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PREFACE TO FIRST EDITION

‘T'his text on the Differential and Integral Calculus is presented
with the helief that it is well adapted for use both in academic
colleges and in engineering schools.

The student who studies this subject because of his attraction.
to mathematics is not well equipped if he lacks a fair appreciation
of the wide applications of the Calculus in modern science and in
engineerin& On the other hand, the student who is required to
use the Calculus in some chosen field of science can make more
intelligent and extensive applications if he understands the under-
lying principles of the subject. Hence, whether mathematics is
to be regarded as the queen of the sciences or as the tool of the
scientist, the study of the Calculus for the futu:teacher of mathe-
matics and for the future engineer should differ on.y in the degree
of emphasis placed on the theory and the applications.

As is well known, a complete rigorous proof of some of the
theorems *n the Calculus is out of the question for the beginning
student, whereas the applications are easily made and are of
extreme importance. With this in mind, the authors have en-
deavored to use only proofs which are valid but which may involve
certain assumptions, the proof of which belongs properly in an
advanced course. These assumptions are pointed out to the
student; for at this stage he should be instructed to examine
proofs more critically, in order that he may realize some of the
difficulties to be encountered, and also that he may avoid the
common pitfalls.

A comprehensive review of as much analytic geometry as is
required in the Calculus has been included in Chapters I, II, and
VIII. These may be omitted, or they may be used only for
reference, at the discretion of the teacher.

The authors are sincerely grateful to Professor W. A. Wilson,

tho has kindly made many pertinent suggestions; to Professor
‘ v



vi PREFACE TO FIRST EDITION

0. T. Geckeler, who has contributed many problems and valuable
suggestions, and who has prepared the material for several impor-
tant parts of the text; and to the Macmillan Company, the
publishers, who have been most considerate in cooperating with
the authors and the editor in the publication of this text.

J. H. NEELLEY

J. I. TrAaCEY
August, 1932



PREFACE TO SECOND EDITION

In revising this book, special attention has been given to the
selection and arrangement of problems. To increase classroom
utility many additional carefully chosen problems have been
interspersed throughout the text; especially those of a less involved
nature, for purposes of drill, and on the other hand, a number of
highly challenging problems.

Although the general plan and organization of the book remains
unchanged, new material has been added in Chapters VII, VIII,
and IX and some other sections have been rewritten.

The authors are grateful for helpful suggestions from the many
teachers familiar with the earlier edition, and to those who have
manifested an interest in the revision by constructive criticism.

J. H. N.
J. I. T.
June, 1939
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DIFFERENTIAL AND INTEGRAL CALCULUS

CHAPTER 1
COORDINATE SYSTEMS -~ GRAPHS

1. Coordinate Systems. A system of coordinates is a method

® representing the position of points by means of numbers. In

.he elementary geometry of the plane two systems are in general
e, rectangular coordinates and polar coordinates.

2. Rectangular Coordinates. To establish a system of rectan-
gular coordinates in a plane, it is necessary to draw a pair of per-
pendicular lines, called axes, and to have an appropriate unit of
length.*

The perpendicular lines are the x axis and the y axis and their
voint of intersection is the origin. It is customary to draw the
z axis horizontally and the y axis vertically; the four quadrants
into which they divide the plane are numbered as in trigonometry.

The position of any point in the plane is designated by two real
numbers, called coordinates, which represent the respective distances
Jrom the azes to the point as measured in terms of the given unit.
These coordinates are called ab-
scissa and ordinate.

The abscissa of a point is the dis-

ance from the y axis to the point.

The ordinate of a point is the dis-
tar. ~e from the x axis to the point.

1. the coordinates of a point are 0 X
z and y, respectively, they are writ-
ten in the form (z, y), the first
number always being the abscissa.

In any system of coordinates it is
%ssential that a given pair of num-
krs shall designate one and only one point. Hence it is nec-

psary to distinguish between the coordinates of such points as

* There are coordinate systems in which the axes are not perpendicular, but little
use is made of oblique axes in elementary geometyy.

Y

Fia. 1



2 DIFFERENTIAL AND INTEGRAL CALCULUS [Cm.1

represented in the figure; this is done by making abscissas and
ordinates directed line-segments.

If AB is a directed line-segment, then BA is — ADB, that is,
reading a segment in the opposite direction changes its sign. Thus,
if the length of the segment BA is considered as + 6 units, then
ABis — 6 units. The signs for directed segments in rectangular
coordinates are usually as follows:

A horizontal segment when read from left to right is positive, if
read from right to left it is negative.

A vertical segment when read upward s positive, if read downward
it 1s negative.

If an oblique segment vs directed, it is positive when read upward
and negative when read downward.

However, we shall use an arrow head to designate the positive
airection along each axis, as it is sometimes more convenient to
reverse the positive direction along one of the coordinate axes.

"To plot a point, when its rectangular coordinates are given, is to
mark its position in the plane with reference to the coordinate axes.
Thus the point (4, — 3) is the point 4 units from the y axis in the
positive direction of the x axis and 3 units from the z axis in the

negative direction of the y axis.

| In practice, it is customary to

: start at the origin O and measure

I a distance along the z axis, in this

| case 4 units to the right, then meas-
— JPU:-s ure from this point along a perpen-
dicular to the z axis, in this case 3
units downward, and mark the
point.

We may then think of the ‘point
(4, — 3) as being the intersection
of two lines, one parallel to the y
axis and 4 units to the right of it, the other parallel to the z axis
and 3 units below it.

The axes should always be marked so as to show the scale of
units used.

3. Theorem for Directed Lines. If O, any point on the line
A A,, is taken as an origin, then the directed line-segment AiA.
expressed in terms of OA, and OA, is always equal to OA, minus
0A,.




§ 5] COORDINATE SYSTEMS — GRAPHS 3

Three cases are to be distinguished, one when O is between A,
and A., the others when O is outside the segment A14;. Let O be
between A; and A,; then

AlAz = A10 + OA2
But 4,0 = — OA;; hence Fie. 3
A1A2 = — OA1 '+' OAz = OAz - OAl,

as was to be proved. The other two cases are left as exercises.

A, 0 A

4. Horizontal and Vertical Projections of a Line-Segment.
Let P,P: be any line-segment whose extremities have the coordi-
nates (71, y1) and (22, ¥2) respectively. Through each extremity
of the segment draw a horizontal
and a vertical line. The distance
between the vertical lines, meas-
N, ured along a horizontal, that is,

AP, or MiM,, is known as the
horizontal distance from P, to P,,
or the horizontal projection of
P.P,. Similarly the distance be-
0 x tween the horizontal lines as meas-
ured along a vertical, namely,
P;A or NN, is known as the ver-
tical distance from P; to P, or the
vertical projection of P\P..

To express these horizontal and vertical projections in terms of

the coordinates of P; and P,, we have

M;Mz = M10 + OMz = —I + Ts.

Y

P, (xuy,) B

Fic. 4

Hence the horizontal projection of PyPs equals 2, — z;. Similarly,
N\N: = NiO 4+ ON: = — y; + 9».

Hence the vertical projection of PiPs equals y2 — y;. That is, the
horizontal projection of PP, is the abscissa of the last-named
point minus the abscissa of the first-named point; the vertical
projection of PP, is the ordinate of the last-named point minus
the ordinate of the first-named point.

5. Length of a Line-Segment. From Fig. 4, we observe
that the horizontal and vertical projections of P,P; namely,
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AP; and P4 respectively, are the two legs of the right triangle
P,P,A. Hence, letting P1P; be represented by d, we have

d? = P\Py = PJA* + AP,

But

PA=PM+MA=—-y+y:=1—uy,
and

AP; = AN2 4+ NoPy = — 21 + 22 = 23 — 1.
Hence
@ d=+vV(e—x)"+ (y: — y)2

EXAMPLES

1. Given A(— 7, 3) and B(— 1, — 5), find
(a) the vertical projection of AB;
(b) the horizontal projection of BA;
(c) the length of the segment AB.

SoruTioN. (a) The vertical projec-

Yy tion of ABis (— 5) — (3) = — 8 units.
(b) The horizontal projection of BA
D M@ — B(e,~c) is (—7) — (= 1) = — 6 units.

(¢) The length of AB is
d =V (+ 6)2 + (— 8)? = 10 units.
2. Given A(c, d) and B(e, — ¢) find

(a) the horizontal projection of
AB;
(b) the vertical projection of BA;
/ (c) the length of the segment AB.
Ale,d) Sorution. (@) The horizontal pro-
jection of AB is
Fra. 5 DB=DM+MB = —c+e

=€ —C.

(b) The vertical projection of BA is
DA =DN+NA=—(~¢c)+d=d+e
(¢) The length of AB is
d=VAD + DB
= +/(AN + ND)* + (DM + MB)

~ V= F (—cF o
= Afle + d)? + (e — 0)2.
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PROBLEMS

1. Prove the theorem for directed lines when
(a) the point O is on AB extended;
(b) the point O is on BA extended.

2. Find the horizontal and the vertical projections of the line-segment
P.P;; of PyPy; also find the length of the segment for Pi(— 4, — 4) and
PJ(1, 3). Ans. 5,7; — 5, —7; /74 units.

3. The same as Problem 2 for P1(0, 1), P,(— 8, 0).
4. The same as Problem 2 for Py(— 3, 3), P:(3, — 3).
5. The same as Problem 2 for Py(v/3, 2), P2(3, — V/3).
6. The same as Problem 2 for Pi(a, b), Pi(c, d).
7. The same as Problem 2 for Pi(m, — n), Py(n, — m).
Ans.n —m,n —m; m —n,m —n; (m —n) /2 units.
8. The same as Problem 2 for P\(— g, k), P2(h, — g).
{./ Inclination. Slope. The inclination of a line vs the angle
which its positive direction makes with the positive direction of the

z axis.
/‘he slope of a line is the tangent of its inclination.

Y

Y

reETTe
O
I
I
I
I -
A
B

X R 2
Fic. 6 Fia. 7
From either figure we have
_ MP, _ 4P,
tane =P = Pa
But
APy = AM + MP; = — yy + 92 = y2 — 4,
and

P;A P1R+RA=—ZI+$2=$2-CE1.
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Hence, letting the slope of PP, be m, we have

(IIm tana=m=y2_!/1=.l/1—yz.
X2 — X1 X1— Xz

That is, the slope of the line joining two given points is the differ-
ence of the ordinates of the two points divided by the difference of
their abscissas taken in the same order.

7. Conditions for Parallelism and Perpendicularity. If two
lines L; and L. are parallel, they have the same inclination and
their slopes arc equal, that is, the condition for two lines with slopes
m; and mq respectively to be parallel is

(I11) m; = ma.

Conversely, if their slopes are equal, tan o; = tan a2, hence the
inclinations are equal and the lines are parallel.

If L, and L, are perpendicular, their inclinations must differ by
90°. If L, has the greater incli-

Y .
nation, then
o = ag 4+ 90°.
L a, :;. Hence
—_ o
<o . % tan a; = tan (az + 90°)
= —ctn ay
— —_— 1 -
* tan as
But
Fic. 8
tan a; = my, and tana; = m..
Therefore
(IV) m = — n—];, or mm, = — 1.
2
Conversely, if mym, = — 1,then tan oy = — 1/tan a; = — ctn a,.

Hence the inclinations of the lines must differ by 90° and the lines
are perpendicular. Therefore:

A necessary and sufficient condition for two lines to be perpendicu-
lar is that their slopes be negative reciprocals.

8. The Angle between Two Lines. By the angle between
two lines is meant the angle formed by the positive directions from
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their intersection, the angle being measured counter-clockwise.
This angle is the one which lies entirely above the intersection of
the lines.

In Fig. 9, B is the angle between
L, and L,, and therefore

(V) B = — ay,

or

tan 8 = tan (a1 — ag) / 5 <
]

tan a; — tan a,
T 14 tan o tan ag

Hence ~ /

(VI)/‘:E“ B= 1 + m1mz Fic. 9

Therefore the angle between two lines is the greater inclination
minus the lesser, or the tangent of the angle between two lines in terms
of their slopes is (my — ma)/(1 4+ mym;), where s is the slope of
the line with the greater inclination.

9. Mid-Point of a Line-Segment. The coordinates of the
mid-point P of the line-segment joining the points P; and P» may
be expressed in terms of the coordinates of Py and P as follows.

Draw the horizontal and vertical lines through P, P, and
P,, as shown in Fig. 10. Since P,P = PP,, we have at once
BP = CP,. But
Y BP = BN + NP = — z, 4 z,

and

CP2=CS+SP2= —x+$€2.
Hence

Py (z,y,)

T— T =22 — %,

_ + x, .
2
Similarly, the vertical projec-
tion of PP is equal to the verti-
cal projection of PP,; and, by similar reasoning, we find

Fia. 10

Wty
2
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Therefore, the coordinates of the mid-point of the line-segment
P 1P 2 are

(VD) = R~

EXAMPLES

1. Find the angles of the triangle whose vertices are A(— 7, 6), B(2, — 2),
and C(— 3, — 4).

SonutioN. From the triangle ASC, we have the slope of CA given by
Y SA _SM+MA 446 _ 5
A C8§ "CN+NS ~3-7_ "2
)

Similarly, or from the formula for
the slope of a linc segment, we find
that the slope of BA is — 8/9 and that
of CBis 2/5. Hence, CA and CB are
perpendicular, their slopes being nega-
tive reciprocals. That is, £ BCA is a
2 X right angle. The angle between CA
> D andBAis equal to £ CAB; therefore

B2 tan £ CAB =
N (—8/9) —(=5/2) _1,
14+ (—8/9(—5/2) 2
Hence £ CAB = 26°33.9".
The remaining angle of the triangle is the supplement of the angle between
the lines BA and CB. Hence formula (VI) gives

(= 8/9) — (2/5) _

A(-7,6)

il

Lo e e
S C("?:"‘)

Fia. 11

DBA = 1= S0 Z80) o
tan £ DBA = {7570y 2/5)
Therefore

tan £ ABC = tan (180° — £ DBA) = — tan £ DBA =2,
or

£ ABC = 63° 26.1".

2. Given A(1,4) and B(5, — 2). (a) If B is the mid-point of AC, find the
coordinates of C. (b) If AD is perpendicular to AB and AD = AB, find the
coordinates of D.

Sorutions. (a) Let the coordinates of C be (z1, 1), then, since B is the
mid-point of AC, we have from the mid-point formulas

__121+1 _ _yx+4
5="5—, -—2=%—,

whence (21, 1) is the point (9, — 8).

Using slopes, since the slope of AB is — 3/2, we see that B is 6 units below
and 4 units to the right of A. Accordingly, C is 6 units below and 4 units to
the right of B, which locates it at (9, — 8).
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() The slope of AD is 2/3, since it is perpendicular to AB. Then since
AD = AB, D is either 6 units to the right and 4 units above A, or 6 units to
the left and 4 units below A. These locate D at either (7, 8) or (— 5, 0).

These results may also be obtained

algebraically as follows. Let D have Y
the coordinates (z, y). Then, using @y)
the slope of AD, we have
y—-4_2, y
x—1 - 3 A(l, ‘)
Also, since AD = AB = 24/13, /
we have D(zy) }O 58(5-:)
Ve -1+ (y — 42 =2V13 ’
Solving these two equations simul-
taneously, we have
1 @E-D*+@F-—42=252 C(z,.9)
but from the first equation
2 Fia. 12
(2 y—4=§(x-1).

Substituting this value for (y — 4) in (1), and solving for (z — 1), we get
z—1=46,z=7To0r —5;

whence, by (2), y = 8 or 0.

PROBLEMS
1. Given the triangle with vertices (6, 8), (— 4, — 2), (8, 4)
(a) Find the length of the sides. Ans. 6+/5, 24/5, 100/2 units.

(b) Find the length of the medians.
(c¢) Find the slope and inclination of each side.
(d) Find the angles of the triangle.
Ans. (¢) 1/2,26°33.9'; — 2, 116° 33.9’; 1, 45°.
Ans. (d) 71°33.9'; 18°26.1’; 90°.

2. The same as Problem 1 for (— 6, — 1), (— 2, — 4), (4, 3).

3. Find the distance from (— 4, 6) to the mid-point of the segment joining
(7, 1) and (— 3, — 9). Ans. 24/34 units.

4. Do the following sets of three points lieon a line? Prove your answers.
@ (-9,2),(-2-1,0,L, =-7; ® @ —1), (23, 14), (15, 8).

5. Construct a line through (4, — 4) with aslopeof — 7/5. Do the points
(— 6, 10) and (10, — 12) lie on this line? Find the points on this line with
integral coordinates which are nearest to the point (4, — 4).

6. What equation must the coordinates of P(z, y) satisfy if P is 11 units
from the point (7, 2)?
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7. If the point (a, b) is in the second quadrant, where is the point (b, a)?
What are the coordinates of the mid-point of the line joining these points, and
in what quadrants may it lic?

8. Prove analytically that the lines joining the mid-points of the sides of
any triangle are each cqual to half the opposite side and parallel to it. [Take
the vertices at points (2a, 0), (2b, 0), and (0, 2¢).]

9. The mid-points of the sides of a given triangle are (— 2, 3), (4, 1), and
(— 1, — 2), respectively. Find the vertices.

Ans. (51 - 4)) (— 7, 0)1 (3) 6)-
10. Find the inclination of each of the following lines. Construct each line
by using only one point and its slope:
Through (a) (— 2, 0) and (5, — 3); () (1, 3) and (=2, 7); (c) (4, — 5)
and (— 3, — 6).
11. One end of a line-segment 13 units long is (— 4, 8) and the ordinate of
the other end is 3. What is the abscissa of that end? Ans. 8, or — 16.

12. The vertices of any quadrilateral are taken at (2a, 0), 2b), (2¢, 0)
and (2d, 2¢). Prove that the lines joining the mid-points of tH& sides taken
in order form a parallelogram. What are the coordinates of the intersection
of the diagonals of the parallelogram?

13. Two of the vertices of an equilateral triangle are at (2, 24/3) and
(— 2, — 2v3). Find the coordinates of the third vertex.
Ans. (— 6, 24/3) or (6, — 2/3).
14. The extremities of a diagonal of a square are at (— 5, 2) and (3, — 6).
Find the coordinates of the other vertices.

15. The same as Problem 14, for the points (— 6, 2) and (2, — 4).
Ans. (1, 3) or (— 5, — 5).

16. The point P(z, y) is as far from the origin as it is from the point (4, — 6).
What equation must its coordinates satisfy?

17. A given line has a slope of 2/3. Find the slope of a line which makes
with the given line: (a) an angle of 45°; (b) an angle of 135°. Ans. (a) 5.

18. Find the slope of a line which makes an angle of 60° with a line whose
slope is 2v/3. How many solutions are there?

10. Graphs. The locus of all points whose coordinates z
and y satisfy a given equation is called the curve or graph of the
equation. ~1f the equation is algebraic, the corresponding graph is
an algebraic curve. Other equations and curves, such as exponen-
tial and trigonometric, are called transcendental. The graph of
an equation can be approximated by plotting a series of points
whose coordinates satisfy the equation, and then drawing a smooth
curve through them.
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The following procedure will facilitate the work involved:

(a) Solve the equation for y in terms of z.

(b) Make out a table of values for x and y by assigning positive
and ncgative values for z and calculating for each the corresponding
value or values of y.

(c) Plot the points designated by z and y as abscissa and ordi-
nate respectively. Then draw a smooth curve through the points.

If it is inconvenient or impossible to solve the equation for y, it
may be solved for z in terms of y, in which case arbitrary values
are to be assigned to y and corresponding values for x are calculated
to make out a table of values.

Certain information about the graph of a given equation can be
found which will enable the student to sketch the curve by plotting
only a few points rather than by making out a lengthy table of
values of z and y. The topics to be considered include intercepts,
symmelry, extent of curve, horizontal and vertical asymptotes.

InTERCcEPTS. The x intercepts are the abscissas of the inter-
sections of the curve with the x axis. They are found by setting y
equal to zero in the given equation and solving the result for z.
Similarly, the y intercepts arc the ordinates of the intersections of
the curve with the y axis. They are found by setting z equal to
zero in the given equation and solving the result for y.

EXAMPLE

Find the intercepts of 22 — 2 y2 — 42 — 5 = 0.
SoLuTioN. Sctting y = 0 in the equation we have

22 —4zx -5 =0, z=5or — 1.

Similarly for z = 0, we get y = 44/ — 2.5. Hence the z intercepts are 5
and — 1; the y-intercepts are imaginary, in other words the curve does not
cross the y axts.

SYMMETRY. Two points are symmetric with respect to the
z axis when they have the same abscissa and their ordinates differ
only in sign. If they are symmetric with respect to the y axis,
they have the same ordinate and their abscissas differ only in sign.
Two points are symmetric with respect to the origin as a center
when their respective coordinates are numerically equal but of
opposite signs.

If a curve is symmetric with respect to the z axis, each point
on the curve has the point symmetric to it with respect to the
z axis also on the curve. Then if (z, y) represents any point on
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the curve, the point (z, — y) must also be on the curve. That is,
if x and y represent any pair of numbers which satisfy the equation
of the curve, that equation will be satisfied by z and — y also.
We have then the following test:

If in the given equation — y can be substituted for + y without
changing the equation, then the graph is symmetric with respect to
the x azxis.

Obviously this condition is satisfied if y is involved in the
equation only with even powers.

Similarly, #f in a given equation — x can be substituted for + =
without changing the equation, then the graph of the equation 1s
symmetric with respect to the y axis.

If the substitution of both — z for 4+ z and — y for + y in a
given equation does not change ‘th}equation, then its graph is sym~
metric with respect to the origin.

ExTeENT oF THE CURVE. In general, it is easy to determine
whether the graph of a given equation is a closed or an open curve,
and whether there is any region of the plane between two horizontal
lines, or between two vertical lines, in which the curve does not
exist. To do so, solve the equation for y in terms of z; if then this
value of y involves a square root or an even root such that all
values of = between, say, ¢ = ¢ and £ = b make y imaginary, then
no part of the curve can be between the vertical lines £ = a and
z = b. On the other hand, if values of  between a and b are the
only ones which make y real, then the curve lies wholly between
these two vertical lines. If y is real for all values of z, the curve is

Y unlimited in its extent along the
z axis.

Next solve the equation for z
in terms of ¥ and find in a similar
manner whether or not any val-
ues of ¥ make z imaginary, and
whether or not the curve is re-
stricted or unlimited in extent in
the direction of the ¥ axis.

3
—
-
-
-
-
-
-
-
-
-
—
=
-

EXAMPLE
Consider the equation
2?—-2y2—-4x—-5=0
mentijoned above. Its graph is symmetric with respect to the z axis, but not
with respect to the y axis, nor the origin. Why?

Fia. 13
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SoruTioN. Solving the equation for each variable we have
y ==V (1/2)(x - 5)@ + 1), z=2+v242F0.

From the first of these we observe that all values of z between z = — 1
and z = + 5 make y imaginary, while all values of z greater than or equal to 5
and less than or equal to — 1 make y real. From the second, all values of y
give two real values of z. Also as z increases beyond 5 or decreases beyond
— 1, y? increases and the curve extends indefinitely, as indicated in Fig. 13.

PROBLEMS
Discuss and plot the graph of each of the following equations. (Nos. 1-20.)
1. 22 =4y. 11. 922 — 4942 =0.
2. 2+4z+12=0. 12. 22+3y2 - 15y =0.
3, 3z =y2—6. 13, zy = 12.
4 z24+6y —15=0. 14. zy? = 12.
5. 224y —6z+4y =0. 15. 28 4+4y2=0.
6. 22+ y2 — 6y = 16. 16. y =4z — 2%
7. 42 +y? =24, 17. y* =2 — 3 1.
8 2?2+ 4y?=16. 18, y =z — 1/z.
9, 3z —y? =12 19. y(z* + 4) = 8.
10. 22 —-3y2+12 = 0. 20. y = z(z — 2).

Discuss the graph of each of the following equations, and plot by giving
appropriate lengths to the literal coefficients. (Nos. 21-28.)

21. y? = 2 pzx. 25. z? 4 Yyt = qglfs,

22, zy =2a. 26. 228 4 328 = @2h3,
23. 2%/a® 4 y?/b% = 1. 27. y = 8a3/(z? + 4a?).
24, z%/a® — y2/b*+ 1 =0. 28. y? = az’.

11. Asymptotes. An asymptote of a curve is a straight line
which the curve approaches continuously in such a way that the
distance between the line and the curve approaches zero as they are
indefinitely extended. If a curve has either horizontal or vertical
asymptotes they are easily found when the equation is solved for z
and y. Thus if y in terms of z is an algebraic fraction and any
value of z such as £ = a makes the denominator zero and the
numerator different from zero, then y increases indefinitely as z
approaches a and z = a is a vertical asymptote. Similarly, to
find horizontal asymptotes, solve for z. If the result is a fraction
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whose denominator becomes zero for some value of y such as
y = b when the numerator differs from zero, then y = b is a
horizontal asymptote.

EXAMPLE

Tracethe curvez?y — 22 —2y +4 =0.

[ Y SorutioN. The intercepts on the z
axis are + 2, — 2, on the y axis 2.

The graph is symmetri¢ with respect to

5 the y axis. Solving for z and y, we have

2y ~2) _2*r -4
z”i\/ﬁ’ Y= _—2

If y is between 1 and 2, z is imaginary;
hence no part of the curve is between the
| { lines ¥y =1 and y = 2. The horizon-

tal asymptote is y = 1; the vertical are
-5 z = #+/2. 'This information with a few
points on cach branch give the curve as

Fia. 14 shown in Fig. 14. b

I e

-5 O| s X

12, Intersections of Curves. From the definition of the graph
of an equation, it follows that if two curves intersect, the coordi-
nates of each point of interscction must satisfy both equations.
Hence, to find the coordinates of all points of intersection of two
curves, solve the corresponding equations simultaneously.

In solving two equations simultaneously only real values for
both = and y will give a real point of intersection, so imaginary or
complex values may be disregarded.

EXAMPLE Y

Find the intersections of the curves
whose equations are 9 22 + 4y? = 37,
y =22 — 1.

Sorurion. Eliminating 22 between the
two equations, we have

4y + 9y +1) = 37, Y

or
4y2+9y —28 =0,
whence
+H@ly -7 =0.
Therefore :
y=_4,£. Fie. 15

For y = —4, £ = £V — 3 and there are no intersections; for y = 7/4,
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z= % V11/4 = + 1.66. Hence the intersections are (1.66, 1.75) and
(— 1.66, 1.75). The solution should be checked by drawing the graphs.

PROBLEMS

Discuss and draw the asymptotes, then plot the graph of each of the follow-
ing equations. (Nos. 1-16.)

1. zy+2z = 4. 9. zy: — 2y = 4.
2. y=2z+ zy. 10. z% =3 + 3 y.
3. y=2z+zy + 2 11. z?y + 3 2% =6.
4, y =3z + zy + 4. 12, z%y — 2y =22+ 4.
S5. z7y+3xz+y—-6=0. ) 13. zy? =z + 2 y2%
6. 2zy +4x—3y+6=0. 14, (y +4)@x —1)2 = 1.
7. Ty =4 — =z 15. zy? +y? —4z -2y =0.
8 zy*—4x =12 16. zy* —2y* — 4z = 4.
17. Find the intersection of 3z — 8y =20 and 2z — 7y = 10.
Ans. (12, 2).

18. Find the intersections of (z + 1)2 4+ (y + 1)2 = 13 with each of
the coordinate axes.

19. TFind the intersectionof 132z + 3y = 9and 14z — 4y = 35.
Ans. (1}, — 33).

Find the intersections of cach of the following pairs of curves and check
by drawing their graphs. (Nos. 20-26.)

20, 2z4+y=1 y*+4zx=17.

21. 4224+ 92 =25 8xr+3y+25=0. Ans. (— 2, — 3).

22; 2y =124z, at+4+4y =10

23, 22 —y24+4=0, 22—y =_8. Ans. (£ 4/12, 4), (£ 4/5, — 3).

24. zy+8=0, y*=4z.

25. 22 =4y, y=8/(z2+4). Ans. (£ 2, 1).

26, 22 +4y2+62=0, 222 —y? =12

13. Trigonometric Functions, Circular
Measure. If the independent variable =
is an angle, it is desirable to have a natu-
ral unit of measure to represent its mag-
nitude. This is obtained by measuring ‘
the angle in radians. Describe an arc of
a circle with its center at the vertex of
the angle. The central angle whose inter-
cepted arc is equal in length to the radius Fro. 16
isoneradian. Hence for any central angle )
the length of the intercepted arc divided by the radius gives the
radian measure of the angle.



16

DIFFERENTIAL AND INTEGRAL CALCULUS

[Cr. 1

That is, if s is the length of the arc and r the radius, then

0=

e B

radians.

Since the circumference is 2 =7,

180° =

1 radian =

10

x radians,
= /180 radians = 0.01745 - - - radians.
180/ degrees = 57° 17.7’.

90° = 7 /2 radians,

To plot the graph of trigonometric functions, make out a table
of values of the angle in radians and of the required function.

Thus:
T sin z tan z sec z
0 0.00 0.00 1.00
n/6 = 0.52 0.50 0.58 1.15
n/3 =1.05 0.87 1.73 2.00
m/2 = 1.57 1.00 © ©
27x/3 =2.09 0.87 —1.73 —2.00
57/6 = 2.62 0.50 —0.58 —-1.15
T =3.14 0.00 0.00 -1.00
Y The graph of
. Yy =sinz
//
will cross the z axis for each
4 value of = equal to an integral
& /o7 ¢ J" % multiple of =. Moreover, since
5 sin (—z) = —sinz = — y the
/ graph of ¥y = sin z is symmetric
A with respect to the origin. The
same is true for y = tan z. But
Fro. 17, v & since sec (— z) = sec z the graph
fe. M. y=enz of y = sec z is symmetric with
respect to the y axis. These curves are given below. Likewise,

asymptotes of the graphs of tan « and sec x are shown.
A function whose values are repeated after a definite interval p
of the variable, so that

fx + p) = f(z)
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is called a periodic function. The interval p is called the period.
The maximum absolute value of the function is called the ampli-
tude. Thus, in the function sin z, the period is 2 = and the ampli-
tude is 1. The period of tan z is p = = and it does not have a
finite amplitude. The period of the secant is 2 .

| Y
L !
2
s |- 4x Ly |2 Es L
T X -r 01!2 =« X
|
| | I |
1
F16.18. y =tanz F1a.19. y =secz

If we consider the function
y = k sin nz,

it is evident that sin nz will be zero when nz is zero or any integral
multiple of x, that is, when z is 0, =/n, 2 v/n, etc. Again, the
period of this function is 2 #/n. The maximum value of sin nz is
+ 1 when nz is n/2 or differs from #/2 by a multiple of 2 , that
is to say, when z is 7/2 »n or differs from Y
/2 n by an integral multiple of the period K
2 w/n. Hence the amplitude of the func-
tion k sin nx is k.

14. Inverse Trigonometric Functions.
The function

y =sin"lz

means in direct notation

z = sin ¥. - \
The function sin—! x is called the tnverse of
the function sin x, and is read the angle  Fig 20. y =sin—z
whose sine is x, or arc sine x. Hence the
graph of y = sin~! z differs from that of y = sin z only by having
the coordinate axes interchanged. The same is true for the other
inverse trigonometric functions.
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15. The Algebraic Sum of Functions. If the given function
consists of a sum of functions, such as

y = fi(z) + f2(x),

the following alternative method may be used to find the graph of
the function. Plot on the same axes the graphs of y = f;(z) and
y = f2(z). Along each vertical line of the coordinate paper mark
the point whose ordinate is the sum of the ordinates of fi(z) and
f2(x). The desired graph is the smooth curve through the points
located in this manner. Of course, this method can only be used
for values of x which make both f;(z) and f2(x) real.

EXAMPLE

Draw the graphof y = (3/2) cosz + sin (2 z/3).

SoLuTioN. Plot with the same axes the graph of y = (3/2) cos z and the
graph of ¥ = sin (22/3). The addition of corresponding ordinates gives the
required graph, as shown in Fig. 21.

Y
T i !
H o T
: dzititicainsee i Hi
1t H &
HHIE H 1HEN N -’\(b 4
nt |~ H T o T
N 5 2 Az
2ar enn 27 T
HO Her t X
1 SFEE }
1y > Sin(2Z A
y=-3cosz+sin (£2) TR
L e Y] 8

Fia. 21
PROBLEMS
Plot the graph of each of the following and find its period. (Nos. 1-9.)
1. y = cosz. 6. y = tan (z 4+ n/4).
2, y=ctnz. 7. y = sin z + cos z.
3. y=cscz. 8. y = cos z — sin (z/2).
4, y = 2 cos (z/2). 9. y = (1/2) ctn (xz/4).

5. y = 2sin (7z/3).
Plot the graph of each of the following and tell which are periodic.

10. y = (1/2) sin~! 2. 13, z =2ctn12y.
11. y =2cos12x. 14. y = 3sin2z.
12, 2y = tan (z/2 — =/4). 15. y = 3sin-12z2.

16. y =1 4 cos (xz/2).



§ 16] COORDINATE SYSTEMS — GRAPHS 19

17. y =z +2sinz, —2r=x=2m.

18. y =zsinz, —2r =z =2

19. z = 2sin! (y — 2).

20, y=cost(z+1), —7n=y=m

2l. y=2cosxr —cos 2z, 0= =2m.

22. y =cosz — 2sin (z/2),0 =z =4m

23. z = n/2 + tan! (y/2).

24. y = sin (xz/2) — cos (2 xz/3), for 1 period.
25. y = z cos (rz/2).

26. y = z?%cos wx.

16. Exponential and Logarithmic Curves. The equation
y = a% in which a is any constant, is an exponential equation.
If a is positive, y is real for all real values of x and a table of values
can easily be obtained from a table of logarithms by the relation
log y = z log a. If a is negative, y is not real for all values of =
between any two given values. Thus, if z is given a fractional value
whose denominator is an even number, ¥ would be an even root of
a negative number and hence imaginary. Hence the graph of
y = a® is a smooth unbroken curve only if a is positive. We shall
consider only such equations. Since (1/b)* = (b)~7, if the base
is less than one, the equation can be written with the reciprocal
base. Hence we assume throughout that a is positive and greater
than unity.

The number represented by e (= 271828 ---), the base of
natural logarithms, is of great importance in exponential equations.

We shall use the symbol log instead of log, hereafter. Thus if
y=c¢e%logy = x.

EXAMPLE

Draw to the same set of axes the graph of y = a* when a has each of the
values 1.5, ¢, 4, and 1/e.
SorutioN. Form the table shown below.

z (1.5)= e 4= e~*

-2 0.44 0.135 0.06 7.39

-1 0.67 0.37 0.25 2.72
0 1.00 1.00 1.00 1.00
1 1.50 2.72 4.00 0.37
2 2.25 7.39 16.00 0.135
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The student should observe carefully the nature of the graph of y = a*
as a takes values that increase from a = 1. Also note that the graphs of
= (1/4)* = 477, y = (1/e)* = €%, y = (2/3)* = (1.5)~* can be obtained
from the graphs of y = 4%, y = €%, y = (1.5) respectively by a rotation of
these graphs through 180° about the y axis. Or, we can say that y = a*
and y = a—* are each symmetric to the

\ Y , other with respect to the y axis; as either
\ ! , can be obtained from the other by chang-
) ] i — Z.
.‘: ..\: i I.& ingzto —z
> MULTIPLICATION OF ORDINATES.

The graphs of certain equations
may be obtained by the multiplica-
tion of the corresponding ordinates
of auxiliary graphs. Thus if the
graphs of y = fi(z) and y = f2()
be drawn to the same set of axes,
then the graph of y = fi(z) - fa(x) can
Fic. 22 be obtained for all values of z which

make both fi(z) and f.(z) real by

multiplying the corresponding ordinates of the two auxiliary graphs.

The equation

Yy = ae* sin kx

plays a very important role in physics. Its graph is known as the
curve of damped vibration and can be drawn by multiplying the
ordinates of the graphs of y = ae—* and y = sin kz.

EXAMPLE
Draw an accurate graph of \ Y
y = (3/2)e~=sin (xz/2). ‘,_\\
SoLution. Draw the graph hN
of y = + (3/2)e~= and also of %)

=gin (vz/2) to the same ™ -y-::“’b.

axes. Alongeach ordinate mark A / N
the ordinate corresponding to
the product of the two given
ordinates and draw a smooth
curve through the points lo-
cated in this way. The dotted
curves of the figure are called
auxiliary graphs and the other
curve is the desired graph.

Note also that the two curves Fia. 23

y = == (3/2)e~* are boundary curves which the desired curve touches but
never crosses-
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The logarithmic equation is called the inverse of the exponential
since ¥ = a® may be written £ = log, y. Therefore, if we write
y = log, z, where a is any positive number except unity, its graph
is the same as that of z = av.

EXAMPLES

1. Draw the graph of y = logi z and also of y = log = to the same set of
axes.
SovLuTioN. Form the table shown below.

z 0 0.5 1 2 3 4 5
logio = —® -0 30 0 0.30 0.48 0.60 0.70
log = — -0 69 0 0.69 1.10 1.39 1.61

Notice that the y axis is an asymptote of each curve.

Fra. 24 Fra. 25

2. Draw the graph of y = log V22 — 4.
SoLurioN. The equation may be written

y = (1/2) log (=2 — 4).

The lines £ = + 2 are asymptotes and the curve crosses the z axis at
z = + /5. If 22 < 4, then y is the logarithm of a negative number, which is
complex. Hence no part of the curve lies between the asymptotes. A few
points with the information above give us the graph of Fig. 25.

This equation may be written

y = (1/2) [log (z + 2) + log (z — 2)].

However, the student cannot find the graph by the method of the addition
of ordinates. If we plot y = (1/2) log (z + 2) and y = (1/2) log (z — 2),
only the values of z which make both z + 2 and = — 2 positive can be used
in this way. That is, log (z — 2) is complex between z = 2 and z = — 2
and hence the sum of the ordinates is complex; then for z < — 2 both
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log (z + 2) and log (z — 2) are complex while the sum of these complex num-
bers is real. Hence this method would give only the part of the curve for
which z > 2. The auxiliary curves are shown in Fig. 26.

Y

1

F1a. 26
PROBLEMS
Plot the graph of each of the following equations.

1. y = (1/2) e?=. 8 y=log@B—12), —3=zr=3.

2, y=(1/2)-= 9. y =log 3 + z).

3. y=(1/2 e, —3=z=3. 10. y = log V9 — 22,

4, y =e-= 1. y = log Vzz — 9.

5. y = el0-9, 12, y = logsin 2 z.

6.. y = 2Y0-2), 13. y = log (22 4+ 4).

7. y = log 3 — 2). 14. y = log [1/(z? + 4)].

15, y = (e +¢72)/2, (Hyperbolic cosine.)

16. y = (e* —e~%)/2, (Hyperbolic sine.)
17, y = (1/3)V*, —5 =z =5. 24, y =e*sinz, —3=r=3.
18, y=¢*, —2=zx=2. 25, y=2*Bcosz, 0 =z =4.
19. y =ze*/5, — 2=z =2. 26. y =2%?8in3z, —2=2z=2.
20. y =4e*sinz. 27, y=e3*Bsin2z, —2=z=m
21, y=z1e?, — 1 =2=3. 28, y =e*Msgingr, —3=z=2.
22, y =e¢* —2cos7. 29. y =e€"2co82mz, —1=z=2.
23, y=e*ginwz, —2=1r=2. 30. y

= —3e?sgin7z, 0 =z =4.
3. y =2-83*2gin3 7z, — 1 =2x=2. ’
17. Polar Coordinates. In a system of polar coordinates

the position of a point is determined by measuring a distance and a
direction instead of measuring two distances as in rectangular
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coordinates. The system consists of a fixed point O, called the
pole, and a fixed line through O called the polar axis or initial line.

The polar coordinates of any point P in the plane are two
numbers r and 6; r represents the
distance OP and is called the radius
vector of P, and 6 is the angle which
OP makes with the polar axis and is ﬁ
called the vectorial angle. FEach co- )
ordinate may be positive or negative; 2 A
0 is positive when measured from
the polar axis in a counter-clockwise
direction, negative if clockwise; r is
positive if OP is along the terminal Fia. 27
side of 8, and negative if OP is taken
in the opposite direction, along the terminal side produced through
the pole.

Any pair of real numbers (r, §) will determine uniquely a point
P. However, the point P may be designated by more than one
pair of coordinates. Thus the pairs (2,3 n/4), (2, — 5 7/4), and
(— 2, — m/4) each designate the same point.

To plot points in polar coordinates, the paper should be ruled
with concentric circles about the pole and radial lines through the
pole, as shown in Fig. 28.

If an equation is given in r and 6, it can frequently be solved for
r in terms of 6. Then by making out a table of corresponding
values the graph of the equation is obtained by plotting these
points and drawing a smooth curve through them. The student
should not assume that the complete graph is obtained when the
curve crosses itself. If in doubt, he should continue the table of
values until successive points are repeated.

EXAMPLES

1. Plot the graph of r = 2 — 3 sin 6.
SovutioN. Giving 8 values varying at intervals of 30°, we have:

0 0° | 30°| 60° |90°| 120° [150°180°|210°|240°(270°/300°|330°| 360°

2 (0.5 -0.6] -1 -0.6/05| 2 [3.5|/4.6/5.0[/4.6[3.5
Point| A | B C D E F{G|\H|IT | J|K|L

NI\
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The complete graph is given by an
interval of variation of 6 from 0° to
360°, since 8 and (0 + 2 ) give thesame
value of 7 and the same vectorial angle.
Between # = sin—! (2/3) in the first and
second quadrants r is negative. This
curve is one form of the limagon.

2. Plot the graph of

2 = a2 cos 2 6.

SoruTiOoN. Give 6 values at inter-
vals of 15°. If 6 is between 45° and
135°, cos 2 6 is negative and r is imagi-
nary.

/] 0° 15° 30° 45° 135° 150° 165° 180°
r +a [+0.93a|x0 7la| O 0 [£0 71a|£093a| *a
Point A B C 0 0 D E A

This curve is called the lemniscate. It is completely given by an interval of
variation of 8 from 0° to 180°. This is true since 8 and (8 + =) each give the
same value for 72, and also since (% r, 6) and (£ 7, 8 + =) locate the same two
points. (See Fig. 29.)

Fia. 29 F1a. 30

3. Plot the graph of r = €.
SoLuTioN. Let a = 0.2 units and express af in radians.
[} —27x | —x| —7w/2{0| x/4 | /2 |3n/4 3r/2| 2«

ad | —1.26/—-0.63 —0.31| 0 | 0.16 | 0.31 | 0.47 | 0.63 | 0.94 |1.26
e 0.3 | 0.5 07 11112 |14 |16 |1 26 |35
Point| A B c D| E F G

oo

This curve is called the logarithmic spiral. (See Fig. 30.)
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18. Relations between the Coordinate Systems. At times it is
convenient to transform an equation given in rectangular coordi-
nates into a corresponding polar form, and conversely. The usual
arrangement is to take the pole at
the origin of the rectangular coor- Y
dinates and the polar axis along the
positive half of the x axis. It is P
apparent that for any point P in
the plane the following relations

will then exist between its two sets Y 0
of coordinates (z, y) and (r, 6) : | = \ A
o X
(VIII) x =1rcos®, y =rsinb;
2= x4+ y?,
1Y
= 19
(IX) 0 = tan P

Fia. 31

U S
Vi +y?
EXAMPLE
Transform into rectangular coordinates the equation of the lemniscate
r? = a? cos 26.

SovurioN. Write cos 26 = cos?8 — sin?6, then the equation becomes
r? = a?(cos?® — sin?6). Therefore, if the axes are as shown above,

2_y2

4yt = azf;,—_,_—y—,, or  (z*+y)? = a¥(z? — y?).
PROBLEMS

Plot the graph of each of the following equations. (Nos. 1-27.)
1. rcos6 = 3. 11. r = 2(1 — sin ).

2, rsing = — 2. 12. r = 3(1 + cos §).

3. r= —4sech. 13. r =24 3 cosé.

4. r = 5csch. 14, r =3 — 2sin 4.

5. r+2sing =0. 15. r =1 4 cos 26.

6. r = 4 cos 6. 16. r =1 — 2siné.

7. r =1/(1 + cos¥§). 17. 2 = 4 cos 246.

8 r =4/(3 — 2 cos ). 18. r =1 4 2 cos (6/2).

9. r =6/(2 — 3sing). 19. r =1 4+ sin (6/2).
10. 2rcos @ + rsin g = 3. 20. 72 = q?sin 24.
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2. r =a/(1l —ecosf), (<1, =1,>1).

22. r6 = a. 25. r = a sec?(8/2).
23. r =acos 26. 26, r =20
24. r = asin 36. 27. r =2cosf — 3siné.

28. Transform into rectangular coordinates the equations of Problems 1,
2,3,45,6,7,8,9, 10, 16.
29. Transform the following equations into polar representation.
(@) zy =2a, (o) 22 +y*+2ay =0, () 2*@¥*—a’) +y =0,

®) z2=2py, @ 224+ax+by=0 (f) 2®+y*—3azy=0.

19. Parametric Equations. We have seen that the equation
of a curve may be given by a single relation connecting the coordi-
nates x and y of any point of the curve. Also z and y may each be
expressed in terms of a third variable, which is called a parameter,
and the two equations together are called the parametric equations
of the curve. The parameter may or may not have geometric
significance. Each value arbitrarily assigned to the parameter
fixes one or more values for z and y, giving thereby corresponding
points on the curve. If the parametric equations of a curve are
given, the equation in z and y may be obtained provided the pa-
rameter can be eliminated between the given equations.

EXAMPLES

1. Givenz = at}, y = at?. Plot the curve and find its equation in terms of
z and y.

SoruTioN. Form the table below and plot the points. A smooth curve is
obtained by joining the points in order, as shown in Fig. 32.

t z Y Point

0 0 0 0
+1/2 +a/8 a/4 B
+1 +a a C
+2 +8a 4a D

Eliminating ¢, we have t = + Vy/a; then z = + a(y/a)¥? or y* = a2

2. Given z = a cos 6, ¥ = b sin 6, obtain the graph and the equation in
rectangular coordinates.
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SovuTioN. In this example the parameter is the angle 8. The table below
gives the coordinates of points on the curve in Fig. 33.

Y

b
Fic. 32 Fia. 33
(] - Y Point
0° a 0 A
30° a\/3/2 b/2 B
60° a/2 bv/3/2 (o
90° 0 b D

To eliminate 6 we have cos § = z/a, sin 8 = y/b. Using the relation
sin20 + cos?8 = 1, we find the equation to be

z? |y
:1_2+—b—2=1'

PROBLEMS

Make a table of values and plot the graph of each of the following pairs of
equations. (Nos. 1-10.)

1. z=1—1ty=4Lt. 6. x =4cos6,y =3siné.

2. z=1—1%y =41t 7. z =4secl,y =6 tané.

3. z=2/t,y = 31t 8 z =acos®6,y = asin®é.

4. z=1+4+2¢ y =6/t 9. r=3/¢—1),y=2/t+1).

5. z=asint,y =acost. 10. z=3¢/(*+ 1),y =382/t + 1).

11. Derive the rectangular equations of Problems 1 to 10 inclusive by
eliminating the parameter.

Ans.(1)4z +y = 4; 3)zy = 6; (6)2%/16 +y2/9 = 1; (10) 2 + y* = By.

20. Transformation of Coordinates. It is sometimes desirable
to simplify the equation of a given locus by referring it to a new
set of coordinate axes, since the form of the equation depends on
the position of the axes with respect to the curve. This is known
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as transformation of coordinates. If the new axes are parallel to
the old axes, respectively, the transformation is called transforma-
tion by translation. If the new axes have the same origin as the
old axes but are oblique to them, the transformation is called
transformation by rotation.

If the coordinates of any point P are (z, y) when referred to one
set of axes, and (z’, ¥’) when referred to the other set, then either
set of coordinates can be expressed in terms of the other. Like-
wise, the equation of a given locus referred to one set of axes can
be transformed into the equation
of the same locus referred to the
other set of axes.

21. Formulas of Translation.
| In Fig. 34 let the z and y axes be
parallel to the 2’ and y’ axes, re-

[

° iM £ e spectively. Let the coordinates of
| O’ be (h, k) when referred to the
| former set; that is, OC = h and

D_Iv CO’ = k. Let P be any point in

o X' the plane with coordinates (z, ¥)
Fia. 34 and (z’, y’), respectively; that is,

AP =z, MP =y,
BP =g/, NP = y'.

Now AP = AB + BP and MP = MN + NP; hence

X) x=x+h y=y +=r - 4
22. Formulas of Rotation. Let i\
the z’ axis make an angle 6 with {—5\ %
the z axis. Let P, any point in st=>¥g
the plane, have coordinates (z, y) A
and (z’, y'), respectively. Then 8.l ; -
OM =z, MP =y, ON =/, and o\ ¥
NP = y’. Now
OM = 0T — SN,
MP =TN + SP. Fia. 35

But OT = 2’ cos 6; likewise SN = y’ sin 6, TN = z’ sin 6, and
SP =y’ cos 8. Hence
XI) x=1x"cos® —y'sin®, y==x"sin0+y cosb.
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EXAMPLES

1. Change the axes by translation so that the equation2z2 +3z 47 =y
transforms into an equation without a term in z’ and without a constant term.
SorvuTtioN. Translating the origin to (h, k), we have

2’ + )24+ 3@+ + 7=y +k
Collecting terms, we find
2z + (4h+3)2 + 22 +3h+7 —k) =y
By the conditions of the problem we must have
4h+3 =0, 2ht+3h+7 -k =0.
Hence h = — 3/4, k = + 47/8. That is, by translating the origin to
(— 3/4, 47/8), the transformed equation is
222 =y,
2. Find the transformed equation for 22 — y? = a? when the axes are

rotated through 45°.
SoLuTioN. From formulas (XI) we have

z = %\/?(z’ -y) y= %\/?(z' + ).

Hence
1, , 1, ., ,
5@ =) —3@ +y)=a
or
2z'y' + a2 =0.
3. By completing the squares, find the translation which will remove the

first degree terms from the equation 222 — 3y — 4z — 2y = 13.
Sovurion. Completing the squares, we have

. 1\ 1 4
2(x—1)2—5(y+§)—13+2—§—§-
The first degree terms will be eliminated if we make
1
z—1=2, y+z=1;
that is, if
z =2z +1, y=y’-%'

Hence, if the origin is translated to the point A = 1, k = — 1/3, the trans-
formed equation will be
44

2x"—3y’2=§- or 6z -9y =44,



30

DIFFERENTIAL AND INTEGRAL CALCULUS [Cm.I

PROBLEMS

Simplify each of the following equations by translation. (Nos. 1-4.)

1.

2 -0z + 4y = 10. Ans. 2’2+ 4y’ = 0.

2. 3y=2*+4z —8.

3. 224+3y2—4z+6y =6,t0 (2, — 1). Ans. 2'? + 3 y'? = 13.
4. 322 -2y +62+8y =10,t0 (— 1, 2).

Simplify each of the following equations by rotation. (Nos. 5-8.)

5.
6.
7.
8.

zy =12,0 = — n/4. Ans. y'? — 2’2 = 24,
2 —y? +20 =00 = x/4.

222 +2y/3 4+ 92 =7,0 = x/6. Ans. 5z'2 + y'? = 14.
222 — 2y A/3+ y? = 10,0 = x/3.

Simplify each of the following equations by completing the squares. (Nos.

9-11.)

9.
10.
11.

24yt —y =086 Ans. 22" 4 29" = 13.
222 4+3y? -8z + 6y = 11.
622 —2y2 -9z + 8y = 10. Ans. 4822 — 16’2 = 43.

I

Apply translation and then rotation to simplify the equation. (No. 12.)

12.

24zy+ 2 —2z+2y =2 to (2, —2) and then § = x/4.

ADDITIONAL PROBLEMS

Draw the graph of each of the following equations. These curves are im-
portant and many are of historic interest.

1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.

r = a(l 4+ 2 cos 0), Trisectrix.

r =a xbsin g, Limagons (if a = b, cardioids).
r = a cos 39, T'hree-leafed rose.

r =asin 26, Four-leafed rose.

2 + zy? = 2 ay?, Cissoid.

y = 8a%/(x? + 4 a?), Witch.

y/zt = (a + z)/(a — x), Strophoid.

z=3at/(1 + 1),y = 3at?/(1 + ¢3), Folium.

y = (a/2)(e*/* + e~2/3), Catenary.

y = asin kz + b cos kz, Simple harmonic motion.
Yy = a7, Probability curve.

r = ab, Spiral of Archimedes.

logr = a9, Logarithmic spiral.



CHAPTER 1II

EQUATIONS OF DEFINED CURVES
EMPIRICAL EQUATIONS

23. The Straight Line. A straight line is determined by two
fixed points P; and P on it, or by one point P; and its slope m.

To find the equation of the line, we must obtain a relation
connecting the given values x;, ¥, m, and the coordinates of a
point P (z, y), which is assumed to be any point on the line.

Draw the line through P,
with the given slope m. We
know that the slope of a line

may be obtained from the P(z,9)
coordinates of the extremi- |

Y

ties of any segment of the line gM N
asin § 6. Hence, if the slope SL——_—"E_'—"N

is m, we have the relation
m=(y —y1)/(x — @), or

1 y—yp=m@x-—x), Fia. 36

which is called the point-slope form of the equation of the line.
We may also derive equation (1) from Fig. 36 as follows:

SP _ SM + MP

tana=m=m-—m,
or
_-yx+y
i

for any position of P(z, y) on the line.

Let the line be located by any two fixed points P, and P, and
let P(z, y) be any other point on the line. Since the slope of the
segment PP equals the slope of the segment P1P,, we have

® N
1 2 1

which is called the fwo-point form of the equation of the line.
This may also be derived from Fig. 37.
31



32 DIFFERENTIAL AND INTEGRAL CALCULUS [Ca.II

.

It is, however, preferable to use equation (1) even when two
points are given. The right-hand member of (2) is m, therefore
use this number m and either of the given points with the point
P(z, y) to write the point-slope
form.

Let the given point P; be
the point where the line crosses
the y axis. If the y intercept is
b, then the point Py is (0, b).
Substituting these values for x;
and ¥ in (1), we have

3) y=mx+b,
Fra. 37 called the slope-intercept form

/zé.y?“”
of the equation of the line.
If the line is given by its intersections with the axes, and if the
x intercept is @ and the y intercept b, these points are (a, 0)
and (0, b) and the slope of the

line is m = OM/NO = b/(— a). Y
Substituting this value of m in (3), \
we have M(0,b)
x ¥ _

4) p + b= 1, a
which is known as the intercept 0 Nta, O\X
form of the equation of the line.

It is important to realize that

these are four forms of the same
equation, and from the given data
regarding the line we determine which form is the more conven-
ient to use.

Fia. 38

24. The Linear Equation. We shall now show that the general
equation of the first degree in z and y, that is, the linear equation

1) Ax+ By + C =0,
where A, B, C are any constants, but A and B not both zero, always

represents a straight line.
First, assume B £ 0. Solving (1) for y, we have

A C
(2) y=——l§x—§;
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which is in the form of equation (3) of the preceding article, where
m= — A/B and b = — C/B. That is, when (1) ¢s solved for y
the coefficient of x is then the slope of the line and the constant term
1s the y intercept.

Second, assume B = 0. Then (1) reduces to z = — C/A,
which is the equation of a line parallel to the y axis whose z inter-
cept is — C/A. Since any line either crosses the y axis and has a
slope and y intercept, or else is parallel to the y axis, it follows that
every linear equation can be written in the form y = mz + b or
in the form z = a. Hence the equation Az + By+C =0
represents a straight line.

It is important to recognize the slope of a line from its equation.
Since m = — A/B, we can say that if B = 0, and if the terms in
and y are on the same side of the equality sign, the slope of the line is
the quotient of the coefficient of x by the coefficient of y with its
sign changed.

EXAMPLES

1. Find the equation of the line through the point (— 3, — 2) which makes
an angle of 120° with the z axis.

SoLurions. (a) The slope of the line is m = tan 120° = — /3. If
P(z,y) is any point on the line, we have from the point-slope form of the
equation of the line

3 oY=(=2 Y
'\/g—x_(_3))
or s
zV34+y+2+4+3vV3=0. 2
(b) Again, from Fig. 39 we have 1
tan 120° = — 3 = TP/P\T, or 01 2X
_ 3_TM+MP
_P1N+NT’ N
_m_2+y
‘/3—3+:c’
zV3+y+2+3vV3=0. F1a. 39

2. Find the equation of the line through the points (2, 3) and (— 3, — 1).
SoLutions. (a) Theslopeof thelineism = [3 — (— 1)]/[2 — (— 3)] = 4/5.
Then, from the point-slope form, if we use the point (2, 3),
4 _y-—-3,

5 -2
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Simplifying, we have
4z —-5y+7=0.
(b) By linc-segments, from Fig. 40,
TP, NP

PT T PN’
/ TR + RP; _ "NS + SP
P.M + MT ~ P.M + MN’

0 ¢ T
B0 M 143 14y
3+2 3+a

or

Fra. 40 4z —5y+7=0.

3. Find the equation of the line crossing the y axis 4 units above the
origin and making with the y axis an angle of 60°.

Sorvrion. From Fig. 41, we see
that the inclination of the line is 150°
or 30. Hence m = tan150° = — +/3/3,
orm = tan 30° = v/3/3. From either
the slope-intercept form or the sides of
the triangles, we have the equations of
the lines as

z+yV3F 4vV3 =0.

4. Find the equation of the line
through (— 2, 3) which is perpendicu-
lar to the line2z — 3y —3 = 0.

SoruTrioN. The slope of the given lineism = — [2/(— 3)] = 2/3. Hence
the slope of the required line is — 3/2. The equation of the line by either
method outlined in Example 1 is

3z+2y=0.
25. Parallel and Perpendicular Lines. Given the two lines,
L, with equation Az + By + C; = 0, and L, with equation
Asz + By + C; = 0. Call the slopes of these two lines my
and ms, respectively. It follows then that m; = — 4,/B; and
my = — As/B,, where B, and B, are both different from zero.
The condition that L, and L. be parallel is (§ 7) that the slopes
be equal. Hence m; = my, that is, — A1/By = — A3/Bs, or

(1) 4" 5
Therefore, if two lines are parallel the coefficients of x and y in the
equalions of the lines are proportional, and conversely.
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If L, and L, are perpendicular, mme, = — 1 (§7). Therefore
(= Ay/By)(— As/By) = — 1, 0r
() AA, + BB, = 0.

Conversely, if this relation exists, the lines L, and L, are
perpendicular.

26. Special Cases. If, in the equation Az + By + C = 0,

we have A = 0, the equation becomes y = — C/B, which is in
the form y = b and is a line parallel to the z axis. If B =0,
the line is x = — C/A, parallel to the y axis. If C = 0, the line

is Az+ By =0 or y = (— A/B)x. This equation is satisfied
by the point (0, 0); hence the line passes through the origin.
The converse is also true; that is, if the line passes through the
origin, the constant term in its equation is zero.

PROBLEMS
Find the equation of each of the following lines. (Nos. 1-15.)
1. Through (— 3, 4) and (4, — 5). Ans. 9z +7y = 1.

Through (2, — 4) with slope — 6/5.
With z intercept — 4 and inclination of /4. Ans.z —y +4=0.
With y intercept — 3 and slope 2/3.
Through (— 2, — 4) and parallel to the line joining the origin to (3, 2).
Ans. 2z — 3y = 8.
6. Through (— 3, 5) and perpendicular to line joining (— 3, 5) and
(—' 5y 4)'
7. With z and y intercepts — 3/7 and 5/2, respectively.
Ans. 35z — 6y + 15 = 0.

ook WD

8. Through (6, — 3) with a = 135°.
9. Through (— 4, 3) with @ = 120°. Ans. V3z 4+ y +4vV3 -3 = 0.
10. Through (6, — 1) with an inclination of 150°.

11. Perpendicular to the line 3z — 4y = 5 and through (— 5, 6).
Ans. 4z +3y+2=0.

12. Parallel to the line 7 z + 6 y = 12 and through (— 7, 3).

13. Through (— 2, — 3) and making an angle of 45° with the line
y="7z+ 11 Ans. 3z —4y =6,and4z+3y + 17 = 0.

14, Through (5, — 3) and the intersection of the lines3z — 4y = 7 and
2z +y =1.

15. Through (— 3, 4) and the mid-point of the segment joining (4, 2) and
(-1, -="17. Ans. 1324+ 9y +3 =0.
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16. Find the equation of the perpendicular bisector of the segment joining
(=2,1)and (— 6, — 5).
17. A diagonal of a square has its extremities at (— 1, — 1) and (3, 5);

find the equations of its sides.
Ans.z —b5y=4,524+y+6=02—-5y+22=0,5z+4+y =20

18. The vertex of the right angle of an isosceles right triangle is at (3, — 1)
and another vertex is at (5, 4). Find the equations of the three sides.

19. The sides of a square have equations z +3y =10, z + 3y = 20,
3z —y+5=0and3z —y = 5. Find the equations of the diagonals and
find their point of intersection.
2z —4y+15=0,
4z +2y =15,

20. The vertices of a triangle are at (3, 3), (— 1, — 5), and (6, 0). Find
the equation of the line through each vertex parallel to the opposite side.

Ans. { 3/2,9/2).

21. Find the perpendicular distance between the parallel lines3z = y — 2
and6z —2y — 1 = 0. Ans. v/10/4 units.
22. Find the length of the perpendicular from the intersection of the two
linesz —6y =1and 10y —x+ 5 =0tothelinez+2y +1=0.
23. Tind the equations of the locus of points equidistant from the lines
z=aandy =b. Ans.z —y=a—-bz+y=a+b
24. Given the triangle A(— 4, — 2), B(6, 4), C(— 2, 8).
(a) Find the equations of its sides.
{b) Find the equations of the medians.
(¢) Find the equations of the altitudes.
(d) Find the equations of the perpendicular bisectors of the sides.
(¢) Find the intersection of the medians (centroid).
(f) Find the intersection of the altitudes (orthocenter).
(9) Find the intersection of the perpendicular bisectors (circumcenter).
(h) Prove that the points (e), (f), and (g) are collinear (Euler line).

27. The Circle. A circle s the locus of a point at a given distance
Jrom a fized point.

Let (h, k) be the fixed point called the center, and let r be the
given distance which is the radius. From the definition any
point P(z, y) on the locus must satisfy the relation CP = r, where
C is the center (k, k). From the right triangle in Fig. 42, we have

12 =CP =CR + RP'
= (CN + NR)? + (RM + MP)?
= (~h+ 2+ (= k4

This relation, which may be obtained from the distance formula,
gives the equation of the circle as



§27] DEFINED CURVES 37
(1) (x—h)?*+ (y — k)2=r2

If we expand this equation and collect terms, we have
2+ y*—2he — 2ky + A2+ k2 — 12 =0,
which is of the form -
) x*+y*+Dx+Ey+F=0 "~

These are the two standard forms of the equation of a circle,
and since (k, k) may be any point, and r any distance, this equation
may represent any circle in the plane. Since any circle can be
written in either of these forms,
it follows that an equation of the
second degree_ represents a circle
only when the coefficients of z* and
y? are the same and the equation
has no term in xy. Npf——

We note the following special
positions of the circle with respect
to the coordinate axes: 0 N——— X

If the equation has no term
in ¢, then D= —2h =0, or
h = 0, which means that the
center lies on the y axis. Similarly, if there is no term in y, then
k = 0 and the center is on the x axis. If the termsin x and y
are both missing, the equation reduces to
3) C4yr=r,
and the center is the origin. Conversely, if the center is at the
origin the equation of the circle will be in form (3).

If F = 0, then k% + k% = 7%, and the circle will pass through the
origin.

If the equation is given in form (2), it can be reduced to form (1)
by completing the squares in z and y.

Since equations (1) and (2) each have three constants, we see
that three conditions, which may be expressed as algebraic rela-
tions connecting these constants, are necessary and sufficient to
determine the equation of the circle.

P(z,y)

Fia. 42

EXAMPLES
1. Find the center and radius of the circle whose equation is

22242y - 10z + 6y = 23.
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SorLuTioN. Divide each member of the equation by 2 and complete the
squares. Then

(#-s2+ )+ (r+3v+]) -2+ 2+5

5\2 3\2
(x—é) +(Zl+§) = 20.

Hence the center is (5/2, — 3/2) and the radius is V20 units.

2. Find the equation of the circle through the points (0, 0), (— 1, 3),
and (5, — 3).

SorurioN. Since nothing is known of the center or radius, we shall use the
form (2) of the equation of the circle. Substituting the coordinates of each
point in that equation successively, we have

or

F =0,
10-D+3E+F =0,
344+5D—-3E+F =0.

Solving these, we find that D = — 11 and £ = — 7. Hence the desired
equation is
22+y?—11z—7y =0.
3. Find the equation of the circle through the point (— 6, 2) which is tan-
gent to the y axis and has its center on the linez +y = — 1.
SovLuTioN. Since the circle passes through (— 6, 2), it must lie to the left
of the y axis; hence h = — r. Then its equation has the form
(+7+ @y — k2 =r2
Using the point (— 6, 2), we may
write
(=64+7r24+ (2 —-k2=r2
115 Also, since the center is on the
given line, we have
E+k+1=0,
or —-r+k+1=0.

10

5
(-9,2) From these relations we have

0 X k* - 16k + 28 = 0,
Fie. 43 whence
k =2, 14; h= -3, —15; r =3, 15.

Hence there are two circles satisfying the given conditions; and they are
E+3)+@w—22=9, and (z 4+ 15)2 + (y — 14)2 = 225,

4. Prove that an angle inscribed in a semicircle is a right angle.
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SoruTioN. Take the origin at the center and the z axis along the given
diameter LM. Let A(a, b) be any
point on the circumference with m; Y
and m, "the slopes of AL and AM
respectively. Then m, = b/(a + 1), A (a,b)
m; = b/(a — r); whence we have
mm, = b2/(a? — r?). But we must
use the fact that A is on the circle,

which gives a? + b2 = r2  Sub- X
stituting — b2 for a? — r? we get L(7,0) 0 M (7,0)
mms; = — 1. Hence AL and AM

are perpendicular (§ 7).

Q(r,6) Fic. 44
T
lb P(r.6) 28. The Line and the Circle in
I Polar Coordinates. The equation
o ) of any line perpendicular to the
4 polar axis and at a distance a from
the pole is
(1) rcos 0 = a.
Fia. 45

If the line is parallel to the polar
axis and at a distance b from it, the equation is

(2) rsin 6 = b.

These equations are the transformations from rectangular to
polar coordinates of z = a and
y =05 [§18, (VIII)], where the P(r,6)
pole is the origin and the polar \
axis is the z axis. \\
If the center of a circle of ra- 9 \\ 4
dius a is at the pole, its equation C(a,0 M(20,0)
is obviously
3) r=a.
If the center is on the polar axis
with the pole at one extremity Fic. 46

of a diameter, then any point
P(r, ) on the circle will satisfy the relation

4) r = 2acos 6.
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Similarly, if the center is on the 90° vector with the pole on tke
circle we have

(5) r=2asin6.

If the pole is on the circle and the intercepts on the polar axis
and 90° vector are ¢ and d re-
spectively, the polar equation is
readily found by transforming the
corresponding rectangular equa-
tionz? + y? — ¢z — dy = 0. Thus
(Fig. 47)

(6) r=ccos6+ dsin 6.

Ouc,o) A 29. The Line and the Circle in

Parametric Form. If z and y are

Fra. 47 each given in terms of a third

variable ¢t and if each is of the first degree in the variable, the rec-

tangular relation connecting z and y is linear. Thus if z = at +b

and y = ct + d, solving each for ¢ and equating the results, we
have

cx — ay = bc — ad.

Each value of t assigns one value to x and one to y. These values
are the coordinates of a point on the

line corresponding to &. Y
Given a circle whose center is the
origin, draw the radius to any point
P(z, y) on the circumference. De- Sy
noting by 6 the angle which the { \9
radius OP makes with the z axis, we i 2 =

have (Fig. 48)

(1) x=rcosf, y=rsinb,

as parametric equations of the circle.
The elimination of 6, as explained
in § 19, gives the equation

Fia. 48
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PROBLEMS

Find the center and radius of each of the following circles. (Nos. 1-8.)

1. 224+ 9y2—-10y = 0. Ans. (0, 5), 5 units.
2. 224+ y24+6zx—4y =1.
3. 22492 —16z+ 12y +1 = 0. Ans. (8, — 6), 3v/11 units.
4. 22+ y* -5z +4y =2
5. 42244y - 16z + 24y + 51 = 0. Ans. (2, — 3), 1/2 unit.

6. 36z 4+ 36y? — 180z + 48y + 97 = 0.
Find the polarequationof the circle in the following two problems. (Nos.7-8.)
7. With center at (2, n/2) and radius 2 units. Ans. r = 4 sin 6.

8. Passing through the origin with center at (4, 0).

Find the equation of the circle satisfying each of the following sets of con-
ditions and draw its graph. (Nos. 9-16.)

9, With center at (— 3, 4) and passing through (1, 1).
Ans. 22+ y24+ 6z —8y = 0.

10. With center at (— 2, 4) and passing through the origin.

11. With center on the line 2z — 3y + 2 = 0 and passing through the
points (4, — 2) and (11, 3). Ans.z? +y? - 10z — 8y +4 = 0.

12. Tangent to the z axis, with one extremity of a horizontal diameter at
the point (2, — 2). (Two cases.)

13. Concentric with the circle 22 4+ y* — 5z 4 4y = 1, and passing
through (— 2, 4). Ans. 22 +y? — 5z + 4y = 46.

14. Through the points (0, 3), (— 3, 0) and (0, 0).

15. Through the points (1, 0), (2, 0) and (0, 3).
Ans. 3224+ 3y2 -9z —-11y+6 =0.

16. Which has the segment of 2z — 3y + 6 = 0 cut off by the reference
lines'as a diameter.

17. Find the locus of the vertex of a right angle if its sides pass through the
points (1, 1) and (1, 7), respectively. Ans. 224+ y? — 22 -8y +8=0.

18. Find the locus of points four times as far from (— 2, 1) as from (1, — 3).

19. Transform into polar coordinates the equation of the circle through the
origin with center (— 4, 2). Ans.r + 8cosf —4s8ind =0.

20. Tind the locus of a point if the square of its distance from the point
(1, — 3) is six times its distance from the y axis.

21. Find the points at which the y axis cuts the circle having the segment
from (2, 1) to (— 4, — 3) as a diameter. Ans. (0, — 1 == 2V3).

22, Find the circles passing through (— 3, 4) and tangent to both axes.
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23. Find the circle with center at (— 5, 1) and tangent to the line
4z +3y =3. Ans. 22+ y2+ 10z — 2y + 10 = 0.

24. Find the circle through the origin and tangent to theline5z — 2y = 16
at the point (2, — 3).

25. Chords of the circle r + 10 cos 6 = 0 are drawn through the pole.
Find the locus of their mid-points. Ans.r + 5cos6 = 0.

26. Chords of the circle r = 6 sin 6 are drawn through the pole and each
produced its own length. Find the locus of the extremities.

27. A chord of the circle 22 + y2 + 2z + 4y = 44 has its mid-point at
(— 3, 1). Find the equation of the chord and its length.

Ans. 2z — 3y + 9 = 0; 12 units.

28. The equations of two circles are z2 + y2 + Dz + Eiy + F1 = 0 and
2?4+ y* 4+ Dyr + Exy + F, = 0. TFind the relation connecting these coeffi-
cients if the circles are (a) equal; (b) concentric; (c) tangent to each other.

30. The Parabola. A parabola is the locus of points equi-
distant from a fized point and a fized line. The fixed point is called
the focus and the fixed line the

D Y directrix.
N Let F be the focus and D’D the
E P(z,y) directrix, with p the distance be-

tween the focus and the directrix.
o Through F draw AF perpendicular
AcZol M reo) Y to the directrix.

The z and y axes may be taken in
any convenient position with respect
to the focus and directrix, and the
corresponding equation of the curve
obtained. However, the simplest
and standard form of the equation
is found by taking the origin midway between the focus and di-
rectrix with the line AF as one of the axes, say the z axis. If
P(z, y) is any point on the parabola, from the definition we have
EP = FP. But

D’

Fia. 49

EP=EN+NP=12’+x,

and

FP =\[MF* + MP* =/ (OF — OM)*+ MP*
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JE-O) +r-2+a

Squaring and collecting terms, we get the form

(1) y: = 2 px.

Since we see that the curve is symmetric to the x axis, the line
AF is called the axis of the parabola. The intersection of the
curve and its axis is the vertex. The curve is open and extends
indefinitely to the right of the y axis.

Any chord of the parabola through F is called a focal chord
The focal chord perpendicular to the axis of the parabola is called
the latus rectum; its length is 2 p.

Equation (1) may be written in the form

(2) x = ky?,

Hence

where k is any constant not zero. The graph extends to the right
or to the left from the origin according as k is positive or negative.
In a similar manner the equation

3) y = kxt,
where k is any constant not zero, is a parabola with vertex at the

origin and with its axis along the y axis. It is concave upward or
concave downward according as % is positive or negative.

31. Other Forms of the Equation of the Parabola. Two
important equations of the parabola are

(1) y=ax*+bx+c,
and
2) x = ay’*+ by 4 c.

The former equation defines a parabola with its axis parallel to
the y axis. For, on completing the square, we have

2 bZ
y=a[:c+ x+ ]-}-c i3’
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b? b \?
()=o)
From this equation, we see that a translation of the origin to

the point (— b/2 a, ¢ — b%/4 a) will reduce equation (1) to the
form (see § 21)

3) Yy = ax'% !

or

Likewise equation (2) represents a parabolafwith axis parallel
to the x axis. /

If we substitute for z and y in either equation (1) or (2) the
coordinates of any three distinet points no% on the same straight
line, we obtain three corresponding relations connecting the co-
efficients a, b, and ¢. The solution of these relations will deter-
mine a unique set of values for a, b, and ¢. Hence:

Through any three distinct points not on the same straight line,
one and only one parabola can be drawn with a vertical axis, and one
and only one parabola can be drawn with a horizontal axis.

32. Construction of the Parabola. When the focus and direc-
trix are given, points on the parab-
ola may be found readily by means
of a ruler and compasses. Draw
any line parallel to the directrix
B and on the same side as the focus.
a B l Let its distance from the directrix
be a. With F as a center and a
radius @, mark the points on the
! given line at a distance a¢ from F.
gl These are points on the parabola.
Blp If the directrix is taken parallel to
¢ Bl either set of ruled lines of the co-
Hp ordinate paper, points on the curve
Fia. 50 can be marked rapidly with the
compasses, and an accurate sketch of the curve can be drawn.

5]
57

o

33. Parabolic Segment. A segment cut from a parabola by a
chord perpendicular to the axis is known as a parabolic segment.
If we take the curve y = k2? and draw through two points P,
and P, the chords perpendicular to the axis (Fig. 51), we have

yr = kxil, Y = kxz.?
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whence

w_m o B 2
Y2 T’ Ye (2 x2)?

But 2 z; and 2 z; are the lengths of the two chords and %; and ¥,
are their respective distances from the vertex. Hence without
reference to the coordinate
axes we have the theorem: Y

In any parabola the squares
of any two chords which are
perpendicular to its axis are
to each other as their distances N
from the vertex of the parabola. Q Py (2, y)
In the segment Q.0P,, QP \ Ny
is called the base and ON; the Q’\ /P‘ (@ 4,)
altitude of the segment. In .
practical problems the base of 0 X
the parabolic arch is usually Fia. 51
called the span.

EXAMPLES

1. Find the equation of the parabola with y = 6 as directrix and (— 4, 2)
as focus. Find the vertex and extremities of the latus rectum.
SovLuTioN. Assume P(z, y) any

Y point on the parabola. Draw PF
and draw PD perpendicular to the
r directrix. From the definition, we have
Pz Y PD = FP. But
AN PD=PS+8D=—-y+86,
L N L and
M F(-42)
: B X FP = V(FL + LM)* + (MS + SP)?
] o)
/ S N vaTor I
Hence
@+O1+ @ -21 =6 -9
Fia. 52 or

zz
y-—-—S——z+2.

The vertex is evidently (— 4, 4) and the ends of the latus rectum are
(— 8, 2) and (0, 2).
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2. In the parabolic segment shown in Fig. 53, find z.

SovLuTIiON. It is evident that
the two chords are, respectively,
15 4+ z and 15 — z feet. Hence

(15 +2)* _ 10
% G- a
= S 1542 _ VI0
15—z 2
75 z Solving for z, we find
Fra. 53 z = 5(7 — 2v10) = 3.38 feet.

PROBLEMS

Find the focus, directrix, and extremities of the latus rectum of the follow-
ing parabolas. (Nos. 1-8.)

1. 22 -2y =0. Ans. (0,1/2),2y + 1 =0, (1, 1/2).
2. 22412y = 0.

3. y2+92 =0. Ans. (—9/4,0),4z =9, (— 9/4, £ 9/2).
4. y? — 6z = 0.

5. 42249y =0. Ans. (0, — 9/16), 16y = 9, (£ 9/8, — 9/16).
6. 5y24 16z = 0.

7. 22+ 2py =0.
8. y? = kx.

Derive the equation of the parabola which has the following given parts.
(Nos. 9-16.)

9. Vertex at the origin, focus at (0, — 5/2). Ans. 22+ 10y = 0.
10. Focus at (— 9/4, 0), directrix z = 9/4.
11. Vertex at (5, 1) and directrix y = — 3.

Ans. 2?2 — 10z — 16y + 41 = 0.
12, Vertex at (2, — 1) and focus at (— 1, — 1).

13. Focus on the x axis, vertex at the origin, passes through (4, — 3).
Ans. 4y? =9z

14. Vertex at the origin, directrix parallel to the z axis, passes through
the point (3, — 1).

15. Focus at (— 2, 4), one extremity of the latus rectum at (3, 4).
Ans. z* +4z + 10y = 6l,0rz> + 42 — 10y + 19 = 0.

16. Extremities of the latus rectum at (1, 6) and (1, — 4). (T'wo cases.)

17. Find the locus of a point whose distance from (2, 3) is two units more
than its distance from the line z + 5 = 0. Ans. y2 — 6y — 18z = 36.
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18. Find the locus of a point whose distance from the point (— 2, 8) is
three units less than its distance from the z axis.

19. Find z in the parabolic segment, Fig. 54. Ans. 2.252 ft.

20. Find AC in the parabolic segment, Fig. 55.

21. Find A in the parabolic segment, Fig. 56. Ans. 10.8 ft.
100°

‘S Fic. 55
|20’ |
10’ ’ 200" ’
Fia. 54 FiG. 56 "

22, A parabolic arch of height & spans a stream of width w. (a) What part
of the width of the stream has a clearance of at least (3/4) h? (b) What part
has a clearance less than (h/2)?

(¢) What do these results be-
come if h = 24 feetandw = 150
feet? D

23. Tind the height of a para-
bolic segment if AO = OB =60, ¢
CB = 10", and CD = 12’. (See
Fig. 57). Ans. 397 ft.

24. TFind the height of a parabolic arch if its base is 24 feet and if there is a
clearance of 10 feet at a distance of 4 feet from the end of the base line.

25. Find the equation of the parabola with a vertical axis which passes
through the points (— §, 1), (3, — 1), and (0, — 4).

Ans. 4y =z 4+ 1z — 16.

26. Find the equation of the parabola with a horizontal axis which passes
through the three points in Problem 25.

27. Find the equation of the parabola with a horizontal axis which passes
through the points (— 3, 0), (1, 4), and (6, — 4).

’ Ans. 32z = 13 y2 — 20y — 96.

28. Find the equation of the parabola with a vertical axis which passes
through the three points in Problem 27.

Find the vertex of each of the following parabolas. Translate the origin to
the vertex and find the transformed equation.

0 C B
Fia. 57

29, y2 —8z+6y+17 =0. Ans. (1, — 3); y'* =8z,
30. 2z =8 +4y —y*
31, y=6—2z — a3 Ans. (= 3,9); 22 +3y = 0.

32, y=2x2 -5z — 3.
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34. The Ellipse. An ellipse is the locus of a point the sum of
whose distances from two fizred points is a constant.

Let F’ and F be the two fixed points at a distance of 2 ¢ from each

other. These points are called the

Y foci. Let the sum of the distances

of any point P (z, y) on the ellipse

P&y from F’ and F be 2 a. Take O,

the mid-point of F’F, as the origin

|
| and F'F along the z axis. The
: coordinates of the foci are then
) X (%¢0). Any point P on the
D

Ft0 0 F(c0) ellipse must satisfy the definition
F'P+FP =2aq.

Then, using the distance formula,
or from Fig. 58, we have

Vet +yi+ViEe—ce)+y:=2a

Transposing one radical, say the second, squaring both sides, and
collecting terms, we find

4ex=4a—4aV(x—c)+ y
Solving for the radical, we have

VeI T —a- .

a

Fig. 58

Squaring again, we obtain, after collecting terms,

(a2 —_— C2) x2
_——a"’— + 9?2 = a? — ¢,
or

xz y2

@ at—c 1.

From Fig. 58 it is obvious that 2a > 2 ¢ or a > ¢; then if we
set a? — ¢ = b?it follows that b? is positive and hence b is real for
every ellipse. The equation takes the form

x2 2
¢) St =L

This equation shows that the ellipse is symmetric with respect
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to both axes and to the origin. The z intercepts are =+ a, the
y intercepts == b. Solving for y and z in turn, we get

y =+ VaE =,
a
N ]

These forms show that no real point of the curve can have an
abscissa numerically greater than
a, nor an ordinate numerically
greater than b. The ellipse is a
closed curve and is inscribed in the
rectangle whose sides arez = =+ a,
y = =+b. The segment V'V is
called the major axis, its extremi-
ties V' and V being the vertices.
The segment B’B is the minor
axis. The length of the major axis
is 2 a, and the length of the minor F1a. 59
axis is 2 b.

The chord through either focus perpendicular to the major axis
is called a latus rectum. To find its length, set z = =+ c¢in equation
(1), then y = + b?/a. Hence the length of the latus rectum is

Y

B

2 b%a.
If the foci are on the y axis, the equation of the ellipse is
x2 y‘Z
(2) b? + il S

35. Limiting Forms. Eccentricity. If ¢ = 0, since we have
a? — ¢? = b? it follows that @ = b. That is, if F’ and F are made
to coincide at the center, the major and minor axes become equal,
and the equation becomes

z? 4 y? = a

Hence the circle is the limiting form of the ellipse as the foci
approach coincidence.

On the other hand, if F’ and F approach V' and V, respectively,
when they coincide ¢ = @ and b = 0. Hence, as ¢ approaches
a and b approaches 0, the ellipse flattens and approaches as a
limiting form the line-segment V'V.

The shape of the ellipse depends on the relative lengths of
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cand a. The ratio c/a is called the eccentricity of the ellipse. It
is denoted by e and may have any value between 0 and 1, these
two extremes being the eccentricities for the limiting forms of the
circle and the line-segment, respectively.
36. More General Forms of the Equation of an Ellipse. It is
important to recognize that the equation
(1) Ax*+ By = C
represents an ellipse provided 4, B, and C have the same sign.
Writing this in the form
.’172 y2 _
c/AT "
we see that the major axis is along the x axis or the y axis accord-
ingas A < Bor A > B.
Completing the squares, we may write the equation
(2) Ax*+ By*+ Dx+ Ey+ F =0,

where A and B have like signs, in the form
D\? EN:_ .,
A(s+57) +8(v+35) =0,
where C' = D%?/(4 A) 4+ E?/(4 B) — F. Hence, translating the

origin to the center (— D/2 A, — E/2 B), we obtain the trans-
formed equation

1,

Az'? + Byt = (/,
which is like equation (1) if C’ has the same sign as 4 and B.

Y EXAMPLES

ir 1. Given the ellipse 25 22 4+ 9 y2 = 196. Find
the coordinates of the vertices and foci, and find
the eccentricity.

SovuTion. Dividing both sides by 196, we
B’ B have

S
>

x2

ey
Gy 6y

5 3
F Hence the major axis is along the y axis, and
\ a = 14/3, b =14/5. Then ¢ = 56/15. The ver-

tices are (0, &= 14/3); the foci are (0, =+ 56/15);
F1a. 60 and e = c/a = 4/5.

2. Derive the equation of the ellipse if its foci are at (— 2, 3) and (6, 3)
with one vertex at (— 4, 3).
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SovurioN. The center of the ellipse is the mid-point between the foci or
(2, 3). Hence the semi-major axis a is 6, so the other vertex is (8, 3).

If a =6, and ¢ = 4, then b = 2v/5. The extremities of the minor axis
are (2, 3 + 2v5) and (2, 3 — 2V/5). By the definition of the ellipse, we see
that the sum of the distances from any

point P(z, y) on the curve to (— 2, 3) Y
and (6, 3) is 2a = 12. Hence ,we Plzy)
find F'P + FP = 12. That s, :
VE+2r+ @ -3+ |
Ve -6+ (y -3z =12 [ /N !D v
Fl-2,3) c ; F(6,3)
Rationalizing, we have |
l
522 4+9y?—20x — 54y — 79 =0. w\y X
3. Change the equation of Example
2 to the form of (1) by completing Fia. 61
squares. ’

SorLution. Write the equation in the form
5(x —2)2 +9(y — 3)2 =79 + 20 4 81 = 180.
Then a translation of the origin to the center (2, 3) gives
5z't 4+ 9 y’2 = 180.

PROBLEMS

Find the coordinates of the vertices and foci, the eccentricity, the lengths
of the major and minor axes, and sketch cach of the ellipses whose equations
are given below. (Nos. 1-6.)

1. 422 4y = 12. Ans. (0, £ 2v3), (0, + 3), V3/2, 4V3, 2V3.
2. 22+ 4y =16
. 2224+ 592 =40. Ans. (£2V5,0), (£ 2V3, 0), V3/5, 4V5, 4V2.

3
4. 722+ 5y =170.
5. 4224+ 9y2 =72  Ans. (£ 3V7Z, 0), (+ VIO, 0), V5/3, 6v2, 4V2.
6. 8224 3y? = 48.

Find the remaining values a, b, ¢, e; then write the equation of each ellipse
when the given parts are as follows. (Nos. 7-10.)

7. Fociat (£ 3,0),e = 1/2. Ans.a =6,b = 3V3, 12/36 + y2/27 =1.

8. Center at the origin, minor axis 4 units along the y axis, semi-major
axis V5 units.

9. Center at the origin, extremities of a latus rectum (% 10/3, 4).
Ans.a =6,b =2V5,¢c =4,e =2/3,32/20 + y2/36 = 1.
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10. Extremities of minor axes (+ 8, 0), e = 3/5.

From the definition of an ellipse derive its equation if it has the following
parts. (Nos. 11-15.)

11. Foci at (— 2, 3) and (6, 3), e = 2/3.

Ans. 5(x — 2)2 4+ 9(y — 3)2 = 180.

12. Verticesat (— 1,8) and (— 1, — 4), e = 2/3.

13. Extremities of the minor axis (— 1,0) and (— 1, — 4), one focus
@, — 2). Ans. 4(z + 1) + 13(y + 2)2 = 52.

14. One vertex at (— 3, 4), nearer focus at (— 1, 4), e = 1/2.

15. Center at (— 2, 3), one focus at (— 2, — 1), the major axis is twice as
long as the minor axis. Ans. 12(z + 2)2 4+ 3(y — 3)2 = 64.

16. Find the equations of the two ellipses with axes parallel to the coordi-
nate axes, respectively, which have the foci and the extremities of the minor
axes on the circle 22 + y2 — 2z 4+ 4y — 20 = 0.

Locate the center, and translate the origin to the center. Find the trans-
formed equation and sketch. (Nos. 17-21.)

17. 422+ y? =8z —4y. Ans. (1, — 2),4z2 + y'? = 8.
18, 22 4+4y?2 -2z — 16y +1=0.

19. 222 +3y*+8z -6y =1 Ans. (—2,1),22'2 +3y"? = 12.
20. 72242y*+ 724+ 6y +25/4 =0.

21, z=3+2sin6,y =1+ 3cosé. Ans. (3,1),92z"2 + 4 y'2 = 36.

22, A line of constant length a + b units has its extremities on the coordi-
nate axes. Find the locus of a point P on this line which is @ units from one
extremity and b units from the other.

23. The axes of an ellipse coincide with the coordinate axes. Find its
equation if it contains the points (2, 4) and (6, — 2).

Ans. 3 z? + 8 y2 = 140.

24, The same as Problem 23, if it contains the points (— 3, 5) and (4, — 1).

25. A semi-elliptic arch spans a roadway 150 feet wide. If the center of
the arch is 30 feet above the road, what width of the road will have a clearance
of at least 20 feet? Ans. 50v/5 = 111.8 ft.

26. A semi-elliptic arch is to be built over a four-lane highway. It is
required that the arch shall be at least 20 feet above the two central sections,
each of which is 15 feet wide, and at least 15 feet above the two outside sec-
tions, each of which is 10 feet wide. Find the necessary height and span of
the arch.

37. The Hyperbola. The hyperbola is the locus of a point the
difference of whose distances from two fixed points is a constant. Let
the two fixed points which are called the foci be taken on the x axis
at F’ and F with the origin at the mid-point. Call 2 ¢ the length
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of F'F. Assume P(z, y) to be any point on the hyperbola; then
we have, by the definition above, v

F'P — FP = 2a, P(z,y)
or

FP — F'P =2a,

|

|

where 2a is the constant differ- l

ence. Corresponding to these rela- l

tions, we have the equation l[

CET T F(-c0) |0 F(z0) D

Ve —c)r+yt==*2a

The rationalized form of this Fra. 62
expression is identically the same

as the form obtained for the ellipse in which case the sum of the
same two radicals is 2 a.* That is,

X

But in the triangle F’PF the difference of F’P and FP is always
less than F'F, that is, 2a < 2¢ or a < c¢. Hence, by writing
— b2 for a? — ¢?, so that b? is positive and b is real, the equation
becomes , \ »

1) r_ ¥

Equation (1) shows that the
hyperbola is symmetric with
respect to both the axes and the
origin. The z intercepts are + a.
There are no y intercepts.

If 2?2 < a? y is imaginary,
which means that no part of the
curve can lie between the lines
z = £ a. The segment V'V is
called the transverse axis, V'
and V being the vertices. The
segment B'B is called the con-
Jugate axis. O is the center of the hyperbola. The ratio c/a

* This is due to the fact that the rationalized form of each of the four radical
equations \/a =+ Vb = + V¢ is obtained by equating to zero the product

(Va+ VB + Va)(Va — v — V(= Va+ VB = Vo) (= Va= VE+ V),

Fl-c,0)

Fia. 63
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is called the eccentricity of the hyperbola; it is denoted by e,
and is always greater than 1. The chord through either focus
perpendicular to the transverse axis is called a latus rectum.

If the foci are on the y axis the equation is

2 2

> f--

AsymproTEs. The hyperbola has two asymptotes which pass
through the center of the curve. These are lines which the hyper-
bola approaches so that its distance from them approaches zero as it
is indefinitely extended. The equation of any line through the
center is ¥y = mz, and its intersections with the hyperbola are
found by solving this equation simultancously with (1). This gives

1.

ab abm
=
Vb — a?m? Vbt — a'm?

The intersections will be real or imaginary according as the
expression under the radical, b2 — a?m?, is positive or negative.
However, if b2 — a?m? = 0, that is, if m = 4 b/a, the curve
approaches these lines but has no finite intersection with them.
To prove this statement, let (x1, y1) be a point on either line
y = =% (b/a)z, and let (x1, ¥2) be a point on the hyperbola with the
same abscissa. Then

b b
Y = :I:Exl’ Y2 = :J:av:cl'-’ — al

r = £

Y The difference of these ordinates is
F©,0 b
\ yl—y2=:i:a(x1—vx12—a2)
(0] _ . ——a—bj——2°
Fl-c0) F(c0) 7+ Var - a
¢.07] 9 @0 X Hence, as x; increases indefinitely, ys
b approaches y;, since y; — y. approaches
0, and the hyperbola approaches the lines
Fig-0 y = = (b/a)x as asymptotes.
The two curves
x2 2
Fro. 64 3) Pl %2 =+1

are called conjugate hyperbolas. They have the transverse and
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conjugate axes interchanged, have the same asymptotes, a common
center, and foci at the same distance from the center. The
eccentricities are e, = ¢/a and e; = ¢/b, respectively.

Draw the rectangle * = + a, y = £ b. Its diagonals are the
asymptotes to each of the con-
jugate hyperbolas (3). The circle Y
circumscribing this rectangle inter-
sects the axes in the foci for each
curve.

38. Equilateral Hyperbolas. If
a = b, the two conjugate hyper-
bolas have the same shape and 0 X
eccentricity. The asymptotes are
the lines z 4 y = 0 and the equa-
tions of the two curves become

1) 2 —y*= xa

These hyperbolas are called equi- Fiac. 65
lateral or rectangular hyperbolas.

A more important form of the equation of the equilateral hyper-
bola is obtained by taking the asymptotes as the coordinate axes.
This equation may be obtained from (1) by using the equations of
transformation by rotation (§ 22), for 8 = 45°. These equations
are

= (V2/2)@" -y, y=2/2)E +y).
Substituting in (1) and simplifying, we find the result

2
(2) x'y’: i%.

39. Other Forms of the Equation of the Hyperbola. The
following forms of the equation of the hyperbola are important:

(1) Ax>+ By*+ Dx+ Ey+ F =0,

where A and B are of unlike sign. By completing the squares,
and translating the origin to the center, (1) becomes

) Ax'*+ By'* = C,

where A and B are the same as in (1). This hyperbola has its
transverse axis along the z’ axis or y’ _axis according as C’ has the
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same sign as A or as B. If C' = 0, then (2) is the product of
linear factors, and the graph is a pair of straight lines.
The equation

ax+ b
3) y= cx+d’ d
where a, b, ¢, d have any values, is an equilateral hyperbola. It
is evident that cx + d = 0 or x = — d/c is a vertical asymptote.
Solving (3) for z, we get
_ _dy—2>
T oy —a’

from which we see that y = a/c is a horizontal asymptote. If we
translate the origin to the intersection of these asymptotes
(= d/c, a/c) by writing (z’ — d/c) and (y’ + a/c) for z and y,
respectively, equation (3) reduces to
(4) xy' =k
where k = (bc — ad)/c2

It can be shown that the asymptotes of the hyperbola in equation
(2) are the linear factors of Az’2 4 By’2 = 0. This brings us to a
useful converse theorem which is stated without proof.

If L, and L, are any two linear expressions in x and y, and k has
any value except zero, then L,-L, = k is some hyperbola whose
asymptotes are Ly = 0 and L, = 0

EXAMPLES

1. Given the hyperbola 9 z? — 16 y2 + 100 = 0, find the coordinates of
the foci and vertices, the eccentricity,
and the equations of the asymptotes
and of the conjugate hyperbola.

SoruTioN. Write the equation in the
form

1 (5) (10)
Here the transverse axis along the
y axis is of length 5, the vertices being

0, £5/2); ¢ = Va2 + b2 =25/6, and
the foci are (0, 4= 25/6); ¢ = 5/3. The

Rh‘

~

TR
/ .

\
/

Fic. 66 slopes of the asymptotes are =+ 3/4;
hence the equations of the asymptotes are
3

Yy = :i:zx.
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The conjugate hyperbola is

_z2 Y
® 6
5) (5

2. Find the equation of the hyperbola
with foci at (2, — 1) and (— 6, — 1) with
e = 2.

SovLutioNn. The center is (— 2, — 1).
The transverse axis is along y = — 1;
e =c/a=2andc =4. Hence a =2 and
the vertices are (0, — 1), and (— 4, — 1).
Let P(z, y) be any point on the hyper-
bola. Then we must have, from the defini-
tion, F’/P — FP = + 2a, or

Ve +6?+ @+ D~
Ve -2+ @+ D= x4

Rationalizing this equation, we obtain the
equation

322 —y?+ 12z -2y —-1=0.

PROBLEMS

57

1.
Y
Pz,y)
N
V' \/ Oly; \ X
F'(-6,-1)} /7 M F,-D
[ S25))]
F1a. 67

Find the vertices and foci, the eccentricity, the equations of the asymptotes
(Nos. 1-8.)

and sketch each of the following hyperbolas.

1. 322 —2y2+'24 = 0.

Ans. (0, &= 2v/3), (0, &= 2V35), V5/3,z V3 £y V2 = 0.

2. 422 —y? =16.

3. 922 —16y2 = 144. Ans. (£4,0), (£5,0),5/4,3z+4y =0.

4. 322 —4y*460 = 0.
5. 5y? —3a? = 30.

Ans. (0, = V6), (0, = 4), 2v6/3, 2 V3 £y V5 = 0.

6. 922 — 4y =49.
7. 3y? — T2 =24,

Ans. (0, £ 2v2), (0, &= 4V’5/7), V10/7, zvVT + yv3 = 0.

8 71 —~3y? =84

Find the remaining values g, b, ¢, e; then write the equation of the hyperbola

with the given parts below. (Nos. 9-12.)

9. Center at the origin, a focus at (5, 0), e = 2.
Ans.a =5/2,b = 5v3/2, 1222 — 4 2 = 75.

10. Extremities of the conjugate axis (& 5, 0), e = 3/2.
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11. Foci at (0, & 6), slope of asymptotes = 4/3.
Ans.a = 24/5,b = 18/5, ¢ = 5/4, (5y/4)* — (5 2/3)? = 36.

12, Center at the origin, extremities of a latus rectum at (& 14/3, 8).
Derive the equation of each hyperbola in the following cases. (Nos. 13-16.)

13. Center at (— 2, 2), one focus (— 2, 7), one vertex (— 2, — 1).
Ans. (x 4+ 2)2/16 — (y — 2)2/9 +1 =0.
14. Foci at (3, 5) and (13, 5), e = 5/4.
15. Extremities of the conjugate axis (— 1,2) and (— 1, — 6), e = V2.
Ans.z?2 —y* 4+ 2z — 4y = 19.
16. Vertices at (3, 2) and (3, — 4), length of latus rectum 32/3 units.

17. Find the equation of the hyperbola with center at the origin, foci on the
x axis, and passing through the points (5, 9/4) and (4Vv'2, 3).
Ans. z2/16 — y2/9 = 1.
18. Two vertices of a triangle are fixed at (& a, 0). Find the equation of
the locus of the third vertex if the product of the slopes of the variable sides
is b%/a?.
19. Find the locus of a point whose distance from (3, 4) is 3/2 its distance
from the line & = 1. Ans. 52 —4y2+ 6z + 32y = 91.

20. Find the locus of a point whose distance from (— 2, — 4) is twice as
great as its distance from the liney + 1 = 0.

Find the center of each of the following hyperbolas. Translate the origin
to the center and find the eccentricity. (Nos. 21-24.)

2l. 522 —2y2420x -4y — 18 =0. Ans. (=2, — 1), V7/2.
22, 322 —3y* -4z + 8y = 3l
23, 322 —-2y*+12z+4y +20 =0. Ans. (-2, 1), V5/3.

24, 422 —8y*+4x+32y+1=0.

Translate the origin to the center and find the transformed equation.
(Nos. 25-26.)

25. z=(Gy+8)/4y—1). Ans. (5/4, 1/4), 16 z'y’ = 317.

26. y=Bzx—=5)/2z+7).

27. One vertex of a hyperbola is at (1, 3), the corresponding focus at (1, 6).

If the slope of one asymptote is 3/4, find the center and eccentricity.
Ans. (1, — 113), 5/3.

28. Given the equilateral hyperbola z? — y? = a2 Prove that the dis-
tance of any point on the curve from the center is the mean proportional
between its distances from the foci.

29. Change 922 — 4y? + 36 = 0 to parametric form if y = 3 sec 6 is to
be one equation.

30. Sketch and name z =3 tan ¢, y — 2 = 4 sec ¢. Transform to its
rectangular equation.
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40. Conics. The parabola, ellipse, and hyperbola are included
in a class of curves called conics or conic sections. A conic may be
defined as the locus of a point such that its distance from a fixed
point is in a constant ratio to its
distance from a fized line. The
constant ratio is the eccentricity e, [y
and the curve is an ellipse, parab-
ola, or hyperbola according as e }
is less than, equal to, or greater I
than 1. The fixed point is a focus . o |
and the fixed line a directrix. To T ) W
derive the equation of the conic in "'—’;—’I
polar coordinates, let the given focus
be the pole and let the directrix be per-
pendicular to the polar axis, and
at a distance p from the focus. Then if P(r, 6)is any point
on the locus, by the definition we have OP/NP = e, that is,
OP = ¢-NP. Hence r = e(p + r cos 6), from which we find

D

S

Fic. 68

(1) r ep

“T—-ecosB

\ D In general the equations
(4, 90°) + ep

r=—
1+ ecosB’

r=_—_t
1+ esin

0 2,0)|[(40) 4 .
) represent conics. The latter equa-

tions are the forms obtained when
the directrix is parallel to the polar

(4, 270°) axis
D

F1a. 69

EXAMPLES

1. Plot the graph of r(1 4 cos 6) = 4.
SovvutioN. This is a parabola since € = 1. Then p = 4. Some pairs of
values are:

0 | 0° 60° |90° 120°|180°|240°|270°| 300° |360°

r | 2 | 83| 4| 8 |« | 8| & | 83| 2
from which the curve can be drawn (Fig. 69).
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2. Draw the graph of 7(3 — 2sin6) + 6 = 0.
SorutioN. This equation may be written
o =2 _ —(2/33

2 . 2 .
l-—-§sm0 l—gsmo

Hence e = 2/3, p = 3, and the locus is an ellipse (Fig. 70).

[} , 0° ' 30° 90° | 150° | 180° | 210° ‘ 270° 330° 360°
r | —2| -3] -6|-3|-2|—-32|—6/5|-32| -2
D’ { D Let the student show that the
e graph of 7(3 4+ 2 sin 6) = 6 gives the
(-5,270°) same ellipse. Explain
_e200/ (-2, 180°)
ot A
|
1 s
(-6, 90°)
D’ D
F1a. 70

3. Draw the graph of r(4 — 5 cos ) = 9.
SoruTiON. Write the equation

.00,

5
1 —acoso 1 -—Zcoso

Hence e = 5/4, p = 9/5. The curve is a hyperbola. We observe that the
values of § which make 1 — (5/4) cos § = 0 will make r become infinite. These
values of 6 give the lines through the pole which are parallel, respectively,
to the asymptotes.
0 I 0° | 60° l 90° ' 120° | 180° | 240° l 270° I 300° l 360°
r | —9] 6 |94 |1813] 1 |1813]| 94| 6 | —9
Note that the transverse axis between (— 9, 0°) and (1,180°) is of length 8.

PROBLEMS
Plot the graph of each of the following equations. (Nos. 1-8.)
1. 2r =4 4+ rsiné. 3. =2+ rcosé.

2, 3r+4=>5rsiné. 4, r=3 —2rsiné.



§ 41] DEFINED CURVES 61

5. r(4 ~—4sing) = 9. 7. r2cos6 —5) 4+ 6 =0.
6. r(4cosf —3) =09. 8. r(1 4+ cos8) = 5.
Derive the equation of each of the following curves. (Nos. 9-12.)

9. The circle of radius 5 units tangent to 8 = 0 at the pole.
Ans.r = % 10 sin 6.

10. The ellipse with ¢ = 1/2, r sin 6 + 2 = 0 as directrix, and focus at the
pole.

11. The hyperbola with e = 3/2 and a line 10 units from the pole per-
pendicular to the polar axis as dircctrix, and focus at the pole. (Two cases.)
Ans. 2r = 3(10 & r cos 6).

12. The same as Problem 11 except the directrix is parallel to the polar axis.

13. Transform 22 = y(2 @ — y) to polar coordinates. Name and draw its
graph. Ans.r = 2asin 6.

14. Discuss (1 — e cos ) = ep with reference to symmetry, asymptotes,
closed or open form, fore = 1, 2, 0.2, 3, 0.3.

15. The same as Problem 14 for »(1 + ¢ sin 8) = ep, e = 0.5, 1, 2.

16. Find the locus of P if its distance from the pole is 2/3 of its distance
from r cos 9 4+ 3 = 0.

41. Cycloid. Involute Y
of a Circle. These curves
have some important ap-
plications and their equa-
tions are usually given
in parametric form. The
cycloid s the path traced
by a point on the circum-
ference of a circle as it
rolls along a straight line. Fia. 72
Let C be the center of a
circle of radius @ and let P(z, y) be any point on the circumfer-
ence.

To find the locus of P as the circle rolls along the z axis, let O,
the point where P is in contact with the line, be the origin. We
can express the coordinates of P in terms of the angle § which the
radius CP makes with the vertical line CN. Thus

z=0M =ON — MN = arc NP — PS = af — asin §,
and

olM N *a 2da X

y=MP =NC — 8SC =a — acos?.
Hence
(1) x=a(@ —sin9), y = a(l — cos @).
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Each value for 8 in (1) fixes a value for  and a value for ¥ and
hence a point on the cycloid.

If a string is wound about a fized

circle, the path traced by any point of

Y the string as it is kept taut and un-
wound from the circle is called an invo-
lute of the circle.

1L Let O be the center of the fixed circle

// o/ 6N/ p (z,y) 2nd P be the point of the string which

/ g!N Y ! meets the circle at R on the z axis.

\ of s ;R M X Let T be the point of tangency corre-

\\ // sponding to the point P and call 6 the

S—p- angle between the radii OT and OR.
Fia. 73 Then

TP = arc RT = ab.
If we draw T'S perpendicular to OR and NP perpendicular to ST,
we find
x=0M =08+ NP = acos 0 + af sin 6,
and
y=MP = ST — NT = asin 6 — af cos 6.
Thercfore, the involute of the circle has the equations

2) {x a(cos 0 + 0sin 0),
( y = a(sin 8 — 6 cos 0).

PROBLEMS
Draw the graph of cach of the following pairs of parametric equations.
(Nos. 1-3.)
1. 2 =2(0 —sin6), y = 2(1 — cos §).
2, z=1—cosf,y =0 — sin 6.
3. 2 =23(0+sin6),y = 3(1 — cos 0).
4. Sketch a section of an involute of a circle with a radius of 3 units.

42. Empirical Equations. Often the exact form of an equation
is not known, the only information obtainable being a table of
corresponding values of the related variables. Even then, the
values of the variables are inexact if they are obtained by measure-
ment. In that case, the problem is to find a formula or relation
between the variables which the given values satisfy approxi-
mately. There are six such formulas, with two constants, generally



§ 43] DEFINED CURVES 63

used for fitting a curve to the points determined by the given data.
By fitting we mean the constants may be determined so that the
graph of the formula will come as near the plotted points of the
given data as the accuracy of the observations demands.

43. Two-Constant Formulas. The formulas with two constants
commonly used are:

(1) y=mx-+ b (straight-line formula),

(2) y=ax*+ b (paradbolic formula),

(3) y=ax» (power formula),

(4) y=ae”, or y=ab* (exponential formula),
(5) xy=ax-+ b (hyperbolic formula),

(6) =xy = ax+ by (hyperbolic formula).

We determine which formula to use as follows:

(a) If the table of data is plotted and the curve suggested by the
points is a straight line, assume formula (1).

(b) Let z2 = z and (2) becomes a straight-line formula with
each point located at (z, ).

(c) Taking the logarithm of each member of (3), we have

log y = log a 4 n log z,

which is linear in log y and log z. Hence, if the points plotted
from the logarithms of the given data suggest a straight line,
assume formula (3). Either natural or common logarithms may
be used.

(d) Treating formula (4) in like manner, we have

log y = log a + bz log e, or log y = log a + z log b,

which are linear in  and log y. Hence, if the points plotted with
the given values of one variable as abscissas and the logarithms
of the values of the other as ordinates suggest a straight line,
assume formula (4).

(e) Setting zy = 2, we see that formula (5) takes the form
2 = ar + b and that it is linear in z and 2. Here we plot the
given data with the ordinates replaced by the products of corre-
sponding variable values and, if the points suggest a straight line,
we assume formula (5).
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(f) Formula (6) is usually written
a , b
y Tz h
and may be used if 1/x and 1/y suggest a straight-line formula.

44. Methods of Determining Constants. (a) GRAPHICAL
MgzetHop. Plot the points determined by the given data. In
so doing, choose as coordinates either (z, y) or (z%, y) or
(log z, log y), or (z, log y), or (z, zy), or (1/z, 1/y), where z and y
are corresponding values of the given data.

If the formula is one of the two-constant formulas of § 43, one
set of points will suggest a straight line. Draw a straight linc
fitting the points and substitute the coordinates of two points on
the line in the formula chosen to get two equations involving the
unknown constants. These are solved simultaneously for the
constants.

In constructing the straight line, it is desirable to have as many
of the plotted points as near the line as possible, as well as the same
number on each side of it. Of course, the two points used to
determine the constants have their coordinates read from the
graph and consequently are inaccurate. However, better results
are obtained if the two points used to determine the constants
are chosen as far apart as possible in the group of plotted points.

() MrETHOD OF AVERAGES. A method which takes into account
all the data, and not merely two selected points which may not
even occur in the given observations, is that of averages. In
using this method, we must determine the formula to be used as in
the previous method, but, having fixed on the formula, the prob-
lem is arithmetical. Proceed as follows: Substitute each pair of
values used in plotting the points in the linear formula assumed.
That gives as many equations as there are pairs of corresponding
values. Then divide these equations into two groups as nearly
equal in number as possible. Add corresponding members of the
equations of each group, thus obtaining two equations to deter-
mine the two constants. Solve these equations simultaneously
and make the proper substitutions in the original formula.

If the form of the desired formula is known from the nature of
the problem or is given together with the data, the method of
averages does not depend upon any graphical observations. In
any case, this method is generally the better to apply because it



§ 45) DEFINED CURVES 65

takes into account all given data and does not depend upon read-
ing fractional values of coordinates. However, if the data are not
necessarily of equal validity, the graph will suggest the pairs of
values which are questionable and probably negligible.

45. A More General Parabolic Formula. The parabolic
formula

(1) y=axt+bx+c

oceurs occasionally. The method of averages may be used at
once. Merely divide the observational equations into three
groups, add corresponding members of the equations of each
group, and solve the three equations for a, b, and c.

EXAMPLE
Find a two-constant formula for the following data:
z | o | 2.1 | 5.6 | 93 | 115
vy | 20 | 1892 | 17.3¢ | 158 | 14.96

SorutioN. We find from trial that points with coordinates = and logio y
fit a straight line. The table of values for those points and the corresponding
graph are given below.

long
z logo v
0 1 3010
2.1 1.2769 1.85
- 1.80
56 1.2390 1.25 ™~ -
1.20 —
9.3 1.1987 115 .
11.5 1.1749 110
1.05
(a) GrAPHICAL METHOD. Draw a  1.00

0 9
straight line fitting the points plotted. res4s67rsomomn x

The straight line seems to pass through Fia. 74

the points (0, 1.3) and (11.5, 1.17).

One recognizes the absurdity of attempting to read or plot the second point
chosen for the assumed scale. However, using the selected points, we have the
two equations from

logio y = logio a + bz loguw e
as follows:

1.3 = logw g, 1.17 = logw a + b(11.5)(0.4343).
Solving these, we find
loga = 1.3, b = — 0.0260,
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whence a = 19.95, and the desired formula is
y = 19.95 ¢-0.0m0z,

(b) METHOD OF AVERAGES. Substitute in
logio ¥ = logio @ + bz logue e.
Then
1.3010 = logm a+0,

1.2769 = logw a + 2.1(0.4343)b.

Adding, we find

2.5779 = 2logwa + 0.91200.

Also

1.2390 = logw a + 5.6(0.4343)b,
1.1987 = logw a + 9.3(0.4343)b,
1.1749 = logw a + 11.5(0.4343)b.

Adding, we have

3.6126 = 3 logwoa + 11.4655 b.

Solving the equations derived by additions, we find
— 0.0252,

logio a = 1.3004, b=

whence a = 19.97, and the desired formula is
y = 19.97 ¢~0-0522,

DIFFERENTIAL AND INTEGRAL CALCULUS [Cm.II

PROBLEMS
The following sets of data satisfy approximately the given formula. Find
the laws.
z| 05 | 10 | 15 | 20 2.5 30
- y| 031 | o8 | 120 | 1.85 2 51 3.02
fory =az +b. Ans.y = 1.1 z — 0.30.
2 % | 10 | 20 | 30 | 40 50 60
y| 326 | 473 | 6.24 | 7.49 9.01 10.51
fory = mz +b.
3 T 6.0 | 6.9 7.5 8.7
Ty 75 | 1.5 13.8 20.5
for y = a + ba?. Ans. y = 0.5 22 — 10.6.
z 2.0 | 4.7 | 7.1 8.4
$£ 756 | 8.7 | 24.5 2.4

fory =a+ bz*ory =a-b=
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s z 3.0 ‘ 4.1 | 5.3 | 7.0
Ty 1 90 575 | 118 | 24.10
for y = ax? + bz. Ans. y = 0.70 22 — 1.47 z.
6 F 0 l 5 | 10 | 15 | 20 30
Tyl o 50 | 6.8 | 7.4 | 8.0 8.7
fory = az? + b or x = azy + by.
y & 5 | 10 15 20 25 30
T y| 200 | 243 28 3 32.1 35 6 39.0
fory = az? + bz +c. Ans.y = — 0.004 22 4+ 0.9 z + 15.5.
. z | 0.5 | 20 l 35 | 4.5
"y | 01 | oo 22 | 3.3
for y = az™.
T 10 l 15 ) 20 ; 25 3.0 | 3.5
yl 10 41 85 | 141 200 | 201
for y = az? + b. Ans.a = 2.5,b = —1.5.
0 _u_| 26.4 ‘ 24 | 191 | 16.3 ’ 140
o 147 175 | 208 | 245 28.8
for pur = c.
z | 1.22 | 0426 | 0.047 | 0.005
11.
v | oew | oo4 | o0.004 | 0
for y = az". Ans. a = 0.40, n = 1.78.
. z | 1124 1 0.342 ) 0511 | 0.730
Ty | 1.002 0.604 0.494 | 0.414
for y = a(y/z)".
z| 5 | 10 | 15 | 20 | 25 | 30
13.
vy| 61 | 68 | 74 | 80 | 85 | 9.2
fory = z/(az + b). Ans.a =0.1,b = 0.5.
d | 15 | 30 | 40 | 60
14.
B | 1343 | 7513 | 15251 | 409.54
for B = a-d".
s =1 | 05 | 025 | 017 | 0.10
"y | o7 | o045 | 03¢ | o2 | o.16

for zy = az + by.

Ans. zy = 149z — 0.09 .
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z 1.3 | 3.4 | 6.2 [ 8.3
16.
y o056 | o091 | 111 | 118

forzy = az + by or y = az".

17. An iron plate with one straight edge has its width given by d at inter-
vals r along the straight edge. Find a law for the other edge if we have

z , 0 | 4 | 8 | 12 | 16 | 20
d|l 2 | 4 | 5 | 6 | 9o | 12
Ans. d = 0.006(x — 8)3 + 4.81.

ADDITIONAL PROBLEMS
1. Find the locus of a point P if the difference of its distances from the
fixed points (0, =& ¢) is a constant 2 a. Ans. A hyperbola.

2. Write the general equation of a line through P, so that it will have only
one arbitrary constant.

3. Write the general equation of the line through P; and parallel to
ar +by +c¢c=0. Ans.a(x — x)) + by —y) = 0.

4. The same as Problem 3 except perpendicular to the given line.
In Problems 5-8, find the equation of each of the lines described below.

5. Through the origin and making an angle of 45° with z = 2y + 3.
Ans.y = 3 z.

6. Through (4, — 6) and perpendicularto6z — 7y +1 = 0.

7. Through (— 1, — 1) and perpendicular to the line through that point
and (2, 3). Ans. 3z +4y+7=0.

8. Through (3, 5) and parallel to the line through (2, 5) and (— 5, — 2).
9. Find the distance from z +2y = 5 to (2, —6). Ans. 3V/5 units.

10. Given A(2, — 5) and P,. Find the equation of AP, its length, its
slope, and its mid-point.

11. Find the equation of the circle with its center at the point (— 2, —2)
which is tangent to z +y = 6. Ans. (z + 2)2 + (y + 2)2 = 50.

12. Find the equation of the circle through (3, 4) and tangent to the z
axis at (— 1, 0).

13. The channel of a river for some distance remains equidistant from a
rock in the stream and a straight shore line. If the rock is 600 feet from the
shore, derive an equation for this part of the channel.  Ans. y? = 1200 z.

14. TFind the circle through the vertex and focus of 22 = 8 y with its center
onz —y —2 =0.

15. Find the circle whose diameter is the chord of ¥* = 1 — z cut off on
z—-y+1=0 Ans. 2z +3)2+ 2y +1)2 =18,
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16. Find the equation of the parabola with its focus at the center of the
circle 322 + 3 y2 + 122 — 6y = 10 if its directrix is parallel to the z axis
and tangent to the circle. (Two cases.)

17. Find the locus of a point whose distance from (0, 9) is twice its distance
from y = 4. Ans. z? —3y* 4+ 14y 4+ 17 = 0.

18. A parabolic arch of 100 ft. base has 12 ft. clearance 6 ft. from one end of
the base. What clearance has the arch at its top?

19. A parabolic arch is 10 ft. high and 15 ft. wide at its base. How far from
the end of the base is the clearance 6 ft.? Ans. 4.74 ft.

20. Find the equation of the circle which passes through the vertex and the
extremities of the latus rectum of the parabola 22 + 10y = 0.

21. If two vertices of a triangle are fixed at (& @, 0), find the locus of the
third vertex if the product of tangents of the base angles is b%/a®.
Ans. Ellipse.

22. Using the definition of the ellipse, derive its equation if the foci are
(2, 2), (6, — 3) and it passes through (2, 0). What is the value of e?

23. Name each curve, sketch, and transform to rectangular representation:
(@) r(1 —sing) =3; b) rB+2sinf) =5; (c) (2 —3cosh) =5.
Ans. (a) Parabola, 22 = 6y + 9.

24. Two lighthouses are 5 miles apart. If a distress signal is heard at one
lighthouse 15 seconds before it is heard at the other, what path should a vessel
take to locate the signal? (Assume sound travels 1 mile in 5 seconds.)

25. Whichlaw, zy = az + b, y? = ax + b, or zy = ar + by, is best adapted
for the following data?

z | 8.05 l 7 54 I 516 1 3 22 1.57

vy | 1.2 1 41 215 2 59 2.91
Ans. y? =103 — 1.1 zx.

26. The no-load magnetization curve of a direct-current generator taken at
1200 r.p.m. was found by test to include the following points:

I | o | o1 ] 02] 03| 04| 05 ] 06
E | 44 | 296 | 526 | 73.1 | 91.5 | 105.3 | 115.1
I 08 10 | 1.2| 14| 16 ] 20
E 1264 | 1321 | 13¢.7 | 1359 | 136.4 | 137.1

where I is field current in amperes and E is no-load voltage. Find the em-
pirical equation for this curve:

(a) Using Froelich’s equation E = al /(b + I).

(b) Using a modification of Froelich’s equation E = al/(b + I) + c.

(¢) Using a power series I = a + bE + cE?---.

27. Derive equation (6), § 28, directly from a figure.



CHAPTER III
THE DERIVATIVE

46. Constants. Variables. A quantity which has a fixed
value is called a constant. These are of two kinds. An absolute
constant is a fixed number, as 2, — 3/2,v/5, «, logy 17, sin 24° 15,
An arbitrary constant is one which is represented by some letter, as
a, ¢, k, m. Such a constant is assumed to have a definite value
which it retains throughout a particular problem.

A variable is a quantity which may have different values in
a given problem. Thus the temperature of a certain object is a
variable quantity. The length of a chord of a circle of radius 10
is a variable which may have any value between 0 and 20. A
variable is usually represented by some letter in the latter part of
the alphabet, as z, ¥, u, ».

47. Functions. A function of a given variable x is another
variable quantity which has one or more definite values corresponding
to each value assigned to the variable x. To illustrate, 24/25 — x2
is a function of the variable z since it is also a variable quantity,
and depends for its value on the value assigned to . A function
of x is commonly represented by the symbol f(z), which is read
“f of z,” or by a single letter, as y. Then z is called the inde-
pendent variable and f(x), or y, is called the dependent variable or
function of x. In general we speak of x simply as the variable and
of f(x), or y, as the function. We may refer to the function men-
tioned above either by f(z) = 24/25 — z? or y = 2v/25 — x?,
where f(zr) or y are merely other symbols for the expression
2v/25 — z2. This function has the following geometric interpre-
tation: In a circle of radius 5 units, if any chord is drawn at a
distance of x from the center, then the length of the chord, y, is
2v/25 — z%. Hence we can say that this function expresses the
length of a chord of the given circle in terms of its distance from the
center of the circle.

A function of a variable may be represented (a) by an equation
connecting the variable and the function, and (b) by a graph in
which the corresponding values of the variable and function are

70
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the abscissas and ordinates, respectively. If a function is given
by a formula or equation, the corresponding pairs of values may be
obtained from it and the graph constructed. However, two physi-
cal quantities may be related without being connected by a known
formula. Thus, the temperature at a given place may be a func-
tion of the time. A table of values of time and temperature can
be recorded by observation and the results plotted to form a graph,
but it is impossible to write a formula expressing the temperature
in terms of the time, or to calculate the temperature at some future
time.

Since y = f(x) means that y is a function of z, in a similar
manner z = f(u, v) means that z is a function of the two vari-
ables v and ». To distinguish between different functions in the
same discussion, different letters are used, as f(z), g(x), ¢(x), ¢ ().
Throughout the same discussion, however, the same symbol
refers always to the same function. Thus if we have given
y=f(x) =2z — V9 + 2% then f(4) means the value of f(z)
when 4 is substituted for z. That is, f(4) = 3; similarly
f0) = —=3,f(=2) = —4 —V13,f(a) = 2a — VI + a?

48. Inverse Functions. If y = f(z), then any value assigned
to y will determine one or more corresponding values of . That
is,  is also a function of y, or £ = ¢(y); then #(y) is called the
inverse function of f(z). To get ¢(y), solve the equation
y = f(x) for x. There are many cases where this cannot be
done by mcans of elementary algebra, but the relation z = ¢(y)
in general exists. Examples of inverse functions are

y=x2+2z—1 and x=—1:t\/2+y;
y = 3 log, (x/2) and z = 2a¥3;
y = (1/3) sin (2 z) and z = (sin"'3y)/2.

49. Explicit and Implicit Functions. In the form y = f(z) we
call y an explicit function of z since y is given explicitly in terms of z.
However, if two variables z and y are connected by a relation
of the type ¢(z, y) = 0, then y is called an implicit function of r,
since the existence of this relation implies that y is a function of x.
Likewise, « is an implicit function of y. Solving ¢(x, y) = 0 for
either variable gives an explicit function in terms of the other.
For example,

o, y) =224+ 22y —y*+4=0
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gives z and y implicitly. Solving for each variable in turn, we
obtain the explicit functions ¥ = z 4 v/2 2% + 4, and its inverse,
r=—y+v2y> — 4.

50. Types of Functions. The functions which are used in an
clementary course of the calculus are algebraic functions, and
certain transcendental functions including logarithmic functions,
inverse logarithmic or exponential functions, trigonometric functions,
and inverse trigonometric functions. These arc the functions which
are of fundamental importance also in a study of the physical and
engineering sciences.

PROBLEMS

1. Express the area of a square inscribed in a circle as a function of its
radius. Ans. A = 272,

2. Express the volume of a right circular cone whose altitude is one-half
the radius of its base as a function of the altitude.

3. Express the volume of a right circular cylinder whose altitude is equal
toitsdiameter of a base as a function of the radius of the base. Ans. V = 2 #r3,

4. Express the surface of a cylinder of volume V cubic units in terms of the
radius of the base.

5. Express the volume of a vessel made of a cylinder with hemispheres on
each end as a function of the length of the vessel, if the length of the cylindrical
part is three times the radius of the ends. Ans. V = 13 xl3/375.

6. Express the volume of a sphere as a function of its surface. Express the
surface as a function of the volume.

7. A right triangle has a hypotenuse 10 units long. From the vertex of
the right angle the altitude and median are drawn to the hypotenuse. Express
the area of the triangle as a function of the segment of the hypotenuse between
the median and the altitude. Ans. A = 5V25 — z%

8. The velocity of a falling body varies as the square root of the distance
it has fallen. If the velocity is 32 ft. per second when it has fallen 16 ft.,
express the distance as a function of the velocity.

Write the inverse of each of the following functions. (Nos. 9-16.)

9. y=1—2a2 Ans.z = = V1 — y.
10. z =2 -3y -+ 2y
11. y = 3 sin (x + =/2). Ans. z = cos™1(y/3).
12, =z = 2 cos™t (2y/3).
13. y = sin = cos z. Ans. x = (1/2) sin"1 2 y.

14. y = %,
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15. y = log V2? + d%. Ans. z = + Ve¥ — a?,

16. = = (1/2) (ev + ev).

Express explicitly cach variable as a function of the other in the following
cases. (Nos. 17-22.)

17, zV2 4 yi2 = 4, Ans.y = (4 — 2?2 z = (4 — y/?)2

18, z%3 — y23 = 8,

19, 22422y +4y?2 = 5.

Ans.y = (1/4)(— 2z + V20 =32,z = — Yy + \/5—?—3—11’-‘.
20. 3sinzy = 2.

21, 2logz —3logy = 4. Ans.y = (x/e?)?3, z = + ezy\/g.
22, 2logzy = 5.

51. Limits. An idea of fundamental importance in the calculus
is that of the limiting value of a function of a variable.

Let f(x) be any function of the variable x. Then, as x approaches
any constant a, if the corresponding values of f(x) approach a definite
constant 1 tn such manner that the numerical value of the difference
I — f(x) becomes and remains less than any preassigned positive
number, however small, then [ is said to be the limit of f(x).

The notation

lim f(x) =1

is read “ the limit of f(x), as x approaches a, is I.”” In other words,
this statement means that f(x) is as near as we like to [ if x is near
enough to a.

The student is already familiar with illustrations of a function
approaching a constant as a limit. Thus the sum of the first
n terms in the geometric progression

M S,=1+1/2+1/4+1/8+---+1/2""

is evidently a function of n, the number of terms involved. The
limit which S, approaches as n increases is 2, and the expression

lim Sn =2
N—y o
is read “ the limit of S, as n increases without limit is 2.”

Again, the area C of a circle is defined as the limit approached
by the area A of a regular inscribed or circumscribed polygon as
the number, n, of its sides increases without limit, or

lim 4 = C.

n—
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A function may or may not attain its limit. In the series (1),
the addition of successive terms will never add up to 2; nevertheless
the limit exists.

52. Theorems on Limits. Certain theorems on limits are
stated without proof. In each one the existence of the limit is
implied.

TueoreM I.  The limit of an algebraic sum of any finite number
of variables is equal to the same algebraic sum of their respective
limats.

TuroreM I1. The limit of the product of any finite number of
variables 1s equal to the product of their respective limits.

TuroreM III. The limit of the quotient of two variables is equal
to the quotient of their respective limits, provided the limit of the
denominator 1s not zero.

TueorREM IV. If f=g=hand ¢f im f = lim h, then we have
limg = lim h.

53. Infinitesimals. An infinitesimal is a variable whose limit
18 zero. From the definition of the limit of a function it follows
that the difference between a function and its limit is an infinitesi-
mal. Hence if

lim f(z) =1

then [ — f(z) is an infinitesimal whenever a — z is an infinitesi-
mal. As other examples, we may state that if v is an infinitesimal,
so are also kv (where k is any constant), sin v, and (1 — cos v).

54. Continuous Functions. A function f(z) is said to be con-
tinuous for x = a if

lim f(z) = f(a).

A function is continuous in the interval x = x; to x = x, if it is
continuous for all values of x in this interval.

A function is said to be discontinuous for x = a if the condition
for continuity is not satisfied. The only functions which we shall
consider are those which are in general continuous, but which may
have a discontinuity for some value or values of the variable. As
examples of discontinuity we mention the following:
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(a) When the function f(z) increases without limit or decreases
without limit as z approaches a, that is, when

lim f(x) = .

Thus the function y = 1/x? Y
(Fig. 75) is continuous for every
value of z excepting z = 0, for
which it is not defined.

(b) The function f(z) may ap-
proach different values as a limit
according as the variable z ap-
proaches a from a value greater
than a, or less than a. Thus the 1
function y = 1/(1 — z) decreases
indefinitely as x approaches 1
from a greater value, but in- Fia. 75
creases indefinitely if z ap-
proaches 1 from a smaller value. This function is not defined for
z = 1 but is continuous for all other values. (Fig. 76.)

Y
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F1c. 76 Fia. 77

(c) Another illustration is shown in the graph of
y = 2=,

As z approaches 0 from positive values ¥ increases without limit
but as r approaches 0 from negative values y approaches the
limit 0. This graph possesses what is known as an end point at the
origin. The function is not defined for z = 0. (Fig 77.)
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55. Evaluation of Limits. It is necessary to know the values of
some important limits used in the calculus. Among these are:

@ im [ £5°)

if 8 is measured in radians.
In Fig. 78, OA B is a circular sector with AC a tangent at A, and
central angle 6. We have

C
A OAB < sector OAB < A OAC.
B That is,
1 2 o1 1 2, 1 2
2r s1n0<2r0<2r tan 6
or, on dividing by (r?/2) sin 4,
9
r
0 4 1< L < sec 6.
Fia. 78 sin 6

But lim [sec 4] = 1; therefore, by Theorem IV, § 52,
6—0

lim F_ﬁ_] -1
g—0 |_SIN 0

Hence the reciprocal ratio will have the limit 1, or

. [sin@7] _
(l) 311110 _T] = 1.
— 0
(b) lim [——1 o ]
6—0
Since
1—cosf _ tang
simg 2’
we have
1 —cosf _ sine_tan_o_‘
6 0 2

Hence, by Theorem 11, § 52,

lim [L';“’L"] = lim [ﬂ"—f’] . lim [tan 9] = 1.0,
>0 0 0| 0 =0 2
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or
(2) lim [lﬂ] = 0.

9—0 6

(¢) lim (1 4 x)¥%. The proof that lim (1 4+ z)¥* exists is
z—-0

20
beyond the scope of this book, but it is given in advanced courses*
and will be assumed when needed.

Since this limit does exist, we can approximate its value by the
following logarithmic calculation.

Let

y = (1+ )",
then
logio y = logw (1 + 2)* = (1/z) logw (1 + z).

By referring to a more extensive table of logarithms (an 8- or
10-place table), we obtain the values below.

z (1/z) logiw (1 + z) y = (1 + o)ll=
107 0.41393 2 5938
1072 0 43214 2.7048
1072 0.43408 2 7169
10 0 43427 2 7181
—-107! 0 45757 2.8679
—1072 0.43648 2 7320
~1073 0.43451 2 7196
—10™ 0.43432 2.7184

It is known that, as « approaches zero either from positive or
negative values, (1 4 z)/* approaches a definite limit known as e,
which is one of the most important constants in mathematies. To
eight significant figures, it is

lim (1 + x)V2 = e = 2.7182818,

z—>(0
and to the same number of significant figures,

logi e = 0.43429448.

* Pierpont, The Theory of Functions of Real Variables, Vol. 1, §§ 306-308.
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PROBLEMS
1. Discuss e/ betweenz = — land z = 1.
2. Discuss e/1-2) between x = — 1 and z = 3.
3. Discuss and draw the graphof y = 1/(x — 2) fromz = — 3 tox = 4.
4, Discuss and draw the graphof y = 2/(x — 1)2fromz = — 3 toz = 4.
5. Find the nature of the function sin (1/z) as x approaches zero.
6. Draw a careful graphof y = (1 + z)V= fromz = — 09 toz = 4.
.zt -4 . tan 6 .
7. Evaluate (a) ;111’12-;—_——— , (b)‘}ir:lo Sne Ans. (a) 4; (b) 1.
. 8in36 . 1+ cos40
8. Evaluate (a) ]ol_II:O et (b)all:rl/«;m
. sin® 8 . see2fd —1
9. Evaluate (a) ollino m N (b) ;ﬂlo "m .

Ans. (a) 1/8; (b) 1/2.

56. Increments. If a variable changes from one value to
another, the difference of the two values, obtained by subtracting
the first value from the second, is called the increment of the
variable. Thus if x changes from 2; to z,, the increment of z is
22 — 2. This increment is represented by the symbol Az (read
“delta £ ”’) so that Az = x5 — ;. When the variable z is given
an increment in a discussion or a problem, it is customary to
assume the values £ and x + Az rather than z; and x,, respectively.

Now consider any function of z, such as f(z) = 22 — 6z + 7.
It is evident that a change in the value of the variable z will pro-
duce in general a change in the function. Thus, when = = 2,
f(2) = — 1, and if Az = 4, that is, £ 4+ Az = 6, then f(6) = 7.
As z changes to z + Az the function changes from f(z) to
f(x + Az); the difference f(x + Az) — f(z) is called Af(x), the
increment of the function. Or, if we call the function y, an
increment Az assigned to the variable produces a corresponding
increment Ay in the function so that y + Ay = f(z + Ar) and
Ay = f(x + Az) — f(z). Hence the increment of the function,
Ay, is expressed in terms of both the variables z and Ax.

EXAMPLE

Given the function y = 22 — 6z + 7. Calculate the increment of the
function.
Sovurion. First assign the variable z an increment Az. Then

y+ Ay = f(z + Az) = (z + A2)? — 6(x + Ax) + 7.
But
y = f(z) = z? —6z + 7.
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Subtracting, we find
Ay = f(z + Az) — f(z) = 2z-Az + AZ" — 6-Az,
which is a function of z and Az.

57. Average Rate of Change. Consider the function y = f(z).
A change of Az in the variable produces a corresponding change
of Ay in the function, the ratio Ay/Ax s defined as the average rate
of change of the function with respect to the variable in the given
interval x to x + Ax.

Let the graph of the function be drawn and mark on it any gen-
eral point P(z, y). Give z an increment Az and mark the point Q
on the graph whose abscissa is (x + Az). Itsordinateis (y + Ay).
Figure 79 is the graph of the
function ] Y

y=22—6x+ 7.

The points P and @ of the 5
graph are taken at (2, — 1) and

(6, 7), respectively, which cor-
respond to the values of z and —
z + Az arbitrarily selected in
the preceding article. Here a 5 v
change in the variable from 2 P(z,y)
to 6, making Az = 4, produced
a change in the function from
—1 to 7, making Ay = 8.
Hence in this interval the average rate of change of the func-
tion with respect to the variable, that is, Ay/Az, is 2.*

From the graph above it is evident that Ay/Az is the difference
of the ordinates of P and Q divided by the difference of the abscis-
sas taken in the same order and is, therefore, the slope of the secant
line PQ. The same statement would hold true for the graph of
any other function. Hence we have the following important
relation.

The average rate of change of a function with respect to a
variable in a given interval is equal to the slope of the secant line

* This does not mean that the function is changing twice as fast as the variable
throughout the interval. An examination of the graph reveals that in the first
part of this interval, as the variable changes from 2 to 3, the function is actually
decreasing; while in the latter part of the interval, as the variable changes from
5 to 6, the function increases from 2 to 7, which is five times the corresponding
change in the variable.
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Jjoining the two points on the graph of the function corresponding to
the extremities of the interval.

PROBLEMS

Express Ay as a function of z and Ar and find its value corresponding to
the values given in each of the following cases. (Nos. 1-8.)

1. y=2z, z=2 Az =0.J5. Ans. 4 z-Ax + 227, 4.5.
2. y=2—3z% z=-—1 Azx=1

. y=22—-z+4 =z=2  Ar =025 s
' Ans.3:c2-Az+3x-K52+Axa—Ax, 3d%-

4. y =5z — 7%

5. y=z+1+1/2% z=3, Az =2.
Ans. Az — (2 z-Az + AZ) /22 + Az)?,  434/225.

6. y=x—1/z, z=4, Ar =2
7. y=22—-2/2t, x=—3, Az =2.

Ans. 2z-Ar + AT + (4z-Az + 2 A7) /z2(x + Ar)?, — 88/9.
8 y=28—-2/x, =3, Az =001

Find the average rate of change of each of the following functions and
evaluate for the given interval. (Nos. 9-18.)

9. s = (1 4+1¢/(1 —1t) for At Ans. 2/[(1—8) (1 —t — AY)].
10 s =100t — 16, ¢ =3, At=2.

1. f@z) =2 —x/(x—1), z=0, Az =05. Ans. 2.
12. f(y) =2y/2—-3yY), v=2 Ay=1

13, f() =2 —t+1/t, t=2 At = —05. Ans. 23.
14. f(x) =x/(x2 —-1)+3, =25 Az = —0.5.

15. y=vV2r+1, z=4, Az =03. Ans. 0.328.
16. y=1/V3+z, z=3 Az =2

17 f(y) =1/y —y*—4, y=3, Ay=1. Ans. — 3745,

18. f(z) = V4 — 12, z =1, Az= — 0.25.

58. The Derivative. Many important properties of a function
of a variable are found with the aid of a related function called
the derivative of the function with respect to the variable. Let the
given function be y = f(x). The derivative is obtained as
follows:

Tiirst, assign to the variable z an increment Az and calculate Ay,
the corresponding increment of the function.
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Next, divide Ay by Az and evaluate the limit of this quotient as
Az approaches zero. That is, find

lim Ay = lim f(z + Ax) '—f(x).
ar—>0AT Az Az

This limit is the derivative of y with respect to x.

We have seen (§ 56) that Ay is a function of r and Az. The
same is true of the quotient Ay/Az, but the limit of this quotient as
Az approaches zero, namely, the derivative, is a function of z
alone.

The symbol most frequently used to represent the derivative
with respect to the independent variable z is d/dz. Thus the
derivative of y with respect to z is dy/dx or (d/dx)f(x). The
primed symbols y’ or f'(xz) are also used. Some texts use the
symbols D, and D,y in place of d/dx and dy/dx, respectively.
It is important to remember that whatever symbol is used it
represents the result obtained by performing the operations above
on the given function. Thus,

dy _ o AV
O dx Alzlin,o Ax
Similarly, if « is a function of ¢, then du/dt = lim (Au/At), or,
At—>»Q

if s = f(v), then s’ or f'(v) = lim (As/Av).
Av—>()

EXAMPLES
1. Finddy/dzify = 22 — 3 <.
Sorurion. Give z an increment Az and calculate Ay. Thus

y + Ay = ( + Az)? — 3(z + Az),
Y = z? — 3z

Ay = 2z Az + AT — 3-Az.

Dividing both sides by Az, and calculating the lim (Ay/Az), we find
Az—>()

ég=2:¢:+A:¢:-—3,

Az
whence
. Ay .
lim —Z =1lm 2z + Az ~3) =2z — 3,
a2—04Z Az
or

dy _ _
a—2z 3.
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2. Given f(t) = (2/t) + 5, find f'(t).
SoLuTiON. Assign the independent variable ¢ an increment Af, then

¢t + a4y —t+At+5'

of()) = f(t + at) = f(t) = m - g: - t(:-zk 2:)
whence
__f_ _-—_—
Al i + ay’
and

f() . [ _ ___?___] __2
Alf-“.‘o w+and o
3. Find d/dz of az? 4+ 2 bz + c.
SovuTioN. Lety = ax? + 2bz + ¢. Then we have

y + Ay = a(z + Az)? + 2b(z + Az) + ¢,

J'®) = lim Am

hence —,
Ay =2az-Az + a-Ar + 2b-Ax,
and
/:y 2az +a-Ax + 2.
Therefore
lim 4y _ lim (2ax + a-Ax + 2b) = 2azr 4+ 2b;
Az—0 AT Az
that is,

di:c (ax? + 2bx 4+ ¢) = 2(ax + b).

The student should now be able to comprehend the following
definition.

DEFINITION OF A DERIVATIVE. Given a continuous function of a
variable, if the increment of the function is divided by the increment
of the variable, the limit of the quotient, as the increment of the variable
approaches zero, is called the derivative of the function with respect
to the variable.

All functions which we shall consider will be differentiable,
that is, the derivative of the function is in general another con-
tinuous function which may become discontinuous only for
particular values of the variable. For any value of z for which
the limit of Ay/Ax exists, the derivative is said to exist.

PROBLEMS
Find the derivative of each of the following functions. (Nos. 1-17.)
. y=22—z+ 4. Ans. 2z — 1.

2, y=z8 -5z
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o y=22+4r* -5z +17. Ans. 3z + 8z — 5.
4. y=(x*—z — 1)%

S. y=1/(z —1). Ans. — 1/(z — 1)
6. f(z) =1/(3 —22).

7. f(t) =32+ 100¢ — 16 #2. Ans. 100 — 32¢.
8 fW)=2+y/y — 1.

9. f(y) =y* —y —4/y. Ans. 2y — 1 4+ 4/y2
10. f(z) = z? — 1/2%atz = 1.

1. f(z) = 22/(2 — 3 2). Ans. 4/(2 — 3 z)2.
12 f(t) =2 — (¢ —2)/(t + 2).

13. f(s) = 2s/(4 — 3s?). Ans. (8 +65?)/(4 — 3 s2)2.
14. f(z) = VI —z. (Hint: Rationalize numerator of Ay/Az.)

15. f(x) = Vz + 1 — V. Ans. 1/2Vz + 1) — 1/@2V7).
16. y = az/(z — a).

17. f(u) = a/(a? — u?). Ans. 2 au/(a? — u?)2

18. If y has a derivative with respect to z for a given value of z, what con-
dition must be satisfied by Ay as Az — 0?

19. Find f'(¢) if f(t) = (¢t — 3)~V2.
Ans. — (1/2) (¢t — 3)~¥2,

20. Find the derivative of any of the
functions given in the problems on p. 80.

59. Geometric Interpretation of

the Derivative. Let us assume Fig.
80 to be the graph of y = f(z) with
P(x, y) any point on it. Give z an //
increment Az, then Ay/Ax is the 0 X
tangent of £ RPQ, or the slope of
the secant line joining P(z, y) and Fic. 80
Qx + Az, y + Ay) (see §57).
Let Az approach zero, then, since f(z) is a continuous function,
Ay approaches zero. That is, the point @ moves along the graph
and approaches P as a limit. Hence if Ay/Az has a limit, it is
the slope of the limiting position of the secant line. But, by defi-
nition, we have

The tangent to any curve at a point P 1s the limiting position
of the secant joining P and another point Q on the curve as Q
approaches P.
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Therefore, lim (Ay/Az) is the slope of the tangent line to the
Az—»(Q

graph of y = f(z) at the point P(z, y). Or, we can say:
The numerical value of the derivative dy/dx for any given value
Z, assigned to the variable 1s the slope of the tangent line at the

point on the graph of y = f(x) whose abscissa is x;.

EXAMPLE
Draw the graph of 3y = 23 — 2 2 — 4 z by making a table of values and
showing the slope at ecach point marked.

SorutioN.  Finding the derivative, we obtain
4 4

' =22 — -2 — =
Y y =z 3773

Make a table of values of z, ¥, and

-<
AN [
’

1 :l/l.
an arrow in the direction indicated by

y’, the slope of the tangent.

Through each point (z, y) draw

’I, 0 1 le
/ \ z y Yy
1 \\
[ \
i \ —2 | —8/3 | 16/3
| \ -1 1/3 1
] RN / 0 0 —4/3
l e’ 1| —5/3 | —5/3
: 2 | —8/3 0
3 | —1 11/3

Fie. 81

60. Physical Interpretation of the Derivative. Let two physi-
cal quantities be connected by a functional relation.  Calling them
wand » we have, u = f(v). Then any change Av in the variable »
produces a corresponding change Au in w.  The ratio of these incre-
menls, Aw/Av is the average rate of change of u with respect to v
in the interval Av. Now let Av approach zero; then Au approaches
the limit zero, since u is assumed to be a continuous function of .
Hence if Au/Av has a limit, it is defined to be the rate of change of
with respect to v at the beginning of the interval. That is:

The lim (Aw/Av), or du/dv is the exact rate of change of the
Av—Q

function u with respect to the variable v and s measured in units
of u per unit v.

Thus the distance s, in feet, of an object falling by the influence
of gravity is a function of the time ¢, in seconds. An increment of
time At changes the distance by As. Then As/At is the average
rate of change of s per unit ¢ in the interval. This we call the
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average velocity during the interval and is measured in feet per
second. The value of ds/dt for any given t is the exact velocity at
that instant in feet per second.

Also the temperature T' at which water boils is a function of
h, the altitude. If T is measured in degrees C, and & in meters,
then dT'/dh is the rate of change of degreces C per unit h, that is,
degrees per meter.

Again, the pressure p and the volume v of a gas in a container are
connected by a functional relation. If p is measured in pounds
per unit area and v in cubic inches, then dp/dv for any value of v
is the rate of change of p with respect to v, which is measured in
(Ibs. per unit area) per cu. in.

EXAMPLE

If a body falls from rest under the influence of gravity, the relation between
the velocity » in feet per second, and the distance fallen s in feet, is approxi-
mately » = 8V, (a) At what rate is
v changing with respect to s when s is
4 feet? 36feet? (b) For what value of s i (64,60
are v and s changing at the same rate?

SoruTtioN. To find dv/ds, give s an
increment As and calculate Av.  Then

|4

v+ Av = 8Vs + As,
Av = 8(Vs + As — V),
Av/as = 8(Vs + As — Vs)/As.
Rationalizing the numerator, we have
Av/As = 8 As/As(Vs + ds + V)
= 8/(Vs + as + V&),

whence
D _ lim & = fim ——S8 4
ds  as—>088  M—>0Vstas+ Vs Vs

(a) When s = 4 ft., dv/ds = 2, that is, v is changing at the rate of 2 units
of v per unit change in 8. When s = 36 ft., dv/ds = 2/3, and therefore v is
changing at the rate of 2/3 units » per unit s, or 2/3 (ft./sec.) per ft.

(b) The velocity v is changing at the same rate as s when dv/ds = 1. That
is

4 1 = 16 ft
=0 s = .

This does not mean that » and s are the same, for when s = 16 ft., v is
32 ft. per sec., but v is then changing at the same rate as s is changing.

Draw the graph of v = 8V, taking s as abscissa and v as ordinate. By
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using dv/ds, we find the slopes of the tangents at s = 4 and s = 36 to be 2 and
2/3, respectively.  Also the slope of the tangent is 1 at the point where s = 16.

We observe that s and v are numerically the same in their respective units
when s = 64, but then dv/ds = 1/2; that is, v is then changing 1/2 as fast as
s is changing.

PROBLEMS

Form a table for z, y, and dy/dz for each of the following equations and plot
points showing the dircction of the curve at each point. (Nos. 1-10.)

1. y =z24+ 4z 6. (y —3)(z —2) =6.
2. 22 =6 —y. 7. y =zfromz = —2tozx = 2.
3. 2zy = 9. 8 y=3z — 2%
4. z =4y — y* 9. zy — 5z = 4.
"5 3x=(y— D2 10. 3y =z —4ux.
11. Find the rate of change of the arca of a sector of a circle of radius a
umts with respect to the angle. Ans. a?/2 sq. units per unit of angle.

12. The distance a body falls from rest under the force of gravity is
s = 162 Tind its velocity at any time. Tind its acceleration. What is its
velocity and the distance fallen after 3 seconds? What is its velocity after it
has fallen 48 ft.?

13. The law connecting the pressure and the volume of a fixed quantity of
gas at constant temperature is pv = ¢.  What is the rate of change of p with
respect to v when v is 4 cubic units? What is the rate of change of v with re-
speet to p when v is 4 cubic units? How are these two rates related?

Ans. — ¢/16 units p per unit »; — 16/c units v per unit p; reciprocals.

14. A ball thrown vertically upward has its distance from the starting
point given by s = 100¢ — 16 (2. When does it stop rising? What is its
velocity at the end of 4 seconds?

15. Find the values of x for which the tangents to y = 322 and y = z*
are parallel. Ans. 0, 2.

16. Find the direction a particle is moving at the point determined by
z = 2if it follows the graph of y = 2z — 22

17. Find the rate of change of the volume of a sphere with respect to its
radius. Evaluate the rate whenr = 3 units.  Ans. 36 = cubic units per unit .

18. Tind the rate of change of the volume of a sphere with respect to its
diameter.  Evaluate for r = 2 units.

19. Set up the volume of a solid made up of a right circular cylinder with a
hemisphere on each end.  If the length of the cylinder is twice the radius of an
end, find the rate of change of the volume of the solid with respect to the
radius of one end. Ans. 10 7r? cubic units per unit 7.

20. In Problem 19, find the rate of change of the solid with respect to its
total length.
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ADDITIONAL PROBLEMS

Find the average and exact rate of change of the following functions.
(Nos. 1-8.)

1. 3z — z2 Ans.3 —2z — Ar, 3 —2z.
2. 4 —2y —y2
3. 1/u — ut Ans. — 1/u(u + Au) —2u — Au, —1/u?—2u.
4, u/(u —1).
5. »3 — 1/v. Ans.3v2 +3v-Av + AV + 1/v(v + Av), 302+ 1/02,
6. 222 — 3/x.
7. 2/Vz — 3.

Ans. —2/Vx —3Vzx + Ar — 3(Vz + 3 + Vz + ar — 3),

— (x — 3)7%2,

8 Vir+1/x.

Draw the graph of each of the following equations with the help of the
derivative. (Nos. 9-14.)

9. y=3xz+ 2 12. 3z =42+ 2y — 5.
10. zy = — 8. 13. 6y =42 — z*
11. 2y =3z — 2% 14. zy — 222 — 4 =0.

15. Find points on zy — 5 22 = 4 where the slope of the tangent is 1.
Ans. (1,9), (=1, —9).

Express each of the following quantities as a function of the suggested vari-
able. Iind the rate of change of each function with respect to its variable.

(Nos. 16-24.)
16. The area of a circle in terms of its circumference.

17. The volume of a box with square base as a function of its altitude if
h is 3 times a side of its base. Ans. h3/9, h2/3.

18. The surface of a box with square base as a function of a side of the base
if its volume is constant.

19. The total surface of a circular cylinder as a function of the radius of one
end if its volume is constant. Ans. 2mr2 +2V/r,4dar — 2V /r2

20. The volume of a box made by cutting squares from the corners of a
rectangular sheet 12’ by 6" as a function of the side of the squares.

21. The total surface of a cone as a function of its altitude if r = 2 h.
Ans. 2 7h*(@2 + V5), 4 Th(2 + V5).

22. The volume of a cone as a function of its altitude if r = (h/2).

23. The volume of a sphere as a function of the arca of a great circle.

Ans. (4/6 7) VA, (1/4 =)VrA.

24. The volume of a sphere in terms of its surface.



CHAPTER IV

DIFFERENTIATION OF ALGEBRAIC, LOGARITHMIC,
AND EXPONENTIAL FUNCTIONS

61. Derivation of Formulas. The method of forming the
derivative of a function, as explained in the last chapter, is per-
fectly general and can be applied to all differentiable functions.
However, by differentiating a special type of function we obtain a
formula which, when memorized, may be used to write down the
derivative of any function belonging to that type.

A thorough knowledge of the formulas derived in the following
articles 1s essential.

62. Derivative of a Constant. Let the function be a con-
tant ¢. Call it y and write y = ¢. Then any increment Az
assigned to the independent variable z will not affect the function,
since it is constant. Hence we have

Yy + Ay = ¢, and Ay = 0,

whence

Ay _

az = O
and

Ay dy

e T s

Therefore

dc
¢9) = 0.

The derivative of a constant with respect to any variable is zero.

This result is evident if we consider the graph of y = ¢, which is
a straight line parallel to the z axis. For any two points (z, ¢)
and (z + Az, ¢) on the line, the rate of change of y with respect to =
is zero. In other words, the slope of the graph is always zero.

63. Derivative of the Independent Variable. Let the function
be z. Then an increment Az will produce the same increment in

the function y. That is, Ay = Ar.

Then
Ay

= -,

Az
88
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and p
@y _
dz L
or
dx
1) = 1.

The dertvative of a variable with respect to itself is unity.
Is this result apparent from the graph of y = z? Explain.

64. Derivative of a Constant Times a Function. Given the
function cu, where cis a constant and « is any differentiable function
of z. Give z an increment Az; this will change u to u 4 Ay,
and the function y = cu to

¥y + Ay = c(u + Au),

then
Ay = c-Au,
Ay Au
_—= -
Az Ax
lim Ay _ limc-Aﬁ = ¢ lim Au _ c@’
Az—>0 Ax Az—>Q Ax AZ—>0 Ax dx

since u is a differentiable function of z. Hence

d(cu) _ du
@ “dx " Cdx
The derivative of a constant times a function is equal to the constant
times the derivative of the function.

65. Derivative of an Algebraic Sum of Functions. Let u, v,
and w be any differentiable functions of z, and consider the
function

y=u-+v—w

Give z an increment Az. This will cause u, », and w each to

assume a corresponding increment. Then

y+ Ay = u+ Au+ v+ Av — (w4 Aw),
Ay = Au + Av — Aw,
Ay _du Av_ dw
Ar Az ' Az Az’
o[BG e,
dx  azsg] Az Az Az dr " dr dz

(S
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by Theorem I, § 52. Therefore

du+v—w) du  dv dw
v T dx Cdx T dx
The derivative of an algebraic sum of functions is the corresponding
algebraic sum of the derivatives of the functions. A finite num-
ber of functions is assumed.

66. Derivative of a Power of a Function. Let y = u”, u being
any differentiable function of z. Give x an increment Az, then

y + Ay = (u + Au)™

Assuming n to be a positive integer and expanding by the bi-
nomial theorem, we have

y+ Ay = u" + nut - Au + n(n — 1)

A e AR
o U Au + + Au,

Ay = nu" - Au + ”\’ﬂl __2—1210"“2-@2 + -+ AW,
_A_y — n—1 _A_’lf n(n — 1) u—zéﬂ AU —n
A - W A T T W A A T A

Taking the limit of both sides as Az approaches zero and keeping
in mind that lim Au = (since u is a continuous function of z, and

Az—>(Q

that du/dz exists, then
dy du

pria nu"“%’
or*
dw) _ . du

(V) gy =

Since Formula V is known to be perfectly general, we shall use it
for all values of n.

67. Derivative of the Product of Two Functions. Let u and v
be any differentiable functions of xz. We wish to find dy/dz when

, Yy = uv.

* Formula V is derived on the assumption that n is a positive integer. We shall
prove (§ 70) that the formula is true for n any rational number, and we shall discuss
the general case in § 73.
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Assign to z an increment Az. Then
¥+ Ay = (u + Auw)(v + Av),

Ay = u-Av 4+ v-Au + Au-Av,
and
Ay _ Av Au Av
ar = YAz T +
Then
* dy _ Av Au-Av
dz uAl:clr—r:oZ:U + vAlz-r-r:oA + A].1:—>0 Az

The last term may be written either lim Au - lim (Av/Az), or
Ar—>() Ax—()

lim (Aw/Ax) - lim Av, either of which is zero since du/dx and
Ax—>() Az—(

dv/dx exist and lim Au = lim Av = 0. Hence

Azx—>() Ar—>»()
dy _ v, du
dx = Y TV
or
d(u- v) du
(V) dx dx , T Vax'

The derivative of the product of two functions is the first function
times the derivative of the second plus the second function times the
derivative of the first.

68. Derivative of the Quotient of Two Functions. Let u
and v be any differentiable functions of z. We wish to find dy/dzx
where yis u/v, and v is not zero. Proceed in the usual way to assign
an increment Az to z. Then

u + Au
y+Ay_v+A1—)’
A _utAu  uw _v-Au—u-dv
Y= 9 ¥a0 v~ 0@+ av)
Au Av

by "z "Az
Az~ w(v + Av)
Taking the limit of both sides as Az approaches zero and remem-
bering that du/dx and dv/dz exist and that lim Av = 0, we find
Az—»(Q

du _, d
dr dr
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or

du dv
v— —Uu

d [u dx dx
(VID a(z) =T e

The derivative of the quotient of two funclions is the denominator
times the derivative of the numerator minus the numerator times the
derivative of the denomainator all divided by the square of the denomina-
tor. '

Sercian Cases. (a) If w = ¢, y = ¢/v, and

d/fc\ ¢ dv
(VIL a) az(a)* T otdx

This is the same result we would obtain by differentiating y = cv™
by Formula V. The student can now prove the validity of Formula
V for n any negative integer, by diffcrentiating the function
1/v® by Formula VII a.

®) Ifv=1cy=u/c=(1/c)u, and

d (u 1 du
e £()-1a
This is just a repetition of Formula III, for if ¢ is a constant so

is 1/c. This case should always be recognized as a constant
(1/¢) times a function and differentiated accordingly.

EXAMPLES

1. Differentiate 23 — 3 22/2 + 5 x — 7 with respect to z.

SorutioN. Let y = 2% — 322/2 4+ 5 — 7, whenee y is an algebraic sum
of functions. Then d(x%)/dr = 3 z?% by V; d(322/2)/dx = 3z, by III and
V; d(5z)/dz = 5, by IIl and II; and d(7)/dx = 0, by I. Hence

dy
dx
2. Find dy/dz if y = (23 — 3 z4)5.
SovurioN. Here y = u® where u = 23 — 324 But, by V,

=3z -3z 4+ 5.

Ay _ g e
dz = °"“dz’
and, as in Example 1,
i—%‘ = (—%(13 —3z4) =32 — 1223
Substituting for v and du/dz their respective values, we have

% = 5@ — 3294 (322 ~ 122%) = 1524(1 — 32)4(1 — 4 2).
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3. Finddy/dzif y = (z* — 2)(z — 3 z%).
SorutioN. This function is a product u-v where u is (22 — 2) and v is
(x — 3z%. Then, by VI, we have
Liy — 2 LI, — 3 —_— 3 1?. 2
dx—(:c 2)[11:(:0 313 + (z 31)(11(1 2)

=@ —2)(1—-922) + (z —32)(22)
= — 1524 + 21 22 — 2.

4. Differentiate (x — 3 22)/V2z — 5 x* with respect to z.
SorutioN. This is a quotient /v, and hence by VII, calling y the function,
we have

dy V2z =5zl —62) — (x — 312)-(1/2)2x — 5237V (2 — 15 x?)
dr 2r —5x?

2@z 521 —6x) — (x —323)(2 — 15127

- 212z — 5x8)32

_ 2z — 1822 + 528 + 1524

B 22z — 5192

PROBLEMS

Differentiate cach of the following functions with respect to its variable.

1. 322 —42% -7, Ans. 6z — 12 22
2. 3% —3/2% + x3/3.

3. ax? — bxr + ¢ + dzx\. Ans. 2ax — b — dz~2
4. Bz — 1)2(x — 1)3.

5. (x? — 22x)3. Ans. 6(z? — 2 2)%(z — 1).
6. (z*+4)14 — )

7. (@ — z¥)/(a + z2). Ans. — 4azx/(a + 2%)%
8 7/(y* +3).

9 Vity+vV1—y Ans. (V1 —y — V1 + »)/@CVT = ).
10. (y* — 2)¥2
11, (22 +4)¥2 — (4 — z)~¥2 Ans. 3 z(z? + 4)V2 — 3(4 — xz)~%2/2.

12. (6 +1)Vve: — 1.

13. (y* — 2)4/(y* + 2). Ans. 2y — 203G ys + 12y + 2)/(y? + 2)°.
14. Vz/2 — V21 +V1/2z — V2/z.

15. (x2+22)/V1 —x. Ans. (4 + 2z — 3z%)/2(1 — z)¥2.
16. V(1 -z + 2z).
17. Vz/(@® + 1). Ans. (1 — 2 23)/3 z2/3(x + 1)4/3,

18. v/(1 — VI—»).
10. w/(u® — Vu? —4). Ans. (4 — wrVu? — 4)/Vu? — 4(ur— Vui— 4)*
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20. zVr? — at — azx/\/am.
21. [(a + bz?)/(a — bz?)]Vs. Ans. (abz)/(a + bx?)¥4(a — bx?)s/4,
22. (a? — 2?)/Va® + 2%
23, (Ver4+ 14 Ve —1)/(Vor 1 — Va2 — 1),

Ans. 2(x + 23/ Vzt — 1).
24, Vat: — 2bt/V2ct — d in three ways, using V, VI, and VIL

25. Suppose y = au + bv?, where u and v are differentiable functions of z.
What formulas are used when you obtain dy/dz?

26. Suppose y = (au-v?)/w'?, where u, v, and w are differentiable functions
of t. What formulas are used in obtaining dy/dt?

69. Derivative of a Function of a Function. If y is a function
of w and u in turn is a continuous function of z, then an increment
Az assigned to z will produce a corresponding increment Au in wu,
and Ay in y. For any value of thesc increments, provided Au is
not zero,* we have

AJ Ay Au

Axr  Au Ax

whence, taking the limit of both sides, we find

dy . Ay Au Ay Au
=lim|-2-— | = lim lim —>»
dil; Ar—( [ ] Au—>0 Au Ar—0 A x

since Au approaches the limit zero as Az approaches zero. Then

dy _ dy du_

(ViD dx ~ du'dx’

If y is a function of u and u is a function of x, the derivative of y
with respect to x s the product of the derivatives of y with respect to u,
and of u with respect to x.

To express y directly as a function of x, we must eliminate u
between the two given functions.

From Formula VIII we have at once:

dy

dy _ dx

(VIII a) du=
dx

* For a proof of VIII when Au = 0, see Pierpont, Theory of Functions of Real
Variables, Vol. I, p. 234.
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70. Derivative of Inverse Functions. If the given function is
expressed as the inverse of y = f(z), namely, x = ¢(y) (see § 48),
then for corresponding increments Az and Ay, provided Az > 0,

Ay 1
Ar ~ Az’
Ay
Taking the limits of both sides as Az approaches zero, we have
dy 1
(IX) ax = @
dy

That is, the derivative of y with respect to x is the reciprocal of the
derivative of x with respect to y.*

In this case dx/dy, that is ¢’(y), is expressed in terms of ¥, and
its reciprocal dy/dzx will be given also in terms of y.

71. Parametric Equations. Suppose z and y are both given in

terms of a parameter ¢, that is,
=g, y=/[0).
From § 69 it follows at once that
dy 4
dy dy dt _ dt
dz ~ dt dz ~ dz’
dt
* Since Formula V has been proven valid for n any negative integer (§ 68) as

well as positive, now we can show it is valid for n, any rational number. If p and ¢
arce any integers, then consider the function,

y = ullq, where u =P,

Then

= u, and y = vple,
Since u is an integral power of both y and v,

du a1 du

v - and - = 1

oY n 7y = PPl
But by IX,

dy = lyl—q = l(vplq)l—q_
q

du ¢
Then, since dy/du exists, we have, from VIII,
g;y =(1 pla-p p—1
dv (q ’ e
= Pl
a P .
Hence for » and y, differentiable functions of z, from VIII we have
Y _ P oplg1 B L
ir 9" dz’ ¥ a4z

where n is any rational number.
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Therefore

dy _ f'(t)
X) dx =g’

This formula will give dy/dx in terms of ¢.

72. Differentiation of Implicit Functions. Given a function of
z and y, say f(z, y) = 0. It is possible to find dy/dx without
solving the cquation f(x, y) = 0 for cither variable explicitly in
terms of the other.

If each term in f(z, y) = 0 be differentiated with respect to z,
the resulting expression df/dx = 0 will contain terms in z, y, and
dy/dx. Solving this equation for dy/dz, we have the desired result
in terms of x and y.

EXAMPLES
1. Findds/dtifs = (1 +7/(1 —7)andr = V2t — 12,
SoLUTION.
ds _ A-=n1) —(14n(=1) _ 2 .
dr (I —7)2 T =2
Also
dr _1 ~12(9 — — _}.:_t_.
g TR - 20 = e
Hence, by VIII,

ds 21 =19

(1 —Vei—

2. Find dy/dz when z = V1 + 32/(1 — y).
Sorurion. TFirst find dz/dy.

de _ (1 —y/2)(1 +y)722y) — A +y)V%(=1)

&y TE
_ oyl =)/ g+ (A g T+y |
(T=y) T =9 + )"

Therefore, by IX,
{]!1 _ 1 — (1 + y2)1/2.
dr ~ 1+y

3. Finddy/drif z = 3at/(1 +t3) and y =3 at?/(1 + ).
SoLuTION.
dy (1 +t)6at) — (3at)(3t2) _3at(2 —t3) .
dt (1 +o) Tt
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dr _ (1+1)3a) — Ba)B) _3a(l —28)

dt ~ 1+ ) ENDY

Then, by X, we have

dy _ 3al@—1t) _ 12—t

dr 3a(l —28) 1 -—28

4. Find dy/dz if 2® + y* — 3 axy + a® = 0.
SorurioN. Differentiating implicitly with respect to z, we have,

3x2+3y2%—3a(a:%+y) = 0.

Solving for dy/dz, we get

d_y_ay-—x?.
dr  y* —ax

PROBLEMS
Find dy/dz if:
1. z=y(l+y2 Ans. 1/@y + 4y + 1).
2 o=@~ DYy
Find dz/dy if:
3oy=@—2001 -2 Ans 1/[201 — 2952 — 320 + 2 — )],
4. y = (22 —2)/(1 — z?).

¥ind dy/dx and dx/dy if:

5.

z=¢t—t,y=t+t2 Ans. 1 +28/1 -2, —28/(1 +219).

6. =13 —3¢ty=1—2¢
7. =3 —-06%y =265 Ans. — 36, — 1/36.
8. z=8y=(0—t3)¥att = 1.

9.
10.
11.
12.
13.

14,
15.
16.
17.

T=2ty =2V —tatt=2. Ans. 3/2V2, 2V2/3.
z =at,y = bt — gt?/2, and find ¢ if dy/dz = 0.
z? + y? = a?. Ans. — z/y, — y/=x.

Z3 4 423 = g2l3,

22 + xy + y? = al
Ans. — 2z +y)/Cy+2), — Qy+2)/2x +y).

y*(2a —z) = z3at z = a.

2% + 4 a’y = 8 a? at (2aq, a). Ans. — 1/2, — 2.
??—4zy+z+y+3=0.

¥z +2y) =z —2y. Ans. dy/dz = (1 — y*)/2(1 + 2y + 3 ¢?).
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18. z — Vzy +y = 4.

19. z%? —z/y = T.
Ans. (y — 2zyY)/(z + 2 2%?), (z + 22%°%)/(y — 2 zy?).
20, Ve+y+ Ve —y=1

21. 22 + (a%)¥?® = a’. Ans. dy/dx = — 3 xy'/3/atl3,

73. Derivative of the Logarithm of a Function. Let the func-
tion be y = log, u and assign to w an increment Au, then -

y + Ay = log, (u + Auw),
Ay = log, (u + Au) — log, u

= log, (1 + %)

ay _ 1 og. <1 + Au>.

Au  Au u

To evaluate the limit of the right-hand member as Au approaches
zero, it is written in the following form:

Ay u i Awy _ 1 Aw\¥/AH
Au u-AulO"’“ (1 + u) B ulOg" (1 + u>
Now

dy 1 . Au\*2*7 1 . Aw\"/4¢
du dAluu—llo [loga (1 T u) :] B uloga Alx}-r-nm L+ u ’

But, by § 55(c), we have

u/Au
lim (1 + A") = lim (1 + 2)V* = e.

Au—0 u z—»0

Therefore*

d(logaw) 1
Tdu Ty loge

Hence, if » is a differentiable function of z, we have, by VIII,

d(log.u) 1 du
(XT) Tdx —ul%%C gy

* Certain assumptions are involved in this proof. One is that u is definitely not
zero, and must be positive if the function log, u is real. Another is that the limit
of the logarithm of a function is the logarithm of the limit of the function. This is

true under the existing conditions but the proof belongs in a more advanced course.
Still another is the actual existence of the lim (1 4 Au/u)¥/8« which has already
Au—>0

been pointed out in § 55(c). It will be understood that the use of formulas XI
and XIa involves these assumptions.
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If y = log u, this becomes

(X1 a) dx  u dx’

Note: The proof that Formula V is valid for any value of n,
irrational as well as rational, depends on Formula XI @, provided
the function y = u" satisfies the restrictions imposed by the use of
that formula. (See footnote on p. 98.)

That is, taking the logarithm of both sides, we have

log y = nlog w.

Since u is a differentiable function of z, so is log u, also n log u or
log y; hence, differentiating implicitly, we have

1dy_ .1 du
y dx w dz’
or
dy ydu _  du
dr = "wdz =" dr
The formulas for differentiating the product of functions, and
the quotient of two functions, are readily obtained in a similar manner.

EXAMPLE

Find dy/dz if y = log [Va? + 2?/(2 ax — z2)].
SorurioN. From the fundamental laws of logarithms we can write y as
follows:

y = (1/2) log (a? 4+ 22) — log (2 ax — z?).

Then, by XIa, we have

dy _1 22 2a-2z_ =z 2(a — 2)
dr 2 a*+z* 2ar — 1?

T @ +z2 2ar — 22’
or
dy 28+ 2a% — 2al

de ~ (@ +2)R2az — 29

74. Derivative of the Exponential Function. Assume the
function to be y = a* where u is any differentiable function of z.
Take the natural logarithm of both sides, then

log y = ulog a.

Since u is log y times a constant, du/dy exists, likewise its reciprocal



100 DIFFERENTIAL AND INTEGRAL CALCULUS [Cau. IV

dy/du, and therefore dy/dz. Then, differentiating with respect to
T, we get

1 dy du
y ds = d log a,
and
dy _ du
dz =Y log iz’
or
d(@) _ 4 du,
(XII) Y = @ log @
If a = e, this becomes
d(ev) _ ,.du,
(XII a) dr = “dx
If y = e*, we have
d(er) _ .
(XII b) B Pl

Hence the exponential function e has the interesting property
that its rate of change with respect to the variable is always equal
to the value of the function. Likewise the graph of the function
e* has the slope at every point equal to the ordinate of that point.

EXAMPLES
1. ,;i (37 = log 3«32 3 22/2 = (3/2)z2+ 3 =2« log 3.

(l
(e = el — J—— 1—22
2. 1 (et=7*) = e'=**(— 2 x) 2 zel—*,

PROBLEMS

Find the derivative of each of the following functions with respect to its
variable. (Nos. 1-12.)

1. 3log (22 + 4). Ans. 6 z/(2? + 4).
2. log VI — 42 ‘,

3. log VA =y/0 + ). Ans. *2 y/(1 — y4).
4, log \‘/(m). .

S. 34 Ang. — G te®.
6. 4=,

7. €% — 2¢Y2, Ans. 3= + G ¥/,
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8 e(9z2 46z — 2).

9. logw 2z + Vizz +1). Ans. 2 logio e/Viz: + 1.
10. (log z*)2.
11. y = x*. (HinT: Take log of both sides.) Ans. z=(1 + log z).

12. ¢ = (1 + ¢22)/(1 — e22).

Find dy/dx and dc/dy in each of the following cases (Nos. 13-15.)

13. z = ¢*, y = let, evaluatc at ¢t = 1. Ans. 1/e, e.
14. z = %% y = tlogt, evaluate at ¢t = 1.

15. = = 2832 y = le~t. Ans. (1 = 8)/(3¢tVD), B etV /(1 — ).
Tind dy/dz in each of the following cases. (Nos. 16-25.)

16. y =log vV + 1)/ — 1).

17, y =log[V2x — 3/(x*— z%)2].
Ans. dy/dz = (1122 — 252 4+ 12)/z(1 — 2)@2 z — 3).

18. z = 3w/V1 — 2 2

19, y = zlog V1 — r. Ans. dy/dz = x/2(x — 1) + log V1 — z.
20. y = log3 (x¢?*).
21. y = = log . Ans. dy/dx = (2 ¢**/x)(2x2 log z + 1).
22, zy = 4 log (ry).
23, e —4zy = 2. Ans. — y/x.

24. zlogy? + ylog z? = a.
25. Ifz = Var — g2 —alog [(a + Va® — y?)/y] find dy/dz.
Ans. y/\/(-;?Ty—{.

ADDITIONAL PROBLEMS
Find the derivative of cach of the following functions. (Nos. 1-7.)

1. y =ax’ —br?4 c/z% Ans. 3az? — 2bx — 3c/zt.
2. z=QBy -2y —yH
3. s =13 —2t4+ ). Ans.ds/dt =3 — 4t + 312

4, y =z/(z* + 4).
5. y =z/(x — Vat +4).
Ans. dy/dz = (x + Vo + 4)/(z — V! + 4)V7z? + 4.
6. y = log (x — Vz? + 4).
7. y =log V(er —e%)/(e* + e2). Ans. dy/dz = 2/(e** — e~2=).
Find the derivative of each variable with respect to the other in Nos. 8-11.

8 zy = (x +
9. zy =z + eV Ans. dz/dy = (x + e¥) /(1 — y).
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10. zy + 2z + 3y = 6, and find what value of z makes dy/dzr = 0.
11 7 =¢t, y = eztty, Ans. dy/dz = — 2 e+, do/dy = — e=3t71/2,
12. Tind the slope of y = ze= at the point where = 0.  Also find = where
the slope is zero.
13. ¥ind the slope of z2 + 3zy + y2 = 5at (1, 1). Ans. — 1,
14. Draw the curve y = ¢==* using the derivative at each point plotted.

15.
16.
17.
18.

The same as Problem 14 for y = log z.
The same as Problem 14 for y = e'/=.
The same as Problem 14 for y = ze—=.

Show that y = (a/2) (e*/s 4+ e~*/%) and y = a + 22/2 a have the same

slope at their intersection (0, @). This means the curves are tangent to cach

other.

I'ind the derivative of cach of the following cases. (Nos. 19-29.)

19. y = a¥*-1, Ans. 2 za=*! log a.

20, y =log vz = 3)/(@ + 3).

21, y = 3=V, Ans. 3(1 + 2/x3)ex-1=2,

22, y = ar?a®,

23, z = aw. Ans. a*1]og a.

24, 5% = log? (zy).

25, s =272 — (21¢)2 Ans. — 212t Jog 2 — 8.

26. u = ¢ log Vo? — 9.

27. x4+ zxy — y? = 0. Ans. dy/dx = Rz + y)/Qy + z).

28. z? —2zVay +2yVry —y* = 0.

29, r=logtly=log?tatt =e. Ans. dy/dx = dz/dy = 1.

30. I'ind the slope of x3%y? + 1 =z + 2y at (1, 2).

31. Tind the slope and the rate of change of the slope with respect to z for
Ty =x —y. Ans. (1 —y)/(1 + 2), 2(y — 1)/ + 2)%

32.

Find the slope and the rate of change of the slope with respect to z for

z =3 — 2,y = 2t and evaluate each at ¢t = 2.



CHAPTER V -
SOME APPLICATIONS OF THE DERIVATIVE

75. Tangents. Normals. We have seen (§59) that at any
point Pi(xy, y1) on the graph of ¥y = f(z) the slope of the tangent
is the value of the derivative for x = z;. If the derivative has
been obtained implicitly, and is expressed in terms of both z and y,
then the substitution of z; and y; for « and y, respectively, will give
the slope of the tangent at P,. That is,

dy —
EE{;:;:} = mi (a constant).

Then the equation of the tangent at P, is (§ 23),
(1) Yy—y=m(x — x).

The normal to a curve at a point P, is the line perpendicular
to the tangent at .. Hence the slope of the normal is (§ 7)

1 _dn_ 1
dyy Ay omy
dIl

and the equation of the normal at P, is
1
(2) y—y1=—ﬁ«l(x-—x1).

76. Angle of Intersection of Two Curves. By the angle of
intersection of two curves is meant the angle between the tangents
to the respective curves at a point of intersection. Let P; be a
point of intersection of the curves whose equations are y = fi(x)
and y = fy(xz). Then, if the slopes of the tangents at P, are m;
and m., the angle of intersection 8 is (§ 8) such that

ml-—mz’

® B =

where m, s the slope of the tangent with the greater inclination. Or,
103



104 DIFFEREN"TAL AND INTEGRAL CALCULUS [Cu. V

if the inclination of each tangent line is found after the slope is
obtained, then (§ 8)

Ba B=oa — a.

EXAMPLES
1. Find the equations of the tangent and the normal to the curve
y =22+ 4z + 2 at the point where the tangent is perpendicular to the
line2r -4y +5=0.
SoruTtioN. The slope of the given line is m = 1/2, hence the slope of the
required tangent is — 2, and that of the normal is 1/2.  From the equation

y=a*+4z2+2
we have, on differentiating,

W _ 9y +4

dc =

N

The point on the curve which has its
slope — 2 is located then by

01X 2744 =2
P3,-1) -1
Hence the point of contact desired is
(=3, — 1), and from (1) and (2) the
tangent and normal are, respectively,
22 4+y+7=0,
Fra. 83 and

r—2y+1=0.

2. Find the angle between the curves
-3y =3 and 2224 3y* = 30,

at their intersection in the second quadrant.

SoLuTtioN. Solving the equations simultaneously, we find the real inter-
sections are (3, 2) and (— 3, 2). Differentiating, we obtain, from the first
equation,

dy _ 2z, Y
dz 3
and, from the second equation,
dy _
4z +6 ya’x =0, 1 ]
or o X
dy _ 2z, =
dr 3y
Hence, at the point (— 3,2), theseslopesare
'2"‘5 = —2= m,

3 Fi1c. 84
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and
- g—; =+ 1 =m,,
respectively. Hence, by (3),
wnp =221 =3 g=71°339.
PROBLEMS

Find the equations of the tangent and the normal at the required point on
each of the following curves. (Nos. 1-11.) Draw the graph in each case.

1. zy =8, at (2, 4). Ans. 2z +y—-8=0,z—-2y+6 =0.
2. y =22 + 2z + 3, at the point where the tangent is perpendicular to
z—2y =2.
3. y =2 — 3+ 42? — z3, where the tangent has the inclination 45°.
Ans.z —y+2=0,2Tc - 27y +22=0,z24+y -6 =0,
27z + 27y — 58 = 0.
4. y =2 — 32 — 6z 4 12, at the point where z = 2; at the points
where the slope is 3.
5. y=x%+ 422 at (— 1, 3).
Ans. bz +y+2=0,z -5y +16 =0.
6. 22 — 2zy + 4y = 0, where the slope is — 3/2.
7. z% 4 4 y? = 8, at the point in the first quadrant where the tangent is
parallel to the line through the positive ends of the major and minor axes.
Ans.z +2y —4=0,2z -y -3 =0.
8. y = log z?, where the tangent is parallel to + — 2y + 6 = 0; perpen-
diculartoz +y = 1.
9. y = z log z, where the tangent has slope 3/2.
Ans.3z —2y —2Ve =0,4z2 +6y — 7Ve = 0.
10. y =log 2z —¢),atz =e.
11. y = 2¢-%/3, at the crossing of the y axis.
Ans. 2z 43y =6,3z—-2y+4=0.
12. For what values of x are tangents on 3 y = 4 z? and y = z* perpen-
dicular?

Find the angle of intersection between each of the following pairs of curves.
(Nos. 13-21.)

13. z+y+2=0,22+y2—-10y = 0. Ans. tan—1(1/7).
14, zy =2,22+ 4y = 0.
15, y2 =4z,2?+ y? = 5. Ans. tan™1(— 3),

16, 224+ 3y =3, 22— y*+ 26 =0.
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17, 22 =2y + 1),y = 8/(z* + 4). Ans. /2.
18. 2y — 9z = 0,3 22 + 4y = 0, in the fourth quadrant.

19. y? =8z, 422+ y? = 32. Ans. tan—1(3).
20. z2y = 4, y(z>+4) =8.

21. y = (1/2)¢-=/2 and the y axis. Ans. tan—1(4).

22. Docs y = 3 z bisect the angle between y = 2z and y = 42? Prove
your answer.

23. Show that a tangent to a parabola makes equal angles with its axis and
with the line from the focus to the point of contact.

24. Show that the tangent to vVi+ \/g_/ = VaatP,is Y~V 4 xx,7V2 = gl/2,

25. A tangent to the curve zy = c¢ forms a right triangle with the coordi-
nate axes. Show that the area of this right triangle always has the constant
value 2 ¢ 8q. units.

77. Increasing and Decreasing Functions. A function of a
variable is said to be an increasing function if it increases as the
variable increases. It is a decreasing function if it decreases as the
variable tncreases.

Consider the graph of the function, say y = f(z), and trace the
curve from left to right so that the variable (or abscissa) is increas-
ing. Then the function (or ordinate) is increasing if the curve is
rising; it is decreasing if the curve is falling.

Since the derivative gives the rate of change of the function
with respect to the variable, if the derivative is positive, the function
18 increasing; if the derivative is
negative, the function is decreasing.
Recalling the definition of the

Y

B

derivative, we see immediately

/ /:-\ that the sign of Ay/Ax will be

(6,0 f @0 positive or negative according as
0 ®o \t" the infinitesimals Ay and Az have
the same or opposite sign. In

Fig. 85, any value of z in the in-
terval from 2 =a to =z = b will
Fic. 85 make the derivative positive and
throughout this interval, y in-

creascs as x increases. Again, in the interval z = b to z = ¢, the
derivative will be negative and throughout this interval, y decreases
as rincreases. For any value of z for which the function changes
from an increasing to a decreasing function, or conversely, the de-

T
!
|
| c
A
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rivative must change sign; hence it must be zcro, if it exists at
all, for that value of z. At the corresponding point on the graph
of the function, the slope being zero, the tangent is horizontal.

EXAMPLES

1. Find the intervals of the variable z in which the following function
y =f(x) = —3 4+ 12z — 9 x? 4 2 % increases and decreases, respectively.
SovuTtion. Find the values of z for which the derivative is zero, that is, for
which the function may change from increasing to decreasing, or converscly.
Now
dy

iz = 12 - 18z 4+ 622 = 6(z — 1)(x — 2).

When dy/dz = 0, z = 1, 2. Since dy/dz is continuous, the sign of the
derivative can change only at £ = 1and z = 2. Hence it has one sign in cach
of theintervalsz < 1,1 <z < 2,and x > 2. Try valuesof zineach interval.
Thus for z = 0, dy/dxr = 12 and hence is positive for z < 1. Similarly,
r = 1.5 makes dy/der = — 3/2 or dy/dx <0 for 1 <z <2. Also z =3
makes dy/dx = 12 and so dy/dz > 0 for £ > 2. We may represent this by
the following diagram.

zr=1 zr=2
— ~+
z <1 1<xz<2 z> 2
dy/dzx positive dy/dzx negative dy/dz positive
y increasing y decreasing ¥ increasing

2. Find the interval of time ¢ in which a body moves in the direction
in which its distance s from a fixed point is measured positively, if
s= —20—24t 4912 — ¢

SoLuTioN. As in Example 1, set the derivative equal to zero. Then

ds

= CMAI8-30= -3 - -9 =0,

whence
t =2, 4.

Therefore, using ¢ = 0, 3, and 5, we get the information shown below.

t=2 t=4
— 0 + o
t <2 2<t<4 t> 4
ds/dt negative ds/dt positive ds/dt negative
s decreasing 8 increasing s decreasing

Hence the body moves in the direction in which s is measured positively
in the interval 2 <t < 4.
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PROBLEMS

Find the intervals of the variable in which each of the following functions
ncreases and those in which each decreases. (Nos. 1-7.)

1. y =28 - 322 Ans. Increases z < 0, x > 2; decreases 0 < z < 2.
2. y =2z¥z — 2)%

. y=23 -3z -6z + 12. B
Ans. Increasesz <1 — V3,2 > 1 4+ V3;
decreases 1 — V3 <z <1 + V3,

4, s =21 212460t 4+ 5.

5. s =104/4 —T03/3 — 41 —2.

Ans. Increases — 1 <z <0,z > 8;
decreasesz < — 1,0 <z < 8.

6. y = ze®.

7. s =logt/t. Ans. Increases 0 < ¢t < e; decreases ¢ > e.

8. If p = 3v® — T2 + 4, when is dp/dv increasing?

9. If 65 =2 — 31+ 12¢ — 4, where s represents the distance of a
particle from a fixed origin, for what interval of ¢ is the particle moving in the
direction opposite to which s is measured positively? Ans. 1 <t < 2.

10. The height of a ball is given by h = 120¢ — 16 ¢2. How long and how
high will it rise?
11. The position of a point on a straight line as given by its distance s from

some starting point is represented by s = ¢4/4 — 8¢*/3 + 102 — 16¢ + 7.
When is the motion opposite to the positive direction for s?  Ans. t < 4.

12, Where does the slope of y = z4/12 4 23/6 — z? 4+ 3 z decrcase?

13. Aparticlemovesalongalinewith avelocitygivenby » = 1 + 32 — 2¢3,
When is its velocity increasing? When is its acceleration decreasing?
Ans. 0 <t <1; t > 05.

14. A variable rectangle is inscribed in the area bounded by the parabola
r?2 = 8 y and its latus rectum. One side of the rectangle lies along the latus
rectum. As one vertex of the rectangle moves along the curve so that y
increases from y = 0 to y = 2, for what values of y will the arca of the rec-
tangle increase?

15. A variable rectangle is inscribed in a circle of radius a units with sides
parallel to the reference lines. As a vertex P(z, y) moves along the circle from
1 position where £ = 0 to z = a, for what values of z will the area of the
rectangle decrease? Ans. x > a V2/2 units.

78. Second and Higher Derivatives. We have found that
the derivative of a function of a variable, as f(z), is in general
another function of that variable, f'(z). This new function can
be differentiated with respect to the variable giving what is known
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as the second derivative of the original function. This we repre-
sent by f'/(x). Similarly, the derivative of the second derivative,
if it exists, is f’//(z), the third derivative of the original function.
Calling the original function y we have the corresponding symbols
for the higher derivatives.

dy _ ,, _dy

] : 3 r’ o —_ = — = 2

Second derivative, f''(z) = =Y dr D3y.
: . H 11 — dgy _ 1 d_l/” _ 3

Third derivative, f'"'(z) = =V =y = Dyy.

From the meaning of the derivative, it is evident that dy’/dz
is the rate of change of y’ with respect to x. Interpreted on the
graph of y = f(z), this means the rate of change of the slope of the
tangent with respect to the abscissa of its point of contact. Also
(§ 77) v’ is an increasing or decreasing function according as y’’ is
positive or negative. Then as z increases, if y’’ is positive the
slope of the tangent is increas- . Y
ing; that is, in moving along
the curve to the right the tan-

. . . D
gent will continually turn in a B
counter-clockwise direction so 14 ] Y
that the curve will be concave \\
upward. This is illustrated in s [° X

Fig. 86 along the arcs 4 to B,
and C to D. If y’’ is negative,
y' is decreasing; that is, in mov-
ing along the curve to the right, Fic. 86

the tangent will turn in a clock-

wise direction so that the curve is concave downward. This is il-
lustrated along the arcs B to C, and D to E.

79. Points of Inflection. If the derivative y’ changes from an
increasing to a decreasing function as z increases, that is, if the
curve changes from concave upward to concave downward, as at
B or D in Fig. 86, then the second derivative, y’’, changes from a
positive to a negative value. Likewise, if y’ changes from a
decreasing to an increasing function, as at C, then y’’ changes
from a negative to a positive value. At such points of the curve,
B, C, and D, the second derivative changes sign and becomes zero if
it exists; otherwise it may become infinite. These points on the curve
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at which the dircction of concavity changes are called points of
inflection. At a point of inflection the tangent crosses the curve,
since an arc which is concave upward is above the tangent at any
point of the arc, whereas if the arc is concave downward it is below
the tangent at any point of the are.

EXAMPLE

1. If the equation of a given curve is
y=2x3—-922412 z — 3, for what values
of z will it be concave downward and for
what values will it be concave upward?

SorutioN. This is the same function
which is given in Example 1, § 77. Then

Yy =06r=-3z+2), vV =62z — 3).

Hence y”” is positive or negative ac-

X cording as x > 3/2 or < 3/2. Hence the
graph is concave downward to the left of
z = 3/2 and concave upward to the right
of z = 3/2.

PROBLEMS

Find the second and the third deriva-
tives of each of the following functions. (Nos. 1-6.)

I'1a. 87

1. y =2z4/2 —3x% Ans. 622 — 6, 12 z.
2. y =212 +9x + 4.
3 y=e", Ans. —2e (1 — 22?), 4 xze2* (3 — 2 22).
4. y = re*.
5. y = log*z. Ans. 2(1 — log z)/x?% 22 log z — 3) /2%
6. s = Vat -0
TFind d%/dx? and d%/dz%. (Nos. 7-9.)
7. =t -ty =t + 12 Ans. 4/(1 — 2¢)3,24/(1 — 21)5.

8 z=t+1/ty=1—1/L

9. Find ds/dt, d?s/dt? if s? — s + 2 = 0.
Ans. 2t/(1 —25),8123/(1 —2s8)*4+2/(1 —25).

Find the points of inflection of each of the following curves and observe their
intervals of concavity. (Nos. 10-19.)
10. y = 28 — 3 2%
11, 12y =z* — 42% — 1822 + 26z + 51.
Ans. (— 1, 1), (3, — 5); upward for z < — 1, z > 3, downward for
-1<z<3

12. y = 28 — 422 TFind the direction of the tangent at the inflection.
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13. y = e Ans. (£ V2/2, e-11%); upward x < — V2/2, 2 > V2/2,
downward — v2/2 <z < V2/2.

14. y =4z — 622+ 3. Find the slope of the inflectional tangent.
15. y = log (x> — 2z + 3). B
Ans. At £ = 1 £ V2; upward 1 — V2 <z <1 + V2, downward
z2<1—-V2,z>1+ V2.
16. y = ze—=.
17. y = z/(a? + z?). ~ B
Ans. At 2 =0, =+ a\/‘d;_ upward —aVv3 <z <0, = > aV3,
downward z < — aV3,0 < z < aV3.
18. y =06z/(x* + 1).
19. y = (1/x) log x.
Ans. (e3/2, 3¢73/2/2); downward 0 < z < €%2, upward z > €¥2.
20. Isthe eurve y = 24/2 — 3 z2 ever concave upward?

21. Discuss the concavity of y = 23 — 32?2 +4atz = -2, — 1,1, 2.
Ans. Down, down, neither, upward.

22. Isthe curvey = 23 — 3 22 — 20 = + 40 concave upward or downward
at x = — 1? Is y increasing or decreasing at z = — 1?

23. What are the signs of dy/dx and d2y/dx? for each of the following cases?
The curve is (@) concave down but rising; (b) concave up and rising; (c) con-
cave up but falling; (d) concave down and falling.

24, Testthecurvey = z* — 423 + 6 22 4+ 21 £ — 7 for points of inflection.
How do you explain the result?

80. Maxima and Minima. Let f(x) be a continuous single-
valued function of the variable z. By single-valued we mean
that the function has one and only one real value for each value of
the variable. If, as z increases, the function y first increases, then
decreases, as in I'ig. 88 from A to C, there will be one value of the
variable, say ¢ = b, for which the function is greater than it is for
any value of z either a little greater, or a little less than b. Then
f®) is called a maximum value of the function; that is, MB in
Fig. 88 represents a maximum value of f(x).

Similarly, as z increases, if the function decreases, then increases,
as from C to E, for some value of the variable, as x = d, the func-
tion will be less than it is for any value of z cither a little greater, or
a little less than d. Then f(d) is a minimum value of the function;
that is, ND represents a minimum value of f(z).

If y changes from an increasing to a decreasing function, as
when z increases through the value x = b, then the derivative



112 DIFFERENTIAL AND INTEGRAL CALCULUS [CH.V

dy/dz must change from a positive to a negative value. But if y
changes from a decreasing to an increasing function, as when z
increases through = d, the deriv-
ative dy/dx must change from a
negative to a positive value. At
. B and at D, where the function

B

LN_¢C E .

i I assumes its extreme values, the
4 ! ! ‘ N0 derivative, if continuous, must
I Mb,0|0 P00 | % be zero. We have then the follow-
! ing theorem.
D Given the function f(z), if, as x

increases through the value x = a,

Fre. 83 the derivative changes from a posi-

tive to a negative value, the function f(x) is a maximum at t = a; if
the derivative changes from a negative to a positive value, the function
f(x) is a minimum at x = a.

The derivative may change sign by becoming zero, or by becom-
ing infinite. These two cases are illustrated in Tig. 89. The
function is a maximum at A where y’ = 0, and a minimum at B
where y’ becomes infinite.

Y

\ ~
W\ Y=o

N

! [9) X

I1i. 89 F1a. 90

As z increases, the derivative may become either zero, or infinite,
without changing sign. Thus if the graph of the function has a
point of inflection with a horizontal tangent, as at 4 in Fig. 90,
both y’ and y’’ become zero. Here y’ decreases until it becomes
zero at A, then increases without changing sign. B is a point of
inflection with a vertical tangent, that is, y’ is infinite, but the sign
of 3 on either side of B is the same. At such points the function is
neither a maximum nor a minimum.
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81. Critical Values. Tests for Maxima and Minima. The
values of the variable which make the derivative of the function
zero, or make the derivative infinite, are called critical values of the
variable. Each value of the variable for which the function is a
maximum or a minimum is a critical value; but from § 80 it is
evident that the converse is not true. Hence to find the maximum
and the minimum values of a function, obtain the critical values
of the variable, that is, the values for which f'(z) = 0, and those
for which 1/f'(z) = 0, and apply to each value one of the follow-
ing tests:

First Test. Let 2 = a be a critical value. Substitute in
the original function f(z) a value of z a little less than a, then again
substitute a value a little greater than a. If f(x) in both cases is
less than f(a), then f(a) is a maximum. If f(z) in both cases is
greater than f(a), then f(a) is & minimum.

Seconp TesT.  Substitute a value of z, first a little less than a,
and then a little greater than e in the derived function f’(z), and
observe the sign of the derivative in each case. If the sign of the
derivative changes from positive to negative, the function is a
maximum for z = a. If the sign of the derivative changes from
negative to positive, the function is a minimum for z = a.

In applying either of the tests above for a given critical value, care
must be taken that no other critical value lies in the interval between
the two values selected for the test.

Tuirp Test. If f/(z) is continuous for z = a, when a is a
critical value, then substitute @ for z in the second derivative,
f'"(x). If f'"(a) is negative, then f’(x) is a decreasing function;
but a is a critical value, hence f/(z) decreases through the value
zero for x = a, and the graph is concave downward. Hence if
f"(a) is negative, f(a) is & maximum.

Similarly, if f'’(a) is positive when a is a critical value, then
f'(z) is increasing through the value zero, the curve is concave
upward, and f(a) is a minimum. If f/(a) is zero, the curve
usually has a point of inflection at z = a, but not always.

The first and second tests may be applied to all critical values of
the variable; the third test only to those critical values for which
the first derivative is zero. To say that the derivative becomes
infinite for some value of the variable, as z = a, is merely to say
that it increases or decreases without limit and is not defined for
that particular value.
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EXAMPLES
1. Locate the maximum and minimum points, and points of inflection of
y =2*—32%2 -9z — 3. Trace the graph.
SorutioN. Differentiating, we have

Y
y' =3@*—-2z-23)
VAN =3 - 3)@ + 1),
~3-2[-1\O01 28 4 ]5 X
-5 and Yy’ =6(z — 1).
-0l Set y’ = 0 to find critical values,
x= —1,3.
-5 Set y”’ = 0 to locate possible points of in-
-20 flection. This gives
z = 1.
Here the third test is the simplest.
-0 If z=—1, y =0, ¥y’ is negative,
Ira. 91 hence y = f(— 1) = 2 is & maximum. If
z =3,y =0,y"” is positive, hence y = f(3) = — 30 is a minimum.

Since y” changes sign at x = 1, the point (1, — 14) is a point of inflection,
with a slope of curve at that point of — 12. Note that different scales are
used for abscissas and ordinates in Ilig. 91 and this must be taken into con-
sideration in estimating the slope at any point.

2. Examine (x — a)V3(2z — a)?/3 for

maxima and minima. ay
SorLuTioN.  Denoting the function by
¥, wehavey = (x — a)/3(22 — a)¥3,and
Rz —a)s 4(x — a)"’_
v = 3 —a)® " 32z —a)? [
_ 6xr—5a 0 a fa | a 4 Y
T 3(x — a)32zx — a)i® N N
From y’ = 0, and 1/y’ = 0, we have the
critical values
2=t 2288 Lo, N
2 ’ - () y - .
Fra. 92

Use the second test on these values.

Setting z = a/3 and 2 /3 in turn, we have y’ positive and negative respec-
tively. Hence z = a/2 makes y a maximum.

Test z = 5 a/6, using the values 2 a/3 and 9 a/10. These show 3’ to be
successively negative and positive, so the function has a minimum value at
z = 5a/6.

Apply the test to z = a, with the values 9 /10 and 2a. Thesc show y’
positive in both cases and hence at z = @, 1/y’ = 0, and the graph of the
function has a vertical tangent with neither a maximum nor a minimum.
At z = a there is a point of inflection, as shown. The maximum, at the
point (a/2, 0), is called a cusp.
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PROBLEMS

Find the critical values of the variables in each of the following functions.
(Nos. 1-16.) Test each and find the maximum and minimum values of the
functions.

1. 23 — 3z2
Ans. Max. (0)atz = 0. Min. (— 4) atz = 2.

2. 223 —32? — 12z + 2.
3. 3z — 2)2

Ans. Max. (3456/3125) at £ = 6/5. Min. (0) at z = 2. Inflection
at = 0 critical value.

4, /2 — z23/3.

5. x4 — 2z 4+ 3.
Ans. Min. (21/16) at x = 3/2. Inflection at z = 0.

6. 6x/(z*+ 1).

3e~#, Ans. Max. 3) at z = 0. (NotE: e* = 0.)
8. xe=.
9, 3 xe=. Ans. Max. Be ) atz = 1.

10. (z + 2)23 (x — 5)2

11. 32° — 652% + 540 z.
Ans. Max. atz = — 3,2. Min.atz = — 2, 3.

12. 2z — a)'?/@Bx + 2 a)¥3

13. z/log z. Ans. Min. (¢) at z = e. What about z = 1?7
14. z V=,
15. ae= + be—c=, (a, b positive). Ans. 2Vab (min.).

16. 3¢ 4 5e7%=,

17. If y = Z(z — z)%* where z, are constants, 7 = 1,2, ---n, what values
of x make y a minimum? Ans. z = z,.

18. The equation of the curve described by a jet of water projected from a
hose may be represented by y = kx — (1 4 k2)x2/100. What does k repre-
gent? What value of & will make the water reach the greatest height on a
wall (a) 25 feet from the nozzle? (b) 45 feet?

19. The total waste per mile in an electric conductor is w = ¢ + k?/r.
What resistance 7 will make the waste a minimum if the current ¢ is kept con-
stant? Ans. k/c units.

20. The work done by a voltaic cell of constant E.M.F. and constant
internal resistance r in sending a steady current through an exterior circuit of
resistance R is kE*R/(r + R)* in a given time. What value of B makes the
work a maximum? Ans. R =r.

* 3 here means the sum of n terms formed by giving ¢ consecutive values from
1 to n inclusive.
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82. Applications of Maxima and Minima. Many important
problems require for their solution that the maximum or minimum
value of some quantity be found. Suppose the problem be to
find the maximum area of a gcometric figure which satisfies given
conditions, or to find the minimum amount of material required to
build a tank of given capacity, or to find when two moving objects
will be nearest together; in all such problems there is a definite
method of procedure for finding a solution.

First, the quantity which is to be a maximum or a minimum is
always the function to be examined. Hence express the function
in terms of the variable or variables which occur in the problem.
If the function is obtained in terms of a single variable, the critical
values of the variable and the maximum or minimum values of
the function can then be found as in the preceding article.

If the function is expressed in terms of two variables, then an
additional relation connecting those two variables must be found.
Using this relation, one of the variables can be eliminated so that
the function will be expressed in terms of a single variable.

Similarly, if the function is given in terms of three variables,
two additional relations connecting the three variables must be
found. With these relations, two of the variables can be elimi-
nated and the function obtained in terms of a single variable.

After finding the necessary additional relations connecting the
variables, the remainder of the solution may be varied as shown in
Example 2 below.

EXAMPLES
1. A right circular cone is circumscribed about a sphere of radius a. Find
the dimensions of the cone if its volume is & minimum.
A SoruTioN. Since the volume V is to be a minimum,
it is the function in the problem. Hence the function is

1
1 = — 7r?h.
(1 vV =gmh
T'o express the function in terms of a single variable,

we must find a relation connecting A and r. Using
similar triangles in Fig. 93,

4B _ Ac
BE — DC’
or
Vh’+r’=h—a

)

T a
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Squaring both sides and solving for 2, we find

azh
@) = h—2a"
Substituting (3) in (1), we get

wa’h?
4) V—3-—————(h_20)‘
Hence

7ra2h h—4a

®) =5 La—zan)

Placing the derivative equal to zero, we find
h =0, h=4a.

Both the function and its derivative become infinite if » = 2 a and hence
this value of A cannot be considered. The value 2 = 0 is extraneous since it
does not satisfy (2). By applying the second test to the critical value h = 4 q,
we observe that dV/dh is negative for h < 4 a, and positive for 2 > 4 a.
Hence A = 4 @ makes V a minimum. That is, the altitude of the cone is twice
the diameter of the sphere and the dimensions of the coneareh = 4 a,7 = a V2.

2. What are the most economical proportions for an open cylindrical can
of given capacity, if no allowance is made for waste of material?

Sovrurion (a). Obviously this means that the volume V of the cylinder is a
constant, and that the amount of material M in the can (which forms the
lateral surface and one base) is to be & minimum. Then M is the function.
Calling the radius r, and the altitude A,

1) M = 7rt + 2 arh,
where r and h are connected by the relation,
(2) wrth = V, a constant.

Here it is easier to eliminate &, hence from (2) we use

@) h=Y.

wr?

- Substituting (3) in (1), we find M in terms of 7, or

@ M= 2 V
Then
o L
Using the value of V from (2), we have
(6) %{—2M—2rh-21r(r—h).
Hence

aM

-(—17—0 when r =h,
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Differentiating (5), we see that d2M /dr? > O for all possible r. Therefore M isa
minimum for an open cylinder with fixed volume if its altitude is equal to its

radius.
Sorution (). Differentiate implicitly, say with respect to r, both relations

(1) and (2); then

@ . 2w+2w(h+r‘2‘

=2w(r+h+r%);
and
®) 1r( (Ih+2rh)—-0
Substituting the value of dh/dr from (8) in equation (7), we find
9) %L[=21r(r+h-—2h)=21r(r—h).
Hence

%/I =0 when r =nh

If the independent variable r < h, dM/dr < 0, and if »r > h, dM/dr > 0,
therefore M is & minimum.

3. The amount of fuel consumed per hour by a certain steamer varies as the
cube of its speed. When the speed is 15 mi. /hr., the fuel consumed is 414 tons
of coal per hour at $4 per ton. The other expenses total $100 per hour.

Find the most economical speed, and the cost of a voyage of 1980 miles.
SorLutioN.  The cost of the voyage C is the function. The cost per hour

is (kv® + 100) dollars where

The time of the trip is s/v where s is the distance. Then
v? 50
C = (375—{—100) =2s 3;/,—:)—{— ),

(=)

Equating this to zero, we find the critical value
= (375)(25) = (125)(75).
Whence
v = 5V/75 = 21.086 mi./hr.

C" = 4s(1/375 + 50/v®) which is positive for all positive values of », and
hence, by the third test, C is a minimum. dC/dv is infinite when v = 0, but this
makes C infinite. The cost of the trip for s = 1980 miles is

s _ (150)(1980)
c-= (375+100) = (1500250 $14,085.
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PROBLEMS

1. The sum of two positive numbers is 10. Find the numbers if their
product is & maximum. Ans. 5, 5.

2. The sum of two positive numbers is 12. Find the numbers if the sum
of their squares is & minimum.

3. A page of a book must have 18 sq. in. of printed matter and must have
2 in. margins at top and bottom and 1 in. margins on each side. What dimen-
sions will require the least amount of paper? Ans. 5 in. by 10 in.

4. What number exceeds its square by the greatest amount?

5. (@) A man has 100 rods of fencing and wishes to erect it along three
sides of a rectangular ficld which borders on a straight shore line. What
dimensions will give the maximum area? Ans. 25 by 50 rods.

(b) For any given length of fence, what is the shape of the rectangle?

6. What is the area of the largest isosceles triangle which may be inscribed
in the parabolic segment bounded by y2 = 8 z and x = 8, if its vertex is at
the point (8, 0)?

7. The strength of a rectangular beam varies as the product of its breadth
b and the square of its depth A, What is the relation between b and 4 for the
strongest beam which may be cut from a log of radius a units?

Ans. b = bV2,

8. A power house on a river bank supplies power to a plant on the other
side and 3 mi. down stream. If the river is 2 mi. wide and the power linc costs
4/5 as much per mile on land as under water, what line would be cheapest?
Would the line under water be changed if the plant were farther down stream?

9. Find the area of the largest rectangle which may be inscribed in a
parabolic segment of 30 unit base and 20 unit altitude.
Ans. 400V3 sq. units.

10. Same as Problem 9 for a semicircle of radius a units.

11. Find the dimensions of the maximum rectangle inscribed in the ellipse
z?/a? + y2/b% = 1, Ans. aV'2, bV'2 units.

12. A rectangular box with square base and cover is to contain 800 cu. ft.
If material for the bottom costs 15 cts., for the top 25 cts., and for the
sides 10 cts. per square foot, what is the least possible cost of the box?

13. Find the shortest distance from the line 2z + y = 3 to the point
(—6,0). Ans. 3V5 units.

14. Find the shortest distance from(—6,0) to the hyperbola 22 —y24-16 =0.

15. A telephone company finds that it makes a net profit of $15 per phone
for 1000 phones or less in a given period. If the profit decreases 1 ct. per phone
over 1000, what number of phones would yield the greatest profit?

Ans. 1250 phones.

16. What are the dimensions of the largest right circular cylinder which
may be inscribed in a sphere of radius a units?
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17. (a) What is the least material needed to make an open circular cylindri-
cal can of volume 8 = cu. in.?

(b) For any fixed volume what must be the relation between the radius and
altitude of such a can? What if closed at both ends?

Ans. 12 xsq.in.; r=h h =27,
18. The distance of a body from a fixed point is given by the relation
s=14/12 —583/6 +2822+3¢t+ 1.

If the body moves along a straight line, when is it moving most slowly?

19. (a) An ellipse of 6 and 8 unit axes is revolved about its major axis.
What is the volume of the largest right circular cone which may be inscribed in
the solid if its vertex is at an end of the major axis? Ans. 128 /9 cu. units.

(b) Prove that such an inscribed cone always has its altitude equal to two-
thirds of the corresponding axis of the ellipse.

20. (a) Find the equation of the line through (4, 3) which cuts off the
triangle of least arca in the first quadrant.
(b) What are the intercepts of such a line if it goes through (a, b)?

21. Tor a given hypotenuse of 2 k units, what is the area of the largest right
triangle? Ans. Area = k? sq. units.

22. A ship sails south 6 mi./hr. and another east 8 mi./hr. At 4 p.M. the
second ship crosses the path of the first at the point where the first was at
2 p.m.  When are the ships closest to each other?

23. Given an amount of lumber to make a rectangular box of largest
volume. What dimensions should be used if there is no top and if the base
dimensions arc in the ratio 2 : 1? Ans. 6:3:2.

24. A right triangle with hypotenuse 3 in. is revolved about one leg.  What
dimensions will the triangle have if the volume generated is 2 maximum?

25. The intensity of light varies inversely as the square of the distance from
its source. If two lights are 300 yds. apart, and one light is 8 times as strong
as the other, where should an object be placed between the lights to have the
least illumination? Ans. 200 yds. from the stronger light.

26. Find the dimensions and volume of the right circular eylinder of largest
surface which may be inscribed in a right circular conc of dimensions r and 4.

27. What percent of a precious stone, spherical in shape, may be saved if it is
cut in the shape of a right circular cone? Ans. 29319,

28. Same as Problem 27 except that the shape is a regular pyramid with
square base.

29. Asilo is to be built in the form of a cylinder with a hemispherical roof.
The floor and wall are of the same material but the roof costs 214 times as
much per 8q. unit as the floor. Find the most economical shape.

Ans. h = 4 r for cylinder.

30. Prove that the maximum and minimum line segments from the point

(h, k) to the curve whose equation is y = f(z) meet the curve at points where
the tangent is perpendicular to the segment.
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83. Rates. The essential meaning of the derivative has been
shown to be the rate of change of the function with respect to the
variable. If the function in question is a linear function, that is,
involves the variable to the first degree, as y = ax 4 b, then
dy/dx = a, or y changes at a constant rate with respect to z.
The student is already familiar with the fact that the graph of
such a function is a straight line and a, the coefficient of z, is the
slope of the line. Thus if r and s are connected by the relation

s = — 2r + 5, then s is decreasing at twice the rate r increases
since ds/dr = — 2, and 5 is the value of the function s when
r = 0.

If the function y = f(z) is not lincar, then the derivative f7(x)
is also a variable quantity and will depend for its definite values
upon particular values assigned to z. That is, the rate of change
of the function with respect to the variable will depend on the
variable.

A case of extreme importance is that in which the independent
variable is the time ¢, or else the independent variable is itself a
function of the time. If y = f(¢), then dy/dt is the rate of change
of y per unit time. In many physical problems the time rate of
change dz/dt of the independent variable z is given, or can be
found, and the time rate of change dy/dt of a related variable y is
desired. To solve such a problem, the relation y = f(z) connect-
ing the variables must be obtained; then the

desired rate is given at once by the formula J S
dy _dy dx TN
dt dx dt T
7 h
EXAMPLES ul
1. A balloon in the form of a right circular cone
surmounted by a hemisphere and having its diameter

equal to the height of the cone is being inflated. How
fast is its volume V changing with respect to its total Fra. 94
height h?  What is the result when & = 9 units?

SorutioN. Given h = 37, to find dV/dh. Hence we must express V in
terms of h.  The volume of the cone is=r?-2 /3, and that of the hemisphere is
27r3/3. Adding these, we have

4 4 (h\* 4
Vecmmd=cgl(=) = —
3 3”(3) Slrha'
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Then
av _ 4t
dh — 27

Hence V is changing 4 wh2/27 times as fast as h. When h =9,dV/dh = 12,
that is, V is then changing 12 = times as fast as h.

N 2. A ship is 41 miles due north of a
second ship. The first sails south at the
4—1- rate of 9 miles per hour, the second sails

west 10 miles per hour. (a) How rapidly
are they approaching each other 114 hours
later? (b) How long will they continue

to approach each other?
SoLuTioN. After ¢ hours of sailing let
z be the distance of the first ship from
w — the intersection of the courses, y the dis-~
Fra 95” tance of the second ship, and z the distance
: between them. Since z is decreasing 9

mi./hr., and y is increasing 10 mi./hr., we have

dz

dz‘ = - le./hl‘.,

41ma,

dy

Fi 10 mi. /hr.

We require in (a) to find dz/dt when t = 114; in (b) to find what value of ¢
makes z a minimum.

(a) To find dz/dt express z in terms of z and y, the variables whose rates are
given. Ewvidently

(1) 22 = z? 4 g2
Now =z, , and hence z are each functions of ¢, since
(2) r=41-9¢ y =10t
Differentiating (1) with respect to ¢, we find
dz _, dz dy

22(—12 =2z & +2y(—ﬁ,
or

dr dy
) e _"atVay _ —9z+10y,

dt P> - z

When ¢t = 114, from (2) and (1) we have
z =275 y=15  z=31325.
Hence

dz _ —247.5 + 150 _ .
a= W = —3.11 mx./hr.,
that is, in 114 hours the ships are approaching each other at the rate of 3.11

mi./hr.
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An alternative method of solution is to express z directly in terms of ¢ by
substituting equations (2) in (1).
(b) The ships will continue to approach until z is a minimum, or until

dz _ —9z + 10y -0
dt z ’
that is, when

—9z 410y = 0.
Substituting values of (2), we have,
— 369 +81¢+4+ 100t =0, 181 ¢ = 369,

or ¢ = 2.04 hrs. nearly.

PROBLEMS

1. A spherical balloon is inflated so its volume increases 12 cu. ft./min.
How fast is the radius changing when it is 6 ft.? Compare the rates of change
of the volume and surface when the radius is 8 ft.

Ans. 1/(12 «) ft./min.; 4 : 1 numerically.

2. If y =28 — 622 4 3z + 5, at what points arc the ordinates and the
slopes of the curve changing at the same rate with respect to z?

3. If the amount of wood in a tree is proportional to the cube of its
diameter, compare the rates of the growths of two trees of 3 ft. and 6 ft. diame-
ters. Ans. 1 :4.

4. Two ships are at the same point. One leaves at 10 A.M. sailing east
9 mi./hr.; the other at 11 A.M. sailing south 12 mi./hr. How fast are they
separating at noon?

5. A point moves along the curve y = 4 — 2 z? so that its abscissa is
decreasing 5 units per second. How fast is its ordinate changing as the point
passes through (1, 2)? Ans. 20 units/sec.

6. The height of a ball thrown upward is given by A = 120¢ — 16 2
How fast is the ball rising or falling at ¢ = 3 sec., 4 sec.? How long does it
rise?

7. A man 6 ft. tall walks at 2 ft. /sec. toward a light 10 ft. above the ground.
How fast is the length of his shadow decreasing? How fast is the end of his
shadow moving? Ans. 3 ft./sec.; 5 ft./sec.

8. A barge, whose deck is 10 ft. below the level of a wharf, is drawn in by
a cable through a ring in the floor of the wharf. A windlass at the level of the
deck hauls the cable in 5 ft./sec. How fast is the barge moving toward the
wharf when it is 20 ft. away? Is there a maximum velocity for the barge?

9. A conical funnel of height and radius each 6 units contains a liquid
which escapes at the rate of 1 cu. unit/min. How fast is the surface falling
when it is 4 units from the top of the funnel? Ans. 1/(4 =) units/min.

10. In Problem 9, how fast is the inner surface of the funnel being exposed
above the liquid?
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11. In Problem 9, how fast is the area of the exposed surface of the liquid
changing? Ans. — 1 sq. unit/min.

12. A body is being raised by a rope over a pulley 25 ft. above the body.
A man’s hand holding the end of the rope is 5 ft. above the body. If the rope is
50 ft. long, at what rate will the body start to rise if the man walks away from
under the pulley at 10 ft./min.?

13. In a right triangle the legs are increasing 1 unit/sec. and 2 units/sec.
respectively. At what rate is the hypotenuse changing at the time the legs
are 3 and 4 units in length? Ans. 2%% units/sec.

14. Solve Problem 13 if the first leg increases 1 unit/sec. and the other
decreases 3 units/sec.

15. An isosceles triangle has its vertex at P(z, y) a point of the curve
y = e*. Its base is along the z axis with one extremity fixed at the origin.
If P is moving along the curve so that its ordinate is increasing 5 units/sec.,
how fast is the area of the triangle changing? Ans. 5(z + 1) sq. units/sec.

16. In Problem 15 let the vertex P be on the curve y = zlog z. Find the
rate of change of the arca of the triangle and evaluate this for the point (e, ¢).

17. A man walks across a bridge at the rate of 5 ft./sec. and a boat beneath
him passes down stream 12 ft./scc. If the bridge is 30 ft. above the water, how
fast are man and boat separating 4 sec. later? What does this rate approach
as | increases without limit?

Ans. 338/V/901 ft./sec. = 11.30 ft./sec.; 13 ft./sec.

18. A train is moving along an elevated track 20 ft. high at 30 ft./sec.
Immediately below it, a truck is going in the same direction 10 ft./sec. How
fast are the train and the truck separating one minute after the train is above
the truck?

19. The lower end of a ladder 26 ft. long is being pulled away from a vertical
wall at 3 ft./sec. How fast is the upper end, resting against the wall, descend-
ix;g when the lower end is 10 ft. from the wall; 24 ft. from the wall? When are
both ends moving at the same rate? Ans. 114 ft./sec.; 714 ft./sec.

20. A trough 8 ft. long has for a cross-section an isosceles trapezoid of
altitude 1 ft., upper base 4 ft., lower base 2 ft. If water is poured into the
trough at the rate of 2 cu. ft./min., how fast is the depth increasing when it is
6 inches?

21. Water is being poured into a 10 ft. trough at the rate of 25 cu. in./sec.
If the ends are isosceles triangles with altitude equal to one half of the base,
find the rate of rise of the level of the water when it is 10 inches deep.

Ans. 1/96 in./sec.

22, A balloon is rising vertically 10 ft./sec. from a point on the ground.
After 1 min., how fast is it receding from an observer 800 ft. from the point?

23. Water is running out of a horizontal cylindrical tank 9 ft. long and 3 ft.
in diameter. When the water is 1 ft. deep, the surface area of the water is de-
oreasing 2 sq. ft./min. At what rate is the depth decreasing?

Ans. 2V/2/9 ft./min.
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24, If the circumference of a great circle on a sphere is decreasing 2 in. /sec.,
show that the rate at which the volume of the sphere decreases is numerically
equal to the area of the square circumscribing the great circle.

25. A spherical tank of 10 ft. diameter is receiving water at 12 cu. ft./min.
At what rate is the depth of the water increasing at 8 ft.? Ans. 3/(4 =) ft./min.

26. An arc light is 24 ft. above one side of a street which is 30 ft. wide. A
man 6 ft. tall walks along the opposite side at the rate of 5 ft./scc. When he is
40 ft. from the point opposite the light, how fast 1s the tip of his shadow mov-
ing? How fast is his shadow lengthening?

27. The adiabatic law for the expansion of air is pv® = ¢ where n = 1.41,
approximately.  If the air has a volume of 600 cu. in. at 40 lb. pressure per
sq. in., what is the rate of change of the volume with respect to the pressure
when p = 40 Ibs./sq. in.? Approximately how much will the volume be
changed due to an increase of 2/3 1b./sq. in. in the pressure?

Ans. — 10.64 cu. in./unit p; 7.09 cu. in. decrease.

28. A point moves along the curve y = z log = so that y decreases at the
rate of 2 units/sec. (a) How fast is © changing when the point crosses the
hne ¢ = 3y? (b) Find how fast the slope of the graph is changing. (c)
Show that the abscissa, ordinate, and slope are changing at the same rate when
the point crosses the z axis.

84. Rectilinear Motion. One kind of time-rate problem which
deserves special mention is rectilinear motion.

Let a particle move along a straight line so that its distance s
from a fixed origin on the line is a function of the time {. We have
seen (§ 60) that the rate of change of s with respect to ¢, the time
derivative of s, is the velocity v of the particle. Hence if s = f(t),
by differentiating we have

v = %j = /().

Similarly, the rate of change of » with respect to ¢, the time
derivative of v, is the acceleration a of the particle. Hence

_dv _ds _ ,
a——zi-—-d—ti—-f (t)

If the velocity is constant, the motion is called uniform. If the
acceleration is constant the motion is called uniformly accelerated
motion. Thus, a particle near the carth’s surface, which is subject
to the force of gravity only, moves with an acceleration of
g = 32 ft./sec.?, approximately.
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EXAMPLE

A ball thrown vertically upward has its distance in feet from the starting
point given by s = 104 ¢t — 16 {2, where ¢ is measured in seconds. Tind its
velocity, acceleration, and the height the ball will rise. How high is the ball
after 3 seconds; after 4 seconds? What distance does the ball pass over
during the fourth second?

SorutioN. The velocity and acceleration arc given at once by

1‘.
v = (?1': = (104 — 32 O)ft./sec.;

d?s

=— = — 32 ft./sec.?
a=-n 32 ft./sec
The ball will rise until s is a maximum, that is, when
ds
v = Ft = 0.

Henee 104 — 32¢ =0, t = 34 sec. The height it will rise is the value of
sfort = 3Y4, or
s = 169 feet.

For t = 3 sec., s = 168 ft.; and for ¢ = 4 sec., s = 160 ft. The distance
the ball moves during the fourth sccond is not As for ¢ = 3 and At = 1, since
the velocity changes sign during the fourth second and henee As changes sign.
Since we have found the maximum value of s to be 169 ft., we see that during
the fourth sccond the ball rises 1 ft. and falls 9 ft. Therefore the distance
traveled during the fourth second is 10 ft.

PROBLEMS
The following laws refer to straight-line motion in each case.

1. A body moves so that s = {2 — 8¢+ 7. When will its velocity be
positive? Ans. t > 4.

2. A body moves with v =1 4 3¢2 — 2. When is its acceleration
decreasing?

3. If s =100¢ — 16 2, when is (a) s increasing; (b) v decreasing; (c) a
increasing? Ans. t < 3%%; a}t ; constant.

4. If s = 3 — 2% when is v increasing? Is s increasing or decreasing at
t=1?

5. What is the direction of motion of a body if its distance s from a fixed
point is given by s = 23 — 21¢2 4 60 ¢ + 5?
Ans. s increasing 2 < ¢ < 5, decreasing ¢t < 2, ¢ > 5.

6. Thesamecas Problem5if (a) s = 6 +24¢ — 1512 — 23, (b) s = t2logt.

7. The same as Problem 5if s =3 — 3¢ + 3¢ + 4.
Ans. Always forward except v =0 at ¢ = 1.

1
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8. The motion of a point is determined by s = — 2 — 8¢ 4+ 7. When is
it speeding up?

9. The velocity of a car after ¢{ min. is given by v =3 — 21 + 80¢.
When is it in reverse? Ans. 5 <t < 16.

10. If v =13 — 542 4+ 7¢ — 3, when is the distance s increasing? How
fast does the point move when its acceleration is a maximum or a minimum?
11. If s =t —2¢3 — 12¢2 + 36 ¢t — 10, when is s increasing? When is
the particle not in motion? When is its velocity decreasing? When is »
constant? Has its acceleration an extreme value?
Ans. — VB <t <3/2, t>V6; t=xV6 3/2; —1<t<2;
= —1,2; min.at{ = 1/2.

12. A particle moves according to each of the following laws. Graph each
of the functions s, », and a against the variable ¢ on the same set of reference
lines. Study graphs to obtain data about increasing, decreasing, extreme, and
stationary values of s, v, and a.

(a) s =13/3 — (2 (c) s =44 — e ¥2),
(b s =log V2 =3t d) s = (log t)/t.

ADDITIONAL PROBLEMS
1. Find the tangent and the normal to zy = 6 at (2, 3).
Ans.3z+2y —12=0,22 -3y +5=0.
2. Find the tangent and the normal to y3 = 2 22 + 3 yz2at (— 1, 2).
3. Show that the tangent to 42 = 2 pz at (21 y1) is yiy = p(x + 7).
4

. (a) The line 4z — 3y = 55 is tangent to the curve whose equation is
3y = a3 — 322 — 20z + 25. Find the point of contact.

(b) Find the point at which the line 3z 4+ 4 y = 54 is normal to the same
curve.

5. Find the line through (— 4, — 3) which is parallel to the tangent to
y=at—-322+23ratxr = — 2. Ans. 3z —y +9 =0.

6. TFind the line through (— 2, — 1) which is perpendicular to the tangent
toy =2 —2zatz = 1.

7. Show that the tangent to the ellipse z2/a? + y2/b? = 1 at the point
(21, 11) is mzx/a? + yiy/b* = 1.

8. Find the area of the triangle formed by the tangent to y2 =9 z at
(4, 6), the normal at the same point, and the z axis.

9. Find the slope of the tangent toz = at, y = bt — (1/2) g¢? at any point.
Find the value of { which makes the slope zero. Interpret this value.
Ans. (b — gt)/a, b/g.

Find the angles between the following pairs of curves. (Nos. 10-12.)
10. 2y = 4, 22 — y? = 6.



128 DIFFERENTIAL AND INTEGRAL CALCULUS [Cu.V

1. 422+ y2 =52, 3y =16z Ans. tan™! (54/23).
12, 22 =4 ay, y? = 8a3/(x? + 4 a?).
13. Find the angle between the tangent to 22 =4y + 4 at (— 2, 0) and
the line through (3, — 2) and (— 2, 0). Ans. tan~! (3/7).
14. Find the tangents toy = 222 — 2 and y — 22 + 1 = 0 at their inter-
sections and find the angle between them.
15. The curves y = 2¢~*/?and y = log (z + ¢)? meet on the y axis. Find
the angle of interscction. Ans. tan™t [(2 4+ ¢€)/(2 — €)].
16. If P(z, y) is on y = 23 and the tangent at P cuts the z axis and the
y axis at @ and R, respectively, show that PR = 3 Q.
Find the intervals in which each of the following functions increase and those
in which they decrease. (Nos. 17-19.)
17. 3 + 4 22
Ans. Increases ¢ < — 8/3, ¢ > 0; decreases — 8/3 <z < 0.
18. x4/2 — 3z
19, 1242 — 213 — ¢4
Ans. Increases ¢t < — (3 4 V105)/4, 0 <t < — (3 — V105)/4;
decreases — (3 4+ V105)/4 <t < 0,t > — (3 — V105) /4.
20. If the position of a particle is given by s = ¢ — 6 (2 4+ 9¢ — 12, when
is v increasing, when decreasing?
21. If a point on a line is s units from a starting point, find when its veloc-
ity is increasing if::
(@) s =3+4t+30¢2 8¢ —t4
) s =50t — 148 + 300 + 360¢.
Ans. (@) —1 <t <5; (b) Forallt
Examine each of the following curves for inflections and types of concavity.
(Nos. 22-26.)

22, y=2"—32 -6z + 12
23, y=2—-224+6z — 1.
Ans. (1/3, 25/27); upward z > 1/3, downward z < 1/3.

24. y =2¢2,
25, y =3z —42° — 622+ 4.

Ans. (—1/3, 95/27), (1, — 3); upward if < —1/3, z > 1,

downward —1/3 <z < 1.
26, y = log(z? + 1).
Locate maximum and minimum values of each of the following functions.
(Nos. 27-29.)

27. 428 — 6224 3. Ans. At z = 0, max. (3); at z = 1, min. (1).
28, x4 — 12 2% + 36 22 — 50.

29, 3zt — 4z,
Ans. Min. (— 1) at z = 1; inflection at critical value z = 0.
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30. Draw the graphs of ¥ = z log z, and y = z/log z to the same set of
axes. Show that cach curve passes through the point of the other at which y
is a minimum.

31. Draw a careful graph of y = 23 (z + 4) betweenz = — 4and z = 3.
Find high or low points and points of inflection.

Ans. (— 1, — 3) low point; (0, 0) and (2, 6v'2) inflections.

32. A potato crop is now 120 bushels and worth $1 per bushel. If the crop
would grow 20 bushels per week and lose 10 cts. per bushel in price, when
should they be dug to get the best value? ,

33. An isosceles triangle with its vertex at (0, 0) and with a horizontal base
above the vertex has the cnds of its base on 22 + 2y = 4. Find the area of
the largest such triangle. Ans. 8/3V/3 sq. units.

34. An open box with a square base is to be made with a given inner sur-
face. For a maximum volume, find the relation between the height of the box
and the side of the base.

35. A covered box whose basc has sides 2 : 1 is to contain 360 cu. ft. If the
bottom costs 4 cts., lid 6 cts., and sides 3 cts. per sq. ft., what are the dimen-
sions for a minimum cost? Ans. 6V'3 X 3V/3 X 20V3/3 ft.

36. A closed cylindrical vessel is to contain a fixed volume V. (a) Find the
relation of the radius and the height of the most economical vessel. (b) If
the curved surface and the ends of this vessel each have a thickness of a units,
show that the shape of the vessel should remain unaltered for different values
of V.

37. A fixed quantity of metal is to be divided between two molds, onc a
sphere of radius r, and the other a cube of side s. When will the total surface
of these solids have an extreme value?

Ans. Max. if s = 27r; min.if s = 0Qorif r = 0.

38. Tind the maximum trapezoid which can be inscribed in the ellipse
822 + 9 y2 = 72 if one base of the trapezoid coincides with the major axis of
the ellipse.

39. A body of weight w is dragged along a horizontal plane by a force F
whose line of action makes an angle 6 with the planc. Find when F is least if
F = mw/(m sin 0 + cos 8), where m is the coefficient of friction.

Ans. For & = tan~m.

40. What point on 4 y = z?is: (a) nearest the point (0, 4)? (b) nearest
the linez — y = 5?

41. The perimeter of a sector of a circle is 50 units. What radius will make
the area of the sector a maximum? Ans. r = 1/4 of the perimeter.

42. Water escapes from a conical vessel at the rate of 2 cu. units/sec. and
is poured in at the rate of 5 cu. units/sec. The altitude of the vessel is 10 in.
and the diameter at the top is 15 in.

(a) At what rate is the depth of the water increasing when 4 in. deep?

(b) At what rate is the top surface of the water increasing?

(c) At what rate is the conical surface being inundated?
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43. Find the dimensions of the largest circular cylinder which may be cut
from a right circular cone of height &, and radius of base r.
Ans. Alt. of cylinder = h/3.
44. At a certain time, the radius of a cylinder is 2 ft. and is increasing at the
rate of 1 ft./hr.,, and the altitude is 4 ft. and is dccreasing at the rate of
1 ft./hr. When will the cylinder have a maximum volume?

45. A ship is sailing north at the rate of 10 mi./hr. Another ship 190 miles
north of the first ship sails S 60° E at the rate of 15 mi./hr. When are they
nearest each other? Ans. In 7 hrs.

46. A car running 60 ft./sec. passes directly beneath a balloon at the
instant a bomb is relcased. The height of the bomb after ¢ seconds is
800 — 16 ¢2; at what rate is the distance between the car and the bomb chang-
ing at the end of 5 seconds?

47. A conical funnel loses water so that its depth decreases 2 in./sec. when
the water is 6 in. deep. If the funnel is 9 in. deep and 6 in. across the top,
how fast is the wet surface of the funnel decreasing at that instant?

Ans. (8/3) #V'10 sq. in./sec.

48. Find the rate of change of the total surface of a cylinder if A = 47
at the instant r is 4 units and if the volume is decreasing 10 cu. units/min.

49. At a given instant the legs of a right triangle are 4 and 9 units respec-
tively. Assume that the shorter leg is caused to decrease 2 units/sec., and the
area to increase 5 8q. units/sec. How is the longer leg changing?

Ans. Increasing 7 units/sec.

50. The velocity of a stream of water issuing from the nozzle of a fountain
is given by the formula »? = 2 gh, where ¢ is the acceleration of gravity,
32 ft./scc.?, and & is the height of the surface of the water above the nozzle.
If the surface of the water is falling at the rate of 6 inches per hour, at what
rate is v changing when b = 25 ft.?

51. Given a semicircle lying above its horizontal diameter. Chords are
drawn parallel to the diameter and on each chord as a diameter a circle is
drawn. What chord will have the highest point of its circle at a maximum
distance from the diameter of the semicircle? Ans. V2 long.

52. A rhombus ABCD is made by fastening together with hinges 4 rods
of length 13 inches each. If A4 and C are drawn together at the rate of
5in./sec., at what rate is the area of the rhombus changing when AC = 10
inches?

53. A tank standing on level ground is kept full of water to the depth of
a ft.; water issucs horizontally from a small hole, at a distance of A ft. below the
surface, with the velocity V2 gh ft./sec. What value of & will make the water
strike the ground at the greatest possible distance from the tank?

Ans. h = a/2.

54. A cone-shaped container of dimensions a and r units is filled with water.
Find the radius of the solid sphere which when placed in the container will
displace the greatest amount of water.

Ans. ar/(Va? 4+ r? — r) units.



CHAPTER VI
DIFFERENTIALS. THEOREM OF MEAN VALUE

85. Order of Infinitesimals. We have seen that the incre-
ments of the independent variable and of the function, when
used in the process of differentiation, are infinitesimals. An
important idea in the use of infinitesimals is that of their order.

Given two infinitesimals » and » such that v is a function of u.
These infinitesimals are said to be of the same order provided

v
(1) 31::(1]',& = kl

where k has a finite value not zero.
If the lim (v/u) = 0, then vis said to be of a higher order than wu.
u—0

In general, if

@) lim % = & 5 0,
u—>Q u
where k is finite, then v is said to be an infinitesimal of the nth
order with respect to u.
If w and v are of the same order, then from relation (1) we may
write

(3) v = ku +3,

where § is a function of u that approaches zero as u approaches
Zero.
Dividing both sides of (3) by u and taking limits, we have
lim 2 = 0.
u—o U

Thus 6 is an infinitesimal of higher order than u.

86. Differential of a Function. In any given function, as
y = f(z), if lim (Ay/Az) = f'(x) # O for a given value of z, then
Az—>Q

Ay and Az are infinitesimals of the same order for that value of z.
From the reasoning of the preceding article we can write

(1) Ay = Af(z) = f'(z) - Az + 3,
131
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where 8§, a function of Az, is an infinitesimal of higher order than
Az, since
. 6
S~ 0

The expression f/(z) - Az in (1) is known as the principal part of
the increment of the function and is called the differential of the
function. Hence:

The differential of a function is the product of the derivative of
the function by the increment of the independent variable.

The symbol for the differential of a function y is dy, so that

@) dy = df(z) = f'(x) - Ax.

If the function equals the independent variable, that is, if
f(z) = z, then f/(z) = 1, and we have

(3) dz = Az.

Hence, the differential of the independent variable is its increment.
However, the differential of any
function, other than a linear func-
tion, will differ from the increment
of the function.

Let Fig. 96 represent the graph
of the function y = f(z). Let
P(z, y) be any point of the graph
and @ any other point of the graph
located by giving z an increment.
Draw the tangent PT at P and
let o be its inclination. Now
the value of the derivative f(x)
at P is the slope of PT, which is the tangent of its inclination.
Hence

v-f(z)

Fi1a. 96

, . RS
tana—f(x)—-K-x,
or

RS = f'(z) - Ax = dy,

since this is the definition of the differential of the function.
However, the increment Ay of the function is RQ.

Obviously, if P is taken at a point of the graph such that the arc
PQ is concave downward, then dy is greater than Ay. It is impor-
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tant to keep in mind that for any continuous function the difference
between Ay and dy approaches zero as Az approaches zero; in
other words, the difference of Ay and dy is an infinitesimal of hxgher
order than Az.

Since the differential of a function is its derivative multiplied
by the differential of the independent variable, all formulas for
differentiation become differential formulas when multiplied by
the differential of the independent variable. Thus from

d dv du
%(uv) = ua;-*- v-d.—x,

we have
d(u) = u d + v
but by definition
dvd = dv; £igdx = du,
dz
hence

d(uv) = u-dv + v - du,

and similarly for each of the formulas for differentiation.

EXAMPLES
1. Finddyify = (x — 22)(2 — 2z — z2)V/2,
SorurioN. Since dy = f'(z)dx, we have

ay - [ a2t

2 —2x — )2

=2 —-T7z+3224+32)Q2 — 2z — z2)V2dx.

+ (2 -2z — 2)V2(1 — 21:)] dx

2. fzy + 23 =y — 3 z/y evaluate dy for z = 1, and dz = 0.03.
SovLurioN. The differential of such an implicit function can be written
down at once as follows:

zdy +ydz + 32%dr = dy — 3yd:cy+xdy'
When 2z =1, y = — 3. Substituting these values, and dz = 0.03, in the
equation above, we get
dy — 3(0.03) + 3(0.03) = dy — 3[(— 3)(0.03) — dy1/9,
or
dy = — 0.09 unit.
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PROBLEMS
Find the differential of each of the following functions. (Nos. 1-6.)
. y=01+4+22)/1 —22). Ans. 4dz/(1 — 2 2)%
2. y=2zV4 -z
3. f(s) = (a+s) Va—s. Ans. 3[(a — 33)/Va — s]ds.
4. f(s) = V(e +bs)/(a — bs).
5. f(t) = t/log t. Ans. df(t) = [(log t — 1)dt]/log? ¢.

6. f(t) = e VI — &2,

Determine dy in terms of z, y, and dz from each of the following equations.
(Nos. 7-13.)

7. y@zz4+1) = 2. Ans.dy = [(1 — 2 zy)/(z? + 1)]dz.
8. ylogz = z2

9. z=logt, y=c¢e2 Ans. dy = — 2 ye* dx.
10. z2/a? + y?3/b?s = 1.
1. 2z 4 1)¥3 2y — 1)¥3 = 5.

Ans.dy = V(I = 29)/0 + 2 2) dz.
12, log (y/x) —zy = 1T.
13, e —e¥ = xy. Ans. dy = [(c= — y)/(e* + z)]dx.

Evaluate the differential of one variable for the given data in each of the
following cases. (Nos. 14-19.)

14. y =2 —z, 2z = 2,dr = — 0.002.

15. 222+ 3y =7,z = 1, dr = 0.15. Ans. dy = + V3/(10V5).
16 Va+ Vy =3,y =2dy = —02.

17. s =tlogt, t = e, ds = 0.03. Ans. dt = 0.015.
18. z=a", y =a,dy = 0.0l a.

19. z =logt? y =log?t, t =e¢, dt = 0.02e. Ans. dxz = dy = 0.04.

20. If € is an infinitesimal, is each of the following an infinitesimal?
(@) 3+2¢ (b) e+ 2¢, (c) sin ¢ (d) cos ¢ (e) /(1 + €2), (f) (1 + €),
(g9) log ¢, (h) €. Which are of the same order as ¢ Which of higher order?

21. Given s = 80t — 16 {2, calculate the difference between As and ds
when (@) t =2, dt =0.1; (b) t =4, dt = —0.2. Ans. — 0.16; — 0.64.

22. Given y = 23— r and z = 3, find the difference between Ay and dy if
Az = dz = 0.02.

23. If y = 2? — 2/2? find Ay — dy for x = 2, dz = 0.03. Ans. 0.115.
24, If s = et —logtfind As — ds for t = 3, dt = 0.1.
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87. Approximations. Errors. The differential of a function
affords a simple method of approximating the change in a given
function due to a small change in the independent variable. Sup-
pose, for instance, it is desired to find the change in the area of a
circular metal plate due to expansion caused by a rise in tempera-
ture. Simple measurements give the diameter or radius of the
plate before and after the change in temperature. Now if 4 is the
area and r the radius of the plate, the problem is to approximate A4
by finding dA for a given 7 and Ar. To solve, merely express A as a
function of r and find its differential. Then substitute in the
expression for dA4 the values of rand dr, respectively, and obtain the
desired approximation.

In many such problems as the one above, it would be absurd
to find AA by the more cumbersome method of increments, since
any values obtained by measurement, as r and dr, are in themselves
merely approximations.

All calculations which are based on measurements involve errors
and these may be approximated by differentials. Thus if it is
assumed that the error in measuring the radius of a circle does not
exceed 0.1 inch, then the possible error in the calculation of the
area can be approximated by finding dA when dr = 4 0.1 inch.

If z is given an increment, Az = dz, in the function y = f(z), the
function becomes y + Ay. However, an approximation of this
value by differentials is y + dy = f(z) + f'(z)dz.

EXAMPLES
1. Heat applied to a metal plate expands its diameter from 15 inches to
15.14 inches. Approximate the change in area.
SorutioN. The function is A = 72 To find dA when r = 7.5 in. and
dr = 0.07 in.,
dA =2 mr-dr
= 15 7(0.07) = 1.05 = sq. in. approximately.

We note in this example that dA may bec interpreted as a rectangular strip of
length 2 =7 and width dr, whereas A4 is a circular ring of thickness dr bordering
3 circle of radius r.

2. Tind by differentials the reciprocal of 5.03.
Sorution. This example involves the reciprocal function,

1
z

y:

Convenient values for z and dx may be chosen provided dz is relatively
small.  Since the reciprocal of 5 is 0.2, let x = 5 and dz = 0.03. By differen-
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tials we can find the approximate change in the function due to a change of
0.03 in the variable. Thus

dy = —%zdz
-1 (0 ()‘3) = — 0.0012
= — 55 (0:03) = . .

That is, the reciprocal of 5.03 1s approximately 0.0012 less than the reciprocal
of 5. Hence
y + dy = 0.2 — 0.0012 = 0.1988.

3. Approximate by differentials a root of the equation 22 + 3z — 6 = 0.
SoruTioN. Substituting x = 0, 1, 2, we find there 1s a root such that
1<zr<2
Ilety =224+ 3z — 6. Then
dy = 2z + 3)dx.

Torxz =1,y = — 2. But for the root, y should cqual 0, whence we let the
change in y, namely, dy = + 2 and we have
de=-W o 2 _ou4

2r+3 2143

The new value of z is then
z+de=1+04=14.

But r = 1.4 makes y = 0.16, so taking dy = — 0.16,
oy 016
4=y rs T T o4 y3 o 0%

The desired approximation is then
z + dr =14 — 0.028 = 1.372,

which should be compared with the solution by the formula.

88. Relative Error. When errors of measurement areinvolved
in a problem, the ratio of the magnitude of the error to the magni-
tude of the quantity is usually more significant than the magnitude
of the error itself. Evidently, the same actual error made in
measuring both a large quantity and a small quantity may be
negligible in the former case but not in the latter. If an error Az
is made in the measurement of a given quantity z, then Az/z is
called the relative error. 1If any function y = f(x) is computed
from data which are in error, the ratio dy/y is an approximation for
the relative error in the function and 100 (dy/y) is the approximate
percentage error.
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The relative error may be approximated directly by logarithmic
differentiation since the differential of log y is dy/y.

The applications of the differential may be extended to func-
tions of two or more variables. This, proved in Chapter IX, will
be assumed here.

EXAMPLE

If the radius of a right circular cone is measured as 5 in. with a possible
error of 0.02 in, and the altitude as 8 in. with a possible error of 0.025 in.,
what are approximations for the possible relative error, and the possible per-
centage error in the volume as computed from these measurements?

SorurioNn. We have the values r = 5 in.,, dr = +0.02 in.,, h = 8 in.,
dh = + 0.025 in. The double sign must be used since the error may be
positive or negative. The function is

V = gr'lh,

whence, taking its logarithm and writing the differential, we have

4 dr | dh
V=t
Using the positive values for dh and dr, we may write
(—l%, = 0.008 + 0.0031 = 0.0111,

which is the approximate relative error in V; or

100%’ =1.119,
which is the approximate percentage error in V.

If negative values are taken for dr and dh, the results are numerically the
same as those above. However, if the values of dr and dk differ in sign, the
results are numerically less than those given above. Hence only one set of
calculations is necessary to determine the possible errors.

PROBLEMS

1. The radius of a circular plate increases by heating from ry to ro + Ar.
Find an expression in terms of r, and Ar for (a) the increase in the area; (b)an
approximation for the increase in the area; (c) the error if the result of (b) is
assumed correct. Ans. #(27r, Ar + E‘z); 2 o AT AT sq. units.

2. The cost of painting a hemispherical dome is 20 cts. per sq. ft.
Approximate the error in the estimated cost due to a 3 in. error in measuring
the radius as 50 ft. How accurately must the radius be measured if the
possible error in the estimated cost must not exceed $10?

3. Approximate the volume of a right circular cone with a vertical angle
of =/2, if the diameter of its base is 2.9997 units. Ans. 1.1247 7 cu. units.
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4. A sphere is to be cut from a cube of edge 2 z. If the diameter of the
sphere is to be 2 z and an error of 19, is made in measuring z, approximate the
error in the amount of material to be cut from the cube.

5. Approximate the volume of a right circular cylinder of radius 4.97 in. if
its altitude is threc times the radius of one end. Ans. 368.25 7 cu. in.

6. How accurately must the diameter of a sphere be measured if it is
necessary that the error in the calculated area shall not exceed 0.19,?

7. The edge of a cube is near 6 units. How accurately must it be measured
to give an error not to exceed 1 cu. unit in the volume? Ans. 1/108 unit.

8. Derive a formula for an approximation of the volume of a thin spherical
shell of thickness t. How much is the error in your formula?

9. The hypotenuse and a leg of a right triangle are measured as 5 and 4
inches, respectively. If there is a possible error of 0.01 in. in each measure-
ment, approximate the possible error in the other leg if it is computed from
these data. Ans. £ 0.03 in.

10. A central angle is computed from the measurements of the radius and
the arc. If 29 errors are possible in each, approximate the possible error in
the angle.

11. Approximate the change in the total surface of a right circular cylinder
of altitude 10 ft. and radius 4 ft. if its volume is changed 1/2 cu. ft. and the
altitude is kept constant. Ans. 9/40 sq. ft.

12. How accuratcly must the altitude of a right circular cone with
r = (4/3)h be measured if it is necessary that the percentage error in the
calculated volume shall not exceed 3%,?

13. If s = kpv? and pis changed by + 2% and s by — 3%, find an approxi-
mation for the change in ». Also the relative and percentage changes in v.
Ans. — 0.025v, — 0.025, — 2.5%,.
14. If the edge of a cube is near 5 in. and there is a possible error of 0.02 in.,
approximate the resulting relative and percentage errors in the volume and in
the surface.
15. A sphere’s mass is determined as 1 oz. with a possible error of 0.05 oz.
and its diameter as 2 in. with a possible error of 0.02 in. Approximate the
possible error in its computed density. Ans. 3/5 m units.

Use differentials to approximate the values of each of the following expres-
sions. (Nos. 16-26.)

16. v/33.

17. V26. Ans. 239,
18. 1/V'50.

19, (123.5)43, Ans. 615,

20. &Y, if e2 = 7.389.
21. log 10.2, if log 10 = 2.303. Ans. 2.323.
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22, 7\ if log 7 = 1.946.

23. 2/[1 + (2.001)2]. Ans. 0.3999.
24, 3 — z,if z = 2.002.
25, x*+ 4224 1,if x = 1.997. Ans. 32.856.

26. z¢ — 22 + 22 if xis 2 £ 0.015.

Approximate irrational roots of each of the following equations. (Nos.
27-30.)

27, 23—z —3 =0. Ans. 1.674.
28, z* -3z +5=0.
29, 22 +3x —10 =0. Ans. 1.699.

30, 22 —x2—5=0.

89. Rolle’s Theorem. Let F(z) be a continuous, single-valued
function which vanishes for r = @ and z = b. As z varies from
a to b, it is evident that F(x)
cither increases then decreases, or
decreases then increases, so that
F(z) will have at least one maxi-
mum value or one minimum value
between z = @ and z = b. Now 8
if we add the further condition that
F’(z) is continuous in the interval /L
z =a to x = b, then F/(z) must [@o Ub,o)
become zero at least once in this
intervgl. This gives rise to the Fic. 97
following theorem:

RoLLE’s THEOREM. If F(z) is a single-valued function which
vanishes for x = a and x = b, and if both F(x) and F'(x) are
continuous™® in the interval x = a to x = b, then F’(x) will vanish for
at least one value of x tn this interval.

Y

&)

o

90. Theorem of Mean Value. Let Fig. 98 represent the graph
of y=F(x) fromz=atox=0>. Let R be [a, F(a)] and S be
[b, F(b)]. Then the slope of the secant RS, which is the average
rate of change of the function F(z) from x = atoz = b, is

F(b) — F(a)
b—a

*]t is in fact sufficient to assume that F'(z) exists everywhere, but the theorem
as stated is all that we shall need.
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The equation of the secant line RS may be written in the form

F(b) — F(a) (

(1) Y= —p—a —b) + F(b).

For any value of z in the given

interval, the difference of the two

“Fw  ordinates represented by the y

of equation (1), and by F(z) is

another function of z, say ¢(x).
IIF ® Then

Y

4

B ““}“"‘“} (2) o) = F(b) — F(x)
jFo 1 L LFO) —F@
o @o @0 GoX ———( —b)-

We see by inspection that ¢(zx)
vanishes for ¢ = a, and for 2 = b.
Hence, by Rolle’s Theorem, ¢’ (z) will vanish for some value of
z as x1 between a and b. That is,

Fia. 98

(3) ¢'(x) = —F'(z) + -FLS@ =0, for z=uzm,
or
@) AL A T L

But F’(x,) is the slope of the tangent to y = F(z) at the point
located by z = z; and the right-hand member of (4) is the slope
of the secant RS. We have then the following theorem:

TuEOREM oF MEAN VALUE. If F(x) s a single-valued function

oth F(x) and P~ are continuous in the interval x = a to
x = b, then
F(b) — F(a) = F'(x1) (b — a),
where a < x; < b.

This is also called the law of the mean. There are two other
forms in which this law has important applications. One is
obtained by substituting z for b, thus making a variable interval.
Then
(5) F(x) = F(a) + F'(x1)(x — a), a<x<ax.

The other is obtained by letting @ = z, b = 2 + Az, then the
interval is Az, and,

6) F(x+Ax)=F(x)+Ax-F'(x+k-Ax), O<k<I1.



§91] DIFFERENTIALS. THEOREM OF MEAN VALUE 141

91. Extended Theorem of Mean Value. Now let the function
be given parametrically by the equations

r=g@®t), y=71@,
where g¢(), f(t), ¢’(t) and f’(t) Y

are continuous in the interval
t=a to t=>b. Furthermore,
we must assume ¢'(t) = 0, so
that dy/dx = f'(t)/¢’(t) shall
exist and be continuous in the
interval. The coordinates of R =
and S are then [g(a), f(a)] and I
[g(®), f(b)] respectively. Follow- —5 '

ing the method of the preceding
section, we find the equation of
the secant RS to be

_f) = f(a) .
(1) y = m[x — g(a)} + f(a).

|
|
|
!
1
|
|
I
I

Fia. 99

For any value of ¢ in the interval, the difference of the correspond-
ing ordinates to the curve and to the secant line is the difference of
f(@) and the right-hand member of (1), namely,

() — f(a)
2) f® —m[g(t) = g(a)] = f(a).

Call this function ¢(t). It vanishes for ¢ = a and for ¢ = b;
hence, by Rolle’s Theorem, ¢’(¢) will vanish for some value of ¢,
as t = t, between a and b, that is

@ vo-r0-L2 =800 -0 for 1=,

@ %) = f@) _ f'(t)
gb) —g(a@) g¢'(t)’
This is the extended theorem of mean value or extended law
of the mean.* If we make the interval variable by letting b = ¢,
it takes the form
5) 10 = f@@) _ f't)
g(t) —g(a) g'(t)
* This theorem is due to the French mathematician Cauchy and (4) is frequently

called Cauchy'’s formula. The geometric proof above was suggested by Professor
A. A. Bennett in the American Mathematical Monthly, 1924, Vol. 31, p. 41.

or

a<t<b.

a<tHh <t
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The geometric interpretation of the law of the mean or the
extended law of the mean is obvious from Figs. 98 and 99, namely,
that the slope of the tangent at @ is equal to the slope of the secant
RS. Or we can say if a function and its derivative are continuous
in any interval, for some value of the variable within that interval
the rate of change of the function will be the same as the average rate of
change of the function throughout the interval.

92. The Indeterminate Form 0/0. If two functions f(z) and
¢ () both vanish for x = a, their quotient f(a)/g(a) has no mean-
ing. However, the lim [f(z)/g(z)] may be perfectly definite.

We have already seen this in the case of (sin x)/x for z = 0.
Also in the derivative of the function ¥ = f(x), both numerator
and denominator of (Ay)/(Az) approach zero as a limit, yet the
limit of the quotient exists. Such a limit, if it exists, may be
found for special cases as in § 55, but a more general method can be
obtained from the extended law of the mean. Trom (5), § 91, we
have

f@ = @) f@)
g@) —g@) g *Tu<*E

But f(a) = g(a) = 0; and, since lim x, = a, it follows that

f(x) f’(:cl) J(@)

Ii li

0 (@) amag’ (@) ¢'(@)
if g’(a) #0. If both f’(z) and ¢'(x) are zero for x = a, this
method may be extended to the form

(@) (=) _ /" (z)

li lim ... = lim

s §@)  ema g @) s 0°(2)”

where all derivatives of f(z) and g(x) up to the nth derivative are
zero for z = a. If either nth derivative is not zero for z = a the
limit of the quotient can be evaluated.

EXAMPLES

1. Find lim =% — 6
z—3 T — 3

SoruTion. This quotient may be found by writing

-z —6_ (x4 2)(x—3)
z—3 z—3

=z+ 2,
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only if x # 3. Using the method of the last section we have

22—z —6 2z—l=

lim = lim 5.
z—3 Z—3 =3 1
2. Evaluate lim & _:- -~
T=>a ad
loga
SoLuTIioN.
lim 2=% = lim @=r _ _jim Zlo g
r—a T gglogz —loga L4 1
lOg E 5

.1 —zx+logz
3. EV&I“&teiﬂll m

Sovution. Call the numerator f(z) and the denominator g(x), then

:L-»)jgl(% = g, indeterminate.
1

lim == = lim

oz _0 indeterminate
219" (@) sy 3(* —1) 0’ '

) . 1 1
lim 22 = lim — o
o1 07@) ey b2 6

93. Other Types of Indeterminate Forms. If the functions
f(x) and ¢g(z) are such that lim f(x) = « and lim g(z) = «,

then the fraction f(z)/g(xr) assumes the indeterminate form
/oo, The same method is then used as in the case for the indetermi-
nate form 0/0. A rigorous demonstration of this fact belongs more
properly in an advanced course and will be omitted here.

If lim f(x) = 0, and lim g(x) = «, then f(z) - g(x) becomes

T—>a

0 - for £ = a, which is indeterminate. In this case we write the
function

_ [ g9(x)
f(x)'g(l‘)—m, or 1—/7‘@—),

so that the transformed expression takes one of the forms 0/0 or
o /o, and its limit, if it exists, can be evaluated by the method
explained in § 92.

An exponential function may assume one of the indeterminate
forms 0° «° or 1” for some value of the variable. In this case the
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logarithm of the function may assume the form 0 - c and its limit,
if it exists, can be evaluated. (See footnote, § 73.)

The difference of two functions for some value of the variable
may assume the indeterminate form o — . In this case a
transformation may be found which will reduce the function to one
of the other types of indeterminate forms which have been men-
tioned.

EXAMPLES

1. Findthe lim —Z108% .
>0 +logz

SorutioN. This function has the indeterminate form « /.

lim zlogz  _ im 1+ logz _
2o +logr o0 l4+1/z
since the denominator has the limit 1, while the numerator increases without
limit.
2. Evaluate lim z!/0-2),
T—>

1
Sovvution. Call this function f(z), then log f(z) =[1/(1 — z)] log z.
Here f(z) has the indeterminate form 1, for z = 1; and log f(z) has the form

» - 0. Writing log f(x) as (log x)/(1 — z), we have

1
lim 8% _ S g,
11—z 45—
Jence
lim log f(z) = — 1, or lim z/(=2) = ¢1 = 1/e.,
-] =1
3. Findlim( 1 __1),
2—>0 et — 1 z

SorutioN. This function has the indeterminate form © — o« for z = 0.
Nrite it in the form (z — e* 4+ 1)/xz(e* — 1). Then
z—e*+1 1 —e?

. R 0
e D MM —1 "o

Differentiating again, we get

limi—lim - = lim -t __L
—>0Te* +e* — 1 o oze*+2e L0z +2 @ 2
PROBLEMS
Evaluate the limit, if it exists, of each of the following cases. (Nos. 1-19.)
1. limz[(a:2 —2z)/(x* — 4)]. Ans. 1/2.
T—>

2, lim [(z — 2)/(z2 + 4)].
3. lim[(5z —4x?) /(22 — z +~4)]. Ans. — 2.
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4. lim [z/(1 — e*)].
=0

S. Iim[(Bz —42%)/(22%+ e — 1)]. Ans. 3.
—>0

[=)

. lim [z log «].
z—>0

3

. lim [(z™ — 1)/(z® — 1)]. Ans. m/n.
z—>1

[+

. lim [(log z)/2%].
T—>®

©

lim [(log z2)/(x — 1)]. Ans. 2.
-1

1

o

- lim [{log (z — l/@ - o).

11. lim [(e=! — a=-1)/(z? — 1)]. Ans. (1 — loga)/2.
z—>1
. 1 x

12. Jl‘l‘l[@? -5}

13. lixr}) [ ¥ kz)v=]. Ans. k.

. 1 kz
Jim [(1+2)7]

15. lim Y3z - vY8 -z Ans. 1/2V.
—2 32z —2V15 — 3z

16, lim [z" log z2*].
z—0

N

1

w»

17. lim [(1 + az)®—)/=], Ans. esl®,
z—>0

18. lim [(log z)¥/(1-log )],
z—>e

19. lim [(ee* + bx)e/=]. -~ Ans. ectatb),
z—>0

20. Given the curve whose equation is ¥ = (1 4+ z)¥=. Prove that the
limiting value of the slope of the tangent as the point of contact approaches
the y axis is — ¢/2.

ADDITIONAL PROBLEMS

1. If the edge of a cube is 3 in. and is expanded to 3.002 in., approximate
the volume. Ans. 27.054 cu. in.

2. Approximate the volume of a right circular cone of h =27 if 7 is
measured as 4.98 in.
3. A sphere of radius 2 ft. has its radius reduced 3 in. Approximate the
resulting change in its surface. What is the exact change?
Ans. — 4 7sq. ft.; — 33 = sq. ft.
4. A spherical casting of r = 1 ft. is smoothed down so that the radius is
decreased 0.1 in. Approximate the volume removed. What is the error in
the approximation?
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5. Show that (z + dz)? is approximately equal to z2 4 2 z dz.

]?erive formulas similar to the one in Problem 5 to approximate each of the
following expressions. (Nos. 6-10.)

6. 1/(x + dz).

7. Vz + de. Ans. Vz + dz/(2V7).

8. V(z + dx)2.

9. log(z + dzx). Ans. log z + dz/z.
10. a(t{-dz).

Approximate the irrational roots of cach of the following equations. (Nos.
11-16.)

11. 28— 2245 =0. Ans. — 1.43.
12, 23 —42? -2z +4+8 =0.

13. 28 —-3z+1=0. Ans. — 1.88, 0.42, 1.59.
14. 23 -8z 4+ 2 =0.

15, 22 +2 -4 =0. Ans. 1.38.

16. z* — 112?424 = 0.
17. Two iron spheres are each approximately 10 inches in diameter. When
immersed in a pail of water it is found that one sphere displaces 20 cu. in. more

of water than the other. Approximate the difference in their radii
Ans. 1/(5 ) in.

18. What is the percentage error in u if there is an error of 1 in the fourth
decimal of logi u?

19. What error in the common logarithm of a number will be produced
by an error of 19, in the number? Ans. 0.0043.

20. The motion of an object is given by s = 3 +-4¢2 — 3¢ + 5. Approxi-
mate the distance moved from ¢t = 2 to t = 2.02 sec.

21, The same as Problem 20 except from ¢ = 1 to ¢ = 2.998 sec.
Ans. 51.904 units.

22. A point moves along the curve z = 3V, y = 1 + 2v7. Find the
rectangular equation of its path and approximate the change in y when z
changes from 9 to 8.97.

23. Rectangles with sides parallel to the two axes are inscribed in the
area bounded by y% = 6 x and its latus rectum. The value of y for one of these
rectangles is measured as 1.5 units with a possible error of 0.04 unit, approxi-
mate the possible error resulting in its area. Ans. 0.03 sq. units.

24. If s = kpY%? approximate the relative change and the percentage
change in s for 3%, change in v and 1Y4% change in p.



CHAPTER VII
TRIGONOMETRIC FUNCTIONS — CURVATURE

94. Derivative of sin u. Let y = sin u. Give the independent
variable w an increment; then

Yy + Ay = sin (u + Au),
and
Ay = sin (v + Au) — sin w.

Using the formula

sind —sin B =2 (1,0s|:‘/l ; B:Isin[A ; ],

we get
Au) . Au
Ay = 2co.s<u+—2—)sm—2—-
Then
Au . Au
Ay 2 cos (u + 7) sin —-
Au Au
sin Au
= 0S8 <u + A_u . 2 .
2)" au
2
Let Au - 0; then
sin Au
lim {u + any _ u, and, by §55, lim 2 _ 1.
Au—0 2 Bu—0 z_}g
2
Hence p
__ﬂ =
ag = cos
If u is a differentiable furction of z, since
dy _dy du
dx ~ du dz’
then
d . _ du
(XI1II) x (sin u) = cos u o+

147
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95. Derivative of cos u. The derivative of cosu may be
obtained by using either the relation cosu = sin (w/2 — u) or
cos™ = sin (r/2 + w). Using the former, we have

% (cos u) = % [sin (7/2 — w)]

cos (m/2 — u) - % (/2 — )

cos (1/2 — u) (- d—u)

dx

Therefore

d _ . du
(XIV) a(cosu)——smu-a-

96. Derivative of tan u, ctn u. To differentiate the tangent
function, write tan « = sin w/cos . Then using the formula for
differentiating a quotient, we have

d . . d
cos u -~ (sin u) — sin u - e (cos u)

d dx
dz (tan u) = cos? u
_cos?u +sin*u du
- cos? u dzx
_ 1 du
" costu dx
Hence
d —enrg., du
XV) a;(tanu)—sec R
In a similar manner we derive the formula
d _ ., du
XVI) ax (ctnu) = — csc’*u dx
97. Derivative of sec u, csc u. Write sec w = 1/cos u. Then
d
_d_(sec Y - @ (cos u) _ sinu_du
dzr N cos2u  costu dx
That is,
d du
(XVII) a(secu)—-secu-tanu-a-
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In like manner we find

d du
(XVIII) Ej—c(cscu)———cscu-ctnu-a-
EXAMPLES
1. Finddy/dzify = (1/3) sin2z — tan? 3 z.
SoLuTION.
dy 1
=3 (cos 2 x)(2) — 2(tan 3 x)(sec? 3 x)(3)
2

=Zcos2z — 6 tan 3 x sec? 3 x.

ot

2. If r = [sect (0/2) — cos? (8/2)] ctn (6/2), find dr/d6.
SorurtioN. This function is of the form «-v. Hence,

e
+ tn g (#5000 see § tan 2) (2) —2eos3(-03) )]

1 ] 1 0
r— 2 - 4~ 2_ 4~ 2_..
2ctn 5 2sec chc + 2 sec -l—cos 5

PROBLEMS

Differentiate each of the following functions with respect to its variable.
(Nos. 1-16.)

1. y = ctn (z/3). Ans. — (1/3) csc? (z/3).
2, y = cos® z2
3. y =sin? 5. Ans. 5 sin 10 ¢.
4. s = tan®2¢.

S. =28n((2 —3y) cos 2y — 1).
Ans. —2sin (2 —3y)sin 2y —1) —3cos (2 —3y) cos 2y — 1).

6. y =sin® 2z cos 3 z.

7. y = sin?x-e®s 2=, Ans. (1/2) sin 4 -8 2=,
8. y = log sin? (3 z/2).

9. s = sin (log ¢). Ans. (1/t) cos (log t).
10. y = log (sec 3z + tan 3 z).

11. y = log {[1 — sin (z/2)]/[1 + sin (z/2)]}. Ans. — sec (z/2).
12, y = (tan z)/z%
13. y = 4sin (x/2) — 2z cos (z/2). Ans. z sin (z/2).

secx — tan
HiNT: (sec z + tan z) and (sec z — tan z) are reciprocals. Why?

14 y= \/sec:c-l—tana:.
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15. y

2 sin? (z/2) cos (x/2).
Ans. sin (z/2) [2 cos? (z/2) — sin? (z/2)].

16. y =cse2 (1 —2x) ctn (1 — 2 x).

Find the derivative of one variable with respect to the other in each of the
following cases. (Nos. 17-26.)

17. zy = sin 3 x. Ans. dy/dx = (1/x) 3 cos 3z — y).
18, zy = %827,

19. cos (x +y) +cos (x —y) =0. Ans. dy/dx = — tan x ctn y.
20, zy + ctnzy = 0.

21. sinzxcosy +cos2xsin2y = 1.
Ans. dy/de = (2sin2zsin2y — cosx cosy)/(2 cos 2z cos 2y — sin x sin y).

22. r2sin360 = a cos 0. Find dr/do.

23, y = log \/l_ cosb Ans. csc 6.

1+ cos@
24, rsecO = sin26.

25. x =a(@ +sinb), y = a(l — cos¥).
Ans. dy/dx = (sin 0)/(1 + cos 6) = tan (6/2).

26. T =acosf +afsinf, y = asinl — ad cos 6.
Find dy/dr and d?y/dz? for each of the following eases. (Nos. 27-31.)
27. x =2sint,y = 2 cost. Ans. — tant, — (1/2) sec3 t.

28. z =28int+ 3cost y =sinlt.

29, r =atanf, y = b sin 6. Ans. (b/a) cos® 8, — (3 b/a?) cos* 6 sin 6.
.30, z = asin®f, y = a cos®é.
3l. z =e*, y =2+ cos4t

Ans. — (2sin4t)/e?t, 4(sin4t — 2cos 4 t)/e?t.

32. Derive the formula for differentiating cos u with respect to z by incre-
ments.

33. The same as Problem 32 for tan u.

08. Derivatives of the Inverse Trigonometric Functions.

Let
y =sin"ly

where u is a differentiable function of x, then

u = sin y.
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Differentiating « with respect to y, we have
%=cosy= +£ V1 —sin?y = +£ V1 — u

Hence

dy dy du _ 1 du

de du'ds T T T w'de

Observe that the double sign enters in the result. This

is because y is a many-valued function of % in y = sin!u,
whereas u is a single-valued function of y in w = siny. Since
du/dy = cosy, and the smallest values of y for which cosy is
positive lie between —7/2 and /2, we shall ordinarily restrict
the values of y to satisfy — /2 =y = /2, so that the derivative
will not be negative. Then

du
d . _ . dx
XIX) dx (sin'u) = \/———1 =

Differentiating ¥y = cos™ u in a similar manner, we find

du .

dy = —siny.
Here again y is a many-valued function of u and if we restrict
y to an interval for which sin y is positive or zero, namely,
0 =y =, the derivative will then be necgative or zero, and

y 1 1
du siny 1 -— @
or
du
d ) = dx
XX) ax (costu) = gy

If y = tan~' u, u = tan y, and du/dy = sec? y, then

gy 1 _ 1 _ 1
du ~ secy 1+ tan?y 1+ u?

Hence
du

d _ _ _dx
(XXI) a}(tanlu)—'—_l_*_uz
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For y = ctn'u, du/dy = — csc?y. Hence
y v ___1 |
du ~  csety 1 +ctn?y 1+ u?
Therefore
du
d gy _dx
(XXII) ax (ctntu) = T+ &
In like manner we obtain the additional formulas
du
d dx
(XXIII — (secly) = ———,
) ax e ) = T
where 0 =u < 7/2,or — 7 =u < — 7/2, and
du
d dx
XXIV —=(cscluy) = — ————,
) dx ¢ ) uvur — 1

where0 < u=r/2,or —r <u=—m/2.

[Cu. VII

PROBLEMS
Differentiate cach of the following functions with respect to its variable.
(Nos. 1-16.)

1. y = tan™122 Ans. 2z/(1 + z4).
2. y = ctn™! (1/x2).
<3, y =sin16¢ Ans. 6/v1 — 36 22
4. y = cos'V1 — z2

5. y = rsec!z. Ans. 1/Vz2 =1 + sec1z.
6. y = z? tan™! (a/z).

7. s =ctnt [t/(1 — B)]. . Ans. — 1/(1 — 2t 4+ 2¢2).
8. y==2 csc”‘m.

9. y = xz?sin™! (2/x). Ans. 2 ¢ sin™! (2/z) — 2z/Vzt — 4,
10. y = zV1 — 2% + cos~'z.

11, s = ¢®8t.gin71 (1 — ¢t).

Ans. — e®® t[1/V2¢ — 17 + sin ¢ sin~1(1 — ¢)].

12, y = zsin"'V1 — 12 — V1 — 22,

13. y = ztanlazx — (1/a) logV1 + a2z2 Ans. tan™ az.
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14. y = tan™1Vz? — 1 + cos™ (1/z).
15. y = 3z ctn1 32 + logV1 + 9 2 Ans. 3 ctn™13 z.
16, y = (tan™!22)3

Find the derivative of one variable with respect to the other in the following.
(Nos. 17-26.)

17. zsin'z +cos2xsin2y = 1.
Ans. dy/dx = [2sin 2z sin 2y — sin1z — 2/V1 — 22]/(2 cos 2 x cos 2 y).

18. yVat 2z — tan~'Vz! + 2z = 0.
19, y¥siuz 4y = tanlz2.

Ans. dy/de = [1/(x? + 1) — y3 cosx]/(1 + 3 y? sin x).
20. z%? =z —sin"!12z.
21, z =sin™'t, y = cos7L¢. Ans. — 1.
22, z =sin7'{?% y = tan™! 2¢.
23. log(x? 4+ y?) — tan™(y/z) = 0. Ans.dy/dz = 2z +y)/(x — 2y).
24. logsin?y +sec 4z = 0.
25. tan"12zx + y2-e%%% =7,

Ans. dy/dx = [y?sinz-e®8z — 2/(1 + 4 22)]/(2 ye°°s2).
26. = + m = a cos”! [(@ — y)/a].
27. 1If an angle z is measured in degrees, how may you differentiate a
function of it with respect to z?

28. Answer Problem 27 for tan™! z - log cos z.

99. Applications of Trigonometric Differentiation. Many im-
portant problems involving trigonometric functions are included
under the various topics discussed in Chapter V. In fact, many
problems in that chapter may be solved readily by using trigono-
metric relations to express a required function.

Whenever the differentiation of trigonometric or inverse trigono-
metric functions is involved it is essential to remember that the
formulas were derived on the assumption that the angle is expressed
in radian measure. All these formulas depend on the derivative
of sin u, containing ;i_r,% [(sin 8) /6] which is unity only when 6 is

expressed in radians.

EXAMPLES

1. A wall is to be braced by means of a beam which must pass over a
lower wall b feet high and standing a feet from the first wall. What is the
shortest beam that can be used?
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SorurioN. Let ! be the length of the beam and let it make an angle ¢ with
the horizontal. Then
=(a+zx)sccd and z = bctné.

Hence

It

asecd + bescb;
then

dl
N @ = asccf-tanfd —besch-ctnf = 0.

Solving, we have
asing _ bcosb
cos? 0 sinzg ’

or

T16. 100 cos?® 0
Applying the third test, we have

2,
t%—i = a sec 0 (sec?d + tan20) + b csc 8 (csc2 + ctn? ).

Hence d?/dg? is positive and [ is a minimum. The length of the beam is

N
a a
(a¥3 + b33z,

2. The hands of a tower clock are 414 ft. and 6 ft. long, respectively. How
fast are the ends approaching at four o’clock?
SoLuTIoN. Let s be the distance between the ends, and 6 the angle between
them. Then using the law of cosines, we_have
s? = 62 4 (4.5)2 — 12(4.5) cos 8
= 56.25 — 54 cos 6.

l

I

Hence
ds _ 27 sin 9 d0

ds . do
2sa—54sm0'a—t, and i 5 T

At four o’clock 0 = 2 x/3, s? = 56.25 4+ 27 = 83.25. Since 6 is decreasing
at the rate of (27 — x/6) = 11 x/6 radians per hr., we have

4 1T o dians per minut
dt 360 aalans per minute.

( 1 7r)
ds _ 360
. dt v/ 83.25

— 0.246 ft./min.

3. An acute angle A of a right triangle is computed from measurement of
the sides a and b. If 19, error is assumed in cach measurcment, approximate
the possible error in the calculated value of 4.

Therefore
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SoLuTiON. Since tan A = a/b, then A = tan™! (a/b) and

bda — adb

M=

To approximate the largest possible error in A, assume that da = 3= 0.01 @
and db = F 0.01 b; then,

ab

dA = :*:5__O(a2 )

radians.

PROBLEMS
1. Find the slope of the normal to the curve z = 2 cos®¢, y = 2 sin3¢ at
t = w/6. Ans. V3.

2. Tind the angle between the curves y = cos z and y = cos 2 z between
z=n/2andz = m.

3. Find the maximum vertical width of the cardioid r = 1 + cos 8.
Ans. 3V3/2 units.

4. Has lim (sin6/0) = 1 any importance in the development of the
0—0
calculus? Mention instances in which it is used.

5. Find the equation of the tangent and the normal to z = a cos 6,
y = bsin 6 at the point determined by ¢ = »/4.
Ans. bz + ay = abV?2, (axr — by) V2 = a? — b2
6. Find maximum and minimum values of  + 2 sin z.
7. Find 6 if tan 0 4 ctn 6 is a minimum. Ans. /4.
8. An isosceles triangle has equal sides of 6 inches which include the
angle 0. If 6 increases 1°/see., how fast is the area of the triangle changing?
9. In Problem 8 find the intervals of 6 in which the arca of the triangle
increases and deereases. Ans. 0 <0 < 7/2, m/2 <6 < .
10. Examine y = sin 22 — 1 for inflections. Evaluate maximum and
minimum values for y.
11. Find maximum and minimum values of sin? z by calculus and check.
Ans. 1, 0.
12. Tind the slope of a cycloid at any point.
13. Show that y = e72% cos 2z and y = e72% have a common tangent at
any common point.
14. Derive our known formulas for cos 2 6 from sin 2 = 2 sin 6 cos 6.

15. A plane is moving horizontally 200 mi./hr. at an elevation of 4200 ft.
How fast will an angle of elevation from the ground change if it is near 30°?
Ans. 1°/sec.

16. Find the minimum area cut from the first quadrant by a line through
(1,3).
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17. Approximate the change in tan 6 if 6 decreases 15’ from = /4.
Ans. — 0.0087 unit,

18. Find maximum and minimum values for logV1 + 22 4 ctn™ z.
19. If y = sin? 3 z, is y increasing at £ = =/4; is the curve concave up at
= 7/6; what is an approximate value of y if z = 45° 10’7

Ans. No; no; 0.4913.

20. Find an approximation for the change in cos 6 if 6 decreases from 7 /6
by 0.01 radian.

21. Show that a line through any point of a rolling wheel tangent to the
generated cycloid cuts the wheel at its highest point.

22. A roofer wishes to make an open gutter of maximum capacity, its cross-
section being an isosceles trapezoid with lower base and equal sides 10 in. each.
What should be the width of the top?

23. Approximate log sin 33° if log sin 30° = — 0.301 and log;p e = 0.434.

Ans. — 0.262,

24. A man on a wharf 20 ft. above the water pulls in the rope of a boat so
that the boat approaches the wharf at the rate of 3 ft./scc., when it is 15 ft.
distant. At what rate is the rope being drawn in?

25. A man slides a 10 ft. ladder up a wall, so that the foot of the ladder
approaches the wall at the rate of 3 ft./sec. How fast is the top of the ladder
going up the wall when the bottom is 4 ft. distant? Ans. 6/v/21 ft. sec.

26. Given y = 2 —sin™' 2. TFind (a) the approximate change in z for

— 0.02 unit change in y; (b) the approximate relative and percentage errors
in y for 0.02 unit error in z.
27. Evaluate the following limits.

(@) li_Lnos'—iEL;M- Ans. 2.
2 - 2

0 g e b, -

(¢) lim ©— 0T Ans. 1.

@ 2z,

28. TFind a point of inflection on y = (z + 1) tan—! z.

29. From the point A(r, 0) on the circle z2 + y2 = r? the arc AB and the
tangent AT arc drawn so that AT = AB. Find the limiting intersections of
TB with the diameter through A as B approaches A. Ans. (— 27, 0).

30. AB is a diameter and O the center of a circle of radius ». The chord
AC makes an angle 6 with AB. A ray of light from A4 is reflected by the circle
at C and the reflected ray meets AB at P. Find the limiting position of P
as C approaches B. Ans. OP = r/3.

31. Solve Problem 30 if the source of light is (a) at M the mid-point of 04 ;

(b) at N, such that A is the mid-point of ON.
Ans. (a) OP =r/4; (b) OP = 27v/5,
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32. Two diametral paths cross a circular courtyard at right angles. A man
walks along one path at a uniform rate, and a lamp at one extremity of the
other path casts his shadow on the circular wall surrounding the court. At
what rate is his shadow moving when the man is midway between the center
and the extremity of the path?

33. A beam 30 fect long is to be carried horizontally around the corner of
two passageways which intersect at right angles.  One passageway is 10 feet
wide; how narrow may the other onc be to permit the beam to pass, if we as-
sume that no allowance is necessary for its thickness? Ans. 11.225 ft.

100. Angle between the Radius Vector and Curve. Let the
equation of the curve in polar coordinates be

1) r = f(6), Q(r+a7,6+46)

and let ¢ be the angle between
the vector OP and the tangent
PT to the curve at P (r,0). Then
give 6 an increment A6, and let
Q@ + Ar, 6 4+ A) be the corre-
sponding point on the curve.
Draw 0Q, PQ, and draw PR
perpendicular to 0Q. Call ¢ the
angle between OQ and the secant PQ. Then in the right triangles
OPR and PQR,

Fia. 101

tan ¢ = RP RP
RQ ~ 0Q = OR
r sin A
r sin Af Ab
T rHAr—rcosAd Ar r(l — cosAG)'
a6 T 4

Let A6 approach zero, then @ approaches P as its limit and the
secant PQ approaches the tangent TP as its limit. Hence angle ¢
approaches ¥ as its limit and we have

r sin A8
. Al
lim tan ¢ = ta li
a6—>0 ¢ ny = A;_TOAT n r(1 — cos Af)
A6 A6
lim " sin A
A—0 A0

lim r(] — cos Af9)
26—>0 A9 A8
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But, by § 55,

. sin A . 1 — cos A8
oD as T T =
therefore
r de
tan ¢ = = T e

do
Hence the angle ¢ between the radius vector OP and the curve
r = f(6) at P is given by

2) tan = 1 -

The inclination « of the tangent TP is given by
3) a=0+1. :

To find the angle 8 between two curves whose equations are
given in polar coordinates, the angles ¢ and ¢», which they make
respectively with the radius vector to their intersection, must be
found, then

4) I3 =y — o, Y1 =2 Y.

If a polar curve passes through the pole, the radius vector
corresponding to the value of 8 for which r = 0 is tangent to the
curve. Hence, at the pole, ¢ = 0. If two curves intersect at the
pole, B = 61 — 62, where 6, and 6, are the values of 6 in the respec-
tive equations for which r = 0.

EXAMPLES

1. Find the angle which the curve r = 3 + 2 cos § makes with the vector
6 = 45°.

: 2 cos @
SoLUTION., tan ¢ = % = % )
de

Hence if § = 45°, this becomes

tan ¢ = g—t\—/? = — 3.1213,

¥ = 180° — 72°14.1’ = 107° 45.9".

or

2. What angle does the radius vector to any point of the cardioid
r = a(l — cos ) make with the curve?
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SoLuTION.
_r _a(l —cosf) _ (3
tann/«—iil_— asme B3
do

Hence the angle is one-half that which the radius vector makes with the
polar axis.

PROBLEMS

Find the angle of intersection of each of the following pairs of curves.
(Nos. 1-14.)

1. r = ab, = 7r/2. Ans. 57°31.1",
2. r =asin3(9/3), 6 =x/6.

3. r? =a?sin26, 6 = «/6. Ans. /3.
4, r =2 —3cosh, 6= m/3.

5. r =a(l —cosb), 6 =x/6. Ans. w/12.
6. r2 = a’sin (0/2), 6 = =/3.

7. r =al2 — (2/3) cos 6], = r/3. Ans. 70° 53.6".
8 r=2 r=2+43siné.

9. r=1/2, r =cosb. Ans. n/3.
10. r =s8in26, r = cos284.
11. r =4cosfd, r =4sin26. Ans. 0, x/2, tan~! 3v/3.
12, r =acosf, r = a(l — cos?) in the first quadrant.
13. 7 =2 +cosh, 4rcosf =25. Ans. tan~'(— 5/4/3) — = /6.
14, r = asinf, r?=a%cos26.

15. Show that the spiral 7 = e%¢ cuts each radius vector at the same angle.

16. Find the inclination of r = a(1 + cos8) where it crosses 6 = x/2.
(The angle the tangent to the curve makes with the polar axis.)

17. Find the inclination of each curve of Problem 12 at that intersection.
Ans. ©/6, ©/2.
18. The same as Problem 17 for Problem 8.
101. Curvilinear Motion. If the path of a moving point P is a
plane curve, the coordinates of P are functions of the time ¢, as

(1) r=g@t), y=710.

These are called the equations of motion, and are the parametric
equations of the path.

We have already considered motion in a straight line in § 84.
In curvilinear motion, the distance s measured along the arc of the



160 DIFFERENTIAL AND INTEGRAL CALCULUS [Cu. VII

curve is also a function of the time, and the velocity, as in recti-
linear motion, is » = lim (As/At) = ds/dt. The velocity is repre-
At—0

sented by a directed line-segment or vector whose length is the
value of ds/dt. It is determined from equations (1) as follows:

In time At the point P is displaced
a distance Az in the direction of the
x axis, and a distance Ay in the di-
rection of the y axis. The limit of
the ratios Ax/At and Ay/At as At ap-
proaches zcro, namely, dz/dt and
dy/dt, are the components of the
velocity v in the directions of the
coordinate axes. In other words,
0 X they are the projections of the vec-
tor v on lines through P parallel to
the coordinate axes. These vector
components arc designated v, and v, respectively. Let » make
an angle 6 with »,, then

F1a. 102

_dx dy
) vx—EZ—vcose v,—‘—ﬁ—vsme.
From thesc we have
dy
dt dy
= 2 2 = e—= T,
3) v=%xVv.i+v3? tan 0 & dr
dt

which give the magnitude and direction of the velocity. Hence
the direction of the velocity at any instant is along the tangent
to the curve at P.

Writing the positive value of v in the form

ds dr\? dy\?

=) + ()"
we have at once an expression for the differential of arc ds since
s, z, and y are functions of ¢, namely,

_ [fdx\* | (dy
ds = (dt) + (dt) a,
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whence

4) = Vdx? + dy? = \/ dx.

EXAMPLE

A particle is moving on the curve x = a9 — bsin8,y = a — b cos 9. Find
the rectangular equation of its path, the velocity in its path, and the point
where the direction of motion has the greatest inclination.

SoruTtioN. The equation of the path is found by eliminating the param-
eter 6. From the second equation,

0=cos‘la—y-

Substituting this in the first equation, we get

— Vb —(a — y)&

Tz =a (-os‘1

Since z, y, and 9 must be functions of ¢,

dz do

v = p = (a -bcose)a,
_dy _ de
,,—d*—' bSlﬂaa

Hence

v=Vv,2+v,2=Va>+b?—2ab cose%
That inclination will be greatest which has the greatest absolute value for its
slope. The slope is

, _dy _vy, _  bsing

dr v, a —bcosd

dJ ab cos § — b2 cos?0 — b2sin2@ b(a cos 8 —b)
do ~ (@ — b cos 9)? T (@ =bcoso)?

Then
ay’
]

I

0 when 8 = cos™! é,
a

a
« when 6 = cos™ 3

If b <a, 8 = cos™! (b/a) gives the maximum slope.
If a < b, the direction of motion is vertical when 6 = cos™ (a/b).

102. Acceleration in Curvilinear Motion. Let the change in
velocity along the z axis in time A¢ be Av. and the corresponding
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change along the y axis be Av,. Then

. Av, _dv, _d%m
A%H—W—Eﬁ“g (t)'—a:;

and

. Av dv d%y

lim =Y =SY= 2 =f"() = ay,

a—p At dt — di? 0 v
are the components of the acceleration in the direction of the
coordinate axes, respectively. These are likewise represented by

vectors, and the total acceleration a is
M a = VZTOF I/ OF = Vai T a2

It is very important to observe here that the acceleration of a
moving point in curvilinear mo-
tion is mot given by the value
dv/dt as is the case in rectilin-
ear motion.

The velocity is directed
along the tangent to the curve,
and dv/dt is the component of
the acceleration in the direc-
tion of motion. It is called the
tangential acceleration ay.

The component of the accel-
eration at right angles to the
direction of motion is called
the normal acceleration ay.

Fia. 103
Differentiating v = v/v,% + »,2? with respect to ¢, we have

_dv _v.aa.+va, x'x"+yy”

T dt v - (x12 + y;2)1/2'

Let the vectors PL and PM represent the horizontal and verti-
cal components of the acceleration of a point P moving along a
given curve. Then the vector PQ represents the total accelera-
tion. The projections of PQ on the tangent and normal at P are
PH, the tangential acceleration, and PK, the normal accelera-
tion. Let the angle between the vectors a, and ar be 6; then

PH = KQ = EM + FQ,

(2) a

or
ar = ay sin 6 + a cos 6.
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Substituting for sin 6 and cos 6 the values from (2), § 101, we obtain
the result given above in (2).
Similarly, to find the normal acceleration, we have

PK = PE — FM = a, cos 0§ — a, sin 6,
and substituting as before, we obtain

®) ay = USe = Vs XY oy
v "+
where the primes, as in (2), indicate differentiation with respect to ¢.
The normal component of the acceleration produces no effect
on the speed of the moving point but it is the centrifugal force
which causes the change in the direction of motion.

PROBLEMS

Find the equation of the path in rectangular coordinates and the velocity
of a point along the path if its equations of motion are as stated below. (Nos.
1-9.)

1. 2=2¢ y=2/t2+1), t=1

Ans. y(x? + 4) = 8, V/5 units per unit time.
2. x=2-3cost, y=3+2sint. Also find a.
3.z=xVIEFY, y=t Ans.z —y2 =9, V(2 + 9)/@% + 9).
4. z=2¢ y=2Vt— Alsofinda.
5. z =4cos*2¢ y = 4sin®2¢ Find the smallest positive value of ¢ for

which v is 2 maximum. Ans. x3 4 y2/3 = 423; 12sin4dt; t = x/8.
6. z =logt, y =2Vi Alsofinda.
.z =¢, y=loget Ans.z = eV, Viert + 1.

7
8 z=at —bsint, y=a—>bcost. Alsofinda.
9. z =e?cos2t, y =e2tsin2¢.
Ans. x = V2 + y? cosMlog(z? + y2)~1?, 2e~2¢v/2.
5 ft./sec. on 22 + y2 = 10, find vat z = 2.
15 ft./sec. along 22 — y? = 144, find v at (13, 5).
Ans. 41.8 ft./sec.
12. A point moves along z2 — y2 = 25. Where is v, = v,?
13. A body moves along y? — z2 4+ 4 = 0 with v, = 4 units/sec. Find
v, and a,. Ans. 4z/y, — 64/y5.
14. A body moves along z? — 3 y? = 6 with v. = 2 units/sec. Find
vat (3, 1).
15. A particle moves along y = cosz at 1 unit/sec. Find v, v, at
z = /6. Ans. 2//5 units/sec.; — 1//5 units/sec.

I

10. If v,
11. If v,
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16. Motion along y = 28in(2z — 3) has v, = 5 units/sec. Where is the
motion fastest; slowest?

17. A projectile followed the curve whose equation may be taken as
y =z — (22/100), wherc r and y are measured in feet. If the horizontal
velocity was 20 ft./sec., how fast was the projectile rising at z = 0?2 What
was its velocity when z = 100 ft.? Ans. 20 ft./sec., 20v/2 ft./sec.

18. A particle moves along y = sinz. Find a point where v, = 2v,.

19. The laws of motion of a particle in a plane are = acost + b,
y = asint + c. Find the rectangular equation of its path and show that its
velocity is constant. Ans. (x — b)2 4+ (y — ¢)? = a?.

20. A man walks along the 200 ft. diameter of a semicircular courtyard at
5 ft./sec. How fast is his shadow moving along the wall if the sun’s rays are
perpendicular to the diameter?

103. Angular Velocity. If a wheel turns, the angle which is
generated is dependent upon the time and hence is a function of
the time. The rate of change of 8 with respect to the time is
called the angular velocity and is generally denoted by w. That is,

do
Y (1) 0=E“t'

Plz,y) . ..
Likewise the angular acceleration is

_do __d’®

@ “=dr = dp’

For a point P(z, y) we can find
the expression for the w of OP in
terms of z and y as follows:

Fic. 104

0 = tan™! Y.
z

Differentiating with respect to ¢, we get

L dr
_do _ 1 Ta T Ya
CTE T 1T W) PR
or
xv, — Yv,
®) ©= gy

Hence » depends on the position of P and on its horizontal and
vertical component velocities.
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If the point P is at a fixed distance from O, we have the special
case of the angular velocity of a point on a circle. Then the
distance traversed by P is a function of 6, namely 78, and its veloc-
ity is

ds do
==

Therefore w = v/r, where v is the linear velocity of the point on
the circle. Also

v = Tw.

_dw __ ldv
CTW T rdt
where a denotes the lincar acceleration of the point along the cir-
cumference of the circle.
Angular velocity is measured tn radians per unit of time, or in
revolutions per unit of time.

a
r’

Y
EXAMPLES
1. A point on the rim of a flywheel of Pls,)
radius 5 ft., which is 4 ft. above the level ’
of the center of the wheel, has a vertical y
velocity of 50 ft./scc. Find the angular
. 6
velocity of the wheel. 5 = e
SorutioN. The point P is located by
the equations
x = 5 cosé, y = 5siné.
Since v, is given, we have
W _ s a9 _ . Fic. 105
v,,—-zz—ocoso EZ—JO.
When the ordinate of P is 4, cos 6 = 3/5 and
do 50
Z =27 162 i
Y %3 1624 radians/sec.
2. Find the expression for the angular
velocity of the line joining the origin toa
P(ry) point on the line 2z — 3y = 4. Eval-
1 uate this when the point is at (5, 2)
s on the line, and is moving along it at the
~1 0 / X rate of 5 ft./sec.
SoLuTION. 6 = tan“g,
/ then

Fi.. 106 o =Ty — Y
12 + yz
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and 2v, —3v, = 0,0rv, = (3/2)vy; alsox = By + 4)/2. Hence

3y 30y
(2+—2—)”"_y 2 _ 20,
@= z - 137
(2+30) +v a6y +TL
Now v = Vv, + 0,2 = V13 v,2/4 (§ 101), and for v = 5 ft./sec.,
13 9,2 _ 25 -4 _12__ X
1 = 49, Uy = \/13 )
then at the point (5, 2),
20 .
= 4+ ——— = =+ 0.1913 radian/sec.
“ 29V'13 /

The double sign permits motion up or down the line.

PROBLEMS

1. A wheel 4 feet in diameter revolves on a fixed axis at the rate of 20
r.p.m. Find v, of a point of the rim 1 ft. above the center.
Ans. &+ 2 n/3 ft./scc.

2. In Problem 1, find v, and v, of a point on the rim 1 ft. below the axis.

3. For the wheel of Problem 1 suppose v. = 2 ft./sec. at a point on the
rim 1 ft. above the axis and to the left of the center. Find the direction the
wheel revolves and its » in r.p.m. Ans. Clockwise, 60/7 r.p.m.

4. A wheel 10 feet in diameter makes 3 r.p.m. on its fixed axis. What are
w, vz, vy for a point on the rim 3 ft. above the axis?

5. A flywheel of fixed center revolves in a counter-clockwise direction
20 r.p.m. If its radius is 5 feet, at what points of the rim is v, equal to
— 160 = ft./min.? Ans. 3 ft. to left or right of center.

6. A linc joins the origin and a point of # + 3y = 4. Find the w of this
line in terms of z and v, as the point moves along = + 3y = 4. Evaluate
when the pomnt is at (7, — 1) and the motion is 3 units/sec.

7. A point moves along the parabolar = 6/(1 — sin 6) so that the angular
velocity of the radius vector to the point is 1.25 radians per sccond. If r is
measured in inches, how fast is r changing at 6 = 30°?  Ans. 15v/3 in./sec.

8. A point moves along the hyperbola r = 4/(1 4+ 2 cos 6) so that r is
increasing 3 in./sec. Find w of the radius vector at 6 = = /3.

9. A point P moves along the parabola 4 y2 = 5 so that its ordinate
increases 2 units per second. Find w of the line joining P to the origin.
Ans. — 8/(4z + 5).

10. A hoop of radius 2 ft. rolls so that w of a radius is 4 radians per second.
Find v, and v, of a point on the rim.

11. A wheel 4 ft. in diameter rolls along a straight horizontal road at 20
r.p.m. Find »and a, and the direction of motion of a point on the rim when it
is 1 ft. below the center of the wheel and rising.

Ans. 4 ©/3 ft./sec.; 8 =2/9 ft./sec.?; =/3.
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12. A 6-foot wheel rolls along a horizontal straight road 30 mi./hr. What
are vz, vy of a point on the rim? Evaluate at high and low and mid-point.

13. A variable point P on a rod OA which rotates with uniform angular
velocity about O describes the curve whose equation, with O as the pole, is
r = a(l + cos8). What is the velocity of P at any time?

Ans. kV2 ar.

14. A rod OA revolves in a vertical plane with uniform « about O.
A movable point P on the rod is constrained by a cam to describe
r = a(2 — cos0), where OFP = r, and 6 is the angle between OP and the
horizontal. Find the component of v along the rod, and the total v.

104. Simple Harmonic Motion. If a point P oscillates in a
straight line through a fixed point O as center, so that its accelera-
tion is always proportional to the directed distance from P to O,
then P is said to describe simple harmonic motion.

Let O be an origin and let the distance of P from O be s. By
the definition, the acceleration of P must satisfy the relation

d?s
(1) a=_5== k2s.

While the general solution of (1) for s is obtained in a later chapter,
it is obvious that the equation is satisfied if s is proportional to
either sin kt or cos kt. AY
To illustrate this motion,
. R(o,r)
let a point @ move along
the curve y = rsinz so F¥ Q(z.Y)
that the horizontal com-
ponents of its velocity is a
constant k. Then, if t = 0
whenz = 0, the coordinates g (0r7)]
of @ are:

z =kt, y=rsinkt. - Fi1e. 107
Let the projection of @ on the y axis be P(0, y). Then, since
d/dt? = — k* sin kt = — k%, it is evident that P describes

simple harmonic motion as it oscillates between R and S. If the
time is f; when z = 0, then OM = k(t — &) and

(@) y = rsin k(t — t) = r sin (kt — B),
where 8 = ki,.

The period of P is the time of one complete oscillation and is
the difference of the two values of ¢ when the angle kt — 8 varies
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from 0 to 2 . Hence the period of ¢is 2 #/k. When P is at R or
at S, OP has a maximum absolute value r, which is called the
amplitude of the motion. The phase angle is 8 or ki, and t is the
phase expressed in time.

Another illustration is as follows: Let @ move with constant
speed v in a circular path. Then
its projection P upon any line in the
plane of its path describes simple

Q harmonic motion. Take a diameter
% as the line and call it the z axis.
f g If the time is & when the point is
S 0 P | x at R, and t when at @, then
60 = k(t— t), where the constant
k is o/r, the angular velocity.
Then for any position of P

3) x=rcosk (t —t)
r cos (kt — B).

Y

It

F1a. 108

The velocity of the point P is

dx .
4) =" kr sin (kt — B),
and its acceleration
dx _  ,, _ _
(5) ar = k’r cos (kt — B) =

When P is at R or at S, the distance z has an extreme valuc and
dz/dt is zero; that is, when sin (kf — B8) = 0 ort = (nw + B)/k,
where n is an integer. The velocity of P has an extreme value
when the acceleration is zero, that is, when P is at O, or when
cos (kt — B8) = 0. This makes t = [(2n + 1)r + 2 8]/2 k, where
n is any integer.

Equations (2) and (3) may be written in the form

(6) s = A sin kt - B cos ki,

where s represents the distance in each formula.

The importance of simple harmonic motion is due to its repre-
sentation of the motion of vibrating bodies such as that of a weight
suspended by a spring, or a vibrating string or wire. Since the
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acceleration of any particle is proportional to the force actin; on it,
we have

2
F = pm d?it—z = — pmrk? cos (kt — B) = — pmk?2s.

Hence the force which tends to restore the vibrating particle to its
central position is directly proportional to its distance from that
central position and 1s always directed toward the center.

EXAMPLE

1. Write the law of motion for a particle which moves with simple harmonic
motion of period 5 seconds and amplitude 4 feet.
SoLuTioN. Take the motion along the z axis. Then

z = r cos (kt — B),

where r, the amplitude, is 4, and the period 2 #/k = 5. Hence k = 2 =/5.
Then
x=4cos(%f—t—ﬁ)-

PROBLEMS

1. Find the velocity, the acceleration, the period, and the amplitude of the
particle which moves according to the law s = 2 ¢ sin (kt + 6).
Ans. 2 ck cos (kt + 6); — k2s; 2x/k; 2c.

Discuss the motion defined by each of the following equations. (Nos. 2-8.)
Compare the acceleration and the distance.

2. z =cos 3¢t
3. s = 2sin (/2 + =/4).
Ans. cos (¢/2 + n/4); — s/4; 47; 2; S. H. M.
a cos bt + ¢ sin bt.
5. z =sint — (1/2) cos 2¢.
Ans.cost +sin2t; —sint + 2cos2¢; not S. H. M.
6. s =sinlcost —2cos2t
2 — 4sin?t 4+ (3/2) sin 2¢.
Ans.3cos 2t —4sin2t; —4s; = 5/2.
8 s=(1/2)cos 2t — (1/3) cos 3 ¢.
9. An alternating electric current varies in intensity according to the

law ¢ = a sin kt. What is the maximum current, and what is the frequency?
Ans. a; w/k is time between ¢ = @, ¢ = — a.

'S
»
i

.

hl
(]
I

10. A particle moves according to the law s = cie¥* + c.e~*t. Find its
velocity and its acceleration, Is this motion simple harmonic? Explain.
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11. A flywheel 5 ft. in diameter revolves with a uniform velocity of 40
revoluty »ns per min. What law defines the motion of the projection of a point
on the rim on a plane parallel to the shaft of the wheel? Discuss.

Ans. s = (5/2) cos 4 #t/3 +k);a = — 167%/9; p = 114 sec.; amp. = 5/2.

12. If s = 3 — 6 sin? 2 ¢ expresses the motion of a body in a straight line
show that the motion is simple harmonic and discuss it.

13. If a particle moves in simple harmonic motion with » = 3 ft./sec.
when s = 3 ft. and v = 4 ft./scc. when s = 2 ft,, find tlE_law of motion and
discuss it. Ans. s = 6V3/Tsin tV7/5; p = 2xV5/7; amp. = 6V3/7.

14. The amplitude of a simple harmonic motion is 6 ft., and when the body
is midway between the mean and extreme positions, the numerical value of
its velocity is 3 ft./sec. Find the period and discuss the motion.

105. Curvature. In a given circle of radius I the length of arc
As between two points P and Q is
proportional to the angle Aa between
their tangents; that is,

As =R A&,
where Aa is expressed in radians.
Then

= As
Aa

R

is the constant rate of change of the
length of arc with respect to its in-
clination. Since s is measured in linear units and « in radians, R
is the rate of change of s per radian. The reciprocal ratio,

F1a. 109

pa_ 1
. As R’

which is the rate of change of a per unit length of are, is called
the curvature of the circle. Hence a given circle of radius R has
a curvature 1/R.

If, however, we consider any other curve, the rate of change of
the length of arc with respect to its inclination is in general a
variable quantity. Let P and @ be any two points on a given
curve separated by a length of arc As. Let the inclinations of
the tangents at P and Q be @ and o + A« respectively. The ratio
Aa/As is the average rate of change of « with respect to the arc s.
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It is called the average curvature of the arc PQ. Now let Q
approach P; then

. Aa da
® s Ts ok
is defined as the curvature at P.
That is, the curvature of a curve at a
given point s the rate of change of its
inclination with respect to its length of
arc.

106. Formulas for Curvature. Let
y = f(z) be the equation of a given
curve. Since the slope of the curve
at Pis

1) y' = tan a

the inclination is therefore

2) a = tan™ly'.

Then

(3) da _ da é@_ﬁ___y" L dx
ds dx ds 14 9y'? ds

But, from the differential of arc ds in (4) § 101, we have
=V14yn
Substituting this in (3), we have

= Y
@ o

If y is considered the independent variable in the equation, we
may write

_1 — tan-1L
tana—@, a = tan T
dy dy

Differentiating with respect to y and using the relation

ds dx\?
dy = 1+(@)’
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we obtain

xll
® K= —asm

where the primes indicate differentiation with respect to y.
If the curve is defined by the parametric equations

z=9@), y=50),

we have
dy (gly) de dzy dy d
dy _dt dy  \dr) a4t dt de T dt de?
dz _dz’ dz* dt dz dz\3 ’
a ()

Substituting these in (4), we obtain

xlyll _ y/xn

where the sign is that of z’, and where the primes indicate differen-
tiation with respect to t. If we take the sign of the radical in (4)
as positive, then the sign of K will depend on that of y’’, that is,
it will be positive or negative according as the curve is concave upward
or concave downward.

(6) K=+

EXAMPLE

Find the curvature of the parabola z!/2 4 yU2 = q!/2 at any point (z, y)
of the curve.
SoruTioN. Differentiating implicitly, we obtain

7
v AL

_y'\/:E_}_ﬁ 14 \jé
w_ Vy vz _ z _
v= 2z T2z 23
then
all?
Ko 22% __ _an
B (1 + -’l)"” T 2@+

z

107. Curvature in Polar Coordinates. If the equation of the
curve given in polar coordinates is

¢y r =J(6),
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then
_ o _ da db
T ds  df ds
Now a = 0 + ¢ and, by § 100,

@) K

tan ¢y = dir = ;?,, Y = tan‘1§~
do
Then
. da r'2 — !’
3) @~ 1t
r2 4 272 —
o r2 4z

To express ds in polar coordi-
nates, usc the transformation

x =71 cos b, y=rsing (§18, VIII),
dr = cosfdr —rsinfdd, dy = sin6dr + r cos 6 db,

then

Fia. 111

ds = Vdz? + dy? = \/dr? + r2de?,
or

@) o v
Substituting (3) and (4) in (2), we get

r+2r2—rr”

(r‘l + 712)3/2 4

the independent variable being 6.

(5) K=

EXAMPLE

Find the curvature of the cardioid r = a(1 — cos 6) at any point.
SorvutioN. Here r’ = a sin 6, 7’/ = a cos 8.
Substituting in the formula, we obtain

_af(1 — cos8)? 4 2sin?§ — cos 6(1 — cos )]

- a’[(1 — cos 68)2 + sin267]%/2

_ 3(1 — cos 8) _ 3 _ 3 .
a[2(1 — cos6)1/2 2 aV2(T — cos 6) 2V2ar

K
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PROBLEN'S

Find the curvature of each of the following curves at any point and cal-
culate the numerical value when definite points are indicated.

1. y=ze*atz = 1. Ans. — 1/e.
2. 9x244y% =36at (2 0).

3. z2/9 — y*/4 = 1at (3, 0). Ans. 3/4.
4. y = log sec z.

5. ry? =a?(a —z) at z = a. Ans. + 2/a.

6. y =2z (x — 2)2at (2, 0).
7. y = e* at the point where the curvature is a maximum.

Ans. (- log V2, V1/2), K = 2/(3V3).
8. Vi —Vy=+Va.

9. y = e~2zgin 3 z at the origin. Ans. — 6/(5v'10).
10. y = (z2logz)/eat z =e.
1. z=t41, y=t—12att=1 Ans. — 2/(5V/10).

12. 2 =acosf, y=>bsindate = n/2.
13. 2=2cos¢, y =sin’¢pato == Ans. — 1/(4V/2).
14. z =12, y =2etatt =1

cosf, y=tsintatt= /3.

52 Ans. — 18(4 7 — 3v3)/(x? 4+ 6 7V3 4+ 54)¥/2,
16. z =logsin20, y =logcos26atd = /8.

17, z =etcost, y=-¢etsintatt = x/2 Ans. — 1/(e**V'2).
18. z =e2cos2f, y=-e2sin2t
19, r = e0. Ans. (02 + 2)/e(6% + 1)%2,
20. 72 = a%sin 24.
21. r =a(l +cosf) atd = x/4. Ans. 3/2aV2 + V2).

22. r = asec? (6/2).

108. Circle of Curvature. Center of Curvature. Let P be
any point on the curve y = f(z). The circle which is langent to
the curve at P on the concave side, and which has the same curvature
as the curve at P, 1s called the circle of curvature at P.

Since the circle is tangent to the curve at P, its center must lie
on the normal at P. The curvature of the circle is K = 1/R.
Hence to construct the circle draw the normal at P, and on the
concave side of the curve mark a point C such that PC = R = 1/K.
With this point as center, describe a circle with radius R.
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The center C of this circle is called the center of curvature at P,
and the radius R is called the radius of curvature at P. Hence, at
any point of the curve, the radius of curvature is the reciprocal of
the curvature, that is,

Y
_1_(a+y?)
(1) R= K - y// ¢
To find the coordinates (A, k)
of C we use the relations, distance ) IP @y
PC = R and slope PC = — 1/y'. y=5% |
These give 7 I }
@) R*=(h—2)*+ (k~y) LAl
_ A+, 0 L / MX
Yy Fia. 112
and -
3) (h—z)+y'(k—y) =0.
Eliminating (h — z) between these, we have
12
(4) ' k_y=:t1+//y_;

Y

where the positive sign in (4) must be used, since (k — y) will
have the same sign as ¥/, as C is on the concave side of the curve.
Then

(1 12 1 ’2
(5) h=x—‘l‘¢-j,_7y—), k=y+ +”y .
y y
y 109. Osculating Circle. The

osculating circle of a given curve
at a potnt P is the limiting position
\ of the circle through P and two other

points Py and Py of the curve as P,

yw)_ ) L and Py approach P.
P~ Let y = f(x) be the equation of
a given curve and let the circle
0 % through the points P, P,, P, on the

curve have center at C’(h', k')
and radius R’. Its equation is

(1) (—nh)2+ y-KkP—-R*=0
Since P, P;, and P, are on both the curve and the circle, if we

Fic. 113
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denote by ¢(z) the left-hand member of (1) when y is replaced by
f(z), then ¢(x) will vanish for the abscissas of P, P,, and P,, that

is,

¢(x) =0,
(2) ¢(z2) =0,

Hence, by Rolle’s Theorem, ¢’ () must vanish for at least two values
of z, one at P, for x; between x and x., the other at P; for x; between
z2 and x4, that is,

3) ¢'(x) =0, ¢'(xs) =0.

Applying the same thecorem again, ¢'/(z) must vanish for some
value of the variable between z; and s, say o, then

4) ¢ (o) = 0.

Now let Py and P, approach P; then Py, P;, P; will eachapproach
P as a limit, and A/, k¥, and R’ will approach &, k, and R of the
osculating circle at P. Then, corresponding to (2), (3), and (4),
we have the limiting values of ¢, ¢, and ¢’’, namely,

(5) ¢(x) = (x —h)*+ (y — k) — R* =0,
(6) ¢’ () =2[(x—h)+ (y—kyl =0,
) ¢"(x) =21 +y*+ Y —ky'l =0,
respectively.

These relations enable us to find
h, k, and R in terms of z, y, ¥
andy’’. Solving these, we have

Y

A
X Ip yu )
93'\7/ 1 ’2
2 (8) k= y+ ——-:/-/Iy ’

(1 + y'2)3r2
R=-——="2—"_.

Fie. 114 But this is just the circle of curva-
ture at P.

Hence, the circle of curvature at any point of a curve is the osculating
circle at that point.
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This means that the circle of curvature has three coincident
intersections with the curve; hence it will in general cross the
curve at P, This circle “ fits ” the curve more closely at P than
any other circle that can be drawn. To show the direction of the
curve at P, we draw the tangent to the circle, since both have the
same slope y’. In exactly the same way, the circle of curvature
shows the curvature at P, since both circle and curve are readily
shown to have the same value of y’’.

110. Limiting Position of Intersection of Adjacent Normals.
Let P and P; be two points on the curve y = f(z). At each point
draw the normal to the curve; the slopes will be — 1/y’ and
— 1/y//, respectively.

Let (h', k’) be the intersection of these normals; then

[ (x—=Rh)+y'y—Fk) =0,
(T —R") + 'y — k') = 0.

Let Y
(x—=h")+9y'@y—Fk) =y,
where y = f(z). Then, by (1),

1

@ ¥@ =0, Y)=o. \
Hence, by Rolle’s Theorem, we have
(3) ¥ (z0) = 0,

where x, is some value of the vari-
able between x and x;. Now let
P; approach P along the curve; Fia. 115

then P, will approach P as a limit

and the point (h’, k') will approach some limiting inter-
section, say (h, k). The limiting values of ¥(z) and ¢'(x) will be
one-half of ¢'(z) and ¢'’ (x), respectively, in (6) and (7) of the pre-
ceding article. That is, h and k& must satisfy the relations

) y@)=(@—h +y'@y—k) =0,
(5) V@) =1+y2+ (y—k)y"” =0.

Solving these for h and k, we get the center of curvature at P.
Therefore, the center of curvature at P is the limiting position of the
tntersection of the normals at P and Py on the curve as Py approaches P,
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EXAMPLES
1. Find the radius of curvature of the cycloid
z = a(@ — sin @), y = a(l — cos 0).
SoruTtioN. Since the equation is given parametrically use (6), § 106.
Differentiating with respect to 6, we have

z’ = a(l — cos 6), y’ = a sin §,
z'’ = asin 6, y' = a cos 6.
Then
K_a’(coso—cos”o-—sinfa) _ -1 _ 1 ,
a%(2 — 2 cos 0)3/2 " 2aV2(1 — cos ) 4 a sin (6/2)
Y since 1 — cos @ = 2 sin?(6/2). Hence
P(1.4) R = —4asin§-
P
0 1 2 X
-1 2. Find the radius of curvature
and center of curvaturce of the curve
-2 “Cli,1-e) y = ze~* at its maximum point.
re” SorutioN. Differentiating, we have
y =e*(1l —x), y' =e=(z —2);
so that ¥ =0 and ¥’ = —1/e <0
when z = 1. IHence (1, 1/¢) is the
Fia. 116 maximum point.

R= [1 4 e=22(1 — x)2]3/2

ez —2) @=1n o

The sign of R shows that the curve is concave downward at the point. We

have also
’ 72 ’
_ya+ym oy k=y+it¥? o1

v @=1’ ¥ @=pne
As a check, the distance P(1, 1/e) to C(1, 1/e — e) must equal R.

h=z

— €.

PROBLEMS
Find R for each of the following curves. (Nos. 1-21.)
1. 2zy = a? Ans. (1/a%)(z? + y2)¥2,
2. y=tanzatz = n/4

3. 2zy+z+y = at
Ans. [z + 12+ (1 +29)?]¥2/[422 + 1)(A + 2 )]

4. Ellipse, z?/a? + y?/b? = 1 at an extremity of the minor axis; at a
vertex.

S. Hyperbola, z2/a? — y?/b% = 1 at a vertex; at an extremity of the latus
rectum. Ans. b*/a; (b?/a*)(a? + c?)¥2,

6. y =logzat (1, 0).
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7. y = zsin (1/z) at x = 2/=. Ans. — 16v2/x3.

8. Catenary, y = (a/2)(e*/s + e—=/a).

9. Hypocycloid, 2?3 + y?/3 = a?/3, Ans. 3Vazy.
10. Gycloid, z = a cos™ [(a — y)/a] — V2ay — y*. Ans. 2V'2ay.
11. © =2 cost, y = 3sint. Ans. — (4 + 9 ctn?¢)3/2/(6 cscd t).
12, z =etcost, y =etsintatt=0.

13.

4 cos? 8, y = 4sin3 0 where R is a maximum. Ans. 6.
14. z =t +cost, y =4 —sintatt =0.

15. Involute, z = a(cos 6 + 6 sin ), y = a(sin @ — 6 cos 0). Ans. ad.
16. r = asin 26.

17. r = a cos® (6/3). Ans. (3 a/4) cos?(6/3).
18. r = a(l — 2 cos9).

19. r = 4(1 — sin ) at 0 = = /6. Ans. 8/3.
20. 72 = a?cos 26.

21. r2 = a%sec 26. Ans. — r3/a?.

Evaluate the radius of curvature at the point indicated for each curve;
draw the curve and the corresponding circle of curvature. (Nos. 22-29.)

22, 22 =4yat (2 1).

23 z =442y —y2at (1, — 1) Ans. 17V17 /2.
24, 2 4492 = 12 at (2, V2).

25. z =cos2t, y=-cosdtatt=m Ans. 17\/1—7/4.
26 z=t3+3t y=3¢tatt=1.

27. z = asin3 g, y = ;zcosao at 0 = r/4. Ans. 3 a/2.

28. At the point (10, 5) on the parabola whose vertex is at the origin and
whose axis lies along the z axis.

29. At the point where y = z cuts the parabola Vz + Vy = Va. Is
there an extreme value for R at this point? Ans. Yes, a/V2.

30. Find the point of the cycloid which has the largest radius of curvature.
Is there a point of least R? Explain the test for extreme value.

31. Prove that the normal acceleration of a point moving along the curve
z = g(t),y = f(t) is ay = v*/R, where v is the velocity of the moving point, and
R is the radius of curvature of the curve.

32. A point is moving along the arc of the curve 2y = 23 at the rate of
8 ft./sec. Approximate its change in direction during the half second after it
passed the point (2, 4).
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33. Approximate by differentials the change in the inclination of the curve
4y = z? by moving along the arc of the curve from the point (2, 1) a distance
As = 0.1 unit. Ans. 1°0.9".

111. Evolutes. The locus of the centers of curvature of a given
curve 1s called the evolute of that curve.

Let the equation of the given curve be

(1) y = f(x).
We have found (§ 108) the coordinates of the center of curvature

C corresponding to a point P(zr, y) on the curve. As P moves
along the curve, the point C varies and traces some locus. Call

its coordinates (Z, 7); then

Il 12 - 1 f2
@) =x—ﬂ§,“—,—”-l, i=y+ *y“”

=i

may be considered as parametric equations of the evolute, each being
expressed in terms of the parameter z. For, since the coordinates
of P must satisfy (1), ¥y and its
E derivatives y’ and y’’ are all func-
tions of z, and each value assigned
to z determines one or more points
P by (1), and corresponding points
A C by (2).

The rectangular equation of the
B evolute is found by eliminating "
C and y between equations (2) and
0 N X (1). In some problems this is readi-
ly done by solving equations (2)
for z and y, respectively, in terms of
¥ and 7, and then substituting the resulting expressions in (1).

The slope of the evolute at any point is

Y

C/Cy

Fia. 117

ay
ag _ dz
dt ~ dI
dz
Differentiating equations (2) with respect to z, we find
o 172 1200012 __ pilayd 10 180,010
g _ Y3y —yy Yy
dx y'’?

y/(yrgyul + yu/ -3 y/ynz)
yllz )
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and
7 iy’ — Yt — it
d_i _ g4 2YY ;/”2 Y'Yy
_ 3 y/yuz _ ylll . ylzy/// )
- y1/2 )
hence
dy _ 1
(3) = "y

But y’ is the slope of the tangent to the given curve (1) at the
point P. Therefore we have the following theorem.

The tangent to the evolute at any point C is the normal to the given
curve at the corresponding point P. That is, the radius of curva-
ture PC at any point is tangent to the evolute at C.

When referred to the evolute, the given curvey = f(z) is called
an involute.

EXAMPLE
Find the equation of the evolute of the parabola y? = 2 pz.
4 P p?
SoruTiON. ¥y’ = -, = B = B,
Y v Y v Y P
Then
(1 ’2 2
PRSSUACh: o /L NG LTI Y
Y 4
- 14y y? y3
y=y+ y// =y—p—2— =—Z—);)
or
Z - -
z = -—3—7-’, y=— @

Substituting these values in y? = 2 pz, we obtain
@ =22 @ - p),
or
27 p? = 8@ — p)*.
PROBLEMS

Find the center of curvature for any point of the following curves. (Nos.
1-12.)

1. y? =4z Ans. Bz + 2, — y*/4)>
2, y=ze*atz = — 1.
3. 2zy = at Ans. [z + yH)/2z, (z* +3y?/2y]

4, y=zcoszatz = .
5. y = log z for minimum R. Ans. [2Vv2, — (1/2)(3 4 log 2)].
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6. z=t—1t, y=t+att=—1

7. x =acosb, y=~"bsindfatd = x/2. Ans. [0,b — a?/(3D)].
8 z
9. x =e2co82t, y=e¢e2sin2tatt=0. Ans. (0, — 1).
10. »r =1 —2sin 26.

11, 72 = a%sec 24.
Ans. For coincident reference systems (2 z3/a?, — 2 y¥/a?).

12. r =1/(1 + cos @), 6 = x/2.

Find the equation of the evolute of each of the following curves. (Nos.
13-19.)

sin2¢, y = cos?t.

I

13, 2 =8z Ans. 3(— 16 )% = 8(% — 4).
14, 22 +4y? =4.
15. 2zy = a% Ans. (Z + 7)Y — (T — §Y3 = 2a?s.

16, z =3¢ y=t14+1.
17. z =t —sint, y =1 — cost.
Ans. T =cost (1 4+ ) + \/Té—g———y?.
18, z =sint, y =cos2t.
19. 23 + y23 = 4, Ans. (Z + ) + (& — ¥ = 8.

ADDITIONAL PROBLEMS

1. Given the curve y = z/2 + sin?z.
(a) What are the values of z for maximum and minimum values of y?
Ans. (fz + n)m, (1} + n)w.
=~ (b) Find R and K and evaluate for the first positive values of z giving a

maximum and & minimum y. Ans. — 1/V3, — V3; 1/V3, V3.
(¢) What are the values of z for inflections? Ans. /4 + nx /2.
(d) Approximate the change in the direction of the curve from (w, 7/2)
for a change in z of 0.01. Ans. da = 0.016 radian.

2. Transform ds? = dz? + dy? to polar representation.

3. Find the acute angle for which 3 tan 6 + ctn 6 is & minimum,
Ans. tan~1V'1/3.

4. Ifds/dt® = k?%,iss = asin kt + b cos kt a possible value for s?

5. Where between 8 = 0 and 8 = #/2 does sin 8 increase half as fast as
the arc in the unit circle? Ans. =/3.

6. A barge is being drawn toward a wharf by means of a cable attached to
a ring in the floor of the wharf 10 ft. above the windlass on the deck of the barge.

(a) Express the length of the cable and the distance of the barge from
the wharf as functions of the angle at the windlass between the cable and the
horizontal.
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(b) If the cable is being wound in at the rate of 4 ft./sec., how fast is the
angle of (a) changing?

() How fast is the barge approaching the wharf?

(@) Evaluatc the results of (b) and (c) when the barge is 24 ft. from the
wharf.

(e) Does the rate of change of the distance from the barge to the floor of
the wharf have a maximum rate of change? If so, where?

(f) Does the velocity of the barge have a maximum value? If so, where?

(g) Approximate the change in the length of the cable and the distance
of the barge from the wharf if the angle changes 0.1° after the discance is 24 ft.

7. Given the curve y = 2 — sin71z.
(a) Findvalongthe curveatz = 1/2ifv, = — 2 units/sec.
Ans. 2V (10 — 4v3)/(7 — 4v/3) units/sec.
(b) Approximate the change in z for — 0.02 unit change iny at z = 1/2.
Ans. dr = (0.02v3)/(2 — V/3) units.

(¢) Approximate the relative and percentage changes in y for a change of z
from 0.5 to 0.52. Ans. (2 — V3)/(1.18V3), (2 — v/3)/(0.0118v/3).

8. A hoop of radius 2 ft. rolls so that w = 4 radians per sccond. An insect
att = 0is at the bottom of the hoop and is crawling along the hoop at the rate of
8in./sec. Find the path followed by the insect and its velocity along the path.

9. A wheel of radius a rolls along a straight track with constant angular
velocity. Find the maximum and minimum velocity of a point on the rim
and describe its position for each of these extremes.

Ans. 9 = 0, v = 0, point at rest on track; 6 = r, v = 2 aw, point
moving at top of wheel twice as fast as the hub.

10. A flywheel of radius 5 ft. and fixed center has an angular velocity of
16 radians per sccond. Find:
(a) The parametriec equations of a point on the rim.
(b) The values of v, vy, and v of a point on the rim.
(¢) The position of a point if its v, is & maximum. Find also the value
of that maximum.
(d) The same as part (c) for v,,.

11. A wheel rolls along a straight horizontal road with constant velocity.
Show that the highest point of the wheel moves twice as fast as the two points
on the rim which are half the radius distant from the road.

12, The equations of motion of a point are
x = log sin ¢, y =2V

(a) Find v along the path.
(b) For what values of ¢, v, and « does the point cross the y axis?

13. At what point on 16 z2 + 9 y? = 400 does y decrease at the same rate
as z increases as a particle moves around the curve clockwise? What is the
velocity of the particle at that point? Ans. (3, 16/3); v.V/2 units/sec.
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14. Find the velocity of a point moving along the curve:
(@) z? + 2y? = 12 with v, = 2 units/sec. at (2, — 2).
(b) y = z3(x — 2)? with v> = 2 units/sec. at (1, 1).
(¢) y = sin z, with v, = 4/v/5 units/sec. at z = /3.
(d) y =4 — 22, with v, = — 5 units/sec. at (1, 3). Also find a.

15. A particle moves around & circle of radius @ units at b revolutions per
second. Find how fast it is moving away from a point ¢ units from the circle.
What is the speed when the motion is parallel to the line from the center of the
circle to the fixed point?

Ans. [2 mab(a + ¢) sin 6]/V2a(a + ¢)(1 — cos 8) + c? units/sec.;
[2 mab(a 4 ¢)1/V2a(a + ¢) + ¢? units/sec.

16. A statue 20 ft. high stands on a pedestal 20 ft. high. If the statue
subtends an angle 6 at some point in the plane of the base of the pedestal:

(a) At what distance from the pedestal is § a maximum?

(b) Approximate the change in 6 if the distance changes from 10 ft. to 11 ft.

Find K and R for each of the following cases. (Nos. 17-28.)
17. y2 =8zaty = 3. Ans. R = — 713.
18. y = %2 cos 3 z at the point (0, 1).

19. y = z/2 —gin?z.
(5 —4sin2zx + 4sin22 x)3/2.

Ans. B = — 16 cos 2 =
20. z =acost, y=>bsintatt = (1/2)n.
21, z =sint, y =-cos2tatt= (1/2)=. Ans. R = — 17V17 /4.
22. x =tert, y = 1% tatt=0.
23. The cycloid at any point. Ans. R = — 4 asin (8/2).

24, z =af —bsing y =a—0>b cosd. Find the center of curvature at
any point.

25. = =sin?g, y = logcosfatd = (1/4)n. Ans. R = — /2.
26. x = 2(cos 6 + 0s8inh), y = 2(siné — 6 cos?¥).
27. r = e, Ans. R = rV'1 + a2

28, r?2 = a?csc26.

29. Find the second and third derivatives of y with respect to z in each
of the following cases.
@z=1, y=1-—2¢, Ans. — 3/(21t), 3/(4 t3).
(b) z =sint, y = cosi.
©xz=1, y=e* Ans 33t —2)/t5 39t — 18¢ + 10)/3 t8.
@ z=f01), y=g0.

30. Derive formula (5) of § 106 directly from formula (4).
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31. Express d3z/dy? in terms of derivatives of y.
3 d_’lz)z _ d_y) ‘fi/)
Ans. dzx? dz /) \dz?
dy\®
(%
32. Light travels from a point 4 in one medium to a point B in another.

A plane surface separates the media. If light has the velocities #; and v, in the
respective media, find the path so the time of passage is a minimum.

" F1a. 118

33. A section of the earth through the poles is an ellipse, the polar radius
being 3949.9 mi. and the equatorial radius 3963.3 mi. Using the results for
the radius of curvature of an ellipse in Problem 4, § 110, calculate the length
of a meridian arc of 1° at the equator, and at the pole.

Ans. 68.708 mi.; 69.405 mi.



CHAPTER VIII
SOLID ANALYTIC GEOMETRY

112, Introduction. The ability to write simple equations for
certain surfaces is very important; therefore it seems advisable
to insert at this point a short chapter on solid analytic geom-
etry. Its contents may be used as a review of the material which
will be used in the following chapters, as it contains sufficient
information to permit students to understand the remaining chap-
ters on the calculus.

113. Rectangular Coordinates in Space. A point in space may
be located by a set of threec real numbers. For rectangular
2z coordinates these numbers repre-

sent the distances of the point

- S D from three mutually perpendicular
FeLl planes which meet in three mutu-
TP@y2) ally perpendicular lines called the

x axis, y axis, and 2z axis.
If z, y, and 2 represent these dis-
tances for the point P of Fig. 119,
Y  thenOA =DP =z, AB=FP =y,
and OF = BP = z. The signs of
these coordinates are chosen so as to
represent points in all eight octants.
Thus, if we consider any point B of the zy plane, it has positive
and negative coordinates, as explained for plane cartesian co-
ordinates. Then P has the same z and y coordinates as B; its z
coordinate is positive if the point is on one side of the zy plane
and negative if on the other. Obviously, this rectangular system
of coordinates is a very simple extension of the cartesian coordi-
nates in the plane.

[ S —
N
N

&

Tic. 119

114. Cylindrical Coordinates. Three real numbers locate a
point in space just as readily if the points of the plane are located
by means of polar coordinates. Thus, we locate a point B(r, 6)
in the horizontal plane and then measure a distance z perpendicu-
lar to that plane. This fixes a point P(r, 6, z), and the system of

186
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coordinates is called cylindrical. This system is very useful for
expressing the locus of points which lie on surfaces of revolution
about one of the coordinate axes.

If we take the two sets of axes coin-
cident, so that the positive z axis falls
along the polar axis OA and the positive

z axis remains the same, we have Pr62)
(1) x=rcos®, y=rsinh, z=z i

)
and 1z

@ r=veFy, 0=tal

and z = z as the relations between the
two systems of coordinates. They are 4
used to transform equations from one Fia. 120
system of coordinates to the other.

115. Spherical Coordinates. ILet P be any point in space.
Then its spherical coordinates are p, §, and ¢, where these quanti-
] ties are defined as shown in the figure.
The relations giving the rectangular co-
ordinates in terms of the spherical coor-

£

\,

“ dinates are
N\
. /)P(p,e.gs) x = p sin ¢ cos 6,
7\7/ 3) y = psin ¢ sin O,
/P

z = pcos ¢.

/

We observe that the p of spherical coor-
dinates is not the r of cylindrical, but
that p = r csc ¢.

(]
Emmfeee e

Fra. 121 116. Direction Cosines. If a direct-

ed line through the origin makes the

angles «, 8, and v with the coordinate axes, these angles are called
the direction angles of the line, and their cosines are called the
direction cosines of the line. Any line parallel to such a line and
having the same dircction has the same direction angles and the

sa,r%e/direction cosines.
. /THEOREM. If o, B, and v are the direction angles of a line, then
¢9) cos? @ + cos?B + cos’y = 1.

Proor. Let MN represent a line with direction angles «, 8, v.
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Draw OP through the origin parallel to MN. Let r represent OP.
Evidently
1) Z =T cos a, =rcosf, z=r7rcCoS¥.

z N But
(2) 24yt 422 =1k
Substituting for z, y, z, we have

r2cos? a + r2cos?B + r2cos?y = r?

or, dividing by r2%, we obtain (I).

Any three numbers proportional to
the direction cosines of a line are
called direction numbers of the line.
If a, b, ¢ are three such numbers,

cos:x_cosﬁ_cos'y=
@) e b ¢ k,

and substitution of the values of the direction cosines from relations
(3) in (I) gives

a®? + b%k? + c%*2 = 1.

Therefore the proportionality factor is

1
4) k= .
®) + Va? + b2 + ¢
Hence
COS a = a___
+vVar+ b2+ ¢’
II) {cos B = A
n V@t fo
4
cosY = e, Fia. 123
+Va + b+ ¢

When a line is directed, the proper choice of sign for k can be made,
since its direction angles are fixed.

The numerical values of the direction cosines of the line which
passes through the two points Pi(z1, y1, 21) and Ps(x2, ys, 22) are
proportional to the projections z; — 1, y2 — ¥1, 22 — 21 of the
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line-segment P;P, upon the coordinate axes. This is evident

from Fig. 123, as

PQ os g — DI sy = P8
PP, cos 3 = cos y = PPy

COS a =
PPy’

where
PQ=2xz—m1m, PiR=y,—y, PS=2—z,
are the projections of PP, on the coordinate axes.

TureoreM. The length of P1P; is given by the formula
(IH) L= \/(xz —x)2 4 (Y2 — Y1)+ (22 — 21)%
Proor. From Fig. 123, we have

*=PQ + PR+ PS,

and substitution of the values of the line-segments gives the
thecorem.

117. The Angle between Two Lines. Suppose two lines
through the origin are l; and l; with direction angles ay, Bi, 71,
and as, Bs, 7ve, respectively. Take P
and @ as any pair of points, one on
cach line. We define the angle be-
tween two lines as that angle between
the positive dircctions of the lines.
Then

Z

O—PZ+UQ2 _‘Q—‘P2.

(1) cosd = it S
20P-0Q
Since
6P2=x2+y2+z2,
6@2 =22 4yt 4 2’2 X
and Fig. 124

2

QP = (z —a')*+ (y — y)* + (e — 2')3,

zx’ + gy’ + 22’
Vat+yt 422 Vet 4yt 2

cos 0 =

or

(IV) cos 8 = cos a; cos a; -+ cos B, cos B: + cos ¥ cos Y..
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If I; and I, are perpendicular, cos § = cos 90° = 0, whence, for
two perpendicular lines,

(2) COS a; Cos ag + cos B cos B2 + cos v; cos ys = 0.

However, z, y, z and 2/, y’, 2’ are direction numbers of the two
lines since they are drawn through the origin. Hence

3) zx’ +yy' + 22" =0

Therefore the sum of the products of corresponding direction numbers
of two perpendicular lines s zero.

Evidently the ratios of correspond-
ing direction numbers of two paral-
lel lines are equal.

EXAMPLE

What kind of quadrilateral has the
vertices (2, 4, — 1), (4, 4, 0), (3, 2, 2),
(1, 2, 1) in the order given?

Sovurtion. The direction numbers of
the sides of the quadrilateral are: of AB,
2,0,1; of BC, 1, 2, —2; of CD, 2,0, 1;
of DA, 1, 2, — 2.

Frc. 125 Since AB and CD have direction

numbers which are proportional, these

lines are parallel. The same is true about BC and DA. Since the sum of the

products of corresponding dircction numbers of 4B and BC is zero, these lines
are perpendicular. Hence ABCD is a rectangle.

PROBLEMS
1. Tind the direction angles of the linc which makes equal angles with the
coordinate axes. Ans. 54°44.1.
2. Find the direction cosines of a line with 4, — 3, 1 as direction numbers.
. If @ = 45°, 8 = 75° what is the value of v? Ans. 48° 51', 131° 9",

3

4. What kind of a triangle has the vertices (7, 3, 4), (1, 0, 6), (4, 5, — 2)?

5. Tind the angle between the lines with direction cosines 1/V'14, 2/ V14,
3/V'14 and 2/V30, — 1/V30, 5/V30. Ans. 42° 57",

6. Find the angle between the lines with 2, 1, — 2, and 1, — 1, 1 as direc-
tion numbers.

7. Find the length of the sides of the triangle with vertices (3, 1, — 3),
(1, — 2, 1), and (1, 0, — 3). Ans. V29, 2v/5, V5 units.

8. Are the points (2, — 4, 3), (— 6, 12, — 9), (8, — 16, 12) on a straight
line?
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9. Find the coordinates of a point 8 units from the origin if « = 8 = 60°
and v = 45° Ans. (4, 4, 4V2).
10. Find the coordinates of a point 4 units from the origin if « = 120°,

B = 45°.
11. Find the angles of the triangle with vertices (— 1,3, 5), (— 2,—1, —1),
2, 3, —4). Ans. 42° 24/, 87° 32.5’, 50° 3.5".

12. Find the angles of the triangle with vertices at (1, — 3, 2), (0, 2, —1),
and (— 1, 4, 1).

118. Surfaces. Space Curves. If we write an equation con-
necting the three variables of either system of coordinates defined
previously, points whose coordinates satisfy the equation lie on a
surface. For, let an equation, in rectangular coordinates for
instance, be solved for z, so that it takes the form

(1) z = f(z, ).

Points of the locus defined by (1) may be located by giving
z and y special values and then computing the resulting values
for z. If f(z, y) is an algebraic function, the values of z are finite
in number and in general are distinct. The fact that they are
either distinct or equal shows that the lines through the points on
the zy plane perpendicular to that plane meet the locus in points
and hence the locus has no thickness. This type of locus is called
a surface.

Of course equations may be formed which are not satisfied by
the coordinates of any point in space, as was the case in the plane.
We are not interested in any such at present.

A space curve may be regarded as the intersection of any two
surfaces which pass through it. The equations z = fi(z, y) and
z = fa(x, y) of the surfaces considered as simultaneous are equa-
tions of the curve of intersection.

119. Cylinders. A surface generated by a straight line which
moves parallel to a fixed line and which intersects a given curve is
called a cylinder. The straight line is called the generatrix and
the curve is the directrix. If the directrix is taken as f(z, y) = 0,
say, and if the generatrix is perpendicular to the xy plane, the
cylinder is represented merely by the equation

(1) f(x) y) =0

When an equation contains two variables only, we plot the locus
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as though it represented points in the given plane. Then the locus
is formed of all the straight lines through the points of the plane
locus parallel to the axis of the missing variable. Such special
cquations represent cylinders. If two variables arc missing, the
locus represents planes parallel to the plane of the missing variables
and through the points of the axis corresponding to the roots of
the given equation.

120. Surfaces of Revolution. If a plane curve is revolved about
a fixed line in its plane, the curve generates a surface of revolution
whose axis is the fixed line. The following examples illustrate a
very easy method of deriving the equation of such a surface.

EXAMPLES

1. Find the equation of the surface generated by revolving the ellipse
z2/a? 4+ 22/b% = 1 about its minor axis.
SoruTioN. The equation of the ellipse means that for any point P(Z, Z) on

the curve we have
2

——2
I6)) RP +A€f=l, or =+ =1

|8}
ol e
SR
3

Now suppose the first quadrant of the el-
lipse revolved about the z axis to some posi-
tion ST, so that P takes the position Q(z, v, 2).
Then BP moves to RQ and MP to NQ. Hence
equation (1) becomes

Y @ RQ +N¢z’_1_

Fia. 126

But ﬁf =3 =22 4 y%and ]W)z = 7% = 22, where z, ¥, z are the coordinates
of @, any point of the surface generated by the cllipse.
Substituting in (2), we find the desired equation to be

24y 2
a? b2

2. What is the equation of the surface generated by revolving the parabola
2% = 4 z about the line £ = 2 in the zz plane?

SovutioN. From the equation of the parabola and Fig. 127, we have, for
any point P (%, 2),

—

®) MP" =4SP = 42 — PR).
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Suppose the parabola revolved about the line z = 2 until £ moves to the
position Q(z, y, z). Then MP = Z becomes NQ, and PR becomes QR. Draw
QT perpendicular to PR. Now NQ = z, and, from the right triangle QRT, we
have -

fQ‘R2=TR’+W=(2-—x)2+y3,

where z, y, z are the coordinates of Q, any
point of the surface generated by the
parabola.

Substituting these values in (3), we find

2 =412 - VE - D T
which, when rationalized, becomes

(22 — 8)r = 16[(2 — )% + y7].

Fic. 127

PROBLEMS

Find the equation of the surface generated by revolving
1. y? = 2 pz about its axis. / Ans. y* + 22 = 2 pzx.
2. z%/a® — y?/b% = 1 about its transverse axis.

3. z22/4 + y?/9 = 1 about its major axis.
Ans. (x2 + 22)/4 4+ y?/9 = 1.

4. 22 = 8y about y = — 2 in the zy plane.

5. 2z — 3y = 6 about z = 5 in the zy plane.
Ans. 3y — 4) = 4(z? + 22 — 10z + 25).

6. 3z =2y + 1 about z = 1 in the zy plane.

7. 3y = 2z? + 6 about z = 3 in the zy plane.
Ans. 216(y — 2) = 222+ 222 — 12z — 3y + 6)%

8. z? + y? = 4 about z = 4 in the zy plane.

9. z =y? — 2y + 3 about 2 = — 2 in the zy plane.
Ans. (2 — 2y + 62 =z2+22+4z+ 4.

10. z? = 4z about z = 2 in the 2z plane.

11. = + z = 5 about z = 6 in the zz plane.
Ans. (1 +2)2 = (6 — x)2 + 92

12. 322 = 2y + 1 about z = 1 in the yz plane.

121. The Plane. The Line. In the plane ABC, let P(x, y, 2)
be any point, and let ON be the perpendicular upon the plane
from the origin.

Suppose ON is of length p and has the direction angles «, 8, 7.
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Then the coordinates of N are p cos «, p cosf, p cos v; hence the
direction numbers of NP are

T — p cos a, Yy — p cos B, Z — P COoS ¥.

But the lines ON and NP are perpendicular for all positions of P;
hence by (3), § 117,

cos a(x — pecos @) + cosB(y — pcosB) + cosy(z — pcosy) = 0.
This, when simplified, becomes
\'2) xcosa+ycosPB+zcosY=p.

Since this equation is satisfied by
the coordinates of all points of the
plane and those points only, we have
the following theorem.

THEOREM. The equation of a plane
1s always of the first degree in z,y,
and z.

Any equation of the first degree in
z, ¥, and z may be changed into the
form of (V) by dividing by the square
root of the sum of the squares of the
coefficients of the variables. Since p,
in (V), is positive, choose the sign for the radical which will make
the constant term positive when it is transposed to the right-hand
member of the equation.

The equations of any line in space are those of any pair of planes
through it. If the line passes through P; with direction numbers
a, b, and ¢, its equations may be written in the symmetric form

Fia. 128

x—-x1=y-—y1=z—z1.
V) a b ¢

122. The Sphere. A sphere is a surface each point of which is
at a fized distance R from its center (h, k,1). Its equation is readily
seen to be

(VII) (x— 1+ G- R+ (2 -2 =R
If the center of the sphere is the origin, its equation reduces to

(VIII) 4yt 4 2= R,



§ 123] SOLID ANALYTIC GEOMETRY 195

If the sphere is tangent to the zy plane at the origin, its center is
on the z axis and has the coordinates (0, 0, &= R). Whence its
equation is

2+ y? + @£ R)* = R,
or

(IX) x2+y*+4+ 22+ 2Rz =0,

where the positive sign makes the sphere lie below, and the negative
sign above, the zy plane. Similar equations may be written for
spheres tangent to other coordinate planes.

Equations (VIII) and (IX) become in cylindrical coordinates

X) r2+4 22 = R?, 2+ 224+ 2Rz=0.
These same equations in spherical coordinates are
(XI)' p=R, pt2Rcosd=0.

123. The Right Circular Cone. The surface generated by a
straight line turning about a fized point on itself and passing through
a gien curve is called a cone.

Suppose the fixed point of the line
to be on the z axis and the given curve
to be a circle in the rf plane with its
center at the origin. Then for any
point P of the cone, we have, from
Fig. 129,

_ 9P
tan a = Vo'

where « is the angle any position of the
generating line makes with the z axis, Fia. 129

the axis of the cone. But QP = r '

and VQ =z — k. Hence the equation of the right circular cone
of vertical angle 2 « which has its axis along the z axis and its ver-
tex at (0, 0, k) is

(XII) (z—k)tana=r.
When the vertex is at the origin, this equation reduces to
(XT11T) r = z tan a.
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These two equations in rectangular coordinates are

(XIV) x+y'= (z— k)*tan’e, %2+ y? = z*tan’q,

respectively.
In spherical coordinates, the same equations are
XV) (Pcos¢ —k)tana =psind, ¢ = a.

It is worth while to observe that equations (XIV) are composed
of terms which are squares of linear expressions in z, y, and 2, respec-
tively, and one of the terms is of different sign from the other two
when all are written in the same member of the equation. These
two characteristics are sufficient for an equation to represent a
cone with its axis parallel to one of the coordinate axes.

z 124. The Ellipsoid. The sur-
face given by

x2 2 2
@V S+L+5=1
is called an ellipsoid. 1t has the
following properties:

(a) Theintercepts on the coordi-
nate axes are £ = 4@, y = + b,
z==*£c

(b) The coordinate planes cut
the surface in curves called fraces.

Fia. 130

They are the ellipses

x? 22
ata=1L

x2 yZ y2 z2 _
atp=b mta=l Gt

bZ

(¢) The equation of any section of the surface made by a plane

parallel to one of the coordinate planes is that of an ellipse. Thus,
the section in the plane y = k is

22 | 22 k2
ateE=1 "
which may be written
z? 22

= 1.

+ =
2 2
GO =k 50—k
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As k changes from 0 to b or 0 to — b, the axes of the ellipses cut out
by the plane y = k decrease and at k = =+ b they become points.
These plane sections of a surface, parallel to one of the coordinate
planes, afford the best method for sketching a surface. Several
such sections are shown in Fig. 130, which represents one-eighth
of the ellipsoid.

If any two of the constants a, b, ¢ are equal, the surface is an
ellipsoid of revolution, or a spheroid.

125. The Hyperboloid of One
Sheet. The surface represented by
z2

x2 2
@y S+% -5 -1

is a hyperboloid of one sheet and has
the following properties:

(a) The intercepts on the z axis
are = + a, and y = £ b on the y
axis; but the surface does not meet
the z axis.

(b) The traces in the coordinate planes are

x? 2 22 x2 22
___+1/_ ""T=1 - —f=l.
az ' b2 pe ’

a? c?

=1,

0‘(@
ol o

The first of these is an ellipse and the other two are hyperbolas.
(¢) The equation of the section in the plane z = k is
z2 Y2
a? + b?
= (c* + k?) = (c® + k?)

=1’

which is an ellipse for all values of k; the axes of the ellipses cut
out by such planes increase indefinitely as k — =+ «.

In sketching these surfaces it is best to draw the traces in the
coordinate planes; then draw plane sections parallel to one of
these traces, choosing sections which are closed curves (ellipses or
circles) if such exist. Figure 131 shows one-eighth of the surface
with several elliptic sections.

If a = b, the surface is a hyperboloid of revolution of one sheet
and the closed sections are circles.
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This surface has an interesting property which makes it useful
for gears. By writing (XVII) in the form
x2 22 y2
@ a~ 1l
both members can be factored into linear factors. These factors
permit us to consider the planes

z_ 2 _ _Yy r 2z _1 AW
M 8_5_k(1 b)’ a+c—k(1+b)

If a point P;(z;, y1, 21) is on the intersection of these two planes,
its coordinates satisfy their equations; hence

n_ A _n o, a1 uy,
a e (1 b)’ ot k<1+b>

Multiplying the corresponding members of these two relations and
transposing, we have

This means that the point P; lies on the surface represented by
equation (XVII). Therefore, since P; is any point of the line of
intersection of the two planes, their line of intersection lies on the
surface. With k£ as a parameter, the equations (1) represent a
system of lines on the hyperboloid of one sheet. This same con-
clusion can be reached by means of the system of lines

T _z_ Y T z_1l7.  W\.
@ a c_k(1+b>’ a+c—k<1 b/’

hence the hyperboloid of one sheet may be regarded as a ruled
surface with two sets of rulings. No two lines of the same system
meet, but each line of either system meets all of the other.

126. The Hyperboloid of Two Sheets. The surface repre-
sented by the equation
x2 yz 22
is called a hyperboloid of two sheets. Evidently the intercepts
on the y axis are y = =& b and the surface does not meet the = or
z axes.
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The traces in the zy and yz planes are hyperbolas with equations

b @t
respectively. There is no trace in
the zz plane.

The equation of a section in a
plane parallel to the zz plane, say
y=k,is

x? z?

+ =1
2 2 )
50— b9 5 (k= b)

which is an ellipse if £ > b or

if £k < — b The axes of these

sections increasc indefinitely as

k— & o. TFor k = & b, the scction has the equation
x? | 22

PER

CZ

16, 132

=0,

which is a poinf. There is no section corresponding to y = k
for —b < k <.

One-eighth of the surface is shown in I'ig. 132, drawn by means
of sections made by planes y = k,.

If a = ¢, the surface is a hyperboloid
of revolution of two sheets.

127. The Elliptic Paraboloid. If
taken as shown in Fig. 133, this sur-
face has the equation

2 2
(XIX) ;% + %—2 = cz.

The intercepts are all zero. The traces
in the coordinate planes are

x2 2

2 2
x 1
A = ¢z, = = cz.

aTpE=0 G
The first of these is a point and the other two are parabolas. Sec-
tions parallel to the zy plane are

x2 y2
@ T =k

T1a. 133



200 DIFFERENTIAL AND INTEGRAL CALCULUS [Cu. VIII

which are ellipses for all values of k such that ck > 0. The axes
of these sections increase indefinitely as ck — + .

Figure 133 shows one-fourth of the surface for the case of
¢ > 0, drawn by means of the closed parallel sections lying in the
planes z = k..

If a = b, the surface is a paraboloid of revolution.

128. The Hyperbolic Paraboloid. The surface whose equation
is

2 2
(XX) ‘%2 — % =cz

is called a hyperbolic paraboloid. The surface has all of its inter-
cepts zero.

z . .
Its traces in the coordinate plancs
are
x‘) 2 x‘l
- % = 0, — = — Cz,
a b a?
2
%2 = ¢z

Y The first of these may be written

X z Y\ /[T Y\ _
Fia. 134 (5+5> (a‘z =0,

and therefore represents two straight lines intersecting at the
origin. The other two traces are parabolas. All sections in the
planes z = k; are hyperbolas and their axes increase indefinitely
as ki — + o,

If ¢ and k; have the same sign, the transverse axes of these
hyperbolic sections are parallel to the y axis, and when ¢ and k;
have opposite signs the transverse axes are parallel to the z axis.
Figure 134 shows this surface for ¢ > 0. Since it does not have
closed sections, we should sketch it, as shown, by means of hyper-
bolas.

129. The Elliptic Cone. If the vertex is placed at the origin
and its axis along the z axis, the elliptic cone has the equation

x2 y2 zZ

(XX1) E§+E§~E§=0.
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All intercepts are zero and the traces in the coordinate planes are
2 2 2 22 2 22
Sef-o FoZ-o f-i-
The first of these is a point, and each of the others is a pair of
straight lines meeting at the origin.
Sections in the planes z = k,, that
is, perpendicular to the axis of the
cone, are
xz y2 _ kiz
a2 b ¢
These are ellipses which increase in
dimensions as k, — &£ «. Figure
135 shows one-fourth of the surface,
drawn by means of scctions parallel
to the zy plane, and the traces in the
other planes. Fia. 135
If a = b, the cone is circular.
The equations of the surfaces discussed in this chapter have
been given their simplest forms by the proper choice of the coordi-
nate planes.

130. Translation of the Axes. If the axes are translated to
the new origin O’ (h, k, 1), as referred to the z, y, z axes, we have for

any point P,
x=x"+h,
(XXII) y=y +k
— !
Py z=2z'+1
@y, 2)

Suppose the equation of a sur-
'Z\Y face is given in terms of z’, ¥/,
and 2’ and it is desired to find the

~—y equation of the surface as referred
to the z, y, z axes. It is merely

7\ necessary to replace the z’, y’, and
Fro. 13,5L 2z’ by their values as given by
(XXII).

Thus, in the equations of the preceding articles, we must replace
z,y,zbyx — h,y — k, z — Lif the point we choose for the origin
is at the point (h, k, I). However, the content of these articles
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still holds if we consider the planesz = h,y = k, z = [ as reference
planes when we find the intercepts, traces, and sections of any
surface.

EXAMPLE
What surface has the equation
22+ 3y*—422+22—-12y+8z2—-3 =07
Sketch the surface.
SoruTioN. Since first-degree terms are present in the equation of the

surface, it is necessary to complete the squares of cach pair of terms involving
one variable. This gives

7
z x4+ 1)24+3(y —2)2 —4(z — 1)2 = 12,
// - This equation can be written in the form
7/ ==
yd /7 b (1+1)’+(y—2)’_(2—1)’=1
7 > . 2 4 3 :
a // * K1, f In this form we recognize the equation
N > ' y 8 that of a hyperboloid of one sheet, as the
o equation is similar to equation (XVII),
T § 125,
Y The fact that z + 1,y — 2,and z — 1
X X’ replace the z, y, and z of (XVII) merely
Fia. 137 means that the center of the hyperboloid

is at the point (— 1, 2, 1).

Draw lines through this point which are parallel to the z, y, and z axes
respectively. Then sketch as shown in Fig. 137. Here we have used the
traces of the surface in the planes ¢ = — 1, y = 2, z = 1 and sections in the
planes z = k.. One-eighth of the surface is shown.

PROBLEMS

1. Derive the equation of the plane whose intercepts on the axes are re-
spectively a, b, and ¢ units.
Discuss, sketch, and name the surfaces represented by the following equa-
tions. (Nos. 2-33.)

2. z+y=4. 10. zy + 3z —4y = 3.
3. 3z -3y —2z2+6=0. 11. r = 2 cos 6.

4. 2+ y* 422 =09. 12. r = 3 siné.

5 22+ y?+22—42=0. 13. r = acos 36.

6. r? 4 22 = 16. 14. 247 =0.

7. y*=4—z2 15, y2 422 =2z

8 y=z—2 16, 422 —y? 4+ 22 =0,

9, 22422 —2az=0, 17. r2 =1+ 2
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18. 4z —y? — 422 = 4. 26. 622 —3(y —4)*+422=0.
19. 2 =6 — 22 — y2 27. r2 =4 —z.

20. (z —1)244y?2 =422 28. 4+ 3y*+ 422 =36

21, z? 4 y? — 2% = 16. 29, 422 4+3y2—422=0.

22. V3 =z 30. z2/9 — y?/25 — 2%/25 = — 1.
23. 2+ 42+ 22 =4. 31. r = a(l + cos ).

24, 22 —4y*+ 22 =4, 32. r? = qg%cos 24.

25. 22 —4y? — 22 =4, 33. r =22

Draw each of the following lines and find its direction numbers. (Nos.
34-35.)

34. (@) 2z -3y =0, 5z+16y = 0.
) z+y+2=3 z+4+y=06.

35. (@) 2+3y —32=4, 3z+4y+6z=6.
®) —-4)/6=UH4+3)/3=—(4+2)/2. Ans. (b) 6,3, — 2.

36. Find the equation of the planc through (1, 2, 3) and perpendicular to
theline3z+2y+1=0,52—-22—-3 =0.

Sketch each of the following pairs of surfaces on onec reference scheme and
show the curve of intersection. (Nos. 37-43.)

37 22+ y* =42 224y*4+22=0.

38. r =4cosb, r =z

39. r=2sin0, 7r?+4 22 =4,

40, 322 +4y?=—22 x224+y?—-2:z+2)=0.
41. y2 =42 22 =4z

42, 22+ 22 =9, y*+22=090.

43. 12 =32 rcosf+z=2.

44. Write the cquation of the right circular cone with a vertical angle of 120°
at the origin if its axis is along the z axis.

45. Write the relation connecting the three sides of a right triangle. Sketch
the relation. Ans. 22 = 22 + y%

46. Write the equation of the right circular cone of vertical angle =/2 at
(0, 0, 2) and axis along the z axis.

47. Write the equation of the right circular cylinder which has the z axis
as one element and has (0, 0, 1) as the center of its yz trace.
Ans.y? 4+ (z —1)2 = 1.

48. Write the equation of an ellipsoid whose center is the origin if its semi-
axes are 2, 3, 4 units, respectively, and lie along the reference lines.
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49. Write the equation of the paraboloid of revolution whose vertex is
(0, 0, 2) and which cuts the zy plane in a circle of radius 2 units.

Ans. 4 — 2z = z22 4 y2

50. A paraboloid of revolution is formed by revolving about its axis a

parabolic segment whose base and altitude are each 10 units. Choose a refer-
ence scheme and derive the equation of the surface.

Find the direction numbers of each of the following lines. (Nos. 51-52.)

51 (@) 2z +y —32=7 z—4y+3z+9=0.
) 3z—2y+2=12, z—-5y—22z=10.
Ans. (@) 1,1, 1; (b)9,7, — 13.
52. (a) 2z ~y+2=7 z+y+2z=11
®b) z+5y—32=10, 2z -3y — 2z = 10.

Find the equation of the plane determined by each of the following sets of
conditions. (Nos. 53-54.)

53. (a) Passing through the points (8, — 2, 6), (3, 4, — 3), (2,2, — 2).
(b) Passing through the point (1, 1, 2) and thelinez — 3y — 2z =0,
z4+y+2z—-2=0.
Ans. (a)6x — 7Ty —82—14=0; (b))4z+2—6=0.
54. (a) Passing through the points (4, 2, 1), (—1, — 2, 2), (0, 4, — 5).
(b) Passing through the point (0, 2, —3) and theline3z — z + 12 = 0,
z+3y+17 =0.

Find the equation of the plane through each of the following pairs of inter-
secting lines. (Nos. 55-56.)

z+2 _3-—y_z2-1 x+2 y—3_ z-—1
3 =5 ~ g ad T =— =3
Ans. 23z +13y —22z+9 = 0.

56. [3x—2y=0,2+3y—22=3Jand[z+y —2=0,5y—32z = 0].

55.




CHAPTER IX

PARTIAL DIFFERENTIATION — DIRECTIONAL
DERIVATIVES — ENVELOPES

131. Partial Derivatives. A function of two or more inde-
pendent variables can be differentiated with respect to any one
of the variables if the others are considered as constants during
the operation. Such a derivative is called a partial derivative
of the function.

If we consider z = f(z, y), the first partial derivative of z with
respect to z is defined as follows:

(1) Alxl_’f‘o A ;

and we represent the same by one of the symbols

9z _ of(x,y) _
= ar ~f_z(x, Y).

The student should recognize (1) as the definition of the deriva-
tive of a function of one variable z; that is what it really means,
since y is assumed to remain constant.

Similarly we have

9 ay—0 Ay

If we have a function of more than two independent variables
the first partial derivatives of the function with respect to each
variable are defined and found just as in the case of f(z, y). All
variables are treated as constants except the one with respect to
which the derivative is taken.

We are familiar with functions that depend upon two or more
variables; for example: the volume or surface of a cone depends
upon the radius of its base and its altitude; the volume of a gas
depends upon its temperature and the pressure to which it-is
subjected; the motion of a body is dependent on all the forces
acting upon it. Also, in filling a cylindrical can with water we

have the volume of the water changing in depth only; in rolling
205
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paper into rolls for printing, the volume changes due to a change
in the radius of the roll alone. These are illustrations of functions
of more than one dimension, however, only one dimension is
allowed to change. Hence the rate of change of the volume in
each case is a partial derivative.
To illustrate this, let the rectangle
Y OABC of Fig. 138 be a plate heated in
B such a manner that the temperature at
any point P(z, y) is given by some

R@y-oy) S@eazy-ay) function of z and y. I Tr = f(z, y¥)
then T¢ = f(z + Az, y) as P and Q

Pag  Quany) have the same ordinate. Hence the
-——X temperature changes in going from P
to @ by the amount

Tq—Tr = f(z + Az, y) — f(z, y).

As this change is due to a change in z alone, the temperature along
the line PQ has as its rate of change at P the following limit:
lim TQ - TP = lim f(il‘/ + A(IZ, ?/) —f<13, y)’
sz—0 AT Az—0 Az

C

Fia. 138

which is exactly an illustration of a first partial derivative of a
function of two variables and is accordingly 97'/dz.

Similarly, the rate of change of T in the direction PR is 97/dy.
However, the change of T' in any other direction PS will depend
upon both Az and Ay and hence the rate of change is not a partial
derivative.

EXAMPLES

1. If T = e*siny, find 37'/dz, 9T /dy at the point (1, 2).
SoruTioN. T, =e€* sin y and at (1, 2) is e-sin 2 or 2.4717. Also
T, = ¢* cos y and at (1, 2) thisis — 1.1312.

2. Find the rate of change of the volume of a right circular cone with respect
to the radius of its base when the fadius is 4 inches, if its altitude remains
6 inches.

SorurioN. The volume of the cone i V = (1/3)ar2h and we want
dV /dr evaluated for r = 4”” and b = 6”. Since

v _2 .
ar 3 1,”. ’
the desired quantity is (2/3)#‘4--6 = 16 = cu. in. per in.
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132. Higher Partial Derivatives. If z = f(z, y) is differenti-
ated twice with respect to z or y, or once with respeet to each
z and y, we have second order partial derivatives. These sccond
partial derivatives are represented by the symbols

ad [az ad [az 3%
% 5}) - 0172 fz:(x y)y STJ(—('E) ajax fzv(x; y),

a oz ad [ oz
() - s -t 2(2)= 2=,
If f(x, y) is a continuous function with continuous derivatives,
9% _ 9%*
xdy  dydx

A similar notation is used for higher derivatives than the second
of functions of two or more independent variables. Thus

90 (9% % a [ o% %z

:9;((')—1;2) T 9t Jz2z(z, ), @(m) = m = f:uu(x ¥),
9z ad (0% %z -

ay( ) = ayax2 = f2a(2, ¥), &(@}) a.l’ay fwz(I Y),

9 [ 3% 9%z ad (922
éz(m) = 51'25!7 = fy22(2, ¥), a_y(a?) = aj" fyw(x; y),
and similarly for the fourth and higher derivatives.

EXAMPLE

If z = 2% + 2 ze'ly, show that z,, = z,..

SovuTion. The first partial derivatives of z are z, = 2 xy + 2 ¢/, and
2y = 1 — 2 xe!v/y%  Differentiating the first of these with respect to y
and the second with respect to z, we have

2 elly
2oy =22 — T = z,,.

y2

133. Geometric Representation of z, and z,. Tangent Plane.
Since z = f(x, y) may be considered to represent a surface, a very
simple geometric representation of the partial derivatives 9z/dz
and dz/dy can be given.

Suppose a portion of the surface z = f(z, y) is represented by
ABCD of Fig. 139.

The plane z = z; cuts the surface in the curve QN and LM is

Yo For a proof of this see Goursat-Hedrick, Mathematical Analysis, Vol. I, § 11.
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cut out by the plane y = y;. Then WP, is the value of z at the
intersection of the curves QN and LM. If welet WE = PiK = Az
and WH = P\F' = Ay, then WPy = f(zy, y1), EM = f(@,+ Az, y),
and HN = f(z,, y1 + Ay). Whence

KM = f(xl + Az, yl) - f(xl, yl);
and

FN = f(zi, y1 + Ay) — f(z1, 1)

This means that

9z _ lim KM
0r  px—oP1K

is the slope of the curve LM at the
point ;. And similarly

Fia. 139 Z = lim ——

is the slope of QN at Py.

Hence the first partial derivatives of z = f(x, y) are the slopes of
the curves cut from the surface by sets of planes which are parallel to
the yz and xz planes, respectively.

It is now casy to find the equation of the tangent plane to the
surface at 1. This plane intersects the planes ¢ = z,andy = y
in lines tangent.to QN and ML at P,.

These tangent lines are

0z
(1) 2—21=é‘!7i = w), z—x =0,
and

a
(2) z—z,——-éﬁ(x—xﬂ, y—1y =0.

The equation of any plane through P, is

3) Al —2) + By —y) +Cz —z1) = 0.

If this plane contains the tangent line (1), whose direction numbers
are 0, 1, 921/9y1, we must have

621
B+ C—=0.
* Iy
Similarly, if (3) contains the line (2), we must have
A+c¥_g,

ax,
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Hence*

.Q.z_l—-—-é and %-—.—_Bi.
a:c;_ C’ ayl_ C

Solving (3) for z — z; and substituting these values, the equation of
the tangent plane becomes

a

ay, ¥ ¥

4) z—zx=g—i—;(x—xx)+

EXAMPLES

1. If z =322 — 2y? 4 2 2y, find 02/dx and 93z/3y.
SorutioN. Differentiating z as though z were the only variable in it, we
find 9z/0r = 6 z + 2 y. Similarly for y, 9z/0y =2z — 4 y.

2. Find the equation of the tangent plane to the paraboloid z = 2 22 + 4 y?
at the point (}, 1, 6).

SoruTioN. At the point 3z2/0x = 4 and 92/0y = 8. Hence the tangent
planeisz — 6 = ;4(:1: — 1)+ 8y —1)or

4z +8y —2—-6=0.

3. If z and y are given parametrically by the two independent variables
r and 6 such that £ = e?" cos 9, y = ¢"sin 6, find z,, x4, yr, y,.
SorurioN. Evidently z, = 2e€?" cos 6, y, = e"sinf. Also we have

Ty = — e?rsin b, yy = e" cos 6.

4. Suppose in Example 3 above that z and y are the independent variables.
Find r,, 7y, 6, 6.

Sovurions. It is essential that the student realize that r and 6 are now
the dependent variables and each is a function of z and y. Therefore, r and ¢
have partial derivatives with respect to each z and y. Hence we may solve
the given equations for r and 6 in terms of z and y and find these partial
derivatives just as in the preceding examples. However, such a solution is
often inconvenient or more difficult than the method given below. That is,
find the partial derivatives of both sides of each of the two equations

z = €2?r cos 0, Yy =e'sin @

with respect to z, as is done in implicit differentiation. Recalling that y is
assumed constant, we have
a0

or
= 2r ¢« — — p2rgi i
1 =2¢* cosé 3z e?r sin 6 %’

r a1 Qf r .(2_8
0 =e¢rsind az-{-e cos @ %

* These results can be obtained also as follows. The section of (3) by the plane
z = z1 is obtained by setting z — z1 =0in (3). Solve the resulting equation for
z — z1 and compare with (1). Proceed similarly for (2).
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Since such equations are always linear in the partial derivatives, they are
very readily solved. Thus we get

or _ cos M _ sin 8 .
dz  e?(1 + cos?6)’ dr  e¥(1 + cos?9)

These results may be expressed in terms of z and y with the help of the original
equations. They become

ar _ 2z

9 (y2 4 Vit 427 \/y‘+4.z2’

o _ yv2
Jx

VitV tde Vgt iz

Similarly, dr/dy and 06/dy may be found.

PROBLEMS
Find the partial derivatives specified below. (Nos. 1-5.)
1. z =6 — 222 — y?, find z,, 2y, 2:y. Ans. —4zx, —2y,0.
2. u =22+ 5zy? find zu.. + (1/2)yuys.

3. 422 —y?+ 22 =0, find 24, 2y, 2.4, 24 2t (2, 5, 3).
Ans. — 8/3, 5/3, — 100/27, 40/27.

4. u =22 — 22y + 3 y? find uyz, uzy.

5. zyzd — 2 Y%t + 2?4+ 2 =0, find 2, 2,.
Ans. (2 xy + 3 z224) /(6 yz? — 4 2%3),
(2 22y + x%2* — 4 y2%)/(6y%? — 4 2%y23).

6. u = (2 4+ y?)/(y? — x?), show that uzy = uy,.

7. u = z%? — 2 z2y* + 3 2?3, show that zu. + yu, = 5u.
8. u = (x? + y?)V3, show that 3 zu,. + 3 yu,, + u, = 0.
9. u = (azx + by + cz)», show that zu, + yu, + 2u, = nu.
10. z = logVz® + 42, find 2. + 2yy.

11, z = z?sin 2 y, show that z., = 2,..

12, u = sin 2%y, iS Uzy = uy,?

13. z =rcosé, y = rsin 6, find z,, yg. Ans. cos 6, r cos 6.
14, z = ¢’ sin 6, y = e’ cos 6, find z,, y,.

15. z =rcosf, y =rsinb, findr;, 6,. Ans. z/r or cos 0; z/r? or (cos 8)/r.
16. z

17. z = ™' cos z, show that z,, — 2 2., = 4 y%.

i

ersin 6, y = er cos 6, find ry, 6..

18. z = ¢?*(cos?y — sin?y), find z.; + 24y,
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19. z = (x2 + y?) tan~'(z/y), find z., 2y, 2.

Ans.y + 2z tan™(z/y), 2y tan~'(z/y) — =z, (4* — 27)/(@* + ¥?).
20. z = ev/% sin (y/z), find yz, + 2z..
21l. z = zsiny — ye?, find 2y.. Ans. cos y — e=.

22, z = z%7?v + ylog [3 — csc (z/2)] + sin y tan™! z, find 2., 2, 24y.

23. Given the surface z = 2 22 + 3 y2 — 4, find the slopes of the curves cut
from this surface by planes through (1, —1, 1) parallel to the zz and yz planes.

Ans. 4, — 6.

24. Given the surface z = 2 — y? + 3 z — 7, find the slopes of the curves
cut from this surface by the planesz = — 3, y = — 2.

25. Use the area of a triangle in terms of two sides and the included angle
to find the rate of change of the area with respect to the angle; with respect to
either side. Ans. (1/2)xy cos 6, (1/2)y sin 6, (1/2)x sin 6.

26. Using the law of cosines, derive the rate of change of one side with
respect to the opposite angle.

27. If the resistance of the air is not neglected in considering vibrations
of strings, the equation y. 4 2ky, = a%y.. occurs. Is the following function,
y = e*t sin ax cos ({Vala? — k2), a solution of this equation?

28. The cquation z:; = c2(zz2 + 2,) occurs in the theory of the vibration

of stretched membranes.  Show that z = sin az sin By sin (ctVa® + £%) is a
function satisfying this equation.

29. A function defining the potential of a point of a thin sheet due to
current flow must satisfly the relation v,, + vy, = 0. Are the functions
v =1— [tan™Y(y/x)]/m and v = — [log (z* + y2)]/(2 =) solutions of this
equation?

Find the equation of the tangent plane to cach of the following surfaces at
the point indicated. (Nos. 30-39.)

30. zz+2zx+ 42 =35, (2 5,1/6).

3l x*—y2+z2=’6,(T,2,—3). Ans.z —2y — 32z = 6.
32, 224 y2/4 —22/9 =1,(—1,2,3).

33. 2z +y%/2 +22/4=0,(—3/8,1,1). Ans. 8z +4y + 2z =3.
34. 22 -4z +2y =0,(4,0,5).

35. zy +yz +2¢ =0, (2, — 3, — 6). Ans. 9z +4y+2z=0.
36. 224yt +22—6z=0, (22 4).

37. 2?4+ y2—32=2,(— 2, —4,6). Ans. 4z +8y +32+4+22=0.
38 222 —y?—322—4y+62+2=0, (3 — 2 4).

39, 22 +3y?—422+22x—-12y+82—-7=0, (1, —2,4).
Ans.z —6y — 62+ 11 =0.



212  DIFFERENTIAL AND INTEGRAL CALCULUS [Cm.IX

134. The Increment and Differential of z = f(x,y). Ifzandy
are given increments Az and Ay, the resulting increment of z is

(1) Az = f(x + Az, y + Ay) — f(z, ).

Since WP = zand JC = z + Az, we have Az = JC — WP = RC.
Now, assuming that z and its derivatives are continuous func-
tions, the point C will approach P as a limit as PK and PF approach
zero as a limit in any manner whatsoever.
The line-segment KC is made up of RT = KM and TC. We
have shown in the preceding article that
KM 3z

@) Jm e =g

whence (§ 85)

KM 9z
(3) PR " oz + a,
where ¢; — 0 as PK = Az— 0. From
(3), we have

@) KM = gg + ex) Az.

Also we see that T'C is such that

lim TIe slope of MC.

However, as Az — 0, the curve M C approaches coincidence with
PN, and TC with FN. Hence if we take the limit of TC/MT
as both MT = PF = Ay and Az approach zero as a limit we have

(5) tim LC _ jim EN _ %2,
aroMT  ayso PF 3y’
Ay—0
whence
TC 9z
© 3T =3+

where e, — 0 as Az — 0, Ay — 0. This gives

7 TC = (585 + 62) Ay.
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Substituting the values of the line-segments KM and TC in Az,
we get

9

8) Az=5—z—‘A:c+g—z-Ay+e1-A:c+e2'Ay.

-z Y

This formula for the change in z due to changes in x and y is of
no value for finding the change of a given function. Such a prob-
lem is mercly an arithmetical calculation of the difference of the
two values of the function.

However, if we observe that e; and e, depend upon Az and Ay,
we see that for sufficiently small values of Az and Ay the two
terms e; - Az + e; - Ay become very small. Hence the remaining
two terms of Az may be used to approximate the change in 2.

These two terms are defined as the differential of z, and represent
the approximate change or error in z for given changes or errors in
z and y. That is,

74 z
(9) dz—adx-{-é—!;dy,

where we write dz and dy for Ar and Ay as both are independent
increments. This is a useful formula, as the partial derivatives
and increments are readily combined to give approximate changes
in the function of two variables.

As dz and dy are independent increments,- we have
(10) d:z = gﬁ dx, dz = 563 dy,
where d.z and d,z represent the partial differentials of z with
respect to x and y respectively. We notice that dz becomes
dz when dy = 0, and d,z when dz = 0. Therefore the differential
of z is the sum of the partial differentials of z with respect to each x
and y.

EXAMPLES
1. If z = 22 — 22y + 2, find dz, d2, dye.
SoLuTioN. Since 9z/0x =2z —2y and 0z/0y = —2z2+ 2y, we

have d.z = 2(x — y)dz and dyz = 2(y — z)dy. From these we obtain
dz = d.z +dyz = 2(z — y)dz + 2(y — z)dy.

2. In measuring two sides of a triangle which include an angle of 30°
one side is found to be 27 inches with a possible error of 0.10 inch, and the other
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13 inches with a possible error of 0.05 inch. What is an approximate value
for the largest possible error in the area of the triangle due to the errors in
measuring the sides?
SorurioN. The area A of the triangle may be given by the relation
= (1/2)zy sin 30° = (1/4)zy. An approximate error in A due to errors in
zand y is

dA = %’ (y dz + z dy).

We havegivenz = 27in.,y = 13 in., dz = =+ 0.10 in., and dy = =+ 0.05 in.
Since the largest possible value for dA is desired, we assume dz and dy
to have the same sign since their coefficients have the same sign. Sub-
stitution gives d4 = (1/4) - 13- (1/10) 4+ (1/4) - 27 - (1/20) = 53/80 sq. in.
The actual error is AA = A, — A, where A; is computed by using
z = 27.1in. and y = 13.05 in., and A, by using z = 27 in., y = 13 in. Such
computation being usually laborious, the value of dA is used as an approxi-
mation of the error AA.

The relative error is defined as AA/A and again the approximate relative
error dA/A is generally requested.  The percentage error is of course 100 times
the relative error. It is convenient to take the logarithm of a function if the
approximate relative error is desired. Thus for this cxample, we have

logA =logz + log y — log 4.
Then the differential gives
dA _dz | dy _ 0 10

= 0.0075.

A z y

This shows that an approximation for the relative error of a function is the
sum of the approximations of the relatwe errors of cach factor. This expressed
as a percentage is evidently (3/4)%.

The expressions for Az and dz are readily extended to the cases
of three or more variables. Thus, if u=f(z, y, z), we have

Au:%.m-i-g - Ay + "8z + et AT + e Ay + 65+ Az,

by a line of reasoning that is essentially that given for two variables
except for the geometric interpretation.
The differential of u is defined as

du u du
du—é;-dx+gé~dy+5—-dz,

and is used to approximate the value of Au just as dz is used to
approximate Az.

Exactly similar relations hold for four or more independent
variables as long as the number of independent variables is finite.
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PROBLEMS

Use the differential in evaluating the following unless exact results are
called for.

1. If z differs from 4 units by at most 0.02 unit and y from 3 by 0.01
unit, approximate the difference between 22 4+ y? and 25 sq. units.
Ans. 0.22 sq. unit.

2. A right circular cylinder of altitude 10 ft. and radius 4 ft. has its
altitude increased 0.1 ft. and its radius decreased 0.01 ft. Approximate the
change resulting in the volume.

3. Approximate the possible error in the area of an ellipse (rab sq. units)
due to a 19, error in a and a 29, error in b. Ans. 39%,.

4. If 2(y2 — 2% =2y and z =2, y =3, Az = 0.0016, Ay = 0.0123,
find (a) Az; (b) dz; (c) the approximate relative change in z; (d) the per-
centage change in z.

5. Approximate the volume of a circular cylinder with radius 2.997 in.
and altitude 10.02 in. Ans. 90 7 cu. in.

6. The hypotenuse and a leg of a right triangle are 5 in. and 4 in., respec-
tively. If the hypotenuse is decreased 0.01 in. and the leg increased 0.01 in.,
approximate the change in the third side, the triangle being kept a right
triangle.

7. The power consumed in an electrical resistor is given by P = E*/R
watts. If E = 100 volts and R = 5 ohms, how does the power change if E is
decreased 2 volts and R is decreased 0.3 ohm? Ans. dP = 40 watts.

8. If the length and width of a rcectangle are measured as 3.5 and 2.3 ft.
with 0.01 ft. possible error in each, approximate the possible error in the
computed area.

9. Find the exact and approximate error in the calculated volume of a
right circular cone if r = 4.95 in. and & = 4.1 in. but 5 in. and 4 in. are used.
Ans. 0.1534 cu. in.; =/6 cu. in.

10. If 8 = LH?/VD and L, H, D are measured as 4, 3, and 25 in. respec-
tively with a possible error of 19, in each, approximate the possible percentage
error in S.

11. Approximate the relative error in Problem 9. Ans. 1/200.

12. If z=23+y* — 3z%, and z = 2. y = 3, Az = 0.01, Ay = 0.001,
find Az and dz.

13. If z and y are measured as 5 and 3 units with possible errors of 0.02
unit in z and 0.01 in y, approximate the possible resulting error in
M = zVz? — g2 Ans. = 97/400.

14. The radius of a right circular cone is measured as 7 ft. and its slant
height as 25 ft. with a possible error of 19, in each. What possible error
results in the computed volume?
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15. Two sides of a triangle are 6 in. and 8 in. long, respectively, and they
include an angle of 30°. Approximate the change in the area if the shorter
side is decreased 1/25 in. and the longer is increased by the same amount.

Ans. —1/50 sq. in.

16. Approximate the possible error in the triangle of Problem 15 if the sides
were measured accurately to within 0.1 in.

17. Find the maximum percentage error allowable in measuring the
dimensions of a circular cylinder so that the computed volume will be correct
to within 1%, Ans. If dr = dh then 100(dr/r) = h/2h £ 7).

18. Find the maximum percentage error allowable in measuring the diam-
eter of a sphere if the computed volume must be correct to within 19,.

19. The length L and the period P of a simple pendulum are connected by
the law 4 »2L, = P?g. If Liscalculated for P = 1sec.,g = 32 ft./sec.?, approx-
imate the error in L if P is really 1.02 sec., g = 32.01 ft./sec.? Find the approx-
imate percentage error also. Ans. 1.29/4 =* units, 129/329,.

20. Using the pendulum law of Problem 19 for possible errors of 0.19,
and 0.2%, respectively, in L and g, approximate the possible percentage error
in P.

21. Suppose L in Problem 19 is measured as 100 units with a possible error
of 1/2 unit, and P as 2 units with a possible crror of 0.01 unit. Approximate
the possible percentage error in g. Ans. 1159,

22. If R = (V%sin 2 60)/32, approximate the possible error in computing R
for V = 5000 ft./sec. with a possible error of 10 ft./scc. and 6 = #/3 with a
possible error of 3 min.

23. The altitude and diameter of a circular eylinder are measured as 10
in. and 6 in., respectively. 1f a 49} error is made in the diameter, what error
in the altitude will counteract this error in the computed volume?

Ans. — 0.8 1in.

24. Approximate the resulting change in each of the following cases.

(a) z=log(z® + y?)forz =y =land dxr = £ dy = £ 0.01.

®) g =e2smm2yforz =2,y = r/3and dxr = + 0.01,dy = + 0.01.

() T = (tan y)/(log z), forx =2,y = /4, and dz = £ 0.1,dy = + 3".

I

25. The density D of a body is Wi/(W: — W,) where W, is its weight in
air and W, its weight in water. If W, = 1200 gr. and W, = 10 gr., what is
approximately the greatest percentage error in D as computed from these
weights if there is a possible error of 0.50 gr. in ¥, and 0.01 gr. in W,?

Ans. 0.001199,.

135. The Derivative of z = f(x,y) with Respect to Some
Other Variable. If it is desired to find the rate of change of 2
with respect to some other variable ¢, it is obviously necessary that
z and y be functions of {. This makes z a function of ¢ and the
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derivative of z with respect to ¢ is defined as in the case of a function

of one variable.* Thus,ifz = ¢(t) and y = (t), we have
dz _ . Az . 9z Ar | 0z Ay Au
)z = lm 5 _}ﬂl@(ax at Tayar e ‘ ey
or
dz 93z dx , 9z dy
@) de_ %o dx ) 0. dy,
dt 9x dt  ady dt

where Az and Ay approach zero as a limit as At — 0, and whence
e; and e; — 0. It is assumed, of course, that dz/dt and dy/dt exist.

Let ABCD represent a portion of
the surface z = f(z, y).

Then the equations z = ¢(1),

y = ¥ (t) define a cylindrical surface
NM. This cylinder intersects the
surface in the curve NK and the zy ,
plane in the curve LM. Hence
dz/dt represents the rate of change
of QP with respect to t as @ moves
‘along the curve LM.

A function u of three variables r,y, L
and z, each of which depends upon “X
another variable ¢, has as its deriva- Fia. 141
tive the expression

du Oou dxr du dy , du dz
@) dt_%'E”LaJ @ T a

where u, z, ¥, and z are differentiable functions of ¢.
If z = f(z, y) and y = F (), so that z is a function of z alone, we
may find the rate of change of z with respect to z as in (2). That is,
d-l Az lim(az Ax+az Ay_,l_l___}_e2 )

dr  az—0 AZ  apao\O0z Az ' 9y Az
Then if Ay, e;, and e; — 0 when Az — 0 we have
dz 98z , 0z dy

4 Z=Zy =
) de dx ' 9y dx’
if lim Ay/Az exists.
Az—»Q X
* Of course x and ¥ may not be functions of ¢ alone, as z = ¢(¢, u), ¥ = (¢, w),

and still the derivative of z with respect to ¢ have the same derivation, provided
z = f(z, y) is still a function of ¢ only.
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Similarly, by considering z a function of y alone, we get

dz 9z dx , 0z
®) &y~ dy oy

These formulas (4) and (5) are
evidently the same as (2) if z re-
places ¢ or y replaces ¢, respectively.
The plane z = ¢ intersects the sur-
face z = f(z, y) along the curve LK.
If we let z be constant in relations
(4) and (5), the left-hand member of
cach is zero and these become, re-

Y spectively,
9z , 9z dy _ dz dx | 0z _
wtoy o= axaytay =

Solving either of these, we obtain

Fia. 142

the relation

gg

dy &

(6) = T m
ay

This gives the slope of the curve RS, which is the projection of
the curve LK upon the zy plane.

If z = f(z, y) is written as F(z, y, 2) = 0, where z is given
implicitly as a function of z and y, we find expressions for dz/9x
and 9z/dy by assuming first y constant and then z constant.

Thus, if y is constant, differentiation of F(x, y, z) = 0 with
respect to z gives

aF | oF 9z _
or 9z ‘ox

where 9z/9x means dz/dzx for y constant. Solving this for dz/dr,
we find

Q{'
2z ax . oF
7) i @, if 3z # 0.

0z
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Similarly,
oF
iz _ . F
(8) i oF’ if % # 0.
0z

EXAMPLES

1. If the radius of a right circular cone is increasing 3 inches per second
and its height is decreasing 4 inches per second, how fast is its volume changing
when r = 6 inches and A = 12 inches?

SorutioN. The volume of the cone is V = (1/3) wr2h. Therefore

av._ov dr oV dh _2 Th.ﬂ*_lmaz.ﬂ".

dt "o At TOR dt 3TV a3 di
But r = 6in.,, h = 12in., dr/dt = 3 in./sec., and dh/dt = — 4 in./sec., from
the conditions given. Hence, substituting, we have

v 2 1 .

€% =3 r-6-12-3 + 3 w-36(— 4) = 96 7 cu. in./sec.

Since dV /dt is positive, the volume is increasing 96 = cu. in./sec. at that instant.

2. If z=sin"'[(1 +2)/(1 +y)] and = = sin¢, ¥y = cos ¢, find the rate of
change of z with respect to ¢t when ¢ = 0.
Sorurion. By differentiation, we find

dz _ ! 1 d= 1 Lo itz dy,

dt Jl 1+ z\? 14y dt .Jl 1+1})2 (1+y)3 dt
- 1+y) T\l +y

But dz/dt = cost, dy/dt = —sint; so for ¢t =0 we have =0, y = 1,

dr/dt = 1, dy/dt = 0. Substituting these values in the expression above,
we obtain

1 [ L 1 .OJ_L.
dt‘\/ 1 ypLi+1 " " a+02"1" V3
= (51)

PROBLEMS

1. The volume and radius of a cylindrical boiler are expanding at the rate
of 0.8 = cu. ft./min. and 0.002 ft./min., respectively. How fast is the length
of the boiler changing when the volume is 20 x cu. ft. and the radius is 2 ft.?

Ans. 0.19 ft./min.

2. The radius of a right circular cone is decreasing 2 in./sec. and its slant
height is increasing 3 in./sec. How fast is the volume changing whenr = 4 in.,
h =3in.?
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3. Suppose that the z and y coordinates of a point on the surface
22 +2y? — 3+ 2z =0 are changing 3 units/sec. and 4 units/sec., respec-
tively. How is z changing at (2,3, — 19)?  Anrs. Decreasing 60 units/sec.

4. A particle at A on a line AB which is 28 ft. long starts toward B at
4 ft./min. and at the same time another particle leaves B in a direction which
makes 60° with BA at 4 ft./min. How fast are the two particles approaching
each other after 1 min.?

5. The top of a 20 ft. ladder leaning against a vertical wall slides down at
the rat of 3 ft./sec. (a) How fast is the foot moving along the ground, which
makes an angle of 2 x/3 with the wall, when the ladder makes an angle of =/6
with the ground? (b) At the same position how fast is the area of the triangle
formed by ladder, wall, and ground changing?

Ans. 3 ft./sec.; no rate of change.

6. The legs of a right triangle at a given time are 2 ft. and 4 ft. and are
increasing 1 ft./min. How fast is the area of the triangle changing? How
fast is the perimeter changing?

7. In a right circular cone of altitude 4 ft. and radius 3 ft., the slant height
is increasing 0.1 ft./sec., and the radius is decreasing 0.2 ft./scc. How fast is
the volume changing? Ans. Decreasing 0.775 = cu. ft./sec.

8. Tind the rate of change of the area of a triangle if its shorter side is
decreasing 0.05 in./sec. and its longer side is increasing 1/30 in./sec., when
they are 6 in. and 8 in. respectively! The included angle is /6.

9. A point on the surface z = log zy at the point (2, 3, log 6) is moving so
that the z coordinate increases 1 unit/sec., and the y coordinate decreases
4 units/sec. How is z changing? Ans. — 5/6 unit/sec.

10. Given z = tan~[z/(1 4+ y)], * = cos ¢, y = sin ¢&. Find (a) dz/dt at
= 7r/4; (b) dz/dx att = =/6.

11. The radius and altitude of a right circular cone at the instant when

r = 12 ft., h = 5 ft., are changing so that r is increasing 0.2 ft./sec. and the
slant height decreasing 0.1 ft./sec. How fast is the total surface changing?
Ans. 6.2 7 sq. ft./sec.

12. Two sides and the included angle of a triangle are such that the shorter
side is decreasing 0.1 ft./sec. and the longer side is increasing 0.15 ft./sec., the
angle is decreasing 0.1 radian/sec. How fast is the area changing for the
respective values 10 ft., 15 ft., =/3?

13. We move along a hill, a part of which may be represented by

z =4 — 2 — 29, in such a direction that z increases 2 units/sec., and y
decreases 3 units/sec. How is z (the height) changing?

Ans. dz/dt = 4(3 y — z) units/sec.

14. If e = (V a? — b?)/a, find the rate of change of ¢ when a = 8 in.,
b = 6 in. and each is changing at 0.5 in./sec.
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15. Find the rate of change of an acute angle of a right triangle if the
opposite and adjacent legs are 10 ft. and 12 ft., respectively, and are changing
at the rate of 1 ft./min. and —2 ft./min. Ans. 8/61 rad./min.

16. Given any continuous function of three variables, F(z, 3, z) = 0, show
that

0z dy 0z _

dy 0z dx

17. Given Van der Waal’s formula (p + a/v?) (v — b) = ct, where a, b,
and ¢ are constants. Find dp/dv, dv/dt, and 0t/0p. Check your results by
using Problem 16.

136. The Directional Derivative of z = f(x,y). Since the
value of z is determined when z and y are known, z is fixed for each
point of the xy plane. Then if the
point P(z, y) moves, in general, R
z changes value and therefore has 0 /
a rate of change at cach point of AAy

Y

the plane.

Suppose we desire the rate of APy 825
change of z for the point P(z, y) e
if P moves in the direction PR. _/'g
Let PR make an angle 8 with the ' 0 X
x axis. If we assume that P has Fia. 143
moved to an adjacent point @ on
PR, the change in z is its increment due to the corresponding incre-
ments Az and Ay.

The derivative of z for the point P in the direction PR is defined as
the Limit of the change of z divided by the distance Ar which P moves
in the given direction as Ar — 0. That is,

et 8 = i (2.0 2

= = P | Ay Az Ay
(1) dr Alrl—r->nO Ar Arlitlo dxr Ar ay Ar t e Ar + €2 AT‘)

Since Ar and Ay — 0 as Ar — 0 we have e; and e, approaching
zerce with Ar and therefore

. de _ 0 do 0z dy,
2) dr 9z dr ' oy dr
But dz/dr = lim (Az/Ar), and Az/Ar = cos 6, from triangle PQS.

Ar—-0
Also Q@ — P along the straight line QP and therefore the
ratio Az/Ar is constant. Whence dz/dr = cos 6. Similarly,
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dy/dr = sin 8. These values substituted in relation (2) give the
directional derivative of z as

3) g—:=g§cose+g—§sin9.

The student must realize that this expression for dz/dr is entirely
a function of 8 when the point P has been chosen. That is,
dz/dx and 9z/9y are constants evaluated by means of the coordi-
nates of P. Then, for a given 4,
the direction PR is fixed and dz/dr
represents the rate of change of PH
as H moves along the curve HT.
(Fig. 144.)

Since dz/dr is a function of 6
alone, we can find the 6 which makes
the directional derivative a maximum
or minimum for any given point.
Notice that 6 is between 0° and 360°
and is mecasured from the direction of
the positive z axis.

EXAMPLES

1. If z = 22 4 y?, find the ratd of change of z for the point (3, 4) in the
direction of the point (2, 6). What dircction makes the rate of change a
maximum?

SovuTioN. dz/dr = 2z cos 8 + 2 y sin 6, and at (3, 4) this becomes

dz

— = 6 cos 6 + 8 sin 6.
dr

Now 6, as shown in Fig. 145, is the second-quadrant angle which has its cosine
equal to — 1/+/5 and its sine equal to 2/v/5. It follows that we have
dz/dr = — 6/v5 + 16/V5 = 2v5.

To find the 8 which makes dz/dr a maximum, we have, as the first nccessary
condition,

d (dz .

7 E;)-—Gs1n0+80050=0,

whence tan § = 4/3. This means that 6 is either an acute angle or a third-
quadrant angle. To determine which, we need the second derivative of dz/dr

with respect to 8. This is

d?

dz .
prT 37') = — 6 cosf — 8siné.
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This second derivative is negative for positive sin 9 and cos 6 and therefore
dz/dr is a maximum if 6 = tan~'(4/3) in the first quadrant. Since sin 6 and
cos 6 are negative for 6 in the third quadrant, we have

d? fdz
a6° c—l;)>0

for the tan~1(4/3) in the third quadrant and hence dz/dr is a minimum in that
direction.

If ¢ = tan~1(4/3), then cosd = + 3/5, sin6 = =+ 4/5. Hence for the
acute angle dz/dr = 6(3/5) + 8(4/5) = 10,
and for the third-quadrant angle dz/dr is Y (2,6)
— 10. We point out that the numerical
values of dz/dr are the same in the two di-
rections. This means that the extreme 6
values of dz/dr are the same except that for ‘(3,4)

one dircction z is increasing and for the
opposite direction z is decreasing.

2. If the temperature 7' at any point of
the zy plane is given by 7 = k/(2? + y?),
find the rate of change of the tempera-

ture at the point (3, 4) in the direction 0 + X
such that 8 = 120°.
SoruTioN. Since T = k/(x?2 + y?), we Fia. 145
have
dT _ 2kz 2 ky .
ET— = _.(TZJE—“I-—@/T)E cos 6 —msm@.
At the point (3, 4) for 8 = 120° orcos8 = — 1/2,sin 8 = v/3/2, this becomes
dT 3k 4 k3
= 6% 625 — 0.006 k&
PROBLEMS
Find the directional derivative for each function defined below. (Nos. 1-8.)
1. z=1/(x?+ y?), at (2, 3) toward (— 1, — 1). Ans. 36/[5(13)7].
2. T = y?tan?z, at (x/3, 2), 8 = 5 /6.
3. Q =logVa? —2y2 at (— 2, 1) toward (— 6, — 2). Ans. 7/5.

4, z = tan~(y/z), at (1, 1) toward (— 2, — 3).

5. z = tan'[(1 — z)/y] + tan"'[(1 + z)/y], at (1, 1) toward the origin.
Ans. 6/(5V2).

6. V =log (z2 4+ y2)V3, at (a, b) toward the origin.
7. z = e~9% cos ay, at [0, /(4 a)] toward [ — =/(4 a), 0]. Ans. a.

8. z = e ¥’ cos 2, at (r, 1) toward the origin.
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Find extreme values for the directional derivatives desired in each of the
following cases. (Nos. 9-18.)

9. z =log[(z2+ y?)/(z* — y?)] at (2, — 1). Ans. Max. for8; = tan™ 2.
10. z = e='/% at (2, 1).

11. z = tan™! (y/z) at (5, 1). Ans. Max. for 6, = tan™1(— 5).
12, T = (2 + y?) tan™'(y/z) at (1, 1).

13. z = log (zy* — z%) at (1, — 1). Ans. Max. for 6 = tan™1(— 1).
14. z = e tan'y at (0, 1).

15. z = ¢~%* sin ay at [0, 7/(4 a)]. Ans. Min. for 6 = 7 »/4.

16. z = y? tan?z at (v/3, 2).

17. z = log (z* + y?) sin (z + y) at (x/4, v/4). Ans. Max. for 6 = = /4.

18. u = e¢¥sinzx + (1/3)e~3vsin 3 z at (x/3, 0).

19. The electrical potential at a point is given by P = logVa? + ¥
What is its rate of change at (0, 4) toward (3, 0)? In what direction from
(0, 4) is its rate of change a maximum? Ans. — 1/5, = /2.

20. In what direction from (3, 1) does the function e?* tan—! [z/(3 y)] have
zero rate of change?

21. In what direction from (14, 1, 234) is the surface z = 4 — 2?2 — y?
rising most rapidly? Ans, tan—! 2, in third quadrant.

22. Use Problem 19 to find

(a) dP/dr at (2, 3) in the direction of the z axis.

(b) dP/dr at (2, 3) in the direction which makes =/4 with the y axis.
(c) dP/dr at (2, 3) toward (5, — 1).

(d) dP/dr at (2, 3) to be maximum.

23, Show that the directional derivative of log (z + Va? + y?) at any
point P toward the origin O is numerically the same as the reciprocal of PO.

24. A portion of a hill may be represented by 422 + y2 +2 — 9 = 0.
(a) Sketch the surface with the z axis directed upward. (b) What grade has
a road through the point (1, 2, 1) with 8 = /47 (c) What direction hasa
contour line at (1, 2, 1)? (d) What direction at (1, 2, 1) is the steepest?
(e¢) What direction has a 29, grade at (1, 2, 1)?

25. On a hill represented by z = 6 — 2 22 — 32 find the direction of the
contour line at (1, 1, 3). Also the direction of steepest grade.

Ans. tan~'(— 2); tan~'(1/2), in third quadrant.

26. At any point of the surface z + r = 0 what direction has no rise or fall;
in what direction is the fall most rapid; what direction has a 39 rise?

137. Maxima and Minima of a Function f(x, y). A function of
two independent variables has a maximum value for the values
x = x, ¥y = y; provided that, for all values of Az and Ay that are
sufficiently small numerically, but not both zero, the quantity
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f(z1, y1) is greater than f(z: + Az, y1 + Ay). For a minimum,
f(z1, y1) must be less than f(z, + Az, y1 + Ay).

Geometrically, the function z = f(z, y) represents some surface,
and if 2; = f(z;, ¥1) is & maximum or minimum value of the
function, the tangent plane to the surface at the corresponding
point P; will be parallel to the zy plane. That is, its equation
will be 2 — 2, = 0. The equation of the tangent plane at the
point Pyis (§ 133):

0y 9
z-a =g (x —2) + an (y — )
Now, if P, is a high point or a low point, these two equations must
be identical; hence
o _ o

These conditions are necessary but are not sufficient. Each
derivative should be tested on both sides of the ecritical point P;.
Complete tests which are sufficient are discussed in more advanced

courses.

PROBLEMS

Find the maximum or minimum values of each of the following functions
of two variables. (Nos. 1-6.)

1. fz,y) =22 -3z +4y2+4y+ 1. Ans. — 9/4 (min.).
2. ¢(r,s) =rt+4r +2s2—s+5.

3. f(z,t) =54+6z— 422 — 3¢ Ans. 11/4 (max.).
4. f(x,2) =14+62x —92z — 222 — 222

5. ¢(r,s) =r2 —3rs +3s2+4r —10s + 6. Ans. — 10/3 (min.).

6. f(x,y) =3x2+2zy +3y2—6z+4y.

Find the high point or the low point of each of the following quadric sur-
faces. (Nos.7-11.)

7. 2=4 — (x — 2)2 — (y + 3)2. Ans. (2, — 3, 4) (high).
8 z2=2x2—-3x+4+3y2—6y + 1.

9. z=22?—6zy+5y2—z+3y+2.
Ans. (— 2, — 3/2, 3/4) (low).

10. z=3z2+52y+4y2—7z -2y +6.
11, z=22—-2y2 -3z +5y — 1. Ans. Neither max. nor min.*
* The point (3/2, 5/4, — 1/8) satisfies the conditions 2z, = 0, z, = 0 but the

section made by the plane z = 3/2 is concave upward at this point, while the
section made by the plane y = 5/4 is concave downward.
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12, What should be the dimensions of a rectangular open tank with a fixed
surface area so as to have a maximum capacity?

13. Divide a number N into three parts such that their product shall be the
greatest possible. Ans. N/3, N/3, N/3.

14. What dimensions should an open rectangular tank of given volume
have in order that its inner surface shall be a minimum?

138. Envelopes. The curves given by f(z, y, ¢) = 0 for all
values of ¢ constitute a one-parameter family of curves. An
illustration of such a family of curves is the different paths of
projectiles fired with the same muzzle velocity in the same vertical
plane but at all angles of elevation from 0° to 180°.

Two curves of the family, obtained by assigning to ¢ the values
¢ and ¢ + Ac, may intersect in one or more points. As Ac— 0
cach intersection approaches a corresponding limiting position P
for each value of ¢. The locus of the points P, if they exist, as ¢
varies is called the envelope of the one-parameter family of curves.

Since P is the limiting position of the intersection of the curves
f(z, y,¢) =0and f(z, y, ¢ + Ac) = 0as Ac — 0, its coordinates
satisfy both

(1) f(:C, Y, C) = 0;
and

: f(.’l?,?/,C'*'AC)—f(x,y,C)_af(x,y,C)_
@) Al,,]l,no Ac = dc =0.

Hence equations (1) and (2) may be considered as parametric
equations of the locus of P.

To obtain the rectangular equation of the envelope, eliminate
the parameter ¢ between these two equations.

If equations (1) and (2) are solved for z and y, the envelope
may be written in the form

T = 4)(0)’
3)
y = ¥(o).
Hence the slope of the envelope is
dy(c)
dy _ _dc__ dy,
(4) dz ~ do(c) do
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The slope of a curve of the family (1) for a definite value of ¢ is
given by the equation

of(x,y,c) , of(z,y,¢) dy _
(5) ox + oy i 0.

But for any point (z, y) of the family (1)

- -, 9, g =
6) df(z, y, c) = pye dx + 3 dy + Y dec = 0.
If we also impose the condition that (z, y) lie on the envelope,
we have, from (2) and (3),

¥-o

=0 dv=d¢ dy=dy

Therefore (6) becomes

of | ofdy _

whence, from (4) and (5), the envelope and any member of the
family of curves have the same slope at their intersection. This
proves that each member of the family of curves is tangent to the
envelope of the family.

EXAMPLE

Find the envelope of the family of lines y = mz 4 p/m where p is a con-
stant. Show that the envelope is tangent to each line of the family.
SorLuTioN. Here the function is
Y
f@, yym) =y —mz — £=0,

therefore

o _ _ P _
= x+m’—0'

This last equation gives m = & Vp/z.
Substituting in the first equation and
simplifying, we have the parabola

y==+=2Vpz, or y®'=4dpz Fia. 146

as the envelope of the family of lines.
Figure 146 shows the envelope and some of the lines of the family.
To show that the envelope is tangent to the lines, we eliminate y between
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the equation of the envelope and that of the lines. This gives
2
2 o 2.2
mi® + 2 pzr + —; 4 pr, or m% 2 pz = 0.

The left-hand side of this last equation is a perfect square; hence the two
points where any one of the lines meets the parabola have the same abscissa,
or the lines are tangent to the envelope. This method of showing tangency
is suggested rather than finding the slopes of the curves and comparing them
at intersections.

PROBLEMS

Find the envelope of cach of the following families of curves, name the
envelope, and show that the tangency condition is satisfied. (Nos. 1-14.)

1. y =m2 4 2m. Ans.zy +1 =0.
2, zcos 6 + ysin 6 = p, 6 the parameter.

3. 6zcosm + 4ysinm = 24, Ans. 22/16 + y2/36 = 1.
4. y = mx + Vam? + b2

5. 22+ (y — k) =4 Ans.z = + 2.
6. y=px+1+4/p

7. y = mx — am? Ans. day = 22
8. 2mx 4+ m?%y = 5.

9. z2 4 (y — k) = k2 Ans.y = 0.
10. y = kx? + 1/k.

1. y = m/2 + 1/cm. Ans. 8 cy? = 27 z.

2. y? =p’ — 3 pz.
3. —k)r+ @y —k2=4E Ans. (z ~y)? =4 +y+1)
14, (z —a)? + y? = 2ap — p?, a the parameter.

15. Find the envelope of the hypotenuse of a right triangle of constant
area C. Ans. 2zy = +c.

16. If the sum of the major and minor axes of a family of ellipses is constant,
what is the envelope of the family?

17. Find the envelope of a family of lines the sum of whose intercepts on
the coordinate axes is a constant k. Ans. (x4 y — k)2 =42y,

18. Find the envelope of the normals of the parabola y? = 2 pz.

19. Find the envelope of the circles through the origin with centers on
x?=2y. Ans. 2y + 1) +¢* = 0.

20. A line-segment of fixed length moves with its extremities on the coordi-
nate axes. Find the envelope.



CHAPTER X
INTEGRATION

139. Integration. Notation. Up to this point we have been
interested in the rate of change of a given function with respect
to its variables. However, it is desirable to be able to reverse the
process of differentiation in order to find the function whose rate
of change is given. For instance, we may want to know the
distance a moving body has traveled in a given time when its
velocity is known; or to find the equation of a curve when its slope
is given. This inverse of the operation of differentiation is called
integration.

The inverse problem then is: Given the derivative of an unknown
Sfunction’ of one independent variable with respect to that variable,
to find the function. Familiarity with the formulas of differential
calculus should cnable us to write down at once many functions
which have given rates of change. ‘

THEOREM. If two functions have the same derivative, they can
differ only by an additive constant.

Proor. Iet f(x) and g(x) be two functions which have the same
derivative and let

¢(z) = f(z) — g(2)-
Then, by hypothesis,
¢'(z) = f'(z) —¢'(x) = 0.
That is, the rate of change of ¢(x) with respect to z is zero for all
values of z; hence ¢(x) is a constant.

If the rate of change of a function y with respect to its variable
is given by f(z), that is, if dy = f(x)dx then the function

y=F(z)+C,

whose derivative is f(z) is called an indefinite integral of f(x).
This relation between f(z) and F(z) + C is denoted by the symbol

® J1wax = F@x) + ¢,

229
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and is read: The integral of f(z)dx s F(z) + C. Hence
dF (z) + C] = f(z)dx,
and

f f(z)de = F(z) + C

indicate inverse operations.

The function f(z) is called the integrand. The constant C is
called the constant of integration, and may have any value what-
ever. It is determined in each problem by means of information
in addition to the rate of change of the unknown function.

The expressions faudu, Sa du, Sa du/u may also be written
aSu"du, af du, a S du/u because

au™t! utt
d(n e 1) - a-d(n - 1), d(au) = a-du,

and d(alog u) = a-d(log u). Thus a constant factor may be
removed from the integrand and placed before the integral sign. This
operation is usually very desirable, as the simplified integrand is
more easily handled during the process of integration.

From the forms above, we have the formulas:

I "d rdu =24 4 ¢
@O fau u-—afu u—m+, n# —1.
(Im) fadu=a du = au -+ C.

When n = — 1, the expression under the integral sign in

formula (I) becomes @ du/uw and so we have a third integral
formula,

(111) faiulf=alogu+0, u>0.

Since the differential of the sum of a finite number of terms
like au™ is the sum of their differentials, we have

@) [1hi6) + S + - + f@ldy
= [fwdu+ [fwdu+ -+ [f@au

= Fi(u) + Fs(u) + -+ + Fo(u) + C,
if each f,(w)du is dF;(u) and if 7 = 1, 2, - -+ n, where n is finite.
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EXAMPLES
1. Find S5 dz.
SovutioN. Formula (I) gives /'5dx =5/ dx =5z + C.

2. Find S (2® + 222 — 7)dx.
SovuTtioN. Formulas (I), (II), and (IV) give
¢ 223
S @+ 20 —Nde=T7 +5- —Tz +C.

3. Find S2(z? + a?)? zdx.
SovutioN. Expanding the parenthesis, we have

_/~2(.z;2 4+ a?)? zdz = 2f(x5 + 2 a2z + a'z)dz
IG
=3 + a%zt 4 a'z? 4 C.

However, a result is more readily obtained if the student recognizes that
2xdx = d(z? + a?). In that case the integral is seen to be in the form of
Saurdu where a = 1, u = 22 4+ a?, du = 2z dr and n = 2. This makes it
possible to write

‘/‘(z2 +a)?2zdx = (iﬁ-;_a’)f + C.

In these two seemingly different results, terms involving = occurring in
the one are identical with those in the other; the results differ at most by
an additive constant. This merely means that the constant of integration C
does not represent the same quantity in both cases.

4. T'ind fx*dx/(z — 3).

SoLuTioN. When the integrand is an improper algebraic fraction, it should
be reduced to a mixed number before integration. Thus,

zs 27
S =/(x2+3x+9+x—_~3)dx

=T+ 9t 2Tlog @ — ) + C.

Here we use formula (III) to integrate the fractional part of the integrand.
Evidently, a = 27, u = z — 3, and du = dz.

PROBLEMS
Integrate each of the following expressions.
L -z avde. Ans. z — 22/2 — 23/3 + C.
2. [(10 -7t + e

.3 f (1/2)(t3/3 — 382 + 5 t)dt.
Ans. (1/2)(t4/12 — 8 + 512/2) + C.
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4. [ +2/22 + 3/x)dz.
+ 5. f (Vgt — VYVt Ans. (2/3)g12t3/2 — (3/5) V3l 4 C.
6. f (ax?/3 — bx~23)dzx.

o [ Vit sVt Vi
Ans. (4/3)092 + (9/4)143 + (16/5)5% + C.

3y — 1
8. f(\/z‘ + 75) dx
4 —z3 —a
« 9 7 dzx. Ans. — (4/3)x™3 — log z + C.

10. [ (/4 -3)dy.
+ 1L j‘(a”3 — z%%)%dz. Ans. a¥3z — (6/5)a?3 2/* + (3/7)x"* + C.

12. fx’fldx.

13, flg_f; dz. Ans, — 23 — 3r2/2 — 3z —3log (z — 1) + C.

2+ z 41

6z +x
3.v+2

6 xr? —14:1:
16. f 3z —1

~ 15, dzx. Ans. z? —z + (2/3) log Bz 4+ 2) + C.

140. The Integral of a Power of a Function. Duec to the great
importance of the integration formulas given in the preceding
article, we shall add a group of problems which are somewhat
different from those of thdt article. There we used the formulas
involving «”, but in each problem w was represented by a single
letter. We now stress the fact that u may represent any function
of a variable and consequently that du is then the differential of that
Sfunction and not the differential of the original independent variable.’

Failure to notice and understand this causes the beginner in
integration a great amount of trouble. Hence, in applying
formulas (I), (II), (III), and (IV), the student must examine
the form f(z)dz in Sf(z)dzx for the purpose of separating it into
two parts, one of which shall represent u*, and the other du, of
the formulas. In choosing the function which may represent wu,
such natural groupings as quantities under radical signs, or in
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parentheses, or denominators of fractions, should be considered.
It is of utmost importance, however, that, having chosen the
group of symbols to represent «", the remaining part of the expres-
sion under the integral sign shall differ at most by a constant factor
from du.

EXAMPLES

1. Integrate Sz2(z3 + 3)V3 dz.

SoruTioN. Since z¥ + 3 is a radicand, we examine the remaining factors
of the expression to see if they form the differential of z® + 3 to within a
constant factor. That is, setting u = x3 + 3, we get du = 3 z2dx. Hence
the remaining factors x2dr are equal to du/3. Now substituting these values
for (z3 + 3)V® and x%dx,we may write the original integral fz2(z® + 3)V3 dz
in the form Su'3-du/3, or (1/3) fu'/?-du. Integrating, we have

fx”(:ca + 3)3dx = ;fu”“du

uil3

= re=1@+wte

If the student can see what constant factor is necded to change the given
mtegral into the form of a formula, he can multiply and divide by this constant
and a change of variable is not necessary. Thus, we may write

/.132(1)3 + 3)¥3dx = 3 f(:l:3 + 3)1/3. (3 22 dx)
_@ .1;3)4/3 +o

’

directly without explicitly using the variable . However, even then u is used
implicitly.

sin 6
2. Fmdfl—l—coso

SoLuTiOoN. Any fractional integrand should make the student recall
the expression du/u. Hence we shall try setting u = 1 4 cos 8, whence
du = — sin 6 d6, and substitution gives

sin 6 du
1 +cos0do - _f74—

Without the explicit use of , this is readily written

sin 0 do = — d(l + cosf) _
1+ cosb 14 cosb

—log (u) + C
— log (1 + cos 8) + C.

I

— log (1 + cos8) + C.

3. Find [fsec* 9 ds.
SoLuTION. An integrand which is trigonometric should be examined for a
factor which is the derivative of some one of the trigonometric functions.
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If such a factor is present and the remaining factors of the integrand can be
expressed in terms of the trigonometric function whose derivative is present,
the integral can readily be put into the form of one of the formulas.

In this example, sec? 8 dd is the differential of tan ; hence we shall express
the remainder of the integrand in terms of v = tan 6. This is readily possible
as the remaining factor is sec?6, which is equal to 1 + tan?6. Substitution

gives
f sect 0 do

f<1+u*‘)'d:’=u+“—§+c.

tan o+t3“—-‘-’+c

PROBLEMS

Integrate each of the following expressions by means of suitable substitutions
for v and du.

L [Vitazda Ans. (2/3)(1 4 z)¥2 + C.
—_——— _f’&
2. fy(a + by?)~dy. 2b(ay oy-)
3. fx2\'/x3 — 3dz. Ans. (1/4)(x® — 3)4% 4 C.
_ 3y
4. [zVr* —1ldx. (=13
s =
5. (22 4, Ans. (1/2) log (z* + 42) + C
. oL ) Z .
14 cos 6
6. 1+ sin @
/ 29
7. Q—E:;—C—H do. Ans. (1/2) log (2 tang — 3) + C.
. ,S(«V)zg =S C
8. fsm 8 cos 0 do. =
79. fsec* 6 tan 6 df. Ans. (1/2) tan2 0 + C.
10. [ coso (1 — sin?6) db. = ’;“3’ L
d
1L f(z L Ans. 2[Vz —1 =1/Vz — 1]+ C.
2/
) sec? 3 0 ,/_l_ _ 3
12 ) G = tan 3y L (V-tonm3g);
13. f:c ctn z? csc x2dz. Ans. — (1/2) esc 22 + C.
14. f sin® 2 6 dé. - _Cd.é‘f'—e——
2~

15. fa:"(3 — 2% dz. Ans. — (1/10) (3 — 2 z3)5/3 + C.
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>,
4 QD />

16. [ 42Vt ¥ 8du. Z
v [ e e Ans. Vzr + 6z + C.
2+ 62 ”
O N G %& (Ve e U3)
z
19. fcos0v1 — sin 6 d@. Ans. — (2/3)m+c_
sin 2z _
f(&—4cos)x)1/2dx - J&.lm (@-U BT

141. Integrals of Exponential and Trigonometric Functions.
Additional integration formulas are obtained by the inverse of
certain known formulas of differentiation. Thus

U — a“ - L
V) fa du= o+ C.

(VI) fe"du = e* 4 C.

In these formulas we must realize that the differential factor du
is the differential of » which represents any function of one variable
and occurs as the exponent only of a or e.

EXAMPLES

1. Evaluate S'3 ze<"1 dz.

Sorurtion. The u of formulas (V) and (VI) appears as the exponent of
aore; hencewesetu = 22 — 1. Thendu = 2xdrorzdr = du/2. Substi-
tution gives

f3a:ef’—1d:z: f“(iu—— e“du=%c“‘+0

2. Evaluate f8'-%dz.
SorutioN. Here we must set « = 1 — z, whence du = — dz and using
formula (V), we have

S8z = f84(~ du)

3e?er 1
2uz_1

.

4 — g1z
—fS u—*Bg—S'FC.

3. Evaluate dz.

SoLurioN. Since the derivative of an exponential function contains the
same function, we are able to use the formula for /"du/u only if the numerator
has the same exponential forms as the denominator. For that reason exponen-
tial fractions as integrands are not treated in the same manner as algebraic
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fractions. We proceed as follows. Since the numerator of the integrand is
not the derivative of the denominator, we start to reduce the fraction to a
mixed expression. To do this, write the integrand in the form

1 _+_. 3 (.202
—1 + eg20z '
and divide the denominator into the numerator once so that we have

1 +3e2uz _ 4 e2az
_1+eZu:‘—1+_1+eZa:

382412_*_1 4 e20z
fe'zaz_l dz f(—1+62uz_1

~ 2+ 2log (@ — 1) +C,

Then

I

because the numerator is 2/a times the derivative of the denominator of the
fractional part of the integrand. This part may be changed into terms of u
where u is set equal to the denominator. It is well actually to make such
substitutions until the work becomes very familiar.

The two things to notice carefully in this solution are: first, we arrange
the members of the fraction in ascending powers of e; and second, we do not
continue the division after the remainder becomes the same, except for a constant
Jactor, as the derivative of the denominator.

From the derivatives of the trigonometric functions we have
the inverse formulas

(VII) fsinudu=—cosu+C.
(VIII) fcos udu= sinu + C.
(IX) fsec2 udu = tanu + C.
X) Jrcsczudu = —ctnu -+ C.
(X1) fsecutanudu=secu+C.
X1) fcscuctnudu=—cscu+C.

In these formulas the student must observe that u represents a
function of some variable, say z or 6, and du is the differential of
that function.
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EXAMPLES

1. Find fcos (1 — 3 z)dxz.
SoruTtioN. Since 1 — 3 z replaces % in formula (VIII), weset w = 1 — 3 .
Then du = — 3 dx or dxr = — du/3. Substituting, we get

fcos (1 —3x)dx = f(cosu) (- %‘ = ——% cos u du.
Therefore

fcos (1 —3z)dr

I

—-%sin (1 -3z) +C.

2. Find Sz csc (222 — 3) ctn (222 — 3) dz.
SorurtioN. Using formula (XII), we set w = 222 — 3. Then

du =4zdr, or zdr = du/4.

Substituting, we have

fa:csc 2z —3) etn (222 — 3) dr =lfcscuctnudu

= —icsc(2z’—3)+C.

PROBLEMS

Find the function represented by each of the following integrals.

1. fcos (2 — 3)dz. Ans. — (1/3) sin (2 — 3z) + C.
2. [ sin 3 —22)dx,

3. f(? -+ sece? 6)do. Ans. 260 + tang + C.
4. fcsc20ctn20d0.

5. f4sinecosod0. Ans. —cos 26 + C.
6. fx sec? z? tan® z* dz. ,

7. [ VT + cos (z/3) da. Ans. 6v/2 sin (z/6) + C.
8. f3 sin 3 z cos 3 = dz.

-
©°

. f(ﬁ_—g + sin 2 x)d:c.

Ans. (1/2) log (2 +3) — (1/2) cos 2z + C.
10. f[e' + z cos (2 22 — 5)]dx.
1

11. f(x’ — e* — ¢~% + ¢% gin e?)dr. Ans. e—x—:—i — €% +e% — cos e* + C.
12. [[2e + (22)]de.
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13.
14.
15.
16.

17.

18.

19.

20.

21.
22.
23.

24.

25.

26.

27.

28.
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frlx/(l — cos 4 1).

f (¢=% + ze=® — z%'—2")dz.

f (c** + 1)%?=dx.
f(c" + z2° + 2 a**)dx.
‘/’(ac2 + 27 + sce? 2 z)dz.

Ans. — (1/4) ctn2:c+C
-2 2 5 &
— e, ‘ (2
z + 9 + Z *C
Ans. (1/6)(e* + 1)’+C
ax ae'

') .<
.OT-+0~€+1* lm'aa\

Ans. 23/3 + 27/log 2 + (1/2) tan 2z + C.

fc’(sinx + cos z) dz/Ver sinz — 3. 26(‘1‘9@7“‘5 i
leﬂr Ans. (1/2) log (1 + ¢%%) + C.
+¢ 2
etdr G_'__Q ék ¢
(1 — 632)2

S dz/e= + 1),

f dz/(2 — e).

f(c«z — 1)dz/(e* + 1).
S v/ 3 — ).

S V2T = cos 3 z)da.

fcsc’ 0 —cscdctnd

ctn 8 — csc 6 - 6.

(1()3-' + 3z + L%)d::.

2
fxe“ 2 cos? ¢3+'~2dx.

Ans. z — (1/4) log (e*= + 1) + C.
log (2 e N

Ans. — z + (2/3) log (e3= + 1) + C.

Ans. — (4/3) cos (3z/2) + C.
) (e O« Ao <g,,

10%  3gu  3-r
Ans'3log10+Tl— _log3+c'

B PN QB ISR S G
© 6 —z



CHAPTER XI

METHODS OF INTEGRATION — DEFINITE
INTEGRALS

Although we have many formulas of integration from the
inverse of known differentiation formulas, there frequently occur
integrals which cannot be identified as the differentials of known
functions. For that reason we nced methods whereby such inte-
grands can be changed into forms more readily identified. A few
such methods will now be given.

142. Additional Trigonometric Integrals. The following four
formulas are rcadily derived as shown below.

(XIII) ftanudu — fst"—‘

cos u
= — log (cos u) + C, or log (sec u) + C.
(XIV) fctnudu=fw=log (sinu) + C. =-

sin u
_ [*sec u(sec u + tan u) du
XV) fsecudu—f sec u + tan u
= log (sec u + tanu) + C.

(XVI) fcsc udu = fcsc u(csc u — ctnu) du

cscu —ctnu
= log (cscu — ctnu) 4 C.

If an integrand is of the form
sin™ u cos™ u,

where m or n is a positive odd inieger, we can reduce it to powers
of either sin w multiplied by d(sin «) or cos u multiplied by d(cos u).

EXAMPLE

1. Find S cos? @ sin3 8 d6.

SoruTiON. Since the exponent of sin @ is a positive odd integer, we factor
out sin § d9. This leaves cos? 6 sin? 6, which can be changed into terms involv-
ing only powers of the cos ¢ as follows.

cos? 0 sin2 @ = cos29(1l — cos?6) = cos? 8 — costé.
239
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Then let u = cos 8, whence du = —sin6df. Therefore, substituting, we have

3 5
fcos’dsin30d6= —f(u’—-u‘)du: —%+%+C

_3cos® — 5 cos*@

G 4 C.

If m and n are both positive even integers, the double angle formu-
las can be used to reduce the degree, and this operation must be
repeated until an odd power appears. Then treat as explained
above when the exponent is a positive odd integer.

EXAMPLE

2. Find Scos?2 6 ds.
SoruTioN. Replace cos?2 8 by its equal (1 + cos 46)/2. This makes

1
fc03220d0=§f(1+cos40)d0

sm40+a

=3 +
In the second term of the new in'fegrand we let u = 4 6 and then df = du/4.
Hence the final result. .
For integrands of the forms

tan®"u or ctn"u,

where n is an odd posttive integer, a reduction to sines and cosines
is desirable. This makes the integrand come under the type
explained in Example 1 above.

However, if n is an even positive integer, factor out tan?u or
ctn?u and replace by sec?u — 1 or csc2u — 1 and repeat the
operation until all terms are “%f the form tan™u sec?u du
or ctn™ u csc? u du.

EXAMPLE
3. Find Sctnt 6 ds.
Sovution. The exponent of ctn 8 is an even integer and hence we factor
out ctn?§ and replace it by csc? ¢ — 1. This gives
fctn‘ 6do = f(ctn’ 0 csec2 0 — ctn? @) db.
Replacing the second term of this new integrand by — (csc? 8 — 1), we have

fctn‘ 0do = f(ctu2 @ csc?d — csc20 + 1) do.
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Now let v = ctn 6, whence du = — csc26df. This makes

fctn‘€d0=f(—u’+l)du+fdo

3
=0+ctn0—CtL3q+C.

Many of the more usual trigonometric integrands can be trans-
formed into one of the types discussed in this article.

PROBLEMS

Evaluate each of the following integrals,

1. ftan 2 6d9. Ans. — (1/2) log cos 26 + C.
2. [ ctn (o/2)ds. 1oy [eplkbrtre Bl t
3. fsec 3 6de. Ans. (1/3) log (sec 36 + tan 36) + C.
4. fcsc (1 - 26)ds.

5. fsin’ (2/3) z d=. Ans. (1/2)[z — (3/4) sin (4z/3)] + C.
6. _/‘cos2 1 — 3 z)dx.

7. ftan’ 2z — 1)dz. Ans. (1/2) tan 2z — 1) —z + C.

%

f ctn? (3 — 2 6)do.

fsin’ 2z + 3)dx.
Ans. (1/6) cos® 2z + 3) — (1/2) cos (2z + 3) + C.

10. f cos? 2z — 3)dz.

©

11. f:c tan? 3 z2 dz. Ans. (1/6)[(1/2) tan2 3 z2 — log sec 3 z%] + C.
12, f z? etn® (1 — z?)dz.

13. [ sin? 20 cos? 20 ds. Ans. (1/64) (86 — sin 8 6) + C.
14. fsin“ 2 6 cos® 2 0 db.

15. ftantedo. : Ans. (1/3) tan® 0 — tan 6 + 6 + C.
16. f sect (6/2)db.

17. fcos z cos 2 z dz. Ans. sin z — (2/3) sin*z + C.

18. fcos‘ 3zdz.
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19. f tan? 2 8 sect 2 0 do. Ans. (1/24) (3 tan* 26 + 2 tan® 20) + C.
20. [ sint 3 — 22)dx.

21. [ sin® (/3)dz.
Ans. — 3 cos (2/3) + 2 cos? (x/3) — (3/5) cos® (x/3) + C.

22, fdx/\/l + cos 2 x.

23. fdo/\/l — cos 46. Ans. (1/2v2) log (csc 26 — ctn 26) + C.

—_—s
24. f(‘Jl + cos %—0) de.

25. f (see 20 — cos 2 6)2d6.
Ans. (1/2) tan26 — 36/2 4+ (1/8) sin4 6 + C.

26. (I — cos 3 6)%ds.

ST
27. _/'sin3 0 cos®24 do. Ans. — (2/5) cost’20 + (2/9) cos®26 + C.
28. ‘/’cos3 20 sin~2/3 2 9 do.

29. fsin‘ (2 2/3) cos® (2 z/3)dx.
Ans. (3/2) [(1/5) sin® (2 z/3) — (1/7) sin” (22/3)] + C.
30. /’r@in2 2z cos* 2 x dx.
31. f Vsin 2 x cos® 2 z dz.
Ans. (1/3) sin¥2 22 — (2/7) sin”/? 2z 4+ (1/11) sin'/22 2 4 C.
32. [ cos? (36/2)d0/ Vi (30/2).

143. Substitutions for Radicands. If the integrand is rational
except for a radical of the form

~vaz + b, or ""n+b,
cr + d

the substitution of « for this radical will make the new integrand
rational. Integral powers of the radicals mentioned above permit
the same substitution.
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If the radical is of the form
Vaz™ + b,

this same substitution is satisfactory, if only powers of z™ are
present, together with a™!dx.

EXAMPLES

1. Evaluate fxV2z — 4 dx.
SoLuTioN. let w = V21 — 4, then w? = 22 — 4 and dz = udu. Also
z = (u? + 4)/2. Substituting, we have

fa:\/‘ZJ: —4dz = %f(uz—l—éi)u?du

(”5 ‘_"_“_a) +C.

In terms of the original variable this result is
2
15 Bz —-2x—-8) 2z —4HV2 4+ C.

1:2
2. Evaluate (3 T x)l/-'id

SorLuTtioN. Let w = (3 4+ x)V3, then 2 = w3 — 3 and dz = 3 u?du. Also
14+ 22=1+4 (u?® — 3)2 = u® — 6 u® + 10. Thercfore

1+ S —6u 4 10
(—,Jff)mdx=f“——13:—+—31L2<1u=3f(u7—6u4+10u)du
u® 6w )
_3(§— L4 )+C
=:1%(5.c2——18x+101) (3 + 2)2% + C.
z3dx
3. Evaluate /(8-!-:52)3/2

SorLurioN. Let u = (8 + z?)V2, then «? =8 4+ 22 and udu = zdz.
Also x? = u? — 8. Secparatifdg z° dz into z? and r dx and substituting, we get

@8 i(if)a/z f<u2 — S)U« o f(l —8u)du

16 4 z?

— 8 _—

+C.
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PROBLEMS

Find the values of each of the following integrals. ’

1 [Vt dda. Ans. (1/3)V(2? + 4)* + C.
2. fadz/(1 + 429,

3. fo0 + 22724, Ans. (1/30) 322 — 1)(1 + 222)¥2 + C.
4. fx’\/izz————i dzx.

5. fevT —eda. Ans. — (2/3)(1 — ex)¥1 + C.
6. fx’ 4z + 1)¥2dz.

7. [ (1 + 2292 de. Ans. (1/75)3 25 — 1)(1 + 2 29%? + C.

8. fx\/m da.

9. fz’ 2 —3zdzx.
Ans. — (2/27)(2 — 3 2)¥[4/3 — (4/5)(2 —3z) +(1/7) 2 -3 x)2]+C.

10. fzdx/\y4 — 6 z2.
11. fz\’/:ix + 1dz. Ans. (1/28)(4z — 1)3z + 1)¥2 + C.

12. fzﬁ\/f) —27ds.

13. f(

14. fa:“d:c/\“ix’ + 7.

iai—__-—asinax)dx. Ans. V5 + az? + cos ax + C.
V5 + ax?

15. f 22 dz/ V(2 — D)t
Ans. — (3/7)(2 — z)¥3(z? + 3z + 18) + C.

16. f:c’dx/\/l — z,

17. j‘:::a dz/(2 — 3 z?)¥s, Ans. — (2/45)(2 - 3z)V4@8 + 32 + C.

z+2
18. f\/8+4a:+z’dz

19. f(l +229dz/V1 — 2z — 2%
Ans. — (2/3)(1 — 2z — z9)¥4 4+ C.



§ 144] FORMAL INTEGRATION 245

20. f:c".\/gx’ — 4.
21. f e dz. Ans. (1/3)(z? — 25)V2(z? + 50) + C.

22. f:c’ dz/(4 2 + 1)52,

144. Integration by Trigonometric Substitutions. If the inte-
grand contains a radical of the form

(1) VE a? + u?

the substitution of a trigonometric function for u will rationalize
this radical. If the radical is

(a) Va* —u? set u=asinb;

(b) va:+ u?, set u = atan 0;
.

(c) Vu? — a2, set u = asecH.

These substitutions make the radicands become some constant
multiplied by 1 — sin?6, 1 4 tan2?6, and sec?6 — 1, respectively.
As each of these functions represents the square of a monomial,
the expressions are rationalized.

If the radical is of the form

(2) Va + bx + ca?,

we can factor out the constant ¢ and complete the square so as to
get

VevEk £ (z £ d)?

The substitution of u for (z & d) changes this radical to form (1).
Or directly, if the radical is

(@) VEk— (x =d)? set (x=+d)=/ksinb;
) VR4 (x £d)?, set (x=+d)=+/ktan0;
(c) V—k+ (xx£d)? set (x=+d)=+VEksech.
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EXAMPLES
. dx
1. Find f ﬁ'_—:i——(;.
SorutioN. The combination of two positive signs suggests that we set

z =atand. Then Vi? + a? becomes a sec 0 and dr = ascc20df. There-
fore

2
/\/_zd_::_._; = fa;v:ccﬂodﬁ = fsec 6do = log (sec§ + tan0) + C.
z a

But tan 8 = z/a and hence sec 8 = Vr? 4 a?/a. These values in the result
above give

T 8 p +C =log (x + Va* +a?) + K,

f dx 1 r + Va2 4 a?
Vz?

where K = C — log a.

dx
2. Evaluate —
valu f Vo=
Sorution. Completing the square under the radical, we have

V2z —xt=+VI1 - (- 1)

This suggests that we set z — 1 =sin0. Then V2r — 22 = cos 6 and
dx = cos 0 df. Substituting, we have

dx cos 6 dg .
fVQx—z‘2=f = fdo=6+C=sin" @z —1) +C.

cos 0

3. Evaluate S'V2 + 4z — 3 r2dz.
Sorution. Factor out 3 and complete the square, then V2 44z -3z
becomes V3V 2/3 4 (4/3)x — x?, which may be written in the form

V3V(10/9) — (z — 2/3)

Now set = — 2/3 = (V10/3) sin 6, whence dz = (V10/3) cos 8d8 and
the new radical becomes (V10/3) cos 8. Therefore

fv2+4x —3z2dx = ﬁf\élocose-l/;—ocosﬂdo=¥ cos? 6 do

; 3 s
= ————loffé (1 + cos26) do = 1L{(%+ ‘"‘420) +C

=§-;/—§ sin"3f/%)2 +3””m“2\/6+121—9x2)+c.
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These trigonometric substitutions can be used to change quad-
ratic forms into more suitable expressions even if there is no
radical involved, as is illustrated in the following examples.

4. Evaluate f‘}-sz—_::-ﬁ

SoLurioN. Write 322 + 5 as 3(2* 4+ 5/3) and set z = V5/3 tané.
Then 3(x? + 5/3) = 5 scc26 and dx = V5/3 sce? 0 do. Substituting, we get

dr f\/.)/iqoc?odﬁ \/ f 1y 3/o
_ . [V5/3sect0df do = B ZV/5 o

3z +5 sec? 6

5. Evaluate f‘;T;{‘%—g'

SorutioN. Write 2 x* — 3 as 2(x? — 3/2) and then let z = V372 sec 6.
This makes 2.r* —3 = 3 tan20, and dr = V372 sec 0 tan 0 d6. Whence

dx V3/2secftan0d 1 .
f2a;2—3"f 3 tan? 0 -6\/()f0300d0

= l V6 log (csc 6 — ctn 6) + C

= L VBlog e - c
6 (v 20t — 3 \/zy—s>+

This result can be rationalized in so far as x is concerned by writing it in the

form
-llé V6 log (I\/Z———[) +C

V2 — V3

fl V2 + V3

+ C.

The first six problems below may be used as formulas of inte-
gration if desired.

PROBLEMS

Show that each of the following formulas (Nos. 1-6) is correct.

du Cain Y
1. f\/E'f;_—Tz sin +C, when a > |ul.

2. f\/_w@—l-—ﬁ log (u + Vut —a*) +C, when u > |a|;

=log (—u— Yur —a) +C, when u< —]la|
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s f =log (u + Vu' +a?) +C.
\/u2+

4. fu'~’+a2 étan"‘— + C.

5. fu’ e = 2_15 log : Ta + C, when lul > |al,
= 5171 log: 7 Z + C, when la| > |ul.

6. fu\/u2 — Elsoac‘l g + C, when lul > |al.

Evaluate each of the following integrals.

7. [dn/VE =2 Ans. sin™! (z/V3) + C.
8. [ du/@* + 4).

0, f«z.z/\/m. Ans. (1/2) log 2z + VizZ +7) + C.
10. f de/VEzE = 5.
1. f2dy/vV6 =4z Anslsin=t (2z/V6) + C.

12.

N

Sy =,

13. [sa0/6vEe =3, Ans. V3 sce™t (0V/2)3) + C.
14. f:sdo/(o2 - 9).

15. fds/VT 25 =25 Ans. (1/v/2) sin' [(2s — 1)/v3] + C.
16. [dz/V2r+6z +7.

17. fd.'r/\/41: + 3 x2
Ans. (1/vV3)log Bz +2 + V92 +121) + C.

18. frl.v/(3 2+ 5z + 4).
19. fdz/@2? - 2). Ans. (1/2) log [(Bz — 2)/3 2] + C.
20. fdz/V5z -6 — 2~

21, fdz/Vi ¥ 6z +18.  Ans.log (& +3 + V&' + 62 + 13) + C.
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22. fdz/\/S 4zt 4z

23. fdx/ 4z + z Ans.log (x +2 + Vx2 +42) + C.
24, f ds/sV3 — st
25. f d8/62Ve? — 4. Ans. VoT —4/40 + C.

26. _/‘da:/.l:\/a2 + z2
27. [2vVi—side.  Ans. (1/8)[sintz — 2VT — 2* (1 — 229)] + C.
28. fa2dz/(3 — ar),

If the numerator of a fraction with a quadratic denominator
involves the form az + b, we suggest the following operations.

EXAMPLES

22z —3
1. Evaluate f 32z 12 dz.
SovuTioN. Factor out the 3 from the denominator and complete the
square, so that

j‘ 2z -3 j‘ 2z —3)dr
e p—" 2 —2z/3+1/9) +2/3 —1/9

(2 z — 3)dzx
(x —1/3)* +5/9 o/9

Then, as previously, set z — 1/3 = ( \!5/3) tan 6. This substitution gives
z =1/3 + (v5/3) tan 0 and dr = (v/5/3) sec26dd. Rewriting the integral
above, we now have

2v5
2z —3)dz 1 +——tan0—3 Vi .
m_g '—_'5—— —3_'86(!0
550020

i Ol Ol GOl cm

(2 tang — 7—\/;) do

7V5 Y
log sec? 9 — —E-O +C

_ 922 —6z + 6 7\/— 3z -1
= glog 2Tt H 0Tl una2 =l ¢
- log(3x’—2x+2)—Mm -13\/51-;-1(,

where K = C + —103
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(2 z + 3)(11

2. Evaluate .
V5 1 ¥ 31 — 4zt

SoruTioN. Factoring out 4 and completing the square in the denominator,

we have
(2z + 3)dx lf (2x + 3)dz
Vs +3zx—4zz 2J V864 — (x — 5/3)2

Now set z — 3/8 = (V89/8) sin 6, then z = 3/8 + (V89/8) sin 6 and
dr = (V89/8) cos 6 do. By substitution,

Z+1\/§§sin0+3

2z + 3)dx 1 )

s oL —— cos 0.df
— 2 8
V5 4+3r —4r x/sgcosg
Zf( + \/‘%‘) sin 0) do
_15

V89
8-0——8—c030+C.

Then since 6 = sin~![(8z — 3)/V89] and cos0 = VI — (8z — 3)?/89,
this becomes in terms of x

’.r+'3)rl.t 15 . 8r —3 1 ———
= -— gin~! —— —‘—\/5+dx—4:c2+(,'.
f\/ —I-J.z—4.v‘ 8 V89 2

PROBLEMS

Evaluate each of the following integrals.
1 f (x — Vdz/VT = 22 Ans. — Vi — g — sin™! (z/2) + C.
2. [z - 1de/Var+a.

3. [(5z—2)dr/Ba? - 4).
Ans. (5/6) log (312 — 4) — (1/2v3) log [(xv3 — 2)/ V3 4+ 2)] + C.

4, f(z z — 3)dz/(G 2 + 7).

S. f(3 — z)dr/V3zx — 4z
Ans. (3/16) (7 sin"! [(8z — 3)/3] + (4/3)V3z — 4x2) + C.

6 f(3 —20dt/(412 — 21t + 3).
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7. [+ de/V8 + 4z + 7
Ans. \/:z:’+4:t+8—log(z+2+\/x2+4.v+8)+0.

8. f(2s +3)ds/V15 F 105 — 5 st.

9. [ Bz —2)de/V5z — 10z — Ib.
Ans. 1/V5) log (x — 1+ V2 —22 —3) + 3/VBVar -2z — 3 + C.

10. [@0—3)do/VI+30- 36

1. [ (52 —2)de/V8 — 32 + 1z
Ans. (1/4) sin ' [(2z — 1)/3] — (5/2)V2 — 22 + z + C.

12. [ (40 +3)do/V =230+ 40

145. Integration by Parts. The formula for the differential of
the product w-v gives a very uscful integration formula. Since

d(uv) = u-dv + v-du,

we get, by integrating each term,

fd(u-v)Eu-v=fu-dv+fv-du.

This is used most frequently when written in the form

(XVII) fudv=uv—fvdu.

This formula allows us to replace a difficult integral, represented
in the formula by Su dv, by wv — Sv du, where Sv du may be
more readily evaluated. Obviously, the uscfulness of the formula
depends upon the proper choice of w and dv. Since we need both
du and v, the function chosen to represent dv should be one which is
readily inlegrated. Also, it is advisable to choose as the function u
that part of the integrand which is simplified by differentiation.

Formula (XVII) is specially useful when the integrand is com-
posed of the product of two types of functions; that is, the product
of an algebraic and a trigonometric, a logarithmic and an exponen-
tial, an inverse trigonometric and an algebraic function, or other
such combinations. Such integrals lend themselves to infegration
by parts, as the application of this formula is called.
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Some general suggestions can be made which will usually help
the student to satisfactory choices for u and dv.

(a) An integrand composed of the product of a positive integral
power of some variable x and either a trigonometric or an exponential
Sfunction of the variable will generally be stmplified by letting u repre-
sent the power of x and dv the remainder of the expression, provided
this remainder can be readily integrated. This choice is made
because the differential of a power of a variable is of lower degree
than the original, while the differentials of trigonometric or
exponential functions are no simpler than the original functions.
It may be necessary to apply the formula several times before the
form fv du becomes a simple integral.

(b) An integrand which involves a logarithmic or inverse trigono-
metric function is simplified by letting u represent such a function.
This choice removes such functions since the differential of log u
or of any inverse trigonometric function is an algebraic function.

(c) If the integrand 1s the product of an exponential and a trigono-
metric function, such as e¢** and either sin bz or cos bz, the formula
must be applied twice and the final relation solved for the desired
integral. In such repeated applications, set w equal to either of
the functions for the first application, and in the second set « equal
to the function appearing for the derivative of u in the first applica-
tion.

EXAMPLES
1. Integrate [ze?zdz.
SorurioN. The integrand is the product of a power of z and the

exponential e¢2*. Therefore we set u = z and dv = e2*dx. Whence du = dz
and v = (1/2)e?*. Substituting in formula (XVII), we get

fxe”dz = %xe” - %fe”dz

ze?* — ie" + C.

[

2. Evaluate fzsin!zdz.
SoLuTioN. Since sin~!z is present, we let © = sin"lz and dv = z dz.

Then du = dz/V1 — 22 and v = 22/2. These give

2
f:c:tsin"‘:t:d:«:=%x*sin“:::—l vz

2J V1 —z“
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The second integral is similar to those we have solved by means of a trigo-
nometric substitution. Hence we let = = sin 6, so that dz = cos §df and
V1 — 2 = cos 6. Therefore the second integral f \/1 becomes

sin? @ cos 6 d@ - _1 _
f o~ —f51n0d8—-2f(1 cos 2 6) do

8 sin26
_§_T+C'

But 9 = sin'zandsin26 = 2sin6cosd = 2zV1 — z%. Therefore

f———f@»: % in“:z:——z\/l_—_x—-i-C
V1 — g2

which makes

fxsin“xdx =%x’sin‘1x —isin“z—f—iz\/l —x2+C.

3. Find Se%* cos 2 x dzx.

Sorurion. This comes under (c) above and we let u = €32 or cos 2z
as differentiation does not simplify either function. If u = €32, we may
write dv = cos 2 z dx, whence du = 3¢**dz and v = (1/2) sin2z. These give

| R 3 -
(1) fe" cos2.1:dx=:§e3 sm2$—§fe3 sin 2 z dz.

This second integral is no simpler than the original and so we repeat the
operation by letting u = ¢ and dv = sin 2z dz. Then du = 3 €3 dr and
v = — (1/2) cos 2z. These in the second integral of (1) give

fe“cos2xdz =1 3 sin 2z -§|:—;1-c“cos2x+gfe"z<:032x(lx]

MI»—N

9
3z = plz —_—— z
e sin2zx + e’*cos 2 4fe3 cos 2 x dzx.

Transposing the last integral to the left and dividing by its resulting coefficient,
13/4, we have

fe”cos2xdx = —(stn2x+3cos2:c) + C.

4, Evaluate f"Va? + z?dz.
Sorution. This is not a mixture of two types of functions; however, it is
readily integrated by parts.
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Thus, let u = Vaz+ z? and dv = dz. Whence du = zdz/Va? + z?
and v = 2. Therefore

fm2(1x=x a2+z2—f\/ﬂdx

a? + z?

2 2_ 2
2 02+2’—fx +a L
Vat + 12

=zxVa®+ 1% — f~a2;—j_;i2~; de + a? f dz

=zVa: + 7 — f\/:if + z2dz + a?log (x 4+ Va? + z?).
T'ransposing and dividing by 2, we get
f\/a‘l + rtdr = %a:;\/a2 + x? +%a210g (x + Va* + r?) 4 C.

5. Evaluate fsece? 0 do.

Sorurion.  This is another common integral which may be integrated by
parts.

Set u = scc @ and dv = sec20df. Then du = scc 9 tan 6 df and v = tan 6.
Therefore

fsec“ 0 do = sec 0tan 0 — fsnc 0 tan? @ do

see 0 tan 6 — fsr‘(: 0 (sec?0 — 1) do

I

sec 0 tan 0 — fscc’ 0do + fsoc 0 do

sec ftun 0 — fs(-c“ 0 do + log (scc 6 + tan 6).
Whence

fsec-" 0do = % [sce 8 tan 0 + log (sec @ + tan )] + C.
In the last three examples the constant of integration has not been added

until all other operations have been completed. This is done merely to
prevent the necessity of changing the form of the constant several times.

PROBLEMS

Evaluate each of the following integrals.
1. ftan-iz dz. Ans. ztan"1z — (1/2) log (1 + 2?) + C.
2. f sin™! 2 z dr.

3. fxsinxdx. Ans. —zcosz +sinz + C.
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4, f z cos™! z dx.

5. [ @+ 2etude. Ans. est3 (z + 1) + C.
6. flog s ds.
7. [logtdye. Ans. — (1/212) logt — 1/(42) + C.
8. fu’e"“du.
9. frtlog2zdz. Ans. (1/9) 2 (3log 2z — 1) + C.

10. f 6% sin 2 6 d8.

11. fx’ sin71 2 x dz.
Ans. (1/3)x3*sin"122 + (1/36)(1 +22z)V1 — 422 4 C.

12. fesintdt.
13. f ¢ cos 3 z dz. Ans. (1/6)e% (sin 32 + cos 3z) + C.
14. f\/4 0% — 12 do.

15. [ Vaz+ldz.
Ans. (1/2)[zV4x2 + 1+ (1/2) log 2z + V422 + 1)] + C.

16. f 6 cos 30 d.
17. fosect3zds.  Ans. (1/2)z?sec1 3z — (1/18)V9z2 — 1 + C.
18. fscc’ 3 6de.
19, _/.d()/(sin3 20).

Ans. (1/4)[— csc26ctn20 + log (csc 260 — ctn 26)] + C.
20. _f:v:2 (log )2 dx.
21. fxﬂx/a_z‘—‘ﬁdx. Ans. —[51%(a? — 223 + 2 (a® — z2)¥/2]/15 + C.
2. [ ze-zdz/(1 — o).

146. Integration of Rational Fractions. An improper rational
fraction should be reduced to a mixed number before integration.
The proper fraction resulting from division may be separated into
partial fractions whose denominators are the factors of the original
denominator.
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We shall explain the method of partial fractions for three differ-
ent types by means of examples.
(a) When the factors of the denominator are linear and not repeated.

EXAMPLE

522 -7z +8
1. Evaluate f:c“ T3z —dz
SoruTtion 1. This is a proper fraction and the factors of the denominator
are z, z + 4, and z — 1. Therefore, we assume that

522 —7x+8 _A B C
@ z=‘+.‘5z2~4x”z+x+ +:c—1'

where A, B, and C are unknown constants. Clearing (1) of fractions and
collecting the coefficients of the powers of z on the right, we have

2 b5x2—-724+8=(A+B+C)x2+BA-B+40)x —4A4A.

For two polynomials to be identically equal, it is necessary that the coefficients
of corresponding powers of the variable be equal. Equating coefficients, we get

A+B+ C=35,
3) 3A—-—B+4C = -1,
—4 4 = 8.
Solving equations (3) simultaneously, we find that A = — 2, B = 29/5,

C = 6/5. Hence

52t 7248 . _ rf_2 29 6
x“+3x*—4zdz—f( z+5(x+4)+5(x—l))dz

dr , 29 dz 6 dx
~2f T+t i 5

29 6
—2logx+—5—log(:c+4)+glog(x—1)+C.

Sorution 2. In clearing (1) of the preceding solution of fractions we get
4) 5:0’—7:3—}-8511(9:-}-4)(:;~1)+Bx(1:—1)+C:c(:c+4).

Since this relation must be true for all values of z, we proceed to use special
values 8o as to get equations involving A, B, and C which are more quickly
solved than those of (3) above. Thus we notice that z = 0 removes the
terms that involve B and C, and so the resulting equation, 8 = — 4 A4, is
solved at once, and A = — 2; similarly z = 1 removes A and B terms and
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we get 6 = 5C, or C = 6/5; also x = — 4 gives 116 = 20 B, or B = 29/5.
The remainder of the solution is the same as that given above.

(b) When the factors of the denominator are linear and some are
repeated.

EXAMPLE
42 -7z 410
2. Evaluate f'(——q:z—)('d—z—:—z—)z dz.
SoLuTIONS., Assume
42 -7z4+10 _ A +B:v+(7

CTF+2Bz—27 z+2 " @z —22
But Br +C = B'(3x —2) + (', where B’ = B/3,and C’ = 2B + 3(C)/3.
Hence we have

422 —72+10 A B’ c’

(5) CI96r -2 z+2 3z-2 T @z-on

Here we have assumed that the original fraction is separated into two
proper fractions having the factors of the original denominator as their denomi-
nators. Then we show that the last fraction can be separated into two
fractions and so all integral powers of cach factor of the given denominator up to
and including the power to which it appears in the denominator may be used as
denominators of partial fractions.  We also point ov, that the numerators remain
constants. Clearing (5) of fractions and using either method outlined in
Example 1, we find that A = 5/8, B’ = — 13/24, C' = 8/3. 'Therefore

4 r? —71‘+10
@ +2)Br —2)2 2)’

8

log (x +2) — log Bz—-2) — Gz -2

+C.
(¢c) When some factors of the denominator are of the second degree.

EXAMPLE

2 —322+ 5z — 12

3. Evaluate f( )@ T35 =2

SornuTioNs. Since # — 1 is a repeated linear factor, we shall assume

partial fractions of the types A/(x — 1) and B/(z — 1)2. Then, since the

other factor of the denominator is a quadratic, we assume a numerator Cz + D
which is the next lower degree. Thus

dz.

2*—322+65zx—12 _ A + B + Cz+ D
z—-D*z2+3z—-2) -1 (x—1)2 " z2+3z—2"

and, as shown in the other examples, the solution is completed.
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A rational trigonometric function of an angle x may be trans-
formed into a rational algebraic fraction in u by the substitution

x
1) tan = = u.
2
. x u T 1
For then sins = ——— CoS = = ———
2 Vitw’ 2 Vit
whence
. 2u 1 —u?
(2) blnx—m, cosx—m.
Also
2 du
= -1 = ——————
3) z=2tanl, dr=jy T
EXAMPLE
4. Evaluate f'sec z dx.
SoLuTiON. Since secz = 5—02—1: = i tz: and dz = 12 _;_h;z: the integral

becomes 2 Sdu/(1 — w?), which is readily integrated.

PROBLEMS
1. Prove the following formula by the use of partial fractions.

a—u

f;z—q__i‘-;, =2—lalog: _:_:, |u| > |al, or El;hga-}—u’ [ul < |a].
Evaluate each of the following integrals.
2. [do/@® — 6z +5).
3. [ @z — /@ - 1). Ans. log (z — 1)V2(z + 1)¥2 + C.

4. [ Bz +2dz/@* +2).
5. fda:/(G:c — 922+ 15).  Ans. (1/3) log (z 4+ 1)8(5 — 3 z)-/8 4 C.

6. [ @z + )dz/@@ - 2.

h

_/' dz/(1 — sin z). Ans. 2/[1 — tan (z/2)] + C.
f dz/(1 + cos z).

®
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9. f2 zdz/[(x + 2)(z* - 1)].
Ans. log (z + 1)(z — DV3(z + 2)~4% 4 C.

10. fdz/[z(z* + 22 + 1],

1. [ 22+ Ddz/lz@z* + 1)) Ans. 2tan~'z + log z(* + 1)~2 4 C.
12. [ +8)dz/[@ + D@ + 1]

13. fdz/(4 +2cos ). Ans. (1/v/3) tan-l(ﬁ‘i‘%%@) +C.
14. [ d6/(3 — 2sino).

15. [ (z+3)dz/[a(z* 62 +5)]  Ans. logz¥(z — 5)¥5(z — 1)1 4 C.
16. [ 32—z + 8)de/L(z + 1)@ + 5)].

17. fatde/@ —1).  Ans.23/3 + 2+ (1/2) log [ — 1)/(z + )] +C.
18. [(1+22—32%de/@2 +22).

19. [ (2t + Ddz/ @ + 2). Ans. (1/2) 22 + log [z/(z? + 1)] + C.
20. [ escods.

21.

—

S (ctn 6.d6)/(1 — cos).
Ans. — (1/4) ctn? (6/2) — (1/2) log tan (8/2) + C.

22.

[\

f(tan 0de)/(1 — cos®).

23, [ (@ + 112 — 6)dz/(z* +8).
Ans. (1/2)x* + log [Var — 2z + 4/(z +2)] + C.

24, f(x‘ +2x3 422242z + 1)dz/(x* + 22+ 2z + 1).
25. [ (sin?0d6)/(1 —sin6).  Ans.cos8 — 6 + 2/[1 — tan (6/2)] + C.

147. Use of Integral Tables. The student should realize by
now that integration is largely an individual process and readily
accomplished or not according to one’s choice of a suitable method.

We have tried to offer enough suggestions as to methods to
enable one to evaluate most of the more usual integrals. However,
a Table of Integrals is often necessary or at least very convenient.
Such tables do not have all possible integrals in them, hence the
transformations previously proposed may be needed to bring the
given integral into the form which may be found in the tables.
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Often this may be done by merely replacing some function of the
variable present by a new variable. Then again it may be neces-
sary to use the formula for integration by parts or the process out-
lined for rational fractions before the given integral is changed into
one which may be found in the tables at the end of this book.

148. The Definite Integral. Usually, as in the case of a mov-
ing body, we are not interested in the whole distance the body has
traveled but in the distance it has traveled during a definite interval
of time. This is also generally true in all problems of integration.
Thus, consider the function y derived from the relation

(1) dy = dF (z) = f(x)dx.
We have
(@) y= [I@iz = F@ +c.

For z = a this function has the value F(a) + C, and forz = b
its value is F(b) + C. Hence, if = has changed continuously
from the value a to the value b, the total change in the function is

®3) [F(b) +C] = [F(a) + C] = F(b) — F(a).

This difference of the values of the indefinite integral for z = a
and z = b is called the definite integral of f(x)dx between the
limits a and b. It is written

@) f *f(x)dx = F(x)]" = F(b) — F(a).

Notice that since the constant of integration disappears in taking
the difference of the two values of the indefinite integral, it is not
written when the integral has limits.

EXAMPLES

1. If dy = 2 z2dz, find the change in y fromz = 2toz = 4.
Sorurion. Using integral notation, we have

y = JS2ztdz.

Then the change in y is represented by
¢ 128 16
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2. The velocity of a falling body is gt ft./scc. How far will the body fall
during the third and fourth seconds? (g = 32.2 ft./sec.?)
SoruTioN. Since v = ds/dt = gt, we have ds = gt dt. Therefore

s = Sgtdt.

Then the change in s, or the distance fallen, is
4 1
s2 — 8§ = ), gtdt = 2gt7] = 6g = 193.2 ft.

If a change of variable, due to a substitution to facilitate inte-
gration, is used, the limits must be changed to correspond to the
new variable. However, if such new limits are not of convenient
form for evaluating the integrated function, this function may be
changed back to the original variable and the original limits used.
In such cases, the limits should appear on the integral sign during
the process of integration but written so as to refer to the original
variable, as illustrated in Example 4 below.

a/2 du
3. Evaluate T
Sorution. In this example we set w = a sin 6, then du = a cos 6d8
and Va® — u? = acos. When u = — a/2, the given substitution makes
sin@ = —1/2, or 6 = — /6, and when u = a/2, sind = 1/2, so 6 = x/6.
Now the cxample can be written
f"/‘-" fr/ﬁ a cos 0 do )0
—a/2\/q? — 2 /6 acosf i/‘ 2'!
]
_ [ /0 r( r)_r A
A 6] -6 6 \" 6/ 3’ VR
'y |._¢
In general an integral has one and only ;’ .'B .
onc value at each limit, but here the -a!/l0'a
value § = sin~!(u/a) has an infinite num- AI\‘ —}E
ber of values at each limit. We must be AN
careful in selecting the values to be used. i
. . 1
A part of the graph of 6 = sin~!(u/a) is a4
shown in Fig. 147. In the integral u is Fia. 147

supposed to vary continuously from
— a/2 to a/2. This condition is satisfied if we choose values for

6 or sin~! (u/a) from the part AB of the curve. That is, for neg-
ative values of u, we take sin™! (u/a) between — 7/2 and 0, and
for positive values of u, we use sin™ (u/a) as evaluated between
0 and =/2.
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5
4. Evaluate \/; zVz — 2dzr.

SoLution. To integrate thisexamplesetw = Vz — 2. Thenu? = z — 2,
2udu =dz,andz = u? + 2. Alsoforz = 2,u = 0,andforz = 5,u = V3.
Hence

fa:v 2dx——2f (u’+2)u’du-—2( 2u‘) \/“3=§’—%—\-/——3

3 0 5

The substitution used in such integrals, here u = Vz — 2,
must be one which changes in one direction throughout the interval
of integration. Thus, as z increases continuously from 2 to 5, the
new function u increases throughout the interval from 0 to /3.
Care must be taken in substitution so that this is true.

The original limits may be used if the following notation is carried out:

fsx T —2dx =2fz=5(u‘ + 2 u?)du
2 =2

us 2u3 =5
=2 (5 + %) |
S T T
_38V3,
T 5
S. Find the value of f m

SoruTtioN. Let x = a tan 6, then dz = asec? 8 df, and the denominator,

z? 4+ a? = a?sce?d. Also for x = —q, tan60 = — 1, or 6 = — 7/4, and for
z =a,tan @ = 1,s0 0 = n/4. Therefore
a . /4 2 /4 x/4
f ez _ a sec 0(10=1f d0=16]
—a 2% + a? —x/4 a*sec?d aJ—z/4 a —x/4

Again from d6 = dz/(z? + a?) we get
1 = _pe dz 1 _z)°
ao:L= —a N —a z? + a? - dtan a]-—a

which has an infinite number of values at each limit. Consider the graph of

9 = t.zm“£
a
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of Fig. 148. We must be careful to select proper values for the integral. In
the integral z varies continuously from — a through O to + a. This requires
that we move along a single branch from

z = —a to z =a. Itis most convenient

to use the branch which passes through the P
origin; then for a negative value of z we
must choose for tan~! (z/a) between — x/2
and 0, and for a positive value of z the
value of tan~! (r/a) must be between 0

8 -

e
2
<

’
T

and 7/2. X
6. Evaluate '——_.:.._——_
f zVar —a?
SoruTtioN. This form of integral suggests
the substitution 2 = asecd. This makes
Vz? — a? = @ tan 6, dx = a scc 0 tan 9 dbf;
therefore
= t: = T=c
fc dzx _ z=cqa sce f an 0 df lft Cd0=—1~0
b x\Vz% — a? p=b asccl wtand  a Jr=b a dr=b
L 1 .z C___l[‘ -1 _ —19].
o ;; = - sec lﬁ]b ol seet g —see™y
o TN . T Here again
Twm———___ .5 _____ ] 1 T}C
0l [ :L:-b ¢ b
-a a\\\ X
E{‘"‘i’:\‘\" 5 b b has an infinitc number of values at
¥ )1 each limit. Iig. 149 shows _the graph
i._,_._-:_’ __________ of y =0 =sec™! (z/a). Since z varies
e continuously from b to ¢, § must vary
\ continuously and to do this secc™! (z/a)
Fia. 19 can be taken between 0 and »/2 for posi-
tive values b and ¢. Then for negative
vaiues, say — b — ¢, the values of sec™! (z/a) should be taken between
and .
PROBLEMS
Evaluate of the following definite integrals.
8
1. /1‘ 2 z. Ans. 3.

2. _[ + 22).

3. (9 — )V, Ans. 3 — (3/2)V3.
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»

. jo"’zadx/(z a — 2).

A Z 22 46/(4 6% + 3). Ans. m/4V/3.

)

‘/O.mzz (lx/V' z3 + 8.

o

h

/2-5(13:/(2 2t — 5z + 3). Ans. log (7/4).

ool

j}:4 z*Vzx? — 4 dz.
f25$\/1 T sds. Ans. (4V3/5)(13V2 — 2).

©

5 —
10. jo' dz/V9 — .
11 f 01 /A A Ans. =/6.
1/3 e
— 2
12, ./L;/sdx/\/‘l 9 2.
/2
13. jo' /2 g sin 6 d. Ans. 1.
14. /'_21 dr/NE = 2 7%
—1/2 —
5. [ 3/‘2/ dr/(42? + 8z + 7). Ans. =/(6/3)
2 e
'16. f1 V27 — 2t dz.
1/2 T ’
17. /:1/2 de/VT Y dz — 420 Ans. =/8,
1.5
18. _/o' 9 — z?)¥dz.
/4 .
19, j(; cosd 2 x dx. ms. 1 3.

0 R—
2 — 2
20. f_ a® V1 = 2 dz.

a [ 11/2 sin™! ¢ dt. 12 — V3/2.
(4]

22, j:_ldz/(l + VI +2).

23. [/;/—fgdx/(x*\/l — 1) V3 —1).

24. ‘/0" 9 sin? 0 dé.
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149. Interchange of the Limits of the Definite Integral.
the symbol
fbf(x) dx represents F(b) — F(a),
where ’
J1@ iz =F@) +,
and

faf(x) dr represents F(a) — F(b),
b

fubf(x) dx = — j;af(x) dx.

150. Subintervals of Integration. Since

it is evident that

265

Since

fbf(x) dc = F(b) — F(a) and fcf(:c) dz = F(c)— F(b),
a b

it is evident that
c b c
fa f(x) dx = f f(x) dx + j; f(x) dx.

A SUPPLEMENTARY GROUP OF INTEGRALS

—

2. [ (4 -2 dz/zt

z3dx .
2z +1

- w/a = 3)ray. Ans. (4/3)(y/4 — 3)* + C.

Ans. (1/48)[82% — 622 + 62z —3log (22 + 1)] + C.

>

f3 z3dz/(1 — x).

-
X f(zﬂ)f 3—sin2x) dx.

w

Ans. (1/2)[5 log (2 — 3) + cos 2z] + C.

o

Sy + by dy.

7. f:cd:c/\/az—:c’. Ans. — Var —z? 4+ C.

8. f(x/v5 — az? + sin az) dz.
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9. [5bzdz/(8a — 6bz). Ans. — (5/12) log (8a — 6 bz?) + C.
10. [zrdz/Vai+ i,

1. fetn? (1 —26) csc? (1 —26)de.  Ans. (1/6) ctn® (1 — 26) + C.
12, ftan‘ 6 sect 6 de.

13. [ scc? (26) tan® (20) db.
Ans. (1/210) [35 tan® (2 6) + 42 tan® (26) + 15 tan” (26)] + C.

14. f(l + 229 dz/VT =27 = 7%

15, [dz/(1 + e). Ans. z — (1/3) log (1 + %) + C.
16. [ e=da/(1 — e).

17. [ cos ag do/(1 + sin af). Ans. (1/a) log (1 + sin a8) + C.

18. fsin ar cos ax dx/(1 — cos 2 ax).

19. f(z + 2)2dzx/x3. Ans. logz — 4/z — 2/22 + C.
20. [ V¥ cost0 + a? s 0 sin 6 cos 0 db.

21 fwde/vVi— 1 Ans. 2/3)@ +2)Vz — 1+ C
22. [Vr+1da/a

2. [2V2z ¥ 1da. Ans. (1/15)622 +2z — )V2z +1 O

24, f V& + 1 de/e.

25, [arde/VT =2 Ans. — (1/3)@? + 2)V1 — 2° 4.8
26. f (a¥3 — z3)2dx/z1s,

27, f x?dx/(z? + 1)% Ans. (1/2) tan™'z — g(x—ﬁ%

28, f(3x —2)dz/V9 — 22

29, f 8in® @ cos? 0 do.
Ans. (1/105) cos? 8 (35 — 42 cos? 8 + 15 cos* 6) + C.

30. fsin'/s (/3) cos® (z/3) da.
31. _flog zdz/z. ins. (1/2)(Jog 2)? + C.

(=]
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32. flog x dx/x2

33. [ cost (2/5) da.
Ans. (1/16) [20 sin (x/5) cos® (z/5) + 15sin (22/5) +62] + C.

34. fcos2 (1 —22)sin? (1 — 27z)dz.
35. fe‘ dz/(1 — ¢%)2. Ans. 1/(1 — ¢*) + C.
36. fe" cos 3 x dz.

37. [dz/V3e + 4z — 10.
Ans. (1/V3)log Bz +2 + V92 + 12 — 30) + C.

38. fxlog (@ + 1) du.

39. [ (a* — x99z da.
Ans. (1/8)[(a? — z)V2(5a% — 2 1% + 3a'sin~! (z/a)] 4 C.

40. f z sec™t (v/2) dz.

a1 fdz/v2at =3, Ans. (1/V2) log (x + VZ* = 3/2) + C.
2. [do/V1+4z -2

v z 43— V22
3. [do/(z* + 62 —13). Ans. (1/2V22) logm +C

4. [6dz/@? 4.

5. fzde/l@ + D@ + 1],
Ans. log (x + 1)-12(x?2 4 1)V4 + (1/2) tan~x + C.

6. [do/(7 + 4z — 429,
fx5dx/v2 3+ 1. Ans. (1/9)(2 2% + 1)/2(23 — 1) + C.
48. fda:/\/2 2 + 3z

49. fx dz/V3z + 6. Ans. 1/7)(2z + 6)¥4(2z — 8) + C.

47.

3

50. fdz/x/xﬁ e

51.

—

fdx/\/7 ¥ 5z — 22 Ans. (1/V2) sin' [(4z — 5)/9] + C.

52.

N

fcoszodo/(l — cos 6).

53. f x cos! (2 z) dx.
Ans. (x2/2) cos™! (2z) + (1/16) sin™! (2z) — (z/8)V1 — 422 4 C.
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. [Va— T

§5. fy\/am — y¥idy.
Ans. — (1/35)(8 a¥/3 + 12 2323 4 15 y43)(a?3 — y23)¥2 4 (.

$6. [ —5y"+6y—4)dy/y® —4y* - 5y).

s7. [yrdy/lw — D@ + 1]
Ans. (1/2) log (y — 1) + (1/4) log (y* 4+ 1) 4+ (1/2) tan~ty + C.

s8. [ ViyE— Ldy/y

59. [ de/V(z = ). Ans. — z/(OVZ = 9) + C.
60. [z +22%+222 4+ 22 +2) dz/[(x + D(* + ],

o6l [5zde/VT =zt Ans. (5/2) sint 2? + C.
62. [ cos® 2z — 1) dz.

6. [ Vyr—T1dy/y. Ans. (y* — 1)V2 — tan™! (y2 — 1)V2 + C.
6. [(@+6)de/V1+2z—37-

65. [ tan® 2 — 32) da.
Ans. — (1/6) sec? (2 — 3x) — (1/3) log [cos (2 —3z)] + C.

66. [ tan® (22/3) sect (22/3) da.
67. ftan 6do/(1 + cos 6). Ans. — log [1 — tan? (6/2)] + C.
68. [ ctn0ds/(1 + sin 6).

69. fsinmzcosn:cda:, m % n.
Use sin (A 4+ B) + sin (A — B) = 2sin A cos B.

cos (m+n)x cos (m — n)x
Ans——[ P P ]+C.

70. f cos mz cos nr dxr, m # n.

71. fsin mz sin nx dr, m # n.
s — %[sm (m + n)xz _ sin (m — n)z] +c.

m+n m—n

72, f a?? dg/(a? sin? § + b2 cos? 6).
73. [ +/sin 0 do/cost/2 6. Ans. (2/3) tan¥29 + C.

74. f A + Vz)/z dz.

75. fz tan™1 2 z dz. -
Ans. (1/2) z* tan—* z — z/4 + (1/8) tan— 2z + C.
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76. f z sin~! 3 z dz.

77. fsin‘ B —2x)dzx.
Ans. [4sin® (3 —2x)cos (3 —2z) —6(3—2z)+3sin (6 —42)]/32 + C.

78. _/‘cos3 3xrdx/(1 — cos 3 z).

79. _/(; /2 sin 6 cos 6 df. Ans. 1/2,
s. f "Laz/(@? + 4) — z/2] dz.

8l. jo‘r/‘i cos® (2 ) dx. Ans. 4/15.
82. j;sdx/(Q 2t —z —3).

83. j(; * Va7 dr. Ans. 4(11V2 — 4)a7/e/35.
84. _/0‘”/4 sec?0V'tan 0 + 3 df.

85.

w

fo'sino(1—9+sina)do. Ans. 2 — /2.
86. f12 (2= — 1) dz/(e** + 1).

gr. [ Vi, Ans. 8/3.
8s. fo /2 sin® (8/2) db.

8

©

[0 " sin® (9/2) do. Ans. 57/16.

90. /l'e V1 + log z dz/z.

/4 1 3 V3 + 1
91. ~/;r/4 cos 8v/1 + sin? 0 do. Ans. V3/2 + (1/2) log\/_ —
2
92. _/;2102\/4 — z2dz.
log 4 —_——
93. j(; % dz/Ve = + 2e=, Ans. 3 — V3.
a
94, Laadx/[xVa2 + x?].
=x/4
95, If dy/dx = sec? z, what isj:nof/ dy? Ans. 1.

r S—
96. _/(; ydzforz = \/2ry—y’.

97. jo‘r\/I + (dz/dy)*dy for z = V2ry — y3, Ans. xr/2.
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08. j(;';;w T @z/dy)tdy forz = V2 1y — 72

99. jo'a V1 + (dy/dz)? dx for z?/3 + y3 = a3, Ans. 3a/2.
100. j(;a yV'l + (dy/dx)?dzx fory = b + Va? — z2.
101. fo ®2yVT + (dy/dz) dzx for 9 2 + 25 y? = 225. Ans. 245/8.

102. j‘;ay\/l + (dy/dz)? dz for 8 a%? = z%(a? — z2).
103. ‘/uwf’(y) dy if f'(y) = (d/dy)f(y). Ans. f(z) — f(a).

104. _/a‘zf”(y)(x — y)dy. (Use parts.)

10s. 711w e - yr/20 dy.
Ans. f(z) — (@) — (@) (& — a) — f"(a)(z — a)?/2L.

106. fxf'““ (y)(z — y)»dy/nl. Get several terms.
a



CHAPTER XII

APPLICATIONS AND INTERPRETATIONS OF
INTEGRALS

151. Curves with Given Properties. If the equation of a
curve is given as F(z, y) = 0 or ¢(r, ) = 0, we can find the
differentials of these functions. The derived equation will usually
involve z, y, dx, and dy or r, 6, dr, and d, and is called a differential
equation.

On the other hand, if a differential equation is given which we
can reduce to the form

Niy) dy = fx(z) dx,
or

¢1(T) dr = 4)2(0) dﬁ,

in which the variables are said to be separated, we may be able
to integrate each member of such a relation and thereby obtain
the equation of the curve except for the constant of integration. Some
additional information is necessary to find the constant so as to
know definitely the equation of the curve. If the constant of
integration cannot be found definitely, we can consider it as a
parameter and then the equation represents a family or system of
curves, one curve for cach definite value assigned the constant.
Such a system of curves is called a one-parameter system as the
constant of integration plays the role of the parameter.

EXAMPLES

1. If the slope of a curve at any point is the square of the reciprocal of
the abscissa of the point and if the curve passes through (2, 4), find its equation.
SoLutioN. We are given that

dy _ l
¢Y) dz 22’
which written in differential notation becomes
dz
)] ay = -
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Integrating ecach member of this equation, we have
6 y=-1+¢,

where C represents both constants of integration, one of which might have
heen written on each side of the equation.

The equation (3) represents a family of curves such that the slope of each
satisfies the condition (1). To find the member of this family that passes
through (2, 4), we impose the condition that (2, 4) satisfy (3) and thereby find
that C' = 9/2. Therefore the desired equation is

19
y““;;'*’ﬁ’ or 2zy — 9z +4+2 =0,

which is a rectangular hyperbola.

2. Find the equation of the curve which is perpendicular to the line joining
any point of itself to the point (3, 4), if it passes through the origin.
SoLuTioN. Let P represent the point (3, 4) and P(z, y) any point of the
curve. The slope of the curve at P is the
y negative reciprocal of that of the line P,P.
Therefore

dy -3
dr ~  y —4’

whence, scparating the variables, we find
(y — ddy = (3 — x)da.

Integration gives the system of curves

Y 423,72
) 4y =3z 2+C’.

T1a. 150

Since the curve we want passes through
the origin, we substitute £ = 0, y = 0 in this equation and find that C = 0.
Clearing and transposing, we obtain

224+ y? -6z -8y =0,
a circle with (3, 4) as its center.

3. Find the cquation of the curve through the point (a, x/4), from which
is derived the relation dr/d8 = (a?/r) cos 2 6.

SoruTioN. Separating the variables r and 6, the given relation can be
written as follows,

rdr = a? cos 20 db.

Integrating, we get

2 2
;—=(—12—sin20+(7.
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Then substitution of (a, =/4) in this gives

a? _a® sin
2°2° + ¢
whence C = 0. Therefore the desired equation is

72 = a?sin 26.

PROBLEMS
1. The slope of a curve at any point is z2 and it passes through (1, 5).
Tind its equation. Ans. 3y = 2% 4 14.
Find the cquation of the curve which satisfies the following conditions.
(Nos. 2-6.)
2. Slope — 5 and passes through the point (— 2, 8).
3. Slope 2 z, through the point (1, 3). Ans.y = z2 + 2.
4. Slope 2 z/(1 + z2), through the point (0, 0).
5. Slope 2 y, through the point (0, 5). Ans. 2z = log (y/5).

6. Slope y2, through the point (1, 5).

7. The rate of change of the slope of a curve with respect to zis 2 — 6 z.
Find its equation if it passes through (1, — 1) and (— 1, 5).
Ans.y =1 —2z + 2% — z%
8. The slope of a curve is proportional to the ordinate at any point. If it
passes through (1, 3) with the slope 3/2, what is its equation?

9. The slope of a curve at any point is three units less than the square of
twice the abscissa of the point.  If it passes through (2, 7), what is its equation?
Ans. 3y =42 -9z + 7.

10. The rate of change of the slope of a curve with respect to z is 3 z.
Find its equation if it passes through the points (2, 3) and (— 2, 11).

11. Find the equation of the curve for which d?y/dz? = 5, and m = 3 at
the point (2, — 4). Ans. 2y =5z — 14 z.

12. The same as Problem 11 for d?y/da? = 4 — 2 z, if ¥ has a minimum
value at the point (1, 2).

13. The same as Problem 11 for dm/dx = cos z, and m = 3 at the point
(x/2, 2). Ans.y =2z —cosz +2 — .

14. The same as Problem 11 for dm/dx = 2 sin z, and m = 4 at the point
(r/2, 2).

15. The same as Problem 11 for 3 = 4 — z? and m = 1 at the point
(2, —10/3). Ans. 12y =24 22 — 24 — 52z — 16,

16. Find the polar equation of the curves which make an angle with each
radius vector equal to that which locates the radius vector.
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17. Find the equation in polar coordinates of the curves which make the
same angle with the radius vector to each point. Ans. r = ceM.

18. Find the equation of the curve through (0, ¢) which has its tangent of
constant length c. The length of the tangent to a curve is yV'1 + (dz/dy)>

19. Find the equation of the curve through (1, 5) which intersects the
curves y = (1/2) log (1 — z?) + c at right angles.
Ans. 2y =2logz — 22 + 11.

152. Straight Line Motion. If the distance a body moves
along a straight line is given as a function of the time, we have
found the velocity and acceleration to be ds/dt and d2s/dt?, respec-
tively. We are now able to reverse the problem. That is, given
the velocity or acceleration of a body as a function of the time, we
may find the distance the body has moved and its direction of
motion along its path at any time ¢. The constants of integration
which appear during the inverse operations arc determined by
initial conditions or additional information.

EXAMPLES

1. If the acceleration of a body is 6 — 3¢, find the distance the body will
move after ¢ = 0 while the velocity is increasing; given the initial condition
v=0whent =0.

SorurtioN. The velocity increases during the interval in which the accelera-
tion is positive. Ior this example this interval begins at ¢ = 0 and continues
until ¢ = 2. Hence the distance moved during the interval from ¢ = 0 to
t = 2 is desired. The acceleration

ﬁ _dv

diz ——E"t=6—3t.

Then
dv = (6 — 31t)dt,

3t
v—6t—--2—+C.

Since v = 0 when ¢ = 0, the constant of integration C is zero.

Before evaluating s over the interval from ¢ = 0 to ¢t = 2, we must see if
the motion is in the same direction during the interval. Since the direction
of motion may change when v is zero, we see from

3¢

3
v—6t——2——§(4—t)t—0

that the direction of motion can change only at ¢ = 0 or ¢t = 4. Hence it
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does not change between ¢ = 0 and ¢ = 2. Now, writing s as a definite integral,

we have
2 312
S =/(; (ﬁt—'?)dt

1372 .
=3t2—§ 0=12—4=8un1ts.

2. If v =2 — 3¢+ t? find the distance traveled by a particle during the
interval fromt = 1tot = 5.

SovutioN. The velocity is zero at ¢ = 1 and ¢t = 2. Since it is negative
fromt = 1 tot = 2, the motion of the particle during that time is opposite to
the direction in which positive s is measured. To find the total distance
traveled, we must compute s for the intervals from ¢ = 1 to ¢t = 2 and from
t = 2tot = 5, and add the two results numerically. That is, let

2 5
sl=/l' (2 -3¢+ dt and sz=f2 @ — 3¢+ L.

Whence

. 32 BN _ (4 _ 8Y (o _3,1y_ _1
s‘=(“"7+§)]1‘(4 6+3) (‘2 2+3)‘ 6’

3t 3\ 15 75 125 2
82—(2‘“7+§)]Z —(1°—§'+—3‘) —3 = 1%

Therefore the total distance traveled is

and

1,1 2 .
135 + 5= 13§un1ts.

PROBLEMS

1. The velocity of a particle along a straight line is 2¢ — 4. How far
does it move from ¢ = 1 to ¢ = 4? Ans. 5 units.

2. The same as Problem 1, withv =2 — 6t 4+ 5,¢ =0,t = 3.

3. The same as Problem 1, withv =2 —6¢t+5,t =3,t = 7.
Ans. 16 units.

4. The same as Problem 1, withv =2 +2¢t -3, =0,¢ = 3.

5. The same as Problem 1, withv =10 —7¢ 4 ¢%, ¢t =0,¢ = 6.
Ans. 15 units.

-2+ 11t—-12,t =3, t=1.

12(82 — 42+ 3¢),t =0,t = 4.
Ans. 96 units.

6. The same as Problem 1, with »

[

7. The same as Problem 1, with v



276 DIFFERENTIAL AND INTEGRAL CALCULUS [Cu. XII

8. The velocity of a body moving along a straight line is 3¢ — 2. How
far does it move while the velocity is positive?

9. The velocity of a body along a straight line is 10 — 7¢ 4 ¢2. How far
does it move in the direction opposite to that in which the distance is measured?
Ans. 414 units.

10. The same as Problem 9 forv =2 — 3¢ + 2.

11. The acceleration of a body along a straight linc is ¢2 — 4¢. How much
does its velocity change during the interval in which the acceleration is nega-
tive? Ans. 1024 units.

12. The velocity of a body along a straight line is ¢ — 2. How far apart are
its positions at ¢ = 1 and ¢{ = 4? How far has it moved?

13. The same as Problem 12, withov =2 — 6t 4+ 8,t = 1,1 = 3.
Ans. 2/3 units; 2 units.

14. The same as Problem 12, withv =2 — 7t +5,t =0,¢t = 2.

15. The velocity of a body along a straight line is 18 — 3¢. How far will it
move from ¢ = 2 until it stops? Ans. 24 units.

16. If v = ¢ — e?¢, how far does the body move after ¢ = 0 while » > 0?

153. Projectiles. Let the point of projection of a projectile
be taken as the origin of coordinates, the x axis horizontal, and
the y axis directed upward. Sup-
pose the initial velocity is v, and
the angle of elevation is a.

If we assume that the force of
gravity alone acts on the projec-
tile, there is no horizontal force
mg and hence the horizontal velocity

dx/dt is constant and the horizon-
« tal acceleration d%z/dt? is zero.

The vertical force acting down-
ward being that of gravity, we
have

Y

pey)

Yo,

F1a. 151

(1) ai’z""'a“:_g)

Integrating (1), the vertical component of the velocity is found
to be

X
<L

@ y =", =—9+C.
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The initial conditions are
t =0 =0 y=0,

3) dr

- = 1y sin
dt !

_ ay
=0 cosa,
whence C of (2) is v sin a.

Then, since the horizontal component is constant, these com-
ponents of the velocity are

(4) % = ) COS «, (‘ii—g = — gt + v sin a.

Integrating rclations (4), we have

z = vt cos a + Ch,

Y = vt sin a — %gﬁ + C..

The initial conditions z = 0, ¥y = 0, t = 0 make C; = C; = 0.
Hence the path of the projectile is given parametrically by

(5) X = v coS a, Y = vt sin @ — %gtz.

As the velocity of the projectile in its path is
v =Vv.?+ 7

we have, from (4),

v = Vo2 cos? o + vo? sin?a — 2 vogt sin a + %2,
or

(6) v =1Vv? — 2 vgt sin a + g2

In the following problems the student should derive the paths
needed by integrations and not by substitution in formulas (5).

PROBLEMS

1. Find the rectangular equation of the path of a projectile of 200 ft./sec.
initial velocity at an elevation of = /6. Ans. y = £/V3 — gx2/60000.

2. Find the time of flight on a horizontal plane of a projectile of initial
velocity » and elevation a.
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3. Show that the range of a projectile on a horizontal plane is (v?sin 2a)/g.
What elevation makes the range a maximum? Ans. 7 /4.

4. To what maximum height will a projectile rise?
S. When is the velocity of a projectile least? Ans. t = (v sin ) /g.

6. Tind the ranges on an inclined plane of inclination 6, the projectile being
fired directly up and down the plane.

7. TFind the elevation for a maximum range for Problem 6.
Ans.a = 0/2 + /4.

8. A plane flying 100 mi./hr. at a height of 1/2 mile will drop a bomb on a
target. How long before passing over the target should the bomb be relcased?

9. If it is 60 ft. from the position of a pitcher’s hand when he releases a
ball to the batter, and if the ball leaves his hand horizontally and 5 ft. above
the ground, how slowly may it leave his hand to pass by the batter 2 ft. above
the ground? Ans. 80V/3 ft./sec.

10. A projectile of initial velocity v, ft./sec. is to hit a target k ft. away on
the same plane as the point of projection. What angle or angles of elevation
are necessary?

11. Assuming a = 60° » = 75 ft./sec., ¢ = 32 ft./sec.?, find v., vy, and v
of a projectile if x = 20 ft.  Ans. 37.5 ft./sec.; 47.89 ft./sec.; 60.82 ft./scc.

12. Solve Problem 11 if y = 30 ft. instead of z = 20 ft.

13. Find the envelope of the paths of projectiles fired from a given point
with the same muzzle velocity but with different angles of elevation.
Ans. 2y = v?/g — gx?/ved

154. The Law of Natural Growth. If bacteria are allowed
to grow naturally with sufficient food supply, the increase per
second in the number in a cubic unit of culture is proportional
to the number in that cubic unit. The law of natural growth may
be derived from this type of rate of change. Thus, if the rate of
change of a quantity y with respect to an independent variable ¢
is proportional to y itself, we have

dy _
@~k
Therefore

ig:—-kdt.
Y
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Integrating, we find
log y = kt 4+ log C,

where the constant of integration is taken as log C so as to simplify
the next operations. Then

logy — log C = log% = ki,
and hence
or \
(1) y = Ce*. -

This is the law of natural growth.

Some instances in which this law applies are: The rate of
decrease of air pressure as we leave the surface of the earth is
proportional to the pressure at each height. The rate of increase
of the number of bacteria in a culture at any time is proportional
to the number present at that time. The rate of change of the
difference of the temperatures of a body and a cooling flow of air
or liquid is proportional to that difference.  This law applies even
to compound interest if the interest is assumed to be continuously
compounded. Such is the case for an investment which is con-
tinually increasing, or decreasing at a given rate.

The student should derive the law by integration to fit each
problem given below.

EXAMPLES

1. When light enters a medium, its rate of absorption with respect to
the depth of penetration ¢ is proportional to the amount of light incident on a
unit area at the depth. Find the law connecting L and ¢ if the incident light
is Lo and the emerging light after passing through a thickness ¢; is L,.

SorutioN. We are given that

dL

G = — kL
Whence

dL

T =—kd,

and integrating, we have
log L = — kt + log C.
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Therefore
L = Ce™™,

But when ¢t = 0, L = L, then C = L,. Also when ¢t =1t,, L = L;; hence
L, = Lee™4, or
Ll 14
-+ — [
¢ (L) ’

Ly th

Ly

2. Suppose an amount of money A at a rate of interest r is changing
continuously by instantaneous compounding. Iind the law connecting A4
and the time ¢ it is at interest.

SoLutioN. We have, to begin with, the compound interest law

4= Ao(l +;’)"',

whence
L =1L (

where A, is the original amount invested, r the rate of interest, ¢{ the number
of years, and n the number of compoundings per year. If the student is
not familiar with this law he can readily derive the special cases where n = 1,
2, -++ and thereby see how the law is derived for any z.

We can rewrite the law in the form

A =4, [(1 + ni)n/r]rt.

To let the compounding occur instantaneously is to let n — «, and we have
A - A()e”,
since lim (1 + r/n)»r = e. This is the natural growth law because
n—» ©

dA
v r(Aeert) = rA.

The example as stated is equivalent to an investment of value A which is
continually increasing at a rate r per year.

PROBLEMS

1. Sugar decomposes at a rate proportional to the amount present. If
50 lbs. becomes 16.4 lbs. in 4 hrs., when will 0.05 1b. remain?
Ans. In 24.79 hrs.

2. If the rate of growth of a quantity is proportional to itself and if it
doubles in 10 yrs., when will it treble?

3. The rate of change of v with respect to ¢ is proportional tov. Ifv = 10.5
units at ¢ = 0, and 26.25 units at ¢ = 5, find its value at ¢ = 6.
Ans. 31.53 units.
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4. A substance s decomposes at a rate proportional to itself. If s = 3.24
units when ¢t = 0, and 1.62 units when ¢ = 3, find s for ¢ = 5.

5. A sheet hung in the wind loses its moisture at a rate proportional to
the moisture remaining. If one half is lost in 1 hr. what part remains after
5 hrs.? Check by a progression. Ans. 1/32 of the original amount.

6. A rotating wheel is slowing down in such a way that the angular
acceleration is proportional to the angular velocity. If w = 75 r. p. s. at the
beginning of the slowing down and in 2 min. it is 3 r. p. s., at what time is
w=30r. p.s.?

7. A cube of dry ice cvaporates at a rate proportional to the surface of the
block. How long before a 6 in. cube reduces to a 1 in. cube, if an 8 in. cube
reduces to 6 inches in 1 hr.? Ans. 2.5 hrs.

8. If the population changes at a rate proportional to itself, what popu-
lation will a city of 40,000 have in 20 years, if 20 years ago it was 25,0002

9. The rate of decrease of a quantity is proportional to the quantity.
If 1/4 disappears in 2 hrs., when will 1/10 remain? Ans. At t = 16 hrs.

10. The ratc of decrease of a quantity is proportional to the quantity.
If 1/5 disappears in 2 hrs., when will 1/9 remain?

11. If 100 lbs. of one substance is transformed into another at a rate
proportional to the amount untransformed, and after 3 hrs., 51.2 lbs. is not
transformed, derive a formula for the amount transformed at any time.

Ans. s = 100(4/5)¢.

12. The funds of an institution over $300,000 are appreciating in value at
the rate of 4%, per annum. If the original amount is $800,000, when will it be
doubled?

13. The same as Problem 8; if the population increased from 1600 to 2000
in the past 4 years, what will it be 10 years hence? Ans. 3494.

14. The same as Problem 11 for 12 lbs. becoming 9 Ibs. in 2 hrs. Also find
how much is transformed at the end of 4 hrs.

15. For a constant temperature, the rate of change of the pressure of the
atmosphere with respect to the height above sea level is proportional to itself.
T'ind the pressure at a height of 5000 fect if it is 11.8 Ibs. at 6000 feet and 15 lbs.
at sea level. Ans. 12.28 lbs.

155. The Area under a Curve. Let RS, Fig. 152, be a portion
of the curve whose equation may be represented by y = f(z).

Let DB be an ordinate at a fixed distance a from the y axis
and let MP be the ordinate of a variable point P on the curve.
The area bounded by DMPB is represented by A. It is evident
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that the value of A depends upon the position of the variable ordinate
MP and hence s a function of x.
Now let P move to Q so that = increases an amount Az and A
increases the corresponding amount AA or MNQP. The value of
AA is such that

(1) MP-Az < AA < NQ:Ax

N

)

P if the curve rises from P to Q.
R S The inequality signs will merely be

S~ .
reversed if the curve falls from

P to Q.
Dividing relation (1) by Az, we
X have
O  D(a0) M(x0) C(b,0)
AA
Fia. 152 MP < A < NQ.

Now let Az — 0 so that the ordinate NQ approaches MP in
position and value, then, since AA/Az remains between the two,
it follows that

2) lm A= - MP=y =, (§52,1V).
That is, the rate of change of A with respect to z is the ordinate
of the bounding curve at the extreme right-hand boundary. It is
convenient to think of A as gencrated by the line-segment M P
as it moves from the initial position DB determined by z = a
to some final position.
Relation (2) gives us the differential equation

dA = y dz,

and by integration we find
3) A=fydx=ff(x)dx=F(x)+C.

The expression Sy dx of course has a meaning when either y
is expressed as a function of z or when dx is replaced by its value
in y and dy. The variable whose differential occurs under the
integral sign is called the variable of integration; if the integral
has lumits, they refer to the variable of integration. Any other vari-
ables appearing in the integrand must be expressed in terms of the
variable of integration before the integral can be evaluated.
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The area between the two fixed ordinates DB and CE may now
be evaluated. To determine Cin (3), we have x = aand A = 0
when P is at B. Hence C = — F(a), and A = F(z) — F(a).
When Pisat E, x = band A = F(b) — F(a). Therefore (§ 148)

(4) A= fbf(x) dx = F(b) — F(a).

Similarly, the area between the curve x = g(y), the y axis,
and the linesy = cand y = d is

(5) A= f dg(y)dy-

The formulas (4) and (5) are subject to the definite restriction
that the curve y = f(x) does not cross the z axis, and the curve
z = ¢g(y) does not cross the y axis between the limits of integration.
The reason for this is explained at the close of the following article.

156. The Area between Two Intersecting Curves. Consider
the area A between the two curves MN, y = fi(z), and RS,
y = f2(x), from their intersection at £ = a to the variable vertical
line P,P,. If the corresponding areas between cach curve and the
z axis are A; and 4., then

Y

(1) A=A4,— Ab
and M

dA _ dd; _ da,

dr ~ dx dz’ R
or {

dA

2) g = v2 — v = f2(2) — fi(®). i
Therefore the rate of change of A @ e ve s

with respect to z is the vertical
boundary P,P.. From (2) we have

®3) dA = [f(2) — fi(z)] dz

and hence the area between the intersectionsat z = aand z = bis

@) a= [ " La(0) — fi(0)] dx.
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The student should set up and use formula (4) in such problems
instead of finding the area between each curve and the z axis.

If two curves intersect in more than two points, the limits
of (4) refer to any two consecutive intersections. The reason for
this is evident if we consider the two curves of Fig. 154. Suppose
the curves y = fi(z) and y = f2(z) intersect in the three points
B, C, and D. Then the area A,
bounded by the two curves between
B and C is generated by the line
PP,, which is fo(z) — fi(z) in
length. But the area A, betwecen

Y

E C and D bounded by the two
B curves is generated by P,Pi, which
has the length fi(z) — fo(xz). Then

g dA, = [fa(z) — fi(z)] dz,

while
Fic. 154 dA; = [fi(z) — f(2)] dz.

These differentials differ in sign. If we integrate [f2(z) — fi(2)] dz
from point B to point D we get A; — A,. That is, we get the
algebraicsumof A;and (— As)
since f(z) — fi(x) is positive
from B to C and negative from E
C to D.

Y

EXAMPLES

1. Find the area between the
curve 3y = z® and the z axis from
rT=—2tozx =3.

SoruTioN. The desired area is ¢l >X
composed of the two parts BOC and g1
ODE. (See Fig. 155.) The area B
BOC is generated by the line
PP, = —y = — z8/3 as P; moves
from C to O. Hence the area of Fia. 155

0 0
BOC =% . (=28 de = — x‘/l?] 2= 4/3 sq. units.

o

Ml
(N}

[S)
~
Fy)

Similarly ODE is generated by P,P; = y = 23/3 and its value is
1 o3 3 .
3 fo zdz = :c‘/12:|0 = 81/12 = 63 sq. units.

Therefore the desired area is 8#; square units.
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2. Find the area bounded by the two curves y = z? and y? = z.

SorutioN. The desired area is gener-
ated by P,P; as it moves from O to B.
Hence

dA = (yz — y1) dx = (22 — z?) dx.

Thercfore

A= _/(;l (xV2 — z?) dx

2% A\t 1 .
= ( 3~ ~3—):|0 =3 sq. units.

A figure is an essential part of the solution
of any area problem. Fi1a. 156

PROBLEMS

1. Find the area between the lines y = 3z, ¥y = 0, and 2 = 6 and check
by the use of some formula. Ans. 54 sq. units.

2. Find the area under y = 22 — 22 and above y = 0.

3. Given thelinesz +y =0and 2z —y — 2 = 0. Express any verti-
cal line-segment from the first line to the second as a function of z.
Ans. 3z — 2.

4. In Problem 3, express any horizontal line-segment from the sccond line
to the first as a function of y.

5. What is the length of a horizontal section of the area enclosed by
y*=4zx 4+ 4and2* =4y + 8. Ans. 2Vy +2 + 1 — y2/4.

6. Find in terms of = the length of a vertical section of the area enclosed
by y?=4zandz =2+ y.

Find the area enclosed by the following boundaries. (Nos. 7-20.)

7. Yy = 12) Yy = Oy = 11 z =4 Ans. 21 sq. units.
8 y=2*+1Lz+y=1
9. z=y*—-4,z =0 Ans. 32/3 sq. units.

10, z =y*4+2y,2+2y =0.

11, y =5z — 2%, 2y =5z — z. Ans. 125/12 sq. units
12. 2=z +6,z =4 — 3y

13. 2 =2cos6,y = 2sin6. Ans. 4 7 sq. units.

14. £ =4 cos6,y = 3sinb.
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15, y=e=*tz = -2, =4. Ans. 2(e — 1/e?) sq. units.
16. y =e %y =e*,z = 2.

17, y =logz,z =0,y =0,y = 2. Ans. ¢ — 1 sq. units.
18. y =zlogx,y =z — z2

19. 2z =siny,y =0,z = 1. Ans. w/2 — 1 sq. units.
20, y =sinz,y=—1,2=0,z =m

Find the area enclosed by the loops of the following curves. (Nos. 21-23.)
21. y? =z} (z + 2). Ans. (32/15)\/§ sq. units.
22, y2 = (zx — 1)(x — 3)2

23. 22 = yiy + 4). Ans. 4096/105 sq. units.

Find the area bounded by the following curves. (Nos. 24-27.)

24. The ellipse z2/a? + y2/b? = 1.

25. Anarchof y = sin?(2 z) and the z axis. Ans. 7/4 sq. units.
26. The coordinate axcs and the parabola zV/2 4 y!/2 = /2,

27. The equilateral hyperbola z? — y% = o> and the double ordinate
through the point P’; on the curve. Ans. xyy — a?log [(x1 + w1)/a].

28. Prove that the area of a parabolic segment formed by a line-segment
perpendicular to its axis is two-thirds of the rectangle which circumseribes the
segment.

157. Some Improper Integrals. A definite integral whose
integrand becomes infinite for some value or values of the variable
of integration in the interval of integration or which has an infinite

Y

1

@0 {0 0 b0 X @0 |0 X
Fia. 157 Fia. 158

limit is called an improper integral. If we consider the geometric
interpretation of such an integral, the reason for this is at once
evident. The definite integral, 7.e., J/’f(z)dz, represents geo-
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metrically the number of square units in that part of the zy plane
which is bounded by y = f(z), x = a, * = b, and the z axis, and
this exists for all continuous functions f(z) in the interval
a=z=b. If, however, the integrand becomes infinite for
some x between £ = a and x = b, the curve y = f(z) has a vertical
asymptote and the area represented by the integral has its bound-
ary recede to infinity and it is no longer bounded. Figure 157
shows such an unbounded area due to the asymptote at z = c.

Again, if a limit of the integral is infinity, the bounding curve
has a horizontal asymptote, thereby making the area unbounded
also. Figure 158 shows such an area. Such improper integrals
are defined as follows:

(a) If f(x) becomes infinite at one of the limits of integration,
say at ¢ = b, then

b b—h
@ [war=lim ["fede n>o0.
a —0Jg
(b) If f(x) becomes infinite at x = ¢ where a < ¢ < b, then

@ f ") dax = lim [ M f(x) dx + lim :h’f(x) ds,

c

where hy and hy are positive.
(c) If one limit is infinile, say the upper one, then

® [ fedx=tim | *§(x) dx.

These three definitions and the methods of evaluation of such
integrals are illustrated by the following examples.

EXAMPLES

1. Find the area under the curve y = z7V/2fromz =0toz = 2.

SorurioN. The curve y = 712 has x = 0 as a vertical asymptote. The
method is then to find the value of the shaded area in Fig. 159 and evaluate
the limit of that area as h — 0, if possible.

2 2 2
A= fo 2t dg = lim /}: z-/tdz = lim (2 xl/z]h)
= lim (2V2 — 2vh) = 2V/2 sq. units.
h—0

At first the student might think that the area under such a curve is always
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infinite since its boundary recedes to infinity along the y axis. But for this
curve such is evidently not true and it is essential to evaluate the integral in
each case before a conclusion is reached.

Y Y }
J |
|
I
2 |
|
|
1 /I
1 |
-——:/ 1

Olho 1 (2,0 X -1 O] p/\p, 2 X

F1a. 159 Fia. 160

2. Evaluate if possible f . (x——)z'

SorutioN. The graph of the curve represented by y = 1/(z — 1)? is
shown in Fig. 160. It has a vertical asymptote, 2 = 1. Hence

2 dx i 1—h, dzx ., 2 dx
-/;1 @ —1)2 _hh—ryo »/; (x —1)2 +;,11TO f+h, (x —1)2’ hy, he > 0,
1—h, 1 12
h—>0(—x—1] )+ Tz -1 1+h,)

since 1/h; and 1/h; — + « as k; and ky; — 0. In this case the area under the
curve has no meaning.

3. Find the area under the curve
y=3zr2fromz =1tozx = .

SorLuTioN. As this example involves a
horizontal asymptote, we evaluate the
shaded area in Fig. 161 and then find the
limit of such an area asb — «, if possible.
Thus

Y

-] b
2 /; 3 z7%dz = lim | 3z dx

b—>

b
! 3 lim {— 1] )
b—>® T
ol 1 2 ®,0X
Fia. 161

3bhm -——+1)-3
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since 1/b — 0 as b — «. Hence this area exists and is 3 square units. A
Sfigure is very tmportant in all such problems as it shows the places where the area
s not bounded.

PROBLEMS
Evaluate, if possible, each of the following improper integrals. (Nos. 1-14.)

2 2
1 fo dz/Vi — 2 z. Ans. 2. 2. fl dz/(2 — )3,

3. j(;adx/\/.?» 7. Ans. 2V3. 4. ‘/O'l(e= + 1) dz/(er — 1).
5. _/;21//33dx/\/4' = 6. fo%/(zx — 12
Ans. 2 n/9.

7. fl fdz/@x — 3, 8. fo S/ 3 — o).

Ans. (3/2)(V5 + 1).
0. folxs dz/(z? — 1). Ans. — . 10. f032zdz/(x2 — 1)u,

V3 4

11. _[_2 dx/(4 — 7).  Ans. . 12. fo dz/(3 — 5 )53,
13. foldx/x(l +2?). Ans. . 14, jo'lw T2 dz/x.

See whether the curves below define definite areas, and if so, find the area.

15. y2(4 —z) =z, z =4,y = 0. Ans. 32/3 sq. units.
16. y(z —2)23 =1,z =0,z =4,y =0.

17. y(z —4)3* =8, y=0,z =1,z = 4. Ans. No.
18, yz —2)?=3,y=0,z =2,z =4

19. yl—z)=1,z=0,z=1,y =0. Ans. No.

20, yl -2 =,z =0,z =1,y =0.

21 ylz —1)?*=8a%y=0,2=0,z=3. _
Ans. 9[v/2 + 1/2] sq. units.

22, zy!(1+2?) =2,y =0,z =0,z = 4.

23, y=logz,z =0,y =0. Ans. 1 sq. unit.

24. The cissoid y* = z3/(2 a — z) and its asymptote z = 2 a.

158. Volume Generated by a Portion of a Plane. We have
seen that the definite integral f bf (z)dr may be interpreted as

a
the area of a portion of the zy plane which is generated by a



290 DIFFERENTIAL AND INTEGRAL CALCULUS [Ca. XII

vertical line-segment, one end of the line-segment remains on the
curve ¥y = f(z) and the other on the z axis, as it moves from
z=atox =0>.

Now suppose the form of a system of parallel cross-sections
of a solid is known and that the arca of any one of the sections
can be expressed in terms of the distance of the section from
some fixed point of the solid. We may then consider such a solid
as generated by a plane cross-section as it moves throughout the
length of the solid.

EXAMPLE

The cross-sections of a certain solid are squares whose sides are equal to
the squares of the distances of their planes from one end of the solid. Find
the volume of the solid if it is 8 inches long.

SoLuTioN. Take the origin as the pointed end of the solid and assume the
cross-sections perpendicular to the z axis. Consider the portion of the solid

between two cross-scctions of distances

z z and z + Az from O. It is evident,

since the solid increases in cross-section as
z increases, that

z4-Ar < AV < (x 4+ Ax)t- Az,

where AV is the part of the solid between
the two cross-sections.
Dividing through by Az we have

AV
« 27 4
z <A£ < (x + Az)4.
Now let Az — 0; we conclude that

=—— =74 (§ 52, Iv.)

Therefore dV = z*dx; and, integrating between the limitsz = 0 and z = 8,
we have

8 5 )8
V= _/0‘ zhdx = %]o = 6553% cubic inches.

PROBLEMS

1. Planes perpendicular to the z axis cut a solid in circular sections with
diameters joining y = z and y = 2z. Find the volume of the solid between
the planes x = 0 and = = 5. Ans. 125 /12 cu. units.

2. Planes perpendicular to the x axis cut circles with diameters from
y =1toz* =5 —y from a solid. What is the volume between the inter-
sections of the line and parabola?
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3. A variable square moves with its plane perpendicular to the y axis
and with the ends of one diagonal on the ellipse 4 22 + 3* = 16. Find the
volume generated. Ans. 128/3 cu. units.

4. Plane sections of a solid perpendicular to the z axis are squares with
the ends of a diagonal on 16 y = 22 and 4y = 2? — 12, respectively. Find
the volume between the intersections of the curves.

5. A variable square moves with its plane perpendicular to the y axis
and with the ends of one side on y = = and 3? = 4 z, respectively. What
volume is generated between the intersections of the line and the parabola?

Ans. 32/15 cu. units.

6. A variable equilateral triangle moves with its plane perpendicular to
the z axis. One side extends in the zy plane between the parabolas 2 = 4 z
and »? = 16 z. What volume is generated from the origin to z = 2?

7. An equilateral triangle moves so that its plane is perpendicular to the
y axis. One end of its base is on the y axis and the other end on the circle
22 + y? = a®.. What volume is generated? Ans. (2/3) a3V/3 cu. units.

8. Sections of a solid perpendicular to the z axis are squares with a side
the double ordinate of z2 + 4 y2 = 4. What volume lies between z = — 2
and z = 2?

9. In Problem 8, use the y axis, double abscissas, and y = Otoy =1.
Ans. 32/3 cu. units.

10. The base of a solid may be represented by the area bounded by 2 = 6 =
and y? = 6 — 3z. Cross-sections by planes perpendicular to the y axis are
equilateral triangles. Find the volume of the solid.

11. The same as Problem 10, except that the sections are squares.
Ans. 128/15 cu. units.

12. The same as Problem 10, except the sections are isosceles triangles
with altitudes the same as their bases.

13. Sections of a solid perpendicular to some line are squares whose sides
are the square roots of the distances to the sections from one end of the line.
Find the volume if the line is 6 units long. Ans. 18 cu. units.

14. A variable circle moves with its plane perpendicular to the z axis, its
center on y = sin 2 z and an end of a diameter on the z axis. What volume
is determined by one arch of the sine curve?

15. A chip of constant angle 6 is cut from a tree of radius r feet by a hori-
zontal saw-cut and an oblique axe-cut. What is the volume of the chip if it
extends halfway through the tree? Ans. (2/3)r? tan 6 cu. ft.
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ADDI'{IONAL PROBLEMS

1. A curve passes through the point (0, 1) and its slope at any point is
3 — 5z — 322 Find the equation of the curve.
Ans.2y =2+ 6z — 5z — 228,
2. Tind the equation of the curve through the origin whose slope at any
point is z/(1 — z?).
3. A curve of slope cos 3 z passes through the point (r/3,2). What is its
equation? Ans. 3y =sin3z + 6.

4. Tind the equation of the curve whose slope is zy? if it passes through
the point (4, 3).

5. Find the equation of the curve whose rate of change of slope with
respect to z is 2 + 4 «, if the curve has a low point at (1, 3).
Ans. 3y =322 4+ 228 — 12z 4 16.

6. Find the equation of the curve through (1, — 6) which intersects the
curves 2y = logc(l + 22) at right angles.

7. An object moving in a straight line has an acceleration proportional to
the square root of its velocity. It has an initial velocity of 16 feet per second
and comes to rest after 6 seconds. How far does it move? Ans. 32 ft.

8. If the acccleration of a particle along a straight line is 2/v and its
velocity is 3 units/sec. when ¢t = 0, how far does it move during the next 4
seconds?

9. If the acceleration of a body is proportional to its velocity, find an
expression for the distance traveled if s = 0 and » = 1 unit/sec. when ¢ = 0.
Ans. s = (1/k)(e*¥* — 1) units.

10. A man on a bank of a river 60 ft. above the water can throw a stone
with initial velocity of 100 ft./scc. What angles of elevation should be used to
hit a spot on the water 125 ft. from the bank?

11. An investment of $4000 is depreciating at the constant rate of 4%, per
year. When will the investment be worth $3000? Ans. In 7.19 years.

12, For a constant temperature, the rate of change of the pressure of the
atmosphere with respect to the height above sea level is proportional to itself.
Find the pressure at a height of 4500 ft. if it is 11.9 lbs. at 6000 ft. and 15 lbs.

at sea level.

13. Find the equation of the paths of a point whose rate of change of ordi-
nate with respect to its abscissa is proportional to the ordinate. Which one
of the curves passes through (0, 2) with the slope 4? Ans. y = 2 e?=.

14. If the rate of change of the slope of a curve with respect to the ordinate
at any point is proportional to the slope, find the path of the point.

Find each of the areas bounded as follows. (Nos. 15-20.)
15. y=6z—-2%y =0, Ans. 36 5q. units.
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16. y =23y =6 — z2

17 2 =4 —yt,z =y + 1. Ans. 2V/6 sq. units.
18. 4y =224y =23 x =2.

19. y? = 2 pz and its latus rectum. Ans. (2/3) p? sq. units.
20. The loop of y? = x3 — x4

Evaluate, if possible, each of the following improper integrals. (Nos. 21-26.)

21. foldx/(zx — 1. Ans. w.
22. ./:/45:03 dz/V'5 — 2.

23. fo * dz/(3 — 2.2)2n, Ans. 4.738.
24. /(;2 z3dz/(1 — 2 )48,

2

@«

0

/ 1a:da:/(l + z)¥2, Ans. — «,
2

26. fo /2 gect 6 do.

27. The cross-section of a solid perpendicular to a line AB is a right triangle
with its hypotenuse equal to the distance of the section from A. If AB is 4
units and one acute angle of the section is always =/6 , find the volume of the
solid. Ans. 8v/3/3 cu. units.

28. Sections of a solid perpendicular to the r axis are squares with sides as
double ordinates of 2> = 4 x. What is the volume between £ = 0 and z = 2?

29. A variable circle moves with its plane perpendicular to the z axis and
a diameter extends from 16 y = 22 to 4 y = 2* — 12. What volume is there
between the intersections of the curves? Ans. 9.6 7 cu. units.

30. A variable circle moves with its plane perpendicular to the y axis. It
passes through the y axis and its center is on the ellipse 22/a? + 32/b%* = 1.
What volume is generated?

31. A trough 10 ft. long has cross-sections which are parabolic segments of
altitude and base each 4 ft. What is its volume? Ans. 320/3 cu. ft.

32. The retarding effect of fluid friction on a rotating disc is proportional
to the angular velocity of the disc. Find an expression for the angular velocity
at any time.

33. A pair of shears is wanted which has a constant cutting angle. What
equation may represent the edge of one blade? Ans. r = cet,
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34. Water flows out of a hemispherical basin through a hole at the bottom
in such a manner that the volume of the water at any time decreases at a rate
proportional to the square root of the depth of the water remaining in the
basin. What volume remains at any time and at what depth does the surface
of the water fall most slowly? Ans. (rvh?/3)(37 — h) cu. units; A = 27/3.



CHAPTER XIII
THE DEFINITE INTEGRAL AS THE LIMIT OF A SUM

159. An Approximation of the Value of a Definite Integral.
A function, whose rate of change is known, has been found by
reversing the operation of differentiation. If this reversal is
inconvenient or impossible, an approximation of any desired
accuracy may be found for the value of the function or integral if
it is a definite integral. This can be done because we have seen
that any proper integral may be represented geometrically by a
definitely bounded area.

b
Suppose the value of the proper integral f f(x) dx is desired.

If we sketch the curve y = f(x), as shown in Fig. 163, the numeri-
cal value of the integral is the num-

ber of square units in the area Y
MNPQ, regardless of what geomet-
ric or physical meaning the integral _] @
may have. Obviously this area
may be approximated by finding

P
the sum of the arcas of a system
of rectangles either inseribed under
the curve or circumseribed over it. Ax
In constructing the rectanglesshown 9| #@? Neol X
in Fig. 163, we take their width Az Fra. 163

as any convenient divisor of the in-
terval MN. It appears that the resulting approximation becomes
better as we decrease the width of the rectangles and consequently
increase their number.

If the interval b — ais divided into n equal parts, b = a + n-Az.
The lengths of the n rectangles will then be either f(a), f(a + Az),
<o fla+ (n— 1) Azl or f(a + Az), f(a + 2 Az), -+, J(b).

EXAMPLE

4
Find several approximations for /; (26 — z?)dz. Note that they become

better as the number of rectangles is increased.
295
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SorurtioN. The curve over the area to be evaluated is the parabola
y = 26 — z2. The three rectangles shown in the figure have a combined
area of (22 + 17 + 10), which is 49 units. Now suppose six rectangles under
the curve from £ = 1 to z = 4. Their width is 1/2, their heights are 23.75,

22, 19.75, 17, 13.75, 10 respectively, and

Y their combined area is 53.125 units. Such
P73 o treatment may be continued until any
> desired accuracy is acquired. Thus it
20F appears that the value of the given inte-
gral is the limit approached by such
15F sums as the width Az of cach rectangle
1 approaches zero as a limit. The exact
0}k value is
sk /1' * (26 — 29)de = (26 7 — w:s)]‘:
= 57 units.
0 1 2 3 4 5 X

We shall show in the next ar-
ticle that, if the curve y = f(z) is
continuous in the interval a =z =0b, the value of the definite

b
integral f - f(x)dx is such a limit.
a

Fia. 164

PROBLEMS

Draw a figure representing each of the following integrals and use Az = 0.5
unit to approximate the value of each. Either inseribed or circumseribed
rectangles may be used. The figure should help you decide which to use.

2
1. -/;1 Vi + 3dz. Ans. 5.77 units.
2
2. j(: V4 + z?dzx.
5
3. /3' dz /N1 F 22 Ans. 0.465 unit.

5 —
4. f2 dx/V3z® — 5.

w

0
: f_ ,dz/(2 2 + 3. Ans. 1.104 units.

6. /_ 22 (4 22 + 1)V8 dz,

h

2
f_ L (L + ¥, Ans. 4.34 units.

00

1
— 3)¥/2
3 /:2(2 z3)¥2dx,
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160. The Definite Integral as the Limit of a Sum. Since in
most applications the meaning of the definite integral is something
very different from an area, it is desirable to prove the following
analytic theorem without any reference to its possible geometric
interpretation. The importance of the theorem in its wide range
of applications is such that it is generally called the fundamental
theorem of the integral calculus.

TuroreEM. Let F(x) and its derivative f(x) be continuous func-
tions of x in the interval a =x =b. Divide this interval inlo n
sub-intervals Axy, Axz, + + +, A, where Az; > 0.

Let x; be any value of the variable in the corresponding sub-interval
Az;.  Then the limit of the sum of differential products

1§lf(x;)Ax¢

as n increases indefinitely and each Ax, decreases and approaches
zero, 1s the value of the definite integral

b
f f(z) dxz = F(b) — F(a).
In symbols this conclusion is written

n b
lim 3 f(x)ax, = f f(x)dx = F(b) — F(a).

n—® =

Az, —0
Proor. Let the values of the variable for the points of sub-
division be ay, as, a3, -+ -, a._1. Thatis,a + Ax; = a1, a1 + Azy = as,

«++, Gny+ Az, =b. Then by the Theorem of Mean Value,
§ 90, we have

F(x + Az) — F(x) = f(Z) - Az,

for some Z in the interval Az. Or, since f(z) is a continuous
function,

F(zx + Az) — F(z) = [f(2') + e]ax

for any 2’ in the interval Az, where lim e = 0.
Az—>()

Applying this theorem successively to each of the sub-intervals,
we have the relations
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F(a,)— F(a) = f(x1) Az, + e+ Az,
F(as) — F(a) = f(x2)-Az; + €2+ A2,
F(as) — F(as) = f(xs)-Axs + €3+ Axs.
F(an—-l) - F(an—‘.’) = f(xn—l) 'Axn—-l + en—l'Azn—]-
F() — F(a.n) = f(x,) Az, + e, AZ,.

The sums of corresponding members of these give, for any num-
ber n,

F) — F(a) = z=;1 f(z.) Az, + i‘z:,le,-Ax.-.

Now let n increase indefinitely by making cach Az, approach
zero.  Fach change in the value of n produces a new set of €’s such
that* lim ¢, = 0. Then we have
Azy,—>0
n n
F(b) = F(a) =tim [ 3 f(2.)- Az + 3 e ] -
n—> o 1=1 i=1

Ax,—()

Now consider the second sum of the right-hand member. Among
the ¢’s there is an e, such that {ek| for a given n is greater than or
at least equal to any other |e;|.  Then since

S e AT, = AT + €3-Azs + o+ + €50 A,
=1
| i e..Ax,] = i le;l <Az, = ‘ek\ i A,

1=1 1=1 1=1

But by hypothesis Zn: Az; = b — a for all values of » and e; — 0
1=1

as Axz; — 0. Hence

lim | Z e Ax; | =lim [g(b — a)] =

Az, —0 Az, —0

if the interval b — a is finite. Therefore

b
F(b) — F(a) = f f(@)dz = lim }: (@) - Az,

n—oi=1

AI—>0

* This is due to a theorem in a more advanced course in which such a function
a8 f(z) is known as uniformly continuous.
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When the interval b — a is not finite, the result is an improper
integral which has been treated in the preceding chapter.

The quantities Az; and e; are infinitesimals, being variables
each of whose limits is zero. If an infinitesimal Azx; is multiplied
by some finite number not zero, say f(z:), the product is still
an infinitesimal and the two infinitesimals f(x,) - Az; and Az; are
of the same order. But the products e;:Ax, of two infinitesimals
are infinitesimals of higher order than either e; or Ax; (§85).

Since the lim i ¢, Ax; was proved to be zero, these infinitesimals
v
e;+ Az, of higher order than the first could have been omitted with-
out affecting the value of the limit of the sum which gives the
integral. This is of very great importance because often the
element of integration cannot be expressed exactly as f(z,) - Ax;,
but includes some additional infinitesimal of higher order. How-
ever, such infinitesimals may be discarded, since the limit of their
sum as the number increases indefinitely is zero in all cases with
which we shall doal.

In applications of the fundamental theorem, the expression for
the element of integration is simplified if the Az, are taken equal
and if the z, are chosen as divisional values of the variable. As
this choice is possible under the general proof given above, we shall
use it in illustrations.

161. Geometric Illustration of the Fundamental Theorem.
Suppose AB is the graph of the continuous curve y = f(z) from
z =atoxz =10 The rectangles of width Az under the arc have
as the sum of their areas

Y
(1) f(a):-Az + f(a + Az) -Az B
+fla + 2 Az)-Azx + + =1 T
+ /(b — Az)- Az,
a quantity which is less than the | | [T T T 1T %
area under the arc.
The rectangles over the arc of the @0 ¢ .0 X
curve have as the sum of their areas Fic. 165

(2) fla + Az)-Az + f(a + 2 Az) Az + + -+ + f(b) - Az,

which quantity is greater than the area under the arc.
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But these two sums differ in only the first term of (1) and the
last term of (2). Their difference is then

®3) [f(b) — f(a)]Az,

which is the area of the shaded rectangle of Iig. 165. Obviously,
this difference approaches zero as a limit as Az — 0 and hence each
sum approaches the area under the arc as a limit and again we have

" f@)de = lim 3° f(zs) - Ac.
a n— o 1=1

Az—()

In this discussion we have assumed that along the arc AB, as
z increases from a to b, y increascs continuously.

If y decreases as z increases, the same situation would occur
except the rectangles under the curve would be represented by (2)
above and those over the curve by (1). Finally, if the arc AB
has a finite number of maxima and minima, the reasoning given
above would be applied to each segment of arc along which y
steadily increases or decreases as z increascs.

162. Geometric Illustration Using Polar Coordinates. The
same geometric reasoning may be applied if the integral is expressed
in polar coordinates. For instance, the area OPQ may be approxi-
mated by the sum of a sct of
circular scetors of angle A6 either
inscribed in the are PQ or cir-
cumscribed about it. One such
sector has the area r;2-A6/2 and
the difference of the two sums is
evidently the shaded area, which
is represented by

P(ry, 6p)
F1a. 166

% (ra? — 7o2)A4.

This difference approaches zero as a limit when A9 — 0 and hence
the limit of either sum is the area of OPQ. We may write then

n 1 0y, 12

A=lim ¥ a0 = ["Ta
n—»wi=12 0o 2
A0

0,
Consequently, any integral of the form f " 1(0)de may represent
6o

an area and is the limit of the sum of a set of circular sectors, if f(6)
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is computed from the expression r?/2, where r = ¢(6) is the equa-
tion of the bounding curve, such as PQ.

Since any proper integral in polar coordinates may accordingly
be interpreted as an area or has the numerical value of the square
units of a definite area, the student should sce that the theorem
of the preceding article may have different types of illustration.
Also, assumptions analogous to those made in the discussion
involving x and y must be made here concerning continuity and
variation of r and .

163. Areas. The idea of the definite integral as the limit of
a sum permits us to set up the expression for the arca bounded by
given curves as the limit of the sum of elements of the arca. Each
element 1s a rectangle if the bounding curves are given in rectangular
coordinates, a sector of a circle if the equations of the curves are
expressed in polar coordinates. In either system of coordinates
the student must be careful to choose, as elements of the desired
area, rectangles or sectors which have the same characteristics through-
out the area, that s, every such element has its area represented by
the same type of differential product. In the case of rectangular
coordinates this means that all rectangles needed for a good approx-
imation of the desired area must have their corresponding ends
touching the same curves. It may be necessary to use horizontal
rectangles to bring this about. If all elements cannot be made
of the same type, it is necessary to divide the area into parts over
each of which typical elements may
be used. In polar coordinates all F——
sectors must reach from the pole to
the same curve, and, if the element
is the difference of two sectors, the
corresponding ends of such elements 2 Ay, ‘
must touch the same curves.

EXAMPLES /s, | ‘

1. Find the area between the curve - H
y = 4z — z? and the z axis. of ex1 b \Xx
SoruTioN. A figure is an essential part Fia. 167
of a solution of this type of problem.
Solving for the intersections of y = 4 z — z2and y = 0, we have as limits along
the z axis, z = 0Oand z = 4. A typical element shown by the shaded area is

AA; = Yt Az + k.-'Ay.-Ax,
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where 0 < k., < 1 und k.- Ay, - Az of higher order than y, - Az may be discarded

in taking the lim Z AA Therefore

n—oi=1

‘1 = lim H Yot AT d.
1 (/ ) f Yy ax.

4
—_ —_— 2
A /“‘ 4z — 2?)dx,

since y refers to the ordinate of the given parabola. Whence

A= (2 I — _)] =32 — 61 _ 32 square units.

3 3
2. Tind the arca bounded by the two curves y = 23 — 22 and y = 22
SoruTioN.  Solving simultancously, we find the intersections of the curves
at r = 0,and r = 2. Let y. and y; represent any corresponding ordinates of
the parabola and the cubic respectively.  Then the shaded area is

AA, = (y2 — Y1) Az + (k2* AY2)it Az — (ki Ay Az,
where both &, and k; lie between 0 and 1, and where (k2 - Ay, — ki - Ay). - Az,

of lgher order than (y» — y1). - Az, may be discarded in the limit giving 4.
Whence

A=tim 2 0 —poard = f° 40— wi

N—> 0 =
Axr—>0

Therefore

(-]

=" - = == square units.

The expression for the element
of area A4, should always be set
up before integration and care
must be taken to let y: represent
an ordinate of one curve and y. the corresponding ordinate of the
other curve. Then if read positively, as y, — v in Fig. 168, and
if the sum is taken in the positive direction along the z axis, the
result of integration is always positive. Such an element must be
set up for each distinct part of a composite area.

Fia. 168
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3. Find the area of the cardiotd r = a(1 + cos 6).
SovLuTioN. The shaded element of area is

AA.'=1

3 200 — ékt[7t2 - (rn + AT.)2:|A0, 0<k < 1,

where (1/2)k.(2 r.Ar, + A—r.z) A8 is of higher
order than (1/2)r,2A6. Whence

Therefore

m
A =a2£ (1 + 2 cos @ + cos? 0)do

(e+2smo+ +5m2"):|0

= 3 wa?/2 square units.

Fia. 169

4. Tind the area outside the cirele r = 2 a cos 8 and inside the cardioid
r = a(l + cos 6).

SovuTioN. Let r; and 7y represent any corresponding radius vectors of the
cardioid and circle respectively. Evidently
the clement of arca has different values
in the first and sccond quadrants. The
shaded area in the first quadrant is

AA, = ; (ra? — 112),A0 + €,A0,

A where e,Af is an infinitesimal of higher order
than (72 — r,2),A0.
In the second quadrant the shaded arca is

AA; = ; (r22),- A8 + €,A0,

Fia. 170

and A6 is of higher order than (r;?).A6.
Therefore

A = lim ZAA +2 AA,

n_,oo

=a? fo" [(1 + cos 6)? — 4 cos? 6]d8 + a2 _/‘/" (1 + cos 6)?d0

/e

6 3 . /2 30 , 1 G
2 ing — - — 2 2 i 27 4 g
a [2 sin 6 5 4sm20:|0 +a [2sm0+ 5 +4sm20]’l2

2 _r 37 _ _ T ;
a (2 4) +a n 2) 5 Square units.
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We call attention to the fact that an element like A4 ; above can
only be used if 7, and r, have the same sign for any 6 in the interval
of integration; otherwise r; and r; would lie in different quadrants
and AA; would not represent an element of area between the
curves.

PROBLEMS
Find the area bounded by the following curves. Draw each figure.
. 2=y+1,z—y+1=0. Ans. 414 sq. units.
2. ¥ —z =10,z -2y +2=0.
3. zy =8, 2z+y = 10. Ans. (15 — 16 log 2) sq. units.

4. The parabola y?2 = 2 pz and its latus rectum.
5. One arch of ¥y = cos?2 z and the z axis. Ans. w/4 sq. units.
6. y = sin z and y = cos z between two consecutive intersections.
7. r =acos36. Ans. wa?/4 sq. units.
8. r =asin20.
9. Smaller loop of 7 = 1/2 — cos§.  Ans. (1/8)(2 = — 3v/3) sq. units.
10. Larger loop of r = 1/2 + sin 6.
11. Find the area enclosed by 72 = a?sin 2 4. Ans. a? sq. units.

12. Prove that the entire area enclosed by the loops of the curve
r = a sin k9 equals one-fourth, or one-half, the area of the circle of radius a,
according as k is an odd or an even integer.

13. TFind the arca inside » = 2 sin 8 and outside r = 2(1 — sin §).

Ans. 4(V3 — x/3) sq. units.
14. Tind the area inside » = 2 and outside r = 4(1 — cos 9).
15. Find the area of the limagon r = 3 + 2 cos 6. Ans. 11 7 sq. units.
16. Find the area of the loop of the curve y2 = z2? 4 z3,

17. Find the area within the hypocycloid z%3 4 y?%3? = %3,
Ans. 3 ma?/8 sq. units.

18. Find the area of the curve z2/a? 4 y2/3/b%3 = 1.

19. Find the area which is enclosed by the z axis and one arch of the cyecloid
z =a(@ —sind),y = a(l — cos ). Ans. 3 ma? sq. units.

20. Find the area under one arch of the curve, z = a8, y = a(1 — cos 6).

21. Find the area between the witchy = 8 a3/(z? + 4 a?) and its asymptote,
y=0. Ans. 4 ma® sq. units.

22. A goat is tied to a staple on the outer side of a circular fence of radius
a units by a rope of length za units. Find the area over which the goat can
graze.

164. Solids of Revolution. The volume of a solid generated
by revolving the area bounded by plane curves about some line in
the plane may be evaluated very easily by use of the fundamental
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theorem. The following examples give very satisfactory elements
of volume; one or more such elements can be used in all evalua-
tions of volumes of revolution.

EXAMPLES

1. Find the volume generated by the area under 2 y = z? from the origin
to the point (2, 4) when revolved about the r axis.
SorutioNn. The shaded area when revolved

about y = O generates Yy (2,4)
AV, = ay.2e Az + kx [(ys + Ay)? — y2]Az,

0<k<1,
where 7k(2y; - Ay: +—A_y-12)Ax, thesecond term, 2

may be discarded, since it 1s an infimtesimal
of higher order than w=y,2-Az. Therefore we A
have 1 &N

: : il
V=1lm X my%Aaz = f y?dz =l ?I‘ i
N—poo 1= 0 f
Az—>(Q Ax t[‘
2 327 L
=7 8 dx = —— cubic uni )
i, x8 dx 7 ic units. Fre. 171
Since the elements of volume may be considered as ny,2- Ar without affecting
the value of the limit of their sum, we may consider this type of clement as
a circular disc generated by #.-Az as it
(2,4 turns about the z axis.

Y

2. Find the volume generated by revolv-
ing the area of Example 1 about the y
axis.

SoruTioN. Let the shaded area gen-
erate the clement of volume; since this
element may be considered as the difference

ay of two concentric circular discs, or a washer,
we have

AV; = w(2)2Ay — wx.2Ay,

discarding infinitesimals of higher order than
Fr1a. 172 the first. Therefore

V = lim i Ay = *
=l — 22 = R
121%. %i=1[1r(4 z2)]ay == /0‘ (4 — z9dy

4
= jo‘ [4 - Qy¥ldy = 3277 cubic units.

In each of these examples the element of volume has been
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generated by a rectangle of variable length perpendicular to the
axis of revolution. However, the clements of volume assumed
different forms. If the rectangle is taken parallel to the axis of
revolution, the volume AV which it generates is a thin cylindrical
shell.

Consider the second example when AV, is generated by the shaded area in
Fig. 173. Then AV, = 2 w2y, - Az except for infinitesimals of order higher
than the first. Therefore, applying the fundamental theorem, we get

2 32 .

14 —-nll_r:\m i=lAV. =2 /; ydr == /(; zidx = 3_51 cubic units.
Ar—()

This solution shows that the eylindrical shell element can be considered as the

product of the length of the rectangle, the width of the rectangle, and the

inner circumference of the shell.

LS

2.4)

0

Fia. 174

Figure 174 shows a similar element for Example 1. In this case the funda-
mental theorem gives for V, in cubic units,

0 —_— 2 .
V—HIBPMEIAV —Zvrf y(©2 — z)dy = f yL2 = @Yy = 25T
Ay—(Q
PROBLEMS

1. Find the volume of a sphere as a solid of revolution. Set up the
integral using (a) disc elements, (b) cylindrical shells.
Ans. 4 ma*/3 cubic units.

2. Find the volume of an ellipsoid of revolution by using (e¢) and (b) of
Problem 1.

3. Find in several ways the volume of a paraboloid of revolution of
altitude h units and diameter of base 2 b units. Ans. whb?/2 cubic units.
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4. Revolve the area under y = log = about the z axis and find the volume
between z = 1 and z = e.

Find the volumes generated by the areas bounded by the curves below
when revolved about the given line. Use different types of clements. (Nos.
5-17.)

S. y=z,z =4,y = 0abouty = — 2. Ans. 1607 /3 cu. units.
6. ry =12,z =2, x =4,y = 0aboutz = — 1.

7. y=r1%x =2y = 0aboutr = 0. Ans. 8 w cu. units.
8 y?*=4z,z=4aboutzr = — 2.

9. z2 =4(1 —y), y = 0abouty = 3. Ans. 208 v /15 cu. units.
10. zy =12,y =0,z =2,z = 3abouty = — 7.

11. y =242 =1,y = 0aboutz = — 2. Ans. 7n/5 cu. units.

12. The loop of y2 = x* (x + 4) about the y axis.
13. A circle of radius 3 units about a hne 1n its planc that is 7 units from
its center. Ans. 126 72 cu. units.
14. y =8/(x2+4),y =1,z =0abouty =0; =z = 0.
15, y =2¢2,y =¢* 2z =0,z =1abouty = 1.
Ans. (7/2) (2e* — 5e2 4+ 4 e — 1) cu. units.
16. Onec archof y =sinz, y = 0, abouty = — 2.
17. One archof x =sin2y, z = 0, about z = — 2.
Ans. m(16 + ) /4 cu. units.

18. A vesscl has the form generated by revolving z2 = 4 y about z = 0.
If 4 cu. units of liquid leak out per minute, at what rate is its depth changing?

19. What volume is generated if 7 = a(1 — sin ) is revolved about 1ts axis?
Ans. 8 7a3/3 cu. units.

20. Prove that the volume formed by rotating the area under y = sinz
from z = 0 to z = = about the y axis is four times the volume generated when
the same area is rotated about the z axis.

165. Length of a Plane Curve.
Let s represent the length of a curve as,
y = f(z) from the point P(a, b) Ppap m
go Qf (c, d). Dividep the interval \% I Q)
a =z = ¢ of the x axis into n equal
parts Az, and erect ordinates to the
curve from each point of division.
The broken line joining the upper
ends of these ordinates has as its Fia. 175
length an approximate value of the
length of the arc PQ; when the number of segments increases in-
definitely and each segment approaches zero as a limit, the length
of the broken line approaches the ler.gth of the arc PQ as a limit.

o
-
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If each segment of the broken line is represented by As; the
length of the broken line is given by

n R remmm—
S asi = 3Bz + Ay,

i=1 1=1
_ n Ay' 2
=24l ( Axl) Az,

Now, by the Theorem of Mean Value, § 90, Ay,/Az; is equal to
the value of the derivative dy:/dzx, for some point (z;, y.) of the
curve in the interval Az,. Therefore

1 = 3 & d?/t 2
s=1lm Y} As; =1lim > /1 + () Az,
n—o =1 n— o 1=1 ([23,

L3 —0
or

Az, —0
(1) s=jl:1fl+(g‘z)2dx,

if no ordinate of the curve meets the arc more than once.*
If y is used as the variable of integration, the same process,
when Ay; is factored from the radical, gives

A TG
dx\?
2 s= f \/ 1 <—~) dy,
(2) LN \gy) W
if no abscissa meets the are of the curve more than once.*
The integral giving the length of a curve may be written

3) § = f vz F dy.

Then if z and y are cach expressed in terms of a third variable,
dz and dy can be replaced by their values in terms of that variable,

In polar coordinates, by the substitution of their values for dx
and dy in (3),we have

4) s= ‘f\/dr2 + rdez,

and we choose as the variable of integration the one which makes
the integration simpler. In using (4), the dependent variable
must be a single-valued function of the variable of integration.*

* If this condition is not satisfird, consider smaller pieces of the arc for each of
which the condition holds.
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EXAMPLES

1. Find the length of the curve 9 22 = 4(1 + y2)3 from (2/3, 0) to the
point (10v5/3, 2).
SovLution. It appears casier to Y
solve for r than for y. We have
therefore @95 9
' 3 >

2= 2 (1+y)m |
3
whence ‘
dr _ 2 (1 2)1/2 0 (&
dy = y(1 + yB)ve, G0 X
if x> 0. Then Fia. 176

2 S 2
s=£ x/1+4y2(1+y2)dy=/0' (1 + 2 y?dy

- 2N\ L
= (1/ + 3 )]” = 73 units.

2. Tind the length of one-half of one arch of the eycloid z = 2(8 — sin 6),
y = 2(1 — cos6).

SoLuTiOoN. Since the curve is given by parametric equations, we shall
use the differential form (3) of the formula for the length of a curve and simplify
after substituting for dxr and dy. That is,

0=mr -
§= -/6;=u Viz? + dy? = j(; V4(1 = cos 6)? + 4 sin? 6 do

r S —— m ]
= 2 — 2 co8 = i
2 j(; V2 =2 cos6de =4 -/0‘ sin de.

= 4[—200s 0] = 8 units.

2 o

3. Find the length of the curve r = a(1 — sin 6).
Sovurion. Using the form Vdr? + r%d6?, we have, from symmetry,

3r/2
= 2 cog? 2(1 — gi 2
s =2 ‘/;/2 Va? cos? 0 + a*(l sin 6)2 do0

3x/2 S
= 9 _ 9
2a/;/2 V2 = 2sn0de

5 [37/2 " 0 86
—2a\/2./’:/2 \/1—251n2c032d0

S 32 9 0
—2aﬂ£l2 [sxné—cos2:|d0

37 /2
=2a \/§[—2cosg—2sing]
2 2 dx/2

Fig. 177 = 8 a units.
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PROBLEMS

A curve hasds = (1 + z?)dr. Whatisitslengthfromz = 1toz = 3?
Ans. 1024 units.

Find the length of each of the following curves. (Nos.2-21.)

2.
3.

7.
8.
9.
10.
11.

12.
13.

14.
15.
16.
17.
18.
19.

20.

tot =

21.

Oy2 =41 + 293 fromz = 0toz = 3.

The semi-cubical parabola 2 = (¢ — 2)3 from (2, 0) to (6, 8).
Ans. 9.07 units.

The semi-cubical parabola y3 = z2 in the first quadrant from y = 0 to

y = log sec z from (0, 0) to (x/3, log 2).
Ans. log tan (5 =/12) units = log (2 + v3) = 1.317 units.
y = alog z from (1, 0) to (a, a log a).

y =log (1 —z?) fromz =0tox =1/2. Ans. log 3 — 1/2 units.
y =logesexfromzr = /3 tox = 7/2.

3 4 YRl = q¥3, Ans. 6 @ units.
The hypocycloid £ = a cos® 0, y = a sin3 6.

One arch of the cycloid £ = a (0 — sin 9), y = a(l — cos 6).
Ans. 8 a units.

y=2log[4/4 —2)]fromz =0tozx = 1.

y=4log [16/(16 — z)]fromz = 0to 2 = 2.
Ans. 4 log 3 — 2 units.

The cardioid r = 2(1 — sin ).

r =acos'(@/4) fromd = 0to 6 = 2. Ans. 8a/3 units.

The cardioid r = a(l + cos 6).

r = a cos’(0/3) from 6 = 0 to 0 = 3 =. Ans. 3wa/2 units.
=c¢teos 2,y =¢tsin2¢fromt =0, tot = x/4.

z
r =¢WDcost, y = ¢ ¥Dtsint, fromt = 2a/3tot = a.

Ans. (V13/3) (¢~ — e~WIMa) units.
The involute 2 = a(cost + ¢ sint), y = a(sin ¢ — ¢ cos t) from ¢t = 0
t.

The catenary y = (a/2)(e*/* + e~*/2) fromz = 0to z = z;.
Ans. (a/2)(ex/s — g=21/8) ynits.

166. Mean Value of a Function. The limit of the average
value of a finite number of values of a function of x, taken at
equal intervals of z, as their number increases without limit is
called the mean value of the function.
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Let q(x:),7 =0, 1,2, .-, n — 1, represent n values of the func-
tion ¢(z) such that n-Az = k, theinterval of 2. Then the average
value of the ¢(z,) is

q(xo) + g(x) + qlxe) + -+ + q(zn_x).

n

Using the summation symbols and replacing n by its value
k/Ax, we may write this in the form

n—1
Average of ¢(z,) = % Zoq(.r.)-AJ;.
=
Hence, from the definition above,

b
Mean value of ¢(z) = E lim }: q(z,)- Az = ]‘f g(x)dz,

n—so 1=0

Az—>(0

where a and b are derived from the interval over which z is allowed
to vary in computing the average value of ¢(x,).

EXAMPLES

1. Tind the mean value of the ordinate to the curve y = cos z if the ordi-

nates are erected at equal intervals from x = 0 to z = /2.
SoLuTioN. Assume n such ordinates in the given interval. Then calling

the average ordinate A, we have by defi-

nition Y
A = Yo+ +ys + 0+ yn
n
2 T
b= z%. ¥, * AZ, since n -+ AT Q .
Hence
9 -1
Mean ordinate = - lim L yi- AT
n—>o 1=0
z—>()
2 /2
=_ /(; ydz
/2
=2r cos x dr = 7—2runits. Fra. 178

= Jo

2. Find the mean value of the area of squares constructed on a set of
parallel chords of a circle if the chords are at equal intervals along the circum-
ference of the circle.

SovuTioN. Suppose the square ABCD constructed on AB, any one of the
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chords. Such a chord is 2 z; in length and hence each square has the area
4z The equal intervals are As, and n-As, = ar. Therefore

4$02+4112+"'+41‘:_1

n

Average area =

4 n—1

— 2 2.2 As;
T 1=0

Hence
-1
4 "
- lim X r.2-As,
T’ ne—s o1=0
A8, —0

Mean area

/A

/. 4 fy=rx’ds
v

X ar Jy=—r

n 4 r -
Fia. 179 = 7,‘/; Vit = gt dy,

]

since ds for the circle is equal to (r/z)dy. Accordingly, we have
471 ST A
Mean area = - 3 yvVr2 — y? 4 rsin )l

= 2 r? square units.

PROBLEMS

1. Find the mean vertical width of the area bounded by y = z? and
2 = y? with respect to, or at, equal intervals of z. Ans. 1/3 unit.

2. Tind the mean vertical width of the loop of y? = z2(4 — z) if measured
at equal intervals along the z axis.

3. Lines are drawn parallel to the z axis in the area bounded by zy = 6,
y =&,y = 2. If these lines arc equally spaced along the y axis, what is their
mean length? Ans. [3 log (3/2) — 1]/(V6 — 2) units.

4. What is the mean valuc of z log z with respect to = from z = 2 to
z = 87

5. The same as Problem 4 for z(log z)2 fromz = 1 to z = 4.
Ans. (1/12)[32 (log 4)(log 4 — 1) + 15] units.

6. What is the mean value of the square of the ordinate of y = + V4 — 22
with respect to z?

7. What is the mean length of the radius vector of r = 4 sin 2 6 for one
loop with respect to 6? Ans. 8/ units.

8. The same as Problem 7 for r = a(1 + cos ) in the first quadrant.

9. The same as Problem 7 for r? = a?(1 + cos 6) in the first quadrant.
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10. Find the mean area of isosceles triangles inscribed in a circle of radius
10 units if they have a common vertex and successive bases cut off equal
segments on the diameter through that vertex.

11. The same as Problem 10 for equal arcs cut off by successive bases.
Ans. 200/ sq. units.

12. What is the mean volume of cylinders inscribed in a sphere if their
altitudes have a common difference?

13. The same as Problem 12 for diameters with a common difference.
Ans. n%a3/8 cu. units.

14. Tind the mean area of circles on the double ordinates of 4 22 + 9y = 36
as diameters, if they are spaced equally along the z axis.

15. What is the mean area of right triangles in r = a cos 6, with the hypote-
nuses along the initial line and radius vectors at equal intervals of 0 from
0 to /2 as one side? Ans. a*/2 = sq. units.

16. Find the mean value of the widths of the parabolic segment 32 = 2 z,
z = 3, (a) if the widths are taken at equal intervals along the y axis; (b) the
£ axis. Why are the results different?

17. Rectangles are inscribed in the ellipse z2/a? + y?/b? = 1. If the
altitudes are at equal intervals along the z axis, prove that the mean value of
the area is the same as when the bases are at equal intervals along the y axis.

18. Find the mean ordinate of a quadrant of a cirele if the ordinates are at
equal intervals along (a) the arc; (b) the x axis; (¢) the y axis.

ADDITIONAL PROBLEMS
Find the areas bounded as follows. (Nos. 1-9.)

1. r =asin40. Ans. ma?/2 sq. units.
2, y=2%y =8 —z%

3. r =a(l + cos0). Ans. 3 ma?/2 sq. units.
4. 422 —9y*+ 36 = 0,abovey = 1.

5. z2/9 + y?/16 = 1. Ans. 12 7 sq. units.

6. r2=9sin26.

7. Outside r = a, and inside r = 2 a sin 2 6.
Ans. a*(V3 + 2x/3) sq. units.

8. Outside r = a sin 9, and inside r = a(3 + 2 sin 9).

9. Inside r = 5 sin 6 and outside r = 2 + sin 6.
Ans. V3 + 8 7/3 sq. units.

Find the volume of the solid of revolution generated by rotating each of the
areas defined below about the line specified. (Nos. 10-15.)

10. y? =8z, z =2 about z = — 2.



314 DIFFERENTIAL AND INTEGRAL CALCULUS [Cu. XIII

11. 42 =1z, z + y = 2 about the y axis. Ans. (14%6) = cu. units.
12. 16 =y% 4z = y* — 12about z = 1.

13. y=224+ 1,y = x + 3about z = 2. Ans. (1314) = cu. units.
14. y =¢*fromz =0tox = » abouty = 0.

15. A parabolic segment of altitude ¢ units and base 2 b units about its
base. Ans. 16 wa?h/15 cu. units.

¥ind the length of each of the following curves. (Nos. 16-17.)
16. ¢
17. y = 2%/6 + 1/(2x) from z

L,y =logscctfromt =0tot =nr/4

I

1tox = 3. Ans. 424 units.

I

18. I'ind the perimeter of the area bounded by y = ¢z + e and y = 2.

19. A suspended wire is in the form of a parabola. Its ends are 2 I units
apart on a horizontal line and its dip is & units.  ind its length.
Ans. VI 4 h? 4 (12/2 h) log [(2 h + V12 F 4 h?)/I] units.
20. Find the mean vertical width of the loop of 4 y? = z2(4 — 2 z) with
respect to .

21 Iind the mean value of the square of the ordinates of the semicircle
y = + V9 — c2f they are equally spaced along the x axis. Ans. 6 sq. units.

22. Problem 21 except the ordinates are equally spaced along the arc.

23. Find the mean veloeity of a falling body with respect to the distance
fallen, if it falls from rest for 5 seconds. Ans. (314)g ft./sec.

24. Find the mean volume of eylinders inseribed in a right circular cone of
altitude 8 in. and radiwus 4 in., if the upper bases are equally spaced along the
axis of the cone.

25. Iind the mean volume of eylinders inseribed in a sphere if the angles
at the center subtended by the altitudes have a common difference.
Ans. 4a%/3 cu. units.

26. Tind the volume common to two equal circular cylinders if their axes
meet at right angles.

27. When a liquid flows through a straight pipe of radius a, the velocity of
flow at a distance r from the center of the pipe 1s A(@? — r2).  TFind the mean
value of the velocity along a diameter.  Ans. 2 ka?/3 units per unit of time.

28. Onl is poured into a tank containing water so that the density of the
mixture is decreasing at the rate of 0.2 1b. per minute. Find the mean value
of the density of the mixture with respect to the time during 5 minutes.

Ans. 62 Ibs.

29. Assuming that oil flowing in a straight pipe of inside radius @ moves in
straight lines parallel to the axis of the pipe, and that the velocity at a distance
r from the axis is vo(1 — r2/a?), where vy is the velocity at the center, find what
volume of oil will flow past a given point per second.
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30. A carpenter chisels a square hole of side 7 inches through a round post
of radius 7 inches; the axis of the hole meets that of the post at right angles
and two sides of the hole are parallel to the axis of the post. How much wood
is cut away?

31. Two equal circular cylinders of radius 3 inches interseet so that their
axes meet at an angle of 60°. Find the volume of the part common to the
two cylinders. Ans. 96V 3 cu. in.

32. Given the curve y = (log z)/Vr. Find the volume of the solid of
revolution formed by revolving about the x axis the area bounded by the
curve, the x axis, the ordinate through the maximum point, and that through
the inflection of the curve.

33. Find the mean horizontal width of the arca bounded by y = x'/2 and
y = z3 with respeet to y. Ans. 5/12 unit.

34. Problem 33 with respect to x along the first curve.

35. Problem 33 with respect to ¢ along the second curve.
Ans. 5/14 unit.



CHAPTER XIV
MULTIPLE INTEGRATION

167. Areas by Double Integration. If the bounding curves
of a plane area are given in rectangular coordinates, we may divide
the area into small elements of dimensions Az by Ay by means of
two sets of parallel lines at intervals of Az and Ay along the z axis
and the y axis, respectively. The
sum of the areas of those elements
which lie entirely within the bound-
ary may be used as an approxima-
tion of the enclosed area. The
limit of such a sum as both Az and
Ay approach zero as a limit is the
area enclosed by the curves. That
is,

Y

%

N
il

-

N\
I
~

q-._.....-—-..__

4
</ - ,M( EA)
/: 1

3] .

i
LA 0 A

A =lim X ¥ Ay-Azx.

Fia. 180 =0
This double sum symbol means Z(ZAy)Ax Therefore the
expression hm > > Ay-Az means lim Z (lim Z Ay;)Az,, which

m—s>o j=1n—swo t=1

A;b—-»() Az;—>0 Ayp—0
may be written in the form

Va2
lim Z (f
m—>o j=1 Y,

1
Az;—>0

dy) Arj,

where the fundamental theorem has been applied to the quantity
in the parenthesis. During this process z, and Az; are kept con-
stant. Now, considering the parenthesis of the last expression as
the f(x,) of the fundamental theorem, since y; and y. are functions
of z; alone, we have, by a second application of the theorem,

(1) A=}i£OZZAy-Ax=£b<j;j’dy)h
Az—>0

316
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This is called a double integral; it gives the value of 4 and is usually

written in the form
b Yy
A= f f dy dx.
a n

It should be observed that the second integral sign belongs with
the first differential in such double integrals. Also it must be noted
that during the first integration, which gives the area of the strip
MN, z does not vary. The limits on the second integral sign are
usually variables defined by the y = fi(x) equations representing
the curves bounding the area, but the limits on the first integral
sign are always constants, the extreme values of the last variable of
integration for the area being evaluated.

If the fundamental theorem is applied to the double sum in
reverse order, we get

d z,
@) A = lim zzAx-Ay=ff dx dy.
Azx—( c &I

Ay—»0

Reversing the order of integration is sometimes very desirable,
as it may simplify a difficult integral.
Performing the first integration of (1), we have

b
A= f (Y2 — y)dr,

which is the form of the single integral representing the desired
arca. This fact should help the student to write the proper limits
for the double integral.

If the plane area is bounded by curves given in polar coordinates,
it may also be evaluated by double integration.

Let the area OPQ be divided into small four-sided elements by
means of concentric circles and radial lines at intervals of Ar and
A6 respectively. The element shaded in Fig. 181 is

A4, = % (r: + Ar)?A0 — %rﬁAB
= r,-Ar-A8 + (1/2) Br - A6

The quantity (1/2)Ar -A8 is an infinitesimal of higher order than
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r.+Ar-A9, as it can be written (1/2)(Ar)(Ar-A6); hence it can
be omitted from the element. Then we have

3) A = lim f }E r.-Ar-Af

m,n—o j=11=1
Ar—()
A0—0

v, f(0)
- j f rdr db,
o, Jo

where r = f(0) is the equation of
the curve P(). Fia. 181
We shall illustrate the evaluation

of areas by double integration by solving examples previously
solved by single integration in § 163. The student should compare
the two methods and observe that in the new solution of each ex-
ample the final integral obtained is the integral used in the pre-
vious solution.

P(Tl .91)

EXAMPLES

1. Find the arca bounded by y = 0and y = 42 — 22
SorurioN.  Suppose the desired area divided into elements Ay by Az as
shown in Ifig. 182, Then AA = Ay-:Az, and

Y A =lim ZXAy.Ax
f =
PN
N/ \ 4 4z — g2
[/ since y1 = 0 and y, = 4z — 1% and the
( \ extreme himits of x are 0 and 4.
[ 1% \\ Integrating with respect to y, we have
A
1 4 4zr—z1?
A= 1 ] dz
/ \ vl
\ 4
0 JEN] X = ./0‘ 4z — z%)dz,
F1a. 182

where the integrand represents the strip
which was used as the element in single
integration. The final integration gives

3 |4 32 .
= ({22 — — = -
A (.., T 3 ) 0 3 square units.
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2™ Find the area bounded by the two curvesy = 2* — z?and y =1

SoruTioN. The limits for r are found to be 0 and 2 by solving the equations
of the curves simultancously.

Hence, since AA = Ay-Ar, Y

A =lim XXAy-Ar
Ay—()
Ar—()

‘/0‘2‘/J;ﬁﬂdy dz.

Whence

e T wdd

2
= j(; (22% — z%dzx = ﬁsquare units. 0 4 2 X

3.l Find the arca enclosed by the car-
dioid r = a(1 + cos ). Fia. 183
SoruTtion. Here we may take as the
element of area AA,, the infinitesimal r, - Ar - A6 as explained above. Hence

m

. al ‘
A= lim X X r.Ar-A0
m, n—o j=1l1=1
Ar—()
A60—0

x a(l+cos 0)
=2 f0 f0 7 dr db,

The first integration with respect to r gives

r2\ Ja(l +cos G)
=2 1)L

azﬁ (1 4 2 cos 0 + cos? 6)do.

F1a. 184

i

Integrating this, we get, as previously,

A= :—;——2* square units.

H
4. Find the area outside the circle r = 2 a cos @ and inside the cardioid
r = a(l + cos@).

SoLuTioN. With AA.jrepresented by r, + Ar+ A6, the area desired in the first
and fourth quadrants is given by

m n x/2 pa(l4cosé)
lim X “r. Ar- A0_2f /2‘ r dr df,

mAﬂ_,wjgl‘ acos @
aA6—>0
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and that in the second and third quadrants is

m n x a(1 +4-cos 6)
lim X er.-Ar-Ao=2j:/2j(; r dr df.

m, n—>o jmlim=
Ar—0

Therefore the total area is

/2 pa(l-cosé)
A =2f0 fz r dr db

acos @
r a(l+-cos )
+2-£/2fo r dr d8,

and integration with respect to r gives

(2
A =a’j0' f (1 4+ 2 cos 6 — 3 cos? 6)dd

Fia. 185 + a? £I: (1 + 2 cos 6 + cos?6)ds.

These integrals with the combined value ma?/2 square units appeared in the
solution of this example by single integration.

PROBLEMS

Find by the method of double integration each of the areas bounded as
follows. (Nos. 1-5.)

1. The semi-cubical parabola 2 = z? and the line y = 2 z.
Ans. 16/5 sq. units.

2. Inside the circle 22 — 4 ay + y?* = 0and outside the parabola 22 = 2 ay.

3. The segment of r = 8 and r cos 6 = 4 which does not include the pole.
Ans. 16(4 7/3 — Vv/3) sq. units.

4. Inside r = 2a(l — cos 6) and outside r = a.

5. Between the parabola z? = 2 ay and the witch y = a3/(2? + a?).
Ans. a*(r/2 — 1/3) sq. units.

6. In Problems 1 and 2, reverse the order of integration, change the limits
and check the results.

Find each of the following areas by double integration. (Nos. 7-19.)

7. Between y = ze~* and the z axis. What part of this area lies between
the high point and the point of inflection?
Ans. 1 8q. unit; (2/e — 3/¢?) 8q. units.

8. The loop of 24 = 23(2 — z).
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9. Between the circles r = asin8 and r = a cos .
Ans. a*(r — 2)/8 sq. units.
10. Outside the circle » = 3a/2 and inside the cardioid r = a(1 + cos6).

11. Enclosed by 22y = logz, ¥y = 0 and z = e'/2.
Ans. (1 — 1/4/€) sq. units.

12. Under one arch of the cycloid £ = a(§ — 8in 8), y = a(1 — cos 6).

13. Enclosed by the hypocycloid z = a cos® 6, y = asin?®4.
Ans. 3 ma?/8 sq. units.

14. Between V2 + y'2 = g2and z + y = a.
15. Enclosed by the lemniscate 7* = a? cos 2 6. Ans. a? 8q. units.
16. Enclosed by the three-leafed rose r = a sin 3 6.

17. Enclosed by the hyperbolic spiral 76 = 2 ¢ and any two vectors r; and
re drawn to it. Ans. ¢(ry — r3) sq. units.

18. Between the axes, the catenary y = (a/2)(e*/® + e=*/3), and z = b.

19. The arca formed by the z axis and any arch of y = sin z is divided into
two parts by the curve y = cos . Find the area of cach part.
Ans. 2 — /2, and 2 + V2 sq. units.

20. P, and P arc any two points on the hyperbola zy = k. Prove that
the arca between the arc PP, and the z axis is equal to the area between the
same arc and the y axis.

168. Solids of Revolution by Double Integration. If the area
which generates the volume of a solid of revolution is divided into
elements Ay by Az and the element

in the jth row and the ¢th column , Y
is revolved about the line y = c, the 5 @ At
volume generated is & ' an / }
L AP
AV"I = ‘lr(7‘.'J + Ay)’~Ax — 1rT.','2'A2?, | [} A[y ;
= 2 7ry, Ay-Az + 7By Az, } T e |
(4
J— n l
where 1r-Ay2-Axis of higherorder than | ¢ 0 5%
2 7ri,-Ay-Az. Hence by the funda- T"—"‘J‘—(FCT—"‘""
mental theorem we have Fic. 186

b 3
V = lim EZ21rr.,AyA:c—2rrff”rdydz.
m,n—>o t=1;=1 g Jy;
Ay—0
Az—Q
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Similarly for polar coordinates, if an area is revolved about the
initial line the circular ring generated is 2 77,2 sin 6, -Ar- A8 except
for infinitesimals of higher order and therefore )

m n i°] Ty .
V= lim 2 '227rr,2si110,-Ar~A0=27r‘/1f r? sin 0 dr df.

m, n—o j=11=1
Ar—(
Ad—-0

In this clement sin @ becomes cos @ if the volume has the line
0 = w/2 as its axis.

EXAMPLE

Solve the first example given in § 161 on volumes of revolution.
SorutioN. In this example r,; = ¥, so

L4 @3 AV, = w(y. + Ay)?-Ar — mp?-AT
= 2wy Ay AT + e - Az.

Therefore

H

e 1 T T T T e ————

m n
. Al Al
= lim X X2m-Ay-Az
m,n—moy=11t=1
Ay—>

Ax—0

- 2 232
\Iyl =27r££ y dy dx
T
0 — 2 (l,z):lxs/z
‘ = = d
/ 2 "»/0‘ 2)do

T 2 32 . .
Fic. 187 =3 /0‘ 28dr = —7—cub1c units.

—
pm=

PROBLEMS

Find by double integration the volumes of each of the solids defined below.
(Nos. 1-20.)

1. A sphere by rectangular coordinates; by polar coordinates.
Ans. 47a3/3 cu. units.

2. Area between 22 = 4 y and y = 4, revolved about y + 4 = 0.

3. Arca between 42 = 16 y — 32 and z = 0, revolved about y = 0.
Ans. (273024) « cu. units.

4. Area between y = 22 z = 2, and y = 1, revolved about z = 0.

S. Area between 16 y2 = (z + 4)3 and its tangent at (12, 16), revolved
about y = 0. Ans. (1137%) = cu. units.

6. Area betweenz? — 8 y 4+ 23 = O0and 22 + y — 13 = 0, revolved about
z =0.
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7. Area bounded by y? = z(x — 1)(x — 2) fromz = 2 to z = 3, revolved
about y = 0. Ans. 9 7/4 cu. units.

8. Area between 2 = 4 + 4 and x = 3, revolved about x + 4 = 0.

9. Area betweenz = (y + 1)%, z = 1, and y = 1, revolved about y = 0.
Ans. 11 /6 cu. units.

10. Area between 5 y2 = 80 — 16 z and « = 0, revolved about z + 1 = 0.

11. Area in a parabolic segment 8 units high, with a base of 10 units, re-
volved about the base. Ans. (31114) = cu. units.

12. Area of a circle of radius 2 units, revolved about a line 3 units from the
center.

13. Areabetween oncarchofy =sin3 randz = 0, revolvedabouty +1 =0.
Ans. m(8 -+ 7)/6 cu. units.

14. Area in the first quadrant bounded by y(x*+4) =8, z = 0, and
y = 1, revolved about the y axis.

15. Area bounded by y2z — 1)2 =4,z =0,z = 1/2and y = 0, revolved
about y = 0. Ans. Not finite.

16. A football, if a section containing a seam is an ellipse 12 in. by 8 in.

17. Area bourded by y =2 ¢,y = ¢, r = 0, and = = 1, revolved about
y =1 Ans. (wv/2)(2 ¢t —5¢ 4+ 4 ¢ — 1) cu. units.

18. Area bounded by a cardioid, revolved about its axis.

19. Area bounded by r = a cos 6, revolved about 6 = #/2.
Ans. 7%a3/4 cu. units.

20. Area bounded by the first-quadrant loop of r = 2 sin 2 ¢, revolved about
0 =mw/2.

21. The arc of the curve zy = z — y joining the origin to any point
Py(z1, 1) of the curve bounds with the x axis and the line £ = z, an area 4.
The same arc bounds with the y axis and the line y = y; an area B. Show
that the volumes generated when A is revolved about y = 0 and B about
z = 0 are equal for any point P,.

22. Derive the general double integration element for polar coordinates if
an area bounded by r; = ¢,(0) and . = ¢1(6) is revolved about a line parallel
to the polar axis; perpendicular to the polar axis.

169. Non-symmetric Volumes by Double Integration. Just as
we have the problem of finding the area bounded by given curves,
we also have that of finding the volume bounded by given sur-
faces.
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Suppose the surface S of Fig. 188 is projected upon the zy plane
and the volume under this surface bounded below by the plane and

laterally by the cylinder of projection
is desired. Divide the base of the re-
quired solid into elements Ay by Axz.
The volume of the column over the
element of area in the 7th row and the jth
strip may be considered as an element
of volume AV;,. Then

AV, =z, Ay Az + k- Az;, - Ay Az,

where |k| < 1, and where z = f(z, y)
is the equation of the surface S and
kAz,;- Ay- Az is of higher order than

2, Ay Ax.

Therefore

n b ry,
¥V = lim i Zx ziAy-Ar = f f fx, y)dy dx.
a n

m, n—o J=11=
Ay—0

The rectangular column used may be
taken perpendicular to any other plane
of reference and the order of integra-
tion may be reversed if the operations
are thereby simplified for certain solids.

When the integration is performed
with respect to y, the z; and Az are
held constant so that the part of the
required volume between the planes
z = z; and = = z; + Az is evaluated.
The result of this integration is an ex-
pression under the remaining integral

sign for the slice shown in Fig. 189.

Fia. 189

The second integration

is the limit of the sum of such slices as Ax — 0, and this limit is

the required volume.

EXAMPLES

WA 1. Find the volume under the surface 2z = z? + y? which is above the

“zy plane and inside the cylinder 2? + 32 = 4.
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SoLUTION. Any element Ay:Az in the zy plane supports a column repre-
sented by
AV = 2, Ay Az + k-Az,j-Ay-Az, |kl = 1.
Therefore
m n
y

V= lim X le.,Ay-Ax.

m,n—oj3=11=
Ay—0
Ax—>()
Considering y, variable, the limit of the sum of columns for z; and Az constant
is taken from the zz plane to the cylindrical surface y = V4 — z2 for that
part of the volume in the first octant. This first integration gives a slice as
shown in Fig. 190. To find the total volume in the first octant we treat such
slices as elements and find the limit of their
sum from the yz plane to the extreme point
on the z axis and the circular cylinder as
Az — 0. That is, if we substitute for 2, its
value in terms of z and y, we have

A

= lim v w1
T I 25 (@t yh)Ay-ac.
Ay—0Q I1=1 i=
Az—>()
Therefore v
2 -2t 2
V_zﬁjo” @ + y)dy dz
2 (e 5) e 7
Fia. 190

—2f [12\/4——.z:’+(4-—-x2) :Idx
5 (x’\/4~—z‘l+2\/4—ﬂ)d:c

4 . 1 2
—g[(ism 1§+Z(x’+2x)v4—:c2]0

= 4 7 cubic units.

A 2. Find the volume bounded by the plane z = z and the paraboloid of
revolution z = z? 4 32,

SovLutioN. Each column of cross-section Ay-Az is considered as beginning
at the paraboloid and extending up to the plane. The length of such a
column is

(22 + kolAzo)s; — (21 + krdzr)iy, k2, [la| =1,

where z; and 2 represent the z coordinates of the points of the two bounding
surfaces whose projections coincide at any point (zj, ¥,) below the desired
volume.

Figure 191 shows the first octant and for this part of the volume the inte-
gration with respect to y is from y = 0 to the intersection of the two surfaces,
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which is located where z = 22 4+ 42 or y = Vz — 22 The limits for = are
determined by the points common to z = z,z = 22 4+ 32, and y = 0, which are
(0,0, 0) and (1, 0, 1). Therefore, the symmetry of the solid gives

m

= lim [x, (z2 + y)]Ay-Ax

1 ~ V22
=2 A ‘/0‘ zz:(z-—xz—yz)dydz

1 3 —
=2 (11 — % U )] Tt
0

4 p1
=2 — /
df (x — x?)32%dx
Completing the square inside the parenthesis
Frc. 191 and setting x — 1/2 = (1/2) sin 6, we have
4 r7/2 1 .
V = 3J s 16cos 0 do
9 7/2
[30+sm20 +sm4 ]
—r/2
=35 " cubic units.

170. Volumes Defined by Cylindrical Coordinates. The prob-
lem of evaluating the volume bounded by surfaces is in general
greatly simplified if the surfaces are symmetric with respect to
some coordinate axis so that cylindrical coordinates may be used.
Then we divide the volume into elements by means of coaxial
cylinders around and planes through the axis of symmetry. The
cross-section of such a column is the same as the element of area
in polar coordinates so that we may use r;-Ar-Af to represent it.
Then if the z axis is the axis of symmetry we have

AV., = (22 + kz'Azz — 21 — IC1'AZ1)1‘]7‘,"A7"A0,
ik2|’ [kll =L
Therefore
V = lim Z Z (z2 — 21)iy75-Ar- A9

m,n—o j=117=1
Ar—0
A0—0

8 f©)
=f f (Zg - 21)7‘ dr d@,
a0

where V is the volume between the two surfaces z = fi(r) and

z = fa(r).
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EXAMPLES

Al 1. Find the volume required in Example 1 of the preceding article.
SorurtioN. The paraboloid is 2 z = r2 and the cylinder is r = 2. There-
fore, since 22 = 72/2 and 2, = 0,
n
V = lim 2.4 Zl 2,7y P AT+ A9

m, n—o 3=1
Ar—()
A0—0Q

= 4[1/2_/0‘ =rdrdf
/2 ¥ 2 /2
)]

= 4 7 cubic units.

A 2. The second example of the preceding A
article represents a solid bounded by the TG, 192
paraboloid z = r?and by the planez = r cos 6.

Setting the two values of z equal, we find from 72 = r cos 9, that 0 and
cos 0 are the limits for r. Therefore

3

n
V= lim X El (1, cos 0, — r.2)r;-Ar- A8

m, n o j)=11=
a0’

A8—0

/2 0
= 2f fcoa (2 cos 8 — r3)dr d

_ [r“(‘()‘:i)__r_‘ cosﬂdo
0
= Ff COS4 0do
/2
= 94[2 +sm20+qm40]
Fic. 193 = ﬁ cubic units.

The first of these examples is very greatly simplified by the change of
coordinates and the second is simplified in the integration. In many problems
the student must decide whether to use rectangular coordinates, or cylindrical
coordinates. Hence it is important to know the advantages of each system.

171. Special Volumes by Double Integration. It is advisable
to use double integration when considering a solid whose cross-
sectional area is not readily cxpressed in terms of the variable of
integration. This method is illustrated in the solution of the
following example.
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EXAMPLE

What is the volume of a solid with circular base whose sections perpendicular
to a given diameter of the base arc parabolic segments with the height of each
equal to its base?

SoruTioN. Take the base in the zy plane
with the given diameter as the y axis. The
variable of integration for single integration
would then be y and the student will probably
have some trouble expressing the slice perpen-
dicular to the y axis in terms of y. The sec-
tion PQR is in the planc y =y, Then
2 RP = RQ = 2 z,, by hypothesis. With z and
z variable in the plane y = y, we have NM =z
and NQ = 2., — z. Thercfore the parabolic
segment makes

2 xz)? 2z, — 2z

Qz)?: 2z

or

Fra. 194

2z = Vidz — 272
The volume of the horizontal element shown in Fig. 194 is therefore
T 9 ra
AV =2 (ﬂ%—“—“ + k-Ax) Az-Ay, 0 <k <1,

whenee, since z.2 + y,2 = a?,

m n

V= lim X XAV,
myn—> o j=1l=1
Az—0
Ay—0

—o [ [2Ve-p : oV —
—2/0‘./0‘ \/4a—-4y-22\/a y2dzdy

_2f°|:_(‘iaﬁ—4y -—22\/a2—ﬁ)”2]2 ai”y’d
~ %o

1
3Vat — * Y
=2 s () =5 (e -%) ],
= 32 at cubic units.
9
PROBLEMS

Use an element such that the volumes bounded as below may be found by
double integration. Write the equations where not given.

1. A sphere. Ans. 4 7a3/3 cu. units.

2. An ellipsoid of revolution.
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3. That part of the cylinder r = 2sin @ between the planes z = 0
and 2z = 4 4 rsin 6. Ans. 57/2 cu. units.

4. Below by z = 0, above by the cone r = z, laterally by the cylinder
r = 2sin#.

S. The plane z = 8 and the cone z = 2. Ans. 128 v/3 cu. units.

6. That part of the cylinder r = cos 6 between the cone z = r and the
plane z = 0.

7.mThe paraboloid 4 2 + 3* = 4 zand the plane z = 4.
Ans. 16 = cu. units.

8'.\ The paraboloid ¥ + 22 = 2z and plane z + y = 1.

9, The plane z = 0, and the cylinders 22 + 3? = 4 and 22 = 4 — 2 2.
Ans. 6 7 cu. units.

10. The paraboloid 4 z? 4+ 22 = 4 y and planc y = 2.

11. In the first quadrant by the paraboloid 5 — z = 22 4+ 4 2 and the
planes ¢ = y,2 = 0,and z = 0. Ans. (25/8) sin—1(1/+/5) cu. units.

12. The cylinder r = a(1 + cos 6) and the planes 2 = 0 and z = r cos 4.

13. The cylinder r = a sin 6 and the planes r cos 6 + z = @ and 6 = /2,
z2=0. Ans. a¥(3 = — 2)/24 cu. units.

14. The plane z = 0 andsthe cylinders 22 4 y? = 1 and 22 = 4 — 2.

15. The cylinders r = Vcos 6, 2 cos?0 = 1 — ¢, and the plane z = 0.
Ans. 1 — 3 /32 cu. units.

16. The paraboloid 22 4+ y? = 4 z, the cylinder 22 + y? = 4 z, and the plane
z=0.

17. The cylinder y = 2? and the planesz +y +2 =2,z =0,and z = 0
in the first octant. Ans. 17/20 cu. units.

18. The planes z = =+ 1 and the cone 22 = 8 22 + 2.

19. The paraboloid y + 4 22 + 922 = 0 and the plane y + 1 = 0.
Ans. 7/12 cu. units.

20. The dome z = a — r3/a? and the plane z = 0.

21. (z/a)'? 4 (y/b)1% 4 (z/c)'? = 1 and the coordinate planes.
Ans. abe/90 cu. units.

22. A circular paraboloid of altitude a units and radius of base b units.
172. Volumes by Triple Integration. The evaluation of the

volume of a solid bounded by surfaces whose equations are known
may be done by triple integration. If given in rectangular coordi-
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nates, assume the desired volume divided by three sets of parallel
planes, one set parallel to the yz plane and Az apart, another
‘parallel to the zz plane and Ay apart, and the third set parallel to
the zy plane, Az apart. These planes divide the solid into small
cubical blocks Az-Ay-Az in volume together with the irregular
blocks that do not lie wholly within the solid. The sum of the
volumes of those blocks which lie wholly within the solid is an
approximation for the desired volume. This approximation is
better the nearer the planes of each set are to each other. Also
the limit of such a sum is the volume of the solid if the dimensions
of the blocks approach zero as a limit. That is,

b py, 2,
V = lim £ ¥ ¥ As-Ay-Az =ff f’dzdydx,
Az—( a ¥, 2
Ay—0
Ar—0
where 2; and 2, may be functions of x and y or of either or constants;
y1 and Y2 may be functions of x or constants; the limits of x are
necessartly constants.
If cylindrical coordinates are used, similar reasoning gives the

volume as expressed by

m n l
V= lim XX X riAz-Ar-Af
l,m,n—ow j=1i=1k=1
Az—()
Ar—-0
A6—>0

B Ty 29
=fffrdzdrd0,

where the limits of z may be functions of r and 6; those for r may
be functions of 0; those for 8 are necessarily constants.

EXAMPLES

1. Find the volume requested in Example 1 of § 169.

r\SOLUTIONS. (a) RecTANGULAR CoORDINATES. Here AV = Az:Ay-Ax.
Also the limits of z are the paraboloid and the zy plane, or 2, = 0, and
2; = (1,2 + 3,2 /2. The limits of y for one-fourth of the volume are from
the zz plane to the cylinder, or y, = 0, and y; = V4 — 2,2. The extreme
values of z for the first octant are 0 and 2. Therefore

2 Vi—z p@+y?/2
V = lim 22‘.EAz-Ay-A::=4>/0~ ‘/0‘ 4 I’j(;x v dz dy dx.

ﬁz—»g
—
Ag—oo
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Integrating this with respect to z, we get the expression for the volume as a
double integral, as given in the article mentioned above.

Fra. 195 Fic. 196

(b) CyuinpricaL CoorbiNaTEs. See Fig. 196. In this representation
z2a=0,2,=r22and r, =0, r, = 2, while 6 = 0 and 6, = 7/2 gives onc-
fourth of the volume. Therefore

m n 1

V= lim > X X r.Az-Ar-A9

Lmn—>o j=1it=1k=1
Az—>(

Ar—()
A6—0

=4 /0.”/2‘/0.2/0”2/27* dz dr db,

and integration with respect to z gives the double integral used in § 170.

These examples should make the student realize that if we use
fewer integrations than the number of dimensions of the quantity
in question, we assume one or more integradens in so doing.
That is, we choose as an element of the quantity one that is com-
posed of more elemental units and thereby assume integtations.
Therefore, areas and any quantity that depends upon two dimen-
sions may be evaluated by either single or double integration;
volumes and three dimensional quantities may be evaluated by
single, double, or triple integration. After one integration of a triple
tnlegral the resulting expression is the same one which would have
been formed to solve the problem by a double integral. After another
integration the result is just the form mecessary to solve the problem
by a single integral. The proper choice of limits will always pro-
duce this result. °
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2. Find the volume bounded by the paraboloid z = 22 4+ 4y? and the
ylinder z = 6 — 3 2

SoruTtioN. The element of volume is
AV = Az:Ay-Az.

Hence we have
V= lim XXX Az.Ay-Ax
Az—>0

Ay—>()
Az—0

v fV6—-2d/7 6307
= 4/(; /(; ‘/I;+4y‘ dz dy dx.

The limits of y are found by sctting the
values of z for the two surfaces equal. Thus,
2 +4y2=6—-33y%s07y2=6—212% or
y = + V(6 — 22 /7. Then the limits for
z are found from lthis rclation between z
and y when y = 0. The first integration

gives
Ve £V 6—12)/7
V= fo fo 6 — 22 — 7 y2)dy da.
Therefore
V=—4—f\/5[6\/6 — 2! — 22 V6 — 22 —w—_—x—z)a—/z]d:c
Vido 3

8 Ve
= — 6 — 22)3/2dzx.

3V7 fo ( )

Let z = V6sin6, so that dz = V6 cos0do and (6 — z2)!/2 = V6 cos 0.
Then

/2 24 3 . 1. /2
V———-‘/O' cos‘adﬂ—\—/—'?—[éo+51n20+§sm40]0

—18x cubic units.

V7

173. Mass. If p represents the density of a solid at a point,
the element of mass in rectangular coordinates is p:Az:Ay-Axz.
When the solid is homogeneous p is a constant and should be placed
in front of the integral; however, for a variable density p must
be replaced by some function of the coordinates before any inte-
gration is performed.

In cylindrical coordinates the element of mass AM is
p+1i-Az+Ar-AQ.
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PROBLEMS

Use triple integration to find the volumes bounded by the following surfaces.
Show a figure for each. Write any necessary equations. (Nos. 1-7.)

1. The plane z = 4 and the paraboloid z = 72 Ans. 8 = cu. units.
2. The cylinder r = a cos 8 and the sphere r2 + 22 = a2

3. The paraboloid 2z = 4 — r? and above the cone 6z = 5.
Ans. 352 r/3% cu. units.

4. That part of the cylinder r = 2cos0 between the paraboloid
r2 = 9 — 3z above and the plane z = 0 below.

5. That part of the sphere 72 + 22 = a2 inside the cylinder 2 = a? cos 2 6.
Ans. (2/9)(20 + 3 = — 16v2)a? cu. units.

6. That part of the cylinder r = 4sin 6 bounded below by z = 0 and
above by the cone r = 2 2.

7. Inside the sphere 72 4 22 = 4 and outside the cylinder r = 2 sin 6.
Ans. 16(3 w + 4)/9 cu. units.

Name each of the following surfaces, sketch it, and find the desired volume.
(Nos. 8-22.)

8. Below y2 = 4 — 22, above z = 0, and within 22 4 32 = 4.

9. Bounded above by r2 + 22 = 4, below by z = r.
Ans. 8 7(2 — v/2)/3 cu. units.

10. Bounded above l:)y 12 4+ 22 = 5, below by 72 = 4 2.
11. Enclosed by 22 + 4> =2zandy =2z — 1. Ans. 9 =/4 cu. units.
12. Bounded above by 72 + 22 = 2 2, below by 72 = 2.

13. Inside the cylinder r = 2 cos 2 6, outside the cone z = 2 r, and above
z=0. Ans. 128/9 cu. units.

14. The part of r? 4+ 22 = a? inside r = a cos 2 6.

15. Bounded below by » = 3 2, above by a sphere of radius 2 units with its
center at the pole. Ans. (16 7/3)(1 — 1/V'10) cu. units.

16. The larger volume bounded by a cone with a vertical angle of 90° at
the center of a sphere, and the sphere.

17. Bounded by r = c0s6,2z = 0,and z = 2rcos.  Ans. r/4 cu. units.
18. Bounded by z = 0, r = cos 9, and z = r, with z > 0.

19. Bounded byz = 0,72 =42z, andr = 4 cos 9. Ans. 6 7 cu. units.
20. Bounded by 2 + 422 =8y,andy = 1.



334 DIFFERENTIAL AND INTEGRAL CALCULUS [Ca. XIV

21. Ellipsoid z?/a? + y?/b% + 22/c* = 1. Ans. 4 wabc/3 cu. units.
22. Bounded by z = 0, 22 + y? = az, and z* 4 ¥* = az.

23. Three equal cylinders of radius a units have their axes along three
mutually perpendicular lines which meet in a point.  Find the volume common
to the three cylinders. Ans. 8(2 — V2)a? cu. units.

24. Tind the volume enclosed by the surface of 2?/3 + y¥/3 4 23 = @3,

25. The density of a cone at a point varies as the square of the distance
of the point from the axis. If the cone has a radius of @ and altitude A, find its
mass. Ans. wka*h/10 units.

Use triple integration to find the masses of the solids bounded as follows.
(Nos. 26-32.)

26. A hemisphere, if p is proportional to the distance of any point from the
base.

27. A cone of radius 1 unit and altitude 2 units if the density at every point
is equal to the square of its distance from the vertex. Change the order of
integration an(_l. the limits, and check. Ans. 9 /5 units.

28. An ellipsoid of revolution, if p equals the square of the distance of any
point from the axis of revolution.

29. A right circular cylinder, if the density at any point is proportional to
the square of its distance from a diameter of the base.
Ans. kra*h(4 b2 + 3 a?) /12 units.

30. The same as Problem 29 for a right circular cone.

31. Bounded by z = r? and z = 4, if p is proportional to the square of the
distance of any point from the line z = 0, 6 = = /2. Ans. 208 7k /3 units.

32. Bounded by z = 22 + 4 y? and 2z = 4, if p is proportional to the dis-
tance of any point from the y axis.

174. Moment of Inertia. The moment of inertia of a particle
of mass m about a point is defined as the product of the mass m
by the square of the distance R from the point to the particle.
Thus, I = mR2 Also the moment of inertia of an aggregate of
particles about a point is the sum of the moments of inertia of all
of the particles about the point.

Consider now a thin plate of metal of uniform density and thick-
ness. If we have its boundary given by y = f(x) and divide the
plate into small elements Ay by Az and take P(z,, y,) a point of
each element, the moment of inertia of any element about the
origin is approximately p(z.2 4 y,%) -Ay-Az, where p is the mass
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per unit of area of the plate. Hence the moment of inertia of the
whole plate about the origin is

(M L= tim 5 3 p(xs+y0y-ax
Mo T
Az—>(

b Yy
P f f (x* + y*)dy dx,
a U

where the limits of integration are taken so as to cover the area of
the plate.

The moment of inertia about an axis is similarly defined with R
representing the distance of a par-

ticle from the given axis. Thus Y
the relation (1) for the z and y _ ~
axes gives ( \
\
b Yy
L= "f f y* dy dx, S (zy)
a Jy \ | |4 ]
1 4
b Ya
=p f f x%dy dx. R
a I = )?

The moment of inertia of a thin Fic. 198
plate about a point of its plane
is the sum of its moments of inertia about two perpendicular lines
of the plane through the point. This follows immediately from
(1) and (2) since I, = I, + I,.

If the density is not uniform we have p = F(z, y) which must
remain a part of the integrand.

These definitions permit us to find the moment of inertia
about a point (polar moment), or about an axis, of a thin plate
(area), a small wire (arc), or a solid (volume). In each case, we
divide the mass M of the whole into elements AM; and define I as
follows:

3) I= lim iR,Z-AM.=fR2dM,

n—s o t=1

AM.—»O

where limits are taken so as to cover the whole quantity under
consideration. Of course for areas and volumes double and triple
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integration respectively are implied in the definition. The student
must be careful to represent by AM; an element of any quantity
being considered multiplied by its mass per unit of the quantity.

7 Also be sure that R; is the distance

of this element from the point or
line with respect to which the mo-
ment of inertia is desired.

4 EXAMPLES

1. Find the moment of inertia about
the pole of a thin uniform plate in the
shape of one loop of the curve whose equa-
tion is 7 = a cos 3 6.

Sovution. HereAM, = pAA,,and AA;
Fia. 199 . . .
we have scen is 7, +Ar- A8 except for infini-
tesimals of higher order. Also R, = r, and p is assumed constant. Hence

Iy = lim 2 Z p 1.2(r,» A+ A6)

m,n— o j=11=1
A—»OJ

A6—0
/6 acos 3@
=p-f—1r/6~/0' ridr do
_ pat /6
= T/‘_"/G cost36d8
L "/61[ +2cos60+ )+ 120]do
=" _1/64 cos cos
pa4[30 sin 66 | sin 1297/6
3 24 —x/6
4
=p§2a units.

2. Set up the moment of inertia about the polar
axis of the solid bounded by z = r? and z = a.

Sorution. In this case, R,? = r.? sin?6, 4 2,2
Since z varies from the paraboloid to the plane,
r from the z axis to the intersection of the paraboloid
and the plane where it is V/a, and 6 from 0 to 2 =, we
have

/2 pg po
I=4‘/(;1r /0‘ a‘/r; p(r2sin? 6 + 2%)r dz dr df.

The integrations are readily performed. Fi1a. 200
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PROBLEMS

Find the moments of inertia of each of the areas bounded as follows. (Nos.
1-10.)

1. o2y =12,y =0,z = 2, z = 4, about z = 0. Ans. 72 p units.
2, =2z —4),z =3y, about z = 0.

3. A loop of the four-leafed rosc r = a cos 2 6, about the pole.
Ans. 3 ma‘p/64 units.

4. The loop of y? = z2(2 — z), about z = 0.

5. A semicircle, about (a) the tangent parallel to its diameter; (b) a tan-
gent perpendicular to the diameter. Ans. (a) ap(15 7 — 32)/24 units.

6. 3y?=4z,3y =2z, abouty = 0.
7, 22 = hy==z + 6' about Yy = 0. Ans. 41556g p units.

8. The smaller area bounded by y = cosz, ¥y = 0 and = = =/4, about
z=0.

9. y2=1—2z,2 =0, about z = 0. Ans. 32 p/105 units.
10. r = 4sin 0, (a) about the pole; (b) about 6 = 0.

Find the moments of inertia of the areas and solids bounded as follows.
(Nos. 11-20.)

11. A semicircle of radius 2 units, about a line parallel to its diameter and
3 units from the diameter (two cases). Ans. 4(5 = £ 8) p units.

12. Area in the first quadrant inside r = 2a sin 26 and outside r = a, about
6 = =/2.

13. Area in 22 + 32 = 2 above 22 = y, about the y axis.
Ans. p(5 # — 8)/20 units.

14. Area enclosed by y = 2z — 22 and y = 0, about y = 4 if the density
at a point is proportional to the distance of the point from y = 4.

15. The semicircle y = + Va? — 22, about y = 2 a.
Ans. a*p(51 7 — 64)/24 units.

16. Theareay =0,y = ¢**,z =0,z = 1, about z = 0.

17. The solid bounded by the cone z = r and the plane z = 4, about the
polar axis. Ans. 256 mp units.

18. The solid z = 22 + ¥?, 2 = z, about the z axis.

19. A right circular cone of height A units and radius of base a units, about
its axis. Ans. ma‘hp/10 units.

20. The right circular cone of Problem 19, about its vertex.
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21. The slant height being given, find the right circular cone having the
maximum moment of inertia about its axis. Ans.r =2h,

22. Find the moment of inertia of the solid bounded by z = 72 and z = 4,
about the line 6 = =/2 in the polar plane.

23. Find I for the solid bounded by r = 4 cos 6, 2 = 0, and z = 3.
Ans. 36 mp units.

24. The density at any point of the hemisphere z = + Va2 — 1?2 is k
times the distance of the point from the circular base. Find I: for the hemi-
sphere. Find I for the part of the hemisphere within the cylinder 7 = a cos 6.

ADDITIONAL PROBLEMS

Find the areas bounded as follows. (Nos. 1-5.)

1. One loop of the four-leafed rose r = 2 sin 2 6. Ans. 7/2 sq. units.
2. Outside the circle 7 = a and inside the cardioid r = a(1 4 cos 6).

3. Inside r = sin 6 and outside r = sin?6. Ans. w/16 sq. units.
4. Boundedbyy =€,y =0,z =1,andz = 2.

5. Bounded by the ellipse 4 22 + 6 32 = 9. Ans. 9 7/2V6 sq. units.
Find the volumes of revolution generated as follows. (Nos. 6-11.)

6. y=2z%z =119 =0, (a) about z = 0; (b) about y = 0.

7. 2 =kz,z =0,y = q, about x = 0. Ans. wa®/5 k? cu. units.
8 r2+4=4y,z2 =0,y = z, about the x axis.

9, y=x%z=1,9y =0,about z + 2 = 0. Ans. 7 w/5 cu. units.
10. One arch of z = cos 4y and z = 0, about z = 2.

11. One arch of z = sin 2y and z = 0, about the y axis.
Ans. 7%/4 cu. units.

Find the following volumes. (Nos. 12-16.)
12. The volume bounded above by 72 + 22 = 4 and below by 12 = 2 2,

13. The volume of 42 + 22 = 2z cutoff by 22z + y = 6.
Ans. (625/64) = cu. units.

14. The volume bounded by 2 = 42z, r = 4cos 6, and z = 0.

15. The volume of z? + 42 = az, 2* + y? = 2ar,and z = 0.
Ans. 3 7a%/2 cu. units.

16. The volume under 3? = 4 — 2z, above z = 0, and within the cyl-
inder 2? + 3® = 4.



§ 174] MULTIPLE INTEGRATION 339

17. The volume between two surfaces is given by

4f0”’2f0“"/5fr‘/mrdzdrde.

Write the equations of the surfaces and sketch them.
Ans. The solid lies above z = r, below r2 4 22 = al.

18. What is left of a sphere of radius 5 in. if a circular hole is cut through
its center, if the diameter of the hole is 8 in.?

19. A rectangular shect of metal is of variable density. The density along
any line parallel to an end is proportional to the square of the distance of the
line from the end. When the distance is 4 units, the density is 2. Find the
mass of a sheet measuring 8 by 10 units. Ans. 33313 units.

20. The same as Problem 19 except that the density is proportional to the
cube of the distance and is 36 at a distance of 6 units.

21. Tind the mass of a thin plate bounded by > = 4zand z = 1, the density
at any point P> being proportional to zy2. Ans. 32 k/21 units.

Find the moment of inertia of the following areas and solids. (Nos. 22-31.)

22. The solid bounded by z =72 and z = ¢, about 0 = 0 in the polar
plane.

23. The solid bounded above by z = 6 — r and below by z = 2, about
6 = 0 in the polar plane. Ans. 376 7p/3 units.

24. A right circular cone, about a diameter of its base.

25. The area within one loop of r = 2 a cos 2 6 and outside r = a, about the
pole. Ans. a*p(20 m + 21+/3)/48 units.

26. I: of a cylinder of altitude h units with one loop of » = a sin 3 9 as its
base, if p is proportional to the square of the distance of a point from § = 0 in
the polar plane.

27. A paraboloid of revolution of altitude a units and radius of base
b units, about its axis. Ans. blawrp/6 units.

28. The paraboloid of Problem 27 about a diameter of its base.

29. I, of the mass common to 22 + y? + 22 = 4 a?and the cylin(}er of radius
a units with its axis along the z axis. Ans. 2 adrp (128 — 51 /3)/15 units.

30. The arca of a loop of 72 = 4 sin 3 9, about the pole.

31. Theareaof y =e*, z =0,z = 2, y = 0, about the origin.
Ans. p(e® + 18 €2 — 19)/9 units.

32, What does k /(; vs jz‘ 8 /; Vi-# (y? + 2?) dz dy dz represent?
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33. Prove that the moment of inertia of an elliptical plate about either axis
is one-fifth its mass times the square of the length of that semi-axis.

34. A hollow sphere has an inside radius of 6 in. and outside radius of 10 in.
At any point, the density varies inversely as the distance of the point from the
center; and on the outer surface, the density is 214, Find the mass of the
sphere.



CHAPTER XV

ADDITIONAL APPLICATIONS OF THE
FUNDAMENTAL THEOREM

175. Introduction. In the two preceding chapters we have
shown how the integral as the limit of a sum may be used either
as a single sum or as a multiple sum. The following applications
involve both ideas and although the illustrative examples exemplify
the methods we think advisable to use, the student will often find
that several methods are open to him.

176. Area of a Surface of Revolution. A surface of revolution
may be considered as generated by the arc of a plane curve revolved
around a line in its plane. Suppose this line to be the y axis and let
z = f(y) from y = a to y = b be
the arc of the curve. Divide the
interval a =y = b along the y axis
into n segments of length Ay.
Planes perpendicular to the axis
at the points of division will
divide the surface into narrow
bands. Each band is generated
by a As, of the curvez = f(y). If
2z, represents the ordinate of any
point of the element As;, the prod-
uct 2 wz,-'As; is approximately the
area of the corresponding band,
and the limit of the sum of such products as As; — 0 is the area
of the surface. That is,

Fra. 201

(1) S= lim 3 2mz-As

n—s ® 3=1
As,—>0
y=b
=21'rf zds
y=a
b 2
_ / dz
ZwJ;z 1+(dy> dy.

There are similar formulas for surfaces of revolution about the
341
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other coordinate axes. Thus, if a curve in the zy plane whose
equation is y = f(z) is revolved about the z axis, the formula for
the area of the surface is

(1a) S=2 vj:zby\/l + (g%)zdx.

If the axis of rotation is any line parallel to the x axis, as y = k,
the radius in (1a) is not y, but ¥y — k. Similar formulas hold
if the axis of rotation is parallel to the y axis or to the z axis.

In polar coordinates formula (la) becomes

) S=2 'rrfr sin 6\/dr? + rde?,

for surfaces with the initial line as an axis. If the axis of rotation
is the line 6 = 7/2, the radius in (2) becomes r cos 0.

EXAMPLES

1. Find the surface of a hemisphere by considering it generated by a
quadrant of a circle.

SovruTioN. Suppose the circular arc has
the equation 22 + 42 =a? z=0, y =0.
Then dz/dy = — y/x and the limits for y are
Oanda. Therefore

n =
S lim X 2#2,:48, =27 fy axds
) =0

n—»o© 1=1
As;=—>0

a dz\?
2#4 x\41+(‘7§ dy
_ a 1«2+y2 a
-—21r./(; :CV 2 dy=27ra./0‘ dy

= 2 wa? square units.

Fic. 202

2. Find the area of the surface formed by revolving one arch of the cycloid
about the z axis.
SoLuTiON. Asz = a(@ — sin8), ¥y = a(l — cos 8) we have

dy/dx = (dy/d6)/(dx/df) = (asin6)/[a(l — cos8)] = ctn (8/2).

Hence V1 + (dy/dz)? = V1 + ctn? (6/2) = csc (6/2).
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Therefore

2x 0

= , = 2 — 2 2z

S ninw 1}12 T Yi As 2 7a f; (1 — cos9) csczdo
As,—0

20 8 2%
=27ra2/0‘ 4sm4—cscAd0=81ra2‘/0‘ sin’%do

2772

2
= 8 wa? [ 2 cos 5 ('o 3 2] 64 ra —4— square units.

PROBLEMS

Find the area of the surface of each of the solids of revolution generated as
follows. (Nos. 1-15.)

1. By revolving the parabola y> = 2 az between the extremities of the latus
rectum about y = 0. Ans. 2 7a%(2v2 — 1)/3 sq. units.

2. Byrevolving 2? = 6 y from the origintoy = 9/2 about z = 0.

3. By revolving about the y axis, (a) the circle z2 4+ y2 = 4z, (b) the
semicircle of this circle between z = 0 and v = 2.
Ans. (a) 16 =% sq. units; (b) 8 n(x — 2) sq. units.

4. By revolving the hypocycloid 2?3 + y*/3 = a3 about an axis.

5. By revolving the cardioid r = a(1 4+ cos 6) about the polar axis.
Ans. 32 wa?/5 sq. units.

6. By revolving one loop of the lemniscate r? = a? cos 2 6 about the polar
axis.

7. By revolving one arch of y = sin z about y = 0.
Ans. 2 7[V2 + log (1 4+ V/2)] sq. units.

8. By revolving the part of ¥ = log  which lies in the fourth quadrant
about z = 0.

9. By revolving the catenaryy = (a/2)(e*/* + e=/e)fromz =0tozx = a
about z = 0. Ans. 2 ma?(1 — 1/e) sq. units.

10. By revolving the curve 4y + 22 —log2? =0 from 2 =1 to z =4
about the y axis.

11. By revolving the tractriz, for which dy/dx = — y/Vva* — y?,from P, to
P,, about the z axis. Ans. 2 ma(y, — y2) sq. units.

12, The torus formed by revolving the circle (z — a)? + 32 = r2 about the

y axis.
13. By revolving the loop of the curve 3 ay? = z(a — z)? about the z axis.
Ans. ma?/3 sq. units.
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14. By revolving the semi-cubical parabola ay® = z® from the origin to
z =4a/3 about x = 0.

15. By revolving the cubical parabola 9y = 2* from (0, 0) to (3, 3) about
the y axis. Ans. 37 [3V10 + log (3 + V10)]/3 sq. units.

16. Prove that the surface produced by rotating r> = a2 sin 2 6 about either
axis, 6 = 0, or @ = /2 is equal to the surface of the circumscribed sphere.

17. Find the areas of the ellipsoids of revolution formed by revolving the
ellipse x2/a? + y?/b% = 1, (a > b) about the z axis; about the y axis.

Ans. 2 wb[b + (a%/c) sin~'(c/a)] sq. units;

2 mafa + (b%/c) log {(a + ¢)/b}] sq. units.

177. Force Exerted on a Submerged Surface by a Fluid. To
find the force exerted on a submerged surface of variable depth we
use the physical principle that the pressure at a point within a fluid
is the same in all directions and is the same on units of surface of a
common depth below the surface of the fluid. The force on a
surface of area A submerged to the depth of & units is the weight
of the column of fluid which could be supported by the area, that is,
whA, where w is the weight of a cubic unit of the fluid. We now
illustrate a method of applying these principles.

EXAMPLES

1. Find the force on the vertical end of a parabolic gutter if it is full of water,
the gutter being 6 inches across the top and 4 inches deep.

SoruTioN. Let Fig. 203 represent an end of the gutter. Suppose it to be
divided into narrow strips by means of
straight lines parallel to the surface AC.
Let Ah be the width of any one of these
strips with parallel sides, and I, + Al,. The
area of such a strip is l,-Ah + kAl -AR
(see Fig. 203), where 0 < k < 1. Now if A,
represents the distance of the strip from
the bottom of the gutter, the force on the
strip is w(l. + k-AlL)(4 — h.)Ah, approxi-
mately. The approximation is due to the

Fia. 203 fact that (4 — h,) is not the depth of all

parts of the strip considered. However, the

force on the strip differs from the expression approximating it by infinitesimals
of higher order than the first. Therefore

. L4 4
F= lim 3 wl+kal)#—h)ah =v f0 14 — h)dh.

N> §=
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To express ! in terms of h, we have from the parabolic segment [2/36 = h/4
orl = 3vh. Whence

a2 /
=3 wf (4 h2 — p3mydh = 3w (S_h_ _ _hs_z)]

128 w
=5 Ibs.

We may also solve this example by using coordinate axes. If we choose B
as origin, the coordinates of C are (3, 4), and the equation of the parabola is
422 = 9y. Using any point (z, y) to set up the element of integration, we
may write

4 4
F=wf0 224 —y)dy =3w [ 4 - y)ydy,

which gives the same result as that found above.

2. A hemispherical bowl is full of water; find the total force exerted on the
bowl.

SorurioN. Consider the surface of the bowl as formed by revolving a quad-
rant of the circle 2% 4 22 = a? about the z
axis. Then the clement As, of arc generates
a narrow band whose area we may represent
approximately by 2 xz,-As,. This area is at
a depth of z, and hence the approximate force
on the band is 2 rwz,2,+As,. Therefore

n
F = lim X 2nrwzrz-As,
n— o 1=1
Asy—>0

r=a
=9 ij‘ﬂ= 2z ds. Fia. 204

From 22 + 22 = a? we get ds —‘\jl +( ) dz = —dx
Whence
F = waa_/(;axdx = qwa? lbs.

PROBLEMS
Find the force on one face of the submerged surfaces bounded or described
as follows. (Nos. 1-20.)
1. A parabolic segment of altitude 12 units and base 8 units, if its axis is
vertical and the vertex, above the base, is 5 units below the surface.
Ans. 3904 w/5 lbs.
2. A parabolic segment of altitude 6 units and base 12 units, vertex down
and axis vertical, with the base 5 units below the surface.
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3. A parabolic segment of altitude 3 units and base 4 units, plane vertical,
axis horizontal and 1 unit below the surface. Ans. 135 w/16 lbs,

4. The parabolic segment of Problem 3 except that the axis is 3 units be-
low the surface.

5. A semicircular plate, diameter horizontal, plane vertical, and tangent
parallel to the diameter in the surface. Ans. a®w(3 © — 4)/6 lbs.

6. The same as Problem 5 with radius 2 units and diameter 8 units below
the surface.

7. A circular plate, plane vertical, radius 5 units, and center 10 units
below the surface. Ans. 250 7w lbs.

8. The same as Problem 7 with radius 4 units and center 2 units below
the surface.

9. A quarter of a circle of radius 2 units, plane vertical, one radius hori-
zontal along the upper edge of the plate and 5 units below the surface.
Ans. w(15 = + 8)/3 lbs.

10. A semicircular plate in a vertical plane, radius 4 units, diameter along
the upper edge and 3 units below the surface.

11. The end of a full trough which is a right isosceles triangle with a base of
4 units. Ans. 8 w/3 lbs.

12. Anisosceles triangle, plane vertical, base below the vertex. Base 6 in.,
sides 5 in., base 3 in. below the surface.

13. A right triangle in a vertical plane, one leg horizontal, 5 units long and
4 units below the surface. The vertical leg projects out of the liquid 2 units.
Ans. 31} w lbs.

14. An isosceles triangle in a verti-
cal plane. The base is 6 units and the
sides are 5 units. The base is above
the vertex and 1 unit below the sur-
face.

Water Surface

-z . N 15. The same as Problem 14 with

27 & -
the base vertical and the upper end is
2 units below the surface.
8 Ans. 60 w lbs.
Fia. 205 16. A semi-ellipse, a =3, b =2

units, plane vertical, the major axis
horizontal and along the lower edge. The highest point 2 units [below the
surface.

17. Find the force on one face of a semi-ellipse as shown in Fig. 205.
Ans. 16 w(3 = — 2)/3 Ibs.
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18. An elliptic plate, major axis vertical, @ = 5, b = 2 units, and the center
is 3 units below the surface.

19. A square with sides a units has one diagonal vertical and the upper end
is in the surface. Compare the force on the upper and the lower halves.
Ans. 1 to 2.

20. The same as Problem 19 but the upper end of the diagonal is b units
below the surface, also find the force.

21. A horizontal cylindrical tank has a radius of 2 ft. What is the force
on an end if 3 ft. of liquid is in the tank? Ans. 8 /3 4+ 3v3) wlbs.

22, A horizontal tank of 5 ft. radius is sealed and water is forced in until
it is half full; the upper half of the tank is then under the pressure of one
atmosphere, equivalent to 34 ft. of water. Find the force on the inside of one
end due to air pressure and weight of water.

23. A trapezoidal dam has its upper base of 300 ft. in the surface, its lower
base of 100 ft. is 15 ft. below the surface. Find the force. Ans. 585}§ tons.

24. Thearcay =sinz,y = 0,0 =z = = has y = 0 horizontal and 3 units
below the surface. Find the force.

25. An oil cup is a paraboloid of revolution 6 in. in height and 2 in. radius
of base at the top. If the cup is full of oil, what is the force on its curved
surface? Ans. 0.0739 w 1bs.

26. An ecllipsoid of revolution with semi-axes @ = 6, b = 4 is half full of
water. What is the force on its curved surface?

178. Work. Suppose that a body is moved a distance s along a
line against a variable force, and that the force is some function of s,
say f(s). Now divide the distance s into small intervals As;, and
let f(s,) represent the force exerted at the beginning of each inter-
val As,. Then the work over each interval of the line is approxi-
mately f(s,) - As;, and the sum of such products is an approxima-
tion of the work done. Hence we have

3

W= tim 5 ) asi= [ fs)ds,

n—so t=1 s=a

Asy—>0

where b — a represents the total distance through which the body
is moved along the line.

When work is done against the force of gravity, the force exerted
is the weight of the body and the distance is the vertical distance
through which it is lifted.
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EXAMPLES

1. If the force necessary to stretch a spring is proportional to the amount
the spring is stretched and is 15 lbs. when the spring is stretched 1 inch, find
the work done in stretching the spring 3 inches.

SorutioN. We have given that F, = ks,, where s, represents the distance
the spring is stretched. Also, since ¥ = 15 lbs. when s = 1 inch, the formula
gives k = 15. Therefore F, = 15s,. Then the element of work is given by
AW, = 15 s, - As, and hence the total work is

3
W= lim E 15 5,: 48, = 15f sds = 67.5 in. Ibs.

n—o {=
As,—>0

2. A conical vessel is 16 ft. across the top and 12 ft. deep. If it has water
in it to a depth of 10 ft., find the work necessary to pump the water to a height of
4 ft. above the top of the vessel.

SoruTioN. The work done to raise a hori-
zontal layer of water to the point of delivery
is AW, = w(16 — z,) mr.2-Az, approximately,

'T' where w is the weight of a cubic foot of water.
But, from similar triangles, r, = 22,/3,
and hence
n N
5 W= lim 3 4wrs?(16 —2)5%
n—® t=1 9
Az —0
4wr 10
= — )22
Ly 9 /(; (16 — 2)22dz

10
__4 wr (_1_(§_z_s _ _):I Lﬁ@ﬂ W Ths.

Fia. 206

PROBLEMS

1. A boat moves in a straight line according to the law s = 3 +¢. If
air and water resistance is equal to the square of its velocity, find the work done
against resistance from ¢t = 0 to ¢ = 5 units. Ans. 38,480 units of work.

2. In hoisting ore from a mine, the load consists of (a) the weight M of
the car and contents, (b) the weight of the cable at m lbs./ft. What work is
done in hoisting a distance of k ft. from the bottom of a mine k ft. deep?

3. Find the work done in moving a body from £ = 0 to 2 = 10 units if the

force necessary at any point is £/(100 + ?)%2 units.
Ans. (4 — +/2)/12,000 unit of work.

4. A body is moved in a straight line according to the laws = 2 4 ¢
against a resistance proportional to its velocity, find the work done against this
resistance from ¢t = 0 to ¢ = 3 units.
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5. The position of a body is given by s = t cos t. If its motion is resisted
by a force equal to its velocity, what is the work done in overcoming this resist-
ance from ¢ = 0 to ¢ = =/2 units. Ans. #(6 + #?)/48 units of work.

6. The same as Problem 5 if s = ¢ cos ¢ — sin ¢.

7. A tank in the form of a paraboloid of revolution, altitude 3 ft. and
radius of top 2 ft., is full of water. What work is necessary to pump the water
to the top? Ans. 6 7w = 1178 ft. lbs.

8. The same as Problem 7, but the water is to be pumped to a delivery
point 6 ft. above the top.

9. A cistern in the form of a paraboloid of revolution, altitude 4 ft., radius
of top 3 ft., contains 3 feet of water. What work is done in lowering the water
level 1 ft., by pumping it to a point 2 ft. above the top of the cistern?

Ans. 19.5 7w = 4875 = /4 ft. lbs.

10. A conical vessel is 4 ft. deep and the diameter of its top is 4 ft. Find
the work necessary to empty the vessel, if it was full of liquid, by pumping
it 2 ft. above the top of the vessel.

11. A conical vessel is full of a liquid. It is 4 ft. high and the radius of the
bottom is 6 ft. What work is necessary to pump the contents to a point 2 ft.
above the vertex? Ans. 240 7w ft. lbs.

12. A full hemispherical bowl is 6 ft. in diameter. Find the work neces-
sary to pump the liquid to a point 5 ft. above the top.

13. A full cylindrical tank 10 ft. long and 4 ft. across an end lies horizon-
tally. What work is necessary to pump the contents to a point 20 ft. above
the top of the tank? Ans. 880 mw ft. lbs.

14. A hemispherical bowl of radius 4 ft. has its contents discharged at a
point 1 ft. above the top. Find the work necessary to lower the depth of the
water from 3 ft. to 2 ft.

15. A cistern filled with liquid is in the shape of a paraboloid of revolution
10 ft. deep and 6 ft. across the top. Find the work required to pump the con-
tents to a point 4 ft. above the top. Ans. 330 xw ft. Ibs.

16. A trough has semi-elliptical ends. It is 2 ft. deep, 2 ft. across the top,
and 8 ft. long. What work is required to pump the contents to the top if it
was full at the start?

17. A cylindrical tank 10 ft. high and 10 ft. in diameter stands on a platform
50 ft. high. Find the depth of the water when one-half of the necessary work
has been done to fill the tank from the ground level through a pipe in the
bottom. Ans. 5.23 ft.

18. The weight of a body varics inversely as the square of its distance from
the center of the earth, if the body is above the surface of the earth. Find the
work done in lifting P lbs. of material to a height & miles above the surface.
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19. A cubical tank 4 ft. across, 6 ft. deep, and 12 ft. long, is full of oil weigh-
ing*50 lbs. per cubic foot. Find how much the surface of the oil is lowered
when one-third of the necessary work has been done to pump the oil to a deliv-
ery point at the top of the tank. Ans. 2V3 ft.

20. An oil tank in the form of an inverted paraboloid of revolution is
12 ft. deep and 4 ft. across the bottom. If it is full of oil weighing 55 lbs. per
cubic foot, how much is the surface lowered when one-half of the work neces-
sary to pump the oil to the top has been done?

179. Work as Change of Kinetic Energy. If a particle of mass
m moves in a straight line so that its acccleration is a, the
force it exerts is defined as ma. Now since d%s/dt? = a, and

ds _ d(ds/dt) _dvds _ dv,

az = "t dsdt 'ds
we have the relation
dv
(1) F=mv. ds’
In differential form this is
Fds = my dv,

and integrating from s = s; to s = sy, calling v; and v, the corre-
sponding limits for v, we find

8,
2
f Fds = } mv2 — 1 mos2
8

Therefore, since (1/2) mv? is the kinetic energy of the particle of
mass m and velocity v, the work done in the interval sy =s =<s,
18 equal to the change in the kinetic energy in the same interval.

PROBLEMS

The following solids of given density are rotating about their axes with an
angular velocity w. Find the work cach can do in coming to rest. (Nos. 1-5.)

1. A cylinder of radius a and altitude k units.
Ans. Mv?/2 units. (M = mass, v = aw.)

2. A right circular cone of radius a and altitude h units.

3. A sphere of radius a units. Ans. Mv?/5 units.



§ 180] ADDITIONAL APPLICATIONS 351

4. A hollow cylinder with inner radius a, and outer radius a., if the density
at every point varies inversely as the distance from the axis.

5. A paraboloid of revolution of height h and radius of base a units.
Ans. Mv?/6 units.

6. A hollow cylinder closed at both ends and a solid cylinder have the
same radius, altitude, mass, and color. How can these be distinguished
without taking a section?

7. A cylinder of given altitude, radius, and density is rotating with a given
angular velocity. If a frictional force of 4 lbs. is applied on its surface, how
many revolutions will it make before coming to rest? Ans. prihw?/32.

8. A sphere of radius 12 inches and density 714 makes 15 revolutions per
second about a diameter. What frictional force applied at the equator will
bring the sphere to rest after 10 revolutions?

9. Assume that near the muzzle of a gun the resultant force on the base of
a shell is R(1 + kx—%/4) tons, where z is the distance in inches that the shell has
traveled down the bore, and K and k are constants. What expression repre-
sents the change in the kinetic energy at the muzzle if the bore is shortened
from 121 inches to 100 inches? Ans. R(21 + 0.059 k) in. tons.

10. The velocity of a 200 lb. sled is 60-4 ¢, measured in feet per second.
Find the mean value of its kinetic energy as to time from £ = 0 to ¢t = 10
seconds.

180. Centroids of Plane Areas. The point at which a thin
sheet of metal can be balanced is called the center of mass of the
sheet; that is, it is the centroid of the area represented by the
metal shect. Since an area may be balanced at its centroid, the
sum of the moments of the elements of the area about any line
through its centroid must be zero. By the moment (static
moment) of an element of area about a line we mean the product
of the number of square units in the element by tits distance from
the line. Also the moment of a finite arca about a line is the same
as the sum of the moments of all the elements of the area about that
line.

The centroid is that point at which the total area may be assumed
concentrated without affecting the moment of the area about a line.
Therefore, if (Z, 7) is the centroid, A the area, M, the moment
about the z axis, and M, that about the y axis, we have

(1) M.=A4Yy, M,=AT7xX
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These equations permit us to find Z and 7 if the area and its
moments can be found.
To find M, for a given area, we shall consider the shaded element
of Fig. 207, which is parallel to the
(@ 1) y axis. Its moment with respect
By, to the z axis is defined as the
product of its area AA; which is
(y2 — y1)Az, approximately, and
the ordinate of its centroid, which
is (yz + ko Ays + 4 + ky - Ayx)i/2,
where |ks| and |k;] = 1. Hence

@0 N\J9 Ay/w,w X
LAY

2
@,y (AM,); = (2
Fie. 207

— )i Ax

2 + ei-Az,

where e; — 0 as Ar — 0 if Ay;, Ay, — 0 also. Therefore

2) M, = lim le(yg — y1%)i-Ax,
Az—>()

b
51 @ — yddx.

As the distance from the y axis to the centroid of the shaded
element is z; + k-Az, k < 1, we have

b
3) M, = lim Z (Y2 — yr)ixi- Ax =f (y2 — y)x dx.

n—so 1=1

Az—>0

b
We have seen that A = f (y2 — y1)dx; therefore

f (y2 — y1)xdx
f (y> — yx)dx
3 f (¥:* — yi")dx

f (y: — y)dx

)
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These results may also be derived by double integration if we
consider the elements Ay-Az and the points (z;, y,), the centroids
of the elements. We have at once

Ya
ff xdydx Y
U

f dy dx
a A
(5) [ Ay (x.y,)
e || R )
= b . H ]
f dy dx @0 0 /(b,o) X
F1c. 208

Evidently the first integration of formulas (5) gives the single
integration formulas (4).

If the area is more easily found by means of a horizontal
element, formulas corresponding to (4) can be derived. It is then
usually advisable to interchange the order of integration in
using the formulas (5).

EXAMPLE

Find the centroid of the area bounded by thc parabola z = 32 and
y=2—uz
SorutioN. Using a horizontal element of length I, and width Ay, we have

Y (AM.), = (z» — x;).y.-Ay + e+ Ay,
and
(AM ). = 3 (x2 — x). Ay + e+ Ay.
Therefore
1 1
0 X 5 f_2 (2 —y? —yldy

=
(2pY,)
ay|

f_1 @ -y —y)dy

Fra. 209 (gy -L- _)]
-2

f_12<2—y—y2>ydy=(yz vom], .
S, @~y —way (2,,_14___)]_2 -3’

and

y:
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The coordinates of the centroid may be set up as double integrals as follows:

ff zdz dy ff,,, ydady

e T

181. Centroids Using Polar Coordinates. The clement
i+ Ar+ A6 with centroid (r,, 8,) has this centroid r, sin 6, and r, cos 6;
distant from the polar axis and the radius vector 6 = r/2, respec-
tively. Hence if 7 cos § and T sin § represent these distances for
the centroid of an area, we have

8 1y
ff r2cos 0 dr do ff r2sin 0 dr d@

Tcos® ,7sin @ = .

B8 o,
ff rdr d® ff rdrd®

EXAMPLE

<

Find the centroid of the part of the cardioid between 8 = 0 and 6 = =/2.
SorurioN. Using the formulas given

above, we have
(2 (1+-cos 6)
f fa 8 r2cos 0 dr do
Feosd = 2 0
f1r/2fa(l+cusa) & d
o o rdrdo
4 [ Ly g s /2
w
o A % (1 4 cos 8)3 cos 6 do
= 2
Fi1a. 210 (12 (1 + cos 0)d8
156 s sm40]r/2
[ + 4sinf —sin®0 +sin 260 + 16+51r
: /2
2[30+2 0+<1n20]0 16+61r

x/2 pa(l-4-cos0) 3 /2
/(; /(; r2sin 0 dr d6 %/0' (1 4 cos 6)3sin 8 do

rsinf = =
/2 (1+-cos 6)
_ 10 |
8+3
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182. Centroid of an Arc of a Plane Curve. The centroid of an
arc may be found by considering the moments of elements As;
with centroids (z;, y,), about the axes. As in previous articles, we
have

A8, —0

n
lim Y x.As;
n—s o 1=1 = fXdS

=y
]

lim 3:as  fas
o =1
and

lim }f: v.As,
n—se =1 fy ds
AS‘—-»O _ .
lim 3 As, f ds
n—so i=1

A8, —0

@i
]

EXAMPLE
Find the centroid of a quadrant of the circular arc of radius a.

SoruTtions. (a) Assume the circle given by 22 4+ 42 = a2 Then

N (Lly e =14+ dr = ® Y
ds =1+ iz dz l+y2dz yd:t.
0,
Therefore 0 As,
a q 0
.o ‘/(; :c?-;dx _ - a/a~ dy
fagdx afa dr__
(V] 0 Va2 — 22 a6
k "
_ Y _2a 0 @0 X
sin-1 5]“ r Fic. 211
a_jo

From symmetry, § = Z = 2 a/~.
(b) Suppose we use the fact that the circle can be represented by the para-
metric equations £ = a cos 8, ¥ = a sin 6, and that ds = a df; then we may

write
9=x/2 /2 /2
2 o 2(
_/0;0 yds j(; asmﬂdﬂ_a( cose)]o =2a
m™

¥=—"5=p = /2 = 2
f0=0 ds _/; ads aﬂ]o

and similarly for Z.
If possible, axes of symmetry should be used in locating centroids.

,
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183. Centroid of a Volume. Considering the moments of ele-
ments of a volume about the coordinate planes, we have in a simi-
lar manner (AM,.);,; = AV ,,;+x,, etc. The same type of reasoning
as in previous articles gives

i=lianZth-Az.Ay,Ax=fffxdzdydx
Rk St fffdzdydx

and similarly

fffydzdydx, fffzdzdydx
fffdzdydx fffdzdydx

EXAMPLE

)

N Find the centroid of the solid bounded above by the plane z = 4 and below
by the paraboloid z = a? 4 2.
Sorurions. (a) From symmetry we have = 0,7 = 0. Then

ff4x2/;:ﬂzdzdyda:
4f f\/4_zlf2 dz dy dx

V4 z’zg
f ‘/0‘ 5 dyd:c
f /\/4 - ~y’)dydx
1 2 — 4 __%_{f_’y_’ y° Vi4—z?
=2j(; (16y x4y 3 ——g)]o dz

2 N\ Nvi—z
gy Y 4-z
-/0‘ (4y Ty 3)]0 dz

2
Fia. 212 _ %jo' (6 + 22)(4 — 22)%2%dg .

2
g/(; (4 — 2%)32dz

These integrals can be evaluated by means of the substitution £ = 2 sin 6, but
the length of this solution leads us to suggest another.
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(®) In cylindrical coordinates, the equation of the paraboloid is z = 72

Then
4f7r/2‘/0‘ [1 zr dz dr do 2/‘ /2f (16 — 47 dr do
fn/2/‘ f r dz dr d8 fw/Zf (4 — )rdrdo
_f"/2(8 7 —T—)] do 32 W/Qda
=2 2/2 _3 r/
A (22—“)]‘1 4f0 do

(c) Still another method is to consider the solid as generated by revolving
z_= z? about the z axis. Then, taking disc-shaped elements

i
Wi

AV, = mx2-Az + e, - Az,

7r[ 1%z dz o z’d %]

1rf x%dz =_/(;4zdz 5

The student should consider the several possible ways of solving such prob-
lems before attempting to apply any one method.

we have

Wi

184. Centroids of Non-homogeneous Bodies. The results of
the preceding articles enable us to find the centroids of thin plates,
wires, and solids of uniform density. However, if the material
under consideration has its density variable according to somec
law, the clements AA,, As,, AV, become pAA,, pAs,, pAV; respec-
tively, where p is expressed as a function of one or more of the
variables involved. Then

fpxds fpyds
J‘pds fpds

and similar relations for areas and volumes. These formulas
evidently reduce to the relations previously given if p is constant.

PROBLEMS
Find the centroid of each of the areas bounded as follows. (Nos. 1-3.)
1. Byy*=4z,and2z —y = 4. Ans. (8/5, 1).
2. A quadrant of a circle.
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"3 A quadrant of an ecllipse. Ans. (4a/3w 4b/3 7).

4. Prove that the centroid of the area under any parabolic arch is two-fifths
the distance from the base to the vertex.

Find the centroid of each of the areas bounded as follows. (Nos. 5-15.)

5. By y = cos z and the coordinate axes, from z = 0 to z = = /2.
Ans. [(r/2) — 1, =/8].

6. The cardioid r = a(1 — cos 6).
7. The limagon r = 3 4+ 2sin 6. Ans. (20/11, 7/2).
8. The coordinate axes and the parabola zV/2 4 y1/2 = q'/2,

9. A quadrant of the hypocycloid z = acos® 6, y = asin3@.
Ans. 3 = § = 256 a/315 .

10. The cissoid y? = 23/(2 @ — z) and its asymptote z = 2 a.
11. One loop of r = acos 26. Ans. [(128 a+/2)/105 =, 0].

12. One arch of the cycloid x = a(6 — sin ), ¥y = a(l — cos 6) and the
z axis.

13, Between y = z log x and the z axis. Ans. (4/9, — 8/27).
14. Between y = ze—* and its asymptote.

15. The arca in the loop of the curve y2 = 4 22 — z* above the z axis.
Ans. (16/7, 5/4).

Find the centroid of each of the following arcs of curves. (Nos. 16-18.)
16. The semicircular arc of y = Va? — z2.

17. The arc of the cycloid in Problem 12, from 6 = 0 to 6 = .
Ans. (4a/3, 4a/3).

18. The arc of the cardioid r = a(1 + cos 6) above the polar axis.

Find the distance of the centroid of the following surfaces of revolution
from the plane of the base. (Nos. 19-21.)

19. The lateral surface of a cone of altitude k, with a radius of base a units.
Ans. h/3 units.
20. A hemisphere of radius a units.
21. The paraboloid 2 ft. high, with a radius of base 4 ft.
50 — 124/2

Ans.~——35—— = 0.944 ft.

Find the centroid of each of the following solids. (Nos. 22-23.)
22. A cone of altitude &, and radius of base a units.

23. A hemisphere of radius ¢ units. Ans. 3 a/8 units from center.
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24. Prove that the centroid of a paraboloid of revolution of altitude his
h/3 units from the base.

Find the centroid of the following solids. (Nos. 25-29.)

25. Formed by rotating the area included by 22 =4y, 2 =4,and y =0
about y = 0. Ans. Z = 10/3 units.

26. Formed by rotating y = sin z about y = 0 from z = 0 to z = = /2.

27. Formed by rotating one arch of y = cos z about z = 0.
Ans. § = (r + 2)/16 units.

28. Formed by rotating about the y axis the area bounded by the ellipse
z2/a? 4+ y%/b* = 1 in the first quadrant.

29. Included between the sphere 22 + r2 = 12 and the paraboloid z = 72,
Ans. Z = 2.16 units.

30. Prove that the wedge above the xy plane cut from the cylinder
22 4 42 = a? by y = zand z = 0 has for its centroid § = 2z = 3 ra/16.

185. Centroids of Composite Areas. If an area is made up
of several parts which are separated, we need nothing new to
find the centroid of the whole. The moment of the whole is the
sum of the moments of the several parts, and the formulas

M,=A.7, M,=A%
still hold. The only difference from the earlier use is that now
A=A1+A+ A5+, M2=Mz’+]l[:”+]l[z”l+"',

where M, = Ailh, M. = A3y, M, = Agjs, -++. Hence we
have

(A1+A2+A3+"')?7=A1§1+A2?72+A3173+"',

or
s
(1) y=———
2 A
=1

where 4; and A.7. for each 7 may be found by either method for
single areas. Similarly,

i At'ii
@) ==

2 A
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EXAMPLE

Find the centroid of the area of a square of side s after a circle of radius r
has been cut out of it.

Sovurion. Take the coordinate axes so that the center of the square is at
the origin and the center of the circle on the r axis at (e, 0). The arca of the
squarc may be considered as composed of the circle and that part of the square
outside the circle. The centroid of the square is (0, 0) and that of the circle is

(a, 0); their areas are s? and nr?, respec-
Y tively. The other area is s? — m7?; assum-

ing its centroid to be at (Z., 7.) and using

formulaq (1) and (2) above, we have

ariea.+ (s2 — 7r?)T,

0=

ot + (82 —ar?)
/-\ whence

[ (a,0) X _ wria
e Ig
8

s
To get 7., we have

ar?e 0 + (s2 — 7rd)F,

0= m? 4 (s — ar2)

Fic. 213 or
:172 =0.

We observe that any pair of variables (Z,, 7.) of the formulas of this article may
be found if the others are known.

PROBLEMS

1. Find the centroid of that part of an equilateral triangle remaining after
a circle has been cut out of it.
Ans. [(4 m2a)/(4 72 — s24/3), 0], if (0, 0) and (a, 0) are centroids of
the triangle and circle, respectively.

2. A square is cut from an ellipse. What is the centroid of the part of the
ellipse remaining?

3. Ancellipse is cut from a circle. Find the centroid of the remaining area.
Ans. [abe/(ab — 12), O0].

4. A right circular cylinder has a right circular cone removed. What is the
centroid of that part of the cylinder remaining?

5. A sphere is removed from a right circular cone. What is the centroid
of the remaining part of the cone?
Ans. [4%a/(4 7 — R2H), 0, 0], where r refers to sphere, R and H
refer to cone, (a, 0, 0) is centroid of sphere and (0, 0, 0) is the
centroid of cone,
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6. Cut a sphere from a regular tetrahedron and find the centroid of the
remainder.

7. A right circular cone is removed from a sphere. What is the centroid
of the remainder? Ans. [crth/(4 a® — r2h), 0, 0].

186. Attraction. The law of gravitation is as follows: Any two
particles attract each other with a force directly proportional to the
product of their masses and tnversely proportional to the square of the
distance between them. Two particles of masses m; and mg, respec-
tively, separated by a distance 2 exert upon each other a force F
given by the formula

mmm:
xz

1 F=K

where K is the gravitational constant of proportionality.
We are now in a position to calculate the attraction between
bodies of known masses.

EXAMPLE

Calculate the attraction between a thin straight wire of mass m per unit of
length and a particle of mass M at a point P not on the wire.
SoLuTtioN. Suppose that the particle of mass M is at the point P on the
y axis and that the wire lies along the z axis from A to B. Divide the wire into
elements Az of mass mAz. Then the
approximate force between the particle and z
any clement is KmM-:Azx/r2. The com- Ataq, 0)11 Cla,0) Lx B®,0)
ponents of this force which are perpen- ! X
dicular and parallel to the wire are
KmM Az KmM-Ax
———cos6 and — 3 —sin 9.,

4 )

respectively. Therefore the sums of such
elements of force are approximate values
for the two forces perpendicular and parallel
to the wire. That is, an approximation for
the force perpendicular to the wire is

n KmM-:Azx cos 6; Fia. 214

and hence the component of the attraction in that direction is given by

2 KmM- Az cos 6; >
(2) A= lim 2 _m_z}:'c_coig_ = KmM COSGdI.

n—wo t=1 T\z - r2
—0
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Similarly, the component parallel to the line is
®) B = Kmyt 050002,

The values of A and B are readily found since, from Fig. 214, 72 = d2 + 2?,
cos0 = d/Vd& + 22, and sin 0 = z/Vd? + 22

Of course, there is no parallel component if P is on the perpendicular bisector
of the wire, and if P is on the wire at O the parallel component is due to the
segment C(a, 0) to B(b, 0). Hence relation (3) reduces to

b

b b —
@ B = KM - KmM(— ?15)]., - Kmp 222

PROBLEMS

1. Find the attraction of a quadrant of a circular wire on a particle of
mass m at its center. Ans. 2 KmM~/2/na?

2. Tind the attraction on a particle of mass m in the line of a’wire of length
L whose density varies as the square of the distance from the end nearer the

particle.

3. Find the attraction of a circular plate on a particle of mass m on the
line through its center perpendicular to the plane of the plate.

Ans. 2 KmM(1 — d/V& + &)/ a.

4. Find the attraction of a quadrant of a circular wire on a particle of
mass m which lies on the circumference of which the wire is a part, and which is
opposite the mid-point of the wire.

5. Tind the attraction of a square sheet of density p on a particle on the

line perpendicular to the square at its center. ]
Ans. KmM[x — 4sin™Y(d/V2 a® + 2 d®)7/2 a2

6. Find the attraction of a hemispherical shell on a particle at the center.

7. Find the attraction of a right circular cylinder on a particle at a dis-

tance d along its axis from one base.
Ans. 2 KmM[h + V@ + a* — V(d + k)? + a?]/ath.

8. Tind the attraction of a right circular cylindrical shell on a particle at
the center of one base.

ADDITIONAL PROBLEMS

1. Find the force on a circular valve of radius 2 ft. placed vertically with
its center 20 ft. below the surface of the water. Ans. 80 rw lbs.
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2. Find the force on the shaded arca shown in Fig. 215. The vertical
parabolic scgment is submerged to the top of the shaded area.

™ 3. Find the force on a square flood gate
8!ft. on a side if one side is in the surface,
by finding the force on each of the parts ~
into which it is separated by a diagonal.
Ans. 224 tons, 514 tons.

4. TFind the force on the face of the part

of an ellipse in the first quadrant if a = 4 ft., g
b = 2 ft., and the upper end of the vertical %
minor axis is 1 ft. below the surface.
S. Find the force on the lower half of
the ellipse in Problem 4. /
Ans. 4 w(Q = + 8)/3 lbs.
6. A plate is in the shape of a paraholic Fia. 215

segment, altitude 5 ft., base 6 ft., plane

vertical, axis horizontal, and 4 ft. below the surface. Find the force on
one face of (a) the complete segment, (b) the part below the axis, (c) the strip
from 4 to 5 ft. below the surface.

7. A cross-section of a channel may he represented by a segment of
y = azt. If the water is 6 ft. deep and 10 ft. across the top, find the force on
the dam across the channel. Ans. 128 w 1bs.

8. A flood gate is a trapezoid with top base 16 ft., bottom base 10 ft.,
and the altitude 4 ft. The top is 4 ft. below

Ihat 5 ?
Water Level the surface. What is the force on the gate?

9. Find the force on the plane area shown
in Fig. 216 if it is vertical.
) . Ans. 1744 w/3 lbs.

10. A triangular plate has a side horizon-

Jyo" 90\ﬁ tal, 6 ft. long and 2 ft. below the surface.

. Its altitude is 3 ft. and the vertex is down.

© Show that the force on one face is independ-
ent of the shape of the triangle.

10’

11. A vessel is made by revolving a
parabolic segment of altitude 6 ft., and base
4 ft. about its axis. Find the work required
to lower the level of the water from 5 ft. to
Fia. 216 3 ft. by pumping to 8 ft. above the top.
Ans. 476 mw/9 ft. lbs.

12. A horizontal eylindrical tank of length 10 ft. and radius 6 ft. is half full
of a liquid weighing 50 lbs./cu. ft. Find the work necessary to deliver the
liquid to a point 2 ft. above the tank.
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13. Three cisterns are each filled with a liquid. One has the shape of a
hemisphere, another the shape of a paraboloid of revolution, and the third
the shape of a right circular cone. Each has a radius of @, and the same
capacity. Compare the units of work required to pump each cistern empty.

Ans. 27 :32 : 36.

14. A full semi-elliptical reservoir of revolution is 5 ft. deep and 6 ft. across
the top. How much work is required to empty it at the top?

15. A hemispherical cistern is full of water. Two men are to pump it out,
each doing half of the work. How deep is the water when the first man has

finished his work? Ans. r(1 — V(2 — V/2)/2) units.

16. A circular disc of uniform thickness weighs 100 lbs., and its radius is
10 inches. Find the work it can do in coming to rest if it spins on an axis
through its center and perpendicular to its plane with a rim velocity of 20 feet
per second.

17. A thin circular disc of radius a spins in oil about its center with a rim
velocity of ». If the oil exerts a resistance on each small element of the dise
proportional to the product of the area of the element and its velocity, find
the total retarding force on the disc. Ans. 4 krva?/3 units.

18. A slender bar of length L lies along the positive side of the x axis with
the nearer end at a distance d from the origin. If the origin is a center of
attraction such that each particle of the bar is attracted by a force inversely
proportional to the square of its distance from the origin, find the total attrac-
tion.

19. The moment of inertia of a plane area about an axis in its plane is equal
to its moment of inertia about a parallel axis through its centroid added to the
product of the area by the square of the distance between the axes. To show
this, take (%, 7) of the arca at the origin.

20. Prove Problem 19 for a solid of revolution and an axis parallel to its
axis of revolution.

21. Show that the force on a plane surface submerged in a vertical position
in a fluid is equal to the area of the surface multiplied by the pressure at its
centroid.

22, Find the centroid of one-half of the curve z%/3 + /3 = a2/3.

23. Find the centroid of the area in the first quadrant bounded by y = sin z,
y =cosz,and z = 0.

Ans. [(x — 2/2)/(4 — 2+/2), 1/(4V2Z — 4)].

24, Tind the centroid of each of the areas given below.

72 =4 —y, y? = 16z, 4z =3,
(a){x’=4—4y. (b){y=x’—2z. (c){y=z-—x’+4.

25. Find the centroid of aloop of the lemniscate 72 = a2 cos 2 6.
Ans. (raVv'2/8, 0).
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26. The circles (z == A)? + y? = a? for A < a form two crescents. Prove
that the centroids of these crescentsareat [+ wh/(x — 26 + sin 2 6), 0] where
0 = cos™! (h/a).

27. Revolve the area under y = logz from z =1 to = = 3 about the
z axis and find the volume and centroid of the volume generated.
Ans. 1.03 = cubic units; Z = 2.41 units.

28. Revolve the area under y = sin?2 z from z = 0 to z = 7/2 about the
z axis and find Z for the solid by integration.

29. Show that the area generated by revolving an arc of a plane curve about
a line in its plane not cutting the arc is the length of the arc multiplied by the
circumference of the circle described by the centroid of the arc. (A THEOREM
or Parpus.)

30. Show that the volume formed by revolving a plane area around a line
in its plane not cutting the area is equal to the area multiplied by the circum-
ference of the circle described by its centroid. (Paprus.)

31. (a) Use Problem 29 to find the surface of a torus.
Ans. 4 w2ab sq. units.

(b) Use Problem 30 to find the volume of a torus.
Ans. 2 722 cu. units.

32. A square has a side 2a. Find the centroid of the figure obtained by
adding to the square a semicircle having a side of the square as a diameter.
Find the centroid if such a semicircle is cut out.

33. Given the parabola 22 = 2 py and any line ¥y = mz + b meeting the
parabola in the points A and B. Through C, the midpoint of AB, draw a line
parallel to the axis of the parabola meeting the curve at D. Show that the
centroid of the arca ACBD lies on the line CD.



CHAPTER XVI
INFINITE SERIES WITH CONSTANT TERMS

187. Infinite Series. An indicated sum of n terms formed
according to some law is called a series of n terms. If the number
of terms increascs indefinitely, the series is called an infinite series.

The geometric series

(1) a+ar+ar?+ar+ -+ ar?
is an illustration of a series of n terms. We know that the sum of
the first n terms of this series is

@) S =a(1—r")= a  ar

1 —7r 1 —7 1—17r

The sum of other series of a finite number of terms may often be
expressed conveniently, but the sum of an infinite series will be
defined as follows:

(3) S = lim S,,
where S, is the sum of the first n terms of the series. If this limit
does not exist, we say that the series has no sum.

If we consider the geometric series as an infinite series, we write
it
4) at+ar+ar*+ .- Farm 4.0

and then its sum is

(5) S=th,.=hm<1_ 1—r>

N—p o N—p

This limit is a/(1 — r) if |[#] < 1, as lim ar* = 0 if |[r] < 1. But

if |[r| > 1, the quantity ar® increases indefinitely with n and the
series has no sum unless a is zero. Also, if |7| = 1, the series has no

sum unless a is zero.
366
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188. Convergence and Divergence. If the limit of the sum
of the first n terms of a series as n increases indefinitely exists, the
series is sald to be convergent; if the limit docs not exist the series
is said to be divergent. Hence the geometric scries given above is
convergent if || < 1, and divergentif 7| =1 and a # 0.

Convergent series are of greater importance than divergent ones
in elementary applications. For this reason, although we cannot
always find lim S,, it is necessary to know whether such a limit

exists. Some methods of determining the existence of this limit
will now be given.

189. Comparison Test for Convergence or Divergence. To
prove the validity of this test we need the following theorem on
limits, which we shall not prove.

THEOREM. If S, 7s a variable quantity which increases (decreases)
steadily as n increases but never becomes greater (less) than some
fized finite number S as n — oo, then S, approaches a limit L which
s not greater (less) than S. Hence if the sum of the first n terms of
an infinite series of positive lerms is always less than a definite
number, whatever n may be, this sum has a limit and the series is
convergent.

Since each term of any series is a finite number and since the
sum of any finite number of such terms is a finite number, it is
evident that the convergence or divergence of a series is not affected
by discarding or adding a finite number of terms. Now we may state
the comparison test as follows:

A series S» of positive terms s convergent if after some term each
of its terms is less than or equal to the corresponding term of a series
Sy of positive terms which is known to be convergent. Likewise,
Sz is divergent if after some term each term is equal to or greater than
the corresponding term of a series Sy known to be divergent.

Proor. Let

1) a+as+az+ .-
be a positive term series known to be convergent. Suppose
(2) u+ U+ us - -

is a positive term series such that w, = ay.
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If A, and U, are the sums of the first n terms of (1)' and (2),
respectively, and if lim A, = A, At is evident that

(3) Un=4. <\A.\/

Since the series (2) is made up of positive terms, U, increases
as n increases; but, by (3), it is always less than AJ This proves
that U, has a limit, by the theorem stated above, and hence series
(2) is convergent.

The proof for divergence is obvious.

To apply the test, we must use a convergent series whose terms
are greater than or equal to the corresponding terms of the series
being examined, or a divergent series whose terms are less than
or equal to those of the unknown series. Evidently, to show that
the terms of the unknown series are greater than the corresponding
terms of a convergent series, or less than those of a divergent series,
is to show nothing about the unknown series.

EXAMPLE
Test by comparison the series
5 5 5 5 5
Z_,_(_j+I(_)_|_,l§.*...._|_2__n_i_2+..._

TesT. Since 5 is a factor of each term, we consider the series

1,1 1 1 1
A T TR T R

Comparing the n-th term of this series with the n-th term of the convergent
geometric series

11 1 1
§+a+§+"'+$+"':

we assert that

1
2 +2

[y

g
=2”)

for, if we clear of fractions, we have
?m=2"4+2 or 0<2

which is true for all values of n. Therefore the series is convergent.
The student should notice that the n-th terms of the two series are compared
and those only.
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190. Cauchy’s Ratio Test. If in a series of positive terms
the ratio of the (n + 1)-st term to the n-th term has a limit Lasn—
the series is convergent for L < 1, divergent for L > 1. The test
Sails for L = 1.

Proor. Let the series to be tested be

1) U+ Uz + U+ o0 A U - Unpr F oo

By hypothesis, lim u—?;””—l = L. This means that corresponding to
Nn—» n

any preassigned positive number ¢, no matter how small, there
exists a value of the index, say k, such that the inequality

2) L—e<%’i‘<L+e

is satisfied for all values of n = k.

Casel. L<1.

Since L is less than 1, we can find a number r which lies between
L and 1, so that L <r < 1. 1If we choose (r — L)/2 as the e
to be used in (2), we have, from the right side of the incquality,

Ungt (LT
3) v <2+2<r for all n = L.

From (3), by usingn =k, k+ 1, k+2,+--,k 4+ p, -+, we find

Ukt < TUk

Uppe < TUp1r < U
Upps < TUepe < Uy
Ukpp < TUkgp1 < rPug

Hence each term, after the first, of the series

4) U+ Uyt + Uppa 000 Upyp 000
is less than the corresponding term of the series
(5) U+ T+ U Ao A rPu e

But the series (5) is a geometric series with ratio r < 1; hence
it converges (as shown in §§ 187 and 188).
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Therefore, by applying the theorem of § 189, we see that the
series (4) also converges. Consequently, the series (1) converges.

CaseII. L>1.

Since L is greater than 1, we can find a number R which lies
between 1 and L, so that 1 < R < L. If we choose (L — R)/2
as the e to be used in (2), we have, from the left side of the inequality,

o L, R _
(6) . >5+5 > R foralln=k.

From (6), by usingn =k, k+1,k+2,--, k+p, -+, we find

U1 > Ru,
Uy > Rugpn > R
Uy > Rupe > RPuy

Ukyp > Ruiyp1 > RPup

. . . . . . . .

Hence each term, after the first, of the series

(M) Uk + Ukpr + Ungr + 0 Uiy
is greater than the corresponding term of the series
8) ur + Rur + R2uy + +++ + RPuy + + - .

But the series (8) is a geometric series with ratio R > 1; hence
it diverges (as shown in §§ 187 and 188).

Therefore, by applying the Theorem of § 189, we see that the
series (7) also diverges. Consequently, the series (1) diverges.

CasgIIl. L=1.

Neither of the sets of inequalities given above hold in this case
and the test fails to determine whether the series is convergent or
divergent. The examples below show this to be true.

(a) Try the ratio test on the harmonic series

1hgtgtgtotateen
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Test. The n-th term is 1/n, the (n 4+ 1)-st term is 1/(n 4+ 1);
therefore

im (Yt im L =
Jim (%52) = Jim g = fim =y =
n

This series will be shown to be divergent in the next article.
(b) Use the ratio test on

1 1 1 1
retestsat tamrn o
Test. Theratioupp/un=n(n+1)/(n+1)(n+2)=n/(n+2).
Whence
<u"+‘) = lm—— = hm—l—é = 1.
N0 n—»m n——>@1 + ﬁ

This series is convergent, as will be shown later.

EXAMPLES
1. Use the ratio test on
3,41, 51 ,rnt+2 1
gtz ztymt o togFig=at

Test. The (n + 1)-st term is (n + 3)/[(n + 2)37]; therefore

Unst . n+ 3 n + T 3* Y n 4+ 1)(n + 3)
n_.m( = Jim [(n o/ orr 1)3" 1| =i o

4 3
i M43 1 TR T g
n—>m3(n2+4n+4) 3”—»m1+:’+__ 3’
and hence the series is convergent.
2, Use the ratio test on
n!
3 + + + .+ on + oo

Test. The ratio

u,.+1_2"(n+1)!_n+l_
u,  2%Lepl 2
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Therefore
lim “M)__hm(n+n

n—>o

and the series is divergent.
191. The Integral Test. If we have a series of positive terms
Ut Uzt us oot Uy

where u, 1s expressed as some f(n), and if the function f(x) 1s defined
for dll x = a > 0 and if f(x) decreases steadily as x tncreases from
a to =, the series converges if WA f(x)dx is finite and diverges if the
integral is infinite.

We illustrate the test by means of some examples.

EXAMPLES
1. Use the integral test on the harmonic series

S=t4itgtiteotibo

Test. From the form of the n-th term we have the function f(z) = 1/z,
where ¢ replaces n in that term.
The graph of the function from z =1
f(z) to z = b is shown in Fig. 217. The area
under this curve as b— « is repre-
sented by

. bdz . b
lim = -—bl_u:; (log x)]l

b—ow Y1

X = lim (logb) =
0 (1,0) (2,00 (3,0) (4,0) (50)(b0) bin“ (log ®)

Fia. 217 Since this area is infinite, construct

rectangles with unit bases and with

altitudes equal to the ordinates of the curve at z = 1, 2, 3,-++, n. These

rectangles circumscribe the curve as shown in the figure. Also the arca of each

rectangle is equal in numerical value to the corresponding term of the series

being tested. As these combined areas are greater than that under the curve
fromz =1toz =n + 1, we have

1 1 1 "+1d2:
S"=1+§+§+'”+ﬁ>-/1- =log (n + 1).
Therefore
S = lim S, = lim fn+1 dz = o,

n—»x n=—»o
and the series is divergent.
2. Apply the integral test to the series whose n-th term is 1/n* where
k=1
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Test. Casel. k<1
The curve to be used is the graph of the function f(z) = 1/zt. The area
under the curve fromz =1toz = »

is f(z)
. by Zlk
bllr’r; 1 —Il_?k—=b->cn (l—k)]
=7z k llm b* —1) =
Tt
Since this is infinite, we circumscribe O] (1,00 (2,0) (3,00 (4,0) (5.0)(b,0)

rectangles as in the previous example.

These show that Fia. 218

1

Su= it op b gt b > o (0 D

k.
82—

Hence

S =1lm S,> 1 lim (n 4 1)+ = o,
l—kn—bw

n—»w

and the series is divergent.

CasgII. k> 1.
The area under the graph of

1
flx) = p
fromz =1toz = » is
1--L
21k b o bR —1 T 1 1 .
Jim f - = Am (1 )]1“,1‘.',“@ T—F ™ F=1 "F-1
a finite number. Since the area s
f(x) finite, construct rectangles with unit

bases and altitudes equal to the
ordinates of the curve at z = 1, 2, 3,
«++, n 4 1, which are inscribed under

the curve, as shown in Fig. 219.
X The area of each rectangle is nu-
ol .0 GO GO GO GOGO merically equal to the corresponding
term of the series being tested. There-
Fra. 219 fore the area under the curve' from
=1 to z = n is greater than the
combined areas of the first n rectangles except for the first rectangle, which is

not under that part of the curve. Hence we have

1
1,1 "d:c_ i
Semtm gt m< %o 2T
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and therefore

- . nder 1
S—1= lxm(Sn—l)<nll£n®/; &

n—»o z*

or

and the series is convergent.

These examples give a group of series of the form
1 1 1
1+2_"+?+.“+1—L"+'“’

which, together with any finite multiples of themselves, are con-
vergent if £ > 1 and divergent if £ =1. These may be used for
comparison with unknown series.

The integral test may be readily applied when the series is a
positive term series with an n-th term which is integrable.

If the f(x) derived from the n-th term becomes infinite after
z = 1, we merely use that part of the graph of the function which
is to the right of any vertical asymptotes. This will make the
first rectangle constructed correspond to some term after the first
in the series and hence the test will compare the sum of a series
with an integral where some of the first terms of the original series
have been discarded. )

Y

192, Alternating Series. This type of series has its alternate
terms negative.

TuEOREM. If after some term each term of an alternating series
is less than or equal to the preceding, that is, ury = ux, and if
lim u, = 0, the series is convergent.

Proor. Let
So=w — U+ Us — Ug+ o+ 0+ (— 1),

where each u; = w;41.  Now consider n even and write S, in the
two forms_below:

1) Sa= (wr — u) + (us — us) ++++ + Un—1 — Un),
(2) S»

u — (u2 - uﬂ) — = (un—2 - un—-l) — Un.

Il
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Since ukp1 = w, each parenthesis is positive or zero, and so,
from (1), 8, is positive and increases with » or remains unchanged.
The relation (2) shows that S, is less than w;. Hence S, has a
limit.
Considering an odd number of terms
Sn+1 = Sn + (—' 1)"un+lr
we find that this sum has the same limit as S, since

lim Sp1 = lim S, + lim (— 1)y,

N~ N—p o N—p O

but by hypothesis lim (— 1)"u,,1 = 0. Therefore the series is

S
convergent.

It is evident that the error in using n terms of a convergent alter-
nating series to represent its sum s less than the (n -+ 1)-st term.
This is because

(3) S—8,= Upg1l — Uny2 + Unyz —

and this when written as (2) above shows that the difference
S — 8, is less than u,q1.

193. Absolute Convergence. A series is said to be absolutely
convergent if the series derived from it by making all terms
positive is convergent. If a series is convergent but becomes
divergent when all terms are made positive, it is said to be con-
ditionally convergent. Thus

1 1 1 1

Pt et

~ is absolutely convergent but
1—-5+

is conditionally convergent.

TueOREM. If a series is absolutely convergent, it is a convergent
series.

Proor. Let

Sa=a+a+as+ -+ a.
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By hypothesis
S = 1im 8, = lim (a| + |az] + |as] + « -+ + |aa]) = C,

a finite number. But
Sn = (la:] + |a;] + -+« +|au]) = (o] + |ar] + -+ + [ad]),

where the first parenthesis contains only positive terms and the
second only negative terms of the series. But

lim (Jai] + |az| + |as] + + -+ + |aa]) = C,

and hence

lim (lai| 4+ |a;| ++ ) = lim (o] + Jas] + -+ - + Jaa]) = C,

and also
lim (Jax| + |a:| 4« - +) =lim (o] + |a2] + -+« + |aa]|) = C.

Since each of these limits exists, then

llm Sn = lim (|a;] + [ail + L ') - llm ('(lk] + Ial[ + o ')
N—p© N N—p
exists and the series is convergent, which was to be proved.

This theorem allows us to use the Cauchy ratio test for series
some of whose terms are negative. In so doing, we consider the
absolute value of the ratio of the (n 4+ 1)-st term to the n-th term,
€.y |Unp1/Un.

A very important necessary condition for convergence is that
lim u, = 0. This condition is however not sufficient, as is exempli-

N—p ©

fied by the harmonic series.

EXAMPLE
Test the series
3 3 3
S-aitsi—g T

for convergence.

Test. This is an alternating series and hence, if we can show that the
(n + 1)-st term is less than the n-th and that the limit of the n-th term as
n increases indefinitely is zero, it is convergent.
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The numerical value of the n-th termis|ua] = 3/n!, also | us41| = 3/(n + 1)1
Therefore set

@<
whence
3n! <3(n+ 1)},
or
1<n+41,

which is true for all n.
Also lim (3/n!) = 0. Therefore the series is convergent.
n—ro

PROBLEMS

Test the following series for convergence or divergence. Several tests may
be applied by the student in most of the problems. Test the alternating series
for absolute convergence. (Nos. 1-11.)

1,1 1 1 .
l’§+i+t_i+”'+ﬂ +oeee, Ans. Divergent.
1 24 34
stepit it

3. 2+ T3_2 + -24—3 + 3—5—4 + e Ans. Divergent.
1

1 1 1
4, §+—5+T6+1—7+"‘-
5 1 1 1 1
c it tm bt Ans. Convergent.

6. 44+t teen

7.

i SR Ans. Convergent,.

8.

22 32
< 4 @.ﬁ H oo, Ans. Divergent.

1 8 27

0. 73 twrstaige

Foen

1,1, 1,1
L g+g+ytgtes Ans. Divergent.
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Use the integral test on each of the following series. (Nos. 12-22.)
12, 1+ +33+---

1 1 .
13. 14+ —+4+—+ e Ans. Divergent.
+ V2 W3 &

14.1+ +5 + R

15. Ans. Convergent.
4 6
6. g tg—g+
17 l+—1—+—l—+—l—+---' Ans. Convergent
371573 63 : ne- gent.
1 1 1
18 14—+ —+4—=+---
+\/§ V5 VT
1 1 1 1 A C
19. +2s/z_1+3m_.1+4a/z...1+"" ns. Convergent.

20. sin 5° +%sin 5° +§sin 5% 4 oo,

2l et e24e 4 Ans. Convergent,.

22. 2¢2+4+3e3+4etF e

Test each of the following series for convergence and for absolute conver-
gence.

23, %—%+%—%+---. Ans. Conditionally conv.
1,1 1
24, 1-—§+§"Z+“‘-
25 L z L3 L. Ans. Conditionall,
S s Rl e i o . ns. Conditionally conv.
1 2 3 4
% 33 et aem T
3
27. %_,54_;_%_{_..., Ans. Divergent.
2 4 6 8
B 5-3tg-gto~
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1 2 1

29, 5_2.32-}-2.52-—---. Ans. Absolutely conv.
1 2 3

30. §—g+1_0‘_
1 1 1 A

31, _§§+§_..., ns. Absolutely conv.

1 4 9
2. 73 g-—staw—2 """

33. i3~ 3.3 + 3.4 4.5 4o, Ans. Conditionally conv.



CHAPTER XVII
POWER SERIES AND SOME APPLICATIONS
194. Power Series. Series of the form
a + a1z + axx? + asx® 4+ - - o,

where ao, a1, as, a3, -+ are constants, are called power series.

A power series may be convergent for only some values of the
variable or for all values. We state without proof a thecorem
which we shall need.

ABEL's THEOREM. If a power series converges for x = ¢, it
converges for any x such that |z| < c.

All of the values of the variable for which a power series is
convergent constitute the interval of convergence of the series.
The ratio test may be used to find the interval of convergence
in most cases. The values of the variable for which the limit
of |uat1/ua| = 1 are called the end points of the interval; to de-
termine whether the series is convergent for them or not, we must
use some other constant-term series test.

EXAMPLES

1. Find the interval of convergence of

z? oz ozt

z——+§-—4+....

2
SoLuTion. For this series |u.| = |z"/n| and therefore
. Unir| _ 1 x"“)/(x_") T _n
nll!»nm Un 1112160 (n+1 n nh—r>nm|x| n+1_lzl'

Whence the series converges for values of z such that |z| < 1, that is, for
— 1 <z < 1. The series diverges for |z] >1 or if 2 > 1 and z < — 1.
For |z] = 1 the test fails and we must use the values z = + 1 in the series
in order to get constant term series to test for convergence by some other test.

If we let z = — 1 in the series we have
1 1 1
_1_5_5_1_...,



§194] POWER SERIES AND SOME APPLICATIONS 381

which is divergent, as it is the harmonic scries except for sign. Then for
z = 1 the series becomes

1 1 1
l=gt+g—g+-n
which is convergent since
lim 1 0 and 1 < 1 for all n.
n—ow N n+1 "n

The values + 1 for z are the end points of the interval of convergence of
this series and we have shown that z = 1 belongs to the interval but z = — 1
does not. Therefore the interval of convergence of the series is

—1<z=1
2. Find the interval of convergence of

x3

AR 14
+§+ﬁ+’ﬂ+“.'

SoLuTiON. As |ua| = |22"1/(2n — 1)!| we have
Y| s _xnit / z2n-1 IR 1 _
LY ”n'_‘ﬁlunﬂn =Dl =~ ¥ s O

for all finite values of z. Therefore the series converges for all finite values
of z. Such an interval is written as follows:

— o <z < .

3. Find the interval of convergence of

r—5 1 (x=52* 1 (z—5)3

5 to Tty m oot
Sovution. Here |us| = |[(x — 5)*/n+5"| and therefore
| | (x — 5)"  pebn

A | =i | T D5 & = B

_|lz—=5 i n _|z—35
I I P i B

The series is convergent then if | (x — 5)/5] < 1. That is, for

T —5

-1< 5

<1,

or
—-5<z—-5<5,
or
0<z <10,
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and divergent for ¢ < 0 and z > 10. Now set z = 0in the series. We have

W]
-

1 1
“ltsogt

which we have shown in Example 1 to be convergent by the alternating series
test. For z = 10, the series becomes

L g g +ees
which is divergent. Thercfore the interval of convergence is
0=z <10
The interval of convergence is of great importance in that such a series
does not represent some f(r) outside the interval of convergence. Kven in

the interval of convergence the serics should not be used for f(z) unless the
remainder after n terms approaches zero rapidly.

PROBLEMS

Find the interval of convergence of each of the following series. Be sure to
test the end points of each interval.

+.T5_+1_O_|_..., Ans. — 1=z =1.

T x? z? z!
-5 W—ﬁ+ﬁ—"°' Ans. —2<z=2.

z x? x3

I+3tmgteag o

o

£+ z? +—13—+... Ans _5<x<5
57 5vE  svE T TeEEsS
x3

z z?
3 l+§+m+m+"‘-

oo

z—3_ 1 (r—3)
3 T2 3

1@

T3 T

s, Ans. 0 < z =6.
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10. 1+";2+(1_52)2+(I_72)3+"'
lLx1r1+2(x:;1)’+3<1:;1>’+..., Ans. — 5 <z < 3.
. 1+,j§3+(z\;%3)f+<z+2-3>=+m.
L. ’;2—(§2T2,2,12+(§$333—“‘ Ans. —5 <z =1.
C: J2r22>2+(x ;2)4+<z ;2)“+,,,
15, 1+ gk o e Am. 0= 2 2.
6, TX1_G@+1D? @+

3 324/2 33V3
17. 134.-224'(13‘2'—.52)2"‘(21%1?(’))3 Ano. =p=w=1
8. x-i—k+2(1;|;k)2+3(x;tk)s+...

19. Is 1+§ (x—1)+% (x—1)2+§ (x — 1)3 4 ++« convergent for

) L ) §, 5? Ans. Only for z = 3/4.
4’4

=0 -1
195. Taylor’s and Maclaurin’s Theorems. Since a power
series becomes a convergent constant-term series for any value
of the variable within its interval of convergence, its sum is a
function of the variable within the interval.
To find a series which represents a given function for some
interval is the important problem which is now presented.
~ Suppose we have a continuous function f(x) with continuous
first, second, -+, and (n + 1)-th derivatives, denoted by f’(z),
" (x), + + +, /" (x), in the interval from z = a to = b, inclusive.
(A) Using the Extended Theorem of Mean Value. B
The proof of the law of the mean given in § 90 can be restated,
for a function f(z) which has a continuous derivative, by setting

6) = @) _

b—a ’
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or
(1a) () — f(a) — Ki(b — a) = 0,

so that the auxiliary function there used becomes
(2a) ¢(z) = f(b) — f(z) — Ki(b — ),

which reduces to the left side of (1a) when x = a. This leads, as
in § 90, to the final formula proved there, which may be written
in the form

(3a) J) =f@) +f@)(® —a), a<az <D
Proceeding in a precisely analogous manner, let us write

() —f(a) = f'(a)(b —a) _
(b —a)? = K,

or
(Ib)  f(®) — f(a) — f'(a)(b — a) — K2(b — a)? = 0.

If we now examine the auxiliary function
2b)  ¢(@) =) — f(x) = f(@)(b — ) — Kz2(b — 2)?,

we observe that ¢(a) = 0 by (1b), and ¢(b) = 0 identically.
Hence, by Rolle’s theorem (§89), we must have ¢’(z2) = 0 for
some value z; between a and b. But, from (2b),

¢'(x) =0 —f'()+ () — @b —2)+ 2K — 2),
whence, since ¢’ (z;) = 0, we have
—f"(x2) (b — z2) + 2 Ka(b — x3) = 0,

so that 2 K, = f”(x.), since b — z, can not be zero. Therefore
(1b) may be written in the form

1®) = 1@ + 1 @0 - o) + @) C5 o <a <

In the same manner, if we commence with

(1) f(b) _j‘(a) —-f’(a)(b _ a) —f”(a) (b ;!a)z .

— () g)_;!a_)" — Koupi(b — @) = 0,
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and usc the auxiliary function

@) 8@ =10) — f@) = @b —2) — @) © ;!W ..

— @ D Ko — 2,

we sce again that ¢(a) = 0 and ¢(b) = 0, so that ¢'(z.y,) = 0,
where z,,, lics between @ and b. Proceeding exactly as above,
we thus obtain the formula

@) 1) =f@) + 1@ —a) + 5@ ;!a>2+...
i b - n+1 (b — a)*t
+/7(@ n!a) @) S +a1)| ,

where a < z,4, < b.

It is evident that the same formula would be obtained by using
in the place of b any value of x greater than a. Replacing b by
in (3), we may then write

4) Jf&x) = fla) +f’(a)(x —a) +f"(a) +.--

(x — a)?
!

X — a)n+l

m+ 1)

where @ < z,.; < x =b. The same formula holds also if b < a,
if all the inequalities throughout are reversed, and if finally
a>To >c=0
" This is known as Taylor’s theorem and the function f(z) is said
to be expanded about or in the neighborhood of x = a.

If we set @ = 0 in Taylor’s theorem, we have

’

+ s @) E= @) (" " () O

(5) () = FO) +F O x+ @) 2+ +fr(0)- 5
+fn+l(f)'%-!, where 0 <X <z,

which is known as Maclaurin’s theorem for f(z), and f(z) is said
to be expanded in the neighborhood of x = 0.
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(B) Using Successive Integrations.*
We form the expression (§ 150, Problems 103-106)

®) IR

and apply integration by parts, setting w = (z — y)*/n! and
dv = " (y)dy. Then du=[— (z—y)"/(n— 1)]ldy and
v = f*(y). Thercfore

I [f"“() ’)]du
[f"(J) o ] +f[f"(1) " ”);—]dy

~r@ T [ rw- G

Another integration by parts gives

L[f"*‘(/)(x 7’)]dy

- — &

I

A" g (T —a)mt
— /@) (n — 1)!

+ [ &= o

Successive integrations give

[roes 2T
r — aq)*!

= _fn(a).@%“_)_'_l _fn—l(a)_<__'_1~)_!— coo

(n

= J"(a) (e ;.W + fz ") (x — y)dy
_— n (x n—1 (x_a)ﬂ—l-_...
= — f"(a) ~—— = f"Ya )m—

~ (@) —@”;—,“)— — P @ = o) +f@) — f(@);

* This method of proof may be omitted if desired.



§195] POWER SERIES AND SOME APPLICATIONS 387

whence, by transposition,

(7) f(x) = f(@) + f'(a)(x — @) + f”(a)%‘m-}- .

+pa) By A [f"“(y)(x )]dy.

Then a = 0 gives

®) S = O +1©)  x+17©0) 5+ +10) - 5

* n+1 (x___._._y_)y,'
+ [ E e

These formulas are Taylor’s and Maclaurin’s theorems with an
integral for the last term.

(C) Using Undetermined Coefficients.

We shall here adopt another point of view in the derivation of
Maclaurin’s series for a function f(x) which possesses derivatives of
all orders but complete proofs will not be attempted.

If a power series

9) a0+ aix + axx? + asx® + - -+ + az” + app"t 4 -

converges for any value of z different from zero, as x = p, it will
converge in an interval — p < z < p, where p > 0 (§ 194).

In more advanced works in mathematics, it is shown that if the
power series (9) converges within a certain interval — p < z < p,
with p > 0, to a function f(z), then the power series which is
obtained by termwise differentiation will converge within the same
interval to the derivative of f(z). By repeated applications of this
theorem, we can then see that if a convergent power series is
repeatedly differentiated termwise the successive derived series
will converge to the successive derivatives of f(x) within the
interval — p <z < p.

We shall assume that there is a power series which converges
to the function f(z) for all values of z within the interval
—p<z<p,withp>0. Let

(10) f(x) = a0+ awx + @222 + + + + + uT™ + @™ 4 - o,
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Our problem is to determine the values of the coefficients aq, a;,
Qs, * **, Gn, + ++. By the aforementioned property of power series,
the successive derived series will converge to the successive deriva-
tives of f(x) within the interval — p < 2 < p. Forming these
successive derived series, we have

@) = a1+ 2ax+ 3axx?+ ¢« + nax™!
+ (n + Dapz™ +
") =21a:+32ax+ -+ nn—1)axz"2
+ m+1)-n a4 .-
") =3+21as+ -+ +n(n —1)(n — 2) gz
(11) + @m+Dnn —1) ez 24 -,

f™x)=nn—-1)n—-2)---3-2:1a,
+ @+ nm—-1)n—2)--
4:3:2: i+ --v,

Since the series in (10) and (11) converge for x = 0 to the
values of f(x) and its successive derivatives, respectively, at z = 0,
we have, by letting z = 0:

f0) = a
f0) =a
1(0) = 2a,
(12) 3 f”’(O) =3 'a3
f(n)(()) =n 'a,.

By solving the equations of (12) for the coefficients aq, a1, as, « « -
@y, * + +, we have

1) A0

a0=f(0),al=f,(0),az=2—!,"',a,, o

H

Therefore we obtain

13) 1@ =50 +7 O+ TP et + L0y
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This is Maclaurin’s series for f(z). Tor a given function, the
coeflicients of the scries can be obtained and the interval of con-
vergence of the resulting power series can be obtained by the
methods of §194. It can be shown that the series obtained
actually converges within this interval to the function f(x) pro-
vided that the remainder E,.,, of § 196 approaches zero as n
becomes infinite; but the proof is beyond the scope of this book.

196. Applications of Taylor and Maclaurin Theorems. We say
that we compute the values of some functions by using series
into which the functions have been expanded. Such series should
have their terms decrease rapidly, since we never use the infinite
series in computation problems. At best only a few terms are used,
and unless the terms decrease rapidly more terms will have to be
computed. The mostimportant thing is the value of the remainder
of the series when (n + 1) terms have been used as an approxi-
mation. In (4) and (5) of § 195, this remainder is the last term
whose value depends on f**'(z,y,) wherc a < z,,, < 2 =b (or,
ifb<a b=z <z, <a). An upper limit for the value of the
remainder after n 4 1 terms may be found by using the maximum
value of | f*t(z)| in the interval from a to . Suppose that the
largest numerical value of f#*! (x) within the interval of integration
is given by = ¢. Then |f**(c) | represents that greatest nu-
merical value. Then we see that the remainder or error, which
we shall denote by E,.yi, for the Taylor expansion, satisfies the
inequality

fr+1(c) (x — a)~*

(1) | Ent | = NCESY

b

where cis the value for which | f**1(z) | is a maximum for all values
of z under consideration; and, for the Maclaurin expansion,

@ | Bl =| 1240

Similar formulas can be derived also from (7) and (8) of § 195.
Three important questions arise in using series for numerical
calculations, namely:
(a) What error is made in using a given number of terms?
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(b) How many terms must be used to get a value of the function
correct to a given number of decimal places?

(¢) Within what interval of the variable will a given number of
terms give required accuracy?

We illustrate methods of answering these questions by means
of special examples.

Since a Taylor series is composed of powers of (x — a), the
rapidity of its convergence depends upon the numerical value of
(x — a). Hence, in expanding a function, we choose a so that
|z — a|is as small as possible and at the same time so that the
values of f(a), f'(a), f" (a), ete., are casily computed.

EXAMPLES

1. Find a series suitable for evaluating cos 31°.

SoLuTioN. A suitable series means onc for which |z — a] is small and
fla), f'(a), ete., are readily computed. Smce 30° is ncar the angle to be used
and sin 30° and cos 30° are readily written down, we take ¢ = /6. Then

f(x) = cos z, f(’—(:) = _\%f,
f'(xr) = —sinw, f’(f = — %;
f'(x) = — cosz, f”(lr = - %E:

’7 . y 1
f"(z) = sinr, f”(g =5

. . . . . . . .

T T\2
IV Bk SN Gk I G O
cosT =73 2 2:21 2.3 1 .

For z = 31 /180, the first three terms give
V3 (_’f_)’
310__1/;3__1__——-180 +..-
cos Sl =73 T 360 n

= 0.866025 — 0.008727 — 0.000132 +- + <~
= 085717+« =,
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This is correet to five decimals, for the error after three terms, Ej, satisfies the
inequality

v o1 :
| B é;ﬁs"‘c(ﬁ)) = 37(1‘1&;6) = 0.00000088.

2. How many terms of the expansion of log z in the neighborhood of
z = 3 are needed to get log 3.5 correct to four decimal places?

SoLurioN. In relation (1) of this article we have | E,,,| < 0.00005, a = 3,
z = 3.5, and n is to be determined. Since

. *llog n!
" (z) = -—*L—,.;,- (=D =5,

the maximum value of | f~+(z) | in the interval 3 =z = 3.5 is evidently

n!
= 5o

@)= [ - 0 i

Then we must have

|Enn| = [d"“] [((fi’r) ;),] < 0.00005.

The smallest possible value of n satisfying this inequality is found by trial.

In |E, .| = (0.5)"+1/[3"(n + 1)] the value n = 2 gives | E;| = 0.00154;
n =3 gives |Ei =0.00019; n =4 gives |Es| =0.000026. Thus n =4
makes the error as small as desired. Since (n 4 1) terms precede the term
representing the valuc of the remainder E.., of the serwes and we have found
n = 4, it is necessary to use five terms of the series.

3. What accuracy is given if six terms of the series of Example 2 are used?
SoLuTioN. As n = 5 if six terms are usced, we have

B = L. 05)°

=g —g— = 0.00000357.

Therefore six terms will give log 3.5 correct to at least five decimals.

4. Find the interval within which two terms of the series of Example 2
will give an error not exceeding 0.005.

SorurioN. Since n + 1 = 2 and f(z) = log z, we need f”’(z) = — 1/z2
Therefore

|E2|<};

(1'2'3)2!’

where ¢ lies between 3 and z. To make | E;| = 0.005 we must determine z so
that
L. [ = 0.005.

c?
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There are two cases to consider.
CaseI. WHEN z > 3. In this case ¢ = 3, and we have

1 (z—3)
9° 7 2

= 0.005,

whence z = 3.3.
Case II. WHEN 2z < 3. The maximum value of | f/(z) | is now 1/x% and
|z —3|is 3 — z. Therefore
1 (3 —u1)
whence ¢ = 2.727.
Therefore the complete interval is

2727 =z =33.

However, we may consider the two cases simultaneously so as to give an
interval symmetric about x = 3. To do this we let |z — 3| =k and
¢ =3 + ¢, where |¢] = h. Then the inequality used above becomes

1 h?

e =< |4

G o g = 0005
The maximum value of 1/(3 + ¢)?is fore = — h as this makes 3 + ¢ least, so
that our inequality becomes

1 h?

whence h = 0.2727. Hence |z — 3| = 0.2727 and the symmetric interval is

— 02727 =1 — 3 = 0.2727,
or
27273 =z =3.2727.

PROBLEMS

1. Assume e® = a + bzr + cz? + dx® + -+, and find g, b, ¢, d, + + + by the
method of undetermined coefficients.

2. Expand 3 y2 — 7y + 9 in a series of powers of y — 3.

3. Expand 2 z* — 3 22 — 8 z 4+ 10 in a series of powers of z + 2.
Ans. — 2 + 28(z + 2) — 15(x + 2)2 + 2(z + 2)3.
Expand each of the following functions to four terms, first in a power series
of (z — a) (Taylor), and second in a power series of  (Maclaurin). (Nos. 4-8.)

4, (1 £ 2)n
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5. sinz.

Ans.[sina-{-cosa-(z—a) —Si;!a(;r:—a)2 —cgsla(x—a)’+u-,

2 — /30 4+ 25/5 1 —27/T 1 4 oen,

6. cos z.

7. e=.

Ans.[e_a[l_(z“a)_*-_zl?(x —a)z"gl—!(x—a)’-l--.-l,
1—z+22/20 —23/31 4. .

8. log (1 £ z).

Expand each of the following functions to three terms using both Taylor’s
and Maclaurin’s series. (Nos. 9-10.)

0. esin z,

Ans. [cﬂmﬂ[l + cos a+ (x — a) + (cos?a — sin a) & ;!a)2+ oo,
142+ 22/210.,

10. e*cos z.

11, Write the Maclaurin expansion of ¢~#* to four terms and find the inter-
val of convergence. Ans. — 0 <z < w.

12, Expand the following functions in a power series of z.

(a) sin~1z. (d) log cos z.
) a=. (e) log (V22 + 1 — 2).
(c) tan™1z. () tan (z 4+ =/4).

13. Write a Taylor’s series suitable for evaluating sin 29° and approximate
the value of sin 29° by using three terms. Ans. 0.4849.

14. Same as Problem 13 for cos 62°.
15. Same as Problem 13 for sin 59°. Ans. 0.8572.
16. What is an upper limit (| E.,,|) of the error in Problem 13?

17. What is an upper limit (| E,,,|) of the error in Problem 14?
Ans. 0.00001.

18, What is an upper limit (| E.4,|) of the error in Problem 15?

19. Write several terms of the Maclaurin series for e and find an upper
limit for error in ¢ if four terms are used. Ans. (10)-8.(0.68),
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20. How many terms would make the result in Problem 19 correct to four
places?

21. Find |E...| if log z is expanded about z = 3 and three terms are used
to approximate log 3.11. Ans. | Es| < 0.00002.

22, How many terms must be used to get the result in Problem 21 correct
to four decimals?

23. Derive a series for tan—! 0.1 and evaluate to four decimals.
Ans. 0.0997.

* 24, Derive a series for tan=10.2 and evaluate to four decimals.
25, Derive a scries and evaluate cos 29° to three decimals. Ans. 0.875.
26. Derive a series and cvaluate sin 29° 40’ to four decimals.
27. Derive a series and evaluate cos 46° to four decimals. Ans. 0.6947.

28. Write the Taylor’s series for =% about z = 1 and find the interval of
convergence.

29. Use Problem 28 to find an upper limit to the error in e~'1 if three terms
are used. Ans. | Es| < 0.00006.

30. Write series for log (1 — z) and evaluate log 0.9 to three decimal places.

31. How many terms of the Maclaurin series for log (1 — z) are necessary
to approximate log 1.05 to four decimal places? Ans. 3 terms.

32, Find an upper limit of the error involved in Problem 31.
33. Evaluate log 1.1 to three decimal places. Ans. 0.095.
34. Evaluate cos 61° to four decimal places.

35. What is an upper limit to the error in cos 12° if four terms of the
Maclaurin series is used? Ans. |Eq| < (10)77.

36. If log 2 = 0.6931, compute log 2.1 to three decimal places.

37. Within what limits will three terms of the Maclaurin expansion of
log (1 + z) give an error not greater than 0.0001?
Ans. — 0.0717 = z = 0.0669.

38, Within what limits will three terms of the Maclaurin series for cos z
give an error not greater than 2 units in the fourth decimal place?

39. Within what interval do four terms of the series for sin z about = /6 give
results correct to five decimals? Ans. 0.399 =z = 0.628.
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40. Using (1) of § 196, find the unknown in each of the following cases if
f(z) =sin z and a = /3.
(a) n =3,z = 61° 30’ expressed in radians, | E«| = ?
(®) z = 58° 45, |Eny| =0.0001, n = ?
(c) n =3, |E{ =0.0005, z =?

41. The same as Problem 40 for f(z) = log z, a = 3.

(@) n =3, =32 Ans. |Ed| < 0.000005.
(b) =z = 3.2, | Enyy| = 0.0001. Ans. n = 2.
() n =3, |Ei| = 0.0005. Ans. 2.48 =z = 3.63.

197. Newton’s Method of Approximating the Roots of an
Equation. Taylor’s series may be used to solve equations approxi-
mately. A method due to Newton
is illustrated by what follows. /

Suppose f(z) = 0 is a given

equation. Let Fig. 220 represent Qe s(a))
the graph of f(x) near a root. By
trial we locate a first approxi-
mation to the root, such as z = a.
The slope of the tangent at Q is /
f'(a), which from the figure is equal
to f(a)/(a — z). Therefore z, a
second]approximation to the root, Fic. 220
is given by

f(z)

of RAS|T _

|~ (2,0) (a,0) >X

_Jf@
J'(a)

But this is the value of x obtained by replacing f(z) by the first two
terms of Taylor’s expansion. It may be used as a new value of a
to obtain the third approximation, and so on.

r=a

EXAMPLE

Find to three decimals the positive root of 2 — cos z = 0.

SoLution. By graphical methods or by use of tables we find that there is
a root between 0.8 and 0.9. We now write the equation with all terms in the
left-hand member and set

f(z) = 22 —cosz = 0.

If we replace f(z) by the first two terms of Taylor’s expansion about 0.8,
we have

f(z) = £(0.8) + f'(0.8)(z — 0.8) = 0,
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if we discard higher powers of z — 0.8, which itself is less than 0.1. This
becomes

0.64 — cos 0.8 + (1.6 + sin 0.8)(zx — 0.8) =0,
0.64 — 0.6967 + (1.6 + 0.7174)(z — 0.8) = 0,
z — 0.8 = 0.024,

z = 0.82,

if we carry the division to two decimal places.
To get a third decimal, we repeat the operation, using the expansion about
0.82. This gives

f(z) = 0.6724 — cos 0.82 + (1.64 + sin 0.82)(z — 0.82) = 0,
z — 0.82 = 0.0041,
z = 0.8241,

s0 we conclude that x = 0.824 is the solution desired. If the fourth decimal is
more than 5, either increase the third decimal by unity or better still repeat
the operation using three decimals in the expansion.

PROBLEMS

Solve each of the following equations to three decimals. (Nos. 1-13.)

. cosz— 10z = 0. Ans. 0.0995.

-

2. e*'? 4+ z = 2 for its smallest positive root.
3. e* + z = 2 for the root near 0.4. Ans. 0.443.

4, 2cosz =z — 2.

5. ez —x = 2. Ans. — 1.981, 0.448.
6. 22 +4zx—7=0.
7. 3logz — e + 4 = O for the root near 1.7. Ans. 1.731.

8. z® = sin (z + 2).

9. sin2z +z = 14. Ans. 0.529.
10. 2zcosz = 22 — 1.2
11, 22 -2z +logz = 0. Ans. 1.690.
12. tan 3z = 1 — 3 z for its smallest positive root.
13. sin (z/2) — 2z +8 = 0. Ans. 4.403.
14. Find a high and a low point on the curve y = z sin z.
15. Solve the equation e*/* +-cos 2z = 7?2 — 2, Ans. — 1.293, ete.
16. Solve the equation e=* + sin z = 1.235 for the root between 1.2 and 1.3.



§199] POWER SERIES AND SOME APPLICATIONS 397

198. Approximations to Definite Integrals. The quantity
represented by ° f(z)dr is well known when the indefinite
integral F(z), which has f(x) as its derivative with respect to
z, can be found. We recall that the numerical value of 3 f(x)dx
is F(b) — F(a). However, F(b) — F(a) cannot be found if we
cannot find F (z) and also if we do not know the exact form of f(z),
but merely know its values for special values of z. We shall
develop two methods of evaluating /;° f(x)dx approximately which
depend upon the ability to find numerical values of f(z) for various
values of z in the interval ¢« =z =b. These methods are there-
fore applicable whether or not the form of F(z) is known.

199. The Prismoidal Formula. Let f(z) be expanded in a
Taylor’s series in the neighborhood of z = a. If we represent
f(x) by the first four terms of this expansion, we have

1) f@)=A+B@x—a)+ C(x — a)*+ D(x — a)3,

where A, B, C, and D represent the fractional coefficients of the
Taylor’s series.
Under this assumption, for J3° f(x)dx we write

@) fb [A 4 B —a) + Cx — a) + D(z — a)dz

(b — a)®
3

Db — a)*
4

—4p-a+ 202, C +

—_— —_ 3

- (” - a)[ﬁA +3Bb—a)+20(b — a)2+3—D—%—“)]-
From (1) we find the values of f(x) for x = a, (a + b)/2, and

b in terms of 4, B, C, D to be

f(a) = A)
a+b\_,  Bb—a) , Cb—a)?, D@b—a)?
(3) f(—2—-> =A + 2 + 2 + ] )

fO)=A4+Bb—a)+Cb—a)2+ D (b —a)

If we form the combination

s@ + 15 (*5) +10)
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from relations (3) we get the quantity in the last bracket in
equation (2). Wh=nce

@ [ rar = (250) [s@ + a5 (*TF) +sw .

This is the prismoidal formula for approximating to the value of the
definite integral J3° f(x)dx. The accuracy of this value depends
upon the value of (x — a), as we have discarded powers greater
than the third in assuming the value (1) for f(z).

The student will notice that this value of the definite integral
depends upon the values of f(x) only for z =a, (a4 b)/2,
and b; that is, at the ends and in the center of the interval of
integration. For this reason the formula is applicable if f(x)
is known or if its value can be found for these special values of the
variable of integration.

Evidently the prismoidal formula gives an eract result if
f(x) is a quadratic function, in fact even if it is a cubic function,
as the four terms assumed for f(z) make a cubic function. How-
ever, since generally f(x) is not a cubie, it is necessary to consider
means of making the approximation better. Due to the fact that
the formula will in general give more accurate results when b is
near to a, there is an immediate means of improving its accuracy.
We may divide the interval from a to b into several smaller inter-

vals and apply the formula to each.
f@) As an aid to judicial division, a
graph of f(z) should be wused.
Smaller intervals in which the
variation of f(z) is fairly uniform
’\ should be chosen for the several
applications of the formula. If the
figure represents f(z) over the inter-
val a to b, it would be advisable to
apply the formula over at least the
three intervals a to ¢, ¢ to d, and
Fiac. 221 d to b for improved accuracy.

O

(a,0) 0 (o) (o)X

200. Simpson’s Rule. This is merely a special case of the
suggestion given above for better accuracy. The interval a to b
is divided into smaller intervals of equal length, the prismoidal
formula is applied to each and the various results are combined
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into one formula. Since the smaller intervals are equal, suppose
we represent their length by 2 Az. Then we have

W [ ' @) = [ T w)de + [ :“’f(x>dx

a+6 Az b
+ f f@dz + -+ f(@)da.
a4 Az

b—-2Ax

Applying the prismoidal formula to each integral on the right-
hand side of (1), we obtain

@ [ 1@z = 2L @) + 45+ 8) + o + 28]

+ 2228 [f(a + 2 82) + 4f(a + 3 A2) + f(a + 4 A)]

+22%11(a + 4 A2) + 4f(a + 5 A7) + f(a + 6 A2)]

.. +-2%[f(b — 24z) + 4/(b — Az) + f(b)],

or

3) fbf(x)dx = %’—c[f(a) + 4f(a+ Ax) + 2 f(a+ 2 Ax)
+4f(a+3ax) +2f(a+4ax)+ .-
+2f(b —2Ax) + 4f(b — Ax) + f(b)].

This formula is called Simpson’s Rule for approximating a
definite integral.

Again we suggest that the length of the sub-intervals (2 Ar)
taken be small for the sake of accuracy. The student is also
reminded that the quantity 2 Az must be chosen so as to divide
the interval (b — a) exactly.

In applying any of these methods when the form of f(z) is not
known and the function is given only by a table of values, ¢t is
necessary to plot the known values of the function and then draw a
smooth curve through these points. The values of f(x) at the special
points needed are then read from the graph.
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201. Integration of a Series. A third method of approxi-
mating the definite integral when integration is impossible or
inconvenient is to expand f(z) in a power series and integrate
termwise. This method may be used to any desired accuracy if
the interval of integration is within the interval of convergence,
the end points of the interval of convergence being excluded. Rapidly
decreasing terms with the remainder approaching zero are necessary
to make this method useful.

EXAMPLES

1. Find the length of the curve y = x2from (1, 1) to (2, 4).
Sorurions. The element of arc As, is V1 4 4 z,2+ Az and the desired quan-

2
tity is represented by jl‘ V1 + 4 z?de.

(a) SorutioN BY PRisMOIDAL FoRMULA.
Since f(xr) = V1 +42?% and a=1, (¢ +b)/2 =15, b =2, we have
fla) = V5, f[(a + b)/2] = V10, f(b) = V17. Thcrcfore

= j;z V1+4ztde = %(\/5 + 4v10 + V17) = 3.16805.

(b) SoruTioN BY SiMpsoN’s RULE.
Suppose 2Azr = 0.5. Then f(a) = \/ﬁ,l(a + Ax) = (1/2)4/29,
fla +24ax) = V10, f(b — Az) = (1/2)4/53, and f(b) = +/17. Therefore

020

The value of this integral correct to six significant figures is 3.16784.

2. At intervals of 6 ft. the areas in

A () square yards of the cross-sections of a
railway cut are 70, 88, 94, 93, 87, 76.
gg Y How many cubic feet of earth must be
70 ¥ removed in making the cut between the
60 two end sections given?
50 SovuTions. The element of volume
40 is A(z))Az where A(z;) is a cross-
30 section of the cut at a distance z;
20 yards from one end. Since A(z;) is
10 only given by a table of values, we
O 1 2 3 4 5 6 7 8 9 10 mustusea graph to approximate the

integral representing the desired volume,

Fia. 222 . 10
that is, _/(; A(z)dz.
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(a) SoruTION BY PRIsMOIDAL FORMULA.
We have given A(a) = A(0) = 70, A(b) = A(10) = 76; from the graph
we get A[(a + b)/2] = A(5) = 93.5. Therefore

V= ./0.10 A(z)dz = 169 (70 +4(93.5) + 76] = 866.67 cu. yds.

(b) SovuTioN BY SiMPsON’s RULE.

If we take 2 Az = 2, the table gives A(0) = 70, A(2) = 88, A(4) = 94,
A6) =93, A8) =87, A(10) = 76. From the graph we estimate that
A(l) =79, AQ3) = 91.5, A(5) = 93.5, A(7) =89, A(9) = 80. Therefore

-1 [70 + 4(79) + 2(88) + 4(91.5) 4 2(94) + 4(93.5) + 2(93)

+ 4(89) + 2(87) + 4(80) 4 76] = 867.33 cu. yds.

03

3. Evaluate ‘/(; ; [(cos z)/z]dz.

SovuTiON. Since cosz = 1 — 22/2! + z4/4! — 28/6! + +++, and is con-
vergent for all z, and the remainder has the limit zero, we have

1 fcoszx 171 f7 3 i
fo.z( z )dx—fo.z(a—m+a-a+°")df
(log Sy 96 4320 )]o 2

1.37961.

i

PROBLEMS

The answers given are approximations.

1. The width of a sheet of tin is w ft. at a distance z feet from one end.
Approximate the area of the sheet defined by:

w ft. 0 0.4 0.8 3.3 3.7 4.1
z ft. 0 0.7 1.1 18 2.1 3.2
Ans. 10.5 sq. ft.

2. A circular pin has the length 20 in. Diameters z in. from one end are
given by:

d in. 2 4 5 6 8
z in. 0 5 10 15 20

Write the integral for its approximate volume and evaluate.
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3. The diameters of a buoy at z ft. from one end are:

z ft. 0 2 5 6 7 9
D ft. 2 4 6 8 10
Approximate its volume. Ans. 96 7 cu. ft.

4. At 10-ft. intervals, right sections of a vessel are 2.67, 3.89, 5.18, 8.76,
9.13 sq. ft. Approximate its volume.

5. Theareaboundedbyy = 0,z = 2, z = 6 and the curve defined by

z 2.0 2.5 3 4.5 5.5 6
y 10.2 8.3 3.8 5.7 2.1 3.6
is desired. Ans. 19.6 sq. units.

6. What volume is formed if the area of Problem 5 is revolved about the
z axis?

7. Approximate the length of the parabola y = 2 22 from (1, 2) to (2, 8).
Use Az = 1/4. Evaluate by integration. Ans. 6.09 units; 6.086 units.

8. At 6 ft. intervals the area in square yards of cross-sections of a railway
cut are 75, 88, 91, 87, 74. Approximate the volume of earth removed.

9. Approximate the length of 22 — 32 4+ 9 = 0 from (0, 3) to (4, 5). Use
Az = 0.5. Ans. 4.553 units.

Approximate the following integrals as suggested or by several methods.
(Nos. 10-22.)

1 dx . _ s .
10. b T332 using ¢ = 1/4, 1/2, 3/4 as division points.
1 dz . s .
11 y 3= g1 singz = 1/4, 1/2, 3/4 as division points.  Ans. 0.380.
1/2
12, ‘/(; / % , by Simpson’s rule, using five values of z.
0.5 dx . .
13. -/(Jt | zes’ USINE four sub-intervals. Ans. 1.276.

3
14, f ;ﬁ/ V2 4 tan z dx by prismoidal formula; also using four sub-inter-
,
vals.

2
15. f /1;/ V10 sin z dr, using four sub-intervals. Ans. 0.89 7.

1/2sin .
16. /(; 5 dé, using five values for 6.
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1/2
17. /0‘ / e—?* dz, using three terms of a series. Ans. 869/1792.

/2

18. Vcos z dz, using three terms of a series.

~

1, 2
19. ViF 2de.  Ans. 1.63. 21. jl' VIF fde.  Ans. 2.13.

&~

1 4
20. A2V4—213d1. 22. /2' V1 ¥ log z dz.

23. Given y = e~*/2. (a) Approximate its length from z = 0 to z = 2.
(b) Revolve the curve about the z axis and calculate approximately the
volume of the solid generated. Ans. (a) 2.10 units, (b) 2.72 cu. units.

24, Show that the prismoidal formula gives the exact area between the
parabola y = az? 4+ bx + ¢, the z axis, and the ordinates z = h and
z=h+42Az.

25. Approximate the areca of the surface generated by revolving the arc of
2t — y? = 9 from z = 3 to z = 5 around the y axis. Ans. 108.28 sq. units.

26. If P is the resultant force of the pressure on the piston of an engine when
a weight has been raised to a height of A feet, find the work done in raising the
weight (a) two feet; (b) eight feet, if

h (feet) | O 051 1.5 2 3 4 5 6 7 8
P (lbs.)| 100 | 110 | 110 | 110 | 100 | 73 54 44 38 | 34 | 30

27. A is the arca of the water plane of a vessel at a distance z feet above
the keel. If

z (feet) 2 4 6 8 10
A (sq. ft.) 2690 3635 4320 4900 5400

find the displacement of the vessel for a draught of 10 feet.
Ans. 36,537 cu. ft.

28. An oil barrel has the following diameters D inches at the given distances
z inches from one end. Approximate its volume.

z inches 0 4 7 11 | 15.5 20 24 28 31
D inches 21 (23235 (24|24 25| 23.75|23.5|22.5|21.25

29. A body weighing 1610 lbs. was lifted vertically by a rope, there being a
damped spring balance to indicate the pulling force of F lbs. When the body
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had been lifted z feet from its position of rest, the force was recorded auto-
matically as follows:

z 0 |11 20 34 45 55 66 76
F 4010 | 3915 | 3763 | 3532 | 3366 | 3208 | 3100 | 3007

Find the probable velocity in feet per second at z = 30 fcet and at z = 72 feet.
[mv?/2 = fo *(F - 1610)dz]. Ans. 51.62 ft./sec., 73.92 ft./sec.

202. Calculation of w. If we expand tan—'z by Maclaurin’s
series we have

» 2 2
-1 = —_—— —_ = =
(1) tan"'z =z — 3 + % -+

x2n—1
2n —1

+ (= oo

This is readily shown to be convergent for every value of z in
the interval — 1 =z =1, and the remainder, which is less than
| 27+1/(2 n + 1) |, approaches zero for all values of z in the inter-
val of convergence. Whence, lettingz = 1,1/2, and 1/3 and using
the relation

L - = e - 1.),
i tan~! (1) = tan <2> -+ tan 1<3

we have, from (1), that

9.90.9.9.9 ]
RGRORORON.

to 5 significant figures. Therefore = = 3.14160, approximately.

The two series for tan~! (1/2) and tan—! (1/3) are used here
because they converge more rapidly than does the series for
tan™ (1).
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203. Computation of Logarithms. The Maclaurin expan-
sions of log (1 4+ z) and log (1 — z) allow us to write

log (—{—f—:;) =log(1+z)—log (1 —2x)

“G-grE-grEe)

or
3 5
(1) log(ii—i) =2(x+§+§+...).
Now set z = 1/(2y + 1) and we get

14 14y
= —
1—=x Y

whence from (1)

l°g(l:yk_y) = 2’[2yl+ 1 +3<2yl+ 0t

1
TEn= 1)(2y+1>2"—1+“’]’

or
1 1
@ 1og -+ 1) =logy +2 [ ;o F 3yt

1
T -Gy T 1)2"*14‘"‘]'

This series is called the logarithmic series, since, given log ¥,
we have a means of computing log (y + 1) at once to any desired
accuracy. The region of convergence of (2) is ¥ > 0 and the
convergence is rapid after y = 3. Of course the remainder has
the limit zero over the region of convergence.

Logarithms computed by means of series (2) are to the base e;
we readily convert them to the base 10 by means of the relation

logiw N = log N/log 10 = (log N)/2.30259 = 0.43429 log N.
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PROBLEMS

1. Show that the series for tan—1z about z = 0 is not desirable for comput-
ingrifz = 1.

2, Compute = to four decimals using
tan-1(1) = 2 tan—1(1/2) — tan—1(1/7).

3. Form other trigonometric formulas like that of Problem 2 for tan—(1)
and compute = to four places.

4. Compute by formula (2) the natural logarithms of the following num-
bers. Tind to as many decimals as requested. (Note. Use the laws of
logarithms.)

(@) 1, () 2, () 7, (d) 17, (e) 24, () 33, (g) 37.

5. Compute by formula (2) the common logarithms of the following num-
bers. Find to as many decimals as requested.

(@) 1/2, (b) 1, (0) 3, (d) 4, (e) 25, (f) 34, (g) 41.

6. Compute the value of = by taking 4 terms of the series for sin—'z and
evaluate for z = 1/2.

204. Sin x and Cos x Expressed as Exponential Functions.
The Maclaurin expansions for e, sin y, and cos y are convergent
for all real values of y. These expansions, which should be
memorized by the student, are

v = AT A
) e=ltytaytgitat
] = —'yf —-y—s-——gz )
2 6
(3) cosy=1—2g-!+£—/f!—(%+..._

Now if we assume that these three series represent the functions
for y = iz, where ¢ = v/— 1 and z is real, we have

R FE N POTAE

But the two parentheses are just (3) and (2), and therefore

(5) ez = cos x + i sin x,
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Similarly we get
(6) e—** = cos x — isin x.

These relations give

. et — e—iz
(7) sin X = %7
(8) COS X = e_—}—z_e; .

Then since e*+¥ = ¢*-¢%, we may use complex numbers for y
in (1) and, under the same assumption, find that

9) ertw = ez(cos y + isiny).

These relations between trigonometric and exponential expres-
sions are of special importance in certain applications.

ADDITIONAL PROBLEMS

Find the interval of convergence of each of the following series. (Nos. 1-7.)

z x? z?
1. 1+§+i§+2§(_)+”" Ans. — 1=z =1
z—4  (r—4)?2 (x—4)°
L TR Y A § B
rz—2 (r—2)2 (z—2)3
3. I e Ans. 0 <z < 4.

4. (2/3)(x —3) + B/9)(x —3)* + (4/5)(x — 3)* ++ -

z—1 (xz—-=D3% (x—1)5
5. T~ t —, Ans. 0 =z =2,
6. T2 (x+2)?2 | (x+2)
© T3 T 3.9z + 3.3z
—_ —_ 2
”. %+9;51+(z 101) 4o Ans. 0 =z =2.

Solve each of the following equations by Newton’s method. (Nos. 8-16.)
8 224222 —-7=0.
9, 28 — 2224 cosz =0. Ans. 0.764, etc.
10. 2tan3z =1 —z.



408 DIFFERENTIAL AND INTEGRAL CALCULUS [CH. XVII

11, logz + z? = 2sin z. Ans. 1.291.
12. ze* —cos2z = 0.

13. ¢*/? = cos (z/3) + 0.6. Ans. 0.885, etc.
14. 1 — 22 =sin (z + 2).

15. e*’2 4 cos 2z = z? — 2, Ans. — 1.294, ete.
16. costz + vV — z = 0. How many roots?

17. Find an upper limit to the error if four terms are used for cos r about
z = 0 for cos 12°. Ans. 0.00008.

18. The same as Problem 17 for sin z about x = /6 for sin 32°,

19. The same as Problem 17 for log (2 + z) for three terms to get log 2.1.
Ans. 0.00004.

20. Derive the series for e* for z near 2. How many terms are needed to
get €% to four decimals?

21. How many terms of the Maclaurin series for log (2 + z) must be taken
to get log 2.3 to three decimals? Ans. Four terms.

22, Find tan—'(1/4) to three places by using a suitable series.
23. Evaluate log 1.992 from the series for log z about r = 2.  Ans. 0.689.

24. Find the interval of convergence of the series in Problem 23 and eval-
uate log 2.01.

25. Find an upper limit for £ which will permit the approximation of
(1 + z)* to within 1 in 1000 by two terms of the Maclaurin expansion.
Ans. 0.0129.

26. Within what positive interval do three terms of the Maclaurin expan-
sion of e* give a maximum error of not more than 1 in 1000?

27. Evaluate to three decimals by using sufficient terms of a series each of
the following:

1, /6
inl/2
(a) -/0‘ V1 + 22 dz, ) ./1:/12 sin!/2 z dz,
R — 14
(c) j(;” V1 + x4 dz, (d) _/(;1r cos 22 dz.

Ans. (a) 1.09, (b) 0.161, (c) 0.503, (d) 0.756.

28. Find the length of the chord of an arc of radius 200 feet subtending 3°
at the center (a) by trigonometric methods, (b) by the approximation formula
that the length of the chord equals 76 — 76%/24, where 6 is the central angle
and r is the radius. Compare the two results. Also derive the approximation
formula.
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29. Show that the difference between the length of a circular arc and its
chord is approximately 7%/24. Also show that the error in the approximation
cannot exceed r65/1920.

30. A horizontal cylindrical tank, 6 feet long and 3 feet in diameter, has
6 cubic feet of water in it. Find the depth of the water correct to two decimals,
by solving an equation by Newton’s method.

31. Draw the graphs of y =z, y = ¢ — 23/3!, y = z — ¢3/3! + 25/5),
with the same coordinate axes and compare them with the graph of y = sin z
fromz = —1tozx = 1.

32. Obtain the binomial theorem by expanding (a 4+ z)*. What is its
interval of convergence?

33. The length of the cable of a suspension bridge is given by

wl l’2 1’2 AN
L“\/m) 2) e oty (5) + () o)

where [ is the length of span, w the weight per unit length horizontally, P the
‘tension in the cable at its lowest point. In general w/P is small. Derive
the following formula, which is more convenient for calculation:

w\? 3 w\* B
L‘H'(F) 2‘4‘(?) 768
34. Can the following functions be expanded in Maclaurin series? Why?
(a) log x; (b) escz; (c) ctn@; (d) 6cscé.

35. By means of the Maclaurin expansion of e* compute
(a) €% (b) eV3; (c) V% (d) e
Ans. 1.6487; 1.3956; 1.2214; 0.36788.

36. Use the binomial theorem to find
(@) (1.002)%; (b) (0.8)1%; (c) (2.002)8; (d) (1.997)2,



CHAPTER XVIII
HYPERBOLIC FUNCTIONS

205. Definitions. Certain combinations of e* and e¢~* represent
functions analogous to the trigonometric functions. Their geo-
metric representation is related to the equilateral hyperbola in a
manner similar to that in which the trigonometric functions are
related to the circle. Hence the name hyperbolic functions.
They are defined as follows.

. er — e*
sinh x = —
ez e-—I
cosh x = ————Z— ,
sinhx e*— e*
tanh x = == — —~— |
o coshx e*+ e~*
cosh x e’ e =
ctnhx = = ~et ,
sinh x es— e~
1 2
sech x = =
coshx e*+ e=’
1 2
csch x = — =
sinh x e — e=’

and are read hyperbolic sine of x, ete.

206. Functional Relations. From the definitions we have at
once the relations
sinh (— x) = — sinh x,
cosh (— x) = cosh x,
tanh (— x) = — tanh x,
ctnh (— x) = — ctnh x,
sech (— x) = sech x,

@)

csch (— x) = — csch x.
410
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Squaring and combining so as to eliminate e* and e~* we obtain
the relations

3) tanh? x + sech?x =1,

cosh? x — sinh?2x = 1,
[ ctnh? x — csch?2x = 1.
Then from the definitions of sinh z and cosh 2 we have by
addition and subtraction
@) {coshx+sinhx=e’,
cosh x — sinh x = e,

From relations (4) we derive the functions of the sum of two
variables as follows:
By definition,

z+y — p—2—
sinh (z + y) = %_e__’f

_e%eV — e~V

B 2

4[(cosh x 4 sinh z)(cosh y + sinh y)
— (cosh £ — sinh z) (cosh y — sinh y)].

Whence, expanding and collecting, we have
sinh (x 4 y) = sinh z cosh y + cosh z sinh y.
Replacing ¥y by — y and using relations (2), we get
sinh (x — y) = sinh z cosh y — cosh z sinh .
This and similar operations give

sinh (x & y) = sinh x cosh y = cosh x sinh y,
cosh (x & y) = cosh x cosh y + sinh x sinh y,
_ tanh x 4 tanh y
(5) tanh (¥ £ 9) = I Ganh x tanh y ’
1 &+ ctnh x ctnh y
ctnhx + ctnhy °

ctnh (x £ y) =



412 DIFFERENTIAL AND INTEGRAL CALCULUS [Ca. XVIII

Letting ¥ = z and using the positive signs in (5), the double
variable formulas appear as

sinh 2 x = 2 sinh x cosh x,
cosh 2 x = cosh? x 4 sinh? x
= 2cosh?x — 1
= i 2
©) J 2sinh?x 41,
tanh2 x = 210X
1+ tanh2x’
_1+4ctnh?x
ctnh2 x = 2 ctah x

Then, from the third formula for cosh 2 z, we find

) cosh2z — 1
sinhz = + — 5

or, replacing z by z/2 in this and analogous forms, we obtain

. -1
sinh X = \[OBE=L,
cosh£= \,M—l ,since cosh x > 0.
2 2
@ x fcoshx-— 1
2= * coshx+1’
X _ coshx + 1
Ctnhi =+ \/coshx -1

If we set P=z+y and Q =z — y and use sinh (z &+ y)
and cosh (z + y) as in trigonometry, we have

sinh P + sinh Q = 2 sinh (P-:Q)cosh(P;O),
cosh P + cosh Q = 2 cosh (P J;Q) cosh (P - Q),
® sinh P — sinh Q = 2 cosh (P“'Z’Q)sinh(”zo),
coshP—coshQ=25inh(P_;Q)sinh(P;Q).
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207. Derivatives of the Hyperbolic Functions.

sinhz = (e — ¢7*)/2 we have

d . _dfer—e®\ &+ e
%(mnhx)—dx( 5 >— 5 = cosh z,

and if v = f(x) we have

4 (sinh u) = cosh u du .

dx dx
Thus, and similarly, we get
c%c (sinh u) = coshu%,
Zich (cosh u) = sinhug%,
d_da_c (tanh u) = sech?u g% ,
o (%C (ctnh u) = — csch?u % s
‘% (sechu) = — sechutanhu%,
ad; (cschu) = — cschuctnh u Z—; .

413

Since

208. The Inverse Hyperbolic Functions. The inverse of the
hyperbolic function is called an antihyperbolic function. Thus, if

z = sinh y
then
y = sinh! z, ete.
Since x = sinh y = (e¥ — e~¥)/2, we have
2r =¢ — e,
or

e — 2xev — 1 = 0.
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Therefore
eV =2 4+ V1 + i

But ev > 0 for all finite values of y, and so the lower sign is impos-
sible; hence

y =sinh'z = log (x + V1 + x2?).
Thus, and similarly, we have

sinh—! x = log (x + V1 + x?),
cosh'x=1log (x =Vx2—1), x=1,

tanh-lx——log<l+§>, -1 <x<1,
ctnh—‘x—~2—1g< +i>, x| > 1,

(10) X
sech—1x =1 (1:1:.1—x>, 0<x=1,
csch—tx =1 <+\/l+x), x> 0,

X

— log <1_*____ V1+") Cx<o.

By differentiation of the values for the inverse functions we get,
since y = sinh™' u

u = sinh y
and then
du dy
T = cosh y iz

But cosh?y — sinh?y = 1, or coshy = v/1 + 42 From these
relations we have

du
dy 1 du _ dx
dr coshyde Vwrtl P11 i
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Similarly we obtain the following formulas:

du
dx
Vur+1’
du
d —~1 —_— :t dx_.._
ax (cosh—ty) = Vi =1’

d Ginh-1y) =
a} (smh u) =

du
dx
1 — u?
du
d vy dx
ax (ctnh—! y) = T
du
dx
uV1 — u?’
du
dx

4 (eschy) = — —— .
dx Vul + u

2

d L
E.; (tanh U) =
(11)

’

dix (sech™'u) = ¥

209. Integration by Hyperbolic Substitutions. The derivative
formulas (11) suggest some integration formulas which may be
very easily derived by hyperbolic substitutions. For example,
consider

Set £ = a sinh u, then dx = a cosh u du and

Va2 + a? = Vatsinh?u + a¢ = g cosh u.

So the integral becomes

[t [du =yt = sinb 4 .

2 cosh u
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This and similar substitutions enable us to obtain readily
o _
Veta

./‘\7;!:-‘?‘-{:—7= + cosh—lg—i- C,

dx_ _1lian %
f~————atanh “+c

sinh—! g +c,

a? — x?
(12) f;\7a—jf___—:2 = :t%sech—‘g-l- c
=+ 2cosh1g 4,
fx_\/adz——xTx:?= ——écsch-‘g-l-c
= — ésinh“g-I-C.

The relations (10) allow us to write formulas (12) with logarith-
mic results.

210. Series for Hyperbolic Functions. Since the Maclaurin
expansions of e* and e—= are

2 3
e==1+x+;—,+%+"',

2 28
e"=1—x+m—§—!+---,

we may write

. 1 z? | B
s1nhx=§[(1+x+2—!+.3—!+...)

2
(i)

or

(13) sinhx=x+§+5i;+...,
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In like manner
x2 x
(14) coshx=1+23+ 5+~

We have previously assumed (§ 204) that

_ ()® | ()¢

sin (1z) = iz 31 51 .o
=z-(x+3£j+§-§+---)-
Therefore
(15) sin (ix) = isinh x.
Similarly
(16) cos (ix) = cosh x.
Also the relations
(17) cosh (ix) = cos x,
and
(18) sinh (ix) = isin x

are readily derived.

211. The Relation to the Equilateral Hyperbola. The circle
with its center at the origin and radius ¢ may be represented
parametrically by Y

T = acosd,
Yy = asiné.

The sector OAB has its area K

represented by 0 A X
0%,/2, where 0, = cos™'(z;/a).

So cos! (x;/a) = 2 K/a®. For the
unit circle the parameter 6 becomes
2 K or twice the area of the sector. Fia. 223

The equilateral hyperbola with its center at the origin and semi-
transverse axis a along the z axis, may be represented parametri-
cally by the equations

2z = a cosh u,
= @ sinh w,
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since, eliminating « by means of cosh?u — sinh?u = 1, we have
Y z? — y? = a2

Now consider the hyperbolic sec-
. tor AOB. Itsareais
\ 7
» Y, zy
A K=% - ["Va—aam
oI\ X @
/ N\
’ N _w_lp s
g N\ 2 2[ x a
Fiac. 224 — atlog (z + Va* — az)]:'
/12 — g2 2
= 1327—/—1 - El_ﬂf_a + 92- log (1 + Vz,* — a?) — log qa]
_ Ty _ Ty, a T, Vol —a
=72 "2 t3 “’g(a )

whence, by the second of relations (10), we have
2
K =% cosht 2.
2 a

This may be written

Xy 2K
—1 —_ —_
cosh ? W=

and for @ = 1 the parameter u becomes 2 K, just as the parameter
does in the circle.

We note then two things:

(a) The cos™ (x/a), or 6, the parameter in the equations of the
circle, is represented by twice the area of the circular sector divided
by the square of the radius a.

(b) The cosh™ (x/a), or u, the parameter in the equations of the
equilateral hyperbola, is represented by twice the area of the hyperbolic
sector divided by the square of the semi-transverse axis a.

212. Relations between Hyperbolic Functions of u and Trigono-
metric Functions of 0. Such relations are derived at once from
Fig. 225. Here BC is tangent to the circle at B, and CP is per-
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pendicular to OA. So to each § there is a point B on the circle
which fixes a point P on the hyperbola. The parametric equations
of the hyperbola given in the preceding article and Fig. 225 give

acoshu = OC = OB secd = asecé.

The definitions of the hyperbolic functions and the identities
(3) of the first article of this chapter

together with Y

cosh u = sec @ P
. B

give %
sinhu = tan 0, 0 C X
tanh u = sin 0,
ctnh u = csc 6,
cschu = ctn 6,

Fia. 225

sech u = cos 0.

In these relations the variable 8 is called the gudermannian of u
and is denoted by

0 = gdu.

PROBLEMS

1. All formulas not expressly derived in this chapter may be used as
exercises.

2. Derive
(a) sinh (z + y), (b) cosh (z =+ 1y), (c) tanh (z =+ 1y),
in terms involving sinh z, cosh z, sinh y, cosh y, sin z, cos z, sin y, cos y.

3. Show that
(a) (cosh z + sinh z)5 = cosh 5 2 4 sinh 5 z.
(d) (cosh z + sinh z)* = cosh kz -+ sinh kz.

4. Derive sinh (z — 1y) and evaluate forz = 3, y = 3.

S. Derive cosh (z — iy) and evaluate for z = 4.2, y = 3.
Ans. — 329 — 4.701.

6. Derive cosh (z — iy) and evaluate forz = 4, y = 3.



420 DIFFERENTIAL AND INTEGRAL CALCULUS [Ca. XVIII

7. Derive cosh (z — 1y) and evaluate forz = 3,y = — 2,
Ans. — 419 +9.11 4,

8. Derive cosh (z — 1y) and evaluate for z = 2, y = 3.

9. Problem 4 forz =1,y = 3. Ans. — 1.16 — 0.22 1.
10, Problem 4 for z = 1.6, y = 0.8.
11. Problem 4 for z = 4, y = 0.5. Ans. 23.96 — 13.08 1.
12, Problem4forz =3,y = — 2,

Integrate each of the following integrals by means of hyperbolic substitu-
tions. (Nos. 13-23.)

13. f % . Ans. sinh- (z/2) + C.

Wb

15. f g 1 Ans. ———tanh“( )+C

22 — 3

o [

dz 1..../2
17. fx~————\/4__+ =" Ans. — 3 sinh-t (E) + C.

dx
18, —_— .
fv:c’—4z+1

dz 1 5
19, —— Ans. + =cosht—— + C.
f(l'+4)\/9—8::—:c’ 58N 1
dz
20. P
dz 1 5
21. — . Ans. — < sinh™? + C.
f(x—l)\/x2—2:c+26 5 z -1

dz
22' —_—
f:c\/Z -1t — 4z

dz 1 14 — 3z
23. —_— Ans. — ——sginh~! = C.
'[le4+12—6: V14 V5 *




CHAPTER XIX
EXACT DIFFERENTIALS AND LINE INTEGRALS

213. Exact Differentials. A function of two variables, say
f(z, y), has as its differential the known expression

of of
(1) a0+ aydy,

where f(z, y) and its partial derivatives are supposed to be con-
tinuous in the interval under consideration.
However, every expression

(2) iz, y)dz + fa(z, y)dy

of the same type as (1) need not be the differential of some function
F(z,y). Writing (2) in the form

3) M dz + N dy,

it is the differential of some F (x, y) if M = 9F/dx and N = aF /3y,
since

or oF

But, under our assumptions of continuity,

35(a) = 5oy

hence we find that M and N must satisfy the relation

oM aN
if (3) represents the differential of F(z, y).

It can be shown that not only is (4) necessary for (3) to repre-
sent the differential of some function, but it is also sufficient.
That is, if M and N satisfy (4) there is always an F (z, y) for which
(3) s the differential *

* Goursat-Hedrick, Mathematical Analysis, Vol. I, §§ 151-152.
421
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If we have an exact differential, it is often desirable to find the
original function. An example will illustrate a method of finding
the function.

EXAMPLE

Is 2z4+5y —7)dz + (52 — 8y + 3)dy an exact differential? If so,
find the original function.

Sorurion. Here M =2z2z+4+5y —7 and N =52z —8y + 3. Since
dM /3y = 5 = 9N /dz, the expression is exact. Therefore

oF

M=a—Z

=2z4+5y -7,

which we obtain by differentiation with respect to z, assuming y constant.
Then, integrating with respect to z, regarding y as constant, we get

F(z,y) =x*+5zy — 7Tz + f(y),

where the constant of integration is represented by f(y), since y is assumed
constant. Now differentiate this expression for F(z, y) with respect to y.

Then

aF d
@ =5z + @f(y)-
Since N = 9F/dy, we have

5x+diyf<y> —52—8y+3,

or
i.f(z/) =—8y+3.
dy
Therefore
fy) = —4y2+3y+0C,
and we have

F(z,y) =2*+5zy — 7Tz —4y2+3y+C.

PROBLEMS
Integrate the differentials below if they are exact.
1. zdy + (y — 7)dz. Ans.zy — Tz + C.
2. By —8)dz+ 3z + 7)dy.
3. (z+ydz + (z — y)dy. Ans. (22 — /2 +zu + C.
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10.

11,

12,

13.

14.

15,

16.

17.

18.

19,

20.

Bz —2y)dz+ (22 + 3 y)dy.
(zy cos zy + sin zy)dz + 22 cos zy dy. Ans. zsinzy + C.

(e* cos y — 1)dz — e* sin y dy.

(ev/z)dx + ev log z dy. Ans.evlogz + C.
(z — 1/y)dy + (y — 1/z)d.
(zy + z?)dz + (22/2)dy. Ans. 23/3 + z2y/2 + C.

(sin? x — y cos z)dx + sin z dy.

(e*siny — y)dx + (e*cos y — z — 2)dy.
Ans.e*siny —xy — 2y + C.

(z/Va* + yhdz + (y/Va? + yP)dy.
e* cos z dy + ye* sin z dz. Ans. Not exact.
ze~*lv dy — (ye—=/v 4 z?)dz.

dz/Vz + gt + [y/(xVZ: + y* + 22 + y?)]dy.
Ans.log (z + V22 + y2) + C.

(zy + zsin z2y)dy + (y2/2 + y sin zy + x‘)dz.

(1/z + y/x%v/=)dzx — dy/zev/=, Ans.logz + e-v/z + C.
dz/ Vit =y 4 [z — VT = y)/yldy.

ze*v sin y dz + (e*¥ cos y + y)dy. Ans. Not exact.

[(2zy + 1)/yldz 4+ [(y — z)/y*1dy.

214. Line Integrals. The expression

L5 s, v)da + 1, )]

a,

is called a line integral and has a meaning when some relation
between z and y is known. This relation, say y = F(x), must
represent a curve through the points (a, b) and (c, d) used as the
limits of the integral. In general, the value of a line integral
changes when the line or curve y = F(z) of integration is changed,
but if fi(z, y)dz + f2(z, y)dy is exact, the integral has the same
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value for all curves joining (a, b) and (¢, d). This is evident
because in that case

(ey d) 2y
St e + e, vy = [ "z = 20— 2,

where 2z is the integral of the exact differential expression
filz, y)dx + fo(z, y)dy and 2z, and 2; are determined by the
points (a, b) and (c, d).

EXAMPLES

1. Assume that at each point of the zy planc there acts a force which varies
as we go from point to point. Let us find the work done in moving a body
along the curve C from A to B.

Sovution. Let PT be the tangent to the curve C at any point P, and let
PR be the dircction of the force F at P. Then the work done in moving the
body a distance As, is given approximately by F. cos 6,+As,,* so that the work

in going from A to B along C is

n
W =lim X F,cosf,As;
n—o =1
A3‘—>0

= fF cos 8 ds,
c

where _/c: means the integral along the
curve C, that is, the variables in the

0 X integral are related by means of the equa-

tion of C
F1a. 226 ;
Therefore we have

W = ch(cos ¢ cos a + sin ¢ sin a)ds,

since § = ¢ — a. But the z-component of the force F is F cos «, which we
shall represent by F.; and the y-component is ¥, = Fsina. Also
cos ¢ ds = dr and sin ¢ ds = dy. Therefore

W= fc (F.dz + F,dy),

or the work is a line integral along the curve C.

* Work is defined as the product of the force exerted and the distance the force acts
sn a given direction.
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The point A may coincide with B, thus making C a closed curve; in this
case, if F.dz 4+ F,dy is an exact differential, it is easy to see that

fc (F.dz + F,dy) = 0.

2. Derive a formula employing a line integral for the area bounded by a
closed curve.

SorutioN. Consider the curve below which has not more than two values
of y for each value of z and not more than
two values of z for each value of y. Now Y
let NN1 = g1, NN2 = y3, S8 = z1, and (gg)

882 = z;. Then the arca A of the portion - N,
of the plane enclosed by the curve is / y s
s

b ST Si
A= [t~ iz

b b 0,0)F— N,
= [z — [ yds @ T Wy
|
_ a b ! ! h
== fb yadz — fa iz ol @0 N B0 X
= — f?/ dz Fia. 227
C ’

this last integral being taken around the curve so that the area lies to the left.
Similarly, we have

d
4 = [ (x2 — m)dy

= [dzzdy + /d‘c:cldy
= j(;z dy,

where again the integral is taken so that the area lies to the left.
Adding the two values for A, we have

1
A—iﬁ(zdg—ydx),

a line integral giving the area of the closed curve.

3. Apply the formula of Example 2 to find the area of the circle z = a cos 6,
y = asiné.

SoLuTioN. Here dr = — asin6dd and dy = acos 6 dd. Therefore the
formula above becomes

D N it SPVN in? AT
A_Z-/a;o a2(cos? 6 + sin?6)do 5Jo dé = wad,
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PROBLEMS

Find the values of each of the following line integrals. (Nos. 1-3.)

4,4
1. /(; ¢ o )[2 zy dz + (2 — y?)dy] along (a) a straight line; (b) a parabola

with its axis on the z axis; (c) a parabola with its axis on the y axis. Show that
the integral is independent of the path. Ans. 128/3; M, = N,.

4, 4
2. ./(; (' o )(y dz — z dy) along the paths used in Problem 1.

4, 2
3. f( )[z dz/Viz* + y* + y dy/V2? + y*] along (a) a straight line;

0, 0)
(@) x =1t% y =1{; (c) a broken line consisting of a part of the z axis and a
perpendicular to it. Ans. 2+/5.

4. Find the area of an ellipse by means of a line integral.

5. By means of a line integral, find the area enclosed by the hypocycloid
z = acos?d, y = asindé. Ans. 3 wa?/8 sq. units.

6. Evaluate f (1/2)(z dy — y dz) along (a) the parabola y? = 4 z from

(1, 2) to (0, 0); () the straight line from (0, 0) to (1, 2). The difference of
these two values gives the area enclosed by the parabola and the line.

7. Find the area of the ellipse z = 2 cos 6, y = 4sin 6.
Ans. 8 7 8q. units.

8. Find the area enclosed by the curve z = a(1 — cos 8), y = asiné.

9. Evaluate f (zy dz — y%dy) from (1, 1) to (4, — 8) along the curve
z =1ty =18 Ans. 1344.

ADDITIONAL PROBLEMS

Integrate each of the following functions if it is exact. (Nos. 1-9.)

[

. (z+y+a)dz+ (z —y + b)dy.
Ans. 22/2 — y2/2 42y + oz + by + C.

2. (cosy + 2z)dz — zsin y dy.

3. (22 + y*dy + 2 zy dz. Ans. 2%y + y3/3 + C.
4, 22dy — y’dy + 2y dz.
5. z(z + 2 y)dz + (2 — y?)dy. Ans. 23/3 — y3/3 + 22y + C.

6. (e* — a)dy — e*y dz.
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7. 2y* —32z)dz — 4zydy. Ans. Not exact.
8 2z + y/z%)dz — (1/z + 2 cos 2 y)dy.

zdr + ydy .
Vgt — » Vi — y?

9. Ans. Not exact.

2, 4)
10. Find the value of ./(;( » (z%dz 4+ y dy) along the curvez =t, y = {2

. (2v?2, 2)
11. Find the value of j(; 0 (y dz — = dy)/V z? — y? along the curve

z? — y? = 4. Ans. — 2log (1 4+ /2).

12. Determine the value of
1, D
_/('0 o [(2z + ye=v)dr + (cos y + z e=v)dy]

along a straight line joining the two limits. Is this value independent of the
path?

1,2
13. Evaluate /('0 ( o )[(xy + 2%)dz + z%dy], (a) along a line through the

origin, (b) along a parabola with its vertex at the origin and its axis along the

y axis. Is the integral independent of the path? Ans. 5/3; 11/6. No.
. @1 . .

14. Find the value of ./(' 0.0) [(y — 2)dz + y dy], (a) along a straight line,

(b) along a broken line consisting of a part of the y axis and a line perpendicular
to it, (c) along a broken line consisting of a part of the z axis and a line perpen-
dicular to it.



CHAPTER XX

SOME DIFFERENTIAL EQUATIONS OF THE
FIRST ORDER

215. Definitions. In many cases it is easier to find relations
between the rates of change of functions than between the actual
functions. Such relations are equations which involve differen-
tials or derivatives, and are called differential equations. A
differential equation which has a single independent variable is
called an ordinary differential equation. If several independent
variables occur, so that partial derivatives are present, the equa-
tion is known as a partial differential equation.

The order of a differential equation is the same as that of the
derivative of highest order in it.

The degree is the degree of the derivative of highest order after
the equation has been made rational and integral in the derivatives.

Thus
d2y dy\V?
i (’J + a;)

is an ordinary differential equation of the second order and of the
second degree. 'The cquation

d*y ay\* _ .
d‘ﬁ“(zix) =6

is of the third order and first degree.
An illustration of a partial differential equation of the second
order is

ou_ o _ o

azx? = 9y? )

216. Derivation of a Differential Equation from Its Primitive.

The equation y? = 2 kxz represents a one-parameter family of

parabolas, since k may be considered to have any value whatever.

If we differentiate this equation with respect to x, we have
428
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2ydy = 2kdz. Eliminating k between the two relations, we find
the first-order differential equation

1) 2z dy = ydr.

This equation is called the differential equation which arises
from eliminating the arbitrary constant k between y? = 2kx
and 2ydy =2kdx. It must represent some characteristic
common to all of the parabolas of the family, since it is inde-
pendent of k.

Similarly, suppose we have

(2) Yy =cSinx + ¢cpco8

and wish to eliminate the constants ¢; and ¢.. To do this we need
two additional equations which may be derived by repeated differ-
entiation. Thus '

3) Z——z = €1 €C0S T — CySin x,
and

2
4) (%%= — ¢18in T — ¢z CoS .

Eliminating ¢, and ¢, between equations (2), (3), and (4), we get

The equation (2) with two constants gives rise to a differential
equation of the second order.

If we have an equation in z and y involving three arbitrary con-
stants we need three additional equations to eliminate the con-
stants. These are obtained by repeated differentiation and will
introduce derivatives of the third order.

The original equation connecting « and y is called the primitive
of the derived differential equation. Thus

Yy = c18inx + cacos

is the primitive of the equation

d%y _
a2 Ty=0
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By extending this reasoning, it appears that a primative tnvolving
n arbitrary constants gives rise to a differential equation of the
n-th order. Also, that a differential equation of the n-th order cannot
have more than n arbitrary constants in its solution. For if there
were more, say n + 1, elimination of them would seem to lead to a
differential equation of order n + 1 instead of n. Similarly, it
cannot have less than n constants. Hence an equation of order n
has a solution or primitive with n arbitrary constants.

PROBLEMS

Form the differential equation of lowest order which arises from elimination
of constants in each of the following primitives.

- Vit e - / LAY
1. y=czx — V1 +c2 Ans.y—:c(—ﬁ— 14+ dx)

2, logz +log(y+1) =c
3. y =czt Ans.zdy — 2ydx = 0.
4. y? =2cx + c2

5 logz +evizr =c. Ans. zdx + (x dy — ydz)ev/= = 0.

6. T =ay? + cy.

7. y =asinz + c2 cos r + z2. Ans. dz2+y—x’+2
8. ¥y =oc + ce?* + z2
9. ye* = cx? + ¢z + ca. Ans dx‘+3dxz+3 +y=0.
10. (z —h)?2 4 (y — k)2 =2

d
11. z — y? = a2 4 ca. Ans2xydz+2 ( ) d—Z+1=0.

12. y = cie® + c:e® + cs.

217. Solutions of a Differential Equation. A solution or
integral of a differential equation is any relation between the
variables which satisfies the equation. Thus y = cosz + ¢ is a
solution of dy + sinz dz = 0; and, as ¢ may have any value
whatever, the differential equation has an infinite number of solu-
tions. Each solution may be represented by a curve in the zy
plane called an integral curve.
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The second order equation

d2

H+y=0
has the solution y = c¢icosx + casinz, where ¢; and ¢, are
arbitrary constants. This solution may evidently represent a
double infinity of integral curves.

A solution of a differential equation which involves the maxi-
mum number of arbitrary constants is called the general or
complete solution. Solutions obtained by giving particular values
to the arbitrary constants of the general solution are called particu-
lar solutions. Thus y = c¢isin z + ¢, cos « is the general solution
of d%/dz® + y = 0, while each of the equations y = 3 sin z and
y = 2sinz — cos x are particular solutions.

Methods of solving the more general types of the first order and
first degree follow.

218. Variables Separable. The first-order equation of first
degree can always be written in the form

1) Mdz + Ndy = 0.

If it is of the type where variables are separable, each of the
quantities M and N can be resolved into two factors such that
z does not occur in one factor and y does not occur in the other.

That is, we may write

(2) M = fi(z)-f2(y), N =fs(z) fuly),
where any of the functions f, may be constants. Then (1) becomes

fi(@) - f2(y)dz + f3(2) - fu(y)dy = 0.

Dividing through by f(y) - f3(z), we get an equation of the form
(3) f(x)dz + g(y)dy = 0.

The solution of (3) is given at once by

@ [r@de+ [owiy =ec.
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EXAMPLE

Solve the equation 2V1 + y2dz + yV'1 + z2dy = 0.

SoLurion. Here M = zV1 + ¥4 N =yV1 +2? where each has two
factors of the types necessary for separation of the variables. Whence
dividing by V1 + g2+ V1 + z? we have

zdx + ydy
Vi+azz V14t

=0.

Integration of each term gives the solution as

ViFa4+Vitg=c

219. Exact Differential Equations. An exact differential
equation is one which has been formed from its primitive by
differentiation without any additional operations of reduction.
The test for exactness and the method of integration are given in
§ 213 on exact differentials. The solution of an exact differential
equation is the integral of the exact differential set equal to a constant.

EXAMPLE
The cquation zdy + ydr — 2z dz = 0 has the solution zy — 22 = ¢.

220. Homogeneous Equations. If f(z, y) becomes z": F(v)
when we set y = vz, then f(z, y) is said to be homogeneous in
z and y of the n-th degree. Thus e*¥ is homogeneous of degree
zero, since e*'v = 7" = ¢l'? = z0. ¢!/®, The function (zy + y?)V?2
becomes z(v + v?)V? and is accordingly homogeneous of the first
degree.

If M and N are homogeneous functions of the same degree
the equation Mdz 4+ Ndy = 0 is homogeneous. In that case
either y = vx or & = vy will make the variables separable. This is
because the equation becomes, for y = vz,

2" - f1i(v)de + 27 - f2(v) (v dx + x dv) = 0,
or
/1) + v f2(v)ldz + 2 f2(0)dv = O;
and if the function f1(v) + v f2(v) % O the result may be written

de,  Lod
z +f1(”) + v f2(v) 0,
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where the variables have been separated. If the bracket is zero
the equation reduces to dv = 0; hence v = cory = cx is a solution
of the equation.

Sometimes the substitution y = vz gives a function of » which is
not readily integrated, when z = vy will give a more desirable
function.

EXAMPLE

Solve the equation (z? + zy)dy — y2dz = 0.
Solution. Let z = vy; then dz = vdy 4+ y dv. Therefore

(v?%y? + vy?)dy — y*(vdy +ydv) =0,

or

dy _dv,

y 0
Integrating, we have

logy = — % + log ¢,

or

v__1,

log c= " >

Whence y = ce~v/%, since v = z/y.

If the integration introduces a logarithm it is desirable to call the constant
of integration log ¢ so that the two logarithms may be combined as shown in
the solution.

PROBLEMS
Integrate each of the following equations. (Nos. 1-19.)
1. (z — zy)dy + (y + zy)dz = 0. Ans.logzy +z —y =c.
2. zV1 — ytdz — yV1 — z2dy = 0.

4 6z—2y+1)ds— 2z — 2y +3)dy = 0.
Ang. 32+ y* —2zy+z—-3y =c.

- N
4 V1 4 ydz + V1 —zdy =0.
~’s, (y — 22— 1)dz +zdy = 0. Ans.3zy — 28— 3z =c.

» 6. 6xyde +3x2dy — 4dzdydr = ztdy — 15 y2dy.

. 7. 2ycos2z42sin2z)dx +sin2zdy =0.
Ans. ysin2z — cos27 = c.
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8. (y? — zy)dzx + (2 + zy)dy = 0.

- 9. (y%* + cos x)dx + (2y + e*v + zy - e*v)dy = 0.
Ans. ye*v +sinz + y? = c.

10. z2dy — zydr = (y® — xy)dy.

11. 2zydy = (1 — y?)dz. Ans. log z(1 — y?) =c.
12. 0z —2y +5)de+ 2y —22 + 3)dy = 0.
13. 2y?dz + (4zy — 3 y2)dy = 0. Ans. 2zy? — y3 =c.

14. Bz —4y)dz — 4z 4+ Ty)dy = 0.
15. evdx —sinzdx + zevdy = 0. Ans. zev 4+ cosx = c.
16. [e=(1 + z) + ycoszylde + (4y + z cos zy)dy = 0.

17. z?dy + y?dz + 2 2y(dz + dy) — 3 22dx = 0.
Ans. 22y + zy? — 23 = c.

18. (yer +22)dx — (2 — e*)dy = 0.

19. 2z — 3y — ysinz)dr + (cosz — 3 z)dy = 0.
Ans. z? — 3 zy +ycosz = c.

20. The rate of change of the population of a city is proportional to the
population at any time. Find the equation expressing its growth. If the
population doubles in 60 years, how long will it take to treble?

21. The tangent to a member of a system of curves has its z intercept equal
to three times the abscissa of the contact. What is the system?
Ans. zy? =c.

Orthogonal Trajectories. Let F(z, y, dy/dx) = O be the differential equation
obtained from the one-parameter family of curves f(z, y, ¢) = 0. Then the
differential equation F(z, y, — dz/dy) = 0 has for its solution a one-parameter
family known as the orthogonal trajectories of the given system, since each
curve of one system meets every curve of the other system at right angles.
Find the orthogonal trajectories of each of the following families. (Nos.
22-23.)

22. The parabolas y? = kz.
23. The system of circles 22 + y2 — 2kz = 0. Ans. 22+ y2 —cy = 0.

2 2
24, Prove that the conics E&Tc + Fy-—l-_k = 1, where a and b are fixed

from a self-orthogonal system.

25. By solving a first-order differential equation, show that the diameters
of the system of circles z? 4+ y? = a? are the orthogonal trajectories.

26. Solve dy/dz + zy = z completely for the curve through (1, 1).
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27. The length of the tangent drawn from any point P(z, y) of a tractrix is
aunits. Show that the differential equation of the curveisVa? — y2dy = y dz.
If (0, a) is a point of the curve, prove that its equation is

— Va? — y? [
z=alog(—z-———ya———y—+\/a2—y2.

221. Linear Equations of the First Order. A linear differential
equation is one that is of the first degree in the dependent variable y
and its derivatives. Thus

dy_ ,d
P A+ P gl 4 Py = f(x)

is a linear equation in y of the second order if P;, P;, and P;
are functions of x only or are constants. We are at present
interested only in linear equations of the first order, the general
type for which is

(1) Yipy=0,

where P and @ are functions of x or are constants.

The substitution y = wv permits the solution of this equation;
the method being indicated in the examples given below.

In the equation Mdx + Ndy = 0, of course, cither variable may
be considered the dependent variable. Therefore, an equation
may sometimes be put in the form

(2) —+Px=0Q,

where P’ and @’ are functions of y or are constants. Then we
use the substitution £ = uv and the method is the same in both

cases.
EXAMPLES
1. Solve (x 4+ 1) dy — 2ydz = (z + 1)*dz.

SorLuTioN. Since this equation is of the first degree in y and dy, we write it
in the form (1) of this article. Whence we get

dy 2 _
m Y-y - e+
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Now set
) Y = w;
then

dy _dv du
(3) d—x'—uaz"l"va—i'

Substituting (2) and (3) in (1) and collecting the coefficients of » and dv/dz,
we have

v = (z+ 1)3

dv du 2u
@ “a+(@—x+1
Now the relation (2) introduces two unknowns and hence two conditions are
nceded to determine them. One condition is necessarily that y = uv shall
satisfy equation (1); the other we may impose at will. We shall assume, as
this second condition, that the coefficient of v in (4) be zero. Whence

du 2u

(%) 35———“35_*_1-10.
or
d_u_ 2dzx
u z+1

Integrating, we find
logu = 2log (z + 1),
or
u=(z+ 12

Here we choose the constant of integration as zero. This is permissible,
as the gencral solution of (5) is not nceded. It is only necessary to add the
constant after the final integration in the solution.

This value of » makes the transformed equation (4) reduce to

(@ +129 = @+ 1,

or
dv = (z + 1)dz.
Whence
v =%(x+1)’+c.
Then finally

y=1w=-;~(a:+1)‘+c(:c+1)’.
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2. Solveds 4+ (s — 1) tantdt = 0.
SoLutioN. The equation may be written

ds
a—t+stant = tant.

Setting s = uv gives

dv du
uZi_t + T +utant) » = tan {.
From
du du
m_-}-utant—o, ;——tantdt,
whence
logu = logcost, u =cost.

This value of u reduces the transformed equation to

v

= tan ¢, or dv = tan tsec t dt.

cos t

Therefore

<
i

sect + c.
The general solution is then
s=1+4ccost.

222. Bernoulli’s Equation. This equation may be written in
the form

Dt i)y = folx) -,

and may be solved by the method given in the preceding article
for the solution of the linear equation of the first order.

EXAMPLE

Solve (y — zy?)dz — dy = 0.
SovuTioN. This may be written

Y _ e
(1) Iz = — zy%

Set y = wy, then dy/dz = udv/dz + v du/dz and we have
dv du _ .
2) ua-!-(g;:—u)v— TuN?,

By making the coefficient of v equal zero, we get

u = €.
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This value of u in the equation (2) gives

dv dv
— = — xe?y?, or — = — ze*dzx.
d:E v?

Integrating, we have

1 1
—;——(x—l)e’+c, or U—-(I—_m'

Substituting in y = wv, we find the general solution to be

ez 1
=——— or -=x—1—ce™=
y (x — ez — ¢’ y

223, Integrating Factors. Some equations which are not
exact can be made so by multiplying the whole equation by some
function. Such a multiplier is called an integrating factor. There
is no convenient general method for finding integrating factors.
A close inspection of the terms of the equation will sometimes lead
to the proper factor. In so doing, certain differentials should be
kept in mind. Thus

ydm—xdy
y* ’

d(log—a-c> yd:v—:cdy’

y zy
%\ _Y der — x dy
‘ (mn Y 4y
d (sin’l §> = gd_wiﬁdy
Yy YVyE — a2’

and many others. The numerators of each of these given are the
same and if it occurs in an equation, either 1/y2, 1/xy, 1/x2,
1/(z? + y?), or 1/yv/y? — 2?2 may be the integrating factor
needed.

Suppose the equation M dx + Ndy = 0 is given and we wish
to find whether or not there is an integrating factor ¢(z), that is,
a function of x alone. If there is such a ¢(z),

¢(z)  Mdx + ¢(z)-Ndy = 0
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is exact; hence

de(z) - M] _ d[¢(x) - N]
dy dx

)

or

This may be written

1M _ N7, _ dls()]
N[ay oz |7 o)

This shows that there is such a function only if
17OM _ N
N| doy ox

is a function of x alone. If this is the case and if we call it f(z),
we have

_ dl¢(2)]
f(x)dx - q')(.’t) )
Sz . . .
whence ¢ (x) = e is the integrating factor.

Similarly, there is an integrating factor which is a function of
y alone if [1/M][(dN)/(dz) — (dM)/(dy)] is a function of y alone.

Calling this f(y), the integrating factor is eﬁ(”)dy.
There are many other known integrating factors, but it is not
necessary to include them here.

EXAMPLES
1. Solve by finding an integrating factor
zdy —ydr + 22y dy + y*xdz = 0.

SovuTion. The terms x dy — y dx suggest one of the factors mentioned at
the beginning of this article. If we use 1/zy we have

dy

dz
” - tzdy+yde =0,
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which is exact since 9M /3y = dN/3z. Integrating, we have

logy —logz + zy = loge,
or
Yy = cxe~3v.
2. Integrate zdy — y dz = (2% + y?)'%dz.
SoruTioNn. If we divide through by the radical (22 + y?)V? we have
zdy —ydz _ g,
vVt ¥y

The first term of the numerator on the left suggests the need of z? as its
denominator, so we have

zdy — ydz
x?

V2t + yt
372

d(g) _dz

—_.—_?{‘ \ 2 z
Vi+ ()
Integrating, we get

log [% + \/1 + (%)2] = logz + logec,

¥+ Vz? + ¢ = cat.

= dz.

This may be written

therefore

PROBLEMS
Integrate each of the following equations. (Nos. 1-28.)

1. zdy — ydz = zdx. Ans. y = zlog cz.
2. dy/dx + y = €=

3. dy — (zy + 2x)dz = 0. Ans. y = ce=’I2 — 2.
4 (y—2z)dy+ydr=0.

5. 3tds + 6sdt = tsds. Ans. 28 = cel3,
6. dy —4dzxdzx + z2ydzx = 0.

7. dz + (xtany — sec y)dy = O. Ans. z = siny + ¢ cos y.
8. r*dy/dx + 2*(2z — 1)y = 1.

9. dy — 2zyds + 4zy?dz = 0. Ans. y(c + 2¢) = ¢,
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10. (02 + 1)%du + [4(0* + 1)2vu — 1dv = 0.

11, zytdy + y3dz — ydxr + 2 y?dx + xdy = 0.
Ans.zy —z/y + 2z =c.

12. (z + 1)dy/dx — 2y = e*(z + 1)3.

13. z(xdy + ydz) 4+ y(x dy — ydz) + 2 2% sinz?dx = 3 2%y’ dy.
Ans. logry + y/r — cosx? = y® + c.

14. (z + 6 zyVz? + y0dz + (y + 322Vz? + y?)dy = 0.

15. z2dy + (1 — 2x)ydr = r2dx. Ans. y = 22(1 + cet/?).
16. (z%y? — y)dx — (2% + z)dy = 0.

17. zdy/dz +y + 2%* = 0. Ans. zyV3(c + 27/2) = 1.
18. dy — (xy — z)dz = 0.

19. dy/dx + zy = zy Ans. y(ce"/’ +1) =1
20. dy + y cos xdzx = e* dx.

21. (x + z%)dy = ydzx. Ans. x(c — y?) =2y.
22. zdz = y[sec (x2 + y?) — 11dy.

23. 2 —zy)ydz — (2 +zy)xdy = 0. Ans. 2log (z/y) —xy =c¢.
24. z (dy/dx) + y + ztyter = 0.

25. 2ydz 4+ x dy — xye®v sin x dx + x2ye*v cos z dy + zy?e*v cos x dxz = 0.
Ans. 2logz + logy + e*vcosz = c.

26. (Vz? — g2 + 2)dz + (V22 = g% — y)dy =0, and find the curve
through the point (1, 0).

27. (1 + z?)dy/dz + y = tan!z, and find the curve through the origin.
Ans.y =tanl z — 1 4 ¢~tan7'z,

28. dy/dx + y cosz = (1/2) sin 2 z, and find the curve through (r/2, 6).

29. What family of curves cut the circles z? + y? = a? at 60°? Which
of these curves passes through (1, 1)?  Ans. log zy & V3 log (z/y) = 0.

30. Find the orthogonal trajectories of 2 + y? — 2 kx = a?, where a is fixed.

31. Solve V1 — z?dy/dx + y = sin! « for the curve through (0, 1).
Ans.y = sin~'z — 1 4 2 ¢-sin~z,

32. Solve a linear equation of your own choice or any one of this list and
add a constant after the first integration. What happens to this constant in
the final solution?
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224. Clairaut Equations. If a differential equation can be
arranged in the form

(1) y = pz + f(p),

where p = dy/dz, it is called a Clairaut equation. To solve such
an equation, differentiate it with respect to z, so that

@) p=p+e L+ iuen L,
then
®) [=+ & v & =0

Now, discarding the bracket, which involves no differentials,
we have

— = 0, or p =c.
Therefore
(4) y=cx+f(c)
18 the solution of (1).

225. Singular Solutions. It is interesting to note that the
envelope of the particular solutions derived from equation (4)
of the preceding article is also a solution of equation (1) of that
article. This is true in general for differential equations; such
solutions are called singular solutions, because they cannot be
derived from the complete solutions by giving the constants of
integration special values.

These singular solutions have little importance in elementary
applications and so will not be discussed here.

PROBLEMS

Solve each of the following equations. In each case show that the envelope
of the general solution is also a solution.

1. y =px +2p2 Ans.y =cx + 2c

2. y =pz+ e,
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3
LYy = %— %) Ans.y = cx — ¢t

y—z——{-tan—l (dy/dz).

W _ gy = (‘H) 2 = = oz — ac?
2x3dx 42% =a e , (Letz? = u). Ans. y = cx ac?.
W (!1/)2 -
xdx+y—:c (dx , (Let zy = u).

2
1 -2y g:c = 4e” (j—;) , (Let e = u). Ans. e¥* = cy + c2.

ADDITIONAL PROBLEMS

Integrate each of the following equations. (Nos. 1-26.)

© ® N o «n

10.
11.

12.
13.
14.
15.
16.

17.

1 4+ z)y2dr — 23dy = 0. Ans. 2z —2zy —y = 2 cxYy.
(x — dy — 2ydx = (x — 1)8 dx.
dy/dr + y/z = x* Ans. 4zy =zt +c.

x@—y+v Py

dy/dx — ay/x = (x + 1)/x. Ans.y = z/(1 — a) — 1/a + cze.
tds — sdt = tetdt.

zdy — ydz = z2%?* dx. Ans. 2y = ze? + cx.
1 4+ z?)dy/dx + 2 2y = 4 22

x4+ y? — ad)zdr + (22 — y? — bY)ydy = 0.
Ans. zt — yt — 2a%? — 2b%2% + 22%? = c.

0.

evdr — ysinydy + zev dy

i

(xsinzy — 1)(zdy + y dz) = y dy + cos zy dz.

Ans. z coszy + zy + ¥2/2 = c.
xdy — ydr = x2y?sec (y/x)dy.
z cos?ydr + csczdy = 0. Ans.sinz 4+ tany — zcosz = c.
(vu — v3)dv + du = 0.
dr + (x — y)dy = 0. Ans.z =y — 1 + cev.
[(x — y)ev/= + z]dx 4 zxev/=dy = O.

xygl;=y2+1, Ans. y = Vex? — 1.
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18.

19.
20.
21.
22.
23.
24.
25.
26.
27.
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dp -
y@+p-—2y—0-

dy + 4 zy dz = z%dy. Ans. (1 — z2)? = ¢y.
W +z+ Dydy — (y* + 1dz = 0.
dy/dx = e*tv, Ans.cev +extv +1 = 0.

(y? — 4 z%)dz 4+ zydy = 0.

(+22—Dzde — (22— 1)dy =0. Ans.y =22 —1+cVa? — 1.
4z +ydz+ (x —4y)dy = 0.

tds — t2s3dt = sdt. Ans. sVe — th = tV2.
v2du = utdv — wv du.

Solve the linear equation dy/dz + fi(z) -y = fo(z). This solution is

often used as a formula.

28,

Ans.y = e’f"(‘)d’[f{fg(x) -eff‘(z)"‘}dx +c].

Apply the formula derived in Problem 27 to solve Problems 3 and 15 of

this group.



CHAPTER XXI
DIFFERENTIAL EQUATIONS OF HIGHER ORDER

226. Some Special Types of Higher Order. Certain equations
of tt e second order which occur frequently in elementary applica-
tions will now be discussed.

® D =f, o T¥= .

These equations are usually solved by repeated intcgration with
respect to xz. However, if we set d"'y/dz™! = p, the equation
becomes of the first order.

EXAMPLE

Solve % = xe=.

SovLuTtioN. One integration gives

12
2—[;{ = (z — 1)ez + c;.

Integrating again, we have

dy _

o =@ —1e*—ex+cx+c2

= (x — 2)e* + a1z + ca.
The final integration gives the solution as

2
y=(x—3)e2+f‘_2’i + ¢ + cs.

) - f(x, 2.

We reduce this equation to one of the first order by means of the
substitution dy/dxr = p. This substitution is made because the

dependent variable is missing, and p is used as a dependent vari-
445
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able, since we use for d%y/dx? the value dp/dz. The resulting
equation

is of the first order in p and z.

EXAMPLE

dy

2
) d:z:2 dr =0

Solve (1 —=z
SovvuTtioN. Set p = dy/dz, then dp/dx = d?y/dz?, and we have
(1 —x’)%—pz=0,

in which the variables are separable. Hence, we write it in the form

@_ z dz

P Tr—_1
Integrating, we have

logp = — 3 log (=% — 1) + log c,
or
p = calz? — 1)V
Therefore
dz
R

and integrating we have the solution as
y=clog@x+VvVz=1) +c,.

A special equation of this type occurs in § 237 of Chapter XXII, where
the suspension bridge is treated. This same substitution leads there to a
solution involving the hyperbolic cosine.

(am) -1y

Again we reduce the order of the equation by a substitution.
Setting p = dy/dzx, we have
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and we are able to remove z, which occurs only implicitly. The
equation becomes

p% = f(y, )

which is of the first order in p and y.

EXAMPLE

v ay gg)z o

Solve e o

SoLuTioN. Let p = dy/dx and p dp/dy = d%y/dz?. Then we have

P _ o _ s

or

which may be solved by the Bernoulli equation method presented in § 222.
Thus let p = wv; then dp/dy = u dv/dy + v du/dy, and we have

dv v du _ y?

“ @_5) Ydy Tw

Obtaining v so that the coefficient of u is zero, we find that

v = y.
This makes the equation reduce to
u du = dy,
whence
u=+V2y+2c.
But p = dy/dz = wv and so
dy

- +yV2y + 2a.

Therefore
dy

yV2y+2a

and integration gives the solution as

= 4+ dz,

Vy+Cx—\/;1_ Nor
log ————m+ Vo = + V2a(z + c2).

av) &Y = ).
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This equation is merely a special form of III but it is of sufficient
importance to be solved separately. Since dy/dz is missing, we
merely set p dp/dy for d?y/dxz? and have

pdp = f(y)dy.

This gives for one integration

p? = 2ff(y)dy +¢,

a result in which the variables arc separable.

This type of equation occurs in problems on motion in which
the acceleration along the path is proportional to the distance
traversed. Such an equation is solved as the example of this

type.

EXAMPLE

Solve d?s/dt? = =+ k.
SoruTiON. Setting d?s/di? equal to p dp/ds, where p is ds/dt, this equation
becomes

pdp = =+ k?sds.

ds\?
2 — g
P dt)

This is called the energy integral since ds/dt = v and therefore, if we multiply
the equation by m/2, it becomes

1 _,_  mk
Emv —iT(s +C:).

Integration gives

+ k*(s? + ).

That is, the kinetic energy of a body of mass m and acceleration + k2s is given by
2
* —"121 (s* + .

This equation must be solved as two types, depending upon the sign before k2.
(a) If the sign before k? is positive, the energy integral reduces to

g‘; =+ kVs?+ca;
whence

ds

Vst +a

I

+ k dt.
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Integrating, we have
log (s + Vs? + ¢1) = = kt + log cs,
or, solving for s,
s = ae®kt 4 beFke,
where @ = c;/2and b = — a1/2 ca.
This solution may also be written in the form
s = A sinh (& kt) + B cosh (= kt),

where B+ A =2aand B — A =20.

(b) If the sign before k? is megative, the constant ¢; must be negative and
such that |ci| > s?; otherwise ds/dt would be imaginary. Writing ¢ as
(— a?) the energy integral becomes

ds = 4+ kVa? — s

dt
Hence
ds
———— =t kdl.
Var — §?
Integration gives
sin*lg =4kt +ec

or
s =asin (£ kt + ¢)
= A sin kt + B cos kt,
where A = £ acoscand B = L asinec.
We have seen this last equation as that which defines simple harmonic
motion. Hence, simple harmonic motion is the only possible motion in which

the acceleration along the path is proportional to the distance from a fixed point,
if the constant of proportionality is negative. (See § 104.)

PROBLEMS

Solve each of the following equations. (Nos. 1-18.)

1. d¥y/dx? = 1/z. Ans.y = zlogz — z + cix + ca.
2. d¥y/dz? = 1/V1 — =2
3. d%/dz? = sec?axz. Ans. y = (1/a?) log sec ax + ez + c..

4. dy/dz® — 2? = 0.
S. (1 — 2?)d%y/dx* — z dy/dx = 0. Ans. y = cisin~lz + c,.
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6
7

d?y/dxz? + dy/dz = (dy/dz)?2.

s ds/dir + (ds/dt)? = 1.
Ans. V's? £ ¢? =t + ¢, according as ds/dt 2 1.

8. du/dv? = [1 + (du/dv)?]V2

by

9. (1 + z)d*x/dy? + (dz/dy)* = 0. Ans. 22/2 4+ z = a1y + ca.
10. (1 + v)d*u/dv? — du/dv = 0.

11. yd%/dz* — (dy/dx)? + (dy/dz)? = 0. Ans.y —clogy =z + ca.
12. d%x/dy* — m?x = 0.

13. d%/dz? + dy/dx = sin 2 z.
Ans.y = ¢ + ce=* — (cos 2 x + 2s8in 2 z)/10.

14, yd¥/dz? — (dy/dz)? = y?log y.

15. d?s/dt? — ds/dt = 3t, ifs = 0,andds/dt =1att =0.
Ans. s = 4(et — 1) - (3/2)t2 — 3 ¢.

16. dy/dx 4+ Vz? + (dy/dz)? — zd?y/dz* =0, ify =3,anddy/dz = 2at
r =1.

17. 2 y d%y/dz? 4+ 2(dy/dz)? = ydy/dz, ifz =0,y = 2, and dy/dxr = 3.
Ans. y? + 20 = 24 ¢/,

18. (1 — y)d?%y/dz? + (dy/dz)2 =0, ify =3,anddy/dz =2atz = 1.

19. Due to frictional resistance, the angular acceleration of a certain wheel
is negative and is proportional to its angular velocity. If the wheel slows
30% in 20 sec., when will it slow 509,? Ans. 38.87 sec.

20. The angle # made by the position of a pendulum with the vertical
satisfies approximately the equation d%/dt? = (— g/1)8, where g and [ are
constants and the independent variable ¢ is the time. Find 6 in terms of ¢
if the pendulum is rcleased with zero velocity at ¢ = 0 from the position = 0.1
radian,

21. Show that the circle is the only curve for which the curvature at every
point is a constant. (Hint: Take the curve in such a position that 3’ = 0
atz = 0.)

22, Solve d%/dz? — m?y = 0 by the substitution dy/dz = p; now solve
it again by using y = e*=.

23. The acceleration of gravity varies inversely as the square of the distance
from the center of the earth. With what velocity must a body be projected
from the surface of the earth to escape? (Use as radius of the earth 21.108 ft.)

Ang. 7 miles per second.
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24. Prove that a particle sliding without friction from the highest point of a
circle in the vertical plane along any chord will reach the circumference in the
same time it would fall along the vertical diameter. (HiNT: Acceleration
along a chord with inclination of 8 is d?s/dt? = g sin 6.)

227. Linear Equations with Constant Coefficients. Linear
differential equations with constant coefficients are of the form

d"y

dr-2
ao 5— dz® Y

-1 d
+a1d y+azd s +a,.—1d—z+a..y=f(x),

where aq, a1, az, - - -, a, are constants.

If f(x) = 0, the equation is called homogeneous; and if f(x) = 0,
it is said to be complete. In this treatment, we shall limit the
discussion almost entirely to equations not higher than the second
order, as such equations occur most frequently in the elementary
applications.

TueoREM. Ify = u and y = v are solutions of the homogeneous
equation

d? d
(1) aoax—z+a13%+aey=0,

then y = ciu + cov, where ¢, and c; are independent of x, 1s also a

solution.
Proor. If y = u is a solution of (1), on substituting u for y,

we have
d?u

(2) a°d2+a‘d + au = 0,
which can be written

2 d
®3) P30 + 0 M 4 aaen) = 0,

since c; is independent of z. In the same manner we get

d?(cqv) d(czv)

(4) Ao —d?— + ay + 02(621)) = 0.

The addition of corresponding members of (3) and (4) gives

6 aZoton) o Lt 4 oo+ ew) =,
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which shows that y = c;u + ¢ is a solution of equation (1).
This is moreover the general solution since it contains two arbitrary
constants.

This method of proof evidently may be used for the correspond-
ing theorem for an equation of the n-th order.

228. Solution of the Homogeneous Equation of the Second
Order. A very simple method of solution is to set ¥ = wv and
carry through operations similar to those for the solution of linear
equations of the first order. The one difference is that here we
determine u so that the coefficient of dv/dz is zero instead of the
coefficient of v.

EXAMPLES

1. Solve d?y/dx? + 3dy/dx — 4y = 0.

SorutioN. Set y = wv, then dy/dx = uwdv/dzx + v du/dz, and therefore
d?y/dz? = ud/dz? + 2(du/dx)(dv/dz) + v d®u/dz? Substituting these in
the equation, we get

d*u du dv d¥
dz2+3———4u)v+(2 +3 ) + u dzz_o'

Since the coefficient of v is in form the same as the left side of the original
equation, we would not gain anything by imposing the condition™that this
coefficient vanish in order to determine u. Hence we turn to the next coeffi-
cient and determine u so that the coefficient of dv/dx is zero. Therefore we let

2@+3u =0,
or
du 3
w - T2
Whence
3z
logu = — 5
or
u = e"%/2,

As previously, we take the constant of integration as zero since there
are still two integrations to perform. This value of u changes the uv equation
into the form

[9 —32/2 g e=32/2 _ 4 e-—az/s] v+ e—sz/:j =0.
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Collecting and dividing out the factor e~3#/2, which is not zero, we get

d 250

det ~ 4
which has been solved in § 226, IV. As formerly, we let d%/dz? = p dp/dv
and get
250
pdp = T dv.
Integration gives

25
Pt =7 (0 + )

Therefore, since p = dv/dz,

dv 5

— = 4 - dx
Vot ¢ ’

2
and, integrating, we have
log (v + Vo2 +¢) = ﬁ:? + log ¢,
whence
v+ Vo o = caetbelt,

and solving for v,

v = kle:f:ﬁzlz + kze*szn'
where k; = ¢2/2, k2 = -~ ¢1/2 c. Hence

Y = up = e~3=2(Jet52/2 | frpFoal2)
= kie* + ko4

is the general solution if the positive sign is taken for 5 /2. The negative
sign merely interchanges k; and k2, which are the arbitrary constants.

2. Solve d?y/dx? — 4dy/dz + 4y = 0.
SovuTioN. Set y = uv. Substituting in the given equation, we have

d*u du d'*’v

As in the previous example, obtain u so that the cocfficient of dv/dz is zero.
That is, set -
du

|
S

Then

2
e**,

e
I
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and substitution gives
d%

d—xz=0.

Therefore
v = 6 + Ca.

The general solution is then
y = (azx + ca)e?.

3. Solve d?y/dx? + dy/dz + 2y = 0.
SorLuTION. Set y = wv and the equation becomes

d*u  du du
D +2u)v+(2 + ) Eﬁ 0.
Obtaining u so that
du
2 'd—z + u = 0,

we have

u = e—zlz’
This reduces the equation above to

f_vs_7v
dx? 4’

which we have solved previously.
Setting d%/dx? = p dp/dv and integrating, we have

ﬂ=£@f—ﬁx

Therefore, since p = dv/dz,

dv V7
‘\/612 — v? == —2_. dx’

and
gin-12 = = VT + ¢, .
C1 2
Whence
v =clsin:i::t\/2'7+m

= k; sin (:i: z\ﬁ) + ka cos (:!: a:\/?
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where k; = ¢; cos (c2/2) and k2 = c; sin (c2/2). Then the solution is

y = e-’“[kl sin (:i: 5\2—/_2) + ks cos (:t %77)]

These three examples illustrate the only three possible forms which may
arisc from the integration of the second order linear equation with constant
coefficients. That is, the value of d%/dz? is either 0 or + k2.

If, in the equation ay”’ + by’ + cy = 0, we substitute em= for y
we obtain e™*(am? + bm + ¢) = 0. Hence y = e¢™* will be a
solution only if m is a root of the equation

(1) am?+bm+c¢c=0.

If these roots are real and distinct, say mq and m,, then y = em=
and y = e™? are particular solutions and the general solution is
Yy = c1e™? + cee™®. Compare Example 1.

If m, is a double root of (1), we would obtain thus only one par-
ticular solution. However, as in Example 2, the « in the sub-
stitution y = uv becomes the particular solution e™* and as a
result d%/dx? becomes zero. Hence the substitution y = em=.y
where v = ¢,x + ¢, will give the general solution y = e™z(cix + ¢;).

If (1) has complex roots, the substitution y = e™= is possible,
and the general solution obtained may be changed by means of (9)
in § 204 into a form similar to that in Example 3.

229. The Complete Equation of the Second Order. We shall
give several methods for solving the complete equation with
constant coefficients. The first given, while not general, is one
that is rcadily applicable to the types most frequently met with
in elementary applications. This method requires that we prove
the theorem given below:

THeEOREM. The general solution of a complete linear equation
with constant coefficients of the form

aodg+aldz+a2y=f(x)

is given by y = w + z where y = w s the general solution of the
homogeneous equation

a0d$2+al +azy—0

and y = z is any particular solution of the complete equation.
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Proor. Since y = wis a solution of the homogeneous equation,
we have

aat(iiui-i-ald +a2w—0

Also, by hypothesis, y = z is a solution of the complete equation;
therefore

d? d
aoaz + alé + a2 = f(z).

Adding the corresponding members of these two equations, we
have

d?(w + z) d(w + 2)

dxz d +a’(w+z)—f(x)!

Qo

which shows that y = w + 2 is a solution of the complete equation.
It is the general solution because w contains two arbitrary con-
stants.

The solution w of the homogeneous equation is called the com-
plementary function of the complete equation.

This method of proof applies readily to equations of higher order.

230. A Method for Finding a Particular Integral. As our
solutions of the homogeneous equation of § 228 are general and give
us the complementary function for any complete equation, we
need only a method of finding a particular integral of the complete
equation. We give here the method of undetermined coefficients.
Although the method is not general, it is sufficient in all cases where
the right-hand member f(z) contains only such terms as have a
finite number of distinct derivatives; that is, terms like z* (n a
positive integer), €**, sin az, cos ax, constants, and products of
any of these. The form of f(z) is most frequently of this type in
the equations which arise from elementary applications to physics
and engineering. The following examples illustrate the method.

EXAMPLES

1. Solve d?y/dz? + dy/dz — 6y = sin z.
SovurioN. The complementary function is found as in § 228 to be

Yo = ki + kae?.
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To find a particular solution, we examine the right-hand member. This
suggests that there may be a solution of the form

1 = asin z.
On substituting this value for y on the left-hand side, we get
—7asinz 4+ acosz = sin z.

Since this equation must be true for all values of z, we may equate the corre-
sponding coefficients to determine the constant a. But this gives

—7a =1, a =0,

which are not consistent equations. Hence y = asin z is not a particular
solution.

Since derivatives of y appear on the left-hand side, suppose we try as a
value for y, the sum of such terms as appear in the right-hand member together
with all such terms as can be derived from them by differentiation, each term
having an undetermined coefficient. In this example sin z and cos z are the
only possible terms; therefore let

y1 = asinz + b cos z.
Substituting this in the complete equation, we get
(@ —T7b)cosz — (b + 7a)sinz = sinz.
Equating coefficients, we have
a—T7b=0, —b—-7a=1,
which determine aand b. Solving them, we obtain

-7
50°

1

a = =_5.._6.

Therefore a particular solution is

The general solution is

7sinz cosz

=%+ =k13—3’+k292’—‘%———5—0—.

2, Solve d?y/dx? — 2dy/dx + 2y = z? + sin2 z.
SovurioN. The complementary function may be found, as previously
explained, to be

Yo = €*(ky 8in ¢ + k2 cos z).



458 DIFFERENTIAL AND INTEGRAL CALCULUS [Ca. XXI

The terms in the right-hand member are z? and sin 2 z. Their derivatives
are then z, a constant, and cos 2 z, except for coefficients. Therefore we set

h=asin2z +becos2z + cx? + dx +e.
Substituting this in the equation, we get

4b—2a)sin2z2z — 4a+2b)cos2z +2cx2+ 2d —-4c)z
+ 2e—2d 4+ 2c¢) = x? 4+ sin 2z.

Equating corresponding coefficients, we have
4b—-2a=14a+2b=0,2c=1,2d—-4c=0,2e—-2d+2c =0,

which are sufficient to determine the unknown constants if the equations are
consistent. Solving, we havea = — 1/10,b = 1/5,¢ =1/2,d = 1,¢ = 1/2,
and therefore y = — (sin22)/10 4+ (cos22z)/5 +22/2 +x +1/2 is a
particular solution of the given equation. The general solution then is
Yy =Y t+yor

sin2zx cos 2_x
10

y = e*(kisinx + ky cos z) —

3. Find the general solution of d%y/dz? + dy/dx — 6y = z + e?=.

SorutioN. The complementary function was found in the first example
to be yo = kie™3 + kqe?*.  We notice that a term like one of those in this comple-
mentary function is also found in the right-hand member. The method of choos-
ing # as given above fails to give a particular integral when a term in the
right-hand member is also a term in the complementary function. The
method merely leads to inconsistent equations in the undetermined cocfficients.
For that rcason we need the following suggestion. If a term in the right-hand
member ts a term in the complementary function, replace that term and its deriva-
tives by z™ times each, choosing n = 1, 2, + + « until the method of undetermined
coefficients leads to consistent equations. Thus, to solve the equation above for
a particular integral, we select the following terms:

Y1 = aze?®* + cx + d.
Substituting this in the equation, we get
5ae?* —Bcx+ (c —6d) = e + 7.

Therefore we have

which give
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The general solution is therefore

Y = kie™* + koe?® +x—?—z —g—%-

231. Variation of Parameters. Another method of obtaining
the general solution of the complete equation is to consider the
constants in the complementary function as undetermined func-
tions of the independent variable. Since there are » of the con-
stants and the only condition on them is that the complementary
function must satisfy the homogeneous equation, there are n — 1
further conditions which may be imposed. The conditions are
imposed in such a manner as to simplify the work as the solution
proceeds. The method as applied to a second-order equation will
now be given. The same is readily seen to apply for any order.
It may also be used if n particular solutions are known, even if the
equation does not have constant coefficients.

EXAMPLE
Solve by variation of parameters the equation

d%y _ .
i + y = sec?zx.

Sorurion. This is evidently an example where the method of undetermined
coefficients will not work, as sec? z has an infinite number of distinct deriva-
tives. However, we find the complementary function to be

Yo = €1 8in z + ¢, cos z.

We now think of ¢; and c; as parameters which make ¥, a solution of the
complete equation. This leaves one additional condition which may be
imposed on the parameters. Differentiating yo, we have

dy d d62
iz cmosx-——c;smx+smx +co za-

Now, as the additional condition on ¢, and c,, let us assume that the sum of
the last two terms of dyo/dz be equal to zero. That is, let

(1) smx‘i— -}-cos:z:g2 0.
Then the second derivative of y, is
d”yo _ . de . ng
-d—x?—- G SInx 620082+COS$E—SID.ZE;.
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Substituting for yo and d%y./dz? in the original equation and simplifying,
we have
d(‘l . (lC'g _ o
(2) cosz - — sinz o= = sec’z.

Solving (1) and (2) simultaneously for dc,/dz and dc:/dz, we find

flﬂ-—sec:c d—c—z — sec z tan z.
dr ! dz
Therefore
= log (sec z + tan z) + ki, c; = —secz + k.

Substituting these values in yo, we find the general solution in the form

y =k sinz + kzcosz + sin z log (secxz + tanz) — 1.

232. A General Method for Solving the Complete Equation of
the Second Order. Consider the equation

() Ut ot ay = ().

d:c2

If we set y = wv, this becomes

du dy
(2) (aod > +ald +a2u)v+ (2a°d_z+a1u e

d2
+ a7 = f(@).

Now suppose we impose the condition on w that shall make the
coefficient of v in (2) zero. That is, let

d?
(3) aod1:+ald + au = 0.

This equation is readily solved for u since it is the homogeneous
equation solved in §228. From (3) we determine a particular
value for u, say u = ¢(x).

Using this value of «, equation (2) reduces to

@ foo g @1+ o) | Z+ 0o 25 = 1)

where ¢(z) and f(z) are both known functions. Now (4) is of
form II of §226, and writing p = dv/dx and dp/dx = d%/dx?,
this reduces to a linear equation of the first order and the solution
is readily completed.
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EXAMPLES

1. Solve d*y/dx* 4+ 2dy/dz + y = =.
SovutioN. Setting ¥ = uv and determining u so that the coefficient of v
in the transformed equation is zero, we have

u = e*

This value of u makes the transformed equation reduce to

Therefore, integrating this twice, we have
v =z — 2€* + 1T + ¢y,

whence the complete solution is given immediately by

y=w =2z — 2+ (az + c2)e~=.

2. Solve d%y/dx? + dy/dx — 6y = = + €2=.
Sorurion. If y is set equal to wv, this equation is transformed into the

following:

d*v | du du dv )
dI2+——6u)v+(2 ) dx* =z + e,

If u makes the coefficient of v zero, we have as previously u = e?*. This
value of u makes the equation above reduce to

d

s 5 =z 4 1.

Now let dv/dx = p and d%/dz? = dp/dzx and

dp = —2z
a—;+5p—xe + 1.

This is a linear equation of the first order in p and so is readily solved as in
§ 221. The solution is

xe-—?z —2:
P=—73" "¢ + + cieb=.
Integrating, we have
xe—2: e—2z z cle —~bz
v=— T — + 5
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233. Systems of Linear Equations with Constant Coefficients.
If the equations have only one independent variable and as many
dependent variables as there are equations, we proceed as follows.

Differentiate the given equations until the original and derived
equations are sufficient for eliminating all but one of the dependent
variables and their derivatives. We shall limit our discussion to
two first-order equations so as to make the derived equation not
higher than the second order. Systems of higher order are treated
in the same manner.

EXAMPLE
Solve the system
dy .
m+ z = sin t,
dx
Et_+ y = cost.

SovurioN. This system has only dy/dt and y to eliminate, and as we
need n + 1 equations to eliminate n quantities, it is necessary to differentiate
one of the equations to get a third equation. We use the second beccause
differentiation does not introduce a higher derivative of y than already exists
in the equations. This gives

d’x | dy

Eﬁ+ rTh — sin t.

Eliminating dy/dt and y between the three equations, we get

d2x

d—tz—x= —2sin ¢,

which is a linear equation with constant coefficients. Solving this equation,
we have z as a function of ¢ with two constants of integration. Substituting
this value of z in the second cquation, we get y at once.

The method may be applied to equations of higher order if repeated differen-
tiation is used. Enough equations can always be found because in general
only one new derivative is introduced when two equations are differentiated.

PROBLEMS
Solve the following equations.
L. d’/dz* — 7dy/dz + 12y = 0. Ans. y = cie®® + coe®=.

2. dy/dz*+ 4y = 0.
3. dy/dz? + 6dy/dz +9y = 0. Ans. y = e7%=(c,z + ¢2).
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4.

6.
7.

8.
9.
10.
11.

12.
13.

14.
15.
16.
17.
18.
19.

20.

21.

22,

23.

24.

25.

26.
27.

28.

d?y/dz? — dy/dz + y = 0.
ds/dtt — 3ds/dt =2 — 6. Ans. 8 = ¢ + cee® + 2.
d?u/dv? — 7 du/dv + 10 u = 3 ve?.
d2/di? + 4 dé/dt + 46 = cos t.
Ans. 0 = e~2(cit + c2) + (3 cost + 4sin t)/25.
d?y/dz? + dy/dx — 6y = sin 2 z.
d2z/dy? — Tdz/dy + 12z = e3v. Ans. z = ciet? + coedv — ye¥v.
d?y/dx? + 6 dy/dx + 9y = e*sin z.
d?y/dz? + 4dy/dx 4+ 13 y = sin 2.
Ans.y = (c1cos3 z + c28in 3 z)e~2* + (3 sin  — cos z)/40.
d?y/dz? — 2dy/dx + y = = + €=
dz/dyt — dz/dy +z =y — 1.
Ans. x = ev/[¢; cos (1/2)yV3 + ca8in (1/2)yVv3] + 3.
d?y/dz?* + 9y = 2sin 3 2.
d?s/di? — ds/dt — 2s = e, Ans. s = cie* + cie—t — le—*/3.
d¥y/dz? + 4y = tan 2 z.
d¥x/dy? — 5dzx/dy + 62 = 3 e3v. Ans. z = cie? + coedv + 3 ye¥v.
d*y/dz? + 4y = csc z.

d?y/dt? + y = 3 sec?l.
Ans. y = cisint + ¢, cos t where ¢, = 3log (sect + tant) + ki,
Cy = kg —3880!.

d?y/dx? — 2dy/dx + y = €*/z.
dy/dt — z =2,
dy/dt + dz/dt = 2. Ans.z =cie~t,y =ca+ 2t — cet.

dy/dt + z = cos t,
dz/dt + y = sin t.

dy/dt + z = 0,
dz/dt +3z 44y =0. Ans. z = 4cie ¥, — ciet, y = ciet_+ ce™4t.

dy/dt + 3z = e?,
dr/dt + 3y = e
d?y/dz* — 5dy/dz + 6y =2z + €%, if y =0,dy/dr =1atz = 0.
Ans. y = (58¢3 — 81e2% + 18¢% + 6 = + 5)/36.
d?y/dz? — dyfde — 2y =e*+ e*ify=1,dy/dz =1/6atz = 0.

d?y/dx? + 6dy/de + 5y = e, if y = 1/6,dy/dz = — 1/6at z = 0.
Ans. y = (3e75% + Te—= + 4¢2%) /84,

d?/dt* + a?% = cosat,if s = 0,ds/dt =latt =0,
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29, d?s/di? — 6ds/dt — 16 s = sint,if s = 0,ds/dt = 0att = 0.
Ans. s = (e8 — 13e72t 4 12 cos ¢ —34 sin t) /650.

30. d¥y/dz® + 3d%/dz? + 3dy/dx + y = 5 e*sin z.

234. An Approximate Graphical Solution of the First-Order
Equation. The first-order equation may be written in the form

1) W _ @)

which has as its general solution a one-parameter family of curves.
To determine approximately the graph of one curve of the family
we take P1(z1, y1) as a point of the curve. The coordinates of P,
substituted in (1) give dy/dx: or the slope of the curve at the
point P;. Through P; draw a line-segment with this slope;
then take a convenient Az from P, and construct the resulting Ay
to the line through P,. This locates a point P; near P,. Find
the slope at P, by substituting x5 and y. in (1) and continue the
operations. The smooth curve through the points so determined is an
approximate solution. The solution is more necarly correct, the
smaller Az is taken. This is evident because each point after the
first is located on the tangent to the curve through the previous
point. Also it is evident that large values of dy/dz are not con-
ducive to a good approximation. If f(z, y) is n-valued there are
n curves.

EXAMPLE
Find graphically the approximate solution of dy/dx — zy = 0 which passes
through the point (1, 1).
Y SoLuTIiON. Suppose we use Az = — 0.1
p, and thereby find the following table

10 and resulting figure.
p 5 P (1, 1), m = 1.
A Py (09,09), m =081
PERES A Py (08, 0.82), ms = 0.66.
B, B, b b7 P (0.7,0.75), me = 0.53.

Ps: (06, 07), ms = 0.42.
Pe: (0.5, 0.66), ms = 0.33.
Pr: (0.4, 0.63), mr = 0.25.
Ps: (0.3,0.6), ms = 0.18.
Py: (0.2,0.58), m = 0.12.
4 R . 10 X Pyo: (0.1, 0.57),  myo = 0.06.
Fia. 228 P1: (0, 0.56).

The accuracy of this may be observed from the fact that the ordinary solution
would locate Py, at (0, 0.61).
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235. An Approximate Graphical Solution of the First
Order Equation by Means of Trajectories. In the equation
Sf(z, y, dy/dz) = 0, substitute in succession dy/dx = ¢, ¢z, C3, + * +
and plot the resulting curves. Across each curve draw a system
of parallel lineal elements (short line-segments) with their slope
equal to the value of dy/dx which determined the curve. These
lineal elements give the directions of the integral curves as they
cross each of the curves determined by the values ¢, ¢, 3, * « -,

If we start at a point on any curve and go in the direction of the
lineal elements that cross it and ‘approach each successive curve in
the direction of the elements across it, we can draw approximate
solutions of the equation. Of course

the values ¢; should be at most N vl | I"III
consecutive integers in order to have LN
enough trajectories for an accurate bl
. Y v/l
system of solutions. T
\ [ X
\ /
EXAMPLE / /]
\ /1]
Solve by trajectories 22 — y — dy/dz = 0. \RY /
SoLuTioN. Let dy/dx =0, 1, 2, 4, 6, 8, 1\ /
10. The resulting equations give the pa- N 7
rabolas shown in Fig. 229. The lineal ele-
ments show the value of dy/dx for cach

parabola. The heavy curves are approxi- Fia. 229
mate solutions of the equation.

236. Approximate Graphical Solution of Equations of the Second
Order. This equation may be written

M w == 3)

If we substitute z,, ¥, and dy,/dz, in equation (1) and solve
the resulting equation for d%,/dz,? its sign tells us whether the
integral curve is concave upward or downward at the point
Py(z1, y1). In doing this we select a point and assign a slope
m, at the point and thus determine the value of d%y/dx? for these
assumed values. Then dy,/dz, and d%,/dz,? allow us to find
the radius of curvature R, at P;,. Whence we may lay off R,
along the line through P; with slope — 1/m;, above P, if
d%,/dzx,* > 0, below P; if d%,/dr,® < 0. Now use R; as a
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radius to construct a small arc P;P; of the circle of curvature
of the curve at P;. Then find from the graph the coordinates
of P; and the slope of the arc P,P; at P,. Using these coordi-
nates and this slope, repeat the operations. The smooth curve
through the points P; is the desired approximate solution. The
points P; should be located with the help of the graph paper or
even more accurately by use of trigonometry. Moreover, the arcs
should be kept very short. If f(z, y, dy/dz) is n-valued there
are n curves.

EXAMPLE

Obtain a graphical solution of the differential equation

s PY g W
Y a 4zdx+y 0.
SovuTrioN. Take as P, the point (0, 5) and let m; = 0. These give the
following table and figure (Fig. 230):

Pl: (O, 5), m; = 0, R] = — 5,
Y Py (0.95, 4.9), ms = — 2’%, Ry = —45.
P] el ) ¥ —
_7 T ]
4 777%\’ P;: (1.35, 4.8), mz = — 75, Ry = — 4.07.
/ / P, 17
3
Pi: (1.6, 4.7), =—2 R =-—378.
. A, 4 ( ) my 1d°® .
i .
1HEA,* Ps: (2.05, 4.5), ms = — =, Rs = — 3.28.
A 2
4/
0 1 2 3 X 2
Ps: (2.4,4.3), ms= — =, Rs= —30
F1a. 230 = ) 3’
Pr: (2.8, 4.0).
PROBLEMS

Solve graphically each of the following equations.
1. zy — 2 +dy/dz =0, (-—1,0).
2, zdy/dz — 2 =0, (1,1).

Lol

ydy/dz +z =0, (0,2).
4. zdy/dz — ysinz =0, (1, 1.5).
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5. z?dy/dz + y = 0, by trajectories.

6. z? — y? — dy/dz = 0, by trajectories.

7. zdwy/dx? — x?dy/dz —y =0, 1,1), m =2

8 (1 4+ y)dy/dz? + (dy/dx)? =3z — 10, (1/2,1/2), m =
9 yrdry/dxt —4dzdy/dr+y =0, (0,3), m = 0.

10. xd?y/dx* +dy/de+ 2 =0, ({1, —1/4), m = — 1/2.
11, 2z +2ydy/de =3, (1/2,1), Az = 04.

12, 2ydy/de —322+1=0, (1,0), Az = 0.5.

13. ydy + (1 — z?)dx = 0, by trajectories.

14. y?dz — 2z dy = 0, by trajectories.

15. dy/dr = 1/z + 1/y, (1, 1).

16. dy/dz = Vz* + 32, (2, 1).

I

ADDITIONAL PROBLEMS
Solve each of the following equations. (Nos. 1-31.)
1. d%/dx® = sin z. Ans.y = cos z + c1x? + cox + cs.
2, d¥y/dx?® = e?* + z.

3. d%/dx® = x — cosz.
Ans.y = 24/4 ! +sinz + cz? + ¢z + cs.

4, d?y/dz? — ydy/dx = 0.
5. d%/dx* — dy/dz +1 = 0. Ans.y = cie® +z + ca.
6. d?y/dx? + dy/dx + x = 0.

7. d¥y/dxz? = (dy/dr)? + 1. Ans. y = logsec (x 4 ¢;) + c2.
8. yd%/dz? — (dy/dx)? = y&
9. (dz/dy)? — 1 = z dx/dy*. Ans. aiz + Ve2z? + 1 = ealvten,
10. dzy/dz? = V1 + (dy/dz)?.
11. (1 + y)d?y/dz?® — (dy/dz)? = 0. Ans.log 1 4+ y) = ez +ca.

12, 2 yd%/dz? + 2(dy/dz)? = y dy/dz for dy/dz = 3 at (0, 2).

13, zd%*/dz® =V 1 + (dy/dzx)? for dy/dz = 0 at (1, 1/4).
Ans. y = (1/2)(z?/2 — log z).

14.” z d%y/dz? 4 dy/dxz = z for dy/dz = 3/2 at (1, 0).
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15.

16.
17.
18.
19,

20.
21.

22,
23,

24,
25.

26.

27.

28.
29.

30.
31

1

DIFFERENTIAL AND INTEGRAL CALCULUS [Ca. XXI
2 z dy/dz - d?y/dz? = (dy/dz)? — 1 for dy/dz = 2 at (1, 1).

Ans. 9y =23z +1)¥2 - 7.
d?%s/dt* + 48 = cos 2 ¢.
d?s/di? — ds/dt = t. Ans. 8 = ¢ + coet — t — 12/2.
dxz/dy? + dx/dy — 2z = yev.

d?y/dt* + y = sect.
Ans.y = c1cost + casint + costlogcost + ¢sint.

d%/dz? + 8dy/dx + 15y = 2 e7%=.

d?s/dt? — 3ds/dt +2s = €2 — 3 1.
Ans. s = cie? + ot + te* — 3t/2 — 9/4.

dz/dit — 6dz/dt + 9z = e/t

4d?y/de* +y =0, ifdy/dx =3atz =n,y = 2.
Ans. y = 2sin (1/2)x — 6 cos (1/2)z.

d%/dz* — 4 dy/dx + 5y = O for the curve through (0, 0) with slope 1.

d2y/dz? — 6dy/dx + 9y = 2e%* +sin2x.
Ans. y = c1e3* + coxe?® 4 x%% 4 (5sin 2z 4+ 12 cos 2 ) /169.

dz/dt — dy/dt = e?,
d?y/dt? = 2dz/dt — z + et

dy/dz® + 2 d2y/dz? + 5 dy/dx = z.
Ans.y = ¢; + e*(c28in 2z + ¢ cos 2 ) + 22/10 — 22/25.

d%/dz? + tan x dy/dx = sin 2 z.

d¥y/dx? — S5dy/dx + 6y = e, (n 2, 3).
Ans. y = cie?® + c:¢%* + ¢ /(n?2 — 5n + 6).

dYy/dxt — 2 d3y/dz® + d¥y/dz? = 2.
(1 — z)d?/dz?* + zdy/dx —y = (1 — z)% (Find particular inte-

grals by inspection for the left-hand member set equal to zero and then use
variation of parameters.) Ans. y = cix + ce® + 22 + 1.

32,

Curve of Pursuit. A point Q starts at the origin and moves along the

z axis with constant speed u. At the same time a second point P starts at
A(0, a) and moves at a constant speed u/k in a direction always toward Q.
Find the equation of the path of P and, assuming k < 1, the point at which P
catches Q.



CHAPTER XXII
APPLICATIONS OF DIFFERENTIAL EQUATIONS

SOME APPLICATIONS IN STATICS

237. The Form of Suspended Cables. Suppose the cable of
Fig. 231 to be in equilibrium under the action of its weight and
tensions 7'y at two points A and B on a horizontal line. Our
problem is to determine its form.

Take the y axis vertical and through the lowest point C of the
cable. Any segment CP is in equilibrium under the tangential
tensions H and T at C and P, respectively, and the weight ws,
where w is the weight of the cable per unit length and s is the length
of the arc CP. Since CP is in equilibrium, the horizontal com-
ponents of force are equal, that is,

Y

(1) T cosb = H,
and the equality of vertical com- % T
ponents gives \ P Aér
@) T sin 6 = ws. c ’

On dividing (2) by (1) we have 5 -
@) tano=W_2

de H Fia. 231

from which, by differentiation,

dy _w ds
) & H'd
But (§101)

and therefore

dy w Elgz
d—:vz—+H 1+(dx)’
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the positive sign being chosen because the curve is concave upward.
Substituting dy/dz = p and integrating, we get

log (p + VP* + 1) = 72+ k,

where k = 0, since p = 0 when z = 0. Solving for p, we find

_dy_1
P=Ur =32
from which
y=2
or

(

w

Loz — Pz
Lo -2,
e e >,

<eg" + e_"%") + ke,

H
y=-7;cosh(%-w)+k2.

To fix the position of the z axis, we take k2 = 0; then y = H/w
when z = 0, or OC is equal to the length of the cable which has as
its weight the horizontal tension at the lowest point C.  The curve

(g )
y—2w(e + e

assumed by the cable is a catenary.
Now consider the situation if the cable has vertical rods attached

Y
N~ lo -~
X
A B
Fia. 232

which suspend a road-bed AB
carrying a uniformly distributed
load. Let the weight of the road-
bed and load be large compared with
the weight of the cable and vertical
rods. Disregarding the weight of
the cable and rods, show that the
cable of Fig. 232 takes the form of
the parabola y = wz?/2 H. Here w
is the weight of the road-bed and

load per foot of road-bed, and H is the horizontal tension at its
lowest point.
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PROBLEMS

1. If along the roadway of a suspension bridge, w = 2000 lbs. per ft. per
cable and if H = 2,500,000 lbs., derive the equation of the cable.
Ans. y = 22/2500.

2. If the cable of Problem 1 sags 100 ft. at its mid-point, what is the span
length?

3. What is the direction of the cable of Problem 1 at the ends? At the
quarter span points? Ans. £2/5; +£1/5.

238. Bending of Columns and Beams. When a cantilever
beam (one supported at only one end) is bent as in Fig. 233, the
fibers on its upper part are stretched
and those on the lower are compressed.
There is a curve along which the 77
fibers are necither compressed nor ex-
tended. This curve is called the
neutral axis. In mechanics it is
shown that M = EI/R where M is the A
bending moment at any point of the
axis P(xi, ¥1), I is the moment of
inertia of a cross-section of the beam
about an axis through P and perpen-
dicular to the xy plane, E is Young’s
modulus for the material, and R is the radius of curvature of the
neutral axis at P.

But R = [1 + (dy/dx)?*?/(d*/dz?) may be replaced approxi-
mately by 1/(d%/dz?) if dy/dx is small, which gives the approx-
imate relation

Y

Fia. 233

d’y
1) EI i M.
PROBLEMS

1. For a concentrated load W lbs. at the end of the cantilever beam shown
above, the bending moment at P is W(l — z;). Derive the equation of the
neutral axis (elastic curve).

2, Determine the deflection at the free end of the neutral axis in Problem 1.
3. Find the slope of the elastic curve of Problem 1 at its free end-point.

4. A timber cantilever beam 4 in. by 4 in. in cross-section projects 120 in.
from the face of a brick wall. A load of 200 lbs. is placed at the end. If
E = 1,500,000 lbs. per sq. in. and I = 64/3, determine the equation of the
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elastic curve. What is the deflection at the free end? Also what is the slope
of the curve at the free end?

5. Let a beam of homogeneous material and constant cross-section be
fastened horizontally at one end. Also suppose a load distributed over it
uniformly such that the weight of load and beam is w lbs. per foot. Then the
bending moment at P due to the shaded element at Q is w(z — z,)dz, and the
total bending moment at P due to the part from P to the end of the beam is
(Fig. 233)

1 -
M= w/x; (x — zm)dz= '12’(1 — )

Hence, from (1),

'y w

= e— ——— — 2
prx ity A

The negative sign is used because the curve is concave downward. Find #
and show that the deflection is wl*/8 EI at the end.

6. Let the weight of a beam be w Ibs. per foot and let a weight of @ lbs.
be applied at the end. Show that

o) g ~ 50— 21~ Qa ~ 2.

Find y and the deflection at the free end.

7. The beam OAC of homogeneous material and uniform cross-section has
forces W applied at the center of its ends. Find an expression for the force
which will produce bending.

Disregarding the weight, we have

1, _2 [
EI > Wy,
from which

- (V)
Fig. 234 Yy = csl EI

since y = 0 when z = 0. Evidently ¢ represents the maximum deflection,
and is not zero if bending occurs. Then, since dy/dz = Oatz = /2,

0=calW w1
= “NEI“°\NET 2)°

which means that

Wl _~
Bl 2"2
or
W= Bl
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if bending occurs. This last formula is known as Euler’s formula for the
strength of a column and may also be obtained as follows. The value of z
which locates C is I and it locates the end of an arch of the sine curve. Hence
VW/EI -1 = x or W = =2EI /12

8. If a beam is fastened at both ends,
there must act at each end a bending
moment k to keep the slope at those
points zero. Then, in addition to the

Y

moment Wy which tends to produce bend- H;I_}/;— -\{_r

ing, there exists a moment k opposing
bending. Therefore Fra. 235

dy _
EI i k — Wy.
Show that y = (k/W)[1 — cos (VW/EIz)] and that W = 4 x2EI/I*> will
produce bending.

SoME APPLICATIONS TO DYNAMICS

239, Simple Pendulum. An important case of motion in a
plane is that of a simple pendulum. Assume the bob to be
suspended by a very light wire or rod, the weight of which we shall
neglect. Resolving forces along the tangent at B and disregarding
the resistance of the air, we get

d* .
m B mg sin 6,
‘ where s = af.
N If 6 is kept so small that sin 6 is ap-
proximately equal to 6, this gives
B a g
Fr1a. 236 ar -

the solution of which is

0=clsin(\/%t)+cgcos(\/:%-t).

If 6 = 0 when ¢t = 0 and if 6, is the maximum displacement,

then
9 = Gosin<\/é-t) .
a
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At the maximum displacement

T |a
\fa‘ 30 O t—éxg’

from which the period is T = 2 7V a/y.
For the seconds pendulum, this makes a = g/4 =2

240. Non-Periodic Motion of Bodies in Resisting Media.
When a body moves in a medium, that medium offers a resistance
depending on the velocity, but the exact law of dependence is not
known.

EXAMPLE

Suppose a body falling from rest in air meets with resistance proportional
to the velocity. Let the resistance equal ¢ when the velocity is unity. Then,
since effective accelerating force cquals the impressed force minus the resist-
ance, we have

R
m dt = mg ’
or
dv
u=9 kv,
where k = ¢/m. This gives
ds _ g —e™*)
dt N k ’

since v = 0 whent = 0. Then
_9 —kt _
=Gkt +e 1),

since s = 0 when t = 0.
Observe that as ¢ increases » — ¢g/k and s— (gt/k — g/k?), which are
expressions for motion with a constant velocity.

PROBLEMS

1. Suppose that in the example above the resistance of the air had varied
as the square of the velocity. Then dv/dt = g — kv2. Show that

g etVoE — g—tVok 1 otVik |- e—tVok
v = Ak Vi v i and =% log (———-—2 )

Observe that as ¢ increases v — V'g/k and s— (1/k)(tV gk — log2), which
are expressions for motion with a constant velocity.
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2. A constant force E begins to act at time ¢ = 0 on a boat of mass M.
Assuming that the water offers a resistance which is proportional to the velocity
v and which equals 12 when the velocity is unity, find v in terms of t. The
effective accelerating force is Mdv/dt, the impressed force is E, and the resist-
ing force is Bv. Therefore

dv 5
M Et Rv.

Note that v — E/R as t increases and that this is a particular solution of the
differential equation.

3. Suppose in the problem above that the boat is moving with a velocity
o when ¢ = 0 and the propelling force E is suddenly removed. Findexpres-
sions for the velocity and the distance the boat will move.

241. Periodic Motion of Bodies in Media. A mass M is
supported by a spiral spring fixed at the end A. Let O be the
position of equilibrium of the mass and let the stiffness of the spring
be such that a force of 1 lb. elongates it ¢ ft. Disregarding the
resistance of the air, the force on M is equal to — ¢/c, by Hooke’s
law, where ¢ is the displacement from the position of equilibrium.
Therefore

2
(1) M M = - g:
which has the solution

t
=k, si — + ko
q 1Sln\/ c+ cos\/m

If the motion arose from rcleasing the mass at
time ¢ = 0 after it had been pulled a ft. below its
position of equilibrium, then k; = 0, k2 = a, and

t
g = acos T
The motion is simple harmonic of period 2 7/ Mc. We see
from the expression for the period that the frequency of the vibra-
tions is increased by decreasing the mass or increasing the stiffness
of the spring.
Let the mass M be immersed in a fluid which offers a resistance
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proportional to the velocity and which equals B when the velocity
is unity. Then the resisting force is

_9_pd
c Rdt
and the equation becomes
dq _ _q_ pd
(2) w - ¢ R (E ’

a homogeneous linear equation with constant coefficients.

In the two cases just considered the system when once started
in motion was left to itself; in such cases, vibrations are called
free oscillations.

Let us now suppose that, in addition to the frictional force and
the stiffness of the spring, an outside force E acts on M. Then
the equation becomes

d*q _ q dq
®) MG =B~ Ry
a complete linear equation with constant coefficients. In this
case, the vibrations are called forced oscillations, provided E is a
periodic function of the time.

242. Free Oscillations. If R% > 4 M, the solution of equa-
tion (2) in § 241 is

(a) q = e EBUCM) (1 e%t 4 mae™*),

where k = V' (R%* — 4 M)/4 M2c. If R% = 4 M, the solution is
®) q = e RB1@M (gt 4 b).
If R?c < 4 M, the solution is

(c) q = e B [m, sin (If) + mq cos (It)],

where l = /(4 M — R%)/4 M.

In case (c), the motion is that of free oscillations of period
4 ¥M~/¢//4 M — R%, which have a decreasing amplitude, or
are damped, due to the factor e %YM  The period may be
increased by making R% —4 M.

In cases (a) and (b), the motion is non-oscillatory.
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