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PREFACE

It has been sald of the THEORY OF GAMES AND ECONOMIC BEHAVIOR by
John von Neumann and Oskar Morgenstern that "posterity may regard this
book as one of the major scilentific achievements of the first half of the
twentieth century."1 At the beginning of the second half of the twentileth
century the theory of games continues to be an object of vigorous and ex-
panding research, as the papers assembled in the present Study amply
demonstrate. The authors of these papers have not been content just to
solve outstanding problems and elaborate exisfing results but have gone on
to raise fresh problems and extendithe theory in new Q}rections.

This Study is a sequel to CONTRIBUTIONS TO THE* THEORY OF GAMES,
Volume I (Annals of Mathematics Study No. 24, Princeton, 1950). The
continuity of research bridging the two volumes 1s evidenced by the fact
that some of the problems posed in the Preface to Study 2% are now solved
in this Study. On the other hand, some reorganization has taken place.
The simple division of Study 24 into two parts, dealing with finite and
with infinite games, has been replaced by & division of this Study into
four parts: finlte zero-sum two-person games, infinite zero-sum two-person
games, games in extensive form, and general n-person games. (The mounting
interest in n-person games and extensive games 1s quite striking; scarcely
touched in Study 24, they now occupy fully half of this Study.) Each of
the four parts is prefaced by an introduction that describes the papers
therein and thelr interconnections. At the same time these introductions
are designed to indicate how the four parts relate to one another. The
newcomer to game theory is referred to the Preface in Study 2% for a gen-
eral expository introduction to the problems of contemporary research in
the field.

Ta. H. Copeland, Bulletin of the American Mathematical Society 51 (1945)
p. 498.
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PREFACE

The Bibliography at the end of this Study supplements the Bibli-
ography in Study 24%. Recent publications have been added and some omis-
sions filled in, but the previous listings have not been repeated. Many of
the new items, particularly those in economics journals, have been obtained
from & bibliography on the theory of games prepared by 0. Morgenstern.

The editing a:d preparing of this Study have been done at
Princeton University, in the Department of Mathematics, as part of the
work of a Logistics Project spcnsored by the Office of Naval Research.
Members of the Project who have participated in the task have been
C. H. Bernstein, D. B. Gillies, I. Glicksberg, R. C. Lyndon, H. Mills,

H. Rogers Jr., R. J. Semwple, L. S. Shapley, G. L. Thompson, and the under-
signed. Papers for the Study were refereed by members of the Project with
the generous assistance of D. Gale, B. R. Gelbaum, G. K. Kalisch,

J. Laderman, J. P. Mayberry, J. F. Nash, E. D. Nering, and J. von Neumann.
The typing of the master copy has been the painstaking work of

Mrs. S. H. Robinson. The gooa services of the Princeton University Press
have been ever available through 1ts Science Editor, H. S. Bailey, Jr.

To all these indivicduals, for thelr friendly cooperation, we express our
sincere thanks.

H. W. Kuhn

December 1952
A. W. Tucker
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2 FINITE ZERO-SUM TWO-PERSON GAMES

This paper was translated from German notes of J. von Neumann (made in
1929) and arranged for publication by J. P. Mayberry and D. B. Gillies
with the active collaboration of Professor von Neumann.

The "double description method" treated in PAPER 3 1s a procedure
devised by T. S. Motzkin for calculating the full set of solutions of a
system of linear inequalities and developed independently by H. Raiffa,
G. L. Thompson and R. M. Thrall as an algorithm for computing the solutions
of & zero-sum two-person game. Here the four authors have joined forces
to explain their common method. To find the optimal mixed strategles of
player I in a game with matrix A = (a,;), where 1 =1, ..., m and
j=1, ..., n, they seek those points of the (m - 1)-dimensional simplex

g, >0, ., gm Z 0; §1 + oee. * gm =1

=

over which the (m - 1)-dimensional hypersurface
z = mén (2 &85

attains its maximum elevation. The vertices (extreme points) of this
concave polyhedral surface are effectively calculated by the double
description method. 2 virtues of the method lie in the simplicity of

the individual steps, each of which amounts to the calculation of the
intersection of a straight line with a hyperplane, and in the fact that all
optimal mixed strategles are obtained. In a final section the method 1is
applied to a general system of linear inequalitles.

The fact that solutions ¢ zero-swi two-person games can be
obtained as fixed points of appropriate inapp.ngs has been known since the
o.iginal existence proot of von Neumann. M. Dresher and S. Karlin utilize
this fact in PAPER 4 to construct an algorithm for the solution of any
"convex game:" namely, a game determined by a bilinear payoff function
A(r,s) of mixed strategies r aud s, that range over compact convex
sets in Euciidean m-space and n-space, for players I and II, respectively.
To such games the authors extend theorems known for finite zero-sum two-
person games and polynomial-like gemes, both of which are readily seen to
constitute subclasses of the class of convex games.

In PAPER 5 K. J. Arrow, E. W. Barankin, and D. Blackwell
establish the following theorem concerning a closed convex set S 1n
Euclidean n-space. Call a point 8 = (51, ceey sn) of 8 "admissible"
if there 1is no point t = (t1, cee, tn) in 8 that is distinct from s
and such that t, < s; for 1=1, ..., n, and denote by B the set of
all points of S through which pass at least one supporting hyperplane
whose normal has all components positive. Then every point of B is
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admissible and every admissible point of S 18 a limit of points in B.
It is a simple by-product of this theorem that every pure strategy which
achieves the value of a zero-sum two-person game against all opposing

optimal mixed strategles appears with positive probability in some optimal
mixed strategy.

H. W. K.
A. W. T.






A CERTAIN ZERO-SUM TWO-PERSON GAME EQUIVALENT TO
THE OPTIMAL ASSIGNMENT PROBLEM'

John von Neumann

The optimal assignment problem 1s as follows: given n persons
and n jobs, and a set of real numbers aij’ each representing the value
of the ith person in the jth Jjob, what assignments of persons to jobs
will yleld maximum total value? A solutlion can be expressed as a permuta-
tion of n objects, or, equivalently, as an n x n permutation matrix.
(Such a matrix can be expressed by ¢ P .’ where Jij 1s the Kronecker
symbol and if 1s the image of 1 157 under permutation P.) The value
of a particular assignment (i.e., permutation) P will be 3, & p- With-
out further investigation, a direct solution of the problem 1,1 appears
to require n! steps, -- the testing of each permutation to find the
optimal permutations giving the maximum 3, a P
We observe that the solution 1is 11" ynvariant under the matrix
transformation 8y ; —_ aij +uy o+ Vj’ where uy and v. are any sets of
constants. It is clear that X/; uy + Ejvj will be added to each assign-
ment value, and that thus the order of values, particularly the maxima,
will be preserved. This enables us to transform a given assignment problem
with possibly negative a;; to an equivalent one with strictly positive
by adding large enough positive wu; and Vj'

We shall now construct a certain related 2-person game and we
shall show that the extreme optimal strategies can be expressed in terms of
the optimal permutation matrices in the assignment problem. (The game
matrix for this game will be 2n x n?. From this it is not difficult to
infer how many steps are needed to get significant approximate solutions
with the method of G. W. Brown and J. von Neumann. [Cf.: "Contributions
to the Theory of Games," Annals of Mathematics Studies, No. 24, Princeton
University Press, 1950 -~ pp. 73-79, especially § 5.] It turns out that
this number is s moderate power of n, 1.e., considerably smaller than the
"obvious" estimate n! mentioned earlier.)

a3

1Editors' Note: This is a transcript, prepared under Office of Naval
Research sponsorship by Hartley Rogers, Jr., of a seminar talk given by
Professor von Neumann at Princeton University, October 26, 1951.

5



6 VON NEUMANN

We first construct a simple preliminary game, the 1-dimensional
game: We may think of the game as played with a set of n cells or boxes
indexed i =1, ..., n.

Move 1: Player I 'hides' in a cell.
Move 2: Player II, ignorant of I's choice, attempts to
'f'ind' player I by similarly choosing a cell.

This is a play. The payoff is determined by a set of d‘i
(positive). If player I is 'found' in cell 1, he pays player II the
amount dy; otkerwise he pays O.

What are the optimal strategles for I? Let his strategy be to
choose cell 1 with probability X4 - Then player II will obtaln expectled
payoff oy Xy by choosing 1. Hence he will choose a cell 1 for which
oyx;  is maximum. The value for him will thus be mix (oLixl) .

Now let x = (xi) te optimal for I. Assume that an
&, . 0 . (% = .
3 < m.c.izx (44x4). Choose € > such that 4y (x5 + £) mix (*y%4)
Def'ine

=x;+& for 1= ]
X4 J | .
=X4 otherwise

Then m?x (otyxy) = mi.x (eyxy), and Si X = Ei Xy + € =1+ € Hence the

can be used as probabilities, and
max (d.ixi)

i N
max (d,x}') = — { max (o, n
1 171 1+ € 1 11 0
i.e., = (::1) was not optimal. Thus necessarlly all d‘jxj = max (elixi),
v < 1
1.6, o,x; = ...=d X =A. Now Y, xy =1 implies A=1/X, a
and, ol course, Xy = d_—‘i . The value of the game (for II) 1is clearly A.
1

We now introduce the game in which our particular interest lies.
We call it the 2-dimensional game; it is a generalizatlon of the 1-dimen-

sional game as follows:
The cells are doubly indexed from 1 to n. (They may be thought

of as fields in an n x n matrix.)

Move 1: Player I hiaes as before.

Move 2: Player II now attempts to 'find' I by guessing
either of the indices of the cell in which player
I has hidden.

He must state which index he is guessing. (I.e., II attempts to pick the
row, or the column, of I.) Player I, if so 'found' in cell 1,J pays to
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II the amount dlj’ where the “13 are a given set of positive numbers;
otherwise he pays O.

Thus player I has n” pure strategles and player II has 2n.

We now discuss optimal strategles for player I. Let his mixed
strategy be x = (xy;), Eij X33 =1, where each x;j represents the
probability of his hiding in cell 1,j. Then player II's pure strategies
will give a return of X.d, . xy: for row choice 1, or :51 &y %y
for column choice j. As in the 1-dimensional game, he can now simply play
pure strategles glving the maximum such return. Player I will try to
choose x minimising this return. Thus the value of the game (for II)
will be:

2

Min Max (2.] iy Xpg o 2, % g xij') :
x 1',]

The characterization of I's strategies is not quite as easy as before. The
simple direct compensatory adjustment of the 1-aimensional game cannot be
made .

For [urther progress, we obtain certaln results on the geometry
of convex bodies.

We define:

2

R = Set of all vectors =z dimensions),

such that

(Zij) (in n

zijzo’zjzij=] , 2121j=]

S = Set of all vecturs z = (zij) (in n? dimensions),
such that

zijZ"’szij 1 21213’&‘

i\

T = Set of all vectors =z (zij) (in n® diuwen-
sions), such that zij =d p ~ for some permutation P
of the integers 1, ..., ni *J (0 thus consists of the

n x n permutation mutrices.)

We prove two lemmas:

ILEMMA 1. S = Set of all =z such that 2z g some
w E R.

PROOF. 8 2 this set is immediate.
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S C this set is shown as follows: For any z € S let N(z) be
the number of all 1 with EJ 2y 5 ¢ 1 plus the number of all j with
3y 2y 1. Clearly N(z) =0, 1, 2, ... and R 1s the set of those
z € S for which N(z) = 0.

Now consider a z € S. If z ¢ R, then there 1s either

‘qj z1 {1 for some 1, or PO ( 1 for some j. However, all
> = VN .

"j.] $ 1, all 2y 2y g 1, a.nd "'i(-',]zi :) -',](~1 zij) Hence

}.1 15 {1 for some 1 implies "’i Zy {1 for some j, and con-

versely. Therefore both )ﬁ zZq 5 <1 for some 1, say 1=1', and

= 2y {1 for some j, say Jj = j'.- Choose

m
n

v Max(zj Xjig o 2, Xy je )

Then € » 0. Define

=2y %€ for 1=1', j=]

Zij

N
[
e
——
]

otherwise

Then z' = (Z'iJ) € S, also always 243 gz , 1l.e., zgz'; ana

either Ej zj,; =1 or ‘:'i 1'_] =1. Hence N(z) > N(z').

Iterating this process glves a sequence 2z ( 2! ( PAR ( in
S with N(z) > N(z') > N(z'') > ..., which therefore must terminate. It
can only terminate with a 2z M ¢ R. Hence w = z( m) has all desired
properties.

LEMMA 2. R = Convex of T.

(This theorem is due to G. Birkhoff, Rev. Univ. Nac. Tacuman,
Series A, Vol. 5 [1946], pp. 147-148. Cf. also G. Birkhoff, "Lattice
Theory," Revised Eaitlon, Amer. Math. Soc. Coll. Series, Vol. 25 [1948],
example 4* on p. 266. The proof that follows 1s more direct than
Birkhoff's.)

PROOF. R 1is clearly convex. R > T 1s immediate. Hence
R> Convex T.

R C Convex T 1is demonstrated, if it 1s established, that all
extreme points of the convex R belong to T. Actually they form pre-
cisely the set T.

That every point of T 1s an extreme point of R 1s clear:
Az €T belongs to R, and if it were not extreme, then z =
tz' + (1 - t)z'' with z', z'' € R; z' #z''; 0 t{ 1. Choose
zia # zij’ say zij < zi‘.J Then Zy3 = tzi_] + (1 - t)ziJ, hence
zij 4 Zy 5 4 zij Now either zyy =0, lmplying 2zj; (o0, or zyj =
1mplying z} ) 1 -- and both are impossible.
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There remains, therefore, only this: To prove that every extreme
point of R belongs to T. This is shown as follows:

For a z € R call a pair 1,j inner, if zy3 #0, 1. Clearly
z€T (fora z €R) means that all zy;=0,1, 1l.e., that no 1,j is
inner. Hence z ¢ T means that inner 1,j exist.

If & 1ine 1 (or a column j) contailns at most one inner
element Z4 30 then zij =1 - 2& 1 zij' (or ziJ =1 - lﬂj, zi'j) is
necessarily =1, 0, -1, -2, ... . BSince Zy s > 0, therefore Zys = 0, 1,
i.e., 1,j 1is not inner either. In other words If 1,) 1s inner, then
there exists an inner 1,j' (1',J) with J' # j (1' # 1).

Now consider a z € R, such that z ¢ T. Let 1,j be inner.
Choose j' # j such that 1,j' 1s inner, then 1' # i such that 1',j®
is inner, then Jj'' # j' such that 1',j'' is inner, then 1'* # i' such
that 1i'',Jj'' is inner, etc. In this way two sequences i, i+, i'', ...

and j, j's J'', -.. arise, such that 1(m),j(m) is inner, 1(m)’j(m+1)
is inner, and 1(m A (1) oog(m) o o (mk1) a1y this for a1l m=o, 1,
2, +.. ). Hence i(p) i(q) or J(p) = J( a) must occur sometime for

P # q. Choose such a pair with p < q, and with q as small as possible,
and with p (for this gq) as large as possible. Hence 1(P), 1(P+1) |
1(@-1 (0 ape pairwise aifferent, also @), @1 . le-1) (@)
are palrwise different, with the possible exception of 1(p) = 1@ o

i ®) = 5@ (on botn). For P = (D gefine 1 =1(P), 5 -

)
(P) (= (Q)) ﬁ = 1(P+1)’ 3, = j(P+1)’ ey i (Q'l), 3 p1 =
j(q 1. For 2( ) % (@ hence necessarily i(p) i(Q), define
1= 1@ (o 4(a)y, j(q), 1, = 1(p+1) 3 (p+1)’ cees g =
1(a-1), Jqup-1 = il 1). Thus two sequences 1, 1,, ..., i _, and

Jor 3y ees dgy (s =q - p, also define js = jo) arise, with the
followlng properties: io, 1,5, --4, 1s—1 are palrwise different, also
jo, j1’ ceuy js—l are palrwise different, it,jt is inner, it’jt+1 is
is inner (all this for t =0, 1, ..., s - 1). I.e., the quantities

(1) Zy 35 2

sy seey Z s
odo” “11ds Ig-1ds-1’
(2) zioj1, zi1j2’ cees Zy
are all > o0, { 1.
Now let €& be the minimum of the quantities in the lines (1),
(2). Then &) 0. Define 2z' = (zij) and z'' = (zi"]-) as follows:

: (g = o)
s-1s Js = Jo

zij + € (Zij - €) for the 1,j of line (1)
ZiJ(zij =245 - € (zij + €) for the 1,j of line (2) .
= zij otherwise

Then z' € R and z'' € R are readlly verified. Also clearly z' # z'!

and z = % z' o+ % z'r.
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Hence 2z 1s not an extreme point in R, q.e.d.

We now return to the 2-dimensionsl game and a characterization of
player I's optimal strategies. Let x = (xi.) be an optimal strategy and
let A be the value of the geame (for player II). We defilne

A, X, o
- Lj7ij = .
zij i s 2Z (zig)

) Clearly all 1‘3. <% 5 A and all Y, L x5 ¢ A Lee, all
},j 245 {1 andall ).1 2y 5 { 1. Hence z = (zij) belongs to S.

Now Lemma 1 implies the existence of & w = (wy j) belonging to
R, with zgw. Form

Yy =:1-i-m , U= (uij)
Then all “J 1 1J =A },J wu = A, and all 21*13“1,] A, w 15 A
hence ir'dm;' (LJ 1 J 1'3”~i di,]'“i.]') . Also 235 < < wi,] hence
Xy < uy - Hence "iJ x5 € <3 iy 0= Sij 1_]'/—'1,]' uij=<_. 1. Put
Vij T My .
Tuen X . Vij = “i.] xg3= 1, lee., the viJ can be used as
probabilities, llke the x,;. Also i¥a§ (“J 103V10 3 Xy iJ'viJ') =

eA. If e < 1, then this contrauicts the optimality of x = (xiJ) Hence
e=1, 1i.e., "'iJ Xy = “1.] Uy Since xi‘j < Yy 5 this implies

i1.e., Zys = Wy Hence z =w €R
Now Lemma 2 implies that 2z 1is the center of gravity of certaln
points of T. I.e.,

137 Yy

_ v h g = .
—Evtvz LoZeT, Xt =1, 20
The t = 0 may be omitted, 1.e., t > 0 may be assumed. Fornm
v
R 5 B 5 I O
ij A ’ 1]
Tnen the optimality of x implies that one of all xV. Also z‘;_ j= $
for a suitable permutation PY. Hence LA
TR i 3

In other words: All optimal strategles are ceniers of gravity of
optimal strategies of the special form
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A
(%) Xy =g ¢ (P & permutation)
%y 4Py
Consider, therefore, the strategles of the form (*). For such a
strategy all ij dyXyg = A andall 3, dijxij = A. Hence

' ( 2.] di'jxi’ 21 iJ'xiJ ) =A .

Hence the optimal ones among these strategles are those that give the

minimum A.
Now, since the xgj ere probabilities, :5ij Xg3= 1 i.e.,

) T—‘ =1, l.e., A= 1/2,1 Hence the minimum A corresponds
P
to 11 the maximum 3y ;rl—— LY 1, precisely those permutations P

give the optimal strategiesi i in question, for which :Si EF"" assumes
P

its maximum value. i,1
To sum up:

THEOREM. The extreme optimal strategies (i.e.,
those, of which all others are centers of gravity) of
the 2-dimensional game are precisely the following ones:

Consider those permutations P which maximize

21T

For each P of this class form the strategy x = (xij)
according to (*) above.

i, i

Note, that this means that player I plays only those cells where
the permutation matrix (of P) has a 1. (Here line guesses (1) and
column guesses (j) correspond to each other equivalently under the rela-
tion j = P.) His play among these cells 1s then determined by the

1-dimensional game.
The condition expressed in the above Theorem for P 1is exactly

the optimal assignment problem with a1j = 1/&1., where the aij are the
elements of the assignment metrix (which, we saw, could be considered as
all positive).
Several further remarks can be made.
1) A transformetion of 8y 5 —> g5+ Uy *+Vy in the
assignment matrix leaves the solution unchanged, and hence the game will
be invariant (in its P's) under the corresponding
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o
*Ny =T ekij(ljiil-a- VJ)

That the game should be so invariant is not at all clear initially from the
game itself. (Note, this is not complete invariance. The 1-dimensional
solutions for a particular P may change, though the P remains the
same.)

2) Various extensions of the optimum assignment problem are
possible and can be settled in essentlially the same manner. Thus one can
specify certain many-to-many assignment patterns between persons and jobs,
and the like.

In addition, certain formal generalizations of the game are
possible -- to various k-dimensional forms with k = 3, 4, ... . These
seem to be interesting, but present serious difficulties.

J. von Neumann

The Institute for Advanced Study



TWO VARIANTS OF POKER'
D. B. Gilllies, J. P. Mayberry, anc J. von Neumann

INTRODUCTION

Although the minimax theorem for zero-sum two-person games asserts
that there always exlst good strategles for such games, their calculation
may be a most formidable problem. Methoos for simplifying this problem are
certainly necessary 1" the complex games which simulate economic situations
are to be attacked. In "The Theory of Games and Economic Behavior" (here-
after designated as [1], 1n accordance with the bibllography at the end of
this paper) several idealizations of actual games of Poker are discussed,
complete solutions are given to two of them, and some information is given
about the solutions to others. This paper supplements that discussion
with the solutions of two of the other variants mentioned there. Part I
deals with the discrete case of sections 19.4-19.6 of [1] while Part II
completes the discussion of the continuous variant of section 19.13.

PART I
¢ 1. DESCRIPTION OF THE GAME

We cdeal with the game treated in [1], sections 19.4-19.6, pp. 190-
196. The players v and 2 each obtain by a chance device a "hand," (i.e.,
an integer from among 1, 2, ..., 8); for elther player, each of these
hands is to have equal probability, independently of the opponent's hand.
Then each player, being informed of his own hand but not of his opponent's,
elects to bet elther the amount a (the high bet) or the amount b (the
low bet), where a > b > 0. If both bet a [both bet bl, the holder of
the higher hand (larger integer) recelves the amount a [the amount b]

'Eaitors! Note: This is a supplement to THE THEORY OF GAMES AND ECONOMIC
BEHAVIOR, pp. 186-219 (as promised in a footnote on page 196). It was pre-
pared under Office of Naval Research sponsorship by D. Gillies (Part II
and J. P. Mayberry (Part I) from notes of Professor von Neumann, with his
advice and collaboration.

13
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from his opponent; (1f the hands are equal, no payment is made). If one has
bet high and the other low, the latter may choose either to "see," or to
"pass." If he chooses to see, payment 1s made as if both had bet high
originally; if he chooses to pass, he must forfeit the sum b, regardless
of the hands held.

For any s with s =1, ..., 8 the player has three strategic
cholces, described by a numerical index :Ls =1, 2, 3; 18 =1 meaning a
"high" bid; 1ig =2 meaning a "low" bid with subsequent "seeing" (if the
occasion arises); 1, = 3 meaning a "low" bid with subsequent "passing"
(if the occasion arises). Thus the (pure) strategy 1s a specification of

such an index is for every s =1, ..., S -- 1l.e., of the sequence
11, ceey iS'

This applies to both players. Accordingly we shall denote the
above strategy by 251(11, ceey 1S) for player 1, and a corresponding one

by }52(11, .-+, 1g) for player 2.
¢ 2. DEFINITIONS

Mixed strategies are introduced as in [1], pp. 192-194. TI.e.,

instead of introducing a separate probabllity £y 1g [ni i ] for
P e ;e ig

player 1's [player 2's] using the pure strategy Eh(il ee 1g)

[3,(1, ... 1g)], it suffices to use the probabilities P [o]] for

player 1's [player 2's] chocsing 1s =1 when his hand is s -- and, of
course, doing this for each s =1, , S. These probability-systems are
then subject to the conditions pi 2 0 [ri 2 0] for all s,1, and
21/’?_= 1 {210‘?_= 1] for all s.

If players 1 and 2 use the mixed strategles £ = (Pi) and
o= «ri), then the expected payoff of the game is the K(Ple) of formula
(19:6) in [11, p. 195 (there designated K(B', ..., B51#, ..., ).
Clearly (cf. also (19:7) in [1], p. 195)

(2.1) KeIr) = § 2 4 1307

where xi = xi(ﬁ) is the expected payoft' for player 1 of his strategy ¢A
against player 2's actual hand s and actual choice 1 = 1. Equations
(19:9:a) - (19:9:c) in [1]), p.196 -- or, alternatively, a common sense
evaluation of the meaning of the Xi -- state

3, (-0t - afS - b)) - b5 + s (afy + afy - bF) ‘ ,

(2.2.8) ¥} = %

(2.2.0) ¥5 =4 { 2iial-or - beS - bp%) & 2y (afh + bPE + bAY) ; ,



TWO VARIANTS OF POKER 15
(2.2.0) ¥3=4 $ 3 i¢s (D) - DPF - D) + bR} + Dis (6P} + DAY + bPY)

Since the game 1s symmetric, a strategy /£ 1s good if and only
i1f it is optimal against itself (cf. [1], top of p.195), 1i.e., if

(2.3) K(Plo) assumes its o-minimum at o= F .

In view of (2.1), and of the domain of varlabllity of the o‘i, (2.3) can
also be stated 1like this (cf. also (19:A) in [1], p.196):

(2.%) ¥ 13 implies p§ =0 (for all s,1,j)

Because of the symmetry K(p,P) = 0, hence (2.3) means that
min K(Plo) = 0. Again, because of K(P|P) = 0, this is equivalent to
K(plo) ) 0 for all 0. Owing to (2.1), this can also be stated like this:

(2.5) 28 ¥ D0 (for a1l 1, ..., 1ig)

§3. PLAN OF ATTACK

In (%) we show that there exist strategles p= (fi) where all
fg = 0. We direct our attention to thelr aiscovery.

In (5) we establish a characterization for good strategies among
the ones to which we are now limited -- where all f: =0, 1.e., where the
cholce 1s restricted to 1s =1, 3.

In (6) we obtain a rather speclalized, but still somewhat re-
dundant, normal form for these strategies, in terms of certain parameters
P,Q (=1, ..., 8) and &2 -1, 1), 20,<1).

In (7), (8) this normal form is discussed and specialized further,
until an actual catalogue of all good strategles (as restricted in (4),
ci'. above) 1s established in (8).

In (9) the restriction of (4) 1s reconsidered.

In (10), (11) certain general interpretive conclusions are

drawn.
§ L. PROOF THAT THERE EXIST GOOD STRATEGIES WITH ALL Pg =

Suppose we have a good strategy f = (P ), 1n which some P2 ) 0.
Let s" be the largest such s, i.e., p2 >0 and p =0 for 8)s".
By (2.2.a), (2.2 b) with s =s" , there results ) xl if ever

p2 >0 for s< s* or ever f3 >0 for s z s*. By (2.4%) xg* > x?'
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1mplies f2 = 0, which i1s not the case. Hence necessarily p2 =0 for
s £ s¥ - and, since this is the case for s> s” , too (cf. above),
therefore p2 =0 for s # s" -- and f3 =0 for s Z s*. Summarizing:

If P2 > 0 occurs gt all, then it occurs for precisely
(%.1) one s, say s=8. In this case f2 0 for

s ¢ s; p3 =0 for s=s8" f3 (hence
? =1) for s ) s,

Next define f = (Pi) as follows:

* *
*
= ff + fZ for s s, 1 1,

[
[}

(4.2) ﬁ; = 0 for s = s*, i=2,
= fi otherwise.
(Note, that P =0 [cf. (4.1)] implies, that actually pl =1,

2*- Pg* =0.) Let this substltution take xi into xi Now (2.2.a) -
(2.2.c) give x ¥? for all s,1, except for s > s*, 1 =2, and in

i i
this case ‘2 Z X I.e., for every 8 and is there exists a js, such

that xi 2 r‘; Hence the valicity of (2.5) tor P (i.e., the ¥) im-
S

plies its validity for @ (i.e., the ¥) -- i1.e., the goodness of P
implies that one of 2. Summarizing:

If P 1s a good strategy according to (k.1) (i.e., with
(4.3) PS*> 0), then the 7 of (5.2) (which has all Pj = 0
is also a gooc strategy-.

Thus the statement in the title of (%) 1s correct. Accordingly,
throughout (5) - (8), P = (f?) will be assumed to be a strategy with all
pg = 0, and its goodness wili be the subject of the investigation.

§ 5. ALGEBRAIC CRITERIA FOR GOOD STRATEGIES

Consider the criterium of goodness (2.4). Since PZ =0, it
need not be applied for 1 = 2. Consider now j = 2. (2.2.a), (2.2.b)
show that always x < x Hence the case 1 = 1, j =2 need not be
considered. The above also implies 13 - 31 2 ¥3 32. Hence the case
i1 =23, j=2 1s disposed of if the case 1 =3, j=1 1s. Thus there
remain only the cases with 1, j# 2, 1.e., 1=1, j=3 and 1= 3,
j =1. These cases state, that x? > xg implies p? =0, and that
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b’? < b’§ implies f“; =0, 1l.e., f? = 1. Put

(5-1) w® = 55 (1 - )
Then these conditions become
u > o implies p? =1,
(5.2)
ud < o implies p? =0 .
Thus the goudness of P 1s expressed by (5.2).
Next, (2.2.a), (2.2.c) give
s _ t, b (pS s _ab bt _2b ,t
u —2t<s Py + a5 (P71 * P3) +2t)s ( awd P1 * @ ”3) .
Sin v t
ce Pz =1-F this becomes
TR O D R S R
From (5.3)
(5.4) us+1 _ us _ f? . f?+1 _ E%% .

¢ 6. DERIVATION OF THE BASIC STRUCTURAL PROPERTIES

(5.3) yields s > 0, hence by (5.2) p? =1

Ir ,0?=1 (for some s =1, ..., S - 1), then (5.2) gives
u® 0, (5.3) glves TR > 0, hence ! > 0, and so by (6.2)
p?* =1.

Thus s with P =1 exist (e.5., s=2S), and if s =R 1is
the smallest one, then s =R+ 1, ..., S, too, belong to this class.
Hence they are precisely s =R, R+ 1, ..., S:

(6.1) { p? = 1 occurs precisely for s =R, R+ 1, ..., S, where R

is a suitable number =1, ..., S.

For s =1, ..., R -1 f?;‘h hence by (5.2) usso. It
is therefore of interest to determine those s =1, ..., R - 1, for which

u® = 0. Let » be the set of these s.

Consider an s € »f. Assume s - 1 ¢« (s ¥ 1). Then u° = o0,
us! { 0 (cf. above), hence f?'] =0 (by 5.2) and W - ! > o,
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hence p57' + f? - 2b 22> 0 (by (5.8)), 1.e., p5> 2R . Hence
PE+ g - B0, 1., u™-u®>o (by (5.8), u*' Do, P o
(by (5.2)). Hence s + 1 ) R, and since s < R - 1, this gives
=R - 1. Thus seg{j.mplies s-1€w 1f s#R -1 (and 8 #1).
Now let P be the largest number emong 0, 1, ..., R - 1, such
that all s =1, ..., P belong to »f. Then, according to the above, ./
consists of the s =1, .. , P, and possibly s=R-1. If P=R-1,
then the addendum s =R - 1 18 not needed; if P =R - 2, then the
addendum 8 =R - 1 would require P=R - 1. I.e., this addendum can
only occur for P #R - 2, R - 1.
Assume P # 0 and R741 2. Then u:=o u1<0 hence

2 1 1 2
up -u, {0, l.e., /’1 + Py - a+b< 0 (by (5.4)), hence £ ¢ a.+b . Also
1 1
P Z 0, hence p, = a+b (1 + €) w.;r? -1 sssé_ l-s Next, let
s, s+1=1, ..., P. Then u® =u =0, u u=0, i.e.,
Py p?” - ﬁ% =0 (by 5.4)), hence f?” = a+b - p}- Summerizing:
If P#0 and R # 1, 2, then there exists an ¢
(6.2) with - 1< €< 1, such that for s=1, ..., P
s _ b + odd
F1 = &b (1 -¢ for s {even}
Next, assume P # 0 and R=1, 2. This means P =1, R = 2.
2 b
If p?ga—fbl, then p7 > 0 gives A=gp 1+ 6 with -1<€{ 1,
i.e., (6.2) still applies. If /’13 > E—f% , we redefine P : P =0, and
view s =1 =R -1 as the aodendum referred to above. Thus this addendum,
=R -1, has at any rate p1> Also p?(l, hence pls=1—

a.+b)? with o < 1.
Finally, for P =0 (6.2) is vacuous.

Summarizing:

((For s = 1, ..., R - 1 necessarily u® S_ 0. Let »f
be the set of 811 s =1, ..., R -1 with u® =o.
The elements of » can be represented in this way:

(a) All s=1, ..., P.
(b) Possibly s =R - 1.
(6.3) { P 1is a certain number =0, 1, ..., R - 1. If (b) oc-
curs, then P #R - 2, R - 1, except that P =1,
R = 2 18 not excluded. The f’?, for 8 € are rep-
resented as follows:

(a) There exists a fixed € with - 1 .<= 3 g__ 1,

such that for s =1, ..., P
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s __b + odd

PT = =% (1 =€) for s {even} .
(b) There exists a fixed y with o < 1,
(6.3) < such that for s =R - 1 (if the case (b)
arises)

-
L Py=1 -8

The case (b) can be made to arise with certainty, by doing this:
If case (b) does not arise, replace R by R + 1, and say that (b) has
arisen with 7 = 0.

The set of 211 s =1, ..., R -1 not in J» consists now pre-
clsely of the s =P + 1, ..., R-2. Put Q=R-P-2=0,1, ...,
then these are the s =P + 1, ..., P + Q. For these (5.2) gives (this was
used earlier) p? =0. I.e.:

(6.4) For s =P+ 1, ..., P+ Q always f’?=0 .

Combining (6.1), the revised form of (6.3), the definition of Q,
and (6.4) we can summarize as follows:

(" The basic parameters of a solution are these: P, Q, &,
N. They are subject to these conditions:

P,Q=0,1,2, ... ; SDP+Q+1;

-1§s<1 ;o§q<1

P#0,Q=0 imply m=0 .
They determine the f? (s =1, ..., S) in this way:

(6-5)_< ( b @
= 2 + o -
_a.+b“ €) for s{even , and 8=1, ..., P,
= 0 for s=P+1, ..., P +Q,
PSJ
1
=1-§§%q for s=P +Q+ 1,
- = 1 for s=P+Q+2, ..., 8.

-

Note, that »f now consists of the s =1, ..., P, and, if
N#0, also s =P + Q+ 1.
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¢ 7. ALGEBRAIC CRITERIA FOR GOOD STRATEGIES (CONTINUED)
We can now determine all good strategies (in the sense of the re-

mark at the end of (%)), by applying (5.2) to (6.5). We will also check
that u? =0 ror all s €+, 1in the sense of the definition of f.

These conditions must hold for all s =1, ..., S. We deal with
these in three segments:

s=1, ..., P: These belong to «, hence we must require
W = ...=u = 0. This satisfies (5.2). By (5.4) uw**' -u® =0 for
s=1, ..., P -1, 1l.e., W= ... = uP automatically. Hence the only

condition that we need to state 1s
(7.1) u' =0 if P#O .

s=P4+1, ..., P+ Q (5.2) requires usgo for s=P + 1,
» P+Q By (5. u) Gl 8 {0 for s=P (if P AO0), P+ 1, ..0,
P+ Q -1, hence W > F*' (if P #0) and nad 2 .- }_uP“Q. The

above requirement is tﬁerel ore vacuous, if Q = 0; it follows from uP = 0,
which is a consequence of (7.i) (and of w=...=u, ci‘. above), 1if
P #0, Q# 0; 1t would rollow from Tl ( o, i.e., u! ( 0, if

P =0, Q# 0. Hence the only condition that we need to state is

o)

(1.2) u o if P=0,Q#0 .

=P+Q+1, ..., St s=P+Q+ 1 belongs to » 1if 1#0,
hence we must require uS =0 1in this case. This satisfles (5.2). If
n =0, then (5.2) requires u® > 0 in this case. I.e.,

(7.3) Tl >0 with = if 7R#o0 .

(5.2) requires uSZO for s=P+Q+2, ..., S. By (5 L) ut! —uSZO
for s=P+Q+ 1, ..., S-1, 1l.e., P+Q“( (u. Hence the above
condition is automatically satisfied owlng to (7 3)

Thus (7.1) - (7.3) are a complete characterization for good

strategles.
Now (5.3) glves for P {gg‘gn} :
1 b o] a-b
u = - g (P -1 - (g)) -1+

-(S—P-Q-1)+£—+’E(2S-1)

arb 1’
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with these additional observations: For P = Q=0 this case is imma-
terial. For P =0, Q#0, the - ;E—b (P - 1 - () -term in the first
form of the right hand side above should be omitted. This 1is best achieved
by putting € = - 1 1in thls case. i

Next, (5.3) gives for P gvgn} :

FHT - B (6))
S(8-P-Q-1) +2 (28 -P-Q-1)+1)

a-b a-b 8 Db_ £y, &
e St e Yt e Pt @y 0) tgp

It

Hence (7.1), (7.2) can be stated like this:

a-b a+b b (0 a-b
P G 8-F Q-g &) -5

(7.4) for P {9} ; with = if P#0; with g=-11fP =0,

Q # 0; with the condition omitted if P = Q = 0.
(7.3) can be stated like this:

Py&bs.-2bq. 2§ -

(7.5)

for P {g‘;gn}; with = if n#o .

¢ 8. CATALOGUE OF GOOD STRATEGIES

(7.4), (7.5) characterize the good strategies. It is convenient
to restate them with the aid of the quantity

(8.1) L=P+ Q
in place of P. The statements or (6.5) concerning P,Q now become
(8.2) L=0,1, «-., 8-1; Q=0,1, ..., L .
(7-4), (7.5) become:
L¢EPs -2 @+ @) - 52

odd

even| with = 1f L#Q; with ¢=-1 1if

(2.3) for L -Q {

L=Q# 0 ; with the condition omitted if L=Q =10 .
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a-b b
o LY>2&R s 2 (- (B -1
) for L-Q{gsgn}; vith = 1f 740 .
It is now convenient to distinguish four cases:
I: L=0 --1.e., P=Q=0:

(8.3) is omitted, (8.%4) becomes 0 » a-b

S-1, 1i.e.,

a
a
(8.5) R) g b -
Thus (8.5) characterizes this case.
II: L=Q#0 --1.e., P=0, Q# 0:
(8.3) becomes
a-b b a-b
LEEPs-g@-n =57,
i.e
a-b b a-b
LEab 3 * &b ~am

(8.4) becomes

a-b b
L2 S+gl-1,
i.e
a
L2%-3%"
with = 1f % # 0. Hence necessarily
a-b _b_
L i 2 O * @b
(8.6) a
L2 8-5%-

and if these inequalities are fulfilled, then the orlginal ones are, too,
with Q1 =0.
Thus (8.6) (for an L =1, 2, ... ) characterizes this case.
Note, that if an L according to (8.6) exists at all, it 1is
unique. Indeed, the opposite would require that the length of the interval
of (8.6) be ; 1. This means

B s By (55 ¢ 1

which gives 8¢ E%S . Then the first relation of (8.6) gives L 1,
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hence no solution other than L = 1 exists.
Note further, that (8.6) necessitates

8
28-3% -
a-b S + b
a+b a+b
> v
i.e.
2 2
2 -
(8.7) e AR ran
III: L%Q=O ——1-6-, P%O: Q=°:
(8.3) becomes:
-abg _b 0y _ab
L= a S 8.[‘-] a YI:
for L {gegn} (8.4) becomes
Ly&Ps-2® -1,
for L {38}, with = for n#o.

The proviso made in (6.5) refers to this case and implies n=o.
Consequently we have the conditions

L=2bs_ D@,

“a
ng;—bs-g[gl-x ,
for L {gggn} For an oddé L the first condition becomes
(8.8) L=2bg,

while the second one 1s then automatically satisfied. For an even L the

first condition becomes L = gég S - 3 €, 1l.e.

®lo

a-b
(8.9) - S -

Pl
N

TIT

and the second one 1s again automatically satisfied.

Thus (8.8) (foran L =1, 3, ... ) or (8.9) (for an
L=2, 4 ... ) characterizes this case.

Note, that if an L according to (8.8) or (8.9) exists at all, it
is unique, because of E {1 : If (8.8) gives an odd L, (8.9) cannét
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contain an even L, and (8.9) cannot contain two different even L.
Iv: L?‘Q?‘O --1.e., P#o, Q # o:
Since Q=1, 2, ..., therefore Q + (2) and Q - (&) 2 0.
Hence (8.3) implies L<“-"bs anu (9.%) implies L) &L . 1. “Hence

(8.10) L=%25 g,
where
(8.11) &b g _g=2,3 ...; 0(K{

Clearly (8.11) can be satisfiec by a sulteble K if and only if géh 82,
i.e. h

28,
(8.12) SZE-'B' .
iso, the K of (8.11) is unique, unless ééb S=5,4, ..., 1in whlch case
K=0, 1 will co. In thkis case, however, (8.8) (with L =13, 5, ... ) or
(8.9) (with L =2, 4, ... ) can be rulfilled. Hence we can ignore it.
Now (8.3) becomes

K=2(+ (§) + &by

(8.13) .
odd
for L -Q {even} :
(8.4%) becomes
b

K g - a (Q - (3]) + 1

(8.14)

for 1o {8} s v = 1 qro
It i1s best to discuss (8.13), (8.1%) separately for N =0 and
for n #o.

M=0: (8.13) becomes

(8.15) Q+ (@) - 2K for L - Q{370
(8.14) becomes
(8.16) Q- BI¢E0 -0 ror L-Q 29},

Ll #0 : Here 0< n < 1, and in view of this (8.13) becomes
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(8.17) e+ (D

>Er-%2 | ror 1o f{E) -

(8.14) becomes

(8.18) Q- (§) =80 -K for L-@Q (2%} .
The second relation in (8.17) can be transi'ormed by adding (8.18) to it.

This glves

2Q ¥ £ D> 1
Since Q =1, 2, ..., this is always true, except when Q =1, ¢ = ty
for L {gggn . I.e., the second relation in (8.17) can be replaced by

forbldding this.
Hence all these cases (expressed by (8.15), (8.16) for n=0
and by (8.17), (8.18) for n# 0) can be summarized as follows:

(EBither Q+ (N =2K, Q- (§)<E 1 -K ,
a
b

or Q+ N<&k, -5 =20 -1,
(8.19) < b °
for L -Q {g?rgn} For the second alternative, Q =1,

£=%1 for L {even} is excluded.

L odd

The first alternative, with L - Q odd, requires that %K be
an integer, and of opposite parity to L. Then Q = % K, and
Q-¢¢ % (1 - X) in addition. This is possible if and only if

Q-1F0 -0, §R-1{FO-K,

a 1 (& - &b atb
KLz (+M) =, K{F -

[N

I.e.: This occurs when
(8.20) % K 1is an integer, of opposite parity to L, and K %—3 .
The second alternative, with L - Q even, requires that

% (1 - K) be an integer, and of the same parity as L. The exclusion made
there 1s irrelevant, since the conditions that apply to this case cannot
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force a choice & = - 1. Then Q= % (1 -K), and Q - ¢X % K in
addition. This is possible if and only if

Q'1<%K; %(1-K)-1<%K;
Bx>i@-n=-982, x>a2.

I.e.: This occurs when

$ (1 - K) 1s an integer, of the same parity as L, and

(8.21)
a-b

K> s -
Assume, flnally, that both of these cases do not take place, 1.e.,
that the first alternative holds with L - Q@ even, or the second alterna-
tive with L - Q odd. The excluded case Q =1, £ = 1 can only be forced
by the second alternative in (8.19) when K = 1. This possibility has the
same consequences as the one considered immediately after (8.12). Hence

the exclusion of Q =1, £ =1 can be disregarded.
In view of these remarks, (8.19) now becomes this:

Either Q + ¢ = % K , Q of the same parity as L, and
(8.22) { Q¢ § (1 -K), or Q-£=2(1-K , Q of cpposite

parity to L, and Q{ £ K.

The first alternative means, that the smallest integer of the same
parity as L, which is » % K-1, 1is also s % (1 -K). I.e.:

There exists an integer Q of the same parity as L, which is

(8.23)
2EK-1 and {§ (1 -K

The second alternative means, that the smallest integer of oppo-
site parity to L, whichis » £ (1 -K) -1, 1salso < §K. I.e.:

There exists an integer Q of opposite parity to L, which is

8.24)
( <%K and Z_%U-K)-l.

Adding 1 to the integer referred to in (8.24), this assumes the following,
equivalent, form:
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There exists an integer Q + 1 of the same parity as L, which

(8.25)
1s {gK+1 and ) E(1-K .

Now let Q* be the unique integer of the parity of L, which is
Z'B‘K -1 a.nd < -51( + 1. Then (23) is solved by Q if and only if this
is =Q Q + 2, Q + 4, ... and <.§(1 - K); and (25) is solved by
Q+ 1 if and only 1f this 1s =", Q - 2, Q -4, ... and 2E 0 -K.
The former 1s possible when Q ( (1 - K); the latter is possible when

2 (1 -X).

B One more thing remains to be determined: Whether the @ accord-
ing to (8.19) fulfills the requirements of (8.2) and Q # L, 1i.e., whether
Q { L. If this were not the case, there would be QZ L in (8.19). Now
by (8.4)

*

c‘lﬂ'

a-b
= S+g@-1) -1,

o

L

n

hence Q 2 L gives

Q2 &5+ 2.1 -1,

pio

and so
a+b
R) g Q + ﬁ .
Adding the two relations of elther alternative of (8.19) together, gives

2Q + (~ E](

2Q - 1¢ g, Qg a—;% .
Hence
2
at+b . at+b a+b
S¢S *ab = ‘L(_)Tab a-b)

In other words:

2
(8.26) 8> 3Dl

suffices to guarantee QK L -- i.e., the requirements of (8.2) and Q ¥ L.
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Note, that (8.26) implies (8.12).
§ 9. REMARKS CONCERNING GOOD STRATEGIES WHERE fg # 0 OCCURS

Consider a good strategy £ = (fi) where pg # 0 occurs. Apply
(k.1) - (4.3), and form, in particular, the good strategy f= (fi) re-
ferred to there. For this always Pa =0, and (5) - (8) apply to it. The
quantities and concepts that were introduced in (5) - (8) should therefore
be understood in the balance of this section as referring to A (and not
to p).

Consider the s* of (4.1). According to the remark immediately

~g%_

following (k.2), p7 = 1. Hence by (6.5)
(9.1) s"YP+ Qe+, with > for N#o0 .

It is easily seen, that the other inferences that can be drawn from (k.3)
(with (4.2)) are automatically satisfied owing to (9.1).

For any s° satisrying (9.1), A= (P]) can be derived from
P= (F?_) according to (4.2). Here fg* can be chosen freely, subject
only to

* *
(9.2) 0 P32

all other pi are then determined. There remains the task to establish,
which of the strategles A that obtain in this manner are good. This will
not be undertaken here.

§ 10. CONCLUDING REMARKS

From the general exlstence proof (i.e., the minimax theorem,
cf. the reference at the beginning of the introduction.) we know that good
strategies must always exist -- 1.e., for all values of a,b (a >b ) o)
and of S(=1, 2, ... ).

Our present results, as formulated in (8) (together with (4.1) -
(4.3), cf. (9) above), do not go quite as far in all cases, but what con-
cerns us here, is the additional information that they give for most cases.

To be specific:

Put w=§ --hence 0 w{ 1

Case I (P = Q =0) takes care precisely of the 8 < —1-1_-(:‘

(cf. (8.5)). Case II (P = 0, Q # 0) takes care of certain

s 1420~

Ui] wi
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(ef. (8.7)), possessing certaln special arithmetical properties (cf. (8.6)).
Case III (i.e., P #0, Q=0) takes care of certain S (cf. (8.8),

(8.9)) that form an unbounded set, which has an asymptotic density that is
in general < 1 (cf. below). Case IV takes care of certain S, that
comprise all the S above a certain 1imit, namely all those

2
3> autidy
(cf. (8.26)).

Thus Cases III and IV represent the "general" solution, and IV
usuglly more than III. To elaborate this further, note that IV comprises
all the S above a certaln size, while III as a rule does not. In this
respect the two following observations are relevant:

Regarding III: If & is irrational, then the set of (8.8) 1is
empty, and the set of (8.9) has the asymptotic density w. If w 1is
rational, with the (irreducible) denominator n (= 2, 3, ... ), then the
set of (8.8) has the asymptotic density 21""n , and the set of (8.9) has the
asymptotic dersity w + -é’? . Hence Case III has the total asymptotic
density w or w+ ;—1 , respectively. This is < 1, unless w 1is
(rational and) =2l m=2,3 ...

Regarding IV: The actual value of S for Poker is 2,598,960
~ 2.6 x 106 (ef. (1)). This lies outside the domain of Case I (i.e., it
is ) ) unless @) 1 - 3. 9 x 10 7, it lies outside the domain of
CaseII(ie it is )1—3%]3'—“,)-) unless m>1-78x107 or
wd{ 1.9 x 10'7. I.e., if we disregard altogether implausible and extreme
values of - 2—, Case IV is valid, and Cases I, II are not.

¢ 11. CONCLUDING REMARKS (CONTINUED)

The observations of (10) justify our limiting our interpretations
to the Cases III and IV of (8), with a specia.l emphasis on Case IV.

In both Cases III and v valhes P:L # 0, 1 occur (for
i=1, ..., P there is p] = e S (1%, . (6.5), remembering w—— ),
i.e., these are truly mixed strategles. Rega.rding their detailed properties,
the following things can be said.

Consicder first the asymptotic behavior, i.e., that for 8 — =
-- this is, of course, approximately valid and typical for large S8, e.g.,
for the "resl" case S ~ 2.6 x 10° (cf. the end of (10)).

As observed immediately before (8.26), L - P = Q 1s bounded

(¢ 2y and by (8.8), (8.9), (8.10) (1 - w) 8 -L 1is also bounded.

Thﬁs (1 -w) S-P and Q are both bounded, and therefore
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(11.1) EFoi1-0, §>o.
Hence the behavior of p?, for 8s=P+1, ..., P+ Q s
irrelevant. For 8 =P +Q+ 1, ..., 8 p7 =1. For s=1, ..., P P

alternates between the values T%E (1t e) (cf. above), i.e., it fluctuates

by T%s lel, but its average is be .

Thus the mean behavior converges to the one determined in equa-
tion (18.21) of [1], p. 202, for a continuum of hanos. This is unaffected
by the possible introduction of the fg according to (4) and (9), since
this affects only a single s (= s*). The mean referred to above may be
taken for any s-interval whose length increases asymptotically propor-
tionately to S, as 8 — w.

On the other hand, the exact oscillation of the pi does not
subside asymptotically, as S —> ». Indeed, the oscillation of pi (in
the domein s =1, ..., P, between neighboring values of s) 1is
f%% lel (cf. asbove), and S —> » does not imply € —> 0. A specific
inspection of Cases III and IV in (8) shows, that € 1s very sensitively
determined by the precise arithmetical relationships between w (i.e.,
a,b) and S, and that it sweeps its entire domain quasi-periodically, no
matter how large S gets.

Using a terminology that is familiar from function theory, one
might say: as S —) =, the good strategles of the discrete-hand-poker
converge to those of the continuous-hand-poker in the sense of "weak" con-
vergence only. This phenomenon 1s therefore heuristically instructive,
regarding what one should expect more generally, when a "continuous game"
is investigated in detall in its relationship to the "discrete games" of
which it might be viewed as a limiting case.
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PART II
§1. DESCRIPTION OF THE GAME

The situation to be dealt with is described in "Theory of Games,"
sectlon 19.13 (pp. 209-211): Each of two players receives a "hand," which is
a randomly equidistributed number x in the interval o0 ( x < 1, and de-
clares & bid &« 1in the interval a ) A > b (a)b)o), “this declaration
belng made with the knowledge of his own  hand, but in ignorance of his op-
ponent's hand and bid. If the bids are of equal size, then the hands are
compared, and the player with the weaker hand pays his opponent the amount of
the bid. If the bids are unequal, the player who has made the smaller bid
pays this amount to his opponent. He has no option of "seeing" his opponent
(1.e., of matching the bid), nor are hands compared.

There are two cases to consider:

(I) All bids & in a 2% 2 Db are allowed.

(II) Only a finite number of possible bids:

a.=a1)a2>...>a.m_1)a.m=b

are allowed.

The whole discussion that follows will be more informal, and in
parts (2) and (4) more heuristic, than the discussions in "Theory of Games"
or in the preceding paper. The definitely formulated conclusions and their
proof's are, nevertheless, rigorous.

¢ 2. CASE (I): A CONTINUUM OF ALLOWED BIDS

2.1. Let us analyze a potential good strategy -- since the game
i1s symmetric, it does not matter for which player.

Assume that for all hands x ) X5 where X, 1s a constant to be
determined, the strategy provides always betting a, 1i.e., the highest pos-
sible bid. For the other bids &' (i.e., a > o' ; b), let ¢()dA be the
a priorl probability (i.e., the one integrated over the random equidistribu-
tion of hands x) that o' 1s in the (infinitesimal) interval from o to
ok + dek.

Assume that for x g x, the expected value of the game is the
same for all choices of the bid o', if the opponent plays this strategy.
The expected value in question is

(2.1.1) S dv@a - w[:f dead + (1 - x) |

the independence from o' 1s best expressed by stating that the o'-de-
rivative of this quantity is zero. This gives



32 GILLIES, MAYBERRY, VON NEUMANN
a
(2.1.2) 2urf(a’) - [«f daas (1 -x)] =0 .

Another differentiation (and writing & for ') gilves

249" () + 3¢(t) =0,

i.e.
) 3 1
a) T2 &L
whence
2
(2.1.3) O(d) = ke 2 .

Substituting (2.1.3) into (2.1.2) glves
1

(2.1.4) 2ka 2 - (1 - x,) =0 .
The definition of ¢(dk) implies

a
f d(r)dk + (1 - xo) =1,
b

a n
bj p@)dd - x, =0 .

Substituting (2.1.3) gives
1 1
(2.1.5) 2kb 2 - 2ka ° - X, =0 .

From (2.1.4), (2.1.5) by addition

|-

2kb 2 -1 =0, k=%0b2,
so that (2.1.3) becomes
1l 1
(2.1.6) o) = % ¥a?,
and then (from (2.1.4))
1
b, 2
(E) -(1’x°)=o,

b2
(2.1.7) x =1 - P° -
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2.2. With the choices (2.1.6), (2.1.7), the expression (2.1.1)
1s independent of o', hence its value for all o' 1s the one that it has
for o' =b, which is obviously - b. I.e., for any hand x{ x, and any
bld &' the expected value of the game is the same: - b. -

The expected value of the game is still given by the expression
(2.1.1) for a hand x { x_, provided that the bid & 1s { a. I.e., it
is still - b in this case. For a hand x > x, ana the bid A = a,
however, (2.1.1) must be replaced by

a
[ Jq*¢(d)dd + a(x - xo)] - a(1 - x)
b

This expression has the x-derivative 2a, and for x = X, i1t goes over
into (2.1.1) (with &' =a), 1i.e., its value is then - b. Hence its
general value 1s - b + 2a(x - xo).

Summing up:

The expected value of the game for the hand x and the
bid & (if the opponent plays the strategy under con-
siceration) is - b, except when x ) X,y % =a, in
which case it 1s - b + 2a(x - xo).

(2.2.1)

2.3. (2.2.1) implies this: In order that a strategy be optimal
against the one considered above, it may allow any set of blds & for hands
X S X but it must prescribe the (highest) bid & = a exclusively for
hands x D X,

The strategy considered above (1.e., the one introduced in (2.1),
with the determinations (2.1.6), (2.1.7)) itself fulfills this condition.
Hence it 1s optimal against itself, i.e., 1t 1s a goo¢ atrategy.

Note, that the definition of (2.1) actually silowed for a whole
family of strategles, all of which, according to the above conclusion, are
good. Indeed, for bids &  a, only the a priori probabllity density
¢(k) 1s specified, but not the conditional probability density o(L,x%),
for a glven value of the hand x. This, more detailed, structure of the
bidding-rule has thus no influence on the goodness of the strategy.

This phenomenon may seem Strange, but it 1s quite understandeble.
All bids & { a are (in these strategies) induced by probability densities,
i.e., the probability of any one individual value d& { a 1is 0. Hence the
probability for two opponents, whose blds o, 59, happen to be both < a,
to meke (accidentally) equal bids o, =d,, 1s also 0. It is in this case
only, however, that their respective hands affect the outcome.

In the case (II), where only a finite number of bids are possible,
individual bid-values with non-O-probability will be the rule. In this case
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the hand and the bid will therefore interact substantially in determining
good strategles, as will appear in the course of (3), especially in (3.3.2)
and in the concluding section (3.9). This will lead to very definite
"pine structures" for goud strategles, which can exhiblt various pecullar

oscillatory phenomena when the number m of possible strategies tends to =.
These are in some ways analogous to the “"weak convergence" phenomena for
poker with a 1inite number of' hands, as discussed in the preceding paper.

¢ 3. CASE (II): A FINITE NUMBER m OF ALLOWED BIDS
3.1. Let us agaln analyze a potential good strategy -- since the

geme 1s symmetric, it does not matter for which player.
Let 6y(x) be the probabllity of the bid a, (v =1, ..., m

when the hand is x. Hence

(3.1.1) Qy(x) Z o, Evev(x) =1

The a priorli probability of the bld a, 1s then

1
(3.1.2) 8y =ofev(x)ax ,
of course
(3.1.3) oy 20, 20, =1.

Consider the expected value rv(x) of the game for the hand x
and the bid ay» if the opponent plays this strategy. Clearly

(3.1.4) tv(x) =§.:">va"e;_L - e,vz“(vev + av(:fev(y)dy - xl‘fev(y)dy)
From (3.1.4)

xl
(3.1.5) VAx1) - Y (x) = 2a. x“f 0, (y)ay .

This mekes it also clear, that Yv(x) is continuous in x.
3.2. From this point on rigor requiires the use of (Lebesgue-)

measure theory. We will try to do this without disrupting the intuitive
pattern of the deduction too badly.

We call x a v-point, 1f for every open interval I with
XxX€I the ye I with Ov(y) # 0 have a measure # 0.

Let X' be a v-point, ana x'' { X' not a w-point. The
x > x'' which are wv-points form a closea set This set contains x',
hence it has a minimum element x . The set does not contain x'', hence
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x> x''. Thus x 1is a v-point, while no x in x > x Z x" is a
VY-point. By virtue of the usual covering theorems the y in x >y Z x'
with e (y) # 0 have measure O.

Consider an open interval I with x' € I. Then the yeI
with e,(y) # 0 have measure # 0.

Consider an open sub-interval J of the open interval
x> ¥y > x''. Then (3.1.1) implies the existence of a m such that the
y € J with ek(y) # 0 have measure # 0. Hence mu # vy.

Now the goodness of the opponent's strategy excludes
Y, (y) > ¥ (y) on a set with measure # 0 where 6,(y) # 0, hence there
exists a y' €I with ¥ (y") < y (y'). Similarly, it excludes
¥,y > ¥ (y) on a set with measure # O where eF(y) # 0, hence there
exists a'y'' €J with x/‘(y") 2 L CAADE

Hence

X’,_(y') -y Lo, xﬁ(y") -8 20,

therefore

[xF(y') - X)L(y")] - [Yv(y') - Yv(y")]
[xr‘(y') - Yv(y')] - [xP(y") - xv(y")] g o,

and so by (3.1.5)

(3.2.1) f(ae(x)—ae(x))dxgo.
Now let I converge to x* and J to x''. Then
vy = x*, y''—> x'"'. p(#v) may vary, but some value of g (# ¥) must

be assumed infinitely often in this convergent sequence. Restricting our-
selves to thls subsequence, we may assume }L to be fixed. Hence (3.2.1)

becomes

(3.2.2) "f(a. e (x) - avev(x)) dx§= 0 .

We saw above, that the y in < >y ; x'' with ev(y) # 0 have
measure O. Hence (3.2.2) becomes

*

x
fe.e(x)dx(o, fe(;:)dx(o.
x" x" | o2 =
Owing to (3.1.1) this means, that the y 1n x >y x't with e, (y) #0
have measure 0. This contradicts the fact, that there exlst open sub-
intervals J of x >y > x'', such that the y € J with
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OF_(y) # 0 have measure #¥ 0.
In view of this contradiction our original assumption must have

been wrong. I.e.:

If x' 1s a wv-polnt, then every x''{ x' 1s a
v -point, too.

(3.2.3)

Assume that vy-points exist. They form a closed set, hence it
has & maximum element §& " of course 0 S §,{ 1. If no v-points exist,
put §, =0. At any rate, no x in g X < 1 1s a vy-point. By virtue
of the usual covering theorems the x in ¢, ( X ( 1 with e, (x) #o0
have measure 0. In view of the two-way definition of g 5 t least
every x in 0¢< x( gy is a v-point.

Now consider two x',x'' with o { x° g §v, o x' g ¢ . Con-
sider two open intervals I',I'' with x' € I', x'' € I''. Then the
y € I' with ev(y) # 0 have measure # O and tne y € I'' with
8,(y) # 0 have measure #¥ 0. The goodness of tue opponent's strategy
excludes ¥, (y) > ¥ v(y) on a set with measure # 0 where 8,(y) # 0,
hence there exists a y' € I' with ¥, (y') s xv(y'). Similarly, it ex-
cludes ¥,(y) > v,(y) on a set with measure # 0 where GF(Y) # 0, hence
there exists a y'' ¢ I'' with ¥ (y'') _)__ rv(y")-

From this point, the argument used further above, leads to (3.2.1)

for these y',y''. Then, letting I' converge to x' and I'' to x''
gives y' —> x', y'' —> x'', and hence (3.2.1) glves

xl
(3.2.4) 2 . x"f (ak_elk(x) - avev(x)) de‘ 0

Assume next 0 ¢ x', x'' ( Min (§F_,§v Then (3.2.4) holds for
K,V as they stand, and also with them interchanged. Hence

xl
x"f (a.,‘e"-(x) - a.ve'(x)) dx =0,

i.e.
xl
(3.2.5) f a 0 (x)dx = x"f avev(x)dx .

(3.2.5) can also be stated as follows: For every open sub-inter-
val K of the interval © < x ( Min (¢ §y ), the two functions a eF_(x)
and a,@ y(X) have the same  integral over K. From this, the usual theorems
about mtegre.tion permit us to conclude, that the x in
Og x g Min (gﬂ,gv) with /"e (x) # avev(x) have measure O.

Summing up:
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The gv (v=1, ..., m) have the following properties:

(a) ok, <1
(b) The x in §,<{ x¢ 1 with 0,(x) # 0 have
(3.2.6) measure O. -

() The x in 0¢ x s Min (¢ ,gv) with
e 0.
a/" P(x) # avev(x) have measure

3.3. Let A be the sum of the sets aefined in (3.2.6), (b)
and (c). By (3.2.6) A has measure O.

Assume that Max §,< 1. Then there exlsts an x ¢ A with
Max §v< xg 1. Hence by (3.2.6), (b) all ev(X) = 0, contradicting
(3.1.1). Therefore ng §V =1, 1l.e.,

(3.3.1) Some %, =1
Consider an x ¢ A. By (3.3.1) ¥ with ngx exlst. By

(3.2.6), (c) avev(") has the same value for all such v, say f(= £(x)).
Hence (3.2.6), (b) and (c) give

e.v(x)

I
o
)
(2]
s

v

<
VaS
»

Now (3.1.1) gives

1\ _ 1
@ s ey

a
i.e. g"' ®
1 1
= a- for g, 2x,
s
(3.3.2) o, (x) w2 X R
= 0 for g,<{x.

Since A has measure O, the ev(x) for x € A can be re-
defined in any manner, without changing the strategy relevantly. Now
(3.3.2) 1s a possible definition of the ev(x) by (3.3.1), and it fulfills
(3.1.1) -- no matter what x. Hence we can use (3.3.2) to redefine the
ev(x) for x € A.

This has the effect, that (3.3.2) holds for all x. This will be
assumed from now on.
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Thus the strategy is completely determined by (3.3.2), and
(3.3.2) 1s stated wholly in terms of the &, Hence there remains only the
task of determining the §,,.

3.4. Assume that §, =1 for some v # 1. Then by (3.3.2)
always e_v(x) #0, and also 6, ¥ 0. Hence the goodness of the strategy
allows ¥,(x) > x_v(x) only for a set of measure 0. I.e., with such
exceptions

(3.%.1) ¥, (x) £ v (x) .

By continuity, (3.4.1) holds without exceptions.
From (3.k.1), 11(1) § Yv(1), hence

2§ 2y G ™ By 2y O

zf‘(‘" (a/‘- + av)ep- =0,
i.e. e"‘ =0 for ’4( y. Again from (3.k.1), ¥,(0) _S_ Yv(o), hence
EIL)I al,ce,u. -89, ¢ 2,“)1‘ 8% 8y Z,LSV 8 -

i.e. (since o

.“-=° for p{ v, and since ¥ # 1)

2a_9© 0 .
2,9 <

Hence 6, = 0, contradicting 4, # 0 (cf. above).

Hence the original assumption must have been wrong. 1I.e.:
(3.4.2) £,< for v=2, ..., m.

Now (3.3.1) necessitates

1}
-

(3.4.3) g,

Assume next, that some gv = 0. Choose the minimal ¥ with this
property. By (3.4.3) ¥ # 1, hence §,=0, gM > 0. Then by (3.3.2)
Gv_I(x) #0 for O g xg gv-l’ and also @, =0, @, _, > 0.

Hence the goodness of the strategy allows xv(x) > X,v_l(x) for
these x only for a set of measure 0. I.e., with such exceptlons
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(3.4.4) ¥(x) £ ¥, (%) for 0¢x g £, -

By continuity, (3.4.4) holds without exceptions.
From (3.4.4), xv(o) s rv_1(o), hence by (3.1.4)

E,L)v a"e"_ -8, E,LSV GF' g ZFZVBI*QF -, 2}‘<" % *

In view of Qv = 0 this means

(ay - &) 2p<v wlo -

Hence 6, =0 for p{ v, contradicting 0, > 0.
Hence the original assumption must have been wrong. This means
that all §, #0, i.e.:

(3.4.5) 0< &, i 1 for all v.

3.5. For 0¢ x{ Min§, all 6,(x) #0 (cf. (3.3.2)), hence
the goodness of the strategy A allows XF(x) > xv(x) for these x only
for a set of measure 0. I.e., with such exceptions

(3.5.1) ",L(X) < ox) for 0<x¢ M_}n 8,
By continuity (and in view of (3.4.5)) (3.5.1) holas without exceptions.
Putting x =0 1in (3.5.1), and considering that it holds for

all pairs wv (=1, «.., m), gives
(3.5.2) ¥,(0) = ... =%, (0)

We will use (3.5.2) to determine the remaining unknown quantities,
i.e., §1, «++y &, (cf. the remark at the end of (3.3)). Before we do
this, however, we will dlscuss the general significance of (3.5.2).

3.6. The assumed good strategy under consideration, i1.e., the
ev(x), is defined by (3.3.2); the auxiliary quantities 6, are then
defined by (3.1.2). (3.3.2) implies (3.1.1), (3.1.2) then implies (3.1.3).
In order that (3.3.2) be meaningful (for all x) (3.3.1) must be required.
We will also use (3.4.5). (We will, however, not need (3.4.2) and (3.%.3);
we will rederive these.) In addition the condition (3.5.2) (based on
(3.1.4)) holds for every good strategy.

Wwe will see in (3.9) that these requirements determine a unique
strategy (1.e., a unique system §,, ---, - cf. the remarks at the end
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of (3.3) and of (3.5)). 1In view of this the existence theorem for good
strategles implies, that the strategy in question, which 1s the only one
that can be good, is indeed good. However, the proof of the existence
theorem -- "Theory of Gemes," section 17.6 (pp. 153-155) -- does not cover
the case of a continuum of hands. It is true that its extension to
families of games that cover this case 1s well known and not at all diffi-
cult. Nevertheless, the situation, as outlined, is complex enough, that it
seems natural to prove the goodness of a strategy fulfilling the above
conditions directly.

This proof 1s quite simple. It runs as follows.

It suffices to show, that xv(x) > XF_(x) implies O'L(x) =0
(we could, of course, except a set of measure 0, but we do not need this
now) -- this means that the strategy in question is optimal against itself,
i.e., good.

Assume xv(x) > ¥, (x). Then by (3.5.2) Yv(x) - Y,v(o) > ¥ (x) -
¥,(0), hence by (3.1.5) (with x,0 for x',x'') 6,(y) > e,,_(y) for some
vy x- By (3.3.2) 6.(y) > OF(y) occurs only if &, > ¥, 3P< y. Hence
g"_ { x. Now (3.3.2) implies o, (x) = 0. This completes the proof.

3.7. We proceed now to the complete determination of the strategy
under consideration, on the basis of (3.5.2) (cf’. (3.5) and (3.6)).

(3.5.2) 1is equivalent to

(3.7.1) xv(o) = rvﬂ(o) for V=1, «eo, m =1

In view of (3.1.4) this means

ZI.&)V aFOP -8, 2,‘9 Q/L = Elu.>v+‘l 3}4.9,4. = Byt ng‘vn O

i.e
Byi1Oys1 * By Oy~ (8y - &v+1)2,4(v & =0
i.e.
By = 8yn
(3.17.2) o, = —H—L o, .
V+1 2a,,, zr-sv >

Adding 3, e 6, to both sides produces the equlvalent

By * By

zfcgwl o" = _'21::1'_ ,uSu e,u- ’
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By
(3-7-3) Z’Lgv Q‘L av T 8. 2"-("”‘1 ]
lzzw (3.1.3) states, that Efbﬁm g,u. =1, hence (3.7.3) is again equivalent
_Pay 28,
(3.7.4) P L N
2,4.(11 ,u. a.m1+am a.v+a.w_1

This i1s valid for vy =1, ..., m.

(3.7.4) can be rewritten to express the ey themselves: For
v=2, ..., m 6, obtains from (3.7.%) for y minus (3.7.%4) for v - 1;
for v=1 o, obtains from (3.7.4) for y. Hence

v
- fw . _PE for y =
&, +ay .0 B+ a8,
T ]
(3.7.5) v
=___2__m_ . 2”'1 Sy " for V= ve., m
am—1+aTﬂ ewe a.v+a a\v.l

Thus (3.5.2) 1s equivalently expressed by the actual determina-
tion of the e, by (3.7.5). We must now pass from this to the determina-
tion of the gv

3.8. Assume fv 2 & . Then (3.3.2) gives avev(x) > a6, (x)
for § 2 x> &, and avev(x = a,0,(x) otherwise. Hence by (3.1.2)

e ) a,FG if ¢ > & and a ev = a."_eﬂ_ if gv= g/“' Interchanging
/L, gives ae {a ,u,p. if g‘v I"'
Su.mming up:

(3.8.1) if and only if a’LOIL % uvev’ respectively.

2
5.3 5,
Thus the 6 » which are given by (3.7.5), give in turn the
ordering of the gv by (3.8.1).

Let T, oo U be the permutation of 1, ..., m, which
establishes a monotone non-decreasing ordering of the a vev:

(3.8.2) eg,,ﬁeﬂ:1 g vee g a"mQ"m

{If some a8, are equal, then this definition of the W, 1s non-unique
to that extent, but this is irrelevant.)
(3.8.1) now guarantees

(3.8.3) Su, [SEERI G P

m
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The determination of the §, must be based on (3.3.2) with
(3.1.2). (3.1.2) can be written in this form:

1
avevaofavev(x)dx (v=1, ..., m) ,

or equivalently
1
’eﬂ’ = ofa"re"'f(X)dx P=1, «e., m) ,

or, still equivalently

1
(3.8.4) (oo, 0 - e e (m)x
(f=1: ceey m) ,

vhere a, , €, , 6, (x) are taken to be 0.

ONow © 1t © 1s clear from (3.3.2), that the right-hand side of
(3.8.%) is

Ex —E,,1

(3.8.5) __.._.__1
T

s’

where §. , too, 1s taken to be 0. Note, that for £, > g, - the

condition® gﬂvz tx, can be replaced by a-Z £, while P-1 for
gt’ =&y , the expression (3.8.5) is O anyhow. With this proviso
then,’"1 (3.8.5) transforms into
§1¢ - g‘n:
aﬂ: QW - aﬂ: °1t = _.f_.#
P P-1 TPl Zode g
g

i.e.
(5.8.6) - - ( —‘——) (a. o, -a_ 8 )
g"-'p g“ﬁq E“’ZP i T ey Tpod
P=1, ..., m
By summation this goes over into the equivalent system

(3.8.7) §1tr = Etif ( 2r>t ax, ) ( Tt.t - a"'tqe"tq)
P=1, ..., m) .
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Abelian re-summation of (3.8.7) glves

g“p=(2rZP .at)atf 21‘(/’(2 )‘t a.n zcr)‘tﬂ a.,t )a S

Tr Tr
The general term of the sum J, 18 L. e =86o_ . Hence
g zt(P B"‘r e'1r 1'!'1._ T
1
Sn =(2 ——-—)a. e + 9
o v)P oy ) wom, 21:(/’ ®_’
i.e.,
(5.8.8) = 8 —l—) 8
g1(:’, Etg’ T, + (zo')f’ o 8
=1, ..., m

Thus (3.8.7) and (3.8.8) are equivalent to each other and to (3.1.2.).
(3.8.7) makes 1t clear, that 0 < §q s ( g - (3.8.8) and
(3.1.3) (which follows from (3.7.4%), and hence' from I (3.7.5)) give
§y = 1. Hence
'm

(3.8.9) o<g"1_g_...g1t ggt =1

m-1 m

follows from our present definitions. Thus (3. 3.1) and (3.4.5) are
verified, as well as (ex post) the relevant property of the permutation

T, ey T (i.e., (3.8.3)).
3.9. (3.7.5), (3.8.2), (3.8.8) contain a complete definition of
the e, and g hence with the help of (3.3.2) the o,(x) are completely

defined. I.e., we have completed the determination of the good strategy,
and shown that it exists and is unlque.
We observe further: By (3.7.5)

86, = —om %

= . . . 5

11 a,m_1+e.m a1+a2 1

and for y=2, ..., I
. ea.m ) 2&V .av_l-av
YV a‘m- a,m a.v_1+a.v 2 ’

hence
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319‘ _ 28»_1 ) 2&2 231
80 8 %8, -8 +a a,, s
S 2a.v_1 232 2a.1
£ 28, & 8y
_ 2311-1 >
= - 2
8y-1 " &y
i.e
a,e, > avov
Now (3.8.1) gives
(3.9.1) £, >gv for v=2, ..., m,

and therefore (3.8.2) prescribes (unambiguously, cf. there)
(3.9.2) wo=
This verifies (3.4.2) and (3.4.3).

¢ 4. GENERAL CONSIDERATIONS

L.1. It is of interest to see, how the case (II), corresponding
to a finite number of allowed bids (treated in (3)), converges to the
case (I), corresponding to a continuum of allowed bids (treated in (2)),
when the allowed bids of the former (cf. (II) in (1)) spread densely over
the entire allowed interval of the latter (cf. (I) in (1)).

Consider first the genersl situation, where a finite number m
of bids, according to (II) in (1), 1s allowed, and where the mesh-width

(4.1.1) = Max ( -
V#1 a"" 1
of this bid-system converges to O.
Let an o' with a ) &' > b be given. Chouse v with
a, 2> 8y, Then by (3.7.4)

v

28
_ _ A
R R

A

&)1 * 8,
- 2/\)11 1n

2
Y
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S 181 7 %
- 1+l A
= AV ( 27 a, )
a, , - & a, . -a
Replacing 1n(1 + % —A—é————ﬁ ) by % In(1 + A=l Ay chranges it by
1

o((ay_; - aA)a), .e. bf ole(ay_; - ay)- Hence® the entire }5A>v 'is
changed by O(a(av - am)), i.e. by O(g(a - b)), i.e. by O0(g). Thus

2/\ >v

D N B, 0(g)
DV a,

roj—

= e

:2 in (1 + EA:%::—EA ) + 0(¢g)

%)
apzd' [

= €

1
'?Tl].’l

- €

+ 0(g)

£k® i

1

7

(1

+

oe ()

m

o(e))(%‘f)

Now a, =b, a,= &+ 0(e) = (1 + 0(g))k', lenre

1

+

(1

1
B
- il
Za ot K (1 + oz (=)
/L._
I.e
1
2
(h.1.2) > 0, —> (—b—) for £—> 0 .
1 ’L &l
aFZd
The right hand siae of (4.1.2) is equal to
(k.1.3) af Oe)dd + (1 - %) ,
“l

with the ¢() of (2.1.6) and the Xy of (2.1.7). I.e. the a priori
probebilities 6, for the bids a, define e distribution that converges
(for &€ —> 0) to the distribution with the cumulative distribution func-
tion (%.1.3) -- i.e. with the probability density ¢(&) in a > “‘2 b and
the point probability 1 - x, at & = a. According to (2.3) this is
precisely the distribution of a priorl probabilities of bids that character-
izes the good strategles that were obtalned in (2) for the continuum case,
i.e. (I) in (1).

In other words: If the mesh-width of the bid system (cf. (4.1.1))
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converges to 0, the distribution of a priori probabilities of the bid
system for case (II) converges to that one for case (I).

To this extent, then, we have continuity.

4.2. The behavior of the a priori probabilities, i.e. of the
8, (or, rather, of the }S o Qv)’ turned out to be continuous. Let
us now consider the ev(x) themselves, or, which in view of (3.3.2)
amounts to the same thing, the gv.

Consider again the set up of 4.1, more specifically & —> 0 for
the & of (4.1.1). We will prove, that this 1s compatible with a wide
variety of behaviors for the §,,.

We observe first, that (3.7.3) implies

28,
1
E}Lgv % % 2;53.::+ 2"‘9’“ e/L ’

8, 2#_(__1) e’t > 8y Ef&gwl e,u. ’

i.e.

(k.2.1) avz ng 9“‘L is a monotone decreasing function of .
In addition to this, obviously,

.2.2 e .
( ) 2 ng " is a monotone increasing function of ¥
From these (with v- 1 in place of ¥):

increasing
(a, - a,_,) 2[‘§"" e’u is a monotone [decreasing] function of

J )
d ay_4

arithmetic
geometrlc

(4.2.3) V(=2, ..., m), Aif a8, - 8, {

(6 constant), 1.e. if the a,, form an { ) progression.

Now by (3.7.2) (with v -1 in place of V)

1
(b.2.4)  ap =7 (a, - av_l)ngv_1 8 for p=2, ..., m.

Combining (4.2.3) and (4.2.4) with (3.8.1) and (3.9.1) gives therefore:
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8, < e KB <8
if the &y, form an
(]"‘2‘5) §m< ce. < §2< g‘l
(arithmetic} progression.

geometric

Hence (3.8.2) prescribes (unambiguously, cf. there):

W1 = 2, , nm_1 =m, ﬂh =1
if the a, form an
(4.2.6) 11 =m ..., T, =2, “h =1
(erithmetlic, progression.

geometric

The arithmetic progression is given by the formula

_ m-9v Y -1
(4.2.7.a) &, =ap—T+ b T

and the geometric progression is given by the formula

(h.2.7.b) a, =a

As m —> », both bid-systems (4.2.7.1) and (4.2.7.b) spread
densely over the entire interval a > d.Z b -- i.e. in both cases the
mesh-width € of (4.1.1) converges to 0. Nevertheless, (4.2.5) shows,
that the two bid-systems command altogether different good strategies
(1.e. "bluffing" procedures): The hands x g‘g1, are the ones which do
not command the highest bid (a,) exclusively (cf. (3.3.2)) -- i.e. these
form the range for "bluffing," in the sense of the interpretations of
"Theory of Games," section 19.10 (pp. 204-207). (3.3.2) and (4.2.5) show,
that in this region weak hands favor high bids when the bid-system
(b.2.7.a) 1s valid, while strong hands favor high bids when the bid-system
(k.2.7.b) 1s valid.

(4.2.6) permits calculating the gv in both cases. This can be
used to 1llustrate the points made above further, but we will not go into
this in detaill at this occasion.

4.3, Actually, the permutation T, eees Ty of 1, «.., m (cf.
(3.8.2) and the text that precedes it) can be prescribed entirely at will,
as long as the necessary condition m, =1 (cf. (3.9.2)) is fulfilled.
This can be shown as follows.
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Assume v =1, ..., m - 1. Inview of 8 =1 (cf.
#lm O

(3.1.3)), (4.2.2) implies ‘\:‘FV e <1, and (4.2.1)"implies

IA.
9"L > a,- Since a, {"a, =&, a, =b, thore follows

\‘\
® Spg

(4.3.1) §<E"<vep_<1 for V=1, coo, m -1

Replace v by v -1 in (4.3.1). Then (k.2.4) gives

b 1 , 1
g3 (ay-a,,)<a0,<{;(,-2a,,)

(4.3.2)
for v=2, ..., m.
Let A, «++s f, be the inverse permutation (of 1, ..., m) to
11'], ceey 1|.’m. Assume that
afv
(4.3.3) a, -8, = h(E) r'or v =2, ..., m,

for a suitable constant h (D> 0). Then (4.3.2) becomes

£, -1 f
1 v 1.,
'5 h (%) < avev < El . (%) v
(4.3.4)
for v -2, ..o, m .

Now fv >P (u, v=2, ..., m) impiles f’v -1 =>= £ , anu thence by
(4.3.4) a8, > af*ei‘-' I.e. tne a,0, arc monctone increasing functlions
of p, for v=2, ..., m 1l.e. for v # 1. Therefore the ag 6y are
mcnotone increasing functions ol P ior "f # 1, 1i.e. (because of’
the stipulation of T =1, cf. abcve) for P # m. The exclusion of
P=m may be removed because of (3.9.1) (ana the st*-ulation of T = 1)
So we have:
(%.3.5) a_o6._ < ...<a_6o_ .

T T
In view of (3.8.2) this means, that these T, ..., T are _ndeed the

(unique) W, eees My of the present example.
There remalns the task of safeguarding (4.3.3). Since a, = a,
(%.3.3) is equivalent to

. £
=a - ayp
(4.3.6) a, == hzlugv &)
This condition a = a, > a, ) I a > a, = b 1is now automatically
fulfilled, except for a, = b. This means



TWO VARIANTS OF POKER k9

hzfsm (%)’)‘ =a->,

i.e., since f1, ey fﬁ is a permutation of 1, ..., m,
e
, &y ~ g -
hzfsm @& =a-v.
Hence
a-b>b
(4.3.7) h =
S, @
P{m ‘b

meets this requirement.

4.4, Examples of various kinds could be multiplied beyond this
point. Instead of pursuing this, we make the following general remarks
about the ordering of the gv according to size.

The position of 51, in this ordering is determined a priori by
(3.9.1): It is the largest one. Hence we need to consider the §, with
V=2, ..., m only. Combining (3.8.1) and (4.2.4) shows, that the
oraering of these §, colncides with that one of the

(h.4.1) (e, - %_1)2/“9_1 0 -

Now let the bld-system of (II) in (1) spread densely over the
entire interval a ) & ) b -- 1.e. let the mesh-width € of (4.1.1) con-
verge to 0. Consider the two factors of (4.4.1) separately.

The second factor of (4.4.1) was dealt with in (%.1), and it was
Seen to converge to a slmple function of &' -- the connection between o'
and v belng given by a,_, ; U a, (this obtains from the corresponding
condition in (4.1) by replacing w by v - 1). This function of &' 1is
given in (4.1.2), and lInterpreted in (4.1.3). It 1s continuous in o',
hence asymptotically infinitesimelly slowly varying in v.

It follows therefore, that the ordering of the quantities (4.4.1)
(1.e. of the §, referred to above) 1s determined primarily (i.e. apart
from "long range effects" in w, 1.e. effects that manifest themselves
only on the d&'-scale) by the first factor of (4.4.1), which is ay 1 - a8,
In the relevant comparisons of size, of course, only the relative sizes of
the &, 1 " 8y matter, those belonging to "remote" wv-regions (i.e. to
reglons relevantly separated on the a'-scale) being weighted against each
other asymptotically by the limit of the second factor of (4.4.1). This is
the f$nction of o' given in (4.1.2). As a weight function this ?mounts to

(d')_E, or, which comes asymptotically to the same thing, to av-E.
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With these reservations, then, the ordering of the gv in ques-

tion corresponds to the ordering of the a, , - a,. This quantity is the
excess over &, of the next higher bld, a, , -- 1.e. the minimum overbid
over &

This result lends itself to an easy and plausible interpretation.

The minimum overbid over a given bild (a,) expresses in some sense the
degree of defensibility of this particular bid. Indeed, 1t specifies the
price (as an increase in risk when met by still higher bids, or by the same
bid combined with the differential danger of & stronger hand) at which the
bid in question can be defeated. It is plausible, that the strategic de-
sirability of any particular bid should be reduced at will by allowing
"cheap" overbids over it. The remarkable thing about our result is, that
it furnishes (by way of (3.3.2), together with (3.8.2), (3.8.8)) a quanti-
tative implementation for this qualitative insight. The asymptotically
defined long range comparison principle for the minimum overbids
(av_l - &), with the help of the weight function introduced further above

(av'E) is a particularly striking phase of this, but it is only
one phase. The complete result 1s the one as summarized at the beginning
of (3.9).
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THE DOUBLE DESCRIPTION METHOD1
T. S. Motzkin, H. Raiffa, G. L. Thompson, and R. M. Thrall

INTRODUCTION

The purpose of this paper 1s to present a computational method
for the determination of the value and of all solutions of a two-person
zero-sum game with a finite number of pure strategles, and for the solution
of general finite systems of llnear inequalities and corresponding meximi-
zation problems.

Although a system of linear equations forms a particular case of
g system of linear inequalities, the comparative efficiency of numerical
methods of solutlon is very different for the two. 1In the case of linear
equations it 1s as yet undecided whether direct or iterative methods are
generally preferable, the aim of both types of methods belng to solve a
system which 1s supposed to be non-singular and, therefore, to possess a
unique solution.’

For inequalities all numerical methods hitherto used, including
probabilistic methods and descent methods with or without distance check,
are essentlially approximative and reach, after a finite or infinite number
of steps, a particular solution. However, systems of linear inequalities
correspond, 1in general, to singular systems of equations and may have none,
one, or infinitely many solutions. If it 1s desired to determine the
totality of solutions (in parametric form) these methods will not do.

The totality of solutions of a finite system of linear inequali-
ties occupies a bounded or unbounded convex polyhedral set in Euclidean
space whose description may be of theoretical interest. In applications
when minimization in various directions 1s required, as for example, in
optimization problems within an otherwise fixed economy with variable price
vector, the full determination of the solution set may be necessary or
time-saving.

This determination can be effected by any one of the direct

' The preparation of this paper was sponsored (in part) by the Office of
Scientific Research, USAF, and (in part) by the Office of Naval Research.
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methods. Among them determinants are impractical already for equations.
The other direct methods amount to progressive reduction of the coefficilent
matrix by left or right multiplication.

A particular procedure of left multiplication is the elimination
of the unknowns, one by one, and this methcd (which for equations, though
very nuch older, is called the Gauss method, and is one of the Liest bets
in the race for maximum efficiency) was proposed for linear lnequalities by
Fourier [1]2 but seems to be entirely out of gquestion because of the huge
nun* er of elementary operations involved, which grows extremely fast with
the number of unknowns and inequalities.

Right multiplication on the other hand, as represe: 5ed by the
successive solution of one, two, e*c., inequalities until arriving at the
whole system seems to be within the range of macnine, and sometimes of
hLand, computation, as we hope to corrovorate in the present paper. The
advisability I the same method sadapted to systems of equations 1s under
consider ation.

The idea was, as far as we know, first used in the dissertation
of T. S. Motzkia [2, pp. 24k-2¢] for purely theoretical purmoses (a proof of
a general.zation of Minkowski's theorem on the finl sness of a base for all
solitions of a finite system of linzar inequaliities).

Independently Railffa, Thompson, and Thrall [6,7] developed the
correspondii 5 computational scheme ror the case of finite games.3 The ex-
position of his scteme is glven in Parts I anc II. The number of steps
in determinin~ the solutions for cne player is equal t7 the number of pure
strategles of the otier player. Frequently tue solutions for the first
player can oe " scd to short:n the cumputaticns for the solutions for the
second player. A technique whlc.. ¢nables one to determine optimal strate-
gies for player II utilizing the computations for player I 1s belng

investigated.
Agalin independently, the computational scheme for general systems

of linear inequelities was given by T. 3. Motzkin [3]. This procedurc
forms the content of Part III.
PART I. INTUITIVE CONCEPTS OF THE GAMES
§1. NOTATION

Let A= Ilaijll be the matrix of a two-person zero-sum geme in

2Numbers in square brackets refer to the bibliography at the end of the
paper.
]

3This procedure has since been adapted for Linear Progremming.
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which player I has m pure strategles d,, d,, ..., “n and player II hes
n pure strategles ﬁ1, pe, voey pn with payoffs ay . to I and 'aij to
II if the strategles (di,ﬂ ) are chosen. A row vector § = (il, ey g )
will be called a probabilitx vector of dimension p if § 20 (i.e.,

each 91 0) and 1f §, + ... §p 1. We denote by 8, the set of all
probabllity vectors of dimension p. We admit as mixed strategies for
player I the set of all protability vectors ¢ having m components and
for player II the set of all probability vectors N having n components.

The corresponding payoffs will be

(1) Ef({.) =§AqT=Z,,‘“awq,,

to I and Er($,q) = -Ex(§,q) to II. (Here QT denotes the transpose
of q.)

Let the row and column vectors of the matrix A be denoted by

(2) Ri= ”3111 ey ain“ s Cj = alj

We then lave

(3) B4 = 2, 3,R,1) = 2,3 G

The vector x = x(§) = (X, ..., X)) where xj=x;(§) = §Cj
is called the marginal vector corresponding to the strategy § for
player I and similarly y =y(q) = (y;, ---, ¥,) vwhere y; =y;(q) = RiﬁT
1s called the marginal vector corresponding to the strategy for
player II.

If player I chooses th: strategy § then his payoff will be at
least the minimum component of the vector x(§). It 1s well known
(ef. [7], p. 159) that the objectlive of player 1 is to select a strategy %
so as to maximize the minimum conponent, thus he can be assured a payment
of at least

(%) v, = max min x.(¢) = max min E, (&,9) .
- R R
(We use here the fact that min x(g)q min xj(g).)

Similarly player II can play so as to be assured that the payoff
to I i1s no more than
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(5) vV, = min max y,(n) = min mex E, (%,n)
2 =Mt M n R 1
The minimax theorem states that v, = v, = v (for proofs see

[5], p. 128, f£f. and [10], p. 19).
We say that £(¢) = min xj(g) is the minimum function for

player I and call those ¢ which maximize f(§) optimal strategies for I.
Similarly we call g(%) = max yi(n) the maximum function for player II

and call those 7 vwhich 1 minimize g(q) optimal strategles for II.
¢ 2. A GEOMETRIC MODEL

Let Ep be real cartesian space of dimension p and let Ep_1
be the subspace of Ep consisting of those points with last coordinate
zero. We choose barycentric coordinates in _; based on some set of p
scattered points (for instance the origin and the unit points on the first
p-1 coordinate axes would do). A point p in Ep_1 belongs to the
closed simplex with these points as vertices if and only if its barycentric
coordinates Cis 225 C constitute a probability vector. Thus we can
realize S_. as a closed simplex in Ep-]’ wlth the probability vector 3}
represented by the point whose barycentric coordinates are 51, ceey gp.
For examples, 82 is realized by a line segment (with some typical
coordinates)

1 [l 1 } -

(1,0) (3/8,1/8) (1/2,1/2) (1/4,3/%)  (0,1)

and S3 by a triangle, viz:

(0,1,0)

(1/3,1/3,1/3)

(1,0,0) (0,0,1)

Any point P in can be specified by the p barycentric
coordinates gl’ -.., § of 1ts projection in -1 together with its
final ordinary Cartesian coordinate x and we write P = (;1, cees £5 %)
or for short P = (§;x). (Here § need not be a probability vector.? We
denote by [, the set of all points P = (¢;%x) 1in E, for which £ ¢ S
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and call Fp the game space of dimension p.

Suppose that h(§) 1s any real valued function defined for all
vectors ¢ € Sp. We can represent h(§) geometrically by the surface in
np consisting of all points (£;h(§)) for § € ap.

Since only P2 ang F5 can be realized pictorially, we now
embark on a discussion of 2xn and 3xn games to motivate further alge-
braic considerations.

§3. THE 2 x 2 GAME

Let the play matrix be

12

822

and corresponding to (§1,§2) € S, we can find the marginals, viz:
X = a8 + 8y, Xp = 8108 * 808, -

Geometrically, these marginals can be plotted, viz:

(1,0) (87,85) (0,1)

The two straight lines represent the marginals as a function
of g 1l.e., x, = (€3 Cl), X, = (¢ Cz)' The dark line represents the
minimum function, f£(§) = min (§ Cj) of player I. The maximum of this

minimum function is v, which occurs at the optimal solution (g?,gg).
Note that 82 i1s decomposed into subsets 32(1) and 82(2 . The above
diagram incorporates all the essentlal features of the game when the
optimal strategy (g?,gg) 1s an interior point of S,.

We 1llustrate in the figures below typical examples of 2 x 2
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games including all possible ordering relatioanships among the elements of
the game matrix.

a
12
8, R a & 2 822
21 %n
v \' a
1= 1 22
\\\\\\\\\\\\\\\\ a,, 8y,
B2 829
a -
1 530
(80,89
(a) (b) (c)
a,,
a?z \
=a a,,<a 81 a a
127811 21" 222 11 21
i
41\\\\\\8
20
&, {
0 3o
(9,89
(d) (e) (f)
a -
8oy 12 8),=8;
8,
22
819 a 8,5, . a8
1 B .
8y, 2"
(g) (h) (1)

In the cases (c), (d), and (h) all strategles for I are optimal.
In case (f) there is a subset of optimal strategies. In cases (b), (e),
(g), and (1) the optimal strategles occur on the boundaries end thus I has
a unique pure strategy. In all cases the set of optimal strategles forms
a convex subset of 8,. Those optimal strategles which occur at the
intersecticn of two of the four lines x =§C,, x = §C,, §, =0, §, =0
are calied baslc strategles. In each case the convex set generated by the
basic strategles comprises the set of optimal strategles. Algebraically
then, the basic straiegles are the solutions of a proper system of linear
equations.

To find the point of intersection of the marginal lines for
player I we solve the system:
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819§y * 88y - X =0
a8y + 8pfy - X =0
§, + %, =1
The determinant of the system 1is

0(a) = a1 8o ST = ey - eyt ey, - ey

which 1s easily seen to be the sum ol' the elements of the adjoint of A.
By Cramer's rule we have, provided ¢(A) # o,

_ B2278p, 211782 < det A
T e 2 e ey
If we def'ine the speclal matrices

TR

then we can write the solution as

to 1R£ad? A) 4 = det A
A ’ o@y -
By a similar analysis, the point of intersection of the marginals for II is

n-= adj A IC _ det A
B cTem

In cases (b), (c), and (d) the marginal lines are parallel and
¢(A) = 0. In cases (e) and (h), ¢(A) ¥ =+ bt the point of intersection
lies outside of the game space and does not represent a basic solution.

In case (g) the point of intersectlion lies in the game space but again it
is not a basic solution as it is not the maximum of the minimum function.

If we now include the lines §, =0 and §, =0 as possible
equatlons we get additional points of intersection, namely (1,0; a,,),
(1,05 ay,), (0,15 a,,), (0,1; a,,). Algebraically, then, a method of
procedure would be to find all points of intersection (which we call criti-
cal points;. Those critical points which lie in the game space and lie on
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the maximum of the minimum function represent the basic solutions. The
entire set of optimal solutions consists of convex linear combinations of
these basic solutions.

We will indicate subsequently why this procedure of computing all
critical points is not computationally economical. However, this method
generalizes to give the results in [8], page 35, concerning the determina-
tion of the baslc solutions.

$¢4. THE 2 x n GAME
Here the play matrix is of the form

a a

11 12 °°°

a a

21 22 "°" “en

and the marginals are xj(g) = (§Cj) for j=1, 2, ..., n. Agaln, we
plot these marginal lines in P2. As a typical example let us consider the
dlagram for a 2 x 5 case:

X5
X

X

X

x3

x5 Y X,

' x

X5 Y >

(1,0) (87,83 [(o,1)

X

The minimum function for player I is given by the broken dark line, the
optimal strategy is (g?,gg), and the value of the game is v. In the
above diagram there are nineteen critical points involved, some of which
are obviously unimportant. Since in higher dimensional cases we cannot
have the support of a dlagram and hence cannot see which points are,
important, we want now to devise a computational procedure from purely
algebraic considerations. In Part II we will discuss the formal details of
the computational procedure, but for the present we use the above diagram
to illustrate our procedure.

Since x,(§) and xs(g) take on minimum values on the boundary
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planes §, =0 and $, =0 we first consider the minimum function of
these two marginal lines, viz:

|
!
|
]
- (§,8,)

Now evaluating X5 and x, at the critical points (1,0), (g,,gz), and
(0,1) we note that these lines lle above the minimum function and so may
be discarded. But x, at (§,,§,) 1ies below the critical point and
hence we must find the points of intersection of x, and x, and of x
and X5 We then discard the critical point arising from the intersection
of X, and Xg - The critical point with the largest x value then gives
the optimal strategy and the value of the geme.

5. THE 3 x n GAME

In the 3 xn game

&y 812 &n
854 8op 82n
a5, Y

(1,0,0) (0,0,1)

Each marginal function xj(g) can be represented as a plane in Pi‘ It is
now possible to represent geometrically I's minimum function and to find
the optimal strategles and value, v, of the game. A basic strategy,
§0) " 45 an optimal solution such that (£(°),v) 1s a point of inter-
section of 3 planes (we include boundary planes 1ﬁ; §1 =0,
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1T2; ;2 = 0, 775; g3 =0).

The geometrical model for the three dimensional case can be
constructed analogously to the two dimensional model with planes playing
the role of straight lines. It 1s suggested the the reader keep thls model
in mind while reading the next part of this paper.

PART II. THE COMPUTATIONAL PROCEDURE
$¢6. SUMMARY OF PROBLEM

As we have seen, the goal of player I is to find those ¢ which
maximize his minimum function f(§). Since the marginals Xy = §C. are
hyperplanes in P , the minimum surface x =f(§) in E, 1s a polyhedron
and so can be completely described by glving its vertices which are, of
course, finite in number. We now develop a systematic computational pro-
cedure for determining these vertices Suppose the vertices are

Q = (§ <)y, . » Qg = (5875 «(= 8)). Then v = max x(3) 1s the
value of the game and the g(J) for which x(j) =V a%e basic optimal
strategles in the sense that the set of all optimal strategles is just the
set of points in the smallest convex subspace of S which contains tlese
maximizing ¢ J), see (8], page 28, 30. It can be shown that the two
definitions of basic strategles are equivalent, see [6], appendix.

¢ 7. THE SOLUTIONS FOR PLAYER I

A basic component of the computational technique, to be discussed,
will be to find the intersection of the line segment joining two points of

rh and a hyperplane in Pm. To this end, we introduce the following lemma.

LEMMA. The line segment Joining the two points
P, = (2(1) x1)y  and Py = (% (3, J)) in
intersects the hypepplane- (($;8C,); § € 8;) 1f and
only if dik) alk) { 0 where d(k) S(i)C x(1
ana al®) = ¢ - %1, 1n particuler, 1r
dgk) djk) < 0 then the point of intersection, P, 1is
unique, and given by the relation:
d(k) P, dgk) P,
e
d1 dj

Proof. The line segment jolning P1 and Pj can be parametrized
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by the relations t Py + (1 - t)Pj where 0 ¢ t< 1. This line segment
will intersect the hyperplane 1f and only if there exists a t in the
interval [0,1] such that

(6 ¢+ (1 - wghe - e x P s -0l -0,
or if
(7.1) t dik) + (1 - t)dgk) =0

If dgk) = 0, then the point P, lles in the hyper§l dgk) =0
then the point P; lies in the hyperplane. If al d(k) 0 “then the
line segment lies in the hyperplane. If both di and d are different
from zero and of the same sign then there is no solution of 7.1 for

o0 t<£ 1. If, however, a‘%) ana a'¥) are aifferent from zero and of
different sign (i.e., dik) d(k) < 0) then there is a unique solution of
(7.1) glven by

gtk (k)
—_ _ 1
R S Rl B¢ 3 It OB
1 J 1 J

and then the point of intersection is

K X
—dfi)Pi+d:(L)P1

(k) (k)
di - dj

s~}
|

which completes the proof of the lemma.
For computational purposes we introduce the column vector

%

and then a{¥) = p,cy, d‘(]-k) = PGy

In computation of points it is necessary to know not only the
coordinates of the point but also all the planes (or hyperplanes) which pass
through the point. Let T, denote the boundary plane (of Fm) which has
the equatlon §,; =0 (1=1, 2, ..., m). The planes in question are the
m boundary planes T, plus the n marginal planes Cj(j =1, 2, «e0, 0).
A point In P, 1s determined by the intersection of m planes and we
adopt the notation
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e i = P

where T, ---» T, are m of the n + m planes mentioned above. We may
later wish to add other planes to this symbol if they contain the point P
but this will become clear in the following discussion and in the examples.
We call P the labelled point corresponding to P.

A "corner point" of a plane Cj is the pilercing point of the
plane and & line which 1s the intersection of m-1 Dboundary planes. For
example in the 2 x 2 case

.-5- ( §1)"‘:§m;x

&9 812

8a9 822

the corner points of C, with the appropriate labels are

= 1,038, i3 0,1;8,,
= — an = —_—
1 T, 2 Com

At a "corner" of I it is clear which plane 1s part of the
minimum function -- namely the plane or planes which contains the row
minima corresponding to that corner. Hence we assume the matrix A 1s
written so that the columns containing the row minima have the lowest index
since these planes will certainly occur in the minimum function. Prefer-
ably, we consider those columns contalning the most row minima first since
they probably are the most lmportant.

The first step in the procedure 1s to write down the labelled
corner points of C,; i.e.,

.I.; 1,0,...,0;3.11
1 C Mgy v ool

.1.; 0,1, .,0,321
- iil,Cl,'-j,...,‘n‘m

z 0,0,...,138,,
m Tﬁ,15,...,ﬂh_1,01

These m points completely determine C,. They form the initial set of
critical points in our computational procedure.

Next evaluate dgz) = §(1)02 - x(1) Pic; for 1=1, 2, ..., m.
Now we want to add new critical points to those obtained above according to
the following rule;
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Find the plercing point of the line segment joining Py and
Pi and the plane 62 if !
2 1. al® al® ¢ o, ana
i | i, ’

1
2. the line segment joining Py and Py i1s an edge of

the minimum surface bounded ﬂy 11'1 , ..?, 1Tm and c1 .
This critical point 1s to be added to the above set and labelled
with C, and the planes common to P and P, .
2 i, i,

A geometrical interpretation of the above step is the following.
Conditlon 2 insures that the two points lie on an edge of the minimum
surface determined by the planes already considered in the process. Condi-
tion 1 insures that 02 is above one of the points and below the other
point so the line between them pierces 02. Hence this pilercing point is
important in the construction of f£(§).

To all lsbelled points P, such that df) =0 we must add the
plane 02 to the label since it may be important later on to remember
that C, passed through these poilnts (e.g., in satisfying Condition 2
above for later steps in the process).

Next we eliminate all critical points Py with d{?) < o since
plane C, goes below them.

Finally we add all corner points of C, which are relative row
minime of the payoff matrix, e.g., those whose y coordinates satisfy

8y, < &y,

We take account of the results of the last two operations by
means of 1index sets defined as follows: let K, Dbe the set of integers
1, 2, ..., m; let K, be the set of integers 1(1 { 1¢ k,) (vhere k,
is the total number of points considered in the first two stages) which are
the indices of those points not eliminated in the first two stages.

We now have found all the important critical points of f(g)
which arise from the first two columns. Next take the column C3 and
repeat the above process, then C, etc. up to Cp-

In order to avold introduction of extraneous points which are not
vertices we need a criterion which will tell us, at any stage, whether or
not two vertices are adjacent (i.e., connected by an edge). A necessary
condition at the end of the h-th stage for P; and P; to be adjacent 1is
that they shall have at least m-1 planes of the set E(h) =
(ﬂl, veey ﬂk, Cys «vny Ch] in common. However, it may happen that certain
planes will be dependent and then the number of common planes can be greater
than m-1. BSuppose that P; and P; have the subset 2:([?) =
Ty, ..., T,) of }E(h) as thelr set of common planes. Then P; and P;
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will be adjacent if and only if no other vertex P, 1s on all of the
planes of }Ei
In the practical determination of adjacent vertices the plan
followed here is first to check for all palrs of vertices with at least
m-1 planes 1in common and then to determine which of these pailrs are
actually adjacent.
We summarize the procedure now in a minimal set of rules given
in an inductive form.
STEP 1: 1. Label colums containing the row minima of A with
lowest index.
2. Compute the initial set of critical points con-
sisting of the m corner points of C,» and
initial index set K, = (1, 2, ..., m).
STEP j+1: Assume the jtb step (j=1,2, ..., n-1) tobe
completed with critical points P;s ..., P, and index set K. obtained.
1. For each critical point py= (g x5 ¢ K,
compute G§J+]) = iCJ
2. Add the symbol C to the label of all points Pi
such that d(3+’)

3. Find the piercing point of the line between P1

and P12 and the plane Cj+1 if

1

(a) d§f+1 d§i+1 { o

(b) m-1 of the planes in each of the labelled
points ?11 and ‘512 are the same, and the
vertices Pi] and P12 are adjacent.

This point 1s to be aaded to the set of criti-
cal points and the planes in lts symbol are the
planes which the two points above have in common
together with Cj+1

4. Add to the set of critical points all corner points
of C.+1 which are relative row minima, i.e., whose
X values satisfy

84, 41 { min (a,,, Byp ey aij]

5. Eliminate all critical points Py wita a{d*!) ¢ o.
6. On the basis of rules 3, 4, and 5 compute the index
set K 1 from the set Kj'
At the conclusion of n such steps a finite set of critical
points which completely describe f(§) 1s obtained.
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¢ 8. EXAMPLE
The computational technique for the game

1 3 2 13/5 10/3
A= 2 0 5/ 1 1/2

3 2 1 8/5 1

is given in Table I.

2 43 b 5

P £ x|C; Cp C5 C C5 1 2 3@ d d a

11 o o 1]x X x| 2 1 8/5 1/3
Step 1 2|0 1 0 2 |x X X|-2

310 0 1 3 |x X X -1

Y |11/21/2 o |3/2]x x X 3/ 3/10 5/12

5 11/3 0 2/3|1/3|x x X -1
Step 2

6 0 0 1 2 X X X -1

7o 1 o0 0 X X X 5/2 1 1/2

8 | o 2/t 5/1 1o/1 X X X X 0 -k/7

9 |2/5 o 1/3|5/3|x X X 3/5 8/9
Steps 3,4

10]3/7 2/1 /7T 3/7[x x =x x X 0 0

110 0 1 1 X X X 3/5 0
Step 5 12 0 2/3 1/3|2/3 X X X

TABLE I

STEP 1. Relative to column €, we get points P,, P, and P3
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together with the bookkeeping symbols denoted by x's in the appropriate

columns .

STEP 2. Fill in column d{®) with entries a{?) = p,c, for
i1 =1, 2, 3. Compute piercing points P, and P5 by formula given in
Lemma. Label appropriate planes in bookkeeping section. Add the corner

points P, and P?' Strike out P, and P3 so that K, = (1, 4, 5, 6, T).

STEP 3. Fill in colum da‘» with entries o{?) = P05, 1 € K,
Compute piercing points PS’ Pg, P10’ Label appropriate planes in book-

keeping section. Add corner point P1 1° Strike out P5 and P6 so that
= {1, 4, 7, 8, 9, 10, 11}).
1]
STEP 4. F1ll in colums d(*) vith entries a{*) = p,c), 1 € K;.

stnce a{* > o for al1 1 K5 there are no new points. Add C, to
labelled points PB and P Now K, = Kj.

STEP 5. Fill in colums a‘®) with entries af>) =P.c), 1 ¢ K.
Compute piercing point P12 and delete point Pg. Add C5 to labelled
points P and P

The value of the game 1s given by P10 The optimal strategy for
player I is (3/7, 2/7, 2/7) ylelding a value of 13/7. Planes C,, C,,
03, ch, and c5 all pass through this point.

§ 9. THE SOLUTION FOR PLAYER II

To obtain the entire minimum function for player II it 1s neces-
sary to take the negative transpose of A and repeat the process as
described above. However, if one is only interested in obtaining all basic
solutions for player II then once the basic solutions for player I have
been determined the solution for player II is (possibly) made somewhat
easier. If for any basic solutlon §° of I the marginal §°C j is greater
than v, then eliminate the column C j from A. After all such elimina-
tions have been made call the matrix so obtained B. The columns of B
are the totality of all non-boundary planes which are common to the symbols
of all basic points of f(§). Suppose that B is an m by p matrix
vhere p g_ n. The solutions of the game with B as payoff matrix are the
same as those with A as payoff matrix, since II will not play with
positive probability any column of A which has marginal » v for any
basic solution of I.

To find the solution for player II it 1s now only necessary to
take the negative transpose of B and solve the resulting game according
to the process described above. The basic solutions for the game with A
are then obtalned by extending the basic solutions for the game with B to
n-dimensional vectors by putting 0's 1in the n-p places corresponding to
columns eliminated according to the paragraph above.
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The minimum function for player II for the example of section 8
is discussed in [6], page 34. There are three basic strategles for
player II, namely (7/21, /21, 10/21, 0, 0), (3/7, 0, 5/14, 0, 3/14), and
(21/63, 0, 22/63, 20/63, 0).

PART III. GENERAL INEQUALITIES AND SECOND VARIANT OF THE
COMPUTATIONAL PROCEDURE

¢ 10. ROUGH PROCEDURE

Let Ea-kxk}_O, j=1, ..., h k=1, ..., n; be a system
of h inequalities in n unknowns. Suppose that the general solution of
the system formed by the first h - 1 1inequalities is given by
X, = }Epklhl’ with fixed Py, Al taking on all non-negative values.

Then the h~ B inequallty will determine a half-space (or the whole space)
both in x-space and A-space. Putting bl = }Sahkpkl’ the common part of
the halfspace }Eblhl 2 0 and of the positive A-orthant will be the convex
cone generated by the rays from O toward e, (e, denoting the 17th
unit vector) for every 1 with by 2 0, and (Ib12 Ie11 + Ib11 Iel2) for

every 1, and 1, with b11b12 { 0. Denoting py; for by >0 by

Qe ™ = m(l) =1, ..., s, and pk11 | b12 | + pk12I bl1| for bllb12 o
by QW= m(l,, 12) =8+ 1, ..., t, the complete solution of the h
inequalities will be given by X, = §:m£1 Qeim? Mg > o.

§11. A GEOMETRIC INTERPRETATION. REDUCTION TO ESSENTIALS

The parametric solution just established means that the solutions
occupy & convex polyhedral cone in n-space with the origin as vertex. The
inductlion step corresponds to finding the subcone cut off by an additional
hyperplane through 0. Some baslc rays are the same as tefore this step;
others are obtained by joining two rays on each side of the hyperplane by
a plane and cutting this plane with the hyperplane. It 1s not supposed
that the base before this step contains a minimal number of rays, and even
if this is the case the use of all pairs of rays as indicated is likely to
introduce many superfluous rays in the new base. It 1s clearly desirable --
and for numerical computations even imperative -- to have a shortest des-
cription of the polyhedral cone and to stay with it during the whole
procedure .

First consider a pointed polyhedral cone (that is, a cone not
containing a straight line, or equivalently & cone with a unique vertex) in
n-dimensional space and not in a lower-dimensional space. Here a concise
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description consists of an enumeration of the extremal rays, that is, those
rays which are not between any two rays of the cone, and of the hyperplanes
containing the (n-1)-dimensional faces of the cone. These extremal rays
and hyperplanes are unlquely determined by the cone, and the double and
self-dual description consisting of theilr coordinates and coeffilclents,
respectively, furnishes much of the useful information needed to determine,
for instance, meximizing rays or hyperplanes, the dual cone, the intersec-
tion and convex hull of two cones, the extension of the cone by an addition-
al ray, and dually, as 1n the above induction step, the common part of the
cone and a halfspace.

If the cone while still n-dimensional contains a maximal linear
variety, say of d dimensions, the description will be the same as far as
hyperplanes are concerned but the rays indicated will fall into two subsets,
the central part and the extremal part. The central part describing the
linear variety will consist of 4 + 1 rays 8,5 85 -+, 8y OP perhaps
more conveniently of d pairs of opposite rays 815 -8y, --.s 8By, -85-

The extremal part will contain one ray for each (d + 1)-dimensional face
of the cone. Every ray of this kind 1s only determined modulo an arbitrary
vector of the d-dimensional variety of vertices.

If the cone has less than n, say 1, dimensions this will not
affect the description by rays. But now the hyperplanes will fall into a
central part and an extremal part. The central part (n - 1 hyperplanes)
describes the smallest linear variety containing the cone. Every highest-
dimensional face within this variety is singled out by one hyperplane in
the extreme part.

The full double description scheme at every stage looks like

this: c| D where A, B, C, D, M, and the 0's are matrices.
A 0 0
B 0 M

Each row of A contains the coordinates of a ray of the central part,
while the rows of B gilve the rays of the extremal part. Every column
of C consists of the coefficients of a hyperplane of the central part,
wvhile D is in the same way composed from those belonging to the extremal
part. In the intersection of each row of A or B and each column of C
or D stands the scalar product of both, which is always non-negative.
A and C consist of those rows and columns respectively for which all
scalar products in which they enter are zero, since the rays of A 1lie in
all hyperplanes, and the hyperplanes of C contain all rays. Thus M has
no zero row or column.

Two rows of B correspond to adjacent (d + 1)-dimensional faces
of the cone if and only if the entire set of columns of D for which both
glve zero product does not simultaneously give zero products for any other
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row of B (cf. page 63). In fact two faces of lowest dimension are

ad jacent if and only if the dimension of the face joining them exceeds
their dimension by one unit only, and if and only if this joining face con-
tains only the two given faces.

To reduce the case of inhomogeneous inequalities to the above
scheme, homogenize by writing an additional unknown § beside the con-
stants and adding the inequality % 2 0. The points with § = 0 1ie in
the hyperplane at infinity.

Now suppose that a full double description has been obtained at
& certain stage, and a new step is to be taken corresponding to a hyper-
plane H. We write the coefficlents of H as an additional column next
to C and D and compute the inner products with the rows of A and B.
If the products involving H are all non-negative, then the cone defined
by H and the hyperplenes of C and D 1s the same as the cone defined
by C and D above, which by supposition is fully described. Hence H
is superfluous (it either gives no face at all or a face already indicated)
and should be omitted.

Secondly, if the products involving H and rows of A are all
zero, while there exist rows of B for which the product is negative, each
such row should be thrown out. However, before throwing a row out it
should be combined with each row of B corresponding to an adjacent face,
as explained before, and giving a positive product. By combining we mean
determining the intersection ray of the plane corresponding to the two rows
and of H and writing the row obtained as an addltional row to B. The
determination can be effected by the formula pklll b12| + pk12| b11| of

Section 10, or as in the computing instruction below.

Finally we have to consider the case where not all products of
rows of A involving H vanish. We choose as normal form of A a des-
cription by 4 pairs of opposite vectors; hence the product with H 1is
positive for a certain row & of A (if there are several such rows
choose one). Then one has to: 1) delete a and -a and adjoin a to B;
2) delete every row a* # a of A glving a positive product while re-
placing -a* by its "comblnation" defined as before with a and by the
negative of that combination; 3) replace every row of B giving a negative
or positive product by its combination with a or -a, respectively.

§12. SPECIAL CASE: x 20

If the inequalilties X, 2 0, +voy X 2 0 occur in the glven
system, as for instance in the game case treated in Parts I and II, these
inequalities can be taken first and since theilr solution is the positive
orthant, d 1s already zero, the central part A 1s vold and the last-
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mentioned possibility in the procedure of Section 11 does not occur. If
we suppose that the given system is non-degenerate in the sense that no
n + 1 of the (inhomogeneous) linear functions vanish at the same point,
which 1s always the case after a small change of the coefficients, then
also the condition for adjacency takes on an especlally simple form and a
computing instruction for such a system would be as given below.

The computation at the end (see Tables II and III) concerns a
submatrix of the diet-matrix in [9]. In this example the matrices A and
C of the schematic dlagram ebove are absent. The rows L1, ..., L n
(L 1 represents the i-th row below L), corresponding to the inequali-
ties x, > 0, ..., X, » 0, are the initial entries in the matrix D which
is written as rows rather than columns for convenience in tabulation. The
additional rows Ln+ 1, ..., Ln+h of D, corresponding to the other
given inequalities, are used successively in the computation. The entries
in L n+ h+ 1 are the coefficlents of the function to be minimized.
Column 0 of the table contains the constants of the linear inequalitiles
and, below P, the homogenizing coordinates of the vertices. Columns 1
through 6 contain the coefficients of the linear lnequalities and of the
function to be minimized and the coordinates of the vertices.

The rows P 1, ..., Pn+ 1 (P 1 means the i-th row under P)
constitute the matrix B at the beginning of the computation. During the
computation rows P n + 2, ... are Incorporated in B, while some P-rows
may cease to belong to B. The scalar products in the matrix M used in
the computations appear in columns n + 1, ..., n+ h + 1. The arrows
indicate the correspondence between the L-rows and these latter columns.
Columns -3, -2, and -1 are used to record labels and side calculations.

The finael polyhedron is described by B 1n its final form,
namely, it has vertices P 1 to P 35 except P 1, P 8, P 10, P 11,

P 12, P 20; and by D in its final form, namely, by the five-dimensional
sides L 0 to L 10 except L 8, where L 0 denotes the hyperplane at
infinity.

Since row P 19 gives the smallest value in column 11, it is
the only solution of the minimization problem.

ABBREVIATIONS. L 3 means the third row below L.

P 3 means the third row below P.
P 3 7 means the number in row P 3 and column 7.

ORDER OF STEPS. Perform step 1 A, then all steps 1 B, then
step 2 A, then steps 2 B, step 3 A, ..., until step h B.

STEP s A. Compute entrles P k n+s 1n the n+s column as
far down as posslible by formula 1, except that if P k 0 = 0 write
Pknts =w; and omit P k nts 1if P k n+h+1 1s an x.

STEP s B. For every k for which P k n+s { 0 and for every 1
for wvhich P 1 n+#8 D0 or Pl n+s =, and for which Pk and P 1

th
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-y -3 2 0 1 2 ven n | n+1 ... n+h n+h+
L
1 0 1 (0] 0
2 0 0 1
n 0 [} 0 1
n+1 N
glven
n+h
~
n+h+1 0 1 1 ‘e 1
~
P
1 1 0
2 0 1 0
n+1 o 0 © ves 1
n+2
n+3 to be computed
TABLE II

have n-1 common zeros perform substep n+s k 1. When through all sub-
steps n+s k 1 belonging to the same P k n+s { 0 (there may be none at
all), make an x in P k n+h+1 and in all free places in columns n+1
to n+h+1 1in row P k.
SUBSTEP n+s k 1. Start a new row by its number, say m, in
column -4. Wrtie k in column -3, 1 in column -2, and
1000 |P k n+s|/(|P k n+s| + P 1 n+s) 1in column -1 (to be omitted if
P 1lnts = w); write 1000 in column O (n.b., we multiply our computa-
tions by 1000 to avold decimals); and write O in each of the n-t col-
ums 1n which P k and P 1 have common zeros and in column n+s. The
remaining Pmj, j=1, ..., n, compute by formula 2, except that if
P 1l n+s = w, use formula 3. (Other entries in row P m coming before col-
umn n+s are unnecessary for subsequent calculation and are marked by an Xx.)
FORMULA 1. Pknis=(PkO .Ln+so) + (Pk1 .Ln+s 1)
4 ...+ (Pkn.Ln+s n).
FORMULA 2. Pm j=Pk j+ 1/1000[Pm (-1){P 1 j-Pk jll.
FORMULA 3. Pm j=1000 |Ln+s 0| /L n+s j unless Ln+s j=0
in which case write P m j = 1000 |L n+s O].



-4 [-3 -2 -1 o] 1 2 3 b 5 6 T 8 9 10 11
L

1 o 1 o (o] 0 [o) 0

2 [} [} 1 o [} [¢] o}

3 o) [o] o 1 o) o] 0

4 0 [¢) [o] [o] 1 o) [o)

5 o [¢] [} [} o 1 [o)

6 0 0 0 o) 0 0 1

7 -3 25 12 26 18 6 2 ~

8 -70 786 393 655 651 283 9k ~

9 -1 1 15 1 4 10 3 ~

10 -12 203 183 T2 245 6 27 ~

11 0 1 1 1 1 1 1 ~
P

1 1 [} o [¢) [¢) [ [ -3 x X X b4
2 [ 1 o] o [o) o) 0 o o« ® o o
3 (o] [¢] 1 o] (o] [o] (o] o o © o o
L o] [o} o 1 o] 0 o o oo o oo ©
5 [} o 0 0 1 o) o 3 o e = £
6 (o} [o] o} [o] (o] 1 (o] o oo oo oo oo
T [} 0 0 [} o 0 1 « P ' o o
811 2 1000 120 0 o) o) o [¢) 0 24320 -880 x X
9l1 3 1000 0 250 0 (o] (o] [o] 0 28250 2750 33750 250
1011 & 1000 0 o 115 o [¢) o) 0 5325 -885 x x
1M1 5 1000 0 o} 0 166 (o} [} 0 38066 -336 x X
1211 6 1000 0 0 [o} 0 500 (o] 0 71500 4000 -9000 X
1311 7 1000 o o [} 0 0 1500 0 71000 3500 28500 1500
1418 2 1000 1000 [¢) o o 0 (o} X X o 191 1000
15| 8 9 2421000 91 61 0o o (o} o [o) x 0 17636 152
16| 8 12 180 |1000 98 o] 0o 0 90 0 (o] b4 0 8434 188
17| 8 13 200[1000 96 0 [} 0 0 300 [¢) X 0 15588 396
18110 4 1000 o) 0 1000 o [¢) o) x X 0 60000 1C00
19|10 9 243 |1000 o 61 87 o o] [o) (o] X 0 5k27 148
20 |10 12 181 [1000 [¢] o ok [¢) 91 [ (o] X 0 -4686 x
21 |10 13 202 |1000 o 0 92 [} 0 303 [¢] x 0 2832 395
2211 5 1000 0 o) 0 250 o [ x x 0 49250 250
23111 9 108 |1000 o 271 0 148 0 0 [o) X 0 29201 175
2k |11 12 o717 [1000 o o 0 153 39 o [} x 0 25719 192
25|11 13 087 |1000 o o 0 152 o 131 (o] x 0 28777 283
26 [12 6 1000 o o [} 0 2000 o X x x 0 2000
272 9 211 |1000 0 53 [} 0 394 o o b4 x O kh7
28 |12 13 240 |1000 o 0 [} 0 380 360 0 x x o Thko
29 |12 16 516 |1000 51 [¢] [¢) o 288 [¢] [¢] x x 0 339
30 |12 24 259 [1000 [} [} o ko 381 o o x x 0 421
31 |20 16 357 |1000 35 o 60 o 91 o 0 X X o 186
32 [20 18 072 |1000 o o 159 [ 8L o x x o . 0 243
33 |20 19 463 [1000 o 28 91 o 49 o) o x o 0O 168
34 |20 21 627 |1000 [} o 93 o 34 189 o x o] o 316
35 [20 24 154 |1000 o (o] 80 24 83 o [o] x o o 187

TABLE III
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SOLUTIONS OF CONVEX GAMES AS FIXED-POINTS]
M. Dresher and S. Karlin

¢ 1. INTRODUCTION

In a game with & finite number of pure strategles the choice of
a mixed strategy 1s equivalent to the selection of a point in a simplex.

If the strategles are constrained in any way, then the choice is no longer
made from a simplex but from an arbitrary convex set. Many infinite games,
e.g., polynomial and polynomial-like, are essentially finite games over
general convex sets since the choosing of a mixed strategy is equivalent to
choosing a point in a finite dimensional convex set.

In this paper we stuay games played over arbitrary convex sets.
Interpreting the solutions of a game as the fixed-points in a continuous
mapping, we obtaln some general results on the dimensionality and continui-
ty of solutions. Dimensional relationships for games played over simplices
were first derived in [1] and [3]. Some dimensional and continuity rela-
tionships for polynomial-like games were first obtained in [2]. The gen-
eral convex game treated here can be formulated as a polynomial-like game
by spanning the convex set with a Peano space-filling curve. However, the
complicated nature of such a curve makes this formulation impractical for
theoretical and computational purposes. We also describe a method of com-
puting the solutions by mapping one convex set onto another. The method 1is
applicable to both finite games and infinite games with polynomial or
polynomial-like payoffs.

¢2. CONVEX GAMES

We define a finite dimensional convex game as follows: Player I
chooses & point r = (r1, Ppy «ees rm) from a convex set R lying in
Euclidean m-space. Player II chooses a point s = (s], Spy vees sn) from
a convex set S8 1n Buclidean n-space. R and S are bounded and closed.
The payoff from Player II to Player I is given by & bilinear form

'The preparation of this paper was sponsored by The RAND Corporation.
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16 DRESHER AND KARLIN

(1)  Alr,s) = 23.21 £y(r)sy + folr) = 211:1 gi(s)ry + go(s) = Erie.ijsj

where f(r) and g(s) are linear functions of r and s, respectively.
If Player I has m pure strategles and Player II has n pure

strategles, then R and S are (m - 1)-dimensional and (n - 1)-dimen-

sional simplices, respectively, and A(r,s) is the mixed strategy payoff

to Player I. However, if a game has a finite number of pure strategles and

the mixed strategies are subject to some finite number of linear constraints,

then the sets R and S are polyhedral convex sets. If a game 1s con-

tinuous and the payoff 1s polynomial-like, i.e., the payoff to Player I

from Player II if they choose pure strategles x and y, respectively,

is given by

M(x,y) = 34750 8y gy (x)sy(y)

where ry and sj are continuous functions, then R 1s the convex set
spanned by the curve
ri=ri(x), 0 x< 1, 1=1,2, ..., m,

traced out in m dimensions, and S 18 the convex set spanned by the curve
sj=sj(y), 0oy, j=1,2, ..., n,
traced out in n dimensions [2]. The payoff A(r,s) 1s given by (1).
¢3. SOLUTIONS OF CONVEX GAMES

The existence of optimal strategies r-o,so and a game value v,
such that

(2) max A(r',so) = min A(ro,s) =V

reR s€ed
can be established in two fundamental ways. We may use properties of con-
vex sets, specifically the result that two non-overlapping convex sets can
be separated by a hyperplane. It also follows from the Kakutani fixed-polnt
theorem [4].

The optimal strategles (one set for each player), or solutions
are the generalized fixed-points in the upper semicontlinuous mapping de-
scribed as follows: Let r’ € R. Define the image of r° on S to be the
set of points S(ro) C 8 where min A(ro,s) is assumed. S(ro), which is

seS
the intersection of a hyperplane with the boundary of S or colncides with
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S, 1s a convex set. Let s ¢ 3 and let the imege of s® on R be the
set of points R(so) C R where max A(r,so) 1s assumed. If r° € R(so)

0 0 o o _ TR
end s € S(r’), then r ,s  satisfies (2) and is therefore a solution of

the game. Further, since r’ 1s an Image of s° and s° 1s an image of
ro, ro and g° are fixed points in R and 'S, respectively. It is
clear that if RO,SO are the sets of optimal strategles of the two players,
then every point of Ro is an image of every point of So and every point
of 8° 1s an image of every point of RC.

We can also formulate the solutions as fixed-points of the
point-set mapping F which takes a point (r,s) in the product space
R®S into the non-void set (R(s),S(r)) = F(r,s) in R()S, where R(s)
and S(r) are defined above.

Qh. CONTINUITY OF SOLUTIONS

To develop the theory of convex games, we first study the solu-
tions for continuity. The following theorem, first proven in [2], is
repeatea for completeness.

THEOREM 1. The solution of a convex game is a
lower semi-continuous function of the payoff.

PROOF. Let G be an open set containing the optimal strategles
RO of player I in the game with payoff A = A(r,s). Suppose each element
of A 1s perturbec by at most g, let AE denote the resulting payoff
and RE cenote the set of ¢ptimal strategles of player I. We assert that,
for a sufficienlly small €, RE is in G. For, let us assume the contrary.
Then there exists a sequence (€,) tending to zero with a corresponding

sequence of payoffs AE such that each RE is not contained in G. Let
n o
r_ be in Re but not in G. Since R 1s compact we may suppose that

n
n
Ty tends to r a8 n - o, where r 1is not in G but in R. Further,
1t 1s readily verified that a 1limit point of optimal strategies for the
payoffs A, 1s an optimal strategy for the payoff A. But r 1s not in
n

G and hence not in Ro and so we arrive at a contradiction.

By an identical argument one can show that if' the strategy spaces
R, converge to R, then the sets of solutions are lower semi-continuous.
A set of spaces R, is said to converge to R 1if every point of R 1is a
1limit point of points of Rn and there exist no other limit points of
points of Rn'



78 DRESHER AND KARLIN
§5. GAMES WITH UNIQUE SOLUTIONS

In this section we derive a dimensional relationship for games
with unique solutions. It is shown that the relevant property of the
polyhedral face containing the optimal strategy is the dimension of the
face rather than the number of vertices.

Let ro,so be the unique solutlon of the game with payoff
A(r,s) over the strategy space (R,S). Assume that R and S are poly-
hedral convex sets. Let ro be interior to a k-dimensional face R0 of
R, and s® be interior to an l-dimensional face s° of 8. R and 8°
are polyhedral faces. Since $® 1s optimal, 1t maps onto some maximal

face R';; RC. Similarly, r° maps onto some maximal face S';g s°.

LEMMA 1. The game with payoff A(r,s) over the
L 1
reduced strategy spaces (R ,S ) has the unique solu-

tion Po,so.

PROOF. Since r° maps onto S'gsogso and s° maps onto

R';glf)ggro, it follows that ro,so is a solution of the game over the
strategy space (R',S'). To show it is unique, let us assume that s' € S'
is another optimal strategy for Player II. Then s' maps onto some face
containing RO. Let § =¢gs + (1 - e)s0 be a solution close to so, and
therefore maps onto a face containing R®. Now for the orlginal game over
(R,8) we definec R as the maximal face upon which s° maps. Hence a
point 8 sufficilently close to sO will map into some part of R' con-
taining r®. Therefore 5 1s another solution of the full game, which
contradicts the uniqueness assumption.

We may now confine ourselves to the reduced polyhedral game over
(R',8"). 1In this game r° is interior to R, and r° maps onto s'
Similarly, s® is interior to s ana &° maps onto R'.

LEMMA 2. If ro,so is the unique solution of the
polyhedral game (r',8"), then

R°=R" and 8%°=358".

PROOF. Suppose s® 1s on the boundary of S', or 8° ¢ S'.
Consider a sequence Sn. of polyhedra interior to S' excluding So which
expand out to all of S 'as n 1increases. We can construct Sn by using
any inner point ¢ of S8 and taking the set of all points on the segment

Ac + (1 - M)x 0 AL - gy
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and x any point of s'.

Consider the game over the spaces (R',Sn). Let (xn, Yn) de-
note the solutions to this game. Then from the lower semi-continuity of
the solutions it follows that every sequence of solutions s, tends to
8°. Now since r° 1is interior to RO, then for n sufficiently large
the solutions r, lie interior to a polyhedron having Ro as a face.
Therefore, for n large, s, maps into a polyhedron containing Ro. But
r° maps into all of S', it follows that (ro,sn) 1s a solution of the
game over (R',Sn). It also follows that (ro,sn) is a solution of the
game over (R ,8'). This contradicts the hypothesis, since s, 1is in-
terior to 8'. Therefore S = 8°, and similarly R' = RC.

REMARK. TUsing a similar argument, we can generalize Lemma 2 to
games with non-unique solutions. Let R® be the smallest polyhedral face
containing the set of solutions of Player I. Now every optimal strategy
of Player II will map onto some polyhedral face of R; some of the optimal
strategles will map onto RO, Let R' be the meximal intersection of
these polyhedral faces. Then, by an argument lidentical to above, 1t can be
readily shown that R = R®. Similarly, if 8° is the smallest polyhedral
face containing the optimal strategies of Player II, and s' 1s the inter-
section of all polyhedral faces into which are mapped Player I's optimal
strateglies, then S' = So. Again, we may confine ourselves to the reduced

game over the space (r%,89).

THEOREM 2. If a polyhedral game has a unique solu-
tion, then the two optimal strategies lie in polyhedra
of the same dimension.

PROOF. Since ro maps into an l-dimensional polyhedron in 8,
we must have

fj(!')=0 j=12, ..., 1,
or some 1 1linear relations must be satisfied. These relations determine
a manifold of points in R mapping onto So and having dimension, at
least, m - L. Now the manifold and the k-dlmenslonal polyhedron have only

r® in common, otherwise the uniqueness of the solution would be contra-
dicted. Therefore,

m-_]_+k§_m

or
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Similarly we can show 1< k, and therefore k = 1.
§{6. GAMES WITH MANY SOLUTIONS

We can recuce the general case of polyhedral games with many
solutions to the special case of games with unique solutions. Suppose X,
the set of optimal strategles of Player I, 1s k-dimensional and 1is in-
terior to a polyhedron, Ro, which is u-dimensional. Suppose Y, the set
of optimal strategles of Player II, is i-dimensional and 1s interlor to a
polyhedron, 8°, which is v-dimensional.

THEOREM 3. For any polyhearal game, the set of
solutions and their containing polyhedra satist'y the
dimensional relationship

PROOF. We have shown that X maps onto s® and v maps onto
rC. Consider the reauced game over the spaces RO, SO. The payofl'f’ now
becomes

Alr,s) = 3.7, fi(r)sy + £o(r) = 345, g1(s)ry + gy(s).
The common zeros of f1(r), fa(r), ey fv(p) in R° correspona to the
optimal strategies of Playcr I ana Lhe common zeros of g1(s), gg(s), ey

gu(s) in 8° correspond to the optimal strategies of Player II.

Form the factur spacc of Eu/'xu, where EY 1s the Eucliucan
space containing R® anc XY 1s the llnear cxtension of X in EY By
taking a cross section T in EY perpenaicular to the manifcld X, the
polyhedron RO becomes a ncw polyhearon in T. Since X was interior
to Ro, then X becomes a unique interior point r° off T. In a sinmilar
way we construct the factor space Ev/ YV, and by tasing a cross secllon,
the polyhedron S0 becomes a polyhedron U ana Y becones a unique in-
terior point so. We obtain the induced mappings of fl, f2, .,
anc 85> Bps -++» B, ON T to U, which are wcll definea.

For this mapping it 1s clear that ro, s° are optimal strateglces,
as X% and Y' constitute the zeros of fy and 83> respectively. Th.;'y'J
are also unique, since any other strategy r' of Player I must cover all
of T and hence must be a common zero of the induced mappings f1,
£y, +++, £ . In terms of E", this implies that r' belongs to the
coset X". From Theorem 2 it follows that

v

Adim T = céim U
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or
u-k=v-1.
§7. UNIQUENESS OF SOLUTION AND PERTURBATION OF PAYOFF

We shall demonstrate that if a finite polyhedral game has a
unique solution, then for any sufficiently small change in the payoff the
solution remains unique.

Let the solution ro,so of a polyhedral game be interior to
a k and 1 dimensional face R® and So, respectively. We have proven
that k =1. Let T be the manifold of all points in R mapping into

s®. Then T 1s defined by 1 1linear relations, say

2121 by jvy = 0, J=1,2, ..., 1

where bij is a linear function of the matrix A. Let the dimension of
T be w, then

Since T and RO intersect in a unlque point ro, we have

and thus

The last relationship implies that the matrix (bij) has full
rank. If the payofl 1s perturbed by a sufficiently small amount, the di-
mension of T will not change -- the rank is preserved. We can also
preserve the rank of the intersection of the manifold T and R®. There-
fore we can obtain an (m - 1)-dimensional manifold which Intersects R®
in a unique point r'. In a similar way we can obtain a unique point s'
in So. Since r' and s' are unique points of intersections, it follows
that r',s' 1s the unique solution of the game with the perturbed payoff.

If the game 1s a general convex game, not necessarily polyhedral,
then the uniqueness of a solution is no longer preserved under small per-
turbations. For example, in the game with payoff M(x,y) = xy - x2, both
players have unique optimal strategles lylng on the boundaries of their
respective spaces. If the payoff is perturbed to Xy - x2 + €x, the
uniqueness is destroyed. However, if both players possess interilor unique
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optimal strategles, then the planes f.(r) = 0 intersect in a unique in-
terior point and the planes gi(s) = 0 also intersect in a unique interior
point, and small perturbations of the payoff preserving this intersection
property will preserve the unlqueness as well.

§8. INTERIOR AND "IDENTICALLY v" SOLUTIONS

We can interpret geometrically two general types of solutions:
1. Solutions interior to R and 8.

2. Strategles which yileld identically v to a
player independent of strategles of the other
player.

(o} 0

Let r” Dbe an interior optimal strategy of Player I and s
some optimal strategy of Player II. Then s° maps onto a set R(so)
containing no interior point of R unless gi(so) =0 for all 1. There-
fore every optimal strategy of Player II is on the intersection of the
planes gi(s) = 0, and thereby ylelds identically v. The interior solu-
tion, ro, of Player I need not have any special position relative to the
planes f.(r) = 0. However, an optimel strategy r° ylelds identically v
if and only if 1t lies on the common portion of all the planes fj(r) = 0.

¢9. SYMMETRIZING A CONVEX GAME

A finite convex game can be symmetrized in a manner similar to
the simplex game. Let the payoff be represented by

n m
(ar,s) = 347 ( p e‘ijri)sj'
Def'ine
p(r,,s,) = mex (Ar,s,) - min (Ar,,s).
0°70" " per "% g8 O

It can be verified that p(rg,s,) > 0, for all r,,8, and p(ry,s;) =0
if and only if (ro,so) is a solution of the game. Furthermore,

1]
p(r,,s,) = max (Ar,s.) + max (r,,-A s)
0770% " reRr 07 " ses ' ©

= max [(Ar,so) + (ro,-A's)].
reR
S€S

Form the product space En+m = E&lébEm and the product convex
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set REB. Consider the linear operator {A,-A'] {r,s) defined over En*m’
The payoff over the product space becomes

((a,-a") (r,8), (sy,r5)) = (Ar,s0) + (rg,-A's).

This is a symmetric game in which Player I picks (r,s) and Player II
picks (s,r), each from the space R@. The solutions of this symmetric
game are those (ry,s,) for which p(ry,8,) = 0.

Every finite convex game can be symmetrized to & new convex game
in (n + m)-dimensional space whose payoff matrix 1is given by

(5 )

and where both players choose polnts from the product set R®S. If R
and S are both simplices, then R®S i1s no longer a simplex. In order
to play on a simplex set 1t 1s necessary to add an extra dimension.

$10. COMPUTATION

We can compute the set of solutions RO,SO by an orderly examl-
nation of the spaces R and S for fixed-points in a continuous mapping.
The method consists of dividing the space R into a finite number of con-
vex subsets R,, Ry, -, R4 by means of the hyperplanes fj(r) = 0,
j=1,2, ..., n, and the boundaries of S, and similarly dividing the
space S into a finite number of convex subsets 31, 32, seey S, by means
of the hyperplanes gi(s) =0,1=1,2, ..., m, and the boundaries of R.
The division of R 1s such that each of 1ts subsets R1 maps onto some
maximal boundary of S and each of the subsets Sj maps onto some maximal
boundary of R. The subsets, Ri’ will overlap, but their union is the
full strategy space, R. From the previous discussion, 1t follows that
RO,SO are the fixed-polnts in the mappings of R,, Ry, ..., Ry onto 3
and 8,, S, -+, Sp onto R. Further, R =R, for some 1, and
s =8, for some j.

We 1llustrate the method by two examples -- first, a game with a
finlte number of pure strategies, and second, a game with a continuum of
strategles with a polynomial payoff function.

EXAMPLE 1. FINITE GAME WITH CONSTRAINTS

Let the payoff corresponding to the pure strategies be defined
by the matrix
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3 39 30
33 9 0
28 b 25

We wish to determine the optimal strategies 1f the mixed strategles are
subject to the following additional constraints:

1€ 10x, 8 1 10y, £ 20y,

1 g 20x,

A\

10 1< 6y5.

18 - 1+0xl g 15x3.

From the constraints it 1s evident that R 1s a pentagon and S is a
triangle. We may write the payoff as follows:

A(x,y) = (10x, - 10x; + 1)y, + (10x, + 10x, - )y, + %(5x] - 25%, + 25)
= (-10y, + 10y, + %)x1 + (10y, + 10y, - %;)xe + (¥, - Ty, + %?)
= DYy *+ Po¥p * Ps = X + QpXp + Q-
We now divide the spaces R and S 1into the following convex
sets:
Ri(py 2 0, P, 2 ), Rp(py 2 0, P, 0, Ry(p; £ 0, Py 2 0),
R,(p, < 0, p, £ 0), Ry(p; = p,  0), Rg(py = pp = 0).
8,(qy 20, g, < 0), 8,(q; £ 0, gy 2 0), 85(q; =0, 9, < 0),
Sy(q, =g, =0).

Some of these sets may be void, in which case they will not
appear in the later mappings. Some of the sets overlap. Mapping each Ri
into 8 and each S. into R, we have

J
R1—-—+(S]) —>(R5), RE—-—-?(S1) -—>(R5), R}""(Se) ——+(R2)
Rh—"(se)‘-’(Rz)’ R5———)Sh - R5.

where (S,) represents a point in 8, and (Rj) is a point in RB'
Therefore R® = R5 and 8° = S,, or the optimal strategles are glven by
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=2 A 3 =

X =5 26 < % < 7o Xz =1 - X - X5
-1 1 =

y'l =2 y2= 3 yj g

The value of the game is v = 19.5.
EXAMPLE 2. INFINITE GAME WITH POLYNOMIAL PAYOFF
Let the pure strategy payoff be given by
M(x,y) = 21x + 18x° - 24x’ - 16y - 36xy - 9x2y + 18x3y + 60y2 - 36y3

where 0 ¢ x S 1,0y 1. If F(x) and G(y) are mixed strategles of
the two players, define

ri:fé xidF(x) 1=1,2,73

[l
-
-

n
M
w

1 _J s
sj = fo yldG(y) i

The mixed strategy payoff becomes
A(r,s) = 2ir, + 18r, - 21+r5 - l6s] - 56r151 - 9r,s, + 18?581 + 6052 - 3635.

R, the strategy space of Player I, is a 3-dimensional solid whose boundary
consists of the curve C (defined parametrically by r,=t, r,= t2,

ry = t3, 0 t< 1), lines connecting the origin with each point of C

and lines connecting (1, 1, 1) with each point of C. 8 1s defined in
exactly the same way (S 1s the convex hull of the curve defined by

=, s, = W’ where O ugmn.

s 3
Let

=u, 8

1 2

f=-16 - 361-1 - 9r, + 18r5,
then we divide the spaces R and S into the following convex subsets
R, (T { -28), R,(f > -28), R5(I‘ = -28)
2 2 _2
We now have the following mappings of R onto S and 8 onto R:

R1"—‘7(1: 1, 1)
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10 - A/100 + 3¢

Ry—u = 1
Ra_""(li’ ;7, -,;—7) + (1 -p)(1, 1, 1) vhere 0< ¢

SI——"(O: 0, 0)
-3(2 - 8,) -/3(158% - 1508, + 68)
6(33, - )

""M(lz" 11?’ 18) + (1 -&)(0, 0, 0) where 0 a(1

S,—t =
S5

From the above, it can be verified that

2 1
5 F-z

il

l?5——->33—eR3 if o«
This yields the unique solution

F'(x)

wi=

Io(x) + Il(x)

2

wifro

—_

=

3
where Ia 1s a step-function with a jump at a. The value of the game
is v = 6.

G (y)
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ADMISSIBLE POINTS OF CONVEX SETS
K. J. Arrow, E. W. Barankin, and D. Blackwell

$1. SUMMARY

A point s of a closed convex subset S of k-space 1s admissi-
ble if there is no t € 8 with tigsi forall i=1, ...k, t#s. An
example 1s given in which the set A of admissible points is not closed.
Let P Dbe the set of vectors p = (p;, ---, pk) with p, > 0,21]{ Py =1,

let B(p) be the set of s € 8 with (p,s) = min (p,t), and let
tes

B = 3 B(p), so that B consists of exactly those polnts of S at which
there 1s a supporting hyperplane whose normal has positive components.

THEOREM 1. BCACB. If S 1s determined by a
finite set, there is a finite set p,, ..., Py pj €P,
such that B =EJ-£1 B(pj), so that, since B(p) is

closed for fixed p, B= A = B.

That BCA CB when S 1s determined by a finite set was
noted, in the language of convex cones, by Gale [2] A

A consequence of Theorem 1 is that, in a two-person zero-sum game
in which each player has only a finite number of pure strategies, every
pure strategy which ylelds the value of the game against every minimax
strategy of the opponent enters with positive probability into some minimax
strategy, a result due to Bohnenblust, Karlin, ana Shapley [1].

§2. PROOF OF THEOREM 1

Suppose first that 8 1s bounded. If s € S, s ¢ A, there is
a tes with t < s; forall 1 and t#s. Then (p,t) { (p,8) for
every p € P, so that s ¢ B. Thus B C A.

To show that A C B, let a € A. We may achleve

1Number-s in square brackets refer to the bibliography at the end of the
paper. .
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a= (0, 0, ..., 0) by translating the coordinate system. For any
€, 0<{¢ ( g let P(e) be the set of p € P with py p >& for
i=1, ..., k. For any two closed bounded convex sets R,S3 of k-space,
there are vectors r* € R, s* € S with (r*,s) > (r¥,s*) ) (r,s*) for
all r € R, s € S; this fact may be proved as follows. Let r € R, s, €S
be sequences dense in R,S respectively. The finite game whose NxN
matrix is (ri,sJ) 1< 1,j<{N, has a value V(N) Nand good strategles
(»\N], ooy Agy)s (Rpgps cees Myy)s thus IF réy =3, ATy,

=‘\J__1 My84, Ve have (ry*,85) 2 V(N) > (ry,sy*) for 1< 1,j<N.
Letting N — « through a subsequence for which ry*,Sy* converge, say
to r*,s*, ylelds (r*,s. ) > (ri,s*) for all 1i,j, and r*,s* have the
required property. We a.pply this result to P(z),3, obtaining
p(e) € P(e), s(e) € S such that (p(e),s) > (p(e), s(g)) > (p,s(g)) for
all p € P(e), s € S, and note that (p(e), s(g)) { (p(g), a) = 0. Choose
a sequence €,—0 for which s(an) converges, s;y to s* € S. For all
p € P, (p,s(g))) { 0 for sufficiently large n, so that (p,s*) {0
Thus st é o for all i and, since a = (0, 0, ..., 0) 1s admissible,
s* = a. Finally s(g)) € B(p(g,)) C B, so that a € B.

For unbounded S, we use the

LEMMA. Let C be a convex set, N a neighborhood,
and s, minimize (p,s) for s € CNN. Then s
minimizes (p,s) Tlor s € C.

o

PROOF. Suppose, for some s, € C, (p,s,) < (p,so)- Let
S, =ds_ + (1 -d)s1; for 0 {1, s, €C, (p,sE) < (p,so). But for o
sufficlently small, 8, € N, which contradicts the hypothesis.

It follows from the Lemma that Theorem 1 holds without the con-
dition that S be bounded. Let S Dbe any closed convex set, a an
admissible point of S. Let N be a closed neighborhood of a. Then a
is admissible in S N N. By Theorem 1, &a = lim 8> where s, minimizes

N-»0

(pn,s) for s € SNN for some p, in P. Then, by the Lemma, s,
minimizes (pn,s) for s € 8 for the same j

Now suppose that S 1is determined by a finite set 815 -vs Sp-
A subset U of S5 ++s 8p will be called usable if there is a p € P
for which U C B(p). Let U, ..., Uy be the usable subsets of
815 -+es Sy and let Pys ++-s Py be corr'esponding p's, so that

Uj C B(pj). let s € B, say s € B(p), 8 = 1 Aysy. Then if U is the

set of s; for which Ay > 0, UC B(p), since (p,sy) > rélélsl (p,t) for

8y € U would imply (p,s) =X Ay(p,84) > min (p,t). Thus U 1s usable,
tes

say U = Uj. Then s € B(p ) and B =EN B(p ). This completes the proof.
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$3. AN EXAMPLE

If k=2, it is easily shown that A 1s closed; in our example
k=3 and A is not closed. Let U be the closed arc consisting of all
points (x,y,1) with (a - 1)2 + (y - N2=1,0 {xy£ 1, let
e = (1,0,0), and let S be the convex set determined by U and e. The
point f = (1,0,1) € 8 is not admissible; we show that every point
8, = (xo,yo,1) with Xs ¥, > 0 and (xo - 1)2 + (yO - 1)2 =1 1is admis-
sible, in fact, that it is an element ot B.

There is a vector p, = (uo,vo,o) with u, > o, v, > o,
uy + vy =1 such that (po,s) > (po,so) tor all s € 8, s # s,- Let

p=(1 -€)p, + €0,0,1), 0 € 1. Then p € P, and
(p,8) = (1 -€)(p,,8) + & for s €U, so that (p,s,) < (p,s) for
878, 8€U. Also (p,e) = (1 -€)(py,f) > (1 -€)(p,,8,) + € = (p,8,)

for & sufficlently small. Thus s, € B(p) for ¢ sufficiently small,
completing the proof.

We remark incidentally that e € A but e ¢ B, so that
A #B, B#A 1in our example.

¢4. AN APPLICATION

A consequence ol our theorem is the {'ollowing rcsult of
Bohnenblust, Karlin, and Shapley [1].

THEOREM 2. Let A = llaijll be an m x n matrix,
consicerec as the payoff of a zero-sum two-person game,
and let D be the sel of all 1 for which
A(i,q) = 2}21 ayja5 =V for every minimax strategy q
for I1I, where v 1is the value of the game. Then
there is a minlmex strategy p for I with py >0
for 1 € D.

PROOF. If we delete from A the rows for which 1 ¢ D, the
resulting game has value Vv, and every minimaex strategy for I in the new
game 1ls mlnimax in the original game. Moreover A(i,q) = v for every
1 € D and every minimax strategy q for II in the new game, for if
A(io,qo) { v for some i, €D anG some minimax q, in the new game,
A(io,q*) { v for every € > 0, where gq* = €q, + (1 - €)q, ana q, is
minimax in the original game. Since q, may be chousen so that
A(1,q,) {v for 1¢ D, g¢ will be minimax in the original game for
sufficiently small € > 0, and 1o ¢ D. Thus we may suppose 1 € D for
i=1, ..., m

Let S be the convex set in m-space determined by the columns
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of A. The polnt 8, = (v, v, ..., V) € 3 and is admissible, so that, by
Theorem 1, there 1s & p € P with s € B(p). That is,

(p,so) =V S (p,8) for all s € S. Thus p is a minimax strategy for I,
end py >0 for 1€ D.

§5. IMPLICATIONS FOR STATISTICS AND ECONOMICS

Suppose we have a statistical problem with a finite number of
possible states of nature. To each possible strategy of the statistician,
there can be assigned a vector whose components are the risks of the
strategy under each of the possible states of nature. Let S be the set
of such vectors; S will be convex if mixed strategles of the statistician
are admitted and closed under very general assumptions. Then if we define
the distance between two strategles as the Euclidean distance between their
risk vectors, Theorem 1 asserts that every admissible strategy is the limilt
of a sequence of strategies each of which is a Bayes solution against an
a priori probability distribution which assigns positive probability to
every state of nature. If S 18 determined by a finite set (for example,
if the sample size 1s bounded, the varlables observed take on only a finite
set of values, and the number of actions among which cholce is to be made
is finite), then there is a finite set of such & priori distributions such
that a strategy is admissible i1f and only if it is Bayes against one of
these distributions.

In an economic context, it is assumed that production is made up
by carrying on different activities at varying levels of intensity. An
activity 1s characterized by a vector a whose components are amounts of
the different commodities passing through the activity, being positive for
outputs and negative for inputs. If the activity is carried on at level x,
the amount of commodity 1 produced is xay (which is negative for in-
puts). If there are a finite qumber of activities aj, then the amount of
commodity 1 produced is xjai. Let commodities 1, ..., k be final for
desired outputs, k + 1, ..., m be primary inputs. If the negative of the
total available supply of commodity i(i D> k) is VD then the activity
levels xj must satisfy the conditions,

:Sjang 2y (1> K).

The image of this set in x-space under the transformation

¥y = Eaang(i =1, ..., k) 1s then the set S of all possible combinations
of final commodities possible with the given technology and resource limita-
tions. S 18 clearly closed, bounded and convex. A point s of S 1is
sald to be efficient if there is no t € 8 such that t; 2 sy for all 1,
t # s. By Theorem 1 applied to efficient points, there is a finite set of
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vectors p, with py >0 for all 1, such that s 1s efficient if and
only if s maximizes (p,s) for s € 8 for some one of those p's. The
vector p can easlly be interpreted as a set of prices for the final
commodities, and (p,s) 1s the profit arising from the cholce of activity
levels leading to s. Hence, any efficlent point can be arrived at by
instructing producers to maximize profits for a suitable set of positive
prices. (See Koopmans [3], especially Theorem %.3).

In the more general case where the number of activities is not
finite, the activity levels will in general be replaced by a measure over
the space of activities. The set S 1s still convex, and, under sultable
assumptions, closed. Then Theorem 1 tells us that we can approximate any
glven efficient point arbitrarily closely by instructing producers to maxi-
mize profits given a sultably chosen set of positive prices.

BIBLIOGRAPHY

[1] BOHNENBLUST, F., KARLIN, S., and SHAPLEY, L. S., "Solutions of dis-
crete, two-person games," Annals of Mathematics Study No. 24
(Princeton, 1950) pp. 51-T2.

[2] GALE, D., "Convex polyhedral cones and linear inequalities," Activity
Analysis of Production and Allocation (Cowles Commission Monograph
No. 13: New York, John Wiley and Sons, 1951) pp. 287-297.

[3] KOOPMANS, T. C., "Analysis of production as an efficient combination
of activlities," Activity Analysis of Production and Allocation
(Cow%es Commizsion Monograph No. 13: New York, John Wiley and Sons,
1951) pp. 33-97.

K. J. Arrow
E. W. Barankin
D. Blackwell

Stanford University and
University of California, Berkeley






Part II

INFINITE ZERO-SUM TWO-PERSON GAMES

Among the zero-sum two-person games that have infinite sets of
pure strategles avallable to the contestants, the "games on the unit square"
continue to attract the main attention. These games generalize matrix
games by replacing the elements aij of a payoff matrix by a real-valued
function K(x,y) defined on the unit square 0 x{ 1, 0y 1. The
pure strategics available to players I and II are indexed by the real
numbers x and y, while thelr mixed strategies become probability
distributions over the unit intervals 0¢ x< 1 and 0< y< 1. This may
seem entirely straightforward, but a large gailery of counterjexamples has
shown that such games can possess quite pathological deviations from the
sound norm established by matrlx games. So research continues in the
direction of isolating classes of games on the unit square that will have
suitably regular and manageable properties.

The symmetric "games of timing" discussed by M. Shiffman in
PAPER 6 can be interpreted as duels in which the opponents have equal
strategic resources. Thelr pure strategles, x and y, represent the
times at which they act (the later, the better). Shiffman shows that an
optimal strategy 1s characterized either as a density from some point a
to 1 1in the unit interval, satisfying an integral equation with positive
kernel, or as such a density combined with a jump at 0. Existence, unique-
ness, and method of construction of the optimal strategy are obtained
thereby. The jump at 0 1s excluded or not according as an eigenvalue of
the integral equation attains the value 1 or not. In certaln cases, the
integral equation can be replaced by a system of linear differential
equatlons.

In PAPER 7, S. Karlin continues the study of "games of timing"
with the restriction to equal strategic resources removed. Even so, he
finds unique solutions which consist of absolutely continuous distributions
in the interior of the unit interval with possible jumps at the endpoints.
The densities occur as solutions of certain integral equations and are
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expressed eilther as Neumann series or as eigenfunctions of integral
operators. In addition Karlin solves another type of game in which the
payoff K(x,y) 1is concave in each variable separately on each side of the
diagonal x =y; the solutions are densities absolutely continuous over
the closed unit interval. (Scme particular games of this type, called
"butterfly games," in which the payoff 1s monotonic away from the diagonal,
have been treated by I. Glicksberg and 0. Gross.)

The class of games considered by Karlin in PAPER 8 1s a natural
extension of the notion of convex game (see Study 24, Paper 15). The
payoffs K(x,y) considered are assumed to have positive nth partial
derivatives with respect to y. The author carries out a detalled analysis
for n=1, 2, 3, 4 and shows that player I has an optimal strategy which
is a step-function with at most n steps, while player II needs at most
% steps 1n some step-function strategy (jumps at the ends of the interval
being counted as half jumps). It is asserted that the theorem holds for
arbitrary n.

Polynomial gemes (see Study 24, Paper 14) form a class of infinite
games that have finite-dimensional sets of mixed strategles, just as finite
games do. But any hope that this characteristic might extend to games with
rational payoff functlons has been dashed by I. Glicksberg and 0. Gross in
PAPER 9, where they exhibit some of the pathology of such games. They
match the known fact that polynomial games always have step-function solu-
tions with an example of a game which has a continuous rational payoff but
which has only densities as optimal strategles. This example involves an
interesting application of Tarski's system of "elementary algebra." They
also construct a rational-payoff example that has unique optimal strategles
based on dense, countable sets. Finally, to point up the exceptional
perversity of games on the square, they propose a method which constructs a
game in C” having an arbitrarily given pair of distributions as unique
optimal strategles.

PAPER 10 by D. Blackwell deals with a type of infinite game, not
on the square, that has a statistical context. The payoff is a function
L(w, X, 1), where w 1s an element chosen by player I from & set Jl,
finite or infinite, x 18 a point chosen from a space X by a thance move
defined by & probabllity measure P, over X depending on w, and 1 1is
an integer chosen from 1, 2, ..., k by player II, who is informed of x
but not of w. A pure strategy for player II is & partition of X into k
mutually disjoint sets, while a mixed strategy for II is a probability
measure defined on such partitions. An alternative method of randomlzing,
directly related to Kuhn's "behavior strategles" (see Paper 11, this Study),
is to assign a probabllity distribution on the integers 1, 2, ..., k for
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each x in X. Blackwell shows that, from the point of view of payoff,
these two methods of randomizing are equivalent to one another and to a
denumerable mixture of certain canonical pure strategiles.

H. W. K.
A. W. T.






GAMES OF TIMING'
Max Shiffman

SUMMARY

We Introduce the notion of' a symmetric game of timing. It is
deflned here as a continuous game involving the bilinear functional

f:, fz) K(x,y)dF(x)dG(y) , K(x,y) = -K(y,x)

in which for x < y, K(x,y) 1s a strictly increasing function of x and
a strictly decreasing function of y (more precisely defined in ¢1). If
X(17,1) € 0, there is an optimum pure strategy at 1; 1if KX(0,1) 2 o,
there is an optimum pure strategy at 0. Aside from these trivial cases,
it 1ls proved that there is a unique optimal strategy which is either a
denslty from some point a to 1, or is a jump at 0 and a density from
a to 1. If the guantity KX(y ,y) varies in sign as y varies, let b
be the value such that XK(b ,b) =0, while K(y ,y) >0 for b<{y{ 1.
In this case, the optimal strategy i1s a density from a to 1 where

a > b. It is shown that the delermination of the density function depends
on the solution of a certain integral equation with positive kernel, and
the theory of such integral equations is discussed and applied. It 1is aiso
shown that for a general category of cases the optimal strategy can like-
wise be obtained In terms of a system of ordlnary Llnear diff'erential

equations.
$ 1. PRELIMINARIES

We shall consider a class of symmetric continuous games involving
the bilinear funclional

1 (1 )
fo fo K(x,y)dF(x)dG(y)

'mhis paper was preparea as a report (Sept. 6, 1949) for the RAND
Corporation.
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98 SHIFFMAN

where x, y range over the real numbers from O to 1 1nclusive, the
symmetry of the game reflecting 1tself in the skew-symmetry of the kernel

K(x:Y)z
K(x,y) = -K(y,x) .

Concerning the kernel K(x,y), we will suppose that for x< y K(x,y) is
a strictly increasing function of x and a strictly decreasing function
of y. This property likewise holds for x >y Dby virtue of the skew-
symmetry of K(x,y). But across the main diagonal x =y this property
may cease, 1.e., there may be a jump of X(x,y) and K(a+d,a) may be
smaller than K(a-d,a) for small positive d4's.

We shall call such a game a game of timing, by virtue of the
following important interpretation. The variables x and y may represent
the times at which the players I and II take certain specific actions; and
i1t is profitable for each player to delay action as long as possible,
provided his action is prior to his opponent's action. If the times x, ¥y
at which players I, II take action are near each other, there 1s a decided
difference in the outcome according as x< y or x ) y. Each player 1s
thus subject to the following motive: lLe wishes to delay action so as to
increase his reward, but at the same time not to delay so long that his
opponent can with effectiveness precede him.

To be specific, a game will be called a symmetric game of timing
if the kernel K(x,y) satisfies the followlng conditions:

A(x,y) for x<y
(1 a) K(x,y) = 0 for x=y
-A(y,x) for x>y

where A(x,y) 1s continuous in x<{ y.

(1 b) A(x,y) 1s a strictly increasing function
of x and a strictly decreasing function
of y.

In what follows, we shall make the following additional hypothesis:

(1 ¢) A(x,y) has continuous first derivatives
in x{y, and the set of points where
A (x,y) =0 or Ay(x,y) = 0 contains
no linear intervals x = constant,
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Bl {y< P, or y = constant, d, {x< q2.2
As a consequence of (1 b), we can assert that

A(xy) 20, Ax,y) 0 for x{y -

The condition (1 c) makes a mild limitation on the places where elther of
these derivatives 1s zero.

We shall show that, aside from trivial cases, the optimal strate-
gy of a game of timing 1s unlque and consists either of a density function
from some point a to 1, or consists of a jump at 0 and a density from
some point a to 1. The optimum strategy will be obtained as the solu-
tion of a certain integral equation with a positive kernel. In a wide
category of cases, this integral equation is equivalent to a certain linear
differential equation or system of linear {irst order differential equa-
tions.

¢ 2. GENERAL CONDITIONS ON AN OPTIMUM STRATEGY

It is easy to show the following: 1if A(1,1) £ 0, a pure
strategy at 1 1s the unique optlmum strategy; if A(0,1) > 0, a pure
strategy at 0 1is the unique optimum strategy. We exclude these trivial
cases and supposec hencelorth that

(2.1) A(0,1) < 0, A(1,1) Do .

We shall first supposc that there 1s an optimum strategy F(x)
for the game, and derive necessary conditions satisfied by F(x). Thus

(2.2) V(y) = f; K(x,y)dF(x) ) 0 for all y ,
while

"1 1 (1
(2.3) [Lvwarw - [} L s - o

by the skew-symmetry of K(x,y).

°The reader may if desired meke the further simplification Ax(x,y) > o0,
Ay(x,y) <o for x<y-
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LEMMA 1. F(x) cannot have a jump at an interior
point x,, O 4 X, {1, unless A(xo,xo) = 0. F(x)
does not have a jump at x = 1.

PROOF. If F(x) had & jump at such a point x,, 0 £ X, {1, we

would have
V(xg) = f}, K(x,%,)&F(x) = 0
+
by virtue of (2.2), (2.3). Letting y —) xo' in (2.2),
+ 1 p
Vixy") = jo K(x,x, )dF(x) > 0 ,

so that

+
K(x,xo_) - K(x,xo)} dF (x) 2 0 .

J

+
But K(x,x,7) - K(x,x ) = 0 except for x = x,, and we have

+
F(xO ) - F(xo—) 2 0.

+ A(x,x,)

The first part of the lemma 1s proved.
The above argument also shows that the following statement can

te made at the end-points 0,1:
(2.4) A(0,0)F(0*) > 0, A, (1 -FOT) L0
Because of A(1,1) > 0, the second part of the lemma is proved.

The quantity V(y) is continuous, except at y =0 if
A(0,0)F(0o*) # 0. For, if x_# 0,
o

J

+ A(xo,xo)’ F(xo+) - F(xo-)

+ +
V(xo_) - V(xo) K(x,xo') - K(x,xo)! dF(x)

=O’

while
v(0*) - V(0) = A(0,0)F(0*) > 0 .

It follows from (2.2) and (2.3) that
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(2.5) V(y) = 0 for all points y in the spectrum of F(x) 2
LEMMA 2. The spectrum of F(x) either is an

Interval from a to 1, or 1s the point 0 and an
interval from & to 1, where a< 1.

PROOF. Denote the closed point set which is the spectrum of F(x)
by S. If S 1s not the entire set from 0 to 1, let p{y< q be
one of the open intervals composing the complement of $. For any point ¥y
in this interval,

+
v(y) =fg A(x,y)dF(x) - f;_ A(y,x)dr(x) ,

so that, by hypothesis (1 b), V(y) 1is a strictly decreasing function of
y in this interval. By virtue of (2.2) and (2.5), the left-hand end-point
p of the interval must be 0. Otherwise p would belong to S8, V(p) =0,
and by the continuity of V(y) at p, we would then have V(p + o) { 0
for small positive §. This contradicts (2.2), so that p = 0. The right-
hand end-poilnt q cannot be 1. Otherwise, 1 would not belong to S by
Lemma 1, and O would be the only point in S; then (2.2) contradicts
(2.1). The lemma is proved.

The hypothesis (1 b) makes no assertion concerning the behavior
of A(x,x), except that for x near 1 we have A(x,Xx) > 0 by (2.1).
If there are points x on the main diagonal where A(x,x) =0, let b
be the maximum of all such points x. Thus A(b,b) = 0, while for
b{ x{ 1 we have A(x,x) > 0. If there are no points x where
A(x,x) =0, wve set b =0. The interval b{ x< 1 will be called the
basic interval, by virtue of the following lemma.

IEMMA 3. The spectrum of F(x) 1lies completely
in the basic interval b x¢ 1.

PROOF. This lemmae makes an assertion only if b D> 0. Consider
a new game in which the pay-off is K(x,y) but in which x, y are limited
to the interval b{ x¢ 1, b{ y< 1. This is again a game of timing, and
we shall show later in the paper that a geme of timing has a solution.

5By the spectrum of F(x) is meant the set of points x . such that elther
F(x, + §) > x,) for all positive 4, or F( X, - S) oF(x for all
positive &°
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Assuming this, let the solution to this game be ¢(x), b g b'e g_ 1, with
¢(1) =1, ¢(b) = 0. Extend ¢(x) below b by setting ¢(x) =0, for

x<{ b. Set
v = [ xyanm

We have: V(y) > 0 for b{ y{ 1 since ¢(x) 1is the solution to the
game in the interval b ¢ x< 1. We have

T(b7) - T(b) = f; K(x,b7) - K(x,b) | dd(x) = 0

since A(b,b) = 0. Thus V(b") = V(b) » 0. In the interval from 0 to
b, V(y) 1s a strictly decreasing function of y, so that we may assert
that

V(y) > 0o in o_<_y<b.

Suppose now that there were points of the spectrum of F(x) in
the interval 0 < x< b. Then we would have

fz) V(y)aF(y) > o .

But [ Wy)dF(y) = J3f) K(x,y)d0(x)aR(y) = - [1[] K(x,y)dF(x)a0(y) =
- fé V(y)ad(y) 0 since V(y) > 0. This contradiction establishes

Lemma 3.
Lemme 3 shows that we need only consider the game over the basic

interval b x { 1. Henceforth, we consider only the basic interval, and
ignore the values bel'ore this basic Interval. With no loss of generality,
we can let this basic interval be the interval from 0 to 1, so that
we have

(2.6) A(x,x) >0 for 0 x(1

ILEMMA 4. In a{ x g_ 1, F(x) has a continuous
derivative F'(x) = f(x).

PROOF. Set F(0') = o, 0{ & 1. Let y be any point in
a<{ y{ 1. Then (2.5) gives

(2.7) 0 = aA(0,y) +fy+ A(x,y)dF(x) - f;, A(y,x)dr(x)
a

Suppose first that A(x,y) has continuous second derivatives. Then
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transform (2.7) by integration by parts into
0 = &A(0,y) - &A(a,y) - A(y,1) + 2F(y)A(y,T)

- fﬁ F(x)A, (x,y)dx + f‘ F(x)A,(y,x)dx
a y

where the subscript 1, 2 means differentiation with respect to the first
or second argument respectively. This equation can be solved for F(y),
since A(y,y) # 0, and shows that F(y) has a continuous derivative in

aly S 1.

If A(x,y) does not have continuous second derivatives, we can
proceed directly from (2.7). Rewrlte (2.7) in the form

0 = 4A(0,¥) + fﬁ (A(x,y) - A(Y,¥) JdF(x)
a

- f; (A(y,x) - A(y,y))dF(x) + A(y,y) (2F(y) - & - 1)

and solve for F(y). The result shows that F(y) has a continuous deriva-
tive with respect to y by virtue of the followling remarks:

If B(x,y) 1s continuous and has continuous first derivatives,
if B(y,y) = 0, and if F(x) 1s a continuous distribution function, then

fg B(x,y)dF(x)

has a continuous derlvative with respect to y. For

%;fy;h B(x,y+h)dF(x) - fg. B(x,y)dF(x) | =

fg B(x,v+h)h— B(x,¥) aF(x) + fy;h fohll*hz.cﬁ«‘(x)

The first integral approaches IZ By(x,y)dF(x) as h —) 0, while the
second integrel can be estimated by

|fy;h B(x.y+h) - B(ysh,y+h) dp(x)| < MlF(y+h) -Fy| ,

where M 18 & bound in the first derivatives, and this approaches zero
as h —> 0. Thus the derivative exlsts and

%fg B(x,y)dF(x) = fg B, (,3)aF(x) -

This shows that the derivative is continuous.
The lemma is proved.
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§3. THE INTEGRAL EQUATION FOR f(x)
In (2.5), set F'(x) = f(x), where £(x) 2 0:
) o=aaop + LA - [} Agorme, 8y

Differentiation of (3.1) gives

(3.2) £(y) =dp(y) + f; L(x,y)f(x)ax, al{y<1,
where
A,(0,y)
(3.3) p(y) = - 22—, ad>o,
2A(y,y) -
and
A (x,y)
Y e x<y
2A(y,y)
(3.4) L(x,y) =
A (y,x)
280 e x>y
2A(y,y)

as the fundamental integral equation which f(y) satisfies.

The kernel L(x,y) and the function dp(y) are everywhere _)_ 0
by virtue of hypothesis (1 b) and equation (2.6). Also, in case
A(0,0) = 0, we see from (3.1) that a > 0; otherwise, by letting y —> 0
in (3.1) we would obtaln & contradiction. Thus, A(y,y) > 0 everywhere in
the closed Interval a{ y< 1, and the functions L(x,y), dp(y) are
uniformly bounded in the interval of integration.

Equation (3.2) is the [uncamental integral equation satisfied by
f(x). But we must also have

(5.5) f; f(x)ax = 1 - o

and, settlng

(3.6) W= dA(0,y) + fg A(x,y)f(x)dx -f; Aly,x)f(x)dx , aly<1,
which must be constant for a < y {1 by virtue of (3.2), we must have

(3.7) W=o0.
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Conversely, if for some o and a, O Sd {1,0¢ a1, there
i1s found a non-negative functlon f(x) satisfying (3.2), (3.5), (3.7),
then

0 for x=0
(3.8) F(x) = &« for 0 x< a,
ds+f§f(§)d§ for a{ x{1

is an optimal strategy. For, from (53.7), it follows by multiplying (3.6)
by f(y) and integrating from a to 1 that

(3-9) 0 =d f; A(0,y)f(y)ay -
Then we have, for V(y) defined in (2.2),
0 for y=0 1in case & # 0

V(y) = positive and monotonic decreasing for
0{ y<a (for 0&3{(& 1If & = 0)

o for a{y{!
Therefore, V(y) satlsfies the inequality
V(y) > 0

and this means that F(x) is an optimal strategy. The following theorem
has been demonstrated:

THEOREM. There is an optimal strategy F(x) if
and only if there are numbers d&, a, O S ad 1,
0 a< 1 and a non-negative function f(x), defined
in a{ x¢ 1, which satisfies the equatlons (3.2),
(3.5), (3.7). Then F(x) 1s given in (3.8).

¢ 4. ON INTEGRAL EQUATIONS WITH A POSITIVE KERNEL“

Consider the homogeneous integral equation of the second kind,

l‘The theorems obtained in ¢4 are related to similar questions studied by
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(k1) jg L(x,y)f(y)dy = Af(x) , p{x<a,
or, in operator form

I (x) = Af(x)

where Jf(x) 1s the integral operation on the left-hand side of (4.1). We
will suppose that the kernel L(x,y) is non-negative, and we are Interested
in non-negative solution f(x) of (4.1), 1.e.,

(4.2) £(x) 0, o< ff(x)dx( ® ,
(throughout this dlgression, all integral signs will be understood between
the fixed 1limits p, q). The class of functions satisfying (4.2) will be

denoted by P,. To be specific, the assumptions on the kernel L(x,y) are
as follows:

(4 a) L(x,y) 2 0,

the points where L = 0 forming on each line x = constant or llne y =
constant a point set containing no intervals.

(4 b) Lix,y) { M
(b c) f|L(x2,y) - L(x,,y)| ay —> 0 ana
fIL(x,yz) - Ly | ax =0 ar
Ix, = x| —> 0 or |y, -yl —> 0 respectively .

Weaker assumptions can be made if desired. It follows from
(4 &), (4 b), (4 c) that 1f f(y) 1is in P, then

jL(x,y)f(x)dx and fL(x,y)f(y)dy
are continuous functlons of y and x respectively, and if f(y) is in

addition continuous they have a positive minimum.
We shall prove the following theorems.

Perron and by Frobenlus for finite matrices and by Jentzsch for integral
equations. The maximum property of the eigenvalue was told to me by

S. Karlin, and is related to unpublished work of Bohnenblust and Karlin.
See Perron, Math. Ann. 65 (1907), pp. 248-263; Frobenius, Berl. Ber. (1908),
pp. 471-476; Jentzsch, J. Reine Angew. Math. 141 (1912), pp. 235-2kk.
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1. There exists a unique f(x) 1in P,, normal-
ized by [f(x)dx = 1, satlisfying (4.1) for some posi-
tive A.

2. If p 1is a positive number such that

(4.3) [rxmemar yrem . s x¢

for some g(x) in Py then AS A and m= A only
if g(x) 1s a multiple of f(x). (Maximum property of
the eigenvalue A.)

3. The inhomogenous equation
(4.4) ¢(x) = h(x) + p|L(x,y)0(y)dy

where h(x) 1is a given function in P, and P> 0O
has a solution ¢(x) in P, 1if and only if P < }‘— .
The solutlon 1s then unique and is given by (L4.5)
0(x) = h(x) + X,7, AL’ n(x), where £’ means the
vth iterate of JX.

L. If ¥ 1is absolutely integrable, and
¥(x) < h(x) + pr(x,ymy)dy , where P< %,
then
¥(x) < 0(x)
everywhere.

PROOF. (1) and (2). Consider the set .n. of m's satisfying
(k.3) for some g(x) in P,. Setting g(x) =1, shows that there are
positive w's 1in fl, namely M = Min [ L(x,y)dy. Also, integrating (%.3)

X
with respect to x and using condition (b) shows that

MM

Normalizing the functions g(x) in (4.3) by supposing [ g(x)dx = 1, we
see that
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g(x) S% for every x .

Let A = Sup_am. There is a sequence M; —> A with g,(x), normalized,
Mindt 1 1
satisfying

But then also,
(%.7) LLgy(x)) D> Mgy, (x))

The functions igi(x) are positive continuous functions, and are
equicontinuous. For,

[fL(x1,y)gi(y)dy - fL(xg,y)g;i(y)dYI <
ﬁMI flL(xl,y) - L(x2,y)| dy

and equicontinuity follows from hypothesis (4 c¢) concerning the kernel
L(x,y). The theorem of Arzela shows that a subsequence can be found such
that Zgi(x) converge uniformly to a continuous non-negative f(x). From
(4.7) we find

(4.8) Ze(x) > Af(x)

while integrating (4.6) shows that [f(x)dx Z A, So that f£(x) 1s not
identically O0. Thus A belongs to the set M. But In fact, equality
holds in (4.8). For, both sides of (L4.8) are continuous functions, and a
strict inequality at any point x would show that

ZELe(x) - Af(x)) > §> 0
for some positive &. But then

LEE(x)) D ALE(x) + &> (A + fILE(x)

where N = Max Lf(x). This shows that A + Né: belongs to the set f1,

x
contrary to the definition of A. Therefore
(4.9) Lf(x) = Af(x)

and Theorems (1) and (2) have been established, except for the uniqueness
of f(x).



GAMES OF TIMING 109

The equality (4.9) shows that {(x) has a positive minimum. The
above establishes the existence of a solution g(y) in P, to the
transposed equation

fL(x,y)gmdx = agly)

The function g(y) is also continuous and has a positive minimum.
Multiplying this equation by f(y) and integrating with respect to y
yields

/\ff(x)g(x)dx = A'ff(y)s(y)dy

or A= A' since [f(x)g(x)dx > 0. This shows that there cannot be a
solution in P, of (4.1) for any other value of A. Suppose now that
there 1s another solution h(x) of (4.9) in P,. Let

h(x

¢ = Min = ,
x ilx

s0 that h(x) - ef(x) Z 0 and = 0 1in at least one point. But since
L(h(x) - cf(x)) = A(h(x) - cf(x))

it follows that h(x) - cf(x) has a positive minimum (unless it is
identically zero). This shows that, indeed,

h(x) = cf(x) ,

and the uniqueness in (1) is established.

REMARK. The proof we have glven uepended on Arzela's theorem.
Other proof's and other methods can be given depending on notions of weak
convergence and applicable to different classes of kernels L(x,y).

(3). Let (k.4) have a solution in P,. Let g(x) be the posi-
tive eigenfunction for the transposed homogeneous equation (with the same
elgenvalue A). Multiplying by g(x) and integrating gives

j'O(x)g(X)dx = fh(X)g(x)dx + I’/\f¢(x)g(x)dx

or

(1 - PA)f‘D(X)g(X)dx =j-h(x)g(x)dx .

The integrals appearing are both positive and this requires that
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1 -PA>0 or P % .

For P< % » let 8 (x) Dbe the first n+1 terms of the right-
hand side of (k.5),

Y
8,(x) = h(x) + 2,2 AL n(x)
Multiplying by g(x) and integrating gives
[samigmax - [amgmax . (14 3,2 PY)
or

1im 8, (x)g(x)dx = T—:LFT . ‘}"h(x)g(x)dx .
n—>ow

The sequence Sn(x) is an increasing sequence of (positive) functions
which converges to a function ¢(x) (with +« admitted as a value).
Since g(x) > 0 1t follows from a standard theorem that ¢(x)g(x) 1is
integrable (so that « 1s taken as value at most on a set of measure zero)
and

f¢<x)g<x)dx - s fh(xm(x)dx :

But, since g(x) has a positive minimum, ¢(x) 1s also integrable.
Concerning S (x) we know that

S (x) = h(x) +PLS _, (x)
A passage to the limit ylelds
o(x) = h(x) + PLO(x) ,

and indeed a solution 1s obtained to (4.4).
Let V¥(x) be any solution to (4.4), so that

Y(x) - 0(x) = PfL(x,y)(Y(y) - o(y))dy .
Therefore
¥(x) - 0(x)] < f’fL(x,y) I¥(y) - 0(3) dy -

Since % > A, we see that |¥(x) - ¢(x)| must be a null function, or
¥Y(x) = ¢(x).
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(4). Successive iteration of the inequallty gives
Y h+flh+ ...+ L+ Py

so that

Yo+ Py,
Now

1Py < PRI
and this approaches zero almost everywhere, by the argument in the proof of
3 above (convergence of the series (L4.5)). Thus, ‘Vg ¢ almost every-
where. But the inequality then gives

¥<{h+PLp=20
so that Vg ¢ everywhere. This completes the proof of the entire theorem.

¢ 5. THE DEPENDENCE ON LIMITS OF INTEGRATION

Suppose that L(x,y) 1s defined over some rectangle, say
0{x{1,0{y< 1, and satlsfles conditions (4 a), (% b), (% c) there,

and that p(y) 1s defined iIn © S y < 1 and 1s continuous and of class

@,. Consider the integral equations in é"1 ,

(5.1) f; L(x,y)fg(x)dx = A(@)f (y) , a{y<1,
and

(5.2) 09 = o3 + [} LA, el

where 0 ¢ a { 1. We shall discuss the dependence of the positive eigen-
value Ala), the non-negative normalized eigenfunction f‘a(x),

and the solution ¢a(x) of the inhomogeneous integral equation on the
parameter a. A similar consideration applies if the upper limit is varied
instead of the lower limit.

THEOREM 5.1. The eigenvalue A(a) 1s a strictly
decreasing continuous function of a with A(a) —> 0

as a —) 1.

PROOF. For a' < a, define
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Then

. non-nepative , a'{ y< a

1 _ [ . =

ja' L(x,y)h(x)dx = fa L(x,y) fy(x)ax =
Aa)r, (y) a{y<{1
and
~/;) Lx,y)L(x)dx > Ala)h(y) ,

so that

Ala') > Ala)
Furthermore, equallty can ho.d only if h(y) 1is an elgenfunction [or the
interval a' {y< 1. But h(y) =0 on a subinterval, and an eigenfunction
has a positive minimum. Therefore,

Ala') > Na)

Over the smaller interval a S X g 1, wuse the function fa,(x).
We have

1 N U ' a
[ romr, mox = Meng, ) - [2 L, ax

W2

2 Aa)f,, (y) - aany (8 - a')
W
> (A(a') - TAGTY (a - a')) fa.(y)
where m = min I, (y) > 0, and we have uscd
y

M
lfa.(Y)l S ANa'y -

Therefore

2
Aa) ) AMa') - o=y (8 - an)

and this establishes the continuity of A(a).
By integrating (5.1) with respect to y, we obtain
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Ma)  max [ Loemay  HGt - @)
X
Hence A(a) —> 0 as a —» 1. This completes the desired proof.

THEOREM 5.2. The eigenfunction f,(x), a {x<K 1,
converges uniformly’ to Fgi(x), a' < x<1, 1if
a— a'.

PROOF. From (5.1) we find
(5.3) £a.(3) € X%%Y for all y in a{y<1
Also,

M) 16,(3,) - 1,1 < xfhy 10003 - Loy, ax

Thus as long as a 1s bounded away from 1, the functions fa(y) are
equicontinuous, and as a —> a' @& subsequence can be found which con-

verges uniformly to a functlon which must coincide with fa,(y) since
equation (5.1) for a' 1s salisfled by the limit functlon. Since this is

true for every infinite set of a's —) a', the theorem is proved.

THEOREM 5.3. The function ¢a(x), a g X S 1,
converges uniformly5 to ¢a,(x) as a —» a' if
Na') < 1. If Ala,) =1, then
0 (x)

1
0 (x)dax —> » and —E——
f a Pa i [10,(x)ax

converges uniformly5 to fy (x).
1

PROOF. Let ga(x) be the eigenfunction solving the transposed
equation to (5.1). Then,

f; 0, (&g (V)Y = 7= 375y j; p(y)ey (Y)Y -

If a lles 1n the range a,; + J'S a S 1 - & for some positive &, then
by the uniform convergence of ga(y) as a varies there 1s a positive
lower bound m of ga(y), and the same upper bound as fa(x) in the

5The sense 1s clear; for example, by transforming the differing intervals
of definition of the functions into a common interval by linear trans-

formations.
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proof of Theorem 5.2:
M
(o] < m S_ ga(y) Su;:m .
Therefore
A 1 1
(5:8) WA f; p(y)dy fa 0,(y)dy < m fa p(y)dy -
Equation (5.2) gives
M2 1

(5.5) 03 < PY) + sxartiNET 8 PP
and therefore

105(3,) - 0,(yx) 1 < Ip(yy) - plyy)l + M, ,f; IL(x,¥5) - L(x,y,) | dx .
This proves the equicontinuity of Oa(y), and as in the proof of

Theorem 5.2 the uniform convergence of cD&(y) to ¢a,(y) as a —) a'.
If a— a,, where A(aI) = 1, the unboundedness of f;@a(x)dx

is stated in (5.4). Also,

oy (¥) p(y)
1 1 + NS M
Jobg(x)ax = [0, (x)dx
and
10, (y,) - 0, (y,)I Ip(y,) - p(y )l
__&L]2 a 1 ? L + M2 f;' |L(XpY2) - L(x,y1)l dx .
Jg9q(x)ax T g0, (x)dx

Again this establishes the uniform convergence of

0, (x)
Ii0g(x)ax

to the solution fa (x) of the homogeneous equatlon.
]

It also follows from Theorem 4 of § 4 that @,(y) 2 ¢,.(y) if
ala'.

THEOREM 5.'+-6 For a, { a{ 1, there is a non-

6By virtue of a supplementary remark at the end of the paper, this theorem
18 not necessary for the applicatlon to gemes of timing.
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negative function W¥,(x), a < x { 1 such that

0g (¥ - 0g(x)
1 h
[l - g vl ax >0 e R0,

where a 1is the maximum of a, a+h. This function
Va(x) satisfies the integral equation

1\
)
I\

(5.6) Y@ =Ley) + [ Lmyymar, s
If

%fa;h L(x,y)dx —> L(a,y) as h—> 0 for each y2 a

then Saa._ ¢a(x) exlsts and

¥, (x) = - fm £ 0,(x) .

PROOF. Subtraction of the equations satisfied by ¢a(y),
Oaen(y) glves

¢a.+h(y) B ¢a(y) 1 ¢a+h<x> - ¢&(x)
T T hog(a) = fa L(x,y) ( T T h o (a ) dx

where & = min (a,a+h). Define Va(y) as the non-negative solution of
(5.6), and set

0, n(¥) - 0.(y)
(5.7) - el e @) = XY
a

dx(x) =
(5.8) %fa‘;h L(x,Y) TZ‘(EY ax - L(a,y) -fg L(x,y) ¥ (x)ax = q(y) -

We have
X(y) = q(y) + f_‘_ L(x,y)X(x)dx
a

or
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(5.9) X1 < M| +ij L(x,y) 1N dx .

Theorem & of ¢4 and (5.4) glves

.10) fll() ; ¥ fl ay -
(5 - X | @y < GREytioaE)y almwly
But
1,a+h .
=l s 0a{x)dx
1 h'! a "a 1
fa_ M1 ay € (——-T-(—)——a = - 1) f?i L(a,y)dy

. O~(x)
* ﬁjafah ma a [ f.; IL(x,y) - L{a,y)| dy] ax
a
+ j‘lf—a- L(x,y) ¥y (x)dxdy .
aJ a

By virtue of hypothesis (4 ¢), the uniform convergence of ¢a(x), as in
Theorem 5.3, and the bound (5.5) for Va(X) , 1t lollows from this estimate
that

fl M(y)! dy and therefore fl (y)| dy —> 0 as h—> o0 ,
a

a

and this proves the main portion of the theorem. If
;_ifa;h L(x,y)dx — L(a,y) for each y __)_ a,

this means that vl(y) —> 0 for each ¥y Z a, and therefore from

1<t n 1o ax
a

we see that Y(y) — o. q.e.a.
We can also assert that

Ooin(T)-0,(¥)
h
remains uniformly bounded as h —) 0. For, the uniform boundedness of

![Ia(x) is obtained as in (5.5), of N(y) from its definition in (5.8), of
Xy) from (5.9) and (5.10), and finally of the desired quantity from (5.7).
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¢ 6. THE OPTIMAL STRATEGY

The theory of ¢¢§ 4, 5 will now be applied to the particular
integral equation (3.2) with kernel L(x,y) glven by (3.4). The condi-
tions (4 a), (4 b), (4 ¢) are easily verified. The parameter a 1s to
vary over the range 0 a { 1, except that if A(0,0) = 0 the case
a=0 1s to be excluded. As in $6 4, 5 denote the positive eigenvalue of
the homogeneous equation by A(a), and the positive eigenfunction by
£4(x), a{x<1.

The integral equation (3.2) has a non-negative solution for
A =0 only wvhen Aa) =1, and for o > O only when A(a) { 1. There
are two cases: either there is a value a, such that A(al) =1, or
Ma) {1 for all a.

Case I. A(a]) =1. When a =a, and d = 0, the function
fa1(x) satisfies the integral equation (3.2) and the condition (3.5). The
corresponding quantity W defined in (3.6) vanishes, since this is obtailned
by multiplying (3.6) by f&1(y) and integrating from a, to 1, the

double integral on the right-hand side vanishing by the skew-symmetry of
the kernel. The theorem of § 3 shows that we have an optimum strategy.
That this is a unique optimum strategy follows from the discussion in
Case II below.

Case II. A(a) < 1 for all a. We consider here also Case I,
but then limlt the range of a to a, { a{ 1. For the positive solution
of (3.2), set

£(x) = 40, (x)
where ¢,(x) satlsfles
(6.1) 0 =B + [ LN, 2y
The condition (3.5) becomes

(6.2) f; 0 (x)ax = 13 o

which gives a unique determination a(a), 0 { &(a) < 1, 1in terms of a.
Denote the quantity defined in (3.6) by W(a), and set

g%g% = U(a)

where
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(6.3) mw=AMJ)+ngLw%qu-f;MLm%hmx,
aly<1,

the value being independent of y when y varies in the indicated range.
The parameter a must be determined by the remaining condition (3.7).

ILEMMA. U(a) 1s a strictly decreasing, continuous
function of a with the following propertiles:

1lim U(a) = A(0,1) £ ©

g -1

lim U(a) < 0 in case A(a1) =1
a -»a.l -

U(o) = —A(0,0) >0 in case A(a) 1 for all a

1
1 )d
o Sy and A(0,0) > o .

PROOF. The continuity of U(a) 1s a consequence of Theorem 5.3.
The first limiting relation 1s clear. To obtain the second and third

relations, use two equivalent forms of (6.3). First multiply (6.3) by
0,(y) and integrate with respect to ¥y from a to 1:

(6.4) ma)jl¢JyMy=‘f;MOJWJyMY

the double integral terms vanishing because of the skew-symmetry of the
kernel. Also, set y =a 1in (6.3).

(6.5) U(a) = A(0,2) - f; Ae,x),(x)ax .

Divide (6.4) by f; ¢a(y)dy, let a —> aT , 1n case A(al) =1,
and use theorem (5.3). There results

+

lim , U(a) = f; A(0,y)f, (y)dy -
8.—-)8.1 1

But

f;, A(o,y)fa1(y)dy g_f;1 Ala, ,y)fai(y)dy ,
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and this second integral is zero since 1t 1s the negative of the corre-
sponding quantity W in Case I, which was proved to be zero in Case I.
This proves the second limiting relation.

To obtain the third relation set a =0 in (6.4) and (6.5). The
two integrals on the right-hand sides are then identical, and thelr elimina-
tion glves

U(0) = ___!li$aﬁﬂ______ .
1+ [y 0,(x)ax

There remalns to establish the strictly decreasing character of
U(a).7 We have by differentiation of (6.3):

¥ 39, (x)
(6.6) U'(a) = -Ala,y)0y(e) + [ ¥ Ay g ax

3 (x)
1
frawn Pl e, agy<r,
which is independent of y 1n the indicated range. Again, obtain two
expressions for U'(a), first by multiplying by

3, (y)
oa

and Integrating from a to 1, and second by setting y = a:

20,(y) 30,(y)
U (a) f; & — dy = - 0,(a) f; Ala,y) —=— dy

"4 aQa(X)
U'(a) = -Ala,a)d,(a) - fa A(a,Xx) —5— dx .

The two integrals on the right-hana sides are ldentical, and their elimina-
tion gives
-A(a,8)0,(a)
U'(&) = 1 ) a¢a(y) < o,
1 -
9,(a) ‘a 2a

7This 18 used below to establish the uniqueness of an optimal strategy, but
a simpler proof 1is obtained in accordance with the supplementary remark at
the end of the paper. The decreasing character of U(a) 1is then additional

information about U(a).
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b, (y)
2a

since
lemma.

g 0 as in Theorem 5.4. This completes the proof of the

This basic lemma allows us to complete our discussion. In
Case I, the lemma shows that U(a) { 0 for all a in the range
a, ¢ a{ 1, and establishes the uniqueness of the optimal strategy
obtained in Case I.

In Case II, under the supposition A(0,0) > 0, we see from the
lemma that there is a unique value of a which causes U(a) to vanish.
This gives an optimal strategy and also establishes its uniqueness.

There remains the case when A(0,0) = 0, which is not yet
covered by the lemma because of the unboundedness of the kernel. The
following lemma completes the theory.

LEMMA. If A(0,0) = 0, there 1s a positive a,
with Aa,) =1.

PROOF. Suppose that the lemma were false, so that. A(a) 1 for
all a in 0< a<{ 1. Formula (6.4) shows that U(a) 0 since
A(0o,y) < 0 for all y > O because of A(0,0) = 0. There is therefore no
solution of the game with a » 0. But we have already established in a
discussion near the beginning of ¢ 3, that a cannot be 0 1in the case
A(0,0) = 0. There would therefore be no optimal strategy and 1f' we suppose
that in this case an optimal strategy must exist, the resulting contra-
diction would establish the lemma.

We now glve another proof of the lemma independent of the general
theory of games. Again suppose that the lemma were false, so that
Ma) {1 forall a in 0< a{ 1. Take a positive ¢, and consider the
game with the same kernel K(x,y) but with x,y limited to the range
£{x{1, e{y{ 1. For this range the whole preceding theory is valid
since A(E,i)_> 0. Also, the kernel in the new integral equation corre-
sponding to (3.2) is the same, so that the elgenvalues are the same, but
the term p(y) in (3.2) and (3.3) is now given by

-A,(&,Y)

p(y) =
2A(y,y)

BIt is possible to show from very general considerations in the theory of
games that in the present case, with A(0,0) = 0, an optimal strategy
exists. In these general considerations, difficulties occur at the end
points 0,1. Here, no difficulties occur at 0 because of A(0,0) =0
(continuity at 0), nor at 1 by the argument in Lemma 1.



GAMES OF TIMING 121

That is, all previous equations remain valld with 0 in the argument always
replaced by the new lower limit €.
Let the solution of the game, corresponding to f(x) in (3.2) be

Ve(x), with the values 8¢ aLE of a and d. We have

‘1 N
faavi(x)dx =1 d\E

and since the corresponding W and U are zero, we have corresponding
to (6.4)

1
(6.7) fe_i Ale, 1), (Vay =
and
"1
(6.8) th(F_,l) + ja’z A(x,1)‘lfﬁ(x)dx =

corresponding to (6.3) with y = 1. From (6.7), since A(0,y) { 0 for
y > 0, we see that ag —> 0 as & —> 0. Select a fixed b > 0 8o that
A(b,1) < 0. We have, from (6.7) for sufficiently small §,

fg£ Ale,¥)¥ (y)ay + f{, Ale,¥)¥ (y)ay = ©
or

fgs (A(e,y) - A(E,ae))Ve(y)dy + f% (A(g,y) - A(s,b))vfe(y)dy

- ale,n) (1 - 4 —fb ¥(May) - A, b)f v(Vay -

The left-hand side is ( 0, while the right-hand side approaches
-A(0,b) Lim fb V (y)dy which is > 0 unless the limit expression is
zero. (i Therefore 1im fb 1}' (y)ay =

From (6.8), we 0 how ha.ve

AA(E,1) + fgé (A(x,1) - Ad,1))¥ (x)ax + A, 1) (1 - o - f{, ¥, (X)ax)
c 1w - AR+ a0 [ v oax =0

Take the 1imit as & —» 0. All the integrals above except for the last
are € 0, with f{) "lli(x)dx —> 0, and A(0,1) € 0, A(b,1) { 0. If
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dz - db’ 0 g 9 S 1, we see that the 1limit of the left-hand side of the
above equation is definitely < 0, contrary to the equation. This is a
contradiction and the lemma 1s established.

This completes the proof of the main theorem.

§ 7. REDUCTION TO LINEAR DIFFERENTIAL EQUATIONS
In a wide category of cases, the integral equation (3.2) is
equivalent to a system of ordinary linear differential equations. This
occurs if the function A(x,y) has the following special form:
A(x,y) = 2,2 py(x)ay(y)
Set
f; py (X)f(x)dx = gi(y) , f; qq (x)f(x)dx = 4 (y)
or
ga-(y) = -pj(y)f(y) s §j(1) =0, j=1, ..., n

(7.1)

]
o
-
e
1)
-
-
-
=

MY = -a;(NE ;1)

The integral equation becomes

(7.2)  2A(T, ML) = -d Xy p4(0)a)(¥) - 2y (9 (Ey(a) - £(3))

+ 200 pLE) YY)

Temporarily set eLpi(o) + §i(a) = cy, where c; are arbltrary coeffi-
clents. Substitutlon of (7.2) into (7.1) glves a system of ordinary linear
differential equations for gj(y), y)j(y) » depending linearly and homo-
geneously on the parameters Cy- The solutions of this system also depend
linearly and homogeneously on cy- The equation

cy =dpy(0) + § (a)
gives a system of n linear equations for the determination of ¢y in

terms of a,d and the conditions (3.5), (3.7) then determine o,a. The
question of the unique solvability for the parameters is answered by our
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main theorem, provided the monoton.city conditions of the theorem are
satisfied.

SUPPLEMENTARY REMARK

The proof of the uniqueness of an optimal strategy can be given
in a simpler form than presented in the body of the text. The existence of
a solution is a consequence of the lemma in ¢ 6, the uniqueness following
from the decreasing character of U(a). Instead of the decreasing character
of U(a), one can also use the following lemma: 1f there are two optimal
strategies, they must have the same spectrum. This is proved as in the
proof of Lemma 3.

M. Shiffman

The RAND Corporation and
Stanford University






REDUCTION OF CERTAIN CLASSES OF GAMES TO INTEGRAL EQUATIONS1
Samuel Karlin

In thls paper the solution of certain classes of games is reduced
to the problem of solving assoclated integral equations. The games treated
share the important property of a dlagonal discontinuity in the payoff
kernel or 1its derivatives and i1t is precisely this that leads to the inte-
gral equations. 1In all but the final class consldered the optimal strate-
gies are unique.

Part I deals with the general game of timing which was analyzed
in the symmetric case by M. Shiffman [2]. In these games the diagonal
discontinuity of Lhe payoff (1.1) manifests the dependence of the result of
a play on the oraer in which the players act; the optimal strategles are
distributions which are (mainly) density functions, thus reflecting the
lack of perfect information in these games. In the final portion of Part I
the analagous game of perfect information is considered as a limiting case.

Part II examines payoff kernels which are concave on each side of
the diagonal and which the discontinulty appears in the derivatives of the
payoff. The optimal strategies obtained here are similar to those obtained
in Part I. Several examples are given to illustrate the general theory.

PRELIMINARIES AND NOTATION

We introduce some standard notation which will be used throughout
this paper. The payoff kernel L(x,y) shall be defined on the unit square.
The following strategy (= distribution) F = (dI,, 0, (x), #I;) shall mean
that F has a jump of value & at zero and a jump of value p at one
while ¢ab(x) represents a continuous density function over the interval
[a,b]. Precisely, F(x) = o + fg @ab(x)dx for 0 x< 1 and
F(1) = ol + f; ¢ab + B = 1. Whenever the notation ¢a is used then it is
to be understood as ¢a1' Finally [a,b] 1is taken to be the smallest
interval outside of which ¢ab is identically zero. The spectrum of F
shall include all points x for which every neighborhood of x has posi-

"The preparation of this paper was sponsored (in part) by the Office of
Navel Research and (in part) by the RAND Corporation.
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tive F measure. The point spectrum of F shall consist of those points

at which F possesses a jump. The jump of F at a point X shall be

denoted by o'y F. The definition of spectrum implies that the spectrum 1s
(o)

closed. Similar notation shall be used for quantities assoclated with the
G strategy.

PART I

The kernel investigated in this section is of the following form:

K(x,Y) X < y
(1.1) L(x,y) = 1 #(x) x=y
M(x,y) x>y

satisfying the following conditions:

(a) The functions K(x,y) and M(x,y) are defined on x =y
and have continuous second partial derivatives defined in the closed
triangles x{ y and x ) y respectively.

(b) The value $(1) 1lies between KX(1,1) and M(1,1) and
$(0) 1ies between K(0,0) and M(0,0) while the value assigned to H(x)
for 0<¢ x< 1 1is bounded but otherwise arbitrary.

(¢) The most important requirement is that

K (x,¥) > 0 and M, (x,y) >0 for x<{ 1
Ky(x,y) < 0 and M.y(x,y) o for y< 1

(in their respective domains of uefinition).

In particular, K ana M, 1in their respective regions of defini-
tion, are strictly increasing in x ana strictly decreasing in y.

A solution to the game defined by the payoff kernel L(x,y) 1is a
pair of distribution functions F(x) and G(y) where 0¢{ x¢{ 1 and
0¢ y<{ 1 together with a real number v such that

fé L(x,y)dF(x) ) v for all y and
f:, L(x,y)dG(y) { v for all x.

If F(x) 1s a strategy of the form (oho, ¢ab(x), ,eIl), then the explicit
expression for IL L(x,y)dF(x) reads, for 0{ y<{ 1,
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f:)L(x,y)dF(x) = dK(0,y) + fgl{(x,y) Qab(x)dx + f;’m(x,y) Qab(x)dx + gM(1,y) .

It 1s of course understood that for y { b the integral IK K(x,¥) 0g,(x)dx
does not appear with a similar remark applicable to the integral

P ux,y) 9ap(x)dx for y > b. For y =0, dK(0,0) must be replaced by
*$(0), and for y =1, gM(1,1) by A¥1).

The procedure we follow will be to try to find a solution of the
following form: an absolutely continuous distribution with continuous
derivative on the interior of the unit interval with additional possible
Jumps at the ends of the interval. Such solutions will be exhibited and
afterwards their uniqueness will be established. The following lemma serves
only as a gulde to the subsequent theory. It will not be explicitly used
hereafter.

LEMMA 1.1. If both players possess optimal strat-
egles of the form F = (oLIo, ¢)ab(x), ,SII) and
G = (6’10, ‘Vcd(y), J‘IT), then the form of the density
is given by ¢ab e 0&1 and ch £ Vél i.e., the spec-
trum of the absolutely continuous part of both distri-
butions begin at a common value 0¢ a ¢ 1 and extend
to the upper end of the unit interval.

PROOF. For any distribution of the type indicated above, we see
that f:) L(x,y)dF(x) 1s continuous and non-increasing for 0{ y< 1. If
0(x) is zero in any interval, then [ L(x,y)dF(x) 1is strictly decreasing
in that portion by condition (c¢). Since F(x) represents an optimal
strategy and c¢ 1s in the spectrum of G, 1t therefore follows that the
yileld [ L(x,y)dF(x) =v for ¢ g y {1, and hence that the spectrum of F
includes the Interval [c,1]. A similar argument applies to G and we
establish that ¢ = a.

THE MAIN THEOREM

The main theorem of Part I deals with a complete description of
the optimal strategies for the payoff kernel (1.1). Unfortunately, many
different type of solutions may occur depending upon the nature of XK(x,x),
M(x,x) and the values of L(x,y) at the extreme points of the unit square.
It is therefore necessary to present a mutually exclusive classification of
the various possibilities. The analysis of the kernel L(x,y) of (1.1)
subdivides into three main parts. In the case where there exists an X,
such that K(xj,x,) = M(x,,x,), then the type of optimal strategles that
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appear occur under the headings of B, C and D of Theorem 1. More preclsely,
the essential feature 1s to study the spectral radius A(a) and a(a) of
the two integral equations (1.2) and (1.3) glven below. The type of solu-
tions as described in B, C, and D always appear when either Ala) 21 or
Mma) Z 1 for some & in the unit interval. Furthermore, 1f
K(xo,xo) = M(xo,xo) for some X, with © g X, {1, then it follows that
both A(a) > 1 and ma) > 1 for some a in the unit interval. The
second and third parts of Theorem 1 suppose that both K(x,x) > M(x,x) for
0¢ x _(_ 1 and A(0) ¢ 1 and m(0) < 1. They arc distinguished by the
assumption of K(0,1) < M(1,0) ana K(0,1) > M(1,0) respectively. In
both cases the value #(0) plays a very fundamental role.

The statement of the theorem to be established in Part I is
summarized in the following array:

THEOREM 1.1. The optimal strategles for the pay-
off kernel (1.1) are unique and are enumerated in the
following table:

Kernel Optimal F Optimal G

A K(1,1) £ M(1,1) I, I,

K(x,x) > M(x,x)a{ x< 1 (0,) (¥, 41)
? Ma) =1 m(a) <1

K(x,x) > M(x,x),a{ x{ 1 (9,) (¥y)
i Aa) =1 p(a) =1

K(x,x) > M(x,x),a{ x< 1 (05 AI,) (Yy)
D

Aa) <1 ma) =1

If K(xo,xo) = M(xo,xo) B, C, or D B, C, or D

for some O g_ Xy <1

K(x,x) > M(x,x),0<{ x {1
A0) <1 m(0) <
K(0,1) < M(1,0)

E $(0) = K(0,0) (¢Iol ¢O) (WO’ JI‘)
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Kernel Optimal F Optimal G
8, < #(0) < K(0,0) (&I, 0,) (¥I,, ¥, dI;)
o) = 5, (*I5, 0,) (T V)
M(0,0) C & 0) {8, (dZg 045 AL,) (¥I,, ¥,)
M(0,0) = ¥0) (0,5 BT;) (¥I,, ¥,)
K(x,x) > M(x,x), 0 { x {1
A0) <1 m0) < 1-
K(0,1) > M(1,0)
K(0,1) > ¥0) > M(1,0) I, I,
K(0,0) > ¥(0) > K(0,1) (&I, 05) (FIgs ¥y, 1)
K(0,0) = ¥0) (&I, 0,) (¥, 41;)
M(1,0) > &) > M(0,0) (@I, 0, AI;) (I, V)
#(0) = M(0,0) (0,5 BI;) (I,, ¥,)

Furthermore, the densities ¢ and ¥ a‘e obtained as the solu-
tlon to certain integral equations. These solutions are either Neumann
gseries or elpenfunctions of integral opcrators.

The proof of thls theorcm shall be alvided into a series of
lommas. The aim of the first series of lemmas, Lemma 1.2 - 1.16 1s purely
to show the existenc: of the solutions indlcated in the shorthand of
Theorem 1.1, in the various cases A through N. The uniqueness question
is settled by Lemmas 1.17 - 1.20.

LEMMA 1.2. If T1,1) { M(1,1), then the point
(1,1) 1s a saddle point of the kernel L(x,y).

PROOF. The statement ls an immediate consequence of conditions (b)
ana (c).
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On account of Lemma 1.2 we can suppose in all that follows that
K(1,1) > M(1,1). The continuity of K and M provides a non-empty inter-
val a{ x¢{ 1 for which K(x,x) > M(x,x). We introduce now the following
integral equations:

Let

(1.2) £(8) - f;_ T(x,8)£(x)ax = dp, (§) + ppy(E)
where
KD “Cxi
K(%,8)-M(§, %) =02
T(xxg) =
_-M._ a S- g S X g ‘|,

K(£,%)-M(&,¢)

PR (L RO i
K(§,8)-M(¢, §) K(§,4)-M(%, )

and o and A are constants.

For convenience, we denote this equation by
(I - Ta)f =dp, +BAp,, 1 being the identity operator and T, denoting
the integral operator defined by the kernel T(x,%{) and lower limit a.

Let
(1.3) s(n) - f; U(n,y)el(y)dy = ¥q,(n) + dq,(y)
where
(m,y)
K(y,7)-M(n,7)
U(y,y) =
(7,¥)
K(n,7)-M(n,n)
and
(n,0) (7,1)

" KOy -MOpy) " KO MOy

Again, ve denote this equatlon by (I - Up)g = ¥q, + Jq,- The Banach space
upon which these operators Ty Ua act shall consist of all continuous
functions defined on the interval a g x { 1. Whenever a function f in
the domain of T, 1s considered on an interval extending beyond a g x< 1,

then it 1s teo be understood that f 1s taken to be zero outside of
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a{ x{ 1. Equations (1.2) and (1.3) are considered over an interval

[a,1] 1in which K(x,x) > M(x,x). Consequently, the operators T, and U,
are strictly positive completely continuous operators. We enumerate some
of the properties of such operators.

I. If Ala) denotes the radius of the smallest circle containing
the spectrum of Ta.’ then A(a) 1s an eigenvalue and has a unique positive
elgenfunction solution. The strict positivity guarantees the uniqueness.

II. The quentity A(a) 1s a monotone continuous function of a.
When a —> 1, then A(a) —> 0. The eigenfunction solution £, converges
uniformly for any preassigned N on a;+ 7 {x£1 to fao as a tends
to a_..

o]
III. Finally, 1f A> A(a), then (I - % T,)”' exists and is

T, n
glven by En:o (—f) . This series applied to a continuous function con-

verges uniformly on the interval [a,1]. This series representation for
T

the operator (I - —,\E)'1 defines thus a strictly positive transformation

which maps continuous positive functions into strictly positive continuous

functions. 1In addition, (I - ?;%)'1 varies continuously with a in the
sense described in IT provided that A ) Ala) + £,- Similar results apply
to the operator TU,. There we employ the notation of m(a) in place of
Aa) .

The results enunciated above are deduced elsewhere as special
applications of a general theory of positive operators developed by F. H.
Bohnenblust and the author [1]. We shall employ them throughout the re-
mainder of this paper.

Case B, C, and D.

LEMMA 1.3. If there exists an Xq with
o< X, <1 and K(x,,x,) = M(x,,x,), then there exists
an a ) X, such that Ala) = 1. Similarly, a* ) X,
exists with m(a*) =

PROOF. We treat only the case involving A(a) = 1. Let x, de-
note the largest x for which K(x,x) = M(x,x). Therefore, for x,< x¢ 1,
we have K(x,x) > M(x,x). Furthermore, let f,(x) with a > x, denote the
elgenfunction associated with T, and A= A(a). Let &> 0 be chosen so
that x,< 1 - & For a suchth&t X, (a(1 - &, wve may assume f,
has been normalized so that f1 -€ f‘ (x)dx =

Now by condition (c) there exists a k > 0 for which

_Ky(x,y)>k, x{y<1-¢g

-My(x,y)>k, y<x<1 -¢,
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so that, for x, a g_n {1-¢
0 k=k fl-i £ (x)ax < f" - K (X, (x)dx + fl-i. - My (X £y (x)ax
a a - a Ky a ,' a
_<_ fg - I%(X,’l)fa(x)dx + fll - M.y(x,rl)f'a(x)dx .

But since Tafa = Afa, this last expression is [K(7’7) - M(q,q)].
fa(n)A(a), so that

k
(1.4) o< < Ala) £ ()
Since the partial derivatives of K and M are bounded we have a constant
C for which

KOp,n) - MOpy) = (KO - MODPT - [K(xg,%,) - Mxg,%,)1 £ 007 - %)

Consequently, 0 7%; < A(a)fa(q), and integration over (a, 1 - €)
yields ©

y (r-e 1 1-€ _
k fa o 41 < Als) fa £,00dn = Aa)

Hence A(a) becomes unbounded as a tends to x,, and since Ala) — 0
as a —» 1, by Property II we have an a for which Ala) = 1.

LEMMA 1.4. Under the assumption of' Lemma 1.3 there
exist optimal strategies [for both players of the form:
an absolutely continuous distribution over an interval
[a,1] with a pcssible jump at 1 for one of the
players.

PROOF. Lemma 1.3 implies the existence of an a (a » xo) for

which either A(a) =1 and m(a) {1, A(a) =1 and ma) =1, or
Ma) < 1 and m(a) = 1. We begin with the first cgse. Since A(a) =1,
we obtain a ¢a(x) 2 0 normalized by f; ¢, =1 for which Tgbg = 0y-

This implies that
(1.5) u(a) = ng K(x,y)¢,(x)dx + .f; M(x,y)0,(x)ax for a vy«

where u(a) 1s a constant depending only on a, since differentiation of
equation (1.5) yields precisely the relation Tacpa = ¢&. If we consider
Qa(x) extended beyona the interval [a,1] so that Qa(x) = 0 elsewhere,
then on differentiating the right-hand side of (1.5) we obtain, in view of
condition (c), a negative value when 0 y { a. Thus the expression
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f; L(x,y)04(x)ax > u(a) for 0<y { & by virtue of the continuity of

this integral Moreover, as m(a) 1, according to Property III we can
write (I - U,)7'q, = ¥, with ¥, ) 0. Let IL ¥,(y)dy = c. Define
d = 715 so that [d¥,(y)dy =1 - o Put ¥, (y) =d¥,(y). The equation

(I - Ua) Vo = da, becomes on integration

(1.6) v(a,d) =dK(x,1) + j: M(x,y) ¥,(y)dy + f; K(x,y) ¥u(y)dy

for a{ x¢1

An analysis similar to that applied to equation (1.5) shows that
f L(x,y)da(y) < w(a,d) for 0 x< a where G(y) = (¥,,dTI, ). Integra-
tion of (1.5) with respect to G and (1.6) with respect to F now ylelds
u(a) = w(a) = v. This establishes the proof for the case A(a) =1,
ma) < 1. A symmetrical argument can be applied to the case A(a) <1,
M(a) = 1. Finally, when A(a) = m(a) =1 Dboth the solution and proof are
simpler. Both players use only absolutely continuous distributions which
are the elgenfunction solutlon to TaQJa = ¢a. and Ual,"‘a = Va. The details
of this case are a straightforward adaptation of the arguments already
glven.

In the future we may assume that K(x,x) > M(x,x) for 0 x¢ 1.
The operators T, and U, may be now considered for any a 1in the unlt

interval.

IEMMA 1.5. If there exists an a for which either
Na) or ama) =1 with 0 aé_ 1, then Case B, C, or
D occur with optimal stra.teg_i_es existing of the form
indicated in Theorem 1.1

PROOF. 8lnce Ma) and m(a) tend monotonically to zero as a
tends to one, by virtue of the hypothesis it is clear that there exists an
a' with either Ala') =1 am(a') {1, Aa') = ma*) =1, or
AMar') < 1 m(a') = 1. The remainder of the proof follows as in Lemma 1.L4.

Ao) {1, mo) <1, end K(0,1) { M(1,0). This section con-
siders the case where A(0) { 1 m(0) 1 and K(0,1) { M(1,0). These
conditions also imply that K(x,x) > M(x,x) for 0¢ x ( 1, by Lemma 1.3.
since A0) ¢ 1 and m(0) 1, we can form (I - T ) and (I - Ua)'
for every a with 0 ( a ( 1 and, in view of Property III, these operators
transform positive continuous functions into strictly positive continuous

functions. Furthermore, as & —> 1, then (I - T, )7 g —> P and
hence f1 0y —> 0. An analogous remark applies to (I - U, )'1 . If we
set (1-7)7'p, =0, for 1=1,2, then (I-Ty)" («p; +AD,) =

+ fo, = 4>a Let us choose o and § non—negative satisfying
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oLf; o, + Af; ¢, =1-&-p, sothat F = (¢I,,0,,8L;) 1s a strategy.
Now

(1.7) u(a;a,8) = dK(0,y) + AM(1,y) + ng(x,y)Oa(X)dx + f;m(x,y)oa(x)dx

for a S_ vy g 1 (where u(a;«,8) 1is independent of y), since differen-
tiating this expression with respect to y ylelds op, + Ap, = (I - Ty)bg-
Moreover, in view of condition (c) we have, fore 0 { y< &,

(1.7a) wese,A) < AK(0,7) + AM(LY) + [ Mxy) 0y (max
so that u(a;a,8) € J L(x,y)dF(x) for 0 y< 1.
Similarly, if ve set (I -U,) 'aq; =¥;, 1=1, 2, and choose

Y,JZO, satisfying xf;vq + JI; ¥,=1-%- d, we have for
¥, = 1Y, +dY, that G= (¥I,,¥,,dI;) 1s a strategy and
(1.8) w(a;¥,d) = ¥M(x,0) +IK(x,1) + fﬁ M(x,y) ¥,(y)dy + f;( K(x,7)¥,(y)dy
for a{ x< 1; and again in view of (c),

w(a;¥,d) > ¥M(x,0) +JIK(x,1) + f; K(x,y) ¥, (y)day
for 0¢ x{ a. Consequently w(a;¥,d) 2 J L(x,y)de(y) for o0 x< 1.

We now have available the five parameters o,B8, ¥, d and a
(subject only to the conditions o, g8, ¥, & >0, 0 al 1,

¢'J‘1a¢l+pf;¢2=1 - f ‘yf;vrl* J‘f;%:‘ -¥ -

which, as we shall show in this and the following section, may, in each of
the remaining cases of Theorem 1.1, be chosen to insure the following con-
ditions:

u(a;4,8) = wia;¥,d)
[ L(o,y)dG(y) and [ L(1,y)dG(y) £ w(a;¥,d)
[ L(x,0)dF(x) and [ L(x,1)dF(x) > u(a;«,B)

When these conditlons are fulfilled we shall evidently have, for all x
and Yy,

fL(x,y)dF(x) > u(a;a,B) = v =w(a;¥8,d) 2 fL(x,y)dG(y) ,

i.e., that (F,G) 1is a solution.
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In the remainder of Part I it is to be understood that in writing
u(a;d,B) wve tacitly assume that &, A 0, 0 a {1 and
if; o, + B f; ¢, =1 -d - A. We note specifically that ve may always
take o (or ) to be zero, and that then B = (1 + f; 4>2)'1 is a con-
tinuous function of &a. We may also require o and B to have a fixed
ratio r, 0 _(_ r _(_ + o, in which case u(a;a,r )* is a continuous function
of a. Similar remarks of course apply to ¥ and d.

LEMMA 1.6. For any ratio r there exists an a
for which wu(a;a,0) = w(a;¥,rd) . Similarly there exilsts

an a' for which u(a';a,rd) = w(a';¥y,0).

PROOF. If in (1.7) end (1.8) we set x =y =1, then for any
€> 0 and a sufficiently close to 1 we have

lu(asa,@) - [#K(0,1) + AM(1,1) + ( f; 05)K(1,1)11 < /3
W(aswd) - M(1,0) + gK(1,1) + ([ L Y IMOL011 < &5

Since f; 4)& and }‘; v, —> 0 as a —> 1, we conclude that for a
near 1

lu(a;a,B) - wa;¥,d) - (LK(0,1) + BM(1,1) - ¥M(1,0) - SK(1,1)}| <&,
for any appropriate values of &, g8, ¥, dJ*- Now by assumption

K(0,1) < M(1,0) and M(1,1) < K(1,1) while monotonicity implies that
K(0,1) { K(1,1) and M(1,1) < M(1,0). Since

apeafin - afin
vey-e=vfinaafly,

both tend to zero as & —» 1, we have clearly
AK(0,1) + pM(1,1) - ¥M(1,0) - IK(1,1) <0

for a sufficiently close to 1, for any appropriate values of o, B, ¥, d.
Consequently u(a;d,B) - w(a;¥,d) { 0 for a near 1.

*Here we make the convention that u(a;d,».&) = u(a;0,A) .
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Let us now substitute the values a =0, x =0, and a =0,
x=1 1in (1.8); similarly set a =0, thenlet y —> 0 and a =0, and
then let y —» 1 in (1.7). We obtaln the equaticns

(1.9) u(0;d,8) = &K(0,0) + BM(1,0) + f; M(x,0)0,(x)dx
(1.10) W(0;¥,d) = ¥M(0,0) +JK(0,1) + f; K(0,5)¥,(y)dy
(1.11) u(0;5d,/8) = oK(0,1) +AM(1,1) + 'f}) K(x,1)0,(x)ax
(1.12) w(0;¥,d) = ¥M(1,0) + SK( ,1) + J; M(1,y)V0(y)oy .

Also, if we multiply (1.7) by Wb(y) and integrate we obtailn

(1 13) (1 - ¥ - du(o;4,8) = “fl K(0,y)¥,(y)ay + pﬂ) MO, Y)Y (y)dy
* f; f; L(x,¥ 0,(x)¥, (y)dxdy .

Similarly, multiplying (1.8) by 4Jo(x) and integrating we obtain

(k) (1 - - W04, = rf; M(x,0)0,(x)dx + a’j}) K(x,1)0,(x)dx
* f:) ﬂ L(x,¥)0,(x)¥, (y)dxdy .

Multiplying (1.9), (1.10), (1.11), and (1.12) by ¥, &, o, and
ﬁ respec..vely and eliminating the integrals yilelas finally

(1.15)  u(o;a,8) - w(o;¥,d) = dA¥[K(0,0) - M(0,0)] + AdIM(1,1) - K(1,1)] .

Now if either B or d is zero, say B, we have u(0;4,0) - w(0;¥,d) > 0
since K(0,0) > M(0,0). Sincc 1(a;d,0) - w(a;¥,r¥) is a continuous func-
tion of a, the conclusi n of the lemma is evident. We note for further
use that (1.15) does not uepend 1 the assumption X(0,1) < M(1,0).

LEMMA 1.7. Statement E in Theorem 1.1.

PROOF. If in (1.7) anca (1.8) we set B =¥ =0, then ( 15)
shows *hat wu(0;4,0) = w(0;0,d) = v. Consequently, we have only to show
J L(x,0)dF(x), [ L(x,1)dF(x) 2 v and [ L(0,y)cG(y), [ L(O1,y)dG(y) £ v,
where F = (dIo,¢o) and G = (VB,I]). The assumptlon $(0) = K(0,0),
implies [ L(x,0)dF(x) = v, and since g =0, [ L(x,1)dF(x) = v.
Similarly since ¥ =0, [ L(0,y)aG(y) = v, and

Jromam =gz + [onvme (o« oy vmay = v .



REDUCTION TO INTEGRAL EQUATIONS 137
In a similar manner one can establish
LEMMA 1.8. Statement I in Theorem 1.1.

LEMMA 1.9. There exists a value S, with
M(0,0) < 8, < K(0,0) for which #(0) =S, 1implies the
exlstence of optimal strategles of' the form indicated
in Case G of Theorem 1.1.

PROOF. We take B = 4 =0, and abbreviate u(a;&,0), w(a;¥,0)
by wu(a), w(a). Lemma 1.6 implies the existence of an a for which
u(a) = w(a), and (1.15) lmplies a > 0. Consecquently
[ L(x,y)dG(y) { v=w(a) for 0 x< a and [ L(x,y)dF(x) > v for
0<{y<a where F= (aI_,0,), G= (§I_,¥,). Since B =4d =0, we have

Jreonae < v e [L0,yam
Now
fL(x,o)dF(x) = 4%(0) + f; M(x,0)0,(x)dx ,
and (1.7a) implics
v < dK(0,0) + f; M(x,0)0,(x)ax .
It #(o) = M(0,0), sluce we then have
v > ¥M(0,0) + f; K(0,y)¥, (y)dy = fL(o,y)dG(y) ,

and &> 0, we obtain [/ L(x,y)dF(x)dG(y) £ v, or
¥ ) L(x,0)0F(x) + JLS] LOGY)aR(R) ¥ (y)dy = ¥ [] L(x,0)dF(x) + v(1-¥) < v

or fé L(x,0)dF(x) < v. Hencc for some value S,, M(0,0) < 8, < K(0,0),
for $(0) we have IL L(x,0)dF(x) = v. This in turn implies
fé L(0,y)dG(y) = v since then

v = fé(féL(x,y)dF(X))aG(y)

df;L(o,y)dG(y) " f;(f:)L(x,y)dG(y))Qa(x)dx

dfz)L(o,y)dG(y) £ (- Qv .

It is assumed in the next lemma that the value a, of a wused
in Lemma 1.9 1s the least a for which wu(a;a,0) = w(a;¥,0). Hence for
0{ a{ a, vehave u(a;a,0) > w(a;¥,0).
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LEMMA 1.10. Statement F in Theorem 1.1.
PROOF. The function f defined by
£(a) = 1 [u(a;¢,0) - fé M(x,0)0,(x)dx] ,
where o= (1 + f;_ ¢1)'1, i1s continuous. By (1.9) £(0) = K(0,0), and as
we have seen in Lemma 1.9, f(a,j) = S,. Consequently, if
S, ¢ $0) < K(0,0) there exists an a, 0< a{ a,, for which f(a) = ¥o0),
or, for F = (I ,0,),
fL(x,o)dF(x) = dP(0) + f:) M(x,o)(ba(x)dx = u(aza,0) .
Since A= 0, we also have [ L(x,1)dF(x) = u(a;a,0).

In view of the remark preceding this lemma, wu(a;o,0) > w(a;¥,0)
for this a. However, taking & =0 and G = (¥,,dI,) yields

S fb uxparco ) ae)

1 1 1
‘*fo L(0,y)dG(y) +fa fo L(x,y)dG(y) 0, (x)dx

u(a;a,0)

« [1 10,70 + (1 - Dula;0,
Since

fL(o,y)dG(y) =dJd'K(0,1) + j; K(0,y)¥,(y)dy £ w(a;0,d) ,
we must have u(a;d,0) { w(a;0,d). Clearly then there exists ¥, d'> 0
for which u(a;d,0) = w(a;¥,d) = v.

We shall now verify that F = (I ,0,) and G(¥I,,¥,,dT,) are
optimal. We already have

fL(x,o)dF(x) - fL(x,l)dF(x) -v.
Now
Jro.maem =m0 + 5x0) + PGB A

< ™M(1,0) + JIK(1,1) + f; M(l,y)‘iﬁ(y)dy =v,

and since v = fé(!:) L(x,y)dF(x))dc(y),

v= &} momast) + (1 - dv
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so that [ L(0,y)dG(y) = v, and the proof is complete. A similar proof
ylelds

LEMMA 1.11. Statement H of Theorem 1.1.

A(0) <1, wo) <1, and K(0,1) - M(1,0) > 0. It remains only to
consider the case where K(0,1) - M(1,0) > 0. If M(1,0) < B(0) £ K(0,1),
then it 1s easily verified that a saddle-point exists at (0,0). This
establishes

LEMMA 1.12. Statement J of Theorem 1.1.
LEMMA 1.13. Statement L of Theorem 1.1.
The proof of this proposition is ldentical with the argument of
Lemma 1.7.
In & similar menner to Lemma 1.8, we have
LEMMA 1.14. Statement N of Theorem 1.1.
LEMMA 1.15. BStatement K of Theorem 1.1.
PROOF. If we set B =y =a =0 1in equation (1.7) we obtain
u(0o;a,0) = oK(0,0) + f; M(x,0)¢(x)dx;

consequently the continuous function f defined by

£(a) = & [u(a;a,0) - f; M(x,0)0,(x)dx] ,

where o = (1 + f; 4)1)'1, has f(0) = K(0,0). Inserting the values
p=0,y=1 1n (1.7) ylelds

u(a;a,0) = dK(0,1) + f; K(x,1)05(x)dx ,
so that

fe) = K(0,1) + & [ (Kx1) - W(x,0))eymax -

As a —> 1, —> 1, and the integral in this last equation tends to zero,
so that f(a) —> K(0,1). Hence if K(0,1) < $(0) < K(0,0) there exists
an a, 0 { a1, for which f(a) = o), or
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u(a;a,0) = «3(0) + f; M(x,0)¢,(x)dx = fL(x,O)dF(X)
where F = (¢I ,0,). Since g=0, [ L(x,1)dF(x) = u(a;d,0) also.
Now for this same & let G = (#I_,Y,), where ¥ = (1 + [i¥)7 .
Since [ L(x,y)dF(x) = u(a;a,0) for a{ x¢{ 1 and x =0, we have
(1.16) f(fL(x,y)dF(X)) dG(y) = u(a;a,0)
On the other hand
(1a7) f(fux,y)ae(y))dmx) - oth(O,y)dC-(y) + (1 - d)w(a;¥,0)
and
(1.18) fL(o,y)dG(y) = ¥3(0) + f;K(O.y)Va(y)dy > ¥M(1,0) + f;M(l,y)Va(y)dy
since &0) > K(0,1) > M(1,0) and X(0,y) > K(0,1) > M(1,0) > M(1,y). By
(1.8) (with & =0 and x = 1) the last quantity in (1.18) is w(a;¥,0),
so that combining (1.16), (1.17), and (1.18) ylelds wu(a;a,0) > w(a;¥,0).
However taking ¥ = 0 produces the inequality

u(a;«,0) € w(a;0,d), for if G = (¥,,dI,) then

u(a;a,0)

ffL(x,y)dF(x)dG(y) = & [Lo,y)da(y) + (1 - w)w(a;0,d)

d[SK(0,1) + f; K(0,y) ¥, (y)dayl + (1 - d)w(a;0,d)
{ aw(a;0,d) + (1 - d)w(a;0,d) = w(a;0,d)

Since the two extreme choices of ¥ and dJ' yleld opposite inequallties
there exists a pair of values ¥ and J for which u(a;«,0) = w(a;¥,d).
The verification of the optimal nature of the strategies F = (¢IO,¢a(x))
and G = (¥I ,¥,(y),dI;) 1s now straightforward and similar to the last
part of the argument in Lemma 1.10.

LEMMA 1.16. Statement M of Theorem 1.1.

PROOF. Similar to Lemma 10.

Uniqueness. The optimal strategies of the specified types have
now been exhibited and there remains only the question of uniqueness. In
Cases A and J 1t 1s easlily verified via condition (c) that the solutions
are unique. From the remeining cases we shall select Case (F) as typical,
and show uniqueness in this case. Any other case can be handled similarly.
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LEMMA 1.17. If F represents any optimal strate-
gy for player I, then the spectrum of F on the in-
terior of the unit interval 1s continuous.

PROOF. Since we already have an optimal strategy
@ = (b’Io,\Ya,é‘I1) for player II for which [ L(x,y)dG(y) { v for
0< x< a, the spectrum of F must be confined to the interval [a,1]
and the end point 0. Consider any y, with a < Yo { 1; then
IL(x,yo)dF = v while [ L(x,y)dF(x) = v for a neighborhood of Yo BY
bounded convergence, we get

1im fL(x,y)dF = fL(x,yg)dF =v .

Y
Similarly [ L(x,y;)dF(x) = v. The difference gives
[K(Y55¥,) - M(¥45¥,)] o‘yo F=0. As K(y,,y,) > M(y,,¥,), we have
a‘y F = 0. The case where Yo = & can be handled similarly. In fact, one

o
has [¢(a) - K(a,a)] ¢,F =0 and [¢(a) - M(a,a)] o, F { 0. Since
K(a,a) > M(a,a) we deduce from these two relations that o,F = 0.

LEMMA 1.18. Under the conditions of Lemma 1.17,
then F 1s absolutely continuous for a< x< 1 and
F' = f 1is continuous.

PROOF. By virtue of Lemma 1.17, we know that F = (oC[O,FO(x),,GI1)
and the spectrum of F, 1s continuous and confined to a {x S 1. Also,

(120 v L@ - ko, + [} LxDEm + H01,y)

for a<{ y< 1. An integration by parts furnishes with the aid of the
continuity of F0 for this interval that

(1.21) fmx,y)dpo(x) = fg KF dx + f; MF_(x)dx
+ [K(y,¥) - M(y,3)1 Fo(y) + ¢ .

On account of K(y,y) > M(y,y), this equation and (1.20) show that Fo(y)
is absolutely continuous. Upon differentiation of (1.21), one finds that

F:) = f 1s also continuous for a{ x< 1.

LEMMA 1.19. The optimal strategy for player I is
unique.
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PROOF. Since we are considering Case (F), we know that optimal
strategies of the form F = (I ,0.), G = (¥I,V¥,,dI;) exist with §# 0,
a { 1. By the preceding lemmas, any other optimal strategy F#* for
player I has the form F* = (o, I ,F,A,I,), where F, 1s absolutely
continuous, is confined to the interval [a,1], and has a continuous
derivative Fc'> =f on a{x{ 1. Now @, mustbe zero, for if not, then

f; L(x,1)dF*(x) = &, K(0,1) + B, 2(1) + f; K(x,1)dF (%)

<
]

<
I

f; L(1,y)dG(y) = ¥M(1,0) + &%3(1) + f; M(1,y) ¥, (y)dy
since both & and /31 are non-zero; on the other hand

v = d K(0,1) + BM(1,1) + f; K(x,1)dF (x)

v = ¥M(1,0) + F£K(1,1) + f; M(1,y) ¥, (y)dy

by continuity. But the first and third equations imply (1) = M(1,1) and
the second and fourth (1) = K(1,1), which is impossible since
K(1,1) > M(1,1).

Thus we see that f = F; satisfies the integral equation (1 .2)
with B =0, and since the solution of this equation is unique (ot is

uniquely determined by [ 05. =1 -d), we must have F* = F.
LEMMA 1.20. The solution for player II is unique.

PROOF. In a similar manner it is easy to deduce that the form
of any optimal strategy 1s G = (¥I_,¥,(y).,dI;) with V¥ (y) a density
function for & y< 1. It follows that ¥ and o are determined by
¥, =1-%¥-8 and ¥0(0) + [} K(0,y)¥,(y) + §K(0,1) = v where
‘Va = ¥, + d¥,. If the solution to these equations were one dimensional,
then there would exist a solution with ¥ =0, d > 0. But the monotonicity
criterla yields that

f; K(0,y)Y(y) + dK(0,1) { v

which 1s a contradiction. Thus the solution of the above linear equations
is unique. This immediately implies the conclusion of the lemma.

PROOF OF THEOREM 1.1. Lemma 1.2 to Lemms 1.20.

Additional remarks.

A. If K(x,y) and M(x,y) are both separable functions
(K(x,y) = 2121 ry(x)s;(y) etc.) then it can be shown that the integral
equations producing the continuous portion of the optimal strategles may be
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replaced by differential equations.

B. If the kernel is symmetric 1i.e., K(x,y) = -M(y,x) and
$(x) = 0, then the only type strategles that appear are (A), (C), (G)
or (J).

C. If K M,(x,y) {0, K(x,x) > M (x,x), and
K'(7,7) > M'(q,y) then the transformation U, transforms positive con-
tinuous functions into continuous monotonic decreasing functions. Indeed,
we differentlate

_ M, (7,¥) KOy
Vet & K(y, 7 -M(y, v)) f’] K(%, %) -M(7,7) sy
getting
d(U,e)
= [y | | [+ [iasto) + [ monp-onn Jeop]
(/Mg + K;g)

" o o [x O = M p) ]

The hypothesis clearly imply that éL(Uag) { 0. Since U, 28 1s continuous
and positive, we thus deduce that the optinml ¥,(y) 1is positive con-
tinuous and decreasing. In fact, Y,(y) = *4n—0 2 q each term of which
has the desired property.

In order to insure that the optimal ¢ (x) shall be positive and
decreasing it is sufficient to assume that K&y ) 0, Myy >0, K&(y y) >

Mo(y,y) and K'(8,§) > M'(%,8).
An example where these conditions are fulfilled is

K(x,y) = x - (1 - x)y x<y
L(x,y) = Hx) =0
M(x,y) = -y + (1 - ¥)x x>y .

Thus, one can conclude that the absolutely continuous part of the optimal
strategy for either player for this kernel 1s continuous and decreasing.
In this particular example the absolutely continuous distributions consist
of inverse cubics.

Many other such examples can be constructed.

D. We remark that if all the inequalities in condition (c) are
reversed, then the form of the optimal strategles are obtained by inverting
the unit interval. (Replacing x by 1 -x and y by 1 -y.)

E. Concerning the statements E to I of Theorem 1, some informa-
tion can be given about the change of the interval [a,1]. Implicitly
contained in the proof of Theorem 1 is the fact that as $(0) traverses
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the range from X(0,0) to 8y to M(0,0) the point a increases from O
to a maximum value &, < 1 and then decreases from a, to 0. Ina
similar manner it can be shown that pertaining to statements J to N as
$(0) traverses K(0,0) to K(0,1) to M(1,0) to M(0,0), then a in-
creases from O to 1 remains at 1 while M(1,0) S $(0) g K(0,1) and
then afterwards decreases from 1 to O.

F. A remark concerning the result when %(1) and $(0) do not
lie between K(1,1), M(1,1) and K(0,0), M(0,0) respectively is in order.
It turns out that in this circumstance optimal strategles may nct exist
although the value is determined in the sense that inf sup = sup inf.

G. The kernel (1.1) represents the payoff of a game of timing
with some kind of partial Inf'ormation as to the tlme or mcthod of action.
It is therefore not surprising that thec optimal strategy should involve
partly a density. However, if the game of tlming has complete information
then the optimal strategics behave very much like purc strategies. A game
of complete information gives rise to a kernel of the following form:

m(x) x<y
(1.22) L(XJY) = L(X,X) X =Y
n(y) XDy

where C > m'(x) D& >0 and -C< n'(x)  -4< 0. Also, m(1) > n(1)
while m(0) < n(0) and L(x,x) 1s bounded but otherwise arbitrary.

The monotonicity properties of m and n imply the existence of
a unique a, with © < a, {1 so that m(a,) = n(a,). We now establish
the following propositlon:

THEOREM 1.2. The game (1.22) has a value
v = m(ao) = n(ao) and the optlmal strategles F and
G are as follows: If L(ag,a,) > v(L(ag,a,) < V),
then F =TI, (G=1I,) while the player II (player I)

(e] o

has no optimal attainable stirategy. Moreover if
L(ao,ao) = v, then the point (ao,ao) is a saddle
point.

REMARK. We shall treat the kernel (1.22) as a limiting case of
the kernel (1.1). A different proof of Theorem 1.2 was glven by written
communication by I. Glicksberg. It i1s felt that the procedure followed
here 1s more natural. In addition, we shall drop below the assumptions
about the values of m and n at 0 and 1 and indicate the form of
solutions for the more general game.
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PROOF. Let L*(x,y) be any geme of type (1.1), and consider the
new games defined by the kernels Lk(x,y) = L(x,y) + JEL*(X,Y) for
k=1, 2, .... It 1s clear that Lk(x,y) has the properties of the kernel
of equation (1.1). Explicitly

m(x) + ¢ K(x,¥) x<y
L (x,y) = L(x,x) + % H(x) X=73
n(y) + %M(x,y) XDy -

The assumptions on m(x) and n(y) require that for sufficiently large k
we have an X, 0 < Xy {1, for which m(xk) + ]EL(xk,xk) =
n(xk) + 11-2 M(xk,xk) , and clearly X, —> a,. In view of Theorem 1.1 (we
have Case A, B, or C) the form of the unique optimal strategles for the
geme Lk(x,y) is F = (¢ak,pkl1), Gy = (\I/ak,d'kl]) where xk< &y <
and only one of the pair g, Sk is non-zero. For definiteness we may
assume that /Sk = 0 for an infinite set of indices, and, replacing our
sequence by a subsequence we may assume that ﬁk =0 for all Xk, ay —> a,
end that, if v, denotes the value of the game L (x,¥), vy —_ V.

Since Xy < ay {1 and Xy —_> 8y 8 { a{ 1; moreover since
vy —> v we may conclude that v 1s the value of the game L(x,y), that
is

(*) inf sup ffL(x,y)dF(x)dc-(y) = v = sup inf ffL(x,y)dF(x)dG(y)
G F F G
for, since Lk(x,y) converges uniformly to L(x,¥),

j‘L(x,y)dFk(x) DV -& vie fL(x,y)de(y)

for k ) k(£), and (*) follows.
We mey now show that the value v of the game L(x,y) 1s
m(a,) = n(ao) . By (1.2) for a {y< 1 we have

(1.23) n'(y) f; Qak(X)dx + (m(y) - n(y))¢ak(y) + fly) =0

where f’k(y). tends unlformly to zero as k —) . In view of Helly's
Selection Theorem we may (again replacing our sequence by a subsequence 1f
necessary) assume that there exists a distribution F, for which

Fk(x) —> Fo(x) for every point x of continulty of Fo- Consequently,
for yYa+d, §> 0, we have

f;f E%EL_(TE)(TY (1 - F(t))at =1 - F(y) + £ (3)
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where ek(y) tends uniformly to zero, and hence

f;' r'ﬂ%)%% (1 - F(t))at =1 - F(y)

at every point y of continuity of F,. Since m—%)—néj% 1s bounded
for tYa+ &) a,, this implies by a classical argument that Fo(y) =1

for y ) a + 4. Indeed
1
1 -F(y) (M fy (1 - F(t))dt

yields, upon iteration (valld since the points of discontinuity of Fo
form a set of measure zero),

(1 - F(y)) < =17
Since & > 0 1s arbitrary F (y) =1 for ¥y >a. For y{a, Fly) =0
for k » k(y), hence Fo(y) =0, and F, = I,;. Moreover, we may now

assert that a = a,, for othervise, since m(y) > n(y) for y > a>) a8y,
we conclude from (1.23) that the functions ¢ak are bounded, so that F)

cannot converge to I,.
Now for y > ags [ L(x,y)dFk(x) —> v; consequently

v = fL(x,y)dFo(x) = L(a,,y) = m(a,) = n(ag)

Now suppose F 1s optimal for the game L(x,y). Then we may
assert that F(x) = 0 for x a,. For if xg 4 &, F(xo) > 0, then
since ay —_ 8g, fL(x,y)de(y) =m(x) m(xo) for x< x, and k > k-
Moreover, since Lk(x,y) converges uniformly to L(x,y) and vy —> v,
for any € > O we have, for k ) k(€),

fL(x.y)de(y) {v+e

for all x. Now A‘(ao - xo) g m(ao) - m(xo), and if we set
€ = —12- 17‘(x‘:))$(ao - xo) > 0 we have

ffL(x,y)de(y) {mla)) - Sa, - x)) =v - Ha, - x)
for x S X,- Consequently, for k 2 k(e),
[ [rxma et < Fuw - deg - x) + (1= Fx) (v + 2)

CF(x ) (v + & - Hag - x,)) + (1 - F(xy))(v + €)
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v+ g-F(x)sla, - x,)
v - 5 F(x)elay, - x) v

so that F could not be optimal.
Since F(x) =0 for x< a,, wve may write F =dI, + F,,

where F, is continuous at a,, F,(a;) =0 F,(1) =1 - . For y > a,
am(a) + fz’o m(x)dF, (x) + n(y) (1 - & - Fi(y)) > v =mla,) = n(a,)
so that
fgo (m(x) - m(a ))dF, (x) + (n(y) - nlay))(1 - - F(y)) >0 .

Since C(y - a,) > m(y) - m(a,) > Sy - &) and F, 1s continuous at a,
we have fg (m(x) - m(ao))dFl(x) = oy - ao); since

(¢]
n(y) - n(a)) < - &y - a;) < 0, we have
0 $y - a)(1 - - F(y) - (n(y) - nla)))(1 - &= F(y)
gf{ (m(x) - m(a ))aF,;(x) = oy - &)
o

so that 1 - o= F,(y) —> 0 as y — ay- Thus Fl(y) =1 -od for

y D a,, and F, = (1 -a)I, , Fy=al, + (1 -I, =1, -
o o (o) (o)

A completely analagous argument applies to player II and shows

that only I, can serve as a solution. The remaining statements of
o

Theorem 1.2 now follow readlly from these facts.

REMARK. Let L(x,y) satisfy the conditions of Theorem (1.2)
except that no requirement is imposed about the values of m(x) and n(x)
at 0 and 1. Suppose moreover that L(0,0) and L(1,1) 1lle between the
respective values of m and n at these end points. The optimal strate-
gles are described as follows: (a) (1,1) is a saddle point if and only if
m(1) ¢ n(1), (b) (0,0) 1s a saddle point 1f and only if m(0) > n(0) and
(¢) for the remaining case the solution is glven in Theorem 1.2.

PART II

We analyze the following class of kernels

K(X.Y) X S_ Yy
(*) L(x,y) = K(x,x) = M(x,Xx)
M(x,y) X2y
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satisfying the following conditions.

(a) In their respective domains both K(x,y) and M(x,y) have
continuous third partial aerivatives.

(b) K (x,¥), K& (x,y) are strictly negative for x< y and
Myys are strictly negative for x > y. In other words K and M are
each strictly concave in each variable separately on each side of the
diagonal. The kernel L(x,y) 1s not however necessarily concave in each
variable separately throughout the unit square.

In all that follows we assume (a) anua (b) are satisfied.

Butterfly Kernel. We examine completely lhere irst a specific
case of the above kernel (*) which arises frequenily in spplications. This
class of kernels was first introduced by Glicksberg and Gross.

DEFINITION 2.1. A kernel of type (*) is saiu to
be butterfly if in addition to the requirements (a) and
(b), we assume

(¢) The function K(x,y) 18 strictly increasing in y and
strictly decreasling in x. Also, M(x,y) is strictly increasing in x
and decreasing in y. In other words the kernel is monotonic away from the

diagonal.
We establish here the following principal theorem.

THEOREM 2.1. Both players possess unique solu-
tions of the following form F = (aI ,0,8I,) ana
= (rIO,W}JII) where ¢ and V¥ are absolutely con-
tinuous over the full interval and are obtainec as the
unique solutions to a pair of integral equations.

(2.1) dpy + gPy = 0 - TO
(2.2) ¥q, + dq, = y-UY
where

v -K. . (x,¥) (x,y)
T = fo Ky(y Sy - Myty Y) d(x)dx + f Ky(y,y) My(y y) o(x)dx

-M, (€ Ky (X57)
Uy = fo M, (x, x))—(K_xix X) ¥(y)dy + fx M (%, x))-cK.x(x X) ¥(y)dy

O,Y) 1;}') -Ng( (X,O) 'Kx (x:l)
=T Myj(y 377 P2 = 7 MyHy R LK) (x,%)° q = “%(-K::HX,XS

The solution of these integral equatlons can be obtailned by the
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use of Neumann Series. For clarity of understanding, we shall divide the
proof into a series of lemmas.

REMARK. The operators T and U constitute strictly positive
operators which transform positive continuous functions into continuous
strictly positive functions. The properties enunciated in Part I for such
operators are valld for T and U. Finally, the operator Tab etc. shall
denote the same operator T except that the integration is extended over
the interval a{ x ¢ b.

LEMMA 2.1. The radius of the spectrum
)\(Tm) [m(U,,)] of the operator T [U] 1s less

than 1.

PROOF. If we assume the contrary, then XT,) 2 1. As ve let
a—> 1, then A(T,;) —> 0. By Property II of posltive operators there
exists an a for which ’\(Tal) = 1. Property I guarantees a non-negative

eigenfunction f(x) such that T,,f =f. Upon integration of Tf = f,
we get

fz Ky(x,y)f'(x)dx + f;l My(x,y)f(x)dx =c

for a{ y< 1. Setting y=a, as (x,a) < 0, we have ¢ { 0. On the
other hand if ve put y =1, then as Ky(x,l) > 0, we secure that c¢ > O.
This contradiction establishes the assertion of this lemma. A similar
argument applies to the operator T.

Lemme 2.1 enables us to invert (2.1) and (2.2) for any non-nega-
tive o, B, ¥, & and we produce positive continuous functions. Explicitly,
let (I-T)'py=0, 1=1,2 ana (I-T0)'q=0; 1=1,2. Put
0 =do, + Ad, and ¥ = ¥¥, + dY¥,.

LEMMA 2.2. There exists optimal strategies of the
following form F = (&I ,¢(x),BI;) and G = (¥I,,¥,dT,) .

PROOF. We suppose that all the quantities have been defined as
above. Integration once of (2.1) glves that

(2.3) c= aqcy(O,y) + /3My(1,y) + fz Ky(x,y)O(x)dx + f; My(x,y)¢(x)dx .

We choose o and g so that [ & =o /) 0, + B/ O, =1 - - B. There
exlsts in fact an entire interval of values for which this 1s fulfilled.
Supposing first o = 0 and then letting y =0, we obtain
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c = ,sMy(l.O) + f; M.y(x,o)tb(x)dx <o.

In a similar manner, if we choose B =0 and lock at y =1, we secure
that ¢ > 0. Continuity thus produces a choice of o > 0 and A >0 so
that ¢ = 0. Analogously, we find the existence of positive constants ¥

and & so that
(2.4) 0 = ¥M,(x,0) + K, (x,1) + f’; M, (x,y)¥(y)dy + f; My (x,¥7)¥(y)dy
An integration once more of (2.3) and (2.4) yilelds that

f}) L(x,y)dF(x) = b and fL(x,y)dG(y) =d
where

F = (&I,,0(x),A1,) and G = (¥I,,¥(x),dT;)

Multiplying the first by dG and the second by dF and integrating shows
that b =d = v. It remains only to establish the uniqueness.

ILEMMA 2.3. If F 1is optimal for player I, then
on the interior of the unit interval F 1s continuous.

PROOF. Let y, be any point where O <y, 1. Since F is
optimal, we have [ L(x,y)dF =v for all y. Thus

f L(x,¥) -L(x,y,)

T, aF =0 for y#y, -

As the right-hand derivative exists everywhere and 1s bounded, then with
the aid of bounded convergence, we get [ L, (x,y )dF = 0. Similarly, ve
obtain [ Ly_(x,yo)dF= 0. Since Ly+(x,yo =Ly_(x,y°) except for

X =7J, WE have

JICE R ERAL O SRR NR ALY

0 and the proof is complete.

o
I

Thus cr'yoF

LEMMA 2.4. If F 1s optimal, then F 1s abso-
lutely continuous and F' = f 1s continuous for the
points where 0 < x < 1.

PROOF. Since F 1s optimal, we have
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(2.5) v= fL(x,y)dF(x) = 4 K(0,5) + AM(1,7)

1
+ fg K(x,y)dF (x) + fY M(x,y)dF(x)

where Fo(x) represents the continuous part of F(x) concentrated on the
interval of 0 to 1. An integration by parts of the last two integrals
glves

(2.6 [T a0+ [} MaxnaE,m = - 3 5 xmxiax
- f} M, (x,7)F(x)dy + M(1,¥)F,(1)

This formula is valid by virtue of Lemma 2.3 which established the con-
tinuity of Fo(x) . Differentiating (2.5) after (2.6) has been substituted

into (2.5) yields

(2.7) 0 = oK (0,7) + (B, + Fo(1)IM(1,7) - fg K Fodx - f; M, Fodx
- K (y,¥) - Mp(y,¥)] Fo(y)

Since K, - Mx Z &> 0 we see from (2.7) by assumption (a) that Fo(y) is
absolutely continuous. Upon differentiating once more which 1s valid by

1
agsumption (a), we obtaln that Fo(y) = f(y) 1s continuous.

LEMMA 2.5. The optimal strategy for player I is
unique.

PROOF. Lemma 3 shows that any optimal strategy for player I has

the form F(o,f(x),8) with f(x) continuous for O < x< 1. Differ-
entiating [ L(x,y)dF = v twlce establishes that f satisfies equation (1)

il.e.,
apy +pp, =f - If .

Clearly f =do, + Abd,. It remains to show that there exists a unique pair
of positive quantities d, B. satlsfying

(2.8) afo1+ﬁf¢2=1-¢-,e

and

(2.9) de(O,y) + ,BMy(l,y) + fg Ig_,(x,y)f'(x)dx + f;, M.y(x,y)f(x)dx =0
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with f(x) = d$1 + p¢2. If the solution to these two equations 1s one
dimensional, then there is a solution of the form &> 0, g = 0. However,
this is impossible for then by taking y = 1, we obtaln that the relation
(2.9) is strictly positive.

PROOF OF THEOREM 2.1. This is the content of Lemma 2.2 and
Lemma 2.5 with a dual proof to Lemma 2.5 establishing the uniqueness of the
optimal G stratcgy.

We close this section with some adaitional remarks.

If L(x,y) 1s a butterfly kernel and L(x,y) = L(y,x), then the
unique optimal strategy tor each player colnclde. This is due to the fact
that the integral equations which produce the solution are the same.

We now present a f'ew examples of butterfly kernels, specifically,

(a) L(x,y)

Ix -yl - AMx - y)e where 0 < AL %

I

(b) L(x,y) = max(m(x)n(y), n(x)m(y))
with m(x), n(x) > k > 0, m'(x) £ -k 0, n'(x) k20, and m''(x),
n''(x) { -k < o.

Kernels concave on each siane of the diagonal. In this scctlon,
we drop assumption (c) and supposec only that (K& - My)(y,y) > 0 and
(MX - K*)(x,x) > 0. This incluues the case wherein the kernel has
butterfly shape only in the ncighborhoou of the diagonal.

THEOREM 2.2. Uncer thc conaition stated above all
the optimal strategics have the following form: Therc
exists a unique interval [a,b] such that any maxi-
mizing strategy F = (dIa,¢ab(x),ﬂIb) anG any mini-
mizing G = (KIO,ng(y),JI1) where o > O when
0ad1 and B> 0 when 0 b< 1. Generally, o,
A A > 0 and 0., ¥, are obtalned as the Neumann
Series or eigenfunctions to assoclated integral equa-
tions. There exists at most a one dimensional set of
solutions for each player.

The proof of this theorem is subdivided into a series of lemmas.
Although an analagous method to that used 1ln the study of butterfly kernels
can be employed to treat this case, we follow a different procedure which
is also applicable to the preceding section. Both approaches have their
individual merits and are useful for different particular examples.

LEMMA 2.6. There exists a unlque interval [a,b]
which 1s the spectrum of any optimel strategy for the
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maximizing player. If this interval 1s non-degenerate,
it is, with the possible addition of 0 and 1, the
spectrum of any optimal strategy for the minimizing
player. If a = b, then the spectrum ol any optimal
strategy for the minimizing player is contained in
{0,a,1).

PROOF. We shall let F and G represent optimal strategles for
the meximizing and minimizing players, respectively. If (c,d) 1s any
open interval of F measure zero with 0{ c< d< 1, it is easily seen
that [ L(x,y)dF(x), which is > v, is strictly concave for ¢ y< d,
hence » v in this interval. Consequently the spectrum of any optimal G
cannot meet this interval, and the spectrum of any optimel G 1is contained
In the spectrum of any optimal F, with the possible exception of the end
points 0 and 1.

Now suppose ¢ and d are in the spectrum of F, ¢ { d, and
(c,d) 1s of F measure zero. Then (c,d) is of G measure zero for any
optimal G, so that [ L(x,y)dG(y) is strictly concave for c¢ £ x < d.
Since this integral is a continuous function of x and must assume the
value v at ¢ and d we have [ L(x,y)dG(y) > v for ¢ < x< d, which
contradicts the optimality of G. Hence the spectrum of any optimal F 1s
some closed interval [a,b].

Suppose that for some optimal F this interval is non-degenerate,
l.e., a{b. Then [a,b] is contained In the spectrum of any optimal G
since [ L(x,y)dG(y) =v for a{ x< b so that no open subinterval is
of G measure zero. Combinecd with the fact that the spectrum of any G
is contained (disregarding 0 and 1) 1in the spectrum of any F, this
implies that the spectrum of any optimal F' coincides with (again dis-
regarding O and 1) that of G, so that [a,b] 1s the spectrum of all
optimal F, ana similarly of all optimal G (again disregarding O and
1).

If on the other hand [a,b] 1is degenerate for all optimal F,
it is still unique. For suppose I, eand I,, are optimal, a # a'. Then
since the spectrum of an optimal G 1is contained in {0,a,1} and
(0,a',1}), the spectrum of any optimal G 1is contained in {0,1) so that
J L(x,y)dG(y) 1is strictly concave for 0 x< 1, ﬁ v and yet equal to v
at a and a', which is clearly absurd.

LEMMA 2.7. The maximizing optimal strategies have
the form F = GiIa,oab(x),ﬁIb) with & > 0 when
0 a1, >0 when 0 b1, and &0, 8D 0
otherwise.



154 KARLIN

PROOF. The identical arguments of Lemmas 2.3 and 2.4 apply here
and show with the aid of Lemma 2.6 for x Iinterior to the closed interval
[a,b] that F(x) 1s absolutely continuous and F'(x) = f(x) 1s con-
tinuous over the interval [a,b]l. We now verify that if 0 a<{ 1, then
F possesses an additional point spectrum at a. To this end, if we assume
the contrary, then the derivative of h(y) = [ L(x,y)dF(x) exists and is
zero at a. Since h(y) 1is strictly concave for 0 y < a, this implies
the fact that [ L(x,y)dF(x) { v for 0< y < a which is contrary to the
optimal character of F. A similar argument applies to the end point b
if it 1s interior to the unit interval.

LEMMA 2.8. The minimizing strategy G has the
form G = ('A’IO,‘I’ab(y) ,4I,) with ¥, & > 0.

PROOF. As in the previous lemma 1t 1s easy to deduce that G 1is
absolutely continuous over the interior of the interval [a,b]l. In view of
Lemma 2.6 it remains only to show that if 0< a< 1, then G 1s con-
tinuous at a&. As in Lemma 2.3, it follows that [ L., (a,y)dG(y) = 0. On
the other hand, we have [ L(a,y)dG(y) =v and [ L(x,y)dG{ v for x< a.
Consequently, /[ LLZ;X%E%LEAIl da(y) 2 0 for x< a. Proceeding to a
1limit gives that [ Lx_(a,y)dG ) 0. Therefore, 0 Z / (Lx+ - Lx—)
(a,y)dG(y) = (M, - K*)(a,a)caG. Since M, - K, > 0 and LA 2 0, we
deduce waG = 0. An analogous argument applies at the point b 1if
0{Db< 1. Indeed, [ L, (b,y)dG(y) =0 and [ L(b,y)dG(y) = v while
J L(x,y)dG(y) { v for x > b. Whence [ Lx+(b,y) { 0. Therefore,

03 [0 - L (0,7)] @) = Oh - Ko (@

Again, this gives that 63 (G) = 0. This completes the proof of the lemma.
Upon two differentiations of f; L(x,y)dF(x) = I; L(x,y)dG(y) = v
for a g X, ¥ g b, we obtain for ¢ = ¢ab and ¥ = Y,p that

&a)

(2.8) 0 = axyy(a,3) + Ay (o,3) + [T K (xoyecxian +
b mymemaas + ) - ) w0

(2.9) 0 = ¥M, (x,0) + IK, (x,1) + f: M, (x,7)¥(y)dy +

f}; K (5,1 ¥(Y)Ay + (M - K) (x,%)¥(x)

Expressing these integral equations differently, we get

(2.10) dp, + fp, = ¢ - Ty 0
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(2.11) ¥q, +dq, = V- Uy ¥

where

(x,y) (x,y)
- |y _ b _
¢ = fa &ﬂm ¢(x)dx + fy Ky—rfog_ﬁ_,'yT ¢(x)ax ,
K. (a,y) -M_ (b,y)

(x,y) K,y (X,¥)
Ugp¥ = f Mx(xxx)-Kx(x X) ¥(y)ay + f TN, ;:)_Kx(x X) ¥(y)dy

"M-xx(x:o) ":Kxx(x 1)
U = WK IR = WK%

The two integral equations (2.10) and (2.11) are to be used to determine
¢(x) and V¥(x). The fact that p; and q; are positive implies that
¢ > Tg¢ and ¥ ) Uy, ¥. Using again the general theory of positive
operators [3] ylelds that A(Tg) < 1 and a(Ugy) { 1. If either a or
b are interior to the interval [0,1], then A(Tab) < 1. 1In fact,
Lemma 2.7 guarantees that (2.10) is satisfied with at least o« or gB
non zero and one concludes from this (since py 2 &> 0) that Top? < A
with A< 1. Thus ’\(Tab) { A< 1. Concerning m(U, ), we have that both
cases where m(Uy,) = and m(U,) < 1 may occur.

let 0< a ( b< 1.

CASE 1. If mUg,) =1, then the optimal strate-
gles have the form F = (1Ia,¢ab(x),ﬁ1b) and
G = (¥,(¥)) with > 0 and B ) o.

PROOF. Lemmas 2.6 to 2.8 have established that the optimal solu-
tions have the form F = (AIg,0. (x),8L;)) end G = (¥I,,¥p(x),d1,)). If
elither ¥ or ¢ were not zero, then equation (2.11) would imply that
MUgy,) < 1 contradicting the hypothesis.

et 0<a{ b 1.

CASE 2. If ;A(Uab) < 1, then the form of the
optimal strategies is as follows: F = (aLIa,Qab(x)',/SIb)
and G = (KIO,ng(y),é‘I]) with o, 8 > 0 and at least
¥ or & positive.

PROOF. The demonstration is similar.
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Let 0{a{db=1.

CASE 3. If /"’(Ua.b) =1, then F = (dIa"pab(x) ’PIb)
and G = (¥, (x)) with 4>0 and B> 0 and at least
¥ or 4 positive.

The proof of this is similar to the preceding. An analogous set
of results presents itself when 0 =a<{b{ 1 and 0=a<{b=1.

We finally remark that when ¥ > 0 1in any of the above strategles, then
this imposes a condition on the yield [ L(x,y)dF(x); namely

[ L(x,0)dF(x) = v = [ L(x,a)dF(x). A similar requirement results when
§>o0, 1.e., [ L(x,1)dF(x) = [ L(x,b)dF(x) = v. These conditions
determine a and b uniquely.

We now discuss the question of uniqueness. Whenever at least a
or b 1is interior to the unit interval and there exists an optimal mini-
mizing strategy using both end polnts 0 and 1, then we show that the
maximizing strategy is unique. The proof of Theorem 2.2 has shown that
any optimal strategy for player I has the form F = (dIa,oab(x),ﬁIb) with
0gp(X) = 40, (x) + B0,(x) where (I - Ty, ) 'p; =0, and 1=1, 2,

We must verifyy that the choice of & and A are unique. For any values
of o and A which supply optimal strategies it follows that

0 = dKg(a,y) + AM (b,y) + fg Ky (%,7)0gp(x)dx + f? My (%,7) 0gp (x)ax

for a{ y<b.

This has the form dR(y) + AS(y) = 0. Explicitly
R(Y) = Ky(a,3) + [p L(x,3)0,(x)dx and S(y) = W (b,y) + f3 Ly (x,3)0,(x)ax.
From the properties of the integral operators it follows that R(y) = c,
and 8(y) = c,- If R(y) or B8(y) is not zero, we get a one dimensional
set of solutions for & and A. The normalization 1 - & - 8=
a [ 0, + B / ¢, produces a unique choice of (d,B8) 1n this one dimensional
set. We may hence assume that R(y) = 8(y) =0 for a{ y{ b. The
assumption on the minimizing strategy implies for any optimal F that
J L(x,0)dF(x) = v = [ L(x,y)dF(x) for a{ y { b. Expanding this equality,
we get ak, + Bk, = 0 with another similar relation ol, + 8l, =0, re-
sulting from consideration of the point 1. It 1s to be emphasized that the
constants k1 and k2 do not depend upon d& or @. These equations
cannot possess a two dimensional set of solutions for then there would
exist an optimal F strategy with no jump at either a or b which con-
tradicts Lemma 2.7. The normalization again selects thus a unique pair.

If M(Uab) = 1, the uniqueness of the optimal strategy for the
minimizing player follows from the fact that any solution of the form
(!IO,V;b(y)),JI1) with say & > 0 dimplies MUgyp) < 1 and the eigen-
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function is unique (Property I of strictly positive operators). We have
been able to verify in every particular example the uniqueness. However,
the uniqueness question in general remains open. The fact that we get at
most a one dimensional set of solutions follows since they all satisfy the
same integral equation. In fact, &, 8 range only over a one dimensional
set since the additional normalization restricts one of the variables.

An example. We 1llustrate the theory of the preceding section
by the following example. Let

K(x,y) =y - x - Alx - y)? y2x
L(x,y) = A>oO .
M(x,y) = x - ¥ - Alx - ¥)? x>y

It 1s easily verifiled that Kx = y = Mxx = Myy = -2A and

=1+ 2Ax - ¥), My = -1 + 2A(x - y). Furthermore, it is easy to
show that this kernel 1s invariant under the transformation x —) 1 - X
and y —> 1 - y. It therefore follows that there exists optimal strate-
gles F(x) and G(y) which are unchanged under the mapping x —> 1 - X
and y —> 1 -y respectively. Consequently, we search for a symmetric
interval about =+ to play the role of [a,b]. The solution to the

2
integral equatlon
1
= +
A=¢w)-f2
1

2% p(x)ax

vje  vie

implies that ¢(x) = Tf%E'
If we conslder the equation dp, + Bp, = $ - Tab§ with B =4,
ve get ®=A and o =-1=2%. The condition [ L(x,0)dF = [ L(x,a)dF

inmplies after a simple calculation that either ¢ =1 or c = gxé. This
gives that a =1 - % and b = % when c¢ = Q%A and a =0, b=1 when
c=1. FPor 0 A g 1 the operator TO = [ A has A(T) §'1 while for

1 { AL 2, we have A(T) > 1 thus to generate a positive operator of
spectral radius less than 1 1t suffices to take the interval (1 - x,x)
for 1 { A 2. If we compute & for the two cases we get d = léé when
0 A< 1 and d= A-l yhen A 1s between 1 and 2. We have therefore
found the form of the strategies to be for 0 AK 1

>
n

F= (521,000,552 1)

122
2
G = (% Io;"’m(y) :‘]_;'é I1)

and for 1 { A2
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A-1 A-1
Pe (51 0 L)
TAOT A A A
LT Tl ARSI Bl
TA A TAT A
A-1 A-1
G=(TIo’\"1 1 l(y)’TI1)
-X A

For A > 2 one verifies directly that the optimal strategies are

= = (L 1
F=(L) ad G= (31,31

2
and the value 1s equal to % - )«%)2. In all these cascs of thils example
1t can easlly be shown that these optimal strategics are unique.

o’
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ON A CLASS OF GAMES*
Samuel Karlin

The purpose of this note is to describe qualitatively the nature
of optimal strategies for a payoff kernel K(x,y) defined on the unit
square satisfying Kﬁ...y(x,y) 2> 0 with n partial derivatives taken with
respect to y. We present a complete analysis for n g 4. However, the
method employed seems to extend easily and should enable one, by enumerating
cases, to analyze the situation for general n. Specifically, we show that
for n=73 and n =14 the maximizing player has optimal strategies in-
volving respectively at most 3 polnts and at most 4 points of increase.

For general n, 1t can be shown that the maximizing player has optimal
strategles using at most n points. For the minimizing player the state-
ment of the nature of an optimal strategy is more precise. There always
exlst for the general case optimal solutions using at most % points, with
the understanding that the end points 0 or 1 when used are each counted
only half. For example when n 1s odd, then % 1s a half integer and
hence must use a single end point if a full optimal strategy exists em-
ploying % points. This counting procedurc applies only to the minimizing
strategiles.

¢ 1. OPTIMAL STRATEGIES FOR PLAYER II

We assume throughout this section that K&__'y(x,y) 2 0 in the
unit square with n partial derivatives taken with respect to y and that

K possesses continuous nth partlal derivatives.

LEMMA 1. If Kﬁ.__y(x,y) 2 0, then there exists
an optimal strategy for player II with at most 3
points of increase.

REMARK 1. It is sufficient to prove Lemma 1 when
K& y(x,y) > d > 0. Indeed, if we perturb K by

KY(x,y) = K(x,y) + § L(x,y) where Ly _(x,3) > d> o0,

*The preparation of thls paper was supported by The RAND Corporation.
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then K%(x,y) converges uniformly to X(x,y) and
(x,3) 2 % d > 0 for each n. The function
L(i;&y can be chosen to be an nh degree polynomial
in x and y with the coefficlent of yn a strictly
positive polynomial for x ranging in the unit inter-
val. Each kernel X" possesses an optimal solution
G, for player II of at most % points in the spectrum.
We can select a limit distribution G0 which also in-
volves at most g points of increase. Similarly, let
F denote any limit distribution of optimal strategies
F, of the games K% x,y). It follows easily that Gy
and F are optimal strategies for players II and I

respectively for the game with kernel K(x,y).

PROOF OF LEMMA 1. 1In view of Remark 1 we may assumc that

(%) >0 for x,y traversing the unit square. Let Fo(x) denote
an optimal strategy for player I, then the hypothesis and bounded conver-
gence easlily yields that h(y) = fé K(x,y)dF (x) has h(n)(y) > 0. This
implies that h(y) can achieve a value at most n times since otherwlse
there exists a Yo with hn(yo) = 0. Consequently, the minimum m of
h(y) can only be achieved at most % times, end points being counted half
as described in the introduction; for otherwise m + € with € sufficient-
ly small would be taken on at least n + 1 times. Since an optimal strate-
gy for the minimlizing player can only concentrate at these points, the
conclusion of the lemma 1is now evident.

é 2. OPTIMAL STRATEGIES FOR PIAYER I WITH n =1 AND 2

The case n =1 ylelds a saddle point. In fact 1f Xq denotes

a polnt where K(xo,o) = max K(x,0), then it is easily verified that

x=X, and y=0 1isa s:ddle point.
LEMMA 2. Let X be compact and Y an n dimen-
sional simplex. If M(x,y) 1s a continuous payoff
kernel defined on X x Y which for each x 1s a con-
vex function in y, then there exists an optimal
strategy for player I involving at most n + 1 polnts
of increase.

This lemma comprises the essential result of [1]. For a more
direct and illuminating proof see a forthcoming paper by the author on the
general theory of infinite games.

The content of Lemma 2 contains the case of n = 2 belng analyzed



ON A CLASS OF GAMES 161

in this paper. Player II has a pure optimal strategy while player I pos-
sesses an optimal solution using at most 2 points in its spectrum.

§3- OPTIMAL STRATEGIES FOR PLAYER I WITH n = 3

Throughout this section we assume that K&yy(x,y) 2 0 and we
establish the following theorem.

THEOREM 1. If K possesses continuous third
partial derivatives and Kyyy(x’y) 2 0 for
0< x,y< 1, then player I has an optimal strategy
F with at most 3 points of Increase.

The proof of this theorem will consist in analyzing the various
possibilities. It 1s no loss of generality to suppose that K&yy(x,y) > o0.
An argument analogous to that used in remark 1 establishes this fact.
Moreover, any optimal minimizing strategy involves at most 3/2 points. The
various posslble minimizing strateglies are therefore of the following forms,
where I. denotes a pure distribution with full welght at y: (a) 4l +
(1- d)I with 0 < Yo {1, (b) oI, + (1-4011, (c) Iyo with
0< vy, ( 1, (d) I, and (e) I,. The strategies listed above present
an enumeration of all the possible ways of obtaining %, 1, or 1 %
points, with the exception of one. It remains only to show why an optimal

strategy of the form AIy + (1-9I, with © < Yo < 1 cannot occur.
(o]

(A) 1In fact, if F(x) is optimal for player I, then
H(y) = jl) K(x,y)dF(x) has the properties that h(1) = h(y,) = v, h(y) 2V,
and h'''(y) > 0. This Implies that h 1s convex in the neighborhood of
¥, vhere h attains a minimum and further, since h(1) = v, that h is
concave at y, > y,- Thus h''(y,) > 0 and h''(y,) { 0. But since
h'''(y) > 0, 1t follows that h''(y) 1s increasing which is incompatible
with the preceding remark.

In general, once the yield h(y) = f; K(x,y)dF(x) 1is convex then
it cannot turn back and become concave.

To establish the assertion of Theorem 1, we shall show for each
of the possible forms of an optimal solution for player II that player I
possesses an optimal strategy of the desired type.

Case (a). Since G, = dI + (1-d)Iy is optimal for player II,

any value X occurring with positive probabillty in an optimal strategy F
must 1mply that f K(x,y)dG (y) = v. Let X be the set of all x for
which f K(x,y)dG (y) =v. Evidently, the set X 1s compact. We now
introduce the following auxiliary game defined for x in X and 2z
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ranging over a 2 dimensional simplex Z spanned by 2z;, Z,, and Z3-
For x in X, set M(x,zl) =V, -V, where v, is the value at 1 of
the tangent line to K(x,y) at 7y, M(x,2z,) = v, - v, where v, 1s the
value at 0 of the tangent line to K(x,y) at Yoo and

M(x,z ) = K(x,0) - v. Extend M(x,z) 1linearly over Z for each x.

It is easy to verify that the hypothesis of Lemma 2 are satisfied. Also
if F 1is optimal for the game K(x,y), then f M(x,z)dF(x) = 0. There-
fore, there exists an optimal F*( = AIIX] + Azlx? + A3Ix ) for which

f M(x,z)dF*(x) > value ) 0. We consider h(y) = fé K(i,y)dF*(x). The
interpretation of the game M(x,z) shows that the tangent to h(y) at y,
lies above v at 0 and 1. Thus h(yo) > v. Also, h(0) > v. However,
since x,, x2, and x, belong to X, we obtain that v ¢ f1 h(y)dG (y) =
f’ aF*(x) I K(x,y)dG,(y) = v. This ylelds that h(o0) = h(yo) =v and
hence the slope h'(y ) = 0. The argument of paragraph (A) shows that
h(y) 1s convex at y, and h(y) > v throughout.
case (b). Let X consist of all x for which

= f; K(x,y)dGo(y) where Go(y) is optimal and of the form
oI, + (1-9)I,. Evidently, X 1s compact. Let M(x,z) be defined over
the set X and the two dimensional simplex =z spanned by 2z;, z,, and
z3 defined as follows. Put M(x,z;) = K(x,0) - v, M(x,z,) = K(x,1) - Vv
and M(x,z ) = - K&(x 1) with M(x,z) extended linearly over z. If
F (x) 1is any optimal strategy for player I of the game corresponding to
the payoff kernel K(x,y), then fx M(x,z)dF(x) 2 0. In view of Lemma 2
we can find an optimal strategy F*(x) wusing at most 3 points x 1n X.
If h(y) = ) K(x,y)dF*(x), then h(0) > v, h(1) > v and h'(1) 0.

Since G (y) concentrates only at 0 and 1 and
f dG, (Y) f K(x,y)dF*(x) = v we conclude that h(0) = h(1) = v. Further-
more h'(y) is negative at 1 and h'''(y) > 0 requires therefore that

h(y) 1s greater than v throughout the unit interval.

Case (c). In this case an optimal minimizing strategy exists
concentrating at the point Yo Let X comprise all x where
K(x,yo) = v. Again, we introduce the auxiliary game M(x,z) with x
in X and z in the two dimensional simplex. Put M(x,z;) = + K&(x,yo),
M(x,z,) = - Ky(x,yo), and M(x,za) = K(x,0) - v with the usual linear
extension. An analogous reasoning produces an optimal strategy
Fe( = aI + pI + ¥I 3) with fx M(x,z)dF*(x) > 0. The function

h(y) = f K(x,y)dF*(x) has the propertles that h(yo) =v, h'(yo) =0

and h(o) > v. The argument in (A) and h(0) 2> v show that h 1s convex

at y, and since h(o) > v we easily find that h(y) Dv for 0{y{1.
Case (d). The form of G, 18 I, . We select for X all x

where X(x,0) = v, and for some optimal F, we set m(y) = [ K(x,y)dFo(x).

Evidently m'''(y) > 0, so that m'' 1s strictly increasing, and we may
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divide the analysis into the following exhaustive subcases:

(¢,) m'(y) <o o<y 1,
(dy) m''(y) 20 o<yL,
(dg) m'*(0) <o m' (1)

(d,). We define an auxiliary game M(x,z) as follows:

M(x,z,) = - K&y(x,l), M(x,z,) = K(x,1) - v. In this case Z 1s one
dimensional, and by Lemma 2 we can find an optimal strategy F* using

two values x 1in X for the auxiliary game. Now h(y) = f; K(x,y)dF*(x)
satisfles h''(1) { 0, h(0) = v and h(1) > v. Since h'' 1is increasing,
h is concave. Since h(y) 1is no less than v at both ends of the unit
interval, h(y) > v for all y, and F* is optimal for the original game.

(d,). Since m(y) > v and m(0) = v, we must have m'(0) > 0.
Consequently, defining the auxiliary geme by M(x,z;) = y(x,o),

M(x,z2) = Ky(x,o), 7 1s again one dimensional and [ M(x,z)dFo(x) 2 0.
By Lemma 2 we have an optimal F* for the auxiliary game using two points
in X, and for h(y) = [ K(x,y)dF*(x) we have h''(0) 2 0, h'(0) > 0

and h(0) = v. Since h'' 1is increasing, h 1s convex; combined with the
fact that h(o) = v, h'(0) > 0, this yields h(y) 2 V, or the optimality
of F* in the original game.

(d3). Consider the graph of m. Since m'' 1is strictly in-
creasing we have a unique point of inflection y,, 0< ¥, <1, m(y,) =o.
For some ¥,, ¥, <V { 1, the tangent line to the curve at y, will have
its value at 0 as well as 1ts value at 1 Z v. For if m'(yo) 2 0, this
will be true for y, = Yo since the tangent at Yo lies above the concave
portion of the curve (where y < yo), and thus the height of the tangent
line at 0 will be at least v = m(0); since the slope of the tangent 1s
non-negative this is also true at 1. On the other hand if m'(yo) o,
then either we have a point y,, ¥y, < ¥, { 1, where m'(y]) =0 (and
hence where the entire tangent line is above the height v since
m(y,) 2 v) or m'(y) o for y,{y<1; since m(1) 2 v, the tangent
line at 1 will do in this case.

We now define an auxiliary geme over X and a two dimensional
simplex Z via the usual linear extension ana M(x,zl) = Ky (x,¥,)
M(x,z,) = v, -V, M(x,z3) =v, -V, where v, and v, are, for fixed X,
the heights at 0 and 1, of the tangent line to the curve K(x,y) at
y,+ We have chosen y; so that [ M(x,y)dFo(x) 2 0, and thus by Lemma 2
we have an F¥ = ¢1x1 + pIXE + rIx3 for which [ M(x,z)dF*(x) > 0. But

for h(y) = [ K(x,y)dF*(x) we have the heights at 0 and 1 of the
tangent line to the curve h(y) at vy, > v; since h''' > 0, the convex
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portion of the curve occurs over an interval [a,1] which includes Y,
since h"(y‘) Z 0. The convex portion clearly lies above the tangent line
at Yy and since the concave portion of the curve, which occurs over the
interval [0,a], has both endpoints above the height v, h(y) > v for
all y, and F# 1is optimal in the original game.

Case (e). This can be analyzed similarly to case (d). Since
these five cases exhaust all the possibilities the proof of Theorem 1 is
now complete.

é 4. OPTIMAL STRATEGIES FOR PLAYER I WITH n = 4

Throughout this section we assume that K (x,y) 2 0. The
following result is demonstrated.

THEOREM 2. If K possesses continuous fourth
partial derivatives and K&yyy(x,y) 20 for o0¢( x,
y { 1, then player I has an optimal strategy with at
most 4 points of increase.

The method of proof of this theorem 1s analogous to that employed
in Theorem 1. Again, without restricting generality we may assume that
(x,y) > 0. Furthermore an optimal strategy for player II involves at
most 7 =2 polnts. The varlous possible minimizing strategles are there-

fore of the form (a) &I, + (1-9I , with 0{y,<y, <1,
o 1
(b) oI, + (1-d)Iy with 0 ¢ Yo {1, (e) &I, + (1-d)Iy with

(9] o
0y, <1, (d) &I+ (1-)I,, (e) Iy with 05,1, (f) I,

and (g) I,. We have omitted one additional posslble strategy with total
weight 2; namely oI + pIy + (1-d-8)I,, where 0 ¥, < 1. This form
o

for an optimal strategy 1s not possible.

(B) Indeed, let us suppose that player II has an optimal strategy
of the above form. Let Fo(x) be optimal for player I, then
m(y) = ]; K(x,y)dFo(x) has the following properties: m(0) = v, m(1) = v,
m(y,) = v, m'(y,) =0 and m(y) v for 0y 1. It follows then that
m 1s convex at y, whlle concave somewhere between O and Y, and some-
where between y, and 1. This contradicts the fact that m''(y) 1s
convex which is required by m''''(y) > 0.

We shall frequently use this general fact that the yield m(y)
of any strategy F (i.e., m(y) = fé K(x,y)dF(x)) cannot‘be concave in two
portions and convex in between.

The proof of Theorem 2 willl consist in verifying for each of the
possible forms of the optimal strategles for player II that an optimal
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strategy for player I of the desired type exlsts.
Case (a). Let the minimizing player have an optimal solution of

the form G, = d-Iy + (1-«:()1y , where 0 < o {y, 1. Let the set X
o 1
consist of all x for which I; K(x,y)dG,(y) = v. We construct now the

followlng auxiliary game M(x,z) defined for x in X and z 1n 2
where Z 1s a 3 dimensional simplex spanned by the polnts 2z, 2,, 23 and
z,. For x in X, set M(x,z1) =v,-V, where v, 1s the tangent line
to the curve K(x,y) at y, evaluated at 0, M(x,2z,) = v,-v, where V,
is the tangent line to the curve K(x,y) at Yo evaluated at 1, and
M(x,zj) and M(x,z,) are defined similarly in terms of curve K(x,y) at
the point y,. The function M(x,z) 1s defined over Z by linear ex-
tension. The kernel M(x,z) satisfies all the conditions of Lemma 2.
Furthermore, if F (x) 1s optimal for player I and the game K(x,y), then
fx M(x,z)dFo(x) = 0. Lemma 2 provides an optimal strategy F*(x) with at
most 4 points In its spectrum such that fx M(x,z)dF*(x) > 0. Put

h(y) = I:) K(x,y)dF*(x). The optimal nature of F*(x) for the game M(x,2z)
implies that the tangent lines to h(y) at Yo and Y, lie everywhere
above the height v. Consequently, h(yo) _)_ v and h(y,) 2 v. Hence,

f1o h(y)dG,(y) > v. But since every x involved in F*(x) is included

in X, we conclude that j:) dF*(x) f:) K(x,y)dG,(y) = v. Thus,

h(yo) = h(y,) = v. Therefore also, h'(yo) = h'(y]) = 0. 1In view of the
remark (B), we deduce that h(y) > v throughout the unit interval.

Case (b). For this case we construct the auxiliary game over X
and Z as follows: The values of M(x,z;) and M(x,z,) are exactly as
in case (a). Put M(x,z5) = K(x,0) - v and M(x,z,) =+ Ky(x,o) and
M(x,z) for z in Z 1is defined by linear extension. The set X consists
of all x for which fK(x,y)dGo(y) = v where Go(y) =dI + (I-A)Iyo.

By Lemma 2 the game M(x,z) with x in X and z in 2 has an optimal
strategy F*(x) with at most 4 points of increase such that
[x M(x,2)dF*(x) > 0. This gives for h(y) = I} K(x,y)dF*(x) that
h(o) > v and h(yo) > v. It can be deduced in a similar manner to case (a)
that h(o0) = h(yo) = v and h'(yo) =0 while h'(0) > 0. With the aid of
remark (B) we conclude easily that h(y) > v for O vy« 1.

Case (c). If the minimizing optimel strategy has the form

Gy = oIy + (l—d.)Iy , then an argument similar to that employed in case (D)

applies here to f‘ugnish the desired kind of optimal strategy for player I.
Case (d). Let Go(y) = Al + (1-d~)I] and let X consist of

all x 1in the unit interval for which [ K(x,y)dGo(x) = v. Put for x in

X M(x,zl) = K(x,0) - v, M(x,z,) = Ky(x,o), M(x,zj) = K(x,1) - v and

M(x,zh) = -K (x,1) with a linear extension. Again, one can find an optimal

strategy F#(x) involving at most 4 polnts for which J M(x,z)dF*(x) > 0.



166 KARLIN

It follows easily for h(y) = IL K(x,y)dF*(x) that h(0) > v, h(1) Z v,
h'(0o) > 0 and h'(1) { 0. Employing the definition of X yilelds that
h(0) = h(1) = v. On account of remark (B) it follows that h(y) Z v for
y in the unit interval.

Case (e). The form of the minimizing solution is with

I
¥
0< Yo <{ 1. We subdivide this case into four subcases. The anglysis of
case (e) is as follows:

Case (el) treats the situation where there exists a solution
F(x) whose yleld m(y) 1s convex for all 0 y < 1. The other alterna-
tive is that m(y) 1is concave somewhere in the unit interval. For def-
initeness, we take m(y) to be concave to the left of Yo and consider
all resulting possibilities. An entirely analagous investigation applies
if m(y) 1s concave in a portion to the right of Yy, . Under the given
supposition in view of remark (B) and the fact that m(y) 1s always convex
at y,, we deduce that m(y) 1is convex for 1 Z y 2 Yo

Three possibilities arise in thls circumstance that m(y) is
concave in a portion to the left of Yo

Case (ez) examines the situation where m(y) 1is concave at O.

Case (e3) treats the circumstance where there exists a
ogﬁ(yofmwmm W%ﬁ))oam m'(y,) =0 and case (ey,) con-
siders the possibility that m''(0) > 0 while m'(0) > o.

(e,). Suppose there exists an optimal Fo(x) for which
m(y) = I; K(x,y)dF,(x) 1is convex for all y in the unit interval. Let X
be composed of all x where K(x,yo) = v. We now define a new game M(x,z)
over X x Z as follows. For x 1in X, sect M(x,zl) =V, -V, vwhere v,
i1s the value of the tangent line to the curve K(x,y) at Yo evaluated
at 0, and M(x,z2) = v, - v, where V, 1s the value of the tangent line

to the curve K(x,y) at Yo evaluated at 1. Finally for the segment
[zj,zh] which we choose to be the unit interval [0,1], we define
M(x,z) = (x,z). Since the fourth derivative K&yyy 2 0, we get that

M(x,z) 1s convex on the segment [z5,zh] for each x. The function
M(x,z) 1s defined on the segment [z3,zu] and at the vertices 1z, and
z,. We first extend M(x,z) to the face L spanned by z,, Z3 and z).
Every point p of L not on [zj,zu] is a convex combination of a point
z of the segment [25’zh] and z,. Explicitly p =dz + (1 - ¢)z2. Put
M(x,p) = aM(x,2z) + (1 - &)M(x,z,). Thus M 1s defined on L. In an
analagous way M can now be extended to the full simplex Z, and is
easily seen to be convex. It now obviously satisfiles the requirements of
Lemme 2. Furthermore, the nature of m(y) implies that

IX M(x,z)dFo(x) > 0. On account of Lemma 2, we can select an optimal
strategy F*(x) which involves at most 4 points in its spectrum for which
fx M(x,z)dF*(x) > 0. Let h(y) = fé K(x,y)dF*(x). An interpretation of
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of the auxiliary game introduced yilelds that h''(y) > 0, h'(y,) =0 and
h(y,) = v. Consequently, h(y) Qv for 0oy 1.
(e2). Suppose there exists an optimal strategy Fo(y) for which
n(y) = fé K(x,y)dFo(x) is concave at 0. The set X 1is chosen as we did
before for (31)’ We construct M(x,z1), M(x,zg) as before while
M(x,z5) = K(x,0) - v and M(x,zu) = -K&y(x,o) with M(x,z) extended
linearly over Z for each x 1in X. An optimal strategy using at most 4
points for the game corresponding to M(x,z) turns out to be an optimal
strategy also for X(x,y). The details are similar to the preceding cases.
(e3). We assume now that there exists an optimal strategy Fo(y)
for which m(y) = IL K(x,y)dFo(x) has the following properties:
m'(y,) =0, m(yo) =v, m(y) v for 0{ y< 1, there exists a
0<y, < ¥, for which m''(y,) >0 and m'(y,) =0. Let X comprise
those x for which K(x,yo) =v. Let Z be a 4 dimensional simplex
spanned by 2y, Zp, Z3s Z) and Zg- Let for x in X M(x,z;) and
M(x,z,) be glven as before. Also, put M(x,zj) =vVs -V, where Vs is
the tangent line to the curve K(x,y) at ¥, evaluated at o0,
M(x,zk) =1V, -V, where v, is the tangent line to the curve K(x,y) at
y, evaluated at 1, and M(x,zs) = K&y(x,yI). Furthermore M(x,z) 1s
extended linearly over Z. It follows easily that fx M(x,z)dFo(x) Z 0.
We now verify that the optimal strategies for player II for the game with
payoff M(x,z) cannot possess an Ilnterlior pure strategy Izo. Otherwise,

IX M(x,z)dFo(x) =0 for it is simple to show that the value 1s zero and
therefore m(y) = [ K(x,y)dFo(x) satisfies m(y) > v throughout and
m(y,) = v, m'(y,) =0 and m"(yl) = 0 which contradicts the assumption
made on m(y). In view of [1] and the corollary to Theorem 4 of [2], we
can conclude, since Iz is on the boundary of Z, that there exists an

optimal strategy F*(x)0 using at most 4 points. Let

h(y) = ! K(x,y)dF*(x). It follows that h'(yy) =0, h(y,) =V, the
tangent line to h(y) at y, 1lies above v for O {y<1 and h(y)
is convex at y,. Now with the ald of remark (B) it is easy to show that
h(y) > v throughout the unit interval.

It remains only to consider the case where m(y) = [ K(x,y)dFo(x)
satisfies the same propertiles as in (ej) except that y, = 0. We then
define M(x,z1) and M(x,ze) as before whille M(x,zi) = K(x,0) - v and
M(x,zh) = K&(x,o) with x any point in the set X where K(x,yo) = V.
A simple analysis with the help of the game M(x,z), shows in this cir-
cumstance the existence of an optimal strategy of the desired kind.

(eu). The final case consists of a solution Fo(x) such that
m(y) = I; K(x,y)dFo(x) is convex at y, and at 0 1in such a way that
m'(0) > 0. The auxillary game used here is the same employed in case (b).
An optimal strategy F*(x) using at most 4 points exists with
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h(y) = | K(x,y)dF*(x) such that h'(y,) = 0, h(y,) = v, h(0) > 0 and
h'(yo) 2 0. It follows on account of (A) that h(y) 2 vV in the unit
interval.

Case (f) and Case (g). The arguments for these two cases are
similar to the preceding.

The proof of Theorem 2 is now complete in view of the fact that
we have treated every possibility. It 1s Interesting to note that the
proof of Theorem 2 introduced some new techniques in order to exhibit the
desired strategies. In particular, we emphasize the proof of case (e).

In a future paper we intend to present a generalization of this
result to the case where x ranges over a compact space and y traverses
a k dimensional set with the condition K&. Y(x y) ) 0 replaced by the
requirement that the nth term of the Taylor expansion in y should be
non-negative. Also, the question of uniqueness of the set of optimal
strateglies can be analyzed.

¢ 5. DIMENSIONAL RELATIONS

In this section we analyze further properties of the optimal
strategles for the two cases considered in sections 3 and 4. We deal first
with the case where K&yy(x,y) > 0. Here any optimal minimizing strategy
must be confined at most to two points, 0 and Yo or 0O and 1, and we
can therefore speak about the dimension of the set of solutions for the
minimizing players. The two possible cases are 0 and 1 dimensional
sets. If the spectrum for the optimal minimizing strategies is restricted
to one point, then clearly the solution is unique for player II.

Case (a). Let us suppose that player II has a one dimensional
set of optimal strategles mixing the pure strategies 0 and Yo» Wlth
0 ( Yo { 1. There exlist at least two optimal strategles of the form

= AI, + (1 - r\)Iy and G' = AI_+ (1 - A')I with A' # A. We con-
o

sider the set X of all x for which [ K(x,y)dG(y) / K(x,y)dG'(y) = v.
Explicitly, we obtain

A [K(x,0) - vl + (1 - N [K(x,y,) - v] =

A'IK(x,0) - vl + (1 - A)IK(x,¥,) - V] =

As A# A, ye find that K(x,0) = K(x,y,) = v. We now construct the
auxiliary game where 2z consists of a one dimensional simplex spanned by
z, and z,. Put for x 1in X M(x,z,) = -Ky(x,yo), M(x,zg) = K&(x,yo)
and let M(x,z) be defined on the remaining points of 2z by linear ex-
tension. There exlists an optimal F* wusing only two points at most. In
view of the nature of X it 1s easily verified that F* 1s an optimal
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strategy for the game given by K(x,y)

Case (b). We assume that player II has a one dimensional set of
strategies using only the points 0 and 1 It can be shown as above that
there exists an optimal maxlmizing strategy consisting of at most two
points of increase.

We have thus demonstrated the following theorem:

THEOREM 3. If K satisfies Kﬁyy(x,y) > 0 and
player II possesses a one dimensional set of optimal
strategies then player I can find a solution using at
most two points of increase.

In a simllar manner we can obtailn

THEOREM 4. If K satisfies Kyyyy(x,y) > 0 and
player II possesses a one dimensional set of optimal
strategies, then player I can find an optimal strategy
with at most three points in the spectrum.

Every case is easily handled but one. Suppose the minlmizing
strategy has a one dimensional set of solutions using Yo &nd y, with
0< Yo < v, { 1. Let X consist of all x where K(x,yo) = K(x,y,) = v.
An argument as in Theorem 3 shows that these are the only points x which
need be considerea. We construct the following auxiliary game defined over
X and Z where Z 1is a lwo dimensional simplex. Put M(x,z,) = the

tangent line to K(x,y) at Yo evaluated at 1 minus the tangent line
to K(x,y) at y, evaluated at 1. M(x,2z,) = the same as above except
the evaluation takes place at 0 and M(x,zj) = the tangent line to

K(x,y) at y, evaluated at ZQ;XL minus v. If F 1is optimal for the
game corresponding to K(x,y) then [y M(x,y)dF(x) = 0. Thus Lemma 2
provides an optimal strategy F* using at rost 3 points of X with

J M(x,y)dF* > 0. One can easily verify that F* is optimal for K(x,y) .
This completes the proof.

In the general case where K&'.'y(x,y) >0 for n partial
derivatives with respect to y, 1t seems that if the y player has a
k-dimensional set of solutions, then the x player can find an optimal
strategy involving at most n - k points in its spectrum.

¢ 6. AN APPLICATION

We close this note with an applicatlon of Theorems 1 and 2 to a
class of matrices. First, it is important to note that the conclusions of
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Theorems 1 and 2 remain valid when x traverses any compact set and where
y ranges over the unit interval. We consider now a class of matrices
(aij) 1<{1¢{n, 1 Jj<m satisfying the requirement that aFaij 20
for each 1 where k 1s a fixed ilnteger g k. We define Au;r =a,-a,,
for r ) 0 with a_, taken to be zero, and AX 15 defined by k succes-

sive applications of the operator A. It is easy to show that if there

exists a finite sequence of numbers an (r =0, 1, ..., n) which satisfy
A¥ar 2 0 for each r, then the function f(y) defined as f(%) = a,,
r=0,1, ..., m and extended by linear interpolation between the succes-

sive values of r/m possesses the property that A&T(y) 2 0 with the
difference increment taken to be % and enjoys properties similar to func-
tions for which f(k)(y) 2 0. Indeed, we sketch the proof by induction.
When k =1, then the above interpolation yields a monotonic increasing
function. If k =2, 1t is also trivial that the linear interpolation
produces a convex function. We treat the case k = 3. Let b, = Aar,

then cfbr Z 0. Let g(y) denote the interpolated convex functlon with
g() =b,. Set g(y) =0 for y< 0 and define f(y) = ONGA- 10 2 Ly.
It easily follows that f£(y) - f(y - %) = g(y), f(%) =a, and f 1is
plecewise linear between the points %. Since g(y) 1is convex and the
plecewise linear character in equal lengths of f(y) implies that a con-
vex portion of f(y) cannot be followed by a concave part. This was the
essential fact that enabled us to carry through Theorem 1. A similar anal-
ysis applies to the case k = 4. We perform the above extension for every
row of the matrix and we secure a function K(x,y) with x ranging over
a finite number of points i =1, ..., n and y over the unit interval.
The conclusions of Theorem 1 and 2 remaln valia for such a piecewise linear
kernel. Consequently, we can find optimal strategles of the game K(x,y)
for player I and II using at most k points and k/2 points respectively.
Due to the linear nature of K(x,y) any point ¥, can be obtalned as a
convex combination of two values % < Yo {r+ % with K(x,y,) = AK(X,%) *
(1 - AK(x,r + %). Thus in terms of the original matrix both players I and
IT possess solutions employing at most k rows and k columns.

THEOREM 5. If 8y s 1s a matrix such that for
each 1 fa . >0 for'all j with k{4, then both
players have solutions using at most k rows and col-
umns respectively.

Finally, we remark that all the analogous results hold for the
situations where K. .(x,y) {0, K . (x,y) )0 and K _(x3y) )o.
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NOTES ON GAMES OVER THE SQUARE*
I. Glicksberg and 0. Gross

INTRODUCTION

In attempts to find methods of solving a falrly wide class of
(2-person, zero-sum) games over the unit square, real success has been at-~
tained in only two cases: (1) Games in which the problem is essentially a
i'inite-dimensional one, notably those with polynomial or polynomial-like
payoffs [1], and (2) games having solutions which are absolutely continuous
(or very nearly so) and can be solved via differential or integral equa-
tions [2,3]. These latter games all feature discontinuities in the payoff's
or their derivatlves. Attempts to finc a tractable though wider class than
that of polynomial games have led, naturally, to investigation of the class

with rational payoff.
The object of these notes 1s to present some simple examples and

results which, though of meager intrinsic Interest, may serve as some guide
In future investigations. In ¢ 1, we give a simple consequence, due to one
of the writers (0. Gross), of Tarski's decision theory of elementary algebra
[4], together with an example, to show that rational gemes do not share with
polynomial games the property of always having step function solutions. In
$ 2, we glve an example of a game with rational payoff in which the unique
optimal strategy for each player is based on a dense countable set. Frow
this we conclude that nelther of the methods mentioned above is completely
applicable to the class of rational games. 1In the remaining section, we
glve explicit constructions to show that even in the class of games with
payoffs in C(“) one may obtain any given pair (f,g) of distributions as
the unique solution of an element of the class.

§1. ALGEBRAIC GAMES WITH TRANSCENDENTAL VALUES

Let [ be a 2-person zero-sum game for which the pure strategy
spaces, S, and S8,, and the payoff function M, defined over 5, x 82,
are definable in Tarski's system of "elementary algebra" [4]. Suppose,

*The preparation of this paper was supported by the RAND Corporation.
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glso, that M has a value which is a transcendental number. We can then
conclude that there is no optimal strategy for either player consisting of
a step function (i.e., a distribution in which the probabilities are all
concentrated on a finite set of points). For suppose the contrary for one
of the players, say the maximizing one. Then, for some positive integer m,
the value of 1s given by

v = max min 2 o M(x,,y)
i=1 1 1 !
{4, o, 8D e g yes,

Kys +oes xme S1

where $ 1s the set of all m-tuples KHys vy ;1m> such that py 20
for 1=1, ..., m, and E:Lfl M =1 But, according to [4], v would
be algebraically definable, and it is a principal result of [L4] that every
algebralcally definable number is algebraic.

In particular, our result applies to any game over the square
with transcendental value, in which M 1s & continuous rational function
with integral coefficients.

EXAMPLE. Take

y = +x)(1 +y)(1 -xy),
(1 +xy)2

8, [xloéx_(_l],

M(x,y

and

S, = ylo{y <.

Here, v = %, and a pair of distribution functions yilelding this value 1is
glven by

£¥(x) = 2 arc tan x

k3
K4

x
. . °Sy$1'
g (y) = 5 arc tan y

Thus, in this game, there 1s no step function optimal strategy, for T is
a transcendental number. We mention, as an aside, that one can show by
slightly more laborious methods, that the above solution is the only one
for this game.

¢ 2. RATIONAL GAMES WITH PATHOLOGICAL UNIQUE SOLUTIONS
In this sectlon we shall construct a game with rational payoff in

wvhich the solution 1s uniquely glven by a pair of distribution functions,
each of which 1s based on a countable dense set in (0,1). The following
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simple facts form the germ of the construction:
(a) If, for any continuous function N on the unit square, and
any pair (f,g) of strategles, one forms the function M by means of

M(x,y) = N(x,3) - fN(m)df(x) ; fN(x,y)dgm,

then the game with payoff M has (f,g) as a solution.
(b) If R 1is any rational function on the square, then

[R(x,y) - L R 14 °_l_1
f(xy FROM, I e (35 e ¢‘“’(xo)(X))

(where ¢: [0,11 — [0,1] 1s a polynomial, ¢(n) its n-th iterate, and
Ia is a function which 1s 0 for x< a and 1 for x 2 a) 1s again a
rational function; for 1t is precisely

55 i B ),y - 3RO )31 = § Rxgw)

since the serles telescopes.

(c) The polynomial ¢(x) = kx(1 - x) will provide us with a
dense set of ilterates for certain Xg.

Only (c) requires any proof, and if we set Xy = ¢(k)(xo), then

Kpyq = hxk(l - xk) =1 - (1 - 2xk)2,
and
12, =201 - 2x)? -1
consequently 1f we set u = 1 - 2xk, u, = cos 2ﬂeo, then
u, = cos 2k(2ﬂeo),
or

1 - cos 2k(2weo)
Xk= 5 .

Clearly then we need only select an X, for which the numbers
(zkeo) are, modulo 1, dense in (0,1). This 1s equivalent to the occur-
rence of every finite sequence of O0's and 1's as a segment in the

binary expansion ot 9 (i.e., 1f 8y =5 + Eg + ... then any sequence
of n =zero's and one's may be found as (ak+1, ceey ak+n) for some k);
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such numbers 6, (ana xo) are dense in (0,1), and there are a continuum
of them.

Now let R be a rational function of a single variable. If we
form

¥(x,7) = R(xy) - 5 ROO(X)Y) - 5 R(x0(¥)) + F R(O(X)O(Y))
where 0(x) = 4x(1 - x), then by (b)
o0 1 1 1
f‘F(x,y)a ( 20 pry I‘D(n)(xo)(X)) = 5 R(xy¥) - 7 R(xp0(y))-
Consequently the game with payoll M defined by

M(x,y) = ¥(x,y) - f‘l’(x,y)di‘(x) - f‘f’(x,y)dg(y),

\

\‘__1___1 , =\-;—I ,
ey ¢(n)(xo) g - L0l ®(n)(yo)

where I = is a game with
rational payoff having the pair (f,g) as a solution.

For definitencss, let us specifically set R(t) = 5—%—5, so that
M has the form

1 1 1 1 1 1 1
T+ Xy P2+ bxy(1-x) ~ 22+ Ixy(1-y) YT 2 x 16xy(1-x)(1-7)

M(X,Y) =

1

1 .l 1 1 .l 1
y T E 7+ hxoy(l—y) 22+ xy, ¥ 7+ hxyo(l—x)

1
22 + X

0

where we choose X, and Yy, 80 that their iterates are densc. This, then,

is the example and we need only show (f,g) to be the unique solution.
Since, in the example, g places positive welght on a aense set

of points, we must have, for any optimal f', [ M(x,y)df'(x) =v for all

y. Consequently

J'v«x,y)df-(x) - J"v«x,y)df(x) =°fJ.¥%x,y)df'(X)dg(y) sv=c
or [ ¥(x,y)a(f' - £)(x) = c. But
¥(x,5) = R(xy) - 5 R(O(x)Y) - 5 R(xd(y)) + § R(O(x)O(y))
o 1 n+
=- 2032

n+1
=- 320 "= LMy - HeN™

1
L™ - S0x)N™ - FxdN™ + HO(x)0(y)™

and thus
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n+1
-3 nly" - e =c

for all y, where hn = [ [x" - %(o(x))n]d(f' - f£)(x). Hence, for all
m and Yy,

n+1 n n
co= 220 nre™En - o™

so0 that

n+

4 o © ! n n
e 3N Bl 0B mle@an - L™ (y)) )
o\ ® 1
};n=o -2
o 1 n+1 n
2n=0 (- 2) by s

for all y, and hn =0 for all n (obviously h, = 0). However, this
implies f' = f, for the sequence of functions | X - %(¢(x))n]n=o’ 1,

is closed in C(0,1) (1l.e., any continuous function defined on [0,1]

may be uniformly approximated to within € > 0 by a finite linear combina-
tion of these functions). This ls most easily seen by noting that for a
given continuous F on [0,1] there exists a continuous function G
satisfying F(x) = G(x) - 5 G(0(x)) given by

n+1

hy, S ‘;ﬁm(""(y))“ - oot ) (yy)H

n
ox) = 320 (0 R ).

Consequently, if & > 0 be given, one can find coeficients 8oy +-vs By
for which

lex) - S N ax<e o0lx<0,

by the Welerstrass Approximation Theorem, so that
lao(x) - 3 N a (0(x)™ (e
and
IFx) - 3N anlx® - H0@N™MI < O+ Pe

for all x.
The same arguments show that g 1s the unique optimal strategy

for the minimizing player; thus the solution of the game 1s uniquely given
by the "pathologlical" pair (f,g).
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§ 3. GAMES WITH GIVEN UNIQUE SOLUTIONS

In this sectlion we shall construct for each strategy palr (f£,8)>
a game having (f,g) as 1ts unique solution.

Case I. Neither f nor g a step function.

One need only set

M(x,y) = 22 2R - ) (57 - gy)

where f, and g, are the usual power moments of f and g. For clearly,
f and g are optimal and v =0 for the game with payoff M; moreover if
£t 1is any optimal strategy for the first player then

fM(x,y)df'(x) = Doy - £ - gy) =0

for y 1n the spectrum of g (which by assumption is an infinite set) and
thus for all y, so that fﬁ = fn or f'=f. Similarly g 1s unique.
This simple construction must be modified 1f elther f or g
(or both) are step functions. Indeed, we have several cases.
Case II. f not a step function, g & step function with a step
interior to (0,1).
Let

g = Zj_._lfoﬂjlyj: °=Y0<Y]< "'<Yk=1,/617£0‘

We define the payoff M of our game by
)2

- T (y-y;

M(x,y) = 22 2™ - £ Iy - y1)2n'1 - Bopql + €

where f_ = [ x"af(x), 8no =1 (¥ - yl)an'1dg(y). Obviously f and g
are optimal and v = 0. Now if f' 1s optimal for player I then
—T-T (Y'Yj
J
- 8l + @ 20

y-2

fmx,y)df'(x) = 3 22y - )y - 3 E

and since g, # 0,
[uoupar 0 = 37y - £ (gany) = O
so that
T (y-yy 2

S eey - £y -y e I

1s nonnegative and vanishes at y,. But clearly this quantity changes sign
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at y, 1f any coefficient in the series is non-zero; hence f' =f, and
f 1s the unique optimal strategy for player I.
STV (y-y )
Since [ M(x,y)df(x) =e 9 , which vanishes only at the
points yj, any g' optimal for player II must be based on these points,
and

= k o
g' = 2j=° FJ ij-
Since f 1s not a step function we conclude, as in Case I, that
0= 3 2™x" - £)(&ny - Bppoy) = fM(x:Y)ds'(Y),

hence g, , = 8, forall n > 0, that is

¢ 2n-1 _ k ' 2n-1
(M (Bo - PIYTT = Dgmp By - PP yy -y
Now if y; #2y;, =2, 3, .-+, k, this implies p& = Ay
j=0,2, ..., k, or g'=g; for since the positive numbers

Yis Yo = Yg» =+es» J - ¥y, @reall distinct, if we divide (1) by the

2n-18t power of the largest of these and let n —) w, we obtain

P:] - Pj = 0. Deleting this term and repeating the argument ylelds
) 0

ﬂ31 - ﬁj] = 0, and thus finally '6:1 = ﬁj, j=0,2, ..., k.

In case y. = 2y, for some j we need only find a (1-1) con-
1
tinuous mepping £ for which f(yj) = y:i # 2y,. For, forming the game
with unique solution (f,g'), g' = Eﬂj %.. and payoff M as has been
J

done above, we find that the game with payoff M(x, p" (y)) has the unique
solution (f,g). In the following cases we shall assume that ¥; # 2y,
Case III. Both f and g step functions with a step interior

to (0,1).
= Y.k =v.1
In this case we have f = 2, & Ixi, g = 2j=o ij j,

0=x0<x1<...<xk=1,o=y0<y1<...<yl=1,d~17407¢,€1.
We set

Mxy) = 32 Plx-x)? - £, 10y )P - gy )

T (y-yp ™2 -TT (x-x,) 72
i 1
+ e -e

where
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foner =[x - 2P AL, g - [ -y am.
Here, we have
=TT (y-y;)

fMdf=eJ ,fMdg=e

so that optimal strategies may only be based on the Xy or yj- Ir f+ 1is
optimal, then

=T (y-yj) -2

-TT(y-yj)-a
0& Z 2™y - Top MU - gy 1 v e

and since f, #0

) -n T
0= 22 Mfp - fap ) (-Bpn )

Consequently
- T (y-y,) 72

j
vo i

0 S 2 e-n(f;n-l - f2n—1)(y'y1)2n-]

and as before we conclude f;n-l = f,,_,+ Since we may assume Xy # 2X;,
we conclude f' =f as in Case II. The same argument shows g to be
unique.

Case IV. f a step function with step interior to (0,1) and
g= Iy + (1 =PI, 0K A<

Here we set

Mex,y) = 3= 2 Mx-x )T - £, 167 stn g - (1 - st 1)

- T’l—_z -Tr(x—xi)_2
ve YONT o 1
Again (f,g) 1is a solution, v =0, and player I must play the points Xy
and player II must play (0,1). For any optimal g' the prevlous argument
ylelds (1 -p')sin 1=( -p)sin1 or g'=g. Moreover, if f' is
optimal, since 0< A< 1,

S 2™ E, - Fapy)(= (1 = A)sin 1) =0

and thus
1

Ez'n(f' f )y® st 1 ) yz(]_y)z >0
en-1 fopn)y 8in g+ € 29
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Now the first non-vanishing term of the series dominates all other terms
of the sum 1n a neighborhood of zero; but by setting

we find that the first non-vanishing term has the form

[
2n-1

-n n
and -27°(f - f2n_1)ym

-f 2n-1

2™r en-1)%g
at y, and y; respectively, so that t?e whole sum changes sign near zero
ir f£3, . #f,,., forsome n. Thus f, , =Ff for all n and f
is agaln unique.
Case V. f not a step function, g =pI, + (1 - AL, 0 A< 1.
In this case we modify the payoff of the previous case to

2n-1

1
T2 2
M(x,y) = 21,;1 2 B (x . fn)(yn sin 1? - (1 -pA)sin1) + e y (1-y)

where f, 1s the ordinary moment, J x"af(x) . Again (f,g) 1is a solution,
v =0 and player II may play only (0,1). Since any optimal g' must
yleld 0 = [ M(x,y)dg(y) as in Case I, g 1s unique as in the preceding
case. f 1s the unique optimal strategy for player I by the arguments of
the preceding case.
Case VI. f =dI, + (1 - ol)Il, g=pI,+ (1 - pI,, 0 oy £,
We set

M(x,y) = - gx + (2—d.)y+x2+(1 -d—,ﬂ)xy-ya.

Observe that M 1s gtrictly convex in x and strictly concave in y.

Hence any optimal strategy for elther player must be based on the points
| t

0,1. Consequently any solution (oL'I0 + (1 - o )I1, B Iy + (1'- P')Il)

of the game with this payolf must yield a solution ((a',1 - &'),

( ,9',1 - ﬁ')) of' the finite game with payoff given by the 2 x 2 matrix

M(0,0) M(0,1) 0 1 - &

M(1,0) M(1,1) 1-f 1-d-p
However, 1t 1s easlily verified that thls game has the unique solution
((d:1 = i): (ﬁ,1 - p))'

Case VII. f arbltrary, g= Io'
Here we let
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-2
M(x,y) = :S 27 (XM - fn)yn sin % + eV

where f 1s the ordinary n-th moment of f. Again (f,g) 1s a solution,

-2
v=0, and g is unique since /[ MAf = e™¥ . Moreover, if ' 1s
1
optimal, we conclude as 1in Case IV that fn = fn, or f' = f.

Since we may interchange players and the end points 0 and 1,
all cases have been covered.
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ON RANDOMIZATION IN STATISTICAL GAMES WITH k TERMINAL ACTIONS1
David Blackwell

¢1. SUMMARY

In a two-person zero-sum game in which a player receives partial,
i.e., statistical, information about his opponent's strategy after which he
takes one of k terminal actions, any randomized strategy i1s equivalent to

a mixture of a countable number of pure strategies in the proportions
n-1

(—E_) %, n=1, 2, ..., . The proof uses the fact that for any k
non-negative numbers Zys vy Iy with }5¥ zy = 1 there 1s a partition of
the set of positive integers into disjoint sets SI’ ey Sk such that
2 2
nGSJ

¢2. SPECIAL AND GENERAL RANDOMIZATION

Many zero-sum two-person games, including statistical multi-de-
cision problems with a fixed sampling plan, have the followling structure.
Player I chooses a point w from a set 1. A point x 1is then chosen
from a space X according to a probablility distribution P, defined on a
Borel field B of subsets of X, and x 1s announced to Player II.
Player II then chooses one of k terminal actions, which we denote simply
by the integers 1, ..., k and incurs a loss L(w,x,1), supposed
B-measurable for fixed w,1.

Thus, & pure strategy for I 1s an wef), a strategy for II
is a partition @ = (A1, veey Ak) of X into k disjoint sets
A1, A A1 € B8, where A. specifies the set of x's for which II

proposes to take action Jj. II's loss 1s then
R(w,‘a') = 231:1 SAJL(w,x,j)de(X).

A mixed strategy for II is a probability distribution Q over some Borel

'The preparation of thils paper was sponsored by the Office of Naval
Research.
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184 DAVID BLACKWELL

field & of subsets of the set Y of B-measurable partitions a of X.
II's loss from Q 18

R,Q) = fﬂ(w,a)dQ(a)
!
= EJ;] g[&j(x,a)L(w,X:j)de(X)]dQ(a') .
where a. (x a) 1is the characteristic function of the set Aj of the
partition 4. We shall suppose that aJ(x ,Q) 1is measurable with respect

to each measure P,xQ, l.e., that Q assigns, for each P,, a definite
overall probability of taking terminal action j. Then

R(w:Q) = 2j1={1 §L(w1x'j)[ S aj(x:a*)dq(a')]dpw(x)

S5 | rwn s,

where 4>J-(x,Q) = s aj(x,a,)dcfa,) is the probability under Q of taking
action j when x 1s observed.

Thus any mlxed strategy Q deter'mines a set @ of B-measurable,
non-negative functions [#’j\x)] with ‘“ :,b (x) =1 for each x such that

R = Rwd) = 5 |1 peme,m.

Now any family &, whether arising from a Q or not, can be considered as
constituting a mixed strategy, in which the mixing is done after x 1s
observed, with action j being chosen with probability tﬁj(x), and the
expected loss from & 1s the function R(w,®) defined above. The rela-
tion between Q-mixing, i.e., mixing before x 1s observed, and i-mixing,
i.e., mixing after x 1s observed, has been investigated by Wald [9],
Wald and Wolfowitz [3], and Kuhn [1], who have shown, under various hy-
potheses, that the two kinds of mixing are equivalent. For the speclal
case considered here, we optain the even more precise result that both are
equlvalent to mixtures of a countable number of pure strategles in the
proportions ( ) ! %(- and that the pure strategies may be chosen
independently of L(w X,j). We have already seen above that every
Q-mixture is equivalent to a @-mixture, with 15 (x) = ga. (x,4)dQ(a)
independent of L(w,x,j), so that it suffices to consider F-mixtures.

2Numbers in square brackets refer to the bibliography at the end of this
paper.
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§3. THE MAIN THEOREM
For &-mixtures, we prove the
THEOREM. For any % = (¢], ey ¢k) there 1is a

sequence ¥, = (¥, ..., V) Wwhere each \an is
the characteristic function of a #-measurable set and

EJE] an =1 for all n,x, such that

221 Ap¥ny(x) = 05(x) for all j,x, vhere
k-1,2"1 .

A= () x» 80 that, for all L(w,Xx,j),

R(w,®) = Z‘Jlf IL(U,X,j)V_j(x)@U(x)
=ET An(2j£1 fL(w;X,j)an(x)de(x))
= E,\nR(w’\Yn) = R(w’¢*) ’

where ¢* 1s the mixture of the pure strategles

¥, ¥,, ... in proportions A, A,,

PROOF. We define ¢nj’ an inductively as follows: ¢1j = QJ.,
* . . * s
¢1=m«:3_,x¢lj, J = smallest j with ¢1j=¢1’y1j1=]’\"1j=0"]7‘31‘

Ir 4’13‘1 \Vij have becn defined for 1< n, define ¢nj = ¢j - }:ril;‘ iwij’

= smellest j with ;= o5, Ys
n

J # J,- Since L}f 0yj=1-= EJE] (M4, )\i‘yij)’ it is sufficient to show

* . _ _
¢n=m«'3x "’n_j’ Jn —h‘fnj—o for

that q>j > )_;1:] '\Lvij for j=1, ..., k, which is equivalent to ¢nj 20
for all n,j. We prove ¢nj }_ 0 for all n,j by induction on n; clearly
CD]J- > 0 for all j; suppose ¢nj 2 0 for all j. We have

Cperg = Onj - Ap¥pj- Since Vg =0 for j £ j,, One1j = >0 for

nJ
*

J# 3, For Jj=ij, ¢n+1j =0, - A,» and we must shcw tpn > A,- We have

< k -\00 — *
}"J—l o5 = Xp A; =kA,, so that m?x 0y =% 2 A,- This completes the
proof. -1

The sequence A, = - ( ) 1s not the only sequence which can

be used; 1t does have the aava.ntage that the only random mechanism required
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is one which will select one of the integers 1, 2, ..., k with equal
probabilities 1/k; the probability that integer 1 1is selected for the
first time at the nth trial is exactly Ap: Moreover, if ) is any other

N N, _ k-1, N N
usable sequence, 3, M, K 37 A =1 - (5) for all N, so that > n
converges faster than E“'n' Formally stated we have:

If w20, 3T m =1, and for every set of k
non-negative numbers X,, ..., X, with Xx; =1, the
series 3 can be split into k disjoint subseries
whose sums are Xys voes X respectively, then

N
N k-1)

3 m, {1 - () for all N.

PROOF. We may suppose M 21‘2 2 «e. . If N 1is the smallest

<N k-1,N 1 k-1,81
integer for which X[ mu, >1 - (—k-) , we have My > i (T) . Con-
N N-1
sider x, =1 -(k%) ,xi=]E(1£1'{i) i=2, ..., k. Since
K, D .- Z/.LN > x; for 1 2 2, the set x; cannot be represented, for
Mis oees }LN could go only into the subseries for X, and their sum
exceeds X, -

d4. AN EXAMPLE

We give here an example of a game of the type described above in
which any minimax strategy for II actually requires the mixture of a
countable number of pure strategies. We choose fl= {0 {w < 1],
X=(0<x< %, Bynin w,1 -wl =1, k=2, Lw,x,1) =2, 1, or 0
according as «w is ¢, =, or ) 15, LW,x,2) = 11'?::,’, 1, or (l‘-, according
as w 1is ¢, =, or > 15 The game is one in which Player II, seeing x,
knows that I has chosen one of the two strategles w=x, W=1 - x, and
has available two actions, 1 and 2. The payoff is chosen so that the
resulting game has value 1 and ITI must mix 1 and 2 1in proportions x,
1 -x for x< -‘2— in order to achieve this value. No mixture of a finite
nunber of pure strategies can achieve this result. Formally, any ®-mixture
for II 1s specified by ¢(x) = ¢1(x), since ¢2 =1 - ¢|. Any ¢ with
0 ¢ 1 forall x determines a ®, the characteristic functions ¢
correspond to pure strategies, and finite linear combinations of character-
istic functions correspond to mixtures of a finite number of pure strate-
gles. We have

R(W,M = 2¢(w) + % [1 - o(w)]’ 1, 1- “:-(0
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according as w is {, =, or ) %— The choice ¢%(x) = x yields
R(w,0") =1 for all w, and, since R(%,CP) =1 for all ¢, the value
of the game is 1. Thus any minimax ¢ for II must have R(w,$) { 1 for
all w. For &<, this ylelds ¢w) {w; for w)> %, this ylelds
(1 - w) 21 -, so that ¢(x).=x for x< 15 Clearly ¢(x) 1s not
representable as a finite linear combination of characteristic functions,
since any finite linear combination of characteristic functions assumes
only a finite nutiber of values.

To exhibit ¢* as n:1 A0 (x), where A = 21 ang 0, (x)
is a characteristic function, we choose for ¢, (x) the n-th digit in the
binary representation of x.
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Part III

GAMES IN EXTENSIVE FORM

The core of our intuitive notion of a game seems to be the suc-
cesslve presentation of alternatives to the players with varying degrees of
information, or to chance devices with fixed probabilities, culminating in
terminal situations with preassigned payoffs. Von Neumann has applied the
name "games in extensive form" to his original formalization of this con-
cept in terms of personal and chance moves, patterns of information, plays
and their associated payoffs. Through the introduction of pure strategies
this natural game apparatus disappears and only payoff functions defined
over strategy vectors remain. The resulting form of a game, which is an
ordinary matrix with real entries in the zero-sum two-person case, is
called the "normalized form." It is peculiarly sulted to the proof of
theorems which hold for all games, while the extensive form serves to
separate games into characteristic types. Thus, the normalized form has
been a tool of great theoretical importance in establishing the existence
and classification of solutions for all zero-sum two-person games, while
the only hope of utilizing the individual properties of such games as
Chess and Poker for their solution lies in their extensive form.

With one major exception, games in extensive form have been
neglected in the press of research on games in normaelized form. This
exception 1s the theorem which states that every zero-sum two-person game
with perfect information possesses a solution in pure strategies (see
Theory of Games and Economic Behavior, p. 112, and for historical interest
a paper of E. Zermelo listed in the Bibliography at the end of this Study) .
This perfect-information theorem still retains its topical importance
(Papers 11, 12 and 13 all deal, in part, with its extensions and ramifica-
tions) and also points the way to the role of extensive games in analyzing
the effects of varying the patterns of information. In PAPER 11,

H. W. Kuhn introduces a new formalization of extensive games with precisely
this object in mind. His is essentlally a geometric model, mirroring the
successive presentation of alternatives by the branching of a topological

189
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tree and reproducing the patterns of information as partitions of the
vertices of the tree. With this scheme, he extends the theorem cited above
to general n-person games, proving that every such game with perfect
information has a Nash equilibrium point in pure strategies. In addition,
another problem of information 1s treated, that of the efficacy of behavior
strategies. A "behavior strategy" can be viewed as a local randomization
on the occasion of a cholce rather than the total randomization of pure
strategies made before a play by means of a mixed strategy. Kuhn shows
that, when "perfect recall" prevails, behavior strategies can be used with
the same effect on the payoff as mixed strategies. Thus, games such as
Poker can be legitimately solved by means of behavior strategies -- with
evident computational advantages.

Using the same geometric model, N. Dalkey considers in PAPER 12
the effect on the normalized form of a game of varying the information
partitions. In a game without perfect information the rules do not inform
a player of the precise nature of the situation that prevails when he is
called upon to make a choice. Instead, they inform him that the situation
is one of several possible ones. By an "inflation" Dalkey narrows the
number of possibilities, increasing the accuracy of the information, and
incidentally, the number of pure strategies. The only restriction on the
inflation is that the resulting information be no more precise than the
information given by the rules, combined with whatever knowledge of the
situation the player can gain through the use of a pure strategy (in
general, the choices dictated by his strategy may prevent many situations
from arising!). The result of the successive application of this process
until no further inflation is possible is called the "complete inflation”
of a game. Dalkey shows that two games which differ only in information
have the same normalized form (up to repetition of strategies) if and only
if they have identical complete inflations. He also finds the necessary
condition for the validity of the perfect-information theorem -- namely,
that the complete inflation of the geme in question permits each player to
know everything his opponents knew and did, previous to his own choice.

Since the known proofs of the perfect-information theorem are
based firmly on the finiteness of the games involved, it is appropriate to
ask if the result carries over to the infinite case. D. Gale and
F. M. Stewart answer this question negatively in PAPER 13. Precisely, they
exhibit an infinite game with perfect information that possesses no solu-
tion in pure strategies. Positive results are obtained by observing that
the set of plays of a game possesses a natural topology. The authors then
consider "win-lose" games, that is, games in which player I wins a constant
amount on a subset SI of the plays and loses the same amount on the
complement. If SI 1s open or closed in the natural topology of the plays,
or in any finite intersection of open and closed sets, then the game (with



GAMES IN EXTENSIVE FORM 191

perfect information) has a solution in pure strategies. A number of other,
more detalled, results are obtained and several open problems are proposed.

PAPER 14 by G. L. Thompson continues the study of behavior
strategies in an arbitrary game. He introduces the notion of a "signaling
strategy,"” which is a pure strategy cut down to the information sets on
which the player is required by the rules to forget something that he knew
or did. Thompson shows that a combination of signaling strategies and
associated behavior strategies suffices to produce any payoff attainable by
mixed strategies and hence to provide a means of solution. In PAPER 15 he
applies these concepts to the solution of a model of Bridge, considered as
a two-person game. The model has the usual four players and four suits,
but just two cards (ace and king) in each suit. There is no bidding, so
only the playing characteristics of Bridge remain. To achieve the minimax
value in no trump it is necessary for East-West, South being the declarer,
to use privately randomized signaling with respect to West's initial lead
from a pair of kings. If one considers such private signaling as contrary
to Hoyle, 1t would seem necessary to regard Bridge as a four-person game
with enforced coalitions or else as a two-person game with announcements of
pure signaling strategles included as preliminary moves in the extensive
form.

In PAPER 16 J. W. Milnor analyzes a situation which appears in
many board games, including Chess and the Japanese game Go. In these games
one can measure the "incentive" to move at any particular configuration by
Imagining the possibility of passing instead. Also, in the end play of such
games (particularly Go), the entire game may become a "sum" of essentially
independent games, so that the problem confronting a player is not only how
to move but in which game. Milnor shows that the "sum" is an axiomatic
group operation and that the "incentive" gives a natural metric for the
group -

> o
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EXTENSIVE GAMES AND THE PROBLEM OF INFORMATION
H. W. Kuhn'

In the mathematical theory of gemes of strategy as described by
von Neumann and Morgenstern,2 the development is ssen tc proceed in two
mejor steps: (1) the presentation of an all-inclusive formal characteriza-
tion of a general n-person game, (2) the introduction of the concept of pure
strategy which makes possible a radical simplification of this scheme, re-
placing an arbitrary game by a suitable prototype game. They called these
two descriptions the extensive and the normalized forms of a game. As
noted there, the normalized form is better suited to the derivation of
general theorems (e.g., the main theorem of the zero-sum two-person game),
while the extensive form exposes the characteristic differences between
gemes and the decisive structural features which determine those differences.
Since all games are found in extensive form, while it is practical to
normalize but a few, it seems desirable to attack the completion of a gen-
eral theory of games in extensive form.

First of all, this paper presents a new formulation of the ex-
tensive form which, while appearing quite natural intuitively, covers a
larger class of games than that used by von Neumann. The use of a geometri-
cal model reduces the amount of set theoretical equipment necessary and
clarifies the delicate problem of information. After the definition of
pure strategies, Theorem 1 removes the redundancy found in a direct defini-
tion. Theorems 2 and 3 characterize the properties of a natural decomposi-
tion of many games into a subgame and a number of difference games. They
represent a generalization of the theorem that every zero-sum two-person
game with perfect information has a solution in pure strategies. Theorem 4
presents a positive criterion that a game be solvable in behavior strategies,
a method that presents extreme computational advantages over mixed strate-
gies in many cases.

T7he preparation of this paper was supported by the Office of Naval
Research.

2von Neumann, J. and Morgenstern, 0., The Theory of Games and Economic
Behavior, 2nd ed., Princeton, 1947.
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Throughout the paper, passages which serve as motivation, in-
terpretation, or heuristic discussion are placed in brackets, [...]. This
is done to emphasize the independence of the definitlons and proofs of
these sections.

§1. THE EXTENSIVE FORM OF A GAME

DEFINITION 1. A game tree K 1is a finite tree
with a distinguished vertex O which is imbedded in

an oriented plane.3

[The concept of a game tree is introduced as a natural geometric
model of the essential character of a game as a successive presentation of
alternatives. The distinguished vertex and the imbedding are devices which
facilitate the arithmetization of the notion of strategy. Before proceeding
to the definition of a game, it is necessary to present some general techni-
cal terms associated with a game tree; it is important to remark that,
although these terms are taken from common parlance, their meaning is given
by the definitions.]

TERMINOLOGY: The alternatives at a vertex X € K are the edges
e 1incident at X and lying in components of K which do not contain 0
if we cut K at X. If there are J alternatives at X then they are
indexed by the integers 1, ..., j, circling X 1n the positive sense of
the orientation. At the vertex 0, the first alternative may be assigned
arbitrarily. If one circles a vertex X # 0 in the positive sense, the
first alternative follows the unique edge at X which 1s not an alternative.
The function thus defined which indexes the alternatives in K will be
denoted by w; thus, w(e) 1s the index of the alternative e. Those
vertices which possess alternatives will be called moves;k the remaining
vertices will be called plays. The name play will also be used for the
unique unicursal path from 0 to a play when no confusion results. The
partition5 of the moves into sets A., j=1, 2, ..., where Aj contains
all of the moves with j alternatives, will be called the alternative

partition. A temporal order on K 1is defined by X S Y if X 1lies on wy,

3a graphical representation of a game by a tree has been suggested by
von Neumann, loc. cit., p. 77; however, he only treats the case of games

with perfect information.

hIt is important to make a clear distinction between our "moves" and those
of von Neumann. Precisely, a von Neumann move is the set of all moves of a
glven rank in our sense.

5In this paper a partition means an exhaustive decomposition into (possibly
void) disjoint sets.



EXTENSIVE GAMES 195

the unicursal path jolning 0 to Y; it i1s a partial order. The rank of
a move Y 1s the number of X such that X { Y or, equivalently, the
number of moves X € WY-

DEFINITION 2. A general n-person game [ 1is a
game tree K with the following specifications:

( I) A partition of the moves into n+1 indexed
sets Po, P1, ceey Pn which will be called the player
partition. The moves in Po will be called chance
moves; the moves in Pi will be called personal moves
of player 1 for i=1, ..., n.

( II) A partition of the moves into sets U
which is a refinement of the player and alternative
partitions (that is, each U 1is contained in Pi n.Aj
for some 1 and Jj) and such that no U contains two
moves on the same play. This partition is called the
information partition and its sets will be called
information sets.

(III) For each U C P, N Aj' a probability
distribution on the integers 1, ..., j, which assigns
positive probability to each. Such information sets
are assumed to be one-element sets.

( IV) An n-tuple of real numbers h(W) =
(hI(W), ey hn(W)) for each play W. The function
h will be called the pay-off function.

[How is this formal scheme to be interpreted? That is, how is a
general n-person game played? To personalize the interpretation, one may
imagine a number of people called agents isolated from each other and each
in possession of the rules of the game. There is one agent for each in-
formation set and they are grouped into players in a natural manner, an
agent belonging to the 1% player if his information set lies in P, .
This seeming plethora of agents 1s occasioned by the possibly complicated
state of information of our players who may be forced by the rules to
forget facts which they knew earlier in a play.

A play begins at the vertex 0. Suppose that it has progressed
to the move X. If X 1s & personal move with j alternatives then the
agent whose information set contains X chooses a positive integer not
greater than Jj, knowing only that he is choosing an alternative at one

6It has been asserted by von Neumann that Bridge is a two-person game in
exactly this manner.
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of the moves in his information set. If X 1s a chance move, then an
alternative is chosen in accordance with the probabilities specified by
(III) for the information set containing X. In this manner, a path with
initial point 0 1is constructed. It is unicursal and, since K 1s finite,
leads to & unique play W. At this point, player 1 1is paid the amount
hi(w) for i=1, ..., n. The case in which K reduces to the vertex 0
is not excluded. Then I 1s a no-move game, no one does anything, and the
payoff is h(0).

The price of the intuition gained with the use of a geometric
model is the introduction of a certain amount of redundancy. Suppose l"1
and P, are two games defined with game trees K, and K, such that:

(1) K, and K, are homeomorphic.

(2) The homeomorphic mepping ¢ of K1 onto K2 preserves
the distinguished vertex and the specifications (I) - (IV).

(3) On each information set, 0 effects a permutation of the
indices of the alternatives. (To make this more precise, (3) requires the
existence of a permutation TU of the integers 1, ..., j for each infor-
mation set U C A; such that, if v1 and ¥, denote the functions index-
ing the alternatives in K, and K,, vy(o(e)) = TU(vl(e)) for all
alternatives e at moves in U.) It is clear that in such a case the
games F1 and [, should be considered equivalent and that a proper
definition would define a general n-person game as an equivalence class
under this equivalence relation. However, this distinction need not be
emphasized; if care is taken to frame definitions which apply to the
equivalence class as well as to the representative, one can ignore it
entirely in proofs and remark that all of the theorems hold for either
class or representative.

Although the majority of the above formalization needs no justi-
fication, ample motivation appearing in the book of von Neumann and
Morgenstern, several features deserve comment. The first concerns the
finiteness of the game tree. Since the rules of most games include a Stop
Rule which only insures that every play terminates after a finite number of
choices it is not completely obvious that this entails that the game tree
be finite. To demonstrate this, following K.c')nig,7 we will assume that
there are an infinite number of possible plays and then contradict the Stop
Rule by constructing a unicursal path starting at 0 and containing an
infinite number of edges. Since the choice at 0 1s made from a finite
set of alternatives, there must be an infinite number of plays with the
same first edge e,. We proceed by induction; assume that edges

e .-, € have been chosen such that e;...e; 1s the beginning segment

1,

7K5nig, D., Uber eine Schlussweise aus dem Endlichen ins Unendliche, Acta
Szeged 3 (1927), pp. 121-130.
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of an infinite number of plays. Then, since the next choice 1s made from a
finite set, an infinite subset of these plays must continue with the same
edge, say €141 This completes the proof.

A more crucial question 1s that of formalizing the state of
information of a player at the occasion of a decision, i.e., at a move. If
one examines the information given to a player by von Neumann's "patterns
of Information" it is found to consist of several parts. First of all, he
is told that it is his move and is told the number of alternatives. In our
terminology, this says that the move lies in Pi N Aj for some fixed 1
and J. Secondly, he is told that the move lies on one of a certain set of
plays and has been preceded by a fixed number of choices. From this he can
deduce that his move lies in a set of moves which all have the same rank.
It 1s this set of moves which forms a U 1in the information partition;
however, we have weakened the requirement that all moves in U have the
same rank to the condition that no U contains two moves on the same

play.]
§2. COMPARISON WITH THE FORMULATION OF VON NEUMANN

[The object of this section is to clarify the relation between
our "general n-person game" and a "von Neumann n-person game." Incidental-
ly, 1t will be shown that the formulation given above is more general than
von Neumann's but this is of minor importance beside the major purpose of
throwing light on the points of agreement. The best way to do this seems
to be to describe the method of transition from one extensive description
to the other. Accordingly, we commence by deriving a "general n-person
game" from a "von Neumann n-person game."

Take as vertices of K the non-void subsets An of the parti-
tions a,K, K=1, ..., P+ 1. A vertex Ax i1s joined to a vertex Ax+1
by an edge if Ay =B Cx for some C,. Remark that AK has j
alternatives if it is contained in a DK which contains j sets (':K and
that the moves on K are the vertices AK, K=1, ..., ¥, while the plays
are the vertices Av 1" The player partition of the moves is defined by
Py = [AxlAK C some BK(k)) for k=0, 1, ..., n. The information parti-
tion of the moves is defined by U = (AKIAK C Dx} with one U defined for
each DKG:;K(k), K=1, ..., ¥ and k=1, ..., n; the chance moves
AK C B (0) form one-element sets in the information partition. For each
UC Py n A, that is, for each AK C BK(O), where AK contains j sets
CK of cK?]o), the probability assigned to the alternative corresponding
to AKn CK is pK(CK). Finally, the functions hk are defined on the

8For the comparison, the notation of von Neumann, loc. cit., pp. 73-75, 1s
followed.
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plays by hk(Avn) =3'k(A.w_1) for all plays 4, , and k=1, ..., n.

The imbedding has been left to the last, as 1t may be, since 1t
is independent of the other specifications. Imbed 0 arbitrarily.

Suppose the imbedding has progressed as far as the moves A,. We imbed the
alternatives at all of the Ax of a fixed U 1in the same order in the
orientation. This is possible since each of these has the same number of
alternatives (the number of CK contained in the fixed set DK which
defines TU).

There are two restrictive conditions which are fulfilled on the
general n-person game thus obtained.

(A) All plays contain the same number of moves V.

(B) All moves in a fixed information set U (defined by DK)
have the same rank (k).

Condition (A) 1s trivial and can be fulfilled in all of our games
by filling out short plays with "dummy" chance moves with one alternative.
Condition (B) is not trivial and will be discussed after the derivation of
a "von Neumann n-person game" from a "general n-person game" which
satisfies conditions (A) and (B).

(10:A:a) The number v 1is the number given by condition (A).

(10:A:Db) The finite set N is the set of plays in K.

(10:A:c) For every 1 =1, ..., n: The function ?‘i(w) = hy (W)
for W€ .

(10:A:4) For every r =1, ..., ¥: The partition ar in N

contains one set Ar for each move X of rank r which is
defined by A, = {W|W > X}. The partition aw consists of
the one-element sets (W).

(10:A:e) For every r =1, ..., v: The partition Er in S
contains one set Bl,(i) for each i =0, 1, ..., n which is
defined by Br(i) = (W|W)> X where X 1is of rank r and
Xe Pi) .

(10:A:T) For every =1, ..., v and every 1 =0, 1, ..., n:

The partition CP( 1) in Br(i) contains one set C, for each
alternative e at an information set U C Py which is of
rank r. It is defined by C, = {W|W follows some X € U by
the alternative e).

(10:A:g) For every r=1, ..., v and every 1 =1, ..., n: The
partition .9'1,(1) in B,(1) contains one set D, for each
UCPy which contains only moves of rank r. It is defined
by D, = (WW> XeUl.

(10:A:h) For every =1, ..., ¥ and every C, ¢ C’r(o): The
number pr(cr) is the probability assigned to the alternative
e by specification (III).
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The proofs that the games thus derived actually satisfy the
requirements placed on them (that is, by Definitions 1 and 2 in the first
case and by (10:1:a) - (10:1:j) in the second) are omitted. If they are
not always immediate, they are all straight-forward and easily obtailned.
The important question is: What happens if we derive a general n-person
game from a von Neumann geme again? The answer is quite obvious from the
above, namely, the set {1 has been reduced to include only those plays
which are allowed by the rules of the game. More precisely, ML has been
reduced so that (1) all partitions of a set are such that the union of the
elements of the partition is exactly the set and (2) plays ®¢€ C, € €, (0)
such that pK(CK) = 0 have been dropped. The discussion may be summarized
by:

THEOREM OF CATEGORIZATION: The von Neumann games,
excluding illegal or impossible plays, are the general
-n-person games in which a player's information at the
occaslon of a decision includes the number of choices
preceding that decision.

The following diagram concludes this section with an examp1e9 of
a general n-person game in which a player is not informed of the number of
choices preceding his move. The dotted lines enclose information sets.]

¢ 3. PURE AND MIXED STRATEGIES

DEFINITION 3. Let #% = (U|UC Py). A pure
strategy for player 1 1s a function w; mapping

9This example, as well as substantial contributions to the interpretations,
was communicated by L. S. Shapley and J. C. C. McKinsey.
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%, 1into the positive integers such that U C Aj
implies ﬂi(U) < j. We will say that w; chooses
the alternative e incident at X € U if

1fi(U) = y(e).

[The interpretation of a pure strategy is that it is a plan
formulated before a play by a strategist for player i who then communi-
cates his choices to the agents of player i. One may do this without
violating the rules of the game regarding the information possessed by the
agents by imagining that the strateglst writes a book with one page for
each of player i's information sets. If an information set has
alternatives, its page will contain a positive integer not greater than j
and is given to the agent who is acting on that information set for player
i. 1If his information set appears in a play then he is to choose the
alternative indexed by the integer. This interpretation motivates the
following definitions.]

Any n-tuple T = (ﬂﬁ, ey ﬂh) of pure strategies for the n
players defines a probabllity distribution on the alternatives in each of
the information sets of K as follows:

If e 1s an alternative at a personal move for player i 1n
1 1if ﬂi(U) = v(e)
the information set TU: pﬂ(e) =
0 otherwise.
If e is an alternative at a chance move: pm(e) 1s the

probability assigned to w(e) by (III). This, in turn, defines a
probability distribution on the plays of K by: pﬁ(w) = TTéGw pm(e)
for all W.

[The interpretation is immediate; if the n strategists choose
the pure strategies ﬂi, ey ﬂh, then the probability that the play W
will result is pﬂJW).]

DEFINITION 4. The expected payoff Hi(ﬂ) to
player 1 for pure strategles 15, cees Wy is defined
by H; (%) = 3 pp(Why(W) for 1=1, ..., n.

[Again redundancy 1s the price of a facile definition of pure
strategies. Its nature is made clear once it is remarked that a pure
strategy may make a choice at an early part of a game that makes many later
moves impossible and hence renders the choices on those moves irrelevant.
However, it can be viewed in another manner, namely, the efficacy of a
strategy T; is to be measured by the payoff H; and hence two strategles
should be considered equivalent if they produce the same payoff against all
counter-strategies employed by the other players. Leaving the payoff
function h arbitrary for the moment, this can be restated: two strategies
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should be considered equivalent 1f they yield the same probability for
every play against all counter-strategies employed by the other players.
The rest of this section shows that these two views of the redundancy are
the same and revises the definition of pure strategy accordingly.]

I w= (T, ..., L/VRRRR 1rn) we shall write 1t'/‘n’j'_ for
(11'1, ey T, o.e, 1rn).

DEFINITION 5. The pure strategies T, and T
are equivalent, written Tti = T}, if and only if

p,,r(w) = p‘!t/n:i(m for all plays W and all T con-

taining LAP

DEFINITION 6. A personal move X for player 1
is called possible when playing ‘n’:L if there exists a
play W and ™ containing T; such that p,n_,(w) >0
and X € W. An information set U for player i is
called relevant when playing 1ri if some X € U is
possible when playing - We will denote the set of
moves which are possible when playing ‘“-'i by Poss T;
and the family of information sets which are relevant
when playing 11'1 by Rel ‘N-'i.

PROPOSITION 1. A move X for player 1 1s
possible when playing T; 1if and only if 11”1 chooses
all alternatives on the path WX from 0 to X which
are incident at moves of player 1.

PROOF. Let X be possible when playing T.; then there exists
a play W containing X and W containing ®; such that pg(W) =
Treew pn,(e) > 0. Hence it is clear that e chooses all of the alterna-
tiv.es for player 1 on W, thus certalnly those of player i1 on WX.

Now assume ‘n‘i chooses all the alternatives for player 1 on
WX. To demonstrate the possibility of X 1t 1s necessary to construct a
play and strategles for the remaining players. Since no Information set
contains two moves on the same play, in constructing the strategies,
choices on a unicursal path may be assigned independently. The choices
for personal moves on WX are assigned so as to conform to wx. At X
the choice is made by ‘u‘i; the construction of a play is continued by
making choices arbitrarily except when they are specified by TC‘i. Call the
resulting play W. The unspecified choices are made arbitrarily and the
resulting pure strategies are called T,, ..., LARE 1t1+1’ ceey n'n. Then,
since the probabilities of chance alternatives are positive,




202 KUHN

Pe(W) > 0 and X is possible when playing ;.

COROLLARY. Let the information set U contain
the first move X for player i on a play W. Then
U is relevent for all pure strategles w, for
player 1i.

THEOREM 1. The pure strategies Tfi and Tti are
equivalent if and only if they define the same relevant
information sets and coincide on these sets.

PROQF. Suppose ‘1! = and U 1is relevant when playing ‘u’i.
Then there exists a move X G U, aplay W, and T containing 1ri such
that:

pw(w)>0 and X € W.

Hence D, i(W) = pu(W) >0, and U 1is relevant for ;. Moreover, by the
definition ~ of p(W), 1ri(U) = "i(U) = YP(e) where e 1is the alternative
at X which lies on W and thus T; and 7} coincide on TU.

To show that the condition is sufficient, assume that a play W
and T containing W; are given. If PrlW) = TreGW pn,(e) > 0 then
‘Wi(U) = y(e) for all alternatives e lying on W and incident at personal
moves of player 1 in U. All of these moves are possible when playing

Tl'i and hence the same conclusion holds for i- But then
TMeew p.,‘/,ri(e) = Toey Pyle)

But, interchanging w; and w in this argument, pn_(W) =0 implies
pR(W) = 0. Consequently, W, = Tj-

[The interpretation of a pure strategy as a strategy book can be
extended to the equlvalence classes defined above by leaving blank those
pages which correspond to irrelevant information sets.d

[Even the simplest games, e.g. Matching Pennies,  reveal that a
player is at a disadvantage if he uses the same pure strategy in each play.
Instead he should randomize his choices. Two methods of randomization are
described in this paper. In the first, the player uses a probabllity
distribution on his pure strategies, choosing the particular pure strategy
that he will employ in a given play of the game according to thls distribu-
tion. Following von Neumann, it 1s called a mixed strategy. The second
method is studied in Section 5.1

DEFINITION 7. A mixed strategy for player 1, o
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is a probability distribution on the pure strategies
for player 1, which assigns probability gq, to Tfi-

Any n-tuple p = (;c.1 s eees /l.n) of m:Lxedi strate-
gles for the n players defines a probability distribu-
tion on the plays of K by:

P (W)=2 Qe .- p_(W) for all W .
fad 4 ff1 q'!rn ™

DEFINITION 8. The expected payoff I-Ii(p.) to
player 1 for mixed strategies ) T is
defined by H,(p) = Zw p,u(w)hi(w) for 1i=1, ..., n.

PROPOSITION 2. For each move X, 1let c(X) be
the product of the chance probabilities at alternatives
on WX’ the path from 0 to X. Then
Wy )

= ces = n
PuX) C(X)xq;oéswi i I, = oWy (XEPES:S

i=1,...,n

Ty

glves the probability that the move X will occur when
the players play pQ.

PROOF. This is an immediate consequence of Proposition 1 and
the interpretation of a mixed strategy.

DEFINITION 9. A personal move X for player 1
is called possible when playing [ if there exists an
n-tuple p of mixed strategies containing M such
that pP(X) > 0. An information set U for player 1
is called relevant when playing [ if some X € U is
possible when playing p,. Again, we shall write
Poss M and Rel [ for the sets of X and U which
are possible and relevant when playing Py

¢4. THE DECOMPOSITION OF GAMES

[It often occurs that the moves of a game which are subsequent to
a fixed move X form a subgame in a natural manner. They constitute the
vertices of a game tree with X as first move while the player partition,
the probabllities at the chance moves, and the payoff on the plays in this
tree carry over from the original game. This 1s also true of the informa-
tion partition if, at every move of the original game, the player choosing
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is informed whether or not his move is in the subgame.

If this happens, the moves which do not lie in the subgame also
form the moves of a game which 1s determined up to the payoff at the
vertex X (which is a play in this game!). 1In this section, this de-
composition of a game into a pair of games will be studied to show that
the equilibrium points of the pair determine the equilibrium points of the
original game.]

DEFINITION 10. Given a move X in a game [,
let KX be the component of K which contains X if
we delete the unique edge (if any) at X which is not
an alternative at X. We shall say that T decomposes
at X into T‘X and FD(ltx) if every information set
U either is contained in KX or does not intersect
Ky- The game I"X is called the subgame and is defined
as follows:

The game tree is KX; as such it is imbedded in
the same oriented plane as K and has X as distin-
guished vertex.

(IX) (IIX) The player and information partitions
of the moves of I"X are the respective partitions of
the moves of K restricted to KX' The family of in-
formation sets for player i will be denoted by xi.

(IIIX) For each chance move in FX the proba-
bility distribution is that specified by (III) in I.

(IVX) The payoff function hy for l"X is the
payoff function h restricted to the plays of KX'

A game FD("X)’ called a difference game, is
defined for each n-tuple of mixed strategies, FX’ in
f‘x. Its game tree 1s K - Ky completed by X and has
0 as its distinguished vertex. The specifications
(ID) - (IVD) are made as above with the additional def-
inition that hp(X) = Hy(py); to emphasize the de-
pendence of the payoff in PD(,AX) on py, we shall
write this payoff as HD(P'D’ }Lx) . The family of infor-
mation sets for player 1 will be denoted by $ 1

[Corresponding to this natural decomposition of [ into the
subgame Py and the difference game Mp» there is a natural decomposition
of the pure strategies for M into pairs of pure strategies for FX and
PD' The main burden of our proofs in this section lies in analyzing the
effect on the payoff of this decomposition and the analagous splitting of
mixed strategies for ['.]
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DEFINITION 11. Let the game I' decompose at X.
Then we shall say that a pure strategy 1t’1 for player
1 decomposes at X into pure strategies “Xli and
WDI:L for player 1 in Fx and f"D if

(a) WXI:L is the restriction of T, from ?li
to %,

(b) NDI 1 18 the restriction of T, from U
to ‘ﬁi' Since %; 1s the disjoint union of %, and
bi, we can also compose a pure strategy 11‘1 from pure

strategies "Xli and “DI 4 Which will be denoted by

T = (Mx)1:%p)4) -

LEMMA 1. If 11’1 decomposes into wXIi and
KDIi for 1 =1, ..., n, then

pt(Y) = p'tD(Y) for all Y € Kp
and
(Y) = (X)p, (Y) £ 11 Y¢e
Pp p,rD pTtX or a Ky

= = T,
where T (“:1’ ceey, Wn),"cx (Trxl11 ceey Xln)’ and

‘l&): (1'I:‘D|1, ey T(Dln)'

205

PROOF. The verification is immediate, using the definition of
pm(Y) and the fact that all paths from 0 toa Y in KX pass through

DEFINITION 12. Let the game I' decompose at X.
Then we shall say that a mixed strategy py for
player 1 decomposes at X into mixed strategies
P'Xli and pp ; for player 1 1in Py and I"D if

= for all tDli’ where

(a) = q
q“Dli D(%)=Tc, T
D(‘n.’i) denotes the restriction of T; from Zli to .ﬁi.
(b) When X € Poss P

- for all T, ,
q“xli x(ui)2=5q iq"i xep?é;svri ey, T B X1

XEPossTri

where X(‘u‘i) denotes the restriction of T; from Zti
to %;-
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When X ¢ Poss 1o

q = 2 Q for all 1!:x 1
b {F X(my)=me, ™ '

LEMMA 2. BEvery palr, P’Xli and PDli’ of mixed
strategies for player 1 in Py and F'D i1s obtained
from the decomposition of some 131 in .

PROOF. Let (rDli"'rX[i) denote the pure strategy for I
obtained by composing wDIi and "t‘xl 1- We then set

for all ™

Yrep, 1m0 ™ gy Yy Xl1

Then (a) and (b) are easily verified once 1t is remarked that X € Poss By
if and only if X € Poss f‘Dli' It should be noticed that our composition
and decomposition of mixed strategies is a consistent extension of the
original definitions for pure strategies.

THEOREM 2. If I decomposes at X then there
is a mapping of the n-tuples p of mixed strategies
for M onto the palrs (;LD,;LX) of n-tuples of mixed
strategies for f‘D and My 1in such a vay that

(1) H(p) = Hp(pp,py)
if (P'D”‘X) corresponds to u under the mapping.
PROOF. The mapping is the decomposition of Definition 10.

Lemma 2 says that it is a mapping onto all pairs. To prove (1) we consider
the members of the equation separately. First,

2 H =2 W)h(W) = W)h(W W)h(W) .
(2) () = 2y , (B wegxxpﬁ()(nngxpﬁ()()

Second,
(3 Hn (P py) = (W)h(W) = W)h (W X .
) Hplkpery WGZKD P (01 WGKZ_KX P (0B (1) + By (X)Ey (ey)

Noting that, 1f W € K - Ky,
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P (W) = % Uy, o O Pp(W)

i} nzD (D(n)2=15) Sy q“'n) Pre (W)

B % Uy " Sy, Py = Py ()

and hence, comparing (2) and (3), we need only show

(%) (W)h(W) (X)Hy (py)
wezxx p xFx

=P
g [9))
However, since

Hy(py) = (Why (W) = W)h(W) ,
(P WGEII{Xp,LX By Zp (W)

to prove (4) 1t is sufficient to show

(5) Pu(W) =B, (Xp, (W) for all W€ Ky .
(It should be remarked that this is the analogue of the second half of
Lemma 2, stated for mixed strategies, and that our deflinition of the de-
composition of mixed strategies has been framed intentionally to preserve
this property.)

Noting that

pFD(X) = % q"nn q,,:DIn pﬂD(X)

-T2 (L% U, ) = o(X) O, )

XEPOSSﬂb (XEPOSSW

where c(X) 1s the product of the probabilities of chance alternatives on
the path from 0 to X (the void product 1s taken to be unity) and

a2 Sy e
2 (

x(ﬂi){:@qiq"i xepozs:mri q“'i) ! p"’x(m

XEPossw&
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we have

X)p, (W X i 2 f W
B (0B, () = o )gx T2 (x(wﬁ%i@,ﬁ) Py ()

XGPossn'i

U, -+ O Prp (x)p“ (W)

AM M

q“.,1 q"n pr(w) = pfb(w)

This completes the proof.

[The basic consequence of Theorem 2 is that solutions for M can
be composed from solutions to FX and FD if we take equilibrium points
as our definition of a solution to an n-person game.]

DEFINITION 13. An n-tuple F. = (}Il, ceey ﬁn) of
mixed strategles for a game I' 1is called an equilibrium
point'® if

Hy (p) 2 Hy(p/pey) for 1=1, ..., n

for all Py where F//u. denotes the n-tuple of
mixed strategies obtained by replacing ["i by M

in r.

THEOREM 3. Let I' decompose at X, let FX be
an equilibrium point in the subgame FX’ and let FD
be an equilibrium point in FD(F.X). If F. is any
n-tuple of mixed strategies for [' which decomposes
into FX and FD’ then F, is an equilibrium point
for I'.

PROOF. Let Py be any mixed strategy for player i which
decomposes into /"'Xli and F"DIi Then it is clear that ’4//41 decomposes

into py/py); and Ppfkpy. and

1036¢ J. Nash, "Non-cooperative games," Ann. of Math. 54 (1951),
pp. 286-295.
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By (F) = Bpys (FpoPp) 2 Hp)s (Ppbp) 1K)

} wegxx B fepy P EDILW * B (VB ()
2 WG%KX pFD/f‘DIi(W)hDIi(W) * pFD/f‘DIi(X)HXIi("X/I“xli)
= Hp); (Fr/bp oPx/Px) ) = B (F/Ry)

[The computational consequences of Theorem 3 are clear; it is
generally easler to solve two small games than one large game. We present
two applications which derive directly or indirectly from this remark.]

(A) THE THEOREM OF ZERMELO - VON NEUMANN. It is well-known that
a zero-sum two-person game with perfect information always has a saddle-
point in pure strategies.” In our formalization, a game with perfect
information i1s one in which all information sets are one element sets and a
saddle-point is the zero-sum two-person specialization of the concept of an
equilibrium point.

COROLLARY 1. A general n-person game [ with
perfect informetion always has an equilibrium point in
pure strategies.

PROOF. The proof is an induction on the number of moves in r.
For a game with no moves it is trivially true. For a game with one move 1t
is immediate, since if that move 1s a personal move of player 1 then he
should choose the alternative that maximizes his payoff, while if that move
is a chance move then the theorem is again vacuously satisfied. For a game
with m moves, since it assumed to have perfect information, it can be
decomposed into two games with less than m moves. By the induction
hypothesis, these have pure strategy equilibrium polnts whose composition
is again a pure strategy and, by Theorem 3, an equilibrium point for I .

(B) SIMULTANEOUS GAMES. A class of games, introduced by
G. Thompson as a natural extension of games with perfect information and
called simultaneous games, can easlly be solved through the use of Theorem 3.
These are zero-sum two-person gemes which may be described verbally as
consisting of a sequence of simultaneous moves by the two players; followlng
each such move both are informed of the choices. Since our formal system
does not handle simultaneous moves (even Matching Pennies has two successive

g, Zermelo, Uber eine Anvendung der Mengenlehre auf dle Theorie des
Schachspiels, Proc. Fifth Int. Cong. Math., Cambridge (1912), Vol. II, p. 501.
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moves) we must describe the games as follows: Player 1 has 8511
alternatives at the moves of rank 2k - 1 and Player 2 has 8oy alterna-
tives at the moves of rank 2k where k =1, ..., K. Player 1 has perfect
Information at all of his moves, while Player 2 is informed at his moves of
rank 2k of everything except the choices by Player 1 at the moves of rank
2k - 1. Clearly we can decompose & simultaneous game at any move of
Player 1.

¢ 5. BEHAVIOR STRATEGIES

[In this section, another natural method of randomization is
investigated. Using this method, a player chooses a probability distribu-
tion on the alternatives in each of his information sets, thus randomizing
on the occasion of a choice as he knows it. It is explicitly assumed that
the choices of alternatives at different information sets are made inde-
pendently. Thus it might be reasonable to call them "uncorrelated" or
"locally randomized" strategies; however, since these are the distributions
that one would measure in attempting to observe the behavior of a player,
we have called them behavior strategies.]

DEFINITION 14. To each U C ui such that
UC Aj, a behavior strategy for player i, ﬂi,
assigns j non-negative numbers b(U,y), V =
1, «-+, j, such that 2b(U,¥) = 1.

Any n-tuple B = (5;, ceey pn) of behavior
strategies for the n players defines a probability
distribution on the plays of K as follows:

If e 1is an alternative at a personal move
XeUe Qﬁ_ then pp(e) = b(U,v(e)).

If e 1s an alternative at a chance move then
pb(e) is the probability assigned to vy(e) by (III).

Finally, py(W) = Tlogy pple)-

DEFINITION 15. The expected payoff Hy(B) to
player 1 for behavior strategies 51, ooy pn is
defined by H;(B) = 2y pa(Why(W) for 1=1, ..., n.

[From our interpretation of behavior strategies, it is clear that
each mixed strategy determines a behavior strategy. The next definition
establishes this correspondence and the lemma following shows that we can
achleve every behavior by some mixed strategy.]

DEFINITION 16. The behavior A, of a mixed
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strategy pMy = (ap ) for player 1 1s a behavior
strategy defined 1 by:
If U € Rel fr4 then

b (U:v ) = 2 q1r q?t .
UERelﬂi 1/ TUecRelw i

1
T (U)=v
If U ¢ Rel py then
b(U,v) = :2 Q. -
Wi(U)=V i

LEMMA 3. Given a behavior strategy By for
player 1, define a mixed strategy P = (ag ) for
player 1 Dby: 1

Then p; 1s the behavior of Pe-

PROOF. This lemma is a direct consequence of Definition 16
and (6).

[To apoly these notions to a concrete example, consider the
following game:

A PARTNER GAME. In this zero-sum, two-person
game, player 1 consists of two agents, called the
Dealer and Partner, respectively. Two cards, one
marked "High," the other "Low," are dealt to the
Dealer and player 2 -- the two possible deals occuring
with equal probabilitles. The agent with the High
card then receives one dollar from the agent with the
Low card and has the alternatives of terminating or
continuing the play. If the play continues, the
Partner, not knowing the nature of the deal, can
instruct the Dealer to change cards with player 2 or
to hold his card. Agein, the holder of the High card
receives a dollar from the holder of the Low card.

In our formalization, this game is described by the following
diagram (remark that the possible plays are labeled with the payoff to
player 1).

211
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U, = {Uo), Y, = {U1 ,U3), U, = (U,)
For simplicity's sake, we will denote the pure strategles T,

for player 1 by (ﬂ:1 (U1),1rl(U5)) and the pure strategies T, for player 2
by (1r2(02)) . Then the game matrix of expectations H, (1T] ,11'2) is:

(1) (2)

(1,1) o | 4
(1,2) 0 5
(2,1) 1 0
(2,2) -—12— 0

n " = = = = L
and the solutlion U1,1) = 92,2) = ° Y1,2) T (2,1) T2 and
aqy =) = 3 insures player 1 the expectation j while player 2 can

expect to lose no more than 11; On the other hand, if we let x = b(U1,1),
1 -XxX= b(Ul,e) and y = b(U3,1), 1 -y= b(U3,2) be the behavior strate-

gies for player 1, we have:
(1) -15 + 15 X+y - Xy
Player 1's expectation against 1t‘2 = is
1
(2) 7 X - X

Hence the maximum amount that player 1 can assure himself is
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x+y-xy,1§x-xy]=o.

|-

max min [-12- +

0gxg1

Ocyst
Thus, behavior strategies may do & poorer job than mixed strategles. Re-
mark that the mixed strategy = (q“,1),q(1,2),q(2’1),q(2,2)) has as
its behavior B, = (x,y) = (q“’]) *401,2y09(1,1) * q(2’1)). Hence, if we

consider the optimal mixed strategy (0,%,%,0) for player 1, the associated

behavior is x =y = % and, while the optimal mixed strategy assures 1 the
amount 7‘; , even 1ts assoclated behavior only assures 1 the amount O.
This discrepancy is due, of course, to the uncorrelated nature of the
behavior strategy. To obtain positive results on the use of behavior
strategies we must restrict the nature of the information partition.

DEFINITION 17. A game [ is said to have perfect
recall if U € Rel L9 and X € U implies X € Poss ™
for all U, X anc ti‘

[The reader should verify that this condition is equivalent to
the assertion that each player is allowed by the rules of the game to
remember everything he knew at previous moves and all of his choices at
those moves. This obviates the use of agents; indeed the only games which
do not have perfect recall are those, such as Bridge, which include the
description of the agents in their verbal rules.]

LEMMA 4. Let I be a game with perfect recall
for i=1, ..., n. If i has a move on W, 1let the
last alternative e for i1 on W be incident at
X € U and set Ti(w) = ['rtil U € Rel Wy and
m, (U) = v(e)); otherwise, T,;(W) 1s the set of all
;- Finally, let c(W) be the product of the proba-
bilities of the chance alternatives on W or 1 if
there are none. Then, for all T and all W,

c(W) 1if WiGTi(W) for 1=1, ..., n.
p_(W) =
K 0 otherwise .

PROOF. It is clear that we need only show that Ty € Ti(W)
implies that w; chooses all of the alternatives for 1 on W (if any
such exist). But L € Ti(w) implies U € Rel 1(1 and hence, since [
has perfect recall, X € Poss ;. Therefore, by Proposition 1, Tr'i chooses
all of the alternatives for i on W.
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LEMMA 5. Let e be an alternative on a play W
incident at X € U € %; and let the next move for
player i, if any, be Y € V. Further, let

S

["fil U € Rel Ty and 1t1(U) = y(e))

T

(ﬂil V € Rel 1'(11
Then S = T.

PROOF. Let T, € S. Then U € RelT; and hence, since [ has
perfect recall, X € Poss Ty and therefore, by Proposition 1, 11'1 chooses
all alternatives for i on the path 0 to X. But 1ri(U) = v(e) and
hence ‘ll'i chooses all alternatives for 1 on the path 0 to Y. There-
fore Y € Poss ,, V€ Rel ;,, and 1ti€T.

Let 11‘1 € T. Then V € Rel 1t1 and hence, since " has perfect
recall, Y € Poss M,, and therefore X € Poss 11'1 and 1t‘i(U) = Y(e). That

is, 1(1 € S and the lemma 1s proved.

THEOREM 4. Let P be the behavior associated
with an arbitrary n-tuple of mixed strategies # in a
game [ (in which all moves possess at least two
alternatives). Then a necessary and sufficient condi-
tion that

H, (p) =Hi(f") for 1i=1, ..., n

and all ® and for all assignments of the payoff func-
tion h is that ' have perfect recall.

PROOF. Assume that [ has perfect recall; then we need only
show

Po(W) =p, (W) for all W .
LA &
If there i1s an alternative e on W belonging to player i which 1s
incident at a move in an irrelevant information set for |2 then both
sides are clearly zero. Hence we may assume that all such information sets
are relevant for ’Li. Working with each side separately, first:

ppW) = Tlgy 2, (e)
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Considering those alternatives e on W which belong to 1, their proba-
bilities are given by the fractions of Definition 16. The first denominator
is clearly 1 while each numerator is the denominator of the next fraction

by Lemma 5. Hence
oy = el 2 (| 3 o)

where c¢(W) and the Ti(W) are defined as in Lemmsa 4. On the other hand,

T eTy (W)

(W)

p‘“L % O, -0 O P (W)

allwge:Ti(W) LA o)

[}

I

by Lemma 4. Comparing the two expressions for p(W), it is seen that the
sufficiency is proved.

For the necessity, if [' does not have perfect recall then there
must be a pure strategy T; and two moves X and Y in an information
set U with X € Poss L and Y ¢ Poss T - Choose a L4 for whick Y
is shown to lie 1n Poss T} by the play W and the n-tuple x'. If one
sets #y = 1 ‘n.' + 2 ‘n:i, then

=1
p“l/}..i(w) =32 C(W)
However, there is an alternative e lylng on the path from 0 to Y
which is chosen by T} but not by T and thus is assigned probability 15
by the behavior of p;. If we assume LH) # T, (U) then the behavior of
1

P assigns the probability 3 to the alternative at Y on W. Hence

P < Eo(w)
and the proof is completed.

EXAMPLES. To illustrate the efficacy of behavior strategies, it
is possible to draw three examples from the literature. It is mere
coincidence that they are all variants of Poker; the essential common
property is that they all have perfect recall.

EXAMPLE 1. von Neumann and Morgenstern give a Poker example
which the number of pure strategles for each player is 33, S being the
number of possible "hands." Hence the dimension of the set of mixed

12:1_1'1

210¢. cit., pp. 190-196.



216 KUHN

strategles 1is BS - 1. However, the dimension of the set of behavior
strategies 1s 2S; when S is a large number the difference is con-
siderable.

EXAMPLE 2. In the example glven by the author,'> domination
arguments reduce the number of pure strategles from 27 to 8 for player 1
and from 64 to 4 for player 2. Nevertheless, the computation of solutions
is still a tedious matter. With behavior strategies the payoff function has
3 variables for player 1 and 2 variables for player 2; moreover it has no
terms of degree higher than 2 and so the computation of solutions is a mere

exercise in elementary calculus.
EXAMPLE 3. In the Simple 3-Person Poker of Nash and Shapley,lh

domination arguments result in a game in which the three players have,
respectively, 17, 19, and 31 dimensions of mixed strategies. However, they
each have 5 dimensions of behavior strategies and this reduction makes
possible the discovery of the unique equilibrium point for their game.

H. W. Kuhn

Princeton University

3guhn, H., ‘A simplified two-person Poker,’ Annals of Math. Study 2k (1950),
pp- 97-103.

12‘Ne.sh, J. and Shapley, L. S., "A simple three-person poker game," Annals
of Math. Study 2% (1950), pp. 105-116.



EQUIVALENCE OF INFORMATION PATTERNS
AND ESSENTIALLY DETERMINATE GAMES'

Norman Dalkey
INTRODUCTION

In the first sections (1-5) we examine the equlvalence of games
in extensive form, using the model proposed by Kubn.? There are several
kinds of equivalence that might be explored, depending in part on what one
considers reasonable methoas of play. We are concerned with equivalence
with respect to mixed strategies. A quite different notion of equivalence
would be needed, for example, if the play were limited to behavior strate-
gies.2

The notlon of equivalence we evolve 1is only distantly related to
the idea of strategic equivalence introduced by von Neumann and Morgenstern
([5), pp. 245 - 248). They are concerned mainly with variations in the
payoff function which leave a solution invariant; we shall be concerned with
variations in the structure of a game in extensive form which leave the
major strategic properties of the game invariant irrespective of the pay-
off function.>

A complete treatment of equivalence under variations in the
structure of a game in extensive form is not given, but only equivalence
under variations in the pattern of information. Roughly speaking two in-
formation patterns for the same player are equivalent if they differ at a
given position in the game only in the knowledge which that player has of
his own previous moves.

In the later sections, these results are applied to furnish a
necessary and sufficient condition for a general game to have an equilibrium
point in pure strategies independently of the particular pay-off function

1The preparation of this paper was supported by The RAND Corporation.

2cf. Kuhn [2].

3The mode of approach 1s quite similar to that of Krental, Quine, McKinsey
[1]1, and our results may be considered as an extension to general games of
thelr results for two-person, zero-sum games.

217



218 DALKEY

or of the particular probability distributions assigned to chance moves.

We call such games essentlally determinate, since the question whether or
not they will have an equilibrium point in pure strategies is completely

determined by the information pattern alone.

The condition, which we have labelled effectively perfect infor-
mation, is that at any move a player know all preceding moves of his
opponents, and know at least as much as his opponents knew when they made
those moves. In the speclal case that there are no chance moves, this
condition is simply that the game be equivalent with respect to information
to a game of perfect j_nforma.tion.l“

§ 2. GAMES IN EXTENSIVE FORM

We shall follow rather closely the definition of games in ex-
tensive form given by Kuhn, with some minor notational modifications.

DEFINITION 1. A general n-person game I' in ex-
tensive form 1s defined by
(P1) A game tree, K, which is an ordered set of

positions (x, y, z ...}.
(P2) An information pattern U = ('l_Lo, Uyy oo 'z_an)
where each %y = (U, v, ...} partitions a

subset of K.
(P3) An n-component, real vector function h =
(h1(w), hz(w), ceny hn(w)) defined on a
designated subset W of K.
(P4) A set function p(¥,U), defined on U € %,
=1, 2, ..., m(0), 0 { p(»,U0) 1.
When we wish to indicate the dependency of [P on these
entities, we shall write

N= F(Kﬂ_é,h:P)
Rather than axiomatize this set of primitives, we shall follow

Kuhn in giving them a geometrical interpretation.
K is a finite tree, embedded in an oriented Euclidean plane, with

hvon Neumann and Morgenstern first proved that perfect information is a
sufficient condition for a two-person zero-sum game to have a saddlepoint
in pure strategles (see [4], Sec. 15). Kuhn extended this result to equi-
librium points in pure strategies for general games. Shapley [5] gave a
necessary and sufficient condition for a saddlepoint in pure strategies for
a restricted class of two-person zero-sum games which is similar to the
condition for general games we give below.
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a distinguished vertex 0. The set W of end points of K are called
plays, the remaining vertices moves. (We shall sometimes call both plays
and moves by the common name positions.) The unique unicursal path leading
from O to a play w will also be called a play, and represented by .

The m positions immediately succeeding a position x are
indexed by positive integers v =1, 2, ..., m where m depends on X.

Xy W1ll designate the w'th position immediately following x. m(x)
designates the total number of possible choices (alternatives) at x. The
rank of x 1in K, 1.e., the number of positions which preceed x, will
be designated by r(x). D(x) (descendants of x) will represent the set
of all positions that follow x, and D(%,x) the set which follow by the
v'th alternative.

The Information pattern U first partitions the moves of K
into n+1 exclusive subsets, and then further subdivides each of these
subsets into Information sets. EUGZI U = P; are those positions where
player i "has the move." 1 p- (P, Py, --., Py} 1is called
the player partition. At each x € U € 1_11, player i 1is informed that he
is at one of the positions in U. For each information set U, the number
of alternatives is the same for all positions in U, hence we can write
m(U), the total number of alternatives available at any position in TU.
Information sets are further restricted by the rule that no information set
intersects the same play more than once.

The set yo is reserved for the "chance player,"” i.e., every
X € Po is a chance move. We allow U € '2_10 to contain more than one move;
this furnishes a convenient way of identifying the probability distributions
at different chance moves.

p(v,U) 1is assigned so that for U ¢ %,, p(v,U) =1 for every V.
For Ue€en, O pv,u) < 1, 23211) p(v,U) = 1. Hence for chance moves,
p(v,U) assigns a probability distribution over the m possibilities. We
set p(v,x) = p(v,U), x € U.

h 1is the pay-off function. To each play w it assigns an
n-tuple of real numbers determining how much each player is to receilve at
that point.

We shall call a palr (K,U) a game structure, and corresponding-
ly (K,%) will be called the structure of I'(K,%,h,p). Uy will be called
the information pattern for player 1.

DEFINITION 2. A pure strategy for player 1 1s a
function 1ri(U) which maps each U € 'l_ti onto a posi-
tive integer ¥ { m(U). (We shall sometimes also use
Pys Ty to denote pure strategies). We define the
cholce at a position x of a strategy m; as 113_(x) =
T, (U) where x € U.
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It is clear that a game structure (K,W com-
pletely determines the set of all possible pure strate-
gies (as well as mixed and behavior strategies) for each
personal player.

Note that our definition specifies strategies for
the chance player as well as for the personal players.

A chance strategy corresponds to von Neumann and
Morgenstern's "umpire's choice." ([4], p.81).

Let ® = (m, ™, m, ..., ™) designate an
n+T-tuple of strategies, one for each player, and T =
(1r1, Mys wnes 1rn) an n-tuple of strategies, one for

each personal player. It is clear that each T de-
termines a unique play w, which we will designate by
w(r). Let w(U) = m(U) where U €U; and m is
contained in T . We define 1(17*) recursively.

DEFINITION 3. w(7 ) is the set of positions such
that

1. 0€un)

2. X € g(Tr*) implies x4 € g(fr*) where 1r*(x) =9
w(mr*) 1is the final member of w(w*). In case
x € w(w*), r* 1s said to realize x. More generally,
if o is an m-tuple of strategies m{ n+1, 7 is sald
to realize x if there 1s some * containing T and
x € w(me).

An immediate consequence of Lefinition 3 is
LEMMA 1. w(m*) = w(p*) 1if and only if for every

x € w(mr*), m(x) = p*(x), or, equivalently, if and

only if for every U that intersects w(m*), o*(U) =

e*(U) .

Let w*/p; deslgnate the n-tuple which results when p; 1is
substituted for 1ri in @*; i.e., if u* = (1'!’0, 11'1, ceey 1?’1, ey ﬂ’n)
then 1|*/'ai= (1ro, My cves Pys ones 1'rn).

THEOREM 1. W(Tr*/ﬂi) = w(w*/fj) implies

w(me) = wiwe/py) = w(w*/‘t’j) = w(n"//’i/‘t'j)

PROOF. If no U €%, intersects w(m*/P;), then by Definition 3
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w(1r*/f’i) is independent of Pi, and hence w(w*) 1is independent of m;

thus  w(m*/py) = w(n*). Similarly w(n*/tj) = w(u*/tj/Fi). If Uey
intersects g(u*/f’i), then by hypothesis and Lemma 1, */p;(U) =
/t:(U), 1i.e., m(U) = A (U). If no VG'Z_LJ- intersects w(mw*/T.),
then w(w*/t;) 1s independent of T.. If V € U. intersects !(11'*/1’5),
then w*/p;(V) = m*/T.(V), 1.e., w.(V) = T.(V). Since for U €Uy,
k#1, k# j, w*(U) = w*/pP; (U) = n*/tj(U), the equalities follow by
Lemma 1.

Theorem 1 plays no role in the subsequent development. However,
it illustrates a form of structural relationship among plays and strategies
which 1s lost by a transformation to the normal form of a game.

In the same way that an n+1-tuple w* of strategles defines a
single play, an n-tuple of strategies w defines a subtree K(m), where
each branch point is a chance move. The end points of K(w) are designated
by W(m) = {w| there is a T, such that w = w(m,,m].

LEMMA 2. W(W) = W(p) if ana only if w(1to,1r) =
w(m,,F) for every .

PROOF. Sufficiency 1s immediate. Necessity: Assume W(w) =
W(P) but for some LA w(mo,ﬂr) # w(wo,f). Then there is some 7, such
that w(w,,m) = w(T,,P). But then by Lemma 1, for every U € Y, that
intersects w(T,,l), T,(U) = M (U), and for every other U that intersects
_\g(TO,P), mU) = £(U). Whence E(‘rro,ﬂ:) = }!(‘"'O,f); a contradiction.

DEFINITION 4. Let w, designate the subplay ex-
tending from O to x, then for x # 0, p(x) =
Wyvéﬂx p(v,¥), p(0) = 1.

DEFINITION 5. The expected pay-off H(®) for an
n-tuple of pure strategies T is defined as

(W) =3 ey PWRW)

In case w contains no chance moves, p(w) = 1; otherwise p(w)
is the product of the probabilities of those alternatives at chance moves
in w which lead to further members of w. Note that p(w) depends only
on p(w,U0), Ue€ 7-1'0 and is independent of the strategies of personal players;
however, the relation holds

EWGW(W) p(w) =1
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¢ 3. THE REDUCED NORMAL FORM OF A GAME

A list of pure strategles for each personal player of " and a
specification of the expected pay-off H(w) for each n-tuple of pure
strategies is called by von Neumann and Morgenstern the normal form of ['.
When H(®) 1is expressed in matrix notation as an n-dimensional array it is
called the pay-off matrix of .

In the transformation of games from extensive to normal form a
certain kind of redundancy often appears, namely duplications in the pay-
off matrix of rows or colums ("hyper-rows" in the case of n-person games.)
We shall show below that this redundancy is generally the result of super-
fluous informetion on the part of one or more players. It is clear that a
player loses no strateglc advantages if duplications are deleted. This
motivates the definition of a reduced normal form of a game. We first make
precise the notion of duplication by defining an equivalence relation for
strategles.

DEFINITION 6. 1!1 = /‘i if and only if H(W) =
H(w/F) for every =« containing ;.

IEMMA 3. = is an equivalence relation (transitive,
symmetrical and reflexive).

PROOF. Immediate from the definition.

Let 845 called an equivalence strategy, designate an equivalence
class of pure strategles for player 1, and S;L the set of all such
equivalence classes. The cartesian product S = S] X 82 X <. X Sn denotes
the set of all n-tuples of equivalence strategies. Let s =
(s,, 83 res sn) denote a member of S. Let H(s) = H(w) where TE€ s.

DEFINITION 7. The reduced normal form of a geme
 1is a 1list S1 of equivalence strategies for each
personal player 1, and a function H(s) assigning an
n-tuple of real numbers to each n-tuple of equivalence
strategies.

H(s), when expressed as an n-dimensional array, corresponds to a
pay-off matrix where repititions of hyper-rows have been deleted.

é 4. EQUIVALENCE OF GAMES

Under the presumptlon that mixed strategles are to be allowed,
all strategical considerations with respect to a game ' are summed up in
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the reduced normal form. This leads us to consider two different games as
being equivalent if their reduced normal forms are identical except for
possible permutations of the lists of strategles.

DEFINITION 8. I’ is equivalent to ' -- in sym-
bols, P = -- if and only if there 1s a one-one
correspondence between S; and 3] for each 1 # 0,
such that under this correspondence H(s) = H'(s').

LEMMA 4. = 1is an equivalence relation for games.

PROOF. Immediate from the definition (since the one-one cor-
respondences and equality of pay-off are equivalence relations).

¢ 5. EQUIVALENCE OF INFORMATION PATTERNS

Definitions 6 and 8 characterize a kind of equivalence which is
not very profound in the sense that it depends on the pay-off functions and
the particular probability distributions at chance moves. A more revealing
analysis is afforded if we deal with equivalences (to be called essential
equivalences) that hold irrespective of the pay-off and probabilities at
chance moves.

Consider two game structures (K,%), (K',w') where K =K' and
'}_Lo = ?_1%' . For convenience, we shall say that p 1s identical with p°
when p(v,U) =p'(Ww,U') for every U € %,- This identification seems
reasonable in light of the fact that for any U ¢ ’_dbo, p(¥,U) = 1 for every
VY. With this convention in mind, we define.

DEFINITION 9. Let (K,4), (K',%') be two game
structures where K =K', U, =% "'- (K,4) 1is said to
be essentially equlvalent to (K',%') -- in symbols,
(K, ) ~ (K',#') -- if and only if [(K,4,h,p) =
MK',»',h,p) for every h and p for which

P(Kﬂ_l,h,p) , (K SU' ,h,p) are games .

LEMMA 5. * 1is an equivalence relation for game
structures.

PROOF. From Definition 9 and Lemma L.

THEOREM 2. (K,4) *~ (K,%') implies P; =P,' for
every 1.
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PROOF. The theorem states that the moves assigned to a given
player by U must be assigned to the corresponding player by %'. The
theorem holds by assumption (Definition 9) for Po, Po' . Suppose Pi # Pi'
for some i. Then there is an x € P; such that x € P'y, k # 1. We may
assume that there are at least two alternatives at x (otherwise x 1is a
trivial move and can be eliminated). Let x € U €%; and x €V €U,
Let h Dbe as follows:

1) h:w) =0 for all w and for all j#1
2) hy(w) =0 for all w such that x, ¢ w and x, ¢ .
3) hy(w) = for all w such that x, € ¥
k) hi(w) =-1 for all w such that x, € ¥.

with this h it is immediately clear that we can never have Hi(ﬂ') > o,
Hi(F) { 0 where W; = £A. Let ™' and Fk be strategies for player Kk
in (K,%') such that 1rk'(v) =1 and f'k' (V) = 2, and both 7! and
f’ + pealize x. Let T be any n-tuple of strategies that realizes X.
Hi(‘(‘.’/ﬂ’ ) > o, Hi(‘t'/f' ) < 0, hence there is no equivalence strategy in
MK,%,h,p) corresponding to the s;' in MX,w',h,p) containing Tj-
Theorem 2 assures that there is no loss of generality in
specializing to the case P =P'. For the next step, we specialize even
further, and consider the case of a fixed (but arbitrary) information pat-
tern W - Uy for all players but one, and examine the effect of varying
Y- In this uncomplicated case it 1s convenlent to overlook the fact that
we are dealing with two different game structures, and identify all the
components, except the information pattern and strategies for the player 1.
With this convention it becomes meaningful to write, for example, 11‘/191',
where T is an n-tuple of strategies originally defined for (K, w) and
Pi is a strategy for player 1 in (K',u") This convention has the
virtue that it saves most of the labor of trivial proofs of one-one cor-
respondences .

DEFINITION 10. Let (XK,W), (K,W') be two game
structures where U - Y; = U - '- Apure strategy
o, for player 1 1n (K %) 1s said to be essentially

i
equivalent to a pure strategy 11'1' for player i in
(K,u') -- in symbols Wy = W' -- when H(®) = H(ﬂ/‘tri')

for every ® containing T and every h and p for
which PM(X,4,h,p), MK,4',h,p) are games.

LEMMA 6. Let (K,u) and (K,U') be as in Defini-
tion 10. Then (K,%) ¥ (K,%') 1if and only if for every
pure strategy T; for player i in (K,%) there is a
strategy ;' for player i in (K,%') such that
T, = W' and vice versa.
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PROOF. Sufficiency. If T, = f’j, j#1, in MK, 4h,p) then
‘L’j = Pj in M(X,w',h,p). For, assume the contrary, then H(®w) = H(W/F;)
for every T containing Tj, but for some ' containing TJ-, H(m') #
H(w'//’j) . Let m;' De the strategy of the 1'th player in =®'. By
hypothesis there is a m; such that H(®) = H(Tc/n’i') for every T con-
taining T;; in particular H(w'/m;) = H(w'). But by hypothesis
H(m'/my) = H(w'/ny/F;), since @' contains T‘j and T. = P.. But also
by hypothesis H('vr'/ni/f:]-) = H(1r'/1r1/Pj/Tri') = H(Tc'/ﬁj). Whence H(®') =
H(1t'/Pj), which is a contradiction. Similarly, ‘['j = P, in [Y(X,u',h,p)
implies T. = P; in I(K,%h,p). Whence, the equivalence strategles Sj
in M(K,%,h,p) for J # 1 correspond one-for-one with the equivalence
strategies Sj' in [(K,u}h,p). We define a correspondence s; & 8;' by
the rule: 1if ®; € sy then T ' € sy' where T Clearly, if

Pi = 1fi, then for every P;' = A, A' =T, vhence the correspondence
is one-one. The equality H(s) = H(s') for this set of correspondences

follows immediately from the definition of <~ for strategles.

Necessity. Suppose that there is a 11:i in (X,4) such that
there is no M;' in (K,w') for which m = T;'. Then there is some h
and p and some T containing W, such that H(TMO) # H(Tf/"ri') . This
violates the assumption that (K,w) = (K,U')-

THEOREM 3. Let (X,%), (X,%') be two game struc-
tures with % - %, = ur - z_gi' . The following are
necessary and sufficient conditions for 11’i = where
m; 1s a strategy for player 1 in (K, and Ay 1is
a strategy for player 1 in (K,4')-

1) Wm) = W(Tl'/f’i) for every ™ containing ™.

2) win*) = W(n:*/ﬁi) for every m* containing T,.

PROOF. (1) 1) implies 'ﬂ‘i = f’i. This is immediate, since if
W(m) = W(ﬂ.’/ﬁi) then H(m) = H(ﬂ’/Pi) for every . (ii) T; = A; implies
2). Suppose there is some n* contalning ®; such that w(n®) # w(z*/Pi).
Then there is no T%* sSuch that w(‘t*/,oi) = w(m*), otherwise, by Defini-
tion 3, 'r*/fi(x) = n*(x) for every x € w(w*) and hence, by Definition 3
again w(’c*/pi) = w(n*//’i) = w(n*). Let p be arbitrary and set
hy(w) =0 for every W # w(n*), and set hy(w(w*)) = 1. Then H, () >0
for some T containing ™;, whereas Hi(‘lr/Pi) = 0. (1ii) 2) implies 1).
Immediate.

DEFINITION 11. A set of positions B (not neces-
sarily an information set) is sald to be realizable by

‘Ei if there is a 7* containing ®; and B inter-

sects w(m*). Let U € ?4,1 be an information set and B
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a subset of U. B is said to be isolated in U when,
for every w,, if B is realizable by 1(1, then
U - B 1s not realizable by -

LEMMA 7. Let U, designate the set of positions
which follow any move in U by choice of the yp'th
alternative.. B 1s isolated in U € %; if and only if
for every x € B, y€ U -B, there isa Ve yi such
that x € Vy, y €V, and v#7.

PROOF. Sufficiency. Consider any W and assume Lo realizes
some x €B and y € U - B. By hypothesis, there is a V € 751 such that
xeV,, y€ V,l, Y # 3. But if 11.‘1 realizes x, then 1r1(V) = ¥ by Def-
inition 3, whereas if realizes y, then n‘i(V) = 7, which contradicts
the definition of strategy-.

Necessity. Assume that for some x € B, y € U - B, for every
Veu; such that x €V, y€V, then v=7. Let T realize x and
f’i realize y. We construct a 7; so that for every V € yi such that
¥, Intersects V, T = T (V) and for every V €%; such that u
intersects V, T(V) = Fi(V) - Then T; realizes both x and y, hence B
is not isolated in TU.

DEFINITION 12. a) Let (K,%), (K,%') be two
game structures, where P, =P;'.% 1s said to be an
immediate inflation of %;' when there is a V € %"
and U,, U, €Y% such that %; - (U,,U,) =% - (V)
and U, ,U, are isolated in V.

b) U; 1s an Inflation of %;' when there is a
finite sequence ‘[1 , ’_Vre, cees '[iL such that %; = ’[i
and %' =V; and ¥J}' 1s an immediate inflation of
¥, 5=1,2, «.., 1 - 1.

¢) u; is completely inflated when there is no ¥,
such that '_1{1 1s an inflation of 1‘—"1'

d) U 1is a complete inflation of Ut If Uy is
an inflation of %' and %; 1s completely inflated.

e) 4 1is an inflation (complete inflation) of '
when ; 1s an Inflation (complete inflation) of Uy’
for every 1.

THEOREM 4. Let (K,w), (K,4') be two game struc-
tures where U - % =%' - %', and % 1s an lmmedl-
ate inflation of U’ then (K,%) % (K,%').
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PROOF. Let Ve%', U;, U, ¢ 2’1 be the sets required by Defini-
tion 12a. Let ' be any strategy for player 1 in (K,%'). Let LA
be the strategy in (K,4) such that for every V' #V, m (V') = ™ (V)
and m,(T,) = m(U,) = %'(V), then ® =T '; for, let mn* contain W,
then w(n*) = w(n:*/!ri') by Lemma 1, and hence Wy = T,' by Theorem 3.
Consider any T; in (K,0). 1If m; does not realize V, then there 1is
a ', %' (U) = (U) for U #V, and by Lemma 1 % ¥ W,'. If T,
realizes YV, then, since U1 and U2 are isolated in V, ‘n:i can realize
elther U, or U,, but not both. Let it realize U, and let T, (U) =
T, (U) for every U #V, and m,'(U;) =% (V). Since, by Lemma 1, ™'
does not realize U2, 1ri' x~ 1ri. Whence, the theorem follows by Lemma 6.

COROLLARY ka. If (K,2), (K,%') are identical
game structures except that %; 1s an inflation of U
for some 1, then (K,%) = (K,%').

PROOF. Theorem 4 and Lemma 5.

COROLLARY 4b. If (K,¥), (K,u') are game struc-
tures such that for every 1 either % =1%' or %,
is an inflation of %;' or %' 1is an Inflation of
%, then (K,%) * (K, %) .

PROOF. By repeated applications of Corollary La.

THEOREM 5. If (K,u) ¥ (K,4') where % - % =
U - %', and both U and W' are completely in-
flated, then %; = 1_t_i' . (Two equivalent completely

inflated information patterns are identical.)

PROOF. Let (K,%), (K,4') be as in the hypothesis, and assume
y,i # 1_41' . There is no loss of generallity in assuming that there is a
Ve and U, U, E%i such that both U, and U, intersect V. Con-
sider any strategy m;' in (X, %) . LY cannot realize both V n U; and
V nU,, for suppose it did; then there is a m; in (K,%) such that
Tri ¥ ', hence realizes both U, NV and U, n V. We define a Pi
such that for every U' € %, U' #U; and U' # U, fi(U') = m(U') and
P (U)) # P (U,). Now p; realizes both Uy n V and U,n V, and there
is no Pi' in (K,') such that Pi' o Pi’ since there is some =n* con-
taining F; such that w(m*) € V, and another * containing P; such
that w(%*) € V). BSince U, and U, areany U € %; that intersect V,
each is isolated in V, which contradicts the assumption that 1_91' is

completely inflated.
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COROLLARY 5a. An information pattern 741 for
player i has a unique complete inflation.

PROOF. Immediate from Theorems 4 and 5.

THEOREM 6. (K,u) = (K,%') where Y -U; =
%' - ' if and only if the complete inflation of Zi’i
is ldentical with the complete inflation of % '.

PROOF. Corollary 5a assures that the unique complete inflations
of ‘2_41 and _'141' exist. Sufficiency follows from Theorem 4, necessity
from Theorem 5.

COROLLARY 6a. (K,%) = (K,w') (where Y = y,o-)
if and only if the complete inflation of ’t_l.j is
identical with the complete inflation of ’LLJ-' for
every j.

PROOF. Theorem 6 and Corolliary uib.

REMARK. The rather tedious route whereby we arrive at Theorem 6
and Corollary 6a can be bypassed intuitively by the following heuristic
discussion. Theorem 4, which is not used airectly in tune proof, indicates
that inflation is essentially a process of adcing to a player's information
at a given move, some further knowledge about his own previous moves (where
this additional information has no implications for previous moves of other
players.) But if a player is proceeding according to a preformulated pure
strategy, and has complete information about the structure of the game,
then at any move where it is his turn to play, his strategy will tell him
what previous moves he has made. Hence, information solely about his own
previous moves 1s superfluous. Presumably, a player's memory of a strategy
will be equally complete whether it results from a direct choice (pure
strategy in the strict sense) or from a prior selection of a pure strategy
by some chance device (mixea strategy). However, it 1s clear that if the
player is using behavior strategies -- i.e. mixes by some chance selection
at each of his moves -- there is no guarantee that he will remember all
previous selections. This is true particularly where a player is repre-
sented by a team of persons, each assigned to different information sets.
For this reason -- as is readily verifiable -- Theorem 6 does not hold for
behavior strategies.
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§ 6. DEFLATION

So far our emphasis has been on the inflation of information
patterns. However, from the practical point of view -- i.e., from the point
of view of simplifying games -- inflation is not as interesting as its
converse, deflation.

To illustrate the order of reduction in size of pay-off matrices
by deflation, in tic-tac-toe the first player has roughly 102,000 pure
strategies (if we ignore the effect of the stop-rule anc assume that each
play of the game results in completely filling the open squares.) In
essentially reduced form, the first player has only 10127 pure strategies.
Although this second figure is still ridiculously large, it is clear that a
tremendous reduction in size of the game is achieved. The pleasant feature
i1s that this reduction can be carriea out by operations directly on the
game structure, without first constructing a cosmic sized matrix and then
eliminating duplications.

Unfortunately, we cannot assert that every information pattern
has a unique complete deflation. Consider the game [* illustrated below.
The ellipses represent information sets for the indicated players.

[—|

As it stands ’g1 is inflated; player 1 at his second move knows
which first move he made. In fact, U, 1is an inflation of Eﬁ', lﬁ" in
Pr and P'' respectively.
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Both @5' and @h" are completely deflated. It 1s easy to verify that
in this case there remains a certain amount of redundancy in the informa-
tion pattern, in the sense that in both [ and [“*' there are two or
more strategies that are essentially equivalent.

¢ 7. ESSENTIALLY DETERMINATE GAMES

In the preceeding sections we were guided by a more or less in-
tuitive notion of equivalence, based on the presumption that the normal
form of a game completely exhausts the strategic possibilities. It would
be desirable to base our investigations on a set of rules for playing a
game in a rational fashion. Unfortunately at present the rules for rational
play can be considered as being in a satisfactory state only for one-person
and two-person zero-sum games. There is, however, a form of weak solution
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for general games that has been suggested by Nash [3] which at least can be
used for exploring some of the properties of information patterns, and
which, in the zero-sum two-person case reduces to the accepted mini-max
rule. This is the notion of equilibrium point. Since we have defined only
pure strategies above, we limit ourselves to equilibrium points in pure
strategies.

DEFINITION 13. A pure strategy n-tuple T 1s an
equilibrium point if and only if H,(®) ) H,(%/F;) for
every 1 and every Pi.

DEFINITION 14%. (K,%) 1is said to be essentially
determinate if [Y(K,%,h,p) has an equilibrium point in
pure strategies for every h and p for which
MNK,%,h,p) 1s a game.

LEMMA 8. If (K,%) ~ (K,%') then (K,%) is
essentlally determinate if and only if (K,%') is
essentially determinate.

PROOF. Immediate from the definitions of < and essentially
determinate.

Kuhn has shown [2] that a sufficient condition for a game struc-
ture (K,%) to be essentially determinate is that (K, have perfect
information.’

DEFINITION 15. (K,%) 1is said to have perfect
information if every information set U is a unit set.

It is clear that no essential modification results if we restrict
the information sets in Definition 15 to personal information sets.

It is easy to find examples of games which are essentially de-
terminate and which do not have perfect information. In fact, any one-
person game is essentlally determinate irrespective of the nature of the
information pattern (see Lemma 10 below). Hence, perfect information is
not a necessary condition for essential determinateness.

Let U< V mean there 1s a play w which intersects both U
and V and the intersection of U and w preceeds the intersection of V

5Stx-:l.ctly speaking, he proved something slightly different from this; but
the step to showing essential determinateness is trivial, amounting, in
fact, only to pointing out that both h and p can be chosen arbitrarily.



232 DALKEY

and w. We shall also use the notation occasionally x { U, which means
there is a play w containing x that intersects U, and x preceeds
the intersection of U and w.

DEFINITION 16. (K,u) is sald to have effectively
perfect information when, for every pair of personal
information sets U, V such that U € ‘Ii-i, Ve 1_l_k,
k#1, if ULV then V C U, for some v.

Note that the definition says nothing about the relation of in-
formation sets of the same player, nor about the relation of personal in-
formation sets to chance moves. In intultive language, a player is said to
have effectively perfect information if at any move where it is his "turn"
he "remembers" every previous move of each of his personal opponents and
knows at least as much as the opponents knew when they made those moves.

LEMMA 9. Every one-person game has effectively
complete recall.

PROQF. Immediate from the definition.

LEMMA 10. Every one-person game is essentially
determinate.

PROOF. Since H(w)(= Hi(‘n:i)) is a tunction of only one variable
over a finite domain, it admits a simple maximum.

We first show that a game with effectively perfect information
can be decomposed into a directed set of subgames (ordered by inclusion),
each of which can be examined for equilibrium points independently of all
succeeding subgames. The notlon of subgame involved is somewhat wider than
the direct application of Definition 1.

DEFINITION 17. Let B be a set of positions (not
necessarily an information set) and D(B) the set of
all positions that follow any position in B, i.e.
D(B) = (y| there is an x € B and y € D(x)}. Analo-
gously, D(v,B) 1is the set of positions that follow B
via the v'th alternative, i.e. D(¥,B) = {y| there is
an x € B and y € D(¥,x)}. We will write x< U to
mean x{ U or x € U. By the greatest lower bound
(g-1.b) of B 1is meant the x of highest rank that is
containec in every w that intersects B. V< B
means V< B or V intersects B. -
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A. A set of positions B 1is said to define a
subgame PB when:

1) For every personal information set V { B,

B CV, for some wv.
2) For every personal information set V > B,
V C D(B) v B.

B. A pure strategy for a player i 1in l" is a
function, 1riB, that meps every V € Uy, V > B onto
an integer v { m(V). We shall also use the expression
B to cesignate the strategy ™, limited to Iy
(i.e. 1t'1B is the strategy for player i in l" such
that i(V)—THV),V)B,VG )

c. w('rtB) = {w|w € D(B) and for every personal
move y ) B, y € ¥ implies y, € ¥ where 1rB(y) =
D. Let p(B) = ZyGB p(y). For x ) B, pB(x) =

BB -

E. HxP) = (¥)h(w)
zweme) gl v

A rough justification for calling I"B a subgame is the following
(a more precise justification is found in Lemmas 11 - 13 below): Defini-
tion 17 A2 states that B isolates a certain portion of K, namely
B v D(B); no personal information set overlaps B v D(B) and the rest
of K. 17 Al assures that one and only one set of choices on all personal
information sets V { B will realize a position in B v D(B). Thus, given
a ™ which realizes B, the selection of a strategy within FB can be
made independently of the remaining part of I'. Note that (0]} defines a
subgame P(o]’ namely, ' itself.

The significant elements for a subgame F‘B, namely strategies
and expected pay-off, are defined in a manner quite analogous to those for
a complete game, with g.1l.b. B replacing 0. We cannot, however, simply
define a subtree, say KB’ which begins at g.1.b. B and let KB with
its information pattern define a subgame structure, since in the first
blace, there may be many personal information sets between g.l.b. B and
B which overlap KB and the rest of KX, and secondly, KB may be much
more extensive than the part of K which is isolated from B onward.

LEMMA 11. If B defines a subgame, then for x,
Yy €B, g-1.b. {x,y) 1s a chance move, or B is a
unit set.

PROOF. Suppose B 1s not a unit set and x, y € B. Then g.1.b.
{(x,y) ¢ B. But g.1.b. (x,y} cannot belong to a personal information set
by Definition 17 Al1. Whence g.l.b. (x,y} is a chance move.
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IEMMA 12. If B defines a subgame PB’ then for
every W that realizes B, H(W) = p(B)H(ﬂB) + T(m)
where T(TM) is independent of wB.

PROOF. If ™ realizes B, then W(nB) = W(%) n D(B). Thus

H(m) = EwEW(nB) p(W)h(w) + T(x) where

T(x) = (w)h(w), h
) zwew(“) D) p(w)h(w), whence

H(T) = p(B) zww(uB) pp(W)h(¥) + T(w)
= p(B) H (xB) + o(m)

If we Wm - W(TtB), then w does not intersect B, and
hence, by Definition 17 A2, does not intersect any personal V 2 B. Whence,
if W and A are identical for all personal V l B, T(®) = T(P).

LEMMA 13. T is an equilibrium point for © if
and only if nP is an equilibrium point for every I"B
which is a subgame of [, and for which K(m) inter-
sects B.

PROOF. Sufficlency is immediate since [’ 1S a subgame of itself.
Necessity. If 1rB is not an equilibrium point of FB’ there is an 1
and a PP such that H (xP|~P) > B,P). Let A, be identical with
except in I"B, where it is identical with PiB. Then by Lemma 12
Hi(ﬂ:lfi) > Hi(w), and T is not an equilibrium point in I'.

DEFINITION 18. If U and V are personal in-
formation sets, U is said to be connected with V
when there 1s a sequence of personal information sets
u', v?, ..., U} such that U=10', V="0" and for
each 1 there 1s a w that intersects U- and UX',
ana o' ¢ O3, o' ¢ U}, for any v.

LEMMA 14. Connected is an equivalence relation.

PROOF. a) Transitivity. If U 1s connected with V and V
is connected with V', then there 1s a sequence U’, U2, ooy Ul con-
necting U and V and another sequence V', V2, ..., V& comnecting V
and V*'. The sequence U‘, Ug, ey Ul, v2, ey Vh is a sequence of the
required sort connecting U and V'.
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b) Symmetry. Immediate from the definition.
c) Reflexivity. Immediate.

DEFINITION 19. Denote the set of equivalence
classes of information sets under connected by € =
(C,, C, ---}. Let 3,C= (x| there isa U € C and
x € U}, then B(C) = (x|x € 2, C and there is no
vy€ X0, y<{x} i.e., B(C) consists of the minimal
points of 2,C.

IEMMA 15. If C € & then B(C) defines a subgame.

PROOF. (1) Let U be any personal information set, U > B(C),
i.e., there is some w that intersects U and B(C). Let w intersect
B(C) in V. If UV, for some v, then U € C, and hence every w
that intersects U intersects B(C). If U C V, for some v then again
every w that intersects U intersects B(C).

(2) Let U be any personal information set, U< B(C). U ¢ C,
since B(C) is minimal. There 1s a w that intersects U and intersects
B(C) insay x€VeC, hence VCUy for some ¥, otherwise U € C.
Let V' be any other information set in C. By definition V and V'
are connected by a sequence V], V2, ceey Vl, \' =_V], VvVt = Vl We have
shown that V' C Uy for some V. Assume that vd ¢ Uy. There is a v,
that intersects VJ and VI*', and every w that intersects VJ inter-
sects U; hence, w, Iintersects U and vi*'. Now U ¢ V‘I)“ for any
N, since U B(C); whence if vt ¢ Uy for some ¥, U€C. Thus
vit! ¢ U’? for some 7, and 7% = ¥ since, by assumption, v, follows the
v'th alternative at U. Therefore there is a VY such that for every
Vec, VCTU,. A-fortiori, B(C) C U‘V'

DEFINITION 20. An equivalence class C is said
to cover an equivalence class C' when B(C) < B(C')
end there is no C'' such that B(C) < B(C'*') < B(C').

LEMMA 16. If C covers C', then for every
UecC', UD>B(C), and for every V € C, if there is a
w that intersects V and B(C'), B(C') C Vy, for
some V.

PROOF. Lemma 15.
Lemma 16 says in effect that if an equivalence class C preceeds

another equivalence class C', then B(C') defines a subgame of pB(C) .
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ILEMMA 17. Two different equivalence classes can-
not cover the same equivalence class.

PROOF. Suppose C and C' both cover C''. By Lemma 16 every
w that intersects B(C'') intersects both B(C') and B(C). Since B(C)
and B(C') are not identical, we must have either B(C) { B(C') or
B(C') < B(C). In which case either C or C' does not cover C''.

If the first position 0 of (X,W 1is a personal move, the C
containing O defines the entire game . If o€ Pos it is possible
that no C determines the entire game. In this case it is convenient to
extend the definition of € so that {0) € €. In elther case, we designate
the C containing O by Co’

THEOREM 6. C is a tree under the relation covers
with a distinguished vertex, C o
PROOF. Let §& denote the proper ancestral of covers, 1i.e.,
C =C' 1if and only if there is a sequence C], 02, ey Cn such that
c=¢,,C" = C, and Ci covers Cy .- > is transitive by definition and
asymmetrical by Lemma 16 and the a-cyclicity of the ordering relation
on K. C,>¢C for every C # C,- Finally, if G, ~C, C,+C, then
either C, =~C, or G, #~—C, by Lemma 17.

LEMMA 18. If (K,4) has effectively perfect in-
formation and C € € then C C%; for some 1.

PROOF. Let V€ C, Ve, be any information set in C. Con-
sider any U € C. U 1is connected with V by a sequence Ul, _U2, ceey Uh.
But if U ¢ %,, then UM™' €U, since, by assumption, if UM ¢ U,

i i+1 i+1 i d+1
then either U-CUy, or U CUy, and U ¢ C.
Lemma 18 shows that in the tree (®, the transition from a set of

subgames to a covering subgame involves only one player.

THEOREM 7. A necessary and sufficient condition
that (K,u) be essentially determinate is that the
complete inflation of (XK,W) have effectively perfect
information.

PROOF. Sufficiency. The restriction to the complete inflation
of (K,u) is required only for necessity. Hence, assume that (K,%) has
effectively perfect information. We show sufficiency by exhibiting, for
any h and p, a strategy n-tuple ® which i1s an equilibrium point. By
a minimal C € € we mean one for which there is no C' such that C &C*'.
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It is clear that a minimal C defines a one-person subgame. To simplify
ngta.tion, rather than writing PB( c) and B(C) e will write l"c and
.

(1) For each minimal C,1_|:C (= 1?10 where C C 1_1-1) is so chosen

that
B @) > 1, #/0)

(2) For any C, (V) ="' (V) for V € C', C Cr. TO(U),
U € C, 1is chosen so that

B @) > 5®& /2%, ¢y

where /’iC(V) = EC'(V) for V€ C', CC'. To show that any T con-
structed according to the above recursive rule is an equilibrium point,
let Pi be any strategy for player 1, anc let Pi] , Pia, ... be a
sequence of qtrategies for player 1 constructed as follows: (a) Pi‘ =
Pi’ (b) F:LJ is i1dentical with PiJ'” except for the C -- which we
shall call C. -- of highest rank which intersects K(E/FiJ ) and for which
A (V) # W (V) for some V€ C;- Note that CjC U;- (In case there are
two or more C of equal rank of.the specified kind, let C j be any one of
these.) (c) For V) B(C;), A7"(V) = % (V). Now by Lemma 12 and the
definition of ™«

u, (F/e 1) ) By G@/eyd)

Since there are only a finite number of C's which intersect K(m/p;) and
the step from f’i‘] to /’:'j_']+1 requires a reduction in rank (or at most a
finlte number of steps before a reduction in rank), the sequence Pi-] must
conclude with a Pil such that K(1—t//’il) = K(T), whence Hi(i'/fil) =
H(T) and therefore H;(W) ) H;y(%/F)-

Necessity. Assume that (K,W'), the complete inflation of
(K,) does not have effectively perfect information. Let X, € T e Z_Lj_'
be the personal position of lowest rank for which there 1s 2z € D(xo) N
zZ€E€VeEW', 1#£j, Ve Ty for any v (if there are several positions of
the same minimal rank with this property, let Xq be any one of these);
and let x € V € y_k', k # 1, be the position of lowest rank in D(xo)
such that V ¢ U, for any ¥. Since x € D(r?,xo) for some 1, there is
a y &€V such that y ¢ D(*q,xo) . For simplicity we relabel the persons
and alternatives so that T C P,, VCP,, x€ D(1,x,). We distinguish
three principal cases:

CASE I. x4 = g-1.b. {x,y}.

Let W=D(x) UD(y) and let m = max [r(x,), r(y,)]. Define
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h(w) as follows, where 2z 1s the highest ranking intersection of w with
W, or w_:

X Y
(a) w¢W
1. z€P,: hy(w) =0 for every 1.
2. z¢P,, z¢ (xy): hy(w) =; g for every 1.
5. z &P, z) (x)): hi(w)=;§ for every i # 1,
h, (w) = %’:'(JZ—)- for z ¢ P, otherwise h, (w) = g—g—} .
(b) wew.

. _ m
1. 17‘1, i%2. hi(W) —E(E)—.
2. 1i=1 or 1i=2:

h, (W) h, (W)
w € D(x,) ITH(]YY %
v € D(x,) e €3]
w € D(y,) % -P;I(nﬂ-
w € D(y,) 51(%)_ ?ﬁ%)-

With h as defined, no ™ 1is an equilibrium point. There are
two possibilities:

A. K(r) nW=o0.
Let zeUe U,' be the highest ranking intersection of
K(w) with My Or M.; and let A, be identical with T
except that fk(U =V vhere z, € u, or ¥y Then
He(r/Py) 2 v(zy) > r(2) = H(x)

B. K(®) AW+ o.
The pay-off to any player is independent of choices made
above V; hence there are essentially four cases, depending

on T (U) and 1r2(V); these are summed up in the matrices
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H, (1) Hy(1)
(V) T, (V)
2 1 2 2 1 2
M, (0) M, (0)
1 m m+1 1 m+1 m
2 m+1 m 2 m m+1

For any pair of choices T, (T), Trz(V), there is a choice by one
of the players that increases his pay-off.

CASE II. x, + g.1.b. (x,y}, U intersects Ny

g-1.b. {x,y} € P,, othervise X, would not be the minimal
position for which effectively perfect information later fails. Let
Yo € U be the lowest ranking position in L such that U intersects ¥y
and V ¢ U, for any +¥. Because of the minimality condition on ¥, Ue Ut
Let W, z, and m be as in Case I, and set t = r(x,) - r(yo). Define
h(w) as in Case I for (a) 1,2 and (b) 1.

. r(z
(a)3. z ¢ P, z > (x,}: hy(w) = iz for every 1 # 1,
. _ 2 m+i+t
z€w: h(w)= oz
for z ¢ P,
. _2m-t
z € L h, (w) =@
_r(z
h](w) olz for z € P1
(b)a.
b, (W) hy (W)
2m 2m+1
v € D(x,) 163) p(x)
2m+14t 2m
w € D(x,) 16N 163)
2m+1-t 2m
¥ € i) 0T 6l

2m 2m+1

¥ € D3, Py P
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The proof that no w 1s an equilibrium point proceeds as in
Case I except that a more complicated set of subcases must be examined.
A. K(x) nW=06. Let z be as in Case IA.

1.
2.

z<{ g.1.b. {x,y): Argument as in Case IA.

z> g.l.b. (x,y): Let zX¥eU¥ and z¥ ¢ W ve the
highest ranking intersections of K(w) with w, and

w_ respectively. There are two sub-sub-cases.

(1) Either U { z¥ or U { zX: Assume UX { 2.

Let UX ¢ u ' and let P be identical with ; except
that F (Ux) ¥ where z € w.. Then

Hi('n:/Pi) Z r(z)f,) + r(2Y) > r(zX) + r(ZY) = Hi(ﬂ:)

a similar argument holds in case UY { zX.

(11) ¥ z¥ and W ¢ zX. In this case both U%,
wWe W', otherwise the minimality conditions on T and
V are violated. Let /° be identical with ™, except
that for every U € U,°', x)U)z , /’(U) = y where

x € D(v,U). Then H, (fl’/l°) > 2m+r'(y0) ) r(zX) + r(2¥) =

H, (7). The central mequality holds since r(zY) -

r(yo) {m and r(zX) { m.

B. K(x) n W# 6. At most one of x and y is in K(m). Let
& denote the one that is in K(®) and B denote the other. Then *5
denotes X, or Y, respectively, and zp € Uﬁ SCT denotes the highest
ranking intersection of K(r) with W Note that zP < {!5 }. Let w,
represent any w € K(®w) n W.

1.

2P < [B ) Ub does not intersect W, Dbecause of the
mlnimality condition on oy Let f’i be identical with

T; except that P (uh) = v where zg € Wp- Then

Hy (%/Py) Y pla)hy(wy) + r(zh) > pin; (w) + r(zf) = 5y m)

2.

b 6.

There are four possibilities, depending on the choices
at U, U, and V. The apparent eight resulting from
two choices at each of three information sets is reduced
by the fact that either T =U or else four of the
possibilities give K(w) n W= 6 and are treated above.
Label the choices at U so that x € D(1,U), y € D(2,U).
U, U €U Dbecause of the minimality condition on ¥,
therefore the choices at U, U are completely under the
control of player 1 and we have the sub-matrices
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H, (1)
(V)
- 1 2
w(T) w(T)
1 1 2m+r(y0) 2m+1+r(x0)
2 2 2m+1+r(yo) 2m+r(xo)
Hy(T)
(V)
_ 1 2
w(T) ™(0)
1 1 am+1+1(y,) 2m+r(y,)
2 2 am+r(xy) 2m+1+r(x0)

For any one of the four possibilities, one of the players can choose a
strategy which will increase his pay-off.

Note that no essential modificatlon 1s needed in the preceeding
proof if we relax the minimality condition on X, requiring merely that
it is the lowest ranking position for which effectively perfect information
later falls and belongs to an information set which intersects both W,
and Ww_.

CASE ITI. x, # g-1.b. {x,y), T does not intersect My There
1s no loss of generality in assuming that for every U ¢ yb', if U
intersects w_ and Voo then ({x,y)} C Uy for some Y. This assumption
is justified by the following:

1. There is & z € V - D(T), such that for every U € U,',
U #V, that intersects W, and Wy {x,z) C Uy for
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some V. For assume that for every z' € V, z* ¢ D(T),

there 1s a U eW,', (x,z) ¢ Uy, for any ¥. By the mini-
maelity condition on x, U X,- Whence, by the minimality
condition on xg, U cCU, for some v, and hence D(U) C Uy
for some V. But then, for every =z'' € D(T) nV, and every
z' € V - D(T), there is a U € W,' such that z'' € U,

z! .G Uy V# 7. Thus by Lemma 7 D(T) n V is isolated in v,
contrary to the hypothesis that %' 1s completely inflated.
We can teke the 2z thus proved to exist to be Y.

There is no U ¢ A %' v %' such that T intersects

2

¥, and ¥y and (x,y) ¢ U, for any v by the minimality

conditions on X, and X.

There is no U € %', U < X, such that U intersects w,
and ¥  and (x,y) ¢ U, for any Vv, by the minimality
condition on Xy

If there isa U €W, ', UD x, and U Intersects w,, My
{x,y} ¢ Uy, then we have essentially Case II as noted at the

end of the proof for that section.

Let m and z be as in the previous cases. Let W =W v D(2,x)-

Define an h

(a)

(b)

as follows:
wéW
1. z€Pg: hi(w) =0 for every 1

2. z ¢ P,z » {XO]: hi(w) = %%%%

3. z¢Po,z)(xo}: hi(w)=;: for 1#1.

S
m
1=

1. hi(w)=f)%z')' for every 1 #1, 1 #2

2. h, (W) h, (W)
m+1 m

w e D(2,xo) p—(—)-xo p—-(—)-xo
m m+2

v € Dx,) B(x) pCx)

m+2 m
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m m

w € D(y,) 537 16
m m+1

v € Bl B(y) p(¥)

Let W* = [D(a,xo) v D(x)] n D(y). We consider two cases.

A. K(w) nwW*x =o0.

The argument is the same as in Case II A 1, 2(1).

B. K(m) n wWx #£ o.

Here there are four cases, depending on the choice at U and V,
summed up in the matrices

H, (1) H, (m)
", (V) ,(T)
1 2 1 2
T, (T) ™, (D)
1 2m 2m+2 1 2m+2 2m+1
2 2m+1 2m+1 2 2m 2m+1
J

and for any pair of choices, there 1s another choice open to one of the
players which increases his payoff.
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INFINITE GAMES WITH PERFECT INFORMATION
David Gale and F. M. Stewart

INTRODUCTION

The notion of a game with perfect information has been defined by
von Neumann and Morgenstern (21." The concept corresponds intuitively to
games like checkers and chess in which the moves and positions of a player
are known to his opponents at all times. The principal result of the theo-
ry states that a finite two-person zero-sum game with perfect information
is strictly determined, that is, that such games have a value which can be
achieved by pure strategies. Recently Kuhn [1] has obtained a generaliza-
tion of this result for n-person games which are not necessarily zero-sum.
In this paper we consider only the two-person zero-sum case, but relax the
condition of finiteness. Our first result shows that in this case the
von Neumann theorem no longer holds and such games may be indeterminate.

To illustrate this somewhat paradoxical result we consider the
"binary game." 1In this game players I and II alternately choose binary

digits O or 1. A play of the game consists of a countable number of
such moves or choices. Thus each play consists of a sequence, s(0), s(1),
s(2), ... of digits which determines the real number s = En:l s(n)/2n.

Player I wins a dollar from player II if s belongs to a certain subset T
of the unit interval, while player II wins a dollar from player I if s
does not belong to T. It will be shown that the set T can be chosen so
that no matter what strategy player I uses, there is a strategy by which
player II can win, while, contrariwise, for each strategy player II may
elect to use there 1s a strategy by which player I can win.

Since infinite games in extensive form have not previously been
considered in the literature, it is necessary to devote the first section
of this paper to setting up definitions and notation. In the second section
a proof is given of the general indeterminacy theorem already mentioned.

As might be suspected this proof depends heavily on non-constructive methods
such as well-ordering. It is therefore natural to inquire if a game can
still be indeterminate if the pay-off function is "well-behaved." For ex-

1Numbers in brackets refer to the bibliography at the end of this paper.
245
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ample in the binary game, how pathological must the set T be for the game
to be indeterminate? The remainder of the paper is devoted to investiga-
tion of such questions, that is, under what circumstances is a game strict-
1y determined? For this purpose we introduce in section 3 the notion of
the natural topology of a game and the concept of subgame. Certain simple
topological conditions are sufficient to insure strict determinacy. In
terms of the notion of subgame we define an absolutely determined game as
one all of whose subgames together with certaln other related games are
strictly determined. Using these concepts we are able to give the state-
ments of all the positive results which have been obtained. These are
listed at the end of section 3. As an example of these results we mention
that the binary game is strictly aetermineda if the set T belongs to the
Boolean Algebra generated by the open subsets of the unit interval. In
section ¥ we give proofs of the results listed at the end of section 3. In
the final section a number of unsolved problems are listed. As an example
we mentioned the following open question: Is the binary game determined if
the set T 1s & Gg or an F.?

Finally a word should be said about the reasons for considering
games of the type described. Certainly such a game camnot be played in its
extensive form, but it is hoped that the techniques used here may have
applications to infinite games in the normallzed form. Furthermore, con-
sideration of the counter example and the positive results in the infinite
case sheds light on the von Neumann proof for finite games. Lastly, in
certain tactical and chase problems one has a great deal, but not perfect,
information about the opponents' past moves. For such problems some exten-
sive form may be more useful than the normal form. We hope that this study
of games with perfect information may suggest methods helpful in the study
of some gemes with partial information.

¢1. DEFINITIONS AND NOTATION

A fundamental problem which must be faced by anyone writing on
games in extensive form is that of finding & notatlion which will adequately
represent the situation and at the same time will not be too cumbersome to
work with. It seems traditional that everyone who works in this subject
invents a new notation and we shall be no exception. Since we are dis-
cussing only a speclal case of extenslve games, namely two-person with per-
fect information, we have chosen a representation of such games which 1s as
simple as possible, and have not attempted to find a representation which
will apply to more general cases. Also we have eliminated the possibllity
of "chance moves," again for the seke of simplicity. What we do in this
section is to describe a mathematical model for the games to be discussed.
It would be possible simply to define this model and proceed to prove
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theorems about it without further explanation. The significance of the
results, however, lies in their interpretation as theorems about games and
for this reason we have chosen to justify each definition by its game theo-
retic Interpretation as we go along. This procedure which seems essential
to giving a clear understanding of the results, will necessitate a certain
amount of "talk." The reader may test hls understanding of the model by
seeing how the binary game fits into the general framework we are about to
describe.

A game in extensive form has been likened to a topological tree
(see [1] and [2]). Each vertex of the tree corresponds to & particular
"position" of the game and the branches lssuing from a given vertex corre-
spond to the positlons which are possible on the next move. The "root" or
initial vertex of the tree corresponds to the initial position of the game.
Further, each vertex of the tree is assigned to player I or II according to
whose move it is at the position in question. The first object in our
model of a game will then be a set X, the set of positions. This set is
partitioned into sets XI and XII to represent the fact that at each
position it is the move of player I or player II.

We must next describe how the vertices of the tree are connected
together. Given a posit:l.on2 x € X we must give a way of telling which
positions x' can be obtained from x on the next move. Such a position
x' will be called an immediate successor of x, while x will be called
the immediate predecessor of x'. A simple way of describing this situa-
tion is to give a function f which carries each position, x, onto its
immediate 1.)1:-edeceasox=,5 f(x). We must also distinguish a particular posi-
tion, Xy the initial position of the game. (Note that if Xy € xII’
then player II has the first move.) Every x € X except X, has an im-
mediate predecessor, and x, 1s a (not necessarily immediate) predecessor
of every x € X. These properties can be assured by imposing the following

conditions on f.

(1.1) f maps X - X, onto X.

(1.2) For any x € X there is an integer n » 0 such that f(x) = Xy -

2We use the standard notations, x € X for x 1s a member of the set X,
XCY for X is a subset of Y, and X vY and X NY for the union
and intersection of the sets X and Y. The empty set is denoted by A.
The set of all d(x) such that s(x) 1s denoted b (d(x) | s(x)}. The
supremum of this set 1s denoted by sup {a(x) | s(x)} or sups(x)d(x). If
£ is a function f|X is its restriction to the set X.

5We are assuming that each position has a unique immediate predecessor. In
an actual game, say chess, one knows that the same disposition of the pleces
can be arrived at by different successions of moves. This difficulty can be
avolded if we consider a position as consisting not only of the arrangement
of the pleces, but also of all previous arrangements.
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Now x 1s a predecessor of y and y 1is a successor of x if
for some integer n » 0, x = £(y). If n=1, x is the immediate prede-
cessor of y and y is an immediate successor of Xx.

The game is now played as follows. According as X, 1s In XI
or Xpp player I or II picks a position x; € f'l(xo) (note that f"l(xo)
is the set of immediate successors of xo). In general if n positions
have been chosen, then accordingu as X, belongs to XI or XII player I
or ITI chooses a point a1 € f'](xn). In this way a sequence of points
[xn) is chosen by the two players. Such a sequence is called a play of
the game.

More precisely a sequence, s(0), s(1), ..., 1is a play of the
game if
(1.3 s(0) =%, ,
and
(1.4) For any i > 0, s(i) = 1(s(i + 1))

The set of all plays 1s callec the space of the game and will

usually be denoted by S.

To complete the description of the game it is only necessary to
give a pay-off function, &, that 1s, a real valued function on the set S.
If the players play so that outcome is 8 then player II pays player I an
amount ¥(s) units. Most of our results are for the special case where $
is the characteristic function of a set SI which will be called the
winning set for player I; SII =9 - SI will be called the winning set for
player II. A play s of the game is a win for player I or player II ac-
cording as s € SI or 8 € SII'

To summarize

DEFINITION 1. A game " is a collection of
objects (xg, Xy, Xqq, X, £, 8, ¥, such that

(1.5) X, € X,

(1.6) XInXH=A, X VX1 =X,

(1.7) f 1is a function satisfying (1.1) and
(1.2),

(1.8) S 1s the set of all sequences satisfying
(1.3) and (1.4%),

(1.9) $ 1is a real valuea function on S.

hIn most games the players move alternately. We shall not require this
since its only result would be to complicate the notation.
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DEFINITION 2. A win-lose game [' is a collection
of objects (xo, X X0 X, £, 08, St SH) such that
(1.5) - (1.8) and

(1.10) SII]SII=A SIUSII=S.

A play of [ 1is an element of S. It is a win
for player I (player II) if it belongs to St (SII)-

The above description completely defines the rules of the game.
In order to discuss questions of determinacy it is now necessary to define
the fundamental notion of a strategy. A strategy here is clearly a rule
which in any position will tell a player what his next move shall be.

DEFINITION 3. If [ = (xo, Xy Xrp» X, £, S, ¥
is a game, the set, EI(I"), of strategies for player I
consists of all functions, @, with domain XI such
that

(1.11) a(x) € £ (x).
The set, ZH(F), of strategies for player II consists
of all functions T on Xi; satisfying

(1.12) T(x) € £ (%) .

Now to every pair of strategies ¢ and T will correspond a
unique play s of the game [I'. This play which we write as s = {r, 7> 1is
the play which results if the two players pick the strategies ¢ and T
respectively, and will satisfy the following inductive definition.

(1.13) s(0) = x,-

(1.14) If s(n) € Xq then s(n + 1) = a(s(n)) ;

if s(n) € XII then s(n + 1) = T(s(n))

We may now consider the pay-off function, #, as defined on
palrs of strategies, as is usual in game theory. That is @(6,T) =
B(,7>). The definitions of strict determinacy and of the value of a game
now Ffollow in the usual manner, ([2] p. 106) since we have now succeeded in
putting the game in the normalized form. Thus [' is said to be strictly
determined and have value v if,

1nf1-g§;II(P) SWec, (M) ®(0,7) = WP (M) MTGEII(V‘) B(o,T) = v

As usual with infinite games, we require only the equallty of infima and
suprema rather than that of maxima and minima.
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A win-lose game ['= (x,, X1, X5 X, £, S, Sy, S;p) 18
equivalent to the game with pay-off, P = (xy, X;, X1, X, £, 8, @)
where # 1s the characteristic function of S;- If P has a value then,
since # can assume only the values 0 and 1, there is a @ ¢ EI(P)
and a 71, € 5 q7(I" such that suprezl(r.) 2 (o,7) =

infTGEII(r.) $ (G'O,T) = §(0’o,’ro) = v. The value, v, 1s 1, and A

always wins % for player I if and only if for all T € EII(I"),

o, € Sr. Similarly v is zero and T, always wins for player II if
and only if <e,7T> € Sy for ull ¢ € 3.(M).

DEFINITION 4. If I = (Xo, XI’ XII’ X, f, S, SI’
S;r) 1s a win-lose game then the set, 2}' (M, (or
2‘;1 (")) of winning strategies for player I (or
player II) consists of all 6 ¢ EI(P) (or
T € %7(M) such that

(1.15) T ¢ EH(P) implies <O,T> € 8¢

(or
(1.16) T c ZI(P) implies <0,7T> ¢ S11 )

DEFINITION 5. A win-lose game (' is strictly
determined if 2¥ (M # A or Z}]I (M #£A.

$2. THE INDETERMINACY THEOREM

We now construct an example of a an infinite game with perfect
information which is not strictly determined.

At each turn the possible moves are i) choose the aigit 0 and
ii) choose the digit 1. Thus X, the set of positions, consists of all
finite sequences {a(1), a(2), ..., a(n)) vhere each a(i) is either O
or 1. The initial position X, is the sequence of length zero. A
position {a(1), ..., a(n)} is in XI if n is even, and in XII if n
is odd.

At each move a player cannot change the previous moves so
f(la(1), ..., a(n)}) = (a(1), ..., a(n - 1)].

The set, S, of plays consists of all infinite sequences of the
form ({(x, (a(1)), {a(1), a(2)}, (a(1), a(2), a(3)}, ... J.

We now construct subsets SI and SII of S such that the
win-lose game [ = (xo, XI, XII’ X, £, S, SI, SII) is not strictly deter-
mined.

The construction is based on two facts.

A. The number of strategies in X ("), (and in
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3 (M 1s 2o

B. For each T, € EII(P) the number of plays in
STo = K&, 7plee 30(M)) 1s 2 °. similarly for each

7 € ZpM, 8 = Ko, DIT € Tpy(M) nas Ko
members .

PROOF OF A. Each function © on XI to the set whose members
are 0 and 1 determines and 1s determined by a strategy, 0y € ()
vhere o ({a(1), ..., a(n))) = {a(1), ..., a(n), o({a(1), ..., a(n)))]).
Since XI has 220 elements there are 2 ° such functions and °
strategles. X
PROOF OF B. There are 2 © infinite sequences (&(0), &(1), ...,)

where d¢(1) 1s 0 or 1. Corresponding to each such sequence there is a
play s defined inductively by: 1) s(0) = Xqs 11) if s(2n) =
{a(1), ... a(2n)} then s(2n + 1) = {a(1), ... a(2n), &(n)); 1iii) s(2n) =

'ro(s(2n - 1)). Distinct sequences determine distinct plays.

For each such play, s, there is a (not unique) strategy o
such that <o',‘ro) =s. E.g., let o(s(2n)) = s(2n + 1) and a(x) is
arbitrary if x € X; but x # s(n) _for any n.

Thus there are at least 2 ° elements in [(0’,1'o>|0' € EI(P)] .
Since S itself has only 2 ©°, = Ko, 7pl0¢€ EI(I")) mst have
exactly 2 O elements.

The proof for S, 1is similar.

S
To

We proceed to theoconstruction of SI and SII'

Let & be the least ordinal such that there are 2 © ordinals
less than o&. By A we can index the strategies in EI(T‘) as @,
B € {¥]¥ { d}. BSimilarly we can index the strategles in ZII(I") as Tp’
ge (¥|¥ 4.

Choose s, € STO. Choose tj € S'ro so that t, # 8,- Proceed
inductively. If 8y, ty have been chosen for all ¥< B & the set

{tyl¥ < B) has fever than 2 © members so ST,, - {tl’” { B} 1is not empty.
Choose one of its elements and call it s '3 Similarly s"'p - [sle < Al

is not empty. Call one of its members tg,.

We now define A C S by the rule A = {sxlt {d}, and BCS
by the rule B = {txlh’ { &)}, and we assert that the sets A and B are
disjoint, i.e., for any ¥ and pB, Sy # tﬁ'

CASE I. If tﬁ,@ then tp €8, - {sé.lé' < 8 so

B

tp ¢ (sé,lé' { B} and therefore t # sy
CASE II. If ¥ > @ then sy € 5 - (té.la' < ¥} so
sy ¢ [tJH' < ¥} and therefore s, # tg- ¥
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We now partition S into two sets SI and SII in any manner
provided only that A C SI and B C SII' To show that the game so defined
1s not strictly determined it suffices to show that 2‘} r = 2¥I (") =4,
(see DEF. 5). Let ¢ be in EI(I") . Then 0 corresponds to some index,
say B. By construction there exists a play t B such that tp € Srﬁ and

hence there exists T € EII,SP) such that (o“ﬁ D = tg € B C Spp. Thus
% ¢ 2}' (P) and hence EI (M) =A. Symmetrically one shows that
E‘I’I (M = A, and hence the theorem is proved.

Thus ' 1is not strictly determined and we have

THEOREM 1. There is an infinite game with perfect
information which is not strictly determined.

{ 3. THE TOPOLOGY OF INFINITE GAMES

Our positive results about strictly determined games are most
easily stated in terms of a natural topology on the set, S, of all plays.
Bach play is a function from the non-negative integers to the set, X, of
positions. The topology imposed on S turns out to be that of pointwise
convergence of the functions if X 1s given a discrete topology.

Throughout this section we will give most of our attention to
win-lose games, but the definitions and results are equally applicable,
mutatis mutandis, to gemes with pay-off.

NOTATION. If ['= (xo, XI, XII’ X, £, S, SI’ SII)
is a game and x € X then

Wx) = {s|s € S and, for some 1, s(i) = x)

One easily verifies that the 1 1s the same for all s € U(x)
and is the integer i such that fi(x) = X,

DEFINITION 6. If T = (x,, X, X0 X, £, 8, Sp,
SII) 1s a game and s € S, a neighborhood of s 1is
any W(x) containing s.

Note that W(x) 1s a neighborhood of s if and only if x = s(i)
for some integer 1 ) o.

THEOREM 2. If [ = (xo, X1 X170 X, £, 8, SI, SII)
is a game the neighborhoods of polnts of S determine
a Hausdorff topology for S. In this topology S is
totally disconnected.



INFINITE GAMES WITH PERFECT INFORMATION 255

The proof is a routine matter of verification. We will wish,
however, to refer to the following facts.

(3.1) H‘f%x)=y then U(x) C Wy)
(3.2) If, for every i Z 0, neither fi(x) =7y nor fi(y) =X

then Wx) N Wy) = A.

We shall call a win-lose game [ open or closed according as
the set SI is open or closed.

It is desirable to be able to consider finite games with perfect
information as a special case of infinite games. There is a slight d4if-
ficulty in doing this since by our definition of a geme each play involves
an infinite number of moves. This can be gotten around, however, by
introducing "dummy" moves, that 1is, positions such that the player whose
move 1t 1s has only one alternative. Such a position shall be called
ineffective. In terms of our notation the position x 1s ineffective if
f'1(x) contains only one element. Thus chess may be considered an in-
finite game by meking all positions which are successors of a checkmate or
stalemate ineffective.

Consider now the following three finiteness conditions.

DEFINITION 7. An infinite game [ (xo, XI’ xII’
X, f, 8, ) satisfies condition F.1, or F.2, or F.3 if,

respectively,
(F.1) X contains only a finite number of effective
positions;

(F.2) there is an N such that for all s € S, n>» N
implies s(n) 1s ineffective;
(F.3) For every s € S only a finite number of the
s(n), n=0, 1, ..., are effective.
Note that (F.1) implies (F.2) and (F.2) implies
(F.3).

We now state a result connecting the notion of finiteness with
the topology of a game. The proof 1is straight forward and we omit it.

THEOREM 3. The game |' satisfies the condition
(F.3) if and only if the space of {° is discrete.

Von Neumann has proved [2, pp. 112-128] that finite games with
perfect information are strictly determined. His methods -- in particular
section 15.8 -- can be extended to show that every game satisfying (F.3) is
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strictly determined. However, this result turns out, in view of Theorem 3,
to be just a special case of our Theorem 15. There need not, however, be
a strategy which ensures the achievement of the value. This situation is
clarified by Theorem 16.

Another concept intimately related to the topology of a game is
that of a subgeme.

DEFINITION 8. A win-lose game ['* = (xo', XI',
Xip's X', L1, 8, S1%, SII') is a subgame of
M= (xg Xp» Xpps X, £, 8, 81, 8pp) AF

(3.3) X' = X,

(3.4) Xp' € Xqp Xpp' € Xpqp

(3.5) f' = f|X'

(3.6) S;' =87 NS', 8y =8 NS

For games with pay-off (3.6) 1s replaced by
(3-7) 3 = g[S

Intuitively a subgame 1s obtained by adding new rules forbidding
certaln moves. E.g., if two chess players agree to use a particular
opening, they play a subgame of chess rather than chess itself.

The connectlon between subgemes and the topology is embodied in
the followling two theorems whose proofs will be found in section 4.

THEOREM 4. If |'"=(xo‘,XI', XII', X+, £+, S,
SII') is a subgame of I = (xo, Xy Xy75 X, £, 8, S1s
SII) then S' 1is a closed, non-empty subset of S.

THEOREM 5. If I'= (x,, X;, Xyy, X, £, 8, Sq, 8¢p)
1s a game and F 1s a closed non-empty subset of S
then there 1s a unique subgame of [® whose space is F
with its relative topology as a subset of S.

NOTATION. If F is a closed, non-empty subset of
S then the corresponding subgame of [' will be denoted
by Mp, and X7, X7, X7, F, sF, sF, sﬁl will denote
the objects such that [ = (x,, X, xFI, x, F, sF,
st S?I) . If F 1s a neighborhood U(x) we will
use I"x, x’i‘, etc. instead of Pu(x)’ XIu(X), etc.

We now define certain simple set theoretic operations on games .

DEFINITION 9. If I = (x,, Xy, X1, X, £, 8, Sq,
Sgp) and ™ = (xy, X, Xpp, X, £, 8, Sp', Sqq*)  then
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we define the intersection of ' and ' by
P ﬂr" = (XO’ XI’ XIIJ x: f: S; SI n SI': S - <SI n SI'))
and the union of ' and ™ by
PUP' = (XO’ XI, XII: X, £, S, SIU S+', 8 - (SI v SI')) .

Note that unions and intersections can only be defined for pairs
of games having the same Xy XI, xII’ X and f.

DEFINITION 10. We define the negative of the game
" = (x,, ¥, X;p» X, £, 8, 87, Sg)  to be the game
- P = (xgs Xgs Xpps X, £, 8, Spp, 8p)-

In section 5 we gilve examples to show that the unions, inter-
sectlons, and negatives of strictly determined games need not be strictly
determined. Accordingly one i1s led to consider the following stronger
condition of determinacy for a game.

DEFINITION 11. A win-lose game [' is absolutely
determined if all subgames of [ and - [® are strictly
determined.

We are now in a position to state our remaining results. The
proofs of most of them will be given in the next section.

THEOREM 6. The union of an open game and an
absolutely determined geme is strictly determined.

COROLLARY 7. An open or closed game 1s strictly
determined.

COROLLARY 8. A discrete game is strictly deter-

mined.

COROLLARY 9. The intersection of a closed game and
an absolutely determined game 1is strictly determined.

COROLLARY 10. An open or closed game 1s absolutely
determined.

THEOREM 11. The intersection of an open game with
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an absolutely determined game is strictly determined.

COROLLARY 12. The union of a closed game with an
absolutely determined game is strictly determined.

COROLLARY 13. The union and intersection of an
open or closea game with an absolutely determined game
are absolutely determined.

THEOREM 14. If I'= (Xo, XI, XII’ X, £, S, SI,
and SI belongs to the Boolean algebra generated by
the open sets then [' is absolutely determined.

S11)

THEOREM 15. If TI'= (x, Xp, Xpp> X, £, 8, B is
a game with pay-off and ¥ is continuous then [' is
strictly determinea.

THEOREM 16. If I = (x,, X, Xy1» X, £, 8, 8 is
a game with pay-off the following three conditions are
equivalent:
i) For every x € X, £71(x) 1is a finite set.
ii) S is compact.
1ii) For every continuous pay-off function ¥ on
S the value, v', of [ = (xo, X1, XII’ X,
f, S, %) can be achieved. (I.e., there is a
o, € 27(M) and a 7T, € 3(M") such that
inf‘rg EII(P')Y(<O—O’T>) =

supo-ezl(p.)‘l’(@-,‘ro)) =¥ ,T,) = v'.

{ 4. PROOFS

This section consists of the proofs of Propositions 4 through 16.

PROOF OF THEOREM 4. Since [ 1is a game, S' cannot be

the set of all sequences satisfying (1.3) and (1.4) with f' = f£|X?
place of f. Now if t € WU(s(n)) then t(n) = s(n) ¢ X* so S - 8*
contains a neighborhood of s. Thus S - S' is open and S' is closed.
PROOF OF THEOREM 5. Let X' = (x|x € X and Wx) N F £ AJ,

- F F
x?'-XIAX’XII_

K - F oF _ F _ F o _
XIInX:fF"flx)s—F,SI—SIAF)SII—

F

empty.

8 be any element of S - S'. For some n, s(n) ¢ X' since S' 1is

in

SII NF,

and PF = (xo, Xﬁ, X

I11°

X, fF, F, 8F, sT). since (3.3) - (5.7) are

obviously satisfied, PF is a subgame of [ if FF is a game. We proceed
therefore to verify that PF satisfies (1.5) - (1.9).
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Clearly (1.5) and (1.6) are satisfied.

Now (1.1) and fF = £|x¥ entail (1.2) so (1.7) depends only on
verifying (1.1) for . Since U(x) € U(£(x)) the range of is
contained in XF. By definition, if x € XF then there is an s € F and
an integer n )» 0 such that x = s(n). But s € Ws(n + 1)) 80
s(n+ 1) € XF and x = s(n) = f(s(n + 1)) = f‘F(s(n + 1)) so the range
of fF contains

As sbove if s € F then s(i) € X* for every integer i 2 0.
Thus (1.3) and (1.4) hold for every s € F. Hence to establish (1.8) we
need only show that every sequence, s, satisfying (1.3) and (1.4) belongs
to F. If 8(0) =x, and s(i-1) =fF(s(1)) then s(1) ¢ X¥. Hence
every neighborhood, W(s(i)), of s contains points of F. Since F 1s
closed, 8 € F.

Condition (1.9) is clearly satisfied.

Thus PF is'a s?bga.r'ne. We now show'thaF it is unique by
assuming that I = (xo, Xps Xqps X+, £, F, SI’ SII) is a subgame and
proving ' = T. '

By (3.3), X, = X%,- .

If xeXx then by (1.1) there is an n such that f Dixy = Xq-
set s(1) = £ % %(x) for o {1 n. Since f 1s onto (i.e., (1.1)) we
can, by induction, define s(i) for i=n+1,n+ 2, ... 80 that
s(i) = f'(s(i + 1)). By (1.8), s €F. BSince s ¢ U(s(n)) = Wx) it
follows that x € X°.

Conversely if x € XF then, for some s € F and some integer
nyo, x= s(n). Using (1.8) and (1.4) s(i) € X* for all i, and in
particular x = s(n) € X'. Thus X C X'.

Hence XF = X' and, by (1.6), (3.4) and the definitions of

F F F _ ' Fo_ 5
XI and XII’ XI = XI and XII XII' ,

From (3.5) and (3.6), f£' =f|X and S;=S; NF and
SiI = SII N F which completes the proof.

In the following proofs we need to know something of the rela-
tionship between strategies in a game and those in its subgames. If
M= (%45 Xi, X]'ZI’ £+, S, S]':, SiI) is a subgame of [ a strategy

T ¢ 3;(M is an extension of ¢ € 3(r) if

(&.1) g = G'IXI .

Extensions of T' € EH(P-) are defined similarly. Clearly every strate-
gy for a subgame has an extension which is a strategy for the original game.

LEMMA 4.1. If
[ ' ' ]
(h.2) F' = (xO’ XI’ XII’ X': f': S', SI’ SII) is a
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subgame of [
(4.3) oc ZI(F) is an extension of ¢ € EI(P')
(4.4) Te (M
(4.5) {r,T) € 8¢
then there is a T' € EII(T") such that <{e',T') =
e, 7>

PROOF. Let (0,7 =s. By (4.5), (1.4), and (3.5) s(1) € X¢
for all 1. Let T'(s(1)) =s(i+ 1) if s(i) € Xy, and let T'(x) be
any element of £l x) if x ¢ XZ‘[I and x # s(1) for each 1. Iet
s' =, 7). If s(i) =s'(i) € X{ then by (k.1) and (k.3) s(i+1) =
0(s(1)) = e'(s'(1)) = s'(L + 1). If s(1) =s'(i) € Xy; ther s(1+1, =
T(s(1)) = s'(1 + 1). Since s(0) = x = s'(0) we have s = s' by In-
duction.

IEMMA 4.2. 1f [ .- (xo, Xp X X £, % 8q, EJ.,)
is a game; Y C X; for each y € Y, theres is a
€ EI(F‘ ); and e, € 3(M") then there is a
¢c 2;(")" such that for each T ¢ _5,‘.__“") either
(%.6) ey =<0, ™ ¢ UyEYu(y)
or
(%.7) For some y €Y anu some Ty € EH(Y‘Y),

D =< g T

PROOF. If z is a success~r of some y € ¥ let ¢(z) be the
"last" predecessor of z in Y. I.e., 0(z) = fn(z)(z) where
n(z) = sup (1/£X(z) € Y). Let

o (x) 1f x € X; and, for all 10, fi(x) ¢ ¥
6(x) = s

-

¢(x)(x) if x € X; and, for some i > 0, f(x) € Y.

If Te ZII(F) let s =<0,
If s ¢ UyGYu(y) then there is a least integer n such that
s(n) € Y. For x = fX(s(n)) =s(n - 1) € X(p 1=0,1, ..., n,
0(x) =s(n-1+1) = d‘s(n)(x) so o 1s an extension of @y n): BY
Lemme 4.1 there 1s a Ty ;) € EII(FS(H)) such that (o, 7> = <°'s(n)’Ts(n)>'
If s ¢V cyWy) then s(i) € Y for each i. Hence if
s(1) € Xp, 8(1 + 1) = 0(s(1)) = 0 (s(1)) so (,7) =<0, 7).

LEMMA 4.3. If [ 1s a subgame of [, o€ X (I
is an extension of ¢' € EI(P'), and T€ ;.M is
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an extension of T' € 3;1(M) then {o,™ =<o', 7.

PROOF. Let s =<o,T, s' =<e',7T'>. By (3.3) and (1.3),
s(0) = s'(0). If s(i) =s'(i) € Xy, then, by (3.5), s(i+ 1) = 0(s(1)) =
' (s'(1)) =8'(1 + 1). Similarly if s(i) = s'(i) € Xyp then s(1+1) =
T(s(1)) = T'(s'(1)) = 8'(1 + 1). In either case s(i + 1) =s'(1i + 1).
Hence by induction s(i) =s'(i) for all i, or s = s'.

b4, =
LEMMA 4.4. If ['= (xg, X X X, £, 8, Sp, sH)

is a game, f(x) € X;, and ZI (Py) 1is not empty then
EI (Pf(x)) is not empty.

PROOF. It is clear that M, 1s a subgame of r'f(x) . If
T c E (Ty) 1let o¢ "’I(Pf( ) be an extension of ¢'. If
Te€ EII(Pf(X)) then, since f(x) € Xp, T' = TIX[ € EII(Y‘ ). By Lemma

.3, L&, =<¢',7D € S; because ¢' € EI (f‘x)- Thus @ € E}' (Ff(x))‘

LEMMA 4.5. If T= (x,, Xy, Xrpp X, £, 8, 87, Spp)
is a game and if x € X, such that f(y) = x implies
2¥ (Fy) is not empty, then E; (") 4is not empty.

PROOF. If x € X then (P ) is not empty by Lemma 4.k.
If x€Xpp let Y = (x) For each y € Y choose
€ 2}1 (I"y) Let o, be any element of 2 (M. Let ¢ bea strategy
determined from Y, O v % according to Lemma 1+ 2. Since U U(y)
(%.6) can never hold. Thus for any T, and some J € f'](x), (U’ T =
(6’ T) where Ty € EII(T‘ ). Since L € E (I" ), L, € St
To avoid unnecessary repetition we do not prove the dual lemmas
with the roles of the players interchanged.
PROOF OF THEOREM 6. Let G be open in S and let M be
sbsolutely determined. We shall show that

I = (x,, X» Xpp» X5 £, 8, Sp UGy Sy - @)

is strictly determined.

Let
*
M = (x,, Xp Xppp % £, 8, G 5 -G)
* W *
Wy = {le‘I (') is not empty) ,
F=25- wrl(x) -

ewy
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If 1A(x) C ¢ then every o € EI(T'X) will win for player I, so x € W;-
Since G is open 1t is the union of all neighborhoods contained in it.

Hence

(4.8) G cC xewi‘u(x)

If x, € w; then any o~ ¢ 3 ("} ) will, a fortiori, win .
(o]

If Xy ¢ W then, by induction using Lemmas 4.4 and 4.5, there
isan s €3S such that s(1) ¢ W for each 1. Accordingly s € F, so
F is not void and determines a subga.me, FPp, of .

Since [I' 1s absolutely determined it remains only to show

A: If 2¥(PF) # I\ then ‘:'[’ (") # N\, and
B: If Xi; (Mp) # I\ then 2"’1 ") # A
PROOF OF A. For each x € WI choose @, ¢ EI (P ). Choose

T, € EI (P ) and let @  be any extension of 0'1 By Lemma k.2 there

isa o€ ZI(P) such that for esch T € 2pp(™M either

(k.9) O, =L5,, > €EF
or
(%.10) For some X € W;, and some T, € EII(F'X)
O, =<0, 7> .
If (4.9) obtains then, by Lemma 4.1, there is a T, € % 1(Mg
such that <O,1> =<0, 7> =<0, T;>. Because o € 37 (M ), &, 7> € SI
If (4.10) obtains then, since @, € EI (PX), {&,7) € G.
In either case <&,™ € S;v G so o€ 3T (M).
PROOF OF B. Choose Ty € 37; (Mp). Choose T(x) = Tp(x) if

X € x?l ; T(x) d1s any element of f"l(x) - w; if such exist. If x is

any other element of XII then 7(x) 1s any element of £ (x). Let o
be any element of EI(F") . If <&, € F then by Lemma 4.1 and the fact
that

Tp€ 37 (Mp) ,<&™ €F-8;=8- XG,,,T(x)-slcsl G .

If {0, T> =s ¢ F, then there would be a least integer n > 0
such that s(n) € Wy. By Lemma 4.k s(n - 1) = £(s(n)) ¢ X;. But If
s(n - 1) € X;p - W] then by Lemma 1.5 there would be a
y € £ (s(n - 1)) - W]. Accordingly, by the definition of T,
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s(n) = T(s(n - 1)) € £7'(s(n - 1)) - W;, which is impossible.

Thus for every o, {6,T) € Syp - G-

PROOF OF COROLLARY 7. Apply Theorem 6 to the special case where
the sbsolutely determined game is I = (x,, Xy, Xi» X, £, S, A, 8). This
proves the corollary for open gemes. If I = (x,, Xy, X0 X f) S, 81 SII)
is closed then M = (x,, Xy, Xy, X, £, 8, Sqp, SI) is open. The corol-
lary then follows from the obvious 1-1 correspondences between 2 )
and ZII(P) and between EII(F ) and 2, (") which maps winning strate-
gies onto winning strategies.

PROCF OF COROLLARY 8. In a discrete game every set S5; C 8 is
open. Hence by Corollary 7, a discrete game is strictly determined.

PROOF OF COROLLARY 9. Let M= (XO, XI’ XII’ X, £, S, SI’ SII)
be absolutely determined and let F be a closed subset of S. We must
show that I = (xo, XI, XII’ f, 8, SI nNF, S - (SI N F)) is strictly
determined.

Consider the game

r‘” = (xO’ XII’ XI: X, f; S: S - (SIA F): SIn F)

and note that S - (SI NnF) = SII U (S -F). Since ' is absolutely
determined PM'' is by Theorem 6 strictly determinea, ana reversing the
roles of the two players again shows that so is .

PROOF OF COROLLARY 10. Let SI C S be open. If
F- (x XF XII’ XF fF sF =F, S{NF, SIInF) is the subga.me of [
determined by the closea subset F then the topology of S is just the
relative topology of F as a subset of S. By the previous corollaries
Mp and - M= (x,, X X, X , ¥, 8F, 8, nF, 8 NF) are strictly
determined.

PROOF OF THEOREM 11. Let I = (xo, X1s XII’ X, £, S, SI’ SII)
be absolutely determined and let G be an open set in S. We must show
that (xo, X1» XII’ f, 8, SI NG, S - (SI NG)) 1is strictly determined.

Let

]
]

(xlwx) C G and 37 (M) #M

{(x|U(x) C G and 2¥I (M) #4)

N
]

For y € Y choose 0 € w (f‘y) For z € Z choose T, € ?I (f'z)- Let
M = (x,, Xp, Xrp» X5 £5 8, U Ux), 8 - U Wx)). By Corollary 7 ¥

is strictly determined.
CASE A: XY (M) # A\
Choose 0 € 2 (M'*) and determine a strategy using Y, 0",
and @, as in Lemma L.2.
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Let T be any element of EII(T‘) . Since o, T) € UxGYu(x),
(4.6) cannot obtain. Hence for some y € Y and some T _ € EII(F ),
(7> = Loy, Ty Since o € FT (M), &y, Td € 5p aU(y) € 5y G Thus
Te 2}’(\"&
CASE B: X7 (M) # A.
Choose T, € E‘Z'[II (M"*). We can apply the dual of Lemma 4.2
to the set 2Z, the strategies 7T,, z € Z, and To to determine a

zZ
Tec ZII(I"') such that for any o € EI(I"') elther

(%.11) <0-1T> = <0", TO> ¢ \/ZGZu(Z)
or

(4.12) for some =z € Z and some O, € EI(PZ), e, T =<K5,,7> -

If (4.11) obtains then, since T, € E}II (M*), Lo, =
(U',To> ¢ UyGwa)' Using this and (%.11), <0,7> € S - \/yGYu(y) - Uzez’ll.(z) .
Since M 1is gbsolutely determined anda G is open,

S - Uyqu(y) - Y Mz) =8 - u’u(x)CGu(X) =8-GCS - (S;nQ)

If (4.12) obtains then, since T, € E‘IEI (PZ), (o, T =
{o,,T,> €8y =8-58;C8-(8;n0G)-

In either case T defeats ¢, so T € 2;:’1. (r+).

The proof of Corollary 12 is like that of Corollary 9.

PROOF OF COROLLARY 13. Let I = (xo, X1s XII’ X, £, S, SI, SII)
be absolutely determined and let T be an open subset of S. We must show
that (xo, XI, XII’ f, 3, SI uT, SII - T) and
(xo, X Xy £, 8, 8. AT, 8 - (SI NT)) are absolutely determined.

Let F be a closed subset of S. Now (SI UT) NF =
(8 nF) U (T nF) and (811 - T) NF=(S;1nF) n((8-T) nF). Since
the topology in SF =F 1s its relative topology as a subset of S,

(XO" x?: x?:[’ XF’ fF: SF’ (SI v T) nF, (SII - T) nF) and

(x,, Xp, Xop. X, £, 8%, (8, - ™ NF, (5, UM NF), are, by Proposi-
tions 6, 9, 11, and 12, strictly determined. I.e.,
(xo, X1 XII’ X, £, S, SI vT, SII - T) is absolutely determined.

We omit the proof for (xo, XI, XII’ X, f, S, SI nT, S - (SI nT).

PROOF OF THEOREM 1L4. Because the topology of the space of a
subgame 1s the relative topology it will suffice to show that [ is
strictly determined.

Every element of the Boolean algebra generated by the open sets
belongs to a Boolean algebra generated by n particular open sets. We
assume that the theorem is true if SI belongs to a Boolean algebra



INFINITE GAMES WITH PERFECT INFORMATION 263

generated by n open sets and prove that it then holds with n replaced
by n + 1. Corollary 13 ensures that it 1s true for n = 1.

We assume that SI belongs to the Boolean algebra generated by
the open sets Gy, ..., G, ,- We give the proof for the case

(4.13) G N ... NG,

a1 € 811 (G_:L here denotes S - Gy)

The proof for the contrary case, G; Nn...nNn G;1+1 C SI is obtained by
interchanging the roles of the players.

Let Y= (yIU(y) C G for some 1 and 37 (M) #MJ,
z = (z|W(z) C G; for some 1 and 2;1 (f‘z) #N). For each y €Y

choose oy € E; (I"y) and for each z € Z choose T, € 2‘}1 r,).

If W(x) C Gy for some 1 then S)I( =5z W(x) C Sy n Gy Thus
S’f belongs to the Boolean algebra generated by G; N WKy oves
Gy_y N U(x), Gy N U(x), «-.» el nU(x). By the inductive hypothesis
ry 1is strictly determined so x € Y UZ and, using (L4.13)

(k1) 81 C Gy U -v UGy, = U U v Uy Mz)
By Corollary 10, T'' = (x,, Xy, X;p» X5 5 S, UyGYu(y)’
S - Ueru(Y)) is strictly determined. We thus have two cases to consider.
CASE A: 3T (M) # A
Choose @ € 2}' (IF'*) and let o Dbe determined from Y, G'y,
and Ty according to Lemma 4.2. Let T be any element of EII(F) .
Since @ € 2¥ ('), (%.6) cannot hold. Thus from (4.7) there

isa ye€Y anda Ty€ EH(Y‘Y) such that <0,7> =<0, T>. Since

v € pald (Pg), o> € 8 nUy) ¢ 8 and e X7 (M.
CASE B: X 7p (M) # A

W ' s
Choose T, € 3 qp (M) and let T De determined from Z, T,,

and T, according to the dual of Lemma 4.2. If @€ 2X;(P) then either

(4.15) KT =<5, 1 € U Mz,
or
(4.16)  for some z € Z and some 0, € (M), <&,T> =<7, T .
If (4.15) holds then, since T, € 2¥I Py, <o,7™ ¢ Uyuu(y).

Combining this with (4.15) we see by (k.1k) that {7,7> € 8-
If (4.16) obtains then, since o, € X711 (M), o, € 871 N W(z).

In either case {o,T> € Sy 80 TE E‘I'I (m.
PROOF OF THEOREM 15. Let 3, = {s|]s €38, s) >d). Since ¥
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is continuous [, = (x,, Xy, Xgp» X, £, 8, 8, 8 - 84) 1s strictly

determined. Let v = sup (4] 2‘]':’ (f) #A). If v, { v then there is an
«, v, { & such that 2}' (F‘d‘,)' 1s not void. Choose o € 2¥ (fg) ¢ ZI(F).
If 7€ SN = J(M) then <o, € 84 so 2Ko,™) > 4D v,.

Th inf. (s>, ™) > inf. B, D) P LD v,
us sWee v () Wfrey (n) B 2 Wfresy () B 2 L0
Similarly if v, > v then there is an &< v, such that

2 ¥I (I"d.) is not void. There is, as before, a T‘O such that

infres (M) SPocy, (r) FCTD) L sWecy, (n) BLCTTR) L A< v,
Since SHPEGEI(F) 1nfTGEII(P) §(<€|’,1>) S.

infre 5o (M SPre 50(M) #{o,7™>) for any #, it follows that

infTEZII(F) SUPO'GEI(P) Fo, D) = Supo—ezr(p) infTEEII(r.) B, D) = v.

PROOF OF THEOREM 16. We omit details.

If £~'(x) is infinite then the set (Uy)|y € £~ '(x)) u
{U(z) lW(z) n Wx) =A) is a family of open sets covering S. No finite
subfamily can cover S. Thus 1ii) implies 1).

By setting up a 1-1 mapping from S 1into a closed, totally dis-
connected subset of the unit interval one can show that 1) implies 1i).

We omilt the construction of a function ¥ showing that when 1)
fails so does iii).

To show that 1) implies iiil) one places on the sets of strate-
gles a topology analogous to that on S. Then <0,7) is a continuous
function of ¢ and 7. If 1) holds then both X (M) and (M are
compact. Using the SGL, Pd_ of the proof of Theorem 15 one notes that
S - 8, is closed. From this and the continuity of <0,7> 1t follows that
%7r (Ty) is closed. Now o > § implies p 1N (F) C 377 (y). Choose
a sequence d, > ¢2> ... > v converging to v. There is a T, € 2}11 (Pd"n)

for all n» 0. For any @ € %(M, 3T, 1) (& so B(T,TY)  v.
¢5. EXAMPLES AND QUESTIONS

Simple examples obtained by inserting indeterminate games as
subgames show that various plausible conjectures are false. Throughout
this section ™ = (yo, YI’ YII’ Y, g T, TI’ TII) will stand for some
fixed game which is not strictly determined. The reader will find that
sketching the topological tree corresponding to the rather laborious des-
criptions given makes the ideas comparatively transparent.

EXAMPLE 1. A subgame of a strictly determined game need not be
strictly determined.

Let (xo, Xy, ...)] be any sequence of distinct positions. Let
Xp =Yy vixgli 1s 0dd), Xqp =Yy U (xyl1 18 even), X =ZX; vXyp, and
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let f(x) =g(x) if x€Y -y, £(y,) = Xy flxg) =%, if 1 2 1. Let
Sy b Uxy ¥os ¥ys --:dl{ygs ¥ys ---)} € Tpp)  together with the sequence
{xo, p I ...} and let 8= ([Xo, Yor V> ...]|{y0, ¥y, ...} € TIl,

S =8y USp. If U= (xgs X;> X710 X, £, 8, Sq, SII) then any

Te ZH(P) such that T(x,) = x, belongs to 2}’1 (). The subgame
determined by the closed set [{xo, Vor ¥y -3 13gs ¥ys ...} €T} CS is
not strictly determined.

EXAMPLE 2. The game T = (xo, X Xqp0 X5 T, S, 8p» SII) may be
strictly determined while - I'= (xo, X X710 X, £, 8, S0 SI) is not.

Let XI’ XII’ X, © be the same as in Example 1. Let SII be
([xo, Yor V1o ---}Ityo, Y5 ---) € TI} together with (x5, X, ...} and
let S; be (xy 555 ¥q4» -+ 3555 ¥y5 -} € Typ). Again T(x,) = x,

implies T € X1 (). Each strategy in 23;(-T') consists of a function
on X, Xz, ..., anda functionon Y;. If T€ 3p(- ™ and T(x,) =

then for any o € EI(— P, &, = (x,, %, -..) €8y 80 TE Z‘IJI (-Mm.
On the other hand if T(x ) = ¥y, then {r,T> = s, where s(0) = Xy, and
S(1+1) = t(1) and t=<r*,T*> with o* € 2%, T € Zp(M).

Since P* 1is not strictly determined neither is - I'.

EXAMPLE 3. The intersection and union of strictly deter'mined
games need not be strictly determined. I e., there are sets SI and SI
such that Iy = (xo, I XII’ X, £, S, SI, S - SI) are strictly determined,

2
but = (x,, Xp» X X £, 8, 87 u s, 8- (5p us])) is not.

Let I‘1 be the game of Example 1. Let Si consist only of
[xo, Xy +-e)-

An interchange of the roles of the players shows that union may
be replaced by intersection.

EXAMPLE 4. There are games [ = (xg» X X1 X, £, 8, 8, SII)
and " = (x XI’ XII’ X+, £+, 8', i, SII) and a function ¢ such that
M is strictly determined while ['* is not, although ¢ is a homeomorphism
of S onto S' which carries SI and SII onto SI and SII I.e.,
strict determj_rmcy is not a topological invaria.nt

Let I'l = (yo, Y%, YII’ 81> i, TI, TII)’ i=1, 2 be two
replicas of [*. Let X,, Xy, X, be three distinct positions and let
[zo, z:{', ...} 1=1, 2 be two infinite sequences of distinct positions.
Let XI and XI both consist of X, all z?]: with j even and all
y €Y uYs. Let xH and Xj; comsist of x,, X, 8ll zj with j odd

= iy o
and all y € Y UYII. Let X =X' -quxII. Let f£(y) =f£'(y) =

. i
gi(yi) for yt ¢ yi- yo , f(zi) f'(Z ) = Zf]:_1 for j 21, flzy) = x,,

£(yl) = x,, £x;) = £(x) = f'(x1> =t <x2> %o, and f(z) = £1y) = x,
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f'(zﬁ) = f'(yg) = X,- L
Let S; be all sequences of the form ({x,, X5, ¥g» V7> vl
with {yi, y}, ...} € T%, i=1, 2, together with (xo, X5 ziL, vel)

1=1,2. Let S and Sy be determined accordingly. Let Sy be all

sequences of the form {xo, Xy» yi, yli, ...} with [yé, y1i, ...} € T%,

i=1, 2, together with {xo, Xy, zé, z}, ...}, i =1, 2. The homeo-
morphism ¢ is

i
O(xys Xps T2 05 -2)) = (X Xys Tos Fis o-) s

O(Ixo, X5 z(i), z1i, col)) = [xo, Xq» zé, zli, S |

We now list some questions whose answers we should 1like to know.

QUESTION 1. Are there examples in which every subgame of
r= (xo, XI, X110 X £, S, SI’ SII) is strictly determined, but
- M= (zg, Xps Xyp0 X5 £, 8, St SI) is not?

QUESTION 2. Are the union and intersection of absolutely
determined games absolutely determined?

QUESTION 3. How far can Propositions 10, 11, and 17 be extended?
E.g., is ' strictly determined if SI is a Gg? Does the family of sets
SI such that I 1is absolutely determined coincide with any of the well

known families of sets, e.g., the Borel sets?
QUESTION 4. Is absolute determinacy a topological invariant?
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SIGNALING STRATEGIES IN n-PERSON GAMES'
G. L. Thompson

Behavior strategles have been used successfully to solve a number
of games, notably Poker (see, for example, references [1], [3], and [4]).
However, the only way to solve games without perfect recall has heretofore
been mixed strategies. In the first part of the paper we introduce the
ldea of signaling strategles, associated behavior strategies and composite
strategies in n-person games, and prove that any payoff attainable by means
of mixed strategies can also be attalned by means of composite strategies.
As a consequence any two-person game can be solved by means of composite
strategies.

A signaling strategy for a player is a pure strategy for that
player restricted to that subset of his information sets which prevent him
from having perfect recall. Then a composite strategy consists of a mixture
of pure signaling strategies, together with the assignment to each pure
signaling strategy of a behavior strategy on the remaining relevant informa-
tion sets.

In Section 3 we give the definition of an agent of a player in an
n-person game. Finally in Section 4 we discuss coalitions in n-person
games in light of the previous parts of the paper.

The proofs of all statements in this paper are quite trivial and
it is felt that its contribution is conceptual in nature. ZElsewhere in
this volume (reference [5]) the ideas of this paper have been applied by
the author to the solution of a simplified game of Bridge.

¢ 1. BASIC CONCEPTS

The description of an n-person game given by Kuhn in [2] will be
used. The notation and definitions given there will be followed as closely
as possible. The names of the concepts of [2] which will be used here are
collected below, but definitions are repeated only when the notation given
here 1s different, or when comparison with new definitions is made. Def-
initions of new concepts are numbered.

K 1is the game tree in which each move has at least two alterna-
tives.

The preparation of this paper was supported by the Office of Naval Research.
267
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The players are i1 =0, 1, ..., n.
Py is the set of moves of the :Lt"h player.
A. 1is the subset of moves in K having exactly j alternatives.
U 1s the aggregate of informations sets TU. u%; 1s the aggregate
of information sets of player 1i.
If U is contained in PO n Aj then U 1is a one element set
{X} and there 1s a probability distribution with all components positive
on the alternatives at X.
The above concepts are sufficient to define a game ' (except
for the payoff which will not enter this paper in an essential manner).

DEFINITION 1. Let U be an information set for
player i and let U, = {Z | Z follows some move in
U by the vth alternativel. Then U is a signaling
information set for player i if, for some v and some
information set V of player i, U, NV # ¢ and

V¢U‘V'

The game tree of a two-person game is given in Figure 1(a). In
this game, player 1 (Pl) "forgets what he knew" and player 2 (P,) "for-
gets what he did." U, is a signaling information set for player 1. U,
is a signaling information set for player 2.

V=AY,

IACHAA

Ko,
(a) (b)
Figure 1

Let ’/1 be the set of signaling information sets for player 1.
Clearly ’Ji C Y. From the definition of perfect recall in [2] it follows
that [ has perfect recall for player i 1if and only if ’Ii =0.

A pure strategy for player 1 1s a single-valued function m
on ui to the positive integers such that 1if U C A‘j n Pi then 1ri(U) S_ j-

Let TI; be the set of all ;.
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DEFINITION 2. A pure signaling strategy for player
1 1s a single-valued function oy on o to the posi-
tive Integers such that if U €, and UC A, then
0 (U) { j. Let X, be the set of‘ all o. ?If oy =
o then 2 1 consists of the single vacuous function.)

In Figure 1(a) there are exactly two pure signaling strategies
for player 1, one (call it 0"1) that chooses alternative 1 at X; and
the other (T,) that chooses alternative 2 at X,. Player 2 also has
two pure signaling strategies.

Since »; C % there is a natural mapping ¥ of T, onto 21’
where V(wi is the strategy m; restricted to +f 4. Thus T; 1s mapped
by V¥ onto that o which chooses the sa.me alternatives as T; does on
the information sets U in ‘Ii Then 1}' defines an equivalence relation
on Ty and partitions T; into disjoint classes. To each such equivalence
class corresponds exactly one pure signaling strategy 0 - Hence we denote
these equivalence classes by the symbol T, . Then two pure strategies be-
long to T 1if and only if they make the 1 same choices as ¢ does for
all U in T .

If Ei =¢ then ¥ maps each m; onto the null set ¢ and
'7'1 () = Tri In this case we shall speak of the vacuous signaling strategy
o which makes no choice on any information set and for which 'n' 'lr
This convention will allow us not to have to distinguish the cases > 1 74 ¢
and Ei ¢ 1in the statements that follow.

As in [2] a pure strategy vector T defines a function px('!r) on
the moves X in XK. A move X 1s possible when playing m;, symbolically
X Poss Ty, 1if and only if there exists a T such that pX(‘n'/lri) >o0. A
move X is Poss (o‘i:'rci) if and only 1f X Poss ; and Ty €T - An
information set U € % 1s Rel T; if and only if some X in = U 1is
Poss ;. An information set U' € U _ 1is Rel (r1:1ri) if and only if some
X in TU' is Poss (oy:T;). Define 1 Ty(X) = (m| X Poss M), Ty(U) =
nc| U Poss ;) = Uy T, (X), Re (X) = (my] X Poss (e3:m)), and

o, (0 = “‘1' U' Rel (oy:m;)) = iUer' i(X)

Let Kg be the subset of all moves X of K which are pos-
sible for T - M Proposition 1 of [1] proves that K1r is a tree. Then
let K. = U K is also a tree. Intuitively K¢

7 mem, fmc oy 71

is the subset of i moves of K which can possibly occur if player 1
uses the signaling strategy o -

Let -u‘_ be the partition % relativized to K as follows:
If Uc% then © the information set U' =Un K, 1s 1nt 9 . We do
not define information sets in K":L for the other ~ players. The order-
ing and indexing of moves and assignment of chance probabilities and
payoffs in K"’i i1s the same as for the corresponding moves and plays in K.
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The trees K'_ and K, shown in Figure 1(b) and 1(c), corre-
spond to the signaling ' ! strategles e, and T, of player 1 in
the game of Figure 1(a). It 1s not hard to construct the trees correspond-
ing to each of the two signaling strategies of player 2 1n Figure 1(a).

Although K‘—i is not a game it 1is possible to speak of signaling
information sets and perfect recall for player 1 in K., since these
concepts depend only on the information sets for that player:.L

PROPOSITION 1. Player i has perfect recall in Kd_i.

PROOF. If not, there exist moves X € U', Y € V* for player 1
with X< ¥ and Y € U, but U;,?V'. Now le\VyétD and Uvav or
else U was a signaling information set in K and V' was defined in-
correctly. Hence there is a move Z 1in V', so that 2Z € Kr , and a move
2, in U - U', so that Z, ¢ K“';L, with Z, { Z. Since K«,i1 is a tree
(that is, every move in K_  has™ a unique predecessor) Z ¢ Kr s, &
contradiction, which proves:L the proposition. 1

As a corollary to Proposition 1 of [2] we have the following
proposition.

PROPOSITION 2. Let the information set U®' con-
tain the first move for player i, X, on a play W 1n
the tree Kri. Then R'_i(U') =Trv_i-

A mixed strategy p; for player 1 1is a probability distribu-
tion on T which assigns the probability q1"il_ to my-

DEFINITION 3. A mixed signaling strategy w; for
player 1 is a probability distribution on 2, which
assigns the probability qe to oy -

i

A mixed strategy vector * defines a probability distribution on

the moves X in Kr as follows:
i

(o :n) = c(X
Pyloy:p c(X) IJ_ERE!ri(X) qu.1 qu_n

where c¢(X) is the product of the chance moves on the path from 0 to X.
Define X Poss ('ri‘l‘i) if and only if there exists a p such that
px(rizl"/f‘i) > 0; and define, for U' € 'u.o,i, U' Rel (ri:r.i) if and only if
some X in TU* 1is Poss (0'1:,11).

DEFINITION 4. An associated behavior strategy for
player 1, f,(v3), 1s an assignment to each U' € U
11 Ty
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of a probability distribution b(ri, U*,d, on the
alternatives at U'. Thus, 1f TU* ha_s j alterna-
tives, then b(ey,U',8) > 0 and X J, r(oy,U',9) = 1.

Note that when Ji = ¢, that is, when layer 1 has perfect
recall, this definitlion of an assoclated behavior strategy reduces to the
concept of a behavior strategy as defined in [2].

PROPOSITION 3. A mixed strategy p for player 1
defines a mixed signaling strategy wi(p;; = {q,), and
an gssoclated behavior strategy pi(ri:p.i) i Con-
versely, glven a mixed signaling strategy "‘i) {qo_ }
and an assoclated behavior strategy pi(ri) s there® 1s
a mixed strategy py such that wy(py) = ‘vi and

By(wyipy) = B3(ey)-
PROOF. Given p, = [q“i) define vi(l"i) = (qril by
(e) q“’i - w,Em q“’i

b

which 1s clearly a mixed signaling strategy. [N. B. If Ei = ¢ then
Qe =1 for the (vacuous) signaling strategy Lr] in 21. We denote this
1 case by vy = 1.] Define for U' € %r

iqt 2

(b) ( 1’ ,U! ,J) =
s 1 / meRy (U'

T ER, (U)
i(U') =¢
if U' Rel (oy:py),

3 q,
q

"y “15“}1 1

™, (U)=4
if U' not Rel (oj:py) and q >0

(c) bloy,p,U0)8)

(d) b(o-i,p.i,U',J) is an arbitrary probability distribution if

It 1s not hard to show that (b), (c), and (d) are probability distributions
on the alternatives at TU'.
Conversely, given vi [q } and 5(1)(<r1), define p; by

(e) qmi = q:— EU'GU. bi(Ti’U' ’ti(U'))

if = € 'IT (1t will belong to exactly one such). The verification of the
proposition follows by routine substitution into (a) through (d).
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DEFINITION 5. The pair (vy, pi(cri)) is called
a composite strategy of player 1.

The intuitive interpretation of a composite strategy for the 1%

player is given as follows: The strategist for player 1 chooses, with
probability Qg , & signaling strategy oe3- Then the agents who control
the :!.rﬁ‘orma,tion1 sets in "1 then make their choices as dictated oy Ty,
and the agents who control the other information sets U in % - ’/1 make
their selections with probabilities dictated by A7 > among the alternatives
at U. Another possible interpretation of a composite strategy is given in
Section 3 of this paper.
The following proposition is related to Proposition 3 of [2].

PROPOSITION 4. Let [' be any game with game tree
K and let W be any play in K. Let Ti(w) =
{1ri| W Poss ‘Iri], and let c(W) be the product of the
chance alternatives on W, or 1 if there are no
chance alternatives on W. Then for all T =
(e, ..., w,) and all W

c(w), if i ¢ Ti(w) for 1=1, ..., n
py(m =
0, otherwise.

PROOF. By Proposition 1 of [2], W 1s possible for Tri if and
only if LA chooses all of the alternatives for player 1 on W. The
statement then follows from the definition of pw(n:) .

A mixed strategy p = (f"l’ ceey l‘n) defines a probability dis-
tribution on the plays W as follows:

(1) oW = 2 G, o+ S Pyl

o 2
© )tiGTi(W),all i q"-’1 q‘“’n

where the last step follows from Proposition k.
Then the payoff vector H(lL) = (H, (’4.), ceey Hn(f")) corresponding
to a mixed strategy vector g has components

(2) Hy (p) = 201 y Py(p) By (W)
which represents the payoff to player 1 1f strategy [ is used.

A strategy vector ,,T. = (fys +oes Py_q» (vi’ﬁi)'f"in’ cees ftn),
in vhich the 1P component is the composite strategy (vi,ﬂi) corre-
sponding to the mixed strategy p; for player i, also defines a proba-
bility distribution on the plays W of K. To see this, note that ¥,
defines a probability distribution q o on the trees Ko,i. Then for each

]
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play W in K, [ng_te that W is the same as some play W iIn K
and hence 1 c(w j') = c(W)] 1let Q (W 1) = (¢ | e 1s an alternative

b
for player 1 on W 1] and ls_t U' be the information set containing the
last move for player 1 on W 1. fThen the strategy vector ® o=

(/:.1 s cees fqg 2 ﬁi, Bigrs coro ,un) defines a probability distribution on

the plays W in Kr as follows:
1

(e)

c(W) 2 q._ ..-q q e d . m_ v
mEr (W), M M e T ecq (W'1)

(3) ch'i (F' ) :

if U' Rel i

0, otherwise.

In this formula empty products are to be set equal to 1 and W 1s the

(F
play in K which i1s the same as the play W 1 1n Ks - In turn formula (3)
defines a probability distribution on the plays W ofi K by

(L) (p) = P o (A) qg -
Ptk 2"w‘ri=w W ey
Finally, the payoff vector H(F) has components
(5) B () = 217 w Py By(W)
Let I=1{1, .-., n}, let S CI be any subset of I and let
I - S be the complementary set to S 1in I. Then repeated application
of the above reasoning provides the payoff vector if the players i1 in S

use the composite strategies (vi,ﬁi) and the players j in I - S use
the mixed strategiles ’LJ..

¢ 2. A THEOREM ON COMPOSITE STRATEGIES

The following lemma is closely related to the sufficiency part of
the proof of Theorem % in [2].

LEMMA. Let p= (4, ..., u ) be a mixed strate-
gy vector and let

P s e Py PrByds Pygs oo )

where (vi,pi) is the composite strategy corresponding
to py- Then py(p) =py(p) for all W in K.
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PROOF. Let W be any move in K. If W contains no move of
player i the lemma is obviously true. If W contains a move for player
i let X be the first and Y € U the last move for player i1 on W.
Let o3 be any signaling strategy with qg ) 0 and such tha.t W is con-

tained in Ky, that is, such that W= 1 W'l for some W1 in Kg
By (3) 5
(6) P g (w)=C. T b(e), 1if U € Rel

Wil e€Q, (W 1) Fa

0, othervise,

where C 1s a constant defined in (3). Consider the quantities b(e)
arranged in the same order as the alternatives e for player 1 on W
are arranged. By Proposition 2 the denominator of the first one is exactly
En,igrr q"'i = qv_i. By Proposition 1 of [2] the numerator of the first is
cancelled by the denominator of the second, the numerator of the
second cancelled by the denominator of the third, etc., until only the

numerator of the last fraction remains. The last numerator is equal to

Q.. - Then one can write (6) as
2;1r1t;T1(w‘r19 m
- (W)
(1) D (@) =2 Q. Q. ---Q Qo
wi F qd" uJGT (W 1, J7£l M1 M ™ m e, (W i)) M
_e) X o
qQ i LAy o A
01 11:]-GTJ-(W ),all j 1 n

Substituting (7) into (&) glves the statement or the lemma.
In the following theorem the sets S and I - S are defined as
at the end of Section 1.

THEOREM. Let I' be a game, S a subset of the
players, and u= (K, -.., /;n) a strategy vector.
Let ¥ be the function defined as follows:

[vy(py),Bi(07)1 = (vy,8;), 1f 1€8,

My if 1 eI -89S .

Then if ux 1s the strategy vector [V(K), ..., ¥(}k))]
we have H(k) = H(p).
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PROOF. By repeated applications of the lemma and the remark at
the end of Section 1.

Intuitively this theorem means that any payoff which players can
obtain by means of mixtures of pure strategies, the can also obtain by
means of composite strategies. This theorem together with the fact that
the normalized form of the game obscures signaling strategies, explains one
reason why the normalized form of the game 1s not always the best form in
which to solve actual games.

COROLLARY. Any zero-sum two-person game can be
solved by means of composite strategies.

¢ 3. THE DEFINITION OF AN AGENT

In [2] an agent is postulated to control each information set of
a player. In many actual games, for example bridge, rummy, canasta, etc.,
an agent obviously controls more than one information set (see Figure 1 of
[5]1). To formalize this, we broaden the definition of an agent to a con-
cept similar to that found in practical games.

DEFINITION 7. By the agent partition of player i
(1 > 0) we shall mean a partition of the information
sets 211 of player 1 1into sets 7111, cee, ”11; s
(ti 2 1), such, that, if Py 1s the set of 1 noves
in the informsetion sets contained in uik, then the
moves in Pik satisfy the condition of perfect recall.

The moves in P:Lk will be called the moves of

agent ik meaning "the kth agent of player 1."

If each Pik contains exactly one information set then this
definition of an agent coincides with the one given in [2]. The require-
ment of perfect recall is added to the definition of an agent to capture
the intuitive idea that an agent is a single personality and thus avolding
the problem of "split personalities," (see [4] p. 53). The agent partition
may be given by the rules of the game as in bridge and other card games, or
it may be up to the player himself to choose the partition as in certain
economic situations.

We can think of player 1 wusing a composite strategy (vi,ﬁi)
as follows: The agents of player 1 meet before the game is played and
decide (by means of & chance device and the probabilities given by Vi)
which signaling strategy 3 to use, this decision, of course, being kept
secret from the other players in the game. The agents who control informa-
tion sets relevant for o3 then are instructed to choose the alternative
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dictated by 03 at those information sets. The agents controlling other
information sets make choices as dictated by @1(‘1)'

In [5] the author solves a simplified bridge game by means of
composite strategies and with the use of this notion of agent.

$ 4. REMARKS ON n-PERSON GAME THEORY

The formulation of the general theory of n-person zero-sum games
is given in [4] p. 238, ff. It is assumed there that if a non-empty,
proper subset S of the set of players I forms a coalition, then they
will "fully cooperate" with each other and become a single player. Thils
could be formulated as follows: The set of agents of the composite player
S 1is the union of the sets of agents of each of the players i in 3,
and it is assumed that these agents will cooperate as a single player-

It is not entirely clear under what circumstances the agents of
the players in a coalitlon will be allowed to cooperate with each other
under the rules of I, nor exactly what it means for them to cooperate.
The answer to these questions is not difficult. Suppose 8 = {1, ..., t}
where 0< t<{ n 1s a coalition of players in [. A pure strategy for the
coalition S consists of a vector = (m, ..., ﬂ%) taken from the
(cartesian) product space of the pure strategy spaces for the players 1
in 8; that is, T ¢ H&Gs (ﬂi), where TP denotes the cartesian product.
A mixed strategy for the coalition is then an assignment of a probability
distribution on these pure strategies. Let MS be the set of all mixed
strategies. We shall say that a mixed strategy x4 in Mgy is allowable in
" 1if it can be used by the coalition S in [. Then the first answer to
the question posed above is:

The agents of the players in S can fully cooper-
ate as a single player (coalition) in [' if and only if
each mixed strategy u 1in MS is allowable in .

From this remark it 1s clear that the specification of the allowable strate-
gy spaces should be included in the definition of a game.

The theorem of the last section allows us to reformulate this
remark in a way that is easy to apply to some actual games. Let ¥ and P
be the mixed signaling strategles and associated behavior strategies
respectively for the coalition S considered as a single player. Let us
say that the strategies v and B are allowable in [ if they can be
used in any way by the coalition 8 in ['. Then we can say:

The agents of the players in S can fully cooper-
ate as a single player in I’ if and only if each of
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the composite strategies (+,p) for 8 1is allowable
in .

In reference [5] there is an example of a simplified two-person
bridge game with enforced coalitions in which only pure signaling strategiles
are allowable.
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BRIDGE AND SIGNALING'
G. L. Thompson

Bridge has long been a favorite parlor game that has held and
continues to hold ascendancy over most other cara games. There are a num-
ber of reasons for this popularity, some of which we discuss below.

First of all, bridge is complicated enough that many different
situations can arise, with no set of similar situations appearing so often
that the game becomes boring. There 1s always a new problem to be solved,
a new "strategy" to be devised. Second, the payoff in bridge varies with
such factors as doubling, vulnerability, the suit that is trump (or no
trump), etc. Hence, there is the possibility that the player's strategy
should change with each change in payoff. Third, a player in bridge has
imperfect information, both as to the cards held by his opponents and as to
the cards held by his partner. He must therefore make his strategy depend
on the most likely distributions of cards in the other players' hands.

There are two important consequences of this last observation.
The players' lack of information ebout the cards in their opponents®' hands
means?® that there probably is no "best" way of playing bridge. Finally,
the players' lack of information makes §;gg§;;gg3 among the players in the
game possible and desirable.

It is in the subtlety and importance of signaling that bridge
differs most characteristically from other card games, such as rummy or
canasta, which have to some extent the phenomena noted above. Both direct
signaling (signaling between partners), and inverted signaling (deceptive
signaling or bluffing against opponents) occur in bridge. It is the
presence of signaling that makes bridge particularly interesting to game

theoreticlans.
In this note we discuss a simplified bridge model played both as

1The preparation of this paper was supported by the Office of Naval Research.

2cf. Theorem T of [2]. Actually it 1s also necessary to verify that the
payoff of bridge is such that mixed strategles are needed to solve the
game. This 1s true for the bridge models discussed here.

3The first discussion of signaling occurs in [6] pp. 53, 5%. The remarks
made in [5] about games without perfect recall in general, and bridge in
particular, are also relevant. The definition of a signaling strategy is
glven in [7].

279
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a two-person and as a four-person game, the latter being closer to ordinary
bridge. The models dlscussed are similar to the play of the last two
tricks in a hand of bridge. Good strategiesh are devisea for playing a
single hand5 of each game. Both models exhibit the types of signaling
described above although the signaling in the two-person geme is more
subtle than that in the four-person game. Finally, we observe that the
four-person game cannot be directly treated by means of characteristic
functions,6 hence a new definition of solution for that game is defined and
used.

In discussing bridge we shall assume that the reader is familiar
with the technical terms of bridge (which can be found, for example, in [4],
p. 100, ff.). We shall use as few of the technical concepts of game theory
as possible (relegating them to footnotes wherever possible) so that almost
anyone familiar with bridge can follow the discussion by using his "brldge
sense."

¢ 1. DESCRIPTION OF THE BRIDGE MODELS TO BE USED

The deck of cards customarily used in bridge contains 52 cards.
The number of deals possible with this deck is then approximately 5 . 1028.
Since a complete analysis of bridge requires that every deal be "played
out,"” the amount of labor required to completely enalyze ordinary bridge is
clearly prohibitive.7 There are several ways of making simplified models
of bridge, one of which we discuss here.

In the model which we shall discuss there are four players
are called North, East, South, and West. East and West together form a
pair, East-West; similarly, North and South together form a pair, North-
South. The rules concerning the order of deal and play, taking of tricks,

8 who

“The mathematical justification of our method of finding the good strate-
gles appears in [T7].

5Actually, as observed in [6] p. 49, a play of bridge should be a "rubber."
The payoff function in the bridge models considered here is not sufficiently
close to the payoff function in bridge to make this necessary.

6For the definition of characteristic function see [6] p. 238 ff. The
technical reasons why the four-person bridge model cannot be solved by
characteristic functions are discussed in [7].

TEven the amount of labor required to describe the game tree of bridge is
enormous. Chapters 1-4 of [1] are almost entirely devoted to an analysis
of this problem.

8mhe technical term for what is here called "player" 1s "agent," a defini-
tion of which is given in [7], section 3. The term "player" is used
technically to indicate what is here called a "pair," that 1s, a coalition
of two "agents."
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trump and no trump, etc., are as in ordinary bridge. In‘addition we make
the following simplifying assumptions:

A The number of cards in the deck is to be eight, divided into
four suits with two cards in each suit. The four sults are called
1) spadés, 2) hearts, 3) diamonds, and 4) clubs, ranked in that order. The
two cards in each sult are called ace and king with ace ranking over king.

b. The bidding stage of bridge 1s omitted. Instead the declarer
and trump suit (or no trump) are determined by a random device.9 In par-
ticular discussions it will always be assumed that South is declarer, North
is dummy, and West leads. By interchanging names one can arrive at any
other situation.

c. BScoring is to be done as follows: The payoff to the pair
East-West is to be two units if the pair takes both tricks, one unit if the
pair takes one trick, and zero units if the pair loses both tricks. North-
South 1s to receive the negative of these amounts. It 1s also assumed that
the players in each pair share equally in the payoff.

d. We shall assume that the shuffling is perfect, that is, the
order of cards after shuffling is independent of the order before shuffling.

It is probable that thls particular model would have little
interest in itself as a game for bridge players. Note, however, the simi-
larity between this model and the play of the last two tricks in ordinary
bridge. The main difference is that the information pattern in a play is
different from that assumed here. In particular, note that the dummy,
North, would have laid down his cards before West leads.

The analysis of the model given here is not trivial and, as we
shall see, it has many of the essential properties of bridge.

By the simple rules of combinatorial analysis (see, for example,
reference [3]) the number of deals is 8:/(2!) = 2,520 and the number of
different hands is 8!/(2:6!) = 28. These hands are divided as follows:
four hands with ace and king in the same suit, twelve hands with ace and
king in different suits, and six hands each with two aces or two kings.

Since there is no bidding the only information given to each
player is the knowledge of the cards in his hand plus those cards exposed
in the dummy's hand and those exposed during the play. When West leads he
has knowledge of the two cards in his hand, hence he knows that one of
6!/(2!)3 = 90 deals has occured. After West leads, North, as dummy, lays
down hils hand so that South, who plays for North, knows where all but three
of the cards are (one in West's hand and two in East's). These can be
distributed in three different ways, hence South knows that one of three

IThe determination of the trump suit by a random device is used in the game
of whist, a forerunner of bridge, the rules for which are given in [L4].
However, whist is not played in no trump.
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deals has occurred. At East's move, East knows where all but three of the
cards are (one in West's and two in South's hand), hence knows that one of
three different deals has occurred. After East plays, South knows all
cards but two (one in West's and one in East's hand), hence knows that one
of two deals has occurred. To illustrate this information pattern we draw
part of the game tree for this model of bridge (for definition of game tree
see [5]). Readers not familiar with game thoery can recognize Figure 1 as
a graphical picture of the discussion in the paragraph above.

94

X

)

Deals N, o2

(chance - -
move) E ;
Last
@ trick

Figure 1

\c,,
®

The oval curves indicate information sets and each one 1s labelled with the
player who controls it and the number of moves which it contains. Note
that North-South has perfect recall (see ref. [5]) although East-West does
not.

In the following sections we shall solve this simplified bridge
game. It may be advisable to indicate to those readers who are versed in
game theory the theoretical basis on which this will be done. It is proved
in [7] that any game can be solved by means of signaling strategles and
associated behavior strategies. Only the pair East-West has any signaling
strategies (since North-South has perfect recall). We determine all pure
signaling strategies for East-West, eliminate some of them by domination,
then observe that a mixture of the remaining is optimal. With respect to
these signaling strategies we determine the good assoclated behavior
strategies by means of domination.

¢ 2. SIGNALING STRATEGIES IN THE NO TRUMP CASE

Suppose South 1s declarer and the game is to be played in no
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trump. It is not hard to see that if West has an ace he'should always lead
1t since it will surely take a trick, whereas if West saves the ace there
is only a small chance of making it good. If then East-West agree that
West should always lead an ace if he has one, this already constitutes a
direct signal between East and West (it also signals indirectly to North-
South), in that a king led by West always indicates that his other card is
also a king.

If South has two kings, this signal will not reduce the number of
moves 1n East's information set, but in this case the issue will be settled
by the distribution of the aces held by North and East. In the other cases
the number of moves in East's information set is reduced from three to two
(if South has one ace) or one (if South has two aces).

There remalns only one case in which this signaling can be
improved. It is illustrated in Figure 2(a).

A3 K3 A5 K3
N N
K‘] A2 K‘l A-]
W E W E
Ky Ay K, K,
S S
A Ky A By
(a) (v)
Figure 2

If West leads the king K, 1in 2(a), then East (knowing from-his own and
the dummy's cards that South will take the trick) is left in a quandry as
to which of his aces to discard. If he saves the right one he can take the
second trick; if not, he will lose it. He does not know which king 1s held
by South, hence does not know what the last lead will be. Thus if West's
king lead could also tell East what the other king in West's hand was, then
East could determine which ace to save.

The reader can easlly devise ways of signaling this information;
for example, always lead the lower ranking suit. It is clear that, since
there are six possible two-king hands and only four possible leads, the
signaling cannot be perfect; that is, there must be a certain lack of in-
formsation even if East-West adopts a signaling strategy. Examples of the
four possible ways of signaling (we shall call these signals) appear in
Figure 3. An x corresponds to the card to be led and the numbers 1, 2,
3, and 4 refer to the four suits.
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Type 12130 14123 |24(3%h

3111 X X X X X X

3210 x X X X X X

2220 x| x X X | x X

2211 X X X X X X
Figure 3

The numbers indicating the type of signal are obtained by counting
the number of hands with the same lead. It 1is easy to show that there are
eight signals each of types 3111 and 2220 and twenty-four signals each
of types 3210 and 2211.
It is not hard to see that signals of type 2211 are better than
signals of type 2220 and signals of type 3111 are better than type
3210. By examing the possible situations in which signaling is relevant
i1t can be shown that signals of type 2220 are just as good as type 3111,
so that signals of type 2211 transmit the most information. It is then
clear that only type 2211 signals should be considered for use by East-
West.
By a pure signaling strategy1o for East-West we shall mean an
unambiguous command to West which card he shall lead for every possible
hand. Certain elements of the signaling strategy have been discussed above
but it is instructive to write down completely an example of a pure sig-
naling strategy. The signaling strategy below refers to West's hand only.
a) If the hand contains two aces lead the higher ranking. (The
signal of type 3210 1illustrated in Figure 3.)

b) If the hand contains ace and king leac the ace.

c) If the hand contains two kings use the type 2211 signal
illustrated in Figure 3.

As observed above 1t is Immaterial, as far as the payoff obtained
is concerned, what the command at a) is. Moreover, the command b), as
given, clearly dominates any other possible commend at b). Also, it was
observed above that any signal used in c) which 18 not of type 2211 is
dominated by a signal of type 2211. We shall therefore ignore part a) of
the strategy, assume that part b) of the strategy is the same for all
strategies considered, and then the only difference in the signaling strate-
gles 1s the choice at c) of one of the 2% possible type 2211 signals.

'oThe Precise definition of a signaling strategy is given in [7].



BRIDGE AND SIGNALING 285

It might seem that East-West could use one of the signals of
type 2211, for example the one given in Figure 3, as a pure strategy. If
this were an optimal strategy, East-West would not care whether or not
North-South found out this strategy. However, Figure 2(b) illustrates a
case in which North-South can profit from knowing East-West's strategy.

The deal in which the hands of North and South in 2(b) are interchanged is
also a case in which North-South profits. Since 2(a) and both variants of
2(b) are equally likely we see that Ncrth-South stands to profit twice as

much as East-West from such a pure signaling strategy.

Suppose that East-West selects at random (that is, with equal
probability) one of the 24 signals of type 2211 toc use before eacl. hand
is played. Since both East and West know which signal is actually selectea
and used for the hand, and this knowleage is kept secret from North and
South, we see that the desirea information is successfully signalec from
West to East. That is, North-South cannot araw any conclusions from a king
led by West as to the identity of the other king in West's hana, but East
can. This concealing of information i1s an example of invertea signaling.
It can be seen from symmetry considerations that no other mixec signaling
strategy aominates this one.

The selection of a private signal between East and West violates
the ruleH of bridge stating that all unusual signals between players must
be announced. This is equivalent to saying that only pure signaling strate-
gles can be used. We therefore define a two-person bridge game to be one
in which any mixed signaling strategy 1s allowed and a four-person bridge
game one in which only pure signaling strategies are allowed.

The above discussion shows that in the four-person game it is
unprofitable for East-West to use a pure signaling strategy. Hence in the
four-person game West should lead elther of the two kings at random.

¢ 3. GOOD STRATEGIES FOR THE NO-TRUMP CASE

In this section we devise good strategies for the players by
using "bridge sense" and the results of the last section. Then we give a
brief discussion of the reasons which make the given strategies optimal.

Good strategies for both the two-person and the four-person
bridge game follow.

For West. If West's hand consists of two aces, lead arbitrarily;
if it consists of ace and king, lead the ace; if it consists of two kings,
use the mixed signaling strategy given in section 2 (for the four-person

Mipe following sentence is found on p. 138 of [4]; "It is improper to
employ an unusual convention in play without informing the opponents of its
significance." The penalty for violating this rule is "ostracism."
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bridge game this part of the strategy is replaced by the phrase "if it
consists of two kings, lead at random").

For North (played by South). Follow sult; or discard any worth-
less card; or discard king before ace; or, if the hand consists of two aces,
discard at random; or, 1f it consists of two kings, discard arbitrarily.

For East. Follow sult; or discard any worthless card; or discard
according to West's signal (this phrase is eliminated in the four-person
bridge game); or discard king before ace; or discard arbitrarily.

For South. Follow sult; or discard any worthless card; or discard
king before ace; or discard arbitrarily.

In applying the strategy the player is to use the first applicable
phrase. By a random play we mean that the player is to use a chance device
which will select each of the two alternatives (assuming the cards are
numbered in the order in which they are dealt) with probability 1/2. By
an arbitrary order of play we mean that it is immaterial which card is
played first. A card is worthless to a player if he can determine from his
information that it will never take a trick or, if discarded, will never
give useful information to his opponent. For example, an ace is worthless
to North if South has the king of the same suit and neither North nor South
can take the first trick.

It 1s clear that these are strategies, that is, that there is a
command to cover every situation. It also 1s easy (although tedious) to
check, by playing out each deal, that the parts of these strategies, ex-
clusive of the signaling, arbitrary playing and random discarding, are as
good as any other strategy and that there exist deals for which deviation
from these strategies causes over-all loss. The use of the signaling
strategy given was justified in the last section. We must still justify
the random discard and arbitrary play commands.

If North has two kings then neither will take either trick and,
since North is dummy, both are exposed to all players. It is therefore
clear that any strategy for discarding, pure or mixed, is good, hence the
discard can be arbitrary. If North has two aces the situation is different
even though both are exposed. It can be shown (the details are tedious)
that if North uses a pure discard strategy of any type then East-West can,
by deviating from his optimal strategy and using a suitable countering pure
signaling strategy, profit from it. However, North can safely use random
discarding in either game. Note that this is inverted signaling.

If East has two kings then a simple analysis of the possibilities
shows that no discard strategy, pure or mixed, can give useful information
to North-South. If East has two aces then an analysis of the possibilities
shows that the only type of deal in which East does not know what to discard
(or that it does not matter) is that shown in Figure 2(a). For the two-
person game this 1s precisely the case in which West 1s signaling to East.
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Since tne signals of type 2211 are not complete there are still two
situations for each signal in which East cannot decide what to discard. It
is clear from Figure 2(a) that, regardless of which discard is made, no
useful information is imparted to North-South, hence an arbitrary discard
is good in the two-person game. For the four-person game Figure 2(a) again
shows that the arbitrary discard is as good as any.

The analysis of South's discard strategy is similar to that for
North and shows that the arbitrary discard strategy 1s good.

¢ 4. THE VALUES OF THE GAMES IN THE NO-TRUMP CASE

It is evident from the symmetry of the rules, and the randomness
of the deal and choice of declarer, that both the two-person and four-
person games are fair, i.e., their value is zero. It is still of interest
to calculate the expectation of the players once the declarer has been
determined. As might be expected, having the lead i1s an advantage.

If West has two aces or a complete sult then, regardless of the
strategies employed by any of the players, East-West will get both tricks.
Hence in these cases East-West has an expectation of EE%—_ . 2=5/7. The
other expectations are more difficult to compute. The best way of doing it
is to assume hends for West and East and then to arrange the other cards in
the six possible ways between North and South. Compute in each case the
probability of each hand and the amount East-West (say) can get using his
optimal strategy. With a little experience one sees how to group similar
situations together and thus to shorten the calculations. The two-person
game value to East-West 1s 1.431. Recalling the definition of the payoffs,
this number can be interpreted as the expected number of tricks which East-
West can take.

The four-person bridge game is one in which there are enforced
coalitions and rules disallowing private signaling, hence this game cannot
be solved by means of characteristic functions.® However, note that the
strategles as given in the previous section for the four-person game have
the following intuitive characteristics: (1) each pair of players can
assure itself of a certain minimal amount regardless of the strategy of the
opponents; (2) no pair of players can, by its own efforts or by the
individual effort of any player in the pair, increase its expectation with-
in the rules of the game. These criteria are discussed at length for the
two-person zero sum case in [6], Chapter III (see particularly pp. 101-102
and p. 159).

If the above criteria are accepted as a definition of the value
of the four-person game given, we can compute its value as 1.428. The
increase in expectation due to signaling is then .003.
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¢ 5. GOOD STRATEGIES AND VALUE IN THE TRUMP CASE

Suppose that the declarer and trump suit are chosen at random.
For purposes of discussion we assume that the declarer is South. From the
game theoretical point of view this game is not as interesting as the
no-trump case since there is no opportunity for the more subtle type of
signaling previously discussed, hence there is no difference between the
two- and four-person games. Good strategles are given below.

For West. If West's hand contains both trump cards lead
arbitrarily; if it contains the trump ace and a non-trump card, lead the
trump ace; if it contains the trump king and a non-trump card, lead the
non-trump card; if it contains two non-trump aces or two non-trump kings,
lead at random; if it contains a non-trump ace and king, lead the ace.

For North. Follow suit; if North's hand contains both trumps
play arbitrarily; if it contains a trump cara and a non-trump card, trump
if South cannot take the trick, otherwise play the non-trump card; finally
if North's hand contains two non-trump cards, play any worthless card, or
discard king before ace, or discard at random.

For East. Follow suit; or trump or overtrump if West does not
have the trick; or discard any worthless card; or discard king before ace;
or discard at random.

For South. Follow suit; or trump or over-trump if North does not
have the trick; or discard any worthless card; or discard king before ace;
or ciscard at random.

The interpretation of these strategies is similar to the no-trump
case.

The value of the game is computed as for the previous case,
assuming that South has been chosen aeclarer. Possession of the lead is
again important but not as important as in the no-trump case. The value of
the game is 1.101.

§ 6. REMARKS

The examples treated in this paper have several possible exten-
sions and raise several questions which we 1list below.

(a) Elsewhere the author will discuss these bridge models with
the bidding stage added.

(b) There are obvious extensions of the problem to considerations
of models with more cards in the deck. This would increase the difficulty
of the computations and would bring in new types of signaling.

(c) How do the good strategies change if the shuffling is not
perfect?

(d) What is the range of validity of the definition of the value
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to the four-person game given in section u4?

(e) (Suggested by A. W. Tucker). Find the good strategies for
two-trick end-play situations in ordinary bridge. The necessary models can
be obtained from the ones .used here by suitably changing the information
patterns.

In this paper we have dealt with the problem of private signaling
between partners by redefining the game to be a four-person game. There
are other possible resolutions of this difficulty. In the first place,
the wording of the rules of bridge in Hoyle is sufficiently ambiguous that
it might be argued that private signaling of the sort described is actually
permissible. It is the author's opinion that, at least in the spirit in
which the rules are usually interpreted, this is not the case and private
signaling is unethical. Accepting this, one could still regard our bridge
model as a two-person game if one changed its extensive form to include
preliminary moves at which each pair announced its pure signaling strategy,
i.e., its leading conventions. However, if one wishes to preserve the
extensive form of the model, then the only remaining alternative is the
one chosen in this paper, namely, to redefine the game as a four-person
game with enforced coalitions. As observed above, this requires a new
concept of solution in a four-person game.
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SUMS OF POSITIONAL GAMES'
John Milnor

Many common games, such as chess and checkers, exhibit a struc-
ture in addition to that which is necessary to define their game theoretic
properties. By a position in such a game will be meant merely the physical
setup of the board without any specification as to which player is to
move.2 In these games a set of possible moves is defined at each position
for each of the players, even though only one of them will actually be able
to move from this position in any particular play of the game. In this
paper an operation of addition will be defined and studied for games having
this structure.

The games to be considered may be described as follows. There 1s
a finite set of possible positions P and a starting position Py €P.

For each p € P and each player 1 =1, 2 there is a set of possible
moves Mi(p) C P. These are to satisfy the following finiteness condition.
Every chain p,, P, Pgs - of positions such that

Pi € M(PP) UMY . J=1, 2,3

must terminate. In particular a pass p € M;(p) 1is never possible. For
each p such that one player has no possible move, that is such that
M1(p) or M,(p) is the vacuous set 90, the other player shall also have
no move’ and the payoff functions k,(p) = -k,(p) shall be defined. The
players are to move alternately starting at Py until one is unable to

]Tha preparation of this paper was sponsored (in part) by The RAND
Corporation.

°This is not quite precise. Chess, for example, is complicated by the rule
that if a "configuration," in the sense of the physical setup of the board
together with the player whose turn it is to move, 1s repeated three times
then the game 1s a draw. In order to allow for this it is necessary to
define a position as the setup of the board together with the set of con-
figurations which have occurred since the last irreversible move.

5This requirement is not too strong since, if it does not hold, it is only
necessary to add some fictitious moves and positions to the game in order
to satisfy it. For example in chess the move of taking the pleces off
the board when the game is stalemated could be added.
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move, and then each is to collect his payoff. The information is perfect
and there are no chance moves.

For each player i and position p, 1let Vi(p) denote the
value of the game for i if it is 1i's turn to move at position p. It
is characterized by the equations

vi(p) =  ky(p) for M;(p) = ¢
vi(p) = Max (-v,_s(p,)) for M.(p) # ¢ .
1 p @iy (p)  PETI 1

In particular we have the lnequalitiles

v,(p) 2 -v,(p;) for p, € M (p)
(1)
vy(p) 2 -v4(p;) for p, € My(p)

In case the equality holds in cne of these inequalities, the move D, is
called an optimal move. By the value of a game G will be meant
vi(G) = vi(po), where p, 1s the starting position of G.

By the incentive I(p) which a player has to move at position p
will be meant the amount he woula gain by moving rather than passing if he
were given this choice. Thus if piayer 1 moves at position p and both
players play optimally the payoff to 1 will be v1(p). If player 1 were to
pass, however, his payoff would be ‘Vz(P)' The amount he gains by moving
rather than letting 2 have the i'irst move 1is therefore given by the
symmetrical expression

(2) I(p) = vy(p) + vy(p)

By the sum of a game G and a game G' will be meant the game
in which a player has the choice of moving in G and passing in G' or
passing in G and moving in G' on each move, and in which he tries to
maximize the sum of his payoffs.h Thus a position p + p' in G + G' is
a pair of positions (p,p') € P x P' and the possible moves are

M;(p + p') = M;(p) x D' vp x M(p")

hMore generally the payoff in the sum game could be defined by
k,(p + p') = £,(k,(p), k;(p"))

where f, 1s any function which is monotone in each variable. General-
ized sums of three or more games could be defined ir the same way.
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Note that game additlon is an associative, commutative operation.

In order to get some information about vi(p + p') and
I(p + p') it 1s necessary to construct specific strategies for G + G'
in terms of known strategies for G and G'. Thus in order to get an
upper bound for v1(p + p') it is necessary to construct a strategy for
player 2. Define such a strategy by the following rules:

a) Always make a move which is optimal in G or G'.

b) If possible move in the game in which player 1 has just
moved.5

If player 1 1s to move at position p + p' and 2 follows these
rules, there are two cases. If 2 is always able to follow rule b), then,
considering only those moves which were made in game G, the players have
moved alternately. Since 1 has moved first and 2 has made optimal moves,
the payoff to 1 in game G 1is at most v1(p). Similarly his payoff in
G' 1is at most v1(p'). Therefore in this case

vi(p +p") £ vy(p) + v,(p*)

It may happen, however, thac at some point 2 is unable to follow rule b)
since the game in which 1 has just played is over. In this case, con-
sidering only the moves made in the other game from the starting position
p or p', player 2 is forced either to move twice in a row, or to make
the first move. If this happens at position D, then it will be shown
that the payoff to player 2 will be augmented by I(p]) and the payoff to
player 1 will be bounded by v](p) + v](p') - I(p]). S?ppose, for example,
that 1 has finished the gam? G' by making the move D, and that it is
2's turn to move at Py + Pq- Since the players have movea alternately in
both gemes, and since player 2 has movea optimally we have (by repeated
application of the inequalities (1) for player 1 and the corresponding
equalities for player 2)

v,(p;) < vqy(p)
v,(p;) L vy(p")
Since the game G' 1s over, the payoff to 1 in G' 1s k1(p;) = vl(p;).

Since the player 2 will meke optimal moves in G the payoff to 1 in G
will be at most —v2(p1). Therefore

5The following rule would also be sufficient
b') If possible move in the game in which the incentive is

highest.
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v (p + p') £ -v,(py) + vy(p}) = -I(p;) + vy(py) + v,(p})
< -I(py) + vy(p) + v,(p")
If we define

D (0, -I(py), -I(p})) ,

= Max
p1GP, p;GP'
it has thus been proved that
v,(p + p') < v (p) + vi(p') + D .
Letting player 1 use the same strategy, it follows that

v,(p) - v,(p') - D
{vp+p")
- vy(p) + v(p') - D

In many games the incentive can be negative and D 1is therefore
not zero. In chess for example the phenomenon of being forced to move when
one would like to pass is called Zugzwang. The preceding inequalities are
extremely weak for such games, however, so we will consider only games in
which I(p) > 0 for all p € P, henceforth. For such games D =0 and
therefore we have the following statement which will be basic for the
remainder of this paper.

v,(p) - vy(p")
(3) {vylp +p") L vy(p) + vy(p")
- vy(p) + v(p")

6

In particular, substituting in equation (2) we have the "metric" inequality

() I(p) - I(p*)| < I(p + p')  I(p) + I(p")

Since the left side is non-negative, it follows that in forming sums of

6For the generalized sum of footnote 4 we would have by the same method

f.(v.(p), -v,(p'))

(31 t 2 v @+ p*) £ £, (v, (D), v;(p")) -
£,(-v,(p), v,(p"))

Both of these formule remaln true if the indices 1 and 2 are interchanged.

Similar inequalities hold for generalized sums of three or more games.
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games we preserve the condition that I be non-negative.
Define two games G and G' to be equivalent G ~G' if for

every G'' the condition
v (G + G'') = v (G + G')

1s satisfiled, where all three games are to satisfy the condition that I(p)
be non-negative for all p € P. It is clear that this is an equivalence

relation and that sums of equlvalent games are equivalent.

Two objections may be raised to thls definition of game equiva-
lence. First, it is not symmetric between the two players. Second, no
effective procedure for determining whether two games are equivalent is
gpparent. Both of these objections will be removed by Theorem 1.

Let -G denote the game G with players interchanged so that
v,(-G) = v,(G) and I(-G) = I(G). The position corresponding to p in
-G will be denoted by -p. Consider the game G + (-G), which may be
abbreviated to G - G. Since the player who moves second can do at least
as well as the first player by symmetrizing his moves, it follows that
vi(G - G), V(G -G) 0. Since I(G-G) 20, it follows that

(5) V(G - G) =vy(G-G) =0 .

THEOREM 1. The following three conditions are

equivalent.
a) G~G'.
b) v,(G + G'') = v, (G' + G'') for all G''.
c) v,(G-G") =vy(G-G') =o0.

It will first be shown that vi(G + G'') g Vi(G' + G'') for all
G'' 1if and only if vi(G - G') g 0. Setting G'* = -G' in the first of
these two inequalities we have

vy(G - G')  vy(G' - G') =0
Conversely it follows by (3) and (5) that if v;(G - G') { 0 then
vi(G + G'') = vy(G + G'') - vy 4(G' - G')
Cvy((G@+aGr) + (G -G)) =vy((G +G'') + (G-G'))
L vy(@ + G'r) + vy(G - G) { vy(G +GrY)

The theorem follows from this assertion together with the
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cbservation that v;(G - G') = v5_;(G' - G). For example, if &) holds then
v, (G -@G') {0 and v,(G' -G =v,y(G-6') 0. Since I(G - G') >0
it follows that c¢) holds.

A nontrivial example of two games which are equivalent is given
by Figure 1. In this diagram the positions are indicated by vertices,
while the possible moves are indicated by arrows which are solid for
player 1 and dotted for player 2. The payoff to player 1 is given.

s

/s /
/’// i« equivalent to //
1 1 4

7/
/
s ’
/
}’/
0 2
Figure 1

It follows from Theorem 1 that a game G 1s equivalent to the
game zero (the game with one position ana payoff zero) if ana only if

v](G) =v,(G) =0 .

From equation (5) it follows that G - G ~0, so that -G 1is indeed—ur
inverse to G. The equivalence classes of games therefore form an abelian
group under addition.

Several subgroups of this group are of interest. The symmetric
games -- games in which the role of the players is interchangeable -- are
chtaracterized by the equation G~ -G or G+ G~0. In other words they
form the subgroup of elements of oraer 2.

Another subgroup consists of those games which satisfy I(G) = o.
The fact that these form a subgroup follows from the inequalities (%) and
the equation I(G) = I(-G). It also follows from (L4) that the factor group
of games modulo games with incentive zero is a metric group under the
metric I. The subgroup itself is isomorphic to the real numbers under
addition, the isomorphism beilng provided by vl(G) or v,(G). Suppose,
for example, that the games G and G' satisfy I(G) = I(G') =0 and
v, (G) = v,(G'). Then v,(G) = v,(G') = -v,(G) and
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0= v, (@) - vy(@) = v (@) - vy(-G')  v,(G - G*)
< v (@) + v (-G') = v, (G) + vy(G') =0 .

Therefore vl(G - G') = 0 and similarly v2(G - G') = 0, which
implies that G ~~G'. In particular G and G' are equivalent to the
game with only one position in which 2 pays 1 the amount v,(G) -

The fundamental problem involved in the study of sums of games
1s that of describing optimal strategies for the sum of two or more games
in terms of information about the individual games. Some information about
this question will be given by Theorem 2, but a precise answer seems fairly
difficult.

It will frequently happen that the optimal moves in the sum of
two gemes are not optimal in the individual gemes. An example of this is
given in Figure 2.

Figure 2

THEOREM 2. If the move p, € M, (p) is optimal
for player 1 at some position p + p', then

v, (p) £ v,(p,)
and

va(Pq) < vp(p)
Furthermore the position p' must satisfy

v, (p) + vy(py) < I(p') £ vy(py) + v,(p)
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These inequalities are obtained by combining the equation
vi(p + pt) = -va(pl + p') which states that p,; + p' 18 an optimal move
for 1 at the position p + p', with the inequalities (3) as applied to
vi(p + p') and vy(p, +P')-

In order to gain some insight into the meaning of these in-
equalities, several new definitions will be made.

The loss function ri(p1/p) = vy(p) + vj_i(pI) measures the
amount by which the move p, € Mi(p) fails to be optimal. Its fundamental
property, which follows from (1) is x-i(p] /p) 2 0 where equality holds if
and only if the move D, is optimal.

The gein function gi(p1/p) = "3_1(P) - v}—i(pl) measures the
amount by which the move p, € Mi(p) 18 better than a pass. Its funda-
mental property is

g;(p,/P) < I(p)

where equality holds only for optimal moves. This follows from the
equation

84(p;/p) = I(p) - ry(p;/p)
A move p, +p'E€ Mi(p + p') will be called sente! if
I(p,) > I(p*)

A sente move tends to force the opponent to reply in the same game. The
quantity

31(P1;P') = Max (0: I(P') - I(P1))
measures the amount by which the move p, + p' € Mi(p + p') falls to be

sente. It is a non-negative quantity which vanishes only for sente moves.
Using these three quantities we may rewrite Theorem 2 as follows.

THEOREM 2'. If the move p; + p' € Ml(p + p') 1is
optimal then the following inequalities hold

r,(p,/p) { Min (I(p,), I(p"))

s,(p,»p") £ 8,(p,/P)

TFrom the Japanese game Go. Pronounced sen-teh.
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Roughly speaking, the first inequality says that a move which is
non-optimal in G can be optimal in G + G' only if it leads to a posi-
tion of high incentive and if the game G' has high incentive. Apparently
it is desirable to place the opponent in a position in which both games
have high incentive, and it may be worth the sacrifice of a move which is
not optimal in G in order to achieve this end.

The second inequality says that a non-sente move can be optimal
in G + G' only if it is much better than a pass, and even a sente move
cannot be worse than a pass.

The following inequalities describe the behavior of the loss and
gain functions under the formation of sums of games. They are immediate
consequences of (3) which are included only for completeness, since they
will not be used in the sequel.

r,(p,/p) - Min (I(p;), I(p'))
{rp, +p'/p +p') {7 (p/P) + I(p*)
r,(p,/p) + s,(p;,p') - I(p)

g,(p,/P) - I(p") g, (p,/p) + I(p*)
g +p'/p+D') <
g,(p,/P) - I(p) g,(p,/P) + I(p,)

The following theorem gives a characterization of those moves in
a game which can be optimal in some sum game.

THEOREM 3. The following three conditions are
equivalent.

a) The move P, -PEM, (p - p) 1s optimal.

b) The move p, + D' € M, (p + p') 1s optimal for
some p'.

c) The move p, +p'' € M(p + p'') satisfies
g (P, +p''/D +p'") 20 forall p''.

Setting p' = -p we have that a) implies b). If p, +p' 1is
optimal at p + p' then (r, + p'') + (p' - p'') 1s optimal at
(p + p'*) + (p* - p''). Since P, + p'' 1is an optimal move in some sum
game, it follows by Theorem 2' that it has non-negative gain. Therefore b)
implies c). If p'' = -p then from c) we have

0< g (@, -/ -p) =Vy(p-D) - Vy(py - D) =-vy(p; -p) { V(P -p)=0

which shows that P, -D is optimal at p - p, and completes the proof.
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The following may be described as a converse to (3).

THEOREM 4. If player 1 i1s to move at p + p',
and if he mekes the first move in geme G, then for
any play of G + G' the payoff k, of this game will
satisfy

vi(@) + vy () - 221'1 - 251 Cky L V@) - vplpt) + 21‘2 + 252

where the first two summations are teken over all moves
made by 1 in this particular play, and the last two
over all moves made by 2.

Thus if player 1 can always make moves which are optimal in G
or G' and sente, he will achieve the upper bound of v, (p) + v, (p*) for
his payoff. If 2 can always make optimal sente moves, he will achieve the
lower bound of v,(p) - v,(p') (or -v,(p) + v,(p') 1if the first move 1s
made in G'). Since these two outcomes are usually incompatible, 1t follows
that it is frequently impossible to meke moves in G + G' which are both
optimal in G or G' and sente.

Since proofs of these two inequalities are similar, only the
first will be carried out. Suppose that player 1 makes the move
p; + D' €M, (p + p') and 2 replies with the move p, + Pj, where either
p, =p, or p'= p}- In the first case we have

P, =Py Vo(p') 2 -vy(P),
v (py) + vi(py) = vi(p) + vy(p3) 2 vilpy) - vo(p') =
v, (p) + v,(p') - ri(py/P) - (I(p*) - I(py)) -
In the other case
P' =15, Vy(py) 2 -V, (Pp)

v (py) + V(D) = vi(py) + vi(p*) 2 -vo(pg) + vy(p') =

v, (@) + v,(p*) - r(p,/P) -0 .

8T‘ne condition that I be non-negative is not required for this theorem,

which depends only on (1).
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Combining these two inequalities we have
v (py) + vi(py) 2 v (p) + v (p') - r (/D) - 8,(DP;sp")
Teking the corresponding inequalities for each move by player 1 in the play
of the game, and combining them we have the required inequality. (If

player 2 follows the strategies a) and b') of footnote 5, it is easily
shown that equality holds in this expression. This provides an alternative

proof of (3).)

J. W. Milnor

Princeton University and
The RAND Corporation






Part IV

GENERAL n-PERSON GAMES

A one-person game can be converted easily into a maximization
problem and hence 1is conceptually quite simple. The direct opposition of
interests in a zero-sum two-person geame leads to the minimax game-value,
which is convincing both in its interpretation and in its mathematical
rigor. But, once the game theorist leaves these well-explored areas for
the uncharted territory of games with more than two participants or no
constant-sum restriction, he has few bearings to guide him through the
bewlldering maze of paths open to him. The authors of the papers in Part
IV attempt to throw light on known problems and to lead the reader into new
approaches to the theory of general n-person games.

Is it possible to appraise the equities of the participants in an
arbitrary n-person game? (See Study 2k, Preface, Problem 10.) In PAPER 17
L. 8. Shapley proposes a set of "values" which may be regarded as an
a priorl evaluatlion of the players' positions (or seats) in a game, ignoring
totally any soclal structure or standard of behavior. His result can be
interpreted by imagining the random formation of a coalitlon of all of the
players, starting with a single member and adding one player at a time.
Each player is then assigned the advantage accruing to the coalition at the
time of his admission. In this process of computing the expected value for
an individual player all coalition formations are considered as equally
likely. Shapley shows that there is just one evaluation which 1s additive
with respect to the combination of independent games and which is such that

¢1 + 02 + oeee ¢n =A,
where 01 denotes the value assigned to player i1 =1, 2, ..., n, and A
the amount which the entire set of n players can obtaln by cooperating.
Still outstanding is the question, whether every n-person game has

a solution in the sense of von Neumann and Morgenstern. (See Study 2k,
Preface, Problem 8.) However, Papers 18, 19 and 20 introduce new classes
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of n-person games for which solutions are obtained and employ methods which
hold promise for further advance. Papers 18 and 19 deal with a class of
gemes, termed "(n, k)-games," that generalize the "direct majority game"
of von Neumann and Morgenstern (see Theory of Games and Economic Behavior,
p- 431), while Paper 20 develops "quota games," a class of games that
includes all constant-sum four-person games.

The (n, k)-game, introduced by R. Bott in PAPER 18, is an
n-person game in which any coalition of k or more players, for any fixed
k > n/2, wins one unit from each of its opponents and any smaller coali-
tion is totally defeated. Here a coalition of exactly n-k+1 players is
a "blocking coalition," since it is just large enough to keep its comple-
ment from winning. Bott shows that the winning coalitions in a symmetric
solution are composed of a number of blocking coalitions and that the
members of any one blocking coalition within a winning coalition share
equally in an imputation of the solution. Symmetric solutions are thus
uniquely characterized. Dropping symmetry, D. B. Gillies exhibits in
PAPER 19 a surprising variety of other solutions of (n, k)-games, all
derived from Bott's symmetric solutions. Gillies' solutions are obtained
by several methods which may carry over to a more general context: (1) by
the addition of "bargaining curves" (Theory of Games and Economic Behavior,
p. 501), (2) by inflation to larger games (ibid., p. 398), (3) by
"discrimination" (ibid., pp. 288-289) in which the non-discriminated
players divide their take according to any solution to & smaller game, or
(4) by partitioning the players into fixed subsets, assigning the spoils
arbitrarily (i.e. in all admissible ways in one solution) among these
subsets, and then dividing the spoils in any one subset according to the
symmetric solution to a smaller game the players think they are playing.

Contrary to the (n, k)-games whose majority nature is readily
described by verbal rules, the "quota games" introduced by L. S. Shapley in
PAPER 20 stem from technical properties of the characteristic function v
of von Neumann and Morgenstern. An n-person game is called a "quota game"
if the amount A which the whole set of n players obtalins by cooperating
can be split among the n players

= W, oo
A W o+ W, + +w

so that

W+ W=y for all 1, j (1 # J) ,

where vij denotes the amount that the pair of distinct players 1 and j
can obtain by cooperating. Shapley obtains families of solutions for the
entire class of quota games, a class that contains some three-person games,
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all constant-sum four-person games, and a sizeable swath of all games with
more than four players. In a typical imputation in one of these solutions,
all but two or three of the players recelve their "quotas" w; .

In PAPER 21 H. Raiffa considers the challenging conceptual prob-
lem of how one should choose an imputation from among the startlingly
profuse solution sets of von Neumann and Morgenstern or from the equally
abundant equilibrium points of Nash. He proposes "arbitration conventions"
as a solutlon for generalized two-person games, i.e., two-person games in
which the restrictions to a transferable utility and a common unit of
measure have been dropped. To this end he represents the payoffs x and
y to players I and II, which result from a pair of mixed strategies for
the two players, as a point (X,y) in a Euclidean plane. The set R' of
all payoff points (x,y) 1is extended to the minimal closed convex set R
containing R*. Reflecting the players' preferences in payoffs, a partial
ordering of points is made;

(x1,yi)-< (x,,¥,) 1if X, g X5, V4 < ¥, » and x; +7, < X, + Yo s

which leads to the subset Mt: of points of R™ which are maximal with
respect to the partial ordering. In terms of this graphical representa-
tion, an "arbitration convention" is defined as a mapping T: R" —> M::
that satisfies certain "natural" conditions. The mapping T, coupled with
the initial mapping of pairs of mixed strategies into payoff points (x,y),
assigns to each pair of mixed strategies for the two players a preferred
outcome in M:;, thus transforming the given game into a new game.
Raiffa's principal theorem asserts that saddlepoints always exist in this
transformed game. Several examples of arbitration schemes especially
suited to certaln social structures are examined.

H. W. K.






A VALUE FOR n-PERSON GAMES'
L. S. Shapley

¢ 1. INTRODUCTION

At the foundation of the theory of games is the assumption that
the players of a game can evaluate, in thelr utility scales, every "pros-
pect" that might arise as a result of a play. In attempting to apply the
theory to any field, one would normally expect to be permitted to include,
in the class of "prospects," the prospect of having to play a game. The
possibility of evaluating games is therefore of critical importance. So
long as the theory is unable to assign values to the games typically found
in application, only relatively simple situations -- where games do not
depend on other games -- will be susceptible to analysis and solution.

In the finite theory of von Neumann and Morgenstern2 difficulty
in evaluation persists for the "essential" games, and for only those. In
this note we deduce a value for the "essential" case and examine a number
of its elementary properties. We proceed from a set of three axioms,
having simple intuitive interpretations, which suffice to determine the
value uniquely.

Our present work, though mathematically self-contained, is founded
conceptually on the von Neumann-Morgenstern theory up to their introduction
of characteristic functions. We thereby inherit certain important under-
lying assumptions: (a) that utility is objective and transferable;

(b) that games are cooperative affairs; (c) that games, granting (a) and
(b), are adequately represented by thelr characteristic functions. However,
we are not committed to the assumptions regarding rational behavior embodied
in the von'Neumann-Morgenstern notion of "solution."

' We shall think of a "geme" as a set of rules with specified
players in the playing positions. The rules alone describe what we shall

"The preparation of this paper was sponsored (in part) by the RAND
Corporation.

2Reference [3] at the end of this paper. Examples of infinite games with-
out values may be found in [2], pp. 58-59, and in [1], p. 110. See also
Karlin [2], pp. 152-153.
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call an "abstract game." Abstract games are played by roles -- such as
"dealer," or "visiting team" -- rather than by players external to the
game. The theory of games deals mainly with abstract games.5 The dis-
tinction will be useful in enabling us to state in a precise way that the
value of a "game" depends only on its abstract properties. (Axiom 1 below).

¢ 2. DEFINITIONS

Let U denote the universe of players, and define a game to be
any superadditive set-function v from the subsets of U to the real
numbers, thus:

(1) v(0) =0,

(2) v(S) D v(SOT) + v(S - T) (all s, TCTU)
A carrier of v 1s any set N C U with

(3) v(8) = v(N N 8) (211 s CU)

Any superset of a carrier of v 1is again a carrier of v. The use of
carriers obviates the usual classification of games according to the num-
ber of players. The players outside any carrier have no direct influence
on the play since they contribute nothing to any coalition. We shall
restrict our attention to games which possess finite carriers.

The sum ("superposition") of two games is again a game. Intui-
tively it is the game obtained when two games, with independent rules but
possibly overlapping sets of players, are regarded as one. If the games
happen to possess disjunct carriers, then their sum 1s their "composition.

Let TI(U) denote the set of permutations of U -- that is, the
one to one mappings of U onto 1tself. If w € T(U), then, writing WS
for the image of S under W, we may define the functlon Tw by

lv’"

(%) wv(rsS) = v(S) (all S CU)

If v is a game, then the class of games mv, 7T € T(U), may be regarded
as the "abstract game" corresponding to v. Unlike composition, the opera-
tion of addition of games can not be extended to abstract games.

3An exception is found in the matter of symmetrization (see for example [2],
pp- 81-83), in which the players must be distinguished from their roles.

“see [51, §¢ 26.7.2 and b1.3.
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By the value ¢[v] of the game v we shall mean a function
which assoclates with each 1 in U a real number ¢,[v], and which
satisfies the conditions of the following axioms. The value will thus
provide an additive set-function (an inessential game) v o:

(5) W(8) = g 040v] (all SCU) ,
to take the place of the superadditive function v.
AXIOM 1. For each T in TI(U),
Ogpg [V] = 04[]

AXIOM 2. PFor each carrier N of v,

Sy 050v1 = v(m)
AXIOM 3. For any two games Vv and w,
Olv + wl = 0[v] + O[w]

COMMENTS. The first axiom ("symmetry") states that the value is
essentially a property of the abstract game. The second axiom ("efficien-
cy") states that the value represents a distribution of the full yield of
the game. This excludes, for example, the evaluation Qi[v] = v((1)), 1in
which each player pessimistically assumes that the rest will all cooperate
against him. The third axiom ("law of aggregation") states that when two
independent games are combined, their values must be added player by player.
This is a prime requisite for any evaluation scheme designed to be applied
eventually to systems of interdependent games.

It is remarkable that no further conditions are required to
determine the value uniquely.5

¢ 3. DETERMINATION OF THE VALUE FUNCTION

IEMMA 1. If N is a finite carrier of v, then,
for i ¢ N,

¢i[v] =0 .

>Three further properties of the value which might suggest themselves as
suitable axioms will be proved as Lemma 1 and Corollaries 1 and 3 below.
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PROOF. Take 1 ¢ N. Both N and N v (1) are carriers of v;
and v(N) = v(N v (1)). Hence @4[vl =0 by Axiom 2, as was to be shown.
We first consider certailn symmetric games. For any R C U, R#0O0

define VRt

1 if S2R,
(6) vg(8) =

0 if S 2R .
The function evp is a game, for any non-negative c, and R 1is a
carrier.

In what follows, we shall use r, 8, n, ... for the numbers of
elements in R, 8, N, ... respectively.
LEMMA 2. For c ) O, 0{ r<{ =, we have
c/r if i €R,
¢i[CVR] = {
0 if 1 ¢R .

PROOF. Taeke i and j in R, and choose T € TI(U) so that
YR=R and Ti = j. Then we have g = Vp» and hence, by Axiom 1,

¢j[cvR] = ¢y[cvg]
By Axiom 2,
c = cvg(R) = EjGR ¢;lcvgl = ro levpl ,
for any i € R. This, with Lemma 1, completes the proof.

LEMMA 3.6 Any game with finite carrier 1is a

linear combination of symmetric games vVp:
(7 v = 2pen R(VVg -
R#0

N being any finite carrier of v. The coefficlents
are independent of N, and are glven by

6‘l'he use of this lemma was suggested by H. Rogers.
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(8) R = 2ggp (D7D (0<r<=
PROOF. We must verify that

(9) v(8) = ERCN cr(V)vR(8)
R#0

holds for all 8 C U, and for any finite carrier N of v. If S(CN,
then (9) reduces, by (6) and (8), to

v(8) = 2pcs 2peg (-1 EW(T)

=2TQS [ 3.2, comtet ] vew

The expression in brackets vanishes except for s = t, so we are left with
the identity v(S) = v(S). In general we have, by (3),

v(8) = V(N A 8) = 2 Cp(VIVR(N N 8) = 20 v cp(V)VR(S)

This completes the proof .
REMARK. It is easily shown that CR(V) =0 if R 1is not

contained in every carrier of v.

An immediate corollary to Axiom 3 is that ¢[v-w]l = ¢[v] - ¢[w]
if v, w, and v - w are all games. We can therefore apply Lemma 2 to
the representation of Lemma 3 and obtain the formula:

(10) 050v] = 2 by cp(V)/r (all 1€N)
R31

Inserting (8) and simplifying the result gives us

(11) 0,0v] = ESCN (s-1)t(n-8)! gy _ ESCN st(n-s-1)! ;g

nt nt
831 sj1
(all 1 € N)

Introducing the quantities
(12) ¥,(s) = (s-1)t(n-s)/n! ,
we now assert:

THEOREM. A unique value function ¢ exists
satisfying Axioms 1 - 3, for games with finite carriers;
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it is given by the formula
(13) 04071 = Drgey 1) W(8) - v(B-(1)] (a1l 1€T),
where N is any finite carrier of v.

PROOF. (13) follows from (11), (12), and Lemme 1. We note that
(13), like (10), does not depend on the particular finite carrier N; the
¢ of the theorem is therefore well defined. By its derivation it is
clearly the only value function which could satisfy the axloms. That it
does in fact satisfy the axioms is easily verified with the aid of Lemma 3.

$ 4. ELEMENTARY PROPERTIES OF THE VALUE
COROLLARY 1. We have
(14) 040vl > v((1)) (all 1 €1,

with equality if and only if 1 1is a dummy -- i.e.,
if and only if

(15) v(s) =v(s - (1)) + v((1)) (all S 31) .

PROOF. For any 1 € U we may take N » 1 and obtain, by (2),
050v1 > 2oy Fp(a)V((D))
S31
with equality if and only if (15), since none of the rn(s) vanishes. The
proof is completed by noting that
_ n n-1 _ n 1 _
(16) 2:s_c_l\l ¥u(s) = Es=1 s1) ¥n(s) =2 =1
531
Only in this corollary have our results depended on the super-

additive nature of the functions v.

COROLLARY 2. If v is decomposable -- i.e., if
games w(1), w(z), ceey w(p) having pailrwise disjunct
carriers N(1), N(z), ey N(p) exist such that

-y
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-- then, for each k 1, 2, «vvy Dy

.

0,0v1 = o, [w{¥)) (a11 1 ¢ n(K))
PROOF. By Axiom 3.

COROLLARY 3. If v and w are strategically
equivalent -- i.e., if

(17) W=c¢cv+a,

where c¢ 1s a positive constant and a an additive
set-function on U with finite carrier7 -- then

05wl = cd,[v] + a((1)) (all 1 €7

PROOF. By Axiom 3, Corollary 1 applied to the inessential game
a, and the fact that (13) 1s linear and homogeneous in v.

COROLIARY 4. If v 1is constant-sum -- i.e., if
(18) v(8) + v(U - 8) = v(U) (all s cu,

-- then its value is given by the formula:

(19) 0;lvl =2 [ZSCN Xn(s)v(S)] - v(N) (all i€ N)

S31

where N 1is any finite carrier of v.

PROOF. We have, for 1 € N,

040v] = 250y ¥a(®)V(8) - Doy T (t+1)v(T)
s51 31

=ZSQN ¥, (s)v(8) - ZSQN ¥ (n-s+1) [V(N) - v(8)]
SERS S31

But ¥ _(n-s+1) = ¥ (8); hence (18) follows with the ald of (16).
n n

7Th.'Ls is McKinsey's "S-equivalence" (see [2], p. 120), wider than the
"strategic equivalence" of von Neumann and Morgenstern ([3], § 27.1).
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¢ 5. EXAMPLES

If N is a finite carrier of v, let A denote the set of
n-vectors (d4) satisfying

Ndi = v(N) s
&y > v((1)) (all 1 €N) .
If v is inessential A 1is a single point; otherwise A 1is a regular

simplex of dimension n - 1. The value of v may be regarded as a point
¢ in A, by Axiom 2 and Corollary 1. Denote the centroid of A by e:

0y = v((1)) + + [v(N) - ZjGN v((j))]

EXAMPLE 1. For two-person games, three-person constant-sum gemes,
and inessential games, we have

(20) =90 .

The same holds for arbitrary symmetric games -- i.e., games which are
invariant under a transitive group of permutations of N -- and, most
generally, games strategically equivalent to them. These results are
demanded by symmetry, and do not depend on Axiom 3.

EXAMPLE 2. For general three-person games the positions taken
by ¢ in A cover a regular hexagon, touching the boundary at the mid-
point of each 1-dimensional face (see figure). The latter cases are of
course the decomposable games, with one player a dummy.

EXAMPLE 3. The quota games8 are characterized by the existence

8p1scussed in [4].
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of constants w, satisfying

ui + mj = V((i;j)) (all 1,j €N, 1 7‘ j)
ENUi = v(N)

For n = 3, we have

(21) 0 -0=25°2

Since w can assume any position in A, the range of ¢ 1is a triangle,
inscribed in the hexagon of the preceding example (see the figure).

EXAMPLE 4. All four-person constant-sum games are quota games.
For them we have

w - 6

The quota « ranges over a certain cube,9 containing A. The value ¢
meanwhile ranges over a parallel, inscribed cube, touching the boundary of
A at the midpoint of each 2-dimensional face. In higher quota games the
points ¢ and w are not so directly related.

EXAMPLE 5. The weighted majority gameslo are characterized by
the existence of "weights" w; such that never ESW:L = EN-S“:L’ and

such that
{ v(8S)
v(8)

The game 1s then denoted by the symbol [w,, w,, ..., W ]1. It is easily
shown that

1 25w > g
s if ES wi<2N—S Wy o

]
[a]
'
7]

(23) 01 < cbj implies wy 14 vj (all 1, jEN)

in any weiglited majority game [w;, W,, ..., w,]. Hence "weight" and
"value" rank the players in the same order.

The exact values can be computed without difficulty for particular
cases. We have

9I1lustrated in [4], figure 1 (page 353 in this volume).
193ee [31, § 50.1.
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for the game [1, 1, ..., 1, n-2],11 and

for the game [2, 2, 2, 1, 1, 11,2 etc.
§ 6. DERIVATION OF THE VALUE FROM A BARGAINING MODEL

The deductive approach of the earlier sections has failed to
suggest a bargaining procedure which would produce the value of the game
as the (expected) outcome. We conclude this paper with a description of
such a procedure. The form of our model, with 1ts chance move, lends
support to the view that the value is best regarded as an a priori assess-
ment of the situation, based on either ignorance or disregard of the social
organization of the players.

The players constituting a finite carrier N agree to play the
game Vv 1in a grand coalition, formed in the following way: 1. Starting
with a single member, the coalition adds one player at a time until every-
one has been admitted. 2. The order in which the players are to join is
determined by chance, with all arrangements equally probable. 3. Each
player, on his admission, demands and is promised the amount which his
adherence contributes to the value of the coalition (as determined by the
function v). The grand coalition then plays the game "efficiently" so as
to obtain the amount v(N) -- exactly enough to meet all the promises.

The expectations under this scheme are easily worked out. Let
T(i) be the set of players preceding 1i. For any S 3 1, the payment to
1 1r 8-(1) =11 15 y(8) - v(S - (1)), and the probsbility of that
contingency is xn(s). The total expectation of 1 1is therefore just his
value, (13), as was to be shown.

'"piscussed at length in [3], § 55.

'2piscussed in [3], § 53.2.2.
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SYMMETRIC SOLUTIONS TO MAJORITY GAMEES1
Raoul Bott

The purpose of this note is the determination of all symmetric
solutions to a family of n-person games []].2 A game (n,k) 1in this
class 1s defined by the value of the game v(S) for all coalitions S.
If |S| 1s the number of players in S, then

- I8l for ISI<k
v(8) =
n - |S| for |[S]| 2 k

where k 1is a fixed integer with % < k< n.

This means that a coalition of k or more players can obtain the
maximum possible amount, and a smaller coalition is totally defeated. An
(n-k+1)-player coalition is the smallest coalition which is large enough to
block its complement from winning. Such a coalition, if its members act
together, must be included in the final (winning) coalition, so we might
expect that a number of these "blocking coalitions" would combine to defeat
the remaining players, and that all members of a particular blocking coali-
tion would receive the same amount in an Imputation of the solution. The
systematic theory will confirm this, and will show that this is the unique
symmetric standarcé of behavior. This uniqueness is, however, completely
lost when the condition of symmetry is dropped. Mr. D. B. Gillies has
found an alarming number of unsymmetric solutions t¢ these games, most of
which could not be intuitively anticipated at all.

The game (n,k) 1s zero sum only if k = Q;%_l , and in this
case (n,k) is the n-person simple majority game. For k > EL%—l , there
exist pairs of opposing coalitions, both completely defeated, so the games
are non-zero sum. These form the symmetric generallzation of simple games:
every set is either winning or losing, but the game need not be zero sum.

1The preparation of this paper was supported by the 0ffice of Naval
Research.

2Numbers in square brackets refer to the bibliography at the end of this
paper.
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A symmetric solution V contains all imputations arising from
permutations of the indices of any imputation a € V, and is therefore
characterized by its "ordered imputations" (ala €V, &, Ca,<-.- ¢ a)l.
a &b via S means

ay > bi for 1€38, and [8] >k .

If |S] D k, we can find a subset T of S with |T] =k, and a &b
via T, since all k-person sets are effective.3 Since V 1s symmetric,
we may assume without loss in generality, for a € V, that the largest k
components of a majorize the smallest k components of b. These remarks
apply, of course, whenever a 1is a member of a symmetric subset of imputa-
tions, and we are deciding whether or not at least one member of this sub-
set dominates b. This leaus to the following redefinition of the concept
of domination.

Let A be the simplex of ordered imputations in Euclidean
n-space E, defined by

(M ay § 8444
(2) a, 2 -1
(3) 2ie -0

Then domination (&) 1s defined by
a &b If and only if &, . > bx for ¥Y=1, 2, ..., k.

Since all our proofs require that the dominating imputation be in a sym-
metric subset of imputations, b can be assumed ordered without loss in
generality, and proof's can be constructed relative to A by means of the
above definition.

THEOREM. Let p=n -k + 1, and write n =
sp+r, where 0{r{p. Let VCA be the simplex
of points a € A with the following properties.

(4) a, = -1 if r#o0 .

(5) a = a

rey eyl ? if ¥#O0modp .

3This 1s provec in [11, p- %39: (k9:J).
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Then V is the unique solution in A.

PROOF. We break up the proof of this result into a sequence of
lemmas .

IEMMA 1. Let W C A consist of all points a
such that 8npy = Sppypst? ¥ £ 0 mod p. Then a solution
V of A must certainly be containec in W.

PROOF. Suppose a € V where V 1is a solution in A, ana sup-
*
pose aio < aio+1 for k< i, { n. Let a be given by

Y= 1£1
a; =8y + €, Fiy+ 1

a'l-
io+1

aio+1 (n-1)E&,

where € > O 1is so small that 8‘1 < al S Since a ¢ a, and hence
cannot be in V, there exists b € V dominating a 0, and we
have bi+n—k> a;_ (1=1,2, ooy k). But for 1< k< 1, + 1, ai > ay,
so b ¢&a, a contradiction. Thus the last p coordinates of an element
in V must be equal. Next assume a € V ana ai < ay .19
n-2p+1<1 {n-p+1. Def':mea as O pefore. Again
tl:ere exists b €V with Db {—a , and by o g > ai (L=1, ..., k). Now
ay > ay except for possibly 1 = io + 1. But by our previous result,
since b € V, we have

=b

b - N .
1O+1 +Nn-K 1O+2+n—k

Now ay +1 < 8q +2 < 8‘1 +2 < bi +2+n—k 1O+n—k+1’ so b ga also.

Theref‘ore the second block of p components of a must all be equal. The
proof now proceeds by inductlon in a straightforward manner.

. LEMMA 2. Any solution in A contains all imputa-
tions in W with a, = -1 if r #oO.

PROOF. A general imputation in W 1is of the form
a=[d~o,¢ N N L d\], SYRRREPIL % EERPR S ...,oLs)

ané from our definition of domination we have, for imputations a, a' € W:

a ¢a' if anc only if di>eLi for 1=1, 2, «-ep S .
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Hence
s r
(6) PRE DRI
But since
r PR Y|
28 =0=37s,
we have
S — 4t + RS .,
(n *o*%Zldi—d'o+r21d‘i for r#£0 .

Combining (6) and (7) we obtain o 4 af vhich is impossible if &g = -1.
Hence V contains all imputations with 8, = ¢6 = -1.

We have now shown two things:

(1) The set V defined by our theorem 1s satisfactory, that is,

for a, b € V we cannot have a &b.

(2) V 1is contained in every symmetric solutlon.

The proof that there exists an lmputation a €V dominating any
imputation in A - V will show that V is a solution, and that it 1is
unique since no superset of a solution is a solution.

IEMMA 3. For b € A, there exists an a €V
with a &b, unless b€ V.

PROOF. The required imputation a 1s specified by the quantities
oy ohyy cney oy which must satisfy

(8) pzf oy =1 (since zai=o) .

(9) d‘i>br+(i-1)p+1 for 1 =1, 2, «.0, 8
(by the definition of domination).

Summing (9) over 1, and substituting in (8) we obtain
s
P 21 br'+(1—1)p+1 (r,
which is sufficient as well as necessary. But since by g bi«n we have

P 312 Ppe (1-1)pe1 = 24am1PPre (1-1)pr1 & I (2:&":4(1-1 )p+r)= - 24m1P1-

Now - Ef b, { r since by > -1, with equality only if
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1= b2 = ... = br' The other inequality becomes equality only if
Pry(1-1)p+1 = br+1p for 1< i< s which defines an imputation in V.
Hence unless b € V we can solve (8), (9) and dominate b.

This completes the proof of the theorem. As mentioned earlier,
this unique solution V 18 entirely in accordance with our intuitive
expectation. The "p-coalitions" turn out to be the bargaining units of
this game. PFurther, thelr bargailning is entirely "free" except of course
that they will between them completely exploit the defeated r players
which are left over after the maximum possible number of p-coalition
receives the same amount.

In the zero-sum case (n, the solution consists of a
finite set of imputations, formed by permuting the indices of the imputa-
tion (-1, -1, .., -1, 2=1 8=1  B-1) mnis is the main
solution to the simple majority game in n players. For k ) E—;—‘ ,» the
symmetric solution consists of an infinity of imputations.

-1=5b

n+ 1
2)
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DISCRIMINATORY AND BARGAINING SOLUTIONS
TO A CLASS OF SYMMETRIC n-PERSON GAMES1

D. B. Gillies

The application of game theory to economics and sociology awalts
a general theory of n-person games. As yet, methods have not been found
for determining solutions to all n-person games; nor is it known whether
every game has a solution. The intensive study of a particular class of
games provides empirical data on the nature of solutlons, methods which may
be applied to other games, and may suggest or disprove conjectures on solu-
tions in general.

R. Bott defines the family (n,k) of n-person games in [1],2 and
determines for each game the unique symmetric solution. All unsymmetric
solutions found in this paper can be related to symmetric solutions (to
possibly different games of the class) by the systematic use of four de-
vices. We shall studay these devices in detail.

(1) Certain symmetric solutions may be modified by the addition =
of arbitrary functions -- the so-called "bargaining curves" ([2], p. 501)
which exist for an infinity of these games.

(2) A new type of discrimination occurs. A group of players may
receive a variable amount, but be required to divide it in accordance with
the symmetric solution to a smaller game. For example, the game (4,3) has
a solution consisting of all imputations: (z, -1, 155 B léé) and permuta-
tions of the last 3 components for all =z in -1 g Z g 3. That is, player
(1) recelves some admissible amount 2z, and the balance is dlvided in
accordance with the symmetric solution to the game (3,2).

(3) Any solution to (n,k) may be inflatec ([2], p- 398) to a
solution to (n+t,k) by assigning the t adaitional players fixed amounts,
(provided these amounts are not too large, and provided both games are in
the class). These are the "discriminatory" solutions ([2], pp. 288-289).

() The fixed amounts in (3) are subject to strict inequalities.

1The preparaticn of this paper was supported by the O0ffice of Naval
Research.

2Numbers in square brackets refer to the bibliography at the end of this
paper.
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In some cases one or more equalities are permissible if imputations are
added and subtracted from the set, and a new solution obtains.

DEFINITION. The symbol (n,k) denotes an n-person
game whose value v(3) for a coalition S, numbering
|8| players, is

- |8] for 8<k
v(S) =
n - |8| for 8 k, vhere nZk)%

The symmetric solution V contains every imputatlon related by a permu-
tation of components to a.n 1mputation a' = (a]', ab, ---, ar'l) with

aj = 8aj, for 1 #r (mod p)

ai = -1 for r>o0,
where p=n-k+1,n=sp+r, 0{rp.

That is, & € vn,k means that relative to a there exist s
sets of players, each set of size p; the players in any one set recelving
the same amount in a. The r players not included in these sets each
recelve -1.

Bott shows that domination is equlvalent to domination via a
k-element set, and that all k-element sets are effective. We shall there-
fore consider only k-element sets in our proofs. A solution V 1s sym-
metric over a subset S of components 1f it 1s left 1lnvariant by any
permutation of these components. For such a solution, we may renumber the
S-components of a general imputation, since domination of this new imputa-
tion implies, by symmetry, domination of the orlginal one.

It is desirable to include also the games (n,n) in our class.
For these, only n-person sets are effective, and the unique solution con-
tains all imputations. (This agrees with the formula for Vn,n) .

¢ 1. SOLUTIONS WITH BARGAINING

The symmetric solution to (n,k), V k’ can be defined as
follows:

An imputation a 1s in V k i1f and only if there exist s
numbers (d;} where -1 < o, < dy ( . S_d.s, and s+1 disjunct index

sets So, S ...y S, such that

1’ 8
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(1) ISl = r
841 =p 1if 1#0
-1 if wve So
(2) If a= (al, v, an) then a,=
&1 if ve Si .
s
(3) P, % =r.
Let r=0. S, 1is empty and STa,=p 2?¢1=o. Let
{qv(d.l s eens o(.s)} be n functions defined for every a € Vn Xk (r = 0),
for which ’
(1) qv(d‘]: R ] &3)"—&]2-‘
n
(2) 2v=r qy(aL1, ceey &g) =0 .

These imply, for L = -1, that q_v(oLl, ceey d.q) =0 for v=

1, 2, ..., n. Glven a, define a vector q(a) = [qv(a)] =

(qv(oL,I, ey o(s) + av]. The conditions above are necessary and sufficient
for q(a) to be an imputation. Define Vq = {q(a) | a € vn,k]' We con-
sider additional conditions on the functions q to ensure that Vq is a
solution to (n,k).

DEFINITION. Two imputations a,a € Vn Xk will be
£
called essentially different if they do not differ by
just a permutation of components, that is, if

oL # o_Li for some 1 .

THEOREM. A sufficient condition that Vq be a
solution is that for any two essentially different impu-
tation a,a € V, g We have

3

qu(*-|: d2) AR ] ds) - qv(z‘l) 12: R ] ‘IS)|< ﬁ- mi'x ld“i - zil *
PROOF. We first show that no imputation in Vq dominates
another. Assume the contrary, then q(a) ¢ q(a), that is,
Ayl woey ) + 8y D Qy(L, ..., dg) + &y for some index set of size k.
This inequality falls for at most n-k = p-1 indices. If a,a are not



328 GILLIES

essentially different, qv(°L1’ ceny oLs) = qv(oT1 Y eeey .Is) and a¢ a,

a contradiction. Otherwise we show that there exists an 1 = io such that

dio ‘dio> qu(d-l: R ] ds) - qv(dlx M | ds)l

qu(d1: M | ds) - q (é:]) M °Ls)

v

If max lo_Li - o;| occurs for 1,, then either ‘Ii - o > 0, in which
i 1 1

case io = il’ or

217411 @y - o) =y =&y > (-1 lg ) - q,&@ |
Hence for some 1 =1_, &, - O(io > la,@) - q @]

Q lO

But qv(o() + oy > qv(oT) + oy implies
a5 -9y < laE) - g @)

For i=j= 10 we have seen that this fails (for any V). Hence for

i> i1 {1, it fails a fortiori. That is, for i 2 1y, a necessary
condition for the inequality to hold is 1 > i,- So for the (s -1, + 1)p
components {Viavz ;Li } we can have at most (s-io)p inequalities
satisfied: W'av> aLiO}. Thus the inequality fails for at least p

components and ° q(a) an(E) . Hence Vq is a satisfactory set.
To show that any Db ¢ Vq is dominated by some q(a) € Vq, we

consider separately the cases s = 2, s ) 2.

Suppose 8 = 2, then - ol1 =+, = B say, where O g ﬁg 1.
Suppose b is an imputation which is not dominated by any g(a) € Vq' We
obtain a contradiction. Define index sets

i

T,(p) = (Wlqy(p) + B < byl

T, () = (VIqy(B) + B D by > a,(p) - g

TB(N vlg,(p) - p > byl

For B#P, lay(p) - qv(b*)! < |B - ﬂ*l so T,,T, are monotone non-in-
creasing sets. Suppose TB(p) is empty for all P, including p = 0.
Then q,(0) = by anc Db € Vg. Otherwise let B be the smallest ﬁ_ for
whick Tj(ﬁ) is empty (it is certainly empty at @ = 1). For < B,
IT1 (P)| Zp, for otherwise q(a) & b, where
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Qy(B) - B for ¥ =Y, € T5(p)

a,(a) = § ay(p) + p for p other indices in T,+Ty

a,(p) - p otherwise .

But IT1 (p)| 1is continuous on the left, so I‘I‘1 (p)1 Zp. Iet S bea
p-element set C T,(B) and define

qy(@) = qy(p) + p for ve s

QV(E) - p othervise .

Then always qv(a) S b, 8o q(a) =b € Vq, the required contradiction.

For s » 2, the proof that any imputation is dominated unless it
is in the solution, is patterned after an alternative proof for the symmetric
solution which we give in detail for the case r = 0.

Let b be any imputation, (indexed such that b, { b, { .- < b,)-
Define d‘i 1 1(1 1)p+1 b > by 1)p+1° witk equality onJ.y 1f all bj
in the sum are equal. Let a be the imputation in V & defined by

Bl

1

o]

814(i-2)p+y ~ dy 1f 1 _<_ ¥ S. P

2|

a; =& it j> k .

Then Ej >b j for the first k 1indices, unless one or more of the sums

are over equal b.. However not all such sums can consist of equal elements
(or b eV, k) 80 there is one, say oLi > by _1)§ -
Let oL = b(i “)p+1 TS E Ovhere and define

A= (d\‘, ceey ols)ob

Il

4 - (s-1)¢ for i =
o

11 + & otherwise .

Then & defined as above, from o, satisfies a ¢b, and a € Vn,k
This completes the proof.

If s)>2,b¢ Vq, define a vector function V(&) =
(by-qy (&), bg,—qz,(n\), -v+y boy-qy, (%)) vhere (17, 2', ..., n') is the
permutation of (1, 2, ..., n) such that ¥ (&) < ¥() .0 V().
(This permutation is a function of o, but the Vv(oL) are continuous, and
satisfy |Y,(&) - Yy)| < g - max loty -4l for d#L.)
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Define a vector function ¢(d) by

1
¢i(°L) =52?§—1)p+1 ‘i’i(cL), 1=1,2, ..., s .

Then 3,2, 0;() =0 and [05(&) - 03D < Shromax |&y - &3] for o # L.
By analogy with the previous proof, we solve the vector equation
¢(et) = oL, if possible.

We shall form a sequence o°, &1, ¢2, ... where oAt = ¢(oL )
and show that it is a Cauchy sequence. Its limit, d, satisfies o) =&,
since ¢ 1is a continuous function. However ¢(d3‘) is defined only when
oLi can arise from some imputation in V S0 we must guarantee that

1"‘1 ) - 1. (Since Eq) () =0, we have Eoti'”— 0).
Define oL,oL‘ by:
1_ 1
oA =5 H3-1)pe1 Pk
o _
oL.I = -1
1
o, +1
[o] 1 1
d~i=di+s—_.|' for 1741
Then 0 = Zbk EoL :, and d} 2 -1. But eL1 = -1, so0 qv(io) =
0, and from the definition of ¢ we have ¢(°) = Similarly if o) =
-1, &5 = ¢(d. ) = o and we have the solution & = oL1 . Assume then di} > -1,

i
or 1+d1>0. Let pi=m§x Ickli1 -okljél. Then ;40=ol} + 1> 0. Suppose
> -1 for 1< <1 Then

i+1

i
My mﬁXI - ol |

mex [0y o) - o @t h

< () max Wy - o
1
< (m) M4
Hence
1,1
P < G B,
But

i+1 1 2 1 3 2 i+1 i
oLy = -1+1 +¢>L1+(¢L1 --<;L1)+(et1 -o{l) + . .+(oL.l -a(.l)

>-1+(1+oL})-|eL$-oL}|-|¢13_°c1°-|, _|1+1_°L%|
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v
L

+p°-)‘1-}‘2—...-}41

v
L

1 1,2
tho - Bleg * G  -e + (55

v

-1+ (:—:%)p-o_)_-u since p, > 0, s> 2 .

Hence d“i;d > -1 and eLi is defined for all i. Similarly

+2

i i+m i i+ i+1 i i+m-1 i+m
Id‘k‘ kl_(_ld\k'likl*‘lduk -duk|+...+|d\k 'OLkl

1 41 s-1

e - 52

|oLle - oLii"{ml —>0 as 1 —>w®, and (') 1s a Cauchy sequence, whose
limit, &, satisfies

eT.1 > -1
2§i=o
0(X) =L .

For this &, we renumber the indices of b relative to a
permutation (1', 2', ..., n') which makes \Vi(a) monotone. Then
Yp(®) = by - QL Lyy --ns L) L byyy = Qg g5 ooy &g) for
Y=1,2, ..., n-1. If ’f’(i-1)p+1 =\}fip =& (ffr i= 1i 2, ..., 8),
then b € Vg since bpy jy,., = + Q(i-1)p+y (g +oes o)

(1 S Y Sp, 1 _(_ 1 g s). Otherwise, for some 1 =1,

‘l’(io - 1)p+1 + sg=oy with £§>0 .
[¢]

Then define
*

1o

4

- (s-1)¢ for 1= i,

« + ¢ for 1 i, -
Then q(a) &b, q(a) € Vq, where q(a) 1is defined by
q1(&)=q1(°’~1, ey 0%) +°L1

4 (1-2)p+¥ (a) = 4 (1-2)p+¥ (O, wees o) + 0y

)2'1*}"0'('31-_2

331
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for 1_<_x£p and 2<1§_s

ay(a) = gylety, --., o) + & for v (s-1)p+1) =k .

PROOF. We show that domination is via the set (1, 2, ..., k).

Suppose q1+(i-2)p+¥(d"1’ Ay ees ) +dy £ by (1-p)p+y LOT Some index
1+ (i-2)p +» with 1 SX { p. Since

- p— '| -
1934 (1-2)psg (s -- 0o Ag) = Ay (1o2)prr®ys s ) s nex I -4y1 = &

the left side is > q1+(i_2)p+,(¢7~1, .-+» &) - g. Transposing, we have

% - & < \’,1+(1-2)p+¥(°-0 S 1"’(:L—1)p+1("'-:)

For 1 # 1,4 - €= ii so we obtain a contradiction. If 1 =1,
o - E=9d; - 8= Y, -1)p+1(;) which again gives a contradiction. Hence
qv(a) > by for v g k° This completes the proof of the theorem.

REMARKS

(1) The presence of arbitrary functions qv(ek) in the solution
bears a resemblance to situations in economics where bargaining occurs.

(2) For s = 2, the proof can be strengthened to the case
lay(A) - qv()\*)l < Ia- A |, and it is probable that equality is per-
missible in the Lipschitz condition for s > 2 also, although this cannot
be shown by means of a Cauchy sequence.

(3) For r # 0 I have not found bargaining solutions of full
dimension, although a smaller game can often be found whose bargaining
solution can be inflated to solve the larger game. In one case:

(2p - 1, p) there are certainly no bargaining solutions of full dimension:
this 1s the zero-sum case -- the direct majority game which is a particular
case of a simple game. In a simple game, either a set S or its comple-
ment 1is always effective, so two imputations in a solution must have at
least one equal component.

$2. A NEW TYPE OF DISCRIMINATION

LEMMA. If V is a solution to an n-person game,
and b= (b;, by, --., b)) 1s a vector satisfying
b12-1 for 1i=1,2, ..., n and

>b,<0,



DISCRIMINATORY AND BARGAINING SOLUTIONS 333
then there exists an imputation a € V with a &b.

PROOF. Define b by Fi=bi+£, 1=1, 2, ..., n, where

=5 (g > o

Then b 1s an imputation. If b ¢ V there exists a € V with ae b,
and a &b a fortiori. If b€V, then b&b via the effective set I
of all n players. The symetric solution Vi K to (n,k), has a very
interesting property if r = p-1, 1in the light of this lemma. There are
p-1 components which are -1, so given any vector b satisfying the
conditions of the lemma, we can never have, for a € V Jk :ay > b for
more than k indices. The transformation T(X) : a —> a(X) defined by
a; —> ai(l + %) + % ,1=1, 2, ..., n has the properties

(1) a; = -1 implies a;(X) = -1

(2) If X)-n, a; > a; » -1 implies a;(X) ) a;(X) > -1,
with equality in the transforms only if X = -n.

(3) Sl a®@=x+(+HZTa (=x 1r FTa =0

(%) If T(X) 1is applied to all imputations a € Vi Jk? the
Image V k(X) is a solution to the stra.tegica.lly equiva-
lent game defined by v(I) = :

- I8l 1f IsI <k

v(S) =
n-X- |8 1if |S] Zk, wvhere X > n .
Ir (nl,k ) (n2,k ) are 2 games with r,=p, -1=n -k, P, =n, - Kk,
and if (V X, X, ) 1is the set of imputations (a,b) in an
oy 2’
(n1 + na) dimensiona.l space where a € V k ,», bEYV k » we might expect

(V X, (x), V n,.k, (X)), - n, { X< n,, to be a solution to the game

(n + n s kK o+ k ) We prove a more general theorem:

TEEOREM. Let (n),k;), (nmy,kp), ..., (ng,k,) be
g games satisfying the conditions ry =ny - ky =py - 1
for 1=1,2, ..., g. Let A be the space of imputa-
tions for the (218 n,)-player game (n; + ... + ng,

ky + ... +kg)’ and let 8,, ..., Sg be g fixed index
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sets for A with
Isi | = ny

S,L n Sj = the null set .

Number the irdices in V Jk with the same in-
dices as 8y (1=1, 2, g?‘ 1 in some order. If

V={3(X) = (a:(X1), ey 38(18)) | a-i nj_’ki(xi), i=1,2, ..., 83
X2 -ny and 3EX =o}
then V is a solution to (n,k) = ( Zni, Eki).

PROOF. We have s=en that domination means domination relative
to (ni’ki) for every index set Si’ and also that there exists
a (X) €V, kg (X) dominating any extended imputation b with

ny»

3. b < x Suppose a(X) ¢&a(Y) and a(X), a(Y) € V. Now
Jjes i°
28x, = 2‘1 Yi Then for some 1 = i, xi < Yi Then
O(X1 ) a-a. (Y ), so the relation ai(x) > ai(Y) can hold for at most
Yo

217‘1 ki + (11 -1) = Z ky-1 indices. Hence a(X) g¢fa(Y). Given b €7V,
wg determi_ne Xi = "’JES j' ijor at least one "subgame" Sio we have
(Xi ) &b where b © is the extended imputation consisting

only © of the components whose indices are in S:L This gives ki
strict inequalities, so, for g > O sufficiently small,

a o(xi - (g-1)€) &b ©. We can then determine imputations &j'(ii + £) g—bi
for © 1#1,, and

1% 2,z 1o,= Lo*t -
(a' (X, +€), a"(X, + &), -.., 8 (Xio -(g-1)€), a (xio_H +€), oen)

dominates b. (Since ¢ D o, i’i # - ny , but this 1s certalnly true, since
o) o)
°(_ni Yy = (-1, -1, ..., -1) which does not dominate anything).
(o)

REMARKS

(1) (nl’kl) can be the game (1,1) or more generally (nl,n1).
Examples of admissible games are (3,2), (5,3), (5,4%), (7,%), (7,6).

(2) 1In each imputation in V, the players who do not succeed in
joining a coalition receive -1. In S:L there are ni'ki such players.



DISCRIMINATORY AND BARGAINING SOLUTIONS 335

Certain amounts X; are assigned to the sets 8; and are divided among
the players in S1 according to the symmetric solution to the smaller
games .

(3) For n large, the decomposition of (n,k) into
(Zni, Zki) can be attained in a prodigious number of ways satisfying
our conditions on (n ’ki) . The multiplicity of solutions so obtained, and
the variety of social structures so described seem surprising in these
symmetric games.

¢ 3. INFLATION OF SOLUTION

V is called a discriminatory solution to (n+t,k) if there
exists a partition of indices into two sets S,T with the properties (1),
(2):

(1) ITI =t ISl =n

T US =1, the set of all players .

(2) Forall a€V, a;=cy 1if 1€ T, where le;) are ¢
constants each greater than or equal to -1. Let Vs be the set of
constant-sum imputations {aS] in S obtained by projecting V = (a}

= n =
onto S. These have a sum - 3 ;.mcy, since 0= 3,-, &5 = 3y.qp 8y +

s 81 = 2ger %1 * Zies 81

LEMMA. V°  1is a solution to the game strategically
equivalent to (n,k) where

v(s;) = - I8, 1f 8,1 <k

n- 181 - 3yep ey I 181 2 k.

PROOF. Let b be an imputation with projections bs,bT on S
and T and assume bT = c. We show that bs is either in VS or domi-
nated via an effective set in S. If b € V, the lemma follows. Otherwise
for some a €V, ay > bi for k dindicers SHowege.er' cy = b1 for 1 €T,
so the k indices must be in S. Hence a" ¢ b“, which was to be proved.

We propose to reverse this process, and study the inflation of a
solution Vn to (n,k) by assigning t additional players fixed amounts.
By strategic equivalence, we can consider the game for which Eies ay = 0
s0 VS = Vn. The relation: "k-player sets are certainly necessary, and
all other sets are certainly unnecessary" is sufficient to define the game
(n + t,k), for k> 9—;1‘:, is invariant under strategic equivalence, and
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is the only relation used in our proofs. Let X be chosen so V(X) has
3icg @8 =0 for a € V(X), and hence 24cr 8 = X- Let ay =cy; for
1 €T (the ¢y will differ from their zero-sum analogues in V). Where
no confusion could arise imputation will be used 1n one or other of two
senses:

(1) An element b € A where A 1is the (n+t)-dimensional space
of extended imputations over S U T.

bi>'1

b, =X
(2) A zero-sum imputation over the indices in S.

THEOREM. A sufficient condition that V(X) be a

solution to (n + t,k) over A 1s max cy { 50— >
n+t ieT
if k) = -

DEFINITION. An imputation b 1s certainly un-
necessary if we know (owing usually to the domination of
certain related imputations) that it can be dominated by
an a € V. Otherwise, b 1is certainly necessary.

LEMMA 1. The imputations b with by < cy for
exactly 1 components L C T are certainly necessary
if and only if (1) EGi is a maximum for all |L| =1

(2) -1 for 1€L
b

g =
cy for 1€T-L,
for 1=0,1, ..., t.

PROOF. It is evident that these are exactly the imputations,
for fixed 1, for which 3,.q by = & maximum. Thus given an imputation
b* with bI < cy for exactly 1 components we can find an imputation b
in the set defined by the lemma, with by = b} + &, € Z 0 for all i € 8.
If V(X)>Dagb via the set U, then UL S contains at least
k+t -1 components a; > by 2 by, and a, > by for 1 components in
T. Hence a ¢b*, 80 we need not consider bD*. Q.E.D.

For 1 =0, the theorem now follows from the fact that V 1is a
solution to (n,k).

It remains to find a € V, with 51>b1 for a set of k -1
indices (1}. If Lg 1s an index set in S with

(1) ILgl =1>0
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(2) 3¢, Py 18 & maximum for all sets U C S with gl =1,
define b*, an 3 imputation over the indices S with

-1 1f 1 €1Lg

b} =

by, if 1€8-1Lg .
If Zies bi { 0, by a previous lemma, there exists a € Vn with a ¢b*
.. Ei > bt for k components
Ei > b, for at least k - 1 components,
since b} # by for at most 1 components. Then if a 1is defined by

ey for 1 €T

a; =
Ei for 1 €5

then & € V(X) and a &b as required.
In view of this proposed construction, those imputations for

which 2 bi is maximized are certainly necessary, and all others are
certainly unnecessary. Also Z‘, bi is maximized if and only if

b, = constant for all 1 € S, (L>o0),

since b* obtains from b by replacing the largest 1 components in S

by -1.
Number the indices in T(1, 2, ..., t) such that
1 t <t
¢y D Cp > +ee 20y Them Zycp by 121=1 (-1) + S 01 = 2y ey -
(1+ 3,1, cy), andfor 1€8, by =g(l+ 37 cq). Then
Siics DY = (0 - DR+ >,% ¢y) -1 which i1s < 0 by hypothesis.

[/~

I

2
. 21i1 Ci<H-_l-—l (L=1, 2, ..., t)

But for 1 > 2, this condition follows a fortiori from the relation
c, Z c, _Z c; and c, < 31_—1 . Hence Tg% cy < 5—1_7 is a sufficient
condition.

Thus every solution to (n,k) can be inflated to a solution to
(n + t,k) by assigning the t additlonal players constant amounts less
than n—li' throughout. The inverse transformation 7 '(X) maps this
solution V 1into a solution to the normalized game.

The construction of b* was necessarily crude since we know
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nothing about the solution Vn. If Vn is the symmetric solution V Jk?

then an imputation a € Vn k

should be chosen to majorize the sms.llest

k - 1 components of bi in S. In our former notation, an imputation

aGVnk

is characterized by the s quantities (ok1, 0(2, ey oLs),

where

now we do not insist that oy oty € ven Ko IFf (g-1)p< k - 1< ap,

then for i ) q we may set eki- -1. Let (1', 2', ..., n')
by, by £ +-- by 7, £ --- < Db,, define a numbering of the indices in

S.

Ir

(q_1)p+rl k - 1 define bn+(i—1)p+g~d,1(1<q,

where § 1is chosen so Sif o = 0.

If a 1is defined by

a =8, =anp=9

a'(i-2)p+7‘+1 IR € B )p+ 4 2<1<q
a(q-1)p+1l+1 = e = aqp =4

ay = -1 otherwise

(where for simplicity in notation the primes are suppressed) then
for i< (g-1)p+n = k - 1 provided ¢ > o.

THEOREM. If V k is the symmetric solution to
(n,k) and V(X) is the set of imputations formed by
assigning t additional players fixed amounts, then
V(X) 1s a solution to (n+t,k) provided max c; < ﬁ
where 1

r if r #o0
A= .
p if r=0

This condition 1is necessary and sufficient.

LEMMA. If the above construction is planned (and
it is the best possible), then the imputations b € A
for which

¢y for 1€T-1L (1)
-1 for 1 €L (2)
b, =
1 -1 for 1{"M 4in 8 (3)

constant otherwise . (%)
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are certainly necessary, and all others are certainly
unnecessary.

PROOF. ((1), (2) follow from the proof to the previous theorem
and (3), (4) obtain by minimizing €). ziGS by =1+ Ei Z, ¢4 8as before,
and the constant va.lue f‘or by inall but (n - 1) components of 8 is
(1+Mm -1 + 2,1_ cy)- Since Eai =0,

n 1?+2
pa [;‘ﬁﬁ(lq e Zte) +g | - (npa) =
Imposing the condition ¢ > 0 and simplifying the resulting expression:

2;1 ci<_u_rld_£_®). for 1 =1, 2, «ve, t «

The right hand side is proportional to 1 1f q stays constant, however
when q decreases by 1 (as 1 increases) the constant of proportionality
increases. Since c, Z [N 2 .. 2 cy, the inequalities above are implied
by the first one. For 1 =1, q s unless r = 0 1in which case
q=8-1.

Hence

AV

r

T if r#o0
m?-.x oy £

_P_

fp otherwise .
This shows that the condition is sufficient. But the use of certainly
necessary imputations and optimal constructions implies necessity also
(which can be independently verified by obtalning a contradiction for
mi.x i T nr n-p

COROLLARY. Any zero-sum imputation b 1is in at
least one solution to (n,k).

PROOF. Index [bi] so b, S b, _(_ gbn and define

n
n En—k+1 bi
n
k +En-k+lbi

It can be verified that b(X) has 37 .., by(X) =0. Since T(X) 1is a
monotone transformation

1
1 Z&I}'{l-k bi(X) = bn-k(X) S EI{-ZE-I(-H bi(x) -0 .
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Let ¢y =b;(X) for 1{k, andlet V be the set of all
imputations {a) with &a; =c4 for 1 ( n-X. Then V is an inflation
of the symmetric solution Vk x ‘to the game (n,k), with maiax ey <€ k 1
Since b(X) € V, b 1is in the analogue of this solution in the space of
zero-sum imputations.

The inequality obtained for the symmetric solution with k =
is max cy < n11’ which agrees with our general theorem. The condition
of 1 the general theorem is therefore the best possible (as a function

of n only).

¢ 4. LIMITING CASES OF INFLATION

- = = -———A
Suppose ¢, =cC, = ... c10 o where

r if r#O0
p if r=20

Then ¢y L__qal 1f 1¢ min (1,N and ¢, < —QP)— otherwise (1< t).
In fact the summation need only be carried out over a set containing 1
indices in (1, 2, ..., 10) . Our previous arguments show that the only
imputations in A undominated are the certainly necessary ones: If L

is any set in (1, 2, ..., :Lo) of exactly 1 indices and ]’_.S is any set
in S of -1=2A-1 indices, then the imputation b defined by

-1 if 1eLULS
by=4 ¢y if 1€T-1L

A -
AL if 1e8 - Lg

is undominated by any a € V, for all choices of L,Ls. Let V be the
union of these imputations for all choices of L,Ls- (Since

L] + IL | =1+ A -1= A<{ k, no imputation in V can dominate another
(for the effective set must be L ULg). Then V + V 1is a solution unless
there are imputations b € V, a€V with b ¢a.

For A =r#0, 15 21:1 =L1=H§i, so °‘i>—_A for at least
one 1= 10. But b ¢&a is only possible via a k-element set in S, and
there are p=n - k + 1 elements a, = d'i for which b, > &y Hence
V +V is a solution if r # o.

If A=p, r=0, the average value of the o; 1is
;13- 21:1 4 = 0, 8o we exclude from V all imputations a* for which all

&, are less than -5}7‘ . Call this restricted set V*. V - V* is not
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needed for the domination of an imputation having 1 > 0 since by con-
struction the imputation required for domination could have p components
equal to -1, hence some p components are greater than or equal to
Eéi , as required. For 1 = 0, the arbitrary imputation has either
n-kX+1=p 1indices in 8 not less than Héﬁ , 1in which case it 1is
dominated by an imputation in V - V¥, or has not more than n - k ele-
menti not less than E%R > 1n which case it is dominated by an imputation
in V. We have proved:

Theorem. If €y =0y, =04y = ﬁ%i , and V 1s the inflated
solution to (n + t,k), let V be © the set of all imputations having 1
components in (1, 2, ..., io) equal to -1, A -1 components in S
equal to -1, (1=1, 2, ..., min(x,io) the other components in T equal

to ¢y, and the other components in S equal to 5%7 . Let V* be the
set of imputations in V with a; = Ef_x for all 1€ S (V* 1s empty

unless r =0). Then V+ V - V* 1s a solution to (n + t,k).

The discrete solution (a finite number of imputations) to the
3-person game (or more generally to the game (n, E%l), which is zero sum)
can be obtained by inflating V2’2 (or véil Qil)’ to the limit.

2 2 2

CONCLUSIONS AND CONJECTURES

(1) Inflation, and inflation to the limit, are very important
methods for obtaining new solutions once a discriminatory solution 1s known.
In the latter case, i1t often happens that much of the original solution is
omitted, at the cost of adding a finite number of imputations, and this is
very useful in finding finite solutions themselves.

(2) By carrying out the inflation relative to this particular
strategically equivalent game, it 1s evident that the 1imiting solutions do
not depend on possibly carrying out the inflation one component at a time --
all possibilities are subsumed in this general theorem.

(3) The games (2n+1, n+1) are the only zero-sum games in this
class (they are the simple majority gemes), and it is evident that the
patural way of determining thelr solutions is by means of the family {(m,Xk))
of associated non-zero sum games. Finite solutions have been found only
for zero-sum gemes, and the larger the ratio % becomes, the higher is the
dimensionality of the solution.

(%) The natural way of considering all solutions found so far
is in terms of symmetric solutions.

(5) Non-discriminatory bargaining solutlons probably do not occur
for games with r # 0. (This is true in the zero-sum case, but remains to

be shown otherwise).
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QUOTA SOLUTIONS OF n-PERSON GAMES'
L. S. Shapley

¢ 1. SUMMARY

Complete sets of solutions for all three-person games have been
given by von Neumann and Morgenstern.2 For higher games the known results
are scattered, with no solutions at al. for large classes of games and
complete sets of solutions for only a few special types.5 Even the exist-
ence of solutions in all cases has not yet been established.

In this note we present a family of solutions for a class q of
n-person games which embraces all constant-sum four-person games and a not
inconsiderable array of higher games.h We call them "quota games" because
it is possible in them to define a system of individual quotas for the
players which determines the effectiveness of the various two-player
coalitions. In our solutions most of the players receive their quotas,
but there is some latitude for bargaining.5 The solutions are typically
one-dimensional sets, consisting sometimes of n line segments joined at '’
the quota point, sometimes of n-1 disconnected segments. Their behavior
unde: variation of the characteristic function of the game is continuous.

In the final two sections we present some related, more compli-
cated solutions to games in @, and describe an extension of the earlier
results to a wider class of games.

¢ 2. PRELIMINARTES

We shall employ the symbols €, C,N,VU, -, in the customary

1The preparation of this paper was sponsored in part by the RAND Corpora-
tion and the Office of Naval Research.

"

27. von Neumann and O. Morgenstern, "Theory of Games and Economic Behavior,
Princeton, 1947 ("TGEB" in the sequel): sections 32 and 60.3.

35ee e.g., TGEB: 36.1.1, 54.2.1, 60.4.2; also other papers in this volume.
See the tables on pages 347 and 359 below.

SDetalls are given in the heuristic accounts which accompany Theorems 3,
4, and 5.
343



3kl SHAPLEY

way; we shall use {i, j, ..., m} for the set consisting of the distinct
elements 1, j, ..., m, without regard for order, and |[S| for the number
of distinct elements in the (finite) set 8. Greek letters without sub-
scripts will represent n-vectors; J 1 111 stand for the vector whose
i-th component is 1, all others 0. By [d,B] we shall mean (until
section 6) the set of vectors of the form

(1) td+ (1 - t)B, 0t
-- geometrically, the straight segment joining o and B.

Let I denote the set of players; |I| = n. A general-sum
n-person game Vv 1is a function from the subsets of I to the reals

satisfying

(2) v(0) =0,

(3) viSnT) + v(s -1 £ v(s), (g1l S, T C I)
It is constant-sum if there is equality in (3) for S = I:

(%) v(T) + v(I - T) = v(I) (al1 TCI)

If equality always holds in (3) for some particular T, then the game is
said to be decomposable into the games on the sets of players T and
I-T; if sucha T consists of a single player, he 1s called a dummy.
If all players are dummies, then the game is inessential, and its theory 1s
trivial.

We shall sometimes write v, Vij, etc., for wv({1}), v((1i,j)),

etc.
The space A of "imputations" is defined as the set of ol which
satlsfy
(5) 2ier M = V(D
(6) o4y 2 vy (all 1 € I)

-- geometrically, an (n-1)-dimensional simplex. If

(7 Bi > 4 (a1l 1€¢8),

(8) zies % L V()

both hold, we say that B S-dominates o, and write d € S-dom B. It is
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easlly verified that S-domination can occur between two imputations only if
(9) 1< 181 < IT]

We now define the dominion of a single vector:
(10) dom & = USQI S-dom d ,
and of a set of vectors:
(11) domV=U¢EVdom A.
Finally, V 1s a solution (of the game v) 1if and only if
(12) V=A-domV.
¢ 3. QUOTA GAMES

By a gquota in a game v we shall mean a vector w having the
two properties:

(13) (-Ui+ U.=Vij (all i?é.].) >

(1%) 2er @y = v(D)

From (13) we see at once that, for |I| > 2, the quota, if it exists at
all, is unique. Let @ denote the class of games which possess quotas,
the "quota games."

THEOREM 1. The n-person game v 1is in Q 1f and
only if
(15) vij + V= Vyp t le (1, j, k, 1 distinct)

always holds, and

(16) 201, 561 V13 = 2n - DD
17]

PROOF. (13) and (14) directly yield (15) and (16). Conversely,
given v satisfying (15) and (16) and n > 3 (the theorem is trivial for
n=1, 2), the expression
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(17) Wy =-‘§ (Vij + Ve - ij) (1, j, k distinct)
is independent of j and k, and can be used to define a vector w. (13)

now follows from (17). To obtain (14), sum (17) over all distinct (ordered)
triples (i, j, k), thus:

(18) (n-1n-2) 29 =1 (-2 Zi’iel vy
i%3

(the last two sums cancel). An application of (16) now glves the result.

COROLLARY 1. If n 1s even, (15) follows from
(16).

PROOF. Let TT be a partition of I into two-element subsets.
Then, by (3),

(19) 2igem v(8) V(D)

Averaging (19) over all such partitions we obtain, since each S will
occur the same number of times:

(20) L 2 v(s) < (D)

n-1 C
I8T=2

By (16) we have equality here, and hence also in (19) for every 1. (15)
now follows easily.

COROLLARY 2. If n is even, the: v €q if and
only if

(21) v(iSNT) + v(S - T) = v(8)

holds whenever |S|, |Sn T|, |S - T| are even. Thus,
in even-person quota games,

(22) 21@3 W = v(8) (all S C I, IS| even)
PROOF. Assume v € Q. By (3), (13), (14), we have
(25) V(SN D) + V(S =) + V(T - 8) ) Dycong ¥+ Dyegp @+ Dpers U

= v(I)
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ZV(S) + V(I - 5) ’

1f all the sets in question have even numbers of elements. Then (21)
follows from (23) and (3). Conversely, (21) implies (15), permitting us
to define w Dby (17) (except in the case n = 2, for which the corollary
i1s trivial). This vector has the quota properties (13) and (14), as
required.

COROLLARY 3. All inessentlal games, and all con-
stant-sum four-person games, are in Q.

PROOF. For inessential games, put W o=y, all 1 € I. For
constant-sum four-person gemes, apply Corollary 2, using (2) and (4).

An idea of the extent of the class @ may be gained by repre-
senting each n-person game v as a point in the carteslan space of 20
dimensions and then comparing the dimension of the (convex) set of quota
games with the dimension of the (convex) set of all games. In such repre-
sentations it is customary to consider just games in "reduced form" and to
disregard lnessential games.6 This has the effect of making the convex
sets bounded, and of reducing their dimensionality by n + 1, without
substantial loss of generality. The comparison follows, calculations
omitted.

All games Quota games

n general-sum constant-sum general-sum constant-sum

2 0 (none) 0 (none)

3 3 0 2 (none)

i 10 3 T 3

5 25 10 19 4

6 56 25 31 15
(even) 21 22

2"n-2 221 n-

(odd) 2"-(3)-3 2" (D) -2

A quota 1s not necessarily an imputation: condition (5) is
assured, but not (6). Define the quantities Cy:

6Compare TGEB 39. Use of the reduced form in the body of this paper would
tend to obscure relations and results, without producing any substantial
simplification.
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(2k) cy =Yy - vy (1 €1

-- they are effectively the barycentric coordinates of «w 1n the simplex
A. A player o for whom Co is negative 1s called weak. A dummy in an
essential quote game, for example, 1s weak. (Indeed, we then have, for
each 1 # o,

= - = W = -
(25) Co = W - (voy vy) Pt vy ¢y
whence
R
(26) ¢6 = " n-2 21@1 ey -

This quantity is negative in an essential game.)7

THEOREM 2. In a quota game there 1s at most one
weak player; if |I| 1s odd, there 1s none.

PROOF. By (3) and (13) we have, for any 1 # J,
(27) vy o+ Yy < Vi = W o+ hﬁ .

Therefore 1 and j cannot both be weak. Furthermore, if |I| is odd,
we have for any 1:

(28) V(D) - vy > (T - (40) 2 Bpyeq wy = w(D) - @,
A

by applying successively (3), (13) and (3), and (14). Therefore 1 alone
cannot be weak.

éL4. QUOTA SOLUTIONS

We shall now proceed to construct solutions to games in Q out
of the quotas, , (when in A) and certain closely related lmputations.
We define the vectors:

(29) Xij w - cisi + Cier‘] R

k) - w- cisi - ckgk + (cq + ck)JJ .

]

(30) g

Twe return to this game in section 5; it 1s the only instance of a decom-
posable quota geme.
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In referring to these vectors, we shall sometimes speak of j as the
"beneficlary"” of 1.

LEMMA. If there is no weak player, or if 1 1s
weak and j # 1, then ¥1J 1sin A. If k 1is weak
and 1, j#k, then ¥¥J 1sin a.

PROOF. Immediate, from the definitions.

THEOREM 3. If w 1s in A, and If by #1 1s
an otherwise arbitrary function from I into itself,
then

ib
(31) VB=UiH[wJ H

is a solution of the quota game V.

GEOMETRICAL DESCRIPTION. Vi, consists of n segments parallel
to edges of A radlating from w, one to each (n-2)-dimensional face.

If w is in the boundary, then one or more of the segments 1s degenerate;
but all are degenerate only if A 1is degenerate as well -- i.e., 1f the
game 1s inessentlal. When n 1s even, 1t is possible to have b, = i,

all 1, whereupon the segments are colinear in pairs, and Vb i consists
of n/2 segments meeting perpendicularly at w.

VERBAL DESCRIPTION. The standard of behavior attributes to each
player a quota and a beneficlary; & player may be the beneficiary of
several, or none, of his opponents. In a particular play of the game
either all players take their quotas, or one player accepts less and gives
the difference to his beneficlary. However, no player ever receives less
than the minimum which he can guarantee himself unilaterally -- thus, a
player whose quota and minimum are equal will never assume the role of
benefactor. When the number of players is even, one solution (mentioned in
the preceding paregraph) has them palr off, as if to bargain over the
division. In a particular play, any one pair may divide their combined
quotas in an arbitrary way, compatible with their minima, while the others
settle for thelr individual quotas exactly.

PROOF OF THEOREM 3. (I) To show A - dom Vi, C V. The & in
A fall into three categories:

w, (some j # 1);
(a1l j # 1);

(1) oy { Wy (some 1), & 4
(32) (11) o4  w; (some 1), o5 d>w
(111) oLy 2 Wy (all 1)

[P
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In the first case we have o € (i, jl-dom w. In the second case we have

(33) oy + d.bi < W+ ubi

We can therefore choose t to satisfy one of

(iia) %i-wbi=t=ui-d.i,
(34)

(11b) d.bi - wbi Ctw -d, .
The vector p:
(35) = w- tel + té‘

is in V;, and ve have either o = B or o € (i, by)-dom p. In the third
case we have at once d = w. Hence every lmputation is in either Vb or
dom Vb' (IT) To show Vb C A - dom Vb‘ By the lemma, Vb C A. A simple
check of the conditions (7), (8), (9) for domination reveals that the
assumptions o ¢ Vb’ ge Vb and d € dom p are inconsistent. Hence no
imputation is in both Vb and dom Vb.

THEOREM 4. If ®w 1is not in A, 1let o denote
the weak player. Then

1ob
=L_J ser 18°, 1,

is a solution of the quota game v, with b as in
Theorem 3.

GEOMETRICAL DESCRIPTION. V, consists of n-1 unconnected seg-
ments parallel to edges of A, 1issuing from points in the face AO defined

by
(37) d_ -v_ =0,
and running one to each of the other (n-2)-dimensional faces. Some or all

of the segments may lile within Ao, and some or all may degenerate to points
in the boundary of Ao; but all degenerate 1f and only if o 1is a dummy.

8See (41) below.
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VERBAL, DESCRIPTION. The standard of behavior assigns quotas and
beneficilaries as before, but the weak player's quota 1s below his minimum.
In a particular play there is always one benefactor; he may be anyone but
the weak player. He first mekes up the weak player's deficit out of his
own quota, and then, perhaps, gives an additional amount to his assigned
beneficlary -- who may also be the weak player. The remaining players take
exactly their quotas.

PROCF OF THEOREM 4. (I) To show A - dom Vi C V- Divide the
d 1in A into the categorles of (32). In case (i) we must have o # 1, j.
Let k be distinct from o, 1, and j (possible by Theorem 2!); then
oL € (1, j)-dom K.  In case (11) we must have o #1 and
(38) dy (W +cy -
We can then find, in the manner of the preceding proof, an imputation 8
lob
in [v°%, ¥ 1] such that elther & =B or &€ (1, by)-dom .
Case (111) is vacuous, since w ¢ A. Hence every imputation is in either
V,, or dom V- (II) To show V, C A - dom V;,. Proceed as in the proof
of Theorem 3.

¢ 5. DISCUSSION. THE FOUR-PERSON CONSTANT-SUM CASE

Because of the arbitrariness in the choice of the beneficlary
function b, Theorem 3 gives (n-1)2 solutions to each n-person quota
game with w in A. These are all distinct if and only if w is 1nt.erior
to A. If the game v 1s varied the Qquota w, and hence each ¥ J
changes continuously. Therefore the solution V,; 1s a continuous function
of v.

If v 1s varied so that cy vanishes for one or more 1 € I,
putting w in the boundary of A, then those solutions whose benefilciary
functions agree except for such 1 will become indistinguilshable, since
the segments [W, ¥ J] will have contracted to the single point w. With
w at a vertex of A there are only n-1 distinct solutions (consisting
of single edges of A). With w 1n an open (n-2)~dimensional face of A
the number is (n-1)"7'.

For w outside A we turn to Theorem % and find, in general,
(n-1 )n-1 solutions, again depending continuously on v. If v 1s varied
so that Cq tends to 0 from below, then w approaches the boundary of
A from the outside, and the polnts xoi and ¥ 1oJ approach w and xiJ
respectively, so that each Vb of Theorem 4 goes in the limit into the
corresponding Vy of Theorem 3. The transition from one case to the other
is perfectly contlnuous.
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If v 1s now chosen to make

(39) cy=-¢y>0

for one or more 1 € I - {o), then the number of distinct solutions
provided by Theorem % is reduced as a result of the segments

[101, ‘ioj] contracting to the isolated points 801. The quota games in
which (39) holds for all 1 # o are noteworthy, since they alone have
finite quota solutions. It can be shown that, for such a game,

(40)  ¥(8) = 2yyeq vy - (18] - ey (for |8| odd) ,
= }Eies vy - (18] - 2)cg (for |S| even, o€ 8) ,
= ZiGS vy - (I8De, (for |S| even, o ¢ 8)
9

The game 1s constant-sum’ and symmetric in the essentlal players, o 1is
a dummy, and, of course, |I| is even. The unique quota solutlon, by
Theorem %, consists of the n-1 separate points:

(41) pi =V - 2 j€I co,;j (all 1 # o)
J#o,1

where Y denotes the vector }EIkak.

In the four-person case, visualization of the foregoing dis-
cussion is aided b, 4 remarkable one-one correspondence that exists between
the range of w (ti. imputation space A and its environs), and the
parameter space of games v. von Neumann regards the essential four-
person constant-sum games in reduced form as the polnts of a certain cube
Q."° (See Figure 1.)

9Indeed, it is an open question whether finite solutions exist except for
constant-sum games.

1O'I'GEB 34.2. Figure 1 has been drawn to conform to Figures 61-63
loc. cit.
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Figure 1. Partition of Q into the
tetrahedra T, T1, T,, T3, Th'

Four of the vertices of Q (o in the figure) are the games with dummies;
the other four (e), spanning the inscribed tetrahedron T, are the games
in which one player is so strong that only a coalition of all his opponents
can defeat him. The four other tetrahedra Ti’ named after the dummies in
their vertex games (o), form the complement of T in Q.

Now 1t is possible by a linear transformation mepping the imputa-
tion space into the game space to superimpose A on T i1n such a way that
w colncides with v for every game v. The range of w 1s then exactly
Q- Theorem 3 (no weak players) applies to games in T, while Theorem 4
(1 weak) applies to games in Ty. T comprises one-third of the volume of
Q; each Ti’ one-sixth. The relation of the weak-player games to the
whole set is well illustrated by thls representation.

¢ 6. FURTHER SOLUTIONS INVOLVING THE QUOTA

A study of the three-person quota gemes, whose theory is com-
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pletely known,“ reveals that the quota w belongs to every solution, and
that the solutions provided by Theorem 3 are special cases of a contlnuous
family of solutions, consisting generally of arbitrary monotonic curves
connecting w to each edge of the triangle A. (See Figure 2.)

Figure 2. Typical solution of a three-person quota game.

Similar continuous families involving w exist for higher quota
games, but do not in general include all solutions. Thelr preclse nature
depends upon detailed properties of the function v, and there are many
cases to be distinguished. We shall prove here a result which generallzes
the three-person solutions just described to a limited class of higher
games, and then give without proof a more complicated example.

First let us revise our definition of [&,B]: hereafter it will
denote an arbitrary curve connecting the points d and @ along which all
the coordinates, and their sum, vary continuously and monotonically (but not
necessarily linearly). In our usage up to this point o and f have never
differed in more than two coordinates, therefore the revised definition
could have been employed from the start.'?

LD 63 60.3.3, with a; + a, + 8, = 0.

'2Under the old definition the theorems of this section are still correct,
but less general.
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THEOREM 5. If: by # 1 and bj # 1 are otherwise
arbltrary functions from I into itself; if the vector
T satisfies

(42) 0§« (811 1€ 1) ;
and if, finally, the inequality
(43) D, * Upy * 4D vy, by, D)

holds whenever 1, bi’ bi, and j are distinct and

¢y and cj are positive; then

ib ib
_l J i i
(4Y4) Vppr =Y ier [w, (1 - 'ci)x + Ty ]

solves the quota game v if w is in A, and
iob iob!}
. _ ol i i
(l"5) Vbb' = i€l [X s (1 - ‘ci)y + Tix ]
1o

solves 1t if w 1is not In A, o belng the weak player.

For b = D', this reduces to Theorems 3 and 4. For |[I| = 3,
(43) 1s no restriction, and we obtaln the results alluded to at the
beginning of this section. For four-person games with a wesk player o,
the theorem yields new solutions if one takes b and b' 8o that for each
i, b} = o 1if and only if bi = 0. But the theorem is unproductive for

i
constant-sum games with w interior to A wunless the number of players

exceeds five.

VERBAL DESCRIPTION OF THEOREM 5. A player may have two
beneficlaries, provided that it 1s not possible for them to form an effec-
tive three-person coalition with some other benefactor. The rule by which
the benefits are split 1s arbitrary (but fixed under the standard of
behavior), except that neither beneficlary's share decreases as the other's

increases.

PROOF OF THEOREM 5. Suppose that w 1s in A, and define for
convenience:

ib ib!
(46) vi=[w, (1 - LT i, T, 1,

(I) To show A - dom Vpy, C Vi, Divide the & in A into the three
categories of (32). 1In case (1) we have & € (i, jl-dom w. In case (1ii)
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there 1s & unique p € Vi with (ii = o\i, by the monotonicity of Vi
Either

(1ia) &= P, or
(u7)

(11Db) dk<ﬁk for k=Db; or k=bj .

In case (ila) we have o € VI. 1In case (iib) we can find, using mono-
tonicity and the fact that P # w, points in v near p which

{i, k)-dominate o . In case (iii) we have d = w. Hence every imputation
is in either WV, or dom Vi, .. (II) To show Vipe C A - dom Vi, -
Proceed as in the proof of Theorem 3, observing that the hypothesis (43)
exactly excludes the possibility of S-domination for |S| = 3. This
establishes (44). The proof of (45) is similar.

Theorem 5 provides a family of solutions connecting V., and Vs
assuming condition (43) is fulfilled. The next theorem illustrates one of
the more elaborate "cocnnections" that are found in some cases in which
(43) does not lrold. The solutions "connected" are Vb (at e =0) and

Vi (at e = 1), vhere
bi=k,bj‘_=l (all 1 # j, k, 1) ,
b.=1, bt=
J J ko
(u8)
bk =m, bf{ =m,
bl =n, b]'_ =n
THEOREM 6. If w 1is in A, and if
(i9) Wy 9 Vg
for some Gistinet j, k, 1; then, for arbitrary m # k
and n # 1, the set
(50)  [w, (1 - eIl + ey U [w, ¥ M)y [w,y)

v U k,1 [0 - ecy/opw + (ecj/ci)rik,xik]

[ 1293 j
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is a solution of v for 0 e 1/2 (Figure 3ab);
the set

(51) [w, (1 - e)xJl + evjk] v [w,ka] V) [w,rln]

vU 10,0 (020 - eley/ows ((1 - e)ey/ey)eth,rt
°12(1'e)°j

is a solution for 1/2 < e S 1 (Figure 3de); and, 1if
we also have

(52) c; > cy (all 1 # 3, k, 1) ,

then the set

ln]

(53) [w, (1 - el + ey u (w0, ™ v (w,¥
u Uii‘j’k’l (1 - ecy/op)w + (ecj/ci)xik)

CIch 2

v L)L%j,k,l (1 - ecj/ci)w + (ecj/ci)til)
cich/e

is a solution for e = 1/2 (Figure 3c).

Among the noteworthy features of these solutions are the follow-
ing: (a) Some of the segments in (50) and (51) are detached from w;
thus there 1s a positive lower bound, (equal to ec; in (50)) for some of
the benefits. (b) Some of the segments disappear entirely; thus 1 1is
not a benefactor in (50) if 0 cy < ecy, i# k, 1, yet he always gets
more than his minimum. (c) Isolated points occur in the central case (53)
whenever cj/2 {cy < c; for some 1 # k, 1; these can lie in the interior
of A.

As Figure 3 reveals, the family of solutlons 1s not continuous
in the usual sense.'? TIts vconnectivity" is similar to the "connectivity"
of the set of all solutions to a constant-sum three-person game, & property
which has not yet been given an adequaté characterization.

'31f 1t happens that ¢y  ci/2 for all 1 # j, k, 1, then the family of
Theorem 6 1s lower seml™ — J" continuous.
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(a) e=0 (Vb):

w

> B B B Doy

(v) 0 el 1/2:

(¢) e=1/2:

(d) 1/2{ e 1:

() e=1 (V,):

Figure 3. Two-dimensional sections of A through
», 1llustrating the connection between V,, and V,
obtained in Theorem 6 by varying e. (The letter "1"
stands for a typical member of I - {J, k, 1}.)
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§ 7. EXTENSION OF RESULTS

By known methods one can readily:

(a) solve a class of strategically equivalent games, given a
solution to one of them;

(b) obtain a solution to a decomposable game, given a solution
to every component;

(c) obtain a solution to each component, given a decomposable
solution to a decomposable game;

(d) given a solution to an n-person game, obtain a solution
to its (n+1)-person zero-sum extension;

(e) glven a solution to an n-person game lying within a face of
A (a "completely discriminatory" solution), obtain a solution to the
(n-1)-person game formed by removing the player in question.‘h

Let <Q> denote the set of ordered pairs <{v,V)», where v is
iIn  and V 1is a solution of v given by Theorems 3-6. Let <Q>* be
the smallest set containing <Q> and closed under the extension operations
indicated in (a) - (e) above. The set QT of games occuring in (Q}' then
represents a class of games solvable directly or indirectly by the results
of this paper.15 The dimensions of the sets of essential n-person games
in reduced form in Qf are as follows, for small values of n:

¥*

Games in Q
n General-sum Constant-sum
2 0 (none)
3 3 0
N 7 3
5 19 T
6 31 19

(Compare the table on page 347 above.) The present sets are not convex.
Hence, although substantial improvement over @ 1s apparent in for example
the five-person constant-sum case, the dimension numbers do not fully

indicate the effectiveness of the extension.

4R 57.5, 44.3, 60.4. Although not mentioned in TGEB, (e) 1s easily
verified from the definitions.

15'I‘his process of extension can of course be applied to any class & of

games with solutions (compare TGEB 54.2.1). In the present case 1t turns
out that (d) and (e) are most powerful, while (b) contributes nothing.

L. S. Shapley

Princeton University and
The RAND Corporation






ARBITRATION SCHEMES FOR GENERALIZED
TWO-PERSON GAMES'

Howard Raiffs

1.1. INTRODUCTION. John von Neumann and Oscar I. Morgenstern
in [9]1° enalyze the discrete zero-sum two-person game and indicate that to
each such game there exists a unique value. The solution of this type of
game has a strong stabllity in the sense that if both players are made
aware of a saddle point (in the generalized space of mixed strategles),
there 1s no tendency for either player to act out of' conformity with the
predicted mathematical solution. However, in the two-person non-zero-sum
game, no attempt is made in [9] to establish the solution as a unique
element, but the solution is uefined as a family of imputations which is
characterized by a set of requirements. It is felt that this multiplicity
of solutions 1s in harmony with realizations of this mathematical model
(e.g-, the duopoly or the duposony behavior in economics). The actual
solution in a given real life situation depends on the psychological be-
havior of the players in this bargaining problem. In essence, we are faced
wlth the problem of the two players choosing a "best" element from a set of
incomparable elements. The inability of the contestants to arrive at a
mutually satisfactory return in thils bargaining situation often results
emplrically in the playing of the non-cooperative game. The imputation
thus attained i1s not, in general, an element of the solution set and there-
fore is dominated by some imputations of the solution set. In situations
of this type it behooves the players to offer their case f'or arbitration.
To be objective, the arbiter must seek an lmputation from the solution set
which satlsfles a set of so-called "failr" requirements which is dictated by
the soclological, economic or political environment in which the game is
embedded. Motivated by the role of arbitration in collective bargaining
dlsputes, we define a scheme of arbitration as a mapping from a given

The preparstion of a more complete version of this work was sponsored by
the Office of Naval Research. See item [10] in the bibliography at the
end of this paper.

2The numbers in square brackets refer to the bibliography at the end of
this paper.
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generalized two-person game into a unique element of the solution set of
that particular game. We shall initially require that the domain of the
arbitration mapping shall at least include all two-person games with a
finite number of pure strategles. Varlous conditions are imposed on the
arbitration schemes, and this paper shall attempt to construct mappings
satisfying these desiderata. No attempt will be made on the formal level
to single out a "best" method of arbltration; however, certain provocative
games will be arbitrated according to different conventions to aid in the
subjective evaluations of these conventlons. The results and motlvations
for this paper were opbtalned independently of the work of J. F. Nash, Jr.,
on the two-person non-zero-sum game.

1.2. UTILITY MEASUREMENT. We will follow von Neumann and Morgen-
stern in hypothesizing a numerical utility determined up to the group of
positive linear transformations. However, in this paper two distinct cases
will be considered: the existence or non-exlstence of a common unit of
measurement. In the former case we will require that the theory be in-
variant only up to utility Lransformations on the players' payoff entries
that do not destroy the interpersonal comparison of the unit of measure-
ment. In the latter case we require invariance up to independent utility
transformations. Further, in the case where a common unit is hypothesized
we will distinguish between the cases where side payments are or are not
permitted. For example, the entrles may be in monetary units but physical
barriers might require that no exchange take place between the individuals.
In order not to prejudge the problem, the models introduced will incorporate
all such possibilities.’

2.1. MIXED STRATEGY SPACES.

DEFINITION 1. Let 4 = (&} [8 = {8)] Dbe the set
of pure strategles of player I [II]. If the set alB]
is finite, denote the pure strategles by A, Ly, e

dy (s Bpr oes Al

DEFINITION 2. Let A(a,B8) [B(«,8)] denote the
return to player I [II] corresponding to a palr of pure
strategles (ot,f). In the finite case we abbreviate

AN

Even in the case of a monetary unit it is not quite realistic to assume a
common unit of measurement. However, it is felt that if one abstracts
entirely from the interpersonal comparison of the monetary unit then one
alters the basic bargaining structure of the game.
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DEFINITION 3. Let
Ry = ((A(,), B(s,8)):(s,B) ¢ 4 xB)

That 1is, Ro 1s the range of the mapping,
AxB:axB8 — E®)  yhere (2 represents Euclid-

ean 2-space.

DEFINITION 4. Let F, [F,]1 bve a Borel field of
subsets of & [B] containing all pure strategies.

DEFINITION 5. Let 81 = (g} [SII = ()] be the
set of all probability measures over a [B]. Thus each
§ ] is defined on F, [F,] to the interval [0,1],
and § [7(] 1s a completely additive measure function.
In the finite case we let g(d.i) = §i [n(pj) = ‘73.] .

DEFINITION 6. Corresponding to the pair (§,7))
assoclate a vector (A(%,7), B(§,9)) vhere A% =
Ll A,B)dg dn ( = Eij a'ijgi?j in the discrete case)
B(§.q) = Jg [ B@,p)A8 dN (= 35Dy 48,%; 1n the dis-
crete case).

The expressions A(g,q) and B(g,q) represent the expected
returns to players I and II respectively corresponding to the pair (ﬁ,'l) .
We explicitly assume: A(d,p), B(¢,8) are finite and summable with respect
to all (§,q) € Sy x 8;; and the double Integrals are equal to the
iterated integrals. Without worrying about the logical niceties we will
equate the pure strategy o [p] with the mixed strategy £ [’l] such that
() =1 [Yl(ﬁ) = 1]. In this sense aC SI and B C SII' We take the
further liberty of confusing the expressions A($,n), A(«,8), A(%,B) etc,
since the domain of the function will be clear by the symbols used for the
arguments .

DEFINITION 7. Let
R<| = [(A(gyyl): B(§;’[)):(§,'l) € SI X SII]

That is, .'R1
A x B: SIxSII—)E

1s the f-a?ge of the mapping,
2

In the finite case SI and SII are closed simplexes in E(m")
(Euclidean m-1-space) and E(n") respectively; thus these spaces
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are convex, connected and compact.
In the finite case we can write the game g— as a matrix of the

form II(aij, bij)ll. For example, the game
p] 132
ok, (2, 1) (-1, -¥)
=
|| (-4, -1) (1, 2)

has a region, R;, gilven below:

(1,2)

Figure 1

It should be noted that in general the region R1 of a game is not neces-
sarily convex. It is possible for the players to convexify the region if
they use correlated mixed strategies.

2.2. JOINT STRATEGY SPACE.

DEFINITION 8-a. Let J' = (8} be the set of all
probability measures over F1 x Fy. In the finite case,
let §(¢i,ﬁj) = ;ij. Thus ;ij >0 forall 1, j and
Sij Sij = 1. The space J' will be restricted to a
subspace J 1in Definition 8-b (which follows Defini-
tion 9-b).

Elements ¢ and 7 will be called mixed strateglies and elements
¢ will be called joint mixed strategies. To every palr (§,7) we can
assoclate a joint mixed strategy which 1s the product measure (1.e.,

§x M =18 where 81y = giqj) of ¢ and M. It is in this sense that we
will consider SI X SII cJ.
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DEFINITION 9-a. If A(e,B), B(,B) are summable
with respect to any % € J', then for any & € J' let

in the discrete case). Now define

= ((A(%), B(B)) : e J') ;

that 1is, Ré is the closure of the range of the map-
ping, A x B : — g2

Using the product measure, the product space SI X SII cJr.
Further, R1 C Ré. In the 1'inite case we note that Ré is the minimal
convex set contalnilng Ro; and the boundary of R} 1is composed of one-
simplexes whose vertices are elements of Ro.

DEFINITION 9-b. Let R, be the minimal closed
convex set containing Ro (1.e., the convex hull of
R)).

o]

Since in the inflnlte case it is always possible to define R o
this definition ls non-vacuous and unique by noting that E( 2) is closed
and convex and contains RO, and also that the intersection of closed
convex sets 1s closed and convex. Thus for all games we can assoclate a
region Ry

We can glve an equivalent characterization of R, as follows:
let U be the point set which is the union of all line segments joining
any two elements of Ro‘ Let V be the point set which is the union of
all line segments jolning any two elements of U. We wlll now show that V
1s convex. To this enu, let v, and v, belong to V, and for

1 2
0 g oL g 1 we wish to show elv, + (1 - deg € V. Let wu,, u,, Uz, W, be
elements of U wused in defining v, and v,, and let e;, e,, ... eg be

the elements of R used in defining wu,, u,, Uz, Uy - It is easlly seen
that ov, + (1 - ¢)v lies in the minimal convex set containing e,
€, -y eg- Thus ¢v1 + (1 - de lies on a line segment joing two
boundary points of this minimal convex set. Hence we conclude that V 1is
convex. Since the closure of' a convex set is convex, we finally have
V=R,

We now assert that if Ré is well defined that Ré = R2. From
the above characterization of V, it 1s seen that V 1s contained in the
image of J' under the mapping A X B. Taking closures, we get R, C R}.
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That R} C R, follows from the observation that the image of J' 1s con-
tained in R,. Again teking closures, we get R; C R, and consequently
R} = R,.

Since R, is always defined we will have no recourse in the
sequel to use the notation Ré. If the set Ro is compact we will now
show that the minimal convex set contalning Ro (in the above notation
this 1s the set V) 1s also compact. Since Ro is bounded the set V 1is
also bounded. It remains to show that V is closed. Let (v ] be a
sequence of elements of V which have v for a sequential 1imit point.

To show v € V. For each n, we have

vV, =A_.e . + A

n ni-ni n2®n2 * Anze )‘nhenh

n3°n3 *
vhere 2, :L:1 Ani =1, )‘ni 2 0, ey € Ro‘ By a diagonalization process there
is a subsequence (Vnm] such that )‘nmi — Ai, enmi —_— ey; and further

2)1' )\1 =1, A 20, e; € R,. Consequently

v = /\.‘e1 + AL, + )\365 + "ueu

end thus v € V which proves the assertion. Recalling that V d4s con-
tained in the image of J' we can conclude that if Ro is compact then
every element of R, has an lnverse image iIn J'. Although in the general
case, not every element of R2 is the image of an element of J', this
will not be a serious handicap because of the context in which R2 is
utilized.

The primary role of region R, 1s in the cooperative game in
which pre-play communication is allowed. In this case the players must
agree on a joint mixed strategy. Although initlally we took a rather gen-
eral viewpoint it should now be clear that we can restrict the space J!
to all normalized measures over the ring of sets of a4 x B which consists
of all sets with a finite number of elements. This effectively eliminates
any worry over integrability conditions for the expression
JaxgA(®%p), B, p))d5.

DEFINITION 8-b. Let J = {§) be the set of all
normalized measures over the ring of sets of 4 x B
which consists of all sets with a finite number of
elements.

2.3. COMPOSITE ORDER RELATIONS. We now shall define two partial
orderings of E(e) .
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DEFINITION 10-a. The element (xa,ya) composite-
ly dominates (x,,y,),

(x,7,) € (%57,) =%, £ %, 7,7, and x, +y, <X, +7, -

DEFINITION 10-b. The element (x2,y2) composite-
1y uniformly dominates (x1 ¥4 )

(x,9,) € (x,¥,) =%, {x, and y, <7, -
The symbol g_ shall be construed as follows:
(x,77) € (%7p) = % C Xps ¥7 £ Tp -

An element e of the set U C () 45 sald to be maximal ()
if there exists no element e' € U such that e { e'. Similarly, we can
define maximal (). In case @ x B 1is finite the sets of maximal
(¢ or () elements of Ry» Ry, and R, are non-vacuous. In the infinite
case to insure that the above sets are non-vacuous, it is quite sufficient
to impose a compactness condition on the set Ro. We state without proof
(cf. Raiffa [11] for details) that the set of maximal (g) points of a
compact and convex subset of E(2 1s compact and connected. Hence, if
R, 1s bounded then the set of maximael () points of R, 1s compact and
connected, for: 1if RO 1s bounded then R2 is compact and convex.

Let the maximal ({) elements of R,, R;, and R, be denoted
by M,, M;, and M, respectively.

The element (§,q) € Sy x S;; 1s sald to be admissible if 1t
maps Into a maximal element of Rl. The set of admissible elements, M,,
is the inverse image of M,.

1
Let ({0, n(") ana 52 ,9®)) ve two elements or 8y x 8.
then (3(1) n(")) 1is said to be equivalent to (3(2),p(2)), (1) n(1)) ~

(£(® (), 1f and only if they have the same image in R, (by mapping
A x B).

DEFINITION 11. An equlvalence class, H, in
SI X SII 1s sald to be permutable if whenever

(i(l),'l(”) and (§(2),’](2))belong to H, also
€@y ana @ ")) velong to =

DEFINITION 12. The strategy §(®) [q{°)] 1s sata
to be a Bayes solutlon with respect to the strategy
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ﬂ(o) [§(°)] (or, g(°) [q(o)] is good against
o) 100y 1 a4 = syp acg,ql®)
[B(s(o)’,l(o)) - S'tile B(g(o),,l)]

DEFINITION 13. The pair of strategles (go,qo)
is an equilibrium® point if each strategy 1s good
against the other. If a pair of pure strategles, say
(¢f°),p(°)), is such that each is good against the
other, then the pair 1s called & saddle point. The
totality of saddle ana equilibrium points of a given
game will be denoted by Ej and E, respectively.

To illustrate some of these aefinitions we return to the-example
given by Figure 1. The strategy pairs (e,,p,) and (d,,f,) are both
admissible and saddle points. However, these elements are not equivalent.
The strategy pair (g(°),q(°)) where g(O) = (3/8,5/8) and q(°) =
(1/4,3/4) 18 an equilibrium point. The elements (2,1) and (1,2) are
the maximal elements of the regions R, ana R;. The reglon R, 1s the
minimal convex reglon containing R, which consists of the four vertices.
The set M2 of maximal elements of R2 is the segment from (1,2) to

(2,1).

2.4. STRICTLY COMPETITIVE, CONVEX AND LINEAR GAMES. We shall now
consider an important subclass of two-person games which we shall call
strictly competitive games. These games are characterized by the fact that
the elements of Ro are incomparable in the composite ordering (). If
each player simply orders the terminal outcomes of the game according to
preference, then in strictly competitive games the orderings of both players
are exactly reverse. Hence the players have strictly opposing interests
with respect to pairs of pure strategles.

LEMMA 1. In a strictly competitive game the set
Eo of saddle points (assuming EO # ¢) forms a per-
mutable equivalence class.

PROOF. Let (d),p1) and ze.pe) be a pailr of saddle points.
Since («',8') 1s a saddle point we have

a) A2, al,p, B ,p% < B,

l"l'he concept of equilibrium point was first introduced by Nash, [4].
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Since the game is incomparable, we have from a)
b) B@Z,p") > B, 8,  Aw@,g?) > AW,gh)

But @2,g%)

is a saddle point and thus
) A@?,6%) > a@',pg%),  B@Z,4%) ) B(4Z,4")
From b) and c) we have

d) A, g% > aw',ah),  BEE,ED ) BE,A)

Since the game 1s strictly competitive, both equalities must hold in d) and
therefore equalities must hold in ¢), b) and a). Consequently, we have

(@,8") = (@,p%) = @2,p8') = 2,87 . Q.E.D.

A strictly competitive game is said to be convex if R, C M,
(1.e., every element of RO 1s maximal (g) in the set RE)' Thus in a
convex game all pairs of pure strategies are compositely admissible.

A strictly competitive game is sald to be linear if R, =R, =
a segment of a line. Otherwise a game is said to be non-linear. A linear
game 1s also convex, and also R, = M,.

The concepts of strictly competitive, convex, and llnear games
are invariant under independent positive linear transformations of the
payoff entries. The linear game 1s a natural generalization of a two-person
zero-sum game. In a linear game no assumption need be made on a common
unit of measurement between the two players.

A game 18 sald to have a non-cooperative solution if E; a ﬁI
forms a permutable equivalence class. The imputation corresponding to this
equivalence class will be called the value of the game. J. von Neumann's
solution of the zero-sum two-person game would be a non-cooperative solu-
tion in our sense.5

If both players are aware of the above non-cooperative solution
of a game (provided it exlsts) then there is no advantage for either player
to act out of conformity with this solution. Furthermore, even if both
players were permltted to enter a cooperatlive game without side payments
and without correlated mixed strategles (but with pre-play communication)

5For a more detailed treatment of the non-cooperatlive two-person game the
above definition 1s too restrictive and is generalized in Raiffa [10].
These definitions differ with those proposed by Nash [5].
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then there still would not be any composite motivation to move from this
solution.
1t 89 1s such that mex min A(¢m) =min A ,p =v

nes !

€Sy NSy I
then §(°) and v, are sald to be the maximin strategy and value respec-

tively for player I. Similarly there will be a maximin strategy 1'(0) and
maximin value Vv, for player II. The element (v1 ,va) will be termed the
composite maximin value. To show the dependence on a particular game 7

we shall employ the symbollsm (v1 ,vg) (g).
Ve also observe that 1t (§("),n(!)) 1s an equilfbrium point then

(A(gh),?(l))’ B(g(]),)"“))) 2 (v1,v2)

where (v1,v2) is the composite maximin value. To verify the above asser-
tion 1let §(°) be a maximin strategy. Now since g(’) is good agalnst

'1(1) we have

v

. = mf}ln A(g(O)’Y) SA(g(O),q“))gA(g“)’q(]))

Similarly, v, < B(g“),vl“)) which proves the assertion.

2.5. REGION CORRESPONDING TO A TRANSFERABLE UTILITY. Thus far
in Section 2 we have not assumed any common unit of measurement. However,
if there exlists a common unit of measurement and side payments are per-
missible then it 1s possible for the players to achieve imputatlons outside
of R, Let ¢ = xgag [A(c,8) + B(,8)]. In the infinite case this is

assumed to exlst. EFor example, 1t is quite sufficient to assume compact-
ness for @ and B and continuity for A and B.)

DEFINITION 16. Let R3 = ((x,%,) + X + X, { el
The set of maximal () points, M, for Ry is
Ux oxp) ¢ %) + X5 = cl.

To summarize, we have defined four sets in E(‘?) with the in-
clusion relations R, C R, C Ry C Rj. In the non-cooperative game and the
cooperative game with independent mixed strategles we must consider R,
and R,; in the cooperative case with dependent mixed strategles we must
consider R2; finally, R5 pertains to the cooperative game with side

payments.

¢ 3. THE COOPERATIVE GAME

53.1. By using joint strategies L € J, the players can come
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arbitrarily close to any element of R, (indeed, if R, 1s compact all
elements of R, are attainable). Hence, in the cooperative game with
pre-play communication and without side payments, the players should confine
themselves to consideration only of the maximal elements, M,, of Ry,
since any element of R2 not in M, is compositely dominated by some ele-
ment of M,. Thus if M, conslsts of one element the game is trivially
resolved. However, if M2 consists of more than one element then the
elements of this set are compositely incomparable. Define the solution set
of the game as the totality of elements of M, which domlnate (Q the
composite meximin value (v,,v,) of the game. Motivated by our discussion
of Section 1.1 we define a scheme of arbitration as a mapping & from a
geme into an element of the solution set. More specifically, we have:

CONDITION 1. J : £ — [V, (f’a)’ V(g1 € Mg(f),

vhere the game g is given by the payoff functions (A(&,p), B(++,8)). The
pair [V1 (;,{7), V2(7,0)] shall be termed the value of the game relative to
the arbiltration scheme & and this value shall be an element of the set
M2, which in turn depends on 7 We wish the domaln of the mepping to
include (at least) all games with a finite number of pure strategiles.

CONDITION 2. For all ¢, [V, @, V(8,1 2
("1"’2’(?)'

Condition 2 implies that the value of a zero-sum (linear) game
relative to the convention <& agrees with the von Neumann solution.

It might seem natural to impose conditions on the mapping &
such that: 1if ?« has a non-cooperative solution in sense of 2.4 then the
arbitrated solution shall agree with this result. If we consider the
followlng game:

b, A

oL1 (1, 10) (o, 0)

je -
d, (2,.01) (o, 0)

we note that (2,.01) 1s the non-cooperative solution, ((0,.01) 1is the
composite maximin value). However, if this game 18 to be interpreted with

6If & 1s to be interpreted as a game with a common unit of measurement
and With side payments allowed, then in Condition 1 we replace l(a(f)
with MB(?)
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pre-play communication, player II can make a good case for something closer
to (1,10) by threatening to play B, (not that II wants to actually play
ﬁa) . Thus we see that even if the solution of the non-cooperative game is
extremely stable 1t might not be a realistic solutlon in the case of pre-
play communication because of the potential threat powers of the players.

We now exhibit a rather general method for getting a mapping &
which has as its domain all games with a finite number of strategies. This
domain can be enlarged, but the writer does not think i1t adds anything con-
ceptually.

Consider a family X' = (T} of meppings, where each mapping T
(generic symbol) has as its domein a region R, and as 1ts range a set M,
(where R1 and M2 correspond to some game f), i.e., T: R1 —_ > M,‘,,
such that T 1is polnt to point and

a) T 1is continuous

b) T(e) 2 e for all e € R,

¢c) If T(e) = T(e') then T@e + (1 -L)e') = T(e) = T(e')
for e, e' € R, and all 0 &< 1 such that ae + (1 - a)e' € R;. We
further assume that to each distinct palr (R1 ,M2) there exists one ana
only one T.

For each game ¢ with regions R, (?) > M, (?) we have a mapping
T and we now consider the composite mappilng:

AxB T
Sp X8 =R — M,

where

(5.m) —> (Ag,m), B(%,7) —> T(A($,7), B(§,m)) = (A'(§,7), B'(&,M)

Relative to the family J', we associate to each game = (A(,B) B(d,B))
a nev game @' = (A'(%,M), B'(%,))). The set R, of game ?.' is now con-
tained in the set M, of ? The game ' 1s now a convex game and con-
sequently if saddle points exlist they form a permutable equivalence class.
Theorem 1, below, asserts that for all with a finite number of pure
strategies the induced ' has a saddle point. The value of the game !
will now be termed the solution of relative to the arbitration scheme

' (we identify the famlly of meppings with an arbitration mapping). The
motivation for the above sectlon should now be clear. Since we wish the
arbitrated solution of to be an element of M,(¢) we induce a new game
whose payoff values are all contained in M2(7) . Thus, given a famlly J°'
satisfying a) - c¢) above, we get an arbitration scheme which automatically
fulfills Condition 1. The validity of Condltion 2 follows from considera-
tion of requirement b) for each mapping T of the family J', as follows:
If g(°),v, are the maximin strategy and value for player I in ?« then
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é(o) guarantees a security value at least as large as v, 1n ' by
property b) of T. Hence the composite maximin value (v{,vé) of 9J is
such that (vj,v}) 2 (vy,v,). We have also seen that the value correspond-
ing to an equilibrium point 1s greater than or equal to (Z) the composite
maximin value. Hence we see that Condition 2 is satisfied.

To prove Theorem 1 we will utilize the following lemma which was
first proved by von Neumann, who utilized the Brouwer Fixed Polnt Theorem;
it was later proved by Kakutani as an immediate consequence of the Kakutani
Fixed Point Theorem (cf. Kakutani [2]).

LEMMA. Let Sm and Sn be two bounded, closed
convex sets in Euclidean Spaces Rm and R, respec-
tively. If U and V are two closed subsets of
Sm X Sn, such that

mes,: ¢ ecw

It

Ug(o)

and

It

Viy=Bes, ¢, e
{
are both non-empty, closed and convex subsets of Sn
and S respectlively, tor all g(o) € Sm and
q(O) €8, then UnV#4g.

THEOREM 1. Let ? be a two-person game with a
{inite number of pure strategles. Let G' be a family
of mappings satisfying, a) - c) above.| The game ?'
Induced by &' has at least one saddle point.

PROOF. Let Sm and Sn be the probability spaces of players 1
and II respectively and let

U= {(g,ng) : B'(g,qg) = m%x B'(g,m))

and

7Proper-ty ¢) of the T mapping 1s invoked to guarantee that the image sets
of a point to set mapping shall be convex as requlred by the Kakutani
Fixed-Point Theorem. Property c) could be weakened appropriately and the
Ellenberg-Montgomery Fixed Polnt Theorem utllized, (cf. Eilenberg, S.,

and Montgomery, D., [1] .) G. Debreu has recently proved a saddle-point
theorem using the Eilenberg-Montgomery results (unpublished).
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V= [(g,lﬂ?) : A'(g";”) = n?x A'(g:q)) .

That is, U 1s the set of elements (¢,n) for which v 1s "good against"
¢ relative to the game #' and V 1s the set of elements (g,n) for
which ¢ 1s "good egainst" m relative to the game ?'. Since the mapping
T [(A x B)(§,7)] 1s continuous on S, x 8, it follows that U is closed.
Similarly V 1s closed. The set

(o) (o)
U = (1 t Br(g T, ) =max B'(¢£'",1))
§(0) O 'I§<o) : k|

is non-empty and closed because of the compactness of S and from con-
tinuity considerations. As regards convexity, let q ( o) and y, z 0) both

belong to Ug(o) and let max B'(g(O) M) = mg. Then

T [(Ax B)(g(O) ,Yl'(o))] =7 [(A X B)(§(°),q'zo))] = m,. From property c)
of mapping T, and the restricted linearity of A x B 1t follows that
T [(A XB)(g cl?l;(o) + (1 - d)q‘gzo))] =m, and thus

‘”l'(o) + (1 =) 'gzo) belongs to Ug(o) . Simillerly, the set
(o) (o)
v = { : A ( , ) = max A'(g, ))
o) = Bo # A (o)1 gx A8

is non- e ty, closed and convex Consequently, U nV # g. Let

(g(°) M'°’) €U n V. Then g °) 4s "good a.%a.inst" ©)  and q(o) is
"good against" ¢ ©) and therefore ©)) 1s a saddle point. Q.E.D.
Ir is a linear game then the appropriate T mapping for 7

is the identity mepping (follows from condition b); and, consequently, as a
corollary to the above theorem we have that all finite linear games have a
non-cooperative solution.

We will show that the family J' of T mappings satisfying
properties a) - ¢) is non-empty by considering various specific J' con-
ventions. If there exlsts a common unit of measurement and side payments
are permissible then let J' = (T) where each T : R, - Mj- The induced
game ' 1s then a constant-sum game and by the same argument has a saddle
point; agaln these saddle points form a permutable equivalence class which
yields the arbitrated solution relative to the convention JJ'.

3.2. If a slight perturbation of the payoff entries would result
in a drastic change in the arbitrated solution, then the convention would
not be stable enough to be practical. After all, the payoff entries are at
best only hazy appraisals of the possible terminal outcomes of the game.
The desire to capture this continuity notion motivates this section.

Let 2= {(A(et,p), B(%,B))} be a game defined over the product
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space of pure strategies 4 x 8. A sequence of games
?k = {(Ak(d;ﬁ) ’ Bk(d:p))]

each defined over 4 x B 1s sald to converge to the game if for each
(4,8) € . x B 1t follows that lim (A (4,8), By(4,8)) = (AW,P), Ble,p)) -

A sequence of sets (Hkllc in E(a) 1s sald to converge to the
set H provided for every h € H, there exists a sequence of elements
h, € Hk such that 1lim h, = h; and, conversely, for every h' which
belongs to the complement of H there is a neighborhood of h' which
intersects at most a finite number of Hk'

If the sequence of games [?k] converges to the game ¢ then
the sequences of sets Ro’ R1, R2, R3 of 71: converge to Ro, R,, R2, R5
of ? respectively. However, it does not follow that the sequences of
sets M,, M;, M, of 71{ converge to Mg, M, M, of i« respectively.

CONDITION 3. If the sequence | K} converges to
?, such that [M2(?k)] converges to Me(?) then

Lim (V, (o), Vol = [V (700, Volg )]

An arbitration scheme & satisfying Condition 3 will be called stable.
From consideration of the sequences of games {71{], [?1'{},

(0, 00 (g 0 (-g 0 ( -g 0

f = fik=

(0, 1) (0, 0) (0, 1) (-g 0

which both approach the same game f, one can readlly see the dilemma to
be faced 1n deciding on a conventlon with continuity properties. For this
reason we require convergence of {M2(7k)] to M,(¢) in Condition 3.

If the arbitration scheme & is to be identified with a family
Y= (T) of meppings, then stability of & requires a bond between the
mappings T of the famlly

5.5. The game 4° = ((C(B,&), D(B,&))) defined over B x 4 will
be sald to be the transpose of the game = ((A(&,B), B(e,p))) defined
over (, x B provided that C(p,d) = B(e,p) and D(B,%) = A(%,p). Thus the
transpose of a game results from an interchange of the roles of the players.

CONDITION &. [V,(g.9), V(9,91 =



376 RATFFA

[Va(?t,ﬂ), v, ( t',"7)] for all ?« in the domain of the
mapping &. An arbitration scheme, &, satisfying
Condition & will be sald to be symmetric.

3.4. We indicated in Section 1.2 that we would require our
theory to be invariant up to various utility transformations, and, further,
that we would distinguish between the cases of a common and a non-common
unit of measurement. We first take up the case of the common unit of

measurement .
Let U, be a 1 {—> 1 transformation of E(a) onto itselrl

which takes the following form: for each U, there exlsts a real number
A> 0 and two reals c,, c, such that

Uo(x,y) = (AX + c],/\y + 02)

A transformation U, of the above form is said to be a utility transforma-
tion preserving the common unlt.

CONDITION 5A. [V1 (qu,J), V2(UO?,J)] =
UV, (4.9), V,(4,9], for all ¢ in the domain of the
mepping &f, and all utility transformations, U,
preserving the common unit; where

UO?E Uo((A(dnp): B(d:p))] = [UO(A(d"ﬁ); B(d;&)))

An arbitration mapping J satisfying Condition 5A 1is
saild to be invariant up to a common unit of measurement.

3.5. We shall confine ourselves to the discussion of conventions
for which the arbitrated solution is invariant wlith respect to any permuta-
tions of the pure strategies of 4 and #. All conventions will be
understood to have this invariance property. If permutatlons [by a permu-
tation of a (possibly) infinite set of elements we mean a 1-1 mapping of
the set onto itself] of the elements of A and B send A 1into d* and
p into p* then we shall let the game induced by these permutations be

7.* = ((A*(a*,p*), B*(d*,p*))) = ((A(4,B), B(a,p)))
CONDITION 6. If ¢g* 1s a game lnduced from ?,
defined over @& x 8B, by permutations of the elements

of & and P then

[V1 (?*,U), VQ(?*’J)] = [V1 (?:g), VZ(?’S)]
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A game with a common unit of measurement is sald to be sym-
metric 1f there ex?st permutations of @ and #B inducing the game ?*
and a utlility transformation Uo such that qu* is its own transposs.

Ir ? 1s symmetric then there exists a value c¢ such that the regions

Ro, R;, R, of ? are symmetric about the line through (o,c) with direc-
tion numbers (1,1). For example, the game

A P2

d (2, o) (-10, =11)

s

A (=10, -11) (v, 1)

2

is symmetric (permute (0(1 ,oka) to (d2,d1) and let Uo(x,y) = (x - 1,y)).
For any arbltration scheme & satisfying Conditions 1, 4, 5A, 6, the arbi-
trated value for 73 is (3/2,1/2).

It should be noted that a game gb may be asymmetric although R,
R1 , and Re of y may be symmetric about some line with direction numbers
(1,1). An example of such a game 1s % of Section 2.1 whose region R,
is given in Figure 1.

3.6. In this section we shall give an example of an arbitration
scheme, 470, satisfying Conditions 1, 2, 3, 4, 5A, and 6. We shall
identify &, with a family of meppings [TO] satisfying a) - c¢) of

Section 3.1. We shall first characterize the arbitrated solution for the
finite case and then indicate some generalizations to the infinite case.
Let have regions R,, R;, R,. Corresponding to the game

we shall define the point to point mapping TO : R1 — M2 First define
To for a subset Q of R,. Let e ¢ Q 1if there exists an e' € M, such
that the ray e to e' has direction numbers (1,1) and then define
To(e) = e'. Now extend the mapping T, from Q to R, by requiring that
for every e' € M, the set (e € R, : To(e) = e'} 18 connected. This
extension 1s unique and thus TO 1s uniquely defined on R2. Now restrict
the domain to R, and note that T, satisfies conditions a) - ¢c) of
Section 3.1.
Let us consider the zero-sum game with payoff K(o,B) =

A(d,p) - B(d,B) and let us assume that this game has a minimax solution
(v, =v) with generic optimal strategies £ (o and n(o). By the linearity
of operators A and B we then have A(g(o),r]) - B(¢°,m) 2 v for all p

A(g’.q(O)) - B(Q,VI(O)) Sv for all g, and A(g(o)’n(o)) =
B(£(°),q{®)) + v. Hence, all elements of the form

(A(g(o) ’n(O))’ B(g(o) ’n(o)))
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where ( g(°) ,Y((°)) are pairs of optimal strategles of K(«,8), lie on a
ray r,, with direction numbers (1,1). By referring to Figure 2 it should
be clear that depending on the value of Vv, the ray r, may or may not
intersect M,.

If we define T(I) and T(z) (corresponding to T) by the re-
lation T(A x B)(&m) = [T a x B)(¢,m), T®) (A x B)(¢£,0)] and 1f
ry 0 My # # then for the mepping T, we have

0wz -n2 @xmEm v, au g

o) ax B - 12 axBig ) (v, a1 .

Consequently if r, n M, # ¢, then the intersectlion defines some element,
sgy (m,,m,), which 1s the arbitrated solution of the geme f relative to
the convention ‘70‘ B{ choice of a g(o), player I gets at least m, and
by cholce of an n(o , Dplayer II gets at least m,. By the incompara-
bility of the elements of Mz’ this 1is an equilibrium situation. If

ro N M, = # then the arbitrated solution 18 one of the end points of the
continuum M, which 1s closest to the ray rg-

For all finite games the above charccterization determines the
value [V, (7,{70), VQ(?,JO)] and in these cases the value of tre corres-
ponding zero-sum game can be actually computed.

The above characterization for & o can now be generalized to a
wide class of infinite games provided the zero-sum game K(«,8) =
A(4,p) - B(&,p) 1s strictly determined in the sense of Wald [12] or
Karlin [3]. In general, the arbitrated solution will not be attainable;
however, the solution (if i1t exists) can be approximated arblitrarily close
by the players using a joint strategy which utllizes at most two pairs of
pure strategles.

We have already indicated that a family of mappings satisfying
a) - c¢) can be identified with an arbitration scheme satisfying Conditions
1 and 2. To verify Condition 3 let ?k = ((Ak(ol,ﬂ), Bk(et,ﬁ))] approach

= {(A(a,p), B(#,p))}. If v, 1s the value of the zero-sum game
Ay(a,p) - By(d,f) then we have 1lim v, = v and if we hypothesize (M,(4,))
approaches Ma(?) then stability of Jo follows from the characterization
of the arbitrated solution. To verify Condition 4 we note that if K(d,B8)
is the zero-sum geme assoclated with ?« and Kt‘(ol,ﬁ) is the zero-sum game
assoclated with ?t then Kt(ﬁ,d) = - K(&,B) and consequently the value
of the game Kt(b,d.) is (-v,v). If we now take the reflection of Re(f)
with respect to the line y = x then we get the region R,( t) . The ray

r, through (v,0) reflects into the ray which goes through (-v,o0),
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still with slope +1. Again from the characterization of the arbitrated
solution relative to ‘70 we have indicated the validity of Condition 4.
If we apply the utility transformation Uo to Ra(f) then this region is
translated and stretched but not rotated. The transformed ray Uo(ro)
still has slope +1 and an x-intercept which corresponds to the value of
the zero-sum game induced by Uog. Hence Condition 5A is valid. Condi-
tion 6 follows from knowledge that both R,(4) and the value of the zero-
sum game, K(d,B), remain invariant with respect to permutations of pure
strategles.

We now consider a further rationalization (metatheoretic) for
convention .70 besides the ones already mentioned.

We first note that the ray rj partitions R, into two regions
denoted by Q1 and Q, 1n the accompanying figure, viz:

II

S

Q
459
/(V,O) I \
/ My
/]
—7
Figure 2

Let us consider the actual bargaining situation involved in this game. If
both players are aware of the region R, and agree to confine thelr cooper-
ative behavior to consideration only of elements of M2, then player II
desires point F and player I desires point E. In the ensulng argument
each player intimidates his opponent by threatening to play non-coopera-
tively unless his opponent will agree to his terms. In jockeying about for
bargaining advantage a threat by player I to minimize player II's maximum
possible gain 1s not very convincing if at the same time player I has to
suffer "more than" player II. For example, if player II desires polnt x
of M, (cf. figure) then player I can choose a strategy g‘°) which will
guarantee an imputation on r, or in Q. Consequently, relative to the
point x player II has "more to lose" than player I in a threat of this
variety.® If player I wishes point y then by the choice of an rl(o)

aEven though we postulate a common unit of measurement there is no possi-
bility of formalizing these statements within the undefined terms of the
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player II can confire the result of the non-cooperative game to r, or
and thus relatively‘inflict "a heavier loss" on player I than upon himself .8
Thus in the argumeniative stage the players threaten to play the non-coop-
erative relative gaye -- 1.e., they consider entries of the form
{A(,p) - B(et,f)). At point C neither player has a bargaining advantage
and the correspondirng imputation is the arbitrated solution relative to the
convention Jb.

In the case side payments are permissible then the arbltrated

solution relative to Jo has a particularly simple characterization, viz:
V1(7,55) - V?(?,gb) = value of zero-sum game A(d,8) - B(e,B)
V1(7,JO) + Vv(f’gb) =(:?€) (A(,B) + B(c,8))
Returning to game gﬁ of Section 2.1, we have
[V1(71,05), V2(7,,Jo)] = (2,1)

In this case player I has the bargaining advantage. We also notice that in
4., * [B]1 1s the Bayes solution against the maximin strategy q(o) [i(O)]
of player II [I] and further (d,,B,) 1s a saddle point yielding (2,1).

3.7. I the game ? is to be interpreted without a common unit
of measurement then we wish the theory to be invarilant up to independent
linear transformstlons on the payof{ entries. To this end, let U, bea
1 {—> 1 transformation of E?) onto 1tselt which takes the following
form: for each UI, there exists positive real numbers A], A, and
arbitrary reals Cys Cp such that

2

U1(x,y) = (A1x + cl,Agy + 02)

CONDITION 5B. [V, (U,4,d), V,(U,4,9)] =
U1[V3(g,#), Vé(?,ﬂ)] for all in the domain of the
mepping J, and all utility transformatlons U, .

A game s understood in the sense of a non-common unit, 1s said
to be symmetric provided there exist permutations of the elements of &
and B, inducing game ?*, and a utility transformation U, such that

utility theory mentioned in Section 1.2. We have gone outside our formal
framework to obtain a rationalization of & procedure satisfying our formal
requirements. A realistic realization of this rationallzation occurs in
the case of the monetary payoff.
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Uﬂ,* 18 its own transpose. All arbitration schemes & satisfying
Conditions 1, 2, 3, 4, 5B, 6 arbitrate symmetric gemes in the same way.

3.8. We shall now exhibit a family J, = (T,) of meppings such
that the corresponding arbitration scheme satisfies Conditions 1, 2, 3, &,
5B, 6. The writer's motivation for this family of msppings will be given
in Section 3.10.9

Let ¢ be any game with a finite number of pure strategles.
Define the mapping T, : R, (7) — Mz(?) as follows: First define T,
for a subset Q C R,- Let e € Q@ 1if there exists an e' € M, and
e' ¢ R, such that the ray from e to e' 1is the negative of the slope of
M, at e'. Then let T, (¢) = e'. Now extend T, to all of R, such
that T, 1s continuous and the inverse lmage of any element of M, is a
connected point set. This extension 1s unique and thus T, 1is uniquely
defined on Rz' Now restrict the domain of T, to R1 .

Since the negative of the slope of any segment of M2 is posi-
tive, Condition b) of Section 3.1 1s satisfied. Conditions a) and c) are
obviously satisfied. Hence we can utilize Theorem 1 to show the existence
of a saddle point. Since all saddle points form a permutable equivalence
class we define the common value to be [V1 (7,51), Vz(?’:f])]‘

In order to prove that .71 satisfies the necessary desiderata we
shall first find a characterization of the above arbitrated solution.'®
Let P,, Pa' cee, Pt be the vertices of Mz( ) where P1= (ci’di) and
c, ey, £ eee 4 ci. Let the open one-simplex (Py_,Py) De denoted by o3
a.nd let M, Dbe the slope of 0‘1 Thus A4 < 0. Let v; Dbe the value of

the zero-sum game (A(d,p) + _i B(d,p)). Hence there exist optimal strate-
gles g(l) and yl(i) such that

(3.8.1) A+ “1 BtV 2 vy, all yesy,

(3.8.2) Ay ™ B¢ ) vy, a1l s

or since M { o,

(3.8.3) B ) ¢ -y AW ¢ vy, all me s,

97. F. Nash, Jr. has utilized the same family of mappings.

'In Raiffa [10] scheme 31 1s reduced by successive utility transforma-
tlons to considerations of scheme J,- The following procedure 1is
different and proceeds in a manner suggested by R. M. Thrall.
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(3.8.4) B(g, ) > - gt + mv,, a1 pes;.
Conversely, if there exist §(1) and n(!) satisfying the equations
(3.8.5) B ¢ - A 49, a1l gesy

(5.8.6) BE) > - agq ™) w8, a1l ges;
then g“),n(i) are optimal strategles and d/u 4 1s the value of the game
(A(3,B) + 7‘_11 B(d,p) ) -

Let ry be the line y = - MX + Myvy. We shall now cite three
mutually exhasustive,cases.

CASE 1. &) If [V,(4,9)), V,(¢,7)] €0y then ry nTy =
([V,(9,9,), V(49 1) i ]

b) If rin(riyéﬁ then ry n o3 =

UV, (4,9)), V,(,9)1).

Regarding a): By definition of the saddle point of the game
(T, [A($,), B(§m)]1) we can verify that there exist a g(i) and q(i)
satisfylng 3.8.5 and 3.8.6 with d = VQ(?,J1) + uiv1(7,:1]) . Hence we
conclude T1_1 v,(¢,9,), V2(7,~71)] Cry-

Regarding b): If r; n & # ¢ then player I [II] can confine
player II [I] to the region R, Delow [above] or on ry; hence b) follows.

CASE 2. ([V,(4,%,), Vo(¢,9)1) =Py (1 =2, 3, ..., t - 1) 1If
and only if there exist no element of ] below r; and no element of
0’1+1 above b PR

The element P, is a solution of the arbitrated game relative
to '71 if and only if in the non-cooperative game player I can confine
player II (cf. Figure 3) in the reglon on or below line f and player II
can confine player I in the region on or above line g. Noting that ry
is parallel to f and Ty 1s parallel to g, Case 2 follows.




ARBITRATION SCHEMES 383

CASE 3. a) (IV,(4,9)), V,(4,9,)]) =P, if and only if no point

of M, lies gbove r,.
b) ([V1 (7,#1), V2(7,471)]] =P, 1f and only if no point

of M, lies below LY

For player II to get the arbitrated solution value of' d it 1s
necessary and sufficient that he have available a strategy 71 N which
confines the returns of the players in the non-cooperative game on or above
the line through P, with slope - M,. This 1s possible 1f and only if no
point of M, 1lies above r,. Part b) is similarly proved.

Conditions 1, 2, and 6 are immediately satisfiled. If (7}:)
approaches 7- then the lines r,, ..., r. defined above for game
approach the lines rg, cees rg for the game 4. Since we have character-
ized the arbitrated solution in terms of these lines and the maximal ele-
ments, stabllity of .-71 follows. Consider the game ? with region R,
decomposed into equlvalence classes induced by mapping T, (e 1s equivalent
to e' if T(e) = T(e')). The reglon R, of ¢ together with its
equivalence classes 1s the reflection of R1 (?) sbout the line y =
since a line with slope m gets mapped by the reflection into & line with
slope %. From this, symmetry of the mapping 51 follows. Finally if
U1(x,y) = (Alx +Cyy AX + c,) then a line with slope m gets mapped by

U

negative of the slope of another line, then this property is preserved
under utlility transformations. From this it follows that equivalence
classes of R, (?) get mapped by U, 1into equivalence classes of R, (Ulf)
thus giving Condition 5B. We have thus verified that ‘71 satisfies our
imposed conditlons.

If we arbltrate 72 of Section 3.1 we get

into a line of slope -A—g m. Hence if the slope of one line is the
1

(V) (455)) 5 V(45,91 = (1.005, 9.995)
If, however, we can interpret ?2 with a common unit of measurement then
v, (72,50), V2(72,:]°)] = (1.82, 1.82)

3.9. In order to show that there exist other arbitration conven-

tions satisfying our conditions we will exhibit another scheme,'' Z,. Let
1

= ((A(%,B), B(d,p))) and define c, = inf A(d,B) = sup [A(a,B) - c,]

t ’ T (4,8 BRSNS R 1

Mphe following scheme has some serious objections in that it is not sensi-
tive enough to intermediate values of the payoff entries. The problem is
open how to impose a further condition which would rule out J, but not
uniquely imply J,.
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c, = inf B(s,B), 3 S+ = sug [B(,B) - c,]. We explicitly assume that c,
(

and 026 are finite Since in the case that sup [A(&,8) - c;]1 or

sup [B(d,p) - 02] equals zero the game 1s trivial, we will rule out this
possibility. Now for the game, , define the normalizing utility trans-
formation U(x,y) = (A, (x - c;)s Ay(y - ¢5))- The utility transformation
U normalizes the pla.yers' entries in the sense that ( if the inf's and sups
are attained) the entries 1 and 0 refer to the maximum and minimum that
each player can possibly get from the game. We now shall define the scheme
72, whose domain consists of all ¢ such that ﬁg is in the domein of
the mapping ;10. In particular, 1et'?

[V, (9:9) 5 Vp(gurp) 1 = T oy, (ﬁg,ao), V(089,01

where U 1s the normalizing transformation which depends on ? The
troublesome conditions to verify are Conditions 4 and 5B.

To prove symmetry of 32, let 'Ivlt be the normalizing transforma-
tion ?t and let w(x,y) (y,x) It 1s then easy to vesif‘y the following
identitiles: Ut =wWUW or Ut =wU¥' W and (U7)t = Ut?t. We then have

¥-1 = b 2 gt
Uy [V, (U.47,7), V(Upg,9,)]

NACREARNATARAY

A EVAICOR SRR ATUPREA)

W v, (049, v.([T8,5)]
1 e} 2 o]

i

LEVACRARRACEAY

NACEARRATE A

To prove Condition 5B, let U be an arbitrary utility trans-
formation of ? and let U and U be the normalillzing utility transforms-
fions of and Uﬁ« r-espectively Noting that U = U, 1, and
U?‘ =T, T we then have

(V, (0,4.9,) 5 Vp(0,4,9)1 = ¥ v, T 0,4.90), v,(T0,4.9,)1

LASVACIE AR AGIA)

]

= U1 [V1 (?’qa)J vz(?,ga)]

'2ye can also define a family of mappings Ja = (T,) where
T,(e) = T ' T(e) .
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If we arbiltrate ?2 of Section 3.1 by convention .272 we get the
solution (4/3, 200/3) which seems (to the writer!) more reslistic than
the value (1.005, 9.995).

3.10. The author's original motivation for convention 31 stems
from a linear approximation of the non-linear family of mappings to be
indicated in this sectlon.

Let us conslder a game ? with an R, of the following form

(R, 1is bounded by (C, D, E, F, G, H)):

2

H = (H1 ;1‘12)

L3

Let the locus of M,(4) be glven by (x,,f(x,)} for E, {x, {H or
(f'l(xe),xe) for H, < X, < E,. Consider a point e = (e,,e,) 1in the
subregion (F, L, G). We wish to map e 1into some element of the segment
e' = (f'"'(ez),ez) to e'' = (e,,f(e1)) . If we desire a symmetric conven-
tlon it 1s quite natural to map e into

-1
e'+e"_(f (ep) + ¢ e2+f(e1))
2 - 2 ’ 2 ’

It is also evident that this mepping will be invariant with respect to
utility transformations. With this rationale we can now define the mapping
from subregions (E, K, F), (F, L, G) and (G, M, H) onto the maximal ele-
ments. In the famlly of meppings <J,, we merely extend linearly the linear
equivalence classes of the above subregions. Now instead of a linear ex-
tension we propose the following: decompose the region R, 1nto equivalence
classes through the medium of the differential equation
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i‘ia. _ £(x,) - %,

ax;  (xy) - x,

where we use the convention that f(x,) =E, for x <E, end

f“(xa) =H 1if x, { H,. Notice that the induced mepping agrees with the
mapping ¥, on reglons (E, K, F), (F, L, G) and (G, M, H). It is obvious
that the mapping via the differential equation can be generalized to a wide
class of games with an infinite number of pure strategles. If the reglon
R, is bounded, the elements E and H are the non-cut points of the
continuum M2(9) . Although this family of mappings is perhaps more realis-
tic (subjective opinion) than the families <, and J, 1t has the serlous
handicap that the equivalence classes of R, are in general non-linear.

In the existence theorem, this non-linearity is reflected in non-convexity
of certain sets which prohibits the use of the Kakutani Fixed Polnt Theo-
rem.'? The existence of an arbltrated solution for this non-linear con-
vention, with the support of a computational technique will be left as an
open question in this paper.
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