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PREFACE TO THE ENGLISH EDITION

The ¥nglish edition does not differ essentially from
the Polish one. Among the more important supplements I
should mention § 6.5 containing elementary information
on the notation of mathematical logic. To this supple-
ment [ was inclined by the experience of many years.
For many students (not for all, perhaps) the mnotation
of definitions of certain notions by means of the logical
symbols makes it easier to understand these notions (e.g.
the notions of uniform continuity or uniform convergence).
Besides that, this supplement is included in the book in
such a manner that it can be omitted in reading the
whole book. Among other changes introduced in the
English text, I should mention the addition of a number
of exercises and problems, the simplification of certain
proofs, and finally the removal of mistakes which were
found in the primary text. This has been done with
cooperation of the translator of this book, Dr. J. Musielak.
I should like to express here my thanks for his work
and for the accomplishment of the translation. I express
also my gratitude to Dr. A. Schinzel, thanking him for
a number of corrections.

It is a pleasure for me to inform the reader that
there will soon be published by Pergamon Press a book
of problems prepared by Professor I. N. Sneddon and
Dr. J. Hunter which will serve as an excellent supple-
ment to this book.

K. KURATOWSKI
Warsaw, March 1960



PREFACE TO THE POLISH EDITION

This book contains notes of lectures on differential
and integral calculus, prepared for publication, which
I have held for many years in the University of Warsaw.

The examples at the end of each section form
a necessary complement of the course. On the other
hand, the parts of the text marked by a star may be
omitted at a first reading.

The first volume contains differential and integral
caleulus of functions of one variable. Function of two
and more variables, partial derivatives and multiple
integrals will be treated in the second volume.

Among the text-books which have been especially
useful in preparing this book, I should mention those
by Banach, Courant, Goursat, Hardy, Kowalewski, Ma-
zurkiewicz, Sierpinski, Borsuk (a collection of exercises).

My best thanks are due to my colleagues, Professors
Karol Borsuk and Wladyslaw Niklibore and Assistants
Zygmunt Charzynski and Roman Sikorgki for their
numerous suggestions, hints and remarks in preparing
my lecture for printing. I express my thanks also to the
Department of Sciences of the Ministry of Education,
the Editors of the Cooperative ‘“Czytelnik”, the Swed‘is']'l
Relief Committee and to ‘‘Monografie Matematyczne”.
I am very much obliged to them for their assistance
in the publication of this book.

K. KURATOWSKI

Warszawa, October 1946



CHAPTER I

SEQUENCES AND SERIES

ERRATA
Page and linel Instead of ‘ Read
u n (’n
17 (k k
638 equation condition
3 ! & !
\ ' 7! \n!
. i Zi
n=1 n=1
148, Formula 2 Formula 2’
155, file) # 0 filx) # 0
1701] C"’+l cn—l
[™(n) [™(a)
12
198 ¢ (a) ¢ (a)
190 c y
C‘ [4
268, J J
e e
27310 and an
2764 up of by points z, y up of points z, y
3134 Lejeume Lejeune

K.Kuratowski Introduction to calculus

of il.xt'vrodu'c'tion of Teal numbers in outline: an axiomatic method
and another one, which reduces the notion of a real number to the
notion of a rational number.



PREFACE TO THE POLISH EDITION



CHAPTER I

SEQUENCES AND SERIES

§ 1. INTRODUCTION

1.1. Various kinds of numbers

We shall assume that the notion of a real number
(i.e. roughly speaking, a number having a finite or in-
finite decimal expansion) is known from the middle-
school course (1). We shall recall the terminology and
some properties of real numbers.

The numbers 1,2,3, ..., are called positive integers.
The number 0 belongs neither to the positive nor to the
negative numbers. The fractional numbers, i. e. numbers
of the form Z, where p and ¢ are integers and ¢ # 0,
are called also rational numbers. For the rational numbers
the four arithmetical operations: addition, subtraction,
multiplication and division (except division by 0) can

always be carried out; to the symbol %’ there corresponds

no numerical value. Thus, the symbol oo, which will be
often used, does not mean any ‘“infinite” number.
Geometrically, real numbers may be interpreted as
points of a straight line upon which are fixed two points
representing 0 and 1. These two points make it possible
eagily to construct all the rational points on this line,
which is called the numerical line. For if we are given
a rational number w, we take a segment of the length w

(*) In §§ 1.8 and 1.9 of this section, we give two rigorous methods
of introduction of real numbers in outline: an axiomatic method
and another one, which reduces the notion of a real number to the
notion of a rational number.
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on the right side of 0 (or on the left side, if w is negative).
The end of this segment is the point corresponding to
the number . It is well known that not all points of
the straight line correspond to rational numbers, e.g. the
number 2, i.e. the length of the diagonal of a square
with the side equal to 1 is an irrational number.

Reasons of a geometric as well as of an algebraic
nature suggest that we include in the notion of nwumber
all real numbers, i. ¢. irrational numbers as well as rational
numbers. In this way the scope of algebraic operations
increases: in the real domain, there exist also roots and
logarithms of positive numbers.

It should also be noted that in the real domain not
all operations can be carried out, e.g. there do not exist
square roots of mnegative numbers and, consequently,
equations of the second degree do not need to possess
real roots. To avoid situations of this kind, complex
numbers are introduced. However, we shall not consider
complex numbers just now. When we use the word
“number’ here we shall always have in mind real numbers.

1.2. The principle of mathematical induction

Among the properties of positive integers we shall
mention the following one which we shall often use.
It is called the principle of mathematical induction. The
principle may be stated as follows.

Let us assume that a property of positive integers is
given, satisfying the following conditions:

(i) the number 1 possesses this property,

(ii) if the number n possesses this property, then the
number n 41 possesses it, t00.

The principle of induction states that, under these
assumptions, any positive integer possesses the property
stated. :

The principle is in agreement with the following in-
tuitive argument: if the number 1 possesses the con-
sidered property, then the second condition implies that
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the number 2 possesses this property; but then, again
by the second condition, the number 3 possesses this
property, similarly, this implies that the number 4 pos-
sesses the property ete. Obviously, we are not able to
perform this reasoning to infinity. The principle of in-
duction gives a mathematical formulation to our in-
tuitive reasoning.

As an example of the application of the principle of
induetion, we shall quote the proof of the so-called
Bernoulli (1) inequality: for each positive integer n and for
any real number a > —1, the formula

(1) (L+a)"=1+na

holds. .

‘We begin by noting that the expression r > y means
that x is greater than y or equal to y or that x is not less
than y. Thus, 3 > 2 holds as well as 3 > 3.

In order to prove the Bernoulli inequality by using
the principle of induction we must show:

(i) that the number 1 belongs to the set of numbers »
possessing the property expressed by the inequality (1);
this is obvious, for substituting the number 1 in place
of » in the inequality (1) we obtain the inequality
1+a > 14-a which holds for every a;

(ii) that the formula (1) implies the formula obtained

from (1) by substitution % -1 in place of » in (1), i.e. the
formula

(1) 1+ay =21+ (n+1)a.

To prove this formula, let us multiply both sides of
the inequality (1) by 1-a. Since we have 1+a >0 by
assumption, we obtain

(I+a)y*' =1 +na)(l+a) =1+ (n+1)a+na.

(1) James Bernoulli, a Swisxs mathematician in the first half of
18th century.
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However, na® > 0; hence
1+m4+a+nac=1+(n+1)a

which yields the formula (1').

As a second example of the application of the principle
of induction we shall give the proof of the following
trigonometric relation

2n 41

1 sin t
(2) §+cost+cos 4ol b cos it = 2 ,
2sin

-

satisfied by each integer n > 0 and by any real number ¢
which is not an integral multiple of the number 2x.

In this case, we begin the induction with 0 instead of 1.
sint 1
2sinit  2°
Thus, it remains to prove that formula (2) implies for-
mula (2’) obtained by substitution n+1 in place of =
in (2).

Applying formula (2), we may write formula (2°) in
the following form:

When n=0, formula (2) is an identity %:

2n +1 g 2n+3
n=—ps—t sin “—T t
27) Z— tcos(n+1)t= S
28in 2sm5

or (reducing to common denominator)

n2n2+3t——si 2n+

t = 2sin; cos(n+1

But the last formula follows from the known formula
for the difference of the sine. Hence we have proved
that identity (2) implies (2’); thus, formula (2) holds for
each n > 0, by the principle of induction.
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1.3. The Newton (*) binomial formula

First of all, we shall define the so-called Newton or
binomial coefficients by the following formula:

n _ nn—=1)(n—2)-...-(n—k41)
(k)_ 1-2.3-...-k ’

(3)

Thus it is seen that the denominator is a product of
successive positive integers from 1 to %, and the numerator
is a product of k successive decreasing positive integers
from n to n—k+1. Here we assume n and % to be positive
integers and n = k.

We test immediately that (7;) =n and (Z) =1. We
extend the definition of the symbol (;:) to the case where

k=0 by writing (g) =1; we adopt this convention to
simplify the technique of calculations.
Finally, let us note that <Z) is the number of com-

binations of n elements by %; we shall not use this fact here.
The following formula holds (for an arbitrary positive
integer k): .

n n w1
() )+ ) =)
Indeed,
N (R—k+2)(n—k+1) n-...-(n—k+2) Kk
1. (k—0)k 7 1. (k—1) &
N =k 42)(n—k+14k)  n41
o 1. (k—1)k “( k )

In the above reasoning we applied the formula (3);
hence we had to assume that k—1 is a positive integer,
i.e. that k> 1. Ilowever, if £ = 1, the formula (4) may
be checked directly, substituting &k = 1.

(1) Isaac Newton, 1642-1727, one of the most eminent scientists
in history. One of the inventors of the differential and integral
calculus.
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Now, we shall prove the Newton binomial formula,
i.e. the following formula:

(3)  (a+b)" =
="+ ({) @b+ (G @ T e (T ().

1t is easily seen that the right side is a sum of »n 41
components; the first one is @* and the last one b", since

(3 . . . .
(;L) = 1. This formula is obvious for n = 1. Kor » =2

and # =3 it is known from the middle-school course.

Since the formula (5) holds for » = 1, according to
the principle of induction, assuming (H), it remains only
to prove that the formula obtained by substitution = +1
in place of % in (3) is true. But (a +0)""" —= (a4 b)"(a-+b)

= (a+b)"a+ (a4 b)"b, whence

(a+ b)H+1
=a"ty (‘;’)u"b 4 (g’)a“"‘bz-l- . + (;"_}«"" kogk o (x}(lll"+
4 a"b + (’f}w“"b’ + ek (kﬁ])u“ Fivgk v (,l’_';l)cll;" + (Z)h““

. a‘n‘f’l + (1'-1}~])"11b T+ ("I: l){,’n‘k—ﬂ bk Ao (”:])a»b’" + bzri-l ,

where we applied formula (4). The equation obtained
in this way is just the equation obtained from (5) by
substitution #--1 in place of w. Thus, the Newton bi-
nomial formula is proved.

We should note that the Newton binomial formula
may be written in a neater way as follows:

K

(6) (a+b) = Y

o

R

o

v

o

(when a = 0 £ b) (1).

(!) When a=0 or b=0, formula (6) may be also applied
with the restriction that the indeterminate symbol 0° (which is
obtained for Ak = n or k = 0) has to be replaced by 1.
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n
The symbol D means that we must take the sum
k=0

of »+1 terms which are obtained from the expression
beyond this symbol by substituting successively all integers
from 0 to % in place of k, and adding the terms so
obtained.

Moreover, the binomial coefficients may be written
as follows. Let us denote by n! (read: factorial ») the
product of all successive positive integers from 1 to m:

(7) n!'=1-2.-3-...-» (and let 0! =1 by convention).

It is easily seen that we have

(8) (k)" El(n—Fk)! "
1.4*. Schwarz inequality
Applying the principle of induction, we shall prove
the following inequality:
(9)  (@¥rt o+ Tyn)’ < (@ A+ ) (Y YR) -

For n =1 the formula (9) is obvious: (#,9,)" < 2iyi.
Thus, we have to prove this formula for n+1, assuming
that it is true for n.

Now,

(10) (@Y + e+ T 1 Ynr) = (@Y1 + oo+ TaYn)* +
4+ 2(2 Y1+ + T Yn) Trr1Ynt +w3;+1 :'/fz+1 .
Moreover, 2ab < a? + b2, since a?+ b?*—2ab = (a—b)? > 0;
hence, writing a = 2 Ynyy, and b = xp, Y%, We have
20, Y Lnga Ynar < A i‘/iﬂ + ivf»-n Ui
and suming for £ =1, 2, ..., n, we obtain
2(2Y1+ - + TnYn) Tn1Ynn
< (@ + e +a0) Y1+ (Y1 + e+ Y) Tt
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Applying (9) and (10) we get
(@ Y1+ oo+ Tasa Ynd)” < (@ + oo+ 20) (U + oo+ Y0)+
+ (@4 A an) Ynar F G+ e Y0) Tk + T Yo
= (B + .o +B) (Y1 + oo+ Ynt1) + (Y1 F e+ Yng1) Toga
= (@} + o+ ) (Y + e+ Ymga) ©
This yields
@Y1+ e+ Buga V) < (@ A oo F @) (G + o+ Yrra) -

But this is just the formula obtained from (9) by sub-
stituting n +1 in place of n. Thus, the proof is finished.

1.5. The principle of continuity (Dedekind (*))

Among the properties of real numbers, we shall mention
the so-called continuity principle. This principle states
that if we divide the set of all real numbers into two
sets A4 and B such that any number belonging to the
set A is less than any number belonging to the set B,
then there are two possibilities: either there exists a great-
est number of the set A or there exists a least number
of the set B (it being assumed that both the sets are
non-empty). In other words, if we divide the straight
line in two parts 4 and B in such a way that any point
of the part A lies on the left side of any point of the part B,
then either there exists a last point in the part 4 or there
exigts the first point in the part B. No ‘‘gap” may be
found in this ‘“cut” which we have performed. Thig
implies the continuity of the set of real numbers dis-
tinguishing this set from the set of rational numbers,
where such gaps exist; e.g. dividing the set of rational
numbers in two parts such that all rational numbers
< ]/§ belong to the first part and all other rational
numbers, i.e. numbers > /2, belong to the second part,
it is easily seen that any number of the first part is less

() Richard Dedekind, a German mathematician in the second
half of the 19th century.
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than any number of the second part, but there does not
exist any rational number which would be the greatest
in the first part or the least in the second one (this
follows from the fact that the irrational number /2
may be approximated arbitrarily accurate by the rational
numbers from below and from above, e.g. by the decimal
expansions).

1.6. The absolute value of a number

The absolute value of a number a, i.e. |a|, is defined
by the conditions: if a > 0, then |a| = a; if a < 0, then

|a] = —a. The following formulae, known from elementary
mathematics, hold:

(11) la] =|—al,

(12) —la] <a <|al,

(13) la+b] <|a|+]B],

(14) lal—[b] <]a—b] <|a]+]b],

(15) |ab| = |a]-[b],

(16) the inequalities |a]| < c and |b| < d imply |a+b|<c+d;
the proofs will be left to the reader.

The last formula (16). is the formula for the addition
of inequalities ‘“under the sign of absolute value’ which
we shall often apply. It follows from the formula (13),
since |a+b| < |a|+|b| < ¢+d. This formula remains true,
if the sign < is replaced by <.

Finally, let us note that

(17) the inequality |a| <b is equivalent to the double
tnequality —b < a<b and hence to the collection
of two inequalities: a < b and —a < b.

1.7. Bounded sets. The upper bound and the lower bound
of a set

We say that a set of real numbers Z is bounded, if
two numbers m and M exist such that every number
belonging to the set Z satisfies the double inequality
m < x < M. Assuming only that there exists a number M
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satisfying the inequality M > z for every x belonging to
the set Z, we call the set Z bounded above. Similarly,
a set Z is called bounded below if a number m exists
satisfying the above condition: m < «.

The geometrical meaning of these ideas is the following.
If a set is bounded it means that it is contained in a cer-
tain segment on the numerical line. A set is bounded
above or below, when it is contained in an infinite radius
directed to the left or to the right, respectively.

Applying the continuity principle we shall prove the
following theorem:

If a non-empty set Z is bounded above, then among the
numbers M, satisfying the inequality M > x for any x
belonging to Z, there exists a least one. This number will
be called the upper bound of the set Z.

Similarly, if a set Z is bounded below, then among the
numbers m, satisfying the inequality m < x for any
belonging to Z, there exists a greatestone, which is called
the lower bound of the set Z.

Proof. Let the set Z be bounded above. Let us divide
the set of all real numbers in two classes as follows.
To the second eclass there will belong all numbers M
satisfying the inequality M > = for any « belonging to Z.
To the first class there will belong all other real numbers;
that means that a number a belongs to the first class
when in the set Z there exists a number greater than a.
Such a division of the set of real numbers in two classes
is called a cut, i. e. any number belonging to the first
class is less than any number belonging to the second one.
Indeed, supposing a number M of the second class to be
less than a number a of the first class and knowing that
a number x exists in the set Z such that a < x we should
have M < x; but this contradicts the definition of the
second class.

Moreover, let us note that both classes are non-empty.
Indeed, if a number 2z belongs to the set Z (and such
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a number exists, the set Z being non-empty by assumption),
then the number z—1 belongs to the first class. The
second class is also non-empty, since the set Z is bounded
above.

According to the continuity principle there exists
either a greatest number in the first class or a least
number in the second class. However, the first eventuality
is not possible. Namely, if a belongs to the first class
and a < x (where z belongs to Z), then denoting by a’
a+x
T2
also a’ < x, but this means that a’ belongs to the first
class, too. Thus, to any number a of the first class we
may find a number a’ greater than @ in this class. This
means that in the first class a greatest number does not
exist. Hence, therc exists in the second class a least
number, i. e. the least number among the numbers M
satisfying the inequality M > x for every z belonging to
the set Z. Hence the theorem is proved.

The proof of existence of a lower bound is completely
analogous. .

Let us note that the upper bound and the lower bound
of a set Z do not necessarily belong to this set. BE. g. the
bounds of the open interval (!) @ < x << b are the numbers
a and b which do not belong to this interval.

any number between a and z, e.g. a’' = , we have

1.8*. The axiomatic treatment of real numbers

The notion of a real number which we have assumed
to be known from the middle-school course may be in-
troduced in an axiomatic way as follows.

We assume that in the set of real numbers two
operations can be performed: addition x4y and multi-
plication xy. These operations satisfy the laws of com-

(!) By an open interval we understand the set of numbers =
such that a < z < b; by a closed interval we understand the open
interval together with ends, i.e. the set of # such that a< z< b.
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mutativity and associativity:
z+y=y+x, xYy=yw,
(@+y)+z=2+(y+2), (2y)z=2x(y2).

Moreover, the multiplication is distributive with respect
to the addition:
r(y+2)=xy+az.
Two (different) numbers 0 and 1 are the moduli of
addition and multiplication respectively, i.e.

r4+0=2, xl=u.

Further, we assume that in the set of real numbers
subtraction and division are always possible, except
division by 0. In other words, we assume that to any
pair of numbers « and ¥ a number z (called the difference
z—1y) exists such that

x=19y-+z

and, in the case where y s 0, a number w (called the
quotient x :y) exists such that

T =qyw.

Besides the above axioms concerning the operations,
we take following axioms concerning the order relation
o <y. We assume that any two distinet real numbers
« and y are in this relation in one or another direction, i.e.
either z < y or y < x. This relation is transitive, i.e.

the conditions © <<y and y <=z imply x <=z
and asymmetric, i.e.
tf x <y, then the relation y < x does not hold.

The order relation is connected with the basic opera-
tions by the following axiom:

if y<z, then z+y <x+2z and if, moreover, 0 < z,

then xy < xz.
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Finally, the last axiom in the theory of real numbers
which we are accepting is the Dedekind continuity principle
formulated in § 1.5.

All arithmetic and algebraic theorems known from
courses in the middle-school may be deduced from the
above axioms,

1.9*. Real numbers as sets of rational numbers (*)

The notion of a real number may be defined on the
basis of the theory of rational numbers as follows.

Real numbers may be considered to be identical with
sets of rational numbers R, satisfying the following
conditions:

(i) the set R does not contain a greatest number,
i.e. for any number belonging to the set R there exists
a greater number in R;

(ii) if a number z belongs to R, then any rational
number less than z belongs to E;

(iii) the set R is non-empty and is not equal to the
set of all rational numbers.

For real numbers defined in this way we define first
of all the relation of order. Namely, we write R < R/,
when the set R is a part of the set R’ (different from R’);
or, when the set R’ contains numbers which do not belong
to R (it is easily seen that for any two sets satisfying
the conditions (i)-(iii) always one is contained in the
other). Both these definitions are equivalent.

We easily find that the order relation defined in this
way satisfies the axioms given in § 1.8, i.e. it is a transitive,
asymmetric relation which holds for any pair of different
sets £ and R’ in one or other direction.

Now we define the addition of real numbers, i.e. the
addition of sets R and R’ (satisfying the conditions

(*) We give here an outline of the so-called Dedekind theory
of real numbers.
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(i)—(iii)). Namely, by R+ R’ we denote the set of all
numbers which are sums of two numbers, the first of
which belongs to R and the second one belongs to R'.
It is easily seen that the set K+ R’ satisfies the conditions
(i)—(iii). Moreover, the axioms concerning the addition
(commutativity, associativity ete.) are satisfied. The real
number 0 is defined as the set of all negative rational
numbers. Similarly, the real number 1 is the set of all
rational numbers less than the rational-one. In general,
if » is a rational number, then we understand by ‘‘the
real number »”’ the set of all rational numbers less than
the rational number 7 (in practice, we identify the rational
number r and the real number r). —R means the set of
all rational numbers of the form —x, where x takes all
values which do not belong to R; however, if the set of
numbers not belonging to R contains a least number 7,
then we do not include the number —7 in the set —R
(that is the case, when R is ‘“‘the real number 7). One
may prove that R+ (—R) = 0.

The multiplication of real numbers will be defined in
the following way: if R >0 and R’ > 0, then RR’ is the
set containing all negative rational numbers and numbers
of the form »r’, where r is a non-negative number belong-
ing to R and, similarly, ' is a non-negative number belong-
ing to R'. Moreover, we assume

(—R)(—R’) = RR', (—R)R'=—(RR’)=R(-FR).

It may easily be proved that all the axioms con-
cerning the multiplication are then satisfied.

Finally, the continuity axiom is satisfied. Indeed,
let A, B denote a cut in the domain of real numbers.
We denote by R the set of rational numbers with the
property that » belongs to R if and only if it belongs
to one of the real numbers belonging to the class A.

It is proved that the above defined set R satisfies
the conditions (i)—(iii), so that it is a real number. Then
we prove that R ‘lies on the cut 4, B”, i.e. that it is
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either the greatest number in the set A or the least
number in the set B.

Thus, we see that, if we understand by a real number
a set of rational numbers satisfying the conditions (i)-(iii),
then all axioms of the theory of real numbers formulated
in § 1.8 are satisfied.

Let us add that the set of all rational numbers satis-
fies all these axioms with the exception of one axiom,
namely the continuity axiom.

Hence it follows that the continuity axiom is in-
dependent of the other axioms of the theory of real
numbers; for if it were a consequence of the others
(i.e. a theorem and not an axiom), then it would be
satisfied in every system in which the other axioms are
satisfied.

Exercises on § 1

1. Prove that for each positive integer » and for any
real a > —1 the following formula holds (being a gener-
alization of the Bernoulli formula (1)):

n(h—
2

n(n—1)(n—2)
6

3.

1+a)*>14+na+ a?+

Hint: proof by the mathematical induction.
2. Prove the identities:

142+..+n %(n+1)
1249224 .. 40 = n(n+1zj(2n +1)

Hint: in the proof of the second equality one may
apply the identity:

(k+1P3—1 = 3K+ 3k +1.
3. Similarly: find the formula for the sum

134234 ... 4-nd.
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4. Deduce the formulae:
n n n _ on
(o) + (5] +-+ ) =27
n n n' n
(0) = (3) () == o) =0
Hint: apply the Newton binomial formula.
5. Applying the continuity principle prove that n]/c—v
exigts for each positive integer » and for any positive a.
6. Prove that ||a]—|b|1 < |a—b|. Prove that the equa-

tion |a+b| = |a|+|b| holds, if and only if ab >0
7. Denote by A and G the arithmetic and the geometric

mean of the numbers a,, a,, ..., a,, respectively, i.e.
a,+ a4 ...+ a T —
_A=_£:I___2i._~_l‘, G'——‘/al'az'---'an-
n
Prove that if the numbers a,, a,, ..., a, are positive,

then G < A.

Hint: precede the proof by the remark that if a, < 4
< a,, then the arithmetic mean of the numbers 4, a, 4+
+ay,— A, ay, a,, ..., a,i8 A and the geometric mean of these
numbers is > @.

8. Denoting by H the harmonic mean of the above
numbers a,, dg, ..., Gy, i.e. writing

H=n(+++)

prove that H < G.

§ 2. INFINITE SEQUENCES

2.1. Definition and examples

If a real number corresponds to each positive integer,
then we say that an infinite sequence is defined.

For instance, positive even numbers constitute an
infinite sequence 2, 4,6, ..., 2n, ...; namely, to the num-
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ber 1 there corresponds the number 2, to the number 2,
the number 4, to the number 3, the number 6, and,
generally, to the positive integer n there corresponds
the number 2n.

Usually, we write an infinite sequence in the form
Ay, Gyy eeey Qny ... OF {a,}. The numbers appearing in the
gsequence are called the terms of the sequence; the ex-
pression a, is called the general term of the sequence.
Thus, for the sequence of positive even numbers the
general term is 2n; for the sequence of odd numbers
the general term is 2n—1.

In an infinite sequence some terms may be repeated.
E.g. if the number 0 corresponds to the odd positive
integers and the number 1 to the even positive integers,
then the sequence 0, 1,0, 1, ... is obtained. This sequence
consists of two alternating terms.

In particular, all terms of a sequence may be identical:
€y CyCy ...

As examples of sequences we shall mention the arithme-
tic and the geometric progressions. The arithmetic pro-
gression is a sequence of the form ¢,c+d,c+2d, ...,
i.e. a sequence with the general term ¢+ (n—1)d. Simi-
larly, the general term of a geometric progression is
a, = cqn—l.

A definition of a sequence by induction (i.e. a recur-
rence definition) is often used. Here, we define directly
the term a,, but a, is defined by means of the earlier
terms, e.g., write a; =1, a, = 21 The first terms of
this sequence are: 1, 2, 4, 16, 216, ..,

Finally, let us note that it may not always be possible
to write the general term by means of a formula. For
example the prime numbers constitute, as is well known,
an infinite sequence but we do not know any mathemati-
cal formula defining the n-th prime number.

Geometrically, we interprete an infinite sequence as
a set of points on the plane (on which the axis of abscissae
and the axis of ordinates are given; cf. Fig. 1, p. 30).
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Namely, the sequence a,, a,, ..., @y, ... is the set of points
(1, ay), (2, ay), ..., (7, @), ... For example the set of po-
sitive integers is the intersection of the straight line
y =« and of the pencil of straight lines parallel to the
Y-axis passing through the positive integer points on the
X-axis. Similarly, the sequence with a constant term ¢ is
the intersection of the above pencil and of the straight line
parallel to the X-axis. If we take on the straight lines
of this pencil points with the abscissae 0 and 1, alter-
nately, we obtain the oscillating sequence 0,1,0,1, ...

As may by seen from the above remarks, an infinite
sequence and the set of the terms of this sequence are
two distinet notions: a sequence is a set of points of the
plane and the set of terms of a sequence is a certain set
of real numbers, i.e. from the geometrical point of view,
a set on the straight line. Two different sequences may
consist of the same terms: the above defined oscillating
sequence 0,1,0,1,... and the sequence 0,1,1,1,...
(having at the first place 0 and at all other places 1)
have the same terms; however, they are sequences with
fundamentally different properties.

A sequence is called increasing, if a, < a, < @5..., In
general: if a, < a,,. Similarly, a sequence is called de-
creasing, if a, > a,y,. If we replace the sign < by <
(or > by =), we obtain increasing (or decreasing) se-
quences in the wider sense, called also non-decreasing
(or mon-increasing) sequences. Increasing and decreasing
sequences in the wider sense are generally called monotone

sequences.
The sequence of even numbers is an increasing se-
quence, the sequence 1,1,2,2,3,3,... is an increasing

sequence in the wider sense. The oscillating sequence
0,1,0,1,.. is neither increasing nor decreasing.

2.2. The notion of limit

A number g is called the limit of the infinite sequence
@y, Ggy ...y Gp, ... if to any positive number ¢ a number %
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exists such that for n > k, the inequality
(1) lan—g| < e,

holds, i.e. a, lies between g—e and g+e.
We denote the limit of a sequence by the symbol

(2) g =lima,.

Nn=00

Let us take the sequence with the general term
_n+1
T oon

an as an example of a sequence with a limit,

i.e. the sequence 2,1%,1!,...,1},... We shall prove
that 1 is the limit of this sequence.
Let a number ¢ > 0 be given. We have to choose k

in such way that for » > k, the inequality %T-H —1li<e

would hold, i.c. that 7—1', < ¢. Now, let k be a positive integer

greater than % Then we have %—C< g; thus, the double

inequality %& < % < ¢ holds for n >k, whence 71& < & as
' v

we set out to prove.
Let us note that we have proved simultaneously that

lim 1 =0.
n=oo N

The number k chosen to the given ¢ depends on e.
Mostly, if we diminish ¢, k¥ has to increase (this fact is
easy to observe in the above example).

To express this more figuratively, the condition for ¢
to be the limit of a sequence a,, a,, ... may be formulated
as follows: for any &> 0, the inequality (1) is satisfied
for all sufficiently large values of n.

A sequence having a limit is called convergent. A di-
vergent sequence is a sequence which has no limit. As an
example of a divergent sequence, let us take the sequence
of all positive integers. Indeed, let us suppose that g is
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the limit of the sequence of positive integers. Writing 1
in place of ¢ we have, by (1), the inequality |n—g| <1
for sufficiently large =; thus n << g+1. Here is a con-
tradiction, since just the reverse inequality n > g-+1 holds
for sufficiently large n. This contradiction shows that
our supposition that the sequence of positive integers
has a limit was false. Thus, it is a divergent sequence.
Similarly, one might prove that the oscillating sequence
0,1,0,1,... is divergent.
Further,
(3) lime =¢,

n=00

i.e. the sequence with constant term ¢ has ¢ as the limit.

Fia. 1

Namely, we have always a,—c¢ = 0. Thus, the in-
equality (1) holds for all n.

Geometrically, the notion of limit may be interpreted
ag follows. Let a sequence a,, a,,... be given (e.g. the

sequence with the general term n—;:—l- )- Let us imagine
the geometrical interpretation of this sequence on the
plane according to §2.1. Let us draw a straight line
parallel to the X-axis through the point g of the Y-axis
(e.g. ¢ =1). Moreover, let us draw two straight lines
parallel to the last one on two different sides of it but
in the same distant. The condition that the equality (2)
holds means that for sufficiently large = (i. e. for n larger
than a certain k), all terms of our sequence lie in the
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strip determined by the two above-defined parallel
straight lines.

The above geometrical condition may be easily ob-
tained from the analytical condition formulated in the
definition of limit denoting the breadth of the above
strip by Z2e.

In other words, the condition for the convergence of
a sequence to g may be formulated as follows: every
interval with the centre g contains all elements of the
sequence beginning with a certain index.

In the above examples we have seen that a sequence
may have no limit (if it is divergent); the question arises
whether if a limit exists (thus, if the sequence is con-
vergent), then it is unique. We shall show that it is
really the case.

For let us assume a sequence a,, d,, ... to have two
different limits g and ¢’. Then we have |g—g’| > 0. Let
e = }|g—g’|. According to the definition of the limit,
two numbers k¥ and %k’ exist such that for »n >k the
inequality

(4) lan—g| <e,
and for n > k' the inequality
(5) lan—g'| <e

hold.

- Thus, denoting by m the greater among the two
numbers k and %', the inequalities (4) and (5) hold for
n > m, Simultaneously. Let us add both sides of these
inequalities under the sign of absolute value (cf. § 1 (15)),
after changing the sign under the absolute value in the
formula (4). We obtain [g—g'| < 2¢ but 2¢c=|g—g’|.
Thus, we get a contradiction.

Remark. It is easily seen that the notion of limit
is not changed, if we replace in the definition of limit
the sign > by > or < by <.
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2.3. Bounded sequences

A sequence a,, a,,... i8 called bounded if the set of
its terms is bounded, i.e. if there exists a number M
such that the inequality |as| < M holds for all values
of ». In other words, the inequality —M < a, < M is
satisfied for all terms of the sequence.

The geometrical interpretation of this condition is that
the whole sequence (treated as a set on the plane) is
contained between two straight lines y = M and y = — M.

We say also that a sequence is bounded above if a num-
ber M exists such that a, < M for all n, i.e. that the
sequence lies below the straight line y = M. The notion
of a sequence bounded below can be defined analogously.
Clearly, a sequence which is bounded above and below
is simply a bounded sequence.

Exampres. The sequence 0,1,0,1,... is bounded.
The sequence of positive integers is unbounded, though
it is bounded below. The sequence 1, —1, 2, —2, 3, —3, ...
is neither bounded above nor bounded below.

THEOREM. Hvery convergent sequence is bounded.

Indeed, let us assume that the equation (2) holds and
let us substitute the value 1 for e. Hence a number k
exists such that we have |a,—g¢g|<1 for n > k. Since
|an|—lg] <|an—gl (cf. §1 (13)), we have ja,| <|g|+1.
Let us denote by M a number greater than any among
the following k +1 numbers: |a,|, |a,], ..., ||, |g| +1. Since
the last one is greater than |axi.|,|axss| ete., we get
M > |a,| for each n. Thus, the sequence is bounded.

2.4. Operations on sequences
THEOREM. Assuming the sequences a,, a,, ... and by, b,, ...
to be convergent, the following four formulae hold (1):
(6) lim(a,+b,)=1lima,+limb,,
(7) lim(ap—b,) =lima,—1limbd,,
(*) To simplify the symbolism we shall often omit the equality
= oo under the sign of lim.
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(8) lim(a,-b,) =lima,-limb,,
. a4 lima,
9)  Imgm =,

This means that under our assumptions the limit of
the sum exists and is equal to the sum of limits, the limit
of the difference exists and is equal to the difference of
limits ete.

Proof. Let us write lima, = ¢g and lim b, = h. A num-
ber ¢> 0 let be given. Hence a number k exists such
that the inequalities |a,—g| < /2 and |b,—h| < /2 hold
for » > k. We add both these inequalities under the
sign of absolute value. We obtain

[(an+bn)—(g+h)| <e&.

This means that the sequence with general term ¢, = @, + b
is convergent to the limit g+ h. Thus, we have proved
the formula (6).

In particular, if b, takes a constant value: b, = ¢,
formulae (6) and (3) imply:

(when limb, # 0).

(10) lim(a, +c¢) = ¢+lima, .

Now, we shall prove the formula (8). We have to
“estimate’’ the difference |a,b,— gh|. To be able to apply
the convergence of the sequences a,, a,, ... and by, b,, ...
we transform this difference as follows:

anby,—gh = apby— anh+ apnh—gh = ay(b,—h) + h(a,—g) .

Since the sequence a,, a,, ... i8 convergent, it is bounded
and so a number M exists such that |a,| < M. Applying
to the last equation the formulae for the absolute value
of a sum and of a product we get:

|@nbn— gh| < |an(bn— h)| + |k (an—g)|
< o]+l —g]

Now, let us take a number 7 > 0 independently of e.
Hence a number & exists such that we have |a,—¢g| <7
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and |bp—h| < n for m > k. Thus,
|@nbn—gh| < Mn+|hln = (M +k[)7.

Till now we have not assumed anything about the
positive number %. Let us now assume that n = &/(M +|[h|).
So we conclude that the inequality |a,b,—gh| < ¢ holds
for » > k. Thus, we have proved the formula (8).

In particular, if we write b, = ¢ we get

(11) lim(¢- a,) = ¢lima, ,
(12) lim(—a,) = —lima,,
where the formula (12) follows from (11) by the sub-
stitution ¢ = —1.
Formulae (6) and (12) imply the formula (7), for
lim (an — by) = Hm[a, +(—bn)]
= lima, +1lim(—b,) = lima, —limb, .
Before proceeding to the proof of the formula (9),
we shall prove the following special case of this formula:

.1 1

(13) hmg;z = {imb,

First, we note that for sufficiently large » the in-

equality b, # 0 holds. We shall prove an even stronger

statement: we have |b,| > }|h| for sufficiently large n.

Indeed, since 3}|h|> 0, a number %k exists such that
|bn—h| < }|k| for n > k. Hence,

||—|ba] <|h—bn] < }|h] and thus |b,|> }|hl.
To prove the formula (13), the difference
1 1] |h—=ba| _ |h—ba]
bn h| | h-bn|  |h| |ba|
has to be estimated.
But for sufficiently large » we have |h—b,| < 7 and
[bn| > %|R], i. e. 1/|bs| < 2/|R|. Thus,
1 1
b h

(when limb, = 0) .

27
<2,
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Writing n = }¢h?, we get
1 1
btn h
whence the formula (13) follows.
The formula (9) follows from '(8) and (13):

<e,

hmb—n = lima,, - —b},; = lima,- llm—b1 = EEZ" .

Remarks. («) We have assumed that the sequences
{a,} and {b,} are convergent. This assumption is essential,
for it may happen that the sequence {a,+b,} is conver-
gent, although both the sequences {a,} and {b,} are di-
vergent; then the formula (6) cannot be applied. As an
example one can take: a, = n, b, = —n. -

However, if the sequence {a,+b,} and one of the
two sequences, e. g. the sequence {a,} are convergent, then
the second one is also convergent. For b, = (a,+b,)—a,,
and so the sequence {b,} is convergent as a difference
of two convergent sequences.

Analogous remarks may be applied to the formulae
(7)-(9).

(B) In the definition of a sequence we have assumed
that the enumeration of the elements begins with 1.
It is convenient to generalize this definition assuming that
the enumeration begins with an arbitrary positive integer
(and even with an arbitrary integer), e.g. with 2, 3 or
another positive integer. So is e.g. in the proof of the
formula (13). We have proved that b, % 0 beginning with

a certain k. Thus, the sequence 51~ is defined just beginning

with this % (for if b, = 0, then bl does not mean any
n
number).
This remark is connected with the following property
of sequences, easy to prove: the change of a finite number
of terms of a sequence has influence neither on the con-
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vergence of the sequence nor on its limit. The same can be
said of the addition or omission of a finité number of
terms in a sequence.

ExaMPLES. Find lim bn + 2 In this case we cannot

—o TN —3°
apply the formula (9)ndirectly, since neither the numerator
nor the denominator are convergent, as n tends to oo.
However, we can transform the general term of the
6n+2
m—3
pressions each of which has a limit. For this purpose
it is sufficient to divide the numerator and the deno-
6+42/n
7—3/n

sequence a, = to become a quotient of two ex-

minator by n. Then we obtain a, = and we may

apply the formula (9). Since

lim<6+g) =6 and 1im(7—§)=7,
n n

=200 n=00

we have
lima, = 9
n=oo T
Similarly,
1 1
-
lim 2L i 2"
n=oo M2 +1 neoo g 12 !
n
for

lim L =0 =lim 1.
n=oo N nemoo M

2.5. Further properties of the limit

Suppose that a sequence {a,} is convergent. Then the
sequence {|a,|} is convergent, too, and

(14) lim|a,| = |lima,| .

Let lima, = g. Then we have |a,— g| < ¢ for sufficiently
large n. Thus,

lonl—lgl <|an—gl<e and |g]—|an| <|g—an| <&,
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whence (cf. § 1 (17)): []an[—[g[[ < & Thus, the formula (14)
is proved.

Assuming the sequences {a,} and {b,} to be con-
vergent, the following relation holds:
(15)  the inequality a, < b, implies lima, <limb,.

In particular, if the sequence {c,} is convergent, then
(16) the condition ¢, =0 implies lime, > 0.

We shall prove first the last formula. Let lime, = h,
and let us further assume that h < 0, i.e. that —h > 0.
Then we have |c,—h| < —h for sufficiently large n, and
hence ¢,—h < —h, whence ¢, < 0, which contradicts our
assumption.

Applying the formula (16) we shall prove now the
formula (15).

We put b,—a, = ¢,. Since a, < b,, we have ¢, >0
and thus, in the limit, lime, > 0. Moreover, (7) implies:

lime¢, = limb,—lima,,
hence
limb, —lima, >0, ie. lima, <limb,.

Remark. In the formulation of the relation (16), the
inequality > cannot be replaced by > (similarly, in (15)
one cannot replace < by <). For example the sequence
¢, = 1/n satisfies the inequality ¢, > 0, but lime, = 0.

Thus we see that the relations < and > “remain
true in the limit”, but the relations < and > do not
possess this property.

We next prove the formula of the double imequality:

17) If a, < ¢p < b, and if lima, = limb,, then the se-
quence {¢,} is convergent and lime, = lima, = limb,.

Suppose that lima, = g =limb, and let ¢ > 0. Then
we have |a,—g| < ¢ and |b,— g| < & for sufficiently large n.
According to the assumption,

h—g <th—g <bn—¢g,

and —es<a,—g and b,—g<s;
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hence —& < ¢,—g <, i. e. |c,—g| < &, whence lime, = g.

(18)  If lim|a,| = O, then the sequence {a,} is convergent
and lima, = 0.

For, we have then —|a,| <a, < |a,| and

lim(—|an|) = 0 =lim|a,|.

2.6. Subsequences

Let a sequence da,, @, ..., 0y, ... and an increasing
sequence of positive integers m,, msy, ..., My, ... be given.
The sequence

by=0mn,, by=0n, .., by=0an,,
is called a subsequence of the sequence ai, Ayy ... Gp, ..
For example the sequence a,, a,, ..., Gz, ... i8 & sub-

sequence of the sequence a,, a,, ... Yet, the sequence a,, a,,

aq, @y, ... i3 Not a subsequence of this sequence, since in

this case the indices do not form an increasing sequence.
We have the general formula

(19) M >

This is obvious for n = 1, i.e. we have m; > 1 (since m,
is a positive integer). Applying the principle of induction,
let us assume that the formula (19) holds for a given mn.
Then we have m,y, > m, = n, whence m,,, = n-+1. So we
have obtained the formula (19) for » +1. Thus, the for-
mula (19) is true for each n.

According to our definition, every sequence is its own
subsequence. We can say in general that every sub-
sequence is obtained from the sequence by omitting
a number of elements in this sequence (this number may
be finite, infinite or zero). Hence it follows also that
a subsequence {am, } of a subsequence {am,} is a sub-
sequence of the sequence {a,}.

THEOREM 1. A subsequence of a convergent sequence 48
convergent to the same limit. In other words,

(20) of lima, =g and if m; <my< ..., then limay,, =g¢.

N =00 N=00
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Let a number ¢ > 0 be given. Then a number k exists
such that the inequality |a,—g| < & holds for n > k. Ac-
cording to the formula (19), m, > n > k; hence |a,, —g| < &.
This implies lim ap, =g.

N=00
THEOREM 2 (BOLZANO-WEIERSTRASS (1)). Every bounded
sequence contains a convergent subsequence.

Proof. Let the sequence {a,} be bounded. Then
a number M exists such that the inequality — M < a, < M
holds for each n.

We shall now apply the theorem from § 1.7. Suppose
that we denote by Z the set of numbers « for which the
inequality = < a, holds for infinitely many n. The set Z
is non-empty, since the number —M belongs to Z (be-
cause the inequality —M < a, is satisfied by all n). At
the same time this set is bounded above; for, if # belongs
to Z, then x < M, since assuming x > M, the inequality
r < a, would not be satisfied by any » (thus the number =
could not belong to the set Z).

Since the set Z is non-empty and bounded above,
the upper bound of this set exists. Let us denote this
bound by g. It follows by the definition of the upper
bound that to any number ¢ > 0 there exist infinitely
many % such that

g—e < ay :ég"{"c"
(because g—e belongs to the set Z and g+¢ does not
belong to Z).

We shall now prove that ¢ is the limit of a certain
subsequence of the sequence {a,}. Thus, we have to define
a sequence of positive integers m, < my, << mg < ... in such
a way that hm Oy = §.

For this purpose we shall first substitute 1 in place
of &. Then there exist infinitely many n such that

g—1<an<g+‘1.

(*) Mathematicians of the 19th century. Karl Weierstrass is
one of the greatest analysts.
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Denoting one of these n by m,;, we have
g—1l<an <g+1.

Now, let us substitute ¢ = }. Then there exist in-
finitely many = such that ¢g—3} <a, <g+3%. Among
these n there exist numbers > m,; someone of these =
we denote by m,. So we have

g—1 <lm<g+i, m<my.

Similarly, we can find an index m,; such that g—}
<ty <G+ 3k, My <my.

In general, if m, is already defined, we define m,,, in
such a way that

1
(21) g——13 <amn+]{:g+

m, < m .
nr1 n n+1

n+1’
We shall apply formula (17) on the double inequality.

Since lim—lr-l =0, we have
. 1 . 1
hm(g—;b) =g = lim <g+ 7—;) .

Hence the formula (21) (after replacing n» 41 by n) implies
lim @, = ¢g. Finally, it follows from the inequality m,

n=00

< Mp4, that the sequence a,,, an,, ... is a subsequence

of the sequence a,, a,,... Thus, the theorem is proved.
As a corollary from the above theorem we shall deduce

THEOREM 3. Kvery monotone bounded sequence is con-
vergent. Moreover, if a; < a,< .., then a,<lima,; if
a,=a,> ..., then a, >lima,.

Let us assume the sequence {a,} to be bounded and
increasing in the wider sense. Let us denote by Z the
set of numbers belonging to this sequence and by g its
upper bound (cf. § 1.7). Then we have

g=>a, for each n;
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at the same time for any ¢ > 0 there exists a & such that
g—e < ai (because the inequality g—e > a, cannot hold
for all n, as follows from the definition of the upper bound).

Since the sequence {a,} is increasing (in the wider
sense), the inequality n > k implies a; < an, whence
g—e < a,. Thus we conclude that to any &> 0 there
exists a k such that for n > k the double inequality
g—e<ap<g holds and so the inequality |a,—g|< e
holds, too. This means that g = lim a,.

N=00
To prove that the inequality a, < g is satisfied by
each n, let us consider a fixed positive integer n,. It has
to be proved that a,, <g. Now, it follows from the
assumptions that

Qny < Anot1y Gng S Ongzy ooy Ong S Ongiky oo
Thus by the formula (15), @z, <lim azyix =g.
k=oco

In this way the Theorem 3 is proved for non-decreasing
sequences. The proof for non-increasing sequences is
analogous.

It follows at once from Theorem 1 that a convergent
sequence cannot contain two subsequences convergent to
different limits (especially, this implies the divergence of
the sequence 0,1, 0,1,...). For bounded sequences, this
theorem may be reversed. Namely, we have

THEOREM 4 (1). If a sequence {an} %8 bounded and if
all subsequences of this sequence are comvergent to the same
limit g, then the sequence {a,} i8 convergent to the limit g.

In other words, every bounded divergent sequemce con-
tains two subsequences convergent to different limits.

Proof. Let us suppose that g is not the limit of the
sequence {a,}. Then a number ¢ > 0 exists such that for
every k there exists m >k such that the inequality
|asn— g| > ¢ holds. Hence we conclude that a subsequence
{am,} exists such that |a,,—g| > ¢ for every n. By sub-

(*) We shall apply this theorem in § 5.5.
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stituting the value 1 in place of k¥ we find that there
exists m,; > 1 such that |an,, — g| > . Further, substituting
k = m, we find m, > m, for which |a,,—g| > e. Similarly,
there exists my > m, such that |a.,—g| > ¢ ete.

Since the sequence {a,} is bounded, the sequence
{am,} i8 also bounded. Hence, by the Bolzano-Weierstrass
theorem it contains a convergent subsequence. Let us
denote this subsequence by {am, }. Since it is also a sub-
sequence of the sequence {a,}, our assumptions imply

lim m,, = 9 i.e. lim(am,—g)=0.
Nm=00 N=00
But, on the other hand, the numbers m,,, m,,, ... belong
to the sequence my, m,, ... and, consequently, the in-
equality |am,—g| > & implies the inequality |am rﬂ—g];e
for each n. This contains a contradiction.
So we have proved that lim a, =g, by leading to

N =00

contradiction.

2.7. Cauchy theorem (%)

A mecessary and sufficient condition for the convergence
of the sequence {a,} is that for every ¢ > 0 a number r exists
such that the inequality

(22) |an—a,] <&

holds for n > r.

The proof consists of two parts. In the first one we
ghall prove that the convergence of a sequence implies
the condition formulated in the theorem, the so-called
“Cauchy condition”; in other words, we shall prove that
this condition is a necessary condition for the convergence
of this sequence. In the second part we shall prove that

(*) Augustin Cauchy, 1789-1857, one of the most eminent French
mathematicians. The establishing of fundamental notions and theo-
rems of the theory of sequences and series and of the theory of
continuous functions is due mostly to him.



2. INFINITE SEQUENCES 43

if the Cauchy condition is satisfied, then the sequence is
convergent, i.e. that it is a sufficient condition for the
convergence of the sequence.

1° Let lima, = g and let ¢ > 0 be given. Then a num-
ber r exists such that |an—g| < 4e holds for » >r. In
particular, this inequality holds for n = r, i.e.|a,—g| < }e.
Adding both these inequalities under the sign of the ab-
solute value we obtain the formula (22).

2° Now, let us assume the Cauchy condition to be
satisfied. We have to prove the convergence of the se-
quence. First of all we shall prove that it is a bounded
sequence. The proof will be analogous to the proof in § 2.3.
Namely, we substitute ¢ = 1. Then a number r exists such
that we have |a,—a,| <1 for n>r. Hence |a|—|a,|
< |an—a,| < 1, whence |a,| < |a,|+1. Let us denote by M
a number greater than anyone among the following r
numbers: |a,], |ay|, ..., |@—1], |@,] +1. So we have M > |aa]
for each n. This means that the sequence {a,} is bounded.

Hence we conclude by the Bolzano-Weierstrass theorem
that this sequence contains a convergent subsequence.
Thus, let lim a,,, = g, where,m; < m, < ... We shall prove

N=00

that g =1lim a,.

n=00

Now, let ¢ > 0 be given. According to the Cauchy
condition, a number r exists such that the inequality

(23) ‘ |an—a,| < ke

is satisfied for n > r. .
The equation lim a,, = g implies the existence of a &

n=0o0

such that we have
(24) |@m,—g| < }e

for n > k. Clearly, ¥ may be chosen in such way that
k > r. Then both inequalities (23) and (24) are satisfied
for n> k.
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Moreover, one may replace in formula (23) n by ma,
since m, =n >r (cf. (19)). This gives
(25) la’mﬂ—arl < %‘8 .

Adding the inequalities (23)-(25) after changing the
gign under the absolute value in (25), we obtain the
inequality |a,—g| < ¢, valid for each » > k. This means
that lima, = g¢.

Remarks. («) In the Cauchy theorem as well as in
the definition of the limit the sign > in the inequality
n > k as well as the sign < in the formula (22) may be
replaced by > and <, respectively.

(B) The Cauchy condition may be also formulated as
follows: for every &> 0 a number r exists such that the
conditions m > r and n' > 1r imply |an— an| < &.

Namely, the Cauchy condition implies the existence
of an r such that the inequalities |an—a,| < }e¢ and
|an—a,] < %¢ hold for »>r and »'>r. Adding these
inequalities we obtain |a,— an| < e.

2.8. Divergence to oo

A sequence {a,} is called divergent to oo, if to every
number r there exists a positive integer k& such that
a, >r for n > k. We denote this fact symbolically by

the equation: lim a, = co. Thus, a sequence divergent
N =00

to oo is a sequence, in which those terms with sufficiently
large indices are arbitrarily great.

Analogously we define the meaning of the expression
lim a, = — oco. It means that for every negative number »

N=00
there exists a k¥ such that a, <7 for n > k.

We say that sequences divergent to oo or — oo have
improper limits.

EXAMPLES: limn = oo, lim (—n) = — oo,

N =00 N=00
1. An increasing (in the wider sense) sequence, un-
bounded above, is divergent to oo.
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Indeed, since the sequence {a,} is unbounded above,
there exists for any r a number %k such that a, > ax for
n > k, whence a, > r. Thus, lim ay = co.

n=00

An analogous theorem holds for decreasing sequences.

Comparing this theorem with Theorem 3, § 2.6, we
conclude that every monotone sequence has a limit, proper
or improper (depending on whether it is bounded or un-
bounded, respectively).

2. If lim a, = oo, then lim (1/a,) = 0.

N=00 n=o0

Namely, let lima, = oo and let ¢ > 0. Writing » = 1/¢
we conclude that there exists a k& such that a, > 1/e
holds for »n >k, i.e. 1/a, < ¢ for n > k; but this means
that lim(1/a,) = 0.

The converse theorem is not true: the sequence
1,—3%,3,—%, ... converges to 0 but the sequence of its
reciprocals 1, —2,3, —4, ... is divergent neither to -+ oo
nor to —oo.

Let us mention the following theorem concerning
operations on divergent sequences: the sum and the product
of two sequences divergent to- + oo are divergent to -+ oco.
We shall prove this theorem in the following form which
is a little stronger than the above:

3. If lima, = oo and if the sequence {b,} is bounded
below, then lim(ap+ b,) = oo.

Namely, let M < b,. Since lima, = oo, then for
a given r there exists a number & such that we have
an > r— M for n > k. Hence a, + b, > r and, consequently,
lim (an + bp) = oo.

4. If lima, = oo and if by, > c¢ always, where ¢ > 0,
then lim(as- by) = oo,

Let a number » > 0 be given. There exists a number k
such that for » > k, we have a, > r/c. Multiplying this
inequality by the inequality b, > ¢ we obtain a,b, > r.
Hence lim(ay- by) = oo.
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A theorem corresponding to theorem (15) is the follow-
ing one:

5. If lima, = oo and a, < b,, then limb, = oo,

Namely, if a, > r, then still more b, > r.

2.9. Examples
(x) If ¢> 0, then lim nc = oco.

This follows immediately from 4.
(B) If a> 1, then lim a” = oo.

Nn=00
Namely, writing ¢=a—1, we get ¢> 0, whence
lim n¢ = co. On the other hand, applying the Bernoulli

TN w=00

inequality (§ 1 (1)), we obtain

ar = (14c*>1+nec, whence limar= oo

Nn=00

according to 5.

(v) If |q| <1, then limg® = 0.
First, let us assume that 0 <g¢g<1. Then 1/g>1
and, consequently, lim (1/¢*) = co. Hence we obtain, ac-
N==00

cording to Theorem 2, lim ¢* = 0.

N=00

Hence it follows that in the general case, assuming
only |¢|<1, the equation lim|g* =0 is satisfied,
n=o00

i. e. lim |¢g®| = 0. But the last equation implies lim ¢» = 0

N ==00 N=00
(cf. (18)).
(8) If a> 0, then lim}a = 1.
N=00

First, let us assume that a>1 and let us write
Un = }/a. We shall prove that the sequence {u,} is de-
creasing. Indeed, a > 1 implies a® < a**l, Taking on both
gides the =n(n-+1)-th root we obtain n+)1/7a<’f/5, i.e.
Un > Uny,. Moreover, the sequence {u,} is bounded since
u, > 1. Hence we conclude that it is & convergent se-
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quence (cf. 2.6, Theorem 3). One has to prove that 1 is the
limit of this sequence. Let us write lim 4, = 1+h. By
the above cited theorem, wu, > 1 implies » > 0. We shall
prove that the supposition » > 0 leads to contradiction.
Indeed, the inequality 1+h < }a yields (1+h)" < a
and since (1-+h)" > 1-+nh, we conclude that 1+nk < a
for each n. But this is impossible, since lim nh = oo.

N=00

So we have proved that a > 1 implies lim% =1.

N == 00
But if 0 <a<1, then 1/a>1 and lim ?/17& =1, i.e.
n=00
lim (1/}/a) = 1. Hence 1/lim}/a = 1, i.e. lim}/a = 1.
N=0O N OO N=00
(e) If |g] <1, then lima(l+q+¢*+...+¢*?) =1—_‘i—q.
N =00

This is the expression for the sum of the geometric
progression with a quotient whose numerical value is less
than unity.

Namely, we have 1-+¢+ ¢*+...+ ¢" ! = 11:{1" and
limg® =0 (cf. (v)).

() If a > 0 and if {r,} is a sequence of rational numbers
convergent to zero, then lim a™ = 1.

n=0o R
This is a generalization of the formula (3) and it is
eagily deduced from this formula.

2.10. The number e

We shall prove the existence of lim (1+ %)n We shall

n=00

denote this limit by e.
n A
Let us write a, = (1+%) . Then we have

=2, a=([1+3°=}, a=(1+3"=35=24.

We shall prove that this sequence is increasing. For
this purpose we shall apply the Newton binomial
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formula (§ 1.3):

_ 1 'n(n 1) n(n—1)-...-1 1
n=1+n + 2+'"+ 1-2....-n nn
by
1+14 31 + 31 + ..+
(1—1>.....(1_”;1)
n
+ n! !
hence
w1 () )
1——— (1-— 1—
Oy =141+ 27L'+1+ n+13, ntl + ..+
1 n—1 1 n
(l‘m)""'(l‘5ﬁ)+(l‘m)""'(1“n+1)
t ! T 1! :

It is easily seen that the terms of the sum consti-
tuting a, are less than or equal to the first terms consti-
tuting a,.;, respectively. Hence a, < a,,,.

Thus, the sequence is increasing. But it is also bounded,
for

<2+++<++++

2 ' 9 on—1 <3 ’

since (cf. §2.9, (g))

3
3 +22+ Fpa<i—3—

The sequence {as}, being increasing and bounded, is
convergent. Hence the existence of the number e is al-
ready proved. It can be calculated that, approximately,
¢ = 2,718... We may also prove (as we shall show later)
that

e—hm(1+ + + -+ )

N==00
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The number ¢ plays a great part in analysis. In par-
ticular it is used as the base of logarithms (so called
natural logarithms).

We shall now prove that

n
(26) 1im(1—1) 1
MN=00 n €
Indeed, we have
1 »n—-1 1 1
== =T 1’
(n—l) 1+n—1
whence
n
(12 = — L
n=oo lim (1+_)
n=00 n—1
_ 1 1 1
o 1 \»t . 1\ ¢’
e e A=
for

lim (1 -+ —i—-) =1.

n—0o n—1

2.11*, The sequences of the arithmetic means and of the
geometric means of a given sequence

Given a sequence a,, d,, ..., 0y, ..., let us consider the
sequence of the arithmetic means

a; 4 a, a;+ Gy + ...+ ay
Uy =gy ey ST
1. If lim a, = g, then lim Gyt F = ¢; this theorem
N=00 n=co n

remains true in the case g = + oo.

Proof. First, let us assume that ¢ is a finite number.
Then, for a given & > 0, a number k exists such that the
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inequalities
J—Ee<Opp1 < g+ée, g—e<age<gte,
ey <O < gt+e

are satisfied for each n> k.
Adding the system of these n — k inequalities we obtain:

g—e < ——————a"“:_'"k"'a" <g+e,

i.e.
(g_s)n;;k < Aot +n +a, < (g+s)%;k
At the same time, 711112 ‘i‘—_'%ﬂ-" =0, whence we
have —e < ‘11%1‘_% < ¢ for sufficiently large n. Hence
PR L A L T pamL
n n
but since lim "—F — 1, we have
o
g—3e < ‘—l‘——i;t"—_‘_-a—" < g—+3¢

for sufficiently large n.

This means that lim a—‘j—'—%j—g'—‘ = g.

Now, let us a,s:squn;o that g = oo (the proof in the
case g = —oo is analogous). Then for a given number
r > 0 a number k exists such that az, > 7, ag2> 17, ...
Thus, we have axi1+...4+ar > (n—k)r for each n > k,
whence

a, e a, —
k41 -+ oo+ n>’ﬂ, kr‘
n n

a1+-u+ak
n

But we have > -—% for large n; whence
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whence we obtain ‘h%—}‘a" > -g for sufficiently large n.
Hence we conclude that
lim 2 T
n

N=00

Remark. The converse theorem is not true: a se-
quence may be divergent although the sequence of its
arithmetic means is convergent. For instance, the se-
quence 1,0, 1,0, ... is divergent but the sequence of its
arithmetic means is convergent to %.

An analogous theorem holds for the geometric means:

2. If a, > 0 and lim a, = g (g finite or infinite), then

N=00

lim ’]'/alaz- et Qp=4(.
N=00
This theorem is proved in a manner completely ana-
logous to the proof of Theorem 1. Theorem 2 may be
also reduced to Theorem 1 by taking logarithms (applying
the continuity of the function logz, cf. § 5.5).

3. If lim (aps1—ay) =g, then lim 22 = g,
N OO0 n=oo M
Indeed, let us write b, =a,—a,—, for n>1 and
b, = a;. Then we have

limb, =g and bit..tbn

a,
n=00 n n '

Hence lim 2 — g by Theorem 1.

n=00

4. If an > 0 and lim "“—g, then lim Ja, = g.

N=00 n N==00

This theorem is obtained from Theorem 2 writing

bn=

for n>1 and b, = a;; it follows from the

Ap—1

equation /by b, ... bn =} an.
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EXAMPLES. («) Writing a, — n, we have lim "1 — 1.

n=00

Hence lim J/n = 1.

n=00

— y !
(8) lim }/al =oo, for lim " T1 i (5 11) = co.
n=00 n=oo M. n=00

(y) The example of the sequence 1,1,%,3,%,1,..

shows that the limit lim J/a, may exist, although the

n=000

limit lim 2** does not exist.
n=00 n

Exercises on § 2

1. Evaluate the limits:

lim — im bn A1
n=oo N +1 ! n=00 m—2 !
. 2n245 124224 402
L T L ‘

2. Let a convergent sequence {a,} be given. Prove that,
if we replace a finite number of terms of this sequence
by other terms, the sequence obtained in this way is
convergent, too, and has the same limit as the given
sequence.

Similarly: cancellation or addition of a finite number
of terms to a sequence has influence neither on the con-
vergence of the sequence nor on the value of its limit.

3. Prove that if lim a, = 0 and if the sequence {b,}
n=00

is bounded, then lim a,b, = 0.

Nn=00
4. Prove that if the sequences {a,} and {b,} are con-
vergent to the same limit, then the sequence a,, b,, a,, b,, ...
is convergent to this limit, too.

5. Prove the following generalization of the theorem on
the limit of subsequences (§ 2.6, Theorem 1): if lim a, = ¢
n=00
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(where g has a finite or infinite value) and if im m, = oo,
then lim a,,, = g. "

n=00

6. Evaluate lim l'f/;f'

Nn=00

7. We define a sequence {a,} by induction as follows:

< Ap—1+ Ay
=0, a=1, =~ .

Prove that lima, = %.

Nn=00

8. Let a bounded sequence {a,} be given. Prove that
among the numbers being limits of convergent subse-
quences of this sequence there exist the greatest number
and the least number (these numbers are called limes
superior and limes inferior of the sequence {a,}, i.e. the
upper limit and the lower limit of the sequence {a,},
respectively).

Prove that a necessary and sufficient condition of the
convergence of a sequence is that the upper limit equals
the lower limit.

Prove that if ¢ = limsupa,, then for every &> 0
a number k exists such that a, <c+e for n >k and
that a,, > ¢—¢ holds for infinitely many indices m.

9. Prove that for every sequence of closed intervals
such that each interval is contained in the preceding
one, there exists at least one common point (Ascoli
theorem). -

In the above theorem closed intervals are considered,
i.e. intervals together with end-points; show by an ex-
ample that this theorem does not hold for, open intervals
(i.e. intervals whose end-points are excluded).

10. Find the limit of the sequence {a,} defined by
induction:

a1=]/5, a,,+1=]/c+a,..
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11. Prove that if lim a, = ¢ and if lim (b, + b, + ... + b,)
n=00

N=00

= oo, where always b, > 0, then

. @by +a,b,+...+a,b
1 1Y1 2Y2 n 1l=
— T b+ byt .t bm

12. Prove that if im 22— "' — ¢ and lim v, = oo,

nmoo Un—Vp—1 n=co

where the sequence {v,} is increasing, then lim — = g¢.

n=co Un
i ' : , Uy, — U
(Substitute in the previous exercise: a, = —*—"=*,
n— Yn—1

bn = 'U”—'vn_l). /
13. Pascal () triangle. We consider the following
table (i.e. double sequence {a;}):

1111 1.
1 2 3 4 5.
1 3 61015.
1 410 20 35 ..
1 51535 70 ..

..............

This table is defined as follows: the first line consists
of nothing but 1, i.e. a,; = 1; the k-th term in the n-th
line is the sum of the first k¥ terms of the (n—1)-th line, i. e.

Apje = Ap—1,1 + Ap—1,2t oo + Bp—1,k

Prove that
dor — (k+n—2)!
T (k—1)! (n—1)!
and that the terms a,,, @y—1z2, ..., @1,n are successive

coefficients of the Newton expansion of the expression

(a+b5)""" (as is easily seen they are the terms of the
table lying on the straight line joining the n-th term
of the first line with the first term of the n-th line).

(1) Blaise Pascal, a French mathematician, 1623-1662, known by
his works which initiated the Calculus of Probability. Newton’'s
predecessor in certain researches in Analysis.
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14. Prove that

hm( 1 + 1 +...+—:_1::)=1.
nmoo \YnE4+1  Yn2+2 Vniitn
15. Prove that if a sequence of rational numbers

{%’—‘} (where p, and ¢, are positive integers) tends to an

n.

irrational number, then

lim p, = oo =lim ¢, .

N==00 N==00

§ 3. INFINITE SERIES

3.1. Definitions and examples

Given an infinite sequence a,, a,, ..., ay, ..., We con-
sider the following infinite sequence:

(1) 8=0y, =0, +ayy eeoy Sp =20y + A+ ...} Gy, ..

If the sequence 8;, 8, ..., 8p, ... has a limit, then we
denote this limit by the symbol

oo
Zan=lims,,

n=1 Nmo0

and we call it the sum of the infinite series a,+ ay+ ...+
+ ap ...

In this case we say also that the series is convergent.
If the above limit does not exist, then the series is called
divergent.

In the case when all terms of the sequence {a,} be-
ginning with a certain k¥ are = 0 we have an ordinary
sum of a finite number of terms. Thus, the sum of an
infinite series is a generalization of this sum when the
number of terms is infinite (which is emphasized by
the notation). However, in distinction with the addition
of a finite number of terms, it is not always possiblﬁ
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to find the sum of an infinite number of terms, i.e. the
sequence (1) is not always convergent (even if we take
into account infinite limits).
To illustrate this we shall give several examples.
The geometric series a4 aq-+ag®+...+ag®+ ... with
the quotient ¢ satisfying the inequality |g| <1 is con-
vergent. Namely (§ 2.9, (g)),

a
a+aq+aq2+...=m.

The series 141-+14... is divergent to oo because
8y = MN.

The series 1—1+41—1+... has neither a proper nor
an improper limit, for in this case the sequence (1) is
the sequence: 1,0,1,0, ...

The sequence {s,} will be called the sequence of partial
sums of the given infinite series.

By the n-th remainder of the series a,+a,+... we
understand the series

[e e}

Y
(2) Tn = Qny1+ Auio+ ... = /\ U
m=n+1

If the series a,+ ay+ ... is convergent, then lim r, = 0.
N==00
First of all let us note that if the series a;+a,+...

is convergent, then the series (2) is also convergent for
each value of n. For

(o]

. . Al
Tp =M (App1+ dniot oo FAuip) =limsy,  p— 8, = 2 A—Sny
k=00 k=00 me1
whence
oo o e] oo
. . \ ] 7
lim7r, = 2 a,—lims, = Z A — 2 an=0.
fimoo m=1 n=00 m=1 m=1

3.2. General properties of series

We shall now give some properties of infinite series
which are direct consequences of relevant properties of
infinite sequences.
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1. CAUCHY CONDITION. A necessary and sufficient con-
dition for the convergence of the series a,+a,—+... 18 that
for every ¢ > 0 a number k exists such that the inequality

(3) |Gy 4 Qrgo+ oo+ Qpym| < &
holds for each m.

Indeed, the convergence of the given series means
the convergence of its partial sums s, $,, ..., and the
Cauchy theorem (§ 2.7) implies this sequence to be con-
vergent if and only if for every ¢ > 0 there is a ¥ such
that for each m the inequality |sk+m—-skl<s (i.e. the
inequality (3)) is satisfied.

2. If the series a,+ a,+ ... is convergent, then lim a, = 0.

N =00

Namely, a, = s,—s,—;; hence

lim a, = lim s, —lim §,—; ,
N =00 n=00 n=00

but
lims, =lims,_, .
N=00 n=00
Remark. Theorem 2 cannot be reversed. Namely,
there exist divergent series with terms tending to 0. Such
a series is the harmonic series

1.1 1
1—‘(—5-’{-3—%—...—1—;&—&—...

Indeed,

1 1.1 1.1 1 1_1

3t172 sTetitsTar
1 1 1
Pl e +°"“ 2’

i.e.
82n+1—— San > % .

n .
Hence 32,.>§. Thus lim s,, = oo, whence we conclude
N=00

that the sequence of partial sums of the harmonic series
and so the series itself, are divergent. This is a series
divergent to oo.
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A series is called bounded if the sequence of its partial
sums is bounded, i.e. if a number M exists such that
M > |s,]| for each n.

3. Every convergent series is bounded.

This is an immediate consequence of theorem § 2.3.

‘We shall give now two theorems relating to operations
on series:

4, If the series a,+ay+.. and b +by+... are con-
vergent, then

25'(an4‘bn):=A25'an'% bn7
Nesl N=l Nl
Z (an—bn) = 2 Ay — 2 by .
N1 n=1 Nm=1
For
D) (@n+by) = lim (@, + by + Gy + by +- .+ G+ by)
Nl =00
=lim (a; + a3+ ... + a,) +lm (b, 4+ by +... + b,)
N=00 N=00
= Z an+ 2 b, .
N==1 N=l

The proof for the difference is analogous.
5. If the series a,+ ay—+... 18 convergent, then

S(c-a,.)=c- jan.

Nne=1 n=1
In particular,
2] o]
2 (—an) = — Za,,.
n=1 Ne=1
For
oo
2 (¢c-a,) =lim(c-a,+c-ag+...+¢-a)
n=1 =00

=c-lim(a;+ay+...+a,) =c- Za,..

N=00 Ne=l
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3.3. Alternating series. Abel theorem
We call alternating series a series of the form
(4) a,—a,+as—ay+..., where a,>0.

THEOREM 1. An allernating series (1) satisfying the
conditions

(5) G =a,=a;2... and lima,=0

N =00

18 convergent. Moreover, the partial sums s, = a,—ay+
+ay—a,+ ... +-a, satisfy the inequalities

(6) Son <Oy — Ay + A3 — ... < Sgpq -

Indeed, the sequence of partial sums with even indices
is increasing (in the wider sense), for

Sont2 = Son + (Aong1— Gonye)  ADA  Gopy1—dopi >0
At the same time, it is a bounded sequence, since
8on = 8y —[(@y— @3) + (g —a5) + ... + ] < @y
Thus, it is a convergent sequence. Let lirg Son = 4.
n=

To prove the convergence of the series (4), it suffices
to show that lim sy, = g.

n=00
NOW, Son+1 = Sop -+ Aogit-1 whence lim Son41 = lim Son +
n=00 N=00
+lm ayyy = ¢, because lim agyyy = 0 by (5).
N==00 n=00

Finally, the double inequality (6) follows from the
fact that the sequence {s,,} is increasing and the sequence
{S2n+1} 18 decreasing (cf. § 2.6, Theorem 3).

ExamprLEs. The (anharmonic) series

(7) L ke
is convergent. As we shall show later, its sum equals
to log,2.
The series
(8) 1—1+1—+..

is also convergent (its sum is equal to }m).
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THEOREM 2 (ABEL (1)). If the sequence {a,} satisfies the

conditions (5) and if the series b, by+-... (convergent or
divergent) is bounded, then the series
(9) a, b+ aby+ ...+ a, b, + ...

i8 convergent.

Let us write 8, = b;+b,+...+b,. According to the
assumptions we have made there exists an M such that
|sn] < M.

To prove the convergence of the series (9), we have
to estimate the sum

by 4 g1 by + ...+ an b,
for » > k. For this purpose we note first that
(10) —2M <bp+bpir1+ ... +by <2M
for each m and »n = m, since
[bm - e A ba| = [8n— 8m—1| < |8a| +
Now,
(A1)  apbr+agi1bepr ...+ anbn
= (@ — Axs1) b + (@19 A y2) (b A brya) +
+ (@2 — Ors) (bk + Drr1 + brys) + oo+ Gu(br 4 by +
F oot bp) <2M[(ag— i) + (A1 — Apyz) + oo+ @]
=2May
according to (10).
Similarly, apbx+...+azby = —2M - a;; hence
(12) |axbi+ ... + anby| < 2M - ay .
Now, let an ¢ > 0 be given By the equation (5), there

Sm—1| <2M .

exists a k such that ax < 5—:;. As we have proved, the

2JII
inequality (12), i. e. |axbx+ ...+ a,bs| < & holds for each
% > k. According to the Cauchy theorem (§ 3.2, Theorem 1),
this implies the convergence of the series > a,b,
n=1
() Niels Henrik Abel (1802-1829), a famous Norwegian alge-
braician.
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Remarks. («) It follows from the formula (12) that

(13) !5‘ nbn

N=1

<2M'a1-

Namely, by the formula (12), the inequality |a,b, + ... +
+ anby| <2M-a, holds for each n.

(B) Theorem 1 is a special case of Theorem 2. Namely,
we take the sequence 1,—1,1,—1,.. in place of the
sequence {b,}.

(v) In the formula (11) we have applied the so called
Abel transformation. It may be written also in the follow-
ing form:

UV + eee F Uy Oy == Ug(Vy — V) + (Uy + Ug) (V53— V3) + ... +
+ (g oo F Upe1) (Vg1 — V) + (U F oo+ Ug) Ve

3.4. Series with positive terms. D’Alembert and Cauchy
convergence criterions

Assuming all the terms £f the series a,+ a;+... to be
positive, the sequence of its partial sumsg is increasing.
Hence it follows immediately that:

1. A series with positive terms 18 either convergent or
divergent to oo.

2. THEOREM ON COMPARISON OF SERIES. If 0< b, < a,
always and if the series a,+ a,+ ... 18 convergent, then the
series b+ by,+ ... is also convergent. Moreover,

Ss

n=1 n

A -

Mz

[
-

Let sp =a,+a;+...4+ap, th =b+by+...+b,. Then

we have t, < s, and, since (cf. § 2.6, 3) 8, <lim 8, = ) @,

n=00 n=1

we have f, < Z ay. This inequality proves the bounded-

n=1
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ness and so the convergence of the series b,+b,+...
(by Theorem 1); on the other hand, it implies the in-

equality D' b, < D a, (by § 2.6, 3).
M=l

Nn=1
Theorem 2 often makes it possible to prove the con-
vergence of a series in a simple way, bwlson of
this series with a series the convergence of which is al-
ready established. For example to prove the conver-
gence of the series

1,1 1 ®
(14) mtmtet ot

we compare it with the series

1 1 1
(15) ']Tz'{"m_}’-.-_}‘m_)_‘_--o
Namely, we have
1 1 1 1 1
RT3 BS23 7 AR S amD)

At the same time the convergence of the series (15)
follows immediately from the identity:

1 1 1 1 1 1
r§+z—.3+"-+m=(1'§)+(§—§)+---+

whence lims, =1.

N =00

The following two convergence criteria for series
with positive terms are based on the comparison of the
given series with the geometric series.

(!) We shall show later (§ 11, (46)) that 1+ + + =

72
3 6’
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3. D’ALEMBERT (!) CRITERION. A series a, -+ a, -+ ... with
positive terms satisfying the condition
(16) lim 2241 <1,
n=co dn
s convergent.
By con.
lim 2! < h < 1. Hence a number & exists such that for

n=00 a’”

(16) suppose that h satisfies the inequality

a
>k we have ~2+1<h ie. @pyy < ay- h.

Thus, the series ay -+ @p4y+dgpeo+... has terms less
than the terms of the geometric series aip+ax-h-+
+ ay- h* 4 ..., respectively. But the last series is convergent
because 0 < h < 1. Thus, Theorem 2 implies the con-

vergence of the series ) @, and hence of the series
nm=k

(=]
D ay, too.
n=1

4. CAUCHY CRITERION. A series a, -+ a,-+ ... with positive
terms satisfying the condition
(17) lim Va, <1,

N ==00 -
i8 convergent.

Similarly as before, there exist an h <1 and a k such
that for n > k, we have }/a, < h, i.e. a, < h". Comparing
the series ay+ agyq-+... with the geometric series h* -+
+h*¥+14 .., we conclude the convergence of the first
geries from the convergence of the second one.

5. DIVERGENCE CRITERIA. If the series a,+ a,-+ ... with
positive terms satisfies one of the two inequalities
(18) lim®*>1 o limyam>1,

nemoco Qn nmoo -

then the series i8 divergemt.

(1) Jean le Rond d’Alembert (1717-1783), a famous French
mathematician and encyclopaedist.



64 I. SEQUENCES AND SERIES

If the first of the inequalities (18) holds, then for
sufficiently large n we have

Ap 41

>1 ’ i.e. Apyq1 > Ay
an

whence the sequence {a,} does not converge to 0 and
consequently, the series a@,+a,+ ... is divergent. If the
second of the inequalities (18) holds, then for sufficiently
large n we have iL/ZL; > 1, i.e. a, > 1 and the sequence
{a,} is not convergent to 0, neither.

Remark. It may happen that

lim ! — 1 — lim 1]L/a_n .

N=00 an n=00
In this case our criteria do not determine whether the
given series is convergent or divergent. Then we are
dealing with the so called “doubtful” case; we say also
that the series does not react to the above criteria.

3.5. Applications and examples

1. The series 2, i where ¢ > 0, is convergent.
n=1 M
Indeed,
a ¢+l pl ¢ . a
il P= ,  whence lim—2*l—=0,
an ¢ (n+1)! n41 neco Oy

By d’Alembert criterion we conclude that the given
series is convergent

n!
2. The series 2 18 convergent.

n=1 7
] n
Let a, =7—"— Hence 2+! =(n+1) " v 1 1w
n" an (n+1) (1+ _)
n
Thus
lim 241 — 1 ~1.

n=co Gn lim (1+ )

n=00
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.. cn . n!
3. hm—~' =0=1m—.
N=00 . N =00

This merely states that the general term a, of a con-
vergent series converges to 0.

Defining a sequence {a,} divergent to oo to fend more
rapidly to oo than a sequence {b,} if the condition

lim— = 0 holds, we may rewrite Formula 3 in the

ne=oo On
following way: n! tends more rapidly to oo than c¢*, and n*
tends more rapidly to oo than the factorial n!.

4. The harmonic series 1+%+%+...+%+... does not

react to the d’Alembert criterion. The same holds for the
series (14).
For,

lim —— = lim 1

lim 25 M@“-

As we know, the first of the above two series is di-
vergent and the second one is convergent.

0o
. —1)- .. (— .
5. The series 2|m(zc ) M'(ac n+1)[cn is convergent
n=1 ve
for 0 <ec<1. .
For, we have for non-negative and non-integer z

x

i
an+1=|m—n[ ,_|;b_1|(,
a n+1 = T
s Opyy
Hence lim —% =e¢.

n=co On

The convergence of this series implies
6. lim z(x—1)-...- (—n+1) on

n=00 n!

=0 for |¢| <1.

o
7. The series s 18 convergent for ¢ > 1 (where p is
n=1

D
an integer). Hence lim n_n = 0.

n=00
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P
For, lim (“fil) LA
N =00

8. The divergence of the harmonic series and the
Cauchy criterion imply immediately the formula
. n, —
lim}/n = 1.
Na=CO

Since the sequence 7]'/7» is decreasing for sufficiently
large » and consists of terms > 1, so lim "]/71, > 1 exists.

N =00

Supposing lim Jn > 1 we should get lim J/1/n <1 and

n=00 n=00

the Cauchy ecriterion would imply the convergence of
(o]
the series > % .

Nn=1
Remark *. The Cauchy criterion is stronger than the
d’Alembert criterion. For the existence of the limit

lim ! implies the existence of the limit lim }/a, (and

== 0O n N=00

both these limits are equal one to another, cf. § 2.11, 4).
However, the last limit may exist although the first one
does not exist.

3.6. Other convergence criteria

KUMMER THEOREM (!). A mnecessary and sufficient con-
dition for the convergence of the series a,+as+... with
positive terms s that a sequence of positive numbers by, by, ...
exists such that

(19) lim (b,.- I par) > 0.
N0 Oy 41 i
In order to prove the necessity of the condition for-
mulated in the theorem let us assume the convergence

. . 8—s
of our series and let us write b, = z

, where s is the
n

(*) Ernst Kummer, a famous German mathematician of 19th
century (1810-1893), an eminent worker in theory of numbers.
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sum of the series and s, is its w-th partial sum. Then

A, 8—8,,_8—8,,4.1 _an+1___1

bln,'

—bpyg =
An+1 ~ Ap 41 A1 Apt1

Thus, the condition (19) is satisfied.

Now, we shall prove the sufficiency of this condition.
For this purpose let us assume that the inequality (19)
holds. Then there exist an kA > 0 and an index k such
that the inequality
an

bn' —bn+1 > h

Upt1
holds for »n > k.

Thus we have
h- gy < bragp—>bygiyry,
h-Gpre <bryrOrpy—bryerys,
h-ap, <bp_10,—1—bpa, .

Adding these inequalitics we obtain
bkak

h(8,—8x) < byar—b,a, < bra;, whence 8,< 8"+T .

The last inequality proves that the series a,+a;+...
is bounded. Hence this series is convergent, since it is
a bounded series with positive terms.

As a corollary from Kummer theorem we [obtain
the following

RAABE CRITERION. A series a,+ a,+... with positive
terms satisfying the condition
(20) lim n(-‘i—l) >1

nemoo  \On41
18 convergent.

Indeed, let us write b, = n. We have to prove that
the condition (20) implies (19). Now,

lim (b,, In —b,,+1) = lim (n On —n—l)
n=00 Qpt1 =00 An 41
=limn( n —1)—1 >0.
Ne=00 A1
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3.7. Absolutely convergent series

A series a,+ay,+... is called absolutely convergent, if
the series |a,|+ |ay|+... is convergent. A convergent series
which is not absolutely convergent is called conditionally
convergent.

1. If a series a,+ a,+ ... is absolutely convergent, then
it is convergent in the usual sense.

Moreover,
o o]
(21) | Y an] < X aal.
n=1 n=1

According to the Cauchy theorem one has to estimate
the expression ay -+ axiy+ ...+ a,. Now,

|+ Qs+ e+ @] < @] | 4 oo ] < D)
1=k

and the last sum tends to 0 as % tends to oo, as a rest
7x—1 of a convergent series (cf. § 3.1). Hence for any ¢ > 0
there is a k such that 7., < ¢, whence |ag 4+ ax41+ ... + ay|
< ¢ for any n > k.

Thus, the convergence of the series a,+a,+... is
proved. At the same time, writing s, = a;+a,+... +a,
and t, = |a,|+|a,| +... +|an|, we have |s,| <t,, and in the
limit we obtain |lims,|=lim|s,| < limt,, i.e. the for-
mula (21).

ExaAmprLES. The geometric series a + aq + aq®+ ..., where
[g| <1, is absolutely convergent because the series |a|+
+|ag|+|ag?| + ... is convergent (cf. § 3.1).

n
The series Z o is absolutely convergent for every x

(cf. § 3.5, 1; as w?e shall show later, its sum is equal to e%).
The anharmonic series (7) is conditionally convergent,
since the series of absolute values of its components is
divergent (it is the harmonic series, cf. § 3.2 above).
Now, we shall consider the problem of the commu-
tativity of infinite series. As it is well known a sum of
a finite number of terms is commutative, i.e. does not
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depend on the arrangement of the terms. We shall show
that this property remains true also for absolutely con-
vergent series; yet it does not hold for conditionally
convergent series. However, this requires that we first
establish what will be understood by a rearrangement
of the terms, when the number of these terms is infinite
(taking into account that some terms may be repeated
arbitrarily often).

By a permutation of the sequence of positive in-
tegers we understand a sequence of positive integers
Mmy, My, ..., SUCh that every positive integer appears in
this sequence exactly once. If m;, m,, ... is a permutation
of the sequence of positive integers, then we say that
the series am,-+ @m,+ ... +ap,+... is obtained from the
series a, +a,+ ...+ a,+... by a rearrangement of its com-
ponents.

2. Ewvery absolutely convergent series is commutative.

e o]
In other words, if a series Y a, is absolutely con-
n=1

vergent and if m,, m,, ... is a permutation of the sequence
of positive integers, then

(22) Zoo: am,: = 5? Ay, .

Ne=1 n=1

Let £> 0. The series |a,|+|a,|+... being convergent,
there exists a & such that

(23) D i <.

i=k+1

Since the sequence {m,} contains all positive integers,
a number r exists such that the numbers 1,2, 3, ..., k
all appear among the numbers m,, m,, ..., m,. But each
positive integer appears in the sequence {m,} only once;
therefore we have m, > k for each n > r. So by a given
n > r, if we cancel the numbers 1, 2, ..., k¥ in the system
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Myy Myy ey Myy ...y My, then there remain in this system
only numbers > k (and different one from another). Thus,
writing s, = a;+a,+...+a, and &, = @p, + Opg+ ... + G,
and reducing in the difference t,—s, the terms with
equal indices, we obtain as remaining terms only terms
with indices > k. This (and the formula for the absolute
value of a sum) implies

[th—8n] < Z la;], whence |[t,—8,| <e by (23).

i=kt1
Since the last inequality holds for each n > r, we obtain

lim¢, =lims,.
T =00 Nn=00

This is equivalent to the formula (22).

Remark. The previous theorem cannot be extended
to arbitrary convergent series. For example let us rear-
range the terms of the series 1—}+43—%4.. in the
following way: )

1

1 1
@4) 1-G+(3+5+tmm) -1t

1 1 1) 1
+(2k1+1+2k1+3+ T3 —1>_6+""

where the numbers kl, ky, ... are chosen in such a way that

1
—+ + T T

1 1

Vent1 T 2k, +3+ +2k,,+1—1 > 1y

Then it is easily seen that the series (24) is divergent
to oo.

Writing ¢ = 1—3}+1... (a8 known, ¢ = log2) one may
easily prove that

Jo=otje=1+i—+IH—f+ith—i+e

Hence we see that by a rearrangement of terms we
may obtain from the anharmonic series a divergent
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series or a series convergent to another limit. The follow-
ing general theorem (due to Riemann (!)) holds: given
a conditionally convergent series, we may obtain a divergent
series or a series convergent to a previously assigned number
(finite or infinite) by a rearrangement of the terms of the
given series.

3.8. Multiplication of series

-]
(CAUCHY) THEOREM. Assuming the series ), an and

N=1
D) by to be absolutely convergent, we have
N=1
)
(25) D an D b= ca,
n=1 Nw=1 n=1
where
0 = a; by,
Cy = a1 by + az b,y
(26) L. ...

---------------------

(i.e. the sum of the indices of each term in the n-th
line equals n+1). .

Let us write s, = a;+...+ay, t, =b;+...+b,, and
Up = €+ ... +Cp, le.

Up, = Oy lp 4+ Aolp—1 + Aglp—2+ ... + ant, .
We have to estimate the difference
(27)  Salp—Up = oyt + agtp+ ... + At —uy
= U(tn—tp—1)+ A3(tn—tn—2) + ... + ulla—1,) .
o oo
Since the series n;l b, and 121 |an| are convergent and

(*) Bernhard Riemann (1826-1866), famous for his works in the
field of geometry, the theory of analytic functions and the theory of
numbers.
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consequently bounded, a number M exists such that
(28) |ty <M and |a|+]|a]+...+]|a;| < M

for each j.

At the same time, given &> 0, there exists a & such
that the condition n > m > k implies (ef. § 2.7, Re-
mark (B)):

(29) !tn—tml<6 and lak+1|+]ak+2[+...+lan]<8.

In the following suppose that » > 2k. Then we have,
by (27),

|8ntn—tn| < (|@g]- |ta—tne1| + oo | k|- |t — tn—it1]) +
+ (|akt1] - [t —taie| 4 oo [ @a] - [ta—1]) -
Applying to the first bracket formula (29) and to the
second one formula (28) we obtain (taking into account
that n—k+1 > k and that |t,—t;| < |t.]|+]|t;]| < 2M):
|8ntn— Un| < [lazl +... +|ak|]3+[|ak+1| 4o tan]]- 2M
< Me+e-2M,

where the second inequality is a consequence of the
second parts of the formulae (28) and (29).

So we have proved that the inequality |$pt,— un| < 3Me
holds for each n > 2k. This means that lim(s,?,— u,) = 0.
Since the sequences {s,} and {t,} are convergent, we have
lims,t, = lims,-limt¢,, whence we obtain lims,-limi, =
= lims,t, = limwu,, i.e. the formula (25).

ExAMPLE. We shall prove that

n=0 N=0 nw=0

Since both series are absolutely convergent, we may
apply the formula (25). We obtain
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_ oot ot e
=z ( w+1v =D "3 =gy T T 1)

SE 1
— Z q_/b_ (yn + In n—l + __En___) nyn—" + +xn)

by the Newton binomial formula.
Let us add that the above-proved formula follows
also from the equality e*t¥ = e*.ev (cf. § 3.7).
Remarks. The theorem is also true under a weaker
assumption; namely, both series have to be convergent and
one of them (but not necessarily both) has to be absolutely
convergent. Indeed, only the absolute convergence of the

(o8]
series ) a, was employed in our proof.
n=1

Yet if both series are conditionally convergent, then

the series 2 ¢, may be dlvergent This may be shown

ne=1

on the following example:

the series D a, and ) b, are convergent, but it is easily
n=1 n=1

seen that the series D ¢, is divergent.
n=1

Let us add (without proof) that if both series are
conditionally convergent, then their product may be ob-

o<}

tained by summation of the series ) ¢, by the method
n=1

of the ‘first means’; more exactly, the following theorem
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(due to Cesaro) holds: if the series a, + a, + ... and b, + b, + ...
are convergent, then

oo o
. 8 S ves T8, \ | 2 !
lim M — Ap - bn’
n
=1 Ne=1

N =00
where 8y, = €+ Cy+ ... + Cn.

3.9*, Infinite products

Just as we consider an infinite series to be a gener-
alization of the idea of addition to an infinite number
of terms, we may consider an infinite product as another
infinite operation. Here we shall restrict ourselves to
give the definition and several more important properties
of infinite products.

Let an infinite sequence of real numbers different
from 0 be given: a,, @s, ..., a,, ... Let us form the sequence
of products:

(30) D1=0y, P2=101"Qgy c.) Pn="01"03" .- Qn, ...

If the sequence (30) is convergent, then we denote
its limit by the symbol

n a, =1lim p,
Nl N=00
and we call it an infinite product. If this limit is finite
and different from 0, then we say that the considered
infinite product is convergend.

We call the numbers a,, a,, ..., the factors of the in-
finite product a,-a,-... The terms of the sequence (30)
are called the partial products.

ExAmMPLES. («) The infinite product
@+ A= @A+ D-A= -
is convergent to 1. Indeed,

_2143 _2n 2n—1_ .
Pen=71'3'32 """ 3n—1 2n -’
2n+2_2n+2

Pent1 =7 "om+1 2n+1°
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Thus lim p, =

n=00

©0
®) Il (1+ %) = oo, i.e. the considered infinite product

n=1
is divergent to oo, for

23 .ntl

=mn+1, whence limp,= .

N=00
(= <]

(v) Tl (l—%) = 0, i.e. the infinite product is diver-

n=2
gent to 0, for pn=%.

(8) The infinite product (—1)-(—1)-... is divergent.
Moreover, it is divergent neither to 0 nor to oo. In this
case the sequence of partial products oscillates, taking
the values —1 and +1, alternately.

1. CAUCHY CONDITION. A mecessary and sufficient con-
dition for the comvergence of an infinite product a,- a,- ...
(where a,, # 0) is that to every ¢ > 0 a number k exists such
that the inequality

(31) lag: gy - an—1| <&
holds for each w > k.

To prove the necessity of the Cauchy condition let us
assume that the considered infinite product is convergent,
i.e. that

(32) lim pp, =p #0.
m=o0

Let ¢ = }|p|. Then a number j exists such that
| pm| > ¢ for m > j.

Let a number ¢ > 0 be given. By (32), there exists
a k such that |p,—pr-1| < ce for » > k. One may also
assume that k—1 > j, and 8o |px—.| > ¢. Hence we obtain

_——1l<_?6— <e,
lpk—-1|

i.e. the inequality (31).
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In this way we have proved that the Cauchy con-
dition is a necessary condition for the convergence of the
infinite product under consideration. Now, we shall prove
the sufficiency of this condition.

Let us assume this condition to be satisfied. First of
all we shall prove the sequence {p,} to be bounded.
Substituting ¢ = 1 in the Cauchy condition we conclude
that a number r exists such that for » > r we have

r

]a,+1-a,+2-...-an—1] < 1, i.e.

thus |pa—p,| <|pr|, Whence |pa|—|p:|<|pa—p: <|pr|
and finally |p.| < 2|p,. Hence we conclude that the
sequence (30) is bounded.

Now, let M be a number satisfying the condition
M > |p,| for each positive integer n. According to (31),
to any given number ¢ > 0 there exists a &k such that

Pn l
33 1<
(33) PR I
for n > k. Hence |pn— px—i| < &|px—1| < eM. Thus, the
sequence {p,} is convergent. It remains to prove that
its limit is £ 0.
Now, supposing lim p, = 0, the formula (33) (with

N == 00
a constant k) should give the inequality 1 < e which
contradicts the assumption that ¢ is an arbitrary positive
number.

2. If the infinite product a,-a,-... i3 convergent, then

lima, =1.

N=00
Namely, let us assume that lim p, = p # 0. Then we
N=00
have lim p,,—;, = p and dividing the first equality by the

N=00
second one we obtain
lim p,
lim a, = lim Pn _ m=o g
Ne=00 n=oo Pn—1 lim Prn—1
N=00
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Let us note that the equation lim a, = 1 being (as we

n=00
have proved) a necessary condition of the convergence
oo
of the product [] a,, is not a sufficient condition. The
Nw=1

examples (B) and (y) show this.

Taking into account Theorem 2 it is suitable to
write the factors of an infinite product in the form
0n = 1-+b,. This makes possible a simple formulation
of the dependence between the convergence of the product

0o 00
Il (1+b,) and the convergence of the series > b,. In

n=1 n=1

fact, the following theorem holds:

3. Assuming b, > 0 for each n, the product [] (1+b,)

n=1

[ o]
is convergent if and only if the series D b, is comvergent.
n=1

The same concerns the product || (1—b,) (assuming b, < 1).
n=1

A simple proof of this theorem may be obtained by
application of the properties of the exponential function
and especially of the inequality ¢* > 1+ a2 which we shall
prove in § 8 (formula (16)). This inequality gives im-
mediately

P <€, where p,=(1+b) ...-(L+by),
Sp=">0,4+...+by.

Since on the other hand we have, as easily seen,
148, < pn, we conclude that the series {p,} and {s,}
are either both bounded or both unbounded. Now, they
are both increasing sequences; hence they are either both
convergent or both divergent. Finally, the sequence {p,}
cannot be convergent to 0, because p, > 1.

Thus, the first part of our theorem is proved.
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Before we proceed to the proof of the second part,
o0

let us note that if the product [] (14 |u,|) is convergent,
T n=1

then the product [] (1+4wu,) is convergent, too.

=1
For let an ¢ >n0 be given and let k be chosen (ac-

cording to Theorem 1) in such way that
(L+]ur])s (X +|uksa]) s oos A +]un))—1 <& for n>k.
Since, as is easily seen,

[ ug) oo (LA 20) =1 < (LA 0g]) oo (L4 [a]) =1,
so Theorem 1 implies the convergence of the product

n]-!l (14 un)-

Now, let us assume the series D b, to be convergent.
n=1

By the first part of our theorem the product [ (1 by)

n=1
is also convergent and thus, by the just proved remarks,

the product [] (1—b,) is convergent, too.

N=1
There remains to prove that the convergence of the

0o

product [] (1—b,) implies the convergence of the series
n=1

Z by. Let g = (1—0y)-...- (1—b,) and let lim g, = ¢ > 0.
n=1 Nn=00

Sn

. - . 1
Since ¢ < g, < e ", le. e"‘/q, the sequence {s,} is

bounded and so it is convergent.
o]

An infinite product []| (1+u,) is called absolutely con-

n=1
vergent, when the product f I (14|ua]) is convergent. As

we have just proved the ab%olute convergence implies
convergence in the usual sense. One may also prove
that—just as in the case of the series—the value of an
absolutely convergent product does not depend on the ar-
rangement of the factors.
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Exercises on §3

1. Prove the associativity law for convergent infinite
geries. Give an example of a divergent series a, + a; + as+ ...
such that the series (a,+ a,) +(as+ a,) + ... is convergent.

.o 2™
2. Prove that the series

ne1 W°

is convergent and the

S 3"n!
geries 2,1 — is divergent.

3. Give an example of an alternating divergent series
with the general term tending to 0.

4. Give an example of a convergent series a,+a,+...
with positive term for which hmg:b—*i does not exist.
T == 00 n
5. Prove that if a series a,+a,+... with positive de-
creasing terms is convergent, then lim na, = 0.

n=00
6. Prove that the series D 1—}3 is convergent for s > 1
Nl
and divergent for s < 1.
Hint: apply the Raabe criterion.
7. Prove that if a series a,+4a,+... with positive

terms is convergent, then the following two series are
also convergent

(o] ]/_____ e )

\'Va Tk
4\4 T" and Z VOni1 Qnyz oo Oy -
N==1 n=1

8. Prove that the convergence of the series a, +a,+...
with positive decreasing terms implies the convergence of

the series D 2"am (Cauchy condensation theorem).
n=1

9. Assuming the formulae

wa-}-ws and cosav~-—-1—a"‘—2—1—9['“l

. _ &x
SNy = g'i—... a1 4—!—...,

11 3!
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verify the formula sin(z4y) = sinxcosy-+sinycosx ap-
plying the theorem on multiplication of series.

10. Calculate the infinite products

(- 1 0
- N 1
2]
1A (n+1) lnl n(n-+2)
11. Examine the convergence of the product

[T +am).

Ne=0



CHAPTER II

FUNCTIONS

§ 4. FUNCTIONS AND THEIR LIMITS

4.1. Definitions

If to any real number x there corresponds a certain
number y = f(x), then we say that a function f is de-
fined over the set of real numbers.

For example by associating with any number z its
square y = 2> we have defined the function f(x) = x2
Similarly, the equation y = sinz defines a function over
the set of real numbers.

Not every function is defined over the whole set of
real numbers; e.g. the cquation y = 1/x defines a func-
tion. over the whole set of real numbers except the num-
ber 0; because this equation does not associate any number
with the number 0. Similarly, the function )z is defined
only for 2> 0; the functior tanx is defined for all real
numbers different from odd multiples of the number }=.

Generally, if to any « belonging to a certain set there
corresponds a number ¥ = f(x), then a function is defined
over this set. This set is called the set of arguments of
the function. The numbers y of the form y = f(x) are
called values of the function f; e.g. for the function 'z,
the set of arguments equals the set of numbers > 0 and
80 does the set of values of this function (by the way,
let us add that the symbol 4- 'z does not define a func-
tion, since it is not unique; by our definition, a function
is always unique).

We shall often speak about functions defined over an
interval with ends @ and b. Here we shall distinguish

6
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between the closed interval, i.e. interval together with
ends that is the set of « satisfying the condition a <2 < b
and the open interval, i.e. interval without ends, that is
the set of @ such that a <z <b.

Geometrically, we interpret a function f as the set
of points on the plane of the form (z, y), where y = f().
This set is called the graph
of the function f (or the
geometric interpretation of
the function f, or the curve
y = f(v)); e.g. the graph
of the function 22 is, as
well known, the parabola
and the graph of the fun-
ction 1/x, the hyperbola
(cf. Fig. 2).

Projecting the graph of
a function on the z-axis we

Fic. 2 obtain the set of arguments

of the function. Projecting

it on the y-axis we obtain the set of values of the function.
Among the sets lying on the plane, the graphs of func-
tions are characterized by the property that no straight
line parallel to the y-axis contains two points of the set.

Let us add that by our definition a function having
the set of all positive integers as the set of arguments
is an infinite sequence.

In all applications of mathematics, investigating re-
lations between certain quantities, we are dealing with
functions. E. g. the distance s covered by a body moving
with a constant velocity v in a time ¢ is given by the
formula s = v¢; similarly, the distance covered by a body
falling under the gravitation field of the earth is a func-
tion of time, namely s = }gi%.

The variable z in the expression y = f(z) will be
called also the independent variable, and y will be called
the dependent variable. However, it has to be remembered
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that the constant funetion y = ¢ (we write also y = con-
stant) will be also reckoned among funections; its graph
is a straight line parallel to the z-axis (or identical to
the z-axis).

The functions about which we have spoken above are
functions of one variable in distinction to functions of
two and more variables. By a function of one variable,
a number corresponds to any real number (belonging to
the set of arguments), by a function of two variables,
the value f(x, y) corresponds to the values of an ordered
pair «,y. Similarly, by a function of three variables,
a certain number f(x,y,2) corresponds to any triple of
real numbers.

4.2. Monotone functions

If the condition x < &’ implies f(z) < f(«'), then the
function f is said to be strictly increasing. 1f in the last
inequality the sign < will be replaced by <, then we
are dealing with a function increasing in the wider sense
(i. e. with a non-decreasing funection). Similarly, if the
condition # < &’ implies f(x) > f(z’) or f(x) = f(z’), then
the function is said to be strictly decreasing or decreasing
in the wider sense (non-increasing), respectively.

Increasing and decreasing functions (in narrower or
wider sense) are embraced by the general name monotone
functions.

ExampLES. The function 2® is strietly increasing. The
function 2? is decreasing on the half-straight line z < 0
and increasing on the half-straight line x> 0, on the
whole X-axis it is meither increasing nor decreasing.

An example of a function increasing in the wider
sense (but not strietly increasing) is the function [z]. By
this symbol we indicate the integer n satisfying the
inequality » < = (see Fig. 3).

The function sinz is ‘“piecewise ‘monotone”' it is in-

. . . ks
creasing in the interval —; < <Z

<351 decreasing in the
dnd
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4

_ 3T
L= 0}
a similar property (as do most functions which we meet
in practice).

Let us note here that the above mentioned trigono-
metric functions have an important property of periodi-

interval ete. The functions cosz, tanz possess
‘-

Fic. 3

eity. A function f(x) is called periodic if a number ¢
exists (called the period of the function) such that the
equation f(z) = f(x+¢) holds for every value x. The
function sin has a period 2=, the function tan has a period .

Fia. 4
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Remark. In general, a function f(x) will be called
piecewise monotone in the interval a < x < b, if the interval
a < x < b may be divided by means of a finite system of
points

GQ<a<a,<..<d,, where ay=a and a,=0>

in intervals aqa,, a,a,, ..., a,—1a, in such a way that the
funetion f(x) is defined and monotone inside of each of
these intervals.

For example the function defined by the conditions:
fley=zfor0<z<1,f(l)=4f(e) =a—1forl <o <2,
is piecewise monotone in the interval 0 < x < 2.

4.3. One-to-one functions. Inverse functions

If the function f is strictly increasing, then the equa-
tion y = f(x) determines 2 as a function of y, i.e. this
equation may be solved with respect to x (treated as
an unknown). Indeed, since to different x there cor-
respond different y, so to any ¥ belonging to the set of
values of the function f there corresponds one and only
one x such that f(x) = y; hence x is a function of y.
Thus, denoting this function by g we see that the equations

(1) y=1Ff(x) and x=g(y)

are equivalent one to another. The function ¢ is called
tnverse to f (sometimes we indicate it by the symbol f-1).

If we should assume the function f to be strictly de-
creasing instead of assuming f to be strietly increasing,
then we should find that f has an inverse function by
the same arguments as above. For, the existence of the
inverse function takes place always when the given func-
tion is one-to-one, i.e. when the condition = # 2’ im-
plies f(z) # /(2").

ExampLEs. The function y = 2x-+3 has an inverse
function, since solving this equation with respect to =

-3

. 3
we obtain r = ‘1-3—- .
dd
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The function a? considered on the whole X-axis is not
one-to-one because 22 = (—z)®. However, if we restrict
the set of arguments to the half-straight line z > 0, then
the function 2? is one-to-one in this set and its inverse
function is }/z. Similarly, restricting the arguments to
the negative half-axis we should get —})/x as the inversc
function. Thus, although the function #? considered on
the whole X-axis does not possess an inversion, it may
be spoken about various ‘branches” of the inversion of
this function (after suitable restricting of the set of its
arguments).

Geometrically, a graph of a one-to-one function is
characterized by the fact that on no straight line
parallel to the X-axis does it contain two different points.
According to the characterization of graphs of functions
given in § 4.1 it is the graph of the function z = g(y).
To get from this function the function determined by
the equation y = g(x), a rotation of the graph around
the straight line y = = as the axis has to be performed.

Let us note the easily proved formulae

(2) glif@)] ==z, flg)l=y.

4.4. Elementary functions

A function of the form ax-+b, where a and b are
constants, is called a linear function. The geometric graph
of a linear function is a straight line. Conversely, any
straight line, except straight lines parallel to the Y-axis,
is a graph of a certain linear function. Depending on the
sign of the coefficient a the function axr 4 b is increasing
(for @ > 0) or decreasing (for a < 0); if a = 0, then the
function has a constant value b. Hence our function

. —b
possesses an inverse z = y—a——, when a # 0.

The next (in consideration of the simplicity) class of
functions is the class of functions of the second degree:
ax? 4 bz 4 c. Geometrically they represent parabolae (when
a # 0). A more general class of functions represent the
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polynomials, i.e. functions of the form ay2™ +a 2" 14-... +

+ap—1Z+a,. A further generalization consists of the
P(x)

@)’
where P(z) and Q(x) are polynomials.

Polynomials are defined for all values of x. Rational
functions are defined for all z except values for which
the denominator vanishes, i.c. except the roots of the
equation @(z) = 0. In the domain of rational functions
the four arithmetical operations: addition, subtraction,
multiplication and division are performable; in the domain
of polynomials, the first three operations only.

The function inverse to the power z* is the root f/ .
If » is odd, then this function is defined for all =z and
if » is even, then it is defined only for = > 0.

The roots are powers of the form 2'/». More generally,
we consider powers ¢ with an arbitrary real exponent for
z > 0. This function is increasing if @ > 0 and decreasing
if a <0 (for @ =0 it is a constant) (cf. Fig. 2).

rational functions, i.e. functions of the form

Especially, the rational function i— represents geo-

metrically a rectangular hyperbola.

Treating the exponent in the power as a variable
and the base as a constant, we get the exponential function
a*; we assume a > 0. The exponential function is in-
creasing for a > 1 and decreasing for a < 1.

The function inverse to the exponential function is
the logarithm: the conditions y = log,xz and x = a¥ are
equivalent (for 0 < a # 1).

In particular, the function inverse to y = e*, where
€= lim(l —}—71—1’)” (cf. §2.10), is the natural logarithm x = logy
(which we write without indicating the base).

The logarithmic curves y =log,z are obtained by
rotation of the exponential curves y = a* around the
straight line y = .

Among the elementary functions we include also the
trigonometric functions sinz, cosz, tanz and the functions
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inverse to the trigonometric functions (i.e. cyclometric
functions): arcsinz, arccosz, arctanz. Since the trigo-
nometric functions are not one-to-one, in the inversion

e

log x

_..//

Fi6. 5
of these functions we have to restrict the arguments to

a suitable interval. We take —in <z < ir for sing,
0 <z <= for cosz, —in < w < }n for tanx. In each of

+1

Fig. 6

these intervals the functions considered are one-to-onc
and so reversible, respectively. It is clear that one could
take other intervals for the argument; we should get
other branches of the inverse functions.
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Let us note that the set of arguments of the functions
arcsinz and arceosz is the interval —1 <z <{ 1 and the
set of arguments of arctanz is the whole X-axis.

Remark. In elementary courses, the method of intro-
duction of the power a* with a real irrational exponent
is usually based implicitly on the existence of the limit

lim a™, where {r,} is a monotone sequence of rational
n=00

numbers convergent to z (e.g. the sequence of decimal
expansions of the number x). Now, the existence of this
limit follows from the theorem on the convergence of
monotone bounded sequences (§ 2.6, Theorem 3) and
from the theorem on the monotony of the function ar for
rational r, known from the elementary algebra.

The equation a® = lim a™ (a > 0) is considered as the

Nn=00
definition of the power for irrational exponents. Here it
makes no difference which sequence of rational numbers
convergent to » will be denoted by {r,}, for lim r, = limr,

N=00 n=00

implies lim ™™ — 1 (cf. § 2.9, (¥)), whence

N=00

’ ’
lim @™ == lim a™- lim "™ — lim ™.
n=0o0 Nn=00 'n=.=oo n=00

The following formulac known for rational exponents
from the elementary algebra hold also for arbitrary real
exponents (when a > 0):

(3) atV —d®.a¥, (ab)*=d"- V", (a®) == a™.

Writing # = lim 7,,, y — lim s, and applying the above

n=00 Nn=00
formulae to the rational exponents r, and s, we perform
the proof by passing to the limit.

4.5. The limit of a function f at a point a

The number g is called the limit of a function f at
a point a, if for every sequence {r,} convergent to a with
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terms different than a the equation lim f(x,) = g holds;

Nn=00

we denote this fact symbolically by
limf(z) =g¢.
r=a

Thus, there exists the limit of the function f at
a point a, if a commeon limit of all sequences f(x,), f(x.), ..-
such that

limz,=a¢ and x,*a for cach n

n=00
exists.
For example lima? =0, for if lima, =0, then
=0 N=00
lim @ = (lim x,)? =
N=00 Nn=00
limecosz = 1. Indeed, 1—cosx = 2sin*{x and since

=0
by a known formula |sint| < | ], we obtain |1 — cosz| < 127,
whence lim(1—cosz) = 0, i.e. limcosz = 1.

=0 =0
It is also easily proved that
(4) lime*=1 (a>0).
=0

If a function f is defined not for all real numbers,
then we assume z, to belong to the arguments of this
function; yet we do not assume this on @ (assuming only
that a is the limit of a certain sequence of arguments

different than a); e.g. the function %ﬁ is not defined

for # = 0, however, there exists the limit of this function
at the point 0, namely,

(5) im 202 g
z=0 &
Indeed, we have
(6) sinzx <z < tanzx

for g >z >0 and thus cos < %ﬁa < 1 (the first of these
-4

inequalities is obtained by multiplication of the second
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inequality (6) by —C(;ip and the second oune is obtained
by division of the first from the inequalities (6) by ).
Since limeosax = 1, so we easily conclude that lim z,, = 0

x=0 N=00

and x, >0 imply lim f(r,) =1 (cf. §2, (17)). Finally,
n=00

the assumption x > 0 may be replaced by x < 0, because
sin(—x)  sinw
- x

The symbol limjf(x) will be used also to indicate the

L=

. - .1 . .
improper limit; ec.g. llmF = oo. Yet hml does not exist,

=01 z=07

. .1 )
since we have lim — = oo for sequences {z,} tending to 0

n=00 'I‘n

. .1
through positive values and lim — = —oo for sequences

n=co Tn
with negative terms, respectively.
However, in this case we can speak about a onc-side
limit at the point 0. Namely, a number ¢ is called the
right-side (or left-side) limit of a function f at the point a,

if the conditions lim z, = a and x, > a (or a, < a) imply
n=00

lim f(x,) = ¢. The symbols .

n=00

lim f(x) and lim f(x)

r=a+0 r=a—0
(denoted also by f(a+0) and f(a—0)) indicate the right-
and the left-side limit of the function f at the point a,
respectively.

.1 .1 -
Then we have lim == oo, lim == —oo. Similarly,
z=+0T z=—0 &
lim logx = — o, lim tanz = oo, lim tanz = — oo,
x=+0 z=g—0 z_g_'_o

(7) _
lim [2] =n—1.
z=n—0
However, there exist functions which do not even
possess one-side limits (neither proper, nor improper).
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Such is the function

(8) f(x) = sin}v (x:£0).

It has no one-side limit at the point 0. Indeed, sin
has the value 1 at the points in, in+2n, in+4m, ...,
2
dn+1)=
lim f(a,) =1 and lim z, = 0. At the same time, writing

N =00 n=00

in+4 20, ... and so writing @, = , we have

e have li rn) = —1 and limaj, = 0.
(in+3)m we have nligf(a'n) 1 n:roloa:,,

Thus, no right-side limit of the function f at the point 0
exists; similarly, there exists no left-side limit at this
point, too.

T, =

1

Fig. 7

Another example of a singular function constitutes
the function assuming the value 1 at rational points
and the value 0 at irrational points (so-called Lejeune-
Dirichlet (*) function). It does not possess either of the
one-side limits at any point.

Besgides the limit of a function at a finite point a,
the limit at infinity is considered, too. Namely, we denote

(!) Peter Lejeune-Dirichlet (1805-1859), a famous German ma-
thematician.
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by lim f(x) the common limit of the sequences f(x,), f(z3), ...
=00

such that lim a, — oo (if such common limit exists).

NnN=00

For example we have
(9) lim1 =0, lime*= co=Ilimlogr, lim ¢ =0,
z=c0 L T=00 =00 Z=—00
The trigonometric functions sin, cos, tan do not possess
any limit at - co.
4.6. Operations on the limit

Assuming the existence (and finiteness) of the limits

limf(x) and limg(x), we obtain the formulae:
r=a T=a

(10) Iim[f(z)-I-g(x) :linlf(w)+limg(m) ,
(11) lim[f(2) —g(z)] = limf(z) —llmy(r) )
(12) lim[f(x)- g()] = limf(x)-limg(x),

‘ limf(x)
(13) 313125—% =%&(;) , when lzi:I;g(ac) #0.

The above formulae remain true if @ is replaced by oo
or —oo. They remain also true for one-side limits.

These formulae are consequences of suitable formulae
for infinite sequences (§ 2, (6)-(9)). For example we shall
prove the formula (13).

Let limf(z) = 4, hmg(m) = B # 0 and let hm Ty, = a,

Tr=a
where x, # a. Then we have hm f(xy) = 4, lim g(.z',,)
n=o00
Hence we conclude from the fmmul.m for the quotient

of limits (§ 2, (9)) that

1i Ty
lim L&) _ nl-n;( ,(T )
n=co§ () iizrgg(xn)’

which implies formula (13).
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Similarly we conclude from formulae (15) and (17)
§ 2 that, if the limits limf(x) and limg(z) exist, then
T=a r=a

(14) the inequality f(x) < g(x) implies limf(x) <limg(r),

T=Qa r=a
(15) the inequality f(x) << h(x) < g(x) together with limf(xr)
r=a
= limg(z) imply limh(z) =limf(x) = limg(x).
T=a T=a r=a L=a

Here the formulae are valid for a = 4+ oo and for
one-gide limits.

The following formula on the composition of funec-
tions holds:

(16) If limf(x)= A and lim g(y)= B,then limg[f(x)]= B,
T=a y=A x=a

if the function f does not assume the value 4 in a neigh-

bourhood of the point a (i.e. in a certain open interval

containing a).

This formula remains true also for infinite values
A, B and for one-side limits, after accepting to write
limf(z) = A+0,if limf(x) = 4 and if f(z) > A in a neigh-
r=a

Tr=a
bourhood of a (an analogous convention regards the symbol
A—0 and the one-side limit).

Namely, let lima, =a and x, = a. Then we have
NnN=00

lim f(x,) = A. Let us write y, = f(x,). Since the func-

N =00

tion f does not assume the value A in a certain interval
containing the point « inside, so we have, for sufficiently
large n, f(x,) # 4, i.e. y, # A. Thus lim ¢g(y,) = B, i.e.

N=0o
lim ¢g[f(x,)] = B. Hence we conclude that limg[f(x)] = B.
N=00 T=a

In particular we have the following formula which
enables us to reduce the calculation of limits at oo to
calculation of limits at finite points:

(17) If lim f(%) exists, then lim (t) = lim f(%)

T=+0 t=00 x=-+0
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Indeed, substituting « :% we have lim% = +0,

t=00
whence we get the formula (17) according to the previous
one (writing @ = oo and 4 = +0).
As is easily seen, the reverse relation also holds:

(18)  If limf(t) ewists, then lim f(l) = lim f (1) .
t=00 z=+0 \T t=c0

ExaMPLES. («) The following formula has an im-
portant application in the differential calculus:

K1=

(19) Iim(1+a)* =e.

=0

To deduce this formula we shall consider two follow-
ing cases:

1) > 0. Let us write y = % One has to prove that
. 1\¥
(20) lim (1 L —) =e
y=o0 Y

according to the formula (18). Now, let lim y, = oo and

Nn=00
let us write k, = [y,], i.e. that k, is a positive integer
satisfying the double-inequality

(21) b < Y < knt1.

Hence

and thus
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Since lim ¥y, == oo and k, > y,—1, we have lim k, = oo

n=00 n=00

n
and since lim (1 + ) = ¢, we conclude (cf. § 2, Exercise 5)

Nn=00

ka
that lim (1 + —1—) = e. Ifinally, since

Nn=00 n
lim ———1~]—— =1 =lim (] - —)
n=00 o n=00 71
YT

we obtain
Un
lim (1 -+ l) =e
n=00 Yn

according to the formula of the double-inequality
(cf. §2, (17)).

So the formula (20) and thus the formula (19), too,
are proved for z > 0.

2) Let z < 0. Writing y = '3—10, we have

-

1

lim (14 2)® = lim (1—a) * = “—1———1—& .
lim (1——)
Y=o Y

T=—0 =400

Hence it remains to prove that
(22) lim (1_1)" _ L
Y=00 y 4

Let limy, = co. The formula (21) gives

n=00

kp+1 kg1 n
e e
ky, Yn Yn

1 Yn P 1 kn
() <(mm)

However, lim (1—%)”=% (cf. §2.10, (26)); hence

N=00

v
reasoning as before we obtain lim (1———) "= 5 Thus the
n=00
formula (22) is proved.
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(8) 11m—= oo, i.e. the function ¢* increascs more

=00
rapidly than x.
Namely, let lim 2, = oo and let k, = [#.] as before.

Nn=00
Thus,
Zn kn kn
€ e e
— > -> for ax,>1.
Tn~ kn+17 2k, "
en 6k,,
Since (§ 3.5, 7) lim — = oo and lim %, = oo, s0 lim - = oo
n=co n n=o0oo N o=00 kn
&
and thus lim = o Whence the required formula follows.
Nn=00 *'n

. @x
(v) 7101:2 logz oo
Since @ = els* and lin logz = oo, s0 substituting y = logx

XT=00
we obtain (cf. (16)):
x . elosz . eV
lim = lim =lim— = oo.
2= 1082 o lOogr 0¥

(3) lim (xlogzx) =0.
z=40

For

log !

lim (zlogx) = hm _t_ —lim logt
z=+0 t oo b

=0.

4.7. Conditions for the existence of the limit

The following theorem corresponds to the theorem
on the convergence of monotone bounded sequences:
THEOREM 1. If a function f is increasing (in the wider

sense) and bounded above, then lim f(x) exists at every
T=a—0
point a.

An analogous theorem holds for decreasing functions.
By a function bounded above (or below) we understand
a function, the set of values of which is bounded above
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(below), i.c. a function f such that a number M exists
for which the inequality M > f(x) (or M < f(x)) holds
for every x.

|

The proof of Theorem 1. The sequence {a——m

. . JAYI .
being increasing, the sequence {f a—. |i is increasing, too.
But since the last sequence is also bounded, hence it is

convergent. Let limf(a—;lb) = ¢. It remains for us to

n=00

prove that the conditions limx, = a and x, < a imply

n=00

the equation
limf(x,) =9.

n=00

Let an ¢ > 0 be given. Then there is an m such that

g—1 (a—%) < e. To this m we choose a number k such
. . . . 1
that the inequality = >k implies a— o < Hence

f(a——;—’) < f(ien), Whence

g—1(x) < g—f(a-—l) <e.

m
Moreover, to each n there exists an r, such that

1 .
z, < a—-—. Hence

Fn

fa)<i(a=t)<g, te g—fw)>0.

n

Hence we conclude that lim f(z,) = ¢.

N=00
Remark. Theorem 1 may be generalized to the case
of unbounded monotone functions just as to the case
a = 4oo. It may be written also in the following, slightly
more general, form:

If a function f is monotone (in the wider sense) and

bounded, then the limits lim f(z) exist at every point a.
L=a-t0
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The proof is completely analogous.
THEOREM 2. If a function f has no (finite) limit at
a point a, then a sequence {x,} exists such that lim x, = a,

&y 7 a and that the sequence {f(x,)} s diverge%t.w

For, let us suppose the sequence {f(x,)} to be con-
vergent for every such sequence {r,}. Since the funetion f
has no limit at the point a, so two sequences {r,} and
{r;} must exist satisfying our conditions and such
that lim f(x,) # hm f(x;). Let us consider the sequence

Nn=00

By Lyy Lyy Ly eney .Dn, x,, ... This sequence is convergent to a
and all its terms are # a, but the sequence f(x,), f(x1),
f(a,), f(&L3), ... is divergent. .

The following theorem includes the so-called Cauchy
definition of the limit of a function at a point:

THEOREM 3. A necessary and sufficient condition for
the equation limf(x) = g to be valid is that to every ¢ > 0

r=a

a number 6 > 0 exist al <6
implies |f(x)—g| < e.

First, let us suppose that the Cauchy condition is not
satisfied, i.e. that there exists an &> 0 such that to any
0> 0 an x exists for which 0 < |r—a| < 4, but |f(x)—g|

> e. Especially, substituting 6 = o we conclude that

there exists a sequence {r,} for which

(23) 0 <|x,—al <7)1—,I
and
(24) [fen)—g|>e
It follows from (23) that lim xz, = a and z, # @ Hence,
supposing hm f(:v) =g we sﬁo:ld have lim f(x,) = ¢g. But

N=00

the last formula, is contradictory to the inequality (24).
Thus we have proved the Cauchy condition to be
a necessary condition for the validity of the equation



100 II. FUNCTIONS

limf(x) = ¢g. We shall now prove this condition to be
T=a
a sufficient one.

Let an ¢ > 0 be given and let lim x, = a¢ and z, #* a.

Then by the Cauchy condition, a number 6 > 0 exists
such that the inequality 0 < |x,—a| < é implies |f(x,)—g|
< ¢e. But in consideration of the equation lim x, = a, the

inequality |@,—a| <6 holds for all » beginning with
a certain k. For the same n we have the inequality
| f(#n)—g| < e. This means that lim f(x,) = ¢g. Hence we

Nn=00
conclude that limf(x) =g.
r=a
The following theorem corresponds to the Cauchy

theorem in the theory of sequences (§ 2.7):

THEOREM 4. A necessary and sufficient condition for
the existence of the (finite) limit of a function f at a point a
is that to any &> 0 a number 6> 0 exists such that the
conditions

(25) O<|z—a| <o and O0<|a'—a|<o
imply |f(z)—J(2')| <e.
Indeed, our condition is necessary, for if limf(x) = g,

then to any given &> 0 there is a 6 >0 suzhathat the
condition 0 < |#—a| < ¢ implies |f(z)—g| < ie. Hence, if
the conditions (25) are satisfied, then the inequalities
|f(2)—g| < e and |f(2')—g| < }e hold. Adding both these
inequalities we obtain |f(x)—f(2')| <e.

The condition is sufficient. Indeed, let us suppose
that the limit of the function f at the point & does not
exist. Then there exists by Theorem 2 a sequence {x,}
such that lim 2, = a, 2, # a. Suppose the condition for-

Nn=00
mulated in the theorem is satisfied. Since the equation

lim z, = a implies the existence of a % such that for
N=00

n=k, =uwx, and 2’ = x; may be substituted in the
inequalities (25), so we have |f(x,)—f(zx)| < e By the
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Cauchy theorem on sequences, we conclude the conver-
gence of the sequence {f(x,)}, in contradiction to our
assumption.

Remark. For a = oo Theorems 3 and 4 may be
formulated as follows:

THEOREM 3'. A necessary and sufficient condition for

the equation lim f(x) = g s that to any ¢ > 0 a number r
T=00

exists such that the inequality x> r implies |f(x)—g|< e.
THEOREM 4'. A necessary and sufficient condition for
the existence of the (finite) limit lim f(x) is that to any

n=00
e> 0 a number r exists such that the conditions x > r
and &' >r imply |f(x)—f(x')] <e.
The proofs of these theorems are completely analogous
to the proofs of Theorems 3 and 4.

Exercises on § 4
1. Sketeh the graphs of the functions

< [x] rsin 1 x*sin 1 1 sin 1
—— s £r-- xrsin = x?sin = ~sin=
£+417 - @’ Tt oz w

and calculate the limits of these functions at the point 0.

2. Find the limits of a polynomial at oo, i. e.

lim (2 + ap_ya '+ ...+ a,x -+ ay) (consider the case of n
&=-400

even and the case of n odd, seperately).

3. Evaluate:

. sinax . ¥—-1
lim ———, lim —
rooo & =1 £2—1

4. Let a bounded function f(x) be given in the interval
a = x < b. Let us divide this interval into a finite number
of intervals by means of the points aq, < a, <..<a,
(where ay=a, a, =b) and let us consider the sum

8 = [f(a)) —f(ao)| 1/ (@) — f(ar)| + ... 4 |f (an) — f (@n—1)] .
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If the set of the numbers s corresponding to all possible
partitions of the interval ab is bounded, then the func-
tion f is said to be of bounded variation.

Prove that the sum of two functions of bounded
variation is a function of bounded variation; a monotone
function is of bounded variation.

5. Prove that if a function f bounded in each finite
interval satisfies the condition lim [f(x4-1)—f(x)] =g,
€X=00
then lim f(;) =y.

&£ =00

6. Prove that the formula f(x) = lim lim (cosn!nx)?*
Nn=00 k=00
represents the Dirichlet function considered in § 4.5.

7. A function f(x) is called an even function, if the
condition f(x) = f(—a) holds for every . Analogously,
if the condition f(x) = —f(—=x) is satisfied, then the
function f is called an odd function.

Give examples of even functions and odd functions,
among the trigonometric functions.

Jharacterize even and odd functions by means of
geometrical conditions.

8. Prove that every function is a sum of an even
function and an odd function.

(Note that the function g(r) ) +f(—x) is even.)

§ 5. CONTINUOUS FUNCTIONS

5.1. Definition

A function f is said to be continuous at a point a, if
the condition

(1) Ha) =lim{(x)

is satisfied. )
According to the definition of the symbol hmj(r)

this means that the equation limux, = a 1mphes the

nN=00
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equation lim f(x,) = f(a). (Obviously, assumption @, # a
n=00

may be omitted here.)
Thus, if a function f is continuous at a point a, then

(2) f(lima,) =limf(a,), whenever Ilima,=a.
n=00 n=00 N=00

If in the equation (1) we replace the limit by a one-side

limit, we obtain the definition of the one-side continuity.

Namely, a function f is right-side continuous (or left-side

continuous) at a point a, if

f(a) = lim f(&) (or f(a) = lim f(2)).
T=a+0 r=a—0

If a function f is defined not for all x, then we restrict =
obviously to the set of arguments of the function f(z);
e.g. if the set of arguments of a function f is the closed
interval a < x < b, then the continuity of the function f
at the point a means the same as its right-side continuity.

A function continuous at every value of the argument
is called briefly a continuous function. In particular,
a continuous function defined in the interval a <2z <b
is a function continuous at every point inside this interval,
right-side continuous at a and left-side continuous at b.

A function f will be said also to be piecewise con-
tinuous in the interval a << x < b, if this interval may
be divided by means of a finite system of points a, < a,
< ay<..<a,, where a, =a and a, = b, into intervals
g0k, k=1,2,..,n in such a way that the function f
is continuous inside of each of these intervals and that

the limits lim f(x) and lim f(x) exist; i.e. if for each k
(E=ﬂk_l+0 ZT=ap,—0

the function fi(x) defined by the conditions fi(z) = f(z)
for ax—1 <@ <ai and fi(ax-1) = f(ax-1 +0), fi(ax) = f(ar—0),
is continuous in the interval a;_; <z < a;.

Thus, a function having a finite number of points of
discontinuity in which both the one-side limits.exist is
piecewise continuous.
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ExAMPLES. As we have proved in § 4.5, lima? = 0.
x=0

This means that the function 22 is continuous at the
point 0 (though it is easily seen that it is a function con-

tinuous at every point). Similarly, the equation limcosxz
=0

=1 = cos0 implies the continuity of the function cosz
at the point 0.

The function [2] is discontinuous at integer points;
speaking more precisely: it is right-side continuous, but
not left-side continuous at these points.

. 1oL . .
The function sin— s discontinuous at the point 0

independently of the value that could be given to this
function at this point; for its limit at the point 0 does
not exist. The Dirichlet funetion (ef. § 4.5) is discontinunous
at every point.

The notion of continuity may be extended also to the
points at the infinity, understanding by a function con-
tinuous at oo a function f such that the limit lim f(x)

=00

exists.

5.2. Cauchy characterization of continuity. Geometrical
interpretation

The following theorem may be counsidered as the de-
finition of continuity (the ‘‘Cauchy definition” in dis-
tinction to the “Heine definition” which we have intro-
duced in § 5.1). It follows directly from § 4.7, Theorem 3.

A necessary and sufficient condition for a function f
to be continuous at a point a is that for any ¢ > 0 there
exists a number 6 > 0 such that the inequality |x—a| < o
implies |f(x)—f(a)] < s.

Speaking more figuratively, this means that to suf-
ficiently small increments of the independent variable
there correspond arbitrarily small increments of the de-
pendent variable. This may be written as follows:

(3) the condition |h| < b implies |f(a+h)—f(a)] <e.



5. CONTINUOUS FUNCTIONS 105

Geometrically, the continuity of a function f at a point a
means as follows: let P denote a strip parallel to the
X-axis and containing the straight line y = f(a) inside;
then there exists a strip @ parallel to the Y-axis and
containing the straight line 2 = a inside, such that the
part of the curve given by the equation y = f(x) included
in the strip @, is also included in the strip P.

S /

fla)

Fi1;. 8

We may pass from the analytic definition based on
the Cauchy condition to the above geometrical definition
immediately, assuming the strip P to be defined by the
straight lines y = f(a) 4-¢ and fthe strip @ to be defined
by the straight lines x = a 44.

It is easily seen from the above definitions that the
continunity of a function f at a point a is a local property
in the sense that it depends on the behaviour of the
function in the neighbourhood of the point a. In order
to find whether a function f is continuous at a point a
it suffices to know this function in an arbitrarily small
interval containing the point a inside.

5.3. Continuity of elementary functions

It follows immediately from the formulae on the
operations on limits of functions (§ 4, (10)-(13)) that the
arithmetical operations on continuous functions give con-
tinuous functions, again. Speaking more exactly, if the
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funetions f and g are continuous at a point a, then the sum,
the difference, the product and the quotient (when g(a) # 0)
of these functions are continuous at the point a, also.
For example assuming hm f = f(a) and limg(r) =
r=a

= g(a) we have
ii_{r;[f(w) “g(z)] = }Eiixf(ﬁ) - li:gy(w) = f(a)-y(a)

which means that the function f(x)-¢(x) is continuous
at the point a.

Hence it follows that a polynomial is a continuous
function.

Namely, the constant function f(z) = const. and the
funetion f(x) = x (the identity) are continuous functions,
as easily seen.

More generalls}, any rational function, i.e. function of

P(x)
the form f(x) = 0@

nomials, is a continuous function (obviously at such points
at whieh it is defined, i.e. everywhere except of the roots
of the denominator).

Before proceeding to the proof of the continuity of
other elementary functions, let us note that according to
the formula (1), the continuity of a function f at a point x
means that lhimf(a;+h) = f(x), i.e. that

=0

(4) lim(f(z+h)—f(@)] =

We shall prove now that the erponential function
at (a>0) 8 continuous.
Indeed, we have a*th—a® = a*(a*—1) and lima" = 1
h=0
(cf. §4, (4)). Hence 11m(ax+" a*) = 0 and this means
according to the formu]a (4) that the function a* is
continuous.

, where P(x) and Q(x) are poly-

The trigonometric functions sin and cos are continuous.
Indeed,

sin(z +h)—sinz = 2sing- cos (w—l— g)
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and since [sint| < |t| and |cost| << 1, we have

sin(x + h)—sinz|<|h|, whence lim|sin(z+ h)—sinz|= 0,

h=0
Le.
limsin (e + h)—sine = 0.
h=0
Similarly,
, ol b . I )
|cos (@ + h) —cosw| == 2| sin || sinfx 4 )| < [R],
2 2
whence
limcos(x+h)—cosx = 0.
h=0
- sinx . . .
Since tanx = cosz’ the function tana is a continuous

function as a quotient of continuous functions. The
functions
_CosT

1
seer = ——, cotw =——, cosecr =
cosw sina

sina
are also continuous functions (at every x at which they
are defined).

Among the elementary functions there remain still
to consider the functions inverse to the above considered,
namely, the logarithm and the cyclometric functions.
However, we shall not prove the continuity of these
functions now, because it follows from a general theorem
on the continuity of functions inverse to continuous
funetions which will be proved something later.

However, we shall prove now that the composition
of continuous functions is a continuous function. Speaking
more exactly, if two functions y = f(x) and z = g(y) are
given and if the function f is continuous at a point a and
if the function ¢ is continuous at the point f(a), then the
function g(f(x)) is continuous at the point a.

For, let lim x, = a. Hence lim f(x,) = f(a). Writing

Nn=00 Nn=00
b = f(a) and y, = f(x,), we have then lim ¥, = b, whence

Nn=00
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the continuity of the function ¢ implies

limyg(y,) =g(b), ie. lim 9(f(x)) = g(f(a)) .

But this means the continuity of the composite function
¢ (f(x)) at the point a.

Hence it follows that taking the elementary functions
considered in § 4.4 as the starting-point and applying to
these functions the arithmetical operations and the com-
position, we yet remain in the domain of continuous
functions.

For example the function -+ tan(r?) is a continuous

function. Similarly, the function sin 5 s a continuous

function in the set of its arguments, i.e. for x % 0. But
the function f defined by the conditions:

(5) f(x) = sin;l%'. for x£0 and [f(0)=0

is discontinuous at the point 0. As we know, the limit
of the function f at the point 0 does not exist at all
(cf. § 4.5, (8)).

Hence it follows also that the function defined by the
conditions (5) cannot be written by means of continuous
functions only. Similarly, the function defined as follows:

fle)=1 for x+#0 and f(0)=0

is discontinuous at the point 0. However, the last function
may be written by means of a limit. Namely,

nr
/(@) ﬁtlﬂ,’u at ,1, o1+ nx”
Remark. The following formulation of the theorem
on the composition of functions—a little more general

than the above—is convenient in applications: ¢f lim f(x)
r=a+0

exists and if g is continuous at this point, then

(6) llm J[f( )] ~J[ hm f( )].



5. CONTINUOUS FUNCTIONS 109

The proof remains almost without change.
EXAMPLE. lim 2® =1, for

Z=+0
. . lim (zlogx)
lim 2* = lim ¢*108% — ¢v—+o =e'=1.
=40 =0

Here f(x) = zloga, g(x) == e*. The function f is not de-
fined at the point 0; however, it has a right-side limit
(= 0; cf. § 4.6, (3)) at this point.

5.4. General properties of continuous functions

1. THEOREM ON THE UNIFORM CONTINUITY. If a func-
tion f is continuous in a closed interval a < x << b, then to
every ¢ > 0 there exists a 6> 0 such that the inequality
|x—a'| < b implies |f(r)—f(2')| <e.

Before proceeding to the proof, let us note that the
number ¢ mentioned in the above theorem does mnot
depend on z in distinction to the case of the definition
of a function continuous at every point x (belonging
to the considered set of arguments), where such de-
pendence holds. This independence of the number 6 of
the wvariable # we emphasize saying ‘“uniform’ con-
tinuity. :

The proof of the thcorem will be given by reductio
ad absurdum. Let us suppose that a number £ > 0 exists
such that, given any é > 0, there exists a pair of arguments
2 and 2’ such that |#—2’| < ¢ and |f(x)—f(z')| > e. Then

in particular, writing ¢ =% we conclude that two se-

quences {r,} and {x,} exist satisfying the following in-
equalities:
(1) a<w,<b, a<an<b. |ar,—ap <%

and  |f(za)—f(z)] > 6.

The sequence {x,} being bounded, it contains according
to the Bolzano-Weierstrass theorem (§ 2.6, 2) a convergent
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subsequence. Let us write lim z,,, = ¢. It follows from

N==00
the first of the inequalities (7) that a < ¢ < b. Hence the
function f is continuous at the point ¢ and so lim f(xy,)

n=00
= f(¢). But the third of the inequalities (7) implies also
lim #,,, = ¢, because lim a,,, = lim x,,,. The continuity of

n=00 NnN=00 n=00
the function f gives lim f(xn,) = f(¢) as before. Thus
n=-00

lim [f(%p,) —f(2m,)] = 0. But the last equation is con-

tradictory to the last of the inequalities (7).
Hence, the theorem is proved.

Remark. The assumption that the considered interval
. . . o1, .
is closed is essential; e.g. the function L1 continuous

at any point of the open interval 0 < x < 1 but it is not
uniformly continuous in this interval.

2. WEIERSTRASS THEOREM. A function f continuous in
a closed interval a << x << b is bounded and attains its upper
and lower bounds M and m, i.e. there exist in this interval
two points ¢ and d such that f(¢) = M and f(d) = m.

First of all we shall prove the boundedness of the
function f, i.e. that a number A4 exists such that the
inequality A >> |f(x)] holds for any x belonging to the
interval ab. Now, by substitution ¢ =1, Theorem 1
implies the existence of a 6 > 0 such that if two points x
and «" belong to an interval (contained in the interval ab)
of the length < 4§, then |f(x)—f(x")] < 1. Let us choose
a number % in such way that —b%-fl— < 0; dividing the
interval ab in % equal intervals, the length of everyone
of them will be less than 6. Thus, denoting the ends of
these intervals by ag, a4, ...,a, (@y=a, a, =D>), suc-
cessively, we have

l[f(e)—fla)| <1 for ay<x<a,,
whence  |f(z)| < 1+]|f(a)l,
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and in general:
lf@)—flam)| <1 for @ <a<a,

whence
[ (@) <14|f(ax)|.

Thus, denoting by A the greatest of the numbers
1+ |f(ax)|, where k assumes the values 1,2,..,n, we
have |f(x)| < A for every x belonging to the interval ab.

So we have proved that the function f is bounded,
i.e. that the set of values of this funetion is bounded.
Hence, the upper bound M and the lower bound m of
this set exist (ef. § 1.7). We shall prove by reductio ad
absurdum that M is one of the values of the function f
(the proof for m is completely analogous).

Let us suppose that it is not true, i. e. that we have

M —f(x) # 0 for any x. Then the function g(r) = WIT}G )

is defined for any « in the interval a = z << b and is con-
tinuous in this interval. Hence it is a bounded function,
as we have just proved. Then a number N exists such
that g(x) < N, i.e. M—f(x)> l]_V’ that is f(x) < Jl[—%,.
But the last inequality proves thie existence of a number
less than M which is greater than all numbers f(x),
where x takes values from the interval a < 2 < b. But
this is contradictory to the assumption that M is the
upper bound of the function f in this interval.

Thus, supposing the theorem to be wrong we have
got a contradiction.

3. DARBOUX () PROPERTY. A function continuous in
a closed interval a << x << b assumes all values between any
two values of this function. This means that, if y is a number
between f(a) and f(b) (i.e. either f(a) <y < f(b) or f(b)
<y < f(a)), then there exists a ¢ in the imterval ab such
that f(¢) = 9.

(*) Gaston Darboux (1842-1917), a famous French geometer.
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Let us assume that f(a) < y < f(b) (in the case of the
other eventuality, the arguments are completely similar).
Supposing the theorem to be false, i.e. supposing y—f(x)
# 0 for any a« belonging to the interval ab, the function

h(x) = would be bounded by Theorem 2.

o
ly—1 ()]
Let M > h(x), i.c. let

(8) @) > -

Substituting ¢ = ﬂl[ in Theorem 1 we conclude that

a number § > 0 exists such that if two points = and a
belong to an interval of the length < ¢, then

@)~ @) < 5y -

b—a

Let n indicate a positive integer such that < 0.

Dividing the segment ab into » equal segments and de-
noting by ag, a,, ..., @, the successive ends of these seg-
ments, as in the proof of the previous theorem, we con-
clude that

1
(9) [flak)—f(ar—1)| < 5 for k=1,2,..,n.
Since f(a,) < ¥ < f(ay), so there exists among the num-
bers 1,2, ..,n the least number m satisfying the con-
dition ¥ < f(a,). We have m > 0 and f(a,—1) < ¥ < f(am),
whence

0 < ?/—f(a'm—l) < f(am)—f(am—l) < %

by (9), but this contradicts the inequality (8).
Theorems 2 and 3 lead to the following conclusion:

4. A function continuous in a closed interval a < x < b
assumes all values between its lower bound m and upper
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bound M, includiﬁg the bounds. I'n other words, the set of
values of the function is the closed interval m <<y << M.

Remarks. (o) The property of continuous functions
expressed in Theorem 3 (the so-called Darboux property)
is especially intuitive in its geometrical interpretation.
However, this property does not characterize continuous
functions, c.g. the function (5) possesses this property
although it is not continuous.

(B) Theorem 3 implies immediately the existence of
f/ « for any real x, if % is odd and for any x>0, if =
is even. Indeed, if » is odd, then lim a"» = —oo and

Ir==——00

lim 2 = oo and so the function z" assumes all real values.
XT=00

Thus the function inverse with regard to «, i.c. ?7“ is
defined for every real x. Similarly, if » is even, then the
function x, x> 0, assumes all values from 0 to oo;
hence ?/ x is defined for all these values.

Analogously, it follows from the formulae lim e* =

&r=—00
and lim e = co that the function e assumes all positive

valuzs;o hence logx is defined for any positive x. Finally,
arctana is defined for every real a.

Let us add that the formulae § 4.4, (3) imply imme-
diately the following formulae connecting logarithms, for
positive a, # and y (a #1):

(10)  loggay = logex+log,y, log,(xv¥) = ylog.x,

log z

loga’

For example to prove the first of the formulae (10),

let us substitute log,z = ¢, log,y =z, i.e. @ = at, ¥y = @
By § 4.4, (3) we get

zy=at-af = att®, whence logeay =1t-+2=1log,xz+log.y.

The second of the formulae (11) is obtained from the
second of the formulae (10):

(11) at = erloge  log,x =

loga! =tloga, ie. logx =Ilog,xloga.
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5.5. Continuity of inverse functions

In §4.3 we have seen that a one-to-one function
y = f(x) defines an inverse function x = ¢(y). Now, we
shall prove that a function inverse with regard to a con-
tinuous funetion is also continuous. Speaking more exactly:

1. If a function y = f(x) ¢s one-to-one and continuous
in an interval a == x =< b, then the inverse function x = ¢(y)
18 continuous in the interval m <.y <= M, where m and M
are the lower bound and the upper bound of the function f,
respectively.

Let m <~ ¢ <= M. By Theorem 4 of § 5.4, the function ¢
is defined at the point ¢. Let ¢ = lim y,, where y, belongs

to the interval mM, i.e. y, is of the form y, = f(x,).
It has to be proved that lim ¢(y,) = g(c).

=00
Let ¢ == f(d). Thus we have to prove that the con-
dition lim f(x,) = f(d) implies lim x, = d (because ¢(¥,)

n=00 n—-00
= &y, ¢(¢)=d). Since the sequence {z,} is bounded,
being contained in the interval ab, so the last inequality
will be proved, if we show that every convergent sub-
sequence of the sequence {z,} is convergent to the limit d
(¢f. § 2.6, Theorem 4). Thus, let lim @, = d’. We shall

n=00
prove that d’ = d. The continuity of the function f

implies ]itgf(xk,l) = f(d’) and since lim f(xy,) == lim f(x,)
n= n=00 n=00

= f(d), we get f(d') = f(d). The function f is one-to-one,
hence we conclude that d = d.

Thus, the theorem is proved.

APPLICATIONS. (a) log.x is a continuous function
(1 # a > 0), for it is inverse to the continuous function a®.

(B) The cyclometric  functions arcsinz, arccos,
arctanx ete. are continuous as inverse functions with
regard to the trigonometric functions (which are con-
tinuous).
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(v) Let {a,} be a sequence with positive terms. Then

fav]
the convergence of the infinite product [| a, implies the
n=1
o
. s . . 3
convergence of the infinite series D loga,. Moreover, there
n=1
holds the relation.
~ <01 . vlm;u,,
(12) log ]l ay = loga, , t.e. [ I a, = en=1
n=1 n=1 n=1
fXJ
Similarly, assuming the convergence of the series log a,,
b 1
o =
the product || a, is convergent, too, and the relation (12)
n=1
takes also place.
Let p, == a,-a;-...- a,. The assumption of convergence

of the sequence {p,} and the continuity of the logarithm
imply (cf. (2)):
log lim p,, — lim log p,,

n=0o n=00

and

lim log p,, = lim log(a, - ...- @,) = lim [loga, +... +loga,]

n—=00 n=0o =00

<
= L loga, .
n=1
Similarly, writing s, == loga, + ... +loga, and assuming
the convergence of the sequence {s,}, we have by the
continuity of the exponential function:

lim s, . s
e=>® =lime™"
n=00
but
es,, — e]oga1+...+loga,, — elogal. loga,, = P,
whence

. 8 .
lime™ =lim p, .

Nn=00 n=00
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The formula (12) being, as easily seen, a generalization
of the first of the formulae (10) to the infinite operations
enables us to transfer many theorems concerning infinite
geries to the case of infinite products.

2. Bvery one-to-one function | continuous in an in-
terval a < x < b is strictly monotone (i.e. either increasing
or decreasing ).

Our assumption implies f(a) # f(b) and we may further
assume that f(a) < f(b) (if f(a)> f(b), then analogous
arguments are applicable). We shall prove the function f
to be increasing in a <x<b Let z<a'. One has to
prove that f(x) < f(x

First of all let us note that the conditions a <z < b
and f(a) < f(b) imply f(a) < f(x) < f(b). Indeed, otherwise
we should have either f(x) < f(a) or f(x > f(d). In the
first case, the double 1nequahty f(m ) < f(a) < f(b) would
imply (by Theorem 3) the existence of a pomt 2" in the
interval xb such that f(z’’) = f(a). But this contradicts
the assumption that f is one-to-onc (because z'’ # a).
Similarly, in the other case a point 2"’ would exist in the
interval ax such that f(z'"’) = f(b), in contradiction to the
inequality =’ # b.

8o we have proved that f(a) <f(x) <f(b). At the
same time we conclude that the Londltlons x<<ax <b
and f(z) <f(b) imply f(z) <f(2') <f(b)

Thus, f(z) < f(z'), as we had to prove.

Exercises on § 5

1. Let f(x) denote a function defined as follows: if »
is an irrational number, then f(z) = 0, and if « is a ra-

tional number 2 = 2 (the fraction g being irreducible),

then f(x) = % . Prove that this function is continuous at

irrational points and discontinuous at rational points.
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2. Prove that every function f(x), a < x < b, one-to-
one and possessing the Darboux property (§ 5.4, Re-
mark («)) is continuous.

3. Prove that every equation of an odd degree »n with
real coefficients, i.e. equation of the form z" -+ a,_,2" !+
+...+a,xz+a, =0 has at least one real root (cf. Exer-
cise 2, § 4).

4. Prove that a continuous function satisfying the
condition

fz+y) =f(z)+1(y)
for any « and y is of the form f(z) = ax.

(Prove this equation for rational «, taking a = f(1))

5. Find whether the function sin% is uniformly con-

tinuous in the interval 0 < # < 1, and the function }z
in the interval 0 <z < co.

6. Let f(x) and g(x) be two continuous functions in
an interval a < <b. Let h(x) denote the greater of
the two values f(x) and ¢g(x) (eventually their common
value, if they are equal). Prove that h(x) is continuous.

7. Given a sequence a,, d,, ..., choose a function dis-
continuous at the points of this sequence and continuous
at all other points. )

8. A function f is said to satisfy the Lipschitz condition,
if a constant C exists such that the inequality

(@) — (@) < Clo—a|

holds for any pair z and 2.

Characterize the Lipschitz condition geometrically.

Prove that a function satisfying the Lipschitz con-
dition (in an interval which may be closed or open,
bounded or unbounded) is uniformly continuous.

Show by an example that the converse theorem does
not hold.
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§ 6. SEQUENCES AND SERIES OF FUNCTIONS

6.1. Uniform convergence

If to any positive integer n there corresponds a func-
tion f,, then a sequence of functions f,, f3, ...y fn, ... 18
defined. Let us assume all these functions to be defined
in the same set of arguments A (e.g. in an interval
a <z <b). If the sequence f,(x), fo(x),... is convergent
for every z (belonging to A) to a limit f(«), then we say
that the sequence of functions {f,} is convergent to the
function f. This means by the definition of the limit
(§ 2.2) that to every x# and to any &> 0 a number %
exists such that for n > k the inequality

(1) |ful@) —f(2)] < &

holds.

Thus, given &> 0, the number k is chosen suitably
to any x, separately. However, if k¥ can be chosen in-
dependently of x, then the convergence of our sequence
is said to be uniform. Thus, a sequence {f,} is uniformly
convergent to a function f (in a set A), if to any £> 0
a number % exists such that for each n >k and for
every x (belonging to A) the inequality (1) holds.

Geometrically, the uniform convergence means that
surrounding the limit-curve y = f(x) with a strip defined
by two curves parallel to it (given by the equations
y = f(x) 4-¢), all curves y = f,(x) with sufficiently large »
are contained in this strip.

ExAMPLES. Let f,(x) = a2». We have

limf(z) =0 for O0<aer<1

NnN=00

and limf,(r)=1 for 2=1.
n=00

This sequence is uniformly convergent in the interval
0<r <.

For, given ¢ > 0, let us choose a number % in such
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n
way that 1 w < & Then assuming z < 1 we have < (%)

=2

21k < ¢ for n > k and the inequality (1) is satisfied by

each » >k and by any « belonging to the interval
0 <z < }. But this means that the convergence of the
sequence {f,} in this interval is uniform. Yet the con-
vergence in the interval 0 <« <1 is not uniform. This
is easily seen substituting e.g. ¢ = }; moreover, it follows
immediately from the discontinuity of the limit-funection
and from the following theorem:

1. A limit of a uniformly convergent sequemce of con-
tinuous fumctions is continuous.
Let the sequence {f,} be uniformly convergent to f

(in a set 4) and let ¢ > 0. Then there is a k such that
for each n >k, the inequality

(2) [fn(2)—f(2)| < }e

is satisfied for every x (belonging to A). Let a be an
arbitrary point belonging to A. We have to prove that
the function f is continuous at this point. Thus, given ¢,
& number 6 > 0 has to be chosen in such a way that
the inequality |x—a| < would imply

(3) [f(x)—f(a)] < e
-(for = belonging to 4).

Now, f; being continuous at the point @, a number
0 > 0 exists such that the inequality |r—a| < é implies

(4) [fil@) —fi(a)| < }e.

The inequality (2) being satisfied for » = k and # = a,
we find that

(5) |fi(@)—f(a)] < de.

Replacing » in the inequality (2) by k¥ and adding
to the inequality obtained in this way the inequalities (4)
and (5), we get the inequality (3), as was required.
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Remark. As we have seen, the function f(x) = lim a»
n=00

(cf. Fig. 9) is discontinuous in the interval 0 <z < 1.
Thus, the limit of a non-uniformly convergent sequence
of continuous functions may be discontinuous. Theorem 1
and the above example illustrate the meaning of the
notion of uniform convergence.

Fia. 9

Bimilarly as in the case of the uniform continuity
of a function, the expression ‘‘uniform” shows that the
number k& chosen to a given ¢ is independent of z.

The following theorem corresponds to the Cauchy
condition for the convergence of a sequence:

2. A mnecessary and sufficient condition for the uniform
convergence of a sequence of functions {f,} is that to any
e> 0 a number r exists such that the inequality
(6) lfn('”)"fr('”)l <e
holds for each n>r.

First let us assume the sequence to be uniformly
convergent to a funection f. Then, given a number ¢ > 0,
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there exists an r such that for each n >, we have

|[fulz)—f(x)] < ie, whence [f(x)—f(x)] < }e.

Adding both these inequalities we obtain the in-
equality (6).

Now, let us assume a sequence {f,} to satisfy the
condition formulated in the theorem. Then the sequence
fix), fi(x), ... satisfies for a fixed « the Cauchy condition;
thence it is convergent. Speaking otherwise, the function
f(x) = lim f,(x) exists. It has to be proved that the con-

n=00

vergence is uniform. Let an ¢ > 0 be given. According
to the assumption, an r exists such that the inequality

(7) lfn(m)"fr(‘n){ < %8
holds for cach » > r. o

We shall prove that for = > r, the inequality (1)
holds, too (with the sign =< instead of <).
Replacing the variable » by m in formula (7) and

adding to the inequality (7) the obtained inequality
[fm()— fr(x)| < }e, we get for m > r,

[fu(x)—fu(®)] <&, whence lim|fu(x)—fu(x)] <&,

i.e.
|im [fu(@)— fu(@)]] <&,  that is  |fu(@)—lim fu(e)] < ¢
and so

[fa(@) —f(2)] <e.

6.2. Uniformly convergent series

Let a scequence of functions f, f,, ..., f., ... defined
on the same set of arguments be given.

The series f,(@) + fy(@) + ... 4 fa(®) -+ ... is called uniformly
convergent, if the sequence of its partial sums

Sn(%) = fl(‘”) +f2(x) + . +fn(x)
is uniformly convergent.
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If the functions f,,f,,... are continuous, then the
partial sums s, are obviously also continuous. By the
theorems of § 6.1, we therefore conclude that

1. The sum of a uniformly convergent sequence of con-
tinuous functions is a continuous fumction.

2. A necessary and sufficient condition for the uniform
convergence of a series fi(x)+ fy(x)-I- ... is that to any number
e€> 0 a number k exists such that the inequalily
(8) |fi@) + fiepa(0) + oo+ fulw)| < &
holds for each n >k and for any x.

From Theorem 2 we may deduce the following theorem
which makes it possible to infer the uniform convergence

o
of a series D fu(xr) by comparison of the terms of this

on=1
[o 5]
. . 3 . Y
series with the terms of a series 2, Uy .
n=1

o0
3. If a series D) u, is convergent and if the inequality
, n-=1

(e ¢]
[ful)| < u, is satisfied for any x, then the series D faul)
converges uniformly and absolutely. "
Indeed, since the series wu,+uy+... is convergent,
therefore to any given &> 0 a number k exists such
that the inequality w4+ gy + ... +-un < & is satisfied for
cach » > k. Hence by the assumption,

[fie(e) + oo + ()] < |fa()| + oo | fal®)]| < + o Fun < €
thus the formula (8) holds and, by Theorem 2, this implies

[+ ]

the uniform convergence of the series N falz).
n=1

The second part of the above double inequality es-
tablishes at once the absolute convergence of the series.

o0
. L, .
EXAMPLE. The series ) ol 18 uniformly convergent
n=0 M.
' ‘7I| a’n
in every interval —a < x < a, since < por] and the
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n

(o8]

) a

series ), i 18 convergent for any a (§3.7).
n=0 1.

We shall encounter many more examples of uniformly
convergent series in § 6.3 below.

6.3. Power series

A series of the [orm
oo
(9) S(r) =ay 4 ayr 4 ag® + ... +a,am ... = Z a,am (1)
n—0
is called a power series.

Thus we see that a power series is a natural generaliza-
tion of the notion of a polynomial of degree n. The im-
portance of power series follows also from the faet that
the representation of a function by means of a power
series is very advantageous from the point of view of
practical calculations.

Let us consider the following three examples of power
series:

T D
RIREIREY

((5) 1 +1'e 422 13181,

(@) 14 by (D) T4 efatiatdo...,

DA
-

As well known, the first of these series is convergent
for all #. The second one is convergent for || < 1 and
. 1 . . .
its sum = 1 for other x the series is divergent.
Finally, the third series is divergent for every x # 0.

In order to formulate a general theorem on the con-
vergence of power series, the notion of the “radius of
convergence’ of a power series will be introduced. Namely,
the radius of convergence of a power series S(x) is defined

oo
(') Strictly speaking, for x = 0 the symbol 3 a,am (which is
7n--0
in this case indefinite) has to be replaced by a, (cf. the footnote
to the formula (6), § 1).
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as the upper bound of the set of absolute values of =
for which this series is convergent. In particular, if the
above set is unbounded, then the radius of convergence
is assumed to be equal to oo.

For example the - radii of convergence of the series
(a), (b) and (¢) are oo, 1 and 0, respectively.

The interval —r < # < r, where » denotes the radius
of econvergence of a given power series, is called its interval
of convergence. In the case r = oo, the interval of con-
vergence is equal to the set of all real numbers. This
terminology is connected with the following theorem:

1. In any closed interval lying inside the interval of
convergence the power series is convergent uniformly and
absolutely.

It suffices to prove our theorem for intervals of the
form —c¢ < .r < ¢, where ¢ < r (because every closed inter-
val lying inside the interval of convergence is contained
in such an interval with the centre 0). Since r, being the
radius of convergence, is the upper bound of the set of
absolute values of the convergence-points of the series S (),
so a point b > ¢ exists such that either S(b) or S(—b) is
convergent. It follows from the convergence of the series
S(+b) that its terms constitute a bounded sequence.
Thus, let M > |a,b»| for each n. Hence we conclude that
for |2| < ¢, we have

P C n
).

0
. . c\* . . . . .
Since the series D (5) , being a geometric series with

wn

|| = anb]- |2

n=0
quotient <1, is convergent, Theorem 3 of § 6.2 implies
the uniform and absolute convergence of the series S(x)
in the interval —e¢ <& <e¢.

Remark. We conclude from the above theorem that
the series is convergent inside its interval of convergence
and divergent outside this interval (the last follows from
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the definition of the radius of convergence). Yet at the
ends of the interval of convergence the series may be
convergent as well as divergent. The following examples
give evidence here: the series (b) is divergent at the ends
of the interval of convergence, namely, S(1) = oo and
the series S(—1) =1—1-+1—1+... has neither a finite
nor an infinite limit; the series

x a oad xt

1Tty g
(representing log(l +a)) is convergent for = =1 and
divergent to —oo for @ = —1.

The previous theorem together with Theorem 1 of
§ 6.2 imply:

2. A power series 8(x) is a continuous function in the
open interval —r < x <, i.e. inside the interval of con-
vergence.

Indeed, to any x lying between —» and » there may
be chosen a closed interval with the centre x, lying inside
the interval of convergence. Since the power series is
uniformly convergent in this closed interval, it follows
from Theorem 1 of § 6.2, that it represents a continuous
function.

Applying Abel’s theorem from the theory of infinite
series (§ 3.3, Theorem 2) we shall complete this theorem
with respect to the continuity of the power series at the
ends of the interval of convergence.

3. ABEL THEOREM. A power series convergent at one
of the ends of its interval of convergence constitutes a (one-side)
continuous function at this point.

Speaking more strictly, if the series S(r) (or S(—7))
is convergent, then the series §(«) is uniformly convergent
in the interval 0 << x =Z» (or in the interval —r < x < 0).

Let us assume the series S(r) to be convergent and
let us denote by R, the n-th remainder of this series, i.e.

Ry = @y 10"t A Gy ™AL
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Then we have lim R, = 0. Let an &> 0 be given.

n=00

Thus a number k exists such that we have
| @y At < e
for i>n> k.
Let us denote by R,(x) the n-th remainder of the
series S(x):
R, (£) = @y 2" @y a0t 4Ll

Hence, in particular, R,(r) = R,. Let us note that

) x n+1 xr n+-2
Ry(x) = a, " ? (;) + a2 " + ...

and let us apply Abel’s theorem (§ 3.3, 2 and Remark («))

m\n+1
after replacing the sequence {a,} by the sequence ('—) ,

ar\nt2 . .
(;) , ... and the series b, +b,+... by the series R,.

Sinee this series is bounded by the number ¢ and since

x\nt1 r\n+2 A axr\m R B
1> (7) > |- >... and lim{ -} =0 for O0<z<r,
r r m=o00 \/

we conclude that |R,(x)| < 2¢. This inequality is satisfied
also for & = r. Thus we have shown that if » > k, then
the inequality

0 n
.E Ay X — L‘ a,,rm| < 2e

m=0 m=0

is satisfied for any @« such that 0 < x < r. This means
that the series S(z) is uniformly convergent in this interval.

In the case when the series S(—r) is convergent the
arguments are analogous.

Theorems 2 and 3 may be expressed also in the follow-
ing way: every point of convergence of a power series is
« point of continuity.

Sometimes the d’Alembert and Cauchy criteria enable
us to calculate the radius of convergence easily. Namely:



6. SEQUENCES AND SERIES OF FUNCTIONS 127

Ay 11

4. If lim

N=00
the power series S(x) is equal to r = 1/y (moreover, if g = 0,
then r = oo and if g = oo, then r =0).

== ¢, then the radius of convergence of

N

e me— 1
Analogously, if lim y|a,| exists, then r = .
=0 lim l/l a,|

n=00

Indeed, let x> 0. We obtain

an +1 wﬂ+ 1

a, "

. a
=.x-lim

n==00

(10) lim

n=00

=uxy .

Hence if x < 1/g, then the considered limit is <1
and so the series S(x) is convergent (absolutely), whence
r = 1/y. Supposing » > 1/g, the series S(xz) would be ab-
solutely convergent for 1/g < « < r. But this is impossible,
since then the limit considered in the formula (10) would
be >1.

The above arguments concern also the cases g = 0
or ¢ = oo.

The proof in the case of the Cauchy ecriterion is
similar.

6.4. Approximation of continuous functions by polygonal
functions

A function f(z), @ <<z < b, is called polygonal, if the
interval ab may be divided into a finite number of smaller
intervals in such a way that the function is linear in
everyone of these intervals, separately. This means that
there exist a system of n +1 points

11) ey<ay,<..<a,, where ay=a, a,=Db,

and two systems of real numbers ¢, ¢, ..., ¢, and

dy, dy, ..., d, so that

(12) f(o)=eaow+d; for e, <z<a
(k=1,2,..,n).
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For example the function f(x) = |x| is polygonal in the
interval —1 << # <C 1, for f(r) = —a in the interval —1, 0,
and f(«) =« in the interval 0, 1.

The graph of a polygonal function is a polygonal line.
Conversely, if a polygonal line is the graph of a function,
then this funetion is a polygonal one.

Sometimes we are dealing with approximation of
curves by polygonal lines (e.g. in the elementary geo-
metry, calculating the length of the are of a ecircle, we
approximate this arc by inscribed and circumseribed
polygonal lines).

I'16. 10

The following theorem expresses analytically the ap-
proximation of curves given by continuous functions by
polygonal lines (given by polygonal functions):

THEOREM. Kvery continuous function f in an interval
a =< x b is the limit of a uniformly convergent sequence
of polygonal functions.

For each #, we consider the partition of the segment
ab into n equal segments: aa,, a,a,, ..., a;— b (thus we
have in general a; = a+ kl)—; (-L). We draw a polygonal line
through the points [a,f(a)], [ay, f(a1)], ..., [@n, f(an)].
This polygonal line is the graph of a certain polygonal
function f,. We shall prove that the sequence of the
functions f, is uniformly convergent to the function f.
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According to the uniform continuity of the function f
in the interval ab, to any given ¢> 0 a number é > 0
may be chosen so that the inequality |[x—a'| < 6 implies

[f(z)—f(z')] < e Let m> bT We shall prove that for
n > m we have the inequality
(13) [fulx) —f ()| < 26

for every 2 belonging to the interval ab.

Indeed, let x be given and let n > m. Morcover, let
the point « belong to the interval az—;a; (of the n-th
partition). Since the length of this interval is <é, so

(14)  [f(ar—)—f(ax)| <& and |f(x)—f(a)| <e.
Let us suppose that f(ar—;) < f(ar) (if f(ax-1) = f(ax),

then the arguments arve analogous). Then the function f,
is non-decrcasing in a;_,a;, since it is linear. Thus

(15) ,fn(ak—l f}: fn(.’l’ "’\\fn(ak .
Since, according to the definition of the function f,,, we
have fu(ax—1) = f(ax—1) and fn(ar) = f(ax), 80 f(ak—1) < fu(®)

= f(ax) and this gives, according to the first of the in-
equalities (14), |fa(x) —f(ax)| < e. Comparing this inequality
with the seeond of the inequalities (14) we obtain the
formula (13).

We shall now cite without proof the following Weier-
strass theorem, analogous to the previous one:

Every function continuous in an interval a < x <b 8
the limit of a wniformly convergent sequence of polynomsials.

6.5*%, The symbolism of mathematical logic

In order to understand better the notions and the
theorems of mathematical analysis, a knowledge of the
notation of definitions and theorems by means of some
symbols used in mathematical logic is required.

We shall give here the principal notions and symbols
employed in mathematical analysis.
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Given two sentences a and f, we denote by avp the
sentence ‘‘a or B (the sum, i.e. the alternative of the
sentences a and #); a A f will denote the sentence “a and g
(the product, i.e. the conjunction of the sentences a and f).

Every sentence has one of the two values: truth (in-
dicated by the figure 1) and falsehood (indicated by 0).
A logical sum avf is a true sentence, if and only if at
least one of its terms is a true sentence. Similarly,
a logical product « A f is a true sentence, if and only if
both its factors are true sentences.

It is cagy to show that logical addition and multi-
plication possess the properties of the commutativity and
the associativity:

avfB=pva, arB=pra, aV(BVy)=(aVvh)Vy,

an(BAY) = (anB)Ay.

The laws of distributivity also hold:

ar(Bvy) = (anp)V(any)

and  aV(BAyY) = (aVvB)A(aVvy).

Besides the above two operations, the negation of the
sentence «, indicated by ~a, is also considered. It is
clear that the sentence ~a is true, if the sentence a is
false, and is false, if the sentence « is true. Moreover,
it is immediately seen that
(16) ~(~a)=a
(two negations are reducing themselves).

The following two theorems (so-called de Morgan laws)
may also be easily proved:

(A7) ~(avp) = (~a)r(~p)
and ~(aAp) = (~a)v(~p).

The first of these two theorems states that the sentence

that one of the two sentences a and 8 is true, is a false

sentence if and only if both sentences ~a and ~p are
true, i.e. if and only if both sentences a and B are false.
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The second theorem states that ‘it is not true that
both sentences « and p are true, simultaneously’’, if and-
only if at least one of these sentences is false.

Besides the operations of addition, multiplication and
negation, the relation of implication is considered in the
logic of sentences. Namely, we write a—f in order to
denote that the sentence a implies the sentence f, i.e. that
if a is true, then g is true, too; in other words, either «
is false or g is true. This means that the sentence a—f
is equivalent to the logical sum (~a)v . Henee it follows
also by the formulae (17) and (16) that

(18) ~(a—>f) = an(~f).

The operations of addition and multiplication may be
extended to a finite number of terms or factors by
induction. The generalization of these operations to an
arbitrary number (finite or infinite) of terms or factors
plays a great role in applications. We perform it in the
following way.

Let @(x) be an expression containing a variable
and becoming a sentence (true or false) after substituting
in place of x any value of . Such an expression is called
a propositional function; e.g. the expression = > 2 is
a propositional function. It becomes a sentence, when
we substitute any real number in place of z; however,
it is not a sentence. We say that the values of the variable x
for which @(2) is a true sentence, satisfy this propositional
function.

We perform the following two operations on the pro-
positional functions:

(19) Y p(x) and /x\ p(x).

The first expression is read as follows: “a certain x satis-
fies the function ¢’ (that is ‘“‘there exists an x, such that
¢(x,) is true”). The second one means that ‘“‘every x
satisfies the function ¢(x)”’ (that is ‘for every « the
sentence g(x) is true’’).
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Asg is easily seen, the expressions (19) are sentences;
e.g. \/ (x> 2) is a true sentence and A (r> 2) is a false

x
sentea;lce. Generally, by adding the operator A or \/

(these operators are called the universal and the e;istentigl
quantifier respectively) before a propositional function we
transform the propositional function into a sentence.
Writing the variable # we have to realize the domain
of this variable (this domain is often suggested by the
symbolism); e.g. for the propositional function z> 2,
the domain of the variable z is the set of real numbers.
In the case when the domain of the variable is finite,
the quantifiers \/ and A are generalizations of the
operations v and A, respectively. Indeed, if the domain
of the variable z consists of » elements a,, a,, ..., a,, then

y ¢(x) = [p(a)Ve(as)V...ve(ay)],

/z\ p(z) = [qﬂ((ll)/\(p(az)/\.../\(p(a,,)] .

The de Morgan laws may be generalized to the quan-
tifiers. In this way we hdve the theorems:

(20) NY p(x) = /m\ ~¢(z) and ~/z\ p(x) = \z/ ~p(x).

Indeed, “it is not true that there exists a value of x
for which ¢(x)” is a true sentence, if and only if the
sentence ¢(z) is false for every x, that is if the sentence
~g@(x) is true.

The second de Morgan formula may be shown to be
true, similarly.

Besides propositional functions of one variable, pro-
positional functions of two or more variables are con-
sidered; e.g. y = 2* is a propositional function of two
variables (we might denote this function by ¢(z,y));
it becomes a sentence after substituting in place of the
variables « and y some values of these variables. Similarly,
¢ =wa+y is a propositional function of three wvariables.
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Let us now write the definition of the limit of an
infinite sequence (cf. §2.2) by means of these logical
symbols:

(21 (9= 11124L,z = /\ \//\ [(n> k) —>(lan—g| <e)];

here the domain of the variables » and & is the set of
positive integers and the domain of the variable ¢ is the
set of positive numbers.

Similarly, the Cauchy condition, necessary and suf-
ficient for the convergence of a sequence {a,} (cf. § 2.7,,
is expressed as follows:

(22) AV A L[> r)—>(lan—a,| < e)].

€ ron

The definition of the boundedness of a function f
in an interval a <~ x =2 b (cf. § 4.7) is written as follows:

(23) \14é\lf(x)]<fl[.

The (Cauchy) definition of the continuity of a fune-
tion f at a point x, (cf. § 5.2 (3)) may be written in the
following way:

(24) /\ \//\ [ (|h] < 0)—~ (If Lo+ h)—f(xo)] < 5)] .

Here the domain of ¢ and ¢ is evidently the set of
positive numbers and the domain of the variable h, the
set of all real numbers.

Since, according to the definition, a function is con-
tinuous in a given set (e.g. for a <x < b) when it is
continuous at every point of this set, so to write the
definition of continuity in a set by means of the logical
symbols, one has to precede the expression in the for-
mula (24) by the quantifier A vreplacing of course x,

z

by z. In this way we obtain:
(25) é\/g\y/h\[([h[<6)—>(]j(x—|—h)—f(:v)i<a)].

Before proceeding to further applications of the logical
symbols, we note a few simple properties of the quantifiers.
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Let a propositional function ¢(z, y) of two variables
be given. It may be easily verified that the formulae

(26) /}/,,\ ¢x,y) = /M} p(x,y)

and J\r/\y/ g(r,y) = }l/\x/w(-%‘, Y)

hold.

Thus, as we see, the order of two universal quantifiers
may be changed, as well as the order of two existential
quantifiers. However, this is not true in the case of two
different quantifiers \/ and A; e.g. changing the order
of the quantifiers in the formula (23) expressing the
condition of boundedness of the function f we obtain

(27) AV (f(x) < M) ;
« M

but the last condition is wsatisfied by every function
(and so by unbounded functions, too), which is seen
substituting M = |f(x)|+1.

So the order of the quantifiers \/ and A is essential;
e.g. it is essential in the condition (23) (for the boundedness
of the function f) that the number M does not depend
on the variable x; in the condition (27) it is quite opposite:
we choose the number M to each x, separately. As is seen,
the dependence of a certain quantity on another one is
expressed by the order of the quantifiers; thus, it follows
directly from the notation. Similarly, in the definition (24)
(expressing the continuity of a function f at a point x,)
the order of the quantifiers A and \/ means that o

€ é

depends on ¢ (and not conversely).

We illustrate this situation further by two especially
instructive examples, namely, the example of uniform
continuity and that of uniform convergence.

First let us note that changing the order of the quan-
tifiers A /\ in the formula (25) (expressing the con-

T &

tinnity of a function) we obtain an equivalent sentence
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(since the change concerns the same quantifiers, cf. the
formula (26)):

(28)  AAVAI(RI<d)->(f(r+h) —f(@)] <¢)].

However, changing the order of the quantifiers A \/
x o
in the formula (28) we obtain a non-equivalent formula,

namely
(29 AVAA A [([B] < &) ->|f(z+ k) —f(x)] < )],

i.e. the condition of the uniform continuity of the func-
tion f in the considered set (cf. § 5.4); but not every
function continuous in the interval @ << ¢ < b is uniformly
continuous (e. g. the funetion 1/z is continuous in the
interval 0 < x < 1 but it is not uniformly continuous in
this interval, c¢f. the remark to Theorem 1 of § 5.4).
Although for closed intervals a <« -<b, the usual con-
tinuity implies the uniform continuity, but this requires
a special proof (to pass from the formulation in Theorem 1,
of § 5.4 to the formula (29), ' has to be replaced by « + h).

Comparing the formulae (28) and (29) we conclude
that they differ only by the order of the quantifiers A

and \/. However, this difference is very essential: tlfe
é
order \/A (in the formula (29)) expresses the inde-
6 z

pendence of the number 6 of the variable z and ‘uni-
formity” of the continuity of the function f consists just
in this fact.

Now, let us proceed to the notion of the uniform
convergence of a sequence of functions (cf. § 6.1). Let
a sequence of functions f,, f,, ..., fa, ... defined in a certain
set (e. g. a < @& < b) be given. Let us assume this sequence
to be convergent to a function f. This means by the
formula (21) (after substituting ¢ = f(2), a, = fa(x)) that

30 AAVALm> B~ (@ —f@)] <.
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As is known, the order of the quantifiers A A may
X &

be changed in this formula. However, if we change also
the order of the quantifiers A and \/, then we obtain
x k

the formula for uniform convergence:
(31) A \k//\ A (0> k)= (|fal@)—f(2)] < ¢)] -

For, the order of quantifiers in the formula (31) shows
that the number £ does not depend on x (but only on ¢)
and this means that the convergence of the sequence of
functions f,, f,, ... is uniform.

To conclude these remarks we add that sometimes
it is conveuient to apply the logical symbolism and
especially the de Morgan formulae to proofs performed
by reductio ad abswrdum.

For this purpose let us note that the de Morgan
formulae (20) may be applied to propositional functions
of many variables; they give the following formulae:

NV/\ o(r,y) == /\VN‘]’(‘D’.‘,’)’
~AVAe@,y,2 ‘\'{/b\z/"’(]’(*ry;’/,z) ete.

r Yy =

(32)

For example in the proof of the theorem on the
uniform continuity of functions continuous in a closed
interval (cf. § 5.4, 1), we use the condition of the uniform
continuity given in the following formulation (which does
not differ essentially from the formula (29)):

AV AN [(o—a] < 8)=(f(@)—f(a")] <&]].

We write the negation of this condition, which gives
according to the formulae (32) and (18),

VAV (2= <8 n (1f@)—1(@)] > )]

The continuation of the proof remains unchanged.
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Exercises on § 6

1. Prove that the sum of two uniformly convergent
sequences is uniformly convergent. Prove the same for
a product, assuming a =2 x =2 b. Show by considering the

example f,(xr) = x(l-— %) y o) = i that the theorem

on the product is false for open intervals.

2. Prove that the radius of convergence » of a power
oo

series Y a,2" satisfies the (Cauchy-Iladamard) formula:
n—u

1 . n -
e limsup ) |a,|.

3. Let a sequence of continuous funections f,, f,, ... in the
interval a - x << b, be given. Prove that this sequence is
uniformly convergent to a function f, if and only if the

condition lim x, =« implies lim f,(x,) = f(x).
Nn=00 N =00

4. Investigate the uniform convergence of the sequence
of functions

ful@) =o(1—2"), O0<x<1

1
and  fu(x) = o 0<a=1.

5. Prove that the series
S(x)=x(1—z)—2(1l—2)+..te"(1l—x)—a(1—x)+...
is uniformly and absolutely convergent in the interval

0w <.
Rearrange the terms of this series in such a way to
obtain a nonuniformly convergent series in this interval.



CHAPTER TII

DIFFERENTIAL CALCULUS

§ 7. DERIVATIVES OF THE FIRST ORDER

7.1. Definitions (*)

Let a function f be given in an open interval con-
taining the point a. The limit

lim [(@£R) = 1(a)
h=0 h

is called the derivative of the function f at the point a.
The function

g(h) = f(a+h,l f(a,

the limit of which is considered by h tending to 0, is
called the difference quotient of the function f at the point a
for the increment h.

The derivative is written symbolically as follows:

@) o flath)—f(a)
R

or more briefly, f'(a). Yet more briefly, writing y = f(x)
we denote the derivative of a function f at an arbitrary

point x by ZZ (the derivative ‘“dy over dx”). By this
symbolism (originating with Leibniz), the derivative is
represented as a quotient of two differentials dy and dx

(cf. § 7.13). However, the symbol z—g must be treated

(*) The differential and integral calculus was created by Newton
and ILeibniz on the end of the 17th century.
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as a whole, attributing to the differentials no separate
mathematical significance.

Geometrically, the derivative is interpreted as follows.
Let a curve y = f(x) be given. Let us draw a straight
line through the points [a,f(a)] and [a+h, f(a+ k)],
I being a fixed positive value. This straight line is called
a secant with regard to the given curve. It is easily seen
that the difference quotient g(h) is the tangent of the
angle a, between the secant directed by the increasing
abscissae and the positive direction of the X-axis. The

\

L

Fic. 11

limiting position to which the secant tends as h tends
to 0 will be considered as the position of the tangent. Thus,
(2) f'(a) =tana,
where a is the angle between the positive direction of
the tangent to the curve y = f(r) at the point a and the
positive direction of the X-axis.

Not every continuous function possesses a derivative,
i. e. not every curve possesses a tangent at any point.

E. g. the function f(x) = |¢| does not possess a derivative
at the point 0, for in this case
lim f(h) f(() =1 and lim = f(h) f(O) =—1.

h=+0 h=-—0
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In this case we may speak about one-side derivatives
which are equal to 1 and --1, respectively. Generally,
a right-side or left-side derivative is the right-side or
left-side limit:

(3) fi(a)= llnlof(a+lz,:— (a), fi(a) =1

/(a+h) f(a)

h—~—0

respectively.

However, there exist continuous functions which do
not even have a one-side derivative. It is casily seen that
the function f defined by the conditions

(4) f(x) = wsin% for x#0, [f(0)=0

is continuous but has no derivative at the point 0.

Vol
R

7 AN

\

Fic. 12

For, substituting for & the two sequences of values
2 2 2 2 2 2

7 b’ 9w’ 3x’ Tn’ 11w’

we get in the limit 1 in the first case and in the second
one, —1.
The non-existence of the derivative f'(0) follows also

. oo 1
from the non-existence of the limit hmsma, since we
z=0
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should have

7(0) = f (”) f © _jimsint
h h=0 I
(cf. § 4 (8)).

There exist still more singular continuous functions,
namely functions which do not have a derivative at any
point; thus, they represent continuous eurves which do
not have a tangent at any point.

Besides finite derivatives we consider also infinite
derivatives. For example we shall prove that

(ﬁa . (d]x) B
dr .o dr £=+0—oo'

Indeed,

for limh® = 0. Analogously lim | h =4 0, whence the
h=0 h=-0

second formula follows.

A function is called differentiable in an open interval
if it has a finite derivative at any point of this interval;
in sa.ying fhat a function is differentiable in a closed
interval a <<z - b we assume that it has a derivative
at any point 1n.51de this interval and onc-side derivatives
at the ends of this interval.

Similarly, the assumption of continuity of the de-
rivative f'(#) in the interval a =< 2 =\ b means that this
derivative is continuous inside the interval ab, the right-
side derivative is right-side continuous at the point «
and the left-side derivative is left-side continuous at b.

By a normal to a curve y = f(x) at a point [z, f(x)]
we understand a straight line perpendicular to the tangent
at this point and passing through this point.

According to the geometrical interpretation of the
derivative given above, the tangent to a curve at a point
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(xz, ), where y = f(x), is expressed by the equation

- Y —y , . i )
(5) x_‘;xj(w) or X=a if f(r)=o00;

X and Y denote the coordinates on the tangent.
Thus, the equation of the normal to a curve at a point

(r,y) is:
6) o=@ o Y=y, i [lo)=co.

Besides the geometrical interpretation the derivative
has also important interpretations in physics. In particular,
the velocity of the point moving along a straight line is
expressed as the derivative of the distance with respect

to the time: v = Z—j, where the distance s travelled is

expressed as a function of the time: s = f(¢). Thus, the
velocity at a moment ¢ is the limit of the mean velocity
in the time from t to t+h, if b tends to 0; for the dif-
ferences quotient is just this mean velocity.

7.2. Differentiation of elementary functions

" First let us note that
1. If a function f is differentiable at a point x, then
it i8 continuous at this point.
f(w+h — /()

Indeed, since the limit hm
h=

assumption (and is finite), we have
Lm[f(x+h)—f(r)] =li f’ﬂ—’r—h —f(@)
h=0 -

whence

exists by

mh =0,

h=0
}limf(m%- L) = f(=),

which means that the function f is continuous at the
point .

2. Let a function f have a constant value: f(x) = c.

Then @ = 0.
dx
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For, we have f(x+ 1) = ¢ = f(x), whence

f@+h)—fl@)

1;:]:1(1; h )
dr
an b
for lim M= g
h=0 h h=0 h

The following formulae concern the differentiation of
a sum, a difference, a product and a quotient of two
funections y = f(x) and = = g(x), differentiable at a point «:

oA G )y

dx dx - T de llv+ dr’
Sy
o, W) “ae Ve
Code ot ’
whence
oo dQ@jE) 1 dz S
R S (if 2 7:0).

The proof of Iformula 4 follows from the equations
¥ ] .

Ay +2) i @B +g(@+)]—[f(2)-1-g(2)]
dr B0 h
f(a +h)—f(2) gle+h)—g(x) dy  dz

;,,0 h + lhf(} h e ﬁ%‘ dzr’

The proof for the difference is analogous.
In the proof of Formula 5 we shall apply the con-
tinuity of the function f at the point @ (¢f. 1); thus we

have ]imf(m—l—h) = f(z). Now,

AR) o @) ge+ ) —f(@)- (@)

dr " heo h
:]im[f(-l"f‘h) ‘I(-I"+h)h fle+h)-g(x)]+
h=0

+f(z+h) g(x)—f(2) g(@)]
h
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g(x+h)—g(x) f(w+h)-f(’l‘)

= lim f(z+h)-lim +¢g(x)-1
h=0 h=0 b e h
dz dy
=Y +c5.
Yz " aw
To prove 6, we shall prove first 6.
a2 i 1[._-}___1.]
dw " ate kgl k) g(@)
1 1 im gl -h)—g(e) 1 d&s
limg(z+h) g(x) 5 h T 2 dr
h=0

for limg(z + &) = ¢g(x) = 2 (moreover, since g(x) # 0, there
h=0

exists a 6 > 0 such that g(x+h) #= 0 for k| < 0).
Formulae 5 and 6’ imply 6:

d(yl= d 1 d(1\ 1dy 1( d d~

& mlrs)ral) - sla )

de — dx\” 2 zdv #\de Yax
(in the first of the above equations we apply the notation
iZ—F(cc) in place of M)
dx d ’

Substituting ¢(x) = ¢ in formulae 4 and 5 we obtain
immediately:
dy+c) _dy

. de  dx’
5 ley)  dy
dr dm

The first of these formulae means that a translation
of a curve, parallel to the Y-axis has no influence on
the value of the angle between the tangent and the
X-axis; the second one means that a change of the scale
on the Y-axis influences the tangens of the considered
angle in the same proportion.

Applying Formula 5 and the principle of induction
we prove easily that for integer exponents n > 2 the
formula
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It is immediately seen that this formula holds also
for n =0 and for » = 1, assuming that if # = 0, then
in the case n = 0 the right-side of the formula has to
be replaced by 0 and in the case #» =1, by 1 (as For-
mulae 2 and 3 show directly).

This formula remains also true for negative integers n
(when x :£ 0). Namely, we have in this case, by 6’ and 7:

a(r™) ](1 )_____ 1 d(w‘" o

e —_— J— _.__w—n 1 . ”’J-n-—l
Tdr  dr\z— = dr  a

Later we shall generalize formula 7 to arbitrary real
exponents (for z > 0).

From the formulae already proved we deduce easily
the formula for the derivative of a polynomial:

a
8. s (ag -+ @ + ... + ap2™) = a, + 2a,x + 3azx* + ... +
+ na, "1,

We ghall now calculate the derivatives of the trigono-
metriec functions.

dsinz
9. = COS X
dx
10, 05T ina.
dx
dtanx 1
11. dr  cos*zm’

We shall base the proof of formula 9 on the formula
for the difference of sine known from trigonometry and
sinh

on the formula hmT =1 proved in § 4.5, (5). Now,
h=0

dsinz 2 h h
- —lir;h[sm(w—l—h)—smw] «1lmﬁ sm— cos(m—i— )

_ i SI0L(R/2) h)
—1’.1:1; (h/2) lhlir;cos(a:—{— = COST

by virtue of the continuity of the funection cosa.

10
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Similarly,
dcosx —2 . h . h
R _llmh[(os(w+h)——cow] lir 0 W -smg-sm(xﬁ—é)
.. 8in(h/2) ( h) .
= —lim———"—limsin{ x4 = —sginx.
n=0 (B/2) o

According to 6 Formulae 9 and 10 imply Formula 11,
for we have

dtang?_ i sinzy 1 o m_dsinw_mw_dcosm
dr ~ dx\cosz)  costzm Y dr ) dx
= (cos?x - sin*x) = —12— .
COS2x CcOS2x
dlogvc 1 dlogex 1

12, . More generally,

T dr

Indeed, according to the general properties of loga-
rithms (§ 5.4, (10) and (11)) we have:

der ~ zloga’

h[log(a:¢h)—log1] —10g (1+ I) == %log l(l + g) ]

R

A . h . .
Let us substitute y = e Since limy = 0, we have

h=0
(cf. § 4, (16)):

;

[IOg(»c +h)—loga] = = lim log [(1 + ﬁ) ]
h=° ’ C h=0 &x
1

. }nmlog(l =y

x y=0

|-

Moreover, since lim(1-y)¥ == ¢ (cf. §4, (19)) and since
y=0

logz is a continuous function at the point = =-¢e, we

have (cf. § 5, (6)):

I--

1
limlog (14 y)¥ = loglim (1 +y)¥ = loge = 1.

=0 =0
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Thus

dlogw

Cdr Ml;, Oh[log Hh)—loga] =

Sl)—-‘

The second part of Formula 12 follows according to
Formula 5’ from the first one:

“d‘] x_(l loge) 1 dloge 1
dz %" 7 dz\loga T loga dx zloga’

Further formulae on differentiation of elementary func-
tions will be deduced from the general formula on the
derivative of an inverse function.

7.3. Differentiation of inverse functions

Let a differentiable and one-to-one function y = f(x)
be given in an interval a <<« < b. As it is well known
(§ 5.5, 1 and 2) there exists a function # = ¢(y) inverse to
the given one and continuous in the interval f(a) <y << f(b)
or f(b) < y < f(a), respectively (depending on that whether
the function f is increasing or decreasing). We shall prove
that the function ¢ is differentiable in this interval.
Namely,

de dy . dy
@ =1 (%, ?f ax #* 0.
Given z, let us write k = f(x+h)—f(x). Then f(x+h)
=y+k,ie. x+h=g(y+k), whence h = g(y+k)—g(y).
With variable k, the increment & is a function of k.

By the continuity of the function g, we have limh = 0;
k=0

moreover, we have h % 0 for k - 0, since g is one-to-
one. Applying formula (16) of § 4 we obtain:

de . gy+k)—gy) .. h

——— T hm e el = m---—

dy g0 k k=0 f(x+h)—f(x)
_ ]_ - h 1

S f@ ) —f(@) dy

dr
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Remarks. (o) As at the ends of the interval of y,
i.e. at the points f(a) and f(b), one-side derivatives
exist, then our formula becomes of the following form:

, drx dy
. — =11,
dy.. dz.
where the signs are the same for increasing functions
and opposite for decreasing functions.
For if the function f is increasing, then the function ¢
is also increasing and the increments h and & have the

same gign and consequently, lim A = + 0 and lim & = —0.
k=-+0 k——0
Yet if the function f is decreasing, then lim h = —0
k=+0

and limh = 4 0.
k=—0

(B) Geometrically, Theorem 1 may be illustrated as
follows.

Let us denote by a the angle between the tangent
to the curve and the .X-axis and by f the angle between
this tangent and the VY-axis (¢f. Fig. 11). Then tanp
= cota, i.e. tanf = 1/tanu according to Formula 1.

(v) Formula 1 exhibits the convenience of the Leibniz
symbolism: in passing to the inverse function the de-
. . .
rivative d—ilc behaves like a fraction.

Now, we shall give some applications of Formula 1
in the differentiation of elementary functions.
der da”®

= ¢ e generally: 2. —— =a® .
an = More generally ir = loga

Let us write y = €%, ie. x =logy. Since, by 12,

2.

‘—lf —1 we have {ly—
dy g’ N de

obtain Formula 2.
The proof of Formula 2 is completely analogous.

= 1:3—‘5 = y. Substituting y = ¢ we

daresinz 1

3. - = .
dr Fl—a?®
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n darc cos _ -1 .
dr y1—a?
5 darctanax _ 1
’ dx 14a2’

To prove 3, let us write y = aresinx, i.e. x = siny.
Then we have

w.r T .
—— =cosy = J1—sin?y =y1—a>
ay y=yv Y=y
(where the root has the sign -+ since —in <y <i=n
according to the definition of the function arcsinz, cf. § 4.4).
d 1
Henee & e,
de ) 1—ux®
Similarly, writing ¥ = arccosz, i.c. = cosy, we have

dr . P ,
— = —finy = — ) 1—costy = — | 1—u?
dy Y | Y | ,
dy -1
whence Yo _ 2.
dx ) 1—a?

Finally, if y = aretanz, then x = tany and so

do 1 2y — P X dy 1
dy ~ costy 14-tan®y =1-+a*, whence

dr  1-+a2%

Before we proceed to formulae concerning the super-
positions of the elementary functions considered above
we shall prove some general theorems on the derivatives.

7.4. Extrema of functions. Rolle theorem

Let a function f be defined in a neighbourhood of
a point @ (i.e. in a certain interval containing this point
inside). If there exists a 6 > 0 such that the inequality
|| < 6 implies the inequality

(7) fla-+h) <{(a),

then we say that the function f has a maximum at the point a.
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Further if the inequality
(8) f(a+h) =f(a),

then we say that the function f has a minimum at the point a.

In other words, a point e is a maximum (or a mi-
nimum) of the function f, if such an interval surrounding
the point a exists that f(a) is the greatest (or the least)
among all values of the function f in this interval.

Replacing the signs <. and > in formulae (7) and (8)
by the signs < and >, we obtain the proper maximum
and minimumn, respectively.

The maxima and minima have the common name
extrema.

h| < ¢ implies

2

ExAamprLEs. The function #* has a minimum at the
point 0; the funetion sinz assumes its maximum and
minimum values at points being odd multiples of i,
alternately.

As regards the relation between the notfion of the
extremum of a function and the upper and lower bounds
of this function we note first of all that the notion of
the extremum is a local notion and the notion of the
bound of a function is an integral notion: we speak about
the extremum of a function at a given point and about
the bound of a function in a given interval. To state
whether a function has an extremum at a point a it
suffices to know the values of this function in an arbitrary
neighbourhood of the point a. On the other hand, to
find the upper bound of a function in an interval we
must know the behaviour of this function in the whole
interval.

It follows immediately from the definition that

1. If a function f(xz), a <z <b, altains its wupper
bound at a point c¢ lying inside the interval ab (i.e. a << c
< b), then the function has also a maximum at this point.

An analogous theorem concerns the lower bound and
the minimum.
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Yet if the upper bound of the function is attained
at one of the ends of the interval ab, then it is not
a maximum of this funetion, since the function is not
defined in any neighbourhood of the ends of this interval.
E.g. the function ¥y = = considered in the interval 0 <«
=< 1 attains its upper bound at the point 1; however,
this is not a maximum.

2. If a function f is differentiable at a point ¢ and has
an extremum at this point, then f'(¢) = 0.

Let us assume the function to possess a maximum
at the point ¢ (in the case of the minimum, the arguments
are analogous). Let a number ¢ > 0 be chosen in such
a way that the inequality f(c+h)—f(¢) << 0 holds for

|h| < 6. Thus
Z(Lﬂ;z_:_f,(ﬁl <0 for h> 0

fle+h)—](¢)
h

and >0 for h<0.

Since the derivative f'(¢) exists by assumption, we have
file) = f'(¢) = f(0) .

At the same time it follows from the previous inequalities:

file) <0 < fL (c Hence

file) =0 =f_(c), ie. f(¢)=0.

Remark. The converse theorem does not hold: the
equality f'(¢) = 0 may be satisfied although the function
does not possess an extremum at the point ¢. It is so
e.g. in the case of the function «® at the point 0.

Geometrically, the existence of an extremum of the
function f at a point ¢ means (in the case when the
function is differentiable), that the tangent to the curve
y = f(x) at the point [e, f(¢)] is parallel to the X-axis
(or is identical with the X-axis).

3. ROLLE THEOREM. Let the function f be continuous
i a closed interval a << x < b and differentiable inside this
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interval. If f(a) == f(b), then a ¢ exvists such that a < ¢ << b
and f'(¢c) = 0.

Indeed, if the function f is constant, then we have
f(x) == 0 for every x lying between a and b; hence, in
this case we may take any value of @« as c.

Thus, let us assume that the function f is not constant
everywhere, e.g. let us assume that f has values > f(a).
Denoting by M the upper bound of this function, we
have then M > f(a). According to the Weierstrass theorem
(§ 5.4, 2) there exists a ¢ in the interval ab such that
f(e) = M. Moreover, a # ¢ + b, since f(a) = f(b) by as-
sumption. Thus @ < ¢ < b. This means that the function f
attaing its upper bound at a point ¢ lying inside the
interval ab; according to Theorem 1, the function f
possesses at this point a maximum, and by Theorem 2,
we have f'(¢) = 0.

Rolle theorem is easily understood geometrically:
if a curve (having a tangent at every point) crosses the
X-axis in two points, then at a certain point the tangent
to this curve is parallel to the X-axis.

Remark. Rolle theorem may be expressed also in
the following form: if f(x) = f(x-+h), then a 6 exists
such that

(9) flea+Oh) =0, 0<O<1;

here the same assumptions on the continuity and the
differentiability of f(«) are made as in Rolle theorem
(yet we do not assume that & > 0 but only that h -4 0).

7.5. Lagrange (*) and Cauchy theorems

Let us assume as in the Rolle theorem that the func-
tion f is continuous in the interval ¢ <z <<b and dif-
ferentiable inside this interval. Then we have the

(*) Joseph Louis Lagrange (1736-1813), the most eminent ma-
thematician of the 18th century, one of the authors of the theory
of differential equations.
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(Lagrange) mean-value theorem (called also the theorem of
“finite increments”):

L i@,‘:%@ — f(a-|- Oh),

where h = b—a and O is a suitably chosen number such
that 0 <& <1.

Before proceeding to the proof we interpret the above
formula geometrically. Tts left side means the tangent
of the angle « between the X-axis and the straight line
joining the points [a, f(a)] and [b, f(b)]. Hence the theorem

16, 13

states that there exists a tangent to the curve which is
parallel to this straight line (the ‘“secant to the curve’’).
A special case gives Rolle theorem, namely, when this
secant is identical with the .X-axis. We shall reduce the
proof of the Lagrange theorem to this theorem.

Tet us draw a straight line parallel to the Y-axis
through an arbitrary point z lying between @ and b
(cf. Fig. 13) and let us denote by g(x) the length of the
segment of this straight line contained between the curve
and the above defined secant. Thus the length of the
segment contained between the X-axis and the secant is
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g(x)+f(x). On the other hand, this length is f(a)+
+ (x— a)tana, whence
b)—f(a
1) @ =@ —f@) +@—a L1,
The function ¢ satisfies the assumptions of Rolle
theorem. It is continuous in the interval a =l =1 b,
differentiable:

’ . ’ f(b) -—f(a)
g'(w) = _f(w)+TTy
and g(a) = 0 = ¢g(b). Hence the function ¢'(x) vanishes at
a certain point between a and b. In other words, a @
exists such that 0 < @ < 1 and that
(b) —

Ja+O) =0, e 0=—f(+on+ =L,

So we have obtained Formula 1.

Remarks. («) The geometrical considerations have
been only of a heuristic character here; they make clear
why the function ¢ is introduced. However, the proof
of the Lagrange theorem might begin with the definition
of the function ¢ by means of the formula (10).

(B) Analogously to the formula (9), the equation 1
may be also written in the following form:

(11) f(@+h) =f(@)+h-f(x+Oh).

Lagrange theorem implies the following two corol-
laries, being of fundamental importance in the integral
calculus.

3. If f'(x) = 0 for every x lying inside the interval ab,
then the function f has a constant value in this interval.

For, according to (11) we have f(x + h) = f(z) for any @
and h and this means that f is of a constant value.

4. If we have ['(x) = ¢'(x) for all a<x<b, then
f(x) = g(x) - constans, i.e. the functions f and g differ
by a constant.
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Indeed, [f(z)—g¢g(x)] = f'(#)—¢'(x) = 0 and this means
that the funection f(x)—g¢(x) has the derivative =0
cverywhere. Hence, by Theorem 3, this function is con-
stant. Writing f(x)—g¢g(x) == C we have f(x) = g(x)+ C.

Remark. Making in Theorem 3 the additional as-
sumption that the function f is continuous in the whole
interval @ =< « = b, this function is of constant value also
in this whole interval. Namely, we may substitute z = «
in the proof.

A similar remark concerns Theorem 4.

Lagrange theorem may be generalized as follows:

5. CAUCHY THUHEOREM. I[f the functions f and f, are
continuous in the whole interval a << x << b and differentiable
inside this interval and if fi{(x) # 0 for any z, then

(12) j(")_"f(a')_ — f’(a -+ @h)
7 fi(b) —fi(a) — fi(a+Oh)’

020 <1,

where h == b—a.

Lagrange theorem is obtained from Cauchy theorem
by making the substitution f,(x) = x. Conversely, to prove
Cauchy theorem let us replace the funetion g(z) in the
formula (10) by the following function:

f( f (a
== 4l I‘ a)l -l
(Let us note that f,(b) # f,(a) according to the assumption
fl( # 0 and Rolle theorem.)
This function satisfies the assumption of Rolle
theorem:

, , oo J(B)—f(a)
13 x) = — f'(x) 4 fi(x) T a) = 0 = ¢,(b) .
( ) gl( ) f( ) fl( )fl(b)_,fl(a’), gl( ) gl( )
Thus there exists a @ between 0 and 1 such that
g'(a+ Oh) = 0. Substituting = a -+ Oh in the formula (13),
we obtain equation (12).
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Analogously to the formulae (9) and (11) we obtain
from Cauchy theorem:

Hz+h)—f(x) f(x+Oh)
hz+h)—f@)  file+Oh)

Remark. It is essential in the Cauchy formula that
@ indicates the same number in the numerator and in
the denominator. A direct application of Formula 1 to
the function f and to the function f, and the consideration
of the quotient of the obtained expressions leads (in
most cases) to different numbers @ in the numerator and
in the denominator.

(14)

7.6. Differentiation of composite functions

Let y = f(x), # = g(y), where the function g is defined
for the values y of the function f, the functions f and ¢
are differentiable and the derivative g’ is continuous.
The following formula gives the derivative of the com-
posite function g[f(x)] in terms of the derivatives f’ and ¢'.

dz  dz dy o dgf(2) dy(y) df (x)
;l‘la'_—@;l—m’ l'e.( ) dx —[ dJ :L /(x).T.’I/'—‘.

Given z and h # 0, let us write k& = f(x+h)—f(x),
ie. f(x+ 1) =y+rk.

Applying the formula (11) on the mean-value to the
function ¢ we obtain:

gf@+h)—gf(®) _ gy +k)—g()
h h

= g'(y + OFk)-

= g¢'(y + Ok) %
fe+h)—f(2)
T

To get Formula 1 we have to pass to the limit
as h tends to 0. Now, by virtue of the continuity of
the function ¢ we have limk = 0. Since 0 < @ < 1, this

h=0
also implies lim Ok = 0 (let us note that @ is also a func-
h=0
tion of the variable h). Thus lim(y+ @k) =y, which
h=0

(*) For brevity, we write gf(r) instead of ¢[f(x)].
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gives limg'(y+ Ok) = ¢'(y) = ¢'[f(x)] according to the
h=0
continuity of the function ¢’. Consequently,

doi(@) _ lim Qf_(T_Lﬁ)_:q&)
h

dx h-—0

= limg’(y + Ok)llmf(r-*_ W= 1(@)

h=0 h=0

=g'[f(x)]-f'(x).

Remark. The theorem is also true without the as-
sumption of the continuity of the function ¢’. However,
then it requires another more complicated proof.

Applications. Formula 1 enables us to generalize
Formula 7 of § 7.2 in the following way: for any real a
and any positive a, we have

duxe
9, e =a- %1,
dr

Namely, we have 2 = e*18z gnd so substituting
= ¢¥ and y = a-loga we find

dre  dev d(aloga w0 g qat
dr dl/ dr x @€

The above calculation could be written also in the
following way:

dx  de*er  d(a-logr)

axt Gt = eatogz & _qa b _ g qa1,
dx = d(a-logs)  dr RSk ek i
da=
3. o x*(loga+-1),
for
Qs _ deoes _devws d(a-loga)
da dx d(x-logr)  dr
= etlosz(logar 41) = a®*(logr+1) .
Let us note that formula 2 of § 7.3, (%—:azloga,

proved previously, could be proved in an analogous way,
because a* = e*lose,
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In practice we sometimes apply Formula 1 several
times; e.g. if ¥y = f(x), 2 = g(y), w = h(z), we calculate

ar{glf(=)]}
dx

the derivative , applying the equality:

dr  dz dy dz”

As seen, the derivatives in the above formula behave
like ordinary fractions.

. dlogf(@) _f(@)

C dx f(@)

This expression is called the logarithmic derivative of
the function f. A knowledge of the logarithmic derivative
gives the usual derivative at once. This is easy to show
by considering the example of the function y = 2® (where
the logy = zrlogx is differentiated).

EXAMPLES.

(o) dlogsin(«®) _ dlogsin(a®) dsin(2?) da®
* dvr  dsin(a?) d»r  dz

1
— 08 (22) 20 = Sxc 2) .
S (@) cos (a?) 2z xcot (a?)

(B) The derivatives of the hyperbolic functions. By the
hyperbolic sine and cosine we understand the functions

e —e % 1 T _e+e "
5 an( cosha = 5

To find their derivatives let us note that
de®  de® d(—2)

(15) sinhz =

e == — e_:z,
dx d(—x) dx
Hence we find easily:
dsinhz dcosha .
(16) = coshax , e = sinhx.

Now let us write
sinhez € —e®

(17) tanhe = cosha @ ies"
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Since, as it is easily seen,

(18) cosh?z—sinh?r =1,
we have
sinha
(19) dtanhx  ~ coshx  cosh*z—sinh*x 1
de ~—  dr cosh?z "~ coshz”

The functions sinhx and coshz have inverse functions.
— —Z

2

Namely, let y = . Then e#—e%—2y = 0, i.e. €*—

=y yyr+l, ie.  a=—logly+) y:+1)

Fic. 14 Fic. 15 Fic. 16

(the value y—)/y*+1 being negative, we do not take: it
into account). In this way we have expressed x as a func-
tion of y. This is the required function inverse to sinhz.
We denote this function by the symbol arsinh:

(20) arsinhz = log(x+ y 22 +1) .

Similarly, we find the function inverse to coshz
(x > 0). This function is denoted by the symbol arcosh.
We find

(21) arcoshz = log(e+ya*—1), a>1.
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Analogously, a function inverse to coshx (z =X 0) is
log(z—ya*—1), 2> 1.

Applying the formulae (16) and the formula on the
derivative of the inverse function we find easily that

929 (larsinhw 1 llo (rt )y @1
(22) - T Bl @?+1),
larcosha 1 d
(23) darcoshw L —log( . 7__1’
dr 4+ ) ar—1 dx

This calculation may be performed also by differ-
entiation of functions on the right sides of the formulae (22)

and (23).

1 -1 1

Fia. 17 Fic. 18 Fia. 19

We add that the following formula is found for the
function inverse to tanha:

l—r-’U

(24) artanha = —1 0g > || < 1.
Hence

(25) dartanhz 1 _d_ 1 1+
= dx T l—a®  dx\2 1—a)°

Remark. The formulae on the differentiation of the
fundamental functions with which we became acquainted
in §§ 7.2 and 7.3 together with the formula for the dif-
ferentiation of composite functions make it possible for
us to differentiate an arbitrary elementary function (that
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is a function obtained from the fundamental functions
by a,])i)lying of an arbitrary number of compositions).
A derivative of an elementary function is itself an ele-
mentary function.

Now let us consider the following function (non-
elementary):

(26) f(r) = a?*- sin l for o« £0, f(0)=0.

The general formulae for the differentiation of the
elementary functions do not enable us to calculate f/(0).
We must  caleulate this derivative directly from the
definition of a derivative.

We have

7 (0) = lim 1) —/(0) — lim/ - sin 1 —=0.
h=0 h h=—0 h

It is clear that for ax s 0 the derivative f'(x) may be
aleulated by means of general formulae concerning the
differentiation of the clementary functions.

7.7. Geometrical interpretation of the sign of a derivative

Lagrange’s theorem enables us to establish the relation
between the sign of the derivative and the increase or
decrease of the function.

1. If the inequality f'(x) > 0 holds for any x belonging
to an interval ab, then the function f is increasing in this
interval.

If f'(r) < O everywhere, then the function is decreasing.

According to the formula (11) we have for h >0,
f(e+h) > f(x) or f(x+ h) < f(r), depending on whether we
assume the derivative to be positive or negative every-
where. In the first case the function f increases and in
the second oune, decreases.

Remark. Assuming f'(x) = 0 or f'(x) < 0 everywhere,
the function f is increasing in the wider sense or de-
creasing in the wider sense, respectively.

11
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The following theorem is the converse to Theorem 1:

2. If a function f is differentiable at a point ¢ and
increases (or decreases) in a certain interval surrounding
this point, then f'(c) =0 (or f'(¢) < 0).

Namely, if f increases, then for £ > 0 we have f(¢c+h)—
flot ) =7(9)
h

limit we obtain f'(¢) = 0.
Similar arguments can be applied in the case in which
the function f decreages.
We conclude from Theorem 1 that

—f(e)> 0 and so > 0 and passing to the

3. If f'(¢)> 0, then the function f 4is increasing in
a certain neighbourhood of the point ¢ (assuming the de-
rivative to be continuous at the point c).

Similarly: ¢f f'(¢) < 0, then the funciion is locally
decreasing at the point c.

Indeed, because of the continuity of the function
f the inequality f(¢) > 0 implies the existence of
a number J > 0 such that there holds f'(¢+h) > 0 for
|h| < 6. This means that the derivative f'(z) is positive
at any point of the interval ¢—h < x<c¢+ h. Thus, ac-
cording to Theorem 1 the function f is inereasing in this
interval.

Remark. Theorem 3 may be expressed in the follow-
ing way: if f'(¢) # 0, then (assuming the continuity of
the derivative) the function f is locally one-to-one at
the point ¢, i.e. it is one-to-one in a certain interval
c—0<x<<c¢+0 (6>0). Thus, the function ¥y = f(x)
possesses the inverse function z = ¢g(y) in this interval.
As we already know, the derivative of this inverse func-
tion is equal to the inversion of the derivative of the
function f.

By the above assumptions we see that for a given
value of y the equation y = f(x) possesses one and only
one solution for x belonging to the interval ¢—d4, ¢+ 4.
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. lad
ExaMpLE. The function Y= decreases for x <1

and increases for x> 1.
Indeed,

2

d (e  wet—e* F(r—1)
xre xr

de\w) = o

This expression is <0 if x <1 and >0 if x> 1.
. . e .
Hence it follows that lim -- = co. Indeed, lim - =

ZTe=o00 ¢ n=00

Z
cf. §3.5, 7) and so the function e—, being unbounded
] T

and increasing, tends to oo as @ tends to co (we have
obtained this result in another way in § 4.6, (B8)).

More generally, we prove in a completely analogous
way that the function f(z) == e*z* (x> 0) is decreasing
for £ < —a (and a < 0) and increasing for « > —a and,
since lim e"n® == co (¢f. § 3.5, 7),

n=00

(27) lim e*2® = oo .

&L==00

7.8. Indeterminate expressions

Cauchy’s theorem in § 7.5 makes it possible to cal-
culate the limit of the following form:

‘ - f(@)

28 lim - where a) =0 =g(a).

() limo o, fl@) =0 = g(a)
Expressions of this kind are called ‘“indeterminate

expressions of the type 7.

1. If the functions f and g are continuous in the closed
interval a << x << b and are differentiable inside this interval
and if f(a) =0 = g(a), then

(29) Lim M — lim /(@)

z=a+0 (](.’L‘) x=a+0 g,(w) ’

assuming the existence of the last limit.
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Let us write & = a + k. Then it has to be proved that

flath)y . [(ath)
(30) hl”-],]() (/(a+l) ;mil‘, 9 (/H—Il)

Now, the equations f(a) — 0 = ¢g(a) and the Cauchy
formula give

fla 1-h) — fla+h)—f(a) _[(a {—()/))

gla+-h)  g(a |- ll)—q(a) g(a+6n)"

Since lim @h = + 0, we have
h—10

f'(a+ Oh) Flath)
, — i
Jm @ on) T g by

whence the formula (30) follows.
A similar theorem concerns the left-side limit.
When the derivatives 7 and ¢ are continuous at the
points @ and ¢’(«) = 0, formula (29) implies immediately
the following de PHospital (1) formula:

. g (&
(31) lim S —f,( ) .
i=a §(x)  g'(a)
A similar formula concerns the one-side limit and the
one-side derivatives.
. . log T .
ExamprLes. («) To find lim (l—+——») let us write

£=0

flx) =log(1+x) and g(xr)=uw.

Hence
O =0=gO), [@ =1, ¢@=1, [ =1
and so
(32) lim 0—3(?—? ~1.

(}) De I’'Hospital, a French mathematician of the second half
of the 17th century, known especially for popularizing the dif-
ferential calculus.
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N A
(8) Evaluate lim ¢ . 1 . Let us write f(r) = e*—1 and

L=0
g(x)=r. Then we have f(0) =0 —g(0), f'(x)=c¢",
¢'(x) = 1. llence
(33) er—1 _J0)

Ilm =
r_g (0)

Remarks. () I ¢'(a) =0 but f'(a) # 0, then the

(r )

formula (31) gives lim= - — 0. But if f'(a) = 0 = g'(a),

q
£o-a f
then the formula (31) mnot be applied. In this case
the derivatives of higher orders have to be applied.
(Cf. §8.4.)

(8) The formula (29) may be applied also in the case

when a = oco. In other words, if lim f(x) = 0 = lim ¢(x),
AR £—=00

then

. fley . ()
(31) llm g () J”E,q’(f)’

assuming the existence of the last limit.
. 1 . . .

We write & — ; and define an auxiliary function F(t)
by the conditions: F(t) = j( ) for t £ 0 and F(0)=0.
s 1\ .

Similarly, let G(t) -_g(~-) for t #0 and G(0) = 0. The
function # is continuous at any ¢ 4 0 as a composition
of two continuous functions: 1 and f. 1t is also right-side

continuous at the point 0, since (c¢f. § 4, (18))
lim F(t) = lim f( ) = lim f(x) — 0 = F(0).
t=+0 t=10 xr=00

Similarly, the function G is continuous. To be able

F”(t)
to apply the formula (29), lim

" has to be calculated.
t=10G’ (1)
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Now, we have

ar (1) ‘_lf (%) df@) a1 f,<1)
2 t

da — Tdt T dr dt
s . 1,/1
for ¢t # 0. Similarly, G(t) = — Y (?) Thus,
f' <£)
lim ——= /(@) = lim _ﬁl(}) - lim — F (t) = lim : = lim @)
2= J(T)  1=yoG(t)

t=t0 G (t) t=+og,(%) z=c0 §'()

. . . . 0 .
Besides indeterminate expressions of the form o) -

. . oo
determinate expressions of the form — are also con-
oo

sidered. By such an expression we understand

/() , .
li her 1 x) = oo =1 .
lim ey vhere L) = oo = limg o)

Sometimes the calculation of indeterminate expressions

of this form may be reduced to the form 9 For, writing

0
F(x) L and G(x) = 1 we have
(@) g(@)’
@) .. G(x)
lim = lim ——=
z=a g( z=I;F(w) ’
and this last indeterminate expression is of the form g
Similarly, if limf(x) =0 and limg(x) = oo, then the
T=a T=a

indeterminate expression limf(xz)-g(x) of the form 0-oco

T=a
may be reduced to the form -g, for

(@)
limf(@)- g(a) = lim G
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If limf(z) == co = lim ¢(z), then we reduce the in-

T=a T=q
determinate expression lim[f(x)— ¢g(z)] of the form oo — oo
r=a

also to the form g, writing
. G(z)—F(2)
lm[f(x xr)] = 11 .
lm[f(z)—g(2)] = (o) Gla)

It remains to consider indeterminate expressions of
the form 0% oo® and 1*. They may be reduced to the
above considered by means of the relations

lim f(2)7® = lim 710870 __ g ema” "
r=a r=a
EXAMPLES.
1 im
~10gcoqx lim -logcosx
(v) lim (cosz)® = lim e* = gz=+0% =1,
=40 T=+0
because
lim logcosax — lim (logcosz)’ — lim —tanz 0
Z=+0 € Z=40 x’ Z=+0 1

(8) Find the right-side derivative f,.(0) of the func-
tion f defined as follows: f(x) = 2* when x> 0, f(0) = 1.
‘We have

12.(0) — Tim I f(O w1

= lim
h-+o h=to I

This is an expression of the form (9)’ for Eixoaﬂ =1
(§ 5.3). Applying formula (29) and taking into acecount
the fact that d— (a,“— 1) == 2z®(logx +1) (cf. § 7.6, 3) we obtain
lim — = lim __1 =—0
z—+oﬂ —1 x=+0“a(10gw+1) ’
whence  fL(0) = —oo.
(e) The expressmn hm (wlogw) is an indeterminate form

of the type 0- oo. The proof that this limit is equal to 0
may be derived directly, without applying of the dif-
ferential calculus (cf. § 4.6, (3)).
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7.9. The derivative of a limit

THEOREM. If the equalities
(35) lim fy(2) = f(x) and lim fy(x) = g(x)
Nn=00 Nn=00
are satisfied in the interval a == x == b, the functions f, being
continuous and wuniformly convergent to g, then

(36) f'(x) = ¢g(x) i.e. a lim fu(r) — lim df:;(r‘p)

dr, n =00

Let ¢ be a given point of the interval ab. Let us
estimate the difference

hli"fﬂ(('!_g(c) = fi(e+Oh)—g(c).

Let € > 0 be given. Since the sequence {f,} is uniformly
convergent to ¢, there exists a k such that

(38) |fa(x)—g(x)| <&

for » > k and for any « belonging to the interval ab.

The function g being continuous as the limit of a uni-
formly convergent sequence of continuous functions
(¢f. §6.1, 1), a number &> 0 exists such that the in-
equality |x—c¢| < & implies -

(39) lg(x) )—g(e)] <&

Thus, assuming » >k and |h|<d we obtain the
fol]owmg estimate: :

fnle+ Oh)—g(e)| < |fnlc+ Oh)—g(c+ Oh)|+
+|g(e+ Oh)—g(e)| < 2¢,

(37) .fll({" _1_

i.e., by (37),

F (et B)— (e
fulet+h) h])L— ) go)] < 2e.

Since
limfy(c+h) =f(¢c+h) and limfu(c) = f(e),

n=00 N=00
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we have
xf(ch’l]I)_f() y(c) 2

|
if only |h| < 6. Passing to the limit as A tends to 0 we
therefore obtain equation (36).

Remarks. («) Even the uniform convergence of a se-
quence of funetions does not imply the convergence of
the sequence of derivatives, as is shown by the following
example:

1 .
faulr) = S

(B) The theorem remains true if we assume that the
first of the equations (33) is satisfied at a given point ¢
instead of assuming it to be satisfied in the whole in-
terval ab. For, if the sequence of functions is convergent
at a point ¢ and if the sequence of the derivatives is
uniformly convergent in the whole interval ab, then the
sequence of functions is convergent in the whole in-
terval ab.

Indeed, according to our assumptions, to a prescribed
&> 0 there exists a number k¥ such that the inequalities

(40)  |fulO)—fule) <& and  |fi(®)—fi(@)

are satisfied for » > lc and a < x < b.
Let us write F,(r) = fu(r)—fr(x) and r = ¢+4-h. Then
we have

F.(x) = F,(¢)+h- Fy(c+ Oh)
= fu(€)— fxle) + hf1(c + Oh) - fr(¢ + Oh)] .

1ence, by (40), we have |[Fu(2)|<e+(b—a)e =¢(1--b—a).
Thus the sequence f,(x) is convergent.

7.10. The derivative of a power series
We shall prove that

d
(41) -{E(aoﬁ—alw—{—agw‘z—{— o) =0, + 2a,2 + 3a;2% ...
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for any x lying within the interval of convergence of the series
(42) f() = ag+ a2+ a2° + ...

Moreover, the series (42) and

(43) g(x) = a,+ 2a,x + 3a;5* + ...

have the same radius of convergence.

We shall first prove the second part of the theorem.
Let r be the radius of convergence of the series (42) and
let 0 < ¢ < r. We shall prove the series g(¢) to be con-
vergent. Let ¢ < C <r. Let us compare the terms of
the series

(14) |ay| +2]asle+ ... +n|ay| T 4 ...

with the corresponding terms of the convergent series
(cf. § 6.3, Theorem 1):

(45) |a,| C +|ay| CF + ... +]an| C" + ...
Since lim |'n == 1 (cf. § 3.5, 8) and g> 1, we have
n—"_C
< —
C

and thus
nlay|en! = || (?i/'ﬁc)” < o] (g c)n = l|oa,.[6"‘
¢ ¢ \c¢ ¢

for large n.
Hence we conclude that the series (44) is convergent
and so the series g(c) is absolutely convergent, too.
Conversely, if the series (43) is absolutely convergent,
then the series (42) is also convergent. Namely,

[ana| = |@| |apan—1]| < @] | naga™1].

In this way we have proved that any point lying
within the interval of convergence of the series (42)
belongs to the interval of convergence of the series (43)
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and conversely: any point lying within the interval of
convergence of the series (43) belongs to the interval of
convergence of the series (42). Thus, both these intervals
are equal.

Now, let us proceed to the proof of formula (41).
Let x be an interior point of the interval of convergence
of the series (42) and thus of the series (43), too. Let
the interval ab be any closed interval surrounding this
point and lying inside the interval of convergence. By
Theorem 1 of § 6.3 the series (43) is uniformly con-
vergent in the interval ab. This means that when we write

fol®) = ag+a,x+... +a,x”,

the functions f, constitute a sequence uniformly con-
vergent to the function ¢ in the interval ab. Applying
the theorem of the previous section we obtain the for-
mula (41).

Ag is easily seen, formula (41) states that a power
series can be differentiated, term by term, like a polynomial.

More generally, if by differentiating the series D ()

n=0
oo
term by term we obtain the series ) uj(x) uniformly
Nn=0

convergent and if, moreover, the functions wu,(x) are
continuous, then

d \‘ \m‘ N
(46) Zl{”"{, 0 (X) = 4_{, Un(X) .

ExamrLi. Differentiating the series

I_i_:i =1+x“+“/1/‘2+...4—wn+. .

we obtain for || < 1:

1

a= w)2—1+"x+3r-+ A nant
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7.11. The expansion of the functions log(1 + ) and arctan
in power series

Let us consider the known formula

dlog(l-+a) 1 _ 1—x+a2—ax2 ... (o|<1).

G0 T Tt

It is obvious that the series appearing in this formula is
the derivative of the series §(r) == x — J) + J; —? + Ej —
Hence the functions log(1+x) and S(») have the same
derivative and so they differ only by a constant (cf. § 7.5, 4).
Let us write log(1+ix) = S(x)+ €. The constant ¢ may
be calculated by substituting r = 0; we obtain log(L+-0)
=0 = §(0). Hence € =log(1+0)—8(0) =0.

So we have proved the functions log(l+x) and S(x)
to be identical in the interval —1 < « < 1. Speaking
otherwise:

, PRI
(18) my1+m=w—§wh{—%+n" (le] < 1).

Similarly, we deduce from the formula

darctanr 1

T dx
that

= g T I (le] <1)

' xx?
arctanx = C +x— y 4 R

Substituting « =0 and taking into account that
arctan0 = 0, we obtain C = (0. Consequently,

5 n?
(49) arctanx = Jc—%s—i— % —1;,/‘— F e (] < 1),

Thus, we have proved that the formula (48) holds
for |#| < 1. We shall show that it holds also for z = 1.
Indeed, for x =1 the series on the right side of this
formula, i.e. the series S(1) = 1—%+4 }—..., is convergent
and thus by the Abel theorem (§ 6.3, 3) the function S(x)
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is left-side continuous at the point 1. Hence

S(1) = lim S(r) = lim log(l +a) = log2,
r=1—0 J=1—0
since the function log(1+r) is continuous at the point 1.
Consequently,

(50) log2 = 1— 4 §—1 11—

|
Similarly, we deduce from formula (49) the Leibniz
formula:
~ T 1T 1
1) T lataate
Denoting the right side of the equation (49) by 1'(«x)
we have

. ™
T(1) = lim 7T'(r)= lim arctanr — arctanl —
4 ’

r=:1—0 I=1--0

whence formula (51) follows.

Remarks. («) In practice the Leibniz formula is not
convenient for the calculation of the number =; e.g. to
calculate the first three decimals of the number =/ it
would be necessary to take the sum of the first 500 terms
of the Leibniz expansion. Much more convenient is the
following formula.

Let o = arctani, f = arctan}, i.e. tana =1, tang
= 1. Since
B =1

1.1
273

tana+tanf

tan(a 4 f) =y — tanp 1

and 1 = arctan(w/4), 0 w/4 = u+ ff = arctan } +arctani.
Hence, by formula (49), we obtain:

=1 1t 1 1t 1 1
42 3.8'5-32 3 3.27T 5243

Other formulae giving even faster methods for the
caleulation of = are known.

(B) The formula (48) leads to the following inequality:

(52) %}10g(1+m)<1 for O0<a<1.
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For, we have

- 1 x  a? ooar
(-)3) 510g(1-+m) Zl—g'{“?’*...zﬂ—]:’:...
For 0 < <1 this is an alternating series satisfying
the conditions

x> .
1>->5>.. and lim— =0;
273 n=oo M

thus, according to the theorem § 3.3, the sum of this
series is less than its first term, i. e. the inequality (H2)
holds.

Similarly we prove that

~ 1.1 .
(54) (5+ §> log(14+2)>1 for O0<z-1,

since adding to the series (53) the series (48) divided
by 2, we obtain

1 1
(5+§) log(1+x)
1 1 1 1 1 1

It is easily seen that by omitting the first term we obtain
an alternating series satisfying the assumptions of Theo-
rem 1 of § 3.3. Hence we conclude that the sum of this
series is positive. Thus, formula (54) holds.

7.12*, Asymptotes

By applying the differential calculus it is possible to
find the asymptotes of a given curve y = f(z). The straight
line Y =aX-+b is called an asymptote of the curve
y= f (@), if

a =limf(x) and b =1lm[f(z)—ax];
=00 =00
hence it is seen that the direction of an asymptote is
a limiting direction to which the direction of the tangent
to the curve at the point [z, f(x)] tends, as « tends to oo}
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moreover, the distance between this point and the asymp-
tote tends to 0, because this distance is equal to |[f(x)—
—ax—b]cosal, where o is the angle between the asymp-
tote and the X-axis.
Similarly we consider asymptotes for x tending to — oo.
Finally, the straight line X = ¢ (parallel to the Y-axis)
is called an asymptote of the curve y = f(x), z<e¢, if

lim f'(#) = 400 = lim f(x). Similarly we define the
Tr=c—0 T=Cc—0

asymptotes to the curve y = f(x), > ec.

Fic. 20

ExaMpLES. As it is easily seen, the asymptotes of the
hyperbola y = 1/ are the axes X and Y.

To find the asymptotes of the curve y = e~1=, we
-1/
calculate 4’ = c—mz—. Hence lim y = 1 and lim y’ = 0. Thus,

=00 T==00
a =0 and b = 1, and the straight line ¥ = 1 is an asymp-

tote. A second asymptote is the Y-axis, because lim y == oo
r=—0
and lim ¥’ = co.
T=—0

7.13*%, The concept of a differential

A rigorous mathematical sense may be given to the
concept of a differential in the following way. By the
differential of a function y = f(z) at a point = with
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regard to the increment h we understand the product
f'(®)h. We write

(3b) df(x) =f'(x)h or, more briefly, dy = f'(x)h.

The symbol df(x) or dy, convenient in applications for
its simplicity, takes into account neither the dependence
of the differential on the variable « with respect to which
the differentiation is performed, nor the dependence on
the increment k. To satisfy these requirements we should
have to write e.g. d.(y, h). Moreover, if we should like
to point out that the differential is considered at a point x,,
we should have to write [d.(f(«x), h)]r=r, Dy analogy with
the notation for the devivative at a point .r,.

By formula (5H), dr = h, for substituting f(r) —=a
we have f'(x) = 1.

Thus we may substitute in the formula (535) h = dur.
We obtain dy = f'(x)dr. Dividing both sides of this
equation by dr we have then

, dy
f(:l‘) — (i.l‘ ,

where the right side is the quotient of two differentials
(which may be considered as an explanation of the
Leibniz notation for the derivatives). Speaking more
. dx(y, h)
strictly, we have f'(x) = .=’
.\7 f( ) dz(w, h)
formulac of the differential caleculus may be written in

the differential notation as is seen by the following
examples:

for every h # 0. The

de* = e*dr, dsinx = cosxdr, dc=0.

Formula 4 of § 7.4 for the derivative of a sum leads
to an analogous formula for the differential of a sum:

(56) d(y+z) =dy+dz.
Indeed, let y = f(x), 2 = g(z). We have
d(y+2)=(y+2)h=y'h+2z'h =dy+dz.
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Analogously, we prove that
(57) d(yz) =ydz+zdy .

Now we shall give the formula for the differential
of a composition of functions.
Let y = f(x) and 2 == ¢g(y). Then

(58) dz2 =g’ (y)dzy .
dgf(x
Namely, doe = 0 gy, . g (@) ar ~ g9 day, ac-

cording to (55).

x da z+h

Fic. 21

Let us note that by (55) we have also dyz = ¢'(y)dyy
Comparing this equation with equation (58) we see that
if z is a function of the variable y, then the formula for
the differential 2z remains formally unchanged after re-
presenting y as a function of a new variable x (however,
the index at d showing with respect to which variable
one has to differentiate has to be obviously omitted).

The geometrical interpretation of the differential is
immediately seen in Fig. 21.

The following theorem holds: The difference between
the increment of the function Ay = f(x+ h)—f(x) and the

12



178 1I. DIFFERENTIAL CALCULUS

differential dy, divided by the differential da tends to 0
together with this differential, t.e.

(59) gﬂd—?’%‘l—?’ —=0.
Namely,
Ady—dy fle+h)—fl@)—f(@)h _ f(:v+h)—f(w)_f,(w) ’
dx h h
and

h=0 h

In practice (e.g. in physical applications) the above
theorem often makes it possible to replace the differential
dy by the increment A4y.

Exercises on § 7

1. Differentiate the following functions:

y 2L gy w8
-1 ye+a®

4) secrx, 5) cosec , 6) cotanw ,

7) arcsecz , 8) arccoseca, 9) arccotanz,

10) logsinx, 11) logtanz , 12) arccos(l1—ux),

13) arctan %2, 14) logsinha, 15) artanh%/i.

2. Prove that if a function f is differentiable, then
its derivative f’ possesses the Darboux property (i.e. passes
from one value to another through all the intermediate
values).

(First prove that if f'(a) < 0 < f'(b), then a point ¢
exists in the interval ab such that f'(¢) = 0. The general
case when f'(a) < 4 < f'(b) may be easily reduced to the
previous one considering the function f(x)— Ax.)
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. . o [av ant! . ,
3. Given the series f(z) = gl (—h———m), find f'(x)

and the sum of the series of the derivatives. Compare
the result obtained with the theorem in § 7.9.

4. Prove that if a function f is differentiable at

a point x, then
' . fe+h)—f(@—h)
f'x) = lim = 3 -

Show by an example that the converse relation does
not hold: the above limit (i.e. the so called generalized
derivative) may exist although the function is not dif-
ferentiable at the point x.

5. Give an example of a function having a generalized
derivative at a point of discontinuity.

6. Give an example of an even function (i. e. such
that f(x) = f(—)) for which f'(0) = 0, although the func-
tion does not possess an extremum (even an improper)
at the point 0.

7. Prove that if a differentiable function possesses
maxima at the points ¢ and b, then it possesses also
a minimum at a certain point between a and b.

8. Let a function f be continuous in an interval
a <o <b and differentiable inside this interval. If the
right-side limit lim f'(z) exists, then the right-side de-

rivative of the falcmacft(ion f exists, too, and they are both
equal: fi(a) = lim f'(x).
z=a+0

9. Prove that among all rectangles with the same
perimeter the square has the greatest area.

10. Prove that among all triangles with a constant
perimeter and with a constant base the isosceles triangle
has the greatest area.

11. Prove that among all triangles with a constant
perimeter the equilateral triangle has the greatest area.

12. Prove that if the derivative f' is strictly monotone,
then for any , the curve y = f(x) lies on one side of
the tangent at this point.
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Hence conclude that e* > 1-4-a for x« # 0.

13. Prove that <%+ %)10{;(] +a) << 1 for 0 <@ = 1.

i z - ) < g >
14. Prove that T log(1+x) <2 for x> —1.

: T+a .
15. Expand log ]/i—t—% in a power series.

16. Given two points P and @ lying on the plane
above the X-axis, find a point B on the X-axis such
that the sum of the segments PR and R@ is the shortest
possible. Prove that the (acute) angles between these
gsegments and the X-axis are equal.

(Interpret this result in the theory of optics: PR
= the path of the ray, the .Y-axis = the mirror).

“

17. Evaluate lim tanx_’ lim (lt —m) tanz, limgf x.
r=o tanar N 2 R
18. Prove the existence of the limit (called the Kuler
constant):
. 1 1 1
c :JLIE (1+ §+ ;3+ U h—logu.)
(prove that the considered scquence is deecreasing and
bounded, applying the inequality from Exercise 1t).

19. Prove that if the differentiable functions f and ¢
satisfy the inequality f'(z)g(x) = ¢'(x)f(z) for every u,
then between any two roots of the equation f(z) =0
there exists a root of the equation ¢(x) = 0. (Consider

/(@)

the auxiliary function - -—=.)

g(x)

§ 8. DERIVATIVES OF HIGHER ORDERS

8.1. Definition and examples

The derivative of the derivative of a function f is
called the second derivative of this function. Similarly,
the third derivative is the derivative of the second de-
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rivative. Generally, the n-th derivative is the derivative
of the (n—1)-th derivative. We denote the derivatives of
higher orders by expressions of the kind:

’ 2’ 3,..-’ -’ e
de dx* dx dz"

Py 075 17 ey 17 e

So we have

Ty (e
do"  de\dz""Y)’
E.g. let f(z) =a% We have f'(z) = 3a?% f'(x)= 6z,
f(x) = 6 and f™(x) = 0 for » > 3. More generally,
dk(/vn)
(1) daxk
d"(z")
n

=n(n—1)-...-(n—k+1)an~*k for k<n,

= n!

If a is a real number (but not a positive integer),
then we have

dr a a—k
(2) ﬁﬁ(lﬁ-x) =a(la—1)-...-(a—k+1)(1+x)

for an arbitrary positive integer k and for an arbitrary
r> —1.

The function ¢ has the property that its derivatives
of all orders are identical with itself.

Taking f(x) = sinz we have

(3)  f(x) =cosx, f['(x)=—sinz,
f''(x) = —cosx, f¥(x) = sinz.

Here the equation f®™(x) = f»+9(zx) holds. The same
equation is satisfied by the function f(x) = cosz.

Let us note by the way that it is convenient to con-
sider the derivative of order 0 as equal to the function
fO(z) = f(x). The above given equation holds also for
n =0,

The formula (1) makes it possible to calculate easily
the k-th derivative of a polynomial of degree n: f(z)=
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= @y+a, 2+ ...+ a,z*. Substituting x = 0 in f®(x) (for
k=0,1,..,n) we find:

1

m f(n)(O) .

, 1,
(4) (lo—_—f(()), al:f(o)yazzgf 0), ..oy ap =
Hence we obtain the formula.
’ mz rr i ‘/Fn'
(5) f(@) = f(0) 4 «f (0)+2~! (0)+-..~r;~!f‘”’(0)

which we shall generalize below.

As an example of the calculation of derivatives of
higher orders let us mention the formula for the second
derivative of the inverse function.

As we kuow, g% = 1:%. Hence
a a2
e P e @ oa
dy2  dx dy (gli/)? dy’
dx
i.e.
dx  d¥y

do By (dy)

dyr dar\dx)
In applications in physies the second derivative is
often of importance. In particular, the acceleration of

a particle as a derivative of the velocity with respect to

the time is the second derivative of the distance covered
2

with respect to the time, i.e. —gg. Hence the force acting on

2

the particle is equal to m%t%, where m denotes the

mass of the particle.

8.2*. Differentials of higher order

We define the second differential of a function f
as the differential of the differential of the function f.
Speaking more strictly, we define it as the differential
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with respect to the increment h of the differential of
the function f with respect to the increment h; the variable
with respect to which the differentiation is performed is z.
Then, writing y = f(x) and denoting the second dif-
ferential by d?y we have

@y = d(dy) = d(y'h) = —(y hyh = y"h? = y"(dx)?.

Hence we see that the second derivative of a function f
is the quotient of its second differential over the square
of the differential dx (which yexplains the notation of
the second derivative).

Generally, the n-th differential d"y is defined as the
n-th iteration of the differential, i.e. d"y = d(d"'y) (with
respect to the same increment h).

Then we have

(6) a*y = y™(dw)".

We prove this by induction. Formula (6) holds for
n = 1 (and as we have seen for » = 2, too). Assuming this
formula for =, it has to be proved for n-+1. Now,

m n n d n n
d*y = a(d@'y) = Aly"(de)"] = 3 [y (do)"]do
_ y(n+1)(d$)n+1 .

Examprre. The derivatives of higher orders of the
inverse function (cf. the previous section) may be cal-
culated by means of differentials of higher orders as
follows. Let the function x = ¢(y) be inverse to y = f(z).
The differentials dy, d*y, d°y ete. will be understood as
dyy, &y, dyy ete. Evidently, d*y = 0, d®y = 0,

Since y'z’ = 1, we have dy = y'a'dy. leferentlating
with respect to y, we obtain

. dy dx 9 ’ 1ot 0 \2
0=y — (% Fo Sy (e - @+ g Y
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Similarly,
0 — daQ/ —_ [ylll +3Jllxlwll+Jl III](dy)a.
In this way we obtain equations which make it

possible for us to calculate the derivatives ', 2", 2'”, ...,
successively:
J,m, —_ ]
( ) +ylm1/ — 0

III( )3+3yflwlwll —I-y,w,” _— 0 ,

.................

8.3. Arithmetical operations
Let y = f(x), 2 = ¢g(x). We verify easily by induction
that

(7) (y+2)" = y™ +57
and
(8) (y—2)" =y ™ —2".

For the m-th derivative of a product, the following
Leibniz formula holds:

9) (@)™ =gz (§) yons 4 (5) s+ o

V ( ) Y= 8
k—O

We shall prove this formula by induction. For n =1,
we know this formula as the formula for the derivative
of a product. Let us assume this formula to hold for »
and let us differentiate it. We obtain

nd
k=0

(y2) D) — Sn’ {( )y(n—k+l)z(k)+( ) Yy z(k+1)}
= Yty 4 i; {y(n—k+1)z(k) [(Z) +- (k?-l)]} F gzt
=
n+1

- 2 (”:1) Y+ 1=k (R

k=0
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)+ (2) = (")
(cf. §1, (4)).

ExAmpPLE. To find the n-th derivative of the function
xe®, let us write y = ¢® and 2 == x. As is easily seen, only
the two first terms do not vanish in the formula (9). Hence

a"

— (we®) = e*(x +n).
dx

since

8.4. Taylor formula (*)
The Lagrange formula (§ 7, (11)) is the “first ap-
proximation” of the following Taylor formula:

Let us assume the function f to be n times differentiable
m an interval a <x < b. Let us write h = b—a. Then
f(b) may be represented in the following form:

(ba

(10)  1(b) = f(a)+ "% fa) + 1(a)
(b—a)n— (n—1)
+ (n——l)%f ( )+Rn?
where
_ (n h(l'—'()) - (n) 0’
(11) R, = f’ + Oh) = e A CRaCIOR

where © and O’ are suitably chosen numbers satisfying
the inequalities 0 < O <1 and 0 < O < 1.

Proof. According to equality (10), we have

(12)  Ru=f)—it0— "5 0~ ) -
_(d=a)"" -
s gy

(1) Brook Taylor and Colin Maclaurin (cited in the following),
respectively English and Scottish mathematicians of the first half
of the 18th century.
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Let us denote by g,(r) an auxiliary function obtained
from R, by replacing a by z, i.e.

(18)  gu(@) = 1(0)— (o) — "5 ') -

N A =y Y

)|+

+ [2”—2?,—“ -2 f"'(w)] -

Differentiating we obtain

—X 4,

ga(@) = —f'(@) + [f'(m)—

O—2)"" -, (b—2)" “f‘" i
) Gt o) Gt o).

Thus, ¢n(x) =

gn(b) = 07 gn(a) =R
Applying the mean-value theorem, we obtain

gn(b) — gn(a)

%f”’(m At the same time

=08 — gia+ Om),

ie.
—R, b—a—O'R)" " ,
hn—l l @ n—1 "
- —(‘n—-l f*(a + &),

whence

hn 1 0/ n—1 n

Rn‘—‘ %{——173* f( )(a—§—@h

according to the second part of formula (11); this is
the so called Cauchy-form of the remainder.

To prove the first part of formula (11), i.e. the
Lagrange formula for the remainder, we shall apply to
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the functions g,(z) and u,(x) = (b—=)" the Cauchy theo-
rem (§ 7.5, 5). We obtain

gn(b)_gn(a) — g;c(a‘{" @h)
Un(b) —un(a)  un(a+Oh)’

Taking into account the equations wu,(b) = 0, u,(a) = k"

and wup(z) = —n(b—ax)""" we conclude that
—R b—a— Oh) n 1
- TP
—h (n—1)! —n(b a—@h)

whence the remainder R, is obtained in the Lagrange-form.
Thus, the Taylor theorem is proved completely.
Substituting b = 2 and a = 0, we obtain the Mac-
lawrin formula:

14) f(@) = 7(0)+ 5, /(0)

where

wn—-l e
Fo --Z,n_l)!f‘ (0) + R, ,

X P __ T;n (n) (1 o’ )
(1‘)) Rn T n!f (@ ) - (,n_

The above formula is satisfied assuming the function f
to be # times differentiable in the closed interval Ox
or 20, according as to whether > 0 or « < 0. (As is easily
seen from the proof, the assumption of the »n times diffe-
rentiability of the function may be replaced by a weaker
assumption, namely, it is sufficient to assume that the
(n—1)-th derivative is continuous in the whole interval
and that the n-th derivative exists inside the interval;
these are the assumptions which we have made for n = 1
in Rolle theorem).

EXAMPLES AND APPLICATIONS. («) Let us apply the
Maclaurin formula substituting f(z) = ¢® and » =2 in
formula (14). Since

f(®) =e=f"(x) and [(0)=1=f(0),
we have

2
e =1+x+ €%,
2
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Hence we conclude that for any « the inequality
(16) =14
holds, because a? >0 and €% > 0.

Inequality (16) possesses a clear geometrical content
on the graphs of the functions y = e* and y =1 +a.

(B) The Taylor formula makes it possible to sharpen
the de 1’Hospital formula (§ 7, (31)) as follows: if the
functions f and ¢ possess continuous n-th derivatives and if

f(a) =0, f’((l) =0, .., f(n—l)(a’) =0,
gla) =0, g'(a) =0, .., g*(a) =0, but g™(a) # 0,
then
- fe) _ [*™(n)
a7) La g(@) ~ g™(a) "

Indeed, according to our assumptions and the Taylor

formula (10) (with b replaced by x), we obtain

f@) = =Y jwra 1+ 00— a)]

and

9(a) = (—”%“-) g0+ 'z —a)].

Thus,
fe) _ f™[a+O(z—a)]

9(@) ~ g™a+ O (w—a)]
Passing to the limit for z tending to a and basing
on the continuity of the functions f™ and g™, we obtain
formula (17).

. x—sinx
For example to calculate lim —-——
=0 sSma

=g—sinz and ¢g(z) = xsinz. Thus we have
f(0)=0=¢g(0), [ (x)=1—cosz,
' g'(x) = sinz +xcosz,
(0) =0=4'(0), ["(x)=sinzx,
g (x) = 2cosx—axsinz,
17(0) =0, g¢7(0) =2.

, we write f(x) =
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Applying formula (17) (for # = 2) we obtain

(18) imI=8mz 0,
z=0 Z8INT 2
Similarly we find
(19) lim (cotm— 1) ~0.
=0 Z
For, cotm—% = mx—;‘—‘:}—l—l—a—‘ and writing

f(®) = xcoszx—sinz and g(x) = xsinz
we obtain the required formula applying a calculation
completely similar to the previous one.

(y) Applying the Maclaurin formula to the function
f(x) =log(1l-+x) and taking into account that

o) =g 10 == gz (=0, F(0)=1
we get

a2
for > —1.

. 1
In particular, we have, for = .

1 n+1 _1 L i
0<;'—'~—10g-- L= ot -

" RIS (1 + ;1-L 0, )_

Since the series 2 1 is convergent (cf. § 3, (14)), the

2
< (1 n +
series (:1_1,—1 og —- ——) is convergent, too. We denote the
Nn=1

sum of the last series by y. Thus we have

\"*(1_ k+1
=lim % log A

o
n= o
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But lim [log(n +1)—logn] = lim log ntl

Nm=00 Ne=00 n

quently, we obtain (c¢f. § 7, Exercise 18):

= 0; conse-

(20) y = lim 1+;1-,+...—i—%—-logn) .

Nn=00

Approximately, the Euler constant y = 0,5772... (}).

8.5. Expansions in power series

We conclude immediately from the formula (12) that
if im R, = 0, then

(21) 1oy = 3 = o).
n=0

In particular, if we have lim R, = 0 in the Maclaurin
N=00

formula, then the function f(zx) may be expanded in
a power series:

(22) 1(@) = OF+ 1y 1(0) + 2/ (0) 4. = ) T f0).

n=0

Before proceeding to applications of the above theo-
rem we note that if all derivatives f® are uniformly
bounded in the interval Oz, i.e. if a number M exists
such that the inequality M > |f™(6Ox)| holds for each n
and for any @ satisfying the condition 0 < @ < 1, then
f(z) has the expansion (22) in a (Maclaurin) power series.

For, | R,| = | 7 f(6a) | < m|.M, and since lim 77 = 0,
we have also lim R, = 0.
n=00

(1) Till now it is not known whether C is a rational number
or an irrational number.

Leonhard Euler (1707-1783), a great Swiss mathematician;
mathematics owes him, besides many new results, a systematic
elaboration of the mathematical analysis of those times.
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Remarks. («) The convergence of the series appear-
ing on the right side of formula (22) is not a sufficient
condition of equation (22), i.e. of the expansibility of

the function f(x) in a power series.
1

For example the function f(z) =e @ (for z £ 0),
7(0) = 0, cannot be expanded in a power series although its
Maclaurin series is convergent; we have here f™(0) = 0 for
each n.

(B) Formula (4) may be gencralized to a general
power series. For, if f(x) = ay+a,x+a,2*+..., then

a, = (0), a, = 1

11/(0), and generally,

(23) Ay, == ;blv, 17(0) .

In other words, if a function possesses an expansion
in a power series, then it possesses only one such expan-
gion, namely, the Maclaurin expansion (formula (22)).

To prove this statement, we shall first prove by in-
duction that the assumption

8

H(®) = Y a,a»
n=0

implies
y
®(z) = 2 n(n—1) .. (n—k+1)a,ank.
n=k

Substituting in this formula # = 0, we obtain equation (23).
x  at @ I
APPLICATIONS. 1. ¢ =1+ 11 4 51 4= P
To prove this formula, we note that writing f(z) = ¢*
we have f®(x) = e* and f™(0) = 1. Moreover, the de-
rivatives of all orders are uniformly bounded; for, if
0 < 2, then f™(Ox) < ¢* and if 0 > x, then f™(Ozr) < 1.

. 1
In particular: 1'. e=1+ ll!—&- 1 + ...
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. r r 2
2. sing = i 3—!+ 51

Applying formula (3) of § 8.1 we conclude immedia-
tely that the derivatives of all orders of the function
sin are uniformly bounded (by the number 1) in the set
of all real numbers. Moreover, [™(0) = sin0 = 0 for
n=20,2,4,.. and f(0)=1, f"(0)= -1, fY(0)=1, ...

Similarly, we prove that

ot

3. cosw=1—2—!+1—!~—...

We shall deduce now the Newton binomial formula
for arbitrary real exponents (which are not positive
integers) and for |z| < 1:

to(taf =14ar+ X0 gy

a
21

_ o a(a—1)-...- (a——n+1)wn
n=0 ’n! :

We shall consider the cases of x positive and of z
negative, separately.
1° > 0. Since

f(x) = a(@a—1)-...- (a—n-+1)(1+x)*"

(cf. (2)), the remainder in the Lagrange-form is of the
following form:

Ro(z) — A= 1: ";I{T(“_ D) 1 40,22 ).

Since (cf. § 3.4, 6) lim 2{2=L) ";b"(““"“) o= 0,
n=00 o
for |@| < 1, to prove that lim R,(x) = 0 it suffices to show
n=00

that for a given « the sequence (1+ @,z)* ", n=0,1,2,...,
is bounded. Now, according to the inequality « > 0 we
have 1 <1+ @,z < 1+4x. Thus, 1 < (1+ O,2)* < (1 +2)*

(*) We add the index n to O in order to point out that @
depends on n.
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or (1+2)* < (14 Onz)* <1 according as whether a >0
or a < 0. Moreover, (1+60,z)™" <1

Hence the considered sequence is bounded.

2° x < 0. Writing the remainder in the Cauchy-form,
we have

a(a 1)-c.-(a—n—+1) ,
Bn(@) (n 1)!

a"(1— 6" (1 + O4a)* ™.

Just as before, we have

. (a—1)(@a—2)-...- (a—n+1)
Lim (n—1)!

it is to be proved that the sequence (1—@,)* (1 + @, z)* ™™

=l =10,

A \n—1
is bounded, i. e. that the sequences ( On ) and

1+6,
(1+ @,2)*" are bounded. For this purpose we write
Yy =—2. Then y >0 and 6; > 6,y, whence 1— 60, <
, 1— 06, \»1
<1—06,y < 1. Thus, (1_—@,@) < 1.

On the other hand, 1—y <1— @,y <1 and so
(1—y) " < (1= <1
or 1<(1—0,y)°* ' <1—y)**

according as whether a—1 >0 or a—1 < 0. Thus, both
sequences are bounded. Hence lim R,(z) = 0.

N=200

EXAMPLES. Substitutihg a = } we obtain

—_— 1 1 1-3

/Ad4- g = —p— 2 _
V14-2 1+2w + 6903

For a = — 4%, we have
1 .=1—1w+ﬁm2—1‘3'5m3+...
V14 @ 2 2.4 2.4.6
Hence

1 1 1-3 1-3-5

— =14 -+ —at+ x84 ...
yY1—a? 2 4 2-4-6

13
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The above formula makes it possible to apply to the
expansion of the function arcsinz in a power series the
same method which we have applied expanding the
functions logz and arctanz. Namely, as is casily seen,
the series appearing in this formula is the derivative of
the series

12 1-32° 1-3-5 47
Sy =atg3tsasteae T
But
d . 1 . . N
—aresing = —=——3; hence arcsing = S(x)+C.
dx V1—a?

At the same time arcsin0 =0 = S(0) and so C =0,

i. e. arcsinz = S(x). In this way we have the following

formula:

128 1-32° 1-3-5 a7

337245 3467
We note that substituting # = } and taking into ac-

count the fact that sin | = = } we obtain:

5. arcsine = x4+ e 2] < 1.

~ 1 1 1 1-3 1 1-3- 1
SRRt

6 272’392

8.6. A criterion for extrema

We have proved in § 7.4, 2 that if a (differentiable)
function possesses an extremum at a point «, then f'(x) = 0.
However, the converse theorem is not true: the equation
f'(2) = 0 does not imply the existence of an extremum
at the point x; the example of the function f(z) = a®
shows this. The investigation of the derivatives of higher
orders leads to the following more precise criterion for
the existence of an extremum.

Let us assume that f'(¢) = 0, f'’(¢) = 0, ..., f*=V(¢c) =0
and f™(c) s« 0. Then, if n is an even number, the function f
has a proper extremum at the point ¢, namely a maximum,
if f™(c) <0, and a minimum, if f™(c)> 0. But if n is
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an odd nmumber, then the function does mot possess an ex-
tremum at the point ¢. (We assume the continuity of the
n-th derivative at the point ¢).

Indeed, applying the Taylor formula we have

hn—l

(24 Fle+B) =100)+ 3710+ + y—

fo=9(e)+

h"
+ o3 e+ O,

whence according to the assumptions of our theorem
we obtain

(25) o+~ fle) = 2 e+ Oh)

Let us assume #» to be an even number and let f(¢) << 0.
Because of the continuity of the function f™ at the
point ¢ we know there exists a 6 > 0 such that the in-
equality |#—e¢| < 6 implies f™(z) < 0. Since |®@h| < 6 for
|k| < 8, so f™(¢c+ Oh) < 0. Hence we conclude by (25)
that if 0 < || < 6, then f(c+h)—f(c) < 0 (because A" > 0
for even w). This means that the function f possesses
a maximum at the point c.

It is proved by analogous arguments, that if » is an
even number and if f"(¢) > 0, then f(c+h)—f(¢c)>0
and thus the function has a minimum at the point c.

Now, let us assume that » is an odd number. Let
f™(¢) < 0 (in the case f™(¢) > 0 the arguments arc analo-
gous). As before we choose a number § > 0 in such a way
that f™(¢c+ @Oh) < 0 for |h| < . Then for 0 < h < é we
have the inequality f(c+%k)—f(¢c) <0, i. e. f(¢) > f(c+h)
and for —6 < h < 0, we have the inequality f(c+h)—
—f(¢) > 0, showing that f(c¢) < f(¢-+h). Thus, there is
neither a maximum nor a minimum at the point c.

ExaMpLE. The function f(x) = x» possesses a minimum

at the point 0, if # is an even number. If n is odd, then
there is no extremum at this point.
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Indeed, the first derivative of the function z» not
vanigshing at the point « = 0 is the n-th derivative (cf. (1))
and f®™(x) = n!

Remark. The previous theorem does not determine
for all functions (arbitrarily many times differentiable)

whether an extremum exists at a given point (e.g. for
1

the function e #* considered in § 8.4 all derivatives of
which vanish at the point 0). However, it always permits
us to answer this question for functions having a Taylor
expansion (formula (21)) in a neighbourhood of a given
point a. For, it follows from formula (21) that if the
function f is not constant, then not all derivatives of
this function vanish at the point a

8.7. Geometrical interpretation of the second derivative.
Points of inflexion

As we have seen in § 7.7, 3, if f'(¢) > 0, then the
function increases in a neighbourhood of tho point c.
Hence if f’(¢) > 0, then the function f' increases; thus,
assuming f'(e) > 0, the function f increases faster and
faster.

1. If ”(¢) > 0, then in a certain neighbourhood of the
point ¢ the curve y = f(x) lies above the tangent of this
curve at the point [c, f(c)] (thus, it s directed with the
convexity downwards ).

Amnalogously, if f''(¢) < 0, then this curve lies locally
below the tangent (thus, it is directed with the convexity
upwards ).

In both cases we assume the continuity of the second
derivative.

Indeed, let us estimate the difference between the
differences quotient and the derivative

_ I H—h —1(9)

@ (k) —f'(0).
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According to the Taylor formula, we have
’ hz 7
flo+m)—fe)—=hf'(e) = 51" (c+ Oh) .

Henece, assuming f”’(¢) > 0, for sufficiently small 2 we
also have f”’(¢c+ @h) > 0, from which it follows that
f(e+h)—f(e)— hf'(c) > 0. Interpreting the differences quo-
tient as the tangent of the angle between the secant
and the X-axis we conclude that for h > 0 this tangent

fle)

¢ c+h

Fic. 22

is greater than f'(¢c), i.e. greater than the tangent of
the angle between the tangent and the X-axis. This
means that the arc of the curve lies above the tangent.

The proof of the second part of the theorem is com-
pletely analogous.

ExAMPLE. The parabola y = 22 lies, in the neighbour-
hood of any point, above the tangent at this point. The
second derivative is equal to 2.

A curve y = f(x) is said to possess a point of inflexion
at the point ¢, if for sufficiently small increments
h (Jh] < 8) the arc of the curve lies for positive increments
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on the other side of the tangent to the curve at the point
[e, f(c)] from what it does for negative increments. In
other words: if a number §> 0 exists such that the
expression
p(h) = f(e+h)—f(c)—hf(c)

is positive for 0 < h < é and negative for 0 > h > —4¢
or conversely: negative for 0 < h <4 and positive for
0> h>—4.

ExAmpPLE. The sinusoidal curve y = sinz has a point
of inflexion at the point 0. Indeed, sink—sin0— hcos0
= gsinh—h. This difference is negative for A > 0 and is
positive for A < 0.

Similarly, the cubic parabola % = #* possesses a point
of inflexion at the point 0.

It follows from theorem 1 that if f’(¢) # 0, then the
curve lies (locally) on one side of the tangent. Hence
the point ¢ is not a point of inflexion. In other words:

2. If a point ¢ is a point of inflexion of a curve y = f(x),
then f(c) = 0.

This theorem cannot be reversed: the second deriva-
tive may vanish at a point ¢ although the point ¢ is not
a point of inflexion (just as the first derivative may
vanish although there is no extremum at the given point);
e.g. the curve y = * has a minimum at the point 0
and so this point is not a point of inflexion of this func-
tion although the second derivative 1222 vanishes for z = 0.

To get a more precise theorem, further derivatives
have to be considered. This leads to the following theorem:

3. If ()= 0,f"(¢) =0, ..., f*=D(¢) = 0 but f™(c) # 0
then in the case of an odd n the curve y = f(x) possesses
a point of inflexion at the point c¢; in the case of an even
n, ¢ i8 not a point of inflexion. (We assume the continuity
of the n-th derivative at the point ¢).

Indeed, applying the Taylor formula (24) we obtain,

y(h) - fle+h)—f(e)—hf'(c) = %ﬂn)(H oh) .
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Let us assume n to be an odd number and let f™(¢) > 0
(the arguments in the case f™(¢) < 0 are analogous).
Then for sufficiently small increments h we have
f™(c+ @h) > 0. Hence we have yp(h) > 0 for h > 0 and
yp(h) < 0 for h < 0. Thus, the point ¢ is a point of in-
flexion of the curve y = f(x).

On the other hand, if » is an even number, then A" > 0
independently of the sign of h, whence y(h) has the same
sign as f™(c). Hence the curve lies on one side of the
tangent to the curve at the point [e¢, f(¢)]. Thus, the
point ¢ is not a point of inflexion.

Remark. As in the case of the extrema, the question
whether ¢ is a point of inflexion may always be answered
(according to Theorem 3) for functions expansible in
Taylor series in a neighbourhood of the point ¢. At the
same time the points of inflexion of the curve y = f(x)
are extrema of the curve y = f'(x).

Exercises on § 8

1. Prove the (Halphen) formula:

ar 1 1
p e (@™ e = (—1)"x "t 62

=

2. Find the n-th derivative of the functions: lo%v’

6 COS .
3. Evaluate:

. E—e T2 . x—sinx . (1
lim ———————, lim , lim|-——cot?z).
r=0 &—8inz zmo I3 z=0 \T

4. Expand the functions sinhx and coshx in power
series.
1
5. Sketch the graphs of the functions 2%, ¢*, logsin,
showing their extrema, points of inflexion, asymptotes,
points of one-side discontinuity or points of both-sides
discontinuity (if any exist).
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6. Prove that if an n times differentiable function
vanishes at n-+1 different points of a given interval,
then there exists in this interval a point at which the
n-th derivative vanishes.

1
7. Let f(x) = -51—16 @ for # # 0 and f(0) = 0. Prove that

7'(0) = 0. Deduce as a corollary that the function ¢ de-
fined by the conditions

1

glz)=e¢ = for x#£0 and g(0)=0

possesses at the point 0 derivatives of all orders equal
to 0 (cf. § 8.5, Remark («)).

n

8. Prove that e < (2n+ 1)%. Deduce that

N S |
—ynl ==
lim -y n! 5

== 0O



CHAPTER IV

INTEGRAL CALCULUS

§ 9. INDEFINITE INTEGRALS

9.1. Definition

A function F is called a primitive function of a func-
tion f defined in an open interval (finite or infinite),
if F'(x) = f(x) for every x.

For example the function sinx is a primitive function
of the function cosx. Any function of the form sinz+ C,
where C is a constant, is also a primitive function of the
function cosz.

If a function f is defined in a closed interval a < x < b,
then the function F is called its primitive function, if
F'(z) = f(x) for a < &< b, F(a) = f(a) and F_(b) = f(b).

1. If two functions F and G are primitive functions
of a function f in an interval ab (open or closed), then
these two functions differ by a constant.

Indeed, if F'(z) = G'(z), then, according to Theorem 4
of § 7.5, there exists a constant ¢ such that G(z) = F (z)+ C
for every .

Conversely, a function obtained by adding a constant
to a primitive function of a function f is also a primitive
function of the function f. Thus the expression F(x)-+ C
is the general form of a primitive function of the func-
tion f. We indicate this expression by the symbol [ f(w)dax
(““the integral f(z)dx’’) and we call it the indefinite integral
of the function f. So we have

(1)  [f@)de=F(@)+C, where F'(z)={(2),
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(2) L fayde = fa),
(3) ‘df;;”) dw = F(z)-C.

The evaluation of the indefinite integral of a function f,
i.e. the calculation of the primitive function of a func-
tion f is called the integration of the function f. So in-
tegration is an inverse operation to differentiation.

It follows from the definition of the indefinite integral,
that any formula for the derivative of a function automa-
tically gives a formula for the integral of another function

(namely, the derived function). For example from the

dsinw . .
gy = C0s@, we obtain J cosxdx = sinx + C.

formula

In general, however, the problem of the calculation of
the integral of a continuous function, which we do not
know to be a derivative of a certain function, is more
difficult than the problem of differentiation. As we have
seen in § 7, the differentiation of functions which are
compositions of elementary functions does not lead out
of their domain; yet an analogous theorem for indefinite
integrals would not be true. It is known only that every
continuous funection possesses an indefinite integral
(cf. § 9.2). However, this theorem gives us no practical
procedure of evaluating the indefinite integral of a given
continuous function.

ExamprLES. Applying well-known formulae from the
differential calculus we obtain immediately the following
formulae:

(4) [odz =0,
(6) Jadr=ax+C,

1
(6) f$ndw = ;l,—ﬁ gnt1 + O 9

(7) [ coswdx =sinz+C,
(8) [sinawde = —cosz+C,
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dx
J cosix

d
(10) f—;———log[w[wLC,

(11) [ erdr =e2+C
(12) ‘ —,ﬁ—~ =arcsinz+C ,
oy l—a?

(9)

= tanx + C,

(13) j%:amtanwro,
(14) Jaﬁdw:a—lﬁmﬂl—{—C, if a+—1and z>0.

Remark. If the domain of 2 for which the equation
F'(x) = f(x) is satisfied is not an interval (finite or in-
finite), then it cannot be stated that the cxpression
F(x)+ C gives all primitive functions of the function f
in this domain of arguments.

For example, log|x|+ C gives all primitive functions of

the function 5 in each of the two domains # < 0 and # > 0,

separately, but not in the whole domain of z real and
different from 0. Namely, the function G(z) defined as
log|x| for # < 0 and as log|x|+1 for « +# 0 is a primitive
function of the function % for all z # 0 although it is
not given by the formula log|z|+ C.

Let us complete now Theorem 1 as follows:

2. Let a point x, be given inside an interval ab and
let an arbitrary real number y, be given. If a function f
possesses a primitive function in the interval ab, them it
possesses one and only one primitive function F such that
F (o) = Y-

Let P(x) be an arbitrary primitive function of the
function f(z) in an interval ab. Let us write ¥ (z) = P (x)—
— P(x,) +¥,. Then we have F'(x)= P'(x)=f(z) and
F(x,) = y,- Hence the function F satisfies the conditions
of the theorem.
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Moreover, it is the only function satisfying these con-
ditions, since any other primitive function of the func-
tion f is of form F(x)+ C, where C 3 0, and this implies
F(2)+ C = Yo+ C # Yo.

Geometrically, this theorem means that given any point
on the plane with the abscissa belonging to the interval ab,
there exists an integral curve (i.e. the graph of a primitive
function) passing through this point. The integral curves
being parallel one to another, only one integral curve of
a given function f may pass through a given point on
the plane.

9.2. The integral of the limit. Integrability of continuous
functions

We have proved in § 7.9 that given a sequence of
functions F,(x), a < x < b, such that the derivatives are
continuous and uniformly convergent in the interval ab
to a function g(x) and that the sequence Fy(c) is con-
vergent for a certain point ¢ belonging to the interval ab,
the sequence F,(x) is convergent for every = belonging
to this interval; moreover, writing F(x) = lim F,(x), we
have F'(z) = g(x). "

Hence, the following lemma follows:

1. If the functions f,(x) are continuous and wuniformly
convergent in an interval ab to a function f(x) and if they
possess primitive functions, then the function f(x) pos-
sesses also a primitive function.

The primitive functions F,(x) may be chosen in such
a way (according to § 9.1, 2) that the equation Fy(c) = 0
holds for a certain point ¢ of the interval ab, for each
value of n. Then

[ j(@)dz =lim Fo(@)+C,

i.e. the integral of the limit equals to the limit of the
integrals.
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Indeed, to obtain our lemma it is sufficient to sub-
stitute in the above formulation f, in place of F, and f
in place of g¢.

2. THEOREM. FKvery function continuous in an interval
ab possesses a primitive function in this interval.

By the theorem proved in § 6.4, every function con-
tinuous in the interval ab is a limit of a uniformly con-
vergent sequence of polygonal functions. Hence, according
to the lemmma it remains only to prove that any polygonal
function f possesses a primitive function.

According to the definition of a polygonal function
there exists a system of n41 points @, < a, < ... < ay,
where a,==a, a,=10, and two systems of numbers
Cyy Cay ooey Gy and dy, d,, ..., d, such that
fle) =cazt+de for e, <2z<a (Kk=1,2,..,7).

Let us write

Fr(x) = Sera +dpx+e,  for  ap—y <o < ay,
where e; = 0 and
ki1 — Sepan 4 A+ e — (3Cry1 0 + diy 1 ax)
for k >1.

Then Fy(ayx) = Frs1(ax), whence the collection of the
functions #,, F,, ..., F'y, defines one function equal to each
of the functions of this collection in the suitable interval,
respectively.

Differentiating the function F} we obtain immediately

F'(x) = f(x), i.e. the function F is primitive with respect
to the function f.

9.3. General formulae for integration

Let us assume the functions f and ¢ to be continuous.
Then the following formulae hold:

L [f@+9@lde = [ f@do+ [ g(@)da,
since a—i(ff(w)dw—{—fg(w) dm) = f(x) +g(x).
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2. faj(w)dm =aff(m) dx ,

since % (a ff(ac) dw) = a(géj f(x)dx = af (r)
ExAMPLE. The integral of a polynomial:

{(a0+a1w+ A apat)de = C+ agx +—ar %—2a;3~1—...+

an
n+41

3. The formula for the integration by parts:

[ f@)g @) idw = j(@)g(@)— | f(@)g(x)dz

(if the functions f' and ¢’ are continuous).
We write this formula more briefly, taking y = f(x)
and 2z = ¢(x) as follows:

T ode dy
]yd—xdw~y~—" ¢ dr .

To prove this formula, let us differentiate its right
side. We obtain: y2' +y'z—zy’ = yz'. This is the integrated
function of the left side of the formula. Thus the formula
is proved.

A special case of formula 3 is the following formula
obtained from the formula 3 by substitution z = :

J ydzr = yr— ‘ g‘/ dx .
Exampre. [ logzds = zlogz— | z—drﬁwlogx x+ C.

4. The formula for inlegration by substitution (i.e. the
formula for the change of the variable):

jr‘g[ﬂw df( dw—J'g(y)d’y,

where on the right side it has to be substituted y == f(x)
after evaluation of the integral.
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We rewrite this formula more briefly, writing y = f(x)
and 2 = g(y), as follows:

dy ’
f~(—z~édm -—-J nd!/

Let us write G(y) = | g(y)dy. To prove the formula 4
it has to be shown that the derivative of the funection
G[f(x)] is equal to the integrated function on the left
side of this formula. Now,

aG[f(x)] (dG(U)) af(x) _
Cdw Y Jy-t dw

As is seen, from the point of view of the calculation
we may reduce by the differential. The formula 3 may
be written also in the following form:

[yas =yo— [ zay.

o (@) ]df(‘”). Q. E. D.

Examrres. (o) [ g(ax)de = % f g(y)dy, where y = az.

Namely, substituting f(xr) = ax in the formula 4,
we have

1 1
E.‘ g(aw)adw=¢—tj 9(y)dy .
(B) Similarly we prove that
ff(x-ka)dw = f fly)dy, where y =x+a.

(v) (*) To evaluate the integral | —— zd we substitute

1+a
y = a®. We obtain:
zdr 1 d(a?)
1+w2v~J 1+22 2 dx dw
"1 du 1

1
o 1+,’ §10g(1+y) :'2'10g(1+$2)‘

() To simplify the calculation, we omit the constant (' in the
example (y) and in the further examples.
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Since—as we said—by the integration the differential
df(z) may be substituted in place of f'(x)dz, i.e. in the
given case, d(«?) in place of 2xdx, the above calculation
may be performed in a little shorter way:

T xdx "1 dax? 1 R
ire =) 2 1ge —zlost+a).

(3) We have for n>1

j L xdz 1 d* 1 . 1
(142" 9»‘ (14" 2(n—1) (1+a")"
J tanado = | Sosdy = — deosa = —log|cosz|.
J cosw COST

The formulae (y) and (¢) are easily obtained from the
following general formula:

1 dy ‘(lj

© an ~ |

y dn logly|+C.

Substltutmg y = 1+2a? in formula (3) we deduce this
formula easily from the following general formula:

dy . P |
d:v—fydy—a_*_l

() | 9ot

As is seen, the method of integration in the above
examples consists in finding a function y = f(x) such
that the given integral will be transformed in an integral
with respect to y (which is easier to calculate). This
makes it possible to replace the calculation of the integral
on the left side of the formula 4 by the calculation of
the integral on the right side of this formula. Sometimes,
the reverse procedure, i.e. the replacing of the right
side by the left side is more suitable; to calculate the

integral [ g(y)dy we look for a strictly monotone func-

tion y = f(¥) such that the integral [ g[f(«)] df (

Y140 (a %~ —1).

may be easily calculated. Denoting by « = h(y) the func-
tion inverse to ¥ = f(«) and by F(z) and G (y) the integrals
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on the left side and on the right side of the formula 4,
respectively, we have then

F(z) = @[f(x)], ie. G(y)=F[h(y)].
In other words,

fg(y)dy =fg[f(w)]‘-z—{i(£-”—) da

where in the integral on the right side has to be sub-
stituted = = h(y).

ExAMPLE. Let us substitute in the following integral

. 77 ™
w=smt, —'§<t<§:

f]/l x?dx ~J costdsmt dt = f cos?tdt ,

dt .
but cos?t = }(1+ cos2t), whence [ cos®tdi = 4t }sin2t.
Since 8in2t = 2sintcost = 2sint /1 —sin%, we obtain
hence:

f V1—a®de = }t+ }sint ' 1—sint

= }arcsine+ 3z y1—a2.

Remark. We verify the correctness of the integration
by differentiating the function obtained as the result of
the integration. After the differentiation we should obtain
the integrated function.

5. Recurrence methods for calculation of integrals. The
recurrence method for calculation of the integral [ f.(z)dz
consists in calculation of the integral for n = 1 (or for
n = 0) and in reducing the n-th integral to the n—1-th
one (or an even earlier one).

ExXAMPLES. («) Evaluate the integral I, = [ e—2arda.
Now, I, = [ e~#da = —e—=. Moreover, integrating by parts,
we have (for n > 0):

=—fx"d "5)-—Jf"e"’+j —z—d:v

= —g"e~% 4 nI,,_l .
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In particular, I, = —ze—= +Io, I, = —a?e~= 4 2I,, ... Multi-

!
plying I, by =n!, I, by y In-y by (fn_n—fl_)" succes-

1, y o
gively, and adding, we obtain

fe"’w"dw——n'e‘z(l—i- + + -+ >+0

(B) Let I, = f(1+ . Now, I, = arctanz. Moreover,

we have for n>1

I - '1+w2—a:2 _ ~f adx
" (1+a%)" Q4o
Since
e T
dw (1+a7) (142
we obtain integrating by parts

2?de -1 zd 1
(1+2°)" 2n—2 (1425

-1 T i,
oan—2|(1+a°)"! n—l‘ |

Consequently,
1 T 1
I,=1I,,+ . — I,
"M N on—2 144" 2n—2 "
1 x 2n—3

= . + I,_,.
on—2 A+ 2m—2 "

This is the required recurrence formula.

(y) Let y = f(x), 2 = g(x). We calculate the integral
[ zy+0dx applying n times the integration by parts:

fzy(n+1)dm —_ zy(n)_ fz'y(n) dz,
f R'ymdr = 'y — f 2"y dg,

--------------------

f 2y'de =z2My— f 2ty dy .
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Hence
[ ey aw =
=ay™ — 2™V . 4 (=)%Y + (—1)" ! f Ay dg .

This formula may be applied e.g. to the previously cal-
culated integral [ e-2amdw after taking into account that
" dk(e—x)

e =1 dak

9.4. Integration of rational functions
Let a rational function
__ P(x)

f(x)—m

be given, where P(x) and @Q(x) are two polynomials.
The integral [ f(z)dz has to be evaluated.

We may assume that the degree of the numerator is
less than the degree of the demominator. For, if this were
not so, we could divide the numerator by the denominator
and then we have to integrate the sum of a polynomial
(eventually reduced to a constant) and of a fraction,
the numerator and the denominator of which are poly-
nomials, and the degree of the numerator is less than
the degree of the denominator. The first of these two
terms is easy to integrate (as a polynomial); thus our
task is to integrat% (the second component, i.e. a quo-

)

Q(»)
of a degree less than the degree of the polynomial Q ().

The following theorem on rational funetions is proved
in books on algebra:

Let us call an expression of the form
4, __G2+D
(z—p)F [(z—qp+rF’
where A and p, or C, D, q and r are real numbers, a partial
fraction.

tient of the form , where the polynomial P(z) is
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P(x)

fractions the denominators of which are the factors of the
polynomial Q(x).

To decompose a rational function into partial frac-
tions, first the polynomial @(x) has to be factorized
into prime factors. Then the coefficients appearing in
numerators of the partial fractions! have to be found.
The factorization of the polynomial @(x) in factors is
obtained applying the theorem known from algebra stating
that if p is a (real or complex) root of the equation
Q(x) = 0, then x—p is a factor of the polynomial Q(x);
moreover, if p is a root of the multiplicity n, then (z— p)*
is a factor of this polynomial for each % < n. Finally,
if u +4v is a complex root of the equation @ (x) = 0 with
real coefficients, then u—iv is a root of this equation,
too (of the same multiplicity), and so the polynomial @ (x)
has the product (r—u—w)(r—u+w) = (r—u)2+* as
a factor. '

The coefficients appearing in the numerators of partial
fractions are usually found by the so called method of
the wundetermined coefficients, which we shall learn by
examples.

Then a rational function i8 a sum of partial

r—1
(x—2)(2—3)
possesses the factors (r—2)?, (r—2) and (x—3). Thus,
our rational function is of the form

r—1 A B Cci

@—2p@—3)  (2—2¢ 2—=3 2-3"

The denominator of the rational function

To calculate the coefficients 4, B and C, we reduce the
fractions on the right side of the above equation to
a common denominator. We obtain
r—1 _
(z—2)%(x—3)
_(B+ )2+ (4—-5B—4C)x—34 + 6B+4C
(z—2)}(z—3) )
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The numerators on the left side and on the right
gide of the above identity are equal one to another for
any value of x. Hence it follows that

B+0=0, A—5B—4C=1, —34+4+6B+4C=-—1.
These equations give the values A, B and C:
A=-1, B=-2, (0=2.

Consequently,
r—1 _—1 2 n 2
(x—2)%(x—3) (z—2) 2—2 2—3°

‘We note that the coefficients 4, B, and C might be
found in a slightly simpler way as follows. After reducing
to the common denominator we obtain the following
identity:

A(@—3)+B(z—2)(x—3)+ C(z—22 =z—1.

Substituting in this identity # = 2, we obtain 4 = —1;
the substitution x = 3 gives C = 2. Hence, substituting
xz =1, we conclude B = —2.

Another example of the decomposition of a rational
function in partial fractions is given by:

r—1 . Aw+B+Cw+_D+ E
@F1p@+1)  (@+1p " 2+l 1

Reducing to the common denominator we obtain the

identity

(Az+B)(x+1)+ (Cz+ D) (2> +1) (2 +1) + B (2> +1)2 =21,
whence we easily find:
A=1, B=0, (C=%, D=-}, E=-}.

The theorem on the decomposition of a rational func-
tion into partial fractions reduces the problem of inte-
gration of rational functions jto the integration of partial
fractions. Now, we shall see that the partial fractions may
be integrated by the methods which we have learnt already.



214 IV. INTEGRAL CALCULUS

Indeed, substituting y = x—p we obtain

Adx dy _
@—pf =A = Alogy for k=1,
or = 11_4_ k~ykl_l for k>1, respectively.

The evaluation of the integral
(Cz+ D)ds
[(w—q)*+7*]*
is reduced to the evaluation of two integrals:
[ ™ | oot
Substituting y = x-—gq, t;he first of these integrals i

reduced to the integral f TR which is reduced by the

y“r
substitution 2z = y/r to the integral f @1 which we

2+1)
already know (cf. § 9.3, 5 (B))-

The second integral we find by the formula § 9.3" (T
and (v) substituting y = (r—q)?+72; namely,

—_— 1 . 1
2(k—1) Tlo— g +r

according to whether ¥ =1 or k # 1.

Hence, the integration of rational functions can alway:
be carried out (of course, if the roots of the equatior
Q(x) = 0 are known).

or

dzr

P Since

ExAMPLES. («) I = [

4ol =a+o+i+i=(@+ir+i,



9. INDEFINITE INTEGRALS 215

8o substituting first y = x + 1 and then z = i/%y, we obtain

id
_fy’+%— (43,24?:1) V3fz2

/2_arc tan — l/_ ( )

329 +102°—
®) I=) o &

A B C D
o f [(ar;—l)2 trat (z4+1)2 + w+1] da.
Reducing the right side of this equation to the common
denominator, we easily find: A =3, B=4,0=2,D = —1.
Integrating, we obtain

2 —arctanz
V3

I=— ——+4log|w 1I——————10g]av+1|
_ bx+1 (z—1)
=1 +log EEST
Remark. Analysing the method of integration of
rational functions, we state that the integral of a rational
function is of the form
W (x)+ Alog U(x)+ BarctanV (),

where W(x), U(x) and V() are rational functions and 4
and B are constant coefficients.

9.5. Integration of irrational functions of the second degree
We shall consider an integral of the form

I= f Vaa* + bz +cde .

First of all, let us consider the case when a = 0.
Then we may assume that b 7 0, since otherwise the
function under the sign of the integral would be reduced
to a constant. Hence, we have to evaluate the integral

I=fl/bw+cdw, b#0.
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We substitute ¢ =bx+e¢, ie. z= t=e , Wwhence

Z—tw = 1 . Then the integral is transformed into the follow-

ing 1ntegra,1:

I= th at = f]f dt = 3but_ b(ba:—}—c)]/bm—l—c

Now, let us assume that a # 0. We consider two cases:

(1) b2—4ac > 0. As is known, this assumption implies
that the equation axz?+br+c¢ = 0 possesses real roots
and the trinomial of second degree is of the form az?+ bz + ¢
= a(x—p)(x—q), where p and q are the roots of the
above equation. Thus, we have

- TR by - edr — _ z—4q
I—f]/awz+bm+od:v—-f(w p)]/aw_pdm.

aq—1t*p
a—12 "’

q=t2,i.e.a:=
p

Let us substitute a:_—
‘We obtain

I_ftaq ap dmdt’

2
This integral being an integral of a rational function

(since is a rational function, as is easily seen), it

‘at
may be calculated by the methods given in § 9.4.

(2) b*—4ac < 0. In this case it may be assumed that
a > 0, since otherwise the trinomial constituting the func-
tion under the sign of the root, which is of the form
a[(x— a)?+ p?], would be always negative. We apply the
following Euler substitution:

Va2 Fbo+c=x)a+t, ie. br+e=2atya+,

that is
_ B—c
b—2tya
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Since yaz?+bx+¢ as well as %—f are rational functions

»f the variable ¢, so our integral is reduced to an integral
»f a rational function.

The above Euler substitution may be applied also in
she case (1), if only a> 0.

If ¢ > 0, the second Euler substitution may be applied:

Vo +bo+c=at+Ve, ie. ax+b=at2+2tyc,
shat is

_ 2t)c—b

a—1t?

Similar to the previous case, we see that this substi-
tution reduces the integral I to an integral of a rational
function with respect to the variable ¢.

Consequently, we conclude that the integral I may
be evaluated for all values of the constants a, b, and ec.
[t follows also from the above considerations easily that
f R(u,») is a rational function of the variable » and v,
shen the integral

fR(]/aaﬁ-{-bwﬁ—c,w)dm

's reduced to the integration of a rational function (thus,
the integration is performable).
dx
Va2 +e
1pply the first Euler substitution in a slightly modified
form. Namely, let us substitute y/#*+¢ = t—, whence

ExAMPLES. («) Let I = for a? > —¢. We shall

t2—c¢ dzr t2+c
p=g and =g
2
Hence t—w=t ;;O and

t2+c J‘dt
I= ft2+c o dt =

=log|t|+ O =log|w+ Ya?+o|+C.



218 IV. INTEGRAL CALCULUS

(B) I = fya®+ecdx for 42 > —c. This integral may be
evaluated by means of the Euler substitution. However,
it may be calculated more simply by reduction (by inte-
gration by parts) to the previous integral. Namely,

Izwl/wz+0—fﬂ3§l/:lw—2"_t—c‘dw=w]//w2+o—f x2dx
i

/

Var+e
T +c—ec g dzx
=oyY+o— | ————dx =y +c—1I af—.
' f Vat+e V + Vat+e
Hence,

I= %my’w2+c+-2'floglw+ Vaito|+C.

Let us note that the formulae for the derivatives of
the functions inverse to the hyperbolie functions (§ 7, (22)
and (23)) make it possible to write directly the formulae
for the integrals considered in the example («) for ¢ = +1.
Namely,

f;/fil

= arsinhz + C =log|m+ y/a;2+1]+0,

dx —~—
f]/wti = arcoshz + C = log|z+ V& 1|+C for z>1.
Remark. As we have seen, the integration of ir-
rational functions of second degree is always performable.
However, replacing the quadratic axz?4 bx+ ¢ under the
sign of the root by a polynomial of the third or higher
degree, the problem of integrability becomes in general
(i.e. without special assumptions on the coefficients)
impossible to solve in the domain of elementary functions.
In particular, the integral

dz
V(1 —a?)(1— k2a?)

cannot be expressed by means of elementary functions.
Thus, it leads outside the domain of elementary functions
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(similarly as the integral f%@ leads outside the domain

of rational functions). It is the so-called elliptic integral.
Similarly, the integrals

f dx f dx

V/ cos 2z ’ V1—k2sin?x

cannot be expressed by means of elementary functions
(and lead also to elliptic integrals).

9.6. Integration of trigonometric functions

Let R(u, v) denote a rational function of two variables
4 and v. The method of integration of the function
R(sinx, cosz) is based on the substitution ¢ = tan .

We conclude from the identity = 1+tan?}z,

cos? 3w

that cos?iz = and, since cosz = 2cos*}x—1,

1
1412
COSZ = ————1 = 1-¢

T 14t 14

At the same time,

. 12
sin?{x =1—cos?}x = T
whence
sine = 2sinjxcos}r = 2 .
1+
Finally, the equation x = 2arctant implies
dv 2
at 1+
The above three formulae give
. ) 2t 1-—¢ 2
f R(sinz, cosz)dr = J R(1+t2’ i +t2).1+t2dt’

and the last integral, being an integral of a rational
function of variable ¢, may be calculated by methods
with which we have already become acquainted.
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ExXAMPLES. («) Let I = f Tv' Applying the substi-
tution ¢ = tan4a we obtain
I— 1+ 2 f 24t
—Ji—e 1+t2 1—
_ dt |1+t
J T4t +f i 1 —t|'
1+t 1+tanja
But =t i—tanis tan(4z + }=). Consequently,
dx
prYy log|tan(32 + }~)| .
Hence

dx
f él_],?v = ].Oglta»n‘kwl y

since sinz = cos(r— 4=) and so

Cdw [ d(a—1})

sinw cos(z—3im) log|tanx|.

The last integral, may also be deduced easily from
the integrals (cf. § 9.3, (¢)):

fta,nwdm = —log|cosz|, f cotzdr = log|sinz|,

since

f 1 {sm%}m-i—coszﬂ}w
sinw 2sm§wcos§w sin}zcos 3w

= ftan%a:d(%w)—}— j cot jad(}x)
= —log|cos } x| +log|sin 4 x| = log|tan }x|.
If we know the integral [ g% , we find immediately
the integral fa% , substituting cosx = sin(z+ 4=).

(B) The irrational functions of second degree may be
reduced easily to trigonometric integrals of the form
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R(sinz, cosx). Namely, the functions
Vi=ae?, Va&+l, Ya—1

may be reduced to the functions of this type by sub-
stitutions « = sinf, x = tant, x = sect; in any of these

three cases the derivative %% is also a rational function

of the functions sin? and cost. Namely,

dsint

VY1—sin®t = cost, -—— = cost,
dt
—_— 1 dtant 1
2 = = =
Vian® +1 = sect cost’ dt cos?t’

sin dsect  sint
cost’ dt ~ cos?t’

Vsectt—1 = tant =
e.g.

L Cd

2 — [ =

f V& +1dw J o5t where = tant.
Sometimes it is more convenient to substitute # = cost

instead of # = sinf or # = cott instead of x = tant; e.g. let

us substitute x = cott in the integral

_o_l_w__ = f sintdcomdt = — —dL = —log|tan }t|.
Var+1 sint
. 1 _ . 2tan%t o =13
Since = = tant = T—tanti’ *° tant = —x -+ y/2* +1.
Hence we find the integral
dx —
=log(z+ V2 +1

calculated previously in another way.

Now, we shall give some other types of integrals of
- trigonometric functions, being of importance in appli-
cations,

The integral I, = [ sin*zdz.
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We shall give the recurrence formula.
. . dasin®1z
I,= ——f sin*~lxdcosx = —sin®*"1xcosx +fcosw—-d7——
= —gin*1zcosx+ (n—1) f cos?xsin®*2xdx
= —sin*1gcosx + (n—1)[p—2— (n—1)1,,
since cos’z =1—sin%x.
Hence the required formula:

n—1

I,=— %sin”—lwcosx—}— In. (for n>2).

Similarly, we find
1 . n—1
cosrrdr = W cos"lxsinx + 7 cos*2zxdxr (n=2).

The integrals
fsinm:csinnwdm, fsinmwcosnwdw, fcosmwcosnmdw
can be evaluated applying the formulae
sinmasinne = }[cos(m—mn)r— cos(m+n)x],
sinmzcosnx = [sin(m +n)z+sin(m—n)z],
cosmxcosnx = 4[cos(m+n)x+ cos(m—n)x],
known from the trigonometry.
We find easily:

J sinmesinnedr =

1[sin(m—n)x sin(m+n)z

_ 2[ m—n m-+n for m# +n,
1 o 8in 2ma for .
2( om or m=mn,

J sin max cos nedr =

[

2 m<+n m—mn or m 7 £n,

_ Lcosme \
2 2m

_ }lcos(m-}-n)w cos(m—n)x]

for m=mn,
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fcosmmcosnxdm:
1[sin(m+n)x sin(m—n)z
_ 2[ m-+n m—n ] for m 4,
1 /8in2ma
E( om +a:) for m=mn.
The integral f ——0—0—-————
g asinxz 4+ bcosz’

To calculate this integral, we write the denominator
of the function under the sign of the integral in the form
¢sin(z+ ©). The values of ¢ and @ we find from the
identity:

esinacos @ +ccosxsin @ = asinz + beosz,

i.e.
a=ccos®, b=csinb,
that is
c=Va+b, 0= a,rctan%.
We obtain
J' dx _1( d(x+06) 110 tanw—{—@
asinz+beosw sin(z+ 0) g 2 |

Remark. In § 9. 2 5 we gave the recurrence formula

for the integral [ This integral may be calculated

1+ 2)"
also applying the formula for the integral [ cosmzda.
Namely, substituting # = tan?, we obtain

f LG = J cos2n dtant —dt = f cos?"—2{dt .
(1+27) Cdt
Exercises on § 9
Find the indefinite integrals of the following functions:
1. e*®singx, 2.  we®,

3. sinz, 4. a%logz,
5. arctanz, 6. a%(loga)™,
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1 1
7. sin?z’ 8. 1+4a2+a*’
?—x-4 1
9., 10. 37—,
(x*—1)(z+2) ]a/wz-}—]/w
1 1
11- ——— 12.
Vo+1—yz—1’ a?+a2’
13. ]7—21—+—(;, substituting y/2*+¢ =z +1
@
(cf. § 9.5, Example («)),
m
14. l—/%_—_——__;; (m an integer),
zm .
15. VETe (m an integer),
16 ar+b
L (@t erYprtgmtr

Remark. Prove that if R is a rational function
of two variables, then R(z,Vas?®+br+c) = W(x)+
U(x)
Var?+bx+c
Hence deduce (by 14-16) a general method for integra-
tion of irrational functions of second degree.

, where U and W are rational functions.

17.  cotrz, 18. sectw, 19. sin™zcosz,
arcsing
20. cosx-cos2x- cos3w, 21. 5

§ 10. DEFINITE INTEGRALS

10.1. Definition and examples

Let a function y = f(«) continuous in a closed interval
a <z <b be given. By the definite integral f(x)dx from
a to b we understand

b
(1) [ #(z)dz = F (b))~ F(a),
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where F' is an arbitrary primitive function of the func-
tion f in the interval ab, i.e. F'(z) = f(z) for a < z < b,
F'y(a) = {(a) and FL(b) = /(b).

The definite integral does not depend on the choice
of the function F'; this means that if G is also a primitive
function of the function f, then

G(b)—G(a) =F(b)—F(a).
This follows immediately from the fact that the dif-
ference between the functions ¢ and F is constant in
the interval a <a <b (cf. § 7.5, 4, Remark).

The formula (1) will be assumed also in the case
when b < a. Hence we have

a b
(2) [ f@)dw = — [ f(w)dw
b a
and
(3) [ f@)ae=0.

From Theorem 2, of §9, 2 it follows immediately
that every function continuous in an interval a < o < b

b
possesses the integral f f(z)dx, that is, as we say, it is

a
integrable in this interval.
To indicate the difference F(b)—I'(a), we use also
the symbol

[F(2)] =F(b)—F(a).

Remark. It follows from the definition that the
definite integral depends on the function f and on the
limits of integration. However, it is not a function of
the variable z (x appears here only as a variable of
integration). The value of the integral will not be changed,
if we replace the variable # by another variable, e.g. ¢:

b b
[ Hwyde = [ fyas.

15
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b

ExAMPLES. («) J ede = c¢(b—a). Indeed, we have

a
b

f ¢dw = cx + C, whence [ edw = [cm]z =c¢(b—a).

a

1 :
(B) [ a*de =3}, because [ a?dr = }a*+ C, whence
[}

1
of a*de = [}a*], = }.
/2

(v) | sinzde =[— c',osar:]:)"2 = — cos(m/2)+cos0 = 1.
]

(8) 'The following definite integrals (Fourier’s,
cf. § 11.7) are easily found on the basis of the formulae
for the indefinite integrals (§ 9.6): if m and n indicate
two different positive integers, then

T T
f sinmasinnedr = 0 = f cos mxcosnrda ;
-7 b

for arbitrary positive integers m and n:

™
f sinmzcosnxdr = 0 ;

-7

for arbitrary positive integer m:

T T
f sintmrdr = = f cos2mxdr .
-7 bt 14

(¢) For an arbitrary positive integer n the formulae
1'!!2
(4) j sin® o de —

[)

1:3-..(20—1) =
2-4-....9n 2’

/2

4....-2n

. 2.
2n+1 _
S Heds = 5 g TEn+ 1)

0

hold.
These formulae follow easily from the recurrence
formula (§ 9.6):

f sinfzdy = — %sin"“wcosw-}- n%l f sin*—2zxdx (n =2)
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and from the formulae:
1. /2
[— = sm"—lmcos:v] =0,
n o
/2 /2

f sintfeder =1, f sin® zde = 4~.
0 0

Let us note that if we replace sine by cosine, then
the formulae (4) remain true.

10.2. Calculation formulae

The first three gencral formulae for the indefinite
integrals (§ 9.3) lead immediately to the following three
calculation formulae for the definite integrals (we assume
that the functions under the signs of the integral are
continuous in the closed interval of integration):

b b b

L [[f@) +tg@)ds = [ j@de+ [ g(@)dw,
b b

2. fc.f(m)dx = cff(m)dw,

b b
3. [f@g@de=[f@g@1]— [ [(@9¢@dz

The formula for integration by substitution leads to
the following formula:
1)

4. fg[f(:v]f(w iz = [ g(y)

/(@)

Namely, let G(y) be a primitive function of the func-
tion ¢(y). Then (by formula 4 of §9.3), G[f(x)] is the
primitive function of the function g[f(x)]f'(xz). Thus, ac-
cording to the definition of the definite integral,

1(b)

f glf ()1f (=) dz = G ()] — GIf(a)] = [ g(y)d

fa)
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5. The theorem on the division of the interval
of integration:

c b
[ i@ dw-{—ff = [ f@)ae.

Namely, denoting by I'/a primitive function of the
function f, we have

[F(c)—F(a)]+[F(b)—F(c)] = F(b)—F(a).
b
6. If f(x) >0 and a < b, then ff(m)dm)O.

Indeed, denoting by F a primitive function of the
function f, we have F'(x) = f(x) > 0; hence it follows
that the function F 19 1noreasmg (1n the wider sense).

So F(a) < F(b) ff z)dx = F(b)—F(a) =0

Formula 6 implies the following slightly more general
formula:

b b
7. If f(@) <g(@) and a <b, then [ f(x)dx< [ g(x)dx
a a
By assumption, g(z)—f(x) > 0. Thus, by 6, we have
b
J [g(@)—f(x)]dx = 0, whence by 1

a

b

b
[ g@aw— [ j@)de =0

As is seen from formula 7, the relation < remains
unchanged by the integration (when a < b). We shall
deduce from 7 the following two formulae:

b b
8. |[i@az|< [|j(@)de, if a<b.
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Namely, it follows (according to 7) by integration of
the double inequality —|f(x)| < f(») < |f()|:
b b b

[ —lj@)de< [ f@)de < [ |f(2)|dw,

a a a

i.e.
b b b
— (@) < [ fl@yds < [ |f(z)| da.

Henece we get the required formula (since the inequality
—u < v < w implies the inequality |o| < u (cf. §1, (17)).
9. The mean-value formula.

a+h

ff hf(a+ Oh),

where @ is a suitably chosen number satisfying the con-
dition 0 < & < 1.

Let F denote a primitive function of the function f,
i.e. F'(x) = f(x). Then we have

a+h .

[ j(@)dw = F(a+h)—F(a) = hF'(a+ Oh) = hf(a+ Ok)
according to the mean-value theorem of the differential

calculus (§ 7.5, (B)).

10. Let a function f be continuous in the interval
a <x <b. Let us write

(1) g(@) = [ fydt ().

Then the following basic formula holds:
, Ca
@ @ =@, ie +[iOa=1@),

() It may be also written g(z) = fzf(x)dx.
a
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x
i.e. the integral [ f(t)dt, considered as a function of the
a

upper limit of integration, is a primitive function of
the function under the sign of the integral.

To prove this, let F denote an arbitrary primitive
function of the function f, i.e. let F'(x) = f(x). According
to the formula (1) of § 10.1, we have g(x) = F(2)—F(a).
Differentiating, we obtain ¢'(z) = F'(x) = f(=).

Remarks. («) At the ends of the interval of inte-
gration we have

9+(a) =f(a) and  g_(b) =f(b).

(B) Let us note that the function ¢ is continuous as
a differentiable function.

11. If a sequence of continuous functions fu(x), @ < x < b,
8 uniformly convergent to a function f(x) in the interval ab,
then the integral of the limit is equal to the limit of the
integrals:

(3) ff(m dz = lim ffn

n=00 g

b
i.e. f [lim fo(@)]do = lim [ falw)de.

Since the limit of a uniformly convergent sequence
of continuous functions is a continuous function (§ 6.1,
Theorem 1), the function f is integrable. Applying the
formula 1 to the functions f and f,, we have

b
@) [ fl@)de— f fulw) da = f [f (2) — fa()]dac .

At the same time, because of the uniform con-
vergence of the sequence of functions f,, f,, ... to the
function f, there exists for a given ¢> 0 a number %
such that |f(#)—fa(z)] <& for n> k. Hence, by (4), 8
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and 7, we have

b b
|ff(w)dw—ffn(w)dw1=

b b
= | [ /@)~ tul@)1ds| < [ |f(@)— fule)|do < e[b—a].

In this way we have proved that for » > k there
holds the inequality

b b
| [ i@ de— [ ju@)de| <elb—a].

This means that equation (3) is satisfied.
As a corollary of Theorem 11 we have:

12. f[;o'fn(w]dw_gj fa(z)dz ,

assuming the functions f, to be continuous and the series

(o]

D fal®) to be uniformly convergent in the interval
n=0

a<x<b.

EXAMPLES AND APPLICATIONS. («x) To evaluate the

1

integral [ (1—a%)"dw, we substitute # = sin. Then we
0

have 0 = 8in0, 1 = sin(x/2). Thus (cf. § 10.1, 5),

/2

dx
(5) f(l o\ e = J cos td dt
i 2 4r.e2
n
= 2nt+lfdf —
J cos2ntlfdp 35 (2n+1)

b b
(B) lim f cosnedr = 0 =1imj sinnxdx .

N=00 o NnN=00 ,
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Indeed, substituting y = nx, we obtain

b nb
f cosnxdy = ;11, f cosydy = }L(sinnb—sinfna) .
a na

b
Since |sinnb—sinna| <2, we have lim [ cosnzdr =0.
n=00 a
b

Analogously it is proved that lim [ sinnzdz = 0.

n=00 a
The following more general formula holds:
b b
(v) lim j f(x)cosnaedr = 0 = lim f f(x)sinnade ,
= Nn=00 a
where f is an arbitrary continuous function.

Let a number ¢ > 0 be given. According to the uniform
continuity of the function f in the interval a < <b
there exists an m such that dividing the segment ab
in m cqual segments, to any pair of points z and =’ be-
longing to the very same from among these m segments
the inequality |f(x)—f(2")| < & holds. Let a;, ay, ..., @pn—y
be the points of the division; moreover, let a, = a, a, = b.
By formula 5, we have

b
ff Jeosnxdx = v ff )cos nxdx
a

k 1 ap_,
m ay ay,
= 2{/(ak) fcosnwdm+ f[f(m)—f(ak)]cosnmda;}.
k=1 a_y a4y

Thus (cf. formula 8),

|ff(w)cosnxdw| Zlf(ak \fcosnmdazl—f—s(b a),

ak_
because

|7 (#)— f(ax)|[cosna| <|f(®)—f(m)| <e&.
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Since, as we have proved,
ay
f cosnwdx
Q—y
so denoting by M the upper bound of the function |f(x)|

in the interval a <z < b, we obtain
b

J f(x)cosnxdx

a

2
]smnak—smnak 1] < <50

Mm+s(b a).

Whence choosing n so large that %Mm < ¢ we have

b
’ fj(w)eosnwdm‘ <e(l4+db—a).

Hence the first of the equations (y) follows. The proof
of the second one is analogous.

(8) If the indefinite integral of a given function is
not known but this function may be expanded in a uni-
formly convergent series of functions which we are able
to integrate (e. g. in a power series), then the application
of Theorem 12 makes it possible to express the definite
integral by a series.

In this way we shall calculate the elliptic integral
(cf. § 9.5, Remark):

11:!2
I= f _® <.
J V1—k*sintx
As we know (cf. § 8.4):

1 i le B3 180 <.
yi—g 2 2.4 2.4-6
Hence, replacing ¢ by ksinz we have:
1

V1—k?sina

=1+4+= k2sm2w—|— 4k4s1n4x—}-

1-3-5
2:-4-6

-+ kb8sinsx 4-...
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This series is uniformly convergent in the interval
0 <2 < n/2 (even on the whole X-axis), since the series

_1
yi—e
—|k] <t <|k|. Integrating term by term and applying
the formula ((4) of § 10.1)

representing is uniformly convergent in the interval

2
f sin2rxdx =

0

1-3-..-(2n—1) =
2-4-..-2n 2’

we obtain

/2

J' dx .
¢ V1—ksinte
] 1 1-3\2 1-3-5\2
= —|1+4 (=) K2+ {(—) K* kS+...0.
2[ (2) +(2'4) * (2‘4'6) ]

10.3. Definite integral as a limit of sums

Now, we shall prove theorems which give important
applications of the definite integral.

1. Let a continuous function y = f(x), a <z < b, and
a number € > 0 be given. Then there exists a number 6 > 0
possessing the following property: if the points a, < ay <
< oo < Qu, where ay= a and a,, = b, satisfy the inequality
ag—Qp—y < 0 for each k=1,2,..,m and if the points
Byy ey Ty, are chosen from the intervals ag@y, ..., Qm—1Qm,
respectively (t.e. ax—; < op < ai), then

m b
(IE f(ﬁk)(ak—dk—l)—ff(m)dwl <e.

Indeed, according to the uniform continuity of the
function f in the interval ¢ <z <b (cf. § 6.4, 1) there
exists a 6 > 0 such that the condition |z—2'| < é implies
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| f(@)—f(a)| <b—j—a. By the formulae 5 and 9, §10.2,

we ha,ve

f}‘(w dr = f f(x)de + ...+ ff(:v)dw

%n—1

= f(wl)(al_ @) + ... +(@m) (am — 1)

= D) (@) (@ — )

k=1

where zz, is a suitably chosen number in the interval a;—; az.

Since the points #; and x; belong to the interval
ax—10;, the distance between these points is not greater
than the length of this interval, i.e. |z, — 2r| <ag— ax—1 <.

Hence it follows that |f(@)—f(@k)| < b_éﬂ . Consequently

N
ax-1) — _[ f(@)az| =

|
{

f (@)1 (ar— ax—) I

@) = == (b—a) = .

In this way Theorem 1 is proved.

Now, let us consider instead of one partition of the
segment ab (defined by the points ay, a,, ..., ay), a se-
quence of partitions of this segment in smaller segments.
Let the n-th partition be defined by the points

Onoy Qnyiy ooy Qny, s  WheTe  Gpo =@, Gpy, =D.

Let r, denote the length of the greatest segment of
the n-th partition. We say that the above sequence of par-
titions is normal, if lim r, = 0. The following theorem holds:

N=00
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2. Let a continuous function y = f(x), a <2 <b, and
a normal sequence of partitions of this segment be given.
If the point x; belongs to the k-th interval of the n-th
partition  (i.e. Anp—1 < Tpp < Anx for k=1,2, .., 1;
n=1,2,..), then

b In
(6) [ f@yar =tim D) {(@n) (@np— tni) -

a N=00 k=1

Let an ¢ > 0 be given. We choose N in such a way

that for n > N the inequality r, < é holds, i. e. that all
intervals of the n-th partition have the length <6 (where
6 has the same meaning as in the previous theorem).
Then by Theorem 1 we have

In b
kZ F(@nge) (g — Qpg—1) — J f(w)dw‘ <e.
k=1 a

This means that equality (6) is satisfied.

It follows in particular that if all segments of the
n-th partition are of the same length, namely, 27"(b—a),
then

b 2"
f f(x)dx = (b—a)lim 27" ! flank) -

a n=1 k=1

b
Remark. The notation [ ydw is closely related to

Theorem 2, so from the poing of view of notions as from
the historical point of view. The symbol [, the modified
letter 8, had to indicate the summation of infinitely
many ‘‘infinitesimal” terms of the form ydz; this con-
cept, which was not well-defined from the logical point
of view, becomes now expressed strictly in Theorem 2.
It is easily seen that this theorem represents the definite
integral not as an infinite sum but as a limit of sums
of an increasing number of terms.

In § 10.11 we shall turn to the definition of the integral
based on formula (6).
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10.4. The integral as an area
Let f(z) >0 fgr a <o <b.
The integral [ f(z)dx is the area of the region P con-
sisting of the poin’;s x, y of the plane satisfying the conditions:
a<e<b, 0<y<[f(z).

It is really so, when the function f is linear. Then
the region P is a trapezoid the bases of which (parallel
to the Y-axig) have the length f(a) and f(b), respectively,
and the hight has the length b—a. Thus the area of the

trapezoid is Z(—a')—_;&) (b—a).

On the other hand, the function f as a linear function
is of the form f(z) = cx+d. Hence

b
J f(x)de = }e(B2—a®)+d(b—a) = (b—a)(3cb+ Lca+d)

IR
gince f(a) =ca-+d and f(b) =cb+d.

Thus we sce that in the case when the function f
is linear, the notion of the area known from the elementary
geometry is equivalent to the above defined notion of the
area as the definite integral. This equivalence holds also
in a wider sense, if f is a polygonal function (cf. § 6.4),
i.e. when the graph of the function is a polygonal line.
Namely, the region between this polygonal line and the
X-axis consists of a certain number of trapezoids and
hence its area is the sum of the areas of these trapezoids.
Yet since, as we have stated above, the area of each of
these trapezoids is a suitable integral, so the area of the

b
whole region is the sum of these integrals, i.c. [ f(z)dw
a

(according to § 10.2, 5).
In the gencral case if f is an arbitrary continuous
function, the function f is the limit of a uniformly con-
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vergent sequence of polygonal functions (cf. § 6.4): f(x)
= lim f,(x). Hence, by § 10.2, 11,

N==00 b
ff( dx—-hmffn (z)dex .

Then we sce that the area of the region determined by the
b

curve y = f(x) (defined as the integral [ f(®)dz) is the
limit of areas of polygons “inscribed”a in this curve
(cf. Fig. 10 in § 6.4).

Thus, there is here a complete analogy to the area
of a circle, defined as the limit of areas of inscribed (or
circumscribed) polygons. Similarly, we define the area of
tile region P given by the curve y = f(x) as the integral

af f(x)dw.

Remark. This area could also be defined on the basis
of the measure theory, which we shall not consider here.
Then this definition could be proved to be equivalent to
the definition of the area by means of the definite integral
(we have performed such a proof in the most elementary
case, namely, if f is linear or polygonal)

EXAMPLES (@) Let y = YrP—a?, —r < @ < r. We shall

calculate f Vrr—atde.
-
For this purpose we shall find the indefinite integral.
Substituting z=§ we obtain (cf. § 9.3, 4)

f]/ﬂ—w’dm—ﬂf]/l—z?d ——1*2( arcsinz + z]/l—z2>
1 r 1 a?
=7 (2arcs1n -}—2 r]/]—ﬁ)'

f]/ﬂ—aﬂdfv r2 (arcsinl — jarcsin(—1)) = }m?,

-r

since aresinl = 3= and arcsin(—1) = —}m.

Hence
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In this way we have obtained the formula for the
area of the semicircle with a radius r, known from ele-
mentary geometry.

(B) The area of the region contained between the arc
of the parabola y = 22, the X-axis and the straight line

a
@ =a is given by the integral [ a?dr = }a?.
0

2 2
(y) The area of the ellipse %4—%5: 1 will be cal-

culated as follows: the above equation givesy = b ‘l/l —-—

a 2
whence the area of the ellipse is equal to 2b [ 1—%dw.
—a

Applying, similarly as in the example («), the formula
for the indefinite integral [ }/1—z*dz we find

a
2
2b fl/l—%dm——-nab.
—a

(3) The area between the sinusoid and the segment 0w
on the X-axis is

f singde = [—cosa]] = 2.
0

(¢) Let two continuous functions u(x) and v(z) defined
in the segment a < < b be given. Moreover, let u(x)
< ov(z) for a <a < b. The region N contained between
these two curves, i. e. the set of points x, y on the plane
satisfying the conditions:

a<<e<b, ul@)<y<v(r)
is called a normal region.
b
The area of the normal region N is [ [v(z)—u(x)]de.

a
Indeed, if u(x) > 0 everywhere, then the region N is
obtained from the region contained between the curve
y = v(x) and the X-axis by subtraction of the region
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contained between the curve 3/ = u(x) and the X-axis;

the area of the first region is f z)dx and the area of

the second one is f z)dx. Hence the area N is the

difference of these mtegrals.

Now, if the inequality u(x) >0 does not hold for
all x, then we denote by m the lower bound of the
function « in the interval a < # < b and by N, the normal
region defined by the curves u(x)—m and v(x)—m. The
region N, is obtained from the region N by translation
and so N, is congruent to N. Thus,

area N = area N, = f {{v(x)—m]—[u(z)—m]}dx

J [v(z) —u(x)]dx.

Remarks. («) Considering the area of the normal
region it is meaningless whether we take its perimeter
into account. Namely, we assume the perimeter to have
the area 0. This follows from the fact that the curve
¥ = f(z) may be included in a normal region with an
arbitrarily small area, namely, in the region contained
between the arcs y = f(x)+¢ and ¥ = f(x)—e¢; the area
of this region is 2¢(b—a).

(B) The symbol ydx is called the element of the area
(cf. § 7.13).

b
(v) The integral f f(x)dx may be interpreted as an

area also without t-};ze assumption f(x) > 0, if we agree
upon considering the area of regions lying below the
X-axis to be negative (where a < b). Thus, if the interval
ab may be divided in smaller intervals in such a way
that in everyone of these intervals the function is either

b
everywhere nonnegative or nonpositive, then [ f(z)dz is
a
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the algebraic sum of the areas defined by the arcs of
the curve y = f(2), in each of these intervals separately.

For example for the curve y = sina, 0 <z < 2xn, we
divide the interval 0, 2= into two halves. The sine curve
together with the interval 0, = of the X-axis gives a region
with an area 2 and together with the interval =, 2=,
a region with an area —2. The algebraic sum of these
areas equals 0, i.e.

fmsin xrdr =0.
1]

{3) Interpreting the definite integral as an area, many
of the previously proved theorems become of a clear
geometrical content (especially, if the function under the
gign of the integral is nonnegative); e.g. Theorem 9
of § 10.2 means that the region defined by the arcy = f(x),
a <o <b, the X-axis and the perpendicular segments
lying on the straight lines « = a and z = b has the same
area as a rectangle having the segment a <z < b as the
base and the ordinate of a suitable chosen point on the
arcy = f(x), a < < b, as the height.

It follows from Theorem 10, of § 10.2 (cf. remark (B))
that the area of a region defined by the arcy = f(x),
a <z <z, varies continuously together with z’.

Theorem 11 of § 10.2 means that if the functions f,
are uniformly convergent in an interval ab to a function f,
then the areas of the regions defined by f, are convergent
to the area of the region defined by f.

10.5. The length of an arc

Let a function y = f(2), a < # < b, having a continuous
derivative f'(xz) be given. The integral

(7) f]/1+ (%)20190

16
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gives the length of the arc formed by the points z, y
satisfying the conditions

(8) y=f@), a<w<b.

It is indeed so, if f is a linear function, i.e. if the
considered curve is a segment joining the points [a, f(a)]
and [b, f(b)]. The length of the segment is equal to the
distance of its ends, i.e.

V(o—aP+j(b)— ().

Applying the integral we obtain the same result.
Namely, let us write f(z) = cx+d. Hence f(¢) = ¢. Thus,

b
JVI+dde =Y+ E(b—a) = Vb—ap+[f(b)—f(a)P,

since

_ i) =fla)

¢ b—a

In the gencral case (if we do not assume the linearity
of the function f) we find the explanation of the above
assumed definition of the length of an arc in the following
construction.

We know (cf. § 6.4) that an arc of a curve given by
the conditions (8) may be approximated by polygonal
lines inscribed in this are (cf. § 6.4, Fig. 10). Now, we
shall prove that, denoting by L the length of this arc
expressed by the integral (7) and by L,, L,, ... the length
of the successive polygonal lines, we have

L=1limlL,.
Nn=00

Namely, let the n-th polygonal line be obtained by join-
ing the points [ane, f(@n0)], [@n,1y F(@n,1)]5 s [Ontny F(@n1)]
by segments, successively, where a,, = a, a,;, = b and
the length of the greatest interval of the n-th partition
tends to 0 as n tends to oo (i.e. the sequence of these
partitions is normal in the sense of § 10.3). The length
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of the m-th polygonal line is the sum of the length of
the particular segments, which constitute this polygonal
line, i.e.

ln
= 2 V (@nge— tn—1)* +[f (@npe) — f(anx—1)P.

n=1

Applying the mean-value theorem we obtain

In

Ln= ) (@ni— =) VI T @ur) Fs

i1
where  app—1 < Tap < G«

Hence by Theorem 2 of § 10.3 (formula (6)), we conclude

after substituting ]/ 1+[f(®)P in place of the function f(x)
that

fVJ T (@) Rdw =lim L, = L.

The remarks noted in the case of the definition of
the area are valid in the case of the definition of the
length of an are, too. The notion of the length of a curve
may be defined on the basis of the general measure theory
and it may be proved that for arcs of the form (8) this
definition is consistent with the definition given here by
means of the integral (7). However, since we do not use
here the measure theory, we define the length of the are
(8) as equal to the integral (7).

The approximation of the length of an arc by the
length of inscribed polygonal lines which we have con-
sidered above is the generalization of the approximation
of the length of a circumference by the perimeters of
the inscribed polygons, known from the elementary geo-
metry. We shall prove that the length of an arc of the
circle in the sense of elementary geometry is equal to
the length in the sense of the definition assumed here.

ExAMPLE. Let y = J/r*—a?, rcosf <o <rcosa (0 < a
< p < w). The considered arc is a part of the semicircle
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with the radius r and the centre 0. Let us calculate the
integral (7). We have
, —

Y =——, whence f‘/l_*_(y’)ﬁdw:f‘t_—d_w_.—.
Vri—a? Yri—a?

Substituting « = rcost we find

rdo z
——= = — 1t = —rarccos —.
Vr2—a? r
Hence
rcosa
| VixPas = @B-or
rCo8pB
in accordance with the formula known from elementary
geometry.

Let us write
x

s@) = [ VI+TOFa.
a

The function s(x), i.e. the length of the arc treated
a8 a function of the abscissa of the right (varying) end
of the arc is an increasing function. Thus, there exists
a function x = x(s) inverse to s(x), which represents =
as a function of the length of the arc. There hold the
formulae:

ds dy\2 dx 1
(9) g = ]/1 "*" (——) and B ey r————
d dx ds
”” Vo @

dz
Denoting by a the angle betwcen the tangent to the
curve and the X-axis, we have %= tana and so “ll—f

= cosa. This means that the derivative is the direction
cosine of the tangent to the curve y = f(x) with respect
to the X-axis.

This follows also from the fact that
dy dy dx
ds ~ dx ds

. o dz\* | (dy\*
=tana-cosa = sina and (Eé) +<E§>—1'
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Remark. The “length element’ may be symbolically
represented analogously to the Pythagorean formula:
ds® = dx?® + dy?, being of a clear geometrical content (cf. the
notion of the differential, § 7.13).

The curvature. Let us denote as previously by «a
the angle between the tangent and the X-axis. This angle
is a function of x; considering = as a function of the
length s we express a as a function a(s) of the variable s.

The derivative k = %(f: is called the curvature of the

[o X)) / %k

Fic. 23

curve y = f(z) at a given point, the inversion Ill =p i8
called the radius of curvature.
Geometrically, the curvature k is interpreted as follows:
Let us draw the tangents to the considered curve at
the points

Po=1[2(80), ¥(s)] and pr=[x(so+h),y(s8,+h)].

The angles between these tangents and the positive di-
rection of the X-axis are ay = a(s,) and ap = a(s,+ 1),
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respectively. The angle J, between these two tangents is
ap—a,. This is the same angle as the angle between
the normals to the curve at the points p, and ps. Let
us consider the quotient of this angle by the length of
the arcpyps, i.e. by h. The curvature of the curve y = f(x)
at the point p, is the limit of this quotient as & tends to 0.

In particular, if our curve is an arc of the circle
y=yrt—a? —r < <r, then h = —rd; and so the con-

gidered quotient has the constant value —%. Thus the

same value has the curvature k, and the radius of the
curvature is equal to the radius of the circle.

In the case of a straight line the normals are parallel.
Thus J, = 0 always and the curvature is equal to 0; hence
the radius of the curvature is infinite.

If k # 0, then the point lying on the normal in the
distance ¢ from the point p,on the same side of the tangent
on which the curve lies locally, is called the centre of
curvature. We may prove that this point is the limit
position to which the point of the intersection of the
normals at the points p, and p, tends as h tends to O.

The curvature ¥ may be expressed in the coordinates x

and y as follows. Taking into account that a = arctan (%)
and basing on formula (9) we obtain
a?y
da _dadr  dr* 1
ds  dr ds dy\2 - dy\? ’
1 /1
i.e.
dxy
dx?
(10) b=y
2+ (&

The centre of mass. Let a system of » material
points with the coordinates (2, ¥;)y «..y (Zn, ¥») and with



10. DEFINITE INTEGRALS 247

the masses my, ..., m, be given on the plane. The centre
of mass of this system is the point with the coordinates

mlwl+ <My g=m1y1+...+mny,,
My + ety My ~+ oo + My,

(1) =z

To define the centre of mass of an arcy = f(z),
a <z < b, with a constant density g we proceed as follows.
Let us represent « as a function of the length s,i.e. x = z(s)
(as above); hence y = f[z(s) ] = y(8). Let S denote the
length of the arcy = f(z), a < o < b. Let us divide this
arc into » equal parts. This d1v1s1on constitutes a partition
of the interval 08 into n equal intervals; let the points
of the partition be

0 = sn’o, sn,l, ceey sn,n = S .

The point with the coordinates w(s,x), ¥(Snx) is the
end of the k-th arc of the m-th partition; the mass of
this arc corresponds to this point. This mass is the product
of the density by the length of the arc, i.e. it is equal to
g (Snx— Snk—1). Thus given n, the centre of mass of the
system of points

[@(8n,1) 5 Y($n,1)];5 ooy [Z(Snm) 5 Y (Snn)]
is the point with the coordinates

Ty = S Z m(371, (snk“snk—l)

k=1

Yn = g Z Y(Sn.x) (Snk — Snx—1) 5
k=1

gince the mass of the arc is equal to g¢8.

The limit position of the point (x,,y,) as n tends
to oo is the position of the centre of mass of the con-
sidered arc. Thus the coordinates of the centre of mass are

(12) a‘c=1imac,,-—-SJ zds and Y =Ilimy,= g Jyds

n=0o0 n=00
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10.6. The volume and surface area of a solid of revolution

Let a continuous function y = f(x), a < < b, be given.
Moreover, let f(x) > 0. Let us denote as in § 10.4 by P
the region constituted by points x,y satisfying the con-
ditions e <z < b, 0 <y < f(x). Rotating the region P
around the X-axis we obtain a solid of revolution. Let
us denote its volume by W. We have

b
(13) W== f y:dx.

In order to explain +this formula, let us consider
a normal sequence of partitions (see § 10.3, 2). Let

Fic. 24

f(nx) be the upper bound of the function f in the
interval an—1, anix. Replacing the arc of our curve lying
over this interval by the segment y = f(x,x) Wwe obtain
by the rotation around the X-axis a cylinder with the
base wf(wnx)? and with the height a,;— apx—1, and so
with the volume

7f (T, 1) Wk — A —1) -

Proceeding in this way for each k (n being constant)
we replace the considered solid of revolution by another
one, circumscribed on the given solid and made up of
a certain number of cylinders. The volume of this solid
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is the sum of the volumes of the particular cylinders:
denoting this volume by W,, we have then
In

Wn =T 2 f(mn,k)z(a'n,k“a'n,k—l) .

=1
By Theorem 2 of §10.3 we obtain in the limit
W=1lmW,.

n=00

Analogously, replacing the upper bound by the lower
bound in the above construction we prove that W is
the limit of the volumes of certain solids inscribed in
the considered solid of revolution everyone of which is
a sum of a certain number of cylinders.

Let us denote by B the area of the surface obtained
by the rotation of the arcy = f(z), a <2 <b, ie. the
area of the lateral surface of the considered solid of revo-
lution. We have the formula

b
(14)! B=2r[yV1+(y) e

(assuming the continuity of the derivative f'(x)).

To establish this formula we approximate the con-
sidered surface by surfaces the area of which is known
from the elementary geometry. For this purpose let us
congider a sequence of polygonal lines approximating the
arcy = f(x), a <x <b, defined in §10.5 (cf. Fig. 10).
The surface obtained by the rotation of such a polygonal
line around the X-axis constitutes of a finite number of
truncated cones. Since the generator of a truncated cone
is the segment joining the points [a,x—1, f(@nx—1)] and
[@nxy f(ank)], i.e. & segment of the length

V’(an,k - an,k—1)2 + [f (an,k) _‘f(an,k—l)]za
and the radii of the bases are of the length f(a.x) and

f(@nx—1), respectively, so the area of its lateral surface
is equal to

7[f(@nk-1) + F(@nk)] * V(@nk— Cnge—1)* + [ (@nk) — F(@n,k~1)T%
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as follows from a formula known from -elementary
geometry.

Hence, denoting by B, the area of the surface obtained
by the rotation of the n-th polygonal line, we get

In
Ba=1 ) [f(@ni-1) +J (anp)]-

k=1

V{(@ne— o1 + [ (@nge) — [ (@ne—) F =

In
=T Z U (an,k-—-l) +f(a’n.k)] . l/l + [fl (wn,k)jf(an,k - an,k——l) )
k=1
where a,x—1 < Tpx < Gnk.
We shall prove that
(15) B =1lmB,.

n=00

For this purpose let us compare B, with

In
Gn = 27 Z f(wn,k) . l/]- + []U(wn,k)]z(an,k - an,k—l) .

k=1

By Theorem 2 of § 10.3 with the function f(x) replaced by
the product f(x)- )1+ [f () we conclude that B = lim C,.

== 00
Thus it remains to prove that lim (B,— C,) = 0. "

N=00

Now,

In
Bu—Cu =7 D [ (ani—1)—F (@) +F (@) —f (@ni)]-

k=1
VI F (@nge) (@ — O 1) -

According to the assumption that the considered sequence
of partitions of the interval of integration is a normal
one we may assume that if the points z and 2’ belong
to the same interval of the n-th partition, then |f(z)—f(2")|
< & (where ¢ is a given positive number). Thus

lf(an.k—l)"f(wn.k)l <e& and |f(an.k)—f(wn.k)i <e.
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Denoting by M the upper bound of the function

V1+[f(x)P in the interval ab we obtain immediately
| Bpn— Ca| < 2meM (b—a). Hence lim (B,— C,) = 0.

In this way the formula (15) is proved.

A simpler formula for the surface of a solid of re-
volution is obtained treating z as a function of the length
of the are, similarly as in § 10.5. Namely, applying the
first of equalities (9) we have

b S
(16) B=2x [ yV1+ @ )de=2x [ yds,
a (1]

where S denotes the length of the arcy = f(x), a <z < b.
Formula (16) may be transformed as follows:

S

a7 B=S-27r-g—,.f yds = 8. 277,

]

where % denotes the ordinate of the centre of mass of
the arcy = f(x), a < 2 < b (cf. (12)).

In other words, the area of the surface obtained by
a rotation of the arc y = f(x) around the X-axis is the product
of the length of this arc and the path of the centre of mass
(Guldin’s theorem).

ExampLES. («) A cylinder. Let f(x) be of a constant
value r for 0 < x < h. The region P constituted by the
points 2,y such that 0 <o < h and 0 <y <r is a rec-
tangle. By a full rotation of this rectangle around the
X-axis, a cylinder with the height » and with the radius
of the base r is obtained. Hence the volume of this
cylinder is equal to n72h. The same result will be obtained
applying formula (13), since

3
W=ﬂ:f7‘2dm='rc72h.
0
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The formula (14) gives for the lateral surface of
the cylinder (taking into account that ¥’ = 0) the formula

3
B =27-cfr(lx———,mrh,
0

in accordance with the known formula from geometry.

(B) A cone. Let y = cx, 0 <z < h. In this case the
region P is a triangle. By the rotation, a cone with the
height h and with the radius of the base » = ¢h is obtained.
By formula (13) the volume of this cone is equal to

h
u: f cxtdx = ync?hd = ynrth.
; .

According to formula (14) the lateral surface of the cone
is equal to

h
27 fcm]/] +cde = meh* Y1+ ¢ = mrl,
[}

where 1 denotes the length of the generator (becauée
l=hy1+c).

(Y) A sphere. Let y = y12—a?, —r <@ < r. The set
of points defined by these conditions is a semicircle.
Rotating the semicircle around the X-axis we obtain
a sphere with the radius . The volume of this sphere is

r r r
™ f (r—a®)dr == frzdm—n fa;zdx = 2m3—}rd = $mrs,
—-r -7 -r

To evaluate the surface of the sphere, formula (16)
may be applied. For this purpose we express y as a func-

tion of the length of the are s, i.e. y = rsin; . We obtain
the following value of the surface of the sphere:

nr

b
27 frsin;ds = 2mr? f sintdt = 2rr2[—cost]] = 4nr.
0 0
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10.7. Two mean-value theorems

FIRST THEOREM. Let two continuous functions f and
g be given in an interval a < x <b. Moreover, let the
function g be of a constant sign. Then

b
(18) f f@)g(@)do = f(8) [ g(z)dz,

where & is a suitable chosen value satisfying the condition
a<&<bh
Indeed, let m and M indicate the lower and the upper
bound of the function f in the interval a <@ < b,
respectively. Then we have
m < fle) < M
for every w.

Let us assume that g(x) > 0 everywhere. Multiplying
the above double inequality by g(x) we obtain then

my(x) < f(x)g(x) < Mg(x)
and hence, by mtegratlon (cf. §10.2, T),
b

m [ g(@)do Jf(m 2)da < Mfg

a

Hence we conclude (assuming the function g to be
not identically equal to 0, which can be obviously sup-
posed) that

b b
m = { ff(ac)g(w)dw: f g(w)dw} <M.

According to the Darboux property of the function f
(which is a consequence of its continuity), this function
assumes all values contained between m and M. Therefore
there exists a & in the interval ab such that

b b
&) = [ f@)g@)de: [ g(z)de,

i.e. that formula (18) is satisfied.
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In the case when g(x) < 0 everywhere, the proof is
completely analogous.

Remark. Assuming that ¢(x) # 0, always we obtain
a shorter proof of the above theorem applying the Cauchy
theorem stated in § 7.5, (12). Let us denote by H(xz) the
primitive funetion of the function f(z)g(x) and by G(x)
the primitive function of the function g(z). Then we have

H'(x) = f(x)g (), G;(w) =g(z),

b
[H@g@)ds = Hp)~H(a), [ g(2)dn = G(b)—C(a).

By the Cauchy theorem,

H(b)—H(a) _ H(E) _ (g8 _
G(b)—G(a)  G'(§) g(&) ’
and formula (18) follows.

SECOND THEOREM. If the function f is continuous and
the function g s monotone and possesses the second
derivative continuous in the interval a < x < b, then

£

b b
(19) [ f(@)g(@)dz = g(a) [ f(@)dz+g(b) [ f(o)do,
a &

a

where & is a suitable chosen value belonging to the interval ab.

Let us denote by F(x) a primitive function of the
function f(z), i.e. F'(x) = f(x). Since the derivative of
a monotone function is of a constant sign (cf. Theorem 2
of § 7.7), so we may apply the first mean-value theorem
to the product of the functions F(x) and g¢'(x). Hence,
applying the rule for integration by parts, we obtain

b b b
[1(@)g(@) de= [ g(z)F'(@)do=[g(x)F (@)L — [ F(z)g(@)ds
b
— [g(O)F () —g(a)F(@)]—F (&) [ ¢'(@)dw
— g(B) F(b)—g(a)F(a)— F(£)g(b)+ F(£)g(a)

b
since [ g'(x)dz = g(b)—g(a).
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Consequently,

[ H@)g(@)de = g(a)[F (&)~ F(a)]+g(b)[F (b)—F(£)],

whence we obtain formula (19) taking into account that
b

F(£)—F(a ff dv  and F()—F() = [ fo)de.
3

EXAMPLES AND APPLICATIONS. The mean-value theorems
are often applied in order to estimate the value of integrals.
We shall consider some of their applications.

() Let 0 <a <b. We shall prove that
b

(20) lim f ST g — 0.
n=00 &x

For this purpose we shall prove that

b
(21) U smmdw‘<-4-, it ¢>0.
PR ca

We apply the second mean-value theorem substituting
f(x) = sincx and g(x) = 1/x. We obtain

b ¢
fsmcwd =% j smcmdw—i—bj sincxdx
a a

=al(cosca cos0€) + 7 (cosc&‘ cosch) .

Since |cost| <1 and a < b, we conclude that

b
'J'sincw <2+2<i
; be " ac

&

The formula (21) implies the formula (20) immediately.

Remark. The formula (20) is also an immediate con-
sequence of the formula (y) in § 10.2.

(B) Applying the first mean-value theorem, the Taylor
formula may be deduced in the following way.
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We substitute in the formula
fzy(""")dw = 2y —2'y(n=D 4 4 (—1)meMy 4
+ (_1)n+1fz(n+l)ydm

proved in § 9.3, 5, (v), 2 = (b—«)", ¥ = f(x), assuming the
function f to possess a continuous n +1-th derivative in
the interval a < x < b.

Integrating from a to b we obtain

b
f (b—a)"y" Vo = [(b—2)"y™ +n(b—2)"y" TV + . +nly
a

= n!f(b)— {(b— a)*f™(a) + n(b—a)" " @) + ... - n!f(a))}.

On the other hand, the function (b—x)" being of
a constant sign in the interval a <z < b, we obta.m by
the first mean-value theorem

j (b— 2" ) o
b

= ™) _J (b—a)"dax =

a

(b—a)™™

Comparing the obtained formulae we get the Taylor
formula with the remainder in the Lagrange-form.

10.8. Methods of approximate integrations. Lagrange inter-
polation

Given n +1 points x,, 2, ..., @, on the X-axis and n+1
values ¥,y Y1, -y Yn, there may be defined a polynomial
w(x) of the n-th degree assuming at these points the
values Yo, ¥y, ...y Yn, 1.e. such that

(22) w(2y) = Y for k=0,1,..,n
First we shall define for each ¥ a polynomial w(x)

of n-th degree with the property that wu(zz) =1 and
Ux(xm) = 0 for each m # k.
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Namely, we write

(=) + oo (T — Tp—1) (B — Bp1) - ... - (T—Tn)
T — @) + ven * (B — Tpp—1) (T — Trg1) * oo (Te—2p) ~

uk(w) = (

By means of the polynomials wux(x), we define the
polynomial w(x):

(23) W (@) = Yoro(®) + Y1 Us(®) + ... + Yn Un() .

We see at once that this is a polynomial of the n-th
degree, satisfying the condition (22). This is the so called
Lagrange interpolation polynomial.

It is worth while noting that the polynomial w(x) is
determined uniquely, i.e. if a polynomial % of n-th degree
satisfies the condition (22), too, then it is identical with w;
for their difference is a polynomial of degree <» vanishing
at n-+1 points (namely, at the points x,, z, ..., T»).

When a function expressing a relation between certain
physical quantities is known only in an empirical way,
i.e. if only a finite number of values of this function
(by means of measurements) is known, then an ap-
proximate evaluation of the integral of this function is
applied, e.g. the Lagrange interpolation, and then the
integral of the obtained polynomial is evaluated.

‘We obtain an especially simple formula if n = 2 and
at+bd
2
through the given three points. As can be easily calculated,

we obtain

Ly = @, T = , &, = b, i.e. when we draw a parabola

b
b—
(24) [ wi@)de =52 o+ 43+ 9.

This is the Simpson foimula giving an approximate

b
value of the integral [ f(x)de. The approximation will
a

become more accurate if we divide the interval ab into
smaller intervals and if we apply the Simpson formula
to everyone of them. Namely, dividing the interval ab

17
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into 2n equal intervals by means of points @y, @y, ..., Zop,
where x, = a, ®,, = b, we obtain the general Simpson
formula for the approximate value of an integral:

b—

_—6%? [Yo+Yon +2(¥2+Ys+ ... +¥2n—2) +4 (Y1 +Ys+ ... +Y2n—1)]

ExAMPLE. Let us apply the Simpson formula to evaluate
2

log2 = [ c;_:v , dividing the interval 1 < x < 2 into halves.
1

We have
=1, Yo=1, x=15, ¥y, =0.667...,
r,=2, y,=05.
Thus formula (24) gives the approximate value of log2:
1(1+4-0.66740.5) = 0.694...

Actually, we have log2 = 0.6931...

Now we shall mention the so called ‘“‘trapezoid method’
of the approximate evaluation of the integral of a funec-
tion f(x) > 0 in an interval ab. We divide the interval ab
into » equal intervals by the points x, < o, < ... < @y,
where x, = a, £, = b and we draw a polygonal line through
the points (xx, yx), where k= 0,1,...,n (cf. Fig. 10).
The area 8, between this polygonal line and the X-axis
is the sum of areas of n trapezoids 71, ..., T),, where the

area of the trapezoid T is equal to é—;—a - 3 (Yr—1 + V).
Thus,

b—a
sn=—ﬁ—<%—°+y1+y2+...+yn-l+%—” .

This is the approximate value of the area between
the curve y = f(2), a <« < b, and the X-axis; speaking
otherwise, this is the approximate value of the integral

b
[ (z)de.
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10.9. Wallis formula (1)
We shall prove the following formula:

1 2-4-...-2n \?
59 =
(25) T ,l,li?on(l 3 (2%—1))
We shall base our proof on the formulae

1':‘/2
J sin?rxdr =
0
n!2
J sinzr+lpdr =
0

proved in § 10.1, 5.

From these formulae it follows:
(26)

1-3-...-(2n—1) Ll
2-4-...-2n 2’

2-4-...-2n
5-

3. (2n+1)’

n/2 /2

T _ 2~4-...~2n*2. 1 _ f.z f A }
2—(1.3....-(2n—1)) on+1 {6 sin®'pde: | sin™*zde.

0

We shall prove that

/2 /2

lim { _f sin?redre: J sin2"+1wdx} ==
[1]

n=00
Indeed, in the interval 0 <z < w/2 we have the
inequalities
0 < sin2rtlyp < sin?re < sin?* g,

whence
/2 /2 /2
0 < f sinzrtlpde < f sin?*rxdx < f sinzn—1xdy
0 0 V]
and so
/2 /2

1< J sinzrxdx: f sin?ntlgdre
0
/2 /2

<J sinm‘lwdw:j sin?2rtlgdr <
0

2n+1

1
2n —1+27&'

(*) John Wallis (1616-1703), an English mathematician.
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Thus the considered quotient of integrals tends in the
limit to 1.
Hence we conclude by (26) that

.. F 2-4-...-2n 2 1
27 2 _lﬂ[(l-s. (2%—1)) '2n+1] :
This formula gives formula (25) immediately, since
lim ~—~— _1
nmo 2 +1  2°

Remarks. () We apply the Wallis formula also in
the following form:!

(28) V=
Namely, we have
2-4-...-2n=n!-2",
- 2n (2n)!
2:-4.-...-2n 'n!-2"'
Substituting the above formulae in formula (25) and

taking a square root we obtain equality (28).

(B) The Wallis formula may be written also in the
form of an infinite product:

(n!)zzzn
B n=co ]/n(2n

1-3-..-(2n—1) =

4n2 224466
(29) ”4 133557
n=1
Namely, denoting by p, the partial product

_ 4 4w _(32. (. 2n 2n
Pn=g1 7 " tp—1\13) " \an—12mF1

_( 2-4-..-2n 1
T \1.3....-(2n—1)) 2n+1°

we have, according to (27), lim p, = g .
N w=00

4n?
'nliror: pn !_! in?—1 !
whence the formula (29) follows.

At the same time
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10.10. Stirling formula ()

We shall deduce from the Wallis formula the following
formula due to Stirling:

n!
30 lim ——r—— =1
(30) n=00 ]/27':% nre—m
Let us write
nlen

nyn

an

So it is to be proved that lim a, = }/2x.
n=00

First we shall prove the sequence a,, a,,.. to be
convergent. Since it is a sequence of positive terms, it
suffices to prove that this sequence is decreasing, i.e. that
an

> 1. Now,
An 41

wHR(n 1) e

1 1
=(n +§)‘°g(1+ﬁ)“

Since (cf. § 7, (54))

an 1 (n4l)ptierz 1 1\n+1/2
An+1 - -é ( ’}'_b) ’

whence

log

11
(5+-2-)1og(1+w)>1

for 0 < ¢ <1, so substituting « —% we find

(n+1)log(1+})>l, i. e. log >0,
2 n Gpt1

Ay
whence >1.

n+1

Thus, the sequence a,, a,,... i8 convergent. Let us
write lim a, = g. We shall prove that g 7 0.

N =00

(1) James Stirling (1692-1770)—noted Scottish mathematician.
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For this purpose let us note that

os(1+3) - <31 Jﬁ),

since the arc of the hyperbola y = % n<x<n+1, lies be-
L . 1
low the segment joining the pomts( ;L) (n +1, m)
Hence
a, 1/1 1
IOganH < 4 (ﬁ_ n +1)
and so
og <l e a,> e
n 4

It remains for us to prove that g =)/2x. To this
end we now apply formula (28) taking into account the
equations

1)2 g2n ! e2n
P L) o N L0 Ll
nn (2n)2n Y/ 2n
We obtain
2
Y= = lim a g ie. g=y2%=x.

n=00 fop - V2 [ VE’

Remark. The practical importance of the Stirling

formula is based on the fact that for large values of n»

the expression }J/2mnnme—" gives an approximate value

of n!l. We say that it is an asymptotic value of n! (which

means that the quotient of these two expressions tends
to 1).

10.11*, Riemann integral. Upper and lower Darboux
integrals

The theorems of § 10.3 are the starting point for
a generalization of the notion of a definite integral to
certain classes of discontinuous functions. For this purpose
we shall introduce the Darboux integrals.
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Let a bounded (but not necessarily continuous) fune-
tion ¥ = f(x), @ < o < b, be given. Moreover, let a sequence
of partitions of the interval ab into 2" equal parts
(n=0,1,...) be given. Let us denote the points of the
n-th partition by

G0y Ony oeey Quony, Where apo=4a, a,m=»=».

Let M, denote the upper bound of the function f
in the interval a,;—ia,x. Finally, let

21!
(31) 8, = b;n“ Z M.
k=1
The sequence {8,} is a decreasing sequence (in the
wider sense). Indeed, for each £ = 1, 2, ..., n the intervals

Opt1,0k—20n41,26—1 DA Gpi10k—10ni1,0c @T€ contained in the
interval a,x—;a,%. Thus,

Mn+1,2k—1 < Mn,k and Mn+1,2k < Mn,k y
ie.

%(Mn+x,2k—l + Mn+1,2k)< Mn,k .
Hence

Sn+1 =
_ b"‘a'<Mn+1,0 +Mn+1’l+... T Mn+1,2"+!—10+Mn+1,2"_+1)

g 2 <.

Thus the sequence {8,} is non-increasing. It is simul-
taneously a bounded sequence, since, denoting by m
the lower bound of the function f, we have obviously
S, = m(b—a). Hence it is a convergent sequence. Its limit
is called the wupper Darboux integral and denoted by
the symbol

b
(32) [ f@)de =1im 8,

Similarly, denoting by m,; the lower bound of the
function f in the interval a,x—;a,; and writing

b—a
(33) Sn = on Zmn,k
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we prove the sequence {s,} to be increasing (in the wider
gense) and bounded, and so convergent. Its limit is called
the lower Darboux integral and is denoted by the symbol

N=00

b
(34) [ f(@)dw =1lim s,.

If the upper and lower integrals are equal, then the
function f is said to be integrable in the Riemann sense;
the common value of these two integrals is called the
sz'ema,nn wntegral of the function f and is denoted by

[ f(x)dx as in the case of the definite integral of a con-

ginuous function. The same symbology may be applied,
because (as follows from the theorem 2 of § 10.3 im-
mediately) the Riemann integral of a continuous function
8 equal to the definite integral of this function (in the sense
of the definition given in § 10.1).

The functions integrable in the sense of Riemann
consist of a larger class of functions than the continuous
functions. In particular, bounded functions having a finite
number of points of discontinuity (we shall turn to such
functions in § 11) and monotone functions are integrable.
However, there exist (bounded) functions nonintegrable
in the sense of Riemann. An example of such a function
is the Dirichlet function which we have already met
(cf. § 4, 5), equal to 1 in rational points and to 0 in ir-
rational points; for this function we have always S, =1
and s, =0 and so

b b
ff(w)dx:l, f,‘f(w)dw=0.

Let us add that there exists a definition of the
(Lebesgue) integral which ascribes the integral to a larger
class of functions than the Riemann integral ().

(*) Cf. 8. Saks, Theory of the Integral, Monografie Matema-
tyezne, vol. 7 (1937).
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We based the definition of the Darboux integrals on
the consideration of a sequence of the ‘“diadic’ partitions
of the interval of integration. We shall now show that
the same result is obtained considering an arbitrary normal
sequence of partitions. More strictly, we shall prove the
following theorem:

Let a normal sequence of partitions of a segment ab
defined by the points

(3B) Gnp<tny<..<dni,, where apo=a, apn, ="

be given. Let M, denote the upper bound of the function f
in the interval amyx—10an. and let

ln
(36) 8= D M@ — i) -
k=1
Then
b
(37) lim 8 = [ f(x)da.
Nne=00 a

The proof of this theorem will be based on the follow-
ing lemma:
Let two partitions of the interval ab,

G=a< ;< ..<@p=b and a=aj<a<..<a,=b

be given. Let d and d’' indicate the length of the greatest
interval of the first or of the second partition, respectively.
Let My and Mj denote the upper bounds of the function f
in the intervals ap_,az or ay—,ax, respectively, and let

r r
(38) 8= D Mya—am) and 8 = D' Mi(ai—aiy).

k=1 k=1

Finally, let the number M satisfy the inequality M > |f(x)|
for every x belonging to the imterval ab.
Then the relation

(39) S <84-3r Md’
holds.
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The intervals of the second partition may be classified
in r+1 classes; a given interval of this partition will
belong to the k-th class (for ¥ =1, 2, ...,r), if it is con-
tained in the interval az_;a; and to the r+41-th class,
if it is contained in none of the intervals of the first
partition, i.e. if it contains inside one of the points
ay, Ay, ..., G,—;. It i3 clear that some of these classes may
be empty.

If the k-th class (for k¥ <r) is non-empty, then let
pr denote the first and j, the last index ¢ satisfying the
condition ay—; < @} < ai. Since for the intervals a;_,a; of
the k-th class there holds the inequality M; < My, so
denoting by D* the sum over all intervals of the k-th
clags we have

¥ Miai—aiy) < My ) (ah—ai—y) = Milaj,—ap,)
= M(ar— ar—) — Mi(ap, — ax—1) — Mi(ax— aj,)
< Mi(ax— ag—1) + M (ap, — ax—1) + M (ar— aj,)
< My(ag— ax—,) +2Md’ .

If the k-th class is empty, then let )* = 0. Finally
let us note that there are at most r—1 intervals of the
r+41-th class. Thus,

DT MY a— ) < (r—1) M@

Consequently,

Z Ml(at al—l + +2 M az—l +
+Z'“ Mi(ai— ajs) < My(a,—ag) + .. +
+ M (0 —ar_y) +2rMd’ + (r—1)Md’,

whence the formula (39) follows.
Thus our lemma is proved.

In order to prove the theorem let us consider an ¢ > 0

b
and let us choose an index ¢ such that 8, < [ f(x)dz + e.

a
Since the considered sequence of partitions is normal,
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we have d, < for sufficiently large =». Hence,

3.2'M
according to the lemma, we have

b
8, < 8+ 3- 22 M < [ f(@)dw+2¢.

Moreover, let us choose to each n an index j, such

that the inequality b_2;”iz< éle—M holds. Then
n
b—a

S0 < it Bl M 75

< 8+

whence

b b
ff(w) dr < 8, +¢, Dbecause f f(x)de < 8;, .
a a

Consequently,

b b
ff(w)dx<8;+s<ff(m)dx+3e.

The number ¢ being arbitrary, this inequality implies
formula (37).

Thus, our theorem is completely proved. There is
a similar theorem for the lower integral.

The following formula is an important consequence of
our theorem:

b c b
[ @iz = [ f@do+ [ f()d,

(40) b c b
[ t@az = [ f@dz+ [ f(z)ax,
if a<c<b.— - )

Indeed, let us divide the segments ac and cb into 2"
equal parts. Let us denote the points of the partition by

(A1) =A< A1 < oo < Ao =€ =
= bpo < bp1 < .. <bpsn=b.
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Let M, denote the upper bound of the function f
in the interval a,;—a,x and P,; the upper bound in
the interval b,z—;1b,r. Then we have

on
f f(x)dw = lim 2 nk (Wi — Gn,k—1)

N=00 k=1
and
f f(z)dz = lim v P ie(bnie— bng—1) -

n=00 k

Moreover,

b
[ Haydw =
a

2n 2n
= hm{ Z -z‘[n,k(an,k"" an,k—l) + 2 Pn,k(bn,k"" bn,k—-l)} ]
=0 " Ll k=1
since the points (41) define a normal sequence of partitions
of the segment ab. Hence the first of the formulae (40)
follows. The proof of the second one is analogous.
It follows from the formulae (40) that if the function f
is integrable in the intervals ac and cb (where a < ¢ < b),
then it is also integrable in the interval ab and the for-
mula 5 of §10.2 (on the division of the interval of in-
tegration) holds. :
Conversely, if a function f(x) is integrable in the
interval ab, then it is also integrable in both intervals ac
and ¢b (and so in each interval contained in ab, too).
Indeed, we have by the assumption

b b b
[ @iz = [ f@)de = [ j(@)do.

Comparing this pair of equations with the formulae (40)
we obtain

c c b b
(ff(w)dw——ff(m)dw)+(ff(w)dx— ff(w)dzv) =0.
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Hence we conclude by the obvious inequalities

¢ " b b
[fwas < [f@de, |[j@ade< | f@)ds

that
c c ) b
[H@do = [ fw)dz and [ j@)do = [f(@)do.

Just as for continuous functions we assume the for-
mulae (2) and (3) for arbitrary integrable functions and
we prove theorems 1, 2, 6, 7 and 8 of § 10.2. In place
of the mean-value theorem we have for arbitrary integrable
functions the double inequality

b
(42) m®—a) < [ f(z)dz < M(b—a),

where a < b and where M and m denote the upper bound
and the lower tound of the function f in the interval ab
respectively.

Theorem 10 of § 10.2 on the differentiability of the

x
function g(x) = | f(#)de does not hold for arbitrary in-

tegrable functions. However, it may be proved that the
function g(x) is continuous.

Indeed, denoting by M the upper bound of the func-
tion [f(«)| in the interval ab we have (by the formulae (40)
and (42)):

z+h x

9@ +n)—g@)| =|[ 10— [ 1@a|

z+h

=|[ rwa| <nl -3,

whence limg(z+h) = g(z).
h=0
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Exercises on § 10

ﬂ[Z /2
1. Prove that | cos®zdr = [ sin"zde.
0 0

2. Evaluate the sum -1 (n) — } (") + l (") — —1—— (n) .

10/ 31\ 5\2 2n 41 \n,
Hint: apply the substitution # = cost to the integral
1
f (1 —a)"da.
0
3. Deduce the (Cavalieri) formula
lim 1™ 42" . 4™ 1
n=00 nm+1 m-+1

1
applying the integral [ amdx (cf. also Exercises 2 and 3
0
of §1).
. 1
4. Evaluate 71:2 n (nz—-{d?

. 1
funetion 112 )

+ ..+ ) (integrating the

1
nt 4 n?

1
5. Prove tha,t:lrg( +1+n+2+ = ) log2.

6. Give a geometrical interpretation of the Euler con-
stant (cf. § 7, Example 18) C = lim (1+ %+ %+...+%—

n
—logn), applying the equation [ %a: = logmn.
1

rsinz 72 .
7. Prove that f 1T coss dx = T Decompose the in-
terval of integratlon into halves and substitute in the
second integral x = n—1.
/2

8. Prove that [ logsinwde = — z log2. (First prove that
V]

/2 /2

f logsinzdx = [ logcoswdr =
(1} 0

1™ sm2w
2 /1o dz).
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9. Find the length of the arc of the parabola given
y the equation y = x?, lying between the points with
he abscissae 0 and a.

10. Given an ellipse with the excentricity ¢ and with
he large axis of length 2, express its perimeter by means
f a power series with respect to e.

11. The circle given by the equation (zx—a)®4y? =12
7ing on the XY-plane rotates (in the space) around the
7-axis. Evaluate the area of the surface of the solid
btained in this way, called the anchor ring (we assume
> 7).

12. Evaluate the area of the common part of the
ircle with the radius » and an ellipse with the axes a
nd b having the same centre as the circle.

13. Applying the Simpson formula to the integral
1
'%, evaluate the 5 first figures of the decimal ex-
ansion of the number }r.

14. Show that the Simpson formula (24) gives the

M(b—ay

576 where M denotes

he upper bound of |f/(x)| in the interval a < x < b.
To prove this, introduce an auxiliary function:

rea with an error less than

c+t

9) = [ f@)do— LTite—0)+4f() +fle+0)],
c—t

a+b

where C =
2 bl

nd deduce the inequality — gﬂl{ <g''(t) <%2M. Get

he required result, integrating this inequality.
15. Prove the Schwarz inequality for integrals:

b b b
([ 1) g@)aa)’ < [ p@yds. [ @a)ds.
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b
(Apply the inequality [ [f(z) +¢-g(a)Pde >0 which

holds for every c).

16. Give the formula for the radius of curvature at
the point z,y for the following curves:

. m‘z yz
1) hyperbola xy = 1, 2) ellipse —+35 =1,

3) parabola y = 4pa?, 4) hypoeycloid x} + y¥ = af,

5) the curve y = 3.

17. Find on the exponential curve y = ¢® the point at
which the curvature is a maximum,

18. Given the hypocycloid from the exercise 16, 4).
Evaluate its length, the area of the region contained
ingide of it, the volume and the area of the solid of
revolution obtained by the rotation of this hypocycloid
around the X-axis.

19. A system of functions f,, ..., f, is called linearly
independent, if no system of n constants ¢, ..., ¢, exists
except of the system of » zeios) such that the equality

e fi(z)+ ... +enfu(z) =0

holds for every value of .

Prove that a necessary and sufficient condition for
the linear independence of a system of n continuous
functions in an interval ab is that the inequality

Apiee . Apy

b
holds, where aim = [ fi(®)fm(®)de.

(Apply the conditions for the existence of non-trivial
solutions of a system of » equations

Y%yt i F @ =0 (k=1,2,..,n)

with » unknowns).
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20. A finite or infinite system of functions f,, f,, ...
is called orthogonal in the interval ab, if the conditions

=0 for k+#m,

b
af fk<w>fm<w>dw{ 20 for k—m

are satisfied.
Give examples of orthogonal systems among the tri-
gonometric functions.

21. Prove that the polynomials (so called Legendre (1)
polynomials) defined by the formula

1 det-1)"
2" da"

constitute and orthogonal system in the interval —1, 1.

+1
(First prove that if m < n, then f Wy(x)e xmdr = 0.)
-1

§ 11. IMPROPER INTEGRALS AND THEIR
CONNECTION WITH INFINITE SERIES

11.1. Integrals with an unbounded interval of integrition
Let a continuous function y = f(x) be given in an
x

infinite interval 2 > a. Then the integral [ f(z)dz exists
a
for every x > a. If there exists

z

limF(z), where F(z)=[f(x)de,

then this limit is denoted by the symbol [ f(x)dz and

a
called the improper inteyral (of the first kind) of the
function f from a to oco. Assuming the existence of this

(*) Adrien Legendre (1752-1833), a great French mathematician.

1R
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limit, we have then

(1) J @)dw = tim [ j(2)dz

We say in this case also that the improper integral is
convergent.

x (e~
If lim ff(z)dz = oo (or —oo), then we write | f(z)dz
=00 G a
= oo (or —oo); in this case we say that the integral is
divergent to oo or —oo.
Similarly, we define:

@) [fl@ae=1lm [[@)de,

+o00 0 Q
and [ flode = [f(@)de+ [ j(@)da.

We have by the definition:
[ f(z)dx = Yim [F (2)—F (a)] = lim F (2)—F (a),
a =00 L=00

where F is a primitive function of the function f.
E. g.

o0
/ o0
d_t‘?:[_}] — lmYi1=1.

'1 1 =00
Hence this integral is convergent. More generally, for
s> 1 the integral

&g
ot

1] 1
%) =i [en) =i
is convergent.
But for s =1 we obtain an integral divergent to oo:
?odw o
(4) f — =[logz]y = oo.

£
1
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An example of an integral having neither a finite nor

[o 0]
an infinite limit is [ sinazdx, since lim cosx does not exist.
0 =00

In the last example the essential fact is that the
function under the sign of the integral assumes positive
as well as negative values. In fact, the following theorem
holds:

[eS]

1. If f(x) = 0 for © > a, then the integral [ f(x)dx has
a

either a finite or an infinite value (according to whether

x
the function F(x)= [ f(z)dz is bounded or unbounded
a

in the region x>=a).
Indeed, the function F(x) being non-decreasing, it
possesses the limit lim F(x) finite or infinite according

=00
to whether this function is bounded or unbounded (cf.
§4.7, 1).
Theorem 4’ of § 4.7 implies the following theorem,
immediately:

2. A necessary and sufficient condition for the convergence
of the integral f f(x)dx (to a finite limit) is, that to any
a

e > 0 a number r exists such that the conditions x > r and
x> imply the inequality

< €.

' ff(z)dz

Indeed, the existence of the limit lim F(«) is equivalent

T=00
to the condition that to every ¢ > 0 there exists a number r
such that |F(x)—F(x')] < e, whenever x>+ and =’ > 7.
Since
T

Plo)—P@) = [j(z)dz, so i’ff(z)dz]<s.

x’ x’
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Geometrically we interprete the integral [ f(x)de simi-
a

larly as the integral in finite limits: if f(z) > 0, then this
integral means the area of the unbounded region made
up of by points 2,y such that # >a and 0 <y < f(2).

11.2. Integrals of functions not defined at one point

Let a continuous funection f be given in an interval
a < x<b (the interval without the point b). Thus for
any « satisfying the above condition the definite integral

4
f f(2)de exists. If there exists the limit lim F(x), where
a =b—0

x
F(z) = | f(2)dz, then this limit is denoted by the symbol
a
b
f f(x)dw, as in the case considered in the previous section,
a

namely, as in the case when the function f is defined
and continuous in the whole interval a <z < b (together
with the ends). In the last case the definition given in
§ 10 (formula (1)) is consistent with the definition of the

b
symbol ff(a:) dr given at present. In other words, if
a
a function f(x) i8 continuous in the interval a <z <b,
b
then the integral ff(w)da: (in the sense of the definition
a

in § 10, formula (1)) satisfies the condition
b z

(3) [f(@)de = lim F(z), where F(z)=]f(z)dz.
2 Z=b—0 p

This equation means that ¥(b) = lim F(x), i.e. that
z=b—0

the function F(x) is (left-side). continuous at the point b;
but this follows from Theorem 10 of § 10 (Remark (8)).

The integral of a function f defined in an interval
a<x<b is called an improper integral (of the second
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-

kind). If this integral exists, i.e. if lim F(x) exists, then
x=b—0
we say that the integral is convergent.

If the function f is defined and continuous in an

b
interval @ < x <{ b, then the integral [f(z)dz is defined

analogously:
b

Jf( Ndr = lim ff(z
a T=a+0 ,
More generally, if a function f is defined and con-
tinuous in an open interval a < x < b and if the improper

integrals jf )dx and jf )dx are convergent, ¢ being

an arbltraly point of the interval a < ¢ < b, then by
b

the integral J']‘(x)dm we understand

(6) J f(z)de = ff Vi + lf(m

It is easily seen that this sum does not depend on
the choice of the point c.

Yet more generally, if the function f is defined and
continuous in an interval a <<z <b except of a finite
number of points (in which the function is not defined
or is discontinuous), then by the (improper) integral of
the function f in this interval we understand the sum

jf(x dw = ff(m dx+ff(m dz ...+ ff(w dw,
Ap—q
where a = a, < @, < a, < ... < ap = b, and all points such
that f is undefined or discontinuous at these points are

contained in the gystem of the points a,, a,, @, ..., @n.
b

So the integral | f(x)dz is convergent, if all integrals
a

on the right side of formula (7) are convergent.
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1. If a function f(x) is bounded and if it is defined and
continuous except of a finite number of points of the interval

b
ab, then the integral [f@)dx is convergent.
a

According to the formulae (6) and (7) it is sufficient
to prove this theorem in the special case when the func-
tion f is defined and continuous for a < z < b.

For this purpose let us note that there exists a necessary
and sufficient condition of the convergence of improper
integrals of the second kind analogous to the condition
given for improper integrals of the first kind (§ 11.1, 2):

2. A necessary and sufficient condition for the con-
b

vergence of the integral [ f(x)dx of a function defined and
a

continuous th a < x << b s, that to any ¢ > 0 a number
0> 0 exists such that the conditions 0 < b—zx < d and
0<b—a" < imply the inequality

(8) 1ff(z)dzg<s.

x
Indeed, writing F(x) = f f(2)dz we conclude from
a
Theorem 4 of § 4.7 that the existence of the limit lim F(z)
x=b—0
is equivalent to the inequality |F'(x)—F(2')| < ¢ (when x
and «’ satisfy the above mentioned conditions). But

x
Flo)—F(@) = [fz)de,
-
whence the formula (8) follows.

Let us now proceed to the proof of Theorem 1. Given
an ¢ > 0, a number 6 > 0 has to be chosen so that the
conditions 0 < b—x < 4 and 0 < b—2’ < é imply the in-
equality (8).

The function f(x) is by assumption bounded in
a < o < b. Thus, a number M exists such that M > |f(x)|
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for every « in the considered interval. Let us write § = ¢/ M.
Now,

' Uf(z)dz!<|x—x'{M

and the inequalities 0 < b—x < d and 0 < b—a’ < § imply

le—2'| < 6 = ¢/ M, whence the required formula (8) follows.
In this way Theorem 1 is proved. Thus, the notion

of an improper integral makes possible a generalization

of the notion of the definite integral to bounded functions

having a finite number of points of discontinuity.

}dw 1

{XAMPLES. (o
! ( ) 0 b 1—s

1
1—-s1l »
[x ]o—l p for s < 1.

= OO,

O
s|§

1
(B) fsin %dw exists by Theorem 1, since the function
[1]

under the sign of the integral is continuous and bounded
for 0 <2 < 1.

1 .
(v) Similarly, the integral [ §1£:vd£ exists. In this case
0

the integral is considered to be seemingly improper;
although the function under the sign of the integral is
not defined at the point 0, it possesses a limit at this
point. Assuming this limit to be the value of the integrated
function at the point 0 we obtain a definite integral
(of a continuous function) in the usual sense.

(3) Analysing the definition of the (improper) integral
of a function f defined and continuous in an open
interval a <2 <b we see that this integral may be
defined as the difference F(b)—F(a), where F(x) is an
arbitrary function continuous in the closed interval a <
< b and satisfying the condition F'(z) = f(z) in the open
interval @ << © < b (of course, if such a function F exists).

r
E. g. the integral f Vfg—d_—«w_z which expresses the length
S Yrr—a

of a semicircle with a radius r is an improper integral
(the denominator of the integrated function vanishes at
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the ends of the interval of integration). However, since
the primitive function of the integrated function, i.e. F(x)
= —rarccos(x/r) is continuous in the whole interval
—r<a<r the value of the considered integral is
expressed by the difference F(r)—F(—r) = nr (just as in
the example considered in § 10.5).

"Remark. An improper integral of a function bounded
and continuous except of a finite number of points is equal
to the Riemann integral of this function. According to the
theorem on the division of the interval of integration,
the proof is reduced to the case when f is continuous in
the interval a <{ @ < b. Moreover, according to the con-
tinuity of the Riemann integral treated as a function of
the upper limit of integration (cf. §10.11) and to the
integrability of the function f in the sense of Riemann,

the Riemann mtegml of the funetlon f in the interval ab
x

is equal to lim f f(@)dex, ie. = jf )dz (the symbols [
z=b—0 a a a

b

and | are applied here in the sense of the definition
a

of §10.1 and § 11.2).

11.3. Calculation formulae

Let the functions f(x) and g(z) be continuous and
defined for a < 2 < b, where b may also denote oo. Let
us assume that the 1ntegrals (1mproper of the first or of

the second kind) jf )ydzr and fg )dx are convergent.

Then the formula,e 1 and 2 of §10.2 remain valid, for

b x
J (@) g (@)]de = Jim f [f (@) £ ¢ (2))d
_llmff dxj:hmfg

= ff\(:v)dxifg(m)dw
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It is proved similarly that the formula 2 of § 10.2
holds.

The formula for the integration by parts (i.e. the
formula 3) remains also true assuming that f(b)g(d) de-
notes liI? f(z)g(x).

z=

Similarly, denoting limf(x) by f(b) (where b as well
T=b

as f(b) may be also = oo) the formula 4 for integration

by substitution holds. Namely, assuming the integral
w

J g(y)dy to be convergent, we have

fa)

b x
J gti(@Nf (@)do = lim [ g1/ (2))f (@) do

(@) 1(6)
=lim [ g(y)dy = lim f sway = | gwav,
8 I2=b s v=10) f(a) #a)
since the integral treated as a function of the upper limit
of integration is continuous (§ 10.2, 10).
Assuming the strict monotony of the function f, the

b
convergence of the integral [ g[f(x)]f(«)dz implies the
a

1(®)
convergence of the integral [ g(y)dy. Hence the pre-
@

viously proved relation may be reversed; namely, ac-
cording to the equation lim h(y) = b, where k(y) denotes

the function inverse to f(ag(),) the previous argument may
be performed also in the reverse direction.

Other calculation formulae: the formula 5 on the
division of the interval of integration and the formulae
6-8 may be also generalized easily to the case of improper
integrals.

Remark. Let a function f be piecewise continuous in
an interval ab. This means (cf. § 5.1) that there exists
a system of points a, < @, < @y < ... < an, where q, = a
and a, = b, such that the function f; defined by the con-
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ditions fi(x) = f(x) for ax—, < & < ax, fulax—1) = f(ax-1+0)
and fi(ax) = f(ax—0) is continuous in the whole interval
G <eXa (k=1,2,..,n).

Then we have

b

[f@dz = Y [j@de= D [ fue)de

a k=1 aj_, k=1 aj_,
Usmg this equation and taking into account the fact

that j fe(x)dx is a proper integral we state easily that

the formula for the integral of a sum remains valid if
the functions f and ¢ are piecewise continuous and that
the formula for the integration by substitution remains
also true assuming the functions g[f(x)] and f'(x) to be
piecewise continuous.

11.4. Examples

oo

(«) To evaluate the integral ——r—2n , we substitute
o (1+a7)
x = tant. Since tan0 =0 and lim tant = oo, we have
t=1t/2—0
00 /2 /2
J f cosZ"tdtantdt f cos* 2t dt
1+ dt
0 0
_1.3-...-(2n—3) =«
=571 “@n=9)2 for n»>1 (cf. §10.1, (¢)).

The same integral may be evaluated applying the
recurrence formula (§ 9.3, 5, (B)):

1 T 2n—3
f(1+w2)"—2fn—2 1+ 2n—-2f(l+x)" !

and taking into account that

@x © > d 00
G, =0 e [ i feretna = =
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(P) To prove the convergence of the integral f 81 n:rd

we shall apply the second mean-value theorem (§ 10 7)
taking into account the fact that the function i is de-

creasing. We obtain

blll a:

‘

b
J ﬂnxdm-}-%J sinzdx .
Let an £ > 0 be given. An » has to be defined so that
the conditions b > a > r imply (cf. §11.1, 2):

‘ ‘ sm.z ‘
Now,
v
‘ sinmda:‘ =<2 and so U smwdw‘ ’2(1+1)<%<%.
B b/ "a " r
Thus, it suffices to assume r = —
We note that
(9) tim | S gy :j -Sin—‘”d (a>0).
=g 0
Namely, let us substitute y = nz. We obtain
a . na .
(10) {smnmdac _ f smydy
. x J oy
(1} 0
and
n.a . [ 3]
lim ; smydy zf sm@/d
n=co Yy P
because lim na = oo.
N=00
(n+1)r
Remark. Let us write I, = [ §l—11—05"1110 Then we have

 sina o "

A . . . . . .
f Z—Zdx = D I,. This is an alternating series (which is
0 n=0
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also easgily to illustrate geometrically on the graph of
the function y:ﬁ%f, of. Fig. 25) with (absolutely)
decreasing terms tending to 0. Indeed, substituting
Yy = x—mnn we have

T siny

B sin (y + nrw) :
———dy =+ ~— dy
J Y -+ nw

Y+ Nw

I, =_Oj

and

ki w

©osiny ’ __siny .
’ 1/—}—71“dy( ‘ y+m—1)= Ay =5 s

-3n —2n —n\ fﬂ 3

Fic. 25

Hence it follows easily that for every a > 0, we have
the formula

(11) fsmmdw’<J S-‘Efd
U

This formula together with formula (10) gives

a T
i (" sinnx “sinx
J dac' < ’ —?G——dac

0 0

(12)

(v) Similarly as in the previous example, we prove

the convergence of the integral f sin(z?)dx (the Fresnel
0

integral applied in optics) although we do not know the
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indefinite integral. Substituting a? = ¢ we obtain

o0 (o<}

j sin(w2)dw=lj siné g
1 1 Vi
Applying the second mean-value theorem to the last
integral we find that

[S)

b

b 3
fﬁ‘_‘l_tdt 1 fsmtdt—{-——— fsintdt'
| |a [b:_.

and we prove the convergence of the integral f S)ittdt
4
by the same arguments as in the previous exa,mple Thus,

the integral [ sin(a?)dx is convergent, too, and so does
1

[o o) 1

the integral | sin(a?)da, since the integral [ sin(a?)dz is
0 0
a proper one.
(8) We have proved previously the convergence of the

[o * BNE) \
integral [ S—lg% dx. Now, we shall prove that
0

C‘O
(13) sinz d :-3: .
: 2
According to (9),
o /2
‘ gﬁb dx = 1 f El}l% dx
0
whence
oo 75/2 .
I sil_n_a_v dx = lim f Sin(2n +1)2 1
. n=co o xr

We shall reduce the last integral to the integral
sm(2n +1)

Sing do:, which we evaluate now. Namely, we
0
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shall show that

/2

[y, -

(14) sinx 2°

Indeed, it follows from the formula (cf. § 1, (2))

. 2n+1
1 sin
§+cost+cos2t+...+cosnt dt
28in—
2
that
w =14 2co82x+2cos4x ... +2cos82nx ,
sinx
whence
/2 .
f Sln___‘_(z‘n 1)z dx =
sinx

/2 /2

=~+2f cos2zdzr+...+2 f cos2nzdr = =
0
since all integrals appearing in expression in the middle
part of this formula vanish.

Hence the formula (14) is proved. It remains to prove
that

2’

lim

N=00 «
0

n/2
{[sin(2ﬂn+1)a; sm(2n+1

. 2as—o,
sin

i. e. that

/2

lim f ———El——f-‘ sin(2n+1)axdr = 0.
N=00

Now, the last equation is a direct consequence of the
formula
/2

lim [ f(x)sinnede = 0

n=00 g
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which we have proved already (§10.2, (y)), after the
substitution

f(z) =

The function f defined in this way is continuous, since

xr—sinx

- for x>0 and f(0)=0.
rsiny

x—sine
;_o P =0 (cf. § 8.4, (18)).
(¢) Dirichlet 1ntegra.l ff( smnml

‘We shall prove that if the functwn f is monotone and
if ' is continuous in the interval 0 < x < a (a > 0), then

sin na

(15) lim J ()

7=-00

dz = 71(0)

Let a number ¢ > 0 be given. We choose ¢ in such
a way that

(16) [fley—f(0)]<e and O<c<a.
In order to estimate the difference | f(x) SIURT G —
0
—gf(()), let us write
’ sinnx 7 d in )
| 1@ dw—gfw):j [f () — () do+
0

+ j(O)(fsmnwd __) j flo smnwdm

and let us estimate each of the three terms on the right
side separately.

To the first term we may apply the second mean-
value theorem, since the function g¢(x) = f(x)—f(0) is
monotone. Taking into account that g(0) = 0 we obtain

J [f(x)—f(0)] Smnx _ []‘(c)——f(O)]fSir;nmdw,
én

0<§<e
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By (12),
U smow <2 f smzp
¢

This inequality together with the inequality (16) gives

. sina
<o [2g,
0

sin ’iL.’l?

(17)

—H0)]

To estimate the second term let us note that by (9)
and (13),

c

. ' sinnx T
lim J dr = - .
N=00 iy

Hence we have

c

' sinna T
j dx—
x

2
0
for sufficiently large =.
Finally, replacing f(x) in the formula § 10.2, (v) by

(18)

f—(—2 and taking into account the inequality 0 < ¢ < a,
we obtain
hmff( sinnw v =0,
n=00
whence we conclude that
%mmc

(19) I f(@)

‘<£

holds for sufﬁciently large n

The estimations (17)-(19) give the required estima-
tion for

[ 1™ 40— F )

whence we obtain formula (15).
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Remark. The formula (15) remains valid, if we re-
place the assumption of continuity of f° and that of
monotony of f by a weaker assumption, namely, by the
assumption that the function f is piecewise continuous
together with 4ts derivative and piecewise monotone; here
f(0) has to be replaced by f(+40) (in the case when the
function f is discontinuous at the point 0), i.e.

(20) lim { f( x)s—lﬂn—”d =2 1(+0).
Nn=00 "
Indeed, our assumption means (cf. § 5.1) that there
exists a system of points 0 =g, <a; < a, < ... < @y = a
such that the function f, defined by the conditions

@) =f(@) for ap_,<w<a
and  fi(ag—1) = f(@x—1+0),  fr(ax) = f(ax—0)
is continuous together with its derivative and monotone
in the whole interval a;—; <{ @ <C ax, for each k << m.
Applying the theorem on the division of the interval
to the improper integrals we obtain

ay m
sin n . sin n . sin o v
[ f(@) = | | )
ap a,,._
Hence
a

. sin e sm nE

lim | f(x) ——dx \ hm J fe( T

N=00 &L

0 -—=1 ak_l

But this gives the formula (20), since by (15) we have

S in na:

lim { i@ SH0) = Z1(+0),

and, on the other hand, we have by § 10.2, (yv),

hm J fr(x bm " G = 0

ak—

19
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frlz

for each k> 1, the function 7—) being continuous in

the interval az—; < @ < ay.

(¥) The following formula which will be used in the
theory of Fourier scries follows easily from the formula (15):

smnw
(21) ,}]_T,J /(@) sinx

o =2f(+0), 0<a<n;
here we assume as previously the function f to be piecewise
continuous (together with its derivative) and piecewise
monotone.

For this purpose it is enough te note that if we have
0 < u < v << m, then

v v
sinnx

tim{ | (@) 5 do— | f(a)

S
u

in nae
s da;l

@ f

. r—sine .
= lim J f(@)————sinnxdr = 0.
Nn=00 x

—sinx
For, taking into account the equation lim 220
z=0 TSN

(cf. § 8.4, (18)) and the inequality x < =, we may substi-
tute to the function f(2) in the formula § 10.2, (y), the

function ;f(a;) et
rsinx
(n) Poisson (!) integral fe—x’d'r V;

First of all let us note that a,pplylng the substitution
x = 2}y mn, we obtain

(22) j e dr = ]/%f e~z .
[ 0

(!) Siméon Poisson, an author of numerous works in the cal-
culus of probability, in mechanics, physics and astronomy.
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In order to be able to compare the last integral with
the integrals

o " _ .?/ .l_ .‘)”
(23) 3‘ (L= afpde = g o0 41)
and J dr _1-3- (Zn—éz.g
1 +a2)" T 2.4 o (2n—2) 2

which we already know (cf. § 10.2, (5) and Example («)),
we apply the double inequality

1— .’02 < e—%% . -1 —~
1 ta®

which follows from the inequality ef > 1t (cf. § 8.4, (16))
by substitution ¢t == —a? and ¢ = 2% Then we have

(1.—.’!}2)” ’; e—nza 5," 7}A —
(l+ 22 )IL
(the first inequality being valid for |z| < 1), whence
! 1 N c‘x)
‘ (1—ar2)"de - f e~ p < ' e—nz? oy - f _ G o
0 0 (14 a?)

Taking into account the formulae (22) and (23) we
conclude that

2-4. ...-..n
5.

1 3. (2n—=3) =
(20 +1) "'.] 9.4

' " % (xj", ._)) 0‘ n.
Denoting by a, the left-side term of this relation
and by b, the right-side one, we have a, < [ e~=*dax <b,
0

for each n =1, 2, ...
Now, we have by the Wallis formula (§ 10.9, (23)):

E 1 -
b7 — lim ¢, where ¢ = - —=.—-— " <
2 n=00 2y 1-3-...-(2n—1)
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Hence a, —

= ¢p-5— — and, since the sequence {¢,} is
2n 41

2

.l:“

. . . g o
decreasing as easily secen, <(Cn, i. €5 < 2¢,; hence

alBe@n3), . 2
e P T R T A TR
Consequently, we conclude that
00
2n . 2n
TR f\*] O o
and since
2n 2
lin === ]ir
’Ill]():z *_1 nmiloz “‘1 !
we have
® ;e
j e~ dr =1lime¢, = K‘— .
0 n=o 2
11.5. The Gamma function I'(x) = | t*—7e~tdt, &> 0
0

This integral possesses for = < 1 both singularities:
namely, it is an integral in an infinite interval of in-
tegration and moreover, the integrated function tends
to oo as ¢t tends to 0. In order to prove its convergence
we shall decompose it into two integrals:

! %
(24) J t*=le~tdt and jtx‘le“dt

0 . 1
and we shall prove the convergence of each of these
integrals separately.

To prove the convergence of the first of these integrals
let us note that 0 < t#=1e¢~t < =1, since ¢ > 0. But the inte-

1
gral | t*=1dt is convergent, since 1—x < 1 (cf. § 11.2, («));
0
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hence we deduce the convergence of the first of the
integrals (24).
Now,

RISEN] . .
T-le—t = R and ,hm—eT =0 (cf. §7(27)),
=00

whence we have #-le~t < tl2 for sufficiently large ¢, and the

convergence of the second of the integrals (24) follows

]
from the convergence of the integral 1f %t (cf. (3)).

In this way the convergence of the integral I'(x) is
proved for every z> 0.
Now, we shall prove for positive integers » the formula

(15) I'(n) — (n—1)!

For this purpose we apply the formula for integration
by parts to the integral I'(r) for =z > 1:

. N c?_de“
(26) um_—lemwt

~0

= [t - (2 - 1) ’ tr2e~tdt = (x—1)'(¢—1).

(4]

Hence we deduce the formula (25) by induetion, ap-
plying the equality

(1) = [etdt =1 = 0!
0
Let us note that the Poisson integral considered in
§ 11.4 is one half of the value of the I" function for z = },
since substituting ¢ =2* we find

1 o'o('.“ ; =
(27 1’(—) =] =dt=2 | e?dz=)=.
) : Jyt J 1
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11.6. The relation between the convergence of an integral
and the convergence of an infinite series

THE CAUCHY-MACLAURIN THEOREM. Let the function

f(x), x> a, be continuous, decreasing and positive. Then

a necessary and sufficient condition for the convergence of

oo
the integral [ f(x)dx is the convergence of the infinite series
a

2 fa+mn).

n=1

a a+t

Fig. 26

By the assumption, f(a-+n) - f(x) 7 f(a +n—1) for
a+n—1=<ax < a+n Hence

at+n a-t+n a+n
} fla-+n)de =< f/(.‘t:)(l.r* ’ fla +n—1)dy,
u+;1—1 a+;¢—l n«}-h—-]
i.e.
ﬂ,~fn
flatn) < [ f(a)de <flatn—1).
a+n—1

Denoting by 8, the partial sum of the series Y f(a4-m),
=1
ie. 8y =f(a+1)+...4+f(a+n), we have "

a+n

S8, < [ fl@)dw < Spy +f(a).
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Assuming the integral to be convergent, we conclude
oo

that the considered series is bounded: 8, < [ f(x)d, and

a
0 it is convergent (as a series with positive terms). Con-
versely, assuming the convergence of the series, we have

a+n

f f(w)dw < 2f(a+m for each n.

m=0

Hence

f f(z)dx = S Ha+ m) for every .,
a m--0

gince, denoting for a given x by = a positive integer

such that z < a-+n, we have

a+n

fm < f@aw < \ fla+m).

a m==0

x
8o the function | f(z)dx is bounded and, consequently
a

the integral f f(x)dx is convergent (c¢f. § 11.1, 1).
a

Remarks. («) The assumption that the function f
is positive may be omitted in the above theorem. Namely,
if a decreasing function is negative, then the integral as
well as the considered series are divergent to — oo.

[}
(8) If the integral [ f(z)dx of a decreasing function

a
is convergent, then lim f(z) = 0, as is easily seen. However,
Z=00

if the function is not decreasing, then the integral may
be convergent although this inequality does not hold.

The evidence gives here the integral [ sin(z?)dz which

0
we have considered already in § 11.4, (y); this integral
is convergent but the limit of sin(2?) as x tends to oo
does not exist.
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Assuming f(z) = 0, an even stronger singularity may
be obtained. Namely, let us construct an infinite sequence
of isosceles triangles with height 1 and having the inter-

\ 1 .
vals (0,1), (,11%), ..., (n, ’7'+‘2“h)’ ... of the X-axis as

bases, successively. Let u = f(x) be the graph of an
infinite polygonal line constituted by the sides of these

A

Fig. 27

triangles (different from the bases) and the segments of
the X-axis joining the successive triangles. Thus, the
region contained between this polygonal line and the
X-axis is constituted by the above triangles; hence its
area is the sum of their areas, i.e.

[o ]

11 1
‘ f@de == 4= p b ooyt =1
N 2 4 o
However, lim f(«) does not exist.
Ir=00
o 1
Exampres. («) The series £(s)= ), -, is convergent
n=1

for every s > 1 (}), since the integral | %; is convergent
1
(ef. § 11.1, (3)).

® 1
(8) The series ) " (Iog;v,n); is convergent for s> 1 and
n=2

divergent for s =1.

() The (Riemann) function {(s) is of great importance in the
theory of numbers.
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. . ) ©°  dx
To prove this, let us consider the integral é[ - (logw)"'
Now,
\J" da} : = I‘ ﬂ()*g.ﬁ;- o ""]_‘,____‘ __,];,.8: f()]l 8 > 1 .
xz(logx) J (logz) 1—s (logz)
Since
lim (logz)*™' = oo,
=00
we have
r dx _ 1
z(logz)® (s—1)(log2)™™"

Hence we conclude by the Cauchy-Maclaurin theorem
that our series is convergent for s > 1. Yet for s = 1 this
series is divergent, for

J' de [ dlogw
zlogz J loga

= log(logx) .

According to the equation lim log(logz) — oo, this implies
=00
o

the di mee  integral [ )
the divergence of the integral 2:‘ wlogs

(y) Similarly, it may be proved that the integral

0o
.

S

d’ z(logx)[log (log»)T’
is convergent for s > 1 and divergent for s = 1 (where «
is sufficiently large). Hence the series

[ o]

A 1
~ n(logn)[log (logn)]’
is convergent for s > 1 and divergent for s = 1.

More general results may be obtained considering the
product of n successive iterations of the logarithm the
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lagt of which is raised to the power s (in the previous
example n = 2, the zero-iteration = x).

This leads to further types of convergent series and
to an infinite sequence of infinite series

e} (e V]

o]
SW 1 \! 1 \’ 1
'’ ) - ete.
ld T — nlogn a—d nlognlog(logn)

n==1

divergent more and more slowly.
(3) Logarithmic criteria. The comparison of the

o0
terms of a given series E «, with the terms of the series
n==2
(o %)
-— leads to the following convergence criterion:
,gz n(logn)® g g
if a,>0 and if
. log(na,
(28) lim 98(en)
n=co 10g (logn)
o0
. \ ! . . . . . .
then the series D a, is convergent; if this limit is >—1,
n=2

then the series is divergent.

Indeed, let us assume the inequality (28) to be satis-
fied and let us denote by —s a number greater than
the considered limit and less than —1. Then we have
s > 1 and

8

log (na,) <= —slog(logn) = log(logn)~
for sufficiently large », whence

- 1

na, < (logn)™* e.  dy T o— — -

< (logn) =, ' n(logn)*
Thus, by the theorem on the comparison of series
with positive terms, the convergence of the series

(o8] b o]

= (logn}é implies the convergence of the s,erlessn%,2 Ay,
Yet if the limit considered in the formula (28) is
greater than —1, then for sufficiently large » we have
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log(nay) > —log(logn), whence na,> (logn)™, i.e. a, >

(s
——— and the divergence of the series > 1
nlogn no2 nlogmn
oo
implies the divergence of the series Y an.
n=2

The case when the considered limit is equal to —1
is for our logarithmic criterion a ‘“‘doubtful” case, i.e. we
are not able to state by this criterion whether the series
is convergent or divergent. However, in this case stronger
logarithmic criteria of the considered in Example (y),
may be applied.

Let us add that there exist series (with positive terms)
which do not react to any logarithmic criterion.

11.7. Fourier (*) series

Suppose that we are given a convergent trigonometric
series of the form

(29) f(x) = Lay,+ (a,co8x -+ b, sinx) + (a,cos 22 + b, sin 2x) +
+ ...+ (a,cosne + bysinnz) + ...

‘We note that if the given series is uniformly convergent

in the interval — = < # < =, then the coefficients a, and b,

may be expressed easily by means of the sum of the series,

i.e. of the function f. For, according to the uniform con-
vergence we have (cf. § 10.2, 12)

T T co ki3
kL - N .
t fle)de = | Zdz+ ° (ancosnz -+ b, sinnz) de
. 2 d
- -7 n=1 —n
and since
k3 ki 3
. " a
f cosnxdr = 0 = j sinnzdr  and J g"dw = Tayy
-7 -7 -7

(*) Jean Fourier (1768-1830). Fourier introduced the expansions
of functions known under his name in connection with his work in
the theory of the heat conduction.
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we have

3

(30) a0:71—t .“f(x)dw.

13

To evaluate a,, we multiply both sides of the identity
(29) by cosnz and we find

~ T
{f(w)cosnwdw: ‘ %i’cosnmda;{-
r o -
90 T
N ‘ L
+ 2 J (@m COSMET COBNT -+ by 8INMT COSNT) AT
M=l —7T

just as in the previous calculation.
Since (cf. § 10.1, (3))
T

f cos?nrder =
-7
k19 T

and ’ cosmxcosnrdr = 0 = J sin ma cos nx dx

- -7
for m # n, we have

(31) an = %t ] f(x)cosnada .
Similarly we find

(32) b, = J f(z)sinnzde .

Al

The following question arises: which functions f
may be represented in the form (29), the coefficients a,
and b, satisfying the formulae (30)-(32) (the so-called
EBuler-Fourier formulae). If such an expansion exists, then
it is called the Fourier series of the function f.

Since the functions cos and sin are periodic, it is
evident that the periodicity of the function f has to be
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assumed, too. Moreover, we shall assume that the func-
tion f is piecewise monotone (cf. § 4, 2).
We shall prove the following

THEOREM. Every pertodic function f with the period 2w
(i.e. f(x+2n) = f(x)), piecewise continuous (together with
its derivative), piecewise monotone and satisfying (at the
points of discontinuity) the condition

f(z—0)+f(z+0)

(33) f@)= A

may be expanded in a Fourier series.

Let us denote by S,(x) the n-th partial sum of the
series (29), i.e.

(34) Sup(x) = Yay+(a,co82 + by sinx) + ... +
+ (apcosnz + b,sinnx) .

We have to prove that if the coefficients satisfy the
conditions (30)-(32), then

(35) f(@) = lim Sa(x) .

N=00

The above mentioned conditions make it possible for
us to transform formula (34) as follows:

(36) m8u(x) = J.éf(t)dt-}- ff(t)(costcosw—i—sintsinm)dt—{—

k3

+ ...+ f f(t)(cos nt cosnx 4 sinntsinnx) dt

-

= f F@)[3+cos(t—x)+... + cosn(t—x)]dt
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by the known formula (cf. § 1, (2)):

2n+1
n t

3+ cost+cos2t ... 4-cosnt =

Let us substitute ?—»T)—% = 2. We obtain

-

=

bln(2n# )2

(37) =Sn() = J fla+29) 2Rt g,

—n—T

Decomposing this integral into two integrals in the

T - —
5 and from 5
substituting in the second integral £ = —y, we obtain

to 0 and

intervals from 0 to

=T

2

(38)  mSa(w) = f f(w+ 2z S0 H1)2

- dz -+
sinz

sin(2n+-1)y
siny

+ | fla—29)

(1]

Now, we shall prove the equation (35) for — = < x < .
According to (33) it is sufficient to prove that

. ) sin(2n +1)z 7
(39) ggJ flat20) ST gy = F (1 0)
and
T+
. ’ sin(2n+1)y
(40) kgaffw—a>-;m@ ay = (z—0).

Given , let us write f(z+ 22) = ¢(2). Then the function
¢(2) is piecewise continuous (together with its derivative)
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and piecewise monotone. Hence it satisfies (cf. (21)) the
formula
a

(41) lim j g(z) 2012

=00 + sing
n 000 D

dz=2g(+0), if O0<a<=.

. n—
In this formula a may be replaced by —5 because
T—

the inequality — = < # < 7 implies the inequality 0 < 5

< m. Since ¢(40) = f(z+0), formula (41) gives (39)
immediately (we restrict ourselves from the sequence
n=1,2,... to the subsequence of the odd numbers).
Formula (40) is obfained in an exactly similar way,
writing f(x—2y) = h(y) and taking into agcount that

0<%~ = and that h(+0) = f(z—0).
Thus, our theorem is proved for —n <z < m. It re-
mains to consider the case when # = — n (or when z = =).
Let # = —=. According to (37) we have

sin(2n-+1)2

WSal—7) = | fl—mt2) 2t
0

Decomposing this integral into two integrals in the
intervals from 0 to 1w and from }= to = and substituting
¥y = n—=z in the second integral we obtain

rr!.‘!
78, (—7) = ‘ f(—= 4 22)

0

sin(2n +1)z
sin(Zn+1)z 50 |
sinz

a oy Sin(2n+1)y
+o’ f(TL' "‘y) Siny ay

The first of these integrals tends to inf(—=-+0) as
previously and the second one tends to }nf(x—0), i.e. to
inf(—m—0) (since the function f is periodic).

Hence the formula (35) holds also for # = — =; hence,
according to the periodicity, it holds for every =.

In this way our theorem is proved completely.
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11.8. Applications and examples

() Let f(x) denote a periodic function with the period
27 given by the following conditions:

fl®) =—}n for -—nm<ax<0, f(0)=0,
flx) = 1= for O<e<m, f(+n)=0.

The graph of this function consists of segments of
the length = lying on the straight lines y = = and
Yy = — }m, alternately, and of points on the X-axis being
integer multiples of the number = (the ends of the segments
do not belong to the graph).

-2n - 0 I 25
F1c. 28

It is immediately seen that the function defined in
this way is piecewise continuous and piecewise monotone
(namely, it is monotone in intervals of the form (m—1)= <
< & < mn, where m is an integer); moreover, the con-
dition (33) is satisfied. The theorem on the expansion
in Fourier series may therefore be applied to this function.

We calculate the coefficients a, and b, according to
formulae (30)-(32).

We obtain

T

’ de:(),

0
1 = 1
“0—;_1 — L) g

0
1 ? 4
an-_—ﬂ J —cosnmda%l—J cosnxdm} =0 (n>0),
“n 0
0 T
b —1{ ’.—sinnxd f innad }“i(2"2c°3” )
n=7 . w+0 sinnedr; = in )y

and so b, = 0 for » even and b, = 1/n for n odd.
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Consequently,

sinz s8in3x sinbx
(42) fla) =24+ R B0

So, for @ satisfying the condition 0 < x < =, f(2) may
be replaced by 2}=.

In particular, substituting x = i= we obtain the
Leibniz expansion

+ ...

T _
1=
which we already derived (cf. § 7, (51)).

(B) Let f(x) be the function with the period 2= defined
as follows:

1 1 1
1"—§+3—‘"‘7+.-.

f(x) =32, when —mt<z<=, f(—=%) =0 =f(n).

We see easily that the function f defined in this way is
piecewise continuous and piecewise monotone (cf. Fig. 29).

—3:%'2:1 —:rt/O n/z'n 3n

FiGc. 29

Moreover, the condition (33) is satisfied. Thus, the funec-
tion f may be expanded in a Fourier series.
Calculating the coefficients a, and b, according to the
formulae (30)-(32) we find
« sinzx sin2z  sindz

(43) 5T 1 T o + 3 —rnm<<r<Tw.

Let us note that substituting # = 4=, we obtain the
Leibniz expansion for }= (just as in the previous example).

(y) Let us expand the function f(«x) = |z| in the interval
—n < # < n. For other # the function is defined by the
condition f(xz+ 2mn) = f(x). Hence it is a continuous func-
tion on the whole X-axis. The graph of this function is
a polygonal line.

20
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We now calculate the cocfficients of the expansion
in the Fourier series:

© i
¢

1 0, 20
a,,::;c_j [w[dm=;0J zdr ==,
kL T
” 4

’ xreosnxdr = 0 or _——
. TH?

EREE

ap = % ‘ |w|cosnawdr =
Zr 0

according as » is even (>0) or odd. For,

~

t . 1 .
zreosnrdr = . 28innxe — - sinnxdx

1 . 1
= — XSINNT -+ — COSNL.
N n?

K

Similarly, we find that b, =% | |@|sin nzdz = 0. Thus,

v -

7~ 4 [cosx  cos3x CoSDx
(44) |m[—§—7—t( 8T | D R

Let us note that by substituting # = 0 we obtain

=~ 1 1 1
(45) 8 —-1—24‘?‘{‘55-1—...
Hence we obtain the Euler formula
2 1 1 1
(46) _6_=T5+27+§+"'
For, denoting by s the sum of this series, we have
s 1 1 1 $ 1 1 1
Z—§§+E+@+'. and so S—Z=-1'§ +§2 +5—2+...,

ie. 28 = =% that is s = [ =2
(3) Let y = costr, —n << # < = and let us assume that ¢
is not an integer. The formulae (30)-(32) easily give:
t .
——’I‘Lz sin t , bn =0.

2 . 2 "
ao=7—r—ism7rt, a,,=;(—1) o
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Thus,

1 cosx |, cos2x
(47) TCostr = 2tsin (2t2 t1—2+ m-' ..) .
In particular, substituting # = = and dividing both

sides of identity (47) by sinnt we obtain:

(48) ncotnt:tlwt( 1121 1m+...).

The formula (48) has the following interesting ap-
plication.
Let us write

Given a number z satisfying the condition 0 < z < 1,
the series S(¢) is uniformly convergent in the interval
0<t<ua, since nlt_—_tz S 1 - and the series nZI iw’
is convergent, as is easily seen.

Therefore the series S(f) may be integrated term by
term in the interval 0 <{ <{ z. Since

T2t

z
: s
we have 5’ PR dt = ——log( e )

Hence (cf. § 10.2, 12 and § 5, (12)):

J S(t)d \ 1og(1-—)=—1og] [(1—52)

-1 n=1

On the other hand,

sin n:t

T { (cotm)~ ——) dt = logsinnt—lognt = log
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Thus,
; 1
b1 f (cotnt— —)dt
; il
sinte . sin it sinrwx
== _— = 1
log po tl}zrfolog - 0g—-—)
since
lim log sin nt
t=40 t=+0

Taking into account the fact that the relation (48)
holds for every ¢ satisfying the inequality 0 < <z and

that the function cot wt——% has a right-side limit at the

point 0, namely lim (cott——l) =0 (cf. § 8, (19)), we con-

t=+0
clude that

x x
nJ (cotnt—%)dt = — f S(t)dt,
o T 0
i.e.
sin e = a2

log — = log L! (1—;15),

therefore
. x?

(49) smnw=nw[](1—;2), —l<azz<l.

n=1

Let us note that by substituting in the formula (49),
x = %, we obtain the Wallis formula already derived
(cf. §10, (29)):

4n? 224466 4 16 36
(50) = 114 =1338F % = 3'IE'3E
Ne=]
Substituting « = }, we obtain

(o]

@_sm:r_w |- _®3:57911.13
T4 4 11 4n)2 T 44.48812.12 7
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309
from which we conclude by (50) that
/5_2:26:610-10 436100
T 1-35-7 9-11 T 335 99

Exercises on § 11
T dw Parctane
1. Evaluate f &4‘3:}-_4, 6{ W

2. Investigate the convergence of the integrals

2y, [ L0824,
V

az .

. x J 14a2
(1] 0

3. Let lim f(«) = 0 and let a number ¢ > 0 be given.

=00

Let us write

If the series a,+ a,+ ... is convergent, then the integral
ff(w)da: is convergent, too, and is equal to 2 Oy

Nw=1

Apply the above theorem to the proof of the con-
vergence of the integral

Fsing
—dr
c

4 An integral [ f(x)dx is called absolutely convergent,
a

if the integral f[f(m)[dw is convergent. Prove that an
a

absolutely convergent integral is also convergent in the
usual sense.

. Prove that the series Z

n=k N

, is convergent (k¥ > a).
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1 2
6. Prove that [ l—o—g—(—l—j:—x—.) do ==
Y x 4
(Expand the function under the sign of the integral

in an infinite series and apply the formula (45))

2 .
1,1 1, = 55 (cf. the for-

1
7. Prove that — 3T i

1z 2
mula (45)).
8. Expand the functions:
1) #®, 2) wcosz, 3) |sinz|,
4) sinhix, 5) coshix
in Fourier series.
9. Assuming that the system of functions fi, f,, ...

0

is orthogonal and that the series f(z) = D alf.(x) is
1

N=
uniformly convergent (in the considered interval ab),
calculate the coefficients a, (by means of the functions

T foy o)
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Elliptic integral 274, 277
Entier function 83
Euler

constant 180, 190

formula 300

gamma function 292
Even function 102
Existential quantifier 132
Exponential function 87
Extremum of a function 150

Factors of an infinite product 74
Finite increments (theorem) 153
Formula
Cauchy-Hadamard 137
Cavalieri 270
Euler 300
de I'Hospital 164
Leibniz 173, 184
Maclaurin 187
Simpson 258
Stirling 261
Taylor 185
Fourier
integral 226
series 300
Fresnel integral 284
Function 81
above and below bounded 97
argument of a 81
bound of a 110
bounded 97
composed 108
continuous 102, 103
cyclometric 88
decreasing 83
differentiable 141
Dirichlet 92
elementary 86, 161
entier 83
even 102
exponential 87
extremum of a 150
I of Euler 292



INDEX

hyperbolic 158

increasing 83

inverse 85
Lejeume—Dirichlet 92
limit of a 89

linear 86

maximum of a 149
minimum of a 150
monotone 83

odd 102

one-to-one 85

periodic 84

piecewise continuous 103, 281
piecewise monotone 83, 85
polygonal 127

primitive 201
propositional 131

rational 87

second degree of a 86
trigonometric 87

uniform continuity of a 109
value of a 82

Generalized derivative 179
Geometric
interpretation of a function
82
mean 26, 51
Graph of a function 82
Guldin theorem 251

Harmonic

mean 26

series 65
Heine definition of continuity 104
de I’'Hospital formula 164
Hyperbolic function 158
Hypocycloid 272

Implication 131
Improper limit 45, 91
Increasing
function 83
sequence 28
strictly 83
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Indefinite integral 201
Indeterminate expression 163
Infinite

product 74

sequence 26

series 55
Inflexion point 197, 198
Integral

convergent 274, 277

Darboux (upper and lower)

263, 264

definite 224

Dirichlet 287

elliptic 274, 277

Fourier 226

Fresnel 284

indefinite 201

improper 273, 276

Poisson 290

Riemann 264

seemingly improper 279
Integration

by parts 206

by substitution 206
Interpolation 256
Interval

closed 82

of convergence of a power

geries 125

open 82
Inverse function 85
Improper integral 273, 276

Kummer theorem 66

Lagrange
interpolation 256
remainder 187
theorem 153

Lateral surface 249

Left-side
continuity 103
derivative 140
limit 91
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Legendre polynomials 273
Leibniz formula 173, 184
Length of an arc 241
Limes 29
inferior 53
superior 53
Limit 28
improper 45, 91
left-side 91
one-side 91
right-side 91
Linear
function 86
independence 272
Lipschitz condition 117
Local property 105
Logarithm 87
Logarithmic
criterion
series 298
derivative 158

of convergence of

Maclaurin formula 187
Mathematical induction 12
Maximum of a function 149
Mean
arithmetic 26, 49
geometric 26, 51
harmonic 26
Mean-value
Lagrange theorem 153
theorem in the integral cal-
culus 229, 253
Method of indetermined coeffi-
cients 212
Minimum of a function 150
Monotone
function 83
sequence 28
de Morgan laws 130, 132

Natural logarithm 49, 87
Necessary condition 42
Negation 130
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Newton binomal formula 15, 192
Normal

region 239

to a curve 141
Numerical line 11

One side
continuity 103
derivative 140
limit 91

Open interval 82

Orthogonal system 273

Partial
fraction 211
product 74
sum 56
Pascal triangle 54
Periodic function 84
Permutation 68
Piecewise
continuous function 103, 281
monotone function 83, 85
Point of inflexion 197, 198
Poisson integral 290
Polygonal function 127
Polynomials 87
Positive integers 11
Power series 123
Primitive function 201
Product of sentences 130
Propositional function 131

Quantifier 132

Raabe criterion 67
Radius
of convergence of a power
series 123
of curvature 245
Rapidness of the
sequence 65
Rational
function 87
number 11

increase of
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Real number 11
Recurrence definition 27
Remainder

Cauchy 186

Lagrange 187

in the Taylor formula 186,

187

of a series 56
Riemann

integral 264

theorem 71
Right-side

continuity 103

derivative 140

Jdimit 91 )

Schwarz inequality 17, 271
Secant 139
Sequence

bounded 32

convergent 29

decreasing 28

divergent 29

increasing 28

infinite 26

monotone 28

rapidness of the increase of

a 65

term of a 27

uniformly convergent 118
Series

alternating 59

anharmonic 59

bounded 58

commutativity of a 69

conditional convergence

of a 68

convergent 55

divergent 55

Fourier 300

infinite 55

power 123

uniform convergence of a 121
Set
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bound of a 20
bounded 19
Simpson formula 258
Solid of revolution 248
Stirling formula 261
Subsequence 38
Sufficient condition 42
Sum of sentences 130
Sum of the infinite series 55

Tangent to a curve 139
Taylor formula 185
Term of sequence 27
Theorem
Abel 60, 125
Ascoli 53
Bolzano—Weierstrass 39
Cauchy 44, 57, 71, 75, 155
Cauchy—Maclaurin 294
finite increments 153
Guldin 251
Kummer 66
Lagrange 153
mean-value (Lagrange) 153
mean—value (in the integral
calculus) 229, 253
Riemann 71
Rolle 151
Weierstrass 39, 110

Uniform continuity of a function
109

Uniform convergence
of a sequence of functions 118
of series 121

Universal quatifier 132

Value of a function 82
Variable 82
Variation bounded 102
Volume 248

Wallis formula 259
Weierstrass theorem 110
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