors a, b, ¢ are mutually perpendicular,
since this is the only case to which we shall have to apply our
formule. Let A be the origin of co-ordinates so that the plane
P has for its equation :

h,§+h2§{+h3§=0 ..oy

where (hy, hy, h;) are the indices of the family of planes of which
P is a member. The co-ordinates of B are (n,a, n,b, nyc), and
since the co-ordinates are rectangular the distance from B to
the plane P is given by the formula of analytical geometry :

d — hyn, 4 hyny + hyng ) . (12)

R\2 | /ho\% | (ha\?
V) + @)+ ()
B may be any nucleus whatever, that is to say, we may choose
for (n,, ny, my) any whole numbers, positive or negative, and
the numerator of (12) may consequently have any integral
value. Thus we conclude that the reticular planes of the

family (h,, hy, h;) are equidistant from one another with a
separation :

1
dh hghy — . (13)
e hy\* ho\? A%
«/(a) +(3) + ()
In the case of a cubic latticea = b = cand :
d;, hyhy — '_-:"*‘—‘__'g———“-—‘m.-c (14)
o VR T b+ b
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The simple cubic lattice is formed by nuclei situated at :
corners of an infinite number of cubes in juxtaposition.
defined by three vectors (a, b, €¢) mutually perpendicular :
of the same length . The most important families of reticula.
planes are :

(100) cube faces.

(111) faces of octahedra.

(110) faces of dodecahedra.

The corresponding equidistances are :
a a
dioo = @, dyyy = \7{;, dyro = \7“‘2‘

But it often happens that actual cubic lattices have a more
complicated structure. It may happen, for example, that each
elementary cube carries not only nuclei at the corners, but also
a nucleus at its centre and we then have a lattice of centred
cubes.

It is just as if we had two simple cubic lattices displaced
from one another by 4(a + b+ ¢). The most general dis-
placement which then makes one nucleus pass into another

is <n1 + E—2l>a + (n2 + e—;)b + (na + %)c, where (n,, 1y, n3) are
integers and (e, €, €;) are equal to 0 or 1. If we repeat the

argument above in this case we find that the separation of the
planes of a family (&, h,, k) is :

aQ
 VhE Ryt by
1 a
20/h,® + by + by

Finally, and this is the case in Thomson’s experiments, we may
have a cubic lattice in which each elementary cube carries a
nucleus at the centre of each of its six faces; this is a face-
centred lattice. The most general displacement which carries
one nucleus into another is now

(nl + %)a + (nz + %2>b + (ns + €§3>c,

dhlh,ha

if (hy + hy + B;) is even
' (15)

if (hy+ hy + hy) is odd.

and  dynn,

where the n’s have the same significance as before, but the €’s
are either all zero or two have the values unity and the third
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is zero. The distance from a nucleus B to a reticular plane
passing through A is:

<n1 + %l)kl + (nz + %)kz + <n3 + S2§>h3

d= Y/ S Sy (16)
If the A’s are all odd or all even, we have :
R s o
while if odd and even values of the &’s occur, we have :
G =% - T = T ¢ ;. (18)
h2+h2+h?  V(2k)2 + (2hy)2 + (2h,)?

Thus we may say that (17) applies in the latter case provided
the indices are doubled.

4. Experiments of G. P. Thomson

Let us return to G. P. Thomson’s experiments and suppose
that a homogeneous beam of cathode rays in its passage through
a thin metal film encounters in one of the small crystals of
which the film is composed a plane with indices (k,, k,, kg) at
an angle of incidence 6, where 6 denotes the complement of the
angle of incidence usually considered in optics. The wave
associated with the incident electrons will undergo a strong
scattering in the direction of regular reflection if there is agree-
ment in phase amongst the elementary waves scattered by the
nuclei of the different reticular planes of indices (hy, k4, Ajg).

In the first place, the waves scattered by two centres A
and B lying in the same reticular plane are always in phase in
the direction of regular reflection, since the optical paths A’B
and AB’ are equal, both having the value AB cos 6 (Fig. 3).

If, further, the waves scattered by two centres A and C,
situated as in the figure, are in phase, the waves scattered by
all the nuclei of the crystal will be in phase and we shall have
in the direction of regular reflection a large maximum of
intensity. The condition for this is that the optical paths of
the ray scattered by A and of that scattered by C differ by an
integral multiple of the wave-length. This gives :
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DC + CD’ = 2 (n = an integer),

ie.

2d’l1h,h: Sin 0 = nA. . . . (19)

This is the well-known relation of Bragg for X-rays. His de-
monstration assumes that the difference between the idea of
refraction for the crystal and for empty space may be neglected,

OA =1L; AB = iD.
Fia. 4.

and we have seen that this is a legitimate assumption for the
case of Thomson’s experiments.

Let L be the distance from the metal film to the photo-
graphic plate on which the electrons are received. We expect
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to obtain for each reflection on a small crystal a small spot at
a distance g from the direction of the cathode beam, where
D
F)
electrons, that is to say, if the square of the amplitude of the
wave measures the probability of occurrence of electrons at
each point.

The wave-length A of the wave associated with the incident
electrons is the magnitude which controls this phenomenon.
From the general formuls :

A= ’%=——\/1—32 . . 120)

p mv

= Ltan 20, if the principle of interference holds for the

The velocity of the electrons is determined by the potential
difference P applied to put them in motion. We have :

me?

—\71—_———_:82 -— mz = CP, . . . (21)
whence
1 B 2P | e*P?
it“g‘z“‘—l_,sz—m—cz et (22)
and
vV 1 — B”
\/2eP e?P?’ (23)
mzc2
whence finally :
(24)

A=
J2meP<1 o 62

The term éf"%é is always small, so that it is sufficient to write :
h eP
-l " wme) 0 ®

and in this formula the value of e is — 4-77 X 10-1% e.s.u.
If P be expressed in volts (25) must be replaced by :

A=h ‘/7;2(1)’ l200mc )

(26)
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In Thomson’s experiments the correction term was never
greater than 3 per cent., so that we may write as an approxi-
mate formula :

150

which can be obtained directly from the non-relativistic relations

—r and 1mv2 = eP.
my 2
By applying the foregoing relations we find for 25,000 volt
electrons the value 0-75 X 10~° cms. for the wave-length, which
shows that the electronic waves correspond to very hard
X-rays. As the ordinary crystal lattices have plane separations
of the order of 10-% cms., the angles § will be very small, and
it will be sufficient to replace sin § and tan 26 in the formule
by 6 and 20 respectively. We have, therefore, approximately :

2d0 = nA and ]§)= L. 26,

whence
2nAL

d’llhlha

D=

(28)

If the microcrystals of the film are oriented by chance, we shall
obtain on the photographic plate not a spot but an infinite
number of spots describing a continuous ring, of diameter D,
about the line of incidence of the beam. If the metal film
contains microcrystals presenting any degree of specialised
orientation, we shall have more complicated appearances, certain
rings being absent others interrupted. This has been observed.
It must be noted that the films should be very thin in order that
the electron beam should not be too much absorbed nor sub-
ject to multiple scattering.

The first experiments carried out by Thomson as a test
were made on aluminium and gold. One of the first things to
be verified is that for a given ring, i.e. one produced by a par-
ticular family of reticular planes, the ratio ? is constant. In
other words, if the tension P is progressively increased, the
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ring system will contract and if the contraction of a ring be
followed, the relation

]—; == constant,

or
= eP
D\/P<l - 1200 mc?
must be verified.
The following are tables of values given by Thomson :(—

> == constant . (29)

Aluminium
P (volts). D (ems.). pN/E(1+ 1—2170 ,%)
64,000 1-47 384
57,600 1:62 398
45,000 1-78 388
34,600 2:00 378
Gold
58,000 1-50 371
55,000 1-58 381
44,000 1-75 376
33,700 2-00 374
Platinum
45,000 1-85 402
40,000 1-96 400
34,500 2:23 421
25,500 2-46 398
Aluminium (with another value of L)
34,500 1-64 310
27,600 1-84 310
26,200 1-86 305
21,800 2-09 312
Platinum (with another value of L)
29,000 1-84 319
24,000 1-98 311

The variation of wave-length with the potential P and conse-
quently with the velocity of the electrons is thus well verified.
For a particular potential, D and D’ corresponding to the
reflections on reticular planes with indices (h;, hy, h3) and
(hy', by, hy') are in the ratio :
D' wg
D = doonens’ . . . (30)
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Sinoe the metals used crystallise in the face-centred cubic
system, we have :
a

Dranany == Vh® + R + by
a being the edge of the cube and the indices being doubled if
they are not all odd or all even. Thus with this convention :
D Vh® + b + by
D VAP hEF b
In a series of experiments on aluminium, Thomson obtained
rings with diameters proportional to :

V4, V800, V109, V165, V27,

V4, /765, /106, /148,

V4, /805, 1/11:05, V158, +/28,

Vi, V793, V114, /16,

V4, V795, V108, 4158, /266,

V4, 1/800, V109, 154, +/274.
This series is a good approximation to the series :

V4, V8, VIl V16, /27,
which corresponds to the reticular planes :
200, 220, 311, 400, 511.
In the same way the following series has been found for
platinum :
V3, V400, V795, V111, V162, /188, V232, 1/26'8,
V3, V405, V805, \V/11-4, V152, /184, V/22:5, /263,
V3, V398, V/7-95, v/10-8, V152, V183, V/23-8, 1/264,
and these correspond to the series :
V3, V4, VB, VII, Vie, V19, V24, VI,
associated with the reticular planes :
111, 200, 220, 311, 400, 331, 422, 333.

We have similarly two series for gold :

V3, V&2, V79, VII5, V199,

V3, V408, V8, VII'l, V199,

(31)

(32)
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which are very close to the series :
V3, V4, V8, VI, V20,
corresponding to the planes :
111, 200, 220, 311, 420.

Having in this way found the indices of the reflecting planes,
we can calculate the edges of the cubes and compare the results
with the values found in X-ray experiments. The results are :

Al Au. Pt.
For cathode rays, a = 4-0354, 4-20A, 3-89A.
For X-rays, a = 4-063A,  4-06A,  3-91A.

Thomson also verified, in a very interesting way, that the pro-
duction of impressions on the photographic plate was by elec-
trons scattered by the film and not by secondary X-rays. This
was done by establishing a magnetic field between the film and
the plate and observing the displacement of the ring pattern
as a whole by the action of the field. He was, in this way,
able to verify that the velocity of the scattered electrons was
equal to that of those incident.

The first of Thomson’s experiments were carried out with a
celluloid film, and gave definite results but rather qualitative in
character. One of his pupils, Mr. Reid, has since resumed these
experiments and found a good agreement with theory by assum-
ing the existence of two plane separations of 3-67A and 4:354,
while the distances measured by Miiller for the fatty acids are
3-67A and 4:08A. Finally, another collaborator of Thomson’s,
Mr. Ironside, has also obtained a confirmation of the theory
for films of copper, silver and tin, metals which crystallise also
in face-centred cubes. The following are examples of the
values of the sides of the elementary cubes which he has
obtained compared with those obtained with X-rays :

Ag. Cu. Sn.
For cathode rays, o = 4-114, 3-66A, 2:86A.
For X-rays, a = 4-08A, 3-60A, 2:91A.



CHAPTER VIII

THE PRINCIPLE OF INTERFERENCE AND THE SCATTERING
OF CHARGED PARTICLES BY A FIXED CENTRE

1. The Scattering of Charged Particles According to
Classical Mechanics

‘ ‘ T E pass on to another example of the value of the

principle of interference in its application to material

particles ; we shall in fact show that the principle of
interference applied to electrified particles gives Rutherford’s
law for the scattering of these particles in their passage through
matter, a law which has been verified by experiment (Rutherford
and Chadwick). We will begin with the classical method by
which Rutherford established the law, then by means of a
calculation by Wentzel we will show that we arrive at the
same result by using the ideas of wave mechanics and the
principle of interference.

Let ¢ and m denote the charge and mass of the incident
particles, e, the charge of the scattering centre, supposed
fixed, close to which the incident particles pass in traversing
the matter. We shall suppose, in accordance with the conditions
of the experiment, that in the beginning the charged particles
all move with the same velocity v in a certain direction. We
will take the position of the fixed centre as origin and the
direction of the initial motion as the axis of x (Fig. 5).

Once out of the region where the action of the centre is
appreciable, each particle will again move in a straight line
with a uniform velocity v but in a direction which makes a
certain angle with the original direction of motion. The
principle of conservation of moment of momentum about
O gives:

do
mob = — mrzaz, . . . (D
102
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(r, 0) being the polar co-ordinates of the particle at time ¢ and
b the initial distance from the polar axis.

Again, taking account of Coulomb’s law, the equation of
motion along Oy perpendicular to Ox is :

m%’zj%lsinez——;%sinﬁ.gg. . . (2
Integrating :
mo sino = %‘(1 -+ cosa), . . . (3)
Y
M

k-~ -Qu---

Fia. 5.

where the limits are for 8, = to «, and for v,, 0 to v sin «.
From (3) we find :
e, o

ee e
b=—"—(1+4cosa) = cot =. . (4
mu? sma( + ) mo? 2 (4)

Now the probability that the distance between the initial
trajectory and the z-axis should lie between b and b + db is
clearly 27bdb multiplied by a constant. It is also equal to the
probability P(a)de that the final angle made with z-axis should
lie within the range « to (« + da), which corresponds according
to (4) to the range b to b 4 db. Taking account of the fact
that « and b vary in opposite senses, we have :
db? e%,% d a

P(a)dn = — A2nbdb = — BZ dx — — BEL 2 (eot2 §>d«,

N )

where A is a constant and B = #A.
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The number of particles undergoing a deviation included
between «, and «, is proportional to (cot2 %‘ — cot? o_;_2>’ which

is Rutherford’s law. There is, however, a difficulty, for if we
integrate (5) from 0 to o, we see that the number of particles
undergoing a deviation less than «, is infinitely great. This
may appear to be an objection to the result of the calculation,
but it is not so, for we have in fact implicitly supposed the
incident beam of particles unlimited laterally, and if this is
so there would be an infinite number of particles passing far
enough from the centre to undergo no appreciable deviation.
But in practice the beams of particles are always limited
laterally, so that the calculation no longer applies to large
values of b, that is to say, to small values of «, and it is precisely

for these small values of « that jP(a)doc diverges.

2. The Calculation by means of Wave Mechanics

Let us now take the point of view of the new mechanics.
We must associate with the incident particles the wave :

?‘_"_i(Wt — mox)

¢0(x) t) = Ao h ’ . . . (6)
where a, is a constant and where W has the value :
W = mc?2 4 mv2 =me? + E, . . . (7)

the second term being very small relatively to the first if we
restrict ourselves to the Newtonian approximation as in the
preceding paragraph. The wave-length has the value :
h
, A== oL ()

and under the usual experimental conditions it is always very
small and of the order of that of X-rays.

In the neighbourhood of the scattering centre, O, a field
of force with a potential function F(r) exists, and the wave-
equation is:

v+ TR Ty =0. . . ()
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When the y-waves enter this region we have a condition similar
to that which occurs when a light wave enters a non-homo-
geneous refracting medium ; a scattered wave is superposed
upon the incident wave .

We suppose that the scattering does not appreciably en-
feeble the incident wave, whence :

g =ty +h, h<do . . . (10)

Since ¥, satisfies the equation :

8
Vg, + ’}:szzpo =0 . . . (1
the scattered wave is an approximate solution of the equation :
8 m 8mwim
VZ‘/’l + 1;2 Ey, = 1;1‘2 F‘/’m . - (12)

a result which follows from (9) and (10). Now, since the

A\ . mc? .
frequency —- W is approximately equal to W for the incident as

for the scattered wave, we have :
%y 47r2m?c4 8mwim 2 z,b,

e 0 h? = "~ met 2 (13)
and substituting (13) in (12),
2 — e
Vay, m64 B Bk e F¢. . . (14)
Since 2E = mv?, we have :
1 3% 87im
V2¢'1 - Vé_b?é} - -—ETFI,[JO. . . (15)
where
c‘l
V == ;. . . . . (16)

Po(z, t) and F(r) being given in this problem, the equation (15)
is of the form :

1 2%
Vi = e =@t . (17)
where
8m2m

oz, y, 2, t) = ————F )iole, 1), . . (18)
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The solution of (17) is given by Kirchhoff’s well-known
formula of retarded potentials :

bl

v

dr being an element of volume surrounding a point M of the
region of integration, and p denoting the distance PM, where
P is the point for which ¢, is calculated at a time {. The

suffix (t — %) denotes that ‘-; has its value, not at the instant ¢,

but at the instant (t — %) In this case we must write :

Wt z+p

Fdol_r = Flrae™ -5, . (20)
and therefore from (18) and (19) :
2riw, _
= — T ”ge R, (1)
A difficulty arises here, for it would be natural to write :
Fir) == . . . . (22)

since the action of the scattering centre on the incident particles
follows Coulomb’s law. If, however, we use this relation, the
integral of (21) will be divergent, as we shall see from our cal-
culation. To avoid this difficulty, Wentzel has written :

Fir) = ek, L (23)
k having the property that kA < 1. In a region surrounding
the centre O and of dimensions large compared with the wave-
length, the expression (23) is approximately identical with that
of Coulomb. But in regions far removed from O the exponen-
tial factor is appreciable and the rapid decrease in F with
increase in r prevents infinite scattering. We believe that it is
possible to interpret Wentzel’s device in the following way.
By representing the incident wave as plane and monochromatic
we thereby assume the incident beam to be actually unlimited,
and this cannot correspond to anything occurring in practice.
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The incident beam is necessarily limited laterally, and it would
have to be represented by a train of waves of finite dimensions.
If we wish to simplify the calculation by representing the
incident beam by a monochromatic wave, we must of necessity
correct the error thereby introduced, and this is done by intro-
ducing Wentzel’s exponential factor to annul the influence of
the distant portions of the monochromatic wave, these portions
having in fact no real existence.

Let us accept Wentzel’s hypothesis and calculate the
scattered wave at a point P very distant from O (Fig. 6).

('
l,l
’
J

Y
Fic. 6.

On account of the factor e*r the integration (21) concerns
only the immediate neighbourhood of O ; we may thus replace

1
p by OP = p, in the slowly varying factor o and in the ex-
ponential factor write :
A
p = po — rcos POM. . . . (29)

The equation (21) now becomes :

2t A

(W, pp ~ kr 4+ 5—(r cos MOP — z)

P = — g;:_:n . eel@e%‘(ﬁt—f j”f: g dr.  (25)
Po
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Choose a system of rectangular co-ordinates (X, Y, Z) such that
the plane XOZ coincides with the plane 2OP and let OX and
OZ be the internal and external bisectors respectively of the

A
angle zOP = «. Let OY be perpendicular to the plane zOP.
The polar co-ordinates of M are (r, 0, ¢), with OZ as the polar
axis. In the system (X, Y, Z) the direction cosines of Oz, OM,
OP are given by the following table :

0X. 0Y. OZ.
® .o
Oz . . cos 5 (0] — sin 3
oM . . sinfcos ¢ sin 0 sin ¢ cos 0
o .o
or . . cos 5 0] sin 5

Thus :
«
2

A
z = r cos MOz = r(sin 8 cos ¢ cos O—; — cos  sin %) . (26)

A
cos POM = sin 6 cos ¢ cos % + cos 0 sin

A .o
r cos MOP — z = 2r cos 081n5

The integral in (25) becomes, therefore,

4nmi

2m LA o —kr+ —)rrcososlng
j d¢>j s1n0d0j e Ydr. . (27)
0 0 0

The integration with respect to ¢ gives 2. On integrating by
parts with respect to 7, noting that the real part of the exponent
is negative, we find for the integral in r the value :

1

: : (28)

47 ., o 2

(— k +Tsm 5 Cos 0)

or approximately :
1
T 16nt . La (29)
—z sin’ 5 cos 0

on account of the order of magnitude of k.
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We have also :

" gin 6d0 1 \" . ;
_L cos2 @ (cos 0)0 =—32 - (30)
so that finally the value of (27) is :
2
X (31)
4 sin?

Substituting (31) in (25) we have :

. A'mee,  a, g"i(‘ﬁvt =)

lpl = 2h2 ——;;G ) . . (32)
pO 1 2
. ma2 1 .
and since —-- = —, the square of the amplitude at P of the
h? mu?
scattered wave has the value :
628 2 a 2
2 ___ 1 0 .
M= gyt g g & (33)
po sin "2

Let us consider the sphere with centre O and radius p,.
The number of scattered particles traversing the spherical zone
corresponding to the angular interval « to («x + da) per unit
time must be :

2, 2 2
. v 2mpe? sin a do = ﬁ?ﬁ -2 ysinada (34)
9 wig & 2m2y s L%
po* sin‘ 5 sint 5

2
e%e,? a,
4m2t

since a,2 measures the density of the cloud of scattered particles.
Moreover, the number of particles crossing a wave front,
x = constant, per unit time situated far away on the left of
the centre O is clearly proportional to ay%. 'The probability
of a deviation between « and (« + da) is therefore :

e%e,? .o o
P(oc)doc = ATW . —-—d—a' .2 SIHECOS—Q da
sin” =
2
e%? d . &
= — A"—b-z;—-i . @(Cot" é)dd . . (35)

where A is a constant.
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We thus determine again Rutherford’s formula, and as it
has been verified by experiment we have here another example
where the principle of interference applied to material particles
gives a result in agreement with observation.

Our method of procedure has introduced approximations,
but Gordon has shown that Rutherford’s formula may be
obtained rigorously without approximation in the determination
of the wave-scattering



CHAPTER IX

THE MOTION OF THE PROBABILITY WAVE IN THE NEW
MECHANICS

1. The Probability Cloud

E saw in Chapter VI that in the limiting case, where

the approximations of geometrical optics were appli-

cable to the propagation of the associated wave, that is
to say, in the limiting case of the old mechanics, it was possible
to imagine a probability fluid moving in space so that its
density was a measure at each point of space and time of the
probability of occurrence of the particle.

We shall see that this is also valid in complete generality
in the new mechanics if we accept the principle of interference
which is confirmed by the diffraction of electrons by crystals.

We shall develop these ideas by the application of the non-
relativistic equations.

We begin therefore with the wave equation :

8m’m ~ Amim Y

2 . = L
EVRAL (VI S )
and we substitute :
Qi
Pl 4. 2, t) = a(x, y, 2, t)e k °, . .2

where ¢ also is a function of z, y, 2, ¢, and a and ¢ are real
functions.

In this way we obtain, as we have already seen (Chap. VI
(3) and (4)) two equations which may be written thus :

h* Vi 3 .

2 (32) F Ry g =T @
da qu . da

ww Vd""‘at - @

111
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In the present case a and ¢ can only be determined simul-
taneously, a circumstance in which it differs from that occur-
ring in the approximation of geometrical optics. All the equa-
tions being of the first order in the time, the function y(z, y, z, t)
will be determined if we know its form (z, y, z, 0) at the
origin of time. Let us suppose that we have in this way
determined the function i(x, y, 2, t) and consequently the
functions @ and ¢. Let us imagine a probability fluid of which
the molecules or, perhaps preferably, the elements possess the
mass m of the particle studied. Equation (4) shows, as in
Chapter VI, that by attributing to the elements the velocity
defined by :

1
V= ——Egrad ?, . . . (b)

the density p of the probability cloud will always remain
proportional to a?(z, y, 2, t) if it was equal to a3z, y, 2, 0)
initially. By (5) we can write (4):

?_;; + div (a?v) =0 . . . (8)

and this expresses the condition of continuity if we write
p = Ka?. The constant K will be determined by the condition

that j”Ka*dv extended throughout the probability cloud

is equal to unity, and since a by its definition may have a
constant factor, we may include K in a? and say that the
cloud density is equal to the square of the amplitude of the
Y-wave.

We can consider (3) as Jacobi’s equation for the motion of
the probability elements, their potential energy being F 4 F,
where :

2 2
Fy(, 9,2, ) =— @l%‘“m -V;li”. (7)

This potential energy depends on the cloud density, and
we can say that in order to obtain the motion of the probability
elements, it is necessary to add the supplementary potential (7)
to the ordinary potential F. Since F, depends upon A and is
negligible when % is regarded as an infinitely small quantity,
we may describe it as the quantum potential.
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2. Equations of Motion of the Probability Elements

If we regard equation (3) as the Jacobi equation for the
probability elements we are naturally led to introduce a
Lagrangian function depending upon their co-ordinates, veloci-
ties and the time. This function will be :

L(x, y, 2, v, vy, v, 8) = im0} + 02 - 02) — F — F,. (8)

I he q uur\bltles
 — mvc — = Muv,, \"— = mu, . (9)
bvx ’ D'U,, v M)z )

may be called the components of the momentum of the prob-
ability elements. The quantity

W = EW ——L——mvz+F+F . (10)
may be described as the energy of the elements.
By (5) we shall have :
¢

Po =MV = — =, ete. . . . (1D

The elements describe a path in space according to a certain
law and their motion is described by equations like those of

Lagrange We have :

dp. _ W, Dpz ! W | WPs
dt" ’+_”+_’+ mzp’bw o’ (12)
or by (11).
dp. _ 1508 0% _ 0%
dt T m&pxort dadt
(13)
2 {iz °_¢>2
T x\2m <br
Since ¢ is a solution of (3),
dp, _ _OF _oF, 3L
T w0 w o ) - (14
and similarly :
dpy___b_g_?&:b_lj (15)
a T dy wy w ) '
dp, _ _OF _oF, L
T 2w % : - (16)
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F
The term (bF, 2 , bF)are the force components in the classical
2’ dy’ vz
. B, F, R, .
sense, while (—353—’ -D—y~, —Sz-) are derived from the quantum

potential F, in a way similar to the derivation of the former from
the classical potential F, and may be described as the components
of the quantum force. This force depends on the density of the
probability fluid, and is characteristic of the new mechanics.
When it can be neglected we return to the old dynamics and
the motions of the probability elements are the various classical
motions possible for the particle.

When it is not permissible to neglect the quantum force, the
motion of the elements is very different from that of particles
in the old dynamics. In particular we shall no longer find the
general theorems of conservation of energy and momentum
associated with them.

For example, if we consider the case of zero field (F == 0),
it does not follow that p,, p,, p, are constants on account of the
occurrence of the quantum force in equations (14)-(16).

Whenever the y-wave is not plane and monochromatic,
for example if there is a superposition of plane waves with
interference, the amplitude is not constant, and although there
is no field in the old sense of the word, there will be, nevertheless,
a variation of the components of momenta as defined by (11).
There is thus no longer conservation of momentum. Further,
by (9), (10), and (14)-(16) there is no longer conservation of
energy, for :

dW d*x + dp. dx) WLde <OLdv, L
dat ( Tqiz T dt T dt) T <9dx dt dv, dt ot
oL bF
=—3 =5 + hin ) ) . ) .17

Tt will not be sufficient to have %}:— =0, as occurs in a constant

field, in order that there may be conservation of energy; it
will be necessary also for the amplitude of the -wave to be
independent of the time and this is not the case when ¢ is a
superposition of plane monochromatic waves. The probability
motion does not proceed in general, even in the absence of an
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external field. with conservation of energy and momentum,
and the cause of this is the existence of the quantum force.

3. The Theorem of Ehrenfest

It is possible to eliminate the quantum force by means of
an integration extended to the assembly of probability elements,
and in so doing to arrive at an important theorem due to
Ehrenfest. Multiply equations (14) to (16) by a?dxzdy dz and
integrate throughout space under the assumption that we are
concerned with a limited wave train, the amplitude of which is
consequently zero at infinity. We obtain :

dp. ,O0F oF,
2= 5 2 = — 2 € (i A 2" y
jjja 7 dedydz ‘HIa bx(lv dyd J.Ija 3 dx dy dz

F h? AR
o 2 0 7 - 2_— “a
[

de dydz, (18)

and two similar equations in y and z, where the integration is
extended over all values of the variables.
We shall show that the integral

> /Viay
jjju2ﬂ<7 )(I.L dy dz

and the two similar to it vanish. To show this we must
remember one of the forms of Green’s theorem that if U and V
are two continuous uniform functions of (x, y, z) within a
domain D bounded by a closed surface S, we have :

j”(Uvzv - VVU)dy — ”(U%:—Z - Vg—g)ds. (19)

D S

where n denotes the variable along the normal to S reckoned
positive towards the exterior. Let us write :

da
U = a, V = “b—‘; . . . (20)

These functions are by hypothesis both zero at infinity, and if
we take, as the domain D, the interior of a sphere whose radius
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tends to infinity, the right-hand side vanishes. We obtain,

therefore :
of O __ W,
”jav (55) v = ” SVade, .. (@)

where the integrals are taken over the infinite domain D.

But the integral
, 0 /V3u
j j I “ SE(?[)dv

(2w~ v

and this vanishes by (21). Equation (14) thus leads to :
E | 12 |
jjja i dv =m P dv « bxdv a*f dv.

We can take the cloud density equal to a? provided that we
choose the arbitrary constant factor of a so that : j”azdv = 1.
The integrals (22) are thus the average values in the probability
dp, d*x  oF d
& @ T g S
We obtain from (22) and the two similar equations which
may be derived from (15) and (16) the relations :

%}t—’” = my, == f, and two similar ones in y and z,  (23)

where the bars denote average quantities.
This is Ehrenfest’s theorem, of which we shall have later

an interesting application.!

may be written :

(22)

cloud of the quantities —

= 2.,
 If we write x = S”-az—vdv, we can easily show that ‘Zth = Z:f, with

similar equations in y and z ; (23) may be written :
e

dt?

We can state Ehrenfest’s theorem by saying that the centre of gravity
of the probability cloud moves like a particle of mass m in classical

mechanics under the force with components (,—f;, E, j:).

= f,, ete.
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If the classical force is zero we have :
dp. _ o s _ dp: _ 5
=0, =0, TE=0, . . (24)
and we find in this case a theorem analogous to that of conserva-
tion of momentum of the classical theory. This is due to the
fact that we have eliminated the quantum force by means of
an integration throughout the whole of the cloud.
In the same way, we can obtain a theorem analogous to
that of conservation of energy. From (17) we have :
awW _ ot ok,
T VR
Multiply by a*dv and integrate throughout space assuming
« zero at infinity, then :

) e 1) e 11 e

From (7).

O, R L o
”j oy o gm”jazﬁ(-&—wv. . (26)

The integral (26) is zero, for by substituting in Green’s formula
(19) :

U =, V = -, . . . (27)

we obtain :

j”av ( )d” = IHG%(V%W = j”%‘—:vzadv. (28)

Thus the integral (26) vanishes, since :

”j“ngz@,?)d” 2;.[”{"%(V2a) V*a~}dv. (29)

The equation (25) is thus reduced to :

I az—dv~jjj W, 30)

and if the field is constant <—b§ == O), we have :

[[[eDa =TT —0. . . ey
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The formula (31) is the statement of a theorem analogous
to that of conservation of energy.

4. Calculation of the Functions ¢ and «

If the wave function is known in the form :
2nig
b=aeh, . . . . (32)
where @ and ¢ are real, the motion of the probability cloud
and its density are determined by the formul® of the first two
paragraphs. But it often happens that iy is known in the form :

-m

Y = Ea e ", . . . (33)

which in the case of constant fields corresponds to spectral
decomposition into monochromatic waves. It is thus useful to
know how to calculate @ and ¢ when the wave function is given
in the form (33). Let us denote the complex conjugate quantity
corresponding to by ¢*. We have :

er’l -nt

¥ == ae R Ea P . . (34)
Multiplying ¢ by ¢*:
at = ¥ = 2(1 alen" -

= 2(1‘ + Saua, cos h (¢> b). . (35)

I<k
This formula determines the resultant intensity which,
wccording to the principle of interference, gives the probability
)f occurrence.
If we divide ¢ by ¢*, and take the logarithm of the quotient,
we obtain :

2l

l/, ane h I

log e m—.
Za e Bk

Let ¢ denote any one of the four variables x, y, 2, ¢, then :

(2 .
(ﬁ == 4;:l()g L/;’E == 4 (Jﬁ)

*zp*—‘ﬁ w” h¢*°"’ v

% _ k4 2 (37)

3¢ dm P T im a?
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This formula gives us at the same time the components of grad ¢
and the derivative —bbif which represent respectively the com-
ponents of momentum and the energy of the probability
elements.

5. The Pilot-Wave Theory

We have seen that in the domain of application of geo-
metrical optics we can consider the probability cloud as equiva-
lent to a cloud of particles in a state of motion in the given field
corresponding to one and the same complete integral of Jacobi’s
equation. We can also consider one particle only and say that
the probability cloud is obtained by imagining simultaneously
all the possible movements corresponding to a particular form
of Jacobi’s function. If then we retain the classical idea of a
particle localised in space and having in consequence a velocity
and a path, it is possible to identify the particle with one of
the probability elements. In fact, these elements describe the
different possible paths of the particle and consequently the
particle must continually coincide with one of them.

If now we still wish to retain the classical conception of the
particle in the domain proper of the new mechanics, that is to
say, outside the approximation to geometrical optics, we natur-
ally wish to maintain the identity of the particle with one of the
probability elements and to represent the state of affairs by
imagining on the one hand the wave, and on the other the
particle to be localised in space, and we connect the motion of
the particle with the propagation of the wave by the relation :

V= — % grad ¢, . . . (38)

where ¢ is the phase of the wave defined by (32). The velocity
of the particle is thus determined at each instant if we know
the initial position, and thus its path also is determined. More-
over, from the formulae of the first paragraph, if we know the
form of the associated y-wave and if we know that initially the
probability of occurrence of the particle at a point is equal to the
intensity of the wave at the point, it will be so automatically at
every succeeding instant ; thus the principle of interference
will be satisfied. We may describe this theory as the pilot-
wave theory, because we imagine the wave as guiding the
motion of the particle.
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This theory may at first sight appear satisfactory because
it allows the retention of the classical conception of the particle
while being in agreement with the principle of interference.
But on closer examination it is seen to raise serious objections
which we will briefly consider.

One fundamental difficulty comes from the fact that in the
domain of the new dynamics the determination of the function
¢ is not independent of that of the determination of a. If,
therefore, we suppose the motion of the particles to be given
by (38), this motion will depend not only on the initial position
but also on the probability of this initial position, since it
depends upon a(z, y, z, 0). This is a wider deviation at the
outset from classical ideas than is apparent at first sight, for
according to these ideas it is inconceivable that the order of
accuracy of our knowledge of tbe initial state can influence the
later course of the motion.

Moreover, from the moment when we accept the principle
of interference in complete generality, it becomes very difficult
to retain for the wave the character of a physical phenomenon
in the old sense of the term. For example, let us consider a
particle and its associated wave incident upon an imperfectly
reflecting mirror ; one part of the wave is transmitted through
the mirror, another part is reflected. On account of the mean-
ing attributed to the intensity of the wave, this division of the
incident wave into transmitted and reflected waves means that
the particle has a certain probability of going through the
mirror and a certain probability of being turned back.

Let us suppose that an experiment has just revealed the
presence of the particle in the transmitted beam, then the
probability of finding it in the reflected beam is zero, and this
beam must from now have zero intensity ; the experiment on
the transmitted beam causes the reflected one to vanish. This
seems to be a necessary consequence of the interference principle
applied to the case of a single particle, and it is difficult to
conclude otherwise than that the wave is not a physical phe-
nomenon in the old sense of the word. It is of the nature of a
symbolic representation of a probability in space and time,
but the idea of a particle guided by the wave then becomes
less satisfactory. So long as it was possible to regard the wave
as a physical phenomenon, it was easy to adopt the view that
it could guide the particle in its motion. But if the wave is
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merely a symbolic representation of a probability, the guidance
of the particle by the wave becomes much more difficult to
understand and much less in harmony with the old ideas of
mechanics.

We have seen that in general there is neither conservation
of energy nor of momentum for the probability elements, even
in the absence of a field. This is clearly also the case for
the particle if its motion is identified with that of one of
the probability elements, and this results in the loss of a
great part of the utility of the pilot-wave theory. Let us con-
sider, for example, the case in which the external field is zero
and in which the wave is a superposition of plane mono-
chromatic waves. In the pilot-wave theory the energy and
momentum of the particle at the point (z, ¥, z) at time ¢ would

be found by calculating %}S and — grad ¢ for these values of

the variables. This is easily done by means of (37), and it is
found that the energy and momentum of the particle would
vary in a complicated way in the course of time and would
depend, moreover, on the form of the wave-train ; the motion
of the particle thus deduced seems hardly likely to be the
correct one. Moreover, there are reasons for thinking that if
we sought to measure in this case the energy of the particle we
should find one or other of the values corresponding to the
frequencies of the plane monochromatic waves which make up

the wave-train, and not the value given by bb—f . We shall return

to this important point in the next chapter, where we shall be
occupied with the case of light, and we shall see that herein
lies one of the essential differences between the pilot-wave
theory and the point of view of Bohr and Heisenberg. In
short, the pilot-wave theory which localises the particle at a
point of the wave, attributing to it a well-defined motion at
each point, finds itself confronted with serious difficulties.

But there is no inconvenience—on the contrary there are
advantages from the point of view of visual representation—
in retaining the picture of the probability cloud, the elements
of which possess motion defined by (5) and of which the density,
equal to the intensity of the associated wave, measures at each
point of space and time the probability of occurrence of the
particle in agreement with the principle of interference.



CHAPTER X
THE WAVE MECHANICS OF LIGHT QUANTA

1. Photons and their Associated Waves

N the present chapter we shall develop the conception

of the probability cloud for light quanta. But as the

demonstrations of the preceding chapter have been made
by utilising the non-relativistic equations, we shall be obliged
to go over them again, since there can be no question of applying
non-relativistic equations to the motion of photons.

We have for the relativistic equation for the wave associated
with a particle when there is no field of force :

1 %) dnwmic?

V?z/:—c—gst—z_T .. . . (D)

Introducing the notation :
A

we may rewrite (1) thus :
Cp =2 L)

A solution of this equation of a simple sinusoidal form
corresponding to rectilinear uniform motion is :

2
—,%{Wt ~ (Pa + Py +P52)}

th = ae (4)
the energy W of the particle and its momentum p being expressed
as a function of the mass m and of the velocity by the relativity
formulee :

_ mc? o omv

=V p = Vie

122

(5)
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Remembering this, let us consider a succession of particles of
smaller and smaller proper masses. Simple sinusoidal solutions
will always exist of the type (4) corresponding to a given value
W of the energy, but in proportion as the mass m tends to
zero, the velocity v tends to ¢, since W is kept constant. In
passing to the limit we can conceive particles of mass zero
the waves of which will have the frequency v = % and of which
the velocity is ¢. It suffices to suppose that m and B tend

simultaneously the one to zero and the other to unity, so that
2

the ratio \7{72—/35 preserves the same value hv. For these

particles of zero mass we have therefore :

) S . : mv /I/V

W=hv, p le\/l 5= . (6)
These are the fundamental relations of Einstein’s quantum
theory of light, which have made it possible to give an explana-
tion to the photo-electric and to the Compton effect. We are
thus led to consider light as made up of particles of zero mass
which we shall call photons. The equation of their associated
waves is obtained by making m = 0 in equation (3), which
gives the classical equation of light waves :

[(Pp=0. . . . . (7
Thus we shall always associate a solution of the wave equation
(7) with the photon, and we shall identify this solution with
the classical luminous wave. It is, of course, to be understood
in the general case that the wave will not be plane and mono-
chromatic, but a general solution of (7).

2. The Probability Cloud Associated with a Photon

We still adopt the principle of interference that the intensity
of the -wave must give the probability of occurrence of the
associated photon in such a way that in a case where many
photons occur this intensity measures the amount of energy
which can be received at any point. In this way we are in
agreement with the meaning attributed to the intensity of a
light wave in classical theories. As in the case of electrons
and other material particles, it is natural to assume for the
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photons & probability cloud connected with the y-wave so that
the interference principle is satisfied.

In order to avoid certain complications we shall suppose
that the y-wave consists approximately of a super-position
of plane monochromatic waves of the same frequency v, which
is the case approximately realised in practice in ordinary ex-
periments in interference. We can then write :

. a.r+BYy+Y,2 i
P, y, 2, 8) = Eakezm(t*_k_' : k) = aezT"’
k

2m e g
= aeT(“ * ), . . . . . (8)
where a and ¢, are functions of (z, y, 2).
If we substitute (8) in (7) and separate the real and imagin-
ary parts. we obtain :

Bt (a_qsyz_ﬁf’i@ R

c? dx 47?2 a

dpoa 1 o, hvda

rz Z —_ . 10
bxbm+2av¢ c? Dt (10)

Equation (10) shows at once that if we attribute to the
probability elements the velocity :
62

V= — hvgrad d, . . .1y

the interference principle will be satisfied. We may, in fact,
by using (11) and writing a? = p, write (10) in the form :

. d
dlv(pv)—{—-é—'g:O. N ¢ )

This is the equation of continuity for the motion of the prob-
ability fluid if we suppose, as the interference principle re-
quires, that p is the probability density.

Equation (11) suggests the definition of the momentum and
energy of the probability elements by means of :

p= — grad ¢, Wz%%szzhv, . . (13)

hv  Wo . . .
for then p = = and we again obtain the formula which

relates energy and momentum in relativistic dynamics. If we
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adopt the definitions of (13), equation (9) appears as the Jacobi
equation of the probability elements.

It is easy to write down the equations of motion of these
elements, for :

dt — ot

SO 0 vy e (S oy

e _ ey, Lo, 1 Lov, 4 e

T he\dz o2 ' oy dxdy | dz oxdz/  2hvox dr
(14)
Whence by (9) :
e et 3 Vey b, ”
dt ~—81r2vbar:( a/ x ) %)
he? Via

—— —— and there are similar equations for
87ty a ’ q Dy

and p,. These three equations determine the motion of the
elements as a function of @ and ¢ and the derivatives of F,
may be described as the components of the quantum force
derived from the quantum potential F,. It is, of course, clear
that in general the quantities (p,, p,, p.) are not constant ; in
general the momentum is not conserved in the case of the
probability elements, because the quantum force does not
always vanish.

writing F;, = —

3. Interpretation of Interference Phenomena

When the wave-train is very long and no obstacle lies in its
path, we can represent it by a plane monochromatic wave :

21ri{vt ~ Yoz + py +yz)}

.ﬁ:.—ae (18)

and the phase is thus :
h
$=ht——(x+ By -ty - . (19)

The probability elements have then all the same velocity along
the direction («, 8, y) and equal to :

c?
14

V=g gradgb'::c. . . . (20)

If we consider a large number of photons with associated
waves all of the form (18), from the statistical point of view it
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is as if the photons described rectilinear paths with velocity c,
so that we have again the linear propagation of light.

This is no longer the case when the wave encounters obstacles
(mirrors, screens, etc.). The mathematical form of the wave
must then be modified so as to satisfy certain conditions at
the boundaries and the phenomena of interference and diffrac-
tion occur.

If we suppose that the obstacles encountered by the wave
are fixed, there is no modification of the incident frequency,
and it will always be possible to express the wave in the com-
plex form :
= aez—”:lw e (21)
The phase is a linear function in the time, and a and ¢, are
functions of (x, y, z) only. Equation (11) can be written in
this case :

CZ
V= /—t—vgrad Py, . . Lo(22)
and determines the motion of the probability elements in the
region where interference is taking place. The probability of
occurrence of the photon in an element of volume dv is :

Pdv = a®dv, . . . . (23)

the constant factor of @ being suitably chosen.

Formula (23) makes it possible to obtain once more the
explanation of the phenomena of interference and diffraction
of light given by classical theories. In fact, it states that if
we consider an assembly of photons associated with identical
waves the number of photons passing per second at the site of
interference phenomena is proportional to the intensity of the
wave at this point. Thus by comparing, as it is natural to do,
the -wave of the photons with the classical light wave, the
new mechanics leads us to anticipate the same system of bright
and dark fringes as the classical theory.

In order to record interference fringes, for example by pho-
tography, we can make an experiment of short duration with
intense illumination or one of long duration with feeble illumina-
tion ; in the former case we take an average in space, in the
latter an average in time, but the result must evidently be the
same. This explains why experiments on interference and
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diffraction are independent of the intensity. We must lay
further stress upon this important point. Let us consider an
experiment in which interference is obtained with very feeble
illumination and a very long exposure. From time to time
the source emits a photon, and these emissions are so widely
separated from one another that in general there is only a single
photon with its associated wave-train crossing the interference
apparatus. The probability that the presence of the photon
will be made known by photographic action in the apparatus is
everywhere proportional to the resultant intensity of the wave-
train. During the very long duration of the experiment, the
process of emission is repeated a very great number of times,
N, and the apparatus receives in succession N identical wave-
trains.

Clearly the photographic effect produced is the same as if
the apparatus had received a single wave-train carrying N
photons distributed in the train in proportion to the square of
the amplitude. Thus the experiment made with very feeble
illumination and very long duration must give the same result
in agreement with classical theory as a rapid experiment with
intense illumination. It is almost certain that the same con-
siderations are valid for the diffraction of material particles.

Equations (15) for the motion of the probability show that
in a case where there is interference in the presence of fixed
obstacles the probability elements do not move in a straight
line ; their path is curved by the action of the quantum force
which itself results from the variation of amplitude. Let us
take the simple example of the diffraction of a plane wave by
the straight edge of a plane semi-infinite screen. The light
penetrates the geometric shadow, as is known from Fresnel’s
principle. Thus there are necessarily probability elements
which bend round the edge of the screen and clearly there is
not conservation of momentum in the ordinary sense. This
suggests a remark of interest from the historical point of view.
The supporters of Newton’s corpuscular theory formerly held
after the discovery of this phenomenon that the edge of a
screen exerted a force on the light corpuscles ; we return to some
extent to this view with our quantum force, which is indeed a
consequence of the presence of the screen. But the quantum
force is of a very special character and without the adoption
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of the pilot-wave theory, of which we know already the diffi-
culties, we cannot consider the quantum force correctly de-
scribed as applied to the particle itself.

4, The Interference of Light in the Neighbourhood of a
Perfectly Reflecting Plane Mirror

It is very instructive to study the probability motion in a
special case of interference ; that which occurs in the neigh-
bourhood of a plane mirror struck by a beam of light. We
shall take first the case of a perfectly reflecting plane mirror,
the plane of the mirror being taken as that of zy, the plane of

/
]
3
e

-~
ENCo

(o) Plane of mirror X

vz
Fra. 1.

incidence or plane of the figure as zx, and the axis of z will be
the normal to the mirror directed away from the incident wave.
The incident plane wave is :

(t_a:slno-:zcow)

iy

P = age (24)

and the reflected wave :
21riv(l __xsing —zcosd + a)

P = aye ¢ , . . (25)
the amplitude is the same in both cases because the mirror is
perfectly reflecting, and « is a constant corresponding to a
possible change of phase occurring on reflection.
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Near the mirror there is superposition of the waves ¢, and

¥, and we have :
2t

amly
p=i+ya=ae’, . .. (26)
where
a = 2a, cos (2ﬂ£z cos 8 4- g), . .27
x sin 6 ha
é = kv(t - ) e . (29

According to (11) the velocity of the probability elements
in the interference region has components :
c? )¢

vx:—mb—izcsinﬂ, vy = v, = 0. . (29)

Thus in the neighbourhood of the mirror the probability moves
parallel to it and its density, a2, has maxima and minima on
planes parallel to the reflecting surface with a separation of

magnitude by (27). The probability fluid, homogeneous

A

4 cos 0
in the incident beam where all positions of the photon are equally
probable, divides itself into parallel layers on entering the
region of interference. We are, of course, in practice always
concerned with limited trains of waves presenting a wave front,
and the motion of the probability which we have just described
exists only when, the wave front having been reflected by the
mirror, the interference system is established.

In the example we have just studied we may be tempted to
say that the probability tracks are actually the paths of the
photons themselves ; this is the point of view of the pilot-wave
theory. The photons uniformly distributed in the incident
wave would come into the interference region and form layers
which would flow parallel to the surface of the mirror. But,
as we have seen, this identification of the motion of the cor-
puscles with that of the probability elements raises difficulties
of principle. When we pass on to consider the case of an im-
perfectly reflecting mirror we shall see that the pilot-wave
theory leads to an improbable result on the subject of the
velocity of the photons.

9
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5. The Interference of Light in the Neighbourhood of an
Imperfectly Reflecting Plane Mirror

We pass on to the case of a plane mirror which is not per-
fectly reflecting. Some of the photons will be transmitted
through the surface of the mirror into the medium situated
behind, while the rest will be reflected. We shall consider the
surface of the mirror as a very thin transition layer in which
the partial reflection of the wave takes place.

It is of little importance for what follows whether the
medium behind this layer is identical with the medium (air or
vacuum) situated on the side of incidence or consists, on the
contrary, of a refracting body. On the side of incidence there
is a region where the superposition of the incident and reflected
waves gives rise to interference. We wish to understand
how the probability elements are to traverse this region of
interference in order that some may enter into the reflected,
others into the transmitted, beam.

The incident wave i, is still given by (24), but in order to
simplify the calculation somewhat we will take a, = 1. It
would be quite easy to restore a, and a,? to all the formulee.
We shall thus write :

Yp=e
for the incident wave and

2n—iv(l _rsinﬂ:ggﬂ_p) +a

iy (1 ~ x_ihlj.zw)

(30)

Yo =me (31)
for the reflected wave.

If y = 1, the mirror is perfectly reflecting and we again
have the problem considered above. If n = 0 the beam is
transmitted without any reflection, or the mirror does not
exist. In the intermediate case, 0 <% <1, the proportion of
the probability elements which undergo reflection is 52 by the
interference principle. At the site of interference in the neigh-
bourhood of the mirror on the side of incidence, the resultant
wave is:

2y
b=y + ¢, =aet . . . . (32)
For the sake of brevity write :

47
po= :—vzcos(9+oc.
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To determine a and ¢ we make use of (35) and (37) of the
preceding chapter, and we find easily :
a® =14 7%+ 2ncosp
¥__ in 0 L 0, X¥_ }wcosal"“;zf’J %)

dx ¢ o Y Tdz
The velocity components of the probability elements are by (11) :

2
v, =csin @, v, =0, vzr-:ccosBl azn. . (34)
2
,0@6\ <2
)
o %.%
N %

\

Surface of mirror \
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%)
X
Fia. 8.

The motion of the probability elements is thus in the plane of
incidence, and their velocity parallel to the mirror is the same
as if the latter were perfectly reflecting. But in this case v,
is no longer zero, it is a periodic function of z, and we conclude
that the probability tracks in the interference region are wavy
curves similar to those of Fig. 8. It is easily seen that the
average slope of these wavy curves lies between the value 0
corresponding to the case where n = 1, which has already been
considered, and the value tan 6 corresponding to the case of
total transmission, n = 0.

In Fig. 8 it is seen how the probability elements uniformly
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distributed in the incident bundle come to occupy some the
transmitted and others the reflected beam, the density of their
redistribution in these two bundles being again uniform. In
the interference region the probability density is given by the
value of a? in equation (33). Thus there are in this case bright
and dark fringes parallel to the surface of the mirror, but the
dark fringes are not absolutely black, since the minima of a?
are equal to (1 — %)? which is always positive. Thus in the
interference region there is no place where no probability ele-
ment exists. These conclusions are almost evident from Fig. 8,
for if the dark fringes were quite black it would be difficult to
see how the probability elements would come to occupy the
transmitted beam.

Here again it is tempting to imagine the photons as localised
points describing probability paths. But apart from the diffi-
culties already mentioned, another very interesting one arises
here. If we examine (34) we see that the component v, is
greater than c cos 0 in the dark fringes. The result is that in
these fringes the velocity v of the probability elements is greater
than c for:

v? = 92 4 v -+ v? = ¢?sin? 0 + c?cos? 0(1—_1_—1—7>2 >c?, (35)
- "z Y z T 1 — )

so that if we wish to attribute the probability motion to the
photons we are compelled to attribute to them a velocity
greater than ¢ in the dark fringes, and this would be very diffi-
cult to reconcile with the principle of relativity.

6. The Superposition of Two Plane Monochromatic Waves

Let us consider a light wave formed by superposing two
plane monochromatic waves travelling in the direction of z:

2mivy [t — 2 2rivy(t — 2
Y = ae (t=2) + aqe ( °). (36)
2
If we write ¢ in the form ae * * we find :
a? = a,? + a,® -+ 2a,a, cos 2w (v, ~- v2)<t — §>’ . (37

and thus there are maxima and minima travelling along the

The probability

2-axis at space intervals of magnitude ———
1
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of occurrence of the associated photon must be equal to a?
by the interference principle, and thus has the same maxima
and minima.

Pl

If we calculate the quantity S which plays the part of

energy for the elements, we find :

v a2<‘/)*b¢ - M)

ot 4771, ot
ahvy 4 a2hvy -+ aay(bv, 4 hvy) cos 2m(v; — vz)(t - g)

z
% -F ay? -+ 2a,a, cos 2m(v; — v2)<t — E)

If v; = v, == v, we find, of course, the constant value hv for
s
P12 ot
quantity. In the pilot-wave theory, where we attempt to
identify the motion of the particle with that of the probability
elements, the particle ought to have this continually varying

¢

energy . Now it appears certain that if we allow the wave

but in the gencral case v, # v,, — is a complicated variable

(36) to fall on a piece of matter, we obtain a photo-electric
effect corresponding either to the quantum hv; or to the quan-
tum hv,. Everything takes place as if the associated particle

had either the energy Av, or hv,, but not the energy bb—(f Thus
to obtain the probability of occurrence of the particle we must
consider the amplitude a resulting from the superposition of
two monochromatic waves. On the other hand, to anticipate
the different amounts of energy with which the particle can
appear, we must consider not the resulting phase but the
frequencies of the different monochromatic waves, that is to
say, the spectral distribution of the ¢-wave. There are thus
several possibilities—in our example there are two—for the
value of the energy of the particle. We can no longer attribute
a definite energy to the particle as does the pilot-wave theory,
but only speak of the probability that it will appear with so
much energy.
Similar considerations can be applied to the momentum.



CHAPTER XI
THE THEORY OF BOHR AND HEISENBERG

1. The Principle of Spectral Distribution

O sum up the results obtained to this point: we have
seen that it is always necessary to associate with the

2mi
motion of a particle the propagation of a wave ¢ = ae* and
that an essential principle, necessary for the interpretation
of experimental results, is the interference principle according
to which the resultant intensity of the wave, a? = Yuf*, meas-
ures always and everywhere, in the case both of matter and
light, the probability of occurrence of the particle. Moreover,
we were led to imagine a fictitious fluid or probability fluid,
the motion of which is determined by the propagation of the
wave and the density a? of which gives the probability of
occurrence according to the interference principle. The motion
of the elements of the probability fluid coincides with the
possible motion of the particle as described by the old dynamics
when the approximations of geometrical optics are applicable
to the study of the wave. We were therefore led to suppose
that the particles are well-defined points describing probability
paths, but examination of this point of view (the pilot-wave
theory) revealed difficulties. Thus the true meaning of the
duality of waves and particles still remains obscure, and we
can now conveniently pass on to the theory of Bohr and
Heisenberg.

This theory rests on two principles. TFirstly, the inter-
ference principle which we know already ; and secondly, the
principle of spectral distribution, to which we were introduced
at the end of the last chapter, and which we will explain more
fully by a consideration of the case of the zero field. The
starting-point of wave mechanics is that a plane monochromatic

134
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wave corresponds to the uniform rectilinear motion of a particle.
But a limited wave-train can be considered as a superposition
of plane monochromatic waves of the form :

miv —ﬂ"a
b= Sy = SaeFee ) )
k k
the constants a;, B, vi, and n; being related by the equations :
—— 2
o B4R =1, nk=\/1—l-:’§, L@
k

2
where v, is the proper frequency Zn{» of the particle.

From the beginning of the development of wave mechanics
Born has proposed to consider each quantity a? as giving the
relative probability that the particle possesses the state of
motion corresponding to ;.

Thus, contrary to the view of the pilot-wave theory, the
y-wave would not give the motion of the particle but only the
probability that it has this or that state of motion. With
Born’s hypothesis, the difficulties pointed out at the end of the
last chapter with regard to the photo-electric effects produced
by a wave, which is the superposition of two or more mono-
chromatic waves, disappear spontaneously. We shall describe
Born’s postulate as the principle of spectral distribution. If
we accept it the definition of the particle by its associated
wave is subject to a double uncertainty ; on the one hand, its
position is uncertain by the interference principle, since there
is a certain probability measured by a? that the particle may
be found at any point of the region occupied by the wave-train ;
on the other hand, the state of motion of the particle defined
by its energy and momentum is also uncertain by the principle of
spectral distribution, since there are several possible states of
motion, the probability of each being given by the square of the
amplitude of the corresponding monochromatic component in
the spectrum of the wave-train.

How must this double uncertainty be explained ? It is this
explanation which the theory of Bohr and Heisenberg attempts
to offer by a subtle and profound analysis of the concepts of
observation and of measurement.
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2. The Theory of Bohr and Heisenberg. The Uncertainty
Relations

To make an observation on a phenomenon is in some
measure to disturb it. We can in fact observe only the estab-
lishment of an interaction between the phenomenon studied
and the surrounding medium of which the observer himself is a
part. If the measuring process disturbs the phenomenon to a
relatively small extent, the value of the quantities character-
istic of the phenomenon can be regarded as accurately known
after the measurement, taking account, of course, of the experi-
mental errors. But if the process changes the phenomenon to
a great extent then the result of observation gives no longer
any exact information of the state existing after measurement.
This state is affected by an uncertainty arising from the lack
of knowledge of the way in which the measurement has dis-
turbed the phenomenon. In particular, we may very readily
admit that the process of measuring a quantity A necessarily
disturbs the value of a quantity B in such a way that if the
process is improved in order to determine A more and more
accurately, the value of B afterwards is more and more inac-
curately known. The state of a particle is defined according
to classical ideas by eight quantities, z, y, 2, ¢, P, Py, P, and W,
which give the position and state of motion at a particular
instant. These eight quantities form two groups, the co-
ordinates of space and time, z, y, z, ¢, and the conjugate quan-
tities of these co-ordinates, p,, p,, p,, W. We shall show that
if the principles of interference and of spectral distribution
be accepted any process which measures one of the eight
quantities must of necessity alter the value of the conjugate,
this change being the greater the more accurately the measure-
ment is made. The uncertainty which results must not be
considered as an accidental uncertainty due to an imperfection
in our methods of measurement and which could be avoided
by improved methods. On the contrary, the uncertainty is an
essential one, arising from the disturbance of the phenomenon
studied by the act of measurement itself and a consequence of
an important natural law.

To show the necessity of this uncertainty as a consequence
of the acceptance of the two principles of interference and of
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spectral distribution, we will begin by remarking that it must
always be possible to represent the result of an observation on
a particle by a wave-train. The extension of the wave-train
in space represents the uncertainty about the position of the
particle after the observation and the extension in the spectral
domain occupied by the frequencies of the simple sinusoidal
waves which superimpose to form the wave-train corresponds
to the uncertainty about the state of motion.

According to the fundamental ideas of wave mechanics,
the state of uniform rectilinear motion of the particle must be
associated with the propagation of a plane monochromatic

A

wave of frequency v = }% and of wave-length A = %, W and

p denoting the energy and momentum of the particle.
Let us introduce the vector n, the vector wave-number of
the plane monochromatic wave, with the direction of p and

1
equal in magnitude to 3 We then have :

7
W N N, _ P

. _ D .
=5 h, N, =22 . 3

o N0

Now, as results from the calculations of Chapter 1V, § 3,
and as can be demonstrated more generally, a wave-train of
dimensions 3z, 8y, 8z in space and of which the time of passage
at a point is 8¢, requires for its mathematical representation
an assembly of plane monochromatic waves for which the
components of the vector wave-number and frequency fill at
least intervals 8N,, 8N,, 8N, and &v related to &z, 8y, 6z
and &¢ by the inequalities :

SN,.8x>1, 8N,.8y>1, 8N,.82>1, év.dt>1 (4)

As we suppose that a state of uniform rectilinear motion of
the particle corresponds to each plane monochromatic wave,
we must regard the quantities :

SW = hdv, Sp, — hdN,, 8p, = hoN,, 8p, = hdN, . (5)

as being the uncertainties in the values of the energy and
momentum. The relations then become :

8py,.8x>h, 8,.8y>h, 8p,.02>h, SW.8 >h, (6)



188  An Introduction to the Study of Wave Mechanics

which are the uncertainty relations of Heisenberg. The less the
uncertainty in one of the eight quantities z, v, 2, ¢, p., p., p.,
W, the greater that in the conjugate quantity by virtue of the
meaning attributed to the wave.

3. The Meaning of the Wave in the Theory of Bohr and
Heisenberg

We may sum up this question by a consideration of how
we can regard the J-wave on the view of Bohr and Heisenberg.
Let us suppose that at time ¢, an initial observation has been
made which allows us to fix the position and state of motion
of the particle within certain limits ; we admit that the un-
certainty about the conjugate quantities resulting from this
observation satisfies Heisenberg’s relations (6) in the most
favourable case. To represent the results of this first observa-
tion, we must form a wave-train of which the resultant intensity
at each point is equal to the probability that the particle is at
the point and of which the spectral distribution indicates the
relative probabilities of the different states of motion of the
particle. In order to see as far as possible what may result
from this imperfectly known initial state, we must follow the
propagation of the wave-train and remember that during the
whole of its course the probability of occurrence is always
measured at each point by the intensity a2, and that the prob-
ability of each state of motion is measured by the intensity
of the corresponding spectral component. We can therefore
predict that if a second observation made later at time ¢ has
just provided new information about the position or state of
motion of the particle, there is a certain probability that the
corpuscle lies in a particular region of space, and some other
probability that it has a certain state of motion. These pre-
dictions, which give probabilities and not certainties, are the
only ones that we can obtain ; according to Bohr and Heisen-
berg, we seek in vain a representation of the particle as a point
describing a well-defined path with a definite velocity.

We can, with Heisenberg, describe the wave-train. as a
probability packet. We have seen that we can associate a
probability cloud with it, the density of the probability fluid
thus imagined being equal at each point to the intensity a2
of a wave-train, and measuring in consequence the probability
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of occurrence. The probability elements describe paths which
depend on the initial extension of the wave-train, that is upon
the initial uncertainty of the position of the particle. That the
motion of the probability depends on the knowledge of the
initial state raises no difficulty, for the probability of an event
depends always on the more or less exact knowledge we have of
earlier states.

The study of the propagation of the wave-train allows us
to state the probability of the different possible positions of the
particle at the time ¢. If at this instant we make a new ob-
servation to determine the position of the particle, the result
must agree with our expectations, but, once made, this observa-
tion will in general limit the uncertainty about the position of
the particle. If, for example, the wave-train occupies a region
R of space, we know before the observation that the particle
must lie within this region, but in general we shall know after-
wards that it lies in a region R, included in R. To represent
the state of our knowledge after the observation it will thus be
necessary to make a reduction of the probability packet in such
a way that the wave-train now occupies the region R, only.
Thus by the mere fact of a new observation a part of the old
wave-train suddenly vanishes. This shows, as we have men-
tioned in the introduction, the abstract and symbolic character
of the wave according to this view.

Moreover, a breach appears as a consequence of this theory
in the old idea of determinism in physical phenomena, for this
idea was based on the possibility of determining exact initial
data from which subsequent phenomena could be rigorously
deduced by rigorous dynamical laws. The motion of a particle
could be inexorably fixed when its initial position and velocity
were known. But in the theory of Bohr and Heisenberg it
becomes impossible to determine simultaneously with absolute
certainty the initial position and velocity of a particle, and
consequently it becomes impossible to state that its motion is
rigorously determined, for expectations based on a theory of
probability can alone be obtained on this question.

4. Agreement with the Old Dynamics

There is nevertheless one important fact that the new theory
must explain. For all mechanical phenomena on a large scale
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the old conceptions are sufficient, and it cannot be denied that
a rigorous determinism appears to exist on our ordinary scale
for these phenomena. How is this part to be explained ¢ At
the outset we must note that with the new ideas two kinds of
uncertainty intervene in practice. The first of these, already
admitted by classical theories, is, we may say, accidental,
arising from the inevitable imperfection in our methods of
measurement, and one which could be indefinitely diminished
by a continued improvement in experimental technique. The
second is the essential and irreducible uncertainty introduced
by Heisenberg’s uncertainty relations (6). Now, in the cases
where the old mechanical conception is well verified, the acci-
dental is much greater than the essential uncertainty and
masks it completely. The result is that events take place
practically as if Heisenberg’s uncertainty did not exist, that is
to say, as if, except for experimental errors, all the deterministic
conceptions of the old dynamics were exact. But if a continu-
ally improved experimental technique were to make it possible
to confine the values of the dynamical magnitudes to narrower
and narrower limits a point would at last be reached where we
should come up against the Heisenberg uncertainty.

We will illustrate this by a numerical example.

Consider the motion along the z-axis of a small billiard ball
weighing a milligramme and of negligible dimensions. To
determine the initial state we must find the position of its
centre and its velocity. Suppose that we have found the
abscissa of the centre to within a thousandth of a millimetre,
which would be a good determination. Heisenberg’s relation
tells us that we shall be unable to know the velocity of the ball
at this instant with an uncertainty less than :

h 6:55 x 107
o = =

= s = 10 X 10 6:55 X 10720 cm. per sec.

It is evident that there is no practical method of measurement
which would permit of the attainment of this degree of accuracy ;
the Heisenberg uncertainty will be completely masked by the
experimental error, and it will be as if this uncertainty did not
exist.

The mathematical agreement between the new mechanics,
as conceived by Bohr and Heisenberg, and the old mechanics is,
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moreover, shown very elegantly by means of Ehrenfest’s
theorem (Chap. IX, § 3). We have seen that the old mechanics
corresponds to the case where geometrical optics is applicable
when the conditions of propagation do not vary appreciably on
a scale of the same order as the wave-length. As the wave-
length in the usual cases is much smaller than anything we can
measure directly, we can imagine a wave-train which occupies
a region whose dimensions contain very many wave-lengths and
which, nevertheless, can be regarded as a point on our ordinary
scale. This wave-train can thus be represented by a wave-
group moving approximately with Rayleigh’s group velocity ;
it will form a small probability droplet with dimensions too
small for our methods of measurement. The equations which
express Ehrenfest’s theorem are :

m)'_:c = .ﬁ’ m)’_u = .f—w m')_’_z = ﬁ? . . (7)

where, for example, y, is the time derivative of the velocity
of the probability elements along the xz-axis, and for all the

d_[%’ where U, denotes the

d
group velocity along the z-axis, and consequently y, = (%

elements of the droplet is equal to

The approximation of geometrical optics being applicable by
hypothesis, the force is approximately constant in all the
extent of the wave-train, whence f, = f., f, denoting the z-com-
ponent of the force in the small region occupied by the wave-
train. The same arguments apply to the y- and z-components.
We have :
md%zfm, md?[%—": v m‘%—gﬁ:fz. . (8)

The probability droplet thus moves as a whole, like a material
point in a given field of force subject to the old dynamics. Of
course, the position of the particle within the wave-train is
uncertain, but the dimensions of the train being less than
anything we can measure, in practice it is as if the particle had
always a definite position and moved in accordance with
Newton’s equations.

We see with what degree of elegance Ehrenfest’s theorem
enables us to make the union between the old mechanics and
the theory of Bohr and Heisenberg,
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5. Einstein’s Objection. Is the Particle non-Localisable
or not Localised P

A conception so novel as that of Bohr and Heisenberg cannot
fail to raise objections. We will consider one of these which
was raised by Einstein at the Solvay Congress in Brussels in
October, 1927. Let a particle and the associated plane mono-
chromatic wave fall normally on a screen pierced by a circular
hole, with a photographic film in the form of a hemisphere of
large radius behind it (Fig. 9).

If the hole has sufficiently small dimensions, the wave will be
diffracted in passing through it, and will spread in all directions

to the right of the screen.

According to the view of

A Bohr and Heisenberg, there

is a certain probability that

the particle will make itself

evident by photographic

action at some point A of

_— the film. But if a photo-

graphic effect is produced at

A at the instant ¢, no other

such effect can be produced

B anywhere else on the film

since there is only one

particle present by our

Fro. 9. hypothesis. Now, with our

ordinary ideas of space and

time, even in the relativistic form, it is impossible to understand

how the fact that a photographic effect has been produced at

A can prevent instantaneously the production of an effect at

any other point B unless we admit that the particle is actually

localised in space and at each instant occupies a definite point

in the associated wave. No other conception appears able to

be reconciled with the idea that physical phenomena can be

entirely represented in the framework of space and of time, or

even in the space-time of Einstein.

This very interesting and simple reasoning of Einstein’s

shows clearly that we must adopt one or other of the two follow-
ing attitudes, which we denote by A and B.
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(A) We retain the idea that the particle is localised at each
instant in space, and that in consequence it has a path and a
velocity. We must then express the ideas of Bohr and Heisen-
berg by saying that although the particle has always a definite
position and velocity, an important natural law expressed by
Heisenberg’s relations (6) prevents us from being able at one
and the same time to determine exactly this position and state
of motion ; for this reason we can only arrive at probabilities
with regard to the future positions and states of motion of the
particle. From this point of view there is no real indeter-
minacy, but merely uncertainty imposed by the very nature of
things. We should not be able to assert that there is a rigorous
determinism in the motion of particles since we could never
determine it exactly, but neither could we deny this deter-
minism.

(B) An opinion of a much more radical character, which
appears to be held by Bohr and by many other eminent physi-
cists, is that the particle associated with an extended wave-
train is not actually localised in space and time ; in a certain
sense it is present throughout the extent of the wave-train.
For Bohr the particles are, in fact, ‘‘unsharply defined in-
dividuals within finite space-time regions.” In Einstein’s ex-
ample the particle would be in some sort virtually spread over
the region occupied by the diffracted wave-train; at the
moment when the photographic effect is produced at A, the
particle would be, as it were, condensed at this point to produce
an observable effect. No mechanism in harmony with our
ordinary motion of space-time can, so it seems, explain this
instantaneous condensation. If we adopt the opinion B, we
must say that the space-time frame is insufficient for the
complete interpretation of natural phenomena.

Further, the effect produced by the particle always obeys
the law of conservation of energy. If, for example, the particle
is a photon, the photo-electric effect produced at A will verify
Einstein’s photo-electric law. It is this property of the particle
to condense at a point and produce an effect there in conformity
with the causal laws of conservation that Bohr has expressed
by saying : ‘‘ The individuality of the particles transcending
the space-time description meets the claim of causality.”

At the moment when the particle enters into relation with
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the surrounding medium to produce an observable phenome-
non, according to the opinion B, it makes, as it were, a choice
between several possibilities. Let us consider the reflection
on an imperfectly reflecting mirror, M (Fig. 10).

The incident wave divides into a reflected and a trans-
mitted wave. We must not say that the particle on arriving
at the mirror makes a choice between the reflected and trans-
mitted wave, for the arrival of the particle at the mirror is not
an observable phenomenon. The transmitted and reflected
beams both exist until the instant when the particle manifests
its presence in one or the other by an observable phenomenon ;

’

M

pd

d

F1a. 10.

only at this moment does the choice operate, for, according to
a remark of Heisenberg’s, so long as no manifestation of the
particle has been produced, interference can be obtained in the
shaded parts of Fig. 10 by sending back the reflected beam by
means of a mirror M’ on to the transmitted beam, which proves
the necessity of considering the two beams.

6. Conclusion

These are the broad outlines of the theory of Bohr and
Heisenberg on the nature of the reciprocal relation of particles
and waves, The theory cerfainly contains many difficulties
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and obscurities. In particular we cannot yet explain in a
satisfactory way how it can take account of the experiments
of Geiger and Bothe and of those of Compton and Simon which
have verified the exactness of the conservation of energy and
momentum in individual encounters between photons and
electrons.

We must perhaps hope that the introduction of some new
idea will help to discover an interpretation of the dualism of
waves and particles which will prove more lucid than that
proposed by Bohr and Heisenberg.

Nevertheless, it appears certain that there is something
fundamental in the uncertainty relations.

10



CHAPTER XII

THE POSSIBILITY OF MEASUREMENT AND HEISENBERG’S
RELATIONS

1. Methods of Measurement and Heisenberg’s Relations

HROUGHOUT the preceding chapter we have admitted
that no observation is capable at one and the same time
of determining a co-ordinate and its conjugate momentum
with an accuracy greater than that expressed by Heisenberg’s
uncertainty relations. We must now verify this statement by
criticising the methods of measurement at our disposal. This
form of criticism was first offered by Heisenberg.
Let us consider a material particle, for example an electron.
To determine its position with great accuracy we have only
one means, and that is to employ optical methods ; but these
allow us to measure a co-ordinate only to an approximation of
the order of the wave-length. To increase the accuracy of
measurement of the co-ordinates of the particle, we are thus led
to employ a shorter and shorter wave-length, but then the
particle is subject to a more and more accentuated Compton
effect, for the energy of the incident photons is greater and
greater and the momentum of the particle is more and more
changed by the act of locating it. If, conversely, we propose
to measure the velocity and momentum, we shall be able to
use the Doppler effect, but this, as we shall see later, is always
accompanied by a Compton effect which changes the velocity.
To reduce the Compton effect we are led to employ a large
wave-length, but then the position of the particles at the
instant of measurement will be inaccurately defined.

2. Heisenberg’s Microscope

The first illustration of these general considerations is one
given by Heisenberg. Let us imagine that an electron in
146
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motion is under examination by a microscope illuminated from
below by monochromatic light of frequency v (Fig. 11).

When the electron scatters a photon, a divergent wave
enters the microscope. By the well-known theory of the
resolving power in classical optics, if the object glass subtends
an angle 2¢ at the object, a length in the object plane can only
be determined with a possible

inaccuracy of

r ap-

2 sin €
. A
proximately PR

Let the y-axis lie along
the axis of the microscope,
which is, of course, the
direction of the incident light,
and let the z-axis lie along
the direction of the velocity \
of the electron in the plane \
of the object carrier. The
measurement will only be
able to determine the posi-
tion of the electron on the
z-axis at the instant of
scattering with a possible

\\‘26 /I
;o pron
elec

Incident light
inaccuracy of 8z = R Fre. 11.

Before the scattering, the photon has energy Av and momen-
tum hc—v directed along the y-axis; the electron has velocity v

directed along the z-axis, and if v is small compared with c, its
momentum is mv and its kinetic energy 3mv2. By the Compton
effect we know that the scattering modifies the frequency of
the photon and the velocity of the electron. After scattering,

the photon has frequency i, energy hv’ and momentum }—bci,

making with the axis of the microscope a very small angle «
necessarily less than e, since the scattered photon must pass
through the objective. The velocity of the electron has be-
come V', its momentum mv’, and its energy mv', Following
Compton’s method, we shall apply the principles of conservation
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of energy and momentum to the process of scattering, and
taking «2 as a small fraction we obtain :

hv + dmo? = b’ + dm(v, + v))

hu_hv' s
¢ ¢ Y N (D)
’
v ,
my, = —a + Mmu,

Substituting in the first equation the value of }m(v,’* + v,’%)
obtained from the other two, we find :

h2

AN
prel

mc?

v — ')t — 2h(y — ¥') — 2ochv':—j +oa2l =0, (2
Equation (2) shows that v differs from " only by terms of
order «, so that to the first order in « we may write the last
equation of (1):
/ ,  ohv  oh
MYy ~— MV = Py — Pp =~ = 3 - . (3)
As we do not know the exact value of « which may vary
from — € to + e, there is an uncertainty in the value of p,
after scattering of amount :

2¢h
pr - _A_ (4)
Thus, under the most favourable conditions we have :
A 2eh
8x><8pz=§E><,\—-=-h,. . . (8)

and this is Heisenberg’s uncertainty relation.

3. Measurement of the Velocity of an Electron by Means
of the Doppler Effect

We pass on to examine the determination of the velocity
of an electron by the Doppler effect. An electron is considered
with a velocity v along the positive direction of the z-axis.
A train of light waves of average wave-length A travelling along
the negative direction of the z-axis is projected upon it. If
scattering occurs, the scattered photon may undergo a reversal
of its velocity and be sent along the positive direction of the
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z-axis. Let us suppose that this happens and that we measure
the frequency »" of the scattered radiation exactly. For the
sake of simplicity, we suppose the velocity of the electron
much smaller than that of light. The principles of conservation
of energy and momentum give :

by + dmv? = k' + Imo”

hy R A . . (6)
mv—?-—mv —i——c—

v’ being the velocity of the electron after scattering. By
elimination of ¢’ from the equations, we have :

h(v — V') = Qm{f:(v + )2 — 2mv ( + v)} . (7

In the scattering process the frequency is changed very
little, and we can thus write : v/ = v — ¢, and neglect e%] and e2.

Hence
gl»_v> _ 2hy? v

m02 s W - 21/5. . . (8)

e(l -+

h
In ordinary cases, nz is very small, since for light kv is of
the order 10-13 and mc? is about 8 x 10-7. We can thus

neglect the fraction él—bl on the left side of (8) and write :
mc?

v'=v-e=v<1——-£ 2—). . . (9

me? c
2
The term cﬁ corresponds to the Doppler effect, and would

2
exist if  were infinitely small. The term — %

5 expresses the

Compton effect for the case considered and the two effects are

superposed. Since the Compton effect alters the velocity of

the electron, we must try to make it negligible and take the
v

wave-length large enough to make the ratio : -}-&- = 7%”)« very

mc?
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large. In this case the Doppler effect alone is appreciable, and
we may write :

V= v(l + -25”) or X = A(l — 263’) . (10)

But the incident wave-train has necessarily a finite length
l; consequently it is not strictly monochromatic, and if we
1
X ’
different monochromatic waves of the train by the amount

3<1> where :
8(%)~l1 .. ..oy

A
the sign ~ denoting ‘‘ of the order of.”

Thus, even if A’ be measured without any experimental
error, there would still remain an uncertainty in the value of
v, since according to (10) we have :

introduce the wave-number -, this quantity will vary for the

c X

v=§<l _X>’ Ly

and the uncertainty in A implies an uncertainty in » equal to :
Cypa/l

18] = 2A 8(;\) N F)

Thus the uncertainty in the momentum of the electron after
measurement is :

meA
Bpx = Tzl—. (14)
But the simultaneous value of the co-ordinate is itself also
subject to an uncertainty.

In fact, the Compton effect, although by hypothesis small
in comparison with the Doppler effect, nevertheless exists and
causes a change in the velocity of the electron equal by the
second of equations (6) to:

’

h '
v —vz—%(l'+v)

= — 3—3 (approximately). . . (15)
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Let us consider the most favourable case, which is that in which
the initial position is known. There will be an uncertainty in
the position after measurement, since it is not known at what

. . . l . . .
ingtant in the interval e during which the wave-train passes

the electron, the scattering occurs, and according as this instant
is at the beginning or end of the interval there will be a difference

1 2nl . ors
(v — v")- = —— in the position of the electron. Thus, after
¢ mAc

the measurement has been made, the co-ordinate of the electron
is subject to an uncertainty :
2hl
dx == 7]_’1,}?}, . . . . (16)
and combining (14) and (16) we find that in the most favourable
case :

__mcA 2l

stpx——- _El—’;’;l,k—c_h’ . . . (17)

so that we arrive once more at Heisenberg’s uncertainty relation.

4. The Passage of a Particle through a Diaphragm

As another example we will take the determination of the
position of a particle, for example a photon, by studying its
passage through an opening in a plane screen. In order to
fix the co-ordinates of the particle accurately we tend to make
the opening very small, but the smaller the opening is made
the more pronounced the diffraction phenomena which, accord-
ing to the ideas of wave mechanics, are associated with the
passage of the particle through the hole. Moreover, to find
the instant when the particle passes into the plane of the screen
we will make use of a movable shutter which will make it
possible to uncover the hole for a very short interval. The more
rapidly we work the shutter, the better will be the determination
of the instant when the particle traverses the hole, but at the
same time, the associated wave-train being proportionately
shortened, the monochromatic property of the train will be
more and more changed and consequently the energy of the
particle will be less and less well-defined. We will consider in
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detail the simple case where the incident particle falls normally
on the screen and where the opening is a rectangle of sides 2a
and 2b.

Let the centre of the opening be taken as origin of co-
ordinates, the axis of « being parallel to the longer side 2a and
the axis of y parallel to the shorter side 2b, while the axis of
z is perpendicular to the plane of the screen in the direction
away from the incident wave (Fig. 12). Let M be a point of the
opening with co-ordinates (X, Y, 0), and let (dX, dY) be the
sides of a small rectangle about this point. Let us determine
by Huygen’s principle the elementary wave sent by the small

£7M/
o) x

/

aIBy
Fia. 12.

rectangle dX dY in the direction («, B, y) which makes a very
small angle with the z-axis. If (z, y, 2) denote the co-ordinates
of a very distant point in this direction the elementary wave
is expressed by :

g = K dX dY cos 27r{vt —

a(x — X) +f(y Y) + z}’ (18)
where K is a coefficient which varies with («, 8, y) but much
more slowly than the cosine term and where y has been written
equal to unity. The resulting wave in the direction («, 8, y)
from all points of the aperture is
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has = “.dzﬁap = A cos 211-(1/,: - @"r‘_ﬁyj‘_z)

Py
+ Bsin 21r<vt - iﬁ%—t@ (19)

where

A — KI I cos 2ﬂ°iX—J;B—YdX dy ;

B — K” sin %-i@—[d‘( dy. (20)

B vanishes because in the integral two elements situated
symmetrically with respect to O make equal and opposite
contributions. In A we can write :
aX 4+ BY oaX BY

X BY
£ = cos 27— cos
cos 27 cos 27 3 cos 27r—— X — sin 271 3 sin 27— T

(21)

and the integral of the product of the sines again vanishes.
Thus :

A= 4Kj cos 27 icd‘(j cos QwE)?—[dY
0
~KA2 sin 2022 gin 2 @ )
T X D)

whence
hapg = B sin 217 ? sin 2w§b cos 21r(vt — &*_%‘Lﬂ) (23)
Thus ,, vanishes in directions for which 277%? == mm Or
271[)’—; = nm, where m and n are integers, that is for directions
for which « = 721;\, or B = 2—2 On the other hand, ¢, has

maximum values in the directions for which
A A
= (2m + 1)5(—‘, or B=(2n + Dg;

In this way we obtain what is known as a diffraction phe-
nomenon localised at infinity. v
To observe it, we shall place a lens of which the optic axis
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coincides with the axis of z. If there were no diffraction, only
an image of the rectangular aperture would be observed situated
in the focal plane of the lens on the optic axis. But on account
of the existence of plane monochromatic waves inclined to the
optic axis, a series of other images are also obtained correspond-
ing to the maxima of . The intensity of these images de-
creases rapidly when the order is raised.

In short, the plane wave which falls on the screen is of the
form :

Y = a cos 21r(vt — 7\2> . - (24)

In passing through the rectangular aperture it is transformed
into a group of plane waves slightly inclined to the z-axis and
of the form:

$ = Saqs cos 217(vt - °&i‘_/\ﬁw>’ . (25)
the partial amplitudes a,; representing the successive maxima
and minima as functions of « and B. Since the intensity of the
guccessive waves diminishes rapidly we see that the group
extension with respect to the variable o is measured by :

A
Sa=kig->z, . . . (20)

k, denoting a small integer which corresponds to the highest
order of diffraction for which the intensity is appreciable. In
the same way the group extension with respect to B will be :

A A
B=hogy > - - (2]

If N denotes the wave-number vector for the monochro-
matic wave characterised by the angles « and 8 we have :

N, =% N, =8 N-= (28)

!
3
The greatest variations of N, and N, in the wave group after
passage through the screen are :

30( kl

_ O _ B _ ks
N, = T =ob, BN,="F =5 . . (29)
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We have, therefore, the following relations in orders of
magnitude :

1 1
3N, > 5o’ 3N, > 5 . . (30)

~ Now the position of the particle at the instant of its passage
through the rectangular aperture is defined with an uncertainty
3z equal to 2¢ and an uncertainty 8y equal to 2b. We have
therefore the relations in orders of magnitude :

SNz > 1, 8N,5y > 1. )

According to the principle of spectral distribution, the un-
certainties in the components p, and p, of the momentum are
connected with the uncertainties N, and 8N, by the equations :

dp, = h8N,, 3&p, = h3N,, . . (32)
and (31) thus takes the form of Heisenberg’s relations :
dp.dx > h, 8p,dy > h. . . . (33)

Moreover, if we wish to determine the z-co-ordinate of the
particle and the time ¢ of the passage through the screen, we
must employ a movable shutter in the manner explained
above. Let 7 denote the interval during which the shutter is
raised. The uncertainty in ¢ is clearly equal to 7, that in z is
v, » denoting the group velocity which we know is equal to
that of the particle. Thus:

& =1, 8 =or. . . . (34)

But in opening the shutter for the time 7 only, we allow only
a limited wave-train to pass through the aperture, and this
train is composed of monochromatic waves occupying an

1
interval in the spectrum at least of the order - The corre-

5(3)
N | NS
sponding interval in wave-length is such that 8( ) =

5 - dv
5(3)

is of the order 1—)1; since v = 5 by definition. We have then:
1 1 1
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Now by the principle of spectral distribution, the uncer-
tainty in the final energy of the particle is A8v, and that in the
final value of the component p, of the momentum is A8N,

= hd G) by (28). We have thus:
Wt >h, op,dz>h. . . . (36)

These are the other two Heisenberg relations.

5. A Note on the Measurement of Velocity

We have just confirmed by means of examples that the
processes of measurement which we are able to use all lead to
Heisenberg’s uncertainty relations. We might, however, be
tempted to reason in the following way. It is possible to
make an experiment at a time #, showing that the particle is
situated in the immediate neighbourhood of a point A of space,
then at a later time ¢, another experiment showing that it is
then in the immediate neighbourhood of another point B. If
the time ¢, — ¢, is sufficiently long, we shall obtain a very good
value of the velocity by taking :

AB

V=i

(37)
and the value of the momentum mwv does not appear in this
way to be affected by the Heisenberg uncertainty.

But we must note, in the first place, that if we repeat the
same measurement of the velocity under exactly the same
conditions we shall obtain each time a different result. In
fact, as we shall show rigorously in the next chapter, the wave-
train of very small dimensions, which corresponds at the time
t, to the localisation of the particle near the point A by the first
experiment, spreads during its propagation and occupies a
large extent at the end of the long interval ¢, — ¢,, when the
second experiment is made. By the principle of interference
there is a large region of space where the particle can possibly
be found and a series of identical experiments would give a
series of different points B. .

Moreover, and this is an essential point, the velocity v
given by (37) corresponds only to the motion between the
instants ¢, and ¢,; we cannot in any way consider it as the
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velocity which the particle possesses after the second experi-
ment, since this second localisation near the point B completely
disturbs its motion. The velocity is in no sense the initial
velocity of the particle after the second observation, conse-
quently it can give no information of what will happen after
the time ¢, We have not been able to determine simultane-
ously the position and momentum of the particle by our two
measurements of its position. The first observation permits
us to localise the particle at A at time ¢, but it gives us no
information about its momentum at this instant ; the second
permits us to localise the particle at B at ¢, and to find the
velocity v with which the particle would be carried from A to
B, but the momentum mv is not that which the particle pos-
sesses after the observation. We may say, if we wish, that the
particle has passed from A to B with velocity v, but that does
not allow us in any way to anticipate exactly the motion of the
particle in the interval ¢, — ¢, as the old deterministic dynamics
claimed to do, since v has a value defined only at the end of
the phenomenon to be anticipated.

In the next chapter we shall study by means of calculations
the method of measurement of velocity which we have just
discussed.



CHAPTER XIII

THE PROPAGATION OF A TRAIN OF ¢-WAVES IN THE
ABSENCE OF A FIELD OF FORCE AND IN A UNIFORM
FIELD

1. Rigorous Solution of the Equation of Propagation in the
Absence of a Field of Force

E pass on to study rigorously the propagation of a

y-wave-train when there is no field of force, contenting

ourselves with the non-relativistic equations. We
must begin with the equation :

V%p:i“%"m%if. LW

This equation has the same form as the classical equation of
thermal conductivity, but here the conductivity is represented
by an imaginary coefficient. We can use a method of solution
exactly like that applied to the thermal equation.

Equation (1) being of the first order in the time, we must
know the value of (z, v, 2, t) at an initial instant taken as the
zero time in order to determine which integral is to be chosen.
The problem before us is therefore to find (z, y, 2, t) when
Y(x, ¥, 2, 0) is known. We will write (z, y, 2, 0) = f(z, ¥, 2).
The method of solution is to determine a ‘‘ transformation
function > T(z, ¥, 2, Zg, Yo, 20, t) of two sets of variables z, y, 2
and z,, ¥,, 2, and of the time such that :

Y(x,y,2,8) = Sfjf(xo, Yo> 20) T(Z, Y, 2, To, Yo, 20, £) Ao, dyo, 2y,
(2)

where the limits of integration are — o to + oo (Kennard,

Heisenberg). It is necessary that two conditions should be
satisfied.

1. The function (x, y, 2, t) defined by (2) must satisfy the
1568



The Propagation of a Train of y~Waves 159

equation (1); this requires that T considered as a function of
x, ¥, z, t shall itself satisfy this equation.

2. The function ¢ defined by (2) must reduce to f(z, y, z) at
t=20.

We begin by seeking a function T which is a solution
of the wave equation. We have seen in the study of the

classical motion of a particle in a zero field of force that the
function :

S(@, ¥, 2,1, %o, Yo 20) = {(x —Z0)* + (¥ — ¥o)* + (2 — 20)%},
(3)

depending upon the three initial co-ordinates, is a complete
integral of Jacobi’s equation, and therefore it is possible to
determine the motion which transforms the initial co-ordinates
Zo, Yo, 2o ab the instant zero to z, y, z at the instant &. We can

therefore expect the function S to play an important part in
the problem.

But, on the other hand, the function of transformation T
must satisfy the wave-equation; we have :
‘ 47t T
T =—""m— . . . (4
V2T ™5 (4)
and if we write :

2mi

T=Re*, . . . . (5

where R and S are real functions not yet determined, we find
by substituting (5) in (4) and separating real and imaginary

parts :
ORI

sl ().

dRS | RS | RS 2 R
SRS | ok an —ml. .
bxbx+byby+bzbz+ RV = m= (M

Let us take the expression (3) for the function S. Since (3)
satisfies Jacobi’s equation :

2m2 2 at’ L. (8

it is necessary that V2R vanish in order that (6) may be satisfied.
The simplest hypothesis is thus to suppose that R does not
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depend on the variables (z, y, z), but only upon the time £
With this assumption equation (7) reduces to :

dR
dt
This equation can be satisfied since the function (3) which we

have chosen for S is a quadratic in (z, 9, 2), so that V2S is a
function of ¢ only. We have :

1
—-RV:S. . .. (9

m 3m
Vs = — 27V2{2(x — )Y = — 5 . (10)
and R is thus given by :
dR 3
7= R e 8 )
or
R=Ct% . . . . (12

We thus obtain by (5), (3) and (12) the function T :

T(x7 Y, 2, Zo, Yo, zo) = t(_:?e - ’L’Z-nz(z— 10)2. (13)
The function

C - "Mz —ap

Yz, y, 2, t) = I f(@o, Yo, zo)t—%e M dxydyedz, (14)

therefore satisfies the wave equation, but it must also reduce to
f(x, y, z) for £ = 0. In order to verify this we make a change
in the variables :?

Xy — X _Y—Y 2o

71=7, Tz——“\‘/—t——, Ty = \75
The triple integral (14) then becomes :

[[[rewita, evity, evita

C ="M 42 4 19)0(2, Yos o)
e 22 Vo, drydry. (16
t: b(/rb rs 7.3) ! ? ? ( )

2

.. (18)

1The calculation which follows is due to Fourier. The passage to
the limit leading to (18) is not quite rigorous but the reasoning may be
made quite sound. Reference may be made to “Legons sur quelques
types simples d’équations aux dérivées partielles,” by Emile Picard.
Gauthier-Villars, Paris, 1927, 2° legon.



The Propagation of a Train of y—~Waves 161

But the Jacobian on evaluation gives :

Y ) Vi oo«

&g Yo5 20 " i

700 J0 T0) ) | - gd

Sy | 0 VE0 =4 .oan
0 At

go that :
Plr,y, 2,t) = C”er_ HOT g drydr,. . (18)

If ¢t be now made to dpproach zero the value of f becomes
f(, y, z) and we have in the limit :

0 wim_

Mooy, 0) =fwg.ac| o an " oW ar,

— T

j e = ﬂ”“ d) (19)
-w

since, as we mentioned above, the limits of integration are
— oo and + oo. These are well-known integrals, and we have
in fact :
o mimg, h
j I N L
— 0 m

If the arbitrary constant C is given the value (“%), we then

have :
I(x, 9, 2, 0) = f(x, ¥, 2), . . . (22)

so that finally the function :

vy, 20 = <%>§jjjf(bo’ Yo Zo)e (e }dl‘ dyyo dz,,
. (23)

the limits of integration being — oo and + o for each of the
variables, is the solution of the wave-equation (1) which reduces

to f(xg, Yo, 2o) for t = 0.
The problem of the propagation of the wave-train associated

with a particle is thus solved rigorously.
11
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2. The Calculations Applied to a Special Case (Darwin)

In order to work out the results we shall make a special
assumption in regard to the form of the initial wave-train.
We shall suppose that f(z, y, 2) is of the form :

r? 2mi
—5m T o (mvE+ moy + mv,2)

flr,y,z) =e 2%¢ 4 , . (24)
where 72 is written for (22 + y? + 22).

The explanation of this particular choice of f will be clear
from the following considerations. We suppose that at instants
in the neighbourhood of ¢ = 0 the wave-train is of the form
studied above (Chap. IV, § 3), viz. :
21ri(vt - “l.t%’ﬂ)

P, y,2,t) = Az, y, 2, t)e (25)

h . . .
where A = - Thus at the time ¢ = 0, this wave-train is

2m

reduced to :
- ...(mvx' -+ m + v, )
Y(x,y,2,0) = Az, y,2,0e * A , - (26)

and the probability that at this instant the particle will be
situated at the point (x, y, z) is A%z, y, 2, 0). Now we take
the instant ¢ = 0 as the starting-point for the calculation, since
it is supposed that an observation has been made upon the
particle at that time. The result of this initial observation
makes it possible for us to state that the most probable position
of the particle after the observation is a certain point P which
for simplicity we shall choose as the origin of co-ordinates.
But there will be a certain possible error and by the Gaussian
law of errors, the result of the observation must be stated thus :
the probability that the particle is situated at the point (z, y, 2)
r2

is ¢ ”, o being the smaller the more accurately the experiment
is made. As soon as the distance from the point (z, y, 2) to
the origin is a small multiple of ¢ the probability that the
initial co-ordinates are (z, y, z) becomes very small; we can
thus say that the region in which the particle can be found at
the initial instant has dimensions of the order of 0. According
to the interference principle we have :

3 /

_r r

A¥z,y,2,0) =e -, A(x,y,z,O):e—r", . (27
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and finally we are led to adopt the form proposed in (24) for f.
The general form (23) becomes in this case :

o = (7 )I”N Bt R, 2

where the symbol IT denotes the product of the factor which

ayz
follows it by those obtained by replacing z, and z, by y, and
¥y, then by z, and z respectively.
Writing :
1 o _ 2mm

=gt b= T

(x — v,t), . (29)

the formula (28) may he written more simply :

] 3 L% o SR S
by = () Tl ™[ e ™" i (30

Y2 -*

But

b‘.?

42 + o e -
| e-Pdz=elayT, . (31)
— a

\/(1 o
and consequently
. 5 b2 wim
MmN\ 2 .
b, y, 2, 8) = e<m i ) . (32
<aht> L;[
the factor \/ :—: occurring three times.
We have :
(Tf-i’:%p ] — 1 < )3, . (33)
a
(l + 2mmcr2 \/ + Zmm 2mim
and
m
@ — o)
g ——
i AL (34)
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If we get rid of the imaginary in the denominator we obtain :

wim02 1
b2 w2 .
ﬁ = ————7;7_2(76 — v d)?, . . (35)
2
o+ <27rmo>

thus finally :

(x—0,03 + (y — vut)" +(z— vzl)2

8 - 2 ht \?
2
e+ (5

wim O =00+ (y — 0 O+ (2 = 0 0% rim
E PR G )
€ 21rm|7) xe . (36)
2mig
If we write as usual y = ae * , @ and ¢ being real quantities,
we find :

a(x, y, 2, t) = Vi*

(S

1 (E—r )+ (y— v ? +(z—1l)

s
ht 2 a ’
{\/02 + (2777H0'> J
¢(x: Y,z l) =
m o? ‘ . .
ﬂ[ ; el @) (g — o) (=) — (@ g +z2)]
o <27rm0')

+ F@), (38)

where F(t) is a certain function of the time which we need not
determine.

If we suppose that the dimensions of the wave-train are

very large with respect to the wave-length A = %}, then
o> ;:—v 1f we consider a value of ¢ which is not very large
compared with the reduced period + h;v we have :

h? ht

A
m=w?:  m

)

where the symbol denotes that the two sides are of the same
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h?

order. Thus, since o? > —w We can neglect

in com-
2’02

t
27mo
parison with o, and (36) is reduced to :

_ (_z—j th)2 +(y — vut)z +(z—v,1)?
Ylr, y, 2, t) —=e 20%

o

eh

m(ve, 4 v2 4 v2)L—mv_ T — mv, Yy —mv_z
£ w1 %) Z ” z

(39)

The wave-train will have preserved the same form as it had
at the beginning, the amplitude being carried forward in the
direction of propagation with the velocity (v,, vy, v,). These are
the conditions under which the approximate results of Chapter
IV are valid. But here we see that they are valid for a limited
time only. A time arrives in every case when the factor

e is no longer negligible compared with ¢ and the amplitude

round the point with co-ordinates x = v,t, ¥y = v,¢, z = v,t, is

again expressed by a Gaussian function in which o2 must be
2
replaced by o? -+ (;—h’i,;) . There is a continuous spreading
<7
of the wave-train.
The same result may be obtained by considering the motion
of the probability.
1
The velocity of the probability elements is equal to — -
grad ¢ ; its components are denoted by (¢, 5, {) to avoid con-
fusion with (v,, v,, v,), which are given constants. We have
therefore by (38):

mx

£~ 1y £+<f~ 1) (27?120)2

=~V U——————'z +< }'w—"*>’2. . (40)
2mrmo
together with similar equations for » and {.

When ¢ is sufficiently small, all the probability elements
move approximately with the velocity v; the probability
cloud moves as a whole in the direction of propagation with
this velocity. But with increase of time the probability ele-
ments acquire a velocity component perpendicular to the direc-
tion of propagation which tends to extend the wave-train. At
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the same time the probability elements situated in the forward
part of the wave-train acquire in the direction of propagation
a velocity greater than that of the elements situated behind, so
that there is a progressive lengthening of the train. This is
readily seen from the equations (40) by taking the z-axis as
the direction of propagation and v, = v, = 0. The wave-train
thus spreads slowly in all directions.

3. The Measurement of Velocity by Two Successive
Observations

We retain the hypothesis (24) concerning the form of f(x, ¥, 2)
and consequently the expression (36) for . The probability
that an experiment made at time ¢ will locate the particle in a
volume element dx dy dz is therefore by (37) :

P(x, y, 2, t)da dy dz = a® de dy dz. . . (41)

We shall make use of this formula to discuss by means of a
calculation the question of the determination of the velocity
of the particle by two successive determinations of its position
which was raised at the end of the last chapter.

We suppose that an initial observation made at zero time
has made it possible to locate the particle at the origin of co-
ordinates with a possible error of the order of o. A second
observation at time ¢ attributes to the particle a position
(x, ¥, 2), so that it is natural to say that the particle had
the velocity « after the first obscrvation with components
given by :

x
um=‘t, y

2
Uy =% U, = 7 . . (42)

and that the momentum had the three components :

mx my mz
P

PuZT, Pz:"t—'- . (43)

D=
It is true that these values are subject to an uncertainty of
the order g— on account of the uncertainty about the exact

initial position, but if there is a long interval between the two
observations, it will be possible to make this uncertainty
negligible. Since the wave-train in this case has time to
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spread considerably between the two observations, the second
observation might locate the particle in any point of an exten-
ded region of the space and the result is that in repeating the
same observation under identical conditions, different values of
z, ¥, 2, and consequently of p,, p,, p,, would be found. We
cannot therefore say that p,, p, and p, have well-defined values
and there are only certain probabilities for particular values.

We can construct a ““ momentum space ”’ by means of the
three variables (p,, p,, p.). Each determination of (z, y, 2)
provides by (43) a point of this space, and to each element of
volume dx dy dz corresponds by a well-known analytical theorem
a volume dw of the momentum space given by :

_ APz Puy D) 4
dw = e dx dy dz

3
== 7-;% dedydz. . . . . (44)

The probability P(p., py, p., t) that an observation made at
the time ¢ will give a value of the components of momentum
corresponding to a point in dw is equal to the probability of
finding the particle in dx dy dz.

Thus :
P(p.. p,, po. t)dw = a?(x. y, 2, t) de dy d=, . (45)
whence
t3
P(ps, py, 9. 8) = "?cﬁ(x, Y, 2. t). . . (46)

Since ¢ is supposed very large, we may be content to write :

2\ 3 _ 4rtm3q2 . _
@y, 2 1) = (TI0T) TR T )
so that by (43) :
422
-t-s—aaz =P = (Q“woz)se“ T (P ey m et (B =y g
m

The most probable values of p., p,, p, are thus mv,, mv,,
mv,, and if we denote the differences between the true and
most probable values by 8p,, 8p,, 8p, and the uncertainties in
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the initial co-ordinates by dx,, 8y,, 6z, which are equal to o, we
have :

Blopn, 3pn 3 = (2o U () ().
(49)

It follows at once from (49) that the product of the uncer-
tainty in the co-ordinates by that in the corresponding momenta
after the first observation must be regarded as being of the
order of magnitude of k. We arrive again at Heisenberg’s
conception.

4. Rigorous Solution of the Propagation of a y-Wave-train
in a Uniform Constant Field of Force

The propagation of a wave-train in a uniform constant field
of force is defined by the potential function :

Fx, y, 2) = — (kox + kyy + k2). . . (50)

We shall in this case again try to find a transformation function.
The wave-equation is :

872 4mim D
V2 4 Tk o+ by + k) = gdf - (51)

and (x, y, z, t) is completely determined if the initial value
¥z, y, 2, 0) = f(z, y, z) is given. The transformation function
T(x, ¥, z, t, 24, Yo, 2,) Mmust be such that :

Y, y, 2, 8) = Ijjf(xo’ Yo 20)Tdxy dy, dz,, . (62)

the limits of integration being — o to 4 oc.
Thus T considered as a function of (z, y, z) must satisfy the
equation :

S7im 4im dT
As before, let us write :
2mig
T =Re* ,. ) ) . (54)

where R is a function of ¢ and S of z, y, 2, ¢, 2y, Y, %o
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We find on substituting (54) in (53) :

%E@ 2+Zkzx=9§, .. (55

drR 1

mor =sRV:S. . . . (58)

We can thus take for S Jacobi’s function in the old mechanics
which, as we have seen (Chap. II, § 6) is:

S=-0>1 —tzk (2 +20) + 5 zk (57)

and is a solution of equation (55). Asin § 1 we find :

ves= -2ty
and by (56) :

R=Ct% . . . . (59)

It remains to verify that the function :

Zm

= Cj”f g dyo dz .. (60)

reduces to f(x, y, z) at t = 0.
We again make the change of variables (15) and make use
of (17) so that (60) becomes :

Zm

b= Ojjjfe" drldr dr, . . (61)

where in f and S it is supposed that x,, y, and z, have been
replaced.
In the limit when ¢ approaches zero it is found that :

o< _ mmf 2

+ - E@r,ﬁ
Pz, y. 2. 0) = Cf(x, y. z)J e “dr j e W idr,
- -

o _ m“
j e dry, (62)
—

e . ZO% .
and again it is only necessary to write C = <—£L>? to obtain

h
¢(x’ ¥, 2, 0) =f(.17, Y 2).
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Finally, the expression :

Pla, y, 2, 8) = <zm> j“.fe dxodyodzo . (63)

is the solution of the wave-equation which assumes the value
f(x, y, 2) at t = 0. and is therefore the solution required.

5. Development of the Calculations in a Special Case
Let us adopt the form for f given by :

2 2
fee gmeT k2 : . (64)

where r2 = x2 + y? + 2% and v,,, etc., are the initial velocity
components.

If we write S, for that part of S which depends upon x and
zy we find :

X 3 o I zmm 2mi
b= (%”) Hj o En T R T gy L (65)
zyz Y T %

After making the substitutions :

1 mim 2mim k. 2
0= gt T be= T (¢ vt = 5). - (69)

(65) becomes :
. 3 _mim, m'kxl 1rit'k’z o _
g = (f’l‘)’n Pl i S ﬁmj T g, (67
ht » -
and the calculations made above give us in this case :

nkt

mimg witd
— (7}7‘”" IT ete T WY T TRET fEmabe, . (68)
ta

zyz

The value of <%’g)9 is that given in (33), and (35) is re-

placed by :
mm , 1
2 ot — 5 2
_11‘2 = _____,h_t_—22<x — Q;OIt —_ l(fft) . . (69)
da e | ( ht ) 2m
g 27rmo
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Thus the value of 4 is given by :

s - (“_”ox"';‘:‘,")z
¢=<_Um)e PRy

| . et By |
rim I S~ (P e o W
Mo 2 ): 2(" e 12m“) J (70)

According to the interference principle, the probability
that the particle is situated at (z, y, 2) at time ¢ is :

a2=¢¢*:(m_>.2)e a=+(2;":,-7‘-7) Y]

2amao

Sy

- - ht N2 . .
and when it is permissible to neglect <-7n—o> in comparison
v

with o2, which would always be possible if & were infinitesimal,
we have :

a?=e” E(‘ ~ ot ‘%"Y. : . (72)

In this case the wave-train has the same form about the
point with co-ordinates :

qu

—Ie’i 12, z=wvg,t— i;;z,t-’

T = Vgt — 2%}2: Y=Vt — om
at time ¢ as it had about the origin at zero time. The wave-
train moves as a whole and has throughout the same motion as

. . ht \*?
in the classical theory, but when the term (é——w——~> can be no

longer neglected the dimensions of the wave-train increase, since

o is replaced by o' = \/ o? + <2 ht >2 and there is continuous
Ly

spreading.
We arrive at the same conclusion by calculating the velocity
of the probability elements. Let (¢, 7, {) again denote the
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components of this velocity. The expression (70) shows that
the phase is given by :

¢=2_J ht 2(53 ’”oxt"‘-‘tg)

‘la2+ 21rmc
~z x2+?—;x 1;“ 14)} (73)

omitting the additional term of the form F(¢) which contributes

nothing to (¢, 7, {).
From (73) we deduce :

b, (o)

£ = _;}l_s—f:vo,,»{—;ﬁi+m(§—voz—%t>

2mmo
(74)

together with similar expressions for n and ¢.

2
These expressions show that if <Q£%E) is negligible as
before, the probability elements move as a whole with the
velocity anticipated for the particles by the classical theory.
But the situation changes when the term is appreciable and in
addition to these classical velocities there appear centrifugal

velocity components with respect to the point :
k k k
x::'vo:zt—l;- é——;;tzy Y = Vyy t+ﬁt27 2 zvozt'i_é;;‘tza

and the wave-train tends to spread in all directions.

Let it be supposed that the velocity of the particle is deter-
mined by two observations made at zero time and at time ¢
and let the second observation locate the particle at the point
(%, y, 2). We can consider the initial velocity components as
equal to :

. x kx . y kw — 2 kz
UOx - “t‘ - %t, Uov - ?_%t’ Uoz - "t' 2mt' (75)

The possible error due to the uncertainty o in the original
position can be diminished as much as we please by taking for
¢t a sufficiently large value. By the argument of the preceding
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paragraph we again find that the probability that a second
observation will give values (Pox, Poys Po:) for the original com-
ponents of momentum is given by :

2\ 3 _ 4nig? 2
P(Pos, Doy, Dos) — (21;:: > o~ 2P T M) (76)

The most probable values for p,,, p,, and p,, are therefore
MUy, MYy, and mv,,. Let us denote by 8p,., 8p,, and &p,, the
deviations between the true and most probable values, and
let 8zy, 8y, and 6z, be the uncertainties, which are equal to
o, in the initial co-ordinates, so that :

Qra\ 3 an 8P, 02, 3
P3P0z, 3Poss 390 = (= ) e ()
We have once more the Heisenberg relations between the un-
certainties in the co-ordinates and in the conjugate momenta
in the initial state after the first observation.




CHAPTER XIV
WAVE MECHANICS OF SYSTEMS OF PARTICLES

1. Summary of the Principles of the Old Dynamics of Systems

ITHERTO we have been occupied only with the case
H of a single particle moving in a given field of force.
But we have often to consider the case of an assembly
of particles acting upon one another. We cannot then consider
the field as given, since, if attention is paid to one of the particles
of the system, that particular particle is subject to forces
generated by the others, and these possess a motion dependent
upon the particle itself. Thus it is necessary to determine at
one and the same time the motion of all the particles, and this
determination is the solution of the rather complicated problem
which constitutes the subject of what is known as the dynamics
of systems. We shall recall the principles of this, limiting
ourselves to Newtonian mechanics.

In classical mechanics we pass very simply from the
dynamics of a single material point to the dynamics of svstems
by admitting the principle of the equality of action and re-
action, according to which the force exerted by a particle A
on a particle B is equal and opposite to that exerted by B on A.

Let us consider a system of N particles numbered from 1
to N to which co-ordinates (x;, ¥;, 2;) are assigned, where ¢+ may
have any value from I to N.

The Lagrangian function for the ¢th particle is:

Liy(x;, s, 24, %40 Y4y 24, 8) = T, — Fi(x; . . .2w0t), . (1)

T, being the kinetic energy 4m. (&% + 9% + #%) of the particle.

F; is the potential energy of the ith particle depending

ppon the position of all the particles of the system and on the
174
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external field of force to which the assembly may be subject.
We will write it in the form :

F,=SFs+f, (j=1toN), . . (2
J

where F;; denotes that part of the potential energy of the ith
particle which arises from the action of the jth particle upon
it, F';; being zero, since the particle is not considered to act
upon itself. f; denotes the action of the external field on the
ith particle.

The principle of equality of action and reaction is expressed
by the formula :

F”' = F,',l. . . . . (3)

In other words, the quantities F;; form a symmetrical table with
diagonal terms zero.

We can write down the Lagrangian equations for each
particle as follows :

:zitcLi) —

— — . . . . (4
AT; dx; (4)

with similar equations in y; and z,, and there are 3N equations
of this type in the assembly.

The classical dynamics of systems condenses these 3N
equations by introducing a Lagrangian function L defined by :

L@,y - o 2w @ - - int) = 2T — $3Fy — 3 f;
(5

~T-—F, )

where SF,; denotes a double summation over 7 and j and
T = ETi: F= %SFii +fi~

L is the Lagrangian function for the whole system, and is
not the sum of the individual Lagrangian functions, since it
contains each term of mutual action once only. In the same
way F is called the potential energy of the whole system ; it is

1 F,; and Fy; are, in fact, functions of r,;; alone, where r;

=V(x; — %) + (s — ys)* + (2; — 25)*
is the distance between the ith and jth particles and the assumption
of (3) implies tha bb—}iij = — %F—-x” or the principle of action and reaction
i i

is satisfied.
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not the sum of the potential energies of the various particles.
By means of L the 3N Lagrangian equations become :

) AN

ise) = 5
with the corresponding equations in y and z.

As we have now Lagrangian equations with a single function

L depending upon all the co-ordinates of the particles of the
system, we shall be able to find a principle of stationary action
for the whole system. Consider therefore a space of 3N + 1
dimensions built up by the 3N co-ordinates and the time.
The motion of the whole system is represented by a line in this
space, each point of the line corresponding to an arrangement
of the system at a particular time. The line representing the
motion between two points P and Q from time ¢, to time ¢, is
defined by the Hamiltonian principle that the integral :

4
j Lat . . . .
ty

taken along it is stationary for all infinitely small displace-
ments from it with the extremities fixed. This principle is
valid, since it takes us by the classical procedure of the calculus
of variations to the 3N Lagrangian equations (6). Moreover,
this Hamiltonian principle has an intrinsic significance in-
dependent of the choice of variables assigned to the system.
Thus, if the 3N co-ordinates (z,, ¥;, z,) are expressible in terms
of n variables, ¢, in the form :

e =fiqy .- qn), Y=g - qn) 2= Pilq ... gn), (8)

the function L will be expressible in terms of the (2n 4 1)
variables q;, ¢, and t. We shall have therefore :

, (i=1toN) . . (6)

by
aj Lige o )l =0 . . . (9)
t

the limits ¢, and ¢, not being subject to variation. In general
n is equal to 3N, but if there are any constraints, that is to say,
if certain relations ! exist between the co-ordinates of the N
particles, n may be less than 3N. The number of independent

t We suppose, for the sake of simplicity, that the constraints are
independent of the' time.
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variables which are necessary to define the system is called the
number of degrees of freedom.

As in the case of the single material point we define certain
momenta p; conjugate to the co-ordinates ¢; by the relations :

L .
P, = qu (r =1 ton), . . (10$)

which makes it possible to write the Lagrangian equations in
the form :
dp, L
dt g’

In the same way we shall describe as the energy the quantity :

W=3pg—L . . . (12)
and since by (10) and (11) we have :

dw ; dg; oL dg, L
- — q, .~} zl)] q \ — _q —_ ?_
dt Zdr Dq, <G, di

(2 = 1ton). . . (1)

= — 'a TR . . ) ) . . (18)
we conclude that if the external field is independent of the time,
or gf— = 0, the quantity W remains constant.

By the definition (12) of W we can express the Hamiltonian
integral as a line integral in the space of (» -+ 1) dimensions
formed by the n co-ordinates ¢; and the time, for we have:

ty Q
dez =j (Spdg; —Wdty, . . (1)
t p

P and Q being the extremities of the line representing the path
of the motion in the ¢- space.

In the case in which the external field of force does not
depend on the time, and where in consequence the energy
remains constant, the Hamiltonian principle leads to the
principle of least action of Maupertuis. Let us consider a
generalised space formed by the ¢ co-ordinates alone; this
space will play an important part in what follows. The
assembly of positions of the particles of the system at a given
instant is denoted by a representative point in this space, and

12
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the motion of the particles of the system is represented by a
curve or trajectory of the representative point in the generalised
space. The principle of least action of Maupertuis may be
described by the statement that the trajectory of the representa-
tive point between two points A and B of the generalised space

B
is such that the line integral“. ZPdez taken along the trajec-
A

tory is stationary for any infinitely small variation which
leaves unaltered the limits A and B and the energy W. The
proof by Hamilton’s principle is exactly the same as that of
Chapter 1, § 4, except for the circumstance that there are now
n variables instead of 3.
Similarly, by resuming the proofs of Chapter I, §§ 5-6, by
3 n

merely changing 2 to > we shall find first the Hamiltonian
1 1

equations :
dp YH dq, H . -
I [ Ly =1...n . 1i
di s, A e @ ") (19)
then the theorem of contact transformations which is now ex-
pressed in the statement that the transformations o, = f, (¢;, px, t)

and B; = é.(¢x, P&, 1), subject to the condition,

2, pdg, — Zpdo; = — [dS],, . . (16)

maintain the canonical form of the Hamilton equations if H is
replaced by K = H ;%f—, expressed in the new variables.

Here, as in the earlier chapter, the notation means that the
differential of S is made without varying ¢.

By means of this theorem we can develop as before the
theory of Jacobi’s equation (Chap. 1I) and arrive at Jacobi’s
theorem that if it is possible to obtain a complete integral,
i.e. one depending upon n arbitrary constants «,, of the first
order partial differential equation :

H(g,,~3§,t) N )

we shall have :

pi=— 2 g=2 G=1...n . (18
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where S depends upon ¢;, «, and ¢ and the B’s are » new con-
stants. The equations (18), which define the 2n quantities ¢;
and p; as functions of the time and the 2n constants «; and B;,
give completely the motion of the system of n degrees of
freedom~

2. Transition from the Old to the New Dynamics of Systems

To pass from the wave mechanics of a single particle to the
wave mechanics of systems of particles, we cannot proceed as
in the old mechanics. If we wished to follow this route it
would be necessary to consider the motion of each particle and
its associated wave under the action of the fields created by
the other particles and of the external field, if it exists. Then
by introducing the principle of action and reaction it would be
necessary to solve simultaneously the problem of the propaga-
tion of the N waves associated with the N particles of the
system. It appears hardly possible to proceed in this way,
the chief reason being the difficulty of locating each particle
at a point in its wave ; we cannot express the field of force
acting upon a particle in terms of the positions of the others,
since these positions are not well defined. In order to construct
the wave mechanics of systems Schrodinger has followed a
quite different path which, while raising certain difficulties of
principle, has given very good results and with which we have
at present to be content. But he has in his attempt succeeded
in obtaining only the non-relativistic equations; the rela-
tivistic wave mechanics of systems is still lacking.

Schrodinger assumes the existence of the generalised space
of » dimensions formed by the variables ¢, . . . ¢,, which
define the system of n degrees of freedom to be considered.

He associates with the motion of the system not as many
waves travelling in ordinary space as there are particles, but a
single wave travelling in the generalised space. He has sought
an equation for this wave which, to the approximation of
geometrical optics, is in harmony with the old mechanics.
Following Schrodinger’s idea we must therefore seek a wave
equation depending upon the variables ¢,. . . . ¢,,, such that,
if the solution be written in the form :

2w

J=ae k¢, ) . . (19
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where i, @ and ¢ depend upon the variables and the time, the
conditions are realised (1) that when the approximations of
geometrical optics are realised, in particular, when % is con-
sidered infinitely small, the function ¢ will coincide with Jacobi’s
function of the old mechanics, (2) that if the system consists of
a single particle we must obtain the wave equation for a single
particle, and (3) if the system consists of N particles which do
not interact, the wave equation must split up into N separate
equations of the type valid for a single particle.

But before studying a propagation in generalised space we
must complete the definition of it by attributing to it a metric
in the Riemannian sense, that is to say, we must assume that
the square of the element of length corresponding to a variation
of the co-ordinates ¢; of amount dq, is given at each point by
the quadratic expression ds®= 3g¢,dq.dq;, where as usual

e

summation over the possible values of ¢+ and k£ is implied. We
shall see how the ¢;; must be chosen, but must first recall
certain mathematical formulee which we require.

3. Mathematical Results

Let us consider a space of » dimensions and suppose, in the
first place, that the points have n co-ordinates (x;, . . . x,)
such that the surfaces, x; = constant, cut one another at right
angles, which simply means that we have chosen a system of
orthogonal co-ordinates. In the neighbourhood of each point
it is as if we had chosen a rectangular Cartesian system of
co-ordinates and the square of the element of length takes the
form :

ds? = zdxf . . . (20)
The element of volume will be :
dr = dedx, . . . dx,. . . (2D
By means of a transformation of the variables :
¢ = flx, . . . @),

we then define any n curvilinear co-ordinates. Conversely, the
x; may be considered as functions of the g; and the expression
for dx;? may be written :

0% Wiy dae. . . . (22)

dx; = T 4q,0q
s 3¢y 0k
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and in consequence we have :

2 0x; d%; A
2 — ———— ==
ds® = <305 905 i@ qx _/_'gikd%dqln - (23)
where
\ o, Ay 24
R
and evidently
T = Jrse . . . (25)
Let } | denote the determinant with the general term bl ;
Ay, . .. Z,) s
it is the Jacobian —- N g of the «’s with respect to the
qiv - - (n
¢’s. By the multiplication rule of determinants :
ka 2 D‘T,' b.’l’r,‘
2% T gnl, . . (26
Y ,~ 3 O 19l )
so that if g denotes the determinant of the terms g;,, we have :
_ Ay o W) 2 97
- Dl qn)f &0

The well-known analytical theorem for change of variables then
gives :
dr==dr, . . . de,= Vgdg ... dq, . (28)
and in this way we obtain the element of volume in terms of
the ¢,’s and ¢;,’s.
yir being the minor of g,; in the determinant g, we write :

ik Vik . . . (29)
g p (
whence ¢* = g¥* and by the properties of determinants :
Sgtgu=1lor0 . . . (30)
k

according as ¢ = lors * L.

This formula represents n?2 linear equations which completely
determine the n2? quantities ¢g** as functions of the g, and we
can readily verify that:

W 3y

kl .
g b.lf,- b.'r;
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We have by (24) :

. . T( 3G, DG 0T bx,,,>
gik’g = —_— ——— —_— ——
kz kt “:‘" P dx; bx, - bqk bql

g, ¥, Gy 0T,y
= > = E 2= . . (32
7 0%; D5 “1dT; ¥ (32)

and the product under 2 vanishes unless j = m, when it is
k
equal to unity. We have, therefore :

Zg"‘gu =DM M (33

T ""bl,'b{l; bq;

which vanishes unless ¢ = [ and is then equal to unity. The
equations (30) are thus satisfied by (31).

We pass on finally to determine the gencral expression for
the Laplacian operator in terms of general co-ordinates, g;, the

2
operation on a function f being by definition Ez—lfz We will
—10L;

begin with the statement that if f is a function of the n co-
ordinates, which is finite, uniform and continuous throughout
the n-dimensional space considered and which is zero at infinity,

the equation :
2
ZEI =0 . . . . (34)
2’
—4 2
is the expression of the fact that the integral jz’(%) dr

extended throughout all space is stationary for any infinitely
small variation in the form of f which does not violate the con-
tinuity and uniformity of this function. The integral and the
space are, of course, n-dimensional and dr is an element of
volume dz, dx, . . . dz,. If f varies by 3f at each point of this
space the above integral undergoes the change :

SIZ(S‘%) j ;xfig DZ”’ dr jzzg%wf, (35)

and in order that this change may be zero whatever the value
of &f, it is both necessary and sufficient that equation (34) be
true.
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We can also express the integral to be varied in terms of
the ¢ co-ordinates by a change of variables from z to ¢. We

have :
o z of ¥ <_°Jf>2 - Zﬂli_b[ 2 31 (36)
A, - 9 dx,”  \d, = 03 3¢, dx; dx,

.b'f_ ' 2_3’1 _D_j Ok 01 _ S of df .
Z(br) - 0 0y <D0 bm,~%rg W O (37)
by (31). From this we deduce :
of of of
8‘[2(5—; 417-—8 klbq 5, Vgdg, . . . dq,
k1

o
12

| Kt V
- -gg N <N]> Vgdg . .. dy,

. N 5
— ﬁ) o B
= E P <\/gg A >8f(1q1 ..o dg,. (38)

If we compare this with (35), the latter being another ex-
pression of the same quantity, remembering that :

dr = Vgdq . .. dq,. . . . (39)

S 2 -
- — . . (40
i DTI bgl(‘ 99 bqk) ( )

This is the generalised expression of the Laplace operation in
n dimensions in any co-ordinates, ¢. Of course, if » = 3, we
have the ordinary operation in curvilinear co-ordinates.

and

we see that :

4. The Wave Equation in Generalised Space

A metric must be associated with the space before we can
consider propagation in it, and for this purpose we begin with
the kinetic energy of the system, and since Schrodinger’s wave
mechanics is non-relativistic we shall begin with the expression :

T = Shm, (a2 + gf + 2) SRR C
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for the kinetic energy, where (z,, ¥;, 2;) denote the rectangular
co-ordinates of the ith particle, m; its mass and the number of
particles is N. If the system has n degrees of freedom, the
3N co-ordinates may be expressed by n co-ordinates ¢, . . . ¢n.
The velocities are expressible linearly in the ¢’s and T becomes
a homogeneous quadratic in these quantities, since it is assumed
that ¢ does not occur explicitly in the relations between the

2’s and the ¢’s :
T == %Ek,uik‘l'zq.k, . . . (42)

where the quantities u,; are in general functions of the ¢’s and
Hiw = Mxi-

The Lagrangian function, L = T — F, depends upon the
¢’s through T only, so that :

. T . .
P= = = Eu.qu. (b=1,2,...mn). (43)
k

AT

This equation represents a system of » linear equations ex-
pressing the p’s in terms of the ¢’s and they can in general be
solved to give the ¢’s in terms of the p’s. Let v, denote the
minor of u;, in the determinant |u,,] = p and write :

“ == ’L 5 . . . .
so that we find :
gi = Spitpy, (=1,2,...n) . . (45)
k

We may easily find the classical form of Jacobi's equation.
The energy expressed as a function of the ¢’s, p’s and the time is :

H(g., p.. 1) = 3 3pappp¥'p. + Flgs 1), . (46)

where the summation applies to all the suffixes and F is the
potential energy of the system.
By the theory of determinants :

E.U«z'k,u” =1loro0 . . . (47)
P

according as ¢ = [ or ¢ * [, and therefore :

Higi, pi, ) = § Sppips + Flgo t) . . (48)
i
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and (17) may be written :

.S bS 28
22 st Fa0 =5 . . 9

The metric of this space will be defined by making u, u
and p play the part of g, g'* and ¢ in the last paragraph, or
we define the expression ds? by the formula :

st = 3 padqdg:. N V)
ik
The element of volume is then :
dr = Vpdg, . . . dq, . . . (51)
and the generalised Laplacian operator :
1 2 d — J
— — (ot —). . . (92
Ve 3‘1-‘(& o b‘lk> (52)

We have assumed that the non-relativistic equation for a single
particle of mass m which the wave function satisfies is :

ey ™y 4}’:”;:‘ . (53)

Schrédinger has transposed this expression and adopted as the
wave equation in the generalised space :

1 2-* d — Y 87r 4m o0
E—— — 1k — :
Vi = bq,(\/’“’ H bqk> T O = A (54)

We must make sure that this expression satisfies the three
conditions stated in § 2 of this chapter.

1. When the conditions of geometrical optics are satisfied
and in particular when A can be considered infinitely
small, the function ¢ satisfies Jacobi’s equation.

2wi

Let us write as usual ¢ = ae** where the variables are
the ¢’s and ¢ and @ and ¢ are real. Substituting in (54) and
equating to zero the real terms, then neglecting in the equation
thus obtained the terms which do not contain A% in the de-
nominator, we find :

_! L .‘__é bd’ — Eé 55
2; qu 3 + F(gi t) = 5 . (55)
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The function ¢ thus satisfies Jacobi’s equation (49) and to this
degree of approximation it may be regarded as the Jacobian
function of the old mechanics.

2. If the system consists of a single particle we obtain once
more equation (53).

Let us denote the mass of the particle by m and take rect-
angular axes of co-ordinates. We have T = }m(g? 4- y2 + 2%),
and therefore in this case :

. 1

mfore=1I fori =k v _

Pig == { . L p=m3, k== {m , 2.3,
0for¢ + & 0 fori + k &

(56)
The equation (54) when applied to this special case becomes
(53).

3. If the system is formed by N particles which do not
react upon one another the wave equation splits up
into N separate equations of the type valid for a single
particle. '

Let m; denote the mass of the ith particle, and let the
co-ordinates be chosen rectangular.
We have :

= zlm + J1 )

and in this case :

pir =0 for 7 = k. py; = pys = pgy = m; and in general

B3i-g, 3i-2 = M-, 3i-1 = Mar, 50 = My, p == mdmy® . .. my
1 .

w* = 0fore + k, p!l=pu??=p’= - and in general | (57)
1

1

3i—2, 3i—2 —_ 381, 3i-1 __ 38 3
== = u ==

I .

14

F in this case becomes ZF,(ar,, Y., 2 1), and equation (54) is
reduced to the form :

Ly ) s

Z{E(b_x_f T WE * bz"f) h2B‘¢ T b (58)

L3
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If we write ¢ in the form :

= ‘I’x‘/‘z R ‘/‘Ns . . . (989)

where ¢ is a function of all the variables while ¢, is a function
of x;, y;, z; and t only, we obtain N equations of the form :

RN TR T 7 y
(5 + 5+ 5F) — v
:%%’i‘(i:l’z’ ... N) (60)

and these are the equations of the particles valid when they
are considered separately.

Thus (54) satisfies the conditions laid down.

If the system is composed of N particles acting upon one
another but not subject to constraints we can build up the
generalised space by the 3N rectangular co-ordinates and the
wix and p'* have the values (57). The wave equation takes the
form :

b%,b a%/: D2 82 4m a:,b .
m; bx" b~2> gl = o (61)
where F now depends upon the 3N variables a;, x,, . . . z; and

the time ¢.

All these formule are non-relativistic, and it has not yet
been possible to find a wave equation fulfilling the requirements
of the theory of relativity. Moreover, we have, in agreement
with Schrodinger’s work, considered wave propagation in the
fictitious generalised space. It has not yet been possible to
connect this propagation of a single wave in a fictitious space
with that of one or several waves in ordinary space.

This impossibility seems to strengthen the view that no
physical reality is to be attached to the associated wave, but
that it is simply a symbolic representation of probability.



CHAPTER XV

THE INTERPRETATION OF THE WAVE ASSOCIATED WITH
THE MOTION OF A SYSTEM

1. The Approximation of Geometrical Optics

N order to explain the meaning of the many-dimensional
wave associated with a system we begin with the wave
equation :

1 d - bt/: 82, 4w Y
\/,IZS{,( s bq) wE = G - ()

2n1
We shall write ¢ in the form ae”?, when by substitution in
(1) and equating the real and imaginary parts to zero, we find :

lz 5, 9P 395 /z z Vi RUA
- tk —— P
24 * % 34 F= 82 4/ \Q Vit o)’ )

%0 ¢ 1 a ¢ _da .
gM ;i 34k+ \/ w4 <\/## 5‘,17:) o ()

In the present section of this chapter we shall neglect the last
term of (2), since we are limiting ourselves to the approximation
of geometrical optics. The function ¢ then satisfies Jacobi’s
equation, as we have seen, and we may regard the classical
mechanics as valid in this case and define the Lagrangian
momenta by :

. S d
P = z;mqk = T ‘i . . (4)

k

By solving these equations for the ¢’s we find :

_ . s
g = Eu"‘pk = — ZM"‘ . . (5)
% X

k
188
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By substitution in (3) :

o d -, ,
it Zaq. A VEW =0 . (®)
and after multiplication by 2a :
da? 1

J - .
O vamVEe =0

We shall interpret this equation in the same way as we inter-
preted that for a single particle.
We know that ¢ satisfies Jacobi’s equation to our degree of

approximation. Let ¢ = (g, . . . qn, ¢, o, . . . @,); accord-
ing to Jacobi’s theory the classical equations of motion are :

N .

—D-‘i’- =B (E=1,2,. . . n). . . (8)

To a particular function ¢ with the same set of constants «;
there corresponds an infinity of possible motions dependent upon
the choice of the constants B;. We shall again describe these
motions as being of the same class. The motion of the whole
system is defined by the motion of its representative point in
generalised space, and this motion is determined by the equations
(8). Instead of considering a system, we can consider an
assembly of identical systems performing motions of the same
class and to this assembly there will correspond a cloud of
points in the generalised space associated with the same y-wave.
The velocities of these representative points are given by the
equations (5).

The motion of this cloud of points must satisfy the hydro-
dynamical equation of continuity of which it is easy to find an
explanation in the generalised space. Let us consider a small
volume bounded by the surfaces :

q, == Cy, i == ¢; + dg,. (1=12...n) (9

The sides of this small parallelepiped are in the directions of
the co-ordinate axes ¢;, and are of lengths dg,. Consider a
particular co-ordinate g;. The number of representative points
which cross the face ¢q; = ¢, in time dt is equal to the number
contained in an element with this face as base and with side
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gidt. If p denote the density of the cloud at the face considered
the flux is :

o= pVudyg ... dp_dge, . . . dq.qxdt . (10)

The flux across the parallel face ¢, = ¢, + dg, is in the same
way :

do
o+ g,
C VY 9

and the difference is :

220 Vi
bqk(” mardg, . . . dgdt. . . (11)

In the same way, by considering each face of the parallelepiped,
we obtain for the excess of the cloud entering over that which
leaves the element the quantity :

d _
(pVipge)dq, . . . dgdt. . . (12)

" 2
Expressed as a change of density this may also be written

%tedt v ;: dq, . . . dg, and by equating the two expressions we
obtain the equation of continuity :
op 1 > -
Y] &7; - E(V,uqu) =00 . (13)

A comparison of (13) with (7) leads us to write :
p=Ka? . . . . (14)

This result may be expressed in terms of probability by con-
sidering a system of n degrees of freedom, the motion of which
is known to belong to a certain class, but of which the initial
configuration is not exactly known. The intensity of the
associated wave in the generalised space measures at each
point of the space the probability of occurrence of the repre-
sentative point of the system.

The cloud of representative points may be replaced by a
probability fluid of which the elements describe the various
trajectories which are possible, according to the old dynamics,
for the representative point, the density of the fluid being
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proportional to a? and being a measure of the probability of
occurrence at each point of the space. It is thus possible to
the approximation of geometrical optics to satisfy the principle
of interference and at the same time to retain the view that
the particles of the system have a definite position in space,
and in consequence that the representative point itself has a
definite position at each instant in the generalised space. For
systems as for single particles the difficuities begin when we
leave the realm of geometrical optics.

2. The General Case. Motion of Probability

When the approximations of the last paragraph cease to be
valid, we can no longer neglect the last term in equation (2).
The principle of interference will still be adopted according to
which the square of the amplitude of the wave is a measure
of the probability of occurrence of the representative point at
each point of the space and at each instant. It will thus be
necessary to associate a probability cloud with the ¢-wave,
and the motion of the cloud in the space will be such that the
principle of interference is satisfied. This result is attained by
defining the velocity of the probability elements by the relations:

jo == — ”‘——D—i 15
4 Ek SRR . . (15)

The equation of continuity is still satisfied on account of (3)
by writing p = a®

The motion of the probability elements defined by (15) can
be studied as in Chapter IX. Equation (2), which takes the
place of Jacobi’s equation, may be written :

IS add 29 _
DI S RIS RN
where
, he 1 d [~ ada
LA wldy .7
I, Bria Vs bqi(\/# 7 bqk> (' )

We can say that the probability elements move in the same
way as if there were a supplementary potential energy of
magnitude F,, which may be described as quantum potential,
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and which depends upon the amplitude @ of the wave, and
hence upon the density of the probability cloud. We may
define a function of the ¢’s, ¢’s and ¢ by the formula :

L= %%P-ikq'iq'k —F - F, . . (18)

described as the Lagrangian function of the probability elements.

The derivatives
p; = bq, Z/.L,qu 1)

are the conjugate momenta of the elements corresponding to
the variables ¢;.
By (15) we have :

Y O
. i kv . _ ¢ . 120
Z# Ly 3 (20)

and the quantity
= Epitif — L= '%'zi/vikq.a(jk - F—F - (21
i ik

plays the part of the energy.
We shall determine the equations of motion as in Chapter IX

for the probability elements by calculating %

dp; op; . wr kjbi o 2%
qa aq" LY, _2«“ 3¢, 340k dgidt

0P 2 1C ki 0 dp .
E D) s T B (2)
bq 2t bqk dg; ot 2 3q; gk 0q;

whence by (2), (19) and (20)
D )
- SE(B F) 3 pid BkmGms  (23)

0 ifk =1 D[Lk] _ 2 ki D}J-ﬂ
Z/L ]/“Jl - ll if k==1 Dq Wit = I qu (24)

but
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and formula (23) is then written :

dp; dp
=g g, 1ntiiim — qi(F+Fl)

(where the summation applies to j, k, I and m)

1 b[.l»” d n) ¢
=3 2o bl — 5 P T (20)

Finally, by the definition (18) :

dpf . DL .
Ft‘——-b—ql, (7/——],2,.. .n), . . (26)
which is the Lagrangian set of equations.

The term — g in (25) is the g;-component of force in the

ordinary sense.

The term z ’ﬂq,ql is introduced by the choice of co-

ordinates, and corresponds to centrifugal forces and forces of
constraint. Both these terms occur in the equations of motion

1
the
t b

of ordinary mechanics and, if one may neglec

motions of the probability elements in the generalised space
are identical with the motions of the same class of representative

N . . K
points in classical dynamics. If, however, — _bt_l may not be

neglected the elements move as if subject to an additional
force derived from the quantum potential ;. Thus, even in
the absence of a force in the old classical sense, the principles
of conservation of energy and of momentum do not hold for
the probability elements.

3. Ehrenfest’s Theorems

In the case of a system formed of N particles, subject to
no constraints, we can eliminate the terms in ¥ by means of
an integration extended throughout the space and obtain once
more theorems similar to those of Ehrenfest for a single particle
(see Chapter IX, § 3).

13
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We shall suppose the y-wave to be limited in the space in
such a way that the amplitude a and its derivatives are zero at
infinity and we begin with a mathematical result which general-
ises formula (21) of Chapter IX.

Let U and V be two functions of the co-ordinates ¢. Then
if they be finite and continuous and vanish at infinity in the
space, we shall have :

jvyzaq, Vi gt qu)dT J'\/quwqt<\/lup,ik—>d7, (28)

where the integral is n-dimensional, dr being the element of
volume in the n-dimensional space, and the integration is ex-
tended throughout the whole space.

For an account of the vanishing of U and V at infinity, the
integral on the left can be transformed by partial integration as
follows :

oS 5

and (28) is thus established.
We shall describe the quantity :

f=(fa2a- . . . . (30)
as the mean value of the function f in the probability cloud at
time ¢. If we suppose that the system is without constraints
we can choose for the ¢ co-ordinates the 3N rectangular co-
ordinates of the system, and we have then :

1
pi=p*=01if 7 + £, W,-_M._m,fory_m—.‘l 3 —1, 3,

= (mymy . . . my)?, N 1 9]
the quantity m,; being the mass of the ith particle. Since the

pa are constants, the equations of motion of the probability
(25) reduce to:
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dpi_ﬂﬁ__bF_ d IE
dt 0g; Jit 82 \%{a\//x 3Qk<\/'u M“—)}.

(32)
In this equation we have taken account of the definition (17)
of F, and have denoted the ¢;-component of the force in the
classical sense by f..

If we multiply (32) by a?d+ and integrate throughout the
space we obtain :

dﬁ“*fz h2 Igbql{al_ﬁggz—k(\/; w;i)}df (33)

The integral in this expression vanishes, for on account of (31)
it can be written :

d lz wdla j‘ { d 2 bza) baz Q%
2.9 (1 dr — 9 .o I
ja bq,(a = ® bqk) T= abqi< w g% g, “ in}dT

d%a da 2
_ w o oa w92
j (“Z“ Ry Y bqi)dT

(34)
and (28) gives by virtue of (31) :

oS- S

- In this formula write U =a, V = ;—{i, since a and its deriva-
tives satisfy the conditions imposed upon U and V in the
development of (28), and it follows immediately that the right-

hand side of (34) vanishes. (33) now gives :
d—p‘—f., (=12 ...N). . . (36)

If there is no external field of force or if the external field is
independent of the time, a theorem analogous to that of
the conservation of energy may be established. It may be
shown, as in the preceding chapter, by means of the definition
(21) of the energy of the probability elements, that :

aW _ L _ a

F
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After multiplying by a? and integrating throughout the space,
it is found that :

dW F B2 2 1 Z 22 ‘
T =5 a{;r,: < (ViR Jar 69
and the integral may be written :
d lz % 2 d%a Daz d%a
2 Kk Iy — kk k0@ :
,[a bt( H bqk>(7 I(a <H gpe T g )dT (39)

If the same substitutions be made for U and V as above, we
obtain from (38):

AW _ 3F
s

and in the case when the external field is independent of the

(40)

. F .
time, %f is zero and therefore :

w
dt

This is the theorem in the case of elements of probability which
replaces that of conservation of energy.

=0. . . . . (4]

4. The Explanation of Bohr and Heisenberg

Here, as in the case of the single particle, we might be
tempted to develop a pilot-wave theory, at the same time
maintaining that the particles of the system have a definite
position in space and that, consequently, the representative
point has also a definite position at each instant in the general-
ised space. We should then admit that the representative
point associated with a J-wave has the motion defined by (15),
coinciding always with one of the probability elements. If we
do not know with which of the probability elements the point
coincides, the probability that it occupies a volume dr at time
t will be equal to the number of elements then contained
within the volume and by (14) the interference principle will
be automatically satisfied. Unfortunately all the difficulties
arise once more which we discovered in the pilot-wave theory
of a particle, and it is even more difficult to consider the theory
as offering an actual physical picture of the phenomena because
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of the abstract and fictitious character of the propagation of a
wave in generalised space.

We therefore leave the pilot-wave theory and turn to that
of Bohr and Heisenberg to see how it will apply to systems.
We shall accept as fundamental hypotheses the interference
principle, according to which the intensity Ji* of the associated
wave measures at each instant and at each point the probability
of occurrence of the representative point, and the principle of
spectral decomposition, according to which the relative intensi-
ties of the different monochromatic components of which the
Y-wave train is composed give the relative probabilities of the
different states of motion. All the considerations developed
in the case of a single particle may be extended to the case of
N particles and the uncertainty relations again obtained :

8q:8p; > h. . . . . (42)
The cause of this uncertainty is always to be sought in the per-
turbation introduced of necessity in the process of measure-
ment.

The transition from the old to the new mechanics conceived
after the manner of Bohr and Heisenberg can also be made by
means of Ehrenfest’s theorem, as in Chapter XI. When geo-
metrical optics is valid for the propagation of the wave in
generalised space trains of waves may exist occupying a region
of dimensions large compared with the wave-length and which
can, therefore, be represented by a group of nearly mono-
chromatic waves. Although comprising many wave-lengths,
these trains may on our scale still be considered of negligible
dimensions, and they may be compared with a small probability
element in the space. Within such an element the quantities

p; and — %qg are appreciably constant, and Ehrenfest’s theorem

then gives :

dpi - XF

-d? _ S_Q—i. .
Thus the probability element moves as a whole in the space
like the representative point in the classical theory. The posi-
tion of this point must, of course, be regarded as indeterminate
within the element, but this indeterminateness is so small on
our scale that it can be neglected in practice. Actually it

(43)
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appears as if the configuration and state of motion were exactly
defined at any instant and as if the system followed rigorously
the laws of the old mechanics.

5. Concluding Remark

We make a last remark on this subject in the case where the
system consists of particles exercising no action upon one
another. From the last chapter it appears that we must take
for ¢ the product of the functions for the different particles
considered separately, ¢ = b, . . . . This is in agreement
with the interference principle and with the statistical meaning
of intensity. For the probability that the representative point
of the system shall occupy the position (z;, ¥, . . . zy) at time
tis:

l:[‘(xl, Yo - - - 28 i)‘/’*(:rh Yoo -« -+ 2N t) . (44)

and the probability that the sth particle is at (;, ¥;, 2;) at this
instant is:

l/’z(xu yza 245 t)lp*(xz‘a yn 24 t), . . (45)

but since the motions of the particles are independent, there

being no mutual action, the probability that the particles will

occur simultaneously at the corresponding points is ITy,4;.
This is equal to *, since

b=T0g. . . . . (46)



CHAPTER XVT

THE OLD QUANTUM THEORY AND THE STABILITY OF
PERIODIC MOTION

1. Early Examples of Quantisation in Periodic Motion

N atomic phenomena periodic motion plays a great part,

and we must study the special characteristics of this

type of motion in wave mechanics. We shall begin by
recalling how the conception of a quantum of action was intro-
duced into the study of periodic phenomena in the atom and
point out some of the chief results of the old quantum theory.

It is well known that the idea of the quantum was intro-
duced into dynamics by Planck in his researches into the state
of thermodynamical equilibrium between matter and radiation.
As this state cannot depend upon the mechanism of the energy
exchange he assumed, for the sake of simplicity, that it was
brought about by means of electrons vibrating about a position
of equilibrium to which they were attracted by a force propor-
tional to the displacement. A particle of this kind oscillating
in a straight line under this law of force is called alinear oscillator.
In order to obtain the experimental laws of complete radiation
Planck was led to make the assumption that the oscillators
could not be in possession of arbitrary amounts of energy, but
that only those amounts were permissible which were related
to the frequency of oscillation by the formula :

E =7rho, . . . . (1)

n being an integer, & the constant of action introduced by
Planck into physics, and w the frequency of the oscillator, which,
as we shall show, is independent of the energy.
We can obtain another expression of this quantum postulate
199
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from a consideration of the linear oscillator. The potential
function, F, is:
k

! = Sx? . . . .o(2
¥ =gt (2)
z being the displacement, and the classical equation of motion is :
d2x

Moy = kx. . . . (3)

The solution is :
x:Asin( @.t+a>, . . .4

m

where A and « are two arbitrary constants.
The frequency
=55 (5)
is independent of A, the energy of the motion.
The momentum is p, = m%—atf = mv, and the integral of
action of Maupertuis is :

S, = j:l pdx = mrlvdx . . . (6)

and if this be calculated for a complete period we find :
1

J = §dSl = §mv dx = mj“’zﬂ dt
0
= 2m2wmA? . . . . (7
by (4).
The energy, E, is equal to the kinetic energy of the particle
at the instant it passes through the position of equilibrium,
since at this point the potential energy is zero.

Thus :
E = Imz,? = 1kA? = 2mmw?A?, . . (8)
whence
E
— = 2mmwA?=J. . . .9
w

The condition (1) may be written in the form :

J=mnh, . . . . (10)
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but this is much more general, since it is not necessary to make
the special assumption that the frequency of the oscillator is
independent of its energy. Moreover, the quantum restriction
of energy values for all motion with one degree of freedom can
be expressed in this form. The condition (10) is the condition
of quantisation.

The most important application of (10) is that made by
Bohr to the case of an electron of charge — e rotating about a
positive nucleus of charge + ¢, asin the atom of hydrogen. In
his first work on this subject in 1913 Bohr limited himself to
the study of circular trajectories. The azimuth 6 is in this
case the only variable necessary for locating the particle and
(10) can be applied. The kinetic energy is:

T = mr2g? . . . . (11)

and the momentum conjugate to 6 is:
T ok
= — == 0 . . . 12
po be mr b ( )
hence the integral of action is :

-‘.po do =Imr29d(7. . . . (13)

Since the angular velocity 6 is constant on a circular path
in a central field of force the value of the integral for a com-
plete period is:

2w
J = j mr20dl = 2mmr2d. . . (14)
0

Condition (10) becomes in this case :
2mmr20 = nh. . . . (1)

mr2d is the moment of momentum of the electron with respect
to the nucleus, and if this be denoted by M, (15) may be written :

M="t . e
2m
which is the formula which led Bohr to his brilliant explanation
of the hydrogen spectrum. To obtain the formula for this
spectrum we may write the equation of motion in the form :

ez
mr02=r—2, . . . . (17)
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and eliminating § between (16) and (17) we obtain :

1 4r2mne?
; == W. . . . (]8)

The energy of the electron in its path is :

| e? e?
E = émr%)z — == . . (19)
whence
2m2met
En _ nZh? " (.’.0)

This is the well-known formula for the energies in the various
quantum states for the hydrogen atom.

At this point Bohr introduced another postulate known as
the law of frequencies, according to which the atom emits
radiation of frequency v,, when it passes from one stable
quantum state with energy E, to another with less energy E,,,
the frequency being given by :

E,— K 2mimet /1 1
— n m 2
Frm h h? <m2 n2>' - (2D

If m is made equal to 2, that is if all those changes of state are
considered which terminate in a final state characterised by
this number, the experimental formula for the Balmer series is
obtained :

4

If the two formule are identical it must follow that :

y— R(l——- 7%) (n=34, ... C(22)

2m¥met

- (23)

and the great success of Bohr’s theory is that the experimental
value of R agrees with formula (23).

Equation (21) gives the frequencies of the members of another
series in the hydrogen spectrum known as the Lyman and
Paschen series, and from a consideration of the circular orbits of
an electron about a doubly charged nucleus, Bohr has also
succeeded in explaining the spectrum of ionised helium.
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2. The Wilson-Sommerfeld Conditions

The satisfactory enunciation of the quantum conditions in
the periodic motion of a particle in a constant field of force
required an extension beyond the case where the motion is
defined by a single variable. W. Wilson and Sommerfeld
found a form of enunciation applicable to all periodic motion
where there is separation of the variables, that is to say, where
it is possible to choose the co-ordinates in such a way that each
conjugate component of momentum depends only upon the
corresponding co-ordinate :

pi=flg) - - . . (29

The action of Maupertuis, SZp,dq,-, is thus a sum of functions

each of which depends upon a single variable. It may be
shown that, in the course of the motion, some of the variables
oscillate between two limits, while the others are angles with
a period 27. For example, in Keplerian motion the radius
vector is a variable of the first kind, the azimuth one of the
second. We shall say that a variable of the first kind has
completed its cycle when it has increased from the lower to
the upper limit and has returned to the lower ; in the same
way we shall say that a variable of the second kind has de-
geribed its cycle when it has increased by 27. With these
definitions in mind we can pass on to state the quantum con-
ditions of Wilson and Sommerfeld. The variables, ¢;, having
been chosen so that the variables can be separated, each of the

integrals jp,-dq,- taken over a complete cycle of ¢; is equal to

an integral multiple of the constant 2. The conditions may be
written :

§pidq,- = nsh. (n; = an integer.) . . (25)

A particle in motion in a constant field of force has, in general,
three degrees of freedom and will require, in general, three
integers for the definition of its quantised motion.

We may note an important point. When ¢, is a variable
of the first kind like the radius vector in the Kepler problem,
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it oscillates during the motion between values ¢;, and ¢, and
the integral in this case is :

%1 %o
[Vpdat [ Cpag. . o
%0 %1

This integral would clearly be zero if p; were a uniform function
of the variable ¢;; but this is not the case, for it can be shown
that in the motion with which we are concerned the conjugate
momentum of a variable of the first kind is of the form :

pi= + Vg, - - . 27

the function ¢, being positive in the interval g, to ¢, and
vanishing at the limits and then changing sign. p, is thus a

Y
Plane of Z
[ S o \ .
o Y ‘r=ql
Gio qu
Fig. 13.

double valued function of ¢,;, and we must of course take the
positive sign in (27) when ¢, is increasing and the negative sign
when it is decreasing so that the integral may be positive.

We can express this by the use of the compléx variable z,
of which g, is the real part. Let a function p; be defined by
the formula :

pi=+Véz). . . . (28)

Along the real axis this expression is identical with (28) and
p; is the momentum conjugate to ¢;. The function has two
branch points on the real axis and the integral must be taken
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along a closed contour extending from the position ¢;, + € to
¢y — € on the real axis and completed by two infinitely small
circles of radii e about the branch points (Fig. 13).

There is no corresponding process for the variables of the
second kind which vary from 0 to 27 ; for these the momentum
has a constant sign.

3. Einstein’s Statement of the Quantum Conditions

The Wilson-Sommerfeld conditions can be stated indepen-
dently of the choice of variables in a form given by Einstein
in 1917,

In the case of a particle the action is given by :

3
dSl = szdql
1

This expression is invariant for any change of space co-
ordinates, for it represents what may be described as the work
of the momentum vector. Throughout the region R, where the

motion takes place, each component p, = s—jl is in general a
k

function of the three variables, for we are no longer limiting
ourselves to co-ordinates which are separable. The quantum
conditions are equivalent to the statement that the integral of
action, taken over any closed curve C situated wholly within
R, is equal to an integral multiple of Planck’s constant.

To calculate this integral it is necessary to choose a system
of co-ordinates, for example one in which the variables are
separable. We can then write :

chsl == klj?ﬂ‘h + kszquz + kSIPSd(I?X‘ - (29)

ky, k, and kg being integers and by virtue of the conditions (25)
Einstein’s statement is satisfied. The Wilson-Sommerfeld con-
ditions thus lead to Einstein’s form, but the latter is independent
of the choice of co-ordinates.

As an illustration of this principle of Einstein’s let us con-
sider a motion taking place in a plane under the action of a
central force. The radius vector, being a variable of the first
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kind, oscillates between two values r, and r,, and in general the
plane orbit fills the annular region included between the circles
of radii r, and r,.

The continuous line denotes the plane of the orbit (Fig. 14).
The motion may be described by means of the azimuth 6
measured about O and the radius vector » ; to these correspond
the conjugate momenta pyand p, (= + V/4(r)). Let usimagine
the annular area to be replaced by a surface formed of two
plane sheets which have been bent to fit along the circles
r =1, and r = r,, making in this way a Riemannian surface.
The upper sheet will be associated with the positive, the lower
with the negative sign. In Fig. 14 these sheets are represented

----------
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by dotted lines and for convenience they are shown displaced
from one another. The annular area is thus replaced by a
sort of flattened anchor ring on which p, is a uniform function.

It is possible to distinguish three types of curves on this
surface :—

1. Those which can be reduced to a point by a continuous
change of shape. For these j ds, = 0.
C

2. Those which can be made by a continuous deformation to
coincide with a circle about the axis through O per-
pendicular to the plane of the ring and for which

2n
j ds, =j 206 = n,h.
C 0
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3. Finally, those which can be made by a continuous de-
formation to coincide with a section of the surface by
a plane containing the axis and for which

I ds, = §p, dr = ngh.
C

Moreover, any curve traced on the Riemann surface can be
referred to a series of curves of these three types and Einstein’s
enunciation results.

4. Quantisation of Keplerian Motion

As an example of the application of the quantum conditions
we will consider the case of Keplerian motion.
In polar co-ordinates the classical kinetic energy is :

T = Im(r* 4 r26?) . . . (30)
and the conjugate momenta are :
T 2
Pr == ¥ = mr, pg= 30 mréf. . . (31)

But by the law of areas p, is equal to a constant C, and Newton’s
or Coulomb’s law of force makes it possible to write :

R S - r2f2y E ‘
E = Qm(r - r262) o . . (32)
from which we may deduce by replacement of p, by C:

Py = mi = + \/QmE - S—:+ gﬁ:l{= + V). (33)

If E is negative ¢ has two positive roots r; and r, and the radius-
vector must always be included between these roots if p, is
not to become imaginary. Thus if E is negative the motion is
periodic and p, is of the form (27).

The quantum condition for the azimuth is :

2m
“. pedf == 20C = nh, (m, = an integer) . (34)
0
or
h
C = nl%, . . . . (35)

where 7, is called the azimuthal quantum number.
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This is the condition of stability (16) used by Bohr in the
case of circular motion, for C is the constant moment of momen-
tum of the ‘‘ planet ’ about the * sun.”

But in the present case we have in addition a second quan-
tum condition which Bohr did not require, since he restricted
himself to circular orbits. This second condition is :

qu,dr:nzh, : . . (36)

where n, is the radial quantum number.
If r, and r, are the roots of ¢(r) the integral (36) may be
written :

j:v:;? dr +j— VEdr= 2j:\/$ dr . (37)

and by equating this to %,k a second condition is obtained to
which we shall return later on.

We can easily obtain, by a general process, expressions for
the p; in terms of the g, which are required for the calculation
of the integrals from Jacobi’s equation. In the special case
of Keplerian motion this may be shown by writing the energy
(32) in the form:

H(g:, p:) :%( 2 4 f-f’) - _If )
and Jacobi’s equation for the function S, is :
() A -Em
Substituting SO = C, we find :
\/z B R0 o)

The function S, = C0 + jp,dr is a complete integral of (39),

for it contains two arbitrary constants C and E, the values of
these constants being determined by the quantum conditions
(35) and (37).
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5. Degeneration

We have to consider next a subject which has played a very
important part in the old quantum theory ; this is the subject
of degeneration. It was stated that the Wilson-Sommerfeld
conditions characterised the quantised motion of a particle by
means of three whole numbers. But from the results given
above it follows that these three numbers intervene effectively
only when three variables are necessary for the description of
the motion. Bohr, in considering only circular motion described
by a single variable, the azimuth, had to introduce only a single
integer ; in the last paragraph, in the study of Keplerian
motion which is plane and is described by means of a radius
vector and an azimuth, we required only two integers, n, and n,.

But it is important to note that the occurrence of two
numbers in Keplerian motion is only accidental. This becomes
clear at once by noting that the orbit in the classical theory is
a closed conic, and thus if elliptic co-ordinates are chosen the
motion can be described by a single variable.

These results can be generalised in the statement that every
time the trajectory, instead of filling the whole of a three-
dimensional region, fills only a two-dimensional or a one-dimen-
sional region, the process of quantisation introduces only two
numbers or a single number. In this case we have degeneration.

The study of Keplerian motion confirms this conclusion, as
we shall appreciate by completing the calculations begun in
the last paragraph. By means of Cauchy’s theory of residues
Sommerfeld has obtained the value of the integral :

Py dr = E——————zdr . . (41)
§ dr = §\/2 E + mK ¢

He has found the energy of the orbit characterised by the
numbers 7, and n, by equating the result to n,h and substituting

the value %‘; for C. The result is:

2m2met
Ry + m,)%
By making n, = 0 we obtain again Bohr’s result for circular
orbits, but Sommerfeld’s result shows that the energy of the
quantised elliptic orbits is also characterised by a single integer,
14

Eﬂx"a = - (42)
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ny + n,. The consideration of elliptic orbits does not intro-
duce a single new term into the list of stable energy levels.
The separate introduction of the two quantum numbers », and
n, appears therefore to be fictitious. This is shown better still
by the fact that in the case of classical Keplerian motion it is
possible to realise separation of the variables in other ways
than by means of the radius vector and the azimuth. Each
choice of variables which brings about separation of the variables
leads to different forms for the stable elliptic orbits, but gives
the same values for their energies. It must be concluded that
2m2met
nZh?
are stable. Quantisation of Keplerian orbits brings in finally
only a single integer because the orbits are closed, occupying
only one dimension in space, and classical Keplerian motion is
degenerate.

Degenerate motions present a special kind of instability in
the sense that the least perturbation causes the degeneration to
disappear, at least partially. Thus it is well known in astronomy
that a perturbation, even a very feeble one, can impose periodic
or secular variations on the elements of a Keplerian elliptic
orbit (major axis, eccentricity, inclination, longitude of the
perihelion, longitude of the ascending node), the consequence of
these variations being that the orbit is no longer strictly closed
and that it fills completely a space domain. The introduction
of the relativity correction into the theory of Keplerian orbits
is equivalent to introducing perturbation terms which are in
general small, and Sommerfeld has shown that the orbit remains
plane and appreciably elliptic, but that there is a slow con-
tinuous rotation of the perihelion. The trajectory is thus no
longer exactly closed, and it occupies the whole of the annular
area between two circles of radii equal to the distances from
the attracting focus to the ends of the major axis of the rotating
ellipse. The degeneration thus disappears, but only partially,
since the trajectory remains plane, but it is now necessary to

“introduce two numbers for each stable orbit. By calculations
which we will not reproduce here, Sommerfeld obtains for the
energy of the quantised path characterised by the numbers n,

and 7, :
2m2met 472 /n 3
B = — g {1 + n'—fhzc?'(ﬁ, — Z)}’ . (43)

all circular or elliptic orbits with energies equal to —
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where n = n, -+ n, is the total quantum number. From this
it is clear that the energy of the stable orbit depends separately
upon the two numbers n, and =, and not only upon the sum
(ny + my).

An electric or magnetic field acting upon the hydrogen
atom also causes the degeneration to disappear from the corre-
sponding Kepler motion.

6. The Insufficiency of the Old Quantum Theory

It is impossible to examine all the calculations to which the
various applications of the quantum conditions give rise. We
must be content with remarking that although the calculations
have often led to exact results it has not always been the case,
and the old theory has more than once proved to be insufficient.

Let us return to the case of the linear oscillator treated in
§ 1. From the formula (1) the energy E of the stable states
must be equal to one of the values of the series: 0, how, 2hw,

. nhw, where w is the mechanical frequency, El— 11; of the
™

oscillator.

But in order to explain certain experiments, especially in
the domain of band spectra, we have been obliged to admit
that the sequence of quantised energies is not that we have just
stated, but the following :

thw, 3ho, . . . (n+ 3how. (n=0,1,2,...)

This is what is sometimes called the half quantum law and is
not in agreement with the quantisation required by the old
quantum theory. The application of the method of quantisa-
tion of the old theory to more complex atoms than those of
hydrogen and helium has also led to poor results ; for example,
the ionisation potential of helium as calculated by Kramers
according to the old methods is not in agreement with experi-
ment.

For some time before the appearance of the new mechanics
the impression had been formed that the Wilson-Sommerfeld
conditions, while affording valuable indications, could not be
considered as rigorous. We pass on now to see in what sense
the new mechanics modifies these methods and how it has
revealed to some extent the physical meaning of the quantum
conditions.



CHAPTER XVII

THE STABILITY OF QUANTISED MOTION FROM THE
POINT OF VIEW OF WAVE MECHANICS

1. Meaning of Quantisation in Wave Mechanics

E have been led by the conceptions of wave mechanics
to associate with the motion of a particle in a con-
stant field of force defined by the potential F(x, y, z)
the propagation of a wave given by the equation :
872m

Vi (B~ F)g = 0. )

If the approximations of geometrical optics are valid for the
study of this wave propagation we can take as the reduced
wave function : .

g = aeg%b(m_s‘), N )
where a depends upon z, ¥y and z only and where S,(z, y, 2)
is a complete integral of Jacobi’s equation. In order that the
phase of the function (2) may have a definite value at every
point it is necessary and sufficient that along any closed curve
C contained in the region of propagation we have :

3
J s, = j > piq;=mnh. (n = aninteger.) . (3)
Cy Cq

We thus obtain once more Einstein’s result from which the
Wilson-Sommerfeld conditions follow. In the special case of a
closed trajectory we can take it as our closed curve C and
write down the single condition :

jpdl:nh.. L@

The problem is then degenerate and each stable orbit is
characterised by a single integer.
212
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Thus if geometrical optics be valid for the propagation of
the associated waves in the atoms the new mechanics gives
a meaning to the mysterious quantum conditions. Since
according to the new view geometrical optics and the old
mechanics correspond, we can say that the quantum conditions
in the old quantum theory are those which must be introduced
in order t.) preserve the equations of the old mechanics. But
this makes the whole of the old quantum theory appear nothing
more than a first approximation valid within the same limits
as geometrical optics. Now, as Schrodinger has pointed out,
this approximation is insufficient in the case of intra-atomic
motion. In fact, the essential condition of application of geo-
metrical optics is that the conditions of propagation vary very
little for displacements of the order of a wave-length, and since
the wave-length of the wave associated with an electron in an

. h . 3 L. . i
atom is e OF approximately . with intra-atomic velocities

of the order 10° cm. per sec., the order of magnitude (10-8 cm.)
is that of the dimensions of the atom. Within the intra-
atomic domain the conditions of propagation vary enormously,
since they are governed by the potential ¥ which increases
indefinitely when the nucleus is approached. The application
of the results of geometrical optics is thus not justified.

In short, the explanation of the old quantum conditions
which we have just given puts us upon the track of the solution,
but it shows also that these conditions cannot be considered as
rigorous, and that the whole question of quantisation must be
taken up again from the wave point of view. How shall we
define a stable quantum state ?

It is natural with the new ideas to suppose that a stable
state corresponds to a -wave having the form of a stationary
wave :

2ari 1y
b= alx, y, e r ®ED, . . (p)

Since ¢ is a solution of (1) the amplitude must satisfy the

equation :

8m2m.
h2

We shall suppose that the amplitude is a finite, uniform and

continuous function. Moreover, thg interference principle leads

Via -

(E — F)a = 0. . . (6)
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us to suppose it to vanish at infinity ; for if the amplitude did
not tend to zero at infinity, the integral, Iazdv, would be

divergent, since all the elements of it are positive and the
probability that the particle was situated at a finite distance
from the atomic system considered would be zero. This would
be contradictory to the idea that the particle forms part of the
gystem and is in a stable state within it.

From the point of view of wave mechanics the search for
the stable states of a particle becomes the problem of finding
values of E for which the equation :

8m2m

Vea + h?

B—-Fa=0. . . (7

has a solution which is uniform, finite and continuous every-
where and vanishes at infinity. The values of E defined in this
way are the energies in the quantum states of the particle.
The mathematical problem is closely analogous to that of
determining the characteristic vibrations of a string or mem-
brane when certain boundary conditions are imposed. In this
case the boundary condition is that @ must vanish at infinity.

To study the mathematical problem we have just stated we
shall make use of the following notation :

8mmE 872m
H= T R = 72

Equation (7) is then written in the form :

F. . . (8

Vg 4 (n — R)a=0. . . . 9)

We shall show that this equation admits of solutions which are
uniform, finite and continuous in a region D of space and which
vanish at the boundaries of this region for certain values only
of u. These special values are called the fundamental or
characteristic constants of equation (9) and sometimes the
proper values. In this way the existence of quantised values
of the energy will be established.

In general a single solution of (9) corresponds to each proper
value, fulfilling the conditions laid down; this is the funda-
mental, characteristic or proper function corresponding to the
particular value of u. We shall show that if a; and g; denote
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two fundamental functions corresponding to two fundamental
constants p; and p; then :

ja,a,dv = 0. . . . (10)
D

In other words, the fundamental functions form an orthogonal
system.

In order to grasp the physical character of this theory it is
convenient to begin with the study of some simple classical
cases of equations of the form (9) in which R = 0.

2. Simple Examples of Characteristic Vibrations. Vibrating
Strings and Membranes

(@) The Case of a String with Fixed Ends.

In the propagation of an elastic wave along a string fixed
at both ends, the transverse displacement u of a point of the
string satisfies the wave equation :

22 1 du
_Sa‘—/z —_ W _M—Z, . . . . (l 1)

where V denotes a constant dependent on the mechanical
properties of the string. If we consider a monochromatic
stationary wave of the type:

u = qe? i+, . . . (12)
the function @ must satisfy the equation :

d%a | 4mriy?
=+ ’{,: a=0, . . . (13)

which is of the form (9) with p = V2 and R=0o.

The domain D is here of one dimension formed by the string
in its position of equilibrium ; if one end be taken as origin
and if [ is the length of the string, D extends from x = 0 to
xz = I, and thus a(0) = a(l) = 0.

Equation (13) admits of the well-known integral :

a == a,sin (21‘;3:—}41) . . . (14)
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with two arbitrary constants a, and . In order to satisfy the

boundary conditions we must take o = 0 and %"TI—VI = nw, where
n is an integer, the particular solution becoming :
G, = Qg Sin 72;—'? . . . (15)
In this case the proper values are :
Hp = 7%;2 . . . . (16)

and the functions (15) are the corresponding proper functions.
It follows from Fourier’s theorem that any state of vibration
of the string can be represented by the function :
nwx

u(z, t) = z<c,, sin nTﬂx cos 27yt -+ d,, sin - sin f.’mvnt>, (17)

n

where v, = %}7, for this function satisfies the wave equation

and vanishes at the boundaries. Moreover, by Fourier’s
theorem it follows that the constants ¢, and d, can be chosen

so that » and g—:t, for the value ¢ = 0, coincide with any two

continuous functions vanishing at the boundaries. Since u
satisfies an equation of the second order with respect to the

time, this function is determined if % and g—? are known for the

value ¢ = 0.
Any state of vibration of the string can thus be represented
by (17). Finally, it is a well-known fact that :

! ’
Isin 7—?—79‘ sin nlﬂxda: =0, n=*n, . . (18)
0
so that the proper functions are orthogonal.

But the proper functions are indefinite to the extent that
a, is arbitrary in (15). They are said to be normalised when
this constant is chosen, so that :

jagdv=1. O 1)
D
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In the case under consideration the normalised functions are :

2 . nm
a,,_\/l—sme . . . (20)

since

l\'Jl ™~

1
I sin? "o dip =
0 l

(b) The Case of a Plane Rectangular Membrane with Fixed Edges.

The problem to be solved in this case is that of finding a
uniform, finite and continuous solution of the equation :
d2u D“’u 1 2%
da? + TVE
which vanishes at the boundames of the region D formed by
the membrane, i.e. which vanishes for x = 0, x = A, y = 0,
y = B, A and B denoting the sides of the rectangle bounding
the membrane.
Let us consider the stationary monochromatic waves of the
form :

(21)

u(x, y, t) = a(z, y)e* ™+, . . (22)
We find :
2% bza 73y 2 - o
b_a;z + —l— V2 - Oa . . . (“"3)
which is an equation of the type (9) with p = V 5 and R =0.

A solution fulfilling the required conditions is obtained by
writing :
,2 n

2
T 77‘-’<%-—2- -+ %—2>, Ay = SIN %Tx sin 41;1/. . (24)

These are the proper values and proper functions of equation
(23). The proper functions are orthogonal, since :

A B
j j At O dx dy = 0 . . (25)
0Jo .

except when m = n, m' = n'.
ArB AB
Since I j » dx dy = ——, the normalised functions are :
0Jo

2 nr n'r
Ann ——— sin

= VAB M AT BY (26)
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It can be shown that the proper values and functions are
unique, and that any state of vibration of the membrane can
be represented by a function of the form :

U= (c sin —x sin , coS 2mv, b
_ E , nm nom vt
nn a B y nn
nn'

nw !

+ d,,, sin e sin %y sin Qm/,m,t), (27)

her —Y IZ&—z —}—?,-2 but hall not gi detailed
where V""'_2\/Ai pz> Put we shall not give a ;

proof of this.

(¢) The Case of a Plane Circular Membrane with a Fixed Border.

The centre of the membrane will be taken as origin of a
system of polar co-ordinates, and the units chosen so that
the radius of the membrane is unity. In this case the wave
equation is :

u  1du | 1% 1%

2y — — g ——— e —
V=S tey Traw — v @7
V being a constant characteristic of the membrane.
Let us write :
u(r, 0, t) = a(r, )t ™+, . . (28)
and thus obtain for a :
%  1da 1%  4n%?
Ty tapt yre=0 . - (29
L. . . . 47y?
which is again an equation of the type (9) with p = 7{7: and
R = 0. We make the tentative substitution :
a = f(ry$(9) . . . . (30)
which gives on substitution in (29) :
r2 d¥f rdf 1 d%

I g 229 3

Far tTrar TH $ a6* (31)
The left-hand side of this equation is a function of » only and
the right-hand side of 6 only, and they can be equal only if
they have a constant value C. Thus:

d* .
= —Cé, L (32)
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If C be negative, ¢ is an exponential function of 6 and a
cannot be uniform in the circular region D. It follows that
C is positive and the general solution of (32) is:

¢=Asin(vVCO+B), . . . (33)
A and B being arbitrary constants. In order that ¢ may be

uniform, C must be equal to the square of some integer k.
We then obtain from (31) :

d? 1d k2
A (e

By changing the variable and substituting p = 4/ r this equa-
tion can be written :

az 1d k?

J,% ;)c—ljl—c)+<1—p—2>f=0. .. (3)
This is Bessel’s equation of order % and, as is shown in works on
analysis, it admits of a single solution which remains finite
for p = 0; this is Bessel’s function of order k¥ which is given
by the series :

4

p* p* p
Jilp) = W_c{] T NEE D) T raREr) e } (36)
We can thus take :
fy=J3Vur) . . . @37
but with the condition that f(1) = Jx(V/g) = 0. Thus the
proper values of u are the squares of the roots of the Bessel

function of the kth order. If a, denote the nth root of Jy,
the proper functions may be written in the form :
sin

ak,,zJ,c<ak,,r>cosk0 . (38)

where k and n are integers, the proper values being pu, = of,.
The functions (38) are orthogonal, i.e.

2 p1 Sin
L joJk(O‘knr)Jk'(“k'n") o8
except fork =k', n=n'.

2”. . .
For j S0 0510 110 q0 is zero if k + k', and it is still zero
o COS  CO8

when k = k', provided that the sine be chosen in one factor

kezl(:; KOrdrdd==0. (39)
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and the cosine in the other ; moreover, it is known from the
theory of Bessel functions that :

1
jJ,c(ak,,r)Jk(aknlr)r dr=0.. . . (40)
0

Thus the integral of the product of two different proper func-
tions is zero.

It can again be shown in this case that the proper values
and functions are unique, and that any vibration of the mem-
brane can be represented in the form :

U = E{Ckn Sil’l (k@ + ‘y,m)Jk(oc,mr) Sin 27Tant
nk
+ (lkn Sin (k0 _l_ Skn)Jk(aknr) cO8 277Vkr:t}, (41)

where v, = g %

3. A Study of the General Case of Equation (9)

We shall now return to equation (9)*in its general form
(R + 0) and seek uniform, finite and continuous solutions
vanishing at the boundaries of a certain domain D. Let M
be the point with co-ordinates (z, y, z) ; when it is necessary
to call to mind that the value of a function f is being considered
at the point M we shall write f(M).

Thus we can write equation (9) in the form :

Via(M) + {u — ROM)}a(M) = 0. . . (42)

The determination of the proper values of this equation can be
referred to the solution of a homogeneous linear integral equa-
tion. This may be shown by beginning with Green’s formula :

”j(uvzv — VVER)dr — ”(U%% — V%%)(lo, . (43)
D 8

where U and V are uniform, finite and continuous functions
within the region D bounded by S. The operator ;ﬁ is taken

along the normal to S, the positive direction being from within
the region D outwards. ‘
Let U denote one of the proper functions a of the eqnation
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in question ; it is by definition uniform, finite and continuous,
and is zero on S. For V we shall take :

V(M) = G(M, P) —= M_IP FoMLP), . . (44)

P being an arbitrarily fixed point within D and »(M, P) being
a uniform, finite function such that G(M, P) is zero on S and
satisfies within D, except at P, the equation :

VIG(M, P) = RM)G(M, P). . . (45)

In short, we take for V Green’s function of the equation
Vif == Rf with respect to D at the point P, admitting the
existence of this function. In applying (43) we must exclude
from the domain D the point P, at which V becomes infinite,
by surrounding it by a very small sphere o and thus a(M) and
G(M, P) are uniform, finite and continuous in the domain D
outside o ; moreover, they are both zero on S. (43) then gives

”I(avz(} — GVa)dr = ”(agg ~G)do . (46)
D

o

Let the radius of o approach the value zero, the second part of
the surface integral tends to zero, since the value of G on o
increases as the inverse of the radius, while the surface de-
creases as the square of the radius. The first part of the sur-
face integral tends to

” (lcr_—_-4mz(P) ..

Thus, in the limit :

a(P)—ij ”(aVzG GVia)dr, . . (48)
D

but since according to the definitions the functions ¢ and G
satisfy the relations :
Via = (R — p.)(l}
ViE — RG N C L))
it follows that :
aViG — GVia = paG . . . (50)
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Thus from (48) :
a®) = £f[[eonc0L, PYar, .. (s1)
D

this is an integral equation satisfied by the proper function a(M).
The theory of linear integral equations shows that a homo-
geneous integral of the type (51) admits of solutions, which
are not zero, for certain values of ui only ; these values, which
are infinite in number, are the fundamental constants of the in-
tegral equation and the proper values in our vibration problem.

Only a single function, a;, determined except for a constant
factor, corresponds in general to each of these values, u;; the
functions a,(M) are the fundamental functions of the integral
equation and the proper functions in our problem.

When the domain D is finite, the fundamental constants
form a discontinuous series ; on the other hand, when D extends
to infinity, as is the case in quantum problems, there may be a
continuous series of fundamental constants. It is sometimes
stated that the assembly of fundamental constants forms the
spectrum of the integral equation (51) or of the corresponding
differential equation (9) because in physics the determination
of the fundamental constants corresponds in general with the
determination of characteristic vibrations. If the domain D is
of finite extent the spectrum is always a discontinuous spec-
trum, or a line spectrum ; if it is infinite there may be side
by side a line and a continuous spectrum. It remains to show
that the proper functions a,(M) form in general a system of
orthogonal functions. Let pu; and p; denote two proper values
and a; and a; the corresponding proper functions. Then :

Via; 4- (u; — R)a; = 0, V?a; 4 (u; — R)a; =0, (52)

whence
a;Via; —a;Via, = (u; — p) iy . . (93)

and integrating throughout D
J (@,V?a; — a,V3;) dr = (n; — ;u,,)j a;a;dr. . (54)
D D

By Green’s theorem (43) the volume integral is equal to a sur-
face integral over the boundary of D, and this integral is zero,
since the a, are by definition zero on this surface.
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(54) then gives:
(s — [.L,')j. a,aq;dr=0.. . . (55)
D

Thus the integral throughout D of the product of two different
proper functions is zero ; the conclusion is, however, not valid
if several proper functions correspond to the same proper value,
for if a; and a; are two such functions, u; = u,; and it is not

possible to deduce from (55) that j a;a;dr=0. This case
D

corresponds exactly to the case of degeneration in the old
mechanics where several different motions correspond to the
same quantised energy value.

If N different proper functions (a;;, a;;, . . . a;y) correspond
to the same proper value, they can always be replaced by N
others, by means of the linear substitution :

ap = dcka;, (k=1,2,...N). . . (56)
J
If the a;, are to be orthogonal, we require :
j aaidr = Scbeh| ayaudr =0, (¢ =12 ... N). (57)
D jm D
This gives NN — 1) relations for the determination of the N2

2
efficients ¢f. It is thus possible to choose N mutually ortho-
gonal functions for the N proper functions corresponding to
the proper value ;. In this way the assembly of all the proper
functions form an orthogonal system.

The integrals I a?dr have, of course, always a positive
D

value, and the systerh of orthogonal functions is said to be
normalised when the arbitrary constant factor in each is so
chosen that these integrals are equal to unity.

Finally, it can be shown that the normalised proper functions
of a partial differential equation with respect to a domain D
possess the property that any function f(g;), uniform, finite and
continuous in D and vanishing at the boundary of this region,
can be represented by a series of the form :

flg:) = ch ax (q.)- . . . (58)
k
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If this be admitted the coefficient ¢, can be calculated by
multiplying this series by a, and integrating throughout D.
On account of the orthogonal property of the a; we obtain :

ck=ij<q,->ak<qi)da. L (9)

Let us consider the case of quantised systems for which D is an
infinite domain, and let A denote an operator. If the function
Agq; is uniform, finite and continuous and vanishes at infinity,
it can be developed as a series of fundamental functions of the
form :

A(l,’ = EAk,ak, . . . (60)
k

where
Aki - -" ay A(l,(l'T. . . . (6])
D

The constants A;. can be regarded as the terms of a table
formed of an infinite number of lines and columns ; they form,
in fact, an infinite matrix. We say that A, is the element ¢k
of the matrix corresponding to the operator A.

In the foregoing discussion it has been supposed that the
three-space variables entered into the partial differential equa-
tion and that D was a domain of three dimensions. The same
formule are valid if the equation depends upon two variables
or only upon one ; the domain D will then be of two dimensions
or of one, as in the examples of the preceding paragraph, and
the triple integrals may be replaced by double or simple integrals.
In the case of the vibrating string, the theorem expressed by
formula (58) is Fourier’s theorem and (59) reduces to the well-
known formula for the coefficients in Fourier’s series.

4. The Quantisation of Systems of Particles

Hitherto we have supposed that the system to be quantised
is a single particle placed in a given constant field of force ;
this is the case with the oscillator and with the hydrogen atom
when the reaction of the electron upon the nucleus is neglected.
But it may be necessary to apply the process to a system of
several particles with mutual interactions ; this, for example,
is the case with atoms more complex than that of hydrogen
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where a number of electrons are present. The wave equation
is then:

1 d _ MY
\“/T:Z:aq(‘/w W) -FEm=TR e
If we suppose ¢ to have the form of the stationary wave :
271
g—aeh "% ... (63)

where a is a function of the co-ordinates g;, the equation

in a is:
1 M
WZaq( Viwt )+ = 0. (04)

The function @ must be uniform, finite and continuous, and
must vanish at infinity in the generalised space where

ds? = Ep,ik dq; dgy.
i

We shall assume that an infinity of proper values exists for E,
the total energy of the system ; these proper values being the
energies in the stable states. To these values proper functions
a; correspond, and in general there is only one such function
to each proper value. When several functions exist for one
and the same value, degeneration is said to occur.

It is easy to show that the proper functions are in general
orthogonal. For two fundamental values E; and E,, we have :

VIEZM%-(\/’:“ g?) (B, — Py, == 0. 1
1 d [~ .da | Su? . (065)
(/7;2}55( po 't 4 >+—k7(Em—F)am = o,]
whence
(s S (i ) - S (v ) Ve

_ rc 87;$(E E)aa,Vidg, (66)

15
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where dg = dg,, dq, . . . dg, and the integral is n-dimensional,
taken over the whole of the g-space.
Integrating by parts, the left-hand side becomes :
- Ay da oa,; da
o (O%m Dy 0 3
J ‘/’“%" (s 50, — 53 54200
which vanishes, since pf* = u*,
Thus :
oC
(E, — E,)j wapdr =0. . . (67)
-
When there is a single proper function for each proper value,
all the proper functions are orthogonal. If there are several
proper functions for each proper value, it will be possible to
replace them by the same number of linear combinations and
to arrange that the new functions are orthogonal. Moreover,

the functions can be normalised by writing j'a,f dr = 1. The

system of proper functions can thus always be considered ortho-
gonal and normalised.

Any function f(g;, ¢, . . . ¢,) which is uniform, finite and
continuous and vanishes at infinity in generalised space can be
developed as a series of fundamental functions in the form :

4
f= chak, S . . (68)
k
where
oC
Cr = fa, dr. . . . (69)
—cC

Finally, if A denote a certain operator, and if Aa, is uniform,
finite and continuous and vanishes at infinity in the space we
can write :

A(l,- == zAki ak, . . . (70)
k

where
oC
Alci = j ak Aa«," ll'T.
-
The A;; are elements of the matrix corresponding to the oper-
ator A.



CHAPTER XVIII

SOME EXAMPLES OF QUANTISATION

1. The Plane Rotator

HE simplest case of quantisation is the plane rotator.

This is the description of the system formed by a particle

of mass m occupying a circle of radius R, its position
being located by means of a single variable, the azimuth 0,
the centre of the circle being the origin. Thus, with the
ordinary mechanical conceptions :

1 ; T
A 242 . 9 2
'1-sz0, N mR2g . .
and the old method of quantisation gives :
2m . 27
J' mR2 0.6 — j moRdO —nk . . (2)
0 0
or
: nh .
moR = 3 (n = an integer), . . (3
whence
1 n2h? n2h?
—_ T = 2 - = e
B, =T= 3" T GEmRe T Bafl - @

I denoting the moment of inertia of the rotator about the
centre. In the new mechanics we must begin with the wave
equation :

2
Vg +- ’3’}’7,’”(1’: ~Fla=0, . . (5)
which in the present case takes the simple form :
1 d2%a |, 8=72m

Wd—o'i—l"Tz"Ea——'—O. . . . (6)

227
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Thus :
o .
a = A sin -le\/‘ZmE RO —86), . . (1)

A and 6, being the two constants of integration.
In order that this may be a uniform function of 6, it is
necessary that :
vVemE n2h? n2h?
LR - ey Sl L)
We thus obtain formula (4) again.

The proper functions corresponding to these values are
by (7):

27

a, = Asinn(d — 6, . . . (9)

and the reduced stable waves are :

2w
Yy == Asinn(f — fy)e® Bt . (10)

The functions (9) form an orthogonal system, since :
2
j a,a, RdO =0 ifn + 1.
0

If the functions are to be normalised it is necessary to take

A= since

L

VR
om

R,j sin? n(0 — 6,) d0 = = R.

0

The probability cloud in this case corresponding to the
. . 1
stationary wave ¢, is at rest, since the velocity, v == — po” grad ¢,

of its elements is zero and the density of the cloud giving the
probability of occurrence of the particle is A%sin?n(6 — 6,).

Instead of considering the stationary wave ,, we can con-
sider the stable waves :

2mi

nh
./,'n:A'eh{E"' mo-wret g

obtained by superposing two waves i,. The probability ele-
ments associated with i, have the velocity :

1 2 1 nh

V=T aR T TaRe.
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i.e. by (3) the same velocity as the particle in classical mechanies.
The probability of occurrence is in this case the same at all
points of the circle.

2. The Rotator with a Free Axis

A rather more complicated case is that of the rotator about
a movable axis. This consists of a particle of mass m which
rotates on a sphere of radius R and according to ordinary
mechanics it must describe a geodesic or great circle on the
sphere. The quantum condition and the formula giving the
energy in the stable states in the old quantum theory is thus
the same as for the plane rotator.

In wave mechanics we begin with the wave equation :

2,
Vig + 81;2mEa =0. . . . (12)

a must be expressed by two variables, the colatitude § and the
longitude «.
On the sphere :

ds? = R%d0% 4+ R?sin? da?, . . (13)
the values of the ¢’s in this case being :

gn = R? g1, =0, g = R¥sin?® f)

] 1
g = R® g% =0 g% ~ REsinz |’ (14)
g = R? sin? 6.
Hence :
d
20 — zk — —
Via = 2 aq, 99 ~ R?sin 0{60 sin 0
d/ 1 day)
+ salsins M> Jo)

and the final form of the wave equation is :
1 /. da 1 3% | 8a*m R2E )
sin 6 3—9<sm o S@) + sin® 0 du? + h? = 0. (16)
This equation has been studied and it is known that it has a
uniform, finite and continuous solution over the sphere only when
the coefficient of @ is equal to the product of two consecutive
positive numbers, including zero.
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The proper values of E are therefore :
h2

The corresponding proper functions are the spherical functions
of Laplace Y,(0, «). They can be expressed by means of
trigonometrical functions and the Legendre polynomials. The
latter are defined by the formula :

m=0,1,.... . (17)

1 ar
P,,(x) == 2—"]1—& CE;'(I — xz)". . . (18)
By means of these we define derived polynomials :
L
Pi(x) = (1 — a?)? ZWP,,(ac). . . (19)

The functions of Laplace are given by :
k

Yo(0,0) = 3 (Ay cos ka + By sin kx) P (cos 8),  (20)
=0

k

A, and B, being constants. The stable station ary waves for
the rotator can now be written in the form :
k=n
Y0, @, t) = Z(Ak cos ko 4+ By sin ka) P¥ (cos 0) e

k=0

2T Bt + v)
L

(21

It will be noticed in this case that there is degeneration, since
for a single value of E, it is possible to obtain (2n + 1) different
functions by choosing the (2n -+ 1) constants, Ay, A;, By, ... B,
arbitrarily. The functions Y, are orthogonal, since they are
the proper functions of a partial differential equation, and
therefore the general theorem of the last chapter applies to
them.

The probability elements associated with the stationary
wave i, are at rest and their density at a point of the sphere
is YZ. Since several proper functions exist for a single proper
value, it is possible to form many linear combinations of sta-
tionary waves giving a resultant monochromatic wave. The
simplest are of the form :

it £ K12 4y

o, = APE (cos B)e ™ L (22
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The probability elements associated with i, describe parallel
lines on the sphere with velocity :

kh

1
v=- m lgrad ¢| = 2mmR sin o

The probability density is a function of the colatitude only, and
is equal to {A'Pk (cos 6)}2.

More complicated motion could be obtained for the prob-
ability elements by combining stationary solutions correspond-
ing to different orientations of the polar axis.

3. The Harmonic Oscillator

This case is that of a particle of mass m constrained to
move along a straight line Oz under a force towards the point
O proportional to the displacement from O (= — kz). In the
old mechanics, as we have seen at the beginning of Chapter X VI,
the frequency of vibration is independent of the amplitude,
and has the value :

e
w =5 7—7]%, = % (23)

The old quantum theory gives for the energy of the stable
states :

E, =nhw. . . . . (24

In the new mechanics the differential equation for the ampli-
tude is :

8
dx“ 2+ ’;L:"(E — Yha?)a = .. (29)
Let
8mm dmmk  16mimiw? .
A= B=—p=—p— - (9
so that (25) becomes :
2
‘%‘é + (AE — Ba?ja = 0. L2

Change the variable to ¢ where :
g=Bx . . . . (28)
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and let
AE
= = 29
VB (29)
then
d%a
2—}—()\—q)a—-() . . . (30)
The proper values of this equation will be shown to be :
A=1,3,5 ... (2n+ 1) . . (31)
After making the substitution :
a=ety . . . (32)
in (30), we obtain :
d*nw | du .

Since » must be uniform, finite and continuous it can be ex-
pressed in the form of a series of positive powers of ¢:

Uu==c+cqg+ ... +cg"+ .... . (34)

By substitution in (33) and equating to zero the coefficient of
g™ it is found that :

 2n+1—A
2= I Dn - 2) "

All the ¢’s with an even suffix can be expressed in terms of c,,
those with an odd suffix in terms of ¢,. The constants ¢, and
¢, are the constants of integration of the equation (33). Let it
be supposed in the first instance that A is an odd number
(2k + 1), where k is, of course, even or odd. If k is even let
¢, be taken equal to zero and let ¢, have any value; if k is
odd let ¢, be zero and let ¢, have any value. In this way we
obtain for % a polynomial of degree ¥ known as the kth poly-
nomial of Hermite and denoted by Hi(g). The function
a = ¢ ¥H, is uniform, finite and continuous, and has the
value zero for ¢ = 4 oc; it is a proper function of equation
(30). If ¢, and ¢; be chosen in any other way a finite number
of terms will be obtained with an exponent of a particular
parity and an infinite number with an exponent of opposﬂ:e

(35)

parity, and as u then tends to infinity more rapidly than e? as
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q increases indefinitely, the corresponding function a is not a
proper function.

If it be supposed that A is not equal to an odd integer,
whatever the values of ¢, and ¢, a series is obtained for » which

2
becomes infinite more rapidly than egf as ¢ increases indefinitely,
and the corresponding function @ is unsuitable. In short, the
differential equation has only a uniform, finite and continuous
solution which vanishes at infinity when A = 2k + 1, k being
zero or a positive integer. The corresponding proper functions
are :

W@ = THG). . . . (36)

It is known from the theory of these polynomials that the
functions @, are orthogonal, but this follows from the general
theorem on the orthogonality of proper functions of equations
of the type (30). It can also be shown that :

oc
j H2e e dg = 2"n /7, . . (37
-
so that when the functions are normalised :

]' - «
axlg) = me H.(g). (38)
Returning to the problem of quantisation, it follows from
these results that the proper values of (27) are given by :

B, — (2k +1VB -2k + ) -<k+%)hw. (39)

This result is remarkable, for we obtain in this way the half
quantum expression which was suggested by experiment but
which could not be deduced from the old quantum theory.
The normalised proper function of (27) corresponding to E; is :

..1r2 mm

1 mw
ak(.l?) = 1—;{—-—\72—._k_l_z Hk<u77 T x), . (40)
and the stationary wave of order k is :
1 _2w’mm \/ Zm ot
= ——— h —_
e (x, 1) ENETS (217 x . (41)
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When the state of the oscillator is represented by i, the proba-
bility elements are at rest and the probability of occurrence
at the point z is :

1 _dnime o, maw
— h 2(¢ —
2k|k\/7_,.e H,‘(Z-rr % x)

The particle can occupy any position along Oz, but the proba-
bility that it is far from the origin is very small. In the old
mechanics the motion took place along a limited portion of Oz,
the extremities of this limited strip being the points where
the particle turned back along its path. There is thus a great
difference in this respect between the old and new mechanics.
A harmonic oscillator may be considered in two or three dimen-
sions ; in the latter the particle can be displaced in three direc-
tions and with a suitable choice of rectangular axes the potential
energy may be written in the form :

F = }(kyx? 4 kyy? + ky2?). . . (42)
Write :
2y + By + Bt
P, Y, 2, ) = ay(2) ay(y) as(z) e” .o (43)
The wave equation divides into three equations of the form :
d*a, ~ 8m*m kyac®
ot (B g)a=0 . . @

From the result obtained for the linear oscillator it follows that
the quantised energy values are :
g many = By -+ By 4 By = (ng + Hhoy + (ny + Hho,
+ (g + Hhay,  (45)
where
1 [k,
i = o= Al—. (T=1,2,3 . . 6
wl 2 T m (7’ l> ) '3 ) (4 )
The amplitude of the stationary J-waves is expressed as a
product of Hermite’s polynomials.

If two of the constants k; are equal, there is partial degenera-
tion ; if all are equal there is complete degeneration and the
oscillator is isotropic. In both cases several quantised energy
values coincide ; in other words, there are several stable states
for a single proper_energy value.
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4. The Hydrogen Atom

We now consider the very important case of the hydrogen
atom formed by a fixed nucleus of charge + e and of a plane-
tary electron of charge — e. We will take a system of spherical
co-ordinates about the nucleus; « = the longitude, 6 = the
colatitude, r = the radius vector. In spherical co-ordinates we
have, for the line element :

ds? = dr? - r2d0? 4 r2sin? 0da?, . . (47)
whence
Ju =1, §op = 1% ¢33 = r%258in% 0, ¢;;, =0 when ¢ * £k,
1 .
1 g = =, g8 e ik .
q 1, ¢ a9 aamig Y 0 when ¢ + &, (48)
g = r*sin2 4.

The equation for a is therefore :

Vi S (Vi) e o,

which becomes in this case :

2 oa 1 d/ . on 1 A%
M‘z + + -—.———(sm 03—0> + 5

ror | r2sin? 006 72 sin? 4 da?
8mim

+ (E + ‘f;)a = 0. (50)

Schrodinger has shown that this equation possesses uniform,
finite and continuous solutions, vanishing at infinity, for all
positive values of E and for the negative values :
2 4
E,=— %2—7:'22, (n = an integer.) . (pD)
The positive proper values correspond to the hyperbolic trajec-
tories of the old mechanics, the negative values correspond to
the stable states already obtained by Bohr, for the formula (51)
is identical with the fundamental formula of Bohr’s theory.
It should be noted that we have a continuous series of
proper values prolonging a discontinuous series and we have
mentioned that this state of affairs can arise when the domain
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D of the problem of proper vibrations is infinite, which is the
case here.

The problem presents a case of degeneration; several
proper functions correspond to each proper value (51), each
requiring for its complete determination two integers, k and k,,
such that :

O<ck<n O0<k<k . . . (62)

According to Schrodinger’s calculations, the stationary wave
corresponding to the three integers n, k, k,, is given by :

P (75 0, ¢, 1) = (A cos kyx + B sin k) Py (cos O)ake L2 L} (x)
2mi
eT(hnH-v)’ (53)

A, B and y being constants, and 2 denoting the quantity

4mime?

nihE

this chapter, and the function LZ*%!(z) is a polynomial in z

which depends upon the polynomials of Laguerre, which we

will not explain further here.

The probability elements associated with i, are at rest
and the density of the probability cloud is proportional to the
square of the amplitude. It should be noted that, as in the
case of the oscillator, the electron has a certain probability of
being at any distance from the nucleus, but the probability
diminishes rapidly with the distance. In the old dynamics, on
the other hand, the electron with negative energy E, could not
lie outside the sphere of radius :

The polynomials P¥ (cos §) were defined in § 2 of

o2

Ro=—go- - - - (4

because outside this sphere the kinetic energy would have to
be negative, and this would be impossible.

A large number of stable monochromatic waves can be
obtained by combining stationary waves of the type (563). It
suffices to add together several i,x., corresponding to the same
value of n, but with different values of ¥ and k&, or with dif-
ferent orientations of the polar axis. One of the simplest
combinations is :

Y. = AP (cos O)are =Ly (x)e (85)
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The probability elements associated with the stable wave (55)
describe circles about the polar axis with a velocity related to
r and 6 by the formula :

1 0 erh
mrsin 0 da . 27mrsin 0

b= lgrad §| = — (56)

which is to be compared with mor = o
™

applied by the old

quantum theory to the particle itself.



CHAPTER XIX
THE MEANING OF THE y¢-WAVES OF QUANTISED SYSTEMS
1. Application of General Principles to Quantised Systems

HE general wave equation for a system subject to no
perturbations is

Vi (V) == o

and if the system consists of a single particle as in the cases
studied in the last chapter, this reduces to :

1 872 4771 DL/J
V2 — — K ==
mVl,b B I YR . . (2)

Both equations are satisfied by all the linear combinations of
the stationary y-waves having frequencies equal to the proper
values, E; divided by & ; conversely any uniform, finite and
continuous function vanishing at infinity can be expanded
as a series of fundamental functions. It is therefore always
possible to write :

(E,C¢+yk)

{/’(q” t) - zck”k Qw) Bh ’ . . (3)

the functions a; being orthogonal and supposed normalised.

The ¢,’s will be supposed to be chosen in such a way that
Sc& = 1, which is always possible, since i contains a disposable
k

constant factor. In order to explain the meaning of the
y-wave we must make use of the two fundamental principles :
the principle of interference and of spectral distribution.
According to the former the probability of occurrence of the
238
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particle in space or of the representative point in generalised
space is:

2mi .
T AE Bty —1y
YP* = Eckc,aka;e"

ciaz 4+ "zckc,aka, cos = { —E)t+ye—y) (4)

k<l

It is rather remarkable that this expression contains exactly

the frequencies ?—"%El which occur in Bohr’s theory, and

which give the frequencies of the lines of an atomic spectrum

as differences of the spectral terms 12—"
The expression (4) gives the absolute probability for on

integration :

fggrdr=1, . . . . ()
on account of the relations :
jakaldq-:O, ja}idT:—], Sci=1.. . (6)
k

How must we state the principle of spectral distribution in this
case ! Born’s view is that ¢} is the probability that the
quantised system, of which the associated wave has the form
(3), is to be found after an observation in the stationary state
of index k. In fact, the intensity cia; of the spectral com-

ponent of frequency %‘ in the series (3) is variable from point

to point but the total intensity of this component fc,f a;dris

equal to ci, since the a, are normalised and it is therefore
natural to regard the c¢; as the relative probabilities of the
various states of the system associated with the wave (3).
This statement of the principle of spectral distribution for
quantised systems appears at first sight to raise a difficulty
which it is interesting to examine. We can consider it in its
application to a single particle which we will suppose is in any
one of its stable states. The probability that it is in the state
E, is ¢, but when it is in this state the probability that it will
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be found at the point (z, ¥, 2) is a, thus by the theorems of
total and combined probabilities the probability that the par-
ticle is at (z, y, 2) is equal to 3 ciaj. But this is not equal to

k
Yy*, for in (4) the frequency terms occur in addition to this
term. It follows that there is a contradiction between the
two fundamental principles.

This is the nature of the objection, and to remove it the
exact meaning attributed to the ¢-wave by the theory of Bohr
and Heisenberg must be remembered. Our information regard-
ing a quantised system may be summed up in the form of the
y-wave of formula (3), but that does not mean that the system
is actually in one of the quantised states. The probability the
energy state E, exists is ¢;. A knowledge of the ¢-wave only
tells us that if we make an experiment allowing us to assign a
position to the particle in the quantised system the possibility
that it lies in the clement dx dy dz is Y* dx dy dz, and if, on the
other hand, we make an experiment permitting us to assign
an energy state to the particle, there is a probability ¢f of
finding it in the state E,. But it is the essence of the view
of Bohr and Heisenberg to admit that these two experiments
will affect the initial state of affairs and will affect it in different
ways. This is why the application of the theorem of compound
probability is not justified. If to determine the position of
the particle we begin by finding its energy state and then its
position, the probability of finding the particle at (z, ¥, z) will
be Sc2a?; but there is no reason why this should be the

T
probability of finding the particle at (x, y, z) by a direct measure-
ment of the position from its initial state since the preliminary
determination of the energy disturbs the situation. In short,
the interest of this objection is that it shows that if we wish to
maintain side by side the two principles of interference and of
spectral distribution it is necessary to admit that a quantised
system is disturbed by all processes of measurement and of
observation.

2. The Influence of Perturbations on a Quantised System

We shall suppose that the system is subject to an external
perturbation which may depend on the time. The potential
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energy F(g;, t) consists now of two terms, a term V(q,) arising
from reactions in the component parts of the system and a
term R(g;, t) from the external perturbing field.

When this perturbation is absent Schrédinger’s equation is :

o 82
\/ bq \/,lL,LL >+-}L?(E——V)a,:0. . (7
The most general y-wave for the system is :
2T b y,)
(/; = zck a;ée wek B , . . . (8)
k

where the a’s are supposed normalised and ¢; and y, are real
constants.
When the perturbation is present the equation is :

\—.1 o M?_l’_l}_ _.{517._2_ ! ——-%_ﬂa.l_lj
\/;L 4—- g (VM# D(]k> h? (V4 R)gp = h 3t (9)

The simplest method of obtaining solutions of this equation
is to substitute :

L0
on T )

b = Z Cr Ay
k
and suppose that ¢, and y, depend on the time ; this is Dirac’s
method of variation of the constants. Substituting (10) in (9)
we obtain :

4y 2mi (th +v;)
‘;:kz (6 + 5 eun)

2mi

+ 75 RECka e KW _ o (11

If we multiply by a,dr and integrate over the generalised
space we obtain :
4mi /, 2w L\ Fmp4yy | 8mEC TH(Eg 4y
*7;(61 —h'Cz)’z>€"(l : 720 W
k
j Raza,dr = 0. (12)

The integral is the element (k!) of the matrix which corresponds
to the operation of multiplication by R, and we denote it by
16
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Ru(¢). Thus:

2m 2wy Ep—B)t+y,—v
bt o= TS Rygoge TR g
)
and the conjugate complex expression is :
; 27 . 2 - E, —E)t+y
cl“'?,/'“l')’l:_' ZRkl('ke hl(k ) k= z' (14)

By addition and subtraction of (13) and (14) we obtain the
real equations :

él == Hﬂ’zl\:kl(kbln b‘k — El)t “L Ye — yl} (15)

CzYl \ Rkl Cp CO8 —{ E)t 4+ v — Vt}- . (16)
k

From these simultaneous equations ¢, and y; can be determined
if their initial values are known.

According to Born the quantity c; gives the probability
that the system is in the energy state B, at time ¢ Zcj is

k
supposed equal to unity at the beginning of the perturbation
and must remain equal to unity throughout. It is easy to
verify this, for by (15):

. 1d
E('zct = )((it( 0
ZR“ C €y Sin ——{ — E) -+ v — ). (A7)

and the right-hand side is zero, since a change of sign occurs in
any term when the indices k, ! are interchanged ; thus 3¢ is
1

constant and maintains its initial value unity.
Born’s hypothesis in the form we have stated it raises a
2mi
little difficulty. The functions ¢, = a,(,e—"—(EktHk) represent the
stationary waves corresponding to the value of the potential
energy when the perturbation is non-existent, but at an instant
7 during the perturbation the potential energy is V(g:)+R(g;, 7)
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he proper values and functions at this instant are those of
1uati0n :

250 > (Vi 3+ e (B V(@) — Rigu}a =0, (19
> 7 is regarded as a constant parameter. The proper
s E; of this equation must be considered as the energies
e stable states at the time r. If an experiment is made
ne 7 to determine the energy of the system, one of the
s Ef may be found, but there can be no reason why one
3> values E; corresponding to the absence of the perturba-
hould be found. Let a; denote one of the proper functions
sponding to E; for equation (18), then s must be expanded
eries of proper functions in the form :

2_’53(E;¢ +8;)

p=d,aier
k

he quantity di will determine the probability that the
m is in the energy state Ef at time 7 (Fock).

the perturbation has a limited duration beginning at 0
:nding at T, R(g,, 0) = R(q;, T) = 0, and consequently
E{ = Efl. The coefficients ¢; of (8) may therefore be
to determine the probability that at the end of the per-
tion the system is in the state E,, the probability being

(19)

. this case the difficulty disappears because the proper
s of equation (8) have resumed their original values at
1d of the perturbation. It will be possible in this way to
late, as Born does, the probability that the perturbation
> system has attained a particular state. We shall not
into the developments and applications of these general
which might well form the subject of a complete volume ;
ices to point out how the principle of spectral distribution
application in this case.

8. The Probability Cloud and the Heisenberg Matrices

is impossible to develop here Schrodinger’s theory of the
ion of radiation by atoms and the method of the Heisen-
matrices. We shall content ourselves with showing how
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the matrix elements can be introduced in the simple case of
the hydrogen atom by considering the probability cloud asso-
ciated with the -wave. In the hydrogen atom there is a single
particle and it is sufficient to take three rectangular co-ordinates
(915 gs, ¢5)- We shall define the six operations Qf and P? by the
formule :

Q* = multiplication by ¢,

)
|
oD . -
22 =1, 2 3
271 Dq, (z ) )I

(20)

i::

From the definition of the matrix elements corresponding to
an operator (Chap. XVII (61)) we obtain the elements with
indices k, I of the six matrices corresponding to Q and P? as
follows :

G = [wagdn, . e
P h da, 09
pi, — j s 3edn - (22)

the a, being normalised proper functions for the hydrogen

atom.
Let the wave function for the atom in question be supposed

to be :
o= Do ay ETURT) . - (23)
k

The density of the corresponding probability cloud is :
p==a? == 202a~ 2zckcla,kal cos 2m{(v, — vt -+ yi — vt (24)
k<l

and by (37) Chapter IX, the g;-component of velocity of the
probability elements is :

UL
I I R B¢
T omd; T 4mim a?
h dut da
:WZCkcl(akb—qf—(l,bqZC)Sanw{( k—V;)t“i"'}/k——“yt}. (25)
k<l

Let the electric charge of the electron be supposed equally
divided amongst the probability elements so that the total
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charge is:
Ipe dr = e.

We may say that the density represents the average probable
density of electricity in the atom and the ¢,-component of the
electric moment of the probability cloud is:

M, = jpeq1d7= 2chclejaka,qi cos Zm{(vi—vi)l-+yr—yijdr. (26)

k<l

This component contains terms varying periodically with
frequencies (v, — v;), which are the Bohr frequencies, and the
amplitude corresponding to the frequency (v, — v;) is propor-
tional to Q}. This indicates a possible physical interpretation
of the elements of Heisenberg’s matrix Q.

Since the electric density of the cloud varies with the time
it is the seat of electric currents. The g¢;-component of the
current within the cloud is:

J, = jpev,(l‘r . . . .27
and by (25),
; = .[2 a — 20 ) sin 27{(vy — vt + yr — wild7T
J pry— xC1 knl lbq s i
k<l

= the real part of :

2e h oy W FAN
=S 00— — mi{ (v = vt + (Y-} 28
o ckc,47TJ<a g, a,\ql>e )+ ()i, (28)

k<l
The components of the current are thus decomposed into
periodic terms with Bohr frequencies and with amplitudes

proportional in a typical case to :

h e D”’k) h da, i
: o == = . (2
4777’.‘.< kb(]z albqi dr 27711_‘ 39; AT = Py kb (29)

the equality of the two integral terms following from an integra-
tion by parts and the vanishing of the a; at infinity. This gives
a possible physical interpretation of the Heisenberg matrix
components' Pi,. \
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It follows also that if 8 denote the electric density of the
probability cloud and j; a typical component of the correspond-
ing current :

8 = pe = ea,h/;* . . . (30)

* ll‘ D'/l ¢
S ) B

The formula (30) has been proposed by Schrodinger in his
celebrated works on wave mechanics, where he regards & as an
actual electric density. (31) was first given by Gordon in a
more general form in his memoir on the Compton effect.

Ji = Pl = 4mm
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books published by Messrs. Methuen.

A complete catalogue of

their publications may be obtained on application.

PART I. GENERAL LITERATURE

Ashby (Thomas).
SOME  ITALIAN FESTIVALS,
Illustrations.  Crown 8vo.

Bain (F. W.)
A DIGIT OF THE MOON, THE DESCENT
OF THE SUN. A HEIFFR OF THE DAWN.
IN THE Great Gob’s Hamr. A
DRAUGHT OF THE BLUE. AN ESSENCE
OF THE DUSK. AN INCARNATION OF
THE SNOW. A MINE OF FAULTS. THE
ASHES OF A Gob. BUBBLES OF THE
FoaM. A SyruP OF THE BEEs. 'THE
LIVERY OF EVE.  'THE SUBSTANCE OF A
DREAM. Al Fcap. 8vo. ss. met. AN
ECHO OF THE SruERres. Wide Demy
8vo. 10s. 6d. net.

Balfour (Sir Graham)
THE LIFE OF ROBERT LOUIS STEVENSON.
Twenueth Edition. In one Volume.
Cr.8vo. DBuckram, 7s, 6d. net.

Barker (Ernest)
NATIONAL CHARACTFR. Demy 8to.
105. 6d. met. GREEK POLITICAL
THEORY : Plato and his Predecessors.
Second Edition. Demy 8vo. 14s. net.

Belloc (Hilaire)
PaRls. 'THE PYRENEES. Each 8s. 6d.
net. ON NOTHING. HILLS AND THE SEA.
ON SOMETHING. T1 1S AND THAT AND
THE OTHER. ON. IKach 6s. net. FIRST
AND LasT. ON EVERYTHING. ON
ANYTHING. EMMANUEL BURDEN. Each
35. 6d. net. MARIE ANTOINETTE. 18s.

With 24
7s. 6d. net.

net. A HisTory oF ENGLAND. In §
vols. Vols. I, II and 1Il. 15s. net
each. HILLS AND rHE SEA,  Illustrated
in Colour by Donald Maxwell. 1ss.
net,

Birmingham (George A.)
A WAYFARER IN HUNGARY  Illustrated.
8. 6d. net. SPILLIKINS. SHIPS AND
SEALING-WAX, Two Books of Essays.
Each 3s. 6d. net.

Budge (Sir E. A. Wallis)
A History ofF ETHIOPIA : NUBIA AND
ABYsSINIA. Illustrated. In 2 vols.
£3 135, 6d. net.

Bulley (M. H.)
ART AND COUNTERFEIT. Illustrated.
155. net. ANCIENT AND MEDIEVAL ART :
A SHORr IiSTORY. Second Edition,
Rettsed. Crown 8vo, 10s. 6d. net.

Chandler (Arthur), D.D.
ARA CELL ss.met. FAITH AND EXPERI-
ENCE. §s.net. 'T'HE CULT OF THE Pass«
ING MOMENT. 6s. net. THE ENGLISH
CHURCH AND REUNION., 55, net. SCALA
MUNDI. 4. 6d. net.

Chesterton (G. K.,)
THE BALLAD OF THE WHITE HORSE.
3s. 6d. nmet. Also illustrated by
ROBERT  AUSTIN, 125, 6d. net.
CHARLES DICKENs. FEach Fcap. 8vo.
3s. 6d. net. ALL 'I'HINGS CONSIDERED.
‘TREMENDOUS TRIFLES. FANCIES VERSUS
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FADS. ALARMS AND DISCURSIONS.
‘A MISCELLANY OF MEN, THE USES OF
DIVERSITY, THE OUTLINE OF SANITY.
Each Fcap. 8vo, 6s.net. A GLEAMING
COHORT.  Fcap.8vo. 25.6d net. WINE,
WATER, AND SONG. Fcap. 8vo. 1s. 6d. net.
Clutton-Brock (A.)
WHAT 1s THE KINGDOM OF HEAVEN ?
ESSAYS ON ART. SHAKESPEARE’S HAM-
LET. Fach ss. net, Essays ON BOOKS.

MORE Essays oN Books. Essays oN
LIFE. Essays ON RELIGION, KESssAvs
ON LITERATURE AND LIFE.  MORE

EsSAYS ON RELIGION, Each 6s. net.
SHELLEY, THE MAN AND THE POET.
78, 6d. net.

Cottenham (The Earl of).
MOTORING WITHOUT FEARS.
trated. Fcap. 8vo, 2s. 6d. net.

Crawley (Ernest)

THE Mystic Rose. Revised and En-
larged by ‘THEODORE BESTERMAN, 'I'wo
Vols. Demy 8vo. L1 10s. net.

Dolls' House (The Queen'’s)

THE BOOK OF THE QUEEN’S DoLLS’
House. Vol. I. Tue House, Edited
by A. C. Benson, C.V.O., and Sir
LAWRENCE WEAVER, K.B.E. Vol. II.
‘THE L1BrARY, Edited by E. V. Lucas.
Profusely Illustrated. A Limited Edi-
tion. Crown 4to. £6 6s. net.
EVERYBODY'S BOOK OF THE QUEEN’S
DorLs’ House. An abridged edition
of the above. Illustrated. Crown 4to.
§s. net,

Dugdale (E, T. S.).

GERMAN  DiIPL.OMATIC  DOCUMENTS,
1871-1914. Selected from the Docu-
ments published by the German For-
eign Office. In 4 vols. Vol. I, 1871—
1890. Demy 8vo. L1 55. net.

Edwardes (Tickner)

THE LORE OF THE HONEYBEE. Thir-
teenth Edition. 7s. 6d. net. BEEKEEPING
FOR ALL. 3s. 6d. net. THE BEg-
MAaSTER OF WARRILOW. Third Edition.
7s. 6d. net. All illustrated., BEE-
KEEPING Do’s AND DON'Ts. 25, 6d. net.

Einstein (Albert)

RELATIVITY : THE SPECIAL AND GEN-
ERAL THEORY, §s. net. SIDELIGHTS
ON RELATIVITY. 3s. 6d. net. ‘THE
MEANING OF RELATIVITY. 55, mnet.
THE BROWNIAN MOVEMENT. ss. met.
Other books on the Einstein Theory.
AN INTRODUCTION TO THE THEORY OF
ReLaTiviTY. By LYNDON BoOLTON.
53. net.

Illus-

THE PRINCIPLE OF RELATIVITY. By

A, EInsTEIN, H. A. LORENTZ, H.

Minkowskl and H. WEeyL. With

Notes by A. SOMMERFELD. 12s. 6d. net.
Write for Complete List.

Erman (Adolph)
THE ILLITERATURE OF THE ANCIENT
EGYPTIANS : POEMS, NARRATIVES, AND
MANUALS OF INSTRUCTION FROM THR
THIRD AND SECOND MILENNIA B.C.
Translated by Dr. A. M. BLACKMAN.
Demy 8vo. L1 1s. net.

Fouquet (Jean)
THE LIFE oF CHRIST AND His MOTHER.
From Fouquet’s “ Book of Hours.”
Edited by FLORENCE HevywooDp, B.A.
With 24 Plates in Colours. In a box,
Crown 4to. £3 3s. net.

Fyleman (Rose)

Falries AND CHIMNEYS. THE FaIRy
GREEN. THE FAIRY FLUTE. THE
RaiNBow CAT. EIGHT LITTLE PLAYS
FOR CHILDREN. FORTY GOOD-NIGHT
‘TaLES. FAIRIES AND FRIENDS. THE
ADVENTURE CLUB. FORTY GOOD-MORN-
ING TALES, SEVEN LITTLE PLAYS FOR
CHILDREN. Fach 3s.6d net. A SMALL
CRUSE, 4s. 6d. net. THE ROSE FYLEMAN
FAIRY Book. Illustrated. 10s. 6d. net.
THE COLLECTED POEMs oF ROSE FYLE-
MAN. Illustrated by RENE BuLL.
10s5. 6d. net. LEertYy. Illustrated. 6s.
net. A PRINCESS COMES TO OUR TOWN,
Illustrated. ss. net. A LITTLE CHRIST-
MAS Book. lllustrated. 2s. net. 'THE
Rose FYLEMAN CALENDAR. Illustrated.
28, Od. net.

Gibbon (Edward)
'THE DECLINE AND FALL OF THE ROMAN
EMPIRE. With Notes, Appendixes, and
Maps, by J. B. Bumy. lllustrated.
Seven volumes, Demy 8vo. 15s. met
each volume. Also, unillustrated.
Crown 8vo. 7s. 6d. net each volume.

Glover (T. R.)
THE CONFLICT OF RELIGIONS IN THB
EArRLY RoMAN EMPIRE. POETS AND
PURITANS. VIRGIL. Each 10s. 6d. net.
FROM PERICLES TO PHILIP,  12s. 6d. net.

Graham (Harry)
THE WORLD WE LAUGH IN: More
Deportmental Ditties. Illustrated by
“FISH.” Seventh Edition. Fcap. 8vo.
55. net. STRAINED RELATIONS. Illus-
trated by H. STuaRT MBENZIES and
HENDY. Royal 16mo. 6s. net.
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Grahame (Kenneth)
THE WIND IN THE WILLOWS, Nine-
teenth Edition. Crown 8to. 7s. 6d.
net. Also, illustrated by WYNDHAM

PAYNE. Small 4to. 7s. 6d. net, Also
unillustrated. Fcap. 8to. 3s.6d. net.
Hadfleld (J. A.)
PSYCHOLOGY AND MORALS. Seventh
Edition. Crown 8vo. 6s. net.
Hall (H. R.)

THE ANCLENT HISTORY OF THE NEAR
EAsT. Seventh Edition Revised. Demy
Bro. L1 1s5. net. THE CIVILIZATION
OF GREECE IN THE BRONZE AGE. Illus-
trated. Wide Royal 8vo. L1 10s. net.

Hamer (Sir W. H.) and Hutt (C. W.)
A MaANUAL OF HYGIENE. Illustrated.
Demy 8vo. L1 10s. net,

Heine (Heinrich)
FLORENTINE NIGHTS. Translated by
C. G. LeLanp. Illustrated in Colour by
FELIX DE GRAY. Fcap. 4to. L1 5s. net.

Herbert (A. P.)
MISLEADING CAsEs IN THE COMMON
Law. With an Introduction by LorD
HEWART. 55, net. 'THE DBOMBER
Gi1psy. 3s. 6d. net.  LIGHT ARTICLES
ONLY. Illustrated.  6s. net. THE
WHEREFORE AND THE WHY. ** TINKER,
TAILOR . . .”” Eachillustrated. 3s.6d.
net. 'T'HE SECRET BATTLE. 3s. 6d. net.

Hind (A. M)
A CATALOGUE OF REMBRANDT’S ETCH-
INGs. Two Vols. Profusely Illus-
trated. Wide Royal 8vo. [1 15s. net.

Holdsworth (W. S.)
A HISTORY OF ENGLISH Law. Nine
Volumes. Demy 8vo. £1 ss. net each.

Hudson (W. H.)
A SHEPHERD’S LIFE. Illustrated. Demy
Buo. 10s. 6d. net. Also, unillustrated.
Frap. 8vo. 3s. 6d. net,

Hutton (Edward)
Cries oF SiciLy. Illustrated. 10s. 6d.
mes. MILAN AND LoMBARDY. THE
CiTiIES OF ROMAGNA AND THE
MARCHES. SIENA AND SOUTHERN Tus-
CANY. VENICE AND VENETIA. THE
CITIES OF SPAIN, NAPLES AND
SoUTHERN ITaLy. Illustrated. Each,
8s, 6d. net, A WAYFARER IN UNKNOWN
TuscaNY. THE CiTies OF UMBRIA.
COUNTRY WALKS ABOUT FLORENCE,
ROME. FLORENCE AND NORTHERN TUS=
caNY. Each illustrated. 7s. 6d. met,

Inge (W. R.), D.D., Dean of St. Paul’s
CHRISTIAN MysTICIsM, (T'he Bampton
Lectures of 1899.) Sixth Edition.
Crown 8vo. 7s. 6d. net.

Kipling (Rudyard)
BARRACK-ROOM BALLADS.
sand.

‘THE SEVEN SEAS. 180th Thousand.
T'HE FIve NATIONS. 143rd Thousand.
DEPARTMENTAL DITTIES. 111th Thou-
sand.

‘THE YEARS BETWEEN., ¢sth Thousand.
Four Editions of these famous volumes
of poems are now published, viz. :—
Crown 8vo. Buckram, 7s. 6d. net. Fcap.
8vo. Cloth, 6s. net, Leather, 7s. 6d. net.
Service Edition. Two volumes each
book. Square Fcap. 8vo. 3s. net each
volume.

A KIPLING ANTHOLOGY—Verse. Fcap.

246th Thou-

8vo. Cloth, 65s. net and 3s. 6d. net.
Leather, 7s. 6d. net. 'TWENTY POEMs
FROM RubpYARD KIPLING. 458th

Thousand. Fcap. 8vo. 1s. met. A
CHOICE OF SONGS, Second Edition.
Fcap. 8to. 25, net.

Lamb (Charles and Mary)
THE CoMpLFTE WOoORKs., Edited by
E. V. Lucas. A New and Revised
Edition 1in Six Volumes. With Frontis-
pieces. Fcap. 8vo. Gs. net each.
‘The volumes are : 1. MISCELLANEOUS
Prose. II. EL1A AND THE LAsT Essays
oF ErLia. 1II. BOOKS FOR CHILDREN,
IV. Prays aNDp Poems. V. and VI
LLETTERS.
SELECTED LETTERS. Chosen and Edited
by G. T. CLapTON, Fcap. 8vo. 3s. 6d.
net.
THE CHARLES LamB Day Book.
Compiled by E. V. Lucas. Fcap. 8vo.
6s. net.

Lankester (Sir Ray)
SCIENCE FROM AN Easy CHAIR.  SCIENCE
FROM AN Easy CHAIR: Second Series.
Di1VERSIONS OF A NATURALIST. GREAT

AND SMALL ‘THINGs.  Illustrated.
Crown 8vo. 7s. 6d. met. SECRETS OF
EARTH AND SEA. Illustrated. Crown
8vo. 8s. 6d. net.

Lodge (Sir Oliver)

MAN AND THE UNIVERSE (Twentieth Edi-
tion). 'THE SURVIVAL OF MAN (Seventh
Edition). MODERN PROBLEMS. Each
7s. 6d. net. RAYMOND (Thirteenth
Edition).  10s. 6d. net. RAYMOND
REVISED. 6s. net. THE SUBSTANCE OF
FAITH (Fourteenth Edition). 2s. net.
RELATIVITY (Fourth Edition). 1s. net,
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Lucas (E. V.)
‘THE LIFE OF CHARLES 1.AMB. 2 Vols.
L1 1s. net. EDWIN AUSTIN ABBEY,
RA. 2 Vols. L6 6s. net. THE
CoLVINS AND THEIR FRIENDS. 12s.0d.
net. VERMEER OF DELFT. 10s. 6d. net.
A WANDERER IN ROME. A WANDERER
IN HOLLAND. A WANDERER IN L.ON-
DON. LoNDON REVISITED (Revised).
A WANDERER IN PARls, A WANDFRER
IN FLORENCF. A WANDERER IN VENICE.
Each 10s. 6d. net. A WANDERER AMONG
PicTURES. 8s. 6d. net. E. V. Lucas’s
LONDON. £1 net. INTRODUCING LON-
DON. INTRODUCING PARIS. Euach 2s. 6d.
net. THE OPEN ROAD. 6s. net.  Also,
illustrated by CLAUDE A. SHEPPERSON,
ARW.S. 10s. 6d. net. Also, India
Paper. Leather, 7s. 6d. net. 'THE
Joy OF LIFE. Gs. net. Leather Edi-
tion. 7s. 6d. net. Also India Paper,
Leather. 7%s. 6d. net. TFIRFSIDE AND
SUNSHINE. CHARACIER AND COMEDY.
Each 6s. net. THE GENTLEST ART. 0s. 6d.
net. And T'HE SECOND POST. 6s. net. Also,
together in one volume. 7s. 6d net. HER
INFINITE VARIETY. Goob COMPANY.
ONE DAY AND ANOTHER, OLD Lamps

FOR NEW. LLOITERER'S  HARVEST.
Croup AND Sii.vER, A BOSWELL OF
BAGHDAD. "I'wiXT EAGLE AND DOVE.

‘THE PHANTOM JOURNAL. GIVING AND
RECFIVING. LuUCK OF THE YEAR. EN-
COUNTERS AND DIVERSIONS  ZIGZAGS
IN FRANCE. EVENTS AND EMBROIDFRIES,
365 DAYS (AND ONF MORF). A FRONDED
Iste. A Rover I WourLd Be. Each
6s. net. URBANITIES. Illustrated by
G. L. StaMPA, 55, met. You KNow
WHAT PrEOPLE ARE. [llustrated by
GEORGE MORROW.  §5.net.  'THE SAME
StaR: A Comedy in Three Acts.
3s. 0d. net. LITTLE BOOKS ON GREAT
MasrFrs.  Each ss. net.  ROVING EAsT
AND ROVING WEST. §s.net. PLAYIIME
AND CoMPANY. 7s. 6d. net. Mr.
Punch’s COUNTY SONGs. IHlustrated
by E. H. SHEPARD. 10s. 0d. net. ““'THE
MORE I SEE OF MEN . . .” QUT OF A
CLEAR SKY. Each 3s. 6d. net. See
also Dolls* House (The Queen's)
and Lamb (Charles).
Lucas (E. V.) and Finck (Herman)

TWELVE SONGS FROM ‘‘ PLAYTIME AND
CoMPANY.” Words by E. V. Lucas.

Music by HERMAN FINCK. Royal 4to.
7s. 6d. net.

Lynd (Robert)
THE LITTLE ANGEL. 6s. net. THE

GOLDFISH. THE PLEASURES OF IGNOR-

ANCE. OLD Frienps IN FicTioN,
Each ss. net. THE BLUE LION. TEE
PeEaL or BeLLs. THE MoNey Box.
THE ORANGE TREE. Each 3s. 6d. net.

McDougall (William)
AN INTRODUCTION TO SociAL PsycHo-
LOGY (Twenty-fist Edition). 10s. 6d.
net. NATIONAL WELFARE AND Na-
TIONAL DECAY. 6s, net. AN OUTLINE
OF  PSYCHOLOGY  (Fourth Kdition).
105. 6d. net. AN OUTLINE OF ABNOR-
MAL PSYCHOLOGY. 15s. net. BoDY
AND MIND (Sixth Edition). 125. 6d.
net. CHARACTER AND THE CONDUCT OF
LiIFE (Third Edition). 10s. 6d. net.
ETHICS AND SOME MODERN WORLD
PROBLEMS (Second Edition).  7s. 6d. net.

Mackenzie (W. Mackay)
THE MEDIZVAL CASTLE IN SCOTLAND.
(The Rhind Lectures on Archazology.
1925-6.)  Illustrated. Demy 8vo.
15s. net.

Mallet (Sir C. E.)
A HiIsTORY OF THE UNIVERSITY OF
OXFORD. In 3 vols. Illustrated. Demy
Svo. FEach {1 1s. net.

Maeterlinck (Maurice)
THE BLUE BIRD. 06s. net. Also, illus-
trated by . CAYLEY ROBINSON. 105, 4
net. DEATH. 3s. 6d. net. OUR EreR-
NI11Y. 6s. net. 'I'HE UNKNOWN GUEST.
6s. net. POEMS. §s. net. 'THE WRACK
OF THE STORM. 65, net. THE MIRACLE
OF ST. ANTHONY. 3s. 6d. net. 'I'HE
BURGOMASTER OF STILEMONDE. 35. net.
THE BETROTHAL. 6s. net. MOUNTAIN
PATHS. 6s. net. 'THE STORY OF 'I'YLTYL.
£1 15, net. THE GREAT SFCRFT. 7s. 6d.
net. THe CLOUD THAT LIFTED and 'T'HE
POWER OF THE DEAD. 7s. 6d. net. MARY
MAGDALFNE.  2s. net.

Masefield (John)
ON THE SPANISH MAIN. 8s. 6d. net. A
SAILOR’S GARLAND.  6s. net and 3s. 6d.
net. SkA LLIFE IN NELSON’S TIME. §s. net.

Methuen (Sir A.)
AN ANTHOLOGY OF MODERN VERSE
137th Thousand.,
SHAKESPEARE TO HARDY : An Anthol-
ogy of English Lyrics. 19th Thousand.
Each  Fcap. 8vo. Cloth, 6s. net.
Leather, 7s. 6d. net.

Milne (A. A.)
NOT THAT IT MATTERS.
THE SuNNY SIDE. THE Rep House
Mystcry. ONCE A WEEK. THE HoLi-
DAY ROUND. THE Day’s PLaY. Each
3s. 6d. net. WHEN WE WERE VERY
YOuNG.  Sixteenth Edition. 16osh

Ir I Mav.
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Thousand, WINNIE-THE-POOH.  Sixth
Edition. gist Thousand. Now WE
ARE S1X,  Fourth Edition. 109th Thou-
sand. THE HoOUSE AT PoOoH CORNER.
Each illustrated by E. H. SHEPARD.
7s. 6d. net. Leather, 10s. 6d. net. FOR
THE LUNCHEON INTERVAL. 1s. 6d. met.

Milne (A. A.) and Fraser-Simson (H.)
FOURTEEN SONGS FROM ‘*‘ WHEN WE
WERE VERY YOUNG.”  Twelfth Edition.
7s. 6d. net. 'TEDDY BEAR AND OTHER
SONGS FROM * WHEN WE WERE VERY
YOUNG.” 7s. 6d. net, 'THE KING’S BREAK-
FAST. Third Ediion. 3s. 6d. net.
SONGS FROM *““Now WE ARE SIx.”
Second Edition. 7%s. 6d. net. MORE
SONGs FROM ‘“Now WE ARE SIx.”
7s. 6d net. Words by A, A, MILNE,
Music by H. FRASER-SIMSON. Decora-
tions by E. H, SHEPARD.

Montague (C. E.)
DRAMATIC VALUES. Cr. 8vo. 7s. 6d. net.,

Morton (H. V.)
THE HEART OF LONDON. 3s. 6d. net.
(Also illustrated, 7s. 6d. net) THE
SPELL OF LONDON. THE NIGHTS OF
LLONDON. Each 3s. 6d. net. THE
LONDON YEAR. IN SEARCH OF ENGLAND.
THE CALL OF ENGLAND. Each illus-
trated. 7s. 6d. net.

Oman (Sir Charles)
A HISTORY OF THE ART OF WAR IN THE
MIDDLE AGES, A.D. 378~1485. Second
Edition, Revised and Enlarged. 2 Vols.
Illustrated, Demy 8vo. L1 16s. net.

Oxenham (John)
BEES IN AMBER. Small Pott 8vo. 2s.
net. ALL’S WELL. 'THE KING’S HIGH-
way. THE VISION SPLENDID. 'THE
Fi1Ery CRosS. HIGH ALTARS. HEARTS
COURAGEOUS. ALL CLFAR | Each Small
Pott 8vo. Paper, 1s. 3d. net. Cloth,
2s.net, WINDS OF THE DAWN, 25, net.

Perry (W. J.)
THE ORIGIN OF MAGIC AND RELIGION,
THE GROWTH OF CIVILIZATION. Each
6s. net. 'THE CHILDREN OF THE SUN.
L1 15, net,

Petrie (Sir Flinders)
A HisTory OF EGYPT. In 6 Volumes.
Vol. 1. FroM THE IST TO THE XVITH
DYNASTY. 11th Edition, Revised. 125. net.
Vol. II. THe XVIITH aND XVIIITH
DYNASTIES, 7th Edition, Reuvised. gs. net.
Vol. I1I. XIXTH 10 XXXTH DYNAS-
TIES. 3rd Edition. 12s. net.
Vol. IV, EGYPT UNDER THE PTOLEMAIC
DyNasTY. By EDWYN BEVAN. 15s. net.
Vol. V. Ecypr UNDER ROMAN RULE,

By J. G. MILNE. 3rd Edition, Revised
125. net.

Vol. VI. EGYPT IN THE MIDDLE AGES.
By STANLEY LANE PooLr. 4th
Edition. 10s. net.

Ponsonby (Arthur), M.P,
ENGLISH DIARIES. L1 1. net, MORE
ENGLISH DIARIES. 125, 6d. net. ScoT-
TISH AND IRISH DIARIES. 105, 6d. net.

Raleigh (Sir Walter)
T'HE LETTERS OF SIR WALTER RALEIGH.
Edited by LADY RALEIGH. Two Vols.
Illustrated. Second Edition. Demy 8vo.
18s. net. SELECTED LETTERS. Edited
by LADY RALEIGH. %s. 6d. net.

Smith (C. Fox)
SAILOR TowN DAys. SEA SONGS AND
BALLADS. A BoOK OF FAMOUS SHIPS,
SHIP ALLEY. Each, illustrated, 6s. net.
FurL  Sam.. Ilustrated. ss.  net.
TALES OF THE CLIPPER SHIPS. A SEA
CHEST. Each ss. net. 'THE RETURN OF
THE ** CUTTY SARK.” Illustrated. 3s. 6d.,
net. A BOOK OF SHANTIES. ANCIENT
MARINERS. Each 6s. net.

Stevenson (R. L.)
THE LETTERs. Edited by Sir SiDNEY
COLVIN. 4 Vols. Fcap. 8vo. Each
6s. net.

Surtees (R. S.)

HANDLEY CROSS, MR. SPONGE'S
SPORTING Tour. Ask Mamma. MRr.
Facey RoMForD's HOUNDS. PLAIN OR

RINGLETS ? HILLINGDON HALL. Each
illustrated, 7s. 6d. net. JORROCKS'S
JAUNTS AND JOLLITIES. HAwWBUCK

GRANGE. Each, illustrated, 6s. met
Taylor (A. E.)
Prato: THE MAN anD His WORK.

Second Edition. Demy 8vo. L1 15, net.

Tilden (William T.)
THE ART OF LAWN TENNIS. SINGLES
AND DouBLES. ‘THE TENNIS RACKET.
Each, 1llustrated, 6s, net. THE COM-
MON SENSE OF LAWN TENNIS. MATCH
PLAY AND THE SPIN OF THE BALL.
Illustrated. ss. net.

Tileston (Mary W.)
DAILY STRENGTH FOR DaAILY NEEDS,
32nd Edition. 3s.6d.net. India Paper.
Leather, 6s. net.

Trapp (Oswald Graf)
THE ARMOURY OF THE CASTLE OF CHUR-
BURG. Translated by J. G. MAaNN,
Richly illustrated. Royal 4t0. Limited
to 400 copies. L4 145. 6d. net.

Underhill (Evelyn)
MysticisM (Eleventh Edition). 18s. net.
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‘THE LIFE OF THE SPIRIT AND THE LIFE
OF To-pAaY (Sixth Edition). 7%s. 6d.

net. MAN AND THE SUPERNATURAL.
vs. 6d. net. CONCERNING THE INNER
LIFE (Fourth Edition). 2s. net.
Urwick (E. J.)
THE SociaL Goob. Demy  8vo.
105, 6d. net.
Vardon (Harry)
How T0 PLAY GoLF, Illustrated.
19th Edition. Crown 8vo.  ss. net.

Waterhouse (Elizabeth)
A LI1TTLE BOOK OF LIFE AND DEATH.
23rd Edition. Small Pott 8vo. 2s. 6d. net.
Wilde (Oscar)
THE WORKS.
net.
I. LorRD ARTHUR SAVILE’S CRIME AND

In 17 Vols Each 6s. 6d.

THE PORTRAIT oF MR. W. H. II, Tug
DucHgss oF Papua. III. Poems. 1V,
LApy WINDERMERE'S FAN, V. A
WoMmaN or No IMPORTANCE. VI. AN
IpEaL. HusBAnND. VII. THE IMPOR-
TANCE OF BEING EARNEST. VIII. A
House oF POMEGRANATES. IX. IN-
TENTIONS. X. DE  PROFUNDIS AND
PrisoN LETTERS. XI. Essavs. XII.

SALOME, A FLORENTINE TRAGEDY, and
LA Sainte Courtisane. XIII. A
CRITICIN PALL MALL. XIV. SELECTED
PROSE OF OsCAR WILDE. XV. ART AND
DECORATION. XVI. FOR LOVE OF THE
KING. (ss. net.) XVII. VERA, OR THE
NIHILISTS.

Williamson (G. C.)
THE Book OF FAMILLE Rose. Richly
Illustrated  Demy 4to. L8 8s. net.

PART II. A SELECTION OF SERIES

The Antiquary’s Books
Each,llustrated, Demy 8vo. 10s. 6d. net.

The Arden Shakespeare

Edited by W. J. CraIG and R. H. Cast.
Each, wide Demy 8vo. 6s. net.
The Ideal Library Edition, in single
plays, each edited with a full Introduc-
tion, Textual Notes and a Commentary
at the foot of the page. Now complete
in 39 Vols.

Classics of Art
Edited by J. H. W. LAING. Each, pro-
fusely illustrated, wide Royal 8vo. 15s.
net to £3 3s. net.

A Library of Art dealing with Great
Artists and with branches of Art.

The Connoisseur’s Library
With numerous Illustrations. Wide
Royal 8vo. L1 11s5. 6d. net each wvol.
EUrROPEAN ENAMELS. FINE BoOKS.
Grass.  GOLDSMITHS' AND  SILVER-
sMITHS’ WORK. IVORIES. JEWELLERY.
MINIATURES.  MEZZOTINTS,  PORCE-
LAIN. SEALS. MUSSULMAN PAINTING.
WATCHES.

English Life in English Literature
General Editors: EILEEN POWER,
M.A,, D.Lit,, and A. W, Reep, M.A,,
D.Lit. Each, Crown 8vo, 6s. net.

A series of source-books for students of
history and of literature.

The Faiths: VARIETIES OF CHRISTIAN
ExpRresslON. Edited by L. P. Jacks,
M.A., D.D,, LL.D. Each, Crown 8vo,
5. net each volume. The first volumes
are: THE ANGLO-CATHOLIC FAITH
(T. A. LAceY); MODERNISM IN THE

ENGLISH CHURCH (P. GARDNER) ; THE
FAITH AND PRACTICE OF THE QUAKERS
(R. M. JoNEs); CONGREGATIONALISM
(W. B. SELBIE); THE FAITH OF THE
RomaN CHURCH (C. C. MARTINDALE) ;
THE LIFE AND FAITH OF THE BAPTISTS
(H. WHeELER ROBINSON) ; THE PRES-
BYTERIAN CHURCHES (JAMES MOFFATT) ;
METHODISM (W. BARDSLEY BRASH) ;
‘THE EVANGELICAL MOVEMENT IN THE
ENGLISH CHURCH (L. ELLIOTT BINNS) ;
THE UNITARIANS (HENRY GOw).

The Gateway Library
Fcap. 8vo. 3s. 6d. each volume.
Pocketable Editions of Works by
HiLAIRE BELLOC, ARNOLD BENNETT,
E. F. BENSON, GEORGE A. BIRMINGHAM,
MagjoriE BOWEN, G. K. CHESTERTON,
A. CrurroN-Brock, JosepH (CONRAD,
J. H. CuRLE, GEORGE GISSING, GERALD
GourLp, KENNETH GRAHAME, A. P.
Hersert, W. H. HupsoN, RUDYARD
KirLinG, E. V. KNoX, Jack LoNDON,
E. V. Lucas, ROBERT LYND, ROSE
MaAcAuLAY, JOHN MASEFIELD, A. A.
MILNE, ARTHUR MORRISON, EDEN
PHILLPOTTS, MARMADUKE PICKTHALL,
CHARLES G. D. ROBERTS, R. L. STEVEN-
SON, and OscAR WILDE.

A History of England in Seven Volumes
Edited by Sir CHARLES OMAN, K.B.E,,
M.P, M.A, F.S.A. With Maps,
Demy 8vo. 125, 6d. net each volume.
ENGLAND BEFORE THE NORMAN CON-
QUEST (Sir C. OMAN) ; ENGLAND UNDER
THE NORMANS AND ANGEVINS (H. W. C.
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DaAvies); ENGLAND IN THE LATER
MippLe AGes (K. H. VIckers) ; ENG-
LAND UNDER THE TUDORS (A. D. INNES) ;
ENGLAND UNDER THE STUARTS (G. M.
TREVELYAN); ENGLAND UNDER THE
HANOVERIANS (Sir C. GRANT ROBERT-
SON) ; ENGLAND SINCE WATERLOO (Sir
J. A. R. MARRIOTT).

The Library of Devotion
Handy editions of the great Devotional
books, well edited. Small Pott 8vo.
3s. net and 3s. 6d. net.

Methuen’s Half-Crown Library
Crown 8vo and Feap. 8vo.
Methuen’s Two-Shilling Library
Feap. 8vo.
Two series of cheap editions of popular
books.
Write for complete lists.

The Wayfarer Series of Books for
Travellers
Crown 8vo. %s. ﬁd‘. net each, Well
illustrated and with maps. The vol-
umes are :—Algeria, Alsace, Austria,

Czecho-Slovakia, The Dolomuites,
Egypt, French Vineyards, Hungary,
The Loire, Portugal, Frovence,

Pyrences, The Seine, Spain, Sweden,
Switzerland, Unfamihar Japan, Un-
known Tuscany, The West Indies,

The Westminster Commentaries

Demy 8vo. 8s. 6d. net to 16s. net.
Edited by W. Lock, D.D., and D. C.
SimpsoN, D.D.
The object of these commentaries is
primarily to interpret the author’s mean-
ing to the present generation, taking
the English text in the Revised Version
as their basis.

THE LITTLE GUIDES

Small Pott 8vo.

THE 65 VOLUMES IN

BEDFORDSHIRE AND HUNTINGDONSHIRE
4s. net.

BERKSHIRE 4$. net.

BRITTANY 4s. net.

BUCKINGHAMSHIRE 4$. net.

CAMBRIDGE AND COLLEGES 4s. net.

CAMBRIDGESHIRE 4$. net,

CATHEDRAL CITIES OF ENGLAND AND
WALES 6s. net.

CHANNEL ISLANDS 5$. net.

CHESHIRE §s. net.

CORNWALL 4$. net.

CUMBERLAND AND WESTMORLAND 6s. net.

DERBYSHIRE 48, net.

DEVON 4s. net.

DORSET 6s. net.

DURHAM 6s. net.

ENGLISH LAKES 6s. net.

ESSEX s55. net.

FLORENCE 6s. net.

FRENCH RIVIERA 6s. net,

GLOUCESTERSHIRE §$. net.

GRAY’s INN AND LINCOLN’S INN 6s. net.

HAMPSHIRE 45. net.

HEREFORDSHIRE 43. 6d. net.

HERTFORDSHIBE 4$. net.

ISLE OF MAN 6s. net.

ISLE OF WIGHT 4. net.

KENT 6s. net.

LANCASHIRE 6s. net.

LEICESTERSHIRE AND RUTLAND §s. net.

LINCOLNSHIRE 6s. net.

LONDON ss. net.

MALVERN COUNTRY 4$. net.

Illustrated and with Maps
THE SERIES ARE :—

MIDDLESEX 4$. net.
MONMOUTHSHIRE 65. net.
NORFOLK §s. net.

NORMANDY ss. net,
NORTHAMPTONSHIRE 4. net.
NORTHUMBERLAND 7s. 6d. net.
NORTH WALES 6s. net.
NOTTINGHAMSHIRE 6s. net.
OXFORD AND COLLEGES 4$. net.
OXFORDSHIRE 4$. net.

PARIS 6s. net.
ROME 55. net.

ST. PAUL’S CATHEDRAL 45, net,
SHAKESPEARE'S COUNTRY 4$. net.
SHROPSHIRE §s. net.

SICILY 4$. net.

SNOWDONIA 6s. net.

SOMERSET 45. net.

SOUTH WALES 4. net.
STAFFORDSHIRE 5$, net.

SUFFOLK 4$. net,

SURREY §s. net,

SUSSEX 4s. net.

TEMPLE 45. net.

VENICE 6s. net.

WARWICKSHIRE §$. net.
WESTMINSTER ABBEY §$. net,
WILTSHIRE 6s. net.
‘WORCESTERSHIRE 6s. net.
YORKSHIRE EAST RIDING §s5. net.
YORKSHIRE NORTH RIDING 4s. net.
YORKSHIRE WEST RIDING 7s. 6d. net.
YORK 6s. net.

MeTHUEN & Co. L1D., 36 EssEx STREET, LonpoN, W.C.z.
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