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PREFACE

This book presents the theory of a recently developed method of
statistical inference, that of sequential analysis. An effort has been
made to keep the exposition on a level that will make most of the book,
with the exception of the Appendix, understandable to readers whose
mathematical background does not go beyond college algebra and a
first course in calculus. Some knowledge of probability and statistics
is desirable for the understanding of the book, although not essential,
for a brief review is given of the fundamental concepts, such as random
variables, probability distributions, and statistical hypotheses.

To facilitate the reading of the book for those who have no advanced
mathematical training, some concessions are made to generality and
occasionally even to rigor. Furthermore, mathematical derivations
of somewhat intricate nature are put into the Appendix, the reading
of which may be omitted without impairing the understanding of the
rest of the book.

This book contains an expanded exposition of the ideas and results
I published in two technical papers on this subject, one of which
appeared in 1944 and the other in 1945, as well as some further develop-
ments. Such developments, for $le, are: the discussion of multi-

valued decisions and estimationjg@Part III; improvements in the
limits for the average number of oBServations required by a sequential
test; and limits for the effect of grouping in the binomial case. Some
recent results of M. A. Girshick are included and; in the discussion of
certain applications in Part II, use is made of some simplifications con-
tained in a publication of the Statistical Research Group of Columbia
University dealing with these applications.

Nearly all tables in the book were computed by the Statistical
Research Group of Columbia University while I was a consultant to
the group. A few sections of my two forementioned publications have
been incorporated in this book, mostly in the Appendix, without sub-
stantial changes.

I wish to express my indebtedness to Milton Friedman and W. Allen
Wallis, who proposed the problem of sequential analysis to me in
March, 1943. It was their clear formulation of the problem that gave
me the incentive to start the investigations leading to the present

v
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developments. I also wish to express my thanks to the Social Science
Research Council for their help, which facilitated the publication of
this book. I am indebted to Mr. Mortimer Spiegelman of the Metro-
politan Life Insurance Company for his careful reading of the manu-
seript and for making several valuable suggestions. Thanks are due
also to Mrs. E. Bowker who prepared the manuscript with particular
care.

A W.
Columbia University
March, 1947
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INTRODUCTION

Sequential analysxs is a method of statistical inference whose charac-
teristic feature is that the number of observations re(lulred by the
procedure is not determined in advance of the ‘éxperiment. The deci-
sion to terminate the experiment depends, af each stage, on the results
of the observations previously made. A merit of the sequential method,
as applied to testing statistical hypotheses, is that test procedures can
be constructed which require, on the average, a substantially smaller
number of observations than equally reliable test procedures based on
a predetermined number of observations.

This book presents the theory of a particular method of sequential
analysis, the so-called sequential probability ratio test, which was de-
vised by the author in 1943 mainly for the purpose of testing statistical
hypotheses. A comparison of this particular scquential test procedure
with any other (sequential or non-sequential) is shown, in Section A.7,
to effect the greatest possible saving in the-average number of observa-
tions, when used for testing a sirpplefhfpothesis against a single alter-
native. The sequential probability ratio test frequently results in a
saving of about 50 per cent in the number of observations over the
most efficient test procedure based on a fixed number of observations.

The first idea of a sequential test procedure, i.e., a test for which the
number of ohservations is not determined in advance but is dependent
on_the outcome of the observations as they are made, goes back to
H. F. Dodge and H. G. Romig! who constructed a double sampling
procedure. According to this scheme the decision whether or not a
second sample should be drawn depends on the outcome of the obser-
vations in the first sample. Whereas this method allows for only two
samples, Walter Bartky devised a multiple sampling scheme for the
particular case of testing the mean of a binomial distribution.? His
scheme is closely related to the test procedure that results from the
application of the sequential probability ratio test to this particular
case. The reason that Dodge and Romig introduced their double

1H. F. Dodge and H. G. Romig, “A Method of Sampling Inspection,” The
Bell System Technical Journal, Vol. 8 (1929), pp. 613-631.
? Walter Bartky, “Multiple Sampling with Constant Probability,” The Annals
of Mathematical Statistics, Vol. 14 (1943), pp. 363-377.
1




2 INTRODUCTION

sampling method, and Bartky his multiple sampling scheme was, of
course, the recognition of the fact that they require, on the average,
a smaller number of observations than “‘single’’ sampling.

The occasional practice of designing a large scale experiment in suc-
cessive stages may be regarded as a forerunner of sequential analysis.
The idea of such chain experiments was briefly discussed by Harold
Hotelling? A very interesting example of this type is the series of
sample censuses of area of jute in Bengal carried out under the direc-
tion of P. C. Mahalanobis.* Sample censuses, steadily increasing in
size, were taken primarily for the purpose of obtaining preliminary in-
formation about the parameters to be estimated. This information
was then used for designing the final sampling of the whole immense
jute area in Bengal.

The problem of sequential analysis arose in the Statistical Research
Group of Columbia University ® in connection with some comments
made by Captain G. L. Schuyler of the Bureau of Ordnance, Navy
Department. Milton Friedman and W. Allen Wallis recognized the
great potentialities and the far-reaching consequences that sequential
analysis might have for the further development of theoretical sta-
tistics. In particular, they conjectured that a sequential test proce-
dure might be constructed which would control the possible errors
committed by wrong decisions exactly to the same extent as the best
current procedure based on a predetermined number of observations,
and at the same time would require, on the average, a substantially
smaller number of observations than the fixed number of observations
needed for the current procedure.® Friedman and Wallis also exhib-
ited a few examples of sequential modifications of current test pro-
cedures resulting, in some cases, in an increase of efficiency. It was
at this stage that they proposed the problem of sequential analysis to
the author. This gave the incentive for the author’s investigations
which then led to the development of the sequential probability ratio
test.

3 Harold Hotelling, “Experimental Determination of the Maximum of a Fung-
tion,” The Annals of Mathematical Statistics, Vol. 12 (1941), pp. 20-45.

4¢P, C. Mahalanobis, “A Sample Survey of the Acreage under Jute in Bengal,
with Discussion on Planning of Experiments,” Proceedings of the 2nd Indian Sta-
tistical Conference, Calcutta, Statistical Publishing Society (1940).

¢ During World War II the Statistical Research Group operated under a con-
tract with the Office of Scientific Research and Development and was directed
by the Applied Mathematics Panel of the National Defense Research Committee.

¢ Bartky’s multiple sampling scheme for testing the mean of a binomial distribu-
tion provides an example of such a sequential test. His results were not known to
Friedman and Wallis at that time, since they were published nearly a year later.
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Because of the usefulness of the sequential probability ratio test in
development work on military and naval equipment, it was classified
Restricted within the meaning of the Espionage Act. The author was
requested to submit his findings in a restricted report? dated Sep-
tember, 19438 In this report the sequential probability ratio fest is
devised and the basic theory is given. To facilitate the use of this
pew technique by the Army and the Navy, the Statistical Research
Group issued a second report in July, 1944, which gives an elementary
non-mathematical exposition of the applications of the sequential prob-
ability ratio test and contains a considerable number of tables, charts,
and computational simplifications to facilitate applications.?

Further advances in the theory of the sequential probability ratio
test were made in 1944. The operating characteristic (OC) curve of
the sequential probability ratio test for the case of a binomial distri-
bution was found by Milton Friedman and George W. Brown (inde-
pendently of each other), and slightly earlier by C. M. Stockman in
England.*® The author then obtained the general OC curve for any
sequential probability ratio test.! A few months later a general
theory of cumulative sums was developed 2 which gives not only the
OC curve of any sequential probability ratio test but also the charac-
teristic function of the number of observaﬁons required by the test
and various other results.

The material in the author’s report togeti)er with the new advances
made in 1944 were published by him in a paper, “Sequential Tests of
Statistical Hypotheses,” in The Annals of Mathematical Statistics, June,
1945. The Statistical Research Group issued a revised edition 18 of its

7 Abraham Wald, “Sequential Analysis of Statistical Data: Theory,” a report
submitted by the Statistical Research Group, Columbia University, to the Applied
Mathematics Panel, National Defense Research Committee, Sept., 1943.

8 The restricted classification was removed in May, 1945.

® Harold Freeman, ‘“‘Sequential Analysis of Statistical Data: Applications,” a
report submitted by the Statistical Research Group, Columbia University, to the
Applied Mathematics Panel, National Defense Research Committee, July, 1944.

10 C, M. Stockman, “A Method of Obtaining an Approximation for the Operating
Characteristic of a Wald Sequential Probability Ratio Test Applied to a Binomial
Distribution,” (British) Ministry of Supply, Advisory Service on Statistical
Method and Quality Control, Technical Report, Series “R,” No. Q.C./R/19.

1t Abraham Wald, “A General Method of Deriving the Operating Characteristics
of any Sequential Probability Ratio Test,”” unpublished memorandum submitted
to the Statistical Research Group, Columbia University, April, 1944.

18 Abraham Wald, “On Cumulative Sums of Random Variables,” The Annals
of Mathematical Statistics, Vol. 15 (Sept., 1944).

18 The authorship of the revised edition, which was published by the Columbia
University Press, Sept., 1945, is ascribed to the group as a whole.
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original report. The revised edition includes a discussion of the oper-
ating characteristic and average sample number curves for various
applications of the sequential probability ratio test.

Independently of the development in this country and about the
same time, G. A. Barnard recognized the merits of a sequential method
of testing.¥ He treated the problem of double dichotomies, using a
sequential method of testing which, however, differs from the one that
results from the application of the sequential probability ratio test.

This book consists of three parts and an Appendix. Part I contains
a discussion of the general theory of the sequential probability ratio
test. Part J] discusses applications of the general theory given in
Part I. These applications are given primarily to illustrate the gen-
eral theory and to bring out some points of theoretical interest which
are specific to these applications. Accordingly, computational simpli-
fications are not stressed much and hardly any tables are given.'s
Part IIT outlines briefly a possible approach to the problem of sequen-
tial multi-valued decisions and estimation. This field is largely un-
explored and further progress is still a matter of future developments.
To facilitate the use of the book by readers with no advanced mathe-
matical training, mathematical derivations of somewhat intricate na-
ture are included in the Appendix.

4 G, A. Barnard, “Economy in Sampling with Reference to Engineering Experi-
mentation,” (British) Ministry of Supply, Advisory Service on Statistical Method
and Quality Control, Technical Report, Series “R,” No. Q.C./R/7.

8 For a more complete and detailed discussion of these applications the reader
is referred to the revised edition of the publication of the Statistical Research
Group mentioned before.



PART I. GENERAL THEORY

Chapter 1. ELEMENTS OF THE CURRENT THEORY OF
TESTING STATISTICAL HYPOTHESES

1.1 Random Variables and Probability Distributions

1.1.1 Notion of a Random Variable

The outcome of an experiment or the reading of a measurement is
usually a variable quantity or, more briefly, a variable, since generally
it can take different values. For example, repeated measurements on
the length of a bar will yield, in general, different values. Frequently,
it will be possible to make probability statements concerning the out-
come of an experiment or the reading of a measurement. Consider,
for example, the experiment consisting of the throw of a die whose sides
are numbered from 1to 6. Here the outcome of the experiment may be
any integral number from1to 6. Various probability statements regard-
ing the outcome of the experiment can be made. For example, the prob-
ability that the outcome will be equal to 5 is equal to 1§, or the prob-
ability that the outcome will be less than 4 is equal to 14, and so forth.
Probability statements can also be made about the outcome of the
following experiment: Suppose that an individual is selected at random
from a group of 1000 individuals and that his height is then measured.
The probability that the height of the selected individual will be less
than 68 inches is equal to 1{gg¢ times the number of individuals in the
group whose heights are less than 68 inches.

A variable z is called a random variable if for any given value ¢ a
definite probability can be ascribed ¥o the event that z will take a value
less than ¢. A general class of experiments where the outcome is a
random variable in the sense of the above definition may be described
as follows. Consider a class of N objects (or individuals) and some
measurable characteristic of these objects, such as weight, diameter, or
hardness. Suppose that the value = of this characteristic varies from
object to object in the class. The experiment consists in selecting at
random one object from the class of N objects, and then measuring
the value z of the characteristic of the selected object. Random selec-
tion is selection of an object in such a way that each object in the
class of N objects has an equal chance of being chosen. The outcome

5
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z of such an experiment is a random variable, since a probability can
be ascribed to the event that x will take a value less than ¢, for any
given value ¢. This probability is, in fact, equal to N,/N, where N,
is the number of objects in the class for which the characteristic under
consideration has a value less than ¢. An interesting special case is
that in which the characteristic under consideration can take only two
values. Such a situation arises, for instance, in the case of a manufac-
tured product where each unit is classified in one of two categories:
defective or non-defective. We shall ascribe the value 0 to a non-
defective unit and the value 1 to a defective unit. Then the charac-
teristic under consideration, i.e., the characteristic of being defective
or non-defective, can take only the values 0 and 1. Consider a lot
consisting of N units and let N4 be the number of defectives in the lot.
If the experiment consists in inspecting a single unit drawn at random
from the lot, the outcome = of the experiment is a random variable
which can take only the values 0 and 1. The probability that x = 0
is equal to (N — Ng)/N, and the probability that z = 1 is equal to
N4/N.

112 Cumulative Distribution Function (c.d.f.) of a Random Vari-

able

Let z be a random variable and denote by F(t) the probability that
z will take a value less than a given value ¢. Then F(¢) is a function
of ¢ which is called the cumulative distribution function of z. Since

F(t) A

_—
/o ‘

any probability must lie between 0 and 1, we must have 0 < F(f) = 1
for all values of ¢. If ¢, and ¢, are two values such that #; < ¢, then the
probability that x < #; is greater than or equal to the probability that
z <1, ie., F(;) = F(t;). In other words, F(f) cannot decrease as
t increases. A typical form of a c.d.f. F(t) is shown in Fig. 1 where ¢
is measured along the horizontal axis and F(f) along the vertical axis.
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For any given values a and b (a < b) we can easily derive the value
of the probability that a < z < b from the c.d.f. F(f). In fact, the
event that £ < a and the event that a £ r < b are mutually exclu-
sive. Hence, the probability that one of these events will occur is
equal to the sum of the two probabilities: the probability that z < a
and the probability that ¢ < z < b. Thus, we have

(1:1) (probability that eitherx < aora =<z <b)
= (probability that z < a) + (probability that a < z < b)

Since the probability that either £ < @ or @ < z < b is the same as
the probability that x < b, we obtain, from (1:1),

(1:2) F(b) = F(a) 4+ (probability that ¢ < z < b)

Hence, the probability that a < z < b is equal to F(b) — F(a).

A simple interpretation of the c.d.f. F(f) can be given if the random
variable z is the value of a measurement on an object selected at ran-
dom from a given group of N objccts. As mentioned in Section 1.1.1,
in this case the probability that the observed value of x satisfies some
equality or inequality relationship, such as z =¢, orz <c¢,ora <=z
< b, is equal to the proportion of objects in the group of N objects
for which the value of z satisfies the equality or inequality in question.
Thus, F(t) is simply equal to the proportion of objects in the group
for which z < ¢. With this interpretation of probability, the validity
of (1:2) becomes self-evident. It merely says this: The proportion of
objects for which z < b is equal to the proportion of objects for which
z < a plus the proportion of objects for which a £ x <b. The group
of N objects is frequently called population or universe. So far we have
considered only populations which contain a finite number of objects.
Such populations are called finite populations.

The interpretation of the probability that a certain relation (equality
or inequality) holds as the proportion of objects in the population for
which the value of x satisfies that relation proves useful in many
instances and we shall employ it frequently. However, if we restrict
ourselves to finite populations, such an interpretation is not always
possible. In fact, the c.d.f.’s which arise from finite populations are
of a special nature. Suppose that N is the number of objects in the
population. Then the random variable z can take at most N different
values. Let a;, - - -, ay be the different values z can take, arranged in
ascending order of magnitude, ie., a; <az < -+ <ay. Clearly,
M < N. If the value of z is the same for several objects, then M < N.
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The c.d.f. of z will be a step function of the type shown in Fig. 2. The
distribution function” makes exactly M jumps and the magnitude of
each jump is equal to 1/N or an integral multiple of 1/N. A c.d.f.
represented by a continuous curve, as shown in Fig. 1, is certainly not
of this type. Thus, if the c.d.f. is given by a continuous curve, the
interpretation of probabilities as proportions of a finite population is
not possible. However, any c.d.f. can be approximated arbitrarily
closely by a c.d.f. arising from a finite population, if the number N of
objects in the population is sufficiently large. Thus, any c.d.f. can be

F) A
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regarded as a limiting form of a c.d.f. arising from a finite population
when the number of objects in the population is increased indefinitely.
This means that if we admit infinite populations ! (populations with
infinitely many objects), the interpretation of any probability as a
certain proportion of an underlying population is always possible. Of
course, the notion of an infinite population is only an abstraction con-
structed merely for the purpose of simplifying the theory. To give an
example of an underlying infinite population, consider a measurement
on the length of a bar, the outcome of which is regarded as a random
variable z having a c.d.f. F(f). Then the underlying infinite popula:
tion may be thought of as an infinite sequence of repeated measure
ments on the length of the bar, and the actually observed measurement
is considered an element drawn from this population. Sometimes the
underlying population is finite, but the number N of objects in the

1By an infinite population we mean an ordered infinite sequence of objects
Oy, Oy, -+ -, ad inf. A certain measurable characteristic of these objects is considere
and the value z of this characteristic is assumed to vary from object to object
By the proportion of objects in the infinite population for which z satisfies a give:
relation (equality or inequality) we mean the limiting value of the correspondin
proportion in the finite population (0, - - -, Ox) as N increases indefinitely.
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population is so large that we may find it more convenient to treat
the problem as if N were infinity, i.e., as if the population were infinite.
Suppose, for example, that we are interested in the height distribution
of all male individuals of age 20 and above living in the United S'ates.
The number of such individuals is so large that considerable mathe-
matical simplification may be achieved by treating the population of
such individuals as if it were infinite.

1.1.3 Probability Density Function
Let F(t) be the c.d.f. of a random variable z. As we have seen in

. - A A .
Section 1.1.2, the probability that ¢ — 3 Sz<t+ 2 (A>0) is given

A A
by F (t + 5) —F (t — E) The limiting value f(f) of the ratio

P(r3)-r(-5)

A
iting value exists,? is called the probability density of the random vari-
able z at the value z = t. The probability density f(¢) is a function of
t and is called the probability density function of the random variable
z. It follows from the definition of the probability density f(¢) that
for small positive values A the product f(¢)A is a good approximation

as A approaches 0, provided that such a lim-

A
to the probability that z will lie in the interval ¢ + % A probability

density function does not always exist. If the random variable z is
discrete, i.e., if z can take only discrete values, the c.d.f. is a step func-
tion and no probability density function exists.

The probability that z will take a value within the interval from
t to tz (& < tz) can be obtained by integrating the probability density
function f() from ¢, to ty; i.e., the probability in question is given by

[roa

t+ A) — F(t
3The existence of the limiting value of E-(—i-—i————(—) is required, where

A may be positive or negative and may approach 0 in any arbitrary manner.
The existence of this limiting value implies the existence of the limiting value of

P(e43)-r(-5)

A
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One of the most important probability density functions is the so-
called normal probability density function, which is given by

1 —she-w

(1:3) @) = —\—/—_é—ﬂ;e

where p and ¢ are some constant values. If a random variable z has
a probability density function f(f) given by (1:3), we say that z is
normally distributed, or z has a normal distribution. The shape of a
normal curve is shown in Fig. 3, where ¢ is measured along the hori-
zontal axis and f(f) along the vertical axis.

foh

Normal curve
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1.14 Discrete Random Variables

A random variable z is called discrete if it can take only discrete
values. Any variable which can take only a finite number of different
values is, of course, a discrete variable. A variable which can take
infinitely many values may still be discrete. For example, if the vari-
able z is restricted to integral values, z is discrete. The c.d.f. of a dis-
crete random variable is a step function, as shown in Fig. 2. Thus, a
discrete random variable has no probability density function, but
admits an elementary probability law f(f), where f(f) denotes the
probability that z = .

In what follows we shall consider only random variables which
either admit a probability density function or have a discrete distri-
bution. By the probability distribution, or more briefly distribution,
f(®), of a random variable z, we shall always mean the probability
density function of z, if a probability density function exists. If z is
a discrete random variable, f(t) will denote the probability that z = ¢.
We shall sometimes refer to the distribution f(f) of z also as the popu-
lation distribution of z, or the distribution of z in the population.



NOTION OF A STATISTICAL HYPOTHESIS 11

1.1.5 Expected Value and Higher Moments of a Random Variable

Suppose that z is a random variable which has a discrete distribu-
tion. Let f(f) denote the distribution of z, i.e., f(f) is the probability
that z = ¢{. Then the expected value of z, in symbols E(z), is de-
fined by

(1:4) E@) = ) _t1®

where the summation is to be taken over all possible values ¢ of z.
Interpreting the probability f({) as the proportion of objects in the
population for which z = ¢, we see from (1:4) that the expected value
E(z) of z is the same as the mean value of z in the population. If z
is a continuous variable which admits a probability density function
f(®), then the expected value of z is given by

+ =
(1:5) E(x) =f tf(t) dt
The expected value of x is often called also the population mean, or
mean of .

A function ¢(z) of a random variable z is itself a random variable.
For any positive integer r and for any constant ¢, the expected value
of (x — ¢)" is called the rth population moment of z referred to the
value ¢. Of special interest is the case in which ¢ = E(z). The ex-
pected value of [x — E(2)]" is called the rth moment of z referred to
the mean. The second moment referred to the mean, i.e., the expected
value of [z — E(x)]?, is also called the variance of . The square root
of the variance is called the standard deviation.

Consider the normal probability density function

1
1 e" 351 t—w?

(1:6) f@® = ~Zee

where p and ¢ are constants (¢ > 0). Let z be a random variable
whose distribution is given by (1 :6). That the expected value of z
is then equal to u and the variance of z is equal to ¢® can easily be

verified.

1.2 Notion of a Statistical Hypothesis

1.2.1 Unknown Parameters of a Distribution

Let z be a random variable. A statistical problem arises when the
distribution of z is not known and we want to draw some inference
concerning the unknown distribution of z on the basis of a limited
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number of observations on z. Frequently, the distribution of z is not
entirely unknown, i.e., some partial knowledge of the distribution of
z is available a priori. To illustrate this we shall consider the two
following examples.

Example 1. Consider a lot consisting of N units of a certain manufactured
product. Suppose that each unit is classified in one of the two categories, defective
and non-defective. The value O is assigned to each non-defective unit and the
value 1 to each defective unit. One unit is drawn at random from the lot and is
inspected. The outcome z of this experiment is a random variable which can take
only the values 0 and 1. Denote by p the proportion of defectives in the lot.
Then the probability that z = 1 is equal to p and the probability that z = 0 is
equalto 1 — p. Thus, if the value of p were known, the distribution of z would be
completely known. Usually p is unknown and we want to make some inference
regarding the value of p by inspecting a limited number of units drawn from the lot.
If p is unknown, we have only partial knowledge of the distribution of z; we know
merely that z is restricted to the values 0 and 1. In this case p is considered an
unknown parameter which can have any value between 0 and 1. We shall also
say that the distribution of z involves an unknown parameter p. Thus in this
example the distribution of z is known except for the value of an unknown para-
meter p.

Example 2. Suppose that the length of a bar is measured with an instrument
for which the error of measurement is known to be normally distributed. The
outcome z of such a measurement is then a normally distributed random variable,
i.e., the distribution of z is given by the normal density function

1 _ 1 e
——— 20! @=p
‘\/ 2no

Usually the mean u and the variance o2 of the distribution are unknown. These
quantities are also called the parameters of the normal distribution. The mean
can take any real value and ¢? can take any positive value. Thus, in this example
too, the distribution function is known except for the values of the parameters
» and ¢? involved in the distribution function.

A general situation similar to that given in Examples 1 and 2 may
be described as follows: The functional form of the distribution function
18 known and merely the values of a finite number of parameters tnvolved
in the distribution function are unknown; i.e., the distribution function
18 known except for the values of a finite number of parameters. In Ex-
ample 1 the only unknown parameter is the proportion p of defectives
in the lot. In Example 2 there are two unknown parameters, the mean
u and the variance o2.

In what follows we shall assume that the distribution of the random
variable z is known except for the values of a finite number of param-

eters.
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1.2.2 Simple and Composite Hypotheses

Let 6y, - - -, 6x be the unknown parameters of the distribution of the
random variable z under consideration. A statement about the values
of 6y, « -+, O is called a stmple hypothests if it determines uniquely the
values of all k£ parameters. It is called a composite hypothesis if it is
consistent with more than one value for some parameter. For ex-
ample, if there are two unknown parameters, §; and 6, involved in
the distribution of z, the hypothesis that 8, = 2 and 8; = 4 is a simple
hypothesis, since it specifies completely the values of the unknown
parameters. On the other hand, the hypothesis that 8, = 6; is com-
posite. In Example 1 the statement that the unknown proportion p
of defectives is equal to .2 is a simple hypothesis. On the other hand,
the statement that p lies between .1 and .3 is a composite hypothesis.
In Example 2 the statement that 4 = 3 would be a composite hypoth-
esis, since it does not specify the value of the unknown variance ¢2.

In general, the parameters 6, - -, 6 will not be subject to any
a priori restrictions; i.e., they may take any values. However, the
parameters may in some cases be restricted to certain intervals. For
instance, if one of the unknown parameters is the standard deviation,
this parameter is restricted to positive values. In other cases, the
parameter may be able to take only a finite number of discrete values.

1.3 Outline of the Current Procedure for Testing Statistical Hypoth-
eses

13.1 The Sample

Let z be a random variable and suppose that we wish to test a
hypothesis concerning the unknown parameters of the distribution of
2. The decision to accept or reject the hypothesis in question is always
made on the basis of a finite number of observations on z. A set of a
finite number of observations on z is called a sample. The number of
observations contained in the sample is called the size of the sample.

We shall be concerned mostly with the case in which the successive
observations on z are independent in the probability sense. The suc-
cessive observations z, - - -, z, on z are said to be independent in the
probability sense if the (conditional) probability distribution of the sth
observation z; (1 = 2, - - -, n), when the values of the preceding obser-
vations xy, - - -, r;_; are known, is not affected by these values. This
condition cannot be strictly fulfilled if the successive observations are
drawn from a finite population. Consider, for instance, the case dis-
cussed in Example 1 on page 12. Suppose that two successive units
are drawn at random from the lot. Denote by z; the value of = for
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the first unit and by z the value of z for the second unit. The distri-
bution of z; is clearly given as follows: the probability that z; = 0 is
1 — p and the probability that z; = 1 is equal to p. The distribution
of x3, when the value of z; is known, is given as follows: if z; = 0,
then the probability that z; = 1 is equal to pN/(N — 1) and the prob-
ability that zo = 0 is equal to 1 — [pN/(N — 1)]. On the other hand,
if z; = 1, the probability that z; = 1 is equal to (pN — 1)/(N — 1)
and the probability that z, = 0 is equal to 1 — [(pN —1)/(N — D].
Thus, the probability distribution of x, is affected by the outcome of
z;. For similar reasons no strict independence can prevail in any other
case in which the successive observations are drawn from a finite popu-
lation. However, jf the number of objects in the finite population is
sufficiently large, the dependence is only slight and can be neglected.

Let z be a discrete random variable, and denote the distribution of
z by f(t), i.e., f(t) is the probability that x = ¢. Let x;, ---, 7, be a
set of n independent observations on 2. Because of the independence
of the observations, the probability of obtaining a sample equal to the
observed one is given by the product

J@)f(xe) - - - f(xn)

This product is also called the joint probability distribution of the
observations zy, - - *, Zn.

If z is a continuous random variable admitting a probability density
function f(z), then the joint density function of » independent obser-
vations zy, * -+, T, on z is given by the product

J@)f(x2) -+ - f(xn)

1.3.2 The General Nature of a Test Procedure

Denote by n the number of observations on the basis of which the
acceptance or rejection of the hypothesis in question is to be decided.
Any possible outcome of n successive observations is a sample of size n.
A test procedure leading to the acceptance or rejection of the hypoth-
esis in questionis simply a rule specifying, for each possible sample of
size n, whether the hypothesis should be rejected or accepted on the
basis of that sample. This may also be expressed as follows: A test
procedure is simply a subdivision of the totality of all possible samples
of size n into two mutually exclusive parts, say part 1 and part 2,
together with the application of the rule that the hypothesis be re-
jected if the observed sample is contained in part 1 and that the
hypothesis be accepted if the observed sample is contained in part 2.
Part 1 is also called the critical region. Since part 2 is the totality of
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all samples of size n which are not included in part 1, part 2 is uniquely
determined by part 1. Thus, choosing a test procedure is equivalent
to determining a critical region,

As an illustration, we shall discuss a few examples. Suppose that a
lot consisting of N units of a manufactured product is submitted for
acceptance inspection. Assume that each unit is classified in one of
the two categories: defective and non-defective. The proportion p of
defectives in the lot is assumed to be unknown. Let po be a value
between 0 and 1 such that we prefer to accept the lot if the proportion
p of defectives is < po and we prefer to reject the lot if p > po. Sup-
pose that a sample of 7 units, drawn at random from the lot, is inspected
and on the basis of this sample a decision is to be made to accept the
lot or reject it. In other words, on the basis of the inspection of the
sample of n units a decision is to be made to accept the hypothesis
p = po or reject it. The critical region generally used in this case is
defined as follows: The hypothesis that p < po is rejected, i.e., the lot
is rejected, if, and only if, the proportion of defectives in the observed
sample of n units exceeds a suitably chosen numerical constant c.

Another example: Suppose that the length of a bar is measured with
an instrument for which the error of measurement is known to be
normally distributed with variance equal to unity. Thus, the outcome
z of a measurement is a normally distributed random variable with
mean  equal to the true length of the bar and variance unity. Let
the hypothesis to be tested be the statement that the true length of
the bar is equal to a specified value po. This hypothesis is to be tested
on the basis of a sample consisting of n independent measurements
z;, -+ -, T, on the length of the bar. The critical region generally used
for this purpose is defined as follows: The hypothesis that 4 = uo is
rejected if, and only if, the sample observed is such that | & — po | Zc
where # denotes the arithmetic mean of the n observations and ¢ is a
suitably chosen numerical constant.

There are, in general, infinitely many possibilities for choosing a
critical region. For instance, in the example just discussed we could
have used the median, or the geometric mean, or the harmonic mean,
or some other mean of the observations instead of the arithmetic mean.
The various critical regions cannot be regarded as equally good and
the fundamental problem in testing hypotheses is to set up principles
for the proper choice of the critical region. Such principles have been
advanced by Jerzy Neyman and Egon S. Pearson. In the next section
we shall discuss briefly the basic idea of the Neyman-Pearson theory.?

3 See, for example, J. Neyman and E. S. Pearson, Statistical Research Memoirs,
University College, London, Vol. I (1936), pp. 1-37.
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1.3.3 Principles for Choosing a Critical Region

The principles formulated by Neyman and Pearson for the proper
choice of a critical region constituted an advance of fundamental im-
portance in the theory of testing hypotheses. The purpose of this
section is to indicate briefly the basic idea of the Neyman-Pearson
theory.

A simple case of particular theoretical interest arises when only one
unknown parameter 6 is involved in the distribution of the random
variable z under consideration, and 6 can take only two values, 6, and
6;. The basic idea of the Neyman-Pearson theory can be indicated
even in this simple case. Therefore, in the rest of this section, as
well as in the following section, 1.3.4, we shall restrict ourselves to
the case of a single parameter § which can take only two values,
6, and 6;.

For any value 8 of the parameter, let f(z, 6) denote the distribution
of . We shall denote f(z, 6p) by fo(zx) and f(z, 6;) by fi(x). Suppose
that it is desired to test the hypothesis that 6 = ;. We shall refer to
this hypothesis as the null hypothesis and denote it by Ho. The hy-
pothesis that § = 6; will be called the alternative hypothesis and will
be denoted by H;. Thus, we shall deal with the problem of testing the
hypothesis Hy against the alternative hypothesis H; on the basis of
a sample of # independent observations z;, -, z, on z.

As 5 basis for choosing among critical regions the following consider-
ations have been advanced by Neyman and Pearson: In accepting or
rejecting Hy, we may commit errors of two kinds. We commit an
error of the first kind if we reject Hy when it is true; we commit an
error of the second kind if we accept Hy when H, is true. After a
particular critical region W has been chosen, the probability of com-
mitting an error of the first kind, as well as the probability of commit-
ing an error of the second kind, is uniquely determined. The probability
of committing an error of the first kind is equal to the probability,
determined on the assumption that Hy is true, that the observed
sample will be included in the critical region W. The probability of
committing an error of the second kind is equal to the probability, de-
termined on the assumption that H; is true, that the observed sample
will fall outside the critical region W. For any given critical region
W we shall denote the probability of an error of the first kind by «
and the probability of an error of the second kind by 8...

The probabilities « and 8 have the following important practical
interpretation: Suppose we draw a large number of samples of size n.
Let M be the number of such samples drawn. Suppose that for each
of these M samples we reject H if the sample is included in W and
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accept Hy if the sample lies outside W. In this way we make M state-
ments of rejection or acceptance. Some of these statements will in
general be wrong. If Hj is true and if M is large, the probability is
nearly 1 (i.e., it is practically certain) that the proportion of wrong
statements (i.e., the number of wrong statements divided by M) will
be approximately a. If H; is true, the probability is nearly 1 that the
proportion of wrong statements will be approximately 8. Thus, we
can say that in the long run the proportion of wrong statements will
be a if Hy is true and 8 if H, is true.

It is clear that one critical region W is more desirable than another
if it has smaller values of « and 8. Although either « or 8 can be made
arbitrarily small by a proper choice of the critical region W, it is im-
possible to make both a and 8 arbitrarily small for a fixed value of =,
i.e., a fixed sample size. To illustrate this point, consider the follow-
ing two extreme cases: (1) W is empty, i.e., we always accept Ho, ir-
respective of the outcome of the sample. In thiscasea = Oand g = 1.
(2) W is the totality of all possible samples, i.e., we always reject Ho.
In this case « = 1 and 8 = 0. If, for some reason, we decide to con-
sider only critical regions W for which « has a given fixed value, the
choice of W is based on the following principle, introduced by Neyman

and Pearson: Restricting ourselves to regions W for which « has a fixed

\@E,_wmmmm__mmm&
The quantity « is called the size of the critical region, and the

quantity 1 — 8, the power of the critical region. A critical region
which has the highest power in the class of all regions of equal size
is a_most_powerful region. Since minimizing 8 is the same as
maximizing 1 — 8, the Neyman-Pearson principle concerning the
choice of the critical region W can be formulated as follows: Restrict~
ing ourselves to regions of a fixed size «, we choose that one which is
most powerful.

For a fixed sample size, the probability 8 is a (single-valued) func-
tion of a, say B(a), if a most powerful critical region is used. Thus,
given the number of observations on which the test is based, one of
the quantities & and 8 can still be chosen arbitrarily. The Neyman-
Pearson theory leaves the question of this choice open. It is clear
that if « is small, B(a) is in general large, and if « is large, B(a) is in
general small. The choice of a (or g) will be greatly influenced by the
relative importance of the errors of the first and second kinds in each
particular application. Suppose, for example, that the loss caused by
an error of the first kind is one dollar and the loss caused by an error
of the second kind is merely one cent. Then a small « and a large 8
will be preferable to a large « and a small 8.
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Neyman and Pearson show that a region consisting of all samples
(x4, * + +, ) which satisfy the inequality

fil@)f1(x2) - -« f1(zn) >k
fo@)fo@s) -+ fo(®a)

(1:7)

is a most powerful critical region for testing the hypothesis H,, against
the alternative hypothesis H;. The term & on the right-hand side of
(1:7) is a constant chosen so that the region will have the required
size a. The reason why the critical region defined by (1:7) is most
powerful can be indicated as follows: For simplicity suppose that the
probability distributions under H, and H;, are discrete. Thus,
fi@)fi(zg) + -« fi(xn) (@ = 0, 1) denotes the probability of obtaining a
sample equal to the observed one. The critical region defined by (1:7)
can be built up by starting with a sample E' = (z,', z2!, ++ -, z')
Ji(xy) -+« fi(zn)
Jo(x1) -+ folzn)

E? = (2,2, -+, z,%) is included for which

takes its maximum value. Then a sample

Ji@) '« - - fi(za)
Jo(x1) *+ fo(zn)
maximum value in the set of samples which is left after E! has been re-
moved from the totality of all possible samples. In general, after r sam-
ples EY, - - -, E" have been included in the critical region,a sample E™*!
Ji(xy) -+« fi(zn)
Jo(x1) -+ fo(xn)
set of samples (zy, - - -, £,) which are left after E!, -+, E" have been
removed from the totality of all samples. This construction is con-
tinued until the size of the region reaches the desired value a4 Since
at any stage of the construction the last sample included in the critical
region has the largest probability under H; per unit probability under
H, as compared with any other sample not yet included in the region,
it can be seen that the probability measure of the critical region under
Hj, i.e., the power of the critical region, is greater than or equal to the
power of any other region of equal size.

Let us illustrate the principle for choosing a critical region by appli-
cation to a simple and familiar case. Let Hy be the hypothesis that
z is normally distributed with mean 6, and variance unity. Let H; be
the hypothesis that 2 is normally distributed with mean 6, and vari-

for which

takes its

is added for which takes its maximum value in the

¢If z is & discrete variable, it may happen that, at the last stage of the construc-
tion, at the inclusion of the last sample in the critical region, the size of the region
increases from a value below « to a value somewhat greater than a.
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ance unity. Assume 6; > 6. For testing Hy against H; we shall have
Ji(@) -+ fi(zn)
Jo@1) -+ folxn)

n
1 4 @a—o)?
e a=1

to determine the ratio Since

Sixy) -+ fi(xa) = -
(2m)2
and

n
1 %2 @a—t0?

=1
ne @

(2r)?

Jo(x1) - -+ fo(xn) =

the inequality (1:7) can be written as

n
=% D) (za—01)?

e a=1
(1:8) —_— 2k
-% Y @a—60?
e a=1

Taking the logarithm on both sides of this inequality, we obtain
3Z(a — 00)* — 32(@a — 0)° = (01 — 60)Z7a + §7n(8* — 6,°) Z log &

Hence

log k — 3n(62 — 6,°
(1:9) ixaé o8 olzn_( 30 l)= k' (say)

a=1
Inequality (1:9) can be written as
Z(zx, — 6 k' — nb,
(xa 0) é noo

(1:10) = k" (say)

n
Now we shall determine the value of k£’ such that the critical region
defined by the inequality (1:10) has the size « = .05. Since under the
hypothesis Hy the random variable [Z(z, — 6)]/n is normally distrib-
uted with zero mean and variance 1/n, we see from a table of the
normal distribution that &/ = 1.64/4/n. Thus, the most powerful
region of size .05 consists of all samples for which the inequality

Z(ra —0) _ 164  Tp 0 46 W
1:11 —_— 2=
( ) n Vn
holds.
This is a familiar result. Long before Neyman and Pearson devel-

oped their theory of testing hypotheses, it had been the practice to
use the critical region (1:11) for testing the hypothesis that 8 = 6,
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against alternative values 8 > 6,. A remarkable feature of the region
given by (1:11) is that it does not depend on the alternative value 6;.
In the derivation of (1:11) merely the inequality 6, > 6, was used.
Hence, the test defined by the region (1:11) is most powerful with
respect to all alternatives 6 > 6y, i.e., it is a uniformly most powerful
test when the alternatives are restricted to values greater than 6,.

1.34 Number of Observations Necessary if a and B Have Pre-

assigned Values

In the preceding section we assumed that « and the sample size n
were given and we were looking for a critical region for which g was
a minimum. In this section we shall assume that o and B are given
and our problem is to determine the minimum value of n for which
the power of the most powerful region of size a is greater than or equal
tol — 8.

Let 8, denote the probability of an error of the second kind associ-
ated with a most powerful critical region of size o when the test is
based on n observations. It can be shown that 8, decreases, or at least
does not increase, with increasing ». In general, 8, will approach 0
as n increases indefinitely. Denote by n(«, 8) the smallest value of n
for which 8, £ 8. If we want a test procedure such that the prob-
ability of an error of the first kind is equal to « and the probability
of an error of the second kind does not exceed S, then according to the
current theory we must draw a sample of size n = n(a, 8). If we use
a most powerful critical region, we need a sample of size n = n(a, 8).

1.3.6 Testing a Hypothesis Viewed as a Decision between Two
Courses of Action

It happens frequently in practice that we have to decide between
two courses of action, say action 1 and action 2, and the preference
for one or the other action depends on the value of an unknown param-
eter 8 of the distribution of a random variable z. Denote by w the
set of all values of 8 for which action 2 is not preferable to action 1.
Thus, for any value 6 not contained in w we prefer action 2 to action 1.
The problem of deciding between these two actions on the basis of a
sample of n independent observations on z may be formulated as a
problem of testing the hypothesis H that the true value of 6 is con-
tained in the set w. If the test procedure leads to the acceptance of
H we take action 1, and if it leads to the rejection of H we take ac-
tion 2.

Consider, for example, the following problem. A lot consisting of a
large number of units of a manufactured product is submitted for
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acceptance inspection. Suppose that the proportion p of defectives
in the lot is unknown. There are two courses of action: acceptance of
the lot and rejection of the lot. In general, there will exist a particular
value p’ of p such that if the true proportion of defectives is < p’ we
prefer acceptance and if p > p’ we prefer rejection. If p = p’ we are
indifferent which action is taken. Suppose that a decision is to be
made on the basis of a sample of n units drawn at random from the
lot. This problem may be viewed as a problem of testing the hypoth-
esis H that p < p’ on the basis of a sample drawn from the lot. The
lot is accepted or rejected according as H is accepted or rejected.

As mentioned in Section 1.3.3, the choice of q, i.e., the size of the
critical region, is greatly influenced by the relative importance we
attach to errors of the first and second kinds. If the problem of test-
ing a hypothesis arises out of the problem of deciding between certain
two courses of action, the relative importance of the errors of the first
and second kinds may be judged by considering the practical conse-
quences of taking one action when the value of the parameter is such
that the other action would have been preferable.



Chapter 2. SEQUENTIAL TEST OF A STATISTICAL
HYPOTHESIS: GENERAL DISCUSSION

2.1 Notion of a Sequential Test

In the current theory of testing hypotheses the number of observa-
tions, i.e., the size of the sample on which the test is based, is treated
as a constant for any particular problem. An essential feature of the
sequential test, as distinguished from the current test procedure, is
that the number of observations required by the sequential test de-
pends on the outcome of the observations and is, therefore, not pre-
determined, but a random variable.

cf‘he sequential method of testing a hypothesis H may be described
as follows. A rule is given for making one of the following three deci-
sions at any stage of the experiment (at the mth trial for each integral
value of m): (1) to accept the hypothesis H, (2) to reject the hypothesis
H, (3) to continue the experiment by making an additional observa-
tion. Thus, such a test procedure is carried out sequentially. On the
basis of the first observation one of the aforementioned three decisions
is made. If the first or second decision is made, the process is termi-
nated. If the third decision is made, a second trial is performed.
Again, on the basis of the first two observations one of the three deci-
siong is made. If the third decision is made, a third trial is performed,
and so on. The process is continued until either the first or the second
decision is made. The number n of observations required by such a
test procedure is a random variable, since the value of n depends on
the outcome of the observations.

For each positive integral value m, we shall denote by M,, the to-
tality of all possible samples (z;, * -, Z,) of size m. We shall also
refer to M,, as* the m-dimensional sample space. A rule for making
one of the three decisions at any stage of the experiment can be de-
scribed as follows. For each integral value m, the m-dimensional sample
space is split into three mutually exclusive parts, R,.%, R}, and R,
After the first observation z; has been drawn, the hypothesis H that
is being tested is accepted if x; lies in R,°; H is rejected if #, lies in
Ry; or a second observation is made if x; lies in R;. If, the third
decision is made and a second observation z3 drawn, H is accepted,
H is rejected, or a third observation is drawn, according as the ob-
served sample (z;, z3) lies in Ry, R,!, or R;. If (zy, z5) lies in Ry

22
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a third observation z; is drawn and one of the three decisions is made
according as (23, T3, T3) lies in R3%, R3!, or R3, and so on. This process
is stopped when, and only when, either the first or the second decision
is made.! Thus, a sequential test is completely defined by defining
the sets R,,°, R, and R,, for all positive integral values m. Since
R.% R,!, and R, are mutually exclusive and add up to the whole
sample space M,,, it is sufficient to define any two of the sets R.’,
R,}, and R,,. Any one of the three sets R,., R,!, and R,, consists
precisely of all those samples which are not contained in the other two.

We shall call a sample (z3, - -, z,,) intffective if it contains an initial
segment (i, ** -, Tm’), where m’ < m, such that (z, -« -, Zp) lies in
R,° or in R,:'. A sample which is not ineffective will be said to be
an effective sample. Clearly, for a sequential test procedure we shall
have an effective sample at any stage of the experiment. Thus, in
defining the sets R’ R}, and R,, we may disregard ineffective sam-
ples. In other words, it is sufficient to state in which of the sets R,
R..}, and R, each effective sample (zy, - - -, ) should be included,
since ineffective samples canno# occur during the sequential process.

The following is a simple example of a sequential test. Suppose that
a lot consisting of a large number of units of a manufactured product
is submitted for acceptance inspection. Each unit is classified in one
of the two categories: defective and non-defective. The proportion p
of defectives in the lot is unknown. The lot is considered acceptable
if p < a given value p’. If p > p’ we prefer to reject the lot. Thus,
we are interested in testing the hypothesis H that p < p’. The follow-
ing procedure of testing H is a simple example of a sequential test.
Let no denote a given integer. If the first no units inspected are non-
defective, we stop inspection and the lot is accepted (H is accepted).
If for some value m < ng the mth unit inspected is found defective,
no further units are inspected and the lot is rejected (H is rejected).
We shall assign the value 0 to any non-defective unit and the value 1
to any defective unit. In this example, a sample (1, « -+, Zm) i8 ef-
fective if and only if m < no and 2 = +++ = Zm—p*=0. Ry’ con-
tains no effective sample for m < nyg, i.e., acceptance is not possible
for m < ng. R, contains only one effective sample: (0,0, ---,0).
For any m < no the set R,' contains exactly one effective sample:
(0’ o, - 0, 1)'

The sets R,°, R}, and R, (m = 1,2, - - -) defining a sequential test
can be chosen in many ways, and a fundamental problem in the theory
of sequential tests is that of a proper choice of these sets. To formulate

1 We shall consider only sequential tests for which the probability is one that the
process will eventually terminate,
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principles for a proper choice of the sets R,.?, R,,!, and Rn, it is neces-
sary to study the consequences of any particular choice. This will be
done in the next section.

2.2 Consequences of the Choice of Any Particular Sequential Test

2.2.1 The Operating Characteristic Function

After a particular sequential test has been adopted, i.e., a particular
choice of the sets R,’, B,!, and R, (m = 1,2, ---) has been made,
the probability that the process will terminate with the acceptance of
the hypothesis Hy under test depends only on the distribution of the
random variable z under consideration. As before, it is assumed that
the distribution of z is known except for the values of a finite number
of parameters, 6,, - --, 0, say. Thus, the distribution of z is given
by a function f(z, 6,, - - - 6) where the functional form f is known, but
the true values of the parameters 6, - - -, 6; are unknown. To simplify
notation, we shall use the letter 6 without subscript to denote the set
of all k parameters 6y, - - -, 8. We shall refer to 6 as a parameter point,
since 6 can be represented geometrically by a point with the coordi-
nates 6y, - -+, 0;. Since the distribution of z is determined by the
parameter point 6, the probability of accepting H, will be a function
of 8. This function will be denoted by L(8) and will be called the
operating characteristic (OC) function. If there is only one unknown
parameter 6 the function L(f) can be plotted as a curve,  being meas-
ured along the horizontal axis and L(f) along the vertical axis. Since
we shall consider only tests for which the probability that the proce-
dure will eventually terminate is equal to 1, the probability of reject-
ing Hy is equal to 1 — L(6).

The OC function is very closely related to the notion of the power
function in the current theory of tests. For any parameter point 8
which is not consistent with the null hypothesis H,, the power of the
test is defined as the probability of rejecting Hy when 6 is the true
point. Thus, for any 6 not consistent with Hy the power of the test
is equal to 1 — L(9).

To illustrate the meaning of an OC function, we shall compute the
OC function of the particular sequential test given as an example in
the preceding section. In that example the only unknown parameter
is 8 = p, where p denotes the proportion of defectives in the lot. The
lot is accepted if, and only if, the first ny units inspected are non-
defective. The probability that the first unit inspected is non-defective
is equal to 1 — p. On the assumption that the size of the lot is suf-
ficiently large as compared with ng, the successive observations may
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be treated as being independent. Then the probability that all ng
units will be non-defective is equal to (1 — p)™. Thus, the operating
characteristic function is given by

Lp)= @1 —-p)™

This function can be plotted, as shown in Fig. 4, by measuring p
along the horizontal axis and L(p) along the vertical axis.

\ L(p)

ki £y

o

0 1
Fia. 4

1he OC function describes what the sequential test procedure ac-
complishes. For any parameter point § the probability of making a
correct decision can be obtained immediately from the OC function.
If the parameter point 8 is consistent with the hypothesis Hy to be
tested, then the probability of making a correct decision is equal to
L(). If the true parameter point 6 is not consistent with the hypoth-
esis H,, the probability of making a correct decision is equal to
1 — L(). Clearly, an OC function is considered more favorable the
higher the value of L(f) for 8 consistent with Hy and the lower the
value of L(8) for 8 not consistent with H,.

2.2.2 The Average (Expected) Sample Number (ASN) Function of
a Sequential Test

We have pointed out before that the number of observations re-
quired by a sequential test is not predetermined, but is a random vari-
able, because at any stage of the experiment the decision to terminate
the process depends on the results of the observations made so far.
For example, for the particular sequential test discussed in the pre-
ceding section, the number of observations required by the test may
be anything from 1 to ng. If no defects are found during the sampling
process, we shall make ng observations. On the other hand, if the
first m — 1 units inspected are non-defective and the mth unit is de-
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fective for some value m < mq, then the total number of observations
made will be equal to m.

We shall denote by n the number of observations required by the
sequential test. Then 7 is a random variable. Carrying out the same
sequential test procedure repeatedly, we shall obtain, in general, dif-
ferent values for n. Of particular interest is the expected value of n
(the average value of n in the long run, when the same test procedure
is applied repeatedly). For any given test procedure the expected
value of n depends only on the distribution of z. Since the distribu-
tion of z is determined by the parameter point 6, the expected value
of n depends only on 6. For any given parameter point 6, we shall
denote the expected value of n by Ey(n). If there is only one unknown
parameter 6 the function Ey(n) can be plotted as a curve, 6 being meas-
ured along the horizontal axis and Eg(n) along the vertical axis. We
shall refer to the average sample number function Es(n) briefly as the
ASN function.

As an example, we shall compute the ASN function for the particular
sequential test discussed in the preceding section. For any positive
integral value m < ng, the probability that the test will be terminated
at the mth observation is given by (1 — p)™'p. We shall inspect ng
units if and only if the first ny — 1 units are found non-defective.
Thus, the probability that the test will require exactly ny observations

is equal to (1 — p)™~'. Hence, the expected value of n is given by

no—1
Byn) = ) _mp(l — p)"™ + no(l — p)™!
m=1

The graph of the ASN function will be of the type shown in Fig. 5.

\Ep(n)

F1a. 6

An OC function and an ASN function are associated with each test
procedure. These two functions are perhaps the most important con-
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sequences of a test procedure. The OC function describes how well
the test procedure achieves its objective of making correct decisions,
and the ASN function represents the price we have to pay, in terms
of the number of observations required for the test. Thus, in judging
the relative merits of two different test procedures, we shall compare
the OC and ASN functions of these two tests.

2.3 Principles for the Selection of a Sequential Test

2.3.1 Degree of Preference for Acceptance or Rejection of the Null
Hypothesis H, as a Function of the Parameter 0

In order to set up principles for the selection of a sequential test
it is necessary to investigate the dependence of the preference for re-
jection or acceptance of the null hypothesis Hy on the parameter point
6. Denote by w the set of all those parameter points 6 which are con-
sistent with Hy, i.e., Hy is preciscly the statement that the true pa-
rameter point is included in the set w. For example, if there is only
one unknown parameter § and if H, is the hypothesis that 6 is less
than or equal to a certain particular value 6y, w is the set of all values
0 for which 6 < 6. Since a correct decision is preferred to a wrong
decision, we can say that acceptance of Hy is preferred whenever 6 is
in w, and rejection of Hy is preferred whenever 8 is outside w.

The mere statement of preference for acceptance or rejection of H,
is not yet a sufficient guide for the selection of a proper sequential test.
For this purpose it is necessary to know something about the degree
of preference for acceptance or rejection as a function of the parameter
point 6.

We shall denoteé by @ the set of all parameter points which lie outside
w. A point ¢ will be said to be on the boundary of w, or a boundary
point of w, if any arbitrarily small neighborhood of 8 contains points
of w as well as of @. The totality of all boundary points of  will be
called The boundary of w. If, for example, there is only one unknown
parameter and wis-defified by 6 < 6,, then 6, is the only boundary point
of w. If w is the set of all values 6 for which 8, < 9 < 6;, then both 6,
and 6, are boundary points. If the true parameter point 8 lies in w
but is near the boundary of w, the preference for acceptance of H, will,
in general, be only slight. Similarly, if the true point 6 lies in & but
near the boundary of w, the preference for rejection of Hy will be only
slight. In other words, the rejection of H, is not considered to be a
serious error if § is in w but near the boundary. Similarly, the accept-.
ance of Hj is not considered a serious error if 9 is in @ but near the
boundary of w. If the true point 6 lies exactly on the boundary of ,
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there will be, in general, no definite preference for one or the other
action, ie., it will be indifferent to us whether the hypothesis Hj is
accepted or rejected.

In general, it will be possible to subdivide the totality of all param-
eter points (parameter space) into three mutually exclusive zones: a
zone consisting of all points 6 for which acceptance of Hy is strongly
preferred; a zone consisting of points 6 for which rejection of Hj is
strongly preferred; and a zone consisting of all points § which are not
included in either of the first two zones, i.e., the third zone consists
of all points 8 for which neither acceptance nor rejection of Hy is
strongly preferred. We shall refer to the first zone as the zone of
preference for acceptance, to the second zone as the zone of preference
for rejection, and to the third zone as the zone of indifference. The
zone of preference for acceptance will always be a subset of w and the
zone of preference for rejection will be a subset of @. The zone of in-
difference will usually consist of points of w and & which are near the
boundary or on the boundary of w.

Although the subdivision of the parameter space into three zones as
described above is used as a basis for the selection of a sequential test,
it cannot be considered a statistical problem. Such a subdivision is
made in each case on the basis of practical considerations concerning
the consequences of a wrong decision.

The subdivision of the parameter space into the above-mentioned
three zones gives a somewhat sketchy picture of the degree of pref-
erence for acceptance or rejection as a function of the parameter 6.
A more refined description of the degree of preference for one or the
other action can be given in terms of two functions wy() and w, (),
where wy(6) expresses the relative importance of, i.e., the loss caused
by, the error of accepting Ho when 6 is true, and w, () expresses the
relative importance of the error of rejecting Hy when 4 is true. The
function wy(#) = 0 for any 6 in w, since for such points 6 the accept-
ance of Hy is a correct decision. For any 6 in @, wo(f) will have a
positive value which will, in general, increase with increasing distance
of 6 from the boundary of w. Similarly, w,(6) = 0 for all 6 in @ and
w;(0) > 0 for all 6 in w. Again, w;(6) will, in general, increase with
increasing distance of § from the boundary of w. Our subdivision of
the parameter space into three zones may be interpreted as being
equivalent to choosing the functions we() and w,() as follows:
wp(8) = 0 when 0 is in the zone of preference for acceptance or in the
zone of indifference. For any 6 in the zone of preference for rejection,
wo(f) has a high positive value, say ¢y, indicating that the loss caused
by acceptance is of practical importance. Similarly, w;(6) = 0 for any
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0 in the zone of preference for rejection or in the zone of indifference.
For any 6 in the zone of preference for acceptance, w, (6) has some high
value, say ¢;, indicating that the loss caused by rejection of Hj is of
practical importance. Although a refined description of the depend-
ence of the degree of preference for one or the other action on 8 may
occasionally require the use of continuous functions wy(8) and w;(8),
the step functions implied by the subdivision of the parameter space
into three zones will give a sufficiently good approximation for most
practical purposes. They also have the advantage of great simplicity.
Thus, in what follows we shall assume that the dependence of the
preference for one or the other action on 6 is described by a subdivision
of the parameter space into three zones of the type mentioned above.

As an illustration, we shall discuss briefly a few examples. Consider
first the case in which a lot consisting of a large number of units of a
manufactured product is submitted for acceptance inspection. Assum-
ing that the units are classified in one of the two categories, defective
and non-defective, the preference for acceptance or rejection of the lot
depends only on the proportion p of defectives in the lot, which is
unknown. In this case there is only one unknown parameter § which
is equal to the proportion p of defectives in the lot. It will, in general,
be possible to sclect two values pg and p; (po < p1) such that for any
P = po the rejection of the lot is an error of practical importance, for
any p = p; the acceptance of the lot is considered a wrong decision of
practical importance, whereas for any value p between po and p, there
is no strong preference for cither action. Thus, the zone of indifference
may be defined as the interval from po to p1, the zone of preference for
acceptance as the set consisting of all values p £ po, and the zone of
preference for rejection as the set of all values p = p;.

As a second example, consider the case in which the hardness z of
a certain product varies from unit to unit such that £ may be con-
sidered a normally distributed variable in the population of all units
produced. Suppose that the mean value 8 of z is unknown but that
the standard deviation of z is known. Assume that the most desir-
able value of 6 is 6, and that the product becomes less desirable as
the absolute deviation | 8 — 6, | between the true mean and the most
desirable value 6, becomes greater. Suppose that the problem is to
decide whether the product should be put on the market or not. In
such a case, it will, in general, be possible to find a positive value ¢
such that if | 6 — 6 | < ¢ we prefer to put the product on the market,
and if | 6 — 6 | > ¢ we prefer to withhold the product. For |6 — 6]
= ¢, we are indifferent which action is taken. Thus, the hypothesis
H, may be defined as the hypothesis that | 0 — 6, l < ¢. We shall not
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define the zone of indifference by the equation | 6 — 6 I = ¢, since if
| 6 — 6 | differs only slightly from ¢, the preference for one action over
the other is only slight and of no practical importance. However, it will
be possible to find a positive value A such that, if |6 — 6o | <c— A
we strongly prefer to accept I, (to put the product on the market)
and, if | 0 — 6y ] > ¢ + A, we strongly prefer to reject Hy (not to put
the product on the market) whereas, if ¢ — A < |8 — 6| < ¢ + 4,
no strong preference is given to either action. Thus, the zone of indif-
ference may be defined by the inequality ¢ — A = l 6 — 6 ! S c+ A
the zone of preference for acceptance by |8 — 6y | < ¢ — A, and the
zone of preference for rejection by l 6 — 6y | >c+ A

In each of the previous two examples there was only one unknown
parameter.  We shall now consider an cxample where there are two
unknown parameters. Suppose that a lot consisting of a large num-
ber of units of a manufactured product is submitted for acceptance
inspection. Assume that the characteristic of the product in which
we are interested is the resistance to pressure, which is a measurable
quantity . It is assumed that z varies from unit to unit in the lot
and has a normal distribution with unknown mean x and unknown
standard deviation ¢. Let L be a value such that acceptance of the
lot is strongly preferred if the proportion of units in the lot with
resistance £ < L does not exceed .01, rejection of the lot is strongly

o
Zone of preference
for rejection 0
cce‘*a“ce
0 L e

Fia. 6

preferred if the proportion of units in the lot for which z < L exceeds
.05, and no strong preference exists for either action if the proportion
of units in the lot with z < L lies between .01 and .05. The propor-
tion of units with z < L is greater than or equal to .05 if, and only if,
(u — L)/o < )\, and the proportion of such units is < .01 if, and only
if, (u = L)/o = A2 (\; < X2). The values \; and \; can be obtained
from a table of the normal distribution. Thus the zone of preference
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for rejection is given by the set of all values p and ¢ for which
(u — L)/o = N\, the zone of preference for acceptance is -given by
(s — L)/o = Ny, and the zone of indifference is given by Ay < (u — L) /o
< 2. These three zones are represented in Fig. 6, where u is measured
along the horizontal axis and o along the vertical axis. The zone of
indifference is bounded by two straight lines which go through the
point L on the abscissa axis and have slopes 1/\; and 1/),, respectively.

2.3.2 Requirements Imposed on the OC Function

Suppose that the hypothesis Hp to be tested states that the true
parameter point 6 lies in a given set w of parameter points. Then we
wish to make the probability of accepting Hy as high as possible when
g lies in w, and as low as possible when 8 is outside w. Since the prob-
ability of accepting Hy is by definition equal to the OC function L(6),
an OC function is considered more desirable the higher the value of
L(9) for any 6 in w and the lower the value of L(6) for any 6 outside w.
An ideal OC function would be given by a function L(6) such that
L{®) = 1 for any 0 in w and L(f) = 0 for any 6 outside w. Suppose,
for example, that there is only one unknown parameter 6 and the
hypothesis to be tested is the statement that 6 < 6,. Then, an ideal
OC function, as shown in Fig. 7, would be given by a function L()
such that L(®) = 1 for 6 < 6y and L(6) = 0 for 6 > 6,.

L)
Example of an ideal
0C function
1
0 6, []
Fia. 7

The ideal form of the OC function can never be achieved on the
basis of incomplete information about 8 supplied by a random sample
drawn from the population, but it can be approached arbitrarily closely’
if we are willing to take a sufficiently large sample.

The nearer the OC function is to the ideal function and the smaller
the expected number of observations required, the more desirable is
the sequential test. These two desirable features of a test are some-
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what in conflict, since the closer we approach the ideal form of the
OC function, the larger, in general, will be the number of observations
required by the test. To achieve a compromise between these two
conflicting desiderata, we may proceed as follows. First we formulate
requirements concerning the closeness of the OC function to the ideal
function and then consider only tests which satisfy these requirements.
From these tests we try to select one for which the expected number
of observations required by the test is as small as possible. To impose
the desired conditions on the OC function first and then to minimize
with respeet to the expected number of observations does not seem to
be an unreasonable procedure, since the OC function is perhaps of
primary importance.

To formulate requirements on the OC function, we shall make use
of the subdivision of the parameter space into the three zones discussed
in the preceding section. Since in the zone of indifference there is no
strong prefercnce for one or the other action, we shall not impose any
conditions on the behavior of L(f) within the zone of indifference. In
the zones of preference for acceptance and rejection the requirements
on the OC function may reasonably be stated as follows. For any 6
in the zone of preference for acceptance the probability of rejecting
the hypothesis Hy, i.e., the value of 1 — L(8), should be less than or
equal to a preassigned value «, and for any 6 in the zone of preference

' for rejection the probability of accepting Hy, i.e., the value of L(9),
+ should be less than or equal to a preassigned value B.

We can summarize the requirements imposed on the OC function
as follows. First the parameter space is subdivided into three mutually
exclusive zones: a zone of preference for acceptance, a zone of prefer-
ence for rejection, and a zone of indifference. Then two positive values
a and B, both < 1, are selected. The requirements imposed on the
OC function are then given by the two following conditions:

(2:1) 1 — L(6) = a for any 6 in the zone of preference for acceptance
(2:2) L(6) < B for any 9 in the zone of freference for rejection *
Condition (2:1) can also be written as

(2:3) L) = 1 — o for any 6 in the zone of preference for acceptance

The subdivision of the parameter space into three zones, as well as
the choice of the values a and 8, is to be made on the basis of
practical considerations in each particular case. We shall say that a
sequential test is admissible if it satisfies the requirements (2:2)
and (2:3).
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A typical OC function satisfying the conditions (2:2) and (2:3) is
shown in Fig. 8, where there is only one unknown parameter 6 and the
zone of preference for acceptance is defined by 8 < 6, and the zone of
preference for rejection is defined by 6 = 6;. (6o < 6;.)

L® |

l-a{
B{

[} 6 6 0
Fia. 8

2.3.3 The ASN Function as a Basis for the Selection of a Sequen-

tial Test -

After the parameter space has been subdivided into three zones and
the quantities & and B have been chosen, we consider only tests which
are admissible, i.e., tests which satisfy the conditions (2:2) and (2:3).
Clearly, we wish to select a sequential test for which the expected value
of the number of observations required by the test is as small as pos-
sible. This expected value Ey(n) depends, as we have seen in Section
2.2.2, on the parameter point 6. In section 2.2.2 we referred to the
function Ep(n) as the ASN function of the test.

The expected value Eg(n) of the number of observations to be made
depends, of course, also on the particular sequential test used. To put
this dependence in evidence, we shall occasionally use the symbol
Ey(n | S) to denote the value Eyg(n) when the sequential test S is applied.

It is of particular interest to consider for any particular 6 the mini-
mum 2 value of Eg(n | S) with respect to S where S may be any admis-
sible sequential test. This minimum value, in symbols N{gin Ey(n I S),

depends only on 8. Clearly, for any admissible sequential test S’ we

have
Ep(n|8’) = Min Eg(n | S)
8

If an admissible sequential test S, exists for which the expected value
of the number of observations is minimized for all 9, i.e., for which

2 If the minimum value does not exist, we can take the greatest lower bound with
respect to S.



k73 SEQUENTIAL TEST OF A STATISTICAL HYPOTHESLS
Eg(n | So) = Min Ey(n|S) for all 6, then Sy may be regarded as a
8

“uniformly best” test. In general, however, no uniformly best test
exists? i.e., it will not be possible to minimize the expected value of
the required number of observations simultaneously for all 6. Thus,
in such cases some compromise principle is to be adopted for the selec-
tion of a sequential test. We do not propose to enter into a discussion
of the various possible compromise principles that could be advanced,
since the various possibilities have not yet been fully investigated.
However, for the particular, but theoretically very interesting, case
when a simple hypothesis is tested against a single alternative, the
situation has been clarified and we shall discuss it in some detail in
the next section.

2.4 The Case When a Simple Hypothesis H, Is Tested against a
Single Alternative H;

2.4.1 Efficiency of a Sequential Test

We shall consider only two values of the parameter 6, say 8o and 6;.
Let H, be the hypothesis that 8 = 6, and let H; denote the hypothesis
that 8§ = 6;. We shall refer to Hy as the null hypothesis and to H; as
the alternative hypothesis. With any sequential test of the hypothesis
H, against the alternative hypothesis H; there will be associated two
numbers « and 8 between 0 and 1 such that if Hy is true the prob-
ability is a that we shall commit an error of the first kind (we shall
reject Hp), and if H; is true the probability is 8 that we shall commit
an error of the second kind (we shall accept Hp). Two sequential tests
S and & will be said to be of equal strength if the values « and 8
associated with S are equal to the corresponding values o’ and g’ as-
sociated with 8. Ifa <o’ and B <@, orif a £ o’ and 8 < B, we
shall say that S is stronger than S’ (S’ is weaker than S). If a < o’
and B8 > B, or if @ > o/ and 8 < B/, we shall say that the strength of
S is not comparable to that of S'.

Restricting ourselves to sequential tests of a given strength (e, 8),
a test may be regarded as more desirable the smaller the expected
number of observations required by the test. If S and S’ are two
sequential tests of equal strength such that Eg,(n | S) < Eg,(n | S") and
Ey(n|S) < Ep(n|8), or Eg(n|S) < Eg(n|8) and Ey(n | 8) <
By, (n| 8'), the test S will be considered preferable to §'. If a test
S, exists such that Ey,(n | So) < Eg,(n|S) and Eg,(n|So) S Ep,(n]S)

3 The situation here is similar to that in the Neyman-Pearson theory of testing
hypotheses, where uniformly most powerful tests exist only in exceptional cases.
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for all tests S of strength equal to that of Sy, we shall say that S; is an
optimum test.

We shall denote by no(e, 8) the minimum value of Eg(n|S) with
respect t(‘; S] and by 7n,(a, 8) the minimum value of Ey (n | S) with
respect to S, where S may be any sequential test of strength (a, 8).*
Then for any sequential test S of strength («, 8) we have Eg (n |8S) =
no(a, B) and Ep(n|S) = ni(a, B). A sequential test S of strength
(o, B) is an optimum test if Eo,(n|8) = nole, B) and Ep (n lS) =
ni(a, B). The existence of an optimum test has not been proved.
However, it will be shown in Section A.7 of the Appendix that for the
so-called sequential probability ratio test Sp of strength (e, 8), defined
in Chapter 3, the ratios

Egy(n | So) Ey,(n | So)
== and —W——
no (a, B) ny (a: B)

can exceed 1 only by very small quantities which can be neglected for
practical purposes. Thus, for all practical purposes, the sequential
probability ratio test may be regarded as an optimum test.® In Sec-
tion A.7 it is also shown that the ratios (2:4) converge to 1 as 6, ap-
proaches 6.

We shall define the efficiency of a sequential test S of strength (a, 8)
nO(a) B) ™ (a; ﬁ) '
Eg,(n|8) Ep,(n|8)
true. Clearly, the cfficiency of a sequential test under Ho, as well as
under H;, lies always between 0 and 1. The greater the efficiency of
a sequential test of a given strength the more desirable it is. An opti-
mum test has the efficiency 1 under Hy, as well as under H;. The se-
quential probability ratio test for testing Hy against H, is shown in
Section A.7 to have an efficiency, if not exactly, very nearly equal to 1
under H, as well as under H;. As mentioned before, in Section A.7
it is shown that the efficiency of the sequential probability ratio test
approaches 1 under H, as well as under H;, when 6, approaches 6.

(2:4)

by the ratio when H, is true, and by when H, is

~2.42 Efficiency of the Current Test Procedure, Viewed as a Par-
ticular Case of a Sequential Test

The current test procedure may be regarded as a particular case of

a sequential test. In fact, if N denotes the fixed number of observa-

tions used in the current procedure and if Wy denotes the critical region,

4If the minimum value with respect to S does not exist, we take the greatest
lower bound.

8 The author conjectures that the sequential probability ratio test is exactly an
optimum test, but he did not succeed in proving this.
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i.e., Wy is the totality of all those samples of size N for which the
hypothesis under test is rejected, then the current procedure may be
regarded as a sequential test defined as follows. For all positive inte-
gral values m < N, the regions R,.°, R,! are the empty subsets of the
m~dimensional sample space M, and R,, = M,,. Form = N, Ry! is
equal to Wy, Ry° is equal to the totality of all samples of size N not
contained in Ry!, and Ry is the empty set. Thus, for the current test
procedure we have Eg (n) = Eg,(n) = N.

It will be shown later that the efficiency of the current test for test-
ing H, against H;, based on the most powerful critical region, is rather
low. Frequently it is below 4. In other words, an optimum sequen-
tial test can attain the same a and 8 as the current most powerful test
on the basis of an expected number of observations much smaller than
the fixed number of observations needed for the current most powerful
test.

In Chapter 3 a simple sequential test procedure for testing Hy against
H, will be proposed. It is called the sequential probability ratio test,
which for practical purposes can be regarded as an optimum sequential
test. It will be seen that these sequential tests usually lead to average
savings of about 50 per cent in the number of trials as compared with
the current most powerful test.



Chapter 3. THE SEQUENTIAL PROBABILITY RATIO TEST
FOR TESTING A SIMPLE HYPOTHESIS H, AGAINST A SINGLE
' ALTERNATIVE H,

3.1 Definition of the Sequential Probability Ratio Test

Let f(z, 6) dcnote the distribution of the random variable z under
consideration.! Let H, be the hypothesis that 6 = 6, and H,; the hy-
pothesis that 8 = 6;. Thus, the distribution of z is given by f(z, 6o)
when H, is true, and by f(z, 6;) when H, is true. We shall denote the
successive observations on z by z;, s, -+, etc.

As mentioned before, we consider only two cases: (1) z admits a
probability density function; (2) « has a discrete distribution. It is
our intention to cover both cases simultaneously. However, the diffi-
culty arises that some statements will have to be formulated slightly
differently, depending on whether x admits a density function or z has
a discrete distribution. This difference in formulation is caused mostly
by the fact that “probability density’ in the continuous case is to be
replaced by “probability” in the discrete case. For the sake of brevity,
we shall occasionally use the word “probability” to mean ‘“‘probability
density” in the continuous case, if this can be done without danger of
confusion. With this understanding it will frequently be possible to
cover the discrete, as well as the continuous, case with a single statement.

For any positive integral value m the probability that a sample
x4, * -+, Tn is obtained is given by

Pim = f(x1,601) - - f(Xm, 61)
when H, is true, and by

Pom = f(x1, 00) - - f(@m, b0)
when H, is true.

The sequential probability ratio test for testing Hy against H is
defined as follows: Two positive constants A and B (B < 4) are chosen.
At each stage of the experiment (at the mth trial for any integral
value m), the probability ratio pim/pom is computed. If
3:1) B<Pm <4 \

Pom

1f(z, 6) denotes the probability density function of z, if a density function exists.
If z has a discrete distribution, f(z, 6) denotes the probability that the random
variable under consideration takes the value z.

37
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the experiment is continued by taking an additional observation. If

3:2) Pim 5 4

DPom
the process 18 terminated with the rejection of Hy (acceptance of H;).

If
P,rn'\/ \plm %/
3:3 te B
@3) Q”\\m Fowm, § / Slf/

the process is terminated with the acceptance of Hy.2

The constants A and B are to be determined so that the test will
have the prescribed strength (e, 8). The relations among the quan-
tities «, 8, A, and B will be discussed in the next section.

For purposes of practical computation, it is much more convenient
to compute the logarithm of the ratio pym/pom than the ratio pym/pPom
itself. The reason for this is that log (p1m/Pom) can be written as the
sum of m terms, i.e.,

m , 0 s 0
(3:4) log _29_1_ _ f(l'l 1) 4ot o f(x 1)
' Pom f (Il, 6o) f (Tm, 60)
We shall denote the 7th term in this sum by z; i.e.,
f(xl'y 01)
3:5) z; = log
( f(xi) 00)

The test procedure is carried out as follows, the quantities z; (z =
1,2, --.) being used: At cach stage of the experiment (at the mth trial
for each integral value of m), the cumulative sum z; + - - - + 2,, is com-

puted. If

(3:6) logB<z+-++2,<logd

the experiment is continued by taking an additional observation. If
2+t 2, 2logd

the process is terminated with the rejection of Hy. If
s +--+2,SlogB

the process is terminated with the acceptance of H.

2 If for a particular sample pim = pom = 0, we shall define the value of the ratio
Pim/Pom @8 1. If for some sample (2, - -+, m) we have pim > O but pom =0
inequality (3:2) is considered fulfilled and Hy is rejected.
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A few simple illustrations will help to make the procedure more con-
crete. Suppose that the random variable z can take only two values,
0 and 1. We shall denote the probability that z = 1 by p, the value
of which is assumed to be unknown. Thus, p is the unknown param-
eter of the distribution. The distribution of z is given by the function
f(z, p) which is defined only for two values of z, namely z = 0 and
r=1 f({,p) =pand f(0,p) =1 —p. Let Hy be the hypothesis
that p = po and H; the hypothesis that p = p; (p1 # po). Then

J(@sy p1) D1,
z; = log =log—ifz; =1
J(@s, po) Po
1 —
=log— iz, =0
1 —po
Hence,
1 —
37 2 +---+z,,.=m*log?—l—+(m—m*)log P
Po 1 —po

where m* denotes the number of ones in the sequence of the first m
observations. We accept Hy if

1 —
m* log 21 + (m — m*) log b1 < logB
Po 1 —po
We reject Hg (accept H;) if
1 -
m¥* logz)i + (m — m*) log Lt 2log4d
Po — Do

We continue the experiment by taking an additional observation if

1 —
log B < m* logﬂ + (m — m*) log P
Po 1 —po

<log4

‘The expression (3:7) can, of course, be obtained cumulatively. If an
observation is a one, the constant log (p:/po) is added to the preceding
value of (3:7) to obtain the new value. If the observation is a zero,
the constant log (1 — p1)/(1 — po) is added.

As a second example, consider the problem of testing a hypothesis
about the mean of a normal distribution. Let z be a normally dis-
tributed random variable with unknown mean 6 and unit variance.
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Let H, be the hypothesis that 8 = 6, and H, the hypothesis that
0 = 6,. Then

1 2
= — Ya(@—00)
f(x; bo) \/g; €
and
1@, ) = —— o H0*
’ V2r
Hence, P | .
Xi, 0
z; = ng(x 01) = (0; — fo)z; + 2 (6% — 6,%)
Yo
and o
m m
108:%‘ =zt tom= (01— 00)2»%’ + 3 (60> — 61%)
om 1=1
If

m

m
(81 - 00) XT; + *2' (002 - 012) = log A
1

the process is terminated with the rejection of Hy. If

m
6, — ) ) i+ 3 (862 — 6,%) < log B
1

the process is terfninated with the acceptance of Hy. If

“ m
log B < (01 -— 00) r: + '5 (002 —_ 012) < log A
T

the experiment is continued by taking an additional observation.
Again, log (pim/Pom) can be computed cumulatively if after each ob-
servation z; we compute (6; — 0p)z; + ¥4 (6> — 6,2) and add it to the
preceding value of log (p1m/Pom)- .

8.2 Fundamental Relations among the Quantities a, B, 4, and B

In this section we shall derive certain inequalities satisfied by the
quantities «, 8, A, and B which will provide the basis for determining
the constants A and B in the sequential probability ratio test.

We shall say a sample (zy, * -+, z,) is of type 0 if

B<212=f(1‘1,91) f(xm’el)<Aform=1,---,n—-l
Pom Sz, 60) -+ * f(ZTm, 60)

and

P p

Pon
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Similarly, we shall say a sample (z;, * -+, Z,) is of type 1 if

Pim _ J(x1,61) -+ f(xm, 61)

Pom  f(x1,60) + - - f(xm, 60)
Pr s 4
DPon

Thus, a sample of type 0 leads to the acceptance of Hy and a sample

of type 1 leads to the acceptance of H; (rejection of Hy).

Clearly, for any given sample (24, - - , z,,) of type 1 the probability
of obtaining such a sample is at least A times as large under hypothesis
H, as under hypothesis Hy. Thus, the probability measure of the
totality of all samples of type 1 is also at least A times as large under
H, asunder Hy. The probability measure of the totality of all samples
of type 1 is the same as the probability that the sequential process will
terminate with the acceptance of H, (rejection of Hy). But the latter
probability is equal to « when H, is true and to 1 — 8 when H, is
true? Thus, we obtain the inequality

B <

and

<Aform=1,---,n-—1‘s

(3:8) 1 —-82Aa
This inequality can be written as
1 —
3:9) A= i
a

Thus, (1 — B)/a is an upper limit for A.

A lower limit for B can be derived in a similar way. In fact, for
any given sample (zy, - - -, Z,) of type 0 the probability of obtaining
such a sample under H; is at most B times as large as the probability
of obtaining such a sample when Hj is true. Thus, also the probability
of accepting Hy is at most B times as large when H, is true as when
H, is true. Since the probability of accepting Hy is 1 — a when Hy
is true and B8 when H, is true, we obtain the inequality

(3:10) B=(1—a)B

This inequality can be written as

(3:11) B = i
l—-a

Thus, 8/(1 — «) is a lower limit for B.

3 The probability that Ho will be accepted when H, is true is by definition equal
toB. Section A.1 of the Appendix shows that the probability is one that the sequen-
tial process will eventually terminate. Thus, the probability that Ho will be rejected
when H is true must be equal to 1 — 8.
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Inequalities (3:8) and (3:10) can also be written as

(3:12) « 1
' 1-8" A
and
(3:13) 8 =B
l1—a

These inequalities are of considerable value in practical applications,
since they furnish upper limits for o and 8 for given values of A and
B. For example, it follows from these inequalities that

1

. <

(3:14) a =< I
and

(3:15) BB

It may be of interest to represent graphically the totality of all
pairs (o, 8) which satisfy the inequalities (3:12) and (3:13). Any pair

(a, B) can be represented by a point in the plane with abscissa « and
ordinate 8. Consider the straight lines L; and Ly in the plane given
by the equations ‘

(3:16) ad=1-8
and
(3:17) B8 =B(1 —a)

respectively. The line L; intersects the abscissa axis at o = (1/4)
and the ordinate axis at 8 = 1. Similarly, the line L, intersects the
abscissa axis at @ = 1 and the ordinate axis at 8 = B. The region
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consisting of all points («, 8) which satisfy the inequalities (3:12) and
(3:13) is the interior and the boundary of the quadrilateral determined
by the lines L;, L;, and the coordinate axes. This region is shown by
the shaded area in Fig. 9.

The inequalities (3:12) and (3:13) have been derived under the as-
sumption that the successive observations zj, z, - -+, etc., are inde-
pendent observations on z. The assumption of the independence of
the observations has been used in showing that the probability is one
that the sequential process will eventually terminate.t The rest of the
derivation, however, remains valid also when the successive observa-
tions are dependent, i.e., when the conditional distribution of the ith
observation z; is affected by the outcome of the preceding observations

Z1, *+++, ;1. If the successive observations are not independent, the
probability that a sample (z;, - -+, z,,) will be obtained, i.e., the joint
distribution of (zy, +*:,zm), is no longer given by the product

S(z1,0)f(z2,0) - - - f(zm, §), but by a more general function p,,(xy, « « +, Tm).
Thus, in dealing with dependent observations, the null hypoth-
esis Ho will be the statement that the distribution of the sample

(z1, **+, zm) is given by some function pon(z1, -+, Tnm), and the alter-
native hypothesis H; will be the statement that this distribution is
given by some other function py,(xy, - - -, z,,). We can construct the

sequential probability ratio test for testing H, against H, in the same
way as for independent observations. That is to say, we select two
constants A and B (B < A) and continue taking observations as long

as B <P @) 4y gt time that the probability

pOm(xly ) 2:m)
ratio pim/pom = 4 or < B, we terminate the sequential process. H,

is accepted if py1m/Pom = B and H; is accepted if pym/pom = A. The
fundamental inequalities (3:12) and (3:13) remain valid for such a test
procedure in spite of the dependence of the successive observations,
provided that the probability is one that the procedure will eventually
terminate. It can be shown that for a very general class of joint dis-
tributions pom, (21, * -+, 2m) and pyn(2y, * -+, ) the probability is one
that the procedure will eventually terminate. Thus, the validity of
the inequalities (3:12) and (3:13) is by no means restricted to the case
of independent observations. They are generally valid also for de-
pendent observations.

A simple case of dependent observations arises when we sample from
a finite population. Suppose, for example, that a lot consisting of N
units of a manufactured product is submitted for acceptance inspection.

¢ See Section A.1 in the Appendix.
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Let D be the number of defectives in the lot, which is assumed to be
unknown. To each defective unit we assign the value 1 and to each
non-defective unit the value 0. Then the distribution of a single ob-
servation x is given by f(z, p) where f(1, p) = p, f0,p) =1 — p, and
p = D/N. The successive observations are, however, not independ-
ent. For example, if z; = 1, the distribution of z; is given by

f(xz,g—:—;>, while if z; = 0, the distribution of z, is given by

f (:cz, N—e—i> . If we denote by d; the number of defectives (the num-

ber of ones) in the set of the first ¢ observations z;, - -+, z;, the joint
distribution of (zy, - -, ) is given by 5
(3:18)

=1 ) (o D) (o =) (o mt)
Pn=/ xl;ﬁ / Iz;ﬁ f xa;m' / xm’N—m-}-l

Suppose that the hypothesis Hy is that D is equal to some specified
value Dy, and I, is the hypothesis that D is equal to some value D,
(D1 > Dg). Then the distribution of (zy, - - -, z,,) under Hy is given by

o0 s B ) o P
. Pom = xer x?rN_l xm’N—m-}-l

and the dib:tribution under H,; by

(3:20) f( Dl)f( D, - dl) f( D, - dm—l)
: m: ’—— x, .o m,-——“
P N "N -1 N —mt1

The sequential probability ratio test for testing I, against H, is based
on the ratio pim/pom. Inspection continues as long as B < pim/Dom
< A. The lot is accepted if p1n/Pom < B and the lot is rejected if
Pim/Pom = A. The fundamental inequalities (3:12) and (3:13) remain
valid for this test procedure in spite of the dependence of the obser-
vations.

3.3 Determination of the Constants A and B in Practice

Suppose that we wish to have a test procedure of strength (a, 8).
Then our problem is to determine the constants A and B such that
the resulting test will have the desired strength (a, 8). Let us denote
by A(e, 8) and B(a, 8) the values of A and B, respectively, for which
the test has the required strength (a, 8). The exact determination of

8 This formula is valid as long as dm—1 < D.
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the values A(a, 8) and B(q, f) is usually very laborious.® However,
the fundamental inequalities derived in the preceding section permit
an approximate determination of A and B which will suffice for most
practical purposes. From (3:9) and (3:11) it follows that

1 —
3:21) Ao ) s ——2
and

B
(3:22) Be,8) 2 ——

We shall propose to put 4 = (1 — 8)/a = a(a, B), say, and B =
B/(1 — a) = b(a, B), say, and we shall investigate the consequences
of this determination of A and B. From (3:21) and (3:22) it follows
that the value a(e, 8) chosen for A is greater than or equal to the
exact value A (e, 8), and the value b(a, 8) chosen for B is less than or
equal to the exact value B(a, 8). Then, letting A = a(e, 8) instead
of A(a, 8) and B = b(e, B) instead of B(e, B) will, in general, change
the probabilities of errors of the first and second kinds. If A were
put equal to a value greater than A (e, 8), and if B were put equal
to B(a, 8), then the resulting probability of an error of the first kind
would be less than «, but the probability of an error of the second kind
would be slightly larger than 8. Similarly, if we were to use the exact
value A(a, B) for 4, but a value B below the exact value B(q, 8), the
resulting probability of an error of the second kind would be less than
8, and the probability of an error of the first kind would be slightly
greater than a. Thus, if a value A is used which is higher than the
exact value A(a, 8) and a value B is used which is lower than the
exact value B(a, 8), it is not clear what the resulting effect on the
probabilities of errors of the first and second kinds will be. Let us
denote by o and 8’ the resulting probabilities of errors of the first and
second kinds when 4 = a(e, 8) and B = b(e, 8). From (3:12) and
(3:13) it follows that

3:23) o < 1 __«
1 - ﬁ’ a(a: ﬁ) 1-8
and
(3:24) b < b ) = L
—a l—«a

¢ The results in Section A.4 of the Appendix can be used for deriving arbitrarily
close approximations to the values A(a, 8) and B(a, B).
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From these inequalities it follows that

a
. ' <
(3:25) o = 15
and
B
. ' <
(3:26) g = -

Multiplying (3:23) by (1 — B)(1 — B8’) and (3:24) by (1 — a)(1 — &)
and adding the two resulting inequalities, we obtain

(3:27) od+p =a+p

Inequalities (3:25), (3:26), and (3:27) give valuable upper limits for
o and @. The values a and 8 will usually be small in practical appli-
cations. Most frequently they will lie in the range from .01 to .05.
Thus, /(1 — B8) and /(1 — a) will be very nearly equal to o and 8,
respectively. It follows then from (3:25) and (3:26) that the amount
by which o’ may exceed @, or 8’ may exceed B is very small and can
be neglected for all practical purposes. Moreover, (3:27) shows that
at least one of the inequalitics o/ < « and ' < 8 must hold exactly.
In other words, by using a(e, 8) and b(«, 8) instead of A(e, 8) and
B(a, B), respectively, at most one of the probabilities « and 8 may be
increased. .

Thus, we may conclude: The use of a(e, B) and b(a, B) instead of
A(a, B) and B(a, B), respectively, cannot result in any appreciable in-
crease in the value of either a or B. In other words, for all practical pur-
poses the test corresponding to A = a(e, B) and B = b(a, B) provides at
least the same protection against wrong decisions as the test corresponding
to A = A(e, 8) and B = B(e, B).

Our discussion so far leaves still open the possibility that the use
of a(a, B) and b(a, 8) instead of A(a, 8) and B(e, (), respectively, may
result in an appreciable decrease of , or 8, or both. If this were so,
it would mean only that the test corresponding to 4 = a(e, 8) and
B = b(a, 8) would provide a better protection against wrong decisions
than the test corresponding to 4 = A(a, 8) and B = B(a, f). Thus,
the only disadvantage that may arise from using a(a, 8) and b(e, B)
instead of A(a, 8) and B(a, B), respectively, is that it may result in
an appreciable increase in the number of observations required by the
test. In fact, since a(e, 8) = A(e, B) and b(e, B) < B(a, 8), the num-
ber of observations required by the test corresponding to A = a(e, B)
and B = b(e, 8) can never be smaller than the number of observations
required by the test corresponding to A = A(e, 8) and B = B(a, B).
Thus, if the increase in the necessary number of observations caused
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by the use of a(a, 8) and b(e, 8) instead of A(e, 8) and B(a, 8) can
be shown to be only slight and of no practical consequence, the test
corresponding to A = a(a, 8) and B = b(a, B) serves the purpose just
as well, and the determination of the exact values 4(«, 8) and B(e, 8)
is of little interest.

We shall now indicate the reasons why the increase in the necessary
number of observations caused by the use of a(a, 8) and b(e, 8) instead
of the exact values A(a, 8) and B(a, 8) will generally be only slight.’
The reason that (3:21) and (3:22) are incqualities instead of equalities
is that the sequential process may terminate with pim/pom > 4 or
Prm/Dom < B. If at the final stage pim/pom Were exactly equal to 4
or B, then A(a, 8) and B(a, 8) would be exactly. equal to (1 — 8)/a
and 8/(1 — a), respectively. On the other hand, a possible excess of
D1im/Pom over the boundaries 4 and B at the termination of the test
procedure is caused only by the discontinuity of the number of obser-
vations, i.e., by the fact that the number of observations can take only
integral values. Thus, if fractional observations were possible, i.e., if
the number m of observations were a continuous variable, Pim/Pom
would also be a continuous function of m and consequently A(a, 8)
and B(a, 8) would be exactly equal to a(a, 8) and b(e, 8), respectively.
That the increase in the necessary number of trials caused by the use
of a(e, B) and b(e, 8) will generally be slight is strongly indicated by
the fact that the discrepancy between A(e, 8) and a(e, 8), as well as
that between B(a, 8) and b(e, 8), arises only from the discontinuity
of the number of observations. In Section 3.9 we give upper estimates
of the increase in the expected number of trials caused by the use of
1(e, B) and b(e, 8). Numerical computations given in that section
show that the increase is slight. It may be added that the nearer the
listribution f(z, 6,) is to the distribution f(z, f,) the smaller will be this
ncrease in the expected number of trials. The reason for this is that
'he nearer f(z, 8;) is to f(z, 6p), the smaller the expected excess of
D1m/Dom OVer the boundaries A and B and, therefore, also the smaller
’he discrepancy between A (e, 8) and a(e, 8) as well as that between
B(a, 8) and b(a, B). If f(x, 0,) approaches f(z,8;) the exact values
4(a, 8) and B(e, 8) converge to a(e, ) and b(a, B), respectively.

Hence, if experimentation is not excessively costly, for all practical
urposes the following procedure may be adopted: If a sequential test
8 desired such that the probability of an error of the first kind does not
wceed a, and the probability of an error of the second kind does not exceed
hout A = (1 — B8)/a and B = 8/(1 — o) and carry out the sequential
wobability ratio test as defined by the inegqualities (3:1), (3:2), and (3:3).

7 For & more complete discussion see Section 3.9,
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The fact that for practical purposes we may put 4 = a(a, 8) and
B = b(a, B) brings out a surprising feature of the sequential test as
compared with current tests. Whereas current tests cannot be carried
out without finding the probability distribution of the statistic on
which the test is based, there are no distribution problems in carrying
-out a sequential test. In fact, a(a, ) and b(e, 8) depend on a and B8
only, and the ratio pim/Pom can be calculated from the data of the
problem without solving any distribution problems. Distribution
problems arise in connection with the sequential process only if it is
desired to find the probability distribution of the number of trials
necessary for reachinig a final decision, But this is of secondary im-
portance as long as we know that the sequential test on the average
leads to a saving in the number of observations.

3.4 The OC Function of the Sequential Probability Ratio Test ®

Since the sequential probability ratio test for testing the hypothesis
H, against the hypothesis H; will be applied to problems when the
parameter 9 can take values # 6p and 6, it is of interest to derive
the whole operating characteristic function L(6) of the test. For con-
venience, we shall treat the case of a single unknown parameter 6 in
this section and in Section 3.5. The results can be extended without
difficulty to any number of parameters. In Section 2.2.1, L(f) has
been defined as the probability that the sequential process will termi-
nate with the acceptance of Hy when 6 is the true value of the param-
eter. In this section we shall indicate the derivation of an approxi-
mation formula for L(), neglecting the excess of pim/pom Over the
boundaries A and B at the termination of the process. A rigorous
derivation (using a different method) together with upper and lower
limits for the OC function will be given in Section A.2.3 of the Appendix.

Consider the expression

(3:28)

[f(z, 6,) ]hw)
(@, 6o)

. For each value 6, the value of 2(6) is determined so that h(6) = 0
and the expected value of the expression (3:28) is equal to 1, i.e.,

. te f(x, 01) h® -
(3:29a) J:-w [f(x, 00)] fz,0de =1

8 As mentioned in the Introduction, the operating characteristic function for the
special case of a binomial distribution was found by Milton Friedman and George
W. Brown independently of each other, and slightly earlier by C. M. Stockman in
England. The derivation of the OC function in the general case is due to the author.
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if f(x, 6) is the probability density function, or

, I h(6)
(3:29b) Z B z 0;;] 1@, 0) =1

if £ has a discrete distribution (the summation is taken over all pos-

sible values of x). It is shown in Scction A.2.1-of the Appendix that

under some slight restriction on the nature of the distribution function

f(z, 8), there exists exactly one value h(9) % 0 such that (3:29) is fulfilled.
Hence, for any given value 6, the function of = given by

h(6)
(3:30) ﬁ@®=rmm]

fa ol T
is a distribution function.
Since k(8) = 0, there arc two possibilities: h(8) > Oor h(8) < 0. We
shall first consider the case when A(6) > 0.
Let H denote the hypothesis that f(z, 8) is the true distribution of
2z and H* the hypothesis that f*(z, §) is the true distribution of z.
Consider the sequential probability ratio test S* for testing H against
H* defined as follows: Continue taking observations as long as
P00 - f G ) _
f(xll 0) e f(xm) 0)
Accept the hypothesis H if
P00 Pam®) _
f@1,8) -+ f(m, 0)
Reject the hypothesis H (accept I7*) if
PEu0) - S D e

(3:31) BMO <

(3:32)

3:33

(. ) f(xly 0) "'f(xmy 0) Bk
Since a0 [ S 6) O
3:34 = !

@38 f(z,0) [f (z, 00)]

and since h(8) > 0, the inequalities (3:31), (3:32), and (3:33) are

equivalent to p ) P
1, 01 o J Ty U1
3:35 B A
@39 S 1, 00) -+ fam O0)

f(xb 01) Ut f(zmy 01).5

3: <
( 36) f(zla 00) ot f(xmy 90)
and
(3:37) f(xly 01) e f(zm’ 81) >

f(@1,00) - f(@m) 00)
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But these inequalities are identical with those defining the sequential
probability ratio test S for testing Ho against Hy, when the constants
A and B are used. Thus, if the test S* leads to the acceptance of H,
the test S leads to the acceptance of Hy, and if S* leads to the rejection
of H, then S also leads to the rejection of Ho. From this, it follows
that the probability of accepting Hy when 8 is true, i.e., the value of
L(6), is the same as the probability that the test S* will lead to the
acceptance of H when f(z, 6) is the true distribution of z.

To calculate the latter probability we shall apply the formulas (3:9)
and (3:11) to the test procedure S*. Denote by o’ the probability that
S8* will lead to the rejection of H when H is true, and by 8’ the prob-
ability that S* leads to the acceptance of H when H* is true. Apply-
ing the formulas (3:9) and (3:11) to the test procedure S* we obtain

(3:38) 40 < 1-——,—"'
[+3
and
(3:39) B'® > b
1—-4d

When the excess over the boundaries at the termination of the proc-
ess is neglected, the equality sign holds in (3:38) and (3:39), that is,?

A
1—4 i- 0
) RO - \ i
(3:40) A - Lo R
d
?;141) B® g’ \ /f) %
- "o T e
From (3:40) and (3:41) we obtain NS %
(3:42) Ui i
: Qs
AMO _ BHO) \ \/Q
Since o’ = 1 — L(8), we get . \- YJ 5 7.
Ah(ﬂ) -1 _’ﬁ
(3:43) L) ~ AH0 _ ph® ™

The case k() < 0 can be treated in a similar way. We obtain the
same result, i.e., the approximation formula (3:43) remains valid also
when A(6) < 0.

¢ The symbol -~ indicates an approximate equality.
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It is interesting to note that h(6y) = 1 and #(6;) = —1. This fol-
lows easily from (3:29b).

As an illustration, we shall determine L(6) for the binomial case when
z can take only the values 0 and 1 and the distribution f(z, 6) is given
as follows: f(1,6) = 6 and f(0,6) = 1 — 0. Then equation (3:29b) can
be written as

0,\M® 1 — 0,\*®
44 6\ — 1—46 =1
o o) e-o(=Y)

To plot the OC function, it is not necessary to solve equation (3:44)
with respect to h(6). We may consider h = h(f) a parameter and solve
(3:44) with respect to 6. Then-we obtain

1 —6,\*
- (=)
1 — 6
B
8o 1 — 6,
If welet A = (1 —f)/aand B = 8/(1 — a), (3:43) can be written as
1 — h
()
a
(=) -G=)
a l—-a
For any arbitrarily chosen value A, the point [, L(6)], computed from
(3:45) and (3:46), will be a point on the OC function. The OC func-
tion can be drawn by plotting a sufficiently large number of points

[6, L(6)] corresponding to various values of h.
A typical OC function for the binomial case is shown in Fig. 10.

(3:45)

(3:46) L) ~

Lo/
1

Fia. 10
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~ We ghall now compute L(0) when z is normally distributed with un-
known mean ¢ and ﬁown variance ¢2. In this case we have

1
~ g =0

f(z,0) = ——\/lz_;e

The quantity h(6) is the non-zero root of the equation

R 50
o 1l g 2 O
(3:47) f ) —— ¢ 2* — dr =1
Zw V270 ¢ (z—00)2

Evaluating the above integral and solving the equation with respect
to h(6), we obtain
0, + 6y — 26

(3:48) h(9) = -

An approximation to the OC function is obtained from (3:43) by sub-
stituting (6, + 6y — 260)/(6, — 6o) for h(6).

3.6 The ASN Function of a Sequential Probability Ratio Test

Let n denote the number of observations required by the test and
let Ey(n) be the expected value of n when 6 is the true value of the
parameter. This expected value Eg(n) is a function of § which we have
called the average sample number function, or briefly the ASN func-
tion. In this section we shall outline the derivation of an approxima-
tion formula for the ASN function, neglecting the excess of pym/Pom
over the boundaries A and B at the termination of the sequential
process. A more complete discussion together with upper and lower
limits for the ASN function is given in Section A.3 of the Appendix.

Let N be an integer sufficiently large to allow the probability that
n = N to be neglected.’® Thus we shall assume that n < N. Then
we can write

(349) =zt --+ev=C(1+ - +2)+ @ny1 +--- F2n)
where

(3:50) 2y = logf(xm 01)

f (.’l?a, 00) )

10 Jt is shown in Section A.3.1 that no error is involved in assuming this, since we
pass to the limit when N approaches «.
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Taking expected values on both sides of (3:49), we obtain
(3:51) NE@z) = E(z1+ -+ 24) + E@zZng1 ++ -+ 2n)
where

6
(3:52) 2 = log 1%

(=, 6o)

Since, for @ > n, the random variable 2, is distributed independently
of n, the expected value of z,41 +-- -+ 2y is equal to the expected
value of (N — n) times the expected value of a single z, i.e.,

(3:53) E(zay1+---+2n) = E(N —n)E(2) = NE(z) — EMm)E(z).
From (3:51) and (3:53) it follows that

(3:54) E@ +--- +2z.) —EMER) =0
Hence )

. B+ 4
(3:55) E(n) = ———————E(z)
if Ez) # 0.

If 6 is the true value of the parameter, then E(n) = Ey(n) by the
definition of the symbol Ey(n). We shall denote by Ep(z) the expected
value E(2) of z when 6 is the true value of the parameter. If the excess
of the probability ratio pim/pom over the boundaries A and B at the
termination of the sequential process is neglected, the random variable
(21 + -+ 2,) can take only the values log A and log B with the
probabilities 1 — L(6) and L(6), respectively. Hence

(3:56)  E(zy+- -+ 2a) ~ L) log B+ fL — L(8)] log 4
From (3:55) and (3:56) we obtain the approximation formula
L®) logB+ [1 — L(®)]log A
Ey(2)

" In the preceding section we have computed explicitly the formula
'L(9) for the binomial and normal case. Thus, to obtain the explicit
formula for Eg¢(n), we need only compute Es(z). In the binomial case,
i.e., when f(z,0) = 0 forz = 1 and f(z,0) = 1 — 0 for z = 0, we have

Iz, 61) f,61) f(o 61)

log = §log——

8ol ~ e T T80 5

(3:57) Ey(n) ~

(3:58) Eo(2) =

6, -
=0log—+ (1 — 61
osoo+( )osl_oo
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In the normal case, i.e., when

1 e— 2_}2 (z—0)2

f(z,6) = Vo

f(.’l?, 91) _ _1_ _ 2 _p2
@) 207 (261 — bo)x + 60 — 6,°]

we have

(3:59) z = log

Hence,

1
(3:60) Eo(2) = 297 [2(61 — 60)6 + 60° — 6,°]

3.6 Saving in the Number of Observations Effected by the Use of
the Sequential Probability Ratio Test instead of the Current
Test Procedure

In this section we shall assume that FHy is the hypothesis that the
random variable z under consideration is normally distributed with
mean 6 and variance unity, while H, is the hypothesis that « is nor-
mally distributed with mean 6, and variance unity. We may assume
without loss of generality that 6, < 6;. We shall compare the ex-
pected number of observations required by the sequential probability
ratio test of strength (e, 8) for testing H, against H; with the fixed
number of observations needed for the current most powerful test to
attain the same strength (o, 8).

We shall denote by #n(a, 8) the fixed number of observations re-
quired by the current test to attain the strength (a, 8). The current
most powerful test procedure for testing H, against H, is carried out
as follows. The hypothesis Hy is accepted if the arithmetic mean & of
the observations z, - -+, 2, (the number n of observations is deter-
mined in advance) is less than or equal to a preassigned constant d,
and H, is rejected (H, is accepted) if T exceeds d. The constant d
and the fixed number n of observations are to be determined so that
the test will have the required strength (o, 8). For any given n and @
the corresponding strength of the test can be determined as follows.
Since # < d is equivalent to the inequality /% (& — 6p) < v/n(d — 6o),
the probability that & < d is the same as the probability that
V(& — 6p) £ v/n(d — 6;). The random variable y = v/n(Z — 6o)
is normally distributed with mean 0 and variance unity if Hy is true.
Thus, the probability that Z < d when H, is true, i.e., the probability
that we shall accept Hy when H) is true, is equal to the probability
that y < v/n(d — 6y). We shall denote by G(t) the probability that
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a normally distributed random variable with mean O and variance
unity will take a value less than ¢, i.e.,

(3:61) G = \/1% ﬁ &7 de

Then the probability that we shall accept Hy when Hj is true is equal
to G[\/n(d — 6o)]. Since the probability that we shall accept Hy when
H, is true is 1 — o by definition, we have

(3:62) GvVnd—-6)]=1—a

To determine the value of 8 corresponding to given n and d, we shall
write the inequality & < d in the equivalent form +/n(Z —6;) =
v/n(d — 6;). By definition, 8 is the probability that we shall accept
H, when H, is true. But the latter probability is the same as the
probability that Z < d, i.e., that v/n(& — 61) £ v/n(d — 6,), when H;
istrue. But when H; is true this probability is equal to G[v/n(d — 6y)].
Thus, we have

(3:63) Glvn@d —0)] =8 -

Hence, to obtain a test of the required strength (e, ), we have to
choose the quantities n and d so that equations (3:62) and (3:63) are
fulfilled. Let Ao be the value for which G(\p) = 1 — « and let A; be
the value for which G(\;) = 8. The values Ao and \; can be obtained
from a table of the normal distribution. Then equations (3:62) and
(3:63) can be written as

(3:64) V'n(d — o) = o
and
(3:65) Vn(d —0) =N
Subtracting equation (3:64) from equation (3:65) we obtain
(3:66) V(o —01) = A — X
Thus, ( R
M — o)
(3:67) n=n(eB) = —s
(B0 — 61)®

If this expression is not an integer, n(a, 8) is the smallest integer in
excess.

We shall now determine the expected number of observations re-
quired by the sequential probability ratio test of strength (e, 8) and
we shall compare it with the fixed number n(a, 8) of observations re-
quired by the current test as given in formula (3:67). In the sequen-
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tial test we shall use the approximation formulas for 4 and B, i.e.,
we shall let A and B equal (1 — 8)/a and 8/(1 — «), respectively, in-
stead of the exact values A(a, B) and B(e, B), respectively. It has
been shown in Section 3.2 that (1 — B8)/a 2 A(e, B) and B/(1 — @)
< B(a, 8). Thus, by letting A = (1 — f)/a and B = /(1 — «) in-
stead of using the exact values A (e, 8) and B(a, 8), we can only in-
crease the number of observations required by the sequential test.
Consequently, the saving effected by the sequential test of strength
(a, B) as compared with the current test cannot be smaller than the
saving which results from the sequential test obtained by using the
approximation formulas A = (1 — 8)/a and B = 8/(1 — a).

We shall assume that | §; — 8o | is small so that the approximation
formula (3:57) for the expected value of n can be used. Since L(6o)
=1 — a and L(8;) = B, we obtain from (3:57)

Blog B+ (1 — B) log A

(3:68) Ey(n) = e
and —
(3:69) Bo(n) = (1 —a)log B+ alog4

Ey(2)

where E;(n) denotes the expected value of n when H; is true (¢ = 0, 1).
As can easily be verified,

(3:70) Ei(z) = 3(60 — 61)°

and

(3:71) Eo(z) = —%(6 — 61)?

From (3:67), (3:68), (3:69), (3:70), and (3:71) we obtain

@y [Blog B + (1 — B) log Al
n(e, 8) (A — No)?

and
Ey(n) 2

(3:73) = [-(1 — a)log B — alog A]

ne B (AL — Ao)?

. E(n Eo(n
It is interesting to note that the ratios 1) a) o(n)

ne ) B
pendent of the parameter values 6 and 6;. The average saving of the
Ey(n) ]
n(a, B)
] per cent if Hy is true.

are inde-

sequential test as compared with the current test is 100 [1 -
Eqy(n)
n(a, B)

per cent if H; is true, and 100 [1 -
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E
l(n))] , and panel B

In Table 1, panel A shows the value of 100 [1 -
Ey(n)
n(a, 8)

Because of the symmetry of the normal distribution, panel B is ob-
tained from panel A simply by interchanging « and 8.

n(a,

shows the value of 100 [1 - ] , for several values of « and 8.

TABLE 1

AVERAGE PERCENTAGE SAVING IN SIZE OF SAMPLE WITH SEQUENTIAL ANALYSIS,
A8 CoMPARED WiITH CURRENT MosT PowerruL TEsT FOR TESTING MEAN
oF A NorMALLY DISTRIBUTED VARIATE

A. When alternative hypothesis is true:
\\ @

\ .01 .02 .03 .04 .05
B

.01 58 60 61 62 63
.02 54 56 57 58 59
.03 51 53 54 55 55
.04 49 50 51 52 53
.05 47 49 50 50 51

B. When null hypothesis is true:
N\ @

\ 01 | 02| 03| 04| 05
B\

.01 58 54 51 49 47
.02 60 56 53 50 49
.03 61 57 54 51 50
.04 62 58 55 52 50
.05 63 59 55 53 51

As the table shows, for the range of o and 8 from .01 to .05 (the
range most frequently employed), the sequential test results in an aver-
age saving of at least 47 per cent in the necessary number of observa-
tions as compared with the current test. The true saving is slightly
higher than shown in the table, since E;(n) (¢ = 0, 1) calculated under
the condition that A = (1 — 8)/a and B = /(1 — «a) is greater than
E;(n) calculated under the condition that A = A(«, §) and B = B(a, B).



58 THE SEQUENTIAL PROBABILITY RATIO TEST

3.7 Lower Limit of the Probability That the Sequential Test Will
Terminate with a Number of Trials Less Than or Equal to a
Given Number

In Section A.6 an approximate formula 1! for the probability distri-
bution of the number of observations required by the sequential test
f(x, 6,)
f (Z, 00)
It is pointed out that the same distribution function of n can be
regarded as an approximation to the exact distribution even when 2z
is not normally distributed, provided that the absolute value of E(2)
and the standard deviation of z are sufficiently small as compared with
log A and log B. Although the distribution of n given in Section A.6
could be used to determine the probability that n < ng for any fixed
integer ng, we shall prefer to derive a lower limit for this probability
by a different method for the following reasons. (1) The computation
of the lower limit given in this section is very simple, whereas the use
of the distribution function given in Section A.6 would require labo-
rious computations, since that distribution function has not yet been
tabulated. (2) If ng is fairly large and if « and 8 are small, as they
usually are in practice, the lower bound given in this section will be
fairly near the exact value.

For any given positive integer let P;(n < no) denote the probability
that n < ny when H; is true, i.e., when 6 = 6; (¢ = 0,1).** We want
to derive a lower bound for P,(n < ng). It will be assumed that ng is
sufficiently large so that the sum z; 4+ - -+ 2,, may be regarded as
normally distributed even when the distribution of z is not normal.!?

no

If ) 2, =logd, then we certainly have n < no. Similarly, if

a=1
no

is derived in the case in which z = log is normally distributed.

2. < log B, we must have n < no. Hence

a=1

3:74) Py(D % 2 log 4) 5 Py(n <ng)

and a:l

(3:75) Po( ) _2a < log B) < Po(n S no)
a=1

1t See formulas (A:166), (A:183) and (A:194).

12 In general, for any relation R we use the symbol P;(R) to denote the probability
that R holds when H; is true.

18 According to well-known theorems in the theory of probability, the sum of a
large number of independent random variables is nearly normally distributed under
very general conditions.
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no
The inequality E 2o = log A can be written as
a=1
no

2o — Nol1(z
oF1(2) S log A — noE1(2)

\/ E(;U 1(2) - \\/7700 1(2)

where o1(2) denotes the standard deviation of z when H, is true. The
left-hand member of (3:76) is normally distributed with mean 0 and
variance unity when H; is true. For any value A\ we shall denote by
G(\) the probability that a normally distributed random variable with
mean 0 and variance unity will take a value less than N\. Thus, the
probability that such a random variable takes a value = X is given by
1 — G(\). Hence the probability that (3:76) holds when H, is true is
equal to 1 — G[\;(ng)] where

(3:77) M(no) =

(3:76) 2=1

log A — noE,(2)
\/%61(2)

But the probability that (3:76) holds when H, is true is equal to
P(Zzy = log A). Thus,

no

(3:78) Py(D azlog4) = 1 — Clh(no)]

a=1
Because of (3:74), we obtain
1 — G\i(ng)] £ Pi(n < ng)

Thus, 1 — G[M\;(np)] is a lower limit of the probability that n < ny,
when H, is true.
To obtain a lower limit for Py(n £ ng), we rewrite the inequality

7no
2, < log B in the form

a=1
no

2o — NoEo(z
oHo(e) log B — noFo(?)

Vi@ S A Mol sy

where 04(2) denotes the standard deviation of z when Hy is true. Since
the left-hand member of (3:79) is normally distributed with mean O
and variance unity when Hj is true, the probability that (3:79) holds
when Hj is true is equal to G[Ao(ng)]. Hence,

(3:79) ==t

no

(3:80) PO(Z;za <log B) = Glo(no)]
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Because of (3:75), we then have
(3:81) G\ (no)] = Po(n = no)

Thus G[\o(no)] is a lower bound of the probability that n < no when
H, is true.

When log A = log (1 — B8)/a and log B = log 8/(1 — ), Table 2
shows the values of the lower bounds of Po(n < ng) and Py(n £ ng)
corresponding to different pairs (e, 8) and different values of no. In
these calculations it has been assumed that the distribution under Ho
is a normal distribution with mean 0 and variance unity, and the dis-
tribution under H, is a normal distribution with mean ¢ and variance
unity. For each pair (@, 8) the value of 6 has been determined from
(3:67) so that the number of observations needed for the current most
powerful test of strength («, 8) is equal to 1000.

TABLE 2

Lower BOUND OF THE PROBABILITY THAT A SEQUENTIAL ANALYSIS WILL
TERMINATE WITHIN VARIOUS NUMBERS OF TRIALS, WHEN THE MosT
PowerruL CURRENT TEsT ReEQuires Exacruy 1000 TrIALS

a=.0land =.01 | « =.01andB =.05 | « =.05and 8 = .05
Number
T(?f Altfarna- Null Altgrna— Null Altf:rna- Null
rials tive hypothesis tive hypothesis tive hypothesis
hypothesis yp hypothesis ypP hypothesis yP
true true true
true true true
1000 .910 .910 .799 .891 773 773
1200 .950 .950 .871 .932 .837 .837
1400 972 972 .916 .957 .883 .883
1600 .985 .985 .946 .972 .915 .915
1800 .991 .991 .965 .982 .038 .938
2000 .995 .995 977 .989 .955 .955
2200 .997 .997 .985 .993 .967 .967
2400 .999 .999 .990 .995 .976 .976
2600 .999 .999 .994 .997 .982 .982
2800 1.00 1.00 .996 .998 .987 .987
3000 1.00 1.00 .997 .999 .9%0 . .990

The probabilities given are lower bounds for the true probabilities. They relate
to a test of the mean of a normally distributed variate, the difference between the
null and alternative hypothesis being adjusted for each pair of values of « and 8
80 that the number of trials required under the most powerful current test is exactly
1000.
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3.8 Truncation of the Sequential Test Procedure

Although it is shown in Section A.1 that the probability is 1 that
the sequential test procedure will eventually terminate, it is occasion-
ally desirable to set a definite upper limit, say no, for the number of
observations. This can be achieved by truncating the sequential proc-
ess at n = ny, i.e., by giving a new rule for the acceptance or rejection
of Hy at the ngth trial if the sequential process did not lead to a final
decision for n < ng. A simple and reasonable rule for truncation at
the ngth trial seems to be the following: If the sequential probability
ratio test does not lead to a final decision for n = ng, accept Hy at the

no no

noth trial when log B < Zza =< 0, and reject Hy when 0 < ZZ“ <

a=1 a= 1
log A.

By truncating the sequential process at the noth trial we shall, how-
ever, change the probabilities of errors of the first and second kinds.
Let o and 8 be the probabilities of errors of the first and second kinds
if the sequential test is not truncated. The effect of the truncation
on « and B will, of course, depend on the value of no. The larger no,
the smaller will be the effect of truncation on @ and 8. We shall denote
the resulting probabilities of errors of the first and second kinds by
a(ng) and B(ng), respectively, if the sequential process is truncated at
n = ny. In this section we shall derive upper bounds for a(ng) and
B(no).

To obtain an upper bound for a(ny) we have to consider the cases
in which the truncated process leads to the rejection of H,, while the
non-truncated process leads to the acceptance of Hy. Denote by
po(ng) the probability under Hy of obtaining a sample such that the
truncated process leads to the rejection of Hj, while the non-truncated
process leads to the acceptance of Hy. Then, we clearly have

(3:82) a(ng) < a + po(no)

The reason that in (3:82) the inequality sign holds instead of the
equality sign is that there may be samples for which the truncated
process leads to the acceptance of Hy, while the non-truncated process
leads to the rejection of Hy. To obtain'an upper bound for a(ng), we
merely need to derive an upper bound for po(np). By definition,
po(mg) is the probability under Hy that for the successive observations
21, 23, ---, etc.. the following three conditions are simultaneously
fulfilled:
n

(@) logB< ) 2,<logd forn=1,:--,np—1

a=1
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7o
(77) 0< 2, < log A
(777) When the sequential progess is continued beyond ng, it termi-
nates with the acceptance of Hp.

Denote by po(ng) the probability under Hy that condition (7z) will
be fulfilled, i.e.,

no
(3:83) o(no) = Po(0< ) 24 < log 4)

a=1
Since the probability that condition (zz) is fulfilled cannot be smaller
than the probability that all three conditions are fulfilled simultane-
ously, we have

po(no) Z po(no)

and, therefore,

(3:84) a(ng) = a + po(no)

Thus, a + po(ny) is an upper bound for «(ng), which can easily be
computed, as will be shown later. To obtain an upper bound for
B(ng) we shall denote by p;(ng) the probability (under H;) that the
successive observations will be such that the truncated process leads
to the acceptance of H,, while the non-truncated process leads to the
rejection of Hy. In other words, p;(ng) is the probability under H;
that the successive observations will satisfy the following three condi-
tions simultaneously:

n
) log B< 2, < logA forn=1+¢,m—1

a=1

no
1 log B< 2, <0
(i0) g Z; « S
(#7) If the process is continued beyond the ngth trial, it terminates

with the acceptance of H;.

Clearly

(3:85) B(ng) < B + p1(ng)

Since it is difficult to determine the value of p,(ng), we shall derive
a simple upper bound for it. Let 5;(ny) be the probability under H,
that condition (#2) is fulfilled, i.e.,

no

(3:86) pi(no) = Py(log B< ) 2, £0)

a=1
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Then p;(ng) = p1(ny) and we have
(3:87) B(no) = B + p1(no)

We shall now show how po(n9) and py(ng) can be computed. We
shall assume that ng is sufficiently large so that z; 4 - - 4 2,, may be
regarded as a normally distributed variable. When H; is true (¢ =
0, 1) the expected value of 2; 4 - -+ 25, is equal to noE;(2) and the
standard deviation of z; + -« -+ 2y, is equal to \/7ngo(z) Where ¢;(2)
denotes the standard deviation of z when H; is true. To compute

no

po(no), we shall write the inequality 0 < Zza < log A in the follow-

a=1

ing form:

—noBo(2) 21+ -+ 2ay — noFip(z)  log A — noEy(2)
3:88 < — <
B8 g0(a) V0@ V0@
Let
(3 .89) —n()Eo(Z) and vy = ]Og A — n()E()(Z)

TV e0o@) V070 (2)

Since the middle term in (3:88) is normally distributed with zero mean
and unit variance when Hj is true, the probability that (3:88) is ful-
filled when Hj is true is equal to G(v;) — G(v;) where G(v) denotes the
probability that a normally distributed variable with mean 0 and vari-
ance unity will take a value < ». Thus,

(3:90) po(ng) = G(v2) — G(ny)

no
To compute 5y (ny), we shall write the inequality log B < Zza <0

a=1

in the following form:

log B — noE;(2) <A + -t 2n, — noEy(2) < —noE) (2)

GBI = @ Vi@ = Van®
Let

) _ log B — noE\(2) _ —noEn(2)
R BT @ P T V()

Since the middle term in (3:91) is normally distributed with mean 0
and variance unity when H, is true, the probability (under H;) that
(3:91) holds is equal to G(vs) — G(v3). Hence,

(3:93) p1(no) = G(vs) — G(v3)
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Our results can thus be summarized as follows:

(3:94) a(ng) = a+ G(r2) — G(v)
and
(3:95) B(ng) £ B+ G(vs) — G(v3)

where vy, v, v3, and »4 are given in (3:89) and (3:92). These upper
bounds may considerably exceed a(ng) and B(ng), respectively. It
would be desirable to find closer limits.

Table 3 shows the values of the upper bounds of a(ng) and B(ng)
given in (3:94) and (3:95) corresponding to different pairs (e, 8) and
different values of 7. In these calculations we have put log 4 =

TABLE 3

ErrecT ON Risks oF ERROR OF TRUNCATING A SEQUENTIAL ANALYSIS
AT A PREDETERMINED NUMBER OF TRIALS

a=.0landB =.0l || «a=.0landB =.05 || @« = .05 and B = .05
Number
of Upper Upper Upper Upper Upper Upper
Trials | bound of | hound of || bound of | bound of || bound of | bound of
effective | cffective | effective | effective || cffective | effective
a B « B o B
1000 .020 .020 .033 .070 .095 .095
1200 .015 .015 .024 .063 .082 .082
1400 .013 .013 .019 .058 .072 .072
1600 .012 .012 .016 .055 .066 .066
1800 .011 .011 .014 .053 .062 .062
2000 .010 .010 .012 .052 .058 .058
2200 .010 .010 .012 .051 .056 .056
2400 .010 .010 .011 .051 .055 .055
2600 .010 .010 .011 .051 .053 .053
2800 .010 .010 .010 .050 .053 .053
3000 .010 .010 .010 .050 .052 .052

If the sequential analysis is based on the values @ and 8 shown, but a decision
is made at ng trials even when the normal sequential criteria would require a con-
tinuation of the process, the realized values a(no) and B(mo) will not exceed the
tabular entries. The table relates to a test of the mean of a normally distributed
variate, the difference between the null and alternative hypotheses being adjusted
for each pair (a, 8) 50 that the number of trials required by the current test is 1000.
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log (1 — B)/a and log B = log B/(1 — @), and assumed that the dis-
tribution under Hy is normal with mean 0 and variance unity, and the
distribution under H; is normal with mean 6 and variance unity. For
each pair (o, 8) the value of § has been determined so that the number
of observations required by the current most powerful test of strength
(o, B) is equal to 1000.

It seems to the author that the upper limits given in (3:94) and
(3:95) are considerably above the true a(no) and B(no), respectively,
when 7ng is not much higher than the value of n needed for the current
most powerful test.

3.9 Increase in the Expected Number of Observations Caused by
Replacing the Exact Values A(a, B) and B(a, B) by (1 — B)/a
and B/(1 — a), Respectively

The quantities A («, 8) and B(e, B) denote the values of 4 and B
for which the probabilities of errors of the first and second kinds asso-
ciated with the sequential probability ratio test are exactly « and B,
respectively. In Section 3.3 it has been recommended that A (e, 8)
and B(a,B) be replaced by a(a,B) = (1 —B)/a and b(e,f) =
B/(1 — a), respectively. This may slightly increase the expected num-
ber of observations, since a(a, 8) = A(a, 8) and b(a, B) < B(a, B).4
The present section gives estimates of the amount of such increase in
the expected number of observations.

In Section 3.5 the following approximation formula has been ob-
tained for the expected number of observations:

L® logB+[1 — L(6)]log A
Eqy(2)

(3:96) E¢(n) ~

Since L(6y) = 1 — « and L(6;) = B, we obtain from (3:96)

(1 —a)logB+ alog4
Eo(2)

(3:97) Eo(n) ~
and

logB+ (1 —B)log4
(3:98) El(n)Nﬁ og B+ (1 —B) log

E,(2)

E;(n) denotes the expected value of n when 6; is true.

4 Qee inequalities (3:21) and (3:22).
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Thus, the changes AEy(n) and AE;(n) in the expected values Eo(n)
and E,(n) caused by using a(e, B) and b(e, B) instead of A(e, 8) and
B(a, B8), respectively, are given by

{(1 — a)[log b(a, B) — log B(a, B)] +}
aflog a(a, B) — log A(e, )]

(3:99) AEy(n) ~

Ey(2)
b(a, B) a(a, B)
1—0a)l — 4+ al
ey TR 1Y)
Ey(2)

and
{B[log b(e, B) — log B(e, B)] + }

(3:100) AE;(n) ~ (1 — B)[log a(a, B) — log A(e, B)]

E1(2)
b ) (e, B)
1 1 —p8)1
R T R )
Ei(2)

Formulas (3:99) and (3:100) are, of course, approximation formulas,
since (3:97) and (3:98) are approximations. However, if the error in
the formulas (3:97) and (3:98), i.e., if the differences

(1 —a)logB + alog A

(3:101a) Eo(n) — e
and
(3:1010) By — PlgB+ A —flogd

Ei(2)

were exactly independent of the quantities A and B, then in (3:99) and
(3:100) the equality sign would hold exactly. It can be shown that
small changes in A and B affect the differences (3:101) exceedingly
little, and, therefore, (3:99) and (3:100) are very close approximations.

We shall derive upper bounds for the right-hand members of (3:99)

b(a) ﬂ) . 15 . a(a} B)
t hil
B B) are negative, = while logA(a, )

and (3:100). Since Eo(z)and log
is positive, we have

1 Tt is remarked at the end of Section A.2.1 that E(z) and a certain quantity ho
defined there have opposite signs. Since hy = 1 if Hy is true, and hp = —1if H; is
true, it follows that Eo(z) < 0 and E;(2) > 0.
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b(e, B) a(a, B) b(a, B)
1—a)l 1 -
A T T WA T
(3:102)
Ey(2) Eo(2)
1 b(e, B)
< 1
o) Bla, )
. Simil:?.rly, since E; () and log Z(((:"Z) are positive, while log ;E: 2
is negative, we have
b(e, B) a(a, B) a(a, B)
B log + (1 — B) log (1 —B) log
B
(3:103) (a, B) A( , B) < A(e, B)
Ey(2) Ey(2)
< 1 log a(e, B)
Ei(z)  A(e, B)

a(a, B)
log
Ei(x) A, B)

,B) .
is an upper bound for AEy(n). The exact
Bo® " Bla, 9 ’
values 4 (o, 8) and B(e, 8) not being known, we cannot yet use these
a(a, B)
1 (Z) A (a, :3)
el ue ale, B a(a; B)
by substituting for an upper bound of .
A(a, B) A(e, B)
b(oz
Eo(z) B (o, B
b(a,
a lower bound of @8 .
B(a, B) B(a, B)
From equations (A:29) and (A:30) in the Appendix one can derive
the following inequalities:

Thus, for all practical purposes is an upper bound for

AE,(n) and

is obtained

limits. Since E,(2) > 0, an upper limit of

Similarly,

2 can be obtained by

since Ey(2) < 0, an upper limit of

substituting for

a(a, B)
3:104 <
( ) A, B)
and

b(a> 3)
3:105 = 19,
( ) Bl B) 8

where the quantities 8 and ns are defined by equations (A:27) and
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(A:28).18 The quantities 3 and 75 have been explicitly computed for
binomial and normal distributions.

Thus, we arrive at the following result: For all practical purposes
we may regard (log 8,)/E1(z) as an upper bound for AE;(n) and
(log me,)/Eo(2) as an upper bound for AEy(n).

TABLE 4

INcrREASE IN ExPECTED NUMBER OF OBSERVATIONS RESULTING FROM
APPROXIMATIONS IN CRITERIA FOR TERMINATING A SEQUENTIAL

Process
Number of
Observations Needed | a = .01 a = .01 a = .05
for the Current g = .01 B = .05 8 = .05
Most Powerful Test

10 1.1 1.3 1.6

30 1.9 2.2 2.7

100 3.4 4.0 4.9

200 4.9 5.7 6.9

500 7.7 9.0 10.9

1000 10.8 12.7 15.4

The tabular entries may, for practical purposcs, be treated as upper bounds of
the exact increases. The table relates to a test of the mean of a normally distributed
variate, the difference between the null and alternative hypotheses being adjusted
for each pair of values of « and 8 so that the number of trials required under the
best current test is as shown in the left-hand column.

16 This can be scen as follows: Substituting 4 (e, 8) for A, B(a, 8) for B, and 6
for 6, we obtain from (A:29) and (A:30)

[B(Q, B)]h(oo)m?o =< EOQ‘
and
Eﬂo“ = [A (a; ﬁ)]h(awa%

Since we let A = A(a, ) and B = B(a, 8), we have L(%) = 1 — e and L(8:) = 6.
It follows from this and the two equations which are obtained from (A:18) by
substituting 6 and 8; for 6 that

-8B

Eﬂo* = 1_-3——a = b(a’ ﬂ) and EOo” = L = a(a) ﬂ)

Since A(6)) = 1, we obtain
B(a, B)m, < b(er, ) and a(e, B) S A(a, B)do,
from which (3:104) and (3:105) follow.
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As an example, consider the case in which the distribution under
Hj is normal with zero mean and unit variance, and the distribution
under H, is normal with mean 6 and variance unity. Since for the
normal distribution 79 = 1/8 [see equation (A:51)] and —E,(z) =
E;(2), the upper bound of AEy(n) is the same as the upper bound of
AE;(n). This upper bound depends only on the value of 8. For any
pair (e, 8) and for any positive integer m there exists exactly one value
of 8 such that m observations are needed for the current most powerful
test of strength (e, ). Thus, with each integer m and pair (e, B)
there is associated exactly one value of §. Table 4 shows the common
upper bound of AEy(n) and AE;(n) calculated for values of 6 corre-
sponding to different pair« (e, 8) and integers m.



Chapter 4. OUTLINE OF A THEORY OF SEQUENTIAL TESTS
OF SIMPLE AND COMPOSITE HYPOTHESES AGAINST A SET
OF ALTERNATIVES

In Chapter 3 we were concerned mainly with the theoretical case of
testing a simple hypothesis H, against a single alternative H;. In
problems arising in applications, the unknown parameter, or param-
eters, can usually take infinitely many values. In this chapter we
shall discuss sequential tests of simple and composite hypotheses
against infinitely many alternatives.

4.1 Tests of Simple Hypotheses

4.1.1 Introductory Remarks

A simple hypothesis has been defined as a statement which specifies
completely the values of all the unknown parameters. We should like
to make some remarks concerning the conditions under which a test
of a simple hypothesis is meaningful and appropriate. For this pur-
pose it will be sufficient to consider the case in which there is only one
unknown parameter 6 involved in the distribution of the random vari-
able z under consideration. A simple hypothesis is then a statement
that 6 is equal to some specified value 6.

In applications the problem of testing a hypothesis usually arises
as follows: There are two alternative courses of action, say action 1
and action 2, between which a decision is to be made, and the prefer-
ence for one or the other action depends on the value of the parameter
6. Let w denote the set of all values of 8 for which action 1 is preferred
to action 2; then action 2 is preferred to action 1 for all values 8 out-
side w.! Let H, be the hypothesis that 6 is contained in w. Then the
problem of deciding between the two courses of action can be formu-
lated as the problem of testing the hypothesis H,. If H, is accepted
we take action 1 and if H, is rejected we take action 2. If the degree
of preference for one or the other action varies continuously with the
value of 6, the set w cannot consist of a single value 6y. In fact, if
were to contain only the single value 6, it would mean that we prefer
action 1 when 6 = 6y and we prefer action 2 for any 8 > 6, no matter

1For values 6 on the boundary of w it will usually be inconsequential which
action is taken.
70
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how near 8 is to §,. Thus, we would have a discontinuity in our prefer-
ence scale at 8 = 6.

We see that the problem of testing a simple hypothesis arises, strictly
speaking, only if there is a discontinuity in our preference scale for
actions 1 and 2. While a discontinuity in the preference scale is, of
course, possible, it will occur rather seldom. A discontinuity in the
preference scale may occur, for example, if we want to test the validity
of some hypothetical scientific theory which implies that the param-
eter # must have a specified value 6;. In such a case any deviation of
the value of 6 from 6y, no matter how small, is of importance, since it
invalidates the hypothetical theory in question.

Whenever the degree of preference for one or the other action varies
continuously with the value of 8, the hypothesis to be tested will have
to be, strictly speaking, a composite one. Nevertheless, frequently it
will be expedient to approximate the composite hypothesis by a simple
one, since the latter is usually a simpler problem to treat. As an illus-
tration, consider the following example: Suppose that the hardness z
of a material varies from unit to unit and is normally distributed with
a known variance. The mean value 8 of z is, however, unknown. Sup-
pose that 6 is considered to be the most desirable value of 6 and the
material is considered less desirable the greater | 8 — 6, |. Let action
1 be acceptance of the material and action 2, rejection of the material.
Preference for acceptance is strongest when 8 = 8. The preference
for acceptance will decrease steadily as | 8 — 6, | increases. There will
be a positive value & such that for | 8 — 6y | > & rejection of the mate-
rial is preferred and the degree of preference for rejection increases
with increasing value of |§ — 6y | in the domain |6 —6,] >0 If
l 6 — l = §, i.e., if the quality of the product is just on the margin,
neither action is preferable to the other. In such a situation the proper
hypothesis to be tested is the composite hypothesis that l 6 — 6 | <.
However, if & is small, the composite hypothesis may be replaced for
practical purposes by the simple hypothesis that § = 6,. The test of
the hypothesis that 8 = 6, will have nearly the same operating charac-
teristic function as the test of the hypothesis that | 8 — 65| < 8, for
the following reasons. To test the hypothesis that |6 — 60| < & we
subdivide the 6-axis into three zones: zone of preference for acceptance,
zone of preference for rejection, and zone of indifference. As explained
in Section 2.3.1, the zone of preference for acceptance consists of all
values 0 for which acceptance is strongly preferred, i.e., for which the
rejection of the material is considered an error of practical importance.
Similarly, the zone of preference for rejection consists of all those values
6 for which rejection is strongly preferred, whereas for values 6 in the
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indifferent zone the preference for one action over the other is only
slight and we do not care particularly which action is taken. In our
example the three zones may reasonably be defined as follows. We
select two positive values §; < 6 and §; > 8. The zone of preference
for acceptance is given by |6 — 6y | < &, the zone of preference for
rejection by | 8 — 6y | = 61, and the zone of indifference by &, <
|8 — 60| < 8. The test procedure will then be constructed so that
the probability of rejection will not exceed a preassigned value o when-
ever 0 is in the zone of preference for acceptance, and the probability
of acceptance will not exceed a preassigned value 8 whenever 4 is in
the zone of preference for rejection.? Now if we replace the original
composite hypothesis by the simple hypothesis that 6 = 6,, the zone
of preference for acceptance will consist of the single value 8 = 6.
The zone of preference for rejection may be defined, as before, by
|8 — 60| = 8. The zone of indifference is then given by 0 < |6 N |
< &;. The test procedure for testing that 6§ = 6, will then satisfy the
requirement that the probability of rejecting the hypothesis is @ when
6 = 6o and tbe probability of accepting the hypothesis does not exceed
B8 whenever I 0 — 6 | = 6;. If 8¢ is very small, the test of the hypoth-
esis that 6 = 6, will satisfy the requirements imposed on the test of
the original composite hypothesis with close approximation, since the
probability of rejecting the hypothesis will be nearly equal to o for
values 0 in a sufficiently small neighborhood of ;. Thus, for practical
purposes we may replace the original composite hypothesis by the
simple hypothesis that § = 6,.

As we have seen, a test of a simple hypothesis will occur in appfica-
tions in two cases: (1) when there is a discontinuity in the preference
scale and the problem calls for testing a simple hypothesis in the strict
sense (these cases are rare); (2) when the problem is such that it calls
for testing a composite hypothesis and it is approximated by a simple
hypothesis merely for the sake of simplicity.

In terms of the zones of preference for acceptance, of preference for
rejection, and of indifference, the simple hypothesis may be character-
ized by the condition that the zone of preference for acceptance con-
sists of a single point.

4.12 Test of a Simple Hypothesis against One-Sided Alternatives
We shall discuss here the simple case in which there is only one un-
known parameter 6 and the hypothesis that 8 = 6, is tested against
alternative values of 6 which lie on one side of 6y, say > 6. In other
words, only values of § > 6, are considered admissible alternatives to

% In this connection see Section 2.3.2.
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the hypothesis to be tested. In this case the zone of preference for
acceptance consists of the single value 6p. The degree of preference
for rejection of the hypothesis will generally increase with increasing
value of 6 in the domain 6 > 6. It will, therefore, be possible to find
a value 6; > 6, such that the acceptance of the hypothesis is con-
sidered an error of practical importance whenever 6 = 6;, while for
values 6 > 6 but < 6, the acceptance of the hypothesis is an error of
no particular practical consequence. Thus, the zone of preference for
rejection may be defined by 6 = 61, and the zone of indifference by
0o < 0 < 6.

According to Section 2.3.2 we shall impose the following require-
ments on the OC function of the test. The probability that the hy-
pothesis will be rejected should be equal to a preassigned value o when
9 = 6,. The probability of accepting the hypothesis should not exceed
a preassigned value 8 whenever 6 = 6;.

In most of the important cases occurring in practice, such as when
z has a normal, binomial, or Poisson distribution, and so on, the se-
quential probability ratio test of strength (o, 8) for testing the hy-
pothesis that 8 = 6, against the single alternative 6; will satisfy the
imposed requirements, since the probability of an error of the second
kind will decrease steadily with increasing values of 9 in the domain
9 = 6,. ‘Thus, in all these cases the sequential probability ratio test
for testing the hypothesis that 8 = 6, against a properly chosen alter-
native 6; provides a satisfactory solution to our problem.

The case in which the alternative values of 6 are restricted to values
9 < 0, instead of values > 6 is entirely analogous and need not be
discussed separately.

4.1.3 Test of a Simple Hypothesis with No Restrictions on the
Alternative Values of the Unknown Parameters

In this section we shall deal with the following general problem: The
distribution of z involves k& unknown parameters 6y, - - -, 6 and the
hypothesis H, to be tested is that 6y, ---, 6z are equal to some
specified values 6,°, - -+, 6%, respectively. The set of k parameters
(61, - -+, 6,) will be denoted by 6 without any subscript and will
be referred to as a parameter point. The use of a superscript to the
letter 6, such as 6° or 6%, etc., will indicate that a particular parameter
point is meant. Our hypothesis Ho can thus be expressed by stating
that the unknown parameter point 6 is equal to the particular param-
eter point 6°.

As we have seen in the preceding section, the zone of preference for
acceptance consists of the single parameter point 6°. Denote the zone
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of preference for rejection by w,. This will usually be the set of all
points 6 whose “distance” (defined in some sense) from ¢° is greater
than or equal to some given positive value. The requirements imposed
on the OC function of the test, as formulated in Section 2.3.2, can then
be stated as follows: The probability that Hy will be rejected when
6 = 6° should be equal to a preassigned value o and the probability
that H, will be accepted should not exceed a preassigned value 8 for
any parameter point 8 in the zone w..

Before we discuss the problem of constructing a proper sequential
test satisfying the above requirements, we shall consider the problem
of finding a proper test procedure satisfying the following modified
requirements. For any 6 in o, let 3(6) denote the probability that Hy
will be accepted when @ is the true parameter point. Thus 8(9) is the
probability of an error of the second kind when 6 is true. Our original
requirement was that 5(6) should not excced a preassigned valuc 8 for
all §in ,. Instead we shall now require that the weighted average of
8(8), weighted with a given weight function w(6), should be equal to

B, ie.,

4:1) f BO)w (o) db = B

where w(d) = 0 for all § in », and 3

(4:2) f w(6) do = 1

The requirement that the probability of rejecting Ho when Ho is true
be equal to a preassigned « is maintained as before. A proper sequen-
tial test procedure satisfying these modified requirements can easily
be constructed. Let pon be the probability distribution of the sample
(3, * ++, ») when H, is true, ie.,

(4:3) Pon = f@1, 0% -+, BOf (w2, 6:%, -+, 0°) -+ f(Tn, 02° -+, 64%)
Furthermore, let p;, be defined by

(4:4) P1n =Lf(x1; 01y ¢+ 6x) ++ f(xn, 61, + -y 6x)w(6) db

Thus, pin is 8 weighted average of the probability distribution func-
tions f(z1, 0, *++,6k) +* f(xs, 61, -+, ) corresponding to various
parameter points 0 in w,. As such, pyn itself is a probability distribu-

3 The weight function w(8) may also be discrete. A single formula valid for both,
continuous and discrete, weight functions could be given by using Stieltje’s integrals
in (4:1) and (4:2).
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tion function of the sample (z;, -- -, z,).* Let H; denote the hypoth-
esis that the distribution of the sample (zy, - -, x,) is given by p;,
defined in (4:4). Then H, is a simple hypothesis, since it specifies
completely the distribution. Consider the sequential probability ratio
test of strength (e, B) for testing H, against the simple alternative
hypothesis H;. This procedure is given as follows. Reject Hy if

Pin

(4:5) = A
Pon

accept Hy if

(4:6) P1n <B
Pon

and take an additional observation if

4:7) B<Pn< 4

Pon

The expressions po, and py, are given by (4:3) and (4:4), respectively,
and the constants A and B are to be chosen so that the test will have
the required strength (a, 8). As we have seen in Section 3.3, for most
practical purposes we may use the approximation formulas 4 =
(1 —B)/a and B = B/(1 — ).

The sequential probability ratio test defined by (4:5), (4:6), and
(4:7) can be shown to satisfy the relation (4:1). Thus, this probability
ratio test may be regarded as a satisfactory solution to our problem if
our requirement is that the probability of an error of the first kind
should be « and that 8(6) should satisfy (4:1).

In practical problems, however, it seems more reasonable to main-
tain the original requirements. That is to say, we shall want a test
procedure such that the probability B(6) of accepting H, does not
exceed 8 for all parameter points 6 in the zone w,, and the probability
is o that we shall reject Hy when 8 = 6°. There are, in general, infi-
nitely many sequential tests which satisfy these requirements, and we
want to select one for which the expected number of observations is
as small as possible.

4 The distribution of the sample (z1, - -, z,) will be precisely given by pi, if
we assume that 6 in «, has a probability distribution given by the density function
w(h).

8 Although the successive observations zj, 3, -- -, etc., are not independent
when Hj is true (p1, cannot be represented as a product of n factors where the ath
factor, depends only on z.), the results and conclusion in Sections 3.2 and 3.3
rema; id, as pointed out in Section 3.2.
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Although a thorough investigation of this problem has not yet been
made, the following approach may perhaps be reasonable. First we
restrict ourselves to the class C of sequential probability ratio tests
based on the ratio pi./pon, Where po, is given by (4:3) and pin by
(4:4), corresponding to an arbitrary non-negative weight function w(6)
satisfying (4:2).%6 Thus, the class C contains at least as many tests as
there are possible weight functions w(9) satisfying (4:2). A test in
class C is uniquely determined by choosing a particular weight func-
tion w(f) and particular values for A and B. The test procedure is
then carried out in the usual way. Hy is accepted if pin/pon = B,
H, is rejected if p1n/pon = A, and an additional observation is made
if B < p1a/pon < A. The restriction to the class C of sequential tests
is suggested by the fact that we have been led to these tests by the
requirement that some weighted average of the probabilities of errors
of the second kind be equal to a given value 8.

Accepting the restriction that the sequential test should be a mem-
ber of the class C, we still need a principle for choosing the weight
function w(d). Suppose that the quantities A and B have alrcady
been determined. Let us then examine what would be a reasonable
choice of w(6). After A and B have been chosen, the probability « of
making an error of the first kind is also determined for practical pur-
poses and the choice of w(f) will not affect it.” Thus, the choice of
w(8) will affect only B(6). A weight function w(f) may be regarded
the more favorable the smaller the maximum value of 8(f) with respect
to 6 (0 is, of course, restricted to points in w,). Thus, the following
choice of w(f) seems reasonable: For given values of A and B the weight
function w(6) is chosen for which the maximum of B(8) with respect to 6
(0 restricted to points in w,) takes its smallest value. When this principle
for the choice of w(f) is adopted, a and the maximum of 8(6) with
respect to @ ( in w,) will depend only on the quantities A and B.

¢ Instead of defining p1, by some weighted average of the type given in (4:4), it
would seem equally reasonable to define pi, as the maximum of f(z1, 6)- - -f(xn, 0)
with respect to 8 where 6 is restricted to points in w,. Then the ratio pin/pon would
coincide with the so-called likelihood ratio introduced by J. Neyman and E. Pearson
and widely used in current test procedures. Our reason for preferring weighted
averages is that the theory of such tests seems to be considerably simpler. If
P1n were defined by the maximum with respect to 6 in w, p1a would no longer be a
probability distribution.

7 In fact, with good approximation the following relations hold: (1 — B)/a = A

and 3/(1 —a) = B where B = L B(O)w(6) ds. Solving these equations with

respect to @ and § we obtaina = (1 — B)/(4A — B)and 8 = [B(4 — 1)]/(4 — B).
Thus, « and g depend only on 4 and B.
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These values A and B are then determined so that the probability of
an error of the first kind has the desired value o and the maximum
of B(8) with respect to 6 is equal to the required value 8.

There is no general method yet available for the determination of
an optimum weight function w(f) in the sense defined above. For
some spécial but important cases, however, such a , weight function has
been determined. This point is discussed in Section A.8.

4.14 Application of the General Procedure to Testing the Mean
of a Normal Distribution with Known Variance

In this section we shall consider the problem of testing the simple
hypothesis H, that the mean 8 of a normal distribution with known
variance is equal to a particular value . The acceptance of Hy will
not be considered a serious error if § ## 6, but is near ;. However,
there will be, in general, a positive value & such that the acceptance
of H, is considered an error of practical importance if (and only if)
0 — 6o

g
distribution. Thus, the region of preference for rejection may be de-
— 6

g

= 6, where ¢ denotes the known standard deviation of the

= 8. The region of

fined as the sct of all values 6 for which ~ 6

preference for acceptance will consist of the single value 6, and the
region of indifference will be the set of all values 6 for which 0 <
0 — 6

[
The probability density of the sample (zy, ---,2,) under Hy is
given by

< 6.

1 - 543 2 (@a—00)?
e a=1

(4 :8) p()n, = E
(27)20™

According to the general theory discussed in the preceding section,
D1n is defined as some weighted average of the probability density cor-
responding to various values of 6 in the zone of preference for rejec-
tion. It is shown in Section A.8.2 that an optimum weighted average
is the simple average of the two density functions: the density func-
tion corresponding to 6 = g — d¢ and the density function correspond-
ing to § = 6y + do. Thus,

49) p 1 [ 1 - i—,z(za-oowa)' n 1 e'Et‘:"’“'“""”]
. 1n = 4 n ~

2 (2r)2e™ (2m)Zs"
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The test is then carried out as follows. We continue taking obser-
vations as long as B < p1a/Pon < A. If p1a/pon = A, we reject Hy.
If p1a/Pon < B, we accept Hy. To make the probability of an error
of the first kind equal to @ and the maximum of 3(f) (in the domain
0 — 0

= 6) equal to B, for all practical purposes we may put

o
A=(1—-p8)/aand B=8/(1 - a).

A more detailed discussion of this test procedure is given in Part 11,
Chapter 9.

4.2 Tests of Composite Hypotheses

4.2.1 Discussion of an Important Special Case

A frequent and important problem is that of testing the hypothesis
H that the unknown parameter 6 does not exceed a specified value 6.2
This problem is of particular importance in quality control of manu-
factured products. The importance of an error of the first kind (re-
jection of H when H is true), or that of an error of the second kind
(acceptance of H when H is false), will usually vary with the value of
6. For example, if 6 is only slightly below 6’ the rejection of H will
not be considered a serious error. Similarly, if 6 is only slightly above
¢’ the acceptance of H will not be considered a serious error. In gen-
eral, the importance of an error of the first kind will increase steadily
with decreasing value of 8 in the domain § < ¢, and the importance
of an error of the second kind will increase steadily with increasing
value of 6 in the domain @ > ¢’. Thus, it will be possible to find two
values 6, < 6’ and 6, > 6’ such that an error of the first kind is con-
sidered of practical importance whenever 6 < 6y, and an error of the
second kind is considered of practical importance whenever 6 = 6,,
whereas for values 6 between 6, and 6; we do not care particularly
which decision is made. Hence the zone of preference for acceptance
may be defined as consisting of all values § < 6,, the zone of preference
for rejection as the set of values 6 for which § = 6,, and the zone of
indifference as the set of all values 6 for which 6, < 6 < 6;. In such
a situation we shall want a test procedure for which the probability
of an error of the first kind is less than or equal to a preassigned «
whenever 6 < 6y, and the probability of an error of the second kind is
less than or equal to a preassigned 8 whenever § = 6;. In most of the
important cases occurring in practice, such as when z has a normal,
binomial, or Poisson distribution, and so on, the sequential probability

8Tt is assumed here that there is only one unknown parameter 6 involved in the
distribution of z.



TESTS OF COMPOSITE HYPOTHESES 79

ratio test of strength (@, 8) for testing the hypothesis that 6 = 6,
against the single alternative that 8§ = 6, will have the desired prop-
erties and provides a satisfactory solution to the problem. If the
sequential probability ratio test leads to the acceptance of the hypoth-
esis that 8§ = 6,, we accept the original hypothesis that § < ¢’, and if
the probability ratio test leads to the rejection of the hypothesis that
6 = 6y, we reject the original hypothesis that § < ¢'.

As an illustration, we shall discuss briefly one or two examples.
Suppose that a lot consisting of a large number of units of a manu-
factured product is submitted for acceptance inspection. We shall
assume that each unit is classified in one of the two categories: de-
fective and non-defective. The proportion p of defectives in the lot
is assumed to be unknown. The preference for acceptance or rejec-
tion of the lot will, of course, depend on the value of p. It will be
possible, in general, to select two values of p, say po and p; (po < p1)
such that the rejection of the lot is considered an error of practical
importance whenever p < po, and the acceptance of the lot is an error
of practical importance whenever p = p;; for values p between p, and
p1 we do not care particularly which decision is made. Thus, the zone
of preference for acceptance is given by p < po, the zone of preference
for rejection by p = pi, and the zone of indifference consists of values
p for which py < p < p;. Hence, we shall want a test procedure for
which the probability of rejecting the lot is less than or equal to a
preassigned value o whenever p < po, and the probability of accept-
ing the lot is less than or equal to a preassigned value 8 whenever
p = p1. Such a test procedure is given by the sequential probability
ratio test of strength (o, ) for testing the hypothesis that p = po
against the single alternative that p = p;. To compute the proba-
bility ratio pi»/por for this problem, we shall denote by d,, the number
of defectives found in the first n units inspected. The probability of
obtaining a sample equal to the observed one is given by

(4:10) Pin = ™ (1 — p)* "
when p = p;, and by
(4:11) Pon = Po™(1 — po)" ™
when p = po.? Then
1 -
4:12) log 2% = dnlog 22 + (n — d,) log — 2
Pon Do 1—-po

9 Formulas (4:10) and (4:11) are strictly valid only if the lot contains infinitely
many units. It is assumed that the lot contains a large number of units so that
these formulas can be used with good approximation.
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The test procedure is carried out as follows. We continue inspec-
tion as long as log B < log (p1n/pon) < log A. If log (pin/pon) =
log A, inspection is terminated with the rejection of the lot, and if
log (p1n/Pon) < log B, inspection is terminated with the acceptance of
the lot. For practical purposes we may put A = (1 — 8)/a and B =
B/(1 — o).

A detailed discussion of the problem of acceptance inspection when
each unit is classified either as defective or as non-defective is given
in Part II in Chapter 5.

Another example for testing a hypothesis that 6 < 6" is the case
when 6 is the unknown mean of a normal distribution with known
variance.l® Again it will be possible to select two values 6y < 6’ and
6; > 0 such that an error of the first kind is considered of practical
importance whenever 8 £ 6y, an error of the second kind is of prac-
tical importance whenever 8 > 6;; for values 8 between 6 and 6; we
do not care particularly which decision is made. In such a situation
we shall want a test procedure for which the probability of committing
an error of the first kind is less than or equal to some preassigned value
a whenever 8 < 6, and the probability of committing an error of the
second kind does not exceed a preassigned value 8 whenever 8 = 6;.
These conditions will be satisfied by the sequential probability ratio
test of strength (a, 8) for testing the hypothesis that 8 = 6, against
the single alternative hypothesis that 8 = 6;,. The probability density
of the sample (z3, - - -, z,) is given by

1
(4:13) Pon = ¢ B0
2m)2%"
when 6 = 6,, and by
1 - L r@a—0)?
(4:14) pin= ——— ¢ 2
(2m)20™

when 6 = 6;. We continue taking observations as long as B <
Pin/Pon < A. If P1n/Don = A, we reject the hypothesis that 6 < &',
and if pyn/pon < B we accept the hypothesis that 6 < 6'. Again, we
put A = (1 — B8)/aand B = /(1 — a).

4.2.2 Outline of the Test Procedure in the General Case

In testing a composite hypothesis H,, that the parameter point 6 lies
in a subset w of the parameter space, the parameter space is again
subdivided into three mutually exclusive zones: the zone of preference

10 Thig problem is discussed in detail in Part II, Chapter 7.
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for acceptance w,, the zone of preference for rejection wr, and the zone
of indifference. The zone of preference for acceptance will now con-
sist of more than one parameter point, as distinguished from the case
of testing a simple hypothesis.

For any test procedure the probability of an error of the first kind
(rejecting H, when H,, is true) will, in general, vary with the param-
eter point in w. For any parameter point § in w we shall denote by
«(6) the probability that H,, will be rejected when 6 is true. Simi-
larly, the probability of an crror of the second kind (accepting H, when
it is false) is a function B(8) defined for all points 8 outside w.

According to the requirements formulated in Section 2.3.2, we shall
want a test procedure such that «(6) will not exceed a preassigned
value « for all 8 in the zone w,, and B(8) will not exceed a preassigned
value 8 for all 60 in the zone w,. Before discussing the problem of
finding a proper test procedure satisfying these requirements, we shall
again consider, as in the case of the simple hypothesis, the following
modified problem: Let w,(6) and w,(6) be two non-negative functions
of 6, called weight functions, such that ™

(4:15) fw,,(e) dd =1 and fw,(e) do =1

Suppose that we wish to construct a sequential test such that the

weighted average f a(8)we(6) d of the probabilities of errors of the

first kind is equal to a given value o, and the weighted average
fﬁ(ﬁ)w,(e) do of the probabilities of errors of the second kind is a

given value 8.
A proper sequential test satisfying these modified requirements can
be constructed as follows. Let po, and p1a be defined by

(4:16)  pon = J(@1, 61y -+, O) - -+ f(@n, 01, -, Or)wa () db
and
(4'17) Pin = f(xly 01y« ok) v f(zm TR ek)wr(o) dg

where f(z, 6y, - - -, 6x) denotes the probability distribution of z when
g is true. The functions po, and p1» can be interpreted as probability
distributions of the sample (21, - - -, Z,). Denote by Ho* the hypoth-

1 The weight functions w,(9) and w,(6) may also be discrete. Formulas valid
for both continuous and discrete weight functions could be given by using Stieltje’s
integrals in (4:15) and subsequent equations.
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esis that the distribution of the sample (zy, - - -, x,) is given by (4:16),
and by H,* the hypothesis that the distribution of (zy, - - -, 2,) is given
by (4:17). The sequential probability ratio test of strength (a, 8) for
testing Hy* against H;* provides a solution to our problem. If the
constants 4 and B in this sequential test are chosen so that the prob-
ability is a that we reject Ho* when Hg* is true, and the probability
is 8 that we accept Ho* when H;* is true, then for this sequential test
we have

fw,,(o)a(e) dd = a
and

f w,(6)8(6) do = B

To make the strength of the test of Hy* against H;* equal to (e, 8),
again, for practical purposes, we may put A = (1 — 8)/a and B =

ﬂ/'(I}o coz)si;ruct a sequential test procedure satisfying the requirements
(4:18) a(0) < a forall §in w,

and

(4:19) 8@ <8 forall §in o,

we shall restrict ourselves to sequential probability ratio tests for which
Do and pi, are given by (4:16) and (4:17), respectively, and w,(6)
and w.(f) may be any weight functions satisfying (4:15). Denote by
C the class of all such tests corresponding to all possible weight func-
tions wq(8) and w,(8). To select a proper test from the class C which
satisfies the requirements (4:18) and (4:19), our procedure will be sim-
ilar to that in the case of simple hypotheses, as discussed in Section
4.1.3. A test in class C is uniquely determined by the choice of the
constants A and B and by the weight functions w,(d) and w,(6). Thus,
the maximum of «(f) with respect to 8 in the zone w,, as well as the
maximum of 8(6) with respect to 6 in the zone w,, is determined uniquely
by A, B, w.(8), and w.(§). Denote these maxima by a[4, B, w,, w,]
and B[4, B, w,, w,], respectively. For given values A and B, the
weight functions w,(6) and w,(6) may be regarded the more desirable
the smaller they make o[A, B, w,, w,] and B[4, B, w,, w,]. Thus, if it
is possible to find weight functions w,(6) and w,(f) for which both
a[A, B, w,, w,] and B[A, B, w,, w,] are simultaneously minimized, they
may be regarded as optimum weight functions. It is shown in Section
A.9 that in some important special cases, such as testing the mean of
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a normal distribution with unknown variance, optimum weight func-
tions of the type described above do exist. However, it is not known
whether they generally exist. If it is not possible to minimize both
ald, B, w,, w,] and B[4, B, w,, w,] simultaneously, it may be reason-
able to choose wq(d) and w.(f) such that some average of the two
values o4, B, ws, w,] and B[4, B, w,, w,], or the maximum of these
two values, is minimized.

If the principle described above for choosing the weight functions
w,(6) and w,(6) is adopted, the maximum of «(f) in the zone w, and
the maximum of 8(6) in the zone w, will depend only on A and B.
Finally the constants A and B are determined so that these two max-
ima are equal to a and B, respectively.

There is no general method yet available for constructing weight
functions we(6) and w,(f) which are optimum in the sense defined
above. In some special cases, however, such weight functions have
been constructed.!?

4.2.3 Application of the General Procedure to Testing the Mean
of a Normal Distribution with Unknown Variance (Sequen-
tial ¢-Test)

A frequent and important problem in applications is that of testing
the hypothesis H that the unknown mean 6 of a normal distribution
is equal to some specified value , when nothing is known about the
variance o2 of the distribution. If the true value 6 differs only slightly
from 6, i.e., if ] 6 — 6 l is only a small fraction of the standard devi-
ation o, the acceptance of H will usually not be considered an error of
practical consequence. However, the importance of an error committed
by accepting H when 6 5 6, will, in general, increase with increasing

0 — 6, . . .ps
2 Thus, it will be possible to find a positive value

value of

& such that the acceptance of H is considered an error of practical

— .
21 2 5. Accordingly, the three zones in

. 0
importance only when }

the parameter space will be defined as follows. The zone w, of prefer-
ence for acceptance consists of all points (9, o) for which 8 = 6, i.e.,
w, consists of all points (6, ¢) where ¢ can take any positive value.
The zone w, of preference for rejection consists of all points (6, o) for

60— 6 o1 .
which | —— | = &. Finally the zone of indifference contains all

6 — 6

g

points (6, o) for which 0 < <.

12 See Section A.9.
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The probability density of a sample (24, - - -, z;) drawn from a nor-
mal distribution with mean 6 and standard deviation o is given by

n
1 333 Ga—0)?

e a=1

(4 '20) Pn = n
(27)2™

As in the general procedure described in the preceding section, the test
procedure will be based on the ratio pyn/pon Where por is some weighted
average value of p, corresponding to various points (6, ¢) in w,, and
Pin is some weighted average of p, corresponding to various points
(8, ¢) in w,. It is shown in Section A.9 that by choosing the weight
functions w,(8) and w,(8) according to the principles described in the
preceding section we are led to the following ratio: 18

4 n
L1 2 Ga—t—i)? =55 P Ga—to+so)?
ot — e a=1 + e a=1 ] do
Pin 2 0 g
4:21) — = T -
Don 1 ——;—22(%—00) do
o o"

The test procedure is then carried out as follows. Additional observa-
tions are taken as long as B < p1a/pon < A. The hypothesis H is
rejected if p1n/pon = A and the hypothesis H is accepted if p1n/Pon
< B. To satisfy the requirements (4:18) and (4:19) for practical pur-
poses we may let A = (1 — 8)/a and B = /(1 — a).

4.2.4 A Particular Class of Problems Treated by Girshick

A class of problems treated by M. A. Girshick may be formulated
as follows. Let z; and z» be two independent random variables. The
distribution (elementary probability law) of z; is given by f(z4, 61)
and that of x5 by f(z2, 82), where the function f is known but the values
of the parameters 6; and 6, are unknown. The problem is to test the
hypothesis H that 8; < 6, against the alternative hypothesis H’ that
0, > 0,.

The type of problem describdd above occurs frequently in applica-
tions. For example, let z denote some quality characteristic, such as
hardness, tensile strength, or ?*eight, of a manufactured product. Sup-

18 Considerable work on the evaluation of this ratio to bring it to a suitable
form for tabulation was done by K. Arnold while he was a member of the Statistical
Research Group of Columbia University. Tables for the computation of this ratio
have been prepared by the Mathematical Tables Project, New York.

14 M. A. Girshick, “Contributions to the Theory of Sequential Analysis,” The
Annals of Mathematical Statistics, Vol. 17 (1946).

[
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pose that the distribution of z in the population of units produced has
a known functional form f(z, 6), but the value of the parameter 6 is
unknown. Suppose, furthermore, that there are two competing proc-
esses of production under consideration by the manufacturer. Let 6;
denote the value of 8 when process 1 is used, and 6, when process 2
is used. Both values, 6; and 6,, are unknown. If the product is con-
sidered the more desirable the greater the value of 6, the problem of
deciding between the two competing processes reduces to that of test-
ing the hypothesis H that 6; < 6;. Process 1 is chosen if H is rejected,
and process 2 is chosen if H is accepted.

The following procedure for testing the hypothesis H has been pro-
posed by Girshick. We choose a particular value 6,° of 6; and a par-
ticular value 65° of 6, where 6,° < 6,°. Let H, denote the hypothesis
that the joint distribution of z; and x, is given by f(z1, 6;°)f(x3, 65°),
and let H; be the alternative hypothesis that the joint distribution of
z; and z is given by f(zy, 0,°)f(xs, 6,°). We then set up the sequen-
tial probability ratio test for testing the simple hypothesis Hy against
the simple alternative H;. The hypothesis H is accepted or rejected
accordingly as the sequential probability ratio test leads to the accept-
ance or rejection of Hy. Thus, to carry out the test procedure, two
constants A and B are chosen and the ratio

Pim _ f(z11, 62) (221, 61°) - - f(21m, 82°)f (wom, 6:°)
Pom S (@11, 0:°)f (221, 02°) -+ (@ 1my 01°)f (Z2m, 62°)

(4:22)

is computed at each stage of the experiment. Here z;, denotes the
ath observation on z; (z = 1,2). It is assumed that the observations
are taken In pairs, where each pair consists of an observation on z;
and an observation on z,. Expérimentation is continued as long as
the ratio pim/Pom lies between B and A. The hypothesis H is accepted
if pim/Pom S B, and the hypothesis H is rejected if pim/pom = A.

It has been shown by Girshick that in many important cases the
above test procedure will have the following property: There exists a
function v = v(8y, 62) such that » may be regarded as a reasonable
measure of the difference between 6; and 8,, and the probability of
accepting H depends only on the value of v. The function v satisfies,
furthermore, the conditions: (1) v(6;, 62) = 0 when 6 = 65; (2) v(6;, 62)
< 0 when 8, > 61; (3) v(6y, 62) = —v(62, 61).

If a function v with the above properties exists, the choice of the
four quantities 6,°, 6,°, A, and B may be made on the basis of the fol-
lowing considerations: Let & be a positive value such that the accept~
ance of H is regarded as an error of practical importance whenever



86 TESTS FOR SIMPLE AND COMPOSITE HYPOTHESES

v = §, the rejection of H is regarded as an error of practical importance
whenever v £ —§; for values v between —§ and & we do not care par-
ticularly which decision is made. Thus, we shall want a test procedure
for which the probability of rejecting H will not exceed a preassigned
value o whenever » < —é and the probability of accepting H will not
exceed a preassigned value B whenever v = 8. The test procedure will
have the desired properties if the quantities 6,° 6,°, A, and B are
chosen so that v(6,° 6,°) = —& and the sequential probability ratio
test for testing H, against H; has the strength (e, 8). For all prac-
tical purposes we may let A = (1 — §)/a and B = 8/(1 — «).

As an illustration, we shall consider the following example. Suppose
that one of two production processes is to be chosen. Suppose, further,
that the quality characteristic under consideration is normally distrib-
uted with known mean and unknown standard deviation ¢; when proc-
ess 1 is used, and that the distribution is normal with the same mean
but unknown standard deviation ¢, when process 2 is used. The proc-
ess that leads to a smaller standard deviation is preferred. Thus, the
manufacturer is interested in testing the hypothesis H that o; < 0.
There is no loss of generality in assuming that the known means are
equal to 0. Let Hy be the hypothesis that o = ¢,° and ¢ = ¢5°, and
H, the hypothesis that ¢, = ¢5° and o2 = 01° (6,° < 02°). Then the
probability ratio for testing H, against F; is given by

m
1 1
Pim (E(:@)i - 5(;2[7)5)[ Z (Zlaz—zzaz)]
—_— = a=1
Pom

where z;, denotes the ath observation from the population correspond-
ing to process <.

As Girshick has shown, the probability that the sequential prob-
ability ratio test of Hy against H; will terminate with the acceptance
of Hy depends only on the value of

(4:23)

(@:24) o) =5 (=5 - 5)
. v(oy, O = —\——5 -
1,02 2 0_22 0’12
This quantity may be regarded as a reasonable measure of the devi-
ation of o; from ¢,. Suppose we want a test procedure satisfying the
following conditions: The probability of rejecting H should not exceed

1/ 1 1
a whenever §<—2 - ——2> =< -4, and the probability of accepting H
a2 o1
1

11
should not exceed 8 whenever 5(——5 - -—2> 2 6. Then we choose
02 o1
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0’10 and 020 so that

(4:25) ! ( ! L > 8
' 2\@"? @Y
The probability ratio given in (4:23) becomes then equal to

m
8 2 (Ila":hl’)

Pim
—_— = ea=l

Pom

(4:26)

1 . .
When - log Pim _ Z(T1a® — Z2q2) is used instead of gll', the test
0  Pom Pom

procedure can be carricd out as follows. We continue taking pairs of
observations as long as

logB ~ log A

4:27 < Tia — Z24°) <
(4:27) : Z; (1% = 7aat) < —
We accept H if

= log B
4:28 o2 — 242 £
(4:28) Z( rart) S —
and reject H if

< log 4
(4:29) D @ — o) 2 —



PART II. APPLICATION OF THE GENERAL THEORY TO
SPECIAL CASES!

Chapter 5. TESTING THE MEAN OF A BINOMIAL DISTRI-
BUTION (ACCEPTANCE INSPECTION OF A LOT WHERE
EACH UNIT IS CLASSIFIED INTO ONE OF TWO CATEGORIES)

6.1 Formulation of the Problem

Let z be a random variable which can take only the values 0 and 1.
Denote by p the (unknown) probability that x takes the value 1. We
shall deal here with the problem of testing the hypothesis that p does
not exceed some specified value p'.

This problem arises, for example, in acceptance inspection of a lot
consisting of a large number of units of a manufactured product. Sup-
pose that each unit is classified in one of the two categories: defective
and non-defective. We shall assign the value 0 to any non-defective
unit and the value 1 to any defective unit. Let p denote the unknown
proportion of defectives in the lot. Then the result x of the inspection
of a unit drawn at random from the lot can take only the values 1
and 0 with probabilities p and 1 — p, respectively. Usually it will be
possible to specify some value p’ such that we would like to accept the
lot whenever p < p’ and we would like to reject the lot whenever
p > p’. Thus, the problem of deciding whether the lot is to be ac-
cepted or rejected on the basis of a random sample may be formulated
as the problem of testmg the hypothesis p < p’ against the alternative
hypothesis that p > p’.

Since acceptance inspection of manufactl}req products is perhaps
one of the most important applications of testing the mean of a bi-
nomial distribution, in what follows we shall use the terminology cus-

1 The special cases treated here are discussed mainly to illustrate the general
theory and to bring out points of theoretical interest specific to these applications.
Accordingly, computational procedures and simplifications are not stressed much
and hardly any tables are given. A more detailed and non-mathematical discussion
of these applications, together with a number of tables, charts, and computational
simplifications, is contained in ‘“Sequential Analysis of Statistical Data: Applica~
tions,” a report prepared by the Statistical Research Group of Columbia University
and published by Columbia University Press, Sept., 1945. This report will be
referred to hereafter simply as SRG 255.

88
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tomary in acceptance inspection. This, of course, does not mean that
the test procedure is not applicable to other cases as well. In the
terminology of acceptance inspection, our problem may be stated as
follows: A proper sampling plan (test procedure) is to be devised for
deciding whether the lot submitted for inspection should be accepted
or rejected.

/6.2 Tolerated Risks of Making Wrong Decisions

Any sampling plan which does not provide for complete inspection
of the lot may lead to a wrong decision. That is, we may accept the
lot when p > p’, or we may reject the lot when p < p’. Since com-
plete inspection is frequently not feasible, or too costly, we are willing
to tolerate some risks of making wrong decisions. In order to devise
a proper sampling plan, it is necessary to state the maximum risks of
wrong decisions that we are willing to tolerate.

If p = p/, the quality of the lot is just on the margin and we are
indifferent which decision is made. For p > p’, we prefer to reject the
lot and this preference increases with increasing value of p. Forp < p/,
we prefer to accept the lot and this preference increases with decreas-
ing value of p. If p is only slightly above p’, the preference for rejec-
tion is only slight and acceptance of the lot will not be regarded as an
error of practical consequence. Similarly, if p is only slightly below
p’, rejection of the lot is not a serious error. Thus, it will be possible
to specify two values po and p;, po below p’ and p; above p’, such that
acceptance of the lot iS'regarded as an error of practical consequence
if (and only if) p = p;, and rejection of the lot is regarded as an error
of practical importance if (and only if) p < po. If p lies between po
and p; we do not care particularly which decision is made.

After the two values py and p; have been chosen, the risks of mak-
ing wrong decisions which we are willing to tolerate may reasonably
be formulated as follows: The probability of rejecting the lot should
not exceed some small preassigned value a whenever p < po, and the
probability of accepting the lot should not exceed some small pre-
assigned value 8 whenever p = p;.

Thus, the tolerated risks are characterized by four numbers, po, p1,
a, and 8. The choice of these four quantities is not a statistical prob-
lem. They will be selected on the basis of practical considerations in
each particular case. A proper sampling plan can be determined, as
will be shown in the next section, after these four quantities have been
chosen.
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5.3 The Sequential Probability Ratio Test Corresponding to the
Quantities po, 1, a, and p

6.3.1 Derivation of Algebraic Formulas for the Test Criterion

A sampling plan satisfying the conditions that the probability of
rejecting the lot does not exceed o whenever p < po, and the prob-
ability of accepting the lot does not exceed 8 whenever p = p,,‘zis given
by the sequential probability ratio test of strength (a, 8) for testing
the hypothesis p = po against the hypothesis p = p;. This test is
defined as follows (see Section 3.1): Let z; denote the result of the
inspection of the ith unit; that is, ; = 1 if the ith unit inspected is
found defective, and z; = 0 otherwise. If p denotes the proportion
of defectives in the lot, the probability of obtaining a sample equal
to the observed (zy, - - -, Z») is given by

(5:1) pin(l — p)"on

where'd,,, denotes the number of defectives in the first m units in-
spected.2 Under the hypothesis that p = p; the probability (5:1) be-
comes equal to

(5:2) Pim = p1¥"(1 — p))"

and under the hypothesis that p = po the probability (5:1) becomes
equal to

(5:3) Dom = Po"(1 — po)™n

The sequential probability ratio test is carricd out as follows. At each
stage of the inspection, at the inspection of the mth unit for each posi-
tive integral value m, we compute

1 —
(5:4) log& = dp, log Py + (m — dy,) log i
Pom Do 1 —po
Inspection is continued as long as
1 —
(5:5) log i < log Pim < log A
l -« Pom a

1 The lot is assumed to be sufficiently large so that the successive observations
zy, Z3, * * +, etc., may be regarded as independent.
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Inspection is terminated the first time that '(5:5) does not hold.

at this final stage we have

Pim

o1
If

(5:6) log— = log
Pom a
the lot is rejected, and if
(5:7) log Pim < log 8
Pom 1l —a

the lot is accepted.?

Inequalities (5:5), (5:6), and (5:7) can easily be seen to be equiva-~

lent to the following inequalities:

B 1 —po
log log
l—«a 1—p
(5:8) m <d, <
1 5t ”1 1—p
log — — log log — — log
Po — Po Po 1 —po
1-8 1 —po
log log
a 1—p
+m 1
logﬂ—log b lg?l—lg P
Po — Do Po — Do
1-8 1 —po
log log
o 1 —p
(5:9) dm = +m
D1 - D1 D1 1-pm
log — — log log — — log
Po — Do Po = Po
and
B 1 —po
log log
l—a 1- P1
(5:10) dn = m
2! - n D1 1-m
log — — log log — — lo
Po 1 —po Do 1 —po

For each value of m we shall denote the right-hand member of (5:10)
by a. and call it acceptance number. Similarly, we shall denote the

3 There is a slight approximation involved in the use of the constants log [8/(1 —a)]
and log [(1 — B)/a]. For further details see Section 3.3.
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right-hand member of (5:9) by r, and call it rejection number. For
purposes of practical computations, the use of the inequalities (5:8),
(5:9), and (5:10) seems to be much more convenient than the use of
the original inequalities (5:5), (5:6), and (5:7).# On the basis of in-
equalities (5:8), (5:9), and (5:10), the sequential probability ratio test
is carried out as follows. At each stage of the inspection we compute
the acceptance number a,, and the rejection number 7,. Inspection
is continued as long as a, < d,, < 7. The first time that d,, does not
lie between the acceptance and rejection numbers, inspection is termi-
nated. If d,, = 7. the lot is rejected, and if d,, < a, the lot is ac-
cepted.

6.3.2 Tabular Procedure for Carrying Out the Test

The acceptance number

1 —po
log log
l—«a 1 - P1
(5:11)  an = +m
P1 1—p P1 1—m
log — — log log — — log
Po 1 —po Po 1 —po
and the rejection number
1-8 1—1p0
log log
a 1—-p
(5:12) 71, = +m
D1 1—p D1 1—-p
log — — log log — — log
Po 1 —po Po 1 —po

depend only on the quantities po, p1, @, and 8. Thus, they can be
computed and tabulated before inspection starts. If a, is not an
integer, we may replace it by the largest integer < a,. Similarly, if
rm i not an integer, we may replace it by the smallest integer
> . '
As an illustration, consider the following example. Let py = .1,
p1 = .3, a = .02 and 8 = .03. The acceptance and rejection num-
bers, as well as the results of the observations, in an experiment are

4 The use of the inequalities (5:8), (5:9), and (5:10) instead of (5:5), (5:6), and
(5:7) was first suggested by J. H. Curtiss. In SRG 255 similar transformations
of the inequalities defining the test procedure have been used in other problems
as well.



THE SEQUENTIAL PROBABILITY RATIO TEST 93

given in Table 5. In this example, inspection is terminated at m =
22 with the rejection of the lot.

TABLE 5

m dm
Number Accea"t:ance Number
of Units Nuxl;ber of Defects
Inspected Observed

T'm
Rejection
Number

O WTDOWN -

[y
w
N TNOTOTUU il WNN - —-0 0

N
[
WNNNNDNH--~MOOO0O0O0 0!

6.3.3 Graphical Procedure for Carrying Out the Test

The test procedure can also be carried out graphically. The num-
ber m of observations is measured along the horizontal axis and the
number d,, of defects along the vertical axis. The points (m, a,,) lie
on & straight line Ly, since a,, is a linear function of m. Similarly the
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points (m, r,,) lie on a straight line L;. The intercept of Ly is given by

log
1 —«a
(5:13) ho =
D1 1 —pm
log — — log
Po 1 —po
and the intercept of L, is given by
1-8
log
a
(5:14) hy =
Pt 1 —p
log — — log
Po L —po

The lines Ly and L, are parallel and the common slope is equal to

1 — po
log n
(5:15) g = o
P1 1-—p
log — — log
Po 1—p0

The two straight lines Ly and L, are drawn before inspection starts.
The points (m, d,,) are plotted as inspection goes on. We continue
inspecting additional units as long as the point (m, d,) lies between
the lines Lo and ;. Inspection is terminated the first time that the
point (m, d,,) does not lie between the lines Lo and L;. If (m, dy,) lies
on Ly or below, the lot is accepted. If (m, d,) lies on L, or above, the
lot is rejected.

Figure 11 shows the graphical procedure for the example given in
Section 5.3.2.

0 5 10 15 20 25 30
Fia. 11
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6.4 The Operating Characteristic (OC) Function L(p) of the Test ®

5.4.1 Determination of L(p) for Some Special Values of p

As defined in Section 2.2.1, the value of the OC function L(p) for
each p is equal to the probability that the lot will be accepted when
p is the true proportion of defectives in the lot. One can easily verify
that

(5:16) LO)=1 and L(1) =0

Since the test procedure is so set up that the probability is 1 — &
that the lot will be accepted when p = po, and the probability is 8
that the lot will be accepted when p = p;, we have

(6:17) L(po) =1 —a and L(p) =8
1 —po
{ log
?7 1 — D1
When p=s8=
1 — D
log — — log
Po 1 —po
we obtain from equation (3:43)
1-8
log
a h1
(5:18) L(s) = =
- 8 hy + | kol
log + | log
a l—«a

where ho and h; are the intercepts of the lines Ly and L.

Thus, five points on the OC curve corresponding to p = 0, 1, po, p1,
and s can immediately be determined. Since L(p) is monotonically
decreasing with increasing p, the five points will determine fairly
closely the shape of the whole OC curve. This will frequently be suf-
ficient for practical purposes and there will be no need to compute L(p)
for additional values of p.

5 The formulas given in this section involve an approximation caused by neglecting
the excess of d,, over the boundaries a., and 7, at the termination of the test proce-
dure. For details see Sections 3.4 and A.2.3. An exact formula for L(p) is given
in Section 5.4.3 for the special case in which the slope s of the decision lines is equal
to the reciprocal of an integer.

8 When p = s, the value of 4 in formula (3:43) isequal to 0. The limiting value of
the right-hand member of (3:43), when k — 0, is equal to ml(-)f—[‘:—_ogﬂ which is
equal to the right-hand member of (5:18), since A = (1 — 8)/aand B = /(1 — a).
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6.4.2 Determination of L(p) over the Whole Range of p
It has been shown in Chapter 3, equations (3:45) and (3:46), that?

1 — h
()~
a
(9 -G2)
a l—a
where h is determined by the equation
1 - k
(2
1 — po
G -G=n)
Do 1 —po
To compute the OC curve, it is not necessary to solve equation
(5:20) in h. For any arbitrarily chosen value &, the values of p and
L(p) may be computed from (5:19) and (5:20). The point [p, L(p)]
computed in this way will be a point on the OC curve. The OC curve
can be drawn by plotting a sufficiently large number of points [p, L(p)]

corresponding to various values of h. Figure 12 shows a typical OC
curve.

(5:19) ) L(p) =

(5:20) p=

' AT
1

0 1 p
Fia. 12

The range of h in (5:19) and (5:20) is from — o to +®. It can be
verified that the right-hand member of (5:19) is increasing with in-
creasing h, and the right-hand member of (5:20) is decreasing with in-
creasing h. The five values of p considered in Section 5.4.1, that is,
p = 0, po, 8, P1, 1, correspond to the values of b = +, 1,0, —1, — e,
respectively, as can be seen from (5:20). Letting h = 4, 1,0, —1,

7In the formulas given in SRG 255, p. 2.50, the quantities p and L(p) are ex-
pressed in terms of another parameter z which is functionally related to A.
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— in (5:19), we obtain the corresponding five values of L(p) which
coincide with those given in Section 5.4.1.

If the part of the OC curve corresponding to positive values of h
has been determined, the computation of the part of the OC curve
corresponding to negative values of & can be simplified.® To show this,
let h be a given positive value and let [p, L(p)] be the corresponding
point on the OC curve. Let [p’, L(p’)] denote the point on the OC
curve corresponding to —h. Then we have

(=) -

(5:21) L) ( - : B)_h_ (1 ; a)_h
T
(0 = Ay
)
ERNE
8\ 1_(1;B>h A
ey
T e

G- -

Do 1 —po 1 —po Po

1 —m h

3 -1 A

-() T ()
Po (1 - Pl)h_ (_P_l)h Po
1 —po Do
8 A similar simplification is given in SRG 255, p. 2.50, with reference to the
parameter z used there.
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Thus, the point [p’, L(p’)] corresponding to —h can be computed from
the point [p, L(p)] corresponding to h by using the simple relations

p = (” ) pand L(p)) = %) L(p).

5.4.3 Exact Formula for L(p) When the Reciprocal of the Slope of
the Decision Lines Is an Integer
The quantity z, i.e., the logarithm of the probability ratio for
a single observation, can take only the values log (p;/po) and
log [(1 — p1)/(1 — po)). It follows from (5:15) that

log—@ = (1 - l)log1 Po
Po 8 1 —p
where s is the slope of the decision lines. Assume that 1/s is an in-
teger. Then the two values of z are integral multiples of d =
log [(1 — po)/(1 — p1)], namely, —d and [(1/s) — 1]d, and the results
in the last part of Section A.4 can be used to determine the exact OC
curve.? On the basis of these results one can show that

i ulﬂ_H[b“]
=1 (u; — I)H(ui - u;)
L(p) — l 1 g #1

1 [log A:l [llogBl]
; (u; — I)H(ui — uy)

e

where A and B are the constants used in the sequential test,' the

symbol [k] denotes the smallest integer = k, and uy, ug, - - -, u; are the
roots of the equation 8
1
A-putp =1
u!

A different method for deriving an exact formula for L(p) was given
by M. A. Girshick in The Annals of Mathematical Statistics, Vol. 17
(1946). His method does not require the computation of the roots
ULy *° ul

8

? To reduce this case to the case discussed in the last part of Section A.4, one
merely has to consider the test corresponding to z*, A* and B* where z* = —z,
log A* = — log B and log B* = — log 4.

10 To obtain a test of strength (e, 8), we used the approximate values 4 =
(1 = B)/aand B = /(1 — a).
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5.6 The Average Sample Number (ASN) Function of the Test

Let n denote the number of observations required by the test pro-
cedure. Then 7 is a random variable, since it depends on the outcome
of the observations. The expected value of n depends on the propor-
tion of defectives in the lot and is denoted by E,(n). This can be
plotted as a curve, p being measured along the horizontal axis and
E,(n) along the vertical axis. A typical ASN curve is shown in Fig.
13. This curve is called the ASN curve of the test (see Section 2.2.2
for a general definition of the ASN curve).

E,(n)

Fia. 13

The general formula for the ASN function of a sequential probability
ratio test is derived in Section 3.5. The approximation formula (3:57)
applied to the binomial case gives

L(p) log B + (1 — L(p)) log 4

1._
plog ™t 4 (1 — p) log — 2%
Po 1 —po

where A = (1 — B8)/a, B = B8/(1 — @), and L(p) denotes the prob-
ability that inspection terminates with the acceptance of the lot.
Using this formula, we shall compute E,(n) for p = 0, po, p1, and 1.
Since L(0) = 1, the value of Ey(n) is given by

(5:23) Ey(n) =

log 8
l -«
(5:24) Ep(n) =
1 -
log
1 —po

11 The right-hand member of (5:23) can be expressed as a function of L(p), the
intercepts, and the slope of the decision lines. See SRG 255, p. 2.63.
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when p = 0. For p = po, we have L(p) = 1 — a and we obtain fron

(5:23)
(1 —oz)log1 fa+alog1 L
(5:25) E, (n) =
polog& + (1 = po) log1 L
Po 1 —po

For p = py1, we have L(p) = § and we obtain from (5:23)

1-8
Blog i + (1 — B) log
l —« «a
(5:26) E,(n) =
21 loggl + (1 — py) log
Po 1 —po

Since L(1) = 0, we obtain from (5:23)
1-8

log

(5:27) E,(n) =
P1
log —
Po
when p = 1.
Using formula (A:99) in the Appendix, we can compute the value
of E,(n) when p is equal to the common slope s of the acceptance and

rejection lines, i.e., when 1

L] 1 — p()
log
1—m
p = = 8
D1 1-m
log — — log
Po 1 —po
From (A:99) we obtain
B 1-8
— | log log
(5:28) E,(n) = 1 =
’ * E,(®)

where E,(z%) is the expected value of 2% and 2 is a random variable
which can take only the values log (p1/po) and log [(1 — p1)/(1 — po)]

12 The value s of p corresponds to the value ¢’ in formula (A:99). It can be shown
that s lies between po and p1. Formula (A:99), and therefore also (5:28), involves
an approximation caused by neglecting the excess of the cumulative sum over the

boundaries.
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with probabilities s and 1 — s, respectively. Thus

2 1 — 2
s (log E) + (1 —5s) (log pl)
Po 1 —po
2 1 — 2 1 — 2
[ - (et ] (=)
Po 1 —po 1 — po
1— 1 - 1 —p1\?
(Iog Po) (loggl + log p1> + (Iog pl)
1 —m Do 1 —po 1 —po
1 —
= loggl—log Po

o l—m
From (5:28) and (5:29) we obtain

—(log s >(log1 —B>
l—a a

pr, 1—mo
log — log
po 1—m

(5:20) E.(2%)

(5:30) Ey(n) =

The determination of the five points of the OC curve, as given in
(5:24), (5:25), (5:26), (5:27), and (5:30), may frequently suffice in
practice, since these five points already give a fairly good idea of the
shape of the whole curve. The ASN curve generally increases as p
increases from 0 to po, and decreases as p incrcases from p; to 1. In
the interval (po, p1) the ASN curve generally increases as p increases
from po to some value p’, and decreascs as p increases from p’ to p;.
The value p’ is generally equal to s or is very near s.

If it is desired to plot the ASN curve over the whole range of p, it
is necessary first to compute the OC function L(p). The value of
E,(n) can then easily be determined from (5:23) for any value p.

6.6 Observations Taken in Groups

6.6.1 General Discussion

For practical reasons it may sometimes be preferable to take the
observations in groups, rather than singly. That is, the test procedure
is carried out as follows. A group g; consisting of v units is drawn
from the lot. If the number of defectives d,, in this group g, is less than
or equal to the acceptance number a,, inspection terminates with the
acceptance of the lot. If d, is greater than or equal to the rejection
number 7,, inspection terminates with the rejection of the lot. If
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a, < d, < Ty, a second group gz of v units is drawn. Again, the lot is
accepted if the total number of defectives dz, in the two groups is less
than or equal to as,, the lot is rejected if dg, = 794, and a third group
gs of v units is drawn if ap, < day < 73,. This process is continued
until either rejection or acceptance of the lot is decided. Thus, when
the observations are taken in groups of v units, the number d,, of
defectives found is compared with the corresponding acceptance num-
ber a,, and rejection number 7, only for m = v, 2v, 3v, - - -, etc.

The purpose of this section is to make some comments on the effect
of grouping on the OC and ASN curves of the sampling plan. Clearly,
grouping can only increase the number of observations required by the
test. For, suppose that inspection terminates at the nth unit when
observations are taken singly. If n is equal to an integral multiple of
v, i.e., n = kv, then the number of groups inspected, when observations
are taken in groups, will be precisely equal to %, and the total number
of units inspected will be the same as when obscrvations are taken
singly. However, if kv < n < (k + 1)v, grouping will cause an in-
crease in the amount of inspection, since we shall have to inspect at
least (k + 1) groups, that is, at least (k + 1)v units. It may even
happen that we shall have to inspect more than (k + 1) groups. This
will be the case when d,, lies outside the interval (a,, 7.), but ag41)»
< dg41yv < k4o Thus, the increase in the expected number of
units inspected caused by grouping may even exceed v in some cases.

Regarding the effect of grouping on the OC curve, the following
remarks may be made. Putting A = (1 — 8)/a and B = 8/(1 — a),
the probability o of rejecting the lot when p = po and the probability
B’ of accepting the lot when p = p; will be only approximately equal
to « and B, respectively, even if the observations are taken singly.
This was pointed out in Section 3.3, where the following inequalities
were derived:

(5:31) WS- and §s—
1-8 1 -«

It can easily be verified that these inequalities also remain valid when
the observations are taken in groups. The quantities a and B are
usually very small and o/(1 — 8) and /(1 — «) are very nearly equal
to a and B, respectively. Thus, also in case of grouping, the realized
values o’ and 8’ cannot exceed the intended values « and B, respec-
tively, except by an exceedingly small quantity which can be neglected
for all practical purposes. This means that, for all practical purposes,
grouping will not decrease the protection against wrong decisions pro-
vided by the test. The only possible effect of practical significance that
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may be caused by grouping is that it may make o’ or 8’ substantially
smaller than the intended values « and 8. This feature of grouping
compensates, to some extent, for the increase in the number of ob-
servations.

It may be of interest to remark that, if the number » of units in a
group is equal to the reciprocal of the common slope s of the accept-
ance and rejection lines and if the intercepts of these lines are integers,
the OC curve is not affected at all by grouping.®* This can be seen as
follows: Because s = 1/d, we have @miqa =an+ 1 and 7,44 =
rm + 1. Furthermore, since the intercepts of the acceptance and re-
jection lines are assumed to be integers, a,, and r,, have integral values
for any m which is an integral multiple of ». If item-by-item inspec-
tion leads to acceptance of the lot at the nth item, then n must be an
integral multiple of », and therefore inspection in groups of v will also
lead to acceptance. If item-by-item inspection leads to rejection of
the lot at the nth item, then we have d, = r,. Let n’ be the smallest
integral multiple of v greater than or equal to n. Then d, = r,, since
d, is an integer, d, — r, < 1, and r,y — r, = 1. Hence d,» = r,» and
inspection in groups will also terminate with rejection of the lot. Thus,
inspection in groups leads to exactly the same decision as item-by-
item inspection and consequently grouping does not affect the OC curve.

5.6.2 Upper and Lower Limits for the Effect of Grouping on the
OC and ASN Curves

Upper and lower limits for the effect of grouping on the OC and ASN
curves can be obtained by considering the following three auxiliary
sequential sampling plans. Let ko be the intercept of the acceptance
line, h; the intercept of the rejection line, and s the common slope in
the given sampling plan. The first auxiliary plan is obtained by
changing ho to ho* = ho — vs and leaving hy and s unchanged. The
second auxiliary plan is obtained by changing hy to ht* = hy + vs,
leaving Ry and s unchanged. Finally, the third auxiliary plan corre-
sponds to the intercepts ho*, hi*, and slope s. Let L;(p) denote the
OC function and Ej; (n) the ASN function of the auxiliary plan ¢, when
item-by-item inspection is used (¢ = 1, 2, 3). Furthermore, let L(p)
denote the OC function and E,(n) the ASN function of the given plan
when item-by-item inspection is used. When inspection is made in
groups the OC and ASN functions are affected, and we shall denote
them by L(p) and E,(n) respectively.

1 See also SRG 255, p. 2.30.
14 Except, in the case of the OC function, when the number of units in the group

is the reciprocal of the slope, as stated in Section 5.6.1.
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It can easily be seen that whenever the first auxiliary plan (using
item-by-item inspection) leads to the acceptance of the lot, the orig-
inal plan (taking observations in groups) also leads to acceptance.
The converse is, however, not necessarily true. That is, it may happen
that the auxiliary plan leads to rejection of the lot, whereas the original
plan leads to acceptance. Thus, we have

(5:32) Li(p) < L(p)

Similarly, one can verify that whenever the second auxiliary plan
(using item-by-item inspection) leads to rejection of the lot, the orig-
inal plan (using grouping) also leads to rejection. Hence

(5:33) 1 —Ly(p) £ 1 — L(p)
This can be written as

(5:34) B L(p) £ Le(p)
From (5:32) and (5:34) we obtain

(5:35) Li(p) = L(p) £ La(p)

7

To derive an upper limit for £,(n) we shall make use of the third
auxiliary plan. If this plan (using item-by-item inspection) terminates
at the inspection of the nth unit, the original plan (using grouping)
must terminate at the latest with the inspection of the group in which
the nth item is included.’® Hence, the number n’ of units inspected
when the original plan is used cannot exceed n + ». From this it
follows that

(5:36) Ey(n) £ Eps(n) +v
Since E,(n) < E,(n), we obtain the limits
(5:37) Ep(n) = Ep(n) = Epa(n) +0

Limits for Z(p) and E,(n) could also be derived by using the method
described in Sections A.2.3 and A.3.1 of the Appendix. The limits
given in (5:35) and (5:37) will be rather close when p;/py and
(1 — p1)/(1 — po) are near 1 and vs does not exceed 1.

6.7 Truncation of the Test Procedure

The sequential sampling plan does not provide any definite upper
bound for the number 7 of units to be inspected. Any large value of
n is possible, but the probability is small that n will exceed twice or

18 Tt is possible, of course, that inspection terminates with an earlier group.
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three times its expected value. It is sometimes desirable to set a
definite upper bound ng for n, excluding even a small probability that
n may exceed ng. This can be done by truncating the sequential proc-
ess at n = ng. That is to say, we terminate the process at n = nq
even if the regular sequential rule does not lead to a final decision for
n < ng. The following seems to be a reasonable rule for deciding
acceptance or rejection of the lot at n = ng if no decision is reached
for n <mny with the regular sequential procedure: If d,, =
(@ny + 7ny)/2 we reject the lot, and if d,, < (@n, + 7a,)/2 We accept
the lot.

Truncation and its effect on the OC curve are discussed in Section
3.8. If ng is put as high as three times the expected value of n, the
effect of truncation on the OC curve is negligibly small, since the
probability is nearly 1 that the regular sequential procedure will termi-
nate for n < ng.



Chapter 6. TESTING THE DIFFERENCE BETWEEN THE
MEANS OF TWO BINOMIAL DISTRIBUTIONS (DOUBLE
DICHOTOMIES)

6.1 Formulation of the Problem

Suppose that we want to compare the effectiveness of two produc-
tion processes where the effectiveness of a production process is meas-
ured in terms of the proportion of effective units in the scquence pro-
duced. We shall say that a unit is effective if it has a certain desirable
property, for example, if it withstands a certain strain. Let p; be the
proportion of effectives if process 1 is used, and py the proportion of
effectives if process 2 is used. In other words, p; is the probability
that a unit produced will be effective if process 1 is used, and p, is the
probability that a unit produced will be effective if process 2 is used.
Suppose that the manufacturer does not know the values of p; and
pe, and that process 1 is in operation. If p; = pe, the manufacturer
wants to retain process 1. However, if p; < pg, especially if p; is
substantially smaller than pz, the manufacturer would like to replace
process 1 by process 2. Thus, we are interested in testing the hypoth-
esis that p; = pe against the alternative that p; < pe.

A more general formulation of the problem can be stated as follows.
Consider two binomial distributions. Let p; be the probability of a
success in a single trial according to the first binomial distribution,
and let p; be the probability of a success in a single trial according to
the second binomial distribution. We shall use the symbol 1 for suc-
cess and the symbol O for failure. Suppose that the probabilities p,
and p, are unknown. We consider the problem of testing the hypoth-
esis that p; 2 p. on the basis of a sample consisting of N; observations
from the first binomial distribution and N observations from the
second binomial distribution. Since in many experiments the case
N; = N, is mainly of interest, and since.this case (as we shall see
later) makes an exact and simplified mathematical treatment of the
problem possible, in what follows we shall assume that Ny = N, = N
(say). Thus, on the basis of the outcome of the two series of N inde-
pendent trials we have to decide whether the hypothesis p; = p
should be accepted or rejected.

106
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6.2 The Classical Method

The classical solution of the problem for large N is given as follows.
Let S; be the number of successes in the first set of N trials (drawn
from the first binomial distribution), and let S; be the number of suc-
cesses in the second set of N trials (drawn from the second binomial
population). Denote (S; + S2)/2N, by p and 1 — $ by §. Then for
large N the expression

6:1) Sy — 5

e

is normally distributed with zero mean and unit variance if p; = po.
Suppose that the level of significance we wish to choose is a. Let A4
be the value for which the probability that a normal variate with zero
mean and unit variance will exceed A, is equal to a. (For example, if
a = .05, A\, = 1.64.) Thus, if p; = ps, the probability that the ex-
pression (6:1) will exceed A, is equal to a. If p; > p,, the probability
that the expression (6:1) will exceed A\, is less than a. According to
the classical method, the hypothesis that p; = p2 is rejected if the
observed value of (6:1) exceeds A,. This method involves an approxi-
mation, since the distribution of (6:1) is not exactly normal (for small
N it is far from normal). Yor small N an exact method has been pro-
posed by R. A. Fisher which, however, involves cumbersome calcula-
tions. In Section 6.3 we shall suggest another (non-sequential)
method which is exact and is fairly simple to apply as far as compu-
tations are concerned. The latter method has the further advantage
of being suitable for sequential analysis, to which existing methods
are not readily adaptable.

6.3 An Exact Non-Sequential Method

Let ay, - - -, ay be the results in the first set of N trials, and by, « -+, by
the results in the second set of N trials. These results arc arranged in
the order observed. Consider the scquence of N pairs:

(6'2) (al; bl): ) (aNy bN)

Let ¢, be the number of pairs (1, 0) and ¢, the number of pairs (0, 1)
in this sequence. We consider only the pairs (0, 1) and (1, 0) and base
the test on them.

Let a be the outcome of an observation from the first population,
and b the outcome of an observation from the second population.
The probability that (a,b) = (1, 0) is equal to pi(1 — p3), and the
probability that (a,b) = (0, 1) is equal to (1 — p;)ps. Hence, know-
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ing that (a, b) is equal to one of the pairs (0, 1) and (1, 0), the (condi-
tional) probability that it is equal to (0, 1) is given by

_ (1 — p1)p2

T p1 = po) + p2(1 — 1)

and the (conditional) probability that it is equal to (1, 0) is given by

(6:3) ) P

p1(1 — p2)
p1(l —p2) + (1 — p1)p2

Hence, when only the pairs (1, 0) and (0, 1) are considered, the variate
i, is distributed like the number of successes in a sequence of ¢ =
t; + ¢, independent trials, the probability of a success in a single trial
being equal to p. One can easily verify that p = 15 if p; = py,
p < 15 if py > po, and p > 15 if p; < pe. Thus, the hypothesis to
be tested, i.e., the hypothesis that p; = p., is equivalent to the hypoth-
esis that p < 14. Thus, we can test the hypothesis that p; = p2 by
testing the hypothesis that p < 14 on the basis of the observed value
of {,. Since the distribution of #; is the same as the distribution of the
number of successes in ¢ = ¢; + ¢, independent trials (¢ is treated as a
constant and the probability of a success in a single trial is equal to
p), the test procedure can be carried out in the usual manner. If we
want a level of significance «, a critical value 7' is chosen so that for
p = 14 the probability that &, = 7 is equal to «. The hypothesis that
p £ Vs is rejected if and only if the observed ¢, is greater than or equal
to the critical value 7. The value of T can be obtained from a table
of the binomial distribution. If ¢ is large, f, is nearly normally dis-
tributed, and the critical value 7' can be obtained from a table of the
normal distribution.

This procedure thus provides a simple test of the hypothesis that
p1 = pe. The question arises whether the efficiency of this method is
as high as that of the classical method. It would seem that the method
suggested here cannot be a most efficient procedure, since the values
of t; and ¢, depend on the order of the elements in the sequences
“(ay, -+, an) and (by, ---, by), and there is no particular reason to
arrange them in the order observed. However, it has been shown?!
that the loss in efficiency as compared with the classical method is
negligible if the number N of trials is large.?

(6:4) 1—p=

1 See the author’s report, Sequential Analysis of Statistical Data: Theory, sub-
mitted to the Applied Mathematics Panel, National Defense Research Committee,
Sept., 1943.

2 The author believes that the loss in efficiency is slight even when N is small,
although no exact investigation of this case has been made.
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It should be pointed out that the procedure for testing the hypoth-
esis that p; = pe can be used also for testing the hypothesis that
p1 = pe if the alternative hypotheses are restricted to ps > p;.

In addition to simplicity and exactness, the present method seems
superior to the classical one in the following respect. Suppose that
(contrary to the original assumption) the probability of a success varies
from trial to trial. Let 11 denote the probability of success in the
ith trial of the first set, and let p;” denote the probability of success
in the ¢th trial in the sccond set (? =1, ---, N). Assume that the
probabilities p;” and p,™ are entirely unknown and we wish to test
the hypothesis that p;® — p,® = ... = p;® — p,™ = 0. In this
case the classical method is not applicable, but the present method
provides a correct procedure. Such a situation may arise, for instance,
if we want to test the hypothesis that the probability of a success
(hitting the target) is the same for two different guns. In the course
of the experiments the probability of a hit may change because of ex-
ternal conditions such as wind or disposition of the gunner. However,
these external conditions are likely to affcet both guns equally if the
trials are made alternately (or approximately alternately), so that if
the two guns are equally good we have p;® = p,® (i =1, --- N),

6.4 Sequential Test of the Hypothesis That p; = p,

~’6.4.1 Risks That We Are Willing to Tolerate of Making Wrong
Decisions

In order to devise a proper sequential test for testing the hypothesis
that p; = pe, we have to state first what risks of making wrong deci-
sions we are willing to tolerate. The efficiency of production process 1
may be measured by the ratio of effectives to ineffectives produced,
i.e.,, by k& = p1/(1 — p1). Production process 1 may be regarded the
more efficient the larger the value of £,. Similarly, the efficiency of
production process 2 may be mecasured by k; = pa/(1 — p2). The
relative superiority of production process 2 over process 1 can then
reasonably be measured by the ratio of k; to k;, i.e., by

_ 72 _p2(1 —p1)

(6:5) S

[f v = 1, the two processes are equally good. If u > 1, process 2 is
superior to process 1, and if v < 1, process 1 is superior to process 2.
Thus, the manufacturer will, in general, be able to select two values
of u, up and u;, say (up < u;), such that the rejection of process 1 in
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favor of process 2 is considered an error of practical importance when-
ever the true value of u < ug, and the maintenance of process 1 is con-
sidered an error of practical importance whenever u = u;. If u lies
between uo and u;, the manufacturer does not care particularly which
decision is made.

Clearly, we will always have 4o < u;. If the transition from pro-
duction process 1 to process 2 involves some cost or other inconven-
jences, it seems reasonable to put 4o = 1 (or up may even be slightly
treater than 1). This choice of ug really means that we consider the
rejection of process 1 a serious error whenever this process is not infe-
rior to process 2. On the other hand, if the transition from process 1
to process 2 does not involve any inconveniences, the rejection of proc-
ess 1 in favor of 2 cannot be a serious error when the two processes are
equally efficient, i.e., when = 1. Thus, in such a case it seems reason-
able to choose uy somewhat below 1.

After the quantities 4o and u; have been chosen the risks that we
are willing to tolerate may reasonably be expressed in the following
form: The probability of rejecting process 1 should not exceed a pre-
assigned value « whenever u < wug, and the probability of maintaining
process 1 should not exceed a preassigned value 8 whenever u = u;.
Thus, the risks that we are willing to tolerate are characterized by the
four quantities ug, %1, o, and 8.

6.4.2 The Sequential Probability Ratio Test Corresponding to the
Quantities uy, u;, a, and B
After the four quantities ug, u;, @, and 8 have been chosen, a proper
sequential test can be carried out as follows. The (conditional) prob-
ability that we obtain a pair (0, 1), as given in (6:3), can be expressed
as a function of . In fact

(1 — p)p2
©66) p = (1 — p1)pe _ p1(1 — p2) _ v
p1(l — p2) + p2(1 — p1) 14 pe(l —p1) 14w
p1(1 — p2)

Let Hy denote the hypothesis that p = wo/(1 4+ ug), and H; the
hypothesis that p = u;/(1 + w;). A proper sequential test satisfying
our requirements concerning tolerated risks is the sequential prob-
ability ratio test of Hy against H;. The acceptance and rejection num-
bers for this sequential test can be obtained from (5:11) and (5:12) by
substituting uo/(1 + ug) for po, u1/(1 + w;) for py, and ¢ = ¢, + &,
for m.
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Thus, for each value of ¢ the acceptance number is given by

1 + Uy
log log
l—a 1 + U
6:7) a; =
log u; — log ug log u; — log ug
and the rejection number is given by
1-8 14w
log log
a 14+ u
(6:8) Ty =
log u; — log uy log u; — log ug

These acceptance numbers a; and rejection numbers r, (¢t = 1,2, ---)
are best tabulated before experimentation starts. The sequential test
is then carried out as follows. The observations are taken in pairs
where each pair consists of an observation from the first process and
an observation from the second process. We continue taking pairs as
long as a; < to < ;. The first time that ¢, does not lic between the
acceptance and rejection numbers, experimentation is terminated.
Process 1 is maintained if at this final stage ¢ < a;, and process 1 is
rejected in favor of 2 if & = r,.

As an illustration, the following example is given. Let 4y = 1.3,
u; =3, a = .03, and 8 = .10. The observed pairs (0,1) and (1, 0)
in an experiment, and the rejection and acceptance numbers, are given
in Table 6. In this example, the sampling process is terminated at
t = 18 with the retention of process 1.

The test procedure can also be carried out graphically as shown in
Fig. 14. The total number ¢ of pairs (0, 1) and (1, 0) is measured along

244t,

18
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the horizontal axis. The points (f, a;) will lie on a straight line L,
since a; is a linear function of £. The points (¢, ;) will lie on a parallel
line L;. We draw the lines Ly and L; and plot the points (¢, &) as

TABLE 6
t ty
Number Pairs Ac::l(: i Number ¢
of Pairs 0, 1), (1, 0) P of Pairs | Rejection
(0, 1), (1,0)| Observed Ni‘;’ger ©,1) | Number
Observed Observed
1 ©, 1) 1
2 (0, 1) 2
3 (1, 0) 2
4 (1, 0) .. 2
5 (1, 0) 0 2
6 o, 1) 1 3
7 (1, 0) 1 3
8 (©, 1) 2 4
9 (0, 1) 3 5
10 1, 0) 3 5
11 o, 1) 4 6
12 ©, 1) 5 7 ..
13 ©, 1) 5 8 13
14 (1, 0) 6 8 14
15 (1, 0) 7 8 14
16 o, 1) 7 9 15
17 (1, 0) 8 9 16
18 (1, 0) 9 9 16
19 9 17
20 10 18
21 11 18
22 11 19
23 12 20
24 13 20
25 13 21
26 14 22
27 15 22
28 15 23
29 16 24

experimentation goes on. The first time that the point (¢, f2) is not
within the lines Lo and L, experimentation is terminated. Process 1
is maintained if at the final stage (¢, ;) lies on Ly or below, and proc-
ess 1 is rejected if (¢, &) lies on Ly or above.
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The intercept of line L, is given by

log
l -«
(6:9) = e—
log u; — log ug
and the intercept of L; is given by
1-8
log
(6:10) /-,;5/ hy = =
log u; — log ug
The common slope of the two lines is cqual to
1 + U
log
1 + Uo

(6:11) = —
log u; — log ug

6.4.3 The Operating Characteristic Curve of the Test

For any value u of the ratio ko/k;, we shall denote by L(u) the
probability of maintaining process 1. Clearly, L(«) is a function of .
This function L(w) is called the operating characteristic function of the
test. It can be obtained from cquations (5:19) and (5:20) by substi-
tuting uo/(1 + ug) for po and wu;/(1 + u;) for p;. These equations

are:?$ (1 _ ,6)"
—1
(6:12) L) = = .
) -2
and (1 1+ . >h
1—
(6:13) ¢ Skl

1+u - (ul(l + uo)> (1 + uo)
uo(1 + u1) 1+ w
Equation (6:13) can be written as
1 4+ ug
(1 + ul)
B (ulu + uo)) -
uo(1 + u1)
2In the formulas given in SRG 255, p. 3.38, the quantities u and L(u) are ex:
pressed in terms of a “dummy”’ variable z which is functionally related to A.

(6:14)
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For any given value h we compute w and L(u) from the equations
(6:12) and (6:14). The point [u, L(u)] obtained in this way will be a
point of the OC curve. By calculating the points [u, L(u)] for a suffi-
ciently large number of values of h, the OC curve can be drawn.

We shall compute [u, L(u)] for h = —x, —1, 0, 1, 4. Since

1+ < 1and M > 1, we obtain from (6:12) and (6:14)

14+ 1w uo(l + u1)

(6:15) u=oo and L(u) =0 whenh= —o

(6:16) u=0 and L(u) =1 whenh = +o
Furthermore we obtain

(6:17) u=wu and L(u) =8 when h = —1

and

(6:18) u=u and L(u) =1—a whenh = +1

For h = 0, the expressions » and L(u) have the form 0/0. The
limiting values of » and L(u) when A — 0 can be obtained by differen-
tiating numerator and denominator at A = 0. Then we have

14w 1-p8
log log
1 + Uo a
6:19) u = —————— and L(u) =
ur (1 + uo) 1-p8
og———— log — log
uo(l + ul) a l—«a

when A = 0.

These five points on the OC curve already determine roughly the
shape of the curve. It can be seen that u is a decreasing function of
h and L(u) is an increasing function of h. Hence L(u) is a decreasing
function of u. As u varies from 0 to up, L(u) decreases from 1 to
1 — a. In the interval from wug to u;, L(u) decreases from 1 — a to
B, and as u varies from u; to + «, the OC function L(w) decreases
from 8 to 0. .

6.4.4 The Average Amount of Inspection Required by the Test

For any value u of the ratio ko/k;, let E,(f) denote the expected
value of the total number of pairs (0, 1) and (1,0) required by the
test. The value of E,(f) can be obtained from (5:23) by substituting
E.(t) for Ep(n), L(w) for L(p), uo/(1 + uo) for po, u1/(1 + 1) for py,
and u/(1 + u) for p. Thus*

4 The right-hand member of (6:20) can be expressed as a function of L(u), the
intercepts and the slope of the decision lines. See SRG 255, p. 3.41.
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1-8

Lwn%lﬁ + (1 — L(w) log

(6:20) E.@) =

ur (1 + uo) 1 1 +uo
og log
14+u wl+w) 14+uw 14y
To compute the expected value of the total number of pairs (in-
cluding also the pairs (0, 0) and {1, 1)), we merely have to divide the
right-hand side of equation (6:20) by pi(1 — p2) + p2(1 — p1).
Since L(0) = 1 and L(«) = 0, we obtain from (6:20)

B
log 1
(6:21) E.(t) = when u = 0
1 + Uo
log T
u
and !
1-8
log
(6:22) E,@) = when u = »

[0 4
u (1 + o)
log ———
uo(l + uy)
Since L(ug) = 1 — a and L(w;) = B, it follows from (6:20) that
1-8

(1 — a)log + alog

l—«a

6:23) Eu(t) =
(6:23) ® U w (1 4 uo) 1 14+ uo

og log
1+u0 u0(1+u1) 1+u0 1+u1

and

m%lﬂ +(1—8)log

(6:24) E, @ =

Uy uy (1 + uo) 1 14+ u
og log —

14w w@4w) l14+w 14w

In Section 5.5 we have computed the expected value of n when p
is equal to the slope of the acceptance and rejection lines. This corre-
sponds to the case when w/(1 + ) = s,i.e., u = 8/(1 — s), where the
slope s is given in (6:11). The value of E,(f) for u = s8/(1 — 8) can
be obtained from the right-hand member of (5:30), replacing p; by
u1/(1 + u;) and po by uo/(1 + ug). Thus

1 —
- (log 8 ) (log B)
1l —«a a

o u (1 + uO)log 14w
E o +u) o1+ u

(6:25) O
) 1
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The determination of the five values of E,(t), as given in (6:21)
through (6:25), may frequently suffice in practice, since these five
points generally give a fairly good idea of the shape of the whole curve.

6.4.6 Observations Taken in Groups

In applications it may happen that, at each stage in the sequential
process, instead of drawing a single observation we draw a group of
v observations from each of the binomial distributions. Hence, instead
of a single pair, we have two groups of v observations. The effect of
grouping on the OC and ASN curves has been discussed in Section 5.6
and the results obtained there can be applied to the case under con-
sideration here. If the order of observations in each group of v is re-
corded, we can establish the number of pairs (0, 1) and the number of
pairs (1, 0) for each pair of groups of » observations. In such a case
the test can be carried out as described in Section 6.4.2, since after
each pair of groups of v observations we can compute ¢ and f,. How-
ever, if the order of observations in such groups is not recorded, the
difficulty arises that we are not able to determine the values of ¢ and
t; needed for the test procedure.

It has been shown 5 that in such a case we may replace ¢ and ¢, by
certain estimates of ¢ and £, without affecting seriously the probability
of making an incorrect decision. The estimates of ¢; and £, (and thereby
also an estimate of ¢ = ¢; + f,) are obtained as follows. Let »; be the
number of successes in the group of v observations drawn from the first
binomial distribution, and let v, be the number of successes in the
group of v observations drawn from the second binomial distribution.
Then for this pair of groups of v observations we estimate the number
of pairs (1, 0) to be »; — (v;v2/v) and the number of pairs (0, 1) to be
vo — (v02/v). Thus, an cstimate of ¢ is obtained by summing v,
— (vv2/v) over all pairs of groups observed, and that of ; is obtained by
summing v, — (v1v2/v) over all pairs of groups observed.

For the effect of grouping on the OC and ASN curves, the results
of Section 5.6 can be applied, since the test procedure discussed here
reduces to that considered in Section 5.6 when p = u/(1 + w),
m=t1+t2=t,a.nddm=t2. ‘

8 See the author’s report, Sequeniial Analysis of Statistical Data: Theory, sub-
mitted to the Applied Mathematics Panel, National Defense Research Committee,
Sept., 1943.



Chapter 7. TESTING THAT THE MEAN OF A NORMAL DIS-
TRIBUTION WITH KNOWN STANDARD DEVIATION FALLS
SHORT OF A GIVEN VALUE

7.1 Formulation of the Problem

Let x be a random variable which is normally distributed with un-
known mean 6 and known standard deviation ¢. In this section we
shall deal with the problem of testing the hypothesis that 8 is less than
or equal to some specified value 6'.

Such a problem arises frequently, for example, in quality control and
acceptance inspection. Suppose that a lot consisting of a large number
of units of a manufactured product is submitted for acceptance inspec-
tion. The number of units in the lot is assumed to be sufficiently large
so that the lot may be treated as containing infinitely many units.
Suppose that the result of an observation is a measurement x of some
quality characteristic of the unit, such as the weight, or hardness, or
tensile strength. The value of x will, in general, vary from unit to
unit. It is assumed that x is normally distributed with a known stand-
ard deviation ¢ but unknown mean 6. Suppose, furthermore, that the
product is considered the more desirable the smaller the value of 6.
Then it will, in general, be possible to designate a particular value 6’
such that we prefer to accept the lot if § < 8’ and we prefer to reject
the lot if 8 > ¢’. Thus, in such a situation, we are interested in de-
vising a sampling plan to test the hypothesis that § < ¢'.

Since quality control and acceptance inspection is an important field
of application for such test procedures, we shall continue the discus-
sion using the terminology of acceptance inspection. This, of course,
should not be interpreted as a restriction on the general validity and
applicability of the test procedure.

7.2 Tolerated Risks of Making Wrong Decision

If 6 = ¢, we are indifferent whether the lot is accepted or rejected.
The preference for acceptance increases with decreasing value of 6 in
the domain 8 < ¢’, and the preference for rejection increases with in-
creasing value of 8 in the domain 8 > ¢’. Thus, it will be possible, in
general, to find two values 6y and 6; (6o < ¢’ and 6; > ¢') such that
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118 TESTING THAT THE MEAN IS BELOW A GIVEN VALUE

rejection of the lot is considered an error of practical consequence if
6 < 6, and acceptance of the lot is considered an error of practical
consequence if 6 = 6;; for values 6 between 6, and 6; we do not care
particularly which decision is taken. Using the terminology introduced
in Section 2.3.1, we may say that the zone of preference for acceptance
consists of all values 6 for which 6 < 6y, the zone of preference for re-
jection is the set of all values 6 for which 6 = 6;, and the zone of in-
difference consists of all values 6 between 6y and 6;.

After the two values 6, and 6, have been chosen the risks that we
are willing to tolerate may reasonably be expressed as follows.! The
probability of rejecting the lot should not exceed a small preassigned
value o whenever 6 < 6y, and the probability of accepting the lot
should not exceed a small preassigned value 8 whenever § = 6;. Thus,
the risks that we are willing to tolerate are characterized by the four
numbers 6y, 6;, a, and S.

7.3 The Sequential Probability Ratio Test Corresponding to the
Quantities 9, 6,, a, and B

The requirements regarding the tolerated risks are satisfied by the
sequential probability ratio test of strength («, 8) for testing the hy-
pothesis that 8§ = 6, against the alternative that § = 6;. This sequen-~
tial test is given as follows. Let x;, s, - -, ete., be the successive
observations on z. The probability density of the sample (zy, - -+, 2m)
is given by

o) o 1,,. - gi—,élm—oo)*
(27)20™

if 8 = 6y, and by

(7:2) Prm = lm e_ -zﬁai(za—o,):
(27) 26™

if @ = 6;. The probability ratio p;,/pom is computed at each stage
of the inspection. Additional observations are taken as long as

1
~ 5.3 Z@a—01)?
202
Pim €
(7:3) B<— =—7——
Pom 8- 5};’2 Z@a—00)?

1 See, for instance, Section 2.3.2.
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Inspection is terminated with the acceptance of the lot if

1
-t

(7:4)

- L 2a—t0? T
e 20

Inspection is terminated with the rejection of the lot if

1 2
— 552 Z(za—61)

(7:5)

1 —6p?
e 2"22(301 69)

According to Section 3.3 approximate values of A and B are given
by (1 — B8)/a and B/(1 — a), respectively.

By taking logarithms and simplifying, the inequalities (7:3), (7:4),
and (7:5) can be written as

B 01 — 60 X m 1-8
7:6) lo < To + — (602 — 6,3 < log——
(7:6) - ) ; 202(0 1%) g
91—00 = m B
77 « + — (02 — 6,%) < lo
(7:7) = ;x +2¢72(0 1) S
and
01—‘00 = m —
7:8 _ To + — 6,2 — 0, = 1o
(78) = Zl o3 (00" — 0,%) = log—
respectively.

Further simplification in carrying out the test procedure can be
achieved by adding (—m/2¢2) (o2 — 6,%) to both sides of the inequal-
ities (7:6), (7:7), and (7:8) and then dividing these inequalitics by
(8; — 8o)/0®. These operations transform the inequalities (7:6), (7:7),
and (7:8) into

a? B 6o + 6,
79 lo m <
( ) 01 - 00 g]. - a + 2
= o> 1-8 6o + 6,
z, < log m
pory s 6, — 6o a 2
2 6o + 6
(7:10) 22q S d log 8 m 9 !
01 - 00 l—«a 2
and R
v 1—-8 6o + 61
7:11 2y = 1 m
( ) 91 - 00 o8 a 2

respectively.
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By using the inequalities (7:9), (7:10), and (7:11) the inspection
plan may be carried out as follows. For each m compute the accept-
ance number

a® B 6o + 6,
7:12 A = Io +m
(7:12) " —6 °1—a 2
and the rejection number
o’ 1-8 6o + 6,
7:13 Tm = Io + m
(7:13) Lty g— 5

These acceptance and rejection numbers are best computed before in-
spection starts. Inspection is continued as long as an, < 2%y < Tm.
At the first time when Zz, does not lie between a,, and r,,, inspection
is terminated. The lot is accepted if 2z, < a,, and the lot is rejected
if 2xq = T

As an illustration, consider the following example. Let 6, = 135,
6; = 150, @ = .01, and 8 = .03. Furthermore, let ¢ = 25. The ob-
servations and the acceptance and rejection numbers are tabulated in
Table 7, which shows that the sampling inspection is terminated at
m = 20 with the acceptance of the lot.

The test procedure can also be carried out graphically as shown in
Fig. 15. The number m of observations is measured along the hori-

40004 5 L,

/ Fia. 15

!
zontal axis. /The points (m, a,,) will lie on a straight line Ly and the
points (m, 1) will lie on a parallel line L;. We draw the parallel lines

Lo and L, Before inspection starts. The points (m, Zi) are plotted
\ o=

as inspection" oes on. Inspection is continued as long as the plotted
points (m, Zz,) Yie between the lines Ly and L;. Inspection is termi-
nated at the first Yime when the point (m, Zz,) does not lie between
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TABLE 7
Zz
m am z Cumulated Tm
Number of | Acceptance |Observed| Sum of Rejection
Observations | Number Value Observed Number
Values

1 e 151 151 334
2 139 144 295 476
3 281 121 416 619
4 424 137 553 761
5 566 138 691 904
6 709 136 827 1046
7 851 155 982 1189
8 994 160 1142 1331
9 1136 144 1286 1474
10 1279 145 1431 1616
11 1421 130 1561 1759
12 1564 120 1681 1901
13 1706 104 1785 2044
14 1849 140 1925 2186
15 1991 125 2050 2329
16 2134 106 2156 2471
17 2276 145 2301 2614
18 2419 123 2424 2756
19 2561 138 2562 2899
20 2704 108 2670 3041
21 2846 - e 3184
22 2989 . cee 3326
23 3131 .. e 3469
24 3274 . cee 3611
25 3416 . RN 3754

Lo and L;. If it lies on Ly or below the lot is accepted, and if it lies
on L; or above the lot is rejected.
The common slope of the lines Ly and L, is given by

0 6
(7:14) §=— “; .
The intercept of Lo is equal to
B
(7:15) ho = log

01 - 00 l—-a
and the intercept of L, is given by

7:16 h = 1
( ) 1 01_0008 a
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7.4 The Operating Characteristic (OC) Curve of the Test

Let L(8) denote the probability that the sequential test will lead to
the acceptance of the lot when 4 is the true mean value. The function
L(9) is called the operating characteristic function of the test. Ap-
proximate formulas for the OC function are derived in Section 3.4 and
the general results are applied to testing the mean of a normal popu-
lation. [See equation (3:48).] It is shown there that

1 — h
() -
a
(7:17) L(9)~<1_ﬁ)h—( p );.“
\ a 1l -«
(1] —_
politb -2
01—00

where

(7:18)

It can be seen from (7:17) and (7:18) that L(6) is an increasing func-
tion of h and h is a decreasing function of 6. Hence L(6) is a decreas-
ing function of 6.

For § = —, 6y, (8 + 61)/2, 6;, + = the values of L(6) obtained
from .(7:17) are given as follows.?

(7:19) L(—w)=1; L) =1—«
1-8
6o -+ 8 log
L(O“ l)= ] -
“ log B—log b
1l -«
L@®,) =8
L(w) =0

The computation of these five points of the OC curve will suffice in

many applications.
It may be of interest to express L(f) in terms of the intercepts Ao

[} [}
1For g = — +6 we have h = 0 and the limiting value of the right-hand member
1 —
log d
of (7.17) as h — 0 is equal to - 7
log - log
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and h; and the common slope s of the lines Ly and L;.3 From (7:17)

and (7:18) it follows that
61+60=-20, 1-8

e B0 Fa _ 1
(7:20) L) ~ 0+00=20 T-§ 01+00=26 "B
e 01—06o a _ ¢ 01—0g l-a
o? 2 1 — 6, + 6
Since ho = log 8 yhi = 7 log Band 8= — 0,
01 bl 00 ]. — Qa 01 - 00 a 2

we obtain from (7:20)

2

(Z'—z (8—9)’!1_ 1
(7:21) L®) ~—

2
e;—z (s—0)hy 6;5 (8—0)ho

7.6 The Average Amount of Inspection Required by the Test

In Section 3.5 the following approximation formula is derived for
the expected value Ey(n) of the number n of observations required by
the sampling plan.

L(0) log " + [ — L@ log
— o
22 =
(7:22) Ey(n) )
where
—i(z—ﬂl)’
202
723) 2= 1logl® ) _ 10"

(0] =10 ——
® @00 T e

1
= 5,3 12061 — Bo)x + 602 — 6,%]

and Ej(z) denotes the expected value of z when 6 is the true mean of z.
The value of Eg(2) is given in Section 3.5, equation (3:60).

1
(7:24) Ey(2) = 22 [2(6: — 60)0 + 60 — 6,7

Hence

1 —
L) log —— + 11 ~ L)} log —~

(7:25)  E(n) = 202

00> — 0, + 2(6; — 6o)0
_hi + LO)(ho — h1)
0 —s
3 See also SRG 255, p. 4.19.
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where ho and h; are the intercepts and s is the common slope of the
lines Ly and L.

For 6 = s, the right-hand member of (7:25) takes the form 0/0. It
is shown in the Appendix, equation (A:99), that the limiting value is
given by

1 —
log d

1l —«a a

E.(2%)

— log

(7:26) Ey(n) =

Since E,(z) = 0, E,(2?) is equal to the variance ¢,% of z. From (7:23)
it follows that the variance of z is equal to (6; — 6o)%/s2. Hence

1-8
log
- a a 4 —hohy

(6, — 6o)* ’ a?

— log

(7:27) Ey(n) =



Chapter 8. TESTING THAT THE STANDARD DEVIATION OF
A NORMAL DISTRIBUTION DOES NOT EXCEED A GIVEN
VALUE

8.1 Formulation of the Problem

Let = be a normally distributed variate. In this section we shall
deal with the problem of testing the hypothesis that the standard
deviation ¢ of z does not exceed a given value ¢’. There are two cases
to be considered: the mean of x is known or unknown. First we shall
treat the case when the mean of z is known. If the mean of z is un-
known, only a slight modification of the test procedure will be neces-
sary, as will be seen later.

This problem, like the one treated in Section 7, arises frequently in
quality control and acceptance inspection. Suppose that z is some
measurable quality characteristic of a manufactured product and that
z is normally distributed in the population of units produced. Sup-
pose, furthermore, that the quality of the product is considered the
better the smaller the standard deviation ¢. Thus, there will be, in
general, a value o’ such that the product is considered substandard if
o > ¢ and the product is considered satisfactory (meets specification)
if ¢ £ ¢’. Since ¢ is unknown, the problem is to devise a sampling
plan for testing the hypothesis that the product is satisfactory, i..,
that ¢ < o',

8.2 Tolerated Risks for Making a Wrong Decision

If the quality of the product is exactly on the margin, ie., if ¢ = o’,
it will make no difference whether the product is classified as satis-
factory or as substandard. However, if ¢ is considerably smaller than
o', the classification of the product as substandard will usually be
regarded as an error of practical importance. Similarly, if o is much
larger than ¢/, the classification of the product as satisfactory will be
a serious error. Thus, it will be possible to specify two values ¢ and
01 (0o < ¢ and ¢y > o) such that the classification of the product as
substandard is considered an error of practical importance whenever
¢ £ 0o, and the classification of the product as satisfactory is regarded
as an error of practical consequence whenever ¢ = oy; for values ¢ be-
tween oo and ¢; we do not care particularly which action is taken.
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126 TESTING THAT VARIANCE IS BELOW A GIVEN VALUE

In accordance with the considerations in Section 2.3.2, the risks that
we are willing to toleratc may reasonably be stated as follows: The
probability of classifying the product as substandard should not exceed
a small preassigned value o whenever ¢ < o, and the probability of
classifying the product as satisfactory should not exceed a preassigned
value 8 whenever ¢ = 0.

8.3 The Sequential Probability Ratio Test Corresponding to the

Quantities oo, 01, @, and §  ( Ylulemmnfeaty-

A sampling plan satisfying the requirements regarding the tolerated
risks is given by the sequential probability ratio test of strength (a, 8)
for testing the hypothesis that ¢ = oy against the alternative that
o = 0.

Let z, 29, - -, cte., denote the successive observations on z. The
probability density of the sample (zy, - - -, x,) is given by

1 m
1 — 5.3 2 @a—0)?

e a=1

8:1) Pn="m
(27)24™

where the value of the mean 6 is assumed to be known. Let p;» de-
note the expression we obtain if ¢ is replaced by o; (¢ = 0, 1) in the
right-hand member of (8:1). The sequential probability ratio test is
given as follows. The probability ratio pim/pon is computed at each
stage of the experiment. Additional observations are taken as long as !

, n
) 2 (za—0)?
a=1

— €
m 1 —
(8:2) - B Pm_2 = <1=f
-—_a Pom 1 _2’__.10_22 (Za—6)? ¢
— e a=1
0’0m

The product is classified as satisfactory if

1~ Camo)?
—'; e a=1 B
(8:3) a - <

-5 3 Ga—0)? l-a
oa-l

1
—F €
O'Dm
1 There is a slight approximation involved in the formulas given below, since
the constants A and B are put equal to (1 — 8)/a and B/(1 — @) respectively.
In this connection see Section 3.3.
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The product is classified as substandard if
1 "

1 —5pX Ga0!
—e a=1
o _ > 1-8

1 —5 3 Ga0? «
—_— e a=1

m

() N

(8:4)

/

Taking logarithms, dividing by (1/20¢%) — (1/201%) and simplifying,
the inequalities (8:2), (8:3), and (8:4) will become

o 2 s
2 log +m log‘l'—; ™
- a g
(8:5) <D @ - 07 <
a=1
0,02 0,12 \
1 —
2 log A +m logo;l—-
oo
1 1
0'02 0’12
0’12
m 2 log I + mlog—;
- ago
8:6 Tq — 0)2 <
(8:6) Z( « —0) —
0ol 0
and
n 2log + mlog —
21 (1))
87 Tq — 0)2 2
8:7) Z( ) —
0’02 0’12
respectively.

On the basis of the inequalities (8:5), (8:6), and (8:7), the test pro-
cedure can be carried out as follows: For each integral value m com-
pute the acceptance number

012
2 log log —
iy * 4 (1))
(8:8) a N 1 +m 1 N
2T 2 2 2

S g’ 0
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and the rejection number

1 — 2
2log -2 log 2L
8:9) z + %’
: Tm = m
11 1 1
02 of 02 o2

These acceptance and rejection numbers do not depend on the
outcome of the observations and, therefore, they can be computed

before inspection starts. Inspection is continued as long as a, <
m

Z(xa — 6)2 < 1. The first time that Z(z. — 6)? does not lie be-

a=1

tween a, and 7, inspection is terminated. If at the final stage
m

(o — 0)2 < a,, the product is declared satisfactory, and if

a=1

Z(xa — 6)2 = r,, the product is declared substandard.

a=1

A graphical presentation of the test procedure is shown in Fig. 16.

S(xy=6)?

Fi1a. 16

The number m of observations is measured along the horizontal axis.
Since both a., and 7, are linear functions of m, the points (m, a,) will
lie on a straight line Ly and the points (m, r,) will lie on a straight
line L;. These two lines are parallel and the common slope is given by

0’12

log -

(8:10) § = —
1
— -

1
o’ o
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The intercept of Ly is equal to

2 log
8:11) R el
: 0 11

2 log — 8
(8:12) hy = =
' Y1
0‘02 0'12

The lines Ly and L, can be drawn before inspection starts. As inspec-
m

tion goes on the points [m, Z(x,, — 0)%] are plotted. The first time
a=1

that the point [m, Z(z, — 6)?] does not lie between the lines Ly and

L,, inspection is terminated. If the point [m, Z(z, — 6)?] lies on L,

or below, the hypothesis that the product is satisfactory is accepted;

and if the point [m, Z(z, — 6)?] lies on L; or above, the product is

declared substandard.

8.4 The Operating Characteristic (OC) Function of the Test

For any value o, let L(s) denote the probability that the test will
terminate with the acceptance of the hypothesis that the product is
satisfactory. The function L(c) is called the operating characteristic
function of the test.

In Section 3.4 a general method is given for deriving an approxima-
tion formula for the OC function for any sequential probability ratio
test. Applying the result of that section, we obtain

(=) -

a

1 — B h 6 h
(=) -2
where & is the root of the equation

1 hoptef ~maGEO\b

a9 “[e 20 - (z-0)?
8:14 ———f —]e %* dx =1
( ) \/51;0'01" — (e—%—loz(z—o)’)

(8:13) L(o) =




130 TESTING THAT VARIANCE IS BELOW A GIVEN VALUE

It can be seen that the integral on the left side of (8:14) has a finite
value only if (h/012) — (h/o¢?) + (1/6®) > 0. In this case, as can be
verified, we have

+ = 20,2 -0 _1 (z—6)2 2
202 dr = |——2T
(815)f (-—-u a)’>e v h k1
g R R

Hence equation (8:14) can be written as

h
) il 1
(8:16) a<00> = 7 W T
- —

Instead of solving (8:16) with respect to &, we shall solve it with re-
spect to 0. We obtain

(8:17)

With the use of equations (8:13) and (8:17), the OC curve can be
plotted as follows. For any given valuc of ~ we compute ¢ and L(s)
from equations (8:13) and (8:17). The pair [o, L(s)] obtained in this
way gives us a point on the OC curve. Computing [s, L(0)] for a
sufficiently large number of values of A, we obtain enough points to
draw the OC curve.

For computational purposes, it may be convenient to put

h h —2¢

(8:18) i?—EcE:t or h= . .
G-
Then equations (8:13) and (8:17) can be written as
(log =8 ( )
ot a2/ —
(8:19)  L(o) = (log_i’)( ,L) (e 1%;) (:2_—_1_)
P

ap? 012 012

e~thi_ ]

= —th,

e —thg

— €

2 A gimilar simplification was made by the Statistical Research Group. See
SRG 255, p. 6.31. The parameter ¢ used there corresponds to —¢ here.
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(loglo—z) (—_Zl )
712 1 1

e T | e®t — 1
a =

and

(8:20) 2t 2t
where s is the common slope and ho and h; are the intercepts of the
lines Lo and L;. Equations (8:19) and (8:20) may be more convenient
for the computation of the OC curve than the original equations (8:13)
and (8:17).

For ¢ = 0, 69, Vs, 01, + o the values of L(c) are given as follows:

(8:21) L) =1
L)) =1 —a
L(Vs) = : —lho
Lie) = B8
L(x) =0

These five points already determine roughly the shape of the OC curve
and in many instances it will not be necessary to compute further
points.

8.6 The Average Amount of Inspection Required by the Test

According to the results in Section 3.5, an approximation formula
for the expected value E,(n) of the number n of observations required
by the sampling plan is given by

L(o) log - Bl = L) log——
—a
8:22 E,(n) =
(8:22) (n) 7
where
. O R S Y () __1.) e
(8:23) z= logle‘é%?""” = log o + 2(002 . (x —6)

70
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and E,(z) denotes the expected value of z when ¢ is the standard devi-
ation of z. We have

1/1 1 oo
(8:24) E2) = -|— — —) Ex — 6)2 + log —
2 \og o1 o1

1(1 1) . . %

=-(=—-— log 2

2 0'02 0’12 7 + OgO']_

Hence, substituting the right-hand member of (8:24) for E,(z) in
(8:22) we obtain ?

1-28

a

L(o) [log I ﬁ - log ﬁ] + log

1 1 1 go
G )

2 UN) a1 a1

(8:25) E,(n) =

_ L(O')(h() - }Ll) + hl
o —s
For ¢ = /s the expected value of z is equal to 0 and the right-hand
member of (8:25) takes the form 0/0. According to equation (A:99)
in the Appendix, the limiting value is given by

B 1-8
log
1l —« a

E (2%

— log

(8:26) E ;(n) =

Since E ;(2) = 0, E ;(2% is equal to the variance of z when ¢ =
V's. It follows easily from (8:23) that this variance is equal to

1{1 1\?
——(— - ~3,) s>, Hence

2\ee? o
1 —
— log log il
(8 27) E ( ) 1 - a « —hohl
. s\n) = =
e 1(1 1)22 252
—\——-—)s
2 0’02 012

3 The expression of E,(n) in terms of the slope and intercepts of the decision
lines is contained also in SRG 255, p. 6.34.



MODIFICATION OF PROCEDURE WHEN MEAN UNKNOWN 133

8.6 Modification of the Test Procedure When the Population Mean
Is Not Known *

If the mean 6 of z is not known, the following two modifications of

m
the test procedure are to be made: (1) replace Z(xa —0)% by

a=]1

m
Z(xa — %) where £ = (z; +++++ z)/m; (2) the acceptance num-
a=1
ber a,, is replaced by a,_; and the rejection number 7, is replaced
by rm—1. Thus, if the mean is unknown, the acceptance and rejection
numbers at the mth trial are equal to the acceptance and rejection
numbers corresponding to the (m — 1)th trial when the mean is known.
The formula for the OC curve remains unchanged and the expected
value of the number of observations required by the test is larger by 1
when the mean is unknown than when the mean is known.

¢ The result contained in this section was found by C. Stein and M. A. Girshick,
independently of each other. The proof is based on a transformation of the observa-
tions which reduces this case to the case when the mean is known. See Girshick’s
paper, “Contribution to the Theory of Sequential Analysis,” The Annals of Mathe-
matical Statistics, June, 1946,



Chapter 9. TESTING THAT THE MEAN OF A NORMAL DIS-
TRIBUTION WITH KNOWN VARIANCE IS EQUAL TO A
SPECIFIED VALUE

9.1 Formulation of the Problem

Let z be a quality characteristic of a product, such as weight, diam-
eter, or hardness. Suppose that z is normally distributed in the popu-
lation of all units produced and that the standard deviation o of x is
known but the mean 6 of z is unknown. Suppose, furthermore, that
a particular value of 8, say 6o, is considered the most desirable value
for the product. In general, the greater the absolute deviation of the
true value 6 from the most desirable value o, the less satisfactory the
product. Since the manufacturer would like to achieve and maintain
the value 6, of 0 as closely as possible, he will be interested in testing
the hypothesis that 6 = 8,. If the evidence supplied by a sample
should indicate that 6 = 6o, he will try to improve the production proc-
ess. Of course, if 8 # 6, but is near 6, there is no particular need to
improve the production, and acceptance of the hypothesis that § = 6,
would not be a serious error. However, therc will be, in general, a
positive value & such that the acceptance of the hypothesis that § = 6,

. . . 0
is regarded as an error of practical importance whenever = 4.
(2

The situation described in the preceding paragraph will thus lead
to the following problem: A sampling plan is to be devised for which
the probability that the hypothesis that 6 = 6y will be rejected (the
product will be declared substandard) does not exceed a small pre-
assigned value o« when 6 = 6y, and the probability of accepting the
hypothesis that 8 = 6, (declaring the product satisfactory) does not

6 — 6 > 5

exceed a small preassigned value B8 whenever
v

9.2 A Sequential Sampling Plan Satisfying the Imposed Require-
ments

It has been shown in Section 4.1.4 that an adequate sampling plan
for the problem described in Section 9.1 is given as follows. Compute

the ratio
134
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m m
— Y Ga=to=80)?  — 5 3] Ga—botsa)!
p‘m 1 e a=1 e a=1
(9°1) — = é D
0m =1 2 (1a—0o)’

e a=1

at each stage of the experiment. Continue taking observations as long
as

9:2) B<Pm 4

Pom

Accept the hypothesis that the product is satisfactory if

9:3) Pim . p
pOm

Reject the hypothesis that the product is satisfactory if

(9:4) Pin = A
Pom
To satisfy the requirements imposed regarding the probabilities of
making wrong decisions, for all practical purposes we may put A =
(1 —B8)/aand B = B/(1 — a).
The expression for pi,/pom given in (9:1) can be simplified to

1 L) - -2 -
(9:5) Zlm N %,m,z(eax(z., ao)+ ¢ 5 2(@a ao))
om
— Yims? 9 N
=e cosh | - E (xe — 6p)
0 =1

Substituting this value of pim/pom in (9:2), (9:3), and (9:4) and taking
logarithms, we find that these inequalities become

52 5 & 2
(9:6) logB+m§<logcosh [; ;(xa -—00)] <log 4 +m—2—
9:7) log cosh [Ez(xa — Bo)] <logB + mE;
and ’

2

é o
(9:8) log cosh [—E(za — 00)] =logd + mE
g
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With the use of inequalities (9:6), (9:7), and (9:8), the test proce-
dure is carried out as follows. At each stage of the experiment we

6 m
compute Z,, = log cosh [— E (xe — 00)] . The first time that Z,
ag
a=1

does not lie between log B + [m(8%/2)] and log A + [m(8%/2)] we ter-
minate the process. The hypothesis that 6 = 6, is accepted if Z,,
log B + [m(5%/2)], and rejected if Z,, = log A + [m(8%/2)].

The computation of Z,, at each stage of the experiment is somewhat
2 2@ — 00
g

cumbersome. However, if is greater than 3, Z,, =

b}
= Z(za — 6o)
g

% 5 (e — 00)
(/2

log cosh is very nearly equal to

log 2! When this approximation to Z, is used, inequalities (9:6),
(9:7), and (9:8) simplify to

o ad
(9:9) E(logB+log2) +m_ < | Z(e — 60) | <

a od
E(logA + log 2) +m;

)
(9:10) Izm—%ﬂgym3+mm+m%
and

b}
©9:11) | 2z — 00) | = % (log 4 + log2) + m%

respectively. For all practical purposes inequalities (9:9), (9:10), and
(9:11) may be used instead of (9:6), (9:7), and (9:8) whenever

2| 2a — 00) | 2 3.
ag

The following is an alternative computational procedure which may
be found useful. Consider the equation in u.

(9:12) log cosh | u] =19

This has exactly one positive solution if ¥ = 0. The root of this equa-
tion is given by

(9:13) |u| = 6@ =log (¢ + Ve —1)
1 See also SRG 255, p. B.15.
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The function ¢(v) can easily be tabulated. In terms of the function
¢(v), inequalities (9:6), (9:7), and (9:8) can be written as

2

g 0 o 8
(9:14) E¢(logB+m )<|E(x,,—00)l<3¢ logA-i—mE)

2
62
(9:15) I Z(z, — 0o) | = %q& (log B+m —2—)
and
52
(9:16) | Z(zy — 60) I 2 %d: (log A+m 5—)

When inequalities (9:14), (9:15), and (9:16) are used, the test can
be carried out as follows. For each integral value m we compute the
acceptance number

4 82
(9:17) an =-¢\log B+ m—

) 2
and the rejection number

52
(9:18) Tm = %¢(logA + m;)

These acceptance and rejection numbers can be computed before ex-
perimentation starts. Additional observations are taken as long as
A < | Z(xo — 6p) | < Tpm If I Z(rs — 6p) | =< a,, the hypothesis that
8 = 8y is accepted and if | Z(x, — 6p) [ = 1y, the hypothesis that 6 = 6,
is rejected.



PART IIl. THE PROBLEM OF MULTI-VALUED DECISIONS
AND ESTIMATION

Chapter 10. THE CHOICE OF A HYPOTHESIS FROM A SET
OF MUTUALLY EXCLUSIVE HYPOTHESES (MULTI-VALUED
DECISION)

10.1 Formulation of the Problem

Part I has been devoted exclusively to the discussion of the problem
of testing a statistical hypothesis. In such problems only one of two
possible decisions can be made: the hypothesis is either rejected or
accepted. Thus, we can say that testing a hypothesis is a two-valued
decision problem, since the decision can take only the two values:
acceptance and rejection. Let I denote the negation of the hypothesis
H to be tested. Then testing the hypothesis H is the same as choosing
between the two competing hypotheses H and .

It has been pointed out in Section 1.3.5 that testing a hypothesis H
arises frequently as a consequence of the problem of deciding between
two alternative courses of action, say action 1 and action 2. Suppose
that the preference for one or the other action depends on the value
of an unknown parameter 6 of the distribution of a random variable z.
Let w denote the set of all values of 8 for which action 1 is preferred to
action 2 (or at least not less desirable than action 2). If a decision is
to be made on the basis of a finite number of observations on z, this
leads to the problem of testing the hypothesis H that the true value 6
lies in w. If H is accepted, we decide for action 1, and if H is rejected
we decide for action 2. In applications it happens frequently that there
are more than two alternative courses of action, one of which is to be
chosen. Suppose that there are k (k > 2) alternative actions, say
action 1, action 2, - - -, action k, and that one of them is to be chosen
on the basis of some observations on the random variable . Suppose,
furthermore, that the relative degree of preference for these actions
depends on the value of a parameter 6 of the distribution of z. Then
it will be possible, in general, to subdivide the totality of all possible
values of 6 into & mutually exclusive parts w;, ws, * -+, wi such that

action j is preferable to all other actions ¢ # j if, and only if, the true
138
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value 6 lies in w;. Let H; denote the hypothesis that 6 lies in w; (j =
1, -+, k). Then the problem of deciding for a particular action re-
duces to the problem of choosing one of the hypotheses Hy, ---, Hg.
If H; is accepted we decide to take action <. Such a problem may be
called a multi-valued decision problem, since the decision to be made
can take k values: We may accept Hy, or Hy, - -+, or Hy.

In this section we shall deal with the problem of choosing one out
of £ mutually exclusive and exhaustive hypotheses, Hy, ---, H, on
the basis of some observations on the random variable & under con-
sideration.! The problem of testing a hypothesis is contained in this
as a special case when k£ = 2.

The following simple example may serve as an illustration. Suppose
that = is a measurable quality characteristic of a product which is
normally distributed in the population of units produced. Suppose,
furthermore, that the quality of the product is regarded the better the
higher the mean value 6 of x. Assume that the following three alter-
native actions are under consideration by the manufacturer: (1) to
sell the product at the regular market price, (2) to label the product as
second rate quality and sell it at a reduced price, (3) to withhold the
product from the market. Let a and b (a < b) be two values of 6 such
that the manufacturer prefers action 3 if § < a, he prefers action 2 if
a < 6 < b, and he prefers action 1 if § = b. Let H; denote the hy-
pothesis that 6§ < a, Il, the hypothesis that a < 8§ < b, and Hj3 the
hypothesis that 8 = b. If the value of 8 is unknown and if the manu-
facturer must decide which action should be taken on the basis of
some observations on z, he is faced with the multi-valued decision
problem of choosing one of the mutually exclusive hypotheses Hy, H,,
and Hs.

10.2 The General Nature of a Sequential Sampling Plan for Select-
ing a Hypothesis from a Set of Mutually Exclusive Hypotheses

A sequential sampling plan for choosing one of £ mutually exclusive
and exhaustive hypotheses H;, ---, Hy may be described as follows.
A rule is given for making one of the following (k 4 1) decisions at
each stage of the experiment (at the mth trial for each integral value
of m): (1) to terminate experimentation with the acceptance of H;;
(2) to terminate experimentation with the acceptance of Hy; -« ; (k)

1 This problem in the non-sequential case, that is, when the total number of
observations to be made is determined in advance, has been treated in several
previous publications. See, for example, the author’s article “Statistical Decision
Functions Which Minimize the Maximum Risk,” The Annals of Mathematics,
April, 1945.
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to terminate experimentation with the acceptance of Hy; (k + 1) to
continue the experiment by making an additional observation. Such
a procedure is carried out sequentially. On the basis of the first ob-
servation one of the aforementioned (k 4 1) decisions is made. If one
of the first k£ decisions is made, the process is terminated. If the last
decision is made, a second trial is performed. Again, on the basis of
the first two observations, one of the (k + 1) decisions is made. If
the last decision is made, a third trial is performed, and so on. The
process is continued until one of the first £ decisions is made.

In more precise mathematical terms, a sequential sampling plan
may be described as follows. Let R,, denote the totality of all possible
samples of size m, i.e., R,, is the m-dimensional sample space. For
each positive integral value of m, the m-dimensional sample space is
split into (k 4+ 1) mutually exclusive parts, Rni, Rma, * -+, Enr and
Ry x+1. If the first observation z; lies in R;; where ¢ < k, the process
is terminated with the acceptance of H;. If x; lies in Ry 44, a second
observation xy is made. Again, if (z;, z5) lies in some Ry; with 7 < k,
the process is terminated with the acceptance of H; If (zy, x5) lies
in Ry 441 & third trial is performed, and so on. This process is stopped
at the first time when the sample (x4, -- -, 2,,) lies in R,,; for some
value 7 £ k. Thus, a sequential sampling plan is completely defined
by the sets Bm1, -+, Rnx+1. Since these sets are mutually exclusive
and add up to the whole sample space R, it is sufficient to define any
k of these sets, since they determine uniquely the remaining set.

For any m, the subdivision of the sample space R,, into the (k£ + 1)
parts Ry, -+, Ry 41 can be made in many ways, and a fundamental
problem is that of a proper choice of these sets. In order to set up
principles for this choice, in the next section we shall study the con-
sequences of any particular choice.

10.3 Consequences of the Choice of Any Particular Sequential Sam-
pling Plan

After a particular choice of the sets Ry, * -+, R, x+1 has been made,
i.e., a particular sequential sampling plan has been adopted, for any
t £ k the probability that the process will terminate with the accept-
ance of H; depends only on the distribution of the random variable z
under consideration. Since it is assumed that the distribution of z is
known except for the values of a finite number of parameters 6y, - -,
6,, the probability that H; will be accepted will be a function of these



CONSEQUENCES OF A SEQUENTIAL SAMPLING PLAN 141

parameters. To simplify notation, we shall use the letter § without
subscript to denote the set of all r parameters 6y, - -+, 8,. Let L;(6)
denote the probability that the adopted sequential sampling plan will
terminate with the acceptance of H; (t = 1, -+, k). We shall refer
to the set of functions L, (0), Ly(8), - -+, Lx(6) as the operating charac-
teristics of the sampling plan. We shall consider only sampling plans
for which the probability is 1 that the process will eventually termi-
nate. Then we have

(10:1) Li(0) +---+ Li(6) = 1

and, therefore, one of the functions L;(6), - - -, Lg(f) is determined by
the other & — 1.

The operating characteristics represent the accomplishment of the
sampling plan in giving protection against possible wrong decisions.
For any parameter point 6, the probability of accepting the correct
hypothesis, i.e., the hypothesis which is consistent with parameter
point 6, can be obtained immediately from the operating character-
istics. Since the hypotheses Hy, ---, Hy are mutually exclusive and
exhaustive, for any given parameter point 6 one, and only one, of the
hypotheses Hy, - -+, Hy will be consistent with a given . If H; is the
hypothesis consistent with a given 6, the probability of making a cor-
rect decision when this 6 is true is equal to L;(§). The operating char-
acteristics of a sampling plan are considered the more favorable the
higher the probability for making correct decisions for the various pos-
sible parameter points 4.

The price we have to pay for the accomplishment of the sampling
plan in giving protection against wrong decisions is represented by the
number n of observations required by the sampling plan. Since n is
a random variable, we shall consider, as in testing a hypothesis, the
expected value of n. After a particular sampling plan has been
adopted, the expected value of n will be a function of the parameter
point 6 only. As in testing hypotheses, we shall denote the expected
value of n, when 6 is true, by Es(n), and we shall refer to Ey(n) as the
average sample number (ASN) function of the sampling plan.

In conclusion we may say that the most important consequences of
any particular choice of a sampling plan are given by the operating
characteristics and the ASN function of the adopted sampling plan.
The operating characteristics represent the accomplishments of the
sampling plan and the ASN function represents the price paid for these
accomplishments.
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10.4 Principles for the Selection of a Sequential Sampling Plan

10.4.1 Dependence of Importance of Possible Wrong Decisions on
the Parameter Point 6

To set up principles for the sclection of a sequential sampling plan
it will be necessary to investigate the dependence of the importance
of possible wrong decisions on the parameter point. Let w; denote the
set of parameter points 6 consistent with H; (¢ = 1, ---, k), i.e,, I, is
precisely the statement that the true parameter point 6 is included in
w;  If the true 6 is in w; but not far from w; for some j # 1, the accept-
ance of H; will not be regarded, in general, as a serious error. How-
ever, if 6 is far from w; and H; is accepted, the error committed will
usually be of considerable practical consequence.

As an illustration, consider again the example given in Section 10.1.
The decision to withhold the product from the market will be con-
sidered an error of little practical significance if 6 is only slightly above
a. The seriousness of this error will, however, increase with increasing
value of 6. If 6 is substantially above a, the decision to withhold the
product will be regarded as an error of considerable practical impor-
tance. Similarly, the decision to try to sell the product at regular
market price will not be a serious error if 6 is just slightly below b,
but the importance of this crror will increase with decreasing value
of 6.

It will frequently be possible to express the importance of the var-
ious possible wrong decisions by & functions w;(6), - - -, wi(6), where
w,(6) is a non-negative function expressing the importance of the error
committed by accepting H, when 6 is true. In industrial problems,
w,(8) may be thought of as expressing the financial loss caused by
taking the action corresponding to the acceptance of H; when 6 is true.
We shall, of course, put w,(6) = 0 for all points 6 in w;, since for such
points 8 the acceptance of H; is a correct decision. We shall refer to
the functions w; (), - - -, wx(6) as error weight functions, or more briefly
as weight functions.

The choice of a sampling plan will be influenced by the weight func-
tions wy(8), - -, wk(6). The determination of these weight functions
cannot be regarded as a statistical problem. They will be chosen on
the basis of practical considerations in each particular problem.

10.4.2 The Risk Function Associated with a Given Sampling Plan

For any parameter point 8 we shall mean by the risk r(6) the ex-
pected value of the loss caused by possible wrong decisions when 6 is
true. Since the probability of accepting H; is equal to L;(f) and since
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the loss caused by this decision is given by w;(6), the expected value
of the loss is equal to

(10:2)  r(6) = Li(0)w;1(6) + Lo(6)we(6) + - -+ + Li(6)wr(6)

We shall refer to r(6) as the risk function of the sampling plan.?
We shall judge the relative merits of a sampling plan by its risk
function r(6) and ASN function Ey(n).

10.4.3 The Risk Function and the ASN Function as a Basis for the
Selection of a Sequential Sampling Plan

A sequential sampling plan is the better the smaller the risk r(6) and
the smaller the expected value Eg(n) of the number of observations.
These two desiderata of a sampling plan are somewhat in conflict, since
the smaller we make r(6), the larger, in general, will be the number of
observations required by the plan. To achieve a reasonable compro-
mise between these two conflicting desiderata, one may proceed as
follows. First we impose the condition that the risk r(6) shall not
exceed a certain prescribed positive value ry, i.e.,

(10:3) (@) < 1o

for all parameter points 6. We then consider only sampling plans for
which (10:3) is fulfilled. From this class of sampling plans we try to
select one for which Ey(n) is as small as possible.

To impose first the condition (10:3) and then to try to minimize with
respect to the expccted number of observations does not scem to be
an unreasonable procedure, since the risk function r(6) is perhaps of
primary importance.?

The choice of the upper limit ry of the risk is not a statistical prob-
lem. It will be determined on the basis of practical considerations in
each particular case.

2 Another possible definition of the risk function could be given by including also
the expected value of the cost of experimentation. If ¢ denotes the cost of taking
a single observation, the expected value of the cost of experimentation is equal to
cEy(n) and the risk is given by

(10:2%) ™) = ‘ZlL.(B)ws(ﬂ) + cEy(n)

If the cost of experimentation is not proportional with the number of observations,
but is given by the cost function ¢(n), then the term cEjy(n) in (10:2*) is to be
replaced by Eylc(n)].

3 Using the risk function r*(6), as given in (10:2*), a sampling plan for which the
maximugn \yglue of 7*(8) with respect to 8 is minimized may be regarded as an
optimqu this definition of an optimum sampling plan is accepted, no
condition oMhé type (10:3) is imposed; we simply try to find a plan for which the
maximum of r*(9) with respect to 6 takes the smallest possible value.
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104.4 The Use of Certain Simple Weight Functions

The construction of specific weight functions w;(6), - -+, wi(6) in a
given problem may occasionally run into practical difficulties. Al-
though in industrial problems w;(6) could be assumed to be equal to
the financial loss (or estimated financial loss) caused by the acceptance
of H; when @ is true, in purely scientific investigations it is rather diffi-
cult to give a reasonable measure of the loss caused by accepting a
wrong hypothesis.

Even if the difficulties in measuring the loss caused by possible wrong
decisions are disregarded, we still face the practical difficulty that the
weight functions w;(6), - -+, wk(6) in a given problem may be too in-
volved to be manageable. Thus, there is a need for simplification.

The choice of the sampling plan is usually not very dependent on
the exact shape of the weight functions. It will, therefore, be fre-
quently satisfactory to use some rough approximations, reproducing
only the main features of the weight functions. A very rough, but
for many applications satisfactory, approximation can be obtained by
replacing w;(0) by @;(6) defined as follows:

(10:4) @;(6) = 0 if w;(6) is less than or equal to a certain value ¢;
=c if w,(8) > ¢;

where ¢ is some positive constant. Thus, @,(8) can take only two
values, 0 and ¢. There is no loss of generality in putting ¢ = 1, since
this can be achieved by multiplication by a proportionality factor
which has no effect on the selection of the sampling plan.

In what follows in this and the following section, we shall consider
only the weight functions w;(0). We shall call the set of all parameter
points 6 for which @;(6) = 0 and ®,(0) = 1 for j # ¢ the zone of pref-
erence for acceptance of H;. The set of points 6 for which %,(6) =
@;(6) = 0 and @ (6) = 1 for k > 4, j will be called the zone of indiffer-
ence between H; and H;. Similarly, the set of points 6 for which
W3(0) = W;(6) = Wn(8) = 0 and w(6) = 1 for I # 1, j, m will be called
the zone of indifference among the hypotheses H;, Hj, and H,, and
S0 on.

If we deal with the problem of testing a hypothesis H, then k = 2,
H; = H, and H, is equal to the negation H of H. The zone of pref-
erence for acceptance of H, the zone of preference for acceptance of H,
and the zone of indifference between H and H defined here correspond
to the zone of preference for acceptance, zone of preference for rejec-
tion, and zone of indifference discussed in Section 2.3.1.

To illustrate the meaning of the various zones defined here, we con-
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sider again the example discussed in Section 10.1. In this example H,
is the hypothesis that 6 < a, H; is the hypothesis that ¢ < § < b, and
Hj is the hypothesis that § = b. The functions @, (6), @2(6), and w3(6)
may reasonably be defined as follows:

(@) =0 for6 <a+ A

Il

1 for6 = a¢ + A where A is a certain positive quantity
We() =0 ifa— A <60 <b+ Aand = 1 elsewhere
w30 =0 if6=0b— Aand = 1 elsewhere

Then the zone of preference for acceptance of H; is the set of values
of 6 for which § £ a — A. The zone of preference for acceptance of
H, is given by the inequality a + A < 6 < b — A, and the zone of
preference for acceptance of Hs by 6 = b 4+ A. The zone of indiffer-
ence between H; and Hj is given by the inequality a — A < 8§ < a +
A, the zone of indifference between H; and Hj is empty, and the zone
of indifference between H, and Hj is given by b — A <6 < b + A.
Finally, the zone of indifference among H,, Hs, and Hj is empty.

When the weight functions @, (6), - - -, Wg(f) are used, the risk func-
tion r(f) defined in (10:2) takes a particularly simple form. Since
W;(0) can take only the values 0 and 1, we shall have

(10:5) r(0) = D _L;(0)

where the summation is to be taken for all values of j for which
w,(0) = 1.

We shall say that a wrong decision is made if, and only if, a hypoth-
esis H; is accepted for which @;(6) = 1. Then the risk 7(d) given in
(10:5) is simply equal to the probability that a wrong decision will be
made.

The principle for the selection of a sequential sampling plan, as
stated in Section 10.4.3, can now be formulated as follows. We con-
sider only sequential sampling plans for which the probability of mak-
ing a wrong decision does not exceed a certain preassigned value .
From the class of such sequential sampling plans we try to select one
for which the expected value of the number of observations required
by the plan is as small as possible.

10.6 Discussion of a Special Class of Sequential Sampling Plans

The problem of finding a sequential sampling plan which may be
regarded as an optimum plan in the sense of the previous section is



146 MULTI-VALUED DECISIONS

not yet solved. However, as will be shown in this section, a wide class
of sequential samplihg plans can be constructed for which the condi-
tion that the probability of making a wrong decision should not exceed
a preassigned value ry is fulfilled.

To construct such a class of sampling plans we shall make use of
the following lemma.

Lemma. Let xy, %9, - - -, elc., be a sequence of variates, let pim(xy, - - -,
Zn) (m =1,2, ---) denolte the joint probability density function of z1,
ee+, T under the hypothesis Hy, and let pom (1, -+, Tm) be the den-
sity function under the hypothesis Ho* Let, furthermore, A be a con-
stant greater than one. Then, under the hypothesis Ho, the probability

that
m DY x
(10:6) p_lﬁl’__’_"i)_ <A
pOm(xlp tt Zm)

will hold for all values of m is greater than or equal to 1 — (1/A).

The validity of this lemma can easily be shown with the help of the
inequalities given in Section 3.2 by letting the constant B in those in-
equalities approach 0.

With the help of this lemma we can construct a sequential sampling
plan satisfying the condition that the probability of making a wrong
decision does not exceed a prescribed value ro as follows. Let
Pm(T1, * **, Tm, 0) be equal to f(x1, 6)f(x2, 6) - - - f(Tm, 6) Where f(z, 0) is
the probability distribution of z when 6 is true. For any parameter
point 8 let p,*(xy, - -+, Tm, 6) be an arbitrary but given probability
distribution of the variates zj, g, +++, #».>* Then according to our
lemma the probability that
(10:7) pm*(xly trcy Ty 0) < A

pm(xly *ty Tmy 0)

will hold for all m is greater than or equal to 1 — (1/4) when 6 is true.
For any sample point E, = (z1, * - -, Z»), let w,(Ey) denote the totality
of all parameter points 8 for which the inequality (10:7) is fulfilled for
all values m < n. Clearly, the probability that the true parameter
point 8 will be included in all sets w,(E,) (n =1, 2, ---, ad inf.) is
greater than or equal to 1 — (1/4). The sequential sampling plan is
then defined as follows: We continue taking additional observations
as long as none of the weight functions @,(6), - - -, Wx(f) is identically
zero in w,(E,). At the first time when w,(E,) is such that at least one

4If the distribution of z, z2, - - -, etc. is discrete, pim(21, * * +, Zm) denotes the
probability of obtaining a sample equal to the observed.

8 It is understood that the distribution of z, - - -, determined from the dis-
tribution pme*(z1, « -+, Zm, 6) (m’ > m) is identical with pm*(z1, * * -, Tm, 6).
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of the weight functions @, (9), - - -, @x() is identically 0 in w,(E,), we
stop the process with the acceptance of the hypothesis corresponding
to the weight function which is identically zero in w,(£,).® Obviously,
this sequential sampling plan will have the property that the prob-
ability of making a wrong decision does not exceed 1/4. If we let
A equal 1/7y, then the probability of making a wrong decision will not
exceed 1y, as required. .

This method leads to a wide class C of sequential sampling
plans with the required property, since the distribution function
Pm* (21, ¢+ *, Tm, 6) in the numerator of (10:7) can be chosen entirely
arbitrarily. It is doubtful whether this class C of sampling plans con-
tains an optimum plan in the sense of the definition given in 10.4.
If we are willing to restrict ourselves to sampling plans in class C, we
still have the problem of so choosing p,*(x1, -+, Zm, 0) as to make the
expected number of observations required by the plan as small as pos-
sible. This problem, too, has not yet been solved. There may be some
waste involved in letting A = 1/ry, since this may result in a maximum
probability of making a wrong decision that is considerably less than
the tolerated value ro. A further development of the theory may show
that A can be put equal to some value smaller than 1/ry which would
lead to a saving in the number of observations.

Although the present stage of the theory is very incomplete, sampling
plans based on the inequality (10:7) may still be used with good advan-
tage in some problems. Even if we cannot yet find the best distribu-
tion pR*(xy, <+ ¢, Tm, 6) to be used in the numerator of (10:7), we still
may be able to make a reasonably good choice of p,*(zi, <, Zm, 6)
and thereby obtain a sequential plan which requires, on the average,
a substantially smaller number of observations than the best possible
non-sequential sampling plan based on a predetermined number of
observations.

Regarding possible choices of pn*(zi, - -+, Zm, ) which may give
reasonably good results, the following remarks may be made. A good
result may be obtained in some problems by letting p,*(x1, - - -, Zm, 6)
equal a properly chosen weighted average of pn(zi, -+, ZTm, {) Where
¢ is a variable parameter point. In other words, we let?

(10:8) pm*(xl, sty Ty 0) =LP9(§‘)pm(xly crty Tmy f) dg.

8 If there are several weight functions which are identically 0 in w,(E,), we may
choose arbitrarily one from among the hypotheses corresponding to these weight
functions.

7 The averaging function py(¢) may also be discrete. Formulas valid for both
continuous and discrete averaging functions could be given by using Stieltje’s
integrals.
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where the integration is taken over the whole parameter space @ and
pe(¢) is a non-negative function of ¢ satisfying the condition

(10:9) Jrutra =1

The choice of the averaging function p,(¢) will depend on the weight
functions w,(0), - - -, Wx(6). If, for example, @,(6) = O for the param-
eter point 6 under consideration, it seems rcasonable to let py(§) = 0
for all parameter points ¢ for which @;(¢) = 0, since we are not inter-
ested in discriminating between parameter points for which the same
decision is correct.

The following is another possible choice of pn*(Z1, - -, Zm, §) Which
may lead to good results in some problems:

(10:10) Pm*(1, * 05 Tmy 0) = ¢(x1, 0)f (x2, é\1).’.(:1:37 é‘2) <o f(@m, é\m-—l)

where 6, is the maximum likelihood estimate of 6 based on the first r
observations zj, - -, z, and ¢(z;,6) is some suitably chosen prob-
ability distribution of ;.

To illustrate the sampling procedure based on (10:7), we shall con-
sider the following simple example. Let z be normally distributed
with unknown mean 6 and unit variance. Then

m
1 % @-0?

a=1
m €

(2m)?

(1011) pm(xly cry Ty 0) =

Let
(1012) pl*(xl’ c0ty Ty 0)
= %[pm(xh * 0ty Tmy 6+ 8) + pm(xly c0 0y Ty 0 — 6)]

where 8 is a given positive quantity. Then

* .. — ma?
Pm (xl; y Tmy 0) _ e 5Z (o —6) —8Z(zq—0)
[e +e

(@1, * 05 Tmy 0) - 2
= ¢~ %™ cosh [6Z (24 — 6)]

(10:13)

The equation
(10:14) coshu =v >1)

has two roots in  which are equal in absolute value. Let y(v) be the
positive, and —y(v) the negative root of (10:14). Then the roots of

the equation in 8
(10:15) e %™ cosh [62(xe — 0)] = A
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are given by

mat
24
0 (B) = £+ LA
mé
(10:16) and mat
2
mé

where Z,, is the arithmetic mean of the observations zy, « -+, Zp,.
The set of all values of 8 for which the inequality

pm*(xly **y Tmy 0)

pm(xly * 0y Tmy 0)

<A

is satisfied is the open interval (0;(E,), 61(En)). The set w,(E,) is
defined as the common part of the open intervals (0:(E,), 6,(E,)), - - -,
(02(E,), 61(E,)). Hence w,(E,) is equal to the open interval whose
lower endpoint is equal to the maximum of the values 6,(E,), ---,
6,(E,), and whose upper endpoint is equal to the minimum of the
values 0,(E,), ---, 0; (E,).2 Experimentation is terminated the first
time the open interval w,(E,) is such that one of the weight functions
,(0), - -+, Wr(0) is identically zero in w,(E,). )

As another illustration, consider again the example given in Section
10.1, and for simplicity assume that the standard deviation of z is
equal to 1. Although the proper choice of p,*(zy, * -+, Zm, 8) for this
example has not been thoroughly investigated, the following choice of
Pm* (21, ** *, Tm, 0) is perhaps not unreasonable. A parameter point 6
in the zone of preference for acceptance of Hy, i.e., a valued < a — A)?
should be discriminated against all other parameter values ¢ for which
acceptance of H, is a wrong decision. The smallest value { for which
acceptance of H; is a wrong decision, i.e., the smallest { for which
() =1,is ¢ = a + A. Thus, we put

(10:17) pw*(z1y =+ ¢y Ty 0) = Pu(1, =+ +) Tmy @ + A)
forall6 = a— A
If 0 is in the zone of indifference between H; and Hj, ie.,ifa — A <

6 < a + A, we want to discriminate 8 against values { for which ac-

8 If it happens that the upper endpoint determined in this way is less than the
lower endpoint, the set w,(E,) is empty.

9 For a definition of the various zones and weight functions 1%,(6), 2(6), and
w3(0) for this example see Section 10.4.4.
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ceptance of H,, as well as of Hj, is a wrong decision. The smallest
value of this kind is { = b + A. Thus, we let

(10:18)  pm*(x1y ***y Tmy 0) = Pm(T1, =+, Tm, b + A)
fa—A<60<a+ A

If 6 is in the zone of preference for acceptance of Hy, ie., if a + A
<6 <b — A, we want to discriminate it against values ¢ for which
acceptance of H, is wrong. The greatest value ¢ of this kind to the
left of a + Ais { = a — A, and the smallest { of this kind to the right
of b — Ais{ =b+ A. It seems, therefore, reasonable to let

(1019) pm* = %[pm(xl» Ty, @ — A) + pm(xly *ty Tmy b+ A)]
fa+AZ<6<b-—A

If 6 is in the zone of indifference between H, and Hj, ie., if
b— A=06<b+ A, we want to discriminate 6 against values ¢ for
which the acceptance of Hy, as well as of Hj, is wrong. Thus, we let

(1020) pm*(xly *ty Tmy 0) = pM(xl; 0y Tm, @ A)
fb—AZ60<b+ A

Finally, if 6 is in the zone of preference for acceptance of Hj, i.e., if
6 = b + A, we want to discriminate 6 against values ¢ for which the
acceptance of Hz is wrong. The least upper bound of values of { of
this kind is { = b — A. Thus, we shall let

(1021) Pm*(xlx *ty Tmy 0) = pm(xly * 0y Tmy b— A)
for6 =b+ A

It should be remembered that there is no systematic theory yet
available for the proper choice of p,*(x1, ***, m, 6). The choice of
Pm* (@1, ***, T, 0) in the above example has been made only on intui-
tive grounds. It may well be that another choice of p,,*(x, « « *, Zm, 6)
exists which leads to much better results. It should also be remarked
that it is doubtful whether an optimum sampling plan, as defined in the
preceding section, is a member of the class of sampling plans based on
the inequality (10:7). Further investigations are needed to clarify
these questions.



Chapter 11. THE PROBLEM OF SEQUENTIAL ESTIMATION

11.1 Principles of the Current Theory of Estimation by Intervals or
Sets

In this section we shall give a brief outline of the basic ideas of
estimation by intervals or sets as developed by J. Neyman.! Consider
first the case in which the distribution of the random variable z under
consideration is known except for the value of a single parameter 6.
The problem treated in the current theory is that of estimating the
value of 6 on the basis of a fixed number of observations, say N obser-
vations z;, -+, Zy On 2.

Let E denote the sample (23, - -+, ) and let §(E) and §(E) be two
single-valued functions of the sample E such that

(11:1) 9(E) < 4(E) for all possible samples E

Let 8(E) denote the interval extending from §(E) to 6(E). We shall
refer to 6(E) also as an interval function, since it associates an interval
with each sample. Since the interval §(E) is a function of the sample,
its location and length will, in general, be random variables and, there-
fore, probability statements can be made as to whether §(E) includes
the true parameter value 6 or not. For any value 6 we shall express
the relation that §(E) contains 8 by the symbol §(E)C8. For any rela-
tion R, the symbol P(R | 6) will denote the probability that R holds
when @ is the true parameter value.

According to Neyman, an interval function §(E) is said to be a con-
fidence interval of 6 if

(11:2) P[5(E)CO| 6] = v

identically in # where v is a fixed value independent of 6. The relation
(11:2) simply says this: The probability that §(Z) will include the true
parameter value is always equal to v no matter what the true value of
the parameter happens to be. The fixed value v is called the confidence
coefficient associated with the confidence interval §(E).

1J. Neyman, “Outline of a Theory of Statistical Estimation Based on the Classi-

cal Theory of Probability,” Philosophical Transactions of the Royal Society of Lona
don, Series A, Vol. 236 (1937), pp. 333-380.
151
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Suppose, now, that the distribution of z involves several unknown
parameters, say 0y, -+ -, 6,. Any set of possible values 6;, - - -, 6, can
be represented by a point 6, called a parameter point, in the r-dimen-
sional Cartesian space (parameter space). If we want to estimate the
parameters 0y, - - -, 8, jointly, i.e., if we want to estimate the parameter
point 6, the estimating set will be some subset of the r-dimensional
parameter space. Whereas in the case of a single unknown parameter,
estimating sets other than intervals have little practical value, this is
not so when several unknown parameters are to be estimated jointly.
Estimating sets other than intervals in the r-dimensional space, such
as the interior of a sphere, or ellipse, or more general regions, will
have to be considered. Thus, we shall have to consider a set function
w(E) which associates with each sample point E a certain subset w(E)
of the parameter space without making the restriction that w(E) is an
r-dimensional interval.

A set function w(E) is said to be a confidence region of the param-
eter point 8 = (6, + - -, 6,) if

(11:3) Plo(E)CO | 6] = v

identically in 8 where v is a fixed value independent of . The value
v is called the confidence coefficient of the confidence region w(E).

If only one of the parameters 6y, - - -, 6, is to be estimated, estimating
sets other than one-dimensional intervals will not be of much practical
interest, as in the case of a single unknown parameter. Suppose, for
example, that only 6, is to be estimated. According to Neyman, an
interval function 8(E) is said to be a confidence interval of 6; with
confidence coefficient v if

(11'4) P[S(E)Col I 01,02, -+, 6,] = v

identically in 64, 6, -« -, 6,.

Usually there will be infinitely many confidence intervals 3(E) or
confidence regions w(F) with a given confidence coefficient ¥ and a
fundamental problem is to find a proper confidence interval or con-
fidence region which has some optimum properties. It is clear that a
confidence interval or confidence region with a given confidence coef-
ficient 4 will be regarded the better the shorter the interval or the
smaller the region. The notion “short”” or “small”’ is to be made pre-
cise, since the length of a confidence interval and the size of a confi-
dence region are random variables depending on the outcome of the
sample. This has been done in the theory developed by Neyman who
introduced various notions of optimum confidence intervals and con-
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fidence regions. The mathematical consequences of these definitions
have been investigated and optimum confidence intervals and regions
have been derived in many important cases. It is not intended to go
into further details here and the reader is referred to the original publi-
cations of Neyman on this subject.

11.2 Formulation of the Problem of Sequential Estimation by Inter-
vals or Sets

In estimation procedures based on a fixed number of observations,
we cannot control, in general, the length of the confidence interval
obtained, since this depends on the outcome of the sample. It may,
therefore, sometimes happen that the confidence interval obtained is
so long that it has little or no practical value. The possibility of such
an event is a drawback inherent in estimation procedures based on a
predetermined number of observations.

For example, the length of the best confidence interval, based on a
fixed number of observations, for the mean of a normal population
with unknown standard deviation is proportional to the sample esti-
mate s of the population standard deviation ¢. The sample standard
deviation s may take any value and is likely to be large if ¢ is large.

To devise estimation procedures which lead to confidence intervals
not only with a prescribed confidence coefficient but also with a pre-
scribed length, or with a length not exceeding a prescribed value, or
which satisfies some other similar condition, it is, in general, necessary
to abandon the approach based on a fixed number of observations, and
estimation procedures of sequential nature have to be constructed.?

The general nature of a sequential procedure of estimation by sets
may be described as follows. For any positive integer m we consider
a set S, of samples of size m. These sets must satisfy the following
condition. If the sample E,, is an element of S,, and if E,,, (m' > m)
is an element of Sy, then E,, must not be equal to the sample consist-
ing of the first m observations in E,.. With any element E, of S,
(m=1,2, ---, ad inf.), we associate a subset w(E,,) of the parameter
space.® The sequential process of estimation is then carried out as
follows. We continue to make observations on z until we reach a value
n such that E, is an element of S,. At this stage, we stop the process

2 A very interesting sequential procedure has been devised by C. Stein, ‘“A Two
Sample Test for a Linear Hypothesis whose Power Is Independent of the Vari-
ance,” The Annals of Mathematical Statistics, Vol. XVI, Sept., 1945, which leads
to confidence intervals of fixed length in an important class of problems, including
the example mentioned before.

3 If we are concerned with interval estimation, w(E:,) will always be an interval.
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and state that «(E,) contains the true parameter point, i.e., w(E,) is
the confidence set resulting from the sequential estimation procedure.

Thus, a sequential estimation procedure is determined by the sample
gets Sy, Sz, - - -, etc., and the set function w(E) defined for all samples
Ein 8, S, + -+, ete. The fundamental problem in sequential estima-
tion is that of a proper choice of S;, Sz, - -, etc., and of w(E). First
we impose the following two conditions:

Condition I. The confidence set w(E,) resulting from the sequential
estimation procedure should satisfy certain stated requirements re-
garding its geometric shape.

Condition II. The confidence set w(E,) resulting from the sequen-
tial estimation procedure should satisfy the inequality *

Plo(E.)C8| 6] = v

for all parameter points . (The quantity v is a fixed value which is
frequently chosen as high as .95, or more.)

The requirements to be imposed on the geometric shape of the con-
fidence set w(E,) do not constitute a statistical problem, and they will
be decided on the basis of practical considerations in each particular
problem. For example, if there is only one unknown parameter 6 (the
parameter space is one-dimensional), we may want to require that
w(E) be an interval whose length should not exceed some fixed pre-
scribed value d, or some given function of the midpoint of the interval.
The latter case may be of interest, for example, in estimating the mean
of a binomial distribution. If there are several unknown parameters,
say 0y, - -, 6,, and we want to estimate them jointly, we may require
that the Euclidean volume, or the diameter ® of the confidence set
w(Ey,) does not exceed some fixed prescribed value. If we merely want
to estimate one of the unknown parameters, say 6;, we may impose
the requirement that w(E,) be an interval with length not exceeding
some prescribed fixed value, or the weaker requirement that w(E,) be
a subset of the r-dimensional parameter space whose projection on the
9,-axis has a diameter not exceeding some preassigned value.

Usually there will exist infinitely many sequential estimation pro-
cedures which satisfy Conditions I and II. The criterion for selecting
one from among them will be based on the expected number of obser-

4 This is weaker than the requirement by Neyman that the equality sign should
hold.

8 The diameter of a set is the largest possible distance between two points of
the set.
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vations required by the estimation procedure. The sequential esti-
mation procedure may be regarded the better the smaller the expected
number of observations required by the procedure. Thus, we shall try
to select a sequential estimation procedure from the class of procedures
satisfying Conditions I and II for which the expected number of obser-
vations to be made is as small as possible.

The problem of finding an optimum estimation procedure is- un-
solved. However, a special class of estimation procedures satisfying
Conditions I and II will be discussed briefly in the next section. It is
doubtful whether this class of procedures contains an optimum solu-
tion in the sense defined before.

11.3 A Special Class of Sequential Estimation Procedures

The special class of sampling plans based on the inequality (10:7),
and discussed in Section 10.5, can be used to obtain estimation pro-
cedures satisfying Conditions I and II. With each sample point E, =
(xy, -+, 2,) (n=1,2, ---, ad inf.) we associate the set w(E,) con-
sisting of all parameter points 8 for which (10:7) is fulfilled for all
valuesm < n. If weput A = 1/(1 — v), then w(E,) will satisfy Con-
dition II for each n. The estimation procedure is carried out as fol-
lows. We continue taking observations as long as w(E,) does not
satisfy the requirements in Condition I. We stop the process at the
smallest n for which w(E,) satisfies Condition I and then state that
the true parameter point 6 is included in w(E,). This rule of stopping
insures automatically the fulfillment of Condition I.

If pm*(xy, *+*, Tm, 0) is chosen so that the probability is 1 that the
diameter of w(E,,) will converge to 0 as m — «, and if Condition I is
such that any set of sufficiently small diameter satisfies it, the prob-
ability is 1 that the estimation process will be terminated at a finite
stage.

It is doubtful whether the special class of procedures considered here
contains an optimum procedure in the sense of the preceding section.
Even if we are willing to restrict ourselves to procedures based on
(10:7), there is no theory yet developed for the proper choice of
Pm*(@1, +*+, Zm, 6). Our aim is, of course, to choose pn*(z1, * * *, Tm, 6)
so that the expected number of observations required by the pro-
cedure should be as small as possible. An optimum choice of
Pm*(@1, *++, Tm, 6) will depend also on the nature of Condition I.
For example, if a certain choice of p,*(x1, *  *, Zm, 6) is optimal when-
Condition I requires that the diameter of w(E,) does not exceed a pre-
assigned value, this choice will probably not be optimal when Condition
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I requires that the diameter of the projection of w(E,) on one of the
parameter axes does not exceed a preassigned value, and vice versa.
There may be some waste involved in putting 4 = 1/(1 — v), since
this may imply the validity of Condition II for a value v’ substantially
larger than the intended 7. A further development of the theory may
show that A can be put equal to some value smaller than 1/(1 — v)
which would lead to a saving in the number of observations. KRV_
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A1 PROOF THAT THE PROBABILITY IS 1 THAT THE SEQUENTIAL
PROBABILITY RATIO TEST WILL EVENTUALLY TERMINATE

The sequential probability ratio test terminates at the nth trial
where 7 is the smallest integer for which either

214+ 2 2 log 4
' f(x,,el)]
)r Z“=

f(xtr 00)
. 25 21+ + 2, = log B van 240

Atywet e &C )(oo sz¢7o (TRese o o MU ICen ate

Let ¢ = |log B| + | log A |. We shall subdivide the infinite se-

quence zj, 23, 23, * * *, ad inf., into segments of length r where r is some
positive integer. Thus, the first segment S; will consist of the elements
21, -+, 2, the second segment S, will contain the elements 2,44, - - -,
22r, etc. In general, the kth segment S; will consist of the elements
Z(k—1)r41, ** s 2r. Let {x denote the sum of the elements in the kth
segment. It can be seen that if the infinite sequence 2y, 23, - - -, ad inf.,
is such that the sequential process never terminates, then we must have

(A:1) . |al<e fork=1,2, ---, ad inf.
Inequality (A:1) can also be written
(A:2) y @wi<e® fork=1, .-, adinf.

\

Thus, in ordir to show that the probability is 1 that the sequential
process will ¢ventually terminate, it is sufficient to prove that the
probability is 0 that (A:2) holds for all integral values k. For any
given positive mteger i denote by P; the probability that {2 < 2.

Since 2y, 23, + -+, are independently distributed, each having the same
distribution, the distribution of {; must be the same for all values <.
Hence, also P; is independent of 7 and we shall denote it by P. Since
¢1, &9, -, etc., are independently distributed, the probability of the
joint event that (A:2) holds for k = 1,2, - -, j is equal to P’. Hence,
in order to show that the probability is O that (A:2) holds for all values
k, it is sufficient to show that P < 1. Clearly, if the expected value
of {2 is > ¢?, then P must be < 1. Since the variance of z; is assumed
to be positive, the expected value of ;? can be made arbitrarily large
by choosing r, i.e., the number of elements in a segment, sufficiently
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large. Thus, P < 1, and we have proved the proposition: The prob-
ability is 1 that the sequential probability ratio test procedure will even-
tually terminate.

A.2 UPPER AND LOWER LIMITS FOR THE OC FUNCTION OF A SEQUEN-
TIAL TEST

A2.1 A Lemma

In what follows we shall denote the expected value of any random
variable z by E(z). For any relation B we shall use the symbol P(R)
to denote the probability that R holds. If the expected value E(z)
or the probability P(R) has been determined under the assumption
that 6 is the true value of the parameter involved in the distribution
of the random variable under consideration, we shall occasionally put
this in evidence by using the symbols Eg¢(z) and Ps(R), respectively.!

In deriving lower and upper limits for the OC function of a sequen-
tial test, we shall make use of the following lemma.

Lemma A.1. Let z be a random variable such that the following three
conditions are fulfilled:

Condition I. The expected value E(z) exists and is not equal to 0.

Condition II. There exists a positive & such that P(e* <1 — §) > 0
and P(e* > 1 + 8) > 0.

Condition I1I. For any real value h the expected value E(e"?) = g(h)
extsts.

Then there exists one and only one real value hy # 0 such that

E(eh?) =1
Proof: For any positive h we have
(A:3) g(h) > P(e* > 14 8)(1 + 8)*
Hence, since P(e* > 1 4 §) > 0,
(A4) ,}in: gh) = 4+

Similarly, we see that for any negative h
gh) > P(e* <1 — §)(1 — 8)*
Hence, since P(e* < 1 — §) > 0, we have

(A:5) limg(h) = +»
h=—w
1If there are several unknown parameters, say 6, - - -, 6, then 6 denotes the

set (01, ] 0];).
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Since g”’'(h) = E(2%*),? it follows from Condition II that
(A:6) g'(h) >0

for all real values of k.

The relations (A:4), (A:5), (A:6) imply that there exists exactly one
real value h* such that g(h) takes its minimum value for A = h*,
Since ¢’(0) = E(2) is unequal to 0 by Condition I, we see that h* = 0
and g(h*) < g(0) = 1. It is clear that the function g(k) is monotoni-
cally decreasing in the strict sense over the interval (— o, h*) and is
monotonically increasing in the strict sense over the interval (h*, 4 «).
Since ¢g(0) =1 and g(h*) < 1, there exists exactly one real value
ho # 0 such that g(hg) = 1. Hence lemma A.1l is proved.

From the above considerations it follows that if A* > 0 then also
ho > 0, and if A* < 0 then also hy < 0. Furthermore, if A* > 0 then
E(z) = ¢’(0) <0, and if h* < 0 then E(z) = ¢’(0) > 0. Hence, ho
and E(z) are of opposite sign.

A.2.2 A Fundamental Identity

In this section we shall derive an identity which will play a funda-
mental role. Consider the sequential probability ratio test for testing
the hypothesis Hy that the probability distribution of z is given by
f(z, 8;) against the alternative hypothesis H; that the probability dis-

. , 0
tribution in question is given by f(z, 6;). Let z = logﬁx Ol; and
o
f (xiv 01) . .
z; = log W where z; denotes the 7th observation on 2. As defined
s, Uo

in Section 3.1, the test procedure is given as follows. Continue taking
observations as long as

(A7) logB<z +:+2,<logd

where A and B (B < A) are constants determined before the experi-
mentation starts. Accept Hy when

(A:8) z1+---+ 2, <logB
and reject Hy (accept H;) when
(A:9) Z1 4+ 2n2logd

2 From Condition III it follows that all derivatives of g(k) exist, and they may
be obtained by differentiation under the integral sign, i.e.,
d'g(h)
dh"

= E(z"e®h) (r=1,2 -+, ad inf.)
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In what follows we shall denote by n the number of observations re-
quired by the test. Clearly, n is a random variable. Let D’ be the
subset of the complex plane such that E(e**) = ¢(f) exists and is finite
for any point ¢ in D’. Consider the following identity:

(A:10) B O 1Y) = Be™) = (O

where N denotes a positive integer and Z; = 2; +---+ 2;. Let Py
be the probability that n < N. For any random variable u, let Ey(u)
denote the conditional expected value of u under the restriction that
n £ N, and let Ex*(u) denote the conditional expected value of u
under the restriction that n > N. Then identity (A:10) can be writ-
ten as

(A:11) PyEn(e%HE@8=20% 4 (1 — Py)Ex*(e®) = [¢()1Y

Since in the subpopulation defined by any fixed n £ N the expression
Zy — Z, is independent of Z,, we have

(A112) En(P @20 = By {(™)le @1 ™}
From (A:11) and (A:12) we obtain the identity
(A:13) PyEn{e? o1 ™) + (L — Py)Ex*®) = [o(1¥

Dividing both sides by [¢()]Y we obtain
Ex*(e™) _

0

Let D" be the subset of the complex plane in which IqS(t) | =21
and let D denote the common part of the subsets D’ and D". Since

lim (1 — Py) = 0, and since ] En*(e?™) \ is a bounded function of N,
N=ow
we have in D

_ . Ex*e™)
(A:15) Alrl:nn(l—PN) O =

(A:14)  PyEn{e®™[o(®)]™} + (1 — Pw) 1

Since
Jlim PyEn{®[s()]™} = E{e"o()] ™}

we obtain from (A:14) and (A:15) the fundamental identity
(A:16) E{e®™pt)] ™} =1

for any point ¢ in the set D.
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A.2.3 Derivation of Upper and Lower Limits for the OC Function

The OC function of the sequential test is defined by the function
L(9), where L(6) denotes the probability that the sequential process
leads to the acceptance of Hy, when 6 is the true value of the pa-
rameter.® It has been shown in Section A.l that the probability is
0 that the sequential process will never terminate, i.e., the relation
P (n = ) = 0 has been proved. Thus, the probability that the proc-
ess will terminate with the rejection of H, (acceptance of H;) is given
by 1 — L(6). Using the fundamental identity derived in the pre-
ceding section we shall obtain upper and lower limits for L(6).

f (x; 01)

f (LE, 00)
the three conditions of lemma A.1 for any value 6. Then for any given
6 there exists exactly one real value h(6) # 0 such that Ez(e**®@) = 1.
Substituting h(8) for ¢ in the fundamental identity (A:16), we obtain

(A:17) Ep(e”™®) =1

since ¢[h(0)] = 1.

Let Eg* be the conditional expected value of e under the restric-
tion that H, is accepted, i.e., that Z, < log B, and let Es** be the
conditional expected value of ¢Z?*® under the restriction that H; is
accepted, i.e., that Z, = log A. Then we obtain, from (A:17),

It will be assumed that the distribution of z = log satisfies

Znh(6)

(A:18) [LO)]Ee* + [1 — L(0)]Eg** = 1
Solving for L(6) we obtain
(A:19) L(6) = B — 1

: - Eo** — Ep*

If both the. absolute value of Eg(z) and the variance of z are small,
as they will be when f(z, 6;) is near f(z, 6y), then E¢* and Ep** will
be nearly equal to B*® and A*®, respectively. Hence, in this case
a good approximation to L(f) is given by the expression

ARO _ 1

(A:20) Le) = o 5®

This is the approximation formula (3:43) given in Section 3.4. It is
easy to verify that h(d) = 1 if § = 6y, and h(d) = —1if § = 6,. The
difference L(9) — L(6) approaches 0 if both the mean and the variance
of z converge to 0.

3 For simplicity the case of a single unknown parameter 6 is discussed, but the
results can obviously be extended to any number of parameters.
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To judge the goodness of the approximation given by L(9), it is
desirable to derive lower and upper limits for L(6). Such limits can
be obtained by deriving lower and upper limits for Ep* and Eg**.
First we consider the case when h(8) > 0. To obtain a lower limit for
Eg* consider a real variable ¢ which is restricted to values > 1. For
any random variable u and any relation R we shall denote by E(u ‘ R)
the conditional expected value of  under the restriction that R holds.
Let Py(f) denote the probability that e*®@?-' < ¢B*®  Then we
have

. i .
(A:21)  Ep* = f [;B"“”E’o (e"("" | @2 < E)] dPy(s)
1

Hence, a lower bound of Ep* is given by

: 1
(A:22) BM® [g.l.b. ¢Eg <eh(0)’ | 2@z < E>]
¢

where the symbol g.lb. stands for greatest lower bound with re-

¢
spect to ¢. Since B*® is an upper bound of Ez*, we obtain the limits
(A:23) B® [g.l.b. ¢E, (e"(")’ | @2 < 1)] < Ep* < B¥®
¢
f (@) > 0

To derive limits for Eg** consider a real variable p which is restricted
to values >0 and < 1. Let Q(p) denote the probability that
8O%n-1 < pA*O  Then we obtain

1 1
(A24)  Ep** = f [pA"(”Ee (e"“’”le"“”’g —)] dQ(p)
0 P

Hence an upper bound of Eg** is given by

1
(A:25) AM® [l.u.b. oEs (e"(")‘ | @2 > —)]
o P

Since A*® is a lower bound of Ey**, we obtain the following limits
for Eg**:

(A:26) AM® < Ep** < AMO [l.u.b. oEs (e"“’)’ | £ 2 l)]
, p

[»(6) > 0]



LIMITS FOR THE OC FUNCTION 163

Putting
(A:27) g.l{.b. ¢Es (e"(")‘ | #®2 < %) =g
and _
(A:28) l.up.b. Pyof (e"(a)’ | @2 = %) = 0
inequalities (A:23) and (A:26) can be written as
(A:29) B"®py < Eg* < B*®
and
(A:30) AP® < g < AMO)g,

Since B < 1 and 4 > 1,4 we see Ep* < 1 and Eg** > 1if h(6) > 0.
From this and relations (A:19), (A:29), and (A:30), it follows that

AMO _ q 54N _ 1
h(6) o = L0 = —55 h(0)
AM? — 9B 8pAR® — BM

where h(6) > 0.

If h(6) < 0, limits for L(6) can be obtained as follows. Let2’ = —z,
A’ = 1/B and B’ = 1/A. Consider the sequential test S’ defined as
follows. Continue taking observations as long as log B’ < 2/y +---
+ 2, < log A’. Terminate the process with one or the other decision,
depending on whether z’; +-- -+ 2'» < log B’ or = log A’. We shall
let L’(6) be the probability that at the termination of the process the
cumulative sum 2’y +- - -+ 2’ is less than or equal to log B’. Then
L'(0) = 1 — L(6). Furthermore, we shall denote the quantities h(6),
n9, 89 corresponding to the test S’ by h'(6), n’s, and &y, respectively.
We can apply (A:31) to the test S’, since h'(6) = —h(6) > 0. Thus,
we obtain

(A:31)

A0 —1 §pA™? —1 ]

(A:32) 70 7,30 <L) £ oA @ _ g @

where A’(6) > 0. Since 79 and & depend only on the distribution of
h(8)z, and since h’(9)z' = h(8)z, we have 7' = 79 and &’y = 8. Sub-
stituting, in (A:32), & for &'s, s for 7s, 1/B for A’, 1/A for B', —h(6)
for »'(9), and 1 — L(8) for L’(6), we obtain

4+ We have assumed that B < A. Sincewelet B = 8/(1 — a)and 4 = (1— 8)/e,
we must have 8/(1 — &) < (1 — 8)/a. Multiplying this inequality by «(1 — «),
we obtain a8 <1 —a — 8 +aB, ie.,, 0<1 —a—p8 Hence 8 <1 —a and
1 — 8> a, and therefore B < 1and 4 > 1.
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Bh(ﬂ) -1 ath(G) -1

BH® _ o 4H®) =1-L@O = 5B"® — AP

where h(f) < 0. Hence

1 — A® 1 — npAP®
— e m = LO = e ——am
5oBM® — AR® BYO _ 4RO

where k() < 0.

We can summarize our results as follows. If h(6) > 0, limits for
L(6) are given in (A:31). If h(6) <0, limits for L(§) are given in
(A:34). The quantities 55 and ng are defined in (A:27) and (A:28).

In Sections A.2.4 and A.2.5 we shall calculate the values of & and
ng for binomial and normal distributions. If the limits of L() as given
in (A:31) and (A:34) are too far apart, it may be desirable to deter-
mine the exact value of L(6), or at least to find a closer approximation
to L(6) than that given in (A:31) and (A:34). A method of dealing
with this problem is described in Section A.4. There the exact value
of L(6) is derived when z can take only a finite number of integral
multiples of a constant d. If z does not have this property, arbitrarily
fine approximations to the value of L(f) can be obtained, since the
distribution of z can be approximated to any desired degree by a dis-
crete distribution of the type mentioned above if the constant d is
chosen sufficiently small.

(A:33)

(A:34)

A.2.4 Calculation of §; and 1y for Binomial Distributions

Let X be a random variable which can take only the values 0 and 1.
Let p; be the probability that X = 1 when H; is true (i = 0, 1). Let
H be the hypothesis that p is the probability that X = 1. Denote
1 —pbygand 1 — p; by ¢; @ = 0,1). The distribution f(z, p) of =
is given as follows: f(1, p) = p and f(0, p) = ¢. It can be assumed
without loss of generality that p; > po. The moment generating

function of z = logfrgz——z:% is given by
t ¢ ¢
o0 = Bye = B [T 0] = 5 (B) 4 4(2)
J(, po) Do do

Let h(p) # 0 be the value of ¢ for which ¢() = 1, i.e.,

h(p) h(p)
p q
Po. do
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First we consider the case when h(p) > 0. It is clear that ™ =

z, h(p)
[f( pl)] > 1 implies that z = 1. Hence ¢**® > 1 implies that
f (xr pO) o) hp)
1, p D
e = [M] = <E> . From this and the definition of s,
J(1, po) Po
given in (A:28) it follows that
D1 h(p)
(A:35) 8p = (——-)
Do

where h(p) > 0. Similarly, the inequality e** <1 implies that
e ® = (q,/q0)*®. From this and the definition of 4, given in (A:27}
it follows that

(A:36) o = (?1)“?)

9o
where h(p) > 0.
If h(p) <0, it can be shown in a similar way that

h(p)
(A:37) 5p = <9)
do
where h(p) < 0, and
) h(p)
(A:38) T = <—)
Do

where h(p) < O.

A.2.56 Calculation of 8; and 7 for Normal Distributions

We shall now assume that X is normally distributed with unknown
mean 8 and known variance ¢2. We can assume without loss of gener-
ality that ¢ = 1, since this can always be achieved by multiplication
by a proportionality factor. Then

1
(A:39) 1,00 = 75=e” He—o? - (1=0,1)
and
1 1
A:40 ,0) = —== g~ %9
(A:40) f(z, 6) v
We can assume without loss of generality that o = —A and 6, = A

where A > 0, since this can always be achieved by a translation. Then

f(x: 01) = 2Ar
f(IC, 00)

(A:41) z = log
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The moment generating function of z is given by

(A42) Eo(@") = e2Alit-f-2A’t2
Hence
[/}
A:43 h() = — —
(A43) (6) A
Substituting this value of A(8) in (A:27) and (A:28) we obtain
1
(A:44) 8 = Lu.b. pE (e_”” | %= = —)
° p
and .
(A 45) no = g.l{.b. 9] (r?f’z] e~ < E)

For any relation R let Po*(R) denote the probability that the rela-
tion R holds under the assumption that the distribution of z is normal
with mean 6 and variance unity. Furthermore, let Po**(R) denote the
probability that R holds if the distribution of z is normal with mean
—0 and variance unity. Since e™2%* is equal to the ratio of the normal
probability density function with mean —6 and variance unity to the
normal probability density function with mean 6 and variance unity,

we see that ]
Po** (6_29” > __)

1
(A.46) E(? (6—202 l 6—201 > __) — P

P Pﬂ* (6—20:«: _2_ 1)
p
and

Po**( —20z < _)
1 =
(A:47) E, (e—zoz l e—zoz < __) - ¢

g‘ Po* (6—203: é _]:)
§

It can easily be verified that the right-hand members of (A:46) and
(A:47) have the same values for 6 = A as for 6 = —\. Thus, § and
ng also have the same values for § = X asfor 6 = —\. It will therefore
be sufficient to compute 85 and 7y for negative values of 6. Let 6 =
—AX where A > 0. First we show that 79 = 1/6g. Clearly,

1
Py ** 62)@ < _)
§Ps ( - §' {Po**(e"”" > §')

Py* (em < %) Po*(e™= 2 ¢)

(A:48) 1=¢< w)
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Letting ¢ = (1/p) (0 < p £ 1) in (A:48) gives

tPg** (62Xz < l) Py** (e—%z > l)
¢ p

(A:49) ~ = :
Pg* (62)"’ < __) pPo* (e—zkz > __)
§ P
Hence
g—Pe** (62)\z é _1_> )
(A:50) 7 = g.lb. £ =
¢ 1 1
Po* <e2)\x < E) PPO* (6—2“: > _)
Lub. .

P Pa** (e—2)\z g _l_)
P

Because of the symmetry of the normal distribution, it is easily seen

that
1 1
PPO* 6—2)\1 P PPG** 62)"’ > -
Lub. 221 = Lub. 21 =4
I PO** (e-—zkz g 1) PO* (62)‘:: g 1)
P p
Hence
1
(A:51) n = —
dg

Now we shall calculate the value of 8. Let G(zx) denote

Y
\/2_1“[; e 2dt. Then

1 1 1 1
Po**( e >~ ) = Pg**( 2\z = log - ) = Pe** |z = —log —
P P 22 o

(st )
- 2)\0go

Similarly
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Let u denote (1/2\) log (1/p). Since p can vary from 0 to 1, u can
take any value from 0 to «. Since p = ¢72*, we have

pPo** (82)\3 g }_)
p

(A:52) & = Lu.b. = Lu.b. (e_z"“

1
Po* <62)\3 g ___)
P

We shall prove that
(A:53) x(u) = e~ 2

Glu — X))
Gu + )

0=u

IIA

G(u — N)
G(u + N

s a monotonically decreasing function of u and consequently has a
maximum at u = 0. For this purpose it suffices to show that the de-
rivative of log x(u) is never positive. Now

(A:54) log x(u) = log G(u — \) — log G(u + \) — 2:\u

Let ®(z) denote
(A:54) that

\/Iﬂ e~ " Since (;iu G(u) = —®(u), it follows from
®(u —N)  ®du+N)
Gu—2N  Gu+N
It follows from the mean value theorem that the right-hand side of
d | ®(u)

(A:55) is never positive if — [——«] is equal to or less than 1 for all
du LG(u)

values of u. Thus, we need merely to show that
ase) [w] ¥ — e _ P06 + W)
7 dulaw) G2 (u) - G2 (u)
@2
P o
G?*(u) G(u)
®(u)
Let y denote E(_) . The roots of the equation > — uy — 1 = 0 are
U
ut Vui+4
2

(A:55) i log x(uw) =
du

y:

Hence the inequality ¥ — uy — 1 = 0 holds if, and only if,

u-—‘\/u"’—+—4S Su-I-‘Vu"’+4
.___.__—_—y_..__.._______—
2 2
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Since y cannot be negative, this inequality is equivalent tlgg /
}

& (u) u+ Vui+4
(A:57) — =y —
G(u) 2
Thus we merely have to prove (A:57). We shall show that (A:57)
holds for all real values of u. Birnbaum ® has shown that for v > 0

IIA

Vui+4—u
(A:58) ——2—— ®(u) < G(w)
Hence
/o2
(A:59) ®(u) 2 _Vu +4+u (> 0)

< — =
Gw) ~ Vui+4—u 2

which proves (A:57) for w > 0. Now we prove (A:57) foru < 0. Let
u = —ov where v > 0. Then it follows from (A:59) that

. @ () 2
(A:60) o) = Vit i —o

Taking reciprocals, we obtain, from (A:60),

G(v)> V44?2 —v

o) 2
G(u) é G(v) + 2vd(v) _ g(v_) + 2
d(u) d(v) & (v)

we obtain, from (A:61),

G(u)> Vv2+4+3v> V24440

d(u) 2 2
Taking reciprocals, we obtain

& (u) 2 _Vv2+4—-v_Vu2+4+u

=

Gw) = ViZ+a+v 2 2
Hence (A:57) is proved for all values of  and consequently & is equal
to the value of the expression (A:53) if we substitute O for v. Thus

' _@(=N _
(A:63) h="ry @ lo])

§Z. W. Birnbaum, “An Inequality for Mills’ Ratio,” The Annals of Mathematical
Statistics, Vol. XIIT (1942).

(A:61)

Since

(A:62)
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Formula (A:63) has been derived for the case in which 6, = —A,
6, = A, and ¢ = 1. It can easily be seen that for general values 6,
61, and ¢ we have

(A:64) 0g =

1 0 0
where A = - o 6
c 2

G(—N)
G\

6 —

A.3 UPPER AND LOWER LIMITS FOR THE ASN FUNCTION OF A SE-
QUENTIAL PROBABILITY RATIO TEST

A3.1 Derivation of General Formulas for Upper and Lower Limits

As before, let

- logf(x’ 0;) g = ogf(xi, 61)
f@, 00" f(xs 60)

and let n be the number of observations required by the sequential
test, i.e., » is the smallest integer for which Z, =2 +:-- 42, is
either = log A or < log B. To determine the expected value E(n) of
n under the hypothesis H that 6 is the true value of the parameter, we
shall consider a fixed positive integer N. Thesum Zy = 2; +---+ 2zn
can be split in two parts as follows:

(i=1,2 - ad inf)

(A:65) Iy =2,+7,

where Z/, = 2p41 + -+ 2yifn S Nand Z’, = Zy — Z,if n > N.
Taking expected values on both sides of (A:65) we obtain

NEy(2) = Eo(Zn + Z',)
Let Py denote the probability that n < N. Then
Eo(Zn + Z') = PxEon(Zn + Z') + (1 — Px)Eoy*(Zy)

where the operator Eyy means conditional expected value whenn < N,
and Epy* means conditional expected value when n > N.

Since Zy lies between log B and log A when n > N, and since
lim (1 — Py) = 0, we obtain from the last two equations

(A:66) b}im [NEo(z) — PNEon(Zn + Z'n)] = 0
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For any given value of n < N, the variates 2,41, -+, 2y are inde-
pendently distributed, each having the same distribution as z. Hence,
we have

Eon(Z',) = Egn(N — n)Eg(2) = —Egn(n)Eg(z) + NEjy(2)

From this and (A:66) we obtain, since lim (1 — Py)N = 0,!
N= o

(A:67) A}im [PnEon(n)Eg(2) — PnEon(Zn)] = 0
Since
A}im PyEgn(n) = Eg(n) and N!im PyEoN(Z,) = Ey(Z,)

equation (A:67) gives

(A :68) Ey(Z,) = Es(n)Es(2)
Hence

. _ Eo(Zn)
(A:69) Ey(n) = @)

if Eg(z) # 0. Let E¢*(Z,) be the conditional expected value of Z,
under the restriction that the sequential analysis leads to the accept-
ance of Hy, i.e., that Z, < log B. Similarly, let Eg**(Z,) be the con-
ditional expected value of Z, under the restriction that H; is accepted,
ie., that Z, = log A. Since L(6) is the probability that Z, < log B,
and 1 — L(0) is the probability that Z, = log A, we have

(A70) Ey(Z,) = [L(O))Ee*(Zn) + [L — L(6)1Es**(Zn)
From (A:69) and (A:70) we obtain

[L®)]Ee*(Z,) + [1 — L(6)]Eg**(Z) !
Ey(2)

(A:71) Ey(n) =

The exact value of E¢(Z,), and therefore also the exact value of
Ey(n), can be computed if z can take only integral multiples of a con-
stant d, since in this case the exact probability distribution of Z,, was
obtained (see Section A.4). If z does not satisfy the above restriction,
it is still possible to obtain arbitrarily fine approximations to the value

1C. Stein has shown, in “A Note on Cumulative Sums,” The Annals of Mathe-
matical Statistics, Vol. 17 (1946), that all moments of n must be finite. This implies
that Nlim (1 — Py)N* = 0 for any positive integer k.
-



172 APPENDIX

of Es(Z,), since the distribution of z can be approximated to any de-
sired degree by a discrete distribution of the type mentioned above
provided the constant d is chosen sufficiently small.

If both | E(2) | and the standard deviation of z are small, Eyp*(Z,)
is very nearly equal to log B and Eg¥*(Z,) is very nearly equal to
log A. Hence in this case we can write
L(®)]log B+ [1 — L(6)]log A

Ey(2)
This is the same approximation formula as given in (3:57).

To judge the goodness of the approximation given in (A :72) we shall
derive lower and upper limits for E(n) by deriving lower and upper

limits for Ep*(Z,) and Ep**(Z,). Let r be a non-negative variable
and let

(A:72) ” Ey(n) ~ [

(A:73) t9 = Max Eg(z — [ z2=7) (rz0)
and '

(A:74) £s = Min Esz+r|z+7r<0) (rz0)
It is easy to see that

(A:75) log A < Eg**(Z,) < log A + &

and

(A:76) log B + £s < E¢*(Z,) < log B

We obtain from (A:71), (A:75), and (A:76)
L(6)(log B + &) + [1 — L(6)] log A

(A77) e = Ey(n)
< [L(®)]log B + [1 — L(6)] (log A + &) if Byz) > 0
Ey(2)
and
(A:78) (L@ log B + [1 — LO)]log A + &) =< Ey(n)
Ey(2)
L L@ B+ ¢ + 11— LOVogd o)
Ey(2)

The limits given in (A:77) and (A:78) will generally be close to each
other for values 6 < 6 and § = 6;. However, for values 6 between
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6y and 6, the difference between the upper and lower limits may be-
come very large, since Ey(z) may be near (or equal to) 0 for such
values 6. In fact, we have seen that Ej(2) <0 and Ej,(2) > 0.
Hence, if Ey(z) is a continuous function of 4, there will be a value ¢’
between 6y and 6; such that Ey(2) = 0. For 8 = 6’ or for values 6
very near 6’ the limits given in (A:77) and (A:78) are of no practical
value, since they are far apart.

We shall now derive limits for Ey(n) which can be used for values 6
in the neighborhood of ¢’.2 For this purpose, we shall expand ¢*®?»
in a Taylor series as follows:

(A:79) 0% = 1 + h(0)Z, + F[1(0)1PZ,2 + $ROPZ,3

where A is some value between 0 and h(6)Z,. From (A:17) and (A:79)
we obtain

(A80) h(O)Es(Zn) = —3hO)PEs(Z,7) — §h(O)PEg(Za%e)
From this and (A:69) it follows that

2

WO o 1O

2E4(2) 6Ey(2)

Thus, upper and lower limits for Ep(n) can be obtained by deriving
upper and lower limits for Ey(Z,%) and E¢(Z,%"). To derive limits
for E¢(Z,%), we write

(A82)  E4(Z.%) = LOOE*(Z,%) + [1 — L(O)1Ee**(Za%)

(A:81) Es(n) = — Eo(Z,3¢")

where the operator E* stands for conditional expected value when
Z, < log B, and E** stands for conditional expected value when
Z,zlogA. Let ¢ denote Z, — log B and ¢’ denote Z, — log A.
Then

(A83)  E4*(Z,*) = (log B)® + 2(log B)Eg*(¢') + Eo*(¢’*)
and
(A84) Eg**(Z,®) = (log A)® + 2(log A)Eg**(¢") + Eg**(¢"?)
Since Eg*(¢’?) = 0 and (log B)Eg*(¢’) = 0, we obtain, from (A:83),
(A:85) (log B)? = E¢*(Z,)*
2 See also the author’s paper, “Some Improvements in Setting Limits for the

Expected Number of Observations Required by a Sequential Probability Ratio
Test,” The Annals of Mathematical Statistics, Vol. 17 (1946).
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The quantity £ given in (A:74) is a lower bound for Eg*(¢’). Since
log B < 0, (log B)¢'s is an upper bound for (log B)Es*(¢’). An upper
bound for Eg*(¢'?) is given by

(A86) {g=MaxEl(z+n?|lz+r=0 (r20)

Hence '

(A:87) Eg*(Z,%) = (log B)® + 2(log B)¢'s + ¢’

Thus we obtain the limits
(A:88) (log B)* < Ep*(Z,%) = (log B)® + 2(log B)t's + '

In a similar way, the following limits can be derived for Ep**(Z,?%):
(A:89) (log A)? < Es**(Z,%) < (log 4)% + 2(log A)s + {o
where £ is given in (A:73) and

(A:90) fo= Max Bl —1?| 227 (2 0)

If we denote by L’(f) the lower limit and by L’(§) the upper limit
of L(6) given in (A:31) [(A:34) when h(f) < 0], we obtain from (A:82),
(A:88), and (A:89) the following limits for E(Z,%):

(A:91) L'(6)(log B)? + [1 — L"(0)](log 4)* < Ey(Z,°)
< L"(6)[(log B)® + 2(log B)£'s + ¢'s] +
(1 — L'(0)][(log A)* + 2(log A)& + ol

Using a similar method, one can also derive upper and lower limits
for E¢(Z,3¢") without any difficulty. We shall, however, not derive
such limits here, since we are interested in obtaining limits for Ey(n)
when 6 is near ' and since, for such values of 6, the second term in
the right-hand member of (A:81) is negligible. We shall show that, if
h(6), E¢(z), and E,(z?) are continuous functions of 6, the factor
[2(6)]3/[Ep(2)] in that term converges to 0 as 6 — 6’. It follows from

the discussion given in Section A.2.1 that lim h(6) = 0. Since.
0=06"

2 3
(A:92) E¢(9%) = E, {1 + h(6)z + [h(o) ] [hg")] z3euh(0)z} —1

0O=u=xl)
we obtain, when A(8) # 0,

(A:93) { + ’_l_(ol 2 - [h(o)]2 23 uh(e)z} =0
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Thus

(A:94) Eo(z)—Eo[ 1, R)

h(ﬂ) = - 52 - —3'!*238""(0)2] [h(0) # 0]

Assuming that Ep(e'?!) is a bounded function of 6 in the neighbor-
hood of ¢, we see that Ey(| z |>¢'*®!1?!) is also a bounded function of
9 in a sufficiently small neighborhood of 6’2 Hence, Ep(2°¢“®”) is

also a bounded function of 8 in the neighborhood of . From this and
(A:94) it follows that

Eo(z) 1
A: = —-E.(2?
(A:95) omo h(0) g Er@) <0
From (A:95) it follows that
(R(O))
A:96 li =0
(4:96) 0t Eo(z)

The lower and upper limits for Es(n), based on (A:81), will generally
be close to each other for values 6 in a small neighborhood of §’. Thus,
when @ is near ¢’ these limits for E¢(n) can be used instead of the limits
given in (A:77) and (A:78).

It may be of interest to determine the limiting form of (A:81) when
0 =0. If E¢(Z,2) is a continuous function of § and Ey(Z,%") is a
bounded function of 6 in the neighborhood of ¢, it follows from (A:81),
(A:95), and (A:96) that*

EO'(an)
Ey (2°)

The boundedness of Eg(Z,2") can be proved if, for ¢ = =1, the ex-

(A:97) Eyp(n) =

1\ . .
pected value pEj (e" | et 2 —) is a bounded function of 6 and p
)
(0 < p < 1). Since lim k(f) = 0, there exists a constant C such that
P

=
| Znae"| < Ceé' %! for 6 in the neighborhood of ¢’. Hence, we merely
have to show that Eg(e‘ Zn1) is bounded. Since eZ* 4 ¢~ % 2 ¢l % ‘, it
is sufficient to show that both Ey(e?*) and Eg(e~?") are bounded. We
have

1
Eg(e? l Z, = logd) < Alub. [pEo (e‘ l e = —)]
° p
3 This follows from the fact that | (8) | < 1 when 6 is sufficiently near 6.
4 A different method for deriving (A:97) was given in the author’s paper, “Dif-
ferentiation under the Expectation Sign in the Fundamental Identity,” The Annals
of Mathematical Statistics, Vol. 17 (1946).
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where 0 < p < 1. Since

Eg(¢* | Z, < log B) < B
we obtain

1
Ey(”") < Alub. [pEo (e= | e 2 —)] + B
° p

The right-hand member of this equation is bounded, since
1

pE, (e’l ef = —) is bounded by assumption. Hence Eg(¢?") is bounded.
p

The boundedness of Eg(e~%") can be shown in a similar way. Upper
and lower limits for Eg (n) can be obtained from (A:97) by substituting
for Eg (Z,2) the upper and lower limits given in (A:91).

We shall now compute an approximate value of Eg (n), neglecting
the excess of Z, over the boundaries. Since lim A(8) = 0, we obtain,
from (3:43), o=0

log 4
(A:98) L) ~———m—
logA —log B
Hence
log 4 — log B
Eg(Z,2) ~ ———————— (log B)? + ————— (log A)?
v (Zn) logA-—logB(Og ) +logA—logB( g4)
= —log Blog A

Thus an approximate value of Ey (n) is given by 8

Ey(Z,2) —logBlogA
By (2% E (%)

(A:99) By (n) =

If the OC function L(8) of the test is known exactly, close limits for
Ep(n) can be derived which remain valid over the entire range of 6.
We shall indicate briefly the derivation of such limits. Denote by
Jo(2) the distribution of z when 6 is the true value of the parameter.
By the distribution of z conjugate to the distribution fg(z) we shall
mean the distribution ¢*®?fy(z). In important cases, such as for bi-
nomial and normal distributions, to any given value 8 of the param-
eter there will correspond a value 8 such that f;(z) is conjugate to

8 W. Allen Wallis obtained this approximation formula independently of the
author. It is included in the publication of the Statistical Research Group of
Columbia University, Techniques of Statistical Analysis, Chapter 17, Section 7.2,
McGraw-Hill, New York (1946).
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fo(@), ie., f5(2) = #P*f(z). We shall call § conjugate to 6. It has
been shown elsewhere ¢ that

L 1—-L@®
@ and Ep**(@%) = 1-LO)

A 7w (;0Zn _ 0
(A4:100)  Bo*@) = 75 1— L)

On the other hand,

(A1101)  Ep*(P@%) = HOENED v MO Eg*Ely
, R(9)]?
— POB*E {1 + [R(©)] Z, — Eo*(Zn)lzev}

where v lies between 0 and h(6)[Z, — E¢*(Z,)]. Similarly
(A:102) Eg**(e"®%")
= MOEHI e {1 n

[1.(6))?

[Zn — Ea**(Zn)]%”'}

where ¢’ lies between 0 and h(6)[Z, — E¢**(Z,)]. From (A:100),
(A:101), and (A:102) we obtain

Eo*(Zy) 1 L(®)
(A:103) = log —
Ey(2) h(6)Es(z) — L(6)
ROF . 3
mlog (1 + 5 Ey [[Zn — Eg*(Z,))% })
and .
(A:104) B (Z) _ 1 1og,1 —LO)
Ey(2) h(@)Ee(z) ~ 1 — L(6)
[h(0)]2 ** 7 kK 2,0
WO (1 Ty B {[Z" = Bl })
Thus
(A:105) Ey(n) L) L0
0 1 - L@
= h———(())Eo(z) {L(o) logL_(BS + [1 — L(6)] log - L(o)} + R
where
(A:106) ,
—_ o —_— [h(o)] * — * 2,0 )
= T OE [L((’) log (1 + 5 Ey i[Zn Ey*(Z,)] e} +
h(O)]? ,
1 - 2@1og (1 -+ 220 B 12, - mzre})]

8 See, for instance, the author’s article on “Some Generalizations of the Theory
of Cumulative Sums of Random Variables,” The Annals of Mathematical Statistics,
Vol. XVI (1945).
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Since h(0)Es(z) < 0 (see Section A.2.1), we see that R = 0. Hence a

lower bound for Ej(n) is obtained by substituting O for R in (A:105).
To obtain an upper bound for Ey(n) we shall derive an upper bound

for R. Clearly

(A:107) {(Z, — log B) + [Ee*(Z,) — log Bl}? 2 [Z, — E¢*(Z.)

whenever Z, < log B. From this and (A:76) we obtain

(A:108) [(Zn — log B) + £of* Z [Zn — Eg*(Zn)1?
whenever Z,, < log B. Similarly, we obtain
(A:109) [(Zn —log A) + &* Z [Zn — Ee**(Z,)]?

whenever Z, = log A, where £ is given by (A:73). From (A:107),
(A:108), and (A:109) it follows that
(A:110) Eo*{[Zn — Eo*(Zn))%¢")

< E¢*[(Z. — log B + E'ﬂ)zel Zn—log B+£91150) I]
and
(A:l11)  Eg**{[Z, — Ee**(Za)]%”}

< Eo**[(Z, — log A + 20)26(%— log A+£6)| 3(6) |]
Furthermore, we have

(Ai112)  Eg*((Zn — log B 4 ¢g)%! 7 e BFE0 11O ]

< Max EgM(z - 1 + Eg)2 T HE01RO 2 47 < 0] = o' (say)
r20

and
(A113) Ey((Zy — log A + &)= s AT010)]

< Max Eg**[(z — 1 + £)2e¢ @O 5 _p > 0] = p” (say)
r20

From (A:106) and (A:110) through (A:113) we obtain the following
upper bound for R:

, o BOYF
(A:114) RER = — FOEN®) (L(B) Iog{l + 5 P } +
h(0)]?
L — L) log {1 4+ (2)] ,,})

An upper limit for Eg(n) is obtained by substituting R for R in
(A:105). The value of R will generally be small over the entire range
of 6.
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A.3.2 Calculation of the Quantities £ and £’ for Binomial and Nor-
mal Distributions

Let X be a random variable which can take only the values 0 and 1.
Let the probability that X = 1 be denoted by 6. Then the distribu-
tion of z is given by f(z, ), where f(1,6) = @ and f(0,6) =1 —@.
Let H; be the hypothesis that § = 6; (¢ = 0,1). It can be assumed

without loss of generality that 6; > 6,. It is clear that log ﬁx, 01; >0
o
6 1,
implies that =z =1 and consequently log I, 61) =] gf( o) _

f(z, 60) 71,60

[}
log -1 Hence
6o

0
(A:115) £ = Max Ey(z — r| 2=r) = loga—l
. f(x’ 01) . .
Since log @0 < 0 implies that x = 0, we have
z, Vo
1—6
(A:116) &9 = Min Eg(z + r [ z+1r=0) =log 1 01
r — 6o

Now we shall calculate the values & and &s when X is normally
distributed with unit variance. Let

— Y4(z~6,)? (¢ =0, 1and 6; > 6p)

1
f(xy 0,’) = \/5; 4

and
1 2
§) = —— ¢~ Hi@—0)
f(z, 0) NG
We may assume without loss of generality that o = —A and 6; = A
where A > 0, since this can always be achieved by a translation.
Then
N
(A:117) s = log &%) _
f(xy 00)
1 -z 1 -4
Let ®(z) denote or e 2 and let G(z) denote o e 2dt. Let
=g — 6. Then z = 2A(¢ + 6) and
(A:118) Ep(z — r[ z2—r=0)
-—2AE'(t 0—-——t 0———-20)
p\ ¢+ |t + oA
(t — L) ®() di = ——[ toG(to) + ®(to)]

" Gi) e G(to)
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where

r
A:119 lo=——20
( ) 0= 7

In Section A.2.5, equation (A:56), it was proved that [®(t)/G(t)]
— ¢, is a monotonically decreasing function of . Hence the maxi-
mum of Eyp(z — r | z — r = 0) isreached when r = 0, and consequently

66(—1) + (-0 =28 [ 14+ 27 |

(A:120) % = o

A
G(—9)
Now we shall calculate £s. We have

(A:121) #p = MinEp(z + 7|2+ 7 =0)
= —MaxEo(-—-z —r|—2z2=r20)
= —2AMang<—x —~| —x ——T— >0)
2A
lett= —x +0and t, = (r/24) + 6. Then
T
A:122) E ———|—z=—=0)=Est — |t -t =0
( ) a( -z 2A| z oA > o( ol o = 0)
f (t — to)®(@) dt = Blto) — 1t
~ Gl) ’ Glto)
Since this is a monotonically decreasing function of ¢y, we have
(A:123) Ma,xE (—x ———| -z ——r->o> =20
' ? 24 2a G(0)
From (A:121) and (A:123) we obtain
°06)
(A:124) Eo = —2A —0
G(0)

Formulas (A:120) and (A:124) have been derived for the case when
0o = —A, 6, = A, and ¢ = 1. For general values 6, 6;, and o, the
values of & and ¢y are given by :
(A:125) £ Lo = 00) [6 + @(_a)]

: 8=~ o G(—)
and
(A:126) o = ! (61 — 6o) [q)@ 6]

: o= —- o 75
where
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A.4 DERIVATION OF EXACT FORMULAS FOR THE OC AND ASN FUNC-
TIONS WHEN z CAN TAKE ONLY A FINITE NUMBER OF INTEGRAL
MULTIPLES OF A CONSTANT

In this section we shall derive exact formulas for the OC and ASN
(@, 6:)
f (IE, 00)
gral values of a positive constant d. This is a rather general result,
since any distribution of z can be approximated arbitrarily closely by
a discrete distribution of the above type if the constant d is chosen
sufficiently small.

To obtain the exact OC and ASN functions, we shall first derive
the exact probability distribution of the cumulative sum Z, =
21 +++ -+ 2, at the termination of the sequential process. In what
follows in this section the probability of any relation and the expected
value of any random variable are determined under the assumption
that 6 is the true value of the parameter.! However, to simplify nota-
tion, we shall not put this in evidence in the formulas, i.e., we shall
write P instead of Py and E instead of Ey. Let g; and g, be two posi-
tive integers such that P’(z = —g;d) and P(z = god) are positive and
z can take only integral multiples of d which are = —g;d and = gqd.
Denote P(z = id) by h;. Then the moment-generating function of 2z
is given by

(A:127) E(e*) = Z h.et® = ¢(2) (say)

i= -y

functions when z = log can take only a finite number of inte-

To obtain the roots of the equation ¢(f) = 1, we let ¢ = u and

solve the equation:
g2

(A:128) D hai=1

i=—g1

Let g denote g; + g2 and let the g roots of (A:128) be uy, « -, ug, re-
spectively. We shall assume that no two roots are equal, i.e., u; # u;
for ¢ > j. Substituting u; for ¢* in the fundamental identity (A:16)
we obtain

(A:129) E(u,%") =1 (@=1--9)

Let [a] be the smallest integer = log A/d, and [b] the largest integer
< (log B)/d. Then Z,/d can take only the values

(A:130)
Bl —g1+1), [ —g1 +2), -, bl [al, [al + 1), -+, ([a] + g2 — 1)

1 If there are several unknown parameters,  denotes the set of all parameters.
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Denote the g different values in (A:130) by ¢, -+, cg, respectively.
Furthermore, denote P(Z, = cd) by £&. Then equations (A:129) can
be written as

g
(A:131) Deufi=1 =1,0)
=1

Let A be the determinant value of the matrix ||| (5,5 =1, -+, g)
and let A; be the determinant we obtain from A by substituting 1 for
the elements in the jth column. If A 5 0, it follows from (A:131) that
P(Z, = c,d) = & is given by

A,

(A:132) b=

Thus, the probability L(§) that the process will terminate with Z, <
log B is given by

(A:133) L) = Z %
J

where the summation is to be taken over all values j for which dec; =

log B. Equation (A:133) is an exact equation of the OC function.
From the probability distribution of Z, we can easily derive the ex-

pected value E(n) of n. In fact, in Section A.3 it has been shown that

EB(Zn)
Ey(n) =
@ = T
But
Iyc;Aid
(A:134) Eo(Z) =Z ’A’
i=1
Hence
1 £ CjAjd
(A:135) Ey(n) = -

is the exact equation of the ASN function.

The method of obtaining the probabilities £, -+, &, as described
above, requires the computation of the roots of the polynomial equa-
tion (A:128). This is not necessary, however, if a method given by
Girshick is used.? Girshick proceeds as follows. Multiplying

(Zh,u‘ — 1) by v* and (Zsﬂf" — 1) by w~¥-1 we obtain two
T J
polynomials f(u) and F(uw), where f(u) is of degree g, + g» = g and

8 M. A. Girshick, “Contributions to the Theory of Sequential Analysis,” The
Annals of Mathematical Statistics, Vol. 17 (1946).
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F(u) of degree g + [a] — [b] — 2. According to (A:128) and (A:131),
every root of f(u) is also a root of F(u). Hence

F(u) = f(u)f*(w)
where f*(u) is a polynomial of degree [a] — [b] — 2, i.e.,
F*) = ko + kyu 4+ - + ko u® B2

Putting the coefficient of any power of u in F(u) equal to the coef-
ficient of the same power of « in f(u)f*(u), we obtain a system of
g + [a] — [b] — 1 linear equations in the g + [a] — [b] — 1 unknowns
£, + -+, &g ko, k1, +++, Kg—p)—2, from which these unknowns can be
determined. Thus, the probabilities £, ---, & can be determined
without solving the polynomial equation (A:128). This advantage is,
however, bought for the price of an increased number of linear equa-
tions to be solved. If the roots of the polynomial equation (A:128)
are computed, only ¢ linear equations have to be solved for determin-

ing &, ++-, &. If Girshick’s method is used, no polynomial equation
is to be solved, but the number of linear equations is increased to
g + [a] — [b] — 1.

If g, = 1, the OC function L(6) is a simple expression of the roots
Uy, *++, ug. In fact, L) = P(Z, <logB) =1 — P(Z, = log A) =
1 —¢&. Wehave

P10+ w®
A=|
w0t u® y
and
ul[bl—01+l ul[b] 1
A= |
ug[b]—01+l ug[b] 1

The value of the ratio A,/A is not changed if we multiply the sth
row of A, as well as that of A,, by 4 ®~'. Thus

1 ow - ulﬂl—l ulm—l—[bl

. A, 1 Ug ugm— 1 ugm— 1-[b)

e = L = _ _ _
A 1w - W™ 1 " 1+[a]—[3)

...............

1 owug - ug”‘—l u‘m—1+[al—[bl
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The cofactor of each element in the last column is a Vandermonde
determinant. Expanding the determinants in the numerator and de-
nominator according to their last columns and dividing numerator and
denominator by the Vandermonde determinant,

1 Uy u12 ula‘
L Gr=9g-1
1 ouy ug? ug”
we obtain
il’ uax—-l [b] ]
i — D] s —w)
Ag J#1

& = A = [ WS OO ]

Z (i — D [ L ws = w)

FEat)

We shall illustrate the derivation of the exact OC and ASN func-
tions by a simple example. Let z be a random variable which can
take only the values 0 and 1. Denote by H; (z = 0, 1) the hypothesis
that the probability that z = 1 is equal to p; (¢ = 0,1). Let

1—¢2 e —e!

Po = — and p; = -
e—e2 e —e 2

Consider the sequential test for testing H, against H;. We shall com-
pute the probability that the process will terminate with the accept-
ance of Hy, and the expected number of trials required by the test,
when the true probability that z = 1 is equal to p = 34. In what
follows in this section, all probability statements and expected values
refer to the case when p = 34.

First we compute ¢(f) = E(¢*®). Since z can take only the values

logE =loge=1 and log =loge™ = -2 .

Po 1 —po
with probabilities 34 and 44, respectively, we have
o) = 3¢t + Fe7*

Letting ¢' = u and solving the equation
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we obtain the roots u; = 1, uz = 2, and uz3 = —3%4. The integers
¢1, €z, €3 are given by

¢t =logB—1, ¢cg=1logB, czg=1logA

Hence
1 1 1
A= 2108 B-1 2log B 2log A

(_%)logB-—-l (_%)logB (_%)logA
11 1

Al = 1 210g B 2log A
1 (_%)logB (_%)logA
1 11

A2 —_ 2log B-1 1 210g A
(_%)logB—l 1 (_%)logA
1 1 1

Ay = olog B-1 9log B 1
(_%)logB—l (_%)logB 1

Then the probability that Hy will be accepted is given by

ALt 4
A

L

The expected value of n is given by

1 c¢1A; + c2ls + ¢33

E(n) =
E(2) A
_ T —=(=logB+ 1A + (og B)A; + (log A)ag
5 A
_ 7 (—log B 4 1)A; + (— log B)A; — (log 4)A3
5 A

A.6 THE CHARACTERISTIC FUNCTION AND HIGHER MOMENTS OF n

A.6.1 Derivation of Approximate Formulas Neglecting the Excess of
the Cumulative Sum over the Boundaries

Let Z, be a random variable defined as follows: Z, = log 4 if
Zn=2++++2,=logA, and Z, = log B if Z, < log B. Denote
the difference Z, — Z, by e. Then ¢ is a random variable.
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In what follows in this section we shall neglect e, i.e., we shall sub-
stitute 0 for e. No error is committed by doing so in the special case
when z can take only two values, d and —d, and the ratios (log A)/d
and (log B)/d are integers, since in this case e is exactly 0. Apart
from this special case ¢ will not be identical with the constant O.
However, the smaller | E(2) I and E(2%), the smaller the error we com-
mit by neglecting e. In fact, for arbitrarily small positive numbers
8, and 5, the inequality P(| e| = 8;) = 1 — & will hold if | E(z) |
and E(z%) are sufficiently small. Thus, in the limiting case when E(2)
and E(z%) approach 0, the random variable € reduces to the constant 0.

As in the preceding section, all probability statements and expected
values will refer to the case in which 8 is the true parameter point,
without putting this in evidence in the formulas by using 6 as a sub-
script to the operators P and E. Let ¢(f) be the moment generating
function of z, i.e.,

¢(t) = E(e*)

To derive an approximation to the characteristic function of n, we
shall consider the equation

(A:136) —logo@®) =17

where 7 is a purely imaginary quantity. It will be assumed that z
satisfies the conditions of lemma A.1. Then, according to lemma A.1,
the equation — log ¢(f) = 0 has exactly two real roots in ¢; they are
t=0and = h (b % 0). Furthermore ¢'(0) and ¢'(h) both are un-
equal to 0. Hence, if ¢(t) is not singular at ¢ = 0 and ¢ = h, equation
(A:136) has two roots, ¢, (r) and f5(r), for sufficiently small values of
| | such that lim t1(r) = 0 and m% ty(r) = h. Identity (A:16) can

be written as
(A:137)  LE*{[o(t)] ™"} + (1 — LE*{p()] ™™} =1

where L denotes the probability that the test procedure leads to the
acceptance of Hy, E* stands for conditional expected value under the
restriction that the process leads to the acceptance of Hy, £** stands
for conditional expected value under the restriction that the process
leads to the rejection of Hy. Neglecting the excess of Z, over the
boundaries, we have Z, = log B when the process leads to the accept-
ance of Hy, and Z, = log A when the process leads to the rejection
of Hy. Hence (A:137) can be written as

(A:138)  LB'EMp()]™ + (1 — L)A'E*s(®)]™ =1
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This identity is valid for all values of ¢ for which | ¢() | 2 1.! Letting
t = t,(r) and ¢ = {5(r), we obtain, from (A:138),

(A:139) LB"WE*(™) + (1 — L)A"OE*(@E™) = 1
and

(A:140) LB"OE*e™) + (1 — L)A"VE**(e™) = 1
Solving these equations in E*(¢™) and E**(¢™), we obtain

Atz(r) — Ah(r)
L[Bll(-r)Atz(r) _ Ah(r)Btz(r)]

(A:141) E*(™) =
and

Btl(r) _ Btz(r)
(A:142) E** (™) =

(1 _ L)[Btn(r)Atz(r) _ Ah(r)Btz(r)]

for all imaginary values 7.
The unconditional expected value E(e™) is clearly equal to

(A:143) E{e™) = LE*(e™) + (1 — L)E**(e™)
Hence, the characteristic function of » is given by

Alz(f) _ Ah(r) + Bll(r) . Blz('r)
t(r) gta(r) __ g () ptan)
BY7A A B

(A:144) Y(r) = E(™") =

(for all imaginary 7).

By definition, the expected value E(¢™) is the characteristic func-
tion of n, and (A:144) gives the desired approximation formula when
the excess of Z, over the boundaries can be neglected. Our deriva-
tions yield also approximation formulas for ¢*(r) = E*(¢'™") and
Y**(r) = E**(¢™). The function ¢*(r) can be interpreted as the char-
acteristic function of the conditional distribution of n when the process
leads to the acceptance of Hy, and y**(r) can be interpreted as the
characteristic function of the distribution of # in the subpopulation
of samples leading to the rejection of Hy.

As an illustration we shall determine y*(7), ¥**(r), and ¥(r) when
2z has a normal distribution. Denote by p the mean of z and by ¢ the
standard deviation of z. Then equation (A:136) can be written as

2
—log ¢(t) = —pt—%tz =7

1 This follows from the considerations in Section A.2.2, since D’ is the whole
complex plane in our case.
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Hence

—p £+ Vu? — 20%r
(A:145) t= 5
Thus ’
(A:146) t(r) = — U—% + 0—1—2 Vu? — 26%r
and
(A:147) to(r) = —fg - %v W2 — 25%

where the sign of 4/ is dctermined so that the real part of
V42 — 24%r is positive. Substituting these values for ¢;(r) and t,(r)
in (A:141), (A:142), and (A:144), we obtain ¢*(7), ¥**(7), and ¢(7) in
the case when z is normally distributed. According to formula (3:43),
an approximation to L is given by

Al —1
(A:148) L~ T 5
When z is normally distributed we have
-2
(A:149) R p——
g

It is of interest to consider the following two limiting cases: (1)
B = 0 and A is a finite positive value; (2) B is a finite positive value
and A = + . It can be shown that E(n) will be finite in case (1)
only if E(z) > 0. Similarly, E(n) will be finite in case (2) only if
E(z) < 0. Thus, in case (1) we shall assume that E(z) > 0, and in
case (2) we shall assume that E(z) < 0. To obtain the characteristic
function ¥(r) of 7 in case (1), we have to determine the limiting value
of the right-hand member of (A:144) when B — 0. For this purpose
we shall first derive the limiting value of B2®/B1® = B»®~4() when
B—0. Since in case (1) E(z) is assumed to be > 0, the quantity

h = lim t3(r) must be negative, as has been shown in Section A.2.1.
=0
Hence, for small 7 the real part of £5(r) is negative. On the other hand,

the real part of ¢;(r) approaches 0 as r— 0. Thus, for small = the
real part of £(r) — {1(7) is negative, and, therefore,

(A:150) lim | B4 | = 4w
B=0

From (A:150) and from the relation lim I B2 | = o, it follows that
B=0
with B — 0 the right-hand member of (A:144) converges to

(A:151) A~h@
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Thus, if E(z) > 0 the characteristic function of  in case (1) is given
by (A:151). When z is normally distributed, ¢,(r) is given by (A:146).
Hence, for normally distributed z with u > 0 the characteristic func-
tion of » in case (1) is given by

(A:152) g AV

In case (2) we have assumed that E(z) < 0. Hence #(r) and
t2(7) — t1(7) will have a positive real part for small 7. Thus,

(A:153) lim | A%
A=

= lim | AL —u@) I = 4w

A=
From (A:153) it follows that the limiting value of the right-hand mem-
ber of (A:144) when A — « is given by

(A:154) B~h®

Thus, if E(z) < 0, the characteristic function of n in case (2) is
given by (A:154).

The moments of # can be obtained by differentiating the character-
istic function of n. For any positive integer r the rth moment of n is
given by

»

d
(A:155) E@n) = d—T;#/(r).

We can also obtain the conditional moments of n in the subpopula-
tion of samples for which Z, = log B, as well as in the subpopulation
of samples for which Z, = log A. Let E*(n") denote the conditional
expected value of n” in the subpopulation Z, = log B, and let E**(n")
denote the expected value of n" in the subpopulation Z, = log A.

Then we have
T T

d d
E*(n") = &7'#*(1) and E**(n") = E;;'l/**(r)

where ¥*(r) and ¢**(r) are the conditional characteristic functions
given in (A:141) and (A:142).

dr dr
It may be of interest to note that X ¥v*(n), o ¥**(7), and, there-
T T

d

fore, also E(n") = P ¥(7) can be obtained from identity (A:138) di-
T

rectly by successive differentiation. In fact, (A:138) can be written as

(A:156) LBYM—log¢(§)] + (1 — L)AY*[—log ¢())] = 1
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Taking the first r derivatives of (A:156) with respect to ¢ at t = 0
and ¢ = h, we obtain a system of 2r linear equations in the 2r un-

_qi * i ek ) — 1
knowns denlz (-r)l and de\l/ (r)! (j=1,---,7r) from which

7= =0

. dy*(r)

these unknowns can be determined. For example 7 and
T =0
dy**(r) . . .
v can be determined as follows. Taking the first deriva-
T =0
tive of (A:156) with respect to ¢ we obtain
"(t) dy*

(A:157) L(log B)BY*(r) — L QWO

o) dr

SOW) _
o) dr
[r = — log $(0)]

(1 — L)(log A)A%**(r) — (1 — L)A*

Letting ¢ = 0 and ¢ = h we obtain the equations
'(0) dy*

(A:158) LlogB — AL

¢(0) dr

(1—L)logd — (1 — L)

=0

¢'(0) dy**(r)

¢(0) dT =0
and
¢’ (k) dy*(7)
A:159) L(log B)B* — LB* —— ——— 1 — L)(log A)A* —
( ) L(log B) o dr r=0+( )(log 4)
(h) dy**
EEWLOL 2l P
¢(h) dr =0
d * d % %k
from which V) and —‘l—,——(T—) can be determined.
T =0 T =0

A.5.2 Derivation of Exact Formulas When z Can Take Only a Finite
Number of Integral Multiples of a Constant

We shall use here the notation defined in Section A.4 without any
further explanation. Let y;(r) denote the characteristic function of
the conditional distribution of 7 in the subpopulation of samples for
which Z, = ¢d (¢ =1, ---,¢). The equation in ¢

(A:160) () =e 7
has g roots #;(7), - - -, tg(r) such that
(A:161) lime™ =u; (G=1,-,9)

=0
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The fundamental identity (A:16) can be written as

g 7\
(A:162) D bl log 6(0)] = 1 >
1=1
Substituting ¢;(r) for ¢ in (A:162), we obtain

g
(A163) Y EEEm =1 =10

=1
These equations are linear in the unknowns ¥;(7), - - -, ¥,(7), and the
determinant of these equations is given by

6clh(r)d . gec,h(r)d
cit2(r)d cgta(r)d
e e P
(A:164) 5(r) = | & b
Elecllg(-r)d o Egec‘t‘(r)d

Obviously, 6(0) = &£, - -+ £,A. Hence,if ¢, #0(GE =1, -+, g) and
A # 0, then §(0) # 0, and consequently 8(r) # 0 for any 7 with suffi-
ciently small absolute value. Thus, ¥;(7), - - -, ¥¢(7) can be obtained
by solving the linear equations (A:163).! The characteristic function
¥(7) of the unconditional distribution of » is given by

(A1165) W) = D (o)

For any positive integer r, the exact rth moment of n, i.e., E(n"), is
given by the rth derivative of ¥(r) with respect to r at = = 0.

A.86 APPROXIMATE DISTRIBUTION OF n WHEN z IS NORMALLY DIS-
TRIBUTED

A.86.1 The Case When B = 0 and A Is Finite

In this case we have assumed that E(z) = u > 0. Then the ap-
proximate characteristic function of n, if the excess of Z, over the
boundaries is neglected, is given by (A:152). Let

2
A:166 m=—n
( ) oo

1 This method of determining ¥1(r), -+, ¥g(r) requires the computation of
the roots of equation (A:160). This can be avoided, as Girshick has shown in
his paper mentioned in Section A.4, if a device is used similar to that applied by
him for determining £j, - -, & (see Section A.4).
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Then the characteristic function of m is given by

(A:167) It = 1= Vi=
where
ap
g
and
(A:169) a=1logA

The sign of the square root in (A:167) is determined so that the real
part of V'1 — ¢ is positive. The distribution of m is given by

1 (= —
(A:170) — | e Yimamm gy
2wt J—iw
Let
L viTiem
(A:171) G(c, m) = —f e ¢ dt
21t J-i=
and
(A:172) H(c, m) = if”.__l__ e—cx/l_-z—mt dt
' ’ 2mi J-ie V1 — ¢
Since
1d Vi 1 Cc Vi
A:173 = 7 —eVi—t-mt _ __(  _ ) —cV1—t—mt
A178) o’ ami\evi -t )¢
we have
¢ 1 —c\/l——t—mt i
(A:174) —H(c,m) — mG(c,m) = — | e =0
2 271 —iw
From (A:171) and (A:172) we obtain
dH (¢, m)
(A:175) ——— 4 G(e,m) =0
ac
From (A:174) and (A:175) it follows that
c dH (c, m)
(A:176) —H(,m) + m———— =0
2 ac
Hence )
c
(A:177) log H(c, m) = — . + log A(m)
m

where A(m) is some function of m only. Thus
2

(A:178) H(c,m) = N\(m)e in
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Now we shall determine A(m). We have %/

Y 1
A:179)  A(m) = H(0, m) = —f —mt gy
(AA18) A = HOm) = o ) e V="

Since (1 — )™ is the characteristic function of 1x? where x? has the
x2-distribution with one degree of freedom, the right-hand side of
(A:179) is equal to

1
- e_"l
I'(3)vVm
Hence
1
A:180 Am) = ———=e™™
(A:180) ( I(3)Vm
From (A:178) and (A:179) we obtain
1 -Z-m
A:181 H(,m) = ——=¢ *m
(118D ©m = T hva
From (A:174) and (A:181) we obtain
c2
c —-—— —m
. S 4m
(A:182) G(c, m) 3T () e
Hence the distribution of m is given by
2
(A:183) F(m)dm = w(f—we'm "am (0=m< w)
2

Let m = (¢/2)m*. Then the distribution of m* is given by

o)
-]

™o |

e 3 (517' +"‘*_2) dm*

2
cf 1 .
= ____}/5 ye’é(;& +me=2) dm*
V/2r(m*)*
The function (1/m*) 4+ m* — 2 is non-negative and is equal to 0 only
when m* = 1. If ¢ is large, then D(m*) is exceedingly small for values

of m* not close to 1. Expanding (1/m*) + m* — 2 in a Taylor series
around m* = 1, we obtain

(A:184) D(m*) dm* = o (1> (§>% (m*)$

(A:185) # + m* — 2 = (m* — 1)? 4 higher order terms
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Hence for large ¢

4
)

(A:186) D(m*) dm* ~ —\‘/—gi; o (

i.e., if ¢ is large m* is nearly normally distributed with mean equal to
1 and standard deviation 1/4/c.

A.6.2 The Case When B >0and A = «

In this case we have assumed that E(2) = u < 0. It can easily be
shown that the distribution of m = (u?/2¢%)n is now given by the ex-
pression we obtain from (A:183) if we substitute. (u/0*) log B for c.

A.6.3 The Case When B > 0 and 4 Is Finite

In this case the approximate characteristic function of 7, if the
excess of Z, over the boundaries is neglected, is given by (A:144)
where ¢;(r) and #,(7) are equal to the right-hand members of (A:146)
and (A:147), respectively. Let

2

© u
m=-—n and d= ——;

02 g 2
Then the characteristic function of m is given by

A’" + th — Ahz _ th
A}thz — Athhx

(A:187) g =
where

(A:188) hy =d(l —V1-—t), he=d(1l+V1-1t)

and ¢ is an imaginary variable. Letting A% = A, B* = B, da = q,
and db = b, the characteristic function of m can be written as

(A:189)
J(t) 3 A’(e—ii\/l——-t _ eE‘/‘l_——t) + E(ebm _ e—b\/l_——t)
- A'E(e(i—a\/f—“'t _ e(a—b’)\/l_:z)

B Z(e—b\/l—t _ e(ZE—b)Vl—t) + B(ewl“ _ e(ﬁ—2b)\/1—t)

Zl_?(l _ ez(a—E) ~/1_—_e)

It will be sufficient to consider only the case when u > 0, since the
case when u < 0 can be treated in a similar way. Then ¢ < 0 and
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b > 0. Since the real part of +V'1 — ¢ is greater than or equal to 1
we have

(A:190) [ 82(3—8)\/'1:':[ <1
for any imaginary value of £. Let
(A:191) T = (2G-OVIt ‘
Then
1 =~ .
A:192 —_—= i
(A:192) — }_:,

From (A:189) and (A:192) it follows that ¢(f) can be written in the
form of an infinite series:

(A:193) 5O = D e
i=1

where \; and r; are constants and \; > 0. Each term of this series i
a characteristic function of the form given in (A:167) except for ¢
proportionality factor. Let F;(m) be the distribution of m correspond-
ing to the characteristic function ¢“~»"T=% Then F,(m) can be ob
tained from (A:183) by substituting \; for ¢. Since we may integrat
the right-hand member of (A:193) term by term, the distribution o
m is given by

(A:194) F(m) dm = [; - F,—(m)] dm
A.6.4 Some Remarks

Since m is a discrete variable, it may seem paradoxical that we
obtained a probability density function for m. However, the explana:
tion lies in the fact that we neglected e = Z, — Z, and this quantity
is 0 only in the limiting case when u and ¢ approach 0.

If |#| and o are sufficiently small as compared with log A anc
| log B |, the distribution of m given in (A:194) will be a good approxi
mation to the exact distribution of m, even if z is not normally dis
tributed. The reason for this can be indicated as follows. Let

A:195) |, w*= ) % (=12 adinf.
( [%W 4 i 7 ( ) 4 ’

where 7 is a given positive integer. Since the variates z; are inde
pendently distributed, each having the same distribution, under somse
weak conditions the variates z;* (1 = 1,2, -- -, ad inf.) will be nearly
normally distributed for large ». Hence, considering the cumulative
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sums Z;* = z2;* + 2o* +++++2* (i = 1,2, -+, ad inf.), the distribu-
tion given in (A:194) is applicable with good approximation, provided
that 7| u| and +/ro are small compared with log A and | log B| so
that the difference ¢* = Z,* — Z,* can be neglected.

It would be desirable to derive limits for the error in the cumulative
distribution of m caused by neglecting Z, — Z,. No such limits have
yet been obtained.

A.7T EFFICIENCY OF THE SEQUENTIAL PROBABILITY RATIO TEST

Let S be any sequential test for testing H, against H; such that
the probability of an error of the first kind is «, and the probability
of an error of the second kind is g, and the probability that the
test procedure will eventually terminate is 1. Let S’ be the se-
quential probability ratio test whose strength is equal to that of S.
We shall prove that the sequential probability ratio test is an optimum
test, i.e., that E;(n|S) = E;(n|S") (i = 0, 1), if for S’ the excess of
Z, over log A and log B can be neglected.! This excess is exactly 0
if z can take only the values d and —d and if log A and log B are
integral multiples of d. In any other case the excess will not be iden-
tically 0. However, if [ E(z) | and the standard deviation o, of z are
sufficiently small, the excess of Z, over log A and log B is negligible.

For any random variable u, we shall denote by E#*(u l S) the con-
ditional expected value of u under the hypothesis H; (¢ = 0, 1) and
under the restriction that H, is accepted. Similarly, let E**(u | S)
be the conditional expected value of u under the hypothesis H;
(¢ = 0, 1) and under the restriction that H, is accepted. In the nota-
tions for these expected values, the symbol S stands for the sequential
test used. Let Q:(S) denote the totality of all samples for which the
test S leads to the acceptance of H;. Then we have

. (P ) PS8
(A:19) Eo (pm ‘S) T Pol0®)] 1 -«
Pin PQS)] 1-8
A:197 Bt (221 8) = -
(419D ° (po,, ) Pl:S)] a
Pon Pol@o(S)] 1-—a
A:198 E*{—|S) = =
( . .) ' <P1n ) PQS)] 8
an

Q

(A:199) By (Z’_O_n S) _ Pol@i(9)] _
‘ P1in Pi[@:(8)] 1-8

1 E.-(nlS) denotes the expected value of n when H; is true (6 = 6;) and the sequen-
tial test S is used.
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To prove the optimum property of the sequential probability ratio
test, we shall first derive two lemmas.

Lemma A.2. For any random variable u the inequality

(A:200) ™ < E(e%)
holds.

Proof. Inequality (A:200) can be written as
(A:201) 1 £ E@*)

where 4 = u — E(u). Lemma A.2 is proved if we show that (A:201)
holds for any random variable «’ with zero mean. Expanding e¢*’ in a
Taylor series around v’ = 0, we obtain

(A:202) ¢ =14+ + Ju2et®™
where £(u’) lies between 0 and »’. Hence
(A:203) E(c“') =14 %E[u&ef(u')] =1

and lemma A.2 is proved.

Lemma A.3. Let S be a sequential test such that there exrists a finite
integer N with the property that the number n of observations required for
the test is < N. Then 2

E; (log Pin | S)

Pon
E(2)

The proof is omitted, since it is essentially the same as that of
equation (A:69) for the sequential probability ratio test.

On the basis of lemmas A.2 and A.3 we shall be able to derive the
following theorem.

(A:204) Ei(n|S) = (¢=0,1)

Theorem: Let S be any sequential test for which the probability of an
error of the first kind is a, the probability of an error of the second kind
is B, and the probability that the test procedure will eventually terminate
isequalto 1. Then

(A:205) Eo(n|S) =

1-—
[(1 — a) log 8 + alog B]
. a

Eo(z) l—«a
and .
(A:206) Eiy(n|S) = ! [[310 b -8l 1_‘3]
' ! ~ Eq(2) gl—a g a

2 The validity of (A:204) has been established under very general conditions
even when the probability that n > N is positive for any N. See the author’s
article, ““‘Some Generalizations of the Theory of Cumulative Sums,” The Annals of
Mathematical Statistics, Vol. 16 (1945), and D. Blackwell, “On an Equation of
Wald,” The Annals of Mathematical Statistics, Vol. 17 (1946).
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Proof. First we shall prove the theorem in the case when there
exists a finite integer N such that n never exceeds N. According to
lemma A.3 we have

(A207) Bo(n| ) = —— Eo (1og1’l’l | s>
Ey(2) Pon
Din * Din
=50 [(1 — o) Ey* (1og—0—|s> + a By *<log -~ ls)l
and
(A:208) Ey(n|S) = m E, (log p(‘)" | S)
: [3E’1 (log B s) + (1 - BE* (Iog Plr | S)]
El(z) Pon Don

From equations (A:196) through (A:199) and lemma A.2 we obtain
the inequalities

(A209) Eo* <log glﬁls) < log - 8

DPon —a
1-8
(A:210) Eo** (Iog—— | s) < log
Pon a
n n 1 -
(A:211) E;* (logpl I S) = —E* (logp—l— | S) < log z
Din Pon
and
(A212) Ey** <1og@2 | S) = B (log— | s) < log
Din Don 1-

Since Ey(2) < 0, (A:205) follows from (A:207), (A:209), and (A:210).
Similarly, since E;(z) > 0, (A:206) follows from (A:208), (A:211), and
(A:212). This proves the theorem when a finite integer N exists such
that n < N.

To prove the theorem for any sequential test S of strength (e, 8),
let Sy be the sequential test we obtain by truncating S at the Nth
observation if no decision is reached before the Nth observation. Let
(an, Bn) be the strength of Sy. Then we have

(A:213) Eo(n|8) 2 Eo(n|Sy)

1—51\']

aN

[(1 — ay) log1 by + ay log

=
Ey(2)
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and
(A214) Ei(n|8) 2 Ey(n|Sy)

=
E\(2)

Since lim ey = « and lim By = B, inequalities (A:205) and (A:206)

N=ow N=w
follow from (A:213) and (A:214). Hence the proof of the theorem is
completed.

If for the sequential probability ratio test S’ the excess of the cumu-
lative sum Z, over the boundaries log A and log B is 0, Eo(n | S’) is
exactly equal to the right-hand member of (A:205) and E;(n|S8’) is
exactly equal to the right-hand member of (A:206). Hence, in this
case, S’ is exactly an optimum test. If both l E(®) | and ¢, are small,
the expected value of the excess over the boundaries will also be
small and, therefore, Ey(n | S’) and E;(n l S’) will be only slightly
larger than the right-hand members of (A:205) and (A:206), respec-
tively. Thus, in such a case, the sequential probability ratio test is,
if not exactly, very nearly an optimum test.?

If 6; approaches 6y, then the ratios of the upper limits of Eo(n | N
and E;(n l §'), as implied by (A:77) and (A:78), to the right-hand
members of (A:205) and (A:206), respectively, converge to 1. Thus,
the efficiency of the sequential probability ratio test, if not exactly 1,
converges to 1 when 6; — 6.* The upper bounds for Ey(n | 8") and
Ei(n | S’) given in (A:77) and (A:78) determine lower bounds for the
efficiency of the sequential probability ratio test S'.

1 —
[BN log By + (1 — Bn) log ﬁN]

l—aN aN

A.8 DETERMINATION OF AN OPTIMUM WEIGHT FUNCTION w(8) IN

SOME SPECIAL CASES OF TESTING SIMPLE HYPOTHESES WITH

NO RESTRICTIONS ON THE POSSIBLE ALTERNATIVE VALUES OF
THE PARAMETERS

A.8.1 A Class of Cases for Which an Optimum Weight Function w(8)
Can Be Determined by a Simple Procedure

Let (61, - -+, 6) = (6:° -+, 6:°) be the simple hypothesis Hy to be
tested and denote the distribution of z by f(x, 6y, - - -, 6r). Assume
the boundary of the zone w, of preference for rejection is a surface in
the parameter space and denote it by S,. Assume, further, that it is

3 The author conjectures that the sequential probability ratio test is exactly an
optimum test even if the excess of Z, over the boundaries is not 0. However, he
did not succeed in proving this.

¢ For the definition of the efficiency of a sequential test see Section 2.4.1.
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possible to find a non-negative function v(8) of the parameter 6 such
that the surface integral !

(A:215) Lv(e) dS =1

and the sequential probability ratio test based on the ratio

f(xly 01y + -, Ox) - - - f(zm 6y, - -+, Ox)v(6) dS

(A1) Do
Pon f(xly 010) ttty 0k0) T f(xn; 010; Yy eko)

satisfies the following two conditions (for any values 4 and B): (1)
The probability 8(6) of committing an error of the second kind (of
accepting Hy when 6 is true) is constant over the surface S,; (2) for
any point 6 in the interior of w,, the value of 8(6) does not exceed the
constant value of 8(6) on the surface S;.

We shall now show that v(d) may be regarded as an optimum weight
function in the sense defined in Section 4.1.3, and the probability ratio
test based on the ratio (A:216) provides a solution to our problem.
In fact, the weight function v(6) over the surface S, can be considered
a limiting case of a weight function w(f) which takes the value 0 for
any 6 in the interior of , whose distance from the boundary exceeds
some positive A, with A approaching 0 in the limit. It follows from
conditions (1) and (2) that for the weight function v(6) the maximum
of B(6) in w, is equal to the weighted integral of 8(6), ie., to

f B(6)v() dS. Consider now any other weight function w*(8) and

denote the resulting probability of an error of the second kind by
B*(6) when w*(6) is used instead of v(6). It has been shown in Section
4.1.3 that the following relations hold with sufficient approximation

for practical purposes:
B4 -1)
(A:217) fw*(())ﬂ*(l)) do =fv(0)ﬁ‘(0) S = ———
Wy Sr A - B

Hence the maximum of 8*(8) in w, is = B(4 —1)/(4 — B). The
optimum property of the weight function v(6) follows then from the
fact that the maximum of »(6) is equal to B(4 — 1)/(A — B).

In several important statistical problems one can easily find a weight
function v(6) such that conditions (1) and (2) are fulfilled. We shall
show, for example, that such a weight function »(6) can easily be de-
termined for testing the means of normally distributed variables with

148 denotes the infinitesimal surface element.
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known variances. After the weight function »(f) has been found, for
practical purposes we may let A = (1 — 8)/a and B = /(1 — a)
where a is the required value of the probability of an error of the first
kind and B is the required upper limit for 8(6).

Although we have so far assumed that X is a single random vari-
able, all the results remain obviously valid when X is a random vector,
i.e., X represents a set of p (p > 1) random variables X;, ---, X,.
The only change in the formulas is that the ath observation z, will
have to be replaced by a set (1a, ***, Zpa) of p values where z;, repre-
sents the ath observation on X;.

A.8.2 Application to Testing the Means of Independently and Nor-
mally Distributed Random Variables with Known Variances

Let Xy, -+, X% be k normally and independently distributed ran-
dom variables with a common known variance ¢2. The mean values
61, * -, 0 are assumed to be unknown. Suppose that it is required
to test the hypothesis that 6y, -+ -, 6:) = (6,°, -+, 6x°). Assume that
the zone w, of preference for rejection is given by

+V (0, — 0,92 4+ O — 0,92 = b0

where § is some given positive value. Then the boundary S, of , is
a sphere with center 8° = (4,°, -+, 6;°) and radius és. Let v(6) be
constant over S, and equal to the reciprocal of the area of S,. We
shall show that for this weight function conditions (1) and (2) of the
preceding section are fulfilled. For this purpose, we shall first prove
that the ratio (A:216) is a monotonically increasing function of
& — 6,92 +- -+ (& — 60°)? where Z; is the arithmetic mean of the
observations on X;. In fact, in our case the ratio (A:216) reduces to

k n
- %2 2 E (@sa—0:)?
cfe f=la=1 2 Gc—oﬁo)(ot‘oio)
Sy —~1ns
(A:218) : = ce f s

~ 342 22(2ta“010)2
e 4
where ¢ is equal to the reciprocal of the area of S,. Let r, denote
Z: — 0,0)2
' Z %— l and let p(6) (0 < p = ) denote the angle be-
1 g

tween the vector (£, — 6,°, ---, & — 6;°) and the vector (6, — 6,°,
<o+, 0 — 6;°). Then (A:218) can be written as

(A:219) ce‘%nazj,;e"" seos b gg
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Because of the symmetry of the sphere, the value of (A:219) will not
be changed if we substitute v(8) for p(d), where y(#) (0 < v £ =) de-
notes the angle between the vector § — 6° and an arbitrarily chosen
fixed vector u. From this it follows that the value of (A:219) depends
only on 7.

Now we shall show that (A:219) is a strictly increasing function of
7z. For this purpose we merely have to show that

(A:220) I(r,) = L gmedcos @] jo

r

is a strictly increasing function of r,. We have

dI(r,
(A:221) d(r ) =fn5 cos [y(6)]¢"= 2 '@ gg

Tz r

Denote by S’ the subset of S, in which 0 < y(6) £ =/2, and by S",
the subset in which /2 < v() < . Because of the symmetry of the
the sphere we have

(A:222) j; _n b cos [y(0)]e™ =2 = @) 4g

‘—‘f n 8 cos [ — v(6)]e" = =701 gg
S'r

- ’f n 8 cos [y(e)le™* <0 48
S
Hence
dI(rz)

Tz

(AI223) =n 5f cos [’Y(B)](e" 8rz cos [y(0)] __ e~ 8rz cos [y(ﬂ)]) ds
S’y

The right-hand side of (A:223) is positive. Hence, we have proved
that expression (A:219) or (A:218) is a strictly increasing function of ..

We shall now show that B(f) is constant over any sphere. S.(d)
with center ° and radius d and that it decreases monotonically with
increasing d. For this purpose let y;, -+, yx be an orthogonal
linear transformation of z; — 6,%, -+, xx — 6% so that E(y) =
VO — 6%+ -+ 8 — 0:")*and E(y;) =0 (6 =2, - -+, k). Since
g12 4 y-k2 = (% — 010)2 +oe-t (EF — 9k0)2 and since (A:219)
depends only on (& — 6,92 4.+ (& — 6;°)% it is seen that the
sequence of expressions (A:219) formed for the sequence of integers
n=1,2 ---, etc.,, has a joint distribution which depends only on
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V6, —0,°% +---+ 0 — 6,°)%. Hence B(6) is constant on any
sphere S,(d). Since (A:219) is a strictly monotonic function of 7, it
can be shown that 8(f) is monotonically decreasing with increasing d.
Hence, conditions (1) and (2) of the preceding section are fulfilled and
we can test the hypothesis that § = §° by the sequential probability
ratio test based on the ratio (A:218).

If &k = 1, i.e., if we test the mean value of a single random variable
X, the sphere S, is a null-dimensional sphere consisting of the two
points 6; = d¢ and 6, = —dc and (A:216) reduces to the ratio of pin
to pon given by (4:8) and (4:9), respectively, in Section 4.1.4.

A.9 DETERMINATION OF OPTIMUM WEIGHT FUNCTIONS w.(0) AND
w,(8) IN SOME SPECIAL CASES OF TESTING COMPOSITE HYPOTHESES

A.9.1 A Class of Cases for Which Optimum Weight Functions w,(0)
and w,(8) Can Be Determined by a Simple Procedure

Let f(z, 6, - - -, 6x) denote the distribution of « involving £ unknown
parameters 6y, - - -, 8. Suppose we wish to test the composite hypoth-
esis H, that the parameter point 6 lies in the subset w of the parameter
space. Let w, denote the zone of preference for acceptance and w, the
zone of preference for rejection. Assume that the boundary of w. is
a surface S,. Suppose that it is possible to find two weight functions
v,(0) and v,(6) such that

fv,,(e) do =1, fv,(o) S, =1
waq Sr
and that the sequential probability ratio test based on the ratio

[ o0 L1 01, -+ 00 d,

(A:224) L S ol
[ @It 00, 00 a0
“a a=1

satisfies the following conditions (for any values A and B): (1) «(6) is
constant in w,; (2) B(6) is constant over S,; (3) for any point 6 in the
interior of w,, the value of 8(8) does not exceed the constant value of
B8(8) on S,.

We shall now show that v,(6) and v,(§) may be regarded as optimum
weight functions in the sense defined in Section 4.2.2. For this pur-
pose, let w,(8) and w,(8) be any other weight functions and let a*(6)
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and B*(6) be the resulting probabilities of errors of the first and second
kinds when w,(6) and w,(6) are used. Since, as has been shown,

(A:225) fa*(ﬂ)w (0) do = _1_:._B_
: B . Y
and
\ _BUA-1
Lrﬁ O w,(0) do = — 5

hold with good approximation, we see that in w, the maximum of
&0 =z (1 ~B)/(A-B), and in o, the maximum of g*(6) =
B(A —1)/(A — B) with good approximation. But if »,(6) and
v,(6) are used, it follows from conditions (1), (2), and (3) that (with
good approximation) the maximum of «(f) in w, is equal to
(1 ~B)/(A — B) and the maximum of B(f) in «, is equal to
B(A — 1)/(A — B). Hence these weight functions are optimum in
the sense defined in Section 4.2.2.

In some special but important statistical problems one can easily
find weight functions v,(6) and v.(f) which satisfy conditions (1), (2),
and (3). It will be seen in the next section that such weight functions
can easily be constructed when the mean of a normal distribution with
unknown variance is being tested. Again, for practical purposes we
may let A = (1 —8)/a and B = /(1 — a), where a is the required
upper bound of () in w, and B is the required upper bound of 8(6)
in w,.

A.9.2 Application to Testing the Mean of a Normal Distribution with
Unknown Variance (Sequential {-Test)

Let X be a normally distributed random variable with unknown
mean 9 and unknown variance ¢2. Suppose we wish to test the hy-
pothesis that § = 6,. Furthermore, assume that w, is given by the set
9 — 0,

of all points (8, ¢) for which ‘ = 4, while w, consists of all

points (6o, 7). Then the boundary S, of w, consists of all points ‘(0, )
) 6 — 6y
for which

either 8 = 6, + 80 or 6 = 6y — do.

For any positive value ¢ we define the weight functions v,.(c) and
vre(o) as follows: vge(0) = 1/c if 0 £ ¢ < ¢ and equals 0 for all other
values of ¢. The weight function v,.(¢) is equal to 1/2c f 0 S o = ¢
and 6 = 6y +d0 and equal to 0 otherwise. Let

= §, i.e., it contains the points (6, s) for which
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(A :226)
1 — L S0
Pin =fgvrc(¢7) » € 2* do

(2m)2%™
. 1
= 1 m 2—1(; ( Ocal_n e 208 Z(zq—00—b0)? n ;1’; = E(za—ao-q-;,)z) i
(2r)?
and
1 1 (1 -1 s@—o
(A:227) pOn = — = _’; e 393 da
@m0 7
Then
L (7L g eamtomio? - L Ba—b0+80)?
—_ '—n (6 20 + c 5% )da
pl” 2 0 0
(A228) —= = 1
Pon fc 1 - 5,2 =(xq—00)? d
2 ]
o a"
We consider the limiting case when ¢ — ». Thus
1 ®1 - L = (zq—00—80)? - ‘—l 2 (2g—00+60)2
D1 _2. 0 a_"(e 3 5 ’ +e 202 o )do'
(A:229) =" = _ 1
" fo Ty,
g

The sequential probability ratio test based on the ratio (A:229) pro-
vides a solution to our problem if it can be shown to have the follow-
ing three properties: (1) a(8, ¢) is constant in w,; (2) B(6, o) is a func-
—_— 00
g

|o—%

tion of alone; (3) B(6, s) is monotonically decreasing with

increasing
g

n

)

To prove these three properties, let Z denote °'=71 and S? denote

Z(z, — £)%. Since the joint distribution of a sequence of expressions
T — 0
S
‘0—%

corresponding to consecutive values of n depends only on

, the first two properties are proved if we show that the ratio

£ — 6

S

(A:229) is a single-valued function of
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First we show that the numerator of the ratio (A:229) is a homo-
geneous function of (z; — 6, 22 — 0, *'*, Tn — 6;) of degree
—(n —1). In fact, making the transformation ¢ = A\ we obtain

"1

o o"

1
> Z(\zq—No+50)?

) do

- 2%2 Z(A\zq—MNo—30)?

(e +e

® 1 1
=f ()\t)n (6_ b7 Z(2a—00—5t)3 + 6_ 5% Z(Ia—90+55)2) d\t
0

1 1~ s@a—bo—a)? — L S (ra—0+50)?
=;\;L—;—l—‘£ t—n(e 2t2 +6 2t2 )dt

This proves that the numerator of (A:229) is a homogeneous function
of x; — 0y, -+, & — 0o of degree —(n — 1). Similarly, it can be
shown that the denominator of (A:229) is also a homogeneous func-
tion of degree —(n — 1). Thus, the ratio (A:229) is a homogeneous
function of zero degree in the variables x; — 6o, *++, Zn — fo.

It can be verified that (A:229) is a function of only the two expres-
sions Z(z, — 0)? and Z(z, — 6o), i.e.,

(A:230) 30— = $[Z(za — 00)%, Z(Ta — 60)]

Let v = | VZ(xy — 0)* \ Since (A:230) is a homogeneous function
of zero degree in x; — 6y, - -, T, — 6o, its value is not changed by
substituting (re — 8)/v for zo — 8. Hence

A2 21_,, s [ Z (xa ,,_ 00>2, z(x.,v— oo)] — ¢ [1, _’3(3,;_902]

On a

Since $[Z(@a — 00)% —2Z(@a — 00)] = ¢[Z(7a — 00)*) Z(@a — O0)l, we

see that
Pin _ [(57 - 00)2]
Pon 02
. @—060)°, | . € — bo
Since is a single-valued function of , we have proved

T — b

that Pin is a single-valued function of
Pon
and (2) are proved.
In order to prove property (3) of the sequential probability ratio

test based on the ratio (A:229), it is sufficient to show that (A:229)

'. Hence properties (1)
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z — 0

S

z — 06
S

is a strictly increasing function of Since is a

z — 6

) , we have only to show that

F— 6 2
(A:229) is a strictly increasing function of (x_v__o) . The latter

strictly increasing function of (

statement is proved if we show that (A:229) increases with increasing
value of | - 00] while v is kept fixed. For a fixed value of v the
denominator of (A:229) is constant. Thus, we merely have to show
that the numerator of (A:229) increases with increasing If; - 00|
while v is kept fixed. This follows easily from the fact that

(z—00)8 _ @008

e ° +e [

is a strictly increasing function of l T — b l
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