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PREFACE

THE present work is an expansion of a course of lectures
which I have annually delivered for some years past at
Queen’s College, Oxford.

Its primary object is, as was the case in the lectuye room,
that of explaining with all the clearness at my command the
leading principles of invariant algebra, in the hope of making
it evident to the junior student that the subject is attractive
as well as important, and that its early difficulties are only
such as he can readily surmount. Lucidity in mathematical
works has often suffered from undue compression. My
constant aim has been to guard against such a possibility
here. In a book of moderate size dealing with a great subject
much must remain unsaid, if the fundamental considerations
are to be presented with the thoroughness and the perspicuity
necessary to enable the 'student adequately to realize them,
und give him the interest in them which will prepare him.to
pursue for himself the study to which they introduce him. °

But, while the interests of the beginner have thus been
given precedence, I am not without hope that the mathe-
matician who is not new to the higher algebra will, especially
in the chapters near the middle of the book, find in its pages
matter of value to him as an aid to his researches. In some
branches of the theory, which though of really elementary
character are of comparatively recent investigation, as for
instance in much of the algebra of differential operators, it is
believed that a welcome supplement to previous treatises is
offered,

The title ¢ Algebra of Quantics’ is perhaps one of my own
introduction. It probably needs no defence, and can hardly
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fail to convey the right meaning. The mathematical world
has now for half a century associated the algebra of invariants
and covariants with the name of Cayley, and with his
‘Memoirs on Quantics,’ so that it may perhaps be regarded
a8 appropriate that a new work, appearing in the year which
has seen the close of the labours of the renowned author of
those memoirs, and dealing with their subject, should bear
a name which recalls his memory.

To Salmon’s Higher Algebra and his other works it is
impossible to say how much I am indebted, both for direct
reference and for guidance to the use of other authorities.
Fad de Bruno’s Formes Binaires has also been constantly
before me. Of Clebsch’s Bindre Formen and Gordan’s In-
variantentheorie less use has been nade, as their symbolical
method, and their successful application of it to the great
problem of the investigation of complete irreducible systems,
have been reluctantly passed over with little more than an
allusion in the following pages. A scanty chapter or two
on this subject would have been utterly inadequate, and
inoonsistent with the general plan, as stated above, of an
introductory treatise which prefers to omit rather than to
obscure by condensation. A whole work which shall present
to the English reader in his own language a worthy exposition
of the method of the great German masters remains a
desideratum.

The reader will not, however, find that the present work
is a compilation from others which have preceded it, great
as has been the help which those others have afforded.
Constant recourse has been had to the original authorities,
particularly of course to Cayley's series of memoirs, and to
Sylvester’s writings in the Cambridge and Dublin Mathe-
matical Journal, the American Journal of Mathematics, and
elsewhere.

No bibliography of works and memoirs on the subject has
been introduced. All mathematicians who wish to go deeply
into the study of original authorities will bave in their hands
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Dr. F. Meyer’s ‘Bericht iiber den gegenwirtigen Stand der
Invariantentheorie’ in the ¢Jahresbericht der Deutschen
Mathematiker-Vereinigung’ for 1890-91, which is so full
and thorough & bibliography and analysis of what has been
done, especially in the later period of the history of the
invariant theory, that it is hard to see how more ean be
desired. With regard to the originators of particular results,
the difficulty continues, and has grown with the multitude of
investigators, which was felt by Dr. Salmon when he wrote,
‘I can scarcely pretend to assign to their proper authors the
merits of the several steps; and, as between Messrs. Cayley
and Sylvester, perhaps these gentlemen themselves, who were
in constant communication with each other at the time, would
now find it hard to say how much properly belongs to each.’
To the difficulty with regard to Cayley and Sylvester may in
particular be added that of discriminating between what in
Salmon’s work should be aseribed to them or others at all
and what to Salmon himself. Throughout the following
pages discoverers’ names are very frequently attached to
results ; but it is too much to hope, though all care has been
taken, that there are not cases in which the names given are
those of authors in whose writings the results in question
have certainly occurred, rather than those of the authors who
first gave them. .

I am indebted to several friends for suggestions and other
help. Among them there is one, Mr. J, Hammond, M.A., one
of the most distinguished of living researchers in the higher
Algebra, to whom my especial thanks are due for a manuscript
on the binary quintic which has been exceedingly helpful.

Some students, approaching the subject for the first time,
will be advised to omit Chapters VII to XI till part of what
follows them has been read.

E. B. ELLIOTT.

OXFORD,
September, 1895.
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In preparing this new edition my aim has been, as before,
to express principles clearly, with a directly didactic purpose,
and to exhibit salient conclusions which have been derived
from the principles by the use of those methods which are
often characterized as distinctively English. The old arrange-
ment, and the old numbering of articles, have been nearly
always retained. A good deal has been added; and the
additional has sometimes been stated with a brevity which
in the original matter was deliberately avoided in the effort
never to be obscure, Pains have been taken to insert the
additions in places where they assist the argument, or at any
rate do not impede its flow. When this has been found
impossible or seriously difficult, a practice much resorted to
in the first edition has been further adopted; and facts of
interest or utility have been stated, with guidance to ways
of obtaining them, in examples.

In two Chapters, V and XV, rearrangement has not been
avoided. In the former I had neglected an important con-
sideration; and in the latter stress has now been laid on
facts of which the importance has only begun to be appreciated
since the first edition appeared.

Altogether, fully one-eighth has been added to the book;
but the skill of the statf’ of the University Press has kept the
volume within its old bulk—without, as I trust, making it
difficult to read.

A need to which I called attention in the preface to the
first edition has been satisfied by Messrs. Grace and Young
in their Algebra of Invariants. I have therefore, with easy
conscience, said little more than before about the powerful
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symbolic method which, in its parallelism to the English
method of always keeping in view explicit forms, and bring-
ing to bear upon them knowledge about linear differential
operators and about enumerative arithmetic, has been called
distinctively German. In such additions as I have made to
my mention of that method I have as a rule adopted, not the
usual symbolism, but a modification of it which stands in
direct relationship to the calculus of differential operations.

My hope is that the work will still appeal, as I am glad to
think it has in the past, to the beginner in Higher Algebra;
will give him real interest in the subject, and provide him
with sound knowledge in one of its departments. In
endeavouring to improve this second edition, which is the
last I shall live to produce, and is probably definitive, I have
continued to think mainly for him, and to picture him as
one better prepared for being led on from the simple—it
may be the crude—to the elaborate, than for first receiving,
and then applying, comprehensive theory. But I further
trust that the book will retain, for some time to come,
a certain value as one to be referred to by men and women
who, while occupied with the continued advancement of
Pure Mathematies, will need to look back upon and utilize
the labours of those pioneers of modern Algebraic Theory,
who adorned the latter half of the nineteenth century, and
have now passed away.

E. B. ELLIOTT.

May, 1913.
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AN INTRODUCTION

TO

THE ALGEBRA OF QUANTICS

CHAPTER I

PRINCIPLES AND DIRECT METHODS,

1. Quantios or Forms. A function of any number of
variables @, 9, 2, ..., which is rational, intogral, and homo-
geneous in those variables, is called a quanlic in z, y, 2, ...
The coefficients in & quantic are constants as far as z, ¥, 2, ...
are concerncd. The idea of the variabilitf' of @,4, 2, .. is
rarely introduced. We call them variables only to havo
a distinctive name for them, ,

If there are only two variables 2, y, the quantic is spoken
of as a binary quantic; if three z, y, 7, as a ternury quantic;
if four, as & quaternury quantic; and so on, If there are ¢
variables, where g is any number, we may call it a g-ary
quantic.

The degree of a quantic in the variables @, ¥, 2, ... is
generally spoken of as its order. Quantics of the first, second,
third, fourth, ..., pth orders are called briefly linear, quadratics,
cubics, quartics, ... p-ics.

Thus for instance «a®+ 3bx®y+3cay®+dy® is a binary
cubic, and aa®+by? +c2® +2fyz + 292w+ 2hay is a ternary
quadratic.

By some English and most foreign writers the word Form
is used as synonymous with and instead of the word Quantic.
Both words being well established, they will be used almost
indiscriminately in this work.

Attention will often be concentrated on binary quantics
alone, The binary p-ic will almost invariably be considercd
in the form
aom’ +pa1w"1y+ z)—({)— 2—1) a~,w”"y3
e Y T e )

which it is usual shortly to symbolizo by
(g, g5 Gyy gy oo ) (2, Y).
It is of course clear that, if «,, a,, ¢y, dg, ... ¢, are capable
13 B



2 QUANTICS OR FORMS 1

of receiving any values whatever, this is ncither more nor
less general than the form

by@? + byyP-ty + by aP 2yt + byaP 3yt + L.+ b2yt 4+ D YP,
which il is the customn to denote by

(bor bl’ bﬂ’ b:l’ e bl’j (m’ y)"

The advantages gained by use of the first form, in which
p(p=1)
1.2
of a binomial are explicitly introduced as factors of the
cocflicients in order in the binary p-ie, will become apparent

in the soquel.

Analogous advantages are gained in gencral, when quantics
in higher numbers of variables arc being dealt with, by the
explicit introduction of multinomial cocfticionts. Thus in-
the general g-ary p-ic in the variables @, ®,, ... , it is
convenient to conmsider cach coefficient to be the product
of a factor denoted by a letter, to which any value whatever
may be assigned, and the cocflicient of the corresponding
termn in the expansion of (@, +x, +... +x,)"

When speaking of the coaﬁ’icients in a binary quantic
(ags ttg, Ay, .o ty) (=, ), We as & rule mean ay, a;, dy, ... ¢y,
p(p-1)
‘ 1.2
in higher numbers of variables.

the numerical coeflicients 1, p, s +.. i the pth power

and not a,, pa,, tty, ... ; and analogously for quantics

2. Linear transformation. If in a quantic wo replaco
cach of the variables by a sum of multiples of first powers
of an equally numerous set of new variables—if for instance,
the variables originally involved being «, ¥, 2, ..., we sub-
stitute for them according to the scheme

z2=l X+m Y+n Z+...,
y=UX+m' Y+ Z+...,
e=U'X4+m"'Y+n'Z+...,

whore there arc just as many of X, Y, Z, .., as of 2,9, 2,...—
wo are said to make a lincar substitution in the quantic, or
to linearly transform the quantic; and the new quantic in
X, Y, Z, ... which we obtain is spoken of as a lineur trans-
Jormation of the original quantic.

The determinant

i
A VAR A
U, n”, 0" ..

| I, m, m, l
|
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whose constituents are the coeflicients, in their natural order,
of the new variables X, Y, Z, ... in the expressions for the old
ones @, ¥, 2, ..., and which accordingly consists of as many
rows and columns as there are variables in either seot, is
called tho determinunt or modulus of the substitution or of
the transformation. It will often be convenient to denote it
by a singlo letter. The letter which will as a rule boe chosen
is

The original variables @, y, 2, ... are as a rule taken to be
all independent. It is unlawful then to substitute for thom
any expressions in terms of new variables whieh aro not
all independent. Now if X, Y, Z, ... arc all independent the
lincar expressions

LX+m YV4u Z+...,
VXt Yo Z+...,
VX4 Y+ Z+...,

are or arc not all independent according as the modulus A7
docs not or does vanish. We must impose then on the
gonerality of tho coefficients in a lawful scheme of linear
substitution the one limitation that the modulus M do not
vanish,

We are now in a position to define invariants and covariants.

3. Invariants and Covariants.

An invariant of « single quantic is such a function of the
coefficients in that quantie, that it needs at most to be mul-
tiplied by a factor which is a function only of the coeflicients
in any scheme of linear substitution, to be mnade equal to
the same function of the corresponding cocflicients in the
quantic into which the given quantic is transformed by that
scheme.

An invariant of two or more quantics in the same variables
is such a function of the two or more sets of coeflicients in
those quantics, that it needs at most to be multiplied by
a factor which is a function only of the coefficients in any
scheme of linear substitution, to be made equal to tho same
function of the corresponding coefficients in the quantics into
which the given quantics are transformed by that scheme.

A covariant of a singlo quantie, or of two or more quantics
in the samo variables, is a function of the variables and of
the coefficionts in that quantic or those quantics which has
the like property ; namely that of nceding at most to be
multiplied by a factor which is a function only of the
coeflicients in any scheme of linear substitution to be made
equal to the same function of the new variables and of the

B 2



4 DEFINITION OF INVARIANTS, ETIC. [3

corresponding cocfficients in the quantic or quantics into
which the given quantic or quantics are transformed by that
scheme.

For instance, let the binary p-ic

(a0, @y, ¢y, «. @) (2, )
be transformed by the linear substitution
z=1lX+mY, y=UX+m'Y,
and become
(Ag Ay, 45y  A) (X, TP,

where 4,, 4,, 4,, ... 4, are functions of @, ,, a,,... a,, and
l, m, ?, m': then f(a,, a,, a, ... ¢,) will be an invariant if an
identity holds of the form

Sf(dy Ay, Ay A) =@, m, U, m') fa,, ay, @, ... ay),
and F(a,, a;, ay, ... ,, @, y) will bo a covariant if an identity
holds of the form

F(d, 4,, 4,,..4,,X,7)
=¢ (@, m, ', m') F(a,, ay, ay, ... dp, %, y).

Again if the same substitution transforms another binary

quantic in «, ¥
(a)s a)s agy ... &) (2, H)¥

(’Ao’s,-Al” As,’ see A’p') (X’ Y )V ¢
[y, ay,s ... ay, a), ), ...d'y) will be an invariant of the p-ic
andothé p’-ic’joigtly if an fJentity holds of tho form
f(Ao’ Al’ A,, Ao’: A1’» A’,,:)
iF =¢ @ mU,m)f(a, d¢,... a,i),e ay, a, ... dp),
and ¥ (a v gy @y s . 'y, @, y) will be & covariant if
an identity bolds of the form
F(Ay Ay Ap, A), A A, X, Y)
=¢(l,m U, ) F(ay, ay,y...a,,a),af,...0p, @, ).
It will be noticed that covariants include invariants as
a particular case,

into

4. In cvery caso the factor depending omly on the co-
efficients in the scheme of substitution in the icfentity which
expresses the fact of invariancy or ecovariancy is as a matter
of fact a power of the modulus M., In particular for any
invariant or covariant of a binary quantic or bmar,y quantics
the ¢ (/, m, 7', m’) above is a power of Im'—Im. It is
a departurc from usual practice not to state this as a require-
ment in defining invariants and covariants. It will pﬁ%ably
be granted that the departure is a proper ono, for the necessit

is & proposition which can and will be proved hereafter, and,
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were there any functions such as contemplated in the defini-
tions for which the factor was other than a power of the
modulus, their property would be none the less appropriately
described as invariantic. The fact that there are not really
such functions is one of sufficient intercst in itself and of
sufficient importance in its applications to deserve proof and
prominence.

No limitation requiring functions defined as invariants and
covariants to be rational and integral has been imposed in
the definitions. There are in fact irrational and fractional
fanctions which have the property of invariancy and co-
variancy, as well as others which arc rational and integral.
The main quest in this work will be however for invariants
which are rational and integral, and for covariants which are
rational and integral both in the coefficients and in tho
variables, and the words ‘{nvariunt and covariunt will as
a rule be used as meaning rational integral invuriant and
rationul integral covariant.

There is a greater complotencss in a system of rational
integral invariants and covariants than is at first sight appa-
rent, in that all invariants and covariants can be expressed in
terms of such as are rational and integral. The present is not
the stage at which to attempt to prove this fact, but the case
of covariants of a single binary p-ic may be mentioned as
an instance. It will bo seen in Chapter Ifi that there cannot
be more than » independent covariants, including the p-ic
itself and invariants. In tcrms of p which arc indepondont
an(f other can be expressed. Also in Chapter X a system of p
independent covariants will be found which are all rational
and integral. It will follow that all other covariants, including
snfzcllnl as aro irrational or fractional, can bo expressed in terms
of them.

5. A little careful consideration will show that we ought
not to be surprised at the existenco of invariants and co-
variants. Consider for instance a binary quantic. It is
equivalent to a product of linear factors, to grant which is
only to grant the fundamental theorem of algebra that every
rational integral equation has & root, and therefore p roots
if its order is p. relation in the coefficients of the quantic
will be equivalent to the expression of some special fact with
regard to those linear factors. In particular there will be
some relations which express kinds of interdependence among
two or more factors which are not altered by the application
of a linear transformation of the variables. Such a relation
will necessitate the corresponding relation among the co-
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efficients in the transformed quantic. In other words the
function of the cocflicients of the given quantic whose
vanishing gives the relation in question must be a factor of
the same function of the corresponding coefficionts of the
transformed quantie.

- Thus in particular the vanishing of the discriminant of
& binary quantic is the condition, sufficient and necessary,
that the quantic may have two identical linear factors. Now,
if it has, so clearly must the result of replacing in it # and y
by IX +mY and U'X +m’Y. Consequently, if the diseriminant
of the given quantic vanishes, so too must that of the lincarly
transformed quantic. In other words the first discriminant
must be a factor of the second. That the remaining factor
must be a function of I, m, I, m’ only is to be expected
because, the diseriminant being homogeneous, and each co-
officient in the transformed quantic being lincar in the
coefficients of the untransformed, tho degrees of the two
discriminants in the coefficients of the untransformed quantic
are the same. It will presently be proved that the dis-
eriminants of all quantics, and not of binary quantics only,
are invariants.

Again, by thinking of the eliminant or resultant of two
binary quantics we can realize that invariants of two or more
quanties jointly are with equal reason to be expected. Tho
vanishing of the climinant of two binary quanties is the
necessary and sufficient condition for those quantics to have
a common factor. If they have, so equally must their linear
transformations. In other words, if the eliminant of two
binary quanties vanishes, so must that of the two transformed
quantics. The former eliminant is then a factor of the latter,

6. To convince ourselves of the a priori reasonableness of
expecting covariants to exist, we shall do well to avail our-
selves of geometrical representation.

Let us take axes of ga.rtesian coordinates inclined at any
angle, which it is best to regard as unknown, since otherwise
we may be in danger of introducing or implying its value in
functions with which we deal, and so bringing in ideas not
afforded by the quantics and transformation that are before
us. The factors of a binary quantic or quantics correspond
each to a straight line through the origin, the straight line
in each case whose equation is obtained by equating to zero
the factor under consideration.

Let us now consider what is effected by the linear substitu-
tion z = 1X +mY, y = /X +m’Y, regarding the substitution
not as implying a change of axes but as expressing the co-
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ordinates of onc point (, y) in terms of those of another
(X, Y) with regard to the same axes. The first point («, y)
being definite, so is the second (X, ¥). Moreover to ditfercnt
points (x, %) on a straight line through the origin correspond
difforent points (X, Y') on another line through the origin, for
¥/X is uniquely determined in terms of /2. In fact we havo

y_UV+m' . V/X Y  lLyfa-V

x l+m.Y/X’ so thas X w—m.y
Now the student of geometry will recognize from this that
the two lines on which (z, y) and (X, ¥) lie have a definite
homographic or projective correspondence for given values of
l, m, g, m/. The otfect thon of the linear transformation is to
replace points on lines through the origin by corresponding
points on projectively corresponding lines through the origin.

The pencil of lines representative of any given binary
quantic or quantics is accordingly replaced by any linear
transformation by a projectively corresponding pencil of lines.
Is there any other pencil of lines associated with the first
pencil, whose projective correspondents are associated with
the sccond pencil cxactly as they themselves are with tho
first ¥ If so, then the equation of their correspondents may
be formed either by applying the linear transformation to
their equation or by forming an equation from the trans-
formed quantic or quantics in precisely the same way as their
cquation was formed from the given quantic or quantics.
In other words, the derived quantic which cquated to zero
gives their equation, and that derived in like manner from
the transformed quantic or quantics, are identical, but for
sossible factor independent of the coordinates. Such

crived quantic will be a covariant if only the factor
involve mercly the constants ¢, m, I’, m’ of the transformation
and not also the coefficients in the quantic or quantics. But
the factor must be of no dimensions in the coefficients of the
quantic or quantics, for each coefficient in the transformed
quantic or quantics is homogcneous and of one dimension in
them, Thus it is to be expected that what is required will be
the case.

Now as a rule there are of course lines associated with
a given pencil in such a way that if they and the pencil are
replaced by others by projective transformation the character
of tho association is preserved. In particular harmonic pro-
perties are unaltered by projective transformation.

Thus, for instanco, it suggests itself that a binary quadratic
and & linear form have jointly a linear covariant, namely the
harmonic conjugate of the linear with regard to the quadratic

a8
a
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—soe Lx. 6 below : or again that two binary quadratics have
jointly a quadratic covariant, their common pair of harmonic
conjugates—sce Ex. 7 below: or onco more that a binary
cubic has a cubic covariant, composed of the threc harmonie
conjugates of the three factors singly each with regard to the
other two factors—a fact which will be cstablished later.

7. We have now suggested to us a number of classes of
functions which are likely to be invariants and covariants, and
which may be examined by the direct method of substitution.

Ex. 1. To verify that ac—>b? is an invariant of the binary quadratic
ax®+ 2bxy + cy?, of which it is the discriminant.
If by tho substitution z=7.LY+m?Y, y=0VX4m’Y,
ax®+2bzy +cy® becomes AX*+2BXY+CY3,
we have d = alP 4 200 + cl’2,
B = alm+b (I’ +I'm) 4 cl'u’,
C = am? + 2bmny’ + em™,
Hence at once
AC— B2 = (Pm3—2Wmm” +m*?) (ac - b?)
= M*(ac—b%).

Ex. 2, Verify that the eliminant ab’—a’b is an invariant of the
two binary linear forms ax+by, a’v40'y.
Ans. AB' —A’B = M(ab'—a’d).

Ex. 3. Verify that the eliminant ab”®—2ba’b’ +ca”® is an invariant
of the quadratic and linear forms aa®+2bxy +0y®, a’z+0'y.
Ans. AB®—2BA’B 4 CA” = M*(al/*—2ba’l/ + ca™).

Ex. 4. Verify that ac’+ a’c—2bb’ is an invariant of the two binary
quadratics az®+ 2bxy + cy?, o’z + 28wy + ¢’y
Ans. AC'+A’C—2BB = M*(ac’+a’c—2b0’). The vanishing
of this invariant is the condition that the two quadratics denote pairs
of harmonic conjugates, or that if the first quadratic be written
a (x— ay) (x— By), the second must be of the form
a”(z—ay)' + ¥’ (x—By)*.

Ex. 5. Verify that ae—4bd+3¢* is an invariant of the binary
quartic az*+ 45’y + 6 cx’y® + 4 dwy® + ey,
Ans. AE—4BD+3C*= M*(as—4bd+3c%).

Ex. 6. Verify that b’ (axz+by)—a’ (bx+cy) is & covariant of the
binary quadratic and linear forms az®+ 2bxy + ¢y’ a’z4-b'y.
Ans. B'(AX+BY)—A4’(BX+CY)
= M {V'(az+by)—a’(bx +cy)}.
This covariant is the harmonic conjugate of the linear with regard to
the quadratic form,
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Ex. 7. Verify that (ab’—a0)jx’+ («c” -~ dcyey +(be’ =V'e)y® is n
covariant of the two quadratics az®+ 2bxy + c?, &' + 20y + 'y
dns, (B —A' D)4 (AC" =L’ CYXY +(BC—-BC)Y?
=M (al’ —a’bya* + (ac’ — a’c)wy + (be’ — Ve)y*}.
This covariant is the common pair of harmonic conjugates with regard
to the two quadratics.

Ex. 8. Verify that (ac—0%a®+ (ad—be)zy + (bd—c*)y* is a co-
variant of the binary cubic ax®+- 38y 4 3exy®+ i’
Ans. (AC—B)X24(AD—BO)X Y +(BD—(?))?
= M3{(ac—0%)2* + (@l —be,ay + (bd —*)y* ).

8. Several of the above cxamples aro particular cascs of
general facts, the proof of which will next oceupy us.

Thus Example 1 is a particular case of the gencral theorem
that the diseriminant, or climinant of tho various first partial
differential coeflicients, of any quantic whatever, is an invariant
of that quantic.

Again, Examples 2 and 3 are cases of the general fact that
tho eliminant or resultant of any number of quantics in as
many variables is an invariant of those quantics jointly.

Examples 6 and 7 aro cases of the theorem that the
Jacobian or Functional Detcrminant (§ 10) of any number of
quantics in as many variables is a covariant.

Once more, Example 8 is a case of the fact that the Hessian
of a quantic, i.0. the Jacobian of its first partial differential
coeflicients, is a covariant of the quantic.

9. Eliminant of linear forms. We may at once prove
a first extension of Example 2, that the climinant of any
number of linear forms in that same number of variables is
an invariant of those lincar forms.
Let there be n variables x,, z,, 2., ... w,, and let the % linear
forms be
U@y + i@+ .o+ Uy Ty,
U Ty + Ugg@o + ... + Uy, 20,

A @y F U gig + oou + Uy Ty 3
and lot the scheme of linear substitution

@ =1, X+ X+ .+, X,

@y =l X1+l X, + .+, X,

=1y X, 1y Xyt oo + 1o Xos
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transform them into

A, X +4,X,+...+4,X,,

A, X, +4,X,+...+4,,X,,

A X +A,X,+...+4,X,.
Then we sce at once that, each of » and s being any number
between 1 and # inclusive,

A, =@l 4 0gly, + gl + o+l s
so that, by the ordinary theorem for the multiplication of
determinants,
Ay, dygy oo 4y, 1y gy «o i 1 bgy oo b

Ag, Ay, ... Ay,

. . . . . . . . . . .

A, Ay, ... A, UUnys (hgy von Upy

SN~

U1y oay vee Ogn | o0 | Cars ligsoeilyn

A

wts bugs oo lon

(017 (lygy ven gy

= M| T Mo25 oo- Ugn |

"ul’ ”l2! e "ﬂl

10. Jacobians are covariants. If u,w, 1y, ...are any number
of quantics in that same number of variables z, ¥, 2, ..., tho
Jacobian or Funetional Determinant of w, v, 0, ... is the deter-
minant

. du b'u,_
Y by’ 2w
v dw dw

_bm k] ‘5‘?‘/' ? XZ y e
dw e  dw
'aw ’ 5'77’ 5—; PR

which it is usual more shortly to write
d (u, v, 20, ...)
d(z, vy, 2, ...)

That it is a covariant of w, v, 1t, ... may be scen as follows.
If in any function % of z, 7, 2, ... wo substitute for these
variables according to the linear scheme
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= (N +mY + aZ +...,
y=UX+w'Y +'Z+...,
s=Ul'X4+n'Y+0Z+...,
. . . . . . . . .
in this way expressing it as a function of X, ¥, Z, ..., we have
at once
du _du dz + du dy . ¥z +
20X bm WX Ty 'a'X 3z X

""’ Il
_.l b'y +1 az o,
all the diﬁ'orentml cooﬂ'lclents being partial.
Similarly
o Qu , U ,,bu
D) AT .t a'y +m dz +
M u,
'a—z = + » —:;/ + w” 37
&e., &e.

Thus, by the rule for multiplication of dotorminants of the
samo order,

L, myom .| | du
ST N0 N

v, m/, oy ... | de dy 9z

v e e ba: oy’ dz

dw 2w dw
2’ dy’ T

lag_l_l,B_u, ,,Bu_l_ ¥ iu_'_ bu_l_

T T Mty T e T
=l w0 v v , U

la.i'”a‘g} Vst my. t aqj*'"” 3+

dw _B'w dw
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And this, transposing the right and left-hand sides, is
d (u, v, w, ...) _ 13 (w, 9,20, ...)

(X, Y,Z,...) T d(my, z,...)’
whero on tho right %, v, w,...are cxpressed in terms of 2,y 2,...
i.e. in their original forms, and on the left in terms of
X,Y,Z,...,i.e. in their transformed forms, Thus the Jacobian
of w, v, w,... i8 a covariant.

Covariants, as stated already, include invariants as a par-
ticular case. When the Jacobian does not involve the variables
it is an invariant. This is the case when u, v, w,... are all of
the first order in @, ¥, 2,.... Thus the present result includes
that of tho preceding article.

Ex. 9. Obtain from this result examples 2, 6 and 7 of § 7.

Ex. 10. Obtain a linear covariant of the ternary quadratic and
two linear forms
ax® + by* + e’ + 2fys + 2y + 2hxy,
2+ y+c 3
o’z + b”y + c/rz;
and interpret it geometrically, by taking for .X' and ¥ the two lincar
forms, or otherwise.
dns. ('’ =b"¢) (ax + hy+y2) + (¢'a” —c"a’) (hx + by + fz)
+(a’V” —a”V') (g2 +fy + cz).
The polar of the intersection of two straight lines with regard to a conic.

Ex. 11. Two ternary quadratics and a linear form have a quadratic
covariant.
Ex. 12. Oltain and interpret geometrically a linear covariant of the
quaternary quadratic and three linear forms
az® + byt + c2® + dw’ + 2fys + 2 gza + 2 hacy + 2paw + 2 qyw + 212w,
dz+ Vy+ dz+ dw,
o’z + b”g/ + 2+ dllw’
e+ 0"y + "z +d"w.

11. Hessians are covariants. To prove that the Hessian
Yo Fu
2w?’ dxdy’ dwdz'

i"c_q Ru M
22dy’ g’ ¥y’
Ry Ry a2y

353’ s’ o

of a quantic w in the variables @, 9, 2, ... is a covariant of w.
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A natural but erroneous form of argument must first
be guarded against. The Hessian of w is the Jacobian of
du/%, du/dy, du/dz, .... Hence by the lust article it is a
covariant of the system of quantics du/dz, du/dy, du/dz, ... .
It would be unjustifiable hence to conclude that it is a
covariant of u, for when w is transformed by a linear sub-
stitution duw/dx, du/dy, du/%, ... arec not transformed into
du/X, du/dY, du/dZ, ... .

A correct method of proving the theorem is tho following.
Multiply the Hessian written above by the modulus

L, m, n, ...
v, n/y, o, ... |, or M,

4 n "
,m’,n", ...

of the transforming lincar substitution. Using the facts,
employed in § 10, that, when the opcrations arc on any
function of &, ¥, 2, ... upon the right, and on its oquivalent in
terms of X, Y, Z,... upon the left,

>, L3,
Sk = law"' l a—?—/+t 5z F oo
L a+m’-b—+ ”b+
b—'l;---’lnbm by m a_.‘?:' ey
&e., &e.
we sce at once that the product may be written
2 w3 2w 2 du
X dx Y da ¥
2w D D
X "% ¥ ¥y 3z ¥y ’
> w2 du 2
3X 3% Y %’ ¥ %

or, since the order of differentiations in such an operator as

d d k3

2 B
X 5= ot syt st )
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may be interchanged, that it may be written

2
dw
d

9

Az

B_'y.

Qu d
« —_—— -
0o.X  du
hETA

M d
Y
u d
Y Yy
du d

3 Y’

%

du .
22"
ouw
2z’
QU
YA

Now multiply again by A/, taking this time columns with
columns in forming the product. The samo cquivalences of
operators as before tell us that the result is

Fu 3w Ay,
3XE T XY Xz’
d'u iu dy,
XY T’ ez’
du 2y %

. EY AR SV AR Y

Thus upon multiplying the Hessian of the untransformed
quantic by M?, the square of the modulus, we have obtained
tho Hessian of the transformed. The Hossian is thon a co-
variant.

When the quantic « is binary only the Hessian is

iy Ry ( 3w )2
247 3yt T Nz dy/®

Ex. 13. Apply this result to prove Ex. 8 of § 7.

Ex. 14. If the covariant (ac—b0%)a" +(ad— be)xy + (bd — ¢*) y* of the
binary cubic ax’+3bx’y+3cxy®’+dy® is broken up into factors
(p=+qy) (p’z+q’y), and if these factors are taken for .Y and Y, so
that the formulac of linear transformation are

¢X-qY _ —pX+pY
7 -7q’ ' —rq "’

show that the cubic takes the form 4 X34 DY?,
Ex. 15. Hence solve the cubic ax®+ 3ba* + 3cx +d = 0. (Cf. § 200.)

Ex. 16. Find a covariant of degrce 2 in the coefficients and order 4
in the variables of the binary quartic (g, b, ¢, d, ¢) (=, y)*.
Ans.  (ax’+ 20wy + cy®) (o + 2davy + ey®) — (ba* + 2 azy + dy*),
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Ex. 17. Find o covariant of degree 2 and order 6 of the biuary
quintic (@, b, ¢, d, ¢, f) (w, y)*.

Ex. 18. Tho Hessian of a binary quartic which has a cubed factor
ig the fourth power of that factor, multiplied by a function of the
coefficients.  (Cayley.)

Auns,  Tuke the cubed factor for X3,

12. Discriminants of Quadratics. The Hessian of a
quantic, proved above to be in general a covariant, is in parti-
cular an invariant when it is freo from the variables. Thisis the
case when the quantic is a quadratic in any number of variables.

Wo have accordingly the proof of a first generalization of
§ 7, Ex. 1, namely that the diseriminant of any quadratic is an
invariant of that quadratic. For the Hessians of the binary,
ternary, and quaternary quadratics

u’ + 2y + ey,
ax® + by + et + 2fyz + 2gsu + 2hay,
W+ by + e + dw + 2fyz + 29z + 2Ly
+ 22w+ 2qyw + 2 1z,

are, after rojection of the numerical factors 23, 23, 24,

«, b ua, by g u, by gy, p
b, ¢ Iy o, 1, | O, f, ¢

9 J,c 9 f T
Mg d
and, quite gencrally, that of the g-ary quadratic

n—=gq m=qg-1 n=yq

2
2 Wypily + 2 2 2 Upn L Ly y
n=1 m=1 n=m+l

is, after rejection of the numerical factor 27,
Uipy Qqas Uggy eoe dyg
Upzs Qyzy Qyyyeee by
ala, aza’ (lw’ X (lsq
Uygs Cggy Uygy eee (g,

Now these are the climinants of the first partial differcntial
coeflicionts, each divided by 2, of the various quadratics;
i.e. they are the diseriminants of the quadratics.
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13. Eliminants are invariants. Let the ¢ quantics
4, v, w,.. in ¢ variables z, y, 2,.. become U, V, W,...
when @, g, 2, ... are replaced according to the lincar scheme

=0l X+m Y+n Z+...,
Yy=UX+m'Y+n' Z+...,

c=U'X+0"Y+n"Z+...,

Let 12 (¢, b, /,...) denote the eliminant or resultant of w, v, w,...,
and R (4, B, A’,..)) that of U, ¥V, W,..., « and 4, b and
B, ¢’ and 4’,... being corresponding coefficients in untrans-
formed and transformed quantics. It is to bo proved that
R («a, b, «’,...) is an invariant of w, v, w, ... .

Wo will first show that if & (4, B, 4’,...) = 0, then cither
R(a,b,¢,...) =0 or M =0, and convorsollf' that, if either
R (¢, b, ¢,...) =0 or M =0, then R (4, B, 4’,...) = 0.

If R (4, B, 4’,...) = 0, there must be some set of valucs of
X,Y,Z,..., not all zero, which make U=0,V=0,W = 0,...
simultancously. The cquations of transformnation just written
give us a corresponding set of values of «, 3, 2,..., which make
=0, v=0, w=0,., simultaneously. If these values of
@, ¥, 2,... are not all zero, it must follow that R (u, b, ¢/,...) = 0.
On the other hand if all are zoro, we must havo

L,m,n,. |=0
’ ’ ’
Uv,m', o,..

ile. M =0,

Again, if R (¢, b, ¢,...) = 0, there arc values of , 9, z,...,
not all zero, which make w =0, v =0, w=0,... simul-
taneously, and, unless M = 0, the equations of transformation
determine from these a set of values of X, Y, Z,..., not
all zero, which make U=0, V=10, W=0,...; so that
R (A, B, 4A,...)=0.

Lastly, if M = 0, whether R (¢, b, «/,...) bo zcro or not,
give to @, ¥, 2,... in the equations of transformation the valucs
0, 0, 0,..., which of course make =0, v =0, w=0,....
Because M = 0 the equations are satisfied by values of X, ¥,
Z,..., not all zcro; and thesc mako U=0, V=0, W=0,...,
so that R (4, B, 4’,...) = 0.

Thus the condition I (4, B, A’,...)= 0 expresses oxactly
the same special state of things as do the alternative con-
ditions M=0, R («, b, ¢,...)=0.

Hence, assuming, as wo shall prove in the next article, that
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the algebraic function A is not resoluble into simpler algebraic
factors, but not assuming the unproved fact that R (a, b, @’,...)
is not so resoluble,
R (A, B, 4',...) = power of M x F (a, b, «,...),

where F (a, b, d/,...), if not R (a, b, /,...) or a power of it,
is at any rate a product of powers of all the factors of
R (a4, b, ,...), supposing for safety that it may have simpler
factors,

This result is proved for all lincar substitutions. It holds
then for every particular lincar substitution. Now take
{,m', n”,... all units and the other coefficients in the scheme
all zeros, so that the scheme becomes simply z =X,y =1V,
c=212,..,and M =1, while A, B, A’,...arc merely «, b,
«,... : then our general rosult gives

R(a, b y...)= F (b, ,...),
so that F (a, b, «/,...) is really the eliminant of u, v, w,...
itself.

Conscquently the general result is

R (4, B, A',...)=power of Mx R (¢, b, &,...),
which proves that the eliminant R («, b, «/,...) is an invariant.

We now give the proof that M is irresoluble.

14. The modulus irresoluble into factors. ILet us use
a double suffix notation, and suppose, if possiblo, that

M=\1,, by by, ...

ZZI’ 12!’ ls:): b

l:ll) 132) l:;:;,-..

can be written as a produet of two rational factors 6.

The determinant is of the first degree in every constituent.
Thus /;, cannot occur in both factors 6, ¢. Suppose that it
oceurs in 6. :

In the expansion of the detcrminant no term occurs in
which /,, is multiplied by any constituent belonging to its
row or its column., Thus ¢ can involve no constituent be-
longing to the first row or the first column. Let /., be
a constituent which does occur in ¢. By similar reasoning
no constituent belonging to the rth row or sth column can
oceur in 6. .

Thus two constituents, ,, and 7,,, cannot occur either in
0 or in ¢. But the expansion of the determinant involves
every constituent. Our supposition that M can be written as
a product of factors 0 ¢ is therefore untenable.

1451 o
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15. All discriminants are invariants. Of this proposition,
already proved for quadratics, a general demonstration will
now be given.

If u be a quantic in ¢ variables , ¥, 2,... we have to prove
that its discriminant, 1.e. the eliminant of its g first partial
derivatives du/dz, du/dy, du/dz, ..., is an'invariant of u.

The scheme of linear substitution being the usual one, we
have, as in § 10,

du du du

qu
_ %% y CW "
X = aw+lby+laz+""
du _ du , U U
W Mo Ty T s T
du _ du u
bz—’ns-a-l-‘nay""n "ag"'-u,

Now, in accordance with the definition, the discriminant
A (4, B,...) of the transformed form of w will vanish if and
only if du/dX, du/dY, du/dZ, ... aro made simultaneously to
vanish by some set of values, not all zero, of X, Y,Z,.... But
the above equivalences tell us that this will be the case if and
only if either (1) du/dz, du/dy, /3, ... can bo made simul-
taneously to vanish by values of z, 9, , ... not all zero, i.e. if
the discriminant A (,b,...) of the untransformed « vanishes,
or (2) if the determinant of the coefficients on the right, i.c. M
the modulus of the substitution, vanishes.

It follows therefore, since M is irresoluble, that

A (A, B,...) = power of M x A'(a, b,...),

where A" (a, b,...), if not A (a, b,...) itsclf or & power of it, is
at any rate the product of powers of the factors into which
we might allow the tgossibility of A («, b,...) breaking up.

_ Apply however the gencral result to the case of the par-
ticular substitution z = X, y =Y, 2z = Z,..,, for which M =1
and 4 = ¢, B=b, &c. It becomes

A (4, b,...) = A& (¢, b,...).
Thus our general conclusion is that
A (4, B,...) = power of M x A (a, b,...).
Consequently the discriminant A (g, b,...) is an invariant.

16. Determinant expreasions for powers of Im’—1'm. For
purposes of direct proofs that large classes of functions in
determinant form are invariants and covariants of linary
quantics, a simple theorem, due to Fad de Brumo, as to a



16] FAA DE BRUNO'S THEOREM 19

certain class of determinants, is of great utility. The first
three cases of the theorem arc

l, m |=Im'=U'm,

U, m

#,  Im, m? = (Im/—{m)?,

20, lm/ + U'm, 2mm/

U3, Uw/, m’?

B, Bm, Im?, m3 = (Im'—Um)°;

i, 2Wm 120/, 2lmnV +Um?, 3mEPm’
W Uem+2U'm/, Im'? + 2Umm/, 3mm/?
Us, U'*m/, Un/'2, m’3
and the gencral theorem is that the determinant whose first
row consists of the constituents
I, U-tm, Ir2m8, ... lm"1, m",
and whose other rows aro obtained in succession by operating
on the constituents of this first row with

p2 02 1 (l’b )
™ T2Vt in
is a power, namely the % (r+ 1)th power, of lm"—m.

It will be readily seen that we might equally write down
first the last row

Ur, Us='m’, Ur2m/%, ... U'm/™, m/'",

and obtain the other rows in succession upwards by operations
on it with

31-
57

b

2 1,,9 ,
) , ...?‘—,(l bz'l"’m'

P p:] 1 l d 2 1 .} d 4\
bsptmss T3 (Csptmsm) o mCsp+mans) -

For the constituents in the (3+ 1)th column, read downwards,
are the coefficients of the various powers of ¢ in the oxpan-

Sion Of (l + [ll)r—l (7"1 + tm')'

by Taylor’s theorem; and the same, read upwards, arc the
coefficients of powers of 7 in the expansion of

(Tl+U) - (rm + W)

We speak below of the two modes of forming the deter-
minant as the first and second ways of writing it down.

The first case of the theorem is immediate. The second is
at once proved b'y adding to the first row —m/m’ times the
second and m3/m’* times the third : and the third case is easily

o3
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proved in a similar manner. The general thcorem is an easy
oxereise on the theory of Lagrange’s solution of linear partial
differential cquations, as we proceed to show.

By the ordinary rule for differentiation of products we
know that the result of differentiating a determinant of the
rth order can be written as a sum of 7 determinants, cach
obtained by differentiating the constituents of one row, leaving
the constituents of all the other rows unaltered. Now operate
on the given determinant, thinking of it as written down in
its first way, with 7/ 57 +m’ 57?7;, . The rcsult is & sum of »
determinants all of which vanish. For the result of operating
on any row except the last is to produco a numerical multiplo
of the following row, and the result of operating on the last
row is to produco a row of zeros, If then D denotes the
dcterminant, we have

, 3D D

l b_l +m b?z = 0.

Henee by Lagrange’s theory D involves ! and m only in the
connexion Im’—I'm

Again, think of D as written down in its sccond way, and

operate on it with laii +m 'bqbn,’ . Wo obtain in like manner

12D w22 o
Wy =%

so that D) involves Z/ and m’ only in the connexion Im’— 'm.

Thus D is a function of Im’—l"m only; and, being homo-
geneous, must consist of a single power of Im’—U'm, with
a possible numerical factor. But this numerical factor is unity,
as we see for instance by taking I=m'=1, ' =m = 0, for
which Im/ — I'm is unity and D consists of a principal diagonal
of units with all other constituents zoro.

That the power of Im’—'m is the 37 (r+ 1)th follows from
the fact that D is of dimensions 7 (r+1) in I, m, ¥, m/.

h17’. As a typical application of this theorom let us prove
that

Ay, tuy ity
A’ daddy’ dad gt
oty dty Aty
233y’ iy’ dxdy’
Aty At AHu
dtdyt’ dwwayd’ Yt
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is & covariant of a binary quantic u, or in particular an in-
variant if u is a quartic.
We will multiply twice, taking columns with columns, by
the determinant expression above for (Im'— l'm)3, i.0. M3,
The first multiplication produces, since

[4

d L3N ¥ o33, 3 2y >
(la—x"l'l @) = Z’X”’ (lb_w +l &J)(’DLE +'ln'a'y) = S‘Y—ayf

d L3 22

(m 5, 53—/) =3y’
? K ot Ru PF Ay
0XZ " dgt’ XY T dar’ R g
by Adu b Ay o A
SXE " ady’ XY " wdy’ 3VF " dmdy |’
2 % o iy ?

and the second multiplication of this, with the order of differ-
entintion in cach constituent changed, produces

duy Aty Mu
XY’ XY’ dXFayE
gy Htu Hu
XY’ aX2aY: Xy
Mu dtu du
3X2Y:’ dXdY3’ dY+*

Thus the fact stated is proved.

Ex. 19. Prove that | a, b, o |

bec, d!,
A A !
ic. aced2bcd—ad*—be—c?,
is an invariant of the binary quartic («, b, ¢, d, €) (, y)*
Ans. Factor 3/ This importunt invariant, usually denoted by
J, is called the Catalecticant of the quartic.
Ex. 20. Obtain a covariant of the third order and degree of the
binary quintic (a, b, ¢, d, ¢, f) (=, y)"
Ans.  Its so-called canonizant
ax +by, be+ey, ce+tdy
be+ey, cx+dy, dau+ey [
cx+dy, detey, ex+fy |
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Ex. 21. If u,, denote -:“;—a;, , prove that
Ugyy Upy Uysy s
Uyyy Uggy  Usss Uy
Uygy  Ugyy Uy Uy
Ugyy Uy  Ugp Uy
is a covariant of a binary quantic u of order greater than 6.
Ans. Factor M™,
Ex. 22. Prove that the catalecticant
a, b ¢ d
b ec d e
c,d, e, f
def,yg
is an invariant of the binary sextic (a, b, ¢, d, e. f, g) (2, ¥)"
Ex. 23. Every binary quantic of cven order 2n has an invariant, its
catalecticant, of degree n4-1.
Ans. TFactor M**+7),

Ex. 24. Prove that | Pu Y Yu
a2’ dxdy’ Y

|i E’v' v v
a2’ dxdy’ Y
Rw 2w Bw

3B’ dwdy’ ¥
is a covariant of three binary quantics u, v, w.
Ans. Factor A3,
Ex. 25. Obtain and geometrically interpret the invariant
a b ¢ |
o, ¥,
a’/’ b'l, G”
of three binary quadratics
(a, b, o) (=, y), (&, V, &) (=, v)’, (¢, 1", ") (=, y)"
Ans. Criterion of an involution.
Ex. 26. Prove that | 3, P du
¥ dxdy' P
dv v Qv
07’ xdy’ Y
yqa —xy, x
is a covariant of two binary quantics u, v.
Ans. Factor M?/M: = M,
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Ex. 27. Deduce Ex. 7 of § 7.
Ex. 28, Prove that

Pu Bu By
Sz 3y dadp
iu Pu Pu
Saivy el g

v, —xY, m’

is & covariant of a binary quantic u.
Ans, Factor A/% Multiply first by the determinant expression
for A% and then by A in the form

l, m, 0
Vw0,
0,0 1
Ex. 29. Prove that
Yoy gy Usgs g
Ug» Uypy Uy, Uy, l
Usgs Uggy  Uiy» o5
¥, —my, oy, —2 ‘

is a covariant of a binary quantic u.
Ans. Factor M®. Multiply first by the determinant expression
for A% and then by that for A1%.
Ex. 30. Prove that | 4 b, ¢ d

b, e, d, e
¢, d, e f
¥, —yt, oy, —
is a covariant of the binary quintic (a, b, ¢, d, ¢, f) (2, y)".
Ex. 31. Prove that this covariant of the quintic is, but for sign, the
sume as the canonizant (Ex. 20).
Ans. Show that the form of Ex. 30 multiplied by
1, 0, 0, 0
©, 500
0,90
0,0 = ¥
is tho form of Ex. 20 multiplied by —3°

18. Intermediate invariants and covariants. From a given
invariant or covariant of a quantic can always be derived
a series of invariants or covariants, as the case may be, of two
or more quantics of the same order in the same variables. The
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method may be illustrated by the deduction of the result of
Ex. 4 (§ 7) from that of Ex. 1.

By the substitution z=1X+mY, y=0UX+m'Y let
az?+ 2bxy+cy® and a’z®+2Vxy+c’y® be transformed into
AX?+2BXY +0Y?® and A’X*+2B' XY +C'Y* respoctively.
Then, whatever constant & be,

(e +ka’)a?+2(b+AV)ay + (¢ +k)y?
is transformed into (A +kA’) X2+ 2 (B+kB) XY +(C+kC') Y2,
Consequently, by Ex. 1,
(4 +k4’) (C+kC)—(B+EB')
= M*{(«+ka') (c +ke')— (b + kD)) 5

i.o.
AC—B'+k(AC'+ A'C—2BB) +k*(A’C'—B'?)
= M2{ac—02+k (e’ +a’'c—200") +k*(a'¢’—1"%) ).

This is true for all values of . The multipliers of different
powers of k on the two sides must then be separately equal
each to cach. Accordingly

AC— B2 = M?(uc—1?),
AU+ A'C—2BB = M?(ac’ +u'c—200"),
AC—B2=M2(dd—b"2).

Of these three equalities the first and third arc merely
expressive of the fact of invariancy from which we started.
The second howover gives us the additional fact that

ac’ +a’'c—2bb
is an invariant of the quadratics
ax? + 2bxy + cy?, a'wd + 2’y + ¢'y?
jointly. It is said to be the invariant vntermediute between
ac—0b* and o'’ -0

This result is one of great historic interest. With Boole's
discovery of it in 1841 the era of systematic investigation
in the algebra of invariants began. In his original memoir
goambridge Math. Journal, Vol. III) he showed how to find

rom any discriminant the intermediate invariants between
the discriminants of two quantics of the same kind and order.

For another well-known examplo of the method referenco
may be mado to tho investigation (Salmon’s Conic Sections,
6th. cd. § 370) of the intermediate invariants ©, ® betwecn
the discriminanis A, A’ of two conics (ternary quadratics).

19. The method is clearly one of perfectly general applica-
tion when wo are given any invariant or covariant whatever
of any quantic whatever. Let P bo any invariant or any
covariant of a g-ary p-ic in which the coeflicients are @, b, c, ...
and the variablesz, 9, 2,.... Consider also another g-ary p-ic,
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in the same variables, whosc coefficients in the same order are
a, b, ... Put fora,bd,ec,.., in P, a+ka’, b +kV', c+id,...,
and expand in powers of k. The multiplier of cvery power
of k in the result is an invariant or covariant, as the case may
be, of the two g-ary p-ics, and the same function of the constants
in the scheme of linear substitution is present as factor in the
relation expressive of its invariancy or covariancy as in the
relation which expresses the invariancy or covariancy of P.
The multiplier of the highest power of & which occurs is 1%,
the result of replacing a,,%, ¢,... by @/, ¥, ¢,...in P, and the
multipliers of other powers of % arc invariants, or covariants,
inlermnediate between P and P,
The general form of the invariants or covariants thus
derived from P’ is
1,,9 , 9 , 9 ro,
77‘!((&576+b5b+°a:5+”.)1’ .
for this is, by Taylor’s theorem, the coofficicnt of 7. Or, again,
it may be written

1 d 2 2 i—7
iom sty tespt )P

where ¢ is the degree in the coefficients a, b, ¢,... of I. The
values 1, 2, 3,...2—1 of r give the intermcdiates botwoen P
and P, The values 0 and < give I’ and 1” respectively.
Greater values of # than ¢ are unproductive, for the differential

TSR I R ) A,
operation a yat b 55t repeated more than ¢ times

annihilates 2.

In like manner invariants and covariants of systoms of
more than two quantics of the same order in the same
variables are derived from invariants and covariants I’ of
& single quantic of that type. We have only to put in
P, for e, a+ka, +kyy+..., for b, b+kDb, +ksb,+..., and
similarly for ¢, d,..., to expand according to powers and
products of powers of &, &,, ..., and to take the multipliers of
these powors and products scparately. We thus obtain that,
for any positive integral or zero values of r,, 7y, 7,... whose
sum does not exceed z,

(a,b% +b, sbl_)-l- ...)"l (a,% +d, ;b+ "')rz(a"'bad +b"§b + ...)rd P

is an invariant or covariant of the system of g-ary p-ics
whose cocflicicnts in the same order are a, b, ¢,... ; ¢, b, 045,005
g, by, g,..05 ty, by, 05,...5 ..., according as P is an invariant
or covariant of the first g-ary p-ic. The corresponding
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invariants or covariants P, P,, ... of the second, third, &c.
g-ary p-ics, as well as their intermediates, and the corre-
sponding invariants or covariants of triads, &e. of g-ary p-ics
chosen from among the entire system, are all included.

20, The method admits of a limited application to quantics
of different orders in the same variables ; namely to the case
when tho order of ono quantic is a multiple of the order of
every other quantic of tho system. For instance, if two

uantics w, v in the same variables aro of orders p’p, p respce-
tively, and if ¢, b, ¢,... are the cocfficients in » and «, B, v,...
the corresponding coefficients in v*, then the functions

d d d r /
(ag-+B5p+75. + o) By (<7 <pp),

whero P is any invariant or covariant of u, are invariants or
covariants of w and +?’, and thoreforo of u and v.

Ex. 32. From the invariant ae— 48d + 3¢* of the quartic

(a, b, ¢, d, €) (x, ¥)*
obtain an invariant of that quartic and the quadratic («’, ¥/, ¢) (2, y)*
of the first degree in the coefficients of the quartic and of the sccond
in those of the quadratic.

Ans. a”?e—4d’bd+2(a'c +2V"*,c—4b' b+ c""a. Factor M*.

Ex. 33. If P is an invariant or covariant of (¢,, @y, @y, ... a,) (z, )",
prove that the functions
" d b 4"
< P o1y, p g2 9. » >
(fp dc, + € "bal + & da, R ba,) z,
for values of r between 1 and ¢—1 inclusive, where ¢ i3 the degreo of
P in a,, a,, a,, ... tp, are invariants of the p-ic and the lincar form
x4y jointly.
The importance of evectants, as the functions obtained in this
manner from invariants are culled, will be seen hereafter.

Ex. 34. From any invariant or covariant of several quantics of the
same order in the same variables the operation
a’—a— +b’i- +c'i- +
da b de 7

repeated till a vanishing result is obtained, produces a series of
invariants or covariants, as the case many be. Here a, b, ¢,... and
a’, V', ¢, ... are corrcsponding coefficients in any two of the quantics.

Ex. 35. The effect of replacing a’, ¥, ¢/, ... by @, b, ¢ ... inan invariant
or covariaut of two quantics w, v of the same order in the same
variables, where a, b, ¢, ... and o, ¥, ¢/, ... are corresponding coefficients
in w and v, is to give an invariant or covariant of » alone, or else
a vanishing result.



CHAPTER 1II

ESSENTIAL QUALITIES OF INVARIANTS,

21. In the present chapter we shall, at the oxpense of
some repetition hereaftor, confine our attention to invariants,
reserving till the next the analogous consideration of
covariants.

Except where otherwise stated, rational integral invariants
are alone dealt with, the words ¢ rational integral’ being as
a rule omitted.

And first we consider invariants of a single quantic only.

Let us denote constantly by u the quantic under considera-
tion, by p its order in the variables, by ¢ the number of those
variables, by small letters a, b, ¢,..., z, 7,... tho coefficicnts and
variables in its original form, and by capitals 4, B,C.,...,X, Y,...
the corresgonding cocfficients and variables in the transformed
form to which it 1s reduced by a linear substitution. Also let
us, except where otherwise stated, consider the scheme of
linear substitution to be perfectly general as in § 2, and denote
by I, m, ... V’,m/, ... the assemblage of tho coefficicnts of X, ¥, ...
in the expressions for @, y,.... These coeflicients we will
speak of as the constants of the substitution, or of the
transformation.

Taking the identical equality

F(A,B,..)=¢l,m,..U, 0, ..) F(eb,..),
which exprosses that F(«, ),...) is an invariant of u, our
immediate aim will be to prove

(1) that F(a, b, ...) is necessarily homogeneous, and

(2) that ¢ (I, m,...7, m’,...) is necessarily a power of the
modulus M of the transformation, dofined in § 2.

A lfinowledge of the first fact must procede a proof of tho
second.

22. An invariant necessarily homogeneous in the co-
efficients. We shall speak of the dimensions of a homogencous
function of the coeflicients in these coefficients as its degree .

1 I should have preferred to use the older term order for this characteristic.
But the practice of speaking of a function (in particular of a covariant),
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If possible let the invariant F'(u, b, ...) consist of a sum

of parts
H,(a,b,...) + Hy(a,b,...) + Hy(a,b,...) + ...
of differcnt degrees %,, 7, %3 ... . :

Sinee F(a, b, ...) is an invariant for all possible schemos of
linear substitution, it is so of course for a particular scheme.
Let us express the fact of invariancy for the scheme of
substitution

e=AX,y=AY,z2=1AZ,...,
which, it is to be observed, has only tho effect of multiplying
the p-ic w by A? and replacing @, ¥, 2,... by X, ¥, Z,.... The
coofficients A4, B, 0, ... in the transformed p-ic have then in
this case the values Af«, A*D, AP¢,.... Any homogeneous
funetion of degree ¢ in them is accordingly A” times the same
funetion of a, b, ¢, ... .

Thus, if ¥ (A) is the form taken by ¢ (J, m, ... 7, ¢/, ...) for
the particular substitution we are using, the identical equality
cxpressive of the invariancy gives us
Ae H(a,b,...)+ A2 I, (a,D,...) + A7 H, (a, ), ...)+ ...

=¥ Q) {H,(a,b...)+ Hy (4, b,...) + Hy (@, ], ...) + ... }.

This is an identity, true for all values of a,b,.... Conse-
quently the terms of each degree in a, b, ... on the left are the
same as the corresponding terms in each case on the right.
Hence we must have simultaneously

N2 =4 (A), A=+ @), &e,&e,
which are inconsistent if 4, 4,, %,, ... are different. The sup-
position was therefore unsound, and tho invariant ¥ («, b, ...)

is of tho same degree ¢ throughout.
The proof holds for irrational invariants.

23. The factor a power of the modulus. The formulae of
the general linear substitution
z=1X +mY +nZ + ...,
y=UX +0'Y +9'Z + ..., l (1)
s=U'X+w"'Y+uZ+ ..., J
may wo know, by solution for X, Y, Z,..., bo reversed and
written

whose dimensions arve i in the coofficients and o in the variables, as of
degree € und order % has of late become almost universal. While regretting
this, I feel bound to adopt it consistently throughout.
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(M M IM
= 1Y 2 2 )
X=w {50 Syt M,,z+...}
(OM oM IM
,— —1 < - ’ . -z aee
1 —1‘[ _b’))ba.+ bm’y+bm” + }’ }_ ...(2)
(M IM IM
—_— -1) ___ . ——— N
Z=M1{ a¢;.'y+aoz""+'"}
/

. . . . . . . . . . [}

where M denotes the modulus
l, m, n, ..

’ ’ ’
U, m, », ...

" ” ”
U, m", n", ...

and (cf. § 2) must not vanish.

Looking upon the formulac of substitution for #, ¥, 2, ... in
torms of X, Y, Z, ... as those of the standard substitution, we
may speak of the formulao for X, ¥,Z, ... in terms of ,%, 2 ...
as those of the reversed substitution. The reversal of the
reversed substitution reproduces the standard substitution.
The modulus of the reversed substitution is M-, the reciprocal
of tho modulus of the standard substitution, as immediately
follows from the known fact (cf. Burnside and Panton’s
Theory c:{' Equations, 4th cd. § 146) that the determinant
reciprocal to a given determinant of ¢ rows and ¢ columns
is its (¢— 1)th power.

Our present object is to prove the factor ¢ (¢, m, ... V', m, ...)
in the equality (§ 21) cxpressive of the fact of invariancy
of F(a, b, ...) to be a power of M. We have scon in the last
article that ¥ (a, b, f is homogeneous in g, b, ..., and there-
fore F (4, B, ...) homogeneous in 4, B, .... Now A, B, ...
are homogencous and of degree p in [, m, ... /', w/, ... For
our quantic « is transformed from the form

az® + pba™ly + ...

to the form AX? +pBXP1Y + ...

by the schemo &1) in which 2, y, ... are homogencous and
linear in I, m, ... I/, M/, ... ,80 that 2?, 27"y, ... are homogeneous
and of degroe p in I, m, ...V, m/,.... Thus F (4, B, ...), being
homogeneous, and of degree % say, in its arguments 4, B, ...,
which are all homogeneous and of degree pinl, m, ... Uv,w,...,
is itself homogeneous, and of degree ip, in [, m, ... v,m, ...
Sceing then that it is equal to

om, ..U, w,..)F(@b,..),
where the second factor F'(a, b, ...) is free from I, m, ... U, m/, ...,
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wo conclude that ¢ (, m, ... I/, w/, ...) is homogeneous and of
degree ip in its arguments.

e now use the fact that the cffect of the reversed sub-
stitution (2) is to bring the ¢g-ary p-ic w back fromn its second
form AX”+... to its first az”+.... The invariant cquality

F, B,..)=¢(,m, ...U,m,...) F(¢4,D,...), . (3)
applying as it does to all linear transformations of all ¢-ary
p-ies, must hold when we interchango «, ), ... and A4, B, ...,
and replace I, m, ... I/,m/, ... by the corresponding coefficients
in the scheme (2). Thus
F(a,d,...)

M M

=¢(M 1=, M

LYY
PYAN

i — -1_" '
a? o om’ M bm’"")l' (4, 8,...)

o (OM M M M
=M ”4’(32' s SF 3 S ) F(4,B,..),  ..(4)
in virtue of the homogenoity of degree ip possessed by the
function ¢. Accordingly, by combination of (3) and (4), weo
arrive at tho identity
’ IM M M M

$Cm, . U0y B (S70 5 50 5o )= MP.(5)

Thus M® breaks up into two rational integral factors, of
which ¢ (,m, ...V,m/,...)is one. But (§ 14) M has no factors
but unity and itself. Consequently ¢ (I, m,...7, w/,...) is
a power of M, or a numerical multiple of such a power.

Suppose then that

ol m,...U,m,..)=kM".
By (5) it follows that
IM M M M 1,
¢(37° 57 5m’ a0 o) = F A

But dM/31, bM/bl’,... dM/3m, IM/dm/, ... are all of g—1
dimensions in ¢, m,...V, w/,..., so that the dimensions in
l,m,...U',n/, ... of tho second ¢ are ¢— 1 times those of the first.
Hence p—r=(g-1)r, ie 7=1ip/.

Accordingly the equality expressive of the fact that #(«, b,...)
is an invariant is of the form

F(A, B,...)=kM?*/A F (4, b,...),

where % is a numerical constant. That this constant is neces-
sarily unity we see at once by application to the caso of tho
substitution e=X,y=Y,2=17,...,

for which 4, B, ... are the same as @, b,,,,, and M =1,
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We have proved, then, complotely that if #(¢, b,...) is an
invariant of a g-ary p-ie it is necessarily homogeneous, and
that, if its degree is ¢, the identity cxprossive of tho fact of
its invariancy is

F(4,B,..)= M*4F(a,b,...).

The Froof holds for iirational invariants, if we raise the two

sides of (5), before reasoning from that equivalence, to such

& power p as to make uip, tho index of the power of M, an
integer.

24. A consequence of the above is that, ¢ boing tho degree
in the cocfficients of any rational integral invariant, tp/y
must nccessarily be integral. For the left-hand member
F (4, B,...), when expressed in terms of «, b, ... and
l,m,...U', m', ..., is rational and integral in I, m, ...V, m’, ...
as well as in «, ,.... So too must the right-hand momber
be. Thus Mir/tis rational inZ, m, ... 0, m’,.... But M is not
o power of any rational funetion, seeing that it has no factors
but unity and itself. Hence ip/g is an integer.

The particular form which this conclusion takes when ¢ = 2,
i.e. for the case of binary quantics, should be at once noticed.
It is that 4 and p cannot both be odd. Honce the theorem :

No binury quantic of odd order can Lave any invariant of
odd degree.

In the next few articlos an interpretation will bo given to
the integer ip/g, first in the case g=2 of binary quantics,
and afterwards gencrally.

It will be seen, in fact, that thero is another characteristic
which is constant throughout an invariant, and oqual to this
integer ; namely, its weight,

25. Woeight. In the binary p-ic

(“'os Uyy gy one “y) (w' y)p

we havo, as is usually done, given to every cocfliciont a suffix
cqual to tho defect below the order p of the index of the
power of  which it multiplies,

This suffix is, it will be remembered, in each case cqual to
the dimensions, in the roots of tho cquation in x/y obtaincd
by equating the p-ic to zero, of the symmetric function of tho
roots which is equal to tho ratio of the coefficient in question
to tho first coeflicient «,. Or, if we choose, as we may,
to regard «, as merely denoting a number «, of abstract
units, and so as being of no dimensions in the roots, we
may say that the suffix attached to every coefficient cxactly
measures the dimensions in the roots of that toeflicient. The
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suffix or degreo in the roots of a coefficient is designated its
weight.

The weight of any product of coefticients is the sum of the
weights of its various factors, i.c. the sum of their suffixes,
and measures the dimensions in tho roots of the product in
question. A repeated factor in a product must be reckoned
as many times as it is repeated in estimating tho product’s
weight. Thus, for instance, the product «.fa,7¢;...is of weight
pr+os+rt+....

An invariant of degree ¢ of a binary p-ic has been proved
to bo homogeneous, i. 6. to consist of a sum of positive and
negative numerical multiples of products of 7 factors chosen
from among @,, @;, @q,...q,, repeated factors being allowed.
The theorem now to be cstablished is that all theso products
have the same weight }p.

A funection which is thus of ono weight throughout is said
to be isobaric.

26. An invariant of a binary quantic is isobaric. Apply

(Ags gy Agy onn () (1, Y)Y
the particular linear substitution 2 = X, y = AV, of which tho
modulus is 1,0 | =A
ox]
This transforms the quantic into
(g5 @A, agA%, ... a,AP) (X, T)P

Consoquently, if F(a,, ¢,y ¢y,...a,) is an invariant of degroe <,
the identity expressive of the fact, viz.

F(4, Ay, 4, ... 4) = MY? F(ay, ay, agy ... t1y),
tells us that

F(ag, a), A% ... @A) = N4P F (g, @y, g, ... (1)

The right-hand member here is entircly of degreo 3¢p in A.
So thereforc must the left be. Now the termn on the left
corresponding to a term

ararsar... in F(a, a4, ay...0,)
is (AP (2,277 (¢ A ...,
i. 0. arpalc(,‘r vee Apr+al+rl+ oee,
Consequently for every such term
pr+os+rt+... = %ip.

Thus F(ay, ¢, ¢g,...a,) is isobarie throughout, the constant

weight of its terms such as aa, ¢ ... being }ip.

to
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This applics evon when tho invariant is irrational, for an
irrational invariant may be expressed as asum, not necessarily
finite, of terms to which the reasoning may be applied.

Ex. 1. If p = 22 or 2n+1 there is no term in any invariant of the
binary p-ic which has not at least one of a,, a,, @,, ... 6, for & factor.

Ex. 2. Every invariant vanishes for a binary p-ic which has
a linenr factor raised to the rth power if 2¢>p. (Cayley.)

Ans. Take the lincar factor for ¥. Tt will hereafier (§ 165) be
proved, conversely, that if every invariant of & binary p-ic vanishes,
the p-ic has a linear factor raised to the power ¥(p+1)orzp+1,
according as p is odd or even.

27. Weight generalized. A likemethod and thoe analogous
conclusion apply in general to a quantic in g variables. Of
these variables call one, singled out as the last, , and the
others , ¥, 2, ... .

In our g-ary p-ic let the suffix given to each coefficient be
the index of the power of w which it multiplies. Thus, for
instance,

the cocfficionts of %, y?, 2%, a*~1y, y*'z,... have the suffix 0,

" 2?- 1w, Y o, 2" 1o, ¥ %20,... » 1,

) o ?/’_202) w”"”?/ﬂ”, y”z""w’w- ”» 2,
. .

" 2w’ Yo', zoP ... w P-1

and the coefficient of o* has the suffix p.

Our definition of weight is that every cocfficient is of weight
measured by its suffix, and that cvery produet of coefficients
is of weight measured by the sum of the suffixes of its various
factors.

Our ideas of the import of weight according to this
dofinition are made more definite by supposing that the
result of equating our g-ary p-ic to zero is a relation in ¢—1
quantities of the same kind, a/w, y/w, z/w, .... To be in-
telligible, and not imply more relations than one, it must be of
the same dimensions throughout in that kind of quantity.
For this to be the casc the cocflicients which multiply products
of p factors z, ¥, 2, ... without », those which multiply products
of » and p—1 factors =, ¥, 2, ..., those which multiply * and
i— 2 factors &, ¥, % ... , and 8o on, must be of dimensions in that

ind of quantity which form an ascending arithmetioc pro-
gression of common difference unity. If then, as implies no
real loss of generality, we choose to regard the first class of

1481 D
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coefficients as of no dimensions in the kind of quantity, the
dimensions of the other classes will be 1, 2, 3, ... p respectively.
In other words, the dimensions of the various coefficients are
measured by the suffixes assigned according to the convention
from which we started. The idea of such dimensions is then
identical with that of weight.

28. All invariants isobaric. We can now prove the con-
stancy and equality to ip/g of the weight, defined as above,
for all torms of an invariant of a g-ary p-ic.

Transform tho quantic by the substitution

c=X,y=Y,2=12,... 0 = AQ,
which leaves cvery variable unaltered cxcept w. Its modulus
is A

The coefficicnts in the transformed quantic are at once scen
to be the same as those in the untransformed, except that those
with suflixes 0, 1, 2, 3, ...p arc multiplied by 1, A, A% A3, ... A?
respectively. Thus, if F(ay, by, ..., a5, by, ... a5, by, .05 @) 8
an invariant of degree 7, we have

F(dgs bgy ooes @A, DA, ey agh? DoAY, ..y @A)
= NPAF (ag; Doy vovs @3, bys oy Oy, by, o, @),
Here the left-hand member must be, like the right, a multiple
of a single power, the 4p/qth, of A. The index of every power
of A which oceurs as multiplying a product in the expanded
left, and consequently the weight of every product of co-
cfficients in ¥, must therefore be constant and equal to p/q.
This applics cven when the invariant is irrational.

Ex. 3. Every term in any invariant of a g-ary p-ic must contain
at least one factor with a suffix less than  if gr>p.

Ex. 4. No quadratic in more than iwo variables can have any
invariant which does not vanish when the quadratic breaks up into
two linear factors.

Ex. 5. Every term in any invariant of a ¢-ary p-ic must contain
at least one factor with a suffix greater than r if gr< p.

29. Absolute invariants. For integral invariants the
degree ¢, and consequently the weight ¢p/g, are cssentially
positive and different from zero. Thus the power of M in the
equality expressive of invariancy

' F(A,B,...)= M®?1F(a,b,...)

is essentially a positive power. We cannot then discover any
integral function of the coefficients of a quantic which is what
is called an abeolute invariant, that is to say a function of the
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coeflicients which is absolutely equal to the same function of

the coefficients in the transformed quantic. For an absolute

invariant tho power of M above would have to be M°, or the

weight ip/q, and consequently the degree ¢, would have to
© Zero.

If, however, a quantic has two or more distinct integral
invariants, i.e. two invariants which are not powers of the
same invariant, it will have ono or more absolute fractional
invariants. For, if F, (a, b, ...) and F,(a, b, ...) are two inva-
riants of the same degree ¢ of a g-ary p-ic, we have

F. (4, B,...)= M#AF (a,),...),
and F,(A,B,..)= M*1F;(a,),...);
so that F,(4,B,..) _F(«4)..)

F,(4,B,..) " F;(«b,..)’
which shows that the ratio of F, to F, is an absolute invariant.
Again, if F,(a,b,...) and F,(a, b, 3 are of different degrecs
1, ig, lot k the L.C. M. of ¢, and 4,. Then F*/4 and
1}'2&/4. are two distinet invariants of the samo degrec %, and
their ratio F,¥/4/Fg/% is an absolute invariant.

For instance, we have seen (§ 7, Ex. 5) that

I=ae—4bd+3c
is an invariant of the binary quartic (¢, b, ¢, d, ¢) (2, y)*. Its
dogree is 2 and its weight 4, which is rightly equal to 2.4/2.
We have also seen (§ 17, Ex. 19) that the same quartic has
another invariant

J = ace + 2bcd — ad?—bPe—c®

of degreo 3 and weight 6. I® and J? are then both of
degrec 6 and wei,ght 12, and are distinet from onc another.
If then I’ and J’ are the same functions of the coeflicients
in the quartic obtained from the given quartic by a lincar
substitution for & and y as I and J arc of the cocfficients
in the given quartie,

I’ 3 _M12 IS 1'3

Ja = Mg = g
so that I’J-2 is an absolute invariant of the binary quartic.

30. Limit to the number of independent invariants. A
binary p-ic has p—3 independent absolute invariants, if p
exceeds 3, and none if p does not exceed 3. The first part of
this statement is one which eannot well be proved at the
present stage; but it may be seen as follows that p—3 is
a superior limit which the number of independent absolute
invariants cannot exceed.

D2
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Let (4,, 4,, 4,,... 4,) (X, Y)? bo the transformed quantic
obtained from (a,, @, ¢y, ... @) (2, ¥)* by the linear substi-
tution

e=1X+mY, y=UX+m'Y.

Its coefficients 4, 4,, 4,, ... A, are at once expressed as p + 1
functions of a,, a;, a,, ... «, and the four letters Z, m, I, m’.
If p does not oxceed 3 it is impossible to eliminate I, m, I', m’
and obtain a relation connecting A4,, 4,,... 4, with a,, a,,...q,
alone. If, however, p exceeds 8 it is possible, by elimination
of I, m, I’, m’, to obtain p— 3 independent relations which must
subsist between 4,, 4,, 4,, ... 4, and a,, a,, a,, ... ¢, but
no more. If, as is in i‘a.ct the case, these p»—3 relations can
be thrown into such & form as to express p—38 equalitics of
funections of «,, a,, a,, ... @, to the same functions respectively
of 4,, A;, 4,, ... A,, those p—3 functions are absolute inva-
riants ; but there cannot be more than that number which are
independent.

It now follows that if  does not exceed 3 thero cannot be
two independent invariants which are not absolute, and that if
p exceeds 3 there cannot be more than p—2 which are inde-
pendent. For, as seen in the preceding article, any two
independent invariants determine an absolute invariant, so
that two, or more than p—2, independent invariants would
determine one, or more than p—3, independent absoluto
invariants.

We must not, however, form the erroneous coneclusion that,
when p— 2 independent rational integral invariants have becn
discovered, cvery other rational integral invariant can bo
expressed us a rational integral function of these p—2. The
system of p — 2 invariants is algebraically complete, but another
may be a function of them, as it must be, without being
a rational integral function of them. For binary quantics of
the first four orders there are, as a matter of fact, algebraically
complete systems, 0, 1, 1, 2 in number, in terms of which all
other invariants can be rationally and integrally expressed,
but for the fifth, sixth, &c., orders there is no corresponding
simplicity. For instance, the binary quintic has 3 (=p—2)
independent invariants of degrees 4, 8, 12, and these aro tho
invariants of lowest degrees which it posscsses. They form
an algebraically complete system. But there is another inva-
riant of the quintic of degree 18, This must be a function of
the three first, but it is perfeotly clear that it cannot be
a rational integral function of them, for the degree 18, which is
not divisible by 4, cannot be expressed as a sumn of multiples
of degrees chosen from 4, 8, 12, which are all divisible by 4.
1t is found to be the square root of a rational integral function
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of tho three. Bocause it cannot be expressed rationally and
integrally in terms of irreducible invariants of lower degrees
it is said to be itself érreducible.

That the number of irreducible invariants of a binary p-ic
is finite for all values of p is a proposition of some difficult;
which was first cstablished by Gordan. The number, thoug
finito, is not known to follow any simple law for all valucs
of p. Proofs of the finiteness due to Hilbort will be given
in a later chapter.

31. Invariants of two or more quantics. So far in this
chapter wo havo been dealing with invariants of a single
quantic only. With rogard to invariants of a system con-
sisting of two or more quantics in the same variables the
methods of §§ 22 to 28 establish with equal ease the following
theorems.

(1) In any invariant of 7 quantics of orders py, ppy, «v. 1y in
the same ¢ variables, the sum

3 (ip) = Upy+igPat e 0P,
is constant for all tcrms, 7, 4, ... %, being the degrees of any
term in tho coefficients of the various quantics respeetively.

This is established as in § 22.

(2) The factor, depending on the constants of the trans-
formation only, by which the invariant has to be multiplied
to make it equal to the same function of the coefficients in
the transformed quantics, is M, where M is the modulus, and

w= q 1 3(ip).

This is established as in § 23.

(3) The whole weight, i.e. the sum of the r weights in the
sets of coefficionts of the 7 quantics, is the same for every
term of the invariant, and equal to w the index of the power
of M in (2).

This is established as in §§ 26, 28.

It also follows that, for a rational integral invariant, the
sum X (¢p) is necessarily divisible by g; for the weight, a sum
of integers, must be intogral

32, It will bo observed that there is nothing in these
conclusions to prevent our contemplating tho existence of
invariants of two or more quantics, which, though isobaric
(i.e. of constant weight throughout), are not homogencous,
either in the sets of coefficients of the various quantics
separately, or on the whole. Nothing in the above indicates

that %,, %, ... %, are constant throughout the invariant, or even
that =¢ is constant.
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To contemplate such non-homogeneous invariants is, how-
ever, unnecessary, for the different parts of such an invariant,
which are homogeneous on the whole and also separately in
the coefficients of every quantic of the system, are separately
invariants.

The proof of this may with ecase be stated gemerally. It
will perhaps be made all the clearer by considering an
oxample only.

Suppose the fact to have been noticed that

{ab?—=3ba’b' 2+ 3ca’?V —db'3}4
+ {(ac—0%) b"*— (ad — bc) &'V’ + (bd —c*) a'*}3
iy an invariant of the binary cubic and linear forms
aw® + 3ba?y + 3 cwy® +dy?,
&+ 0y,
in that, denoting as usual cocfficicnts in the transformed
quantics by capitals,
{AB*~ . }*+ {(AC-B) B’3-...}3
= M[{ab"®~ ..}t + {(@ac-D) V2 —...}%].  ...Q0)
The invariant consists of a part of degree 4 in the coofficionts
of the cubic and 12 in those of thoe linear form, and a part
of degrec 6 in the coefficients of cach form,

Now 4, B, C, D are of the first degree in «, b, ¢, d, and
A’, B’ of the first degreo in o/, ¥, involving besides, in cach
case, the constants J, m, [/, m’ of the transformation only.
The left-hand member of (1) contains then, like the right, terms
of partial degrees 4, 12, in @, , ¢, d and in a’, /, and terms of
partial degrees 6, 6. Consequently, the equality being an
identity holding whatover «, 0, ¢, (Z o/, I’ are, the terms of
partial dogrees 4, 12 on the left and right must be cqual, and
also those of partial degrees 6, 6. In other words,

{ab’®—3ba’b"® + 3ca’*H’ —da’3)*
and {(ac—b%)b"%— (ad — be)a’V’ + (bd — c?) a2} 3
are invariants separatoly.

A simple quantic has, we know (§ 22), homogeneous in-
variants only.

83. Wo loso then no completonoss by considering only
those invariants of two or more quanties which are homo-
geneous in the different sets of coefficients separatoly as
fundamental. Non-homogencous invariants are lincar fune-
tions of such homogeneous invariants as have the same whole
weight. Thus with regard to a completo system of invariants
of two or more quantics we have the conclusions:—
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(1) That they are homogeneous in the coefficients of overy
uantic of the system separately, so that also, if <, 7,, ... 4, are
the degrees of any invariant in these sets of coofficients, the
wholo degree is constant, viz.
t=t+i+... 4+
(2) that they are isobaric on the whole, any one heing of
weight w=q~' (G, +iPg+ e +4,.,).

(N.B.—Thero is no reason to expect thom to be isobaric in the
coefficients of the quantics separately.)

(3) That the factor which has to multiply an invariant to
produce tho same function of the coefficients in the linearly
transformed quantios is M.



CHAPTER III

ESSENTIAL QUALITIES OF COVARIANTS.

34. IN accordance with the remark in § 4, the considera-
tion of covariants which are rational and integral both in tho
coefficients and variables is fundamental. By the word ‘co-
variant’ we, as a rule, mean ‘rational intogral covariant.’
The conclusions which follow apply for the most part also to
covariants which are irrational or fractional, but this will be
stated whero it is important to obsorve that it is the casc.

It is well in the first place to scc that we may confine
attention to covariants which are homogeneous in the vari-
ables—to covariant quantics, in fact.

35. A covariant which is not homogeneous in the vari-
ables is a sum of other covariants which are homogeneous in
them.

For in the relation
f(-A-, B, ...X%.)= ¢(ls m, ... U, )f(a'9 b,..., a, Ysen)s
which expresses that f(«, 0, ..., z, %, ...) iIs & covariant, the
terms of order w in , y, ... on the right can produce, upon
putting e =IX+mY +..,y=UX+m' Y +..., ..., terms of
order w onlyin X, Y,...; and no other terms on tho right
can produce terms of order w in X, Y,.... Conscquently, the
relation being an identity, these terms must be identical with
the terms of order w in X, ¥, ... on the left. In other words,
if the covariant f is not homogeneous in z, y, ..., its various
parts of different orders in z, ¥, ... are separately covariants.

This applies also to irrational and fractional covariants,
which by expansion can be expressed as sums of parts, not
necessarily finite in number, arranged according to their
orders in the variables.

The proof deals equally with covariants of one and co-
variants of several quantics. In the next few articles for
greater cloarness covariants of a single quantic are alone first
considered.

36. Homogeneity in the coefficients. By tho order of
a covariant, now regarded as homogeneous in the variables,
is meant its order or degreoc in those variables. By degree is
meant, as in the preceding chapter, degree in the cocfficients.!

1 See the footnote to § 22.
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If possiblo let the covariant f (a, by .., @ 9, ...), Of the same
order w throughout, be a sum of parts of diffocrent degrees
%ys Ty gy ... Apply the identity expressive of the covariancy
to the case of the particular linear substitution z = A X,
y=AY,.... As in § 22, the coefficients 4, B,... in the
transformed quantic are in this caso A?«, A”D, ..., while the
variables X, I(J , «»» in the transformed quantic are A @, A-1y,....
Thus if H, is the agaregate of those terms in f (@, b, ..., %, ¥, ...)
which are of degrec ¢,, and of order w, the corresponding
terms in f(4, B,..., X, ¥,...) are A* = H,. Hence, by
oxactly the same argument a8 in § 22, if y (A) is what

(, m,... U, m/,...) becomes for the particular values of
.M, ..., m’,... which we are considering, y (A) must bo
cqual scparately to AWP—®, Aa#-% As#-®, ., The assump-
tion that <, ¢,, 4, ... are different is then untenable.

Thus, while we lose no real generality by roquiring a co-
variant to bo of constant order throughout, we are compelled
also to require a covariant of a single quantic whose order is
the same throughout to be of the same degree throughout.

Were wo to prefer to deal with a covariant having parts of
differont orders w,, w,, @, ... a8 & singlo covariant, rather
than as a sum of covariants of orders =, w,, w,, ..., our
conclusion come to as above would bo that the degrees
4y, Ug, Tgs ... Of those parts respectively arc connected with
their orders by the equalities

UP—T =[P Ty = R PT= ee

Those conclusions apply to irrational and fractional co-
variants.

37. The factor a power of the modulus.

The proof that the factor ¢ (f, m, ... I',m’,...),in the rela-
tion (§ 35) which oxpresses the fact of covariancy of & co-
variant, is a power of the mnodulus M proceeds exactly as in
§ 23. If = is the order and % the dogreo of the covariant
f(a b, ...2, y, ...), the power is the (ip-w)/qth, ip—= being
now the degroc of the left-hand side f(4, B,..., X, ¥,...) in
the constants of transformation 7, m, ... /,m/, ..., when it is
expressed explicitly in terms of those constants and

a b,y @y 9y e

Thus, if we adopt the notation K (a, b, ...)' (z, ¥, ...)" to
denote & covariant of degree ¢ and order w, the fact of its
being a covariant is expressed by

K(4,B,..) (X,Y,..)" = M@#-94 K (a,b,...) (@9, ...)"
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All this applies as well to irrational and fractional covari-
ants as to those which are rational and integral.

If the covariant is rational and integral we can at once
draw the conclusion, a8 in § 24, that the index (¢p-=)/g cannot
be fractional. It is perhaps well, however, to adopt & different
order, and by introduction of the idea of weight to ascertain
first the import of the integer, or zero, to which it is equal.

38. Weight in the case of a binary quantic. As in § 25,
the weight of a coefficient in the binary p-ic

(@9 @y, g, ... @) (@, Y)

is its suffix. For present purposes we do best to say further
that @ and y have weights 1 and 0 respectively. This is in
accordance with the idea developed in § 25 that weight
measures dimensions in a suppositious kind of quantity of
which z/y contains 2/y units, and in which a, /a,, ajao, oo s @y /ity
being of 1, 2,... p dimensions in the values of #/y which mako
the quantic vanish, are of 1, 2, ... p dimensions respectively.

With this enlarged conception of weight we may sec as
follows that K (u,, @,, ... a,)* (#, 9)®, & covariant of the binary
p-ic, is of constant weight % (¢p + w) throughout.

As in § 26, take for scheme of linear substitution the
particular ono

e=X,y=17%,
of which the modulus M is A, If
(Ag, Ay, ... 4,) (X, T)
is the transformed quantie, the values of 4,, 4,, ... 4, are
NOW @, ¢;A, ... G,A%, and, a8 in § 26, every product of
powers of Ay, 4,, ... 4, is the same product of powcrs of
(g, @y, ... a, multiplied by A raised to a power whose index is
the woight of the product. Moreover, every product XY=~
of powers of X and Y is equal to A—=+"2y®"", ie. to the
corresponding product of powers z"y®-" multiplied by a
power of A whose index is tho weight of the product di-
minished by w its order. Thus in the identity
K(4y,4,,..4,) (X, Y)* = NP K (4, ay, ... a,) (¢, %)%,

every term on the left is, for this substitution, the correspond-
ing term in K (w,, ¢y, ... @,)* (v, ¥)® multiplied by A*~®, where
w 18 the weight of the terin. The identity then tells us that
for every term AP — £H(ip—®),

8o that w = 3 (ip +=) for all terms. A covariant is then
isobaric,

So far this applies to irrational and fractional as well as to
rational inte covariants.
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89. For rational integral covariants the weight is a sum of
positive integers, and is therefore itself a positive integer.

Thus % (4p + =) is necessarily a positive integer.

It follows that the index of the power of M in the equality
expressive of the covariancy of a rational integral covariant
is integral, or zero, for it is

i(ip—w) =3 (pto)—w=w-m
i.e. is the cxcess of one positive integer over another.

Moreover it cannot be a negative integer. For, v being
the weight of the covariant, w—= is the weight of the
coefficient of #* in the covariant, and this coefficient being
a rational integral function of @, a,, a,, ... a,, whose weights
are zero and positive, cannot have a negative weight.

This assumes however that in a covariant of order = the
term in «® must necessarily occur, This is the case, Were
it otherwise the covariant would have y for a factor. Now
were it possible for yF (a, b,...,, y) to be a covariant wo
should have, for any linear substitution whatever,

YF(A,B,...,X,Y) = (Im'=Um)i¢r-= gy F(a,b,...,xy),
which would necessitate that Y ¥ (4, B,..., X, Y,...) have 7,
ie. X +m'Y, for a factor, whatever I, m’ be. Now this is
an absurdity, for Y (4, B, ..., X, Y) has only = linear factors.

From the fact that } (ip—w) is integral, or zero, wo draw
at once the conclusion that ¢p and = must be either both odd
or both even. Hence arise the following theorems.

(1) No binary quantic of even order p can have « covariunt
of odd order w.

(2) No covariant of a binary quantic can be of even degres
i (xn the coefficients) and of odd order = (in the vuriables).

(3) No covariant of a binary quantic of odd order p can be
of odd degree i and even order =,

In particular, from (1) and (2) no covariant linear in the
variables can belong to a binary quantic of even order, or be
of even degrec in the coefficients,

Ex. 1. Every term in every coefficient of any covariant of a binary
p-ic must contain one or more of the first » coeflicicnts a,, a,, ... a,_,
of the p-ic as a factor if 2¢r>ip+w.

Ex. 2. Every covariant of degreo ¢ and order = must vanish for
a binary p-ic which has a linear factor raised to the rth power if
2ir>ip+ .
Ans. Take the factor for Y.
Ex. 3. Every term in the cocfficients of a®, 27—y, ... x¥—p+lyp-1

in a covariant of order = and degree ¢ of a binary p-ic must contain
at least one of a,, a,, a,, ... a,_, a8 a factor if ir—p4 % (ip—w).
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Ex. 4. If the coefficients in a binary p-ic have such values that
the p-ic has a linear factor raised to the rth power, a covariant
of degree ¢ and order w must have that factor to the pth power,
where p = ir—% (ip—w). (Cayley.)

ix. 5. If the degrce ¢ and order w of a covariant of a binary p-ic
are connccted by the relation ip —@ = 0, show that the covariant can
only be the ith power of the p-ic, or a numerical multiple of that ith
power.

Ans. The coefficient of @, i.e. 2'P, must be a’, for its weight
must be zero. Also by Ex. 4 the tth power of overy linear factor of
the p-ic must be a factor of the covariant.

Or thus. The ith power of the p-ic is a covariant; and there
cannot be another covariant with a’z®? for its first term, as otherwisc
by subtraction a covariant with y for a factor could be formed.

Ex. 6. If the coefficient of the highest power of = in a covariant of
the general binary p-ic is known, the order = is delerminate, and
the covariant unique.

40. Weight in general. With rogard to a quantic in ¢
variables x, 9/, 7, ..., o the estimation of weight explained in
§ 27 requires the supplementary idea that z, v, 2,..., all tho
variables except the last one w, have weight unity, while w is
of weight zero. This being so the weight of the g-ary p-ic is
p throughout. Tho examination for weight of a covariant
of degree ¢ and order w proceeds exactly as in § 38, by
the method of § 28, Tho conclusion is that the weight
w is constant throughout the covariant, being given by
A" = \(P=®)/9, go that w = [ip+ (g—1) =] /q.

This applies to covariants which are not rational and
integral as well as to those which arc. For rational intogral
covariants we have the furthor fact that w is a positive integer,
and consequently that w—w = (ip—=)/q is an integer or zcro.
Moreover that it cannot bo a negative integor is proved exactly
as in § 39, by showing that the terms frec from w in a covariant
cannot all be absent.

Ex. 7. If the terms free from ® in a covariant are known, the
covariant is unique. )
Ans. Otherwise a covariant with o for a factor could be
formed.

Ex. 8. If w = ip, so that w = w, the coeflicients of the terms free
from » in a covariant involve ouly the coefficients of the terms free
from  in the p-ic.

Ex. 9. In this case of @ = ip, the torms free from w in a covariant
of a g-ary p-ic constitute a covariant of the (g—1)ary p-ic, obtained
by replacing w by zero in that g-ary p-ic.
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Aus.  Apply a linear substitution which leaves w unaltered and
expresscs the other variables =, w, =, ..., ¥ linearly in terms of
X,Y, % ..,¥% The terms free from o are then transformed by
o (¢—1)ary substitution.

Ex. 10. Hence, by passing in succession to (;—2)ary, (¢—3)ary, ...
binary p-ics, deduce from § 39, Ex. 5, that a covariant of the
g-ary p-ic for which = = p has for its term in « alone a'z’?, or
a numerical multiple of this.

Ex. 11. Hence, by returning in succession from a binmy, to a
ternary, a quaternary, ... and at length a g-ary, p-ic, show from
Ex. 5 and Ex. 7 that a covariant, of a ¢-ary p-ie, for which @ = ip,
can be only the ith power of that g-ary p-ic, affected at most by
& numerical maltiplier.

41. Absolute covariants. An «lsolute covariant is one
which is oxactly equal, without any factor which is even
a power of M, to the same function of the coeflicients and
variables in the linearly transformed quantic. Thus, if the
function K be an absolute covariant, wo must have, in the
identity

K(4,B,..)(X,Y,..)* = MG~/ K (4, b,...)' (, Y, ..)%

(i(p—w)/q=0, ie. w—w=0.

Now w—a is the weight of those coeflicients in the covariant
which multiply products of the variables whoso woight is =,
i.c. products into which the last variable » does not entor.
The only rational integral absolute covariants are then thoso
in which the coefficients of products of the variables into
which tho last  does not enter are of zero weight. In par-
ticular, for a binary quantic, the coefficient of 2™ must be
a function of zero weight of «,, a;, @, ...¢,, and so must be
a mere power of d,, or a numerical multiple of such a power.
In § 39, Ex. 5, it has been seen that such a covariant can only
be & numerical multiple of a power of the binary quantic of
which it is a covariant. And in § 40, Ex. 11, the correspond-
ing fact has been given for quantices in general. Thus powers
of quantics are tho only rational integral absolute covariants
of those quantics. Further light will be thrown on this fact
in future chapters.

Fractional absolute covariants may, however, be seen to
oxist, as were fractional absolute invariants in § 29, whenever
there are two or more distinet integral covariants, powers of
the same covariant not being regarded as distinet, for each of
which ip—w does not vanish. If, for instance, X and K’ are
two covariants of a g-ary p-ic, whose degrees are i, i’ and
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orders =, =’ respectivcly, and if p is the least common multiple
of the integers (ip —w)/q, (i'p—=’) /g, then the ratio of
K waltip—%) to K’ra/(’p—w')

is an absolute covariant.
For example, it will be seen later (§ 45, Ex. 13) that the

binary cubic
(@, b, ¢, d) (2, y)°
has, besides its quadratic covariant (§ 7, Ex. 8)
(to—D%) 22+ (ad— Do) my + (b — ) o7,
a cubic covariant
(a*d—3 abe +20%) ® + ... .
For these two covariants } (ip—=) has the values 2, 3 re-

spectively. The cube of tho first divided by the square of the
second is then a fractional absolute invariant.

42. Limit to the number of independent covariants. A
limit to the possible number of independent covariants and
invariants of a binary quantie may be found as follows.

In tho equations of linear substitution

e=IX+mY, y=UX+w'Y,
in the expression for the modulus
M=1Im'—Um,
and in tho p + 1 equations, in the two sets of coefficicnts and
l, m, ', m', which are obtained by expressing the identity of
(Ao 44,... 4,) (X, Y)? with (ay, gy, ... ay) (2, %)
ie with (g, @, ... a,) (X +mY, VX +m'Y)?,
wo have altogether p + 4 relations connecting the old and new
coefficients, the old and new variables, the modulus M, and
I, m, U, m’. The elimination of theso last four leaves exactly
2 independent relations as all that can connect only the old
and new coefficients and variables and M.
For instance, the first three equations
e =IX+mY,y=UX4+m'Y, M = lm’—U'm,
suffice to determine three of I, m, I’, m/, the last three say, in
terms of the fourth / and «, y, X, ¥, M, and lead to no relation
free from I, m, /, m’. The expressions for m, I, m’ inserted
in the remaining p+1 equations, produce from them p+1
egiuations involving one unknown /, the old and new co-
efficients and variables, and M. By climination of  from
these, exactly » independent relations in coefficients and
variables and M follow.

Now if there were more than p independent covariants,

including the quantic itself and invariants, there would be
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more than p independont relations in cocflicients and variables,
old and new, and M ; viz the more than p equalities of the
several covariants and invariants, multiplied by proper powers
of M, to the same functions of the new coeflicients a.mf variables.
The number p is then a superior limit to the possible number
of independent covariants and invariants of a binary p-ie.

As a matter of fact p is not only a superior limit to the
number of algebraically independent covariants and invariants,
but the exact number of a complete system. The present
however is not the stage at which to prove this important fact.

The warning of th:ittcr part of 530 should be repeated.
When p covariants and invariants, algebraically independent
of ono another, are known, any other covariant or invariant
ig a function of them. But this does not imply that, when p
independent rational integral covariants and invariants are
known, all others can be expressed as rational integral
functions of them. There may be others that are irreductble
in the sense of not being expressible as rational integral
functions of simpler irreducible covariants and invariants ;
and except for the values 1 and 2 of p this is in fact the case.
Thus for the binary cubic p = 3, but, when the three inde-

endent covariants and invariants, all covariants in fact, of
owest degrees in the coefficients have been found, there
proves to be a fourth, an invariant, which, though of course
a function of them, is irreducible in that it cannot be expressed
rationally and integrally in terms of them. So too for the
binary quartic p = 4, but there prove to be five irreducible
covariants and invariants. For the quintie, p = b5, the facts

are even more striking. All covariants and invariants are
functions of the five i]x?gependent ones of lowest degrees. But
there prove to be as many as eighteen other covariants and
invariants which are irreducible, in that they are not rational
integral functions of the five, or of those five and others of as
low degrees as themselves among the eighteen.

Remember that in this enumeration, and always, we count
a quantic itself as one of its system of covariants.

43. We have here for clearness adopted a different order
of reasoning from that applied in § 80 to invariants alono.
There we first found a limit to the number of independent
absolute invariants, and deduced conclusions as to the number
of independent invariants not necessarily absolute. Here the
idea of absolute covariants and invariants is made the subse-
quent one. In all cases there is one absolute covariant,
namely the quantic itself. We have also seen (§§ 41, 29)
that there is no other rational integral absolute covariant or
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invariant. For the linewr quantie, p = 1, there is no other
independent covariant or invariant whatever, and consequently
no other that is absolute. For higher binary quantics, p > 1,
there cannot be more than p—1 independent absolute co-
variants and invariants. Otherwise a complete system of
p independent covariants and invariants would be absolute,
and consequently all covariants and invariants would be
absolute. But for any value of p exceeding unity there is
(§ 15) a non-absolute invariant, the discriminant.

44, Covariants of two or more quantics. With regard to
covariants of two or more quantics in the same variables,
the methods of the carlicr articles of this chapter yield, in
& manner analogous to that of §§ 31 to 33, conclusions of
which a summary follows.

Such a covariant is, as in § 35, cither homogeneous in the
variables or a sumn of covariants which are homogencous in
them. Those which are homogeneous in the variables—of the
same order throughout—form a complete system.

A covariant homogeneous in the variables may or may not
be homogencous in the coefficionts of the various quantics
soverally and collectively. If, howover, it be not so homo-
geneous, it is a sum of covariants every one of which is
homogeneous separately in the coefficients of cach quantic,
and of course therefore in the coefficients of all the quantics
collectively. Covariants, then, which are throughout of con-
stant partial degrees in the various sets of coefficients, and
therefore of constant total degree in all the coeflicients, form
a complete system. This is seen as in § 33.

If p;, ps, ... p, are the orders of  g-ary quantics, the factor
by which a covariant of order = and partial degrees i;, g, ...i,
in their coefficients respectively has to be multiplicd to be
made equal to the same function of the variables and co-
efficients in the linearly transformed quanties is

M G.ip-w)/q
where M is the modulus of the lincar substitution, and
oip =hptHigPyt e+,

The whole weight of the covariant is constant throughout,
and exceeds the index of this power of M by =, i.c. is

{Z.ip+(g-1)=}/g.
If the covariant is rational and integral this weight must
be & positive integer, and consequently the index

w—w={3.p—wlfg
is not a fraction. It is, moreover, not negative, being the
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weight of those coefficients in the covariant which multiply
products of the variables in which tho last w does not oceur,
which cocfficients cannot all be absent, as no covariant can
have o for a factor when the coefficicnts in the quanties are
general.

45. Covariants productive of other covariants and invari-
ants. At this point it may be well to prove an important
fact, which, stated for the moment without complete generality,
is that any invariant or covariant of a covariant of a quantic
is a.rllf invariant or covariant, as the case may be, of that quantic
itself.

Let (a, b, ...) (, ¥, ...)* be the quantic u, in any numboer of
variables, in its untransformed shape,andlet (4, B,...) (X,VY,...)"
be its linearly transformed shape. Alsolet (¢/, 0, ...) (2, 9,...)"
be a covariant of w, so that a’, b, ... are functions, of degrco
@ say, of the coeflicients &, b, ..., and let 4°, B, ... bo the samo
functions respectively of A4, B,.... Wo have simultaneously
the identities

(4,B,..)(X,Y,..)?=(0D,...) (& y,...,
(4, B, ..) (X, Y,..)" = M =0 (@, ¥, ...) (2, Yy .0.) "

If then K (o, V,...)"(x, y,...)” is a covariant, or invariant
in case @’ = 0, of the covariant (</, ¥, ...) (¢, ¥, ...)%, we have

K4, B,..)X7Y,.)”
= MO @m-w) K (M9 Gr-m) o/, M0 60D Y, L) (%, 9,0 )
and consequently, in virtuo of the homogencity of tho co-
variant K,
K@, B,. ) XY,..)>™
= M@t o) K (o, V) ) (@ 1y )™
= M7 == K (!, V) (%, 9 )™

which, since @, ¥/,... are functions, of degreo %, of «, b,...,
and A’, B, ... are the samo functions respectively of 4, B, ...,
shows that K (o, V,...)" (%, ¥, ...)* is & function, of degree i’;
and order «’, of @, b, ..., @, ¥, ... which, when multiplied by
the ¢~1(¢'ip —=’)th power of the modulus M, becomes the same
function of 4, B, ..., X, ¥,.... It is then a covariant of u, or,
in particular if w’ = 0, an invariant.

t will be at once seen that only brevity of writing has been
seourcd by attending to but one covariant ga’, W,..) (@9 ..)°
of but one quantic . The argument would have becn exactly
the same if we had been dealing with more given covariants
than one of a quantic, or a given covariant or covariants of

1481 E
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more quantics than one in the same variables. We may state
in fact the general conclusion, to which the method leads us,
as follows.

Any covariant, or in particulur invariant, of any covariant,
or system of covariants, of any quuntic, or system of quantics
in the same variables, is a covariant, or in particular in-
variant, of that quantic or system of quantics.

Ex. 12. The binary cubic (a, b, ¢, d) (=, »)* has the covariant
(§ 7, Ex. 8), its Hessian,
(ac =) + (ad—be)ay + (bd —c*)y",
which has the invariant (§ 7, Ex. 1)
(ad —bc)*— 4 (ac —b*) (bd—c*).
This then is an invariant of the cubic. It is its discriminant.

Ex. 13. Find a covariant of degree 3 and order 3, the cubicovariant,
of the binary cubic.
dns.  (@d—3abe+ 20, abd—2ad + Ve, —acd 4 25%d — be,
—ad +3bed - 26%) (=, y),
the Jacobian of the cubic and its Hessian.

Ex. 14. Show that the binary quintic (a, b, ¢, d, ¢, f) (v, y)* has
an invariunt of the twelfth degree.
Ans. The discriminant of the canonizant. (Cf. § 17, Ex. 20,
and Ex. 12 above.)



CHAPTER IV

COGREDIENT AND CONTRAGREDIENT QUANTITIES,

46. Brrore proceeding to the further definitions and prin-
ciples on which most of the propositions of this chapter arc to
rest, wo here first investigate a fruitful method, whose con-
nexion with them will be seen later, for the derivation of
invariants and covariants of bimary quantics, and binary
quantics only.

The linear transformation of two variables,

w=IlX+mY, y=UX+w'Y, v (1)
leads, as has been scen in § 10, to tho equalities of ditferential
operators

) d ,d

2x= st Uy -
2, .,
b——Y—maw+m —a—ya

where on the right the operation is on any funection of x and
7, and on tho left it is on the function of X and ¥, which is
equivalent to that function of # and y in virtue of (1).

Now thoe equalities (2) may be written

N 2

(o’ —U'm) (= blm) =l'a‘al?""”"(“a_})’

Thus, except for the factor Im’—10/m, i.e. M, the symbols of
oFera.tion 3/dy, —3/3x arc transformed by the same scheme
of linear substitution as are the variables z, 7.

Thus if f(, 9) is any homogeneous function, of order = say,
of # and ¥, and if F (X, Y) is what this becomes when the
substitutions (1) are made for z and y in it, we have not only

F(X,Y)=f(a9),

2 2 > 2
Py —s2) =Mf (50 —53)
E 2

.. (3).

but also
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where tho operations on the right and loft are on any function
of & and y, with or without other arguments indepondent of
« and %, and on its cquivalent in terms of X and ¥ obtained
from it by means of (1), respectively.

47. Let us now aipply this fact to covariants of one or moro
binary quantics. If ¢(a,d,...,2,9) and Y (a, b, ..., 2, ¥) are
any two covariants of the quantic or quantics—cither or both
of them may bo in particular the quantie itself, or one of the
quantics—of orders =, »’ in 2 and ¥, and of weights v, w’

respectively, we have (§§ 37, 39)
¢(4,B,... X ¥)=M""¢(x, ), ..., a )
and v(4,B,..,X,Y)=M""""Y(a,b,....z,Y).
We have consequently also, by the preceding article,
o 3 d P
¢(‘A'B’ ey SY’ _ﬁ) = Mll¢ (a’ b, ceey 'a:"l'a _b-ii) s

P:} J b 9
and ‘I’(APB"",b'Y! —S:’Y):M"";’(a’b’”',s:lj, ""55);

whence it follows that by operating with either one of this
last pair on either one of the immediately preceding pair, left
on left and right on right, we get a covariant identity.

All the four conclusions aro really contained in tho one

d d
¢(.A,.B,..., & —b—X,)vI(A, B,..,X, Y)

- 2 d
= Muo+v'-u ¢(a,b,..., 55 —m)\lr(a,b,...,w,'y);

for ¢ and  may bo interchanged, or may be identical.

Thus the result of operating in this way with any covariant,
or one of the quantics, on any covariant, or one of the quantics,
is & covariant, or invariant, unless it vanishos. It will
certainly vanish if @ the order of ¢ exceeds «’ that of y. It
will be an invariant, unless it vanishes, if w = =’. It will be
a covariant, unless it vanishes, if or is less than o’

The exact powers of M in the above arc not essential to
the argument. It is of interest, however, to verify that the
power in the conclusion is what it should be in accordanco
with §§ 87, 89. In the operating factor on the right the
woight of the coefficient of (3/)® is w—w, while in the
factor operated on that of the coefficient of ¥ is w’. Also
the order is ' —w. Thus the index of the power of M should
bo (§ 39)

w—w 4w — (o’ —w),
e w+w —w', 88 is the case.
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48. Invariants of the second degree. Ono of the most
interesting conclusions from the above is that cvery binary
quantic of even order has an invariant of the second degree.
For operate on the binary p-ic

(s @y, g, oo ) (4, Y)
with the result of putting 3y, —3/dz for =, y in itself, i.e.
with (@ g, Ggy ouv @) (3/37, — /)P,
We thus get, after division by 2 !, that

-1
Uylly— Pty + r{p=1) Uylp-g= +ev

1.2
+(=1)""pa, uy+(—1)Pa,a,

is an invariant unless it vanishes.

It vanishes if p is odd, as the first and last, second and last
but one, &e., terms in that case cancel. If, however, p is even
it does not vanish, but the last term is a repetition of the first,
the last but one of the second, and so on till the middle term,
which stands alone. Thus, halving, and replacing p by 2n,

we seo that if (2,':"') denotes the number of combinations of

2 things 7 together,
20 2n
oGz, —2 U By, + ( 9 )“s“zu-s‘ ( 3 )“s“an—a +..

#(=1p1 (B st + (=12 () 0}
is an invariant of the binary 2n-ic
(Ugs &y dgy oo @g,) (0, Y)*™
In particular the binary quadratie, quartie, sextic, &e.,
(@ by ¢) (&, )% (4, b, ¢, d, €) (&, ¥}, (¢, b, ¢, d, e, f, g) (2, 9)°, &e.
have respectivcly the invariants of the second degroe

uc—U3,

ue—4bd + 3¢2,

ag—60f+165ce—10d?,
&e.,

of which the first two have been obtained carlicr.

49, Two different binary quantics of the same order have
in all cases, whether that order be even or 6dd, an invariant
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of the first degree in the coefficients of cach quantic, and so of
the second degree on the whole. If the two quantics are
(@0s tyy g, ... ay) (2, )"
a.nd (bos bp 1’23 see bp) (.1', ?/)Ps
this joint invariant is in fact

(@ s gy ... 1) /3y, —3/3)? (by, by, by, ... D) (2, )T,
which, divided by p!, is scen to ho

+r@—n

e, —payb,_, 1.2

yh, o— ...

+ (=1 pityy Iy + (= 1)Pagb,.

This is called the lineo-line«r invariant of the two binary

»-ies.
t Of the result Exx. 2, 4 of § 7 are particular cases.

We notice that the results of the preceding article are
correctly given from this one by making the 4's the samo as
the a's, i.e. by making the quantics the same.

We also notice that for an even order » the joint invariant
obtained here for two p-ics is the intermediate (§ 19) between
the invariants of the second degree of the two p-ics.

These two observations illustrate the fact that we can
either pass from invariants of onc quantic to those of two of
the same kind and order, or from thoso of two quantics to
those of one, but that the information given by two quanties
as to onc is complete, while that given by onc as to two is
not so.

Ex. 1. Employ § 47 to find the invariant ace + 20bed — ad® —b% — ¢*
of a binary quartic by aid of the quartic and its Hessian (§ 11,
Ex. 16).

Ex. 2. Find the invariant of degree 4, the discriminant, of a binary
cubic by operating with the Hessian on itself, or again by operating
on the cubic with its cubicovariant (§ 45, Ex. 13).

Ex. 3. Prove that

(4, b, ¢, @) (3/3y, —d/x)*. {(w, b, ¢, d) (=, y)*}*
is —108 times the cubicovariant of the binary cubic.

Ex. 4. The invariants of the second degrce

ac—b% ae—4bd+3c*, ag—6bf+ 165c6— 1042, ...

of binary quantics of even order, are linear functions of determinants
chosen from among

a, b ¢ d e ..
'd, e, d, e f ..| (('ayley.)
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Ex. 5. The linco-lincar invariant of the 2- and y- first differcntial
coefficients of a binary quantic % of cven order is the invariant of the
sccond degree of u. (Cayley.)

(N.B.—The function ohtained in the same way from a binary
quantic of odd order is not an invariant.)

Ex. 6. Two binary quantics of different orders p, p’, (p>p”), have
n covariant of order p—p” whose coeflicients are linco-linear.

Ans.  The result of operating with the second on the first.

Ex. 7. In particular two binary quantics of orders p, p—1, have
a linear covariant, in the variables, which is also linear in the
cocfficients of each quantic.

50. Another result of tho close resemblance in form between
the schemes (1) and (3) of § 46 is obtained by making (3)
operatc on any binary quantic w. Wo thus get that, when
formulae give # and y lincarly in terms of X and ¥, the
same formulae give Mdu/dy andy —Mdu/3x in terms of du/dY
and —du/dX. It follows that if in any covariant of a binary
quantic «, homogeneous as usual in the variables, du/dy and
—du/dz are substituted for z and y another covariant of w
is obtained. This theorem is Sylvester’s, having been over-
looked by Boole, who had given the more far-reaching kindred
theorem of § 47.

Ex. 8. If in a binary quantic 2 we replace @ and y by du/dy and
—du/dx, wo obtain the product of « and a covariant. (Sulmorn.)
Ans. That w is a factor we may see as follows. The values of
x, y which make w = 0 make
mg: +yg—;;= 0, i.e. makes—;-;: —_ %%: z:y,
so that %, a homogeneous function f(z, ), is a factor of

du du
7 (E ~28)"
Ex. 9. Hence obtain the cubicovariant of a binary cubic.

51. Cogredient quantities. If two equally numerous scts
of quantities, z, ¥, 2, ... and &/, 9/, 2, ... aro such that, when-
evor one set &, 7, % ... are oxpressed in terms of new
quantities X, ¥, Z,... by any scheme of linear substitution,
the second set @/, ¥/, 2/, ... are oxpressed in terms of other new
quantities X”, ¥”, Z’, ... by the same scheme of lincar substitu-
tion, the two scts are said to be sets of cogredient quantities.

For instance, the coordinates of two points in a plane, or
in space, are cogredient sets of three, or four, quantities.



56 COGREDIENT QUANTITIES [5 1

Again, in § 46 it has been shown that, but for the factor M,
d/dy and —d/da are cogredient with  and y.
Once more, if the binary p-ie

(s @y, gy uu ) (it y)"
is regarded as a product of p factors

@ —21) (@Ya—22Y) - (Yp—2pY),
so that @,/y,, wy/ys, ... @, /Yy, are the roots, and y,, ¥s, ... ¥,
may in fact be chosen arbitrarily subject to #,%,...7, = «a,,
and if the quantic is linearly transformed by taking
a=1X+mY, y=UX+n'Y,

into one of which X, /Y, X,/Y,, ... X,/Y,, say, are the roots,

we have

o, IX/Y +m _ X +mY,

v, VX /Y +0" " VX +m'Y)]
so that without impropriety we may take

@, =1X,+mY,, y,=UX,+m'Y,,

and similarly for other suffixes 2, 3,..., ». Wo have then, in
the languago of the prosent article, z,, ¥,5 @,, Y35 ... 5 &, Yy
cogredient with , 7.

52. Emanants. Some functions have the covariant property
with regard to a (uantic or set of quantics, though they
involve, not only the cocflicients and variables in the quantic
or quantics, but also a sct or sets of quantities cogredient
with those variables. Allowing ourselves some freedom of
cxpression, when no confusion can arise, we may designate
such functions covariants. We proceed to the consideration
of & very important class of covariants of this kind.

Let w be a p-ic in the ¢ variables @, 4,2,.... The functions

b 0,09 ’
(w B—é+y S:',}'l'z D_é-'- ...) U,
for values of the positive integer » from 1 to » ineclusive, are
defined as tho first, second, ..., pth emanants of u. There
would be some convenience in defining the 7th ecmanant
rather as the above expression multiplied by the numerieal
factor (p—7)!/p), but there is no real importance in this, as
a numerical multiple of a covariant is of course a covariant
not distinet from it, and as we have as yet introduced no
convention as to the best numerical multiple of a funection,
found to have the property of an invariant or covariant of
any quantic, to denote by a letter and speak of as that
invariant or covariant. Moreover, the simplest form is given
to general conclusions by use of cmanants as written above.
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Inconvenient numerical factors in any conclusions with regard
to quantics of particular orders can be rejected when the end
is reached.

The pth emanant is p! times the quantic w itself with
@, 9, 2,... replaced by &', ¥,2’, .... For values of r exceeding
p there are no emanants, as (p + 1)th differential coefficients
of u vanish.

That the emanants of u are absolute covariants in the
oxtended sense is readily seen. If we have

c=IX +mY +nZ + ...,
y=UX +m'Y +0'Z + ...,
z=U'X+m"Y+0"Z+ ...,

. . . . . . ’

and o =IX +mY +aZ + ...,
Y =X +0'Y +2/'7 + ...,
d=UX"+n"Y +2"%2 + ...,
then, since
P} P 9

v=l—=+ 7

P}
_ {4
20X o by+ ! bz+ e

NI IPE
SY—m35+m b?] +m 3z + ey
b-—ni+ n’i+n”~b—
Z= "t Tyttt
.. . R

where on the right the oporations are upon any function of
&, 9, %, ..., with or without ', 3/, 2, ..., and on the left they
are uli;)n the equivalent of that function expressed in terms
of X, Y, Z,..., with or without X, Y/, 7, ..., we have

’ 9 4 2 4 ) — 4 4 4 2
X 5I'+Y W+Z 3z Tro= X +mY +0Z +o)3s

+( X +m'Y + . '+...)%+(l”X’+m”Y’+'n”Z’+...);;+...
d 2,0
—w’ﬁ+y'a—y+z -a;'l-....

Henco by successive operations on w, any quantic in
@, Y, %,..., or indeed any function of those variables, the
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operations on the right and left being upon its original and
transformed forms respectively,

, 9 =i , 9 (ar ® , ;9
(X X +Y -DY+Z 3-Z—+...)u_(.fb (\-a-}-l'?/g/'l'z oFen ) U,

4z
, 9 , 9 , O 2 _ , 9 Ii . 2
(‘Y D_X-’-Y D—?-I-Z b—z"l'-..)u—(m SE-F?] ay"'z b—9+.") u,

A T T S S L I
(X a—:\';-l-l aY+Z b—z'+...) u_(a: (\E+?j by‘+u-b-;+...) u,
&e., &e.

Thus the emanants aro all absolute covariants. )
It may be noticed that the omanants may be otherwise
exprossed. Thus
1,,3 . ,3 ., r
”(m SE-I-"I .b.—'/+d —:+ ...)'u,
———1———(.’1'i+ b..|.z a.+ )p-ru,
T (p-m)t\V yay’ 27" ’
where u’ is what u becomes when in it ', 9/, 2/, ... are put
for z, ¥, z, .... This follows at once from the fact that cither
side is the coefficient of ¢" in the expansion in powers of ¢ of
f(z+tx', y+ty, z+12,...), whore f (z, ¥, 5, ...) i8 w.

Ex. 10. Prove that the cmanants are absolute covarianis by
identifying the results of replacing in

T, Y, % e by +t, y+ 1y, 241, ...,
and X, Y, Z, .. by X4, Y+tY’,'Z+tZ', N

53. Geometrical aspect of emanants. The process of find-
ing emanants is sometimes called the polar process. The
student of geometry will notice that the theory of cmanants,
with regard to ternary and quaternary systems, is that of
polar curves and surfaces.

Thus if the ternary p-ic v is taken as representing a eurveo,
when equated to zero, its first emanant ecquated to zero
ropresents the first polar curve of a point «’, 9/, 2" with rogard
to u, i.e. a certain curve of order »—1 which possesses the
property, among others, of determining by its intersections
with % all the points of contact of tangents from &/, 3/, 2.
The second emanant is in like manner the criterion of the
second polar curve of &, 9/, 2/, 1. e. of the first polar curve with
regard to the first polar curve ; &e., &ec.
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That the emanants are covariants is tho expression of the
fact that the various polar curves of a point with regard to
a curve are the same, for the same point and the same curve,
in whatever system of point-coordinates the curve and point
are taken as expressed, and to whatever axes or triangle of
reforence they are referred.

In like manner, with rogard to quaternary quantics, tho fact
that the emanants arc covariants is the fact that the polar
surfaces of a point with regard to a surface are the same
surfaces whatever be the reference.

54. Geometry of binary systems. The oceasion is a good
one for a geometrical consideration of binary systems. Their
geometry may be regarded eithor as that of ranges of points
on a lino or of pencils of lines through a point. To begin
with wo adopt the former aspect.

Let « and b be two fixed points of referenco on a straight
line, I’ any point on that line, Lect 2z and y
denote Aal and pubP respectively, where A
and u are constants, Take A and B two
new fixed points of reference on the samo linc, and let
X and Y denote AAP and p’BP respectively, where X', u’ arc
new constants. Suppose that « divides AB in the ratio »:s
and that b divides it in the ratio p:¢. Then

(r+8)aP = sAP+7BP, (p+0)bP = oAl +pBPl,
so that _ A /8 - _ B 0O p
w-r+—s(-)\—’X+p'I)' ?/—m(PAY-l‘;‘,Y).
Now these may be identified with
2=IX+mY, y=UX+m'Y,

by proper choice of 7/s, 178’, N, ¢’ in terms of /, m, ¥, m’ and
A, g, provided that Iny’ — {’m does not vanish.

Thus the most general linear substitution for # and y is
cquivalent to the change of the roference of points (z, ¥) to
new fixed base points, and the adoption for the new co-
ordinates (X, Y) of new constant multiples of the distances
from those new base points.

A binary p-ic represents a range of p points . (2/,%) is
an additional point 7” on the line of reference. The first,
scecond, &e. cmanants are first, second, &e. polar ranges of
»—1, p—2, &ec. points on that line. The property of co-
variancy belonging to the emanants is the expression of the
fact that the polar systems of points are systems of points
having to the » points and the additional point P’ a
geometrical relationship quite independent of- the reference,

A a D
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i.e. of the base-points @, b and the multipliors A, u. For
instance if p = 2 the first omanant specifics tho harmonic
conjugate of 7’ with regard to the two points . This can
be constructed without any use of the points «, b, or of
metrical geometry.

55. Or we may adopt a strictly corrclative geometrical
representation. o may regard a binary p-ie, cquated to
zero, as representing p straight lines through an origin, taking
the #, ¥ of any line through the origin as given constant
multiples of the sines of the angles which that line makes
with two fixed lines. We may take as new lines of reference
any other pair of lines through the origin, and adopt for the
X, Y of the line z, y any new constant multiples of the sines
of the angles which it makes with the new lines of reference.
The substitution for @, y in terms of X, ¥ is readily seen to be
the most general linear substitution, in virtue of the two
degrees of arbitrariness involved in tho choice of the new
lines of reference, and the two degrecs of arbitrariness in-
volved in the choice of the multiples.

A property of covariancy of a function with regard to the
p-ic is expressive of the fact that the pencil of lines obtained
by equating the covariant function to zero is a fixed pencil of
lines, whatever be the lines of reference or the multiples, the
p-ic equated to zero being a given pencil of lines. In other
words, the relation of the pencils of lines is one of strictly
geometrical connexion, of a naturc entirely uninfluencod by
the geometry of other pencils, such as the pencil to the
circular points at infinity. If the cogredient «’, y" enter, as
is the case with emanants, there is no difference, except that
the geometrical connexion of the covariant pencil of lines is
with the p-ic pencil and the line (2, ¥).

It will be noticed that the aspect of the geometry of co-
variants sketched in § 6 differs from that here developed.
There we looked upon a linear substitution as replacing
a pencil of lines by a projectively corresponding peneil, re-
taining the same reference. Here we look upon the substitu-
tion as changing the reference, retaining the samo pencil.
There is a corresponding choice when, as in the last article,
we regard the geometry of binary systems as that of ranges of
points on a line.

56. Covariants derived from emanants. From the eman-
ants of u, themselves, as has been seen, covariants in an
extended sense, can be derived covariants of « in the ordinary
sense, i. e, covariants free from the quantities #’, 9/, 2/, ... which
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aroe cogredient with the variables. The basis of this fact is
the following theorem.

If any of the emanunts of w be expanded and arranged as
a quantic in &y, 2, ..., any invariant of that quantic is
a covariant of .

Considered as a quantic in 2/, 3/, 2/, ... , the 7th emanant

9 , 9 9 .
(w’$+y¥/+z’-éz-+...) uw
may be written
(b'u, U du &, 7 ),
am.-’ Smr..'l‘gls weey 3—5’7’ -")( I/ R NILY ]
its coefficicnts being all the »th partial derivatives of w, and
so functions of z, y, 7, ..., for valucs of r less than p. Its
transformed form is, as has been seen in § 52, similar, so that
it may be written
My u My, o r o ,
(a_X."’ a—Xr_;TY” Il',‘azr’ .") (.“., Y’Z’lll).

Now let F(«,b,..., k,...) be an invariant of the quantic

(@, by .0y Ky .00) (&, o, 2, ...), so that, for some value of g,
F(A,B,...,K,..) = MF (a,b, ..., k...),

where (4, B,..., K,...) (X", Y, Z/,...) is the transformed
quantic. We conclude that

"u ’u du
F(Sxer syrisp ™ 57 )

du  du du
= ﬁ["F(w’ b_.c—"'l—s;l‘]’ eeey ’S;;’ '") .
But the function ¥ on the left is the same function of the
coofficients and variables in the transformed u as the function
F on the right is of the coefficients and variables in the un-
transformed w; for each differential coefficient which occurs
on the left is the same function of the new variables and
coefficients as the corresponding differential coefficient on the
right is of the old ones. Thus
du u ’u
P dr Ty’

is a function of the coefficients and variables which obeys the
definition of covariants.

Wo seo from this theorem that every invariant of a g-ary
r-ic gives a covariant of any ¢-ary quantic of order p
higher than 7, by taking for the r-ic the rth emanant of
the p-ic.
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Moreover, the identity expressive of the fact of covariancy,
for any covariant thus derived, involves as its factor M+
exactly the same power of the modulus M as does the
identity which expresses the invariancy of the invariant
from which it is derived. In other words, the weight of the
coofficients of terms free from the last variable w in the
covariant is exactly the weight of the invariant. The degree
(in the coefficients) of the covariant is moreover equal to tho
degree of the invariant.

57. For an cxample take tho sccond cmanant
d 9 d *
/ — —
(» adv+'_1/'a.1/+z’b:,; +o) U

Written as a quantic in 2/, 7/, 7/, ... this iy

*u , A N
&2 & —— a2+ ..
S +2maym/+2ama;.& +
U, ’u
MR TR PL A
b Dy
P

+ s
and of this the diseriminant, which is (§ 15) an invariant, is
Ry du 2y

32’ dxdy’ oz’

iu Au B’_fu,_
3y’ oz’ |’
Ru Ru i

IRt E

the Hessian of . Another proof that the Hessian is & covariant
(§ 11) is thus atforded.

In § 12 we saw that a knowledge that Hessians are covari-
ants told us in particular that discriminants of quadratics are
invariants. We now see that the order of reasoning may be
roversed. Discriminants are invariants by § 15, and therofore
Hessians are covariants.

The geometrical aspeet of the fact that the Hessian of
a ternary quantic is a covariant may be mentioned. In works
on geometry the Hessian of a curve of order p is found as
a curve of order 3 (p—2) which has the property of determin-
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ing the points of inflexion on the first curve by its intersections
with it. The covariant property tells us that the curve found
by cxpressing this fact is the same curve whatever be the
system of point coordinates or the triangle of reference, i.e.
that we do not, when employing different references, obtain
different curves with the one property of determining points
of inflexion in common, but identically tho same curve.
This fact is fundamental in the proof of Pliicker’s equations.

Ex. 11. Prove that
Hu du du  du Hu !
sz 59— 525y mag +3 (g
is a covariant of a binary quantic u of order excceding 4.
Ans. Factor M%.  Use § 7, Ex. 5.

Ex. 12, The iuvariant of the sccond degree of a binary 2n-ic gives
a covariant of any binary quantic of order exceeding 2%.

Ex. 13. Deduce the covariant of a binary quantic found in § 17
from the catalecticant of a quartic (§ 49, Ex. 1).

Ex. 14. Write down from Ex. 11 a quadratic covariant of a binary
quintic, and & quartic covariant of a binary sextic.

Ex. 15. Every binary quantic of odd order 2%+ 1 has a covariant
of the sccond order and second degree.

Ans. The invariant of the second degree (§ 48) of its 2nmth
emanant.

Ex. 16. Every binary quantic of odd order 2n+1 exceeding 3,
has at least one lincar covariant, obtained by operating on it, as in
§ 47, with the nth power of its quadro-quadric covariant (Ex. 15).
(Uermite.)

Ans. Tor order 3 the result vanishes. For higher orders it
does not. To sce this let the substitution bo adopted which reduces
the quadro-quadric covariant to the form XY, and the quantic to

(doy 44, 4y, ... 4y,,,) (X, Y)*H,
where 4, 4,, d,, ... 4,,,, have conscquently to satisfy only

2n
4,4,,—2nd 4,  + ( 9 dodgy 3— ... =0

and
2n
Ay g — 20y dyy+ ( o Vydgyoy= oo = 0.
The linear covariant derived becomes a numerical multiple of

BAdX+4,,.7),
and A4, =0, Ay, =0 do not follow from the two conditions
when n>1.
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Ex. 17. For the binary quintic this linear covariant is of degree 5.
Show that there is another of degree 7, and, assuming as suggested by
§ 48 and proved hereafter that a binary quantic of odd order has no
invariant of degree 2, that it must bo distinct from the former.

4ns. The Jacobian of the quadro-quadric covariant (Ex. 14) and
the linear covariant of Ex. 16.

58. Precisely as in § 56 we sec that if we take more
emanants than one of u, or if we take any emanant or
emanants of a covariant of u, or if we take any emanants
of two or more quantics w, v, w,... in the same variables, or
of covariants of two or more quantics, taking in all of course
the same cogredient quantities &,y 2’,..., and if we arrange
them as quantics in &, 9/, 2/, ... , and write down any invariant
of the system of quantics in @/, ¥/, 2,... thus obtained, we
have a covariant of w, or of the quantics u, v, w, ... jointly.

Ex. 18. From § 9 deduce § 10.
Ex. 19. Employ § 49 to obtain covariants of two binary quantics.

59. Basis of symbolical representation of covariants and
invariants. For full information as to the systom of invariants
and covariants of a single quantic, it proves to be important to
have recourse to more quantics than one ; and not to quantics
in one and tho same set of variables only, but to quantics in
different cogredient sets of variables.

We here consider binary quantics only.

Let @, ¥, and @, 9, be two cogredient pairs of variables, so
that simuitaneous}

z, =X, +mY,, z, =1X,+mY,,
=X +m'Y,, y,=UX,+n'Y,.
We notice that
oYy — gy = M (X,Y,—- X,Y,),
where M is the modulus im’—1'm.

Hence, by § 46,
RN NN SR I
3%, 5, 5%, 5x, = Moz, 3y, ~ 57 52)
so that 22 23 is what may be called an invariant

oz, ¥y, Oy, dx,
symbol of operation.

Now let u, v be any two binary quantics, and let them be
called u,, v, when the variables in them are «,, ¥,, and u,, v,
when they are ,, 7,. Alsolet U, V'; Uy, V;; l‘ﬁ, V, denote
their linearly transformed forms.
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We deduce from the above that, for any positive integral
value of »,

2 2 3 3y I T S T I
(5%, o7, = 57 53) (U V9 = (o 5= s ) (0
. xu, ¥V, U, Y,
ic A B AL S
Y S 2N SEF) AFY ) A I
_ e §TU Y ouy Oy
=M {b"_l,: . dy,,  da Ty, | Oy 0y, * }

In this ,, y, and 2, ¥, arc any cogredient pairs. Wo may
éll‘lh the oxpanded result obtained make them the same =, y.
us

g ¥y _, YU L ¥V +
P GERY CEEPY G b) Y €) Co N
du v bk v
= Mr Py ;)"7. —'l'a':;r_—'lb,‘;l * SwayT-l + '}

We accordingly have a system of covariants of two binary

uantics w, v. They have already been obtained in § 58,
?‘Jx. 19, as tho lineo-linear invariants (§ 49) of the »th
emanants of w and v. In particular if p is the order both
of w and v, the value p of » gives the lineo-linear invariant
itself, multiplied by (p!)*

Again, we may in the cxpanded result make w and v the
same uantic, and thus got that

Yo Yu_ du__vu
d" dyt Ny duwdy !
r(r—1) ’u T

1.2 3Ry dpdyE T T

is unless it vanishes a covariant, or invariant if » = p the
order of u, of factor M. For odd values of  the rosult iy
nugatory, in that its first and last, its second and last but one,
&c. terms cancel against one another. For even values of »
the last term repoats the first, tho last but one repeats tho
sc:.:iond, and so on till the middle torm which occurs once
only.

These covariants of w have already been obtained (§ 57,
Ex. 12) as the invariants of tho second degree of the emanants
of even order of w. For » = p, the order of u, we have in
particular a numerical multiple of the invariant of the second
degroe (§ 48) itself.

o far then the method is only another one for determining
results already known in other ways. It as yet gives us only

1431 P
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the covariants and invariants of 4 which are of the sccond
degreo in the cocflicients. Its convenience is that it suggosts
an expressivo symbolization for covariants and invariants,
and puves the way to u systematic oxamination of all forms
which can be covariants or invariants.
. bo overator 2 2 2 2
60. Hyperdeterminants. The _o—pemtox da, 39, 3y, o7,
is denoted by the brief symbol 12. More briefly still tho
covariant, or invariant, of » found above by operating » times
with this symbol 12 on the product %, u.,, and removing all
suffixes in the expanded result when the operations have been

R
performed, is called the covariant or invariant 12 of w.

To get covariants and invariants of the third degree in the
coeflicients of » we may consider the product of three quantics
%,, vy, 2y, whose suflixes imply that their variables are threce
cogredient scts, and operate on the product with

o 9 aa)»-(aa ba)vbb bb)f

day dy, dyy ) \duy dy, ¥y, da, (3“'1; dyy /)’
thus getting, for positive integral and zoro values of 7, s, ¢,
functions seen as in § 59 to have the covariant or invariant
property. In the result, after giving to it its fully expanded
form, we may replace all throe sets of cogredient variables
Xy, Y15 o Yo sy Ys by the same sct @, y, and also make w, v
and w all the same quantic w. We thus get a system of
covariants and invariants of w which way be symbolically
written

r 8 _ ¢

12.23.31,

for different positive integral and zero values of », s and ¢.

These covariants and invariants are all of the third degreo
in the coefficients. It is easy to sco the necessary connexions
of 7, 8,¢ and p, the order of u, that they may be invariants.
Any term in the covariant or invariant is & product of
differential coefficicnts of the thrce factors 4 w w, the first
being differentiated as many times as the figure 1 occurs in
the symbolic product, the sccond as many times as the figure 2
occurs, and the third as many times as 3 occurs. Now if the
expansion is to be an invariant each one must be differentiated
p times, where p is the order of w. For an invariant then the
conditions are

r+s=s+t==t+r=7p.

For a covariant one at least of r+8, s+¢ ¢+ must be less
than p, and none of them greater than p.
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To get covariants and invariants of the fourth degree in
liko wanner wo have to oporato on products of four quantices.
The symbolical form of such covariants and invariants is
12 1370 14 280 24 % 34
and the conditions for an invariant are
Tt 1t Ty = Tiat Teg+ 7= Ty + 0+ 75 = Ty + 09 + 75 = P

Similarly forined products involving five, six, &e. figures
are symbolic expressions for covariants and invariants of the
fifth, sixth, &c. degrees, derived from produets of five, six, &e.
quantics, eventually made the same. For invariants every
figure must occur in the same number of symbolical factors,
and that number must be the order of the quantic of which
they are invariants.

Later (§ 89, Exx. 25-28) it will be scen that all invariants
are lincar functions with constant coefficients of thoso which
can be written down in this way. The like statement may
be made as to covariants.

Tho method is one by which Cayley made great advances
in the systematic exhibition of covariant and invariant forms.
(See, for instance, his collected works, Vol. I, pp. 95-112.) To
%ursue it is outside the limits of the present introductory work.

or ways of selceting symbolical expressions which do not
give vanishing results for a single quantic (cf. § 89, Ex. 28,
and § 181), and for applications to the reduction of systems of
covariants and invariants, the student is referred to Cayley’s
original memoirs, and to Salmon’s Higher Algebra. 'The
method, which is spoken of as that of ¢hyperdeterminants,’
did not, in its originator’s form, succeed in cstablishing the
finitoness of complete systems of irreducible covariants in
general. That triumph was reserved for another symbolical
method, having much in common with it, which will be
referred to in the following articles.

There is a corresponding theory for ternary and higher
quantics, which will not be entered into. The student will
have no difficulty in seeing that, acting upon a product of
three ternary quantics, y ) 2

Ty
b}

d p) d
P} d

I &~

day’ 3y, 9%
which may be called 123, is an invariant oporator.
F2
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60 (bis). The German symbolism. The Cayleyan notation
for hyperdeterminants has been very generally replaced b({
another, which is identified with the names of Aronhold,
Clobsch, and Gordan. This is based on a purely symbolical
reprosentation of the coeflicients in & quantie. A binary
quantic (g, ¢y, @q, ... @) (#,y)? is denoted by («z+a’y)”,
looked upon as cxpanded by the Binomial Theorem. Thus,
for 7=10,1,2,...5, «'«’*" denotes «,, while «'a” bas no
meaning unless 7+s=p. In order to express products of
coefticients in one quantic, we have to introduce & number of
pairs ¢, «’; b, V’; ¢, ¢; ... of symbolic letters, and to say that
(uz + a'y)?, (b + V'), (m:+«-’;y)’, ... all represent the same
quantie, so that a’«?~", b"b'?~", "¢’?", ... all mean «,, and,
for instance, @ a/?~"0"b’*-*¢'¢’*"! is the product ¢,u,a,. We,
in fact, deal in the first place with quantics which may be all
different, and eventually in interpreting conclusions identify
them, or such of them as may bo given to be the same.

I, as in § 59, x,, ¥, and w, y, are cogredient pairs of
variables, which we presently identify, and if (aw,+d'y,)%,
(bx,+ b'y,)" denoto, in the manner just cxplained, two binary
uanties 1, 1, in those pairs respectively—quantics which wo
way also presently identify if p; = p,—it is readily seen that

(py= N (py—m)1,3 2 2 dy
AN (— E -) s

omy dy,  dir, Y,

= (b — ') (aw; + a"yy)m=" (bry + Yy,
where the right-hand member, when expanded, consists of
terms every one of which is of p, dimensions in « and «’, and
of p, in b and ¥’, so that only actual products of coefficients
in the two quantics present themselves, in addition to the
variables. It is usual, for brevity, to eall this right-hand
member (ab)’a,,"’n ~rp 2,

or, after identification of «;, y, and a,, ¥,,
(@by a =T,

When only one quantie is really under consideration this gives
the covariant, of degres 2 in the coeflicients, («d) a -"02~",
where «,® and 5,7 both mean the one quantic.

In like manner the hypordeterminant
—r __8 ¢

12,23 .31 u,u,u,,

of partial degrees 1, 1, 1 in the cocfficients of w,, u,, u; is
a numerical multiple of

(ub)" (bey (cw) u p=r-t bpa-r=s ¢ ps=s=t,
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where p,, p,, Py are the orders of w,, u,, u,. If for theso
quantics the same p-ic is taken, this covariant is

(ab)r(bc)n (ca)c a,i"’“ bzp—r-a cxp-;_:,
and is of degreo 3 in the coefficients, as
@, = aPa’? " = VPP = P,

for overy p which onters into its expansion.

Similarly any hyperdeterminant of & highor degree is, but
for & numorical factor which it is best to discard, symbolically
oxprossed by a product of powers of symbolic determinants
such as (ab), and of powers of a,, b, ..., such that the sum of
tho indices of tho factors in which @ occurs is p,, the order of
the first quantic «,1, tho sumn of those of factors in which
b occurs i8 p,, the order of the second quantic b,"s, and so on.
If the orders of the quantics are all cqual, and in particular if
tho various quantics are all the same, so that

af=bf=cr=..,
tho various sums of indices are all cqual to p.
It is impossiblo for all the hyperdoterminants thus written

down to be lincarly independent. The study of their intor-
dependenco is usually based on tho ‘ Jacobian identity ’

(b’ =V'e) (s + &'y) + (co’ —c'a) (b + V')
+(ub —a'D) (cx+'y) = 0,
i.e. () v+ (ca) b+ (ad) ¢, = 0,

which clearly, for instanco, cnables us to oxpress a symbolie
product divisible by (b¢)«, as a sum of two other symbolic
prodacts. Even when wo havo by use of this identity reduced
a system of hyperdeterminants to a smaller system of such as
are lincarly independent so long as a’«’?-" and bt e-r, for
instanco, mean coeflicients in different p-ics, many will still
romain which becomo identical, conneeted, or zero whon in
a final interpretation for the case of ono p-ic wo have to give
to these different products tho same meaning.

60 (ter). Operational symbolism. Thero is a variation of
this Clebschian symbolism which is less ontirely artificial.
Its symbols are not mere wmbrae with no meaning in them-
selves, but denoto differential oporators. Lot us take

0 =a'b_ao+a35_¢71+ ves +(l,5a’—;,

so that Oa, = u,, 03¢y = ay,... 0%uy = ay,

and, with p+¢ > p, Or+tu, = 0.
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We can then write
U= (g ty Uy, o) (,9) = (@ +y0)7,.

Instead of using one such operator 6, let us introduce a
number of the same formn, onc for cach of a series of uantics
dealt with in tho first place. The 7th of the scries is thus

t, = (0,0, @, @) (@, 9)Pr = (w4 0,)rra™,
where

P d
=q,N —= (1) ——.
0,=aq, 30, + ay S +...+aq

Let us say «,, b, ¢,, ... instead of «,V, a,®, a,®,....
The proof that
(=) (=7t 3 D 3
AL (awl dy day 371) s
= (6,—0,) (x + 5,0)"=" (vy + 1, 0.)7 -Tay by
is quite direct; and we can proceed to hypordeterminants of
higher degrees as before.

Identifying the cogredient pairs of variables, and taking the
orders p;, p,, p; equal, we obtain for the numerical multiple of

—r ot
the hyperdeterminant 12 . 23 . 31, which has been symbolized
above by (u b)r (bc)" (c“)f “xp—r—f b‘p-r—l czp-:-l’
the somewhat more expressive form

(0, - ol)r (03 - 02)' (01 - 03)'
(@+y0,)""" (@ +y0,)"* (@+ y0,)""" agh,c,.

The expression obtained in this way for any hyperdeter-
minant covariant of degree < in the coefficients of one binary
p-ic may be written

=i m=n-1 W =
1T 1 (6a—00" I (= +90)™" ayaycq ... (i factors u,),
n=2 m--1 n=1

where 6, and its powers act only on the first factor «,, 6, and
its powers only on the second, and so on. The indices 7,
and w, are positive numbers or zeros satisfying tho equations

Trpt+rpgto+ry; o =p,
7‘,._,+’l’m+...+9’2,- +ﬂ'2=],,

7‘1'-"',"2;"' o +I"'"—]|'+w|' = 7)'
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The order = of thiy covariant is =, +=,+...+=;; and it
is easy to soe that its weight is

Sty t 3w, = % (ip—Sw,) + 3w,

=3 (p+a),
a8 we know must bo the case, from Chap. IIL

In this notation the Jacobian identity is
(0,—0;) (z+y0,) +(0,—0,) (@ +y0g) + (6, — ;) (= + y6;) = o.

I
61. Transvectants. Tho invariant or covariant 1z (u v),

or rather this multiplied by (p—7)!(p'—7)!/plp/l, is called
tho rth trunsvectant of w and », in German the rth ¢ Ucher-
schicbung von w iiber ».” The process of forming transvectants
of w and v is called tramsvection.

In particular tho covariant or invariant 12 of u, i.o. tho

pa—
covariant or invariant 12 (ww), is {p!/(p—r)!}? times the
rth transvectant of « and itself.

From two binary quantics %, v, whose orders aro p, »’, of
which p4p’, are derived p+1 transvectants., For, besides
the values 1, 2, 3,...p of 7, the value 0 is also admissible.
The Oth transvectant of 2 and » is the product ww. The
other transvectants of u and v are tho covariants, or covariants
and invariant, which are of tho first degree in the coefficients
of u and also of tho first degree in tho coefficients of v, and so
altogether of the second degree. As has been scen, one is the
product %y, and the rest may be found from the first, second,

.., pth emanants of w and of » by writing down the lineo-
lincar invariants of corresponding pairs of those emanants as
in § 49.

'E‘he oth transvectant of w and itsclf is w2 The other
transvectants of w and itself arc tho covariants of « of degree
2 in the coefficients, obtained by writing down the invariants
of the second degree of the successive emanants of . The
first, third, fifth, &o. transvectants of w and itself vanish.

A transvectant, once found, is dealt with as a new quantic.
Transvectants of u and covariants of degree 2, already found
as transvoctants, are of degree 3; and so on. It is clear that
by repetitions of transveetion wo can obtain covariants of all
dogrees. At any stago we usc an operating symbol, such as

12, involving two figures only, which rofer to two covariants
alroady found, or to one covariant and w%. Tho usc of com-

—r _ & _t
plicated hyperdeterminant produets 12 .13 . 23 ..., involving
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many figures all referring to u or another fundamental quantic,
is avoided.

The symbolic method of § 60 (bis) has been brought to bear
on the theory of transvectants; and it was by use of it that
Gordan first obtained a proof of the finiteness of the complete
system of irreducible covariants and invariants of any binary
quantic or quantics.

With regard to a single binary quantie , what his researchos
succeeded in establishing is, that all concomitants (this term
including both covariants and invariants) of « which are of
the second degree in the cocfficicnts are transvectants of w, u*
in particular being the Oth transvectant ; that all of the third
degree in the coefficients are linear functions of transvectants
of # and concomitants of the second degree, products of w into
«? and other concomitants of the second degree being included
as Oth transvectants; that all of tho fourth degree are trans-
vectants of « and concomitants of the third degree; and soon
from degree to degrec. Gordan proved that this continued
process ceases after a time to give new irreducible con-
comitants, so that the determination of a complete system
of irreducible concomitants for any binary quantic is roduced
to the examination for irreducibility of those which are ob-
tained as transvectants up to a certain point.

Ho also proved finite the complete system of irreduciblo
concomitants of a number of binary quantics. In tho case of
two quantics u, v the completo system is eomprised in the
complete system of u, the complete system of v, and a
terminating system of transvectants of the one completo
system with the other complete system. In the casc of threo
quantics u, v, w, the complete system of concomitants is com-
prised in the complete system of %, v, the complete system of
w, and a terminating system of mutual transvectants of these
complete systems ; and so on for any number of quantics.

Tgis great theory should be studied in Clebseh’s Thevrie
der Bindiren Algebraischen Formen, in Gordan’s Vorlesungen
iiber Invuriantentheorie, or in Grace and Young's Algebra of
Invariunts. It lies outside the scope of tho present treatise.

Ex. 20. The Jacobian of » and v is their first mutual transvectant,
a numerical factor discarded.

Ex. 21, The Hessian of & binary quantic u is the sccond transvoctant
of « and itself, but for a numerical factor.

Ex. 22. The quadratic invariant (§ 48) of a binary 2n-ic is half its
2nth transvectant with iteelf.

ix. 23. The lineo-linear invariant (§ 49) of two binury p-ics is their
pth mutual transvectant.
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Ex. 24. The second transvectant of the cubic (g, &, ¢, d) (x, y)* and
itsclf is twice the quadratic covariant
(ac—¥) 2’ + (ad—bo) zy + (bd—c') y"
Algo the first and third transvectants vanish.

Ex. 25. The first transvectant of the cubic and its second transvee-
tant (Ex. 24) is the cubicovariant (§ 45, Ex. 13)
(a*d—3Babe+ 202+ ....
The second mutual transvectant vanishes.

Ex. 26. The first transvectant of the cubic and its cubicovariant is
minus twice the square of the quadratic covariant (ac—b%)«'+ ....
Their second mutunl transvectant vanishes. Their third is minus
twice the discriminant

a*d?—6abed + 4ac® + 4P°d— 3b°c = (ad — be)*— 4(ac—b*) (bd—c?).

¥x. 27. The second transvectant of the quartic (e, b, ¢, 4, &) (x, y)*
and itself is twice the quartic covariant (the Hessian simplified by
omitting & numerical factor)

(zc—0") 2! + 2 (ad — be) 2y + (ae + 2bd — 3¢*) a®y?
+2 (be—cd) xyP + (ce~d*) y* 5
and the fourth transvectant is twice the invariant
I'=as—4bd+3c%

Ex. 28. The first transvectant of the quartic and tho quartic
covariant of Ex. 27 is half a sextic covariant beginning with
(a*d—3abo+28%) a + ... :
the sccond is one-sixth of the product of I and the quartic: the third
vanishes : and the fourth is three times the invariant
J = ace+ 2bed—ad—be—c’.

Ex. 29. The binary quintic (a, b, ¢, d, ¢, f) (z, )* has a covariant
of the second order and the second degree.

Ans.  (ae—4bd + 3¢*)a* + (af—3be + 2ed)wy + (hf—dce + 347y,

half the fourth transvectant of the quintic and itsclf. Cf § 57,
Ex. 15.

Ex. 30. The binary quintic has an invariant of the fourth degree.
Ans. (af—3be+2cd)*—4 (ae—4bd + 3¢°) (bf—4 ce+ 3d7),
found as minus twice tho second transvectant of the covariant of
Ex. 29 and itself. :

Ex. 31. The binary quintic has a linear covariant of degree 5 in
the coefficients,

Ans. The fourth transvectant of the quintic and the square of
the covariant of Ex. 29. Cf. § 57, Ex. 16.
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Ex. 32. Find a covariant of the fourth order and second degree of

the binary sextic.
Ans, ﬁ‘.
Ex. 33. Prove that, for each of the values r =1, 2, 3, ... I(}p),
(6,—0)7 (2+96,)*"7 (w+y0,)" " aa

is a covariant of & binary p-ic (the Inst an invariant if p is cven), of
degree 2 and order 2p—47.

Ex. 34. Prove that, for cach of the values r =1, 2, 3,... 7 (]—%l )s

(0,— 6,y (0,—6,) (w+y0)*~" " (n+y0,)"™* (x+y0,)" " acs
is a covariant of degrec 3 and order 3p—4r—2.

Ex. 35. A ternary quadratic has an invariant of the third degrco
whose symbol is Tﬁé’; and a ternary quartic one whose symbol is
123,

Ex. 36, A g-ary 2u-ic has an invariant of degree q.

62. Contragredient quantities, Two scts of quantities
X, Yy Byeees & 7, (se-. aTe said to be contragredient when formulac
of lincar substitution for the first set

c= IX+ mY+ wZ+...,
y=UX+m'Y+nZ+...,
e=U"X+m"Y+n"Z+...,
are necessarily accompanied by the associated but different
formulae of substitution for the second set
E= lg+ Un+ U¢+...,
H=mé¢+mn+m”{+...,
Z=mnf+nn+ n"¢+...,

in which latter set it is to be noticed that the new quantities
aro expressed in terms of the old, and not vice versa. Revorsed
thoy are

I}

E=MTAE +puH +vZ +...},
n=MYNE +p'H +V7Z +...},
C=MYNE+p ' T+v"7+...0,
. . . . . . . . . .y

where M is as usual the modulus of the schemo of substitution
for 2;,9,2,..., and where A, g,..., X', p/,..., ... denote the minors

IM/d, IM/dm, ..., IM/, dM/3m/, ..., ....
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It iy convenicnt to speak of contragrediont quantities as
being linearly transformed by schemes of substitution of
which one is the dual of the other. The name is reasonable,
a8 the duality or reciprocal connoxion of the two substitutions
is preeiso, it being possible, and a good simple cxercise in
determinant algebra, to show that the first substitution stands
in precisely the samo relation to the second as the second does
to tho first.

63. Geometrical contragrediency. Tho duality of trans-
formations of contragredient quantities has its counterpart
and its application in the method of duality in geomectry.
Taking ternary systems, we know in fact that if @, 7, z and
¢, 0, ¢ are point- and line-coordinates of associated systeins, 5o
that £z +7n 9+ (z = 0 is the condition that the point (g, ¥, 2) lio
on the line (&, 1, ¢), or that the line (£, n, {) pass through the
point (z, y, 2), as, for instance, is the case when tho coordinates
of a point are arcal and the coordinates of a line the perpon-
diculars upon it from the vertices of tho triangle of reference,
then the first scheme of linear substitution of § 62 applied to
@, 9, 3, ... reduces this condition to the form

ECX+mY +nZ)+n (X +m'Y +0'7)
+¢ ("X +"Y +0"Z) = 0,

ive. (E+Un+l"O)X+(mé+m/n+m”{)Y
+(ng¢+nn+0")Z = 0,
which is of the same form,

as before if the formulae of substitution for §, », ¢ are those of
the second scheme in § 62.

Thus corresponding systems of point- and linc-coordinates
are transformed to corresponding systems by dual linear
substitutions. In other words they are contragrediont
quantities.

64. Another remark of great importance is that the symbols
d/dx, d3/dy, 3/dz,... are contragredient with the variables
@y Yy 5y 00 . For when

= IX+ mY+ nZ+...,
y=UX+w'Y+2Z+..,
e=U'X+m"Y+4"Z+...,



76 CONTRAGREDIENCY (64

wo have, as used frequently already,
2, 3,
'D;Y'— ls‘_v'l' lsg"' l a—z“"‘n.,
d

I
3Y—m$5 +m STJ""”?/ -a—z-"'...,

i-—na+n,'a W
az— 'a—& Sy"‘"l az+con,

.
. . . . . .y

and these accord with tho two dual schemes of § 62.

65. From the formulao of § 62 it follows at once that

EX+HY+ZZ+...= (I X+mY +nZ+...) ¢
+(UX+Y +2Z+ . )+ X +0"Y+0"Z+..) ¢+ ...
=¢wtny+{s+...;
so that 2+ ny+ ¢z+... obeys the absolute invariant law.

We might, in fact, have defined the contragrediency of
Z,%,%... and £ 9, ¢,... by postulating that their corresponding
schemes of linear substitution are such as to leave

fx+ny+lz+...
unaltered. This has been illustrated by means of the geo-
metrical econtragredicncy of § 63.

In the case of the contragrediency of § 64 this porsistence

in form of ¢z +ny+ {2+ ... means simply that

] d )] 9 d d
Xa-:f+yb-y+zéz+... =$ﬁ+y@ +z_b_.;,+'"’
which, when we remcmber Euler's theorom of homogeneous
functions, wo seec to be only the expression of the fact that
a homogeneous function of any order in z, 3, 2, ... becomes
upon lincar transformation a homogencous function of the
same ordoer in the new variables.

66. Contravariants and mixed concomitants. If u, a

uantic in z, ¥, 2,..., i8 oxpressed in terms of now variables

, Y, Z, ... by lincar transformation, and if ¢, 4, ¢, ... are
quantities contragredient to =, ¥, 7, ..., and accordingly ex-
pressed in terms of new quantities =, [1, Z, ... by the sub-
stitution dual to that giving z, 7, 2, ... in termsof X, ¥, Z, ...,
there are found to exist functions of §, 9, (, ... and of the
coefficients in , which need at most to be multiplied by
factors involving only the constants of the transformation,
always in fact powers of the modulus, to be made equal to
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the same functions of 2, H, Z, ... and of the coeflicients in the
transformed form of w. Such functions are called contra-
variants of w.

There also exist functions possessing the same property,
which involve both 2, v, 2, ... and &, § ..., as well as the
cocfficients in %. Such functions are called mized concomi-
tants of w.

There also exist contravariants and mixed concomitants of
systems of two or more quantics in the same variables
Ty Yy 2y 0ens

Invariants, covariants, contravariants, and mixed concomi-
tants are all spoken of as comcomitunts of the quantic or
quantics to which they belong.

In a certain sense £z +19y+(z+... may be itself spoken of
as a mixed concomitant. It has, however, no reference to
any particular quantic or quantics, but is a function of
persistent form of the two contragredicnt sets of quantitics
only. It is the universul mixed concomitant of all quantics
ina,y,2..orin &y (...

In a better sense, contravariants and mixed concomitants
of a quantic % in 2, ¥, 2, ... are regarded as respectivoly in-
varients and covariants of the system consisting of « and the
linear form {x+ny+¢z +....

Ex. 37. If ¢ (, 9, %, ...) is & covariant and ¢ (& 7, (, ...) a contra-
variant of %, then

d 9
\P(b_;s 'b_z'/: E’"')(b(m’ W3 "')

is & covariant or invariant, and

b(sp 30 5p - )W EN L)

is n contravariant or invariant. (Sylvester.)

67. Evectants. It is from the last-mentioned point of view
that contravariants and mixed concomitants of a quantic or
quantics are most easily discovered.

The method of § 19 may, in fact, be applied to determine
a series of contravariants from any invariant of a quantic u,
or a serics of mixed concomitants from any covariant. We
have only in any invariant or covariant P to put for every
coefficient in u the corresponding coefficient in

w+k(Er+ny+{z+..)0

where p is the order of u, and to take separately the coeffi-
cients of £, k%, ... in the expanded result. These separately



78 EVECTANTS [67

are (§ 19) invariants or covariants, as tho case may be, of

and (€2 +9y + (= +...)", and conscquently of « and
Eetny+Cs+...

In other words, they are, as the case may be, contravariants

or mixed concomitants of w.
The method has, it will be remembered, been already used

for binary quantics in § 20, Ex. 33,
If tho quantic w be

az” + pba*=1y + pb'aP- 1z + ...
1’_(1)_-_1_) P—24,2 r (})—_l) -2 .2
+ 1.2 cxP ty + 1.2 cxbizt 4.,
where the numerical factors of the various cocfficients are the
corresponding coeflicients in the expansion of the mnultinomial

(@+y+2z+...)% the rth of theso contravariants or mixed
concomitants is

YT W
(85, HE gy +E s + oo

werap e 2y )P,
¢ o

The contravariants obtained from any invariant P of u in
this way are called the first, second, ... 7th, ... ervectuntxs of P.

The same method applies for the determination of contra-
variants and mixed concomitants of two or more (uantics in
tho same varinbles. The same operator as bofore

> > >
»___ -1, . -1
E g TE ISy HET T gt e

9 P]
2,2 =2
+E A AT g s

in which p and «, b, V/,... ¢, ¢, ... refer to one of the (uantics
only, suffices to derive series of contravariants and wixed
concomitants from invariants and covariants of the system.

The general theory of contravariants is Sylvester’s. Evect-
ants are due to Hermite.

Ex, 38. Show that
e —4dfn+6e ' —4b&r + an?,

(ce~d*) ¢ —2 (be—cd) £+ (ue+ 2bd— 3¢*) {9
—2 (ad—be) & + (ac—0%) o,
are contravariants of the binary quartic (s, &, ¢, d, ¢) (z, y)*
Ans. 'The first evectants of 7 and ./.

and
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Ex. 39. Find & cubic contravariant of a binary cubic as an evectant
of its discriminant.

iX. 40. Use the method of evectants to show that the left-hand
side of the tangential equation
(be—fNE+ ... +2(gh—af)nl+... =0
of the conic
u = e + byt + ox* + 2 fyz + 2 g+ 2y = 0
is a contravariant of w.

Ex. 41. From the invariant
O=d(be—f)+...+2f (gh—af)+...
of two ternary quadratics obtain a contravariant of
a2 fyrd o, G L+ 2 Y+
in which loth sets of coefficients occur.

68. Contravariants of binary quantics not distinet from
covariants. In tho case of binary systems there is a con-
nexion between contragrediency and cogrediency which has
nothing analogous to it in the cases of ternary and higher
systems.

Let z,y and £, n be pairs of contragredient variables, so
that with the formulae of lincar substitution

e=(X+mY, y=U'X+m'Y .. (1)
go as companions the formulac
E=1lf+0n, I =mg+my. . (2)
These latter may be written
My=IH-mE, —M¢=UH-—m'E, . (3)

where M = Im’—1"m ; and these differ only by tho presence of
the factor M on the left of each from the results of putting
7, —§ 11, —E for ,y, X, Y in (1). This has already becn
encountered in the particular case of § 46.

In an extended sense, then, we may say that n and —¢ are
cogredient with & and y. Tho factor M will not affect the
legitimacy of their use as variables cogredient with @ and ¥,
so long as only homogeneous functions are dealt with, pro-
vided, of course, that we pay proper attention to the alteration
of the power of M which occurs as a factor on a side of any
equality we are dealing with.

We may equally say that, when &’ and 4’ are cogredient
with @ and 9, then —3}, and 2’ are cont.mFredient with 2 and
9, but for a factor which is immaterial so long as homogeneous
functions are dealt with. In particular we may say that
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-~y and @ are, with this reservation, contragredient with
« and y.

If, then, in any contravariant of a binary quantic u, or of
several binary quantics, we replace ¢ and 4 by —v and «,
we obtain a function of z, ¥ and the coofficients of u, or of
and the other quantics, which persists in form but for a factor
involving only the constants of transformation, a power of M,
after any lincar transformation. In other words, we obtain
a covariant of u, or of u and the other quantics.

In accordance with what has beon said, however, it is clear
that the power of M, which occurs as a factor in the relation
expressive of the covariancy of the derived covariant, is
different from that which occurs in the relation expressive
of the contravariancy of the contravariant from which it is
obtained.

Ex. 42, Apply this method to § 67, Ex. 38.

Ex. 43. Obtain the cubicovariant (§ 45, Ex. 13) of a binary cubic
by means of the first evectant of the discriminant. (Cf. § 67,
Ex. 39.)

Ex. 44. Prove that
2 dy_ oD >
M(fsy—ns.;) =E 5y —l5ys
and hence that (a,, &, ... a,) (2, ¥)” has a concomitant (in general
mixed) containing the term a2 7", where r is any one of
0,1,2..p

Ex. 45. If P, of degree i and weight w, is any produet, or linear
function of products, of coefficients in a binary p-ic, prove that there
is a concomitant (in general mixed) containing the term Pa’P="¢",

69. Covariants of u are invariants of u and a linear form.
It is a proposition closeli' associated with the remark of the
preceding article that all invariants, of a complete system
(§ 33), of a binary quantic or quanties w, v, w, ... and the
linear form @y —a'y are, when in them «’, §" are replaced by
, y, covariants of the quantic or quantics u, v, w,...; and
that conversely all covariants of w, v, w, ... are, when in
them @, y are replaced by 2, ¥/, invariants of the system
consisting of u, v, w, ... and the linear form xy’ —a’y.

This is easy to sce ; for, if &', 3’ are cogredient with , ¥,

wy —a'y = M(XY' -X'Y).
Now a complete system of invariants of wu, v, 1, ... and
wy —a’y involve a;/zv 9/ homogeneously (§ 88), so that to
insert MX, MY for z/, 4/ in an invariant is the same thing
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as to insert X, Y for them and multiply by a power of M.
If, then, in & su,pposod invariant of w,v,1, ... and zy’ —a'y, we
put @, y for &', ¥, we get a function of tho coefficients in
w, v, w, ... and of @, ¥ which persists in form, but for a power
of M as factor, after linear transformation. In other words,
we get a covariant of u, v, w, .... And conversely, if in any
covariant of u, v, w, ... we put @', 3’ for @, ¥, we get a function
of the sets of coefficients in w, v, w, ... and zy’—a"y which
again persists in form, but for a power of M as factor, after
linear transformation. In other words, we get an invariant of
u, v, 10, ... and @y’ —ay.

A fact closely related to this, and, indeed, & particular caso
of the first part of the theorem, is that all invariants of the
binary (p+1)-ic

(wy' —a"y)w
are, when &/, " arc replaced by @, , covariants of the binary
p-ic w.

1431 [¢]



CHAPTER V

BINARY QUANTICS. INVARIANTS, ETCO.,, AS FUNCTIONS OF
DIFFERENOCES.

70. IN most of the chapters which follow, binary quantics
will alone be considered, except where otherwise stated.
Special methods may be with advantage adopted for the
discovery and examination of their concomitants. Moreover,
it will be seen later that from invariants and covariants
of binary quantics there is a means of passing to those of
a ternary quantie, that, in fact, invariants and covariants of a
ternary quantic are a class of invariants and covariants of
a system of binary quantics. From ternary quantics there is
a like passage to quaternary ; and so on. Thus there is more
than simplicity of treatment in favour of a close examination
of binary quantics alone in the first place.

71. Convention as to numerical multiples of concomitants.
If I is an invariant, so i8 pl, where g is any numerical
constant. If K is a covariant, so is uK. The invariants
I and p I are not of course regarded as distinet invariants, nor
the covariants K, u K as distinct covariants. It will be well
now to adopt some convention which will relieve us from any
ambiguity as to numerical multipliers when we speak of any
invariant or covariant I or K. Tho following is probably tho
best convention as to invariants of a single binary quantic

(g @y, g, ... ) (2, Y)P.

Take the term or terms in the invariant which involve a,
to the highest power. If there are more such terms than one,
suppose that a, is the next earliest coefficient which occurs in
any of them. Choose among them the term or terms which
involve a, to the highest power. If there are more than ono
of these terms, let a, be the next earliest coefficient which
ocours in any of them, and take that term or those terms
among them which involve «, to the highest power; and so
on continually till wo get but a single term. Now divide or
multiply the invariant by such a numerical guantity as will
give this term the coefficient +1. The invariant thus pre-
pared is what we nearly always henceforth mean when we
speak of the invariant as a precise function.
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And as to covariants tho convention is similar. Take the
coefficient of the term free from y in a covariant which has
been found. Among the terms of which this coofficient
consists single out onc by the same rule as above, and apply
to the covariant the numerical factor which will reduce tho
numerical coefficient of this term to +1. By the covariant
we henceforth mean the covariant thus numerically prepared.

The rule may be more briefly stated if wo call tho co-
efficients in the quantic a, b, ¢, d, ¢, ... instead of «,, ¢,, a5, ¢y,
dy,.... Suppose the factors of every term in the invariant,
or in the coefficient of #® in the covariant, written from loft to
right in alpbabetical order. Among all the terms choose the
one which comes first in alphabetical order, i. e. the onc which
would stand first in a dictionary. Mako the coofficient of this
term + 1.

Thus, in invariants and covariants of various quantics
which we have already met with,

ac—103,

(ad —be)2—4 (ac—1?) (bd—¢?),
(*d—3 abe+ 20923 + ...,
ae—4bd + 3 3,

wce + 2 bed — ad? = ble—c,

the coeflicient + 1 is given to tho terms «c, «®d?, «?da?, ue, ace,
respectively, by the above rule.

72. Covariancy of the factors of a binary quantic. A
method already touched upon in § 51 will bo now more fully
considered.

Let @, /iy, @3 /ifa» ++» @5 /Yp bo the p roots of the general binary
prie (tgy g, dy, ... y) (@, )

i. 0. let them ho the roots of the cquation in a/y obtained by
equating the p-ic to zoro. Moreover let the denominators
1> Yg» -+ Yp» Which are of course arbitrary, bo so chosen that

Y1 ¥seYp= -
Another cxpression for tho p-ic must then be
(@Y, — 2,Y) @Y, —23Y) .. (@Y —25Y)-

As explained in § 51, we may with propricty say that tho
PBITS &y, Yy 3 Ty, Y3 «er 5 Tys Yy arC COgredient with z and ¥;
that every suffixed @ and the corresponding suftixed y are
particular corresponding valucs of # and y. Thus, going with
the formulac of lincar substitution :

z=1X+mY, y=UX+m'Y,
G 2
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we have, for every value of 7 from 1 to p inclusive,
z,=I1X,+mY,, 9y, =UX,+m'Y,,

so that
ay.—ay = M(XY,-X.Y), .. (1)
and similarly, » and s being two distinet numbers not ex-
cecding p,
Y, -2y, = M (X,Y,—-X,Y)). .. (2)

By means of (1) we have that

(@Y, —@,y) (@Yo —25Y) ... (XY, —2,Y)

= M"(XY,— X,Y)(XY,-X,¥)...(XY,—X,Y)
is an equivalent way of writing the identity

(ags s gy v @,) (2, Y)Y = (A, Ayy Ag, .. 4,) (X, Y )5
and wo are consequently told that, «,, any coefficient in the
original form of our p-ie, being a function of &,, #;, ... @, and
Y1s Yus ++» Yps the corresponding coofficient A, in the trans-
formed form of the p-ic is M? times that samc function of
X,X,...X,and Y, ¥,,...7,.
In particular we have
myy,..Y,=A,.

78. Now tako H,, any homogencous function of dogree w in
the differences such as «,y,—,y,, and let 1, be the same
function of tho corresponding differences X,Y,—X.,Y,. By
the cqualities (2) above we sce that

H,= M-Il

Should it then be possible to express .H,. as a homogencous
function, of degree ¢ say, of @,, ¢,, @,,... ¢,, in which casc
H’, would be the same function of M~? times the corre-
sponding new coefficients A, 4,, 4,,... 4, and s0, in virtuc
of the homogeneity, would be M~ times the same function of
Ay, Ay, Ay, ... A, that function will be an invariant of tho

-16.

The functions H,, in gencral cannot be so cxpressed. We
will, however, oxhibit a class of funetions 1/, which can, and
shall proceed to show that all invariants aro thus given.

Writing a;, @y, ... &, for @, /3, €3/Ys, --. ©p/Yp, We know that
a,/ag, a,fuo, we. (/g are cortain numerical multiples of the
clementary symmetric functions a,+a,+... +a,, 2 (2;ay), ...,
a,a,... a,. Wealso know that any rational integral symmotric
function of a,, a,, ... @, can be exprossed rationally and inte-
grally in terms of these elomentary symmetric functions, every
one of which involves each of the roots to the first degree. If the
symmetric function involves a particular root ,, and therefore
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overy root, to the ¢th degreo and no higher, tho expression for
it in terms of the clementary symmetric functions must involve
at least ono product of ¢ of them, distinct or repeated, and no
product of more than i. Such a funection then, when multi-
plied by «}, bccomes equal to a rational integral function of
y, Uy, ... ,, of degreo ¢ in those letters, and without «, for
a factor. If tho symmetrie function is throughout of dimen-
sions w in all the roots collectivoly, the rational integral
function is isobaric of weight w. Conversely, a rational
integral homogeneous isobaric function of a,, a, ... «,, of
degree { and weight w, and without a, for a factor, is equal
to «, times a symmetric function of the roots, of total dimen-
sions w in them, and of dogree 7 in every particular root.
(Sco Burnside and Panton’s Zheory of liquations, 4th cd., § 81.)
Now take %, a product of w differonces ,y,— #,¥,, repeti-
tions allowed, so constructed that every one of the p suffixes
1, 2,...p occurs in just ¢ of its factors, and no othor suffixes
enter. As there are p suffixes, and as two occur in overy
factor, tho number of factors has to be 1 ¢p. Thus 2w = ip.
From bk, derive p! products, including 4, itself, by per-
muting in all ;)ossible ways the suffixes 1, 2,...p. Take for
I, the sum =/, of these p! products. It may vanish idon-
tieally ; if not it is symmetric in respect of all the p suftixes,
and we will soc that it can be expressed as a rational integral
funetion of «,, ay, ... @ps with degree ¢ and weight 2, so that,
as explained above, it is an invariant.
Upon dividing 2k, by (9, ... %)’ i.0. by @, we obtain
a sum, symmetric in the suffixes, of products of v factors like
(2,9, —2.:) /Y. Yss 1. 0. like @, /y.—w,/y,, i.c. like a,—a,. =h,
is then the product of «,’ into & sum, symmetric in the roots,
of produects of w (= %ip) differences betwcon roots, cach
product involving every particular root in just ¢ factors.
Accordingly, by the facts about symmetric functions just
quoted, it is equal to a rational integral function of «,, ¢y, ...,
of degree 7 and weight 20 ; which is what wo had to prove.
[It may bo remarked, incidentally, that no proof has so far
been given of the fact that the symmetric function of the roots
,"*3h, is actually of degree so great as ¢ in each particular
root unless it vanishes identically. Were it of degree less
than i, owing to the cancelling on addition of the terms of
degreo ¢ in the various parts @,~‘h,, of the sum, the invariant
3h,, would have the form «,F(uy, @y, ... ®,) with the second
factor integral. But no invariant can have this form. To
sco this apply the transformation z = X, wy,— 2,y = ¥, where
the latter is one of the lincar factors of our p-ic. Wo thus
obtain a transformed p-ic with first coefficient 4, =0, so
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that the invariancy of «,F(«,, u;,...«,) would necessitato
o F (¢y, dyy i) = 0.]

74. Invariants as functions of differences of roots. It is
now clear that, if we take any such produet of w differencos
botween roots of a p-ic that every root occurs in just 7 of its
factors, where ip = 24, and if we form a function symnetric
in the roots by adding together the p! results of permuting
the roots in this product in all possible ways, and multiplying
the sum by «, the expression for this function in terms of
Uy, (ty, ... ¢, I8 an invariant, unless it vanishes identically.

For, upon substituting y,9, ... ¥, for «,, and

(@1Y2—291) /s, &e e @y/y;—m, /Y, &e.,
for a,—a,, &ec., we give the function the form of a sum of
produets in which %, &e., cancel in numerator and denomi-
nln.tor, i.c. the form of a homogencous H, in z,y,—,y,, &c.,
alone.

It will be shown that invariants obtained in this way con-
stitute a full system, i.e. that the p-ic has no invariant which
is not eithcer a single one such as constructed, or a linear
function with numerical coeflicients of & number of them of
one degree and weight. Wo must first prove the following
theorem :

Keery invariant of

(40, g o0i ) (@, )
can be expressed as « function of the differences belween roots,
symnelric in the roots, multiplied by « power of u,y, with or
without a purely numerical factor.

An invariant of degrec ¢, like any other function of that
degreo in the cocfficionts, can, as explained earlier, bo expressed
as «, times a symmetric function of the roots.  We will sce
that it is unaltored when all the roots are increased or
diminished by any tho same quantity. This will ensure that
the symmetric function of the roots can be expressed in torms
of differences only ; for it will in particular follow that in an
expression for it we can diminish all the roots by ome of
themselves.

The roots of our p-ie, all diminished by m, are the roots of
the p-ic obtained from it by the particular linear transforma-
tion 2 = X +mY, y = ¥, of which the modulus is unity, so
that by it overy invariant is unaltered. This is what we had
to see.

We now ask what functions of tho differences between roots,

symmetric in the roots, produce invariants of degree ¢ whon
multiplied by «,?
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In tho first place ¢ must bo cxactly the highest degree to
which any, and thercfore every, root enters into the cxpanded
symmetric function.

Next, the dimensions of the symmetric function in the roots
collectively must be w = }ip throughout, this being tho
necessary weight of an invariant of degree < (§ 25).

Now it will be proved in § 89 (corollary), from a more general
theorem, that overy rational integral function of differences
between roots, symmetric in the roots, of dimensions % ip, and
of degree ¢ in every particular root, is a linear function with
numerical coefficients of symmetric sums of produets of dif-
ferences, every product in which has the like property of being
of dimensions %ip and of degree ¢ in every root; i.o. that it
can be expressed as a linear function with numerical cocflicients
of symmetric sums, «,’ times which have been proved to ho
invariants at the outset of the present article. Hence wo
draw two conclusions: (1) that all funections of differcnces
such as just described become invariants of degree ¢ upon
multiplication by a,, and (2) that the statement made
above, as to the fullness of a system of invariants provided
by symmetric sums of produects, is correct. Accordingly the
facts may be summarized in the following comprehensive
theorem :

If we take any such product of w of the differences between
roots of a binary p-ic that every root occurs im the same

nwmber 2—19 , o7 1, of its factors, and if we add together all the

results of permuting the p roots in this product, the symmetric
sum obt({'inwd, wutdeJinteé?ral in the coefficients by the fluctor a,,
8 an invariunt of the p-ic, wnless it vanishes; there is mo
wnvariant which cannot be excpressed, but for a factor ay, us
such a symmetric sum or us « sum of positive or megutive
numerical multiples of such synvmetric sums; and no func-
tion of the differences, though symmetric in the roots, which
cannot be so expressed, can give an vnvariant.

Ex. 1. Show that every invariant of a binary p-ic must vanish for
the special p-ic (z+y)?; and hence that the sum of the numerical
cocfficionts of the terms of an invariant must vanish.

Ex. 2. If a, 3, ¥, 8 are the roots of a binary quartic, show that

ao’ > { (a—,B)’ (7""6)’}’ ie. 2 {(zl Y= wz.'/t)’ (‘”33/4-3’4!/;)’}
is an invariant.
On the other hand = {(a—3)*(y—238)*} and X {(a—B)* (y—98)*}, of
which the latter vanishes, are not productive of invariants,
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Ex. 3. Is cither of ¢,2 3 {(a—B) (a—7) (3—3) (y—¢€) (8—¢)],
wd ) Sia—p)(a- ) (B 2P (r—F =),
an invariunt of the quintic of which a, 3, ¥, 8, € aro the roots ?
Ans.  The second.

75. By ‘invariant’ in the last article has been meant
¢‘rational integral invariant.” An irrational invariant nced
not be symmetrical in the roots. A word may be said about
one class of irrational invariants—the class of invariants
which, though irrational in the ecocfficients, have rational
integral expressions in terms of «, and the roots. What has
been said a.pglies to these, excopt that the references to sym-
metry must be omitted. A product of w differences between
roots, such that every root occurs in just ¢ of its factors,
where ip = 2, or a linear function of such products for the
same 7, produces when multiplied by «,* an invariant, which is
irrational unless the product or lincar function of products
is symmetrical. For instance

4 {(a—p) (y=8)— (8—7) (a—2)}
is an irrational invariant of the quartic whoso roots arc
a, 3,7 8 It is (see § 81, Ex. 4, below) a root of a cubic
cquation z3—38671z+432J = 0, with rational invarinnts for
coeflicients. It is also a rational invariant of the four factors
of the quartic. An anharmonie ratio

(a—7)(8—2)/(a—?) (B—)
of the four factors of the quartic is an important absolufe
irrational invariant of the quartic—an absolute rational in-
variant of the four factors.

Those functions If,, of § 78 which do not involve the
suffixed letters in such & way as to make them invariants of
the p-ie, rational or irrational, as well as those which do, are
invariants (rational) of the system of p linear forms 2y, —a,,
(r=1,2,...p). Thisis easi{y proved by showing that over
@9, —x,Y is an invariant of the system (sco § 7, Ex. 2).
Morcover, every invariant of the p linear forms is an I17,,. To
prove this is to prove that the 4 (» — 1) invariants 2,9, —2,,,
with 0 < r <8 =< p, constitute the complete system of irredu-
cible invariants of the p forms, in terms of which all other
invariants can be rationally and integrally expressed. (Sec
Ex. 22 below, and Chap. XIYV.)

76. 1t is of interest to verify that the relation 1/,, = M*H’, ,
of § 73, applied to a case in which H,, has been shown to be
an invariant I(«,, @y, ... a,) of degrec 2 and weight w = %%,
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gives the right power of M in the relation expressive of the
invariancy of I (uy, ¢y, ... ).

In § 72 we saw that, for every », M~*4, is the same function
of X;, X,,...X, and Y, ¥,,...Y, a8 ¢, is of @, @,,...x, and
Y1s Ygs ooe Yo ]Efonce, having

I, = I(a,,ay,...w,), homogencous of degree <,
we have also  H', = M-"I(A,, A,,...4,).
Accordingly II, = M*H’,, gives
I(A,, A,,...4,)=M""](a,,a,,...c,)
= M*I («,, dy, ... t,),
in agreement with §§ 23, 26.

77. Discriminants. The product of tho squares of the
differences between roots of a binary p-ic is a single product,
is symmetric, and involves all roots in equal numbers of its
factors, viz. every root in 2 (p—1) factors. It belongs then
to the class of symmetric functions which according to § 74
produce invariants. Now «,2®*-1) times this product is tho
discriminant, or rather (cf. § 71) is a numerical multiple of
the diseriminant. We have then a direct proof that the dis-
criminant of any binary quantic is an invariant, as has been
otherwise scen earlicr (§ 15) for all quanties.

The weight of the diseriminant is p (p— 1), and its degree is
2 (p—1). Thus, in accordance with the general theory,

w=%ip.

78. Invariants of quadratics and of cubics. Binary quad-
ratics and cubics have no rational integral invariants but their
discriminants and powers of those discriminants.

For the quudratic this is obvious. For there is only ono
differenco a ~ 8 between two roots a, 3, and no function of
a—f3 can be of a single wcight and symmetric in a and g
unless it be an even power of a—g3.

For the cubic § 30 tells us that there cannot be two inde-
pendent invariants. The diseriminant, then, being one, it
follows that thore is no other which is not a function of
that diseriminant, and consequently, as invariants are of one
weight throughout, none that is not simply a numecrical
multiple of a power of the discriminant.

We may also reason as follows. Let a, 8, y be the roots of
the cubic. Any invariant of a full system of degree 4 must,
by § 74, be of the form

a/2{(B—y)" (v—a)* (@—B)'},
where st+t=t+r=r+8=1,
so that r=s=t=1%i
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Thus ¢ must be ¢ven, and there is at most one invariant of
degree 4, namely

a2 {(B—7) (y—a) (a—B) }-

If 44 is oven, the product under the X is itsclf symmetrie,
so that cvery permutation of a, 8, y in it merely repeats it.
Thus there is a singlo invariant of overy dogree divisible by 4,
_namely, the appropriate power of

a* {(B~7) (y—a) (a—B)}%,

i.e. of the diseriminant, or of a multiple of the discriminant.

An odd power of (8—y) (y—a) (a—B) is not, however, sym-
metric as it stands; for if we interchange 8, y in it wo alter
its sign. If we wmake all possible permutations of a, 8,y in it,
and add, we do not get a symmetric function, but zero, the
terms cancelling in pairs. Thus with 3¢ odd there aro no
invariants.

79. Discriminants freed from inconvenient numerical
factors. The right numerical multiples of «,*(a—g)* and
a {(B—y)(y—a) (a—fB)}* to speak of as the discriminants of
tltl'e binary quadratic and cubic, are decided by tho convention
of § 71.

By clementary processes of tho theory of equations it
can be proved, taking for convenience (a, b, c) (x, )* and
(0, b, ¢, d) (w, y)* to bo the quadratic and cubie, that for the
two cases respectively

a?(a—p)¢ = —4 (ac—b?),

and @t {(8—) (y—a) (a~B)}*
= —27 {(ad—be)—4 (ac—1%) (bd— )} 5

and it is to the expressions in brackets on the right that, in
accordance with § 71, the namo of discriminants is properly
given, and not to —4 and —27 times thosc cxpressions
respectively.

In Cayley’s fourth memoir on quantics the corresponding
multiple to the —4 and —27 abovo has been foundp in tho
case of the diseriminant of any binary quantic. Consider the
binary p-ie (¢, d;, ¢y, ...a,) (%, ¥)*. The product of the
squares of differences between pairs of its roots is of weight
p(p—1), being the product of % p (p—1) factors of two dimen-
sions in the roots, and consequently, being an invariant, is of
degree 2w/p = 2(p—1). That this is the degree also follows
from the fact that any particular root enters in p—1 squared
factors, and so to the degree 2 (p—1); for the degree in the
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coefficients «,, ¢y, ... @, is the degreo in any particular root.
We have, then, to consider tho oxpression for

4, T (o, a)*
in terms of the coefficients.

Since p(p—1) is the weight, thc term a1 -1, if it
actually occurs, is the one term in tho diseriminant into
which «, enters to the highest power. This, then, if it
oceurs, is tho term in the diseriminant to which the coef-
ficient + 1 is given in accordance with the convention of § 71.
Now the term must occur; for it is the only one which does
not vanish for the special p-ie ¢, + «,%?, and the diseriminant
of this special p-ic does not vanish, since no two roots of
the equation a,2”"+«, = 0 are equal when neither «, nor «,
vanishes.

Now consider the yet more special p-ic «”+y*. Its roots
are those of z*+1 =0, i.e. the p pth roots of —1. Decnote
these by py, pg...p,. We know that if p,, py, ... p, aro the
roots of f(z) = 0, then

f’(z)=;f£—zzl + % + ... +2'_,f:-(_221,’
so that f "(p) = [Zfé% z=p = (p1—pg) (l’l"/’:!) e (M—p,)

and so for other roots py, ps, ... p,. It follows, by multiplica-
tion of the p right-hand and p left-hand members, that

P e) F (pg) oo f (p2) = (= 1)@V (p,—p,)?,
the sign being as stated because each of the } p (p—1) differ-
enees p,.~ p, occurs once in the product as p,—p, and onco as
‘ps—py. In the present case, then, of the equation 2"+ 1 = 0,
I)Plp—l ¢ ppﬂy-l A ppp”-l = (_ l)})‘(l’—l) 14 (Pr—PU)29
so that  IT(p,—p,)? = (—1)73*®~D p*(pypy, . p,) !
= (~ D)o~
= (=1)¥E-1 2,
Now if, for the general p-ic («q, @4, @y, ... «,) (z, y)7,
2@V (a,—a,)? = k{a* a1 +...},
we got as a particular case of this
T (pr—py)* = k.
Consequently k = (—1)#?®-1p?,
Thus the product a**~VII(a,—a,)* for the binary p-ic is
properly spoken of, not as the discriminant, but as
(~1)ire-npr

times the diseriminant.
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The multipliors —4, —27 for the cases of tho quadratic and
cubic accord with this gencral result.

80. The binary quartic. The binary quartie (4, b, ¢, d, €) (, y)*
has not more than two independent invariants (§ 30). Now
the discriminant is one (§§ 15, 77). There are, however, two
of lower degrees than this. It is preferable to regard then
as tho two fundamental invariants, and the diserininant as
conscquently a function of them. The two are the I and J

of § 29.
In fact, a*={(B—7)* (a—23)%}
and @Z{(B—7) (a—3) (y—a)® (B-3)*}

are invariants according to the eriterion of § 74.

A remark as to the number of terms covered in these and
such-like summations will be here in placo. We must always
bear in mind that for purposes of expression in terms of the
cocflicients it is symmetry in the roots rather than in tho
differences which is fundamental ; and we most safely take
one term for every permutation of a, 8, v, 8. Thus, sinco we
may take a first root a in four ways, then a sccond 8 in threo
ways, and then a third y in two ways, we regard each of tho
above sums as a sum of twenty-four terms, even though theso
are, in the first, three terms oight times repeated, and, in
the second, six terms four times repeated. The student is
recommended to give the closo attention nceessary to convineo
him of this second fact.

Let the four roots be scparated into a triad a, 8, y and tho
fourth 3, and let (8—y) (a—3), (y—a) (8—3), (a—p) (y—8) be
denoted by w, v, w. Then he will sce that the first sum is
eight timnes

o (ud +v% 4 u?), o (1)
and the seeond four times
a?{u (VP —w?) + v (wP—u?) + e (u? —0%)}, .. (2)

which latter may, hy elementary algebra, equally be written
—d? P (v—w)+ v (w—u) + e (u—2)},

or @ (v—w) (w—u) (u—v),

or again ta{(v—wp + (w—u)+ (u—v)}.

The values of the invariants (1) and (2) in terms of tho
cocfficients may be calculated by the ordinary methods of
symmetric functions. (Sce, for instance, Burnside and Panton’s
Theory of Equations, § 27, Exx. 16, 18.) The results are that

(Ut + v+ w?) = 24 (ae—4bd +3¢%) = 2471
and a?{u (1? —w?) + v (wd—u?)+ wu?—v?)}
= —432(ace + 2bed —ad?—bPe—c®) = —432J.
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This direet process is however unnecessary. For it will be
seen in the next chapter that I and J are the only invariants
of degrees 2 and 3 which the quartic possesses. The invariants
(1) and (2) must thon be numerical multiples & 1, k'J of I and
J respectively. This being granted, that & and %" have the
values 24 and —432 respectively may be seen by considering
a particular case. Take, for instance, the particular case of the
quartic whose roots aroe +1, +2.

It will be noticed that in I and J the alphabetically leading
terms ae, ace have the coefficient +1 according to the conven-
tion of § 71.

The proof that all rational integral invariants of tho quartic
can be rationally and integrally expressed in terms of I and J
is reserved till a later chapter.

81. Discriminant of quartic. The discriminant, an in-
variant, must, as explained at the opening of the last article,
be a function of T and J. We proceed to see what function.

It is an invariant of degrec 6 and weight 12 (§ 77), which
vanishes when the quartic has a square factor, and consequently
when it has the square factor 32 i.e. when « = 0 and b = 0.

Now in this case I and J become 3¢? and —c? respectively.
Of these no rational integral function vanishes cxcept

(8¢#)3—27 (—c®)?
and functions with this as a factor.
Conscquently
I3—27J% = (ue—4bd + 3¢ —27 (ace + 2bed — ad? — L% —c)3,
whose degree and weight are right, is the discriminant of the
quartie.

The coefticient of its alphabetically leading torm «?¢® is
correctly + 1.

By the genecral proposition of § 79, the invariant

a®(a—B) (a—y)* (a—3)* (B—7)* (B—2)* (y—2),
or, in tho notation of the preceding articlo, «buv?w?, which
must be a numerical multiplo of the diseriminant, is equal to
44(13—27J%) =256 (13—27J3).

Ex. 4. Prove this also by showing that v—w, w—u, u—v are the
roots of tho cubic 2*—36a7% Jz+ 432473/ = 0, and that 27*u’v’w?
is the product of the squares of differences between roots of this
cubic.

Ex. 5. Obtain the same result by showing that 432%«~%J% is the
product of the squares of differences between roots of the cubic

f—12a"2It—uvw = 0,
whose roots arc u, v,.w.
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Ex. 6. The products aw, av, aw are irrational invariants of the
binary quartic.
Ans. Cf. § 75, or Ex. 4 above.

Ex. 7. The six ratios of u, v, w to one another, which are respectively
minus the six anharmonic ratios of the factors of the quartic, are
irrational fractional invariants.

Ex. 8. Any anharmonic ratio (¢, —a,) (¢,—a,)/(6,—a,) (a,~a,) of
any four factors of a binary p-ic 18 an irrational invariant of the p-ic.

Ex. 9. All invariants of & binary quartic can be expressed as
functions of the discriminant and any single anharmonic ratio

(a—1v) (B—28)/(a—3) (B8—7) of the factors.

Ex. 10. All invariants of a binary p-ic are functions of the dis-
criminant and the p— 3 anharmonic ratios of four factors

(B—a) (y—a) (8—a)(y—a) (B—a)(r=a,)
(r=a)(F=a)’ (y=a) (B—0)’ " (y—a) (8=a,)’

where a, B, y are three roots, and a,, a;, ... a, the rest. (Cayley.)
Ans. These are p—2 independent invariants.

Ex. 11. In a binary quartic for which 7 = 0 the six anharmonic
ratios of the four factors are equal in sets of three to the two
imaginary cube roots of —1. Geometrically the pencil or range of
four elements which the quartic denotes is said to be ‘cqui-anhar-
monic.’

Ans. From w49+ =0 and ufv+w=0

2
we have (‘:-’) + Q—:+ 1=0. Hence, &c.

Ex. 12, In a binary quartic for which J = 0 the six anharmonic
ratios are —1, —1, 2, 2, }, 4; and the pencil or range is harmonic.

82. Covariants as functions of differences. We now pro-
cced to notice briefly the facts as to covariants of a binary
quantic which are analogous to, and in reality include, the
facts as to invariants dealt with in §§ 72 to 76.

Using the results (1) and (2) of § 72 we can at once writo
down the analogue of the first statement in § 73; viz that,
if G.is a homoieneous function of degree w in the two sets
of differences whose types are zy,—z,y and 2,y,—=,y,, where
@y /Y1 @/Ys, ++- Tp/Y, aT0 the roots of (¢, ay, a,, ... a,) (z, y)?,
and if é’ «» 18 the same homogencous funetion of the corro-
sponding differences XY,—X.,Y, &c., and X,Y,—X.Y,, &c.
with reference to the roots of the transformed quantic

(Au’ 4,, Az’ K Ap) X, Y)p’
then Q, = M*¢,. :
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Should it then be possible to express G,, in terms of the
variables @, y and the coeflicients «,, a,, a,, ... a,, and @, as
the same function, divided by a power of the mod’ulus, of X,¥Y
and 4., 4,, A,,... A, such a function G, when so expressed
will be a covariant.

Notice that any covariant so obtained must be komogeneous
in the cocfficients a,, a,, ¢z, ... a,. For if the expression for

G, be K (ay, a, ay,...a,; @, 9),
that for @, is
KA,/ Mr, A, /M", A, /MY, ...A,/M?; X, Y);
and this must be homogeneous in the fractions with denomi-
nator M if the equality G,,= M"®,, is to take the form
K (Ay, Ay, Agy.o. Ay X, Y) = MK (g, ty, t, ... @y @, ).

It is to be concluded also that G.., or K, is homogeneous in
« and 9, i.c. that in overy product of differences which is
a part of G, there must occur the same number of differences
xy,— Y, &Y, —2,Y, ... of the first type. For, the coeflicients
gy Gy, @g,... 4, being all homogeneous in «;, a,,...2,,
Y1, Yas +++ Yp, the covariant K, or G,,, must bo homogeneous in
these quantitics. Now any term in @, which is a product of =
differences of the type @y, —,y and, consequently, w — = differ-
onces of the other type «,y,— .., is of dimensions = + 2 (1 — =),
i.e. 2w—m, in @, @y, ... &y, Yy, Yu» -+ Y, This then having to
be constant for all products of which @, consists, @ must be
the same for all.

Covariants thus produced are then necessarily of one degree
in the coefficients and one order in the variables throughout.

83. Now any covariant of degree ¢ and order = of a binary
quantic is necessarily a,'y™ times a function of the differences
between roots and of the differcnces between /y and roots,
For it must be unaltered by the linear transformation

z=X+mY, Y= Y
of which the modulus is 1; that is to say, it must be un-

changed in value when :3 and all the roots are diminished by

any the same quantity m, and so in particular when all are
diminished by one root.

Those functions of the two sets of differences which, when
multiplied by factors a,‘y®, become covariants are exactl
those which, when so multiplied, become functions such as Gy,,,
above. Wo will prove this for rational intogral covariants—
to which as usual attention is confined—Dby exhibiting a system
of fanctions of the differences which, upon multiplication by
a,'y™, become covariants because they become functions G,
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and showing that all other covariants of degrce ¢ and order o
are sums of positive or negative numerical multiples of these.
We first notice that a function of the differences which
yields & rational covariant must involve the roots symmetri-
cally : otherwise it could not be expressed rationally in terms
of the coefficients and =z, y at all. Also, if = is the order of
the covariant yielded, so that % is the necessary y-factor to be

applied, the function must be of degree = in L Onee more,

if i is the degrec of the covariant, so that «,’, i.e. (,95... ¥,)%
is the necossary a,-factor, cvery one of the roots ay, a,,...a,,
or 2,/¥y, @3/ Yys s+ ©,/Y,, must be involved to the degree <: if
one is, so too are the rest by the symmetry. Further (§ 39)
ip — o must be positive or zero, and (§ 38) % (¢p +w) = w must
be the whole weight of the covariant, i.e. the dimensions of the

function of differences in ?Z/ and the roots together.

Take then any degrec i and order = such that ip 2 =, and
ip+or is even (= 21). Write down a product of w factors, of
which % ({p—w=) are differences a,—a,, i.0. (@.Y,—@\.)/Y:Yss

between roots, and the remaining = are differcnces y—a,,

i.e. (2y,—,9)/yy., between %’ and roots, so choosing theso

factors that every root occurs in just ¢ of the whole number 1w,
@/y of course occurring in just = of them. The product is
a function G,, over the denominator (y,y,... ¥,)'y", 1.0. a,'y™.
Multiplying by this denominator we obtain the function @,
say ¢,. Now the product written down is probably not sym-
metric in the roots. But permute the roots in it in all the p!
possible ways, and add the p! results of permutation. Unless
the sum vanishes identically we thus get a function symmetric
in the roots, which may be expressed as a rational integral
function of degree i in a,/a,, af/a,,, veo @y /g, and of degree =
in z/y. The result of multiplying this by a,'y® is a homo-
gencous rational integral function of degrec ¢in «,, ay,...a,
and of order = in z, y. It is also a @, function Xg,.
Accordingly it is a covariant.

Now it will be proved in § 89, Cor. (2), that overy rational
integral function of } (ip+w) = w dimensions in 2/y and
the roots, which (1) is symmetric in the roots, (2) is a
function of the two sets of differences, and (3) involves cvery
root to just the degree 7 and w/y to just the degree =, i.e.
every function of differences which can coneeivaﬁy yield a
rational integral covariant of degrec 4 and order w, is either



83] COVARIANTS A8 FUNCTIONS OF DIFFERENCES 97

one of those just constructed, or a sum of positive or negative
numerical multiples of several of them with the same ¢ and =.
Taking this as known, we thus have that all the functions
of differences which could conceivably yield covariants do
actually yield them, and that those constructed above as pro-
ductive of funections =g, suffice to form, for any allowable
degreo and order, a system in terms of which all others of
that degree and order can be linearly expressed. We can in
fact state the following complete result:

If, choosing numbers i, w such that ip Z w and ip+= 8
even, we take any such product of 3 (ip— =) differences belween
roots of a binary p-ic, und = differences between x/y and
rools, that every root occurs in just i of all the % (ip+w)
Jactors, and x/y of course in just w, and add together all the
p! resulls of permuting in it the p rools, the symmetric sum
obtained, made integral in the coefficients and in z, y by the
Jactor alfy®, 8 « covariant of the p-ic, unless it vanishes ;
there is mo covariunt which cumnot be expressed, but for u
Jactor ay®, us such a symmetric sum or as u sum of positive
or negutive numerical mulliples of such symmetric sums;
and no function of the two sets of differences, though symmelric
in the roots, which cannot be so expressed, can give a covariant.

Ex. 13. All covariants, cxcept powers of the p-ic itself, vanish for
the special p-ic (x+y)?.

Ex. 14. The sums of the numerical coefficients of the products of
G, G, @&, ... @, which occur in K,, K,, K,, ... K, respectively,
where (K, K, ... Kg) (2, ¥)* is & covariant of (a,, a,, ... ;) (x, ¥),
all vanish, unless the covariant is merely a power of

(3, @y, ... ap) (=, ¥)°.

Ex. 15. Every term in the summation which gives a covariant
2g,, of a binary p-ic must involve at least one difference between
a pair of » chosen roots if 2ir>ip + w.

Ans. Cf. § 89, Ex, 2.

Ex. 16. Every term in the summation which gives an invariant

), must have this property if 2r >p.

Ex. 17. Verify as in § 76 that the relation @ = M (., applicd
to a case in which G, is a covariant of a p-ic, gives correctly
M1(iP=®) a5 the factor by which the covariant must be multiplied to
be made equal to the covariant of the transformed p-ic.

84. The binary quadratic. This has no covariant distinet
from iteelf and its one invariant, the discriminant.

In fact, if .
ax?® + 2bxy + cy? = a (2 —ay) (¢—BY),
H

141
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covarianis of degree ; and order = have, by § 83, to be linear
functions of expressions

a'y® = {(a—B) (x/y—a) (x/y—BY},

i.e.

@'y { (a— B (@/y —a)* (@/y — B + (B —a) (/y — By (@/y —a)'}»
where Ap=A+rv=1,

and p+v=mw,

so that p = » = } w, and A = % (27— =), are unique.

There is then at most one covariant of this degrce and

order, namoly,

at{(a—B)E") + (B—a)iB=)} {(z—ay) (x—By) "
For this to be rational, =, and therefore 27 —=, must be oven ;
and, for it not to vanish, } (2¢—w) must be even. Accord-
ingly every covariant of degree and order 7, = must bo a
numerical multiple of

{a*(a—B)*}" {a (@ —ay) (x—BY)}"

where 27 = =, 2m +n = 4, and m, n are positive numbers or
Zero.

In other words, all covariants of one order and degree,
including invariants, are numerical multiples of products of
integral (or zecro) powers of the quadratic «a®+2bzy+cy?
itself and its diseriminant ac—b2,

Hence (§§ 35, 86) the quadratic itself and its discriminant
form the complete system of irreducible covariants and in-
variants.

85. Covariants of the cubic. If a, 8, y are the roots of the
binary cubic
aa® + 3bety + Bewy® + dy® = a(x—ay) (2~ BY) (£—rY),
the cubic has two independent covariants, numerical multiples
of @*Z{(@—ay) (B—7)*}
and @®E{(@z—ay)* (x—By) B—7)* (y—a)},
which, writing 6, ¢, ¥ for
@—ay) (B—y), (@—BY (y—a), @—7Y)(a—~);
are respectively twice and once
a?(6? + ¢ +¥®) = a’h, say,
and a3 {0% (p—v) + 24 —0) +¥2(0— §)} = a'g, say.

That tho two obey the criteria of § 83, and are consequently
covariants, is at once verified. That there cannot be more
than two covariants, independent of one another and the
cubic itself, is known from § 42. All other covariants, and
invariants too, can then be expressed in terms of them and
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the cubie. The one irreducible invariant, the diseriminant
(§ 78), is of course not a rational integral function of the
three—no rational integral function of them can bo free from
the variables. We reserve till a lator chapter the proof that
there is no other irreducible covariant or invariant of tho
cubic, so that any other covariant or invariant is a rational
integral function of the cubie, the two covariants above, and
the discriminant.

The expressions for a*k and a®g in terms of the coefficients
and va.ria%les can be obtained by elementary methods of the
theory of equations. We know however (cf. § 45, Exx. 12, 13)
two covariants of the degrees and orders of a%: and u®y, viz.

H = (ac—b%)a? + (ad — be) zy + (bd — ¢2) 32,
and G = («*d—3abc+ 203, abd—2ac®+ %,

—acd +2b6%d —bed, —ad?®+ 3bed—2¢®) (z, ),

and we shall sec later (see, for instance, § 114, Ex. 16) that
these are the only covariants of the degrees and orders in
question. Hence, for some numerical values of k¥ and A/, we
must have a’h = kI,
and alg =Fk'G.
This being known, we can find & and %’ by consideration of
the values of the covariants in a particular case. Take for
instance the cubic #®—43, for which a, b, ¢, d, a, 8, y have the
values 1, 0, 0, —1, 1, o, w®. The above equalitics become

18xy = —kay,
27(a° +y°) = — ¥ (&° +9°),
whence the values of & and &’ are —18 and —27. Thus
_ uh = —18H,
and as = -2 7 Gc
In aceordance with the convention of § 71 we speak of H and
G, rather than of a%h and «3g, as the fundamental covariants.
The close similarity between the forms, in terms of differ-
ences, of the covariants of a cubic and the invariants of
a quartic will not have escaped notice. It is not accidental,
but is a result of the fact, to which attention has been called
in § 69, that the invariants of
@y —ay)w

are, when 2’ and ¥ are replaced by % and y, covariants of u.

86. Bysygy among concomitants of cubiec. The cubic u,
its two covariants H and G, and its discriminant

A = (ad—be)i—4 (ac—b%) (b —c?)
H 3



100 SYZYGY FOR BINARY CUBIC EL

must, as wo have scen, bo connected by a relation. To find
this relation we may consider the cubic in the form

u = ax®+ dy®
which is not special, but is, as we have scen in § 11, Ex. 14,
one to which the general cubic can be reduced by lincar
substitution. For this form

H = adzy,

G = @*da® —ad®y?® = ad (ax®—dy®),

A= ugd’;
whence, by elimination of a, d, @, ¥, tho connecting relation
is scen to bo A= @B+ 4H3,

which holds when the general expressions for u, H, G and A
are substituted.

Ex. 18. Prove the same relation by showing that 6*¢*y?, a doter-
minate numerical multiple of the product Au? is 37° times the
product of the squares of the differences between roots of the equation
23—3hz+g = 0 whose roots are p—, y—0, 0—¢, and s0 a deter-
minate numerical multiple of the discriminant of this cubic.

Ex. 19. If the roots of the cubic equation » = 0 arc @, g3, , the
roots of H = 0 are
_PBytoyatota _ fytolyatwef
atwB+ety ' ato'Btoy
and those of G = 0 are
28y—ya—af 2ya—a—fy 2a8—By—ya
B+y—2a ’ y+a—28 " a+B-2y

87. Several binary quantics. Into a full discussion of the
expressions by means of differences of invariants and covariants
of systems of more binary quantics than one it is not proposed
here to enter; but the facts may be developed by the same
methods as have boen adopted in this chapter.

It will be found, for instance, with regard to Znvariants
of two binary quantics, that functions of the roots which
produce them must, for rationality, be symmetrical in the
roots of each quantic separately, and will in general be
functions of three classes of differences, viz. (1) differences
between two roots of the first quantie, (2) differences between-
two roots of the second quantic, and (3) differences between
a root of the first and one of the second. In order to produce
invariants which are not more properly regarded as sums of
simpler invariants, such functions must be homogeneous, not
only on the whole, but in each of the three sets of differences
singly. Any one of a full system for given partial degrees
must, moreover, be a sum of products of differences, in every

. (Cayley.)
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onc of which all roots of the first quantic ocour in cqual
constant numbers of factors, and all roots of the second in
equal constant numbers of factors, the numbers not being,
however, necessarily or as a rule tho same.

88. Functions of differences. In § 74 and § 83 assumptions
necding justification have been made as to certain classes of
functions of differences.

It will be convenient to establish a test as to whether
a given function F'(a,, ay, ... a,) can or cannot be expressed in
terms of differonces a,—a, only, each between two of the
letters involved.

If it can, then, for cvery value of 4,

F(ay, 0y .0n0) = Flag+h,ag+h,.oa,+k)  ...(1)
Convorsely it can if this is the caso; for then, in particular,
F(al, a2’ X al') = F(o, a.l_al, (YY) ap—al)-
Now the necessary and sufficient condition for (1) to hold
for cvery value of % is that
d d d
('a-‘;;-l- a;2+...+'a;”).F(a.l, a,,...a,,)=0, ...(2)
where identical vanishing is meant: we are dealing with
a;; a,, ... a, a8 independent arbitrary quantities, connected by
no relation.
To prove this, observe that

d
c_tZ,F(a' +h, 0y +0y...a,+1)

d 9 o
E(a‘;l ¥ g, Foert 5;”)F(aﬁk, ay+hyenay+h). .0 (3)
Here, if F(a,+%, a,+h,...a,+1) is independent of %, and so
cqual to F(a;, ay,...a,), the left-hand side vanishes, and
therefore also tho right-hand side, so that (2) holds. Con-
versely, if (2) is satisfied identically, it is satisfied when we

put a,+k, az+h,...a,+h for a;, as,...a, 80 that, by (3),
(—E%F(al+h, ag+hy ... a,+h)=0,and F(a+h, ag+hy...a,+h)

is independent of /.
Tho theorem obtained may be stated as follows:
F(ay, ay, ... a,) will or will not be « function of differences,
accordinyg as the differential operator
dda,+ddag+...+3/3a,
does or does not annihilate it

88 (bis). An expression for a function. of differences in
terms of differences is not unique. From one expression
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which involves a,—a,, for instance, we can derive a different
one by putting (a;—ag) + (a3—a,) for ag—a,.

Our justification of assumptions made in §§ 74, 83 will rest
on a proof of the important fact that, if & rational integral
function F(a,, a,,...a,), given in its expanded form, is a
function of differences, then, among the expressions for it
as lincar functions of products of differences, there will
certainly be one, such that none of the products of differences
in it involves any of a,, ay,... a, to a higher degree than the
oxpanded F'(a,, ay, ... a,) does.

For instance, ﬂa’—y’— 2a3+ 2ay is a function of differences,
a8 3/da+3/8 +3/dy annihilates it. An expression for it in
terms of differences is (8—a)?—(y—a)®. But each product of
differences hero is of degree 2 in a, whereas the expanded
function is only of degree 1 in that letter. Another expression
for the function is, however, (8—7v) (8—a)+(8—7y) (y—a),
which has no such defect.

In proving the derived theorem wo shall need the following
lemma:

If iy, ,...2, are the degrees to whick a,, a,,...a, respectively
enter in the expanded expression for any );o'nwgemous Junction
of the differences of total dimensions w, then

2w S+t .. +1,.

Suppose that, on the contrary, we have a function, as

deseribed, for which
2W>% + g+ 0o+,

It cannot be merel kgal—az) w, for which 2w=Xi It
might, however, be divisible by some lower power of a;—a,;
say by (¢,—ay)". If so, the removal from it of this factor
would diminish each of a, ¢;, 7, by 7, leaving 43, %, ... %,
unchanged ; and consequently would leave 2w—ZX+4 unaltered.

If, then, there is any function whatever, such as described,
for which 2w> i, thero is onme with the same property
which does not vanish when we put a, for a,. Let w and
%y, Ggy . T, refer to this function.

Put in it a, for a,. A function of the differences of
a, a,, ... a, results. Tlhis is homogencous of w dimensions ;
and its degrees in 4y, %5,...%, are certainly not greater
respectively than 4, +4,, ¢3,...%,. Now, on our supposition,

2w> (6, +5) + i+ .. + 5.
Consequently for the function of differences of p—1 letters
which we have derived 2w>21.

By repetition of the same process, we must be able to derive
certain functions of differences of p—2, p—3,... 2 letters with
the same property.
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But for 2 letters there is no function with the property.
All functions of w dimensions of their differences aro included
in & (ay-,—a,)*; and for this 2w = 4,

Accordingly our supposition is untenable; and we havo
always 2w < 34,

89. A fundamental theorem. If « 7rational integral
Sfunction of dimensions w throughout in ey, ay,...a, 8
a function of their differences, i.e. if it is annililated by
3 (3/3a), and if in ils expanded form in terms of a,, ay, ... q,
these letters occur to degrees i, v, ... %, respectively, it can be
expressed as a linear function with numerical coefficients of
products of w differences (repetitions allowed) in such a way
that in none of the products does a, occur in more thun
JSactors, or ay in more than iy, or &e., or a, ¥n more than i,.

Let the expanded function be arranged by powers of a,

and written o Pta " 1Q+..+ 2 w. (1)
Here P is a function of differonces of a,, ag,...a,. For, as
d/da,+dday+ ...+ ¥/da, annihilates the sum, the coeflicient
of a,* in the result of applying this operation vanishes: in
other words, ¥/3a,+3/da;+...+3/da, annihilates P. More-
over P is of w—1, dimensions, and involves a,, a, ... a, (if at
all) to degrees which do not exceed 4, %3, ... ¢, respectively.

We proceed to show that, if the theorem holds for p—1
letters, it must hold for p letters. If it holds for p—1 letters,
I’ can be arranged as a sum of parts like

m m, mp—
A(ag—az) " (ag—a)) (ap-.l_al') P,
where Mgy + Mgy + oo + My, S By = Tg—ny, 88Y,
Moy + Mgy + 100 + Mg, S T3 = by —ng, s8Y,

Mgp+Mgp+ .o +My_yp < 4y = 4,— 1, 88Y.
Addition of these qualities gives
2(w—1y) =G+ i+ +i,—(Ng+ ny+... +10,),
so that
Mg+ g+ es + My = 4+ (b + iy + 33+ 00 +4,— 220)
Z 1y, by the lemma.
Henco thero exist numbers (or some zero) »,, v, ... »,, not
greater than n,, n,, ... n, respectively, such that
vatvgt ... tv, =1,
Choosing such numbers, write down

(=)™ (= )" ... (11—, |
X A (=)™ (a0 ™ .. (a,-y—ay) "%
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This is A times & product of w differences into which a, enters
in 7, factors, and ay, a, ... a, enter in numbers of factors not
exceeding %,, 7y, ... %, Tespectively.

We have chosen one of the products as a sum of which P is
arranged according to our assumption that the theorem is
true for p—1. Deal with all the other products of the sum
in like manner, and add the results of introducing additional
factors as above. The rosult is a linear function of products
such as described in our cnunciation, and the highest terms
i1‘13 a, which it contains are o, . By subtraction from (1) wo
obtain

Given function — (linear function of products as described)
= al‘.‘—lP'+a1"_2Q’+...+Z', . (2)

whero it may happen that some or all of P, @, ... Z’ vanish.
If they do not it is a function of differences, of 20 dimensions
as before, of degree in a, at least one less than tho given
function, and of degrees in a,, ay, ... a, not greater than the
given function.

Repeat the argument with the diminished degree in g,
of (2), in place of 4,. And so again and again. Aftor at
most ¢, applications of it wo obtain

Given function = linear function of products as deseribed + Z,,

where Z,, if not zero, is a rational integral function of differ-
ences of a,, ag, ... a,, of dimensions w, and of degrces in
a,, d3, ... a, which do not exeeed i,, iy, ... %, respeetively, and
is consequently, by our assumption, itself a linear function of
products as described. Accordingly on this assumption, that
the theorem holds for p—1 letters, 1t holds for p.

Now it holds for 2 letters a,_,, a,, 88 (a,_,—a,)", the only
possible function of dimensions w in the one difference, but
for a numerical multiple, is of the form deseribed.

The mathematical induction is then at once completed ; and
the certainty that we can in all cases express a function of
differences, as given, in the form of a linear function of
products, as deseribed, is established.

CoroLLARY. If the weight and partial degrees of the
function sutisfy 2w =4, +1%,+...+1%,, the linear function of
sums of products must be such that a, enlers indo every

product in exuctly 1, fuclors, ag in exactly i,, and so on.

Let them enter in )/, 4;,...4,” factors of one of the products.
The number of factors is w = § (¢;+4,+... +1%,). Each factor
contains two letters, so that to write down all the factors
requires the writing down of 2w letters. But it also requires,
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on our supposition, the writing down of just 2,” letters a;, 4,
letters a,, and so on. Therefore

'il,+7.r2’+ ces +7:’,, = 2w= i1+7:2+ Xy +?:p’
hoo (i) g ) b i) = 0.

None of the differences here is negative, by the thcorem.
Consequently all are zero.

Two particular cases give us needed facts.

(1) Take 4 =iy =..=1,=4, 2w=14p. Also take the
function symmetric in a;, ay,...a, An expression in terms
of symmetric sums of products as described can be found for
it. The expression at first found is probably not symmetric,
but from this expression cqually valid ones can be found by
permuting the p letters in it in all ways ; and the sum of all
the expressions thus obtained, divided by their number p!, is
equally an expression for it, and is symmetric. Thus a
symmetric function of a,, a,,...a,, of degree ¢ in each of
them, and of dimensions in them all ¢p throughout, which
is a function of their differences, can be expressed as a linear
function of symmectric sums of products of those differences
in such a way that every product involves every ono of
a;, a,,...a, in just 7 factors. This is what we assumed in

4.

(2) Take ¢, =% = ... =%,y =1, 1, = m, 2w =1(p—1)+w.
Also take the function symmetric in ay, a,,...a,—,. From an
expression for it as a linear function of products as described
can be derived (p—1)! expressions for it, including the first
one, by permutations of a;, a;,...a,_,; and the sum of these
divided E; (p—1)! is an expression for it as a linear function
of sums, symmetric in a,, a4, ... a,_,, of products-as described.
Consequently a function of dimensions % {¢(p—1)+=}
throughout in a,, ay,...a,_;, a,, which (1) is a function of
their differences, (2) is symmetric in ay, ay,...a,_,, and (3) is
of degreo % in each of these p—1 letters and of degree = in
the remaining a,, can be expressed as a linear function of
sums, symmetric in a;, ag, ... a,_,, of products of differences of
the p letters, in such a way that in every product a, occurs
in just w factors, while every one of a;, a,, ... a,_, occurs in
just ¢ factors. . This, with p+1 for p, and z/y for a,,,, is
what wo assumed in § 83.

Ex. 20. Observing that any rational integral function of the
coefficicnts of p lincar forms

TYy— Yy TY3—B3Y, «e0 XYp—TpY)
or U (e—a,y), v (z—asy), .. yp(x—apy),
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which is homogeneous in the two coefficients of cvery one, must be of
the form
yiyf .. ypte F(ay, ag, .0 ap),
prove, by use of a particular linear transformation, that if the function
is an invariant of the forms, we must have for every value of /&
F(a,, a,, ... a;) = F(a,+h, a;+h, ... ay+h).

Ex. 21. Obgerving that, if the function of the coefficients has not
any one of &,, Y, @, Ya, - - Tp, Y, for a factor, then &, 4, ... i, must
be exactly the degrees to which a,, a,, ... a, respectively occur in the
expanded form of F(a,, a,, ... ap), show that, if the function is an
invariant of degrees i,, 1, ... 1, in the coefficients of the forms
separately, and consequently (§ 31) of total weight

w=3F+%+... +7)
then F(a,, a,,...a,) must be capable of expression as a lincur
function of products of s differences, in every ome of which
a,, a,, ... G, occur in just #,, iy, ... £, factors respectively.

Ex. 22. Hence show that every rational integral invariant of p
linear forms ay,—,y, TY,—%,¥, ... TYpy—=xpy is & rational integral
function of one or more of the % (p— 1) invariants

LYy —CeYe (0 <r< 8§p)’
so that, as each of these is irreducible, the §p(p—1) together con-
stitute the complete system of irveducible invariants of the p linear
forms.

Ex. 23. Every covariant, of partial degrees i, iy, ... 7, and order
@, of the p linear forms can be expressed as y,'1y,% ... y, y® times
a linear function of products of differences like a,—a, and products
like = —a,, in such a way that in every product a,, a,, ... a5, sowur
in exactly 7,, i;, ... tp, o factors respectively.

Ex. 24. The determinants 2,3y, —=,¥,, and the p forms themselves,
constitute the complete system of irreducible invariants and covariants
of the p linear forms zy, —,y, aY, —2,Y, ... TYp—LpY-

Ex. 25. Obgerving that (a,, a;, ... a,) (7, y)? = (z+y0)’a,, where
6 denotes the operator a,d/da,+a,d/da,+ ... +a,3/d4a,_,, show that
the transformation of modulus unity x = X +AY, y = Y gives it the
form {X + Y(0+h)}"a,. Expand this, noticing that

: Oa, = a,, Oa, = a,, ... 0Pa, = a,.

Ex, 26. Observing that every function of partial degrees 1, 1, ... 1
in the coefficients of the ¢ quantics

(z+y ol)p' o, (w+y0, a0, ... (z+y 9‘)7"“0((),
which involves the last coefficient in each, may be written in the form
F(6,, 6,, . 0) aMa® ... a,), where ¥ is a rational integral function
of degrees p, In 0,, p, in §,, and so on, show that, if the function is
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an invarisnt of the ¢ quantics, #(6,, 0y, ... 6,) must be unaltered
when we put in it 0, +4, 0,44, ... 0,44 for 0,, 6,, ... 6,.

Ex. 27. Observing that if the function is isobaric # must be
homogeneous in 6,, 6,, ... 6;, and remembering that if it is an
invariant of the quantics we must have 2w = p, +p,+ ... +p; (§ 31),
prove that every invariant of partial degrees 1, 1,...1 of the ¢
(uantics is a lincar function of ¢ hyperdeterminant’ invariants

(6,— 0’)"5, (01" ga)"'u soe (0‘-1 - 0‘)’"‘_” “o(‘)“o(’) o 0D,

where 0, occurs in just p, factors of the product of differences, 6, in
just p,;, and so on.

ix, 28. Remembering that from any invariant of degree ¢ of one
p-ic, an invariant of ¢ p-ics, of degree 1 in the coeflicients of each,
may be formed by the method of § 19, and that from this invariant
of ¢ p-ics we may return to the original invariant of one p-ic by
identifying the i sets of cocfficients, prove that every invariant of one
p-ic can be expressed as a linear fanction of ‘hyperdeterminant’
invariants

(6,—0,)"2(6,—6,)™ ... (0;_,—0,)" " a,a,a, ... (i factors),
where now 8,, 0, ... 6; all mean the 8 of Ex. 25, but the first and its
repetitions operate only on the first factor in a,a,a, ..., the second on
the second, and so on. Here 8,, 0,, ... ; all occur in just p factors.

Also prove that those of the hyperdeterminants which give in-
variants, i.e. which do not vanish, are those for which

3. (01_ 0’)"'12 (01"' 93)"‘13 e (ot-l - 0‘)»"_”
does not vanish identically, the summation covering all permutations
of 0,, 6,, ... 6;.

Ex. 29. There is a one to one correspondenco between invariants of
degrce ¢ of a binary p-ic and invariants of degree p of a binary i-ic.
(lermits.)

Ex. 30. There is a one to one corrcspondence between invariants of
partinl degrees 1, 1,... 1 of a binary p,-ic, p,-ic, ... and p;-ic and
invariants of partial degrees p,, p,, ... p; of ¢ linear forms.



CHAPTER VI

BINARY QUANTICS CONTINUED. ANNIHILATORS.
SEMINVARIANTS.

90. Annihilators of invariants. For the calculation of
invariants it is a matter of great importance that I any
invariant of (a,, @, ¢y, ... «,) (¥, y)* must satisfy the two
differential equations

2, A 3 A _
aoa(_b]:-l- “1“—'" (l/g'—‘—'l'---'l‘p“p-]bwp— ’

da, day
21 Al oI oI
pa, b—@+(p—1)az a—al+(p—2)a,3 a_a‘;‘i' -.: +a,, ba,_p_l = 0.

Professor Sylvester, to whom and to Cayley the theory is
due, though the idea had also presented itself to Aronhold,
expresses this fact by saying that any invariant I has two
annthilators, called Q and O, viz.

Q= 2 2 2 3a i +...+ -—B

=%3q,t al'bu,2+ 23q, ' T P15
0= 3—+(' 1)a _a_+( 2)u -—)L+ +a, —
= palbu,o r— ’ba, p— 3 da, e aﬁaa”_l'
The language is a convenient one for expressing that QI = 0,
and OI = 0 identically.
We proceed to prove these facts of annihilation.

91. The annihilator . The property of having Q for an
annihilator is one that invariants possess in common with
other functions of the coefficients which, when expressed in
terms of a, and the roots, involve only differences of these
latter.

This may be proved by soein%, as we shall later, that the
operation with £ on a function of the cocflicients is equivalent
to the operation with

(3— + 2t i)
da,  day e da,,
on the equal function of @, and the roots a,, a,,...a,. We
here adopt & different method.
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Functions of tho cocflicionts which arc equivalent to functions
of @, and differences betwcen roots are, as we have seen, equal
to the same functions of the altered coefficients when the
quantie is transformed by the substitution of X +mY and ¥
for # and y, that is to say, when the roots are diminished by
the same (positive or negative) quantity m. Now, this being
so for all values of m, lot m be taken as very small, so that
its square and higher powers may be noglected in comparison
with any finite multiple of itsclf. The quantic

aou? + pu, a1y + 2(12_’::2_1_) w2yt 4 L+ @y
becomes in this case, after the substitution,
g X"+ p (g + may) X*1Y + p(lp_-;_l_) (a;+2ma) X?P-2Y24 ..,
+ (4 + pma,_,)Y?,
g0 that the new coefficients are the old ones altered by the
increments
day =0, du; = ma,, da, = 2ma,, ..., du, = pmu,,_,.

Now I our supposed invariant, or other function of «, and

the differences between roots, becomes, by Taylor’s theorem
d

d d P
I+ (baom +ba.1 ‘);l + bafss—"aa + aee +6(IJ‘,E) I,

in which quadratic, &c. terms in the 3a’s, i.e. in m, arc omitted
as vanishing in comparison with the increment retained.
Thus a necessary result of I being unaltered is that

d d 9 )
(baogd:) +bala_a_‘1+bugs‘(; +-lo+6ap3_(z—)1‘=0’
2 »

. d d d
i.e. that m(“"'a'}{l“"lﬂ, +"'+W"_IE)I= 0,
i.c. that QI =o.

92. It will be well to give another proof of this, both
because of the convenient symbolical form of rosults to which
it will lead, and in order to convince ourselves that QI =0
is a sufficient condition to ensure that I is a function equal
to the same function of the coefficients in the quantic obtained
by putting X+m¥, ¥ for « and y in the given quantic,
whatever constant m be, as well as a necessary consequence
if this persistence is a fact.
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If

(4o, 44, 4g, ... 4,) (X, Y)" = (4, 4y, dy, ... @) (X +mY, Y)?,
where m is not now necessarily very small, the expressions
for the new coefficients are easily scen to bo, by use of Taylor’s
theorem for the expansion of a function of X /¥ +m in powers
of X/7,

Ao =,

Al = a'l + aom’

4, = a, + 2am +a,mé,

A r (p iy 1) 2 ?

» = Qp+pt, M+ ~—1.—2— Uy oM™+ o0 + M7,

where we notice that

dd, _ dA, _, d4, . dA, dA, _
am = am =4 G = 2 g =3 4ues Gt = pApr

We draw the conclusion that, if F(4,, 4,, 4,,...4,) is
any function of the new coefficients,

4
_‘_F(Ao, 4,4,,..4,)

dm
= 2F d4, 3F dA, OF d4,  F d4,
=3, dm YA, dm T34, dm T 54 dm

OF OF AF OF
= AO ﬁl + 2.A.l'a—A: + 3A33—A3 + .0 +'2)Ap_ls—A._p.

Now for él,,;l"(flo: 4,,4,,...4,) to vanish, whatever m

be, is the necessary and sufficient condition that
F(AO’ Al’ AS’ e ‘A'P)

be independent of m, and so equal to F (a,, a,, d,, ... ,) which
is its value when m = 0. Thus the condition, both sufficient
and necessary, that

F(Ag, Ay, Ay, .o 4,) = Flay, ay, g, .. t,)

is (Ao +24; o 434, 4,

is (47 + 154, t3 st P A5 )
F(d,,4,, 4,,..4) =0,

or, replacing capital by small letters,
QF (ay, ay, aq,...0,) = 0,
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93. Wo can by this method prove that, if F is any rational
integral function,
m

F(dy, 4, Ay A) = (1+m0+ ™ 03 > o
09 Ay Lygy e p—( +m 12 +l,2.3 +...

F(“‘o; Uyy gy oes “p)s_

which may be written symbolically
= "0 F (a,, Gy, Gy, ... &,).
In fact we have, by Maclaurin’s theorem,

b)) = p(O+m [0 + 5 (k] + -

=["mgm)] -

Now F(4,, A,, A,,... A,) is a function of m. Hence, if 4°,
denotes the result of replacing m by m/in 4,, we have by the
preceding article

F(4'y, 4, 4y, .0 4
(402 K] 3
— [em (Ao;u; Hhi gty M’) F(Ag, 4y, 4,,... A‘,)] ,

m=

= cm'nF(ao’ Ay gy eee ap)'

This is proved, subject to considerations of convergency,
for any function . When F is a rational integral function
no question of convergency arises. For we notice that F,
QF, Q2F,... are of weights rogularly diminishing by unity,
so that presently we get to a term Q“F of zero weight, i.e.
a function of a,, and beyond this point Q“*+1F, Q**2F, &o. all
vanish. The symbolic series practically consists therefore of
only a finite number of terms.

o have thus another proof that, if a function I persists in
form after the substitution of X +mY, ¥ for z and ¥ when m
is infinitesimal, it does equally when m is finite. For if
QI = 0, the condition of § 91, then also QI =QQI =0,
QI = 0, &e., &eo.

Of course the student will recognize that Q%I denotes the
full expression for the result of operating with @ on Q1, viz.

A*I 3l A#7 %7

g 9% = Gy — 8 2

a, a1 +4ayq, Sa, da, +6a,a, >a, 3, +o0+4u; dag +...

27 oI oI
+1 . 200372- +2'3a'13—a3+3.4a93_a,‘+'"’

and not merely the first line of this expression; and so for
Q1, QA1 &e.
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94. The annihilator 0. We have still to see that, if I is
an invariant, the second operator O of § 90 annihilates I, as
well as the first Q.

This property invariants have in common with other
functions of the cocflicients which persist in form after the

substitution
z=X, y=UIX+7,

i.e. in common with all functions of the coeflicients which can
be expressed in terms of «, and the differences between
reciprocals of roots. The substitution is in fact ono which
transforms the quantic into another in which a, is unaltered
and the reciprocals of the roots differ by Z’ from the reciprocals
of the original roots.

The proof is exactly as before, the present substitution
dealing with y and « exactly as that of the preceding articles
has dealt with « and %, and consequently dealing with the
quantic read backwards from its end «,y*, exactly as the
former substitution dealt with it read forwards from its
beginning a,2®. It will be noticed that O exactly corresponds
to Q in this reversed reading. .

We have then that OF = 0 is the necessary and sufficient
condition for F to persist in form when for 2 and y we make
such substitutions as X, /X + Y.

95. Symmetry of an invariant. Skew invariants. If in
an invariant «, and a,, @, and «,_,, @, and a,_, &e. are inter-
changed, the invariant is unaltered if its weight is even, and
changed only in sign if its weight is odd.

For the substitution 2 = ¥, y = X has for its modulus —1.
Now the effect of it is to interchange «, and «,, a, and a,._,,
ug and a,_,, &c. in the quantic. Conscquently, if

F(ay, ay, ag, ... ap)
is an invariant, we have (§§ 23, 26, 76)
Flay, ap_y, @p_gy .0 tg) = (—1)° F(ay, ty, g, ... a).

We see then that there is an essential difference in character
between invariants of even and invariants of odd weight.
Those of odd weight are, because of this change of sign, known
as skew invariants.

Skew invariants do not exist for the quadratic cubic and
quartic, and it came as a surprise upon mathematicians
when Hermite discovered the first skew invariant of a
higher quantic; viz. that of degree 18 and weight 45 of
the quintic.

Invariants of odd weight cannot, it is clear, be rational
integral functions of invariants of even weight. Thus when
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a binary quantic has one or more skew invariants one at least
of them must be irreducible.

96. One result of the symmetry to which attention has
just been called is that, when we have found a function of the
coefficients which has Q for an annihilator, it is unnecessary to
test directly whether it is also annihilated by O, in order to
ascertain whether it is or is not an invariant. If it is altered
in more than sign when the first coefficient and last in the
quantic, the second and last but one, &o. are interchanged in
pairs, it is not an invariant. If on the other hand it is not so
altered in more than sign it must be annihilated by O as well
as by Q, for the interchanges in Q produce O.

W% must prove, however, that any function which is of one
order and one weight throughout, and which is annihilated
both by Q and by O, is an invariant.

97. A homogeneous isobaric function annihilated by 2
and by O is necessarily an invariant.
Consider in succession the substitutions

z = A, y = py, . (1)
=X +tY, Y=Y, . (2)
X=X,Y=rX+7. ... (3)

The result of the succession is that of the performance of
the substitutions
w=A(1+t-r)X+AtY,} @
Y= prX+ p?. o
Now theso are the most general formulae of linear substitu-
tion; for, A, y, ¢, T being arbitrary, so are the cocflicients
A(L+2E7), AL, pry
as is clear by taking thom in reversed order. The modulus
of the resultant substitution (4) is Au.
Let the original form of & p-ic be
(a0, @y, @y, ... @) (2, )",
and let the forms it successively takes be
(ags a/s @), ... a)) (@, ¥)*,
4,, 4/, 47,... A)) (X, Y')?,
(4, 4,, 4;,... 4,) (X, Y)2
Take F(a,, a,, @y, ... @,) & homogeneous isobaric function, of
degree ¢ and weight w, which is annihilated by 2 and by O.
e have first that, for values of  from 0 to p inclusive,

ar, = N""y'a,,
1431 I



114 ANNIHILATION BY Q AND O SUFFICIENT [o7

where the index of the power of p is the weight of «,, and
that of the power of A is the excess of p over that weight.
Accordingly, because F is homogeneous and isobaric,
F(a), a, aj,...a,) = ANP=*u* F (ay, @y, Gg, ... a,).

Again, because Q annihilates F, ¥ persists in form after tho

substitution (2). Therefore
F(4,, A/, 4, ...4)) = F(a), a/, a3, ... a,).
Once more, because O annihilates F,
F(A,,A,, A,,... A,)=F(4), A/, 4], ... 4)).
We see then, taking these three facts together, that
F(4y, Ay, A,,y... A,) = NP0 F(ay, a1, gy 000 @) .00 (5)

In other words, we see that F is a function of the coefficients,
which needs only to be multiplied by a factor involving only
the constants in the general scheme of linear substitution (4)
to be made equal to the samec function of the coeflicients
in the quantic into which the given quantic is transformed
by that substitution. By the definition, then, F' is an in-
variant.

Moreover the fact (§ 26) that w = % ip follows. For, by
§ 28, the factor A?=*u” in (5) must be a power of the modulus,
1.e. of Ap. Thus the indices of A”-* and p* must be equal.
Therefore w = % ip.

Another intercsting proof that, when Q and O both annihilate
a homogeneous isobaric function F, the weight and degree of
F must be connected with p by the relation ip— 2w = 0, will
be afforded when we have seen in the next chapter that

(R0—-0Q) F = (ip—2w) F.

For the left-hand member vanishes when QF =0 and
OF = 0. So then must the right-hand member.

98. A good proof in small compass of all the fundamental
properties of invariants of a binary quantic is afforded by
a method which will also be useful for other purposes.

We notice that, if

w = (@, Ay, Ag, ... &) (2, Y)*,

b} d\2
then Qu=y5_u, Qu= (:'/SE) Uy oo
L7 a y
and, generally, o= (y E) u.
Consequently

)
€0 (ay, 4, Uy, ... ) (2, )" = 65z (9, 4y, @, ... a,) (2, y)

= (a 3 Uqy gy eee @ ) (w+ty’y)p’
by Taylor’s theorem. o ’
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Similarly
3 .2
= Sy = (z =
Ou = @5yt 0% = (z 31'/) Uy .o
r, a "
and, gonerally, O'u = (a: 3_:'—1) w;

and thereforo

d
e 0(ay, ty; Ay, i) (@, Y) = €778 (¢, @y, @y, ... @) (2, Y)
= (g, Wy, Agy oo W) (&, TR+ Y).
Henco, performing one operation after the other,
e 0(ay, ay, ay, ... a,) (2, y)?
= (@, Gy, Ay, ...@,) (T+t(r2+Y), T +7)",
and, putting Az, py, for =, ¥,
emcfo(am gy g,y .. "’p) (Az, py)?
= (g, Uy, hyy oo t,) (L +ET) A+ Epy, TAZ+py),
i.c., taking
(1+tr)A =l tu=m, A=l, p=m,
so that

. 1™ _Um’ A — ' —U'm
p= Y= T —m’ T w
(g, g, g, ... ) (L +my, Uz +my)?

" I'm’ r__y,
ma _tm_go m'—lm ~, \P
= ™ elm'-Um (“'o’ Wy, gy o a,y) (T &y, ™M ?/) .

Thus the most general linear substitution of lxz+my,
Uz +m'y for 2 and y is effected by a substitution of the form
Az, py followed by a complex differential operation.

This is an idontity. If then the expanded left be

(4o Ay, 4y,... 4,) (2, )",
we have for all values of » from 0 to p inclusive

v/ ’ ’, p-r
i (lm —’l m) mra,

»n
=.0
A, =¢e™ ¢
m

m U’
= (Im/ —Um)r-rm/ 22 ew® glw=Tu’ g
so that we have a formula for every new coefficient.
We can readily pass to products of coefficients. For, if
P, Q are two functions of the coefficients,
| gH0PQ = t0:+0) PQ,

where O, and O, both mean the same as O, but the former
I2
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and its repetitions act on P only, and the latter and its
repetitions on @ only,

= 01"t PQ

= et0P, ¢t0:Q)

= 0P, t0Q;
and, in like manner,

eF2et0PQ = €0 (*OP . e0Q)
= ¥0et0P, F0ek0(Q),
Hence, if F(a,, @,, a,,...a,) is a product, or a sum of

multiples of products of the same degree ¢ and weight av, of
cocfficients chosen from among a,, a,, a,, ... a,,

Fldo Ay 4y d)

= (Im/ — Vin)o=v g/ 20-ip g’ ® =7’ F (ay, @y, tyy oon ),

so that any rational integral homogeneous isobaric function of
the new coeflicients A is obtained from the same funetion of
the old coefficients « by a complex differential operation and
a multiplication.

By reversing the order of the Q and O operations we obtain
in like manner & second expression for F'(4,, 4,, 4,,...4,);
viz.

F(dy 40, Ay d))

70 =0
= (Im/ —Um)*lP=2%el " ew=Tn" F (a,, @y, Uy, .10 ).

99. All the fundamental facts as to invariants flow hence.
These are that an invariant is annihilated by © and by O,
that its degree and weight are connected with p, the order of
the quantic, by the relation ip—2w = 0, and that the factor
in the equality expressive of its invariancy is the wth power
of the modulus Im’—0'm.

To see this, suppose that F (a,, ,, as,... ¢,), & homogeneous
isobaric function, is an invariant, so that

F(4,, 4y, 4,,... A) = ¢ (L, m, U, W) F (ay, ay, ¢, ... a,),

where the form of ¢ is at present unknown. We have threo
expressions for F(4,, 4,, 4,,... A,), which wo can identify,
and obtain

m 'm’

ol L LSO
(Im"—Um)*e-2m/se-trgm’™ gW-tm" F (a,, a,, ay, ... a,)

=¢ @ m U, m) F(ay, a,, ay,...a,)
v im
= (Im’ —l’m)"l“’""e'_oc'""-"mn F(ay, ay, a,,...a,).
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In the first equality put 2 = 0. It becomes

lr-eqyeen® p (tgy ayy Ogy o10 @)
= ¢ (I, m, 0, m)) F (g, ¢y, g, .00 @,).
Now QF is of lower weight than F, and Q2F, Q*F, &ec. of

lower weights still. The terms of different weights on the
two sides must be soparately equal. Hence

QF =0, Q3F =0, &e.
Again, put m = 0. Woe obtain in like manner
"
pr-vpeet’ B (g, @yy tyyenn )
=¢ (@ 0,0, m) F(ay, a, tyy...0,);
whence, by considering terms of different weights, since
operation with O increases weight,
OF =0, O*F =0, &e.
Thus the facts that an invariant is annihilated by Q and by
O aro obtained. This being so, the general equalities becomeo
(! =Um)r-vm/2e- F = ¢ (I, m, V', m') F = (Im’ —U'm)* ’*-2"F,
in whieh 7, m’ and Im’—#"m aro independent. The equality
of the first and third expressions requires that the indices of
m/#*~ and [’P-2% vanish, and that the indices of ({m’—¢'m)*»—*
and (Im’—U'm)* be equal. These arc all satisfied if and only
if ip—2w=0.
Lastly, using this fact, tho value of ¢ (J, m, ¥, m') is
(I =Um)».

100. A similar analysis will lead us to a theorem of great
importance which wo shall use hereaftor.
By the carly part of § 98 we have, putting —r~* for ¢,

e 00 (g, ¢y, dy, ... ) (2, )P
= (g, by, Gyy ... @) (—771Y, TR+ Y)?
=677 (g, tyy Ugs er ) (=77, 7)Y
=670 (Wpy Bpoys Upogs vee ) (T2, ~T717)?;
whence, cquating the coefficients of 2*~"y" on the two sides
e 0e0q, = (—1) 7 e,

for every value of » from 0 to p inclusive,
We may hence pass to products, and linear functions of
products, of cocflicients «,, ¢;, a@,,... @, a8 in § 98, and obtain
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that, if F (¢, ¢y, ¢y,...«,) i8 any rational integral homo-
geneous isobaric function of degree 4 and weight v,
e—r-'n efoF(({o, Uy, Ayyaas (l,,) 0
. = (_ l)u,‘.{p-lwc-' F("p) a’p-]s «;:—2’ oo "0)9
ie.
0?2 0?
(1 —T-l Q'l' T-"]:_é - ln) (l + TO + 721 '2' + ...)F(a/o,al,(lz....(l,,)

2
=(— l)"’r"’""(l —10+7° 10__2 - ) F(dp, (tyqy @ygyenntty).

Now equate terms free from 7 on the two sides, as we may
do since the equality is identical, holding for all values of 7.
The conclusion is that

2¢0)2 3()3
(1 - ﬂl—? + % - Tti{.z'égfgi + ...)F(ao, (g, Uy ees X))
=0,if ip—2w>0,
but = (=1)"F(«,, ty_yy Upog: . @), if ip—22 =0,
Qav-iv
(2w—1ip)!
The first part of the conclusion is the one to which we wish
to draw particular attention. 1t tells us that, if ip—2w>0,
F(ay, ayy ayyoonaty)
- Q{Q_ 000 @07
12 1%2,2¢ ° 1%,2% 3¢
i.e. that any rational integral homogencous isobaric function,

for which ip > 2w, can be obtained by operation with £ on
another rational integral homogeneous isobaric function.

and = (—1)»-* F(a,, ¢yqs Cpeygsernty), if ip—2w<0,

} F(ay, ay, gy o0nat,),

101. Formation of invariants by aid of . We rcturn to
invariants. A rational integral invariant of the binary p-ie
is, we have seen, a rational intogral homogeneous isobaric
function, whose degree and wecight are connested with p by
the rclation ip = 2w, and which is annibilated by Q. These
two requircments are necessary, and we shall see in § 112 that
they suffice. They lead to the following method of formation
of all invariants of given degree <.

Write down all those products of ¢ factors chosen from
among d,, ¢,, dg, ... a,, repeated factors being allowed, which
are such that the sum of the suffixes in every one is % ip, and
take the sum of arbitrary multiples of those products. Operate
on the sum with Q,and expross that the result vanishes. This
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will give a number of equations in the arbitrary multipliors,
since the multiplier of every distinet product of suffixed a’s
in the result of operating must vanish separately. If the
number of the arbitrary multipliers is not greater than the
number of independent equations to be satisfied, values of
them different from zero cannot be found to accord with the
requirements, and there is no invariant of degree ¢. If the
number of independent equations is one less than the number
of arbitrary multipliers, the ratios of these can be chosen in
one way to satisfy them, and there is one invariant. If the
number of independent equations is more than one less than
the number of multipliers the equations can be satisfied in
more than one way. In fact, if the excess of the one number
over the other is 7, 7 of the multipliers may be left arbitrary,
and the equations can still be satisfied by proper choice of the
rest. We thus get an invariant
M +AL+ L+ A,

where Ay, A,, ... A, are arbitrary. This is expressed by saying
that there aro » linearly independent invariants I, I,, ... I, of
degreo .

1t will be proved later, by means of the last article, that all
the equations for determining the multipliers are independent,
so that the number of linearly independent invariants of degree
4 is the excess of the number of products of a,, ,, u,, ... a,, of
degrec ¢ and weight % ip, over the number of products which
occur in the results of operating with Q on these products,
i.e. over the number of products of degreoc ¢ and weight
2ip—1. By deferring the proof we shall avoid repetition,
as tho theorem is a case of a more general one which will be
required later.

Notice that the number of products of degree ¢ and woight
w is the number of ways in which the number w can be formed
by the addition of ¢ or fewer numbers, none excecding ». This
number of partitions of w is usually denoted by (w; %, p).
Thus the number of linearly independent invariants of dogree

@ s (ips i, p) — (Fip—1; i, p)

102. As an example of this method let us prove tho state-
ment made in § 80, that 7 and J are the only invariants of
degrees 2 and 3 respectively of the binary quartic.

erep = 4. Takefirsti=2. Thenw=14.2.4=4. Now
the only partitions of 4 into two or fewer parts, none exceeding
4,are 0+4,1+3,2+2. The only possible terms in an inva-
riant of degree 2 are, then, a,a,, a,a,, a.?;.or ae, bd, c? say.
Now suppose that ae+Abd +pc? is an invariant. The result
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of operating on it with &, i.o. with
ad/db+2b3/3c+3c3/d3d + 4dd/e,

is ad (4+A)+be(BA+4p);

for which to vanish we must have 4+A =0 and 3A+4u = 0,
i e. A= —4,n=3.

Thus I=ae—4bd+3c®

js the only invariant of degree 2, any other being merely
a numerical multiple of it.
Agsin, take ¢ = 3,80 that 2o = %.3.4 = 6. The only parti-
tions of 6 to be dealt with are
0+2+4,0+3+4+3,1+1+4,1+243,2+2+2
Tho necessary form is then :
ace+Aad® + plb?e +vbed +pc?,
and Q operating on this produces
abe| 2 | +acd! 4 [ +0%
+2u ! _+6A
i+
for which to vanish we must have
24+2u=0, 446A+v=0, 4p+2v=0, 3v+6p=0,
i.e. p=~-1L,v=2 A= -1, p= -1
Thus J = ace+2bed — ad? —l¥e—¢?
is the only invariant of degree 3 which the quartic possesses.

3v
+6p

4p| +be®

+2»

Ex. 1. Show that a binary p-ic has no invariant of tho second
degree if p is 0dd, and only one, that of § 48, if p is even.

Ex. 2. Show that no binary quantic has an invariant of tho first
degree,

Ex. 3. Show that a binary cubic has one invariant, its discriminant,
of the fourth degrce.

Ex. 4. Show that a,2a,—3a,a, &+ 2¢,® is annihilated by £, for any
value of p not less than 3. Is it an invariant for any value of p |

Ans. No.

108. Invariants of several binary quantics. Thc methods
of the carlier part of this chapter a;gp]y, mutatis mutrendis,
to a system of binary quantics. The facts led to arc as
follows.

Lot (tgs s g oer ) (2 Y)Y,

(bO! bla bz, Y b‘,) (m, y))’n,

(Cos €15 Cgs 100 Cp) (2 Y)™,
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be a systom of binary quantics in «, y. Take the operators
9 d d
(“0 b—a—l' + 2a1'5&";+ e +p1a‘,l_1 'a_a;;)
9 d P
+ (bo bb_l + 2 bl SE;"' e +p2b’,’_] 'b_b’;)
9 2 P d =30
+(c°a_cl+ Gl'a?s+ (XX +p:|cl'a-l )_cp;)+'" = y S&y,
d =2 >
and (plul-aTO +p—1a, sa; o mp1-1)

9 ———. 2 d
+(2:ly 3b, tp—1 b”b_bl +oot b"’b—b,’_])

9 d
+(2);501 S‘LTO"I"]J;,— ].cﬁa—c‘1 + e +o"’3§,’_1) +..
= 20, say.

Then any invariant of the system is annihilated by 2Q and
by =0. Also, conversely, any rational integral function of
the different sets of coefficients which is homogeneous in each
set, of partial degrees ¢, %, %3, ... say, and of the same total
weight w throughout in the sets jointly, and which has
both =Q and 20 for annihilators, 18 an invariant of the
system. Moreover, the possession of these two annihilators
necessitates that the several partial degrees and the total
weight must be connceted with one another and the orders
of the quantics by the relation
UP+ P+t Py+ e = 200,

Also, a8 in § 95, an invariant is unaltered if its weight is
even, or altered only in sign if its weight is odd, when wo
interchange a, and «,, @, and @, _,,..., b, and b,, b, and
b,,’_l, ey Cg 80d ¢, ¢ 80d €, _;, .00, ... Thus, since these
interchanges make =Q into 30, and vice versa, we need not,
when we have found a function which =Q annihilates, test
by direct operation whether it is also annihilated by =0
bofore being sure whether it is an invariant. It is or not
according as it has or has not the above symmetry.

Ex. 5. Find the invariant of partial degrees 1, 1, and consequently
of weight 2, of the two quadratics

(305 a1, a)) (2, 9), (5, by, by) (=, y)*.
Ans.  Its form must be Aayb, +pa,b,+va,b,. Now ZQ on this
produces (2A +p)a, b, +(k+2v)ab,. Thus p = —2A = ~2». The
one invariant is then that of § 7, Ex. 4, A (a,6,—2a,b, +a,d,).
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ix, 6. Show more generally that the invarisut of § 49 is the only
lineo-linear invariant of two binary p-ics.

Ex. 7. Show that the quartic and quadratic
(a0 ay, - a) (@ 95 (B, by, b,) (=, y)*
have no lineo-linear invariant.

Ans. The weight would have to bo §(4+2) =3. The only
possible form is then Aa,b, +pab, +vab,; and 3 on this produces
Aa,b, + (2N +2p) a by +(r +3v)ayb, 5

for which to vanish would require A =0, p =0, » = 0.
Ex. 8. No two binary quantics of different orders can have a lineo-
linear invariant.
Ex. 9. Find the only invariant of partial degrees 2, 1 of & lincar
form and a quadratic.
Ans. The invariant of § 7, Ex. 3.
Ex. 10. Find an invariant of partial degrees 1, 2 of a quadratic and
cubic.
Ans.  a,(bb;~b7)—a, (bbb, b,) +a, (byd;—1%).
Ex. 11. Find an invarisnt of partinl degrees 1, 1, 1 of three
quadratics.
Ans. That of § 17, Ex. 25.

104. Annihilators of covariants. In § 69 it has been secn
that the covariants of a binary quantic w are identical with
the results of replacing 2’ and % by @ and y in the invariants
of u and the linecar form 2y’ —2a/y.

Now invariants of these two quantics have, by the preceding
article, the two annihilators

d d
‘2—?/ W’ O—wIW'
It follows that covariants of w have the annihilators
d d
Q-yy, O—oy.
It scems best, howover, to prove this fact and investigato
its consequences «b initio, as was done in the matter of
invariants, :
105. Let F (g, ¢;, @g;...8,; % %) be a covariant of
(g, €y, g, o) (2, Y)75 and let the quantic bo transformed
into (4,, 4,, 45,...4,) (X, Y)*

by the substitution
z=X+mY, y=7%,
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whose modulus is unity. We seek first the nccessary and
sufficient condition that we may have

F(AO’ Al’ Az: e -Ap; X’ Y) = .F((lo, a, “2: “'ap; o, ?/),
wnliich will bo the case when F is & covariant, though not then
only.

If A,, A,, 4,,... A, are expressed in terms of m and
(tyy Uy, Uy, ... Uy, We have, as in § 92,

dd, ~ dA, _ d4, dA,

=0 gm =40 g =2, Gl =P
Also the expressions for X and Y in terms of m and « and y
are X=ez—my, Y=y,

so that dX/dm = -y = -Y, dY/dm =0,
Consequently

d
-dl_];, F(Ao, 'Al’ Az, e Al‘; X, Y)

_2F dA, OF dA,  OF d4, dF dX oF dY
T34, dm T4, dm T T3, dm T 3X Tdm T 3Y dn
OF , OF oF oF
=Aob_A;+2A1E+".+PAP—IU;_Y$(‘

Now the vanishing of the left-hand member here is the

necessary and sufficient condition for
Fd,, A, 4,,..4,; X,Y)

to be a function of @, ¢, a,, ... a,; @, y which is free from
m, and consequently cqual to FG&U, gy Uyyeos By & Y), its
value when m = 0. The vanishing of the right-hand member
must then express the same thing. Thus the necessary and
sufficient condition required is that

(A°3%i +24, -)-3—2 +3A,£;+ +pA"'1aij"Y5'})
F(4,,4,,4,,...4,; X,Y)=0,
or, replacing capital by small lettors, that
(2—yd/dx) F(ay, ty, @3, 0 6,5 2, Y) = 0.
We havo also, as in § 93, that even when this condition is

not satisfied
F(4,, 4, 4,,...4,; X, Y)

2
=" "% F(ay, ay, agy o0r 03 @, ).
Thus we have the means of writing down the result of apply-
ing the transformation of this article to any function of the
coefficionts and variables. :
‘We might also have adopted the method of § 91.
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106. In precisely the same way, the nccessary and sufficient
condition for the persistence in form of ¥ after transformation
by the substitution

e=X,y=0X+Y,
is (0 —23/dy) F(ag, ay, tg, ... ay; @, y) =0,
where O is the second operator of § 90.
Any covariant has, then, the two annihilators
Q—y3/dz, 0—x3/dy.

107. Symmetry of a covariant. Again, as in § 95, we sce
that there is a symmetry in any covariant. The simultaneous
interchange of z and y, of a, and a,, ¢, and a,_,, &ec. in its
expression must, since the interchange means a substitution
of modulus —1, have the effect only of multiplying it by
(—1)¥#-%), where ¢ is its degree and = its order. Now
i(ip+w=) is the weight of the covariant (Chap. III), and
3 (ip—w) consequently the weight of the coefficient of #7 in
it. Thus a covariant 18 unaltered, or altered only in sign, by
these interchanges, according as the weight of its leading
coefficient is even or odd.

Hence for covariants one of the two conditions of § 106 is
necessitated by the other and symmetry. The reasoning is
as in § 96.

108. Sufficiency of the two conditions of annihilation. We
can also prove the converse of § 106 for homogencous isobaric
functions. Stated at length, the fact is that any rational
integral function F of «, «,, &y, ... a4, and @, y, which is homo-
geneous, of degree i, in the coeflicients, homogeneous, of
order =, in z, %, and isobaric on the whole, reckoning «,, «;,
gy .. &y, %, Y a8 of weights 0, 1, 2,...p, 1, 0, and which
has both @—y3/3z and O—xd/dy for annihilators, is a
covariant.

The groof, which proceeds exactly as in § 97, need not be

repeated at length. The only variation is that in passing
from (g5 s @5 e @) (%, )P

to @ &, agy .o a))) (0, Y)Y

we have, as well as e, = N\""u',,

also ' = N1z, oy = ply,

so that w’-y'-n = At I"—'x':’/'—',

where the index of the power of A is minus the weight of the
product z*y®~*, and that of the power of u is the weight of the
product diminished by w. Also the weight of the function of
Gy, (13, Uy, ... ¢, which multiplies #*y®* in the function F
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which we are considering is w—s, where w is the weight of F.
Thus, in place of the

F (ao’s a/, @)y .. a))) = NP2 u F (ay, ay, ¢y, ... @)
of § 97, what we now have is, since for every s
AiP—(w-d) Fn—. LA ".-w = \fP-% P."_',
F(ay),a),a5y...03 &, y) = XNP2u" F(a,, ay, ag,...0,5 T, Y).
This difference of the factor will not affect the argument.
The supplementary conclusion, from the fact (§ 87) that when

we have proved ¥ to be a covariant wo know that the factor
must be a power of the modulus, is in this caso

p—w=w—w=3%(lp—mu),
so that P+ = 2w,
which accords with Chapter III.

109. A covariant completely given by an end term. We
arc now in a position to find the covariants of a given degree
and order by a method like that of § 101. A furg:er theorem
of great importance will, however, much facilitate the process.
It is duc to M. Roberts.

Let a covariant of order w of a binary p-ic be arranged as
a quantic in  and y. We may write it

w(w—1)

Cyz® +wCia™ 1y + g Cyz® 23+ ...
+ wo,,_lwy""l + 0’?/',

where C,, C,, C,, ... Cy arc all of degree ¢ in a,, a,, a,, ... @,,
and aro of weights respectively

L(p—w), @p—=m)+1, F(ip—=)+2,... }(ip+w)
This is annihilated by Q—y93/32. Wo must then have

Q0,.2"+w(Q0,—C)z" 1y + w(:"; 1) (Q0C,—2C) a2y +...
+2(QCs—w—10g_g) 2y* ' +(Q0s—wClu_,)y" = 0,

for all values of @ and y. The various coefficients of 2=,
21y, ... must therefore vanish separately. In other words,

ﬂao = O,
Q0 =0,

QC, =20,

.QO'.,_; =.(”'- 1) Cu_,,
Q0 = wlly.;.
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We have then the two most interesting conclusions which
follow :

(1) C,, the leading coefficient in the covariant, is annihi-
lated by Q, the first of tho two annihilators of invariants.
For this reason it is called & semi-invariant or seminvariant.

(2) When Cy, the last coefficient in a covariaut, is known,
all the other coefficients are determined from it by mero
operations with &, i.e. by differentiations only. In fact, wo
see that 1

= Q%" 0g;
w(w—1)(w—2)...(r+1)
and that the whole covariant is

SZ'C., - QU—IO' o1 01—20'

a1~ w1 YT oo

w'—2y2+ Ve

+ 00, x‘.’]'-] +Cn.'/a,
which, sinco Q°+1C,, Q"*+20,, &c., vanish, the first of them
being only =!C, which is zero by the first cquality above,
may briefly be written

'y"e3n(}’,,.

For this reason Cg, which is (§ 107) merely the result of
interchanging «, and @, «, and @,_,, &e. in (—1)}*~*C,, has
been called the source of the covariant. In the next articlo
we shall sce that the same name might equally and for a like
reason be given to C, itself.

110. Express, in fact, precisely as in the preceding article,
that the covariant is annihilated by O —x3/dy. The conclu-
sions are that

00, = w0,

00, =(w—1)C,

00, = (w—2)C,
Oot-1 = Cm

0C; = 0.

Thus (1) C, is annihilated by O the second annihilator of
invariants, and may he called an anti-seminvariant; and
(2) for every value of the number » from 1 to = inclusive

] r
C.= w(@—1)(w—2)...(w—7+ 1)0 Cos

so that the covariant is
VY4
C,z® 4+ 0C, 2™ 1y + 2_%0 a* Syt +

0*C,
w!oy"
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or, a3 it may be written,
w'ego(]o,
for 0%+1C,, 0®*+2(,,, ... vanish since OCy = 0.

Thus, when wec have the seminvariant C, which is the
leading coefficient of a covariant, all the coefficients in the
covariant can be obtained from it by mere operations with O,
i.e. by differentiations.

In fact, given any coefficient in a covariant, all the coeffi-
cients can be found. Successive operations with Q give the
cocfficients on the one side of it, and successive operations
with O give those on the other.

111, Seminvariants. We may define & seminvariant as
any homogeneous isobaric funetion of the coefficients
gy Uy Uy, ... @, Which is annihilated by Q. We now confine
attention, however, to seminvariants which are rational and
integral.

Looking back at §§ 91,92 we see that the half invariant
f)ropelty which seminvariants possess is that of being abso-
utely invariantic for such linear substitutions as

e=X+m¥Y, y=7.
(From § 97 we gather that they are really invariantic for the
somewhat more general substitution
z=1X+m¥, y=n'Y,
though the factor for any one is in this case not ay a rule
a power of the modulus.)

Consequently, when expressed in terms of a, and the roots
of the quantic, a seminvariant can involve only differences of
thesc latter. If of degree %, and mot divisible by a,, it is &
product of @’ and a function of the differences which involves
each particular root to the i-th degree, since the ratios of
a,, a,, a,, &e., to a, are all of the first degree in every root.
Conversely, any rational integral symmetric function of the
roots, which can be expressed in terms of their difforences
only, becomes & rational integral seminvariant when mul-
tiplied by such a power of @, that it can be expressed
integrally in terms of the coefficients. The least power of
@, which suffices is the i-th, where ¢ is the degree of the
symmetric function in any particular root.

We may now see that in the two preceding articles C, may
be any rational integral sominvariant ; that is to say, that any
rational integral seminvariant whatever may be taken as
the leading coefficient of a covariant, and determines that
covariant uniquely.
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Take any rational integral seminvariant § of degreo ¢, with-
out a, for a factor, and write it as ¢, multiplied into a symmetric
function of the roots aj, a ... a,. 'This symmetric function
is a function of the differences a,—a,, is of degree ¢ in
each root, and (§ 89) can be expressed as a linear function of

ucts of the differences in such a way that no root occurs
in more than ¢ factors of any product. Now, bhaving thus
expressed it, write (a,—a,) /(z—a,y) (x—a,y) for every differ-
ence a,—a,. In this fraction a, occurs once in the numerator
and once in the denominator, and so does a,.

Clear the function obtained of fractions by multiplying by

the lowest necessary power, the i-th, of

(@—ary) (v—a59) ... (z—apy)-
In this multiplier a,, a,,...a, occur in equal numbers 4 of
factors.

The result, when expressed in terms of z, ¥ and coefficients
only, will be a covariant whose leading coefficient C, is the
seminvariant S. That the leading coefficient is S is clear
from the method of construction. That the whole expression
is & covariant follows from tho fact (§ 83) that it is a power
of @, multiplied into » function of diffcrences z—ay and
differences a,—a,, which is symmetrical in the roots, homo-
goneous in both kinds of differences, and such that all roots «
occur in equal numbers of factors in any produet, and in the
same number in all products.

The covariant is unique; for § 110 shows that a leading
coefficient C, determines a covariant uniquely, giving = as the
least number for which 0**'C,=0, and giving C}, C,, ... Cg
by a succession of operations with O on C,. Note, however,
that the order = depends on the value of p. For quantics of
different orders p, the same seminvariant will lead covariants
of different orders @. We had abovo, in forming the covariant
from its seminvariant leader by means of the roots, to divide
terms by products of order 2 w’, where w'’ is the weight of the
seminvariant, and to multiply through by a product of order
ip. Altogether the covariant obtained is of order ip— 2w/,
which accords with the known fact that w’' = & (tp —w).

A seminvariant with a power of a,, a,7 say, for a factor is of
the form «,’S, where S is a seminvariant to which the reason-
ing above applies. The unique covariant which it leads is
the product of the covariant led by S and the j-th power of
the p-ic.

Another Eroof, making no explicit use of the roots, of the
important theorem of the %'esent article will be given in the
next chapter. (Cf. § 126, Ex. 6.)
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112. We now see that the problem of finding covariants
by aid of annihilators is reduced to the much simpler one of
finding seminvariants. Weo have found, suppose, & semin-
variant of degree ¢ and weight w. Take it for C, in § 110.
The leading term in the corresponding covariant of the binary
p-io is C@'P-2* ag above, when q, is a factor of C, as well as in
other cases, where w is the weight of C, and not that of the
covariant ; and the full expression of the covariant is, by § 110,

¥
wip_eweioao.

That the order ip—2w of the covariant cannot be nega-
tive, C, being a rational integral seminvariant, is clear. For
the procedure of the last article determined a covariant of
essentially non-negative order in # and y from the semin-
variant with which it started. Thus there are no rational
integral seminvariants for which ¢p— 2 w is negative. Should
ip—2w be zero the seminvariant is an invariant. For the
covariant derived from it is of zero order as above and con-
sequently an invariant, and is in fact the seminvariant itself.
It must clearly be borne in mind, however, that we are
dealing only with rational integral seminvariants. The argu-
ment does not apply, for instance, to the fractional seminvariant
a™! (a¥d— 3abe + 2?/”). Here, for the eubie, ip—2w = 0, but
nevertheless the function is not an invariant of tho cubic.
O does not annihilate it.

We may, in fact, state succinctly the conclusions arrived at
carlier as to invariants of & binary p-ie. If 2 and O annihilate
a function it is an invariant, and p—2w=0 (§ 97). If @
annihilates a function for which ip—2w =0, 0 must also
annihilate it, so that it is an invariant, provided it is rational
and ¢ntegral, but not necessarily if it is fractional.

113. Determination of seminvariants. The determination
of the linearly independent seminvariants of degree ¢ and
weight w of & binary p-ic proceeds as in § 101, If ip<2w
there are nome, as above. If ¢p<4 2w, write down all the
products of weight w of ¢ constituents chosen from among
Uy My, Uy, «.. Oy, Tpetitions of factors allowed, and add together
arbitrary multiples of these. The number of such products
is (w; ¢, p), this symbol denoting, as in § 101, the number of
different partitions of the number w into ¢ or fewer numbers,
none exceeding p. Operate on this sum with Q, thus obtain-
ing &_sum of multiples of the (w—1; 4, p) products of degree
¢ and weight w—1. It will be proved in the next chapter
that the (w—1 ; <, p) coefficients of these products are linearly
independent linear functions of the (w;t, p) arbitrary mul-

1431 K
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tipliers of tho (w ;4, p) products. They have to vanish. Their
vanishing gives (w—1 3, p) relations which have to be satis-
fied by the (w ; %, p) multipliers. If then (w ;<% p) exceeds
(w—13; 1, p) wo can satisfy them and leave

(w; 4 p)—(w—131,p)
of the multipliers still arbitrary. Suppose that this excess
is 7 We have as the most general seminvariant of tho
type under consideration a sum of the form

where A, A,,...A, are arbitrary, and S, S;... S, are known
linear functions of tho products of type w, <. We express
_this by saying that there are r linearly indopendent semin-
variants S. S .8

15 P2y coe My

of this type belonging to the p-ic.

114. Seminvariants of the second degree. As an ex-
ample let us discover all the seminvariants of degree 2 of
a binary p-ic. The condition ¢p< 2w is for this case wXbp.
Two cases will arise.

(1) For an even weight w, not exceeding p, the general form
to be assumed is

Uy + AUy Uy + Mgyl g+ ooo F+AJ 0P fror
Expressing that  annihilates this, we obtain the conditions
w4+ =0, (w—1)A;+2A,=0,
(w—2)Ag+32 = 0,...  (3W+1)Apu g +WAjy = O,

the coefficient w in the last of these being double what it
would be according to the law of all the other second terms.
Solving these for the A’s we have a unique seminvariant of
weight w, viz.

w(w—1)
Aoy — UGy G g+ ———

T e
pow(w—1)...(3w+1) .
HEDTTT R G e
where the law of coefficients is that of the expansion of (14 2)*
up to its middle cocfficient, which one alone is halved.

For every even weight not excceding p there is then a single
seminvariant of degree 2. In particular, of course, it is an
invariant for a weight equal to p if p is even.

(2) For an odd weight w, not exceeding p, the form to be
assumed is

UoUy Ay Uy Gy + Mgy g+ oor F+Ag(10-) T (10-1) D (0 41)5




114] SEMINVARIANTS OF THE SECOND DEGREE 131

and the conditions obtained from the annihilation by Q are
wH+A; =0, (W—1)A;+2A;=0, (W—2)A;+32;,=0,...

3 W+ 3N -9+ FW— DA =0 F(W+ 1Ay = 0,
of which the last tells us that Ay(,—, vanishes, and the rest,
taken in order backwards, tells us that all the other A’s
vanish.

For no odd weight, then, is there a seminvariant of
degree 2.

Accordingly the complete list of seminvariants of degree
2is

a’

UGy —a®,

oty —4a,ay+ 3ay’,

4@y —6a a5+ 16aga, — 10as?,

oty —8a, dy + 28a,a,— 56 a,a;+ 35a,%,

&a., &e.,

the list terminating with the weight p or »p—1 according as
p is even or odd. In the former case the last of the list is an
invariant.

The orders of the corresponding covariants are 2p, 2p—4,
2p—8,.... They are the covariants of § 57, Ex. 12, together
with the invariant, if p be even, of § 48, In other words, they
are the transvectants (§ 61) of the p-ic and itself. Thus we
have the theorem that a binary quantic # has no covariants
of the second degree in the coeflicients besides the 0th, second,
fourth, sixth, &e., transvectants of w and itsclf. The Oth, led
by a,%a%?, is u.

In the second symbolical notation of § 60 (bis) the semin-
variants of degree 2 are denoted by %(0,—0,)%*"«a, with
r=0,1,2,..I(p). (Cf §61,Ex. 33)

Ex. 12. Ure § 110 to writec down in full the covariants of degrce 2.
ala"+ ..., (a,6,—a})a"+..., (a,0,—4a,6;,+3a,)?+ ...
of the binary quintic.
Ans. For the lust see § 61, Ex. 29,
Ex. 13. A binary quantic of order not less than 4 has one and only
one scminvariant of degree 3 and weight 6.
Ans. a,6,6,+ 2a,a,8,—a 4’ —a,'a,—a.’
Ex. 14. Hence obtain the single covariant of degree 3 and order 3
of the quintic.
Ans. (ace+ 2bed— ad?—be—c*)o®
+ (acf— ade— b3 f + bee + bd* —*d) =’y
+ (adf—bef—ae® + bde + c*e— cd¥) xy*
+ (bdf + 2cde— c*f — be? — @)y,
K 2
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Ex. 15. Show that a binary quantic of order not less than 3 has
one and only one seminvariant of degree 3 and weight 3.

Ans. ala,—3a,aa,+ 2a’
Ex. 16. Hence, and from what has been obtained above, prove the

statement of § 85 that &/ and @ are the only covariants of a binary
cubic whose degrees are 2, 3 and orders 2, 3 respectively.

Ex. 17. Show that a binary quartic, or binary quantic of higher
order, has two and only two linearly independent seminvariants of
degree 4 and weight 4.

Ans. Ad? (ae—4bd + 36°) + p(ac—0%),
which may also be written
A (@®e—4a*bd + 6 ab’c — 30%) + p’ (ac—b*)*.

Ex. 18. Find the sum o, of the six fourth powcrs of differences
between the roots of the quartic (a, b, ¢, d, €) (z, 1)

Ans. ‘o, = 720 (ac—b%)?—16 (a’¢— 4a°bd + 6 ab’c— 31*).
Determine A and p’ in the second form ubove by taking two particular
quartics, e. g. 2* (x*—1) and 2*— 1, in both of which b = 0, and in one
of which ¢ = 0 and in the other ¢ = 0.

Ex. 19. Show that a binary quintic has two and only two linearly
independent seminvariants of degree 6 and weight 5.
dns. A (a‘f—5a’be+ 10a™*d—10ab’c+ 41°)
+ p(ac—b?) (a*d— 3abe+ 20°).
Ex. 20. The sum of the numerical coefficients in any seminvariant
which is not a mere power of a, vanishes.

Ex. 21. If (C,, C), C,, ... Cg) (=, ¥) is a covariant of

(ay, @y, a,, ... a,) (=, ¥)*
prove from § 109 that a,(',—a,C, is a seminvariant. (M. Roberts.)

Ex. 22. By application of this result to the first linear covariant
(§ 57, Ex. 17) of a binary quintic, prove that the quintic has
a covariant of degree 6 and order 4, and an invariant of degree 18,
the catalecticant of this covariant.

115. Seminvariants and covariants of several binary
quantics. Referring to § 103 for the notation, we define
a seminvariant of a system of quantics in the same variables
z,y as & function of the several sets of coefficicnts—in general
a rational integral function—which is homogeneous in each
set separately, and isobaric on the whole, though not neces-
lsla.;‘ily in the sets separately, and which has 2Q for an anni-

ilator.

The methods which have preceded are applicable to covari-
ants and seminvariants of systems of quantics. It is left to
the student to convince himself, as in% 104 or §§ 105, 106,
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that every covariant of the system is annihilated by 2@ —y3/z
and 30 —23/dy, and, as in § 108, that conversely a function
which is homogeneous in the variables and in every set of
coefficients separately, and isobaric on the whole, is a covariant
if these operators annihilate it. He will also see, as in § 107,
that if 2 and ¥, ¢, and @y, ¢, and @, _,, ..., b, and b, , b, and
by, 1 -+s € 80d ¢, ¢, and ¢,y ..., ... are interchanged in
a covariant the effect is only to multiply the covariant by
(—1)¥2-%#-®) whero tho index is the total weight of the lead-
ing coefficient, that of #®. That this leading cocfficient O, is
a seminvariant, i.e. is annihilated by =0, he will see as in
§ 109, and that all other cocflicients can be derived from it
by operations with 0 ho will see as in § 110. In fact, tho
covariant mnay be written either as

Y30 Zs0_,
x®ez” C,, oras y=e¥ (.

Once more, as in § 111, he will see that any rational integral
seminvariant whatover may be taken as the leading coefficient
C,,and determines =, the order, and the full expression for the
covariant uniquely. The order , the partial degrees ¢, %, %, ...
in the coefficients of the p,-ic, the py-ic, the p;-ic, &c., and the
weight w of the seminvariant are seen to be connected by the
relation
ilz’l + ‘:2]72 + ?::;ps + e —W = 210.

Thus there is no seminvariant for which X.ip—2w is
negative. If X.ip—2w = 0 the derived covariant and the
seminvariant are identical. The seminvariant is in fact an
invariant, and is annihilated by =O0.

The method of §§ 98-100 also a.g lies; and the results of
§ 100 hold, when we put 2, 30, X.ép—2w in place of
Q, 0, ip— 2w respectively, for operations on functions of any
or all of the sets of coefficients.

All the linearly independent seminvariants of given weight
w and partial degrees %, %,, %y, ... arc found, as in § 113, by
writing down the most general rational integral function of
the type in question and determining the multipliers in it so
that it may be annihilated by =Q.

Ex. 23. Find a seminvariant of weight 2 and partial degrees, 1, 1,
of the quadratic and cubic (,, a,, &) (%, ¥)* (by, &, by, by) (w, y)?, and
show that the covariant to which it leads is linear.

Ans. The covariant is

(a,0,—2a,b, + a,b,) z+ (a,b,—2 a,b,+a.b,)y.
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Ex. 24. Find a linear covariant of partial degrees 2, 1 of the
quadratic and cubic.

Ans. (ab,—3a,a,b,+a,6,b, + 2620, —~a a.b)z
—(ab,—3a,a,b +a,a,b,+2a2b,—a,a,b,)y.

Ex. 25. Remembering that a cubic has a cubicovariant (§ 45,
Ex. 13) deduco two other linear covariants of a quadratic and cubic.

ix. 26. Two different binary quantics of orders p and p’ have
a single lineo-linenr seminvariant of every weight not exceeding the
smaller of p, 3/, and none of higher weight than this.

w(w—1 "
dns. @ by—10a,b,_, + _('ff_z_)a’b""'*' we H(—1)"a,0,.

Ex. 27. The covariants led by these seminvariants are the mutual
transvectants (§§ 59, 61) of the two quantics, Hence the mutual
transvectants of w and ¢ are the only covarinnts of % and v which are
linco-linear in the coefficients.

ADDITIONAL EXAMPLES.

Ex. 28. Prove that 7 = 0, J = 0, where I and .7 are the invariants
of the quartic « = (a, b, ¢, d, €) (x, y)* are two results which can be
obtained by elimination of  between

du du Nu
da2 T dxoy | Ay

Ex. 29. If a, 3, ¥, 8, the roots of (a, b, ¢, d, €) (=, ¥)*, are taken in
pairs a, 3; y, 8 in any way, the substitution

w=(yd—aB) X --{af(y+3)—yd(a+p)} ¥,
y=(y+3—a—p) X—(yd—af) Y,
transforms the quartic into the same quartic (e, b, ¢, d, €) (X, Y)*
multiplied by a function of the roots.
Ans. Consider the quartic in its fuctorized form.

= 0. (Cayley.)

Ex. 30. If z—ay is any one of the factors of (a, b, ¢, d, ¢) (=, y)*,
prove that the transformation y = —.X, x—ay = Y can be followed
by anotler linear transformation of modulus unity so as to give the
quartic the form (42®—g,2’y/%—g,9™)y’, and that g,, g, are the
invariants 7, J.

Hence show that any invariant F(a, b, 6, d, ¢) of the quartic is
equal to F(0, 1, 0, —% 1, —J), so that there are no irreducible
invariauts but 7, J.

Ex. 31. If in any covariant of (a,, a,, d,,...a,) (v, y)? we put
02+ &Y, 4T +05Y, AT+ 8sY, ... QT+ Gy Y

for a,, a,, a,, ... @, respectively, we deduce the covariant with the
same leading coefficiont of

(29, 4y, @y, ... Gy, a,,) (2, Y)'*'.  (Cayley.)
Ans. Symmetrical and annihilated by £,,,—y?3/d2.
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Ex. 32. To sulstitute (a,, a,, a,) (=, )% (a,, a;, &) (2, H)*, ...
for a,, a,, a,, ... is to repeat the same process twice, and to deduce
a covariant of (@), &, a,, ... @y, Gy, G,,,) (x, ¥)P*%  (Cayley.)

Ex. 33. Inany seminvariant or invariant of (a,, a,, a,, ... a,) (z, y)?
put k, k—1, k—2, ..., k—p for @, a,, a,, ... a,, and equate to the
result of putting &, —1 for a,, @, in the one term, if there be any,
which involves a,, @, only, or to zero if there be none (i. e. if w>1).
The result is an identity for all values of &.

Ans. Follows from the equality of seminvariants of

k(z+y)?—p(z+y)* 'y and kX?—pX?-1Y,

Ex. 34. Hence by giving % the values 0, 1, 2,.., in succession
obtain facts with regard to the numerical coefficients of terms free
from a,, terms free from a, , terms free from a,, ... in any seminvariant
or invariant,

Ex. 35. In this way determine the seminvariants of degree 3 and
weight 3, and of degree 2 and weight 4.

Ex. 36. In the same way determine the terms free from b in the
discriminant of the cubic (g, b, ¢, d) (=, y)°, and deduce the full
expression for the discriminant, by considering the transformation
of the cubic to a form without a second term.

Ex. 37. By consideration of the special binary quantic
k(w+y)’—1’(f'—-2n(w+y)""y’.

prove that if in any seminvariant or invariant a,, a,, a,, 4, a,, ... aro
replaced by 4, %, k—1, k—3, 2—6, ..., where 1, 3, 6, 10, 15, ... are
the figurate numbers of the third order, the result is equal to that of
replacing a, and a, by £ and —1 in the one term which involves
@, und a, only, or to zero if there be no such term.

Ex. 38. Genorally, if in any seminvariant or invariant of a binary
p-ic we replace a,, a,...a,_, all by &, and a,, a,,,, ...a, by &
diminished respectively by the first, second, ... (p—+1)th tigurate
numbers of the (r 4 1)th order, the result is equal to that of replacing
a, and a, by £ and —1 in the one term which involves a, and a, only,
or to zero if there be no such term.

Ex. 39. If F(a,, a,, a,, ... a,) is a rational integral homogeneous
isobaric function, of the coefficients in (a,, a,, a,, ... a,) (2, y)?, for
which ip— 2w = 0, prove that

2 Q0  9'0r Qo

(2- U U U )

{F (a0, @, 6, ... a))—(—1)" F(a,, ay_,, 85 4, ... &)} =0,
Ans. Use § 100,
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Ex, 40. In the same case prove that
F(a, a, ay, ...a,)=(—1)" F(a,, @y_y, Gp_yy ... G;)
is of the form QG (a,, 6,, Gy, ... a,), Where G is & rational integral
homogeneous isobaric function,

Ex. 41. Prove that the method of § 19 applies to seminvariants,
irrespective of the orders of quantics to which they belong, so that
from covariants with like seminvariant leaders of two quantics of
different orders intermediate covariants follow.

Ex. 42. If J is the Jacobian (ab’—a’b)2?*?~2+... of two binary
quantics u, «/, and if 27 and I ave their Hessians
(@e—B)2H P4 4 .., (@7 =Vt P4,
and Z” the intermediate covariant
(ac’ +a’c—=20 )PP~ 4 ..,
between H and /7, prove that
Ji= — I +uw’ " —wH. (Fad de Bruno.)
Ans. Tt suffices to prove the relation among the seminvariant
leaders.
Ex. 43. Any factor of a reminvariant is a seminvariant. (Sylvester.)
dns. If QP*=0 then P* QP =0, iie. QP=0. If
Q.PQ =0, then QP/QQ = —P/Q, whence, if @ and P have no
common factor, QP =0, 2Q = 0.

Ex. 44. If A = PB+QC, where A is a seminvariant, and B, ¢
invariants with no common factor, then there is a relation
A=PB+QC
in which P’ and ¢ are seminvariants.
Ans. BQP4+CQRQ=0. ... QP = —CK, QQ = BK. There
is an 271K by § 100; and
P=—CQ'K+1, Q=BQ'K+¢.

Ex. 45. If ¢p(a,b,¢,d, ¢, f; 9,...) isa seminvariant, then
$(0, a, 2b, 3¢, 4d, 56, 65, ...), $(0, 0, 4, 3, 6¢, 104, 15¢,...),
(0, 0, 0, &, 4b, 10¢, 204, ...), ...
are other seminvariants, the series of numbers being figurate.
(Sylvester.)

Ex. 46. Any (6,—0,)"2(6,—6,))"" ... (0:,—0)" " aMa®...ad
which does not involve 8, in more than p, factors, or 6, in morc than
Pq, OF &c., is 8 seminvarisnt of & py-ic, & pyic, ... and a pic; and all
seminvarisnts of partial degrees (1, 1,...1) of the i quantics are
linear functions of these seminvariants. (Cf. §§ 60 (b4s), 89.)

Ex. 47. There is a one to one correspondence between seminvariants
of weight w and partial degrees (1, 1, ... 1) of a p,-ic, & p,-ic, ..., and
a p,-ic and seminvariants of weight w and partial degrees (p;, pg .- 7)
of ¢ linear forms.
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Ex. 48. Any non-vanishing
(6,—0,)"13(6,—0,)™> ... (6;_,—0,)™* aaa ...(i factors),
where 0,, 0,, ... 0; mean the same but operate respectively only on
the first, second, &ec. factors in aaa ..., is & seminvariant of a p-ic
provided none of 6,, 0,, ... 6; occur in more than p factors; and all
seminvariants of degree ¢ of the p-ic are linear functions of these
seminvariants.

Ex. 49. There is a one to one correspondence between seminvariants
of weight w and degree 7 of a p-ic, and seminvariants of weight w and
degree p of an i-ic.

Ex. 50. If a, b are two roots of u = (a,, a,, ... a,) (z, 1)? = 0, and
A, B the two corresponding roots of its lincar transformation

U=(a,, 6, ...6,) (X+m, X +m')? =0,
prove that

v 2 B _2
f u P de = (Im'—1Um) j; U rduy,
«

Ex. 51. If
u=(a,bec d e (z,1) =a(@—a)(z—p) (x —y) (x-3),
and 423 —Ir—J = 4 (z—B) (s—y) (2-¥),
prove that

¢ ¢’
f wHde = if (AP =Iz=J) ¥z,
) o

where 0, ¢ are any two of a, 8, 7, 3, and @', ¢’ the two of w, g/, Y, &
which correspond to them in Ex. 30. The valucs of g, ¥/, & are

A a{(a+8) (y+8)—2 (a B+yd)}, &

Ex. 52. A binary quartic lms a quartic covamiant 7/, and a sextic
covariant @, which is one-eighth of the Jacobian of » and //; and it
will be shown later that these are connected with » and its invariants
by the syzygy G = —4II°+ IHw*—Ju®. Prove (taking 1 for ) that

wide = +3} (4 0°—To—J)"tdy,
where v = — I/ /u.



CHAPTER VII

FURTHER THEORY OF THE OPERATORS £ AND . REOIPROCITY.

116. For brevity we henceforth use, with Sylvester, a
single word to denote a function of the p quantitics «,, a,, ¢4,
... @y, which is rational and integral and of the same degrce
and the same weight throughout. The name adopted for such
a function is a gradient in a,, a,, a,, ... @,.

So, too, by a gradient in more sets of (uantities «,, «,,... 5
bgs byy by s oy €500 €,5 .00 than one we mean a rational
integral function of some or all of the quantities which is of
constant degrecs throughout in the sets of quantitics separately,
and of constant weight throughout in the sets collectively.

For the present we deal with gradients in one set @,. a,, a,,
..., only. It is in accordance with what has preceded
to denote in general the degree of a gradient by 7 and its
weight by w.

We need not always have in view that «,, a,, a,,...«, are
the coefficients in a binary p-ie, but may speeify that a gradient
involves a,, but no element with a greater suffix than p, by
describing it as of extent p.

For instance,

UgUsg+ Aty Oy +paydy,
and oty ity +Aety gty + pity a? + vt oy +w a?,

where the cocfficients A, p, », =@ are arbitrary but independent
of ag, 4,, a,, ay, a,, a;, are gradients of degrees 2, 3, weights
5, 6, and extents 5, 4 respectively.

117. Expressions of homogeneity and isobarism. Any
gradient whatever, of given degree and weight, satisfies two
linear differential cquations.

Take @, ; , a gradient of weight w, degree %, and extent .
One of the two differential equations is Euler’s oquation which
expresses its homogenoity, og degree %, viz.

d P} p:] 9 .
(aom +(t15;1 +a23(7; +..4a, 37”) Gw,i,p = 'LG”,,"’,
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The other cxpresses that it is isobarie, of constant weight w
throughout. It is

> > 2
(0,1371+2(52372+ '"+pa"b——a,,) Gu',{,p = wGw,i,P'

This also follows from Euler’s theorem of homogencous func-
tions, for constancy of weight has been seen to be the same
thing as homogeneity in magnitudes which are roots of
(2o, @y, @y, ... a,) (@, y)?, in which @,, «,, a,,... a, arc homo-
geneous and of dimensions 0, 1, 2,... p respectively. It is,
however, at once clear when we notice that, if afa, a ... is
any term in G, ; ,, then

d P P
(u,s-“—l +2a“5&—2+"'+pa"‘57‘,) NOITAL A

= (pr+os+ri+..)aralar ...
=waela"a ...

118. Seminvariants as particular gradients. Referring to
§ 111 we sco that, according to the definition there given, those
gradients (7, ; ,,, of type w, %, p, whose arbitrary coefficients
are so chosen’that they satisfy the third linear differential
equation
‘Q'Gw, i,p = 0,

) > > 2
whero ﬂ=ao¥¢1+2"’13—%+3%5l—(a +"'+p“""lb_a—,’

are the seminvariants of the p-ic

(o) @1, Oy, ... @) (2, Y)Y
and are cqually seminvariants, though not all the semin-
variants, of the (p + ¢)-ic

(a'o, Uyy Qgyeee@py Apygyene a’p+q) (w: ?/)p+qs
whoere ¢ is any positive integer.

It has already been shown, and will be otherwise exhibited
presently, that gradients which are seminvariants exist only
when their weights, dogrees, and oxtents are such as to make
p—2w<L0. It has also been seen that a gradient which is
a seminvariant of type w, , p is the coefficient of the highest
power of @, i.e. 7-%%, in a covariant of '

(ag, ¢4, @, ... @) (@, ),
and, more generally, the coefficient of the highest power
& ®*+9-3% of 2 in a covariant of the quantic of higher order
Thus. § (ag, ¢y, ay, - Uy Qypyyees @pyy) (::, y)rte. .
us, for instance, @,?a,—3a,a, @, +2a,% a gradient anni-
hilated by £, for which w =3, i =3, p = 8, (p—2w =3 is
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a seminvariant of (a,, a, a,,...a;,.) (2, ¥)**?, where ¢ is
zero or any positive integer, and is the leading coefficient of

covariants
(@tay—3aya,ay+2a2) a + ...
(a2a,—3a a a,+2a)a® +...
(a2 az—3a,uyuy+2a3) 2 +...

&e., &e.,

of the cubic  (a,, a,, a5, a,) (2, ¥)3,

the quartic (95 15 Ay, 3, @) (2, y)4,

the quintic (4, @4, ¢y, g, ¢y, ;) (z, Y)%,

&e., &e., respectively.
It has also been seen (§ 112) that a gradient G,, ; ,, of typo
w, 1, p, which satisfies
QG:r, ip = 0’
and is such that ip—2w =0, has the further property of
satisfying the fourth linear differential equation

OG:r,l,p= 0,
_ 9 P P
where 0:2)((1—3—(‘-;4-([)—1)6(2571 +.-.+G‘,é~a;’

8o that it is an invariant of the p-ic

(4gy Oy, g, ... @) (2, )7,
while still only a seminvariant of the higher binary quantics

(am ”1’ a2’ e “P’ ul"l'l’ b aIH"l) (w’ :,/)p+q.
Thus, for instance,
tyty— 4 az+ 302
for which w = 4, ¢ = 2, p = 4, {p—2w = 0, is an invariant of
the quartic
(cgs @15 g, 1y, ) (2, ),
and a seminvariant of the quintie, sextie, &c.,
(ags @350 0y ag) (2, H)°,
(g, gy ey, g, ag) (2, Y)°,
&e.,
being the leading cocfficient in covariants
(0o —4a,a5+3a)a®+...,
(vpa,—4a,a,+ 3a)a*+...,
&e.,

of the quintic, sextie, &c., respectively.
We need not then dissociate invariants from seminvariants
in searching for them by means of the annihilator Q. A sem-
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invariant found will be in particular an invariant for the
binary p-ie, in case the ewcess (to use another word of
Sylvester’s) ip—2w vanishes. It has already been estab-
lished, and will again appear, that there is no rational integral
invariant of a binary p-ic which is not thus given.

119. A seminvariant of extent pinvolves all of ug, ¢, ,(ty,. ..y
Suppose if possible that «,, where » < p, is absent from a semin-
variant S of extent ». We may write the fact

Q8=0
in the form

9 P} d P}
(""‘l‘ l) (l',-'b“—r+ls+ {“0 ‘a'a] +2q, 5-‘72 + ... +'I‘Cl,_1-a—‘;;

p) d
+(7'+ 2) Uppq m + o +IXGP‘IW} S=0.
»

Now, on our supposition, all of the left-hand side but
S

r+1)a
(r+1) "Sa

is free from @,. But the sum vanishes. Therefore

)
a, S S

is free from a,. Therefore a(—?— S =0,i.0 8§is free from a,,,.
r+1
A seminvariant free from @, is thus free from a,,,, and
therefore from a,.,,, from a, 4, &c. Finally it is frce from a,.
Our supposition that a seminvariant of extent p exists
which does not contain all of «,, a,, ay, ... a, is consequently
untenable.

120. An invariant of a binary p-ic involves all the
coeficients. Being a seminvariant, it must by the preceding
article involve all of a,, a,, ay, ... a, if it extend as far as a,.
Also being an anti-seminvariant, annihilated by O, it must by
the same reasoning involve all of «,, @,_;, dp_s, ... a,, since,
reckoning extent from a, back to a,, it extends to «,.

121. Repeated operations with Q and 0. We proceed to
pay attention to the results of operating with & or with O,
once or any number of times in succession, on any gradient
whatever.

d 3 -9
The operator Q ané-&-l + 2413—% Fon Pl -
»
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acting on any gradient G, , , produces another gradient. The
degree of the produced gradient is i, that of G, ; ,. Its weight
is w—1, where w is the weight of G, ; ,. Its extent is either
the extent of G, ;, or less. These facts are clear when we
remark that any term of 2, ra,_; 3/d«, for instance, operating
on a term involving a, in G, ; ,, on a2a, ¢/ ... for instance,
has the effect of replacing that term by another,
pre_jafraar ...,
of the same degree and weight one less, one suffix being
diminished by unity and none increased.

Thus if G is a gradient of weight w, degree %, and oxtent
not exceeding p, QG is & gradient of weight w—1, degree <,
and extent not exceeding p.

Consequently QG = Q.Q2@ is a gradient of weight w~2,
degree ¢, and extent not exceeding p.

And generally, by = repetitions of the Q process, Q'G is
a gradient of weight w—, degree ¢, and extent not ex-
ceeding p.

This Q process cannot be repeated indefinitely without
leading to a vanishing result. For a gradient of negativo
weight is an impossibility, the weight of a gradient being
& sum of numbers chosen from among 0, 1, 2, ... p. Thus when
we take w+1 for 7, if not sooner, we must have

aw-!—] G —_ 0’
and consequently also  Q¥*3G = 0, Q3@ = 0, &e.

122. We may reason in a similar way with regard to the

operator
d J 9
0 Epula—a; + (1"‘1)"2W1 +... +a,,3—‘;:1-
Operation with this produces from a gradient of extent p or
less another gradient of the same degree, of weight greater
by one, and of cxtent not greater than p. The term extent
is here used in the sense of the definition (§ 116). That
the extent cannot be raised beyond p» by operation with
O results from the fact that O itself is taken as involving no
letter a, with a suffix (extent) greater than p. Thus, G being
of weight w, degree 7, and extent not exceeding p,
oG

is a gradient of weight w+r, degree 7, and extent not ex-
ceeding .

Here, again, the succession of gradients produced is not
indefinitely continued. For the greatest possible weight of



122]  REPEATED OPERATIONS WITH Q AND O 148

a product of ¢ constituents of weights chosen from among
0,1, 2, 3,... pis ip, that of a’,. Consequently
orv@
can be nothing more than a (non-vanishing or vanishing)
maltiple of «!,, and therefore
Ov-v+¥1@ =0, 0P "G =0, &e.

We may also consider the results of successive operations
with both of © and O in any order on a gradient. The
conclusion, drawn readily from the above, is that, G being
any gradient of weight w, degree ¢, and extent p or less,

QMO Q" 0" Q"™ 0%... G,
where m,, my, My, ..., Ny, Ng, Ng, ... are positive numbers, is,
unless it vanishes, a gradient of weight
W—My—My— My — ... +M+ 1+ 15+ ...,
of dogree ¢, and of extent not excoeding p.

123. The alternant of Q and O. The operators 2, O aro
linear : but this is not the case with the operators Q2, 03, QO,
09, &e. Thus, for instance,

9 d 3 4?
2= —_ _— _
Q2= (ao S, +2q, 3a, +oo -, ba,,)

P d d
=1. 2“03—(‘2 + 2. 3((1333 +-..+(])—1)pa‘,_2'b—u;
2

{(”32 +4a,a,; ? +4a? ¥
% da,3 3,00, T 3?2'”-'.'"}'

Moreover the operators 2, O are not commutative; i e, the
compound operators Q0 and O are not identical in meaning.
Thus while

) > >
Q0 = (a-o-a—ai +2a15&—2 +oe+pa,_y ‘&‘p)

i > )
(paqmo+p— PR L

p-1
p:] p:] d
=1 '2’%3—&; + 2(2""1)“13&‘1 + 3(1’“2)a2m7"+m

+P-1“p-1§'a,:

terms involvin, ? 2 ¥
+ terms Ivolving 5o, 0a,’ a2’ da,_,da,
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_ d P 9
oQ =p.1 (llé—&l + (p—l)z(lzs;l-s + (p—-2) 3(1:3%3 +...

d
+1.pa, B-J;
2
day0a,’
We thus see, however, that the two compound operators
differ only in their linear parts. The non-linear parts of both
are just the algebraical product of Q and 0. This leads us
to consider the differcnce 20—-0Q of the two compound
operators, the ulternant, as it is called, of Q and 0. It is
always a fact that the alternant 6¢—¢f of two linear
operators 0 and ¢ is a linear operator. In the present case

+ the same terms in ... a8 in Q0.

d d
20-00 = pa, - +(2(p=1)~1.p} 15

+{3(p—2)—2(p—1)} agai%+...

?

+{p.1—-(p-1)2} ap_la—a—l—pa,,-bl—‘
p- »

. d . 2 d
=ra da, +(I)—2)“1a“l 1 (P—")“’zb—d; +...
- (]7 - 2) @y d a’p—-l — Db, m
= ){a —b +a 2 + 2 2
=] 03a, T M3a, azg"az"'"""“:’m}

d d 9
_2{(z,-bz.l+2agsa—2 +...+pa,,b-“~ }
P

Now let the oporation be on G, a gradient of degree ¢ and
weight w. @ satisfies the two linear differential equations of
§ 117, which express its homogeneity and isobarism. Using
the two equations, we see that what we are led to is

Q0-09)@=p.iG-2.w@Q
= (ip—2w) G.

124. An important application of this rcsult has already
been mentioned in § 97. Let the gradient G be an invariant
I of (a,, @y, ay, ... ay) (2, y)?, so that QI = 0 and OI = 0, and
thereforeabﬂ = 0 and 20I = 0. We have the consequence
that (ip—2w)I = 0, i.e. that the degree and weight of an
invariant of a binary p-ic are connectegr with p by the relation

p—2w =0,
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As another application let the gradient G be a semin-
variant 8. Then Q8 = 0, and therefore 028 = 0, so that
Q08 = (ip—2w) S,

which tells us that the result of operating first with O and
then with © on a seminvariant of extent not exceeding p is
to roproduce that seminvariant multiplied by a numerical
factor.

This is in accord with the conclusions of §§ 109, 110.

125. Alternant of £ and O". Important information is to
be gathered from the alternants of 2 and 0% 0% ... which,
though not linear, have simple equivalents when the functions
on which they operate are gradients.

It is assumed throughout this article and in what follows,
cxcept where otherwise stated, that the operation is on a gra-
dient G of weight w, degree ¢, and extent not exceeding p.
For brevity the G is not as & rule written.

The ‘excess’ 4p—2w, in which p is always the suffix of the
highest clomont which occurs in Q and O, and may, it must
be remembered, be greater than the extent of @, is, also for
brevity, denoted by 7.

Thus instoad of writing
(20-09Q) @ = (ip—2w) G,
wo write merely 20-092 =1. oe(1)

Now notico that
202-0%202 = (R0-02)0+0(20-042),

and also observe that, G which is operated on being of
weight w and degree ¢, OG is by § 122 of weight w+1 and
degree ¢, so that the excess for O@, corresponding to n for G,
isep—2(w+1) =9—2. Thus

20°—0%Q = (1—2)0+ 01y
= 2(n-1)0, ...(2)
since 7, being numerical, is commutative with O.
Again
003-0°Q = (20-002)0*+0(20-02)0+0% (Q0-0%)
= (n—4)0%*+0 (y—2)0+0%,

the excess for 0*G being ip—2(w+2), i.e. n—4,

= 3(n—2) 0% «:(3)

1431 L
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In like manner we notice generally that the excess for
0@ is ip—2 (w+7),i.e. n—27, and that generally
Q0'-0'Q2=(20-02)0'+0(Q0—-092) 0"

+03(Q0-0Q2)0"3+...4+0™1(20-09)
= [7—-2(r-1)]0™1+0[n—2(r—2)] 02
+0%[n—2(r—3)]0™3+...+ 01y
= {rp—2[1+243+4...4(r=1)]} 0
=r(H-r+1)0mL .. (R)
Ex, 1. Deduce that
0Q'—Q0=r(—n-r+1)Q"
Ex. 2. Prove that
QOT=Q"10 {0+ r(n—r+1)}
=(0Q+1.79)[02+2(n—1)] [02+3(n—2)]
e [0247(—r+1)]
=020 (20+41—-2)[Q0+2(n-3)]...[R0+(r—1) (n—7)].

Ex. 3. In like manner
0"Q" = (20—1.7) [R0—-2(n+1)] [R0-3(n+2)]
v [RO—r(n+7—1)]
=0Q2(0Q=1-2)[02—2(1n+3)]...[0Q—(r—1) (n+7)].
Ex. 4. Prove that
Qrom. Q0= Q0. Q0r,
orQr. Q' = 0Q. o7,
Qror. 00 = 0. 0",
Ex. 5. Prove by mathematical induction that
0" = Q0" —(n—r+s8) ra Q102
+ (1=r+s) (n—r+a+ 1)r(r—l) s(s—1) Q20" *— ..

1.2
(Hilbert.)

126. The excess non-negative for a seminvariant. Uso of
the results of the preceding article gives a proof (Sylvester’s)
of the fact (§ 112) that for no seminvariant can the ¢ oxcoss’
ip—2w be negative. Since, if S is a seminvariant of extent
p or less, Q8 = 0, the results give

Q20 .8=198,
0%, 8=2(n—-1)08,
Q0%.8=3(n—2)0%8,

Q0" .8=r@m—-r+1) 018,
&eo., &e.
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If 9, or ip — 2 w, is negative, the coeflicients on the right in
these equalities form a numerically increasing series of nega-
tive numbers. None of them can vanish. Now (§ 122) there
must be a number 7, equal to or less than ¢p—w+1, for
which and all greater numbers O'S = 0, and consequently
Q078 = 0. The rth of the above equalities gives then

0=7r(n—r+1)0718,

and therefore 018 = 0. This necessitates Q0™18 = 0, and
this again, by the (r— 1)th equality, that
0= (r—1)(n—r+2) 028,

i.e. 0-28 = 0. Procoeding thus backwards step by step, we
eventually find from the first cquality that 0 = 38, i. 0. that
S = 0, since 7 is negativo and not zero. In other words, the
supposition that there is a seminvariant S for which 5 is
negative is untenable.

Wo repeat that the n which it is here proved cannot be
negative is ¢p—2w where p is the greatest suffix occurring
in Q and O. The extent p’ of a seminvariant of

(s @)y by on. ) (2, Y)Y,
if not p itself, is less than p. In this latter case the semin-
variant is also one of (¢, a;, ¢y, ... ) (z, ¥)”, and we might
have taken " as our p in the above reasoning. Thus, if p’
is the extont of a seminvariant of weight w and degree i,
ip’ — 2w cannot be negative.

Ex. 6. Usoe the results of this and the preceding article to prove the
theorem of § 111, that any seminvariant S, of extent not exceeding p,
leads a covariant of order 7 of (a,, a,, a,, ... a,) (=, »)?, i.e. that

¥y
"=’ § is not fractional in «, and is annihilated by Q—»9d/d=.

Ans. QO™S =0. Therefore 08, whoso excess is negative,
= 0. The coefficients in the result of operating with Q—y»9/d=
aro of the form (r!)~' {QO"—r(n—r+1)077} 8, i.e. of the form
(1)~ 0"QS, which vanishes.

127. It is clear that the above reasoning, which shows
that there is no seminvariant with a negative 5, has no applica-
tion to the cases of n zero and n positive. In these cases one
of the series of multipliers 9, n—1, —2, n—3,... on the right
of the equalities of the last article vanishes. Thus from tho
fact that 0"+18 = 0 it does not follow that 0"S=0. It is
the factor n—n on the right of the critical equality which
vanishes, and not the other factor 0"8.

For a positive or vanishing 7, & number

(w3 ép)—(w—15;1,p)
L2
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has been found in §§ 113, 101 which cannot execed the
number of linearly independent seminvariants (or invariants)
of weight w, degree i, and extent p or less. It is now to be
proved that the numbor is exact.

This famous theorem, stated by Cayley and much used,
remained long without proof, and was even doubted. The
first demonstration of it was given by Sylvester, by means of
the results of § 125. Tho method to be here given is difterent
from his, but is based upon the same results, though, as we
shall see, an alternative basis is the theorem of § 100.

128. Exactness of Cayley’s number of linearly inde-
pendent seminvariants of given type. Let (7 be any gradient
whatever of degree ¢, weight v, and extent not exceeding p.
Let n be ip—2w the excess for G. For QG Q@G Q3G, &e.
the cxcesses aro 7+ 2, 7+ 4, 5 + 6, &e.

Take the operative equalities (1) to (R) of § 125, and
operate, not always on @, but on G in the first case, on QG in
the second, on Q2@ in the third, and so on, so that n has to be
replaced by 7, n+2, n+4, 7+86,... in the succossive cases.

Woe obtain
020G-0QG6G =@,
QPQGE—-0*02G = 2(n+1)0QQG,
QOQEG—-03Q%G = 3 (n+2) 002G,

QOG-0 QC = r(n+r—1) 07 1051G,

&e., &e.
Multiply the first of these by %, the second by — -2——;(—17,————“ )’
the third by 2.3_7'("11)(“2),...,&0 rth by
(—l)h12.3...9'.11(11-:1).-._.(1_1T7;——l)’
&e., and add. Wo thus obtain
20415~ T
+ 1.2.3.n(;+1)(n+2)0’m""'}G =0,

since for a great valuc of 7 the residual multiple of 07Q"
does not exist, for Q¥+!'G vanishes, and thcrefore 0"Q"G
vanishes if  is w+1 or more.
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Consequently, if y is positive, the result of operating on the
gradient
1 1
{l.n l.2.1;(n+l)ou
oY o }
Fiasneinary)t P ¢
with Q is to produce G.

The gradient is a finite one, for though the operative series
is regardod as continuing to infinity it produces really only
a finite number of terms, since O'Q"G vanishes when 7
exceeds w if not earlier.

We have thus proved that any gradient whatever, of weight
w, degree ¢, and extent p or less, for which 3y =4p—2w is
positive, can be obtained by operating with 2 on somo
gradient or other of weight w + 1, degree ¢, and extent p or
less. The same was otherwise proved in § 100.

Now for w write w—1. It follows that every gradient of
weight w—1, degree 4, and extent p or less, can be obtained
by operation with @ on some gradient of weight v, degreo 4,
and extent p or less, provided that ¢p—2 (w—1) is positive,
i.c. that ip—2w L —1.

This tells us that if we write down the most general
gradient G’ of weight and degree v, ¢, and of extent p or less,
where ip—2w< —1, and operate on it with £, the result must
be the most general gradient of weight and degree w—1, i,
and of extent p or less. For tho arbitrary coeflicients in the
first gradient may be so chosen that the derived gradient may
he any one of type w—1, 4, p or less, and so in particular may
bo any single product of its type we choose.

Consequently the coefficients in the derived gradient @G’
aro all lincarly independent.

Now, in the notation of §§ 101, 118, @’ contains

(w; 4, p)
terms, and Q (7 contains
(w—1; I, )

terms. For G’ to be a seminvariant the condition is Q @’ = 0,
i. e. tho cocfficients of these (w—1 ; 4, p) terms have separately
to vanish. They are all independent, by the above, 1if
ip—2w< —1,and are linear functions of the (w ; <, p) arbitrary
coofficients in @', Their vanishing determines (w—1;4,p) of
the cocflicients in G’ in terms of the rest. In other words,
oxaetly (w34, p)—(w=151,p)

are loft arbitrary. This, then, is the exaet number of lincarly
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independent seminvariants of weight w, degree ¢, and extent
not greater than p.

(If y< —1 for @, the goneral gradient of type w, 7, p, it
has not been proved, a.m% is not generally true, that QG is
the most general gradient of type w—1,4, p. The general
gradient of this type will as a rule contain more terms than
occur in G. But QG contains as many linearly inde-
pendent coefficients as G does. Otherwise we could write
down a particular @ satisfying QG = 0, which we cannot
do when < 0.)

Ex. 7. Use § 125, Ex. 3 to obtain another proof that every @ for
which 7> 0 is an Q.

Ans. 0" QNG = 0.0 =0. Hence, by a transposition in
the first equality,
1L.g.2(0+1) .. (w+1) (n+w) @ = Q0{...}.
Ex. 8. Use the same example to prove that, if n4 —1 for @,
[0Q—n=2][02-2(n+3)]...[02—w(n+w+1)]@
is annihilated by £, so that it is a seminvariant or zero; and that if
it is zero, as must in particular be the case when 9= —1, ¢/ must be
of the form 0QG".
Ans. Remember that O cannot annihilate a gradient for which
n>0.

Ex. 9. It may be proved by aid of § 125, Ex. 5 that, when the
operation is on a gradient for which 7 = ip— 2w >0, the operator of
§ 100, Q0  20* Q0

ST UC S U
and that of the present article,
1— .(2_0+ Qe Q03QF 4
1.y "1.2.9(n+1) 1.2.3.9(m+1)(n+2) ™’
are identical. (Proc. Lond. Math. Soc. Vol. XXIV. p. 23.)

Ex, 10. If ¢ is a gradicnt for which 7 is negative prove that

+ oy

0 0*PQ? 10 .
(-t pp et )0=0
and
0Q 0Q:0 o0
14 - — )@ =o.
( +l.'q+1.2.11(n—1)+1.2.3.11(1)—1)(11—2)+ )6 0

128 (bis). Beparation of gradients into seminvariant and
other parts. We can by dircet differential operation express
the general gradient of type w, ¢, » as a sum of parts all of
which are cocfficients in covariants of a p-ie, and thus confirm
and amplify the above conclusions.
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From §§ 109, 110 we see that if C,2®~"y" is any term in
a covariant of order =, 8o that @ — 27 is the » for C,, then
{20—(r+1)(w—7)} C, =0,
i.e. {Q0—@+1)(n+7)}C,=0.
The proof that this condition is sufficient as well as necessary
is a good exercise on what has preceded. By § 125, Ex. 3,
the condition necessitates 0"+1Q"+1(C, = 0. Now O does not
annihilate any gradient for which >0. It follows that, if
7 & —1for C,, Q'+1C, = 0. Thereforc Q7C, is a seminvariant,
unless it vanishes. But it does not vanish, seeing that
07Q"C, does not, but is, by Ex. 3 again and the given con-
dition,

{r+1)@+7)—1.9} {(r+ 1)) +7)—2(n+1)} ...

{r+1)(n+7r)—r(+7-1)}C,,
i.e. rip+r+1).(r—1)(n+7r+2)...1(n+27)C,.
Thus Q'C, is a seminvariant, and, by § 110, 0"Q"C, and there-
fore C, is a numerical multiple of the coefficient of z’*"y" in
the covariant which it leads.

Now consider the most general gradient G of type v, <, p,
and take as usual n =ip—2w. Let this be zero or positive.
Gradients included in G figure as

(1) scminvariant coeflicients of #” in covariants of order 1,

(2) coeflicients of 2"*1y in covariants of order 5 + 2,

(3) cocflicients of a7+%y3 31 coga.riants of order n+4,

cc., &o.

(w+1) the coefficient of 27*¥y* in the one covariant of
order n+2w = ¢p, i.e. in the ith power of the p-ic.

By the above these included gradients, respectively, satisfy
and arc determnined by the differential equations

(1) {«0—-1.9}G, =0,
(2) {20-2(+1)}G,=0,
8) {Q0-3(n+2)} G, =0,

(w+1) {Q0—(w+1)(n+w)} Gprq=0.
We will see that the goneral G can be written as a sum of
w+ 1 parts satisfying these equations respectively.
If a,, ¢y, ...qa, arc known constants, we arc told by the
elementary theory of partial fractions that an identity among
products of n.—1 factors exists of the form

1= { 4, + s +oF {éf’“} (t—a) t—ay) ... (t—a,),

t—a, t—q,
where 4,, 4,,... 4, are constants. In fact, forr =1, 2,...n,
A, = {(tp—ty) (@r—ttg) vve (Ar—pey) « (U =y yq) oo (p— )}
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Here for ¢ we may if we like write a symbol of operation
instead of one of quantity, and deduce an identity with meaning,
provided the oporating factors are commutative. Hence

—_ Al __‘_1_2_____ Aw+l }
G= {Iz—()”fl‘.; t Q0—2@+1) teot Q0" wr 1) (n+w)

(20—1.7} {20—2(n+1)}... {20 —(w+1) (n +w)} G,

for easily written down numerical values of Ay, Ay Apyy.
Now, putting w+ 1 for  in § 125, Ex. 3, and remembering
that Q¥+ @ = 0 (§ 121), wo have

(20—1.9} {Q0—2(+1)}...{Q0—(w+1)(n+w)} @ =0,

the factors in the operator on G being commutative.
We have then succeeded, by operating with products of w
out of the w + 1 factors, in obtaining an identity
w+l

G=2 G,
1

where G, is annihilated by Q0—1.n, G, by Q0-2(n+1),
and so on.

Thus we have expressed the general @, with 5 zoro or
positive, as a sum of seminvariants @, and other coefficients
in covariants. (We might also take 5 = —1; but in this case
there can of course be no seminvariants of the type.)

If, instead of the general @ on the left, we take only the
general G,, which is annihilated by QO —r(n+r-—1), every-
thing on the right vanishes excopt G,. Thus in the genoral
G = =G, every G, is general.

Accordingly the general gradient G of type 0,4, p, with
n not negative, has been expressed hy direct operation as
the sum of (1) the general seminvariant G; of the type,
(2) the general second coefficient @, in & covariant led by a
seminvariant G, of type w—1, ¢, p, (3) the general third
coefficient G, in a covariant led by a scminvariant Q°G, of
type w—2, %, P, and so on, and lastly (w+1) tho (w+1)th
cocfficient in the only covariant led by a seminvariant of type
0,1, p, i.e. in the ith power of the p-ic.

A conclusion as to enumeration from the fact that the
number of arbitraries on the left of the identity G = X (7, must
be the same as on the right, is that (w; i, p), the number of
arbitrary multipliers in the general @, is equal to the sum of
the numbers of linearly independent seminvariants of degree ¢,
extent p or less, and weights w, w—1, w—2, ... 0 respectively.
In like manner the sum for woights w—1, w—2,...0 i8
(w—1; i,p). By subtraction, the nunber of degree 7, extent
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p or less, and weight w, is (w; 4, p)—(w—1; 4, p), as was
proved in the last article.

Having obtained the most gcneral secminvariant ¢, of type
w, %, p, which, upon giving to 4, its value and writing 0 Q +19
for Q0, may be written

{l—noﬁz} {1_2(2-{:3)} {l'zT(ng—«sZT’l)}G’

where @ is the general gradient of the type, we have also
(§ 110) the most general covariant of degree ¢ and order n of
a p-ic, namely,

y
ales’ G,.
More generally, for » = 0, 1, 2, ... w, we have that the most
general covariant of degree ¢ and order 5 + 2 is

Yo
2" Q"G yy,
where
Gop1=A4,,,{100—-1.9}{Q0-2(n+1)}...{20—r(n+r—1)}
ALO—=(r+2)(n+7r+1)} ... {Q0—(w+1)(n+w)} G.
Ex. 11. All covariants containing coeflicients for which 7 = 0 are
of cven order. Exhibit them; aud in particular exhibit all invariants.

Ex. 12. All covariants containing cocflicients for whichn =1 or —1
are of odd order, and only exist for quantics of odd order. Exhibit
them; and in particular exhibit all linear covariants.

Ex. 13. If by ¢ is meant any given differential operator
¢ (3/dx, 3/dy, 3/3z, ...),
not necessurily with constant coefficients, if #'(t) denotes
(t—a) (t—ay)...(t—ay),
and if f(, y, 2, ...) is any given function of the independent variables,
express any solution % of the differential cquation F(p)u = (x, y,2,...)
in the form w, 4w, + ...+ %y, where, for every s from 1 to n, u, is
a solution of the differential equation
F’(a,) (p—a,) u, = (%, y, 7, +u0):

Every such t, + %, + ... +u, satisfies the equation. Prove this.

Ex. 14. Use § 125, Ex. 2 to express the general G for which
ip—2w = —1 is negative as & sum of coeflicicnts in covariants of
orders v, v +2, ... ip.

129. Arithmetical conclusions. Some arithmetical con-
clusions of interest with regard to numbers of partitions may
be drawn from results at wiich we have arrived.

Since the most general gradient of type w-—1, ¢, p can
when ip—2w< —1 be derived by operation with Q from the
most general gradient of type w, 7, p, the former cannot
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contain more arbitrarics than the latter, i.e. more terms than
the latter. Hence if ip —2w < —1
(w; 4, p) L (w—1; i, p)

Again, we have shown in § 126 and clsowhere that if
ip—~2w<0 there is no seminvariant, and in § 128 that if
ip— 210 4 —1 there are exactly (w; 4, p)—(w—1; 1, p) semin-
variants. 'The case ip—2w = —1 is included in both cate-
gories. The conclusion from this caso of ip—2w=-—1, i.e.
of w = % (ip+1), where ¢ and p must clearly both be odd, is
that if / and p are any odd numbers

Glip+1]s 4 p) = & [p—11; 4 ).
This is only a particular case of tho fact that, for any 2v not
exceeding ip, whatever numbers 4 and p may be,
(w3 i, p) = (ip—=w; i p),
which is immediately seen by noticing that the produects of
weight w and those of weight ip—w are conjugate in pairs.
If, in fact, ¢, ¢, ... a,*» is onc of the first type, the conjugate
one of the second type is ,%a,™; ... «,?.

130. Reciprocal partitions. The number (w ; 7, p) i8, ib
will be remembered, the number of ways in which the number
w may be written as a sum of ¢ or fewor numbers, none
exceeding p. It is an important fact that this number is also
the number of ways in which w may be written as a sum of
 or fewer numbers, none exceeding «; in other words, that

(w; i, p) = (w;p,9).

The following proof is duo to Ferrers. Another will present
itself in the next chapter.

Let any partition of 2 into © or fower parts, none exceeding
p, be the partition into n, +u,+n, +...+n;, where no part is
greater than p nor than the preceding part, and where one or
more at the end may be zero. Write down n, dots in a row.
Next write n, dots under tho first n, of these dots in a second
row. Then write in a third row n, dots under the first n, of
the m, dots : and so on, till in all n, +n,+ng+ ... +n; = w dots
bave been written. We have thus visibly arranged a partition
of w into ¢ or fewer parts, none ¢xceeding p.

Now read the arrangement by columns instead of rows.
We have in the first column a number, m,, of dots not greater
than ¢. In the second column we have, say, m, dots whero
m,pm, and so »i. In the third we bave my dots whero
my pm, and therefore b i: and so on. Finally, in the pth
column we have either no dot or a number m, of dots



130] RECIPROCAL PARTITIONS 155

not greater than any previous m, and so not greater than <.
We have thus visibly arranged a partition of w into
m;+mg+my+...+my,

a sum of p or fewer numbers, none greater than <.

Thus to every one of the (w;4, p) partitions we have
a conjugate one of the (w; p, <) partitions. Similarly, con-
sidering columns first and then rows, to every one of the
(w ; p, ©) partitions there is a conjugate one of the (w ;<, p)
partitions. And no two of the one set of partitions have the
same conjugate in the other set, for a definite arrangement in
the one way is also definite in the other. Consequently tho
numbers (w ; 4, p) and (w ; p, <) are equal.

131. Hermite’s law of reciprocity. Hence we obtain
a famous and most prolific theorem due to Hermite.

Since (w32, p) = (w;p, 1)
for all numbers w, it follows that

(w; 3, p)—(w—1;1%,p) = (w;p,i)—(w—1;p,i)

Accordingly :—The nwmber of rutional integral seminm-
variants of weight w, degree i, and extent not exceeding p, 18
equal to the number of rational integral seminvariants of
weight w, degree p, and extent nol exceeding <.

In particular take ip = 2w. We are told that:—The
number of imvariants (i.e. linearly independent rational
antegral imvariants) of degree i of « binary p-ic s equal
to the number of invariants of degree p of a binury i-ic.

Again, take 7p—2w >0, and denote ip—2w by w. Then,
since when 4, p, w are known = is known, we may enunciate :—
The number of covariants of degree ¢ (in the coefficients)
and order w (in the vuriuables) of « binary p-ic is equal to
the number of covariants of degree p and order w of a
binary i-ic.

Another way of arriving at this law of reciprocity has
already been noticed in Examples. There is clearly a one to
one correspondence between root-expressions

ap* 2 (ay— ag) ™12 (ay — ag) ™13 (0 — @) "8, (2 g —ay) 1S,
where 7,5+ %3+ My +... = 2w and no a occurs in more than
p factors of a product, for seminvariants of degree p» and
weight w which lead covariants of order = = ip—2w of an
i-ic with a,, ay, ... a; for roots, and symbolical expressions

(6,— 02)7013 (0,-6) Ny (6,— 03)'"’21 e (01— 6)) Mg
aoaou'o (XX (i f&ctOl‘B),
with the sum of the ’s as before and no 6 occurring in more
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than p factors, for hyperdeterminant seminvariants of degree %
and weight w which lead covariants of order = of a p-ic.
Also, the systems of root-expressions and of hyperdeterminants
have both been seen to be complete for providing all semin-
variants of given degree and weight by their linear combina-
tions. That those sums of a-products which vanish identically,
instead of producing seminvariants of the i-ic, correspond to
those -products which produce zero, instead of seminvariants
of the p-ic, follows from the fact that in the expansion of one
of the latter every term % 6,%,"... 6, must be accompanied by
another — £0,%05" ... 6,%, where a,f3,...x are 1, 2,...% in a
different order.

EX. 15. A binary 4n-ic has one invariant of degree 3, and a binary
quantic whose order is not a multiple of 4 has none. (Cayley.)
Ans. Since all invariants of & cubic are powers of the discrimi-
nant whose degree is 4.

Ex. 16. The Cayleyan hyperdeterminant symbol of this invariant is
9 2 9
12_.'I 2_3-"31-”. Prove that, if %, v, w all denote the quantic, the
invariant may be written
. 2a-1__2-1__3%31-1"' ¥u du *u |,
12 23 31 3¢ dxd z/ b:;/-f
Ry v v
2 drdy Ay
| Yo Pw  Fw
©dxt dwdy Yy
where %, v, w are not to be made identical till ull the operations are

performed ; and hence that the invariaut is o linear function of the
determinants
i

0 gy Uy, @y gy e, Oy

(Cayley.)

Uy Gy (byy Uyyoeey Ggyg

W, gy Ugy Ugyonry Gyg_y

Ex. 17. A binary p-ic has as many invariauts of degree 4 as there
are ways of choosing positive integral or zero values of m and n to
satisfy 2m+3n = p. (Cayley.)

Ans. Assume the knowledge that 7 and J are the only irreducible
invariants of the quartic.

Ex. 18. A binary p-ic has a single or no p-ic covariant of the
sccond degree in the coefficients according as p is or is not a multiple
of 4. (Cayley.)

Ans. Since covariants of equal order and degree of a quudratic
must have the form (ac—0%)" (ax’ + 2bxy +cy®)*™.
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Ex. 19. The one invariant (Ex. 15) of degree 3 of a 4n-ic is the
lineo-linear invariant of the 4n-ic and the covariant of Ex. 18.

(Cayley.)

Ex. 20. A binary p-ic has as many covariants of dogree 2 in the
coefficients as there arc solutions of 2m+n = p in positive integers
(and zeros); and 2n is the order of any such covariant in the
variables. (Iermite.)

Ex. 21. A binary quantic of odd order has a covariant of the
second order and tho second degree. (/lermite.)

Ex. 22. A binary quantic of order 4n+ 2, where n is any number,
Lias a covariant of the second order and third degree. (Ilermite.)

Ans, Use Ex. 21 for the case of the cubic.

Ex. 23. By the two preceding examples binary quantics whose
orders are of the forms 4n+1, 4n42, 4n+3 have quadratio
covariants. Use the facts that a quintic has a quadratic covariant of
degree 8, the Jacobian of the cubic covariant of § 17, x. 20 and the
linear covariant of § 57, Exx. 16, 17, and an invariant of dcgree
4 (§ 61, Ex. 30) to complete the proof that every bivary quantic
except the quartic has a quadratic covariant whose degrec in the
coeflicients does not exceed 5. (Hermite.)

Ex. 24. No covariant or invariant of the second degree in the
coefficients can have an odd weight. In particular, no invariant of the
second degree can be skew.

Ex. 25. No invariant of the third degree can be skew.

Ex. 26. A binary quantic of any odd order greater than 3 has
a linear covariant of degree 5. (Hermits.)
Ans. Use the fact that a quintic has lincar covariants of
degrees 5 and 7 (§ 57, Ex. 17) and an invariant of degree 4 (§ 61,
Ex. 30).

132. Gradients in more sets than one. Just as we have
dealt with gradients in one set of quantities a,, a,, a,,...q,
in the present chapter, we may deal with gradients in more
sets than ono a,, ¢;, 4, ... @, ; by, b, by, ...b,,’;co,cl,c,,,...c,,'; cees
We have merely throughout to insert =, 20, and

UPy+ D+t Pyt .0 —2wW
for Q, 0, and ip—2w. As in § 119 a seminvariant which
involves one letter of any set involves all the previous letters
of that set. Asin § 120 an invariant of the quantics whose
coefficients are tho sets involves all the coefficients of any one
if it involves one of themn. Asin § 125
SQ (S0)—(S0)3Q = r (n—r+1) (S0)+L,

where 7 = 2 (ip) — 2.
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As in § 126 there can be noseminvariant for which = (ip) — 2w
is negative. Asin § 128 any gradient for which = (2p)—2w
is positive can be written as the result of operating with >Q
on another gradient, and hence if = (p)—2w<4, —1 the exact
number of linearly independent seminvariants of weight w
and partial degrees i,, 7, @, ... is

(3 By Prs day D3 gy Pas o) — (W15 &3y Pr3 2ay Poj Uy Py o0l
where (w; %, p,; 43 P2 5 Ps3...) denotes the number of
ways in which 2 may be written as the sum of 7, or fewer
numbers not greater than p,, of 4, or fewer not greater than
Pg, Of i, or fewer not greater than pg, &c. Finally we have
arithmetical conclusions corresponding to those of § 129.

The generalization of § 130 is also immediate. It will
readily be seen, by considering as many Ferrers' diagrams
as there aro sets of a’s, b’s, ¢'s, &e., containing altogether
a¢ dots, that in ) ] )

(5 Ty P15 bos P53 Py en)
%, and p,, or i, and p,, or ¢, and p,, ..., or more than one or
all of these pairs, may be interchanged without altering tho
number of partitions. Hence a generalization of the law of
reciprocity is easy.

Ex. 27. The number of covariants of any degree ¢ and of order p of
a binary p-ic, i.e. of invariants of partinl degrees ¢, p of & p-ic and
a linear form, is cqual to the number of invariants of partial degrees
Z, 1 of two binary p-ics.

Ex. 28. Prove that
(058,255 Pei 5o py5 - ) = EEZ (054, ) (05 40, 15) (0544, 24) e
where the summations indicate that to o, v,, v,, ... arc to be given
all positive integral and zero values which make

v, 40, +v+ ... =w. (Franklin.)



CHAPTER VIII

GENERATING FUNOTIONS.

133. UNFORTUNATELY no practically convenient algebraical
formula?! is known which gives in all cases the number of
itions denoted by (w; 1, p), i.e. the number of ways in
which the number w may be formed by adding together ¢ or
fewer numbers, cvery one of which is one of 1, 2, 3, ..., p, or,
which is the same thing, by adding ¢ parts cvery one of which
isoneof 0,1,2, 3, ..., p. For tabulation of such numbers of
partitions recourse must bo had to a method known as that of
Generating Functions.

The origin of the theory of numbers of partitions is due to
Euler. The theory in its application to invariants, &e., was
first studied by Cayley with a view to, and in, his second
memoir on quanties (Collected Works, Vol. II). The subse-
quent writings on the subject aro very numerous. Cayley
himself, Sylvester, Franklin, MacMahon and Hammond as
well as others have by means of it obtained results of great
precision.

The investigation of the number (w;4, p)—(w—1; <, p) of
linearly independent or ‘asyzygetic’ seminvariants of given
weight, degree, and extent by means of generating functions
is only a preliminary object of the researches. The ulterior
aims are the discovery of the number and types of the irre-
ducible concomitants of a binary quantic, and of the rclations
or syzygics which connect those irreducible concomitants.

The subject being a vast one only an introduction to it
can be given herec. We consider only quantics of the first
fow orders. In passing from order to order the complexity
of the investigations necessary enormously increases.

134. Generating function for (w;<, ). By a Generating
Function we mean a function of one or more variables which,
when it is expanded in powers of that variable, or powers
and products of powers ofp those variables, has for the general
coefficient of a power or product of powers the number of an
assigned class which is determined by the index of that power,

1 For a formula due to Brioschi sco Fud de Bruno's Formes Binaires, § 89.
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or the indices of those powers. It may bo that only a limited
range of the coefficients is relevant. For instance, the cxpan-
sion may be an infinite one, but the class of numbers a finite
one given by tho cocfficients of & limited range of terms, tho
indices of other terms being parameters irrelevant to the
matter we have in hand.

We proceed to seo that a generating function can be formed
whose expansion is

0;%,p)+(;6p)2+(2:4,p) 22 +...
+ (w5 P) 2+ + (@58, p) 27,
and which accordingly, when ¢ and p are known, gives the
number of partitions (w ; 4, p) as the coefficient of 2¥ in its
developoment.

Tt is at once clear that, by definition of (w ; 7, p), this number
of partitions is the number of ways in which positive into%ml,
or vanishing, values of 7,, 7;, 7y,...7, can be found which
satisfy the two equations

To+ 1+t tr, =1,
rl + 2"2"’ “os +pr), = w,
Now this number is the coefficient of z¥af in the product

(1+z+2+...+a+..) (1 +20+2%0 + ...+ 272"+ ...)
(14222 +242%+... 28274 ..0)...
(1+27x+22P2t + ... +2"ra? +...),
where the series forming any factor may if we please bo
extended to infinity. This product may be written
{(1—2) (1—2x) (1-2%)...(1—272)} %

It can also be multiplied out and arranged according to

ascending powers of 2. Suppose that, thus arranged, it is
Wo+ U 2+ WP + s +UE + 1005
then u, = 1, and u,, ,, ... %;, ... are functions of z. In fact,
;= (039 p)+(1;5% p)z+(2;% p)e°+...
+(w ;4 p)2¥+ ... +(ip 5 % p) 2™

Notico that (0 ; 4, p) denotes 1. This is reasonable, for there
is one partition of zero into ¢ parts not exceeding p, namely,
into 7 zeros. «,f is the one corresponding term when we are
thinking of gradients. In particular, by convention, we may
think of (0 ; 0, p) as denoting 1.

Now in

14 w2+ Ut + ...+’ + ...

= {(1-2) (1-22) (1—2%2) ... (1—27x)} 7,
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put zx for w, getting
1+ w2+ w2 + o+ u2’ad + ...
= {(1—2x) (1—2%) (1—-2%x)...(1—2"*1x) } 7,

= 1—1;3?1?» {1+u,z+uga®+... + w2+ ...}
Here multiply through by 1—2"*!2, and equate the coefficients
of o, the equality being identical. We obtain
W2 — w2 = u;— Uy
so that w; = ;4 125

l_zl"l-l—l 1 _zP+‘

=

i Ty g1 T g
“ 1—z”“ l_zp+2 l—z"”'l l_zﬂ+¢
= —me— e e, .
012 1—22 1—21 1—-2*

(1—27*1) (1—22+2) (1 ——z"“).

(1—2) 1—=2%)...(1—2)
Consequently (w ; %, p) is the coefficient of z* in the expansion
of this function in ascending powers of z. Notice that it is
incidentally proved that this expansion is a terminating ono
of degree 4p, i.c. that the numerator of the generating function
w; is divisible by the denominator whatever numbers 4 and
p may be.

Notice also that u, is exactly 2'7 times the result of replacing
in it z by 2% Coeflicients cquidistant from the beginning and
the ond in the developement are then equal. We have thus
a proof of ono of the facts of § 129, i.c. that

(tp—w;i, p) = (w; i p)

135. Generating function for number of seminvariants
of given type. It is easy to deduce a generating function in
which the coefficient of 2* is the difference of numbers of
partitions (w; ¢, p)—(w—1 ; ¢, p). This difference is the
number of those linearly independent seminvariants of

(do, a1, @y, ... 0) (2, Y)"
whose weight and degree are w and 4, if 4p>2w, and the
number of invariants of the type if ip = 2w. For values
of w, such that sp—2w<0, or rather < ~1, we are not
really concerned with the difference in connexion with semin-
variants,

14 M
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Since
u,=(0;%p)+(1;%p)2+(2;% p+..
+(w 3¢, P)2®+... +(ip ; 4, p) 2%,

the value of (w; i, p)—(w~—1; 4, p), for values of w from
1 to 4p inclusive, is the coefficient of 2* in (1 —2)u,;, i.e. in the
developement of
(1 _zr+l) (l __zp+2) (1 _zp+3) Ve (l __sz)
(1=2%) (1-2%)...(1-2%)
This developement is a terminating one of degree ip + 1.

Notice that from the last remark of the preceding article the
middle coefficient in the developement, when there could be one,
i.e. when ¢p is odd, vanishes ; and that coefficients equidistant
from the beginning and end are equal but of opposite signs.
Now (§ 129) we know that when ip—2w< —1, i.e. when
wP3(ép+1), the difference (w ; 4, p)—(w—1; %, p) is never
negative. The developement of the generating function con-
sists then of a series of terms with positive coefficients followed
by a series with the same coefficients taken negatively in
reversed order.

A word as to the first coefficient (0 ; 7, ») = 1, which is not
presented as a difference. It is correctly the number of semin-
variants of degree ¢ and zero weight. The one is a,. We
may if we like regard it as a difference (0 ; %, p)—(—1; %, p)
like the rest. For (—1 ; 4, p) is of course zero.

136. Reciprocity. The gencrating function of § 134 may,
upon multiplication of numerator and denominator by
(1=2) (1-2%)...(1=2%),
be written
(1—2) (1—2%) (1 —2%)...(1—2"*9)
(1=2) (1=29)...(1—-2") . (1—2) (1—2%) ... (12"

which is unaltered by interchange of 7 and p. It may, in fact,

be written
(1 —z""') (1 -—z""’) e (1—2%47)
1=2) (T—29) ... (1=2")

The coefficient of :* in its expansion is then (w; p, %) for
exactly the same reason that it is (w;<%, p). Thus we have
another proof of the theorem of § 130 that

(w; i, p)=(w;p, 1),
and of Hermite’s law of reeiprocity (§ 181).
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The generating function of § 185 may also be written
(1—2%1) (1 —2°+2) (1 —2**3)... (1 —2"*?)
(1—2%) (1—2%) ... (1—-2") )

Ex. 1. Prove by aid of generating functions that
(w3, p)—(w;i—1,p)=(w—1; 1 p—1)

Ex. 2. Prove that
(w;i,p)=(w;0,p—1)+(w—1;1, p—1)+(w—2;2,p—1)+...
+(w—1; ¢, p—1).

Ex. 3. Prove that

(w34 p)—(w—1;i—1,p) = (w; 0, p—2)+(w—2; 1, p—2)+...
+(w—2¢;1, p—2);

and that
n—> o
(w; i, w)y—(w—i; i, w—1)= E(w—2n ; 1—2, n).
n=0

137. The whole number of seminvariants and invariants
of given degree. The whole number of linearly indepen-
dent seminvariants of degree i, including invariants if there
be any, which a binary p-ic possesses, may be found as
follows.

We have seen (§§ 112, 126) that there arc none for which
ip—2w is negative, Thus the greatest weight of any is 3
or }(¢{p—1), according as ¢ and p are not or aro both odd.
Call this maximum weight W,

The number of seminvariants (or invariants if W be ip)

of weight W is
(Wi4p)—(W—1;4p);
the number (all seminvariants necessarily) of woight W—1 is
(W—1;4, p)—(W=2;1, p);
the number of weight W—2 is
(W=2;4, p)—(W—38;4,p);
and so on. Finally the number of weight zero is unity or
(0; ¢, p)-
Upon addition, we have for the whole number required
(W 3 4 P),
and, restoring to W its value, obtain the two following results.
(1) Unless % and p are both odd, the whole number of

linearly independent seminvariants and invariants (i.e. of
M2
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covariants and invariants) of degree ¢ in the coefficients of
the binary p-ic is o

: (&P ;% p)s
and these consist of
L @ip ;% p)—@Fip—1;% D)
invariants, and

Gip—1;% p)

seminvariants (covariants).

(2) If % and p aro both odd the whole number of linearly
indepondent seminvariants, i.e. of covariants, of degree ¢ in
the coefficients is ) )

& (ip—1) ;% ph

none of them being invariants.

By § 134 the whole number of degree ¢ is thus scen to be
the coefficient of z3% or z#(?™1), as the case may be, in the
developement of

(1 __zp+l) (1 _zl'+2) Vs (l __zp+i)
I—2) (1=29)...(1—2)

or its equivalent
(1—2")) (1—2"7) ... (1 =27
(1—2) (1—2%...(1—2")

In both cases the covariants (and invariants) have been
actually exhibited in § 128 (bis).

We can now illustrate by a few simplo cases the way in
which generating functions give information as to the number
and nature of 4rreducible concomitants.

188. Has a linear form invariants or covariants? For
the linear form az +by, p = 1. The whole number of linearly
independent seminvariants (including invariants) of degree % 1s
by the preceding article

co. 2V in developement of (1 —2*1)/(1—2),
where W = ¢ or % (¢—1) according as < is ¢ven or odd,
=co. z¥in 1+2+2+... +2°
=1,

Thus of each degree there is a single seminvariant. What
it is is clear. For degree 1 it is «, and for degree < it is d’.
It is & seminvariant and not an invariant, for ip—2w = 4> 0.

The covariant which it leads is («z + by)’, the 4-th power of the
linear form itself.
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Thus a linear form has no invariant, and its only covariants
are powers of itself.

189. Irreducible concomitants of a quadratic. For the
quadratio az? + 2 bxy +cy®, p=23. Here W =13%.2¢=4. The
whole number of linearly independent seminvariants and
invariants of degree ¢ is then

(1—2#1) (1—2#2)

(1= (1=29
= ”» » (1 "‘z)_l (l —z’)‘l
» ”» 1+z+22+2°%+...)

(1422 +24+25+...)
=co.2°in1+2+222+2234+324+325+....

There is, then, onc of degree 1, viz. @ ; and there are two of
degreoe 2, viz. the square a® of the one of degrce 1 and another
distinet from it, which we know otherwise to be the diseriminant
ac—0% Of any higher degree 7+ wo see, by considering the
product (1+2z+2%+2"+...) (1+22+2*+2°+...), that there are
Jjust as many as there are ways of making up the number 2 as
a sum of multiples, including zero multiples, of 1 and 2; and
these are of course the products of powers of the two indepen-
dent ones a, ac—b? of degrees 1, 2. For instance, if 7+ 28 is
one of the partitions of ¢ in question, a’"(ac—b?%* is a somin-
variant of gegree 4. All seminvariants of the quadratic are
then rationally and integrally exprossible in terros of the two
« and «ac—0b?, without tho necessity of introducing any other.
The binary quadratic has therefore no irreducible seminvariant
besides a and ac— b2

The second of these is an invariant. The first loads the
quadratic uz?®+ 2bwy +cy? itself. Consequently the complete
system of irreducible concomitants of the binary quadratic
consists of the quadratic itself and its discriminant. (CF. § 84.)

Had we been looking for the irreducible inwvariants only
we might have taken the generating function of § 135. For
the quadratic the weight of an invariant of degree 4 is 24 = <.
Thus the number of invariants of degree
co. 2* in developement of (1 —2°*1) (1 —2°+%)/(1—2%)

» » (1 _‘zﬂ)ml
co.2'in 1423 +24+2%+....

There is then no invariant of any odd degree, and a single one
of every even degree. Thus therc is one, the diseriminant
ac—02, of the second degree, and no other which is irreducible,
all others being powers of this. (Cf. § 78.)

co. 2* in developement of
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140. Invariants of & cubic. Take p = 3, the case of _the
binary cubic (a, b, ¢, d) (2, ¥)*; and first consider the question

of ‘nvariants only.
An invariant of degreo ¢ is of weight 321' For there to be

ona then 7 must be even.
The number of degree ¢ is, by § 135,
___z¢+l) (1 _zi+2) (1 _zf+:l)
1—2H (1—2)
1—2%(z+22+2%)

co. z3% in developement of a

- E 1 (l__z‘,m
_ 1 zﬂ-l
- ” 1= (1-2% (1—2)(1—29
1

—co. 24 2
co. z** in developement of =9 (=5
3

= co. 23’ in dovelopement of a _z.,)l(l e —za)z(l—zﬂ)
= co. 2% 1 - i

? (1-2)(1-2") (1-2%(1—2")
- 14244252
- ” (1—2%(1—2"%)
_ 1-—28

since the terms 2z* and 28 in the numerator cannot when
multiplied by powers of 2* and 2'2 produce terms of form 23¢,

= co. 2% in developement of

l_zlﬁ

1
= co. 2* » —_—

1—2*
=co.2'in 142442842124 ,,..

Thus for a degree not divisible by 4 there is no invariant ;
and for a degree divisible by 4 there is a single one, which
must accordingly be a power of the one of degree 4, i.e. the
discriminant (ad—bc)®— 4 (ac—0%) (bd—c3). This then is the
only irreducible invariant of the eubic. (Cf. § 78.)
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141. Irreducible concomitants and syzygy for a cubic.
We eseek now the complete system of seminvariants and in-
variants of the cubie.

Here, by § 137, the number that are linearly independent of

degree ¢ is the coefficient of 23 or z#'—%, according as ¢ is
even or odd, in the developement of
(l _zH-l) (l —ZH") (l _z¢+8)
(1—2)(1—-2%) (1—2%)

The two cases may be combined by saying that it is the
cocfficient of 23¢ in the developement of
_z{+1) (1 _sz) (] _zi+3)
(1—2) (1-2% (1-2%)
1—2*(z+22+ 2%
(1—2%) (1—2%) (129

1

(1-2%) (1-2% (1—2%

(1+23) C

1. e. in that of

= co. z3% in developement of

o .
co. 2*' in developement of (1—24) (1-2)(1—2%)

= co. 22 in developement of(l —ha 122) =%
za
T (1—23) (1—2%) (1—2")
1
= co. 2 » A=z (-2 (1=7)
2
T (=) (1 =28 (1—25)
= , ,, (1 +2+2%) (1+2*+2°)—2*
(1= (1—-2% (1 -2
_ 1429
- ” (1-29) (1= (1)’

in the numerator of which all powers of z with indices not
divisible by 3 have becn omitted as incapable of producing
2% when multiplied into powers of z arsing from the de-
nominator, where all indices are multiples of 3,

1428

= co. 2 in developement of (1-2) (1= (1-7) .




168  IRREDUCIBLE CONCOMITANTS OF A CUBIC [141

. 1-—2°
= ¢o. 2 in developement of (1—2) (1—2%) (1—27) (1 —2%)

= » » (1=2)(1+2+2"+..)
(422424 +..) A +2°8+2°+..) (L4240 +28+.0),

of which the first few terms are
142+2224+82°4+524+625+82%4....

We have then the following conclusions, gathered from the
form before multiplying out.

(1) There is onc seminvariant of degree 1, arising from the
factor (1—2)~! in the reduced generating function. This is
the seminvariant a.

(2) Besides the square of this there is another seminvariant
of degree 2, arising from the factor (1—2%)~" This is uc— 03,
the seminvariant which leads the covariant which in § 86 has
been called H. Denote it by H'.

(3) Besides «® and « (uc—0?) there is another of dogree 3.
This is a2d— 3 abe + 2 %, the leader of the covariant which in
§ 86 we have called G. Denote it by . This arises from
the factor (1—2%)

('i‘) Bosides the four seminvariants of degree 4 which can
be formed by compounding «, H’ and G’ rationally, there
is an additional one arising from the factor (1—2%)~*. This
is the discriminant («d—bc)®—4 (ac—10?) (bd—c?) which we
have called A. It is an invariant.

(5) There is no other irreducible seminvariant. For all the
factors of the denominator of the prepared generating function
are now exhausted, and there arc no positive terms in the
numerator except 1; and this tells us that there is nothing
which in the developement can increase the coefficient of 2',
whatever 4 be, beyond the number of ways in which 2 can be
made up of sums of multiples of 1, 2, 3,4 the indices of the
2, 2%, 2%, z* in the denominator.

There are then four, and only four, irreducible seminvariants,
including the one invariant A, All of degree higher than 4
can be expressed rationally and integrally in terms of theso
four «, Il', &, A.

(8) But there is one fact more, given by the existence of
the negative term —z° in the numorator of the reduced

erating function. The four a, H’, &, A, though irre-
ucible are not independent. A relation, or ‘syzygy’ as it is
called, connects them. And this syzygy is of the sixth degree.
The presence of the —2° reduces the coefficient of 2® in the
developement from 9, which would be its value were the
numerator 1 only, to 8. The number of linearly independent
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seminvariants of degree 6 is thon one less than the number of
products of degree 6 of powers of a, H', @ and A. These
products are consequently connected by a linear relation which
reduces the most general linear function of them to one with
8 arbitrary coefficicnts instead of 9. The products are
as, o*ll’, a3@’, a®H™®, a?A, all’ ', H'3, H'A, G2
The syzygy which connects them must of course connect
a number of them which are of the same weight. Now their
weights are
0, 2 3, 4, 6, 5, 6, 8, 6,
the only three which are the same being those of a?A, H™
and G. The syzygy then connects these. It is found to be
a?A = G*+4H'?,
which is of course the same relation as the
w:A = G+ 413
of § 86. For «, H', G’ are the seminvariants which lead the
covariants w, I, G; and a syzygy connecting the semin-
variant leaders of covariants connects also the covariants led,
as otherwise by means of the syzygy we could form a co-
variant whose seminvariant leader vanishes, i.e. a covariant
with y for a factor, which is impossible.

The complete system of irreducible concomitants of a binary
cubic consists then of itsclf, its quadratic and cubic covariants
Il and @, and its discriminant A. The four are connected by
a syzygy of the sixth degree in the coeflicients, and, it may be
noticed, of the sixth order in tho variables.

142. Irreducible invariants of the quartic. For the case
P = 4, that of the quartic, we at presont confine attention to
the investigation of the number of irreducible <nvaricnts.

Since here %ip = 24, the number of linearly independent
invariants of degree < is, by § 135,

co. 2% in developement of

(l __ziﬂ) (1 _zl+2) (1 _20+3) (1 —5“'4)
(1—2) 12 (1—2Y)

. 1
= co. 2*' in dovelopement of (1=2% 1—2°) (1—2%)
z‘+1
T (1=2)(1-2%) (1—2)
1
— " ” (1_22) (1—33) (1—24)
zZ

— ‘ i »2Y (1 »3)
co. 2* in developement of (1—2) (1—2%) (1=29)
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= co. 2*' in developement of 1=25(1 .l.z") (1—2%
zi
T A=) ([1-7) (1-2)
_ 14+2°—22
= » ” (l_zﬂ) (l_z“) (l -—ZG)
122
= ”» ” (1—z3)(l—z‘) (l—ze)’

for 23 in the numerator can be a factor only of odd powers in
the developement,

1
(1-2%) (1-2°)

1
T=9 (1=

Hence there are two, and only two, irreducible invariants,

one of degree 2 and one of degree 3, since there are just as
many linearly independent invariants of any higher degree

as there are combinations of that degree of these two. The
two are (§ 80)

= co. z%' in developement of

= CO. P »

I=ae—4bd+3ck,
J = ace+ 2bed —ad—b2e—c3.

There is no invariant of higher degrce which cannot be
expressed rationally and integrally in terms of them.

143. Invariants of the quintic and sextic. The applica-
tion of these methods has been continued a good many stages
further. The labour and ingenuity required increase con-
siderably as we advance.

For the case of the quintic, p = 5, the result is that the
number of linearly independent invariants of degree < is the
coefficient of z* in the developement of

1 —236
=2 (1=29) (1 —2%) (1—=2")
There are then four irreducible invariants of the quintie, of
degrees 4, 8, 12, 18, They are not, however, independent, as
the presence of —2% in the numerator implies. This presence
diminishes the number of linearly independent invariants of
degree 36 to one below the number of ways of making up 36
by means of repetitions of 4, 8, 12, 18. In other words, there
is & ‘syzygy, of degree 36 in «, b, ¢, d, ¢ f, the coeflicients
of the quintic, which connects the irreducible invariants of
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degrees 4, 8, 12, 18. This syzygy will be exhibited in a
lIa.te; cha.pt;r. It expresses tho square of I,; in terms of

, I, and I..

“For the sextic the number of linearly independent invariants
of dogree % is tho coeflicient of 2* in the developement of
1—2%
(1=2%) (1=7%) (1—2%) (1—2") (1—2%)

There are five irreducible invariants, of degrees 2, 4, 6, 10, 15;
and these are connected by a syzygy of degree 30, which
expresses the square of I, rationally and integrally in terms
of I, I, I, and I,

For the full investigation of these facts reference should be
made to Cayley’s second memoir on quantics.

144. Generating function for concomitants of given
degree and order. A new departure in the use of generating
functions dates from Cayley’s ninth memoir on quanties
(Collected, Works, Vol. VII). The ecarlier use of them had not
succeeded in exhibiting complete systems of irreducible co-
variants for higher quantics than the quartic, and indeed
mistaken inferences from it had indicated the erroneous
conclusion that there were not complete systems of finite
number. That there were had meanwhile been conclusively
established by Gordan’s method of transvectants. The two
theories have now been completely reconciled, and verify
one another’s conclusions. The error arose from considering
all syzygies independent, whereas there are syzygies of
the second order connecting syzygies, for values of p ex-
ceeding 4.

Let us return to § 134, where it was shown that the number
of linearly independent partitions of w into ¢ or fewer parts,
none oxceeding p, is the coefficient of 2*¢* (notice that we
have changed ﬁ\e notation) in the developemont of

1
(1—-§) (1=2¢) (1—2%¢)...(1—27¢)
in positive powers of ¢ and therefore of z; and consequently

that the number of linearly independent seminvariants of
weight w and degree 4 of a binary p-ie,

i.o. (w5 iy p) —(w—13 4, p),
is the coefficient of 2¥{* in the developement of
1—2

(1= @1=28) 1=2%)...(1—2"¢)

Here put =? for z and az® for §. The number of the
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seminvariants is therefore the coefficient of a‘a'*-2* in the
developement of
1—n2
(1—az’) (1 —aw®?) (1—aa??)...(1—az=?*) (1 —aw~"*%) (1—az™")
in positive powers of @, and powers of # positive and negative
as thoy present themselves.

Now 4p—2w is the order = of that covariant of the C,P-ic
which any seminvariant of weight w and degreo 4 leads. Con-
sequently the number of linearly independent covariants of
degree 7 and order w, where o is essentially non-negative, is
the coefficient of «'z® in the developement of this last written
generating function. In particular, the number of linearly
independent ¢nvarients of degree ¢ is tho coefficient of @' in
the part of the developement which is free from .

For the quadratic, the cubic, and tho quartic the gencrating
functions are

1—a~*
(1=w?) (1—a) (1—az?’
1—572
(1—az) (1—ae) (1—az ) (1—ac)’
1—g2

(I—aak) (1—aa?) (1—a) (1—vz™¥) (1—az%)

145. Reduced generating functions. We need only those
terms in the developement which involve positive powers of
« as well as of «. Now it proves to bhe possible to separate
those parts of the generating function, for a given value
of p, which give rise to positive powers of « from those
which give negative powers. It will be verified without
difficulty that the three last written generating functions,
for the cases of the quadratic, the cubie, and the quartic, may
respectively he written

4 (w)"a’m2 4 (w-1)9
B (z)—z% B (=),
C ()2 C (z7),

where
1
A0 =T=m a=a)’
1—u’2®
B0 = (e 1= =) (=)’
o (w) _ 1 —abel?

(1—az*) (1—a?) (1—ai2s?) (1—-u?) (l—a“w")'



145] REDUCED GENERATING FUNCTIONS 173

Hence the numbers of linearly independent covariants of
degree 4 and order = for the quadratic, cubic, and quartic are
respectively the coefficients of a’z® in the developements in
ascending powers of a of A4 (z), B (x), and C ().

From A (z) and B (z) we at once gather the information of
§% 189, 141 with regard to the irreducible concomitants of the
quadratic and cubic respectively.

From O (z) we gather in like manner the full information
as to the quartic. It has five irreducible concomitants whose
degrees and orders are given by ax?, a?, a’z!, ¢’ a®2®. The
first is the quartic itself

w= (¢, b cd, e (29
the second is its invariant of the second degree
I =ue—4bd+3¢?%;
the third is its Hessian

y
I = (uc—b¥)at+...= w‘e;o(ac—b’);
the fourth is its invariant of the third degree
J = ace +2bed —ad? —b%e—c3
and the fifth is its covariant of degree 3 and order 6

y
G = (@®d—3abc+203) a8+ ... = ate®" (a®d—3abe + 203),
The second term —a«®2'? in the numerator tells us that the
five arc connected by a syzyg{ of degree 6 and order 12, which
reduces the number of lincarly independent covariants of this
degreo and order to onc below that of the number of products
of the degrce and order in question of w, I, I, J, @. 'This is
readily found to be
Jul—ITHu+G*+4 H® = 0.
As to invariants alone, the terms in A4 (z), B (z), and C ()
which are free from z are the developements of
1 1 1 )
1w’ 1—db’ (1—dd) (1-d¢¥)’
whence the information that the diseriminant is the onmly
invariant of a quadratic, and that of §§ 140, 142 for the cubic
and quartie, is at once gathered.

146. Reduced and representative generating functions.
The Quintic. To methods and results for quantics above the
fourth order we have only space to allude. Most of the
investigations are due to Sylvester who, with the collaboration
of Franklin, has obtained for quantics of the first ten and the
twelfth orders the numbers and types of complete systems of
concomitants, or rather, as he himself points ouf, the types
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and numbers of systems which must, if they err from com-
pleteness in the higher cases, err by defect and not by excess ;
the possibility of there bein% more arising from the fact that
the labour of discovery has been reduced to tractable dimen-
sions by the adoption as a fundamental postulate for all cases
of a fact observed for the first six orders, viz. that new
syzygies and irreducible concomitants do not exist for the
same degree and order. To this postulate Hammond has shown
that there is an exception in the case of the septimie, for
which the investigations had previously indicated a speciality
not occurring in other cases so far as examined.

Tho first step in tho process is general for all cases, and
consists in showing that, when, as in § 145, the ‘crude’
generating function of § 144 is written as the difference of
two parts, one of which gives all the terms in the develope-
ment which proceed by positive and zero powers of z, and
the other those which proceed by negative powers, the former
part may be written in the form

C,+Cz+ 0+ ...

(1 —az?) (1—az*"?) (1—ax*?)...(1—a*) (1~a*)... ’
where the order of the numerator in @ is less than that of the
denominator, and where C,, C,, C;, ... are finite rational and
integral functions of a. This is called the reduced generating
function.

The second step is one which has to be performed for the
cases of quantics of successive orders soparately. The
numerator and denominator have to be multiplied {y such
factors as to reduce the latter to a product of 1 —ax’ and such
factors as 1—a'2™, 1—a’,

where ¢ and @ are recognized as the dogree and order of an
irreducible covariant, and j as the degree of a known irre-
ducible invariant. In all cases examined this has proved to
be 8o possible as to keep the numerator a finite expression.

The reduced generating function thus prepared is called the
representative generating function. For orders of quantics
which have been examined the denominators of the repre-
sentative generating functions aro products of 1—az” and
of factors of the simple forms

1—-a%z®, 1—d’.

For the quintic (p = 5) the numerator of the representative

generating function proves to be

1443 (23 + a8+ 2°) + o (vt +2%) + ab (@ + &® + 27 — 1)
+ab (2 + &t) + a7 (z + 2P —2°) + «® (2 + 2%) + o® (4 + 2® —27)
+al® (22 + 2t —2'°) + a'! (z + 2° — 2°) + a® (& —a® — ')
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+a8 (& — a7 —2) + at* (wt—a® — 2f) + a'® (—aT —z°)
+ a1 (2% —af — %) + a1 (— a7 —2°) + a8 (1 —at —af —219)
+al? (—w5—a;7) + a2 (—w’—m"—w’) + a8 ( —a:“),
and the denominator
(1—az®) (1—aa?) (1—a?a®) (1—a*) (1—ab) (1—al?).

The third step in the process is one of sifting, or ‘ tamisage’
as it is called. We have certain irreducible concomitants, or
say ‘ground forms,’ to use a common designation, represented
in the denominator. The earlier terms, after the first 1, in
the numerator are positive, and indicate the existenco of other
ground forms. Proceod onwards from term to term in the
numerator. As long as the degree and order of a term a'z®
in the numerator cannot be made up as a sum of the degrees
and orders of previously occurring terms, we have revealed
the existence of as many new ground forms of that degree
and order as there are positive units in its coefficient. When
we have reached a term whose degree and order can be made
up as a sum of degrees and orders of ground forms whose
existence has been previously revealed by the numerator, not
also those represented in the denominator, the excess of the
coefficient of that term above the number of ways in which
this can be done is the number of ground forms of the degree
and order of the term in question, diminished by the number
of syzygies of the degree and order which connect ground
forms that have previously occurred, in the denominator as
well as in the numerator, but increased, as will presently
happen, by the number of syzygies of the second order which
connect previous syzygics and are of the degree and order in
question.

For instance, regarding the representative generating
function for the quintic above, the eight terms in the
numerator which immediately follow the first have all the
coefficient + 1, and the degree-orders of these terms, a%?, a’z?,
a’e?, atat, atal, abz, a®x®, a®z’, are such as to make it clear
that none of the terms can be written as & product of powers
of the dpreceding terms. They indicate, then, that besides the
ground forms of degree-orders (1, 5), (2, 2), (2, 6), (4, 0), (8, 0),
(12, 0) given by factors of the denominator, there are others of
degrec-orders (3, 3), (3, 5), (3, 9), (4, 4), (4, 6), (5, 1), (5, 3), (5, 7).

Again, the coefficient of the next term a’z!! in the numerator
is —1. This indicates that there must be one syzygy of
degree 5 and order 11 connecting some of the fourteen
ground forms of degree-orders less than (5, 11). It is found
to connect the products O, ;C, ¢, Cy 30 4, C3 40y 5, Where
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C,,, is the ground form of degree r and order s. In particular
C,, ; is tho quintic itself.

As soon as the degree-order (i, o) of each new ground form
in suecession is found, we may, if we please, alter the form of
the representative generating function by multiplying its
numerator and denominator by 1—a'z® and so put that
ground form in the same position as those whose represen-
tatives were before in the denominator, thus narrowing the
further search by means of the numerator. In particular,
when we know all the ground forms, we may write the
generating funotion with the product of all their representative
actors 1—a'z® 1—a’, &c. in the denominator. The sifting
of the numerator is then a process of search for syzygies only.
This idea has been developed by Hammond. The 4 (z), B (),
C (z) of § 145 for the quadratic cubic and quartic arc generating
functions thus written.

Notico that the terms free from & in the developement of
the representative generating function for the quintic above
are the terms in the developement of the result of putting
z = 01in it, i.e. of

1 +a,13

(IT=u¥) (1—a®) (1—a)’
This then is the representative generating function for in-
variants of the quintie. It leads to tho conclusions already
stated in § 143.
There prove to be twenty-three ground forms of the quintic,
of which four, I, I, I,;, I,,, are invariants.

147. A method for oxtracting representative generating
functions for invariants only will now be illustrated by the
comparatively simple consideration of the sextic.

riting z for #?% we have to extract from

1—21
122 )@ (1) (=1 (=2) (-3)

where (n) means ﬁ;‘i’ a part which provides the terms

free from z in its expansion.

Since the produet (3) (2) (1) (—1) (—2) (—3) is unaltcred by
writing in it 2-1 for z and 2 for z~7, wo may roplace the multi-
plying 1 —2-1by1—z,0rby } (2—2—271),i.e. §(1—2) (1—27Y),
and have the same terms free from z provided. Hence, noticing

that 1
1-2)(2) (1) = —{(1)— @)},
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and that 1
(3)(=8) === {(®)+(-3)-1}

we have to look for the part free from 2 in the expansion in
ascending powers of « ofP

{()=@)} {(=1)=(-2)} {3) +(-3)—1}.

1
20® (1—a) (1 —u¥)

Here we may replace the last factor by 2(3)—1, since
{(1)-—(22} {(=1)—(—=2)} is unaltered by the interchange of
zand 21, Thus we look for the part free from z in

1
«*(1—a)(1—d?)
{(1)(=1) 3)+2) (-2)(3)—(1) (=2) (3) =) (=1) (3)
—3() (—=1)-3@ (=2 +3(1)(-2)+3(2) (=D}

The parts provided by the separate products here can all be

obtained by noticing that, if n 1s positive, the part free from 2

in a product
1

1—az™
is Co+Cyatcgal+....

{cot iz Fcg2®+ .00}

Thus, for instance,
1 1
M (=2)(3) = l—az-? (1—az) (1—a2®)
R 1+ az+az®+a®2*
T 1—az? (1—a*2¥) (1—a?2’)

produces the same part free from 2 a8 it would woro the torms
az+az®, of odd order, missing from the numerator, i.e. it

produces 1+ab
=) (1-0a%"
The other products—wo have taken the worst—are readily

dealt with in the same way; and wo thus have, as providing
all the terms free from z,

1 { 1 1
Fi—a) (=) lT=a)(1—a) T T=-a (1o
14+a* 1 1 1 }
T0=dd) (1-a) (1—a®)(1—a?) “imatToel

1431 N
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which is with little difficulty reduced to

1+4a®
(1=d¥) (1—a%) (1—a") 1—a")’

and yields the information as to the sextic included in § 143.

147 (bis). Sylvester and Franklin have also exhibited gene-
rating functions for the whole number of seminvariunts of
any degree for the quantics they have studied.

Moreover, they have obtained representative generatin
functions of two or more quantics of low degrees, and studic(gi
their indications as to systems of ground forms.

For these researches, and for the full theories above illus-
trated, referonce should be mmade to the first four volumos
of the American Journal of Muthematics. A few exercises
are here left to the student.

Ex. 4. By § 137 the whole number of seminvariants (including
invariauts) of degree 4 of a binary p-ic is (§ip; 7, p) or (ip—%;4,p),
according as ip is cven or odd. Show by the method of § 144 that
this number is the cocfficient of af in the part of the developement of

1427
(1—a2*) (1—aa®™)...(I—az~?¥) (1—az?)’
in ascending powers of ¢, which is free from z,

Ex. 5. Prove that the number of linearly independent seminvariants
of weight w and partial degrecs ¢, # of a p-ic and a p'-ic is the
coefficient of 2¥¢*€7 in the expansion of

1-2
(1= (1=2)...(1=2¢) . (1=F) (1=2)..(1-2F)’

Ex. 6. Show, as in § 144, that the number of covariants of order &
and partinl degrees ¢, ¢ of a p-ic aud & p-ic is the coefficient of
a'a’*z® in the developement of

1-z73
(=az) (1-asP™3), (1-a27*%) (1~0z7F). (1~a's") (1 ~a'2” ~%)...(1- 2P F¥) (1~ a5~ P)
Ex, 7. Show that for two linear forms the reduced generating
function for numbers of couconiitunts is
1
(T—az) (1-a'z) (1—ad)’
where a refers to one form and a’ to the other.

Ex, 8. Bhow that for a linear form and a quadratic it is
1+abe
(1—a2) (1=8") (1=5%) (1—a't)’
where a refers to the linear form and b to the quadratic.




147] EXAMPLES 179

Ex. 9. Show that for two quadratics it is
14-bba?
0=8 (1—¥=") (1 —0°) 16" (1 —0%)

Ex. 10. The system of irreducible invariants of a cubic and
quadratic consists of invariants of partial degrees (4, 0), (0, 2), (2, 1),
(2, 3), (4, 3); and the last of these nced only occur to the first power
in the expression of any invariant.

Ans. Q. F.

1+a't?
(1=a) (1 =8 (1—=a') 1 —a*b")’
found by method of § 147.

Ex. 11. For a quartic and quadratic the representative generating
function for invariants is

14-a*0?
(1=a") 1—a*) 1 —F%) (1 —ab®) (1 —u't?)
Interpret this.

Ex. 12. Show that, by writing

"‘1—{- *I—-I' 1 —l} for ———i——--

1—0* 11 —ba® * 1—ba™? (1—b*) (1 —ba: %)

and applying the method of the latter part of § 147, we can obtnin

the generating function for invariants of a p-ic and quadratic from
that for in- and co-variants of a p-ic.

Ex. 13. Obtain the generating function for invariants of a quintic
from that for in- and co-variants of a cubic by obtaining as in § 147
the part giving terms free from @ in the expansion of

ottt e - 1 {B@—e B

Ex. 14. If P () is the representative gencrating function for in-
and co-variants of a (p—2)-ic, that for invariants of a p-ic can be
found by obtaining the part giving terms free from = in the expausion

of (1 —a*) P(2)/(1—a*) (1—az"?).

148. Real generating functions. From representative
gencrating functions Cayley has passed to what he calls Reul
Generating Functions.

Let us return to § 145. The generating function

A@)= !
@) = (1—azx?) (1—a?)
for the quadratic has told us that there are two ground forms,
the quadratic 4 and the disoriminant A = ac—b3 and that
there are just as many concomitants of any type as there are
products of that type of powers of w and A. -This tells
N2
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us that all concomitants of the quadratic are terms which
actually occur in the expansion of
) 1
1—w) (1-3)
This is the real generating funetion for the quadratic.
Again, for the cubie, that B (z), which write in the form
1+a22®
(1=a2?) (1—a*a®) (1—a¥)’
is the generating function, has told us that there are as
many concomitants of any type as there are such products of
u, Ij: A and G of that type as do not involve @ to a higher
power than the first. And this information is exactly ex-
pressed by saying that concomitants of the cubic are linear
functions of those products of the four ground forms which
occur in the developement of
1+G
(—w (1—H) (1-4)"
which is the real generating function of the cubic.
Once more, for the quartic, C (), or
1+ alx®
(I—aa') (1—a?) (1—a*2h) (1—ad)’
tells us in like manner that there is a real generating function
1+ G
T=wy (a-1)(1-H) 1-J)’

such that all concomitants of the quartic are linear functions
of terms which actually occur in its developement, i. e. of the
products into which @ does not enter to a higher power than
the first.

For the quintic, and beyond, the form of a real generating
function derived from the representative generating function
of § 146 is not unique, owing to the number of different ways
in which we may replace the many terms in the numerator
by products of ground forms. Cayley has shown in his
tenth memoir that the most useful form into which a real
generating function of the quintic can be thrown is

$P(1-Q)
(1—-u) (1 ‘Ga, o) (1 —02, o (1—=1) (1-1y) (1-1)
where every P and @, in the products whose sum is the
numerator, are products of ground forms and powers of
ground forms chosen from among the completo system of 23
whose forms will be exhibited in a later chapter. All the 23
oceur in the numerator and denominator together.
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For invariants alone, real generating functions are

(1) for the quadratic

l -
1-A°
(2) for the cubic

not the same A of course as in (1);

1
=0 a-Jy’
1+, .
CEANCES ANTE ML
1+ 1, .
(1 _12) (1 —‘I4) (1 ‘_Io) (1 _Ilo)

1
1-A"
(3) for the quartie

(4) for the quintic

(6) for the sextic



CHAPTER IX

HILBERT'S PROOFS OF GORDAN’S THEOREM,

149, AN irreducible invariant has, it will be remembered,
been defined as ono which cannot be expressed rationally and
integrally in terms of invariants of lower degroe than its own
belonging to the same quantic or quantics.

Similarly, an irreducible covariant is one which cannot be
expressed rationally and integrally in terms of covariants and
invariants of degreo in tho coeflicients lower than its own.

In the cases of binary quantics of low orders, it has been
seen in the last chapter that the number of irreducible in-
variants and covariants is limited.

And in § 61 it has been stated that Gordan, using the
symbolic method of the German investigators, has proved
that a complete system of transvectants is coextensive with
a complete system of covariants and invariants, and does not
comprise an unending series of irreducible forms; thus
showing that any binary quantic, or system of binary quan-
tics, has only a finite number of irreducible covariants and
invariants. His original proof has since been modified and
simplified. See Grace and Young’s Algebra of Invariants,
Chapter V.

Several quite different simpler proofs of the finiteness of the
system of irreducibles are due to Hilbert; and one of these
establishes it for ternary and higher as well as for bina.r{
quantics. We will first give at length his carlier proof, whic
deals with binary quantioes only.

150. Diophantine equations. Some lemmas as to the
solutions in positive integers of a system of linear indeter-
minate, or Diophantine, equations are necessary.

(i) An equation

“1‘”1 +agw3+ vee F UL, = 0,
where «,, a,, ... a, are given positive integers, is not satisfied
by any set of positive values of z,, @,, ... z,. In fact, the
only values, none negative, which satisfy the equation are
ry=o3= ... =2,=0.
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(ii) An equation
GE + Qg + oo + A B = k,
where k, as well as a,, a,, ... a,, i3 a positive integer, has, if
any, only a finite number of positive integral solutions, zero
beinF counted for the purpose a positive integer. For the
whole number of ways in which the number %k can be ex-
pressed as a sum of n or fewer positive integral parts is finite,
and the limitation that the parts be integral multiples of
some or all of @, a,, ... a, imposes a further restriction.

(iii) An equation of the form in (i), except that some of
the coefficients are positive and some negative integers, is
satisfied by an infinite number of positive integral, or somo
vanishing, values of @,, @, ... #,. But of this infinite number
of positive integral sets of solutions only a finite number aro
what may be called simple sets, i.o. sots which eannot be
obtained by adding together other scts of positive integral
solutions.

Let the terms with negative coefficients be transposed to
the other side of tho equation, so that this may be written

QT+ 0D+ oo F Oy = D1 Ty F O poZmrat oo + Dy
where every « and overy b is a positive integer.

That there are positive integral solutions is clear. For
instance,

Z) = Opp1) Cmpg = Gy Xy = L3 = ... = Ly

= Xpppg = Ly = .. =&, = 0,
And @) = bppg, Ty = Uy, Ty = By = ... = Tpyyq
= Byg = Ly = o. =Ly =0,

are sets of solutions. Moreover, we may tako for @, z,, ... @,
any the same positive integral multiples, or any sums of the
same positive integral multiples, of the values of z,, =,, ...z,
in one or a number, respectively, of these particular sets, and
thus obtain another set of solutions. The number of sets is thus
infinite. Not all sets are as a rule obtained in this manner,
for there will usually be other sets in considerable number,
for which some or all of @, @, ... #, have smaller non-vanish-
ing values, than in sets of solutions comprised in the above
aggregate.

We have, however, to establish that the number of simple
sets of solutions is in all cases finite.

No set of solutions in which #, >b,,,,, and z,,,,>a,, where
a,@, and b, &,,, are any terms on the left and right re-
spectively, can be simple. For any such set of solutions is
the sum of the first set of solutions written above and another
set.
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Thus in a simple set of solutions, if an @ on the left, #, say,
exceed the greatest coefficient on the right, nono of the z's
on the right can exceed «,; and if an & on the right, .,
say, exceed the greatest coefficient on the left, none of the
s on the left can exceed b,, ;.

Simple sets of solutions can then occur only in one or both
of two overlapping classes, the class in which no « on the
right exceeds the greatest coefficient on the left, and the class
in which no «# on the left exceeds the greatest coefficient
on the right.

In the first class wo have

&+ g%yt oo + Cui P By +Omig t oo +04) a3,
where a, denotes the greatest of a,, a;,...a.. Now by (ii)
the number of sets of positive integral, and vanishing, sets of
values of @, &, ... 2,, for which this is the case, is finite;
and each set gives for the determination of ., Zpiz, ... Tu
an equation like

k = bm+1wm+1+ b.+£w,-+2 + eee + b,w.,

of which the number of sets of solutions is, again by (ii), finite.

And quite similarly in the second class therc is only a finite
number of sets of solutions.

Of these sets some will be simple; but the vast majority,
as a rule, not so.

It is, however, completely established that the number of
simple sets of solutions, being part of a finite number of sets
of solutions, is itself finite.

(iv) If a,a9,... a0 Brs Bos ooe Bus V15 Vgs oo+ ¥nj - 8T€ all the
simple sets of solutions of the equation in (iii), now proved
to be finite in number, all sets of positive integral, including
zero, values of @, @, ..., which satisfy the equation are
comprised in the system

@, = ab+ Bty b+,
T = ayty + Byty + sty + ..y
w'= a't[+ﬂntg+yut3+‘°' 9
whgre tyy s &5 ..o , & known finite number of letters, have
pomtiﬁre integral, including zero, values which may be assigned
at will.
For the set @, @, ... @,, if not simple, can be expressed as
a sum of other sets. These, if not simple, can be expressed
as sums of other sets; and so on. Proceeding in this way,

we eventually get the set z,, @,, ... @, expressed as a sum of
sums of sums of &c. of sets which can no longer be written
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as sums of sets, i. e. a8 & sum of multiples of the simple sets

gy Byyeee O3 Bry Bayeee Bus V1o Yasere Yns oo

(v) What has been proved as to the finite number of simple
sets of positive integral and zero solutions of a single Dio-
phantine equation may now be extended to the case of
a number of such equations. Suppose that we have r such
equations in #,, @,, @,, ... ,, these variables not all necessarily
occurring in every one of the equations. By (iv) the variables
@,, @,, ... T, Which occur in the first equation must in virtue
of that equation have the forms

a b+ Bttty +...,

agly+ Byla +vsls + ...

a b+ Buly+ yulys +...,
where a;, By, 71y -+ » @y Bas Vas s+ 3 e+ » Any Bus Vu» --. have definite
positive integral or zero values, and %,, ¢,, £,, ... are a finite
number of variables to which zero and positive integral
values alone are open. Substitute these expressions for
&,, T, ... T, in the remaining »—1 equations. Those become
r—1 equations in z,,,, @,,, ...z, and ¢, t,, ¢, ..., a finite
number of variables whose generality as positive integers or
zeros is only limited by the 7—1 equations.

The first of theso 7»—1 equations may now be treated
exactly as the first of the » equations was, and substitution
may then be made in the remaining 7—2 equations; and so
on continually till we get to a single equation only. To this
the results of (iii) and (iv) apply. Thus we find eventually,
on successive substitution backwards, that all the  variables
@, %;,...%, can have no more gencral values than are in-

cluded in ay = A1, + Byry + Oy + ..,
@y = A, + Byry + Cyrg + .00

@, = A+ B+ Cpry+ ...,

where 4,, Bl., Cyyeers 4y By Cyy ey ooy Ay, B, C,, ... aTe
definite positive integers, or some of them zeros, and where
Ty, Tg, T3, ... 8re & finite number of arbitraries to which any
positive integral and zero values can be assigned at will.

In other words, a system of any number » of linear Dio-
phantine equations can, if soluble at all in positive integers,
have only a finite number of simple sets of solutions

A, Ay, A,,...; B, B, B,,...; C}, C,, C,....; &e.,

all other sets of positive integral solutions being sums of
multiples of some or all of this finite number of sets,
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ix. 1. The only simple set of solutions, excluding the all zero set,
of the equations i=yts=cim=2ty
is the ret z=1 y=12=11i=2.

Ex. 2. The simple sets of solutions, besides the all zero set, of

i=ztytw=y+2+u=z2+ctv=utv+w
are those of the table Y, U Wt

1,0,0,1,0,0,1
0,1,0,0,1,0,1
0,0,1,0,0,1,1
Ans. Tt is easy to reduce the given sct to
T=u Y= 2=w, L=u+v+w.
Ex. 3. The only not all vanishing simple sets of solutions of
4(z+z+utv)=2(22+3u+4v),
from which z disappears, leaving the equation 22 = u + 2, are given

by the table
®, 2, U, ¥

cn—AO.

0,1,0,
ll 0’ O’
1,02,

This proves that any product of powers of a,, «,, a;, @, for which
4i = 2w is a product of powers of a,, u,,, ¢ .

. 151. Application to invariants of one binary quantic.
Now it has been seen in Chapter V that if a;, gy, ... a, are the
roots of the equation in # :y

. (u'O) Ay gy one ap) (ﬁ, y)” =0,
and if

€ = @y (a—ag)"* (a;—ay)"s (@ —ay) ™.
is «f, times & product of differences between its roots, such
that 7, 05, %, ... are all positive integers, or some of them
zero, and that all roots occur in the same number ¢ of
factors whero ]
U= Mgty t e + Ny,

=N+ Nyg+ .oo +Nyyp,

— "/ls+’nl23+ X +n3p.

= Npt Mgyt oo+ My 1hpy
then Je,
where the = means that the roots are permuted in all possible
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ways and the sum taken, is, if it does not vanish identically,
an invariant of

(@05 Oy, g, oo Up) (@, Y)"5
and, convorsely, that any invariant can be expressed as such
a sum 3¢, or at any rate as a sum of numerical multiples
of such sums for which ; is the same though the individual
m's may be different.

We have to prove that any such sum Ze can be cxpressed
rationally and integrally in torms of a finite number of cle-
mentary sums of the kind. This will show that any invariant
is a rational integral function of a finite number of elementary
invariants. It will not show that these elementary invariants
are irreducible, but it will that all irreducible invariants occur
among thom.

It will be observed that the systom of equations above
in ¢ and ny,, 1y, Ny, ... is & system of Diophantine equations
such as that contemplated in § 150 (v). Bringing to bear
on the system the theorem which has been proved, we learn
that every such product e as above is a product of powors of
a finite number of elemental products ¢, ¢, ¢, ... ¢, which
obey the same laws, one clemental product being given by
every simple sct of solutions of the system of Diophantine
oquations, so that generally

€e=¢"¢€... 6"

for some set of positive integral, including zero, valuocs of the
indices ry, 75, ... 7.

Evory invariant is then of the form

Se et 6"

for some such set of indices, or a lincar function of such
sums; and no such sum which does not vanish identically
can fail to be an invariant.

The student must bear very clearly in mind the oxact
meaning of the summation denoted by the =. The summa-
tion is that of the 1.2.3...p torms, obtained by putting
for the roots as they occur in the fully written expression
of & ¢,... ¢, the corresponding roots in every onc of the
1.2.3...p permutations of the p roots ay, a3, ag, ... a, of the
quantic under consideration. The number of terms in the
summation is in the first place, and is to be regarded as,
the full number p! of these permutations, though among them
in any particular case there may be expected to be repe-
titions or cancellings or both. Other meanings might, but
must not, be attached to the Z. For instance, the meaning
might be attached that to each of ¢, ¢, ... ¢, separately be
given every one of its ! permutational values. . We should
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then get it is true an invariant or an identical zero, but we
shoulg have no sccurity that every invariant is thus obtained.
An instance of the need for this caution will occur in an
example on the quartic to bo given presently.

152. We now bring in an idea from the theory of equations
which will enable us to complete Hilbert's proof of Gordan’s
theorem.

Consider ¢, one of the elemental products €, €, ... €. It
is also one of p ! similar products of which the rest are obtained
from it by permuting the p roots a,, a, ... a, in all possible
ways, These p! products are the roots of an equation

&'+ P! 1+ Pyef ...+ Py =0, . (1)
of whose coefficients some will frequently vanish identically.
Those which do not will be rational integral invariants. For by
Newton's theorem on the sums of powers of roots (Burnside and
Panton’s Theory of Equutions, 4thed., § 77) P,, P, ... I’y can be
expressed rationally and integrally in terms of s;, s,, ... s,1, the
sums of the first, second, ... p! th powers of the p! values of €
which are the roots of the equation. Now s, sg,... 5,1, OF
rather such of them as do not vanish identically, are invariants
gxhibited in a form which is a case of the general formn of

151.

Thus the equation (1) expresses ¢! as a lincar function of
the first p!—1 powers '), €?!~%, ... ¢ of ¢ with an absolute
terra, the coefficients and absolute term boing invariants
expressible as rational integral functions of s;, sg,... 551 If
we multiply through by ¢, we obtain an expression for ¢°!*?,
which, upon insertion in it of the already ogtained expression
for ¢*!, becomes a linear function of ¢,*'"), ¢?'"%,.. ¢, whose
coefficients and absolute term are rational integral functions
of s, 55,... 5p1. Multiply again by ¢, and again replace €?!
by the exfpression for it; and repeat the same process any
number of times that may be desired. We thus obtain the
fact that, the index 7, being any number not less than p!,

6" = Q" 1+ Qe 2 ... + @y,

where @, @;, ... @, are invariants capable of expression as
rational integral functions of the p! invariants and zeros
S5 Sgyeee Sply 1.6 e, Dkl Defl

Proceed now in like manner with ¢, & second of the
elemental products e, ¢;,...¢,. This again is a root of an
equation of degree p! whose first coefficient is unity and
whose other non-vanishing coefficients are invariants ex-
pressible rationally and integrally in terms of p! sums of
which those which do not vanish are invariants, viz.
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e, S¢t, ... S¢f..  Consequently, if »; is not less than p!,
we have &"=Re/ 1+ RyeP 0+ ..+ Ry,

where R,, R,,...R,, are invariants expressible as rational
integral functions of Z¢,, S¢l, ... Zefl

In like manner we have like expressions for powers not less
than the p! th of ¢, ¢,, ... €., the remaining elemental products
of powers of a, and differences between roots.

153. The number of irreducible invariants of a binary
quantic is finite. We now return to the general expression

of § 151 DY ALY ALY L

There is, in the first place, only a finite number of these
expressions for which none of the exponents »,, 7y, ... 7, exceeds
pl—1; viz. (p)—1.

Take, however, any one in which one or more of 7, 7, ... 7,
exceeds p!—1, and express such higher 7th powers of elemental
factors in terms under the X by the expressions obtained in
the last article in terms of powers less than the p!th. Having
done so, multiply out the expression obtained. The result is
an identity like

Sene.. 6" =Z{K 6 e/ 60 + Ko7, 6,7 + ...}
=K, Se1¢7...6 + K. 3¢, ¢, 6,7 +...,

where none of the indices on the right exeeeds p!—1, and
where K, K,, ... are rational integral functions of the p times

p! sums 2‘1, 261’,... EEIP!,
e, Zet, ... Se?,

Se., Sed,... Zef,
which are all rational integral invariants, and are themselves
all included in the form Ze " e.1... ¢,% for values of the indices
not exceeding p!

Thus every sum Je; "¢, ... ¢, and therefore (§ 151) every
rational inte%ral invariant, is a rational integral function of
a finitc number of rational integral invariants; viz. of those
included in the form SeMen ... 6

for values of the indices none of which exceeds p !, and which
are indeed all less than p! excopt that one of them may be
equal to p! when all the rest are zero.

It is well to repeat that the summation is to be taken as
including p! terms, one corresponding to every permutation of
the p roots.
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As already pointed out in § 151, it must not be supposed
that we have here the exact number of irreducible invariants,
of which all other invariants are rational integral functions, or
the forms of invariants which are irreducible. The number of
the invariants in terms of which all invariants are here shown
to be capable of rational integral expression is, for quantics of
low orders to which Gordan’s method of transvectants and the
arithmetical method of the last chapter have been applied,
vastly in excess of the necessitics. Moreover, no precise
number is really assigned at all by the above reasoning; for
even when the elemental products e, ¢,, ... ¢, are known for
any quantic we have still no information as to how many of
the sums Ze,"¢... ¢, vanish identically.

But a finite number of expressions has bcen definitely
specified, all non-vanishing individuals among which are
invariants, and in terms of which all other invariants can
be rationally and integrally expressed. That some of these
only are strictly irreducible invariants, while the rest are
rational integral functions of them, does not affect the argu-
ment that invariants are rational integral functions of
a finite irreducible system. A selection from a finite systemn
is itself finite.

A modification of Hilbert’s method has been proposed by
Kempe. He succeeds in using & more readily exhibited system
of products of differences in place of the elemental products
contemplated in this chapter. See his paper ‘On Regular
Difference Terms,” Proc. Lond. Math. Soc. Vol. XXV. p. 343.

154. The cubic and quartic. Little is taught us as to the
invariants of quantics of particular orders by exhibiting the
method in their particular cases, but for the light thrown on
the method itsclf we exemplify it in the cases of the cubic and
quartic.

For the cubic («, b, ¢, d) (2, )% whose roots arc a, 8, y, any
invariant is a numerical multiple of

2d'(B—y) (y—a)* (a—A)",
where i =s+t=t+r=7r+s Of these equations (§ 150, Ex. 1)
the only simple sot of solutions is » =s=£¢=1,4=2. Thus the
only elemental product is
e=d*(B—y)(y—a) (a—B).
The 3! permutations of a, 8, y in this give three products

each equal to ¢ and three equal to —e. Thus the equation
with invariant coefficients satisfied by e is

{d—at (B—y)2 (y—a) (a—pB)%}* = 0.
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All irreducible invariants are then included among
¢, X, Be®, Set, B8, Bel,
of which the first, third and fifth vanish, while the sccond,
fourth and sixth are
6¢€% 6et, 6¢S,
Of these the second and third are numerical multiples of
powers of the first. Thus 6é, or, say,
¢ = a* (8—y)* (y—a)? (a—A)",
is the only irreducible invariant of the cubic.
For the quartic (a, b, ¢, d, €) (x, y)*, whose roots are a, 3, v, 3,
invariants have the form
Sat (B—y)" (y—a)' (@—B) (a—8)" (B—3)" (y—=3)",
where t=s+t+1 =t4+r+8 =r+s+t/ =9/ +§ +¢,
of which the simple sets of solutions are given in § 150, Ex. 2,
and tell us that the elemental products are
¢ =a(B—y)(a—=d),
Q=0 (y—a) (ﬂ'_b)s
&=« (a—B)(y—23),
These are, it will be noticed, as is %0t tho case in general for
the €’s corresponding to higher quantics, of one type, and are
the aw, av, aw of § 80.
The 4! permutational values of ¢, are
un, av, aw, —dw, —v, —uw
cach four times repeated; and the values of ¢, and ¢; are tho
same in different orders.
The equation with invariant coefficicnts whose roots are tho
24 values of either ¢, or ¢, or ¢, is (§ 81, Ex. 5)
{(—12Te + dPuvw) (—121e—aduvw)}t = 0. ...(1)
The irreducible invariants are included in the finite numbeor
]iko EEIA ‘2“ esv,

where neither of A, u, v oxceeds 24, and where if cither ono
is 24 the other two vanish.

This exawmple, then, affords an instance of the great excess
over the number of irreducible invariants of tho finite number
of invariants among which they are included according to the
present investigation. For we know from previous chapters
that the only really irreducible invariants are

3¢, = 3¢,? = S¢, = 8u? (WP + 2 +u?)
and
Sl = Jele; = Neley = —Se 6 = —Zge,? = —Seet
= 4a® {u® (V—w) + v (w—u) +w? (v -v)}.
It also affords an illustration of the care which must be
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taken to attach the right meaning (see § 151) to the summa-
tion S. If in Se,, instead of taking this as meaning the
sum of 24 terms obtained by permuting the roots as they
occur in e%; in all possible ways, we had wrongly taken
it as meaning that ¢, is to be given its 24 (or its 6 essentially
different) values, and e, similarly, we should have had & sum
of 243 (or 6%) terms which vanishes identically, and should
not have obtained the, in fact irreducible, invariant
ad{us (v—w) + 02 (w—u) +w? (u—v)}

at all. Or, if we had taken it as meaning the sum of the
6.5 terms €%, where ¢ and ¢ are two different roots of the
equation (1) for € or for ¢, the same failure would have
resulted.

155. To secure clearness we have in the last four articles
restricted our ficld of investigation as much as possible, and
have confined attention to invariunts, and to invariants of
a single binary quantic only. Neither Gordan’s theorem,
however, nor Hilbert’s line of argument is of such restricted
application.

Equal fulness of treatment is unnecossary in the next two
articles, which deal respectively with the case of covariants of
a single binary quantic and the general case of covariants
and invariants of more binary quantics than one.

156. The number of irreducible covariants and invariants
of a binary quantic is finite, Let us use the word covariant
as including invariant as a particular caso, and also as in-
cluding the quantic itself.

Any covariant of the binary p-ic

(@, ¢y, dg ... &) (@, Y)?
whose roots are a,, a,, ag, ... d, i8, by Chapter V, of the form
3. ag (@—a,y) " (@—agy)™ ... (@—a,y)"?.
(a,—a5)" (@, —ay)"? (23— )" ..,
where the positive integers, or some of them zeros,
My Mg, o My, Mg, Mg, Ny -ee
satisfy the Diophantine equations
© = My +My +My + ... + My,
=My + Mg+ Mg+ ...+
= My+ Mg+ Neg+ ... + Ny,
= Mg+ Mgy + Ny + .00 + Ty,

= Mp+Nyp+Ngpt .o +Myoy ps
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or is a linear function of such sums for the same values of
© and o; and all sums of this form are covariants. In par-
ticular, those for which the m's are all zero are invariants,
andl :hose for which the n's are all zero are powers of the p-ic
itself.

Now by § 150 (v) the number of simple sets of solutions of
these Diophantine equations for ¢, @ and the m’s and n's is
finite. Every product, such as that under the = above, is then
a product of powers of elemental products of.the same form
and with the same propertics.

If these clemental products are called n,, 7,,...1,, then, oxactly
as in § 152, these severally are roots of equations of dcgree p 1,
in each of which the cocflicient of the first term is unity,
and the other coeflicients are covariants which are rational
integral functions, in the first case of Zn,, Zn,3,... ;) in
the second casc of Zp,, Zn?, ... 2", &ec., &c. Hence, as in
§ 153, all covariants can be expressed rationally and integrally
in terms of covariants included in the limited class

S0 ng% s MRy
where neither of the indices oxceeds p!, and none is in fact so
groat as p! unless all tho others vanish.

Remark that, the number of irreducible covariants (in-
cluding invariants) being finito, the number of irreducible
seminvariants (including invariants) is also finite. For, if
any covariant is a rational integral function of other co-
variants, the coefficient of the highest power of @ in it is that
same rational integral function of those of them which are
free from 2 (i.o. the invariants among them) and the co-
cfficicnts of the highest powers of « in the rest.

Ex. 4. In the cage of the cubic the clemental products are
a(z—ay) (z-By) (@—ry),
@' (8—7) (y—a) (a—B),
snd & (z—ay) (B—y), a(z—By) (y—a) a(z—yy) (a—A).

157. Several binary quantics. The proof that all co-
variants and invariants of a finite number of binary quantics
are rational integral functions of a finite number of covariants
and invariants of the system is similar.

For a system of a finite number of binary quantics whose
leading coefficients are «,, «,,..., and whose roots are
a,, ag, ... a, in the case of the first, 4, a;, ... o’y in the case of
the second, and so on, the general expression for-covariants

11 o
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of which all other covariants are linear functions of one
degree and order is of the form
S{ada,? ..M (z—ay). N (x—a'y) ...

I (a,—a,) .M (2, —a/)... T (a,—a,) ... },
where IT (x — ay) denotes a product of & number of the differ-
ences & —a,y, £—ayy, ... —a,y and their powers, I (z—a'y)
a product of a number of the differences w—a,’y, 2 —a,’y, ...
2 —a’,y and their powers, [1(o, —a,), I (2, —a,’), &c., products of
numbers of differences between two roots of the first, sccond,
&e., quantics and powers of such differences, and I (a,— a,’), &¢.,
groducts of differences and powers of differences between roots

elonging to different quantics of the system. Also, in &
product under the I, all roots a,, ay, ... a, of the first quantic
occur in the same number ¢ of }actors, all roots a/, ag’, ... 'y
of the second quantic occur in the same number ¢’ of factors,
and so on. The summation = consists of p! ’!... terms at
most, obtained by permuting the p roots a, a,, ... a,, the p’
roots a,’, @), ...a’, &ec., in all possible ways.

The conditions as to degrees in the various d's, a”’s, &c., are
expressed by p+ p + ... linear Diophantine cquations in ¢,7/, ...
and the exponents of powers of differences ; and =, the order in
@, ¥, is determined by another sum of the exponents. Now
the whole system of p +p"+... + 1 equations in 4, ¢, ..., w and
the exponents has, by § 150 (v), only a finito number of simple
sets of solutions. To each simple set of solutions corre-
sponds an elemental product. If these elemental products are
w,, @y, 0, ..., the general = above is, as hefore, capablo of
expression in the form S, w,?w,™....

Also, precisely as before, every elemental product v, satisfies
an equation of finite degree, in no case exceeding p!p’! ...,
whose coefficients, after the first which is unity, are rational
integral functions of a finite number of sums of powers of
w, and the results of permuting among themselves the various
roots in w;. Hence, as in earlier cases, the sum

S0, 0, ...

can be expressed rationally and integrally in terms of the
finite number of like sums in which »,, 7y, 7, ... do not exceed
definite numbers ; and these like sums aro all rational integral
covariants and invariants. All rational integral covariants
and invariants of a system of binary quantics are then
rational integral functions of a finite number of such con-
comitants of the system.

In particular, all invariants of the system are rational
integral functions of a finite number of invariants. For if
an invariant, free from the variables, is a rational integral
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function of invariants and covariants, we obtain, upon putting
the variables equal to zero in the identity of the invariant
and the function, an identity in which all the covariants are
replaced by zeros while the invariants alone remain.

157 (bis). Hilbert’s second proof. This depends on tho
following far-reaching theorem :

If o, is any system whalever of rational integral functions
of m letters @, x,,...2,, then it is possible to choose in the system
o, ¢ finite number Fy, F,,... F, of the functions such that every
Junction F of the system is « sum A\ F\+ A, Fy+...+A,F,,
where 4,, 4,,... A,, or such of them as ure not constants or
zero, are rational integrul funclions of @, x., ... x,.

We will confine attention to homogeneous functions, or
say forms, in z,, «,,...#,; and in so doing shall lose no
generality. For, when we have proved the theorem for
systems of homogencous forms in n letters, where » is any
number, we may put 1 for «,, and thus be sure that it holds
for not necessarily homogeneous functions of n—1 letters,
where n2—1 is any number.

There is no limitation whatever to the nature of the definite
laws which the forms F of o, are required to obey. It suffices
to know that a form written down at will either definitely is
or definitely is not an F.

First notice that the theorem holds for a system o, in one
variable @;. The forms included in o, are numerical multiples
of powers of @, and it suffices to take a single F), one of
lowest degree.

We will now assume the theorem true for every o,_; in
&y Ly o0s &y, a0d prove it true for every o, in z;, a,, ... 2,.

In a chosen o, take a form F, of lowest (or any) degree 7.
If it does not possess an x,” term apply to F, and to the
entire system, a transformation

=/ +A2), @, =2+, ...
Cuog = X+ A, ® = AN,
with definite numerical values of A;, Ay, ... A, which are not
values of z,, g, ... &, making B} = 0. F,is thus given a term

which is a numerical multiple of x,/”. Now remove accents.
By division every F as now written can be given the form

F=PF +Qx, '+ Ra,2+...4+ 2,

where P is & form in the new «;, 25,...2,, and @, R,...Z
forms in the new &y, #,, ... #,_, only. )
For all the forms F in o,, the @'s constitute a o,_,. By
02
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our assumption there is a finite number @,, @, ... Q. of these
Q’s, such that every othor @ is a sum
A,Q.+A,Q;+...+4,Q..
Thus, if Q, occurs in F,, @, in F;, and so on, and I°, P, ...
are the corresponding P's, every F is such that a relation
holds like
F—DPF = A,(F,—DPoF) + Ay (Fy,— Py F) + ...
+ A, (F. =P F)+ R, 2480, 3+...+ 7,
i.e. is of the form

F=AF+A,F+. .+ A, F.+Re) % Sz, 3+...+ 2,

where R, S, ... Z are frce from ,.
Here the R's for different forms F in o, constitute a o,_;.
By our assumption there is a finile number of them,
-Ra-u! Ra+2! o Rﬂ:
such that every other is & sum
Aoy BasytAaysRayot 4 AgRyg.
Hence, by a repetition of the above argument, cvery Fis asum

F=AF +AF+.. +AF + 4. ,F.y+ o+ Agly

+ 8z 34 Ty +... +Z,
with a new 4,. 4,,... 4., and S, 7', ... Z.

Again the s here constitute a ,_;, and we can repeat the
same argument; and so on. Presently we find that every F
in o, is 2 sum

F=AF+AF,+.+AF+7,
where F,, F,,... ¥, arc forms in o,, and Z is a form in
@y, &y .. @,y only. The forms Z constitute & o,_;; and one
more repetition of the argument tclls us that there is a finite
number of forms F,, F,,... F, in o, such that cvery other
form in o, is a sum
F=AF+AF,+..+4,F,.

Thus if the theorem is true for every o, _, it is for every o,;
and, as we have seon that it is true for every oy, the mathe-
matical induction proving its universal truth is provided.

157 (ter). Now all invariants I of (v, ¢, ...¢) (& 9)"
constitute a system oy, of forms in «,, ¢y,... «,. There is
then a finite number of the invariants, I, 1,, ... f“, such that
every other invariant can be written

I=AL+AL,+..+4,1,
where A,, 4,,...4, are forms in @y, ¢,...a, but not
necessarily invariants. They are however isobaric, and obey
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tho degree and weight condition 5 = ¢p—2w = 0 appropriate
to invariants, beeauso I and I, I,, ... I,, are and do.

Now, putting n = 0 in § 128, Ex. 8, we know that the
operator 0 0 0

Q Q Q
= (1— 1—5) (1— é—.-.:i‘)"'(l_'z_v('w+l))
produces an invariant from any gradient for which 5 =0
which it does not annihilate. Remembering that I and
I, 1,,... I, are annihilated by @ and by 0, we obtain by
operating with it on the identity above
I=IXA+1,XA,+...+ [LXA,
=J, L+, ,+..+J,1,
where J|, J,, ... J, aro invariants, not all at any rate vanishing.

Thus every invariant I which is not one of I3, ,,... I, is
reducible. It isin fact reducible in terms of I, I,, ... I,. For
Jis Sy, ..o J, may be taken for I and expresseﬁ as sums of
invariant multiples of I, I,,...I,; so can the invariants
J/, Jy, ... which occur as coefficients of I, I,,... I, in the
expressions for the J's; and go on, till at a last stage degrees
have been reduced so low that the multipliers are numerical.

Accordingly therc is only a finite system of irreducible
invariants, namely the lowest hase system for which Hilbort's
theoren of § 157 (hix) holds.

This proof has been given for the case of one binary p-ie.
It however applics equally to invariants of a system of binary
quantics. We have only (§ 132) in the operator X to take ZQ
and X0 in place of & and O.

In particular it applies to the invariants of a systemn
comprising one or more binary quantics and a lincar form
y'w—iy, 1.c. (§ 69) to covariants (including invariants) of the
one or more quantics. Thus all covariants and invariants of
a binary quantic or system of binary quantics can be rationally
and integrally expressed in terms of a finite base system
K, K,,... K, of covariants and invariants.

The usual completion of the proof of the finitencss of the
system of irreducibles for ternary and higher quantics depends
on the following theorem—sco kKx. 6 below :

If M is the modulus or determinant of the general scheme
of linear transformation (§ 2), and if [M] @ the operator
deduced from M by replucing in it l, Le., by 3/d!, Le., then, if
we take any product of coefficients and variables in @ trans-
formed quantic or quantics, or uny linear function of such
products with the sume order @ and degree or degrees, if we
express it in terms of the coefficients and varigbles in the
untransformed quantic or quantics and the constants I, &e., of
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the trangformation, if we wow multiply it by « high enough
ntegral power of M to make it inteyral in I, &e., und then
operate on what is obtuined with [M] just enough times to
o&ain a result free from 1, &e., this result will be a covariant
(or invariant if = = 0), unless it vanishes.
The application to invariants is as follows. Having
IT=A L+ 4,1 +..+ 4,1,

substitute, on both sides, transformed coeflicients for untrans-
formed, and go through the above processes. In the end
L I, I,,.. i figurec as before the substitution, but for
numerical multipliers, while invariants and zeros replace
A, 4,..4,.

Ex. 5. If the linear transformation 2 =IX4 ..., ..., of deter-
minant A/, is the result of a sequence of transformations
e=la+ .., and 2, =0LX+..., ..,

of determinants J/,, JM,, prove that M/ = M, M, and [M,] = M,[M].

Ex. 6. If ¢/, a function of degree ¢ and order = in the final
coefficients and variables, is called G (J, ...) when expressed in terms
of I, ... and the original coefficients and variables, and G(l,,...) when
expressed in terms of ,,... and the intermediate coefficients and
variables. prove that

ary=farrG(, ...y = M [ {M," G, ...)};
and hence prove the theorem of invariancy, just stated, for the linear
transformation o = {,» + ..., ..., which may he gencral.

157 (iv). 8ysygies and’ syzygants. Irreducible invariants
(or covariants and invariants) are in general too numncrous to
be algebraically independent. We can find rational integral
algebraic functions of them which vanish identically when
expressed in terms of the coeflicicnts (and variables). Such
a function is called a sy:ygant, and a relation syzygunt = 0
is called a syzygy.

A syzygant (in invariants, say) multiplied by an invariant
is still a syzygant, and so too is a sum of products of syzygants
and invariants, A direct application of Hilbert’s theorem
(§ 157 bi¢) to syzygants, regarded as a class of (non-homo-
geneous) funetions of the finite number of invariants, shows
that. all syzygants can he expressed as sums of invariant mul-
tiples of a finite number of syzygants, i.c. that irreducible
syzygants are finite in number.

Irreducible syzygants may be connected, as functions of the
invariants, by syzygics of the second order. There may also
be syzygies of the third order among syzygants of the second
order; and so on. But it has been shown that the succession
of orders of syzygants must terminate.



CHAPTER X

PROTOMORPHS, ETC.

158. Recapitulation. We have seen in Chapter VI that
the leading coefficient, that of the highest power of @, in any
covariant of

WS (g, gy e 4,) (2, 9)
is a seminvariant, i. e. is annihilated by

2 d
.Q.:al, (l; +2a1—+n.+1)(6‘,_

b, 25 5e,”
and consequently possesses the half invariant property of
being invariantic for such linear substitutions as

e=X+mY, y=7Y.
It has also been scen that conversely
S (g, gy dygy o @),

any gradient of extent not exceeding ; which is such as to
satisfy the differential equation

Q8 =0,

and which is consequently a seminvariant, is the leading
coeflicient of a covariant whose order = in &, y is given in
terms of p and ¢ and , the degree and weight of S, by the
relation

o= ip—2;

in fact, that the covariant in question may be written

y
Lo
P27 S (tgy @y, Ugy ovu @),

whero 0O=pu 2. +(p—=1u _3__ +onta, —-
=04 da, L Bda, T P da,,

If = = 0, the seminvariant is an invariant.

Thus covariants, including invariants as a particular case,
and seminvariants, also including invariants as a particular
case, are equa]ly numerous, and correspond one to another.
If any relation or syzygy connects certain covariants, the same
syzygy connects their seminvariant leaders, and vice versa.
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Another expression for the same covariant, whose leader is
the seminvariant S (¢, ¢;, @, ... a,), i8

x
(- l)wyu:-zwc?“s(aw Ap1y Qpog, -+ Go)s
where S(qy, @y_1 @p_g,. .- o) is the anti-seminvariant obtained
by interchanging «, and a,, @, and a,_,, &c. in the semin-
variant S (a4, @, @5, ... @,).

159. Elimination of  between u and its successive deriva-
tives with regard to . Two interesting conclusions at once
follow from the results of Chapter VI

Of these the first is that if in any seminvariant

S (@ @y g, -+ )
of u we replace
a, by u, i.e. by (a,, , @,,... a,) (z, y)", which call a,,
1dw .
Up_y by]—’ 350 e by (dq, ¢y gy euntiy_y) (£, )77,

which call a,_;,

1 a2y,
«, by POZI)... 3 2 i.e. by @, 2 + 2a, 2y + a,y?,
which call a,,
1 -y,

by a,2 + 0.y,

al by p(l)— 1) vee 3.2 awl“'] ) 1. C.

which call a,,
b 1 o .
by i .82 "
no « appears in the result, which is merely the scminvariant
itself multiplied hy ¥, whero w is its weight.
The result of substitution is annihilated by

2 2 3 2 +..+ 2
a"—b:;.*- al-b—a;-i- “25;; vt POy 2,

by a,, which call a,,

Now, writing u, for d'u/3a", for every value of » from 1 to p
inclusive, we see that this iy
Q d

2 Flhpy o U
Eu, .y Tau’

d

TR [
which, when it operates on a function of , wy, w,, ... Wy, is
merely 2/3z. The annihilation tells us then that the result of
substitution is free from 2. What does not vanish when the
substitution is made in a seminvariant is clearly 3 into that
seminvariant ; for weight is order in w, y in the result, and
the form of result independent of « is the form we should get
by putting = 0 first and then making the substitutions.
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The intimate connexion of the theory of seminvariants
with that of elimination between v and its a-derivatives is
now apparent. For instance, from § 137 we conclude that,
if w is any rational integral function of order p in w, the
number of linearly independent rational integral functions
of w and its successive derivatives with regard to «, which
are of degree 7 in the coefficients and free from z, is (}ép ; ¢, p)
or (9p—4% ; 4, p), according as ip is even or odd. And again,
from known facts as to numbers of irreducible seminvariants
of binary quantics of the first few orders we obtain that,
for the values 1, 2, 3, 4, 56 of 7, the numbhers of rational
integral functions of some or all of a p-ic function of  and its
successive derivatives, which are independent of @, and in
terms of which all such rational integral functions independent
of z can be rationally and integrally expressed, are 1, 2, 4, 5,
23 respectively.

Once more, from § 128 or from § 100, we gather that any
rational integral function of u, a p-ic in x, and its derivatives,
which is throughout of degree ¢ in w and the derivatives, and
in every term of which the sum of the indices » for factors
like 3"u/dx" is constant and equal to ip —av, can be written as
the derivative with regard to « of a rational integral function
of % and its successive derivatives it ip—2w>0.

Ex. 1. Integrate the difterential equation
S e L
dot  dy do® 2 \da?
Ans. w=axrt+ 4bx’ + 6ca’ 4 4dx + e, where ae—4bd + 3¢ = 0.

4
Ex. 2. If w=as®+3b2*+ 3cw+d, expres /:a (%) dx rationally
Lintegrally in t ¢ du d'v du
and jutegrally in terms of w, 7 -» 755 -5+
Ans, Here ip—2w =1. Assume the most general form and
determine the arbitrary coefficients by operating with d/da.

160. Covariants obtained by substitution of z-derivatives.
The second important conclusion referred to at the outset of
the preceding article appears to be due to Fad de Bruno
(A, J. III). Tt is that if we make the same substitutions
as in the preceding article for «,, a;, @y, ... v, in

N ip Uy 1y Uy oon tg),
the anti-seminvariant obtained by interchanging «, and «,,
¢, and a,_,, &ec., in a seminvariant S («y, @,, «,. ... a,) of weight
w and degree %, the result obtained will be the covariant of
which that seminvariant is the leader multiplied by (- )"
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Noticing that the substitution of a, for «, is that of y"4’,,
where A’,is the 4, of § 92 with 2/y put for m, we see by § 93,
bearing in mind the isobarism of weight ¢p—1w of

8 (@p; @yys Ap_gy ... U,
that the result of the substitution is

x
Y08 S (@py Cpoys Up_gy oer o)
Now by § 109, since (—1)*S (ap, @y, ... @) is the last coef-
ficient in the covariant which S (a,, a,, a,, ... @,) leads, the
covariant going with 3 is

£
(—1)”_:1""2"3”“6’((&,., Cpogs Up_ye ene (1)e
Of these two expressions the former is (—)” times the latter.

Thus from any seminvariant a mere substitution derives
the corresponding covariant.

If the seminvariant is an invariant, the substitution has
the effect only of multiplying it by (—1)"y"?-*, i.e. by (—~)*,
since ip—2w =0 for an invariant. This accords with the
result of § 159.

161. A seminvariant is given by certain of its terms. In
the substitution of § 159 put —«, /i, for u;, and 1 for y, i.e. for
gy Uy, Usy o.. Uy, Substitute

7

aD = "()1
«/ =0,
4
o
az’ = Up— -4,
ty

M
>

, R N
ay = y~3 la,+2 '
w, y*

u w2 a.t
= ap—4 e+ 6 e — 8-,
Uy Uy a,

, a, »
Uy = (@py lyy,y Upgyovs ) (1, — :T) .
0

The result of § 159 tells us that
S (tgs @y, g, By ountp) = S (), 0, 0, 4, ... a)),

where S denotes any seminvariant, or, in particular, invariant.

Thus all rational integral seminvariants are rational integral
funections of the p expressions «, (i. e. a,), ¢/, &), ... a,’. These
expressions are all integral in «;, a,, ... a,, but, after the first,

are fractional in ¢, They arc seminvariants, fractional after
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the first, for it is easy to see that they are all annihilated by
Q. This will appear in another light presently.

It follows that if we know the terms free from «, in any
seminvariant or invariant, we know the whole expression of
that seminvariant or invariant. To find this whole expression
we have merely to write the values of a,, ay, ... @,” instead of
(s, Uy, ... ¢ty in the given terms. We shall see presently that
this substitution may be effected by differential operation.

We shall also notice later a means of obtaining the terms
free from @, in énvariants.

The scarch for rational integral seminvariants and invari-
ants may be regarded as the search for rational integral
homogeneous isobaric functions of «,, ay’, ¢4,...a,’, which,
when the full values of «), «,’,...¢,” are substituted in them,
are integral in «,.

Ex. 3. Given a?d®+ 4 ac®, the terms free from b in the discriminant
of the cubic (@, b, ¢, d) (¢, y)* (cf. Chap. VI, Ex. 36), obtain the full
expression for the discriminant.

Ex. 4. Verify thut a,a,’a,’—«a,” —a,

= @yt + 2¢,6,a5— a4 — i@, ~ @0

7

Ex. 5. No seminvariant has a, for a factor,

Ex. 6. The number of linearly independent seminvariants of type
w, 1 of a p-ic, whose terms frec from «, arve integral, and whose other
terms are integral in «,, @,, g, ... ¢, though not necessarily in a,, is

(w3t p)—(w—1;:i-1,p).
s, Since (w—1 ;7—1, p) is the number of products of type
w, ¢ which involve a,, this difference is the number of products of the
type of a,, )/, a’, ... @),

162. Coeficients of quantic deprived of its second term
are seminvariants. If we inspect the expressions for
’ ’ ’ ’
gy Oy s Ay ey
in the last article, we notice that they are the coefficients of
X», Xr-2y?4, X?3Y3,...Y? in the result of depriving the p-ie
(@05 @15 @g,...0,) (2, 9)"
of its second term by the substitution

p=X_ =
=X UOY, y=7Y,

of which the modulus is unity.

Now this substitution is onc after which a seminvariant as
well a8 an invariant persists in form, for it has the effect of
altering all roots by the same addition a,/«,. and leaves the
leading cocfficient «,, or a,” unaltered.
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Wae thus see clearly the meaning of the identity of the last

article
8(cgs @y ty, tgyenn@,) = S(to, 0, a5, ... a)).

We also soe clearly the reason of the fact that «y, ag,...a,’
are themselves (fractional) seminvariants. For the roots of
the transformed p-ic are

a,+ @y /g, 0y F ty /0y, o0e ap+ay /ity
where a,, a,,...a, are the roots of the untransformed p-ic;
and

a+Bog _tat. e

g, ™ 1 P
A —ag)+(a;—a)) + ... + (a3 —a,)
- —- ’

D

so that every root of the transformed is & function of the
differences between roots of the untransformed; which neces-
sitates that «,/a,, ¢/dy, ... ¢,/a,, being symmetric functions
of the roots of the transformed p-ic, are functions of differences
of the roots of the untransformed, of course symmetric in these
roots from their rationality. They are then (fractional) semin-
variants of the p-ie.

168. Completion of the theorem of § 43. Consider the
results of making «,. «,... ¢, integral by powers of «, as
factors; and write

4, = a) = u,.
@yt = tylly—1ty%,
A, = 0,20, = a2, — 3dgty i, + 207
A, = apay) = o, —du 2oy + B, —3at

- l‘h
o

A, = 4P lay) = g (U, Upogs Gpogs o @) (1, =@y /uy)".
The degree of cvery ono of these integral expressions is equal
to its woight. They are all seminvariants, being annihilated
by Q.

The equality
8 (@, @y, 1y, thgyaentty) = S (g, 0, ), 'y 0o tty)
may now bhe written
A4, A

A
S(’.’; oy (U, U,y oaslly) = b’((& 0, -9 - eee P )'
03 ‘1 Uy s ) 0y V1 “ “"s’ "1

Let S be as usual of weight w and degree & Notico that cvery
non-vanishing argument on the right involves a, explicitly to
the degrec 1—1, where r is its weight. Every produet of
i arguments on the right consequently involves «, to the
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power <—aw, where w is its whole weight. Therefore upon
multiplying through by «,“~* we obtain that
a8 (ay, uy, ay, usy...a,) = 8(1, 0, 4,, A;....4)),

which is a rational integral function of 4,, 4,,... 4, only.

We have here the completion of the theorem of § 42. It
was there proved that a binary p-ic ecannot have more than
p algebraically independent covariants and invariants includ-
ing itself, but that if p—1 distinet from the p-ic itself and
independent of it and one another can be found, then all others
must be capable of oxpression in terms of it and them. We
have now proved that there actually are p—1 covariants
distinet from the p-ic, namely, those whose leading cocflicients
are tho seminvariants A,, A4,,...4,. These arc certainly
independent of onc another and tho p-ic; for in the series
ty, Ay Ag, ... A, each involves one of the -coefficients
@y, &y, lg,...¢t, Which is absent from all those which precede
it.  We have also shown that the expression for any rational
integral seminvariant or invariant 8 («,, @,, a,,...@,) in terms
of a,, 4,, A,,... A, is rational, and is integral in all but the
first «,, which it involves only in the form of the factor
a,” vt

The expression of the covariant (or invariant) whose leading
coefticient is § in terms of those whose leading coeflicients are
a, Ay, A,,... A, of which the first is the p-ic itself, follows.
The covariant whose leading coefficicnt is a seminvariant is
unique (cf. §§ 111, 112). Now, if u is the p-ic, and K the
covariant with leading cocfficient S(a¢,. «;, «,,...«,), the
covariant whose leading coefficient is «,*~'8(a,, ¢, d;...a,)
is u—i K.
Also,if ay, a,....a, are the covariants whose leading coefficients

are Aﬁ, A::""'AP‘ S(l’ 0, . aa,”.ap)

is & covariant. For it is a rational integral funection of co-
variants, and is of constant degree and weight throughout ;
and therefore is of constant order in 2, y, since the degree and
weight of A, the leading cocflicient of a,. are both #, and
consequently the order ip—2w of a, is »(p—2) so that the
order of any product of a’'s which occurs is 2 (p—2) where
iy the constant weight. This covariant is the one whose
leading coeflicient is S(1, 0, 4,, 4,,...4,). Hence the identity
of seminvariants
" 8 (g, Ay, g, g, .o @) = 8(1,0,4,, 4,,... 4))
nccessitates the identity of covariants
w K = 8(1, 0, ay, ag, ... ap). .
In other words, any covariant or invariant can be expressed
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as the result of dividing a rational integral function of
@, ag,...a, by the power u”~‘ of w, where w and i are the
weight and degree of the leading coefficient of the covariant
in question.
In particular, any invariant I («,, «,, ¢3,...«,) is equivalent to
w-He-D (1,0, a,, ay, ... ap) ;

for, in the case when A is an invariant, ip = 2w.

We have here reasoned for cases when w<i. The student
can supply the slight modification of reasoning necessary
when 1< . In such a case the result is best written

K =4"8(1, 0, a,, a,...a,);

so that any covariant, whose leading coefficient is of smaller
weight than degree, has a power of the quantic for a factor.

164. A complete system of protomorphs is not unique.
The seminvariants «,, 4,, 4,,... 4, or
Uy, 4, aiuy, oty
do not stand alone among rational integral seminvariants as
being a set of ) in terms of which all others can be expressed
rationally and integrally but for a power of the first, which
may be a negative power, as factor.
A system of p seminvariants possessing this property is
called a set of protomorphic seminvuriants or protomorphs.
We proceed to see that an allowable system of protomorphs
is composed of «, and any set of p—1 rational integral sem-
invariants B,, B, ... B,, which are such that
B, is of weight 2 and involves «,,
]fs - 3 .y u.‘i’
B, iz o y:
necessities which require that no coeflicient «, of the quantic
occurs in a B with a lower suffix than , and that «, occurs
in B, multiplied by a power of «, only.
To see this, take any seminvariant, and, if «, occurs in it,
take the expression for B,

B, =ala, +fluy. @, ay,...00p ),
which gives

Up = Uy A By—f(ty, g, tyy.un @)},
and substitute in the seminvariant this value for «,. The
seminvariant is then expressed as a rational function of B,
and ¢, a,, dg, ... a,_;, integral in all of them but a,.

Again, for «,_, 8 bstitute in like manner in terms of B -

and «,, a4y, 4y, ... @,_,; and continue this process as long as



164] A SYSTEM OF PROTOMORPHS NOT UNIQUE 207

possible. 'We thus obtain an expression for the seminvariant
S(ay, ay, ty,...a,) = ay"*F(a,, a,, By, B,,... B,).

But «, cannot, as a matter of fact, enter in F. To see this

operate on both sides with £, which annihilates S and

a,, B,, B,,... B,. We obtain

d
0 = u,"Pa, 2 F(a,, ¢, B,, B;,... B,) =0,

i.e. bF/ba.l =0,
the differentiation heing partial with regard to a, as it occurs
oxplicitly in F. The conclusion is that it eannot so occur.
It is proved then that

S (a5, @y, dg, ... “p) = ao_“F(ao, By, B,, ... Bp)’
for some rational integral form of F and for some integral or
zero value of p.

Notice the two special convenicnces of the fprol:omorphs
Ay Ay, ... A, of §163. One is that the form of F for them
is at once written down from the form of S; and the other
that F doos not involve «, explicitly. For these protomorphs
weight, extent and degree are all equal. For others weight
and extent only.

Protomorphs must not be confused with irreducible sem-
invariants. A complete system of irreducible seminvariants
and invariants, proved to exist in the preceding chapter, is
& system in terms of which all rational integral seminvariants
can be rationally and integrally expressed, without the oc-
currence of a negative power of «, as factor.

165. Protomorphs of lowest degrees. The system of proto-
morphs which has been most used is a system
«, C,, C,, C,,...C,
in which each is of the lowest possible degree.
Those of even weights 2, 4, 6,...are of the second degree ;
viz. the system of § 114
C, =dga,—a’=A4,,
C, = dguy—4u u,+ 3,2,
Cy = ayay—6a,a;+16a,0,— 1002,

2 n’ L 2n
Cou = grtg, —( . Yetatty ey + ( 2 )aatty, g~ ..
w1l 2N 1 -
+(—l) 1(n_l)an—1au+l+'§(—l) ( n )angi
2 . . .
where ( r") denotes the number of combinations of 2 n things
r together.
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Observe that if a,, C, C,, ... Cy, all vanish, we obtain in
succession @, = 0,a; = 0,a, = 9, ... «, = 0,80 that, if 2n is the
greatest even integer in p the order of a quantic, all invariants
of that quantic vanish by § 26, Ex. 1. Hence also (cf. § 26,
Ex. 2) all invariants vanish for a binary (2# + 1)-ic if it and its
covariants led by €, C,,... Cy, have a common factor; and
all vanish for a 2n-ic if it and its covariants led by
Gy, Oy, «.. Cy,_; have a common factor and if its invariant C,.
vanishes. (Hdbert.)

Ex. 7. In either of these cases all covariants have the same common
factor. (I/ilbert.)

Ex. 8. Conversely to § 26, Ex. 2, a binary 2n-ic or (2n+ 1)-ic
must have a linear factor raised to the (»+ 1)th power if all its
invariants vanish, (Z/ilbert.)

Ans. Let @, =, ... be the orders of G}, G, ... the covariants
of & p-ic w which are led by C,, C,, ..., and let k be their L.C. M.
If we form the eliminant of = and &,G,#/®1+k,Gr/®24 ., , the
coefficients of powers and products of %, &, ... in it are invariants
(§§ 18, 45); and if these invariants vanish @,, G, ... have all « factor
of % in common, so that, &ec.

Ex. 9. In the case of a quintic %, the vanishing of three invariants
of degrees 4, 12, 8 determined as the discriminant of C,«*+ ..., the
lineo-linear invariant of w? and (C,*+...)%, and the linco-linear
invariant of (C,«*+...)* and C,a® + ..., nccessitates the vanishing of
all invariants.

Ans. 'The first condition necessitates that C,»'+ ... is a square
y”, unless all its coeflicients vanish. The second and third then
necessitate that » and Cya’+ ... have ' for a factor, in the first case.
In the second case it is easy to see that if, as we may, we take a = 0
and f=0,thenb=0ande=0,ord =0 and e = 0.

Ex. 10. If a,, a,, ... a, are the roots of (a,, a,, ... a,,? (=, y)?=0,
prove that the protomorphs Cf, C,, C4, ... are numerical multiples of

a2 (a,—a,), 62 (0, —a,) (a,—a,)’,

. f‘o’z (_al"'aa), (a5—a,) (a;—a,)’, ...
respectively; and write down iu this notation the covariants which
they lead.

Ex. 11, If the roots of 2 p-ic are all real, the roots of its covariants
led by protomorphs of degree 2 are all imaginary. For instance those
of the Hessian are imaginary.

Ans. Because a sum of squares of real quantities cannot vanish.

Ex. 12. The covariants led by protomorphs of degree 2 are those
of § 61, Ex. 33.

Ex. 13. Prove that any gradient ¢ of degree above 2 in a,, a,, a,,
«vs Oy (s Ggu4y) Which containg no term free from all of ay, a,, ... @,
may be expressed in the form

Pya,+ P,Cy+ PO+ ...+ PuCiu + @,



165) PROTOMORPHS OF LOWEST DEGREES 209

where P, P,,... P, are gradients (or zeros), and @ is zero or a
gradient free from a, in which none of a,, a,, ... a4 occurs to a higher
power than the first.

Ans. Arrange the factors of terms in ¢ alphabetically as in § 71.
Take any term free from a,, and let a, be the fiist of a, ay, ... a,
which occurs in it to a power above the first. Substitute in it for a,?
its expression in terms of C;, and products, The term is thus replaced
by a part with (,, as & factor and terms alphabetically previous to
itself. Repeat the process for all these terms except those with C,,
or a, for a factor; and go on in this way as long as possible. As there
is only a finite number of words of ¢ letters in an alphabet of 2n or
2n+ 1 letters, the procedure must stop; i.c. a time must come when
the term of @ as re-written involves only multiples of a,, C;, C,, ... C.
and terms without second or higher powers of any of a,, a,, ... a.

Ex. 14. Show that if ¢ is of weight w and degree ¢ there can be
no residual gradient ¢ in the expansion above if

tdn and w<l42+...+n+(@—n)(n+1),
ie < (n+1) (i—3n).
Ex, 15. If 8 is a seminvariant which leads a covariant of

(5 @y, .. Gy0) (2, Y)*, oOr Of (@, 6y, ... Ay, 1) (%, Y)*H,
so that, as the case may be, 2in—2w € 0 or ¢(2n+1)—2w 0,
then, if m is any number greater than =n(n+41)/{2(n+1)i—2w}
and not less than n /%, gradients (or zeros) P,, P,, ... P, exist such that

8" = Pyay+ P,Cy+ ... + P,C, . (Hilbert.)

165 (bis). For odd weights there are (§ 114) no seminvariants
of degree 2. For each odd weight there is, however, a proto-
morph of degree 3. We can find by the method of § 114
seminvariants of degree 3 and the requisite odd weights in
succession. O, C;, C; are thus uniquely determined, but after-
wards there is a choice. For instance (9; 3,9)—(8; 3,9) = 2,
and (11; 3,11)—(10; 3,11) = 2. We must select one of two
for Cj, one of two for C},, and so on.

A definite system C;, C;, C;, C,, Cyy, ... can be obtained by
operation with a,0 —(ip—2w)a, on C,, C,, C, C;, Oy, ... re-
spectively. The results contain terms «,*a,, aay, ugldy, ...
respectively ; and we have only to see that they are all
seminvariants. Now if S is a seminvariant, so that 28 = 0,
{a,0 —(ip—2w)a,} S is another. For

2 {u4,0—(ip—2u)a,} 8= a, {Q0—(ip—2w)} S,
= a,008, by § 125 (1),
= 0.

1431 P
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We thus obtain the succession of cubic protomorphs
1
Gy =2ﬁ {4,0—-2(p—2)a,} C,

= Upluy—3ugu ug+ 20y = Ay,

c, =1714 (4,0—2(p—4)a,} C,
= dpia;—Suyuy dy+ 2,0,y + 80, 0y —6 0y a2,
1
C, =>7% {@y0—2 (p—6)«,} C,

= Uy g — T Uy Gy g+ 9 lylhyt;— Bayyuy + 120 2 ay
+20a,u,2—30a,ayu,,
&e., &e.
Ex. 16, 1f 0 denotes a,d/0a,+a,0/da,+ ... +@,3/da,_,, prove that
00—02 = (a,0/3a,+6,0/a,+ ... +4,3/da,)—(p+1)a,d/da,;
and hence that @,0—1ia, generates seminvariants from seminvariants,

and in particular generates a system of cubic protomorphs of weights
3,5, 7..10romC,, C,, C,,.... (Cayley.)

Ex. 17. If ¢ denotes «,3/da,+2¢;9/da,+ ... +(p—1)ayd/da,_,,
prove that a,p—2uwa, is an operator with the same efficacy. (Cayley.)

Ex. 18. These two operators may, respectively, be written

d d
—a?) — —_ —_—
(aoax ay )aal + (auas ala2) ba, + o
d
+ (@gap—a,a,_,) b“p_-; —a,ay da, ’

9 d
(aoa2—2“12)'371 + 2(a, 4, —2a,a,) da, +...

d d
+(@-1) (a,a,—2a,0,_,) m —2paa, Sa_,,'
(Cayley.)

166. If y,, y;,...y, 8re the covariants whose leaders are the
protomorphs (,, C;, ... Cp, then the expression for a sem-
invariant S in terms of them and «,,

S = ilo"‘F(ao, c,, 03,...01,),
where the function F is rational and integral for a rational
integral S, leads to the expression for the covariant K whose

leader is S, a
K= 'lb-"'F(us Y ys:"-}'p)'

This follows by the same argument as in § 168. In fact, in
general- the expression for a scminvariant or invariant in
terms of any system of protomorphs leads to exactly the same
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expression for the corresponding covariant or the invariant in
terms of the covariants led by the protomorphs.

167. Seminvariants as integrals of N =0. Another
aspect of the reason for the expressibility of any seminvariant
or invariant in terms of p independent ones should be noticed.
A seminvariant is an integral of the ditferential equation

oy Iy N
LlOa—a—l- +2(l1 b_llz +3“2373 + o+ pdy Sl—l; =0,

which is properly regarded as beginning with a vanishing
multiple of 3.8/3q,.

Now Lagrange’s theory of linear partial differential equa-
tions tells us that when we havo p independent functions §
of ay, a,, a,,...¢, which satisfy this equation, any other S
which satisfies tho equation is a function of those p.

But in §§ 161, 163, 164, 165 wo have sets of p independent
solutions, viz.

Uy, Uy, @y, 0
@y, 4, 4,,... A,
wyy By, By....B,;
@, C,, Cy,...Cp.
We thus have it clearly oxhibited that any seminvariant or

invariant, even though fractional or irrational, is capable of
expression in terms of a set of protomorphs.

168. Protomorphs for systems of quantics. A seminvariant
of the system consisting of two binary quanties
(gy dys tgy v ) (2, Y)",
(Bos by, by, ... By) (=, Y)Y
is (§ 115) a solution of the differential equation

28 8 o8
((Lo bgl +2¢, 372 +oooFPu, a—(;};)
28 28 oy
+ (bo -a-b; + 2b1 b_b—, +... +_[)’pr_1 bb;) = 0,

in the p+ p’ + 2 variables «,, ¢, ¢y,...¢,3 0y, by, byy... 0. We
need p+p’+1 independent solutions of this equation: and
these are afforded by a set of p protomorphs of the p-ie,
a set of p’ protomorphs of the p'-ie, and the one additional
thoby —tyby All seminvariants of the system can then be
expressed in terms of these p+p’+ 1 seminvariants.

oreover, we can easily prove a theoremn due to Clebsch,

r2
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that the expression for any rational integral seminvariant of
the system can be expressed in terms of «,b, —«,b, and sets
of protomorphs a,. B,, By,...B,;b,, By, By,... B’y in a form
which is rational, and is integral except as regards «, and b,.
As in § 164, we reduce it to the form

("o-“bo—",F(um ay, Bg, B:p oo -Bp; bo; b]) -B:;’) B:t’s wes Bp,)’
where ¥ is rational and integral in its arguments. We also,
upon expressing the annihilation by £Q, obtain that

d d
((lo a(ll +b0-b—b~l) F=0 H

and this tells us that F involves a@,, b, in the connexion
a,b, —a,b, only.

And, quite generally, rational integral seminvariants (in-
cluding, of course, invariants) of any number of binary
quantics are rational functions of sets of protomorphs of
those quantics severally, and of the leaders

1oy —a by ooy —aey, ...

of the Jacobians of one of the quantics and the rest, and arc
integral except as to powers of «,, b, ¢,,..., the leaders of
the quantics themselves.

169. Protomorphs applied to the analysis of irreducible
systems. The cubic. There is a method due to Caylcy for
finding the complete system of irreducible seminvariants and
invariants of a binary quantic, and therefore the system of
irreducible covariants and invariants, from & system of proto-
morphs, which is simple for the cases of the cubic and the
quartic.

It is of very little consequence whether we start from the
system of grotomorphs Uy, Ay Ag,...4, of § 163, or the
system «,, C,, C,...C,, of §§ 165, 165 (bix). For the cubic these
systems are the same, since 4,=(); and 4,=C,

By § 163 any seminvariant of degree ¢ and weight w of the
cubice («, b, ¢, d) (x, y)® is of the form

a™"HF(4,, A,),
where F(4,, 4,) is rational and integral.

Here, if © >w, the seminvariant is integrally expressed, and
has the [iositive power ¢ of a as a factor. It is then
a rationa integral function of u, A,, A;, and is not irre-
ducible, unless 1t be vnly « itself.

If = w the seminvariant is a rational integral function
F(4, A,) of A, and 4;, and is not irreducible unless it be
either 4, or 4, 1tsclf,
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Any irreducible seminvariant, other than «, 4,, 4,, must
then be the result of dividing some rational integral function
of A, and 4, by a powerof @. Such a function, being divisible
by @, must vanish when a = 0, i.e. when we put for Ag, A,
the values

A/ = ~b%, A = 2b.
Now the one rational integral function of these which
vanishes is
A;;’. + 4 Ag"-
Any other can only vanish in consequence of having this for
a factor. We are thus led to form
A2 4442 =B {a?d®—6abod + 1a6® + 4b3d— 3123}
=«tA,
and to conclude that A is a seminvariant—it is of course the
diseriminant, a full invariant. It is found as one whose
weight exceeds its degree, so that it is not a rational integral
function of «, 4, 4.

We are also led to conclude that any other seminvariant
whose weight exceeds its degree is given by the rejection of
an a factor from a funetion ¥ (4,, 4,) of which

Al +44 2 =a®A
is o factor, and consequently that it has A for a factor, and is
not irreducible, but & rational integral function of «, 4,4, 44, A.

Thus all rational integral seminvariants of the cubic are
rational integral functions of some or all of a, A,, 4;, 4,
which alone are irreducible, and are connected by the syzygy

A2+ 44 = afA.
These are the results of § 141.

170. Irreducible system for the quartic. Consider now
the quartic (a, b, ¢, d, ¢) (v, y)*; and take the protomorphs of
$3 165, 165 (bis),

a, Cy=ac—1? 0O,=a*d—-3abc+20% C,=ue—4bd+3c
the terms free from « in which are
0, ¢/= =W, 0/ =208 C/=—4bd+3c

As in the last article we are led to & seminvariant (not now

an invariant)
D = a?d?®~ 6abed + 4uc® + 403°d — 352 ¢?,
which may, so far as we know at present, turn out io be

irreducible, though that it was irreducible in the.case of the
cubie, for which there were threc protomorphs only, affords
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no reason why it should be now that there are four, The
terms free from ¢ in D are
D= 4 d—3bé
Any seminvariant not a rational integral function of these
five will, by § 165, be the result of rejecting a factor which
is a powor of « from a rational integral function of a, C,, C,, C,;
and such a rational integral function may present itself in the

form
F(a, G, Cy, C,, D),

where Fis rational and integral in its arguments. The result
of putting « = 0 in this is

F,c/, ¢, ¢, D),
and must vanish identically, since F, expressed in terms of
«, b, e, d, e, has « for a factor.

Now a result, distinet from 6’3" +40)/ ®— 0 which led to D,

of eliminating b, ¢, d from

V=~ C/=20, O = —4bd+3¢% I = 4b63d—-3b%c?,
is ¢/c/-D =o,
and this leads to

C,0—D = a(uce + 2bed —ad? = b2e—c?)
=ad,

which shows two things: (1) that there is a new seminvariant
J, an invariant, in fact, which may prove to be irrcducible ;
and (2) that D is not irreducible, but is equal to C,C,—aJ.

We have now further to look for rational integral functions
of a, C,, Cy, C,, J which have « for a factor, so that the same
functions of

0, 0= -l¥ C/=2p, C'=-4bd+3c,
J = 2bed —bte— ¢
vanish identically.

But therc are no such new functions. For C,” involves
a letter ¢ which does not occur in C, or (), so that no
relation connects it with them ; and J” involves e which does
not oceur in either €y, €, or U/, so that it again is indepen-
dent of the preceding.

Conseyuently «, C,, C;, C,, J is the complete system of
irreducible seminvariants and invariants of the quartic. Of
these C, is what in previous chapters we have called I. The
result is that of § 145.

The one syzygy which conncets members of the irreducible
system (cf. g 145) is also exhibited. We have, as above,

Ct+4C2=da?D, and CLO,--D=aJ,
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from which, after elimination of the reducible D, there results
a®J —a®C,C, + C2 + 40,2 = 0.

171. The method is not suited for extended application to
higher hinary quanties. It may be pursued in dealing with
the quintic and the sextic, but the labour is enormous owing
to the number of eliminations and the length and complexity
of the functions dealt with. Moreover scrious theoretical
difficulties present themselves, and without guidance by a
knowledge of the results to be obtained those results could
hardly be thus arrived at with certainty.

Ono general fact should be mentioned. The protomorphs
ty, Gy, Cy, C,,...0p are in all cases irreducible; for every
one involves a letter absent from all the preceding, involves it
to the first degree only, and is of lowest possible degree for its
weight. The same cannot he sa’‘d of the other system of
Krotomorphs @y, A,, A,,...A4,, which after the third are of

igher degrees than the lowest possible.

172. A seminvariant arranged by powers of ¢,, When in
a seminvariant, or, in particular, invariant, the terms free from
a, are known, the whole is known.

This has been proved in § 161. We have only to replace
in the given terms a,, a.,...a, by the «,’, a,...a,” of that
article.

Any gradient in a,, ¢y, @, ... @, is a scminvariant, but not
necessarily an integral seminvariant.

A seminvariant which is integral may be expressed in its
integral form, when its terms free from a, are known, by aid
of difforentiations only in virtue of the following.

Lot @; be tho given terms free from a@,, and suppose the
whole seminvariant to be

S E Q‘+alQi-l+alel‘2+ “ee + al'“Q;_,.,

where @, @, Qi_s, ... @i—m are all free from a,, and where
m is some number not exceeding 7, the degree of S.
If we write

2 d d d d
Q =(’05’(7;+2a1 b_u—2+ (3%3(73 +4“3E+...+pa,,-1 b_a;)

=aob—az+2a1372+w,

where w does not involve either a, or 3/3«,, then

Q(arQ) = apr1.ua Q+a".mQ+a“"".2—9— Q.
1 1 0 1 1 aus
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Hence, arranging the seminvariant condition QS =0 bﬁ
powers of a,, and expressing that the parts of Q8 wit
different powers of afl or factors must vanish separately, we

have the succession of facts

a,Q;-, + 0@, =0,

d
2a0Q; o+ 0@ +2 Sa @ =0,

ty

p:]
300Q; 3+ 0@y +2 mQ/-l =0,
0Qip+2 3-Q =0
ewt 25w = O

P
2 &"2 Q{-m = 0,

of which all but the last two suffice to determine from
Q, the expressions for Q;_;, @ ... Q;-» in succession by
operations with w, i.e. by ditferentiations.

The last cquation tells us that the terms multiplying the
highest power of @, which occurs in a seminvariant are
from a,. .

Ex. 19. State the corresponding facts with regard to anti-semin-
variants, derived from their annihilator O.

173. A simpler method of determining the whole semin-
variant S, when its terms Q; free from «, are known, is given

as follows.
For any gradient whatever the following is an identity,

-4 _L‘lﬁzz_ 1 a4’ =
Q{1= 8+ 7550 T2 aap Y=o

since the left-hand member is

QG
—4eg-06
@
4 Y gy LG
1.2 Uy
1 up 1 2
1.2.3&.,?"3‘(2 G"l‘.’é&}“(}

S
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of which the terms cancel against one another up to a certain
point, and after that point vanish.
Now take @, for the gradient G. We obtain that

oo Py 1 o’
(l aoﬂ+ 1.2%"9 1.2.3a03'Q' +"°)Q'
is annihilated by £, and is consequently a seminvariant unless
it vanishes. But it does not vanish since its terms @; free
from a, do not.
Its form is apparently fractional, but cannot be really so.
It must, in fact, be exactly

Qi+ Qi ,+a.2Q 3+ ... +3,"Qi_n3

for otherwise the difference of the two would be divisible by
«, and annihilated by ©. Now this is impossible, since no
seminvariant can have @, for a factor, seminvariants being

. a2 a. . .
functions of a,, @,— *-» a;— 3-2a,+ 2-%,..., which are the
% % o

non-vanishing and independent a,, @,, ¢;, ... when a, = 0.
The full expression for a seminvariant is then found by
operating on its terms free from a, with
a 1 «? 1
1—-! — Lo L 034,
aou+ 1.2(10”9' l.2.3a03& +

Ex. 20. Prove that this operator annihilates any gradient with
a, for a factor, and produces from any other gradient a seminvariant,
not necessarily integral, which is also produced from the terms in it
which are free from a,.

Ex. 21. If ¢ is any gradient, Q(a, @) involves as many arbitraries
as G.

174. Annihilator of terms free from «, in invariants. There
does not seem to be a simple general method for finding the
terms free from @, in integral seminvariants of given type.
The case is different, however, with regard to ¢nvariants,
which are at once seminvariants and anti-seminvariants. The
terms free from @, in an invariant have an annihilator, which
suffices to determine them. The fact is due to Cayley.

Congider the two annihilators,

b} b} J P}
Q=do g, t By T35y Foe PO a5,

d d d , d
0 = pa, da, + (p—l)azﬁ; + (p—2)ay Sa, +otd, 0,
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of invariants of a binary p-ie. Eliminating 3/a, we have
= ) d
a0—(p—1) ;@ =a, { pao&;o -2(p-1) azgz }

J d d
+a,,{(p—2) a, ’a, +(p—38)u, ’d, +..+a, 3;;1-}

d 9 d
—(p-1) “2{3%%3 +4«'33_¢;; + ... +pa,, b—&;}

= a9+, say,

where ¢ and ¥ do not involve a, or 3/3¢,.
Now let an invariant, arranged by powers of «, as in the
last two articles, be written
I = .R;+ al.R;_l + algR‘_z + cee + al’"R‘_..

Wo find that, since 2 and O, and therefore a,0—(p—1)a,Q,
annihilate 7, VR, =0

ll’-R,'_]_ + ¢Ri = 09
‘PRI—2+ ¢Rl—1 =0,
¢Ri—m = 0.

Of these the first is the result important for our purpose ;
but before examining it we notice that the last, viz.

P d
{Paosg —2 (0= Rn=o,

tells us that, since 5—3—; R,_, =0 by § 172, we must also have
2 o

Sa R, , =0, i.e. that the terms which multiply the highest
0

power of ¢, which ocours in any invariant are free from both
a, and a,.

*The more important conclusion, gathered from the first of
the above equalities, is that the terms free from «, in an
invariant of a binary p-ic have the annihilator

2 2 2
\PEaO{(p—2)a;,5;; Hp=3) a5, +ot g }

=1

P 9 d
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We need to know conversely thatall gradients in a,,a,, @g,...@p.
for which 4p = 2w, and which have ¥ for an annihilator,
are the terms free from @, in invariants. When this is known
we can be sure that we have a means, by expressing the anni-
hilation by y, of finding these terms in all invariants of a given
degree, and thence, in either of the ways of §§ 161, 172, 173,
the complete expressions of the invariants.

We shall encounter a proof of this converse proposition in
the next chapter (cf. § 186). It amounts to proving that all

ients for which @ = 2w in «, ag, ¢y ...a,’, the coef-
cients in the quantic deprived of its second term as in § 162,
which are annihilated by ¥/, the result of accenting the letters
(g, Qg, ... Ay in Y, are invariants, i.e. are annihilated by O as
well as by @, which latter must annihilate them since it
annihilates a,, «/, «y, a,’. Note that no oxpression fractional
in a, can be annihilated by O.

It is for the present left to the student to cstablish the
proposition for himself by the sequence of theorems of the
following four examples. He will see from Ex, 25 that if
@' satisfy y'G’ = 0 it must certainly satisfy OG’ = 0, provided
p—2w = 0, as is the case.

Ex. 22. Prove that, if by the substitution 2 = X +m Y, y = Y the
quantic (a,, a,, @,, ... ) (2, ¥)? is transformed into
(8, 8, 8,5 w00 0p) (X, Y)P, s0 that (§ 92)
ﬂo = ao,
8, = a,t+a,m,
a, = ay+ 2a,m + aym®, &c. &c.,

then

d
r___
+ .o +m ba,,’

) g d
+m$l +m ba,

d
and, generally,

9
{1.2.3...1‘—+2.3...(r+1)m +..
r

Oty

d
+(p—r+1) (p—7+2) ... pm*~" -a-t—t--} >
the last cuse of which is ’
b} J

Say = 33,
the operations on the left being all upon a function of a,, a,, a,, ... a,,
and those on the right all on the function of a,, a,, 8, ..: 8, to which

it is equal.
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Ex. 23. Hence show that the operators

AT Y
= a"ﬁo 1 aal son +a‘, aap’

_ d d
Sl = (toa—al- +2a‘ b—a, E +]Kl,._| 5(—';”
, a_l. — b. _a. _a_
= a, Q= *a, +2a’ba, LR A da,
Gl 2 124 0 3_}
—_ {a, da, +2a, da, +.. +Pa’"‘aa,, s

“o
G . g K _ P o
0— 2, (fp—2w) a Q= pa, 3, +(p—1)a, 2, +...+a, Sa,,

“ S, S L (p=1)a, O e —puy
T a, {p% dd, +(p—2)a, da, +( 4)“’5113 R da,
N d d d }
a,’{“"bal +2a, 2, T o L “Qa, ’
transform into operators of like forms.

Ex. 24. Show that the only necessary modification of the above when
the operation is on a seminvariant, and when m is the non-constant
—a,/a,, and n,, a,, 1,, ... 2, are consequently the a,, 0, e/, a), ... a,’
of § 162, is that the undetermined d/da,’ is to be taken as defined hy
the persistence in form of .

Ex. 25. By this and the fourth of Ex. 23 prove that the effect of
operating with y/, i.c.

] d P:)
’—— — ’ — ’ -
@, {(p 2)a, 3a; +(p—3)u, Sy +tuy, > }

-1

d J d
— (p-—-l) a,' {3([" a—a‘; + 4 aa' aa—; + ... +pa'P_, aa"——,} ]
3 4 4
on a gradient in «,, ', 4y, ... @, is the same as that of operating on

the equivalent function of «,, a,, a,, ... a, with a,0—a, (ip—2w),
since 2 annihilates it.

175. Taking p = 5, i.e. the case of the quintic

(¢, b, ¢, d, e f) (x, y)°,
the annihilator ¢ is
3add/dc+ (2ae—12¢%) 3/3d + (af — 16¢d) 3/de —20ced/df.

An invariant of the quintic of degree 7, and consequently of
weight £ 4, if such exist, can then be found as follows. Write
down the most general gradient of the type in «, ¢, d, ¢, f.
Operate on it with the annihilator ¥, and equute to zero the
coefficients of the various terms in the result. If the equations
can be satisfied by values of the arbitrary coefficients in tho
assumed gradient which are not all zero, we obtain as many
linearly independent invariants of the type as there are
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coefficients left arbitrary. If they cannot be so satisfied there
is no invariant of the type.

The terms R, free from b in the invariant are thus found,
and the whole expression for the invariant of which R; is part
is by § 178 R,

;vhebre, after the operations are performed, 8 is to be replaced
.
yIn/thirs way the invariants of degrees 4, 8,12, 18 of the
(uintic may, with much labour in the last two cases, be cal-
culated.

For the sextic (u, b, ¢, d, ¢, f, g) (x, y)® the annihilator ¥ of
terms free from b in invariants is, writing ?,, &e., for 3/2¢, &c.,

4add, + (3ue—15¢%)d, + (2uf — 20¢d)?, + (ay — 25¢€) & — 30¢f 3,

by means of which the invariants of degrees 2, 4, 6,10, 15 may
be found.
And similarly for higher quantics in succession.

Ex. 26. Integrate by Lagrange’s method the differential equation
for the case of the cubic
VG = (add,—60%d,) G = 0,
and thus show, remembering 3¢ = 2w, that an invariant of the cubic
is necessarily a power of a’d” + 4 ac™, where
N
6’=6—£ad’=d—-§93+-2-b?'
a o @&
Ex. 27. Integrate the differential equation for the case of the
quartic
YO = {2add,+(ae—9¢%)d,—12¢dd,} ¢ = 0,
aud show that invariants of the quartic are functions of the invariants
ae’ + 3¢, ad’d —ad”— ¢,

176. Seminvariants arranged by powers of their most
advanced letter. The present is a convenient place for
a theorem or two not directly connected with the rest of
the chapter.

Take a seminvariant § of extent ». We are not necessarily
regarding it as a seminvariant of a p-ic in particular. It is
equally one of course of any binary quantic of order not less
than p, whose first p+ 1 coefficients (after rejection of their
binomial factors) are the a,, a,, ¢y, ... a, involved in S.

Arrange § according to powers of a,, its most advanced
letter, and write it

S=urB+a," B+u3E+...+ B,
where suffixes of F's do not of course, as they did in § 172,
&c,, indicate degree,
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Express the annibilation of 8 by Q, i.e. by

d ) ' d )
a da; +2a, 3, +.o+(p=1)a,, Sig + Py 2a,’
The terms involving ditferent powers of «, in 28 must vanish
separately, for the vanishing is identical. Hence
QF =0,
QR +npa, R =0,
QB+(n—1) paty B =0,

QR +pa,_, L, =0.
From thesc identities we draw, among others, the following
conclusions.

(1) B, the function of «,, ¢, «,, ... ¢,_, which is the co-
cfficient of the highest power of «,, the most advanced letter
which occurs, in a seminvariant 3, is itself a seminvariant.

(2) When E, which consists of the terms free from a,, the
most advanced letter in a seminvariant, is known, the rest
of the seminvariant can be found by aid of a succession of
operations with 2 and divisions by multiples of «,_,, i.e. by
aid of differentiations and elementary algebraical processes
only.

Ex. 28. In the case of an invariant, prove that also when the
terms free from a, are kuown the whole invariant can be written
down by aid of differentiations and eclementary algebraical processes
only.

Y Ans.  Consider the annihilation by O as we have that by £.

177. Seminvariants as seminvariants of seminvariants.
Another interesting conclusion which can be drawn from the
identities of the preceding article is that any seminvariant of
a seminvariant OF a binary quantic, regarded as itself a binary
quantic in «,:1, where ¢, is the most advanced letter in-
volved, is a seminvariant of the original quantic.

If f(B BB, ... B)

is any function of the P,
9 of b} 9
O (B, R B B) = 350K+ 0K+ 0K+t R
d
= —ptps {nkisp + (=1

{ o

p:}
+B sl B B B B,

we

by the identities proved.
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Now the seminvariant & of the last articlo is
(B, B, L, ... E) (a,, 1)*,
and if we write this
(R’ B,’ '1;” e 'H) (aﬂ’ l)"’
we have generally
P= n (n-—l).;:’(n—r+ 1) 2.
But, with this change of notation,
d L d

?
By =1 E 5 + (=) By

d
ot by p

e > , 2 , 2
=}6()I‘;;+2RBH+3I§ w"‘-.."l‘npu 13}')"

whieh is of the form of Q, and annihilates functions of the P's
which are seminvariants of S looked upon as a quantic in a,: 1.
Such seminvariants are then also annihilated by ©, i.e.
they are seminvariants of the quantic whose coeflicients are
Ty, @y, Ay, Q, ... .
This includes as a vory particular case the result (1) of the
preceding article.

Ex. 29. Meaning by semi-covariant of (@, @, ... a,) (%, ¥)" o
function of the coefficicnts and variables annihilated by Q—yd/dz,
prove that any semi-covariant of a seminvariant of a binary quantic
regarded as itself a binary quantic in a,:1, where a, is its most
advanced letter, is a seminvariant of the quantic. (L. . Thompson.)

178. Seminvariants derived by differentiation of semin-
variants. One more fact with regard to any seminvariant
and its most advanced letter a, may be mentioned.

We immediately prove the alternant identity

2~ 2 0=0, or = —(pt+1)—
du, b;p =hor=-Uu )bapﬂ’

according as 2 does not or does extend beyond a,.

If then &§ is & seminvariant which does not extend beyond «,,

Q. a,S’/ba‘, =0,

i.e. 38/3a, is a seminvariant.

By repetition it follows that 328/3a,? 338/3¢? ... are
seminvariants, unless they vanish.

This again includes as a particular case the result (1) of § 176.

If @, is & letter short of the last «, which occurs in a semin-
variant, we have

> . 18
bE,'S - —'Fﬂba,_l.
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The theorems of these last articles are partly Cayley’s and
partly Sylvester’s.

179. Passage from disoriminant to disecriminant. To Cayley
is due an application of § 176 (2) to the determination
of the discriminant of a binary p-ic from that of a binary
(p—1)-ic. Let us apply it to find the diseriminant of a cubic
from that of & quadratic.

The discriminant of (a, b, ¢, d) (2, ¥)° is an invariant which,
when we put & = 0 in it, becomes the diseriminant of

@ («at + 3bay + 3¢y?),
which is & numerical multiple of the product of the squares
of differences between 0, a, 8, where a, 8 are the roots of

ux® + 3bwy + 3cy?®, with the factor a* necessitated by its known
degree. Now this is a numerical multiple of a*(aB)?(a—8)3

Le. of c®(4ac— 3b%).
These then are the terms free from the most advanced

coefficient ¢/ in the discriminant of the cubic. The other
terms are determined from them as an example of § 176,

180. Operators which generate seminvariants. Semin-
variants and invariants can be derived from gradients which
are not seminvariants by operations involving differentiation
and elementary algebraical processes only. In fact, all semin-
variants can be thus obtained. The idea is Hilbert’s.

In § 128, Ex. 8, it has been fpointed out, and the fact has
been used in § 1567 (ter), that if F' is any gradient in some or
all of @, a,, ... , for which 7 = ip—2w L —1, then

oQ oQ oQ

(- iGre) (O~ ofag) (- arary) ¥ O
is a seminvariant or.zero—the latter of course if = —1. The
fact is so important that other forms of operator equally
1e)f;l‘eo'i;ive for producing seminvariants from gradients will now

given.

It was proved in § 128 that, if G is any gradient in
Ugy Qgy Gy, «e. By, Or Some of them, for which 5 = ip—2w is
Ppositive,

1
1.2.9(n+1)
1
T 1.2 8 @ +1)(n+3)

{1—1—1—no+ 2030
N

uoms+...}a= 0,
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and in § 100 was proved the really equivalent theorem that in
the same case

1 Q0 Q302 0303
{ —Tw T

+...}G= 0.

Now for @ put QF, where F is any gradient of degree 7 and
weight w+1 in a,, @,, ag,... @, or some of them. The two
theorems tell us that

1 1 .
9{1_1_._1,09-‘- 1.2.9(n+1)
_ 1

1.2.3.9(n+1)(n+2)
oQ Qo0 02030
Tty T e +“'}F= 0

030"’+...}F= 0

and .Q.{l—

Now write w instead of w+1, so that F is any gradient of
weight w and degree 7 in a,, a,, g, ... @,, or some of them, for
which 5 = ip—2w is greater than —2, i.e. ¢ —1. Wo have
to put 7+ 2 for n, and deduce that

_ 1 1 203
{1 Tt i a2
— 1 03
1.2.8.q+2)(n+3)(n+9)
or its equivalent
2 308
{1 oo 0020 Q3030 }F,

m—...}F, ()

e (9)

is annihilated by @, so that it is either zero or a seminvariant.
In particular, taking 7 = ip—2w = 0, so that the expres-
sion (2) is
: oQ + 0*e*  0°0f
{ T1.2 71,203 1.22.3%.4

— ot e a

+}F

this, and equally the expression (3), is either zero or an
invariant.
If n = ip—2w = —1 for F, the expression (2) is
2 OS2 303
{1 oo 030 020 } F

—mwtEm e m e et
481 Q
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and this, or its equivalent the second expression, is necessarily
zero, for there are no seminvariants (of. § 112) for which
1p—2w = —1. .
pIt will be noticed that the operator in (3) has the advantage
over those in (1) and (2) of not involving 5 exElioitly, though
for its effectiveness we must have 5 < —1. The general con-
clusion arrived at is that if we write down any ient or
sum of gradients whatever, with arbitrary multipliers, and
arbitrary degrees and weights subject to #p—2w { —1, the
result of operating on that sum with

0oa Qo0'Q Q00

-+ gt

is a sum of seminvariants and invariants, except for cases
when it vanishes, as it must in particular for degree-weights
subject to ip—2w = —1.

It is not hard to show by § 125 that the operators in
(1), (2), (8), though in very different forms, are the same.

181. We thus obtain all seminvariants and invariants
whatever. To see this it suffices to observe that the result of
operating on any seminvariant S is to produce S itself, for
Q8 = 0, so that 028 = 0, 20%Q8 = 0, &e.

If, then, we operate on the most general gradient of weight
w, degree i, and extent in no term exceeding p, which ac-
cordingly contains (w; ¢, p) arbitraries, we obtain a result
with (w; ¢, p)— (w—1; 4, p) arbitraries, which is the most
general seminvariant of the type in question. There is always
the requirement ip—23w 4 —1.

We may distinguish between those gradients of type w, 4, p
from which either form of operator produces seminvariants,
and those which it annihilates. The latter are those gradients
F of the type which are of the form OF’. [Note that if
ip—2(ip—w), i.e. 2w—1ip, were positive, all gradients F
would be of the form OF", by the duality of 2 and O and
the fact that when ¢p—2w is positive all gradients are of
the form QF”. But we are attending to cases in which
p—2w { —1, for which, except in the one case where < is
replaced by =, there is no such expression in general possible.]

his we can see as follows. First, if the result of operation
vanishes, F is of the form OF’, for the expression of the

vanishing of (2) may be written
Q 00
F= 0t i aes 1 E
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which is of the form in question. Secondly, the operator
must annihilate an OF’, For

0Q 0202
{1— .o+t 1.2.(q+2)(n+s)—"‘}0ﬁv
_ Q0 0920
- 0{1— L.a+2) T T.2.(+2) (n+3)-"'}F”
20 2020
=0{1_1°(’l+2) 1-2-(n+2)(n+3)_'"}jv’

since 02.20 =00.08, 02Q%. 00 = Q0.0%*Q34,... l};
§ 125, Ex. 4. Now this must vanish, for 5 +2 is the n of
and is positive, so that the expression is O operating on a
vanishing result, by the first equality in § 180.

182. To determine seminvariants and invariants by this
method we naturally operate on the simplest gradients we
can choose, i.e. on single products of letters chosen from
among a,, @;, @, ... d,. Unfortunately no simple rule presents
itself as to what products can and what cannot be written in
the form OF", i.e. what products lead to seminvariants or
invariants and what to zeroes. '

In the next chapter we shall, however, see that when we
are not limited to a particular extent » a like method can
be employed with perfect definiteness, and we can assign
an exact system of products to which there is & one to one
correspondence of seminvariants,

Ex. 30. Obtain the invariant ace+ 2bed —ad®—b%—o® of a quartic
by operating on a single term of it with
oo 0! 0 Q3 +
2 t1o3 1.7.9.4

Ex. 31. If #=O0F’, where F is of the type w, i, p and
tp—2w<{ —1, prove that

1 Q0 Q07
F= Q‘{i"' rat 1*.2*.3'_"‘} F.

Hence if F” is general of type w—1, i, p, so as to involve
(w—1 ; 4, p) arbitrary coefficients, # or OF’ must also be a sum of
(w—1; 1, p) independent multiples of linearly independent gradients.

182 (bis). The above has all been stated for one quantic
only. In the case of a system, we have onli to replace Q and
O by =2 and X0, and to mean = (ip) — 2w by 1.

so covariants of a p-ic are (§ 69) invariants. of the p-ic
Q2

1—
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and ay — &'y, with accents removed. Thus, in particular,
from a rational integral function of ay, @,,...a, and @, y of
degree ¢ and order w, and of total w f:t 1 (p + w), attaching
weights 1, 0 to « and y, the opera.tor

0  0'g" o’
1.2 1.28.3 1.2%.3%.4
where Q'=Q—y2/3z and 0’= 0—=d/2y, derives a co-
variant or zero.

Ex. 32. Show that the covariant produced from Sz¥, the first term
in a covariant C, by operation with 1— ——1— QY +... is C.

1— - ey

1

=+1
Ex. 33. If KX,, K,,... K,, are the covariants of a 2m-ic or

(2n+1)ic w which are led by the guadratic protomorphs C;, C,,

. Cya, and if K is any other covariant (no¢ invariant), a relation
holds of the form

K*=Tu+T K+ T, K +...+ T, Ky,
where % is a positive integer, and T, T}, ... T, are covariants.

Ans. In Ex. 21, with S the seminvariant leader of X, substitute
1du 1 du
“ p3y pp—D P
"KM = Quu+ Q K, + Q. K, + ...+ Qu Ky
follows, where such as do not vanish among Q,, @,, ... @, are rational
and integral in the coefficients and variables. Multiply by «*, so
choosing A that A+mw = pu(ip—2w), with p an integer, and also by
S*, Then operate as above, getting the result with m+ u for n.

. for a,, @, a;, ... By § 160 a relation



CHAPTER XI

FURTHER THEORY OF SEMINVARIANTS. THE BINARY
QUANTIC OF INFINITE ORDER.

183. O expressed by means of roots. We commence this
chapter by & consideration of the expression of seminvariants
by means of the roots of a quantic, and more particularly by
means of the sums of like powers of the roots, which might
well have been given at a much earlier stage.

It was seen in § 91 that a seminvariant of

(@) @y By, o.e Op) (, 1)7,
in virtue of its having

d d d
QEG‘)SEI' +2al’a_'a2+oon+m,_la—‘;’ coe (l)

for an annihilator, is a function of @, and the differences
between roots. It is accordingly annihilated by
dy_d 2 d
E(a =5‘Il+a—a,+"‘+'aT,’ . (2)
where a,;, a,, ... a, are the roots. In § 88 we have seen that
functions of the roots annihilated by (2) are necessarily funec-
tions of their differences.

We can see as follows, what is thus su%ﬁested, that the
effects on any function of the coefficients, which is therefore
a function of @, and the roots, of the operators (1) and (2) are
identical, but for sign.

If

f (@) = (ay, ay, ag, ... a,) (z, 1) = a, (x—a) (£—a,) ... (x—a,),

%lf(m) = —a,(®—ay) (®—ay) ... (B—a,) = — 5«'{%

Thereforo = (a—a&)f(a:) = —Ea{—f’% = —f (a).

Now in this identity equate coefficients of the same powers
of @ on the left and right. It follows that

d
E(-ﬁ) Go = 0,

() a = —ay
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E(;;) Ay = —2@1,
X .
3 (a—‘;) Op=—POp_y.

Consequently, when operating on any function of
gy Uy Qgyeee Ty

d 2 d
2(5;)53(3—.;)%-53;

d d 9 d
+E(E)Cl«1-ﬁ-l+-u+2(b—a-)a,.m
e d gy 2 >
='—ao'a-d-;— alr“s—-n—pal,_l'a—u;
=-Q.

184. Q expressed by means of sums of powers of roots.
Now by Newton’s formulae for symmetric functions (Burnside
and Panton,4thed.,§ 77), a,, ay,... @, can be expressed, rationally
and integrally, in terms of a, and s, 8,, ... 8,, the sums of the
first, second, ... pth powers of the roots. Thus any rational
integral function of a,, a,, a,,...a, may be expressed as
a rational integral function of @, and s, , 8;,...8,. Let us find
the expression for = (3/3a) which is suitable for operating with
on functions so expressed.

We have at once 8 =ra,",

P:]
da,
so that 3 (;:) 8 = 18,5,

In particular b (%) 8, = p = 8, 8aY.

Also = (%) @, =0. Thus, the operation being on a-function

of a, and s,, 8,, ... 8,,
9 P} d b} 9
2(52)=32(55) % Say +2(a—,,)°1-s;1
d d 9 o
+2(-a;)89.-a;" +...+2(~b—a)8p.3?’

= ___3 + 28 __3 Foit 8 3; '
% 28, 8y -1 bs,’
here 8, = p.
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We conclude that

- p:} d
Q= a@a—a; +2015—a’ +...+pap-1r"’

= {s 2 poe bt _a_}
= 08, 8138, . ps"'lbs,’

i.e. that the Q operator is identical in form, but for sign,
when expressed in form for operation on a function of @, and
the &'s, as when expressed in form for operation on the equi-
valent function of a,, @,, a;, ... a,. Note however the absence
of a, from the s-form of Q.

We gather then that, when a function of a,, a,, a,,...a, 8
a seminvariant, so is the same function of s,, i.e. p, and
85 83, ++. 8y« The latter function when expressed in terms of
the a’s will of course have a negative power of a, as factor,
since the &'s are functions of the ratios of the a’s to a,.

The idea of this duality appears to be due to M. Roberts.

Ex. 1. If a homogeneous isobaric function of degree ¢, in the
coefficients, and weight w, be called ¢, when expressed in terms of
@y, Gyy Gy, +u0 Gy, 80d ¢, When expressed in terms of a, and the roots,

¢, when expressed in terms of a, and s,, 8, ... 8,, and ¢ when no
particular expression is necessarily implied, prove that

R d p) d d d
ip= (“oa-;o L Pry +---+%g;)¢;— 05, P = o3, b
Ex. 2. With the same notation
d d d d
wp = (a, 3a, +2a,3—;’ + ...+ pa, a—ap)(ﬁl = E(a-a:)tﬁ,
P d d
— (81 ‘b‘;l +28'5_8; + sen +p8'§;)¢a'

Ex. 3. With the same notation

3] o oo +(p—1ya, )
{o_wa_.,} ¢= {[Pa’bao +(p=1)a, da, *o +a"ba,_1

—p%fa 2 pa X l]}
P;,[a" oa, +a13a1 Ho +a"ba, s

d d d d
= E(“’ 'a';)'f’n = {31 35, +28"b_s, +.. +P‘p+1E} b5
which by Ex. 1 may also be written
? . ?
0% =gt 5y +Ho— D5+ ka5 |0
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= {z(e 2)—32(a)a, 5-3-0} s

d d d d
= {"‘laoé'a"; +‘!$1 +2"a'a—"’ + ... +P’p+1$;} [

Ans. Prove the ¢,, ¢, equality by considering that, as in § 183,
the effect of —O is that of Z(d/3a~") on the function expressed in
terms of a, and a,, a,, ... a,.

Ex. 4. By means of the expressions for the operators in terms
of a, and roots prove the known equivalence of an operator and

a multiplier
Q0-02 =ip—2w.
Ex. 5. By Leibnitz’ theorem prove (§ 125, Ex. 1) that

Q0—00r = (-1y {(2 %)'[2 (D)~ (@), a'i'.,]

d d Ay
- [E (a’ E-") —3(a)a, s;x—o] (EE) }
=r(ip—2w+r—1)Qr7,
Ex. 6. By means of the equivalence of
d 9 9 d
2 (571) and 8°b_e, +2s,3;' +.. +pa,_,§-a—p,
prove that, if 85,,, 85,4, ... be regarded as functions of s, 8,, ... 85,
d d d

—Qsy,, = (’ob'_;1 +23 ds, + oo+ popy 5;;) Spie = (P+7) 8psr_se

Ex. 7. By means of Ex, 3 prove that, whether m be less than equal
to or greater than p,

d d d
M8y 4y = (8’371 +2.s,5—8’ F e +P8p 4y Sa—,) 8,4 = 0s,,.
Ex. 8. Also, even when m exceeds p,

? ? ?
M8y, = (305_8; +23137’ F o tpsy,y E) 8y = — sy,

185. It must be borne in mind that two distinet things
may be meant by the expression of & function of a,, a,, a,, ... a,
in terms of a, and the sums of the powers of the roots. We
may mean the expression in terms of a, and s, 8,, 8;,... 8,
only, This expression is in all cases unique, and, when the
function of a,, a,, a,,...a, is rational and inte, and of
weight not greater than p, is the only expression. When, how-
ever, the weight exceeds p, there will be, as a rule, also other
expressions involving 8,1, 8y4g, ... Or some of them as well
as lower sums. The above articles contemplate the unique
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expression obtained from any correct expression by giving in
it t0 8541, 8p4g; ... their values in terms of s,, s, ... 8,.

We s have occasion presently to consider the binary
quantic of infinite order, in which the series a,, a,, a,, a;, ... of
coefficients is unending. In its case the distinction docs not
arise.

Ex. 9. Prove that, if a homogeneous isobaric function ¢ of
@, Gy, G,,...a, i3 expressed in any manner in terms of a4, and
8, 835 +ve 8p, 8p4y, +o , ADA When so expressed is called ¢,,

d d
(1) Q¢= —_ {8051 +2a‘b—a, +... to W} ¢‘,
. d
(2) i =“o§‘a"°¢u
(3) wp = { 2 o gt
) wop = a’bal+ 8’5—.«; +.. to co}d)‘,
. @l d 2
(4) {O—apa;}zb = {”5—0, + 23, 35, +... to co}d),.
186. Completion of § 174. It is interesting to gather, from

§ 183 and the examples which follow § 184, the following
conelusions :

d
-.(z=z(s;).
9
’w—%‘)ﬂ= 2{(a+%)$}s

a . a? 2
0—2(ip—2u)- 0 = 2{(a+ ) o}

which, if we put o’ for a + ;ﬂ and similarly as to all the roots,
0
i. e. if we transform (a,, a,, a,, ... @) (@, 1)? into

(o, 0, af, ... ) (x +a,/a, 1)%,
a form without its second term, may be written

-0 = 2(5-1-,) =—Q.',
d
w-—%:ﬂ = E(a’a—a,) = o,

@y s ‘i’ — 5\ _ o
0—- a‘—)('bp—zw) —-%,Q = E(a ba') =0,
the remainders of the right-hand sides vanishing since a,” = 0.
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We must not lose sight here of the tacit assumption made
that the function operated on ean be expressed in terms of a
and a}+a,1/a,,, +a,/ay, ... ap+a, /a,, Which we have called
a’, a,...a. e functions which can be so exa;iwressed are,
we know, seminvariants. The sccond equation really exhibits
the fact anew. The weights w and w’ are equal. Consequently
that equation gives Q = 0, i.e. that the function operated on
is & seminvariant.

In these equalities 2, 0’ and w/ (regarded as an operator)
are the same operators in a,, a,/ (= 0), a5’ ... @, 88 2, O and w
are in @, a,, dg, ... @,. They contain the symbol 3/da,” whose
meaning is not obvious, but is really defined by the first of the
equalities.

This symbol may be eliminated by subtracting (,p —1)a, times
€' from «, times 0. Wo have, in fact, since ay = a,—a,%/a,,

a,0’—(p—1) a/Q = 2,0 —a, (ip—2w)

—{(p=1) 03— (p—2) &,/ o} L.

We may take this in connexion with § 174. The operator
on the left is the y’ of that article. We have, in fact, here
before us the materials for the proof of the converse propo-
sition there stated, that every gradient in a,, a;, @y, ... @’ for
which ip—21w = 0 and which has y/ for an annihilator is an
invariant, i. e. is annihilated by O as well as by Q, which last
must annihilate it as it does any funetion of dy, ag, &5y ... @,
We remember that the facts of being annihilated by 2, and
being of properly connected degrce and weight, were not
sufficient to assure us of its invariancy, in defmﬁt of evidence
either that it had O for an annihilator or that it was integral
in a,. We now see that as © and ¥’ annihilate it, and as the
relation ¢p = 2w holds, the annihilation by a,0, and therefore
by O, follows.

Ex. 10. Prove that a,0—a,(ip—2w) cannot annihilate any fanction

which is fractional in'a, and for which ip— 2w is zero or positive.

Ans. The terms of highest degree in a,”! in the expression of
the annihilation of Pa,"*+@Qa,"®* ) +...4+7 must vanish. This
gives P=0. 8o @ =0, &c.

Ex. 11. Any gradient in a,, ay, ay,...d, for which ip—2w is
positive and which is annihilated by a,0—a, (ip—2w), is the product
of a power of a, and & gradient which it annihilates and for which

ip—2w=0.

Ex. 12. Hence y/ only annihilates gradients in a,, ¢y, @y, ... 6’
which are invariants or invariants multiplied by powers of a,.
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187, Partial differentiation with regard to 8,, 85, ... 8,. Let
r(p=1),

1.2 *
also replace @:1 by 1:y, thus considering the p-ic without
binomial coefficients

Co+ €1y + 090+ oo 6,37 = 6o (1—1y) (1 —agy) ... (1—a,).
Taking logarithms we have at once

log (¢o+ ey +ey* +.0. +6,97)
2 14 p+1
= log co—sly—s,%- —83%—5 —-...—8,,% —8,,4,113:—_'3 -
Now regard c;, ¢, ... ¢y, and 8180 8,1, 8p4g, ... 88 functions
of ¢, and s, 8,,...8,. Partial differentiation with regard to s,,
where 741 and 3 p, gives us the identity
¢, dc,
%7 3,

us replace a,, pa,, yeee s Gy DY Co, €4, Cgy one y Cp, AN

d
e T a—?y" = (Co+ 1Y + Y%+ oou + €, Y7)
r

{ Y 8y YT g4, yrte }
T v, p+1 s, p+2 7

which holds for all values of y. Equating corresponding co-
efficients on the two sides we have

%%‘-‘ =0, if m<r and
¢y, 1 . . . .
e == 7:Cmers if m lie between 7 and p inclusive.

The other equations, given by the terms in yP+l, y*+2, ...,

. d8 28
determine for us 2+, —2+2
28, ds,

Hence, if tho operation upon the right be on a function of
Co» Cys Cgs +» Cp, BNd that upon the left on the equivalent of
that function in terms of ¢, and 8,, 8, ... 8,

2 _d, d % d Ly 2,
s, 28, 3¢, 38, ¢ + s, bo,+"'+ s, 3¢,

= l{c 2 4o PR
T el %, T MGy, ""Bc,}

In particular, taking » = 1, we have

%, oa"1+cla—"s c’a"s+m 136, )
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Let us now revert to our first notation, replacing

p(p-1

Cos C1s Cgs +++ Cp DY @y, pay, R
so that s;, &c., are the sums of the powers of the roots of
(@, @y, 05, ... @) (x, 1)? =0,
The result obtained is that
5%, “lpM3a, T p—1 M3,
3 ) P d
+p:§“’a’@ Fee % 5(7,}

188, Q as an annihilator of non-unitary symmetric
functions. A more instructive conclusion is, however, derived
by replacing ¢,, ¢, ¢,, ... ¢; by by, Tbli’ —21)—’!, -g%s vee s 80 that the
equation of which s,, 8, ... 8, are the first p sums of the powers
of the roots is

bo® + Tbl!w’“+2—’la:""+...+ ;)7%= 0.
With this notation we obtain that
_._a_= _a_+2b__a_+3b .a_+ + b .D_.
38, 03, T ENap, T e ap, T T 001y

whose right-hand side is of the well-known form of Q.
Our conclusion hence is that the seminvariants of

o ® + pay a1y + Z%—l—)asa:”"y’ + .t agy?
are identical, but for the factor a,* whero ¢ is the degree in
each case, with those symmetric functions of the roots of
a a a
@2+ 7127+ 512+ "'17'1 =0
which when expressed in terms of s,, g, ... 8, are free from s,.
Reference is made to works on the Theory of Equations for
the fact that a symmetric function
3. allaﬁmaa“ vees

of which J+m+n+... is tho weight, and the greatest of
!, m, m,... is the least number which can be taken for 7 that
uﬁon multiplication by «,* it may become integral in the co-
efficients, may be written as a rational integral function of

81> By Bygeevy

8!-'--9 8l+us 8m+u eoey

Blimim oo
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so that, if none of /, m, n,... is unity, and if the weight
l+m+n+... does not excced p, s, does not oceur, and
& seminvariant is thus obtained.

_If, however, either of {, m, @, ... is unity no seminvariant is
given.

If, even though this be not the case, the weight 7 +m +n +...
cxceeds p, then, though the expression in terms of «, and
8, 8, 835 +ev 5 814 myns... does not involve s, the same cannot
be said necessarily or as a rule of the expression in terms of a,
and s, &, ... 8,; for s,,, &c., expressed in terms of 8, 8, ... 8,,
are not freo from 8 by 5 187.

When p is infinite the case of I+m+mn +... exceeding p
does not arise. Thus in this limiting case s, does occur in
the symmetric function X.ala;®a*... if one or moro- of
l, m, m, ... is unity, but does not otherwise.

The seminvariants of (a,, «,, dy,...) (2, ¥)?, when p is in-
finite, are then what are called the ¢ non-unitary’ symmetric
functions of a,, ay, ag, ..., Wwhere

a a
Gt 779+ Y+ e to ® = ap(1-a1y) (1—a) (1—a5y)...,
each multiplied by a,, where ¢ is the degree, i.o. is the
greatest of the indices /, m, n,... in the typical product of
roots summed, or any greater number.

It is from this point of view that MacMahon has discussed
the concomitants of the binary quantie of infinite order.

It will of course be remembered that a seminvariant, of
a quantic of any order (a,, ,, a,...a,) (#,y)?, which is only
of extent 7, i.e. which involves only 4, «,, ay, ... @,, is equally
a seminvariant of each of the lower quantics

(s @y Ug,y oon @) (2, Y) (Ao Gy Ggy oo Gy Uyyy) (@ H)HY, e
Thus, in particular, when we have a seminvariant of a binary
quantic of infinite order, we have in it a seminvariant of a
binary quantic whose order is the extent of the seminvariant
and one of every order higher than this extent. If, in fact,

9 d 9

annihilates §(a,, ,, ay,... a,), then equally do
9 d d d
aob—d—; +2ala'71; +3a,373 +.+70,, b_a.,'.’
d d 9 9 d
aoa—al +2a15—a’ +3asa—aa +... +m,_137'+(') +l)a,.‘——‘aar+1

&e., &eo.
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Ex. 13. Prove that, for any positive integral value of p,
(30, @1, 03, .. a) (2, 1)?

_ a9 4 & g &
= (0t T 55t 315 T3]3 T+ 0 @)

Ex. 14. Prove that all the coefficients but that of ¢ in the expansion
in powers of ¢ of '

a, Gy a,
log (ao+ Tt 3] 4 31 e+ ) —log a,
are seminvariants in the letters a,, a,, a,, a,, ..., fractional in a,.

189. Generating functions. Perpetuants. Complete tables
of symmetric functions have been calculated up to the
weight 14: for weights 1 to 10 by Meyer Hirsch (cf. Notes to
Salmon’s Higher Algebra): for weight 11 by Faa de Bruno
(cf. his Formes Binaires): for weights 12 and 14 by Durfee
(Am. Journal, Vols. V, Igl): and for weight 13 by MacMahon
(Am. Journal, Vol. VI). Thus a complete set of seminvariants
up to weight 14, of which all seminvariants whatever up to
that weight are linear functions, is known.

It has been seen (§ 135) that the number of linearly inde-
pendent seminvariants of weight w degree ¢ and extent p or
less is the coefficient of #* in the developement of

(1 _xp+l) (1 _wp+2) vee (1 —w”*')
(1—2%) (1—2%)...(1—-2°)
Here make p = . It follows that the whole number of
linearly independent seminvariants of weight w and degree ¢
of the quantic of infinite order, or of & quantic of order not
less than the weight w, is

1
(=29 (1=2) ... (1—-2)

We may want also the number of linearly independent
(or asyzygetic) seminvariants of degree-weight <, w which are
asyzygetic with seminvariants of the same weight and lower
degrees multiplied by powers of a,. This number may be
found by subtracting from the number of weight w and
degree % the number of weight w and degree 7 —1. Thus it is

1
=) (1—2) . - ) (1=
1
T (=) (1—2)... (1—a))
. w‘
T ” (=) (1=2%)...(1=2)"

co. 2¥ in developement of

co. 2 in developement of
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The same generating function is given by MacMahon’s
theory of non-unitary symmetriec functions. The non-unitary
symmetric functions which give such seminvariants are of the
form 2. a;'ag™ay*..., where one at least of the indices 7, m,n, ...
is 7, and where, as in general, none of them is unity or greater
than ¢, and their sum is the weight. Now the type-products
of weight w, whose summations give such symmetric functions,
are in number equal to the number of ways in which w—<
may be made up of ¢—1 or fewer num chosen from
2, 3,...%, i.e. to the coefficient of 2¥-* in the expansion of the
product

1+ +at+..) (1+2°+2+...) . (L+2f +220 4 0.),
Le. to the coefficient of 2* in 2 times this product, which is
the developement of ,
@
0= (1—2)...0—a)

The problem of the enumeration of the irreducible semin-
variants of the binary quantic of infinite order admits of
solution, Indeed it has been solved by MacMahon by an
analysis of non-unitary partitions, and Kis ‘conclusions have
been confirmed symbolically by Stroh, Grace, and others.
Irreducible seminvariants of the quantic of infinite order are
called perpetuants, the name being Sylvester’s. A perpetuant
is & seminvariant which cannot be expressed rationally and
integrally in terms of other perpetuants of lower degree. Of
the first degree there is one perpetuant a,. Of the second
degree there is one perpetuant of each even weight, viz.
Aolg— 02, a0, — 4,05+ 303, aag—6a a5+ 15a,a,— 10ad,....
For any higher degree i the number of perpetuants of weight
w is the coefficient of 4* in the developement of the generating
function é

o
(1—-2® (1—2%...(1-a")"

The mistaken idea must not be entertained that when we
know the perpetuants of extent p or less, i. e. the irreducible
seminvariants of extent p or less of the quantic of infinite
order, we know the irreducible seminvariants or ground forms
of a p-ic. This is not the case. There may be seminvariants
of extent p or less, which are not capable of rational intefm.l
expression in terms of lower seminvariants of extent p or less,
but which are in terms of seminvariants of lower degree and
extents some of which exceed p. One instance which we have
met with will suffice to illustrate this. We have found (§ 169)
that the seminvariant (ad—bc)®—4 (ac—b%) (bd—c?) is irre-
ducible when we are confined to extent 8, being an irreducible

~1_;




240 PERPETUANTS [189

invariant of the cubie. But (§ 170) when we proceed to extent

4 it is no longer irreducible, being capable of being written
(ac~Db®) (ae —4bd + 3¢3) —a (ace + 2bed —ad? —b¥e—c?).

It is an irreducible invariant of the cubie, but is redueible for

quantics of higher order, and so is not a perpetuant.

For a synopsis of Stroh’s method of investigation (Mathe-
matische Annalen, XXXVI), see Exx. 36 to 43 at the end of
the present chapter.

MgoMs.hon has given completeness to bis theory by exhibiting
a complete (infinite) system in a notation of partitions (Proc.
Lond. Math. S8oc. XXVI). He has also enumerated perpetuants
in more sets than ome of coefficients a,, @, @, ... (Cambd.
Phil. Soc. Trans. XIX).

Further light has more recently been thrown on the subject
by *Grace, Young, P. W. Wood, and the prosent author, by
consideration first of ¢ distinet sets of coefficients, and of
perpetuant types linear in every set.

190. Reciprocity. By Hermite's law of reciprocity there
must be a strietly correlative theory to much of the above in
which the ideas of degree and extent are interchanged. It
has refercnee to seminvariants of & p-ie for advanced degrees i,
just as the above theory rofers to seminvariants of degree for
advanced extents p.

The number of asyzygetic seminvariants of weight w of
a p-ie, for which the dogree i is very great (or not less than
w), is thus the coefficient of ¥ in the developement of

1
(1-2% (1—2%)...(1—a?)’
and the number of these which are really of extent p, so as
not to helong to a (p~—1)-ie equally, is the coefficient of 2*
in the developement of
a¥

(1—ab) (1—2%)...(1—a?)’

These facts may be independently arrived at. By §163 the
seminvariants in question are rational integral functions of
As, As. “be A,, ilel aowg” ao’as’, L ao’?la”’ l'ﬂlsed tO the l‘equi-
:it.e excess of degree over weight by the power a™ of a, as

actor.

The theory dual to that of perpetuants has not been shown
to be of t importance. For a consideration of it see Proc.
Lond. Math. Boc., Ser. 2, IV.

1 Of. Grace and Young's digebra of Invariants ; Wood, Proc. Lond, Math. Soc.,

gzl. %:{"V 11, III; Elliott, Quarierly Journal, XXXVI, Proc, Lond. Math. Soc.,
T, &, .
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191. Power ending products. It has been noticed in the
last article that the
(w » B, p)-(u)— 1500, P),
ie (w;w, p)~(w—1;w, p),
a.sg'zygetic seminvariants of a p-ic whose weight is w and
whose degree is a definite number not less than w have a one
to one correspondence with the

(w; @, p)—(w—1; =, p)
products of weight w of a,, a,, a3, ... a,, i.e. with the ‘non-
unitary ’ partitions of w.

It is by reciprocity suggested as probable that there is
aaystem of 4, 00)~ (w—134,00)
partitions of w into ¢ or fewer parts, i.e. & system of this
number of products of weight w of ¢ of a,, a,, a,, ay, ...,
to which there is & one to one correspondence of the

(w;%, 0)~(w—1;%,x)
asyzygetic seminvariants of weight w and degree 7 of the p-ic,
when p is infinite or not less than w.

It is also suggested that those partitions of w, or those
produets, are the partitions or products which are exhibited
in § 130 by aid of Ferrers’ diagrams as the duals to non-
unitary partitions or produocts.

Now if we write down the diagram of a non-unitary
product, we see that the absence of @, in the product is
exhibited by the fact that the first two columns at least in
the diagram contain equal numbers of dots.

This tells us that in the dual product the letter of highest
suffix which occurs is present to & higher power than the first.

Products of this class are called by MacMahon and Cayley
power ending products or power enders, Let us adopt the
notation a, b, c,... of alphabetical sequence instead of the
notation a,, @,, a,,... of numerical sequence. Power enders
are those products of some of a, b, c,... which, when their
factors are alphabetically arranged from left to right, end in
& higher power than the first. Thus ab? abd?® c3,... are
power enders, while a%, ab*d, c, ... are not. A power of a is
not called a power ender.

The whole number of products of weight w of ¢ of a, b, ¢, ...
is (w;%, ), and the whole number of non-power enders is
the number of products which can be derived from products
of degree ¢ and weight w—1 by replacing the last letter in
each, once only, by the next more advanced letter, i.e. is
(w—1;%, ). % e number of power enders of the type is then

(w3, ®)—(w—1;1, ).
1481 R
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We shall see that there is the expected one to one corre-
spondence of these products with a complete system of
(w;4,0)—(w—1;1%,00 uyggeﬁo seminvariants of weight w
and degree % ; in fact, that the latter complete system may be
da:rive(fl one from one, by differential operations on the former
complete system.

192. An annihilator of all gradients. Let us refer back to
§ 180, and proceed to the limit when p, the order of the
quantic there under consideration, or the extent of Q, is
infinite. Remember, too, that though we find it convenient
to speak of a quantic of infinite order we deal with gradients
of finite weight, involving consequently only a finite series of
the letters @, b, ¢, d, ....

We have now

Q=ad+2bd,+3c;+...t0o »,
where 3, denotes 9/3k. We have also
0 =pbd,+(p—1)cd+(p—2)dd%+...,
where p is infinite,
= p{bd,+cd,+dd,+...}—{cd,+2d3d,+ 363, +...}
=p ¥ —@, say,

in which the result of operating with @ on a gradient of finite
extent vanishes in comparison with that of operating with
the infinite p3.

We have also n=1ip—2w,
;ivhioh is infinite, and consequently always positive, w being

nite.

The limiting form for p infinite taken by the operator (2) of

§ 180 is hence at once seen to be
1 1320 1 3308
=330+ gy s 1.3t

This then, by § 180, operating on any gradient in a, b, ¢, d, ...,
and in particular of course on any single product, produces
either zero or a seminvariant of the quantic of infinite order,
and equally of a quantic of order not less than w, the weight
of the gradient.

198. It is really most convincing and easiest to prove this
independently, and not deduce it as the limit of something
else. The student will have no difficulty in proving by the
method of §§ 128, &c., that, @ being any gradient of degree %,

(R%-%9) G =1a,
(292--31Q) QG = 230G,
(Q&’—&’Q&cﬂ’(} = 313208 G,

.» &c.,
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and by addition of properly chosen multiples of these we
obtain the identity
{1_1. 2y 1 e 1 a¥e

——— e

1 TBE 1.2 T B 1.2.3+"'}G=°’

in which the series practically terminates, since Q**1G = 0,
8o that no doubt arising from questions of convergency
presents itself.

This tells us first that any gradient @ is of the form QF,
when we allow the extent of F to be ter than that of G,
and Q to be non-terminating. The limitation imposed by
tho requirement of ip—2w to be positive in § 128 does not of
course arise, p being now infinite.

The result we need follows by putting QF, where F' is any
gradient of degreo ¢, for G. This gives us that

135Q 1800F 1 3308
“{";T*aﬁ—m:zrs+-'-}F=°'
80 that, as in the last article,

1% 190! 1 g
el T @1.2 dr.2.s T
produces from any gradient of degree ¢ & seminvariant or zero.

Ex. 15. Prove in like manner that, with the @ of § 192,
(RP—0 Q)G = 2w6,
(29— 2) 024 =2 (2w—1)P0E4,
(2P*~P’Q) QG = 3 (2w—2)P* Q%G

&o. &c,,
and hence that
1 1 @O + 1 P
2w—2 1 ~ (2w-2)(2w-—3) 1.2
o
1 ¢ + ..., to w41 terms,

T (2w—2)(2w—3)(2w—4)1.2.3
produces a seminvariant or a zero from every gradient of weight 2 or
more.

194. Two generators of all seminvariants, One to one
correspondence of seminvariants and power enders. Now

a ient F’ which
grad 130 1 3303

miT AT T

annihilates is of the form S F#”, for the fact of annihilation
gives us .
1

T#1.2
R 2

F=s{1-.a +...}F.
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If then we ean be sure that no power ending product can be
of the form 3 F”, we shall be sure that the result of operating
on any power ending product is a seminvariant and not
& zero.

Now this is the case. Take any gradient ¥’ whatever, and
let a, be the most advanced letter which oceurs in it, so that

F=A+aB+aC+...,

where 4, B, 0, ... are all free from a,, and B, C, ... do not all
vanish. It follows that

&P:(c.o"‘aff.'.ls?z‘ +uo)F’

=a,.,{B+2a,0+3a2D+...} + terms free from a,,.
Thus, B, C, D, ... not all vanishing, 3 F’ contains necessarily
a non-power ending term or terms; namely a term or terms
ending in the first power @, .

130 135202
Thus 1=-37 ta1.2
which write 1-3¢

generates seminvariants from all power enders.
Moreover, from the complete system of
(w34, ®)—(w—131,0)
power enders of degree < and weight w it generates a complete
system of (w ; %, ®)—(w—1 ; ¢, ) seminvariants of that degree
and weight. For, if possible, let the seminvariants
8= (1-3)P, 8 =(1=3() Py, §=(1-3() Py, ...,

enerated from the complete system of power enders of degree

4 and weight 0, be connected by a lincar relation
AISI +Agsg + Aalga'l' e =0.

This would necessitate that
iLethat (1—=39¢) (A Pi+AP+MP+..)=0,
or A1P1+A’P2+A3P3+ cee = &o C(A1P1+A’P’+A3P3+ on),
i.e., by the above, that
should involve at least one non-power ending product. But
it does not.

It is then completely established that there is a one to one
correspondence between a complete system of power enders
and a complete-system ‘of seminvariants, the latter complete
system for a.ntg degree 4 being generated from the former by
operation wi
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130 130 1 30

=i T a1 ~®ras
The theorem of § 193, Ex. 15 would lead to the same
conclusion as to one to one correspondence, and afford an

alternative generator of all seminvariants from power enders,

194 (bis). In proving (§ 198) that every G is an QF, we
noticed that ' might have to involve more advanced letters
in the series a,, ,, a,, ... than @ does.

Another way of expressing G as an Q F will make it clear
that there is always an ¥ in which theso more advanced letters
enter, if at all, to the first degree only.

Denote by y,, the operator

Vo= % ~w aa:,_, + 'w('wl— n® aa:,_,
+(=1)7 5707 azo'
Then ‘
wa=for) g resd - fofu g ro
+ ﬁTul'—T)m {(w—l)‘%;_l +na:;_2}
-...+(—1)"Q%!m{£1- “’3‘%}
= (w+ 1)3?271 +(—1)";”1—! Qv+l 52;- e (1)

This, wo notice, annihilates any F of weight w or less. If
then wo take a G = QF of weight w, so that ¥ is of weight
w+1, wo have Y., G = 0.

Now
e sa Ghioo 1—&;9%@ =0,
Vol 50O =51 G,
Ve O+ =104, ,G = ao:.,-l @,

P
\P1G+Q\POG = SFIG’

P
\I’o =SE;G.
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Hence, multiplying by @y.1, @us Guoys .o @y, @, respectively
and adding,

1 1 )
Q{w-——+1au+14'w+ E“"V""l"'"""“l‘l'o}G:?’G; . (2)

and this is a relation G = QF such as desired. Letters more
advanced than those occurring in @ present themselves to the
first degree only, if at all, in F, because ¥, @, ¥,,-, @, ... do not
involve the more advanced letters.

We can use the equality here proved to obtain another
generator of seminvariants from gradients. Take any F of
type w, 4, so that QF, if not zero, is of type w—1, 4, and
contains no more advanced letter than F' does. Taking QF
for @ in (2), with w—1 for w, we at once obtain that

1,1 1
{1 -z (i—u OeVu-1+ o7 Ve Vio-gt oo +ay ) Q}F

is annihilated by Q, so that it is a seminvariant or zero.
A much simpler form may be aiiven to this by substitution
for ¥ 12, ¥y-gQ, ... from equalities (1), and use of Euler’s

Theorem as to homogeneous functions. This is

1 1, 1 2
;{{ao—alﬂ+ '1—‘—2'a30 —.ee +(—1)“mawﬂ } 5—(?‘;1’.
The verification that this is sunibilated by ©, becauso 5~ 7 is
0

only of weight w, is immediate.
e generator thus provided, continued to infinity, i. e.
180 — L ao— 1 g0 2
i{% a, Q4+ T 2as.Q. T 8a-,ﬂ +'"}bao
produces all seminvariants from gradients. For the first form
in which it was obtained shows that it produces any F
satisfying QF = 0 from itself, The second, and better, form
gives the same information, as when QF = 0 it simply yields
i {ay (¥2a,) +a, (Y2ay) +a (¥/3a5) +...} T,
for it is easy to prove that Q"3F/da, = (—1)r13F/da, when
QF = 0. 1t does not, however, produce a complete system of
seminvariants from a complete system of power enders ; for it
annihilates those power enders which do not involve a,.
The seminvariant thus Emroduoed from any gradient F' cannot
ib’: Io'f degree above the first in letters beyond those present
Notice that if F is general of degree ¢, (3/a,) F is general
of degree ¢—1. Thus we have that, if G is the general
gradient of weight w and degree ¢—1, then



194] OF ALL SEMINVARIANTS 247

{a,o-alﬂ+ l—l—é-a,ﬂ’— i ; 3%03+ } G
is & sum of arbitrary multiples of all seminvariants of weight
w and degree <.

Remembering § 93, we can hence derive the theorem that any
geminvariant of weight w is the w'® transvectant (lineo-linear
invariant) of the w-i¢ (ay, @, ...a,) (@, ¥)* and a w-ic which
is a rational integral function of some or all of the former
w-ic and its successive 2-derivatives. (See also § 262 bis.)

ADDITIONAL EXAMPLES (MISCELLANEOUS).

Ex. 16. A non-unitary symmetric function of the roots of an equa-
tion of order p, i.e. one whose expression in terms of s,, s, ... 8, does
not involve g, or, if p be not less than the weight I4m<4-n+..., one
3 (ala,™a,"...) in which none of /, m, n,... is unity, has its full
expression in terms of the coefficients determinate when the non-
unitary part of that expression, i.e. the part of it free from the
unitary coefficient b, is known, just as the full expression of a semin-
variant is determinate from its non-unitary portion. (MacMahon.)

Ex. 17, Prove that
4 a*% +abd,+ (ac + 5 0*)d;+ (ad + be) 3+ (as + bd + 4 0*) s+ ...
and
2.4a%d,+ 3abd, + 4 (ac+ 469, + 5 (ad + be) oy
+6 (ae+bd+4c*)dy+ ...
generate seminvariants from seminvariants. (MacMahon.)
Ans. Form the alternants with the infinitely continued Q.
Ex, 18. Every invariant 7 of a binary p-ic % is a numerical multiple

of the pth transvectant or lineo-linear invariant of % and a p-ic
covariant

o 3 I I
' e (22 2° 2 —z)?
yPe? dI/da,, i.e. da,’ 3’ an (v, —x)*.

Ex. 19. Every seminvariant S of extent p is a numerical multiple

*
of the pth transvectant of the p-ic % and a p-ic y?e? " 38/da, which
is annihilated by Q—yd/dw.
4ns. Use § 194 (bis) and Q735/da, = (—1)'r135/da,.

Ex. 20. The coefficients of powers of « in the expansion of

o ol 228
(e—b T terg —d733+ )

® z o ¢
(“"'bi torg tiygg + )
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where 1 is any positive integer, are all seminvariants, except such as
are zero.

Ex. 21. If 3 is the infinitely continued operator defined in § 192,
and if S, S, are two seminvariants of degrees {,, ¢, respectively, then
1,8,3.8,—1,8,3 8, is a seminvariant, unless it vanishes. (D’Ocagne.)

Ex. 22. Prove that Q annihilates the product
{a+b(e—y) + 15 @—9)'+ ...} {a+b(y—2)+ ...}

w{atb(u—v)+..} {a+b(v—2)+...},
where @, y, 2,... %, v are arbitrary, and the series in brackets extend to
infinity ; and hence that all non-vanishing coefficients in the product
expanded by powers and products of @, y, 2,... %, v are seminvariants.
(8. Roberts.)

Ex. 23, If § is a seminvariant of (a, b, ¢, d,...) (2, y)®, prove that
(240 3—iQ) S, where the notation is that of § 192, is another semin-
variant of the same degree, and weight one higher, unless it vanishes.

(Cayley.)
4ns. Cf. § 165 (bis), Exx. 16, 17.

Ex. 24. Ifin any seminvariant of (g, 8.1, ¢.1.2, d.1.2.3,...) (2, %)*,
a,b, ¢ d,... are replaced by b, ¢, d, ¢, ... the result gives the terms
free from @ in a seminvariant of the same degree and higher weight.

(MacMahon.)

Ex. 25. A seminvariant of (a, b, ¢, d, ¢, ...)(®, ¥)” is a seminvariant of
the system
(@ 0.1, c.1.2, d.1.2.3,...) (=, 9)°
b, ec1, d.1.2, e.1.2.3,..)(z,9)"
(¢, d.1, e.l.2,.. ) (=, ¥)”
&c., &e. (MacMahon.)

Ex. 26. If {a,, a,, ... a,} (2, y)? denotes
a2"+pa,a? "y +p (p—1) 8,2y + ... +p1 3,97,
then the part free from «, in any seminvariant of
{ay; @y, ... a5} (@, y)? is & seminvariant of {a;, ay, ... ap} (z, ¥)??,
and is reducible if the first seminvariant is.

Ex, 27. The seminvariant leader of a eova;iant of degree ¢ and
order = greater than i+p—2 of {a,, a;, ... ap} (@, )?~! is the part
free from @, in a seminvariant of {:x,o, a, . fz,} (=, ¥)?; and if the
first is irreducible so is the second.

Ex. 28. If @ is any gradient of weight w degree ¢ and extent p,
and if o is the sum of its numerical coefficients, then, whatever = be,

) p:] -] A4}
-w( ___ e  — — =1 .
z (ba, +zaa‘ + o 3a; +...+m’aa’) G=1ilo
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Ex. 29. Hence any seminvariant of weight w and degree i is
annihilated by the operator which is the coefficient of = in the

expansion of Qat @+ 2+ 22+ o00).
Ex. 30. Referring to § 174, Ex. 22 for the notation, show that, if 3,
denotes r!(p-—r)!;;s and &, denotes ! (p—r)!s%, 8p, 8p_1) 0ee 8y

are the same functions of 3, &,_,, ... 8, and m as a,, a,, ... a, are of
ay, G, ... a, and m,

Ex. 31, In the same notation 3, 3,_,’, ... 8,” are the same functions
of 3,, 3,_,, ... 8, and —m as 8, 8, ... 8, are of a,, a,, ... @, and m.

Ex. 32. If, upon the substitution of X +mY, ¥ for =, y,

(a0) @y, g5 ... 1) (2, )P
becomes (8, 8y, 85, ... 8p) (X, Y)?,

then (%) —3p_1,8p_gs «o. (—1)?8)) (, y)?
becomes (3, —&p_,, ¥p_y, . (—1)P8)) (X, Y)2. (Syluvester.)

Ex. 33. Any seminvariant of (a,, a,, a,, ... 6,) (%, ¥)? becomes, when
initd,, —3,_,,3,_,,... (—1)?¥,are put for a,, 4,, a,, ... a,, an operator
which has the same effect on any function of a,, a,, &,, ... @, as the
result of replacing in it 3,, 3,_,, ... by 8,’, &'y_;, ... has on the equiva-
lent function of a,, a,, a,, ... a,, and may be called a seminvariant
operator. (Sylvester.)

Ex. 34. More generally, any operator obtained by writing down
a geminvariant of the two quantics

(05 @1, Byy o. Bp) (2, )P, (Bps =85y, Bp_ygs oo (—1)P) (=, 9)%,
the symbols & being written last in every term, is a seminvariant
operator. (Sylvester.)

Ex. 35. Hence obtain the results (cf. § 186) that
) Q, w—20, 0— % (pi-2u0)— 2
, Q w ao.Q, o ao(pz 2w) ao’.Q.
are four seminvariant operators.

Ex. 36. If a,, g, ... a; are ¢ symbols, and
(a,—a)™* (@, =)™ (@,— ;) "...
any product of w differences between pairs of them which is such that
not more than p factors involve any one of the symbols, and if the
product is expanded and multiplied by 4%, and in the result 4, /a, is
put for every one of the first powers a,, a,, ... a;, 6,/a, for every one
of a?, a3 ... aj and generally a,/a, for every one of ¢?', "y o0 @y,

the result is a seminvariant of (ay, a;, g, ... ap) (®, ¥)? of degree ¢
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and weight w; and all seminvariants are linear functions of semin-
variants which can be thus expressed, (Stroh.)

Ans, Such a function is annihilated by 3—?1- + a—i—’ +.o+ a%- ,
and a seminvariant is annihilated by 2. Now both these operato:'s
are expressed by

p:] p:) d 9 P:]
R R RE T R

d 4 9
+oforsian +ob e s 4o
Or again, the functions lead hyperdeterminants (§ 60 bis).

Ex. 37. If A;, A, ... A, are i quantities whose sum is zero, then,
after expansion and substitution as in the last example,

af (A0, +A,0,+ .00 +Aa)®

is & seminvariant of degree ¢ and weight w, provided that w do not
exceed p. (Stroh.)

Ex. 38. If p is infinite, or not less than w, and if ¢, (= 0), ¢,, ¢;, ... ¢;

are the elementary symmetric functions
SA)(=0), AN SAAA), s A A,

then, when the function of the last example is expanded and expressed
in terms of powers and products of e,, ¢, ... ¢,, and substitution for the
o’s and their powers made as before, the cocfficients of the various
products of ¢'s are a complete system of (w; o, f)—(w—1; ®, ¢
linearly independent seminvariants of weight w and degree i. (Stroh.

Ex. 39. If the numbers of powers and products of ¢,, ¢, ... ¢ in the
sum of Ex. 38 are diminished as much as possible by means of the
relations in ¢,, ¢,, ... ¢; any one of which expresscs that in some way
A+ A+ ... A, 18 a sum of two sums

A!+ soe +A" A""1."' xn +Al
each of which vanishes, the coefficients of powers and products of the
¢'s which remain are non-perpetuant seminvariants, and the number
of perpetuants of degree i and weight w is the number of powers and
products which have disappeared. (Strok.)

Ans, Seminvariants which do not disappear are reducible in
terms of seminvariants of lower degree, and others which are not
syzygetic with these are not so reducible.

Ex. 40. Perpetuants of degree ¢ and weight w are just as numerous
as products of ¢,, ¢,, ... ¢, and powers of them which when multiplied

By IAT (M) T A+ A) o TRyt At e #0)
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are raised to weight w in e-suffixes, i.e. to dimensions w in the N's.
Here

IIA = ¢, T +A) = (A +A) (A +A) oo A Ag) oo Ay +A)),
&c., and v is 414 or 4(i—1) according as ¢ is even or odd. (If ¢ is
cven, two conjugate sums A, +Aq+ .o 4A,, Ay A+ A are
not both written in the last product.) (Stroh.)

Ex, 41. The product IIA.TT (A, +A.) ... IT(A,+A 4 ... +A,) is of
weight 2¢71—1, whether ¢ be even or odd. Consequently the weight
of the lowest perpetuant of degree i is 2¢~*—1. (Stroh.)

Ans. For instance, ¢ even gives the weight
., t(i=1) (1) (Fi+1) _ .
ottt g =L

Ex. 42. The number of perpetuants of a higher weight w than this,
and of degree ¢, is the number of solutions in positive integral and
zero values of py, py, py, oo of

20114 2p, + 3ty At oo R, = w0,
Ex. 43. Deduce the generating function for perpetusnts (§ 189),

viz, -1
w’ -

(1= (1—a) ... (1—a¥)’
Ex. 44. Tf, in the 6-notation of § 60 bis, F'(0,, 6;, ... 6,) a,a,q, ...,
1 fuctors, is o seminvariant of degree ¢, so that
(3/26,+3/30,+ ... +3/36,) F (6,, 0,,...6,)= 0,
prove that it must be a product, or sumn of numerical multiples of

products, of seminvariants of lower degrees if #(6,, 0,, ... 6,) is also
annihilated by a sum of some but not all of 3/36,, 9/38,, ... 3/24,.

Ex, 45. The symbol F of every seminvariant of degrec ¢ which
is not a perpetuant is annihilated by the product of the

t—1 i—2 i—1 -
1+ ( 1 )+ ( 9 )+'"+(i-—2) =201—1
parts of 9/06,+93/30,+ ... +/30; which do not contain 3/34,.

Ex. 46. Conversely, if F is annihilated by this produet, it is a sum
of parts each annihilated by a sum-operator not containing 3/36;, and
is not a perpetusnt.

dns.  Cf. Quarterly Journal, XXXVI, p. 132.

1

Ex, 47, Hence also the lowest possible weight of a perpetuant of
degree 1 is 2¢~1—1.
Ex. 48. Show that
(01"0!)"-’ (0.—-9,)“-’... (0l—i—ai—1)¢ (oi-l" i) “Q“o“o o
is a perpetuant of this weight. (GQrace.)
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Ex. 49. Prove that {6,+0,+...+0,—({—1) 6,}¥ '1a,a,q,... i
a linear function of the perpetuant of Ex. 48 and reducible semin-
variants.
Ans, The operating product of Ex. 45 reduces both to constants,
and so annihilates a linear function of the two.

Ex. 50. Show that
F(8,, 0, ...0) {6+ 0,+ ... + 0,—(i—1)6,}* " a,a.a, ...,
i factors, expresses a complete system of perpetuants of degree 7.

Ex. 51. If ¢, denotes 0, +0,+ ... + 6,—6,, and p,, p;, ... p; denote
the sums of products 2, 3, ... i together of ¢,, &, -.. P;, a complete
system of perpetuants of degree i is given by the expansion of

¢ Y(1=p,) (1-p) ... (1=
(Proc. Lond. Math. Soc., Ser. 2, IV, p. 233.)

Ex. 52. The lowest weight of a seminvariant of the quantic
ay(2—a,) (#—0;9) ... (t—a,y) which is not expressible as a sum of
numerical multiples of products of seminvariants of quantics which
are complementary factors of this quantic, is 2?7*—1; and

2 (al_a!)',-’ (a,—a,)”"... (ap_3—0p_,)* (251 —p)
is, but for a power of a, as factor, such a seminvariant for this weight.
(Theory dual to perpetuants.)



CHAPTER XII

CANONICAL FORMS, ETOC.

195. WHEN a binary quantic (a,, a,, ag,...a,) (2, y)? is

transformed by the lincar substitution
z=IX+m¥, y=UX4+m'Y,

four constants /, m, I, m’ are introduced whose values may be
assigned at will. These may be so chosen that the form of
the transformed quantic is simplified by the absence of certain
of its coefficicnts, or by relations among certain coefficients.
The quantic is thus reduced to a simpler form without any
loss of generality.

For instance, we know perfectly well that by giving
1, m, ', m’ the values 1, —«, /@, 0, 1 the quantic is transformed
into one wanting its second term. The quantic without
a second term is then not a special one, but is in effect just
as general as one with its second term present. Any binary
quantic ecan be so expressed by means of a linear trans-
formation.

Moreover, it is to be noticed that the deprivation of
a quantic of its second term is not something which can be
done by linear transformation in one way only, but that
there is a wide class of linear substitutions any one of which
will ecffect the purpose. In faet, if by the gemeral linear
substitution (a,, @, @, ...a,) (@, y)? is transformed into
(4yy 4y, 4,,... 4,) (X, aY)", we see at once that

A, = ¢l lm+ o, (I + (p—=1) P2’} + ... 4 @, VP 1,

in which we may give to /, m, I’ any non-vanishing values we
please, and obtain, by solution of an equation of the first degree,
a value of m’ which, going with those values of I, m, ¥, will
make A, vanish. The usual way of depriving a quantic of its
second term is then only the simplest o¥nmany ways.

We see, in fact, that by proper choice of the four quantities
1, m, U, m’ we may in general impose four conditions on the
coefficients in & binary quantie, and still have a form to which
the quantic can be reduced by a linear substitution without
losing its generality. These may not be any four conditions
we choose, for the equations in ¢, m, I/, m’ which express four
conditions may not prove to be consistent with one another.
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In &uticula.r, for instance, we can never make four separate
coefficients in the quantic vanish. For to expross this we
should have to make /, m, I/, m’ satisfy four homogeneous
equations, i.e. to choose the ratios !/m, !’/m, m//m, three
quantities, so as to satisfy four independent equations, which
cannot be done.

196. Definition of canonical forms. Now the binary p-ie
contains p+1 coefficients. Taking 4 from this number, we
see that no binary p-ic with less than p — 3 perfectly arbitrary
coefficients can he equivalent to a perfectly general binary
p-ic subjected to linear transformation, but that there is
a certain presumption in favour of ome which has p—3
perfectly arbitrary coeflicients, or whose coefficients involve
p—3 perfectly arbitrary quantities, being equivalent to the
general binary p-ie, which presumption must, however, in
every case be tested before it can be stated as a certainty.

A form of binary p-ic whose coefficients involve p—3
perfectly arbitrary quantities, and which is proved to be
a form to which the general binary p-ic can be reduced by
a linear substitution, is called a Cunonical Form of the binary
p-ie. There may be different forms for the same value of p
which have equal claims to the name canonical, but in
})raotice, for the cubie, quartic, &e., respectively, one canonical

orm is chosen because of symmetry of shape and convenience
of treatment, and often spoken of as the canonical form.

The case p =2 of the quadratic stands by itself in that
p—3 is negative. Of course the three coefficients of a binary

uadratic cannot be subjected to more than three conditions.

'o each of the simple forms X2+ Y2 XY a quadratic can be
reduced in an infinite number of ways, since one of 7, m, I, m’
is arbitrary. Indeed, the general binary quadratic

, aa? + 2bay + cy®

can be given tho form of any quadratic o’X*+ 20X Y +c'Y?
whatever whose diseriminant a’c’—&® does not vanish. The
like fact is true as to quadratics in any number of variables.

197. Canonical forms have here been defined for binary
3|mntics only. For quantics in more variables than two the
efinition is similar. A form of g-ary p-ic which is & simplest
form to which linear transformation can reduce the general
%-e 'y p-ic is a canounical form of the g-ary p-ic, one form
ing regarded as more simple than another when of its
coefficients a smaller number are arbitrary, or, as is the same
thing, when its coefficients are known functions of a smaller
number of arbitrary quantities.
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The number of coefficients in the g-ary p-ic being easily
seen to be
(p+1) (p+2)...(p+9—1)
@=D! ’
and the number of constants in the general scheme of linear
substitution being ¢* the number of perfectly arbitrary co-
efficients left in a canonical form will be

(p+1) (p+2)...(p+g=1
(-1 T
whon the degree p is sufficiently great for this to be positive.

198. The knowledge of invariants and covariants both
aids and is aided by the determination of canonical forms of
quantics. On the one hand, as we shall illustrate by examples,
invariants and covariants supply information as to forms
which are canonical and the reduction of general quantics to
those forms, and on the other, since invariants and covariants
of a quantic have relations to one another, expressed by homo-
genoous isobaric syzygies, which hold however the quantic be
linearly transformed, it suffices, in order to discover those
relations, to consider the quantic and the invariants and
covariants in simpler forms which they can assume without
loss of gonerality.

Geometrical interpretation of invariants and covariants is
?lso greatly assisted by the simplification afforded by canonical

orms,

199. Canonical form of binary cubic. The binary cubic
aa® + 8bx*y + 8cxy® + dy®
can be expressed in the canonical form
X34+ 75
In other words, constants A, u, A, p’ can be found such that
az® + 3baty + 3cxy® + dy® = (A +py)® + (Ve +py)?
is an identity.

A sresumption in favour of this is afforded by the fact that
the identification of coefficients of #3, 2y, ay?, ¥% on the left
and right gives four equations for the determination of
A i X, 1’; but wo have to be sure that the four equations
are consistent and independent and can actually be solved.
This will first be proved without any reference to the in-
variant theory.

With a change of notation, we have to see that p, ¢, a, 8
can be found so as to make

a® + 8baRy + 3cwy® + dy® = p(z+ay)® + q(@ + By),
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i.e. s0 as to make simultaneously

The first three of these are consistent for the determination
of p, ¢ if L, 1, al=0,
a, B b
a?, g7 ¢
and the values of pa, g3 which satisfy the second and third
also satisfy the fourth if

1, 1, b|=0.
a B, ¢
a?, ﬂa’ d
We have thus two equations for the determination of a, 8.
We may write them
Pu+Qb+ Re =0,
and Pb+Qc+Rd=0,

where also P+Qa+ Ra® =0, and P+QB+RA% = 0. These
are made consistent by taking for a and 8 the two roots of
the quadratic

a,bc |=0
b e d

. 2
v 1, a @

Having thus found a and 8, any two of the first set of four
e?uations suffice to determine p» and ¢. Thus the possibilit
of reducing the cubic to the canonical form X3+ ¥3 is proved,
and the means of doing it, by solution of quadratic and linear
equations, afforded.

The student should notice that there is failure to effect
what is desired when a, b, ¢, d have such specially connected
values that the quadratic for a and 8 has equal roots, i.e.
when (ad—be)*— 4 (ac—b%) (bd—c) = o,
that is to say, when the discriminant of the cubic vanishes, so
that the cubic has a square factor. The canonical form for
cubics with a square factor is not X2+ ¥® but X3Y.

This leads to the general remark that a canonical form of
the general quantic of an tﬂpe is one to which a quantic of
that type can be reduced when general, but not necessarily

one to which every special quantic of that type can be
reduced.
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Ex. 1. Verify that
(pg)* (a—B)* = (ad—be)*—4 (ac—b*) (bd—c*).

Ex. 2. One binary cubic with general coefficients can be linearly
transformed into any other.

Adns. Through X*+ ¥® as an intermediary.

200. The reduction of the cubie to the form

P (@+ay)®+q(z+By)
and thence to its canonical form X3+ ¥ is most easily effected
by means of its one quadratic covariant, the Hessian

(ac—b%) 28 + (ad —be) xy + (bd —c?) Y2
Regard the cubie
ax® + 3baty + 3cay® + dy?
a8 the transformed form obtained by the substitution
' =w+ay, ¥ = x+8y,
whose modulus is 3—a, from the form px’® +qy’.

The Hessian of the transformed is the Hessian of the un-
transformed multiplied by the square of the modulus. Thus

(ac—b% a® + («d = be) zy + (bd—c?) y? = (B—a)*pga’y’
= pq (@a—A)* @ +ay) (¢+8Y)-
Consequently if the Hessian
(uc—02) a3 + (ad —be)xy + (bd —c?)y*
has for its factors
(ac—b’) (x +ay) (z+8Y),
the cubic must have the form
P(@+ay)’ +q(@+BY),
in which p and ¢ may bo found from the equations
p+q=a, patqB=0>o
Thus p*(z+ ay) and ¢* (z + BY), the X and ¥ of the canonical
form, are found.
The determination of the canonical form of the binary cubic

effects the solution of a cubic equation. (Cf, § 11, Exx. 14,
16.) For it reduces the cubic equation to the form

X34+ ¥Y3=0,
i.e. to the three linear equations
X+Y=0, X+0¥Y =0, X+o¥¥=0.
The student is advised to illustrate this by an example,
e.g. to solve #®—38a*tana—3z +tana = 0.

1481 8
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201. Concomitants of cubic in canonical form. We have
seen in § 169 and elsewhere that the cubic
w = a2+ 8ba’y + 8cxy® + dy®
has, besides its Hessian
H = (ac—b%)a? + (ad —be) zy + (bd — ) y*,
a cubicovariant
@ = (*d—3abo+2b%)2° + 3 (abd — 2ac® +b%c) @’y
+ 3 (2b*d —acd —be?)ay? + (8bed —ad?—2¢%)y?,
and one invariant, its discriminant
A = (ad —be)t—4 (ac—b®) (bd—c?).
The same functions of the coeflicients and variables in the
canonical form are XS 4T,

XY,
X3-Y3,
1. .

Now let M’ be the modulus of the substitution which
expresses X and Y in terms of  and v, so that, in the two
notations of § 199,

M =M —Np = (pg) (B—a).

We remember from Chapters IT, ITI, that the index of the power
of the modulus, which has to multiply an invariant or covariant
of a binary quantic to produce the equivalent of the same
“invariant or covariant of the transformed quantic, is equal to
{the weight of the invariant or of the leading coefficient in the
oovariant. Thus the information given by invariant algebra
to a binary cubic and its canonical form is presented in the
four identities

w=X*4+Y?
H=M?* XY,

G = M3 (X*-Y?),
A= ME

Of these the last tells us at once that the modulus of the
substitution which expresses X and ¥ in terms of = and ¥,
i.e. the reciprocal (? 28) of the modulus of that which expresses
@ and y in terms of X and Y, is equal to the sixth root of the
discriminant.

We have also in a eclear form before us the fact that
w, H, G, A, though irreducible in that none of them can be
expressed rationally and integrally in terms of the rest, are
not independent, but are connecte(f by the syzygy (cf. § 169)

wA= @ +4H3
which is obtained by eliminating X, ¥ and ¥’. Moreover, no
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other syzygy connects them, for there is no other way of
eliminating those three quantities.

It is of interest to notice that we have also readily given
by these identities the values of the p, g, a, B8 of § 199. We

B w=X4FO = p@tay) +g @AY
AG = XY = p(z+ay)*—q (v +By)>

Thus, taking the full expressions for » and @, and attending
only to the equalities of the coeflicients of #* and 2%y,

bty =a,
pa+qB =",
p—q =AY (aWd—3abe+209),
pa—qB = At (ald—2act +1%) ;
whenco
2p =a+AY(@?d—-3abe+ 20%),
29 = a—A(u3d—3abe+207),
2pa = b+ A~ (abd — 2t +1%),
298 = b— A4 (abd — 2act + 12¢).
We have also X3 and Y3 themselves; viz.
3 (w+A*@) and § (u—Aa-1@).
Tho solutions of the cubic cquation
(@, bye, d) (v, y)* =0
in @ :y are then given by the three linear equations
@+a2@it (w—ate)i=o,
@+At)+o w—at@) =0,
@w+A260)  +ut(u—-atG) =0
202. Geometry of concomitants of cubic. Geometrically,
taking (a, b, ¢, d) (%, y)® = 0 to represent three straight lines
through a point, the reduction of the cubic to its canonical
form 1s the reference to the lines which form the Hessian.

As examples of geometrical information yielded by the
canonical form the following are left to the student.

Ex. 3. The cubicovariant of a pencil of three lines Z, 3f, N repre-
sents the pencil Z’, #’, N’ which consists of the harmonic conjugate
of L with regard to Af and N, that of A/ with regard to N and L, and
that of ¥ with regard to Z and M.

Ans. Tt suffices to prove that X— ¥ and X'+ Y are harmonic
with regard to X+ 0¥ and X + 'Y,

Ex. 4. L, L’; M, M’; N, N’ are pairs of an involation, of which 7

the Hessian represents the double lines.
82
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B}r means of the expressions for u, I, G, A in terms of
X, Y, M’ in § 201 we may readily prove the following theoremn

due to Cayley.

EX. 5. The Hessian, cubicovariant, and discriminant of Au+ K@ are
respectively
(B—F2A) I, (B—K?A) (kG +F Au), (F— KEAYA.

Ex. 6. If L, M, N’ are the harmonic conjugates of Z with regard
to M and N, of Al with regard to N and Z, and of ¥ with regard to
Z and M, then Z, M, N are respectively the harmonic conjugates
of I’ with regard to 2’ and I, of 3¢’ with regard to N’ and L/, and
of N with regard to L’ and A/,

203. Canonical reduction of binary (2n—1)-ic. The"pro-
position of §199 is a case of & general one duc, like the rest of
tho elementary theory of canonical forms, to Sylvester. This
is that a general binary quantic of odd order 2n—1 is & sum
of (2n—1)th powers of » linear forms.

As indicating the likelihood of this, we notice that the sum

A2+ )2 g+ gy 4 Az +pay)*
or its equivalent

P @+ a9+, @+ agy) T+ +py (2 + 0y
is a binary (2 2 — 1)-ic with ‘no obvious connexion among its
coefficients, which coefficients are functions of 2n constants
that may be chosen at will, this number 22 being exactly
that of coefficients in the general binary (2n—1)-ic

(aps @y, tgy ... ay,,) (@, Yyl

We have to see, however, that values of the 27 a’s and p’s,
to adopt the second notation, actually exist, which make the
sum and the quantic identical. We shall prove that the a’s
are the roots of an equation of degree m, and so do exist,
though general expressions cannot algebraically be found for
them when % exceeds 4, and that, wgen the a's are known,
the p's are determinate by solution of equations of the first
degree,

For the identity

() Oy Ugseve Bgyy) (@ Y=y @ +a,y)p 1
+Pg (@ + 2y + o0+ Pa (€ +auy)" "

to hold, we must have simultaneously

y 2 + D +oet+Pa = @y,
Py +Pg0y + oot Puln = a,,
Pt 4pge? 4. +puad = dg,

P et L Pt =
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and to find solutions of these equations it suffices to take for
a,, ag, ... a, the n roots of an equation
a*+q et 4 gttt 4 g, =0,
where q,, ¢;, ... q, are determined by the n equations
O + 010y TG0y tot @ =0,
Cuiy T+ +.o+ ey =0,
Ontg T 0041 T %+t =0,

Uyu-1F N1%35-2F TaPgp-3F o0 + Gulyy = 0;
and then to solve for p,, p,,...p, the first n of the 2n
equations of the first degree in these which have been made
consistent.
The equation whose roots are a,, a,, ... a, has the form

Ay Uy g s Uy g 4.0 =0,
an+l y w“ ’ a.._l 9 o al

Cupas Uggy s Gy 5enn Uy

Ugp-1y Aop-ay Uoy_gyees Uy_q
a® s an—l s an-z yone 1

as is at once secn by elimination of ¢;, g,, ... ¢,.

For the quintic (@, ), ¢, d, e, f) (2, y)", and the septimic
(@ b, c d, e f g k) (® y)', » has the values 3 and 4
respectively. Thus the reduction of tho quintic to & sum of
three fifth powers, and that of the septimic to a sum of four
soventh powers, can actually be effested algebraically. For
quantics of higher odd ordors the reduction would depend on
the solution of equations in a of degrees above the fourth. For
such higher cases the quantic is proved to have an equivalent
expression as a sum of powers, but the algebraic reduction to
the form is not effected.

204. Case of canonizing equation having equal roots.
There is failure to effect the required reduction when the
coefficients in the (27— 1)-ic are special in such a way that
tho equation of the nth degree in a has equal roots.

The condition for such equality of roots is the vanishing of
the diseriminant of the 7-ic in a. This is of degree 2(n—1)
in the coefficients of the m~ie, which themselves are of degree
 in ay, @y, @g,... a4, ;. The condition is then the vanishing
of a function of degree 2n(n—1) in the coeffitients of the
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(2n—1)-ic. This function is an invariant, being the dis-
criminant of what will presently be exhibited as a covariant.
For the case of the quintic n = 3, and the invariant is of
de, 12, X

ﬁeus discuss the failure for the case of the quintie. If the
cubic a®+¢q,a®+¢qa+q; = 0 has one root a and two roots
equal to 8, so that 38%+2¢,8+q, = 0 as well as

B +q,8%+ g8+, =0,
the six linear eguations made consistent as above are not
those of § 203 (with n = 3) for p,, p,, p;, but

P +9 =a,

pa +(g+r)B =1,

pa’+(q+27) 8 =g,

pa+(g+37) g2 =d,

pot+(g+an)pt=e,

pa®+(q+57) =1,
of which any three determinc p, g, 7.

Now these give the quintic the form

_ P (@ +ay)+q (@+By)°+ 518y @+ By),
1. €.
P(z+ay)+q@+8y’+ ;5—’_% {(+ay)—(@+B8y)} (=+8y)",
whose form is
p(@+ay)’+67 (@ +ay)(@+By) +q (= +8y)

Thus the canonical form of a quintic which is special in
that its invariant of the twel(th degree above vanishes is most
simply written '

X2+ 5AXY44 Y7,

in which three consecutive coefficients are wanting.

When a, 8, y are all equal, it is casy to sce that the de-
generate form is

(@+ay) {p (@ +ay)’+6q (v +ay)y + 10my*},
so that the quintic has a perfect cube for a factor.

. 20@. Canonical forms of quintic, septimic, &oc. In the
identity

(a.b.0,d, o, f) (&, ) = p (@ +ay)®
+q(z+ByP+r(z+yy)s,
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we may write X for p*(z+ay) and ¥ for ¢*(x+8y), and
consequently AX+uY for » (z+yy), where A and u are con-
stants. We thus have as a canonical form of the general
binary quintic X0+ V4 (AX +pT),
which involves two free constants only. More symmetrically
we may write it X564 75425,
where X, Y, Z are connected by a linear relation without
constant term ; or again, we may write it
A’ wl5 +"I y15 + z/ﬁ’
where
o+y +2 =0,
In like manner a canonical form of the general binary
septimic is
X+ Y +AX+pY )+ (N X+ Y);
and similarly for binary quantics of higher odd orders.

206. Canonizants. In § 200 it was seen that the x+ay,
x+pBy of the cubic have for their product multiplied by
a function of tho coefficients a certain covariant, the Hessian,
which may be written in cither of the forms
ax+by, bx+cy |,
b+ cy, cx+dy
la, b, ¢
b, ¢ d
yg’ -y, a?

There are corresponding facts for the quintie, septimie, ...
(2n—1)-ic.

The covariant whose factors are

z+ay, +agy; ... T+ay
is not, after the cubie, the Hessian, but its form is analogous
to either of the forms of the Hessian of the cubic here written
down.

Regard the equation whose roots are a;, a,, ... a, which has
been exhibited in § 203 ; and remember that, if a,, aq, ... a,
are the roots of

a"+qa* 1+ qa*t+...+¢, =0,
then z+a,y, €+ ayy,... 2 +a,y are the factors of

o —q, 2"y + g2yt — .+ (—1)q, "
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We at onee gather, altering the arrangement of rows in the
canonizing determinant, that

- -3
@ _m»-]ys o ’3/’, -t 3/3, e (— l)"y"
a'“ ’ aﬂ-l H) al-ﬂ ) a'—a g0 ao
Oupy s @y 5 Agg 5 Qpg 5eus @
a'l+2 ’ au+1 ’ au ’ an-1 I “2
gu-19  an-3s Tpp-3 Bgug 5o Qyy

= (@+ay) @+agy) n(+0aY) | Cuey s Cucg , Gug 50O
@y ) Cyoy g Gpg yen @y

Uuiy s @y ) Qu g yenilly

Ogu-2) T25-3) Tggegroer Uny

Accordingly the determination of the
tay, £+ayy, .. T+a,y

of the canonical oxprossion of the (2n—1)-ic is effected by the
breaking up of the n-ic which is tho determinant on the loft
into its n factors,

To reduce the determinant to its other form, wo best pro-
ceed by multiplying it, according to the ordinary rule, by
another determinant of the same numboer of rows and eolumus,
viz.

3 2, 0,0,..0, 0
0,9 2 0,..0,0

0, 0,9 @..0,0 |

0,000,..7
0,000..01

whose value is 3*. Combining rows with rows the product is

0 ’ 0 ’ 0 y oo 0 ’ (—1)”3/’
Yty &, Gy Y+ &, Oy Y +8y X .Y taT a,
Gy tax , ayta, @ , ay Y+ae .. 0Y+az a,

| Oggesy 0oy s Qg+ 0oy @, Gyy_ Y+ 0y 2, ... A4y +0y_12, Gy_y
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i. e., rearranging columns, is

(=D | g +ay, GE+AY e Buy® +OY
GT  +AY, A+ AY e, BT T WY |

Cuy® + Oy Q@+ An 1Y, oos s Bgueg® + gy
The omission of the factor y* from each side now establishes
the identity, but for sign at most, of this last determinant
with the first,

The determinant is a covariant, viz. the catalecticant of the
(2m—2)th emanant (§ 56, cf. also § 17, Ex. 20). In the last
written form of determinant the convention of § 71 s to sign
and numorical multiple will be seen to have been adopted.
The covariant, from the property here developed in con-
nexion with canonical forms, is called the canonizant of
the (2n—1)-ic.

To realize the conclusion by particularization let us restate
it for the quintic only. To reduce the quintic

(@ b,c d,ef)(zy)°
to its canonical form X%+ ¥54 Z5, form the canonizant
ax+by, bx+cy, cx+dy
ba+ey, cx+dy, dotey |,
cx+dy, de+ ey, ex+ fy

and break it up into three linear factors A, &+ pu,y, Ay® + po¥,
Mz +uy. X, Y, Z respectively are multiples of these. To
determine the multiples assume them arbitrarily. Then, by
equating the coefficients of @7, 5y, 102%y* in X°+ Y°+2° to
a, b, ¢ respectively, we obtain three equations of the first
degroe for their determination.

And in like manner for the septimic, nonie, &e.

The failing case when tho cocfficients are special in such
a way that the canonizant has a square factor has been
considered in § 204.

Ex. 7. If the canonizant of a quintic is a perfect cube the quintic
can be reduced to the form (4,, 4,, 44, 0, 0, 0) (X, Y)®; and all in-
variants vanish,

Ans. Cf. § 204, and § 28, Ex. 5.

Ex. 8. If the canonizant of a septimic is o fourth power the
geptimic can be reduced to the form

(A'M Al’ AS! Aa: 0’ O: 0) 0)) (X’ Y)',s
so that all invariants vanish. (Booth.)
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207. Apolarity. It will be observed that the second
transvectant of a cubic and its Hessian, i.e. the result
obtained when we operate on the cubic with the result of

putting % y — %} for @, y in the Hessian, vanishes identically;

and generally that the covariant which results from operating
on a (2n—1)-ic with its canonizant vanishes. The latter fact
is clear because, taking the canonizant in the first of the two
forms of § 206, the coefficients of a1, 2", ... in the result
of operating are all one multiple of results of replacing in the
determinant the first row by other rows.

We express this fact by saying that a (2n—1)-ic and its
canonizant are apolar to one another. Two binary quanties
of orders p and p’, pbp’, are apolar when the pth trans-
vectant of the two, i.e. the result of operating with the former
on the latter, vanishes for all values of , .

In particular two p-ics are apolar when tho lineo-linear
invariant of the two vanishes. A p-ic is apolar to itself if its
invariant of degree 2 vanishes when p is even. When p is
odd the p-ic is certainly apolar to itself.

The fact that a (21— 1)-ic is & sum of constant multiples
of the (2n—1)th powers of the = linear factors of its
canonizant, provided the latter has no repeated factor, is
a consequence of the following theorem.

If a binary p-ic and p’ic, ppp’, arve apolar, and if the
p-ic has only wnrepeated fuctors, then the p/-ic is equal to
a sum of constant multiples of the p’th powers of those fuctors.

Let aj, a;,... a, be the roots of the p-ic, and let v be the
p-ic. %he expression of the apolarity is

.} ] . d d d d d
(—a—y- +a, b_z;;) (3'?7 +a, E}‘) (ay +aaa—‘-v) -..(—a-z—l +a, b—;)v = 0.
Now this equation tells us that
9 ] P d d d
(W/ +ay a—m) (3; +ay 37::) (ay +°’3§)v = ¢ (x—a,y).
But the left-hand side here is homogeneous in z, ¥ and of
order p’—p+1. Hence ¢ (z—a,y) = A (x—a,7)” **!, for a
constant value of A.
A second integration gives
(2 ba ) (2 4a,2)
ay as-é;)... ay GPSE v
1
= . —a )PP+ - .
=Py —p+2 as_al(‘” a,%) +¥ (z—ayy);

and here the homogeneity and dimensions of the rest of the
equality tell us that ¢ (¢—a,y) = B(x—a,y)”**% A third
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integration, and the fact of homogeneity, give us in like
manner

9 P 3 d A’

—_— —_ —_ - — Y (7, P »—-p+3
(ay tay aa;)'“(ay tap5g)v= (@=a) (@) &

(w —_ azy)ﬂ—l"l‘s + C (w — aa,y)f"—P+8 3

3= g
and so on. Finally, after p integrations and repetitions of
the argument we arrive at an identity of the form \

v =0, (z—a,y)” +C; (x—ay)” + ... + 0y (x—a,y)”.

As an example we have, from the fact that a (2n —1)-ic is
apolar to itself, the conclusion that, whatever number n be,
there are constants 4,, 4,,...4,, , dependent on a,, ag
... Gg,_y, Which make

(@=a,y) (€—azy) ... (®—0a5,1Y) = 4, (x—a,y)*""

+ Ay (@—ay)** T+ dg g (W—ag,Y)* T
for all values of  and y. There is no corresponding identity
in the case of an even number 27 of factors unless q, ay,
... ag, are connected by a relation expressing that the product
is & 2n-ic apolar to itself.

For more on the subject of apolarity, and in particular for
a consideration of apolar (uantics with repeated factors, refer-
enco is made to Grace and Young'’s Algebra of Invariants.

208. Quantics of even order. Catalecticants interpreted.
The general binary quantic of cven order 21 cannot be
expressed as a sum of n 2nth powers. For the 2n-ic has
2n+1 coeflicients, and the sum of » terms like (A& +py)**
contains only 2% free constants like A, p, which eannot be so
chosen as to satisfy 2n+1 conditions. On the other hand,
a sum of n+1 2nth powers contains 2n + 2 free constants,
one more than tho number of coefficients in the 2n-ic. We
should oxpect thon that the 2n-ic can be expressed as a sum
of n+1 2nth powers in an infinite number of ways, and not
definitely in one or a fow ways. That it can, and that in
goneral one of the n 41 powers may be the power of a multiple
of any linear function of « and y we like to choose, is clear
because when « is homogeneous in X, ¥, and 3%/3X is & sum
of n (2n — 1)th powers, w is by integration expressed as a sum
of n 2nth powers and a multiple of ¥2n, per canonical
forms of binary quantics of even order must not therefore be
expected to be mere sums of 2nth powers. A sum of » 2nth
powers together with one additional term is, however, a form
to be reasonably anticipated. .

Before seeking such a canonical form for the quartic it will
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be interesting to investigate the special relation which must
hold among the coefficients of the 2n-ie
(@5 @1s Agy oe. Bg,) (@ Y
that it may be identical with a sum of » 2nth powors.
If we pay attention to the method of § 208 it will be clear
that the necessary and sufficient condition is that = quan-
tities gy, Qq, ... ¢, exist which satisfy simultaneously the n +1

equations
@ +Q10n-y +Q3%u_g t.ot Gy =0,
Gopy Q0 T %o T+ =0,
gy F 1 gy-3 +Talgn-3F oo F GuTu1 = 0,
a‘l +91a2u"1 +93a2u-2+ see +qﬁwl =0.
Now the necessary and sufficient condition for this is that,
reversing the order of the columns,
Qs Uy 5 Ay 5a0efl, =0,
Q, Uy 5 By ey
Ugy Uy 5 Uy yeertyyy
Upy Unpps Mupas oee Uy,
i.c. that the invariant dofined as the catulecticant (§ 17 Ex-
amples) vanish.

Ex. 9. The binary quartic (e, b, ¢, &, ¢) (, ¥)* will be & sum of two

fourth powers if
J = ace+2bed—ad*—b¥e—c* = 0.

ix. 10. The binary sextic (a, , ¢, d, ¢, f, g) (x, )° will be a sum
of three sixth powers if
. a, b ¢, d != 0.
b, e, d, ¢
. G, d’ 6, f
ld 6 f,91

209. Catalecticants are invariants. It is instructive to
notice that what we have before us affords a reason why the
catalecticant of a binary quantic of even order is an invariant.
Its vanishing expresses the necessary and sufficient eondition
that the quantic may have a special property, that of being
a sum of m 2nth powers, which is entirely independent of
any linear transformation. If, in fact, the most general linear
substitution possible in (a,, ¢y, d,, ... ¢,,) (@, y)** transforms
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that 2n-ic into (4,, 4,, 4, ... 4,,) (X, Y )?*, the vanishing of
the same function of 4,, 4,, 4,, ... 4,, expresses the necessary
and sufficient condition for the same special property. More-
over, the 4’s being of the first degree in the a’s, the de, in
the a’s of the catalecticants of tg: original and transformed
2n-ics are the same. The one, then, can only differ from the
other by a factor involving merely the constants of the sub-
stitution. The catalecticant is therefore an invariant by the
definition (§ 8). That the factor is a power of the modulus
has been established in general in § 23.

The student is advised to establish that the canonizant
of § 206 is & covariant of a binary (2n—1)-ic by similar
reasoning.

210, In § 208 it was proved that if the catalecticant vanishes
the 2n-ic is a sum of m 2nth powers, and that conversely if
a 27-ic is a sum of 1 2nth powers its catalecticant vanishes.
The latter fact is well exhibited as follows. For brovity of
writing the case of the quartic alone is taken.

The catalecticant of p (z +ay)*+q (¢+ By)* is

P+q , pa +4B, pa*+qp
patqp, pa*+qp pa®+gp’ |-
pa®+qp%, pa’+ g4, pat+gpt
Now this is a sum of 8(=2%) determinants, of which the
first is 2
P , pa, pa
pa , pad pa® |,
pa®, pad, pat
the other seven being obtained from this one by replacing
p and « by g and A3 in one or more of its columns.

But in every one of these eight determinants there are
either two (p, a) columns at least or two (g, 8) columns ab
least. Moreover, taking one which contains two (p, a)
columns, we notice that the constituents in one of these
two columns are either a or a* times those in the other of
the two, so that the determinant is either a or a® times one
with two columns identical, and therefore vanishes, Similarly
every one of the eight which has two (g, 8) columns vanishes.

All the eight then vanish, and consequently their sum the
catalecticant vanishes.

211. Canonical form of quartic. We now proceed to show
that the general binary quartic may be reduced to the canonical

form X4+ Y4+ 6mX2Y?,
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in favour of which there is a presumption as the form contains
one (= 4—3, cf. § 196) free cocflicient m.

We have to see that p, g, a, 8 and x can be found so as to
make

(as b, ¢, d, e) (w’ y)‘ '

= p(e+ay)t+q (@ +B8y) +6p(@+ay) @+8Y)*
an identity. It is not enough to notice that the number of
free constants on the right 1s equal to the number of coef-
ficients on the left.

Knowledge that a quartic equation has four roots is agsumed.
Thus (a, b, ¢, d, €) (z, y)* can be broken up into linear factors,
and consequently into two quadratic factors in three ways,
corresponding to the arrangements (12, 34), (13, 24), (14, 23)
of tho linear factors. Let one of the quadratic factorizations

be (a’z?+ 22y + yf) (@22 + 20"y + ¢”'y).
What we have to prove will be cstablished if we can find
?,4,9”, q", a, 8 so that simultaneously
'z +2bzy + 'yt = P (x+ay)+ ¢’ (2 + By),
oz +2b"zy +¢"y* = p” (w+ay)*+q” (@ +BYP
The six e%uations for finding the constants on the right, that
this may be the case, arc
p’+q’ =d, ])”-I'Q” =a”,
])Ia+q1/3 = bl’ ])”a+q”/3 = b’l’
pla’ + qlﬁg — c/, p”ag + qll 2 — .
Now of these the first three are consistent for the determina-
tion of p, ¢ if
—=VV(a+B)+cuf =0,
as we see by eliminating p’ and ¢/, and the last three are con-
sistent for the determination of p”, ¢” if
c”—b”(a+ﬂ)+a”aﬂ =0;
and these two conditions are satisfied by taking
1 . a+f af

T = = 777
=" T d—d’¢ T FT=b’

i.e. by taking for a, 8 the roots of tho quadratic
(a’ Il_allbl) a’_(al I_allcl)a-'_ b’cI’_bflol o O,
which are finite and unequal if o', ¥, ¢, a”, b”, ¢’ are uncon-
neoted, i.e. if the quartic is general. For cases of speciality
see § 215 below. :
We see then that the required reduction is in general pos-

sible, and possible in three distinet ways, one corresponding
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to each way of breaking up the quartic into two quadratic
factors.
The quartic in the form
P (@+ay)+q @+ LY+ 6p(z+ay) (v +By)*,
into which it is now shown capable of being thrown, is given

the canonical form
X4+ Y44+ emX2Y?

by taking for X either +p*(z+ay) or +:p!(x+ ay), where
¢ denotes v/ —1, and for ¥ either +q# (z+ 8Yy) or + ¢t (x +8Y).
It is thus seen that m may have either of the two values
+ (pg)tp. Each of the three reductions above produces
then two varieties of the canonical form differing only in the
sign of m. The equation to be found for the determination
of m should consequently prove to be a cubie in m?2.

We thus encounter a striking difference between the quartic,
and other quantics of even order, and the cubic, and quantics
of odd order, in the matter of canonical forms. The reduction
of the cubic to its canonical form X3+ Y3 is unique. On the
other hand, the reduction of the quartic to its canonical form
X*+Y*+6mX2Y? is sixfold.

212. We now proceed to exhibit the information given by
invariant algebra with reference to the general binary quartic
u=(a, ¢ d,e) (x,y)*

and its canonical form
X4+ Y*+6mXYi=(1, 0, m, 0, 1) (X, Y)%

Suppose that X and Y, expressed in terms of « and y, are
Aw+py and MNz+pu'y respectively. Let M’ denote Ap’—A\p,
so that M’ is the modulus of the substitution which reduces
the canonical form to the general, and consequently M’-! the
modulus of that which reduces the general to the canonical.

By § 170 the irreducible concomitants of the quartic are,
including itself, five in number. They are

(1) the quartic itself

u=(a, b, ¢ d, e) (@, 9),
(2, 8) its two invariants
I =ae—4bd+3c,
J = ace +2bed —ad? — b2 —c3,
of which the latter is its catalecticant,

(4) its quartic covariant, or Hessian,

H = aa?+2bay + cy?, ba® + 2cay +dy?
bal + 2cxy + dy?, ca’+ 2dawy +ey? |’
of which the seminvariant leader is ac—b% and
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(6) & sextic covariant of which the seminvariant leader is
a’d— 3abc + 207, which, written at length by the method of
$§ 110, is
G = (a*d—3abe + 2b%) 2%+ (e®e + 2abd — duc® + 6 b*c) 2y

+(6abe—15acd + 1002 d) 2t y* + (10b%e — 10ad?) z*y®

+ (15bce— 5 ade—10bd?) %yt + (9ce — ae? — 2bde — 6¢d?) xy®

+ (3cde —be* —2d3)y°.

The power of the modulus in the equality expressive of
invarianey or covariancy of any one of these has for its index,
it will be remembered, the weight of the invariant or of the
seminvariant leader of the covariant. Thus we have the five
equalities

w=X+Y+6mXY? (1)
I=M*(1+3m?, .. (2)
J = M"* (m—m?), .. (3)
H = M?{m (X*+ Y% +(1-3m?)X2Y?}, o (4)
G = M3 (1—9m) X ¥ (X*-TY). e (B)

The first observation made on an inspection of these equali-
ties is that the two invariants I and J alone supply us with
the equation for the determination of tho m's of the six
canonical forms, and with the values of the modulus M,
going with the several values of m, of the substitutions which
express X and Y in terms of z and ¥.

Elimination of M’ between (2) and (3) gives at once

I3m? (1—m?)® = J3(1 + 3m?)?, .. (6)

the cubic whose roots are the three values of m®. To each
value of m there corresponds a value of M’ given by

J 143m?
(£ i i
W=7 mw e (7)

so that with each value of m go two of M’, equal but of
opposite signs. This is reasonable, for a canonical form is
unaltered when we interchange X and Y, but the modulus is
changed in si The equation for all the values of M” should
then be & cubic in M"4, the two values +m of m giving two
values + M3 of M’%. This cubic comes at once from elimina-
tion of m between (2) and (3), and is
I-M"* T—M"\3
3 - ne” -7 —_ ———
JH= M {1 3M* } ’

ie. (M"—1I) (4 M —I)* +37J* = 0. . (8)
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The cubic for M"2m is simpler than either that for m? or
that for M’4, and is given by taking

J

m—l= —4M"'m’,
and 8o is
4 (M3m)3—I(M"*m)+J = 0, .. (9)

which will be recognized as the ordinary reducing cubic of
a quartic equation.

e shall consider this cubic further presently. Meanwhile
let us pay a little close attention to the cubic (6) for m? the
solution of which is the one which at once affords the canonical
forms themselves. Written at length the cubie is
(I3 —27J3)m*— (2% + 27T ) mt + (13— 9J*)m?—J2= 0. ...(10)
}‘gleJone parameter involved in it is the absolute invariant

3

e procecd to draw in tho following article certain conclu-
sions as to the reduction of special classes of quartics, which
obgy invariant conditions suggested by the coofficients in this
cubie,

218. Quartics for which I = 0. If a quartic belong to

the special class for which

I=ae—4bd+3c¢*=0,
the cubic for m? becomes

(1+3m?)3=0,

so that the three pairs of reductions to a canonical form
coalesce in form into a singlo pair, the alternative canonical
forms being

X4+ Y*+2./3 X372,
and being thus of imaginary shape. From (3) we find, as
corresponding to the values +:+v'% of m respectively,

M8 = F3./3J,
so that the values of the modulus as well as of m are all
imaginary.
Sinee the relation 1+ 3m?= 0 may be written
1-3m? _ m
em 1’

we see from (1) and (4) that the Hessian of

X'+ ¥Y*4+2,/3 X°73
is, but for the factor M'%m,

X4 Y4F2./3 X475

491 T
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Thus a quartic for which 7 =0 and its Hessian have reciprocal
properties, each being, but for a constant factor, the Hessian
of the other. Moreover they have, but for a constant factor,
the same sextic covariant G.

Ex. 11. Prove that

1
X Yi+2:./3X 0 = T {(X+Y)H+(X-T)*

F2uV/3(X4+ Y (X-T)}

sﬁs{(‘nw)‘ﬂx-u’y

+20 V3 (X 4+ Y)Y (XY= YY),
thus exhibiting the connexion between the three like pairs of canonical
forms when I = 0.

Ex. 12. Three of the six anharmonic ratios of the range or pencil
denoted by a binary quartic for which 7 = 0 are equal to —w, and the
other three to —w®, where w and w® are the imaginary cube roots
of unity.

Ex. 13. When I =0, M"®w® = - }J.

Ex, 14. When 7 = 0,

44 Y 4
u+ 73 1, u+¢o:ﬁ 1, u+w"—l—!ll

are perfect squares; viz. numerical multiples of the squares of the
products XY for canonical forms.

Ex. 15. When / =0, Ju*+4/°= —(G®, Hence also prove
Ex. 14.

214. Quartics for which J = 0. When the catalecticant
J =ace+2bed —ad3—b2%e—c* = 0,
so that (§ 208) onc canonical form is a sum of two fourth
powers, the cubic (6) or (10) of § 212 for m? is
mi(m3—1) = 0,
The second and third pairs of canonical forms coalesce then in
the shape X4+ Y46 X270
The connexion of the different canonical forms for this case
is exhibited in the identities
X+ A =X+ (. Y)4,
= §{(X+ V) +(X—F)'+6(X+ D) (X- Y)Y},
= HX+ V) + (X D)= 6(X+ TP (X~ TP},
SEFHE+ Y PH(X - ) +6(X+ . YR(X—1Y)},
EHE+ D+ X+Y)-6(X+: )2 (1 X+Y)3}).
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By § 212 (2), M* = I goes with m = 0, and M"* = I with
m= +1,

Ex. 16. When J = 0, the Hessian is, but for a constant factor, the
square of the product of the X and Y of the canonical form X*+4 ¥*.

Ex. 17. In the same case, the two expressions u+ 2 I ¥ H are eight
times the squares of the products XY for the other two essentially
distinct canonical forms, the third and fourth, and the fifth and sixth,
of the above forms not being reckoned as essentially distinct.

Ex, 18. In the same case, (I —4IH = ",

Ex. 19, The range or pencil denoted by a binary quartic for which
J = 0 is harmonic.

Ex. 20. So is the range or pencil composed of any two out of three
pairs of elements which constitute what is denoted by the sextic
covariant G.

215. Quarties for which I° = 27J2. When tho coefficients
in the quartic are such that 73—27J2 = 0, i.c. when the dis-
criminant vanishes, so that the quartic has a square factor,
one value of m? given by § 212 (10) is infinite, and the quad-
ratic for the other two values of m? is

(9m*—1)2 = 0.

But we are herc confronted with a case in which the
reduction to the canonical form X*4 ¥Y*4+6mX2Y? is im-
possible unless a further condition is satisfied. The value
m = o would make this canonical form an infinite multiple
of X2Y% j.e. of a perfect square, and the values m = +3%
would make it X*+Y*+2X%Y? again perfoct squares.
Now obviously a quartic with a square factor must have its
conjugato quadratic factor also a perfect square for such
& roduction to be possible.

For the explanation of this we must refer back to § 211.
If the two conjugate quadratic factors there assumed have
a common linear factor their eliminant

(al cll_ a” U’)s— 4 ( a’b” —_ al’b’) (bl 0” _b’l c[)

vanishes, and the quadratic in a has equal roots, so that a = 8,
and the method followed fails to find a distinet X and Y, and
indeed fails to lead to any result which is not more obvious
otherwise. And again, if one of the quadratic factors,
a’a?+ 3V xy+c'y® suppose, is a perfect square, so that
a’cd = '3, it follows that p'q’ (a— B)® = 0, 80 that either a = 8,
and there is failure as before, or else either = 0 or ¢’ = 0,
which leads not to the form X*4 Y%+ 6mX*Y?2 but to the
form X*+6mX:Y4,

T 2
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It is this form, or rather its further simplification
X*t+6X3Y8%,
which is canonical for a quartic for which I2—27J% = 0.

The more special quantic still which has not only one
square factor but two square factors, i.e. which is a constant
multiple of the square of & (;ua.dratic, can, however, it is clear,
be given the form (X?+ ¥2)? or the form (X*— ¥3)? as above.
An even simpler form for such a quantic is 6 X*Y%

When the quartic has a cubed factor its canonical form is
of course 4 X '%’. All its invariants vanish.

Ex. 21. The Hessian of a binary quartic with a square factor has
that same square factor. (This fact is easily proved for a binary
quantic of any order with a square factor.)

Ex. 22. The sextic covariant @ of a quartic with a square factor
(fv+ my)? has the factor (ke my)".

Ex. 23. If a binary quartic be the square of a quadratic it must
be the same but for a constant factor as its Hessian, so that

ac—=0® _ad—bc__«e+2bd—3c" _be—cd _ ce—?
a ~ 20 Ge 24 T e
dns. 2IH = 3Ju. (Cuyley.)

Ex. 24. Tu the sume case the sextic covariant @ vanishes identically.

Hence also determine the same conditions as in Ex. 23.

216. The general binery quartic. We now proceed to
apply the equalities of § 212 to the caso of the general uartic.

A pair of canonical forms X*+Y*+ 6 mX*Y? are not essen-
tially distinet, the X and Y of one being merely thé X and
1Y of the other.

The sextic covariant G helps us to decide what are tho
X and Y of cach of the two other essentially distinct canonical
forms of the same shape as one X*+ ¥*+6mX*Y% This co-
variant @ has, § 212 (5), the X and Y of X4+ Y*+6mX?Y?
for factors. For the same reason it must have for fastors the
X and Y of each of the other eanonieal forms. It is therefore,
but for a factor free from the variables, the product of the
three X’s and the three ¥’s of the essentially distinet canonical
forms. We are thus led to expect that X*—¥* and X*4+ Y2
are, but for constant factors, the products XY corresponding to
the two other forms.

And it is in fact quite easy so to assign ¥/, ¥/, m’, m” as to
satisfy the identities
Xi4Yi+6mX2Ysi= (M (X+ )+ {(F(X-Y)}*

+6m/{(X+Y)}2 {k(X-Y)}?
= (K" X+ )4+ {Ic"(X—zY)}‘
+6m” {k”(X+.Y)}2 {k"(X~-:Y)}3




216) THE GENERAL BINARY QUARTIC 277

Thus for &, m’ we have only to secure that
E*2+6m) =1, K*(12—12m') = 6m,
i.e. to take

y t=3(3m+1),
and similarly for &”, m”.

217. Reduction of general quartic to canonical form. Let
us now take the simplest of the cubics of § 212, viz. (9)
4 (M2m)3—I(M"m) +J = 0.
The solution of this affords a ready way of determining the
X and Y of either of the canonical forms. The equations
(1) and (4) of § 212 give us at once
Ho_ 1y xepe
w— M”Tn = (Qm—a)x Y .
Solve then the cubie above for A/”2m, and, taking either of its
roots, form the corresponding M?muw—H. This, but for
a multiplier free from the variables, is a perfect square,
namely the square of XY. Break up the square root of
M2mu—H, or any convenient multiple of it, into two
factors gz + Ly, g’z +1’y. The identity must hold

u=(a, b, e, d, e) (x, y)* = o' (g +hy)?
+6¢ (g +hy) (g +1y)? +€ (g e+ 1 y)*,
for some values of «/, ¢/, ¢. "These values can be found by

identifying three of the cocfficients on the left with those
which correspond on the right. Having found them,

«t (g +hy), et (yz+1y) are X, ¥, and c'a’~¥ &~} is m.

218. Sysygy among u, I, J, H, @. That XY is, but for
a factor free from z, y, the square root of M’*mu— H, and
consequently that the product of the three values of XY for
the three essentially distinct canonical forms is, but for such
a factor, the square root of the product of the three values of
M"3mu — H corresponding to the three roots of the cubic for
M’2m, tells us, when taken in connexion with § 216, that
this product

(M 3mqu — H) (M *mgu — H) (My*mqu— H)

can only differ by a factor free from the variables from G2
Now by the theory of equations.

42— Iz+J = 4(z—M*m,) (z - M,*m,) (z— M,*m,).
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Consequently an identity must hold of the form
kG* = —4H3+ Iu*H—-Ju?

That % here is merely a numerical constant, and not a function
of the coeflicients, is indicated by the fact that G® and the right-
hand side are both of degree 6 in the coefficients. To find its
value we may either substitute for w, I, J, H, G their values
in terms of X, ¥, M’, m from § 212 and examine the identity
of the coeflicients of one term, say of X1°¥2 on the two sides,
or may notice that § 218, Ex, 15 gives us the particular form
which the relation takes when I = 0. We thus find £ = 1.

Accordingly the irreducible but not independent con-
comitants w, I, J, H, G of the binary quartic % are connected

by the syzygy
Tw?H—4II3—Ju® = (%,
the invariants and seminvariant leaders of the covariants
being themselves connected by the syzygy
Ta?(ac—1?)— 4 (ae—0%* —Ju® = («*d — 3abe + 20°)%

These syzygios have been otherwise obtained in previous
chapters.

219. Canonical reduction with unit modulus. There is
often convenience in using, not the strictly canonical form of
a 3uantic, i.c. the simplest form to which the quantic may be
reduced by any linear substitution, but the simplest form to
which it may be reduced by a substitution of unit modulus.

If the substitution which reduces the quartic («, b, ¢, d, €) (., y)*
to its canonical form X4+ Y*+ 6'171,2("92 be

z=IX+mY, y=UX+m'Y,
80 that Im”— Im = M’-! in what precedes, the substitution
(I =Umla = I/ + myf, (Im’=Um)by = Uz’ +my/,
whose modulus is unity, reduces the quartic to
M2 (2t + y* + 6 ma'?y'®).

Thus «'(2*+9y"*)+6ca%y2 = (o, 0, ¢, 0, &) (¢, &/)*
is a form to which the general binary quartic can be reduced
‘I:),y a substitution whose modulus is unity. We also see that

is the M"2m of §§ 212, 217, so that the reducing cubic of the

quartic is the one whose roots are the three values of ¢’. We
may find it very easily as follows. Since the modulus is 1,

I=a?%4+3¢3, J=a%—-c"?,
whence, eliminating a’3,
I —-J = 4¢3,
the same cubic as that already found for M"3m.
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We might equally huve found in this way the same cubic
for ¢ if all that we had assumed were that a substitution of
unit modulus reduces the quartic to the form

a/a’t + 6c’a’?y? + dyL,

Adopting, however, the fact known as above that o and ¢

may be made equal, the equalities (1) to (5) of § 212 are re-

placed by

u = o' (a"*+y%) + 6/a/3y/3,

I=a%+3c3,

J = a’*c -3,

H = o' (@* + y*) + (" — 36") a2y,

Q = o/ (@*—9c?) 2y (x* - y™),
whosoe right-hand sides are obviously connected by a 8yZygy,
as they involve only four quantities «/, ¢/, &/, %/, This is
readily secn to be that of the preceding article.

Ex. 25. Prove that, if /I’ is the Hessian of the Hessian /7 of 1,
Il =4 Ju— Y III.

Ex. 26. The sextic covariant G of I/ is —% JG.

Ex. 27. Find the Hessian and the sextic covarviant of ku + &’17,

220. The cubie for ¢’ may be found in a different manner,
which exhibits it in a form having its analogue in the case of
higher binary quantics of even order.

t has been seen that the identity
axt + 4bady + 6 cady® + 4dwy® + eyt
= o (lw+my)t+ ¢ (Cz+my)t + 6¢" (@ + my)? (e + m'y)?
is one which ean be satisfied simultaneously with
m'—lIU'm =1,
and in fact that we may take ¢’ = o/.
Now operate on both sides of tho identity with
d dv,md , 0
noticing that this annihilates both iz +my and I’z +m'y, and
that
(¢ 2 —mi) (4 2w -3—) {(lz +my) (Vz+m'y)3}
3y om oy oz
= —4 (Im'=Um)? (Le +my) (V= +m'y)
= —4(lz+my) (Vo +m’y).
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Equating coefficients of ?, ey, ¥* in the results of operating
on the left and right-hand sides of the identity, we obtain
amm’ —b(m/ +m)+cll’ = —2dW,
bmm/ —c (V' +Um) +dll = —c'(Im +Um),
cemm/ —d (Im’ +U'm) + ell! = —2dmm/,
equations linear in i/, Im’ +'m, mm’. By elimination of these
we at once obtain the cubic for ¢’
« , b ,c+2d | =0,
b ,ye—cy d
c+2d,d e
i.e. ace+2bed—ad*—b%—c*—(ae—4bd +3¢%) '+ 4¢3 =0,
1e. J-I/+4c¢* =0,

the reducing cubic already obtained otherwise.

Taking either root ¢’ of this cubic we can solve the lincar
equations in ¥/, Im’+Um, mm/, and so obtain their ratios,
i.e. obtain the product I'a® + (Im’ + I'm) &y + mm/y? of lx + my,

'z +m/y but for a constant factor.

221. Solution of a quartic equation. When a quartic is
reduced to its canonical forn, or to the form a’a% + 6 ’z*y® + &'yt
it is at once broken up into quadratic factors and solved.
Two methods suggested by the articles which precede are here
exemplified. They are not so simple in their use as some of
those given in works on the theory of equations.

Ex. 28. By use of § 220 solve the quartic equation

3x'— 42+ 242°— 162+ 48 = 0.

Here a, b, ¢, d, ¢ have the values 3, —1, 4, —4, 48. Thus

I=176, J = 448, and the cubic for ¢’ is ¢*~44¢’+112 =0, of

which 4 is a root. The corresponding ratios I :Im’ + Um : mm/ of
§220are1:0: —4. The quartic has then the form

@’ (x+2)' +¢” (x—2) 4+ 6¢” (a*—4) = 0,
and is in fact seen to be
(z+2)'+2(x—2)+3(x*—4)* =0,
ie. {(z+2y+(x—2)"} {(x+2)+2(x—2)%} =0,
i.e . (*+4) (32°—42+12) =0,
50 that tho roots are +2:¢ and % (2+4:+/2).
Ex, 29. To the same quartic apply the method of § 217.
Here
H = (32 —22 4 4) (42— B8z +48)—(— ' + 8z — 4)*
=112*—162°+ 1042°— 644 176.
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Also a value of M"m, or ¢/, is, as above, 4. Thus
‘u—H =a'—82*+16 = {(x+2) (x—2)}*
Hence the given equation has the form
o’ (x+2) + ¢’ (x—2) + 60" (2'—4) = 0,
and the solution is completed as above.

222. There is a symmetrical expression given by Cayley
for a linear factor of the general binary gua.rtic U
If ¢, ¢;, c; are the roots of 4¢*—I¢'+J = 0, it has been
seen in § 217 that ¢,u— H, c;u— H, c;u—H are multiples of
sq%?lres of quadratics in the variables.
us

AY (e, u— H) +p v/ (e;u—H) +v+/(cyu—H)
is a rational quadratic function of 2 and Y. We seek A, pu, »
that it may be the square of a factor of u.

A value of «/y which makes » vanish, i. ¢. a root of %, will
make the quadratic function vanish if

A+p+v) 1 vH=0,
ie. if Adputrv=0.

The same value will make its differential coefficient with
respeet to a;, i.e.

A du dH ® du Il
V(eyu—H) {nae et * V(egu—H) Ty
A PR
t Vu—H) %3 " W’

vanisgh, if it make

;-—;——z—[ {()\cl+m',+v03)aa—: —A+p+v) gi;} =0,
as it will do if the further condition
Aey+pcg+ve, =0
is satisfied.
Now these two conditions are satisfied by taking
A op _ v
Ca—Cy  Ci—0  C—C5
Also nothing has been said as to which of the two quadratics
having either ¢;u—H or c;u—H or c¢;u—H for square has
been chosen in taking the square root; but the same signs

have been adhered to throughout. Hence the four squares of
linear factors of w are constant multiples of

(ea—es) V(eyu—H) £ (es—c) v(e,u—H) £ (¢, —c5) v/ (cu— H).
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Ex. 30. Prove that
0y—c,) v/ [c, (e, u—H)]+(c;—0 oy (cu—11
(2—c3) ¥ [ar( N+ (es—ey) 1/[ 2 (0 i(cz‘l_c’) s/[c, (esu—10)]
are the squares of linear factors of the Hessian; and that
(a—e,) ¥ [(k+Ke,) (u—c, H)] % (e, —0,) v/[(k+Fe,) (esu—1)]
t(e—¢y) ‘/[(k +&0) (e;u — )]
are those of linear factors of ku+ &' H,

223. Geometry of concomitants of quartic. The invariant
and covariant geometry of a binary quartic is & geometry of
anharmonic properties. The student of geometry will know
that, if p is an anharmonic ratio of a pencil or range of four
elements, the other five anharmonic ratios are

1 1 1 p
TP A T

Some parts of the geometry have already been obtained.
Thus (§ 218, Ex. 12) I =0 is the coudition that one an-
harmonic ratio of the pencil or range denoted by the quartic
bo —w, and consequently that two others be also —w, and the
remaining three —w® 1In fact, if wo take for p the anharmonic
ratio 7;;': : 1:?, where «, 3, y, 3 arc the roots, and notice
that this is —w /20 in the notation of § 80, we obtain

I =Y a¥(u?+ v+ a®)
= gy & {u? +w?+ (uw+w)}
= o a¥(ud+ uw + w?)
= adwi(p?—p+1),
80 that 7 = 0 means, unless two roots are equal which would
imply a further invariant condition,
p= —w or —o
Again, J = 0 is the condition (§ 214, Ex, 19) that the
E:ncil or range be harmonie, i. c. that one anharmonic ratio
—1, and consequently the rest —1, 2, }, 4, 2. In fact, re-
ferring again to § 80,
J = —zizd®(v—w) (w—u)(u—2)
= —gig @} (—u—2w) (w—u) (2u +w)
= bz @ w(p—2)(p+1) (20— 1),
so that J = 0 necessitates that p be either —1 or 2 or }.

We have at once, by elimination of aw, the equation whose
roots are the six values of p, i. e. the six anharmonic ratios of
the general quartic; namely,
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D_ o (Pl
T2 T 1p (p—2)F (2p—1)F’
which may be given the simpler shape

(P—p+1f _ _ 27I°

=1 — a(I*—2rJ%)’
a cubio, in p(1—p). The left-hand side of this may also be
written (p+ p-1_1)s,

ptp -2
8o that it is also a cubic in p+p~1.

To interpret the sextic covariant G' we remember that it
is, but for a constant factor, the produect of the X¥'s of
tho three essentially distinct canonical forms. Now, if the
canonical form X*+6mX*Y3+ Y* is broken up into

(X247 (X471,

we recognize that XY reprosents the common pair of harmonic
conjugates of the pairs X2+ uY? X2+p-1Y2% We thus con-
clude that @ represents the three pairs of common harmonie
conjugates of pairs into which the four factors of the quartic
w can be separated, i.e. the double elcments of the three
involutions which are determined by taking the four linear
factors of « in pairs.

It is clear, from the similarity of the canonical reduction
(§ 212 (4)) of H the Hessian of u to that of w itself, that G
has tho same property with regard to If as it has with regard
to . It has also the same property with regard to ku + &I,
where £ and &’ have any values which do not make this
a perfect squarc.

e notice the further property of @, gathering it from the
canonical reduction, that its six linear factors occur in pairs
XY, X2-Y* X34+ 73 such that cither pair constitutes the
double clements of the involution determined by the other
pairs of elements.

The Hessian H determines with « an infinite system of
quartics ku + k’/l, the factors of any one of which can in three
ways be taken in pairs so as to have a pair chosen out of
six elements constituting G for the double elements of the
involution which they determine. For a specification of H
itself in the system see Ex. 33 below.

If we describe a conie through the origin, the four points in
which it is cut again by the lines u, the four in which it is
cut by the lines H, and the four in which it is cut by any
ku+ I’ H, are vertices of quadrangles with a common harmonie
triangle ; and the sides of this triangle cut the conic in the six
points where the latter is cut by the six lines @G.
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For a given w, H is unique; but for a given H, w is not,
since to be given (1 — 3m?)/m in § 212 (3) is to be given a quad-
ratic for m. The two w’s which go with a given H in a system
ku+ i’ H are apolar to one another.

Ex. 31. Find a covariant which represents the four harmonic
conjugates of the factors of u, each with regard to the Hessian of the
other three factors.

Ans. (B—3J%u+8IJH, To find it take the quartic in the form
4(2*+9°) (x+ay), so that I = 12a, J = —4(a*+ 1), and determine
6, so that Ou— H, where H is the Hessian of the quartic, may have
x—ay for a factor.

Ex. 32. In terms of the roots of u, the quadratic factors of @ which
give the products .Y'1 for canonical forms are

(3+a—B—7 By—ad, 2a(B+7)—Ly(+a)) (= y),
and two similar.

Ex. 33. A quartic « is rcpresented by four lines through the
origin 0, and a conic through O cuts the lines in 4, B, C, D. 1f
LMN is the harmonic triangle of the complete quadrangle 4ABCD,
there are three of the conics having LI/N for a common self-
conjugate triangle each of which touches two pnirs of sides of the
complete quadrangle, and there is another conic with regard to which
every one of these three conics is its own reciProcal. Prove that if
this last conic cuts the conic (0ABC'D) in 4°, B, ¢, IV, then the
lines 04’, OB’, OC’, 0L’ represent the Hessian of .

Ex. 34. Prove that 1ay (2 +y)) = p (@ =)
is a general canonical form of % = 0, suitable for exhibiting the
geomctry when two roots of « = 0 are real and two imaginary.

If up’ = 8, to replace p by ' in this form gives the 4’ = 0 apolar
to = 0 in the system Au+ 4’/ =0, and to replace it by —% (u+ )
gives I = 0.

224. Higher binary quantics of even order. We now pass
to consider briefly the reduction to canonical forms of 2n-ics,
where n exceeds 2.

It has been seen (§ 208) that a binary 2n-ic whose cata-
lecticant vanishes can be expressed as a sum of 7 2 nth powers.

Now let u be the general binary 2n-ic, whose catalecticant
therefore does not vanish, and let v be any particular binary
2n-ic with coefficients definitely chosen, either as constants
or as functions of the coefficients in %. Let A be a constant
free to have any value.

Write down the catalecticant of w —Av and equate it to zero.
The result is, as a rule, an equation in A; it certainly will be
if the catalecticant of v does not vanish. This equation has
a root or roots, i.e. there is a value, or values, of A for which
w—Av is & sum of n 2nth powers.
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A right form to assume for the general binary 2n-ic v is
then a sum of n 2nth powers together with a free multiple
of any particular 2n-ic v whose catalecticant does not vanish,
The latter restriction is in excess of the requirements.

The most natural form to assume for the sextic would

appear to be X0 4 Vo4 20 4 A X3V 25,
but the reduction to this form has not, as a matter of fact,
been effected.

The octavic, however, as we shall presently see, has been
brought by Sylvester to the corresponding form.

X84 Y8428 + We4+AX2Y3Z:We,

225. The binary sextic. The usual canonical form for the
sextic is
PX+F)P+q(X+0Y) 47 (X +0'F ) +p (X T9)
or, plutting z',y, 2 for X+7, 0 (X+oY), 0?(X+«?Y) respec-
tively,
7 gt st 41N (=2 =) @ =)
It contains one superfluous constant. Thus we may hopo to
exp:ess tho sextic in the form by a transformation of mogslus
unity.
W):) scck X and Y that
(“ y0,¢,dy e f, y) (=, y)°
=pX+Y)+q9(X+0Y ) +r (X +?Y) +p(X°-Y")
may be an identity. Suppose that
o+ 30ty + 3y +d'yt = X3+ YO
Then, by § 46, tho modulus being unity, we have also the
equivalcence of operations
, , , 3 , » 23 »
“ b—y_ﬂ_sb dw dy? +3¢ duddy BT Y £y €
Operate with the left-hand side here upon
(a, b, ¢, d, e, , 9) (@, Y)*
and with the right on its supposed equivalent in terms of

X and Y. Remembering that
d ] ) )
(5p—o"sy) X+aF) =0,

we sce that the result on the right-hand side is
—120p (X3+ Y9),

which is the same as
—120p (o/a® + 8V aty + 8¢’y + d'y®).
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This is exhibited as the equivalent of another cubic in @ and

y. Equating the coefficients in the two, we have at once
«’d—3Vc +3cb—d'a = —a'p,
we—38bd+3dc—d'b = —bp,
a’f—3be +3cd—d'c = —c'p,
a’g—-3Vf +3ce—d'd = —d'p,

which are made consistent for finding the mutual ratios of

a’, V', ¢, d’ by choosing p so as to satisfy

d+p, ¢ , b , @ =0,
e , d—=%p, ¢ , b

f ) ¢ s h+%p, ¢

g s f sy € s d—p

i.e. by solving a quartic equation ; so that there are four such

values of p.

Substitute one of these values of p. The ratios «’: 0":¢’:d’
are at once determined: by any three of tho linear equations
mado consistent. It is now a matter of tho solution of a cubic
equation to split up

o'2?+ 30y + 3wy + d'yP

into its three factors, which must, but for constant multipliers,

be the X + 7, X + oY, X +0?Y.

Now we have secured above that X?+ Y3 is apolar to

(@, bcdef g (@ y'—pX=Y°)
This latter then is of the form
PX+Y)P+q (X +0Y) +r (X +0?Y)%;

and 2, ¢, » can be found by identifying three coefficients when

both forms are expressed in terms of x,y. We have thus
proved the canonical form valid, and shown how to find it.

The coeflicients of the canonizing quartic oquation in p
must be invariants, as their 'Froperty is quite independent of
any linear transformation. The cquation is in fact

dyc, by o | +3(ag—6bf+16ce—10d®) i+ 3ut=0,
e, d, ¢, b
fred e

9 f ed
whose coefficients are the catalecticant and the quadric in-
variant.
It will be seen that the four values of pu go in pairs
tr t .
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226. Another useful canonical form of the general binary

sextio is (1,0,C, D, E, 0, 1) (X, V)5,

It suffices to show that linear transformations exist which
deprive the sextic of its second and penultimate coefficients.
After the application of one of them we can make the first
and last coeficients unity by a further substitution of some
AX, pY for X and Y.

Apply the transformation

z=1X+mY, y=X+Y
to the general sextic

u=(a, b, ¢, d e, f, g) (@ y)°
The coefficients of X*Y and XY in the transformed sextic
will both vanish if
m (al® + 50l + 100l% + 10dl% + 5el +f) + bl® + 5clt + 1040
+10el2+5fl+g =0,
and
U(am® + 5bmt + 10em? + 10dm® + 5emn + f) + bm”® + 5em*
+10dm® + 10em®+ 5 fim+g = 0.
These two equations will in particular be satisfied if
l=m and (a,b,¢,d,e,f,9)(,1)=0;
but the transformation thus led to is unlawful, because the
modulus —m may not vanish. In the equation for ! found
by eliminating m the factor (a, b, ¢, d, ¢, f, g) (I, 1)® will oceur,
and must be discarded.
Now the climination of m gives
(«l+b, B+, cl+d, dl+e, e+f, fl+y)

O +5cl*+... +g, —als—=5blt—...—f) =0,
an equation of the 26th degree; and on removing the super-
Hluous sextic factor one of degree 20 remains. Changing sign,
this begins with

(u¥f —5acbe+10a?b:d— 10 ab’c + 4b%) I%.

The leading coefficient is then a seminvariant, the 4, of § 168.

In fact, the whole left-hand side of the equation of degree
26 is the result of replacing «, ¥ by /, 1 in & numerical
multiple of

du Py By By B Bu, du LI
(bm“ ' @t oy’ 3P oy’ By’ dw oyt b—{f) (ay' ‘E) ?
which is a covariant of the sextic u, being written down as
an invariant of its first and fifth emanants. Its leading
coefficient is a numerical multiple of aA4;, so that (§ 111) w
itself is & factor of the covariant, and the remaining factor is
a covariant of order 20 led by 4,.
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By the fundamental theorem of Algebra the equation in !
of degree 20 has roots. Any one of these may be taken for /;
and then the first of the two equations in /, m gives uniquely
a second of the 20 as an mn which goes with the first 7 in
satisfying our requirement.

Since z—Ily = (m—0)¥, and z—my = ({—m)X, a sextic is
reduced to the desired form by taking for the new variables
any linear factor of the 20-ic covariant and a un‘i&uely corre-
sponding second factor. The factorization is not algebraically
practicable; but the lawfulness of the canonical form is not
thus prejudiced.

Stephanos and Brill, following other methods, have made
the reduction of a sextic to the desired form depend on the
solution of quintic and lJower cquations.

Ex. 35. The general binary p-ic can be deprived of second and
penultimate coefficients by taking for new variables any first and
a corresponding second factor of a (p—1) (p—2)-ic covariant led by
the seminvariant 4,_, of § 163. Treat tho problems of §§ 199, 211
as particular cases.

227. The binary octavic. The canonical form of tho

octavic (¢y, ¢y, ... @) (2, ¥)® is
X84+ Yo 224+ W3+ AXY221,

where X, Y, Z, W are linear in 2 and . The form is certainly
lawful by § 224. We have to see that A and the product

XYZW = (Lz+myy) (G +m,y) Ga+myy) Co+my)

=(a,V, ¢, d, ) (v, 94, say,

can bhe found.

The operator («/, V', ¢, &, €) (3/dy, —3/d)* annihilates X3,

. . d d
Y8, Z8, W5, as is clear, since (l 3 —m ﬂ;) (le+my)=0. We

can further see that the same operator produces from

X:Y*Z*W* a constant multiple of XYZW. To do so affords

a good example of the use of the concomitants of a quartic.
We have to see, in fact, that

"ol LAY '
(u"a b,s 0’, d’s e) (sg s SE) {(a” b’» ¢, d,» 6) (ws y)4}g

is & constant multiple of («’, ¥/, ¢/, &', ¢) (x, y)*.

The expression is a covariant of the quartic by § 47.
Its degree in the coefficients of the quartic is 3, and its
order m the variables is 4. Now, referring to the complete
list, § 212, of the irreducible concomitants of the quartic, we
seo that these, u, I, J, H, G, are of degree-orders (1, 4), (2, 0),
(3,0). (2, 4), (3, 6), and that the only covariant of degree-order
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(3, 4) which can be formed by combining them is the product
Tu of the first two, i.e. is a constant multiple of % or
(a’, b” 0’, d’, 6’) (m, y)"‘ 3 4
. . ’ ’ ’ d
The result of operating with («/, ¥, ¢/, &', ¢) (371’ - 3';;)
on the identity of the octavic and its canonical form is then
the production of an identity

4
(a',’ b’s 0’3 d’! 8’) (S%’ - 5‘35) * (“o: Ay oee as) (w’ y)s
=, V, ¢, d, €) (=, y)*

of two quartics, u” being a constant qui @, y, namely a nu-
merical multiple of the product of A and the invariant I of
the quartic on the right. Let us write 8.7.6.65.p for "
We obtain, by equating coefficients of z*, 3y, z%y3, zy?, 9* on
the two sides, the equations

a'a,—4Va,+6a,—4du, +€'ay = a'y,

day—4ba,+6ca,—4d'a,+é'a, = by,

a'ag—4ba;+6ca,—4d'ag+ea, = c'p,

a'a,—4Vug+6ca,—4d'a,+eay; = d'p,

d'ug—4ba;+ 6 ug—2d ag+ea, = &,
which aro made consistent for determining «’: &’:¢’: d’: ¢
by taking for u one of the roots of the canonizing quintic
equation

=y T3 s Qg y @4 » Qo =0,
@5 5 Gytip dg ) Uy » O

A, R T y Og

@G e a5 atdp g

g 5 O » Qg » s y Gy—p

a quintic all whose non-vanishing coefficients are invariants
of the ootavic.

228. General binary 2n-ic. The success of the method
adopted with variations in §§ 220, 225, 227 for the canonizing
of a 2n-ic depends on the knowledge, for the cases n =2, 3, 4,
of an auxiliary n-ic covariant ¥ of an n-ie

(@, ayy...a)) (,y* = X, X,... X,,
which is such that tl;e derivaed m-ic covariant
(@, af,...a)) (b—;c;’ - ﬁ) {(a), a/s...a)) (x, y)*. V}
is of the form
k(a, a), ... a)) (z, y)",
where £ is a function of a, a/, ... a, only.
1481 U
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If in the case of any higher value of » such a covariant V'
of the n-ic can be found, then the method of the preceding
article will establish that the general binary 2n-ic has the
canonical form

Xerb X2+ + X240 X X, ... X,.V,
where V is this covariant of X, X, ... X, and p, a determinate
constant multiple of A, is any one of the roots of the canoniz-
ing (n+1)-ic equation, all whose coefficients are invariants,
and which for odd values of 7 is & % (n + 1)-ic in p? only,

@y~ by Uy 5 Ay g s eeey O = 0.
1
Q“+1 ’ (1'“+ "_’b,‘, a“._l g seey (bl
1.2
Cuiy 5 Ty y Qy— n——(n:-l——)p-, ceey Uy
Qg 5 Wgyy 5 Ugy g g eeey a:»—(—l)“‘l,

That the terms other than A X, X, ... X,,.V in the canonical
form are 2nth powers of factors of X, X,... X, will follow
from the fact that we have made (a,/, ¢/, ... a,) (=, y)* apolar
to the difference of the 2n-ic and a constant multiple of
(@), as...a)) (@, y)*. V.

229. The ternary cubic. For tho reduction to canonical
forms of ternary and quaternary quantics works (e. g. Salmon’s)
on geometry of two and three dimensions should be consulted.
The case of the ternary cubic is alone considered here.

The canonical form, due to Hesse, of the general ternary

cubio is X3+ Y3+ Z8+6mX V2. e (1)

To this form can be reduced by linear transformation any
cubic whose discriminant (§ 15) does not vanish, The number
of free constants (= 3 x 3 +1) in the form is the same as that
of coefficients in the general cubie, a fact which indicates the
likelihood of the correctness of the form.

But in proving the correctness we shall have to assume that
the discriminant is different from zero, i.e. shall have to
exclude from the conclusion the special classes of cubics which
are called singular. We shall see that there are two classes
of singular cubics, a class of modal cubics for which the

canonical form is
X34+Y%+6XY2Z, .. (2)
and a class of cuspidal cubics for which it is
X343Y2Z. ... (3)
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Let us first consider a singular cubic w, i. c. one of vanishing
diseriminant. Because the diseriminant vanishes, du/dz,
du/dy, du/dz can be made to vanish simultaneously by
giving to @, y, z suitable values not all zero. Suppose that
they vanish for values of «, 9, z which make

o =Ax+py+rvz=0, and ¥ =Nz+py+12=0,
then, if by linear transformation we express « in terms of
&', i, z, we must give it the form
(ax’+ by’ + cz) a3+ 2 (0'a + by +¢2)2'y + ("2 + 0"y +¢"2) %,
i.e. A2/*+ 8Ba'%/ +3Cxy*+ Dy’ + 2 (ca’®+ 2’y + ¢"'y/?).
Two cases now arise. The quadratic cz®+ 2¢ay’ + ¢"y* may
cither be a product of two different factors, or a square.

In the former case let XY be the factors. The form arrived

at may be written
A'X3+ 3B XY +3CXY*+DVY*+2XY,

i.e. A’X34+ D'Y3+(2+3BX+3CY) XY,
i.o. with a change of notation,
X34+ Y>+6XYZ. - (2)

In the latter case let Y2 be the square. The form arrived
at may be written

A’a/3+3B23Y + 3Cz' Y2+ D'Y3 4 2Y?%,
4
or, putting X for o'+ % Y,
A’X34+30"XY:+D'Y342Y2

ie. A’X34+Y%(z2+30"X +D"Y),
or, with a change of notation,
X3+ 3Y2%Z. . (3)

Having thus obtained canonical forms for the two classes of
singular cubics, we proceed to show that any cubic which is
not singular can be given the canonical form (1). This will
be shown by proving that, starting from any one cubic of non-
vanishing diseriminant which can be given the form, we may
pass by infinitesimal gradations through a succession of cubics
which can be given the form to any cubic of non-vanishing
discriminant whatover.

Take w = X34 Y3+ 2Z3+6mXYZ one such cubie, X, ¥, Z
being given linear functions of @, y, z the variables in wu.

W du du
' 3w’ 3y’
be made to vanish by any values of «, ¥, z not all zero. Con-
sequently X, Y, Z cannot be made all to vanish by any such

. U 2

Since the diseriminant does not vanish cannot
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values of @, 9, z. In other words, X, ¥, Z are linearly inde-
ndent. Moreover, 1+ 8m?> cannot vanish, as otherwise w
would break up into three linear factors, and its discriminant
would vanish.
Now give to X, ¥, Z, and to m, increments

(= g X+6Y+6Z 1= GX+GY+GZ (=0 X +0,Y +1,57,
and p, where ¢, €, €, {1, Gy C5» M Mgy Mas 1+ 8TO infinitesimal
constants. The increment of w is, by differentiation,
3(X34+2mYZ) {+3(Y2+2mZX)n+38(Z2+2mXY)(
+6uXYZ.

This may be identified with the most general cubie in X, ¥, Z,
with infinitesimal coefficients, by choosing €, ... {;scxs 50005 B
to satisfy ten linear equations which are at once written down.
Tt will be found that the values determined by the equations
all have 1+ 83 for denominator; and this, as seen above,
does not vanish, so that there is no failure. Moreover, as
X, Y, Z are linearly independent linear functions of «, y, 2, tho
most general cubic with infinitesimal coeflicients in X, ¥, Z
is also the most general cubic with infinitesimal coefficients
in @, 9,2 Thus any cubic with coefficients infinitesimally
differing from the chosen one, which has the form
X +Y3+2°+6mXYZ,

can itself be given the form

(X +EP+ T+ +(Z+()+6 (m+p) (X+&) (Y +n) (Z+().

We may pass by an infinite succession of stages like the
above to any cubic of which the diseriminant does not vanish.
We have only to secure that in the course of the passage wo
do not pass through a cubic whose discriminant vanishes.
And, as we can 80 control at each stage the relative rates of
change of the various coefficients that a particular relation in
the coefficients (discriminant = 0) shall not become satisfied, we
are sure that any cubic of non-vanishing discriminant can be
thus in the end attained to. If confined to the real in our
passage we could not of course pass from discriminant positive
to discriminant negative without passing through discriminant
zero. But we are not so conﬁnedl.]1

Thus any non-singular cubic can be given the canonical form

X34+ ¥+ 22+ 6mXYZ, e (1)
as stated at the outset.

1 For instance we can pass from F (z, ) = ¢ to F(x, y) ='—c without having
to pass through F(z, y) =0 by first passing from ¢ to ¢ +:d, keeping ¢ constant,
then from ¢ +td to —c+d, keeping d constant, and then from —¢+d to —¢,
keeping —c¢ constant.
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It will be noticed that
AX34+ BY3 +CZ*+6DXYZ e (4)

is a semi-canonized form which includes the canonical forms
both of non-singular cubics and of nodal cubics. For the
latter one of A, B, C is zero. Cuspidal cubics are, however,
exceptional even to this form, or only included if we allow
two of X, Y, Z to be the same.

229 (bis). Besides general, or non-singular, and singular
ternary cubics, thore are also degenerate cubics, which break
up into factors, Cubies which break up into three linear
factors can be given the form

XYz,

which is included in (4), if the factors are linearly independent,
or again the form
X3+ Y3+2Z°%-3XYZ,

which is included not only in (4) but in (1). If the factors
are not linearly independent we have the form

Xﬂ + Ya’

which comes under (4). In particular, if the factors are all the
same, we have X3. Cubics which break up into & lincar and
a quadratic factor may be given the form

X (X*+Y2Z),

which comes under (4) ; for a ternary quadratic can be given
the form X%+ YZ with any X we choose, a8 wo know from
the referencoe of a conic to any chord X and the tangents at
its ends. .

Thus of ternary cubics, general, singular, and degenerate,
only cuspidal cubies, and degenerate eubics X*Y with two
but not three factors the same, are cxceptional to the form (4)
with X, ¥, Z independent.

Ex. 36. Apply this method to show (§ 199) that X*4 ¥3 is
a canonical form of the binary cubic, and (§ 211) X*+ Y4+ 6mX* X*
one of the binary quartic.

280. Catalecticant of ternary quartie. We conclude this
chapter with a theorem due to Sylvester as to the impos-
sibility in general of & reduction which a mere counting of
the constants might lead us hastily to assume possible. This
will illustrate the necessity of & care which in much that has
preceded may have seemed superfluous.



294 CATALECTICANT OF TERNARY QUARTIC [230

The general ternary quartic
(@ b,c,...) (2,9, 2)*
contains fifteen (= 1+ 2+ 3+ 4+ 5) coeficients ; and the sum
of five fourth powers

2" : (Le+my+n,2)*

contains exactly the same number of constants, which may be
chosen at will.

It would then be expected that a canonical form of the
general ternary quartic would be a sum of five fourth powers.
But this is not the case. The fifteen coefficients in the sum
of powers are, as we shall see, connected by a relation, which
must consequently also connect the coeflicients in the ternary
quartic for the reduction to be possible.

The fact is akin to that of §§ 208, 210, in which, however,
there is nothing in the same way paradoxical, as in the sum
of two binary fourth powers the number of constants is
obviously one less than in the general binary quartiec.

The function of the coefficients in a ternary quartic which
must vanish that the quartic may be a sum of five fourth
powers is an invariant, called in analogy with the catalec-
ticant of a binary quartic its catalecticant, i.c. is the eliminant
of its six second partial differential coefficients, which are
linear functions of %, 72 2%, yz, 2, wy. Let us use a triple
suffix notation according to which a,,, where r+8+¢ =4, is
the coefficient in the ternary quartic of the term k,,,2"y"2' which
occurs in the expansion of (z+y+2)* by the multinomial
theorem. The catalecticant is

Cgo @310 Uopr Uz Uonr ooz
G310 Qo220 Ugn %120 Tz1 %inz
Usp g1 Uyog U1 Crig %ios
Ugg0 U130 P121 Cosn Yom1 Pooy
U1 Uiz Oz o1 YLoze Qors

Uopz Gyyg (e Tozz Yora Yoot
The same function of the coeflicients in (lzz+ my + n2)! is
A Bm Dn  EmE DPBan Bnf
Bm  Bm? Bmn lm®  Imia Imnd
Bn  Bmn 1322 Imin Imn® 1n?
Bm? Im® Imdn m* min mind
Bmn Imin Imn® m3n m3n? mnd
Bn? Imn® ln® m2n® man®
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in which it will be noticed that the columns are respectivelz
&3, Um, In, m*, mn, n® times the one column I3, Im, in, m%
mmn, nd. The columns are then identical, but for ditferent
multipliers applied to them severally.

For the sum of five fourth powers the catalecticant is
& determinant, obtained from that last written by writing
for each constituent in it a sum of five like ones obtained
by giving to I, m, m, or such of them as oceur in it, the
suffixes 1, 2, 3, 4, 5 in succession,

Now the determinant thus obtained is a sum of 5% deter-
minants like the last written, except that the constituents
bave suffixes, which in any one of the determinants are the
same in any column, but not, except in the case of five of the
determinants, the same in all columns. All possibilities of
applying the suffixes 1, 2, 3, 4, 5 to columns, one suffix to
each, in fact occur in different determinants of the whole
set of 5°

But there are six columns and only five suffixes. In every
one of the 5° determinants there must therefore be at lcast
two columns with the same suffix. By the above, then, every
one of the determinants contains two columns which, upon
removal of factors such as two of (2, Im, In, m?, mn, n? for some
suffix or other, are identical. Every onc therefore vanishes.
Conscquently their sum, the catalecticant of the sum of five
fourth powers, vanishes. )

231. The student will easily convince himself in like
manner of the following facts.

The quaternary quartic (a, b,...) (z, ¥, £, u)* contains thirty-
five coctlicients, and the sum of nine fourth powers of linear
forms contains thirty-six constants, apparently one more than
is necessary. Yet a quaternary ‘}uartic cannot be expressed
as a sum of nine fourth powers unless its catalecticant, i.e. the
climinant of its second partial derivatives, vanishes. Kor ten,
the number of these derivatives, exceeds nine, the number of
squares.

The quinary quartic (¢, b, ...) (2, 9, 2, %, v)* contains seventy
coefficients, and the sum of fourteen fourth powers of linear
funections of @, ¥, 2, %, v contains seventy free constants. Yet
a quinary quartic cannot be written as a sum of fourteen
fourth powers unless its catalecticant vanishes, since 16 > 14.



CHAPTER XIII

INVARIANTS AND COVARIANTS OF THE BINARY QUINTIO
AND SEXTIC.

282. THE study of the binary quintic and its concomitants
has been carried to a high degree of completeness by in-
vestigators, among whom Hermite, Cayley, Sylvester, Salmon,
Clebsch, Gordan, and Fad de Bruno should be named. The
present chapter contents itself with calling attention to the
main facts, and some of the simpler applications thereof. It
is beyond the scope of an introductory treatise to give a full
synopsis of the mass of results at which the theory has
arrived, or to endeavour to reproduce in outline more than
the most elementary of the investigations which have pro-
duced those results.

The three absolutely independent invariants of lowest
degrees have been encounteres in previous chapters, and are
of degrees 4, 8, 12 respectively. Any other invariant is
a function of these by § 80: but there is a fourth of degree 18
(§ 114, Ex. 22), discovered by Hermite, which is irreducible
in that it is not a rational integral function of them, but
is connected with them by a syzygy which will be exhibited
later. A method by which the existence of the syzygy is
proved has been noticed in § 143.

The whole number of irreducible covariants and invariants
of the quintic, the quintic itself being counted as one, is
twenty-three, a number which the arithmetical method by
analysis of a generating functioh, whose beginnings have been
sketched in ha.pterl{gIII, has been successful in indicating.
The honour, not only of pointing out the number, but of
exhibiting symbolically the concomitants themselves, is
Gordan’s. Their explicit forms have been investigated in
Cayley’s second, third, fifth, eighth and ninth memoirs on
quantics,

238. Canonical and semi-canonical forms. For the detailed
study of the quintic much use has been made of the form to
which it may be reduced

aXs +0Y% 4+ (X +Y),
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or, say, aX®+bY®+c25,
where X+Y+Z=o.
One of the three coefficients a, b, ¢ may, in accordance with
§ 205, be taken as unity; or, if we allow @, b, ¢ to be all
arbitrary, we may suppose that the modulus of the substitu-
tion which reduces the general quintic to the form is unity.
Chapter XVIII of Salmon’s Higher Algebra fives the forms,
symmetrical of course in @, b, ¢ and in X, ¥, Z, of the con-
comitants for this symmetrical shape of canonical form,
A very convenient canonical form is Hammond’s
28+ 5624y + 5yt + 9,
i. C. (l’ b,) 0, 0) 6’, l) (w’s ?/)53
in which the two end coefficients are units and the two middle
oncs zcro. He uses more the form
(4 5,9,0,0,/) (3 3,

which contains too many free coefficients to be properly
called canonical, but to which a substitution of unit modulus
reduces any quintic, and which has the advantage of not
excluding some special classes of quintics, whose coefficients
obey invariant conditions, to which the more rostricted
canonical form does not apply.

‘We must see that the reduction to this form is possible.

Take the quintic in the form

aX5+0Y5+c(X+Y)5,

from which the most general linear substitution produces

«(le+my)®+b@Te+m'yP+c{(l+V)z+(m+m')y}5
In this the coefficients of 1022y and 102%y® are

alPm3+ bl m + ¢ (L + V)3 (m +m')?
and al?m® +b*mP +c (+1U) (m+m')%
Adding and subtracting, we find that these will both vanish
if I, m, U/, m’ satisfy the two equations
{alPmB4c @ +U) (m+m/)?} (£ m)

+ {W3m2 e U+ V3 (m+m))2} (£ m') = 0.
Now, since

C—m) @ +m)) —(C+m) (Y —m') = 2 (Im'—U'm) £ 0,
these are tho same as
al?Pm?® = bl3m” = —c (I +U)3(m+m)3,
ie +atlm = £’ = o (4+1) (m+m),
whioch suffice to determine /2’ and m/m’; whence Im’—I'm =1
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derives Im and I'w’, leaving still onc of I, m, ¥, m’ which
maiy be assigned arbitrarily.
n case (cf. § 204) the assumed reduction to the form
aX?+0Yo+c(X+Y)
is impossible, there is as a rule no exception to the reducibility
to Hammond’s form. In fact it has been seen in § 204 that in
the ordinary special case, when 8 = y only, the special form
uz® + sexyt + fyf
is assumed, which is the case of Hammond's when b as well
as ¢ and d is zero. This is the case when Iy,, the irreducible
invariant of degree 12, vanishes.

In the more special case, when a = 3 =y, we saw in the

article referred to that the form
23 (a'z®+ 50'zy + 10¢y?)
is taken, and this, if we take for a new y one of tho factors of
o'z + 60’2y + 10¢’y% becomes
(5 by + 10cy?).
This is the one case of exception to the general applicability
of Hammond’s form.

It might be thought from mere counting of the constants
that it would be possible in general to make the coefficient of
a*y as well as those of #°y? and 2*y® vanish. It will be seen
later, however, that this can only be done when an invariant
condition I, = 0 is satisfied. That it can be done when
I, = 0 has becn secn carlier, as stated above.

Ex. 1. There are four essentinlly distinct reductions of a general
quintic to the form (a’, ¥, 0, 0, ¢, f') (=, y)°; and the four products
a’y’ are quadratic factors of an octavie covariant

{(ad—be)*— 4 (ac—V?) (bd—c*)} o' +....  (Newson.)

Ex. 2. Another canonical form to which the general quintic can
be reduced by a substitution of unit modulus is (a, b, ¢, a, b, ¢) (2, y)°.
(//ammond.)
Ans. Toke A(wz+w?y), A(w*'z+wy), with a proper A, for
X, Yin X4+ mY*—n(X+ Y). The o, y are the variables in the
cmz)nical form of the canonizant Cj,,. They are also the fuctors
of Cy,s.

234, List of concomitants of binary quintic. The twenty-
three concomitants of a quintic, arranged in the order of
Cayley’s ninth memoir on quantics, are as follows. Man
of them have been already met with. It will be seen that all
are invariants or covariants from their methods of formation.
That they are irreducible, and form the complete irreducible



234] LIST OF CONCOMITANTS OF QUINTIC 299

system, it is beyond our scope to establish here. The usual
proof reposes on the method of transvectants (cf. § 61). We
use the notation C; 5 to denote a covariant of degree ¢ in the
cocflicients and order o in tho variables, and J; to denote an
invariant of degree <. The arrangement is according to degree,
and for the same degree according to order.

(1) w or C, 4 is tho quintic (¢, b, ¢, d, ¢, f) (w, y)° itself.

(2) G, 4 is the quadratic covariant whose leading coefficient
is the seminvariant ae— 4bd + 8¢ It is the fourth transvectant
of u and itself, or the quadratic invariant a’e’—4V’d’ + 3¢’2 of
the fourth emnanant of .

(3)1)902’ ¢ is the Hessian of u. Its leading coefficient is
ac— b3,

(4) C; 4 bas for its leading coefficient

ace+ 2bed —ad?—b%e — 3.
It is obtained as this invariant of the fourth emanant of w, or
as the result of putting 3/dy, —d/dx for  and ¥ in (2) and
operating on w, or, let us say, of operating with (2) on w. It
is the canonizant (§ 206) of the quintic.

(5) Cy ; is the Jacobian of w and (2). Its leading coefficient
is a¥f—babe+2acd + 813 d—6bc?.

(6) Cj, , is the covariant whose leading coefficient is

a*d —3abc + 2 b°.
It is the Jacobian of w and its Hessian (3).

(7) I, is the invariant of lowest dogree. It is the dis-
criminant of (2), viz.

(¢f —3be+ 2cd)* — 4 (ae— 4 bl + 3¢2) (bf — 4ce + 3dP).

(8) C, , is formed by adding nine times the square of (2{):0
the result of operating with (2) on (3), in the manner described
in connexion with (4), and dividing by fifteen. Its leading
cocflicient is

(e —df) + a (3bef — 3bde — 4c®e + 4 cul?)

+50%ce+202d%—2b%f—8bc3d + 8¢t

It will be noticed that we have given it a ditferent sign from
that of our general convention in § 71.

(9) O, ¢ 8 second sextic covariant, is the Jacobian of
and (4). Its leading coefficient is

@(cf —de)—a (b3f + Bbce— 4bd* + 3d) + 3b% — 6 bed + b,

(10) Cy ,, the linear covariant of lowest degrec in the
coefticients, is the result of operating with (2) on (4), with
sign changed.

(11) C; 4, & second cubic covariant, is the Jacobian of (4)
and (2). ' :
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13) Cy , is the Jacobian of (3) and (4).

13) C, ,, a second quadratic covariant, is given by opera-
tion with (2) on (8).

(14) C, ,, & second quartic covariant, is given by operation
with (1 2) on u.

(16) Cy, ,, & second linear covariant, is the Jacobian of (10)
and (2).

(16) C; 4, & third quintic covariant, reckoning % itself as
one, is the Jacobian of (138) and u.—(N.B. The quintic co-
variant (16) of Salmon’s Higher Algebra, § 232, or Fad de
Bruno’s Formes Binaires, No. 13, Table v, is the result of
subtracting from this C; , the product C; ; C;, ; of (2) and

11).

817) I,, the second invariant, is found as the invariant
ac’+a’c—200’ of (2) and (13).

(18) Gy, g & third quadratic covariant, is found as the
Jacobian of (4) and (10).

(19) C, 5, & third cubic covariant, is the Jacobian of (13)
and (4).—(N.B. The covariant of degree 9 and order 3 in
Fad de Bruno’s Formes Binaires, No. 15, Table v, is
9609 3—1602’2 C-' l+ 7I4 05’ 3.)

(20) C,; ,, & third linear covariant, is given by operation
with (2) on (19).

(21) I,4, the third invariant, is the discriminant, but for
a numerical factor, of (13) or of (4).

(22) Oy, 4, the fourth linear covariant, is the result of
operating with (19) on (8). (Fad de Bruno’s, No. 17, Table v,

(23) I, the Yourth irreducible invariant, is the eliminant
of the two linear covariants (10) and (22). It is also the
catalecticant of (14).

Thus, to sum up, the irreducible concomitants of & binary
quintic are

4 invariants s Igs Iog, Iigs

o~

4 linear covariants C; 1, Cy 1, Cyy, 15 Ci3, 15
3 quadratic ,, 0y, 3s Co, 3 Cs, 95

3 cubic ” 08' 3 O'ﬂ' 30 Oy, 35

2 quartic ,, Cy, 4 Co, 0

3 quintic ,, %, Cy 5, Or, 5,

2 sextic » Gy, 0: C, 6

1 septimic ,, Cs, s

1 nonic ” Cs, o

285. Forms of the concomitants when ¢ = 0,d = 0. The
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kindness of Mr. Hammond has supplied me with the forms
taken by the twenty-three concomitants when the quintie is
given his form (a, b, 0, 0, ¢, ) (2, ¥)°, in which the two middle
terms are wanting. None of the expressions are of great
complexity. They are
(1) 0y, 5 = u = aa® +5baty + 5exyt + fy°,
(3) O, = aea? +(af —8be)ay + by,
(8) Oy s = — (b32® + €*9®) + 3 (aew® + bfy?) aty?
e
(4) Oy, 5 = — {b%ea® +bifady + ac®ay® + be*y*},
(6) Gy, 5 = (af—6be) (ax®—fy®) + (5af — 9be) (bar®—
) Oy, 5 = (af ) ( J9°) +( f+8(b’}w—ae’63;{/;):}/y’,
(6) Cy o =2 (V*a®—63y°) + 2 (a%ex” — bf3yT) ary
P (@ +110e) (ad—fif) e
+(7af +29be) (ba®—eyd) 2Py
+ 16 (b fir — acty) atat,
(7) I, = d*f*—10abef + 9026,
(8) Oy, 4 = (a%e®—203f) z* 4 (b3t — 2ae®) y*
b f)+4be((ae.z"+bﬁy wy + 1863633y,
(9) C,, ¢ = (3be—af) (b*a®—e*y®) —2 (a2e? + B3f) by
e +2{b’f’+aea)£§‘)—lo(be (ea? = bfy?) g,
(10) Oy, = (a*e®—abdf* 4 6 b%ef) x+ (B°f2—a%e’f + 6abe’) y,
11) C;, 5 = be(9be—af) (ba®— ey®) + (4a%6® — ab3f? — 3b%f)ady
(11) O = bo(obe—a) 0 —ey) (et abis sty
(12) G; 5 = 2 (b*fa"—aety") + 10b%? (aa® — i) xy
Y ¥ 3be(af + 9be) (bz*—eg/3)z'3}):y6
+(ab*f3— 6ates + 1953 f ) atyy®
—(a?e*f— 603+ 19abe®) a3y,
13) Cy 5 = (3ae®—13f3) b32? — (af — 9 be) b2e?
1) 0y = God V- (of—sboViday
14) C; , = (a®e*f— 5u3be® — 2ab3f? + 6 btef) ot
(4 Go.u= -(’;bsfa_sbseﬁ_ﬁﬂeaf+£abab2},~
+4(a’e’f—6abe’—b’6f‘) Y
—4 (ab¥f®— 6b%ef—a*e®) exy?,
16) C; | = (3a*63 f—ab?f> — 15a3be* + 7ab®ef? — 18 bedf)
(49) G -((s@sfs_as f3_ 16b4ef3 + 7a’b£f—18ab’a‘)y,
16) C, ; = (a®e’f—3abe®—2b3f?) b2a®
(16) Gre= ¢ -I'-r'(za’c*—Sab‘{f:)wb‘e) elaty
+ 8 (a%e? — 3H3f) be*a?y®
— 8 (b3 — 8aed) bRex?y®
~(26%f®— 8aef—27bet) DAyt
— (ab®f* — 8b%ef —2a’e?) €395,
(17) I, = a*8Re}f— 20265 —2bf3 + 27 b4,
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(18) Oy ; = (4a%e* f—ab®f*— 18abe' + 3b3¢f*) Lia?
’ +2 (aPe>—b3f3) ay
—(4abf*—ate®f— 18b'ef + 8abe’) 62y,
(19) Cy 5 = (2b%*—9aef+27be*) ba?
+ 3 (ab3f% + 9b3ef — 6 «*e®) b2 eay
—3 (a*e¥f + 9abe*— 6 b3f?) V3gwy®
. — (2a%e®—9ab3f + 27b%e) ey,
20) O, , = (8¢’ f—atb%3f*—27a%be® — 9abSf* + 205f*
(20) Cu, 1 = + 5‘{lz‘e‘f) 12— (5abbfd— adbiedf? — 27 10¢f:
—9a*0%’f+ 2ate® + 64 ubtet) ey,
(21) I, = b3e® (a®DPe%f* — 403e® — 4 D3f° + 18 b33 f — 27btet),
(22) Cy3,1 = (@*¢" + U8f* —8PL3f 4 9 ab’e’f? + 27 a* bt el
—5407¢'f)ex + (U7f° + a*e® —8abPe?f?
+9a2b3eSf + 2700 3 — 54alie”) by,
23) I, = («P—bf3) {(uf— Bbe) (a’e® + b°f3)
@) Ju=( —IOa*bse"'f’+90ab‘e‘ff2161/'e‘}.

236. Discriminant of quintic. It will be noticed that tho
discriminant of the quintic does not occur among the irre-
ducible invariants I, Iy, I}, I;;. Its degree is 2(6—1) = 8.
It might have been taken instead of Iy, being, as will be seen,
the difference of a multiple of I; and I,2; but, as I;; itself is
the simpler of the two, we prefer to speak of that and not of
the discriminant as the irreducible invariant.

For the quintic in its form («, b, 0, 0, ¢, f) (x, y)* the dis-
criminant is easily formed by elimination between the two
first derivatives

azt + 4bzdy +eyt, bat + 4exy® + fift,
and is found to be
at*ft—20a’bef? + 256 (a*e® +1°f%)— 1042 f?
—180ube*f —337504 ¢t
which may be written
(«*f2—10ubef + 9 1%e?)*
—128 (a2l ft — 2aPed — 207 + 2714eY),
so that, by § 285 (7) and (17), the expression for the dis-
criminant in terms of I, and I is
A = 142—128'[8'

237. Sysygy among the invariants. The four invariants
1, Iy, I,, I,,, though irreducible, must, as we have often seen,
bo conncoted by a syzygy. This may be expected to give the
squaro of I, in terms of the others. It is here songht.

As the quintic can be brought to the form

@,5,0,0,¢,f) (@ )
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by a substitution of modulus unity, it can in general be
further brought to the eanonical form

(@, 1,0,0,1,f) («, ¥)

by a further linear substitution which replaces baty and
exy* by "y’ and 2y, Let the modulus of the resultant
substitution which brings the quintic from its general to this
last form bo M. Then, from the expressions in § 235,

MI, = a"*f*—10a’f" +9

= (@'f'—1) (Wf'—9),

M*[, = a"*f*~2a*—2f'3 + 27,

M3, = a3f?—4a"*—4f" + 184'f —27,

M1 = (W3 ~f) {(¢'f = 5) (@*+f7)

—10af"2 4+ 90a’f — 216 }.

It is possible to eliminate a’, f/ and M between theso four
cquations and obtain the syzygy required.

As a guidance sec what happens when «’ =jf’ so that
Iy = 0. Writing J,, Jy, J}, for the values taken by I,, I,
I,,, we havo

MOJ, = («2—1) («"*—9)
M¥Jy = a'*—4a"3+27 = (¢’ - 3)% (2 + 2’ + 3)
M*J, = a’*—8u? +18a"2— 27 = (a’—3)3 (' + 1)
or, writing p for M%/(a’ — 3),
wl = @2=1) (@ +3)
riJg=da"*+2d +3,
p.aJm =a +1.
These give, by substitution for @’ from the last in the others,
pdy = piJyg (W0 2~ 1),
pidy = ptd 7 + 2,
by combination of which
Jy = pidy, (W J3—6).

We thus have a simple quadratic and cubic from which to

eliminate u3. The result is
J I+ 83, —2J 2T 3T, - 12, J T2
—432J123+J43J132 = 0.

It is suggested then to try whether the same function of
I,, I, I,; as this on the left is of J,, J;, J,, a function whose
degree is 36, is of tho form AL % where A is a constant. This
proves to be the case with A =16. Thus

161¢* = LT+ 812, — 212150,
—72I, I, 12— 4321 2 + I 3T 2
is the syzygy required.
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A usual and elegant way of obtaining this syzygy is to
show that, formed by the methods of § 234, the values of the
invariants for the canonical form of unit modulus

IX+mYs—n(X+Y)
are I, = (mn+nl+Im)*—4lmn (I +m +n),
I, = Bm2n? (mn + nl +1m),
I, = l'miat,
I, = BmPnb(m—n) (n-1)(l—m),
so that 7, m, n are the roots of the cubic

II,~I2, I,
418 gry S8 ] T A=,
4119% * I]ﬂ} "
and I,l,,~% is the product of the squares of differences
between roots of this cubie.

B+

238, The quintic in a form with invariant coeficients.
Hermite’s Formes-types. It is an interesting proposition
that if a quintic is so transformed that its variables are any
two of its linear covariants, the cocfficients are all invariants ;
and the same is true for any binary quantic whatever which
has two linear covariants.

Let X=P£+Qy, Y= P’ac+Q’y
be any two of the linear covariants C; ,, C; 1, Oy ¢, Oy, of
the quintie (a, b, ¢, d, ¢, f) (, ¥)°. We have

. QX-QY \ —PX+PY
- ] = A T 9
Pg=PQ YT PY-PQ
in which the denominator is the modulus of the (X, Y') to (z, )
substitution, and is also an invariant, being the eliminant of

two covariants.
We have now to show that in

(a', b: c d’ G,f) (Q,X"QY’ "PX+PY)6

all the coefficients are invariants. This will be proved if wo
can show that they are annihilated by Q and by O, of which
the firsbis 43 | 252, + 303, +4d2, + 5ed,.

Now, if u, v stand for X —QY, — P’X + PY,

Q(a, b ¢, d, ¢ f) (u, v)* = v (a, b, ¢, d, €) (u, v)*

+5(a, b, ¢, d, €) (u, v)* Qu+6 (b, ¢, d, ¢, f) (u, v)* Q.

We here mean that the operation is not on X and ¥, but

only on coefficients of powers and ‘froducts of powers of X
and Y when the quintic is expressed in terms of a, b, ¢, d, ¢, f;
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P,Ig, P,Q; X,Y. Now since (§ 109) QP =0, QQ = P,

QF =0, 2Q = P, the operation being in this sense,
Qu=Q(@QX-QY)=PX-PY = —v,

and Quv=Q(-PX+PY)=0.

Consequently
Q(a, b, c, d, e, f) (u, v)’ = 0,
i‘e' ﬂ(d, b’ € d’ esf) (Q’X—QYs —PX+PY5=O,
the operation not being on X, ¥, but only on coefficients of
X5, XtY, ..., Y5
All these coefficients are then annihilated by @. Similarly
all are annihilatod by 0. Accordingly all are invariants.

239. Quintics for which 7,;, = 0. In § 283 it was stated
that a quintic can only be linearly transformed to the form
(a, 0, 0, 0, ¢, f) (x, y), wanting its second as well as its third
and fourth terms, when an invariant condition is satisfied.
And it was seen that the said reduction can be effected when
I,;, which is the discriminant of the canonizant, vanishes.

0 prove the necessity of this condition take Hammond’s
forms of the invariants (§ 285) of (a, b, 0, 0, ¢, f) (, y)°, and
put b = 0 in them. We get

I4 -— a?fﬂ’
I, = —2a3é’,
Iu =0,

I, = a’e"f,
of which the third proves the necessity stated.
Frow the values here of I, I, I, it follows that for a quintic
which can be reduced to the form now contemplated
161, = I, I,
and this is correctly what the syzygy of § 287 becomes when

Ig,=0.

"It is not hard to prove from the expressions for the invari-
ants I,, I, I,, of (a, D, 0,0, ¢ f) (z,y)* which involve af, be
and a?es +0°f> only, that le, which call g, is given by the
equation oI, I,® I,

(I‘-—F + 3—4 = 64 (2I3_ﬁ—’ ’
so that the product of all the values which e can have for
reductions of the form (a, b, 0, 0, ¢, f) (, y)® is
I (12 —~1281p)7,
unless the diseriminant I,? — 128 1, vanishes, when the product
is still a multiple of I,,, We thus have it clearly exhibited
X

ua
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that when I, vanishes some one at least of these values of be
is zero, so that a reduction to the form (a, 0, 0, 0, ¢, f) (@, y)’ or
the in fact equivalent form (a, b, 0, 0, 0, f) (, y)° 18 possible.
The conclusion converse to that proved above, which was in
effect arrived at before as stated already, is thus confirmed.

A quintic for whieh J;; =0 cannot be expressed as a sum
of three fifth powers, as was seen in § 204. In fact, the cano-
nizant of az®+ 5exy* +y° to which form it can be reduced, is

Gy, s = —ae'ay®.
Thus, if the reduction were possible, one of the X, Y, Z would
be a multiple of 2 and the other two of y. Now
ax® + Sexyt +fy° = lad +my® + ny®
is an impossibility unless ¢ = 0, i.e. unless Iy = 0 and I;3 =0
as well as I}, = 0.

We are thus guarded against an erroneous conclusion which
might hastily be drawn from the last forms of the invariants
in § 237. It might a})pea.r from those expressions that, when-
ever I, = 0, either /=0 or m =0 or = = 0, and therefore
I, =0 and I,;, =0. But this is not the case, the forms not
being applicable to the case when I, = 0.

240. Formes-types when I, = 0. Another interesting
fact as to quinties for which Y,, = 0 may be derived from
observing what the four linear covariants of the quintie
become when b=0,¢=0, d=0.
Putting b = 0 in (10) (15) (20) and (22) of § 235 we obtain
L, =G, , = a*é*(ex—fy),
= 0y, = P*Ef(3ew+fy),
L,=0,,,= —2d'y,
R L= 0,3' 1 = a’étx.

Thus the ¥ and « of the form (a, 0, 0, 0, ¢, f) (z, ¥)%, to which
a quintic for which I,; = 0 may be reduced by a linear sub-
stitution of modulus unity, are multiples of the linear covari-
ants of the 11th and 13th degrees, and are easily expressed
also as sums of multiples of any two of the four linear
covariants. We have, in fact, using the values of I,, Iy, I},
in § 289,

ax® = a~%e~4L,5 = 2661, 8L 5,

exyt = dya 3¢ ¥L Lt = —81""L, Ly}

Jy* = — 470700 ¥ Ly’ = 16 I, L, Ly
Thus the quintic reduced to the form (g, 0, 0, 0, ¢, f) (@, ¥)%,
with modulus unity, is

81,70 {821, L)y’ —5 1Ly Ly + 21,5 Ly}
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Consequently when Z,, = 0 one of Hermite’s six ways (§ 238)
of expressing the quintic with invariant coefficients expresses
it in the reduced form,
Ex. 3. When ;,, = 0 prove that the other five expressions of the
quintic with invariant coefficients are
(2) Il_u(-s’ 0' 0! o’ 4II.’ 16[‘“’18) (4I!DLII +IS.LI’ Lll)”
(3) 373I,7%1,7*I,,71(2, 0, 0, 0, —81 121, 2431 3],)
(IIL'I+1-4 Lll’ Lll)si
(4) 2-'11;‘(64I4” 0, 0, 0, _213’ _Ia) (an- 2L“+[.L5)“,
(6) 21,771, 1(2 171}, 0,0, 0, —1,7,,1)
sz 3I‘ISL1,—2I“L7)’,
(6) 2707, ~45,~1[,~1(213,0,0,0, —I,, —1,)
oL, —4I L, I3, +120,L). (Hammond.)

241. The classes of quintics for which respectively J, = 0
and J; = 0 will not long occupy us. We content ourselves
with noticing first that when I, = 0 for the quintie

(a’ b’ 0, 0, G,f) (ﬁ, y)ﬂ
the condition satisfied is, by § 286 (7),
(af —be) (af —9be) = 0.
Thus when I, = 0 a quintic may be reduced by a substitution

of unit modulus with one degree of arbitrariness in its co-
efficients to one or other of the forms

aa® + 5baty + bewyt + %y’,

aah + by + beayf + L0,

By a linear substitution of non-unit modulus it can then be
given one of the forms

aa + 14+ 50y @ +99),

agb+ 245+ 5oy (& +9°),
or, equally, one or other of the forms

@ +95+ Sy (ba°+ 33°).

ot +3° + 5y (ba® + 5133/3)-
Secondly when I, = 0, provided I,; does not also vanish, by
X 2
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the last expressions in § 287, the quintic can by substitution
of unit mogulus be given the form

X8 4+mY’—n(X+Y),
where I-1 +m "1+ n™! = 0, i. e. the form

Im
(] —
IX5+mY®+ l+m(X+Y)5.
By a substitution of non-unit modulus it can be given the
form Xy

5ty FEHTP.

When both I, = 0 and I,; = 0, or both I, = 0 and I}y = 0,
we gather from § 239 that also I 1s = 0, and the cascs are such
as will occur-below.

242. Quintics for which I,y = 0. Quintics for which the
skew invariant 1,4 vanishes have a special simplicity in that
they are soluble. I, is skew, for its weight is }.18.6 = 45,
i. e, is odd.

Consider the canonical form of unit modulus

IX5+mY®+nZ° where X+Y+Z=0.
Referring to § 237, we see that if I,; = 0, and if I,; does not
vanish, so that the reduction to this form is possible, and
Imn s 0, then (m—mn) (n—1) ({—m) = 0, which requires that
two of [, m, n be equal. Thus a quintic for which I;; =0
and J,; = 0 can be given by linear transformation of modulus

unity the form
(X4 Y%)—m (X +Y),
i. e. the form
(X+7Y){(l—m)(X*+T?
—(l+4m) XY (X2+Y-)+ ([—6m) X312},
ie (X+7){(—m) X2+
—(l+4m) XY (X2+ Y% —(1+4m) X2Y3},
which can be broken up into X +Y and two quadratic, and
then into five linear, factors,
Thus, so far, a quintic for which I;; = 0 and 7,; 5 0 can be
solved.
Moreover the factors are of the forms
X+7,
X2+ Y2+ pXY,
. X3+ Y%*4+49X7Y,
and of these the sintgle one which comes first is, speakin
geometrically, one of the common harmonic conjugates X3 —
of the other two pairs.
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Thus, if for a binary quintie I,y = 0, and I,; 5 0, some one
of its five linear factors is a double element of one of the three
involutions determined by the other four factors taken in

pairs. :
Putting 2 for X + ¥ and y for X — Y the quintic above may
be written in the form

kx (@ —Ay®) (2 —py?),
i.e. © az®+10cady? + bexy?,

a form in which all the coefficients of odd weight are wanting.
Conversely, if one of the five factors of a quintic is one of
the common harmonic conjugates of two pairs which together
constitute the other four factors, then 1,3 = 0.
For such a quintic can be given the form

az (a*—Ay?) (& —py’),
ie. ax® + 10cx®y® + Sexyt,

in which no non-vanishing coefficient, and therefore no non-
vanishing rational integral function of the coefficients, and
consequently, in particular, no non-vanishing invariant, can
be of odd weight.

Now all skew invariants (§ 95), and I;; in particular, are
of odd weight. For such & quintic as contemplated therefore,
I and all other skew invariants vanish.

Granting then, as we shall see in tho next article, that the
temporarily reserved case when I, = 0 as well as I,, = 0 is
only special and not exceptional, we have arrived at the fact
that the condition I;; = 0 is the necessary and sufficient ono
that the quintic may have the special property which has been
expressed geometrically above.

e can also conclude that Iy4 is the only irreducible skew
invariant which a quintic possesses. If I;,; = 0 the quintic
has the above property. If it have that property all skew
invariants must vanish. Thus evelt"y skew invariant vanishes
if I, vanishes. I4is then a factor of every skew invariant, and
the invariant obtained by removing that factor is no longer
skew. If its expression in terms of irrcducible invariants
involves another skew invariant, this may be analysed in like
manner; and so on.

Ex. 4. Solve the quintic equation
az® + 5bat 4 5ew 4+ V(a?e’/b%) = 0.

Ex. 5. By actual substitution, as in § 233, prove that
a(X*+Y%)—c(X+7Y)
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can be transformed with modulus unity into
a’a® + 5ty + 5wyt + 1Y,
where a”¢” = V°f".
Ans. As in § 233 a way to make ¢’ = 0, &’ = 0 is given by
taking a¥lm = a¥¥'m’ = A (1 +1) (m +m’); whence, if
1 4 1+7 ! /

a b
t=;n—,=-’;_m,weget?-—t’and7_t'.

Ex. 6. Hence the form of Ex, 4 is a general one for quintics for
which J;; = 0, but J;; =% 0.

Ex. 7. Prove that 1, 2a d

1, B+ By
1, 3+¢ B¢
is the condition that # —ay be a common harmonic conjugate of the pairs
(z—By) (2—7y), (2—3y) (@—ey);
and that the determinant is a function of differences between pairs of
a8 de
Ans. It is annihilated by
d d d d d
da + 38 + 37 + 33 + ¢’
It is (a—23) (a—B) (e=7)+(a—7) (a—¢) (3—A).
Ex. 8, Prove that the product of

(a—2) (a—B) (e—7)+(a—¢) (a—y) 3-A),

(a—B) (a—7) (¢~ 3)+(a—¢) (a—3) (B—7),

(a—7) (a—23) (e—B)+(a—¢€) (a—B) (y—?)
is symmetric in B, 7, 8, €, and hence that a' times the product of
5 x 3 determinants like that of Ex. 7 is an invariant of degree 18 and

weight 45, so that it is a numerical multiple of 7,.
(Hermite and Cayley.)

=0

248. We temporarily reserved in § 242 the case of quintics
When I,; = 0 the quintic can (§ 289) be given by substitu-
tion of unit modulus the form

az® + Sexyt + 1,
and the condition I, = 0 is then
a’el’f = 0,
g0 that either f = 0'ore=0 ora = 0.
We also see from the syzygy 1612 = I, I* which holds
when I;; = 0, that the conditions I}y = 0, I,3 = 0 necessitate
also that either I, = 0 or I; = 0.
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When f = 0 the form taken is

aa® + 5 exy?t,
i.e. X (X*+1Y).
This is the case when I, = 0 as well as I,;=0, I,;=0. There
is no exception here to the geometrical property in § 242.

When ¢ = 0 the form taken is
az® +fy°,

i.e. X54.Y5,
and again there is no exception. The case is that of quintics

for which I; = 0 as well as I,; = 0 and I;; = 0.
When a = 0 the form taken is

5ezy* + 1y’
ie. Y{(X+7Y),
for which the property holds in a limiting form, for X + ¥ or
any other linear form in X and Y is one of a pair of harmonic
conjugates, the other being ¥; of the coincident factors of ¥2.
This last class of cases is included in the class for which all
the invariants vanish, but is not coextensive with that class.
As we have seen in § 28, Ex. 3, all invariants vanish for

a quintic X3 (X +Y)(pX+qY)
with a perfect cube for factor, for such a quintic can be given
the form o8 + 5 a, Y + 10a,2y8,

and no product of 4 factors chosen from among a,, a,, a, can
have a weight so great as to satisfy 57 = 2w.

It will be remembered from § 283 that this case of a quintic
with a cubed factor is the one of irreducibility to Hammond'’s
form. Itis not one of exception to the geometrically expressed
theorem as to quintics for which I,; = 0, for X is one of the
common harmonic conjugates of the pairs

X3, (X+7Y)(pX +q¥).

244. The binary sextic. We will only give a list of what
prove to be the complete system of irreducible concomitants
of the sextic.

As indicated in § 143 the sextic has five irreducible invari-
ants. Of these four I, I,, I,, I,, are independent. The fifth,
I,,, is skew, and its square is given in terms of the rest by
a syzygy of degree 30.

lebsch and Gordan have found that the whole number of
irreducible covariants and invariants, including the sextic
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itself, is 26, and the method of Cayley and Sylvester by
means of generating functions, which has been referred to in
Chapter V%eII, confirms the result. The complete system has
been exhibited as follows, the arrangement being, as in tho
case of the quintic, according to degrees in the coefficients, and
for the same degree according to orders in the variables.

(1) u, or C, , is the sextic (a, b, ¢, d, ¢, f, g) (2, Y)° itself.
Cf(z 4{',, the invariant of degree 2, is ag—6df+ 15ce—10d?.
" (3) Gy, 4, the first quartic covariant, is the covariant whose
leading cocflicient is the seminvariant
ae—4bd +3¢2
It is tho fourth transvectant of u and itself.

(4) C, 4, an octavic covariant, is the Hessian, whose leading
coefficient is ac— 02

(5) O, 4 is a quadratic covariant obtained by opcration with
u, having replaced in it  and y by 3/dy and —3/dz, on the
Hessian 0, ;. The seminvariant which leads it is

(ac—1%) g— 3 (ud—~be)f+2ae*—bde — 3cle + 2cd?.
It can also be obtained by operation with C; , on u.
(6) C, ¢ is a sextic covariant whose leader is
ace + 2 bed —ad? —b2e—c?
(§ 114, Ex. 13), the catalecticant of the fourth emanant.
(7) Oy, is & duodecimic with the seminvariant
a?d—3abc+20°
(§ 114, Ex. 15) for leader.

(8) C; 4, & second octavic covariant, has for its leader
. a’f—6abe+ 2acd —6bc +80%d
(§ 165).

(9) 7,, the irreducible invariant of degree 4, is the result of
operating with  on C; ,. It is the catalecticant (§ 208)

a, b ¢, d
b, ¢, d, e
c’ d, 8’ f |

doefg

(10) C,, ,is a second quartic covariant, the Hessian, but for
a numerical factor, of the first quartic covariant C; ,. Its
seminvariant leader is
2 (ue—4bd + 3¢%) (ag—9ce+ 8d%)— 3 (af —8be + 2¢d)?,
where the coefficient 2 is, contrary to the usual convention of
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§71, given to the alphabetically leading term aeg in order
to avoid fractional coefficients.

(11) C, , o third sextic covariant, is the Jacobian of w and
3, 2°
(12) € 1o, & decimic, is the Jacobian of C, , and C; ,.
(18) G, 4, & second quadratic, is the result of operating on
Cy, 4 With'C, 5
(14) Gy ,, & third quartic, is the Jacobian of C; , and C; ,.
(16) Cj, 5, & third octavio, is the Jacobian of C; ¢ and C; ..
(16) I, the irreducible invariant of degrec 6, is the dis-
criminant of Cj ,.
(17) C,, 4, a fourth sextic covariant, is the Jacobian of w and
/5, 8°
(18) K, ,, another covariant of the same degree and order
6, 6 as tho last, is the Jacobian of C, ; and C, ,.
(19) Cy 4, a third quadratic, is the result of operating on
C;, , with s 4.
(20) Cy ,, a fourth quartic, is the Jacobian of C, , and 0 ,.
(21) C; 5, & fourth quadratie, is the Jacobian C, ; and C; ,.
(22) G, ,, a fifth quartic, is the Jacobian of C, , and C; ,.
(23) Ty, the invariant of degree 10, is the discriminant of

5,2
(24) C,y, o, a fifth quadratic, is the Jacobian of C; ; and C; ,.
(25) Cis, 3, & sixth quadratic, is the Jacobian of C; , and Cy ,.
(26) I,;, the skew invariant of degree 15 and weight
46.15 = 45, is the determinant (§ 17, Ex. 25) of the quad-
raties C, 4, C5 4, Cy o. It is the criterion for those three
quadratic covariants forming an involution.

245. There are then altogoether for the sextic the following
irreducible concomitants :—

6 invariants Iy, I,, I, I, I,;, of which the last is skew,

6 quadratic covariants O 4, Cy 4, C; 4, Gy 4, Cyg g, Oy, o,

5 quartic » Gy 0 C,

4,49 V5,42 V7,49 V9, 4
5 sextic » U, os, 6 04, 6 Oe. o K 6,89

3 octavie ’ 02, 8 Cs, 8 06, 8

1 decimio » 4, 100

1 duodecimic ,, 3, 18°

None of the covariants are of odd order. Indeed, we have
seen (§ 89) that no binary quantic of even order can have
a covariant of odd order. particular a sextic, or other
binary quantic of even order, has no linear covariant.
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We notice the occurrence of two irreducible covariants C; ,
K, o of the sixth order and the sixth degree, i.e. of two
covariants of that order and d which are linearly inde-
pendent of one another, and of the covariants of the same
order and degree which can be formed as products of lower
covariants and invariants. This is the first instance of a stato
of things which often ocours in connexion with quantics above
the sixth order, but only in this one instance up to the sextic
inclusively.

In forming covariants and invariants by operations which
involve only differentiations with respect to variables, as for
instance in the ordinary methods of finding them as hyper-
determinants or transvectants, or, in particular, as Hessians,
Jacobians, or results of operating with one covariant or
quantic on another, we may, it is clear, with safety use
canonical forms. Only operations of this class ocenr in the
determinations of the more complicated of the above concomi-
tants from the simpler ones. We may apply them to the
canonical form of unit modulus

a (2 +9°) + 160t y3 4+ 20da>y® + 16ext y*,
which (§ 226) is a valid one, although the actual reduction of
a sextic to the form has not been effected by solving equations
of degree less than 5.

It should be mentioned, however, as of general applicability,
that methods which use differentiations with regarci) to coeffi-
cients, such as that of evectants (§§ 67, 68), cannot as a rule
be used in connexion with canonical forms. Such methods
are not contemplated above.

246. Complete systems of concomitants of the binary sep-
timic and octavic have been symbolically cxhibited by von
Gall, and a good deal has been done with regard to quantics
of a few orders higher. For no higher quantic, however, have
explicit results been arrived at with completeness, except for
that of infinite order, whose theory has been touched upon in
Chapter XI.

ADDITIONAL EXAMPLES.

Ex. 9. Prove that a quintic, deprived of its second term by writing
® = X—bY, y = aY, may be written
a(1,0,C, D, a®8—3C", a*F-20CD) (X, YV,

C = ac—B, D = a*d—3abo+ 28, E = ac—4bd+3¢%,
F = a*f—b5abe + 8b'd + 2acd— 6bc*;
and that, if

J = ace + 2bcd —ad®—be—c*,

where
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the relation D*= —a*J+a*CE—4C® can be used to reduce any
expresgion to the first degree in D. (Cayley.)

Ex. 10. If a, B, 7, 3, € are the roots of a quintie, prove that
a'2 (a—pP)! (z—yy) (x—23y)* (x—ey)'= —100C, ,.

Ex. 11. If a, B, ¥, 3, €, { are the roots of a sextic, prove that

a'Z (a—B) (v—yy)* (x—By)* (x—ey)* (x—(y)* = —1800C,,.

Ex. 12. For the quintic a*Z (a—pg)? (8—7)' (y—a)* (d—¢)* is an
invariant, and must be a numerical multiple of I,.

Ex. 13. For the quintic a*2 (a— )’ (y—98)* (x— ey)* is a covariant,
and a numerical multiple of C, ,.

Ex. 14. For the sextic a'Z(a—pg)* (y—3) (x—ey)® (x—(y)® is
a numerical multiple of C,, ,.

Ex. 15. Prove that

@2 (a—pB) (B—7)" (y—a) B—¢)' (z-3y)’ (@—ey)’

is a covariant of a quintic which vanishes identically when the quintic
has three equal roots. It must be a linear function of C, , and C?, ,.
Show by considering the quintic #®+10c¢2"y®, which has three equal
roots, that it is a multiple of C%; ;—3C,,,. (Cayley.)

Ex, 16(. Pro)ve that) ( Y (=) (y—) (B—)

a’Z (a—2) (a—¢) (B—28) (B—¢) (y—28) (y—¢) (3—¢)?
(z—ay) (z—By) (z—yy)

is a covariant of degree 5 and order 9 of a quintie, which vanishes for
a quintic baving two pairs of equal roots, It must be a linear
function of u(?, ,, uC, , and C, ,C;,,. Prove that it is a numerical
multiple of 50C; ,C,., —u(C,,,+3C%,). (Cayley.)

Ex. 17. Prove that
a'2 (a—p) (a—7) (a—?) (a—¢) (z—By)* (z—yy)* (2—3y)* (r—ey)’
is a covariant of degree 4 and order 12, which vanishes for a quintic
having three roots equal and the other two roots equal, and express it
as k(3u?C, ,—2607% ). (Cayley.)
Ex. 18. For the sextic
I, = —g}5a*Z(a—B) (y—3) (e—{)* (Sylvester.)
Ex. 19. For the sextic
120(71774+9007,) = a*Z (a—pP)* (y—8)* (=) (Sylvester.)
Ex. 20. Show that
aB, a+8, 1
S y+4 1 |,
e, e+( 1
ie. aB(y+d—e—()+7d(e+{—a—p)+e{(a+B—y—3),
whose vanishing expresses that the quadratics
(@—ay) (z—By), (z—7y) (=39} (z—ey) (z—Ly)
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form an involution, is a function of the differences between pairs of
a8 ndel

Ex. 21. The six letters a, 8, ¥, 3, ¢, { can be divided into pairs
a, B; 7, 8; ¢ ( infifteen ways. Take each triad of pnirs in a definite
order, and write down the fifteen values of the function of differences
in Ex. 20. Show that the product is symmetric in the roots, and
must be a numerical multiple of a~'°I;, where I; is the skew
invariant of the sextic of which a, 3, ¥, 9, ¢, { are the roots.

(Joubert.)

Ex. 22, The vaniching of the skew invariant /,; of a sextic is the
necessary and sufficient condition that the sextic be the product of
three quadratics which form an involution, and consequently that,
except in a very special case, it can be written as a cubic in X3, Y3
where X and Y are linear in the original variables.

Ex. 23.:All skew invariants vanish for a sextic which can be
thrown into the form aX®+15c XY+ 15N Y+ ¢gY°.

Ex. 24, From the lust two examples a sextic has no irreducible
skew invariant but 7,,.

Ex. 25. Prove that
@2 (a—B) (a—7) (a—2) (a—e) (B—y)* B~ ¢)* (z—ay)

an

a2 (a—B) (a—y) (a—8) (B—7)" (B—8)' (y—e)* (3—¢)* (z—ay)
are the unique linear covariants of degrees 5 and 7, respectively, of
a quintic with a, 8, ¥, 3, € for roots.

Ex. 26. Prove that
a2 (a—B) (a—7y) (a—3)" (B—7)* (B—3) (y—¢)° (3—¢)* (v—ay)
and
a*2 (a—B) (a—y) (a—3) (a—ef (B—2)° (3—€)* (z—ay)
are linear covariants of degrees 11 and 13 of the quintic, and are not
reducible as invariant multiples of 7, and L, respectively.

Ex. 27. The 20-ic covariant of a sextic %, which (§ 226) is a constant
multiple of the product of the ten products XY for canonical forms
(1,0,C, D, E, 0,1) (X, Y)', is reducible as 4*C; ;—2C, ,C, ,,.

Ex. 28. The 12-ic coveriant of a quintic w%, which is a constent
multiple of the six products X Y in canonical forms
(1,0,C, D, 0,1) (X, YY),
is reducible as *C, ,—3(%,,.
Ex. 29. Prove that

(e—a) (y—RB) (z=3y)—(e—B) (y—38) (z—ay
y—B) (@=8y)— (=) (v )-(-(e—aJ))(y_a)(m-ﬁy),

of which the leading coefficient is
aB+ By +y3+ 8¢ + ca— ay—ye—e3— B0 —Ba,
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is & covariant of the five linear forms z—ay, z— By, z—yy, z—Jy,
z—ey, which is the same, but for sign in the last ten cases, for the
same forms in the 20 orders in which the cyclical arrangement is

one of (afyde), (cyBa), (ayeBd), (2fera);
and that the product of six such covariants is the sextic covariant
40y —26C% , of (z—ay) (z—By) (z—yy) (v—dy) (z—ey).

Ex. 30. Corresponding to each vertex 4, of a pentagon 4,4, 4,4, 4,
inscribed in a conic, construct a vertex B, of another inscribed pentagon
B/ B,B,B,B, 88 the second intersection with the conic of the line
joining 4, to the intersection of the connectors of the two vertices
adjacent to 4, and the two remote from 4, in the cycle (4,4,4,4,4,).
Let the connector 4,4, of two vertices of the one pentagon, and the
connector BB, of the two corresponding vertices of the other, meet
in Qy,. Then the lines Quias Qis@rsr O Qui> ©129sss 9 Qs PSS
respectively through 4,, 4,, 4,, 4,, 4,, and meet the conic again
in the same point X. (Quarterly Journal, Vol. XXVIII, p. 265.)

Ex. 31. If a conic through the origin O cuts the five lines » = 0 in
P,P,P,P, P if @ is the point conjugate to P, for all conics
through P, P;, P,, P, and @,, @,, Q,, Q, have like meanings; if
the polar of @, with regard to the harmonic triangle of the quadrangle
P, PP P, meets the tangent at P, in R, and R,, B, R,, K, are
similarly constructed; these five points lie on a straight line whose
intersections 4, B with the conic 0P, P, P, P, P, specify Od, OB the
factors of the covariant C, , of u. (Morley.)

Ex. 32, If C is the pole of the above 4B with regard to the conic
0P,P,P,P,P,; D, E the points where C'4, CB meet again the conic
CP,P,P,P,; and F the pole of DE for that conic; if CP, meets the
conic O.P, P, P, P, P, again in @, and FQ, meets it aguin in @ ; and
if CQ meets the same conic again in P; then 0@ und OP specify the
linear covariants C; , and C,, of the quintic u.

(Proc. Lond. Math. Soo., Ser. 2, Vol. VI, p. 227.)

Ex. 33. If P,R, P, R’ are the harmonic conjugates of the tangent
at P, with regard to P, P,, P, P, and P, P,, P, P, respectively; and
PR, the harmonic conjugate of the same tangent with regard to
P R, P, R, meets the conic OP,P,P,P, P, again in R,; then OR,
specifies one of the five factors of a covariant of degree 7 and order 5
of the quintic u.

Ex. 34. By means of this quintic covariant of w, and the 4B of
Exki 1, two linear covariants of degrees 11, 13 can be constructed as
in Ex, 32,



CHAPTER XIV

SEVERAL BINARY QUANTICS,

247. It will be remembered (§§ 103, 115) that an invariant
of several binary quantics

p—1
ay@® + pa, a1y + 1)(1}7_2_) ag2' R 4+ a,yt,
4 ’
ao’m" + p’al'mﬂ-ly + ‘E—(i‘p—;;!—). aslwp’-’?/’ + ...+ a”’y’!
&e., &ec.,

has the two annihilators

_ d d d
2Q = ((lo-a—&-; +2a1-372 +...+pa,, S—a—’)

b d 9
+(a0'3_a_1, +2a =, +"'+p’w"’1aa.’,,:)+ vy

duy

-] d 9
30 (palm-l-])—l.a’a—&;-l-...-l-upm)

a a ) 9
/.’ / 4 4 .
+ Pa __7+p ].a +."+a ,_7_.)+.",

that any covariant has the two annihilators
) P}
20-y5, EO“"’ay’
and that any seminvariant, the leading coefficient in a co-
variant, has the one annihilator Q.
. It will also be remembered (§§ 108, 115) that for any
mvariant p+ip +... = 2w,
and that for any seminvariant which is not an invariant
ip+i'p +... exceeds 23w, the excess
p+ip +...—3w

being the order in the variables of the covariant which the
seminvariant leads. We here and throughout this chapter
mean by seminvariant rational integral seminvariant.

We proceed to illustrate the theory of concomitants of
several binary quantics by consideration of a fow early cases.
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248. Linear form and p-ic. Let the linear form and the
p-ic be _
u = @ +ny,

¥ = (tgy Oy, Agy o0 @) (2, Y)Y

The linear form alone has no invariant, and no covariant
distinet from itself.

The p-ic alone has a system of invariants and covariants
which, in the preceding pages, have been investigated for
values of p up to 4, and given for the values 5 and 6 of p.

The other invariants of the system are (§ 69) given by
substituting £ for y and —n for « in the covariants of the p-ic,
including the p-ic itself. They are the eliminants of u and
the covariants of ». They are also spoken of (§ 68) as the
contravariants of v alone, if we regard w as the universal
concomitant (§ 66) of two contragredient systems z, y ; & 9.
We shall dwell comparatively little on this aspect of them,
but the £, 7 notation is chosen so as to acecord with it.

We seek information as to the other covariants of the
system, or as to the mized concomitants (§ 66) of v. The
quest for these covariants is that for the seminvariants of
the system which lead them.

These seminvariants are rational integral functions of ¢ and
n and a,, @, ... a,, which are homogeneous, of different degrees
1, 4" it may be, both in ¢ and 5 and in a,, a,, ... @,, and are
isobaric in the two sets of coefficients taken togetﬁer, ¢ and
n being of weights 0, 1 respectively. They have the one
annihilator 3

¢ Py + Q.
Suppose that
s pie 1(i—1) .,
EP, +il 1P, + Wf 2Pyt +0' Py

is such a seminvariant, where P,, P,_,, ... P,_; are gradients,
all of degree ¢, in a,, a,,...a,, the weight of each being
indicated by its suffix.

Expressing the fact of annihilation by E;;' + Q, by equating
to zero the terms in the result of operation with it which
multiply &, £-1n, ... n separately, we obtain

QP, + iP,, =0,

QPW-I + (i_ I)Pw_’ = 0,
QP 4o+ 2P, iy =0,
QP+ P, =0,
QP [roe H—3 0,
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of which the last shows that P,_; is a seminvariant of the
p-ic alone, and from which, as in § 109, we also draw the
conclusions that
1 r
Por=(=1) 'i(i—l)...('i-'r+l)9'
for every value of » from 1 to ¢ inclusive, and that the full
expression for the seminvariant is consequently

£P— L e Pt L@ Pum (=1 el P,

‘P"’

which may be written "
ge ¢ P,

since the addition of terms multiplying Q' P, Q**P,,... i8
a mere addition of zeros.

It will also be recognized, from § 98 or § 160, that this
expression for the joint seminvariant is the result of substitu-
ting in P, for ¢y, ay, @y, ... @, Tespectively, the expressions
a, =,

a, = a,é—ayn
= azfz_za’lfﬂ +aon?
a; = a,£3—3a 82+ 8a & —ayy®

-1
a, = apf’ ._pa,“_lfr-l n+ l)—(ll‘; 2-—) Uyg fp—znz —w.t (-— 1)’(!01;",
i.e. by the results of replacing  and y by —7 and § in

1%y 117 ly 213y 10 »
plogt’ plagb 1’ pidg3""pia’ ™
and after substitution dividing through by £&-*.

Any seminvariant which is not a mere power of ¢, or,in par-
ticular, any invariant, is then a gradient in a,, @y, ... a,, or such
a gradient multiplied or divided by a power of {. Moreover,
any gradient in a,, a;, ... @, is & seminvariant or, in particular,
invariant. For a,,a,, ... a, are seminvariants themselves—the
last of them, in fact, an invariant—being all annihilated by

P
3"; + Q.

248 (bis). From the last paragraph we draw the interesting

conclusion that every gradient P, in @, dy,...a,, and in

icular every single coefficient and product of coefficients,

1s the coefficient of the highest Eower of ¢ in some covariant

of the p-ic and linear form, This highest power of § is not
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uniquely determinate for a given P,, but may not be lower
than the ith, where Q*1 is the first power of Q which anni-
hilates P,. Having obtained the seminvariant of the p-ic
and linear form which has the term ¢'P,,, we know that there
is another with first term £**P,, for every positive n. The
covariant which it leads is the product of (éz+ny)" and the
covariant led by the seminvariant with the term &P,.

If = is the order of the covariant led by the seminvariant
with the term £P,, i.e. by the seminvariant

n
O
and if ¢’ is the degree of P,,, we have
i+ip—-2w=wm,
and (§ 115) the covariant is

ae (D) g iR,

which may be written in other forms; for instanco

)
RN § f‘eéo e—%nP,, ; ,
o
i.o. since by Taylor’s theorem ¢ "= F (¢) means F (z + k),

Yo . 1% g
a*t (fx+ny)e® e e P,
Contrary to appearances this is integral in # even when w<<.

We have noticed that these covariants are the concomitants
(in general mixed) of the p-ic only. Changing the notation
by writing «»’ and 4 in place of + and 7, we are led to the
following theorem.

Every gradient G whatever of degree i and weight w in
@y, Qy, ... A, 18 either an invariant or the coefficient of &™E™ in
some rational integral covariant (with =’ = 0), contravariant
(with o = 0), or miwed concomitant, of (a,, ay, ... a,) (@, ¥)*.

The value of o’ is the smallest number for which Q®'*1 (1}/ =0,
that of w is ip— 2w+ o', and an expreesion for the concomitant
8 ¥ nx
ait-2% (Eg 4 ny)™e” MO T TR

The same expression also gives a mized concomitant if w’ is
any greater number than the smallest for which Q%+ @ = 0,
but wn such a case a power of {x+ny is a factor of the con-
comitant.

Let us call o the order of a covariant or mixed concomitant,
and =’ the class of a mixed concomitant or contravariant.

151 Y



822 ALL GRADIENTS LEAD CONCOMITANTS - [248

Taking for G the general gradient of type «, ¢, p, containing
(w; <, p) arbitrary numerical coefficients, we thus derive from
it & concomitant including as many arbitraries

Yo 2% g
a2 (fx+ny)e e Etvr G,
of order ip—w and class w. .

This may be separated into lpute which give us the con-
comitants of lowest orders and classes with leading coefficients
included in G. In § 128 (bis) we have seen how to write the
general @ a8 a sum of parts

G+ G+ Gy +.u+ Gy
which are annihilated, respectively, by Q, by Q2 but not by Q,
by Q3 but not Q3,..., by Q**! but not Q*. If ip—2w is
negative the E&ﬂa Gy, Gy, ... Gy_;y do not ocour in the sum
(§ 128 (bis), Ex. 14).” The concomitant of order ip—w and
class w derived from @ as above is now a sum of parts

(62 +ny)*Cy +(éo+ny)* 0o+ (Ex+19)"2Cy+ ... + Cusyy
where : Y, 1% o
C, =a" % (x+ny)le* ¢ #t1r @,
for every » from 1 to w+1 if ¢p—240 is not, and for every r
from 2w —ip +1 to w+1 if ip—2w is, negative. In the latter

case C), C,.... Cpy_;, are zero. Here (), C,,...C,,, are the
concomitants of lowest orders and classes desired.

Ex. 1. Prove that the operator £(3/3y)—n(9/92) produces con~
comitants from concomitants, and hence that a cubic
A = az* 4 3bay + 3exyi+ dy®
has concomitants with b, ¢, d respectively for leading coefficients,
namely
B = (ba'+ 2 cxy +dy’) §— (e’ + 262y + ey") 1y
C = (s +dy) £—2 (be +cy) én + (aw + by) 7",
D=d@—3cfn+30f'—an’
Ex. 2. Hence aleo any gradient G (a, b, ¢, d) is the leading coefficient

in a concomitant ¢/ (4, B, C, D) of the cubic. Prove in like manner
the genera! fact as to concomitants of a p-ic.

249. Irreducible systems. Let us return to the notation
of § 248, All seminvariants and invariants, including those
of w and v singly, being rational integral functions of some
or all of £ and a,, q,, a;, ... a,, or such rational integral func-
tions divided by powers of ¢, the search for the complete
system of irreducible concomitants of the linear w and the
p-ic v is the search for homogeneous isobaric functions of ¢
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and a,, a, ag, ... a,, from which, when thety are expressed in
terms ofa}. n and a,, a,, @,, ... a,, powers of § may be removed
by division, leaving the result integral. Such new forms have
again to be combined with ¢, a,, @), ag,... 2, and with one
another, or with such of them as in the process are not excluded
as themselves composite, and new forms derived by removal
of ¢ factors, till the process can be continued no longer. The
method for thus arriving at all the irreducible concomitants
is that illustrated in §§ 169, 170. Two early cases follow.

250. Case of two linear forms. Let the two forms be
fx+ny, az+by.
The seminvariants §, a,, a, are
& o bf—an;
and § is not a factor of any combination of them. These then
are the only seminvariants and invariant; so that the com-
plete system for two linear forms consists of the two forms
themselves and one invariant, their eliminant.

251. Case of linear form and quadratic. For the system
u = e+ 0y,
v = ax?+ 2bawy + c1?,
the independent seminvariants ¢, a,, a,, a; are
& a, bf—ay, cfi-2b&m+an
Here, if ¢ were zero, we should have ¢ya, = a;®. Thus
ayay—a,? is divisible by £ In fact,
ayag—a;® = (ac—b?) £2
Thus ac—b? is a seminvariant (invariant) newly given. It is
irreducible, for it is no function of the other one @ which does
not involve £,
Further examining the results of putting £ = 0 in the sem-
invariants now before us, i.c.
0, a, —na, nia, ac—b2
we see that no new relation connects them. We have before
us therefore the complete system of irreducible covariants and
invariants, viz.
(1) the linear form itself, led by ¢;
(2) the quadratic itself, led by a ;
(8) & covariant led by bf—ay. It is a linear covariant, the
Jacobian bé—an)z+(cé—bn)y.

Geometrically it is the harmonic conjugate of the linear form
with regard to the quadratic; : :
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4) an invariant c£2—2b&)+ aq®, the eliminant;
5) an invariant ac—0%, the disecriminant of the quadratie.

252. Another method, which might be pursued in examining
the system of a linear form and p-ic, consists in using instead of

£ a5,05,0a5,...0,
the system of p + 2 protomorphs of § 168,
& bé—an, a,, o ,0,—a?, ala,—3a,a,aq+ 2a,’,
ya,—4a,a,+3at, ... .

A third method, which will be adopted, depends on the fact
that if S is a seminvariant, or invariant, of {z+ 3y and v,
which involves ¢ and 7, i.e. which is not either a power of
¢ or a seminvariant of v alone, then 38/3y is another.

The fact is an immediate consequence of the identity of
operators

d d d d
(Ea',, +sz)b—” = a—,,(fir', +2),
which tells us that when ¢ ;’; + Q annihilates S, so that

d

b 7
57 (55 +Q)8 =0,

o d
then {-‘-:; + 8 also annihilates P S.

Thus from an tnvariant

(Qw-i’ Qw—i+1s e Qw) (’15 ""6)‘
of (& +ny and v, formed as in § 248 from v or a covariant of
v, are derived the series of seminvariants

(Qw—h Qw—i+17 oo Qw-—]) (7’: —f)‘_l’
(Qu‘—h Qw-‘+1’ see Qu.'-ﬂ) (’7’ _E)‘—S’

Qw-t”, - Q:r-i+1£)

er—l’ ’
of which the last is the corresponding seminvariant of v only.
The way in which, in the folfowing two cases, this is utilized
for the determination of complete systems of {x+ 7y and v,
when the complete system of v is known, is general. We
shall see that ¢, the irreducible invariants of v, the invariants
of fa:-mi/ and v obtained by putting n, —¢ for @, ¥ in the
irreducible covariants of v, and the successive derivatives of
these with regard to 7, constitute together the complete system

of seminvariants and invariants.
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268, Oase of linear form and cubic. Take the linear
form
Ex+ny

aa? + 3bady + 3cxy® +dys.
The complete system for the linear form alone is itself.
The complete system for the cubic alone consists (§ 169) of
three covariants

(@, b, ¢, d) (2, y)% i.e. the cubic itself,

(ac—b)a® + (ad —be)xy + (bd—¢®) 3,
(a3d—3abc + 263, abd —2ac®+ bie, —acd +2b°d—bc?,

—ad?+3bed —2¢3) (z, ¥)*,

and the cubic

and one invariant
(ad —be)®—4 (ac—b%) (bd —c?).
Thus the system has
(1) the seminvariant £;
(2) the invariant (@, byc, d) (n, —€)
Ly § 248, from which tlow, by § 252, the seminvariants

(3) (a) b: (‘) (7" - 6)2,

(4) un— b f ’

(5) w;

(6) the invariant (ac—b%) n? — (ud =be) né + (bd—c) €2,
from which low the seminvariants

(7) 2 (ac—b%) n—(ad—bo) &,

(8) uc—b%;

(9) the invariant (a*d— 3abec+ 28°, —ubd + 2ac®—b2c,

—acd +2b63d—be?, add—3bed +2¢%) (n, €)%,
from which flow the seminvariants
(10) (a%d—3abc+2b% —abd+2ac—lic,
—acd + 2b3d—be?) (n, €)%,
(11) (a3d—3abe+ 2 b3) n— (abd—2ac® + bc) I3

(12) add—3abc+2b%;
and lastly the invariant
(13) (ad—beyd — 4 (ac—19) (bd—c3).

None of these thirteen is a rational integral function of any
of the others. That (5), (8), (12) and (13) are irreducible is
the theory of the single cubic (§ 169). That (1) is irreducible
is obvious. We have still to see that nonc of the rest of the
thirteen, i.e. none of those which involve ¢ and 7, is a rational
integral function of others of the thirteen. Now if-

Py Qn™ e+ ...+ ZE,
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where P, Q, ... Z do not involve ¢ and 9, is the expansion of
a rational integral function of some of the thirteen, its P must
be a rational integral function of some or all of
a, uc— b3, a*d—3abe + 2b%, (ad —be) — 4 (ac—b%) (bd—c¥) ;

and, as none of these is a rational integral function of the rest,
P can only be one of them when actually presented as one.
Thus none of (2) to (13) could be reducible except as a product
of another of them and a seminvariant involving 7 but none
of a, b, ¢, d. But the only seminvariants free from «, b, ¢, d
are v;)owervs of § and do not involve 7.

e have still to show that this system of thirteen irreducible
seminvariants and invariants is complete.

254. The system is complete. We have to see that any
seminvariant or invariant whatever of the linear form and
cubic can be rationally and integrally expressed in terms of
the system (1) to (13) of the preceding article.

Firstly, any seminvariant or invariant in which only a, b, ¢, d
occur is a rational integral function of (5), (8), (12), (13), by
the theory of the single cubic.

Secondly, any seminvariant in which ¢, b, ¢, ¢ do not occur
is a mere power of £.

It remains to consider seminvariants and invariants in which
both sets «, b, ¢, d and ¢, y ave represented. Let

S=Pp+Qu 1+ Ry'22+...+Z¢
be one, from which factors which are powers of £ have becn
removed. P, Q,... Z are rational integral functions of degree
7 in @, b, ¢, d or some of them.

By § 248, P is a seminvariant in «, ), ¢, d. It can there-
fore be rationally and integrally expressed in terms of

a, ac—b%, a®d —3abe + 23, (ad —be)? — 4 (uc —b?) (bd —~?),

which call a, C, D, A.
If w is the whole weight of S, we have (§ 247)

i+ 3% 4 2w,

Now P consists of a sum of positive and negative numerical
multiples of such products as «”C?D"A’, where

P+2q+3r+48=7.
The term ' in S is then a sum of numerical multiples of
such terms as DA o,
for which, expressing that < + 3¢’ 2w, we have
i+3(p+2¢+3r+48)L2(i+2q9+37+864),
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i.e. 3p+2g+3r4gi
= ¢ +1, say,
where ¢ is a positive integer or zero. It is important to see
that this implies, among other things, that p, g, » cannot all
vanish, since 7 does not.
Now in the product

(2)* (8)* (9)" (13)*
the highest term in 5 is
a?C' DA, ,,8 p+29+8 A

(6)°(8) (12)" (13)’
is a?C DAY
and, if in this last we replace one of the p factors (5) by (4), or
one of the g factors (8) by half of (7), or one of the r factors
(12) by (11), we produce a first term

a?CDrA' .,
and again, by a like process of retrogression, we produce
a’C' DA %,
and so on. Continuing the process of unit retrogression we
must arrive, before or upon finally reaching the first term
«’CID A%, 3P t2atds
at the desired first term
(LPC".D"A. . ."31)+2¢[+3 1'-1’
i.e. a*C1 DAy,
as a rule in a number of different ways.
Similarly for any other term of which P’ consists.
Thus we can, and as a rule in a number of ways, obtain by
composition of (2) to (13) a seminvariant
P+ Qi1+ Ry 32 +... + Z'¢,
whose 7 term is the same as that of S.

Subtracting it from S, and removing the seminvariant factor
¢, we obtain a seminvariant

@—@) v+ (R-R)n2E+... +(Z-2) &

Let the same process be repeated. We can form a combina~
tion of (2) to (13) whose highest term in 5 is (@—@Q')#*™
Subtracting this, and dividing by §, we have a seminvariant

(R=R'=R") 92 +...+(Z-Z' - 2") {2
Repeat the process again; and continually as long a3 necessary.
We get, lastly, unless at some stage or other the result of sug-

and the product
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traction has vanished, in which case the desired oxpression of
S has been obtained, a residual
Z2-7-2"-..-Z,
which is a seminvariant free from ¢ %, and so & rational
integral function of (5), (8), (12), (18).
Thus, finally, we have S expressed as
S+ €8+ 385+ ... + €8,
where Sy, S;, S;, ... S; are rational integral functions of (2) to

(13) or some of them. .

We see then that every seminvariant or invariant of the
linear form and cubic is a rational integral function of (1) to
(13) or some of them. These were seen to be irreducible. The

roof is now complete that they form the complete system of
irreducible seminvariants and invariants.

The complete system of irreducible covariants and invariants
follows at once from the comglete system of irreducible sem-
invariants and invariants. The covariant corresponding to
any one of the seminvariants § is, by § 115,

a:'e% (q ’% * 0) S,

where w=1+3—2uw.

255. Case of linear form and quartic. The irreducible
covariants and invariants of the quartic
(a) bs c: d’ G) (m: 3/ )4’
are, § 170, the quartic itself, the covariants
(ac—b2) a* + 2 (ad — be) &Py + (ae + 2bd — 8¢2) x* y?
+ 2 (be—cd) @y® + (ce — d?) y*,
] y
und abe?’ (u3d—3abe +209),
and the invariants
I=ae~4bd+3c3,
J = ace+ 2bed —ad? — Ve~
The invariants of the system consisting of {&+ny and the
quartic are then
1) 1,
- @),
(3) ((G, b, ¢, d) (”9 - f)"
(4) (ac—b%)1*—2 (ad —bo) y¢ + (de + 2bd—3¢%) 1%
' ~2 (be—cd) n&> + (ce—a?) ¢,

£
(5) n%¢ "’ (a2d—3abc+20%),
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and the other seminvariants are, as in the last two articles,
¢, the four successive differential coefficients of (3), the four
successive differential coefficients of (4), and the six successive
differential coefficients of (5), all with respect to 7.

Altogether we have twenty seminvariants and invariants.

The twenty are all irreducible. This is established exactly
as in § 253. _

Moreover, as in § 254, any seminvariant or invariant what-
ever can be rationally and integrally expressed in terms of
the twenty or some of them. They form, then, the complete
irreducible system of seminvariants and invariants.

From every seminvariant of the system the corresponding
irreducible covariant is formed by t{e operation a.n(f multi-
plication vy d
wa+4i'-2«ci("ag+")_

256. Case of n linear forms. For the case of n linear forms
@@ +by, a,z+0b.,...,e,2+0,y,
an ulgebraically complete system of concomitants, i.e. a system
of which all other covariants and invariants are functions,
though not necessarily rational integral functions, consists of
the n linear forms themselves and the 22— 1 invariants
a,bg—agh,, ;by—jby, ..., ab,—a, b,

which are the eliminants of a chosen one of the forms and the
other n—1.

For

@y, Uy, ooe Uyy @ by —dyby, i bs—ughyy ey by —a b,
are all independent, each involving a letter which does not
occur in any previous one, and their whole number 2n—1
is less by 4, the number of /, m, I/, m’, than 2n+2+1, i.e.
than the number of equations which express the equalities
of coefficients of X and Y in the given forms and their linear
transformations together with the equations of substitution
g=1X4+nY, y=UX+w'Y
and the one equation
M=1In'=Um. (Cf. §42)

The complete irreducible system consists of the above and

the other eliminants
aghy — by, Wb —aby, o, @b —aby, .,y de by —agbe

of pairs of the n forms. The whole number of the system is

the sum of n, the number of linear forms, and §n (n—1), the
number of eliminants, i. e. is

in(n+1).
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‘We must see that they are all irreducible, and that there is
no other covariant or invariant which is not a rational integral
function of them.

They are all irreducible. For the leaders

a,, ag, ... &,

of the forms themselves, being different and of the first degree,
are irreducible, and the eliminants a,b;—a,b,,... are all of
degree 2, so that any one of them if not irreducible would
have to be a linear function of the rest and of the squares
and products of a,, a,,...a,. These last cannot enter with
the others in any linear relation, for they are all of weight
zero, and the rest are of weight 1: and no linear relation can
connect the eliminants alone, for they are of different partial
de in the coefficients of the n forms separately. )

o prove that every other seminvariant is reducible in terms
of ay, g, ... and the eliminants, we may proceed by mathe-
matical induction. Assume it true for the above n forms, and
take an (n+1)th {z+ny. Exactly as in § 254, any semin-
variant of the system of n+1 forms is a rational integral
function of

aybg—a,by, ayhg—agby, ooy (tgbg—1t3Dgy iy vuny Ug_(by—a by,
G =b¢ amm=0¢. ..., u,n—0.¢,
and the 7-derivatives of these
Upy Tgs aee Uy,

together with ¢
This proves the theorem for n + 1 forms when we know it for
n. But (§ 250) we know it for n = 2. Consequently it is
true for n = 3, 4, 5, ..., i.e. universally.

In proofs by the method of § 254 the critical fact is that, in
the inequalities like the

3p+2q9+3r i

of that article, the non-vanishing coefficients on the left are
all positive. This is a unive fact, for every coeflicient is

the =(ip)—2w of a seminvariant, and this is never negative
(§ 247).

257. System of two quadratics. This is the only system
of two quantics neither of which is linear which we shall
discuss at length.

Let the two quadratics be

u = az® + 2bay + ¢,
v = o'a?+ 20wy + Y.
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Six seminvariants and invariants we have at once the means
of writing down, viz.

(1) a, the leading coefficient of u,

(2) o', the leading coefficient of v,

(3) ac—0b3, the one invariant of u alone, its discriminant,

(4) a’c’—b™, the one invariant of v alone, its discriminant,

(6) ac’+a’c—2bY, the invariant of u and v intermediate to
(3) and (4), found in § 18,

516) ab’ —a’b, the leading coefficient of the Jacobian of u
and v.

These six form the complete irreducible system. This may
be seen as follows.

Firstly none of them is a rational integral function of the
rest. This is clearly the case with regard to the two «, @’ of
the first degree. As to the rest all are of the second degree.
If any one of them is a rational integral function of the rest
it must be a linear function of a2, aa’, a’® and of the other
three of (8) to (6). Now it is clear that every one of (3) to (6)
consists of terms which do not oceur in the rest or in a2, aa’, a’.

The six, however, are not all independent, but are connected
by one syzygy. For, combining (1) to (5) so as to get an
expression free from ¢ and ¢/, we find

ad’ (ac’ +a’c—2bb") — a? («'c’ — 1'3) — a’® (uc — b2)
= (al/ —a'b)2 ...(7)

We have still to see that any seminvariant or invariant can
be expressed rationally and integrally in terms of (1) to (6).
Writing ¢, €, T for (8), (4) and (5), we have

c=(C+b)/a, ¢ =(C+b%/a,
8o that any rational integral function of «, b, ¢, «/, ¥, ¢’ may
be written as a sum of such terms as
Aa™ @b (C+ B (O +b72Y,
where the indices are integers, zero allowed, and, with the
exception of m and », certainly positive. This again is a sum

of such terms as
Nu®ab"b'vCC™,
If the sum is a seminvariant or invariant it is annihilated by
d ) , , 3 -
((bﬁ) +2b-a—é) + (a -a—b-,'l' 2) b—(")’

which also annihilates a, &', C, ¢’ separately, and so in its effect
on the sum is the same as

ag- , 2
BT
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on it as a function of b and &’ as they ocour explicitly. Now
the annihilation by this implies, as the theory of partial
differential equations tells us, that b and b’ only occur in the
connexion ab’ —a’b. :

Any seminvariant or invariant is then & sum of such terms as
ua™a’ (@b’ —a’b)cr’e”,

and consequently, by use of the syzygy (7), can be written as

a sum of terms each belonging to one of the types

pnea®CeC’* I,
para®(ab’ —a’d) CrC I,
Terms of both types cannot occur, for the whole weights of

the two types are one oven and the other odd.
Thus a seminvariant or invariant is, either a sum of terms

like F'uca'ﬂ Ce 0’01"1,

or such & sum multiplied by «¥’—a’b. Here p, o, 7 are positive
integers, zero not excluded, and a, 3 are integral or zero, but
not yet proved positive. The factors u, a/, C, (", I' of any
term are absolutely independent, and the last three are in-
variants.

We have to see that for no term as above can a or 8 be
negative. Suppose if possible that there are torms in which
a, for instance, is negative, and let o’ be the greatest positive
value of —a which oceurs in any term. We remember that
the seminvariant must lead a covariant, and that the last
coefficient in the covariant is, but for a numerical factor,
obtained by operating on the seminvariant with (0 +0')%,
TR 0= (B v d) 4 (2 4

+0'=(2by +egp) + (W g+ 5p)

and o is the order of the covariant, i.e. =(ip) —2w (in this
case 2 (a + 8), which is accordingly non-negative and constant
throughout). This last coefficient is annihilated by 0 + 0’, so
that the seminvariant is annihilated by (O +0°)**%. Now the
result of operating with this upon it, if as supposed it contains
a sum of terms a3 (WBCPCT)
and none with the factor «—+-!, contains the terms
(_1)'+]al(al+ 1) . (a’+w) a-v-5=13 (u'FUPC"'Pf) PLAST AR
and no other terms involving ¢~*'-°-' against which they can
cancel. The result then cannot vanish; and the supposition

was unsound.
It is then completely established that any seminvariant or
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invariant is cithers rational integral function of (1), (2), (3),
(4), (8), or such a function multi};;hed by (6).

The system (1) to (6) is then the complete system of
irreducible seminvariants and invariants.

Consequently also the complete system of irreducible co-
variants and invariants consists of the two quadratics them-
selves, the three invariants (3), (4), (5), and a third covariant,
the Jacobian

(ab'—a’B) 22+ (ac’ —a'c) 2y + (b’ ~ b'e) 9.

258. Canonical forms of two quadratics. It is easily seen
that by a linear substitution of modulus unity the two quad-
ratics can be given the simultaneous forms

aX®4cY? a'X:4CY2,
with new values of a, ¢, @/, ¢.
For to make simultaneously
all’ +b(Im’ +U'm) +emm’ = 0,
&'+ (Im” +U'm) +'mm’ = 0,
we have only so to choose /:m as to make

al+bm _ bl+cem
dl+bm ~ Vl+cm’

i.c. to solve a quadratic, and then to take for I': m’

_ bl+cm .
al +bm
The absolute values of I, m and ', m’, whose ratios in pairs
are thus determined, may then be taken, and still with one

degree of freedom, so as to make Im’—I'm = 1.
or these canonical forms of unit modulus the six con-

comitants are aX+c¥? |
aX24+c'Y2
ac ,
a’c ,
ac’ +a’c ,
(ud’ —a’e) XY.
The X and Y of the canonical forms are then factors of the
Jacobian.
The failing case of two quadratics which are special in that

their Jacobian has equal roots is left as an exercise to the
student.



384 EXAMPLES ' [258

Ex. 3. Interpret geometrically the vanishing of the invariant
ac’+a’c— 200,

Ex. 4. The Jucobian of two quadratics represents the double
elements of the involution which they determine.

Ex. 5. Express the seminvariant ab”'—2ba’’+ ea” in terms of
(1) to (6). ,
Ans. o’ (ac’+a’c - 2bb’)—a (a’c’ - 0").
Ex, 6. By means of the canonical forms prove that the covariant

led by the seminvariant of EX. 5, represents the harmonic conjugates
of the factors of ax®+ 2bxy + cy® with regard to a’z®+ 2b0'zy + ¢y’

Ex. 7. Prove the same by means of § 251 (3).

Ex. 8. Find the covariant which consists of the harmonic con-
jugates of the factors of v with regard to u.

Ex. 9. Prove that the covariants of Ex. 6 and Ex. 8 are quadratics
which belong to the involution of Ex. 4.

Ex. 10. Express the eliminant (ac’—a’c)*— 4 (ab’—a’b) (b’ —b"c)
of % and v in terms of the invariants (3), (4), (5) of § 257.

Ans. (ad’ + a’c— 268y — 4 (ac—b%) (@’ —1"). Use the
canonical forms.

259. Linear form and two quadratios. Let the quadratics

be as before u = ax®+ 2bzy + cyt,
v = a'a? + 20y + 'y,
and the linear form Ex+ny.
Of the linear form alone the one seminvariant is
é
and of the quadratics the irreducible concomitants are
az?+ 2bxy + ¢y,
a’z® + 2b'zy +c'y?,
(ab’ —a'b) 2* + (ac’ —a’c) wy + (be’ —bc) 33,
ac— b3
a’c’ b2,

uc’ +a’c—2bY.
As in § 248 the invariants of the system are these last three,
and the eliminants of £z + 7y, and the preceding three, i.e,
an®—2bn§ +¢88,
a'nt—2b'né +0'¢,
(ab’ —a’b) n* —(ac’ —a’c) né + (b’ —b'c) £3;
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and as in §§ 268, 254 the remaining irreducible seminvariants
of the system are the successive 7-derivatives of these three
last, 1. 6. an— b f,
a,
a'n— b’fs
a,
2 (ab’—a’b) n— (ac’ —a’c) &,
ab’ —a’b.
The covariants which these lead are readily written down.
The last, last but two, and last but four, oceur above.
Ex, 11. The vanishing of the invariant
(ab’ —a’b) n*—(ac’ —a’c) né + (b’ —b'c) &
expresses that the linear form is a double element of the involution
determined by the quadratics.
Ex. 12. The covariant (an—b§) 2+ (bn—cf)y represents the har-
monic conjugate of §z+ny with regard to u.
Ex, 13. Interpret the linear covariants led by
an=b'§ 2(ab'—a’b)n—(ac’—a’c)é.
260. System of quadratioc and cubic. Take the forms
u = ax® + 2bay + c?,
v = d'w® + 30’22y + 3c'zy? + dyP.
For the quadratic only the irreducible concomitants are

1) u,
and the invariant

(2 ac—b2

For the cubic only they are

(3 v,

the covariants
(4) (@'c’~U"%) 2 + (a'd’ = b'¢) wy + (V'd’ —c'%) 92,

(8) . (a?d =32V + 207 2 + ...,
and the invariant,
(6) (al I_blcl 3—4(alc’_bls) (b’dl_cla).

The remaining irreducible concomitants of the system prove
to be nine in number. They may be taken to be the following :
(7) the Jacobian of w and v
(ab’—a'b)a® +...,
(8) the Jacobian of w and (4)
{a(d’d’—b'c’)—2b(a’c’ =0} a2 +...,
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(9) the result of operating with « on o, after substituting
d/dy, — 3/ for a, y in u,
(ac’ +a’c—2bb") & + (ad’ + b’ —26¢") y,
(10) tho result of operating with (9) on
—{a®d’ = 3abc’ + (uc+2b%) b’ —bea’} .«
+ {c%a’—3bcb’ + (ac +202%) ¢ —abd'} y,
(11) the result of operating with « on (5)
{a(—a'dd +2b3%d' —b'c?) + 2b (—a'b'd’ + 22’2 - b"%)
+c(a*d’ —3aV'¢ + 20} 2 — {c(—aV'd’ +2a'?-b"2)
+2b(—«'c'd +2b0%d —b'¢%) +a(a'd*—3b'c'd +2¢?)} y,
(12) the result of operating with (11) on u, a linear covariant
( tfhe ourth) of degree 2 in the coeflicients of w and 3 in those
of v,

(13) the intermediate invariant AC’+ A’C—2 BB’ of u and
(4), 1.e. a (b’( I__clz)_b (aldl_ ’L") +e (a,'c'—b"),

(14) an invariant of partial degrees 3, 2, the eliminant of
« and v,

(15) an invariant of partial degrees 3, 4, the eliminant of
the two linear covariants (9) and (12), or (10) and (11).

Of the system five are invariants, (2), (6), (13), (14), (15),
four are linear covariants (9), (10), (11), (12), three are quad-
ratics, u, (4), (8), and three cubics v, (5) and (7).

The above is Salmon’s list (Highker Algebra, § 198). The
are, though all irreducible, connected by many syzygies, whiec
have been fully exhibited by Hammond (4m. J., Vol. VIII).
There is of course a considerable freedom allowed in choosing
the complete list of fifteen, it being allowable to take, in place
of any one of the more complicated ones above, any linear
function of that one and compounds of the right order and
partial degrees of those that are simpler. In fact Hammond
finds it convenient to modify the last linear covariant (12)
and the last invariant but one (14) by addition of products
of others of the set in a way suggested in the next article.

261. We may, in accordance with the chapter on canonical
forms, reduce the cubic by linear transformation of modulus
unity to the form B+,

with different o', d’, 2, y. The same substitution does not
affect the form of s+ 2bay + oy,

but only makes the «, b, ¢ different.



261] QUADRATIC AND CUBIC 337

For purposes, then, of the study of the combinations of the
concomitants, it suffices to consider u, v in the forms
| w = aat + 2bay + oy’
v=a'z?+dP
With this simplification it is easy to form all of (1) to 85)
by the methods deseribed. In the following notation 1, L, @, C
denote respectively invariants and linear, quadratie, and cubic
covariants, The first suffix denotes degree in the coefficients
of u, and the second degree in those of v. The list is, in the
same order as before,
(1) Qo =u=ax’+2bwy+cy’,
(2) Ipp = ac-b,
(3) Cp=v=da®+dys,
(4) CQu=dday,
(8) Cp = a'd (a'2®—d'y®),
(6) 04 = G”d”,
(7) Oy = —b(de®—d'y)—(ca'z—ad’y)ay,
(8) @ =a'd’(as—ay?),
(9) Ly =caz+ady,
10) L, = (bea’ —a2d’) o— (abd’ —c*a
40 L = éw(ca’w—ad)’ Y) —((a'd’w—c’Z’g),
(11) Ly = o/d (ca’z—ad’y),
12) L, = a'd’ {(a®d’ +bea’) z + (abd’ + o
a2 La =ad ga(,’d’m + c”a,’g) + bSD'd' (ca’s +,)wydiy)
= a'd (ad'z + c*a’y) — I 3 Ly,
13) I, = —bd'd,
(14) I, = a®d’® + (6abe— 8b%) a'd’ + 2™
= a’d3~2abca’d’ +c*a”t— 81 I,
(18) I, = o'd’ (P> —a>d").
Mr. Hammond’s modification is to take instead of Ly, and
I, the concomitants of like type, but simpler canonical sha .
Ly =L+ I, Ly =d'd (@*dz+ciay),
Iy = Iy + 81,1, = a*d®—2abca’d’ +ca”.
This last is the eliminant of (9) and (10). Its full value in the
notation of § 260 is
a’d’? + c®a’® — 6 a3bc'd’ — 6bc*a’l + 2 (ac + 2b%) (ab'd’ +ca’d
+ (ac + 8b%) (ac'®+ cb®)— 2abca’d’— 2b (bac+ 40%) b’
Many ﬁod exercises in geometrical interpretation are afforded
by the above canonical expressions.

262, Linear form qusdratic snd cubic. From the system

1433 Z
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for the quadratic and cubie, the system for them and & linear
form £ + 7y, is derived exactly as in § 259.

The invariants of the system are the invariants Ioq, Ioy, g
Iy, I, of the quadratic and cubic, and the results of rep‘ﬁa.cing
2 by 7 and y by —¢ in the quadratic and cubic and their
covariants. The other seminvariants are ¢ and the successive
derivatives of the invariants which euntain ¢ n with regard
to ».

Ex. 14. Any seminvariant of ax’+ 3ba’y + 3exy’+ dy® is & rational
integral function of @ and invariants of the system

ar+by, ax+2bxy +cy’, ar*+3ba’y+3cxy*+dy’.  (Kempe.)
Ans. Tt is a rational integral function of

a, ac—b*, a’d—3abc+ 20, and («d—be)*—4 (ac—U?) (bd—c’),
of which the second and fourth are invariants of the quadratic and
cubic respectively, and the third is the invariant of the linear form
quadratic and cubic given by § 260 (9).

Ex. 15. Any seminvariant of (a, b, ¢, d, €) (x, y)' is a rational
integral function of @ and invariants of the system consisting of the
quartic and its successive derivatives with regard to x. (Kempe.)

Ans. Since it is a rational integral function of
a, ac — b, a*td—3abe + 283, ae—4bd + 3¢*, ace + 2bed—ad® —b'e—c*.

Ex. 16. Express the seminvariant a*f—5abe + 2a:d + 85*d—6bc* of
extent 5 as an invariant of the quintic and its successive derivatives
with regard to .

Ans. Form a covariant of the system by operating on the
quintic with its first z-derivative, and substitute —b for = and a
for y.

Ex. 17. All invariants of a linear form a (uadratic and a cubic are
functions, not necessarily rational integral functions, of the discrimi-
nant of the quadratic and the eliminants of the linear form with the
quadratic, the cubic, the Hessian and cubicovariant of the latter, and
the Jacobian of the quadratic and cubic. (Forsyth.)

262 (bis). The Examples 14 to 16 are cases of a fact called
attention to by Kempe, that all seminvariants of a binary
quantic in z, y are ¢nvariants of the system consisting of that
quantic and its ial derivatives with regard to . This is
readily proved by use of the d-notation of § 60 (ter). The
seminvariant of degree ¢ of

(@+Y0,)° a0 = (2+Y0)°a = ... = (@+Y0) o
which leads the covariant

(61— 65)"s2 (9, —6)"s5 (85— 05)"™ ... (6 — 0))"™-1¢

(.v+y0,)'1a,, (‘”‘"?/02).’“0 oo (w"'yoC).‘ ao
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is
(6, — 0,)™s2 (0, — 0,)™3 (0, — O5)"ss ... (0, — O))Mi-18 ...
(¢ factors),

where 'nm""nla"‘ oee +’nu=p—wl,
’Iln-l-'n”-l'... +n,” = p—w’,
&e., &e.

Now this is an invariant of the derivatives
(@+y0,)P""1ay, (®+Y0)* "2 ctyy ove (Z +Y0)* i wy.

263. Case of p+1 binary quantics of orders P p-1,
»—2,...1,0. An dalgebraicully complete system of semin-
variants, i.e. a system in terms of which all other semin-
variants can be expressed (not of course a complete irreducible
system in terms of which all can be expressed rationally and
integrally) of a system of binary quantics

(ctos bys Coy dys ou kg Ly, 1) (2, )P,

(ars by, €1y dyy o Ky, 1) (@ )P0,

(@p-95 bpoyy Cpg) (2 ),

(tp-15 bp-1) (7, 9),

Uy,
in which notiee the presence of the last of zero order, a mere
constant which is its own only irreducible concomitant, con-
sists of the results of replacing  and y by b,_, and —«,_, in
the quantics and their successive derivatives with rega.rd’ to @.

Thus, for the case p = 4, an algebraically complete systemn

for the five quanties
(05 o, o, dys €9) (2, Y)Y (dys by, ¢y, &) G, YR,
. (0; bgy ) ()% (a3, by) (0 )y oy
consists of
(@45 by, o5 dys €9) (By, —ag)t, (s bys ¢oy thy) (bg, —az)?,
(@5 bys o) (Bys — @)% (o, y) (by, —atg), o,
(4 bys €1y dy) (b, — i)’ (g, by, ¢)) (B, —ag)?,
(35 &) (bg, —s), @y,
(g, bgy ¢ (b, — )% (g, b)) (by, —ay), ay,
[(a"d' bd) (ba’ - “3) = 0]! a';p
.
Their formation accords with § 252. They are all indepen-
dent, for taken from last to first cach one involves a coetlicient
Z 3
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which has not previously occurred. Also their number, ex-
cluding the always vanishing last but two, is
3(p+1)(p+2)—1=ip(P+3)
which is easily seen as in §§ 42, 256 to be the maximum
possible number of perfectly independent concomitants.
The system appears to have been first given by Forsyth.
An alternative algebraically complete system consists, §§ 168,
252, of sets of p, p—1, p—2....2, 1, 1 protomorphs of the p + 1
quantios, and the Jacobians of the linear one and the p—1 of
higher orders.

264. Systems of quantios of one order. Combinants. We
will conclude this chapter by alluding to an important elass
of invariants of several binary p-ics, to which their first dis-
coverer, Sylvester, has given the name Combinants. There
are also combinants of systems of g-ary p-ics, for any the
same ¢ as well as the same p.

A combinant of a number of p-ies u, v, w, ..., in the same
variables, is an invariant which differs only by a function of
Ay fhy 2, eees Ny 1, ¥, ooy ... a8 factor, by & power of

A,y Ve,
A', ,4', Vs

”w oo
AT, p v

in fact, from the same invariant of
A Hpv+vw ..., Nu+pv+w+...,
Nu+p v+ "w+ .00,y o0l

It is, in fact, an invariant qué linear transformation of the
p-ics as well as quél linear transformations of the variables.

Ifa, byc, s @' Uy o3 a”y b7, ¢”, ... ;5 ... are corresponding
coefficients in w, v, w, ... it is readily seen that the conditions
for an invariant to be a combinant are that it have the pairs
of annihilators

P:]
’

d b}
LRy YL
“a«*’ Bb+° bc+""

I S
setisptosgte

corresponding to pairs of the p-ies u, v, w,....
There are also combinant covariants.

265. A fow of the more obvious facts with regard to com-
binants are the following.
The eliminant or resultant of two binary p-ies u, v is
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& combinant. For if u#, v have a common factor 8o have
A%+uv, Nuw+p'y, 8o that the eliminant of w, v is a factor
of that of Aw+puv, Nu+u’v. The remaining factor involves
A, iy X, v’ only, a8 we are told by consideration of dimensions
in the coefficients of w, v.
The eliminant or resultant of three ternary p-ics is also
& combinant ; and so on.
A combinant of u, v, w, ... is of equal partial degrees in the
coefficients of u, v, 1, ... separately. For, if we denote
, 9 , 9 ,
a a_a+bbb+c 5;'*'-«0’
P b d d +
o Y4 + 3F +c 57t
by ¢’, ¢ respectively,

4 ,_ ’b ’a ’a
Pop—¢d = (((« b_a,}+b b——b,+ca—c,+...)
d d b}
—(asa-+b-a—‘b +(b_c"+"')’

whose effect is, by Euler’s theorem, the same as that of the

multiplier ¥/ —%. Thus, if ,SC' = 0 and ¢’C = 0, the first and

second partial degrees i, ¢ of C are equal. In like manner

the ﬁlrst and third, the first and fourth, &o., partial degrees are
ual.

An intermediate invariant (§§ 18, 19) is not a combinant.
Consider two p-ics u, v only. The operation ¢ repeated a
number of times on an intermediate invariant produces the
invariant of « only, between which and the same invariant
of v the supposed invariant is intermediate. This intermediate
invariant is not then annihilated by ¢. In like manner as to
intermediate invariants of more p-ics than two.

Let I be any invariant of w, and form the same invariant
of Au+4pv, as 1n §§ 18, 19. This is

1 1 1 ,
i 2a8-1 ’ o \-2,,2472 el ¥ X<
AI+1A }A¢I+l.2}\ uid I+...+i!p. T,
or, as it may be also written,
,b.l—!x‘¢‘1’+ mh‘-lmpf-lI’-l-... + %’Aﬂ. 1 I 4 @i,
Call it o
axtiB-ps SO ona i R
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80 that
¢’A=1B, ¢’'B=(i-1)C,
0= (-2)D,.., ¢J=K, ¢K=0.
We thus have

/ _aF ’ aF ’ BF ’
¢F(A! B’Oy---J:K)—H‘(PA'F S§¢B+...+ S—I-S'-(ﬁK

o ) , 2 .
= ("BSZ +(=1)C5p+..+K57) F(4, B,C,...J, K),

where the operator on the right is of the form of 0. In like
manner

oF(4,B,C,..J K)

d d

= (4 s5t2B5p+
where the operator on the right is of the form of Q.

We thus see that any invariant of an invariant of Au 4 pv
regarded as a quantic in A, u is a combinant of w and v. For
it is an invariant of u and v, being & rational int%nl homo-
geneous isobaric function of invariants 4, B, ... K, and it is
annihilated by ¢ and ¢/

In like manner any invariant of an invariant of Au 4 pv + »w
regarded as & quantic in A, , v is a combinant of w, v, 1w, by
the principles of the next chapter but one ; and so in general.

.y O .
v+l s2) F(4, B,C,... T, K),

Ex. 18. If u, v are hinary quadratics, the combinant obtained as
the discriminant of the quadratic in A, u which is the discriminant
of Au+-pv is the eliminant of v, v. (Boole.)

Ex. 19. The lineo-linear invariant of two binary p-ics is a com-
binant if p is odd, but not if p is even. (Cayley.)
Ex. 20. The criterion of an involution
; a, by, ¢,
l a, b, c,
P ay, by, ey,
of three binary quadratics is a combinant.
Ex. 21. A combinant of the fewer than p+1 p-ics
(a0 0,..) (2 9,00 )P, (00, by, €400 ) (2, 9, 00 )P, (80 By 040 (o v,...),
is a function of determinants obtained by erasing columns from
Lay, by, o0, dy, 6. || (Sylvester.)
f ay, by, o, dy, ¢, ...
l @y, by, 0 dy, €5,



CHAPTER XV

RESTRICTED SUBSTITUTIONS. BINARY QUANTICS IN
CARTEFIAN GEOMETRY.

266. BESIDES actual or full invariants and covariants, which
have the invariantic or covariantic connexion with a quantic or
quantics whatever be the linear substitution for the variables,
there exist functions which possess the property of invariancy
or covarianey for particular classes or sub-groups of substitu-
tions.

Thus, for instance, seminvariants of binary quantics are not
invariants for all linear substitutions, but are invariantie for
the sub-group of substitutions z = IX +mY, y =m’Y.

A very important class of invariants and covariants for
restricted substitutions is that of functions which are invariants
and covariants so far as all substitutions are concerned which
in Cartesian geometry express change of reference from one
set of axes to another, the old and new variables being both
scts of coordinates in the ordinary sense.

Confining attention to plane geometry, the most general
equations of substitution, those which express change from
old axes at an angle » to new axes at an angle o' =g8—a,
through a point (%, k), and inclined at angles a, 3 respectively
to the old axis of «, are

Y 8in (w —a)
- sin

+7ERO=R) )1,

y=XG@s Y. @k
[] = (2] = 1.
Of these, whether %, & be present or absent, i.e. whether the
substitution be taken as ternary or binary, the modulus is
8in (w —a) sin 8—sin (w—p) sina _ sinwsin(8—a)
sin®w - sin? @
_sin(3—a) _ sina’
T Tsne  smnae
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267. Boolian and orthogonal invariants, &o, The study
of certain invariants and covariants for Cartesian transforma-
tions preceded and led to the investigation of invariants and
covariants generally. The chief early contribution to the study
is in a paper by Boole (Cumbridge Math. Journal, Vol. 11I), to
which reference has already been made in § 18. It is proposed
here to give the name Boolian invariants and covariants to
functions which have the restricted invariantic and covariantic
properties contemplated, the name being given without in the
least implying that Boole confined his attention to such
restricted invariants and covariants. His work not only led
to the study of the more general invariant algebra, but began
that study.

The original theorem was that a binary quadratic

az® + 2bay +cy?

has the two Boolian invariants

ac—b%, a+c—2bcosw;
in fact that, if a’X3+20’XY +¢’Y? is the quadratic trans-
formed 80 as to be referred to new axes at an angle o,

ad—b? = Bl:.na) ’(ac-b’,
sinw
o’ +c'—2b cos o’ = (:liz‘:’)n(a+c-—2beosm).

The first of these Boolian invariants is known to be an in-
variant for all linear substitutions, The second is not.

Boole’s well-known method depends on the fact thaf, the
transformation being a binary one, i.e. one with no change
of origin,

B+ 2zycosw+yt = X*4+2XV cosw’'+ Y2
He in fact determines, by his method § 18, the invariants in
the ordinary sense of the system
az? + 2bzy + ¢y,
@+ 2ay cos w + P,

In like manner Boolian invariants and covariants of a binary
quantic, amonﬁ&which are included the full invariants and
covariants of that quantic, are obtained as the full invariants
and covariants of the system consisting of that quantic and the

quadratic @® + 2y €08 w + 3.
If we take cos w’ = cos» = 0; i.e. if we consider only trans-
formations from one pair to another of recta axes,

Boolian invariants and covariants take particular forms which
may be called orthogonul invariants and covarianta.
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268, As a first instance of a Boolian covariant we may take

the Jacobian of the quadratic

aa® + 2bay + ¢y,
and a? + 2wy 608 w + 95,
which proves to be

(@ cos w—b) &* +(a —c) @y + (b—c cos w) Y2
This must be a pair of lines having an invariable geometrical
relation to the pair of lines denoted by the given quadratic
and the pair of lines &+ 2zycos w+y* to the circular points
at infinity.
To see what the relation is take 2ay for the given quadratic.
The Boolian covariant is at once

ya —a,
and so represents the bisectors of the angles between the lines

forming the %uadratic 2ay. These bisectors are presented as
the common harmonic conjugates of the lines @y and

2%+ 22y cos 0 + 93,
Quite generally, a Boolian covariant represents a pencil of

lines having an invariable geometrical relation to the pencil
represented by a binary quantic and the pencil

* + 2@y cos » + 3*

from the vertex to the circular [i:ints at infinity, i.e. represents
a pencil having an invariable relation to the pencil represented
by the quantie, into the expression of which relation magnitudes
of angles enter or may enter as well as descriptive and pro-
jective connexions.

The vanishing of a Boolian invariant expresses a geometrical
relation between the lines of a penecil denoted by the binary
quantic to which the invariant belongs, into the expression of
which relation magnitudes of angles may enter as well as
descriptive and projective connexions.

For instance, a +¢—2b 008 w = 0 expresses that a quadratic
denotes lines harmonically conjugate with regard to the lines
to the circular points, i.e. denotes lines at right angles.

269. The method of emanants (§§ 52, &ec.) applies to Boolian
invariants and covariants. It was proved that any invariant
of an emanant of u is & covariant, or, in particular, invariant,
of w. Now, just as this was seen, it follows also that any
function which is for a sub-group of linear substitutions an
invariant of the emanant is for the same sub-group a covariant,
or invariant, of «. In particular, this is the case for-the sub-
stitutions of Cartesian geometry.
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For instance, the second emanant of »

pLTYA NRu M
% Rl —_— —
Y™ +2w’y’3w oy +y* oyt
has the Boolian invariant
By My B

sz g~ 25gay W
This, then, is & Boolian covariant of the binary quantic v, if the
order of w exceeds 2. For the order 2 of u it is the Boolian
invariant used in its produection.
The expression of the fact of covariancy of the function
before us 1s

iRy Bu 3y ’
m-l— b—ﬁ—zsﬁcosa)
= (si"“’)sgi’l‘ + ?E_zﬂ”_cosu}.
sinw’/ t3z® = dp? dx dy

. Ru. du

In partlcular, w + -a—y—s

since (sinw’/sinw)® =1 for all orthogonal substitutions, is

unaltered by any change of rectangular axes without change
of origin.

is an orthogonal covariant, i.e.,

270. Cogrediency identical with ocontragrediency for
orthogonal substitutions. This last fact as to an orthogonal
covariant is a case of an interesting theorem due to Boole.

It should be noticed that there are two discrete classes of
orthogonal substitutions, which may be called direct and skew
respectively. In the direct class the sense of rotation from
the axis of X to that of ¥ is the same as that from the axis of
@ to that of y, while in the skew class the senses of rotation
are opposite. The modulus for the direct class is + 1, whereas
that for the-skew class is —1.

The formulae for orthogonal substitution are

o= Xcos0FYsin0,
y= Xsin0+Ycosé,

where the upper signs refer to direct and the lower to skew
substitutions, From these there follow

9 03 93
a7—(’205 §;+sln @’

d R d ?
W.— :FSIIIGSEiOOBGa—g’
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8o that S
-] .
=00893—X;81n0570

gl gle

el b2
= 8SIn ﬁicos -a—f..

Thus for all orthogonal substitutions 3/3¢ and 3/dy are
cogredient with a.mf Y (?1351). For orthogonal substitutions
then contragrediency is identical with cogrediency (cf. §§ 46,
68). This 1s readily seen to be the case if we take ¢, », any
quantities or symbols contragredient with z and y, instead
of 'l?/am and 3/dy in particular.

he application of the cogrediency now before us is as
follows. Iif the result of transforming a binary quantic
orthogonally is
U = (@, @y, Ay, ... 0,) @, Y)" = (4y, Ay A, 4,) (X, T)F, ... (1)
while of course o4y = X3 Y8, .. (2)

and the modulus of the substitution is in magnitude
cos? 0 +sin? 6, i.e. unity, we have also

p:} d+\?
(Bos Oy, g, ... @) (55’ )

337 d A\
= (Ao’ Ap Ag’."A")(bT’ '51—7) ...(3)
d .3 ] ) 3 3 .
" Bt =G G -0

Moreover, if K (aq, a,, ag,...a,) (2, )™ is any covariant or
orthogonal covariant,

P} d,\%
K (ag, a;, g, ... ) (5:’ 3—5)

d d,\"
= ilf(ﬁo, .Al, A’,...A,) (axs a—y-) ) ...(5)

the upper sign being correct except when both the covariant
and the substitution are skew.

Thus by operation with any combination of the left-hand
sides of (8) and (4), or with any covariant operator such as the
left of (5), on any combination of the left-hand sides of (1) and
(2), or on any covariant or orthogonal covariant, we obtain an
orthogonal covariant or invariant.

Consider in particular the quadratic

aw® + 2bay + cyt.
We have by (8) on (1) an orthogonal invariant
a® 4208 4 ¢},
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and by (4) on (1) another
a+ec.

The known invariant ac—b® is, of course,
3{(a+¢)*— (@ +3b7+ oY)}
Again, from the cubic
ag’ + 3bay + Bexy® +dy*
we have by (3) on (1) an orthogonal invariant
a*+ 3L+ 3c* + d?,
by (4) on (1) an orthogonal covariant
(@a+c)z+B+d)y,
and again, by operating on this with (a +c) 52t (b+4d) ;?-/ ’
another orthogonal invariant
(a+c)f+(b+d)%
For another example take the quintic (¢, b, ¢, d, & f) ( 3)*.
We obtain at once (a) the orthogonal invariant
a3+ 553 +10¢% + 10d* + 52 +f*,
(B) a cubic orthogonal covariant which leads to the orthogonal
mvariant (g4 o4 3 (b+d)+3(c+e +d 4
and from it again (y) a linear orthogonal covariant and the
orthogonal invariant

(@+2¢c+ep+ (b+2d+f),

besides two other orthogonal invariants obtained by operations
with orthogonal covariants found above on others.

Observe that orthogonal invariants and covariants arising
as invariants and covariants of a p-ic and z*+3® are all of
real form, and are all absolute for direct orthogonal trans-
formations. - For skew substitutions some have —1 and not
+1 for factor in the expression of invariancy. We will call
them all absolute, but when need for discrimination arises
will characterize those that are absolute only for direot trans-
formations as semi-skew. Later we shall encounter orthogonal
invariants and covariants which are neither of real form nor
absolute.

The number of independent absolute orthogonal invariants
of a p-ic is p. This will be proved later.

The difficulty of discovering complete irreducible systems
would bave to be attacked separately in the case of every
order p. After the quadratic more than p are irreducible.
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Ex. 1. In orthogonal transformations in three dimensions prove that
3/dz, 3/dy, 3/3z are cogredient with z, y, 2. (Boole.)
Ex. 2. For orthogonal transformations covariants and contravariants
coincide. (Sylvester.)
Ex. 3. The ternary cabic
ax? + by + o3 + 3da’y + Sewy® + 3fr’z+ By + 3hy'z+ 3iye'+ 6kayz
has the orthogonal invariants
A+ 0+ +3(B+E+ P+ g+ +47) 464,
(@+e+gy+ (B +d+i)+(c+f+h)’. (Boole)

271. Annihilator of absolute orthogonal covariants and
invariants. Sylvester has expressed by a linear differential
equation the condition that a function be an absolute orthogonal
covariant or invariant of a binary quantie.

A turning of the axes through a finite angle can be effected
gradually. If we express absolute invariancy for the infini-
tesimal transformation which means an infinitesimal turning,
we express it for any amount of turning whatever, i.e. for
any direct orthogonal transformation.

ow the formulae of substitution for turning through an
infinitesimal angle 0 are

©=X-0Y, y=0X+7Y,

omitting infinitesimals of the second order. The modulus of
this, to the first order of infinitesimals, is 1. Indeed 1 is its
absolute value, as in all cases of direct orthogonal substitu-
tion, when infinitesimals of higher orders are expressed in the
formulse of substitution. Now these are, to the same order
of infinitesimals,

. X = x40y, Y=y—0z.

Thus the substitution amounts to giving « and y the incre-
ments 0y and —0z.
Again, if the quantic under consideration is

(@ @55 g5 ... @5) (@5 Y)",

the substitution may be effected, correctly to the first order
in 0, by first writing it

hich mak (@, @y, A3, ... @) (X —0Y, Y)*,
which makes it (), a, a ’ »

yal,a), ... ) (X, 9)?,

where (§ 91) e

a) = ay, @ = a,—ayb, ay’ = a;—2a,0,..., a, = a,—pa,_,6,
and then writing it

(a0 @y agy .0 a)) (X, 0X + Yy,
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i.e. (dgs 41 4gy ... 4,) (X, Y ),
where (§ 94) _
4, =a/+pu0 = dy+ pu, b, to the first order in 6,

A‘l = al’ +(P_ 1)113'0 =u + (P"' l) “20-aoo, ” ) )
A4, =u/+(p—2)a/0 = ug+(p—2)a,0—2a,0, ,, . ,

Apoy=dpy+u,0 = @y +up0—(p—1)a,_50, T
4, = a,’ = Up —pa,_,0, ” ”
Thus X, Y, 4,, 4,, 4,,... 4,,, 4, differ from

Xy Yy Ugy Uy Uy, nn Uy_gy Uy
by the increments
b = 0y, 8y = — 0z, duy = puy0, duy = {(p—1)duy—uy}6,

da, = {(p—2)a;—2¢;}0,...,3a, = —pa,_,0,

whence it follows that the increment of

F(x,y,ag vy, a3, ... 1)

is d d d P d
0{?/'3'?6-—&@- + (ptlleo+(p—1)u,a‘—ll +...+(l,a-(—l—- )

-1
) ] d
—_ ((los’—,—l +2"1 5:;-2 +...+/)a‘,_, 5&;)} F

The necessary and sufficient condition that F may be a co-
variant for direct orthogonal substitutions is, then, if as usual we
adopt the notation of Chapter VI, that # have the annihilator

9 d

For it to be a covariant also for skew orthogonal substitu-
tions a further condition is necessary and sufficient. It must
be either unaltered or only changed in sign when y and the
alternate coefficients «,, «,, a;,... have their signs altered.
For the most general skew orthogonal transformation may be
performed by replacing «, y by 2, —y, i.e. reversing the
direction of the axis of y, and then performing the most
general direct orthogonal transformation. Should, however,
a function K, + K,, which has the above annihilator, become
K,—K, upon making these changes of sign, it is readily seen
that K, — K, also has the annihilator, sincc this annihilator is
only altered in sign by the changes of sign of y and a, @y, a;,... .
In this case K, and K, are orthogonal covariants for skew as
well as direct substitutions, while K, + K, and K,— K, are
not. K, and K, have in fact for their factors powers of the
modulus + 1 of which one is even and the other odd.
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In partioular, absolute orthogonal invariants for direct
transformations are functions of the coefficients only which
have the annihilator 0 —Q. One which is not invariant also
for skew transformations is & sum of two which are—one of
them being semi-skew.

272. Annihilator of Boolian covarisnts and invariants.
We may also find an annihilator of any Boolian covariant or in-
variant from the consideration that any one is unchanged when
the oblique axes are turned through an infinitesimal angle 6.

For such a turning the formulae are, by § 266, since a = 6,

B=6é+0, 4 _ X_Xecotw.0—Ycosecw.0,

9=Y+Xcosecw.0+Ycotw.0
Thus 2 and % have the inerements
= weotw.0+ycosecw. b, 8y = —wcosccw.d—ycotw. d.

Also it is readily seen that the incroments of @, ¢y, Gp, ... Uy
may be exhibited as follows:

da,, da, , Cag sy Oaty_y ,  dap
=(_Pao: -(p—1)a,, —(p=2)ay ..., =8y, , 0 )eotw.0
+( 0, —q , =26 y ooy —(p—1)8p_g, —Pap_y) cosecw .0
F( pu, (p=Day, (p—2)ay, ..., 6 , 0 )cosecw.0
+( 0, ¢ , 2q yers  (p—1)8p_y, pup )cotw.6.

Hence the expression of the fact that the inerement of a
Boolian covariant vanishes is that it is annihilated by

d d d d
cotw{.vaa-yay—-—puobajo—(li—z)ula-gl
] d )
-—(1)—4)“25-&; _"'+(l""2)up—1 b_(i‘,:l +[)ap&!—'p}
2 2 0-q
+cosecw{yaw—m@+ - }:

which correctly becomes the annihilator of the preceding
article when @ = 4, i.e. when the covariant is orthogonal.

In particular, Boolian invurianis have the annihilator
d d
0—-Q—cosw {pao—a—a-; +(p—2)¢ %, +.u

2 2 "y 2
=) tr s~

The second part of this sunihilator has the -offect of
multiplying every isoberic part of weight w of & Boolian
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invariant of degree ¢ by —cosw times ip—2w. But this
multiplier is not constant throughout, as olian invariants
other than full invariants are not isobaric in the coefficients
of the quantic to which they belong—the fact of annihilation
tells us that when a Boolian invariant B is isobaric we have
separately OB = 0, B = 0, ip = 3w,

lian covariants and invariants have also to obey & further
law, which is perhaps best expressed by saying that they must
be unaltered or changed at most in sign when z and 3, ¢, and
py @y 80d @y, @, 80d 4, &, are interchanged. The
supplementary necessity of the last article as to orthogonal
covariants and invariants might have been expressed in the

same way.

Ex. 4. By turning the axis of y through an angle dw, keeping that
of z unchanged, prove that, p being the index of the power to which
the modulus sin «’/siu w enters in the equality expressing that F' is
a Boolian covariant,

d d ? d
pF= {(a, 3a, +2a,—373 +... +pa,5;’: —ys_!})
d 21,
+sec @ (-'/ﬁ —.{).)-}-tanws;} F.
Ans. Express that the increment of (sin w)=#F vanishes.

278. Boolian complete systems. In Chapter XIV there have
been given systems of irreducible eovariants and invariants
for & linear form and a quadratic (§ 251), for two quadratics
(§ 257), for a linear form and two quadratics (§ 259), and for
a quadratic and cubic (§ 260). If for the quadratic, or one of
the quadratics when there are two, we take a® +2zy cos o + 3,
i.e. if for «, b, ¢ the coefficients in this quadratic we write
1, cosw, 1, we deduce in the several cases systems of Boolian
covariants and invariants of a linear form, a quadratic, & linear
form and a quadratic, and a cubic, in terms of which all other
Boolian covariants and invariants, in each case, can be ration-
ally and integrally expressed. The student is recommended
to write down these systems, and to interpret geometrically the
vanishing of the various Boolian invariants,and the relationship
between the pencils represented by equating to zero the Boolian
covariants and the pencil or pencils represented by equating to
zero the quantic or quanties of which they are Boolian covari-
ants, remembering that rectangularity may be expected to be
a feature of the relationship, since harmonic conjugates with
re, to &8+ 2y 008 w +7* = 0 are at right angles. e will be
aided by giving to & quadratic other than 2%+ 2ay cos w+13
or a cubic, as the case may be, a canonical form to which
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it may bo reduced without loss of generality by a change of
axes, o.g. the form aa®+cy® or 2bzy for a quadratie, and
3y (bz +cy) for a cubic with real factors or ua® +dy® for one
with two factors imaginary.

In forming other Boolian covariants and invariants as
rational integral functions of those written down as above,
it will be well to retain a double suffix notation, such as used
in § 261, for the various members of the system used. For
dimensions in 1, eos w, 1, which have replaced the «, b, ¢ of
a quadratic, have no clear meaning in coefficients before us,
and yet must not be disregarded.

273 (bis). If in the complete system of irreducibles for a
quantic or quantics and a quadratic we take a3+ 9? for the
quadratic, instead of w*+ 2y cosw+77 we obtain a system
of orthogonal covariants and invariants of the quantic or
quantics, in terms of which all others, so far as at present
contemplated, can be rationally and integrally expressed. All
aro absolute, but somo semi-skew (§ 270), as the multiplying
factor in the cxpression of the invariancy of every one of them
is 1 for direct and ono of +1 for skew orthogonal transforma-
tions. This fact justifies much greater frcedom in deriving
from them other orthogonal concomitants than was admissible
when wo had to attend to factors which must be powers of
#in o’/sine. Wo may in fact compound them and z?+9°
rationally and integrally in any way, and produce other
absoluto covariants and invariants for all direct orthogonal
transformations. For skew transformations only those com-
pounds have the invariant property which are throughout of
either even or odd dimensions in those of the ground-forms
which are semi-skew. A compound in general will be a sum
of two absolute orthogonal covariants or invariants, of which
one is semi-skew.

Thus, much greater frecdom of rational integral combination
being allowed in the case of the orthogonal covariants and
invariants than in the case of the full covariants and invariants
from which they were derived, we have no authority for
asserting that the irreducible system of full invariants and
covariants of a quadratic and another form or other forms
yields, upon taking x?+3? for the quadratic, such a system of
orthogonal invariants and covariants of the other form or
forms that every member of it is irreducible 111)18. orthogonal
concomitant. The system yielded is likely to be sufficiently,
but may be excessively, numerous. A case of excess actually
arises for the cubic. This has a full covariant

(*d—3abec +20%) 2’ +...
us1 Aa
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which is irreducible as a member of the system of covariants
of the cubic and a general quadratic; but qué orthogonal
covariant of the cubic it proves to be reducible.

We shall presently (§ 278 bis) bo in position to specify
irreducible systems.

274. Every product of coeficients leads an absolute
orthogonal covariant. In the rest of this chapter we consider
orthogonal concomitants only.

In § 270 we have seen that for orthogonal transformations
x and y are contragredient to themselves. In the conclusions
of § 248 (bis) as to contravariants and mixed concomitants of
a quantic or quantics wo can then write z and y for £ and 9,
nn‘é derive conclusions as to orthogonal covariants of the
quantic or quantics.

Or we may proceed independently. From the equalities in
§ 270 it at once follows that for orthogonal transformations

d d d d

with upper or lower sign on the right according as the trans-
formation is direct or skew. Thus the left-hand member is
an operator deriving orthogonal covariants from others. From
an absolute one it derives another which is or is not, according
as the first is not or is, semi-skew.

. . . 9 .
Operate once, twice, ... p times with 2 37~ Y -;,; on a p-ic

(@1 ay; ... @) (, Y)".
There. are thus derived from it, in succession, orthogonal
covariants with a,a®, 0,02, ... a,a®

respectively for their terms free from y. All of them are
absolute, those with odd-weighted coefficients of " being
semi-skew.

Accordingly the product of any number % of the p + 1 forms
now before us is an absolute orthogonal invariant, semi-skow
or not according as the coefficient of 2* in it is of odd or even
weight. This coefficient is & product, and may be any produet,
of ¢ of ay, a,, ... ap, repetitions allowed.

1t follows that every rational integral function of degree ¢
throughout in a,, a,,... a,—it need not be isobaric—is the
coefficient of &7 in an absolute orthogonal covariant for direct
transformations, If it contains terms of both even and odd
weights, it is the sum of two for skew transformations, the one
led by the terms of odd weights being semi-skew.
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It may be, and in fact is, possible so to choose rational
integral functions of degree ¢ in @, @, ... @, that the covariants
led are divisible by @®+%3 by (@*+%%3 ... or by (@®+9%)",
where 7 is any number not exceeding % 7p. On rejecting these
absolute covariant factors, absolute orthogonal covariants will
bo obtained, with coefficients of degree 7, of all those orders
not cxceeding ip which are even or odd according as ip is.
In particular, absolute orthogonal invariants will be given in
tho case » = 4<p when @p is even.

275. An annihilator of all rational integral functions of
degree % in a,, @, ... @,. We can obtain the condition satisfied
by a rational integral function O, of deiree % throughout in
@4, Gy, ... @, Which leads an absolute orthogonal covariant, of
order w = ip— 27,

Cyz® + 01z 'y + ... + Cpy®.
By § 271 this is annihilated by
d P,

We have then the chain of equations
©0o-9¢, -0, =0,
0-Q)C, -2C, +=C, =0,
(0-9)C, —3C; +(w—1)C; =0,
0—-92)0g_—w05+205, =0,
(0-9)Cq +Cpy = 0.

The first, second, ..., last but one, of these determine C;, Cj,
... Cg in succession in terms of C,, (0—Q)C,,...(0—Q)*C,;
and the result of substituting for Cy_;, Us in the last gives
a differential equation which must be satisfied by C,. More-
over it is all that need be satisficd to make consistent values
of €y, C,, ... Cg determinate from C,. With some difficulty—
see also § 278 below—the equation is found to be

{(0-9)*+2%} {(0—92)*+(w—2)*}

. {(0-Q)2+2%} (0-Q)C, = 0,

or
{0-9)+a} {(0-Q) +(=—2} ... {(0—- Q) +1*} Cy = 0,

according as o is even or odd. The theorem is due to Mr. Berry.

Now we have seen that every rational integral function of

degree ¢ throughout in @, a,, ... @, is the coefficient of #* in
A a2
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an absolute orthogonal covariant of order ip, or a sum of two
such, one semi-skew. Hence, according as #p is even or odd,
{(0-9)*+ @pP}H{ (0 —QF +(ip—2)*}...{(0— Q)¢+ 2°}(0 - Q),
or {(0—Q)%+(ip)f} {(O—QF +(ip—2)}... (0— Q) +1%),
annihilates every rational integral homogeneous function of
degree % in @y, @y, ... ap.

Ex. 5. If ip is odd every rational integral function of degreo ¢
throughout in a,, ay, ... 4, is the result of operating with (0—Q) on
some other. If ip 1s even this is in general not the case.

Ex. 6. A binary quantic of odd order has no absolute orthogonal
invariants of odd degree.

Ans. With ip odd and (0— Q)G = 0 we must have
{ip(ip—2)...1}3*G =0,
ie. @ =0.

Ex. 7. If II is the most general rational integral function of degree ¢
throughout in the cocfficients of a p-ic, apply the method of § 128 (bis)
to express it as a sum of rational integral solutions of the separate
equations

{(0=QP+(ip)'} h=0, {(0-Q) +(ip—2)'} h=0, ...
{(0=Qy+m}} h =0,
where m, is 1 or 0 according as #p is odd or even; and in particular,
when 7p is even, obtain the most general absolute orthogonal invariant
of degree 1.
Ans.

10—+ (i)'} {(0- Q) +(@p—2)} ... {(0—Q)*+2} IT.

276. Non-absolute orthogonal concomitants. The ortho-

nal covariants and invariants so far exhibited are all
absolute, for direct transformations at any rate. They are
also all of real form. We now introduce others which are
neither of real form nor absolute.

The facts are of striking simplicity. For direct orthogonal
transformations there are two universal linear covariants

% +1y, where « denotes +/—1, and p+1 independent linear
invariants of the p-ic (@,, @,,... ®,) (z, ¥)*. In terms of these
invariants and universal covariants all orthogonal invariants
and covariants, including absolute ones, can be rationally and
integrally expressed. Sylvester was the first to call attention
to the system.

The proof in § 23, that in an expression of invariancy the
factor depending on the constants of transformation must be
a power of the modulus M, rested on the facts that we were
considering the general group of linear transformations, and
that the general modulus M }l)ms no factors. When we con-
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sider invariancy for a sub-group of linear transformations, the
M of special form may break up into factors, so that the proof
does not apply. Now for the sub-group of (direct) orthogonal
transformations we have
M = cos® 0 +sin® 6 = (cos 0 + ¢ 8in 0) (cos 6 — ¢ 8in 0) = . e~%.

We must not be surprised then at discovering that there are
orthogonal invariants and covariants of factors which are
powers of .

Now from the formulae of transformation in § 270, taking
upper signs, i.e. direct transformations, we have

X +.Y = (cos 0—i8in ) (x+:y) = e~ (z+ 1Y),
and X —.Y = (cos0-+i8in0) (x—1y) = e?(z—uy).
Thus z+:.y arc universal covariants for direct orthogonal

transformations, having for factors e ¥* respectively.

For skew transformations we have

X +Y = et (aFy),

and there is no covariancy of either of #+:y. These are
interchanged, as well as multiplied by factors. Their product
x4+ 9* is of course covariant, and absolutely, for skew as well
as direct transformations.

Let us put £ n for & + .y respectively, i.e. put

z=4(E+n), Y= (E—)

and express a p-ic in z, y in terms of £ by these formulae,
getting, say,
(@05 @y -+ 43) (@, Y)? = (a0, @, ... @) (& ).
Here ¢, @/, ... ¢, are lincarly independent linear functions
of ay, ¢y, .u. @y ﬁ‘or, by a reversal of the transformation, the
independent «,, a,, ... @, are definite linear functions of them.,
Lot (A,,4,,... A,) (f, Y)? be what the p-ic in @, ¥ becomes
after a direct orthogonal transformation, and let 4., 4/,... 4,
bo the same functions of 4., 4,,... 4, a8 a;, a/, ... a,” are of
@y, @y, ... . We obtain
@0y )y oo @)) (6, 0 = () @y, 00 @) (3, )
= (4, 4y,...4,) (X, Yy
= (4, 4),... A)) (e79¢, en)*.
In this identity of quantics in ¢, 1, the coefficients of the
various products £?~" on the two sides must be equal.
Therefore
Ao, = e.poao" A1’ = e.(1)-2)0(1,1" A = e(r-00q’,

i dy =g S A) = e"P’a.P'.
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Thus a, a/,...a, are p+1 linearly independent orthogonal
invariants (for direct transformations) of factors e'r?, ¢:(»=29,
<o €79, respectively.

276 (bis). Having p+ 1 independent invariants, of factors
which are all powers of ¢, we can in many ways, by elimina-
tion of e*, obtain p that are absolute as well as independent.
A statement in § 270 is thus justified.

Write LIy gyl gy, I,
for the invariants

2ru, 2%, ... 2%a,., 2%a,/
respectively. Every suffix of an I is here the index of the
power of e* which is the factor in the expression of the in-
variancy of that Z. We have )
Lps Lpegs oo I_pygy L) (€ 0)" = (o) @y o a) (€41, 1 (0—E))Ps
and hence readily find that

1,, I_, are, respectively, ao-Fcpul—]—)—(Tp—-;—l) Ugt .o +(FY'ay,

I, o, 1 ., " o+t F i (p—2) (4 +a,)—...
+(F )2 (ctp-g+ ap)s
I, s I )44 » o+ 2¢y+a, F i (p—4)(¢y+2a3+dy)

—ent(FO" (a’p-4 +2a,,+ ay)’

and, generally, that for every 2 not greater than p,
Ly grs I_pyqr 810

((ao: gy onn @yy) (1, 1), (@, Agy 00 0yrps) (1,1), _
vor (@poges Gpogrpgy oon @) (1, 1)') (1, Foron
If » is odd they go in pairs throughout, but if p is even
(= 2p’) there is in the middle a single
, 4 I_ l
Iy=ay+pa,+ Z’—-(f) 2 -)a‘+ vt gy
This I, is an invariant, and is absolute and of real form.

Any product of suffixed I's is an invariant, of factor ",
where w’ is the sum of the suffixes. In particular every pro-
duct with zero sum of suffixes is absolute. Thus, for instance,
there are 4p or % (p+ 1) absolute invariants of degree 2; namely
LI, I, oI pygy Iy oI p,4s.... A quartic ga, , €, d, €) (, y)*
has then two absolute ort’imgonal invariants of degrce 2, namely

LI = («—6c+e)+16(b--d)t,
LI,=(a—ef+4(b+d),
as well as a linear one Iy = a+2c+e.
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A quintie (a, b, ¢, d, ¢, f) («, y)° has three, namely,

LI ;= (@a—10c+56)2+(5b—10d +f)3,

LI j= (a—2c—3¢)2+(3b+2d—f),

LI = (a+2c+e)l+ (b+2d+f)>~
Seo that those given for the quintic in § 270 are linear func-
tions of these.

277. We have here said nothing about skew orthogonal
transformations. The absolute linear and quadratic invariants
found as above are unaltered when the signs of a,, a,, a;, ...
are changed ; so that these at any rate are invariant for skew
as well as direct substitutions.

But we have seen that { = x+.y and 5 = z—.y are co-
variants, of factors e and e“ respectively, only for direct
transformations. A skew transformation gives as equal to
e (z+1y) not X +.Y but X —.Y, and similarly as to . Thus
a skew transformation, when applied to the p-ic in the pre-
ceding article, gives us, not that e*?I, is equal to the function
I, of the coefficicnts of the transformed p-ic, but that it is
equal to the conjugate I_,, of the transformed.

Thus, while a produet I,,I_, is, as above seen, invariant
and absolute, a product such as I;31_;, which is not sym-
metrical in positive and negative suffixes, is not invariant at
all for skew transformations, even when the sum of suffixes is
zero, and the factor thus made 1. It is equal, in that case, to
the conjugate function, 7_.3I, say, of the coefficients in the
transformed quantic.

However, & pair of conjugates with zero for sum of suffixes
in each always produce a pair of invariants for skew as well as
direct transformations. \3: have only to take, for instance,

$ELa+ L) and o (PL— L),

The second of such a pair of absolute orthogonal invariants
is semi-skew. Notice that « has disappeared, so that they
have real form.

Similarly as to covariants. Take for instance the direct
orthogonal covariant IAL, @+ ),

which is absolute. For skew transformations it is not covariant
at all. But it has a conjugate

Iy (@ —y),
with which it is only interchanged by a skew transformation.
Half the sum and él—‘ times the difference of the two are both
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covariant for the transformation, tho former absolute for it,
and the latter semi-skew. Both are in real form.

We may reason in the same way as to conjugate linear
functions of products.

978. Annihilators. Separation of rational integral func-
tions into orthogonal invariant parts. In §271 it was proved
that d d
0—-2+y 52 7% 5y
annihilates any absolute orthogonal covariant. Applying tho
same method to & non-absolute orthogonal covariant C of
factor ¢:#*, i.e. to one which has to be multiplied by e:"¢ to
become equal to the same function of the coefficients and
variables in the directly transformed quantic, and so by
1+ um@ when the transformation is infinitesimal, we readily
find that d d c
(0-Q+yﬁ—wa—y)0= umC.

In particular, any invariant I of factor ¢'™? satisfies
(O0-Q—wm)I=0.

Now any quantic of order @ in , y, with coefficients of
degree ¢ in the coefficients of (g, @y ... @,) (@, ¥), can be
expressed as one of order = in the (iinea.rly independent fune-
tions  + g of »: and y, with coeflicients of degree i in the p+1
linearly independent functions I, I, o,... I, of a,, ay,... «,.
In particular any orthogonal covariant can. The two lincar
universal covariants, and the p + 1 linear invariants, form then
the complete system of irreducible covariants and invariants
for direct orthogonal transformations. Note that the p-ic
itself is not one of its own irreducible system, but is reducible
as 2-%(I,, I,_g,... I,) (€, 1) in terms of the system. It be-
longs of course to its system of irreducible absolute orthogonal
covariants and invariants, into which system at most one of
the more fundamental irreducibles enters.

Now take any absolute orthogonal covariant of degree ¢ and

order @, Coxn_l_ alww—ly-*_ . +0',yw.
It can, by the above, be expressed as

¢/ (@ + )™+ 0 (@ +1)" 7 (@—1y) + ... + 0" (@~ 1))
where (2% :9)%, (@+ty)° ! (x—1y), ... (t—1Y)" are covariants
of factors e—+®9, ¢-+(@-2¢ ¢%é respectively. Consequently
¢, ¢y, ... 0, which are invariants, are of factors e @l g1 (w=2)0,
...e™*"% regpectively. Thus

00 = Co,+01’+ ) +017'
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is written as a sum of parts annihilated respectively by
0-Q—i1w,0-0—t(w—2),...0-Q + 1=,
there being (presumably) a middle part, annihilated by O - Q,
if & is even, but not ify « is odd. Every part, and therefore
the whole C,, is annihilated by the product of all these
operators, i.e. by
{(0-97+a%} {(0-2)'+ (-2} {(0-2)°+ (m—4)*} ...,
which ends with (0 —Q)%+ 1%, or with the unrepeated 0—Q,
;ccording a8 « is odd or even. This is the first theorem of
276.

Further, lot H be the most general rational integral function
of degree ¢ throughout in a,, @,, ... a,. It is capable of being
written as the goneral rational integral function of degree ¢
throughout in 7, I, ,,...71_,. It is therefore a sum of
numerical multiples of orthogonal invariants of factors e:'7?,
ecr=28 -9 Consequently it is annibilated by a product
of ip+1 factors as above, with i¢p for w. This is the second
theorem of § 275.

By an application of the method of § 128 (bis) (see Ex. 13
after that article), we can express H as a sum of ip+ 1 parts
cach annihilated by one operating factor 0 —Q—.(ip—27),
r=0,1, 2,...4p, i.e. a8 a sum of orthogonal invariants of the
various possible factors for degree & Each part is general of
its type. The part composed of the absolute invariants of the
type, when ip is even, is a numerical multiple of what is
obtained in § 275, Ex. 7; and for every r the corresponding

rt is & numerical multiple of the result of operating on H
with the product of all the operating factors except the corre-
sponding 0 —Q — (ip—27).

278 (bis). Systems of irreducible absolute orthogonal con-
comitants. Writing p for e%, it is clear from what has been
said that the products which actually present themselves as
multiplying p® in the expansion of

{A=Lp") A =T, p*?) ... A= T_pp7")}?
constitute a full lincarly indepcndent system of direct ortho-
gonal invariants of factor p™; and that the expansion of

{1 =Lp") (1= Tppp™) ... (1= Tpp™) (1—£p™) (1 —np) } 1
gives in the same way full linearly independent systems of
covariants and invariants together.

If from either of these real generating functions we can
extract another which provides the terms free from p in its
expansion, we thereby obtain a generating function for a full
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system of linearly independent ubsolule orthogonal invariants
(or covariants and invariants), and the form of the generating
function will, after the manner of Chapter VILI, give us
information as to the complete system of irreducible absolute
orthogonal invariants (or covariants and invaﬂa;tasl) of a p-ie.
Reforence is made to Vol. XXXIII of the Proceedings of the
London Mathematical Society for a good ma.ntg'&such generating
functions. It is there proved, for instance, that
{(1-1) 1 =L, 19}, :
(l - IlaI—laIaI-s) {(l —IlI-l) (1 _Ial—s) (l "IxaI—s)
(1=I_2L)}
(-LALI ) {—1) 1L L,) (- LI (1(1_-1212_1,?1)*)}-1,
are the generating functions for absolute orthogonal invariants
of a quadratic, of a cubic, and of & quartic, respectively. It
thus follows that a quadratic has two irreducible absolute
orthogonal invariants, namely,
Iy=a+c,
LI, = (a—c)*+40%;
that a cubic has four, namely,
LI, = (a+c+(0b+ad),
LI_, = (a—3c)+(3b—d)%
3 (I3, + 1L} = (u0) (6—3¢) {(a+0)*—3 (b+d)}
+(b+d)(3b—d) {3 (@ +c)*—(b+d)*},
AL~ T 3L} = (a+0) (8b—d) {(e+ =3 (b +d)'}
—(a—3¢)(b+d) {3(a+c)f—(b+d)?},
the last being semi-skew, which are connected by one syzygy
expressing the product of the second and the cube of the first
in terms of the others; and that a quartic has five, namely,
I, =a+2c+e,
LI, = (a—ef+4 (b+dp,
Il , = (a—6c+e)+16 (b—d)?,
32 + I 3L} = (a—6c+e) {(a—e)*—4 (D+d)}
+ 16 (u—e) (L2 —d?),

1
a (LA~ I3} = (b—d) {(a—e)'—4 (b+d)*}

—(«—6c+e) (@a—e) (b+d),
the last semi-skew, with one syzygy of degree 6 containin,
a term (II_,) (I, 1_p)% yIE ¢ i

A quintic has 15, and a sextic 14, irreducible absolute
orthogonal invariants, connected by many syzygies.
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Besides the universal z?+%* and the four invariants, a
cubie has in its complete system of irreducibles eight absolute
orthogonal covariants, namely,

Lé+ Ly, LE+Ign®, LIS+ I LI 2E+1 417
A quartic has, besides 2*+ 4% and its five invariants, six
covariants. These are
(a—e) (8 —9%) +4 (b+d) ay,
(b+d) (' ~9") - (a—e) ay,
{(a—6¢c+¢)(a—e)+8 (V2 —d¥)} («*-19?)
~4{(u—6o+e) (b+d)—2(a--¢) (b—d)} ay,
(la=00+9 (b+d1-3 - 06—} &2y)
+ {(a—6c+e)(a—e)+ 8 (b2 —d?)} oy,
(a—6c+e) (a*—8a2y% +y*) + 16 (b—d) 2y (42 —18),
(b—d) (@~ a2y )~ (6~ 60-+0) 2y ("~
The last but one here may be replaced by the quartic itself,
being a linear function of the quartie, the first multiplied by
#3492 and I, (#*+9%)? The second, fourth, and six&, given

as 2% times differences between conjugate products, are semi-
skew, like all covariants and invariants so given.

Ex. 8. Taking I,p* I_,p~? for a, ', use the fact that

11 { 1,1 }

(1—a) (1—a’) " 1—ad’ {1—a ' 1—d
to obtain the real generating function for absolute orthogonal invariants
of a quadratic.

Ex. 9. If m, u, ... are positive numbers, prove that the part free
from p in the expansion of {(1—ap™?) (1-bp™) (1—cp”)...} ~* is the
expansion of {(1—ba™)(1—ca®)...}™!; and, using this and the
formula of Ex. 8, find the real generating functions

1) for absolute orthogonal covariauts of a quadratic,
€2) for absolute orthogonal invariants of a cubic,
(3) for absolute orthogonal invariants of a quartic.

Ex. 10. Prove that two linear forms have four irreducible absolute
invariants connected by one syzygy.

Ex. 11. Prove that a linear form and a quadratic have five, con-
nected by one syzygy.

Ex. 12, Two quadratics have six, connected by one syzygy.



CHAPTER XVI
TERNARY QUANTIOS. THE QUADRATIC AND OUBIC.

279. A single chapter will be added to what has been said
in Chapters I to IV on the concomitants (invariants, covari-
ants, contravariants, and mixed concomitants) of quantics in
more variables than two. The importance of ternary and
quaternary quantics belongs to geometry of two and three
dimensions, and the study of them should be pursued with the
aid of Salmon’s Iligher Plane Curves, and Geometry of Three
Dimensions.

We remember from Chapter IV that, while in the caso of
binary quantics contravariants are not essentially distinct
from covariants, they are essentially distinet in the case of
ternary, &ec., quantics.

The principles will be briefly exhibited here, by means of
which, from invariants and covariants of systems of binary
quantics, we may pass on to invariants, covariants, and con-
travariants of ternary quantics.

280, Let us consider the ternary p-ic in tho form

(R
+ p(ap 2+ b, y) 2!

; —1
+2 (11J 2 ) (p-3@% +2by_yzy + €5 ,3%) 2872
+

+ (g2?+ phoz™ 1y + 19_(127_2_1_) o3yt +...)s

in which the suffixes (weights) of the various coefficients aro
chosen as in § 27, where we supposed 2/2, /2 to be each of
unit weight. We might equally have adopted suffix notations
appropriate to cases when ;y/z:, 2/x in the one case, and
2/, @/y in the other, are of unit weight. Any fact as to
weight of concomitants which may be adduced will have two
companion facts, arising from it by changes corresponding to
cyclical interchange of «, %, z. In onoc sense, indeed, companion
facts are sixfold, one corresponding to every permutation of
@, Y, 2
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In much that follows the notation of the cubic will for
simplicity of writing be adopted in our work, and the con-
clusions only indicated in the notation of the general p-ic.
It is important to have before us three ways in which the
same cubic may be arranged, namely,

a,2°

+ 3 (a2 + b,y) 2°

+3 (¢t 2® + 20,2y + ¢, 9%) 2

+ aya® + 3b, 2y + 8 cozy? + dy 7P, . (i)
a,x®

+3(b,y +a,2) 2*

+3(coy®+ 20, Y2+ ay2¥) @

+dyy® + 3¢,y%2 + 3yt + a2, o (i)

dyy®
+3 (e 4 02) o
+ 3 (0,2 + 2b, 22 + By2?) y
+a32% 4+ 3a, 2o + 3a, 20 + a2 . (i)

The corresponding triple arrangement is gencral for the ternary
p-ie.

281. We first notice that, an invariant or covariant being
unaltered, except for a power of the modulus as factor, when
we substitute for the coefficients and variables z, 9, z the new
coofficients and variables given by any linear transformation
of z, 9, 2 whatever, the same is true in particular when the
linear transformation is one affecting # and y only, leaving z
unaltered.

Consider, to begin with, invariants only. We are thus told,
using the notation of the cubic, that an invariant is a fanction

of a ..(1)
and tho coefficients in the quantics
a,z +b,y, e (2)
a,5®+ 20, xy + ¢, . (3)
ag@® + 3 b2y + 3cywy® +dy P, v (4)

which is unaffected, except by a power of the modulus as
factor, when these quantics are simultaneously linearly trans-
formed. From this we gather that it is a rational integral
function of a, and invariants of the system (2), (3), (4). Or,
regarding a, as itself a quantic of zero order, which has itself
for its one invariant, we may say that an invariant of the
ternary cubic is a rational integral function of invariants of
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the system (1), (2), (3), (4). It is isobaric on the whole (§ 28),
and of course homogeneous on the whole (§ 22), but is not to
be expected to be homogeneous in @, and the coefficients of
(3), (4) separately. It is, in fact, a linear function of

mvarmnts of (pl), Sz), (3), (4) of one whole weight and ono
whole degree, but different partial weights and degrees.

The mva.nant has then (§ 247) two annihilators which have
been hitherto called =Q, X0, but will for our present purpose
be designated dlﬁ'erently, viz.

9
Q,. = (aoSFo +2bosa) + 3¢, SEO)
d P} d
+ (a'l‘a“b‘; +2b1 DE;) +a,,a—b2,
9 P} )
.Q,, = (31)0-2’—‘;; + ZPOE +(l°—a-—)

+ (21;l +”lab ) + by —-

*ba
In the general notation of the p-ic we should have
rep—- P
2,.=2" 1{ a5 + 20 5 +3°’azl +. }
r=p=1
Q,=2"]

d d d
{(p—r)b,—“: +(p—-r— 1)0,5—5; +(p—’r—2)d,-a—£ +...},

where only coefficients which actually occur in the p-ic are
present.

282. In like manner a covariant of the ternary cubic is

a rational integral function, of constant whole order degree

and weight throughout, of covariants and invariants of the

system (1), (2), (3), (4) of § 281. And analogously for the

p-ie. A covariant has then (§ 247) the two an-
nihilators

d d
‘st_ya_" ‘Qzﬂ—msy’

and these, it is to be noticed, annihilate the ternary p-ie
itself, which is of course to be regarded as one of its own
covariants.

This fact has led to the frequent use for the operators O,
Q,, of the symbolical notation [y ;5] ) [w S%] .
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283. Let us now pay attention to the second and third
forms (§ 280) in which the cubic or p-ic may be .
Attending to the second form we see, just as in §§ 281, 282,
that an invariant, or covariant, is a rational inte function
of invariants, or of covariants and invariants, of the system of
p+1 binary quantics which for the case of the cubic are

@y,
boy + a2,

coV? + 2,92 + a,2%,

dyy® +3c,9% + 3b,y22 + a,2%

that an invariant has two annihilators, which for the case of
tho cubic are

_ d 9 d d d d
Q.= (d"s&; +2(‘13—b—2' +3b3—a~g;) + (GOS‘E +2bl'a—a;) +b03719

_ d 2 d d 2 ?
Q,= (301m; +2b,a—c—1 +%5E) + (2613—% +a2%;) gy
and that a eovariant has the annihilators °

d d
\Q:,"—ZS—Z;’ ﬂﬂ‘_yﬁ’
which in particular annihilate the cubie itself.

For the p-ic 2,, and Q,, are

d ?
Q, = {...+(p-—l)c,,-,a—5;-_-; +Pbp-13;p}

] ]
ot (0= 2epagp— + (= Vg

2 2
Q"Eg"""zb"‘lac s+a-,,a—b:}
£’ -

2b 2 2 }-}- +a 2
+{...+ "'23_0;_3.'-“"'131),_2 AP

In like manner, regarding the third form in § 280, we see
that an invariant has two additional annihilators Q,,, Q,,
and a covariant the two additional annihilators

9

?
Qu—ys D=z
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where, in the case of the cubic,
9_32331)1)3%3)_‘_3_
‘u=(a3'a"(;;+ a’a—(tl-l- alaao +(53§1+ léFo clbco’
9 d d d d d
Q.= (3(!2'8;.; +2alb?s +aob—¢;-l) + (2b13b; -|-b035;) +c, -a—é-;,
and, in the general case of tho p-ic,

d d d
Q.= {%m +---+(17—1)ang;;1 +P“1570}
d 9 d
+ {bp_lm +...+(p—2)b,55; +(2)——l)b15b;}+ ey

3 P d
Q,. = {pa,,_la—a—P + e +2a'1372 +a°-a-¢—l-1}

d ? d
+{(p—1)b 255, +"'+21’155; +b°aT)1}+""

284. The facts as to invariants and covariants cxpressed
by the existence of their six annihilators thus found are not
all independent. Information as to the nature of their inter-
dependence can be obtained by forming the fifteen alternants
of Q. Dy Doyy Lysy Ly Qs in pairs. Taking the forms
appropriate to the cubic, we readily obtain first the following
triad of alternants: 3

_ 2 P) d
.H3 = QUJQZH_QIJI‘Q'W = (3(10 b_w; +b0 Sb—; —Cy b(_'; - 3d0 b(l;)

P P d d
+(2(Ll‘b—a—l —201E) + ((112 Daﬂ —bs-a—b;): ...(3)

d d d P
Hl = ().,,.Q.,,.,—.Q,,,.Q,, = (3Cl0 a(-t‘; +c a‘o—l _b2 éb—z —3a3 a—(;;‘)

d P d P
+ (200-3'5 —2@23“;) + (bob—b; —(blsa—l), ...(])

' _ P} d d P}
By = 0,00~ 0 = (S50, + a5 —01yg —3%05,)
d

9 P 9
+ (2’)255; _2b0 ‘aTo) + (Cla*c"l —com)' ...(2)

We here see first that the sum H,+ H,+II; vanishes
identically, whatever be the function operated upon. Thus
any function which is annihilated by two of H,, H,, Hy, or
by two independent sums of multiples of themi, is also anni-
hilated by the third, and by any sum of multiples of them.

Before forming the other alternants we proceed to exhibit
the information as to invariants of the cubic given by these.
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285. Any invariant of the cubic is annihilated by H,, H,
and H;. For every one of these is a difference of two parts
each of which annihilates it, since it has the six annihilators
Q. Let us consider the fact that H,— H,, the difference of
the operators written second and third above, annihilates it.
We readily see that

d d d

_ d
I[1—H2 = 3((1‘)%‘; +b°3_b; +8°a—-co +dom

P, 9 P P d P,
+a,la—al +blb_b1 +01E +a,a—% +b3'a—b; +aasa;)
d d 9 d d d
_3((1.13——“-1-. +bl$b; +c 5?1) —e(asa—-'az +bﬂ b_b;) —90,35—“—:-’-

Hence it follows, by Euler’s theorem as to homogeneous
functions, and the consequent theorem (§ 117) as to isobaric
functions, that H,— H, operating on a function of degrec ¢
and weight (sum of suffixes) w has the offect of multiplying
it by 84—3w.
Thus sinco the invariant, which is homogeneous (§ 22), is

annihilated by H,— H,, it must have a constant weight w

throughout given by 83w =0

If we had taken the forms of H,, H, for the p-ic instead of
the cubic, we should have had in like manner
pi—3w = 0.
The information given by H,— H, is then that of § 28.
In like manner we have, for the cubic,

P d 9 9
.HS—H3 =3 ((LOaa; +b05E) +Cu—a?o +tlos'(7(;
d d d d 9 d
+a15&—1 +b, 531 +015;; +ag'a;2 +bg-a'b—2 +43E)

] d 9 d d d

-3 (co-a—c; +b1 5771 +a,5—a—s) —6 (bo éb; +a, -b——al) —9a'om)
the annihilation of the invariant by which tells us, upon
observation of the form (ii) of the cubic in § 280, that

8i—3w =0,
where w’ is the weight of the invariant when we consider
y/z and z/w as of weight unity. Thus
w =w,
which would also follow from the fact that the particular
substitution which replaces «, yl; 2 by ¥, %, , whose ‘modulus
B

1431
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is unity, does not alter the value of tho invariant while it
replaces ¢,, b,, a,, by, @,, @, by a,, by, ¢;, a, b,, ay.
For the general case of the p-ic we should have had
pi—3uw = 0.
In exactly the same way

2 +d, 2
de,

d P
‘H3_Hl=3(a0ﬁ;+b0m +c OSd;)

LIy YL AP, a+ba+a_a_)
thye, TsE, Tt T%5e, T30, T Y5,

d d d d d d
—3 (b, T +bla—b1 +b°b_bo) —6 (“50—1 +¢ b_co) —9d°5—¢z30’
the annijhilation by which requires that an invariant of the
cubic have the property
3i—3w” =0,
where " is the weight when each « is of weight 0, each b of
weight 1, each ¢ of weight 2, and d, of weight 3,i.e. when
2/y and x/y are regarded as of unit weight. Thus
w=w =w.
For the p-iec we should have in like manner
pi—3w’ = 0.
Since the sum of H,—II;, H;— H, and H,— H; vanishes,
any function, not necessarily an invariant, which possecsses
two of these properties must also possess the third.

Ex. 1. From the fact of annihilation by 7/;, which may be written

d J . d d d d 9
3(a°a—a; +b°s‘l;; +G°S—Z; +doszo) +2(a, a—;; +b13—b: +0‘3?1)

2 .
+ (a.-,;;’ +b, 5,,;)
)

) d d d d
-2 {(bo-b—zz +26°b—co +3dosa-o) + (bx S_i); +2¢, b_-t:,)'l-b’b—b;}’
show that if any invariant of a cubic is written as a sum of parts,
each separately homogeneous in the sets
@y, by, €y s
G5 Oy C)

. By Og
Gy,

and if 4,, 4,, 1, are the degrees of any such part in the first, second
and third of these sets, then throughout the invariant ’ ’

34,4+ 2i,+i, = 2w.
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For an invariant of the p-ic the corresponding fact is
Pip+(p—1)ip_ 1+ .o + 26+, = 2w,
See §§ 123, 132.

Ex. 2. From the fact of annihilation by ZZ, show that throughout an
invariant of the cubic
3iy + 28/ +1i,/ = 2w,
where i, i/, ¢’ are the partial degrees of any term in the sets
dyy €15 by, ay,
oy by, ag,
bov a5

and state the corresponding fact for the p-ic.

Ex. 8. From the fact of annihilation by 27, show that throughout an
invariant of the cubic

3i 420 +i/ = 2w,
where 1,”, ¢/, i,”” are the partial degrees of any term in
Ay, Gy, Gy, Gy,
b” bl’ bo’
¢ G5

and state the corresponding fact for the p-ic.

286. We now form the other alternants of the six Q’s. They
oceur in cyclical sets of three. Taking the case of the cubic,
and roferring to §§ 281, 288 for the notation, wo find

d d d
\Qa,zﬂ,,—ﬂ“ﬂ,z = aosz; +2b03—ql" +2a]n;

d d p)

—2a, 57 ~ao 55 —2by -
=0, ...(4)
24y 0y~ 2,2, = 0, )
Q:,Q'._ Q'.Q" = O- (XX) (6)

The same relations hold in the general notation of the p-ic.
In like manner we have another triad

2,0.,—2,.0,, =0, . (7)
2,9,,—2,.2,,= 0, L we(8)
Q.Q"— ﬂ" Q“ = 0. (XX} (9)

Bba



872 THE COMPLETE SYSTEM OF ALTERNANTS  [286

Next we have, for the cubie,
b} p:

_ ? d d
ﬂ,,ﬂ“—ﬂ.,,ﬂ,, = 3()037'“.1 +2¢, —3—5; +(lo 5‘(; + 4])1 -372 +2¢ -a—b—;
d d d 9
+3b’ 5a_;, —21)1 3_(12 —2b0 ‘le —Cq s?)';
d ? 9
=doé?1- +2(’1 ‘ab—2 +3bg -a-a*a
P} d )
+00 3?); +2bl bas +bo'a‘&—l
=Q,, ...(10)
and similarly
2,.9,,—-92,,Q,. = Q,., . (11)
2.0, —0Q,.0,=Q,. . (12)
Lastly we have in like manner
2,0, —Q,.Q,. = -Q,., .. (13)
2,0,,—2,.0,= -Q,, ...(14)
2,.9,—-2.,0, = -Q,,. ... (18)

All these apply to the general notation of the p-ic, as well
as to that of the cubie.

287. The fifteen alternants of pairs of ©’s introduce then
no new operators except the H,, H,, H, of § 284. We com-
plete the theory of the annihilators by forming the alternants
of these three with one ancother and the Q's. It is quite easy

to see that HH,—H,H, = o,
HSHI—H1H3 = 0,
H,H,~H,H,=0;

Ha‘Q'w"‘Qn'Ha = 29’”’
HQ, -0 H = -20,,
H,9,,-9,H, = -Q,,
HQ,-9,H, =Q,,
n9,-9.H, = -Q,,
He.-9.H, =0,

together with two other sets of six, in the first set of which
H, occurs and the suffixes «, y, z are interchmged once
cyclically, and in the other set H; occurs and a second eyelical
intere ¢ i8 made in the suffixes.

nl" nﬂ’ Q"’ 0’]’ Q‘l’

Accordmgly the nine operators Q,,,
H,, H,, H, form & group such that, when we form the alternant

and that
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of any pair of them, some member of the group with a simple
numerical multiplier, or else a zero, is prodnoeg.

288. Three cyclical annihilators suffice to deflne invari-
ants. We can now see that, if a function of the coefficients
is such as to have a cyclical set of three annihilators, such as
Qysr Lypy Qg OT Qo) Qpp, O, it has also the other three, and
is accordingiy, if homogeneous, an invariant.

Suppose, for instance, that Q,,, O, Q,, annihilate a fune-
tion. By § 286 (10), since 2., and Q,, annihilate it, so does
Q.. By (11), since Q,, and Q,, annihilate it, so does 2,,.
And by (12), since Q,, and Q,, annihilate it, so does Q,,.

And again, to repeat from § 285, since 2,, and Q,, annihilate
it, so does H,; and in like manner so do H; and H,. Thus
the function has necessarily the degree and weight properties
expulassed in § 2856 and the examples which follow that
article.

The property of annihilation by Q,., ., and Q,, includes
then all the facts with regard to invariants of ternary quantics
except that of homogeneity, just as that of annihilation by
2 and O, i.e. by Q,, and Q,,, does with rogard to invariants
of binary quantics.

We shall see later by another method, which might have
been here applied, that the pro&)erty of having ¢ eyclical
annihilators of the & form includes all the facts but that of
homogeneity as to invariants of g-ary quantics.

289. The six annihilators, as well as going in two triads,
go in three pairs 2,,, Q,,; 2, Q,;; Q,, 2,,. It is some-
times most convenient to use the fact that if two pairs of
these annihilate a function its annihilation by the third pair
is necessitated. For instance, if the first four annihilate it, it
follows from § 286 (14) that Q,, annihilates it, and from (11)
that ., does, so that it is an invariant.

The possession of thres annihilators not forming a cyclical
set does not suffice.

290. Invariant of the ternary quadratic. Let us exemplify
some of the above principles by deciding what invariants the
ternary quadratio

a,2% + 2 (2,2 + b, y) 2 + ay2® + 2b,2y + ¢, ¥*
can possess.

Since Q,, and ©,, annihilate it, an invariant of the quadratic
is an invariant of the system :

ag, a@+byy, 4@’ + 2wy + eyt
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and so (§ 251) is a rational integral function of
ay, ayCo—bed, a,bd—2b,a,b, +cyal ... (1)
Again, since Q_, and Q,. annihilate it, it is an invariant of

the system Cor 0yZ2+by@, a,2%+2a 224 a,ad,
and so is a rational integral function of
Coy Qolg—ayt, aghy?—2a,b,by+ byt . (2)
Consider the first fact, and let
a* (@90 —boP) (aod,* — 25y a,b, +¢oa,)
be a part of the invariant. By § 285 its weight measured by

sum of suffixes must be equal to its weight considering a’s,
b's, and ¢, as respectively of weights 0, 1, 2. Thus
22+ 2y = 2u 4 2y,
so that A = u, and the invariant involves only
@y (@Co—by?), and ayby* — 2By, by +coay’
Similarly it involves only
¢o (a0 a;—a,%), and agby? —3ayb,b, +a0by"
Now any function of the first of these pairs which is also
a function of the second pair must in particular be so when
¢, =0. Thus a necessity as to such a function is that the
said function of
—ayb,? and ab®—2bja,b,
is a function of
0 and a,b2—2a,b,b,+a,b,%
The difference of the two, and its powers, are obviously the
only functions for which this is the case.

Thus 8y (¢40y—by%) — (a0, — 2b,0, b, +¢oa,%)
and its powers are the only functions which can be invariants,
and thegv can be so only if this is also a function of ¢, (%%—"'g)
and a,b,2—2a,b,b,+a,b?, as it is, viz. the difference of the
two.

The ternary quadratic has then only one irreducible invariant

QoCottg + 20, @y by—apby*— o0y —ayby’,
which is, in the more usual notation,
abe + 2 fgh—af? —bg® — ch3,

the discriminant.

201. The ternary cubiec. The general ternary cuhic can
(§ 229) be linearly transformed into X3+ ¥3 4+ Z° + 6 mXY 2.

It cannot then have more than two indef)endent invariants.
For if it had three it would have two absolute invariants, i.e.
there would be two functions of the coefficients oqual to func-
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tions of m; and by elimination of m we could find a relation
in the coefficients only, which there cannot be as the coefficients
are all independent.

Two independent invariants S and T, of degrees 4 and 6,
will now be found. It will hereafter be seen that not only is
there no other independent of these, but that there is no other
which cannot be rationally and integrally expressed in terms
of them, so that they form the whole system of irreducible
invariants,

By § 285, or by § 28, the weight, in either of the three
senses, of an invariant of the ternary cubic is equal to its
degree. Thus S, which we seek, is of degree 4 and weight 4.

Now suppose that § contains a term or terms of degrees
m/ in ay, » in @, and b, p in a,, by, ¢;, and q in a,, b, ¢, d,.
The facts as to degree and weight give us

m+n+p+qg =4,
3m'+2n+p =4,
and the only positive integral, including zero, values of m’, n,
2, q which satisfy these equations are given by the scheme

mw, m, P, g
1, 0,1, 2
0,2 0, 2
0,1, 2 1

0,0,4, 0
Thus &, if it exists, must be of the form
a (110%) + (2%0%) + (21 1%07) + (14),

wheroe, for instance, the notation (2'120') denotes a function

of %egree ; in a4, b,, degree 2 in a,, b,, ¢;, and degree 1 in

(o5 by, Cos .

° Mgregver‘: since Q,,8 = 0 and ,,S = 0, the functions (110%),

(220%), (2'120"), (1*) are invariants of the system

a;z+b,y,
u,2* + 26y 2y + 0,97,
ay@® + 3b, 2%y + 3 xy® + dyy®.

Now the invariants of this system are (§ 262) the invariants
of the quadratic and cubic given in § 260, and the results of
replacing « and y by b, and —a, in the covariants of that
article. Those of degree and sum of suffixes not exceedi
4 are given by (2), (4), (6), (9), (10), (13) of the article in
question, and are

A =a6e,—bj .

B = (ay0y—b?) bg® — (g — byco) aghy + (bydy — &) a2,

-
-
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C = (aydy— byeg)* — 4 (oo —bg?) (Bydy—c,?),
D = (a,¢—2b, by + ¢a0) by— (@, dy—2b, ¢y + ¢, by) a,,
E = {a,*dy—3a,b,¢,+ (ay¢,+2b,%) by — b, 6,0, } b,
+ {e2ag—3b,,b, + (ay¢y + 2b,%) cy—a, b, dy ) ay,
F = a, (bydy— %) = by (ay @ —by0y) + ¢, (@ Co—byd).
We see then that
(1l 0’) = AF,
(2’ 0’) = I-"'Bs
(2112 0') = v E,
(1Y) = w A3,
where A, p, », o are numerical,
Thus we must have
8 = Naz{a,(bydy—co*) — by (agdy—byco) + €y (o —by?) }
+ 1 {200, —b,*) % — (@, ~Dy o) @b, + (bydy— C,F) ag?}
+v{a2doby—a.b,(3¢,b, + doas) + (e, + 2b,%) (boby + ¢y ;)
—bye,(apbs + 3bya,) + e,y as }
+ (@, — b))
To determine A, p, », @ we may express that S is annihilated
by any of the Q’s, except &,, and Q,, by which we have
already secured its annihilation, whatever A, u, v, = be. More

easily perhaps wo may use the fact that S must be exactly

the same funection of d
09

Cos 015
bos by, by,
Qs Uy gy Ay,
as of
@3y
g, by,
a,, b, ¢,
o, by, €9y Ay,
since these sets of coefficients are exactly interchanged by the
linear substitution which interchanges % and s leaving  un-
altered, whose modulus is — 1, which modulus in the expression
of invariancy of an invariant of weight 4 is raised to the fourth
power, thus producing +1 for the factor. For S to be an
invariant the above expression must then be the same as
Ady {by (85— %) — by (X405 —,05) + by (452, — ) }
+p {(@8y— %) & — (203 — a,09) o0y + (0,8,— 0,%) €2}
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+v {b2aze; —byb, (3age, +a50,) + (:O;)’ +257°) (a,¢, +“’ba‘;o)
o (byby—b ) —b,bs(@pe, + 3a,6,) + bg*ayc, }
We at once see that the two forms are identical if

A roov o

With these values the expression will have Q,, and Q,, for
annihilators, because of its second form, as well as Q,, and
2,, because of its first form. It is then an invariant by § 289.
Thus the invariant S looked for is, adopting the second form
of writing it,
8 = (ay03—a.%) 01> — (@y 03—, @5) €0; + (¢t B3 — %) ¢
+ b ayey —byby (3age; +ayeo) + (boby + 2B,%) (@161 + agcy)
—b,by (@ye, + 3a,00) + by ey,
—dy {by(aya,—ag®) — by (g3 —a,85) + by (@ 05— ay) }
— (Boby =AY
292. The cubic can (§ 229) be linearly transformed to the
canonical form X34+ Y3+ 22+ 6mXYZ.
By a substitution of modulus unity it can consequently be given
the form a’ (@3 + 9%+ 2%) + 6 m'zyz.
Let us consider it in the less particularized form
a,/z® +d,y? + ay'2® + 6 b, 'wyz,
in which the names of non-vanishing coefficients accord with
the notation used in general. The modulus of the transforma-
tion which produces this from the general cubic is taken to be
unity. :
For this form we have, by the above,
8 = ay/dy'ab/—b* = by (a)/dy'a’ —b,").
For the canonical form itself the value is
m (1 —m?),
which is of course equal not to the S of the untransformed

cubic but to that S multiplied by the fourth power of the
modulus, which is no longer unity.

Ex. 4. Show that § = 0 is the condition for the cubic to be capable
of expression as a sum of three cubes.

298. The second invariant T of degree 6, and therefore,
since 34 = 3w, also of weight 6, can be found as S has been.
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For our purposes, however, the labour may be avoided by
use of a covariant, the Hessian, which it is already known
from § 11 that the cubic possesses.

For the semi-canonized form

a, o +d) P +a) 22+ 60, zyz,
the Hessian, with the numerical factor 6° rejected, is
a)/z, b'z, by
bz, d)y, b/
by, bz, ayz
ie.  (a/dyay +2b/%) ayz—b/2(a,z* +d) Y + a'2%).
The Hessian is then a covariant of the third degree and order.

For the canonical form itself the Hessian is

1+2m3) XYZ—m* (X2 +Y°+ 2°),
i. e. this is equal to the Hessian of the untransformed quautic
multiplied by the squaroe of the modulus of the fully canonizing
substitution.

Now an invariant of a quantic and a covariant is an in-
variant of the quantic alone. Also (§ 19) if a2®+... and

Ag3+... are two quantics of the same order, we may derive
an invariant of the two from one of the first only by operation

with A 2 +.... Applying this principle to the cubic and its

Hessian, both of order 3, we derive from the invariant S
another invariant of the sixth degree. This is 7, or rather
a numerical multiple of 7'

We can at once derive the expression for 7' that goes with
the semi-canonized form

ay' 2+ dy P + ay’ 2° + 65 Yz,
whose Hessian is as above
~b,ay'a? — b,y — b ta) 2 + (ag dy/ a5 + 2,") ayz,

)

by operating with

d , 9 d 1 d
—b,%ay’ da, ~b,*d, Sdy —b, %y’ day + § (ay' dg g+ 25,"%) 37
on S, which is bll ( “o’ dol asr _ blla)'

The reason for this lawfulness of working with the reduced
number of coefficients is that the full expression for S con-
tains, besides the terms b, (¢ydya;—b,%), only terms involvin
coefficients which vanish for the semi-canonized form—indeeg
only powers and products of such coefficients, a fact which
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will be useful later—and that the terms in the generating

-—a— i —i- contain
da,’ ¥3d," day’ b,
as factors coefficients in the Hessian which vanish for the
semi-canonized form.
The result of performing the operation above, and multiply-
ing by 6, is to obtain
T = (ay dy ag)*~ 200, (a, o @) — 85,8,
For the canonical form itself this becomes
1—-20m3—8ms8;

but this is equal, not to the 7' of the untransformed cubie, but
to the 7' multiplied by the sixth power of the canonizing
modulus.

There is no difficulty in obtaining the lengthy expression
for T in the notation of the general cubic, but only tedious-
ness. It will not be here written down. Reference may be
made for it to Salmon’s Higher Plane Curves, §§ 221, 223.

operator other than those in

Ex. 5. Prove that b is given by the quartic in 5" = 8
273 +1883+T8—-8 =0,
and that when b’ is found the corresponding product @, d,’ a,’ is
uniquely determined.

Ex. 6. The discriminant of this quartic is a perfect square, namely,
o numericeal multiple of the square of 64.5°+ 7%, which is a numerical
multiple of its catalecticant.

Ex. 7. The discriminant of the ternary cubic is
a/d)a) (a/d/a, +8b°), i.e. 645°+T%

Ex. 8. The S of the Hessian of a ternary cubic is a numerical
multiple of 488° 4 7%, -

294. The result of Ex. 5 above leads us to expect that
there are eight distinct ways of reducing the cubic to the
form aw® 4 by® + c2® + 6 mayz by substitutions of such modulus
that S and 14 are absolutely unaltered. (Note that we do not
rockon as distinet different ways in which the product zyz is
the same.) If M is the modulus of such a substitution, the
facts with regard to S and 7T give us respectively M*= 1 and
M® = 1. Theselead to M2=1,ie. M = +1.

It is easy to see that there really are eight wa.gs, and to
exhibit their connexion. Take, for instance, the cubic

o +y* + 28 + 6 mayz.



380 EIGHT REDUCTIONS OF CUBIC [294

The substitutions of modulus 1

v —3=X+Y+2Z, yv¥—3 =X +oY+0'Z,
2V —-3=X+0'Y+aZ

eV —3=X+0¥+0Z, yv-3=X+0'Y+7,
27V —-3=X+Y+w%Z,

2V -3=X+0T+02Z, yv¥~3=X+Y+auZ,
2V -3=X+u¥+7
produce three forms whose m’s are respectively
my = —(1—m)/ ¥ —3, my=—(a®-m)/ v -3,
my = —(0—m)/v —3,
so that
mmymym, = m(1—m3)/3/ -3 =28/3+/-3.
Also @ =a’, y =1, 2= —2, whose modulus is ~1, gives a
form with —m for m, those with —m,, —mi,, —m, for m being
obtained in like manner. The product of the eight m's is

. then (mmgmymy)? = — 483,
which accords with § 293, Ex. 5.

295. S and T the only irreducible invariants. We may
prove as follows that any other invariant of the ternary cubic
is a rational integral function of S and 7.

Write the semi-canonized form of the cubic with the notation

of coefficients aa® +by® + ¢2* + 6mays, o (1)

so that S = m (abe —m?),
T = (abc)*—20m>abec —8mS,
and (§ 298, Ex. 5)
27m® +18Sm*+ Tm2—-S? = 0. )

We notice here, and from the last article, that the product of
the eight values of m for substitutions which leave S and T'
unaltered, modulus +1 or —1, is & numerical multiple of S%
The product of the four for modulus +1 is a numerical
multiple of S.

Now if an invariant is such as to vanish when an m
vanishes it must when any of the m’s vanishes. For its form
for (1) has m for a factor, and it is the same thing to say
that its form for .

a7 + byy® + Cg2® + 6 myayz
has 'm,i for a factor. An invariant divisible by m is then
divisible by mm,mym,, i.e. by S; and the quotient as well as
itself must be an invariant. Equally if divisible by abec—m?
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a product of three m's, an invariant is divisible by the fourth,
and so by S.

‘We have then only to consider the reducibility of invariants
which are not divisible by m or by abe—m?, which latter call
k. In this notation we have

8 = mk, <. (3)
T=Fk~-18mPk—27m?
= B —188mI—27ms. e (4)

Consider then an invariant I which is not divisible by m
or by k. Its de must be a multiple of 3. For k is of
degree 3, so that, if its term free from m is k", this is of degree
3n, and this degree must be preserved throughout. We may
suppose then that the invariant is

I = E*+ pk*-1md 4+ gk*-2m® + ... + tm3",

for it is a function of S and T' (§ 291), and consequently of
the independent k and m, which are all that S a.nd% involve.
It would not be integral were % or m involved fractionally.
Now first use (4) to depress I to the first degree in %, or to
the degree zero in k if no odd powers of & oceur in I as already
exhibited, by substitution for k% of 7'+ 188m?+27ms. We

thosgob T kf(8, T, m)+4(S, T, m),
where the functions f and ¢ are rational and integral, and
where the former may or may not actually occur.
Firstly, if £ (S, 7, 1) do not occur, we have
I=4¢(S T, m)

By aid of (2) we may depress this equation below the eighth
degree in m by successive substitutions such as that of
g7 (Bm"—Tm +2—-188m™*4) for m®+", where r is zero or a
positive integer. We thus get eventually

I=Am"+Bm®+...+ K,

where 4, B, ... K, if they do not vanish, are rational integral
functions of S and 7.

Now there are (§ 294) eight values of m which must satisfy
this equation of degree 7 at most. It must then be an identity.
Hence, taking the terms free from m,

I=K,
i.e. I is & rational integral function of S and T.

Seoondlg, if f SS, T, m) do oceur, let S/m be put for %, by
(8),in (8, T, m). We have ‘

I=F@S,T)8/m+vy (8, T, m),
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where F and v are rational and integral ; and this again may
be reduced by (2) to

Im=Am"+BmS+...+ Hm+ K’,
where 4, B/, ... H', K, if non-vanishing, are rational integral
functions of S and 7. This equation of degree 7 must be an
identity by reasoning as before, and therefore, taking coef-
ficients of m, I=H,

so that the conelusion as before is that 7 is a rational integral
function of § and 7.

296, Covariants of ternary quantics. By § 282, 283 a
covariant has three pairs of annihilators, of which the first pair

d

93
is typical Y
Let a covariant of order « be arranged according to powers
of z, and written
o (w—1)
1.2

where P, involves coefficients only, and P,, Py, ... Py are of
orders 1, 2, ... o respectively in 2 and y.

d
.Q,,—:?/a—z-’ Q,—

PotwlPy y2+ Py ;224 ...+ P2® 1+ Py2®, ... (1)

The results of operating on this with Q”—ybia: and

d
.Q‘,,,—msg must vanish identically. Thus, equating to zero

the terms going with different powers of 2, we sce that
PO,PI,Pg’-nP.—I,P'
have all separately the two annihilators Q,,—y b%’ Q, -z biy .

In particular P,, being free from z and 7, is annihilated by
Q,, and ,,, i.e. is an invariant of the system
Ty,
@p1 @+ by,
@p-g@® +2b, gy + 05y,

a,x® + pho?-1y + ?(Tp.gﬁcow”"y’+ o

.As to Py, P,‘, ... Py they are, in like manner, covariants of
this system. The cocfficients of the highest powers of  which
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occur in them respectively are then seminvariants of the system,
i.e. are annihilated by Q,,.

In particular, the coefficient of #® in Py, i.e. in the covariant
(1) itself, is annihilated by 2,..

Now suppose again the covariant to be arranged by powers
of  instead of by powers of 2, and apply like reasoning. The
coefficient of «® in the covariant is thus seen to be annihilated
by Q.,.

yIi; has also been seen that the coefficient P, of 2z in the

covariant is annihilated by Q,, and Q,. By the same
reasoning the coefficient of #® is annihilated by 2,, and Q,,.

Thus the coefficient of #® in the covariant has the four

ﬂnnihihtors sz, ﬂ", \Q,", Q".

In like manner the coeflicient of ¥® has the four annihilators
Q. Q,, Qppy Que

and the coefficient of 2 has the four annihilators
Dosy Qyy Qs Ly

9297. A covariant is given by an end coeficient. When
one of these three coefficients is known the whole covariant
is known.

Consider the arrangement, (1) of the preccding article, by

powers of 2. Expressing the fact of annihilation by Q,,— 52

we have, by taking the coefficients of the successive powers
of 2, Q,. Py —waxPy_, =0,
Q Pe—(m—1)2 Py =0,

Q. P, —xP, =0,

Q,.P, =0,
which tell us that (1) may be written
{1+59 220 q y L g +...}P
e ®1,287% T Tl F @

the terms beyond the last written down vanishing because
Q,.Py=0, i.c. Q5 P, = 0, and consequently Q2" P, =0,
for any positive value of the integer 7.

Now this expression for the covariant may be written

z [+ 7]
e " Pq.
Again consider P,. It is by the last article annihilated by

.Q.,,—y%a and .Q.,,—w@. Hence as above, or as in § 110, if
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8 is the coefficient of & in Py, i.e. in the covariant, we have

20;
Py =2a%e* "8,
Consequently, upon insertion of this value for Pg, the co-
variant is 201,
a"e® 6% 8,

which, since (§ 286) 2,.2,, = Q,,9,., so that 2,, and Q,, are
commutative, and since they do not operate on , ¥, 2, may
without ambiguity be written
zoes
In like manner, if 8’ is the coefficient of ¥® in the covariant,
and 8” (the P, above) the coefficient of <¥, the covariant may
also be written in either of the forms

on+doe, S

Z Za,. 4 z,
y'ey ﬂ'ri"ﬂy. ASV, 2%¢7 Oy + : 0 S”-

Ex. 9. Prove that the covariant may also be written
pe e;“" ea" 0y S,

and in two similar forms derived from ¥ and %, but that since Q,.
and {2,, are not commutative this must not be written

z ¥
=Qye + >0
2%V TR,

208. Another method of obtaining the full expression for
a covariant from the coefficient of the highest power of z in it
is analogous to that of § 160. Substitute, in the final coefficient
8" or P, of a covariant of the ternary p-ic u,

u for a,,
12 1du ,
-2—)-&' ’ };Ty fOl‘ a,_l, b‘,_l,
1 3y 1 Ry 1 2y

p(p=1)’ p(p—1)dzdy’ p(p-1)yt
for ¢y, by-g, €4,
1y 1 dFy
plw’ 272‘ b—w"——lby’ XY
and divide through by the power of z which occurs as a factor
in the result.

for «,, b, ...,
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The proof is easy. We at once see that

20u+¥o,

w = z¥e’ @y
10 1 . Zg.4¥g,
5-3_5——_;)2’ 13 z ' 'Qg,ap
= z’-1850‘+%n"ap—l,
.1. 91_1’ = pP-1 20“"'5 n"b
Py v
1 Bu 20+ Yo
— e P2, g
plp-Nd "~ ° e
&e., &e.

Also, if P and @ are two functions of the coefficients,
z ¥ z y z y
6‘°.+=n"PQ = et Ot 3 nl’P.e’ 0n+san ;
for

(gﬂﬂ.l. ,%Q:')mPQ = P. (-z Q.+ %/‘Qs,)mQ
m-1
+m(30.+40,)P.(20.+10,) Q+..

+ (50t %.Q.,,)“P.Q,

by the method of Leibnitz’s theorem. Hence the conclusion
is immediate.

Since 2* = z®2"-*, the power of z which divides through is
2"~%, where w is the weight of the final coefficient on the
supposition that z has zero weight, i.e. of the covariant, and
= 18 the order of the latter. The difference w— = is the weight,
on the same supposition, of the coefficient of =*.

299. The search for covariants of ternary quantics is then,
a8 in the case of binary quantics, coextensive with the search
for their leading or end coeflicients, it being equally reasonable
to consider the coeflicient of ® or ¥® or 2® a leader.

Take S”, the coeflicient of 2®. It has, as has been seen, the
four annihilators Q.0 Q Q

xay SPyay “Sysy Oy

By § 286 (13) if Q,, and Q,, annihilate & function, then Q,,
must. Thus we may say that S” has the three annihilators
‘ch’ Q'n’ ‘Ql.',’ .
and, as & consequence, also the fourth Q,,.
We proceed to see that any rational integral function S”
14an ce
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with these properties is the last coefficient in a covariant, or
a sum of last coefficients in more covariants than one. (This
latter will be the state of things when 8” is a sum of parts for
which = in (5) below has different values.)

Let us adopt the notation of the cubic for simplicity. That
Q,. and Q,, are annihilators tells us that 8” is a full <nvariant
of the system

ag,
9@ + by, (1)
2 +2bxy +e9
ayz®+ 3byzdy + 3cywy? + dyy?;
and that Q.. is an annihilator tells us that it is a seminvariant
of the system dys

2 +¢,,
by2? +23byza + ya?,
a,28 + 8a,:%x + 3a,22% + a 2%,
or, let us say, that it is an anti-seminvariant of the system
dy,
Gx + ¢,2, . (2)
byx® + 20wz +b,2°,
@ 2®+ 30,232 + 3¢, 22% + ¢y 2%
The consequence that £,, is an annihilator tells us that in

virtue of having these properties S” must be also an anti-
seminvariant of the system

Uy -

by +ay2, ... (3)
cy? +2byz +a,2%, '
doy® + 8¢, Y%2 + 3by Y2t + ¢g2®

Taking for S” any solution of 2,.8”=0, 2,.8”=0, 2,,8"=0,
let us form from it the function

lﬂu+s [+ 1%
4
et TR G s

remembering that Q,, and Q,, are commutative. We proceed
to see that this, made integral by the lowest necessary power
2% of 2, is & covariant. -
Because Q,,8” = 0 we can form from S” a covariant
L3

2%er Ose S”
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of the system (2). Call this
w(w—1)

"8+ w128 + T

z® 2288, + ...

+waz® 18, +2"8". ...(4)
The order = here is given by
@ = 3%+ 24,414, — 2w, .. (6)
where w is the sum of the suffixes in S, or, to express by what
is known, w+ = is the sum of the suffixes in 8", and 4y, %, 4,
are the degrees of S8” in a’s, in b’s, and in c¢'s respectively.
= is non-negative by the known theory of binary quantics.
If for different parts of S” this expression for = has different
values, the present and following reasoning applies to those
parts separately. By S” we now mean such a part.
Now 8, 8,, g s +e. Sp_; are all seminvariants of the system
(1), of which 8” is an invariant. For, § 286 (4), whatever be
the function operated on

Q,IQ;Z = QZZQ'I;
whence
Q,.8:,=2,0,8 =2,0,8 =0,
because 2,, annihilates S”; and
'ansu-g = ‘st . i’ﬂ':ssw—l = iQ:-Q"S'-l =0,
&e., &e.

Again 8, 8, 8,,... Sg_;, 8” are all annihilated by Q,,.
That S” is so has been seen above. Also it has been seen,
?Plf:f (12)’ that ﬂ"ﬂ“—ﬂﬂaﬂ = "‘Qu'

Q,. 80y = 2,,2.,8" = (2,9,.—Q,) 8" =0,
because £,, and Q,, annihilate 8”;
-Q'ya'g--g = Q,, 32801 =13 (.Q,:'.Q,_,,-.Q”) ‘Sl—l =0,
because Q,, and Q,, annihilate S,_,; and so on.

Thus 8, 8;, S;, ... Su—y, 8” are all anti-seminvariants of the
system (3). The first, as we shall presently see, is an invariant
of the system. %0

All of these when operated on by ¢* " and made int
by multiplication by just adequate powers of z will then
produce covariants (invariants a particular case) of the
system (3).

Now these covariants are of orders 0, 1, 2,...w—1, o
respectively. For in the first place S”, an invariant of the
system (1), is unaltered, except at most in sign, when inter-
changes are made in it equivalent to the inte ge of « and
¥ in the system (1). us 8” is the same function of the
coefficients in the system (3), but for sign at most, as of those

coc2
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in the system (2). It is, as we have seen, an anti-seminvariant
of both systems. The covariant of the system (3) of which it
is the last coeflicient is then of the same order w as that of
the system (2) of which it is also the last coefficient, and
which has been written above (4). This proves what is
wanted as to 8”. Now S,_;, which is obtained from S” by
operation with Q,,, i. e. with
d d d d d .
%3a +2a, e + 3“’aa3 +b, 3%, +2b, 3%, +¢, 3

is of weight (sum of suffixes) one less than «’ the weight of
S”. Also if 4, 1/, 7, are the degrees of S” in the coefficients
of the cubic, the quadratic and the linear form of the system
(8), 80 that o= 3l'3’+ 2'5,’-!-?:,'-—2 (’w’—ﬂ')
= 2w — 83, —23 -1/,
the sum 3%, + 24"+ i, for Ss_, or Q.8 is 34y +2¢/ 4+, —1;
for the operation repfa.ces in each term one of the coefficients
of the cubic by one in the quadratic, or one in the quadratic
b}y one in the linear, or, &e. Thus the order of the covariant
of (3), which S,._, ends, is
o =2(w'—1)=3i—2i/—i/+1
=w-1.

In like manner Sg_g, So_3;... 8, S, 8 produce covariants of
(3) of orders w—2, w—3,... 2, 1, 0 respectively, the last being
therefore an invariant of the set (3).

It hence follows that the covariants of the set (3) in which
8, 815 ... Sw-y, S” are the last coefficients are respectively

Yo, Yo, Yq, Ya.
Sorox ’S’ zGS 'S],’ “ee 2"16' .St—l, z.oznﬂs”.
Thus the expression (4),

z*S+wx* 128, + f—(g—l) 23238, + ... + waz® '8, + 278",
i.e. 2%e7 78", is the part free from y, and consequently 2*.8”
the part free from « and y, in an integral expression

Lo, Zg T
5%¢* et "8, or 2% Tittg

whicsl‘:i is of the form (§ 297) of a covariant of the ternary
quantic.
The notation of the cubic has been used, but-the argument
is general.
e expression found from S” is easily seen to obey all the
conditions for a covariant. It has been constructed so as to
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be a function of 2 and covariants of the system (3), so that it

is annihilated by ﬂ"—y% and .Q.,,-z;?—/. The symmetry

of its form in # and y tells us that it is also annihilated by

d
Q, — 5% and Q. —z b—aa; . Now annihilation b{ these paiars
necessitates annihilation by the third pair 2,, — Pl Q.—Y3

just as in the case (§ 289) when , ¥, 2 did not occur. This
can be seen by the properties of alternants contained in the
first example following.

Ex. 10. Prove from §§ 284, 286 the five triads of facts as to
alternants of which the types are

) d d d
(2=25) (Ue=v5) = (2—v5) (20=757)

= El—-y;ig +za—a§,
(@2 52) (Vu-555) = (Bums52) (Qumr5) =0
(Qey—2 %) (2u—g) = (Qu-252) (Qu—s %) =0,
(Qur—252) (=2 55) = (9u=257) (Qu=25) = Dz

? d d >
(Lr-v57) (Qu—a3;) — (Qu—=5) (2e—vs5;)
2
==ty

Ex. 11. Vary the argument in the preceding article so as to find
the covariant whose last coefficient is S” in the form

20, X0
2%e¥ et 5,

Ex. 12. As in § 285 prove the fuct already known from Chapter III,
that throughout a covariant of degree i, order =, and weight w

Pp—3w+2w =0,
weight being estimated in either of the three ways.

Ex. 18. The order of any covariant of a ternary cubic is a multiple
of 3.

Ex. 14. The excess of weight over degree in the coefficient of 2* in
a covariant of a ternary cubic, 3 being of weight zero, is non-negative
and even,
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300. Has a ternary quadratic any covariants? Let us
examine for covariants the ternary quadratic

© = a,2* + 2b,@y +¢oY" + 2 (1,24 b,Y) 2+ 252",

The coefficient S” of the highest power of z in any covariant
is an invariant of the system

@@ + 2by2Y + Co 1%,
a,z+b,y,
age
It is consequently a rational integral function of
@yCo—Db,? = a, say,
agh* —2bya,b; +¢oa,* = B, say,
and dg.
It is also annihilated by

_ 2 ., 2
0. = g5+ 25, + 1'1350 :
Now Q,.a= 2a,co—2blbo,
Q.8 = 2a4(a,0,— b, by),
and Q.a,=0.
If then it be f(agy Qa, B),
9 b} P
‘Qszf(aas a, ﬁ) = SC{;QnaI"" Sfa"ﬂx‘a+ 5%‘9"“6
d d
= 2(¢,6,—b,b,) (3{; +aa$§) .
Thus ' of f _
da t%55= "

so that a and 8 only ocour in f in the connexion aza~g.
Consequently

8" = F(ay, agaycy—agh® —aob® + 2bya,b, — cyay%),
where the second argument is the one invariant (§ 290), the
diseriminant D, of u.

8" is then such an expression as a,"D", or a sum of such
terms. It can, in fact, be only one suaax term. For it has to
be homogeneous and isobaric, the z® which it multiplies
being tal%een as of weight zero, and these two facts give
m+ 8n = constant and 2m + 27 = constant, so that m and
n are constant. '

1 ]
Now the covariant z'cg,," +50m g
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determined from a final coefficient 8” is unique. Also w™D*
is a covariant of u with a,™D" for final coefficient. There is
then no covariant which is not of the form u®D*

In other words, a ternary quadratic has no covariant which
is not & mere product of powers of its discriminant and itself.

801. Covariants of the ternary cubic. The cubiec is taken
as before to be

2@ +3boaty + Bcoy® + dyy® + 3 (0,2 + 2,2y +¢,9%) 2
+ 38 (ag@ + by) 2° + a, 2°
It contains ten coefficients and three variables, together
thirteen. The general scheme of linear substitution contains
nine constants. These, eliminated between thirteen equations
expressive of the identity of old and new forms, leave four
equations connecting old and new coefficients and variables.
We must be prepared then to meet with four absolute
covariants and invariants of the cubic, i.e. to meet with five
quite independent covariants and invariants, including the
cubic itself. We have already met with four, the cubie itself,
the invariants S and 7, and one ecovariant the Hessian.
Another independent one must be expected.
Before seeking it let us illustrate the methods of §§ 296-299
by finding the one covariant which we already know, i.e. the
essian, of de, 3 and order 3, and consequently (§ 299,
Ex. 12) of whole weight § (9+6) = 6. This must also be the
weight of the coefficient of 2* in it.
e seek this coefficient of 23, i.e. an invariant of degree 3
and sum of suffixes 5 of the system
ay@® + 3byzdy + 3co@y? +d, Y3,
o, @ +2bj@y +c,y?
a,@ +byy,
ag,

which is annihilated by

(1)

d d 3 d ] d
Q.= (%E +2(b,$l +3($l$‘; +b,$b-l' + 2613‘5; + GISE;

=a, a—Z—’ + 3, say.

It must involve a,. Moreover it cannot involve a,?, for the
weight of this exceeds 5. Let it be
a,P+Q.

Here P and @ must be separately invariants of the binary

system above. P is an invariant of the system whose degree
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and weight are both 2. It must then be a,c;,—b? Now,
expressing the annihilation of

, (@,6,—0/) +Q
by % ey +9, we have, by taking the terms in ag, a;, 1

separately,
d %’ (@,¢;—b,8) = 0, which is obvious,
d
Sa, Q+3(a,0;—b3) =0,
3Q =0;
of which the second gives
S%;Q = ""2ag"1+ 2b,al,
ie. Q = —aztc;+2a.bb, + R,

where R is free from a,, and has so to be chosen that Q is

an invariant of the system (1). It is made one by taking

R = - bja,; for which 3 Q is seen, as it should, to vanish.
Thus {ay(ay6,—b%) —ag’e, + 2a;b,5,— b’a, } 2°

is the last term in a covariant, the whole expression of which

is obtained by operating on the term with

z
gr Orti0m

The coefficient of 23 is correctly
ay, by,
b, €1, by
agy Uy, ay
and the whole covariant is, as it should be,
1 By Fu  Pu
76| 32 3xdy’ s
) Ry Rtu
dwdy’ ¥y
Ry du Ry
Ex. 15. Prove that for the canonical form 2* + 3* 4 2* + 6 mayz the

covariants —7'u+ 24 SH and 85w+ 8717 are
4 (1+8m) {(4m*—1) (2 +y*+ 2*) + 18 mayz}
an

(148m*) {m*(5+4m®) (a;:'+y'+z')+3 (1-10m*) ayz}. (Cayley.)

302. We have to seek another covariant of the ternary
cubic, independent of u, S, T and the Hessian H.
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We have seen that there is no other invariant independent
of Sand T. Also the covariant H of order 3 has been found
as the only one of that order distinct from u itself.

Now (§ 299, Ex. 18) the order of any covariant of the cubic
is & multiple of 3. The next possible order is 6. We proceed
to see that there is a covariant of order 6 and degree in the
coefficients 8, which is independent of u, H, S and T.

We have already two covariants of this order and degree;
viz. wHS and u*T. We seek & third, by looking for the
coefficient in it of 25

By § 299, Ex. 12 the weight of the covariant is 12, which
is the weight of uHS and u%’. The weights of the coefficients
of 2° are e?lually 12.

The highest power of a, which can oceur in the coefficient
sought is then a,*, whose weight is 12. The coefficient of a,*
in 1t must be of weight zero, so that that coefficient is a
funection of «,, b,, ¢,, d, only, and, being an invariant of

a, @ + 3b 2ty + 8¢, 2y + dy 3P,
a, 23 + 2b, 2y 4 ¢, 98, e (1)
@y + by,
must be an invariant of the first only, and so, being of degree
4, must be a numerical multiple of

(@ydo— by C)* — 4 (@4 09— b®) (Dydy— &5
Now a* times this is the corresponding coefficient in u2T.
Thus, after subtracting a numerical multiple of u*T, we have
left in the coefficient of 2° no term involving a,*. It suffices

then to look for a covariant in which the coefficient of 2° is of
the form a*P, +a,*Q, + a,R, +8,.

We have to determine P, Q,, R,, 8,, as invariants of the
system (1), in such a way that this may be annihilated by

Q.. ie. a5 +3.
g
As in § 301 we must have

a%zp, =0, e (2)
33—2Q1+&P, =0, o (3)
S%;R1+SQI =0, o (4)
o, + 3Ry = 0, C(8)

38, =0. .. (6)
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The first of these tells us that P, does not involve a,, and
consequently that it is an invariant of the cubic and quadratic
in the set (1) only. Its degree is & and its weight 3. Now
(§ 260) the only invariants of the quadratic and cubie of this
degree and sum of suffixes are

AF = (@,0,—b,%) {a, (bydy— ;%) — by (@ydp— bo"oz b))

+¢; (@ —
and (§ 261, end) pree
@ = ad2+c2al—6a2bc,d,— 6b,c,2a,b,
+2 (ay0;+ 2b.2) (2,0,dy + 0,0y C,) + 2y ¢, + 8b,3) (y62 + 0,D,7)
—2a,b,¢,a0dy,—2b, (5a e, + 4b%) byey
and of these the first is the coefficient of a%’, the highest power
of ag which oceurs, in the coefficient of 2° in wHS, We may
subtract this covariant, and look for a covariant in which the
coefficient of 2% has the form
3G +a,2Q+aR+ 8.

With some labour, by successive use of (3), (4), (52, (6), we
can determine @, R, S as invariants of the system (1). For
their expression we need, besides G above and A to F of § 291,
the following other invariants of the system, taken from § 260
by aid of § 262,

K = ¢,a.°—2bya;b; + a,b5%, [§ 260 (1)],

L = ayb;®— 3bya;b* + 8¢ya5’b,—dgas’, [§ 260 (3)],

M = (a,by—a,by) b’ — (20,00~ b by—c, ay) azh,?

+ (a3dy + by oy — 2y by) @by — (b, dy—c100) ag®, [§ 260 (7)].
We find that '

Q=4AB-3D*-2FK—-8AE+9A3

R=3DL+8AM—-BK+6EK—11A4%K,

S=34K*-L:—6KM.

The only point of difficulty which presents itself in proceedin,
by means of (3), (4), (5), (6) is the determination of the coef-
ficient of A% in . This has to be chosen so that the eventual
value of S shall be annihilated by 3.

The above found are not of course the only, or probably
the simplest, expressions for Q, R, S in terms of invariants of
the binary quadratic and cubic, of which there are five besides
the ten A4, B,...L, M, as these are connected by many

sysygies.

303. From this coefficient of 2° in the new covariant the
full expansion of the covariant, which call ®, may be obtained
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by either of the methods already detailed, i.e. by operating

4 -3 y
on it either with g%+ ™% or with g%# e+ ¥, or by sub-
stituting in it for @), b,, ¢,, a3, b;, @, the expressions
120 1 ¥y 13w 1w 1l
532 Gomay’ 6oy 358 33y
and dividing through by the power of 2 which occurs as a
factor in the result, i.e. 2°

For the canonical form @®+y®+2°+ 8mays we at once see
that A=-—-m%C=1,F=—m,while B, D, E, G, K, L, M all
vanish, and @y = 1. Thus the coefficient of 2%, and therefore
of a:‘-‘i-y°+z°, in the covariant ® of the canonical form is
—9m?o,

For the semi-canonized form az®+ by®+c2® 4 6mayz the
cocficient of 2% in & is in like manner —9¢2ms, so that ® has
the three terms —9m%(a®a® + b2y® + c229%).

For the canonical form the coefficients of 28 in wHS and
u?T are —m®+m® and 1—20m®—8m® respectively. The
covariant @ is the @u of Cayley’s third memoir. The © of
Salmon’s Higher Plane Curves, § 281, has for its 28 coefficient
3m*+6ms, and is —(®+3uSH). © itself might with equal
reason be taken as fundamental.

To find the full expression of ® for the canonical form
@’ + y°+2° + 6mayz we have to put, in the general expression
for the final coefficient found in the last article,

2+ + 2% + 6mayz; 2+ 2myz, Y+ 2max, B4+ 2may ;
x,mz,yY; 1,0,0,1,

for ag3 ag, bys ay, by, ¢35 ay, by, gy dy,
respectively, and divide by 2% The result is that for the
canonical form

b = —9ml(®+ 2+

—(2m + 5mt +20m7) (23 +9° +2°) 2y2
—(15m3 + 78m’ — 12m?) a3 y322
+ (14 8m3) (323 + 2323 + &3y°).

This is not & quadratic function of o +43+ 2% and wyz. It

is then irreducible in terms of u, H, S, T.

804. The system %, H, S, T, ® is an algebraically complete
one of invariants and covariants of the cubic. Any other
covariant is a funetion of them. But there is another covariant
which is irreducible. It was obtained by Brioschi, and is, for
the semi-canonized form a® + by® + c2®+ 6mayz, -

(abe + 8m3)® (by® —c2?) (c2® — aa?) (aa® —by).

’
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804 (bis). General theory resumed. A generator of all
ternary covariant sources. For reasons expressed in §§ 297-
299, and in keeping with a usage (§ 109) as to binary
covariants, we will give the name ternary covariant sources
to rational integral functions annihilated by 2,,, 2,,. 2,, and
Q,,. A covariant source in the coefficients of a p-ic is not
only the coeflicient of the highest power z® of z in a covariant
of that p-ie, but also the coefficient of the highest power of 2
in a covariant of any (p + 7)-ic which has, but for the appro-
priate multinomial coefticient multipliers, the same coefficients
a8 the p-ic in its terms up to the pth order in & and y.

As in the case of binary quantics, there is convenience in
allowing the idea that the order p+» may be increased even

to infinity.
Let us use a double suffix notation, and write a ternary p-ic
r+a=p
——_z_)!—'—.— P r=8 pt R
'=§=o 7'!8!(1’—"'---8)!0"'2 "y

but let us consider an infinitely continued double system of
coefficients c .
00
¢ s Ca

€0 5> Cn » Cog
€ » Cn s Cig » Cos
the first p rows containing those present in a p-ic, for any p.
Let us aﬁo (in this arti:xlﬁ only) adapt the four operators to
this infinitely extended system, writing

r—® d ? d
Q,,Ezr: {0,0*3—6::1—1 +20,_113—c'—-;+...+701,_1m}:
]

Q2.
i LY

r—p . .
Zr: {Wr—n‘b—c:; +(r—=1)cy4 +...

3
T

rta—»» d
2. =3I e+ e
r+1s

® p:)
Qﬂgz::o_’n-o{(‘”'l)cnac }’
. rasl

so that the Q,,, Q,,, Q,,, Q,, appropriate to a p-ic are the

of these which”mention’no ¢, with » +8>p. The alter-
nant equalities of §§ 284, 286, 287, with H,, H,, H, infinitely
extended, hold for the extended operators. Any homogeneous
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rational integral function of the coefficients which is anni-
hilated by the extended Q,., Q.,, 2.,, Q,, will be & covariant
source for a p-ic and every ( P+ frf-ic if it involves no coefficient
for which 7 +8>p.

We can now prove it possible to find by direct operation all
covariant sources in the infinite double system of coefficients,
though not to dissociate from the rest those appertaining to
a p-ic without solving systems of linear equations.

A rational integral homogeneous function of degree ¢ which
is annihi]ate(d byo.Q,, and .32(,, beli.n an invari)a.nb ot)"théel.)inary

uantics ¢, (2, ¥)% (¢10s Co1) (@, Y)Y, (Cg0s €115 Cog) (@ ¥)3, SC., cON-
gists of terms in)eacl{oof oévhicfllhe s’tgmc;lof oﬁzrgt a.:'x/ld of second
suffixes are equal, and the same for all terms: these are the
conditions of § 31. Also (§§ 180, 181) every such function is a

¢ F,
— ﬂ’ 14 Qﬂ’ Q"’ Q’za Q"s 0”3
where ¢ =1— o + P~ T

and F consists of terms of the degree and equal sums of
suffixes in question. Conversely every non-vanishing ¢ F is
annihilated by Q,, and Q,,.

If now we take for F a function of the degree and equal
sums of suffixes which is annihilated by Q. and Q,,, the
derived ¢ F will be itself annihilated by ,, and Q,,, 88 well
as by 2,, and ©,,. To prove this we will show that if O,, and
Q,, anmhilate F, they also annihilate Q,.Q,, F, Q,.2Q, 2 F, &c.

© bave Q.92,,-2,,2,=9,,

and Q,.9,,—9,,2,, = 0,

so that if Q. and Q,. annihilate F they annihilate Q.. 7.
Similarly they annihilate Q,,F. By a succession of uses of
gie?a t!va 3a.ctsF it follows that they annihilate every
27 ... F.

itorgover, conversely, every function with all four annihi-
lators is a ¢ F, being the result of operating with ¢ on itself.

It follows that, if we can write down the sum of arbitrary
multiples of all functions of the degree ¢ and the given equal
sums of suffixes which are annihilated by 2., and Q,,, thus
obtaining the most gencral F of its type which has those
annihilators, and if we derive from it the %enera;l ¢ F, this will
be a sum of arbitrary multiples of all the functions of the type
which possess all four annihilators.

We have then to look for functions F such that ., F =0
and Q,F=0,
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Now, if @ is any finite rational integral function of coeffi-
oients chosen from the double system,

1
{cm —(('IOQ,_, + COIQ':) + 'i—.—é' (t‘mﬂz:g + 2 cuﬂu 0” + c«ﬂ.‘s)
e []

which call va,

is annihilated by Q,. and by Q,.. The verification is imme-
diate when we remember that Q,.Q,, = Q,,9Q,., and that, for
some finite and all greater values of », Q," and Q,.;” must
annihilate a G of finite degree in given c's.

Conversely, every F annihilated by Q.. and by Q,, is a ¥ G.
By § 119 it involves ¢, ; and we will prove the statement by

showing that _ d
%F = \’f a?o—o F .
From Qn__b_ _ —'Lﬂ:r: - d ,
acr—la acr-]. acﬂ
and d d d

g1 9Crey Q. =—8 Py

it follows that, when the operation is on something annihilated
by Q.. and Q,,,

] d d P,
-~ Se, = -rm, and ‘(2,,&7"—:1 = ~8'b—c;’
so that, by 7+ s repetitions of operation,
';Tl_s—! Q. .Q,,’Sg; = (- 1)'*'-53—", for every » and s,
and consequently
d 9 9 P 9 2] P
\lla(-:oo = cw-ac—oo' +Cl°5(‘—u; +0ua—c;-; +Gméc; +cy, 3'5;1 'ht‘ogm-l‘ cory

which simply multiplies a homogeneous function by its degree.

Accordingly, observing that operation with ¥ adds one to
degree, while it does not alter either sum of suffixes, we have
proved that ¢y is an operator which derives from the most
general @, of degree i—1 and equal sums ¢ of first and of
second suffixes throughout, the most general covariant source
of de 1 and the same sums of suffixes g.

It 18 not the case that it produces all covariant sources of
this type for the p-ic from the most general G which involves
only coefficients in the p-ic, except in the very limited class
of cases when 2q 3 p; for in general the result of operation
with ¢ on this ¢ will involve, to the first degree only, more
advanced coefficients c,, than occur in the p-ic.
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To obtain all covariant sources appertaining to the p-ic we
might, after having obtained the general y G for a given ¢+ and g,
equate to zero the coeflicients in it of those products whie
involve letters not present in the p-ic, thus determining some
of the arbitraries as linear functions of the rest, and leaving
the most general limited ¥ G which contains only coefficients
in the p-ie. Operation with ¢ on this limited ¢ G would give
what is required.

305. Contravariants. A contravariant of a ternary quantic
u is (§ 66) an invariant of the system consisting of « and the

linear form Extny +(z

in which the coefficients of the latter are present.

Now the annihilators of invariants of two ternary quantics
u, v are

‘Qn + Q’Uﬂ 'Q'.r' + ‘Q"zp ’ Qz' + ‘Q":y ’
Q.+ 92, Q.+ @y, 0+ Qe
where unaccented Q's are the annihilators of invariants of u,
and accented Q's are the corresponding annihilators of in-
variants of v. This is proved exactly as in §§ 281, &e.
A contravariant of « has then the six annihilators

d d d
‘Q'vz"'f_, ‘Qx"l'"_’ a:y"'ﬂ'— ’
o Y 3¢

P d d
‘Qy:.+($,3 Qz:"' Ca_E’ Q:z'l'f'b_z’

and all properties of contravariants, except the one fact
ip + =’ = constant, where =’ is the order in & 4, §, or the class,
are consequences of these six facts of annihilation.

Notice the distinction between corresponding facts of
annihilation as to covariants and contravariants. In corre-
sponding annihilators

9 P
‘Qn-yb_i’ ‘Q'n"'EE’
@ znd y correspond to n and —¢, and not to £ and 5 or ¢
and —7.
It is not hard to see, by proceeding as in § 296, that the

coefficient of (*’, the highest power of { which oceurs in any
contravariant, is to be determined so as to have the four

annihilators Dy Dy Ly Ly,
whereas the four annihilators of the last coefficient in a
COW’)‘?:WM# are Io) Q Q )

t [ 1) t 1A xz) { 25
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A function of the coefficients which is annihilated by
-Q'”; 9.:;9 Q:.:
is necessarily also annihilated by $2,, by § 286 (10). Thus
three faots of annihilation suffice for the coefficient of {*'.

It can also be seen, as in the case of covariants, that, when
the final coefficient in a contravariant is known, found as any
homogeneous function annihilated by 2,,, 2., and Q.,, the
whole contravariant is determined in the form

£ L)
(,.,e--‘-ﬂﬂ—‘ n,.z

where 2 is the coefficient in question.

In a covariant the last coefficient is the one of greatest
weight (sum of suffixes). In a contravariant, on the other
han%, it is the one of least weight. This is reasonable, for, to

wake éx+ny+(o
isobaric when we take z, 7, z of weights 1, 1, 0, we naturally
take & n, ¢ of weights 0, 0, 1.

Ex. 16. A ternary p-ic (p>2) cannot have more than, and is to be
expected to have exactly, 4 (» +1) (p+2) —5 algebraically indepen-

dent contravariants and invariants together, i. e. the same number as
of algebraically independent covariants and invariants together.

]

306. Contravariant of ternary quadratic. The method of
evectants (§ 67) is a fruitful one for the discovery of contra-
variants.

The ternary quadratic

a3+ 2byy + gyt + 2 (a4, 2 + by y) 2 + ag2?

has only one contravariant. It is the evectant of the dis-
criminant Qo g + 2000, by —ayby® — 0y ay* — by’ a,,
i,e. is formed by operation on this with

L d ) 2 ) 2 2

¢ 3, +f'l§'5", +7I’S'(7” +f§5;l +'I§ﬂ,:+f’5—%'
and is
(co@3—b,%) £ + 2 (a,b, ~ by a5) En + (2, 03—y 1
+2 (Byby —coey) €C+2 (Byy —aoby) n€+ (oo —bo%) €

Geometrically its vanishing expresses the tangential equation
of the conic denoted by the quadratic, or the point-coordinate
equation of a reciprocal conic. Such a contravariant has been
called the reciprocant of a ternary quantie. This word has
been also used by Sylvester and others in a totally different
sense of wide application.
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Ex. 17. The result of substituting du/dz, du/dy, du/dz for €, 7, {
in the reciprocant of a ternary quadratic w is four times the product
of u and its diccriminant. (Cayley.)

307. Contravariants of the ternary cubioc. The method of
evectants also gives three contravariants of the cubie, in terms
of which and the invariants S and T all other contravariants
can be expressed, not however rationally and integrally.

We cannot expect more than three contravariants absolutely
independent of one another and the invariants. For the cubic

ay® + 3byaty + 3c,xy® + doy® + 3 (a2 + 2b,xy + ¢,y 2
+ 3 (ag®+ byy) 2+ az2®
and
Ex+ny+(z

contain together thirteen coefficients, and the scheme of linear
substitution contains nine. Now elimination of nine quantities
from thirteen equations leaves four only; and if there were
more than five independent invariants and contravariants
there would be more than four independent absolute invariants
and contravariants, i.e. more than four independent results of
elimination of the nine constants of substitution from the
thirteen equations.

Now the first evectant of 8, and the first and second
evectants of 7', are three independent contravariants.

We may readily form two of these three contravariants for
the canonical form of the cubie.

For the semi-canonized form

az®+ by® + c2® + 6 mayz
tho invariants are (§§ 292, 293)
S = m (abc—m?3),
T = (abc)®—20m3abc — 8m®.

Now we know that it is not safe in general to assume that
we can correctly obtain, by use of canonical or particularized
forms, concomitants from other concomitants by processes
which use differentiation with regard to coefficients. For,
though a part of a concomitant may vanish when coefficients
whic% vanish in the case of a particularized form are made
zero, it is not as a rule the case that the derivatives of that
function with regard to those coefficients vanish.

If, howevor, we regard the expression for § in § 291, we
notice that it consists of the part b, (7,dya,—b,%), which does
not involve coefficients that vanish for t&e semi-canonized
form, and other terms all of whi(ish are of the second or higher

1481 D
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degrees in these coefficients, The derivatives with regard to
all these coefficients will then vanish when the coefficients
themselves vanish. Moreover, if we ard the process of
formation of 7' from § by means of the Hessian, we see that
the full expression for T also involves, besides the terms
which do not vanish for the semi-canonized form, only terms
of the second and higher degrees in the coefficients which
vanish for that form.
For the semi-canonized form

ax®+ by® + ¢2® + 6 mays
we consequently correctly form the first evectants of Sand T
by operation on the expressions above for those invariants with

9
3 2
¢ da
Thus the first evectant of S is
P = m (be &3+ can®+ab(®) + (abc — 4m®) &9,
and the first evectant of 7', divided by 2, is
Q = (abe—10m3) (be £ + can® + ab(®)—m? (30abe + 24m°) &
To obtain correctly the second evectant of T’ it would be
necessary to retain in the full exiression for T, not only the
terms in a, b, ¢, m, but those which involve to the second
degree coeflicients which vanish for the semi-canonized form.

he coefficient of (* in the full expression for this second
evectant of 7' is -

(g — by eg)®— 4 (@ Co—bg*) (Bydo—¢,7) ;
fgr this is the coefficient of @) in 7. The contravariant is
then
- %’""’ 1",0,. 2 ) 2
(%e { (@ —bC0)* =4 (2o —b,%) (bodo-‘fo )}

Another way of finding a contravariant which proves to be
the same is suggested by geometry. Its vanisiing is the
condition that the line

3 3 d
3___ — —

fet+ny+(e=0
should touch the cubic. Thus, to find it for the semi-canonized
form az® + by + ¢z® + 6 mayz,

we may express that
¢ (a® + by’)—c (§z+ny)*— 6m (Eo+ny) (Pay,
considered as a binary quantic in @, y, may have a square
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factor, i.e. take the discriminant of this cubic in @, y. This
discriminant, divided by {3, is
F = B8 + c*atn® +a?b2(°
—(3abo + 33m3) (an® (S + b{E + o)
—24m2 ¢ (be £3 + can® + ab (¥) —24m (abe + 2mP) £292 (3
For the fully canonized form
x® + 93+ 23+ 6 mayz
the three contravariants are
P=m(E+0°+ (") + (1—4md) &,
Q = (1—10m3) (E+n°+ ®)—m? (30 + 24m?®) &,
F= o+ = 9am (004 06+ o)
—24mB &l £3+n3+(3)—(24'm+48'm«4) 22 L
P is called by Cayley (who takes —P) the Pippian, and by

other writers the Cayleyan. @ is called the Quippian. F is
the reciprocant.

308. In terms of P, Q, F and the invariants S and T all
contravariants can be expressed. There is, however, one more
irreducible contravariant which is not a rational integral
function of them, obtained by Hermite. For the semi-
canonized form az®+by®+cz®+6mayz its expression is

(abe + 8m3)® (en®> -0 (?) (¢ (B—c£?) (BE2—and).
Ex. 18. Prove that 4SQ—37P and 7'Q +48S*P are cubic con-
travariants whose canonical forms are
3\3 s\ a\3 ) 3 3!
(148m*) {m(&+72+ L) —36n(), (1 +8—|'-n1)81£(’:°q-2}2.m2£§+1’12)€ )

Ex. 19. The result of putting du/dx, du/dy, du/dz for ¢ 7, { in
F the reciprocant of a ternary cubic « is the product of u and
a covariant; and the same is true as to the reciprocant of any

ternary quantic. (Cayley.)

309. Mixed concomitants. A mixed concomitant of a

ternary quantic w may be ed as a covariant of the
system consisting of u and the linear form
fx+ny+ (e
It has then the six annihilators
d d d d d d
Q’n"‘f'a—’; _y'a_w! st"'ﬂsz- —zsg’ Q"‘+(B—Z _a’s‘;’
d d d 9 d d
Qg+ s—é_'w)_y" ﬂy=+f35 _yﬂa Qsz"'f’a'? __zﬁ‘

pda
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If & mixed concomitant of a ternary p-ic is of orders =, o’
in @, 9, 2 and ¢, 9, { respectively, or say of order w and class
o', it readily follows that the terms of it in ¢*’ have the
annihilators

d d P 9
Qyz""‘y‘é'&v ‘Q':y"‘m’a'?/s Q:.r'—z-a;’ Q;,—z b—y-’
of which the first two and one of the others nocessitate the
fourth.

If P{* denotes tho aggregate of these terms, the whole

concomitant is £ 3\ 3
(e onms 2)-2onv ) 1

If Sz= is the highest term in z which occurs in P, then
S has the annihilators Q,., 2,,, and is consequently an
invariant of the system

(@0, Dy» €95 dy, ...) (= y)%
(@15 815 1500 (@, )",
(ag; by, ...) (@, y)P2,

Uy %+ by

(l".
. . E‘“u-‘- !-n;,

The whole expression for P is z%¢* U8

Consequently, if S2®(® is the last term in any concomitant,
the whole can be derived from it, and is

£ 2 ? z
("e—? (nn—z-a—:)—%(n,:-—y-a—:) . z'e’?n--l- %ﬂlyS.

As to o and =’ the former may be taken arbitrarily not
below a certain limit; viz. not below m where m is the first
integer for which (#Q..+y%2,,)"*!S = 0. «’ is then deter-
minate and has a constant difference from =. If K is the
concomitant for the lowest value m of @, the concomitant for
any higher value of w is merely (£ +ny+ (z)*"K.- In fact
the whole concomitant, which may be written

3
C',e%(fs-l'ﬂy)a—z 2% - %nn— }an; Qex+ -:’-ﬂ;"g’
is by Taylor’s theorem

—f 020yl Zan+d
% (Ex+ny+(2)"e e A P +‘n";S’],

where in the square brackets (£ +ny + (2)/( is put for z.

Any invariant of the system of binary quantics written
above, i.e. any gradient annihilated by Q,, and L,,, is the
final coefficient in a concomitant of some kmz'i., i.e. an invariant,
covariant, contravariant, or mixed concomitant.
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A valuable authority on this subjeet is lea. er by Forsyth
entitled ‘Systems of Ternariants that are Algebraically Com-
plete’ (American Journal, Vol. XII).

Ex. 20, The number of algebraically independent concomitants,
including the p-ic iteelf and £z +ny+ 2, of a ternary p-ic is

(p+1) (p+2)—2. (Foreyth.)

Ex. 21. The ternary quadratic has a mixed concomitant whose
last term is (@,b,'—2b,a,b, +0,a,")2*(*; and in terms of this, the
quadratic itself, the discriminant, and £z+%y+ (2 all concomitants
whatever of the quadratic can be expressed.

Ex. 22. Any concomitant of the ternary cubic can be algebraically
expressed in terms of fx+ny+ (2 and seven concomitants whose last
coeflicients are functions of the results of replacing «, y by b,, ~a, in

(20, by, ¢,, &) (z, 9)’, (a,, by, &) (@, 9)*, (a3, B) (=, 9), a5
and their successive derivatives with regard to =. (Cf. § 263.)
(Forsyth.)

Ex. 23. Forming the Y@ of § 304 (is), with G general of type
i—1, 9, ¢, and observing that Q.,9+1Q 9+ ¢ @ = 0, i.e.
0,04, (2, 20y —1.2) (24, 2,y~2. 3)...(24: 2y ~q. 7+ 1) Y@ =0,
80 that Y@ is separable, as in § 128 (bis), into a sum of g+ 1 parts
annihilated by the several operating factors Q,,€Q.,—r.r+1, prove
that the first part (r = 0) is the most general covariant source of
type i, ¢, q (§ 304 (b7s)), and that the -th (for r =1, 2, ... ¢) is the
most goneral gradient of type i, ¢, ¢ occurring as the coefficient of
€ in a quantic (€, , {)*" which presents itself as co-factor with
the highest power of 2 in & mixed concomitant of a ternary quantic of
high order. (Cambridge International Congress, 1912.)

Ex. 24. The whole number of the linearly independent gradients
of type i, ¢, ¢ that are annihilated by Q,, and by £, is equal to the
sum of (1) the number of linearly independent covariant sources of
type ¢, ¢, g, and (2) the aggregate of the numbers of the linearly
independent sources of the ¢ possible types i, ¢ +r,¢+r(r=1,2,...9)
of those mixed concomitants of the g corresponding clusses (dimensions
in § 7, €) 27 which contain terms free from { in their co-factors with
highest powers 5™ of 2. [Mixed concomitants without such terms are
results of multiplying other concumitants by powers of the universal
concomitant §x+ny+ {z.]

310. The whole system of irreducible, pure and mixed,
concomitants of the ternary cubic has been found to consist
of thirty-four forms., This was established by Gordan (Math.
Ann, 1). The system was systematically exhibited by
Gundelfinger (Math. Ann. VI); and calculated f= ¢ho fawm
aax® + by + c2® + 6mayz by Cayley (Am. J. IV).
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811. Quantics in more than three variables. With regard
to ¢- uantics in fgeneml Sylvester has given a theorem
wh}ch mhndes that o 28?.. f the cosficients §

or a homogeneous ion of the coefficients in a g-a

ic to be an invariant it i8 necessary and sufficient t t?t

ve a cyclical set of g annahilators of the Q type.

Let @,, @, @, ...,%, be the variables, and denote a cyclical
set of Q's, whose symlq)olioal forms as in § 282 are

(5] [osa) [ ][5,
& awl] y | @5 5;8‘] PRXT (Uqawq-l] ] w‘bwq s
by 2, ,, Dy gyeees Qg go1s Qg0 .

It can be readily &roved by the theory of multiplication of
determinants that the modulus of the resultant substitution
which is the equivalent of a succession of substitutions is the
product of their moduli. But this is not essential to the
n.rglment, in virtue of the theorem of § 28.

y § 22 & homogeneous function of the coeflicients has only
to be multiplied by a power of /, to become the same function
of the coefficients in the quantic which is obtained by substi-
tuting l,, l,, ..., lz, for @,, «,, ..., , in the given quantic.

B(ﬁ Chapter VI, Q, ;I =0 is the necessary and sufficient
condition for I to persist in form after the substitution of

&)+ MBg, Tyy By ene s Xy
for Lyy Ty, Lgyeee s Ty

Thus Q, , I = 0 is the neoessar; and sufficient condition for
persistence of the homogeneous I, but for a power of I, after
the substitution of

lz) +lmay, lzy, lacs, ..., l2,.

Q, ;1 =0 is in'like manner the necessary and sufficient
condition for persistence after the further substitution of
Ve, Ve, + m'ay, U'a,,..., Uz, but for & power of 7, i.e. for per-
sistence, but for a function of the constants as factor, after the
resultant substitution of

Wy +Iml'zy + Iy, W'z, + Im'ay, Wa, ..., Ws,.

Repeat in like manner for Q, o, @5 1, ... 2, o 1. We
get eventually that there is persistence, but for a function of
the constants as factor, if and only if

Q. 1=0,9,I=0,..,9,I=0,
after substitutions of which that for , is
A+ Agy + ...+ Agq,
where A,, A,, ..., A, are arbitrary, each involving an ! or an m
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not involved in any previous one of them, while the substitu-
tions for &,, @, ..., @, though restricted are consistent.

In like manner, if and only if

%"I= 0, Q4,8I= 0, veey ﬂg,q_1I= 0, Ql,’] = 0,
there is like persistence when for x, & general substitution
1%y + pe®q oo + Ty

is made, and for ,, ,..., @, restricted but consistent substitu~
tions.

Again, similarly,

Q,1=092 J=0,..,92,I=0

ex&ress that there is like persistence when a; is generally
substituted for, and «,, @y, @,, ..., %, consistently. And so on.
Repeat this process g times.

Now the result of this succession of substitutions is the
general substitution of

A2+ A+ Ay,
[TREIE T S TR
0,/ + 0T+ .. + 0,2,
for ,, ,, ..., %.
The possession of the ¢ annihilators

‘Qa, 1 3,30 0005 'Q'c, -1 9'1, q

is then necessary and sufficient for a homogeneous function
I to persist in form, but for a function of the constants of
substitution as factor, after the general linear substitution,
i.e. for it to be an invariant of the g-ary p-ic.

In like manner for C, for which 4p—a is constant, to be
a covariant it is necessary and sufficient that C' have ¢ cyelical
annihilators 2
(22 l—wga— , &e.

? wl

Also for I, for which ip+ =’ is constant, to be a contra-
variant it is necessary and sufficient that it have the g cyelical
annihilators ¢ 2 &
Q 1 +& 7, &e.

3,1 1 d f’ ’

And for K, for which ip+ =’ —= is constant, to be a mixed

concomitant it is necessary and sufficient that it have the
g cyclical annihilators

9 P}
Qs,l'*'fl'bz ““’s‘a?l’ &e.
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812. Let us denote the general g-ary p-ic by

—_ p! 1. 13 Tq
u= 27_—————1“_’! N (P Ty eee Ty) @ Ty oo, ¢,

where 7, 7, ..., 7, take all positive integral and zero values
such that P+t Ty =P
Let A (r;7g...7,) be the coefficient corresponding to
a(r, 75,...7;) in the transformed p-ic.

There are altogether g (¢ — 1) annihilators Q,, ,, of invariants
I (a) of the p-ic—one corresponding to every choice of an n
and a different m among 1, 2,...¢.

The form of every L, ., may be obtained as in § 90 by

applying the corresponding ‘infinitesimal transformation’—
¢ tending to zero—

2, =X,y =Xg 00, O = X+ Xy, i1 = Xypy ooy 2, = X0
We thus get Q.' m I(a) — 0’ . (l)

where Q, o, = E{r,a(...r,.+ 1...7—1 )M(—_F_b—»r_j}

In addition to the ¢(¢—1) differential cquations (1), all
invariants I (a) satisfy g others, expressive of the constancy
throughout them, and the equality, of ¢ weights. Theso are,
forn=1,2,...q,

]

At (P74 00a 7y)

= %I(a). e (2)

w, I () = Zr,a(ryrvg, ... 7)) I(«)

They ean be proved by applying infinitesimal transformations,
of which the nth replaces =, by (1+¢)X, and every other x,
by the corresponding X,,.

Mr. T. W. Chaundy has derived all the q(¢g—1)+¢ = ¢*
differential equations (1) and (2) from the one fact that the
oxpression of invariancy of I («) has the form

I(4) = M7 I(a), v (3)
where M=l ls...0, |, (cf §28).

lﬂ.) lﬁ’ see lﬂ'l

s Uygs iy

The method might with advantage have been used in dealing
with binary and ternary quantics.



812] BY -ARY INVARIANTS 409

Use the notation

2 N 2
"’-,-:llnsm +lz-579: +'"+l“"b_f;’

where each of m, n is any one of 1, 2, ..., ¢.
With m, n the same, we have
s M =M, and w, , M#rn ="L prin,
’ q
and, with m, n different,
0, M =0, and w, M?"=0.
Thus from (3) we obtain

w1 (4) =%’I(A), o (4)

and, with m, n different,
we, w I (4) = 0. e (8)
Now, the formulae of transformation being
o =0, X+l X+ ...+, X,
=1y X+ X, + ..+ 1, X,
&e., &e.,

the dimensions of any new coefficient A (r;7,...7,) in
ias lyny oo s Lyns the coefficients of X, in the linear expressions
for «;, @,, ... z,, are equal throughout to r,, the index of the
power of X, which it multiplies. Thus, by Euler's Theorem,

w.’ » A (')‘1 1‘2, oy ’r’l) = f,A (I'l 7‘2, oo "‘q),

so that by (1)
wp I(4)= I(4)= 2{ 4 j-I(A)}’ summation for
q T e = S0 S all A’s,
d
= z{r,,AmI(A)};

which is (2) with large letters for small, so that the ¢ weight-
oquations are given.

To prove equations (1), observe that, from the formulae of
transformation,

d
0X.,
2 2,
X, ¥

Op uy =l X, =X, ay,

Wy g = lg. X,, = .X'
&e., &e.,
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so that
] du d QU d u
w...u—X.b—z;%.E +X”ﬁ;¢,.-a-;’+ .os +X.ﬁ—-$q .E
d
= X- S-f;%.

Now give to « its expression in terms of new coefficients 4
and variables X, remembering that w,, . does not operate on
the latter. The left and right thus become two identical
polynomials in X,, X,,... X,; and, equating coeflicients of

X"X,... X", we obtain

p! .
Pl Tglon T Lo P Lo gL A (o P T en0)

!
'r,l'r,!...(r,.+1)!....(':',.—1)!...
ie. g A (cetmieetuyee) =T A (i T+l 7g—1.00)35
so that, by (5),
0=0, ,I(4)=2 {w., wd .S%I(A)} , summation for all A’s,

= the @, .7 («) of (1), with large letters for small.

Thus the g (¢—1) facts of annihilation Q, .7 (¢) =0 are
given.

= (ra+1) rq!A(...r_+l...'r,,—l...),
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variants, 45.
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led by all products of coefficients,
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9
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Anti-seminvariants, 126.
Apolarity, 266, 284, 286, 290
i
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Brill, 288,
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Cayley, 15, 83, 44, b4, 55, 67, 90, 94,
100, 08 184, 148, 156 159,
171 179 210 212, 217, 224,
241, 248, 260, 276, 281, 296,
810, 812, 315, 842, 392, 895,
401, 408, 405,
Cayleyan, of ternary cubic, 403,
Chaundy, 408.
Class, 821 899, 404.
Clebech, 68, 211, 296, S11.
Coefficients in qunntxc freed from
second term are seminvari-
ants, 203,
Gogredleney, defined, 55.
of z, y with 9, -a., 51, 80.
of roots with variables, 56.
Orthogonal the same as contragre-
diency, 846, 849,
Combinants, 840.
Concomitants, defined, 77,
COontragrediency, deflned, 74
Geometrical, 76.
of z, 3, ¢,... and 3z, &y, 3!) wey 1B,
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Contragrediency, of z, yand -y, x, 79.
Orthogonal the same as cogredi-
ency, 346, 849,
Contravariants, defined, 76.
of binary quanties not distinet from
covariants, 79,
of binary quantics found as in-
variants of linear form and the
quanties, 78, 319, 821.
of ternary quantics, 899.
Convention as to numerical multiples
of concomitants, 82.
Correspondence, of seminvariantsand
non-unitaries, 286,
of seminvariants and power enders,

43,
Covariants, defined, 8.
to be expected to exist, 6.
of several quantics from those of
one, 28, 26,
of one quanticfrom those of several,
26, 64, &c.
of cubic quartic &c., see Cubic, &c.
Absolute, sec Absolute.
of two or more guantics, 48.
of covariants, 49,
derived from emanants, 60.
of second degree in coefficients, 65,
71, 228,
as invariants, 80.
are given by one coefficient, 125,
126, 383,
as functions of differences, 94.
Sum of numerical coeficients in,97.
are derivable from sources by sub-
stitutions, 201, 384.
Covariancy of factors of a binary
quantic, 83,
Cubic, Binary,
Canonical form of, 14, 255,
Cubicovariant of, 50, &4.
has only one invariunt, 89, 166,
190, 221,
has ;:.o covariants besides itself,

has no other irreducible covariant,
182, 168, 218,
has a syzygy among concomitants,
169, 213, 258,
Cubic, Ternary, Canonical form of],
290, 874, 877.
The invariant 8 of, 875.
The Hessian of, 378, 891.
The invariant T of, 877,
The irreducible system of invari-
ants of, 380,
The sextic covariant of, 895.
The contravariants of, 401,
Cubie equation, solution of, 14, 267,
Cubic protomorphs, 209,
Cubicovariant of cubic, 50, 54.

INDEX

Dogree, of an invariant, 37.
of a covariant, 40.
of an invariant of a binary
(8% + 1)-ic is even, 81.
of a covarinnt of odd order of a
binary quantic is odd, 43.
of a covariant of even order of a
binary (2n + 1)-ie is even, 43.
Constancy of, see Homogeneity.
Differences, Functions of, 101, 103,
Differentiation of seminvariants to
produce others, 223, 824, 339,
Use of to obtain irreducible
systems, 324,
Diophantine Equations, 182, &e.
Simple sets of solutions of, 183.
Discrim‘i’nants, are invariants, 15, 18,
8

freed from numerical factors, 90.

Weight and degree of, 90.

found in succession, 224.

of quadratics, 15.

of binary cubic, 50, 54.

of binary quartic, 98.

of binary quintic, 802,

of ternary cubic, 379.
D’Ocagne, 248,
Dual Substitutions, 75.
Duality in Geometry, 75.
Durfee, 238.

Elemental products of differences,
187.
Eliminants, are invariants, 16.
are combinants, 340,
of linear forms, 9.
Elliptio integrals, 137.
Emanants, 56.
are absolute covariants, 57.
Geometry of, 58.
Invariants of, 61.
Boolian invariants of, 845.
End coefficients in ternary con-
comitants, 883, 385, 396.
Euler, 159.
Evectants, 26, 77, 401.
Exactness of Cayley’s number, 148,
Excess, of a gradient, 141.
of an invariant vanishos, 116, 144,
of a seminvariant is not negative,
129, 146, 157.
Extent of a gradient, 138.

Fai de Bruno, 18, 186, 169, 201, 238,
296, 800

Factor in expression of covariancy or
invariancy a power of the mo-
dulus, 4, 28, 87, 41,49,117, 408,

an integral power for rational in-
tegral concomitants, 81, 87,
43, 48,
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Faotors ?fsla'inary quantie, covariancy
of,
of a seminvariant are seminvari-
ants, 186,
Ferrers, 154.
Ferrers’ diagrams, 154, 158, 241,
Final coeficients in covariants have
annihilator 0, 126,
Finitenesa of systems of concomi-
tants, 72, 189, 192, 198, 197.
of numbers of solutions of Dio-
phantine equations, 182, &e.
Formes-types, 304, 806,
Forms, defined and classifled, 1.
Forsyth, 888, 840, 405,
Functional determinants. See Ja-

cobians,
Franklin, 158, 159, 178, 178,

Generating functions, defined, 159,
for (10; 1, p), 1569.
for numbers of seminvariants, 161,
164, 238, 240.
for conoomitants of given degree
and order, 171,
Reduced, 172, 174.
Represontative, 174, 176.
Real, 180, 861,
in case of two quantics, 178,
for perpetuants, 289, 251.
for orthogonals, 862.
Generators of all seminvariants, 224,
248, 246,
of all ternary sources, 396.
Geometry of binary systems, 6, 59.
of emanants, 58.
of Hessians, 62.
of concomitants of cubic, 259.
of concomitants of quartic, 282.
of a quintic for which I,; = 0, 808,
of a sextic for which Iy, = 0, 816.
of two quadratics, 834.
of Boolian concomitants, 345, 852.
Motrical, Chap. X
Gordeln, 87 68, 72, 171 182, 296,
811,
Gordan’s Theorem, 182, &c.
Proof of for invariants of one binary
quantic, 189, 197.
fer in- and covamu:te, 192, 197.
for more quantics than one, 198,

Graoce, 72, 240, 251, 267.
Gudiente, defined, 188,
annihilated by 2 and 0 are in-
variants, 118.
of positlve oxoeu are of form 0g,
118, 148,
always of form 0@ when extent of
Q s infinite, 248, 248,
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Gradients, all lead pure or mixed
concomitants, 821.
Ground forms, see Irreducible sys-

Gnndelﬂnger, 405,

Hammond, 159, 174, 176, 297, 801,
80 A

Hermite, 68, ’;810};12, 185, 157, 296,

3 L]
Hesse, 290.
Hessians, are covariants, 12,
are discriminants of second eman-
ants, 62,
of quadratics are discriminants, 15.
of cubie, Roots of, 100,
of quartic, 279, 284.
of ternary cubio, 378, 891,
Geometry of, 62, 283, 284.
Hilbert, 87, 146 182 &o.,208 209,224,
Hilbert’s Theorem, 195.
Hirsch, Meyer, 288.
Homogencity, of an invariant of ono
quantie, 27,
of a complete system of invariants
of several quantics, 88.
in variables of complote systems of
covariants, 40, 48.
in coefficients of the same, 40, 48.
Hyperdeterminants, 66, 181.
give 1?!161 in- and co-variants, 107,

Independent Covariants, &c., Limit
to number of, 46.
Exact number of, 205.
Independent mvermnts, Limit to
number of, 85,
Inﬂmi:gs 7order, bxnnry quantic of,
’
Intermediate invariants and covari-
ants, 28, &c.
are not combinants, 341.
Invariants, defined, 3.
to be expocted to ex:st 5.
of several quantics from those of
one, 24, &e.
of one qlantm from those of several,
, 64.
Homogenelty of, see Homogeneity.
of, see Isobarism,
Absolute, see Absolute.
Irreducible, see Irreducible.
of quadratio, cubic, &c., sce Quad-
ratie, &,
Luvng;5 to number of independent,

of two or more quant:ee, 87.
o: oomr:iag g, 4

of secon egree 58.
Lineo-linear, 54.
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as mlno%;ionl of differences, 86, &c.,

Sum of numerical coefficients in, 87.
Irrational, 88,
Symmetry of, 112.
of odd weight are skew, 112.
Formation of by aid of o, 118, 121.
Number of Asyzygetic, 119.
involve all coefficients, 141.
of third degree, 156,
of fourth degree, 156,
are transvectants, 247,
of invariants of Au+ uv are combi-
nants, 342,
of ternary quantics are defined by
three cyclical or two pairs of
annihilators, 878,
of g-ary quanties, 406,
Involution, Criterion of, 22, 842,
Irreducible concomitants are finite in
number, 189, 192, 198, 197.
Irreducible invariants, 86.
covariants, 47.
syzygants, 198,
Irreducible systems,
for linear form, 164.
for quadratic, 97, 165.
for cubic, 184, 166, 167, 212.
for quartic, 169, 178, 218.
for quintie, 170. 175, 298,
for sextie, 170, 176, 811.
for two linear forms, 323,
for linear form and quadratie, 823,
for linear form and cubic, 825.
for linear form and quartie, 828,
for n linear forms, 106, 329.
for two quadratics, 830,
for linear form and two quadratics,

334,
for quadratic and cubie, 335.
of absolute orthogonal concomi-
tants, 861.
Isobori;g, of invariants, 82, 84, 87,

408.
of covar’iants, 48, 44, 48.
Triple of invariants of ternary
quantics, 869,

Jacobians, are covariants, 10,
Joubert, 816.

Kempe, 190, 888.

Leading coefficients of covariants are

of binary (25 + 1)-ic, 68, .

of binary quintic, 64, 804, 817,

of quadratiec and cubic, 188, 184,
Linear form, has no invariant, 164.
Linear substitution, defined, 2.

INDEX

Linear substitution, Modulus of, 8.
Reversed, 29.
Cartesian, 848.
Dual, 75.
Linear transformation, defined, 2.
Linearly independent, see Asyzy-
o.

Lineo-linear invariants, covariants
and seminvariants, 54, 64, 71,

121, 184.
of u,l 8”4 are transvectants of u, v,

MacMahon, 159, 287, 288, 239, 240,
241, 247, 248,
Mixed concomitants, defined, 77.
of binary quantics found as co-
variants of quanties and lincar
form, 819, 821, 822,
of ternary quantics, 403,
Modulus of linear substitution, 3.
must not vanish, 8.
irresoluble into factors, 17,
Powers of, 19.
Cartesian, 843,
Orthogonal, 846,
Morley, 817.

Newson, 298,

Non-absolute orthogonal concomi-
tants, 856,

Non~ulgt;ry symmetric functions,

Correspondence of with semin-
variants, 286.
Non-unitary terms, determine a sem-
invariant, 208, 218.
in an invariant are given by an
annihilator, 219, 220, 234.
Number of asyzygetic invariants of
given degree, 119,
of asyzygeticseminvariantsof given
type, 180, 149, 157.
of sen.linva;iantg a.lne% invariants of
given degree, 165.
of ing&l‘)endent covariants, &oc., 46,

of independent invariants, 36.
of independent concomitants of
ternary p-ic, 400, 405,

Operation with one quantic on an-
other, 53, 209.
with contravariants on covariants,

.
with covariants on contravariants,
Opontlo;xal symbolism, 69,

Operators, which effect linear trans-
formation, 111, 116, 128.
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Operators, which derive covariants
!f;am end ocoefficients, 126, 188,

which derive ternary concomitants
from end coeficients, 884, 400,

404,
whioch annihilate gradients of posi-
tive ex 118, 149, 224,
whlo;xﬁ:nnihilnte all gradients, 242,

which derive cubic protomorphs
from quadratic, 209,

which derive seminvariants from
non-unitary terms, 217.

which derive seminvariants from
others, 210, 220, 228, 249,

which generate seminvts., 234, 248.

which derive sums of powers in
succession, 282,

which generate orth. invts., 356,

Order, of a quantie, 1.

of a covariant, 40.

of a covariant of a binary 2n-ic is
even, 48.

of a covariant of even degree is
even, 48.

of a covariant of a binary (8n + 1)-ic
is even or odd together with
its degree, 48.

Orthogonal, invariants, &e., 844, 856.

cogrediency and contragrediency
identical, 846, 849.

substitutions direct and skew, 846.

non-absolute, 856.

Partitions, 119,
Gonjugabe{ 154.
Reciprocal, 154, 158, 162.
Perpetuants, 239, 250, 251.
Systems of, 252
Pippian. See Cayleyan.
Polar curves, 58.
Power oending products, 241,
One to one correspondence of with
seminvariants, 244,
Protomorphs, defined, 208.
S{-tems of, 208, 207, 211.
of lowest degrees, 207, 209,
for systems of quantics, 811,

Quadratic, Binary,
The one invariant of, 89, 165,
has no covariant but itself, 98, 165.
Quadratio, Ternary,
The one invariant of, 878.
Question of covariants of, 890,
Contravariant of, 400.
Quadratio rotomorfhu, 207, 208,
are irreduoible, 2185.
Quantics, defined and classified, 1.
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Quartic, Binary,

Catalecticant of, 21, 54, 268,

Quadratic invariant of, 58.

The two invariants of, 92, 119,

Diseriminant of, 98.

The equi-anharmonic for which
I = 0, 94, 278, 282.

The harmonic for which J = 0, 94,
274, 282

transformed into itaelf, 184,
transformed into its reducing cubie,

184,
ha.solng twoirreducible invariants,

, 169.
Irreducible system and syzygy for,
178, 218, 277.
Canoniecal form of, 271, 276, 284,
with square factor, 275.
Linear factor of, 281.
Geometry of, 282.
Quartie, Ternary,
Catalecticant of, 298.
not in general a sum of 6 fourth
powers, 294,
Quartic equation, Solution of, 280.
Quartics, Quaternary and quinary,
not in general sums of 9, 14
fourth powers, 295.
Quintie, Binary,
Canonizant of, 21, 28, 265.
Invariants of, 50, 73, 182, 299, 300.
Linear covariants of, 64, 78, 299,
800, 317,
Generating funetion for invariants
of, 170, 176,
Representative G. F. for, 174,
Canonical form of, 262, 265, 297, 816.
freed”ﬁ'_lom two middle coefficients,
can only be freed from these and
another adjacent when I,, = 0,

805.

List of concomitants of, 208.

Forms of concomitants of when
¢c=0,d =0, 801.

Discriminant of, 802. . 80.8

Syzygy among invariants of, 808.

expressed wl;gh invariant coeffici-
ents, 804.

for which I,, = 0, 805, 306, 810,

for which 1, = 0, 807.

for which I, = 0, 807,

for which I,; = 0, 808, 810.

Skew invariant of in terms of roots,
810.

Quippian, of ternary cubic, 408.

Rational integral invariants, &ec.,
form a complete system, b.
Beciprwt, of ternary quhdratie,
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Reciprocant, of ternary cubioc, 408.

Reciprooity, Hormite's law of, 187,
155, 163, 940,

g R o Tl

Roberts, 8., 248.

Roots o bh’mry quantic, 88.
Anharmonic ratios of, 88.

Salmon, 24, 55, 67, 296, 297, 300, 836,
895.

Semi-c;nlonioal form of quintie, 297,
01.
of ternary cubic, 293, 377.
Seminvariants, 126, 127.
lead covarinnts, 128, 147,
Formation of by aid of 0, 129, 183.
Number of asyzygetic of given type,
130, 148,
of second degree, 130, 208,
of several quantics, 132,
as particular gradients, 139.
have no letters absent, 141.
ag eliminants between » and deri-
vatives, 200.
are given by non-unitary terms,
202, 216,
as integrals of 0.5 = 0, 211,
as quantics in ap : 1, 221,
of seminvariants so regarded are
semlntv&ri:nts. 222,
all general y certain operators
%304, 243, 215. perators
as transvectants, 247,
One to one correspondence of with
power enders, 244.
derived from others by differontia-
tion, 223.
as invariants of a quantic and its
derivatives, 338,
Seminvariant operators, 220, 249.
Separation by direct operations :
into coefficients in covariants, 150,
into orthogonal invariants, 360.
into ternary sources, &c., 405,
Sextie, Binary,
Canonical forms of, 285, 287.
Invariants of, 22, 563, 311, 316.
Generating function for invariants
of, 171, 176.
The 26 irreducible concomitants
of, 818,
The ;}:w invariant of interpreted,
Skew invariant, 112.
ofa giléntic or sextic unique, 809,
Skew orthogonal substitutions, 846.
Solubilgzg.of quintic for which I,3=0,

INDEX

Souree of a covariant, 126, 806,
Stephanos, 288,

Stroh, 289, 250.

Substitution  of derivatives for varia-

bles,
of derivatives for coefficients, 200,
201, 820, 884.
Sufficiency of conditions of annihila-
tion, 118, 124,
Sum of numerical coefficients in ine
variants, 87.
in cgvarinnts and seminvariants,

do
Sum of powers, Condition that a
2n-ic bo a, 267, 204, 206,
Sums of powers of roots, 230, &e.
Differentiation with regard to, 385.
Sylvester, 55, 77, 78, 108, 188, 141,
146, 148, 159, 178, 178, 9224,
249, 260, 293, 206, 812, 815,
840, 342, 849, 400, 406.
Symbolical representation, 66, 88, 69.
Symmetry of in- and co-variants, 112,
121, 124, 133,
Syzygants, 198,
Srzygy, ogor binary cubic, 100, 169,
o3

for quartic, 173, 215,
among invariants of quintic, 808.

Tamisage, 175.
Ternary quantics, Triple arrange-
ment of, 365.
Annihilators of invariants &o, of,
866, 367.
Covariants of, 382,
Thompson, 223,
Transvectants, 71.
are lineo-linear invariants of eman-
ants, 71,
give all covariants and invariants,

of a p-ic and itsolf, 131.
of two hinary quantics, 184.
All invariants are, 247,

Ueberschiebung, 71.

Uniqueness of covariant led by
seminvariant, 128,

Universal Concomitant, The, 77,

Vanishing of all invariants, 208.
von Gall, 314,

Woight, 31, 83, 42, 44, 364, 408,
Constancy of, see Isobarism.
Wood, 240.

Young, 72, 240, 267.
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