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Preface

This work is a revision of the author’s “Differential Systems,” which
was published in 1937 by the American Mathematical Society in its
colloquium series. Except for sections (231), (232), (240), which are
the chief product of the 1957 summer spent with the International
Business Machines Corporation in Poughkeepsie, N. Y., the scope of
the text has been purposely and rigidly maintained. The present
form is the result of reworking the details for presentation in class
over 25 years. The bibliography, originally limited to works directly
cited, has been brought up to date and also made much more extensive,
although by no means exhaustive. Much thought has been given to
the notation, which is judged to have advantages compensating its
unusual nature.

The author is grateful to the International Business Machines
Corporation and to Dr. W. G. Bouricius for the opportunity to work
in their laboratory; to the William Byrd Press for never failing courtesy
and helpfulness; and to his former student Professor W. G. MeGavock,
without whose cooperation publication of this volume would hardly
have been attempted.

J. M. THoMAs
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CHAPTER

1

Preliminaries

(1) Sets. The sets [, g, h are manipulated by Boolean algebra, some
of whose useful relations follow.
("> =1
0" =1 1N =0
f+0={ fl =1
f+1=1 f0 =0
[+ =1 fr¥ =0
[+1=1 ff=1
f+a=9+1 fg = qf
I+ +h=[+@g+h (fg)h = [(gh)
ftg +h) = Tlg+[h f+gh=0U+ 9+ h
I+ 9" =1y fp" = 1"+ ¢"
0=/ f£1
f=1
g and g=[—>f=g

fsg=2f+g=g9¢

f<g¢g and

g9

fsgeag =1

gsfefg=g
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The signs are read as follows:

+ ‘‘union”

product or - ‘“‘intersection”
N “complement’
= ‘‘equals”

« “‘is implied by"
& '‘is equivalent to”

Symbols 0, 1 are here not numbers but, the empty and the all-inclusive
set, respectively. It is convenient to tolerate this ambiguity of notation.

Two relations on the same line of the above table are (2) dual. A
relation written alone is (3) self-dual. Simultaneous interchange of

Oand 1
-+ and -

in the members of each relation interchanges dual relations and leaves
invariant self-dual relations.

(4) Members. A (5) pointis (a,, --- , a,), where the a’s are numbers.
Since the chief applications here are to the field of analytic functions, it
is perhaps best to think of the numbers as complex. For many of the
results an integrity domain suffices as the number source. At the
moment the essential is that numbers 0, 1 have their usual properties,
in particular,

10, of =0, fo=02f=0 or g=0.

At each point each function equals a number, unless otherwise noted.

Ffunetion f(y, , --- , ¥.) determines an equation f(y, , - - , ¢») = 0,
for convenience to be called (6) equaiton f, and an inequation
. -, ya) # 0, to be called (7) inequation f".

A product of functions each of which is labeled equation or inequation
is a (8) member.

Point (a, , - - - , a,) is (9) root of equation f or of inequation f* according
as f(a, , -+, a,) is 0 or not; and of a member if and only if it is root
of one of the factors of that member.

(10) Systems. A (11) system S is a set of members. A root of S is a
root of all its members. The (12) solution of 8 is the set s of all its roots.
Since both systems and solutions are sets, the Boolean laws are
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directly applicable to them. In the case of solutions, the meanings
given above will be adopted for the signs.

If for systems also + has its set-theoretic meaning and if the solutions
of S, , S, are respectively s, , s, , the solution of S, + S, is 5,8, . This
suggests that the solution of S,8; be made s, + s, , as can be done by
stipulating that the relations among systems are had by dualizing the
relations among their solutions.

Since the set of relations in (1) satisfied by the solutions is invariant
under dualization, the relations in (1) are thus imposed oh systems,
the meaning of each sign to be had from the dual relation between the
solutions.

Thus for systems S, , S; the relation

S2 § Sl )
means
8§ =8,

that is, ‘““the solution of S, is in the solution of S,”, or rephrased again,
‘“‘every root of 8, is a root of S,”’. The original relation between systems
is read ‘S, implies S,"”. It is convenient to note that, except in the case
of equality, the larger number of essential members is on the right of
S, = S, and the larger number of roots on the right of the dual s, < s, .

Various consequences of the definition just given are to be kept in
mind.

The equation 8, = S, means s, = s, .

System S” has for solution the complement of s, that is, every point
not a root of S.

In the set relations applied to systems 1 represents the system with
no root and 0 the system with every point for root.

Since + means union for systems, write

S=fl+"'+fu,

where f, means the system composed of the single member f, . Where
confusion might result, a notation such as (f) can be used to distinguish
system (f) from member f. The set f, , fo, - -+ on the right is a base
for 8.

The system which consists of one non-zero member f equals that
which consists of the infinite set f, {%, f*, - - - because both have the same
solution. Hence there is the equality

f=T+F+1+
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so that every system equals a system with an infinite number of formally
different members and has an infinite base.

For simplicity it is supposed that each system considered here has
a finite hase.

If Sis a system and f a function, then

S=(+nNS+1.

Consequently, it is always possible to factor a system and all that
follows depends in large measure upon such factorization.
Multiplication verifies that

S+1g" =S +NS+1+¢YH
and that
S+fg g =S+NS+H+ DS+ +9+ 4D -
S+ + g+ g

Consequently, every system is the product of systems whose only
members are equations and inequations. For convenience of language
and notation it is generally assumed that the system under consideration
has only equations and inequations for members.

(13) Ordering. Set [ is (14) ordered if for each pair 7, 7 in I exactly one
of the three relations

1 < j, j<i, i=7
is true, the sign = being given its set-theoretic meaning ‘“‘identical
with” and < being required only to have the transitive property

1 < g, i<k — t < k.

Relation 7 < jisread either ‘2 precedes ;" or *‘jfollows 2”’. The reversed
sign is not used.

Once I has been ordered, it can be used to order set J whose elcments
are in one-to-one correspondence with those of /. The clements of I
are then (15) ordinals and ordering J amounts to assigning each of its
elements an ordinal from 1.

The positive integers are ordered by reading < “‘is less than”. A
countable set can be ordered by taking the positive integers as ordinals.
This writes the set as a sequence.

If in the symbol 7, --- 7, each component %, is in ordered set I, ,
equality

fooe = g1 o da
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is to mean equality of corresponding components
=1, " = Jn
and precedenee
ot <Jioo Ja
the existence of a positive integer m such that the first m — 1 's equal

their correspondents and the m-th precedes its correspondent, with no
commiiment. about, the rest:

i| = .‘il y ° " 7im—l = jm»l ;im < jm .

This ordering is described by the adjective “‘dictionary”. The resulting
ordinals are hypercomplex numbers.

If sets I, are infinite, symbol 7, --- 7, may have an infinite number
of predecessors so that even when the number of 7, - - - 7, is countable,
dictionary order does not write the symbols as a sequence.

(16) Partial ordering. Set / with elements ¢, j, k is (17) partially ordered
if

i<i
12) and j<i—o7 =7,
1) and jSLk—i=Z k.

The sign = is read “does not. follow".

Ilach ordered set becomes partially ordered if each 7 < j is replaced
by ¢+ < jand cach 7 = j by the two relations 7 £ jand j < 7.

(18) Derivatives. Symbol (5, --- %,7)’ means the (19) derivative of
function u, taken 7, times re (that is, with respect to) z, , - - - , 2, times
re z, . It is also written (mj)’, with m representing the differential
operator or even the corresponding monomial in the 2's. At times, in
numerical work it is conveniently further abbreviated to 7, --- 4,j and
in theoretical work to d.

Symbol (z, --- ,7) 4 means the derivative evaluated for the solution
of system 8. Symbol (i, --- ,j), means the derivative evaluated at
the origin, that is, (¢, --- ,)){with S = o, + --- + z,.

The non-negative integer 7, + --- + 4, , called the (20) order, orders
the set of all derivatives if there is only one function and one inde-
pendent variable. In all other cases it only partially orders that set.

For later developments orderings with the properties
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(2]) dl < mdl ’
(22) d < d; — md, < md; ,

where m is any differential operator except 1, are needed.

These requirements with < replaced by < are made of partial
orderings of the same sets. The word “ordinal” will apply to the real
or hypercomplex number establishing the order in either case.

The first of these orderings, sufficient for most purposes, is the dic-
tionary order in which derivative (¢, - - - 7,j)’ has ordinal

(11 4+ ... +7,")1,n 11],

called (23) canonical. Tt is sequential. It orders the whole set of
derivatives.

(24) Monomials. Unless otherwise indicated the monomials have coeffi-
cient 1.

The monomials to be considered are of two types:

Monomial z}* --- z'"u, corresponds to derivative (¢, --- 7,7)" and is
given its canonical ordinal (¢, 4 -+ =4 2.)8, - -+ 4]

Monomial z}* - - - x." corresponds to the differential operator producing
that derivative and is given canonical ordinal (7, + -+« + 2,)%, <+ %, .

The derivatives of u, for fixed j are in one-to-one correspondence with
the monomials in x, , --- , z, , namely,

Gy -+ i) =22 - 7l
so that in canonical ordering
d<die2m < m,

that is, the relative ordering of the set of all the derivatives of a given
function is the same for each function and is the same as that of the
corresponding monomials in z.

If D, M are respectively sets of derivatives and monomials, their
(25) derived sets D', M’ consist of all products dp, mp, where d, m are
in D, M, and p is an arbitrary differential operator or an arbitrary
monomial in x.

(26) Dot product. If A, X are two sets whose elements have ordinals
from the same set of ordinals, the (27) dot product A-X is the sum
of all products of clements with equal ordinal. The product is in-
terpreted as 0 if no element of A has ordinal equal to that of an element
of X. Product 1-X means sum X.
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The Maclaurin serics for function % is written
u=A-X,

where A is the set of all derivatives, cach evaluated at the origin and
divided by the appropriate factorials, and X is the set of all monomials
inz, " ,%,.

If A, B are sets of functions, it is convenient to let AB without the
dot. be the sum a,b, , where a; is in A and b, is in B.

Let f be a function of variables Y. The set of all first, derivatives of
f can be written (Yf)’ and the set of all first derivatives of Y re a par-
ticular z as (zY)’. The (28) indirect derivative of f re x is then

[2f]" = (=Y)"-(Y])".

(29) Monomial sets. I.ct finite set M of monomialsin.x,, - -+, x, have
LCM (least common multiple) j, - -+ j.. Set M° consists of all divisors
of j, -+« j.,thatis, k, --- k, isin M° if and only if

(30) 0Osh =4, ,02k =in-
Write
MY = M+ M.

where M' is the (31) parametric set and M? the (32) principal set, a
monomial of M° being principal if and only if divisible by a monomial
of the original M. All monomials of M are, of course, principal.

If the exponents of z; in monomial p of M°and in the LCM are equal,
that variable z, is (33) mulisplier for p; otherwise it is (34) non-multipler.
The exponent of a multiplier is thus always maximum.

If z, is non-multiplier for m, the exponent of both m and z,m satisfy
(30) so that z,m belongs to M°. Hence

(35) Every product of a monomial of M° by a non-multiplier belongs to M°.
ivery product of a monomial of the principal set M*® by a non-multiplier
belongs to M°.

On the other hand, the product of a monomial of ' by a non-multi-
plier may belong either to M* or M*.

The set M° always contains the monomial 1. Hence an arbitrary
monomial p inz, , ,, - - - , %, is divisible by at least one monomial of M.
Among all the monomials in M dividing p let m be one having maximum
degree. Suppose the quotient p/m involves an z; which is a non-
multiplier for M. By (35) mx, belongs to M. As it divides p and has
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righer degree than m, there is a contradiction. Hence p/m involves only
nultipliers of m.

Moreover, there is only one m which is in A/°, which has maximum
legree and which divides p. For if there are two, say m, m’, then

p = mq=mq.

Suppose the exponent of x, is greater in m than in m’. Then z, is a
livisor of ¢’ and therefore a multiplier of . This is impossible, for the
>xponent of z, in m’ is less than in m and therefore less than maximum
n M°. Hence the exponent of z, is the same in m and m’. As the same
wrgument applies to all the z's, m = m’. The unique monomial m
s called the (36) generator of all of its multiples by multipliers.

37) With an arbitrary monomial p there is associated in M a unique
monomial m called ils generator and characierized by being the monomial
of highest degree in DM° which divides p.  The monomial p is the product
of its generalor by mulliplicrs of the generator.

If M° is cmpty, there is no LUM. Ience M', M? are as yet undefined.
In this case, let M* be 1 with ., , --- , x, as mulupliers and let A1°
be empty.

(38) Cuts. If derivative (mu)’ is a given Maclaurin series, then (pmu)’,
where p is an arbitrary monomial in z, , - -+ , z, , is found by termwise
differentiation and has the same region of convergence. The coetlicient
of any term in u divisible by m can be computed from (pmu); .

Next is needed a description of the terms whose monomials are
divisible by no monomial of M and therefore cannot be calculated as
above.

The Maclaurin series for 4 can be rewritten

=u' 4+ 4 =A4"X"+ A X,

where X' are all monomials divisible by no monomial of A/ and X*
are the others. This Riquier calls a (39) cut.

The two parts of 4 are described as (40) parametric and (41) principal.
Iach can be written as a finite sum. I'or example,

AVX' = M,

where the element of J* corresponding to monomial p in M is a function
(power series) of the multipliers of p. Specification of the finite set of
functions J' determines the parametric part of u.

It is convenient at times to transfer onc or more terms from the
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rincipal to the parametric part. This is done by adjoining the monomial
f the term to M' with no multipliers and its coefficient as a (constant)
unction to J'. The resulting separation can still be used to describe the
eries, although it ceases to be a cut in the precise sense of the definition.

The parametric part «' can be described in another useful way.
Specifying it is equivalent to specifying

M'w)k. ,

vhere S' is the system whose equations are the non-multipliers of the
members of A1, There is the equality

M)k = (M) .

(42) The complete and complementary sets. The parametric and
principal sets scem best adapted to the proof of existence theorems.
In calculations, however, they are conveniently replaced by Janet's
complementary and complete sets into which they can be collapsed.
The initial determination and the passivity conditions can be more
compactly, although less symmetrically, expressed in terms of the con-
tracted sets.

Consider in ° a pair of monomials m, xem satisfying the condition:
(43) x, is non-multiplier for m and multiplier for xym; and rem is not
in the original A7.

The two terms mb + xryne can be written as one md, if m is given the
multiplier @, .

Let the reduction be made wherever possible, beginning with the rym
of least ordinal 7, - - - #, (an ordinal sometimes given the name (44) rank).
In this way, for the given order of the independent variables, there is
obtained a unique set Mz = M, + M, , where M', M* have collapsed
into M, , M, , respectively. Set M, contains the unequal monomials
of M and possibly some of their multiples.

The sets M, , M, were called by M. Janet [65] the (45) complementary
and the (46) complete sets. C. Riquier [103] had previously employed
the equivalent of 1/, in the description of the parametric part of the
development, which he called the residue. Riquier seems nowhere to
make effective use of the representation of the principal part as a finite
sum, although except for interpretation he is in possession of the formal
results. Compare, for example, the process [75, 166] which he only
stated for the parametric part. A unique process for obtaining each
principal coefficient by means of the complete set without considering
the question of passivity seems Janet’s contribution. This process in
particular makes it possible for him to formulate for orthonomic systems
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passivity conditions which are much simpler than Riquier’s [75, 357]
although equivalent to them. For M, , M, results (35), (37) need to
be modified slightly so as to read

(47) The product of a monomial p by onc of its non-mullipliers is equal
to the product of a unique monomial m of the complete set by multipliers
alone. The monomial m 1s of higher rank than p.

(48) Finiteness. Let monomial mp, when m isin M' and p is a monomial
in k of the multipliers of m, be adjoined to A1°.

If & = 0 so that mp equals m and is therefore in A*, the LCM is un-
changed. There is a new set, in which m has changed from parametric
to principal monomial but has maintained its set of multipliers.

If k is positive, the LCM is changed. In the new cut, parametric
m is replaced by certain principal monomials and a number of para-
metric monomials, each of which has fewer than & multipliers.

The adjunction operation can thercfore be applied only a finite number
of times. This is effectively Tresse’s theorem [107].

(49) Inequality system. For fixed r, u

(50) 1<z, 15w,
monomial %, - - - 7,j becomes a positive number which can serve as ordinal
for derivative (¢, - - - £,j)’ since (22), (23) are satisfied. The result is a

partial ordering of ihe set of all derivatives. Some subsets are ordered.
This type of ordering and partial ordering is (51) numerical.
Let a finite set of derivatives ) be subject to order relations of the type

T, d, <dg .
There is a corresponding (52) tnequality system

I <z, 1=su,,

muu, < MpUp

with one inequality of the type on the second line corresponding to each
order relation, the sign < being now read ‘“is less than’’ in the numerical
sense.

System 7', is satisfied if and only if set D is numerically ordered by a
root of the inequality system. Therefore D can be numerically ordered
in the way prescribed if and only if the inequality system is consistent.
Because of (23), (50) this numerical ordering serves for the derived set D’.

Let D be a set of derivatives all of order A and let 7', order D canoni-
cally. The inequality system is then consistent.
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The proof will be made for the system

(53) 0<u,, 1<z,
kmyu, < mgpug ,

where & is a positive number, arbitrary for each left number: the in-
equality system is implied by making all k's 1.
The incqualities in (53) with m, = m, are first satisfied by taking

max (ku, ,u,) < 4, ,

max (ku, ,u,) < uz,

DY s

max (hu,_, ,u,_y) < U, .
The rest then amount to
1<z, km,, < mg ,

where m,, precedes my and the previously determined w's have been
absorbed into the k's. A typical inequality is
In

k‘r;’ ...1';" <T:l cee Xn

with the last non-zero exponent difference —7, 4+ j, = 7 positive.
Consequently, the set is o sum of systems

z<x,,

where for fixed right member z runs over a set involving only the k's
and powers (positive and negative) of 2, , -+ , x,_, , so that indeter-
minates z, , --- , x, can be had successively.

It is to be noted that the root of the inequality system can be made
to have integral components since %, , x, can be made integers.

(54) Order system. Tor the same derivative set D let T, be replaced by
T, d, =dg .
It is convenient to make the substitution

u, =el,), " =z, =c,

where ¢ is the Napierian base, in the new inequality system which thereby
becomes linear in indeterminates ¢, :

0 Oéc:; 0:k+ck§0:+ct,

the o's now to be defined.
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Let, the members of T, be given ordinals 1, 2, --- .

In the j-th member of T, let dr have order (that is, degrce of z-
monomial) o, and unknown u, . If the unknown in d, of the k-th member
is u, , let o0,, be the order of d,, ; if the unknown in that d, is not u, ,
put 0,, = — . If the g-th and j-th members have the same unknown
u, on the right,

0,k = 0Oy -

System O is the (55) order system for T, . If ¢, is a root of O, the result
of differentiating the j-th member of 7% ¢, times is a like system 7%
satisfying

(56) oY = of,

that is, the order in any indeterminate u, is the maximum order of the
right members in that indeterminate.

Tor a canonically ordered set D the order system is consistent. By
differentiation, the order of all dj with the same u, can be made equal to
the original maximum. Then (56) are satisfied and values for c. are
the number of differentiations used.



CHAPTER

2

Certain Linear Systems

(57) Linear Diophantine systems. Ilere coeflicients and roots are
integers. Consider the linear form

ar + by.

If integer a is negative, reflection

gives linear form
(—a)x* 4 by*

in which the coefficient of x* is positive.  IHence both a, b are supposed
positive.

If a = 0, they equal their GCD (greatest common divisor) denoted
by (a, b). The form can be written

(a, ) + ).
I a # b, write the form as the determinant

r =0

y oa

Then replace it by the equal determinant.

x+y —b+a Nz —b l
i a x+y a—1b

or

according as @ < b or b < a, that is, replace a row by the sum of the
rows so as to preserve the sign in each position. Since the operation
decreases a positive integer or increases a negative integer, it ends after
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a finite number of applications with the form

pr+qy —(a,b) ,
re + sy (a, b)
s0 that the original form equals

(a, D)(u + v),

where in matrix notation

" r s ly
In addition
det [P Y =1
r s

since the determinant arises from that of the identity by addition and
substraction of rows. lence linear transformation.

-

takes the form into another with equal coefficients.
If two coeflicients in linear form

(58) A-U

are unequal, a change of variables such as the above replaces them by
their GCD. Hence a reversible linear transformation with integral
coefficients takes (58) into

u

11

a(l-U*),
where a is the GCD of 4.
System S with one equation
-b+ AU

is consistent in the ring of integers if and only if a divides b. If con-
sistent, S is equivalent to

(59) —a’'b + 1-U*.

If there are other equations in S, equation (59) can be used to eliminate
one unknown from S. If S is linear, this reduction process solves S.
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For properties of the solution see [96].

(60) Binomial inequalities. I‘or sake of concreteness each member of a
system has so far been interpreted as the statement that a function

value is zero or not.
The systems S next treated have members which are inequalities of

the form
m<p

rather than equations or inequations, 7, p being monomialsinz, , - -+ , 7,
with positive coefficients which need no longer be 1. If f denotes that
inequality, then f" is

P = om.

The signs <, < now have their arithmetical sense and reading.
The system of two inequalities

m = p, p=E=m
is equivalent to the equation
m = p.

In formal manipulative processes an equation is to be regarded as an
abbreviation for the two inequalities.
The identity

(p—m)(t —q) =pt —mqg— m(l —q) — qlp —m)

shows that

m<p, ¢g<t — mqg<pl,
m<p, ¢g=t — mqg<pl
m<p, g=1t 2 mqg<pl,
mz=p, gt — mp =l
msp, ¢g=1 & mg=pl,
m=p, g=1 — mq=pt

If the inequalities on the left of each line are denoted by f, g, that on

the right is by definition fg.
Similarly, kf stands for the result of multiplying both sides of f by
positive number k, by a monomial k or by a k whose reciprocal is a
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monomial dividing both sides of f, and f* stands for the result of raising
both sides of f to the positive & power.

(61) Reduction. The reduction processes for binomial inequalitics are
accordingly:

(62) fas<f+y,
(63) kf = f,
(64) I =1,

the calculus being that of systems so that (62), for example, is read “f
and g imply f¢".

(65) Solution. For definiteness, the sign < is written but the methods
apply to systems with any distribution of signs until the contrary is
stated.

Jonsider first a system in the single unknown w.  Let two members be

(66) a<cu, du' < b.
They are equivalent by (63), (61) to
(™)' <u, u < (bd "

and are consistent if and only if

(ac" )" < (bd ")V,
Raise both sides to power 7j:

a'e” < b'd .

Multiply both sides by c¢’d':
67) a'd <be'.

Form (67) of the condition for consistency can be had by the obvious
method for elimination of w. This method amounts to multiplication
if 7, j are integers.

In general, when there is just one unknown, system S can be written

Aq = AqL + SR )
where the members of S, , Sk are of the type
a<u, u<b,

respectively, and either set may be empty. Thus S is the sum of the
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following two systems each containing just one inequality
(68) maxa < u, u < minb,

for an empty set max being — © and min + .
The condition of consistency of the system S in one unknown is
accordingly

(69) max a < min b.

Let now there be r unknowns. The subset S, of S whose members
when reduced contain u, with positive exponent are of types (66) with
u = u, and @, b, ¢, d monomials in u, , -+, %, alone.

Adjoin all conditions (67) to S — 8, to form S,_, , a system in
Uy, -+, U, alone. For each root of S,_; there is a segment (max a,
min b), each point u, of which gives a root. (w, , --- , u,) of S.

Repetition finally gives system S, in which there are no w's.

If the coefficients of the monomials in S are given positive numbers,
S, consists of inequalities among positive numbers and S is consistent,
if and only if the inequalitics of S, are true.

If the coefficients of S are indeterminates, then S, is a system of
binonomial inequalities in those indeterminates as unknowns. This
system S, is deseribed (sce (73)) as nnit, since its coefficients are all
obviously 1.

(70) Consistency in terms of homogeneous set. System S can also be
written
Ag= AS'L+A.QH+SR,

where m < p goes in S, , Sy or Sg according as
deg m < deg p, deg m = deg p, deg p < degm,

that is, according as the degree on the left is lower, the degrees are equal,
or the degree on the right is lower.

(71) If either Sy, or S is empty, system 8 is consistent if and only f the
homogeneous sct is consistent.

(72) Consistency in terms of unit system. In the next result, the re-
striction to sign < is necessary.

System S' got from S by replacing each coefficient by 1 is the (73) unit
system for 8.

(74) If the unit system S* for system S with all signs < is consistent, so is S.

The unit system is consistent only if the consistency set for S is
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empty: if that set contains m < p, the corresponding set for S contains
1<1.

(75) Equivalence to linear systems. Although in the preceding dis-
cussion the use of the terms ‘“monomial’” has supposed that

1r

m = au;’ s,

where the 7’s are non-negative integers, all of the operations, except the
inconsequential operation of removing the highest common factor, are
valid if the +'s are non-negative numbers.

Now it is convenient to write the inequalities in the form

(76) 1 <cuy* --- .

Since log z is real and increasing for positive @, this is equivalent {o
0<alogu, + -+ + a, logu, 4+ loge.

Hence linear inequality

(77 O<au + ---+au +0

is solved by finding the positive solutions of (76) in which ¢ = ¢(b) and
then by replacing u by log u.

It is immediately seen that the reductions applied to inequalities of
the form (76) when translated into operations upon inequalities of the
form (77) become the operations of elimination used by Dines [29].
In illustration set

z; = log x, r, = logy, r = logz, T, = log !
in Dines [29, 198]. The right. members of the form (76) arce
xy 27, x2S, Tyt
The system is unit. The solution is

yz—lt.'” y—22-2t3, y-—l/3z-ll2/3 <z < y‘.!z—'.’t2’

1/4 3/74—-4/7
i, Y

zt, <v,

a result easily identified with the second solution in |29, 198].
The method of elimination can also be illustrated by solving the
following system of equations (Hall and Knight, [52, 110]):
(78) Y’z = 12,
(79) z*y® = 54,
(80) z'y'? = 72.
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Let (79)’ denote (79) with members written in the opposite order:

(81) = (78)(79)’ 9y = 27

(82) = (78)’(80) r'yz = 6

(83) = (79)’(80) 3z'y® = 42

(84) = (78)'(82) 2r=y

(85) = (83)(84)° 3" =z

(86) = (78)(84)*(85) ' =1

The solution is therefore
87) 2'=1, y=2r, z=32"

(88) Rational roots. A result useful in applications is

(89) A consistent system of linear inequalities, all of which have the sign <,
has a rational root. 1f the inequalities are homogencous, there is an integral
root.

Let u, be a real root of (77). Letlimu,, = u,, where u,, are sequences
of rational numbers. Then
(90) 0<b+1limA-U,.
Hence there is an n such that
0<b+ A-U,

for n < j. For each of the other inequalitics there is a similar n. If
max n < j, a rational root U, is had.

If u, is a rational root of a homogeneous system and ¢ is the positive
LCM of the denominators of the u's, then cu, is an integral root.

The example 0 < —u, 0 < 1 4 u shows that a consistent non-homo-
geneous system does not necessarily have an integral root.

(91) Consistency of order system. The system
(92) 0 § ¢, (7% +“C,, § 0, + c,,

to be solved in integers, can now be treated.

Rather than convert (92) into a binomial system apply the elimination
process directly to (92). Since the coefficients of the c's are equal to
unity, this process amounts to adding an inequality with a given ¢ on
the left to one with the same ¢ on the right. It is convenient to denote
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by (j, k) the second inequality in (92) and by (j, k) + (k, 1) the result
of adding two inequalities member for member.

In view of (71), in forming the conditions of consistency the in-
equalities 0 = ¢; can be ignored.

Making § = k gives

(93) 0,, o, .
If1 <laudi, --- %, are any set of integers from the range of j, then

(94) (ix ’ ’1:2) + (iz ) ’53) + e+ (1 ,'il) + (1:1 ,'ix)

is free of the ¢’s and hence is a condition of consistency. Morcover, the
totality of conditions (94) for all possible distinet cycles ¢4, --- 7, ,
taken together with (93) which correspond to the cyeles of length one,
contains all the conditions of consistency. To see this, remark that if
7y, 22), (42, 2,) are added, there results an inequality with right member
containing ¢,, which must, subsequently be eliminated by adding an
inequality (75 , 4,). And so on. The last inequality added must elimi-
nate hoth the remaining ¢'s.
Consequently

(95) System (92) is consistent in the non-negative integers if and only tf
sum o0,, £ sum o, ,

where there s an inequality corresponding to each cycle and j has the value
immedialely following that of © in the cycle.

(96) Further results. The early work in lincar inequalities is TI.
Minkowski’s [90]. L. L. Dines [20] gave the elimination method of (75)
whose dual for binomial inequalities was developed in [132).

Ruth W. Stokes put the lincar theory in geometric terms [116]. The
condition for consistency so expressed is that the origin be outside the
the convex body representing the system. Related treatments are in
(28], [41].

Inequalities of higher degree in one unknown are treated by C. I'.
Gummer [49] and by B. E. Meserve [89].

Applications of the linear theory are in [121], [129], [130] and F. E.
Clark [20].

There is an enormous recent literature on inequalities called “linear
programming’’.



CHAPTER

3

Algebraic Systems

The problem here is to resolve a system with given finite base into
factors which are easier to solve than the original system. The ultima
Thule consists of factors whose solution is described by an established
existence theorem.

The fundamental operations available are addition and multiplication
by any function. Consequently from the postulational standpoint the
functions are a ring of which each system is an ideal. Except in Chapters
7, 8, 9 multiplication is commutative and the sct of functions as well
as the subset of constants is an integrity domain.

If in a system some of the unknowns are required to he derivatives
of others, the system is (97) differential. 1f not, it is simply a (98)
function system. A system is (99) algebraic if its members are poly-
nomials in the unknowns.

(100) Reduction of equations in one unknown. Consider the system of
two equations

S=]+y,
where
f=2" - +u—2, g¢g=23u—2u-—1.
Obviously

S=@f —2g) + g,

S being thus expressed by a base to be regarded as simpler than the
original because one member has been replaced by a polynomial of lower
degree and the other is unchanged.

This (161) reduction of f re g can be repeated. Ultimately, the two
polynomials in the base are associates and another application gives

S=04+h=h,
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that is, S has been replaced by a base with a single equation, whose
polynomial is a GCD of f, g denoted by (f, g).
Calculation of (f, g) can be formalized as follows.

(102) 2— 14+ 1-—2
(103) 3— 2- 1
(104) = 3(102) 6— 3+ 3—06
(105) = 2(103) 6— 4— 2
(106) = (104) — (105) 14 5— 6
(107) = 3(106) 3+ 15— 18
(108) = —(103) + (107) 17 — 17

(109) = 177'(108) *1— 1

(110) = (106) — (109) 6— 6

(111) = 67'(110) *1 — 1

The GCD and final base are thus » — 1. This formial process can be
described as follows. There are two lines (polynomials) at the start.
The left numbers (initials) are made equal by applying appropriate
multipliers. If the new lines are identical, they are a GCD. If the
new lines are not identical, subtraction gives a third line shorter than
at least one of the others, 0's at the beginning of a line being ignored and
the first non-zero coefficient being flush left. The third line replaces
one of the original pair, the longer, if such is, otherwise either. At
any stage removing any factor common to all the numbers of a line is
legitimate and may simplify the arithmetic.

This reduction process applies immediately to replace any finite non-
empty system of equations in a single unknown by a single equation.

The increase to two unknowns greatly complicates matters. The
difficulty lies in this. To make the theory for a single unknown useful,
an equation in u, » must be written as a polynomial, say f(v), whose
coefficients themselves are polynomials in «. The nature of f(v) is deeply
influenced by the value assigned u. In particular, even the degree of
f(v) depends on u. This, in fact, is perhaps the chief difficulty, which
can be described as that of the vanishing initial.

To illustrate, suppose S has a single member, the equation

f=uv+u+ov+1.
Although the base has just one polynomial, it must be reduced because
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no existence theorem such as the fundamental theorem of algebra is
directly applicable. The equality

S =(+w(+u)
factors S into two systems

u, W +ov+u+1 S,
u, v+ 1 S,

to whose members the fundamental theorem of algebra is applicable:
the solution of " is the complex field less 0 and any root of the first
member of 8, introduced into the second gives a polynomial which has
iwo complex roots v.

The system S consisting of the single equation

=9’ + 3w + 2u + 1

has roots whose existence is stated by the fundamental theorem, but,
those roots hecome equal for u* = 4 and as analytic functions of « have
u = 42, u = —2 as singular points. The factorization

AS' = AS'I ;S'glg;; y

where
u— 2, n+ 3 S,
u + 2, v — 3 S,
@ — DY, o+ 3uw+ 2"+ 1 S,

gives factors with unequal roots.

FEven when a system all of whose members are equations is proposed,
inequations force their way into the discussion. Hence it seems best
to admit the inequation on equal footing with the equation at the start.

(112) Reduction of inequations. Return for the moment to a single
indeterminate and consider the system

S=1+4g"
where f, g are as before, namely,
f=2—Ww +u—2 g=3u"—2u-—1,
and consider reduction of f re g. It is true that
Bf— 29"+ 4" =8,
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but since, for example, 0 is a root of the left side and not of the right,
there is no longer equality. Direct application of reduction does not
give a new, let alone a simpler, base.

On the other hand,

8 =1, 9"

because the root of f which offends by making g also zero is eliminated.
Moreover, the final result of appropriate application of the reduction
process gives a base, although the intermediate stages do not. Ulti-
mately, (145), explicit formulas are given for the base.

The GCD is found as before to be 4 — 1. Then f is reduced by
(f, g) as follows.

2—14+1-2
2 — 2
14+1-2

1 -1

2 —2

2 -2

The successive leading pairs of equals are the cocfficients in the quotient,
whichis2 4 1 4 1, and

S = 2 4+ u + 2.

Calculation of the cocfficients by synthetic division appears thus,
changing signs having replaced subtraction by addition:

24142
I+12=1+1=2
+24+1+2

(113) Formulas for reduction. Let polynomials f*, g*, [f, g] be defined by
M =1 g9 9)=9  [f,9l(f, 9 = fg,

where f’ is the derivative of f. Polynomials f*, g* have the roots of
f, g respectively as simple roots and [f, g] is an LCM for f, g.
System S whose members are polynomials in the single unknown u
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can be reduced by the following equalities among systems:
f+g9=0%g9,
f+g¢" =¢* 997
¥+ g% = 1f*, g*1".
If S is non-empty, this gives a base which is an equation except when

all members of S are inequations.
There are also the equalities:

=0 9*=(0, 9,
*(J*, g0 = X, 97,
7*, ¢*1¥ = (U, 9lJ, 91* )" = ()",

with degree non-decreasing from left to right, the sign = meaning identi-
cal as polynomials and the xign = meaning equal as systems. If low
degree is desired, use the polynomial farthest to the left.

Use of the last gives

M +a" = (g

a relation appearing in (1).
For illustration, use the systems formed from

f=1— 9431 -51 +40 — 12 4+ 0,
g=1—114146 —92 4+ 88 — 32 4+ 0,

the polynomials being written with detached coefficients, that is,
6 5 . .

J=u" — 9 4+ --- . The calculations of (f, f') and [* are given for

convenience of comparison.  The factor u of [ is ignored.

- 9+ 31— 561+ 40— 12
5— 36+ 93 -—102+ 40
5 — 45+ 1556 — 25656 + 200 — GO
9— 62+ 153 — 160 4+ 60
45 — 324 + 837 — 918 + 360
45 — 310 + 765 — 800 + 300
14— 72+ 118 — 60
7— 3+ 59— 30
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35 — 252 + 651 — 714 + 280
35 — 180 + 295 — 150

72 — 356 + 564 — 280

18— 89+ 141 — 70
126 — 648 + 1062 — 540
126 — 623 + 987 — 490

25— 75+ 50

11— 34+ 2
7T— 21+ 14
15— 456+ 30
1- 3+ 2

Polynomial (f, /) is therefore
f,f=1-3+2.
Next find the quotient f* = {(f, ).
1~ 9431 —51 +40 — 12

1— 34+ 2
-6+ 29— 561 +410 — 12
-6+ 18 — 12

I =39+ 40 — 12

1M - 33 + 22
-6+ 18 — 12
-6+ 18 — 12

Hence, factor u being restored,
¥*=1—-6+4+11—-6+0.
By the same method are found:
(9,9)=1— 4+ 4,
g*=1— 74+14—- 8+ 0,

(f*:g*) =1- 3+ 2+ 0,
@, gn 7 =1- 3,
grf*, g") T =1 4,
[f*,¢*1=1—10 + 35 — 50 4+ 24 + 0.
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Polynomials f, g are factored thus:
f=0=-00-=1D%-27%-3),
g=0—-00U- D1 - 2% —4).
These can he used to cheek the calculations.
(114) Consistency of two equations. If S = f + ¢, where
au” + -+ + an. = [,
bu"+ - + b.=¢g

has a root, polynomials f, g have by the factor theorem a factor h

(115)

(116) f=»nhfi, g= —hg.
Seek an k of positive degree at least equal to p satisfying (116) for given
/9

A necessary condition is the existence of two polynomials f, , g,
which have degree not. exceeding m — p, n — p, respectively, and which
satisfy

(117) fo. + f.g = 0, fign # 0.

This condition is also sufficient: not all the n linear factors of g can
divide g, whose degree does not exceed n — p, so that at least p lincar
factors of g divide f. This argument assumes that the degree of g is
actually =, that is, constant b, # 0. 1If a, # 0, a similar argument
applies.

(118) Sylvester’s elimination. Consider first a cubic and a quadratic
polynomial,

a’ + av’ +au+a;=f, bal+ bu+ b, =g.

Multiply these equations by u, 1; and by 1, u, 4® respectively, and
display the results in the form:

au' + a® + au’ + asu = uf,

ax’ + au’ + au + a; = f,

(119) b’ + bu + b, = g,
b’ + b’ + bu = ug,

bu' + by’ + b’ u’g.
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This linear system in unknowns u*, u*, %°, u, 1 has determinant
a, a, a; a; 0
0 a, a, a: a;
R(f,g) =10 0 be b, b,
0 bo b, b, 0
bo by b 0 0

called the resultant of f, g. Solving for unknown 1 gives

a a, a, a; uf
0 ava a f
00 bby ¢
0 by by by ug

(120 R

f

bo b, b, O 1(2g1
By expanding re the last column this equation can be wrntten
(121) R = Pf+ Qyg,

where P, Q are polynomials in u. Since & is independent of u, it is
an eliminant of f, g. A necessury condition for [, g to have a non-
constant factor in common is

(122) R =0.
To examine the sufficiency of this condition write

(123) fi = wu + uu + uy g = uu + n,

and seek to determine w, , --- , u, to satisfy (117). Substitution gives
0 = ayu, + bou, ,
0 = au, + anu, + bous + b, ,

(124) 0 = a.uy + ayu, + bu, + byu; + bou, ,
0 = azuy + au, + byu, + b, ,
0= asu, + bu, ,

a system whose determinant is the transpose of R. There is a non-
trivial root since the determinant is zero.
The resultant is made the first term B, = R in a sequence of de-
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terminants with R, for positive j formed by deleting the first and last
rows and the first and last columns from £,_, .

Omit the first and last equations from (119). The determinant of
the resulting linear system in unknowns %®, ’, u is R, and solving for
unknown u gives

a a; f— as
Il’]u = 0 bu g - bz .
bo by ug

By expanding and isolating f, g this can be rewritten

a a, f
(125) Ru+ S={0 b, g|-
b() b) 0

The GCD of f, ¢ divides the left side.

If R, # 0, the GCD has degree 0 and can be taken as R, .

If Ry = 0, R, < 0, the GCD has degree 1 and is (125), say the right
side.

IfR, =R, =0,R, =b 5 0, the GCD has degree 2 and is g.

Accordingly, under the assumption agh, # 0, the GCD has degree
equal to the index on the first non-zero R, of the resultant sequence.
The GCD is found by replacing cach element. of the last column in I,
by the clement on the same row and the last column of (120).

(126) The general case. C'onsider now the two polynomials (115) and

assume n < m. Mulliply the first by «" ', w*, -+ , u, | and the
second by 1, u, - -+, ™" 1o obtain a lincar system in unknowns umtt
w™'"% ..., u, 1 whose determinant R is the (127) resultant of the

two polynomials.

The resultant can be written as follows: Write the coefficients of the
first polynomial on a number of rows equal to the degree of the second,
starting each new row one place farther to the right. Then write the
coefficients of the second polynomial on a number of rows equal to the
degree of the first, putting the last coecfficient on the first of these
rows at the extreme right and starting each new row one place farther
to the left. Use 0's to complete the square.

The above does not define the resultant when both polynomials have
degree 0 or when fg = 0. In the first case put R = 1 and leave it
undefined in the second.
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The substitution
-1 -1
h=tpuw" + - Fu,, g =u" + -+ U,

in (117) gives a lincar homogeneous system whose determinant is the
transpose of R. In the presence of a, # 0 or b, # 0 condition B = 0
is necessary and sufficient for the existence of a non-constant common
factor.

(128) Two polynomials with mon-zcro initials have a common factor of
degree at least one if and only if their resultant is zero.

The definition of the resultant sequence in (118) applies to the
general case. If the above expressions for f, , g, and h = u — c are
substituted in (116) and the resultant thus put in terms of ¢, u, , ele-
mentary transformations which make the last column of R(f, g) consist
of 0's take R,({f, g) into R(f, , g:). Repeated use of this gives

(129) The degree of the GCD of two polynomials with non-zero inilials is
the indexr of the first non-zero term in the resullant sequence.

Omission of the first p and the last p equations of the linear system

in ™", ..., 1 gives a linear system in »™*" * ', --- , u” with de-
terminant R, . Solving for unknown u” gives
(130) Rw + 8, = Pf+ Q.9,

where S, is a polynomial of grade p — 1. If the degree of the GCD is
p, the left side of (130) can be taken as the GCD.

(131) If the GCD of two polynomials f, g has degree p, it. is had by
replacing the last column of the resultant with index p in the following
way. On the last row of the coefficients of f place f, on the next to last
uf, then u’f, and so on. On the first row of the coefficients of g place g,
on the next ug, then u’g, and so on.

To have the coefficient of »”™* in the GCD, replace each element, in
the last column of R, by the element on the same row and k columns
to the right in R, .

The quantities in (130) are all had by ring operations. In the solution
of the system like (124) for the uy , - - , Up+n-2p+1 ONe initial may be
chosen arbitrarily. If uo = —R,by , then upip_9,.1 = Rya, . Let h
be the left side of (130); it differs from the h in (116) by a constant
factor, which can be had by comparing the initial of f with that of Af, .
Since the latter is R2a, , system (116) is equivalent to

(132) R:j = hf] y R:g = _hgl .
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The advantage of these over (116) is that their coefficients can be com-
puted from those of f, g by ring operations.

(133) Discriminants. The first column of B(f, '), where f” is the deriva-
tive of f, is divisible by a, . Hence a;'R(f, f’) is a polynomial in the
coefficients of f, called the (134) discriminant of f and denoted by D(f).

(135) Commutative polynomials. Consider now polynomials in r in-
determinates u, , --- , u, . Most of the results are true for coefficients
from an integrity domain, but it is perhaps best to think of the coeffi-
cients as complex numbers since a positive existence theorem is here
proved only for the complex field.

The (136) ordinal of u, is the positive integer j.

The formula defining polynomial f gives for it the following:

(137) the grade tn u, is the maximum exponent on u, ;

(138) the index k is the maximum ordinal of an indeterminate in f;
(139) the right indeterminate is that with maximum ordinal and the
other indeterminates are left;

(140) the #nitial is the coeflicient (for 1 < r, a polynomial) of the maxi-
mum power of the right indeterminate (this useful name was coined by
Ritt [106]);

(141) the ordinal is the complex number (index, grade in right in-
determinate); for constant f = 0 it is (0, () and for 0, undefined.

The initial a, of polynomial f is a polynomial of lower index, and there-
fore lJower ordinal, than f. For any root of inequation a, polynomial
[ is a polynomial in the single indelerminate w, , where k is the index,
with degree equal to its grade.

(142) Reduction of a polynomial. Use the notation (115) with v = w,
and grade f £ grade g. Polynomial g, given by

g = aog — bau™™f

is of lower grade in u, than g. 1f grade f < grade g, , repetition is pos-
sible. Finally,

g = aog — qf, grade g, < gradef in u .
If k is the index of f, polynomial g, is (14:%) g reduced re f. As systems,
f+g+a =f+g +ada,
f+g +a’=f+g +ai.

(144) Resultant and discriminant sequences. Two polynomials of index
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k caun be written as in (115)
auy + o+ an = f,
b + -+ + b = g.

Since the cocfficients are in an integrity domain, namely, that of all
polynomials with index less than k, the GCD theory applies. The
following sequences

Dif=hfr, Rif=0adb, Rg=0 a9,
Rlf, gl = (I, L9,

found by ring operations, are available. Placed only with a base im-
plying whichever of the systems

Dy+ -+ D+ D

and
Il)u + °tt + Rp-l + ]l):

is relevant, abbreviated symbols

D, R, 1*, (e, o' 14l
mean their counterparts endowed with the proper p.

(145) Reduction of algebraic systems. At each stage of the reduction
system S appears as the product of a finite number of factors. A factor
to which the reduction process is inapplicable is simple. Certain
priorities are stated. Some of them are essential but applicability forces
them automatically to be respected: for example, if S does not imply ay
then (146) mast precede (147). The non-simple factor farthest 1o the
right is given priority. The process stops when all factors are simple.

In a factor, the set of polynomials with maximum index has priority
for reduction. In the tabulation below among those polynomials | is
an equation with minimum grade, g is an equation, F is an inequation
with minimum grade and ¢ is an inequation. The initials of f, I are
a, , A, , respectively.

The seven reduction processes are as follows:

(146) S = (S + a)(S + ab).
(147) S =S+ DS+ D" —f+1%.
(148) S=8+RS+R —f—g+,9).

(149) S=@+R(S+R" —{—F'+{(F)7.
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(150) S = (S + A)(S + AD).
(151) S =(8+ DS+ D" — F" + F*").
(152) S=8—F'-G"+[F,G]".

The process with lower number has priority.

(153) Simple systems. A finitc number of ring operations therefore
factors S thus

S=8 -8,

where ¢ # j implies S, 4+ S, = 1, that is, no two factors have a root in
common and in addition
(154) 8, contains at most one polynomial of each index;
(155) if f of index k is in S, , a root of the subsystem of all members of
S, with smaller index substituted in f gives a polynomial in u, with
non-zero initial and discriminant and with degree equal to its grade.
The integer in (155) is the (156) degree of S; in u, .
The factors are (157) simple and factorization of S by the above
process is a (158) split.
IFactorization into simple systems is not unique. Each of the three
systems

S, o= u", Sy =u—1, S, = @ —wW
is simple and
‘ql = ;QQAS'J .

This same example shows that a set of simple factors is not necessarily
a split, for their product.

Let [, g be polynomials of systems S, T respectively. According to
the nature of these members system ST has members of the types

(159) g, 19", [1'g".

The first is equation. The others are neither equation nor inequation.
That in general the product ST can not be replaced by a single factor
containing only equations and inequations is illustrated by

(160) S=u, T=2d".
Let ST imply g, where
y:b”v"-l—...-i_b".
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If g is equation, for fixed u its number of roots is infinite. Hence each
of polynomials b has that u for root, consequently has an infinite number
of roots and is 0. If g is inequation, that is, if ST implies g", since (0, 0)
is root of ST incquation (ub,)” has an infinite number of roots. If
(b,)" for some j < n has one of those roots, system g + v™ has a root.
This contradiction shows that b, = 0 for j < n. If in b, a positive power
of u has a non-zero coefficient, the same contradiction is had. Hence
ST implies no non-trivial equation or inequation.

For systems of equations J. F. Ritt [105], [106] has given a different
factorization, which is unique.

(161) Examples. To save parentheses w”, (u + 1" are written u N,
«w+ IN.
Consider the system of three equations

S W41, P—uw+1, w +w—3.
The resultant of the first. two gives the reducible equation
( + 6’ — ur +0* + 1).

It is convenient to take advantage of this circunstance and write S
as the product of {two factors

S+ @—+n, S+ —w+"+1).

The first two equations of S reduced re u + » become one and the
first factor is

—uw W+ 1, u+wv, w—u =3

The resultant of the first and third gives the equation «* — 1 which
implies 4". Ience finally

2 .
u -1, v+ u, uw — 2

is a simple factor.
In the presence of the equation u® — uv + »* + 1 the sccond equation
of S yields the reducible equation

ulu — v + w),
whence the two factors
w, o+1, w+1, w —3;
and

Ww—-w+rL+1, dHw+l, u—v+w, w+w —3.
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Both these factors are 1 so that S has one simple consistent factor, the
others being suppressed. The result is tabulated thus:

S wWHuw+1, PP—uw+1, w+uw-—3

S, w -1, v+ u, uw — 2

(162)

Next apply the present method to an example used by van der
Waerden [142, 9] to illustrate Kronecker’s method.

S Wwtuw=f w+r+utvr=yg
(163) S, uN, w + u’

S, u, » + o

Rf,9) =0, R(f,9)=u (G 9=1

Accidentally, the polynomials are reducible. Use of this fact gives
immediately another factorization.

S ulu + v), w+o@+1)
(169 S, u, v+ 1
S. v+ u
A less immediate system is the next.
w4 2 — ww + v — 2u = f
S w4 @By —ww+3uw—20"=g¢g
w + @ — 2u)w — 2ur = h
S, uN, ¢ —w, (u+ow+ dw— 2"

S u, v, w

(165)

The quantities needed in the above are next given.
R, g) = —4' + 20w — 28u%° + 12u
R(f,9) =v+u
In the factor 8 + B + RN the GCD of f, g is
f, 9 = 0+ ww — v + 5ur — 2u°
R((f, g), ) = 2" — 18w® + 30u™* — 14u™
R(f,9,h) =v+u
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The rather long direct calculations of the GCD of R(f, g), R((f, 9), k)
can be avoided since they can accidentally be factored by inspection:

R, g9) = —4v@ — w)’(v — 3u),
R((f, 9), h) = 20(v — w)*(v — Tu).
Hence the factor can be taken as v* — ur. This reduces (f, g) to
¢, 9 = @+ Ww + dur — 2u°.
The members
v —ww, v+ uN

have resultant — 2%*. For u = 0 the system of two members is v, tN
and is inconsistent. Ior u # 0, the inequation is implied by the equa-
tion. Hence 8, is found.

To treat the factor for which B, = v + u = 0, it is casiest to reduce
the three original polynomials by that equation. The first two become

w — duw + 3, W — duw — 5,

whence u = 0 so that S, is-as stated.
Further examples are tabulated without comment.

S WUV F T —-22, w—w+0 —3

(166)
S, wt = bt + 4, ur — 2
(167) S 2+ w — 1, uv + 2u — 3 — 4
S, u' — %’ + 4u + 3, up + 20" — 1
(168) S 4+ 2u— 3v—5, w —u+v—1
S, uHu -8+ W —2u+2, @ —3w+2u—35
(169) S W+ +4u—20—20, %+ 160 + 36u — 32v — 236
S, W+ 4u — 12, ¥ — 20— 8
(170) S uwW+v - 4u+ 2, W —uw+ov—5u+ 4+ 4
S wuu— Du—-—3u—4, w—2p+u-—4
am S w + u' — 1, w—v — 2

S -4 +1, wt+u -1
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S wH+v4+w+1, wvu+w+u—3, w+utv+1

(172)
S, u+ 1N, v+ 1, w+Dw+u—3
S ' —ow — wu — 4w, 207 — 2w — wu — Suy
S, uN, v — u, w4+ u
(173) S, uN, v, w— 2u
Ss u, vN, w
S, u, v
S w' + (' —u— 1"+ @ —3u+ 9+ 2u—4
(174) Bun® — (207 + 3u + 3’ — (2 + du — 12w — du — 12
S, uN, w' + (u— Do+ 2
S, u, v — 2

(175) Reduction of coefficients. Let S be simple. Any polynomial ¢
by (143) can be reduced re an equation f of 8. If § has index k, the
resulting polynomial has grade in w, less than the degree of f in u, .
If g is reduced in this way re all the equations of S, then g is (176) reduced
re simple S.

If g or @"is a member of S, this becomes an eighth reduction operation,
namely,

a77) S=8S—g+g, S=8-G¢+a,

the significance of the subscript being given by (143). This like (152)
does not factor S.
After use of (177) the simple factors have the additional property:

(178) The equation of index k has degree in w, greater than the grade in
w; of any other member of the simple factor.

(179) Polynomial factorization. The last of the ten operations to be
specifically listed are

(180) fg<8—8=(S+ NS+ g),
(181) fP" =8>8 =8+ + 4"

Both of these depend on factorization of a member. As already
seen in the examples they can be extremely useful in simplifying calcu-
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lations. To illustrate further this point, note that (165) implies

o + w), w4+ w)(—2u+v+ w), v+ w)(—2u + w)
which can be made to give almost immediately the factorization
T, uN, v, w — 2u;

(182)
T. v — u, w + u,

(183) Existence. Assume that each equation with one indeterminate
and positive degree has roots equal in number to its degree and that
each inequation with one indeterminate and non-negative degree has
an infinite number of roots. Under this assumption, a simple factor
which contains neither 1 as equation nor 0 as inequation has a root,
whose existence can be proved constructively as follows.

If a simple factor contains no member of index k, indeterminate u, is
(184) parametric for that factor.

Let f be the member of least index.

If f is equation, its initial is a non-zero constant. Its degree is positive
for all values of the parametric indeterminates. Let the parametric
indeterminates be given arbitrary values. The resulting equation in
the single right indeterminate has roots by the assumed fundamental
theorem.

If f is inequation, it can be replaced by equation f 4+ u, where u is
a parameter which can have all values except 0, and the previous argu-
ment applies.

Let g be the member with next to least index. A root of f introduced
into ¢ makes the fundamental theorem applicable after any indetermi-
nates of intermediate index (necessarily parametric) have been given
arbitrary values.

Let S(k) counsist of all members of simple S with index not greater
than k. Let (a,, -- -, a;_;) bearoot of S(k — 1). That root introduced
into the member of index £ in 8, if such there be, gives a member with
non-zero initial, appropriate degree and non-zero discriminant. The
desired result is had by induction.

(185) System. S 1s consistent if and only tf S # 1, that s, at least one of
its stmple factors vs not 1.

It is useful to note that root (a, , --+ , ai_;) introduced into the
k-th member of S can be said to give d, unequal roots a, , where d,
is the degree of the equation with index k or infinity according as
there is such an equation or not. Moreover, there is always a root
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(@, *+ , G-, @ , --+ , @a,) of S containing a prescribed root

(@, , @) of Sk — 1).

(186) Implication by a simple system. With slightly modified notation
let polynomial f reduced re simple S give non-zero f, . There is then
a sequence in which f; is the (necessarily not identically 0) initial
of f,-; and the last term is a non-zero constant. Let f; have ordinal
(k, , »,). By induction, it is to be proved that if (u, , -+- , w,-,) s
a root of S(k; — 1), not all the roots of the k,-th member of S are roots of f, .
The last member of the sequence, being a non-zero constant, serves as
the start. The initial of f, is f,., . By hypothesis, there is a root of
S(k,-,) + -, . Since k;—; < k, , that root is contained in a root of
S(k, — 1). For the root f, has degree n; , which by the argument leading
to (178) is less than the degree of the k,-th member of S. Ilence the
theorem is true. Applied to f, it gives

(187) Simple S implics equation | if and only if f reduced ve S is 0.

If on the other hand 8 is 1o imply f*, it is necessary that f reduced
re S give non-zero f, . If S has no member with the same index as f, ,
the above argument shows that S + f, is consistent. Ilence a necessary
condition is that S have a member with index k equal to that of f, .
If that member is inequation ¢", in the presence of S(k — 1) there is the
relation ¥ < ¢g" which by (1) is equivalent to g < f, so that S(k — 1) +
g = 8(k — 1) + {, but lacking information about the initial of f one
can not say that ¢ < g, in the notation of (142). The possibility that
the member of 8 is equation presents even more complications.

If, however, it is question of the equality of simple systems S, 7',
these difficulties disappear. It is possible to prove

(188) Simple systems S, T arc equal if and only if they can be put in one-to-
one correspondence so that (i) equation corresponds to equation, inequation to
tnequation; (ii) cach equation reduced re the other system is 0; and (iii) f f"
in S corresponds to g" tn T, then f reduced re 8 — f + g is 0 and vice versa.

Let k be the index of the inequation f¥ with least index among all
the inequations of both systems. If ¥ in S corresponds to equation
g in T, then with coefficients evaluated for a root of S(k — 1) the
impossible relation g < f" is had.

In illustration, let S = S, in (165) and T' = T, in (182). The systems
are not equal because equation v in 7 is as it stands reduced re S and
isnot 0. It is apparent, however, that S < T. A simple system equal
to &S is had if its last equation is replaced by (u + 2v)w + 5uv — 2u’.
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(189) Equal systems. The conditions that S, not necessarily simple,
imply member with polynomial f are
fs8=28S4+f=S,

fF<s8Sa2sS+f=1

(190)

Let systems S, T to be tested for equality be split
AS'=S""S1, T=T1"'T1.

EKach equation reduced re a factor of the other system must be 0.
This disposes of the first row of (190). The other conditions are

S,+g=l, T,+f=],

where ¥, ¢" run through the inequations of S, 7', respectively. All
simple factors of all of these systems are to be 1.

(191) Existence in complex field. 'The condition that equation f have
complex root u + v is a system of two equations in the real field.
Proving the fundamental theorem by treating this sysfem secms to

have some interest.

Suppose that S is a single equation f(a, 2) of grade n in z with in-
determinate complex coefficients a, . Replace z by « + v, where
i° = —1, and segregate the terms of odd degree in v to get

f(a, 2) = g(a, u,v’) + tuh(a, u,v").
Replace a by b + ¢t to get
(192)  f(a,2) = g(b, u, ") — uh(c, u, v")
+ ilgle, u, v') + uh(h, u, v")].

The complex roots of f are got, from {he real roots (u, ») of the system
with two equations and real coefficients

(193)  g(b, u,v") — uh(c,u,v’),  glc,u,v’) + uh(b,n,"),

where b, ¢ are the real components of given complex a.

On the other hand, any root (u, ), real or imaginary, of (192) makes
u + i a complex root of f.

To settle the existence question, it is first proved that every non-
constant f with real coefficients has a complex root.

IFor real coefficients @ = b, ¢ = 0 so that (193) becomes

gla,u,v),  uh(a,u,v’),
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a system implied by
g(a) u) 02)’ h(a’ u’ v.,)'

The resultant of g, k as polynomials in »” is a polynomial R, in u, called
the (194) u-resolvent of f, g [134]. Its degree is n(n — 1)/2. To prove
this, write for n even and equal to 2p

g, o) = f" + f2"° + - +fa,
hu,v) = fo" > + 0" + oo+ fuur
and for n odd and equal to 2p 4 1

g, v’) = [ + 2"+ -+,
W, v°) = o'+ f2"70 4 - fu

The degree is equal to the weight in the f’s.

The degree of non-constant polynomial f can be written 2°(2b 4+ 1).
The polynomials can be put in sets of ordinal (a, b). The theorem to
be proved is that each polynomial of ordinal (a, b) with real coefficients
has a complex root. This is done by induction on (a, ). The start
is the set with ordinal (0, b), that is the polynomials of odd degree.
Continuity shows that each of these has a real root sinee f(— «)f( ) <0.
For positive a, polynomial f with ordinal (e, b) has R, with ordinal
(@ — 1, ¢). By hypothesis, R, has root u. Ior that root g, h are poly-
nomials in »* with GCD of positive degree which (195), (196) show to
be less than n/2. llence f(2), whose coeflicients are real, has a factor
with complex coeflicients and degree less than n/2 and finally is reducible
/ = f,f. in the real field. Let the ordinals of f, , f, be (a, , b)), (@, , b,)
with a, < a, . Since deg [ = deg f, + deg f, , it follows that a, < ¢
and, if @, = a, that b, < b. Ience (a, , b)) < (a, b) and by the induction
hypothesis that f, has a complex root, which is also a root of f.

Reverting 1o the original meaning of @, let a be the conjugate of a.
Then f(a, 2)f(a”, 2) has real coefficients and therefore a root r, which
is a root of f(a, 2) or of f(a, z). If the latter, then r“ is a root of f(a, 2)
and the proof is complete.

(197) Existence in real field. Let f, be a polynomial with one indeter-
minate u and real coefficients. Let f, be the derivative.
Sign being of primary importance in what is now to come, only
positive multipliers are to be applied to the polynomial being reduced.
The operation in (142) is accordingly modified to

(195)

(196)

(198) 9= |a| g — (signagu"™"f.
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This operation ultimately gives the remainder in the division of g by f.
Either by its use or by division a sequence

(]99) fO)fl)"':fl

in which f, is the negative of the remainder when f,_, is divided by
f,1 . The operation is stopped when the next term would be zero.
The last term is a GCD of f, , f, .

Suppose first that (199) ends with constant f, . It is then the (200)
Sturm sequence for f, . Let v(a) be the number of variations of sign in
the sequence when wu is replaced by real a. Sturm’s theorem is

(201) The number of roots of [y in a < u = b equals the difference v(a) —
v(b). The roots are all simple.

The proof follows. The relation
efi.v=fq9 — [ 0 <j,0)
and the fact that [, , f, are relatively prime are used to prove

(202) Im (199) the number of variutions of sign can change only at a
root of f, .

This result can be applied to the subsequence obtained by omitiing
the first term of (199) because the subsequence is generated by the
division algorithm applied to f, , f, , which are relatively prime. Ience
the subsequence can have a change in the number of variations only
at a root of f, . Sinee no root of f, is a root of f, ,

203) The number of variations of sign in the subscquence obtained by
omitting fo from (199) does not change at a root of §, .

Now use for the first time the fact that f, is the derivative. As u
increases through a root, fi decreases to 0 and then increases, that is,
the derivative of [} is negative just before a root and positive just after,
see [69]. Hence

(204) The product fof, is negative just before a root of f, and positive just
after.

Because of (204), just before a root of f, the first two terms of (199)
show a variation of sign, which is lost at the root. This fact coupled
with (202), (203) proves (201).

Suppose that f; is not necessarily constant. Divide the members
of (199) by f; to form

(205) Go, G, , 1,
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the first Sturm sequence for f, . It can be generated from ¢, , g, as (199)
was from f, , fi . Hence (202), (203) are true of (205). Although g,
is not the derivative of g, (204) is true of (205) because

fofh = ﬁgog: .

The roots of g, are simple and are the unequal roots of f, . The loss
of variations of (205) on @ < % =< b is therefore the number of unequal
roots of f, in that set.

If f, is not constant, the first Sturm sequence for it is the (206) second
Sturm sequence for f, . 1t is formed by applying the division algorithm
tO fl ’ f; .

In gencral, if h, is the factor removed in obtaining the k-th Sturm
sequence, the first Sturm sequence for h, is the (k + 1)th for f, . The
process stops at the k-th if &, is constant. Let 1,(u) be the number of
variations in the k-th sequence and write

V) = 7,00 4+ -+ + 1,(0),

where the last scquence is the p-th.  The number of roots with multi-
plicity k is

Via) = Vigla) = 1°(0) + V(D)

a V with subseript. greater than p being interpreted as 0. Summing
gives a generalized form of Sturm's theorem:

(207) The number of roots on a < u < bis V(a) — V(b), a root of multr-
plicity k being counted as I roots.

If neither end point is a root, f(a)f(b) # 0, the behavior of (199),
(205) is the same and the divisions necessary in getling (205) can be
avoided. Put the f's in a single (208) cxiended Sturm scquence, whose
generation is described as follows:

(209) If the remainder in the division f, _,/f,-, is not zero, the negative
of that remainder is f, .
(210) If that remainder is zero and if f/_, is not zero, then f/_, is f, .

(211) If f(a)f(b) # O and if a root of multiplicity k is counted as k roots,
the number of roots in a < u = b is the same as the loss in vartalions of
the extended Sturm sequence.

The following example involves three Sturm sequences, written at the
right. The extended Sturm sequence is at the left. Positive numerical
factors have been introduced where convenient.
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fo = u® — 4u® + 5u' — 2° go =u' — 3u + 2u
fi = 3u® — 10u' + 104° — 3° g =30 —Tu+3
f» = 5u' — 114° + 6u° g = 5u— 6
fr=u"—u g, =1

fa=u -4’ w—u

fi = 38 — 2u 3u—2
fi=u 1

f5=u u

fe=] 1

The signs of the first f sequence for — o, « are, respectively.
+ -+ -, + + + +

so that f, has three unequal real roots. The signs of the three Sturm
sequences for the sume values are

—+ -+ ++++
+ -+ +++
-+ + +

so that f, has 3 4+ 2 + 1 real roots, of which one is simple, one is double
and one is triple. The loss of variations in the extended sequence is 6
so that there are six real roots.

The calculations are arranged as follows:

(212) fo 1— 44 5— 240404+ 0*
(213) = 27'(212) fi 3— 104+ 10— 3+0+0*
(214) = 3(212) 3— 124 15— 6+04+0+40
(215) = (214) — (213) —-24 5— 34+ 04040
(216) = 3(215) -6+ 15— 94+ 04040
(217) = 2(213) 6— 204+ 20— 6+0+0
(218) = (216) + (217) 5+ 11— 6+ 040

(219) = —(218) I2 5— 11+ 6+ 04 0*
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(220) = 5(213) 15— 50+ 50 — 1540+ 0
(221) = 3(219) 15— 334+ 184+ 040
(222) = (220) — (221) —174+ 32— 15+ 040
(223) = 17(219) 85 — 187 + 1024+ 040
(224) = 5(222) —854+160— 75+ 0+ 0
(225) = (223) + (224) —274+ 271+ 0+ 0
(226) = —27°'(225)  f, 1— 14+ 0+ 0
(227) = 5(226) 5— 54+ 0+ 0
(228) = (219) — (227) -6+ 64+ 0+ 0
(220) = 67'(228) 14+ 14+ 0+ 0
(230) = (226) + (220) 0+ 04+ 04 0

In the above, the members of the sequence are distinguished by an
asterisk. The lowest. line with an asterisk is the reducer of the moment.
When a new minimum length oceurs, the line is 1o be multiplied by —1
and then marked with an asterisk. The multiplier applied to the
momen{ary dividend has to be positive: see (223), for example. Line
(230) really should be empty: its length is 0. Iis funetion is to show
that the sequence ends with the line bearing the lowest asterisk.

(231) Approximation of roots. If the cocflicients arc exact, approxi-
mations to the roots can be defined and in theory the calculation can
be done with arbitrary precision.  Practical success is conditioned by
ability to handle the large numbers which arise in the numerical work.
It. seems that processes which avoid such numbers necessarily have
field of applicability which is limited and often, what is much worse
from the theoretical point of view, ill defined. The hope is that the
routine of calculation can he adapted to handle the large numbers.

In applications, the coefficients may themselves be approximations.
If the coefficients have parts (real and imaginary) only known to be in
given segments, the possible accuracy is limited. If the given segments
are too large, definition of “root’ in a useful sense becomes difficult if
not impossible.

(232) Exact coefficients. ILet the coefficients be real and exact. The
roots, however, must in general be approximated. An approximate
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root is a segment, containing an exaet root and, of course, only one.
For the moment let polynomial f have no multiple roots.
Let u, » be two real unequal numbers, either of which may be the
larger. The set of numbers z which satisfy

min (v, 1) < r < max (u. )

is a4 segment to be denoted here by ur (or by vu). If the order of the
end points is known, say if 4 < v, the conventional notation (v, ) can
be used instead of wr.

If the threc conditions

(233) O0<|u—v|Zh',
(239) Jan () < 0,
(235) 0 # f'(x), for « in wur,

«

are satisfied, ur is an (236) approximate root with precision h for ).
Usually, the name will be abbreviated to root .

If uv is root of f, by continuity there is an exacet ro-t of [in # and by
Rolle's theorem only one.

Let now it be asked whether given wv is root of given f. Conditions
(233), (234) arc easily tested. Testing (235), however, requires sonic
knowledge of the solution in ur of inequation f'". That solution is the
complenient re uv of the set of (exact) roots of f; in other words, the
roots of f' must be approximated, at least grossly, before those of f.

All real roots of f are in u segment whose ends can be specified in
various ways. G. D. Birkoff [5] has, for example, given the bound

(237) max | a,(.Coa) ' @7 =17

for the modulus of the roots of a polynomial with coefficients a, and
degree n.

Let r,, -+, 7y wrilten in increasing order include the real roots of f/
and let segment r,7, contain all the real roots of f: if the least root. of f’
is not a lower bound for the roots of f take r, equal to some lower bound,
say the negative of (237), and similarly for r, . The approximate roots
of f can be taken as the scgments r,r,,; for which

(238) for ), <0,

the precision being (r,,, — r,)7".
In practice, however, the roots of [/ have to be approximate. lLet we
be such a root of /. In order to simplify language, it is understood
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once for all that no end of any segment wv is a root of any pelynonuial
appearing in the discussion.

Trom (204) it then rcadily follows that polynomial f has constant
sign in root we of f if and only if

(239) 0 < (@ — wfwf ), 0 < (u— ).

Onee roots w have been caleulated, they can be substituted in (239).
If one of (239) is not satisfied, the precision must be increased.

Let w,r, , usr, be consecutive roots of f which sutisfy (239). Ifor
substitution in (238) any numbers in the respective intervals will serve.
If, for example,

fu)f@u,) < 0,

then wyug 1s a root of f.

Now let f be general.  Its unequal roots are the roots of fu = f(f, )",
all of which are simple. To ealculate them, the roots of f; are needed.
The unequal roots of f are the roots of fi(f5 , f1') = f, , all of which are
simple. Thus is got a sequence f, in which f7 (f/, )7 = f,., and the
last term is constant. The roots of the polynomials are found in reverse
order.

The methods for increasing the precision are legion. Two simple-
minded methods are quite effective.

The first doubles the precision by halving the segment. 1 w is the
midpoint of wr which satisfies (233), (234), (235), then f(w) is 0 or has
the same sign as one of J(«), f(0) and w can replace the corresponding
end of we.

The second is Horner’s.  For definiteness suppose ¢ < ¢ and expand
jir) about w. Negleeting terms of higher degree gives

fu) -+ af'tu)
which suggests the approximation to use, namely,
u — f(w) /[ (u).

If the precision b of we exceeds unity, the ratio of the new precision A’
1o the old satisfies

(h — NAB' < h'/h,

where 4 is a lower bound for | {’() | and B is an upper bound for the
moduli of the coefficients of the neglected terms. For example, (.0004,
.0005) is root of

2+ 1.52° — 5.5r + .0025
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with precision 10%. Tere .1 = 5, B = 2 so that the precision in using
Horner's method is at least 10* times as great as it is in halving.  Ap-
proximation by use of the linear terms gives the root (00045454,
00045455).

On the other hand, balving always doubles the precision, whereas
h, A, B must satisfy conditions in order for Horner’s method to in-
crease the precision.

(240) Approximate coeficients. Let cach coeflicient of polynomial f
be known simply to be in an interval

p, = a =q, 0<j=m,
the interval for the initial not 1o melude the origin
Do = Gy = o 0 < pogo
and let this system of inequalities imply the system of inegiations
DY+ DY A -+ D)

where 12, is the diseriminant of the j-th derivative of

By 211) approximate polynomial f is understood the set of all poly-
nomials whose coeflicients satisfy these inequalities and by (242) caxaet
polynoniaal | a specihe element of that set.

In [ replace a, by p, for 1 — jeven and by ¢, for 1 — 5 odd to gei
exacl polynomial e, .

In f replace a, by p, for all jto get polynomial m. .

Let funetion m equal my for negative . and e, for positive a.

In f replace a, by ¢, for 1 — jeven and by p, for n = jodd 1o get
polynomial A, .

In freplace a, by ¢, for all j to get polynomial 3/, .

Let funetion A equal M, for negative » and M, for positine @

FFunctions m, M are then continuous and for all & satisfy

(243) mr) £ flo) < Mr).

Segment. wr s a (244) rool with precision h for approximate | if it
sutisfies (233), (235) and
(245) M) < 0 < m@),

a condition which replaces (234). Llach root wr of approximate [ is
therefore a root for each of the corresponding exact f's.

The derivative of approximate f is an approximate f* the bounds for
whose coefficients can be had from those of f.
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To solve approximate [ in segment {71, satisfy (235) by supposing
¢ in T,

this inequation meaning that no exact f/ has a root. in 'V, and seck by
the method of (232) a root wyu, for one of the two systems

(216) 0, My; 0<uzx M,
and a root r, for one of the two systems

217) r=0, m; 0.r, m.

Choose u in uyu, and unequal ¢ in 2,2, 8o that (245) is satisfied, if possible.

The roots of approximate f in all U1 having been found, in the comple-
ment of those roots [ is satistied.

To satisly f~ in {717, approximate [ must be solved before [, Conse-
quently, to solve approximate f, solve " ', -« [ [', f in that order.

As in the case of exaet equations, inereased precision can be sought
by halving or by Horner’s method.  In contrast with that cuase, here,
as is to be expeeted. the precigion has an upper bonund.  The least upper
bound for h1s | w — ¢} ', where u, v are the exaet roots of (exaet) (246),
(247) which define a root of . If equality were allowed in definition
(245) and the exact roots of (246), (247) were used, £ would assume
its least upper bound as actually it does not.

All this is illustrated by the following example:

fry = x4+ a. —2=<af% -1
my = m, = 3 — 2, M, =M,=2-—1

The solution of (215) ix u < 1,2 < ». The preecision has least upper
bound 1.
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4

Riquier’s Existence Theorem

(248) Canonical systems. Next are considered systems whose inde-
terminates are unknowns %, and some of their derivatives re independent
variables &, , --- , r, . These systems are differential.

The present chapter is limited to systems effectively solved or im-
mediately solvable for certain of the indeterminates.

System S is (249) canonical if and only if:
(250) the unknowns U7, the independent. variables X, the derivatives D
and the members explicitly included are finite in number;

(251) the members have the form

—fX, D) +de = o,
where d;, , dy are respectively left and right derivatives;
(252) no two members have the same right derivative;

(253) each left derivative precedes in canonical order the right, derivative
in its member;

(254) there is given a numerical dctermination J which is a root of the
function system with all X zero;

(255) functions f are analytic and J is an ordinary point for each of them.

Each unknown has a monomial set. It is assumed that J includes a
value for each parametric, see (31), derivative, whether that derivative
occurs explicitly in the system or not.

Equation f, will be cited as “equation f’ but the full notation f, must
be used in formulas, see (275).

The existence problem has four parts:

(256) to determine a Maclaurin series for each unknown;
(257) to prove those series converge;

(258) to find the conditions that they be a root;

(259) to describe the solution.
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(260) Determined systems. A system plus an appropriate initial de-
termination is (261) delermined.

Assign an initinl determination U' formed from functions holo-
morphic about 0 and arbitrary except for the terms whose coefficients
are in the numerical determination J.

Differentiation and evaluation determine all the cocfficients of the
terms which are multiples of principal monomials. Since the others
are in the initial determination, series for the (262) fentative rool are
determined.

(263) A determained canonical system has at most one root.

(264) Convergence. Next it is shown by Riquier’s extension of Cauchy's
method of dominant funetions that the series converge about the origin
so that like S the tentative root is composed of analytic funetions having
the origin for ordinary point.

To simplify matters, the base of 8 is changed, first to include an
cquation with each principal derivative as right derivative. Let b — 1
be the maaximum degree of monomial LCM’s for S, In the cuts

u, = u, +u,

let every term of degree less than I in «f be transferred to ) to muke
a new initial determination {'*. Correspondingly, let S be replaced
by canonical S* whose right derivatives correspond to the terms of
degree i in U®*. The schism specifies the unique way to form the equa-
tions of S* by differentiation of S.

Since derivatives of order 4 enter only through differentiation, S¥ is
linear in those derivatives and has the essentially solved form

(265) —P-D, — g+ d,

where derivatives D, , d, are of order i but those in the functions of
sets P and the functions ¢ have order less than h.
A translation

(266) u, = v, + u,

modifies the coefficients in the series for the f's without changing the
cssential features of the system. If U’ for the new system consists of
0’s, then the corresponding root of S8* has the given initial determina-
tion U'. Hence it is assumed that

(267) u) = 0.

Let the scries of moduli for P, ¢ converge and have terms bounded
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by constant a for all the indeterminates equal to positive b, The
coefficient of monomial m of total degree & in any of the series I°, ¢ has
modulus bounded by ab™*.

Consider the function

(268) all — VX1 + D],

where set D, contains all the derivatives of order less than i and set. X
all the independent variables. In the series for (268) the coefficient of
monomial m is a positive integer times ab™. Hence each coefficient in
(268) is at least equal 1o the modulus of the corresponding coefficient in
any P or q.

As uan abbreviation write

t=0'(N14 D.-1)
and consider systeni
(269) —a(l — )" "(L-D 4+ my) + am, + d, ,

where dy runs over the set. Dy of all right derivatives in (2653), where D
is the set of all g derivatives of order h and where the other notation will
now be explained.

Constant. my is had by evaluating the monomial of dy for a root of
the inequality system (53) with k = 2ag.

The constant [ in set L corresponding to d in D is my(2agm)”~", where
m is the monomial of d evaluated as was specified for my, .

Note that only o, m and the clements of L (through mg) vary from
member 1o member of (269).

Nystem (269) is said (270) to dominate (265) in a sense now 1o bhe
explained.

If d is left. derivative in the equation (265) with right derivative dg ,
a member of the inequality system says that ¢ < [ in the corresponding
equation (269). The coefficient in (269) is greater than its correspondent.
in (268) and therefore greater than the modulus of its correspondent in
(265).

If d is not left derivative in the equation (265) with right derivative
dy , then simply 0 < I. The coefficient in (269) may be smaller than its
correspondent in (268) but it is greater than its correspondent in (265),
namely, 0.

Since the constant term in (265) is 0, it is permissible to make its
correspondent in (269) 0 as was accomplished by writing the term
+am, . This proves convenient later.

The coefficients, say with a temporary change of notation e, of the
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tentative root ure caleulated from the coefficients b of the f's by +X
and hence are polynomials in b with positive coefficients:

a = g(h.

In the dominant system all derivatives of ovder & oceur as left indeter-
minates.  If one of these derivatives is missing from the corresponding
place in 8% multiply that derivative in that place in the dominant system
by parameter ¢, The operations of differentiation and evaluation which
aleulate the coefficients of the tentative root applied to the dominant
svstem (2649) give formulas
A =GB, e,
where B are the coeflicients of (269). These equations for ¢ = 1 are
satisfied by the coeflicients of a root of the dominant system and for
¢ — 0 become
A= g,

Once the dominant system is known to have a root with non-negative
coefticients A
fa, S gtlbh) £ g3 = A

and the tentative root will be known to converge
Thix point established, letters a, b, g revert to their former meanings.
The root of the inequality system being w, -+ w0, -+, 0, pud
w, = ,u
and seck a particular root of the dominating system in which « is funetion
of the single variable
o= N
Then
h

. h
d, = mou'"', dpe = mpn'" .

so that the dominant system becomes

—( =8 """+ 2a) + u".
It can be solved for «'"' thus
7n —2at(1 — 20) " + u'".

This one equation is a canonical system in the single unknown wu.
Give it initial determination 0. In its tentative root the coeflicients
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are necessarily non-negative because those of its [ are non-negative.

To show that the tentative root converges and satisfies (271), replace
(271) by the canomeal first order system

(272 —wF o =l =2altl = 207+ ),

u, being the same as u and the other w's being its derivatives.

Canouical system (272) likewise has a tentative root with non-negative
cocflicients. To show that that root converges, seck a dominant system
for (272). To make that dominant system have a known root of simple
nature, it is chosen ax

(273) —all — b ')y =b ) e =0y Tl

where a, b now refer to (273) rather than (265). Again, a root in which
all the unknowns are equal, say to a new w, is sought. The A equations
all become the same:

—altl — b 'y (=
This equation has separable variables and ean be solved in terms of the
elementary functions. A root which 12 0 mntially is
(27H w=h— b1+ log(l —b vy

te bl

The branch of the logarithm and. for 0 < A, the branch ot the (A 4 1)-th
root can be chosen so that 018 non-singular and so that w(0) = 0.

This root dommutes the tentative root of (272) and therefore that
of (271). The tentative root of (271) accordmgly converges and has
non-negative coefficients.  The equations determining, those coeflicients
say essentially that the result of substituting the tentative root in any
equation of the system s a function with 0 cocfficients.  Henee the
tentative root of (271) satisties (271); this argument can also be formal-
ized as is done in (27)) for the general system.

The tentative root of (265) and that of S therefore converge.

(275) Consistency. The cocfficients of the teutative root are found,
see (38), from the system
(276) (pf)" + X-1
for every monomial p in the multipliers of f, .
Substitution of the tentative root. converts f, into an analytic function
of the independent. variables.  Henceforth f, stands for that funetion.
For the non-multipliers equal to zero f, becomes analytie function e
in the multipliers. By (270) e is root of

(pe)’ -+ Y1,
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whose independent variables are the set 1™ of multipliers for f, . This
infinite system says that all coefficients of ¢ are 0 so that f, is 0 for its
non-multipliers 0.

The tentative root is a root of S, therefore, if and ouly if f, is a root
of the first order system

(277) (=f0)".

where z is non-multiplier for f, .
By (35) there is in S a g, whose right derivative is that of f, dif-
ferentiated re = Hence, see (26), the identity

) = go+ g — [2f).

Elimination of right derivatives by means of the equations defiiug the
fo's gives

(zfa) = hia, fo) + Air, d),

where h(xr, 00 = 0 and d i> a derivative corresponding to u term in [
For satisfaction of (277) it is necessary and suflicient that

(278) e dy = Q

identically in all their arguments.
Svstem S is (279) passive if (278) are true.
Functions f, for a passive system form a root of svstem

(280) —n(r, ,0) + (3,0)1-

Let the right derivative in f have integer a for numerical ordinal and
give (¢, --- £,f,) ordinal ai, --- ¢, . System (280) fails to be canomecul
only in that the ordering is not canonical as preseribed by (253).  The
proof of (263), however, applies to the tentative root of (280). Obviously
Jo = 0 satisfies (280) and has initial determination 0. Hence f, = 0.

(281) A passive canonical system has a root wuniquely determined by arbitrary
inilial determination.

(282) Riquier’s existence theorem. The definition of canonical system
becomes that of (283) orthonomic system if canonical ordering is replaced
by orthonomie, now to be described.

(284) Orthonomic ordering gives derivative ¢, - - - ¢,j the two-component
ordinal (¢, + --- + 7, + ¢,)m, where ¢, is a root of the order system
and m is the monomial 7, - - 4,5 evaluated for a root of the inequality
svstem.
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Existence theorem (281) remains true if “‘canonical” 1s replaced by
“orthonomic”.

The order syvstem effectively says that differentiation gives an §*
which is of order h, in unknown u, , the right derivatives being the
whole set of order i, whose monomials are multiples of principal mono-
mials by maltipliers: in the canonical case h = by = --- = h, . The
number of times the j-th equation has to be differentiated is ¢, . Obvi-
ously, if the order system is consistent and £, is a root of it, so also is
t, + 1 so that as in the canonical case S* can be assumed linear in the
derivatives of highest order A, .

The dominant system is (269), in which sets L, D are to be reinter-
preted.

Set. D is now the union of r sets, each consisting of the g, right deriva-
tives of order h, and unknown u, .

Constant mp is had by evaluating the monomial of d for a root of the
inequality system (53) with & = 2arg, , where u, is the unknown on the
right of the inequality to be modified by factor k.

The constant in I, corresponding to d in D is mg(2arg,m)”", where
m is the monomial of d evaluated for a root of the mequality system as
deseribed in connection with my, .

Modify dominant system (269) by the substitution

u, Lue, X-ix
which entails
d' miow.  de ) me(lgu).
Svstem (264 becomes
—(1 — b "1 4+ 2ar) + 2ar 4+ 2rthpug)’,

where (7 is now the set of r unequal (hpug)’.
Summniation gives

—2art + (1 = 201U
and substitution finally
(285) —2aftl — 207" F (heug)'.

This system can be replaced by a system of the first order in which
there are h, + --- -+ h, equations in an equal number of unknowns
replacing the & equations (272). The dominant system can be given
the form (273) so that. it has a root in which all the unknowns are equal.
That root has form (274 if &t in (274) is interpreted as h, + --- + h, .
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A shorter way of proceeding is to remark that (285) is canonical.  1ts
tentative root therefore converges. Since there is just one equation
in each unknown, the tentative root satisfies the system (there are no
conditions of passivity for (285)).

The discussion in (275) applies without modification to orthonomie
systems so that (281) is indeed extended to them.

E. Delassus [27, 425] gives derivative (3, - - %,j)’ the (n + 2) com-
ponents (i, + +++ + 4,)(@r — j + 1)i, - - - 4, ; classification re unknown
comes second rather than third as in canonical ordering. Delassus’
ordering is a special orthonomic ordering.

C. Riquier [104, 195] describes what is here called orthonomic ordering
in a different manner. He assigns a matrix ¢ of non-negative integers
.alled cotes. There is a row belonging to each x and to each u. The
total number of columus is left indefinite and is modified from time to
time to serve convenience. The numbers in the k-th column are the
k-th cotes. The first cote of each x is 1. The cotes of a derivative are
found by adding those of the unknown and the variables involved.

In [129] it is shown that two cotes suffice. The equivalence of
Riquier’s ordering to orthonomic ordering is proved i [130, 287].
Elementary transformations of matrices of cotes is discussed in [120].

The statement. in {130, 249] can be misinterpreted.  The cotes are
essentially the means of ordering the derivatives and cannot be dis-
pensed with. The discussion of (280) really tukes advantage of the
essential indeterminateness of the number of cotes and introduces un
additional cote at the propitious moment. Moreover, it is to be noted
that (280) is orthonomie, rather than canonical.

Canonieal ordering seems to have three advantages: it is casy to
describe; a canonical system is easily recognized; of the forms known to
fill the needs of Chapter 6 (and that means necessarily an orthonomic
form) the canonical seems the simplest.

(286) Generalizations. In [130] the existence theorem is extended to
systems called (287) orderly, which can be decomposed into orthonomie
components.

C. Riquier [104, 39] gave generalizations subject to conditions of the
functions defining the system.

(287) Non-convergent tentative root. "I'o show that the tentative root
does not converge for all systems S. Kowalevsky [73, 22] used au example
which has become classical

(288) 2—2(1 — )" = (02) + (10),
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where there are two independent variables and one unknown. The
svstem is not orthonomie: the order system

0=e, 24, £ +0

is inconsistent so that dominating system (269) is not available.
It is interesting to see why another form of system, say

(289) 3 — 3[1 — 2r, — 20, — 20027 " + (10)

also fals.  The left side of (289) dominates that of (288). Necking a
root which is a function of & = x, + x, gives

(290 3 =301 — 20 = 2"y "+ u'.

This equation has a holomorphic root. with w(0) = »'(0) = " (0) = 0,
w(0) = —1.

It can be shown by the ratio test that the tentative root of (288)
with initial determination 0 diverges except for x, = x, = 0.

A different situation arises in another classical example:

—20 — 02 4 11
which has consistent order system. The inequality system
<., ah <

is inconsistent.
Differentiation givex

=30 — 12 + 21,
—21 — 03 + 12
and addition
30 + 03,

that is, a relation between derivatives in the parametri¢ part so that
there is not a root with arbitrary initial determination.
See [102, 135], [104, 309-310].

(291) Examples. Consider first a system in a single unknown w and
two independent variables xr, y. As before, notation 21 means the
derivative twice re xr and once re y or its r-monomial. A numerical
coefficient is separated by a dot.

(292) - 20— 30+ 21
(293) - 10 —2-20 — 30 + 12
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(294) —01 — 2-10 — 3-20 — 30 + 03
M 21 12 03

LCM 23

M 00 10 01 20 11 02

u} 00 00 00 10 00 00
M *2]1 *12 *03 22 13 23

u; 10 00 01 10 O1 11

The system is canonical.

To bhave explicit u! , form the dot product of monomials M' by
arbitrary functions of the corresponding multipliers indicated on row u,
01 meaning, for example, that the set of multipliers is y. Thus

U = @ + G0 + a0y + @@z’ + anzy + any’.
In the same way
& = an(@2Y + @) + 6@y’ + @Y + alyey’
+ axn(, y)r'y’.

Member (293) differentiated once re z and once re y is indicated by
11(293).

20(292) - 10 -50+41
20(293) ~ 30 — 240 — 50 + 32
11(293) — 21 —231—41+23 S*
02(293) - 12-222-32+4+ 14
02(294) —2.12 — 3-22 — 32 + 05

M — M 21 31 12 22 13 03 04
W - 00 00 00 00 00 00 00
M 41 32 23 14 05

u* 10 10 11 01 01

To produce right derivative 32 equation 11(292) could replace
20(293) above:

11(292) —31 — 41 + 32
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The collapsed sets are:

M, 00 01 11 02
Uy 10 00 00 00
M, *21 *12 *03
Usz 11 01 01

Uy = aoo(x) + any + anzy + aozy2

s = au(z, Y7y + a:(W)zy’ + W)y’

Accidentally, M = M, . This is not always so; see below.
Differentiate each equation of S re its non-multipliers as shown by
rOW Uy .

(295) = 10(293) - 20—-2.30 — 40 + 22

(296) = 10(294) —~11—-2-20 - 3-30 — 40 + 13
Differentiate {o eliminate derivatives of principal derivatives.

(297) = 01(292) - 21 —-31+22

(298) = 01(293) —-11 —-2.21 — 31+ 13

(299) = 10(292) — 30 — 40+ 31

(292) — (295) + (297) + (299) = O
2-(292) — (296) + (298) + (299) = 0

System S is therefore passive.
The system with the principal derivatives for right sides is:

(292) - 20—-30+4+21
(293) - 10 —2:20 — 30 + 12
(294) —01 — 2-10 — 3-20 — 30 + 03
(297) - 21 —-31+4+22
(298) - 11-221-31+4+13
(300) = 02(292) - 22-32423

Differentiation with respect to non-multipliers gives:
01(292) (297)

10(293) (295)
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01(293) (298)
10(294) (296)
01(297) (300)

All but the second and fourth of these are equations of the system,
elimination of principal derivatives therefore gives 0 and the cor-
responding passivity conditions are satisfied. The other two (295),
(296) are precisely the equations from which principal derivatives were
eliminated before.

Consider next a system in two unknowns u, v and two independent
variables z, y. Notation 231 means the derivative of u = u, twice re x
and three times re y.

(301) — 001 — 101 + 011
(302) — 102 — 2-201 + 121
(303) - 101 — 301 + 102

001 + 111 —.021 — 301 + 102

The right derivatives in the last two equations are the same. To
satisfy (252) the last is chosen arbitrarily for temporary omission.

I 1<z<y, 2u<v<yu
0, =1, 0, = 0y, 03 = 1
1
o,, 1
— —
1+4e=2¢a, 2466, a=c, a=2+c
0 ¢ =G
Root of O L —2=0¢=¢C
The monomial sets are next tabulated.
u v
M 01 12 10
LCM 12 10
M 00 10 00

u' 00 10 01
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M *01 11 02 *12 *10
u’ 00 10 01 11 11
M, 00 00
U, 10 01
M, *01 11 *10
Uy 11 10 11

The system with the set of principal derivatives for right derivatives
is next given.

(301) —001 — 101 + 011 = f,
(302) —102 — 2-201 + 121 = f,,
(303) —101 — 301 + 102 = f,
(304) = 10301)  —101 — 201 + 111 = f,,

(305) = 01(301) =011 — 111 4 021 = fus
The equations for forming (280) follow.
=101 — 201 + 111 = (zf»)’
=011 — 111 + 021 = (yf,)’
—111 — 211 + 121 = (yfp))’
=111 — 211 + 121 = (zfys)’

Elimination of the principal derivatives eliminates the parametric
also. Hence the system, as truncated, is passive. Relations (280)
also result.

(306) —foa + (@for)’

(307) —fos + (Yfor)’

(308) —Joz = fos + fou + @for)” + (yfor)’
(309) —(fos)’ + (fos)’

If now the omitted equation is restored as f,s , the additional passivity
condition is found to be satisfied, the relation (280) resulting from the
elimination being

(310) fm - fos + fu.s + foo .
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Two other monomial sets which can be advantageously used to illus
trate the theory are
vy, 2, 2
2y,  x2, Yz, 2.
The results for different orderings of the independent variables can
be compared.

(311) First order. The systems now to be considered are assumed to
satisfy all the requirements for a canonical system with the possible
exception of (253). Let the maximum order of a derivative in system
S be one. Let S be in solved form with all right derivatives of order
one. Finally, what is most important for present purposes, let each
unknown and each parametric derivative of order one precede each
right derivative and hence be eligible to appear as left derivative in
any member of S.

With such a system it is convenient to associate a matrix of n rows
and r columns, position #j being associated with the z, derivative of u, ,
that is, with (z,u,)’, also written #j. Position 7] is (312) hole or (313) fill
according as the corresponding derivative is parametric or principal.
The matrix is the (314) array of S. A hole may be imagined as empty
and fill 4j as occupied by the equation whose right derivative is 4j.

Renumbering the independent variables amounts to permuting the
rows of the array, hole and fill being invariant. Renumbering the un-
knowns amounts similarly to permuting the columns. Let the rows be
permuted until the number of holes in a row does not increase with
the index of the row. Let the columns be similarly permuted until the
number of holes in a column does not increase with the index of the
column.

1f the hole (z + 1)j is below fill 4j, some fill (¢ + 1)k is below hole k.
The derivative corresponding to any bole must precede that corre-
sponding to any fill. Hence the order relations

GH+Dj< @+ DE, k<t
which by (22) are equivalent to
i<k, k <j.

Hence no hole is below a fill. Similarly, no hole is to the right of a fill.
A broken line with horizontal and vertical pieces separates the holes
from the fills. The holes are in the upper left and the fills in the lower

right region.
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Every system with the properties enumerated at the beginning of this
section can be made to have an array of the sort just described.

(315) Regular systems. A system in whose array no hole is below or
to the right of a fill is (316) regular.
For regular S the essential part of the inequality system is

U < TpUh, T, < TA, .
That the system has the root
n=b+r, u =a
is seen by substitution because
d < f, e < g.

The order system has the root ¢; = 0 because (56) are satisfied.
Hence giving derivative 7j ordinal equal to the integer (7 + r)j makes
the ordering, and therefore 8, orthonomie.

(317) Every regular system is orthonomic.
An orthonomic system which is not regular is

—u—v+ @, —w — (@) + (zu)'.

(318) Special regular systems. If all places in one row of the array are
fills and all others are holes, regular S is a (319) Cauchy-Kowalevsky
system. It is the only non-empty regular system with empty set of
passivity conditions.

If all places in the array are fills, S is a (320) total system.

1f all places in any set of columns are fills and all others are holes,
S is a (321) Koenig system.

A canonical system of the first order is also a special regular system.

(322) Existence for regular systems. The existence theorem for passive
regular systems was first proved by C. Riquier (104, 468]. Previously,
J. Koenig [72] had proved the theorem for his systems by a method
later used by E. Cartan [12] for his theory of Pfaffian systems (see
Chapter 9). Later the same method was used [133] to base a proof of
the existence theorem for regular passivé systems upon the Cauchy-
Kowalevsky theorem. That proof will now be outlined.

Use the complete set (46) to describe the initial determination I.
For each unknown I contains an arbitrary funection of the variables
corresponding to the holes in the column of that unknown. The un-
known reduces to that function when the variables corresponding to
the fills in its column are made zero.
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Write
S=8+8+ - --+38.,

where S; is the k-th row of S imagined written in the form of its array.
Let T, u; be what S, , u; becomein z, , --- , 2z forz;, = 0, k < <.
For fixed k each T, is a determined Cauchy-Kowalevsky system in
unknowns u,; , the initial determination being %;,;-; . By induction on
k the existence of a unique root of each determined T is proved. As
in the general theory previously developed here, the root of T, = S,
substituted in S, gives functions f, satisfying determined (280) provided
S is passive. As before, f, = 0 so that the root of S, is root of S.

To illustrate, use a system in three independent variables z, y, z and
three unknowns u, , u, , 4 :

13
22 23 S
31 32 33

Take initial determination I as
(323)  w(z,y,0) =4y, 1(z,0,0) =2 u(0,0,0)=1.
Let systems S, be as below.
—-2-11 - 124+ 13 = fu S,

- 114 21— 12422 = fu
- 11— 21— 12423 = fis

S,

- 11 -2:21 —-2:12431 = fu
—-3:114+2-21 —2:124+32=fus 8
—5-11 — 2:21 — 6:12 + 33 = fos

From (323) fory =2 =0

u ==z, U = Z, 11 = 21 = unity, 12 = 2z
and forz = 0
w=z+y, 11 = 21 = unity.
For the unknowns in T'; use the notation

U = us(z,0,0) = u,,
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Uz = u?(x’ Y, O) = Us ,
U3z = ua(x: Y, 0) = Ua .
Systems T are next tabulated.

— 15425 T,
-2~ 154 26
Sa Tg
The initial determinations are below.
l = u4(0) Tl
2P = uy(z,0), u, = ug(z, 0) T,

z + Yy = u,(:c, Y, 0)) Us = uZ(x: Y, 0), Us = u-i(xy Y, 0) T,
The roots of T, , T, are accidentally polynomials.
-1 -2z 4+ 2 +u, T,

-2’ = 2y — " + us T
2
—1 -2t —2y+2° — 22y — y* + u,
Relations (280) can bhe had from the following obtained in the order

written. On the left are derivatives of u, , us , 43 . On the right 14 is
written for (fo.z,)’.

- 111 —-2-121 — 2-112 4+ 131 = 14
- 14+ 121 - 1124 122 = 12
—3-111 4 2-121 — 2-112 + 132 = 15

—-2-111 4+ 121 —2-112 —2-221 + 231 = 2-124 24
—2-111 — 121 —2-112 4 2-221 4322 = ~2:12 4+ 32414 — 24 + 15
—2:111 — 121 —2-112 4+ 2-221 4+ 232 =" 2-12 4 25

—5-111 — 2-121 — 6-112 4+ 313 = 31+2-14415
—6-111 + 121 — 6-112 — 2-22]1 + 323 = 124 33414424415
- 5111 — 2-121 — 6-112 + 133 = 16

—6:111 + 121 — 6-112 — 2:221 + 233 = 26 + 6-12
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System (280) is finally given.
—4-12 4+ 32+ 14 — 24 + 15 — 25
124+ 334+ 14 —24+4+ 15— 16
31 +2-14 4+ 15 — 26 — 6-12

Since the parametric derivatives cancel, S is passive.
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5
Algebraic Differential Systems

(324) Definitions. Let the indeterminates be a finite set of the deriva-
tivesrez, , - - - , z, of unknownswu, , - - - , %, , to be designated collectively
by v, , v, --- . Let the coefficients be analytic functions of the z's
with 0 for ordinary point.

The system of two equations in one unknown

14+a+u, l1—a+u S

implies the equation a. If a is a given function and is not identically 0,
immediately S = 1. Success in treating the systems discussed in the
present, chapter is conditioned by knowledge of the identities satisfied
by the analytic functions involved.

Likewise the equation

-1+ au

implies the inequation a”. There are, of course, other inequations
which must he satisfied by the independent variables if the region is
to consist of points ordinary for the functions defining the system.
Consequently, S is accompanied by a system S; of inequations with
unknowns z. If exceptionally the members of S; are polynomials in z,
system S; can be factored by the methods of Chapter 3. In general,
however, S; is of the type treated in Chapter 6. This circumstance
detracts from elegance in treating the algebraic case separately.

The definitions (23), (136) of ordinal for derivative and unknown are
seen to be in harmony since u; as derivative of order 0 has ordinal
00 --- 0j . Indeterminates v; are to have the ordinals assigned them
as derivatives. Definitions (136) to (141) of grade, index, right in-
determinate, initial and ordinal are immediately applicable to the
present polynomials. The factorization process is therefore available.

(325) Reduction. The simple factors of Chapter 3, however, have to
be further reduced to insure that the components of the algebraic root
have the desired differential relationship to each other.
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(326) Derived system. If fis an equation of S, equation [zf]’ is implied
by S and can be adjoined to the base of S.
If f has index &, since

(327) [zf]’ = @) (@)’ + -,

the initial of [zf]’ is (z».)’ and denotes an inequation if f is taken from
a simple factor. Thanks to linearity the discriminant is 1. Hence
[zf]’ is available for reducing. Because it is linear in its right derivative,
used as is f in reduction (177) it here actually eliminates (xv;)’.

(328) Passivity. The ninth and final reduction is the adjunction

(329) S=8+4{f, 9},

where f, g are equations in S with right indeterminates (acu)’, (beu)’,
the differential operators a, b are relatively prime and {f, g} is the
resultant of [bf]’, [ag]’ re their common right indcterminate (abcu)’.

The adjoined polynomial either is 0 or has a right indeterminate which
precedes (abcu)’. By (48) the second alternative ultimately disappears.
The factor is then (330) passive, a definition which is seen in the next
section to be in essential agreement with (279).

(331) Existence theorem. If the z’s are made 0 and the parametric
indeterminates are given arbitrary values in a final factor which is
passive and not 1, values can be had for the principal indeterminates
1o complete a root C of the original algebraic system. I‘or that root
the initials and discriminants are not 0. Hence by the implicit function
theorem [92, 14] near € each factor equals a system, passive in sense
(279) and canonical or orthonomic according as the adopted ordinal
is canonical or orthonomic.

(332) Examples. Consider first an ordinary system in one unknown u
with derivatives

(' = u, .
(333) —ud + uu,
(334) —u; + uu,

S = (333) + (334)

Clearly one passive factor is u, , u, . To the other factor reduction
(329) is immediately applicable with

=333, ¢g=@334), a=1 b=2z, c=1.
(333), — Uy + U,
{f, g} = —uuz + ujus = —u,(333)
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The brace reduced by (333) is 0. The factor is passive.
This second factor can be solved for u, , u; thus:

N -1_2 -2 3
U, —u U+ U, —u U+ us .

The ordinary system

—uy +u,, 4 —4u+tu S
can be factored in similar fashion
S = S]Sg 9

S, = ~1+4u, S, = —1—2"4+u.

For the partial derivatives of a single unknown re x, y use the Monge
abbreviations

335) p=101, g¢=011, r=201, s=111, {=021.
(336) P —(+y+ptazty
(337 ¢ —(x+1g+=z

S = (336) + (337)
(338) = 01(336) @p—z—y—-—1Ns—p+1
(339) = 10(337) Rg—z~Ns—qg+1
(340) A—-2p+@E@+y—1Ng—y

Polynomial (340) is the resultant of (338) and (339) as polynomials
in s. The resultant of (337) and (340) as polynomials in ¢ is found to
be —(1 ~ z)? times (336). System

(341) (336) + (340)

is simple, passive and equal to S.
Since (336), (337) have rational factors, in the present case there
is an alternative procedure.

-Dp-z-y), (@—-NDg—-2 8
S = 8,8,8:8,

p—1 gqg-—1 S,

p—1 q—z S,

p—z—y ¢-—1 S,

pP—z—y g—=z S
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Of these, S, , S, are passive. Applying (329) to S, gives
f=p-1, g=q—2, a=2, b=y, c¢c=1
so that
{figl=0-1

and the passive base for S, is 1, that is, S, is inconsistent. So also is S; .
The solution is found by integrating exact differentials:

Si=——z—y+u S=—c—zy—2"2"+u,
8 =8,8,,
where ¢, , ¢, are arbitrary constants.

(342) Constant coefficients. Let A', .. , A* be sets of constants. Let
U be the set of indeterminates u, , - - - , .. Let M be a set of monomials
in the u's. Let X be the set of independent variablesz,, --- ,z,. Letu
without index be a single unknown. Let D be the set of derivatives of u
re the differential operators got by replacing each u, in M by the z,
with equal index.

A duality between the algebraic system
S=A"M+ --- + A*M
and the algebraic differential system
T=A"D+ --- 4+ A*D

has been remarked by C. Riquier [103] and by J. A. Greenwood [47].
Three theorems illustrating this duality are

(343) S=12T=u

(344) S=xz+ --+2.,2T = —f+u,

(345) S=@-b)+ - +@-b)a2T = —¢B-X) +u,
where f is a polynomial in the z’s, B is a set of constants b, , --+ , b,

and e is the exponential function. For simple proofs see [47].
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Reduction to Passive Form

(346) Function systems. Analytic function
(347) [=a+ au, + aul + ---

has root, u, if the sum of the series to n terms has limit O for » infinite.
The root may be an ordinary or a singular point for f. A limit point of
roots of non-constant f is a singular point for f.

Unlike polynomials with complex coefficients a non-constant, analytic
function may have no root, for example, the exponential e(u).

A closed disk within the circle of convergence contains a finite number
(possibly zero) of roots of f. Each root of f¥ within the circle of con-
vergence is the center of a disk of roots of f*.

On the assumption that a root, alrecady (254) called a numerical
determination, is known for each f or ¥, the solution in neighborhood A
of the numerical determination is now to be discussed for systems whose
members have the form (347) with a’s analytic functionsof u, , =« , %,_; .

Root (v, , -+ , u,) of f is (348) special if it is a root of the infinite
system
(349) a()+a1+az+"';

otherwise, the root is non-special. The value of u, in a special root
is arbitrary. For example,

f=G+)+ G-+ G@+97 + o= (DYF+ -

has the special root (0, 0, z) with z arbitrary. Interpreted in Kuclidean
geometry described by Cartesian coordinates this means that the surface
composed of the roots of f contains the z-axis.

In system S consider the members of maximum ordinal.

Suppose all of them are inequations. By assumption the roots of
each corresponding equation are known as soon as the indeterminates
of lower ordinal are given values. Let neighborhood A be restricted
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so as to exclude such roots. In particular, inequations f* such that f
has no root can be omitted from S.

Let equation f be a member of maximum ordinal. If f has no root,
then S = 1.

If equation f has only special roots, the members of S with smaller
ordinal imply (349) and hence f so that f can be omitted from S without
changing the solution.

If f has an ordinary root (b, , --- , b,), the Weierstrass preparation
theorem [92, 86] shows that

f = pq,
where
(350) p is a polynomial of degree m in u, ;
(351) the coefficients of p are functions of %, , -, U, ;
(352) the initial of p is 1;
(353) for (uy, +++ ,u_y) = (by, -+, b,_,) polynomial p = (u — b,)";
(354) root (b, , - -+ , b,) of p is an ordinary point for function ¢ and is a

root of inequation ¢".

In suitably restricted A the roots of f are the m roots of p. Hence
member f can be replaced by polynomial p. The discriminant of p is
0 at b but at no other point of A.

Let g be a second member of S with the same ordinal as f. If g is
equation and g has no root in A4, then S = 1in A. If g is inequation
and g has no root in 4, omit g” from S. If every root of g in A is special,
replace member g by member (f + g) labeled equation or inequation
according as g is; the roots of (f + g) are non-special. Let, therefore, g
have non-special root (¢, , +++ , ¢,) in A. Then in a subregion of A,

g=0q,;

where p, , q; have properties (350) to (354) in which p, g, b, m are re-
placed by p, , ¢, , ¢, m, .

The members of ordinal r in the finite base of S can therefore be
replaced by polynomials. If the roots like b are excluded from the final
A, the polynomials have non-zero initials and discriminants.

Application of the algebraic processes in Chapter 3 gives simple
factors for S.

If some of the unknowns are derivatives of the othersre z, , +-- , z,,
the system is differential and the processes of Chapter 5 reduce it to
passive form.

To each factorization of S is attached a region A in which it is valid
and to which the initial determination must be restricted in order to
give a root.
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As in (331) a passive factor which is not 1 can be put in canonical or
orthonomic form to which the existence theorem is applicable.

Each root of S shows up in some factorization. The totality of
factorizations gives the solution of S.

(355) Historical remarks. . Kistler [70] used the methods developed
by Kronecker [74] for algebraic systems in discussing function systems.
W. D. Macmillan [83] was perhaps the first to apply a slightly modified
form of the Weierstrass theorem to reduce a function system to an
algebraic system.

Among the first to consider the consistency of the general differential
system were A. Tresse [138] and C. Méray [87]. Tresse considered the
passivity conditions but did not give an existence theorem for a passive
system. Méray’s methods were based on a change of independent
variable and were not wholly successful.

C. Riquier collaborated with Méray [87], [88] and later gave a reduc-
tion to passive form based on the implicit function theorem as well as
his existence theorem for passive orthonomic systems.

Later E. Delassus [27] gave a method likewise based on change of
variable. That his canonical form does not have the generality claimed
for it was pointed out by N. Gunther [50] and L. B. Robinson [108],
[109]. Their example is essentially the following. Let S have one
unknown w, three independent variables z, y, 2, and right derivatives

200, 110,  020.

In order for Delassus’ reduction to apply to 8, linear, homogeneous
transformation should carry 8 into canonical form

200, 110, 101.
By (342) this would mean that algebraic systems
(356) 2, zy, 9
(357) z’, =zy, a2
should be equivalent under linear, homogeneous transformation. But
these systems are, respectively, equivalent to
(358) z, v
(359) z.

Geometrically phrased, the solution of (356) is a line and that of (357)
a plane.
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E. Cartan [12] gave the existence theorem for the regular systems
occurring in his theory of Pfaffian systems. No generally applicable
reduction process leading to passive regular form has, however, been
developed. Cartan’s prolongation seems inadequate: see [14], [15], [67],
[69], [76] and Chapter 9.

L. B. Robinson [107] using Riquier’s methods to some extent gave a
reduction to passive form involving change of variables.

M. Janet [65] gave an exposition of Riquier's work [104] with fruitful
modifications. Janet’s article was the starting point for the present
writer’s study of the problem; see in particular [135].

J. F. Ritt [106] was the first to isolate the algebraic differential case
and to find for it a reduction to passive form. The advantage in doing
this lies in the fundamental theorem of algebra whose counterpart does
not exist in the general case. See [106, 161], [105, preface], [119], and
(324) in this connection.

An excellent account of the early history of the problem is in C.
Riquier's treatise [104]. Later accounts are L. B. Robinson [107],
M. Janet [66], D. L. Bernstein [3], A. Erdélyi [34].

(360) Applications. Let there be a single unknown u, n independent
variables z, , - - - , . and r equations of the form

A:'D:

where each A, is a set of n functions of the z's (vector) and D is the
set of first derivatives of u re z (grad ). The passivity conditions bave
the same form as the system, namely, linear, homogeneous. The system
has a non-constant root if and only if the rank of the equivalent passive
system is less than the number of independent variables n, see E.
Goursat [45, 65-73].

Systems of total differential equations often occur in differential
geometry; in fact, many of the early problems amount to the special
case of the exact differential. Examples of more complicated situations
are found in J. E. Wright [151], O. Veblen [144], J. A. Schouten and
W. van der Kulk [112].

A relatively simple example of such a problem is the determination of
unknown functions u, v of z, ¥ which satisfy

du2+dvz _ y2dx2+dy2
in the ordinary differential notation. The system follows:

—y® + 1111 + 12-12
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11-21 + 12-22

-1 4 21-21 4 22-22

y 21 + 111

-y~ 11 4 121

221

y 22 + 112

—y 112 4 122

222

The solution can, of course, be had in finite terms and is

—ycos(ex +c¢) —a+u,
—ysin(ex+¢) — b+,

where a, b, ¢ are arbitrary constants and ¢ = 1. In the Euclidean plane
(z, ¥) can be interpreted as polar and (u, v) as rectangular coordinates.
The equation

di’ + dv’° = dr’ + dy’

can be treated similarly. The resulting formulas define the automor-
phisms of dz® + dy®, that is, the group of motions and reflections in the
Euclidean plane.

The groups of automorphisms of the following can also be found in
finite form:

ydz® + z dy’,
dz’ + z dy’,
2(z* + y)™* dz dy.

J. Douglas [31] has ingeniously apphed the theory to find integrals
having given extremals.

L. Schlaefli [110] stated without proof that a Rlemann space of n
dimensions can be locally imbedded in a Euclidean space of n(n + 1)/2
dimensions. The rest of the present section will be devoted to the
subsequent history of this problem.

M. Janet [63] seems to have made the first substantial contribution
to the direct study of this problem. For n = 2 using his own modifica-
tions of Riquier’s methods he put the pertinent system in passive form
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and established the result in all rigor. The same special case has been
discussed at length by V. S. Lyuksin [78].

E. W. Herron [58] in addition to proving the theorem for n = 2
remarks that an indirect proof is in the older literature (see also L.
Zippin, [152]). The Cauchy-Kowalevsky theorem is directly applicable
to the Gauss-Codazzi equations and shows the existence of the second
fundamental form for an arbitrary first fundamental form. An appeal
to the classical result that each root of the Gauss-Codazzi system gives
a surface in three-dimensional Euclidean space completes the proof.

Any one of these proofs seems effectively to dispose of A. R. Forsyth’s
contention [39] that a passivity condition is inconsistent: he claims that
two coefficients are not zero but does not give their explicit expression.

For the general case M. Janet [63] gave a reduction not claimed to be
complete. Later E. Cartan gave a proof [14] for the general n and still
later [15, 199] for n = 3. Both of Cartan’s proofs depend on pro-
longation of Pfaffian systems and therefore leave much to be desired.
Cartan [14] seemed to think that assuming the metric of the Riemannian
space to be a quadratic form with non-zero determinant makes Janet’s
discussion complete.

E. W. Herron [58] has proved the theorem for n = 3 using the theorem
for orthonomic systems. His system is not excessively more compli-
cated than Janet's forn = 2.

The non-analytic case of the problem has received attention. For
n = 2 the theorem is proved by A. Wintner [150]. A weakened form
of the theorem for general spaces is discussed by J. Nash [91].

(361) Reduction of order. It was early recognized that every system
can be reduced to one in which the maximum order of a derivative is
one, that is, to what is termed a system of the first order. This is done
by an obvious device: If a derivative of order m is present, write it as
a derivative of order m — 1 of a new unknown. If 2 < m, repeat the
operation.

This obvious process applied to a passive system gives a first order
system, which is not necessarily passive. Reduction to a passive system
of the first order can, however, be made: C. Riquier [104, 468], R. T.
Herbst [57). Whether such a reduction can be used to simplify the
proof of the existence theorem for partial systems is an open question.

Reduction of a single ordinary equation to a passive system of the
first order is easy and has been used in the proof of the existence theorem
(272). The gain thereby is slight.

J. Drach [32] noticed that every differential system leads to one
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of order two in a single unknown. He uses independent variables
Zas1y *** , Tnsr in addition to the given independent variablesz, , - - - , z,.
He takes as the single unknown

(362) U= Ty + o0+ Toyu,
so that

(363) (Zne W)’ = u, ,

(364) (@2 W) = (zu,)".

A system S of the first orderin u, , --- , %, ,z,, -+ , z, thus becomes
one of the second order in u, z, , -+ , %4, . To insure that u; are
functions of z, , - -+ , z, alone the second order equations.

0= (xn+:xnuu)’ j) k= 1; cer T

are adjoined to give system 7', which is of the second order in a single
unknown. Each root u of T put in (363) gives a root of S, and all
roots of S are so obtained. As in the reduction to first order the pas-
sivity conditions are not automatically satisfied.

Consider the system of ordinary first order equations

—u; + (ru,)’, —u; + (z,u)’, —u, + (zus)’,
which arises in reducing
(365) —uy + (r,2,2u,)’
to the first order. Drach’s system is
—(rw) + (r20)", —(rw) + (Tx0)’, —(z0)' + (r,20)"

(zaz )’ (zexu)’, (z2z3u)’.

(366)

What profit can be drawn from this transformation is an open question;
see, however, [32].

The ordinary linear, homogeneous differential equation of the second
order can be reduced to a single Riccati equation of the first order
[60, 23). Thus order is reduced at the sacrifice of degree. See also the
reductions in R. T. Herbst [55] and in [125].






CHAPTER

7

Grassmann Algebra

(367) The Grassmann ring. As before, there is a fundamental integrity
domain Z, which is usually best thought of as a field: the elements are
the complex numbers in the purely algebraic case and the analytic
functions in the differential. To the elements of Z are now adjoined r

(368) marks v', --- , v" to form a (369) Grassmann ring Z[v', --- , v']
of degree r.
Multiplication in this ring obeys the following laws:
(370) v ee- 0 # 0,
371) v'y' = —o'v',
(372) v'v' =0,
(373) z in Z-oa =1y,
(374) z in Z, & -+ =0—>2=0.

(375) Monomials. From (370), (372) two marks are equal only if their
indices are equal; and any product containing two factors which are
equal marks is 0 and is suppressed. Consequently, a (376) (pure)
Grassmann monomzial is the product of unequal marks. The maximum
degree of a monomial is r. Permutation of the marks takes monomial
m = v* ... v* into k! monomials of degree k which equal +m or —m
according as the permutation is even or odd and which are (377) like m,
all others being unlike m.
Each polynomial f can be written

f=2m + - +2,m,,
where no two monomials m; are like and the 2’s are in Z.

(378) Forms. Each polynomial f can also be written
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f=f0+fl+ M +fr7
where each f, is 0 or a form of degree j.
With the summation convention the form of degree p is
(379) F=a,., " 9"

Subjecting the indices 1 -+ p to the same permutation in all terms
of (379) and multiplying by +1 or —1 according as the permutation
is even or odd is (380) shifting. The shift applied either to the pure
monomials or to the coefficients gives a form equal to the original.

Shifting the coefficients by all p! permutations, summing and dividing
by p! gives the (381) skew coefficient. Replacing the original coefficient
by the skew coefficient gives an equal form. Shifting a skew coefficient.
gives an equal coefficient.

In illustration, use the quadratic form in three marks, which written
in full is

a'y’ + a,'v’ + @' + s’ + aw’' + aw’’
and in abbreviated notation
(382) 12-12 + 13-13 + 21-21 + 23-23 + 31-31 + 32-32.
Shifting monomials by transposition of the two indices gives
(383) -~12:21 — 13-31 — 21-12 — 23-32 — 31-13 — 32-23.

Each term equals the corresponding term in the original. Shifting
coefficients gives

(384) -21-12 — 31-13 — 12-21 — 32:23 — 13-31 — 23-32.
The first term equals the third term of the original, etc., but the ag-
gregate of terms is the same, as can be seen directly or by comparing
(384) with (383). Adding (382), which is the shift by the identity, and
(383) or (384) gives
(12 — 2112 + (13 — 31)13 + (21 — 12)21
+(23 — 32)23 4+ (31 — 13)31 + (32 — 23)32.

This is 2F. Division by 2 gives F with skew coefficient.
In the summation notation

(385) F = a,»%

the shifts give
—a,p',  —a; 0%,
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so that the skew cocfficient is got by addition
2F = (a,, — a, "'

and is 27 '(a,, — @,,). The shift on it gives 2 '(—a,, + a,,), that is,
leaves it invariant.

Henceforth, unless the contrary is stated, it is understood that in a
formula like (385) the coefficient is skew, that is,

(386) a,, +a, =0.

Note that when the coefficient is skew the suppression of the terms
w'u' is automatic since a,, = 0 by (386).

(387) Two forms are equal if and only if their skew coefficients are equal.
A sccond example is the biquadratic form
F = a,,b.v'v'v'y',
where a,, , b,, are already skew. In abbreviated notation this is
F = {j-kl-ijkl.
To get the skew coefficient, it is sufficient to use the six permutations
(388) L, @h, G, G, G, HG)
which give for 6 times the desired coefficient
1j-kl — kj-il — lj-ki — ik-jl — il-kj + kl-1j.

Set (388) can be had by tabulating the symmetric group of degree 4
on its subgroup

L, @), (&), (GE&)
whose shift leaves the original coefficient invariant.

(389) Products of forms. The product of a number of forms is either
0 or a form whose degree is the sum of the degrees of its factors. It is
convenient to have a technique for changing the relative positions of
its factors. ) '

Consider first the product of two monomials f, g of respective degrees
P, ¢. In fg the first mark of g can be put on the left by interchanging
it successively with each of the p marks of f, proceeding from right to
left. Subsequently, the other marks of g can be passed over those of f.
Hence

(390) fg = (—=1)gf.
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Next consider the product fgh, where h is a third monomial of degree r.
The transposition identity (31) = (23)(21)(23) permits comparison of
fgh and hgf by the result just established so that

(391) fgh = (—1)*hgf,
where
(392) s = gr 4+ rp + pg.

From this it is clear that the multiplier is —1 if and only if an odd
number of the three factors has odd degree.

Finally, consider the product FGH of three forms. Any monomial
in that product is of type fgh, where f, g, h are monomials from F, G, H,
respectively. The monomials of FGH and HGF are in one-to-one cor-
respondence, with fgh and hgf corresponding. Since corresponding
monomials are related by (391) and s is the same for all of them, the
forms FGH and HGF are also in the relation (391). The presence of
additional factors to the right or left does not affect the result. Any
permutation of the factors can therefore be effected by

(393) Interchanging two factors of ecven degree leaves a product of forms
invariant; interchanging two factors of odd degree multiplies it by —1;
inlerchanging a factor of even degree and one of odd degree multiplics 1t
by (—1)°, where q 1s the total degree of the intervening factors.

(394) The square and all higher positive inlegral powers of a form with odd
degree arc zero.

(395) Differentiation. If monomial m contains mark u, the (396)
derivative of m re u is the result of shifting u to the extreme left and then
making it 1. If m does not contain u, the derivativeis 0. The derivative
of a sum is the sum of the derivatives.

The derivative of monomial m re v* is denoted by v>,m. The operator

(397) viy oot

gives a derivative of order k; attention must be given to the order in
which the separate differentiations are made, the one on the left being
made first.

(398) The Grassmann ring s closed under differentiation, that is, if a
polynomial is in the ring, so are all its derivatives.

(399) The differential operator (397) is invariant under shift of its indices.
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All derivatives of order greater than r are 0.
The processes of differentiation are summarized in

(400) The rules of the ordinary calculus apply to differentiation in the
Grassmann ring provided before each differentiation (393) is used to put
the factor to be differentiated on the extreme left.

For example,
v, FG = (v_,F)G — (v_,G)F,

if F is linear and G is cubic.

A particular aspect of the rule is that indirect differentiation applies,
as is immediately seen.

The rule applied to form (379) gives the following:

(401) v2 -0 F =p@—1) -+ (P —Fk + 1)@, cccrpippyeea ™™ -+ 07,

(402) v oS F=pp—1) .- (p— k+ DF,
(403) vy - 03F = pla,,...,,,
(404) oYy - 07'F = p! F.

Formula (402), of which (404) is a special case, is the analogue of Euler’s
theorem for homogeneous functions.

(405) Sets of linear forms. Formulas
(406) w' = ap G=1,---,m;5=1,---,7

define a set of linear forms. The skew coefficient of the product

t

w - w'’?

is the determinant with rows 4, --- 7, and columns j, --- j, in the
matrix A of the a's.

If Z is a field, if the rank of A is r and if n = 7, system (406) can be
solved for thev’s. Every polynomial in the Grassmann ring Z[v', - - - , ']
is in the Grassmann ring Z[w', - -- , w'] and vice versa. The two rings
are to be regarded as the same ring referred to different bases: see (12).

If the rank of A issand n = s < r, then Z[w', - - - , w'] is still a Grass-
mann ring but it is a proper subring of Z[v*, --- , v'].

The theory of linear forms, including the properties of determinants,
can be developed by Grassmann multiplication. Here are stated a
few of the pertinent results.

(407) A given tndependent subset is a base for a set of linear forms if and
only if its rank equals that of the whole set.
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(408) The rank of a set of linear forms is invariant under a change of the
base of the Grassmann ring.

(409) A set of linear forms whose rank is k determines a subring of degree
k any base of which can be made the first k marks in a base for the whole ring.

(410) The rank of a set of linear forms in a subring is the same as its
rank in the whole.

(411) In a set of linear forms let w*, --- , w* be an arbitrary but fixed
subset of rank k. The whole set is of rank s if and only if every product
of 8 + 1 forms among which are w', - - - , w* is zero, whereas some product
of s forms among which are w', - - - , w* is not zero.

(412) Multilinear forms. The substitution
(413) v =z,

in which the z’s are indeterminates, applied to the form (379) with skew
coefficient gives a unique (414) skew p-linear form. The inverse substi-
tution applied to an arbitrary skew p-linear form gives a unique form
of the Grassmann ring.

The multilinear forms can be interpreted as belonging to a polynomial
ring whose indeterminates obey the commutative law of multiplication.
This correspondence gives a criterion for the consistency of the assump-
tions on which the present treatment of Grassmann algebra is based.
It is also the basis for E. Cartan’s view-point, see [11], [13], [15], [118].

(415) Generalized linear dependence. Because of (372) form F of degree
p is of degree at most one in each of the marks. Hence

(416) F=vF +1,
where neither F, nor f, contains »'. Repetition gives
(417) F=vF, + --- +'F,,

where each F, is not zero and contains only marks with index greater
than 7. The number k is identified by

(418) ' TP 0, o - d'F=0.
This gives E. Cartan’s useful result:
(419) If w', - -+ , w* are linear forms of rank k, relations

(420) F=uwg+ - +u'yq
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and
(421) w .- w'F =0
are equivalent.

(422) The associated set. The (p — 1)th derivatives of form (379) are
linear. If the base of the Grassmann ring is changed by linear trans-
formation, indirect differentiation shows that the derivatives re the
new marks are linear homogeneous in the derivatives re the old.

Let F; be a set of forms. The (423) associated set consists of the
(p; — 1th derivativesof F,. Letw', -- - , w* be a base for the associated
set. The subring Z[w', --- , w"] is the (424) subring of set F, and k
is the (425) rank of that set of forms.

(426) The subring of a system of forms and their rank are invariant
under change of the base of the Grassmann ring.

Using (409), let the base of the subring of forms F, be »*, --- , »*.
Multiply (404) for F = F; by the product »' --- r*. Because the left
members of (404) are in the subring, after multiplication the left members
are 0. Hence

From (420)

(427) F,=v'g,+ -+ + g,

By this is next to be proved

(428) All the forms of a finite set belong to the subring of that set.

The proof is by induction on the maximum degree of a form in the
set. If the set contains only linear forms, it coincides with its associated
set and the theorem is true for it.

To (427) apply a differential operator which contains mark v* for 4
fixed and less than k£ + 1 but is otherwise arbitrary of degree p, — 1.
Then multiply by »* --- v*. The single term »°g,, contributes to the
result and its contribution is »' - - - v* timeg a derivative of order p, — 2
of g;; . Hence the subring for g;; , which by hypothesis contains g,, ,

belongs to the subring for F; . The proof is thus complete.

(429) The rank of a set of forms is the minimum number of marks in terms
of which the forms can be expressed by change of base.

If the set were expressed in terms of fewer than k marks, the rank
would be less than k.
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(430) A given mark appears in at least one form of a set if and only if it
appears in at least one form of the associated set.

The forms of a set can be subjected to a linear transformation with
coefficients from Z. The derivatives then undergo the same linear
transformation. Hence

(431) The subring of a set of forms and the rank of the sct are tnvariant
under linear transformation of the forms.

(432) Factorization. The notion of factor, namely, that G and H are
factors of F if F = GH, is clearly independent of change of base. The
case of linear factors is particularly important. Theorem (419) implies
the following:

(433) Linear w divides F if and only if wF = 0.
(434) If k independent linear forms divide F, their product divides F.
(435) Non-zero F can be written F = MG, where M 1s the product of linear

forms or is 1 and no linear form divides G. A linear form divides F if
and only if it belongs to the subring of M.

If G = 1in (435), F is a (436) monomial form, so called because change
of base makes F equal to a monomial. The degree of G can not be 1.

(437) Every jorm of degree r or r — 1 in a Grassmann ring of degree r 18
monomial.

The result is obvious for degree r. Moreover, the form is monomial

for any base.
For degree r — 1 use (416). Init F, isof degreer — 2inr — 1 marks.
Change of base makes it v* --- v"™". Form f, is of degree r — 1 in the

r

r — 1 marksd®, --- ,v". Hence
F = vlv2 cee vr-"l + ’)2 e vr—lvr = (v] :!: vr)v2 - vr-—l’
the possible coefficient of f, having been absorbed into v".
(438) A quadratic form in the presence of linear forms. Let F be

quadratic and w', - -- , w* linear forms with w' --- w" # 0. There is
a least integer k satisfying
(439) w P =0

because the degree of a form cannot exceed . Equation (417) can be
written

(440) F=uwg + - +v'g+v'o%. + G,
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where G involves only w’s of index exceeding A + 1 and any g involves
only w’s with indices exceeding its own. Multiplication gives

(441) wl e thk+l = (’G + l)wl Ce w’”lghq—le + wl v thlH-l.

Since the first term contains w**' and the second does not, they must
both be zero. Consequently

(442) ghﬂGk = 0.
Replacing k in (441) by k — 1, multiplying by g.., and using (442) give
(443) w' - g FF = 0.

If there is no g,., term in (440), then
w - w'F =0

so that &k = 0. Yor positive k, therefore, there is a linear form g,,,
satisfying (443) and

(444) w' .- whgm # 0.

Let any linear form satisfying (443) and (444) be w"*', and let 1
be the least integer satisfying

h 1
wl...wh-l-I#O, wl '.'w+lF+l=0-

The same process can now be repeated to increase the number of w's
and decrease the exponent of F. Since I < k, after at most k steps

(445) w w20, w.--wF=0s=<k.
Theorem (419) gives

(446) F = 'y, G=1,---,h+59).
In the product
(447) w .- wF =0

every term is of degree k + h in the s + h w’s. Hence 8 < k is untenable.
There are exactly s = k steps in obtaining. (445), and the exponent of
F diminishes by unity each time. Moreover, an appeal to the form (446)
resulting from the complete process shows that the non-zero form (447)

at any stage is monomial. Any one of the factors not in Z[w', - -- , w"]
can be used as w**'.
(448) If F is quadratic, w*, - - - , w" linear and

w - wFr 20, w - WP =0
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then the form
wl e karb
is monomial. If w** is one of ils factors satisfying w' --- w**' # 0,
then
wl . wh+le—l # 0’ wl - wIH-IFb = 0.
Differentiation of (439) with respect to w' gives the useful identity
(449) w* --- WP 4+ (=D'E + Dw' -+ v (@LF)F = 0.

(450) Canonical form. If the set of w’s in the preceding section is empty
at the start (A = 0), it follows from (447) that the 2k linear forms in
(446) are independent. Moreover, the rank of F by (446) does not
exceed 2k. Hence

(451) The rank of a quadratic form is double the integer I defined by

(452) F* =0, F*' = 0.
In slightly changed notation (446) is
(453) F=UU4---+ UV (j = 2k).

By the process of (438) the U’s with odd index are found successively
from the linear systems

FFU=0; F'U'U=0; FT*UUU=0

The right member of (453) is the (454) canonical form of F. The U’s
are (455) canonical marks.

(456) Examples. To illustrate the reduction of (438) consider the
quadratic form

F=13—14+23 — 24+ 35— 36 + 45 — 46,

where 13 = '*, together with the lincar form 1 = »*. To find 1F?,
ignore the first two terms of F and get

1F® = 4.1(2345 — 2346),
where the factor 4 on the right is numerical. Inspection gives
1F? = 4.1234(5 — 6).
Choose 3 as the second linear form:
13F = 1342 + 5 — 6).
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Choose 4 as the third linear form so that
134F = 0
and equation (446) is
F =17 4+ 38 + 49.

Even with 1, 3, 4 fixed, 7, 8, 9 are by no means unique. One set of
values, had by inspection, is shown in

(457) F=18—-49)+3(-2+5—0)+ 42+ 5 — 0).

Unlike what is true of the direct reduction to canonical form in (450),
the lincar forms here are not necessarily independent. It is possible,
for example, to regroup thus:

(458) F=3-1-24+5-6)+4(-1+2+5-0).

To illustrate the direct reduction to canonical form discussed in
(450), use the same F and find

FP=0, F =414 2)34(5 — 0).
Choose 1 4 2 as the first linear factor:
(459) I+2F =1+ 2@+ 4)(5 — 06).
Choose 3 4 4 as the second linear form:
F=(1+4+2)7+4+ (3 + 48.

Form 8 obviously divides (1 4+ 2)F. An arbitrary constant times (3 + 4)
can, of course, be added to it and (1 + 2), if present, can be removed
by modifying 7. Hence from (459) guess 7 = 5 — 6:

F—@3B+49H5—-6=010+2@3-49
and a canonical form is had by transposition:
(460) F=01+4+2B8—-4+@+495 - 6).

An alternative [13, 53-54] reduction to canonical form is as follows:
If a,; # 0, the form

f! = 2a,,F — F\F, ’

where F, , F, are the derivatives of F re v', v, does not involve »' or v*
as can be verified by differentiating re v', v* by rule (400).
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In the present F, coefficient 2a,; = 1 = 0.
F,=3—-4, F,=-1—-2+4+5-6
fi = 2a,sF — F,\F; = 2-(45 — 46)
Since the new a,s = 1 5 0, repeat:
f: = 2fi = fisfis = 0.
Hence
(461) F=@—-4H(-1-24+5-06)+ 245 — 0).

The four canonical sets (458), (459), (460), (461) are easily trans-
formed one into the other.
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Differential Rings

(462) Differentials. Let Z be the field of analytic functions of variables

u', --- , w. The (463) differential of element z of Z is the element of
Grassmann ring Z[v', - - - , v"] given by
(464) 2 =2z,

where z, is the derivative of z re 4’ and where the repeated index is

summed. A consequence of this definition, when r = 1, is that the

accent is no longer available to denote the derivative, which is now 2, .
Applied to u’ (464) gives

(465) u'’ =y
so that (464) becomes
(466) 2 =zu'.

The (467) differential of the Grassmann ring element F given by (379)
is another clement of the Grassmann ring, namely,

(468) Fro=al,. p 0.

The differential of a form of degree p is therefore either 0 or a form of
degree p + 1. The Grassmann ring is closed under differentiation just
asis Z. Such a Grassmann ring is a differential ring.

Note that the differential is had by putting the coefficient on the
extreme left and then replacing the coefficient by its differential just
as the derivative is had by putting the v involved on the extreme left
and then replacing it by its derivative 1. Because of this, rule (400) is
immediately seen to apply to the formation of the differential of a form
as well as to the formation of its derivative re a mark.

If F, @ have respective degrees p, g, from (390)

(FG) = F'G + (—1)"G'F.
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Passage of G’ over F introduces p(g + 1) changes of sign. Hence
(469) (FG)' = F'G + (—1)°FG".

The derivative of a,,..., re u”* --- u™ is now to be written
Gy +++ gt ++- i,)’. This involves two slight modifications of the
notation in (18): first, the single index denoting the function is replaced
by a set; second, the symbol indicates the indices of the variables of
differentiation rather than the number of differentiations re each variable.

Accordingly, use of (464) in (468) gives

(470) F' = (hiy -+ 3,)W" -+ 0",

(471) Exact differentials. Replacing form F' in (470) by F " as given by
(470) gives

472) (F'Y = (ght, --- 5,)0"v"* -~ 0™,

If the coefficient of F is skew, the skew coefficient of (F’)’ is half of
(ghil v ir)’ - (hgil s ip),°

Since the order of differentiation is immaterial, the skew coefficient is

0 so that

(473) (F7) = 0.

Consider now form ¢ whose differential G’ is 0. ¥irst, suppose that G
does not contain »'. In the notalion of (470)

G = (13, )V v e
where the unwritten terms do not involve »'. Hence
(13, - 4,) = 0,

that is, «' as well as v’ is absent from G.
Now suppose simply that G’ = 0 and seek F to satisfy

F' = Q.
If r = 1, integration gives F immediately. Ior the general r, by (416)
G = 4G, + g.
Integrate the coefficients of G, re u' to get form H. Then
H' =v'G, + h,

where & like g does not contain »'. Form G — H’ has 0 differential and
does not contain »'. Hence by the preliminary result it is a form in



DIFFERENTIAL RINGS 95

fewer than r variables and by the induction hypothesis there is a form K
satisfying K’ = G — H'. The desired F = H + K.

(474) Form F is a differential if and only if its differential F’ is zero.
Form F 1is then called exact.

(475) The solution of F' = G is Fy + F, , where F, is a root of that cqualion
and F, is the solution of the corresponding equation F' = 0.

(476) Change of variables. Let variables » and their differentials v
be subjected to a transformation

(477) w =), o= (@),

where the f’s are analytic, the number of u*'s is fixed but not necessarily
equal to r and j is summed. Let the transformation take F, F' into
F*, (F')*, respectively. Formulas (379), (470) give

(}78) F* = an"'vp(jlil), te (jnip)’v“ e "”’

(79  (F)* = (hiy -+~ 5,)' (kR (G5’ -+ (GA,) """ - 0.

If (F*)’ is formed from (478), the right side of (479) results. Hence the
fundamental theorem:

(480) (F*)" = (F')*.

The w* may be new variables, their number equalling r and the
Jacobian being different from 0; or the u* may be the coordinates in a
subspace.

(481) Pfaffians. A non-zero monomial form in a differential ring is a
(482) Pfaffian.

A Pfaffian of degree k has a set of k& independent divisors (necessarily
linear) which are a (483) base for it.

Linear combination of the divisors gives a base of the type
(484) v' + ajy’ G=k+1,---,7).

A Pfaffian is (485) passive if it has 4 base composed of differentials.
Since »'W = 0 for Pfaffian W of degree r, the marks are a base for
such a Pfaffian and

(486) A Pfaffian of degree r is passive.
Base (484) for a Pfaffian of degree r — 1 is
v + a'v G=1,---,r—=1).
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If 2’ is to be a differential in the base of the Pfaffian, f/W = 0 gives

—-a'f, + f. .
This system is orthonomic; in fact, it is of the Cauchy-Kowalevsky
type (319). The initial determination is 2(u’, -+ , v, 0). Get
r — 1 roots z corresponding to the initial determinations u, --- , "™’
These 2's have Jacobian initially equal to 1. Hence their differentials
are r — 1 independent divisors of the Pfaffian.

(487) A Pfaffian of degree r — 1 is passive.
If W is passive, with marks properly chosen
(488) W=a---of, W =a%- -0

so that W divides W’. Since W' has degree & + 1 and k divisors, it
has k + 1 divisors and is monomial, as is also evident from the formula.

Moreover, this W satisfies
(489) w = uwW,
where w is linear. Under change of base
wW* = bW, W*' = bW — bW’

so that W divides W' is equivalent to W* divides W*'. Hence (489) is
independept of the base. Moreover, the conditions that W divide W,
namely w'W’ = 0 are equivalent to

(490) Ww'’ = 0.

Next (489) is shown sufficient for passivity by induction on the degree
of the ring. Let deg W = k < r — 1. Consider the base w' — a}’,
that is, consider the Pfaffian for constant «’ in a differential ring of

degree r — 1. By hypothesis there are functions z* such that w' — a'v’
are dependent on z*’ — 2zv". Consequently, w* are dependent on a base

(491) v’ +a? (i =1, k)'
Substitution in (490) gives

o' ey’ = 0,
where subscript j denotes the derivative. Hence a; = 0 except for
j=1,---,k r. ThePfaffian of degree k therefore is in k 4+ 1 variables
and by (487) is passive.
(492) A Pjaffian is passive if and only if it divides its differential, which is
also a Pfaffian. Equivalent conditions are (490).
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(493) An ezact Pfafian is passive and equals a product of differentials.

Since W’ = 0, condition (492) is satisfied. From (488) a is function
of u!, --- , u* only. Find u* by integrating a re u'. Then
=+ W+ +a

so that W = v** - .. v,

A passive Pfaffian of degree k accordingly can be written

(494) AR M
or
(495) u'v' oot

according as its differential is zero or not.

If the coefficient of »* - - - »* in Pfaffian W of degree k < r — 1isnot 0,
then »**' - .. v"7'W is a Pfaffian of degree r — 1; it is passive by (487)
and has a base of r — 1 differentials. Hence Pfaffian W of degree k < r
can be expressed in terms of r — 1 differentials. Its coefficients, in
general, contain all r variables.

(496) A Pfaflian of degree less than r can be expressed in terms of fewer
than r diflerentials.

If k + s is the minimum number of differentials in which a Pfaffian
of degree k can be expressed, s is the (497) species, see [131].

(498) Characteristic Pfaffian. The method used in proving (492) also
proves
(499) If forms F, F' belong to Z[v', --- , v""'], they also belong to
ZW, -+, 07", where Z, is the field of analytic functions of u', - -+ ,w' ™",
Term am in F, whose terms are all unlike, gives term a,v"m in F'
and that term is unlike the others in . Hence a, = 0.
The associated set (423) of sets F, , F! gives the divisors of the (500)
characteristic Pfaffian of set F, . The degree of the characteristic
Pfaffian is the (501) class c of set F, . .

If ¢ < r, (496) and (499) can be used to show that the set belongs
toa Z,[v', ---, v""']. Repetition is possible until ¢ is the number of
variables as well as the degree so the the Pfaffian is passive.

(502) The class is the minimum number of variables in terms of which
the set of forms can be expressed.

(503) The characteristic Pfaffian is passive.
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(504) Canonical form. For linear form w construct the sequence
(505) ww,h (h = 0,1) tre 7k)
stopping when the next term would be 0. Construct also

— B h . rk—h
(506) F,=w vw” ", G=01,- 8
(507) G, =v -0,

with the understanding that F, is (505) and G, = 1.

In (448) let F = w', w' = w. If w* =o', ... , w* = *" are dif-
ferentials, then w**' is to divide F,_, whose differential F,_,»""" is 0.
By (492) Pfaffian F,_, is passive so that w**' can be taken as a dif-
ferential v*. Hence differentials »*, --- , »**' can be successively de-
termined so that ¢* divides F,_, but not G._, . In particular, »**'
satisfies

v'---v'“w=0, R )

and
(508) w=py (t=1,---,k41).

If w'**' # 0, variables p, , u' are independent. The conditions for
reducibility to (508) with variables independent are:

(509) w*' =0, ww*'' =0.

If w**' = 0, form w'* is monomial and exact. By (493) it can be
written as the product of differentials. The same is true of ww'* and
the differentials in w’* can be included among those for ww'®. Hence
there is a z such that
(510) ww'™ = z'w'.

Subtraction of a differential 2z’ from w therefore gives linear form w — 2’
satisfying

w—2)"%0, (@w—2)(w—2)"=0,
that is, (509) with k replaced by k — 1. Form w — 2’ is reduced by
the process already given and

(511) w =2z +py z=1,---,k),
the conditions for reducibility to this form being
(512) ww* =0, w*l=0.

In either case, no p in (508) is 0 and that equality can with a slight
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change of notation be written
w=pk+l(z’+p;v') (i= 19 et 7k)'

The Pfaffian of degree one with base w therefore also has the (513)
canonical base 2’ + p* (1 =1, --- , k).

To recapitulate, the (514) canonical forms are given below. Index ¢
has the range 1, --- , k. An inequation means at least one coefficient
is not 0 and an equation means all coefficients are 0.

Class Canonical Form Conditions
Form w2k pr'  w*#0, ww'=0
Form w 2k+1 2 +py  wwt£0, w'=0
Pfaffian w2k + 1 Z+pr  wwt =0, wwtt=0

In all three cases, reduction {o canonical form involves determination
of (508). With w, = ww”", the table below displays the conditions
successively to be used. A » without index indicates the unknown of
the moment.

System Root
ww + o v
wi_'v + @'v)" v
w - 'y (vl‘ . vkv)N o
Multiplication of (508) on the left by »* --- »*™' and on the right
by »**' ... "' gives
(515) WL]V = P V,
where
(516) V=9 -0

When the »'s have been determined, the p's are had by equating cocf-
ficients in (515). The coefficients of a single monomial give each p.

(517) Examples. First a linear form of even class is reduced to canonical
form. As often, indices are written for variables and numerical coeffi-
cients are separated by a dot.

w= 251"+ (4 + 5)2' + 2-43’ + (—4 + ¥
w = =2.1'"5 — 2’4’ — 2’5’ — 2.3'4 — 45’
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ww’ = —2.51'2'4" 4 2.41'2’5’ — 4-51'3'4’ + 4-41'3'5’ — 2-41'4'5’
— 2-52'3'4" 4 2-42'3'5’ — 2-42'4’5" — 2-43'4'5

w?=0, ww®=0

Hence k¥ = 1. The tabulated systcms are:

(518) ww + ¥ v'

(519) w'v + W)Y

To find a root of (518), compute the associated set (423) of w, .
At the left, 12 means differentiate re 1’2’ and the columns are headed
by the differentials whose coefficients are below.

1 2’ 3/ Y 5

12 ~2.5 2.4
13 —4.5 4-4
14 2-5 4-5 —2.4
15 —2.4 —4.4 2-4

23 —-2.5 2-4
24 —25 2-5 —2-4
25 2.4 2.4 2-4

34 —4.5 —25 —2.4
35 4-4 2.4 2.4

45 —24 —24 —2.4

The combination of rows 24 — 34 is 2-5(1’ + 2’ 4+ 3’). Hence set
v'=(04+2+3).
(5200 wv' = (—4+ 5)(1'2" +2-1'3" — 1’4’ + 2'3' — 2’4’ — 3'4")

Discard the linear factor before forming the associated sct. The entries
in the table are numbers, not indices.

ll 2/ 3’ 4[

B W N =
|
N
|
[o—y
|
Pt
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v =@2+23—4)
V=0uvv=12 4213 — 14 + 23" — 2’4’ — 34’
(521) w’ =p,V, w' = —pV

Comparing terms containing 12’ in (520) and the second of (521) gives
p: = 4 — 5. The first gives p, = 2-5. Hence a canonical form is
as below.

(522) w=251+2+3)+(4-52+23—-49)

The reduction can be varied by using other »*, v*.
If the Pfaffian is proposed instead of the linear form, the reduction
proceeds exactly as above and is completed by dividing by one of the p's.
Next a form of odd class is reduced.

w=025+2I'+ 1 +4+ 52 4+ 243 + (-4 + 54
W= 21’5 — 24 — 25 — 234" — 4’5
w'® = 4-1'2’4’5' + 8-1'3'4’5’ + 4-2'3'4’5’
ww'? = 4-(=2-1 + D2HS
w?=0

rk+1

Hence k = 2. Since w = (0, the preparatory subtraction of a dif-
ferential is used before reduction to, (508). In writing (510) the terms
in 4’, 5’ can be ignored because 4’5’ divides w'?>. The condition on z is

2 — 22+ 2= =2 +4°

and has root z = u'u’. For this value of z, form w — 2’ is precisely the
form previously treated.

(523) w=(12'+2501+24+3)'+(4-52+23—-49)

If the Pfaffian with the above linear form for base is proposed for
reduction, the preliminary reduction of class by subtraction is un-
necessary. Reduce instead to (508). The tabulated systems are shown.

w + " v
wp'y + @)Y v

wr'v’y + @'v)" v
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A form (508) is found.
(=2 -23—-4+4+54+(—2—2-1)§
+ (12 + 2-15 + 24 + 25 + 2-34)’

The coefficient p; is constant and accidentally the form is (511). The
reduction of the form

31’ 4+ 132’ 4+ (12 + 24)3" 4+ (1 4+ 23 + 35)4’ + (2 + 34)5’
to (508) requires only roots simply expressible and gives
123 4+ 4)’ 4+ 2(34 + 5)" + 3(45 + 1)’

with non-constant p’s.
There are many different ways of reducing to canonical form: see,
for example, [46, I, IV].

(524) Generalizations. The theorem at the basis of the results in this
chapter is (486). It can be proved for more general Z: the method of
successive approximations can be used, for cxample, if the coefficients
have continuous derivatives.

C. J. de la Vallée-Poussin has suggested [140] a criterion for exactness
which may broaden the concept of reducing a form. Here the condition
that F be exact is F/ = 0 and requires differentiation of the coefficients.
For r = 2 and linear F de la Vallée-Poussin suggests assuming the
coefficients have differentiable integrals re each variable when the other
is fixed. The usual formula for the root of ¢/ = F got by integrating
first re ' is F, and that for the other order F, . The condition for
exactness is F, = F, and is applicable to a more extensive class of
coefficients.
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Pfaffian Systems

(525) Definitions. System /? in sense (11) is a (526) (gencralized) Pfaffian
system in unknowns u, , - - - , u, if its members are forms in differential
ring Zlu{ , -+ , w)].

Letz,, -- -, z4be (527) independent variables. None of them appears
explicitly in the members of I>. Denote the derivative of u, re z, by u; .

A (528) root of P is a set of functions u,(z, , - -+ , ) which on substi-
tution make all equations of P equal to 0 and all inequations of P dif-
ferent from O for all (z, , - - - , x,) in a subregion of the region of definition
for P.

If the rank of the Jacobian matrix u; is d, the (529) dimension of the
root isd. Clearly,d = r.

System P implies Pfaffian system P’, where I’ contains as equation
the differential of each equation of P, so that

P=P+P.

Consequently, the base may be supposed to include equation F’ if
it includes equation F; equation 0, of course, being omitted except
in the trivial case P = 0. Such a base is (530) full and this adjective
also describes P conceived as given by a full base.

(531) Existence theorem. Write
(532) P=P,+P + ---+P,,

where the members of P; have degree j. System P, is a function system
whose unknowns are the unknowns of P.

With P are associated by (412) function systems S, with members
got from those of P; in the following manner. Corresponding to Grass-
mann form

(533) F=a,..ul, - ul,
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which is in P; and has skew coefficient there are in S; the ordinary forms
(534) Fretie = g it oo ul?
where j, --- j, is an arbitrary combination of p unequal numbers from
1, -,

For 0 < j system S; is of the first order and is algebraic in the first
derivatives. System S, has order 0, that is, is a function system. Any
S, may fail to be algebraic in the unknowns so that these systems in

general are not algebraic.
System

(535) 8=8+ 8+ - +8

is in sense (97) a differential system which is equivalent to P, that is,
has the same solution as P. The theory already developed therefore
gives an answer to the cxistence question for Pfaffian systems.

(536) Classical theory. Historically, Pfaffian systems were studied
directly and an interesting, symmetrical theory was developed. A short
account of this direct approach is now to be given. It will appear that
this at best gives only part of the solution. In addition, the members
are limited to equations, at least in the systems as proposed.

To illustrate, consider the system

wu + ug ,

which exhibited by full base is

r: wuh + ud wiuj .
For this full base
Pﬂ 0,
P, wu; + uj ,
P, wlud .

A root of P substituted in the above must make the coefficients of z/
zero. Hence in the usual abbreviated notation every root of P is a root
of the equations

(837) 1G2) + (@3)"  (GD'(k2)" — (72)'(k1)".

As is true for the general Pfaffian system, the members of S are poly-
nomials in the first derivatives. Here they are also accidentally poly-
nomials in the unknowns.

Every determinant of order two formed from columns one, two in
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matrix (jk)' is zero. Hence the maximum d is 2. System S is had by
letting j, k have values 1, 2. It can be written as an array.

1(12)’ + (13)’
—(12)’(21)" 4+ (11)'(22)’  1(22)’ + (23)’

If a numerical determination with (11)’ > 0 is assigned, S is in regular
form (315). The single passivity condition is found to be identically
satisfied. The theory now to be developed shows that this is so in the
general case.

Although there is no increase in the dimension of the root, the indices
in (537) can be allowed to assume arbitrary values. Let them take the
additional value 3, omit the accents to save space and use the solidus
to separate factors. Another array is had, which has three passivity
conditions. The first column is also implied by the other two.

1/12 + 13
—12/21 + 11/22  1/22 + 23
21/32 — 22/31  —12/31 + 11/32  1/32 + 33

Let u3(0, 0, 0), uy(z, , 0, 0), u,(z, , z, , ;) be arbitrary except for
%;(0, 0, 0) # 0. Use the Cauchy-Kowalevsky theorem on the rows.

Put 2, = z; = 0 in the first row, which then determines u;(z, , 0, 0),
thereby completing the initial determination for row 2.

Put z; = 0 in the second row, which gives u,(z, , z, , 0), us(z, , 2, , 0)
and completes the initial determination for row 3.

The last row determines u,(z, , &, , Z3), %as(2; , T2 , T3).

(538) Fundamental identities. Equality (379) rewritten is

(539) F =Py, oogl
and in the same way

(540) F' o= Fisieoglgl gl
Differentiation of (5639) and comparison with (540) give
(541) G ) = ov — (p 4 DFP = 0,

where the unwritten terms arise by performing on the first the signed
transpositions (joj1), - ** , (jods). If (541) is applied to F’, the last term
drops out because (F')’ = 0 and there results the second fundamental
identity

(542) (jpnFioi'."i, f— e = 0,



106 SYSTEMS AND ROOTS

where the unwritten terms arise by performing on the first the signed
transpositions (jp+1jo)s (fp+1di)s =+ * 4 (Gor1do)-
For example, if

F = F'*z!z}
F’ = F'*zglzlzl
the identities are
GF'™ — (GF'™Y — (kF'*)’ — 3F"* = 0,
(IF™*y = GFYYY — G — (FYY = 0.
(543) Cartan’s existence theorem generalized. Write
S="+---+T,,

where the maximum superscript on % in each equation of T', is j. For
j fixed system T is linear and homogeneous in u; . Let every determi-
nant of m, + 1 be identically 0 and some determinant of order m, be
not identically 0 in the matrix of T, evaluated for the algebraic solution
of T, + +-- + T;_, . Restrict the region considered so that the de-
terminant is different from O throughout the region. System T; has
r — m; linearly independent roots. Among them are v fork =1, ---,
j — 1 provided u* are independent and form aroot of Ty + --- + T, .

Let u! be a non-trivial root of algebraic T) . Then algebraic T,
in unknowns u: has root u} . If

2r—m,
then 7T, has two independent roots w! , w¢ . In this way, a set u, ,
u?, -+, u° of independent roots is constructed for T, , where

g=r—my ,

so that g is the maximum dimension of a root of 8, rank being m, .
Integer g is the (544) genus.
The differences

n; = m; — M

are the (545) characters.

The Cauchy-Kowalevsky case of the existence theorem is sufficient
to treat differential system T; . Moreover, a root of T'; can be made to
reduce for z; = 0 to a root of T;., . Treating T, ---, T, successively
gives respective roots U, , - -+ , U, such that U, reduces to U;-, for
z; = 0. Actually, U;isaroot of T, + --- + T, . To prove this, let



PFAFFIAN SYSTEMS 107

G be the result of substituting U, in an equation of T';-, . The equation
in question is either an F or an F’. In the first case (541) and in the
second (542) gives

(546) (GG) + H =0,

where H is a polynomial every term of which involves either a G or the
derivative of a Greoneof z, , --- , z;_, . Moreover, G is 0 for z; = 0.
The uniqueness theorem applied to (546) therefore shows that G is
identically 0.

This existence theorem was discovered for the linear case by E.
Cartan [12]. For the generalized version see [68], [126], [15], [44].

(547) Inequalities on arithmetic invariants. If P has only linear forms,
it is easily shown that

(548) n1+l é nl ?
(549) r—n=<@m+1)g,

formulas discovered by K. Cartan [12]. Neither of them holds in the
general case, for which G. Cerf [17] has given more complicated in-
equalities.

Other inequalities have been found by D. C. Dearborn [25], J. A.
Schouten and W. van der Kulk [112, V|.

(550) Singular roots. If the rank of each linear 7', equals the corre-
sponding (maximum) m, at some point of a root, it equals m, in the
neighborhood of that point. The root is then (551) ordinary. The
continuation of an ordinary root is ordinary.

A point (numerical determination) where the rank of at least one T';
is less than the maximum m; is (552) singular. A root is (653) singular
if every point in it is singular. An ordinary root may contain singular
points.

The following theorems have been effectively proved:

(554) Every ordinary root with dimension less than the genus 18 in an
ordinary root with one higher dimension. ’

(555) No ordinary root with dimension equal to the genus is in a rool
with higher dimension.

(556) A root with higher dimension than the genus s necessarily singular.

(557) Pfaffian with canonical base. Next the existence theorem is
applied to the system consisting of a single linear equation whose
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canonical base (513) is here rewritten
(558) W = Uy + UUdks1-;

the sum of the indices in each term equalling the class 2k + 1.
It is convenient to have systems T, , T , T for the general w dis-
played in an array (314).

1

T, a,u,
2 1.2
T2 a,u, a,,uu;
3 1,.3 2 3
T, au, a,,unu, a,,uu,

The contribution of the differential F’ of an equation F is had by re-
placing in F’ each Grassmann monomial by the corresponding deter-
minant in the commutative indeterminates. This writes simultaneously
two terms in the above entries.

Applied to (558) this process gives

1,2 2 1
UUopr1-7 — UlU2ks1-5

where the superscripts represent any pair of unequal positive integers.
Written in abbreviated form this is

(559) 13/202k + 1 — j) — 2i/1k + 1 — j).
System T, is thus
(h+ DEk+ 1) +§/(h + D@k + 1 — ),

ij/(h + 12k + 1 — §) — (b + 1)j/i@2k + 1 — j),
where %, j = 1, -+ , h. The determinant of the coefficients of
(h + 1)k + 1 — j) is | w] | which is by induction seen to be not iden-
tically 0. Hence the rank of T, is h + 1, the one being contributed
by the first row of the table. The number of parametric unknowns in
the linear system is therefore (2k + 1) — (b + 1) = 2k — b, which
must be at least . Henceh < kand k = g.

(560) The class of a Pfaffian of degree one is 2g + 1, where g is the genus
of the linear Pfaffian system with the same base.

(561) Solution of canonical Pfaffian. The differential of (508) is

w’ = plu'’.
The formulas
(562) ! --- 2L #0,
(563) z, =f@, - ,z) @G=et+1,---,k+1),

(564) .= —j:p: (1' 17 e ,6),
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where ¢isin 0 < e £ k = g, the f’s are arbitrary and f; is the derivative
re z, , define a root with dimension e. Moreover, every root of (508)
is so obtained. Verification of this by substitution is immediate. There
is no root with dimension greater than the genus.

The root may be ordinary or singular. For example, z2 = 1, p, = 0
is singular of dimension equal to the genus for p,uj + 2'.

The formulas apply to canonical base (513) by making p:., = 1,

Trv1 = 2.

(565) The solution of the canonical base of a Pfaffian of degree one can be
had by differentiation.

(566) Single linear equation. Let w be the base of a Pfaffian of degree
one. A root which at some point satisfies (512) is had from a root of
canonical form (508) by using the transformation inverse to that pro-
ducing (508). Such a root of w may he ordinary or singular.

Not all roots of w are had in this way. The linear form

w=(>0+21'"432" -1+ 2)3
has the surface
1+42-3=0

as singular root of dimension 2 excceding the genus 1. By (561) it is
not given by the canonical form. It is profitable to examine the situation
in detail. It is found that

ww’ = (-1 — 2+ 3)1'2'3".
A transformation to canonical form

2*1*/ + 3*’

*=142.2, 2= —-1-2+43,
3*=11+22+2-12 -13 — 23

whose Jacobian is —1 — 2 + 3. The canonical form does not give
the root, which is 2* = 0.

A root of w which is also a root of the system whose equations are the
coefficients of ww’* is an (567) erceptional root. Such a root may be
ordinary or singular for w. It is possible, however, to prove

(568) No ordinary root with dimension equal to the genus s exceptional.

This is done by remarking that if all coefficients of ww'* are 0, there
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is an algebraic reduction of w’ to y,2, with fewer than k terms. The
rank therefore increases by at most k, instead of £ 4 1, in the passage
from T1 to Tk+l .

Consider now the Pfaffian of class 5 and genus 2:

w = 51" + 32’ + 14’ + 15/,
—27'ww’® = 11'2'3'4'5’.
Systems T, , T, T; are displayed in a table.
T, 5/11 + 3/12 + 0/13 + 1/14 + 1/156

5/21 + 3/22 4+ 0/23 + 1/24 +1/25
—14/21 + 13/22 — 12/23 + 11/24 + 0/25

T,

5/31 + 3/32+ 0/33 + 1/34 + 1/35
T, —14/31 + 13/32 — 12/38 + 11/34 + 0/35
—214/31 + 23/32 — 22/33 + 21/34 + 0/35

From these are found the following:

(569) 1 = 0,2’ = 0,3 = 4 = 5 is an ordinary, exceptional root with
dimension 1 contained by

(570) 1 = 0, 2’ = 0, 3 = 4, which is a singular, exceptional root with
dimension equal to the genus 2 and which is in turn contained by
(571) 1 = 0,2’ = 0, which is a singular, exceptional root with dimension
3 greater than the genus 2. Since ordinary (569) with dimension one
less than the genus is contained in singular (571) with dimension 3
greater than the genus, the statement [46, 360, lines 10-13 up] seems
incorrect.

(572) Linear Pfaffian systems. The linear divisors of a Pfaffian of
degree p are the base for a Pfaffian system. It has been seen that for
p = 1 the system has a canonical base, which is helpful in finding roots.
There are known numerous classes of systems with p greater than one
and reducible to a canonical form, each equation of which is in the
canonical form for the base of a linear Pfaffian.
The first type is the passive linear system with canonical form

(573) 1, .-,

The conditions for a passive system can be stated in many ways. In
addition to (490), (492) there is, for example,
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(574) A Pfaffian is passive if and only if it divides its characteristic
Pfaffian.
(575) Derived system. Let W be a Pfaffian. If its base w* is changed
to y*' by

w' = by,

direct calculation gives
(576) Ww'' = (det )b, Yy'’.

Hence the characteristic Pfaffian is independent of the base. Rewrite
these equations as

W'= B Y'.
The forms in set W' which are not 0 have degree p + 2 and the whole
set, transforms like a vector. ILet p, of the w's be dependent on the
others. It is then possible to find b's which make ¥ = ... = Y™ = (.
The corresponding y', --- , y™ constitute the (577) derived system P’

of P. System P! has p' equations and is independent of the base to
which P is referred, that is, P = Q implics P* = Q.
(578) System P of lincar equations is passive if and only if P = P'.

There is a finite sequence

pP,r, P, ...

generated by (P’'"")' = I’ and ending when the next term would be
empty or would equal its predecessor. Because of (578), in the second
case the last derived system is passive.

The numbers of equations in the successive derived systems give the
(579) symbol pop,p; - -+ , where p = p, .

A non-passive system of class 3 contains only one equation and can
be reduced to

1" + 23"

There are two non-equivalent, non-pa:ssive systems of class 4 with
symbols and canonical forms as shown:

21 1’ 2’ + 34/
210 1’ 4+ 24, 1’ + 34/

In each case the derived system is the first equation.
A system in whose symbol successive numbers differ by unity has



112 SYSTEMS AND ROOTS

been called (580) special. Every special system can be given a canonical
form in which each equation has canonical form, sce, for example,
[46, 328].

Other cases are treated in [48], [80], [112], [131].

The general existence problem can not be handled nor the general
system solved in this way. A canonical form of the type here discussed
is not even sufficiently general to represent all systems of class 5 and

two equations.
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