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PREFACE.

TaE following pages are intended to serve as an introductory
manual of Infinitesimal Calculus for beginners generally, but
more especially for students of Engineering and other branches
of Applied Science.

As a logical foundation of the Infinitesimal Calculus the
doctrine of Limits must be accepted as essential, but an
" attempt has been made at an early stage to accustom the
reader to those principles and operations which are used in
the practical applications of the subject. ’

The order in which the subject is developed, though differ-
ing from that of many text-books, is believed to be well calcu-
lated to meet the difficulties and- secure the interest of the
student. :

In the present edition many changes and some additions
have been made which it is hoped will bring the book into
accord with present-day treatment and needs.

To supplement the ordinary Mathematical Tables I have
added short tables which are intended to facilitate curve
tracing as well as the rapid calculation of integrals, etc.

My thanks are due to Professor Murray Macneill for sug-
gestions and for assistance in proof-reading and in the verifi-
cation of examples.

G. H. CHANDLER.

iii

MonNTREAL, December, 1908.
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ELEMENTS

OF THE

INFINITESIMAL CALCULTUS.

CHAPTER 1.
LIMITS. INFINITESIMALS.

1. Constant. Variable. When a quantity remains un-
changed while another quantity changes, the former is called
a constant, the latter a variable.

2. Limit of a variable. If the value of a variable » ap-
proaches nearer and nearer to that of a constant a in such
a way that their difference becomes and remains less in
absolute * value than any given positive number, however
small, » is said to approach a as a limit, and a is called the
limit of ».

If £=2,7 the definition implies that the absolute value
of x—2 becomes and remains less than any positive number
we choose to assign; e.g., it becomes <1073; it further

* The absolute (or arithmetical or numerical) value is the value
without regard to sign. Parallel vertical lines are used to indicate
an absolute relation; thus | —2| =2 expresses that the absolute value
of —2 is 2. So also |z|<|a| or z|<|a indicates that the absolute
value of z is less than that of a. .

t The symbol = signifies an approach to a limit. Thus z = 2 may
be read: z approaches 2 (as a limit). If the words ‘‘as a limit” are
not expressed, they must be always understood.
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diminishes, becoming less than any smaller given positive
number (say 107%), and so on. While z=2, 2—2 cannot
be zero; the definition does not imply that z acquires the
value 2. If it does become 2, it is no longer approaching 2
as a limit.

Ex. 1. The value of (z?—4)/(x—2) is equal to that of z+2
when any number except 2 is substituted for z. When =2 the
fraction takes the form 0/0, an expression which is undefined
and meaningless, but when z =2 the limit of the value of the
fraction is equal to that of 2+2, i.e., 4, or in symbols *

£aa15) =4

Similarly, if y=2x+2% £,.¢(y/z)=2.

2. 0 being the radian measure T of an acute angle, 6 lies be-
tween sin 6 and tan 0. Hence, dividing each of these into sin 0,
sin 0/6 lies between 1 and cos 6. But cos 0 =1 when 60,

Hence
sin f
’goéO( 0 >=1

3. The sum of the terms of the series 1—4+%—%+... has a
limit as the number of terms increases without bound.

R e

«0
«0
]

)
Fia. 1.

Let sa stand for the sum of the first n terms. Take OP,=1,
P,P,=—%, P.P,=}%, etc. Then s,=0P,, s.=0P, s,=0P;, eto.
The ‘points with odd subscripts continue to move to the left,

* The symbol £ is used for ‘‘the limit of” (Echols, Differential and
Integral Calculus).

1 The radian (=57°2958 . ..=206265"") will be always understood
to be the unit angle unless the contrary is manifest.
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those with even subscripts to the right; they tend toward meeting
at some point P, since the fractions which are added = 0. Hence
|OP —s,| becomes and remains less than any given positive
number, however small; therefore OP is the sum limit. The
limit is that of the endless decimal "69314 ...

A series which has a limit is said to be convergent.

4, If the series $—3+4%—f+... be similarly represented, the
two sets of points cannot come within a distance 1 of each
other, since the absolute value of the fractions added =1. Sup-
pose the even P’s to approach a point P (really the point P of
Ex. 3) as a limit of position. Then |O0P —s,| may become less
than any given positive number, however small, but it will not
remain so, for the addition of a single term changes |OP —sy|
by an amount approximately equal to 1. Consequently there is
no limit, or the series is non-convergent. (Observe the signifi-
cance of the words ‘“and remains’’ in the definition of § 2).

3. A variable quantity may or may not be capable of as-
suming a value equal to that of the limit which it approaches.
Thus in Ex. 1, z+2=4 when z=2, and z+2=4 when
z=2. Also (22—4)/(x—2) =4 when =2, but it cannot =4,
for when z=2 there is no fraction. Again, the series

1—3%+%—. .. can never equal its limit. In certain cases the
limit and the value are entirely different. For example
(Ch. XL), sin z—4% sin 2z+4% sin 3z—...=4r or —in ac-

cording as z== by increasing or decreasing, but =0 when

z=n.
4. A variable may approach nearer and nearer to its limit

B
P
u ‘/vr__—

3} M
Fia. 2.

in three ways: (1) by increasing only, (2) by decre'asing
only, (3) and by increasing and decreasing. Thus, Fig. 2,
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when M moves to the right » may be supposed to approach
the limit a if P moves along AB only, (2) along CD only,
or (3) from AB to CD, back to AB, etc., its value continually
approaching a.

5. Limit of a constant. It is sometimes convenient to
regard a constant as its own limit. Thus £,.,(az+b)=b*
and hence if a=0, £,.0b=>. So also £,.,az/z=a.

6. Infinitesimals. An infinitesimal is a variable whose
limit is zero. It is therefore a quantity which approaches
nearer and nearer to 0 in such a way that its absolute value
becomes and remains less than any given positive number,
however small. Thus z is infinitesimal when z=0; if 2
actually becomes 0 it is no longer infinitesimal.

Ex. When z is infinitesimal the following are also infinitesimals:
z} sin z, tan z, 1 —cos z, log (1+z), 1—27,

7. Quantities which are infinitesimal are such solely on
account of their tending to a limit zero, not because of their
having arrived at any particular degree of smallness; in other
words, their chief characteristic is not being small but getting
smaller. - Nevertheless, it is often convenient and sometimes
necessary to suppose them very small when they begin to
=0; hence it is customary to regard them as very small
in all cases.

8. From the definition of § 2 it follows that the difference
between a variable v and its limit @ is an infinitesimal. Hence
v—a=1, or v=a+1, where 1 is infinitesimal. Also if v—q= 1,
or v=a-+1t, where v is a variable, a a constant, and 7 an
infinitesimal, a is the limit of ».

Notice that the sign of v is the same as that of ¢ as soon
as the absolute value of 7 becomes less than that of a.

9. Infinites. A variable which is increasing (or decreasing)
without bound, i.e., so as to exceed in absolute value any

* As in algebra, letters near the beginning of the alphabet are used
for constants unless the contrary is obvious.
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given positive number, however large, is called an infinite,
and is represented by  (or —®). Such a quantity has no
limit which accords with the definition of § 2.

It should be noticed that an infinite, like an infinitesimal,
is a variable. If -0, 1/z=00 or —o, and if z=w* or
-, 1/12 =0.

Ex. When 2=2, £—-2=0, and 1/(z—2)=wo or —o accord-
ing as  approaches its limit by decreasing or increasing.

When & = 47, tan x =% or — according as z is increasing or
decreasing.

10. Quantities which are neither infinitesimal nor infinite
are said to be finite. A finite variable is therefore one whose
value stops short at some number which can be assigned.

11. If 7 is an infinitesimal and n any constant, n? is an
infinitesimal.

For |ni|< any assigned positive number a if 4|<|a/n;
but ¢ does become |<|a/n, since a/n is also an assignable
number. In special cases n may be 0, then ni remains =0.

If » is infinite, #7 may be infinite, or it may have a limit,
which may or may not be zero.

12. The sum of any finite number n of infinitesimals is
an infinitesimal.

Let ¢ be a positive infinitesimal which is and remains
greater than the absolute value of any of the given infini-
tesimals. Then the sum of the given infinitesimals <ni
and > —nt, and is therefore infinitesimal (§ 11).

If » is infinite, the sum may have a finite limit. The deter-
mination of such a limit is the fundamental problem of that
part of the subject which is known as the Integral Calculus.

Ex. 424 ... +ﬁ=l"~('ii9=l—<1+l—). The limit of the
n® n n? n

sum for 7 infinite is therefore 3.

*z=00 should be read “x is a positive infinite,” or ‘‘z increases
without bound”; z=—o0, “z is a negative infinite,” or “z decreases
without bound.”
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13. Propositions relating to limits. Let v;, vo be two
variables which have limits a;, as. Then v;=a;+7; and
vo=as+1y, where 7; and 7 are infinitesimals.

(A) The limit of the sum (or difference) of the variables
is equal to the sum (or difference) of their limits.

For, (v1 +v2) — (a1 +ag) =17 +12,

which is infinitesimal. Hence £(v;+vs)=a; +ao.

The proposition is evidently true for the sum of any finite
number of variables.

(B) The limit of the product of the variables is equal to
the product of their limits.

For, V1V —a1az= (@ +11)(ag +12) — @102
=091 +ait2 +11tg,

which is infinitesimal. Hence £v1v2=a,a..

This also is true for any finite number of variables. Thus
if z=a, r2=a2, 23 = a3, etc.

(C) The limit of the quotient of the variables is equal to
the quotient of their limits, provided that the limit of the
divisor is not zero.

For, if as#0, u_a_a tin_ o 0ph = al.iz,

v Gz Gxt+iz a2 azv'+021'2

which is infinitesimal, since the numerator =0, while the
denominator =ay2. Hence £
V2 a2

If a3=0 and a;#0, ’Dl/’vg is infinite and therefore has no
limit. If a;=0 and a;=0, v;/v, is the quotient of two
infinitesimals and may have a limit, as in Exs. 1 and 2 of
§ 2. The determination of such a limit is the fundamental
problem of that part of the subject which is known as the
Differential Calculus.



13,14] LIMITS. INFINITESIMALS. 7

Ex. 1. Since tan 0=31L0, .,‘t_a.p_f= 0 .
cos 0 0 cos 0
tan 0 1
Hence (§ 2, Ex. 2), £,., 7 =T=1'
<s1 0)’
., 3 n v
2. Since 1—cos 0 =220 , o lzcos0 A 0T,
1+cos 0 02 1+cos 0’
. 1—0030) 1 1
o) i
. sin® 0 <tan 0—sind\ 1
. 0— =——ru L | —m ) =—
3. tan 0 —sin 0= g reosay %=\ " g ) 2°
1
n—1 1__17 n—1y
4, ~:§=1 5 £n=°° (;—_—5) =1.
n

a+b cos $(A—B)
¢ cos}A+B)

If a and b are tangents at two points near *
one another on a curve, and the points ap- 2
proach coincidence, A and B = 0 and tkere- A 8

fore the right-hand member of the above = 1. Fm? 3
Hence £(a+b)/c=1 when c=0. We may
assume that the arc >¢ and <a+b. Hence in any curve the limit
of arc/chord is 1 as arc and chord = 0.
32 _ 30o20 ) ovided that a is

6. Show that £x5“'4x’+x—-2 izt iy Provide a
not a root of the equation 4x*+2z—2=0.

14. Orders of infinitesimals. If the limit of f/a, the
quotient of two infinitesimals, is zero, § is said to be of a
higher order than a. If 8/« has a limit which is not zero,
B is said to be of the same order as a. If f/an (where n is a

constant) has a limit which is not zero, 2 is said to be of
the nth order, & being assumed to be of the first order.

5. In any plane triangle,

* Tt is assumed that the points may be taken so near each other
that the arc is everywhere concave to the ch.rd.
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Ex. 1. @ and B being of the first order, af is of the second
order, a8, ap? of the third, 33, «?3%, af? of the fourth.

2. If 6 is infinitesimal and of the first order, sin 6 and tan 6
are of the first order, 1 —cos ¢ of the second, tan @ —sin 6 of the
third.

15. Definition. When the limit of the quotient of two
infinitesimals is 1 the infinitesimals are said to be equiva-
lent.*

Thus if 6 is infinitesimal, 8, sin @, and tan 0 are equivalent;
also an infinitesimal arc and its chord.

If the limit of 8/« is h (h being any constant, not zero),
the limit of 8/ha is 1, hence 8 is equivalent to ha. Thus
1—cos @ is equivalent to 402, tan 0 —sin 0 to $63.

16. If the difference of two infinitesimals of the same
order is of a higher order, they are equivalent.

For, if f=a+1, fla=1+i/a, . £(B/a)=1if £(i/a)=0.

Conversely, the difference of two equivalent infinitesimals
is of a higher order. ’

For, if f/a=1+1¢, f=a+wx, and i« is of a higher order
than a.

The letter I will be used as a symbol for higher infini-
tesimals. Thus if 6 is infinitesmal, sin 0=60+1, tan §=0+1;
also, since 1—cos 0 is of the second order, cos =1 +1,.

17. The limit of the quotient of two infinitesimals is not
changed when either is replaced by an equivalent infini-
tesimal.

[44

For -
! o a/

5.
c Bl 1 and g%
a a B a
Hence if @ and 8 consist of infinitesimals of different orders,

the limit of 8/a depends only on the infinitesimals of the
lowest order in each.

. *Not equal, but equivalent in the sense of being interchangeable
in the determination of the limit of a quotient or of a sum (§§ 17, 91).
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ExAMPLES.

1. Let AB be a circular arc of radius a subtending an infinitesi-
mal angle 0 at the centre, BC perpendicular to OA, AD and
BE tangents. Let 0 be regarded as of the first order. Then

(1) The arc AB=a0, and is therefore of the first order.

@) £chor(; AB=£2a sian 10 =£"2Eé’ﬁ (88 15, 17) =a.

8 4D
% E
[
o CA
Fia. 4.

The chord is therefore of the first order and equivalent to af,
the arc.
CA .a(l—cos0)
(3) £—0;'=£‘—*—5,—‘ =a.}.
Hence CA is of the second order and equivalent to a6

AD—CB  .a(tan 6 —sin 0)
(4) £——6’——— = “———03 —=Qq . ‘}'.

Hence AD—CB is of the third order and equivalent to }abs.

BD—CA _ (CA/cos 0)—CA _ a(1—cos 0)*
. 64 04 =5 4 =4 0% cos 0
03 2
= a(%m) 2‘}(1.

Hence BD —CA is of the fourth order and equivalent to }a6*.
.. AD—-CB
2. Show that the limit of ED—AE =2.
3. Show that (AE+EB)—chord 4B is equivalent to 3’ and
hence that the difference of arc and chord is an infinitesimal
of at least the third order.

4 Find £~ 252 whenz=1and 22 Ans. (1) 3, @) &
28— —22
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Show that there is no limit when z =0 or —1.
5. £$;0‘1‘3§%%;—0-‘if -3 6 ;e;g__o}-ﬁfsl: Ly
7. ,5,,,00(1‘;72&_"2;—-3)4. 8. fpm —o (24-3%) =2.
9. £, éoﬁ——i-;:i =3%. [Rationalize the numerator.]

sin z —sin @
10. .y T =cosa.
fra o

{Ch. 1.



CHAPTER II
FUNCTIONS. DERIVATIVES. DIFFERENTIALS.

18. Function. When a variable quantity depends for its
values upon those of another variable quantity, the first is
said to be a function of the second, and the second is called
the variable_or_arqument of the first;] e.g., 22—2x+1, 2%,
lag(a +2x), sin az, are functions of ‘the variable z.

The expression f(z) is used as a symbol for a function of
z, f(a) being the value of the function when z=qa; eg.,
if j(z)=1—22, f0)=1, f(1)=0, f@)=—=3, f@)=1-a.

For a similar purpose F(), f' (z),,ete., may be used,. and
i, v), F(z, y), ete., for functions of z and y.

The variable of a function may itself be a function of
another variable, or it may be an independent variable—one
to which arbitrary values may be assigned.

19. Implicit functions. In any equation containing two
variables z and v, e.g., y2=4az, log (xr+y)=2, either of the
variables is virtually or implicitly a function of the other,
or an implicit function of the other, since the value of either
is determined when that of the other is assigned. If we
solve for y in terms of z, y becomes explicitly a function of
z, or an explicit function of z.

20. Graphs. The curve whose equation is y=/(z) is the
graph or geometrical representation of the function f(z).
The ordinate corresponding to any abscissa z is the value
of the function when the value of the variable is z.

When for a value of the variable there is only one corre-

sponding value of the function, the function is said to be
11
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single-valued. Thus ¢?, Fig. 5, and log z, Fig. 6, are single-
valued functions. The function sin! z, Fig. 7, is multiple-
valued. It will in general be

v assumed that a function is
2 single-valued; when such is
2T not the case the function may

be treated as single-valued by
-1 considering a limited range
of its values. Thussin~!z is

o X - -
Fa. 5. single-valued if wvalues >§
Y 1 7

/ and < —7 are excluded. The
5 % © X ordinate of the curve y2=4dzr
is a double-valued function of
-l z, but may be represented by
& two_ single-valued functions,

2V'z and —2V 7.

Fia. 6. Fie. 7. 21. Continuity. In general

a gradual change in the value

of a variable produces a gradual change in the value of the
function, but it is possible that a slight change in the variable
may produce an abrupt finite or infinite change in the func-
tion. In more precise language, f(z) is continuous for the
value a of the variable when, as h=0 (k being a small change

in ),
‘ £i@+h)=£f(a—h)={(a),
and discontinuous if this relation is not true.

LetOA=a, BA=AC=h. InFig.8, AP=f(a), CR=f(a+h),
BQ=f(a—h). Also as h=0, £CR=AP, and £BQ=AP,
hence the ordinate is continuous at A. But in Fig. 9,
£CR=AP, £BQ=AP’; these are not equal, hence y is dis-
continuous at A. In Fig. 10, BQ becomes infinite when
h=0, and y is discontinuous.

When the function changes abruptly from one finite value
to another finite value it is said to have finite discontinuity;
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when the function becomes infinite it is said to have infinite
discontinuity.

Y
Y
R
Q
Q
X o0 B A C X 4) 8 A X
Fig. 8. Fia. 9. Fic. 10.

Ex. 1. f(z)= 11 has finite discontinuity at z=0. For, when
2741
h =0, £/(h)=0 and Af(—h)=1. Thus when z increases through
the value 0 the function drops suddenly in value from slightly
less than 1 to slightly more than 0, without passing through the
intermediate values. It cannot be said to have any value when
x=0.

2. The following have infinite discontinuity for z=1:

(+1)/(x—1), (z—-1)"% 30=27", tan §nz.
1

3. Examine the function 2% for z=0.

22. Interval. Values of the variable between two assigned
values @ and b are said to lie in the interval from a to b.
The interval may be conveniently indicated by [e, b]. Re-
versal of a bracket indicates the exclusion of the adjacent
end value; e.g., [a, b indicates values from a to b, mcluding
a but excluding b. Thus (1—z?) is real for the interval
[—1, 1], (1—22)~% is continuous for the interval ]—1, 1[.

23. Increment. Any change in the value of & quantity
is called an increment or difference of that quantity. An
increment is positive or negative according as the quantity
is increased or decreased. The symbols 4z, dz, are used
for increments or differences of z.

24. Derivative. Let there be a variable and a function of
that variable. A particular value of the variable being z
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let the corresponding value of the function be y. Let z
receive an increment 4z, and let 4y be the corresponding
increment of y. The limit of dy/4z when dz=0 is called
the derivative of y. Thus the derivative is the limit of the
quotient of the increment of the value of the function by
the increment of the value of the variable when the latter in-
crement is infinitesimal. The primary object of the Infini-
tesimal Calculus is to determine this limit for various kinds
of functions. ‘ '

Ex. 1. f y=2? dy=(z+ 4z)' —2? =2z dz+ (4z)’.

O dy/de=2x+4dzx. . £(dy/dx)=2x when £4z=0.

Similarly, if y =ax?, £(4y/4x)=a .2z, a being any constant.

2. If y=ax?, show that £(4y/4z)=a.3z%

3. fy==2, dy=4dx, .. dy/dzx=1, or £(dy/dx) =1 (§5).

Similarly if y =az, £(4y/4z)=a.

4, y=4x3-3r*+2z 1.

The method of obtaining 4y/4x shows that the result will be
the same as if each term were treated separately and the results
added, also that a constant term disappears in subtracting.

S A(dy/dz) =4 .32 -3 . 2x+2 =122 —62+2.

25. The general method illustrated in the above examples
may be described as follows: Let y=7(z). The value of the
function for the value z+dz of the variable is f(z+4z);
hence 4y, the increment of function, is f(z+4z)—f(x), and

4y f(z+dz)—[(z)

Az~ Az )
This expression is simplified and its limit taken when 4z=0.
This limit is the derivative, and is, for various values of z,
a new function of x. It is called the derived function, or
derivative function, or simply the derivative, of the given
function. Let it be written f’(z). Thusif f(z) =22, f'(z) =2z,
if f(x)=axd, f'(x)=3ax?; if f(x)=22+2az, ['(z)=2(z+a).

It should be noticed that there cannot be a limit (a deriv-
ative) unless 4y =0 as well as 4z; i.e., unless £f(zx+ 4z) = f(x)
when 4z =0, or (§ 21) unless f(z) is continuous for the value
of z in question.
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26. Geumetricalillustraticon. Lety=/(z) be the equation *

of a curve of which P(z, y) is a
y

point. Then 4y/4dz is the slope or a
gradient of the secant PQ. When AY
Adz=0, Q approaches P, and the limit PG

of position of the secant is (by defi- Aw Y
nition) the tangent at P. Hence () v
£(dy/dz) or f'(z) is tan &, the slope ° Fx: n Az X

of the tangent at (z, y). Thus for
the curve y=12, tan ¢=2x; for y=23, tan ¢=35:2.

27. Differential. Def. The differential of the variable of
a function is any increment of that variable; the differential
of the function is the derivative of the function multiplied
by the differential of the variable.

The letter d is used as an abbreviation for “the differential
of.” 1If then y or j(z) is a function of x, the definition states
that dz is any increment of z, and that dy or df(z) is /' (z) dz.t

9 _vipy= Y -
Hence dx—i (x)—,{,dx when 42=0.

Thus dz and dy are defined in such a way that dy/dzis equal to
the limit of 4y/dz, or the differential quotient is the limit of
the difference or increment-quo-
tient.

Y
~ Geometrically, dy/dz is the

P d¢ 4y slope i of the tangent at (z, y),

v u Fig. 12, and dy is the increment

% of the ordinate of the tangent
© @ d» X gorresponding to the increment
Fig. 12. dz of the abscissa. It should be

noticed that, although dz may have any value, the value of
dy/dz is independent of dz.

* The angle between the axes is assumed to be a right angle in all
cases unless the contrary is mentioned.

¥ From its position as a multiplier of dz the derivative f'(z) is also
called the differential cocfficient of f(z). . )

1 If the angle between the axes is w, dy/dz=sin ¢/sin (w—).




CHAPTER III.
DIFFERENTIAL OF A POWER, A PRODUCT,AND A QUOTIENT.

28. The operation of obtaining derivatives or differentials
is called differentiation.

We now consider a few general formule which will assist
in differentiating, first showing that the differential of the
algebraical sum of any finite number of terms is equal to
the slgebraical sum of the differentials of the terms; also
that a constant factor in a term appears as a factor in the
differential of that term, and that a constant term dis-
appears in differentiating, or has 0 for its differential.

Let y=au+v—w+c, where u, v, w are continuous func-
tions of z, and a and ¢ are constants. Let the increment
4z in z cause increments dJu, 4v, dw in u, v, w, 4y being
the resultant increment of y. Then

dy=[a(u+du)+ (v+ 4v) — (w+ dw) +c]— (au +v—w+c)

=a Ju+4v—Jdw.
L dy  du  dv Adw

wra A:c+d:v dr
Hence, taking the limits when 4z =0,

dy_ du dv dw _
o adz+dx— o °F dy=a du +dv—dw.
. dlau+v—w+c)=a du+dv—
29. Differential of a power. Let » be a function of z, to
find d(v*), n being any constant Let y=v". Then

Ay=(v+Av)"—-v"=v" l+—— --1]
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Taking 4v|<|v, expanding by the binomial theorem, ang
dividing by 4z,

Q=nvn—1 i’.)(l +n_'_.£ _A_v+. . )

dz 4z 1.2 v
Taking the limits when 420, and .*. 4v also=0,
dy )
iz " dz’
or d(vv) =nv"1 dy. (A)

This result is true for all values of n. The case in which
n=1% deserves special mention; (A) then becomes

d(\/v) = ®)
When n= —1, (A) becomes
a(3)- - ®y)

Ex. 1. d(z°) =52 dz.
2. d(3z° +2) =3d(a*) =15z dz.
3 d(3z*—22’+6)=3.4z°dz—2.2z dz =4z (3z* —1)dz.
4. AV z? =d(a?) =3z} dz.
5. d(—l;) =d(z—?)=—2z"3%dz=—
z

8. d(a*+z?)3=3(a’*+2?)? d(a*+2?)
=3(a?+2?)? 2z dr =62(a*+2?%)* dz.
In this example » =a®+z?, and n =3, a being constant.
a—z 1 dz
7. d(t—l_'-_b) -md(a~w) = — _b.

a

2dz

zs

1
x =d ax+ b:c’)“
vV (az+bz?)? (
= —}(az+ bz?) =% d(az+b2?) = —}(az +bz?)~1(a+2b2) dz.
d(a —x) _ —2z dx - z dz
9. d\/aa —z*= 2\/a’——-1:‘ y (B), 2V gt — g2 Var-z}

1 d(a —2?) 2zdz_ dz
10. (i(m) = = ,), by (By), = (@ — z)z
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30. Differential of a product. Let y=wuv, where u and v
are functions of z. Then
dy=(u+Ju) v+ 4v) —uv=v Ju+u dv+4du 4v.
dy  Ju L dv

A—x__ 2—5—}- 1z +A A_;I:

The limit of the last term is 0.

L b
“dr dr
or duv)=v du+u do. ©)
Similarly, v d(uvw) =vw du +wu dv+uv dw. (o))
M

Ex. d(4z+3)(@*—1) = (22— 1)d(4r+3) + (4z+3)d(z*—1)
=(2*—1)4 dz+ (4x +3)2x dx =2(62*+ 3z —2)dz.

31. Differential of a quotient or fraction. Let the frac-
tion be u/», v and v both being variable. Then

1 1 d
d(g)-*d(u;) == du +u<—1—)¥), by (C) and (B,).

Hence d<%) B Ei“_;_z.liil’ D)

Ex. d( —1) (2 +1)d(x?—1) — (2> —1)d(z*+1) _ 4 dz

241 (x2+1)2 (x2+1):'
ExAMPLES,

. d(a?—x?)%= —6z(a?—2x*)%dz.

. dV1+z* =z dz/V1+22

. If f(z) =az?*+2bz +c, ['(x) =2(ax+Db).*

=V —a}, dy/dz =33%/2V7* —a?.

. dlax(z?—=1)(z+1)]=a(x+1)(4z*—z—1)dx.

(?'_11) _ Bz'dz
zi+1/  (z+1)7
. d(1+2)V1—z=(1 —32)dz/2V1—=z.

N o ok N~

* ['(x)=df(z)/dx, § 27.
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8.
9.
10.
11.

12.
13.
14.
15.
16.
17.
18.
19.

20.

21.
22,

23.
24,

25.
26.
27.
28.

29,

y=3(a +bx*)}8, dy=10bz(a +bz?)idz.
y=Va*+(b—-1)!, dy=(z—b)dx/Va*+ (b—z)
y=={a®—2%)~1, dy/dx=3x%/(a®—z?)"
y=x%/(a+x)? dy/dz= 3a+2x)x?/(a +z)%
y=Va'—z', dy= —x dr/vVa*—z.
y=~2ax—1?, dy=(a—z)dx/N 2azx — %
y=2a'/(a*—z?), dy/dx = (3a® —2?)x*/(a® —2?)%
dlxn/(1 +z)r]=nan=1dx/(1 +x)rt 1,
d(a*—x*)~'=2zx dz/(a* —x?)2

y=2/V1+z*, dy/dz =2z/(1+z*).
y=(z—a)/Ve, dy/dz = (a+x)/2V 15,
y=az/V2azx —z*, dy/dz =a’z/(2ax —z*)}.

y=\/a+x du— adx
a—z’ y (a— :1:)\/(12—332

y=2z/Va*+z? dy=2a%dz/(a*+z?)3.
y=z(a’+z?)Var -1z, dy/dx=7(iz‘+(£ai—4x‘)/\/a’ -z
f(z) V s+V1ta, f@)=Vz+ Vit 2vita

*—+ - =1. Differentiating each term,

b?
dy b’z
Bl g, L

Tdr ey
y*=4azx, dy/dzx =(a/z)t =2a/y.
2ty +bir —a*y =0, dy/dr=(b*+2xy)/(a’—2?).
:c’+y’ =3azxy, dy/dx = —(z*—ay)/(y* —ax).
z% —zy’ =a? dy/dz = (y*—2zy)/(x* —2zy).

d.z: dy
If L how that —— - +—==—==0.
y y sSnow \/1 +x‘ \/l +y‘




CHAPTER 1V.

TANGENTS AND NORMALS.

32. Let P and @ be two points near one another on a
curve of which the equation is given. Let the coordinates
of P be (z, y), then =04, y=AP. When z has the in-

Y '

Fia. 13. Fia. 14.

crement 4z or AB, the new value of y is BQ, hence CQ is 4y.
Let the tangent at P make an angle ¢ with the z-axis. Then
as in § 26, when Q approaches P as a limit of position, 4z=0,
and

tan ¢=£ tan CPQ= £(dy/4z)=dy/dx.

Let the length of the curve measured from some point up
to P be 8, and let the length of the arc PQ be 4s, and the
length of the chord PQ be g. Then

cos =4 cos CPQ=£(dz/q) = £(dz/4s) (§ 17) =dz/ds,

Similarly, sin ¢p=dy/ds.

Thus, cos ¢=g§ 1), sin¢=g—g (2), tan ¢=% @3).
20
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Squaring (1) and (2) and adding,

_(d=\? | (dy\?
- (%) (@)

or * ds?=dz? +dy2.

Fia. 15. F1a. 16.

These relations show that if dz is PD (Figs. 15, 16), dy
is DE, and ds is PE.
ds

33. The subtangent TA=y Z—;—;, the tangentt TP=y '

the subnormal AN=y gg, the normal NP=y 3—;.

The intercepts of the tangent on the axes are
dz .. dy
OT=:c—y@, 08=—OT tan ¢=y—z 7.

d
Also, Yy—un= (Eg"z/)l(x~-’€1)

is the equation of the tangent, and

Yy—y1=— (Z—:)l(x—xl)

* Powers of a differential dz are written dz?, dz’, etc. They must
be distinguished from d(z?), d(z®), etc., which are differentials of
powers ofg:.

t The line-segments known as the tangent and normal are the
p})rtions of the tangent and normal which join the z-axis to the point
of contact.
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the equation of the normal, at a point whose codrdinates
are (1, y1), the parentheses ( ); indicating the particular
value which the enclosed quantity has when z; and y, are
substituted for z and y.

It will be convenient to take dx as +, i.e., measured in
the + direction of the z-axis, and to suppose ¢ to be a
positive or a negative acute angle; hence cos ¢ and ds are
always +, and sin ¢ and tan ¢ have the same sign as dy.
It should be noticed that the curve rises or falls (y increases
or decreases) according as dy is + or —.

EXAMPLES,

1. The curve a*y =z(zx*—a?), Fig. 17.

Differentiating we have tan ¢ =dy/dx = (3z*—a?)/a’.

At the origin 2=0, .. tan ¢=—1 and .. ¢=—45°
At Aor B, z=+a, .. tan ¢=2 and ¢=63°26"
When z=+a/V3, tan ¢=0, .. ¢=0.

N,
AN

Fia. 17. Fig, 18.

The equation of the tangent at any point (z,, y,) is

2. The common parabola y*=4axz.

Differentiating each term, 2y dy =4adz, .. dy/dz—=2a/y.

Soy—y=(2a/y,)(x —z,) is the equation of the tangent at
(2, ¥,), and reduces to y,y =2a(z+=z,). The subnormal =y dy/dz
=2a, a constant.

3. The equation z#+y? =a? represents an astroid, or four-cusped
hypocycloid (Fig. 18), i.e., the locus of a point in the circum-
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ference of a circle which rolls inside the circumference of a fixed
circle, the diameter of the latter being four times that of the former.
Differentiating the equation, we get 32—t de+ %y~ dy =0, whence
dr/dy=—(z/y)t. The intercepts of the tangent on the axes
will be found to be a? z¥ and a? y¥. Squaring, adding, and taking
the square root we find that the part of the tangent intercepted
between the axes is of constant length, viz., a. Hence, if a straight
line of length a slide with its extremities on two given lines at
right angles to one another, it will constantly touch this curve.

4. To find tan ¢ at any point of the curve z%y —zy?=2.

Differentiating each term by (C),

2 dy+ 22y dr —2zxy dy —y* dx =0,
S.ody/de = (y* —2zxy)/(x? —2xy).

5. Find the equations of the tangents at the points (—1, 1),
(2, 1) on this curve. Ans. r—y+2=0, z=2.
6. Of the rectangular hyperbola zy =k? show that

(1) the equation of the tangent at (x,, y,) is z/z, +y/y, =2,

(2) the equation of the normal at (k, k) is y=x,

(3) the subtangent always = —the abscissa,

(4) the tangent makes with the axes a triangle of constant
area, viz., 2k?

7. Show that the tangent to the curve (z+a)*y =a’r is parallel
to the axis of £ when z =a, perpendicular to it when x= —a, and
that the tangent at the origin bisects the angle between the axes.

8. Find the equations of the tangent and normal at the point
(a, a) on the curve ay®=z>. Ans. 3z —2y=a, 2x+3y =5a.

Also show that the subtangent= %a, the subnormal = $a, the
tangent = 4aV/13, the normal =}aV13.

9. On the curve z’y+b*x=a’, show that tan ¢ =b%/a® when
=0, 20b*/9a* when z =%a, and 5b*/9a® when x =2a.

10. Show that the.curves y(4+x?) =8, 4y =z?, intersect at an
angle tan—!'3.

11. Find the cquations of the tangents of the following curves
at the given points:

(1) zy=1+=z*at (1, 2). Ans. z—y+1=0.
(2) z*+y*=z* at (2,2). 2z —y=2.
(3) an+yn=ant! at (2, 2). (n+2)z—ny=4.
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(4) ay=1° at (z,, ¥,). 3z,%z —aly =2z,%

(5) y*=3z+1 at (z,, y,). 3z —2y,y+3z,+2=0.
xl 3 .2

®) Z+¥ =1t (@, 3. e

12. 4zy=4+2°; show that at (2, %) the subnormal=%, the
subtangent =2, the normal =%, the tangent =%.

13. y*=3z+1; show that when y=—4 the subnormal=1%,
the subtangent =%, the normal = —3V'73, the tangent =4V73.

14. zt+y* =at, Fig. 18; show that ds =(a/x)¥dz.

15. Find an expression for the length of the perpendicular
from the origin on the tangent at any point (z, y) of any curve.

Ans. (z dy—y dzx)/ds.

16. In the case of the parabola y?=4az, show that the length

of this perpendicular =zVa/(a+z).



CHAPTER V.
DIFFERENTIALS OF EXPONENTIALS AND LOGARITHMS.

34. Differentials of the exponentials a® and e*. Let a
be any constant, » any function of . Then
A(av) —_ a"+“’—-a"=a°(a"— 1)

=a' (A dv+3442(dv)2+...], A=log.a,

by the exponential theorem, the series being convergent for
all values of 4v.

4—2%)=Aa°j—2(1+§AAv+...),
and taking the limits,
v
or d(a) = Aa® dv. (E)
When a=e=2.71828 ..., A is 1. Hence
d(e?) =ev dv. (D)

Ex. 1. d(e**) =e%® d(3z) =3¢ dx.
2. d(e%) =e2d(—x)=—e%dx.
3. d(2-%) = (loge 2)2-% d( —z) = — (loge 2)2~% dz.

35. Differentials of logarithms. First suppose the loga-
rithms to be Napierian (or hyperbolic or natural) logarithms,

the base being e=2"71828 ... Let y=Ilogsv,
25
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then v=ev, .. dv=e¥dy=vdy,

. dy, or d(ogs v)=d7?. ©)

Secondly, let the base be any number a. Then *.° log, v=
M loge v, where M =1/loge a, or =log e, '

o d(logev)=M %’1 Gy)

M is the modulus of the system of logarithms with base a.
Unless the contrary is indicated, the logarithms are always
assumed to be Napierian.

Ex. 1. dlog (ax®) =d(ax?®)/ax® =3 az® dz/az®=3 dx/z.
2. d(z log z) =log z dx+z d(log z) = (log z+1)dz.

36. To differentiate u®, where both » and v are wariable
quantities. Let y=u?, then log y= (log w)v; hence, differen-
tiating,

dy _ du e du
ng 7+(1og w)dv, .. dy—y[v ” + (log w) dv]

s due)=v wl du+ (log u)u? dv, (Gs)

i.e., the differential is obtained by supposing u and v in
turn to vary while the other remains constant, and adding
the results.

37. When an expression is made up of factors it is often
simpler to take logarithms before differentiating.

Ex. y=(x+ 1)}z +3)/(x+4),
"
logy=1%log (x+1)+3 log (z+3) —4 log (z+4),
dy 1 dz 9 dx dx

y 224172243 ‘zid
whence dy.
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ExAmPLEs.

1 dzx
1. y-—zal x+a =5 [log (x —a) —log (z+a)], dy———;,.

2. y=log (z/V1+z) =log z—3} log (1+2?), dy=dz/(z+z*).
3. f@)=Vz—log 1+V7), [(z)=3(1+V7)
4. dlog (x+Vx?ta?) =dz/Vz*+a’.
5. y=log[®/(1+¢*)], dy=dz/(1+e%).
6. y=¢*", dy=ne*"z"'dx.
7. dlog (Vx —a+~z—b) =3dz/N (z—a)(z —b).
8. y= aloga: _(eA) logz __ (e[ogz) xA’ dy=A ZA—1 d:c.
9. d(z®) =(1+log z)2% dx.
10. y=1+ze¥, dr=(2—y)dy/ev.
11. y=log (y/z), (1-y)zdy=ydx.
12. Differentiate y=wv, y=wvw, and y=wu/v, after taking
logarithms, and compare the results with formule (C), (C,), and (D).
13. Differentiate y=vn after taking logarithms, thus showing
that d(vr) =nvn—1! dv.
14. Show that the subtangent of the exponential curve y =a?
is constant and =loga e.
15. Find the subnormal of the curve y?=a? log z.
Ans. a*/2z.



CHAPTER VI.

DIFFERENTIALS OF DIRECT CIRCULAR (TRIGONOMET-
RICAL) FUNCTIONS.

38. To differentiate sin ». Suppose » to be a function of
#. Then 4 sin v=sin (v+4v)—sin v=2 cos (v+ 34v) 8in }4v,*

. dsinv_ 2cosv.3dv
"£ Aa ""£ Aa ’ (§17)

or dsinv . dv
a9~ *%ag

.. d sin v=cos v dv. (1)

Similarly, d cos v=—sin v dv. 2)

39. The differentials of the remaining functions may be
found by first expressing them in terms of sine and cosine
The results with (1) and (2) above are:

d sin v =cos v dv, (H)
d cos v = —sgin v dv, @
¢ tan v =sec?v dv, )
d cot v = —cosecv dv, (K)
d sec v =see v tan v dv, L)
d cosec v = —cosec v cot v dv. ™M)

* Since sin A —sin B=2 cos 4(A + B) sin §(4 —B).
t To these results may be added:
d vers v=d(1 —cos v)=sgin v dv,
d covers v =d(1 —sin v) = —cos v dv.
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O 00 IMDOT WK

—
w

14,
15.
16.
17,
18.
19,
20.
21.
22,
23.
24,
25,

26,

ExAMPLES,

. d 8in n8 =cos n6 d(nb) =n cos nd do.

. d sin (tan 0) =cos (tan 8) d(tan 0) =cos (tan 8) sec?d dé.
. y=tan 6—0, dy=tan?ddd.

. (30—} sin 20) =sin?0 do.

. d(30+1 sin 20) =cos?d db.

. d(sec 0+tan 0)=(1+sin 6) d@/cos? 6.
. y=*%tan’z—tan z+z, dy=tan‘zdz.
. J(z)=sin -} sin®z, f'(z)=cos’z.

. d(sin’x cos’z) =4 sin 4z dz.

. y=log tan 36, dy=cosec 0 d0.

. y=log tan (3=+40), dy=sec 0d0.

d(sec 6+log tan 40) =sec?@ cosec 9 df.
d( sinz ) =(cos’:v-—sin’:c)da:
1+4tan x (sin z+cos x)? °
J(x) =sin (log ), f'(z)=z" cos (log z).
de® cos  =¢* (cos z —sin z) dz.
d log sin 0 =cot 6 d6.
d log cos 0= —tan 0 dd,
d log tan 0 =sec 0 cosec 0 df. “~
d log sec 6 =tan 0 do.
d log (sec 0+tan 60)=sec 6 d0.
y=log Vsin z+log Vcosz, dy/dz=cot 2z.
y=2/(1+tan 4z), dy/dr=—1/(1+sin2).
d logV/ (1 —cos 6)/(1+ cos 0) =cosec 6 dé.
d sin 70 sin®d =n sin»—10 sin (n+1) 0 d0.
By differentiating sin 20 =2 sin 6 cos §, show that

cos 20 =cos?@ —sin?0.

The cycloid. This is the curve traced by a point in the

circumference of a circle which rolls along a straight line, Fig. 19.
Let 6=the.angle through which the circle (of radius a) rolls
while the tracing-point moves from O to P.

Then

2=0M =0B -MB=arc PB—PD=al —asin 6,
y=MP=BC-DC=a—a cos 0.

From these two results § may be eliminated; but as the result-
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ing equation is not algebraical we shall suppose the locus deter-
mined by the simultaneous equations

z=a(f —sin 0), y=a(l —cos ).

E
M A
o _Jc
g blo
8
oM E X
Fic. 19.

For a single arch of the curve 0 varies from 0 to 2z; for greater
or smaller values of 0 the curve is repeated mdeﬁmtely in both
directions.

Produce BC to meet the c1rcle in E, then PE is the tangent
and PB the normal at P. For

dz=a(l —cos 0) d0=BD d0, dy=asin §d0=DP d#,
.. 1f the tangent makes an angle ¢ with the axis of z,
tan ¢ =dy/dz=DP:BD =tan DBP =tan DPE,

BPE. an angle in a semicircle, being a right angle. Therefore 'PE
is the tangent. Hence at cach instant the circle may be supposed

N . Y

R

X
Fia. 20.

to be turning about its lowest point as an instantaneous centre
of rotation.

Since CE=CP,CEP=10, .". the normal PB=2a sin}0.
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27. If the axes of the cycloid be taken as in Fig. 20, its equa-
tions are
z=a(l —cos 0), y=a(0+sin 0),

0 being the angle through which the circle has rolled from E.
The locus of @ (of D in Fig. 19) is called the “companion to
the cycloid.” Its equations are

z=a(l—cos 0), y=al.
Show that in this curve tan ¢ =coscc 0, and hence that ¢ is least
when z =a.
28. At any point of the cycloid, show that
2 V2ay—y* .
iy:\jg—l L. Fig. 19,

b

dz Yy y

20 |, N2z —zx
«!g:\}g,l: 2027 pig. 20.
dx z z

29. In the cycloid, Fig. 20, show that
ds/dz =" (2a)/z.



CHAPTER VII.

DIFFERENTIALS OF INVERSE CIRCULAR (TRIGONOMET-
RICAL) FUNCTIONS. i

-«

40. To differentiate sin—! tv? the radian measure of the
angle whose sine is v/a, a being a constant.

Let y=sin1 Z—, then v=a sin y.

v2 -
S dv=a cosydy=a\/1-—‘§ dy=VaZ—12 dy. .. dyor

*
d sin™1 §= \/Z.;’___vz (N), or dsin~lv= \/]fiivz’ if a=1.
Similarly,
d cos™! 2= —\—/-;l%—v;-——; (N;), or dcos~ly= _\—/—f{?z’ if a=1;

22_adv —1y_ A -1
dtan i (P), or dtan~lv T3 o2 if a=1;

¥ _adv cly B

d cot p o (P,), or dcot7ly 1o if a=1;

4¥__adv dseclp——30__ it =1:

d sec PR (Q), or sec "1y It if a=1;
dv dv

dcosec! 2= - 2% , or dcosec ly= — ——ue—

¢ Wt g? Q) A

if a=1,

* This formula should be preceded by a minus sign if cosy is —,
i.e., if the angle is a second or third quadrant angle (Ege Fig. 7). The
formule as given may be supposed to apply only to first-quadrant angles.
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40]

1.

2.

3.

7.

9.
10.

11.
12.
13.

14.
15.

16.

17,
18.
19.

INVERSE CIRCULAR FUNCTIONS. 3

ExampLEs,
dsin~! (22%) = d@) _ dwds
V1-(27) V1-dgt
d tan—'z dx
—1) = _
d(log tan—'z) e 033 ey
dsin~! 32° = 6 dz . 4, dcos“9—= a__dL.
=9zt T gVp-a
d Sin"l x—a= a dx 6 d cos—'l E:_f = d,x)“‘/
' T Nozr-at e Vouxr-z
2! 2rdz dz
et - —1 =
dsin pr \/a—_‘—x'. 8. d tan eJD Jonpart

dsec—* V1+at=dr/(1+27).
dtan=t (V1tzi—2)= —4dz/(1+2?).
dsin~! (x/V1+3%) =dz/(1+2?).
dsin—'[(1 =2?)/(1 +2%)]= —2dz/(1+27).
d tan—'[2z/(1 —2?)] =2dz/(1+x?).
d sin—'"sin z =4V1+ cosec z dz. .

z

T z
d vers ‘a—=d cos™! (1 _E) =\/2‘<~1x——~;'.

dsin“\’z—a= L
b—a 2v(z—a)(b—1)

y=asin-! (z/a)+Va*~z%, dy =dzV(a—2)/(a+2).
y=Vzi-a*—asec! (z/a), dy =dzV ! —a?/x.
y =2z tan—'z —log V1+1}, dy=tan—'zdz.

z (1+2)d +z)dr

20, y=tan—‘x+log 71——;;—;, Y= 1+$7)

2L,

z-a & dy_ 2e2
y=log\lm+tan ‘2 A w—a



CHAPTER VIII.

DIFFERENTIALS OF HYPERBOLIC FUNCTIONS.

41. Def. The quantities }(e?—e™?), }(e*+e~%) are called,

Y
Q
%
G .;’
S/
<
;
ux“\l x
o] 009 o] X
®,
"6
4
tanh £ éy coth 7
Fie. 21.

respectively, the hyperbolic sine (sinh z *) and hyperbolic
cosine (cosh z) of . The hyperbolic tangent of z is defined

* "This may be read ‘‘sine h of z.”

34
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to be sinh z/cosh z, and the hyperbolic secant, cosecant,
and cotangent to be the reciprocals of the cosine, sine, and
tangent. respectively.

The graphs of the functions are represented in Fig. 21.
Observe that sinh z may have any value, cosh 231,
tanhz>—1 and <1, cothz>1 or < —1, ete., sinh 0=0,
cosh 0=1, ete.

The fundamental relations

cosh?zx—sinh2x=1, sech?zx=1-—tanh2z,
cosech?z=coth?z—1,
are easily verified.

The differentials of the hyperbolic functions are similar to
those of the circular functions. Only the most important
are given here. (For the others see Appendix, Note C.)

Differentiating sinh v=}(e?—e™?), cosh v=4%(e*+e7?), we
have

d sinh v=-cosh v dv,

d cosh v=sinh v dv,

whence may be deduced

Sy v dv

d sinh PRV
YW

d cosh PRIy

d tanh™! §= &%2’ v|<|a,

d
d coth™? g=a%_—1;—2, v|>|a.

ExAMPLES,
1. y=log cosh z, dy/dz =tanh z

—soc=t 4+ cosh-1 % ._.dx\jxf_a,
2. y=sec a+cosh Py dy +Nz_a
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3. y=zVa'+z'+a’sinh—! (z/a), dy/dz=2Va*+2

Virital
4. Show that sinh-lZ—=log(“_’+__5_'tf_)

’

z 1 (a+:c)
-zt a+3
tanh 273 log oyt
[Let sinh-'z/a=2z and e*=wu. Then z/a=sinhz=}(u—u=?).
Solve for u in terms of z.]
5. Gudermannian, If z=Ilog tan (37+%6), or log (sec 6+tand),
6 is called the gudermannian of « (gd z) and z is gd—'0.* Prove

that
d gd z =sech z dz,

d gd—'z =sec z dx.
[Differentiate, gd z=2tan"'¢*—3%r, and
gd—'z =log (sec z+tan z).]
6. If z=log (sec 6+tan 6), prove that
‘ cosh z=sec 0, sinhz=tan §, tanhz= siné.

* The inverse gudermannian gd—'0 is also written 1(6), i.e.,
A(0) =log tan (}z+30)=Ilog (sec 6+ tan 0).



CHAPTER IX.
DIFFERENTIALS AS INFINITESIMALS.

42. Let y be a function of z, dz an increment of z, and
suppose y and its derivative to be continuous from z to
z+dz. Let 4y, dy, be the increment and differential of y
corresponding to dz. Let dx

become smaller and smaller and Y Q

=0, then 4y and (in general) dy 4§

are also infinitesimals. Since t
3 3

dy_dy . dy_dy, o
Aqz~dx T dz dz 'Y ¢ 8) 4
where 7 is infinitesimal. Hence © ® daw X
dy=dy+1, 1) Fia. 22.
where I is an infinitesimal of an order higher than that of
dz and dy.

If dy#0, I/dy=0, and I becomes a very small part of dy.
Hence dy, when very small, is a close approximation to 4y.
In reality (1) implies that dy is what remains of 4y when
the higher infinitesimals are omitted; in other words, if
higher infinitesimals are left out of account dy may be used
as if it were the increment of y corresponding to the incre-
ment dx of z.

If y=j(z), (1) may be written

fz+de)—f(z)=F ()dz+1, @)

where I/dz =0, and hence I is a very small part of dz when

dz is very small.
37
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43. Differentiation by the omission of the higher infini-
tesimals is much used in the practical applications of the
subject, and may be illustrated by the following examples.
It must be remembered that dx is now regarded as infini-
tesimal, and that the higher infinitesimals are not omitted
because they are of trifling numerical value, but because
they do not affect the final limit expressed by dy/dz. (See

§17.)
Ex. 1. If y=2an, dy=(x+dr)*»—a®
=zr+nrtdz+...—2r=nz*'dz+...,

the terms indicated by ... being higher infinitesimals. When
these terms are omitted 4 changes into d.

UL d(zn) =nar—dz.
2. y=e%, dy=e"HI% — T =¢%(e7 —1) =¢*(1 +dz+...—1).
S dy=é*dz. '
3. y=sinz, dy=sin (z+dr)—sinz
=sin z cos dz + cos z sin dz —sin z,
But cosdr=1+1,, sindr=dz+1, (§16).
L. dy=cos z dz.

4. To find the differential of the area A, Fig. 23.

Y
Y _a

o /Ay
P

A Yy
M N

o de X .
20 S %
Fia. 23. Fic. 24.

For the increment dz of z the increment 44 of the area =PMNQ
=PN+PRQ. PN =ydz,and PRQ is a part of RS, which =dz 4y
and is .". a higher infinitesimal.

S dA =y dz.
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For example, for the curve y=x?, Fig. 24, d4 =z*dx, hence the
relation connecting 4 and z is in this case 4 =4z°

5. Barometric m2asurement of heights. Let w, be the weight
of a cubic inch of air at pressure p,. Then the weight of a cubic
inch at pressure p is (Boyle’s law) w,p/p,, if the temperature is
the same as before. Of a column of air of uniform temperature
and one square inch in horizontal section consider the portion
between sections at distances z, z+dz from the top, and let p,
p+ 4p be the pressures at top and bottom of this portion. Then
4p is the weight of this portion, dz its volume, its average pressure
>p and <p+d4p and is therefore p+%, where 7 is infinitesimal.
Hence

wo(p+17) . Wo Po dp
dp=—7-"—"dz, .. dp=—pdz, or dr="—"-",
P Py ) P o p az, we P
This shows that the relation connecting = and p is
:c=&10g P+ (1)

Wo

where ¢ is a constant. Let the pressures at top and bottom of
the whole column be P,, P,, and h the total depth. Then p=P,
when z=0, and p=P, when z=h. Substituting in (1) and
subtracting,
_Do _ _Ps (E)

h—w0 (log P.—log P,) s log )
The values of the constants p, and w, are to be supplied from
experiment.

MISCELLANEOUS EXAMPLES,

dy _y*(1—log x)
v — vy _ ST 08 2
1. zV =yZ show that I "1 —logy)
—y
2. If z=¢ ¥ , dy/dx =log a/(1+]log )%

4lr—1 _ ____di
3. d[log \/;{_—1~1} tan ‘x] ol

b+a cos z) =\/a’—b—2 dr
a+bcosz/ a+bceosz’

4, d cos™! (
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5. Find the derivative of = with respect to tan z.
Ans. cos’z.

6. Find the derivative of sin—!z with respect to vV 1 —2z2,
Ans, —z!,
7. Differentiate tan z directly.*
8. Differentiate tan—'z directly.}
x+y)

9. If j(z) = 1og( ) show that /(z)+/(y) = f(1 )

10. If (z—a)" is a factor of f(z), show that (z—a)*—!is a factor
of f/(z). [Assume f(z)=(z—a)"F(z)].

Hence explain a method of finding the equal roots of an alge-
braical equation.

11. If f(x) contains a factor (z—a)~! which causes it to be
infinite when z = a, show that f/(z) is also infinite.

12. A function f(z) is said to be an even function of its variable
z if f(—z)=f(z), and an odd function if f(—z)=—f(z). What
are the geometrical peculiarities of the graphs of such functions?

Show that the following are even functions:

cosz, zsinz, (e2—e%)/z, z/(e*—1)+3z.
Show that the following are odd functions:
z%gecz, tanhz, log (sec z-+tan z).

13. Show that cosh—1x and sech—1z are double-valued funec-
tions.

* tan A —tan B=sin (A —B)/cos A cos B.
t tan—'m —tan—'n=tan—'(m —n)/(14+mn).



CHAPTER X.

FUNCTIONS OF MORE THAN ONE VARIABLE.

44. Such functions may be differentiated by the formula
already given.

Ex. 1. u=(x+vy??% Here u is to be regarded as a function of z
and y, both of which are assumed to have differentials, We
have

du=3(z+y?)?*d(x+y?) =3(x+y?)*(dz+2y dy),
s du=3(z+y?)? de+6y(z+y?)* dy.

2. w=sin! (2) du=I—(—£>’

=ydz—xdy= e =zdy
y\/yz__zi \/yz_xz y\/yz__xz'

45. Partial differentials and derivatives. It will be ob-
served in these examples that the first term of the result is
what we should have obtained if we had differentiated » on

"the supposition that z alone varied, y being regarded as a
constant; let this be written d,u. The second term is what
we should have obtained if we had differentiated on the
supposition that y alone varied, and this we call dyu. Hence
in these examples

du=du+dyu.
41
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The same thing is true for all continuous functions of two
variables. For, if we differentiate by the ordinary methods,
we shall in every case get a result which may be written

du=M dz+N dy,

where M and N may contain z and y, but not dz or dy. If
dy=0, the right-hand side reduces to M dz, which is therefore
du, the differential of u on the supposition that y is constant
(i.e., dy=0) while z varies. Similarly N dy is d,u, the differ-
ential of u on the supposition that y alone varies.

. du=du+dyu. 1)
The differentials dzu, d,u are called partial differentials
of u with regard to z or y, du being called the total differ-
ential of u. The total differential is therefore equal to the
sum of the partial differentials.
Similarly if u is a function of three variables z, y, 2,

du=d u+d,u+du. (2)

It should be noticed that formule (C), (C,), (D), (Gs) are
particular cases of functions of two or more variables.
The result (1) may be put into the form

du= da+ 5 dy, 3)
which brings out clearly the fact that the coefficients of
dz and dy are the partial derivatives of w, which are equal
to the partial differential quotients. The subscripts are
ususlly omitted, (3) becoming

du

du
du=E; dx+(—i—z; dy. 4)

The symbol 9 is frequently employed to express partial
differential quotients or derivatives, (4) being written *
ou ou

du= =3z —dzr+ -5-?-/ dy. (5)

* 0u/dz may be read “partial du by dz.”
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Ex. 1. u=sin (#*+xy). Differentiating, first regarding z only
as variable, and afterwards regarding y as the variable,

du/dx =cos (z*+zy) . (2x+y), ou/dy=cos (x*+1xy) z.
2. u=2z*+y*+2°—3zye,
du/dx =3(x?—yz), ou/dy=3(y*—2zx), du/dz=3(2s*—xy).

46. If u=f(z, y), dr and dy, being differentials of the
variables, are increments of z and y. If dz and dy are taken
as infinitesimal increments, du is not the same as du, the
infinitesimal increment of the function. Since it may be
obtained by the ordinary rules of differentiating, du is du
when the higher infinitesimals are omitted (§ 42), or

du=du+1I.

Hence when dzr and dy are very small du is a close approxi-
mation to du.

EXAMPLES,

1. u=sin (z?—y?), dzu=2x cos (z2—y?)dz,
dyu = —2y cos (z*—y?) dy.
2. u=(x—y)/(x+y), du=2(ydx—zdy)/(z+y)
3. u=(az*+by*+ca?)n,
n—1

du=2nu ™ (azdz+ by dy +cz dz).
. If tan 0=y/z, (2?+y*) d0=xdy—ydz.
u=av, dyu=y v dz, dyu=(log x) 2V dy.
s du=yav—'dz+ (log x) 2V dy, as in (G,).
. u=log (e*+ev), du/dz+0u/0y=1.
. u=tan—'(z/y), du/dz =y/(x*+y?), ou/dy=—z/(x*+y?).

[SAN

W o

! in 2022 4 sin 2402 =2
. u=log (tan z+tan y), sin a ts yay .

9. u=logy x, ux du/9x+y du/dy=0.

[Note. logy x=loge 2/loge ¥.]

10. Given z =r cos 8, y =r sin 0, show that

dz?+ dy? =dr*-+r? do?,
z dy —y dz=r*do.
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11. (1) If a function u consists of terms such as azPye, and
p+q is the same number » in each of the terms, u is said to be
homogeneous and of the degree n. Show that for such a function *

du  du
22 +y @ =nu.
(2) If w=/(v) and v is homogeneous as defined, show that
ou  du ,
x‘—_,—a—;+ya—g; =nv f (’I)).
These propositions may obviously be extended to functions of
three or more variables. Verify in the case of Exs. 1 and 3.

47. Tangent and normal. Let f(z, y)=c (c constant) be
the equation of a curve. The first member of the equation
is a function of z and y; calling it w and differentiating the
equation we have, by § 45 (5),

u

. a_d 2+ 5= ).
4 ) .. Ou fou
whence dy/dz, the slope of the tangent at (z, ), 1s—,a—x 5?—/

Let (21, y1) be the point of contact of a tangent to
the curve, (z, y) any other point on the tangent. Then
z—x; and y—y;, are proportional to dr and dy. Hence,
from (1),

() @-a0+(5) w-wm=0 @

is the equation of the tangent, and

-2 Y=Y

). G,

the equation of the normal, at (z;, y1). These equations
are often more convenient than those of § 33.

@)

* A particular case of Euler’s theorem on homogeneous functions
(Ex. 1, §234)
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Ex. Find the equations of the tangent and normal at the
point (a, @) on the curve

z34+y% —2a zy =0.
Ou/0z =32 —2ay =3a*—2a*=qa? for (a, a).
u/dy =3y*—2ax=3a*—2a*=qa* for (a, a).
*. the tangent is a*(z—a)+a*(y—a)=0, or z+y=2a,
and the normal is ____‘f —y—_,-, or z=y.
a a
48. Centre of a conic. Let the general equation of a conic
be
axz?®+2hxy +by? +2gx +2fy +¢=0,

or u=0. When referred to parallel axes through the point
(%1, y1) the terms of the first degree are

2(axy +hyy +9)x+2(hay +by; + )y,

o e+ ()
ox 1 ay 1y

The new origin is therefore the centre if (%g) =0 and
1
ou

(aj) =0. Hence the centre of the conic is the intersection
1

of 9u/dx=0 and 9u/dy=0. If the coordinates of the point
thus found satisfy the given equation, the centre is on the
conic, which therefore consists of a pair of straight lines.

EXAMPLES.

1. Find the equation of the tangent at any point of the curve
(z/a)m+ (y/bym =2, and show that z/a+y/b=2 is the tangent at
the point (a, b).

2. Show that the length of the perpendicular from the origin
on the tangent at (z, y) to the curve u=c is

au ’
az +y0y /\l )
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3. In the case of the curve z%+y3=at}, Fig. 18, show that this
perpendicular =¥/ azy.
4, In the case of the parabola (z/a)i+ (y/b)=1, show that
this perpendicular =[abzy/(az + by]t.
5. Find the centres of the conics
(1) z?—4xy —2y*+6y=2, Ans. (1, 3).
(2) 18z —8zy+3y*+8x—6y—5=0. O, 1).
6. Show that 3z?45zy—2y*—z+5y=2 represents a pair of
straight lines.



CHAPTER XI.
SMALL DIFFERENCES

49. When the differentials of the variables of a function
are small increments, the differential of the function is a
close approximation to the increment of the function (§§ 42,

46).

ExamMpPLES.

1. Given sin 30° =1, cos 30° =4V/3, find sin 30° 1’.

Here the angle increases by a small amount and it is required
to find the small increment in the sine.

We have dsin 0=cos 0d0; cos 0=3V'3, d9=60/206265 rdn.,
.. dsin 8="0002519, .*. sin 30° 1/="5002519, which is correct to
the last decimal place.

2. How much must be added to log,, sin 30° to get log,, sin 30°1?

We have d log sin 8§ =cos 0 d0/sin 0 ="0005038, which is the in-
crease of the Napierian log.; the increase of the common log. is
obtained by multiplying by the modulus.

.*. *0005038 x* 4342945 ="0002188

. . . 2
is the required increment.
The difference columns in the mathematical tables are found

or verified in this way.

3. The radius of a right circular cone is 3 inches and the height
is 4 inches; if the radius were 006 in. more, and the height *003 in.
less, what would be the change in the volume?

The volume v=4zr*h, .. dv=3%x(2rh dr+r’dh)

=37(2 X3 X4 X"006 —3?X'003) ="1225 cub. in.

4. Assuming that the radius of an iron ball increases by *000011

of its original length for each degree of temperature, what will
47
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be the increase in volume of an iron ball of 8 in. radius when the
temperature is raised 25 degrees?
The volume v =§ar’, .. dv=4nr?*dr

=47 X8%%25X"000011 X8 =1.77 cub. in.

5. In a certain triangle, b =445, ¢ =606, A =62° 51’ 33"/, whence
a is calculated and found to be 565; it is then noticed that A
should have been 62° 53’ 31”/; what is the correction to a?

The change in A4 is 1’/ 587 =118" =118/206265 rdn.

Also, a*=b?+¢*—2bc cos 4; differentiating this, supposing b
and ¢ constant, we have

2a da=2bcsin AdA, . da=bcsinAdA/a
=445X%606 Xsin 62° 51’ 33’ X 118 /206265 X 565 =*243.

An approximate value of sin A is sufficient in this place.
6. Given loge 900 =6'8024, find log. 901.

Increase of log z =dx/x=1/900. Ans. 6°8035.
7. Given log,, 1000 =3, find log,, 1002. Ans. 3'06087.
8. Find tan 45° 1’. Ans. 1'00058.

9. On account of the rotation of the earth the correction to
the weight w of a body is —w cos?4/289, where 2 iz the latitude.
What is the change in this correction for one mile north of lati-
tude 45° N.? the radius of the earth being assumed to be 4000
miles. Ans. w/(289 X 4000).
-7 10. Find the relation connecting small differences of ¢ and ¢ in
the equation

sin h=sin ¢ sin d+cos ¢ cos J cos ¢,
¢ and h being constant.

Differentiating and arranging the terms, we get

di= (Pa:n ¢_tan a) "
sint tant

This is the “ Equation of Equal Altitudes”’ in astronomy.
11. Find the relation connecting small differences of ¢ and A
in the equation
sin 8 =sin ¢ sin h—cos ¢ cos h cos 4,
¢ and & being constant.
Ans. dA =cos 3 d3/(cos ¢ cos hsin A),
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12. In any plane triangle
(1) da=cos C db+cos B dc+bsin C dA,
@) do_db_dA dB
@ b tand tan B
13. The sides @ and b of a right-angled triangle ABC (C =90°)
receive small corrections da and db; what is the change in the
‘perpendicular p from the right angle on the hypothenuse?
dp da  db
Ans, —};5 =a§ +b'§,
50. Solution of equations by approximation. If a is a
value of z, and & a small increment of z, then, § 42 (2),

f(a+h)—f(a)=7(a)h, nearly.

Let f(z)=0 be an equation, a¢ a quantity which is known
(by trial or otherwise) to be an approximate value of a
root of the equation, a+h to be that root, where h is small
compared with a. Then j(a+h)=0. .. h=—f(a)/f (a),
nearly. Hence if a be a first approximation to the root,

1(@)
a—3 1
(@) (6]
will be a nearer approximation. If this new value be sub-
stituted for a in (1), a nearer approximation still will be
obtained, and with this a closer approximation, and so on.

or dp=cos’A da +cos’B db.

’ ° \——/Do y .

Fia. 25.

If Fig. 25 is the graph of f(z), the roots of the equation
f(x)=0 are the intercepts of the curve on the z-axis. If
OA is the true value of a root and OB the assumed value,
the first corrected value is OC. For, if 0B=a, f(a)=BE,
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f'(@)=tan BCE, .. f(a)/f'(a)=CB. If OC is next assumed,
the second corrected value is OD.

ExaAMPLES.

1. 2*—42-2=0. Here jf(z)=2'—4zr—2, and ['(z)=3z?—4.
Since }(2)=—2, and f(3)=13, there is a root of the equation
lying between 2 and 3. Let us then assume 2 as the first approxi-
mation. Then

1@) 2
2-—- =2—— =225
@)
is a second approximation. Again,
ox _1225) o o L or o
2°25 7295) =225 —-035=2215,

a third approximation.

Since f(0)= —2, and f(—1)=1, there is a root lying between
0 and —1. Assume it to be —'5. Then the next approximation
is —538. Again, taking —'54 as this second approximation we
find the next to be — 5392.

Similarly = —1'676 is the third root.

2. 28 +22—-13=0. Ans. 2°069.
3. 23 —2*—2=0. 1:696.
4, 2*=34. 2:024.
5. z° —12z =200. 2982,
6. ez(1+2?)=40. 2'046.
7. 2% =5. 2:129.
8. 24 —12z2*+122 -3 =0. 2'858, —3'907.



CHAPTER XII.

MULTIPLE POINTS.

51. Tangents at the origin. Let it be required to find
the line which touches the curve z3+y3=3azy, Fig. 28,
at the origin.

Differentiating the equation we obtain

dy/dr= — (x2—ay)/(y*—ax),

which for the point (0, O)K'zssumes the form 0/0. The
difficulty here m~with is avoided by the method now to
be explained.

52. If a curve passes through origin, its equation can
contain ro constant term; let’it be ,
a1z +byy+agax? +bory +coy®+. . .=J
For z and y substitute r cos § and
r sin 0, where r is the length of a
straight line drawn from the origin to
the point (z, ¥) on the curve, and 0
is the angle which this line makes _~>0
with the z-axis. The equation be- Fia. 26.
comes

r(ay cos 0+b; sin 0) +72(ag cos?0+...)+...=0.

One root is r=0, which implies that the curve passes through
the origin; the remaining roots are given by the equation

a, cos 0+b, sin 6+r(ag cos? 0+...)+...=0.
51
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Another root will =0 if a; cos 0+b; sin = 0. Hence if
the tangent at the origin makes an angle ¢ with the z-axis,
¢ is given by the equation

a; co8 ¢+b1 sin ¢=0. (1)

If (x, y) is a point on the tangent at a distance ¢ from
the origin, cos ¢p==z/t and sin p=y/t. Substituting in (1)
we have a;z+b;y=0 for the equation of the tangent at the
origin, i.e., the terms of the first degree in the given equa-
tion, equated to zero, represent the tangent at the origin.

If there are no terms of the first degree, it may be shown
in the same way that az%+bszy+cy?=0 is the equation
of a pair of tangents at the origin; and generally, when the
origin is a point on the curve, the terms of the lowest degree,
equated to zero, represent the tangents at the origin.

53. Multiple points. A point at which there are two or
more tangents (i.e., where two or more branches of a curve
intersect) is called a multiple point; it is called a double
point, a triple point, ete., according as two, three, ete.,
branches intersect at the point.

When the equation ag22+boay+cay?=0 represents a pair
of distinet lines the point is called a node (Figs. 27, 28).

When the lines are coincident the two branches of the
curve touch one another and the tangent may be considered
as a double tangent. Such a point is called a cusp, which
is said to be of the first or second species according as the
two branches of the curve lie on opposite sides (Figs. 29, 30)
or on the same side (Fig. 31) of their common tangent; and
to be double or single according as the branches lie on both
sides (Fig. 34) or on one side only (Fig. 29) of their common
normal. A cusp is also called a stationary point; for, con-
sidering the curve as the path of a moving point, at a cusp
the point must come to rest and reverse its motion.

When the lines are imaginary the point is called a con-
jugate point. The codrdinates of such a point satisfy the
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equation of the curve, but the point is isolated from the rest
of the locus which the equation represents.

ExAMPLES.

1. The lemniscate * a?(y?—2?)+ (y*+2%)*=0, Fig. 27.
The origin is a node at which the tangents are y*—z?=0, i.e.,
y=z and y= —z.
v
¢ A

NZE
o N\

Fig. 27. Fig. 28.

2. The folium f z®+y®=3axy, Fig. 28.

The origin is a node, the tangents being given by zy=0, i.e.,
=0, y =0, the axes.

3. The semi-cubical parabola ay?=2? Fig. 29.

The origin is a cusp, the tangents being given by y*=0, i.e.,
two lines coinciding with the axis of . Moreover, the curve is
symmetrical with regard to the axis of z, and y is impossible if z
is negative; hence the cusp is single and of the first species.

4, In the curve (y—=z)?*==z% Fig. 30, the origin is a cusp at
which the tangent is y=z; also, since y=z+z}, y>2z on one
branch and <z on the other, hence the cusp is of the first species.

*The curve is most easily plotted from its polar equation
r?=a? cos 20.

1 This curve may be plotted as follows: Let y=mz in the equation.
Then z=3am/(1+m*) and y=mz or 3am’/(l +m?).
Thus = and y are expressed in terms of a third variable, and by giving
arbitrary va%ues to m the codrdinates of any number of points on the
curve may be calculated. The same substitution may be employed
in other cases (e.g., Figs. 36, 37, 38) in which the equation contains
terms of two degrees only. It should be noticed that m is the slope
of the line drawn from the origin to the point (z, y) on the curve.
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5. In the curve (y—z?)?=a", or y=2(1+Vz), Fig. 31, the
origin is a cusp, the tangent at which is y=0; also, y is + on
both branches until z=1, and .. the cusp is of the second species.

o\n X 0 \( 0 \ X

Fic. 29. Fia. 30. Fie. 31.

6. In the curve y?*=z%2z+1), Fig. 32, the origin is a node
at which the tangents are y = 2. But in the curve y*=2?(2zx —1),
Fig. 33, the tangents are y?= —z? and are .°. imaginary, and
hence the origin is a conjugate point.

Y Y Y
Y
o\ X o X () X 9 X

Fia. 32. Fi1c. 33. Fig. 34. Fia. 35.

7 There are certain cases in which the origin is a conjugate
point even when the terms of the second degree are a perfect
square. Thus, in the curves y?’=2*(2x+1), Fig. 34, and
y?=2z*(2z —1), Fig. 35, the origin is a double point and the tan-
gents are given by y?=0; in the first curve the origin is a double
cusp, in the second a conjugate point, since y is imaginary for
any value of z less than 4.

8. The curve ay®—3az*y =z, Fig. 36.

The origin is a triple point at which the tangents are
ay® —3az’y =0; i.e., y =0, y=+zV3.

9. In the curvey*—az?®y?=2° Fig. 37, the origin is a quad-
ruple point, at %{‘ich the tangents are y =0, y=0,y = +z.

10. (z—y)?*=(z—1)*. The point (1, 1) is a cusp, for the equa-
tion referred to parallel axes through (1, 1) is (z —y)*=z".
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11. Find the tangents to the following curves at the origin:

1) (@+2My*=(a*—gz? Ans. y=z.
(2) a’y(z+y) =2 y=0, z+y=0.
(3) a:(y—x)’=y‘. :C=O, Y=z, y=r.
(4) aly —2)(y*+2*) +2* =0. y=z.
() y*ly —z) =a(y*+a°). T+y=0.
6) (x—a)y=z(x—2a). y =2z.
(7) y*=(z—-1)a% Imaginary.

Y

o

X
F1a. 36. Fia. 37.

12. Show that the origin is a single cusp of the first species on
the cissoid y*(a—2z) =23, Fig. 41.

13. Show that there is a node at the point (1, 2), on the curve
y—-2)=(x—1)%.

14. Show that the point (2a, 0) is a node on the curve ay’=
(x —a)(x —2a).

15. Show that the point (—a, 0) is a conjugate point on the
curve ay’=xz(a+2)%

54. Let the equation of a curve, freed (if necessary) from
fractions and radicals affecting the coordinates, be f(x, y)=c
or u=c. The tangent, §47 (2), when referred to parallel
axes through the point of contact (2, ¥1) is

u\ ., (ou)  _
(ﬁ)xm-l—(ay)ly 0.
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Hence if (gl—‘) =0 and (2—33‘) =0 the equation of the
ox 1 By 1 .

curve referred to the new axes will have no terms of the

first degree. Conversely, points whose coordinates satisfy

Ju/3rx=0 and 2u/oy=0 as well as the given equation

u==c are multiple points of the curve.

Ex. 1. To examine the curve (z—1)°—(2z—y)*=0 for multiple

points.
ou/dr=5(r—1)*—4(2z—y) =0,
du /oy =22z —y) =0,

whence z=1, y=2. These coordinates satisfy the given equa-
tion, hence (1, 2) is a multiple point. Transforming to parallel
axes through (1, 2) the equation becomes z° — (22 —y)?=0, hence
the point is a cusp at which the tangent is 2z =y.

2. Examine the curve z®—2x?+y?—4x+42y+9=0 for multiple
points, Ans. A conjugate point at (2,- —1).



CHAPTER XIII.

ASYMPTOTES.

55. Definition. An asymptote of a curve is the limit of
position of a secant when two of its points of intersection
with the curve move away to an infinite distance, and hence
also the limit of position of a tangent when the point of
contact moves to an infinite distance.

56. Asymptotes by substitution.

Ex. 1. Of the curve 23+y®=3axy, Fig. 28, the line y=mz+b
is an asymptote if m and b are determined so that the line may
meet the curve in two points infinitely distant. Substituting
mz+b for y in the equation of the curve we have

14+m®)z*+3(m* —am)z*+. . .=0, 1)

the roots of which are the abscissas of the points of intersection
of the line and the curve. Two of the roots become infinite *
when m and b change so as to cause the coefficients of the two
highest powers in (1) to =0. Hence the required values of m
and b are obtained by solving the equations

14+m?=0, m?—am=0.
.m=-—1 and b=—a. Hence the asymptote is y=—2z—a, or
z+y+a=0. The result might have been obtained equally well
by the substitution z=my+b.

" *The equation  agn+a2m'+ .. .+an-2+aa=0 2
is obtained from  @azP+an—2m'+. ..+ 6 3+a=0 3)
by changing z into 1/z. The roots of (2) are the reciprocals of those
of (3). gﬂemce if a, and a, change and <= 0, two roots of (3) == 0 and

+*. two roots of (2) become infinite. 57



58 INFINITESIMAL CALCULUS. [Ch. XTIL.

2 2
2. Find the asymptotes of the hyperbola (% —g; =1.

b
Ans. y=+—z.
ns. y :!:a:c

57. Asymptotes by expansion. The following definition of
an asymptote gives a better idea of the relation of the line
to the curve:

Def. When the distance (measured parallel to an axis)
between a line and a curve is infinitesimal as both recede
to an infinite distance, the line is said to be an asymptote
to the curve. Such lines may be rectilinear or curvilinear.
H the equation of a curve, when ¥ is expressed as a series
of descending powers of z, take the form

d
y=az+b 454, @)

the line y=ax+b will be a rectilinear asymptote. For the
difference between the y of the curve and the y of the line
is ¢/z+d/x%+. .., which is infinitesimal when x is infinite.

The line y=axz+b is also the limit of a tangent of the
curve (1). For the slope of the tangent=dy/dr=a—cz2
—...=a for z infinite, and the y-intercept of the tangent
=y—2xdy/de=b+2cx 1 +...=b.

The sign of the term ¢/z in (1) will determine whether the
curve lies above or below the asymptote when z is very
large.

If the equation take the form

y=ax2+bx+c+%+£;2-+. .

there will be a curvilinear asymptote, viz., the parabola
y=ax?+bx+c.
Ex. 1. y*=2°43az? Fig. 38.

3a 3a\ ¥ .
We have y’=x’(1+;), or y=z<1+—;) , which by the
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binomial theorem (when z|>|3q)
a a?
—r(1+2-2 .. —vta-L4..
I( +m vl ), or y=z+a x+.“,

».y=z+ais an asymptote. The curve lies below the asymptote
when z is a large positive number, and above it when z is a large
negative number.

2
2. The hyperbola z-

2

y? bz a2)§
I 1, =
b Here y=+ “ <1

bx ( a? ) bx__ab
—+—F

=4 1———.
a a 2z

2x?

.. the asymptotes are y= il;x-

B Y
Y
A_//
o] X 0 X
(l\/*'z,(_f\
Fic. 38. Fe. 39. oy o™ * B M
- /“ N
3. 4y(z—1) =2, Fig. 39. ”* ™)
z? 1 #
. _2 1 £
By division, 4y o z +:c+1+x_1. Sie)

When z is very large the last term is very small and =0, and
the ordinate of the curve = that of the parabola 4y=2?+z+1,
which is called a parabolic asymptote. (The line AB is the axis
of the parabola.) It will be noticed that this curve is asymptotic
to the given curve both when z is + and when zis —. The line
z=1 is a rectilinear asymptote, as will be seen from § 58.
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58. Asymptotes parallel to the axes. Let the algebraical
equation of a curve, freed (if necessary) from fractions and
radicals affecting the codrdinates, and arranged in descending
powers of z, be

f@)zm+ fa (a1 + fa(y)z™2+. . .=0,
whence h®) +iz(y)% +f3(y);12~+. ..=0. (1)

If there is an asymptote parallel to the z-axis, y remains
finite when z is infinite. Hence all the terms of (1) after
the first become infinitesimal, and the y of the curve ap-
proaches a limit which satisfies f;(y)=0, ie., y=the y of
a line y—a=0, y—a being a factor of f;(y). Hence, when
the equation of a curve is arranged according to powers of
z, the coefficient of the highest power, equated to zero,
represents the asymptotes which are parallel to the z-axis.
The asymptotes parallel to the y-axis may be found, in the
same way.

o
x
(e}
Q
x

Fia. 40. Fia. 41.

Ex. 1. z%?—3zy* —2*+2y* =0, Fig. 40.
Arranged according to powers of z the equation is
(y*—1)z?—3y*z+2y* =0,
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and according to powers of y,
(z—=1)(z~-2)y?—2?=0.

Hence y=+1, and z=1, z=2, are asymptotes parallel to the
axes.

2. The cissoid y*(a—z) =z*, Fig, 41.

The line a—z =0, or 2=a is an asymptote parallel to the y-axis.

59. Inany equation the terms of the highest degree, equated
to zero, represent lines drawn through the origin. The
equation which gives the slopes of these lines is found by
substituting mx for y, or m for y/x. This is the same equa-
tion as that which determines the slopes of the asymptotes
(§ 56). Hence the terms of the highest degree, equated to
zero, represent lines drawn through the origin in the direc-
tion of the infinite branches of the curve.

ExampLEs,
1. 2% -y =3azy. Ans. y=z—a.
2. yi=x*y+2z y=+z+1,y+2=0.
3. zt=azy*+3y°. z—y=1,z+3=0.
4. zy=x'4+z+y. Y=z, z2==x1.
5.zt —yt+ 2t =day’. ziy=1
6. 2*=2%—(1—-2)y’ 3(z-y)=1, 2z=+V5-1.
7. axy=2*—a’. z=0, ay ="
8. 2 +y*=a’. z+y=0.
9. 29—-27y* =222, 3z -9y -2=0.
10. y+ay =za°. 2+1=0, y=2—z+1.

11. y=tanz. They of the curve =c when the z = 4=, .. the
line 2 =4z is an asymptote (§ 57). Similarly z=(n+4)z, n any
integer, is an asymptote. The same lines are asymptotes to
Y =sec z.

12. Show that y=1 and y=—1 are asymptotes of y=tanh z.

13. Show that the curve 2y=e¢* is asymptotic to y=sinh z,
y=cosh z, and y =0,



CHAPTER XIV.
TANGENT PLANES. TANGENTS TO CURVES IN SPACE.

60. Geometrical illustration of partial and total differen-
tials. Let z=/(x, y). Values of z and y determine 2, and
hence a point (z, y, 2) in space referred to axes which we
shall assume to be rectangular. Points thus obtained lie
on a surface which is the locus of the equation z=f(x, y).
This surface is a geometrical representation of the function.

K
z
J
P Q 1
R
H
G
E F
o] A B X
™M N
Y
D C
Fia. 42.

Let OA=z, AM=y, and MP=z Then P is a point on
the surface. Let OB=z+dz, BC=y+dy, and let the new
value of z be CQ. Then @ is another point on the surface.
The plane PF parallel to XOY cuts off CF=MP, hence FQ
is 4z, the increment of z. Planes through P and Q parallel
to X0Z and ZOY cut the surface in PH, HQ, QK, KP.

62
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Draw PJ and PG tangents to PK, PH, and let PGRJ be
the plane through PJ, PG. 1f we suppose y to be constant,
we are confined to the plane PN (produced if necessary);
PI=dzr and PJ touches PK, hence IJ is d,z. Similarly
EQisd,z. Let aline through the middle point of MC parallel
to OZ meet the plane PGRJ. This line=34(MP+CR) in
the trapezium PMCR, and also =4(DG+NJ) in the trape-
zium GDNJ. .. FR=IJ+EG=dz+d,z. But dz=d.z+
d,z (§45). Hence FE is dz. The tangents of the angles
1PJ, EPG are the partial derivatives of z with respect to
z and y, i.e., they are ¢z/dz and 0z/3y.

61. Tangent plane. When 4z and dz are infinitesimal the
latter is the part of the former, which contains the infini-
tesimals of the lowest order (§ 46). Thus FQ and FR
correspond in the plane PMCQ to 4y and dy of § 42. Hence
the straight line PR touches the section of the surface made
by the plane PMCQ, and therefore the plane PGEJ is the
locus of all such tangent lines at P, for dz and dy are any
increments. Such a plane is defined to be the tangent plane
at P.

Notice that if (z, y, 2) is the point of contact, and dz, dy
are any increments, (z+dz, y+dy, z+dz) is any other point
in the tangent plane.

62. Equation of the tangent plane. Let the equation of
the surface be f(z, ¥, z2) =c or u=c. Differentiating,

du,  Ou u
&dx +5—?}dy+5£dz—

Let (z1, 41, 21) be the codrdinates of the point of contact
P, Fig. 42, (z, y, ) those of any other point in PR and there-
fore of any other point in the tangent plane. Then z—zy,
y—uy1, 2—2; are proportional to dz, dy, dz.

o () a0+ (2) -+ () e-20=0 @

is the equation of the tangent plane at (z1, y1, 21)-
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Ex. To find the tangent plane at the point (—1, 1, 2) on the
surface  —zy+ytte=1.

dy/dx =3z?—2zy =5 for the point (—1, 1, 2),
du/dy = —xz*+2y =1 for the point (-1, 1, 2),
ou/dz=1.

Hence the tangent plane is
5(x+1)+(y—1)+(2—2)=0, or 5z+y+z+2=0.

63. Equations of the normal. The normal passes through
(21, Y1, 21) and is perpendicular to the tangent plane; hence
its equations are

T=W _ Y~ 2T 1)

@, 6). @),

64. Tangent plane at the origin. Conical points. TLet the
equation of the surface be freed (if necessary) from fractions
and radicals affecting the coordinates. If the origin is on
the surface the equation will contain no constant terms,
and by substituting rcosa, rcosf3, rcosy for z, y, 2, it
may be shown exactly as in § 52 that the terms of the first
degree, equated to zero, represent the tangent plane at the
origin. Similarly, if there are no terms of the first degree,
those of the lowest degree present will represent a surface
touching the given surface at the origin. This tangent
surface is generally a cone, in which case the origin is called
a conical point; but it may be two or more planes.*

As in § 54, it may be shown that the coordinates of a
conical point or a point where there are two or more tan-
gent planes will satisfy du/92=0, ou/dy=0, du/02=0, as
well as the given equation u=c.

* A homogeneous equation with no constant term represents a
locus of straight lines passing through the origin. For, if satisfied by
z, y, 2, it is satisfied by cr, ¢y, cz, the codrdinates of any other point
on the line joining the origin to (z, y, 2).
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Ex. 1. Of the surface 2? —y?—2?+2%=0, 2*—y?—2?=0 is a tan~
gent cone at the origin.
2. Of the surface 22 —y?—2?—2yz=2? z+y+2=0 and z-y—z
=0 are tangent planes at the origin.
3. Find a conical point on the surface 23+y?*+2yz —3z —42=2,
Ans. (1,2, —2).

65. Centre of a quadric. Exactly as in § 48 it may be
shown that the centre of any surface whose equation u=c¢
is of the second degree is obtained by solving the simulta-
neous equations du/9z=0, du/dy=0, du/2z=0.

Ex. Find the centre of z? —3y?—24-4yz —4x +8y —62=0.
Ans. (2,2, 1).

66. Curve in space. Let P and @ be two points near one
another on a curve, P being
(z, y, 2) and Q (z+4z, y+4dy, /
z+4z). Then dxz=AB=CE= Q =
PG, 4y=ED=GF, and 42=FQ. VN
Let the arc PQ=4s and the 7 G H
chord PQ=gq. The tangent PT M
is the limit of position of the
secant PQ when @ approaches
coincidence with P. Let a,8, 71 ° A / 8 X
be the direction angles of PT'
Then a=HPT, and £

Y

cos a= £ cos GPQ=£(4z/q) Fia. 43.

=£(dx/4s) (§ 17) =dz/ds.

Similarly cos B=dy/ds, cos y=dz/ds.

Squaring and adding,

1= (‘—if) ’ + (@)2 + (@ﬁ) 2, or ds?=da?+dy*+dz2. (1)
ds ds ds

Draw TK parallel to ZO to meet the plane PFG, and KH
parallel to YO. Then if dz is PH, dy is HK, dz is KT, and
dsis PT.
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67. If the coordinates of a point on a curve are given in
terms of a fourth variable, dz, dy, and dz may be written
down at once. Usually, however, a curve in space is given
as the intersection of two surfaces. Let the surfaces be
u=c; and v=cs. Differentiating,

ou u
Lar+ 2 " dy+55d=0, )
and D 4 +@’ dy+ Ldz=0 @)

ox Y 0z

If (z, y, 2) is the point of contact P of a tangent plane,
(z+dz, y+dy, 2+dz) is any other point Q in the plane.
Hence if P(z, y,2) is a point in the curve of intersection of
the surfaces, and (1) and (2) are simultaneous in dzx, dy, dz,
Q(z+dz, y+dy, z+dz) is any other point in the line of inter-
section of the tangent planes, and PQ is the tangent at P
to the curve of intersection.

The plane which is perpendicular to the tangent llne at
the point of contact is called the normal plane of the curve.

Ex. Find the equations of the tangent to the curve
—2y*+yz+3=0, zy—2*+z+4=0
at the point (1, —1, 2).
Differentiating the equations,
2z dz+ (2 —4y)dy+y dz=0,
(y+1)dz+z dy —22dz=0,
or, for the point (1, —1, 2),
2dz+6dy —dz=0, dy—4dz=
dz dy dz
whence 53-8 "o
Since dz, dy, dz are proportional to the direction cosines of the
tangent, the equations of the tangent are
z-1 y+1 2-2
2378 2
The normal plane at (1, —1, 2) is
—23(z—1)+8(y+1)+2(z—2)=0, or 23z—8y—2z=27.
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ExampLEs.
1. Find the tangent plane at (2, —1, 1) on the surface
23 -2y’ +2=3. Ans. 444y +2=5.
2. Find the tangent plane at (—1, 1, 2) on z*+y?—z' —yz —4axy
=(. Ans. 6z —4y+52z=0.

3. The tangent plane at any point of the central quadric
z¥/al+y? /b + 2 et =1is z.x/a’ +y,y /b2 + 2,2 /c? =1.
4. The tangent plane to the surface zyz=a® makes with the
coordinate planes a tetrahedron of constant volume.
5. What are the tangent planes at the origin of the conoid
-y =x2"? Ans. r +y=0.
6. Find the tangent planes to z*+y*+2*=3azyz, (1) at (0, 0, 0),
(2) at (a, a, a).
Ans. (1) =0, y=0, 2=0, (2) z+y+2z=3a.
Also to z*+y*+2°=3a’x at the same points.
Ans. (1) z=0, (2) y+2z=2a.
7. The sum of the squares of the intercepts of the tangent
planes of the surface xt+yt+2%=at on the axes is a2
8. x=asin nz, y=a cos nz are the equations of a helix (screw-
thread) on a circular cylinder of radius a, the z-axis being the
axis of the cylinder. Show that the equations of the tangent
at any point are

ny, —nx,

and that the tangent makes a constant angle with the zy-plane.
9. Find the direction angles of the tangent to the curve of

intersection of the surfaces of Ex. 6 at the point (q, a, a).
Ans. 0, 45°, 135°,



CHAPTER XV.
SUCCESSIVE DIFFERENTIATION.

68. Successive derivatives. The differential of jf(z) is
(§ 27) f'(x) dz. Let df (x)=f"(x) dz, df’(x)=]""(x) dz, etc.

The several functions f'(z), f’(x), f/”/(x),... are called
the first, second, third, ... derived functions, derivatives,
or differential coefficients of f(z).

Ex. 1. f(z) =82 —2z+4, [/(z)=92?-2, ["(z) =18z, '""(x) =18,
fiv(z) =0.
2. f(z) =sin z, f'(z) =cos z, f""(x) = —sin z, ['”/(2) = —cos z, ete.

3. f(z)=log (1+z), /'(z)=1/(1+=), /" (x) = —1/(1+z)? ete.
4. f(z)=¢*, ['(x) =€%, " (x) =2, ete.

69. Successive differentials. Let y or f(z) be a function
of z, then dy=f(z) de. The differential of dy, or d(dy), is
written d2y (read d-two y, or second dy); similarly,
d3y=d(d%y).

Unless the variable z is given as a function of another
variable it is assumed to be an independent variable—onc
to which arbitrary values may be assigned; dz is then an
arbitrary increment of z. It is customary to take dr as of
the same value in each successive differentiation, i.e., to treat
the differential of the independent variable as a constant
in differentiating. Hence, differentiating dy=f’(z)dz,

68
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d?>y=f"'(z) dz .dr=]"(z) da®, or d2y/de?=f"(z).* (1)
Hence also, d3y=/""(z) da3, or d3y/dxd=]"(z),

and similarly for the higher differentials. Thus the successive

differential quotients are equal to the successive derivatives.

J Ex. 1. y=e%, dy=ae?®*dx, d*y=a’"*dx?, d*y=a’es® dz?, ..,
ny =anes dn.

2. y=cos z, dy/dz = —sin z =cos (z +T’2”> ,

s d'y/dx? =cos <x+2g) , . - .y dry/dzn =cos (:c+n12r> .
3. y=zn, n a positive integer, dry/dz" =n!
wo. If z is not the independent variable—if it is itself a
function of another variable—we cannot treat dz as a constant
in successive differentiation. For if z=f(0), drx=j(0)do,
and is therefore a function of 0.

Differentiating both sides of f’ (x)=%, we have

dx d2y—dyd?x
1'(2) de="EE2, by (D),

. dzx d2y—dy d?z
= W
Comparing with § 69 (1) we see that the d2y/dx? obtained
when z is the independent variable is equal to
dx d2y—dy A2z
da3 ’
obtained when z is not the independent variable.

Ex. The cycloid z=a(0—sin 0), y=a(l —cos 6). Considering
y as a function /(z) of z, to evaluate //(z) and /"’ (x) when 0 ==.

dz =a(l —cos 0) d0, dy=asin0do,

* Sin is of arbitrary value it may be taken as infinitesimal,
oo s b &4 ; me order as dz?,

in which case d’ is in general an infinitesimal of the sa



70 INFINITESIMAL CALCULUS, [Ch. XV,

and, 6 being independent variable,
dr =asin 0 d0?, d*y=a cos 0 d6*.

sin 0
/() = o - 0=nr.
- @)= dx 1—cos? 0 when i

1

1
N H 1 4 _ e, ————— T — — =
Substituting in (1), /'(z) a(l —cos 0)° o when 0=n.

EXAMPLES.

1. y=az?+bx+ec, dy/dzx=2ax+b, d’y/dz* =2a.

2. y=(a+z)% dy/dz=3(a+1)?, d*y/dx*=6(a+z).
3. y=xa?log z, d%y/dx®=2z"".

4, y=cos az, d*y/dz* =a* cos ax.

5. x=sin"ly, d’z/dy* =y(1 —y*)3, d’y/dz*= —y.
6

7

8

. If j(z) =sin z, ™ (z)=sin (x—}-n%) .

. (@) =ze, [ (x)=(z+n)e".
. y=log z, dry/daxn = (—1)»"(n—1)!/zn,
9. If y=a cos nz+b sin nz, d*%y/dz*+n*y=0.
10. If y =aen* +be—"%, d*y/dx* —n’y =0.
11, If y=¢% cos z, d*y/dz' +4y =0.
12. If y =sin—'z, (1 —2?)d?y/dz?—x dy/dz =0.
13. If y=tan—'z, (1 +2?)d%/dx*+2x dy/dz =
14. If y =¢® sin x, d%y/dz* —2dy/dz+2y =0.
15. Given z dy —y dz =r* d0, show that
z d%y —y d’z=2r dr d0+r" d*0.
16. By differentiating
dr=cos¢ ds, and dy=singds,
show that
(d?z)?+ (d%y)?* = (d ¢ ds)?+ (d?s)’.
17. y*=4az, 2y dy =4a dz, or y dy=2a dz; differentiating again,
y d’y+dy* =0 (dz being constant),

. ydy+ (2adx/y)*=0, or d%/dz’= —4a’/y’

18. Given the ellipse — +Z: =1, show that
dy_ e dy_ b
dz ayy dr? ayt’
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d*y/dz* may be found as in Ex. 17, or from dy/dz. Thus

dy

d%y b2 ¥

dz*  a? y?
Substitute for dy/dz and reduce.
19. If y=/(z) find j"’(z), given z=a cos 0, y =b sin 0.

Ans. "(x) = —b'/a%’.

20. a®+y?=2xy, d¥y/dx?=a?/(x—y)*.
21. z%+y®=3azy, d*y/dx*=2azy/(ax—y*)3.



CHAPTER XVI.
RATES.

71. Let y be a function of x of which Fig. 44 is the graph.
When z increases by the amount 4z the change in y is 4,
and dy/dz is called the average rate of change of ¥ per unit

of z (or briefly, the average

Y / z-rate of y) for the change

4z in z. When 4z is taken

sy smaller and smaller and = 0

p L0 . the average rate dy/dx is

Ax taken for a gradually dimin-

/ v ishing change in z, and the

4’0 T !mnt of 4y/4x, namely dy/dx,

Fic. 44. is defined to be the z-rate of

y for the value z of the vari-

able. Thus as z increases and reaches the value OA, the

z-rate of the function y is dy/dr or tan ¢. This is an in-

stantaneous and variable rate, and is the same as the con-

stant rate which y would have if P should henceforward
move along the tangent PD.

If y=f(z), dy/dz=f"(x); hence the z-rate of f(z) is f'(x),
and for a similar reason the :c-rate of any derlvatxve is the
succeeding derivatives

72. If y is a function of z, as z changes the function will
increase or decrease according as its graph rises or falls,
that is, according as dy is + or —. Also dr is + if z in-
creases. Hence as z increases, y increases or decreases
according as dy/dx is + or —. Thus a + value of the rate

72




71-74.] RATES. 73

implies that a function is increasing as its variable increases,
and a — value implies that the function is decreasing as the
variable increases.

73. If z and y are functions of a third variable ¢,

dy/dz= (dy/dt)/ (dz/dt).

Fence dy/dr is the quotient of the simultaneous rates of
change of y and z, or dy and dx are proportional to the rates
of y and z.*

If y=/(z), and z is a function of ¢,

dy/dt=F(z) . dz/dt,

which gives the rate of y in terms of that of z.
If u=f(z; y), and z and y are functions of ¢, then, § 45 (5),

du_duds  dudy
& " oedt oydt’
which gives the rate of « in terms of the rates of z and y.
w4. If a point moving in a straight line is at a distance z
from a fixed point in the line at the end of an interval of
time whose measure is ¢, its velocity v is the ¢-rate of z, and
is therefore dz/dt; and its acceleration a is the ¢-rate of v,
and is therefore dv/dt. But

dx
w ‘@) @y i s,
dt dt  a¥ ' dt dx dt dz
dz dv_d?r_ dv
Hence 'v=a and a_(ﬂ_dtz_vdx'

Similarly the angular velocity and angular acceleration of
2
a revolving body are g? and (%g respectively.

Time rates are sometimes indicated by dots, & being the
same as dz/dt, and i the same as d?z/dt>.

* In some treatises dy and dz are detined 1o be rates.
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EXAMPLES.

1. The ordinate of the curve y =+25—z? is moving parallel
to the y-axis at the rate 2 in. per sec. At what rate is its length
changing when z=3?

3il= —\_/5.5}:-—_?3?: ——g— when =3 and dz/dt=2. Hence y is
decreasing at the rate of 14 in. per sec.

2. At what points on the curve y =log sec z do = and y change
at the same rate? Ans. z=(n+1%)r, n an integer.

3. Find the acceleration if (1) v=u+b¢, (2) z=ut+bt? (3)
v?*=u?+bz, u and b being constants. Ans. (1) b, (2) 2b, (3) %b.

4. If x=a cos (bt+c), show that the acceleration = —bz.

5. If x=a sinh (bt+c), show that the acceleration =b%z.

6. Show that tan z always increases with z.

7. Three adjacent sides of a rectangular parallelepiped are
3, 4, 5 inches in length, and are each increasing at the rate of
02 in. per in. per min. At what rate is the volume increasing?

Ans. 3'60 cu. in. per min.

8. One end of a ladder moves down a vertical wall with velocity
v,, while the other end moves along a horizontal plane with veloc-
ity v.. Show that v,/v,=tan 6, where 0 is the angle which the
ladder makes with the vertical.

9. Two straight lines of railway intersect at an angle 60°. On
one a train is 8 miles from the junction and moving towards it
at the rate of 40 miles per hour, on the other a train is 12 miles
from the junction and moving from it at the rate of 10 miles
per hour. Isthe distance of the trains from each other increasing
or decreasing ?



CHAPTER XVII.
MAXIMA AND MINIMA.

75. Suppose y to be a function of z and that z continually
increases. Then (§ 72) y will increase or decrease accord-
ing as dy/dz is + or —. When dy/dx changes from + to
—, y ceases to increase and begins to decrease, and is then?
said to be a mazimum; when dy/dz changes from — to +,
y ceases to decrease and begins to increase, and is then
said to be a minimum. Now in order that a quantity may
change sign it must become 0 or « or —o;* hence as y
becomes a max. or a min., dy/dx becomes 0 or o or — o
and changes sign from + to — for a max. and from — to +
for a min.

Fic. 45.

6. Suppose, for example, that the curve of Fig. 45 repre-
sents the graph of a function and that it is traced by a point
moving from left to right so that dz is +. Then y decreases
from A to B and dy/dz is —, between B and C y continually

* A quantity may change sign on account of finite discontinuity
without passing through the value 0, but this occurs so rarely that
we need not consider it further.

75
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increases and dy/dx * is +; at By ceases to decrease and
begins to increase, dy/dx changes from — to + through the
value 0, and y is a min. Similarly at C y is a max., and again
a min. at D. At E dy/dx becomes 0 and changes from +
to —, hence y is a max., and similarly y is a min. at F.

Points such as 4, B, etc., are called turning points, and
the max. and min. values of y are called turning values.

It will be noticed that a max. is not necessarily the greatest
of all the values of y; it is greater than the values which im-
mediately precede or follow it; and similarly a min. is not
necessarily the least value of y.

77. To obtain the values of 2 which make a function y a
max. or min. we must obtain dy/dr and find what values of
z cause it to become zero or infinite. To distinguish the
maxima from the minima we must determine whether dy/dx
changes from + to — or from — to + as z°passes through
the critical value. In the former case y will be max., ih
the latter a min. It may happen, however, that dy/dz does
not change sign, although it becomes 0 or o (e.g., at @,
Fig. 45), in which case y is neither a max. nor a min.

Ex. 1, y=2'—62+9z+1.
Here dy/dz=3z*—12z+9=3(z—1)(x—3).
When z is a little less than 1, 2—1is — and 2-3 is —,

s dy/dz is +.
When =1, dy/dz is 0. When 2 is a little more than 1, 2 -1
is + and z—3 is —, .. dy/dz is —. Hence dy/dr changes from

+ to — through 0 ahd .". y is a max. when z=1. Substituting
1 for z in the given function we find the max. value of y to be 5.
Similarly = =3 makes y a min., viz., 1.

2. y=(x—1)% dy/dz=3(z—1)*; .". dy/dz=0 when z=1, but
does not change signt when = passes through this value, .. y
is neither a max. nor a min.

* ]t will be remembered that dy/dzr=tan ¢, and is therefore +
or — according as ¢ is + or —.

+ (x—a)* cManges sign with £—a only when n is an odd integer,
or a fraction whose numerator and denominator are both odd
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2
Ly —1) _— .
3. y=2+(x-1)3, dy/dr 3@V

and changes from — to + as z passes through the value 1, hence
z=1 makes y a min., viz., 2.

78. The sign of d2y/da? (=the z-rate of dy/dz) tells us
at any time whether dy/dz is increasing or decreasing. If
then the value of z which makes dy/dz equal to 0 also makes
d?y/dax? plus, we infer that dy/dz is increasing when it passes
through 0, i.e., that dy/dz changes from — to +, and hence
that y is a min.; whereas, if the value of z which makes
dy/dz equal to 0 also makes d?y/dz? minus, we infer that
dy/dz is decreasing when it passes through 0, ie., that it
changes fromi + to —, and hence that y is a max.

Hence to distinguish the maxima from the minima we may
find d2y/da2, and in it substitute the values of z which make
dy/dz equal to 0. Then for every + result y is a min., and
for every — result y is a max.*

Ex. 1. In Ex. 1, § 77, d%y/dz* =6z —12, which is — when z=1,
and + when z=3. Hence z=1 makes y a max. and =3 makes
y a min.

2. y=2'—72'+82+30, dy/dx=32z*—14z+8. For a max. or a
min. 3z*—14x+8=0, .. z=%or 4.

Also d/dz?=6x—14, which is — when z =% and + when
z=4; .. =% makes y a max. and =4 makes y a min.

‘. dy/dz becomes —

79. It should be noticed:

(1) That max. and min. values must occur alternately in
a continuous function, i.e., between two successive max.
values there must be a min., and between two successive
min. values there must be a max. Also of two values of z
which make y a max. or a min., if one makes it a max. the
other must make it a min.

(2) When y has a turning value, y* (n a positive or nega-
tive integer) has a turning value. Thus a square-root sign

*If d?/da? is 0 or oo it gives no information as to the turning
values, and the test of § 77 must be applied.
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affecting the whole of the variable part of a function may
be disregarded in differentiating.

(3) A constant factor may be omitted from the function
before differentiating, since it cannot affect the values of z
for which the (}erivative is 0 or «.

Ex. y=nzVa'—z%. This =zVax’—z*, and ..y wil be a
max. or a min. when a*z?—-z* is a max. or a min.; hence 2a%x
—413=0, . =0, and z= +a/V2.

80. In the practical applications of this subject it will be
necessary to form the function which is to have a turning
value. It will frequently be obvious from the nature of the
problem whether the result corresponds to a max. or a
min.

Ex. 1. Of all arithmetical fractions, which one exceeds its square
by the greatest quantity?

Let the fraction be z. Then z—2? is to be a max.

.. 1-22=0, and hence z=4%.

2. How to make with a given amount (area) of material a
cylindrical box (with lid) which shall have the greatest possible
volume.

We have the total surface of the cylinder given, call it s, and
assume h for the height and z for the radius of the base.

Then s=2n2?+2zxh, .. h=s/(2rr)—z.

The volume V =zz?h = }sx — =z,

s dV jdr=4%s —37r*=0, for a max.

<. £=V's/6z, whence h=2V'3/6r.

Hence the height must=the diameter of the base and each
=2V/5/6x.

[Observe that in these examples the function which is to be a
max. or a min. must be expressed in_terms of some one variable
with or without constants; in this case the function is nx?h,
where both z and h are variable, but there is a relation connect-
ing z and & from which & may be obtained in terms of z; this
when substituted in 2% gives a function with one variable.]



80.] MAXIMA AND MINIMA. 79

3. To find the greatest isosceles triangle that can be inscribed
in a given circle.

Let ABC (Fig. 46) be an isosceles triangle inscribed in a circle
of radius a and centre E. Let DC=z. Then

AD=VAE*“DE*=~Va’— (x —a)* =V 2az —z".
. area of ABC=DC .AD=2V2ar —2*=~2az' —z'.

This will be a max. when 2ax®—z* is a max., §79 (2), ie.,
when 6ax?—423=0, ... z=}a.

The triangle is easily shown to be equilateral.

4. One corner A of a rectangular piece of paper ABCD (Fig. 47)
is folded over to the side BC. Find when the crease EG is a min.

Let AB=a, AE =z, EG =y, AGE=0. Then BEF=20.

. BE:EF=(a—x)/z=cos 20 and AE:EG=x/y=sin¥.

Eliminating 6 by the relation cos 20=1-2 sin*d, we find

y*=22°/(2z —a),

from which y is found to be a min. when z={a.

c
c c o
D
G
F
‘ A .
A B
8 E A e
LG, 46. Fie. 47. Fia. 48.

Similarly it may be shown that the area of the part folded over

is a min. when z=%a.
5. To cut the parabola of greatest area from a given right

circular cone, Fig. 48.
Let AB=a and EB=x. The area=%ED . FQ.
Now EF*=AE . EB=(a—x)z, and ED is proportional to z.
.*. area varies as zV(a—z)r or Vaz*—z', whence z=1e

for & max.
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EXAMPLES.

. 2'—3z+4, min. when z=}.
. &% —5xt+52%+ 1, max. when £=1, min. when z=3.
. a+b(c—2)8, no turning value.
23 —2r?—4x+1, max., when x= —$%, min. when 2=2.
. (z—1)%x +2)!, max. when z= —2, min. when z= —2.
. (143z)/V4+ 52 max. when z=12.
. (x+2)*/(x—3)?% min. when z=13.
. sin 0 +cos 0, max. when 0= %=, min. when 0={x.
. sin 8/(1 +tan 6), max. when 0=%r, min. when 0=§xr.
10. sin 0 sin(@ — ), max. when 0=4%a.
11. sin?@ cos®d, max. when sin 0= ++2, min. when 6=0.
12. Min. value of a tan 0+b cot 6 =2Vab.
13. Min. value of a? sec?d +b? cosec?d = (a+b)2%.
14. Min. value of aen® +be—n% =2V ab.
15. Max. value of log z/z=1/e.
16. What is the longest ordinate of the curve a’y?=2z*(a®—z?),
(Fig. 69)? Ans. }a.
17. Find the max. ordinates of the curves

(y—=z)?=2%, Fig. 30, and (y—z?)?=2° Fig. 31.
Ans. 2?/3%, 4455,

© WD U N

18. Find the max. ordinate of the curve
z*+y®=3azxy, Fig. 28.

Differentiating the equation and making dy=0 we have z?=ay;
from this and the equation of th_e curve we find the max. ordinate
to be at the point (a ¥/2, a ¥/4), the latter coordinate being the
required value.

19. Find the max. ordinate of the curve y°=z?+3az? Fig. 38.

Ans. ¥4 a.

20. How could you cut out four equal squares from the corners
of a given square so that the remaining area (the edges being
turned up) would form a rectangular box of greatest volume?

Ans. Each side of the little squares=3% of a side of the given
square.

21. Find the breadth and depth of the strongest beam that can
be cut from a cylindrical log of diameter d, assuming that the
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strength varies as the product of the breadth and the square of
the depth.
Ans. Breadth=3V3 d, depth=34V6 d.
22. To cut out from a given sphere the cone of greatest volume.
Ans. Ht. of cone=3% diam. of sphere.
23. How could you cut a sector out of a circle so that the re-
mainder of the circle would form the lateral surface of a cone of

max. volume? Ans. Leave V% of circumference.
24. What is the shortest distance of the line y=xz+2 from the
parabola y?=4z? Ans. V2.

25. Assuming that the work of propelling a vessel in still water
varies as the cube of the speed, what is the most economical rate
of steaming against a current of speed v?

The expense for a given distance varies as z* and the time, and
the latter varies inversely as z—v. Ans. §v.



CHAPTER XVIII.
CURVATURE.

81. Direction of curvature. Let it be supposed that the
tangent of a curve rolls round the curve in such a way that
the abscissa of the point of contact P continually increases.
Let the tangent make an angle ¢ with the z-axis. Then a
+ value of d?y/da? (the x-rate of dy/dz) at P implies that
dy/dr or tan ¢, and therefore also ¢, is increasing with z,
or that the tangent is turning in the positive direction as z
increases. In other words, the curve bends upward, or is
concave upward, when d2y/daz2? is 4, and bends downward,
or is concave downward, when d2y/dz? is —.

82. Point of inflexion. A point where a curve has ceased

to bend upward and is about
Y to bend downward, or wice
versa, is called a point of in-
flexion. At such a point d2y/dx?
must change sign, and must

0 X therefore become 0, 00 ,or — oo *

Fie. 49. A tangent at a point of in-
flexion is sometimes called a stationary tangent, for, if the

*1t is assumed in the above that z is the independent variable.
If y is the independent variable, d?z/dy* must change sign. If neither
z nor y is independent, the quantity which must change sign is (§ 70)

(dz d*y—dy d*z)/dz3,
82
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tangent is supposed to roll round the curve, it comes to rest
at such a point and reverses its motion.

83. If P, Fig. 50, is a point of inflexion, the secant through
P and a point @ near P also passes through another point
Q" near P. As the secant approaches the position of the
tangent at P, Q and @  approach coincidence with P at
the same time. Hence the inflexional
tangent is sometimes said to pass
through three coincident points of
the curve. A tangent at anordinary
point on a curve of the nth degree
cannot meet the curve in more than
n—2 other points; the tangent at a
point of inflexion cannot meet the
curve in more than n— 3 other points,
and in not more than n—4 other points if the point of con-
tact is also a double point (as in Tig. 27).

Fia. 50.

Ex. 1. y=(z—1)%, d*%/dz*=6(z—1). This is — when z<1, 0
when z=1, + when 2> 1; hence, as z increases, the curve bends
downward until z=1, and upward afterwards; .. there is a
point of inflexion where z=1. Sincc y and dy/dx are also 0

Y
v :
) X %o X
Fia. 51. Fia. 52. Fic. 53.

when z=1, the axis of z is the tangent at the point of inflexion
(Fig. 51). .

2. y=(x—1), d¥/dz*=12(x—1)’, which is 0 when z=1,
but is never —, hence there is no point of inflexion (Fig. 52).
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3. y*=2, or y—az}, d’/dz’= —4%z~% which becomes « and
changes from + to — when z=0, .. the origin is a point of
inflexion (Fig. 53).

4, y=32'—4z%—62% d%/dz’=12(3z’—-2x—1). Puiting this
=0 and solving for z, we get = —%, 2=1, which determine the
points of inflexion.

Find the points of inflexion on the curves:

5. a’y=x(z*—a?), Fig. 17. Ans. (0, 0).
6. zy=1+z. (-1, 0).
7. (z+a)y=a’r. (2a, %a).
8. y=a(z—1)(x—2), Fig. 70. (1, 0).
Y 9. ¥ —azy=a’. (a, 0).
10. (a*+2?)y=a’r.
(0, 0), (£aV3, +1aV3).
11. y*=2z%+3az? Fig. 38. (—3a, 0).
12. B’ +y*=a’. (a, 0), (0, a).
13. z=y*+3y> 2, —-1).
14. y*=z*(2z—1), Fig. 33. (3, +3V3).
o—at=x 15. Show that at a point (z, y) a curve is con-
vex or concave to the axis of z (i.e., with reference
to the foot of the ordinate) according as y d’y/dz?
is + or —.
16. Show that the curves y=sinz, y=tanz,
meet the axis of z in points of inflexion.
17. Where are the points of inflexion of the
curve y=cos r+}% cos 3z?
Fia. 54, Ans. Where z=1}nn, n any integer not di\{isib]e

by 4.
18. On the witch y?*(a—=z)=a* (Fig. 54), show that the points
of inflexion are (a/4, :ha/\/g).

84. Centre, radius, and circle of curvature. Let P and
Q be two points near one another on a curve APQE,
Fig. 55, at which tangents and normals are drawn, the
latter meeting in D. The limit of position C which D
approaches as @ moves towards coincidence with P 1is
called the centre of curvature of the curve at P, PC is
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called the radius of curvature, and the circle with C as
centre and PC as radius is
called the circle of curva-
ture.

The extremities of an infini- |y
tesimal arc are called consec-
utive points of the curve.*
The normals at consecutive
points are consecutive nor-
mals. Hence the centre of
curvature is the limit of the
point of intersection of con-
secutive normals. o)

85. Let the length of PC P1a. 55.
be R. Let the tangents at P,

Q make angles ¢, ¢+4¢ with OX, then dp=PDQ. Let
s=the length of the arc of the curve measured from some
point up to P, 4s=the arc PQ, and g=the chord PQ. Then
PD/q=sin PQD/sin 4¢. The limit of sin PQD=1, since
the limit of PQD is a right angle. Hence the limit of PD=

£(g/sin dP)=£(ds/4$) (§ 17) =ds/d.
-, R=ds/d¢.

86. Imagine the tangent to be rolling round the curve,
the point of contact having arrived at P. Then d¢/ds is
the s-rate of ¢, or the rate, in radians per unit length of
the curve, at which the tangent is turning. This rate is
taken as the measure of the curvature of the curve; hence
1/R measures the curvature at P. Since all normals of a
circle intersect in the centre and are equal to the radius,
the curvature of the circle of curvature is constant and

=1/R.

* The point consecutive to P is the point which is next considered
and supposed subsequently to approach coincidence with P.
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87. The circle of curvature generally crosses the curve at
the point of contact, since in the circle the curvature is the
same on both sides of the point of contact, which is not the
case in the other curve except possibly at certain points,
e.g., at the vertex of a conic section, where the circle of curva-
ture does not cross the curve.

88. Length of the radius of curvature. We have seen that

R= d—‘; (1); we also have g@! tan ¢. 2)
Differentiating (2),
d:cd%:ixzdud:c sec?p dp— < > i,
d¢=‘!§i21’a_sz——d”d2x, 3
T e @

We may generally take z as the independent variable
and therefore make d2x=0; also ds?=dz?+dy2.

293
_ (@22 +dy?)t_ [1+ ( )]

dz d2y - @ . (5)
dx?

The sign of R when found from (5) will be + or -- accord-
ing as d?y/da? is + or —, that is, according as the curve is
concave upward or concave downward (§ 81).

If z and y are given in terms of a third variable m which
is taken as independent, (4) may be expressed in the form

(G +G Y
si&z-@zd?x ' ©

dmdm? dmdm?2

R=
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Ex. 1. To ﬁnd the radius of curvature at any point (z, y) of

b—,—l Fig. 56. v

By dlfferentlatmg the equation
of the ellipse we have
dy_ _ b2x dzy— bl
dz  a%' dz* oY

the elhpse —

Substituting in (5), we have -
(a'y? +biz2)

which gives R in terms of = and

y.* A more convenient expres-

sion may be found by substi-

tuting y* from the equation of
the curve. F1a. 56.

(a?—e%r?)i
ab '’

R=—

Then R=

where e is the eccentricity va?—b%/a.

It is known that (a?—e%x?)} =the semi-diameter parallel to the
tangent, or perpendicular to the normal, at (z, y).

Calling this b, we have

b 3
k= ab’ @

2. To find R at the origin of the curve ay®—3az’y=z*, Fig. 36,
for the branch which touches the z-axis.

Let y=maz,t then z=a(m®—3m), y=a(m*—3m?).

Thus z and y are known in terms of a third variable, and we
require R from (6) for m=0. Differentiating,

dz/dm=a(3m?—3)=—3a for m=0.
dz/dm?=6am =0 for m=0.
dy/dm =a(4m3®—6m)=0 for m=0.
d%/dm?= —6a.
* The sign of R will be — or + according as y is + or —.
t See foot-note, p. 58.
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Whence, from (6), R=}a.
Similarly R=24a for the other branches of this curve at the
origin (m=V'3).

89. Cobrdinates of the centre of curvature. Let the co-
ordinates be @ and 3. Then, Fig. 57,

@ a=z—Rsin ¢
Y \d dy dy ds?
R —x—R—g;—-x—d————————xdzy_dydzx. (1)
~__| %y B=y+Rcos¢
% ; YT G TV Iy —dy &
(8]
Fia. 57. Evolute—Involute. The locus of

the centres of curvature of a curve
is another curve which is called the evolute of the given
curve, and the given curve is called the involute of the
evolute.

Ex. To find the centre of curvature for any point (z,y) of an
ellipse, and the equation of the evolute.
If z is the independent variable, (1) and (2) become

2 2
() (e
a=x-— dy LA B=y+ do
d.‘c lﬂl ’ _(_1_2?_/ ’
dz? dz?

which for the ellipse give

2 _p? 2__p?
a= (%"") x’, ﬁ= - <a b‘ )y‘.

Solving for z and y and substituting in the equation of the ellipse
we obtain

(aa)t + (bf)t = (a’—b*)}

for the equation of the evolute (see Fig. 56). If z and y are sub-
stituted for a and B, the equation begomes

(a2} + Gyt = (@ =B,
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go. Properties of the evolute. (A) Every normal of a
curve touches the evolute at the centre of curvature.

a=z—Rsin¢, .. da=dz—R cos ¢ dp—sin ¢ dR.

But dx=ds cos ¢=R d¢p cos ¢.
. da= —sin ¢ dR. @)
Similarly df= cos ¢ dR. )

s df/da= —cot p= —dx/dy.

" Hence the tangent of the evolute at (a, 8) has the same
slope as the normal at (z, y) on the involute, and (a, B)
is on both lines, therefore they coincide.

03

1. 58.

(B) As long as the radii of curvature of a curve continue
to increase or to decrease, the difference of any two s equal
'o the arc of the evolute included between them.

Let the arc of the evolute be S. Then

dS=~da®+dB?=+dR,

rom (1) and (2). Suppose R to be increasing. Then dS=dR,
rence S and R can only differ by a constant, and therefore
\ny increment of S is equal to the corresponding increment
f R. Similarly if R is decreasing, the increment of S is
qual to the decrement of R.
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From these properties of the evolute it will be obvious
that if one of the tangents of the evolute were supposed to
roll round the curve, a tracing-point in it would describe
the involute. Thus although a given curve can have only
one evolute, it can have any number of involutes. The
involute might also be described by a tracing-point in a
string which is kept stretched at the same time that it is
unwound (“evolved ”’) from the evolute.

Ex. The radii of curvature at the extremities of the axes of an
ellipse are, § 88 (7), a’/b and b*/a. Hence the whole length of the

evolute is
aZ bZ aﬂ — b!
3(5-%) =4("5")-

ExAMPLES.

1. At any poiﬁt of the parabola y?=4az show that R= —2vr%/a,
where r is the focal distance (=a+z) of the point. Hence it may

By

cl

Fia. 59.

be shown that R =twice the intercept on the normal between the
directrix and the curve.
2. Prove that for y*=4az, a=2a+3z, f= —y*/4a’.



90.] CURVATURE. 91

3. Show that the evolute of the parabola is the semi-cubical pa-
rabola 27ay?=4(z —2a)?, Tig. 59.
-4. Show that C, C’ are (8a, +4V'2a), and that they are the
centres of curvature of B/, B.
5. Show that the arc AC'=2a(3V3—-1).
6. Show that B = (1+a?)3/2b at the origin on the curve

y=ar+bxi+cxd+...

or z=ay+by*+cy’+...
7. Find R at the origin of the following curves:
(1) The parabola y*=4az, or x?=4ay. Ans. 2a.
(2) y*==x*1+22), Fig. 32. We have
y=z(1+2z)t=c(l4+z—4x*+...). +V2
(3) y*=2*(1+22), Fig. 34. +3.
4) (y—z?)?=2°, Fig. 31. 3
(5) (y—z)*=2*, Fig. 30. 0.
8. Find the R of z=y*+y* when z=2. Ans. —137/28,
9. Find R at the point of maximum ordinate on the curve
y®=2° + 3ax?, Fig. 38. Ans. —%/2a.

10. Show that 2 =2V'2a on the branch of the curve ay* —az%y’=
#°, Fig. 37, which touches y=z at the origin.

Y
o ]
— 8
0 X
o\ B8
Fig. 60"
. AP\
11. The equation <&) + (T)) =1 represents a common parab-

ola, the origin being a point on the directrix, and the axes tan-
gents to the curve. Show that R=2(ax +by)t/ab.
[Fractional indices may be avoided by using z=a cosd, y=>bsin*6.]
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12. Find R at any point of the curve z=a cos 0, y=a sin 4,

13. In the hypocycloid z# +y# = a? (Fig. 18) show that R =3%/azy
=3 times the perpendicular from the origin on the tangent (Ex.
3, p. 46).

14. Show that the radius of curvature at any point of the cycloid
z=a(0—sin 0), y=a(l —cos 0) is —4a sin 0 =twice the normal
PB (Fig. 60).

15. Also that a=a(0+sin 0), f= —a(l —cos 8), and hence (see
Fig. 20) that the evolute is an equal cycloid.

16. Show that R =co at a point of inflexion.

dsi
Viday+ @y - @

17. At any point of a curve R= (See

Ex. 16, p. 70.)



CHAPTER XIX.
INTEGRATION. ELEMENTARY ILLUSTRATIONS.

91. Prop. The limit, when = is infinite, of the sum of n
infinitesimals of the same sign is not changed if the infini-
tesimals are replaced by equivalent ones (§ 15).

Let the given infinitesimals be a;, a2, ... and let
Bi, B2, ... be equivalents. By a theorem of algebra
B1+B2+...)/ (@1+az+...) lies in value between the
greatest and the least of the fractions* B;/a;, fo/as, ...
But each of these fractions = 1 by hypothesis. Hence

L£Bi+B2+. . )=Alartazt+...),
or £20=£2a.

Hence (§ 16) the limit of the sum depends only upon the
infinitesimals of the lowest order.

92. In particular, if y is a function, and 4y and dy the
infinitesimal increment and differential corresponding to
the infinitesimal increment of the variable, then (§ 42)
#y=dy+1, and hence £3 dy=4£2 dy. This will be further
considered in the following article, and a special notation
will be employed for the limit of a sum.

* Let fn/an be the greatest of the fractions, and let it = r. Also
suppose the «’s to be all positive. Then

pi<ray, B:<ray ..., Pa=roam,...
Hence, the symbol 3 indicating the sum of all terms of a single type,
Jp<rZa, or Z8/Fa<r.

Similarly 38/3a> the least of the fractions.
98
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93. Let F(z) be a function of z, f(z) its derivative, and
suppose F(x) and f(zx) to be continuous from z=a to z=b.
When z changes from a to b the change in F(z) is F(b) — F(a),
or, in symbols,

[F(z)]z = F(b)—F(a).

Suppose that x changes by the successive addition of
infinitesimal increments. When 2z has the increment dz
the corresponding increment of F(z) is, § 42 (2), f(z) dz+1,
where I stands for the higher infinitesimals. Hence F(b)—
F(a)=the limit of the sum of all such terms as f(z) dz, while
z changes from a to b, dz approaching its limit 0 and the
number of terms being infinite. Let this sum-limit be ex-

b
pressed by J f(x) dz. Then

J' ';f(x) dz— [F(x)]:=F(b)——F(a).

Hence, f(z) being a function of x which is continuous from
z=a to x=0, to find the limit of the sum of all such terms
as f(z) dr when x changes from a to b we must seek the func-
tion F'(z) of which the differential is /(z) dz, substitute therein
b and a successively for z, and subtract the second result
from the first.

This process, which is analogous to summation,*is called
integration (the making of a whole from infinitesimal parts);
F(x) is called the integral of f(z)dz, and f(z) dz is called
an element of the integral; a and b are called the limits

b
of the integration; f f(z) dz is read ‘“integral from a to b

(or between a and b) of f(x) dz.”

* Historically, the symbol/is the old form of the letter s, the initial

letter of the word sum.

t This meaning of the word limit is not the same as that employed
elsewhere, It here signifies a value of the variable at one end of its
range.
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It should be noticed that dz is here regarded as an in-
finitesimal increment of z, and that the element or differ-
ential f(z) dz is (§ 42) the increment of the function F(z)

[9) A MN B X o A B X
Fia. 61. Fra. 62.

when the higher infinitesimals are omitted or disregarded.
The practical applications of integration depend upon the
fact that the element can be written down when F(z) is
unknown.
TLLUSTRATIONS.
94. Areas of curves. Let y=/(z) be the equatirn of a
continuous curve CD. Let OA=a, OB=b, OM =x, MP=y,

MN =dz, RQ=4dy, and let it be required to find the area
ABDC.

When z has the increment dz, the increment of the area is
MNQP=rectangle MR+ PRQ. MR=ydz, and PRQ<SR
which=dz 4y and is therefore a higher infinitesimal. Hence
the element of the area is y dz.*

b b b
.. the area ABDC=J Y dx=J f(x) dx= [F(x)] ,

where F(x) is the function of which the differential is f(z) dz;

xntl

e.g., the function of which the differential is z7dz is n-}— i

except when n= —1, in which case it is log z.

* Observe that the omissio f the higher infinitesimals is equiva-
lent to supposing y to remain constant while z increases by dz. More
generally, the element of dz(P,+71,)(Pa+%) ... is dz.P,P;..., and

, P,... may, in obtaining the element, be regarded as constant
while z changes to z+dx.
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In other words, we imagine the area to be divided into
narrow strips by lines drawn parallel to OY, express the
area of a strip as a differential or infinitesimal element (all
infinitesimals of an order higher than the first being omitted)
and then integrate. The whole area is seen to be the limit
of the sum of the rectangles as their breadth =0 and their
number becomes infinite.

Ex. 1. To find the area OBD of the curve y=z3 Fig. 63, the
limits of = being 0 and 1.

1 1 1

The area= J y d:c=J z3dr= [}x‘] =4, i.e., the area is one-
0 0 0

fourth of the square on OB.

Ml

Fia. 63. Fia. 64. F1a. 65.

2. The area of the parabola y’-—4a:v, Fig. 64; from 2=0 to
z=his

Iydx=J x@i.ﬂ@{@.gﬁ]a

=4$V4a . ki =3h NViah= $0B.BD
=two-thirds of the rectangle having the same base and height.

3. The area of the curve y=sin z, Fig. 65, from =0 to z=r is

I:sin xdx=[—cos :v:r=2,

[}

i.e., twice the square on the maximum ordinate.

95. Volumes of solids of revolution. Suppose the curve,
Fig. 61, to revolve about OX and generate a solid. The
rectangles MR, M@ generate cylinders of infinitesimal thick-
ness dz, and radii y, y+ 4y, and therefore of volume zy%dz,
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n(y+4y)2dzx. The latter=ny2dz when the higher infinitesi-
mals are omitted. Hence the volume element=rny?2 dz.

. b
.*. the whole volume=nj 32 dz.
a

In other words, we imagine the solid to be divided into
thin slices by planes perpendicular to OX, express the volume
of a slice as a differential or infinitesimal clement, and then
integrate. The whole volume is thus the limit of the sum
of cylinders of volume zy2dz, i.c., ¢f the cylinders formed
by the revolution of the rectangles of Fig. 62.

Ex. 1. The volume formed by the revolution of OBD, Fig. 63,

round OX is
J‘ *dx = nJ de-—n:[ ]—éﬂ

2. When the area of the parabola y*=4az from z=0 to z=h
revolves about OX the volume is

h h h
nj y’dz=zj saz dv==[ 40 42" ~4=(dah)h=}=BD" . 0B,
0 0 0

i.e., one-half of the cylinder having the same base and height.



CHAPTER XX.

FUNDAMENTAL INTEGRALS. 1.

96. We have seen that

[i@ da=[Fa],

F(z) being the function of which f(z) dz is the differential.
If the limits are not expressed,* we may write

j f(z) de=F(z),

and hence I may be regarded as a symbol which indicates

the operation of going from the differential j(z) dz back to
the primitive function F'(x), or of finding the antidifferential
of f(x) dr, or the antiderivative of f(z). By this operation
we can discover only the variable part of the primitive

function; e.g., j2x dx=2?, or #2+1, or z2+c¢, where ¢ may

be any constant (any quantity independent of z). To
every integral thus obtained from a differential there should
."..be added a constant, the value of which must depend upon
special data; we should then write

J f(2) do—F(z) +e.

* The integral is said to be definite when the limits are ;;pressed,
tndefinite when they are not expressed.

98
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If we are hereafter to substitute limits, the constant ¢
need not be expressed, inasmuch as it would disappear in
subtracting. We shall accordingly, as a rule, omit the
constant, but its presence is always understood.

97. The various processes by which integrals are obtained
consist almost entirely in so changing the form of given
differentials as to make them appear as particular cases of
the fundamental ones given below.

Differentials. Integrals.
- N
d(om) = non1 dv @), - Jordo = n -1 @)
- dv dv -
Vo= B B,.'.J =V b
avv e 3) N v )
1 dv L [dv 1
a(3)--% @), - [B= = )
d(@)=Aa’dv (E), .'.Ja" dv=a’/A,
A=logea (e)
() =e"dv ®), .'.Je”dvr—e" 0
log 1) =2 @), =[5 =logv o)
d(log v)= P R s
d(sin v) =cos v dv (H), .j.Jcos v dv=sin v )
d(cos v)= —sinv dv @), .'.Jsin vdv=—cosv (7)
d(tan v) =sec?v dv © @), .. |sec2v dv=tanv O)

d(cot v) = —cosec?v dv (K), .'.Jcosec2v dv=—cot v (k)



100 INFINITESIMAL CALCULUS. [Ch. XX,

Differentials. Integrals.
d(sec v)=sec v tan v dv @), .‘.jsec v tan vdv=secv (I)
k.
d(cosec ) = —cosec v cot v dv (M), .‘.fcosec v cot v dv
= —cosec v (m)
AN dv . dv R
d(sm a) T N, . .J‘\/-——-a2_v2 sin la (n)
-2\ adv . Jd_”___l 12
d(tan a) a?+v? (), . a? +? P a (p)

I v adv dv 1 v
1 = = Zgec—1=
d(sec a) WE—g2 @ . 'Jv\/v?—cﬂ 2™ a(q)
To these may be added: *

d

[ mtog o4z, S0

dv 1 a+v
P =§E10g<a—_—v): v[<|a, -
‘ )

1 a+v

and =%log<1~)_—a>, v|>[a,

Jrri-t g () C
Ware o t\arvare) !

We add the hyperbolic equivalents of (r), (s), and (¢).

dv ..
IVv2+a2—Slnh ry

B _ osh12
I\/v2—a2—COSh Py

)

* Formule (r), (s), (¢) should be committed to memory with the
others, as they are of fundamental importance. It will be seen later
that they may be deducéd from the preceding formule. Compare

carefully (+)and (), (p) and (s), (¢) and (). Notice that [ de

-a
-— f a‘d—uv’ and is therefore known from (s).
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dv 1 _
Jaz 2 ~a tanh—1—, v[<|a,]
@)
1 .y
and =-— coth™—, v|>|a,
a a
I —_— iiv_= 1 sinh—12 = _1 cosech=12)
wWal+e2 @ v a a
1 ®)

dv 1 12 _ 1 1Y,
me— acosh " asech a



CHAPTER XXI.
FUNDAMENTAL INTEGRALS. IIL

ExawpLEs. FormurLz (a) To (g).

1. '[ax’dx =}ax*, J.(aac8 +0) dx=%ax*+ bz,

JZ;ix J-2x 9d:c~2r2= ——14 jdiz—l.

-2 ¥ | a? z

2. J-(x’ —a*)dz= J(x‘ —2a%z?+at) dx=1x* — }a’2® + a'z.

3. '[(x’ —2)xdr= %J (x2—2) d(2?—2)=E(x*—2)4.

pds (a2
4. o ,[2Va“—:c’ a*—z?, by (b).
d. d(a®>—
Xs. [F0= —3[ "= 4 log (=2, by (o).

—_2)2 — 2 4
8. J(l xx ) dx=J.1 21; +e dx=J<i—-2x+x’>dx

=log z—z?+ 1.

‘g Je—”dx= —%Je‘nd(—Qx)= —3e%, by (f).

8. jxe""’ dz= —%Je—”d(—z’)-—- —je.

%J'axid:w:iaxl. 10. jrﬁdx= —3xt, ’
102
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11.

(a+br)t

+x,—log VaF+ 7t 12. J.(a+b:c)’ dr= i

14.

eax dr = (’”1/41 1

(311

13. J 2ax —z* (a—z) dx=%(2ax —x?)i.

16.

; z?dx 1 dx (log z)nt+!
18. Ja;_—_13=§ log (m,) . 19. J(log z)n - =-—g——.

17,

n+1

20. [~F _1og (log 2). 21. J‘la(lx:a’.

4 ©dz
22. | 3Vzdz—14. 23. Jx—idx 2. 24. J' S=pa
1

0

00
1
wdr_, 26. J cerdr=r

0

25.

0

a

l:::"d:c=~~1—. 30. J Vz—adr=%d. _

2 n+1
(a:l:x)nd:v-—— @)

27. Ja(ax+1)dx=&a’—a—2. 28. ch’dx=e—1.

2 rdx
e 32. J04+x,=1}log2.

o

®  dr 1
5 J.a (a+z)"=(n—-l)(2a)n—n n>1.

1
34. J (a+ bz +cx?)r dz =5 (6a+4b+3c).
0

—

* [t is implied in § 92 that @ and b arc assigned vnlues of z. In
this example 4 is to be understood as the limit of f when b is
infinite.
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o zdr 1 e zdz

35. J‘o (@—2)" 6a* 36. J0m=a(\/§—l).
2]o @

37. J —— z=s} (log 2)2. 38. j 2 ewdr=1.
1 0

2
39. j (a—2x)? 2t dz={5al. 40. J °_d= =2V 2a.
0 20—z

j

a (a :c)dx otz
a1, J = 2. Ls dz=26/log 21.



CHAPTER XXII.
FUNDAMENTAL INTEGRALS. IIIL

ExampLEs. FormuL® (k) TO (m).

1. Isin 30 d0=§J‘sin 360 d(36)= —1% cos 36.

2. Jcos 50 cos 30 d0=}J(cos 80 +cos 20) do

sin 80 sin 20
-3 (2,2,

ae sec?0dd (dtan 0
* - _ _
3 jsin 6 cos 0 J‘ tan 0 J tan 0 log (tan 6).

do__ [ __df d(30)
4 Jsin 0‘.[2 sin 46 cos 46 Jsm 36 cos 30 108 (tan 19),
by Ex. 3.

dé d 0
5. J' == j sin(t:’:_;)=log tan (3n+10), by Ex. 4,

or : =log (sec 0 +tan 0).f

* Integrals 3-11 deserve special attention on account of their fre-

quent occurrence.
t This important integral may also be treated as follows:

0.0
f secfdf= f \/ts:;zm—log (sec 0+ tan 6), by (r).

The integrals of Exs. 5, 4, 3 may also be expressed thus (see foot-
note, p. 36):

[ & o), [ x0-1m), [ i - (20— ).

sin 6 cos ¢

Numerical values of 1(0) are given at the end of the book.
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in 0d0
6. J.tan 0do= js}%)'sﬁ_ = —log cos 6=1log sec 0.

7. Jcot, 0 do
sin

J’cos 0do =log sin @.

8. Jsin’t) do= &[(1 —cos 20)d0=4(0 —% sin 20).
9. Jc s20 d0=1}J(1 +cos 20)d0=3%(0+ % sin 20).
10. Jt n*g d0=J'(sec’0—1)d0=tan 0—0.

11. I

sin?0 cos?0 d0 = }J. sin?20 d0 = %J'(I cos 40)d0
=1(0—1 sin 40).

12. T4sin'e"

I(Sm 6)-*d(sin 6) =

13. Jcos(30 1)d0=1%sin (30—-1). 14. Jsec’4ﬁd0=}tan40.
15. J

d0 1 tan'0. 16. J-cos’no d0=13%0+%(sin 2n8)/n.

17. |y = ¥V2 log tan (b= +40)= }V2 A0 —47).

sin 0 + cos

- V3 log tan 1(x + 0) = V2 A(36).

18. JV 1+ cos 6 d9=2V/2 sin }0.
J\/I +cos 0

j\/l +sin 0 d0=2(sin 307 cos 406).

| 40
Jl o =tan 40, 22. J O =tan (40~ 1),
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23. |sin 56 cos 30 d0 = —% (cos 20 +% cos 80).

24. J‘sm 30 sin 20 d6 =1} (sin 0—4 sin 50).

25. |sin®0 d0= I(l —c08%0)? sin 0 df = —cos 0+ % cos®0—3 cos®d.

26. *Jsm‘(?d() J 1- c°820) do

2

=}J[1 —2c0820+%(1+cos40)]=%0—1%sin 20 + 4 sin 40.

27. Jtan“ﬁ do =J(sec’0 —1) tan 0 d0 =14 tan?0 +log cos 0.

28. =sec 0 +cos 0.

sin®0 d0 (1—cos?0) dcos 0
cos?0 cos?0

29. Jc s*0 sin®0 d0 = —Jcos‘O(l—cos’U) dcos 0=~} cos®0+1} cos'0.

sin 30

n 0 d0=log tan }(z +6)

=4(30).

30. =tan 0 —cot 0. 31. J

1120 cos’0

n?0 dé
g9, [Hn:0d

—log tan(3r +40) —sin 0= A(0) —sin 0.

34. | sin 6 d0=2. 35. rcos 0 d0=0.
0

36.

0
33. J d 40=J’(1 +tan?0) sec?d d0=tan 0+}% tan’0.

t4 in
) 37.j tan?0 do=1—1%r.
0

¥ 17 gin 0 d0 —
38. J "§in?0 d0 =} = J 0 cos?0do. 39. J sy = V2L
()

* Compare the methiod . 1o Las. 25 and 26 according as the indqx
is odd or even.
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i ¥
10, I 0 jloga=-3aTr. 4L I'secsa tan 6 d6=24.
in 0

in
42. J cot30 d6 = 3(1 —log 2) =" 522.
ix

in
43. J tan*d d6="119.
o

iz do
44, Jocos 5= % log tan 7w ="658 =4 A(3=).

s
45. j sec 0 d0="521.

0) do
46. (1+COS )d =10g <;;_2_Zr__> =+201.

i " O+sin0 +2

* Use the tables at the end of the book.



CHAPTER XXIII.

FUNDAMENTAL INTEGRALS. IV.

Exameres. FormuLa () 1o (¢).

dz 1 1 a+x

1. JE’———.?:E:JZ(I[ +:L' a— x]dx~ log( >
a+x
It also= J 2a[a -y a]dx log ( )

This is (s).
_dz 1 J d(@V'3) 1

T =)
——— =——gin"' (2—),
Vissz v3IVai_@viy V3 2

zdr dx*) . .,
S \/r:f*J VieEy e

4 J‘ dv d(x—a)_=sin_l<£-_a>
" INV2z -2 JVai— )

(xr—a)’ a

d(x+a) T
. —— = =] +a+ 14 2azx).
J\/z’:{:Za:c ,[V(x:l:a)’——a’ og (v:£a+Va'+20)
6 dz 1 ) T 7 dz __1_1 ( z
’ J2az—x’=271 g <2a—x ) |27 +2a2~ 20 %8 \z +24/°

g dz [ _de 1 i=——l—sin"g—.*
e N Ao ()

*The integral is also ésec—‘:f-

These apparently different re-

sults differ only by a constant (in this case z/2a), and therefore have
the same differential.
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In a similar manner deduce (¢) from (r) and (¢') from (r').

ztdx z*dx 1+z
9. J‘1+x"=% tan—! 2%, 10. Jl =}log ( )

zdx Y i o
\/a_‘__;‘-—& sin a’)' e”+e"’ =tan—le?.

d
v dx —sech—1e%.

dx dz d(z—1%)
15. JQx272x+12%J(x2—x+%) +}=*j(x—&>2+(%)z

=tan—'(2x —1).

= sm“(

‘2x+}>
5

dx 2r+1
17. '—:::“—‘=. -1 e .
J\/1+x+x’ sinh < \/3)

18. J’d:c Vzt—at
z

=Vzi—a’—asec™' =
[Rationalize the numerator.]

19. de A Va?—zi—asech-1=,
p )

20. de a=® Z_1'+a sm“x
at+x a
21. J'é}\j-»—wv:sec*‘ +cosh" a
dx
29, | — ===} sec!(42).
| g =t see~ii0)

dx 1 5
23. [*‘ = = "’( —).
Vit =322 V3 se¢ x\/?)

_wbds_(_d@b) (20
24 J\/5—4x3 !’Jx/s—(zx%)ﬂ bsin (\/5)'
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x U xdx
=% tan—!' 3="0624. 26. j =} ="T785.
4 +9x? 0\/1‘.@‘ }T

2,4:5:;2= 110.\/1‘() tan—! (%\/10) =-318.

¥ xdr 2 dzx
i | 5 -
ZS.J | —,i=tlogg=128. 20, J srap=log §="128.

2 zdx dx
___....-— —1 — - — .
30. Jl T 1 tan—! $="161. J i =} tan—! } =-322.
) d: 3
szj O tx="TS5. J sde oo,
L V2t —1 Vs —4ud



CHAPTER XXIV.
INTEGRATION OF RATIONAL FRACTIONS.

08. An algebraic fraction is rational when it contains no
surd expressions involving the variable.
I} the fraction is improper, it must first be reduced to a mized

quantity.

z* 1 2! dz
= o= =3z~ -
Ex. 1. 11z~ 1+1+x’ . .Il iy $x? -z +tan—'z.

2. J;%FJ(:H 174 )dz=<}x —%x’+ilog(1+:c’)

When the fraction is a proper fraction, it should, in gen-
eral, be decomposed into partial fractions. See Appendix,
Note A.

EXAMPLES.
g B3+l 115 1 1 1
*zz-1)(@+2) .2 z '3 z—-1 6 z+2
2’ +3x+1
: 'Jx(x—l)(z'+2‘)d’ —%logz+§log (z—1)—}log (z+2)
(z-1)°
!
=t e

(1+3z)dx .[(1 1 2
2. Jx +2x’+x‘-j(;~m+(l +z)’)d‘~'

=log z—log (1+‘°)_1+z (1+z) 1+z
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I(z a)(:c %) Iadfb(z_:i—a%) a=oloe (55 =5

t

-1 142z
1+8z+22%" °g(1+z)'

frvec
J 82" dx

To5 24 —z7+% log (1+4227).

(2z+1) dx
jx(z+1)(:c+2) =log (z+1 )\]( o
z 1
Jx a:)’—IOg () +1e

N

dzx 1 -
:v‘(1+:v’) z g+tan -

®

9. J'(:”z 31)+dzx—3x+lllog(:c 2)--2log (z—1).
10. J.:c‘+5::; izs Fa~loe (1+z)+2—i§‘

11. J(;(;l)dxnilog (z*—1)—log z.

12. j(:(-:i)d;;=tan—‘x+log \/1:: —.

13. jl+:i:f+z' log ﬁ-&-tan—‘x.

14. j(u?)éﬂ#) =log (é—l}ﬁ:)*

3z+4 +31o (+)
(z’+3a:+2)' =7it3z+2 08 \z+2




CHAPTER XXV.
INTEGRATION BY SUBSTITUTION.
09. To assist in bringing certain differentials under forms

already considered various substitutions are employed, the
most important of which will be mentioned in this chapter.

dx 1 dz dz dz
Ex. 1. de+bz”' Let z=—, then dz= — 3, and '=- .

Substituting, we have

m?dz  log (azn—1+Db)
—Jaz"“+b_ —a(n—-1) by (@),

!

1
“an—1) g(a+bx”*‘

) , Wwhen z is replaced by -17

2. Makiny the same substitution and integrating by (a) we
have

dz z dzx 4 x
(@*—znt a(@>—2)¥ @ La?)i Tal(xdtad)t

3. j _dL_-—. Let Vv'+a’=2z. Then v’+a’=2? and 2vdv=
Vvita’
2z dz.
, dv de dv+2) | [dv
R Ty I~=log (v+2),
or J—J—;——- =log (v+Vv? ia’)

Thus foi_*mula (r) is deduced from (g).
114
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100. Binomial differentials. Any expression of the form
(ax? +ba?)" dz, the indices beins positive or negative, integers
or fractions, may be called a binomial differential. For con-
venience in making the following statements it will be best
to suppose the binomial differential to be given in the form

z™(az™+b) dz.

This can be integrated immediately in the following cases:
(1) When r is a positive integer, expand by the Binomial
Theorem.

m+1

- is a positive integer, let azx®+b=z.

(2) When

m+1

- +7 is a negative integer, let az"+b=z"z.

(3) When

101. When the differential is a function of a+bz let
a+bx=2z", where n is the L.C.M. of the denominators of

the indices.

dz 2z2dz .
Ex. Jmm——_'[m, it 14+z=2

dz Y. _l\/‘—'
-2J.1+zz—2tan z2=2 tan 1+z.

de — let ax? +b=a222
(Ax2+B)V az?+b

103. sinmd df, | m odd and +, let cos =2,
sinm@ cosnd db, .. —sin 0 df0=dz.

102. In

cos™d db, m odd and +, let sin =z,
sinnf cos™@ d6, .. cos 0 df=dz.
let tan =2,
sin™f d6, cos™f df, m even and—, | .°. €OS 0=1/(1+22)%,
sin™@ cosnd dd, m+n even and—, sin =2z/(1+23)3,

d0=dz/(1+22).
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104. More generally, any rational function of sin # or cos @
becomes algebraic and rational when tan 46=2z. For

cos 0= (1—22)/(1+22%), sin 0=22/(1+22), d0=2 dz/(1+22).

105. Any rational function of tan § becomes algebraic and
rational when tan §=2. For df=dz/(1+22).

106. Any rational function of ¢* becomes algebraic and
rational when e?=z. For dz=dz/z.

107. On the other hand, certain algebraic surds are ren-
dered trigonometric and rational by substitution. For

if z=asin 0, (a2—x?)¥=a cos 0;

if z=a tan 0, (z2+a?)¥=a sec 0;

if z=a sec 0, (x2—a?)t=a tan 0;

if z=2a sin20, (2ax—2?)*=2a sin 0 cos 0;
if 2=2a tan2d, (224 2ax)*=2a sec § tan 6;
if z=2a sec26, (22— 2ax)*=2qa sec 6 tan 0.

Hyperbolic substitutions may also be employed. For

if z=a sinh 2, (22+a2)¥=a cosh z;
if z=a cosh 2, (x2— a2)}=a sinh z;
if z=2a sinh?z, (224 2ax)*=2q sinh 2 cosh z;
if 2=2a cosh?z, (22— 2az)*=2a sinh z cosh z.

108. Since az? +bz-+o=- [(202+5)+ dac— 2], the follow-

ing general results may be obtained from previous integra-
tions by the substitution 2ax+b==z.

dz. 2 - _20z+b
(I)I ax2+b:c+c_\/4ac_b2tan (\/4“_52)

if 4ac—b? is+, and

__ 1 log 2ax+b——\/b2-—4ac>
Vii—4ac +b+VB2—dac
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if b2—4dac is +.
@) —,——-d__f___.—————=—l_—.log[2ax+b+2\/a(ax2+bx+c)],
IVar2+bz+c Va
[ dz 1 _1< 2az—b )
_—=—SII —_— ).
IV a2 tbz+c Va \dac+b2
@) [ dx _ 2(2ax+Db)
J(@a2+bz+c)t  (4ac— bz)\/a:c2+b:c+c'
@ f  zdx __}_j(2ax+b)dx—bdx
JaZfbz+c 2a) aa?tbatoe
1 b dx
E— Lt 2 ——— ————————
2a log (a2? +ba+0) 2aj. ax? +bx+c
dz 1 ,———— b dr
5 J————____” ==V az?+b +c——j——:_————-—— .
®) VarZ+bzt+ce @ o 2a)7 az? +bz+c
6) ‘[ zdx o 2(bx +2c) '
@2 +bz+e)t  (4ac—b?)Vazt+bzte
1 dx
109. If we put =210 | Vaz tba+¢
1 dx
k=-' lj..__—,—-——__’———:"_‘——'
or z+ zu (x+k)\/ax2+bz+c'
these integrals will be reduced to § 108 -
EXAMPLES.
1. [ dz ==-gta.n“\J.2f-—1- Let v2az —a?=2.
zV2ax—a' ¢ a

2. "’__l‘i?.d—”=(§z—1)2fx+2tan—u/5. Let VZ=2.
+z

1 dz e
3. _.__7‘:_____—_2'0 -1V1 +z.
J (2‘*‘3) 1+ an
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4 __ r+a
* | (2ax +x2) Vo + 22

Let x+a=-l.
z

A\ +‘\/

r—a

(=

--—2ss'm—l v
(z— a)(b x) b—a

7. Jx“(l +29)Vdz =5 (T2 =2)(1 + 20k,

_ \/x "1 2
‘\/x’ (1+2.’c)

9. J = tan—1, | =2

a +x’)\/l -z \f 2"

11.

-

10. Js n*0 df= —3% cos’0 +4% cosd —cos 6.
J‘ cos'd coP0

sin®d do 1
l = Teos 0 ?’cos’ﬂ Jdo\j81n ’ =$Vtan'.

13.

sﬁOcos’(i— —% cot0 —2 cot 0+tan 6.

do 2
1+sin6  1+tani6

14.

15. d0=20+cos 0+

1+sin 0 ) 1+tan 30’

2
at+bcos0 ~agi—

16.

J
J
Jsm 6 —sin?0 4
Jawic

a—b
— tan ( mtans}o), a|> b,

and

\/b’ = tanh™ (\/ % tan 1}0) al<[b.

17. I tan'd d0 =% tan®d —tan 6 + 0.
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18, [—92__ _secT'z 271
#Vzi-1 2 2z

x

dz 1
19. | ———— =— o .
jxvm’+bx+c Ve Bhz+2c+2veas tbz o)
J' dz 1 . bz —2c

- —1

y——————— sin —_—
zVazi+oz—c Ve Vb +4ac



CHAPTER XXVI.

INTEGRATION BY PARTS.
110. Sincev du+u dv=d(uv), .". Iv du+Ju dv=uv,
. Ju dv=uv—fv du,

or u dv can be integrated provided that v du can be.
Integration by this formula is called integration by parts.

Ex. 1. Jlogx dz = (log x)x—jz . d—:
= (log z)z—jdm=z log z—z.

2. Jsin-‘x dz = (sin—'z)x —-Jx ___d:z;__’ =zsin—'z+V1—273,

V1—z?
z? (2? dz
3. Jx logxd:c—jlog:c .zdx=(logx)§—j_§ "7
z? z?
=3 log T=F.
o s ant+t s
4. Similarly, [x" logxdx-n_l_l log z e

1x1. It is often necessary to rgpeb.t the integration by
parts before the complete integral is obtained. )
120
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Ex. J‘a:’ cos:cdz=J’z’ . co8 z dr=2z?sin x—2jz sin r dx.

Again, Ix sin:cd:c=fz . 8in 7 dz= —z cos z+Jcoszdx
= —rcosz+sinz,

Substituting, I:v’ cos z dr=2x*sin x+2x cos z—2sin z.

112. Sometimes the integration reproduces the given ex-
pression with a new coefficient.

1_ g2
Ex. 1. V@ —g'= e

2__ 2
a x’

.’.JVa’—x’dz=a’J de J 2’ dv

Vai—z? JVal-z?

T .
=q? sin"‘(—l- —Ix d(—Va?—z?)
=q? sin—% +x\4z’——z’—j\ﬁf’~x’ dz.

Transpbsing the last term to the left-hand side and dividing
by 2, we have

I Vai-z* =—‘;—’ sin—% %m. (1)*
2. Similarly,
2 s
jvx'ia’dx= 5 log (¢4 V7 £a) rgVaika. @t

* (1) and (2) are of frequent occurrence and should be carefu(l};'
noted. They are also easily obtained by the substitutions of §107.
3
t Or, f\/ zi+a? dxsg— sinh—Z+ 2/ 7t ab,
.2 ®
S—— 2
f\/z‘—a’dx = —%— cosh—‘%+%v zi—a.
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3. Isec 0 tan®f df=tan 0 sec 0 —Jsec’0 de,
whence, since sec?d=1+tan?¢ and J sec 0 df=log (sec 6 +tan 6),
jsec 0 tan?0 d6 =14 sec 6 tan 0 —4% log (sec 6 +tan 6),
ExaMPLES.

Z cos x dx=2 sin x +cos z.

2. |tan~'z dz=2z tan—'z —log V'1+2%

-_..__.‘

z tan—'z dr=4% (1 +2?) tan—'z —4%z.

w
—_—

r sec-'z dz=}% (2? sec—'z —Vzi—1),

-
—_—

zerdx = (x —1)e®.

«o
—

z%% dx = (22— 22 + 2)e?.

e%sin z dz = }e*(sin £ —cos ).

2¥gin z dz =2z sin z+ (2—22) cos 2.

z sec’z dr =z tan z +log cos z.

-
[ S W S —

10. |e* sin 22 d:v-—-(sm 2z —2 cos 2z).

11. |z tan’z dz =z tan z +log cos z — 22

'—__‘B.
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x!
12. Jz’(log z)%dzx =3 [(log z)?— % log = +].
13. Jsec"() d0=%sec 0 tan 0+ 4 log (sec 0 +tan 0).
ell$
14. jeaz cos mx dx =m(a cos mz +m sin mzx).

15. Jca” sin mz dz = ———(a sin mz —m cos mz).

+.

JV2a:c zd. -—~——-V +——sm—‘<xaa>

17. JV2a:c+:c’dz=x+ \/2a:c+:c‘——2~log (z+a+\/2a:c+z’)



CHAPTER XXVIIL
SUCCESSIVE REDUCTION.
113. To integrate sin”f df, n being a positive integer.
j sinnf df— jsinn—la sin 6 df
= —gin""16 cos 6+ (n— I)J‘sinﬂ—20 cos?6 db,
and writing 1—sin26 for cos?0,

= —sgin"®"16 cos 0+ (n—‘ 1) J sin?—20 df— (n— I)Jsinnﬂ dé.
Transposing the last term and dividing by =, we get

sin®~1@ cos 0 , n—1

Jsin"ﬂ di=— p +— Jsin"‘zﬁ dé. ()

Writing n—2 for n, we have

inn—3 —_
J-sin"‘zﬂ g5 0 cos 0+n 3
n—2 n—2

Jsin”"‘*ﬁ dé.

Thus by each integration the index is diminished by 2,

and hence will in the end depend upon jsin 0 do=— cos @,

or jd0=0, according as n is odd or even.
124
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By a similar process

n—10 si /] —
J cosnf df =22 p Sin +nn ljcos"""ﬂ dé. 2

df _ (cos20+sin26 cos 0 do
el eyl B I O+ | ey
The first term-Jcos 0d(— ———1—~)
(n—1)sinn—14
o cos 0 _ 1 J’ dé
(n—1) sin»10 n—1)sin»—2¢"
] J' do cos 0 ,n—2( df
sinnd  (n—1) sm"‘10 n— ljsin"‘zﬁ’
by which we may reduce to
do dé
Jm—log tanid, or jm= —cot 0,
according as m is odd or even.
Similarl i sin 0 n—2J dé
mrary, J’cos"ﬁ_ (n—1) cos®™10 * n— 1) cos”2¢’

do do
and Jcosa—log tan (dr+16), Jm—tan 4.

115. J. tanng d0=Jtan"'20 (sec26—1)dd

=Jtan""20 d(tan 0)— J tann—20 do

- el J tan"20 df,
n—1

and Jtan 6 d6=log sec 0, Id0=0.
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Similarly, Icotnﬁ da=—°‘;f" 10 j cotn—20 do,
and j cot 0 df=log sin 0, j d0="0.
mA aien _ m—1 sin»+16
116. jcos 6 sin”0 d0 Jcos 0d( P )

__cos™ 10 sin"t1f m—1
B n+1 n+1

and writing sin”*20 in the form sin"f (1— cos26),

cos™ 20 sinn+20 d4,

cos™ 1@ ginn+10 + m—1
n+1 n+1

m—1 -
—mJCOS 0 sin”d d@.

Jeosm‘20 sinn@ df

Transposing the last term and dividing,

cos™ 16 sinn*tl§d m—1
m—+n m—+n

j cos™@ sin"@ df = I cos™ 26 sin”0 d0.

In a similar way we might have obtained

cosm+1fginn—1 n—1
m—+n m—+n

Jcos"'ﬂ sin"f df = — Jcos’"ﬁ sin"—20 d0.

117. The following will present no difficulty=:

J’ cos™@ o= — cos™1§  m—1 J‘ cos™20 a0
sinn ~~  (n—1)sin»1 n—1)sinn20 "’
J gind sin»—10 _n—1 J sin”»—26 £
cos™ (m—1) cos™ 10 m—1)cos™ 20
cos20 +sin26

aé

118. :
J. cos™0 sm"ﬁ cos™( sinnf

do + J‘ do
cos™ 20 sin”f = ) cos™@ sin"—26"
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_ 1 -1
The first term = ,[ cosm‘lﬁd ((n— 1) sin”“IO)
__ 1 -, m—1 J do
(n—1) cos™10 sin®~10 * n— 1] cos™f sin"~2¢"

Substituting this, we get
J do 1 m+n-2 J do

cosmOsin"0  (n-1) cos™ 10sin*"10  n-1 Jcos™0sinn=2¢"

By treating the second term in the same way we might
have obtained

J do _ 1 . m+n—2 dg
cosm0sin"l  (m—1) cos™ 10sin"~10" m—1 Jcos™ 20 sin"(’

Hence the integration may be reduced to one of the fol-
lowing: .
do do ao .
a0, | s o or [ o (€. XXID.
119. The following may be obtained from the preceding re-
ductions by the substitutions of § 107; they may also be
obtained directly (cf. § 112).

J’ andx ____:cn‘lx/az—x-2+a2(n—1)‘[ 2dz

Vai—g? n n IWe—d
dr _ Va2 2 + n—2 J’ dz
o d—gz  @(n—1)z"7 a?(n— 1)) gn-2v/ 2=
j zrdx _x"‘l\/2ax—— xz+a(2n—— l)J’ zn~ldx
Voar—2* n n N Taz— 22
j’ zrde oW 22+ 2az_a(2n— l)J‘ a2 ldx
V2 +2 n n V22 +2ax

' n 27 g2 n_
o 22 gpT@ =27 _“_’LJ Y
[(a 22)2 dz P +n+l (a2—22)2 “dr
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ExampLEs.
1. Obtain the results of §114 by integrating sec®d df and
cosecnd db.

™ cos nx mx™! sin nx
n n?

2. Jxm gin nx do= —

m(m—1)
~

Jx"‘“ sin nz dz.

™ sin nx +mxm—‘ cos nx

3. Jx’" cosnrdxr=

nl
-1
~7ﬁ%—)JxM*’ cos nz dz.
4. Jxﬂea’ dx ez J xn—1eat dzx,
: a a
eaZ dx il a (e dzx
5 =- —t— ==
zn (n—1)zn—? "n—-1] gn?

zmt+i(log :v)"__ n
m+1 m+1

6. j:t"'(log z)rdr= J‘ am(log =)~ da.



CHAPTER XXVIII.

CERTAIN DEFINITE INTEGRALS. *

120. The first term of § 113 (1) is 0 when =0 and also
when 6= 4r; hence

T (=1)(n—3)...
Jo sin Odo———;t‘(—nj—_——zT.—-—- .Q,

each set of factors being carried to 2 or 1, and a being %

when 7 is even, and 1 when = is odd.

Also, J cosnf di= J sin®@ dé.
0 0

121. By examining the results of § 116 it will be found
that

[(n—1)(m—3).. ][(n—l)(n—3) ]
(m+n)(m+n—2)..

J: sin™@ cos”f df = .,

each set of factors being carried to 2 or 1, a being 325 when
m and n are both even, and 1 in all other cases.

This reduces to m-lL-l if n=1, and to —:—_—1 if m=1.

122. Many integrals may be reduced to the foregoing.

Ex. 1. J"' an dz =a»j§sin»odo. Let z=a sin 0 (§ 107).
oVal—z? 0

* For a collection of indefinite and definite integrals see Peirce’s
Short Table of Integrals (Ginn & Co.). %
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a 3 7
2. f (a*—2?) dz=ant! J cosn+10 do,
0 0

x
n
a 3 £ .
3. | zm(a?—2z?) dr=amtnt! f sin™@ cosn+10 d6.
0 0

2a  gndr i
4. —_—=2(2 in"d dé.
o Voar i (2a) JO sin®*0 d

n
2a n 3]

5. J xm(2ax —x?) Pz = 2(2a)m+ﬂ+‘J sin?m+n+16 cogn+10 do,
0 0

x
0 d 1 (2
6. j < n=Tl‘JO cosn—20 dd.
0 (a?+2?) :

z .
7. xm(a—x)"dx=2am+"+‘Jo sin?m +16 cos?® +16 46,
0

123. From § 93 it is plain that
b a
[ 1@ de=—{" 1@) ax;
a b

that is, interchanging the limits merely changes the sign
of the definite lntegral
124. It is possible in certain cases to arrive at the value
of a definite integral when the indefinite integral is unknown.
The following important integral is an illustration.
0 ,\/ p

To prove J e @ de=—-.
0 2

From § 120 we have

L3

f o sin"6 d6 . J sin"+10 df = (1)

)
3
—

ol
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z2
Let sinr@=e~%, or =sin—! (e_z) .

N dz 2z dr

—ar on [z=
1—e ™ em —1

which, by the Exponential Theorem,

. db=

’

2zt

2 d _\)
-——\j;.b—,whereD= 1+ +;—3—-——2-+...

Substituting in (1) we have

= = _zz(')ﬂ)
° \jg e dx jo \/é e n/dr 1 7w
Joo n D N T D T atl?

or

n+1
® =% dx J -=(% )dx n T
o D Jo D Thn+14”

Now let n=o00; then D =1, and’—%—_*;l< 14— )also-l
N7

0 2 g )
. —z3 = . e—%*
..[Je dw] T "Jo 2t dr= -5

0

EXAMPLES.

1. [(sinne da=zj5 sinn0 d6, nS0.
J0 0

' z
2. | cosn0 d6=0, n odd, and =2 I 2 cosnf df, n even
Jo 0

3. |z sin z cos nz dz=( —1)"+‘77£_i, n an integer not 1,

J0
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and =—£- if n=1

4. J x cos z sin nx dr=(— l)ﬂ 1, n an integer not 1,
(V]

T,
and =-—7 if n=1.

00
5. The Gamma Function. The integral J zn—le~Z dx (n positive)
0

is called the gamma function and is represented by I'(n). Inte-
grate by parts * and show that

I‘(n)-—-*%l‘(n-*-l), or I'(n+1)=nI(n).

6 Show that I'(1)=1, and deduce I'(2)=1, I'(3)=1.2, I'(4)=
1.2.3,...I'(n)=(n—-1)!if n is an integer.

7. Show that I'(})=+7. Let z=2? in the integral. Deduce
I'(n+3)=1.3.5...(2n—1)Vx/2% n an integer.

00
8. J' gn—le—az dx=-~r—(f—), n and >0
0 a
00
9. j g™-1g-2 dg=}I'(n), n>0. Let z7=2
0
1 1\ n?
10. J (log —) dz=TI(n), n>0. Letz=c2.
0 z

T 1\n!  I(n)
11. j‘oxm l(log ;) da:-*——m,i ,m and n> 0,

* £2mn@e?=0 for all values of n.

1 \n 1 n .
For, ate = T3 =[ —————————\ 20if n>0.
':c_e” + + ,+

The conclusion is obvious directly if n<0.
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Many other integrals may be expressed by means of gamma
functions. The following, known as the Beta Function, is an
important illustration (see Williamson’s Integral Calculus, § 121).

1 I'(m) I'(n)
—1 —_
Jox'" (1—z)n tdx __—_l"( y ! m and n> 0.

Assuming this result deduce:

% (g — )1y = gm +n—1 L) T'(n)
12. Jox'” (@ —z)r—ldx=agm+n—!? Tm+n) "
13 J“’ en—ldg _I'(m) I'(n)

o TFam ™~ Timtn) * LH1T5=7

1
" J‘L “/_?_F,(E),_
oVi—gr n (1 1)’
r(z +2)
: (50 ()
15. j sin™m@ cosnd d0—§ P ] ,
0 r(- 5)

mandn > -1,

Let sin’d =z.
n+1
=T (5
2 o m
r(z+1)
Values of I'(n) for values of n between 1 and 2 are given at

the end of this book. Other values are unnecessary on account
of the relation '(n+1)=n I'(n).

16. j sin”0 df = J cos™d di=



CHAPTER XXIX.

AREAS AND LENGTHS OF PLANE CURVES.
SURFACES AND VOLUMES OF SOLIDS OF REVOLUTION.

125. Let P be a point on a continuous curve CD whose

equation is given. Let OA=a, OB=b, OM =z, MP=y,
MN =dz, RQ=4y, RT=dy.

v é We have seen (§§ 94, 95) that

b .
(1) The area ABDC— j Y dz.*

(2) The volume formed by the
—¢ revolution of this area about

b
0X=7rJ‘ y2 dx.
0 A M N B X a

Fiq. 66. Let the length of the curve

measured from some point up

to P be s; then PQ=4s, PT=ds. Also (§§ 92, 93) £34s=
£2ds. Hence

z=b

(3) The length CD =I ds, where ds=~/dz? + dy2.
N a

==

4s and ds being equiva'ent infinitesima's we assume that
they form equivalent areas in revolving about the z-axis.

b
% The area=sin w f y dz if the angle between the axes is w.
a
134
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But ds describes the lateral surface of the frustum of a
cone whose area

=2n(y+3dy)ds=2ry ds+1,

where I is a higher infinitesimal. Hence
(4) The area of the surface formed when CD revolves

z=b
about OX is ZnJ y ds. Y

r=q F

Since higher infinitesimals
are to be omitted in finding
the element of an integral we
may use dy for 4y and accord-
ingly regard dr and dy as
simultaneous infinitesimal in-
crements of 2z and y in the
same figure. Thus (Fig. 67) Fia. 67.

m o X
o
o
T

o) A M N 8 X

OF
(6) The area ECDF =J0Ex dy, and the volume formed by

OF
revolving this area about 0Y=7zJ- 22 dy.
OE

If CABD revolves about OY, the volume formed by MQ=
ydz.2rnx+1. Hence

(6) The volume formed by revolving CABD about
b
OY=27:J zy dz.
a

(7) Similarly the volume formed by revolving CABD
about BD

b b
=j ydz . 2n(b—z) =27rJ. (b—z)y dz.
a 3

Other relations may be written down in a similar way.
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Ex. 1. To find the length of the semi-cubical parabola ay’=z*
(Fig. 68) from the origin to the point (g, a).

From the equation we have dy=i zt dz,
a

2Va
D ——
ds=\/d7’_+—d§/’=\/;z/t_%
a
%40 +9z dz— (4a+9x)i]“
6 @ "B X 0o 2Va 271va Jy

Fia. 68. _ 13vV13 -8 .
27

a

ER OD=I

2. The area OBD =%a’.

3. The volume of OBD about OX =}ra’.
¢ ¢ TN L] . Oy=*"as.
11 113 T3 ¢ BD = fsna’.

4. Find the surface of revolution of the cubical parabola a?y =2*

about 0X, z varying from 0 to a. Ans. 217(10\/ 10—1)a%

126. It is sometimes desirable to express both z and y in
terms of a third variable.

Ex. The equation z#+yt=at (Fig. 18) is satisfied if we put
z=a 8in%d, y=a cos*d.
a ¥
Then dz=3a sin®d cos 6 df, .*. [ ydz=3a? J xcos‘ﬁ sin%d do,
J0 0

. . 3 = 3
Whlch, $ 121, ' -3a’m-2—=§—2na’.

. the whole area bounded by the curve=§ra?
For the length, ds=+/dz?+dy*=23a sin 0 cos 6 db,

i
.’ whole length = IZaj sin 6 cos 6 df =Ga.
0
Similarly it may be shown that the volume of the solid made

by revolving the whole area about one of the axes=ysza’, and
that the surface of this solid =*2ra’.
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127. It will often be necessary to determine the limits
of the integration from the equation
of the curve. Thus in finding the Y
whole area enclosed by the curve

a?y?=22(a2—z?),

it will be seen that the curve cuts

0 X
the z-axis at (+a, 0) and that the
general shape is that of Fig. 69. Fic. 69.
Hence the complete area
=4Jay dr=4%a2.
0

The volume of the solid of revolution about the z-axis

=na3, and about the y-axis=3}n2a3.
128. When y is negative the sign of ydz is —, and accord-
ingly an area lying below the axis of x will be affected by
the same sign. Hence in calculating

Y an area, care must be taken that y
does not change sign between the
/ given limits. Thus in the curve
/° N/ X

y=x(z—1)(z—2), Fig. 70,

Fia. 70. y is + from z=0 to z=1, — from
z=1 to x=2; it will be found that

1 2 2
J’ydx=}’ Jydx:—i-, J.ydx=0.
0 1 0

And generally the sum-limit given by a definite integral
b
Ii(x)dx is that of the algebraical sum of the elements,
a ! .

which will be equal to that of the arithmetical sum only
when f(z) is of the same sign for all values of = between a
and b.

129, If y is infinite in a given interval of z, the azes wili
have & limit (and will therefore remain finite) if the indeg-
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nite integral I y dz remains f{inite for the interval of z in

question. For example, if y3(z—1)2=1, Fig. 71, y=oo
when z =1, and

J;y dz= 3[(x— 1)*]:= 3, jf=3, J.:=6.

Y
Y| Y
(o) X
_\J
0 X 0 X
Fia. 71. Fia. 72. Fie. 73.

Thus if the area is imagined as described by an ordinate
which starts from the y-axis and moves towards the asymp-
tote z=1, the area =3, and this is what is meant by the
area between the curve, the axes, and the asymptote. Simi-
larly if the ordinate starts from the line z=2 and moves
towards the asymptote z=1 the area =3, and the sum

2
of the area-limits=6= J ydr as if y were continuous for
0

the interval [0, 2] of z.
Similarly if y3(z—1)=1, Fig. 72,

[poemilenl s ou ]

the algebraical sum of the area-limits.

But if y(z—1)2=1, Fig. 73, the indefinite integraljy dz=

[

0,

i—i—z=w when z=1, and the area=o. In this case
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2
oy dx=—2, which represents no part cf the area for the

interval [0, 2] of . On the other hand, the area for
[2, ©]=1.

130. As 2z increases the volume-element zy?dx changes
sign only with 2, i.e., when y becomes imaginary. Thus in
Fig. 70,

EXAMPLES.

1. The circle z?+y?=a’. Show that
(1) Area=ra’.
(2) Length=2ra.
(3) Volume of sphere=j$=a®.
(4) Surface of sphere =4ra’.

2. The witch y*(a —z)=a’c, Fig. 54.
Let z=a sin®0, then y =a tan 0.
(1) Area between curve and asymptote = za’
(2) Volume of this about asymptote =4$=*a’.
(3) Volume of same area about OY =§=’a’.
3. The cissoid y*(a—2z)=2°, Fig. 41.
Let z=a sin?0, then y=a sin*0 tan 0.
(1) Area between the curve and asymptote = $ra’.
(2) Volume of this about asymptote = 3n%ad.
(3) Volume of same area about OY = j=’a’.
4. Find the area bounded by the rectangular hyperbola zy=1,
and the lines y=0, z=1, z=n. Ans. log n.
5. The curve y*(a’—z?)=a’, or x=asin 0, y=asec 0.
(1) Area between curve, y-axis, and asymptote z=a is »a’.

(2) Volume of this about y-axis=4na’.

(3) Volume of same area about asymptote = 2ra*(x —2).
6. The curve y=e¢"%.

(1) Area from 2=0 to =00 is 1.

(2) Volume of this about z-axis=13n.

(3) Convex surface of this solid =7 [V2+1og (1+V2)].
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7. The curve z%*+a’y’=a’’.
The area between the curve and each asymptote=2a®.

8. Find the area between the following curves and the z-axis:

(1) (y—=)*=x* Fig. 30. Ans. 1.
(@) (y—=z?)?=2*, Fig. 31. 2.
(3) a’y=2z(z*—a?), Fig. 17. 3a’.
4) y(1+2?)=1. .
(6) y==(1—-2%). 3.
(6) y=a*(@—1). 15
9. Find the area of a loop of the curves:
(1) y’= ‘(2$+1), Fig. 34. Ans. 1#5.
(2) y*=2?(2z+1), Fig. 32. .
(3) ay*=(z—a)(x—2a)% sa’.

3
10. The parabola (-Z) ! + (%) =1. See Ex. 11, p. 91.

(1) Area between curve and axes=}ab.
(2) Volume of this about 0X =ysnab’.

11. The eycloid z=a(f —sin 8), y=a(l —cos 0), Fig. 19. For a
single arch:
(1) Area=3=a’.
(2) Length=8a.
(3) Volume about base =5=%?.
(4) Surface of this solid =*za’.
(5) Volume of the area 37a® about tangent at vertex="7r%?"
(6) Show that in Fig. 20, s*=8az (s=OP, z=0M).

12. The curve z=a(l —cos 9), y=ab; Fig. 20.
(1) Area=2ra’
{(2) Volume of this about OX =r(x*—4)a’
. (3) Volume about OY = 5%,

2 2
13. The ellipse z—,+g-,== 1,or z=asin 6, y=bcos 6. Show that

(1) Area=rnab.
(2) Volume of prolate spheroid * =$xab?

* The solid formed by the revolution of an ellipse about its major
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(3) Surface of prolate spheroid =2xzb?+ absm-‘e
(4) Volume of oblate spheroid * —%na’b ’

. (5) Surface of oblate spheroid = 2na’+—-— log (1 +:) .
Nore.—The eccentricity e=Vva?—b?/a.

2 2
14. The hyperbola %2—317= 1, or z=asec 0, y=> tan 6.

b
Show that the area bounded by the curve, the z-axis, and
the ordinate at the point (z,, y,) is

$z,y,—% ab log ( %‘) ,

and hence that the second term in this result is the area of the
hyperbolic sector OA P, where O is the centre, A the vertex, and
P the point on the curve.
. The parabola y?=4az, Fig. 74.
If OA =z,) AB=y,, show that

(1) Area OAB=34zy,. N <
Iy e
(2) Length OB=7"V/4a’+y, "
+a log w’i_y" . ° @ A X
20 Fic. 74.

(3) Volume of OAB about OX = 3rny,’z,.
(4) Surface of this solid=é:l[ (407 +y,")t —80a%)

=" [normal® —subnormal®].
a

(5) Volume of OAB about AB =s=z,’y,.
(6) Volume of OBC about 0Y =}rz,%y;.
(7) Volume of OBC about BC =#nry,’r,.

* The solid formed by the revolution of an ellipse about its minor
axis.



CHAPTER XXX.

SIMPSON’S RULE. VOLUMES FROM PARALLEL SECTIONS.
THE PRISMOIDAL FORMULA. LENGTH OF A CURVE
IN SPACE.

131. Simpson’s rule. An area (Fig. 75) is bounded by
a line which is taken as the z-axis, a curve, and two ordi-

Yy

(4] X
Fi1c. 75

nates of length y;, y3, at a distance A apart, and y, is the
ordinate midway between them.

The area
A=3h(y:+4y2+ys), 1)
provided that the equation of the curva.is of the form
y=a+bz+ca?+da?, 2

where a, b, ¢, and d are constants. (1) is the statement
of Simpson’s Rule.

For convenience take the origin at 0, the foot of the middle
ordinate. Then the area

th th
A=J' ydx==j (@ +bzx +cx? +da3)dx
—%h —4h

=ah +1%5ch?=4h(6a+ 3ch?).
Y1, Y2, Y3 are the values of y in (2) when z=—13h, 0, 34;
<. Y1+ys=2a+4ch?, and y,=a. Hence (1).
142
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The origin may be any point in OX, for the equation
would remain of the form (2) if the origin were transferred
to O.

132. When the equation is not of the form (2), or is
altogether unknown, the area may be divided into four,
six, or an even number n of parts by equidistant ordinates,
and (1) applied to each part; the resul: will be a more
or less close approximation to the correct area. This de-
pends upon the fact that y can, in general, be expressed
as a series of powers of z, and that higher powers than the
third may, for purposes of approximation, be neglected if z
is small. Formula (1) now becomes

h
;3,';,[3/1+4(y2+y4+‘ )2 tys+e L) Fyeeal,

h being the whole base, n the number of parts, y; and y,,q
the extreme ordinates, ys, ¥4, ... the even-numbered ordi-
ndtes, ys, ¥s, . . . the remaining ordinates.

Ex. If in Fig. 75 the base h were divided into three equal parts,
show that the area

=3h(y, +3y,+3ys + ) ¥,

where y, and y, are the extreme ordinates, y, and y: the inter-
mediate ones.

|

[4) o dx X

“4

Fia. 76.

133. Volumes from parallel sections. Let a solid be cut
by parallel planes at perpendicular distances a, z, z+dz, b

* Another of Simpson’s Formule.
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from a fixed point, and let A be the area of the section at
distance z. Then if A can be expressed as a function of «,
the volume of the solid between the extreme planes is

b
fAdx.

For the volume of the slice of thickness dz is (A +1) dz,
where ¢ is infinitesimal, .. the element of the integral is
Adz.

Ex. 1. To find the volume of the ellxpsmd + b’+—=l The

equation may be written

yl + zZ

v(1-2) (1-2)

which, z being regarded as con-
stant, is the equation of a
section at a distance z from
the origin. The area of any
ellipse y?/a?+2?/8%=1 is nap.
Hence the area of the section
of which DEF is a quadrant is

zz
nbc(l——z). .. the whole
a

volume is

=1,

Fia. 77.

2;rch‘ (1 ——)d:c $rabe. -

2. Find the volume of t,he elliptic paraboloid y*/b?+2%/c?=2z
from z=0 to z=a. Ans. ma’be.
3. Find the volume enclosed by the plane z=~h and the surface
(1) y*/z*+2*/a*=1, (2) zy*+az*=az’.
Ans. (1) 4zah?, (2) J}nalhl
4. Find the volume of the tetrahedron formed by the coordis

l’+§-1. ~ Ans. }abe,

nate planes and the plane ;-+ b
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5. Two cylinders of altitude % have one extremity, viz., a circle
of radius @, in common; the opposite extremities touch each
other. To find the common volume.

A section of the common volume parallel to the plane CDEF
(which contains the centres of the circles) and at a distance OA =z
from that plane is a triangle GBH similar to EQF. The area of
EQF is ah.

. GBH AH*® a*—2?

. S . _.h 2 __ 2
ST mnE T g T GBH=Z(a=2?).

v vl [ty gt
..V—ZaJ-O(a :c)d:c—3a’h.

Fia. 78. Fia. 79.

6. A square moves with the middle points of its sides on the
circumferences of two equal circles at right angles to each other.
To show that the volume and surface of the groin thus formed
are each 4/ times those of the inscribed sphere.

Let BCDE (Fig. 79) be one position of the square, 0A =z, AP=y.
The volume and surface elements of the sphere are ny’dz, 2zy ds ;
those of the given solid are (2y)dz, 4(2y)ds; hence the proposi-
tion. The volume and surface are therefore 4fa®, 16a’.

The solid is evidently the common part of two equal right
circular cylinders whose axes intersect at right angles. o

7. A right circular cylinder is sharpened to an edge comcnd'mg
with a diameter, the equal plane faces forming a wedge. Find
the volume cut off.
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Let a length A be cut from opposite sides of the cylinder of
radius a. Sections may be made by planes parallel to the axis
and the diameter, or parallel to the axis and perpendicular to the
diameter. Ans. $a’h.

Show that for any diameter of a right elliptic cylinder the
result is $abh.

8. A parallelogram moves with its angular points on two ellipses
which have a common axis. The semi-axes are a, b, ¢, and the
angle between the curves is @  Show that the volume is §abc sin o.

9. Show that the volume of any cone or pyramid = % base X
height, assuming that the area of a section parallel to the base
varies as the square of its distance from the vertex.

10. A straight line is parallel to a plane which contains a closed
curve. Another straight line moves so as to intersect the curve
and ‘the fixed straight line and remain perpendicular to the
latter. Show that the volume of the right conoid thus formed=

4 base Xheight.

\=

Ca >

Fia. 80. Fia. 81.

11. Form of an inverted column of uniform strength. Let A be
area of a horizontal section at a distance z above the base, which
is also assumed to be horizontal and of area a. The prescribed
condition is that A varies as the volume V below A ; hence dA
varies as dV.

JodA=kA dz, or dA/A=kdx.
Integrating, log A =kz+c. But A=a when 2=0, .. log a=c.
o log (A/a)=kz, or A=ae>,

12. Such a column is to be cast in.the form of a solid of revo-
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lution, R and r being the radii of the extremities, and A the height.
h(R?—717)
2log (R)

r

How much metal is required? Ans. Vol.=

134. The prismoidal formula. The extremities of a
solid are parallel planes of arca A;, A3, at a distance h apart,
and A4, is the area of a parallel section midway between
them. The volume

'v=&h(A1 +4A2+A3)y (1)

provided that the area A of any section parallel to the ex-
tremities can be expressed in the form

a+bx+cax?+dad, 2)
where x is the distance of the section from a fixed point.

(1) is the Prismoidal Formula. Since the volume= JrA dz,

the proof is the same as for Simpson’s Rule. The Pris-
moidal Formula will give exact values of the volume of
many of the common solids, such as cones, pyramids, prisms,
spheres, ellipsoids, paraboloids, ete. It will apply to Exs. 1-9
of §133. (In Ex. 7 it will apply to the second mentioned
sections, but not to the first.)

Ex. 1. The area of a section of a sphere at a distance x from the
centre is 7(a?—x?), which is of the form (2), hence the Prismoidal
Formula will apply. For the whole volume h=2a, A4,=A3s=0,
A,=na*. .. V=4§ral

2. Find the volume of the greatest solid that can be cut from
a sphere of radius a, the parallel sections to be regular polygons
of n sides. Ans. 4na®sin 2n/n.

The volume of a sphere may be deduced. For

sin 2z /n

#na’ sin 27 /n=4ra’ o /n = $na® when n=00,
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135. Length of a curve in space.
Ex. 1. To find the length of the curve of intersection of az=1"
and 3a%y =2z* from the origin to the point (z, ¥, 21)-

2\ 2
We have (§ 66) ds?=dz?+dy?+dz*= (1 +2a—’”,) da?,
[ (1225 gy 12 B
L. 8= 0( + a? x—:c1+3 a,—x,+y1.

2. Find the length of the helix z=a sinnz, y=a cos iz, from
the origin to the point (2, ¥i, ) Ans. 2V'1+n%?.




CHAPTER XXXI.

POLAR COORDINATES.

136. Let O be the pole or polar origin, OA the polar axis
or initial line, (8, r), (0+460, r+4r) the codérdinates of P
and Q, ¢ the angle which the tangent at P makes with the
radius vector OP. Take PR perpendicular to 0Q. Then ¢
is the limit of OQP as @ approaches coincidence with P,
and tan OQP=PR/RQ.

¥
Fi1a. 82. F1a. 83.

But PR=rsin 40=rd0+1I,, (§16), and
RQ=r+dr—rcos 40=dr+r(1—cos 46) =dr+1,.

». tan ¢=£%=£%£— $17) =r§—f—.

. . ao dr
Similarly  sin g=rgs, co8d=rm.

149
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Squaring and adding, 1= (r2d62+dr?)/ds?,
or ds?=1r2d02 +dr2.

137. Through the origin O (Fig. 83) let a line be drawn
perpendicular to the radius vector OP, meeting the tangent
in 7 and the normal in N. Then 7P is called the polar tan-
gent, NP the polar normal, TO the polar subtangent, and
ON the polar subnormal. The lengths of these lines in terms
of r and 6 can be written down at once; e.g.,

TO=r tan ¢=r2d0/dr.

The tangent at any point P is easily drawn by calculating
OT and then joining T to P.

138. Some cf these quantities are more conveniently ex-
pressed in terms of 0 and the reciprocal of . Calling this u,
we have u=1/r, du=—dr/r2; hence the polar subtangent

TO=—db/du.

The polar coordinates of T are (77r+0 dﬁ)

Let 0G, the perpendicular on the tangent, =p.
Then °.© OT'P is a right-angled triangle and OG the per-
pendicular from the right angle to the hypotenuse, we have

1 1 1 1 du
oE-om oty O pmvT @) )

139. The polar equations of some of the commoner curves
‘are as follows:

(1) 7 cos 0=a, a straight fine.

(2) r=a cos 0, a circle of diameter a (origin a point on
the circumference, initial line a diameter).

(3) 72 cos 20=a?, a rectangular hyperbola, Fig. 98 (origin
the centre, initial line the transverse axis).

(4) r2=a2 cos 20, a lemmscate, Fig. 27 (origin the centre,
initial line the axis).
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(5) r* cos 30= a#, or r(1+cos 0)=2a, a parabola (origin
the focus, initial line the axis).

(6) r*=at cos 40, or r=3}a(l+ccs 0), a cardioid, Fig. 89.

(7) r(1+ecos )=m, an ellipse, hyperbola, or parabola
according as the eccentricity e<, =, or >1 (pole the focus,
initial line the axis, m half the latus rectum).

(8) r=n(1+ecos ), a limagon, Figs. 88, 89, 90, according
as e<, =, or >1.

N

Fiag. &4.

(9) r=al, a spiral of Archimedes, Fig. 84.
(In Figs. 84, 85, 0 varies from a little lcss than — 27 to
a little more than 2z).

Y.}
L/ A

Fia. 85.

(10) r@=a, a reciprocal or hyperbolic spiral, Fig. 85.

Fia. 86.

(11) r20=a?, a lituus, Fig. 86 (6 is necessarily +, and
varies in the figure from 0 to a little more than 2z, r is 4:
for a given value of @).
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(12) r=a®, a logarithmic or equiangular spiral, Fig. 87
(r=1 when 0=0, r=a when
0=1 radian, r<1 when 6 is
negative).

Since ¢ may be supposed to

& — increase or decrease without

bound, each spiral econsists of

Fia. 87. an infinite number of whorls or
spires.

140. Equations (1) to (6) are all included under the form
rm cos mf=a™; in (1), (3), and (5) m has the values 1, 2, %,
respectively; in (2), (4), (6), it has the values —1, —2
—4. In all cases a is the intercept on the initial line. The
equation 7™ sin mf=a™ represents the same series of curves,
the initial line having been turned backward through the
angle n/(2m). Similarly (9), (10), (11) are particular cases
of the equation r™=qamgn,

141. The radius vector of the limagon, equation (8), is
proportional to the reciprocal of the radius vector of a conic
section, equation 7; hence the limagon is called the inverse
of a conic section with regard to afocus. Sincer=en cos 0 +n,
the radius vector is equal to that of a circle of diameter en
plus a constant line »n, and hence the curve is easily con-
structed. (The construction or auxiliary circles are shown
in the figures.)

Fia. 88. Fia. 89. Fia. 90.

When e=1 the curve becomes a cardioid (eqn. 6), which is
therefore the inverse of a parabola. When e¢=2 the curve is
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called a trisectrix, the loop then passing through the centre
of the circle.

ExAMPLES.

1. If rm=am6n, show that tan ¢=%10.

(Differentiate logarithmically.)

2. If vm cos mb=a™, or rm=a™ cos m0, show that tan ¢ =cot m8,
i.e., that the angle between the radius vector and normal=md,
and hence that GOA (Fig. 83)=(m —1)4.

3. In the logarithmic spiral r=a? show that ¢ is constant and
=cot—! (loge a).

In Fig. 87. a=1'318 cm.; show that ¢="74° 33",

4. To find the polar subtangent of a conic.

From the equation 1+ecos §=m/r=mu we have —e sin 6 df
=mdu, and the polar subtangent= —df/du=m/(e sin 0).

5. In any conic prove that

1 2/1 1—¢?
7 vz(: ‘%) :
6. In the curve r™ cos md=a™ prove that prm—!=am,
7. Changing the sign of m, show that pam=rm+! in the curve
rm=gm cos md.
8. Show that the polar subnormal of any curve=dr/dé.
In what curve is the polar subnormal constant?
9. In what curve is the polar subtangent constant?
10. Show that the polar normal=ds/d®.

Asymptotes.

142. The position of any line is known when its direc-
tion and one point in the line are known. We may there-
fore determine an asymptote by finding a value of 6 for
which r=00 or =0, and then calculating the codrdinates
(§ 138) of T, the extremity of the corresponding polar sub-

tangent, viz. (§n+0, ‘—j%) , remembering that the asymptote

and radius vector must be parallel.
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ExampLES.
al . 1 1 dé 3
L. r—1—; (Fig. 91), or u=——- whence -~ =—af’, and

r=o or u=0 when 0=1. Hence the asymptote passes through
the point (3z+1, —a) or (1—4xz, a) and is parallel to the line
0=1. '

k«\y A o A

Fia. 91. Fr1a. 92.
2. Find the asymptotes of the curve (r—a)0?=r (Fig. 92).
Ans. Lines through (37 £1, +4a) parallel to 0= +£1.
3. Find the asymptote of the reciprocal spiral r6 =a (Fig. 85).
Ans. A line through (4=, @) parallel to the initial line.
4, Show that the initial line is an asymptote to the lituus
r?9=a? (Fig. 86).
5. Find the asymptotes of the curve r sin 40 =a (Fig. 93).
Ans. Four pairs of parallel lines, each pair }a apart.
(The numbers in figures indicate the order in which the branches
are formed as 0 increases from 0 to 2z.)
6. Find the asymptotes of the curve r?sin 40 =qa? (Fig. 94).
Ans. Four lines passing through the origin.
7. Find the asymptotes of the curve r cos 20 =2a.
Ans. Four lines parallel respectively to 6=4r, 0=4r, 0=§x,
0=}, and passing through the points (ir, —a), (§=, a),
(i, —a), (=, a).
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8. Show that the rectangular equation of an asymptote of the
curve r—=f(0) i3

f'(a)(x sin @ —y cos @) +1=0,

where « is one of the roots of the equation f(0)=0.

A% v N\ /L

1

A

Fia. 93. Fic. 94.

Asymptotic Circles.

al a
-0 1

i 1
and hence the circle of radius a is called an asymptotic
circle. The curve approaches the circle from the outside
when €@ increases from the value 1, and from the inside when
0 decreases from the value 0. Similarly r=a is an asymptotic
circle of the curve r(62—1)=a0? (I'ig. 92).

143. In the curve Fig. 91, r= ~—a if =40,

Points of Inflexion.

144. Whenever the extremity of the radius vector passes
through a point of inflexion, the perpendicular on the tangent
is & maximum or a minimum, and hence dp/dr changes sign.

Differentiating l——u2+ (du) (§ 138) we have
ao
2 du d?u d2u
—;de 2u du+—p— T 2du(u+m).
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Also r=1/u, dr=—du/u?,

. Z—f=u2p3 (u éf_u) .\

2
Hence at a point of inflexion u+g—01; changes sign.

ExAMPLES.

1. Fi’nd the points of inflexion on the curve (r —a)f?=r or
au=1-06-? (Fig. 92). Ans. (£V3, 3a).
2. Find the point of inflexion on the curve r(1—60)=ad (Fig. 91).
Ans. 0 is a root of the equation 0°—0?—2=0, .. (§50)
0=1.696 rdn.=97>2, and .'. r=—2'437a.
3. Find the points of inflexion on the lituus r?0=a* (Fig. 86).
Ans. (3, +aV'2)
4. In the lemniscate r?=a?cos 260 (Fig. 27) show that dp/dr
=3 cos 20, and hence that the origin is a point of inflexion on each

branch.
5. Show that a curve is concave or convex to the origin accord-

ing as u+d*u/d6*is + or —.
Multiple Points,

145. The equation of a curve being r=f(0), the direction of
the curve at the origin is determined by the values of 6,

. []
Fia. 95. Fig. 96

which satisfy the equation f(6)=0. If this equation have
two or more roots there will be a multiple point at the origin,
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ExAmpLES.

1. In the lemniscate r?’=a’cos20 (Fig. 27) the equation
cos 20 =0 gives 0= +}r for the directions of the tangents at the
origin. .

2. Find the tangents to the curve r=asin 40 (Fig. 95) at the
origin. Ans. 0=0, %=, %=, $r.

These lines are also tangents to the curve r*=a?sin 46 (Fig. 96)
at the origin.

3. Find the tangents to the curve r=a sin 30 at the origin.

Ans. 0=0, 4x, 4x.

4, Show that the curve (r—a)0*=r (Fig. 92) has a cusp at the
origin.

Curvature.

- 146. Let PD, QD be consecutive normals (see § 84), and
let the angle PDQ=4¢. We shall first show that DP— D@
is an infinitesimal of at least the
second order, PQ or 4¢ being of
the first.

Draw QF perpendicular to DP.
Then

DP—DQ=FP—DQ(1—cos 4¢).

But 1—cos 4¢ is of the second
order; so is FP, since it=chord
PQXcos FPQ, and each factor is
infinitesimal. Hence DP-DQ is of
at least the second order.

Let PD=n, then QD may be
written n+1. _

Let OP=r, OQ=r+dr, OT=p, OT"=p+dp. Then in the
triangle OPD

0D2=PQ2+ PD2?— 2P0 . PD cos OPD
=12 +n2—2rn sin ¢ =r2+n2—2pn.

Fia. 97.
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Hence in the triangle 0QD

OD2=(r+4r)2+ (n+1)2—2(p+4p)(n+1).
Equating and simplifying,

0=2rdr—2ndp+1;, .. fn=4£( dr/4p).
But £n=R, the radius of curvature PC, § 84.

. R=r¥
s R—rdp. 1)

Hence also (§§ 138, 144)
1 _[“2+ (%) 2]3
e ]

or R —:‘ZJ— (2)
T

R—

ExAMPLES.

1. Find the radius of curvature at any point of 7™ cos mg=am
or prm—!i=gqgm,
rm+1 r?
(m—1)am  (m—1)p’
am r?
(m+1)rm=t (m+1)p’
2. The equation r?=p?+a® represents an involute of a circle,
find R.
3. In the logarithmic spiral r=af, p=rsin ¢, and ¢ is con-
stant, hence R =r/sin ¢ =the polar normal.
4, Show that the evolute of the logarithmic spiral is an equal
logarithmic spiral.
[OC is aradius veetor and PC' a tangent to the evolute, and in
this case the angle OCP=¢, a constant.]

Ans. R=

If rm=am cosmo, R=
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5. Prove that in any curve

dr\ 3%
[“+(@)]
dr dur*
do) rTE

[We have u=1/r, du=—dr/r}, du=—(4du—2rdr?)/r, to
substitute in (2).]

6. In the spiral r=a0 (Fig. 84), =(a*+r?)3/(2a*+r?).

7. In the spiral r0=a (Fig. 85), B=r(a*+r?)i/as.

8. If a curve touch the initial line at the origin, prove that
IR =the limit of 4r/6 at that point; and hence show that the radius
of curvature of the curve of Fig. 91 at the orlgm is half the radius
of the circle in the figure.

9. Find R {or the curve r=a sin n0 at the origin.  Ans. }na.

10. Prove that the intercept of the circle of curvature on the
radius vector of any curve=2p dr/dp.

In the curves r™ cos mf=a™ and r™=am cos m0 show that these
chords= —2r/(m—1) and 2r/(m +1), respectively.

R=——
r’+2(

Areas, etc.

147. Let AOP=0, POQ=d0, OP=7r,0Q=r+4r. (1) The
area-increment PO lies between the circular sectors
POD, EOQ, whose areas are 3%r2d0,

y(r+4dr)2d0. .. area POQ=4%r2d6+1. e
Hence the area between the curve
and two radii vectores is o E

g b
3 J 12 do. < —

(2) The area bounded by two radii Fie. 97a.

vectores and two given curves r;=f;(0) and ro=/2(0) is
A B
s e2—rd a0 or i (urann) a0
a a

according as the curves lie on the same side or on opposite
oidaa nf the arigin.
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(3) Thelength s= j ds— j NG

taken between assigned limits.
(4) The area of the surface formed by the revolution of
the curve about the initial line is (§ 125 (4) )

277J.r sin 0 ds.

ExXAMPLES.
1. The cardioid r=a cos?}0 gFig. 89).

T

(1) The area——-a}af cos?* 30 df =§na’.

-n
(2) The length-element ds=+/r’d0%+dr’=a cos 0 df, which
does not change sign while 0 increases from —= to =, hence the
whole length of the curve is

aJ.” cos 30 d0 =4a.*
-
(3) The surface of revolution about the initial line

-=27er rsin 0 ds=27rf a cos?30 . sin 0 . a cos 30 d6
) 0

=4xa? J " cos*30 sin 30 d6 = $ra’.
0

(The volume =4ra?, § 178, Ex. 6.)
2. The spiral of Archimedes r=af (Fig. 84).
(1) Let it be required to find the area included between the
nth and (n+1)th spires. On the former r=aq[2(n—1)z+ 6], and
on the latter r=a[2n= + 0], hence the area between them

2x

==~}a’L [(2m+ 0)?— <2(n—1 )x+ o) ’:ld0==87z’a’n,

and is .*. proportional to n.

* A change in the sign of the lengthaelement indicates a cusp,
which occurs in this case when 0==. As 0§ increases the area-element
i{r’dﬁ can change sign only with r%, 4.e., when r becomes imaginary.

ence if we had integrated between the limits 0 and 27 we should
have obtained O for the length, whereas the area would have been the

same as above.
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(2) Show that the area of the first spire (6 varying from 0
to 27) =8n%?/6.
(3) The length of the curve from the origin to r=r, is

.
%I;Vm’ dr (see § 112, Ex. 2).
This is easily shown to be the same as the length of the parabola
y?=2az from the vertex to y=r,.
3. The lemniscate 72=a’cos 20 (Fig. 27).
(1) The area=a’.
(2) Show that rds=a?d0.
(8) The surface of revolution about the axis=2r7a?2—v2).
(4) The surface of revolution about a tangent at the centre
=4ra’,
[This tangent being taken as initial line, the equation becomes
r?=qa?sin 20.]

4. Prove that the length of any curve=J.:\/~—f::p7, and that the

prdr
area=}Jp ds_ij\/r"—-pz'
5. To find the length and area of the logarithmic spiral r=a?
(Fig. 87). .
(1) Let ¢ be the constant angle between the radius vector
and the tangent. Then ds=dr/cos ¢, whence

s 2 dr  r,—ry
= —— ———
nCoOS ¢ cos ¢

where r, and r, are the radii vectores of the extremities of the arc.
(2) For the area, 4p ds=4r sin ¢ dr/cos ¢.

». area=13% tan ¢J‘r2r dr=%(r,2~r?) tan $.

r

6. The length of the spiral r=¢~? from 0=0 to f=c0 is V2,
7. In the curve r’=a?sin 40 (Fig. 96) show that the area of

each loop = }a’.
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8. In the curve r=a sin 40 (Fig. 95) show that the area of each
loop=ygsma?=4} that of the circumscribed circular sector (centre
the origin).

r 1
9. Prove that the length of the curve r* =a™ cos ;0 is

nn—-2)... 9
n-Dn-3)... "
where « is 1 or 3z according as n is even or odd.

10. In the spiral r6=a (Fig. 85) show that the area bounded
by two radii vectores and the curve is 3a(r,—r,).

11. The polar equation of the cissoid (Fig. 41) is r cos 0 =a sin?0,
that of its asymptote is r cos 0=a, that of the circle of diameter
@ is r=a cos 0; show that the area between the cissoid and its
asymptote =3za?, and that the arca between the cissoid and the
circle= (37 —1)a’.

12. Find the area of a sector of the rectangular hyperbola
r? cos 20 =a? (Fig. 98) between 0 =0 and 0=a.

Ans. }a?log tan (3= +a).

13. Find the area of a sector of any hyperbola between =0
and 0=a, the centre being the origin and the transverse axis the
initial line. A b1 b+atan «

ns. }ab log (b———_a tan a) .

14. Find the area of an elliptic sector between 0 =0 and 0=a,

the centre being the origin and the major axis the initial line.
Ans. }ab tan—! (Z— tan a) .

15. Show that the area of the limagon r=n(l+ecos0) is
n?(1 + 4e?).

16. The chord which is drawn through the origin so as to cut
off from a given curve a segment of maximum or minimum area
is bisected by the origin.

For d (area)=3%r,*d0 —3r,2d0=0, .*. r,=7,.

17. Find the area enclosed by the curves

(1) r*=a? cos®0 +b? sin?d. Ans. 3n(a®+b?).
(2) r*=a? cos?d —b? sin?0. ab + (a®>—b?) tan—*(a/b).

18. The area of the common parabola r cos? 46=a from 6=0
to 0= a is a’*(tan 3o +1% tan® }a).
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19. If the conchoid r=a sec 6 —b has a loop, show that the area
of the loop is aV'b? —a? +b? cos—*(a/b) —2ab cosh—'(b/a).

148. It is in general impossible to obtain the area exactly
~unless one cooérdinate can be expressed in terms of the
other, or each in terms of a third variable.

When the rectilinear equation of a curve consists of terms
of two dimensions only, both z and y are expressible in
terms of m, the slope of the line drawn from the origin to
(z, ¥). We can sometimes obtain the area by taking m
as the variable.

If m=tan 0, dm=sec20 d0, .". 3r2 d0=}r2 cos?0 dm=}22 dm.

.*. the area= %J‘xz dm.

The area included between two curves will be

%J(xz?:txf) am.

EXAMPLES.

1. The ellipse az?+bxy +cy*=k.
Substituting mz for y, we have z?=k/(a+bm +cm?).
Hence the whole area

* k dm ok
=J_ma+bm+cm2=\/47“7j‘b"2 (see § 108 (1)).

2. (1) The folium z*®+y*=3azy (Fig. 28).

Here x=3am/(1+m?), .*. area of the loop
_,[®9a’m?dm
]y (L+m?)?

30’=30BAC.

(2) On the asymptote z+y+a=0, m=—a/(1+m); hence
the area in the second and fourth quadrants between the curve
and the asymptote

* a’ 9a’*m?
=%J’—oo[(1 +m)2— (1—+m3)2]dm=az.

Adding }a? the area of the triangle ODE, we have the whole
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area between the curve and the asymptote=ja®=the area of the
loop.
3. Find the area of the closed part of the curve a*y*(y —z) +2*=0.
Ans. tyal.
4. Find the area of a loop of the following curves:
(1) ay*—3ax’y=2*, Fig. 36. Ans. V32,
(2) ay'—az%y?=2", Fig. 37. sizal.
(3) z* +y*=4a’zy. 3ral.
(4) az’+y*=azxy. Hal.



CHAPTER XXXII.
ASSOCIATED CURVES.

Inverse Curves.

149. If on the radius vector r of a curve, a distance r
is measured from the origin so that rr'=Fk2, where k is con-
stant, the locus of the extremity of »’ is called an snverse
of the given curve. The radius vector of the inverse curve
is proportional to the reciprocal of that of the given curve,
and its polar equation may be found from that of the given
curve by substituting k2/r for r. Thus (see § 139) the
inverse of the equilateral hyperbola with reference to the
centre is a lemniscate (Fig. 98), that of a conic section with
reference to a focus is a limagon of the form Figs. 88, 89,
or 90, according as e is <, =, or >1, i.e., according as the
conic is an ellipse, parabola, or hyperbola.

LExAMPLES.

1. Show that the inverse of a circle with reference to a point
on the circumference is a straight line, and that with reference
to any other point it is a circle.

2. The angle between the radius vector and the tangent at
any point of the inverse is the supplement of the corresponding
angle in the given curve.

For, if OPQ, OP'Q’ (Fig. 98) are consecutive (see § 84) radii
vectores meeting one curve in P, P, and the other in @, ’, the
rectangles OP . 0Q, OP'. OQ’ are equal, .. acircle may be described
through P, @, P, @, .. Q'P'P+ PQQ’=two right angles; hence,
supposing P’ to approach P, the tangents at corresponding points

165
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P ana @ make supplementary angles with the common radius
vector.
Otherwise thus: r=£k*/r’, .. logr=log k*—logr/,

:—dr/d0= -—717dr'/d0, or cot¢=—cot ¢, .. y=n—4¢.

3. Hence show that the inverse of a logarithmic spiral with
reference to its origin is a logarithmic spiral.

F1c. 98.

4. Show that the curves Figs. 84 and 85, 93 and 95, and 94
and 96 are the inverse of each other.

Pedal Curves.

150. The locus of the foot of the perpendicular from a
given point on the tangent to a given curve is called the
pedal of the curve with reference to the point. TFor ex-
ample, the pedal of a parabola with reference to its focus
is a straight line (the tangent at the vertex); the pedal
of an ellipse or hyperbola with reference to a focus is a circle
‘(the auxiliary circle).
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In Fig. 97, T and 7" are consecutive points on the pedal,
corresponding to P and @ on the given curve; and the limit
of position of 77" produced is the tangent to the pedal. If
the angle AOT =¢ and OT = p, then (¢, p) are the polar coor-
dinates of the point on the pedal corresponding to (6, r)
on the given curve. If then we can express p in terms of r,
and ¢ in terms of 6, the polar equation of the pedal will
be casily obtained from that of the given curve.

ExAMPLES.

1. The pedal of an equilateral hyperbola is a lemniscate (Fig. 98).

For pr=a* (Ex. 6, § 141), and ¢=0 (Ex. 2, § 141), hence sub-
stituting in r?cos 20=a® we have a?cos2¢=p? or writing 0
and r for ¢ and p, r?=a? cos 20, the equation of the lemniscate.

In a similar way it may be shown that the pedal of any curve
of the form r™ cos m0=a™ is r™ cos n0=a®, where n=m/(1—m),
and that the pedal of rm=am cosm0 is rm=an cosnd, where
n=m/(1+m).

2. The angle between the radius vector and tangent at any
point of the pedal=that between the radius vector and tangent
at the (,orlespondmg point of the given curve.

For, in Fig. 97, let TP produced meet 77Q in S. ThenO T,T,
S are on the circumference of a circle since the angles at T, T'
are right angles, .. OT'T =0ST, and the limits of these angles
are the angles referred to in the enunciation. (In Fig. 98, OPT
=0TV, if PT and TV are tangents.)

3. Prove that the pedal of a circle with reference to any point
is a limagon of the form Figs. 88, 89, or 90, according as the point
is inside, on, or outside the circumference. (These figures are
the pedals with reference to O of the circles with centres B and
radii B4.)

4. Show that the pedal of a logarithmic spiral with reference
to its origin is also a logarithmic spiral.

* 5. Find the pedal of a parabola with reference to its vertex.
Ans. r cos 0=a sin®0, the polar equation of the cissoid, Fig. 41.

(The directrix of the parabola is the asymptote of the cissoid.)

6. Show that the pedal of the involute of a circle is a spiral
of Archimedes. (It will be found that tan ¢ is proportional to
the radius vector.)
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7. Find the pedal of the ellipse with reference to the centre.
Ans. r?*=a? cos? +b? sin6.

Polar Reciprocals.

151. The inverse of the pedal of a curve (both pedal and
inverse being taken with reference to the same point) is
called the polar reciprocal of the given curve.

EXAMPLES.

1. Show that the polar reciprocal of a circle with reference to
any point is a conic section.

2. Find the polar reciprocal of a parabola with reference to
its vertex and with reference to its focus, of an ellipse with refer-
ence to its centre and with reference to its focus.

3. Show that the polar reciprocal of a logarithmic spiral, r=a?,
with reference to its origin is another logarithmic spiral.

Roulettes.

152. When one curve rolls on another, the curve described
by any point connected with the rolling curve is called a
roulette.

The simplest case is the cycloid, the properties of which
have already been considered. Any involute of a curve
may also be regarded as the roulette traced by a point in
the tangent of the curve as it rolls round the curve.

153. The property of the normal of the cycloid holds
for all roulettes, viz., the normal to the roulette at the tracing
point passes through the point of contact of the fixed and
moving curves, since at each instant the point of contact
may be regarded as an instantaneous centre of rotation.

154. When a circle rolls on a straight line any point not
on the circumference describes a curve called a trochoid,
the equations of which are easily shown to be

z=af—bsin 0, y=a—>b cos 6,

where @ is the radius of the circle and b the distance of the
tracing point from the centre (axes as in Fig. 19).
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155. When the circle rolls on the circumference of a fixed
circle, the curve described by a point in its circumference
is called an epicycloid or a hypocycloid according as the circle
rolls on the outside or inside of the fixed circle. Corre-
sponding to these curves we have epitrochoids and hypo-
trochoids described by points not in the circumference.

Y
b D
7
a £
(] )
\ 5] N X
F1a. 99.

For the codrdinates of any point P (Fig. 99) on the epi-
cycloid we have

2=0B=0D cos 0— PD cos (6+6).

Hence, since arc PE=bt'=AE=a,

z=(a+b) cos 6—0b cos (51:—1)) 0.

. . b
Similarly, y=(a+b)sin 6—bsin (gbi-) 0.
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The z and y of a point on the hypocycloid may be obtained
in a similar way (or from the epicycloid by changing the
sign of b), and are

z=(a—b) cos 0+b cos (‘Lg_b) a.

—(a—b) sin 6—b sin (“-%—b) 0.

The equations of the epitrochoid and hypotrochoid are
of the same form, the coefficient b in the second term being
changed into &, where h is the distance of the tracing point
from the centre of the rolling circle.

ExAMPLES.

1. Show that in any epicycloid

ds= 2(a+b)sm d0 2(a+b)—sm d0’

and hence that the length of the curve from cusp to cusp is
8(a+b)b/a.

2. Show that the epicycloid is a cardioid when b=a.

3. Show that the hypocycloid is the curve zt +y#=at (Fig. 18)
when b= %a.

4. When a circle rolls inside another circle of double its diam-
eter, show that every point in the circumference describes a straight,
line and every other point an ellipse. )

5. The radius of curvature at any point of an epicycloid

_4(a+b)b sin a0 _4(a+b)b sin v_ a+b)
a+2b 26 a+2b 2 a+2b°

>< chord EP

and is therefore proportional to the chord EP.

For, if the tangent at P make an angle ¢ with 0X, ¢=0+%6’
and R=ds/d¢ (§85).

6. Show in a similar way that in the cycloid

z=a(0 —sind), y=a(l—cosd), Fig.60.
' ds=PB d0, $=4z—40, and hence that E=2PB.
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Envelopes.

156. Let f(z, y, o) =0 represent the equation of a curve
(i.e. of any plane locus, including a straight line), @ being a
quantity involved in the equation, but independent of z
and y for its value. As a may have any value the equa-
tion may be regarded as representing a family of curves.
Supposing a to have a certain value in one instance, let it
receive an increment da. The two equations

flx, y,)=0 (1), @, y,a+da)=0 (2)

then represent two curves of the family. Their points of
intersection approach limits of position as 4a=0. The locus
of these point-limits for all values of « is called the envelope
of the family of curves.
The quantity « is called a variable parameter.
Y

/

[ —
/ / 0] X
Fia. 100.

Ex. y=a%+ a represents a family of straight lines. Consider
the two for which ais 1 and 1+ da respectively. The linesy=xz+1,
1 144 a)

T92%4a’ 24+ 4da
The limit of this when da =0 is (—3, 4). This is therefore one
point on the envelope of the family.

y=(1+4a)x+(1+4a) intersect in the point (
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157. Equation of the envelope. The points of intersec-
tion of (1) and (2), § 156, lie on the curve

fx, y, a +da)—[(z, y, @)
T =0, 3)

since this equation is satisfied by any simultaneous values
of z and y which make f(z,y, «) and f(z,y, a+4a) sepa-
rately=0. As da =0 the limit of (3) is

ol y, @)
~oa @

the differentiation being partial since only a varies. The

point-limits of the intersections of (1) and (2) therefore
lie on (4), and their locus, the envelope, is obtained by
eliminating () from (1) and (4).

Ex. Equation (4) for y=a’z+« is 2az+1=0. Eliminating «,
4ry=—1 The envelope is therefore a rectangular hyperbola
(Fig. 100).

158. Prop. The envelope touches every curve of the family.
Let u stand for f(z, y, &), and suppose (z, y) to be a point
common to the envelope and curve (1), § 156. For dy/dz,
the slope of the tangent of (1), we have (§ 47),

ou ou
a:cd +8 dy=0,
a being constant. We may consider (1) to be also the
equation of the envelope, @ being a variable, viz., that
function of z and y obtained from (4). Hence for the envelope
a“d + 24y + 244 -0
oy ° Oda .

But du/0a=0 from (4). Hence dy/dz at (z,y) is the

same for (1) and the envelope.

Ex. In the example of §§156, 157, y =z+1 and the envelope
4zy = —1 touch at the point (—4, %).
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159. The given equation may contain two or more vari-
able parameters, subject however to other relations con-
necting them, whereby all except one may be eliminated
from the given equation.

Ex. To show that all ellipses having the same centre and
area, and their axes in the
same directions, touch a pair
of hyperbolas of which the
axes are asymptotes.

We have to find the envelope
of z?/a*+y*/p*=1, where aj

Y .

=k? a constant, whence % '
1 ) o

% %

B=k*/a.
Substituting, the equation
becomes z%/a’+a’y?/kt=1.
Differentiating with regard
to @, —2z?/ad+2ay*/k*=0.
Eliminating «, zy= +1k? Fia. 101.
the envelope (Fig. 101).

ExAMPLES.

1. Two sides of a right-angled triangle are given in position

and the area is constant, find the envelope of the hypotenuse.
Ans. A rectangular hyperbola.

2. Particles are projected in the same vertical plane with the
same velocity v, but at different elevations; show that their paths
all touch the parabola

a2, 2)
g y 2g ’
of which the point of projection is the focus.
+ [In other words find the envelope of

y=z tan a —gz?/(2v’cos’a).]

3. Show that the circles described on the double ordinates of
the parabola y*=4azr as diameters touch the equal parabola
y*=4a(z+a).

4. Find the envelope of ua’+va+w=0, where u, », w are
functions of x and y. Ans, v*=4uw.
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The result is the same as the condition that the given equation
should have equal roots. Explain.
5. Find the envelopes of

u cos™0 +v sin™mf =w, (1)
u sec™f —v tan™f =w. 2)

Ans. (1) ur+or=wn

2
(2) un—pn—mn } where n=g—.

2
Many examples may be reduced to these by observing that a
T T
condition of the form (g) - (§> =1 is equivalent to the two
2 2 a\" [(B\T
relations a=a cosr 0, f=bsinr0, while (&_) - (—b—) =1is equiva-
2 2
lent to a=asecrd, f=D tanr 0.

6. Find the envelope of a line which moves in such a way that
the sum of its intercepts on the axes is constant.

We have %+%—= 1,and a+8=k. We may substitute the value

of # and then differentiate, or we may proceed as follows:

Let a=kcos?d, f=ksin?0; the line becomes z(cos 0)-2+
y(sin 0)~*=k, hence (Ix. 5) the envelope is 2% +y* =k#, a parabola
touching the axes.

7. A straight line of given length £ moves with its extremities
on two rectangular axes, find the envelope of the line.

Ans. zt+yt=kd, a four-cusped hypocycloid.

8. Given in position the axes of an ellipse and that their sum

=2k, show that the ellipse touches the curve z#+yt="Fk%.

Y - AN AN .
9. From any point in <a—> + (—b) =1 perpendiculars are

drawn to meet the axes in A and B, find the envelope of AB.

Ans. <§—) " + (%) n-—-l, where n=

m
m+1

y’ ;
; =1 pairs of tangents are

2
10. To the ellipse or hyperbola 'Zz *

2 2
drawn from points in the ellipse ai’+?;g_2= 1, show that the chords
1 1
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of contact touch the ellipse

ax\?  (by\?
(&) + () -1
11. When the tangents are drawn from points in the hyperbola

2 2
:'E—-—g;= 1, show that the chords of contact touch the hyperbola

a2
2 2
(%) - (G
12. The evolute of a curve may be considered to be the en-
velope of its normals; find in this way the evolute of an ellipse.
The normal at («, 8) is (—l?—'%y=a’—bz,
or, writing a cos 0 for «, and b sin 0 for 3,
z . a(cos 0)='—y .b (sin 0)~'=qa?—b?,
the envelope of which 1s (Ex. 5),
(az)+ (by)t = (a®—b2)},
which is therefore the evolute (cf. § 89).
13. Show in a similar way that the evolute of the hyperbola is
(az)t — (by)t = (a*+ D).

14. Parallel rays of light are reflected from the circumference
of a circle. Find the envelope of the reflected rays.

Take the centre for origin and the z-axis parallel to the incident
rays. The equation of the ray reflected from the point (a cos 6,
asin 0) is

z sin 20 —y cos 20 —a sin 6=0,
whence the envelope is
z=1a(3 cos 0 —cos 30), y=1a(3 sin 6 —sin 30),

an epicycloid formed by a circle of radius a on a circle of radius 4a.



CHAPTER XXXIII.
CENTRES OF GRAVITY.

160. In finding the coérdinates Z, ¥ of the centre of
gravity of a body, we suppose the body to be divided into
parts of weights wq, ws . . ., and of which the centres of gravity
are the points (z1, ¥1), (%2, ¥2), ..., then equate the sum
of the moments of the weights to the moment of the sum
of the weights if placed at the centre of gravity. Thus
supposing gravity perpendicular to the z-axis we have

w Ty Fwera+. .. =Wy +we+. . .)7%,
. 5_w1x1+w2x2+. . .=2'w:1:
T wtwet... Sw’

Similarly supposing the body and the axes placed so that
gravity is perpendicular to the y-axis, we have

wiyr +weye+. .. Jwy
wy+we+. .. T lw’

These formule also hold when the points are not in one
plane, there being also a third coérdinate,

z=Jwz/Zw.

If the parts referred to are infinitesimal the sign of inte-
gration replaces that of summation to indicate the limit of a
sum.

161. The division into parts and the limits of the sum-
mation in the following cases are the same as if we were
about to calculate an area, volume, or length. The bodies
are agsumed to be homogeneous (of uniform density) and

176

y::
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hence weight is proportional to volume. For such bodies
the centre of gravity is also known as the centroid.

162. Anarea. To find the c.g. of a thin plate or lamina *
of the form ABDC, Fig. 61, we have the element of area=1y dz;
element of weight=w . y dz, where w=weight per unit area;
c.g. of element at (z+7, 3y), where ¢ is infinitesimal; hence
element of moment=wy dz . z when gravity is perpendicular
to the z-axis, and =wy dz . }y when gravity is perpendicular
to the y-axis. Dividing the sum-limit of the moments by
that of the weights (§ 160),

when w (which is assumed to be constant) is cancelled.
It will be noticed that the denominator=the area.
163. A solid of revolution about OX. Element of vol-
ume=my?2 dz, of weight=w . zy? dz, w being the weight per
unit volume, element of moment=w . 7y? dz . z,

The denominator = volume /7.
164. An arc. Proceeding as above we have for the,c.g.
of a material line in the form of the curve CD,}

* Results for a lamina are limits for a uniform and infinitesimal

thickness. . Y
1 The results are limits for a body of uniform and infinitesimal

cross-section,
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165. A surface of revolution about OX. For a curved
surface of this form and of infinitesimal thickness,

ny ds

jyds

166. An area in polar codrdinates. Element of area=
3r2d0 (§ 147); its c.g. 1s distant #r+7 from the origin; *
hence if the initial line is taken as z-axis,

7=0.

=

Jw .4r2d0 . %r cos 0 J.r3 cos 0 do
ST = =%
J.w.%rzd(? j r2 do
Jr3 sin 0 d0
and Yy=3—-:
J’r2 do

167. The subject may also be considered from the point
of view of geometry only. Let a be an area-element or
volume-element which is infinitesimal in every direction,
and which contains a point (z,y,2z). Then the limits of

Jar Jay Zaz

Ja’ 2a’ Ja
are the same as the z, i, z of § 160 for homogeneous bodies,
and are the codrdinates of a point which is called the cen-
troid (or centre of gravity) of the area or volume. Or, a
may be taken as a mass-element, in which case the point
is called the centre of mass (or centre of gravity) of the body.
168. Pappus’s (or Guldin’s) properties of the centre of

gravity. From § 164 we have Jy ds=17jds, and multiplying
both sides by 2z,

*The c.g. of a triangle is assumed to be the point of intersection
of the medians.
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J oy . ds— (st) . 2. 1)

Similarly from § 162,

Jnyz dx= <Jy dx> . 27y, 2)

These results are equivalent to the following statements,
which are known as Pappus’s or Guldin’s Properties:

(1) The surface of a solid of revolution is equal to the
length of the revolving curve multiplied by the length of
the path of the c.g. of the curve (i.e. of the arc).

(2) The volume of a solid of revolution is equal to the
revolving area multiplied by the length of the path of the
c.g. of this area.

N.B. The axis of revolution may touch but not cut the
curve. .

EXAMPLES.

1. The parabolic area OAB, Fig. 74.  Ans. Z=3§x,, y=4y,.
Of the solid of revolution round 0X, z=1%z,.

2. The quadrant of an ellipse. Ans. x =4a, y= 4b
3= 3n
3. Half of a prolate spheroid. Ans. z=4%a.

4. The circle z?+y?=2ax between z=0 and z=-h revolves
about the axis of z, find the c.g. of the volume of the spherical
segment thus formed. Ans e (8a—3h h

3a—h )

e
For a hemisphere this=§a.
Show that for the surface of the segment z=}h.
5 A circular arc.
Ans. Distance from centre of circle=chord Xradius/arc.
For a quadrant this=2Vv2a/x, and =2a/z for a semicircular
ave.
6. A circular sector.
Ans. Distance from centre=4 chord Xradius/are,

For a quadrant this=4Vv2a/3r and =4a/3x for a semicircle.
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7. A circular segment.
Ans. Distance from centre=chord®/(12 Xarea of segment).
8 Surface and volume of a right circular cone.
Ans. Distance from vertex=(1) % axis, (2) { axis.
9. The area between the curve y=sin z (Fig. 65) and the axis
of z, from =0 to r=r. Ans. Z=13n, y=13n=.
10. The cycloid, Fig. 19. Ans. Distance from base=4a.
11. A quadrant of the curve z#+y?=at (Fig. 18).
Ans. 7=256a/3157=7.
Of the arc, T=3a=7.
12. A quadrant of the whole area of the curve a%?=2z%a?—z?),

(Fig. 69). Ans, T=1{sna, y=1a.
13. The area between the curve y*(a®*—z?)=a' and the asymp-
tote z=a. Ans. Z=2a/x, y=0.

14. Find by Pappus’s Properties the surface and volume of a
torus (or anchor ring), formed by the revolution of a circle of
radius @ when the centre describes a circle of radius b, bS a.

Ans. 4n%ad, 27%%b.

15. Find by Pappus’s Properties the c.g. of the arc of a semi-
circle and that of the area of a semicircle.



CHAPTER XXXIV.

MOMENTS OF INERTIA.

169. The Moment of Inertia is a quantity which is often
required in connection with the motion of a body about an
axis. The following is an illustration.

170. Kinetic energy of rotation. Let it be required
to find the kinetic energy which a body possesses on account
of its rotation about an axis.

Let the perpendicular distance of a particle of mass m;
from the axis be r; and let w=the angular velocity of the
body about the axis. Then the kinetic energy of the par-
ticle

=% (mass) X (linear velocity)2=4m; (wr1)?=4w?myr?,
and the whole kinetic energy of the body,
= %0)2(171«17‘12 +m2722 +... ) = 1}(021,

where I =mr2 +mors?+. . . \
The quantity I is called the moment of inertia of the
body about, or with reference to, the axis; hence the fol-
lowing definition:
The Moment of Inertia of a body about an axis is the sum
of the products obtained by multiplying the mass of each
particle of the body by the square of its distance from the

axis.
181
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Since the particles of a body are infinitesimal portions
of the body, the moment of inertia is obtained as follows:
Imagine the body to be divided into parts which are infini-
tesimal in every direction, and find the limit of the sum
of the products of the mass of each part by the square of
the distance of some point in it from the given axis.

Since both factors of the product mr2 are essentially +,
the moment of inertia is always +, and the moment of
inertia of a body about any axis is always equal to the arith-
metical sum of the moments of inertia of its parts about
that axis.

171. Prop. The m.i. of a body about any axis=the m.i.
about a parallel axis through the centre of gravity+MA2,
where M is the mass of the body and
h is the distance between the parallel
axes.

Take at a point P in the body a
particle of mass m;. Let a plane
through P perpendicular to the axes
in question meet the one through
Fre. 102, the centre of gravity G in @’ and the

s parallel one in H’, then G'H’=h.
Draw PK perpendicular to @H’ and let @K =z,. Then

812 = T12 +h2— 2h1‘1 (Euc. II. 13),
*. m1812 = m1r12 + mlhz—— 2hm1x1.
Similarly for particles my, ms, ete.

comysi2+mase? 4. o= (myr 2+ marg? +. . ) A2 (my +ma+. . .)
—2h(myzy +mexa+. . . ).

The left-hand side=the m.i. about the axis through H;
and of the three terms on the right, the first=the m.i. about
the parallel axis through the centre of gravity, the second =



171-174.] MOMENTS OF INERTIA. 183

Mh2, and the third=0 (§ 160), since the centre of gravity
is in the line from which 2y, z,, . . . are measured.

172. The proposition just proved is true for all bodies,
but the following applies only to laminz.

Prop. Let X’X, Y'Y be two lines in the plane of a lamina
and meeting at right angles in O, and let Z’Z be a line through
O perpendicular to the plane.

Let I;=the m.i. of the lamina

about X’X, I,=that about Y
Y'Y, I=that about Z’Z; then z’ p
I=I,+1,. (%
X’ o &, M X
Forry?=22+y,2,
. A
. m1r12=m1x12+m1y12. Fia. 103.

The proposition is therefore
true for a particle at P, and hence it is true for all the
particles of the lamina.

173. When the m.i. is put into the form M2 (M being
the mass), k is called the radius of gyration; hence the radius
of gyration of a body with reference to an axis is the dis-
tance from the axis of a point at which a particle having
the same mass as that of the body may be placed so that
its m.i. may be the same as that of the body.

If k=the radius of gyration with reference to an axis
passing through the centre of gravity, and k; that about a
parallel axis at a distance h, we have k2=k2+h?, since

(§ 171)
M2 =Mk2+Mh2.

174. In the following examples the density, i.e., the mass
per unit volume, is represented by g, and the bodies are
assumed to be homogeneous, i.e., of uniform density, unless
the contrary is specified.



184 INFINITESIMAL CALCULUS. [Ch, XXXIV.

Ex. 1. To find the m.i. of a rectangular lamina whose sides are

a, a, b, b, about an axis bisecting the
sides @, a, Fig. 104. )

Divide the rectangle into parallel

b strips of length b and width dz, and

measure z from the axis. The elements

o X are as follows: area=bdzr, volume=

a t.bdx, where t=the thickness of the

Fic. 104. lamina, mass= . th dz, m.i.= ptb dz . 27,

since every particle is at a distance

z+¢ from the axis, 7 being infinitesimal. Integrating between

0 and }a and doubling we have for the m.i. of the whole rectangle

a

2 a?
2rptbz’ dx =y ptba® = (ptadb)—
0 12

The quantity in parentheses is the whole mass (= xX volume),
. a . . S
.. the m.i. migs and hence the radius of gyration= vio Simi-

2
larly the m i. about the axis bisecting the sides b, b is ml%—

2. The m.i. of the rectangle about a normal axis through the
a’+b?

12

The same formula is true for any parallelogram (of which a and
b are adjacent sides) about an axis drawn as in this case through
the intersection of the diagonals at right angles to the plane.

3. The m.i. of the rectangle about
a side b is (§ 171),

intersection of the two axes of Ex. 1 is § (172) m

a? 3 a!

mﬁ- +m (~2~) =m§.

4, The m.i. of the rectangle about a

normal axis through one angle=
a’+b?
7

5. Any triangular lamina (Fig. 105) about one side BC. Let

BC=a, the perpendicular OA=h. Then DE:BC::FA:0A,

Fic. 105.
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*. DE/a=(h—x)/h, .. DE=(h—z)a/h.

h a
.. m.i.=J‘ ph—z)- . t.dx . 2=
0 h

6. A circular lamina of radius r about a normal axis through
the centre.

Consider the annulus between the concentric circles of radii
z and z+dr. The elements are: area=2zz . dz, mass= pt . 2z dz,
m..=pt . 2z dx . 1, since every particle of the annulus is at
a distance z +% from the axis, ¢ being infinitesimal,

r 3
*. whole m.i = J’OZ prtx® dx = 4 prtrt = m%

7. A circular lamina about a diameter.

Let the required m.i.=/. The sum of the moments of inertia
about two diameters at rlght angles to each other=2I; it also
(by § 172 and Ex. 6)=mg, . I= m%.

8. A circular lamina about a normal axis through the centre
when the density is supposed to vary inversely as the distance
from the centre.

Let p=k/x, where k is a constant. Then m.i.

Tk
=J <-) . 2tz dx = gntkrs,
o\Z

-
But the mass m='[o<§) . 27z dx . t=2xktr.

9. An elllpse +E-, =1 about its minor axis.
The m.i.—4j u.ydz.t.z% Substitute y from the equation of
0
a’
the curve and let z=a sin 6, The result is mz".
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. 2
Similarly about the major axis the m.i, is m%

10. A sphere about a diameter.

Take the diameter as z-axis and the centre as origin,

Consider the sphere to be made up of laminz perpendicular to
the axis, and of thickness dr Then m.i. (sce Ex. 6)

2

-
=2J0ﬂ yt.ode, % and y*=r’—z?, whence the m.i.=mr2

11. A right circular cylinder of radiusr about its geometrical
axis.

The cylinder may be considered as made up of circular laminz
2

perpendicular to the axis, hence (Ex. 6) the m.i.=m%.

Similarly for a cube, a right prism, etc., about an edge or any
parallel axis.

12. A right circular cylinder of radius r and length 1 about
an axis bisceting at right angles the geometrical axis.

As before, suppose the cylinder to be made up of circular
lamine. The mass of the lamina at a distance z from the axis

=p.zr? dr, and its m.i. about a diameter in its own plane and
2

parallel to the given axis=mass X% (Ex. 7), .. its m.i. about

2
the given axis=mass <% +:c’) (§ 171);

el (o) o1
. whole m.1.=2J’0 pnr dx 71+x =m Z+1_2 ,

175. As in Ch. XXXIII, the subject may be considered
from the point of view of geometry alone. If a is an area
(or volume) element which is infinitesimal in every direc-
tion, and r the perpendicular distance of some point in it
from a straight line, the limit of Jar? is called the moment
of inertia of the area (or volume) with reference to the straight
line. The results are the same as those calculated for homo-
geneous bodies, area (or volume) taking the place of mass.
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ExXAMPLES.
Find the moment of inertia of

1. A triangle about (1) an axis through the centre of gravity
parallel to the 'base, (2) a parallel axis through the vertex

Ans, (1) m

14

) " g
v
6(a? +02)
3. An isosceles triangle about a normal axis through the middle

point of the base. 4 alt.? + base®
Ans. m—24—‘

4. An isosceles triangle about a normal axis through the vertex.
12 alt.? + base?
Ans. m——m8M8 ——,

18’
2. A rectangle (a by b) about a diagonal. Ans. m

24
5. A circular annulus of radii R, r about a normal axis through
the centre. R +12
Ans. m .
2
2
6. A circular annulus about a diameter, Ans. mR ;_7.2
7. A circle about a tangent. Ans. mr?,

8. A circular arc of length s, radius r, and chord ¢, about an
axis through its middle point perpendicular to its plane.

Ans. m . 2r2<1 ~—§->

9. A circle about a normal axis through a point in the cir-

cumference. Ans. mgﬁ.
10. A parabolic area, Fig. 74, about the z-axis.  Ans. myé
11, The same about the y-axis. Ans. miz
12. A spherical shell of infinitesimal thickness about a diameter.
Ans. mir.
13. A right circular cone of radius r and altitude A about its
geometrical axis, Ans, mf5r2.
14. The same about an axis through the vertex perpendicular
to the geometrical axis. Ans, m12h’ +3r

=
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15. The same about an axis through the centre of gravity per-
pendicular to the geometrical axis. 32 +12r*
16. An oblate spheroid about its geometrical axis.
Ans. md?

.

Ans, < .
8 j ydz
18, The hypocycloid z% +yt =qa? (Fig. 18) about the z-axis.

Ans. mga?

17 Any area ABDC (Fig. 61) about the z-axis.




CHAPTER XXXV,
SUCCESSIVE INTEGRATION.

176. Successive integration. Let 7' be a function of u,
v, and w, and suppose the following operation to be per-
formed: T dw is integrated between the limits w; and ws,
u and v being treated as constants; the result is mul-
tiplied by dv and integrated between v; and v, w being
treated as a constant; the result is multiplied by du and
integrated between u; and wug. The whole operation is
indicated by the notation

Uy (V2 fWa
J IJ T du dv dw.

Uy 0/ Wy

The limits of w may be functions of » and v, the limits
of » may be functions of «, but the limits of u are constants.
Instead of three variables there may be two or four, or more.

2 (z 2 ) (z 2
Ex. L. J j :c’ydxdy=J‘ (J' 2y dy) dx=J 4ot do =37,
1)0 1 0 1

3 (z (x+y 3 (z
2. j j J (z—y)dz dy dz=I J (z? —y?)dz dy
0/0J0 0J0

3
=J 40t dz =134
0
213 )
3. Hsz’ydzdy=35
2

1
2 (2 (z+y
4.[[ J dz dy dz=9%.
1Jo Jo .
= (af
5. jj r do dr=$§=%a?,
00

189
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2 ';“ 2acosf |
G.J J ‘[ r3sin 0 cos 0 d¢ dO dr=4nat.
oJolJo

Applications of Successive Integration.

177. Plane area. Rectangular codrdinates.” Let P be the
point (z,y), and let PR, PS be dz, dy, infinitesimal incre-

" ments of z and y. The

Yy [N TS rectangle PQ=dz dy may be
\ taken as an element of area.

sl_laq ) To illustrate the method of

"g_n finding the limit of the sum

x,y)| ™ of such elements by succes-

sive integration, let it be re-
\ quired to find the area of the
\_z ——— figure KM, which is bounded
by the lines z=a, z=0b, and

X the two curves KL or y=f(z)
Fia. 106. and NM or y=F ().

CcG b
(1) (ICEdy)dx=EG.dx, @) LEG.dx=KM.

o A c D B

The first result is the sum of such rectangles as PQ, which
make up the rectangle EH, which is equivalent (§ 15) to
the strip EIJG of the given figure, the second is the sum of
such strips for the whole area. The final result is the limit
of the sum of such rectangles as PQ when both dz and dy = 0.

The whole operation is indicated by the ‘“double integral”’

b (v2 b [F(z)
j J drdy or j J dz dy,
aly aJ f(z)

v1 and yp being the y’s of the curves y=f(x), y=F(z).

More generally, let u be a function of x or y, or of both z
and y. The limit of the sum of such products as u dx dy
taken for all parts of the area KM is

b V2 -
J J u dz dy.
aJyr
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Ex. 1. Find £Z y dz dy for a quadrant of the circle z? +y?=a?.
a Yy
We are to obtain J J‘ ly dr dy, where y, is the y of z?+y*=a?.
oJo

a fun (@ /(w1 a a
[ [yazay=[ (["yar) dz= "3 as- [“s@-2rie—sar,
0Jo 0o 0 0

This is the moment of the area with reference to the z-axis.
2. Find £2 y?dx dy for the same area.

a (/32— 7
J j “ zzy’ dz dy = {snat.
oJo

This is the second moment, or moment of inertia, of the area
with reference to the z-axis.

3. Find £ zy dzx dy for the same area. Ans. }at.

This is the product of inertia of the area with reference to the
axes.

4. Show that the volume of a solid of revolution about the

z-axis is
27:J‘J‘y dz dy,

and deduce the formula of § 95.

178. Plane area. Polar codrdinates. Let P be the
point (0, 7), and let POR=df, PS=dr. With centre O
describe the arcs PR, SQ. Then
the element of area PQ

=3}(r+dr)? do—4r2 do
=rdfdr+3 dr? db,
the last term being a higher
infinitesimal.
S A£S PQ=4L3 rdbdr.

Let KLMN be a figure bounded
by the lines f=a, =3, and the
curves KL or r=}(6) and NM or Fig. 107.
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r=F(f). Proceeding asin § 177 we find the area

B(ra B (F(6)
=erd0dr, or jj rdé dr,

aln aJ f(0)

r, and 7o being the r's of the given curves.

The first integral }(r:2—7r,2)d0=EGJF, which is equivalent
to the sectorial strip EGHI of the given figure; the second
is the sum of such strips for the whole area. The final
result is the limit of the sum of such figures as PQ when
both df and dr=0.

Observe that the element r df dr=PR . PS as in Fig. 106.

Ex. 1. The area (Fig. 108) between the circles r=2a cos 0,
r=2bcos 0, (b>a), is

% '2b cos @
2.[ J r d0 dr=x(b*—a?)
0 J2acosd

2. Find the area (Fig. 109) bounded by the curves 0=73+r,
0=y~7, r=1.

O LY.

Fia. 108 Fia. 109.

- [Integrate first with regard to 6.] Ans. 3.
3. The moment of inertia of the circle r=2a cos @ with refer-
ence to a normal axis through the polar origin

%‘ 2a cos 0
-2_" f . 1% dr=4§na'.
oJo
4, Find the moment of inertia of the lemniscate r®=a? cos 20
(Fig. 27) with reference to a normal axis through the origin.
Ans. §rat.
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5. The potential of a particle of mass m at distance R being
m/R, show that the potential of a lamina (thickness ¢, density u)
at a point B on the perpendicular to the lamina through the polar

origin O (OB=c) is
uér do dr
(1) Find the potential at B if the lamina is the circle r=a.
Ans. 2zpt(V'e*+a3—c).
(2) Find the potential of a circular lamina at a point in the

circumference. Ans. 4apt.
6. If a curve revolve about the initial line show that the volume

=2njjr’ sin 0 d0 dr.

Find this volume for a complete revolution of the cardioid
r=a cos*40, Fig. 89. Ans. nad.

7. Find the moment of inertia of an anchor-ring (see Ex. 14,
p- 180) about its axis.

Take as origin the centre of the circle (radius @) to be revolved,
and the perpendicular (length b) on the axis of revolution as

w(a
initial line. The m.i =2.[0,[0# .2n(b—rcosf).rdddr.(b—rcosf)?
Ans. m(3a®+0b2).

179. Volume of a solid. Rectangular cosrdinates. Let P
be the point (z,y,2) and let PR, PS, PT be dz, dy, dz, infinitesi-
mal increments of z, ¥, and 2. The parallelepiped PQ=dzx dy dz
is taken as the element of volume, the limit of the sum of
such elements being obtained by successive integration.
Thus to find the volume of the solid, Fig. 110, bounded by
the codrdinate planes and a surface whose equation is given:

1U
0 (L dz) dz dy=1U. dz dy,

D@
@) (JO IU. dy) dz=V DG . ds,

0A
- @) jo VDG . du=COBA,

the required volume.
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The first result is equivalent to the column standing on
IK (=dx dy), the second to the slice between VD@ and WEF
and therefore of thickness dz, the third is the sum of such

slices.

F
Fia 110.

The whole operation is indicated by the ““triple integral ”’

afy (21
j J' dz dy dz,
oJoJo
where 2, is the 2z of the given surface, y; is the y of the curve
AGB in which the surface is cut by the plane 2=0, and a=0A.

‘Ex. 1. To find the volume of the ellipsoid £ +gz +—=1

iV:JO.{OJ dz dy dz, where 2, is the z Ofla’ b’+(zT’ =1, and

2
y.lstheyof y-lle

% =E(a’—x’)i and z =§(yxf—y')"°
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Since r‘dz=z
0
a [ a [y
Av=[ [Maazay- [ ["[Foe-yna)e
b
J4by1 Xdx = J4a,(a —-:c’)dr—-mg—c.
V= ﬁnabc

2, dz dy is equivalent to a column, 4by‘ ?dz to a slice, and——;? is
the sum of the slices for an octant.

2. Find £2p(y*+2%)dx dy dz for an ellipsoid, i.e., the moment
of inertia with reference to the z-axis.

SJ JmJ‘ l)u(y +2%)dz dy dz= SyJ J l(y’z,+~}zl’)dx dy

0J0

4 b? +c’
2b’ (b’+c’) y. dz =vsnabeu (b +c?)=m 5
3. Find the volume of the hyperbolic paraboloid az=2?—y? in
the first octant, z varying from 0 to h.

22—y2

h :r:J' a dz du d h‘
z z————
Jo.[o 0 y 6a

4, Find the volume of z?—y?=x%? in the first octant, = varying

from O to A. Ans. }zh?
5. In Ex. 3 find the moment of inertia with reference to the
z-axis. Ans. m $h?

6. A rectangular parallelepiped which has its base in the zy-
plane and its sides parallel to the other coordinate planes,
intersects the hyperbolic paraboloid a@z=zy. Show that the
enclosed volume =base Xmean length of the vertical edges.

7. Find £2 zydzdydz and £2 zyzdrdydz for the octant of
an ellipsoid. a?h’ a?h’c?

A Wizy @Prae

8. Find the volume enclosed in the first octant by the ccor-

z

dinate planes and the surface (;) *+ ( g) ! + (—z—) Y 1.

. abe
Ans, 90"
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180. Volumes. Polar cobrdinates. Let O be the origin,
04 the initial line, BAOC the initial plane. A plane re-
volving through the angle ¢
about 04 from the initial plane
contains a point P, OP=r mak-
ing an angle ¢ with OA. The
polar coérdinates of P are ¢, 0,
r; r and 6 are the ordinary
polar coordinates of plane
geometry, and (§178) PM =
rdf dr+1,, where I; is a higher
infinitesimal. The increment
d¢ brings P to T and PM
to TQ, PT=PAdp=rsin 0 do.
Hence the element of volume PQ

= (rdf dr+1I,)(r sin 0 dp+1,) =12 sin 0 d¢p df dr+I5.

V=JIJT2 sin 0 d¢ d6 dr.

(The element is, as in Fig. 110, PR. PS . PT?)

Fia. 111.

Ex. 1. Volume of a sphere. (1) The origin being the centre,

2z (= fa
V=j er’sinﬂdrﬁdﬁdr
0J0JO

2% (n 2n
=J J 4a®sin 0 do d0=J 40t dp=4na.
0Jo 0

The first integral a®sin 0 d$ df =a pyramid with vertex at the
centre and base on the surface of the sphere, the seeond 4a*dg=a,
wedge of which the angle is d¢ and the edge a diameter of the
sphere, the third $za®=the sum of the wedges.

(2) If the origin is on the surface, and the initial line a diameter,

K

V= [2”[2—[2“ 2 sin 0 dg do dr.

Jo 1naln
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(3) If the origin is a point on the surface, the initial line a tan-
gent, and the initial plane passes through the centre,

T

2 2asing cogd .
V= 4[ JJ r?sin 6 d¢ db dr.
oJoJo

2. The vertex of a cone of vertical angle 2a is on the surface of
a sphere of radius a, and its axis passes through the centre of
the sphere. Find the common volume. Ans. $za’(1 —cos'a).
3. The moment of inertia of a sphere about a diameter

27 ‘;‘ a
=2J J. '. urt sin%0 dp d0 dr=m %a?,
oJolo

and about a tangent line

T

2 % 2a sin 6 cos ¢
=4j J J prt sin%0 d¢ dO dr=m }a’.
o JoJo

4, The potential of a solid sphere (density ) at a point on the

27 % 2a cos 0 . m
surface=J J. J prsin 0 do do dr=§;ma’=7i.
0 JoJo
5. To find the potential V of a spherical shell of infinitesimal
thickness (radius », thickness ¢, density #) at any point A. _
Take O, the centre of the sphere, as origin, OA as initial line,
and let OA=c. Then

V’Izﬂ J’ﬂ prisin 6dodo .t

———————— where 7 is constant.
¢t +r7—2cr cos 0

g71”[( +7") _'(c"r)]i >,

2n;1r[( +c) (r—c)], c¢<r.

41:;11‘ t_m

o V= for A outside the sphere,

and -4zyrt= - for A inside the sphere.
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In the former case the potential is the same as if the whole
mass were at the centre of the sphere, in the latter it is inde-
pendent of ¢, and therefore the same at all points inside the sphere

6. To find the potential of a homogeneous solid sphere (radius a)
at any point A.

Consider the sphere as made up of concentric shells of infini-
tesimal thickness t=dr. Then from Ex. 5,

4y fa 4 7rpa® m .
g TR T
V= 2 | Or dr 3 . = 4 outside,
zpfe a .
and =T [Crr s v ar= et e, A inside.
0 c

181. Volume. Mixed codrdinates. A volume=“.z dxdy

if the base is in the zy-plane. Instead of dx dy for the 1 ase
of the column of height z we

z y may take the polar element of
area r d¢ dr. Then
V= j er d¢ dr.

X Ex 1. For the volume of a
sphere by this method,

2z fa _______
&V=J J Var=rtrdegdr
0.Jo

Fia. 112,

= Jzﬂia’ dd=4%ra’.
0

The first inetgral }a® d¢ is a wedge whose edge is OZ and angle
dé, the second is the sum of such wedges for a hemisphere.

2. The axis of a right circular cylinder of radius b passes through
the centre of a sphere of radius a(>b). Find the common volume.

2% (b
2j J Vat—rird¢ dr=4x [a®—~(a? -b)i],
0J/0
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3. A right circular cylinder of diameter a penetrates a sphere
of radius a, the centre of the sphere being on the surface of the
cylinder. Find the common volume.

4 J 2 J O @ r d dr =3 (3r—4)a.

0Jo

4. The axes of two equal right circular cylinders of radius e
intersect at right angles. Find the common volume.

L4

SJEJaVa’—r’sin’¢rd¢dr=§ J ( cos’gb) d¢
oJo 0

sin?
. 2
=§a’[tan 125+s1n ¢c] =¥a’
0

5. The volume between the surface z=e~(#*+» and its asymp-
totic plane 2=0.
This is a surface of revolution about the z-axis

2r (©
(1) V=J J ardpdr, and zP+y’=r2
0Jo

00 0

‘Y V=27:j re"’"dr=27r[-—»}e""] =,
0 0

00

@) Also V=4 H

0Jo

00 0 0 3
=4 J evdy. J’ ePdr¥=4 ( J e‘z"dx) .
0 0 0

. From (1) and (2), J °°e—acfalac=i2—;- (CE. §124.)
0

%

00 (00
zdzdy=4j J = . cvide dy
0Jo

* If the integration limits of each variable are independent of thei
other we evidently have

. f f f(x) F(y)dzdy = f f(z)dz f F(y)dy.
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182. Area of any surface. Let the parallelepiped, Fig. 42,
which has the base dz dy in the zy-plane and its sides parallel
to the z-axis, intersect the tangent plane at P(z,y, 2) and
the surface in sections of area A, and A,, respectively, which

are assumed to be equivalent infinitesimals. Let a, 8, 7
be the direction angles of the normal at P. Then

drdy=A,cosy, .. A,=sec ydrdy+I,

where I is a higher infinitesimal. Hence the surface S

= fsec rdzdy= Jsec adydz= fsec B dz dx.

Ou QJu ou.,

cos a, cos 3, cos r are proportional (§ 63) to 3% 37 3z if
u=c is the equation of the surface, and hence to 1, ——%25,

-——g—;— if the equation is in the form z=j(z,y). Hence

NG G+
.8_1-1: ?
0z

or =\’1+(_§—:)2+ (g—;)z.

" Ex.1 A right circular cylinder of diameter a penetrates a
sphere of radius a, the centre of the sphere being on the surface
of the cylinder. Find the surface of the sphere which is inside
the cylinder.

Let the equations be 2% +y?+2?=a? (1), 2’ +y’=az (2).
a

N

sec y=

For (1) sec r—g-=-
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O vy e
- S=4J“J s _adrdy 4, “sin—l\/idx*
olo \/a’—x’—y’

—4a[(x +a) sm—‘\j———- \% ax:l =2(r—2)a

2. In Ex. 1 find the volume of the cylinder which is inside the
sphere,

1a a . .
For (2), sec ,B—--;/—= DV and (1) and (2) intersect in

2’=qa%—ax.

e (vai—az adxdz
..S=4JOJO 2~F—z=_2j\} do=da’,

3. The axes of two equal right circular cylinders of radius a
intersect at right angles. Find the cylindrical surface enclosed.
Let the equations be 2 +22=a?, y?+22=a2 Ans. 16a2.

* Let /(a4 ) =sin?6.



CHAPTER XXXVI.

MEAN VALUES.

183. Let the base b—a of the curve, Fig. 113, be divided
into n equal parts, at the extremities of which ordinates
Y1, Y2, - - . are drawn.,  The

Y limit of
c Y+t ... Fuy
D n
N for n infinite is called the
ot—+ — — mean value of y for the in-
© terval a to b of z. If dx=thg
Fa. 113. length of the equal segments

of b—a, n=(b—a)/dr. Hence
the mean value of y is

b
dz
dz Jy
A== 1)

Since the numerator=the area ABCD, the mean ordinate
is equal to the height of a rectangle which has the same
base and area as the given figure.

The result (1) may be regarded as the mean value, for
the interval a to b of the variable, of any function which is
single-valued and continuous for that interval.

Ex.1 The mean ordinate of a semicircle of radius a=>— =—

$ra? rna
2 4
="7854a.

202
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2. The mean square of the ordinate of a semicircle

a a
J yidz j (a*—z?)dx
= -a — —a — 2

2a 2a fa.

3. Find the mean ordinate and the mean square of the ordinate

of the curve y=a sin nz from £=0 to z=r=.
Ans. (1) 2a/nz, (2) a*/2n.

4. The arc of a semicircle is divided into equal parts, from
the extremities of which perpendiculars are drawn to the diameter.
What is the mean value of their length?

Radii through the points of section divide the angle at the
centre into equal parts.. Hence

£Zasin 6+ =gjnsin 0 d0=2—a.
dl =)o 7
5. In Ex. 4 find the mean distance of the points in the cir-
cumference from one end of the diameter. Ans. 4a/z.
6. A straight line AB of length @ is divided into equal parts,
P being a point of section. Find the mean value of AP . PB for
all positions of P. Ans. $a’
7. The northern hemisphere is divided into zones of equal

area. Find their mean distance from the pole.
Ans. Arc=radius.

8. A rectangle is divided into rectangles by lines which divide
the sides equally. Find the mean square of the distance of the
rectangles from one corner of the given rectangle.

The sides at that corner being axes,

) 2 ab 1 ferb 2 2 2 2
£2(x*+y )+3—z—d&=%'[ojo(x +y)dz dy=1%(a®+b?).

184. Let di be an element of any quantity (length, area,
volume, mass, time, etc.), and « a variable which is taken
.any number m times per unit of . Then

£Zumdi_ £5udi
£I3mdd  £2di
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expresses the limit of the sum of the u’s divided. by their
number, and is thus the mean value of  for the range in-
volved in the summation. If the elements are unequal
the result is still the same as the mean value of u taken
once for each of the elements if they were equal, since 1 for
each one-mth part of the unit is equivalent to m per unit.

Ex 1. To find the mean distance of points within a circle of
radius a from a given point on the circumference.

In this case d1 is an element of area, say rdfdr (§178), u
is r, hence the mean value

';“ 2a cos 0
2J- J rd0 dr
0J0
na?

-— =

97':(1.

2. The plane base of a hemisphere of radius @ is horizontal,
Find (1) the mean height of points within the hemisphere (the
element being one of volume), (2) the mean height of points on
the curved surface, (3) the mean depth of points in the base
below the curved surface. Ans. (1) §a, (2) 3a, (3) %a.

In (1) and (2) the mean height is the height of the centre of
gravity,* in (3) it is volume/base.

3. Find the mean square of the distance of points within a
sphere of radius a from (1) the centre, (2) a point on the surface,
(3) a diameter. Ans. (1) §a?, (2) §a*, (3) %a2.

* The point whose ccordinates are the mean values of the rec-
tangular codrdinates of points in a body for equal elements of mass
is easily seen to be the centre of mass (or of gravity) and therefore
the centroid if the body is homogeneous. The centroid is sometimes
called the centre of mean position.



CHAPTER XXXVII.

INTRINSIC EQUATION OF A CURVE. THE TRACTRIX
THE CATENARY.

Intrinsic Equation of a Curve.

185. Let the tangent or normal of a curve turn through
an angle 1 while the point of contact moves a distance s
along the curve. The equation con-
necting s and A is called the intrinsic
equation of the curve.

Ex. 1. The intrinsic equation of a circle of
radius a is obviously s=aa.

2. To find the intrinsic equation of the S
semi-cubical parabola ay?=z* (Fig. 29), the Fie. 114.
intrinsic origin being the cusp.

The tangent at the origin is the z-axis. Hence

tan =dg_/=§_ (z) *.

dz 2
s, z=$atan’l, whence y=gyatan'i.
Also ds=+dz*+dy*=4{a sec®d tan 1 dA.

A
s. s=ja| sec®Atan Add, or s=gha (sec’l-1),
0

the equation required.
3. Find the intrinsic equation of the common parabola y?=4az,
the origin being the vertex
If the tangent make an angle A with the positive direction of the
y-axis, tan A=dz/dy.
Ans. s=asec Atan 1+a log (sec A+tan 1),
205
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4. Find the intrinsic equation of the cycloid z=a(8—sin 6),
y=a(l—cos 0) (Fig. 19), the origin being at a cusp (say, at =0,
y=0).

[Show that A(=YSP)=1}6.] Ans. s=4a(l—cos 1.)

5. Find the intrinsic equation of the four-cusped hypocycloid
z=asin%, y=a cos®0 (Fig. 18), the origin being at a cusp (say at
=0, y=a).

[Show that A(=0S8T)=0.] Ans. s=%a(1—cos 22).

6. Show that an equation may be transformed to a new origin
at (s, ¥) by substituting s+s’ for s and A+ ¥ for A in the given
equation.

7. Find the equations of the curves of Exs. 4 and 5 when the
origin is a vertex (the middle point of the arc between successive
cusps). Ans. (1) s=4asin A, (2) s=3%asin 24

186. Instead of expressing x and y in terms of A, we
may be able to express s and 2 in terms of x or some other
variable, and eliminate that variable.

Ex. 1. The catenary y=a cosh (z/a) (Fig. 117), the origin
being the lowest point, and hence the initial tangent being parallel
to the z-axis.

tan A=dy/dr=sinh (z/a), and ds=cosh (z/a) dx, whence
s$=asinh (z/a). .. s=atan A

2. The cardioid r=a(l—cos 0), the cusp being the polar and
the intrinsic origin.

ds=~71'd0?+dr*=2a sin 30 d9, .. s=4a(l —cos }0).

Also A=0+¢, where (§136) tan ¢=rd0/dr=tan }0.

. A=36. Hence s=4a(l—cos }4).

Show that the equation is s=4a sin 42 if the origin is the point
most remote from the cusp.

3. Show that the intrinsic equation of an epicycloid is

4b(a+b) al
o= (1meos oy )

when the origin is a cusp, and
Gl
a+2b’
when 'the origin is a vertex.
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187. The radius of curvature. The curvature is the
s-rate of 1 (§86) and hence R=ds/dA=['(R) if s=f(4) is
the equation of the curve.

188. The evolute. Let O be the origin of the given curve
s=f(4), P any other point on the curve, C, @ the centres of
curvature of O and P, and let C be taken
as the origin of the evolute. Then PQ
={'(A) and OC=f(0), also CQ=PQ—0C
(§ 90 (B)). Hence the equation of the
evolute is

s= ()= F(0). Fio, 115,

Ex. 1. Show that the evolute (1) of a parabola is a semi-
cubical parabola, (2) of a cycloid is an equal cycloid, (3) of a
four-cusped hypocycloid is a similar curve of twice the size of
the given curve, (4) of a cardioid is a cardioid of one third the
size of the given one.

2, What is the intrinsic equation of the involute of (1) a circle,
(2) a catenary, the involute beginning at a point on the given
curve? Ans. (1) s=%a2?, (2) s=alogsec A

The Tractrix.

189. This is the curve in which the tangent is of con-

stant length.
Let (z,y) be the codrdinates of a point P on the curve

(Fig. 116), and let the tangent PT =a.*

From the figure dy/dx= —y/Na?—42, from which the
equation may be found by integrating, the result being

z=a sech™1(y/a)— V2= y"f.

* The curve is the path of a body which is drawn along on a rough
horizontal plane by a string of length a,the other end of which is
moved along & straight lne OX; whence the name of the curve.
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Since ydz=—dyV a®—y2, the element of the area of the
curve=the element of the area of the circle of radius a, .
the whole area between the curve and its asymptote (the
z-axis) is the same as that of the circle, viz., 7a2.

N

Fia. 116

The length of the curve from Y to any point whose ordinate
is b may be found as follows:

d__o¢ ol Yoo (&
a?—l —-y, S8= ajay—alog(b).

Let the tangent make an angle A with Y0. Thens=
a log sec 4, which is the intrinsic equation (origin ¥) of the
curve. Hence the radius of curvature=ds/dA=a tan 4,
and the evolute is (§ 188) s=a tan 4, a catenary (§ 192).

The area of the surface of revolution * of the curve about
the z-axis=4ra2, and the volume=4%ra3.

* This surface is known as the pseudo-sphere.
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The Catenary.

190. This is the curve formed by a uniform chain hanging
vertically.

Let A be the lowest point, P any other point. From P
draw PB vertically and equal to the length AP or s of the
chain, and from B draw a horizontal line to meet the tan-
ent at P in C, and let BC=a.

Y
P
)
ﬁ D,
cAe B
&
T o [ N X
Fia. 117,

191. Mechanics of the figure. The portion AP of the chain
is in equilibrium under the action of three forces, viz., the
horizontal tension at A, the tension at P in the direction of
the tangent, and the weight, which is vertical. Hence PBC
is a triangle of forces for AP, and since the vertical force on
AP is the weight of a length PB of the chain, it follows that
the tension at P is equal to the weight of a length CP of the
chain, and the tension at A to the weight of alength a of the
chain, and therefore a is constant.

192. Geometry of the figure. Draw from A a vertical line
and take OA=a; take O as the origin, OA as y-axis and a
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horizontal line OX as z-axis. Then OM =z, MP=y. (By
this choice of axes the constants of integration will=0.)

Since CB, BP, and CP are a, s, and v a2+ 2, respectively,
we have

dy_s s
dr a()’ ds \/2+2()’ ds \/2+2(3)

From (3) dy=sds/V a2 +s?, . y=Va2+s2=CP, 4)

. the tension at any point P is equal to the weight of a
length y of the chain,

From (2), dz- ads/\/a2+82, . x=a& sinh~1(s/a),

L a & _Z
. s=as1ghd—, or =3 (fea—e ), 5)

which gives the length from the lowest point to the point
whose abscissa is z.

From (1) and (5), dy=sinh 2—dx.
r a /% _=
Soy=a cosh;, or =—(ea+e a), (6)

the equation of the curve.

From (1), s=atan ¢, the intrinsic equation (origin 4)
of the curve.

The normal. NP:MP::CP:CB, .. NP/y=y/a,or NP=
y/a.’

The radius of Curvature. R=ds/dp=a sec?p=ay?/a?=
y2/a, or the radius of curvature is equal to the normal.

Let D be the foot of the perpendicular from M on PT.
Since MP=CP, .. MD=CB=a and DP=BP=s.

Hence the locus of D is the involute of the catenary.

Also MD, the tangent at D to the involute, is of constant
length, .. the involute is a tractrix.

The intrinsic equation of the evolute is s=a(sec?¢p—1).



CHAPTER XXXVIII.
INFINITE SERIES.*

193. A series is a succession of terms which follow one
another according to some law. The series is said to be
infinite when it does not terminate. If we add the terms
of the infinite series 14+3+31+%+ ...it is seen that the
sum approaches a limit, viz., 2; for this reason the series
-is said to be convergent. That the limit is 2 is also seen

by taking the sum of the first n terms, which is 2—2—:_—1,

and finding the limit of this when n=o00.
This series is a particular case of the infinite geometrical
progression
1+z+a2+423+ ... 1)

From elementary algebra the limit of the sum is 1/(1—z)
if |z]<1. If |&|S 1 the series has no limit or is non-con-
vergent.

104. Let wotuitustuz+ ... +uptun+ ... (2)
be an infinite series, and let s, be the sum of the first n terms.
The series is then convergent if s, has a limit when n=o ;
let the limit, if it exists, be s. The limit must as in all other
cases be a definite finite quantity (§ 2) such that s—s, has
the limit 0. Hence a series cannot be convergent unless
U, =0 when n=o00, i.e. unless the terms tend to a limit 0.
This is a necessary but not a sufficient condition for con-
vergence.

*01 the subject of Infinite Series the student may consult Osgood’s
Introduction to Infinite Series (Harvard University), also Gibson’s
Calculus (Macmillan). o1t
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If a series is non-convergent it is either divergent or oscilla-
tory, divergent if s, becomes infinite with n, oscillatory if s,
remains finite but does not approach a limit. Series (1) is
divergent if |z|>1 or =1, and oscillatory if z=—1, s, in
the latter case being 1,0, 1, 0, etc., as n increases, but never
approaching a limit.

In general, a series is of no practical value unless it is
convergent.

195. Without expressing s, in terms of n it may be pos-
sible to test a given series for convergence. For this pur-
pose various methods are given in works on algebra; we
recall a few results which are of importance in our work.

(1) A series is convergent if (a) the terms are alternately
+ and —, (b) the absolute value of the terms constantly
diminishes, and (c) the limit of that value is 0 when n=o0.

Ex. 1-3+%—-%+... is convergent (see §2, Ex.3). The,
limit of the sum lies between '69314 and *69315. It=log.2 (§ 197
Ex.1). The series 2—§+4—... satisfies conditions (@) and (b)
but not (c). It is oscillatory (see § 2, Ex. 4).

(2) The series 1+%+%;+ ...Is convergent when ¢>1,

divergent when c¢<1. Thus the “harmonic series”

1+34+4+ ...is divergent, but 1+;—+;—2+ ...is conver-

2
gent.

1 1 A , . .
Ex. 1. E;—+_l’+m+' .. 18 convergent, since each term is

less than the corresponding term of 1+ ;—,+. ..

1 1 s s . 1 1
2. aTl+a+2;’-'“’ a>0, is divergent. For it >1?T1+EI§
+..., where b is an integer larger than a, and this is a part of
the divergent series 1+4+4+...

(3) If a series is convergent when all the terms are posi-
tive, it will be convergent if any of the terms are negative.
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cosr cos2z

Ex. T +—2T‘+- .. is convergent for all values of z, for
if all the terms were positive they would not be greater than
the corresponding terms of %+;; +...

The contrary is not necessarily true, that is, a series may
be convergent when some of the terms are negative, but not
when those terms are made positive. Thus 1—3+34— ...is
convergent, but 1+4+4+...is divergent.

A series is said to be absolutely convergent when the abso-
lute values of the terms form a convergent series, i.e., when
the series remains convergent if all the terms are made posi-
tive. If not absolutely convergent it is said to be con-
ditionally convergent. Thus 1—34+31—3%+ ...is absolutely
convergent, 1—4+4—1+4 ...is conditionally convergent.
It is known that the convergence and limit of an absolutely
convergent series are independent of the order in which
the terms are taken, whereas the terms of a conditionally
convergent series may be grouped so as to converge to a
different limit (in fact to an assigned limit) or to diverge.
For example, arrange the series 1—3+4—1+ ... as follows:

AI=H-1+EF-D—-3+G—1)— -

This=4—%1+3—%+ ... =31—%2+3—1+...), one-half
of the original series.

(4) Aseriesup+uy+...+uUp+Uny1 +. . . is absolutely con-
vergent if R, the absolute value of the limit of w,,/u, when
n=w, is <1, divergent if R>1. It may or may not be
convergent if R=1. :

196. Power series. The most important infinite series are
those of the form

ao+a1z+agx? +azxd+ ... +a @t +ap 2t i+, (1)

which is called a power series in . The indices are posi-
. . . K .
tive ascending integers, and ay, a1, . . . are independent of z.
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By assigning values to z any number of series may be formed
from a given power series.

Let the absolute value of the limit of a,/a,+; when n=o00
be r. It follows from § 195 (4) that the power series is
absolutely convergent if |z|<r (le. if  >—r and <7),
divergent if |z|>r. If |x|=r the series may be convergent
or non-convergent. If a,/a,.1=o when n=o0, the series
is convergent for all values of z.

Since the limit for n+1=c is the same as for n=00,
the value of » may be found equally well from a@,y;/any2
or from a,_;/a,, or any two successive coefficients.

xz 3 xn
Ex. 1. 1+.’c+——+ -+ +. ..
2 3 n
1 1 1
An=—, .'. N when n=o0, ..r=1.
n an+y n n

Hence the series is absolutely convergent if |z|<1. It is con-
ditionally convergent if z=—1, divergent for all other values of z.

zn
2. 1+x+2!+3!+ P TREE

an/Ony =Mm+1)!/nl=n+1=00 when n=c0,
Hence the series is absolutely convergent for all values of z.

3. o= + + . and 1+ + ‘+ . are parts of the series of

3! 4!
Ex. 2, and are therefore absolutely convergent for all values of z.
4. The Binomial Series 1+mz +7£(1n—_—1—)x’+ cee

2!
an/ang,=(n+1)/(m—n)=—1 when n=o00, .. r=1,

Hence the series is absolutely convergent if |z| <1 whatever the value
of m. It may be proved to be absolutely convergent if |z|=1 and
m is positive, and conditionally convergent if 2=1 and —1<m <O0.

5. If the power series a@y+a,z+a,x*+... is convergent when
|z] <r, the series a,+2a,z+... formed from the derivatives of
the terms is also convergent when |z| <7

For

Ag-wn_*_l aﬂ+| £1; wa“+ I-lr-
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6. Show also that the series ¢+ayx+%a,2*+4a,2+. .. formed
by integrating (c being a constant) is convergent if |z| <r.

197. A power series ap+a x+asxx2+ ... may be such
that the limit of the sum for every value of x within the
interval of convergence (—r<wx<r) is equal to the value
of some function f(x) for that value of . On this under-
standing we may write

j@) =ap+a1z+a22+ ... 1)
Thus if |z|<1, (1+:v)'"=1+mx+1££7—g—'——1—)x2+ ..., and
as a particular case 1/(142)=1—z+22— .... If [z|>1

there is no connection between the value of the function
and the sum of the terms of the series.

If we differentiate both sides of (1) as if the series were
finite we have

P (@) =a; +2asr+3a322+ . . . @)
Similarly, multiplying (1) by dz and integrating,
F(z) =c+aoz+3a;22+3as23+ . . ., 3)

¢ being the integration constant, viz., the value of F(z)
when £=0. It may be proved that these results hold true
(i.e., the new functions are equal to the limits of the sum
of the terms of the new series) for all values of z for which
the new series are convergent. These values are —r<z<r
(§ 196, Exs. 5, 6), the same as those of the original series.
If, however, any one of the series is also convergent when
z=r or —r, it must not be assumed that the others are also
convergent for those values. Integration in general increases
the rapidity of the convergence of a series, and it may change
a series which is divergent when z=r into one which is con-
vergent.
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D

Thus 1+3z+3%22+ ...is divergent when z=1, but
x+-21—2x2 +§1-2x3+ ...1s convergent when z=1.

Ex. 1. Logarithmic sertes. If |x| <1,

=1- :c+x’—x’+

1+z
Multiply by dz and integrate. Then if |z] <1,
log (1+z)=2—4z*+}z*—3* +. .. (1)

(No constant of integration, since both sides vanish with z.)
(1) is also convergent if z=1,§195 (1), .. log 2=1—%+%—...

(1) may be used for the calculation of the Napierian logarithm
of any number > —1 and Z1, but it converges too slowly to
be of much value for such calculation, unless |z| is very small.
Change z in (1) into —z and subtract from (1). Then

lg( “) —2(z+320 415+ ). ©@

Let y=(1+z)/(1—=2), then z=(y—1)/(y+1) Substituting

in (2), . .
wev=2 () 4 () D ] @

This series may be used for the calculation of any Napierian
logarithm, since (y—1)/(y+1) is necessarily a proper fraction
when ¥ is any positive quantity.

Thus if y=2, (y—1)/(y+1)=1%,

*. loge 2=2[3+3(3)*+$(F)*+...]="693147.
Similarly loge 3=2 [$+3(3)*+3(3)*+...]=1098612.
Also, loge 4=2 loge 2 = 1'386294.

Another series may be derived from (2) thus: put (1+2)/(1-2)
=(1+y)/y, then =z=1/(1+2y); hence, remembering that

log [(1+y)/y]=log (1 +y)—log y,

log (1-+y)=log y+2[1 +12y+* (1 +12y) kS (1 +12y) et ]
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Thus if y=4, loge 5=loge 4 +2[5 +3(3)* +3(}3)*4 ..]=1609438,
Hence loge 10 =1loge 5 +loge 2 =2:302585, and hence the modulus *
of the common logarithms (which =1/loge 10) is *4342945. The
common logarithms may therefore be found from the Napierian
logarithms by multiplying by 4342945, and, conversely, the
Napierian from the common logarithms by multiplying by 2:302585.

2. Gregory’s series. Prove that for —1<z<1,

tan—'z=z—%r*+it—... 1)

This series gives the radian measure of an angle in terms of
its tangent. Show that

Fq- -1 ot 1
R NE L S 2(1'3+5‘7+...).

This converges slowly, but by applying (1) to the relation
%=4 tan—! 3 —tan“z—;g a rapidly converging series for the calcu-
lation of = is obtained.

Since tan“‘:v=%~—tan—’%, if |z|> 1 we have

1, 1 1
tan—'g = —— o — g+

2 & 328 528 77
3. Prove that
128 1.32° 1.3.527
in—lp=gd o 4o SO 1
sinlz=zty Ty F e g7 T H<h
and hence, making =%, that

1 3 5
3142+ 1 ) =314159. ..
g 3(1+24+640+7168+ ) 314159

*If x=logaey, then by definition of a logarithm, a®=y. Taking
logarithms of this, the base being supposed ¢, we have z logea =logey,
s 2 or log¢y=:zg°z, or the. logarithm of y is changed from base e

(]
1

to base a by multiplying by g which is called the modulus of
e

the system of base a.

If y=e, logae= , hence the modulus of the common system

logea
is also equal to logyge.
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Show al L ToL A S S LL. S .
how also that sec—'z R W , Jz|>1

198. ‘Maclaurin’s Series. If there is a power series*
/!
whlch =f(x), that series is f(0) +f’(0)x+i (O)x2+
For, suppose it to be ap+a1z+aa2+ ... Then

1(@) =ap +a1x+asx® +azxd+agxt+ ... (l')
Differentiating successively,

f' (@) =a; - 202+ 3a322 +4asx3+ . . . 2)

/" (®) =2a5+2 . 3azx+3 . dasx2+ . .. 3)

() =2.3a3+2.3.4a4x+ ... 4)

etc. If (1) is convergent for |z|<r, (2), (3),...are con-
vergent for the same values of z, and this interval includes
z=0. Making 2=0 in (1), (2), (3),...we have
10)=ao, ['(0)=a1, }"(0)=2az, ["'(0)=2.3as, .
Substituting in (1),

@10 +7 0z R sy )

This is Maclaurin’s Series. In substituting in (5) we are
said to expand or develop f(x) into a power series.

Ex. 1. To expand sin 2.

f(x)=sin z, .. f(0)=sin0=0;
F(x)=cos z, s f/(0)=cos0=1;
()= —sinz, s f”(0)= —sin 0=0;
" (xz)= —cos z, S f7(0)= —cos 0= —1, ete.
Substituting in (5) we have
o 28zt
s1nx=x—§i+5—!-—..., 6)

which gives the sine of an angle in terms of its measure in radians

* There is such a series in most cases if f(z) and all its derivatives
are real and finite when z=0. See § 210.
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The expansion of cosz may be found in the same manner, or
by differentiating (6); hence
z?
cosz=1 3 + T
(6) and (7) are convergent for all values of z (§ 196, Ex. 3).
2. The expansions of €% and a® are particular cases of Maclaurin’s

Series. For
f(x)=e, F(@)=e*, ["(x)=¢* etc.;
o f0)=€=1, j(0)=1, [7(0)=1, etc.

2 3

@

RO P A S ®)
21731
AZ 2 AS 3
Similarly, a’=1+Az+~2—!£ +—3—‘x—+...(A=loge a). ©)

These series are also convergent for all values of z (§ 196, Ex. 2).

199. If we attempt to expand cot z by Maclaurin’s Series
we meet a difficulty at the outset, viz., cot 0=o0. TLis
implies that there is no power series for cot z.

Ex. To expand z cot z.

z? ! 2!
-2 1242
cos T :c( 2!+4! ) 1 2!+4! ‘
zeotz=r-—"= s = 3
sin 2" Fx“_ 1 z? zt
ETR T 31 5

Assume zcotz=1+a,z’+ax'+... (There cannot be any
odd powers, since & cot & is an even function. See Ex. 12, p. 40.)

Then
¢ z* 2 4
1T t—m (1 +——...)(1+a,x fagt+...).

T21 “317 5l
Multiplying * and equating coefficients,
2 4
xcotx=1—%——§~5—. .o
H N 1 z 2
Hence cobz=——g =g

* The product of two convergent serics is obtained by multiplying
them term by term as if they were finite series, provided that one
of them (at least) is absolutely convergent.
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200, Formule derived from the exponential series. In
§ 198, (8), write zi for z, where i="—1 (observe that :2=—1,
B=——1,14=1, #=1, etc.).
22 ot . 23 ab
. 1 —_— —_——
& (1 e ) +z(x it ..),
or V e*t=cos z+1 sin z. 1)
Writing —z for =,
e~Tt=cos z—1 sin z. )

Adding and subtracting,

cos z=3(e?t+e™7), @
sin = —;—i(e"— =), “
1 fert—e 2 1 (e?rt—1
e e 1G5 HED) @

These are Euler’s Formule.
In (1) write nz for .
.. €08 nx+1 sin nx=ent= (¢*t)r=(cos z-+ sin )",
. (cos z+1 sin z)»=cos nx+1 sin nz. 6)
This is Demoivre’s Theorem.
201. Taylor’s Series. Suppose the function of x to be
f(h+=z). The first z-derivative is
f'(h+2z)d(h+z)/de=[ (h+z).

The second is f”(h-+z), ete. The values of the function
and its derivatives for z=0 are }(k), f'(h), {'(R), ... Hence
Maclaurin’s Series takes the form

1) =10+ B+ L3 LBay

This is Taylor’s Series. The conditions under which
the function is represented by the series will be considered
in Ch. XXXIX.
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Ex. 1. (h+z)m=hm+mhm—1z +7i(m21——1)h""’x’ +.oee

sin h cos h

2. di =gi - 2 Steee
sin (h+z)=sin h+cosh .z 2!:1: 30 3+

3. If f(x)=a*—2z*—z+3, write down f(z+h).

ExXAMPLES.

1. Expand (1+2z)™, log (1+z), tan—'z, by Maclaurin’s series.
z* 24° 1747

1335579

z? 5r' 61x°
3. sec x= 1+2’+——+ 61 +.

4. lo seca:=wz 2! 2i+1'—7£+
- 108 2 T2t 457 2520
3z? T2t
3. e e ———

5. cosz=1 2+8

R B e T +oee

2. tanz=x+_—

. e*‘*'secz=1+x+x’+§x“+...
z . 7z° +
31'3.51" °°

. cosec = ; +
. Show that

25
cosh z=1+> +4l+ ., sinhz= x+3'+ +.

and hence that cosh z=cos iz, sinh = —1 sin 7z, where 1=V -1,

10. Assummg + 1 5+ ;

1 1 1 x? 1 1 1 3
Stmtmtee=gy and Sog g =

© 0 3 O

7‘2
FTREERrY show that

l 2
Also that J ~ log (1 +2)dz=T5.
dr 11 1.31
Show th. =1- — —
11. Show at,[\/l+:c ) 5+2 50
12. When z = 0 show from the series that
(1) (sinz)/r=1, (2) (tanz)/x=1, 3) (1—cosz)/z*=1%,
(4) (tanz—sinz)/z*=3%, (6) (*—-1)/z=1
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13. If a circular arc (radius a) subtends an angle 0 at the centre,
show that when 0 is very small

arc —chord =3}, a3, nearly.
14. If 0 is a small angle, show that
sin 0=06%/cos 6, )

t nearly.
tan 6= 0%/cos—%0 )

From these formule are derived the rules given in Mathe-
matical Tables for finding the sines and tangents of small angles.

15. The chord of a circular arc is C, the chord of half the arc
is ¢;show that the length of the arc is

2¢+%(2¢—C), very nearly.

This formula (Huyghens’s) will give % of the circumference
of a circle of 100 feet radius with an error of less than 14 inch;
it gives } of the circumference of the same circle with an error
of less than ¢; of an inch.



CHAPTER XXXIX.
TAYLOR’S THEOREM.

202. In Ch. XXXVIII the existence of a power series
for j(x) or f(h+z) is assumed. We have now to consider
under what circumstances this assumption may be justified.

203. Theorem of Mean Value. Let f(z) be a single-valued
function, and suppose f(z) and its first derivative f'(z) to
be continuous from z=a to z=b. The Theorem of Mean
Value asserts that

where z; is some value of z between a and b.

Q Y
R Q
R
P
P Ry
[?) A cC B X o A C Cz B X
Fia. 118. Fie. 119,

Let (Fig. 118) OA=a, OB=b. If PRQ represents the
graph of j(z) from z=a to z=b, AP={(a), BQ=[(b). Hence
f_(b_l))}é(_“l is the slope of the straight line PQ. At some
point R between P and Q the tangent is parallel to PQ, and
the slope of the tangent at R is f'(z1), where z,=0C.
Hence the equality stated in (1). It should be noticed

(Fig. 119) that 2, may have more than one value.
223
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The theorem may not be true if, between £=a and =25,
f(x) (Figs. 120, 121) or f'(x) (Figs. 122, 123) has a finite
or infinite discontinuity.

¢ |
| .
t
2 ) I
) A N
. N & Q P
P

|

Fia. 120. F1a. 121, Fia. 122. Fia. 123.
204. If, in (1), f(b)=}(a), then f'(z;)=0; i.e., if f(z) and
f(z) are continuous from z=a to z=b, and if f(a)=}(),
then f'(z)=0 for at least one value between z=a and z=».
This is known as Rolle’s Theorem.
205. In Fig. 118 let AB=h and AC=0h, 0<6<1. Then
(1) becomes

f(a+h)h—' ,(a) =f’(a+0h),

or f@a+h)=j(a)+h{ (@+0R).

This may be regarded as the beginning of an expansion
of f(a+h) in powers of h. We have now to show that the
expansion may under certain circumstances be continued
to three or more terms.

206. Taylor’s Theorem. Let f(z) and its first n deriva-
tives be continuous from r=a to z=a-+h. Let P be &
quantity which is such that '

R e iy e

Consider also the following function of a:
fa+h)— 1@ -1 @ a+h—2)— D@ th-ap~ .

f(n.—l) (x)

- 1)!(a+h —2)*1—P(a +h—2)", 3)
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and let this be called F(z). Differentiating, we obtain

F'(z) =— (f (f;l(a +h—z)"1+Pn(a+h—z)» 1. (4)

Since f(z) ... f™ (z) are continuous from z=a to z=a +h, 80
also are F(z) and F'(z). Also F(a) =0 by (2),and F(a+h)=0
by (3); hence (§ 204) F’(x) =0 for some value a +6h between
f™(a+06R)

a and a+h. Hence, from (4), P =

Substituting in (2) and transposing,

a+1) =10 +7 @t L Dhz 4. T s
+Mhn
n!

®)

Hence if f(x) and its first n derivatives are continuous
from z=a to z=a-+h, f(a+h) can be expanded into the
finite series (5). This is Taylor’s Theorem. It is really a
generalization of the Theorem of Mean Value. It should be
noted that h is not necessarily positive. The number 0
>0 and <1, but its value generally depends upon a, k,
and n, as well as the form of the function.

h h’ h? (—1)n—1hn
Ex. log (a+h)=log a+ +3a’ - n—_(a+0h)“ .
207. If z is written for a, (5) takes the form
™ (z+Oh
ot =1@) +7 @h+ Lo g . D,

208. The remainder. The last term of (5) is known as
Lagrange’s form of the remainder (E,) after n terms. Another
form of the remainder R, (Cauchy’s), viz.,

™ (a +6h)
(n—D)1

may be found by starting with Pk instead of Ph" in 2).

(1__ 0)n—1hn’
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R, is the amount of the error when the first n terms of
the series are taken as the value of f(a+h). Thus for
log (@+h) (§ 206) the numerical value of the error would

. h" hn
lie between gy and PYPEWATY the greatest and least values
of R,.

The method of making small corrections explained in
Ch. XI is equivalent to the use of the first two terms of
Taylor’'s Theorem. In this case the error is therefore
3f”(a+ 0h)h2, where 0< 6< 1.

209. Maclaurin’s Theorem. Taking ¢=0 in (5) and
writing z for A, we have

(@) =10) + )z +1-0 ‘)x2 .. +Ru, @)
where R,,=f-(1)1-§?£)xn r =f(n)_(011;)l(1_ﬂ)n—lxn,

according as Lagrange’s or Cauchy’s form is adopted for the
remainder. (7) is the statement of Maclaurin’s Theorem.
The expansion is therefore possible if f(x) and its first n
derivatives are continuous from z=0 up to the value of z
adopted in the series.

210. Maclaurin’s Series. Taylor’s Series. If f(z) can be
expanded by means of the series (7), and if the values of z
are such that £,_, R,=0, then

7/ O
1@) =10 +7 @+ D24
or f(z) is equal to the limit of the sum of the terms of an
infinite power series (Maclaurin’s Series).
Under similar conditions we obtain from (5)

fa+h) =f@) +/ @h+ D Pha

which is Taylor’s Series.
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5
Ex.1. From (7)sinz=z— ; 5 ..+ Rn, where R (Lagrange’s
. T\ T ™ r T T
form) =sin (0:c+n2—) T Now PRI REXERE and each frac-

tion after a certain point is numerically <1, hence the limit of the
product=0 for n=o0. Also sin (0:c+n72i) remains finite as n

increases, since it cannot be >1 or <—1. Thus fn=o Ba=0
for all values of x. Hence, for all values of z,

sinz=2— z g'ﬁ
3! 5!
2 4
Similarly, cosz=1—_7 + ‘ﬁ —... for all values of z.
2. log (1 +:c)=x—»'2— +§—. ..+ Rn, where Ra (Cauchy’s form)
(== (1—0)r—tgn  (—1D)*'/1—0)\"»
1+ 0x)n 1-0 i_+0

But 1-0|< |—1z— +0 if —1<z<l. Also 1—0 remains finite.
Hence, for these values of z,

fn=oRn=0, and log(l+z)=2— 3 +§- -
For all other values of z the series is non-convergent (§196) and
hence cannot represent the function.

3. Show that e*=1 +x+ 31 . for all values of z.



CHAPTER XL.
FOURIER’'S SERIES.

211. (a) A function f(z) may be developed into an infinite
series of the form

A+a;cosztagcos2z+ ... +a,cosnzc+ ..., (1)

consisting of a constant term A, and cosines of z and mul-
tiples of z, with constant coefficients a4, as,... For any
value of z from =0 to z=n the series will represent the
function, i.e., the limit of the sum of the terms of the series
will be equal to the value of the function.

() f(x) may also be developed into a sine series of the
form

a; sin z+assin2z+ ... +a,sinnzc+ ... 2)

and the series will represent the function for any value of z

between 0 and .
(¢c) f(z) may be developed into a sine and cosine series

of the form
A +a,sin 2+a;8in2z+...4+by cos z+bzcos2z+..., (3)

and the series will represent the function for any value of z
between —= and .

Whether the series represent the function for values of z
other than those stated will depend upon the nature of the

function.
228
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The above propositions were fully investigated for the
first time by Fourier (Théorie analytique de la Chaleur, 1882)
and the series are called Fourier’s Series.

212. Assuming the form of the series we shall explain a
method of calculating the constants. It will be necessary
to make use of the following results of integration which may
be easily verified by the student (see Ch. XXII).

Supposing » and m to be integers and n>%m, the follow-
ing integrals have the values herewith given:

From 0 to z. From —zx to I:z
f COBALAT. v v vvvvvnnnrrnnns. 0 0
f SINNTAL. o viiiiriniinnes.. 0
f COBMLCOBNTAT.. .o vvvan... 0 0
f sinmzsinnzdr............ 0 0
f sin mx cosnxdx. .......... 0
f COSNT AT, . vvvvviiiiiean. in 4
f sinnzdz.................. in b4

213. The cosine series. Suppose
f(@)=A+a; cos z+ag cos 2z+...+acosnc+... (1)

An operation may be performed which causes every term
of the series to disappear except that of which the constant
isdesired. Multiply (1) by dz and integrate between 0 and #"
Then

rf(:c)‘d:c=A7r, A=71? "1(z) da.

Multiply (1) by cos nz dz and integrate between 0 and =.
Then

rf(:c) o8 Nz dx=ay, . §7, .'. Gy =-?- ;f(:c) cos nz dz.
0 - :
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Ex. 1. Let f(z)=z. Then A=-,1;j”z dz=1.
)
2 (= 2
Also, an=—=] z cos nz dz= ——(1 —cos nx).
%), ™
Hence, making n=1,2,3, ...,

z 4 1 3 1 -
=§_; (cos x+—é—1 cos .‘t+—5; cos O +. . ) .

In Fig. 124, I, IT, III represent the graphs of the first three terms
¢ from z=0 to z==, and AB that
8 of their sum. The limit of AB
for theinfinite series is the straight
line OC, or y==x.

The series holds from z=0 to
z=m=: for smaller or greater values
of z the series does not represent
2. The value of each term of
the series is unchanged when the
sign of z is changed, and is re-

NN

0 % peated whenever z changes by the

i amount 27. Hence the graph of
the series consists of the lines of

Fig. 125 continued indefinitely in

n both directions, or the equation

Fia. 124. of all these lines is

n 4 1
. y=2——;(cos z+-- cos 3z +.. )

32
\/\/\/
-2% -;r (] x 2w X
Fia. 125.

The axes may be transferred to any other position in the usual
way. Thus to make the middle point of O4 the origin, the z-axis
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being paralle] to that of the figure, change y into y+4=, and z
into £+4n. The result is

—4—(in ~Lin3
y= (sinz—;sin :c+.._.).

. 4 1
Since 7mr:=-7—rg—r ~—;—n (cos x+ §5 cos 3z +. ) the terms on the

right represent any line y=mx through the origin, z varying from
0 to z, and the equation of all lines like those of Fig. 125 making
angles +tan—'m with the z-axis is

mr  4m 1
Y= (cosx+- cos 3z +.. )

2 32
1 1 1 n?
2. Making =0 in Ex 1, show that 32 +,_,=_8._, and
1 1 1 1 n? 1 1 1 n?
hencethat 5 +3,+ =+ =5 o d 3—’—1—’+"'=i_2'

2

1 1
3. x’=%—4(cosx % cos2:v+3 cos 3z —. ), for [—=x, =].*

In this, as in all other cases, the cosine series of an even func-

tion (see Ex. 12, p. 40) represents the func-
tion for negative values of z as well as
for positive values. The graph consists of
. 1 1

a series of parabolas of breadth 2z and T oW X
height =? (Fig. 126). Fia. 126,
2 4 scos2z cos4dx
4, sm:v=;—;( 13 + 3.5 + ..),for[O,n].

5. cosh z= Eunhﬂ[l— (cosx c082x+...)],for[—rr,rr],and

1+1% 1+2°
hence
iy 1 1
170 i g T i cothn—1),
1 1 1

1+1’_1+2’+1+3’— « .=}(1 —= cosech r),

* See § 22.
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214. The sine series. Each of the cosine expansions gives
on differentiation a sine expansion of the form

f(@)=aysinz+agsin2c+ ... +a,sinnz+ ... (1)

The series may be obtained without reference to the cosine
geries as follows: Multiply (1) by sinnzrdzr and integrate
between 0 and z. Then

in(x) sin nr dr=a, . i, .. a, =§J“f(x) sin nx dz.
0 0

Ex. 1. Let f()=1. Here an=7—?;(1—cos nz).

Hence 1=i:—(sin z+%sin3z+3sinbr+...).

Fig. 127 represents the graphs of the first three terms and of
their sum. The limit of the latter graph is 0’C, the line y=1.
The limit of the sum of the series is 1 for all values of = between
0 and z. Thus the limit of the y of the graph of the series for
220 or = from inside the interval is 1, but its value for =0 or
7 i8 0. The series

%(sin z+3sin3z+...)

represents any constant h, the amplitudes of the sine curves
being 4h/x, 4h/3z, ... The complete graph of the series con-

1

o S
111 , H
/] h‘! 1
o X _XT 2 = o r* X
i N -
F1a. 127. Fia. 128.

gists of the straight lines of Fig. 128 continued indefinitely in
both directions, and the equation of all these lines is

y=%(sinx+§ sin3z+...)
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Although the series is convergent, the series formed by the
derivatives of its terms is non-convergent, and therefore does
not represent the slope of the graph (the derivative of the func-
tion) at any point.

2. z=2(sinz—%sin2x+%sin3z—...).

This represents z for 0 <z <z. Since the series changes sign
with z, and the function is an odd
one, the series represents the func- / /
tion for negative as well as positive T o ® Jaw X
values of z. Hence it holds for / / /
—n<x<wm. The graph consists of a Fia. 129.
series of straight lines, as in Fig. 129.

4 (2sin2z 4sin 4z

3. cosx=;( 1.3 + 3.5 +...),for]0,7r[.
Draw the graph.
2rm* 4\ . n? 4
32| (2o L _Z
4. z ”[(1 1:)*"“‘”‘(3 33)sm3x+...
n? n?
—5sin 2:1:—Z—sm 4r—.. .], for [0, =[.
5. F Ex. 4 sh tht—l————+—1— -z
. From Ex. 4 show that J5—z5+55—. .. =55
6. Show that
£—=sin:t+} sin 3z +3sin 5z+..., for 10, A,
T T T
;—=cosz—1}cos3x+icos5x—..., for ~3r 3L

215. The function represented by a Fourier series need
not be a single function throughout the range = of the value
of z; the same series may represent one function for a part
of the range and one or more other functions for the remainder
of the range. 4

Let h@)=A+a, cosztagcos2z+ ... 1)

for x'==0to:c=a, and

fo(z) =4 +a, cos x+d2 cos 2x+. .. 2
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(the same series) for r=a to z=n. Multiply (1) by da
and integrate between 0 and «, also multiply (2) by dz
and integrate between « and =, and add the results. Then
each term of the series is, on the whole, integrated between

0 and =. Hence

] @) da+ [0) do =4z,
A %[ j :;1 @) dz+ J :fg(:c) dz .

Similarly, a, =2[ J afl (z) cos nx dz + J ”fg(x) coS nx dx]
T 0 a
for the cosine series, and
2r(« . ® .
an -;;[:‘[o f1(x) sin nx dx +Lf2 (x) sin nz dx]

for the sine series.
The series may not hold at the point or points where

the change of function occurs.
It may be noticed that A in the cosine series is always

equal to the mean height of the graph from z=0 to r==.

|
]
1
L X

o -

T
]
T L o T
Fia. 130.*

Ex. 1. To find a cosine series which =1 for 0<z <%=, and =0
for Az <w <m.

L]

2
A=’;" and au=—j cosnxdx=—2- sin =,
n ° nr 2

Hence the series is

2 .
%+;(cos x—%cos3x+4cosbzr—...).

*'T'he electrician’s make-and-break curve.
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It is true when z=0 and x==, but=3% when z=4x=.
2. Find a sine series for the same.
92 ssinz 2sin2z sin3z sinb5x 2sin 6z  sin 7z
ans. (P v 5 6 7ot)

=; +%(sin 2z +% sin 6z +3s8in10z+...).

(See § 214', Ex. 6.)

216. The cosine and sine series. For values of z between
—m and 7,

f@)=4+a;cosz+... +a, cosnz+. .. +bysinz+. ..
+b, sinnx+. ..

It is easily shown, as in § 213, that the constants may
be determined as follows:

j(x) cos nx dzx,

™ T
-— —_

A =—2—1;J nf(x) dz, a, =71?j

b,,=7]? j " }(z) sin nz dz.

-r

2 sinh 7 /1 cos nr
. e¥= —+... S N
Ex. e (2+ +n,+lco x+
n cos nw )
- sinnr—...).
n?+1

217. By the following method a cosine series which will
hold for values of z from 0 to any number ¢ (instead of =)
may be obtained. If z=cz/n, £=0 when 2=0, and z=c
when z=z. Hence, in f(z) change z into cz/z, develop in
terms of z, and change z into zz/c. Similarly to obtain a
Bine series for values of z between 0 and ¢, or a cosine and
sine series for values of z between —c and ¢. In all cases
the constant term is equal to the mean height of the graph
(or the mean value of the function) for the interval in ques-
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tion. In this way the series already obtained may be adapted
to the intervals stated below.

Ex. 1. z =%—§3( s’%+§i cos 3—?-%...), [0, c].
2. x’=§—§—z(cos”—:—% cos-2—:—+...), [—e, ]
3.h-‘17:1(si —’+;—s' §’c’_x+) 10, <[,
4. z =——c(sm —f—;— sin 2—”—:—”4«. . .), 1-¢, c[.
5. —Z—=sin7ig+>é— sin 3—?+..., 10, ¢l.

218. If a function of z is developed into a series for the
interval —c to ¢, and if the values of the function are repeated
periodically for every interval 2c of z, the series will con-
tinue to represent those values as z increases or decreases.
In other words, the periodic function of period 2¢ is developed
into a series consisting of a constant term and harmonie
functions of periods 2¢, 2¢/2, 2¢/3, ete. Fourier’s Theorem
is to the effect that this development is always possible,
the complete series being of the form

A+ay coszcg+a2 cos ~2:—x+ .« .+by 8in 50:5+b2 sin 2—7:54-. vy
which is equivalent to
. (X . (2rx
| A+ A sm(—c—--}-al) +4, 81n(—c-+a2) Fouey
where A,=Va,2+b2 and a,=tan"1(a,/b,).

As already stated, the function may consist of distinet
functions for parts of the interval.
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ExAwMPLES.
Develop the functions represented by the following figures:

| |
' iR
|" ih ‘
=5 55 / cl'/
i
]
A
. h 4h r 1 T
1. Fig. A. Ans. 373 (COS—‘F? cos——c-+...).
. 8hy. nx 1 , 3z
2. Flg. B. 7;_’— (SIn —C— —§ sin — + )
. 2hy. nx 1 . 2zx
3. Fig. C. —7;-(6!1!1—;—‘2 sm—c— +)
l ]
va N" sl
V \\ l -ei | ic
4o T I
b hy, =z 1 . 272
4, Fig. D. 5—;(51n—(:—+§ sm—é—+.. )
. B hy, 7z 1 . 27z
5. Fig. E. -2—+;(sm?+2 sin — +)
1 3
6. Fig. F 4—h(sin—+§sm—”-—+ )

1 C AL, e,

. h 2h nz 1 3nz )
7. Fig. G. §+;(sm S +g s + )
8. Fig. H. g—%(cos --'1-:+l cos — + )
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9. Fig. J. (Parabolas. Latus rectum =2c).
c 2 nz 1 2rx
3o (cos I’ +§; cos . +. ) .
\

10. The displacements of a slide-valve actuated by a Gooch
link were measured at eight intervals each of 45° and found to
be as follows, beginning with the crank on the inner dead-centre:

244, 165, 0, —137, —187, —137, 0, 165.

Assuming that the motion of the valve is compounded of
two simple harmonic motions, one of double the frequency of
the other, as represented by the equation

y=k+asin (0 +a)+0b sin (20 +3),

where 0 'is the crank angle, find the values of k, a, @, b, . (Castle,
Manual of Practical Mathematics.)

There are various graphical or other practical methods by
which the coefficients of a small number of terms of a Fourier
series may be found, but in this example an algebraical solution
will suffice. Assume

y=k+a, sin 6 +b, cos 6 +a, sin 26 +b, cos 26,

substitute the given values of y for 6=0, 45°, 90°, etc., and solve
the equations.

Ans. y='14+2'16 cos 0 +'14 cos 20,
or ='14-2"16 sin (6 +90°) +°14 sin (26 +90°).



CHAPTER XLI

APPROXIMATE INTEGRATION. ELLIPTIC INTEGRALS.

219. Approximate integration. If the general value of
Jf(x) dz cannot be obtained it may be possible to find a

sufficiently close approximation to the desired result.

(1) If f(z) can be developed into a rapidly converging
series, the integration of a few terms will give an approxi-
mate value of the integral.

(2) The curve y=f(x) may be plotted when f(:c) is given.
Its area obtained by Simpson’s Rule (§ 131) or by the pla-
nimeter (Appendix, Note D) will give an approximate value

of Jf(x) dz between assigned values of z.

3) Jy“’ dz and J'y3 dx as well as Iy dx for a curve which

has been drawn mechanically or otherwise can be obtained
mechanically. The result, although theoretically exact, is
affected by observation and instrumental error. On Mechan-
ical Integration see Appendix, Note D.

Elliptic Integrals.

220. J'—=_——-—_dﬁ__—-—_. , J“\/l— m?2 sin26 d0,
V'1—m?2 sin20
dé
and J - ——
(1 +a sin26)V'1—m?2sin0

239
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are called elliptic integrals of the first, second, and third
class respectively. The constant m, which is assumed to be
not greater than unity, is called the modulus of the integrals.
The lower limit is understood to be 0 in each case, and, the
angle varying from 0 to 0, 0 is called the amplitude of the
integral. The integrals are represented by the symbols
F(m, 0), E(m, 0), and II(a, m, 0), respectively; or by Fn(6),
etc. When the limits are 0 and 4r (i.e., when the ampli-
tude is 37) the integrals are said to be complete.
If sin 6=z, the integrals become

dz [
J\/mm’ J‘\l 1—zx2 dz;

and J' ____dx
' (1 +aa2)V (1—22) (1—m222)’

and they are complete when the limits are 0 and 1.

221. The values of the elliptic integrals cannot be expressed
in finite terms, but may be approximated to by infinite
series. '

Thus by the Binomial Theorem

do

—_————=(1—m2 8in26) % d0
A/1—m? sin26 ( )

1 5.00,1.83 , ., 1.83.5 ..
= (1 +-2—m sin' 0+2 5" sin 0+2 % 6" sin%9 +. . .)do,
and each term may be integrated by § 113 (see Ex. 12 below).
Taking the limits as 0 and 4z we have (§ 120) for the
complete elliptic integral of the first class

Fom i =51+ (3m) " + (35m2) " + (33:2m0) "]
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Similarly for the integral of the second class we have

v/ 1="m2sin20 df = (1— m2 sin26)* df

1 1 . 3
= (1—=m2 sin20 — ——m? sintf— 6 ginb0—
(1 Zm 8in24 5" sintd m3 sin%f ...)d0,

1.
2.4.6
and

S0 Gm) -3 @) 5 G -]

for the complete integral of the second class, E(m, }r).
Three-figure tables of the integrals for certain values of the

modulus and amplitude are given at the end of this volume.
It may be noticed that

E(0, 6)=F(0, 0) =0 (in radians);

also,  E(,06) = J cos 0 df—=sin 6,

F(1, 6) = jdaa log ten (F + +2) =10).

222. From the above expansions and the integral (§ 113)
of sin”f df it may be shown that

E(m, nn+60) =2nE+ E(m, 0),
F(m, nn+0) =2nK+F(m, ),

E and K being the values of the integrals for the amplitude
3z, and n being any integer. Hence a table of the elliptic
integrals in which the amplitude varies from 0 to 4z may
be used for all higher values of the amplitude.
ExawmprLEs.

1. To find the length of an arc of the elllpse + b;=-1

The complement of the eccentric angle being denoted by 6 we
have z=asin 0, and y="b cos 6.

s dz=gcos 0df, dy=—bginfds
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whence  ds?=dz?+dy’=(a® cos?d +b*sin*0) df*
=[a?~ (a*—b?) sin?0] d0?=a*(1 —m? sin%0) d?,

where m is the eccentricity of the ellipse. Hence the length of
the elliptic arc measured from the end of the minor axis is

0 e
a| V1—m?sin’ d6=aE(m, 0,),
[
an elliptic integral of the second class. The length of the quad-
rant of the ellipse =aE(m, 3=).
2. Find the circumference of the ellipse z2 +2y*=2.
Ans. 7°64.

3. Of the ellipse 3z?+4y*=12 find (1) the length of the arc
from z =0 to x =1, (2) the length of the quadrant, (3) the middle
point of the quadrant. Ans. 1:036, 2:934, (1'36, 1°27).

4. An arc of the lemniscate r?=a? cos 20.

From ds? =r¥d0*+dr? we have
[ do

0 V1-25in%

Let 2 sin%0 =sin?¢. Then
L r* 9 ___a p( L ¢>
V2], V1=%sin’¢ V2 \V2' ')

an elliptic integral of the first class. The length of a quadrant
of the lemniscate is therefore

S

a 1
VE—F(—\/—_Z—, &71) =1311a.
If 6 =30°, show that s ="584a.

c dz 1._/0b c
. e — - =—F(— gin-t< ). =bsin 6.
5 J‘o\/———-__(a’—-z’)(b'—-x’) " < o5 Sin b) Let z=bsin 6

4 dz 1 _[/Va—b? c
- ~12
o [ Femmr et (e wg):

7 jb dz 1 F < cos*“*c-) ’
V(@) -2') Vai+b® \Vai+b? b/*
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¢ dz
g = in—1
8. IO Vil (iomin) 2F(m, sin—*Vc).
9 A simple pendulum of length [ oscillates through an angle 8
on each side of the vertical. To find the time of an oscillation.
When the pendulum makes an angle ¢ with the vertical, the
acceleration —g sin ¢ in the direction of the motion =d%s/dt* =

ld2¢/de,
. d*d g

s, E;=——l—sm .

Multiply by 2d¢ and integrate. Then

(‘éf') " = (cos ¢ cos ) ="V sin® 49 —sin §9).

Hence solving for d¢ and integrating,

RN :
2N 9 JoV/sin?38—sin? 4 ¢ )

is the time of a half oscillation. Let sin $¢=sin 48sin 6. Then
(1) becomes

T (4= do \/T .
— e e =g [ —F .
\lg Jo A/1—sin? 4B sin? 0 g (sin 34, 3~)
Hence the time of an oscillation is
2\/ E?F(sin 38, %=).

'10. Find the time of oscillation of a pendulum when B=60°.
Ans. 3372V1/g.

Find the time through the lower half of the motion.
A 2,JZF< in 30°, si ‘_‘_.gi_n’1—§_°> =1'102V]
ns. P sin 30°, sin~'x =300 ) = 2V'l/g.

" 11. If the arc s is small compared with the length I, show that
the time of oscillation of a simple pendulum is approximately

T 1 s
ZJ ;(1 +~6-;—z;) .
12. Show that

F(m, 6)=0+3m?(0 —sin 0 cos 6)

+#&m*(36 —3 sin 6 cos 0 —2 sin®0 cos 0) +.. .,
E(m, 6)=0—%m?*(0 —sin 0 cos 6)

—drm*(30—3 sin 6 cos 6 —2 sin%f cos ) —. ..




CHAPTER XLII.
SINGULAR FORMS.

223. We have already seen that for a certain value of
the variable a function may assume the form 0/0. The form
is said to be singular; it is also called an indeterminate form.

There are other singular or indeterminate forms, such
as /o0, 0.0, 0w-w0, 0% 00 1%,

A function in a singular form has no value. Our object
is to find the limit of the value of the function as the vari-
able approaches the critical value in question.

224. The form o/o. The fraction (z—1)/(23—1) takes
the form 0/0 when z=1. But

z—1 z—1 1
B—1 (@—1)@%+z+1) 224z+1°

provided that z—150. The last fraction =4 when z 1,
hence the given fraction =% when z=1.

Method of the Calculus. Let the fraction be f(z)/F(z),
and suppose a to be the value of z which causes the frac-
tion to take the form 0/0, or that f(a) =0 and F(a) =0; also
that x=a+h, where & is a small quantity which is to =0.
Then, assuming the functions to be such that the expansion
of Taylor’s Theorem applies,

Hath) 1@ +r@htl Dt @+ D

Fla+h) F()+F’(a)h+F Wiay... F@+ "“’h+...
244
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Hence when h=0, i.e., when z=a, the given fraction

= f'(a)/F’(a), or
£1@ j@) _ f'()
F) F'(a)

If f'(a) and F’(a) are also 0, it may be shown in the same

way that £ ;.Ex; ;:,/,((a)), and so on.

f@) _z-1 f@)_1_1
Ex. 1. IfF(:c) 71 F@) 353 when z=1.

z—1 1
£x’-—1 3 hen = 1.
The work may be conveniently expressed thus: Whenz 1,
____1_ 1
frd 3x? 1_3'
ef—e % eT+e " 2
2. 1220, £ sinz  cosz ]0_1 =2
f@) _et—1-log (1+2) 0
3. F@) ————-——-—-—-. o 0 — when z=0.
.
[ ~ 1+z 0 -
F@) 22 0 when z=0.

1
’ €+
Ff""((fc)) (; +2) =1 when z=0.

. g_l_%sﬂiﬂ 1 when z=0.

225. The form o /0. Let j(z)/F(x) =0 /w0, first when
z=0. Let the graphs of f(z) and F(z) be PQ and P'Q/,
Fig. 131, and let OM =z. Let the limits of the tangents at
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P and P’ be the asvmptotes AS and A’S’ when z=00, and
let A’A=c. Then MP=f(z), MP'=F(x), tan MTP =f (),

Y

Fia. 131.

tan MT'P'=F"(z). Hence

1@ _ TM[(z)
F() T'MF'(z)

M
But £~ =4 (1= 57) =1
when A’M =w. Hence
1@ _  f@) (@)

Secondly, let f(x)/F(z) =00 /w0 when z=a. For z sub-
stitute a+1/z. Then z=c0 when z=a. But by (1), if

) el () e

D) Rl (1) Ferd)

f(x) /' (x)
or 5@ A7 ()"
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Hence the result (1) holds in this case also. Thus when
a fraction has the form o /oo the limit of its value is found
from the same differentiations as when it has the form 0/0.

() log cos ﬂ; w
Ex. -E=m=; when z=1.
T ™
f'(x) 2 2 = 1-z 0 h 1
F(z) " 1T 2 a0 en?
-z “t
7 1l—-x = -1 I
But (§ 224) §£ tj_é— . K - i =1.
oty g 0% ||

Hence the given fraction =1 when z = 1.

226. The forms 0.0, 0w -0 . A function which assumes
the form 0.0, or -0 may, by an algebraical or other
change, be made to take the form 0/0 or o /oo.

a
Ex. 1. z(1 —e—‘) tends to o .0 when z=00. The limit is most
easily found by using the exponential series.

For x(l—-e_%)=x[1— <l—g—+2ix:—. . )]
, o
=a—%+. ..=~awhen z=00.

2. (1—z) tan %v tends to the form 0.0 when z=1,

But it=—1—1, which=(l when z=1.
) cot =2 0
. 2
-1 2
~. (§224) we have ————— =— when z=1,
T X T R

’R
—— cosec’
2 2.
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o £(1—2) tan "——;=% when z = 1.

3. -—‘E——-—l—--oo—oo when =1,
z-1 logz
But z 1 zlgz-—z+1 0

z—1 logz (z—1)logz 0 when o1,

whence (§ 224) —BZ

X which=g~ when z=1.
1 7 +log z

1

A second differentiation gives i 2, which= %— when z=1.

1)

2 =z

.. % is the limit of =z 1 when z=1.
z—1 logz

227, The forms 0% 9 1*, Functions which assume
these forms may be made to assume the form 0.0 and
therefore 0/0 or oo /oo by first taking logarithms.

Ex. 1. f(z)=2'8*"2 tends to the form 0° when z = 0.

logz
But log f(z) = log 2= alog praab
1

a .
fogsing " when 'z = 0.

tan x

Differentiati~g (§ 225), =a when 20,

x
a =q
CO8 T

sin
oo Llog f(@)=a. But* £log j(z)=log £f(z), .'. £f(x)=e3,

1
2. f(x)=2'"* tends to the form 1®° when z 1.

*If v is any variable and £v=b, (b»0), then (§ 8) v=bi=
b(1+13/b).
oo log v —log b=log (141/b), which&O.

*, 4 log v=log b=log £v.
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1 logz_0
But logf(z):-l_xlogx T-2-0 when z=1,

17
- 1

oo Llog f(z)= -—il . -1, .. :cl"’.'-%-when:ca-l.

ExampLES.
1. When z =0 show that

249

sin z tan z eZ—¢%
1) —=1. (2) —=1, @) m
cosz—cosme 11— m’ log sec z secz, 1
@) cosz—cosnz 1-n?’ 6) =5— 2
log sin 2z .
6) ——— Tog sin 2 =1, (7) zrlog z =0,
a+:c
8) 2108 % -, e, 9) = =1,
28 —-3zx+2
. x'+4x,_5=0when:c_1-.
3. It e 2 gin &
Jr=0, (1) el l (2) 2 sin 2 = a.
. - 1 1 .
4. Izos 7 (1) (sin z)*°* ,'=—\—/~e:, 2) secz(é-—xsmx):-l.
5. (sin z)*" % = 1 when z =0 or ;—

© 6. (1+ ) =¢% when t=00, and = 1 when z = 0,

secz cos3r r
= =~ —3 when 2= —.
sec3xr cosz 2
tan _ cos 3z sinz
' tan 3:c cosz sin 3z
(ex—-1) tan’z e’
xl

7.

= (—3)(—1)=3 when zag-.

9. (tana: # 1 when z % 0,



CHAPTER XLIIIL

SUCCESSIVE DIFFERENTIALS OF FUNCTIONS OF MORE
THAN ONE VARIABLE. EXTENSION OF TAYLOR’S

THEOREM. MAXIMA AND MINIMA FROM TAYLOR’S
THEOREM.

Successive Partial Differentials.

228. Suppose u to be axd—

zy?2+y. We have as in § 45,
supposing z alone to vary,

du = (3ax?—y?)dz, d2u=6ax dz?, d3u=6a dz3, d;*u =0,
dyu = (—2zxy +1)dy, dfu=—2z dy?, d,2u=0.

Again, d;u or (3az2—y2) dz contains y as well as z, and we
8

may obtain its differential on the supposition that y alone
varies. We then have

dydu=—2y dy dz, d,2d;u=—2 dy?dz, d,2du=0.

Similarly, dodyu=— 2y dz dy, dod,?u = — 2 dz dy?, dzd,Pu =0.
229..In comparing these results it will be seén that

drdyu =dyd.u, dodPu =d2du, dod,u =d,,§dzu ;

also, d.dyd,u=d2dyu=d,d.?u; in other words, the succes-

sive operations indicated by d. and d, may take place in
any order.

It will be shown that this is'true - ‘generally,
230. Continuity of a function of two variables. Let
u=/(z, y), and let dz and dy be infinitesimal increments of

250
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and y. Then f(z, y) is continuous at z, y, if
Al +dz, y+dy) =f(z, y),

when dzr and dy approach the limit zero in any manner
whatever.

If in Fig. 132 OA ==z, AB=y, AD or BG=dz, BH =dy,
and BP=/(z, y), then EQ=f(x+dz, y+dy). The condition

(o] B G

/F H E
Y

Fia. 132.

of continuity implies that £EQ=BP when E is any point
near Bin the plane XOY.

In what follows it is assumed that the functions and
their derivatives are continuous for the values of the variables
under consideration.

231. Let¥4, indicate an increment produced by the incre-
ment dzr of z, y being regarded as constant, 4, having a
corresponding meaning. Then if u=/(z, y), d2dyu=4ydzu.

For, dwu=f(=,y+dy)—[(,y),

A4y =f(x+dz, y +dy)— f(z+dz, y)
—[f(z, y+dy)—f(z, ¥)]

=f(z+dz, y+dy)—f(z+dz, y)— (@, y+dy) +f(z, y). 1)
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The symmetry of the result shows that it would also be
obtained for 4,4,u.

Ex. In Fig. 132 let u be the volume COAB.P. Then (1)
expresses that

HBGE .Q=FODE .Q—-CODG .I-FOAH .J +COAB . P,

which is obvious from the figure, as is also the fact that
HBGE . Q is 4yd.u as well as 4.4 u.

232. Since u and its derivatives are assumed to be con-
tinuous at and near z, y,

dyu=dyu+1I,

(§ 42), where I, is an infinitesimal of at least the second
order, and

Azdyu =Az(dyu +I2) =dzdyu+13,

where I3 is of least the third order. Hence

dzdyu £ A zd U
dedy Xdzxdy”
. dydsu . dydzu _
Similarly, dody= £ dody” But 4yd,u=4.4yu.
‘. ddyu =dydzu.

Hence, d.d2u=d.dydyu=dyd.dyu=dyd,d;u=d2d,u, and
similarly for any combination.

These results may obviously be extended to functions of
any number of variables.

d2u d2u ddyu dydyu dB3dyu

The expressions T2 df’ dady dy dz 4 dy’ etc. are

frequently written

Q% % O%u 0%u o4y eto
0x?’ Jy?’ Oz 0y oyox’ 0z%y
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Ex. 1. In Fig. 132, u being as before the volume of OP,

dxdyu_£dzd,,u=£HBGE.Q
drdy Zdzdy HBGE ’

i.e., the limit of the mean height of the solid BQ, which limit
is BP or z. Hence dzdyu=2zdz dy, .. the volume=JJz dz dy be-

tween assigned limits, as in § 179.

. au
2. Verify that dydzu=d.dyu or P” ax.-;?_x-@ if (1) u=zlogy,

(2) u=sinzy, (3) u=tan—'(y/z).
3. If u=(2x—3y)? verify that d«dy*u=d,’dzu.
%u du dwu
2 — —_—
4, If u=rnsinno, r a’+rar+60’ 0.
5. f u=[(a—x)*+(b—y)*+(c—2)*]?%, show that
ou o vu_
ax’+6y’ 0z*
1
6. If u=f(y+az)+F(y—az), show that —“—a' J | ond F

indicating any continuous functions.

Successive Total Differentials.
233. To find d?2u. We have (§ 45) du =d;u+dyu, or
ou ou

du—-a dacha dy, 1)
whence d2u=d(au)d:c+ d2 +d(au)d +—dy
oz oy
ou au ou
Find d(a ) and d(—a—g}) by substituting 52 and en
for w in (1). The final result is
Q% 02y Ry, o, 2. [ OU .o
d2u-—ﬁdx -i-2a en d:::dy+a 5 4y +a Y g2g +a d?y.

d3u may be found in a similar manner.
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Ex. If u=c is a plane curve, du=0 and d’u=0. If also dx=0
(i.e., if  is the independent variable), show that

(63L> 9 %u u ou +a’u (au)
d¥y 612 Y ax Y ox ay ay?

dz* (g_;

Extension of Taylor’s Theorem.

234. If in the formula of Taylor’s Theorem, § 207, we write
df(x) d?(z)

“dr dE for (x), f’(), . . ., we obtain as an equiva-
lent form
df(x), = d2f(x) h?
farh=f@)+ T+ SR 6

Let f(z,y) be a function of z and y, and let = become
z+h, y for the present remaining unchanged. Then, from (1),

af(-’v, 02f(x, u) h?

¥)
bt oyt @

f@+h, y)=Ff(z,y)+

If now y becomes y+%, (2) becomes

oflx,y+k 82 +k) h2
Hoth,y+h)=1(a, y+) + 220  FTEAER L4 )

and each term may be expanded by Taylor’s Theorem a8
follows, using u for f(z, y):

0%y k2
f@yt+k)= 'u+a k+6y22!+ coy

8f(x,u+k\ a[“+a1,’°+ ]h auh auhk+
Q.’

ox oz BT oy
2f(x, y+k) 2 _OYu+...1h2_Q%u h?
032 21 0a* 21 0222l
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whence (3) becomes
f@+h, y+R) =1, v) +[§1‘h+%]
+|:a 52 + axayhk+ay2k ]2! e @
e)

2] s
If D=§'§;h+§§/ k, the form of (4) is the same as

D2 u D3u
l

D2 D

21 !

f@+h,y+k)=u+Du+—+—

(1+D+ ) u=eDu.
A similar result would apply to functions of three or more
variables.

Ex. 1. Euler’s theorem on homogeneous functions. Def. A func-
tion u or f(z,y) is said to be homogeneous and of the degree
n when jf(mz, my)=mnf(z,y), where m is any number. For
example: 2x%+y?, x2—zy+y?, (?+y?)/(*—y?), (x—y)/(x?*+y?),
azt +byt.

Let m=1+r. Then

fa+rz, y+ry)= (1 +r)vf(z, y).

Expanding the first member by Taylor’s Theorem and the
second by the Binomial Theorem,

+ (xall'+ e+ (x’a’u+2x o +a=u) o
YT Faz Yoy ozt ““az oy oyl 21

2
=[1+nr +n(n—1);‘,+. < Jus

Equating like powers of r,

L.
P y J »
% %

’—- G — —=
T +2xyaxay+y n(n-1)u.
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The results may evidently be extended to higher derivatives,
and to functions of three or more variables.
2. If u is homogeneous, show that

’u *u

T +yax ay= (n— 1)

- %u + —(n— au
ax ay yay

Maxima ard Minima from Taylor’s Theorem.

235. By the aid of Taylor’s Theorem we may verify and
extend the ccnclusions of Chapter XVII for maxima and
minima.

If a is a value of z for which any function f(z) is a
max. or & min., and k any small quantity, it is plain that
fla+h)—f(@) and f(a—h)—f(a) must have the same sign,
viz., + for a min. and — for a max. Now

h? h3
Ha+H)=f@) =1 @h+1" @5+ @z -

h? h3
and  fa—h)—{(@&) =~/ @h+]" @g~1" @gy+- - -5

and by taking & small enough the sign of the right-hand side
will depend upon that of the first term which does not vanish.
Hence there cannot be a max. or a min. unless f/(a)=0, and
there will then be a max. if //(a) is — and a min. if //(a) is +.
But if f/(a) also=0, there cannot be a max. or a min. unless
f"”"(a) also=0, and there will be a max. or & min. according
as fiV)(a) is — or +. It will thus be seen that there cannot
be a max. or a min. unless the first derivative which does
not vanish is of an even order, and that f(a) will be a max.
or & min. according as this derivative is — or +.

For a similar reason, from § 234 (4), a function u or
f(x,y) of two independent variables is a max. or a min.
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for values a and b of the variables if a and b satisfy 9u/9z=0
and 9u/0y=0, and at the same time

%u %y o2%u

Elyo o U s

3 x"’h +2ax ayh’“+ay2’° (1)
is not zero, and is in sign independent of the values of h and
k. These conditions are satisfied if

92 0% 02y \2,
é—xza”y‘f(axay') 1 +.

2 — B2
For, (I)EAh2+ZBhk+Ck25(Ah+Bk) -|:4(AC B )kz,

and .’. has the same sign as 4 if AC—B?is +.
.. OU ou 024 9%u %u
Hence if §x_0’ a-o, and ﬁgy‘é* (
2

. . ?u .
a max. or a min. according as S8 —or +.

2- .
m) s+, uis

Similarly for a function of three independent variables
we must have du/dx=0, Ju/dy=0, ou/Jz=0, to solve for
z, ¥, and z.

Ex 1. u=2"+xy, +y%+2—-2; +4.

u/dr=2x+y+1, du/dy=r+2y-2.

Putting these=0 and solving for z and y we get z=—%, y=3%,
which make » a min., viz., 1%.

2. The max. value of (2az —z?)(2by —y?) is a?b?.

3. The max. value of (x—1)(y—1)(z+y—1) is ¢¥.

4. The min. value of z*+y®—3ary is —a®.

5. The max. or min. value of az?+2hxy +by?+2gz+2fy+c is

ahg
hdf -:-l
gfc¢

6. Find a point such that the sum of the squares of its dis-
tances from any number of given points (a,, b,), (a,, b,), . .. may

a,hl
b

be a min. Ans, (—71‘— Za, —::Zb) , the centre of mean position.
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7. Given r,=a,z +by+¢, r;=axz +by+c, - .., show that the
values of z and y which make r,>+r,>+7s*+... a min. are ob-
tained by solving the equations

z2(a?) +y2(adb) + Z(ac)=0,
z2(ab) +yZ(b?) + Z(bc)=0.

These are the normal equations in the method of Least Squares.

8. To make with the smallest possible amount of sheet metal
an open rectangular box of given volume, show that the length
and breadth must each be double of the depth.

9. To cut circular sectors from the angles of a triangle so as
to leave the greatest area with a given perimeter, show that the radii
must be equal.



CHAPTER XLIV.
DIFFERENTIAL EQUATIONS* OF THE FIRST ORDER.

236. A differential equation is an equation containing one
or more derivatives. The derivatives are usually represented
by the corresponding differentials.

The order of a differential equation is the order of the
highest derivative in the equation. The degree of the equa-
tion is the degree of the highest derivative when the equation
is free from fractions and radicals affecting the derivatives.
ay

2
Ex. ‘%C—yz+2 d;:+y=0 is of the second order and first degree.

2
(32) +2gz+y =0 is of the first order and second degree.

Partial differential equations are those which contain
partial derivatives; other differential equations are called
ordinary.

237. Ordinary differential equations frequently appear in
the statement of problems in Geometry, Mechanics, Physics,
ete., but for our present purpose they may be supposed to
arise from the elimination of constants.

dy y .dy_y

Fx. 1. y=mz, ok e A Wl

This is a differential equation of the first order obtained -by
differentiating, and eliminating the constant m. It may be

* For further information relating to differential equations see Mur-
ray’s Differential Equations (Longmans), from which some of the
examples of this and the following chapter have been taken.

259
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called the differential equation of all straight lines passing through
the origin.
dy dy
2. y=mz+Db, =™ T =0,
s d%/dz?=0 is the differential equation of all straight lines.
Two constants, m and b, have been eliminated. The equation is

of the second order

d% 1 dy
=az? 4 -
3. y=az?+b, d =2az, == e =2q= 7
2
y 3;“: i Z—Z, an equation of the second order.

The elimination of n constants requires n+1 equations
viz., the original equation and n derived equations. Hence
the order of the resulting differential equation is equal to
the number of constants eliminated.

Eliminate a, b, ¢ from the following equations:

4. y=aemz +be—m=, Ans. d/dz*=m.
5. y=asin mx+b cos mz. d*y/dx?= —m?,
6. y=ax?+bzr+c. dty/dz*=0.

1 : dy\* _ dy

= 3 — —_) - — =
7. 2y cx+c. x(dx) 2ydz+x 0.
8. y'=(z—c)% 8(dy/dx)*=27y.
A% dy

9. y=az?+bx. x@—2xdx+2y=0.

238. An integral or solution of a differential equation is a
relation between the variables which satisfies the equation.

Ex. y=A cos z,y=Bsinz,y=Asin +Bcosz,y=asin (z+b),

y=a cos (z+b), are all solutions of the equation dy

dz,+y=0

The solution which contains a number of arbitrary constants
equal to the order of the given equation is said to be a com-
plete integral or general solution. Particular solutions are
those which may be obtained from the general solution by
assigning values to the constants.
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Separation of the Variables.

239. In some cases no special method of solution is re-
quired. An algebraical rearrangement of the terms will
cause the equation to take the form

fi(@)dz+[2(y)dy =0,
and each term may be integrated.

Ex. 1. 2z% dy= (1 +z*)dz is the same as
14z dz
) 2y dy= ( pr T)dx=;,+dx.

Hence, integrating, y'=—z'+z+c,

where ¢ may have any assigned value (see § 96).
dy dz

1] _ = 2 —_— = —
w Y dx—zx dy dx+x dy; or y_‘l 22 +x'

Integrating, log (y—1)=Ilog z—log(z+1) +log ¢,*
s y—l=cz/(z+1).

3. (x*+y*—y)dz+z dy=0 is the same as
(1 +1-I—:) dp+2 Y22 dy —,y dx=0, or dz+——t =0,
z z

o)

Hence z+tan—'(y/z)=c, or y==tan (c—x).

4. z%y dy+m dz=0. Ans. y*=2m/x +c.

5. (x—y*r)dz + (y —z%)dy=0. +yt=z+c.
6. z dy=(a®+y)dz. y=4z3+cz.

7. (xy +z)dy + (xy? —y)dz=0. zy +log (y/x)=c.
8. y dy=(Vz*+y*—z)dz. y?=2cz +c

240. The separation of the variables is sometimes assisted
by a substitution. The following is an important case.

* In order to simplify the final result the constant may be written
il;,l the form log ¢, or in any other form which permits of any arbitrary
value. ‘
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‘/Homogeneous equations. If the given equation is of the
form

f1(z, y)dz + f2(z, y)dy =0,

where the functions are homogeneous in z and y, and of the
same degree, let y=vz. In the new equation in terms of
v and z the variables will be separable. In some cases the
substitution z=vy may be simpler.
Ex. 1. zy’dy= (2 +y¥)dz. If y=oz,
vz dv+vdz)=(1+v%)dz, or ovdv=dz/z.

o dvi=log ez, or y*=3z%log cx.

2. (z?—2y¥dz +2zxy dy=0. Ans. y*= —z?log cz.
3. (x?+y?)dz=2zy dy. yl=2z%+cz.

4. ydr+2*dy =1y dy. z = y/log cy.
5. (x+y)dy+(z—y)dz=0.

Ans. tan—'(y/z) +logVz? +y?=c.
6. Show that the homogeneous equation

il(x! y)dx +f2(x! y)dy=0:
or H (1, v)dz +f,(1, v)dy=0

dr f.(1, v)dv _
z [, 0) +oh(1, )

7. Show that an equation of the form
i(xy)y dz +f,(ay)x dy=0
can be integrated by the substitution y=v/z.

becomes 0.

241. An equation of the form
(ax+by+c)dz+ (@'z+by+c')dy=0 (1)

is not homogeneous, but may be reduced to a homogeneous
equation by the method of the following example.

Ex. 1. Bz—y—5)dz+(z+y+1)dy=0.
Let x:_=X+h, y=Y +k. Then, substituting,

(BX-Y +3h—k—5)dX +(X+Y +h+k+1)dY =0.
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Take h and k so that 3h—k—5=0 and h+k+1=0. .. h=1,
k= —2. The equation is now

(BX-Y)dX+(X+Y)dY =0,
which is homogeneous. Let Y=vX. Then

N
whence, —\—ié_—tan—l \-;—‘3; +4% log (3+v?) +log X =c.
" oE —xv;’:f [+ Hog[3(a =1+ +2)=c.

Hence to solve an equation of the form (1), drop the ¢
and ¢/, solve the resulting homogeneous equation, and in the
result substitute x—A for x and y—k for y, where h and &
are the roots of the simultaneous equations ax+by+c=0,
a’z+b'y+c =0.

The method would fail if a’z+bd'y=~k(az+by), k being
any constant; but the equation could then be solved by
the substitution v =az+by and the elimination of y or z.

Ex. 2. (3z—2y—5)dz+ (2x—3y—>5)dy=0.
Ans. (z+y)' (x—y—2)=c.
3. (2z—y)dz —(4z -2y —1dy=0.
Ans. 3(x—2y) +log By—6z+2)=c.

Exact Differential Equations.
242. The result of differentiating f(z,y)=c or u=c is

(§ 45)

M dz+ N dy =0,
where M=29%u/ox and N=0u/0y.
Hence oM_ o and oN_ %u
ay oyox dx Qzoy’
0%u . OM_09oN
But 555 axay(§23) By o
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Conversely, if M dz+N dy=0 is an equation such that
OM/oy=0N/ox the equation is an exact differential equa-
tion, i.e., one obtained directly by differentiating without
further change.

The z-integral of M dx contains all the terms of u except
those which are independent of 2. Hence to integrate an
exact equation, integrate M dx with regard to z, integrate
with regard to y those terms of N dy which contain y only,
and put the sum of the results equal to a constant.

Ex. 1. (4z-+62%)dz + (22° —2y)dy =0.
Here aM/ay=6z% and ON/ox==622,
Hence the solution is z*+2z% —y*=c. .
2. (2—-2zy—y*)dz—(z +y)*dy=0.
Ans. 2z —zy—zy*—tyt=c.
3. (z*+y)dz+2z dy=0. Izt tay=c.

243. Integrating factor. After forming a differential equa-
tion the result can sometimes be simplified by dividing by
a variable factor. Conversely, a differential equation nay
sometimes be made exact by multiplying by a factor.

Ex. 1. (1 +zy)y dz+ (1 —zy)z dy=0 is not exact, since dM /oy =
1+2ry and dN/dz=1—2xy. Multiplying by 1/z%? the equation

becomes
1 1 1 1
(37_"!-/- +;) dzx + (5? “‘?) dy-=0.

Here 0M /3y = —1/z%? and 0N /dz= —1/z%? hence the equa-
tion is exact. The solution is therefore

—l+lo z-lo ¢
o g g Yy=_¢.

3
2. (z*+y?+1)dz —22y dy=0, factor ;—, Ans. :c—% —?lv -,
1 1 e
2
3. 2(z dy +y dz) =2y dz, factor 2 y=,¢ " .
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244. Linear equations of the first order. A differential
equation is linear when it contains the first power only of
the function and its derivatives. The linear equation of the
first order is of the form

dy

dx+Py =Q, or dy+Pydz=Q dr,

where P and @ are independent of y. Of this equation ef Pda
is an integrating factor.

For e/Mz dy+y. efpdz .P dx——:e-/deQ dz
is the same as d (yef sz) =ef deQ dz.

. ye‘/‘sz =Je/szQ dote.
Hence the solution of dy +Py Qis
=e‘f1>dz (J‘e/‘psz d:c+c) .
Ex. 1. 52 ——y=e%zn,
J.sz= —nlog z=log z-". .. e_/de=

‘. Y=zn (J‘e’dx +c) =z"(e% +c).

2. WyW_2 Ans. y=27°,
dz '
3. dy/dx+y=e—’. y= e—”(x+c).
4. zdy/de=2y+z+1. y=—z—%+ca’
5. dy/dx+y cos z=sin z cos z. y=sinz—1+ce~sinZ,.
d diy?) y?
6. 2:tyd‘z=y’—x, or —‘(i%-)-%=-—l.

Ans. y=Vez—zlog z.

7. Zz.;.l 2xy=.1 y=2*(1+ce* ).
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8. (1+2?)dy=(a+zy)dz. Ans. y=az+cV1+2

9. Zx+ay b sin mz.

-(a sin mz—m cos mz) +ce9%.,

b
Ans. y =y

245. Bernoulli’s equation. An equation of the form

Z” + Py =Qy~,

where P and Q are independent of y, may be made linear by

the substitution 1;13—J=z. It is best to divide through by

..

y™ before substitu‘ting.

dy 1‘:dy 1 1 logz
Ex. 1. zdx+y—y log z, or ?derx.y -
1 . 1
Let ;=2,'then —171 dy=dz.
b ¥ L de_z_ logz
- “ldz =z z’

o

which is linear. Solving,

Z=‘10g r+1+cz. .". y=m.
1

dy

2. (1—=2?) 7 —ay=3xy’ Ans. y= ————.

(-2, —zy=3zy o B
dy 1

3. -+ =¥ 3- e e————

w=ry y V1422 +ce??

dx
Equations of the First Order but not of the First Degree.

246. Let dy/dz be called p.
If p ssible solve the equation for p.
Ex. 1. p’—(z—3y)p—3zy=0, or (p—=)(p+3y)=0.
The equation is satisfied if
p—z=0, or p+3y=0;
d

. s d
ie, if E—Z—z=0, or J—Z+3y=0;
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or, integrating, if
y—3x*+¢c=0, or y+ce**=0.
 , These equations may be regarded as the solutions of the given
equation, or they may be combined into
(y—32*+c)(y +ce%)=0.

2. p*—9p+18=0. Ans. (y—6zx+c)(y—3z+c)=0.
3. p*=azx*. 343(y +c¢)*=27az’.

247. When it is not possible or convenient to solve for p
we may be able to solve for y, then, differentiating through-
out and substituting p dx for dy, obtain a new equation in
p and = which we may be able to integrate and thus find
the relation connecting p and x. From this result and the
given equation we may be able to eliminate p and thus
obtain the relation connecting z and y, or, if this elimination
is not convenient or possible,  and y may be left in terms
of p as a third variable.

Ex. 1. pz—2py+2=0, or 2y=pr+z/p.
Differentiating, substituting p dz for dy, and reducing,
dp/p=dzx/x, .. p=cz.

. . . 1
Hence, substituting in the given equation, 2y=cx’+c—.

1 1
2. p?—py+1=0. Ans. x=§;)‘2+10gp+c, y=p+;.

248. Instead of solving for y we may be able to solve for
x, thefi, differentiate throughout and substitute dy/p for
dz, and proceed as above.

1
Ex. 1. p'—pzr+1=0. Ans. x=p+i—), y=3%p*—log p+e.
2. py+2pz=y. y?=2cx +c

1 p* 2
8~ p3 = —-p+— =P 14 e,
3., p*~-px+1=0. z p+p,, y 2+p+c
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249. Clairaut’sequation. Singular solution. The method
of § 247 is applicable to Clairzut’s equation,

y=pz+(p). ¢))
Differentiating and substituting p dz for dy, '
dp[z+f (p)]=0.

From dp=0 we have p=c, and substituting in the given
equation,

y=cz+[(c), 2)

the general solution.

The equation is also satisfied if 2+’ (p) =0, and eliminating
p from this and the given equation we have another solution
which is not contained in the general solution and which
does not contain any arbitrary constant. Such a solution
is called a singular solution.

The general solution (2) represents, for various values of
¢, a family of straight lines. The singular solution represents
the envelope of these straight lines. For the envelope of
the family of lines is obtained (§ 157) by eliminating ¢ from

y=cx+f() and O=zx+f(c),

the same equations (with ¢ instead of p) as those from which
the singular solution is obtained.

Ex. 1. y=pz+a/p. The general solution is y=cz+a/c. Also
z+f'(p)= 0 ist—a/p?*=0. .. p*=a/x. Substituting in the
given equation we obtain y?=4az, the singular solution.

2. Find the singular solution of y=pz+p? Ans. z*+4y=0.

3. Find the general and singular solutions of

y=pz+aV1+pl

Ans. y=cx+aVl+cl, z?+y’=ad.
4. Solve y= —zp+z'p’. Let z=27"'. Ans, y=c/x+c*
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Z' Ao S e
ExampLEs.

1. dy/dzx +y cot =2 cos z. Ans. y=sin z +c¢ cosec z.

2. 2*dy +x%*dr+4dy=0. y~l=z—-2 tan"'4z+c.

3. p*=pr—y. y=cz—c’

4. px*+yt=zy. z=y(c+log z).

5. (222 +4zy)dz + 2z —y*)dy =0. 2z% +6x%y —y®=c.

6. pr+y=z%". Yy =z +cz".

7. (x*—y*+22)dz=2y dy. 2 —yi=ce %,

8. (2ax +hy +f)dz + (hx +2by +g)dy =0.

az’+by?+hry +jr+gy=c.

9. 2zy dz + (y*—32*)dy=0. z~yt=cy’.
10. x dz dy=y dz*+2 dy>. cx=cy+2.
11. z*p?=2zyp+3y*. (zy—c)(y—cz®)=0.
12. yidz = (22*+3zy?)dy. 2zy +y*=cz.
13. (y—a)dz= (z*+x)dy. (x+1)y=a+cz.

14. 2%(y—pz)=p%. Lety’=v, x?=2. y’=cz’+c’
15. Find the curve in which the subnormal is constant and =a.
The condition is that y dy/dz=a.
Ans. The parabola y?=2az +c.
16. Find the curve in which the subtangent is constant and =a.
Ans. y=cex/ ‘.
17. TFind the curve in which the perpendicular on the tangent
from the foot of the ordinate is constant and =a.
Ans. The catenary y=a cosh (z+c)/a.
18. Find the curve in which the area bounded by the curve,
two ordinates, and the z-axis is proportional to the length of the
bounding arc.
[y dz=dA = d(as) = aVdz* + dy’].
Ans. The catenary y=a cosh (z +c)/a.
19. Find the curve in which log s=uz.
Ans. y=e*—1—sec—le? +c.
20. Find the curve in which ¢=%6 (§ 136).
Ans. The cardioid r=c(1 —cos 8).
21. To find the amount, at compound interest due and added
to the principal all the time, of a sum of money P, in ¢ years, at
rate r per unit per annum.
Let 7 be the amount at time .  When the interest is due at the
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end of an interval 4¢, zrdt=interest =4z. Hence in the present
case :cr=£4,é0(dx/dl<)=dx/dt.

Integrating, log z=rt +c. But z=P when ¢t=0. ... log P=c.
s. log z=rt+log P, or x = Pert,

For example, for 5 years at 4 per cent per annum, e =¢04X5=
1'2214. The result may be compared with 1+7rt=1-2000, the
amount at simple interest, and (1 +r)!=12167, the amount at
compound interest due yearly.

22. Orthogonal trajectories. By giving different values to a
in the equation z? +y%=2ay we have
a family of circles touching the z-
axis at the origin. Let it be re-
quired to find another family of
curves all of which cut all of the
given curves at right angles. Such
curves are called orthogonal trajec-
tories of the given curves.

Differentiating z?+y*=2ay and
eliminating a we have

dy
P) 2__ 2 —
Fig. 133. zy +(y* —2?) dx o,

the differential equation of the given curves. At a point (z, y)
where one of the required curves intersects one of the given curves,
dy/dz of the given curve= —dz/dy of the new curve, since they
intersect at right angles. Hence the differential equation of the
required curves is
20y (=22 =0
: dy "’
a homogeneous equation of which the solution is
z*+yl=cz.
The required curves are therefore circles touching the y-axis
at the origin.
23. Find the orthogonal trajectories of the family of parabolas
y?=4az. Ans. The ellipses 2z +y?=¢?. -
24. Find the orthogonal trajectories of
(1) The rectangular hyperbolas z?—y?*=a?. Ans. zy=c
(2) The straight lines y=max.
(3) The curves y=az®. Ans, The conics z?+ny?=c%
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25. Show that the differential equation of the orthogonal tra-
jectories of a family of curves represented by a polar equation is
found by substituting —r?d0/dr for dr/d0 in the differential equa-
tion of the given curves.

26. Find the orthogonal trajectories of r™ cos m0=a™.

Ans. r™ sin mf=c™,

27. Find the curves which make an angle 45° with the parabolas
r(1 +cos 0) =2a. Ans. The parabolas r(1 +sin 0) =2¢.

28. If E=the extraneous electromotive force in a circuit having
resistance R and inductance L,

& .

L at Ri=E, (1)
where 7 is the current at time ¢£. The equation is linear, and if
E is constant the solution is

E _E

'=‘I—e +ce L t

If =0 when =0, c¢=—E/R.

E -%,
“i=—=—=e¢ L .
R

The second term soon becomes very small; the current is then
practically constant and=E/R, as if there had been no induction.

For an alternating EM.F. let E=En sin nt, where Em is the
maximum value, and the time of a petiod is 2z/n. The solution

of (1) is now

1= Em (Rsinnt—anosnt)+ce_§t
R*+ Ln?
E . By
=" gin (nt—0)+ce L,
vV R*+ L*n?

where 0=tan-!(Ln/R).

In a short time the exponential term becomes very small and
the current is represented by a harmonic function of the same
period as the E.M.F.

0 is the lag of the current behind the voltage. The impedance
(amplitude of voltage+amplitude of current) is VR*+ L7,



CHAPTER XLV.
DIFFERENTIAL EQUATIONS OF THE SECOND ORDER.

250. Equations of the second order must contain d2y/dx?
and may contain dy/dz, z, and y.

We shall first consider equations which do not contain v,
and then equations which do not contain z. It will be seen
that such equations may be reduced to equations of the first
order.

251. Equations which do not contain y directly. Let
p=dy/dx. The equation will be reduced to one of the
first order in p and z.

3,
Ex. 1. Z—;{-—%—Z=z, or gg—p=x. )
The latter is a linear equation of the first order. Hence, § 244,

p=e{‘(Je‘”x dx+c) = — (1 +x) +ce*

ynjp de=—%(1+2z)%+ce* +c¢,.

&y [dy\? 1
2. E:c—’=a(d_:c) . Ans. y=a—7 log (az +c).
dy 1d
3. d%+;dzmo' y=clog z+c,.
dly 2dy_ c
4. dz’+.'cdz 0. Y=, +e65.
d* dy\
5. Ig- (dg:) -1, y=c,+log sec (z+¢).

272
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The same method may be applied to any equation in
which y appears only in two derivatives whose orders differ
by unity.

d*y dy

Ex. d?’ (E;i
If dy/dz is absent as well as y we may integrate directly.

dy =z z*
8 2T
Ex. et z3, ' 2z 4 +c,y 20+cx+c,

The same method will apply to any equation of the form
dry/dzm < (x).

Ex. 1. d%/dz®=sin . Ans. y=cosr+cx?+c,z+c,e
2. dry/dxr = (z +n)e®.
Ans. y=ze®+can "tz +. .. +cn
252. Equations which do not contain x directly. Let
d%y dpdy dp . ..
P then &2 dydz P &y The resulting equation is of
the first order in p and y.

2
=2. First let g—ag=q. Ans. y=oF(z+c) +cz+c,.

y,‘ - * 11_)= —a?
Ex. 1. P a’y, or pdy a’y.
. ¥p?= —4%a’y?+const., or say p?=a’(c*-y?).
. dy =0 dy
. por d—;=a\/c’—y’, or oy

*. sin~'y/c=az+c,, or y=csin (ax+c,).

=adz.

The result may also be written
y=A sin az + B cos az,

where A and B are arbitrary constants.
2. d%/dz*=a’%y.
The result may be in any of the following forms:
Y = cea% +¢,e —0%, y=csinh az +¢, cosh az,
y=csinh (az +¢,), y=c cosh (az +c,).

d3
7 Y —a? 2ydy,

2d;
* Or without using p, multiply by 2dy; then Z

2
. (%) = —a%y?+ const., ete.
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‘ dy  (dy\?® ' - | 2

3. yw-'- (;l?:) =0. Ans. y*=cx+c,.
dy dy z_ 2= g2 +cx 4

4. yd:c2+(3.:c-) =L ymrTraTa.

The Operator D.

253. Let Dy represent dy/dx, the symbol D indicating the
operation of taking the derivative of y. If a is a constant,
d(ay)/dx =a dy/dx, hence D(ay) =a Dy.

Let D . Dy, i.e., d2y/dx?, be represented by D?y. Also let
dy/dz—ay or Dy—ay be expressed by (D—a)y. Then D—a
indicates the operation of taking the derivative of a function
and subtracting a times that function. Hence, e and b
being constants,

(D—=b) . (D—a)y=D(D—a)y—b(D—a)y
=D2?y—a Dy—b Dy+aby.
Let this be written
[D2—(a+b)D +ably.
In the same way it may be shown that
(D—a) . (D—b)y=[D*~(a+b)D+ably,

and hence the order of the operations indicated by D—a
and D —b does not affect the result, and the successive opera-
tions may be replaced by an operation which is indicated by

D2 —(a+b)D +ab.

254. Suppose Dy =X, where X is a constant or a function
of z, and let the inverse operation by which y is obtained
from X be denoted by D-1. Theny=D"1X. Butdy/dz=X.

Sy =JX dz+ec.

o DX = [ X doto
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Again, suppose (D—a)y=X, and denote the operation
inverse to D—a by (D—a)7l. Then y=(D—a)"'X. But

(D—a)y =X is the same as dy/dx—ay =X, and the solution
of this linear equation is (§ 244)

y =e® (Je*“X dx+ c) .
. (D—a)1X —e (Je‘”’X drtc).

If X=0, (D—a)710=ce*.

Ex. 1. D-'0=c¢, D-0=D-'. D~ '0=cx +c,.
2. D-'a=azx+c, D-*a=3%azx?+cx +c,.
3. (D—a)"'b= —b/a + cea®.
1 1
4. (D—a)"'x=—— (x +—) + ceaz,
a a
5. (D—a)"'zn, n a positive integer,
1 nzr! n(n—1)zn—? n!
=—— (x"+ + 3 +.o..k ) -+ceaz,
a an
. a sin mx +m cos mx
6. (D—a)"!sin me=— s s OS T | cenz,
a*+m
—a cos mx +m sin mx
f— —1 = azr
7. (D—a)"! cos mzx s + ceaz,

eﬂ.’.’?
8. (D—a) lenz= p— +ceat when n=a,
n—

and =geaz +ceaz, when n=a.

Linear equation of the second order with constant
coefficients.

255. The equation may be written

d
ZZ+A . p,_x,

where A and B are constants and X is a constant or a func-
tion of z.
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First suppose X to be 0. The equation is now

&Y 4y x+By =0, or (D2+AD+B)y=0.

dxz d
Put D24+ AD+B into the form of factors (D—a)(D—b).
(Since a and b would be the roots of D24+AD+B=0 if D
were a symbol of quantity, they may be said to be the roots
of the auxiliary equation 22+ 42+ B=0.)
The equation is (D—a)(D—b)y =0.

. y=(D—b)"1(D—a)"10 = (D—b)~lcex*
=eb? (Je"” . ce®*dr+ 01) )

—ee (“(“—:x+c1) if by,

=,__c__ az z
a—be +cle° .

Since ¢/(a—b) may equal any constant, it may be repre-
sented by c.

y =ce**+c1e2%, if b#a. 2
But if 0 =a, (1) becomes ¢** (J.c dx+c,) .

Yy =e%(cx+cp). 3)
If a and b are imaginary, let them be m+nz, m—ni, where
i=V'"1. Then (2) becomes

y =cem+m)z | ¢ o(m—niz — gmz (ceniz | ¢, g=niz)
=em*[c(cos nx+1 sin nx) + ¢, (cos nz—1 sin nx)], § 200,
=e™*[(c+c¢;) cos nx+ (ci—cy2) sin nx).

Since c+¢; and ¢t —cy7 may equal any two constants, they
may be represented by ¢ and ¢;.

‘. Y =€™(c cos nx+¢; sin nx). . 4)
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256. Hence to solve D2y+ A Dy+ By =0 find the roots of
22+ Az+B=0. If the roots are unequal real numbers a
and b the solution is

Y =ce?F + ¢y %,
If the roots are complex numbers m+nz, m—nz,
y =e™*(c cos nx+c; sin nz).
If the roots are equal numbers a, q,
y =e¥(cx+cy).

Ex. 1. Z ‘Z+3dy- 10y=0. Ans. y=ce®® +c,e~*2,
dy . dy _ o
2. iz dx—o' y=c+c,e’”.
dy _,dy
3. e 2d +y=0. y=e%(cx +c,).
4. Z z+23y +10y=0. y=e=%(c cos 3z +c, sin 3z).
5. %= ay. y=ce?®*+c,e9® or =c cosh ar+c, sinh az.
2
6. %{= —a%y. y=c cos az +c¢, sin az.
7. (D*+4D +5)y=0. y=¢"%(c cos z +c, 8in z).
8. (D*+4D +4)y=0. y=e"2(cx +c,).
9. (D*+4D +3)y=0. y=ce % +ce s,
—2z; Vir. N
10. (D?+4D +2)y=0. y=e 2(ce’ F4ce” " ).
11. (6D?*—5D—6)y=0. y=ced® +c,e 2,

257. The same method may be extended to higher orders
of linear equations of the form

dry
dzn

the coefficients 4 . . . K being constants. For every distinct
real root of the auxiliary equation,

r+ A1+, .+ K=0,

+A +...+Ky=0,

xn—l
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there will be a term of the form ce** in the solution. If a
occur twice the corresponding term will be e**(cz+¢;), and
if it occur three times the corresponding term will be

€% (cx?+ ¢z +cg),
and so on. ‘
Corresponding to a pair of imaginary roots m+4-ns, m—ni,
there will be a term e™*(c cos nx+c; sin nz), and if the same
pair oceur twice the corresponding term in the solution will be

em¥[(cx+c1) cos nz+ (cex+¢3) sin nx],
and so on.

Ex. 1. (D-1)(D-3)%=0. Ans. y=ce® + (c,x* +c,x +¢3)e™®,
2. (D*+4)%y=0. Ans. y= (c,x +c,) cos 2z + (csr +c¢,) sin 2.
3. (D*—4)%y=0. y=(c,z +¢,)e*® + (csx +¢,)e 2.
4. D'y=a'y. Y= €,69% +¢,e~9% +c3 COS ar +¢, sin ax.
5. (D*—4D +13)*=0.

Ans. y=e*[(c,z +c,) cos 3z + (car +c,) sin 3z]

258. Returning to the linear equation,

Ty 4%

a2 T +By=X,

suppose now that X is not zero. The equation is the same
as
(D—a)(D-b)y=X=0+X,
=(D—-b)"1(D—a) 10+ (D—-b)"1(D—a)"1X.

The first term is the solution of the given equation when
X is 0. This therefore forms a part of the required solution;
it is called the complementary function, the remainder of the
solution being called the particular integral. The com-
plementary function will contain two arbitrary constants,
and as the complete solution of an equation of the second
order cannot contain more, we need not introduce constants
in finding the particular integral. If they are introduced
they will simply reproduce the complementary function.
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Ex.1. (D*—a*)y=es®. The c.f. is cea®+ce—9%. The p. 1. is

(D—a)~'(D+a)'esr=(D— a)—‘e—a"[e"Jc . ea%dy

= (D—a)-le-a% , ele®
2a
1

1
= 'é;eaIJ‘e—-azeazdx = ézeaxx.

1
= —qa)—leaz
2a(D a)~te

Hence the complete solution is
Y =ce®® +c,e~0% +xeat/2a.
. 1 1 \ .
[(D+a)-'(D—a)"'ee® gives . e¥®zx—-— c®. The last term is
2a 4a*

included in the c. f.; hence the results are equivalent.]

2,
2. g—-;:+2% +y=e’. Ans. y=e"Z(cx +c,) + e,
3. (D*-1)y=>5x+2. y=cet+c et —5x—2,
4. (D-1)y==z. y=e*(cx+c¢,) +z+2.
5. (D—a)*y =gz, Y= e (cx +¢,) +3x%ea”,
6. (D*—4D+3)y==z. y=cet ¢, e’ +hr 44
7. (D*—4D +3)y=xe®. y=ce®+c,e’ —ter(x? + ).
8. (D*+a*)y=e2,

The p. i.= (D +ai)~'(D —ai)~tea, i=V"—1,

az ea% eat

y Y—1 € — —
=D +ai) T i AT L ) 2aF

.. y=c co8 az +c, sin ax +ea%/2a’.
259. The last equation, (D?+4a?)y =€, may also be solved
as follows: ’
Differentiating, D(D?+a?)y =ae*,
and multiplying the given equation by a and subtracting,
(D—a)(D*+a?)y =0,
a linear equation with the second member zero. The solution
of this equation is
Yy =c Cos az+Cy sin az + cqe??,
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The first two terms are the c.f. of the given equation;
hence cqe2% is the p.i., where ¢, is to be determined so that
cze®® may satisfy the given equation. Substituting cse®
for y in the given equation we find c; =1/2a2.

Ex. 1. (D*—-1)y=2z2
Differentiating three times, D*(D?*—1)y=0. The ec.f. is
(D?—1)"'0=ce*+ce~2. The p.i. is D-*0=c,z*+csx +¢,. Substi-
tuting this for y in the given equation we find ¢,= — 1, ¢:=0, ¢, = —2.
e y=cet+cet—3—2,

The p.i. might have been found more quickly by treating
(D*—1)"! as if it were developable by the Binomial Theorem.
Thus (D*—1)~'2%= — (1 -D*)~'z?’= — (1 +D*+...)z?= — (224 2).

d’y

2. e

hand member and show that

+a?y=>bsin nr. Differentiate twice, eliminate the right-

y=c cos az +c, sin ar +a’—n’ sin nz.
If a=n, substitute —bz/2n for b/(a*—n?).
3. (D*-2D+5)y=1. Ans. y=*%+e%(c cos 2z +¢, sin 2z).
4, (D—-1)y=ux" y=e*(cx +c,) +x*+4x+6.
5. (D*—2D +5)y=sin 2z.
y=17(4 cos 2z +sin 2z) +e%(c cos 2z +c, sin 2z).

Change of Variable.

260. Equations cf the second order, like those of the
first order, are sometimes made integrable by a change of
variable.

Change of the dependent variable.

Ay dy

Yoy =18
Ex. 1. zd:c’+xda: y=z'.

Let y=vz, then dy==z dv+v dz, dy =2z d%+2dv dz.
Substituting, the equation becomes

v _dv
a3
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whence' (§ 251) y=32+cx+czt.
dly  (dy\? L. TLet y?— -
2. yd ‘ (dx) =1. Let y*=v. Ans. y*=z*+cx+c,.

3. d¥y/dzx*=a’r—b%. Let a’x—by=nv.
Ans. b% =a’ +c cos bz +c, sin br.

261. Change of the independent variable. First sub-
stitute
dz d?y—dy d2x
e &)

for d2y/da? (§70). The subsequent change will depend
upon the quantity which is to be the independent variable.
This may be y, or a third variable 2, x or y being an assigned
function of z. It must be remembered that the second
differential of the independent variable =0.
dy dy a%
Ex. 1. x’d ”+2xd +—-- . 2)
Substituting (1) for d*/dz? (2) becomes

d:c dy— dy d’z

Let ¢=1/z and take z as independent variable. Then dz=
—dz/??, d’r=2dz*/2*. Substituting in (3) we obtain

dl
y+a =0, whence y=c cos az+c¢, sin az.
d 2
a . a

.. Yy=c cos —+c¢, 8in —.

z z

dy 2z dy+ ]

s R e m,=0. Let x=tan 2.

Ans. y=(c+cx)/V1+z2.

dy dy\ ® dy\ ®- . .
3. Pt ( Jx) +ev ((E) =(0. Makey theindependent variable.

The equation becomes

& ,+z-ev whence

Z=c cos y+c, sin y +4ev,
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dy dy

z =2, Letz=slnz.

4, (1- x")
Ans. y=(sin—'z)*+csin-'z +e¢,.

dy dy\ ? dy\ * .
—_y?)—_Z —_— = =
5. (1-y )dx’+y(dx> x(dx) 0. Let y=sinz, z to be the
independent variable. Ans. z=cy+c,V1—y2

6. Show that the ‘“homogeneous linear equation’ of the second

order
x’d—y +a:c—— +by =}(z)

dZ
Zyz +(a— 1) +by f(e?)

(a linear equation with constant coeﬁiments) by the substitution
T=¢".

becomes

7. x’ij—yz+2:rjy—2y=0. Ans. y=cx+a%.
2 dy
8. ;12 :cd +y=log z. y=(cx+1)log:c+c,:c+2..
dy  dy
2 d / —
9. @ ’+xdx+4y z?,

y c cos (log 2?) +¢, sin (log z?) + 423,
10. (2+x)’d Y +32+z) y+y 0. Let2-+z=¢
Ans. y=2+z)"'[clog (2+z)+c,].

ExaMmpPLES.

1. Find the curve in which the radius of curvature R is equal
to and in the same direction as the normal N.

[H dw) ] _(L+pY

dy dp ’
da? P dy
Ans. The catenary y=c cosh (z+¢,)/c.
2. Find the curve in which R= —N.
Ans. The circle (z+¢,)?+y?*=c.
3. Find the curve in which R=e?, it being given that p =0
when =00, Ans. y=c—sec'e®.

and N=yji= y(1+pHt.
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4. An elastic string (or spiral spring) is fixed at one end and
hangs vertically. A weight is attached at the lower end and
descends a distance a to a position of equilibrium 0. It is then
pushed down a further distance b(<a) and released. To find =z,
the distance of the weight from O, in terms of the time ¢ from
the instant of release.

It is assumed that the weight of the string is negligible, and
that tension is proportional to extension (Hooke’s Law). Hence,
since mass Xacceleration=force, the differential equation of the
motion of the weight is

dz a+z dx g
M T O =

The solution is

1)

z=ccos Vg/at+e sin Vg/at.

When =0, =0 and dz/dt (the velocity)=0. Hence c=>b and
¢, =0.
. z=bcos Vy/at,

the required result. The values of z are repeated in magnitude
and sign after an interval T if Vy/a(t+T)=Vg/at+2x, ie., if
T=2zV cw. The motion of which (1) is the differential equation
is therefore oscillatory (a.simple harmonic motion) and the periodic
time=2zVa/g. Notice that the total extension of the string at
time ¢ is

a+bcos Vg/at.

5. A fine chain of length 2a is placed over a smooth nail, the
difference of the lengths on the two sides being 2b. Find 2, the
length of the longer sjde, in terms of the time ¢ from the instant
of release.

The whole chain is moved by the weight of the difference of
the two sides; hence, m being the mass per unit length, the differ-
ential equation of motion is

2z —
2am(—i—;—my[x a-z)), or —_i—="(z-a).

Ans. z=a+b cosh Vg/at.
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Show also that the chain will leave the nail in time
Va/g cosh—1(a/b) and with velocity Vg(a*—b%)/a.

- /—\ 1
Fig, 134.

6. Damped vibrations. The differential equation of simple
harmonic motion is (as in Ex. 4) d*z/dt*= —a’z. If a frictional
or other resistance proportional to the speed is applied, the equa-
tion is (say)

dy

dr
2 o alr—Ome
i a’z 2mdt’

where m is a positive constant. If m <a the solution is
z=e"™(c cosnt+c, sinnt), or =dAe ™ gin (nt+B),
where n=%"a?’~m? and A and B are arbitrary constants. For
A=1,B=0,m="3, and a=16, .
z=e"%sin 1'57¢, (Fig. 134).

If m is increased the waves become longer and flatter, and

when m =a the solution of the equation is
z=¢"1%(cz+c,),

which for ¢=1,¢,=0, is the dotted curve of the figure, the curve
being asymptotic to the ¢-axis.

7. Find the distance x which a body of mass m falls from rest
in time ¢, assuming that gravity is constant, and that the resist-

ance of the atmosphere varies as the square of the velocity.
Let the resistance be k& when the velocity=1. Then

20 3 k
mgt—f=mg—k (g%) . Ans. x=;c—’-t log cosh\[f;t.
8. A uniform beam is fixed horizontally at one end, loaded
with a weight w per unit length, and subjected at C, the centre
of the free end, to a vertical force P and a horizontal tensile
force Q. The origin being at C and the z-axis horizontal, the
equation of the elastic curve is

EI%—Qy- —Pr—jua?,
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where E and I are constants depending upon the material and
form of the beam. Write the equation in the form

_ (D*—-a?)y= —bz—fr?,

Q P, w
where a —\IE'—,I, b —E—Y, f=2——E—i.

The c. f.=ce?% +c,e~0%. The p. 1. can be found by the method
of § 259, but more quickly by treating D?—a? as if it were a symbol
of quantity. Thus

2 2)—1 2 1 Dz -
— (D~ a?)-A(bz +]z Tz(l“«T) (bz +/2?)

2

1 b z 2 __I sz 2f
. — bz f’l" : 2i
RN y=C€‘w+C,6 azr 4 . 2+ > + -

To determine ¢ and ¢,, z=0 when y=0,
o 0=c+c, +2f/at.

Also, since the tangent at the fixed end is horizontal, dy/dz=0
when z=the length I, very nearly.

. 0=a(ce® —c,e—) +b/a*+2fl/a’

These two equations may be solved for ¢ and c,.
9. If Q (Ex. 8) acts in the opposite direction show that
. z  fz* 2f
y=c cos ax +¢, sin ax+a—2+ai-—(—1—4.

10. Curve of pursuit. To find the path of a dog which runs to
overtake his master, both moving with uniform speed, and the
latter in a straight line.

Take this line for y-axis. When the dog is 8
at (z,y) on the curve, the distance of the man

from the origin is y —px (the intercept of the "
tangent on the y-axis), and by supposition,
- o A
M =k fi_" ) Fia. 135.

dt dat’
where k is a constant (speed of man--speed of dog).
oo =z dp=kV1+pidz
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is the differential equation of the curve. The solution is

cxl+k  c—lgpl—k
I+k 1-k '
and =c¢,+3cx’~ctlogz, ifk=1.

2y=c,+ if k=1,

. The constants ¢ and ¢, can be determined if the initial condi-
tions are assigned.

If the man starts from O, the dog from any point A on the
z-axis (see figure), and they meet at B, show that the length of
the curve=AC +CB, where C is the middle point of OA.



APPENDIX.

Note A. Partial Fractions.

The algebraical sum * of certain fractions being given, it
is required to find the fractions.

Case 1. When the factors of the denominator are all of
the first degree and unequal.

@Bl

Cz—-1)(x+2)

The denominator indicates that this result may be obtained by
the addition of three fractions whose denominators are z, z—1,
x+2, respectively; our object then is to find the numerators.
Call them 4, B, C.}

E

z?24+3z+1 A

e DED z W

B C
+x—1+x+2'

Clearing of fractions,
22+3z2+1=A(x—1)(x+2)+Bzx(x+2)+Cx(z—1). (2)

It is to be noticed that (1), and .". (2), is to be an identity
and therefore true for all values of z. Now, if we give any three
successive arbitrary values to z in (2), we shall obtain three
equations by solving which, as simultaneous equations, the quan-
tities A, B, C may be found. The arbitrary values should, how-
ever, be such as to render these three equations as easy of solution

* The sum is assumed to bea proper fraction (the numerator of
lower dimensions than the denominator). If not, the fraction should
be reduced to a mixed quantity.

t The A, B, C are assumed to be independent of x. If one of them
contained z the sum would not be a proper fraction.

287
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ag possible. A little inspection will show that this will be accom-
plished by giving z successive values which make x, 2—1, and
z+2 equal to 0, i.e., by making £=0, 1, and —2. We thus get
from (2),

when z=0, 1=4(-2), ..A=-%;
when z=1, 5=DB(3), .. B=3%;
when z=-2, —1=C(6), s C=—4%.
. $’i32§+1 =j % +':i
Cre-1)(x+2) x z—1 242

1 5 1

=% t3G=1) 6@+2)
Case 2. When the factors of the denominator are of the
first degree, but two or more of them are equal.

143z
Ex. 1. G
The denominator shows that the partial fractions have denomi-
nators z and (z+1)? and (probably) z+1. We therefore assume
143z _A B  _C
z(+1)? = z+1 (z+1)*
co1432=A4A(@x+1)*+Bx(x+1)+Cx.
If2=0,1=4, . A=1.
Ifz=-1, —2=-C, .. (=2,
and B may be found by giving any value other than 0 and ~1
to z, e.g., if z=1 we have (" A=1, and C=2),
4=1X2'+Bx2+2X1, .. B=-1,

143z 1 1 2
a4+l z oz+l (z+1)7
£+2 A B C D
"EADE-1 2+l 21 @1 G-
. 242=A4(@-1)+B@+1)(z-1)"+C(z+1)(@~1)+D(z +1).
If 2= —1,1=A(=2)%, .*. A=—}.
Ifz=1,3=D@), .. D=§.
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To get B and C give z any two arbitrary values other than 1
and —1; thus (remembering that A and D are found) if z=0,
2=}+B-C+$ or B-C=i},
and if =3, 2B+C=0; hence from these two equations
B=3}, (C=-1.

. z+2 ___1 + 1 1 3
D@1 8@+D) Ba-1) 4e-17 2@-1*

Case 3. When the denominator contains a quadratic
factor which cannot be conveniently factorized. We now
assume the numerator of the fraction with a quadratic de-
nominator to be of the form Az+B. This is equivalent to
assuming two fractions with denominators of the first de-
gree and constant numerators.

< 1+2 __A:c+B+_q

"z(l+z?) 1+2*
Ifz=0, 1=C, .. C=1.
If z=1, 2=A+B+2, .. A+B=0, }_-,A=_1,
If = —1,0=A—B+2, .. A—B=-2,

1+2 ——x+_1 1

- z(l+z?) 142° z°

oo 14+z=Az*+Bz+C(1+2%).

If the given denominator had contained the square of 1+z?

" +E
we should have assumed an additional term (l_xm"

Besides the methods explained in the above examples others
may sometimes be employed with advantage. For instance,
in the last example

1+ z=A22+Bz+C(1+2?).

Since the left- and right-hand sides are to be identical, the
coefticients of like powers of 2 on the two sides must be equal;
we .. have 1=C, 1=B, 0=A+C, which give the same
results as before.
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Note B. Curve Tracing.

1. In order to trace a curve accurately from its equation
we must be able to express one of the coordinates in terms
of the other, or both in terms of a third variable. When
the rectangular equation contains terms of two degrees only,
we may substitute mz for y and solve for z, and in this way
obtain both x and y in terms of m. See foot-note, p. 53.

2. The following suggestions and remarks may be found
useful in curve tracing, in order to shorten or verify the
work.

(I) Examine the equation for symmetry. When the equa-
tion remains unchanged if —y is substituted for y the curve
is symmetrical with reference to the line y=0 (the z-axis),
for if the coordinates (a,b) satisfy the equation, (a, —b)
will also satisfy it. This will always be the case if the equa-
tion contains only even powers of y. Similarly the curve
is symmetrical with reference to the line x=0 (the y-axis)
if its equation is not altered when z is changed into —uz.

If the equation is unaltered by changing z into —z and y
into —y at the same time, every line drawn through the
origin and terminated by the curve is bisected by the origin;
for if (@, b) satisfy the equation, (—a, —b) also satisfy it
and the origin is the middle point of the line joining these
points. The origin is then called a centre; e.g., in the curves
y=a3, y=sin z, etc.

The curve is symmetrical with reference to the line y =z
if the equation is unaltered when 2z is changed into y and y
into z, e.g., 23+ y3 =3azy (Fig. 28); and it is symmetrical with
reference to the line y=—z if we can change y into —z and
z into —y without altering the equation, e.g., in 23 —y3 =3azy.

If in polar equations the substitution of —@ for 6 does not
alter the equation, the curve is symmetrical with reference
to the initial line (e.g., in Figs. 88, 89, 90, 92); and if we
may at the same time change r into —r and ¢ into — 0 with-
out altering the equation, the curve is symmetrical with
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reference to a line through the origin perpendicular to the
initial line (e.g., in Figs. 84, 85, 98). The origin is a centre
when we can change r into —r without altering the equation
(e.g., in Figs. 86, 98).

(II) Find the tangents at the origin (if the origin lie on
the curve) and the shape of the curve near the origin (§§ 3
and 4 below); also, if possible, the points of intersection of
the curve and the axes, and the directions of the tangents
at these points; the points where the codrdinates are maxima
or minima; the points of inflexion; the asymptotes rectilinear
or curvilinear, etc.

(ITI) No straight line can meet a curve of the nth degree
in more than n points, and therefore no tangent in more
than n—2 points besides the point of contact, no asymptote
in more than n—2 points at a finite distance and no line
parallel to an asymptote in more than n—1 points at a
finite distance, no line through a double point in more than
n--2 other points, etc.

3. The work of tracing a curve from its equation is often
considerably lightened by obtaining a preliminary idea of the
shape of the curve at certain points.
 When the origin is a point on a curve we can find the
shape of the curve very near that point by expanding y
into a series of ascending powers of r. Thus in Fig. 32,
y=+z(1+2x)% and taking first the + sign we have by
the Binomial Theorem,

y=z(l+z—...), or y=z+2?—...

The term z2 shows that when z is very small (and ... the
third and higher powers of  may be neglected) the curve lies
above its tangent y =2z both when z is + and when z is —;
in fact the curve is, for points near the origin on the branch
touching y =2, shaped nearly like the parabola y=z+22.
Similarly on the other branch y=—2—22+...; hence this
branch lies below the tangent on both sides of the origin.
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Similarly we may show that in Fig. 34 the curve near the
origin is shaped nearly like the parabolas y =22, y = —a2,

4. When it is not convenient or possible to express one
coordinate in terms of the other we may proceed as in the
following examples:

Ex. 1. In the curve a*(y—=z)(y+z)= —(y*+2?)? Fig. 27, con-
sidering first the branch which touches y—z=0 (§ 52) we divide
by a*(y +z) and write the equation in the form

y=x—§£——+xz)’. (1)

For points near the origin on the branch in question y is very
nearly equal to z, and the fraction in (1) must be very small;
we shall get an approximation to its value by substituting = for y;
this gives

y=x-22%/a’,
which shows that the curve lies below the tangent when z is+
and above it when z is —. For the other branch we write the
equation in the form
(yl +$2)l
a*(y +z) @

y=-—z-

and remembering that y is nearly equal to —2z we substitute —z
for y in the fraction and get

y=—z+2z%/a?,

showing that the curve lies above the tangent when z is + and
below when z is —.

2. In the curve 3azy==z*+y?® Fig. 28, the tangents at the
origin are y=0 and z=0. Writing the equation in the form

24yt
3azx

y

we observe that on the branch which touches y=0 (the z-axis)
y is nearly 0 near the origin, and substituting this for y in the



CURVE TRACING., 293

fraction gives y=2?/3a for the approximate form of thé curve.
For the other branch
23+
3ay ’

and writing O for z in the second member we get z=y?3a for
the required approximation. Thus the curve is shaped near the
origin like a pair of parabolas.

3. Find the approximations to the three branches of the curve
ay(y—V3z)(y+V3z)=x¢, Fig. 36, near the origin.

Ans. 6a(y—‘\/§x)=x’, 6aly +V3z)=2, 3ay=—z2

4, Also of ay*(y—=)(y +x)==% Fig. 37.

Ans. ay*=—2%, 2a(y—z)=2% 2a(y+z)=-—2%

5. Show from these approximations that the radii of curvature
at the origin are a and +24a in Fig. 36,and 0, +2V2q in Fig. 37.
(Cf. §88, Ex. 2.)

5. The asymptotes of a curve may be obtamed by expand-
ing y into a series of descending powers of z (see § 57). When
it is impossible or difficult to express one of the codrdinates
in terms of the other we may proceed in a manner similar to
that of § 4 above, beginning, however, with the terms of the
highest degree instead of those of the lowest. (See § 59.)

Ex. 1. z*+y°=3axy, Fig. 28. Here z+y is a factor of the terms
of the highest degree, and we may write the equation in the form

Bazy )

Yy= —x+x———’—xy+y"'

Now the infinite branch is in the direction of the line y= -z,
and therefore when z is very large, y is nearly equal to —z; hence
we shall get an approximation to the fraction in (1) by substituting
—z for y; this gives

y=-r-q,
which is the nearest linear approximation to the’curve, and is
therefore the equatxon of the asymptote. Wrxtmg —z—a for y
in the fraction will give a second approximation, viz.,
3

y”’ - = a+3x2,
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from which it appears that the curve lies above the asymptote
whether z is + or —.
2. Find by this method the asymptotes of the following curves:

(1) 28y —z)=al(y®+2%). Ans. y=z+2a.
(2) zy*(y—z)=y*—22% +2°. z=1, y=1, y=z-1.
3) (@+2y)(x—y)*=6a*(x+y). z+2y=0, z—y=+2a.

ExamPLES.

1. Trace the following curves: *

(1) y=z(*-1), (6) yi=z*(zx—1), (11) 23 +y*=a?,
(2) y(x*—1)=z, (7) 2°—y*=3azy, (12) z(y —2)=ay?,
3) yl+z?) ==z, (8) z*+y*t=a’zy, (13) z(y—=x)*=y*,
4) y2=2%(z +1), 9) z8+y*=2azy, (14) a%y(x+y)=2x*
(5) y*=2%z—-1), (10) z®+y°S=azx’,

2. Trace the following polar curves:

(1) r=asin 26, (6) r=a tan 0, (11) r(02—1)=ab, -
(2) rsin20=a, (7) ri=a%0, (12) ré*=aqa(6%-1),
(3) r=asin 39, (8) r=at?, (13) r(02+1)=ab?,
(4) rsin 30=aq, (9) ro?=aq, (14) r0=tan 0.

(5) r*=a%sin 30, (10) r(1+0)=ad,

Note C. Hyperbolic Functions.

(For definitions and graphs of these functions see Ch.
VIIL.)

1. The relations connecting the hyperbolic functions are
similar to those connecting circular (trigonometrical) func-
tions, and are easily proved by ordinary algebra, etc. Some
of them are as follows:

cosh 0=1, sinh0=0, tanh 0=0, etc.

cosh (—z) =cosh z, sinh (—z) = —sinh , tanh (—z) = —tanh z,
etc.

*Some of these examples are taken from Frost’s Curve Tracing,
to which the student is referred for further information on this sub=

ject.
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p‘osh% --ginh2z =1, sech?r =1—tanh2z, cosech?z=coth2x—1.
‘ cosh (z+y) =cosh z cosh y+sinh z sinh y,
sinh (z+7y) =sinh z cosh y + cosh z sinh y,
cosh z+ccsh y= 2 cosh §(z+y) cosh i (x—y),
cosh x—cosh y =2 sinh }(z+y) sinh 3(z—y),
sinh +sinh y =2 sinh }(z+y) cosh 3 (z—y),
sinh x—sinh y =2 cosh }(z+y) sinh }(z—y),
cosh 2z =cosh?z +sinh?z,
=2 cosh?x—1=1+2 sinh?z,
sinh 22 =2 sinh z cosh z,

tanhz4 tanh y
14tanh z tanh y’

2 tanh x
1+ tanh%z’

tanh (x4y)=

tanh 2z =

9. The differentials, integrals, etc., are as follows:

.d sinh z =cosh z dz, Jcosh z dz =sinh z.
d cosh z =sinh z dz, J sinh z dz =cosh z.
d tanh z =sech2z dz, Isechﬁx dzx=tanh z.
dcothz =— cosecl'léw dz, Jcosech% dx = —coth z.

d sech £ =—sech z tanh 2 dz, Jsech z tanh z dx = —sech x.

d cosechx = — cosechzcoth z dz, J cosechzcothaxdxr= — cosech z.

d ISinh_l?‘ = —'—""“—‘%f—— I——‘—-dx—“ =sinh—1Z= leg (’ﬂﬁiﬂ”)
o vEra? IVita? o — )
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4% dx dz _ % _ :c+\_/a:2—a2)
d cosh PRV j\/x2—a2 cosh . log(————— .

x
d tanh_la=&§__x2, x! < Ia,

I%(x] < |a)=% tanh~1 §=§15 log (g—t—_;)
d coth™! %":(—1%2’ | >|a,
dsech™ 2= — ;\/%%‘—x_—;;
e i (=)
adr

z
dcosech™ —= — ————
a a2tz

J‘ dz _
Va2 + 22
. 23 a5
sinh x=x+3—!+5—!+. ..
2
coshx=1+§—!+4—!+. .o

23 b

. A
tanh x—z+3+5+...
123 1.325 1.3.527
sl 1T 1.0 1.5.02°
sinh™lz=2-5 gt 35 T .67 T

If i="'—1, cos iz=cosh , sin {z=1 sinh z, cosh {z=cos z,
sinh iz =1 sin 2.
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2 o2
3. At any point of an ellipse 2-2+g—2=1 (Iig. 136) we may

put r=acosu, y=>bsinu, since cos?u+sinu=1. In this

Y

\- o —7 %Y
Fia. 136.

case u=2 area AOP/ab (see Ex. 14, p. 162); it also=the
eccentric angle 4A0Q.

At any point of a hyperbola &5—-%5=1 (Fig. 137) we may
put z=a cosh u, y=>bsinhwu, since cosh?u—sinh?u=1. In

this case u=2 area AOP/ab=log <§+%>, (see Ex. 14, p. 140).

4
/P(w,y)
Y ' - B
P
9
9) A M X
) Al X _
PI
\ N\
Fia. 137. Fia. 138.

If b=a the ellipse becomes the circle 22+y2=d?, and the
hyperbola the equilateral hyperbola 22—y2=a2. Also u is
in both cases the measure of the area of the sector AOP
when %a2 is taken as unit area. The circular and hyperbolic
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functions may be defined in terms of u, and correspond-
ing to
y/a=sinu, z/a=cosu, y/x=tanu, etc.,

for the circle, we have
y/a=sinh u, z/a=cosh u, ' y/x=tenhu, ete.,

for the equilateral hyperbola.

4, Gudermannian. If z=logtan (}z+36) or log (sec 0+
tan 0), 6 is calléd the gudermannian of 2z (gd 2) gnd z =gd 6.

Since ef=sec O+tan 0, .. e ?=sec O—tan 0. Hence
cosh z=sec 0, sinh z=tan 6, tanh z=sin 0, etc. Thus if ¢ is
tabulated for values of z the hyperbolic functions may be
obtained from a table of circular functions. ‘

Differentiating one of the relations connecting 0 and z,
we obtain df =sech 2z dz, or dz=sec 0 df.

.. d(gd 2) =sech zdz, and d(gd=10) =sec § df.

The inverse gudermannian is also written 1(f) and called
the lambda function, i.e.,

A(0) =log tan (7 +30) =log (sec 0+ tan 0)
Ex. Shaw that tanh }z=tan 30. |

5. In the equilateral hyperbola xz—yf-’ =a2, Flgl 138, let
u be, as in § 3 above, the area of the sector AOP'in terms
of 3a? as unit area. From the foot M of the ordinate MP
draw M B tangent to the circle 22+y2 =a2. Then z/4 =cosh u
and also=sec §. ... f is the gudermannian of . It may
also be proved that (1) MB =y, (2) tanh u =tan AOP =sin 0,
(3) the line through O purallel to BP bisects both sectors
AOB, AOF, and the chord AP,
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Note D. Mechanical Integration.

1. Sign of an area. Let a straight line AB of constant
length move in a plane to any other position A’B’, thus
describing or sweeping out an area. Let it be agreed that
any portion of AB describes a positive or a negative area
according 2s, when viewed from A, it moves toward the
left or the right. Thus the whole area is + in Fig. 139,
— in Fig. 140, while in Fig. 141, BOB’ is + and AOA’ is —.

Fia. 139. Fia. 140. Fia. 141.

2. Measurement of the area. AB can be moved to any
other position A’B’ (Fig. 142) by (1) a translation to 4’D,
during which the points in AB describe straight lines, and
(2) a rotation about A’, during which the points describe
arcs of circles. The middle point M of AB moves first
to F and then to M’. Take ME perpendicular to AB.
The area of the parallelogram AD=AB.ME, the area of
the sector DA’B’=A'D.FM’; hence the whole area=
AB(ME+FM’), i.e., ABXthe total normal displacement of
its middle point.

. Suppose a wheel to be attached to AB at M with its
axis in the direction AB, and that suitable graduations
record the number of revolutions and parts of a revclution
which the wheel makes. Let n be this number, i.e.,” the
change of reading of the recording circles between the time
of starting and any subsequent time. Let c=the length of
the circumference of the wheel; then cn is the distance
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rolled through by a point in the circumference of the wheel.
Take b for the length of AB. During the motion of transla-
tion the wheel rolls over ME and slides through EF, during
the rotation it rolls over FM’. Hence the total normal
displacement of M =cn, and the total area described by
AB =ben.

If, as in Figs. 139, 140, 141, A and B describe curves,
imagine the motion to be a combined translation and rota-
tion with  infinitesimal displacements, any of which may
be negative as well as positive. Then the rafe at which the
area is described is bXrate of normal displacement of M,

8 Q
. ‘P’
5 ‘(ﬂ
A / o] /H g /JF /° ,
A L M B
Fia. 142. Fia. 143.

and hence the total resultant area =bXtotal normal displace-
ment of M =ben.

3. Consider now the effect of putting the wheel at any
point L in AB, Fig. 142. The distance rolled over by the
wheel is now LG+HL’, and hence the normal displace-
ment of M =cn+FM'—HL' =cn+ (A’F—~A’H)60 =cn+h0, if
LM =h. In a circle (Fig. 143) of radius # draw OP, OP'
parallel to AB, A’B’. Then h0=PP’. Hence the area
described by AB=b(cn+PP’), and if AB moves to any
new position to which OQ is parallel, the resultant area swept
out =b(cn+PQ). If AB moves about, turns back, and
finally returns to its first position, Q returns to P and the
resultant area =bcn, as if the wheel were at M. But if AB
makes a complete revolution and returns to its first position
the resultant area =b(cn+2zh),
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4. Closed curves. Let a straight line move so that 'its
extremities describe any closed curves. Then in all cases
the area swept out by the line will be equal to the arith-
metical difference of the areas of the curves described by
its extremities.

When the areas are without one another, one will be
described on the whole positively and the other on the whole

negatively, while the area be-
tween them, if swept out at all, — + —

will be swept both positively and ‘
negatively. When they inter-
sect, the common portion, inso far v
as it is swept at all, will be swept Fro. 144
both positively and negatively; B
the rest as before. When one curve lies entirely inside the
other, the portion of the former which is swept at all will
be swept both positively and negatively.

5. Amsler’s polar planimeter consists essentially of two
bars, CA, AB, hinged at A, a recording wheel being attached

to AB at any point L. C is fixed
while B is moved round a curve.

A a

u /A 8 But if A is constrained to move
along any line—whether straight or
curved—without enclosing any area,

Fig. 145. the area of the curve traced out by

B is equal to the resultant area

swept out by AB, and hence will be ben if AB returns to

its starting place without making a complete revolution.

But if C lies inside the curve described by B, AB makes

a complete revolution, and the area of the curve described
by B

=b(cn+ 27h) + circle described by A

2
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The second term in the parentheses is constant (independ-
ent of n) and should be engraved on, or otherwise supplied
with, the instrument. This number is then to be looked upon
as a correction to n when the planimeter makes a complete
revolution. 2xbh+ra? is evidently the area cf the circle
described by B when n remains =0, i.e., when the instru-
ment is set so that the wheel slides without rclling, or when
the perpendicular from C cn AB passes through the wheel.

By sliding the bar AB through a sleeve to which the
hinge and the wheel are attached, its length may be altered
and the instrument adapted to different units. Thus if the
circumference of the wheel =¢ centimetres, and b is taeken
=100/¢, ben =100n, and hence the area is found in square
centimetres by multiplying n by 100. Similarly if the
circumference cf the wheel is ¢ inches and b is taken=10/c,
the area ben=10n square inches.

6. As we preceed frem B to C' by way of P, Fig. 146,

z changes from OD to OE, and Jy dr is the area DBPCE;

but if we proceed from C to B by way of P’, each element
of area such as ydzr is negative since dx is negative, and

hence Jy dz is the area CEDB, but is negative. Hence if

we sum the elements such as y dz in the order of proceeding
clockwise round the curve, the result =DBPCE—DBP'CE =
BPCP’, the area of the curve. Let A =this area, M =the
sum of the moments of the elements of the area with respect
to 0X, I=the moment cf inertia of the area with respect
to OX. Then \
A =Jy dz, M=|ydzx. %;—%Jyz dz, I=Jy dx . % =§—Jy3 dzx.
7. Amsler’s mechanical integrator. In this instrument
one end of a sweeping bar FP traces a closed curve, while
the other end is constrained to describe a straight line OX.
Hence this part of the instrument is virtually a planimeter,
and the area A =bc¢yny, where b is the length of FP, ¢ the cir-
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cumference of the wheel W, which FP carries, and n; the
change of reading of this wheel when the circuit of the curve
has been made. FP also turns two arcs of centre F' and
radii 2a and 3¢, which turn circles each of radius a, the circles
carrying wheels W, and W3. The three wheels roll simul-
taneously on the plane containing the diagram to be inte-
grated. When the axis of W; makes an angle § with 0X

F1a. 146.

the axes of W5 and W3 make angles 37—26 and 30, respect-
ively, with the same line.
For y substitute b sin . Then

A=b J sin 0dz, M =2 J sin?0 dz, I—=34b3 J sin34 dz.
Now 92 sin 0=1—cos 20 =1—sin (3= —20),

and sin 30=3 sin 6—4 sin30, or sin30=4 sin §—} sin 34.
o M1 J (1 —sin (Jr—20)]dz=—1b Jsin (4—26)dz,
since Jdrc =0 for the complete circuit of the curve.
Also, I=3 f (3 sin 6—1 sin 30)dz
=}b3jsin 8 dx—:’ysz.sin 30 dz.
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But A=bciny, .. J'sin 0 dx=cn, i.e., when the axis of a

wheel makes an angle  with 0X, Jsin 0 dx=cyn;. But the
axes of the other wheels make angles = —260 and 36 with OX.

. Jsin (3 —20)dx=cony, and Jsin 30 dr=c3ns.

SA =bc1n1, M= i‘b262’n2, 1 =}b361'n1 —T‘,b3can3.

In the instrument under discussion the maker has taken
b=2 decimetres, c,= % dec., c; =c3 =% dec.

.'.A=n1, M=%n2, I=n1—-%n3.

The height % of the centre of gravity of the area above
O0X=M/A, and the moment of inertia with respect to an
axis through the centre of gravity and parallel to
OX=I-Ag32=1-M2/A. '

Results may be changed from decimetres to inches by
multiplying ¥ by a, 4 by a2, M by a3, and I by a4, where
a=3937, the number of inches in a decimetre; a2?=15500,
a3=61023, a*=240-290.
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1. Prove Leibnitz’s theorem for the nth differential of a product:

dn(uv) = (dru)v +ndr—'u dv +n(%l~)d""u dw+...+udm.

[By induction from d(uv) =v du +u dv.}
2. If y*=a’+2ay, d%y/dz* =a’/(y —x)* and d’z/dy’ = —a’/y’.

22
3. The maximum value of (%) =1202.

4. Show that the turning points of the curve y=sin 2—! are
where z=2/(nx), n being any odd integer. (The number when
z = 0 from any assigned value is therefore infinite.)

5. Given the volume of a right circular cylinder, show that the
surface is & minimum when the altitude =the diameter.

6. The height of the greatest rectangle which can be inscribed
in a given right segment of a parabola is two-thirds of the height
of the segment.

7. Find the area of the rectangle circumscribing the loops of

the curve ay®—3az’y =z* (Fig. 36). Ans. 9a?.
8. 4sin‘0 dd =045. 9. I4tan‘0 di="119.
J0 0
x o g
1 z
10. . osec‘o di=1%. 11. L pre g | 215.
(1 dz . © dz 3=
12. . om— 605. 13. .[0 1+z7) 16
Iz
(o 2°dx 3 dz
14. | omn 174, 15. jo cosx=1 317.
(T dr . T de .
16, [ o172 17. Jo & a0t

306
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18.
20.

22.

24.

26.

28.

30.

32.

34.

-~

36.
38.

39.

0. |

4

=
J

J
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n
3 _dz 2
=3'464. 19. sin’z dx =*002.
0© ‘1
¥ 1
sec x dr ='522. 21. j e%cos x dxr =1'378
0 0
z 9 i d
2 dr 3 dr
o (1+cos x)’ -3 23. J._,,_sin 2% 275.
1
Z1 - cos® T o
2 _C(;S*xdx =2. 25. J’S.—;"——— ='695.
o sin’z xSID 0 cos 0
4
b 3
-——L =m. 27. J _dz =1'813.
oV (z—a)(b—2) g~ Tcos
3 dz . T dx
0 2+cos z 604. 2. .le sinztcosz 810.
1 zdz .
e S Ydr =
o(:c+1)(:c i =219. 31. Jox (1 —z)dx="152.
1 37: e o=z
x3 3dr = =
. (1—2z)de= 198 33. Jlo\l o dx =1%ra
cos 0 (r’l 72) do _
ain d0 A 5] 35. ol tand = 2(0) +logcos .
0 1 dz «
0 e~*%cos mz dz Tam?® 87. Joz’ +2zcos a+1 2sin &

f
l
Jo

a*cos?0 +b*sin?0  ab

(

z? 1
% —:c) cos mz dr=—.
7‘ m?

/)
d 1 —tan—! (b —tan 0) .

_dr _2 (z+a)l—(z+b)}

Vita+Vz+b 3 a—b ’

n n n\ Ldz =
41. £, ew (m, toiggite .+§;;) =J.01_-*T;’=Z'
Let 1/n=dx.
42, The area of the evolute of the ellipse =5 @~

(2 bh2)2

ab
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43. A cycloid revolves about its axis of symmetry. Show that
the volume of the solid is 7a®($72—$%) and that the convex surface
is 8na*(x —3).

44. A hemispherical bowl of 1 ft. radius is filled with water
which then runs out of an orifice at the bottom % sq. in. in sec-
tional area. Find the time of emptying, assuming that the
velocity at the orifice =+2¢z, where z is the height of the surface

of the water above the orifice. Ans. 1 m. 46 s.
45. Find the centre of gravity of the area between the curve
(z/a)t + (y/b)¥ =1 and the axes Ans. T =1a,y =1ib.
46. Prove that A(zx) =z + 3'-1— —l—. .
n=o0
47. zsinz = 1 —4cosx—2 2 w for [—=, =].
n= n?—-1
n=% (—1)np si
48. z cos z=—}%sin x+2 >3 )zn-'qm nx, for}—=, af.
n=2 n’—1
73 @gn= 2
49, PP=—+— I | — cos nz+- (1 —cos nz)] cos nz, for [0, =].
4 T n=1 n n
1 1 1 1 1 ot
Hence prove that 14+34,-i- =06’ 1+ o +34+ Ehapes

50. Find (1) the area, and (2) the length, of cne loop of the

curve r~=an cos nf.
"(5+3) (5
Vzar \n'2 @) l?_q_}n
Cor) " (o)
n 2n 2
51. Find the area in the first quadrant between the axes and

geeare Q)G 0T

v ab.

2
r(1+2)
Show that the area = ab when 7 is infinite.
52. Find the area of z®+y®=a?® in the first quadrant, and the
whole area of z* +y*=at. Ans. 0°883a?, 3'708a2.
53. Find the area of one oval of the curve y*=a?sin (2/b).

Ans. 4792ab.

Ans. (1)

2Vamads. [2 iii =7,

54. Show that '.
n n \/sin [}
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55. The curve ™ cos m6 =a™ rolls on a straight line. To find
the differential equation of the locus of the polar origin.

Let the straight line be taken as z-axis, and the polar origin
be at (z,y). Then r=the normal at (z, y), and y=the perpen-
dicular on the tangent at (6, 7). Hence

2
P

Eliminate » and 6 and show that (1 +p?)t=" = (y/a)*™.

56. A parabola rolls on a straight line. Show that the focus
describes a catenary.

57. Find the centre of gravity of the arc of the quadrant of
an ellipse (semi-axes a and b, eccentricity e).

0y Lo L
Ans. = =5 (1 +%(1 —e?) log 1 —e) /E(e, %n),
Y =—g— (V 1-—e¢? +%sm“e) /E(e, 7).

58. An ellipse (eccentricity ¢) and a circle have equal areas.
2E (e, 3r)
" z(l—ed)t’
59. Find the curves which make an angle « with the curves
rr=gqan cos nb, rncosnl=an,
Ans. rr=cn cos (nf+a), rmcos (nd—a)=cm,

y %x+%y+x=-0, show that

Find the ratio of their circumferences. Ans

.. dz dy .
60. Gwendt 7 +y=sin 2¢

¢ t
z=ceVZ+ce V2§ cos2t,

¢ ¢
y=—(VZ+1)ceVZ+ (VZ-1)cse 75—-+«} sin 2¢ +3 cos 26
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1. POWERS. NAPIERTIAN LOGAR THMS, ETC.

x x—! x? %8 a¥ (10 %)} at loge x | loge(10 %)
o1 10 O-0l 0-001 0'310 I:-000| 0-404 —2-303 0-000
02 5-000| ©-04 0-008 | 0-447| 1-414| 0-585(—1:609| o0-693
03 | 3:333 ©-o9 0-027 | 0:-548| 1-732| 0-696|—1-204| 1-009
0'4 | 2-500| o-16 0-064 | 0:632| 2:-00c| 0-737|—0-916| 1-386
0'5 J 2:000| o©0-25 o-125 | 0-707| 2:236] 0-794] —0-693| 1609
06 | 1:667] 0-36] ©0-216 | 0-775| 2-449| 0-843|—o0-511| 1-792
o7 | 1429 ©0-49 0-343 | 0-837| 2:64¢| 0-888|—0-357| 1-946
o8 1-250 0-64 0-512 | 0-894| 2-828] 0-928/—0-223| 2-079
09 fr-111] 0-81 ©0-729 | 0-949| 3-000| 0-965|—o0-105| 2-197
I'0 | 1:000[ I-:00 1:000 | 1-000| 3-162| I-0CO| ©-0OC| 2-303
I'T J o-9og| I-2I 1-331 | 1-049| 3-317| 1-032[ ©0-095| 2-308
1'2 § 0-833] 1-°44 1-728 | 1-095| 3-464| 1-063| ©-182| 2-485
'3 Jo-769| 1- 2-197 | 1-140| 3-606| 1-091| ©0-262| 2-565
1'4 J o714 1-96| 2-744 | 1-183| 3-742| 1-119] ©0-336| 2-639
15 | 0-667| 2-25| 3-375 | 1-225| 3-873| 1-145 ©0-405| 2:708-
16 | 0-62-| 2.56] 4:096 | 1-265| g4-00c| 1-170| o0-470| 2-773
17 } 0-585 2-89 4-913 | 1-304| 4-123| 1-193 ©0-531| 2-833
1'8 | 0:556| 3-24 5-832 | 1-342| 4-243| 1-216] 0-588| 2-8go
19 | o-526] 3-61 0-859 | 1-378| 4-359| 1-239] ©-642| 2-944
2'0 ] o-50c| 4-00 8-000 | 1-414| 4°472| 1-26c{ 0:693| 2-990
2'1 o-476 441 9-261 1449 4-583 1-281 0+742 3:045
22} 0-455 4-84] 10-648 | 1-483| 4-690| 1-301| o©0-788| 3-09I
2'3 | 0-437| 5-29| 12-167 | 1-517| 4-796| 1-32c| ©0-833| 3-135
24 Jo-q17| 5-76| 13-824 | 1-549| 4-899| 1-339| ©-875| 3-178
2's § o-407| 6-25 15-625 | 1-581| 5-000| 1-357] ©:916| 3-219
26 f o-385 6-76] 17-576 | 1-612| 5-099 1-375| ©0-956| 3-258
27 Jo-370] 7-29| 19-683 | 1-643| 5-196| 1-392| ©-993| 3-296
28 J o-357| 7-84] 21-952 | 1-673| 5-292| 1-4Ic| I-030| 3-332
2'9 | o-345] 8-41| 24389 | 1-703| 5385 1-426| 1-005| 3-367
3'0 J 0-333 9-oc| 27-000 | I-732( 5°477| 1+442 I1:099| 3-40I
31 fo-323 961 29-791 | 1-761| 5-568| 1-458| 1-I131| 3-434
32 | o-313| 10-24| 32-768 | 1-789| 5-657| 1-474] 1-163| 3-466
3'3. | 0-303|.10-89| 35-937 | 1-817| 5-745| 1-489| 1-194| 3-497
34 | o294 11-5¢| 39-304 | 1-844| 5-831| 1-504| 1-224| 3-526
3's | 0:286 12-2:| 42-875 | 1-871| 5-916] 1-518| 1-253| 3-555
36 Jo-278 12:9(| 46-656 | 1-897| 6-000( 1-533] 1-281( 3-584
37 [ o270 13:6(] 50-653 | 1:924| 6-083| 1-547 1-308| 3-611
3'8 | 0:263! 14-44] 54-872 | 1949 6-164| 1-561| 1-335| 3-638
39 | 0-256] 15-21| 59-319 | 1-975| 6-245| 1-574/ 1-361| 3-664
4'0 | 0-250| 16:-0c| 64-000 | 2:000| 6-325| 1-587| 1-386| 3-689
41 | 0-244| 16-81] 68.921 | 2:025| 6-403] 1-601| 1-411| 3-714
42 | o0-238] 17:64] 74-088 | 2:049( 6-481| 1-613 1-435| 3-738
43 | o-233 18:-49| 79-507 | 2:074| 6:557( 1-626( 1-459( 3-76r1
4'4 | 0-227| 19-36] 85-184 | 2:098| 6-633| 1-639| 1-482| 3-784
45 § o-222| 20-25| Qr-125 | 2-121| 6-708| 1-651| 1-504| 3-807
46 | o-217| 21-16| 97-336 | 2-145| 6-782| 1-663 1-526| 3-829
4; o0-213| 22-09| 103-823 | 2-168| 6-856( 1-675| 1-548| 3-850
4" 0-208| 23-04| 110-592 | 2-191| 6-928| 1-687| 1-569| 3-87r1
4'0 | 0-204| 24-01| 117:649 | 2:214| 7-000 1-699 1-589| 3-892
50 | 0-200| 25-00| 125-000 | 2:236| 7-071| 1-710] 1:609| 3-912

e=2'71828, loge 10=2'30259, log,, €=0"43429.



TABLES. 311

1. POWERS, NAPIERIAN LOGARITHMS, ETC.
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x—1 x? x3 o |(rox)} ¥ | logex |loge(rox)
0-200| 25-00| 125000 | 2-236| 7-071| I-7IC 1-609 3-912
0-196| 26-01| 132-651 | 2-258 7-141| 1-721 1-629 3932
0-192| 27-04| 140-608 | 2.280f 7-211| 1+732 1649 3°951
o-189| 28-09| 148877 | 2-302| 7-28¢| 1-744 1-668 3:970
0-185| 29-16| 157-464 | 2-324| 7-348| 1-754 1-680 3989
0-182| 30-25| 166-375 | 2-345| 7°410 1-465| 1-705 4-007
o-179| 31-36| 175:616 | 2-366| 7-483| 1-776] 1-723 4-025%
o-175| 32-49| 185-193 | 2:387| 7-550| 1-780] 1-740 | 4-043
o-172| 33-64] 195-112 | 2-408| 7-616] 1-797 1-758 4-060
0-169| 34-81| 205-379 | 2-429| 7-681 1-807 1-775 4-078
0-167| 36-00| 216-000 | 2-449| 7-746| 1-817| 1-792 4°004
0-164] 37-21| 226-981 | 2-470| 7-810f 1-827 1-808 4-111
0-161| 38-44| 238-328 | 2-490] 7-874| 1-837 1-825% 4-127
0-150| 39-69| 250-047 | 2-510| 7-937| 1-847| 1-841 | 4-143
0-156| 40-96| 262-144 | 2-530 8.000| 1-857 1-856 4°159
o-154| 42-25| 274-625 | 2-5%0 8-062| 1-866| 1-872 4-174
o-152| 43-56] 287-496 | 2-560 8-124| 1-876{ 1-887 4-190
0-149| 44-89| 300-463 | 2-588| 8-185 1-885| 1-902 4-205%
0-147| 46-24| 314-432 | 2-608| 8-246) 1-895| 1-917 4°220
0-145| 47-61| 328-509 | 2-627 8-307| 1:904| 1-932 4-234
0-143| 49+00| 343-000 | 2-646 8-367| 1-913| 1-946 4-248
o-141| 50-41| 357-911 | 2-665| 8 426| 1-922| 1-960 4263
o-139| 51-84] 373-248 | 2683 8:485| 1.931| 1-974 | 4-277
0-137| §3-29| 389-017 | 2-702| 8-544] 1-94c| &-088 | 4-290
0-135| 54-76| 405224 | 2-720 8-602| 1-949| #+00I 4+304
o-133| 50-25| 421-875 | 2-739| 8-6060| 1-957 2-015 4-317
o-132| 57-76] 438-976 | 2:757 8.718| 1-966| 2-028 4-331
0-130| 59-29| 456-533 | 2°775 8-775| 1-975| 2-041 4344
o-128| 60-84| 474552 | 2-793| 8:832| 1-983] 2-054 4-357
o-127| 62-41| 493-0309 | 2-811 8-888| 1992/ 2-067 4+ 369
o-125| 64-00| 512000 | 2-828 8:944| 2-000| 2:079 4-382
o-123| 65-61| 531-441 | 2-846| 9-0oC 2-008| 2-092 4394
o-122| 67-24] 551-308 | 2-864| 9-055| 2-017| 2-104 4407
o-120| 68-8g| 571-787 | 2-881| 9-110] 2-025 2-116 4°419
o-110| 70-56| 502-704 | 2-808) 9-165| 2:033 2-128 | 4-431°
o-118| 72-25| 614-125 | 2:915| 9+22C| 2:04I| 2-140 | 47443
0-116| 73-96] 636-056 | 2-933| 9+274] 2-049| 2-152 4+454
o-115| 75-60| 658-503 | 2-950| 9-327| 2-057| 2-103 | 4-466
o-114| 77-44] 68r-272 | 2-966| 9-381| 2:005| 2-175 | 4477
o-112| 79-21| 704:969 | 2-083| 9-434| 2-072 2-186 4-489
o-111| 81-00| 729-000 | 3-000| 9-487 2:080| 2-197 4-500
o-110| 82-81| 753571 | 3:017 9°539 2.088| 2-208 4511
o-100| 84+64] 778-688 | 3-033| 9°592| 2-09F| 2-2I9 4-522
o-108| 86-49| 804-357 | 3-050| 9-644| 2-103| 2-230 4:533
o-106| 88-36| 830-584 | 3:066| 9:695| 2-110| 2-241 4-543
o-105| 9o-25| 857-375 | 3:082| 9747 2-118| 2-251 4554
o-104| 92-16| 884736 | 3-008| 9-798( 2-125 2-262 4+564
o-103| 94+09| 912:673 | 3-114| 9-849| 2-133 2272 4575
o-102| 96-04| 041192 | 3-130| 9:899| 2149 2:282 4-583
o-101l. 98-01! 970-209 | 3-146' grgso! 2-147' 2-203 _4:505__
Tog,, #=043429 log. z, loge 2=2'30259 log, %.



312 TABLES
2. CIRCULAR FUNCTIONS 1.
[/} [} sin @ |cosec 6] tan @ | cot 6| sec & | cos @
Degrees | Rad N
0 [ o-oc0| 0-c00| ©:000| 1:000| I-000
1 | o-o1%| 0-01%|57-299| 0-01%|57-290| 1-000| 1:000|
2 ] 0-035| 0-035[28-654| 0:035/28:636| 1-0c01| 0-999
3 | o-o52| 0-052[19:107| 0+052|19-081| 1-001| ©-9g99
4 | o-0y0| 0-070[14-336 0-070|14-301]| 1-002| 0-998
5 | 0-087[ 0-087|11-474| 0-087|11-430[ 1-004| 0-996
6 | o-105| o-105| 9:567| 0-105| 9:514] 1006/ 0-995
7 | o-122| 0-122| 8-206] 0-123| 8-144] 1-008| 0:993
8 | o-140| 0-139| 7-185| o-141| 7-115| I-010| 0-9g0
9 | o-157| 0-156| 6-392| o-158] 6-314] 1-012| 0-988
X0 J o-175| 0-174| 5-759] o-176| 5-671| 1-015| 0:985
Ix 0-102| O-IQI| §-24I| O-IQ4 5-1I45| 1-01Q9 0'982
12 0-209| 0-208] 4:810[ 0:213| 4-705| 1-022] 0-9%8
13 0-227| 0-225| 4-445| 0-231| 4-331| 1-026| 0-974
14 | ©-244| ©-242| 4-134| 0:249| 4-o11| 1-031| 0-970
15 | 0-262] o-259| 3-864| 0-268| 3-732| 1-035| 0-966
16 | o-279| 0-276| 5-628| 0-287| 3-487| 1-040| 0-961
17 § 0-297| 0-292| 3-420| 0-306! 3-271| 1-046| 0-956
18 | o0-314| 0-309| 3-236| o-325| 3-078| 1-051| 0-951
19 | 0-332( 0-326| 3-072| 0-344| 2:904] 1:058| 0-946
20 [ 0-349| 0-342| 2-924| 0-364| 2-747| 1:064| 0-940
21 |} o0-367| 0-358| 2:790| 0-384| 2:605| 1-071| 0-934
22 ] 0-384f 0-375| 2:669| 0-404| 2-475| 1-079! 0-927
23 | o-401| 0-391| 2:559| 0-424| 2-356] 1-086] 0-921
24 | 0-419| 0-407| 2-459' 0-445| 2:246| 1-095| 0-914
25 | 0-436] 0-423| 2:366| 0-466| 2-145 1-103] 0-906k
26 | 0-454] 0-438| 2-281| 0-488| 2-050| 1-113| 0-899
27 J o-471] 0:454| 2203} o-510| 1-963} 1-122| 0-891
28 ] 0-489] 0-469| 2-130] 0-532| 1-881| 1-133| 0-883
29 [ o-506| 0-485( 2:063| o-554| 1-804| 1-143| 0-875
30 J o-524] 0+500| 2-000| ©-577 1-732| 1-155| o-866
31 J o-541| 0-515| 1-942| o-6orx| 1-664| 1-167| o-857
32 J o'559| 0-530] 1-887| 0:625 1:600 I-179| 0-848|
33 ] o-576] 0-545| 1-836| 0-649| 1-540 1-192| 0-839
34 | ©:593] ©-559] 1-788| 0:675| 1-483 1-206] o-829
35 | o-611] 0-574| 1-743| o-700| 1-428| 1-221| 0:819
36 ] 0-628) o0-588] 1-701| 0-727| 1:376| 1-236] o-809
3 0:646( 0-602| 1-662| 0-754| 1-327| 1-252| 0-799
3 0:663| 0-616| 1-624| 0-781| 1:280| 1-269| o-788
39 | ©0-681] 0-629] 1-589] o-810] 1-235| I-287| o-777
40 § 0:698| 0-643| 1-556| 0-839] 1-192| X-305| o766
41 | 0-716| 0-656| 1-524| 0:869 1-150( 1-325] ©:755
43 ] 0:733| 0-669| 1:494| 0:900| I-111| I-346| 0-743
43 | o-750| 0-682| 1-466( 0-933| 1-072| 1-367] o-731
44 ] 0-768| 0:695| 1-440| 0:966| 1-036| I-390| o-719
45 J§ o-785] o-707| 1:414| 1-000| 1-000| 1-414| ©-707
cos @ | secl | cot 6 | 1an @ |cosec O] sin 8

1rdn.=57°29578,1°=0'01745rdn.,, 1 rdn. = 206265/, 1" = ‘000004848 rdn.
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3. CIRCULAR FUNCTIONS, II.
0 [ sin 0 cosecf | tanf | cotf sec @ cos @
Radians | Degrees
0°00 0-00 | 0-000 © 0-000 © 1-000 | 1:000
0°01 ©-57 | 000 | 100002 | 0:0IO0 | 99997 | 1-000 | 1-00O
0°'02 1-15 | o0-020 §50-003 | ©0-020 | 49:993 | 1-000 | 1:-000
003 1-72 | 0-030 33-338 | 0-030 [ 33:323 | 1-000 | 1-000
004 2-29 | o0-040 25:007 | 0-040 | 24987 | 1001 | ©:999
o-og 2:86 | o-o050 20-008 | o0-050 | 19:983 | 1:001 | 0-999
00 3°44 | o-060 16:677 | o-06o | 16-647 | 1-002 | ©0:998
0°07 401 | o-070 14-297 | ©0-070 | 14-263 | 1-002 | 0-998
008 4:58 | 0-080 12-513 | 0-080 | 12-473 | 1-003 | ©0:997
0°09 5-16 | o-ogo 11-126 | ©0-090 | 11-081 | 1-004 | ©-996
ox 573 | o100 10-017 | 0-100 | 9:967 | 1-005 | ©:995
02 11:46 | o-199 5:033 | 0-203 | 4-933 | 1-020 | 0-980
3 17-19 | 0-206 3:384 | ©-309 | 3-232 | 1-047 | ©-955
04 22:92 | 0-389 2:568 | 0-423 ( 2-365 | 1-086 | o-g2r
o's 28-65 | 0-479 2:086 | 0546 | 1-830| 1-140 | ©-878
06 34-38 | o:565 1-771 | ©0-684 | 1-462 | 1-212 | 0-82%
o7 4011 | 0:644 1:552 | o0-842 1-187 | 1-307 | 0-765
o8 45:84 | o717 1-394 | 1-030 | o0-971 | 1:435 | o-697
09 51-57 | 0-783 1:277 | 1-260 | ©0-794 | 1-609 | 0-622
1'0 57-30 | 0-842 1-188 | 1-558 | ©0-642 | 1-851 | o-540
Ix 63-03 | o-89x 1-122 | 1-965 | 0-5009 | 2-205 | ©-453
12 68-75 | ©0-932 1:073 | 2571 | 0-389 | 2-760 | 0-362
I3 74-48 | 0-964 1-038 | 3-602 | 0-278 | 3-738 | 0-268
I'4 +21 | 0-98;3 1015 | 5-798 | o-172 | 5-884 | o-170
15 85:94 | 0-997 1-003 | 14101 0-071 | 14-136 | o-o71
in 9o+00 | 1-000 1:000 0 0+000 © 0-000
7 =3"14159, 73 =9"86960, Vr=1"77245,
a—1=031831, n—1=010132, Va-1=0'56419.
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4. HYPERBOLIC FUNCTIONS.

.4 ez e 7 sinhx | coshx |tanh x‘ coth #| sech x| cosechx
00 1:+000 | 1:000 | ©+000 1000 [ 0:000 @ I-000 el

oI | 1105 | 0:9o5 | 0-100 | 1-005 | O-T00 0-035| 0:995| 9-985
02 | 1-221 | 0-819 | 0-201 | 1020 | 0-197| 5:067| 0980 4:97;
03 ) 1-350 | 0741 | 0:305 | 1-045 | 0-201| 3-433| 0-957 3-284
04 | 1402 | 0-670 | 0-411 | 1-081 | 0-380| 2-632| 0-925| 2433
05 | 1:649 | 0:607 | o-521 | 1-128 | 0-462| 2-164| 0-887| 1:919
06 | 1-822| 0-549 | 0:637 | 1-185 | 0-537| 1-862| 0-844| 1-570
o7 | 2014 | 0°9497 | 0759 | 1-255 | o+60og4| 1-655| 0-766( 1-318
08 | 2:226 | 0-449 | 0-888 | 1-337 | 0-664| 1-506| 0-748| 1-126
09 | 2:460 | 0-407 | 1-027 | 1-433 | 0-716] 1-396| 0-698| ©-974
10 | 2-7:18 | 0-368 | 1-175 | 1-543 | 0-762| 1-313| 0-648| 0-851
I 3:004 | 0-333 | 1-336 | 1-669 | 0-800| 1-249| 0-509| ©-749
1°2 | 3-320| o0-301 | 1-509 | I-8r1 | 0-834] 1-200| 0-552| ©0-662
13 | 3:669 | 0273 | 1:698 | 1-971 | 0-862| 1-161| 0-507| -589
14 | 4-055 | o0-247 | 1904 | 2-151 | 0-885 1-129| 0-465| 0-525
15 4°482 | 0-223 | 2-1209 | 2-352 | 0-Q05| I-105| O-425| ©O:470
16 | 4:953 | 0-202 | 2:376 | 2:577 | 0-022| 1-085| 0- 388! 0-421
17 | 5-474 | 0-183 | 2:046 | 2-828 | 0-935| 1-069| ©-354| 0-378
18 ] 6:050 ] 0:165 | 2:042 | 3-107 | 0-047 1-056| c-322| O-340
19 | 6:686 | o-150 | 3-268 | 3-418 | 0-056| 1-046| 0-293| ©O-306
20 } 7-389 | o135 | 3-627 | 3-762 | 0:964| 1-037| 0-266 0-276
2'r 8-166 | 0-122 | 4-022 | 4-144 | 0-970| 1-031| O-241| 0-249
22 | g-025 | o-111 | 4-457 | 4-568 | 0-976| 1-025| 0-21¢| ©-224
23 | 9974 | 0100 | 4:937 | 5:037 | 0-980[ 1-020! 0-198| 0-203
2'4 frr-023 | o091 | 5466 | 5-557 | 0-984| 1-017 ©-180| 0-183
25 f12-182 | 0-082 | 6:c50 | 6-132 | 0-987| 1014 ©-163| 0165
20 J13-464 | 0074 | 6-695 | 6-760 | 0989/ 1-011| O 148 0-149
27 f14-880 | 0067 | 7:496 | 7:473 ( ©-991| 1-009| O-134| ©0-I35
28 J16-445 | 0-061 | 8-192 | 8.253 | 0-993| 1-007| O-T21| O-122
29 J18-174 | 0-055 | 9-060 | 9-115 | 0-094| I-006[ o-110[ O-IIO
3'0 J20-090 | 0-050 | 10:018 [ 10:068 | 0-995| 1-005] 0-099| ©-099
31 f22-198 | 0-045 |11:076 [ II-122 | 0:-996| I:004| O:0QO| ©:-0QO
32 J24:533 | 0041 |12:246 | 12:287 | 0-997| 1-003| 0-081| 0:082
33 [27-113 | 0-037 |13-538 [13-575 | 0-997| 1-003| 0-074| 0-O74
3'4 |29-964 | 0:033 |14:965 | 14-999 | ©-998| 1-002| 0-067| 0-067
35 133116 | 0030 [16-543 | 16-573 | 0-998| 1-002| 0-060| ©0-060
36 ]36-508 | o0-027 [18-286 |18-313 | 0-999| 1-00I| ©-055| ©0-055
37 B40-447 | 0-025 |20:211 |20-236 | 0-999| 1-00I| 0-049| ©-049
3'8 J4q-701 | 0-022 [22:339 [22:362 | ©0-999| I-001| O-045 ©0-045
3'0 J49:402 | 0020 |24-691 [24-711 [ 0-099| I-00I| 0¢040| 0-041
40 l54:508 | 0-018 [27-290 [27-308 | 0-999| 1-001| 0-037| 0-037
i 4:810 | 0-208 | 2-301 | 2-509 | 0-917| 1-091| 0-398| 0-435
T §23-141 | 0°043 |11-549 |11I-502 | 0:996| 1-004| 0-087| c-087

If >4, then (approximately) sinh # =cosh z = }e#=} the Napierian
wtilogarithm of z.
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5. LAMBDA FUNCTION.

\| .
0 1206)| 6 |0 & | A6 0 A0) || 0 A0 || 0| &0
0° [0+ 000|| 15°|0-265|| 30°| o-549|| 45°| o-881|| 60°| 1-317|l 75°| 2028
1°Jo-o17|| 16°]o-283)| 31°| o-570|| 46°| o-9o6|| 61°] 1-352|| 76°| 2-097
2°]o-035)| 17°]o- 301 32°| 0-590|| 47°| 0-932|| 62°| 1-38g|| 77°| 2-172
3°|0-052|| 18°lo-310(| 33°| o-611|| 48°| 0-957|| 63°| 1-427|| 78°( 2-253
4°|o-070|| 19°]0- 338|| 34°, 0:632|| 49°| ©-984|| 64°| 1-466|| 79°| 2:340
g°lo-087|| 20°l0-356|| 35°| 0:653|! 50°| 1-011(l 65°| 1-506(| 8B0°( 2-436
6° [0 105|| 21°|0-375|| 36°| o-674|| 51°| 1-038|| 66°| 1-549|| B1°| 2-542
7°lo-122|| 22°(0-394|| 37°| 0-696|| 52°| 1-066|| 67°| 1-592|| 82°| 2-660
8°lo-140|, 23°[0- 413} 38°| o-718|| 53°| 1-095|| 68°| 1-638|[ 83°! 2- 794
0°jo-158|| 24°{0-432|| 39°| o-740|| 54°| 1-124|| 69°| 1-686|| 84°| 2-949
10°jo- 175 25°|0- 451|| 40°| ©-703ll 55°| 1-154)| 70°| 1-735|) 85°| 3131
11°[0-193|| 26° [0 470|| 41°| o-786]| 56°| 1-185||'71°| 1-788|| 86°| 3-355
12°|o-211)| 27°|o-490|| 42°| o-80g|| 57°| 1-217|| 72°| 1-843)| 87°| 3-643
13°]o-229]| 28°|o- 509|| 43°| 0-833|| 58°| 1-249}|73°| 1-901|| 88°| 4-048
14°(0- 247 29° |o- 520|| 44°| 0:857|| 59°| 1-283||74°| 1-962({ 89°| 4-741
15°|o-265|| 30°|o-549|| 45°| 0-881|| 60°| 1-317|| 75°| 2:028]| 90o°| =

2(0)=loge tan (kr+ 36) =loge (sec 0+ tan 0), A(~0)= ~a(8), 0=gd A(0).
6. GAMMA FUNCTION.

n ] e ‘ 2 | Py || » | Py f w | ey || » | rewy

100 I ‘ 1-20| 0-9182|| 1-40 o~8873) 1-60| 0:8935|| 1-80| 0-9314
1-01]| 0-9943| 1-21] 0-0156|| 1-41| 0:8868 | 1-61| 0-8947)| 1-81| 0-9341x
1-02| 0-9888| 1-22| 0-9131|| 1-42| 0-8864'| 1-62| 0-8950|| 1+82| 0-9369
1-03| 0-9836|| 1-23| 0-9108|| 143 o-8860i 1-63| 0-8972|| 1-83( 0-9397
1-04| 0-9784)] 1-24] 0-908s)| 1-44] 0-8858)| 1-64 0-8986|| 184 0-9426
1.05| 0-9735]] 1-25] 0-9064)f 1-45] 0-8856]| 1-65| o-g9oorf| 1-85| 0-9456
1-00, 0-9688|| 1-26 0:go44|| 146 0-8856|| 1-66| o:gory| 1:86[ 0-9487
1-07, 0-9642]| 1-27] 0-go2s)| 1-47] 0-8856]| 1-67) 0-9033|l 1:87| 0-9518
l'08| 0:9597|| 1+28] 0-gooyj| 1-48| 0-8857|| 1-68| o-9050|| 188 09551
1:09 ©0:9555(| 1-29| 0-89g0l| 1-49| 0-8860i 1-69| 0-9068| 1:89| 0-9584
1-10l 0-9514/| 1-30| 0-8975|| 1-50 0-88625 1-70| 0:9086|l 1-9o| 0-9618
x-nl 0-9474|| 1-31| 0:8960]|] 1-51| 0-8866!| 1-71| 0-9106|| 1-91{ 0-9652
1-12 0-9436!| 1-32| 0-8946]| 1-52| 0-8870] 1-72| 0-9126|| 1-92[ 0-9688
113 0-9399|| 1-33| 08934/l 1-53) ©-8876)| 1-73| 0-9147|| 1-93| 0-9724
114 0:9304|| 1-34] ©-80922|] 1-54| 0-8882|| 1-74| 0-9168|| 1-94| 0:9761
1-15 0-9330) 1-35) o-89rr)| 1-55) 0-8889) 1-75| 0-9191)| 1-95| 0-9799
1-16] 0-9208|| 1-36| 0-8go2|| 1-56 0-8896| 1-76| 0-9214|| 1-96| 0:9837
1-17| 0:9267|| 1-37| ©-8893i| 1-57 0-8905( 1-77| 0-9238|| 1-97| 0-9877
1-18] 0-9237|| 1:38| 0-8885( 1-58| 0-8914|| 1-78| 0:9262|| 1:98| 0-9917
1-19| 0-9209|| 1-39| 0-8879| 1-59| 0-8924|f 1-79| 0-9288|| 1-99| 0-9958
1-20| 0-9182{| 1-40| 0-8873!| 1-60| 0-8935|l 1-80| 0-9314{| 2-00| T

r'n)= 'roxn—l ez dr, I'(n+1)=nl'(n),
[V}
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TABLES.

7. FIRST ELLIPTIC INTEGRAL, F(m, 0), m=sin a.

0 a=0° | a=15° | @=30° | a=45° | @=60° | a=ys°® | a=go®

0° | 0-000 | 0:000 | 0-000 | ©:-000 | 0000 0000 0000

5° | 0-087 | 0:087 | 0-087 | ©-087 0-087 0-087 0-087
10° | o175 | o-175 | 0-175 | ©0-175 | 0175 0-175 0175
15° | 0-262 | 0-262 | 0-263 | 0-263 0-264 0-265 o-265
20° | 0349 | 0350 | 0-35r | 0-353 | 0-354 | ©-356 | 0-356
25° | 0-436 | 0-437 | ©:440 | 0°443 | 0447 | 0450 0451
30° ) o-524 | 0525 | 0-529 | 0-536 | 0-542 | 0-547 | ©0-549
35° | o611 | 0:613 | 0-620 | 0-630 0-641 0-649 0-653
40° | 0:698 | o-702 | o-712 | 0-727 | 0:744 0757 0:763
45° | 0785 | o:790 | 0-804 | 0-826 | o-851 0-873 0-881
50° | 0-873 | 0-879 | 0:898 | 0:928 0:965 0997 1-011
55° | o960 | 0:968 | 0:993 | 1-034 1-083 1-133 I-154
60° | 1-047 | 1:058 | 1-090 | I-I42 | I-213 1-284 1-317
65° | 1-134 | 1-147 | 1-187 "1-254 | 1-349 1453 1500
7o° | 1-222 | 1-237 | 1-285 | 1-370 | I-494 1-647 1-735
wso | 1-309 | 1-327 | 1-385 1-488 | 1-649 1-871 2-028
80° | 1-306 | 1-418 | 1:485 | 1-608 | 1-813 2-134 2-436
850 | 1-484 | 1-508 | 1-585 | 1-73r | 1-983 | 2:437 3-131
90° | 1-57r | 1-598 | 1686 | 1-854 [ 2-157 2-768 ©

SECOND ELLIPTIC INTEGRAL, E(m, 0), m=sin .

[} a=0° | a=15° | @=30° | @=45° | @=60° | a=75° | a=gqo°
0° ]| 0:000 | 0:000 | 0:000 | 0000 | ©-000 0-000 0-000
5° ] 0087 | 0:087 | 0-087 | 0-087 0-087 0-087 0-087
10° | 0-175 | ©°174 | 0°174 | ©'I74 | O°I74 0-174 0:174
15° | 0-262 | 0-262 | o-261 0:260 | 0-260 0-:259 0-259
20° | 0349 | 0:349 | 0347 | ©:340 | 0v344 | ©:342 | ©:342
25° | 0:436 | 0-435 | 0°433 | 0-430 | 0426 | -0-424 0-423
30° § 0°524 | 0-522 | Q-§518 [ 0512 0-506 o-502 o- 500
35° | o-611 | 0-608 | 0-602 | 0593 0-583 0-576 o' 574
40° | 0698 | 0:695 | 0-685 | 0:672 0-657 o-647 0643
45° | 0785 [ 0-781 | 0-767 | 0-748 | 0-728 | ©0-713 o-707
50° | 0873 | 0-866 | 0-848 0-823 | 0-795 o774 o- 766
55° | o-960 | 0952 | 0-928. | o-895 0-859 0-830 0-819
60° | r-o47 | 1-037 | 1-008 :[ 0-965 [ 0918 0881 o-866
65° | 1-134 | 1-122 | 1-086.| 1-033 | 0:074 0:926- | o0-gob
70° | 1:222 | 1-206 | 1-163 | 1099 | 1-027 0:965 0-940
wg° | 1-309 | 1-201 | 1-240 | 1-163 1:076 | ©:999 0966
80° | 1-396 | 1-375 | 1-316 | 1-227 | 1-122 1028 0-983
85° | 1-484 | 1-460 | 1-392 | 1-289 | 1-167 | 1-053 9:996
90° | 1-571 | 1-544 | 1-467 | 1-351 | 1-21I 1-076 I+000
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Acceleration, 73

Amsler, planimeter, 301
integrator, 302

Anchor ring, 180, 193

Area, 95, 134, 159, 190, 191, 299
of any surface, 200

Argument of function, 11

Asymptotes, 57, 153

Asymptotic circle, 155

Barometric measurement

of heights, 39
Bernoulli’s equation, 266

Cardioid, 151, 160, 170
Catenary, 209, 269, 308
Cauchy, form of remainder, 225
Centre of conic, 45

of any curve, 290

of curvature, 84, 88

of gravity, 176, 304

of quadric, 66
Centroid, 177
Circle, 139, 150

of curvature, 85
Circular functions, 28, 32, 311, 312
Cissoid, 55, 61, 139
Clairaut’s equation, 268
Companion to cyeloid, 31, 140
Compound interest problem, 260
Concavity and convexity, 82
Conchoid, 163
Conical point, 64
Conjugate point, 52
Consecutive points, 85
Constant of integration, 98
Continuity, 12,
Convergence, 211
Curvature, 82, 157, 207
Curve of pursuit, 286

Curve tracing 290

Cusi), 52

Cyecloid, 29, 91, 140, 307
companion to, 31, 140

Cylinder, 145, 198, 199, 200

Damped vibrations, 284
Demoivre’s theorem, 220
Derivative, 13
Differences, small, 47
Differential, 15

coefficient, 15

of area, 38

of exponentials, 25

of hyperbolic functions, 34

of logarithms, 25

of power, product, quotient, 16

partial, 41, 250

successive, 68, 250

total, 42, 253
Differential equations, 259, 272

exact, 263

homogeneous, 262

linear, 265, 275

Element of inte%rgal, 94 '
Ellipse, 70, 87, 88, 140, 131, 162,
241, 308

Ellipsoid, 144 194, 195

Elliptic integrals, 239, 316

Envelopes, 171

Epicycloid, 169, 2006

Epitrochoid, 170 '

Equations, differential, 259, 272
solution of, by approximation,

9

Euler, exponential formule, 220
theorem on homogeneous func-
tions, 44, 255

Evolute, 88, 175, 207
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Folium, 53, 80, 163
Fourier, series, 228"
theorem, 236
Function, complementary, 278
even, odd, 40
implicit, 11
single-valued, multiple-valued,
12

Gamma function, 132, 315

Graphs, 11

Guaermannian, 36, 298

Guldin, properties of the centre
of gravity, 178

Gyration, radius of, 183

Helix, 67, 148
Huyghens, formula for circular
arc, 222
Hyperbola, 141, 151, 162
rectangular, 23, 139, 150, 162
Hyperbolic functions, 34, 294, 313
Hypocycloid, 169
four-cusped, 22, 46, 92, 136

Indeterminate forms, 244
Infinitesimals, 4
equivalence of, 8
orders of, 7
Inflexion, point of, 82, 155
Integral, definite, indefinite, 98
double, 190
triple, 194
Integrals, definite, 129
elliptic, 239
fundamental, 99
particular, 278
Integration, 93
approximate, 239
by parts, 120
by substitution, 114
by successive reduction, 124
o{ rational fractions, 112
mechanical, 2909
successive, 189
Integrator, 302
Interval, 13
Intrinsic equation, 205
Inverse curves, 165
Involute, 88
of circ(e, 158, 207

Kinetic energy of rotation, 181

'INDEX.

Lagrange, form of remainder, 225

Lambda function, 105, 315

Lemn‘ilscate, 53,150, 156,157, 161,
242

Lengths of curves, 134, 148, 241

Limagon, 151, 162

Limit, 1

Lituus, 151, 154, 156

Logarithms, calculation of, 216
apierian, 310, 311

Maclaurin, series, 218, 226
theorem, 226
Maxima and minima, 75, 256
Mean value, theorem of, 223
Mean values, 202
Moment, of area, 191, 302
of inertia, 181,191, 192, 197, 302
Multiple points, 51, 56, 156

Node, 52
Normal, 21, 44, 150
of surface, 64

Pappus, properties of centre of
ravity, 178
Para%ola, 22,70, 90, 141, 151
cubical, 136
semicubical, 53, 136
Paraboloid, elliptic, 144
hyperbolic, 195
Partial fractions, 287
Pedal curves, 166
Pendulum, 243
Planimeter, 302
Polar coérdinates, 136
Polar reciprocals, 168
Potential, 193, 197
Prismoidal formula, 147
Product of inertia, 191

Radius, of curvature, 85, 158
of gyration, 183

Rates, 72

Rolle’s theorem, 224

Roulettes, 168

Series, Fourier’s, 228
Gregory’s, 217
infinite, 211
logarithmic, 216
Maclaurin’s, 218, 226



Series, power, 213
Taylor’s, 220, 226

Simpson’s rule, 142

Singular forms, 244

Solid of revolution, 96, 134

Sphere, 139, 196, 198

Spheroids, 141

Spiral, of Archimedes, 151, 160 '

hyperbolic, 151, 154

logarithmic, 152, 153, 158
Subnormal, 21, 150
Subtangent, 21, 150
Symmetry, 290

Tangent, 20, 44, 150
to curve in space, 65
Tangent plane, 62

Taylor, series, 220. 226
theorem, 223
Torus, 180, 193
Tractrix, 207
Trajectories, 270
Triple point, 52
Trochoid, 168
Turning value, 76

Value of «, 217
Variable, 1, 11
change of, 280
independent, 11, 68
Velocity, 73
Volumes, 134, 144, 193, 196

Witch 84, 139
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