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CHAPTER XVI
RHEOLOGICAL ANALYSIS

1. Rheological Analysis of a Rubber Solution

IN the last chapter we have discussed the different mechanisms
which may cause structural viscosity. We have found that, from the
shape of the consistency curve and the influence of a change of the
parameter of temperature, conclusions can be drawn regarding the
nature and structure of the particles dispersed in the liquid. This may
be called Rheological Analysis.

Rheological analysis should, however, be understood in a wider
sense to mean inference from rheological measurements upon the
structure of a quasi-homogeneous dispersed system. Rheological
literature contains many examples of rheological analysis. In the
present chapter I shall describe, as an instance, the investigations on
solutions of crépe-rubber in toluene, which [ carried out at Prof.
Bingham’s laboratory at Kaston in 1932-33 in collaboration with
Mrs. Reiner (1933).*

The viscosity of rubber solutions usually decreases with age. This
ageing is due, according to Staudinger (1932), to a depolymerization
caused by oxidation, which in turn is advanced by light and heat.
For instance, as we found, in a rubber-turpentine solution the viscosity
falls in the course of a few days to the viscosity of turpentine.
Staudinger, therefore, used in his investigations on solutions of rubber
in benzene very rigorous safeguards to exclude oxidation. We, happily,
found that these safeguards are not necessary if toluene is taken as a
solvent. By keeping the solution in the ice-box in brown bottles in
an atmosphere of CO,, the viscosity remained unchanged for as long
as the experiments lasted, i.e. for nearly one year.

The rubber was light crépe of 0-13 per cent. moisture, 0-32 per cent. ash
and a density of 0-92. The solvent was chemically pure toluene of densities
as in International Critical Tables 3, 29 and viscosities slightly higher than
those determined by Thorpe and Rodger (1894).% The crépe was cut into
small pieces and put in small portions into the toluene in a bottle into which

* In his comprehensive book, Philippoff (1942) says of these investigations, * die
vielleicht die genauesten an nicht-Newton’schen Fluessigkeiten sind ’. T do not know
whether this still holds good, but they will probably still serve well to illustrate the
subject of the present chapter. I have, however, omitted a number of data and Tables
contained in the first edition of this book.

T Even had the toluene been the same as that for which Thorpe and Rodger
determined the viscosities and even if their figures were the correct oncs, we had to
make independent determinations in order correctly to calculate the relative viscosities,
thereby eliminating apparatus-effects.
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EXTRACT FROM THE PREFACE TO THE
FIRST EDITION

I~ 1943 1 published a little book entitled 7'en Lectures on Theoretical
Rheology (Rubin Mass, Jerusalem) of which a second edition under the
title Twelve Lectures appeared in 1949 (North Holland Publishing Co.,
Amsterdam) with a French translation in 1955 (Dunot, Paris). As
explained in the Preface of that book, it was a quid pro quo for a large
textbook on the subject, the composition of which I had started im-
mediately following my course of lectures at Princeton University in
1932-33 and completed on the very day Hitler’s hordes engulfed
Poland. The war prevented its publication and it remained a manu-
seript. The little book, based upon lectures given to an audience of
physicists at the Hebrew University, Jerusalem, in 1937, took its place.
That audience determined its character. When, in 1945, [ was invited
to give a course at the same place before an audience of chemists, I took
another bunch of leaves out of my manuscript and around them the
present book has been composed. It is more elementary and less
mathematical than the © Lectures , as befitted the different audience.
1t deals almost exclusively with material not covered in the ©“ Lectures
and, where the material is the same. it is treated in a different manner.
References to the *“ Lectures ” are given, so that readers of the present
book, desiring to proceed from vector concepts used here, to tensor
concepts used there, will be well prepared.

There was no attempt to cover the whole field of rheology, which
is not possible. To material mainly of interest to the chemist, has been
added other material which should interest the structural or mechanical
engineer. Being myself a civil engineer by training and profession, I
have in general tried to take a catholic view of rheology and to make it
broad enough to extend from Bingham’s Fluidity and Plasticity over
Scott Blair’s Industrial Rheology to Nadai’s Plasticity. One side of
rheology [ have disregarded. It concerns the psycho-physical or
integral treatment which has found a first-hand exposition in Scott
Blair's Survey of General and Applied Rheology (1949). There appeared
to be no point in saying in other words what every reader, who desires
to get a complete picture of the subject, will be best advised to study
at the source.

In the composition of the present book I was assisted by the
criticisms of my 7Ten Lectures which were either sent in by corres-
pondents or published in reviews. . . . Prof. Eyring (J. Phys. Chem., 44

Vil



viil PREFACE

(1945) ) missed the atomic-molecular approach to the problem of flow
and expressed his hope that the larger treatise, promised by me later,
would enable it to be covered. 1 am afraid I shall have to disappoint
him; for 1 still consider rheology mainly to belong, together with
classical mechanics (including relativity), thermodynamics and Max-
wellian electro-dynamics, to the phenomenological side of physies. It
treats matter as it appears to our senses, i.e. as continuous. The
atomistic, submicroscopie, approach in the kinetic theory of matter,
quantum mechanics and the like is admittedly more powerful - it has
brought us the atomic bomb—but it has not made the former super-
Huous. Side by side with the atomic-molecular theory of heat, the con-
tinuum theory of thermodynamics developed from its three funda-
mental laws, persists and proves its usefulness. While the atomic-
molecular approach to rheology has had, under the leadership of Prof.
Eyring, great success in certain fields, the unsatisfactory state in its
relation to the problem of strength, where the atomic theory yields
figures, a hundred- and thousand-fold those of experience, is well
known. The practice of investigators in material-testing laboratories
all over the world still largely follows the methods of phenomenological
rheology and scientific journals are full of their reports. The purpose
of the present book is to assist them in what they are doing. There
certainly is the need for another book, giving to the rheologist all that
of kinetic theory of matter, chemical physics, ete., which concerns him
in his work and for which I have proposed the term Metarheology.
This, however, would have been a task widely transcending my powers
and instead of giving fragmentary accounts of some of these aspects,
I have preferred to leave them out entirely, with the advantage of
being able to treat rheology, as 1 understand it, more fundamentally.
However, while I treat matter as continuous, 1 do not disregard the
dispersed character of many, if not most, materials. The units of the
dispersed phase may even he molecules. But molecules will be con-
sidered here only if they can be treated as ordinary bodies of very small
dimensions on the model of Kinstein’s famous treatment of the viscosity
of solutions.

To make the treatment more concrete, I have given numerical
examples of the application of theory. They have been taken from
experimental investigations carried out by me and collaborators.

I have to apologize for two features of the book to which some
readers may take exception. The first is the informal character of the
presentation of the matter, i.e. my speaking in the first person, etc.
This is the result of the text’s originating from notes for my oral lectures.
I did not think the stylistic improvement which might have been
attained worth the effort of recasting the whole text. The second
consists in the many references to the more or less recent history of
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theoretical rheology. [ had the privilege of taking part in those of
Prof. Bingham's activities which resulted in organizing rheology. To
the sorrow of all who knew him, Prof. Bingham has only recently
(November 6th, 1945) followed the three other rheologists to whom
this book is dedicated:* and 1 myself am of their generation. [ hope
that it will therefore be understandable that 1 included some historical
facts of which I may be the only one to have first-hand knowledge
which may be of some interest to those who should want to trace back
the beginnings of a living branch of physics.

* They were Enul Hatschek (1869-1944), Winslow H. Herschel (1873 1944), Elmer
0. Kracmer (1898 1943).



PREFACE TO THE SECOND EDITION

For the second edition the text of the first edition has been
thoroughly revised and enlarged. Rheology, as was to be expected
from a young science of that name, does not stand still but also flows.
Even while [ was writing the text of the first edition which took a
number of years, I myself made some progress and changed my views
on several points. Tt was then impossible for me to re-write the manu-
script. and I only drew the attention of the reader to the main points.
The revision thus required has now been carried out, also in respect
of some other sections in which either I myself or Rheology in general
have progressed. I have also added new material.

I want to thank Dr. . W. Scott Blair who has read the manuscript
and Dr. J. Glucklich who has read the proofs. I am also grateful to
Professor N. Yanagisawa who has translated the book for the Japanese
edition and corrected many mistakes.

I have dedicated this new book to the Institution where L hold the
position of Professor since 1948. Before that. 1 was (with an interlude
of two years at Kaston, Pa.) earning my living as a practical engineer
with science as a hobby. L am therefore grateful to the Institute
which has given me the possibility to spend all my time in the pursuit
of science.

MARKUS REINER
Harra, May, 1959.
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DEFORMATION, STRAIN AND
FLOW

CHAPTER I
DEFORMATION, STRAIN AND FLOW

1. Rheology and Mechanics

RuEeoLogy is a branch of physics ; it is that branch which in the
system of physics is closest to mechanics. Let us try the following
experiment : | let three material bodies fall upon the table before me,
namely (i) my pencil, (ii) a ball of plasticine, (iii) a * piece ” of water.
[The latter, of course, has to be contained in a vessel ; I pour it out
from a beaker.] This is a mechanical experiment ; and what does
mechanics tell us about what is going to happen ? It does not tell us
more than is contained in the second law of Newton,

P=ma . . B 0 )

That is, if we know the force P acting upon each one of these three
vieces of matter and the mass m of each one, we can calculate its
1

acceleration, or rather the acceleration of its centre of mass, a, from

a—=Pm . . . . . . . (2

If a number of forces act on a body, P is to be taken as the algebraic
sum of the components of the forces in any one direction, and « is the com-
ponent of the acceleration in the same direction. If this sum is zero in respect
of three different directions in space, @ also vanishes and the centre of mass
of the body is either at rest or moves with a constant velocity. In addition,
however, the body may rotate around its centre of mass and this rotation
will be accelerated if the forces possess a moment M in respect of the centre
of mass. If there is to be no rotation, or the rotation is to be of constant
angular velocity, the resultant moment must vanish. Equilibrium accordingly
requires the satisfaction of the two equations

EP=0,ZM=0 . . . . . . (3
in respecet of each one of the three directions in space.

As an example let us consider two numerically equal forces acting on a
body in opposite directions. The algebraic sum of their magnitudes vanishes
and the first of (3) is therefore satisfied. If, however, their lines of action
do not coincide, they will forin a couple which will cause accelerated rotation
of the body around its centre of mass. In this case the second of (3) is not
satisfied.

In the case of our experiment, because of a curious relationship
between I’ and m by virtue of which one is proportional to the other,
DS.F. 1 B



2 DEFORMATION, STRAIN AND FLOW

a is the same for these highly different materials.* On any one spot
on this earth it is a ‘ constant ”, the acceleration of gravity, and is
approximately g — 981 cm/sec2. The three bodies in their fall towards
the table therefore behave in exactly the same manner and their material
differences do not become manifest until they reach the table top—
then the pencil slightly rebounds, the plasticene stays put, and the
water spreads over the surface of the table and on reaching its edge
flows off. Of these so entirely different manners of behaviour, mechanics
cannot give any account and here it is that rheology steps in.

2. Deformation, Strain and Flow

The differences in behaviour just described are expressed in qualita-
tive language by saying that the pencil is an “ elastic solid 7, the
plasticene a  plastic solid ” and water a ““liquid . If we take up
the ball of plasticene and examine its surface, we shall find that where
it collided with the table top, it is flattened : it has been permanently
deformed. If we take a small steel ball and let it fall upon the table,
it will rebound elastically. If we examine its surface, we do not notice
a flattening. Nevertheless we have good reason to assume that when
it collided with the table it was flattened ; but that after the collision
with the table the original spherical shape was restored, and this was
what caused it to rebound : the ball, on colliding with the table, was
strained. We may say that the action of forces causes an elastic
material to be strained, a plastic material to be permanently deformed,
a liqguid to flow. The term © deformation ” is the more general one,
including all three cases.

3. Isotropic Pressure

We say that steel, plasticine and water have different rheological
properties and we have described how these become manifest in strain.
deformation and flow. But let us consider three spheres each one made
of one of these three materials and let each sphere be subjected to
pressure, normal to its surface and equal from all sides. Such a pressure
is usually called Hydrostatic Pressure, but a more general and therefore
better expression is Isotropic Pressure of which the hydrostatic pres-
sure is only a special case. We may mention that it was B. Pascal
(1623-62) who first showed that in water at rest the pressure on a small
surface in its interior is the same whatever its orientation, whether
horizontal, vertical or sloping, i.e. it is the same in all directions or it is
isotropic.

* The * curious relationship ™ 18 Einstein’s Equivalence Principle on which the
goneral theory of relativity is based. This principle emphasizes the fact that the weights
of bodies and their resistance to acceleration are proportional—each being in direct

ratio to the mass of the hody. The relativity theoory mamtains that they are really
indistinguishable,
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4 DEFORMATION, STRAIN AND FLOW

Now, what will be the effect of such isotropic pressure on each
one of our three spheres ? The answer is that it will be the same in every
case : the density p of the material will be increased. There will, how-
ever, be no distortion or change of form ; the sphere will remain a
sphere, although with slightly decreased diameter. And when the
pressure is released (provided it was not too great) the previous
diameter and density will be restored. There will be no permanent or
plastic deformation of the sphere of plasticine ; there will be no flow
of the sphere of water. This has been generalized to what may be
called the first axiom of rheology : wnder isotropic pressure all materials
behave in the same way ; they are purely and simply elastic.*

What forces then will produce the striking rheological differences ?

4. Simple Shear

I have here before me a model of a sphere made of plaster of Paris
and cut into slices. Through appropriate application of forces with my
hands I produce a deformation which changes the sphere into a three-
axial ellipsoid (Fig. I, 1). Every slice is slightly shifted parallel to the
same plane. It is clear that this does not change the volume of the
sphere and therefore also not the density of the material of which it is
composed. Such a distortion of shape is called Simple Shear. In
general, if we speak of an elastic strain or plastic deformation or liquid
flow which is not accompanied by a change of volume, we shall use
the term Distortion.

In simple shear, or, more generally, in distortion, steel, plasticine
and water will behave very differently.

5. Elastic Shear of a Prism

This difference in behaviour can be expressed better mathe-
matically if we consider instead of the spheres three small prisms.
Let us assume that the materials making up the prisms are devoid
of weight.t Then, even the prism of water will not change its form if
no forces act upon its sides.}

Let us first consider a prism of steel, resting upon the table, with a
force applied to the upper horizontal surface as shown in Fig. I, 2.
For obvious reasons such a force is called Tangential Force, which we

* This should be understood as a good enough approximation to which there are
exceptions (compare Chapter XII).

1 This can be realized, at least in imagination, if our laboratory is installed 1n a
lift the cord of which has snapped so that the lift falls down freely. In such a laboratory
the bodies have no weight. Unfortunately the experiments would soon come to an end.

1 Even if devoid of weight, a prism of water would change its form under tho action
of surface tension. Rheology, however, will ordinarily not have to consider surfaco
tension. The forces with which it has to deal are of such magnitude and the dimensions
of the bodies such that surface tension is usually of secondary importance.
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indicate by the index “¢” in P,. The force P, will cause a shifting
of the upper surface against the lower by, say, U. The length u is
called Displacement. It is clear that, other things being equal, » will
be greater the greater P,, but smaller the greater the area 4, and it
will also be greater the greater the height H. Therefore

Uocf‘H.......(zi)

.|
Introducing a *“ coefficient > u we can write
U P
Y=g g e - (5

Fra. T, 2. Simple shear of a prism.
U displacement. U/H — tga gradient. I, tangential force.

The expression U[H is a measure of the shear of the prism ; it is
=tga or if a is small - a, which is the reduction of the originally
right angle between base and sides of the prism. The ratio

y==UMl . . . . . . . (6)
is called Displacement Gradient. The expression
r=PjA . . . . . . . (D

called Shearing or Tangential Traction.* Equ. (5) can accordingly be
written in the form
Ty T )]

* The term ** traction ”’ for force per umt area 18 used by Love (Theory of Elasticity).
Generally, and especially in technical hterature, no distinetion is made between ** trac-
tion ™ and ** stress ”* and we also do not propose to be too rigorous in the use of the term
“stress . In the correct use of the term the stress at a point is the aggregate of all
tractions acting on all surface-elements of different orientations which contain that
pomnt. The stress is therefore a tensor, the traction « vector. (Compare T'uelve Lectures,
pp. 25-29.) For instance, hydrostatic pressure has no definite direction and, therefore,
18 not a vector; it is a tensor.
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The coefficient p is called Modulus of Rigidity.* Tf u is very great,
which may be indicated by p -> oo, U will be very small or U —> 0
and there will be no strain. This explains the denomination of u ;
the greater p, the more rigid the material. A body which under a
shearing force does not change its form at all is called a Rigid Body.
For this p = c0. Assuming that p is a constant, (8) expresses Hooke's
law of the proportionality of stress and strain in one of its forms.

This law Hooke, in 1678, pronounced in the words ut tensio sic vis.
In modern language : ““ The distortion of a body is proportional to
the shearing stress producing it.” In the following table some
numerical values of moduli of rigidity are listed :

TaBLE 1, 1. Moduli of Rigidity

in bars

1 -
Aluminium i Wrought ool
Matenal Silk Lead Tin Glass guartz (.(/:m(‘,r iron l\g't(‘}“;l
silver ' ppe Platinum stee
p X 10711 | 01 l 02 | 15

|
|

2]3’457;3

The bar 13 defined in Section 9 below.

6. Rotational Equilibrium of the Prism

We have derived the equations of the preceding section assuming
that the prism, after the displacement u» has taken place, is in equilib-
rium. If we look at Fig. I, 2, we see, of course, that under the action of
the force P,, and no other force in addition, the prism will not be in
equilibrium. Let us correct this blemish as in Fig. I, 3.

If the prism stands on the table, what must the reaction from the
table be, in order that equilibrium be maintained ? In accordance with
(3), the first condition is that the resultant of all forces acting in the
horizontal direction vanishes. This requires the existence of a tan-
gential force — P, acting on the base, as shown in the figure. Such a
force may result from either friction or adhesion between the prism
and the table-top. This, however, is not sufficient. Both forces P,
and — P, form a couple with a moment M - H.P, which, if not
opposed, would cause the prism to overturn clockwise. It must be
balanced by another, anti-clockwise, couple formed for instance by a
push — N and a pull 4 N so that LN = — M. From H.P, = L.N
we find N = I{.P,/L. If the prism is a small internal part of a larger
body, or an Elementary Prism, the sides of which are imaginary inter-
faces, there will be acting upon every side either a push or a pull passing

* In engineering iterature the symbol @ is used for p.
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through the centre of the prism and therefore not contributing to a
torque around the centre. If, by chance, the position of the prism is
where there is a change from push to pull, that change in the interior
of the body must be gradual and both are therefore negligibly small.
Equilibrium can therefore be maintained only by tangential forces
such as + 8,, — 8,, where S, = H.P,/L. Introduciig tractions, we

L »>4P

[ 4

F1a. I, 3. Rotational equilibrium of a prism.

find r -~ P,/BL and S, -= H.P,/BHL = r. This important result is
independent of the dimensions of the prism and may be expressed as
follows :

Rotational equilibrium in a body requires that tangential tractions
on interfaces at right angles to each other are equal. (This makes stress a
symmetrical tensor. Compare Twelve Lectures, p. 37.)

7. Plastic Deformation

Now, what will happen if the prism is made of plasticine ?

For very small stresses it will behave in a fashion not essentially
different from that of the prism of steel ; it also will be strained
elastically, and even for the same stress to a greater extent. However,
7 cannot be increased to such magnitude as it can in the case of steel.
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When 7 reaches a certain limit ¢, which is called the Yield Stress, it will
remain roughly constant
T—=% . . . . . . . . (9*
whatever the magnitude of U.
The yield stress of metals varies between 3 kg mm~2 (aluminium)
and 76 kg mm~2 (nickel). For steel it is from 23 to 45 kg mm~2.

8. Viscous Flow
Thirdly, we consider the *‘ prism ” of water. No measurable stress
is required for any displacement if this is carried out very slowly ;
the ‘“ slices ”” are shifted against each other with infinite ease. Only
when the velocity of the displacement is finite will there be resistance
against it. Read U in Fig. I, 2 to indicate in this case the displacement
carried out in one second, i.e., the velocity of displacement V. then in
analogy to (5)
. VP,
I T A/n R € (V)]
where 7 is called Coefticient of Viscosity. The quantity V/H is called
Velocity Gradient. [t is —- (I/H).(dU/[dt), or, H being taken as con-

d
stant, " (U/H) - dy/dt. Using Newton’s dot to indicate differen-
at

tiation in respect of time, we write in analogy to (8)

Ty B A 2 Y]
If 5 is a constant. (11) is Newton's law of the proportionality of stress
and velocity gradient which he (Principia (1687)) expressed as
follows :

“ Hypothesis : That the resistance which arises from the lack of
slipperiness of the parts of the liquid, other things being equal, is pro-
portional to the velocity with which the parts of the liquid are separated
from one another.”

This hypothesis amounts to the following : lmagine a viscous
liquid contained between two plates, one stationary, the other moving
with the velocity V. This will cause the liquid to be ‘sheared”
(Fig. I, 4) in the same manner as the prism of Fig. I, 2. The velocity
gradient is

y=VH =dvldec . . . . . . (12)
and this is meant by “ the velocity with which the parts of the liquid
are separated from one another ”. Let the area of contact of two
“ parts of the liquid ”’ be unity, then ¢ the resistance which arises
from the lack of slipperiness >’ 7

T=ny=xydode . . . . . . . (13)

* Here *“ ¢t in & indicates that whon equating 7 one must take tho tangential com-
ponent of §.
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MOVING PLATEN —— ==

X

7% 2R
STATIONARY PLATEN

Fia. 1, +.  Veloeity gradient between two parallel plates.

In the following table some numerical values of coefficients of
viscosity at 20° (. are listed : - -

TasLe I, 2. Coefficients of Viscosity

| .
Maternal l‘ Toluene : Water @ Aleohol Mereury lil):!lif::nl;]:::l‘::!:‘tlllnn Olinve o1l | Castor oil
! ! Yo f
|
I - - T '

I »

L2 { v | ‘ 100 | 1,000

| |

7 in ep. “; 0-6
|

0:01 poise 1s one centipoise (cp.) : the poise 15 dofined in Section 9 below.

9. Dimensions and Units

We have in this way become acquainted with three rheological
coefficients, viz. the modulus of rigidity p, the yield stress 4, and the
coefficient of viscosity 7. From (6) we sce that y being a quotient of
length to length, is a dimensionless number. Therefore, from (8), pn
is of the same dimension as a stress, i.e. a force per unit area. This
can be measured in p.s.i., or in kg per em?2, or in the * ahsolute ”’ ¢m-g-
sec system in dynes per em?2 Its unit in the absolute system, namely
one dyne per em?, is called the Bar. 'The yield stress, is of course, also
of the dimension of stress. The dimension of 7 is, as is evident from
(11), one of stress times time. Its unit in the absolute system = one
bar % sec. 1t is called the Poise, after Poiseuille (1797-1869) who first
made exact measurements of viscous resistance.

10. Ideal Bodies

I have before made certain statements about the rheological
properties of such materials as steel, plasticine and water, and 1 may
have selected other materials as examples of elastic, plastic and viscous
behaviour. T have said that the shape of a steel ball, when it rebounds
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elastically, is perfectly restored to its original spherical form. How
do I know this ? The answer to this question is expected to be : from
experiments and measurements. But what facts are revealed by mea-
surements depends upon their accuracy and if the measurements are
made with very great accuracy they will reveal a slight, hardly notice-
able flattening of the steel sphere. This is spoken of as Imperfection
of Elasticity. But then the question arises : what material is perfectly
elastic ? 'The answer is : no real material, as far as we know. This is
similarly so with the * infinite ease ”” with which water can, allegedly,
be slowly deformed ; and with the constancy of stress in the deforma-
tion of plasticine. What we have described are not properties of real
materials. T'hey are properties of abstract concepts which we have formed
ourselves in order to describe the behaviour of real materials. To make
this quite clear, we shall call these ideal materials after the scientists
who first introduced them and shall speak of the Hooke Solid, the St.
Venant Solid and the Newtonian Liquid honouring the memory of
Hooke (1635-1703) who first expressed the law of perfect elasticity,
St. Venant (1797-1886) who first described mathematically plasticity
and Newton (1642-1726) to whom is due the concept of simple viscous
resistance.

11. Rheological Diagrams
Plotting traction against distortion, we find the characteristic
diagrams for the threc ideal materials shown in Fig. I, 5. If we

T T T

4

4 ¥ » "
/ .

- ‘Y pa v v
4 a b 1 ¢
Fia. [, 5. Rheological diagrams of (a) elastic,* (b) plastic, and (¢) viscous material.
7 shearing traction. y displacement gradient. v veloeity gradiont.

gradually increase the strain of a Hooke solid, the stress is also gradually
increased. The relation of traction to strain has been shown in Fig. I, 5
as roughly linear, but this must not necessarily be so. What is required
by the definition of elasticity is only that on gradually diminishing
strain, the same curve is retraced, and that on complete release of the
stress no permanent deformation remains.

The curve for the St. Venant body shows an elastic part up to the
yield stress. Upon release of stress, that part of the total deformation

* The two lines in opposite senses shown in the figure are meant to coincide.
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is regained. Toothpaste is another example for such a material. If we
slightly press a tube containing toothpaste, the flat surface as its
opening will protrude in a convex surface which on release of pressure
disappears. When the pressure exceeds the “ yield point ”, a cylinder
of paste extrudes with the spherical segment at the head. When the
pressure is released, the cylinder remains, but the spherical segment
will disappear and its base again becomes flat (Fig. T, 6). This is the
result of the properties represented in Fig. 1, 5 (b).*

U io PIZEJJ[/R

ILIGHT PREJSURE

HICHER PRESSURE

HO PRESSURE )

Fia. [, 6. Extrusion of plastic material from a tube.

12. Strength. Fundamental Properties

When the strain of a Hooke body is increased indefinitely, two
things may happen. If the material is plastic, after the yield stress is
reached it follows a St. Venant body. If, however, the material is
brittle i¢ will break at a certain stress which is its breaking stress. 'This
two-fold phenomenon embodying both plastic yielding and rupture is
called Strength.

Elasticity, plasticity, viscosity and strength are fundamental
rheological properties from which most others can be derived. In our
abstract concepts the Hooke body has elasticity and strength but no
viscosity, the St. Venant body has elasticity and plasticity but no
viscosity, the Newtenian liquid has viscosity but no elasticity and no
strength. In reality, however, every material possesses all rheological
properties, although in varying degrees. This is the second rheological

* In this reasoning the elasticity of the tube itself is neglected.
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axiom. As geologists know, even rocks flow, although much more
slowly than water. And, as is less known, viscous liquids also possess
elasticity. In reality there is no rigid boundary between solids and
liquids. ITdvra pe (panta rhei), everything flows, as Heraclitus
(495 B.c.) said, from which our science takes its name.

13. Summary
Rheology makes use of the following laws of mechanics.
(i) The second law of Newton
a=Pm . . . . . . (1, a)
where « is the acceleration of the centre of mass of a body of mass m
on which the force I” acts. This includes

(ii) the first law of Newton. In the case of equilibrium, when the
centre of mass of the body is at rest or in uniform motion (e =: 0)
there must be

XP=0 . . . . . . (I, b)

(iii) An analogous law in respect of rotations. When the body does
not rotate around its centre of mass or rotates with constant angular
velocity, there must be

M -0 . . . . .. (1, e)
where M is the moment of a force P in respect of the centre of mass.

Under the action of forces a material is either strained elastically,
or deformed plastically, or it lows as a liquid ; where ¢ deformation ™
(d) is the general term, “ strain’" (¢) being a deformation which dis-
appears when the forces are removed, and “ flow ” a deformation
which continues indefinitely under the action of constant forces, defined
by the rate of deformation (d).

An isotropic pressure causes every material, whatever its rheological
properties, to be strained volumetrically. The different rheological
properties become manifest only in a deformation which changes the
shape ; this is called distortion. Simple shear or tangential deforma-
tion (y) is such a distortion. If small, its measure is the change of
an originally right angle in the body. Tt is accompanied by a shearing
traction (7). Traction is the force acting and reacting between two
adjacent parts of the material body, transmitted through unit area
of their interface. Stress at a point of the body is the aggregate of all
tractions acting on all surface elements of different orientations which
contain that point. Rotational equilibrium requires that tangential
tractions on interfaces at right angles to each other are equal.

The “ rheological equations ”

TE=py . . . .o (L, d)
T=9%, . . . . . . . (L, e)
T=ENY . o . ... {, f)
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define three ideal materials, viz. (i) the Hooke (elastic) Solid, (ii) the
St. Venant (plastic) Solid, (iii) the Newtonian (viscous) Liquid, which
serve for the mathematical representation of real materials. Each one
of them is defined as having one rheological property only, but every
real material must be supposed to possess all rheological properties in
varying degrees.



CHAPTER 11

VISCOSITY

1. Laminar Distortion

I~ the first chapter we considered the fundamental rheological
properties as they manifest themselves in simple shear. In simple
shear, parallel plane slices slide over each other as in a pack of cards,
each card as if it were rigid. The slices have, of course. to be imagined
as infinitely thin. This is a special case of what is called Laminar Dis-
tortion or Laminar Displacement. In simple shear the lamine are
planes ; but laminar distortion is possible also with the laminx
bounded by cylindrical surfaces. They are then hollow cylinders and
can slide either in the direction of their common axis, which is
“ telescopic ' distortion ; or they rotate around the axis, which gives
“ rotational »' distortion (Fig. 1I, 1, b, a). Both cases are important
in tests for the determination of the viscosity of liquids.

2 |z
e
| |
; 15
L

a rotational b telescopic ¢ torsional
Fia. 11, 1. Lammar distortions of eyhnders.
The lamuing should be imagined as infimtely thin.

2. Hagen’s Investigations

If a liquid flows through a cylindrical tube the flow may be either

“ turbulent > or “ streamlined . In Turbulent Flow the trajectories

of the particles are sinuous, undulating and eddy forming. Turbulent

flow takes place at low velocities if the tube is comparatively wide.
14
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If the tube is narrow, forming a capillary, at low velocities the tra-
jectories will be forced to be straight lines parallel to the axis with the
velocity continuously increasing from the wall towards the axis where
it is a maximum (- »,). From the wall towards the centre there is
therefore a velocity gradient in the same manner as from the sta-
tionary to the moving plate in Fig. I, 4. In the present case the gradient
cannot be constant. If it were constant the velocity distribution

—
T
| <
|
|

SRR

Ita. 10, 2. Veloeity distribution in telescopie flow.

Conteal distibution (imcorrect).  Paraboloidal distribution (correct).

over the width of the capillary would be a triangle with its apex at
the centre as shown at the left of Fig. LI, 2. Most students of physics
will think such a distribution as very unlikely. A break in a curve is
what is called in mathematics a *“ singularity " and it is very singular
that a singularity should occur in a physical problem. Still, this is
what Hagen (1839) assumed when first investigating the laws of
laminar flow in a tube, and, strangely enough, in our days one could
find such a first-class scientist as the late H. Freundlich (and Schalek,
1924) proposing the triangular distribution of the velocity in one of
his papers. We shall presently show that it is not necessary to make
any assumptions about the velocity distribution, but before doing so
we shall give a brief description of Hagen’s work, as the first on record
on the viscosity of a liquid. Hagen studied the flow of water through
brass tubes of from 1 to 3 mm radius and § to 1 m length, connecting
horizontally two reservoirs in which water was kept at different levels.
If Ap, the pressure difference between the ends of the tube, be measured
by the difference of levels in the two reservoirs (%), then Hagen found
the following empirical relation A = a@ -+ b@Q* where “a ”and “b7”
are two “ constants ’ and @ the quantity of flow in unit time. The
particles at the surface of the reservoir from which the water is drawn
can be considered as practically at rest and their potential energy,
corresponding to &, is therefore in the first instance used to produce
the velocity with which the water enters the tube, and, when the flow
has become steady, also leaves the tube. In other words it is used to
produce the kinetic energy of the flowing mass of water which we can
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express by a corresponding ‘“ head ”’, say %,. Secondly, the potential
energy is used to overcome the viscous resistance against flow through
the tube ; this part we express by h, and b = h, + h,. By slightly
varying the temperature, Hagen found that the constant “a’” was
very much changed, while “b*’ was hardly changed at all. As the
kinetic energy would depend upon the temperature only in so far as it
affects the density of the liquid, i.e. very little, Hagen drew the con-
clusion that the constant ““ @ was a measure of viscosity, while the
second term on the right side of the equation was what has since been
termed the Kinetic Energy (‘orrection.

In order to cvaluate ““ b, he assumed that the water flows through
the tube telescopically with a conical velocity distribution as shown
in Fig. II, 2, on the left, so that » = », - »,7/R. The kinetic energy

R

can be calculated from K, = §f v®dm. For the calculation of the
0

kinetic energy passing the cross-section in unit time, we introduce for
dm the mass passing a ring of diameter 2r and width dr with the velocity
v, or dm — p (2mrdr)r where p is the density or mass per unit volume.
Therefore

R
E, - pf v¥mre)dr - - wpv 3R220 . . . . (1)
(1]

The quantity of flow follows from the known formula for the

volume of the cone with @ — R2mr /3, or », — 3Q[7 R? and, therefore

E. - I'35@%[=2RY . . . . . . (2)

The potential energy producing this kinetic energy is Qpgh, and
therefore = Qpgh, =- 1-35 Q3p/=2R* from which

hy —= 1:35 Q*|n2R% T &)
and by comparison with the empirical relation
b B 1'35/772R4g . . . . . . . (4)

Because of the incorrectly assumed velocity distribution, (4) is, of
course, also incorrect. Hagen correctly found by experiment that
“a” was inversely proportional to R4,

3. Poiseuille’s Law

To calculate the correct velocity distribution, we start from the
velocity gradient (compare (I, 12)).

y =—dvldr =f) . . . . . . ()
which is an unknown function of r. This function can be calculated
from first principles.

Let the capillary be horizontal so that the weight of the liquid is
of no influence, and let pressures p be applied at both ends of the
capillary with the pressure difference dp acting from the “ right ”
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(see Fig. 11, 3). If the liquid in the capillary was originally at rest, it
will start to move as soon as the pressure is applied, and the velocity
will gradually increase. However, as soon as the tlow starts, a velocity
gradient also appears, which, in accordance with Newton’s ‘“ Hypo-
thesis ”’ (Section 8 of Chapter 1) produces a viscous resistance opposing
the action of dp. This viscous resistance increases with increasing
velocity and will finally balance the driving pressure. Then equilibrium
is established and the velocity remains constant. As soon as this
‘ steady *’* state is reached Equation (I, b) can be applied.

Fie. 11, 3. Laminar flow through a tube.

R internal radius of tube. [ length of tube. The pressure increases
from left to right and the direction of flow 18 therefore from right to left.

We accordingly write down the condition of equilibrium for a liquid
cylinder of length [ and radius r. Its base is a circle of area 772 and if
Ap is the pressure difference per unit arca, the driving force is

- wrtdp acting from right to left and thercfore applied with the
negative sign. The viscous resistance, = per unit area, acts on the sides
of the cylinder of area 2nrl with a total force of 2nrlr. The sum of
both vanishes and therefore — 71r24p -| 2arlr =-0, from which

T=rdp/2l . . . . . . . (6)

The shearing stress is thereby expressed through the given driving
pressure 4p and [, which is a measurable dimension of the apparatus,
as a function of the distance r from the axis. We introduce this ex-

pression for the shearing stress into the rheological equation (I, f),
considering at the same time (5). We get

dv — (dp[lyrdr . . . . . . (7)

This equation can now be integrated, and yields v — Adpr2/4ly 4 C.
In order to determine the integration constant C' we must consider
a “ boundary condition . We ask ourselves, what will be the velocity
of the lamina adjacent to the internal surface of the wall of the

* Some authors speak of ‘‘ stationary 7 flow. This is probably a mistranslation of
the German * stationaer ’’. * Stationary ” is used since 1784 1n the seonse of *‘ not
moving . ¢ Steady "’ means since 1574 ** firm in standing or morement . For instance,
“As a rule there were four steady horses and a good driver, rarely drunk” (Oxford
Dictionary).

DBF o
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capillary ? It has been found that with very few exceptions, which
furthermore do not refer to  pure ” liquids, it is safe to assume that
the liquid adheres to the wall and that there is no  slippage ”.* This
is a so-called ¢ kinematical ” boundary condition. In this case v = 0
for r = R and C == - ApR?|4ly so that

v=--(dp[4ln)(R%>-—-r¥) . . . . . (8)

The velocity results with the negative sign, which only means the
obvious that if the pressure increases from left to right, the flow will
be from right to left. This is of no intrinsic significance and the negative
sign may be dropped.

The velocity distribution follows a parabola and, as can be seen,
dv[dr vanishes for r — 0, which means that the parabola has there a
tangent normal to the axis and there is no cusp and still less a corner.
The maximum velocity in the centre (r = 0) is

v, = Ap R[4l e )]

The quantity of flow per unit time () can be calculated from the
known formula for the volume of a rotational paraboloid. It is

Q - Rmv, 2 —wdpRY8ly . . . . . (10)

This is known as Poiseuille’s laar, but it should be noted that it
contains more than was found by Poiseuille himself. Actually the
formula established by Poiseuille empirically from experiments with
watert in tubes of R varying between 0-01 and 0-3 mm and [ between
1and 10 m, was Q - k4dpR?%l. He performed his experiments in 1840
and published them in 1841. He was therefore preceded by Hagen,
and Wo. Ostwald (1925) proposed to call (10) the Hagen-Poiseuille
law ; but others have argued against this.

Stokes (1849) found the correct velocity distribution but did not
proceed to the calculation of ¢ ; or, in any case, did not publish the
result— possibly because when he found a linear law in dp, this was
contrary to the current opinion that the driving pressure was pro-
portional to the square of the quantity of flow or the mean velocity.
The observations generally accepted in his time were those of French
engineers who experimented with pipes of large diameters, where the
flow ceases to be laminar and becomes ‘‘ turbulent ™.

Hagenbach (1860) succeeded independently of Stokes in finding
the parabolic velocity distribution and also by integration in deriving

* The question of slippage does not arise i ** pure *’ hquids, not even in tho caso
of such a liquid as mercury, which does not adhere to the wall of the tube, compare
Remer (1932) and Erk (1932), still less in the case of pure hquids which do adhere to the
wall. It arises, however, m the case of dispersed systems and will be dealt with in
Chapter XIX.

t Poiseuille was a physician mterested in the mechanism by which the blood passes
into the smaller blood vessels or capillaries, but he did not find his law when experi-
menting with blood. Blood is not a simple Newtonian liquid and does not obey
Poiseuille’s law. Poiseuille’s main paper has been republished in an Knglish trans-
lation by W. H. Herschel in Rheological Memoirs, Kaston, Pa., 1940,
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theoretically Poiseuille’s law (as he himself called it, which was rather
significant, considering that he was well acquainted with Hagen’s
work). It is interesting to note that he assumed the viscous resistance
to result from the work which has to be performed in overcoming
molecular cohesion when one layer of molecules passes along another
one—a rather modern concept.

After having found the correct velocity distribution, Hagenbach
also calculated the kinetic energy correction. Had he applied Hagen’s
method to the parabolic distribution he would have found the desired
result. However, he reasoned independently and wrongly. His error
is not instructive and thercfore need not be explained here. He found
a factor of about 0-8 against Hagen’s /-35 and the correct /. While
his calculations were not more correct than Hagen’s, the kinetic energy-
correction is still mostly attributed to Hagenbach. A full discussion
of the kinetic energy correction from the experimental point of view
is given in Bingham’s Flwidity and Plasticity, pp. 17-21.

4. Consistency Variables

From (10) there follows

1 == ApRiz[8IQ) N 1 0 )

and when the dimensions R and [ of the tube are known, and the
driving pressure 4p and the quantity @ are measured, the viscosity
of liquid can he determined in accordance with this equation. Plotting
@ from (10) against 4p gives a straight line, the inclination of which
against the dp-axis is tga — Q[4dp — Ri=n[8ly.

This inclination, accordingly, depends not only upon the magni-
tude of the viscosity n of the liquid under test, but also upon the
dimensions R and [ of the apparatus. A better method is to plot

V= dQ/R>= . . . . . . . (12)
against
P=—dpRr/Rt . . . . . . . (13)

These quantities are called, for reasons to be explained later
(Seetion 2 of Chapter VILI), Consistency Variables.

The slope of the line is now tga = V[P = 8IQ[dpRim — I[n = ¢
and is independent of the dimensions R and I. Therefore, if measure-
ments are made for one and the same liquid in tubes of different length
and radius, if plotted in ¥V and P’ values, they will all, fall on one and
the same line. P, as can be seen from (6) is nothing other than the
shearing stress at the internal surface of the wall (i.e. for r = R).
V is, therefore, the velocity gradient at the same place.

The coefficient

@ =1y O XY
is called the Coefficient of Fluidity.
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Introducing the Instrument Constants

K, — 4Qt/R?>= . . . . . .
, 15
K, R . . . . . . [
(12) and (13) become

Vo= Kift e e (121)
P—Kdp . . . . . . (131)
Tt should be remembered that Q is the volume in unit time and that
in most capillary instruments the volume forced through the capillary
is constant and what is measured is the time t necessary for the con-

stant @ to pass through the capillary.

5. Newtcn's Rheological Problem

Rotational laminar flow was the first rheological problem ever
dealt with theoretically and it is not only because of the historical
interest that we shall presently reproduce Newton’s attempt at
solution in modern mathematical language. In his caleulations the
great mathematician and physicist made a mistake and this mistake
is instructive. Going through Newton's calculation, the reader will
receive a warning of pitfalls and at the same time he will be consoled
about the many mistakes which, without doubt. he has made himself
before.

Newton formulated the problem as follows (Principia, Lib i,
Nect. ix) :-

Prorosition LI. Turorem XXXIX.

“Af « solid infinitely long cylinder in a uniform infinite liquid revolve
round its axis with uniform motion, and the liquid be caused to revolve
by the impulse thereof only, but every part of the liquid persevere uniformmly
in its motion’"; and the solution is: “ I say that the periodic
times of parts of the liquid are as their distances from the axis of the
cylinder.””*

The cylinder is assumed infinitely long, because then flow conditions
are the same in every section normal to the axis of the cylinder and the
problem is one of two-dimensional or Plane Distortion, i.e. the velocity has
no component in the z-direction (if we take the axis of the cylinder as z-axis),
and the z- and y-components of the velocity are independent of z.  If the
cylinder were finite this would not be the case, because the velocity distribu-
tion would then be necessarily different in a section which cuts the cylinder
just before its end and a section just beyond its end which would not cut
the cylinder. There would be, as the expression goes, an *‘ end-effect ™.
To calculate the * end-correction ™ is a problem which cannot be dealt with
by elementary methods and in order to avoid this difficulty Newton assumes

* The translation from Latin is 1. Hatschek’s (Viscosity (1928), pp. 2-4).
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his cylinder to be infinite. This does not preclude the application of his
theory to a concrete case, because in carrying out an actual experiment one
can make measurements with cylinders of different heights 2 and then on
a graph plotting 1/h, extrapolate the results to I/h — . This would then
represent Newton’s conditions.

A second remark on Newton’s wording of the problem has to be made.
When the cylinder is at rest and is then brought into uniform rotation, the
parts of the liquid nearest to the surface of the cylinder are forced to partake
in the rotation of the cylinder, and they, in their turn, because of the *“ lack
of slipperiness ”’, or ““ viscosity *” as we now say, bring the parts of the liquid
at a distance into movement, until more and more distant parts of the liquid
are in movement. This, of course, requires time and if the liquid is infinite
it would require very large times until the rotation of the cylinder makes
itself felt in remote parts of the liquid. This means that it would take infinite
time until “ every part of the liquid perseveres uniformly in its motion .
However, in practice, after a rather short time the movement of the parts
of the liquid which are ncar to the cylinder becomes uniform, and as the
liquid at infinity will naturally remain at rest, the movement of the parts
further away is of no importance.

The movement of the parts of the liquid can therefore be assumed
as uniform and then must be a circular movement with constant

rotational velocity or
vy = 18 N ¢ 1))

where 0 is the angular velocity which will be a function of r only, but
not of 4, and not of time, i.e. the movement is a steady flow in circular
streamlines. Finally, the words * The liquid be caused to revolve by
the impulse thereof only . . .” mean that all other forces, e.g. the in-
fluence of gravity and of the centrifugal force may be neglected.
Newton’s proof is as follows: ““. . . let the liquid be divided by
concentric circles . . . into innumerable concentric solid cylindrical shells
of the same thickness.” Solid cylindrical shells means that the move-
ment is supposed to be ‘‘laminar” with the cylindrical shells as
“laminee ” moving as wholes, i.e. as if they were solid. “ And as the
liquid is homogeneous, the impressions made by contiguous shells on each
other will (ex hypothesi) be as their mutual translations (') and as the
contiguous surfaces (2mrl) on which the impressions are made.” l.e. the
impression will be equal to yG.2nrl. “ If the impression on any one
shell is greater or smaller from the concave part than from the convex one,
the stronger impression will prevail and will accelerate or retard the motion
of the shell according as it is directed in the same or opposite sense as its
motion.” 1.c. the forces acting on each shell are 7('.2rnl on the concave
part and (G 4 d@).2(r + dr)al on the convex part and the difference
is n2nl (Gdr + rd@), neglecting the term of the order dG.dr. If this
difference is positive, the motion of the shell will be accelerated ; if it
is negative, it will be retarded. “ If therefore any one shell is to persevere
uniformly in its motion, the impressions from either part must be equal
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and opposite to one another.”” I.e. we must have Gdr + rdG — 0, or

ey =0 . . . . . . . (7
and by integration
d=C . . . . . . . (18)
and
G=0CI . . . . . . . (19
‘“Hence . . . the translations will be inversely . . . as the distances

of the surfaces from the axis. But the differences of the angular motions
round the axis are as these translations divided by the distances.” T.e.

dojdr = Glr . . . . . . . (20)
This is not so easily seen. We have from (16)
y =dvyJdr —rdbjdr +6 . . . . . (21)

Now let us anticipate Newton’s 3rd corollary which reads as
follows :

“ If any common angular motion be added to, or withdrawn from, the
cylinder and liquid . . . the motions of the parts against one another will
not change, as the mutual friction of the parts of the liquid is not changed.”
This means that the internal stresses are not dependent upon 8 and
therefore not upon dvg/dr in toto, but only upon the first term rd6/dr.
In the case of a rotation, the velocity gradient is therefore not a suitable
quantity upon which to base the calculation of the viscous resistance.
The correct quantity is the rate of shear* which is the velocity gradient
minus a rotation, or

L L N €9))

and from this there follows (20).

We continue the quotation : . or directly as the translations
and inversely as the distances, that is, combining the ratios, inversely s
the squares of the distances.” From (20) and (19) we find

dbjdr =Clrz . . . . . . . (23)
To integrate this differential equation Newton, who had himself

invented Calculus, did not use it, but used a geometrical method which
is extremely tiresome to follow.T Using the rules of Calculus

6 =Cyr+Cy . . . . . . (29

g

where C; = — C.
As the parts of the liquid at great distance from the cylinder will
remain at rest 6 = 0 for r —= oo and therefore

vp—=rf=C . . . . . . . (25

* The term ‘‘ rate of shear > is explained in the following Section 6.
t The interested reader may look this up in Hatschek’s Viscosity, p. 3.
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“ The periodic time of any one part is therefore . . . directly as the
distance r.”

Or

o =rC . . . . . . . (26)
“Q.E.D.”

The proud “Q.E.D.” does not prevent the result from being
incorrect. Has the reader noticed the point where Newton went off
on a wrong track ? If not, let him be consoled by the fact that it was
only discovered by Stokes over one and a half centuries later. He
remarks : ‘“ These cases of motion were considered by Newton . .
but he arrives at the result that the velocity (v, = 76) is constant, not
that it varies inversely as the distance.”” This arises from his having
assumed that the condition of there being no acceleration or retardation
of an annulus was that the force tending to turn it in one direction
must be equal to that tending to turn it in the opposite direction ;
whereas the true condition is that the moment of the force tending to
turn it in one direction must be equal to the moment of the force
tending to turn it in the opposite direction. Of course, making this
alteration, it is easy to arrive at the above result by Newton’s reasoning.

In short : Newton forgot about Equation (I, ¢) and wrongly
applied (I, b).

Applying (I, ¢). the moments acting on each shell are =
n(r.r.2rnl on the concave part and (@ -+ dG).2(r + dr)?zl on the
convex part. The difference is - %2nl.(r2dQ -}- 2Grdr), neglecting
small terms of higher order. Putting

rdGQ + 2Grdr —0 . . . . . . (27)
we easily get
L 1))
and introducing @ from (20)
rdf/dr —Clr2 . . . . . . . (29)
we find
O 5 1))}
Where C,=-—=¢C2 . . . . . . . (30
As before (', = 0 and in accordance with (16) the velocity is
vy —r8 = C|r B 1))

where we drop the subscript | in C,.
After having found the solution of his problem, Newton adds :
“ All which may be tried in deep and stagnant water.”” This is a nice
illustration of what Hersey (1932) has called the Integration Method
in rheology. Newton postulated his law of viscous flow, drew con-
clusions by mathematical methods, and left it for experiment to decide
whether his law was correct, i.e. whether it was applicable to real
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liquids with a good enough approximation. The experiment was made
much later and the agreement—of course with the correct solution—
was excellent. Since then apparatuses for the determination of the
viscosity of liquids, or viscometers have been built on the principle
of Newton’s problem as is described in Section 8.

6. The Rate of Shear

We have said in the preceding Section that the correct physical
quantity governing viscous resistance is not the velocity gradient v,
but the Rate of Shear which we have denoted by G. We shall now
explain the situation more fully.

Consider the simple shear shown in Fig. [, 2 through which the right
angle between the horizontal and the vertical edges is reduced by the
angle a. This is shown again in section in Fig. 1T, 4, a. Tf the original

1)

Fia. 11, 4. Superposition of two simple shears resulting in a rotation through an angle a.
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figure is a square, this is changed by simple shear into a rhombus. As
explained on page 5, the displacement gradient is
du

y—tana—-d?/‘. e . (32)

where u. is the displacement in the x direction.
However, this deformation of a square into a rhombus can also be
produced by shear parallel to the y-direction as shown in Fig. I, 4, b.

y4 /L yh
SN i
24—% “j." 2 T,
] /
[ /
IF |
/ 5y
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a b
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242

1 —
¢ v

Fic. 11, 5. Superposition of two simple shears resultmg in pure shear,

To distinguish the displacement gradient. of this case from the former
we write
du, du

Sy Yy T

s
& S ... (33

Yo dx
Now let the two chaiiges be super-imposed, and let

‘y_ll.z = 'yzy . . . . . . . (34)
then, as can be seen from Fig. I1, 4, ¢, the result is not a deformation
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but a rotation of the square through the angle a. This suggests that the
displacement gradient is not the kinematical quantity which defines a
deformation. We can, however, derive another quantity

d.ry: %(Y.ry + Vyz) = dt N € 1))
which can serve for this purpose. In the former case wheny,, = — v,
d, would vanish, as it should if it defines a deformation. On the other
hand, when y,, == y,,, conditions are as shown in Fig. 1[, 5, and this
is a deformation without rotation. Such deformation is called Pure
Shear. As can be seen, the diagonals of the square do not change their
directions in space. One is elongated, and the other shortened by equal
amounts. In the case of simple shear we have d, — y/2, and this is
connected with a rotation also equal to y/2. We can now better under-
stand the reasoning by which we arrive at (22) above.

In d, the symbol “ d”’ denotes Deformation while the index *“¢”
denotes tangential. There arc also longitudinal deformations denoted
by d, or normal deformation indicated by d,, about which we shall
learn later. The time derivative d, is the rate of shearing deformation.
The rate of shear, however, as defined above and denoted by @ is
equal to 2d,.* Note that we denote deformation in general, and more
especially a large deformation by D), and d indicates only a small or
rather infinitesimal deformation because, as a closer inspection of
Fig. 11, 4 will show, a rotation will result from the superposition of two
single shears only, if these are infinitesimal.

7. The Teapot-Effect

The rotation which is connected with simple shear, and which is
named Vorticity, presents some difficulty. In simple shear the matne-
matical points move in straight parallel lines which suffer no rotation.
The particles, however, if considered as small volumes, suffer rotations
with respect to their initial configuration. This rotation possesses
kinetic energy, which manifests itself in what may be named the teapot-
effect (Reiner (1956) ). When a layer of viscous liquid flows along a
solid surface, it is sheared. The layer can be imagined as consisting
of laminge which are parallel to the solid surface. The velocity of the
lamina adjacent to the wall is zero. This can be assumed even when
the liquid does not ‘“ wet '’ the surface of the solid (compare first
footnote on page 18). The velocity increases to V at the outermost
lamina. Let H be the thickness of the layer, then a velocity gradient
y — V[H is produced (compare Wig. I, 4). By virtue of its viscosity
the liquid resists the shearing deformation through internal shearing
stresses T — 7y (compare Equ. (I, f)). However, as explained in the

* This has historical reasons, and introduces in certain equations a regrettable com-
plication through the factor 2. The quantity ¢ may be named the amount of shear.
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preceding Section, the shearing deformation does not exhaust the
kinematics of the case. In addition to the shearing deformation there
also take place rotations of the elements of the liquid defined by
vortices as shown in Fig. 11, 6. These rotations are of the nature of rigid

bodies’ rotations.
Lamina r/

V‘”:;Z,]n /
W 5/ .
&

NS

Vorhces \~ w

Fru. 11, 6. Vortices in sumple shear.

Now let gravity cause and maintain the laminar flow of the liquid
layer ; it will produce work equal to the loss of energy resulting from
the fall of the liquid mass from a higher to a lower level. This work is
expended in two different ways. Part of it is used up, dissipated, and
converted into heat in the continuous shearing of the layer. Another
part, however, is converted into the kinetic energy of the vortices.
As the rotation is not accompanied by any deformation, this part is
not dissipated but persists in a steady state, and can only decline with
the velocity 1.

This is the mechanism for the * sticking ” of the liquid to the solid
wall which actually is no sticking at all, but a kind of being pressed
against the wall through the rotational kinetic energy of the vortices.
The vortices also help the layer to turn the corner.

What has here been described explains a phenomenon observed in
cveryday life when tea is poured out of a teapot. The jet more often
than not has a tendency not to flow in a nice ballistic curve, as intended,
into the cup but either to follow the underside of the spout or to flow
in an ““ antiballistic ”’ curve as shown in Fig. 7. This is not due to an
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“ adhesion ”’ of the liquid because when the spout is coated with some
water repellent material, e.g. paraffin wax, the *“ teapot-effect " persists
without any noticeable change. Fig. 7 shows the teapot in action. It is
fed from a tap above, and the water emerges from the spout sticking
to the wall of the spout, and going off when the bottom of the pot is
reached, but sometimes even flowing along the bottom of the pot
uphill. When the supply of water is increased, a jet is formed which
is first ‘“ antiballistic ’, and only at higher speeds attains the desired
ballistic shape.

Rate of flow low. Rate of flow high (but not too high).

Fia. 11, 7. The teapot-effect.

This little experiment will convince the reader that the rotation
connected with simple shear is not a mathematical abstraction but has

physical reality.

8. Rotation Viscometers

In the rotation viscometers the liquid is contained between two
co-axial cylinders of which either the external (Couette-Hatschek
apparatus) or the internal cylinder (Searle apparatus) rotates, while
the other is kept in position. The angular velocity of the rotating
cylinder (£2) and the moment M required to keep the velocity constant
against the viscous resistance of the liquid are measured. The general
solution is given in (30). Let the internal cylinder of radius R, rotate
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with the velocity 2, and the external cylinder of radius R, with the
velocity £2,.

We then have
Q —CR2-1-Cy . . . L .
; (36)
Q, = O} R2 4 .

Q,— 9, ’

from which

(=~ oot .
I|IR* 1/R.}? :
" 37
W ORE QR . (37)
AR
and therefore
R 2
.Q,R,"( ; -]) - Q,,Rf‘( ; — l)
. r r
0 - - L. (38)

R R}

Both cylinders, with the liquid between them, are in equilibrium,
because, while there is movement. the motion is uniform and no part
of the system is accelerated or retarded. The liquid between the
eylinders is the material body under consideration. As it is in equilib-
rium* the shearing stresses acting on its convex surface must therefore
give a rotational couple A, around the commonax is (z) of the
eylinders and the shearing stresses which act on the concave surface
must give a rotational couple M. The same couples act on every
lamina of the liquid and the couple M , is therefore a constant - -

M, — 7. 2mrh.r B 5 14)]

where A is the height of the c¢ylinder which is immersed in the liquid
or an cquivalent height, if there are end-effects. Now the shearing

stress
. 2 0, Q
o apdffdr - L e A FT)
Ty O ke R, (+0)

On the concave surface, r == R, it is

Q, 0
‘T"27)[*( : e €2

(R/R,)*
O

Qt‘ - ] .

therefore
M, — ymh

which is independent of .

* One should be carcful to distinguish between equilibrium and rest. The liquid
does not only move, but 1t 1s constantly sheared and 1t 18 nevertheless i equilibrium,
the viscous resistance consuming the work of the external forces (e.g. the work of the
electro-motor driving the outer ¢y linder in Hatschek’s apparatus) so that no additional
kinotie energy 1s produced.



30 VISCOSITY

The same result is found by introducing r = R, into (39), taking
the stress over the area 2R,mh and the lever arm R,.

Specializing (38) and (41) for the Couette-Hatschek apparatus by
putting Q, = 0, we get

_ o LR 1

o= Qe I/Rz2 - 1/R32
5 (43)

Me =4 3 re ]k 2
while for the Searle apparatus, putting 2, = 0, there is
1/R,2 — 1/r? Q,

= — e —- 1 -z — - —- == - 44
6 2 I[R*--1R,?’ AL, dnrh yrz--1jr )

If 2, or Q, and M, are measured, the viscosity can be calculated from
either (43) or (44). As can be seen, the linear relation between shearing
stress and rate of shear (I, 11) brings with it a linear relation between
the dynamical quantity M, and the kinematical quantity £. The dis-
tribution of both velocity and angular velocity over the width between
the cylinders is shown in Figs. II. 8-11, where R, has been assumed
=06 R,.
Neither distribution is linear, but both are nearly so.

This method for the determination of viscosity was first proposed

8

e

/

R - F
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Fic. IT, 8. Angular velocity distribution in the Couette-Hatschek apparatus.
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Fia. 11, 9. Veloecity distribution in the C'ouette-Hatschek apparatus.
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Fia. 11, 10. Angular velocity distribution in the Searle apparatus.
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v
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’Rt———J _J

Fia. I[, 11. Velocity distribution in the Searle apparatus.

by Margules (1881) and later used by (‘ouette (1888). The method is
therefore sometimes called ¢ Margules-method ™ and the laminar fow
between concentric cylinders is called C'ounette low. This denotation
is used also if both cylinders have infinitely large radii, i.e. if they are
reduced to two infinitely large plates. This case cannot, of course. he
realized and in the actual experiment the plates will be of limited size.
If we introduce into (41)
r=R,4+a; R, - R +H:Q2 -0:92, V/R andthenput R, - o0,
we find

v~ ValH:; G -V + =9ViH . . . . (45)
as shown in Fig. 1. 4.

If V and H are equal to unity, 7 is the force necessary to keep the
movable plate in movement and the fixed plate from moving. Hence
the usual quantitative definition of viscosity : *‘The viscosity is
measured by the shearing stress in dynes per square centimetre
required to move either of two parallel planes, one centimetre apart,
relative to each other, with a velocity of one centimetre per second,
the space between the planes being filled with the fluid.”

In connection with (45) the student must be warned of the following
pitfall. From the law of corresponding tangential stresses (Section 6
of Chapter I) we know that in plane Margules-C'ouette flow there exists
not only a shearing stress =, acting on a surface element normal to the
z-axis in the direction y (compare Fig. I, 4), but also a shearing stress
7,. of the same magnitude acting on a surface element normal to the
y-axis in the direction »r. Nevertheless there exists a velocity gradient
in the z-direction only, while in the y-direction the velocity gradient
is equal to zero, because the velocity has no component in the
x direction. Ignorance of this fact led a gifted and otherwise well in-
structed student of physical chemistry on a wrong track in his search
for an explanation of ““ variable viscosity.”* T happened to see his
thesis which gave a good description of sound experimental work on a

* This will bo dealt with in Chapter XV,
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case of ¢ structural viscosity.”* He realized that the flow was supposed
to be steady. There was a velocity gradient in the x-direction, but none
in the y-direction. He therefore thought that there existed shearing
stresses parallel to the direction of flow but none in the direction

MIRROR

|1

2 _
F

~F

Fie. LI, 12, Rotational viscometer of Couette-Hatschek type. (Not to scale.

[ free length of wire on which the stationary ¢y hinder 1s suspended.
h  ecffective height of cylinder.

Ry (external) radius of internal (stationary) eylinder.
R, (internal) radius of external (rotating) cylinder.
©Q angular velocity of rotatimg cylinder.

Under the action of the two couples M, and A, the lamina rotates with angular
velocity 6.

normal to the flow. There could, however, be no equilibrium with only
one couple, + 7,,. - - 7,, acting on a volume element. There was bound
to exist an anti-clockwise couple also. He came near to finding the law
of complementary shearing stresses, but he thought he could attribute
“ non-Newtonian behaviour ” to that ‘‘ non-Newtonian anti-clock-

* This will be dealt with in Chapter XV.



34 VISCOSITY

wise couple ’. As we know, the solution of the difficulty consists in
that the stress is produced by a rate of shear, and not by a velocity
gradient, and this rate of shear is connected with the change of the
right angle between the directions z and y and not with the direction
zory.

Consistency variables for the rotation instruments are : —

The shearing stress at the wall of the internal cylinder

P = M|2R,*nh ... ... (46)
the mean rate of shear
¢ Qr - 'Qt
v=2=- N (V)|
where
a —= (R,[R,)? ... ... (48)

9. The Couette-Hatschek Apparatus
As Chapter XVIincludes a report upon measurements made with the
Couette-Hatschek apparatus. it will be useful to add a short description

of that apparatus.
The general arrangement is seen in Figs. 1L, 12 and IT, 13. M is
determined by suspending the inner cylinder from a wire of known

INNER CYLINDER OUTER CYLINDER

MIRROR

R R

SCALE

TELESCOPE

Fie. 11, 13. Couette-Hatschek apparatus seen from above.
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“ restoring moment ”’ D/[I* (where ! is the length of the wire) which

is a constant of the wire, and measuring the angle ¢ by which it is
deflected, so that

M=4¢DIl . . . . . . . (49)

The deflection (4s) is read in a mirror, attached to the axle of the

inner cylinder, through a telescope with scale and if “d ” is the dis-

tance of the scale from the axle, there is approximately ¢ = 4s/2d and

ds
M=2—d.D/l . . . . . . . (80)

The rotational velocity of the outer cylinder £ is determined by
the number n of revolutions per unit time, so that

R=2m . . . . . . . (8])
The consistency variables are
O
1 D
Introducing the instrument constants
4n
Ks == ‘1—_—_"i . . . . . . . (54)
K,=1/4dR>2~h . . . . . . (65)
we have
V =Kz I (1)
D
P = K(l—As S (1))

10. The N-Model

In order to treat rheological problems by mathematical methods,
we found it necessary to create concepts of ideal bodies having rigo-
rously defined (rheological) properties. This process is facilitated by
building up, even if only in imagination, models consisting of various
combinations of mechanical elements which under the action of appro-
priate forces register displacements of particular kinds, similar to those
exhibited by the materials the behaviour of which we desire to describe.
A suitable mechanical model for the Newtonian liquid consists of a
test tube filled with a very viscous oil in which a loosely fitted stopper
can move—the whole arrangement forming a kind of dashpot. We shall
indicate this dashpot by the symbol N (Newton). The model is shown
diagrammatically in Fig. II, 14.

* For D compare (1V, 45).
D2
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al
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Fre. II, 14. Diagram of model for the Newtonian liquid showmy stress-flow-time
behaviour. The inertia of the mechanism has been neglected.

11. Summary
The rheological equation of the Newtonian liquid
=96 = 2nd, ... . . (1L a)
is applied to the steady laminar flow in (i) a tube, (ii) a rotating-
cylinder viscometer.
(i) In the first case we introduce for ¢
G = dvldr A (1 A )
and for =, by applying Newton’s first law (I, b) to a cylindrical
lamina

r=rdp/2l . . . . . . (IL¢)

where dp is the pressure difference at both ends of the tube. In the
absence of slippage, integration gives the velocity distribution

v=Adp(R* —r)dly . . . . (L4

and a second integration
@ = ndpR%/8ly B § § )

which is known as Poiseuille’s law.
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Plotting consistency variables
V—=4Q/R* . . . . . . (ILf)
and
P = ApR/[2I L. ... (InLg)
the first being the rate of shear, the second the stress in the layer of
liquid adjacent to the wall, gives “ consistency curves” which are
independent of the dimensions R and [ of the apparatus.
(i) In the second case, we start from

G =rdbdr . . . . . . (I h)

applying the condition of rotational equilibrium in accordance with
(I, ¢), which gives
T = M|[2r*mh N  § 1S )]
and find by integration
0 — (O - 1R + QIR - - )[R — [R)  (IL )

and
M dnhy(Q, - 2,)/(1/R:— 1/R2) . . (IL k)
which is known as the Margules-equation.
(‘onsistency variables are in this case

2R, — ) —a . . . . (1L}
where
a - (RJ/R): . . . . . . (l[m)
and
P--M_2R?*=h . . . . . (I,n)

For the Couctte, for which £, — 0 and 2, -= 2, there is (dis-

regarding the negative sign of M)
0 . (/R2 — 1r?) = 2 — —ML (Ijr2 — I/R) . . (IL o)
4mmh

The rate of deformation d is one half of the velocity gradient y in
simple laminar shear, or in the more general case

dzv - %(}.’xu "*' ').’y.z') . . . . . (II) P)
where
. dv, . dv,
Yey = ?i!—/— s Yz E; . . . . (II: Q)



CHAPTER 111
ELASTICITY

1. Simple Shear Difficult to Realize

WE have defined elasticity by considering simple shear of a prism
as shown in Fig. I, 3. But this is an arrangement very difficult to
realize. What one can do is to apply the forces + P, and — P,, but
it is difficult to apply + S, and — 8,. The couple arising from + P,
and — P, must then be balanced in some other way. Because of the
absence of the tangential tractions + 8,, - §,, the deformation at the
free ends cannot be simple shear, as assumed in Fig. I, 3. Simple
shear will establish itself at some distance from the free ends ; there-
fore the ““ prism *’ must be made flat and long, so that the irregularities

V777777 777 77777,
1/ // ]

SIMPLE
SHEAR

[/ /71 1]
777777 T

Fic. TIT, 1. Finite shear of an elastic prism.

at the free ends can be neglected. In every rheological experiment
such ‘“ end-effects ” come into play. 1f we want to know what will
actually happen at the free ends, we must take a material which
permits of very large elastic strains so that the deformation can be
easily observed. We make a prism of rubber, stick two of its parallel
boundary surfaces to solid plates, and shift one plate against the other.
We can then observe that the deformation is much more complicated
than shown in Fig. I, 3. It is shown in Fig. I1I, 1, and we see that
because of the absence of tangential tractions at the free ends, the
elementary prisms into which the body can be imagined to be divided

will not all be sheared ; some will remain more or less rectangular.
38
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If we imagine the prism of Fig. 1, 3 to be divided into geometrically
similar elementary prisms, each one will be deformed in the same
manner, and geometrically similar to the complete prism. We say
that the strain or deformation is homogeneous, i.e. it is the same through-
out the body. In contradistinction the deformation shown in Fig. 11, 2
is heterogeneous. 1t is simple shear in the interior of the body with
right angles changed to acute and obtuse as in Fig. I, 3, but at the free
surfaces right angles are not changed, and there is no shear. In order
to study the elastic behaviour of a material we therefore must examine
deformations other and more complicated than simple shear. These
involve changes of volume and our first step will be to deal with
volume-elasticity.

2. Epistemological Digression

We have said in (‘hapter I that under isotropic pressure all materials
are elastic and only elastic, and we have called this an axiom of
rheology. We did not give any proof for this statement. We relied
upon the fact that, being an axiom., it is, as the O.xford Dictionary puts it,
““a self-evident proposition, not requiring demonstration, but assented
to as soon as stated . This use of the term axiom, going back (again
on the authority of the Oxford Dictionary) to the year 1600, is, however,
not in accordance with modern ideas. We now, even in geometry,
and still more so in rheology, do not accept the truth of a proposition
without recourse to experience and if, as in the case of an axiom,
experience is not drawn upon, the axiom cannot be more than the
definition (an *“ implicit  definition) of a word appearing in the pro-
position. If we now look back to our statement that ** under isotropic
pressure all materials are elastic and only elastic ™ we find that there is
no word in it which we have not already defined before, and. therefore,
as it stands, the statement cannot be true. And so it is. We arrive at
the statement by considering such materials as steel, plasticine and
water. But if we had put a piece of wood under a high hydrostatic
pressure we should have observed, after release of the pressure,
a Permanent Set, i.e. an instantaneous deformation which is not
recoverable. The reason is that there are pores in the wood and, under
high pressure, stresses are produced which partly crush the material
around the hollow spaces of the pores, forcing it into the pores. This
local deformation, which exceeds the strength of the material, is not
recovered on the removal of the pressure, and the aggregate effect of
many such microscopic deformations becomes manifest in the macro-
scopic set. To make our statement true we must re-word it as
follows : ** Under isotropic pressure all non-porous materials are elastic
and only elastic,” and in this form the axiom is an implicit (rheological)
definition for “non-porous”, If we now read this statement together



40 ELASTICITY

with the second rheological axiom that “ every real material possesses
all rheological properties”, which, as we now realize, is an implicit
definition for ¢ real material ”, we must conclude that no real material
is non-porous and we shall not be surprised to learn that Eyring (1936)
has propounded a theory of the viscosity of liquids which assumes
that even a liquid possesses “ holes ”.

Some readers may think this digression to be out of place, but the
situation as described means that the assertions which I have made
and shall make about properties of materials are never quite correct.
They are always only provisional, to be amplified or qualified later.
If the reader will keep this in mind, I shall be able to go ahead, speaking
often in a loose way, without having to add to every quantitative
statement the qualification ". Therefore, let it be

‘e

approximately .
granted that there are materials which, on the whole, are under iso-
tropic pressure and tension elastic and only elastic, and let us examine
what the laws of such elasticity may be.

3. The Bulk Modulus

If a hydrostatic pressure p is applied to a body, its volume V is
reduced and its density p, which is the mass per unit volume, or

p==m/V . . . . . . . . ()
increased. (‘onversely, an isotropic tension (which it is much more
difficult to apply) will increase the volume and reduce the density.
Let 17, be the volume for vanishing isotropic pressure p =: 0 and let
4V, be the increase of volume produced by p, then an Elastic Bulk
Modulus « is usually defined by

—p=udV IV, . . . . . . . (2
from which
AV, =ple.V, . . . . . . . (3
and therefore
Vo=V, 44V, =V, (Il - p/k) N )

Equation (2) is regarded as a special case of Hooke's law, but this
definition of the bulk modulus is objectionable for the reason that the
latter cannot under any circumstances be constant. Rheological co-
efficients should generally be defined in such a way that for certain
stmple materials and under certatn simple conditions they are constants.
The coefficient « as defined above, can, however, under no circum-
stances be a constant because then the volume V, would vanish for
p = k, with the density increasing to infinity. Actually, if « is defined
as in (2), it is generally found to increase with increasing compression ;
i.e. in order to produce the same increase of compression the pressure
has to be comparatively more increased the greater the compression
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from which we start. Kor instance, Bridgman (1923) found that «—
varies for metals in accordance with the following empirical formulas.

for iron ' = 107 (5-87 — 2-10 x 10 5p) Coe )
for copper — 107 (7-32 - 27 x 10-5p) e e (5)
for lead = 1077 (2373 = 1725 x 10=°p) . . . . .)

where p is the hydrostatic pressure measured in kg em=2 up to 20,000
kg em—2,
Other approximate bulk moduli are listed in the Table.

TABLE ITL, 1. Bulk ]Ilmluh'

Aleohol | Water

Tuff ‘ Clay ‘ Glass l\’hnur)l fron ‘ Steel

Matenal | Ether

1
}
| 18

1
‘ o

kX 10-11 ‘0()9! 0-1 ‘ 0-2
|

05 | 1 4 54 | 15
lmrs

x |

4. Volumetric Strain
We can derive from (2) a more suitable definition by keeping in
mind that this equation was proposed to suit a comparatively small
range of stresses.
Let that range be infinitely small, then (2) becomes
-—dp = kdV |V, B ()
Now let this equation be assumed to be valid not only for the
volume F,. but for any volume V', then
-dp = dVV . o 0 0 L. (D)
and this equation defines a bulk modulus which, in principle, could be
a constant. Because let « be a constant, then (6) can be integrated
and gives
—p —=kIn(V/V,) B )
or
V=Ve® . . . . . . (9
In this case, thevefore, |” vanishes for p —= oo which, in practice,
never happens.
We call the quantity
e, = In(¥/V,) R § ()]
the Volumetric Strain or (! ublcal Dilatation and we can accordingly
write (8) in the form
pe=ke, . . . . . . (11)
which is the complete analogy to (I, d). Introducing again ¥V
=V,+4V, e, :=In (I + 4V, V,) and if 4V [V, is small, this
expression can be developed into a series, the first two terms of which
are

e, AV [V, - WAV JV):E . . . . (12)
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As a first approximation we find again (2), but as a second approxi-
mation we have
—p=xdV,[V,—«2.(AV,]V)* . . . (13)
Indicating by «’ an ‘ apparent ”’ bulk modulus in accordance with
(2), we find by introducing

AV [Vo=—pl . . . . . . (14
p=pele’ + k2.2 L (15)
from which
K =k--pkf2& . . . . . . (16)
and
CoSUEVIEB L)
Kl‘yxl
"]

K _—"]

—

2 4+ 6 8§ 10 °F

Fia. 111, 2. Apparent bulk modulus («’) and apparent cocflicient of
compressibility (1/«’) as a function of the hydrostatic pressure p.

If we plot «' against p we get a curve as shown in Fig. I11, 2. The
Apparent Coefficient of Compressibility («"~!') has also been plotted.
It can be seen from these curves that the assumption that « in (11)
is a constant with e, in the logarithmic measure gives a better approxi-
mation to the compressibility of materials because the compressibility
in accordance with this formula decreases with increasing pressure.
However, comparison with the empirical equations (5) shows that
quantitatively for large pressures the position is still far from satis-
factory. Following Hencky (1931) we therefore proceed to apply
two corrections,

5. The Reduced Stress

For the first correction we must remember that the resistance of
the material to the external forces comes from reactive forces between
the molecules or atoms, as the case may be, caused by a change in
their stable distances. The forces, accordingly, are bound up with the
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quantity of matter. The stresses, on the other hand, are defined in
respect of the areas through which the forces act and a unit isotropic
pressure will be a unit force applied upon the sides of a cube of unit
length of edge and unit volume, say 1 em.?> That cubic centimetre of
volume, however, contains in the strained state, assuming tension and
V>V, fewer molecules or atoms than in the unstrained state, in
short, less matter. Conversely, the unit of matter in the unstrained
state will in the strained state take up a volume increased in the
proportion p,/p where p, is the density in the unstrained, p the density
in the strained state. To calculate from the stresses the reactive force
caused by the same piece of matter, we must increase the stress in the
same proportion, i.e. we must replace the stress as defined in Chapter I
by the Reduced Stress

Pra = ,;DP = V/ Vo'p = Vrc'lp . . . . (18)
where I’ is the Relative Volume = V|V ,. This makes (11)
= K(anrrI)/Vrel = Kevenev . . . . (19)

where e is the basis of * natural ”’ logarithms.

6. The Limiting Relative Volume

The second correction refers to the feature of (11) or (19) that with
infinite pressure the volume of the body would be compressed to zero.
There must. however, be a limiting volume containing all the molecules
even if in a collapsed and crumpled-up state (the latter was realized
by Bridgman reaching pressures up to 20,000 kg cm -2) Hencky, on
applying (19) to Bridgman's observations, found that for a small
number of solids this was a satisfactory formula. Most of the experi-
ments, however, suggested that there was a Limiting Relative Volume
¥ which could not be reached by finite pressure. He therefore suggested
the formula

p — (x) V,_,,-_—_‘I; % e e e (20)

which he compared with Bridgman’'s observations and especially
of those substances which Bridgman had marked out as very irregular
and therefore particularly fit for a crucial test. Near atmospheric
pressure (20) does not give as good results as at higher pressures and
the simpler formula (11) may then be used. Hencky concluded that
the individual structure of the molecule apparently has much in-
fluence at low pressures, but it seems that at pressure from 10,000 kg.
cm~2 upwards even gases acquire a constant bulk modulus in accor-
dance with (20). The following Table gives the results of his calcula-
tions. Kquation (20) can be considered as expressing the modulus
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x of (19) by (k) (I -~ ¥)/(},,;, - ¥). While now « is a variable co-
efficient and not a constant, (k) and ¥ are supposed to be constants.

Tasre 111, 2. Hencky's Bulk Modulus («) and Limiting Volume (¥)
of certain Substances calculated with Hencky's Theory (20) from
Bridgman's Observations.

sutanee o L L
Iron . . . . 30 C1T0 L0
Rubidium . . . 50 i 1-66 0-44
Mercury . . . 20 ! 249 | 0-75
Water . . . 40 234 0-50
Alcohol . . . 20 +17 ! 0-52
Hydrogen . . . 65 ‘ 0-82 i nearly zero
Helium . . . 65 0-47 | ”

7. Pulsations
We have said in Section 5 that the internal forces with which the

material reacts to the external forees are due to the displacements of
the molecules or atoms from their stable relative positions. To effect
such displacement, external work has to be expended which is con-
verted into the potential elastic energy of the strained body. Let us
look into this process in more detail.

If we apply a finite isotropic pressure p upon a body,* its particles
will be brought into movement in accordance with (I, a), i.e. after
some time through the operation of the acceleration «, they will attain
certain velocities » and will by virtue of these possess kinetic energy
of the magnitude

E.—=me?2 . . . . . . . (21

At the same time they will undergo displacements w« and this
will produce in their surroundings elastic stresses in accordance with
(11) or (20) or some other rheological equation. Let us assume the
body to be a sphere of radius R,, the centre of which is fixed, then, for
reasons of symmetry, we may assume that the direction of the different
w’s and v’y passes through the centre. To every j there corresponds a
certain definite ¢, and therefore a certain definite radius R at which
the internal stresses p raised in the body through the strain will balance
the external pressure j. If $ is applied from the start to the full
extent, this means that before R, is reduced to R there is no equilib-
rium ; this causes the appearance of kinetic energy. When the sphere
is compressed to V, p bhalances {, but the particles will move on

* The bar above p indicates the ecternal force.
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towards the centre because they have kinetic energy. This increases
p beyond p and there are unbalanced stresses acting away from the
centre. This, in turn, causes a negative acceleration « or retardation
—- a, a diminution of » and ultimately a state of rest when v vanishes.
This state of rest, however, does not correspond to a state of equilib-
rium. The stress p exceeds the external pressure 5 ; rest lasts only
through an element of time ; the body starts to expand. We need not
continue this story ; the result will be voluminal oscillations or pul-
sations around the position of equilibrium e, == p/«x ; a position which,
however, is not one of rest.

8. Volumetric Strain-work

If we want to determine the compressibility of a material in a
suitable test, we shall therefore have to apply the external pressure
very slowly, practically infinitely slowly, i.e. we shall have to increase
the pressure from zero to p so slowly that it is always equal to p and
the body passes continuously through states of equilibrium. Considering
now the sphere of radius R which is at rest under the action of the

Fra. II1, 3. Volumetric strain-work.

p isotropie tension. 4R mcrease of radius.

isotropic tension p applied upon its surface A ; if p is slightly increased
the radius will be slightly increased by 4R and the forces acting upon
the surface perform work. The force acting upon an element of the
surface (44)is  p.4A and the work is p.44. 4R (compare Fig. 111, 3).
Adding up all elements of work over the whole surface of the sphere,
we get p.A.AR. If AR is very small, the increase of volume is dV
= A dR and, thercfore,

AW = —pdV . . . . . . . (22
and the elementary work per unit volume or the specific work

dw = — pdV[V =~ pde, . . . . (23)
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and the power per unit volume or the specific power
w = dw[dt = — pé, S 23|

If $ is gradually increased from zero to p, the work performed per
unit volume is

€
w = f—— pde, . . . . . . . (25)
If the load p is decreased from p to zero,
o er
w’=f—pde,,=——f—pde,,==w .. (26)

and the strainwork is completely regained. The only condition for
this reversibility is that there should be a one-to-one relation between
p and e,, but the form of the relation, whether straight line or curved,
is immaterial. Generally, n a perfectly elastic body, all strain-work
performed by the external forces through states of equilibrium s stored
up tn the body as potential energy and completely regained upon removal
of the external forces, if this is likewise carried out through states of
equilibrium.
If p is expressed as a function of ¢, by means of a rheological
equation, the integration can be carried out. For instance, if we use (11),
w,=wxe 22 . . . . . . . (27)
or
w,=p}2c . . . . . . . (28)

b

where we have added the subscript v to indicate ‘‘ volumetric .

P

|

1%
,./d\/v
K
0 a -y
& de,

Fre. 111, 4. Fundamental rheological curve for infinitely slow com-
pression. Area o a b measures the strain-work,

€y volumetric strain.
P isotropic stress.
k modulus of compressibility.
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If we plot correlated observed values of p against ¢,, the resultant
curve is a graphical representation of the rheological equation (com-
pare Fig. 111, 4). If the curve is a straight line, « in (11) is a constant ;
otherwise « is variable. Comparing (23), we see that the elementary
work per unit volume is represented in the figure by an elementary
strip parallel to the p-axis and of width de,. The total work performed
when increasing the pressure from zero to p is therefore represented
by the area enclosed by the curve, the e, axis and the ordinate p. If all
stored-up energy is to be regained as the material expands with
decreasing pressure, the points representing descending observations
must lie on the same curve or, as we said before, » must be a one-valued
function of e,.

9. Simple Stresses and Deformations

So far we have become acquainted with two simple cases of stress
and deformation. They are simple shearing stress and simple isotropic
stress on the one hand—simple shear and simple cubical dilatation
on the other. These are co-ordinated pairs, simple shearing stress pro-
ducing simple shear, and simple isotropic stress producing simple
cubical dilatation. There exist, however, two other important cases
of stress and deformation with which we have not yet dealt and which
are of an entirely different character. They are stmple tension on the
one hand and simple extension on the other. Simple tension is a one-
dimensional stress and simple extension is a one-dimensional
deformation, buf the latter is not produced by the former.

Simple tension and its opposite, simple pressure, can both be
included under the term simple Normal Stress, designated by o. A
simple normal stress is produced by either simple Pull (4 P,) or
simple Push (--- P,) upon a prismatic bar, acting in the direction
normal to, and passing through the centre of the cross-section.* Under
the action of such simple pull, the bar is elongated ; at the same time,
however, it contracts laterally. A one-dimensional traction is here
accompanied by a three-dimensional deformation.

Simple extension, or its opposite, simple compression, both in-
cluded under the term simple Normal Deformation (d,), because the
displacement is in the direction normal to the cross-section, is not so
easily realized. A plastic material filling a cylinder, where the latter is
so rigid that it does not extend in diameter, would, under pressure from
a piston, be deformed in the manner of simple compression. Here the
walls of the cylinder will also produce pressure upon the material and
the one-dimensional deformation is therefore accompanied by a three-
dimensional stress. However, in order to produce in a plastic material

* 1f the force does not pass through the centre of the cross-section, bending is caused,
with which we deal in Chapter IV.
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a measurable compression, the pressure would have to be so high that
the walls of the cylinder. too, would give way slightly, albeit elastically.
Nevertheless, in porous materials, simple pressure may produce simple
compression. One such material is cork, another porous rubber ; still
another, as we shall learn in Chapter XII, is concrete in ** creep ”.
These, however. are exceptions.

.

10. Young’s Modulus

The solution to this puzzle—viz. that simple normal stress does
not correspond to simple normal deformation or strain (and vice
versa)—is that ‘ simple ” normal stress and deformation are not as
simple as one may think.

Let us first consider simple normal stress. for instance as produced
by the simple pull of a cylinder or prismatic steel bar in the so-called
‘““ tensile test . This is the predominant test for metals, but has also
been in use for such materials as cement, pitch. bitumen, flour dough,
etc. In this test a short bar, say of mild steel, of length [, is tixed
between two pairs of jaws (or some similar device). one stationary
and the other movable, and is elongated by a gradually increasing
load P,, where » indicates ** normal "', If A is the cross-sectional area
of the bar, a traction is produced equal to

o=P, /A4 . . . . . . (29
acting in the longitudinal direction, or normal to the cross-seetion,
and which may be assumed as uniformly distributed over the cross-
section. The assumption is not correct near the ends. where the bar
is fixed between the jaws, but it will be valid at some distance from the
ends, especially if the bar is slender.* Up to a certain point, the
elongation Al is proportional to the load and therefore follows Hooke's
law. For this part we write by analogy to (I, 5)

Ail, = (P, /A)E . . . . . . (30)
where the coefficient ¥ is called Young’s Modulus.

The ratio 41/l is usually taken as the measure of the normal strain,
here called Extension, positive or negative. For small elongations 4i
there is no objection to this. For large elongations, however, this
definition breaks down ; firstly, for the same reason as advanced in
Section 4 in respect of the volumetric strain ; and, secondly, because
there is no reason why 4!/l, should be a more correct measure than
Aaljl, where l =1, + 4l. For 41 — [, the first gives a 100 per cent., the
second a 50 per cent. increase.t A consistent definition would result

* This is the Principle of St. Venant for which compare T'welve Lectures, pp. 67 68.

t Recontly a local paper quoted the President of an American College as having
said that ‘ the price of automatic pilot devices had dropped by several hundred per cent.
during the war.” It must be assumed that he did not intend to say that every buyer
of a pilot device is heing paid a premium.
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from relating a differential of increase to the instantaneous length so
that the element of strain is dl/l and the total longitudinal deformation,
if it is large, is defined by
1
D= | dijt=meL,) . . . . . (31)
J
in which formula both [ and [, are of equal standing.

This logarithmic measure of extension was first introduced by
Roentgen, of X-ray fame. It was first systematically employed by
Hencky (1929, 1) (compare also T'welve Lectures, pp. 31-32).

We can develop the expression Equ. (31) as follows :

D, = (L) —In" 7‘” —In(1 4 AUl = AUL, - HAYL) +... (32)
We have introduced in Kqu. (10) above a logarithmic measure for
volumetric strain. By writing e, for D, we can similarly introduce a
logarithmic measure for its longitudinal component
We can now write for the Hooke solid

o —oE . . . . . . . (33)
listing in the following Table III, 3, values for Young's modulus for
different materials It will be noted that these are quite large, so that
e, is very small and can then be expressed by

e, =411, N XY
neglecting in Equ. (32) the terms (4{/1,)" for n -1 against Al/l,.
It is different with rubber and rubbery materials with rather small K.
We cannot go into the problems connected with the elasticity of such
materials, and the reader is referred to the book by Treloar (1949).

o

Tasre 11I, 3. Young's Moduli
' T e S " Wrought |
TroElL | steel

Material ‘ Lead i Conerete 1 Tin | Glas | Zine Copper ,
. | ! | i
T T T T ! ] ! |

| i | 1 i ‘

K< lo 1! " | : | i
inbars . 1 | 2 I $ )7 8 1z 18 | 25

I !

!

11. Poisson’s Ratio
As we have already pointed out. the pull P, produces in the bar
not only an axial extension but, generally, at the same time also lateral
contractions e, of magnitude
6, = —ve, . . . . . . . (35)
where v is a material constant called ** Poisson’s ratio”. If ¢, is
negative, e, will be positive or be a lateral expansion. Such lateral
D8 F. E
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expansion cannot be observed in a cork-cylinder under pressure, in
which case v = 0.

We have thereby introduced for the Hooke solid two new constants,
E and v, so that altogether we have four constants pu, «, E and v.
However, the values for p and « completely determine the rheological

Fra. 111, 5. Simple pull of & prismatic bar.

hehaviour of a Hooke solid and it must therefore be possible to express
E and v by the former. We regard p and « as ‘‘ fundamental ”’ con-
stants, because they measure, each one separately, the independent
changes of shape and volume.

Let us consider an axial section of the bar shown in Fig. IIL, 5.
(ienerally, when being extended, the volume of the bar will be increased.
At the same time, as can be seen from that figure, certain right angles
will be changed and certain parallel planes accordingly sheared against
each other. Therefore, the simple normal stress o will be accompanied
by a volumetric strain e, and a tangential strain y. Similarly, it is
obvious that a simple extension e, is accompanied by an isotropic
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3

stress p and a tangential stress . Therefore, £ and v are *‘ derived ”
constants, each one depending on both, change of shape and change of
volume.

Qur task will consist in finding the stresses p and = equivalent to o
in the first case and the strains e, and y equivalent to ¢, in the second
case.

Poisson’s ratio is a pure number. Approximate values of Poisson’s
ratio for different materials are listed in the following Table :

TasLE III, 4. Poisson’s Ratios

Steel | Copper E Lead | Rubber

Glass

S
|

Material Cork | Aluminum Zme

| |
’ ' 0 i 013 0-20 ’ 0-24 \ 030 | 032 | 040 | 049
! i

12. Principal Deformations

If the bar is not itself a prism, it can be considered as made up of
a large number of * clementary ” prisms, the deformation of which
we shall presently investigate.

Let the prism of edges a, b, ¢ be extended or contracted in the
directions of its edges. These directions are at right angles to each
other before deformation and remain so after deformation. If we look
at Fig. I, 1, we sce that in the casc of simple shear there also exist
three such directions. They arc called the Principal Axes of Defor-
mation. 1n the case of simple shear, as again to be seen from Fig. [, 1,
there is not only deformation but also rotation. One axis (the one
normal to the plane of the figure) is fixed, but the other two are rotated
by the same angle around the third. In our case, where the straining
of the prism is in the direction of the edges, there is no such rotation.
A deformation without rotation is called Pure Deformation.

We denote the directions of the principal axes by 4, j, and k. 1f
these directions are the same throughout the body, the deformation is
said to be homogeneous. This is the case in simple extension.

Now, let the edges of the prism before strain be a,, b,, ¢,, so that
I", = ab, ¢, and after strain «, b, ¢, so that }' = abe.

The principal deformations are in the logarithmic measure

D, = In(afa,), D, = In(}b,), D, =In(c/c,) . . (36)
Therefore
D, = In(¥V|V,) = In(abe/ab,c,) —= In(afa,) -- Inb/b,) 4
In(c/c,) — D, + D, + Dy . (37)
If we define Mean Normal Deformation D, by
D,={D+D,+Dy3 . . . . . (38)
we have
D,=3D, . . . . . (39)

E 2
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If we deduct from each of the three principal deformations the
mean deformation in the following manner

Dyy=D —D,, D,=D,—D,, Dy, =D, - D, (40)

three other principal strains result, the cubical dilatation of which
vanishes in accordance with

Dio=—D+ Dyoy + Doy =D, + D, 4+ D, - 3D, =0 . (41)

Therefore D,,, D,,. Dy, are the principal distortions resulting
from deformations D,, D, D,. Every combination of principal defor-
mations D,. D,, D,, can be resolved into a dilatation ), — D, 4+ D, + D,
and a distortion D, —- D ,[3, D, -- D /3, D, — D, [3.
We shall indicate the distortional deformation by the subscript (o).

In the case of simple normal stress (or, more correctly, traction) o,
the principal strains are e, in the longitudinal (the k-direction) and
~ ve, in the two transverse directions (the i- and j-directions), and
therefore
e,=¢(l- 2v)y:e, —e 3 =re(l--2v)3
—ve, e, = (I4+v)3.e;; epo —€- €,= (42)

21 4 v) e)f3

For an incompressible material. ¢, must vanish or v = }. in which
case €,,, = €,,) = — /2 €4, =€

All these considerations apply also if d and e are defined not in the
logarithmic measure. but in accordance with Equ. (34).

m?*

Pr(o) =€l =

13. Principal Stresses

The foregoing considerations in respect of strains can be repeated
with suitable modifications in respect of stresses. Here Principal
Stress Awxes exist and in tsotropic materials these coincide with the princi-
pal axes of strain, so that we can use for them the same subscripts,
i, j, k. The Mean Normal Stress

g, = (o, ‘o, +a)3 . . . . . (43)

is that part of the stress which, when applied isotropically in the
manner of a hydrostatic stress, causes the cubical dilatation (with
positive or negative sign as the case may be) of the material, while
the normal stresses

Oo) =0, 0 ,,5 Oyor =0, "= 0,5 Opg) = T — 0y, (44)
cause the distortion. In the case of simple normal tension ¢
o, =00, =0, =10, p:am—-a/-')’} (45)
Ty = Oyio) = = O[3 04y ~ 20f3

Now if the cubical dilatation e

>y

as calculated from (41) is caused
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by the mean stress o,, as expressed in (43), Equ. (11) requires
-~ p = ke,, or o/3 = ke, (I — 2v), and because of (33)

k=KE3(l —-2) . . . . . . (46)

14. Principal Strains in Simple Shear

We have said in Section II, 6, that when simple shear changes a
square into a rhombus, one diagonal is elongated and the other
shortened. These length-changes define principal strains, the amounts
of which we shall presently calculate.

We consider a square with sides of unit length, subjected to simple
shear. The square shown in Fig. IIl, 6 in dotted lines becomes a
rhombus as shown in full lines. 1f the displacement BB’ = CC" is very
small, the originally right angle between the diagonals AC and BD,
which after strain are AC"” and B’D, remains a right angle. AC, how-
ever, is extended to AC” and BD contracted to B'D. Simple shear is
therefore equivalent to an extension and contraction without shear
in two directions which are at right angles to each other and inclined

B B ¢ ¢

l"/ /? .
\ ‘ . / C
! N //

K
xi

A D

e — ] — ‘————-‘-k

Fia. 11T, 6. Simple shear of square ABCD mto rhombus A, B, €', D. ¢ indicates right
angle exactly or approximately).

by 45° against the direction of shear. As can be seen BB” = BB'[v/2.
On the other hand DB is equal to DB’ with good enough approxi-
mation.

Furthermore, since BD = /2, we have (DB - DB')|DB =
(DB -- DB")|[DB = BB"|DB = B;/%/\/Z = BB’[2. Similarly it is
found that (AC' — AC)/AC is equal to CC'[2. As AB is unity, BB’
= CC’ =1, and a simple shear y is equivalent with an extension v/2,
combined with a contraction y/2, in directions which are mutually
perpendicular, while either is inclined at an angle of 45° to the direction
of the shearing displacement.
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15. The Law of Elastic Distortion

The shear of the square inscribed into the rectangle of Fig. I1I, 5,
is produced by a shearing stress resulting from the action of forces
P,[2, acting on all sides of the square. These forces which act in the

p
longitudinal direction, have tangential components P, = -2—"/\/2

by/2
The tangential forces act upon areas = ~\/—-.c, and the tangential

2
stresses are therefore

T = P,/b—lg/zc = P,/2bc.

Introducing P,/bc == o, this gives
T=o0/2 . . . N - ¥))

For a Hookean solid we can go back to Equs. (I, d) and (33) and

Equ. (47) becomes
2}4}’ = E(’, . . . . . . . (48)

In Section 5 of Chapter I, we have defined y as the reduction of an
originally right angle produced by shear. From Fig. I11, 5, this reduc-

tion is (90 — 8) or 2(45 — Z). But, also from this figure

tan Q == 1— —ra (49)
2T iy e e
and from known formulz
0 6
tan 45 — tan 2 1 — tan 9
tan(45 — -) = - - ——e-— == - - . (50)
2 0 0
1 4 tan 45 tan 5 1 4 tan 0
Introducing tan 6/2 from Equ. (49) we find

0
tan(45 - é) = 27 Pl——(—l—?;) . . . . (51)

We now assume that e, is a small number, and that we can neglect
e(l — v) against 2. Therefore in our case

y = ¢l 4 ) B 151))
This makes Kqu. (48) to yield
2ul+v)=E . . . . . . (53

From the two equations (46) and (53) we can now express the
derived coefficients £ and » through the fundamental coefficients
kand p i—

E = 9xp|(Bk + p) s v = (3k — 2p)[2(3 + ) . . (54)
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For an incompressible material « == oo, and therefore

E* =9u(3 + plc) =3u; vy =} . . . . (55)
From (45) we find
Oyo) = Oy = — B3 ; oy = 2Ee)j3 . . . (56)

and considering (42)

0'1(0) == E/(l + V).e,(o) s U,(D) = E/(l + V).("J(o) 3 } . (57)
Oxo) = BI(L + v). ey

Because of (53), these now become
Oy o) = 2pe,yete. . . . . . . (58)

and from the symmetry of the expressions it is clear that the relations
(58) express Hooke’s law for elastic distortion, independent of the con-
ditions of simple normal stress from which they were derived. We
can accordingly write more concisely

on(o)=2y.en(o) S (514))]

where n now stands for any direction of the normal to any section
however oriented.

If the distortion is accompanied by a cubical dilatation, very
much changing the density of the body, the stresses o, must be

replaced by the reduced stresses 8?0( o) in accordance with (18).
p

16. Strain-work in Simple Tension

Let us go back to the tensile test of a steel bar extended elastically
in simple tension with which we started in Section 10. In extending
the bar, the pull P, will perform work. In the testing machine, the
speed of extension is moderate and the change will be through states
of equilibrium so that kinetic energy is not generated. Therefore all
work of the external forces will be converted into strain-work. Con-
sider again an elementary prism with edges a, b, ¢ (where a is in the
direction of the axis of the test-piece) which is in equilibrium under the
action of the simple normal stress o. If o is slightly increased, the edge
« will be increased by da, while b and ¢ will be decreased by 4b and
dc respectively. However, while in the direction of a, the force o be
is acting, no forces act in the directions b and ¢. The increment of work
will therefore be

AW = obcda = oabc.daja . . . . . . (60)

If da is very small, dafa = de, and the element of work per unit

volume
du’ —_— odei - Eeldel . . v . ' . (61)
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This equation is perfectly analogous to (23) and analogous con-
clusions can be drawn which need not all be enunciated here.
For the simple Hooke body, where E is constant, (61) gives by
integration
w = Ee?|2 = o?|2K R (1))

17. The Mohr-Circle for Simple Tension

In the preceding Sections we have considered simple tension as
shown in Fig. I1I, 5. We found in Section 15, that the pull P, generates

a certain shearing force P, = - él' in a section inclined at 45" against the

cross-section of the prism or a shearing traction » = ¢/2. The question
arises : what are the tractions, both normal and shearing, in scctions
inclined at any angle ¢ against the cross-section ?

Pa

Fi. 111, 7. Stresses in simple tension,
Pnp normal component of pull Pp. I’y tangential component of pull £,.
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If we examine Fig. TII, 7, it is clear that in every section through
the rod, the pull P, is equivalent to a tangential force

P,, = P,sin ¢ B (%))
together with a normal force
P, = P,cos ¢ O (9]

et the cross-section of the rod be unity, then the area of the
inclined section is

nn

Ay = Icos ¢ B (1)

and the tractions in the inclined section
. g .
7, = P, /A4 = osing cos ¢ = 5 8in 2¢
66)
a (
o, — P, [A; = ocosip = é(l + cosZ¢)
Therefore, when ¢ varies from zero to 90°, the normal component
of the traction (=,) acting upon the inclined section with normal n

decreases from o to zero, while the tangential component (r,) goes
from zero to zero, passing through a maximum for ¢ = 45°, when

jo————Gn

Max T

» Gn

%2

J
Tn

K1a. 111, 8. Mohr's Cirele for simple tension. ¢ slope of inclined section.

max 7, — o/2, while in that section o, is also = o/2. These relations
can be pictured graphically in a coordinate system where the o, are
abscissas and 7, ordinates. As can be seen from Fig. 111, 8, comparing
(66), all points representing connected values of ¢, and =, lie on a circle.

This is a special case of the so-called Mohr-circle, about which more
will be said in Section 4 of Chapter V1L
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18. Summary
The rheological behaviour of every homogeneous material, solid or
liquid, conforms under isotropic stress p to the rheological equation

—p=—=xe, . . . . . . (l,a)
where ¢,, the volumetric strain,
e, =In(V/¥V,))—In(V,,) . . . . (III,b)
or, to a first approximation,
e,=4V/v . . . . . . (lLe)

In liquids p is called ** hydrostatic pressure .
In cases where the density p of the material is much changed by
pressure, p must be replaced by the reduced stress

pr = p .. . . . . (IILA)
P

The volumetric strain-power is
L Kkel. . ... . . (Il e)

and is entirely conserved. If « is constant. the conserved (potential)
energy or strain-work is

w

w, — ke 22 — p?l2x e )]
Where « is a variable coefficient, Hencky has proposed
I 4
k = (k) ., O € 1 3]
} rel ~ bd

¥ being the relative limiting volume and («) a constant.

In every deformed body there exists at every point a triplet of
normal axes ¢, j, k,, which were at right angles, too, before deformation.
They are called principal axes of deformation (or strain, as the case may
be). As the right angles between them do not change. they are not
sheared, and the deformation consists of positive or negative extensions
in the direction of the principal axes or normal to the planes containing
them. They are accordingly normal deformations (/1)) called principal
deformations, and denoted by D, D, D, In an isotropic material
these deformations are connected wtih normal stresses (o,) called
principal stresses and denoted by o, o,, o,.

If the directions of 4, j, k in space are the same hefore and after
deformation, the latter is called pure deformation.

If the directions ¢. j. £ and the magnitudes of D,, ),. D, are the
same throughout the body, the deformation is said to be homogeneous.

In a prism with edges «, b, ¢ oriented in the directions ¢, j, k respec-
tively, with lengths of edges «,, b, ¢, before deformation, the principal
deformations are extensions

D, = In(¢/a,), D,; = In(b/b,), D, = In(c/c,) . (L1, h)
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or to a first approximation

d, = daja, d, = 4bjb, d, = dcjc . . . (III,1i)
and the cubical dilatation
D,--D, + D, + D, N 1 D A )

The principal deformations
i =Dy D33 Dy =D, — DJ3; Dy = Dy — D3 (IT1, k)

for which D, + D, + D, vanishes, constitute a distortion.

In accordance with the first axiom of rheology (compare Section 3
of Chapter 1) the characteristic rheological equation of a material
connects the e, with stresses o, etc., which are to be derived from
the o, etc. through

D

Ouo) = O, " O g5 Oyo) =0y — Oy 5 Op(g) =0 — T pp . (III, l)

where the isotropic stress o, is the mean of the principal stresses

g, =(o,+0a,+0)3— —p . . (III, m)
In the case of simple tension, o,
o, 035 00, =0, = - 0[3; oxy = 203 . (I, n)

The isotropic stress p is connected with the cubical dilatation
- e, by means of (I11, a), which is the isotropic rheological equation
valid for every kind of material.
For the distortional part in the case of the Hooke solid

Tugo) = 2"’ en(l)) . . . . . (III, O)

When a prismatic bar of length [, is acted upon by a pull (+ P,)
or push (- P,)in the direction of its axis (direction k) they produce
a simple one-dimensional stress o,. This causes a three dimensional
pure deformation. In a Hooke-solid this consists of a longitudinal
extension without shear

D,—=In(t,) . . . . . . (111, p)
or for small extensions
e=4duyl, . . . . . . (IIl,q)
which is connected with o, through
e==o B . . . . . . (Il,r)
and lateral contractions of the magnitude
e, = — ve, B ¢ 1§ )

In sections inclined by 45° to the axis there is a maximum
shearing strain
e, == el + v) O 10 A )
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The ** derived ”’ elastic coefficients £ and v can be calculated from
the ““ fundamental ”’ coefficients « and p in accordance with
E =9%u/@Bc+p) . . . . . (IILu)
ve=(3k -2u)23xk+p) . . . . (Il V)

On the other hand, if E and v are determined experimentally, one
can calculate « and p from

k= E3(1 - ) p =B +v) . . (1L w)
when the material is incompressible, or « = oo, we find

E¥=3u;v=1 . . . . . (lll,x)
The strain-work per unit volume in simple tension is
w, = ‘o,,de,, = ’Ee,,de,, ... L (L y)

which for the simple Hooke body when ¥ is constant
w, = E(’":!/‘ = 0'"2/2E' . . . . (l[[, Z)



CHAPTER IV
BENDING AND TORSION*

1. Homogeneous Deformation and Stress

In the foregoing we have become acquainted with three cases of
simple deformation, viz., simple shear, simple cubical dilatation and
simple extension. These three are homogeneous deformations, a term
which has been explained in Chapter I1I, 1.

If we assume that the prism of Fig. I, 2 has no weight and sub-
divide it into a number of smaller prisms, each one of these is deformed
in exactly the same manner as the large prism. In other words, y
or e, or ¢; in each one of the three cases does not depend upon the
ordinates of the particles of the body. As the stress is related to the
deformation by means of a rheological equation in which the co-
ordinates do not appear, homogeneity of deformation carries with it
homogeneity of stress.

On the other hand, if we subdivide a prism which has weight into
horizontal layers. the weight of the material will cause a pressure
increasing from zero at the top to a maximum at the bottom of the
prism. [t is therefore clear that homogeneous stress, and consequently
homogeneous deformation, are possible only in the absence of weight,
or, more generally, of Body Forces, such as inertia. Only if external
forces acting upon the surface of the body, or Surface Forces, prevail
over body forces so that the latter can be neglected, is homogeneous stress
and consequently homogeneous deformation possible.

Generally, we must relate the rheological equation to an ““ infinitely ™
small volume element to which we apply the laws of mechanies (I, a)
or (I, b) and (I, ¢), deriving, by integration, the rheological behaviour
of the whole body. Sometimes, as in laminar distortion, we can treat
a portion of the body, the lamina, finite in two dimensions but in-
finitely small in the third, as the volume element. This was the case
when we dealt with the flow through the tube and in the rotation
instrument where y was assumed to be constant throughout the length
of the eylinder and the same in all radial sections, depending upon r
only. In homogeneous deformation we do not need to relate the
rheological equation to the volume element. If the deformation is

* The subject-matter of thus Chapter can bo found in essence in any of the numerous
textbooks on the Strength of Materials ; 1 have, however, included it for the benefit
of those readers who have not had an engineering tramung in order to make the book
gelf-contained, as i the followmyg chapters reference is made to certain equations
derived here.

61
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homogeneous, the whole body can be considered as an *‘element " ;
there is no need for integration and all the rheologics of the body is
contained in its rheological equation. This is the case in simple shear,
simple dilatation and simple extension.

2. Simple Bending
There is an important case of ** simple” deformation which is

not homogeneous. It is Simple Bending.

y

\ L

\

Fic. 1V, 1. Simple bending of a prismatic heam.

The first length has been given a rotation without altering the
deformation.

Let a prismatic bar be subjected at both ends to couples which are
in equilibrium, the plane in which the couples act passing through the
axis (xr) of the beam. Such couples are called ““ bending couples
(see Fig. 1V, 1).

In order to find the deformation and the stresses by an elementary
method, we reason as follows :—
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For the sake of simplicity of argument let us first assume that
the cross-section of the bar is symmetrical about an axis (y) and that
the plane in which the bending couples act passes through this axis
of symmetry. This plane is therefore the 2y plane of the co-ordinate
system. Now let the beam be divided into a number of shorter lengths.

As each length is in equilibrium, this requires that the internal
stresses give rise to couples equal to the couples of the external forces.
With exactly the same forces acting on each free body there is no
reason why one should be strained differently from another. Yet, if
all are strained in the same manner, the axes of all pieces are bent to
the same curvature. As the length of the pieces can be taken as in-
finitely small. this implies that the whole beam is bent into a curve of
constant curvature, i.e. into a circle, the plane of which is the z-y plane.
Furthermore, it is obvious that the plane end sections of the pieces
must remain plane and normal to the bent axis otherwise they could
not fit together to complete the beam. This is known as Bernoulli’s
assumption (1705).

We now consider such a piece of length dx. As has been said above,
the internal stresses acting upon an imaginary cross-section are equiva-
lent to a couple and to a couple only. The resultant of the stresses
therefore vanishes. and the short prismatic piece is, accordingly, as a
whole, neither extended nor compressed. The length dx of the axis
will theretfore not be changed and as it is bent, as we have seen, to a
circular curve, the *‘ fibres * of the prism of length dx which are parallel
to the axis are either extended or shortened in accordance with the
equation

dv  dr = (R + y)dQ — dx o .. (Y

If the arc to which the beam is bent is flat, the strains will be small
and the bending strain e, will be

e, = (dv  dr)/dz = (R4 y)dQux - 1 . . . (2)
However, dQ —- dx/R, and, therefore,
ey =y/R . . . . . . . (3)

These strains are directed normal to the cross-section. They are
therefore normal strains as dealt with in Chapter III, and if the
material is a Hooke body. Hooke's law in the form (IIL, r) can be
applied, or

o, = Ky/R . . . . . . . (4

The stresses are accordingly distributed linearily over the cross-
section in triangles. Let the distance from the axis of the outermost
fibre in tension be A, and of the innermost fibre in compression h,,
then the maximum tensile stress is Kh,/R, and the maximum com-

pressive stress Ehy/ R.
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Now let us assume the cross-section to be a rectangle of width b,
then the stresses give a resultant force in the x-direction
\J n hl
Blalo _yBhale O e _hy L )
R 2 R 2 2R -

In our case, as there is no external force in the a-direction, P,
must vanish or kA, = h, and the axis of the beam the length of which
is not changed, or the so-called Neutral Axis, will pass through the
centre of the section. This will be so in the casc of every cross-section
symmetrical about the z-axis, but the reader will easily find that in a
triangular cross-section the neutral axis will be nearer to the base and
that, generally. the neutral axis will pass through the centre of gravity
of the section.

The stresses must, however, give a finite bending couple M ,, the
couple of the external forces.

Consider a strip of the cross-section having a length b parallel
to the z-direction and the width dy. The increment of force acting on

P,=1>

£

)

E E
this strip will be yI{ bdy and its moment in respect of the axis ( Iélbd y) Y

. W [ hi2 K
- 1;:_1/2(13/. The bending moment is therefore M, — 11};) :/:r/l:y — E]é) ’; o
The reader will have no difficulty in finding that in the more general
case
M,=FKIR B (1))
where [ is the moment of inertia of the cross-section about the neutral
axis.
From (6) we find the radius of curvature

R —EIlM, P )
and, therefore. considering (3) and (4)
e, = M yEl; o, =Myl e oo (8)

The maximum traction is found for the greatest value of y :-= A&,
in tension and y — hyin compression. If the neutral axis passes through
the geometrical centre of the section, h, == h, = h/2. The quantity
SM == 21[h is called the Section Modulus and

maxo, = M,/SM . . . . . . (W)

For a rectangular section I bA3/12 and SM  bh%/6 and, there-

fore,
max. o, — GM,bh* . . . . . . (9)

While the o, stresses are the only stresses acting on the cross-section,
the ¢, strains are not, of course, the only strains. With the extension
of the fibres on the positive y-side, there goes hand-in-hand a con-
traction in the z-direction which is its 7y part. With the shortening
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of the fibres on the negative y-sides, there goes hand-in-hand an
extension in the z-direction. An originally rectangular cross-section
therefore becomes of a shape as shown in Fig. IV, 2.

CO

—

N
>
D1\
e

|

Y

Fia. 1V, 2. Deformation of tho cross-section of a bent beam.

The * deflection  (8) of the beam of span can be calculated from
well-known geometrical properties of a circle, according to which

(L2 =8CR—8) . . . . . . (10)
or, if § is small,
Lt =2RS . . . . . . . (l1)
and
8 == L8R = L:M|8EI ... .. (12)

If the bending couple M is known and L and I are determined and
8 is measured, Young’s modulus K can be calculated from

E — L:M[81s . . . . . . (13)

Simple bending is produced if a beam rests on two supports and
loads are suspenGud outside the supports as shown in Fig. IV, 3.
Only the piece of the beam between the supports is bent to a circle,
because only in that part are the external forces equivalent to a con-
stant couple M = P.l provided the weight of the beam can be neglected.

DS.F. ¥
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REACTION P’ REACTION 'P'
FROM SUPPORT FROM SUPPORT

CIRCULAR _ BENDING

LoAD P’

Fia. 1V, 3. Scheme for simple bending of a beam.

Bernoulli's assumption is correct only in this single case of simple
bending. It is not correct in any other case. K.g. in a beam resting upon
two supports and bent by its own weight, plane cross-sections do not
remain plane and the neutral-axis is not bent to « circle.

The general problem of bending transcends the possibilities of
elementary methods. If, however, it is desired to find such an ““ overall ”’
macro-quantity as the deflection 8 of the beam, when the exact micro-
distribution of local strains and stresses is irrelevant, (8) gives a sufficient
approximation.

If the curve is not a circle. its curvature at any point is, from known
principles

8[’
(1 = (87 2
where 8 = d&/dx and 8" —= d25/dx% If the curvature is moderate
and the arc to which the beam is bent is accordingly flat, (d3/dx)? can
be neglected and 1/R approximately = d28/dx2. 'This makes (7)

2
O mgmr . . . . . (sp

dx?

IR = (14)

* The negative sign is due to 8 being positive for a nogative curvature.
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from which the deflection can bhe calculated if M, is known as a
function of a.

3. Bending under Own Weight

Let the weight of the beam itself be w per uait length, then the
reactions from the supports are wL/2 and, therefore, the bending
moment at the point .«

wL x
M,= GETWE, (18)
(compare Fig. 1V, 4).

REACTION FROM
SUPPORT s ¢ $ 3AL

| &

VAT

£ i
2 ;L j‘
X &
—L 1
WEIGHT'nAx 'E
$
2

Fia. 1V, 4. Bending of a beam by a distributed load.

Therefore
d28)da? = — 2“;1 oL —x) . . . . .7
which gives by integrating twice
wxd
= — - L- «x 2 (_/' g (“ . . .

where ('} and (', are integration constants.
We determine these from the kinematic boundary conditions

. . , wl?
8 = Oforx — Oand x = L. whichgive 'y, = 0,(";, = T et that
8 = wxf24ET. (L3 + x% - 2Lx%) . . . . (19)
and
max 8 = 8/, ,p» — SwL384KEI . . . . (20)

4. Bending by a Concentrated Load at the Centre
Here the reactions from the supports are P/2 and the moment
M.=Pz[2 . . . . . . . . (2])
Compare Fig. 1V, 5.

¥ 2
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REACTION P2 . REACTION P/2
FROM SUPPORT FROM SUPPORT

T
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L

Fic. IV, 5. Bending of a beam by a concentrated load at the centre.

Thercfore
d%8[dx? == — Px[2EI e e (22

which gives by integrating twice
8 = —Px3I2EI +Cyx-{ Cy . . . . . (23)

The deflection line consists of two parts which meet at the centre with-
out a break. The tangent to the deflection line at the centre is therefore,
horizontal. The integration constants can accordingly be determined from
8 =0forx = Oand dd/dx = Oforx — L[2. Wetind(', = 0,C,— PL?I6KI,
and therefore

8 == Pxe*16EI.(L? — 42%[3) . . . . . (24)

This makes

max & =&, .= Pr[48EI . . . . . (25)

5. Bending by Two Concentrated Loads arranged Symmetrically
about the Centre

Here the reactions from the supports are M - P, and the moment is
(compare Fig. 1V, 6)

M,—Pe . . . . . . . . (206)
between x == 0 and x - (L — «a)/2,
and
M= PL—w)2 . . . . . . . (27)
between the loads.
Therefore
d?3/de? = -~ Px|EI ... ... (28)
between x — 0 and x -- (L — a)/2, while
d28/de? - - P(L  «)2ELI . . . . . (29)

between the loads. .
Integration of hoth differential equations gives

8- —PBGEI 4 Cix +-C, . . . . . (30)
8= —PL-—-a)?4El { Cx 4-C, . . . . (31)

From the condition § = ¢ for x - 0 we find ¢/, - 0.
From the condition d8/dr =0 for x — L2, Cy - PIL(L - a)[4KE1
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REACTION P’ REACTION P’
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Fla. 1V, 6. Bending of a beam by two concentrated loads arranged
symmetrically about the centre.

The other two integration constants can be calculated from the con-
dition that at x — (L — «)/2 the deflection and the slope must be the same
whether calculated from (30) or (31), i.e.

P(L - «)? L—a  P(L—a)® PL(L — a)? .
~gmr VO e 7 gEr T ospr TG - ()
and

PL -a)? ,  P(L—a)?* FPLL-—a) "
Csgr YOT T U umn (83)
We find
. P(L2 — a?) P(L — a)?
. VT s, — R
G am TG 1SE1 (34)
and therefore
S - - Pxr 6Kl - P(L* — a®)rx[SEL
8~ — P(L — ay®/4EI 4 PL(L ~ a)e[4EI — P(L — a)*[48EI . (35)

The maximum deflection follows from the second cquation for z = L2

with
max 8 — P(L -a) (2L? 4 2Le - «*)[4SEI . . . (36)
6. Simple Torsion

Another case of simple deformation is simple torsion. It is laminar,
as shown in Fig. 1, 1. and accordingly quasi-homogeneous. Let the
circular eylinder of radius R and length I be fixed at one end and,
at the other end. loaded by a torsional couple 3 ,. The cylinder will
be twisted, i.e. the section z — 1 will be rotated against the section
z == 0 by an angle, say 2. The problem is to express £2 in terms of M,
and the dimensions of the cylinder, i.e. the geometrical quantities
R and I (compare Fig. TV, 7).

In the elementary method which we are following in the present
book we cannot solve this problem without the introduction of an
assumption similar to Bernoulli’s assumption. This assumption can
be expressed in different ways. The first to attempt a solution of the
problem of torsion was Coulomb and he started from the assumption
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that shearing stresses only act in the cross-sections and that they are
proportional to their distances from the axis and directed normal to
the radius, i.e. he started from the equation
T =Ccr B 1
where ¢ is a constant.
From this he found by applying Hooke’s law

y =crlp e .. ... (38

Fie. IV, 7. Torsion of a eircular eyhinder.

Comparing Fig. 1V. 7 with Fig. I, 2. we sce that we can express
y introducing dz for H. as follows :—

y =du/dz . . . . . . . (39)
or
I (40)
123
and by integration
weserfpz. . . . . . . . (4])

considering that « — 0 for z — 0.
In order to find ¢ we compose the stresses taken over the section

to the torsional couple or torque

n
M, = f(-r.?rmlr)r — chf r3dr =mcRY2 . . . (42)
and get ¢ = 2M ,/n R* so that (compare (37) )
T2 QM rim R4 N € 2))

Equation (41), on the other hand, gives
u=2M,[mR*r[jp=z. . . . . . . (44)
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The free end-section is rotated through the angle

u
= - =2M =R . . . . . (45)
Tl 21
and this equation connects the observable macro-mechanical quantities
M, and 2. Q may be called the angular displacement.

Equation (45) can also be written as
4
M, - ’-’%i‘/l =QDIl . . . . . (45

where D/l is the ‘‘ restoring moment "’ of (II, 49).

From (41) it can be seen that the section z = z will be rotated against
the section z = 0 by an angle of the magnitude u/r = ¢/p.z2 = Q/l.z.

The quantity /1 is called the twist. In our case, the twist is con-
stant. Generally where it is not constant, the twist is measured by
the relative rotation of one slice against the other or by d2/dz. From
(41) it also follows that if the cylinder is imagined to be composed of
““ slices 7 of thickness dz, the slices are displaced as wholes so that the
displacements have neither radial nor longitudinal components, the
only component being a rotational displacement. This confirms the
picture of Fig. I, 1.

We could also have started with this, as a natural kinematical
assumption, and would have found from

uy = Crz B 1)
y =dugldz =Cr . . . . . . (47)
and. in accordance with Hooke’s law, again
T =y = puCr R € 2]
where
pC =c . . . . . . . (49)

While it might seem natural to assume that in torsion the shearing
stress is proportional to the distance from the axis; or that plane
cross-sections are rotated against each other. but remain plane (these
assumptions, as has just been shown, being identical) it can easily be
shown that Coulomb’s assumption cannot be valid for any shape of
section other than a circular section. If the section is other than cir-
cular its edge makes an angle with the radius vector r; and the
shearing stress 7, which has the direction of 6, or is normal to r, must
then have a component normal to the linear element of the edge (see
Fig. IV, 8), i.e. in the direction of n. However, in accordance with the
law of corresponding shearing stresses (compare Section 6, Chapter I),
for every shearing stress in the cross-section there exists an equal
shearing stress in @ longitudinal section normal to the cross-section.
In our case, if there existed a shearing stress in the cross-section having
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Fia. IV, 8. Torsion of a rod of non-eircular cross-section.

the direction #, there would have to exist a shearing stress acting upon
the side in a direction normal to n. We have, however, assumed that
no surface forces act upon the side of the cylinder and, therefore,
such a shearing stress as mentioned last does not exist. Therefore,
7 cannot have a component in the direction n. Hence = cannot be
directed normal to r and it has for non-circular sections generally the
two components 7, and 7.

The general solution for non-circular sections was found by St.
Venant (1853). St. Venant assumed, as we have assumed ahove, that
no forces act upon the sides of the prism. Actually, however, in order
to twist a rod it must be fixed at the ends in such a way that surface
forces are exerted upon short lengths of the sides. It is true that at
some distance from the fixing-points, the sides will be free from forces
and there the stresses will be those of St. Venant’s theory. These
stresses may, however, not be the maximum stresses and if the
material fails it will do so at the fixed ends. Therefore, for calculations
of strengths, a better approximation to actual conditions than provided
by St. Venant’s theory is required. In three papers I have made an
attempt at such a generalisation of St. Venant's theory by considering
the action of torsional surface forces applied upon the sides of a
cylinder or prism (1914, 1915, 1925).

7. The Advantages of Bending and Torsion Tests

The bending and torsion tests are often more suitable for the
determination of rheological constants than simple tension. In a
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rheological test the kinematical quantity observed is seldom directly
a strain (or a deformation) or rate of strain (or rate of deformation).
It is rather a displacement or rate of displacement. In simple tension,
where the deformation is pure, the total displacement is the sum of the
elementary displacements. In the bending of a rod. where there is
rotation of the elements, the displacements are increased along the
length of the rod as in a rotating pointer arrangement. Take, for
instance, a short rod of any elastic material in your hand and apply
with the other hand some force. If the force is a pull in the direction
of the axis of the rod, the displacement of the free end will hardly be
noticeable. If the force is applied at the free end in the direction normal
to the axis, there will be a noticeable displacement, provided the rod
is not too stiff. To make this example more definite, let us assume the
rod to be of mild steel of a cross-section 1 mm. square and 10 cm,
long. Applying a pull of 100 g., the extension will be in accordance
with (ITT, r), ¢, — 3 x 10-% and, therefore, in accordance with (LTI, 9)
the displacement of the free end 4l = 3 X 10-% em. Applying the
same force in the direction normal to the axis, the deflection will be
found to be the same as if twice the load had been applied in the centre
of a beam of double length supported at both ends. This, in accordance
with (25) is § 2P(8L3)[48EI and considering I = bh3[12 — 1[12
mm?*, we shall find 8 to be slightly over / em or a displacement one
million times that of the first case (compare Fig. 1V, 9).

In torsion also, due to the cumulative effect of rotations, the dis-
placement is much greater than in
simple shear. §

The large displacement is here the "
result of a summation of rotations of the =
length elements. We have shown in
Fig. 1, 1 how the element is rotated in
simple shear. 1t is similar in torsion,
and to a certain degree also in bending.

| A

~.

8. The Close-Coiled Helical Spring

These considerations are relevant
when counsidering the ela<tic deforma-
tion of a helical spring. Kven when
every element of the spring undergoes
infinttesimal strain only. the combined
and additive effect of rotations due to
bending and torsion of the elements
will produce a very pronounced dis- Wm’
placement of the ends under. an axial Fia. IV, 9. Deflection of a rod
pull. Even should the material of the through a force acting sidewise,
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spring not follow Hooke's law of proportionality, the displacement
will follow such a law because deviations from the law become
noticeable at finite strain only, while here, as said before, even if
the displacement is finite, the strain is infinitesimal.

We shall now show this in detail (compare Fig. IV, 10) :— Consider
a cross-section A. Without affecting equilibrium we may add two
equal and opposite forces P. These forces I’ and the load P are
equivalent to a shearing force P and a torque M, == P.R. The exten-
sion of the spring is mainly due to the rotation connected with the
torsion due to this torque, as will presently be shown.

Consider a short length Rda of the coil contained between the two
cross-sections A and B. Let the rotation of A with respect to B be d6.
This will be in accordance with Kqu. (45) = (2M/mrip)R dx
= (2PR%[nriw)da where r is the radius of the wire. If we suppose
B to be fixed, the lower portion of the spring will rotate due to this
twist, the point (' describing a small arc equal to a d6, which brings
it to D. The vertical component of the arc is found by reducing its
length in the proportion of R/a, and is therefore equal to R df. The
length [ of the spring is thus elongated by a differential of elongation
d(4l), which is equal to R df = (2P R3/mrtp)dx. Summing this effect
for all such short segments of the coil, the deflection effects accumulate,
and we have

* 3 (*2mn 4 > P3
AI:RJr{H -.-Pfjdma WPEE L o)

Tl rip

where n is the number of coils.
We can now introduce for the length of the closely coiled spring
[ = 2rn (not the length of the wire, which is 2Rmn). The extension
of the spring is then
2P R3

9

51
o 1)

() — AUl -

This we can also write as

€ — (@B . . . . . . . (52
where (o) is the equivalent tensile traction acting over the cross-section
A = R2rx of the spring (not of the wire, which is 7%7) and (K) is a
fictitious * macro ”’ Young's modulus. But

(6) = P|R*=» . . . . . . . (583)
therefore

r

(K) = (a)/(e) :;2’2(-1%)5 S .. (59)

and the spring accordingly acts as would a solid rod of the same
overall dimensions made of a material with a fictitious Young's
modulus smaller than that of the material of which the spring is
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Fic. 1V, 10, Close coiled heheal spring.
(From ** Agricultural Rheology.” courtesy Routledge & Kegan Paul Ltd.)

made in the proportion (r/R)%. This is due to the * open structure ”
of the spring. Similar conditions prevail in any other open structure.
In the first attempts to explain the high elasticity of rubber, this was
attributed to a hidden internal open structure. Later, it was found
that this explanation is not correct but that the mechanism is an
entirely differenc one.* But there are other materials to which it

3

* Neo Treloar (1949).
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applies. The extension 4/l will then be large, and macroscopically
this is a case of * finite ” strain of *‘ high-clasticity ”. Nevertheless,
microscopically speaking, the physical strain of the material, i.e. the
strain which causes the stress, is actually infinitesimal and, as follows
from (51), the extension 4/l is proportional to the pull I as in Hooke’s
law. This may be called * pseudo-finite ” strain or ‘‘ pseudo-high
elasticity ** in which macro-extensions of 100 per cent. or more can be
attained with infinitesimal micro-extensions. However, when the spring
is so much extended that the coils open up entirely, it is obvious that
further extensions will become smaller and smaller until in the limiting
case, when the wire is straightened, they are infinitesimal. The stress-
versus-strain curve then diverges from the linearity of Hooke's law,
and becomes convex towards the strain-axis approaching a vertical
asymptote. .\mong materials following this law is leather as used in
transmission-belts. When James Bernoulli (1705), who did not know
of Hooke. wanted to find out what the law of elasticity was, he experi-
mented not with steel wires, but with a gut-string, and found this kind
of stress-strain relation.

9. The H-Model

We can therefore conveniently use a close-coiled helical spring as
a mechanical model for the Hooke-body. or a H-model. similar to the
N-model of Section LI, 10. This is shown diagrammatically in Fig. 1V,
11. While the overall deformation of the helical spring manifests itself

» H

® STORED UP
[ ] porentia enerey § SIORED F

Fig. 1V, 11.  Diagram of model for the Hooke solid.
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in an elongation, one may use the model also for the illustration of the
behaviour of an elastic material in volume dilatation and/or shear.

10. Summary
1f a beam of elastic material is acted upon at both ends by bending
couples M, which are in equilibrium, it is bent to a circular arc of
radius R which is
R=EIM, . . . . . . (IV,a)
where I is the moment of inertia of the cross-sectional area.
The deflection of the beam, if small, is given by
d=L*M,)8E1 . . . . . (1V,b)

The equation of the neutral axis can generally be calculated for
small deflections from the differential equation
d*8jda® = - M,|EI .. . . (Ivye)
By integration we find for the deflection of a beam through bending
from its own weight w

max & = JwL?384EI . . . . (IV,d)
from a load P concentrated in the centre
max § == PL348EI . . . . . (1V,e)

and from two concentrated equal loads P with a the distance between
them
max § = P(L - a) (2L% 4 2La — «?)[48EI . (IV,f)
The twist of a circular rod of elastic material by the torsional
moment M, is
QU =2M,nRw . . . . . (IV,g)
and the stress
r=—2Mp/zR* . . . . . (IV,h)
The apparent extension of a close-coiled helical spring with R
radius of coil and r radius of wire is

(€) = 2PR¥rsw . . . . . (IV,i)



CHAPTER V
NORMAL TRACTION IN VISCOSITY

1. The Coefficient of Viscous Traction

WE said in Section IIT, 10 that the tensile test is used not only for
metals but also for such materials as pitch. Of course, in the latter
case the rheologics of the test is entirely different. Tt is generally
assumed that if a rod of mild steel is loaded below the yield point it
extends elastically and then stays put to the end of times. This, now,
is a statement where the epistomological considerations of Section
2 of Chapter 111 come in. It has been maintained that even at room
temperature mild steel will flow slowly or ““ creep . About creep we
shall speak in Chapter XI11. But even if mild steel should flow at the
same temperature as pitch. there still remains a very definite quanti-
tative difference between them. In the case of a rod of pitch it is not
necessary to employ exceedingly sensitive instruments to discover the
continuous elongation ; it is visible to the naked eye—so much so
that Trouton (1906) regarded pitch as a very viscous liquid. This, also,
implies a simplification and we shall therefore consider here the con-
tinuous elongation under constant load of a rod made of @ Newtonian liquid
of very high viscosity instead of pitch. which. as we shall see in Chapter
X1V, manifestly possesses other properties in addition to viscosity.

For such exceedingly viscous liquids, which to all appearances
are solids. the two methods for the determination of viscosity, dealt
with in Chapter I, are inapplicable. While the viscosity of bitumen
has been determined in rotation and tube viscometers, it may reach
such values that it would either take tremendous force to produce a
flow measurable in short time, or an impracticable long time under
ordinary forces. In such cases (and for similar materials) Trouton
applied such testing methods as are used for the determination of the
elasticity of solids, e.g. the tensile test. He loaded a rod made of the
material under test and measured the velocity of its extension. It is
clear that the load per unit area of the section (o) divided by the rate
of extension (d,) must be a measure of the viscosity. Trouton called
it the Coefficient of Viscous Traction.

A=oao/d, . . . . . . . ()

The question then arises : how is this quantity related to the
coefficient of viscosity 7 as defined by (I, f) ? In the latter equation
the coefficient of viscosity 7 is defined by considering a case of simple
shear, i.e. a case where neither the deformation nor the stress in respect

8
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of a given surface element has a normal component, i.e. d, =d, = 0
and o = 0. Moreover, simple shear is a laminar displacement and
therefore not accompanied by any change of volume, which means
that we also have ¢, = 0.

Now, is there any section in the loaded rod inclined against the
cross-section at the angle ¢, where the only stress is a shearing stress ?
The reply to this question is contained in Equ. (111, 66). There is only
one ¢, where o, vanishes, and that is for ¢ = 90°, when cos 2¢
= cos 180° = — 1. But then 7, also vanishes.

2. Trouton’s Derivation of the Relation between A and 7

The reply being in the negative, we cannot directly apply (I, f).
However, have we forgotten our first rheological axiom that, in order
to examine rheological properties, we have to consider distortions ?
Let us correct this oversight.

This is usually done as follows, the method apparently being due
to Lord Kelvin. Let the cross-section of the prism of Fig. V, 1 be a
square with a side of unit length so that the traction = is equal to P.
Let us resolve this longitudinal tensile traction into three superposed
tensile tractions. each equal to o/3. The strains produced will not be
affected by this procedure. Also let each side face be subjected to two
opposite normal stresses, each equal to ¢/3; these stresses will not
produce any strain. and thus original strains remain unchanged.
We can now group the stresses applied to the prism in any way we
please, and the resultant strains must be identical with those produced
by tensile tresses applied to the end faces. Kach side face is subjected
to a tensile stress o/3, indicated in Fig. V. 1 by a black arrow ; grouping
these stresses with the component tensile stresses oj3 applied to the
end faces, we obtain a uniform dilatational stress o/3. We then group
the stresses indicated by white arrows and those indicated by alter-
natively black and white arrows together.

As can be seen from the Inset 1 of Fig. V. 1, these stresses—white
and alternate arrows separately—are equivalent to shearing stresses
equal to any of them (and therefore = o/3) and making angles of 45°
with the length of the prism (compare Inset 2). Therefore, if a pyramid
ag shown in Inset 3 is cut out of the prism, it is in equilibrium under
the action of the forces shown, with the traction o requiring the super-
position of a hydrostatic tension o. In his calculation of the coefficient
of viscous traction, Trouton followed this method as is evident from
the quotation : ‘“ The tractional force applied to a rod may be
resolved, as is usual in questions of elasticity, into two equal shears
(=- shearing stresses or tractions, M.R.) which are situated at right
angles to each other and at 45° to the direction of traction, along with
a uniform force of dilatation. The value of either shearing stress and
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also of the dilatation stress (hydrostatic tension) is in each case one-
third of that of the tractive stress (c).”

It should be noted that Trouton is wrong in stating that the two
shears are *‘ at right angles to cach other ™. Their korizontal projections

F1e. V, 1. Sumple tension of a prism resolved 1nto states of isotropic tension and shear.
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are at right angles to each other, but not they themselves ; because
the planes in which the shears act make an angle which is necessarily
greater than 90”.* Trouton continues : * In the first instance on the
application of the tractive force, the resolved effects produced corres-
ponding to these resolved stresses, will consist of a dilatation and of

* It is exactly 120’ as can bo found from considerations of solid geometry.
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shearing strain. It can only be to the flow resulting from the latter that
the continued elongation of the rod is due. Nothing similar can take
place in the case of the stress of dilatation, which can only have an
initial effect.” I.e. should the material be compressible, and this it will
generally be, then hydrostatic tension will only- change its density
immediately after the application of the traction and this will be all
hydrostatic tension can produce : it will have no influence upon the
flow. ‘“ The continued application of each shear will produce a corres-
ponding flow given in each case by T = 7y where 7 is the shearing stress,
7 the coeflicient of viscosity, and y the rate of change of direction of
any line in the material in the plane of the shear, as it passes through
the direction normal to the shearing stress ”’ (see Inset I in Fig. V, 1).
This, however, involves two assumptions, which have not been expressly
stated : Firstly the assumption that added hydrostatic pressure or
tension does not effect the value of the coefficient of viscosity. This
is only approximately correct. Secondly, it should be noted that
(I, f) defines  for the case of one simple shear, while here we have two
shears superposed. But what is worse, these two shears are not at
right angles to each other, as was in Trouton's mind when advancing
his argument. Trouton finishes as follows : ** The resulting flow in the
direction of the axis is obtained by adding the resolved components
of the two flows in that direction ; so that resolving the two effects,
adding the components, and reducing the axial elongation to that per
unit length, we find that d, — 7. Since 7 == 7y and 7 == ¢/3, where o
is the tractive force per square centimetre, we get 1) = A/3, so that the
coefficien. of viscosity is equal to one-third of the coefficient of viscous
traction.”

This can be seen from the considerations of Section 1II, 14 (com-
pare Fig. 111, 6). From the action of the white arrows the prism will
extend by y/2 and from the action of the alternately black and white
arrows likewise by y/2. The total extension is therefore twice y/2 or
=:y. Now y can be calculated from (I, f) and is equal to v/n. However,
as 7 = o/3, we have y — o/3% and therefore also d;, = o/37.

From the definition of the coefficient of viscous traction (1) on
the other hand, ¢, — o/A. Comparing the two last equations, we obtain

A=3n . . . . . . . (2

3. Damping of Free Pulsations

We have reproduced Trouton's proof of the relation between the
coefficient of viscous traction and the coefficient of viscosity because
most rheologists have followed the same lines. It must, however, be
said that at the same time many have felt some uneasiness.

In Trouton’s experiment we have to distinguish two stages. The
stress due to the pull o has, in accordance with (III, 45) an isotropic

D.S.F. G
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component ¢ ,, = o/3. When the pull is applied there will be an initial
stage which starts with an accelerated and ends with a retarded move-
ment of the particles with—in general-——pulsations in between. During
this initial stage the material expands, the measure of the cubical
dilatation at every moment being e,. This cubical dilatation produces
an elastic isotropic reaction — «e,.

But this is not all. Let us consider what will happen if, having
compressed a sphere, by gradually applying an isotropic pressure p,
from the radius R, to the radius R. the external pressure is suddenly
released. Now, in expanding, the internal stresses meet no resistance
against which to perform work. The particles will therefore acquire
kinetic energy and oscillations will start. Because of the absence of
external forces, the oscillations are called free oscillations. The elastic
potential encrgy (K,) is converted into kinetic encrgy (K;).* which
gradually increases until it reaches a maximum for B -~ R, when the
elastic energy vanishes. Then the sphere continues to expand with
kinetic energy being converted into potential energy, ete., all the time
the law of conservation of energy requiring that the sum of both is
constant. This, however. cannot go on indefinitely. The process just
described of recurring conversion of kinetic into potential energy
requires that the velocities and accelerations or retardations of all
particles are at all times directed towards the centre of the sphere.
But if the oscillations started in this way, imperfections in the structure
of the material making up the sphere, such as pores, local variations of
density, or. generally, heterogeneities and loeal wolotropies, ete., will
soon make themselves felt. While the sum of the kinetic energies of
all particles will still conform to the law of conservation. the velocities
will gradually become less oriented towards the centre and more and
more acquire a random orientation. The oscillations of the sphere as
a whole will gradually be replaced by individual oscillations of the
particles which macroscopically manifest themselves in an increase of
temperature. This is called Damping of Oscillations, with which we
shall deal in more detail in Chapter XV. But a rheological experiment,
must be isothermal. This can be realized by connecting the body with
a large heat reservoir kept at constant temperature. The heat into
which the kinetic energy of the oscillations is gradually converted is
drawn off into the reservoir and dissipated (£,). The law of con-
servation of energy now requires

E,+ E, + E, — const. S )]

No other form of energy appears in rheology. What we have derived
here on the example of isotropic stress and voluminal oscillations is,
as will be shown later, valid for every other kind of stress and

* Compare Equation (21) of Section 11T, 7.
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deformation. Equation (3), together with the proviso that in every
process K, can only increase, form the energetic basis of rheology.

4. The Coefficients of Volume Viscosity

If there is dissipation of energy whenever the cubical dilatation is
not produced infinitely slowly, or whenever there is a finite rate of
dilatation, é,, this implies a sort of viscosity { which we may call
Volume Viscosity. In this connection it is immaterial whether we
speak of a liquid or a solid. This is in accordance with the first rheo-
logical axiom which (in other words) says that for simple changes of
volume or density every material behaves as a solid. One could,
of course, in principle assume that for a certain class of liquids {
vanishes and we may call this class of liquids the Stokesian Liquid,
because this was what Stokes (1851) assumed when deriving the
famous Navier-Stokes differential equation of viscous flow named after
him and Navier (1823). Until recently this was generally assumed to
conform to actual conditions, but Tisza (1942) has pointed out that ¢
must in real liquids be rather high and I have pointed to other con-
sequences connected with a vanishing { which are not likely to conform
to experience and about which we shall say more in Chapter XI1T.

This, however is still not the whole story. We have assumed that
all volume dilatation is a strain, i.e. a recorerable deformation, and have
accordingly denoted it by ¢,, ¢ denoting strain. In contradistinction
we have denoted the rate of linear dilatation by d,. in order to indicate
that this is a deformation of a different kind. Actually it is linear flow,
the latter defined in Section I, 2. To make this quite clear let us
introduce the symbol f, for what we wrote as d,. The question then
arises : is there a volume flow f,, i.e. an increase of the volume con-
tinuing irrecoverably in time, as long as the isotropic pressure p is in
action ! We shall come back to this question in Chapter XII. Mean-
while we can say that if such volume flow exists, it will be resisted by
another kind of volume-viscosity, which we may call © liquid ** volume-
viscosity {;, denoting the first volume viscosity more specifically by
{, as “ solid ” volume-viscosity.

5. The Stokesian Liquid

Stokes never considered {; and he assumed, as has been said before,
{, = 0. Tisza has recently drawn attention to the following quotation
from Stokes : ** Of course we may at once put {, == 0 if we assume that
in the casc of a uniform motion of dilatation the pressure at any instant
depends only on the actual density and temperature at that instant
and not at the rate at which the former changes with the time. In most
cases in which it would be interesting to apply the theory of friction
of fluids, the density of the fluid is either constant or may without

az
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sensible error be regarded as constant, or else changes slowly with the
time. In the first two cases the results would be the same and in the
third nearly the same whether {, were equal to zero or not. Conse-
quently, if theory and experiments should in such cases agree, the
experiments must not be regarded as confirming that part of the theory
which relates to supposing {, to be equal to zero.” If we assume with
Stokes vanishing volume viscosity, the material would in the first
stage expand purely elastically and instantancously in no time as is
natural in the absence of the damping influence of a volume viscosity.
If, on the other hand, {, were so great that it may be put = oo, the
expansion would be infinitely delayed. Tisza deduces from observations
on supersonic adsorption in certain liquids a value of {/y —= 2,000.
We shall come back to the question of both volume viscosities, as said
before, in Chapter XII. Meanwhile we may assume, as in classical
hydrodynamics, that to a first approximation {, vanishes, and that
{, is so great (say == co) that no volume flow can be noticed. The A
calculated under such assumption we may denote by A*, and it is the
viscous analogy to E*, as defined by Equ. (II1, x). Trouton calculated
the values for A* shown in the following table :—

1 Mixture of pitch
and Shoemaker’s
o) » CINa.
Material Pitch — — Wax
Tar More tar
A*x10-10 3-6—4-3 1-29 0-67 0-0059
in poises

6. Analytical Derivation of Expression for A

Equation (I, d) for the Hooke solid and (I, f) for the Newtonian
liquid, which we write again side by side as r = py and 7 == %y, are
entirely analogous, n corresponding to p and y to y. For viscous dis-
tortion there are equations in force analogous to those of elastic dis-
tortion III (o), if we write » for u and d for e. In addition, to indicate
that we mean by the rate of deformation a flow, we introduce f for d,

and have
O ntoy = 20 [u(o) O 3]
In our case (compare 11I (n))
Oro) = 203 S ()]
while (compare I1I (k) )
dyoy =de— 2,3 . . . . . . (6

Therefore
ol83=nd,—&/3) . . . . . . (1)
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Now, assuming ¢, to vanish, which may variously be interpreted
as either that the material is incompressible (« = oo, ., e, =0),
or that it has suffered a cubical dilatation (e, == 0) which does not
change in the course of flow (e, = const, .°, ¢, = 0), and that there is
no volume flow (f, == 0)—then we can identify d, with f,, and with
¢, = 0 we find

o=323f B )
which by comparison with Equ. (1), confirms Equ. (2), writing A*
in order to indicate the special assumptions in respect of {, and {,.

7. Another Example for the Viscosity-Elasticity Analogy
If we compare Equ. (V, 1) with Equ. (I1L, r) or o = M, with
o = Ee,, we see that a viscosity-elasticity analogy exists also in simple
tension. Here Trouton's coefficient of viscous traction A corresponds to
Young’s modulus E* in the case of an incompressible material. There-
fore if, for instance, we place a beam made of, say, fairly hard bitumen
upon two supports and load the beam in such a way that simple
bending is produced, the beam will gradually and continuously sag
and. as long as the deflection is not too great, the rate of sagging d can
be found from (1V, 12) to be
d — [2M|8X = LM |24yl e )]
If the bending is by a weight w per unit length of the beam, the
rate of deflection is in accordance with (LV, 20)
d = 5wlLAI384N = swlA[1152q91 .. . (10)
A concentrated load P in the centre will produce a rate of de-
flection in accordance with (IV, 25) of
d == PL3[48A —= PIA[14pI . . . . (11)
Bending by two concentrated loads 1> arranged symmetrically
about the centre with a as the distance between them will produce in
accordance with (1V, 36) a rate of deflection
d = P(L — a)(2L% + 2La — a?)[48M = P(L — a)
(2L* + 2La — a®)|1449I . . . . (12)
These arc all examples where the main stress is “ normal ”’. Torsion
of a viscous liquid gives, in accordance with (LV, 45)

R =2ML[zRY% . . . . . . (13)

8. Summary
The rheological equation of the Newtonian liquid connects the
distortional stress o, with the flow f, through

oy =2mfn - . .- . . . (V,a)
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In the case of simple normal traction o causing a linear flow f;, Trouton’s
coefficient of viscous traction A is defined by

X=olfy . . . . . . (V.h)

In this case the isotropic component o, = o/3 produces an elastic
cubical dilatation e,, which in accordance with (11I, a) is e, = K(‘;,
while its distortional component o, = 20/3 produces a linear flow
Ji = 0(,)[?n = o/[3n. This presupposes that f, =f +f, + f, =0, or
that there is no volume flow, and that the elastic cubical dilatation e,
is instantaneous. Such liquid may be named Stokesian. In this case
o is connected with f; by

0=3nfl:/\*d, R A A
where A* is Trouton’s coefficient of viscous traction under these special
assumptions, and d, is the rate of linear dilatation, or

=3 . . . . . . (V,d



CHAPTER VI
PLASTICITY AND STRENGTH

1. Technical and Rheological Test Curves

Wz have mentioned in Section I, 10 the St. Venant-body. This is a
solid which is characterized by the property that no permanent defor-
mation appears as long as the stress is below the ‘ yield-value ”,
whereas as soon as this point is reached a permanent deformation is
started, which can attain any value, while the stress remains constant
at the yield-value, always balanced by the internal elastic reactions
in the body.

St. Venant postulated such ideal material on the strength of experi-
ments made by Tresca (1868) on the plastic deformation of metals.
Let us therefore look more closely into the tensile test of mild steel
which is recorded in what is usually called its “ stress-strain curve .

A record of the observations consists in plotting the load (P)
against the elongation (4l) or vice versa. Such a curve, where directly
measured quantities are plotted. may be called a Technical Test ("urve.
[t forms the basis of the theoretical analysis : the latter aims at
expressing the rheological properties of the material under test by (i) a
rheological equation and (ii) the numerical values of its rheological co-
efficients. For accomplishing this task there are certain difficulties to be
overcome. First of all, there is a difference depending upon which one
of the two variables P and 41 is taken as the independent and which
one as the dependent variable. If we gradually increase the load, the
rod of mild steel behaves first elastically, more or less as a Hooke solid ;
but with a certain load the yield point is reached, when the rod starts
to flow plastically at a more or less constant load. 1f, disregarding this,
we continue to increase the load, there will be no equilibrium, the
material will How at an accelerated rate and soon break. This difficulty
does not arise if the elongation is taken as independent variable. Here
the load first increases ; then remains constant ; then again increases ;
then, after what is called the ‘“ necking *’ of the piece, decreases, until
the piece breaks. This is the arrangement in most tensile testing
machines for metals, where one end of the rod is fixed, the other travels
at constant rate ; and where 40 is therefore the independent variable,
and the co-related P is observed.

Another method of taking account of the difficulty consists in
considering the traction ¢ and not the load P as the independent

variable. With increasing elongation the cross-sectional area gradually
87
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decreases. 1f we let the traction gradually increase, this will often
mean that the load must be decreased. If the elongation continues
under constant traction, as it is supposed in a St. Venant body or in
viscous traction, the load must be gradually decreased in the same
ratio as the cross-sectional area decrcases. There exist a number of
devices to effect this automatically. One, by Andrade for pull, is
described in Twelve Lectures, p. 98. For another, also for pull, compare
Andrade and Chalmers (1932). Two methods for push, keeping com-
pression stresses constant, are described by Scott Blair in Survey,
pp. 120-122,

A curve in which stress is plotted against deformation in such a
manner that the curve is independent of the dimensions of the appara-
tus may be called, in contradistinction to the technical curve, a
Rheological Test-Curve. A rheological test curve will not necessarily
be independent of the kind of apparatus. If the variables are such
that this is the case, the curve may be called the Fundamental
Rheological Curve of the material. This is a graphical representution
of the rheological equation of the material.

2. The *“ Stress-Strain” Curve for Mild Steel

Let us go back to the technical curve for the tensile test of mild
steel. If we plot the load P against the elongation 4, this gives from
the start a different curve for every different diameter and every
different length of a different bar of the same material. Therefore,
denoting by A, the original cross-sectional area and by [, the original
length of the test-piece, the “stress” P[4 is plotted against the
“strain  4l/l, in what is called* the * stress-strain curve ” of mild
steel. While this curve is more or less independent of the dimensions
of the test-piece, it can still not be regarded as a rheological test curve,
the designation of ‘‘ stress-strain curve ”’ being, as we shall presently
see, not fully justified.

As we have said, the elongation 4/ is at first proportional to the
load, until the yield point (¢ in Fig. VI, 1) is reached. This is the
elastic or Hooke-range. After that the elongation grows quickly at
approximately constant load. This is the plastic range. When the
point ¢ is reached the load must again be increased, but at a much lower
rate than in the Hooke range. This is called the strain-hardening range.
When the point b is reached the load must be decreased ; the rod
starts ““ necking ” until it finally breaks at point e. Plotting P/A4,
against 41/, results in the curve o-a—c-d-b—e of Fig. VI, 1. However,

”

* The terms ‘‘ nominal stress”, * nominal strain” and ‘ nominal stress-strain
curve ”’ are also used, to distinguish them from the ** true ” stress, strain and stress-
strain curve, about which more will presently be said. But note also the more restricted
use of the term ** strain ”’ to indicate a reversible, clastic, deformation.
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it is clear that this does not tell us much about the rheological properties
of the material and even gives a misleading picture, because it is not
obvious why, if the test-piece actually breaks at the load P,, it can
sustain the same load at an earlier point ¢ without breaking ; and
later on at point b an even higher load. The exptanation is, of course,

PA«PA A
hg/em® ‘ em?

7000
6000 1 il
5000 A
4000 - =
rmoae
_________ e A\ %
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"0 0.05 040 045 025
Fie. VI, 1. Technical and rheological test curve of mild steel.
*a ™ first yield pomt. *“ b yield point atter strain-hardening.
A cross-sectional area. P load. 4[ elongation. (The elastic stram x

has boen exaggerated.) o-a clastic range. a-c plastic range.

that with increasing elongation the cross-sectional area is gradually
reduced and, therefore, the stress increases even for the same load.
If we plot the stress P/A against Al/l,, the curve o-a—c'-b’—e’ results
and this curve looks more reasonable in that there is no fall of stress
with increasing strain. However, the strain is here understood as the
ratio of elongation to the fofal length of the test-piece, while after
necking elongation takes place at the section of striction and should
be related to the length of the latter. For this reason the denotion
‘“ stress-strain curve "’ is not applicable after the point “ b .

3. The St. Venant Range
Our description of what we called in the preceding section the plastic
range, but what in accordance with our nomenclature we shall call
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the St. Venant Range, was rather superficial. When the bar first yields,
an immediate drop of the load to a lower level can be observed and
yielding continues at that lower level. To describe this phenomenon,
Bach (1904) coined the terms * upper ” and ** lower ” yield point. It
has often been maintained that the phenomenon is not due to intrinsic
rheological properties of the material, but to a *‘ machine-effect
resulting from the combined mechanies of test-piece-cum-testing-
machine. It has been stated that the rise of the yield point is caused
by the inertia of the machine and is due to the sudden stretching of
the specimen and the inability of the machine to react satisfactorily
to this quick change. This question of the influence of the mechanical
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Fie. V1, 2. Model for a St. Venant body.

behaviour of the testing machine upon the observational results is
certainly of importance. When the reaction of the apparatus is of the
same order of magnitude as the phenomenon to be observed, these
can hardly be separated. This has led in the realm of the submicro-
scopic, where the observed is an electron and the means of observation
a photon, to Heisenberg's uncertainty principle. If, in the realm of the
macroscopic, the testing machine is a steel structure and the test-piece
a steel rod introduced into that structure, conditions become similar,
We cannot go into the problem here. It has been dealt with in great
detail in a book by W. Spath (1938). In order to find out about the
reality of the upper yield point, Kdwards, Phillips and Liu (1943) used
a simple arrangement of direct loading by adding weights on a pan
attached to the lower end of the test-piece, avoiding mechanical devices
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for applying loads so that the difficulties from inertia arising from
machine bearings, levers and other features of design would be over-
come. It was found that, once plastic deformation had commenced, it
continued at much lower loads than those imtially required. The
upper yield point could be raised by careful and cery slow loading.
This suggests for the St. Venant body a model as shown in Fig.
VI, 2. A weight rests upon a table top and there is solid friction
between them, a friction which is higher at rest and lower when move-
ment takes place. A string is conneeted to the weight and a gradually
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Fra. VI, 3. Model for a combined Hooke-St. Venant body.

increasing pull £ applied to its free end. First the string is slack,
then it is tightened.

As long as the pull is smaller than static friction, the weight remains
at rest. When P reaches and slightly exceeds static friction, the
weight starts to move, and in order to maintain equilibrium with con-
stant velocity of movement, P must be reduced to kinetic friction.
The resulting load-movement diagram is shown in the lower half of
Fig. VI, 2. If we introduce the stress o for the load I” and the deforma-
tion d for the movement 4/, we see that the model qualitatively re-
produces the behaviour of the test-piece during the St. Venant range.
To include the Hooke range, we replace the string by a spring or couple
the StV element with the // element in series, an operation which we
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indicate symbolically by StV — H. In Fig. VI, 3 the model and the
load-movement-time diagram for this arrangement are shown.

. Q
3

HOOKE-RANGE| (OMBINED HOOKE -StVENANT RANGE

Fic. VI, 4. Plastic torque-twist diagram.*

4. The Yield Stress

We have said that a plastic material will only flow if the shearing
stress 7 >-. Now let us assume that a plastic material is subjected
to the action of a force P of such magnitude that max. » = 2. Then
the whole material will flow. Now let us reverse the direction of P
and make P>’ = — P. The shearing stress will also be negative and
it will be 7' = — 7 = — 29. But — 2¢-.9 and therefore the material
will not flow.

Can this be correct?

It cannot be, and evidently we must write the flow condition in
the form

= ¢ O}

This shows us that the quantity really governing plastic flow is not of

* This figure is referred to on pago 96.

t If one tries to koep to r == & as the flow condition, stipulating that the absolute
value of & only is to be considered, this would mean that # had no sign and therefore
was a scalar and not a vector. Tn this case, however, an equation such as 7 -— & where
on the left there is a vector and on the right a scalar, 1s impossible. We must introduce
a scalar on the loft side also, or 7%, which is the inner product of the vector r with itself.
We thereby arrive at (1).
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the nature of a stress, but something else which is proportional to the
square of a stress. What that is we shall presently learn.

5. The Flow-Condition

The main physical problem of plasticity is the determination of the
so-called flow-condition. After a flow-condition has been assumed the
rest is mathematics.

The flow-condition is that function of rheological variables which
determines the yield point, i.e. the transition from the elastic to the plastic
state.

In (I, e) we have (provisionally) adopted the very simple condition
that in simple shear, plastic flow starts when the shearing stress has
reached a certain value #,.* This may be called St. Venant’s flow-
condition. We have seen in the preceding section that this flow-con-
dition is not entirely satisfactory.

Let us again consider such material spheres as we considered in
Section 3 of Chapter I under simple shear. Let there be two spheres,
one of rubber, the other of plasticene. In straining any one of these
spheres we have to perform a certain amount of work. If we apply
our force suddenly or quickly, the particles of the sphere will he
accelerated and kinetic energy will be produced. This will not be work
required for straining. To determine strainwork, we must apply our
force very slowly, practically infinitely slow. Then we shall find that
we can expend a certain limited amount of strainwork upon the shearing
of the rubber sphere, which is stored up in the material as elastic poten-
tial energy and can be regained on removal of the load. If we try to
force more work upon the sphere of rubber, it fails to take it, it breaks,
its parts are torn asunder—and this finishes it. It is different with the
sphere of plasticene. In it we can store a small, limited amount of
energy, but when this is reached and exceeded there is no rupture.
The spherc is continuously and practically indefinitely deformed
plastically. However, the work necessary to perform that deformation
is not stored up in the material but dissipated by internal friction.

Hencky (1924) has proposed to base the flow-condition on the
capacity of the unit volume of the material for elastic energy. He likens
the plasticity of the material to a vessel of certain limited capacity
which represents the amount of maximum elastic energy which may
be stored up in the volume element of the material. This maximum is a
fixed quantity ; if more energy is expended in strainwork, the vessel,
so to speak, overflows. That overflow represents the yield point.

This idea forms the basis of Hencky’s flow-condition. Let us
consider the prism of Fig. I, 2. In shifting the upper surface against the
lower, the stress r performs strainwork. When after the displacement

* The suffix ¢ in &; denotes ‘‘ tangential’.
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u has been reached, this is increased by du, the work is increased by
dw = rdu. If we consider a cube having edges of unit length du is
nothing else than dy and we have
dw, ==dy . . . . . . . (2
Therefore, the strainwork expended upon unit volume in a defor-
mation starting from the unstrained state is

w, = f);rdy B )]
Let the material obey Hooke's ]a\: (I, d) then
w, = f:;/.'ydy = ;LJ:y(Iy =2 . . . . (4)
Introducing for y = 7/u this is also
w, =72 . . . . . . . (D)

Let E,, be the maximum amount of elastic energy which a volume
element of the material can take up, then

E,, =02 . . . . . . . (6
or
—= + V2uE, . . . )

E,; may be called the Plastlc Resilience of the mdterml ie. its
resillencc up to the yield point, Resilience being the amount of elastic
energy which can be stored up in the volume element of a material
until a certain state is reached.*

Equation (6) is the Hencky flow-condition for the case of simple
shear.

In the derivation of this equation we have assumed that the
material is a Hooke-body up to the yield point. Mises (1913) assumed
that (6) is the flow-condition for any plastic material, whether following
in the elastic state Hooke’s law or not. Mises’ argument is purely
mathematical, based on tensor analysis which transcends an elementary
treatment.t

The flow-condition (6) or (7) does away with the difficulty which
we described in Section 4, § appearing with the +4- sign. Equ. (6) is
usually named the Mises-Hencky flow-condition.

6. Plastic Torsion
As an example of plastic deformation, we treat plastic torsion.
If an elastic rod is subjected to torsion, we find (compare (LV, g) that
in order to rotate its free end through an angle 2 a torque
M, = nRuQ/2l B € )
has to be applied. From this equation it follows that there is a linear
relationship between M , and 2. If, however, 2 is gradually increased

* It should be noted that Ep; 1s a material constant and a sealar quantity.
t Compare Twelve Lectures, p. 112.
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through an increase of the external forces, we find that this linear
relationship has a limit and that the rod either breaks, when it is
brittle, or that it can from a certain stage on be further considerably
increased by a very small increase of M ,, when the material is ductile
or plastic. We may therefore try to apply St. Venant's law (I, e) to
this case.

The application of St. Venant’s law is easy enough if we have a
case of homogeneous stress. Then the yield point is reached in all
parts of the body at the same time and while, before reaching the yield
point, the deformation of the whole body was elastic, after passing
the yicld point the deformation of the whole body is plastic. It is not
so in cases of heterogeneous stress. In such cases there must be a
surface or surfaces dividing the body in two parts, the rheological
equation of which will be either (1, d) or (I, e). The form of the dividing
surface is generally not known and this causes the greatest mathe-
matical difficulties. In certain cases. however, the form of the surface
suggests itself This is especially so if we are dealing with a laminar
displacement. The form of the surface can then be assumed, the
assumption can be verified and the position of the surface found from
the condition that for the dividing surface the tangential stresses of
the clastic part are all equal in magnitude and equal to ¥,.

As follows from Equ. (1V, h), the tangential stress in the twisted
clastic rod is

r=28My[nR*=p2r)l . . . . . (9

The tangential stress has therefore the same value in every point
of a cylindrical surface with the radius » and its maximum value for
r=R

max. 7 == 2M [z R3 B ¢ (1))

The dividing surface will accordingly be a coaxial eylindrical
surface. If 2 ix gradually increased, maximum 7 also increases, until
it reaches the value §, and the other stresses are increased corres-
pondingly. If £ is still further incrcased, maximum 7 cannot, in
accordance with St. Venant’s law, increase beyond J, and a plastic
body develops as the outer shell of the cylinder, enclosing an elastic
co-axial cylinder. As the tangential stress = of this elastic core is the
same over one and the same concentric cylindrical surface, the dividing
surface between the plastic and the elastic parts must, as has been
said before, be a cylinder of, say, radius r,. Within this cylinder the
stresses will still follow Hooke’s law as given in (9) and », can be
calculated from

g, =210 . . . . . . . (11)
to be
ro==0JMul . . . . . . . (12)
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In the outer shell the tangential stresses will all be equal to #,.
Analogous to (IV, 42) we then have
R 7o R
M = 21-rf rridr = 27 [f ‘-”? ridr + f 0,r'-’dr] ==

4
2nd, R3|3 — mOI3|6p323 . . . . . (13)
Fig. VI, 4* shows M, as a function of £.
It is interesting to note that while in the case represented in Fig. T,
5, b, when the shear has exceeded the value #/. the material starts to
flow under constant stress ; in our case, when plastic deformation
starts there is no flow, but the external forces may even be increased
and there will still be an arresting deformation up to a maximum
moment (max. M, = 29,7R3|3). This is due to the fact that in the
present case there always remains a solid elastic core of diminishing,
but never vanishing, radius r,. It should, however, be noted that we
have treated our problem as a case of equilibrium. The torsional
moment of the external forces can, of course, be greater than maximum
M,. In this case equilibrium is not possible and also not steady flow.
If M, >297R3/3, there will be accelerated flow under the action of a
torsional moment which is M, — 24,7 R?/3.

7. Strength

When an elastic material has been strained to such an extent that it
starts to flow plastically, its strength has been exceeded. However,
strength is a more general term.

The strength of a material is that property by which it resists either
excessive deformation or rupture, the former in many cases ultimately
also leading to rupture. A body has suffered rupture when it vreaks
into parts. When the body is strained beyond its strength, it fails.
Failure can therefore be either through (i) excessive deformation, or
(ii) rupture. Excessive deformation may lead to rupture either (a)
in tension under constant load when the cross-sectional area has sub-
stantially decreased, and the traction accordingly much increased ;
or (b) when one part of the body is sheared against the other : this is
rupture by glide. In rupture by glide the separation is tangential to
the surface of the separation, in (c) brittle rupture it is normal to that
surface. There may, however, also be (d) a separation normal to the
surface which is not brittle, but occurs in flow.

Fig. VI, 5 represents the tension-rupture of a steel bar in which
the core shows brittle rupture by separation and the outer part
rupture by glide. The rupture in the core takes place first. It should
be noted that until such rupture takes place, the core suffers tension,
not only in the axial direction, but also in the radial direction from the
outer ring. The core is therefore subjected to an isotropic tension

* On page 92.
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F1g. VI, 5. Tension-rupture of steel bar. Cup and cone fracture of a
cylindrical bar of low carbon steel in a tensile test. After tests
by A. Nadai. (By courtesy of Dr. Nadai.)

Fia. VI, 6. Rupture of a soil-specimen. Rupture by glide.

(compare Section 8 below). After this rupture by separation has taken
place, all load is transferred to the outer ring which then breaks by

glide.
Fig. VI, 6 shows rupture by glide of a soil cylinder under axial

compression,
D.8.F,
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Fig. VI, 7 shows brittle rupture by separation of a cement stone
cube under vertical push.* On the right, both parts into which the
cube was broken, are shown separated.

Fig. VI, 8 shows the breakage of a bitumen prism under axial
tension. First the part marked d was broken after flow of the porous
material had taken place, then all load was transferred to the part
marked ¢, which broke in a brittle manner.

To prevent failure is a very important task in engineering which
makes it imperative to have a quantitative measure of strength. This
is accomplished by means of a theory of strength.

In the present chapter we consider statical theories of strength
where the rate of deformation is not taken into account. A dynamical
theory of strength in which the rate of deformation is one of the
variables is treated in Chapter XIII below.

The following are the main statical theories of strength :

The material fails when a certain limit, which is different in charac-
ter in each case, is exceeded by

(i) the greatest of the principal stresses (Rankine),
(ii) the greatest of the principal strains (St. Venant),
(iii) the maximum strainwork (Beltrami),
(iv) the maximum shearing stress (Coulomb, Mohr, Guest),
(v) the maximum distortional strainwork (Huber, Hencky).

Nadai (1931) has critically discussed these theories of which (i)
to (iii) are of historical interest only. He finally accepts (v) under the
heading ‘“ New Theories . Regarding (v), the mathematical ex-
pressions for both Huber’s and Hencky’s theories are not very diffe-
rent, but while Hencky is concerned with plastic flow, Huber is con-
cerned with rupture.

8. The Huber-Hencky Theory of Strength

Huber’s theory arose from Beltrami’s theory of maximum strain-
work. Beltrami overlooked the important fact of the radically different
behaviour of all materials in isotropic strain and distortion, which we
have emphasized at the very beginning of the present book. Many
experiments have shown that under high hydrostatic pressure increasing
amounts of elastic energy may be stored in a body without any limit
from fracture or permanent deformation provided the material is
perfectly homogeneous. Huber, therefore, considered isotropic strain
and distortion separately. He assumed that there are two different
measures for strength in the case of simple pull and push respectively.
Let w, be the strainwork per unit volume in isotropic (voluminal)
strain and w, in distortion, then Huber assumed that in push the
measure of breaking strength is given by a maximum value of w,,
and in pull by a maximum value of w, + w,. Hencky was concerned

* Lateral friction was prevented by lubricating the end faces.
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I, 7. Brittle rupture of a cement-stone. Rupture took place under
pressure in vertical direction.
“

N\

b

8. Ilupture aiter 10w. Dltumell priSm wnicn Oroke under tension.
which broke after flow, ¢, part which broke in a brittle manner.
(By courtesy of Road Research Laboratory, Harmondsworth.)

H2
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with finding a measure of plastic yield strength. He argued that there
cannot be isotropic flow—and therefore also no isotropic plastic
flow—either in compression or in tension. Therefore the plastic Flow-
Condition must be expressible in terms of distortion only. As we have
already mentioned before he accordingly pictured every plastic material
as a vessel capable of absorbing in the unit volume a limited amount
of distortional energy. When more is ““ poured in ' the vessel over-
flows, or the material yields.

Huber’s and Hencky’s theories can be combined by assuming that
there are three independent measures of strength, viz. - -

(A) Against rupture by isotropic tension ; the resilience #,.

(B) Against plastic yielding in distortion : the resilience £, ,.

(C) Against rupture in distortion : the resilience ¥, ,.

Here E is ‘“resilience ” (energy), while the subscripts indicate
“voluminal’ (v), “distortional” (0), “‘plastic” (pl) and “‘rupture” (r).

In accordance with this, and in contradistinction to Huber, in pull
a material may break in fwo ways, depending upon whether in the
particular case K, or K, is exceeded.

9. Cohesional Strength

In Chapter 111 we considered a body under the action of isotropic
stress. When the stress is a pressure, the volume is decreased and we
assumed that there is a limiting relative volume which cannot be
reduced, even with the pressure becoming infinite. This would not
exclude that the body may break under such pressure with the total
volume of all parts remaining constant, which could well be the case
in an ®olotropic material. (This gives us the opportunity to remark
again that we are dealing in the present book with isotropic or quasi-
isotropic materials only.) Secondly, one has to keep in mind the
possibility of local or tnternal ruptures in porous materials, manifesting
themselves in permanent set. With these qualifications it may be said
that for isotropic pressure the strength of every material is infinite. It is
not so if the stress is a tension. The volume is then increased, the
distances between the molecules or atoms which make up the material
are also increased and by this, correspondingly, the attractive reactions
between them, which balance the external forces. This cannot go on
indefinitely because there is a maximum attractive force which cannot
be substantially exceeded. When the external isotropic tension reaches
this maximum, the limit of strength of the material is reached. When
the maximum is exceeded, the body breaks through rupture, its parts
are torn asunder and it loses cohesion. We can therefore say that for
isotropic tension the strength of every material is determined by its co-
hesion. The cohesion itself is the resultant of the attractive and
repulsive atomic forces. In the unstrained state the resultant vanishes,
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each atom being at the bottom of a potential trough, about which its
heat movements make it oscillate ; in this state the material does not
possess any clastic potential energy. At smaller distances there is
practically unlimited repulsion, at larger distances an attraction pre-
vails, which is limited. The elastic energy which is produced by iso-
tropic tension is therefore also limited by the value E,. 'This is a
measure of its cohesional strength.

Rupture in isotropic tension may be of two kinds. Let the material
have no pores or holes, then, when cohesion fails, there cannot be any
flow in which the particles of the body move away radially with
preservation of the continuity of matter. In this case the rupture is
brittle. But if the material has holes, such as was found by Reiner,
Rigden and Thrower (1950) in asphalt, the rupture will be preceded
by flow, if given enough time (as at “d ”” of Fig. VI, 8). If the stresses
are very great, rupture will in this case also be brittle, there being
not enough time for flow (as at “ ¢ " of Fig. VI, 8).

10. Isotropic Tensile Strength

Let us consider this case in greater detail. In the slow application
of the tension, K, can be calculated in accordance with Kquation
(ILI, f) and expressed in terms of stress or strain or relative volume
or density there being a one-valued relation between all these
quantities. In this case there is therefore a definite isolropic tension
(or cubical dilatation, relative volume, density) at which the material
will break. As we said before, that isotropic tension is equal to the
molecular or atomic cohesion. For non-porous materials the isotropic
tensile strength must accordingly be very high. In classical hydro-
dynamics it is assumed that liquids have no such strength, but from
thermodynamic considerations Poynting and Thomson (1929) suggested
that the isotropic tensile strength of water is about 25,000 atmospheres,
while van der Waals calculated from his equation a value of about
10,000 atmospheres. O. Reynolds found by actual experiment that
water could sustain a tension of about 5 atmospheres without rupture.
[ suggested in a letter (1943) that the well-known phenomenon of
cavitation-erosion of metals may be due to picces of metal being
torn oft by the water before its own tensile strength is recached. This
would imply that the isotropic tensile strength of a metal was lower
than that of water. In reply to my letter, R. S. Silver (1943) pointed
out that “ the failure of a liquid to sustain the calculated tensile
strength in an enclosed and filled space is due . . . to the formation
of vapour bubbles. 1t is the formation of vapour cavities around nuclei
which prevents ihe full tensile strength from being attained.” This
means that the liquid actually is not non-porous, it contains micro-
scopic holes around which there exist non-isotropic stress-concentrations.
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Now, if even a liquid, the molecules of which easily flow into internal
holes to reduce and close them, actually has pores, still more must
this be assumed of solids, where pores developed in the process of for-
mation will be stable. Therefore, while the theoretical cohesion might
be very high, actually, because of holes, pores, flaws and cracks, the
isotropic tensile strength will be comparatively low.

11. Summary

Strength is that property of a material by which it resists failure
through either (i) excessive deformation, or (ii) rupture. There are
two independent modes of failure in each of the cases mentioned, viz.
(@) in isotropic, (b) in distortional strain. Excluding the exceptional
case of volume-flow, failure in isotropic strain can only be brittle
rupture.

In steady states of deformation, the strength is reached when a
definite amount of elastic potential energy, the resilience E of the
material, is produced in unit volume of it. There are ordinarily three
independent measures of strength, viz., E,, ¥ E . in exceptional
cases K, may be cither K, ,or K ,.

The resilience £ is the time-integral of that part of the rate of
strainwork which changes sign on change of sense of strain from
positive to negative, while that part of the power which is always
positive is dissipated.

When E, or E,, are reached or exceeded, the material breaks.
When E,,, or the yield point is reached or exceeded the material
flows plastically.

The yield stress § is the stress which results in the resilience K, ;.
In simple shear it is J,, in simple pull or push it is 3,.

An ideal material which is Hookean up to the yield point, and then
flows at constant stress =4 is called a St. Venant body. For the
St. Venant body the flow condition is

b, =4+Ve%WE,y . . . . . (Vla)

This is called the Hencky flow condition. Similarly when E,, is

replaced by K, ,, the tangential stress is found at which the material
breaks in accordance with Huber’s theory.

By application of this theory to the case of a circular rod it is

found that the torque M, which is produced by a twist £2/I,is in the
case of equilibrium

(o) pb>

4 3
M,—_:Z—nﬂ,R"/Bn%%a/(?) . . . (VLb)

so that when M, = 28, R%/3, the twist will increase indefinitely.



CHAPTER VII

FIRST INTERLUDE
1. Retrospect

In the preceding chapters we have treated that part of rheology
which has become classic under the name of Mechanics of Continua,
and is as such included in textbooks of Mechanics following the
mechanics of material points, systems of material points, rigid bodies
and systems of rigid bodies. All these are also idealizations, even more
so than are the Hooke solid and the Newtonian liquid. When mechanics
deals with the movements of the planets around the sun, these are con-
sidered as material points, each one possessing some mass m. In these
considerations the material properties of the celestial bodies, whether
they are elastic solids or plastic solids or liquids. are entirely ignored.
This is how Newtonian mechanics started. When mechanics turned
to problems on the earth, it postulated the -likewise non-existing—
rigid body. If we extend the designations, which we proposed in
Chapter I for ideal bodies, to those of mechanics proper, we may call
the rigid solid a Kuclid Solid, Euclid (300 n.c.) having based his
geometry on the supposed existence of such bodies. As the opposite
of the rigid body, Pascal (1663) conceived a material the particles of
which could be moved past each other with infinite case, without
offering any resistance. This is a liquid which was called the “ ideal ”’
liquid, not possessing any viscosity, and which we may call the
Pascalian liguid. In both, the Euclid-solid and the Pascalian liquid,
no material constant besides the mass appears : they are therefore
still outside the range of rheology. Then two ideal materials entered
science, carrying with them ° material constants”, and thereby
belonging to (the then not yet existing) rheology. We have named them
the Hooke solid and the Newtonian liquid respectively. They are the
classical bodies. In such textbooks as Love’s (1927) for elasticity and
Lamb’s (1932) for hydrodynamics their problems are reduced to
Applied Mathematics, stripped of all physical contents. At an early
date Static Plasticity was added to satisfy the needs of the engineer.
It reccived systematic treatment in Nadai’s textbook (1931).

In Table 1, these classical bodies are listed. In accordance with
what we termed the first axiom of rheology, they have one volumetric
rheological equation in common in which the isotropic (or ““ hydro-
static ”’) pressure p is related to the elastic cubical dilatation or
volumetric strain e, by
(ITT, a) —p==ke, . . . . . . . (D
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Tasre VIL, 1. Scheme of Classical Bodies

LIQUID SOLID

Flow
Plastic Elastie
- T Ty T T T T Deformation Strain Rigid
“ideal ™’ Viscous
Dmg{!:t’:ril:lll of Pascal Newton St. Venant Hooke Euelid
Symbol N St.v H
Shear constant 0<-1q 8 po—> 0

and are distinguished from one another by equations in which the
tangential or shearing traction 7 is related to (i) the recoverable dis-
placement gradient y in the case of the Hooke elastic solid by

(I, d) TEpy oo . . . ..o (2)
or (ii) to the irrecoverable velocity gradient y in the case of the New-
tonian liquid by

(I, f) TEYY . . e e e oo (3)
while in the case of the St. Venant plastic solid the traction remains
unchanged during the plastic deformation or flow. or

(I, e) =% . . . . . . . . 4

These equations can be used as the defining rheological equations in
the case of simple shear without rigid body rotation, for instance in
the case of telescopic laminar flow (see Fig. IT, Ib) or torsional laminar
distortion (see Fig. II, 1¢). But we have seen that when there is present
a solid body rotation as in the case shown in Fig. II, 1a, there will be a
velocity gradient even when there is no deformation, and we had to
introduce in Section II, 8, when treating such problem, another
quantity named the rate of shear . Even this is not adequate when
treating more general cases, and to cope with such, we defined an
infinitesimal deformation d with tangential component d, related to a
change of angle and longitudinal component d, related to a change of
length. These quantities are not affected by rotations. We found that
in simple shear the displacement gradient y

(I, p) y=2, . . . . . . . (5
and when there is a rigid body rotation the amount of shear &
G=2ad, . . . . . . . (6)

Taking time derivatives, we find d, the rate of deformation, related
similarly to y and G
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When we desire to indicate more particularly that the deformation
is a recoverable strain, we write e for d, and when we want to indicate
that we mean by the rate of deformation a flow, we may write f for d.

We have said that the rheological distinctions of the different
materials are not affected by changes of volume. Therefore, when
considering deformations other than laminar shear, whence therc is
a change of volume, we must, in order to express the rheological
equation in a more general form, reduce the tractions by the isotropic
stress, and the deformations by the cubical dilatation. We thus get
those components which refer to distortions, and which we indicate
by a subscript (0). The shearing tractions r are not affected, neither
are the shearing deformations ¢, or the shearing gradients y (where
applicable) because as just said, in laminar deformacions the volume
does not change. It is different with those tractions (=,) which have the
direction n» normal to the surface element upon which they act. They
are related to linear or longitudinal deformations or extensions, which
we call in this connection ‘“normal ” deformations denoted by d,.
If we assume as system of reference the three principal axes ¢, j, b, then

(ILL, ) ey, +e, +e . .. . . . . (7))
and

(I1I, m) -p=(o,to,+o)3=—a, . . . . (8
so that

(ITL, k) Ay =d,—eJ3 . . . . . . (9
and

(I1L, 1) Cole) =0y = Ty o R ¢ (1))

We thus arrive at the more general rheological equation for the Hooke
solid :

(II.I, 0) Uu(n) o 2,[1- pn(") . . . . . . (11)
and similarly for the Newtonian liquid
(V, a) Ouiey =20fn - -« . . . . (12

where the normal flow f, stands for f,,, because there is supposed
to be no volume flow, or

P | F)
These equations make it possible to treat simple pull or push in the
elastic solid and the viscous liquid, when
g,—0,=0 o,=g0 .. ... (1)
and therefore
(I1I, n) G — 03,0,y =0,y "= - 0[3, 0y =Ra[3 . . (15)
The simple (one dimensional) pull ¢ causes a three-dimensional defor-
mation consisting in general of a linear extension d; in the k-direction

m
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accompanied by two equal lateral contractions d, in the - and j-
directions, with

(I1L, s) dy=—vd, . . . . . . . (16)
where v is Poisson’s ratio, so that
d,=((—2vd, . . . . . . (17)
and
14+ v
dity = (0 = — N d,
(18)
1 + v
dry = 2~ 3 - d,

It is convenient to introduce in the case of the Hooke solid Young’s
modulus ¥ defined by .Q

(I, 1) o=He: %p ... . . (19)

and similarly for the case of the Newtoirian fiquid Trouton’s coefficient
of viscous traction A defined by

KW STy

(V, b) o = Af; Ce e oo (20)
Now from (1), (17), (8), (15), (19)

E=3UI—-2v) . . . . . . (21)
while from (11), (15), (18), (19)

E=2u(l+v) . . . . . . (22
Therefore from (21) and (22)
(I11, u, v) L R (23)

Sk+ " 6kt 2u
by which the ‘‘ derived ~’ material parameters £ and v are expressed
through the fundamental parameters « and p.

When the material is incompressible (x = o), we easily find
(IIT, w) E¥=3p,vv=3%} . . . . . . (24)
Specializing the viscous liquid to the Stokesian case defined by (13),
we get by a similar procedure
(V, b) =3y . . . . . . . (25
The foregoing equations suffice for the solution of any problem of the
deformation and flow of a body made up of a material which can be
considered as coming to a first approximation under the picture of one
or other of the classical bodies representing the three fundamental
properties of elasticity, plasticity, and wiscosity. The procedure is to
use the equations of equilibrium
(I, b, ¢) ZP=0,2M =0 . . . . . . (26)

in which the tractions ¢ and 7 may be related through the rheological
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equations to strain or flow components. Examples have been given
for elastic bending and torsion in Chapter 1V, for plastic torsion in
Chapter VI, and for viscous flow, telescopic and rotational, in Chapter
I1. On these models the rheologist can find the solutions of different
problems provided he has the appropriate mathematical tools available.

One other property must be considered as fundamental, namely
strength. This is governed by the ultimate resilience (K) of the material,
or the maximum strainwork (w), which can be absorbed in a unit volume
without either plastic yielding or rupture. We thus distinguish E,, and
E,, adding, where necessary, the subscripts v and (o) to indicate
“ volumetric > or “ distortional ’. The strainwork per unit volume is
the time integral of the specific strain power w

We=s6 . . . . . . . (27)

where s stands for some traction which is related to a particular e.
The specific strain power is the sum of two, one related to the volu-
metric, the other to the distortional strain

We=w,+ Wy - . . . . . (28)
For the first we have
(T11, e) W, =P, = ke, 6, . . . . . . (29
and by integration
(IIL, f) w, = Lke,2 —Ip¥k . . . . . . (30)

For the distortional strain we consider simple shear in which there is
no change of volume. We find
w, =3$py? =13 . . . . . . (31)
More generally we have
u)(o) = [Lezn(o) — 0'2"(0)/4# . . . . (32)
As an example we treat the following problem :

Assume that the yield point of a mild steel has been determined in
a tensile test, e.g. as shown in Fig. VI, 1 to be 4, = 2,800 kg/cm?,
where n denotes the ' normal ” component of the yield stress #. The
question is, at what torque M, will a cylindrical rod of the same
material first yield?

We have found (compare Fig. VI, 4) that the critical torque is
= $,mR?|2, where we write #, to indicate the tangential component of
the yield stress. We therefore must know what #, is for this material.
The tangential yield stress could be determined by an experiment,
which, however, is much more difficult to carry out than the tensile
test. Here a theory of strength shows its usefulness. We know from
Equ. (VI, a) that
(VI, a) B =+ VeuE,y, ... .. (33

where K, is the plastic resilience.
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The problem is to express ¢, as determined through simple tension
as a function of K ,,.
We use Equ. (32) in the second form, and have from Equ. (15)

W) = (0,02 + 0y + 0h(o) ) = 0%y + § + §)/4p =06 . (34)
Therefore
=4 VO6uEy - . . . . . (35)
and
?, = 0:58 &, = 1,620 kgfem®* . . . . (36)

This supplies the solution of the problem, without experiment—pro-
vided Hencky’s theory is correct, which of course, must be verified by
experiment (as has been done).

2. The Stress

When making use of Equ. (26), we have to include in 2P and
ZM all external forces, which are either what Newton called ¢m pressed
forces or reactions. ¥or instance, in the problem which we treated in
Section IV, 4, P is the impressed force, and /’/2 on the right and left
support are reactions. The impressed forces are cither surfuce forces
as e.g. the force P in this case acting upon the upper surface of the
beam or body forces as e.g. the weight w in the problem Section LV, 3.
The surface force P will in general be inclined against the surface upon
which it acts, and we can resolve it into two components, namely one
P,, acting tangentially, and the other P, acting normal to the surface.
Examples for the first were shown in Fig. I, 2, for the second in Fig.
ITI, 5. 1t is then natural to refer the body force (e.g. the weight of the
body) to a volume-element, and the surface force to a surface element.
We thereby arrive at the concept of traction, which is the surface
force per unit area, and which will have in general a tangential com-
ponent 7 and a normal component o.

However, the problems which we have treated so far have shown
the need of a new concept without which we cannot well proceed from
mechanies to rheology ; this is the concept of stress.

Stress is the result of an internal reaction to the external forces
acting upon the body. How do we know that there is such an internal
reaction ? Is there any experimental evidence ¢ Can we determine
the magnitude of the stress experimentally ? It will perhaps surprise
many readers if my answer is no. True, there exists an excellent book
with the title IIandbook of Experimental Stress Analysis (Hetenyi (1950)).
However, if the reader will examine the many methods explained there,
he will find that not one of them dcals with stress directly. They are
occupied with changes of electrical conductivity, with optical aniso-
tropy, etc., etc., which are all related to a hypothetical stress. Why
then introduce such a concept ? The reply is that we are forced to it
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through the application of Equ. (26) to part of the body as well
as to the whole body. Consider a prism in simple pull as was shown
in Fig. 111, 7, in equilibrium under the action of two external forces P,,.
Of these, the lower one is an impressed force, the upper one a reaction.
We now reason that if the prism is in equilibrium, each part of it is
also in equilibrium. Consider that part which is shown in the figure in
bold lines separated from the rest in imagination by a cut a-b. In order
that this part shall be in equilibrium with 2P = 0, we must assume that
the upper part exerts upon it a force I, acting upwards. This internal
force, which is a reaction to the action of the load, per unit area
of the imagined interface, is called a traction. It can be resolved into
two components o, and 7,, where the subscript n refers to the direction
of the normal to the interface. In KEqu. (III, 66) we have derived
expressions showing how the magnitude of these tractions depends
upon the direction or rather the angle é, which it makes with the axis
of the prism. We have shown how the tractions ~, and 7, are related,
and that they can be considered as co-ordinates of points lying on a
circle called Mohr’s circle. Kach such point defines a traction with
components o, and 7,. We now add that the stress is the aggregate
of all these tractions, i.e. it is represented by the complete circle.

We repeat that we cannot determine the magnitude of the traction
directly by experimental means ; we can only calculate it by applying
Equ. (I, b). However, Weissenberg (1948) has found a very nice
method by which its presence or absence can be detected. This we
shall presently describe.

3. Weissenberg’s Method for the Detection of Tractions

To reveal the internal forces in a qualitative manner, Weissenberg
makes lincar cuts in the material at various points and in various
directions. A rough measure of the traction forces across these cuts is
furnished by the degree of opening up of the cuts. Figs. VII, 1 and VII, 2
provide illustrations of two specimens of cloth in different states of
stress. The first speeimen was allowed to contract freely widthwise while
being stretched lengthwise between two parallel rollers. The second
specimen was at its ends rigidly fixed widthwise to two parallel clamps
and thus constrained in the neighbourhood of the clamps from width-
wise contraction while being stretched lengthwise by a separation of
the clamps. Each specimen reached a position of equilibrium in some
stretched state, and was then marked in the upper half by three rows
of linear cuts widichwise, and in the lower half by three rows of similar
cuts lengthwise.

The opening up of the cuts shows that in the specimen which
is free to contract, the internal forces arc the same—qualitatively
and quantitatively—throughout the specimen, and that they are
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homogeneous. In contradistinction, in the other specimen they vary
from row to row, and are therefore heterogeneous. Here also the stress
is not measured directly, but only inferred.

Fra. V1I, 1. Homogeneous Fia. V1L, 2. Heterogeneous deform-
deformation in pull. ation m pull.
(By courtesy of Prof. Weissenberg.)

4. Mohr’s Stress Circle

We have said in Section 2, that the magnitude of the traction can
only be calculated from Equ. (I, b). We shall now show how this
can be done, and at the same time we shall introduce Mohr’s stress
circle in a form more general than that shown in Fig. I11, 8.

We have said in Chapter 11I, that there exist at every point of a
stressed body three axes ¢, j, k, in which the tractions have only normal
components o,, 0,, o;, while the tangential components (which would
be 7, 7,, 7,) are absent.

Consider a prismatic element of the body as shown in Fig. VII, 3 cut
in such a manner that two of its sides are normal to the principal
directions ¢ and j, while the plane of the drawing sheet is normal to
the direction k, which itself is parallel to the axis of the prism. The
right angular triangle shown in the drawing is therefore a cross-section
of the prism.
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n

Traction with componenta O and T

-

i

¥i¢. VII, 3. Tractions on prismatic eloment.

Now consider the equilibrium of the prism (of, say, unit width in
the direction k) in the directions ¢ and j.

The forces which act in the ¢ direction are equal to the respective
tractions times the area. We have in the direction ¢ : [o cos (i, n) |4
and [r sin (¢, n)]A, and in the opposite direction: 0,4 cos (i, n).
Therefore

o cos (i, n) 4+ vsin (¢, ») — o, c08 (¢, n) — 0 . . . (37)
Similarly in the direction j :
osin (¢, n) —7cos (i,n) — o,8in(¢,n) =0 . . . (38)
From these two equations we easily find
o = o, cos? (1, n) + o,s8in? (i, n) = Z’-_‘g 7y g’;;——g—’ cos 2(z, n)
(39)
= ‘;ﬂ sin 2(z, n)

These equations suggest a graphical representation as indicated in
Figs. VIL, 4 and VIL, 5. From Fig. VI I, 4 we see that the analytical
representation of a circle with its centre on the z-axis is given by the
two equations

at+b a—10 N
x = + 97 cos 2 ¢
y = (—L—z—lz sin 2 ¢

(40)

where a and b are the abscisse of the intersections of the circle with
the z-axis. Accordingly o and 7 can be considered as abscissa and
ordinate of a circle which intersects the o-axis in o, and o,<<o; with
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Fia. VII, 5. Mohr cirele.

(¢, n) the angle between the normal » and the i-direction. Therefore,
to construct Mohr’s circle if the principal stresses o, and o, are given,
draw the o axis parallel to the i-direction and the 7 axis in the direction
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opposite to j. Plot o, and o, on the o-axis, and find point C, the centre
of the circle, from (o, + 0,)/2. Draw circle with radius (s, - a,;)[2
as shown in Fig. VII, 5. To find the tractions ¢, and 7, on any surface
element the normal of which is in the direction n, draw parallel to n
through leftmost point of circle ; the intersectior of this line with the
circle has the coordinates ¢, and =,. If » is parallel to ., the co-
ordinates are o, and 7,,.

We can see that the circle of Fig. 111, 8 is built on these lines. We
can also easily find that a simple shearing traction 7 is equivalent
with a tension o, and a pressure o, -~ o, acting in directions
inclined at 45° towards the planc in which 7 acts. KFurthermore there
follows for the case o, = o, -= — p. that the pressure is the same in all
directions, and that in none is there a shearing traction. a result due
to Pascal.

5. Prospect

We have treated in the preceding chapters the classical ideal bodies
in which the isotropic and the distortional part of the deformation
or the rate of deformation are, separately, proportional to the relevant
stress. or together, linear functions. We now proceed on these lines to
more complicated types of behaviour of materials in which the funda-
mental properties of clasticity. viscosity and plasticity are combined, so
that a material may both respond elastically and flow viscously or even
show elastic recoverable strain, plastic flow and viscous flow at the same
time or separately under certain conditions. We shall. however, in
all these cases assume the rheological equations to be linear relations
between stress and deformations and their rates. Only after showing
how far the behaviour of real materials can be represented by equations
of this kind, shall we proceed to non-linear relations.



CHAPTER VII1
PLASTICO-DYNAMICS OR THE BINGHAM-BODY

1. The Rheological Equation of the Bingham-Body

LeT us refer to the viscosity-elasticity analogy of which we gave
an example in Section V. 7. If we know the solution of a problem of
viscous flow, this analogy permits us to write down at once the solution
for the analogous problem of elastic strain in accordance with the two
equations

TE=Ewy .. . o . . (D
T=y .. . . oo (2)

and vice versa. Now we have said that when a tube containing tooth-
paste is slightly pressed so that the yield point of the paste is not
reached, the flat surface at the opening of the tube protrudes in the
shape of a more or less spherical segment. From (I1l, 8) we can say
that this will actually be a parabolic segment and the maximum
protrusion will be, in accordance with (I1I, 9),
u, — AdpR2| 4l T )
The toothpaste can be regarded to a first approximation as a St.
Venant body. At what pressure difference dp will it start to flow ?
The reply is that it will start to flow when and where 7 reaches the
yield stress #. The shearing stress is, as in (I, ¢), 7 - - rdp/2l, and it
has its maximum at the wall where r = R. Therefore the material
will start to flow when

RAp/2l =9 . . . . . . . (4
or
dp - 200|R . . T (49
and then
w,=RI2 Yy . . . . . . . (6)

What happens when the pressure dp exceeds 2lJ/R ? In this case
the material will flow out of the tube. But if the material is a St.
Venant body, the resistance to flow cannot be greater than 2l9/R.
Therefore, there will be no equilibrium and the flow is accelerated.
If there is no viscous resistance which increases with the velocity of
flow, the acceleration will operate without diminution and the velocity
of the extruding paste will become evermore greater. Of course, we
do not expect anything of the sort to happen with toothpaste. We are
inclined to expect that with some comparatively small pressure, enough

114
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to make the paste flow, the velocity of ow will soon become constant.

This shows that such a material can only (o a first approximation
be regarded as a St. Venant body. 7o a second approximation it must
also have wviscosity. When we realize this, we have discovered the
Bingham-body. Bingham and Green (1919) aciually discovered this
combination of plasticity and viscosity in another material, namely oil-
paint. Beforc Bingham, it was thought that oil-paint was a liquid and
its ‘ viscosity ”’ was determined from Poiscuille’s law. However, this
was an ‘‘ apparent ”’ viscosity (') only, as we shall call every magnitude
determined from Poiseuille’s law or similar laws, when applied to a
material which is not a simple Newtonian liguid. (iven enough time, a

Y

ﬁ

r
1
{

> T

Fre. VIIT, 1. Rheologieal curve of Bingham the body.
? yield stress, qp; plastic viscosity, v veloeity of deformation.

liquid, when applied to a vertical surface must run down. If the material
is to stay on the surface it must be a solid, even if a very soft solid, and
this is what paint actually is.* 1If the layer of paint is so thin that its
weight produces a shearing stress -Z¥, it will not tlow and therefore not
run off. That layer establishes itself automatically ; what is thicker
runs off, and the rest remains.

All this induces us to postulate another ideal material, the rheo-
logical equation of which can be derived from a combination of the
two equations (I, e) and (I, f) as follows :

r=0+mny - - .- .« « . . (7

This contains two coefficients, the yield stress ¢ and a viscosity, 7,,

which we may call Plastic Viscosity (called by Bingham * stiffness ).
The rheological curve of a Bingham-body is shown in Fig. VIII, 1.

* We consider fresh pamt and disregard the chemical change brought about in
drying.
12
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The quantity of plastic material extruded through a tube in unit
time can be calculated in very much the same way as the quantity of
viscous liquid in the calculation of Poiscuille’s law. We know from
(II, 6) that, generally, if the flow is steady, = = rdp[2l. We have
postulated for the Bingham-body the rheological equation (7),
=19+ n,y. Introducing in accordance with (II, b) y = dv/dr,
we get

npdv[dr — rdp[2L - -3 .o (8)

This, by integration, gives n,v = r2dp[dl  Jr 4 C and, again
assuming that the material adheres to the wall, i.e. that there is no
slippage, (' = —R4p/4l + 9 R and, therefore,
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Frc. V111, 2. Plastic flow in the tube (left) and rotating-cylinder instrument (right).

The velocity distribution, corresponding to this equation, is as
shown in Fig. VIII, 2 (left).

In a viscous liquid the shearing stress vanishes at the axis in
accordance with Equ. (I, ¢) and increases with the distance from it.
Therefore, around the axis, there will be a cylinder of material where
7 < #. The stresses in this cylinder will be purely elastic and the
cylinder will move as a solid plug, the flow therefore being called
“ plug flow.” TLet r, be the radius of that cylinder for which

d=rdpl2l . . . . . . . (10)
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When r = r,, dv[dr — 0, as can be scen from (8). This confirms
that for r = r,, while there is movement there is no flow.* Stresses
in the solid plug are purely elastic.

The velocity of the plug, »,, is found by introducing into (9) r,
for r and for ¢ the value from (10). We find

4p
v, =0 (R —r)* . . . . . . (1
417)»1 ( )

The volume of flow can be calculated by dividing the rotational
body shown in Fig. VIIT, 2 by planes normal to the axis in eylindrical
dises of thickness, dv, so that dQ = r*zdv and therefore

(r—R r=2=R
Q — |r2mdv = - (r¥dp[2l — r29)dr.
Jr=r, Mtfr=r,
By introducing r, from (10) and carrying ont the integration, we
find
nRdp | 4 201 1 < 201 )4]
Q=" 1= - L2
! 8 3R@f*3nm; (12)

This equation replaces Poiseuille’s equation for the Bingham-body.
It was first derived by Buckingham (1921) and independently by
Reiner (1926) and is known under the name of Buckingham-Reiner
equation. For § = 0, for which 7, also vanishes, (12) is reduced to
Poiseuille’s law, Equ. (IT, e), as it should.

2. Consistency

1f we do not know that a material is a soft plastic solid, but mistake
it for a viscous liquid, as was the case with oil-paint, we shall calculate
a ‘“ viscosity " in accordance with Poiseuille’s law, which is not a true
viscosity and which we termed in Section 1 Apparent Viscosity. The
apparent viscosity of a Bingham-body is in accordance with (12).

r 1A, ) L Nl . . 3
y — nRUp[8IQ - - . § ol | _1_6(7@‘)4 .. (13)
3RAp = 3 \Rdp

The denominator on the right side approaches unity for large
driving pressures Ap. For Ap =- 291/ R it vanishes and »" approaches
infinity. This confirms that while »,,,, the plastic viscosity of a material,
may actually be a constant, the apparent viscosity will nevertheless
vary and will increase as the driving pressure is reduced (compare

* * Movernoent *' is possible of a rigid body, * flow * requires distortion.
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Fig. VIII, 3). However, when we calculate a “ viscosity ” we cannot
know beforehand whether it will turn out to be a “true” or an
““ apparent ” viscosity. This shows that we are in need of a rheological
concept more general than the concepts “ liquid ” and “solid ” ; in
fact one which is applicable to liquids and solids alike. Such a concept
is Consistency.

Consistency is, in accordance with Bingham, that property of a
material by which it resists a permanent change of shape and it is
defined by the complete flow-force relation. We speak of the consistency

’]”"{ =T

Fic. V11, 3. The apparent viscosity of a Bingham-body.
(7') is & measure of 7 ; it is the arc the tangent of which 1s 7.

of butter and honey, the first being a solid, the second a liquid. We
may not know whether asphalt is a liquid or a solid, but we can measure
its consistency ; and an analysis of its Consistency Curve determines
its nature. We can say that if the consistency curve starts at a point
on the ““ force ”” axis other than the origin, the material is a solid. This
statement cannot be reversed. If the consistency curve passes through
the crigin, the material may be either a liquid or a solid which shows
a “ wall-effect ”. We shall become acquainted in Section 8 of Chapter
XIX with the criterion for distinguishing solids and liquids applicable
in this case.

In contradistinction to consistency, Rigidity is that property of a
material by which it resists an elastic change of shape. The Buckingham-
Reiner equation can be expressed independently of apparatus
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dimensions by means of the same variables as used in the Poiseuille
law, viz. by V and P from (II, f) and (II, g). We find

V = Py, [1 4:9/3P+§(0/P)4] N Py

In order to be able to determine the rheological properties of the
material, we must plot the consistency curve so that the dimensions
of the apparatus do not enter ; we shall have to plot it in V and P
variables, which we have therefore called Consistency Variables. It
should, however, be kept in mind that for every different sort of appara-
tus, the ¥V and P are different from those of (II, f) and (11, g) ; the
latter are applicable in the case of the tube-instrument only.

The Buckingham-Reiner equation was used by Scott Blair and
Crowther (1929) for clay and soil pastes and by Wolarowitsch, Kulakoff
and Romansky (1935) for peat suspensions. It was also found applic-
able to toothpaste, drilling muds, talc suspensions used in making
compounds for taking dental impressions, chocolate, etc. The general
shape of the consistency curve of a Bingham-body flowing through a
tube is shown in Fig. VITI, 4. As can be seen, the curve has no truly
linear portion. If, however, #/P is a small figure, i.e. if P is large
(#/P)* can be neglected and, for high driving pressures, the curve can
be approximated by its asymptote.

3. The Reiner and Riwlin Equation
The equations describing the behaviour of a Bingham-body in a
rotation instrument can be derived analogously to the procedure in
Sections 5 and 8 of Chapter IT.
We start from (11, h) and (11, i), viz.
QG=rdbdr . . . . . . . (15)
T=M[8xhr* . . . . . . . (16)

which are valid in every case of steady rotational laminar flow, no
matter what the material. Combining these expressions with (7) we get

Upt'ze' =M2uhr* —9 . . . . . (17)

From (16) can be seen that the shearing stress in the material
varies inversely as the square of the radius r. The maximum shearing
stress will accordingly occur where r is the minimum. This is at the
wall of the internal cylinder, where r = R,. Therefore,

max+ = M[2zhR2* . . . . .. . (18)

If
M|2zhR2<® . . . . . . . (19)

or
M<2mhR* =M, e .. (20)

* The term within [ ] is equal to (1 —&/P)?*[1 | °z9/3P + 3 (8/P)?)
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the material will not flow. If M exceeds the value M, the material
will start to low where the stress is largest, i.e. at the surface of the
internal cylinder. As long, however, as the stress near the inner
surface of the external cylinder is below # there will be a shell of solid
material adjacent to the external cylinder which will move together
with the external cylinder asa whole (compare right of Fig. VIII, 2). The
stress at the wall of the external cylinder is

mint = M[2=hR> . . . . . . (21)

When M increases until it becomes M --27h R, 2) — M. all material
between the cylinders will flow. Thisis the essential difference between
the plastic flow in the rotating cylinder apparatus and the plastic
flow in the tube. In the latter case, as we have shown in Section 3,
there «lways exists a * plug ” or solid eylinder near the axis of the tube,
no matter how great the velocity is. and from this it follows that
the consistency curve of plastic flow in the tube, while it approaches
linearity asymptotically, is never exactly a straight line.

Let us now integrate (17).

We get

nab = - M[dmhrz — yInr - ¢ . . . L (22
Considering  the Couette-Hatschek apparatus. where the internal

cylinder is at rest. from the kinematical boundary condition of ** no
slippage ”' we have

== M|[4nhR,> + dInR, . . . . . (23)
and therefore
. M . R . r >

b == L (1/R,2— I]r?) — §In kO (24)

We now consider
M, M- M,. . . . . . . (25)
There then exists a solid cylmdrlcal shell between r, and R, where
r,2 = M|[27hi) ... ... (26)

All material at the distance r>-r, rotates with the angular velocity
R,. Therefore

M r,
NS, = - 0 h(// — I[r,2) - z‘)ln-R (27
and
dnhy ,, (Q 9 r0>
— el m2) . . . (28
M = YRE -~ 1jr,2 + 3 (28)

On the other hand, for M>-, all material is in a state of flow and

NS, = I/R 2.~ 1/R,?) — mn (29)

R

i
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Introducing 1
Ky = ;= (I/|B? — I|R,?)
4mh
- (30)
= In=°
K, nRi
we have X
Q="1 M~K2'—9- R 1 0]
Npt Mpl

This is a linear relation in £ : M and proves that in the rotation
instrument the upper part of the flow curve is a true straight line.
The flow curve starts at the point M, : 0O and is curved to a point

Q

M

785
950

/
L
J

-

Fia. VIII, 5. Curved portion of the flow curve in the Hatschek appara-
tus drawn to scale.

with the abscissa M,. The dimensions of Hatschek’s apparatus are
R,=5cm, R, =55 cm ; h =5 cm. This gives K; = 0-00011 cm~3,
K, = 009533 ; K,/K, = 86468 cm3; 2nRh — 785-38 cm®, 2nR%h
= 950-30 cm3. When drawn to scale, the curve looks as is shown in
Fig. VIII, 5. In this case the curved part is therefore negligible. If
the material is a viscous liquid, i.e. $ =0, we find M, =M, =0
and Q = Kg.

Equation (31) is known as the Reiner and Riwlin equation (1927). It
will be seen that if we plot the variables P and V of (11, 1) and (I1, n), we
can represent (27) and (31) independently of R, and R,. This justifies
their designation as consistency variables (compare right of Fig. VIII, 4).
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It will be instructive to examine an unsuccessful attempt which
Hencky (1925) made to solve a problem essentially the same as that
which led to the Reiner and Riwlin equation.

I will not be suspected of wanting to discredit my late personal
friend Hencky. The road of rheology (as probably of many other
branches of science) is strewn with mistakes. We have mentioned the
wrong velocity distribution in the capillary by Hagen and by Freund-
lich, the wrong assumption about equilibrium by Newton, another
mistake in the same field by an anonymous student, and we shall have
to mention others, myself included ;* but the fact that such a name as
Newton’s is among them should make it clear that we have much to
learn from mistakes, but need not be ashamed of them.

Hencky wanted to investigate conditions in the process of rolling
metals, and as a first step he considered the problem of one roll rotating
in the plastic metal, for which he independently assumed the rheological
equation of a Bingham-body. The problem is the plastico-dynamic
analogy to Newton’s problem (Section 5 of Chapter 1I). In that case
we find from (11, 40) for R, = o, 2, = 0,7 = 29Q(R/r)? and the stress
therefore has a maximum for r = R, max r = 292 and then decreases
with the distance from the centre of the roll. Therefore, in the case of a
Bingham-body, there will be a distance r, where r = # and beyond this
distance the material will be at rest. Accordingly from (16) and (26)

T = (r,r)* . . . . . . . (32)
The rate of shear of the Bingham-body is from (7) y = 1;? (/% — 1)
pl
and considering (32)
= ? [(ro/r)*--D]. . . . . . (33)
M1
Hencky correctly derived (33).
He compared this with (11, 21) and (II, 22), viz. :
dvydr = rdjdr + 6 = Q +v,fr . . . . (34)
and then reasoned as follows . From (33) there follow= that y is positive
from r = R to 1 = r,>R. Considering now (34), we have on the right
side G which is positive up to r, and v,/r which likewise is positive
within the same range. Therefore dvy/dr must he positive and v, a
monotonously increasing function with increasing r. This is in con-
tradiction to the obvious conclusion that if v, varies at all, it can only
decrease from .Q/ R at r = R, to zero at r = r,. Therefore r, = R.
In the case of laminar rotational flow the roll, accordingly, cannot
dray the metal with it. The roll rotates in the metal and produces therein
stresses, which do not exceed #. He adds : “ This result is noticeable
for the reason that a viscous liquid (# = 0) would be dragged along to
* See Chapter XI.
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carry out a movement v, = QR?/r (compare (II, 31), M.R.) when the
stress at the wall of the cylinder would be 7=~ - 20y (compare
(I1, 41) putting R, —= o, Q, = 0, 9, = Q, the negative sign being
irrelevant. M.R.). We may make § as small as we like, the essential
difference, mentioned above, remains. This may serve as a criterion
whether a material is a viscous liquid or a plastic mass.”

A strange thing to say ! This may move us to announce the
following third axiom of rheology. There is « hierarchy of ideal bodies,
corresponding to the different rheological behaviours of real materials,
such that the rheological equation of the more simple body (lower in the
hierarchy) can be derived by putting one or other of the constants of the
rheological equation of the less simple body (higher in the hierarchy)
equal to zero.

On the strength of this axiom, Hencky's conclusion cannot be
correct. The paradox was solved by Prager (1930) by simply pointing
out that J, being derived as the square root of a quantity J* (compare
(VIL, 1)). should be used in (33) and (34) with the negative sign. This
makes

. d dr, v, ]
B L L L VoI . (35
Y r <dr 10/") dr r N l. (rn/') J ( "))
and by integration
'l'o lr' rn2 ‘ R
A= A ) L (36)
r 7]111 Jr'

The integration constant €' is to be derived from », =0 for r - r,
and we get
] ,

vg== - r[(r,/r)* - 14+ In@/r)] . . . (37)
- 277;;!
Now
dvgldr = 21?7 (L --(r,/r)% -~ In(r,/r)?] . . . (38)
pl

and as r,. - R, this, between R and r,, is negative. The absolute value
of the velocity gradient dr,/dr decreases from

d [l — (r,/R)? —- In(r,/R)*} at r = Rtozeroatr =r,.
277]:1

The solution of the problem can be found from (22) where we
determine €' from 6 = 0 for r =r, and then introduce 6 - Q for

r = R. We get
M (1 1 7, ]
s = Py <Toé —- R2> + Hn R ... (39)

which may be compared with (27).
It should be mentioned that in the same paper Hencky correctly
derived (12). His paper did not, however, reach the attention of the
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right public and T have not seen it mentioned anywhere. It did not
occur to Hencky that this equation was better applied to toothpaste
than to plastic metals. As a matter of fact, the theory of plasticity,
as applied to metals, is nearly exclusively a theory of the St. Venant
body. In accordance with the third axiom of rheology, if we know the
solution of a problem of the Bingham-body, we can derive the solution
of an analogous problem of the St. Venant body by putting 7,, equal
to zero. The same result is obtained if y vanishes, i.e. if the deformation
is infinitely slow. We can therefore designate the rheologies of the
Bingham-body as Plastico-Dynamics and of the St. Venant body as
Plastico-Statics. As the velocity of deformation of metals and similar
materials is usually very small, it is obvious that in many problems
the plastico-static approach of the St. Venant body will furnish a
good enough approximation. The standard works for the study of
plastico-statics are Nadai's Plasticity (1931) and Prager and Hodge’s
Perfectly Elastic Solids (1951).
4. Summary
The rheological equation of the Bingham-body

T 0+ oy .« .« . . (VLI a)
is derived from a combination of the St. Venant solid and the
Newtonian liquid.

The sign for ¥, is to be the same as that of the second term on the
right side of (VILI, a).

Application is made to laminar deformation in (i) a tube-instrument,
by introducing into (VIII, a) the expressions (I1, b) and (1I, ¢) and
(ii) in a rotation-instrument. by introducing expressions (IT, h) and
(11, i). The results are

(i) The Buckingham-Reiner equation

mRi4p l 4 201 1 ( 201 )4]
)~ I AR IR R : VIII, b
¢ 8l 3 Rdp a 3\RAp/ . ( )
There is a solid plug of radius r,
ro=2%lldp . . . . (VILL, ¢)

which is not sheared, but moves with the mass of the material as a
whole.
(ii) The Reiner and Riwlin equation

M R
e 2 2y S e
77!?]'7 R 47Th (I/Rl ]/Rg ) l)lll Rt . (VIII, d)

for
MM, = 2nhR29 .. (VIIL, e)

in which case all material between the cylinders is deformed. The
consistency variables (11, f, g, I, m, n) are applicable.



CHAPTER IX

ELASTICO-VISCOSITY AND FIRMO-VISCOSITY

1. Rheological Models, Structural Formulas and Rheological Equa-
tions

In order to treat rheological problems by mathematical methods,
we found it necessary to create concepts of ideal bodies having
rigorously defined (rheological) properties. This process is facilitated
by building, if only in imagination, a model which will behave quali-
tatively in a manner similar to that of the actual material, to some
degree of approximation, and to describe that behaviour in terms of
forces and elongations. If these terms are translated into stresses and
deformations, the result easily leads to a rheological equation.

We have represented the primitive bodies which typify the three
fundamental properties of viscosity, elasticity and plasticity by the
N-model of Section 10 in Chapter 1I, the H-model of Section 9 in
Chapter IV, and the StV-model of Section 3 in Chapter VI. To describe
a more complex behaviour in plasticity, we have added to the StV-
slider a H-spring. By extending this method, we can construct a model
for the Bingham-body. We met this body in Chapter VIII. We found
that when stressed below a certain stress it is strained elastically. We
therefore take as our first element a spring. However, when the yield
stress is exceeded, the body is deformed plastically. We therefore have
to attach the spring to a slider. When the rate of plastic deformation
is increased, the stress also increases. This requires the attaching of a
dashpot to the slider at the side of it which is opposite of the spring.
The model is shown in Fig. IX, 1.

It should be pointed out that the displacements which the models

s/

7

Fia. IX, 1. Model for a Bingham-body.
120
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can register are increases in length or elongations produced by pulls.
These, however, may be translated into every other kind of defor-
mation and corresponding stress. One may consider the elongation as
representing a shear, when the pull will represent a shearing stress ;
or the first may be a cubical dilatation and the second a hydrostatic
tension, etc. It should also be noted that while, if we should build
real models (which can conveniently be done, using Meccano parts as
shown in Fig. X, 6), the materials and arrangements for our mechanical
elements would correspond to constunt rheological coefficients, this does
not preclude their application in cases where the coefficients are variable.

From the model we proceed to the structural formula, which is a
sort of shorthand representation of the model’s blueprint. For instance,
the structural formula for the Bingham-body is

B=(N[StV)—H . . . . . . (1
where the horizontal dash (—) indicates, as in Section 3 of Chapter VI,
“ coupling in series ”, while the vertical dash ( | ) indicates * coupling
in parallel.”

This gives us all the information which we may draw from the
picture of the model as shown in Fig. IX, 1, but is, of course, much
more economical.

The models and structural formulas help us to understand rheo-
logical behaviour qualitatively. But they also help us to establish the
rheological equations of the different ideal bodies, which we need for a
quantitative description. These equations connect certain lypes* of
stress and deformation. For instance the I/-spring with its elastic
extensions leads us to a rheological equation of any one of the three
following types

r=upy; —p==«e,; 0, =Ke, . . . . (2
where it does not matter that I can be expressed by p and « in
accordance with Kqu. (VIT, 23). TIf, therefore, in writing the
rheological equation, we omit the subscripts “v” or “=”, the
reader may put them in as required, taking care to use at the same time
the appropriate coefficient, which e.g. in the case of viscous flow will
be one of the foliowing, viz. 7, { or A.

We shall now examine systematically in what ways complex bodies
can be built up from the elements and how the corresponding rheological
equations are to be derived.

We first note that elements can be connected either (i) in series
(), or (ii) in parallel (|).

As will be seen, all elements, when coupled in series, act as if they
were links in one chain and they must therefore all take the same stress,

* In advanced rheology they connect the tensors of stress and deformation. Com-
pare Twelve Lectures, p. 43.
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while the elongation of the combination will be the sum of the elonga-
tions of each element.

In contradistinction, when coupled in parallel, all elements are
forced to undergo the same displacement, while the stress which the
combination will take is the sum of the stresses taken by each single
element. These two principles will guide us when composing the
rheological equations.

Let us start with the H-body, the rheological equation of which we
write in the form

T = py I )

If we have two different springs, viz. H, for which 7; = p;y, and
H, for which 7, = p,y,, and couple them in series, I1,—H,, we have
in accordance with the first of the above principles

y=v1+y: =7/t trlpy =rUpg + Ipy) =7[n . (4)
and we see that n H-bodies connected in series are equivalent to one
single H-body the coefficient of elasticity* (reverse of modulus of elasticity)
of which s the sum of the individual coefficients of elasticity.

If we couple the springs in parallel, /1)|IT,, we have, in accordance
with the second principle,

T=T Ty =y ey =)y =ny . . (H)
from which we see that n [{-bodies connected in parallel are equiralent
with one single H-body the modulus of elasticity of which is the sum of
the n individual moduli.

Conditions with regard to the N-bodies are entirely analogous.

2. Elastic Liquids

Let us now examine materials, such as bitumen, which show
viscous flow and therefore are liquids. However, while they flow, these
materials are not Newtonian liquids. In addition to viscosity. they
exhibit elasticity. Their complex rheological behaviour has therefore
been named by Jeffreys (1929) Elastico-Viscosity. The first component
of this property is not necessarily connected with a high value of the
second, as is the case in glass, which also may be considered as belonging
to this category. Hess (1920) has described the elastic behaviour of a
1-5 per cent. starch solution which is elastic, while not exceedingly
viscous. The liquid is brought into rotation by rotating its container,
which is then suddenly stopped. “ When a state of rest is apparently
about to be reached with gradual diminution of the rotational velocity,
we see that the liquid starts to move again in the opposite direction.
A state of rest is again approached, first with increasing and then with
diminishing velocity, but it is not final. Only after several oscillations
does the liquid come to rest. The oscillations do not appear in the
case of a glycerine-water mixture of corresponding viscosity : here

* The term “ compliance ”* has been proposed for this property.
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the first rest is definite. These oscillations must be due to elastic forces
which arise in the liquid from internal structures.”

A 1-5 per cent. starch solution is obviously a liquid, and a few words
must be added about the difference between an elastic liquid and a soft
plastic solid. The latter also * flows ”, but i flows plastically, i.e.
only after the yield stress has been exceeded. Up to the yield point
it is elastic, but its elasticity is of a very different kind. In a soft plastic
solid the elastic component becomes predominant at small velocities.
In contradistinction the elasticity of a true liquid makes itself felt at
high velocities. when no time is given for its elastic stresses to *‘ relax .
Twenty years ago, when rheology was in its infancy, this difference
was not so well understood and I published a few papers on the theory
of flow of soft plastic solids under titles referring to elastic liquids
(compare Section 1 of Chapter V111). The theory was correct, but the
terminology was misleading.

3. Relaxation of Stress

The elasticity of a solid, eren of « soft solid, is of the Hooke type.
The strain-work which has been put into a distorted Hooke body is
stored there safely for as long as it is loaded : and it can be regained
at any time by removing the load. So, on releasing the pressure after
the second stage shown in Fig. 1, 6, the segment disappears and the
elastic potential energy stored in the paste, small as it may be, is
regained. On increasing the pressure to the third stage, this potential
energy is not affected and in the fourth stage it is regained to the same
extent. In contradistinction, an elastico-viscous material, so to speak,
leaks : the longer we wait, the less complete is the recovery on removal
of the load. In other words, the strained material loses resilience and
its internal stresses rela..

In his investigations on the dynamical theory of gases (1868),
Maxwell was the first to treat the relaxation of elastic stresses. In his
words. but using our notation and interpolating our comments :—

“A4 distortion or strain of some kind, which we may call e, is produced
in the body by displacement. A state of stress or elustic force which we
may call s is thus excited. The relation between the stress and the strain
may be written s = e, when e 1s a coefficient of elasticity for that particular
kind of strain. . . . 'This coefticient is Young's modulus £ if s and e
are normal stresses and strains, and it is the modulus of rigidity if they
are tangential stresses and strains. “ In a solid body free from relaxation,*
s will remain = ¢e, and

s=¢€ . . . . . . . . (6

“ If, however, the body relares, s will mol remain constant, but will

* Hero I have slightly changed Maxwell’s wording.
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tend to disappear, at a rate depending on the value of s and of the nature
of the body. If we suppose this rate proportional to s, the equation may

be written

§ —e—8/T . . . . . . .7 (7
7' is a material constant. the nature of which will be explained later.
“. .. which will indicate the actual phenomena in an empirical manner.”

For ** empirical " we would say ‘ phenomenological ™.
“ For if e be constant,
s—ee ™ . . . . . . . (8
showing that s gradually disappears, so that if the body s left to itself it
gradually loses any internal stress. . . .”
Equation (8) can easily be derived from (7) as follows : If ¢ is
constant, é vanishes and (7) becomes

dsjdt = s|T T (4]
or
Is L (10
SIS - ( . . . . . .
¢ I T )
which by integration gives
Ins —Ins, — HT .. . . . (I
S
So
S./e
SR t

=

Fic. IX, 2. Relaxation curve of a Maxwell hquid. s, stress at the tune
t — o. T relaxation time. e base of natural logarithms.,

where s, is the stress originally produced in the body, i.e. at time
t = 0. This stress, however, is equal to ee.

From (11) follows (8).

If we plot the stress against time the resulting curve is as shown
in Fig. 2. The constant 7' has the dimension of time, because the
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exponent #/7T" of e must be a dimensionless number. 1t is called
Relaxation Time. If in (8) we introduce 7' for t we get

sp==s,Je . . . . . . . (12

The relaxation time is therefore that time in which the stress relaxes
to the ““ e™”” part of its original magnitude.

4. Viscosity Arising from Relaxation

Maxwell was actually not so much interested in the relaxation
of the elastic stresses in solids. Following an earlier attempt by Navier
to derive the equations of viscous flow of liquids from the elasticity
equations by assuming instantaneous relaxation, he postulated his
law (7) as a starting point for a theory of viscosity. He accordingly
continues : —

* If é1s constant (= c), that is if there is a steady motion of the body . . .”

This is meant to read “ of the particles of the body ', because this
is not a question of the motion of the body as a whole. Even so the
statement is not quite correct because ¢ is not the yvelocity of a motion,
but the rate of a strain.
.. . ahich continuously increases the displacerrent,

s=¢€le +Ce'™ . . . . . . (13)

showing that s tends to a constunt value depending on the rate of displace-
ment " [read " rate of strain.” -M.R.}. ™ The quantity €T'. by which
the rate of displacement ™ [as before] ™ must be multiplied to get the
Jorce 7 [read * traction '], ** may be called the * coefficient of viscosity.' ™

) c
Equ. (13) can be verified by differentiation. We get s - — T e

and as from (13) ce=""" := s T'c, this gives (7).

The identification of €T with a coefficient of viscosity can be
supported by the following consideration : If s is constant, s vanishes
and (7) gives

¢ = s/eTl B L £ Y

Under constant stress the rate of strain is therefore also constant
which means that there is continuous Hflow. In addition, assuming
e and 7' to be constants, the relation between stress and rate of strain
is linear. This, if stress and strain are tangential, is Newton’s law of
viscous flow ; and if they are normal (as we have assumed in (6)) it is
Trouton’s law.

Let us continue the quotation from Maxwell. ““ It (eT') is the
product of a coefficient of elusticity (€) and a time (T') which may be called
the Time of Reluxation of the elastic force. In mobile fluids T is a very
small fraction of a second and e ts not easily determined experimentally.
In viscous solids . . .”

=
(3
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In our terminology we call such materials liguids and not solids,
reserving the term ‘ viscous solids ”” for very different materials as
will be explained in Section 7. We would say here * In very viscous
elastic liquids . . . and, continuing the quotation, *‘. . . T may be
several hours or days, and then € is easily measured. It is possible that
in some bodies T may be a function of s.”

Equ. (7) can accordingly be written in the form

y = 7/p + 7/n R e 1))
In the quoted paper Maxwell arrived at the notion that the * rigidity
of air is equal to its pressure, i.e. in the free atmosphere equal to 1-014
x 10% dyne em~—2. This sounds paradoxical. but one should bear in
mind that the elastic deformation is the smaller, the greatery. Therefore,
for an inelastic Newtonian liquid g = oo.

Having determined the viscosity of air at atmospheric pressure by
experiment (which is about 0-0002 poises), he easily found its time of
relaxation to be 1961 ~ 10719 seconds. We can therefore say that
the order of magnitude of the smallest time of relaxation is 10-10
seconds, and we may assume that even for water it does not vanish
altogether. Experiments to find a rigidity of water must therefore
have been unsuccessful only because of imperfections of experimental
technique, but T venture to say that 1 have recently demonstrated
the rigidity of air. About this more is said in Chapter XXI.

.6

5. Remember the First Axiom

There is a flaw in the foregoing considerations. Maxwell must have
been well aware of what we called the first axiom of rheology but he
did not pay attention to it. This was first emphasized by Reiger (1919)
who reports* that Zaremba (1903) pointed out hefore him that, in
principle, there must be two different times of relaxation just as the
elastic state of a body is determined by two independent elastic con-
stants. In hydro-dynamical calculations a liquid is usually assumed to
be incompressible. This may be justified when one considers flow, be-
cause the deformations due to liquid flow are incomparably greater than
those due to volumetric strain. However, when we consider an elasticity
of the liquid, similar to that of a solid, we must remember (compare
the Table I1I, 1) that actually liquids are much more compressible
than solids.

Reiger assumed that there is no relaxation of volume elasticity,
which implies that {, = co. We shall see in Chapter X11 that this view
is too narrow, but meanwhile let us assume that this is correct to a
first approximation (as implied in the first axiom). Then to find the

* I must warn the reader desirous of studying Reiger’s paper of its numerous mis-
takes, which I cannot point out in detail.
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relaxation equation for simple tension we must first resolve the simple
tension into its two components in accordance with Equ. (VII, 15) with

o,=0a,/3; . . . . . . (18)

while the corresponding strains are in ¢=cordance with KEqus.

(VIT, 17) and (VII, 18)
e, =, (1 —2v)5e,,=2(1 +v)e,/3 . . . (17)
Taking first the voluminal part, we find
6, =€,(1 —2) —0a,/3c . . . . . (18)

where, in differentiating the first of Equs. (17) we have assumed that
v is a constant.

For the distortional part we go back to Kqus. (VII, 11) and
(VII, 12) and replace (15) by

Cuior = Ouio + 0f2n . . . .. (19)
which, introducing (16) and (17), becomes
21 + v)é, =o,/Ju+o,/n . . . . . (20

Elimination of v from (18) and (:20) by adding both gives
) E;,, 1
()n = J + + P . . . . . (21)
K 1

However, in accordance with (VII, 23), I/JK + I'p = 3/E, while
from (VII, 25)

- = B ¢4
This yields, considering the first of (17),
é, =0 JE +a, /A . . . . . . (23)

6. The Maxwell Liquid
We may call a material whose rheological equation is (15), (19)
or (23) a Maxwell Liquid. To indicate its nature as a liquid, the sub-
script *“1” has to be added to the modulus of rigidity x. These
rheological equations can be derived through a combination of those
of the Hooke solid (I, d) and the Newtonian liquid (I, f). The nature
of this combination is found by considering an infinitely small dis-
placement du attained during the time dt. Then, in accordance with
liqu. (15)
de =drjp, +v/n.dt =du, +du, . . . . (24)
where du, is the elastic and du, the viscous displacement. Accordingly,

in a Maxwell liquid the displacements are additive. In Section 9 of
Chapter 1V (Fig. LV, 11), we have proposed a spring as a model for an
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elastic (Hooke) material, and in Section TI, 10 a dashpot as shown in
Fig. 11, 14, as a model for a Newtonian liquid. If the displacements of
these are to add up, we must combine them in series in order to get a
model for the Maxwell liquid. Fig. IX, 3, shows the model together

<

AR

/ 0
/ /é e - —‘/}
4 » r Sy X
RY / RELAXATION
3 |/ cuave
g

Fie. IX, 3. Model for the Maxwell liquid. OAB -- elastic recovery for
elongation 4. O’A’B’ = relaxation curve for stress 7. p.s.
permanent strain ; r.8.= recovered strain.

with its stress-displacement-time curves under load and after removal
of the load (the latter in dotted lines . ... .. ). Using, as before in
Section VI, 3 the horizontal dash — for ** coupling in series ’, we
write what we call the ‘‘ structural formula ” of the Maxwell liquid
in the form
M=H-N. . . . . . . (25)
Equ. (15) is of the type
dylde + My =N . . . . . . (26)
the solution of which is

Yy = e——erlz (J‘NefMdz + C’)
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as can be easily verified by differentiation and substitution in (26).
Provided p and 7 are constants, the solution of (15) is accordingly

t
T=g Hn! (-r,, -+ p.J pekin ¢ dt) .. .. (28)

where we have omitted the subseript,” ! for simplicity.
If the deformation is kept constant, or y =0, we find from
Kqu. (28) the relaxation curve

T =710 Mt B P41)]
t
as in KEqu. (8). On the other hand fe"”’ tdt = (e*"* — I) and
0 I

therefore, if y is constant = ¢,
T=mnc+ (r, —pe)e ™ . . . . (30)
For ¢, = 7,/ this gives 7 = y¢, = 7, and the stress remains con-
stant. For ¢:~c, the stress increases, for ¢- ¢, the stress decreases as
shown in Fig. .

B )

c>Cq

nc

e — — -

C<Co

—_— T

T t

Fiu. 1X, 4. The test-.1ece is first (¢ = o) suddenly strossed to the value
70 and then stramed at the constant rato ¢. There exists for every
nitial stress 7y a certain rate of strain ¢, so that the stress is not
changed.

7. Viscous Solids

At about the same time that Maxwell was pondering over the
relaxation of stresses, William Thomson, later lLord Kelvin, published
a paper “ On the Elasticity and Viscosity of Metals ” (1890) which
was subsequently incorporated into his article on Elasticity in the
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Encyclopeedia Britannica. He reasoned from thermodynamical con-
siderations that “ no change of volume or of shape can be produced in
any kind of matter without dissipation of energy ”. He also procceded
from theoretical reasoning to experiment and found “ by vibrating a
spring alternately in air of ordinary pressure and in the exhausted receiver
of an air-pump, that there is an internal resistance to ils motions im-
mensely greater than the resistance of the air”. He concluded that
“there is in elastic solids a molecular friction which may be properly
called Viscosity of Solids, because, as beiny an internal resistance to
change of shape depending on the rapidity of change, it must be classed
with fluid molecular friction, which by general consent is called viscosily
of fluids . He also proposed a model for the better understanding of
the phenomenon as follows : ““ Consider a perfectly elastic vesicular
solid, whether like « sponge with communications between the vesicles,
or with each vesicle separately enclosed in elastic solid : imagine its pores
and interstices filled up with a viscous fluid, such as oil. Static experiments
on such a solid will show perfect elasticity of bulk and shape : kinetic
experiments will show losses of energy such as are really shown by vibrators
of . . . elastic homogeneous solids. . . . According to Newton’s* law of

@D cia eariicies &
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Fra. 1X, 5.

* Kelvin says * Stokes’s law ”, but Stokes only gencralized Newton’s relation
between shearing force and velocity gradient, Kqu. (1, f), into a relation botween
stress and rate of deformation.
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viscosity of fluids, our supposed vesicular vibrator would follow the law
of subsidence of a simple vibrator experiencing « resistance simply pro-
portional to the velocity of its motion.”

The kind of material for which Kelvin’s description is appropriate
is, for instance, a piece of loam, such as shown in Fig. 5, magnified
about 104 times.

The property named by Kelvin ““ viscosity of solids ” was called
by Jeffreys (1929) Firmo-Viscosity. He remarks that this type of
“ imperfection of elasticity ’ implies not weakness but additional
stiffness, the resistance to deformation being smaller when the viscosity
is absent. However, in accordance with Kelvin * the elasticity is said
to be perfect when the body always requires the same force to keep it at rest,
in the same bulk and shape . . . through whatever viriations of bulk and
shape it be brought.”” Therefore, firmo-viscosity should not be regarded
as an imperfection of elasticity.

3

8. The Kelvin Solid

We may call a solid constituted on the model of the * vesicular
solid ™", or. if truly homogeneous, behaming in the same manner, a
Kelvin Solid.* It is important to keep the italicized generalization
in mind. Mardles (1946) has objected to what he calls my * assumption
that the behaviour of a given materialt can be represented in terms of a
number of elements each obeying a simple law ”” as, e.g. in the sponge
the solid substance between the pores and the liquid filling them. But,
as Kelvin said when introducing his model : * to form a rough [or
qualita’ive—M.R.] idea of the results, irrespectively of the ultimate
molecular [or structural—M.R.] theory. . . .” The model does not serve
any other purpose than the rheological equation. The ¢lements of the
model are symbols not esrentially different from the mathematical
symbols of the differential equation. To make this more obvious, we
may replace the * vesicular solid ” or sponge by a structural formula
similar to the structural formula of the Maxwell liquid, Equ. (20).
When the sponge, which is full of liquid, is loaded, part of the load is
taken up by the solid substance and part by the liquid. This causes
the sponge to be deformed and in this process load is transferred from
the liquid which yields through flow, to the solid which is strained.
The solid and liquid stresses are additive, adding up to the total load ;
but the deformation is the same for both phases. This is in contra-
distinction to the Maxwell liquid where the same stress is taken by

¢

* Jeoffroys says +hat the firmo-viscous law was suggested to him by Sir J. Larmor.
Woeissenberg (1931) quotes Joffreys. Mises (1930) ascribed it to Voigt (1890) and I
(1931) followed lum. Alfrey and Doty (1945) speak of the Voigt model. I came across
Lord Kelvin’s article m tho Encyclopedia Britannica, which has the priority, by chance,
and I can strongly recommond its study to the reader. It contains a wealth of for-
gotten knowledge.

t Mardles uses the term * system.”
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both elements, while the deformations are additive. Combining the
spring and the dashpot in parallel we arrive at a model shown in Fig. 6.
Diagrammatically this model can be represented as in Fig. 7.

K=HI|N

1
.

n
MEASURE OF .

ELASTIC HYSTERESIS

Fi1¢. 1X, 7. The mechansims in the figures show exten-
s1ons and pulls, but one should not forget that these
stand for shearing strains and shearing stresses,

- respectively. Also, the stress-strain relations have

Fre. 1X. 6 hoen. ])i(}turvd as linear ; l)lft. the lpo«lels can be

v applied in a general manner for nonlinear relations
as well.

Indicating by a vertical dash, thus, |, parallel coupling, the struc-
tural formula of the Kelvin Solid is accordingly

K=HN . . . . . . . (31)

The rheological equation can easily be written down from (I, d)
and (I, f). The stresses being additive, we have

T=py by - - . . . .. (32)
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In Kqu. (32) we have given the 5 the subscript ** s’ to indicate the
“ golid ”’ viscosity.

9. Delayed Elasticity

Equations (32) and (15) are built up analogsusly. We can there-
fore write down the solution of (32) on the model of Equ. (28).
Omitting for simplicity the subscript “s”’, the solution of Equ.
(32) is

l t
y =e*Ml(y, + vv(m“/" ‘dt) R £ 1))

]

If the stress is constant, we find as analogy with Kqu. (30)

Y = T/y. + (Y() - T/:u')e”“h ' . . . . (34)

For 7 — y u, this gives y =y, and the strain remains constant.
For 7. -y, u the strain increases, for - .y u the strain decreases, in both
cases reaching 7/ asymptotically. If a stress 7 acts on an unstrained
body, i.e. y, : 0, we find

y = (I - ey N € 13
123

The elastic strain 7/u, therefore, does not appear instantaneously
or rather with acoustic speed, but is delayed, and reaches this value
only after infinite time. Likewise, if the load is removed from a strained
body, it will not revert to the unstrained state with acoustic speed, but
in accordance with (r = 0)

y= oyt L. (36)
and it will take infinite time until the strain completely vanishes.

This phenomenon is called elastic after-effect, but this is
only a special case of Delayed Elasticity.* The effect described by
Equ. (85) is sometimes called elastic Fore-Effect, a not altogether
happy term, suggesting an effect preceding the cause —which, of course,
cannot be.

As in the case of the Maxwell body, the ratio n/u is of the dimension
of time. 1t is called the Time of Retardation. The use of the term
““ time of relaxation ”’, as sometimes met with, is nusleading and should
be reserved for the Maxwell liquid only.

10. Damping of Oscillations

As we saw in Section 7, Kelvin conceived the notion of solid vis-
cosity in order to explain the damping of oscillations. This is
“ viscous damping . However, viscous damping is not the only kind
of damping. Whatever causes dissipation of either elastic potential
or kinetic energy produces damping.

* Also termed Retarded Elasticity.
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In analysing the causes of damping we must distinguish between
the first two kinds, viz. external and internal. External causes are (i)
friction at the fixing points of the vibrating body, and (ii) the resistance
of the air. Neither tells us anything about the nature of the material :
for the rheologist they are nuisances which must be eliminated. The
internal resistances alone interest him. He will make experiments
on damping of oscillations for the purpose of learning something
about those rheological properties which produce the internal resist-
ances. The latter are of four kinds, which can be arranged in two
pairs. We have first the viscous damping due to solid viscosity.
Solid viscosity dissipates kinetic energy. The second is due to
viscosity present in liquids, or liquid viscosity. It will operate in
damping oscillations of a rod of asphalt or of any body consisting of a

N OTE688000080¢
e e

X

Fra. IX. 8. Model for imear oscillator.

Maxwell liquid. Liquid viscosity dissipates elastic potentia: energy.
The third kind is due to plastic resistance. A rod made of a plastic
material and subjected to the torsion described in Section 6 of (‘hapter
VI will show such damping. The fourth is due to local microscopic
or submicroscopic destructions such as occur in ** permanent sets
the nature of which was explained in Section 2 of Chapter 111. In the
first two instances the resistance depends upon the velocity ; in the
second two it is independent of the velocity. We shall deal here in
detail with the mathematics of viscous damping only, simplifying our
problem by considering a homogeneous one-dimensional case.

Let us imagine an arrangement as indicated in Fig. X, 8. A body
of mass m oscillates on a frictionless horizontal plane in a straight line
under the action of an elastic force exerted by springs which obey
Hooke’s law. We assume that the experiment is carried out in vacuo
and that the springs are stressed below the elastic limit. The only
resistance which we consider is internal viscous resistance of the springs
in accordance with the equation

og--HKe A6 . . . . . . . (37

.
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In the Figure we have shown two springs, such as would be suitable
for a working model, but for the calculation we replace the springs by
a straight elastic rod which is capable of resisting push as well as pull,
E being its Young’s modulus and A, its “ solid " viscous Trouton co-
efticient.

Applying Newton's law (I, a) we write

m . d%x[dl* —= P ... .. (38)

The force is P> = A.o where * A 7 is the cross-sectional area of
the rod.

Introducing ¢ — x/l and é = ¥/l we write

lo = — Ka — Adx/dt . . . . . (39)
where the negative sign for Er is introduced because the elastic force
acts in the direction opposite to an increasing elongation and the
negative sign for Ar because the viscous resistance is opposed to the
direction of the velocity.

From Equs. (38) and (39) we get

d2[dt* + E*x + Xdefdt =0 . . . . (40)
where
E* = AE[lm ; X* — AXim . . . . . (4])

The solution of the differential equation (40) can be expressed in
two different forms, depending on whether Aj2/4  E* or X214 E*.

(i) If we first take the case A2/ -E*, the solution can be expressed
as follows :

X .1'(,/211.{()\*/2 4 oa)et AEROU o XR[2 o q)et XN YL (42)
where
@ = VILOOEx o 0 . L L L (43)

That (42) is a solution of (40) can be verified by differentiation and
substitution.

Introducing ¢ = 0 in (42), we get

Wi =Xy oL (44)

and ., is therefore the initial amplitude.
By differentiation of (42) we find
e (- R [2a el ML el NI won (45

From (45) we find that » vanishes for ¢t - 0 and ¢ = oo, but not
between these extreme values, and from (42) it follows that x vanishes
for ¢t — oo but not before. This is therefore not a case of oscillations,
but an aperiodic movement. In this case the viscosity is so great that
the body asymptotically approaches the unstrained state, without
any kinetic energy left to produce oscillation.
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(ii) Secondly, we consider the case A;2/4- E
The solution is
w = xr,e"?! (cos bt + A*¥[2b.sinbt) . . . (46)
where
b= VEF D XTE . . . ... )
This also can be easily verified by differentiation and substitution.
Again we find

Xy =2, . . . . . . . (48)

and
& o=x,e¥b.e M sinbt . . . . . (49)
From (49) we see that x vanishes for t = 0, =/b, 2=/b . . . n=/b.

For these values of t the amplitudes are x,, — x e, 4 re V7%
. . . The movement therefore consists of oscillations with the period

T=2ﬂ/b:2w/JP]*~<A;>2 L (50)

This period is a constant. This is quite remarkable. Oscillations
with viscous damping are accordingly ¢sochronous, the same as oscilla-
tions without damping. When the amplitudes become smaller, the
velocity decreases correspondingly, so that the time for making the
smaller movement remains the same. The period itself is, however,
greater in the damped than in the undamped oscillations, because
“b " becomes larger if, in (47), the coefficient of the damping viscosity
A*, vanishes. The greater the damping, the slower, therefore, the
oscillations. The amplitude of the oscillations gradually diminishes in
accordance with our last series. Tn infinite time (f — oo0) & vanishes,
i.e. the movement ceases, and at the same time x also vanishes, i.c.
the position of rest is the unstrained state. The amplitudes form a geo-
metrical series with the coefficient e *"* and the logarithms of the
amplitudes form an arithmetical series with a negative increment or
decrement, A*mw/2b. This is called the Logarithmic Decrement of the
oscillations. If we consult (50) we find the logarithmic decrement to
be equal to A*T'/4.

Plotting the elongation on a logarithmic scale we get a straight line.

The main difference between damped and undamped oscillations is
in the factor e=*"/*' in (46). In the beginning of the oscillations as long
as ¢ is small, this factor is not very different from unity and the move-
ment of the damped oscillations does not differ much from the move-
ment of undamped oscillations. If A* is also small, several oscillations
may pass before the diminution of amplitudes is noticeable. As soon,
however, as ¢ has increased to such an extent that the exponential
factor is markedly different from unity, the amplitudes decrease very
quickly. If after one second the exponential factor was, say, 0-9 and
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after two seconds :— 0-8 which may be entirely within the error of
observations, it becomes after 10 seconds 0-91° = 0-35, i.e. very notice-
able ; and after 20 seconds, when it is 0-1, the original oscillations have
probably been entirely superseded by vibrations from accidental causes.

11. Summary

The property of elastico-viscosily is typified by the Maxwell
liquid, the structural formula of which is

M=H-N. . . . . . (IX,a)
with the rheological equation
y=rtlp,+ry . . . . . (IX,h)

where p, is the “ liquid " rigidity.
For constant stress = — 0, y — [y and the Maxwell body behaves
as a Newtonian liquid.
If 1, and % are constants, Kqu. (LX, b) gives on integration
t

=" (z 4 ,u.f yer'dt) .- (IXe)

Fory - 0 this is reduced to
r=re* . . . . . (IX,d)
which shows that for constant strain the elastic stress relaxes.
The quantity
Ty =9p, - - . . . . (IX,e)
is called the relaxation time.
The property of firmo-viscosity is typified by the Kelvin solid,
the structural formula of which is
K _-H
with the rheological equation
T=py+y - - . . . . (IX,g
where 7, is the ** solid " viscosity.
For constant strain (y— 0), 7 = py and the Kelvin body behaves

as a Hookean solid.
If 1 and 7, are constant, Equ. (IX, g) gives on integration

t
y = e (y, 4 {fm””dn . . . (IX,h)
Nsd o

AR . 4 3|

If a constant stress acts upon an unstrained body

y= (I -errty . . . . . (IX,i)

122
and the elastic strain 7/y does not appear with acoustic speed, but is
delayed and reaches this value only after infinite time. Likewise, if
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the load is removed from a body the strain of which is y,, this reverts
to the unstrained state in accordance with

Y - yue"“/n‘t . . . . . . ([X’ j)

The first phenomenon is called elastic fore-effect, the second elastic
after-effect, both constituting delayed elasticity.

The quantity

Te=ndp . . . . . . (IX/k)

is called the retardation time.

These equations are written here for simple shear, but can be used
for linear dilatation by introducing e, for y. £ for p and A for 4.

A Kelvin solid shows viscous damping of oscillations.

The oscillations are isochronous with the period

T —2a/VE* - (X2 . . . . (IX,])
The amplitudes form a geometrical series with the coefficient

e A0 and

4 — Xz[2h) — X*T[1 e (IX,m)
is called the logarithmic decrement.
In these equations

E* — A[«]/[;n D - A‘l/\_\/lﬁl . . . (Ix’ l])

where A is the cross-sectional area and [ the length of a rod executing
longitudinal vibrations, E and A, being its Young's modulus and solid
Trouton coefficient respectively, while m is the mass of the vibrator
attached to the rod.



CHAPTER X
MORE COMPLEX BODIES

1. Delayed Elasticity in Asphalt and the Burgers Body

I~ the preceding chapters we have become acquainted with materials
showing the simple properties of elasticity and viscosity ; the more
complex property of plasticity which can only be realized together
with the property of elasticity : and finally the still more complex
properties of elastico-viscosity and firmo-viscosity. These materials
were idealized in the abstractions of the Hooke-, Newton-, St. Venant-,
Maxwell- and Kelvin-Body. Of these, the first three only are elemen-
tary and it was shown how the other two could be related qualitatively
to the first two by means of structural formulas. Quantitatively,
rheological equations between 7, 7, y and y were postulated in which
the three parameters p, n and 9 appeared in different forms. con-
stituting ** rheological coefficients . These developments provided us
with ever better approximations for the description of the behaviour
of real materials. Let us, for instance, consider such a material as
road-asphalt. In the first place asphalt possesses elasticity : this
makes it suitable for a structural material. One can accordingly
regard asphalt, to a first approximation, as a Hooke solid. As a matter
of fact. road engineers base their designs nearly exclusively upon
that abstraction. Only when * ereep ” must be taken into considera-
tion, will they proceed to the second approximation and consider
asphalt as a Maxwell liquid. However. one has to take cognizance of
the fact that asphalt also shows delayed elasticity. If we want to take
this also into consideration, we must reach a third approximation by
proceeding beyond the Maxwell liquid.

Delayed elasticity, as we have scen, is hound up with firmo-
viscosity, for which the Kelvin solid was devised. We therefore have to
attach the A to the M complex and the question is only whether this
is to be done in series or parallel. Asphalt, because of its slow viscous
flow, should not, even in a further approximation. lose its character
of a liquid. The connection must therefore be in series. Such a model
was proposed by Burgers (1935) and we may name the ideal material
corresponding tc it the Burgers body (Bu). We accordingly write

Bu=M K _-( -N)y HN) . . . ()
and the reader will have no difficulty in making himself a sketch of the

model representing the Bu-body in accordance with Equ. (1).
D.8.F, 145 L
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Lee and Markwick (1937) found that there was ** good qualitative
agreement between the behaviour of actual (bituminous road-) surface-
ing materials and the behaviour of the model. The model also
illustrates the behaviour of . . . binders such as bitumen and
piteh.”

The " second axiom ™ of rheology must lead us to expect that
the Burgers body will be applicable to many other materials besides
asphalt.

In order to proceed from the structural formula (1) to a rheological
equation, we note that there will be four rheological coefficients, two
of viscosity and two of elasticity. If we consider shear (or, more
generally, distortion), these will be the ™ ordinary ” viscosity (n) in the
M-complex and * solid ™ viscosity (y.) in the K-complex ; ** liquid "
rigidity (p;) in the first and ** ordinary " rigidity (u) in the second case.
Jeffreys (1929) who was the first to propose a rheological equation for a
M-K complex proceeded as follows :--

Being arranged in series, both the - and A- complex must take
the same stress. For the tirst we find from Kqus. (IX, b) and (IX, e)

{
iy =71+ P [’r({l T )]
ue
For the second we find from Equs. (IX. g) and (IX. k)
re=uly T @)
Equating both, we get
. 1 [
wly + Ty =7+ . J‘rd[ N € 3]
B,

Jeffreys remarks that the substance would follow the firmo-viscous
law if T',, was infinite, and the elastico-viscous one if 7', was zero.
The substance will flow indefinitely with long-continued stresses, but
the partial recovery on release will be gradual. If any problem of
elastic strain had been solved for a simple elastic solid, the behaviour
of that substance, so long as squares of the displacements can be neg-

. . - P s o 1 )
lected, could be inferred simply by writing u(1 + 7 ,‘,(”)/<I + T (djdt)
for . A body nearly simply elastic has 7', large and 7', small and
has approximately p[l + T (d/dt)  1]T (d[dt)] for p. The damping
of surface waves of earthquakes as they advance would suggest that
either 1'y; = 750 sec. and Ty, =0 or T - 0-004 sec. and T —= 0.
In the rocky shell approximately 7'y, 3 ~ 108 sec., T, - 0-004
sec., u — I-7  10'2 dynes ¢em "2 5 — 5 x 10* poises.

In the above derivation one may object to the equating of p.y
with 7. It is true that the stress + must be the same in both the //-
and the N-element of the M-complex, but to calculate + one would
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have to take into account in the first case the strain of the spring only
and in the second the rate of flow in the dashpot. Actually, however,
y in Equ. (2) is derived from the sum of both. Nevertheless, dis-
regarding the derivation, one may postulate Equ. (4) as a rheological
equation, permitting even the coeflicients p and 7 to be variable and
test it against the rheological behaviour of some real material.

A more consistent method for the derivation of the rheological
equation of the Bu-body seems to me to be the one used by me (Reiner,
1945) by taking into account that the displacements of the M- and
K-complex are additive ; the same method as used above in the deriva-
tion of the equation of the M-body.

From
Yia =Yu + Vi B )
we find by means of Equs. (IX, b) and (1X, h)
. : { 1! ’
y T A T/w ( [e_"/""(‘)’ne + ﬂ'"""'(“)J .. (6)
dt URUP

where v, is the initial strain of the * solid ” component.

After carrying out the differentiation, this yields
Ay ey, b

M MNs T

Here also. while in the integration the coefficients were assumed
to be constants, the derivation of Equ. (7) may be disregarded
and the equation postulated as the rheological equation of the Burgers
body. even should the coefficients turn out to be variable.

If a stress is applied to a Bu-body when it is in an unstressed and
unstrained state, we find from Equ. (7) putting y, — 0 and r = 0,
y = 7lu,. This is an instantancous strain due to the /I,  element.
If, on the other hand, the stress is kept constant or 7 — (), we tind

y =-1/p + Ty H! R )]
and two kinds of continuous deformation take place simultaneously,
the second vanishing in infinite time. We have called the first creep
and the second elastic fore-effect, but if. as was observed by Lethersich,
in some materials that fore-effect lasts for years it is difficult to separate
them and there may be some justification in naming the phenomenon to
which that y is due in toto, *“ creep ', in which case there will be a
partial *“ creep-recovery . That term ** creep-recovery ”’ was used by
(ilanville and Thomas (1939) and while 1 voiced my objection to it
at one time, | am now rather inclined to think that there might be an
advantage in having a term for slow continuous deformation prior
to an analysis of which part of it is recoverable and which not, an
analysis which might require further years of observation.

Ter 1 dt) . (7
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2. Further Ideal Bodies

If we let p, increase - oo, the second term on the right side of
Equ. (7) disappears and with it the H, element in the structural
formula which becomes N-K. Such material has been proposed by
Lethersich to represent the behaviour of bitumen. This would mean
that with the apparatus or the kind of bitumen used by him, Lethersich
could not observe the acoustic elasticity, which Lee and Markwick
(1937) had observed. We accordingly see that bitumen will be repre-
sented in successive approximations by N, N-K, M-K ; its most prom-
inent rheological property being flow (N), the next prominent delayed
elasticity (K) and the least easily observable acoustic elasticity (/).

Actually Lethersich proposed two alternative models as shown
in Fig. X, 1. Their structural formulas are respectively A-N and

(8) N - K =N — (H|N) (b) M|N - (N — H)|N
Fio. X, 1. Models proposed by Lethersich to represent the rheological
behaviour of bitumen.

M|N. They may be named the Lethersich-body (/) and the Jeffreys-
body (J) respectively. By making use of the transformation, K-N
= (N|H) - N = N|(Il — N)= N|M, one could come to the con-
clusion that they are identical. This, however, would be too rash,
as we shall presently explain.

3. M-Complexes
We have already dealt with N — H — M and N | I — K in detail.
We now examine the combination M, - - M,. This will give
y =t/m + 7/ne 4 Tlpa -+ Tlpe = 7m0+ d[ne) A Ty A- 1ug)
T+ - - - - (9)
where
In = g A 1ny; Hp = 1py + Ifpy . . . (10)
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Several M-complexes coupled in series are accordingly equivalent to
one M-complex in which all springs and all dashpots are taken together
to form one spring and one dashpot each.

It is very different with A, | M,. Here we have to add stresses in
accordance with Equ. (IX, ¢) and find, putting

To — MYo»

t
Tyl e # ) - (pgetin lfyc"ll"" dt +
o

t
pge—talmt f .)-,e“’lmt dy . . (1)

Neither sums within brackets can be replaced by a single term of
similar form. As a matter of fact, the M, | M, body behaves very
differently from a single M-body, as we shall presently see.

If we put y - const. — ¢, we get from Equ. (11)

T el m) e I vy — o) 4 e ygpy —eng). L L (12)

Now, we can select such a rate of deformation, ¢, that either the
second or the third term vanishes, but both these terms will vanish
only if both constituent M-complexes have the sume relaxation time.
Generally, therefore, if the material flows at a constant rate, the stress
will relax. Conversely, under a constant stress, the material will not flow
at a constant rate of deformation. In other words there will be no state
of simple viscous flow, as is possible in a Maxwell liquid.

The problem of the rheological behaviour of a system built up by
a combination of Maxwell bodies connected partly in series and partly
in parallel has lately become important in the investigation of the
* relaxation spectrum ” of rubbery materials. From our considerations
it can be seen that only parallel connections will become manifest,
while all different M -bodies when connected in series will give one simple
relavation curve and not be detectable (compare W. Kuhn (1947) ).

4. Limitations of the Rheological Models

We can now come back to the comparison of the L-body (N-K)
and the J-body (M | N).

The rheological equation of the first can easily be written dowrr
from Eqgn. (7) by omitting the second term on the right side. The
rheological equation of the second is found by adding the stresses taken
by M and N, or

MMyt
T "Tyn —{‘ Ty -~ e '“-"I"-”t ('T"_‘I + lL'uJ )'/e /'7." dt) + 7’_\!'}.’ < . (13)

We now compare the behaviour of both bodies under constant
stress, T - 7, applied upon the unstrained and unstressed body. For
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the first we find a rate of deformation as given by Equ. (8) in accordance
with which it gradually decreases from

Yo=7n+1Mn) . . . . . . (14)
to

'}.’w =To/7] . . . . . . . . . (15)

For the second it can easily be found by substitution of u, — o0
into Equ. (12) that under a constant stress 7, it will ultimately flow at
a constant rate

Yoo =T/ +7%) - - - - o . . (16)

Putting % = 7y + 7y, the behaviour of the mechanism representing
the J-body is identical with that of the L-body and as mechanisms they
cannot be distinguished. This, however, only shows the limitations of
the rheological models. Actually the L-body is best suited for the
representation of an elastic sol, while the J-body represents essentially
a relaxing gel. The order of magnitude of the relaxation time of a sol
is quite different from that of a gel. For instance, for a bitumen sol it
is about 10° sec. or less, for a bitumen gel it is 10° sec. or more, while
in a region of transition both sol and gel exist side by side. Besides this
quantitative difference, a qualitative difference manifests itself in
simple shear, when the principal axes rotate. In this case a sol in
which the stress is transmitted from the liquid to the solid. behaves
very differently from a gel, where the stress is transmitted from the
solid to the liquid phase (Reiner (1951) ).

5. The Plastic Strength of a Gelatine Solution and the Schwedoff

Body

The examples of the rheological behaviour of bitumen and asphalt
showed us that there are materials where it becomes necessary to
consider a combination of the Maxwell liquid with the Kelvin solid.
Investigations carried out by Schwedoff (1890) with a gelatine solu-
tion showed that in this case the Maxwell liquid must be combined
with the St. Venant plastic. Schwedoff tested a 0-5 per cent. gelatine
solution at an age of 24 hours in an apparatus consisting of the same
elements as the Couette-Hatschek viscometer (compare Section 9 of
Chapter II). If the external cylinder does not rotate, and the top of
the wire on which the internal cylinder is suspended is given a twist
through the angle ©, the internal cylinder, if the material between
both cylinders is an elastic solid, will be rotated through another angle,
say 6. Making use of the elasticity-viscosity analogy, the angle 6 can
be calculated from Equ. (1I, k) with the result that

0 = M,/4uch . (1/R2—1/R2) . . . . (17)

where M, is the torque exerted upon the wire.
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If, however, the material between the cylinders is a Newtonian
liquid, the inner cylinder will follow the wire immediately with decreas-
ing velocity until it has moved through the angle , i.e. until no torsion
is left in the wire. Thirdly, if the material is a Maxwell liquid, the
cylinder will not follow immediately, but will in the first instance rotate
through the angle 8 (<), the elastic resistance of the liquid balancing
the torque M, of the wire, which is (compare Equ. (IV, g))

M, = 7R, 2,@ —0) =@ D, . . (18

b

where the subscript ““ w " indicates *‘ of the wire .
Introducing 2 - 0 = ¢, Equ. (17) becomes
D
0 = —l--"’({a [4prh . (I/R2— I/R,%) . . . . (19)
From Equ. (19) the rigidity of the elastic liquid can be deter-
mined and is found to be

= lz)-w(ﬁ(l/liﬁ - I|R.®)|4xh0 . . . . (20)
0

The internal cylinder does not remain at the detlection 8 but
relaxation sets in and the cylinder gradually follows the wire. The
relaxation of the stresses required to maintain the elastic strain 6
can be studied by reducing the torsion of the wire (2) from time to
time, s0 as to maintain the cylinder at the deflection 6 and by plotting
the torques ¢,, é,. ¢, . . . against the times ;. t,. f,. . . . If the
material is a Maxwell liquid, the ¢ t curve is of the exponential type
and the stress vanishes for t = c. Schwedoff, however, found that in
his gelatine solution the relaxation was not of this type, but that
the material apparently maintained a small residual stress per-
manently ; ie. if 2 was maintained at a constant value, the inner
cylinder did not follow until 8§ = £ or ¢ = 0, but a finite ¢ remained.

Instead of Equ. (1X, d) he found the equation

R N 1)

to be applicable, where # is the residual stress which does not relax
after practically infinite time. Hatschek (1928) says that ‘ the magni-
tude of this permanent deformation is very uncertain, as the whole
apparatus and the condition of the liquid are highly susceptible to even
small vibrations ”, but if Schwedoff’s observations were only qualita-
tively correct, and similar observations were made by Hatschek and
Jane (1926) on a number of other solutions, this would mean that the
materials in question were in fact not liquids, as was thought from their
appearance, but plastic solids.

To represent such materials, we postulate the Schwedoff body,
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built up of three elements in accordance with the structural formula
Schw = (M | StVy—1 . . . . . (22

The model is shown in Fig. X, 2. The rheological equation is
y =(r— 0)/771»1 + :f/#u N -5))

A

Fra. X, 2. Model for & Schwedoft body corresponding to the
structural formula Schw — (M | StV) - H.

6. The Schofield-Scott Blair Body

So far the most complex body which it was necessary to postulate
in order adequately to describe the observations on a material, appears
to be the Schofield-Scott Blair body, the material being flour dough.

In a series of investigations (1932), the authors first stretched out
long cylindrical pieces of dough for a measured time, at the end of
which the cylinders were cut loose. It was found that part of the
extension was recovered, but part was permanent (Fig. 1in (1942), part
I). This showed that while flour dough (/' D), because of the permanent
extension of the cylinders, is not a Hooke body, it has a Hooke com-
ponent ; and as a first approximation we write #'/) = Il -— X, where
X represents another element or elements to be deduced from further
experiments. In the next series of experiments it was found that the
elastic recovery decreased with time under stress in accordance with
an exponential law (Fig. 4, in the same paper). (‘omparison with our
Fig. IX, 3, shows that we must write N for X, so that as a second
approximation FI) = H — N -= M. This was confirmed by further
experiments, in which the decay of internal stresses in pieces of dough
which had been streteched and held stretched was followed (Fig. 6 in
(1932), part I. The shape of the curve conformed to our Fig. for 4l
= const. The second report of the authors describes observations in
which the rate of extension of cylinders of dough, hung vertically and
allowed to elongate under the action of gravity, is related to the stress.
It was found that, while the rate of extension generally decreased with
decreasing stress, there was a finite stress at which the rate of extension
vanished ; in fact, a yield point. This shows that a St. Venant element
must further be added ; and in a third approximation #/1) = N - I{

StV =M | StV = Schw. 1t had however been noticed that *a
considerable time often elapses between the release of stress and the
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b

cessation of contraction . This indicated an elastic after-effect, to
the investigation of which a third report was devoted. For an elastic
after-effect a K body must be coupled on. As the structural formula
for D contains a St}” element, the question arises as to which end of
the StV element the K body is to be connected. FExperiments (Fig. 2
in report I1T) showed that the elastic after-effect makes its appearance
in strains below the yield point. This means that the K-body must be
connected at the spring end. It could be formed there by parallel
coupling of the spring with an N-element. The same figure, however,
illustrates that, beside the * lagging 7’ elastic recovery, there is also
“ instantaneous ' recovery, i.e. the spring of the St. Venant element
is not impaired in its working and the K-body is therefore connected
to it “in series 7. We accordingly obtain as a fourth approximation
the structural formula

SchSeB — (M| StV) — K —=Schw| N . . . (23)

Tig. 4 in report 111 confirms the formula for deformations above
the yield point.

Guided by Equ. (23) it is not difficult to design a model for the
Schofield-Scott. Blair body. Equ. (23), in addition. helps us to
establish the rheological equation. The authors expressed it, trans-
lated into our notation. as follows : --

y=—rp+7/pta . . . . L (29
where a represents the elastic after-effect. We note that they do not
take into account that Hour dough, as they themselves had found,
possesses a yield point. Their rheological equation, therefore. repre-
sents only part of their experimental findings : as a matter of fact it
corresponds to the structural formula Bu = M - K which results
from Equ. (23) when omitting the St1” clement. If we compare the
rheological equation (7) of the Burgers body with Equ. (24) we find
that Schofield and Scott Blair's a is actually

: 1" .
plne ™y, + | Tl -y
N o
and only if 7 is equal to zero, as in an elastic after-effect. is this reduced

toy, Hownt = ,);," e~ Kqu. (24). therefore, cannot adequately
N K
express an elastic fore-effect.
If we take into account the St1” element, the complete rheological
equation of the Schofield-Scott Blair body is

v = (7- l()) Nl + Ns + ;r/“l __ ILe—I‘/ml
Mot s uR

[y,,+ n’j (r 0>e"'""dt>] ... . (25)
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Under a constant stress, exceeding the yield value, the body is
plastically deformed at a rate which, in analogy to Equ. (8) is
y=0F—=NUmuy+ e,*"") . . . . . (206)
Therefore. as in the case of Kqus. (14) and (15). the rate
gradually decreases from
Vo= DU+ 1) . . . . (2])
to
y, =@~ Ny, - . « . . . (28
It all depends upon the magnitude of the retardation time
T. = n/n how long it will take for y to become practically constant
and indistinguishable from y,. However, Kqu. (28) is the same
as Kqu. (VIII, a), the rheological equation of the Bingham body.
It is therefore not astonishing that Wolarowitsch and Samarina (1935)
when testing flour dough in a plastometer of the co-axial rotating
cylinder type, found that the Reiner and Riwlin equation (VIII, g).
which is based upon the B-body. was applicable. They probably
sheared the material long enough to reach a steady state, and this was
one corresponding to a B-body.

7. Regarding the Second and Third Axioms

This furnishes an illustration for the working of what I called the
second and third axioms of rheology. The second (compare Seetion 12,
Chapter 1) says that every real material possesses all rheological proper-
ties, while the third states that every ‘‘ simple’ behaviour is a
degeneracy of a more complex one. If flour dough is put into an
apparatus where its properties under steady laminar shear are observed,
nothing more complicated than corresponds to the B-body can be observed.
In order to find out about the other properties of lour dough, i.e. those
which Schofield and Scott Blair discovered, Wolarowitsch and Samarina
would have had to use their apparatus in the manner of Schwedoff ;
they would then have found its M-component, etc., in accordance with
the second axiom. On the other hand, we sce now that Scott Blair
was not entirely correct when he stated on page 27 of his book (1938)
that to apply “ Bingham’s principles to . . . flour dough . . . is contrary
to the author’s (Scott Blair's) experience.”” It is true that flour dough
is not a Bingham body, but from Schofield and Scott Blair’s observations
the conclusion can he drawn with the help of the third axiom that
flour dough must under certain conditions show the properties of a
Bingham body.

Let us go back to Equ. (25). If § -0, the SchScB-body
degenerates, as we have already shown, into the Bu-body. Ifn, -0,
it degenerates into the Schw-body. The Bu-body itself can degenerate
into the M- and K-bodies respectively and both these into the N- and
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H-bodies. The Schw-body degenerates into the B-body for p — o
and the latter into the StV-body for 5,, > 0. Ultimately the SchScB-
body is thercby reduced to either the N-; H- or StV-body and in
accordance with the conditions of testing one or the other will pre-
dominate. One investigator may lay stress upon the elasticity of flour
dough, the other upon its viscosity, while a third may emphasize its
plasticity. Each one will be right, but not entirely so. Similarly, we
have seen that Lee and Markwick (1937) approximated bitumen by
the Bu-body, while Lethersich assumed a degeneracy of the latter,
which we called the L-body. As far as I know, nobody has yet
found a yield value in bitumen, but this may only mean that it was
not observed under suitable conditions. When these will be established
and a vield value found, for which there is some likelihood in blown
bitumen, one will have to use the SchSc B-body to describe the rheo-
logical properties of bitumen.

8. Summary

(‘omplex ideal bodies can be built up in the form of models, strue-
tural formulas and rheological equations, from the elemental bodies
of (i) the Hooke elastic (H) represented by a spring ; (ii) the St. Venant
plastic (St1') represented by a weight sliding over a table ; and (iii)
the Newtonian liquid (V) represented by a dashpot. The mechanical
elements may be connected either ** in series ”” (—) or “* in parallel  (|).
The rheological equation of a complex is derived from the rheological
equations of the components by (a) adding deformations, when the
coupling is in series ; (b) adding stresses. when the coupling is in
parallel.

When elements of the same kind are connected, the resultant body
possesses the same properties, e.g. H, — I, = H, etc. For complexes,
this is generally not true. e.g. 3| M, is not an M-body. But M, — M,
—M; K|Ky= K: M N - My; My = M,; K|N=K,;
K\ H - K,

The following ideal bodies have been applied for the representation
of the behaviour of certain materials, but are applicable for many
others : - -

(I) For bitumen and asphalt, the Burgers body

Bue- K -M. . . . . . (Xa)

with the rheological equation
. e
ey Fe g ey L xw)
ms Ns N o

When the stress is constant

y =ty trfpee st (X e)
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and there is both viscous flow and an clastic after-effect starting with
Yoz=1Iln+ 1) . . . . . (X.d)

and finishing up with
Yo =7 . . . . . . (X,e)
(1) Also for bitumen, Lethersich proposed the two bodies N — K

and M|N. The first can be considered as a truncated Burgers body.
(TTI) For a concentrated gelatine solution, the Schwedoff body

Schw = (M | 8eVy H . . . . (X,
with the rheological equation
y=@ N+ . . . . (Xg)

If the deformation is kept constant. the stress relaxes in accordance
with
=0+ (r, — Nert . . . . (X, h)
(IV) FKor flour dough. the Schofield-Scott Blair body
SchSeB = (M | StV) -K -~ Schw | N . . . . (X,})
with the rheological equation

t
y=47~0ﬂﬂi”ﬂ+ﬁyr~ee“W{yf+lf(rmamwwm] LX)
Ni’ls YN N o

Of these bodies the most complex is the SchSc B-body and all others
can be derived from it as degeneracies, assuming that certain rheo-
logical coefficients vanish.

In the rheological equations the rheological coefficients appro-
priate for shear (y, 7) have been used. Similar equations can be written
down for isotropic (e,.p) and normal (e,. o,) deformation, when, for
elasticity the moduli x and E and for viscosity the coefficients £ and A
must be used.



CHAPTER XI

CREEP
1. Solid and Liquid

In Section 1 of Chapter VII1 we have described how Bingham came
to consider oil paint to be a soft solid and not a liquid. Then in Section 1
of Chapter X we reported that Jeffreys regarded the rocky shell of the
earth as a very viscous liquid and not a solid. The difference between
solid and liquid is therefore only one of degree. We can say “ every-
thing flows 7 if given enough time ; and *‘ the mountains flow before
the Lord ” would mean that they flow if the time of observation is
extended to geological scale. Using every-day time-scale we can
define a solid as a material which either does not flow or flows plastically.
Plastic flow requires a stress larger than a definite stress, the yield stress,
and a plastic solid does not flowe under the action of a stress below that
yield stress. The limiting stress below which the material does not
flow may be quite low : this makes a Soft Solid. Such a soft solid
may be mistaken for a liquid for quite a long time, as was the case with
oil paint. In contradistinction to the plastic solid. « liguid flows under
any stress, however small *

There is an inclination among physicists to admit a single crystal
only to the status of ** true solid 7 and to consider every amorphous
material as a liquid. (lass, for instance, is spoken of as an *‘ under-
cooled liquid ™" ; but it is interesting to hear that ** the 200-inch mirror
for Mount Palomar is made of glass not for any optical property . . .
but for its mechanical properties. In this case we are concerned with
permanence of shape. . . . For in that mirror the silver or aluminium
is on the front face, not the back one. . . . The glass is a purely
mechanical support for the almost infinitesimally thin mirror. We use
glass in this case, not because it is transparent. but because its general
rigidity and permanence of shapc are better than steel or concrete ”” (Preston
(1942) ).

If this is so, glass would be--at least rheologically—a solid, not a
liquid. However, let us see what Lord Rayleigh had to say on this
subject : ** I have tried the following experiment : A piece of optically
flat crown glass 3-5 ¢cm long and 1-5 ¢m broad and 0-3 em thick, was
supported on wood at the extreme ends, and the middle was loaded
with 6 kg applied by means of wooden chisel edge. It remained in
position from April 6th, 1938, to December 13th, 1939. At the end of

* Nover forget that first axiom of rheology. If [ speak of ““ any " stress, | exclude,
of course, an isotropic stress.

167
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that time the glass was taken out and tested on an optical flat by
means of interference fringes. It was found to have been bent, the
sagita of the arc amounting to 2-5 bands or 1-25 waves, that is about
6 x 105 em ” (1940). With the help of (IV, e) and the viscosity
elasticity analogy it is easy to calculate the viscosity of that particular
glass at room temperature :

We have 7, — PL3/144d1, where, in our case, [ = bh3[12 —
15 X 0-3312 = 0-0034Lcmt ; P — 6,000 x 981 = 5,886 x 103 dyne :
L=235 em; d=6x 105616 x 24 x 60 x 60 = 1-25 x 10 '2
em/sec. We find 7, = 6-3 X 10- '8 poises, using the subscript ¢ in 1, to
indicate Creep Viscosity. This is a viscosity not essentially different from
the ordinary liquid shear viscosity, creep meaning here slow viscous flow.

In the above-mentioned paper Preston finds 7. by extrapolating to
room temperature a graph showing viscosities of glass at high tempera-
tures to be around 10% or 1070 poises and then demonstrates that in
our universe such a viscosity is without meaning. If Lord Rayleigh’s
experiment can be trusted. this shows the well-known dangers of extra-
polation.

Comparatively speaking, therefore, glass may be considered as a
solid—but actually this brings us back to what we said in the first
chapter, namely, that the strictly defined rheological divisions belong to
tdeal abstract bodies and not to real materials. If we say that stone
is a liquid, every builder will laugh at us and the structural engineer
dismiss the idea as fantastic ; if we say that glass is a solid. the theo-
retical physicists will consider us t) be simple and crude. But neither
the one nor the other can answer if we say : ‘‘ a Hookean material is a
solid, a Newtonian is a liquid . And we have postulated the Maxwell
liquid to take account of the fact that while both stone and glass low
slowly or creep. both are also elastic. a property absent in a Newtonian

liquid.

2. The Creep of Concrete

Structural engineers discovered the creep of cement-stone through
the discovery of the creep of a still more ** solid ” material, of which
cement is a constituent, viz. the creep of concrete and even reinforced
concrete.

When a concrete prism of height % is loaded, it is compressed, i.e.
shortened by, say 4h. When the load is removed, part of the reduction
of height is recovered at once (4h,). After a day or two we find that still
more is recovered, and this process goes on for several days up to a
maximum (4k,). A residuum (4h,) is not recovered even if we wait for
a long time.

We accordingly have,

4k — Ak, + Ak, b, . . . . . (1)
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4h, is the ordinary elastic sirain, and the phenomenon to which 4h, is
due is delayed elasticity. 4h, is called the Permanent Deformation, but
needs a further analysis.

-
A .
3% —
ol
a ah,
——————— T ah,
ahg
TIME

Fic. XT, 1. Creep and permanent set.

4hy permanent detormation.
4H, permanent sct.
A4h, creep.

If we keep our load in position for, say, a year, we shall see that 4k,
and 4k, are not affected. but 4k, increases with time.* If we plot the
4h, against time and extrapolate to time ¢ — o, we get a permanent
4h, and a variable 4h, so that

dh, =— Ak, + 4dh, . . . . . . (2)

4h, is called the Permanent Set and creep is the phenomenon to

which 4k, is due (compare Fig. XI, 1). The same considerations can

be applied to the deflections of a loaded beam, where k then stands for
** deflection .

The permanent deformation (4h,) was described by Bach as early
as 1888, but as its increase in time was not noticed, it was thought to
be entirely due to the permanent set (4h,).T

During the first world war, American investigators first observed
and described creep. McMillan in 1921 reported on a concrete column
in compression which at the end of a period of 600 days still showed a
deformation proceeding at the average rate. In 1928 Faber first
described creep in England. He called it ¢ plastic yield ” but it is
important to keep in mind that creep is not what we called plastic
deformation. The plastic deformation of metals is easily produced by
impact. Tn contradistinction bitumen will flow slowly, i.e. will creep,
but cannot be quickly deformed plastically. [f an attempt is made to
produce the permanent deformation quickly by impact, the bitumen

* This represents thoe view which 1 held until recently and which was shared by other
workers in this field, e.g. Freudenthal (1950) p. 523, but which 1 shall, possibly, have to
revise (seo Nection 10 below).

1 We shall say nore about the permanent set in Section 9 below.
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breaks in a brittle manner. Also, a plastically deformable body can
sustain loads up to the yield point without further deformation, while
a creeping material has no yield point : it creeps under the smallest
load.

Faber discovered creep in a case very similar to one which I had
occasion to observe in a building in Jerusalem some years later. The
building is a monolithic reinforced concrete frame with concrete panels
later filled in (compare Fig. XI, 2).

- — J

ELEVATION SECTION

Fic. X1, 2. Creep of a remforeed concrete beam i a building.
Remforced concrete in elevation shown dotted, in section shown full.

The floor A was heavily loaded. It was carried by beams ot large
spans (B and B,). After a few years, a crack (C) was noticed. The
calculation and design of beam B were checked and found in order. 1t
was also found that the width of the crack was of such magnitude that
the sagging of the beam could not have been elastic. An elastic deflec-
tion of such magnitude would have been accompanied by stresses
exceeding the strength of the concrete. Actually the following had
happened : the heavily loaded floor had caused high stresses in the
beams and these in turn had caused creep, i.e. a deflection of the
beams increasing with time. The deflection was too small to be noticed
at one of the intermediate beams (/3,), but at the front wall the rigid
panel (P) which was fixed between the pillars (/”; and P,) had not par-
taken in the movement of beam B and the joint between panel and
beam had accordingly opened up to form a crack. Faber was led to the
discovery of creep by the observation of cracks (¢) in partitions which
did partake in the movement of the beams on which they were standing.

The nature of the creep of concrete is not very well understood to
this day. In 1931, Straub, speaking of the * plastic " flow in concrete
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’

arches, proposed a ‘‘ power law ” or what would now be called a
Nutting-Scott Blair equation* for the creep of concrete, of the form
d,=as"™t" . . . . . . . . (3)
where d, is the deformation due to creep, s is the stress, ¢ is time and a,
m and n are constants. The equation did not allow for a yield strength
and in the discussion the question was raised : s concrete a viscous
liquid or a plastic solid ? This question conld not be answered on the
basis of the experimental material existing at the time. Glanville
(1930) had stated that the creep of a 1: 2: 4 mix f is approximately
twice that of 1 : 1 : 2 mix and it is generally assumed that the creep
increases as the quantity of aggregate is increased. This would imply
that the aggregates flow as loose sand may flow, and that it is the
cement, which binds the aggregates together, that prevents flow.

3. The Creep of Cement and Cement Mortar

Without knowing of Glanville’s paper, I co-operated in 1932 with
Prof. Bingham in an investigation which aimed at finding out what
actually was flowing in reinforced concrete (1933). Bingham told me
about a style of covering graves used at the Rock Creek (‘emetery, near
Washington, D.(". Four short posts are put up over the mound, to
support a horizontal slab of marble, on which name and dates and other
particulars of the dead are inscribed. It was observed that in the course
of two or three generations such a stone, 180 em long, 90 em wide and
5 em thick, sagged by some 8 cm. Bingham considered this to be a case
of flow of limestone, but questioned whether this flow was viscous or
plastic, and he asked in a paper on ¢ An ancient problem in Rheology ”’
(1932) : *“ Does the ow of marble continue indefinitely or stop, and
is it directly proportional to the shearing stress. Here again there is a
problem calling for examination by quantitative methods.” In order
to find the reply to this question we placed marble-prisms horizontally
on two supports, and observed their sagging in the course of time, the
rate of sagging being greatly increased when the stone-prisms were
kept wet. 1t was then that the creep of reinforced concrete became
of importance in structural engineering. Bingham had not heard of it,
but 1, being a structural engineer by profession, suggested to him an
investigation into the creep of cement and cement-mortar stone on
similar lines. Reinforced concrete consists of four macroscopic phases :
cement, sand, stone, steel, and several microscopic phases in addition,
among them water. It is heterogeneous and zolotropic and cannot
be considered even as quasi-homogeneous or quasi-isotropic. The
@olotropy is introduced through the steel which is inserted into the

* Kor this compare Chapter XVII.
t u.e. 1 part cement, 2 parts sand, 4 parts crushed stone.
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concrete in the shape of rods, i.e. of bodies one dimension of which
exceeds the other two. (‘oncrete, which is an aggregation of the first
three material constituents, i.e. cement, sand and stone, can be consi-
dered as quasi-isotropic, but is heterogeneous bhecause of the large size
of the stones in the mix. Mortar, which consists of cement and sand
only, is quasi-isotropic and can be treated to a first approximation as
quasi-homogeneous. But cement itself, after setting, although it will
contain water which is not chemically bound, is macroscopically
isotropic and homogeneous. We therefore started with the simplest of
these mixtures. i.e. hardened neat cement and cement mortar (1 : 3)
using the “ sagging beam >’ method. The beams, 2:27 ¢m square in
section. were placed on two supports, 76:1 em apart and allowed to sag
under their own weight. The deflections were determined as functions
of time. The curves were all of the same shape, viz. starting as para-
bolas and then proceeding as roughly straight lines for a limited time
(see Fig. XI. 3). The slope of the curve is a measure of the Rate of
Creep, and the creep curves, therefore, would show that the rate of
creep first falls off rapidly and then for some time remains nearly con-
stant. The decrease in rate of creep in the parabolic part was mainly
due to chemical hardening, i.e. the setting of the cement up to an age
of about 45 days when following a short curing. In beams allowed to

CREEP CURVES OF SET CEMENT ANO
CEMENT-MORTRR BEAMS

' T indicates "cement” Fmdtcates'morfa;

77:: denominator ndicatesthe number of cyrtag iqyg_

ﬂgg_Of beu.m -numberg du.ys af er comgman o[curtg, To

_Deflection in mm

Fie. X1, 3. Deflection of beam versus age.
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set or kept wet for curing for a longer period before loading, the para-
bolic part nearly vanished, being reduced to a small parabolic start
extending over a few days only.

Our investigations brought out two main results :—

(i) The rate of creep in its approximately constant stage is the
same whatever the previous history of the material as to setting and
curing ; (ii) The rate of creep of neat cement stone is about twice or
more than that of a 1 : 3 cement mortar stone.

However, our investigations were limited in two respects : firstly,
there was one load only, i.e. the weight of the beams ; secondly, there
were two different mixes only (1 :0 and 1:3). To decide upon the
relation between cement and sand in the mechanism of flow. I under-
took, about ten years later, a further scries of investigations in co-
operation with A. Arnstein at the Laboratory for Tesxting Materials at
Tel Aviv (1945).

4. The Creep Viscosities of Different Mortar Mixes

In these investigations four neat cement beams and two beams
each of the mortar mixes 1:4, 1:1, 1:2 and 1:3 were observed
under the action of their own weight and of superposed weights of
460 and 920 g.in the centre, producing bending moments approximately
twice and three times the moments produced by their own weight. The
dimensions of the beams were the same as of those of Bingham and
Reiner.

First of all it was found that the rate of creep under the two super-
posed loads was roughly twice and three times that under its own
weight. 1t had already been observed by Glanville (1930) that the
creep of concrete * can be considered for practical purposes as propor-
tional to the stress”. This would be a characteristic property of
viscous flow, in contradistinction to plastic flow. In the latter case, as
there is no flow below the yield point and therefore zero tlow corre-
sponds to a finite stress, there can be no proportionality. This was also
(ilanville’s conclusion ** the movement appears to be . . . in the nature
of viscous flow ” and Glanville and Thomas’ (1939) : *“if there is a
yield stress for concrete, its value is negligible *".

The creep curves are shown in Fig. 4 on a semi-log scale. This
scale has the advantage that prolonged times can be plotted on con-
venient lengths of abscissa ; it has the disadvantage that a straight line
of constant slope appears as curved. The parabolas up to the age of
60 days are not shown. The creep under superposed loads is propor-
tionately reduced to crecp under the beam weight. The curves seemed
to confirm that there exists a roughly straight line portion as shown
by Bingham and Reiner. It is followed by a curve of gradually
diminishing slope as shown by Glanville.
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In Table I the calculated creep viscosities* have been entered in
columns 13-15. Glanville observed compression in cylinders and
deflection in beams of the type to which (1V, f) refers ; Glanville and
Thomas observed also extensions in cylinders. The materials were
concretes of different mixes, different cements, and mortars. The
viscosities change with age and the age of 60 days was sclected as the
greatest for which observations were available for all different materials
and as one which is past the first parabolic part of the creep curve during
which the setting of the cement is proceeding at a high rate.}

In the present case also, as in the case of Bingham and Reiner's
beams, the rate of creep of neat cement was over double that of the
I :3 mortar. This was the more remarkable as the rate of creep of
the beams prepared in Easton from the American *‘ Atlas ”’ cement
was about four times the rate of creep of the cement beams prepared
in Tel Aviv from ‘* Nesher ” cement. At the time when [ wrote the
first edition of this book (1948) 1 thought that one conclusion anly
could be drawn as expressed by Thomas (1939), viz, : ** Conerete [and
mortar, M.R.| is considered as comprising two parts [or phases M.R.] :
(i) the cementitious material which behaves in a viscous manner when
loaded, and (ii) inert aggregate, which does not low (but moves) under
load.”  On this view («¢) the rate of creep of a mortar depends ceteris
paribus, upon the nature of the cement, but not the nature of the
sand ; (b) the increase in creep viscosity of the mortar over the neat
cement is due to the sand taking up space which it immobilizes. I
summed this up by saying it is the cement which creeps, and by embed-
ding rigid particles into it to make mortar, the resistance to creep is
naturally increased. T then went on :(—

5. The Application of Einstein’s Viscosity Equation to the Creep of
Mortar

But if this is so, then the mortar is in its rheological behaviour
essentially not different from any other suspension of solid particles in
a liquid. We can therefore try to apply the generalized Einstein
cquation }

Npee = NCy  «+ « « .« . . (4)
and determine how the intrinsic viscosity 5, depends upon the volume-
concentration c, in the case of cement mortar concretes.

* (On the assuption that the creep 13 of the nature of viscous flow.
1 The rate of croep had to be estimated from the slope ot the tangent to the creep
curves.  This procedure does not permit of great accuracy, and m columns 9-11 the
wholo range of estimated slopes has been entered, and in columns 13-15 corresponding
ranges of viscosities.

1 About this compare Chapter X1V. The reader may pass over Sections 5 to 8

and return later, after having read Chapter X1V,



CREEP

166

I
o t vy O | O [ - ¥ < ﬂ - ot}g 9
X2
Nt
B6] — | T | T [eee|evolzst | wa]eno ceeloszr) oo | uie | avi| vzi) so1| Uyt od) 95| 2w | T Jooos) ooc 000wz 1| B3 %S| B | s
47
s R 2 z 0
— [ S2|cot|cozfvws| 0 | 0 |ev0| 10| wis cur | 0zz| e | wzi| on e6 il 15| 91| @ 2 {o00tl ¢ looor 21| % mn vl
- [9
S91| 90-1({080 001 [ 26 |vs50|002|69Z| v 0|cssv|oees| ose| x| 66tfoafze| 3 mm sv| o¢ m 0006/ 0S9 | 000!|9 € ! €l
v |? 2 2 [
b ] [
9€| 62|z02|20€ |90 |v0|261]122]690]cs2e|09zz] 00r ] 01| oc | ze | 82 m mm 01Z] oo m 0009| 00L | 0001 (¥ 2 1| 2 M LR
] 0 3 o| £+
£ 2 [
s9| 29 |00s|{009| st |sz0|c¢co0l9zi} 90| Lyo| oenjoov} | o0 o8] 52| 2 Mm o8| o9s 000€| 00Y | 0001| 2 1 (| T Eln
oZ|sal o ' oz| o | o {690] o {zes|— |oez| crel€z) o0z | 9w |sers)d s | 8v — | 022|000 O v ot
o 79 t
cizfosc| | uc|va|volisof cct] 19-0| o9s| 6cc| 921| <6 992 006 ow.woom EENEED um 6
4|l WA 5¢
] ! 33 5y
thfgal o t (11l o o (eo| o |sss| — |owz| ci€ X 9 3 — jovz. 000 o1 (P 2ieefc|® 3] @
b ®
2z nla m
$6 | 612 et |82 <€ | €10(92-0]/601|co0| vES| 668 | OO1 | 66 | BII| @9 | 6C 3 213 o S m 006 | 001} 00E | £ ) m?ai » 4
Py 4]0 n
o 1312 2 37 u._. P
s6| o61|s01|c02Z| ov|eoo|9to|seolssolers| 06| 021) ¢21] 96 28 s | % %213 € 9| O Joog|oztjoov! 21|, wszu m 9
] m 5 m — 3 —I_
9 |s0Z(290 201 | sv| O [ O [6c0|OvO| 995 | 9z2| 051 | 061 ] 96| 9z | 66| ® oo 009] 0S1)009| 1 1 |~| joresy} ~ 1 §
L ' 3
QL) ¥Z-2|9s0i 91| €r | © O |60 |520)s09) 1Stio0C)wSZ| L | L9} 6S “l o [} 00v| 002 | 008 | % t € 0t Y| m v
(|
v'E
tvjsn] O | €v | 0 O &0 O ) 9S) — Jos2| €| 6v | €v | L€ 9| a — | 062 j000!| O 1 9y <
2| sE|pos|E8Eln R Z _|o88
MI mun 5| g2 R0% nmmm I mmmiyﬁ.uﬂw% 3.vm uaw3d] x| wwan | N 5 Poorad xvi | wiw | g 520 |43 1vMlLuINgo 0N wvm wm z
€Q |53 gl g2 |"3s|220lz58 o ™ P 2 = 2
523 [ 28| 55 |s58|alsle £ 22|73, $3510d o, 01 Nt | © [ cawg 09 40 30v v] Gix 10 w
mq i 13 anv‘m.www Mmmm E|37|C2E]  3WN0A A8 XMW L icorenaaand S35 40 v 1HOIIM A8 xIW mw
LI AR @m@ R 2 VT
o SIAUND WO 4 vd WOH3 n !
<hd3 @ @ \@& El ® Ag @ @\@V IAWND S¥3dvda -] : 303n0S
82 (42|92 |s2|v2lce|2z|1z|02|6I|8l| ] o n.%s_m_ 4 :Tz_m ngaﬁo_n\—ex_»;w__

G3LUISODSIA d332D 40 NOLLYINDTVD
1 318vL




CREEP VISCOSITY OF CEMENT MORTARS 167

In the present case, c, is the volume concentration of the aggregate
in the mix. This can be calculated from the given weight concentra-
tions if the specific weights of the ingredients making up the mortar
are known. We may assume for the latter the values shown in Table II.

TasLE 11

Material Water Cement Aggregates

Specific Weight 1n g/em? 1 315 265

The recorded mixes by weight are shown in columns 5, 6, 7 of
Table I and the calculated mixes by volume in columns 16, 17, 18.
The volume concentration of the aggregates in the mix, ¢,. was calcu-
lated from the volume of the aggregates as shown in column 18, and
the total as added up in column 19, and it was entered in column 20.
In Fig. XT, 5, the creep viscosities », from columns 13-15 have been

RANGZ OF VI5COSITIES
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Fia. XI, 5. Creep viscosities plotted agamst volume concentration
of aggregates.

plotted against the volume concentrations ¢, of the aggregates as
shown in column 20. A remarkable fact results : all observed points
for the mortars lie in a first approximation on straight lines radiating
from a point (A) which lies at the distance of 0-4 from the origin. This
distance is equal to 1/2-5 and, therefore, 7, is in a first approximation a
constant and equal to 2:5. In a second approximation the points drop
below the lines ; the more so the leaner the mix. One reason for this
becomes evident from an examination of column 21 of Table I. The
water-cement ratio is not the same for all mixes. On the contrary, it



168 CREET

increases for the leaner mixes. However, in the same way as the sand
increases the viscosity by immobilising volume, water (with a viscosity
negligible in comparison to the viscosity of the cement stone) decreases
the viscosity. Denoting by 7, the viscosity of the neat cement stone,
the viscosity of any other cement “ base >’ in a mortar (1,) will be, in
accordance with Guth and Mark (1933)

ﬁo - 770(1 — €) L (5)
where ¢, is the volume concentration of water which the cement base
contains in addition to the water of the meat cement stone. HK.g. the
neat cement stone in our case was composed of 317 parts cement and
250 parts water by volume, i.e. in a volume water-cement ratio of
0:79. In the 1 :3 mortar, the volume water-cement ratio was 1-05
(compare column 21, row 7 of Table I). On 100 parts of cement there
were, therefore. in the first case 79 parts of water and in the second case
105 parts of water, or 26 parts in excess. The total volume of cement
and water in the mortar is 205 parts, and 26 parts, therefore, corre-
spond to a volume concentration of excess-water c,, == 26/205 — 0-13.
The values of ¢, have been calculated accordingly and entered in
column 23. From these the viscosities 7, of the cement base were
calculated and entered in column 24. When these viscosities are
plotted on the vertical axis of Fig. XI. 5, and connected with the point
A, the observed mortar viscosities lie well on the straight lines radiating
from A.

6. A Formula for the Creep-Viscosity of Cement Mortars

On the basis of the foregoing, the creep viscosity of a cement
mortar 7, can he predicted if the creep viscosity of the neat cement
7, used in the mix is known.

We should have

14 we .

.= (1} 25c,) . . . . . (b
e n:;1+WC,( { )rv) (,)

where W( is the volume water-cement ratio of the ncat cement, W(’

is that of the cement base used in the mortar and ¢, the volume concen-

tration of the sand in the mortar. Equation (6) results from (5) through
we — wc

Cpp = 1——-;‘;,0 N )

7. An Empirical Formula for the Creep-Viscosity of Concrete

Equation (6) does not hold good for concretes. First of all, the
relative creep viscosity of the 1 : 1 : 2 concrete, which has a concentra-
tion of inert material equal to that of a 1 : 3 mortar (c, —= 0-61) is much
higher than that of the mortar. The reason may well be that besides
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cement, water and aggregates. there is always another material present
in the mix, viz. air, filling voids. The viscosity of air is negligible and
its volume should be added to the volume of the excess water. It may
be assumed that the leaner the mix the more voids in the mortar or
concrete. At the same time, however, it will be seen that a 1:1:2
concrete, because of the better grading of the aggregate, will have less
pore space than a 1 : 3 mortar. Therefore, the relative viscosity of the
former should be greater-—and so it is.

The values for n, were calculated for concretes fromn (4), where 1,
and ¢, were introduced from columns 26 and 20 respectively. They
can be approximated by a straight line

n, =40 —¥53%, . . . . . . (8)
where 0-60 - ¢, <. 0-75. This gives for concrete
14+ we
P (I 4+ 40c, — 53¢, . . . (9
e oy WC( + ) 9

In order to check (6) and (9), the creep viscosities of the mortars
and concretes were caleulated from these equations, using the values
for ¢, from column 20 and for ¢, from column 23. The results were
entered in column 28.  As can be seen, the viscosities calculated from
the equation fall within the ranges of the observed viscosities.

8. Dissimilarity of Creep-Behaviour of Mortars and Concretes

The dissimilarity of the behaviour of mortar and concretes—the
first having their rate of creep decreased with increased quantity of
aggregate, the second. on the contrary, having the rate of creep increased

can be understood on the analogy of the behaviour of a sand-water
mixture. When the sand is dry, its cohesion is very small ; its internal
friction, as measured by the angle of repose, is also comparatively
small. When we add a little water its cohesion is increased and there
is an optimum water content, which we used when as boys we built
castles on the beach. Still more water reduces the cohesion and 100 per
cent. of water, of course, flows freely. The complete curve will, there-
fore pass through the zero for ¢, = [ and ¢,. = 0 where ¢, is the volume
concentration of water. When ¢, decreases from 1 to 0 the curve will
go up at the nearer end and go down at the farther end. The role of
water is played in our case by the cement. When the aggregates are
on the increase and the cement on the decrease, the mortars lie on the
rising part, the concretes on the descending part of the curve.

9. The Permanent Set

We have not yet explained the nature of the * permanent set ”
which we mentioned in Section 2. This is a deformation which appears
immediately on loading—in contradistinction to the elastic after-effect
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—and which is not recovered—in contradistinction to the instan
taneous or acoustical elasticity. The appearance of a permanent set
on deforming a body can be understood from the fact that no body
is perfectly homogeneous and that all possess pores or holes and also
inclusions of foreign material. To these imperfections should be added
sharp local depressions on the surfaces, scratches and the like, forming
notches. A stressed body will have stress-concentrations at these
places. When considering the surface of a body these concentrations
are spoken of as *“ notch effects ”’, but the stress concentrations at holes
and inclusions are not essentially different.

These flaws form weak spots and, while the body as a whole may be
strong enough to resist the forces causing the deformation, at these
irregularly interspersed imperfections the strength of the material may
be exceeded.

In the case of a plastic material this will cause local plastic deforma-
tions ; in the case of brittle material local rupture. When the body is
released from the external forces, the aggregate of these minute plastic
deformations or ruptures will show itself as a permanent set. The stress
concentration is the more marked the sharper the angle at the notch
or the smaller the smallest radius of curvature at the hole. A local
plastic deformation will tend to flatten the angle or to increase the
radius of the curvature and a second loading of the same extent may
therefore be more nearly perfectly elastic. This is well known in many
metals.

A local rupture, however, may make the angle even sharper and
produce sharp re-entrant angles starting from holes. In this case
second and further loadings will again produce permanent sets and
after many such repeated local breakages the rupture may spread
across the whole body and the body breaks. Such rupture of a material
after repeated loading and unloading is called Fatigue. The nature of
fatigue which is the failure under repeated cycles of stress or strain is not
yet fully understood. Fatigue occurs not only in brittle materials but
also, and predominantly, in plastic metals. It should, of course, be
kept in mind that in metals the local plastic deformation must raise the
local yield point by causing local strain-hardening and therefore brittle-
ness. It may also be assumed that apart from imperfections of structure
of microscopic size there should also be sub-microscopic variations of
cohesional bonds (atomic or molecular) of the material, and some may
break under comparatively small stresses. This will cause a redistribu-
tion of stresses, increasing the latter beyond the average and in turn
bringing about other breakages of cohesional bonds. Conditions of
fatigue would accordingly be governed by principles of statistics. It
appears that whatever laws of fatigue have been established until
now, can simply be explained from such statistical considerations
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(Freudenthal (1946)), but the mechanism of fatigue has still to be
discovered.

It is, however, clear that no direct relation will exist between
fatigue and damping of oscillations of the material in question. What-
ever causes dissipation of energy will cause damping of oscillations.
We have seen in Chapter X that there may be damping without any
change in the structure of the material and therefore fatigue can only
be one of the contributory causes of damping.

10. Concrete a Solid, not a Liquid

In the preceding Sections I have mainly repeated (with some
amendments) what [ said on the subject of the creep of concrete ten
years ago when I wrote the text of the first edition. I have quoted
Straub and Glanville and Thomas, which shows that T was not alone
in my view, ‘‘ concrete a liquid, not a solid ”’, as 1 wrote then in the
heading of the first section of this chapter. True. as 1 said before, the
difference between a solid and a liquid is only one of degree and on
the geological scale concrete will show viscous flow. The question,
however, was, does concrete flow on a human, historical scale ? [ was
mistaken in replying “ yes . I am now correcting my reply, in any
case with regard to the cement, the binding material in cement-concrete.

I came to realize that my experiments, as shown in Fig. XI, 3, did
not continue long enough. They continued for about eight months.
The experiments recorded in Fig. XI, 4 extended to four years, and 1
observed that the slope *‘ gradually diminished ’, as also observed by
Glanville. But we both thought that this was an effect of chemical
hardening. This would have meant that the cement and the cement-
mortar beams were in fact creeping in viscous flow with the viscosity
increasing in time until ultimately—after many, many years—it would
approach very great, practically infinite, magnitude, when these stones
could be considered as solids.

But was this a correct view ? L’Hermite, whose thorough survey
(1957) I recommend to every student of the subject, was one of those
who voiced the hope ““ de voir les constructions en béton rester « solids »
au sens que nous attribuons a ce terme ” * I started before that year
through my assistant Glucklich an investigation which was destined
to change radically my view on the subject. I confess that I had made
a serious mistake, but I take heart from the different mistakes of great.
men of science which 1 mention elsewhere in this book, and I can draw
consolation from the fact that I am myself now correcting my mistake.

Dr. Glucklich’s paper is awaiting publication. Fig. X1, 6 shows

* That concrete 14 a solid and the creep of concrete 1s delayed elasticity was empha-
sizod by McHenry as early as 1943. T must, however, point out that both Glucklich’s
and McHenry’s observations were made on specimens completely protected from
atmospheric mfluences.
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the essential features of his results. Using beams similar to those used
before by me, he conceived an arrangement by which to load them
horizontally so that all load could be removed. The continuous curve
is the time-dependent creep for a load equivalent to 4 kg concentrated
at the centre. We notice the ““ practically straight ” part at an age of
up to eight months. However, the cyclic curve shows that this creep
is not a slow viscous flow, but a delayed-elasticity effect combined with
non-recoverable creep which stops after four to five months.

§
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Fie. XI. 6. Deformation versus time of neat cement-stone beans  The
continuous curve 15 the result of contimuous loading  The eyehe curve 15
the result of repeated loadings and unloadings ~ The broken line represents
asymptotic values of non-recoverable deformations, 1 e permanent set and
secondary creep.

It may be mentioned that other similar curves for other loads
showed proportionality to load in all aspects. We are continuing the
experiments with mortar beams.

The results described in Sections 5 above which were so difficult to
grasp, become now understandable. The experiments of Bancelin
(1911) and Oden (1913) provided a fair proof of Kinstein's viscosity
equation for spherical particles and concentrations of not more than
3 per cent. In my mortar investigations the particles were fairly
spherical, but the concentrations unbelievably high. But now we can
see that this is not the case of a disturbance in the flow of a viscous
liquid by the interference from a suspended particle. We must possibly
give up the picture of the Burgers-body for the representation of the
creep of cement-mortar (or concrete) and adopt rather a model such as
has been proposed by Torroja and Paez in Chapter VIII of Reiner
(Editor, 1954), to which the reader is referred. The sand-particles
suspended in the cement-medium thus interfere with an elastic response
—and such interference is of an entirely different character, possibly
of much narrower range than in Kinstein’s case.
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11, Summary
A liquid flows under any distortional stress, however small, while
a solid flows plastically if the yield stress is exceeded. Seemingly solid
materials such as pitch, bitumen, concrete, glass and metals may show
an exceedingly slow continuous deformation . this is called creep.
That permanent deformation of a body. which is neither plastic nor
due to creep, is called permanent set. i.c. the aggregate of minute local
microscopic failures of the material caused by random stress concen-
trations. Accumulating permanent sets may cause fatigue or rupture.
The latter may also be due to submicroscopic variations of cohesional
bonds and local breakages.
The creep viscosity 7, of cement mortar can to a first approximation
be calculated from the following modification of Kinstein's equation
1+ we .y IX
YNe 7]01 +_ "y(‘( + ~")cu) . . . ( ] a‘)
where W(' is the volume-water-cement ratio of the neat cement of
viscosity 7, and (' that of the cement base used in the mortar.
For concrete the following empirical formula can be used
s W(}(l I d0c, — 53c,2) (IX, h)
N = My T - 4le, — Huc, RN A, b
"1 WO
The creep of concrete is mainly an elastic after-effect, while the
creep of bitumen is mainly viscous flow,



CHAPTER XII
VOLUME RHEOLOGY

1. Volumetric Plastic Deformation
As expressed in what we called the first axiom of rheology, classical
mechanics of continua postulates that under isotropic pressure all
materials, solids and liquids alike, behave in the same highly degenerate
manner, namely as perfectly elastic solids with the (elastic) bulk
modulus « as the only rheological parameter in accordance with Equ.
(VIL]), which we repeat here
— P —= ke, N e
Rheology has on the whole taken a similar view, concentrating
upon the investigation of distortion and identifying flow with a dis-
tortion proceeding in time. This view is too narrow. More detailed
observations have shown that while the different rheological properties
are more spectacular in distortion, they are all also present in volumetric
deformation. This has already before forced us to make amendments.
In Section 9 of Chapter XI, we have explained the “ permanent set ™
as a kind of plastic deformation which will become manifest also under
an isotropic pressure and tension, and will then constitute a case of
volume-plasticity and rolumetric strength. Hencky (1924), whose con-
dition for plastic low we have taken up and explained in Chapter VI,
expressed the view that ‘it is clear that a hydrostatic pressure or
tension can have no influence on plastic flow. If tension experiments
simulate such an effect it must be due to the disturbance produced
by the invisible rupture phenomena . The allusion in the second
sentence is to materials having holes or voids, which may fail locally
through crushing around the holes where there are stress-concentrations.
But this second sentence contradicts to a certain extent the first. It is
true that the permanent set is not a case of plastic flow, as it appears
practically instantaneously on loading. But it is nevertheless a case
of plastic volumetric deformation, similar to plastic deformation in the
work-hardening range which also is not a flow.* It is present in con-
crete, certain soils, foamed lead and other materials. But even in
‘“ homogeneous *’ materials in which the presence of voids would not
be suspected, there might be produced by very high pressure a per-
manent set. Lord Kelvin remarked in 1878, that ‘“ by compression
between the dies used in coining, the density of gold may be raised

* See Chapter XX.

17t
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from 19258 to 19-367, and the density of copper from 8-535 to 8-916 .
We can connect this volumetric plastic deformation with a volumetric
plastic strength ¥9,, defining a yield point. However, Macey (1954) has
pointed out that there may be a plastic deformation without a yield
point. This is connected with the fact that even a very small overall
stress may produce great stress concentrations at certain points of the
body, and therefore a small permanent set, which will form an element
of a gradually increasing permanent deformation accompanying an
increasing stress. This kind of permanent deformation will, however,
appear only in a first loading, because if a second loading does not
exceed the magnitude of the first, there will usually be no appreciable
further sct ; the elastic properties of such materials (including metals)
are therefore improved by loading.

2. Solid Volume Viscosity

That the elastic straining of a real material must be accompanied
by a viscous resistance is obvious from the Second Law of Thermo-
dynamics. As we have shown in Section 4 of Chapter V. we thus arrive
at the notion of a solid volume viscosity (..

It is the viscosity introduced by Stokes in the derivation of his
equation of a viscous liquid but dropped at an early stage of his
reasoning, a procedure followed in most textbooks of hydrodynamics
by tacitly putting {, — 0 from the beginning. It has, however, become
evident, mostly through observations on the damping of ultrasonic
waves, that {, must be quite large. and Karim and Rosenhead (1952)
have reviewed the reasons for the existence of a finite ““ second ”
coeflicient of viscosity in liquids and gases.

Taking this solid volume viscosity into account, we amend Equ.
(1) to read

p=we,-+LE, . . . . . . (2

This equation is analogous to Kqu. (IX. g). We can, therefore,
consider volumetric behaviour of a material in this approximation as
one of a Kelvin-body with all properties attached to it. such as elastic
fore- and after-effects and dissipation of stress-work.
In liquids  «e, is called the hydrostatic pressure. 1t is, as follows
from (2) not identical with the isotropic component of the stress.
The stresspower per unit volume is

W= --pé, = ke, + (6,2 B )

The first term on the right-hand side reverses its sign when e,
decreases and ¢, is negative. On de-straining, this work is therefore
regained and the first term accordingly constitutes the conserved part
of the stresswork. The second term is always positive, whether e,
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increases (positive é,) or decreases (negative ¢,). On de-straining as
well as on straining, work is expended and the second term accordingly
constitutes the dissipated part of the stresswork. The total stresswork is

't r t
w :J wdt — f ke, de, + [{ﬁ,,"’d! B 3]

Going over from KEqu. (1) to Equ. (2) requires also an amend-
ment to A. as expressed by Equ. (VII, 25). We have written there A*,
in order to indicate that {_ is assumed to vanish. If this is not the
case we proceed as follows :—

Let us go back to Section 2 of Chapter V. We there considered
Trouton’s experiment with the simple pull o,. which has an isotropic
component o ,, =- ¢,/3, and we have said that when the pull is applied
there will be an initial stage when the material expands. When ¢,
has so much increased that «e,  ¢,/3, the elastic isotropic reaction
balances the isotropic component o, of the pull o,. The cubical
dilatation then ceases to increase. and é, therefore vanishes. Then the
second stage sets in. in which the movement is steady.

Now, let us assume that the rate of deformation of the prism or the
velocities of its particles are so small that their kinetic energy may be
neglected : in which case there will be no pulsations but only an
aperiodic movement leading to the second stage, when the movement
becomes steady.

For the isotropic component of the traction we have accordingly
g3 ke, =06, . . . . . . (D)

nit

furthermore from Equ (V. 7)

011/3 o 7](’;n ’;://3) . N . . . . ((i)
and therefore
é, =3¢, o,y . . . . . . (7)
Introducing this expression for ¢, into (3) we find
”n/"; — ke, "+’ C\("}(zn Un/77) ‘ . . . (8)
or
(;n - (011/3 K“l')/"’(? + Un/'37) . . . . (9)

The coefficient of viscous traction X is defined by (V, ¢) in accord-
ance with which we find
L
A (’ "/(TI

— (1 3Bke J)9C, - 13y . . . (10)

4

( gw 3’4:«
A ("”1 -e'im'u/a,,)/ (’7 T -,';'Kp,,/o) (tn

‘qu. (11) is the viscous analogy to the first of (54) of Section
Y r

[T 3

or

I, 15, namely ¥ — The analogy is, however, not exact.
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While B = 3u for « = oo and only in this case, the situation is very
different in the case of A.

In interpreting (11) one should keep in mind that [ — 3«e,/o
is either >0 in the first stage of Trouton’s experiment, or = 0 in the
second stage. For the volume viscosity we have 0 = {, <. co. It is
clear that the volume viscosity cannot be negative as “ otherwise
the more alternate expansion and compression, alike in all directions,
of a fluid, instead of demanding the exertion of work upon it, would
cause it to give work out ”’ (Stokes). As can be seen, if {, vanishes, A
also vanishes in the first stage. On the other hand A/y = 3 in both
stages if {, =— oo, and also in the second stage when I - 3ke,fo, =0,
whatever the magnitude of {,. Therefore 0 = A =5 3y with A* = 3q
in the second stage only. However, note that if {, = 0, the second
stage sets in at once and if {, = oo, never.

3. Liquid Volume Viscosity

In Section 1 of Chapter V, we have also mentioned that, should
there exist a volume flow, this would be accompanied by a liquid
volume viscosity ,. In the following we shall treat in detail two cases
where volume flow is present. Before doing so we need to clear up a
relevant term.

The first axiom sometimes finds its quantitative expression by
assuming that in cases of flow the '* Poisson-ratio ” is 1.

The term Poisson-ratio is thus used for the ratio of lateral contrac-
tion to longitudinal extension, independent of whether these are elastic
recoverable strains or the result of continuously increasing defor-
mations or liquid flow. There is no harm in such a generalization if it
is done (i) consciously with the realization that these are physically
different quantities, (ii) if different symbols are introduced for the
different quantities, and (iii) if it is realized that they are independent
quantities and one (e.g. the elastic) may have a value of, say, 0-3,
while the other (e.g. plastic) may be equal to 0-5. We may call all these
different quantities Poisson-ratios, but shall indicate the nature of each
one by a subscript, using ! for liquid, p! for plastic and ¢ for defor-
mational, while v simply would be the ordinary elastic ratio.

To separate volume-flow from shear-flow we now have to calculate
the appropriate ‘* Poisson-ratio”. This can be expressed in two
different ways. If we consider the total deformation attained at any
time, we may define a deformational ratio by

di=—vyd, . . . . . . . (12)

If we, however, consider the varying rate of deformation or the flow,

we have
dy=—v,d, . . . . . . (13)

D.S.F. N
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d, being the rate of longitudinal, d, the rate of lateral flow. Differentia-
ting both sides of (12) gives
d,= —ved, —vgd, . . . . . (14)
and therefore
. d
v,=vd+vd‘-i~l e ¢ 1))
1/

The liquid viscous ratio (v,) is accordingly identical with the defor-
mational ratio only when the latter is constant. Otherwise, considering

d, dd, d
(Tl:: (E/dl:(—i—t(ln(l,) . . . . . (16)
we have
v, = v, + vy [g' (In d,)] — 1 N 1))

Liquid volume viscosity {, is the correct viscous analogy to the bulk
modulus «, with v, the analogy to v and A to . Therefore in accordance
with Equs. (ITI, u), (111, v) and (IIT, w)

L=X3(1--2v);n=A2AL+v) . . . (18)
with {; = oo and A = 3y for v, = .

4. Positive Volume Flow in Asphalt

When using a constant-load tensile test to investigate the rupture
of certain types of asphalt under tension, Lee, Reiner and Rigden
(1946) found that the different phenomena observed could be best
correlated and explained by assuming that a steady volume dilatation
is proceeding in time. In the course of this dilatation, the voids in the
asphalt increase progressively, and a weakening of the structure is
thereby produced which ultimately leads to rupture.* This increase
in volume proceeding in time may be regarded as a positive volume flow.

The volume flow of asphalt was then systematically investigated by
Reiner, Rigden and Thrower (1950). The asphalt was a mixture of
bitumen and limestone dust in the ratio of 14 to 86 by weight. (This,
therefore, was not an asphalt mixture as normally used for road con-
struction.)

Three specimens were made in the form of rectangular prisms.
Steel boxes were cemented over each end of the specimen leaving
different exposed lengths. Over this gauge length the cross-section of
the specimens was then reduced to about 3 em by cutting away excess
material. One of these boxes was held fixed, while the load was applied,
via a pulley to the other (Fig. 1). Elongations and reductions of width
were measured by suitably applied dial gauges. The specimens were

* This kind of rupture is mentioned in Section 7 of Chapter VI and shown in Fig. VI, 8.



POSITIVE VOLUME FLOW IN ASPHALT 179

loaded with a load corresponding to a tensile traction of 100 lb/sq. in.
The temperature was 15° C. Readings were taken every minute. The
load was taken off after six to ten minutes, before cracks appeared,
and readings were continued for some time. It was observed that there
was an appreciable recovery of the deformation, including a recovery
of the cubical dilatation. It was found that the rheological behaviour
could be represented by two L-models as shown in Fig. X, 1 on the
left, one for shear and the other for dilatation. For each one there is a
viscosity associated with viscous flow. In shear, this viscosity is the
ordinary Newtonian viscosity ». In cubical dilatation it is the liquid
volume viscosity {,.

Fie. X1I, 1.

The results of one experiment are given in Table I. Column 1
shows the time of observation in minutes, with ¢ = 0 as time of loading
and ¢ = 10 as time of the removal of the load. t = oo was actually
about 24 hours later, and it was assumed that by then all elastic
recovery had taken place. The deformations being large, they were
calculated in the logarithmic measure of Equ. (I1I, 31), i.e.

D,=InQ,) . . . . . . . (19

and entered in column 2. The contractions /), were similarly calculated
and entered in column 3. The isotropic deformation or cubical dilata-
tion was obtained in accordance with Equ. (III, 37) hy

D,=D,~2D, . . . . . . (20

and entered in column 4. The deformational Poisson-ratio v, as
defined by Equ. (12) is shown in column 5.

These listed values are shown graphically in Fig. 2. Both linear
and cubical dilatations start as parabolas, but after about five minutes
become approximately straight lines. After removal of the load, the
elastic after-effects are exhibited as exponential-type curves, albeit
not as true exponential curves. Plotting v, shows a slight decrease
with increasing deformation.

N2
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The problem is to separate the elastic strain from the viscous
deformation in both linear and cubical dilatation.

The existence of elastic components is revealed by the recoveries
(re), which can be calculated by subtracting from the maximum defor-
mation the final deformation after removal of load. They are shown
for the linear dilatation in column 6.

We consider the K component of the I, — K -- N model. We have
from Equ. (IX, h)

. [t .,
(’l = eFE/A ’(Pl,u + ;\J Uekl" ldt) . * * * (21)

Considering first the fore-effect, the stress o is a constant and e, , = 0
att = 0.
Equ. (21) then yields

g »
fe=E(I—e"‘/“) N 9
where e is the elastic fore-effect after the time .

For the elastic after-effect, the initial strain will be ¢ =e¢, at
t = 0 on the removal of stress when ¢ = 0. Then Equ. (21) yields

e=ce, e“f’ e e e (23)
The actual recovery ,e after the time ¢ is given by
e =e,(I — e (2

Since. in general, the elastic strain in the fore-effect is not completed
when the stress is removed, the fore-effects must and can be calculated
from the observed after-effects as follows :—

Consider the ‘“ fore ”” and ‘“ after 7’ effects after the same period of
time 7. Let

C=I—e™r7 . . . . . . (25
then
g Y i 1 1 D
(‘,,:‘-E(J,ej -‘—:E(/(l"(/) . . . . (26)
g
L =e, ~-e,=ECz R 1))
where e, is the strain remaining after time 7' of recovery (see Fig. 3).
But
C = (e, — eq)le, }

e e 1))

] 0 = e

€ re/ €y —ep €

This method was used for both the longitudinal and lateral strains and
the elastic fore-effect at any time was plotted from the recoveries by
multiplying by the factor 7/C.
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In the present case e can be read from column 6 for ¢ = oo as
= 0-0442. The value for e, is found for 7' = 20 minutes from column 6,
by subtracting ,e, at t = 20 from ,e, at T = oo, and C is found in
accordance with KEqu. (26) = 0-592. From this the fore-effects
0, have been calculated in accordance with Equ. (27) and entered
in column 7. Deducting the e, from the D, gives the viscous defor-
mations ,/);, which are listed in column 8. From the transversal elastic
recoveries e, listed in column 9, and using the value for C as calculated,
the elastic transversal fore-effects were calculated in the same way and
listed in column 10. By subtracting these values from D, the viscous
deformations ,D, were obtained and entered in column 11. The elastic
volume st ains e,, and the viscous volume dilatation ,/), were then
calculated in accordance with Equ. (19) and listed in columns
12 and 13. Finally the values for v, calculated in accordance with

D .~ - v,,D, . . . . . . (29
are entered in column 14. After deducting the elastic strain from the
total deformation, the graphs for viscous flow result as shown in Fig. 2.

The constant rate of extension in the straight line portion is found
from the graph as 97 X 10 ® seconds. From this, Trouton’s co-
efficient of viscous traction is calculated as A = 7-7 X [0'% poises.
With a mean value of v, = 0-085 (see column 14), Equ. (18) gives
n = 33 x 10'? poises and {, = 2-9 X 102 poises. The coefficient of
liquid volume viscosity {,, therefore, was in this case of the same order
of magnitude as the coefficient of shear viscosity 7.

v

5. Negative Volume Flow in Concrete

When describing creep of concrete in Chapter XI, we over-
simplified conditions. We assumed that there is no voluminal creep, i.e.
that all creep consists in a continuous distortion and that there is no
such thing as a continuous condensation (or rarefaction) of the material.
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One reasons that in compression, the condensation can, in Trouton’s
words (compare Section 2, Chapter V), be an ‘ initial ”’ effect only,
or that we are, as we called it, in the second stage of viscous traction.
But this is what Glanville and Thomas (1939) found when investigating
‘“ lateral >’ creep :—Concrete, on hardening, * shrinks ”, i.e. all its
dimensions are reduced proportionally. There is a negative cubical

dilatation, D, going on for some time with a decreasing rate 1), with-
out any corresponding stress.

In the sagging beam test, shrinkage will reduce the radius to which
the beam is bent, but the influence upon the deflection is negligible.
[t is not so when a concrete cylinder is observed under compression
and longitudinal and lateral movements are measured. Here shrinkage
movements must be deducted. These were taken account of by
measuring both longitudinal and lateral movements in a loaded and an
unloaded specimen. It was found that the longitudinal movement
increased very rapidly as a result of loading, but the lateral movement
was practically unaffected, continuing to increase at about the same
rate as the unloaded specimen (compare Fig. X1I, 4). From the results
of the tests, which the authors called * surprising ™", the conclusion must
be drawn that there is practically no laferal creep.

In figures, we can say that in the case of concrete. as observed by
Glanville and Thomas, v, vanished while v was 0-74.

This surprised the authors because, as we recognize, they had
tacitly assumed that the first axiom was valid and that, therefore, the
volumetric deformation could only be an elastic strain taking place
in the * first stage ’. Later, in the second stage there would be nc
change of volume, or v, == 0-5. A vanishing Poisson-ratio indicates a
case of simple extension (in our case negative extension). This, we said
in Section 9 of Chapter IIL, is ** not . . . easily realized " and we gave
a very far-fetched example. Now we meet such a case under quite
ordinary conditions of an everyday material. But in the light of what
we found in the preceding Section, we must now restate the first
rheological axiom in the following form : *“ Under isotropic pressure
all non-porous materials are elastic and only elastic >’ and this is an
implicit (rheological) definition for “ non-porous’. Glanville and
Thomas’ experiment accordingly revealed by rheological means the
porosity of concrete which, of course, is known from other facts. In
creep, the concrete flows into its pores and concrete shows negative volume
flow. No explanation for the behaviour was advanced at the time by
the authors, and no further analysis made of the observations, but
Dr. Glanville later kindly put the original data at my disposal. T used
them (1949) for the clarification of the problem of isotropic flow.

The following Table 1T shows in columns 2 and 3 the shrinkage of
the unloaded specimen of concrete, in columns 4 and 5 the shrinkage
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plus creep of the other specimen after loading, all in radians x 108.
Creep is calculated by subtracting shrinkage from shrinkage plus creep,

Tasre II.

Longitudinal and lateral orecp of two cylinders of Portland cement conerete 1:2 : 4, watercement ratio 62%
by weight. Slump about 15cm One cylinder not loaded, the other loaded with 41 x 107 dyne.cm ? (60()

lb [8q. ln)

1 2 | 3 + ] s e | 7 | 8 | 9 | 10
R £ N e L N U I
days longit ! lateral longit. I lntoml l longit. | lateral ofvy !
56 10-1 103 62-7 73 526 | —30 | —0057 10-15
37 105 | 120 69-2 9-5 587 | —25 | —0-043 10-26
58 142 | 120 751 10-8 60-9 1-2 | —0-020 10-294
59 215 | 119 76 0 9-7 545 | —-2:2 | —0-040 10-138
60 | 279 13-6 81-0 11-1 331 25 | --0 047 10-157
60 | 261 | 154 843 | 135 582 | —19 | --0033 10-248
61 266 | 157 851 135 588 | -22 | —0-037 10-259
63 279 | 197 . 956 | 172 677 ' - 25| -0037 10-400
64 339 | 210 | 975 | 184 636 ! - 26 | - 0041 10-337
65 | 284 | 230 | 1082 | 198 | 778 | —32 | —0-041 10-549
66 | 330 | 228 106-2 193 f 732 | ~33 | —0-045 —0038 | 10478
67 | 334 | 244 | 1094 | 21-0 760 | —34 | - 0045 10515
68 | 366 | 248 | 1149 | 222 783 | —2:6 | -0-033 10545
70 | 371 | 295 | 1241 | 257 870 | —38 | - 0044 10-650
71 | 417 | 207 | 1290 269 873 | —2:8 | —0-032 10-654
72 | 417 | 316 | 131 | 2712 893 44 | —004Y 10-676
73 | 389 | 328 ! 138 | 289 99-1 | -39 | - 0-039 10730
74 352 | 353 | 143 | 305 | 1078 | - 48 | —0045 10-355
75 376 | 370 | 146 | 320 | 1084 | - 50 | —0-046 10 871
77 | 412 | 400 | 152 | 352 | 1108 | —4-8 | -0-043 10-893
78 | 426 | 398 | 155 | 354 | 1124 | —44 | - 0039 0042 | 10:907
79 | 394 | 414 | 158 | 357 | 1186 | 57 | -0 048 10-961
81 | 449 | 423 | 164 | 378 | 1191 | --45 | —0-038 10965
82 | 504 | 419 | 158 379 | 1076 | —40 | —0037 10-866
84 | 47-7 | 443 | 167 301 | 1193 | —-52 | —0-044 10-966
86 | 481 | 452 | 171 403 | 1229 | --49 | —0040 10 996
88 | 531 | 468 | 175 418 | 1219 | - 50 | —0041 10-988
91 559 | 494 | 182 443 | 1261 | —51 | —0-041 9-020
93 | 600 | 511 188 465 | 1280 | -46 | —0-036 9-037
96 | 568 | 505 | 186 440 | 1292 | —65 | —0-050 9046
99 | 60-0 | 596 | 205 518 | 1450 | —7-8 | --0054 - 0043 | 9-062
102 | 628 | 628 | 212 55:4 | 1492 | —7-4 | —0-050 9-190
105 | 660 | 643 | 216 565 | 1500 | —78 | —0-051 9195
108 | 628 | 666 | 223 55-1 | 1602 | —11-5| —0-072 9-261
113 | 67-8 | 681 | 230 59-2 | 1622 | —82 | —0-052 0195
117 | 6556 | 695 | 235 60-5 | 1695 | --9:0 | —0-0563 9195
121 | 627 | 714 | 240 619 | 1773 | —95 | -0 054 9-363
124 | 688 | 73-6 | 248 650 | 1792 | —86 | —0-048 9-373
128 | 651 | 79-0 | 258 69-7 | 19219 | —10-2| --0-053 9195
135 | 747 | 80-9 | 262 705 | 1873 | —10-4| —0:056 9418
140 | 733 | 808 | 262 71-1 1887 | —97 | —0-051 —0-054| 9-425
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and is shown in columns 6 and 7. In Fig. 5 longitudinal and lateral
deformations are plotted as functions of time. Both curves are of the
well known parabolic shape, the rate of creep gradually decreasing. Tt
can be seen that there are fairly great fluctuations in the differences
of shrinkage of the two specimens before loading ; accordingly, the
data for creep become of significance only after about the 55th day.
The deformational Poisson ratio (v,) was calculated in accordance with
Kqu. (12), and entered in column 8 of the Table. To a first approxi-
mation v, is constant = 0-0044. To a second approximation it slightly
increases at a rate of v, = 2:8 X 10-? sec.”1. Accordingly we have to
a first approximation a volume change calculated from Equ. (20).

D,=091D, . . . . . . (30

which again (provided the ratio is constant) carries with it a rate of
volume flow . i
D,=0491D, R (1§

There is therefore an appreciable volume-flow ; as a matter of fact,
it is about 91 per cent. of the rate of extension throughout the whole
period of creep. Certainly, in this case, Trouton would have been
wrong in speaking of an “ initial >’ effect, and his relation (V, d) cannot
here be correct.

It should perhaps be pointed out that, even if the volume dilatation
were 100 per cent. of the linear extension, i.e. D, = D, this would
not imply the absence of ordinary shear flow. For the volume dilata-
tion /), being symmetrical, can be regarded as made up of three equal
linear dilatations in three mutually perpendicular directions each one

)
of magnitude 3D,,. Thus, if D, = D,, the portion of the linear dilata-
1
tion D, contributing to the volume change 1, is only 31) .» the remaining
il) , contributing to the ordinary shear flow.

With this, the analogy between elastic and viscous behaviour
is perfect, the coefficient of viscosity taking the place of the modulus
of elasticity. We therefore write in analogy to (III, w)

1 = A3 — 2v)); = AR+ v)) coe . (32)

With v, = v, = 0-044 these give {, = A[(2-73), n = A/(2-09). In our
case, therefore, A = 2-092y has to replace Trouton’s equation (V, d).
Trouton’s coefficient of viscous traction, as usually calculated, would
in the case of the creep of concrete 1 : 2 : 4 be about 50 per cent. too
high.

It should be pointed out that nothing was assumed with regard to
the coefficients of viscosity (and likewise the elastic moduli) which
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would require them to be constants. They may vary with stress or
strain or simply with time. When we examine Fig. 5, we see that, as
a matter of fact, the viscous resistance very much increases with
time. Such viscous resistance is measured by the reverse of the slope
of the creep curve, and curves extending over years show that ulti-
mately the creep practically ceases, with the viscosity approaching
infinite values or the ‘ liquid ’ converted into a * solid . 1f, therefore,
both {, and » very much change in the course of time, it is the more
surprising that v, should remain practically constant. This needs
elucidation and may provide us with an insight of what actually
happens.

1t is generally accepted that the two moduli of elasticity are inde-
pendent of one another. In the beginning of the theory of elasticity
there were attempts to calculate one from the other, but later it was
realized that there was no basis for such procedure. The two co-
efficients of viscosity {, and n will also generally be independent. By
eliminating A from (32), we can express v, as

, 32l
Y6+ 20

If both 7 and {, are independent, the ratio 7/l may take on any value,
and v, will vary accordingly. On the other hand

2(1 + v)

C_3(1 __ZVI)n e e (39)

and should, notwithstanding variable n and ,, v, be a constant, this

would indicate a connection between the viscosity of volume flow and

the shear viscosity resulting from the mechanism of one being in some
way derivable from the mechanism of the other.

It is not difficult to see where this connection lies. Let us imagine
part of the concrete under consideration bounded by a spherical sur-
face. Let us consider the sphere under the action of an isotropic stress
(compare Fig. 6).

For simplicity let only onc cavity be present in the centre of
the sphere. A volume-element near the boundary of the sphere
(A in Fig. 6) will itself be under isotropic stress. On the other hand
a volume-element near the surface of the cavity (B in Fig. 6) will
not be under isotropic pressure. At the surface of the cavity, there
will be a stress-difference, and the material will flow into the cavity
under the action of the stress-difference, resisting with its shear-
viscosity 7. Macroscopically, the resistance will be expressible in
terms of {,, the volume-viscosity of the concrete. It would. however,
be theoretically possible to calculate {; from the viscosity of the cement
and the shape, size and number of holes in the concrete. The rate of

(33)
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creep of the concrete decreases or its viscosity increases with time
because (inter alia) the viscosity of the cement increases, due to
chemical changes. If there were no changes in the geometrical structure
of the concrete, both {, and » would accordingly increase at the same
rate as the viscosity of the cement, and their ratio y/{ would remain
constant. This is so to a first approximation. To a second approxi-
mation the cavities in the concrete gradually decrease and this causes
v, and v, to increase with time. This may also be contributory to the
gradual slowing down of creep. A 1 : 3 : 6 concrete has much more and

~
A

5.

> Concrete

0

4

0

.
.
.
.
.
.

Fi6. XII, 6.

larger cavities than a 1 : 2 : 4 concrete. In the first case it was found
that v, vanishes. This means that all flow was into the voids.*

The values of In D, were calculated and entered in column 10 of
the Table. The curve In D, versus time is shown in Fig. 5. Its slope is
found to decrease gradually from 4-6 x 10-7 sec.~! at 60 days of age
to 1-2 X 10-7 sec.”! at 130 days of age. At the same time v, increases
from 0-037 to 0-052 at a rate of 2-8 X 10-? sec.~1. We find accordingly
from Equ. (17), that v, increased from 0-043 to 0-075.

During the same period the rate of extension (as again can be found
from the curve in Fig. 5) decreased from 3-7 x 10-1! sec.! to 1-7
X 10t gec.~!. This gives (in accordance with Equ. (20)) a volume
flow at a rate of from 3-4 x 10-11 sec.”! to I-4 x 10-11 sec.”!. The
stress was o, = 4:1 X 107 dyne em~2 (600 lb./sq. in.), which gives for

* An elastic analogy of this behaviour is furnished by expanded (porous) rubber
where all strain is into the holes.
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Trouton's coefficient of viscous traction from (VII, 20) A = I-1 x 108
to 2:4 X 10'® poises, and therefore (compare Equ. (18) )n=4§ x 107
to 10-4 x 107 poises and {, = 4 x 10'7 to 9-4 X 10'7 poises. For a
1:3:6 concrete we find, with v, = v, = 0, from (Equ. (18))
L, = N3, 7 = A2,

It could be maintained that what we are calculating here is not a
coefficient of viscosity but the expression of a complex phenomenon
in which an ordinary shear viscosity enters as the only physical con-
stant. It could be maintained that if there are voids in a liquid, and the
liquid was flowing into these voids thereby increasing the bulk density
of the material, the real density of the liquid would not be increased,
and what would macroscopically simulate an isotropic flow, would
under the microscope reveal itself to be ordinary, albeit heterogeneous,
shear flow. To this may be replied that we are concerned with the
macroscopic behaviour of the material, and that on the above view
we could not say that the viscosity of a liquid was increased by sus-
pending in it solid particles. Here also the viscosity of the liquid phase
itself is not increased ; it is only forced to flow round the particles,
which increases the resistance to flow and makes itself manifest
macroscopically as an increase of viscosity.

6. The Volumetric Rheological Equation

To the two examples of positive and negative volume flow given
above, we may add that Bosworth (1949) has observed volume flow
in solidified carbon dioxide under isotropic pressure, in tension, and in
torsion, and that Fisher (1950) is of the opinion that the concept of
volume flow is of great significance in geophysics, and that there is
positive volume flow of the earth as a whole which “ has expanded in
volume several fold since Archsean times . Besides, if in accordance
with Eyring (1936), ““ a liquid is a binary mixture of molecules and
holes ”’, volume flow may be noticeable even in ordinary liquids under
special conditions.

In order to establish the general volumetric rheological equation
this side of the strength limit #,, let e, be the volumetric strain, i.e.
the recoverable part of the cubical dilatation. and let f, be the irre-
coverable rate of the cubical dilatation. Furthermore, let d, be the
cubical dilatation, comprising both recoverable strain and irre-
coverable flow, so that

d,=é,+f, . . . . . . . (35

then a mechanical model consisting of an elastic spring and a viscous
dashpot coupled in parallel, both with another dashpot in series, offers
a suitable representation of the most general volumetric behaviour
of any material. This, in other words, is a L-body in which d, stands
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for y, — p for =, {, for n,, {, for nx and « for u, and its rheological
equation is accordingly

dy=—1p C';—CC T £ erltst (d, - pre"“'dt) .. (36)
1 58 ] s
with a retardation time
Tei:=Cfc . . . . . . . (37)
and a relaxation time
T =+ L)k N € 1))

For the Stokesian liquid {, =0 and {, = oo, whence T, =0 and
Tnl = 0.

7. Summary
The general volumetric rheological equation is

K 1 ,

dv - — Cg_‘_zf '{" e—'k’“ ! (dvo — Z;va e""*' dt)

where {, is the solid volume-viscosity connected with the damping
of an elastic volume dilatation, and ¢, the liquid volume viscosity
connected with irrecoverable volume-flow. For the Stokesian liquid
{,=0 and {, = . Positive volume flow was observed in asphalt
and negative volume flow in concrete.



CHAPTER XIII
A DYNAMICAL THEORY OF STRENGTH

1. Importance of Rate of Deformation

All theories of strength mentioned in Section 7 of Chapter VI
have in common that the rate of deformation does not enter. They are
purely statical. Recent improvements in the methods of testing and the
frequent use of high-speed tests as well as of creep tests, and specially
the testing of synthetic plastics, have made it, however, increasingly
evident that the rate of deformation or, what comes to the same thing,
the rate of application of the external forces, considerably influences
the results of the tests. It is therefore obvious that purely statical
concepts cannot lead to a satisfactory theory of strength. A theory
taking account of relocity is required, both from theoretical and practical
considerations. For instance, standard specifications for mild steel
until recently asked for a certain minimum breaking stress to be
determined in a tensile test without, however. specifying the rate at
which the test 1s to be carried out. It is known that less conscientious
suppliers of mild steel, if their product was not up to standard at
ordinary speeds, sometimes used to resort to the device of increasing
the speed, with the result that a higher breaking strength was recorded.
This loophole was closed in the later British Standard Specification by
prescribing a definite rate of application of the load. On the extreme
end of a series of materials where the influence of the testing speed
makes itself felt, stands such a material as rayon, where the concept
of strength has a meaning only in relation to a maximum rate of
deformation.

2. Breaking Energy

When a body breaks into pieces the process is accompanied by the
appearance of certain forms of energy. There is an audible report which
indicates the presence of vibrations. These vibrations will gradually
die down and ultimately be converted into heat. Of greater importance
is the increase of surface energy due to the increase of the surfaces of
the broken parts over the surface of the entire body. These energies
and others appearing in rupture are provided for by the conversion
of the potential energy . There have been attempts to calculate on
this basis the strength of a material from the value of its surface tension.
The results were many orders of magnitude out. We shall not go into
this side of the problem : it belongs to metarheology. But one thing

D.8.F, 193 [}
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is clear : the expenditure of energy connected with rupture cannot
come from the fofal stress-work performed by the external forces.
Only that part of the stress-work which is conserved in the body, or
what may be called strain-work, is available for conversion into other
forms of energy. Generally, part of the stress-work is dissipated, and
this, of course, is not available. For instance, when isotropic tension is
not applied infinitely slowly through states of equilibrium but with finite
speed, this will cause, as we learned in Chapter V, viscous resistance
and part of the strain-work will be dissipated. In order to reach the
limiting value of potential energy, the external forces will have to
perform a greater amount of work. This can be done only by increasing
the isotropic stress over that stress at which the material breaks when
the forces are applied infinitely slowly. This will, accordingly, manifest
itself in a rise of strength.

3. The Isotropic Rupture Condition

Let us now consider the action of isotropic tension when the rate
of dilatation does not ranish. As we said in Section 2 above, this will
cause a rise in strength. We shall presently translate this qualitative
statement into quantitative language.

The volumetric rheological equation of a homogencous material is
to some approximation in accordance with Equ. (XTI, 2)

—p=—xe,+Cf, . . . . . . (D
where {, is the coefficient of solid volume viscosity. The function of
this volume viscosity is to delay the appearance of the elastic strain
and/or to cause viscous damping, but there is no flow. In short, 1t is a
solid viscosity.

The strain-work per unit volume is in accordance with Equation

(XTI, 4)
€ t
w, = J. Ke, (le” + f gaév'zdt Ce e e (2)

The first part on the right side is conserved as elastic potential
energy, while the second part is converted into heat and dissipated.
Rupture, therefore, takes place when the first part reaches and exceeds
the isotropic resilience of the material measured by E,. The Rupture
Condition will accordingly be

t €
w, — f {63t = f cede,=E, . . . (3

If « is constant, the integral on the right-hand side can be calculated
and is «e,%/2 and, therefore, the cubical dilatation at which rupture
takes place

e =k V2E [k . . . . . . (4)
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Now Equ. (1) gives for the tensile stress at which rupture
takes place

— =k, + {6, =VEEx+ ¢, . . . (5)
Let the breaking stress in the static state for which é, = 0 be p,,

P=+VeEx . . . . . . (8
then

P, =p,.+ L. N ()

Therefore : the stress at which a material fails in isotropic tension
increases with the rate of dilatation. 1f [, is constant the increase is
linear ; otherwise it follows some other law determined by {, = f(é,).

It should be noted that this result does not depend on « being
constant. From Equ. (2) it follows directly that the strain-work
to bring about rupture (w,,) is for any given rate of dilatation (é,)
always greater than w,,,. the strain-work expended in infinitely slow
dilatation (for which é, — 0).

While. therefore, in the absence of viscous resistance to the cubical
volume expansion of a material there is a definite stress at which rupture
occurs ; when there exists volume viscosity, the dilatation ¢ , is
definite (compare (4) ), but the stress p, is not.

4. The Distortional Failure Condition for a Hooke Solid in Simple
Shear
We now pass to simple shear. C(onsider a variety of rheological
equations corresponding to the variety of real materials.
Let us first consider the Hooke solid.
Its rheological equation is (I, d) and the rupture condition is
accordingly

y
Wop = f .“'Vd)’ =E, S (8)
If u is constant this gives, considering (VII, 31)

‘)/r e j: \/ZE,”./P, . . . . } (9)
=+ VeE, . . . . . .]
Both y, and 7, are definite constants depending upon the same
definite quantities p and E,, and are independent of the rate of strain
or the rate of application of load.
Should the body be plastic, similar reasoning, starting from
Equ. (I, e) results in the Equ. (VI, a) and

You==4V2E,  u . . . . . . (10)

o2
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5. Failure of a Newtonian Liquid
At the other extreme of the rheological bodies is the Newtonian
liquid with the rheological equation (I, f), the stress-work being

t
uv,,:fm}zdt. R 1))

In accordance with our criterion, rupture in a Newtonian liquid
would therefore only be possible if K, was equal to zero and then
rupture would always and continuously take place. This is not what
we observe. Rupture has been defined by us as a visible separation of
the parts of the body, and we do not observe such visible separation in
a flowing liquid in laminar flow.* If the velocity increases so that
turbulence sets in, a visible separation of the parts of the liquid can be
observed. Turbulence is of great interest to the hydraulic engineer,
but of little interest to the rheologist, except perhaps in the case of
what Wo. Ostwald termed Structural Turbulence and about which we
shall presently have to say a few words. We may, at this occasion,
point out the analogy which exists between turbulence and rupture
as conceived by us. The inception of turbulence is connected with a
dimensionless figure called Reynolds’ Number. Weissenberg (compare
Rabinowitsch (1929) ) has expressed this figure as the ratio of dissipated
to kinetic energy. In this interpretation the kinetic energy ¥, plays
in turbulence the same part as the potential energy K, in rupture.
Turbulence is accordingly determined by a certain point on the side
E,—E, of the triangle, Fig.. page 114 of Twelve Lectures, while rupture
is determined by a point on the side E,-E,; of the triangle.

6. Structural Turbulence

If one were to assume the Coulomb theory of maximum shearing
stress (1v of Section 7 of Chapter VI) to be valid for every kind of
material, one would say that in a liquid 7 could also not exceed a certain
maximum value. Otherwise, as there is no inherent limit to y, the
shearing stress could also increase without limit and water would be
stronger than steel. In a very early paper (1911) I assumed that there
was a shearing strength for liquids, the same as for solids, and when
this is exceeded a discontinuity in the flow appears so that, e.g. in the
case of Fig. 1, 4, there would be a break in the straight line representing
the increase in velocity from zero to V. There does not appear to be
any evidence to support this view in regard to simple Newtonian liquids,
but Wo. Ostwald and Auerbach (1926) maintained that in liquids
showing structural viscosity, turbulence sets in long before Reynolds’
critical velocity is reached. They suggested as the reason the internal

* The breaking up of a jet of liquid into drops due to surface tension belongs to
metarheology.
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rupture of the structure of the system, which causes the appearance
of eddies such as occur in turbulence.
If this is so, there would, e.g. in laminar flow of a liquid through
a tube, be a maximum shearing stress
max.7 = Rdpf2l . . . . . . (12)
compare (II, ¢). If we assume that to a first approximation Poiseuille’s
law is valid, the mean velocity is
mean v = Q[R?m = R2Ap/$yl . . . . (13)
and, therefore,
crit. v = Rldn.7,,, . . . . . . (14)
the critical velocity for the appearance of structural turbulence.
As is known, Reynolds’ critical velocity is

crit. wu =9/R.Clp . . . . . . (15)

where C 1s a constant of the apparatus, but not of the liquid. These
two critical velocities are accordingly of opposite character. Crit. v
increases, while crit. » decreases with R. In respect of 5 the opposite

4

|

4..19('1

\ CCV

b

i(‘_ Ro ‘{
Fra. XIII, 1. Structural and Reynolds’ Turbulenco.

takes place. For one and the same liquid, crit. » and crit. « vary as
shown in Fig. XIII, 1. Both are equal when the radius of the tube is

R,=20VClptmee - - - . . . (18)

A solution exhibiting structural viscosity would therefore be

“ weaker ”’ than its solvent. While the latter could sustain shearing

stresses up to the inception of Reynolds’ turbulence, the former would

break up before, namely when the structure of the dispersed phase is
destroyed (Reiner (1926, 2) ).
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7. A Model of Liquid Strength

For a better understanding of the strength of a liquid a modification
of Hencky’s model (compare Section 5 of Chapter VI) will serve. Let
the bottom of Hencky’s vessel be perforated as shown in Fig. XIIT, 2.

P <. RUPTURE

\

’
i W

S\ PLASTIC YIELD
\\\|\

[T |
[ T
CREEP

Fia. XIIT, 2. Model of strength of a hiquid.

Let there be an overflow at some level above the bottom. The liquid
contained in the vessel represents the elastic distortional energy which
can be stored in unit volume of the material. If energy is expended
upon the material, or liquid poured into the vessel so slowly that it
leaks out entirely through the holes in the bottom, in other words :
if the velocity of deformation is less than or equal to the velocity of
relaxation, there will be no failure by distortion. The material, even
if to all appearances it is taken as a solid, will flow at some rate depend-
ing upon the area of the openings. If that area is small the liquid will
leak out slowly, i.e. there will be creep. However, by pouring in energy
at a higher rate, i.e. by increasing the power of deformation (remember :
power = work/time) the vessel is steadily filled until the overfiow
opening is reached (assuming that such one exists) and further energy
is lost by plastic yield. This is the case for instance with a metal which
creeps under stresses below the yield point, and flows plastically when
the yield point is exceeded. If the combined leakage by relaxation
and plastic yield is not sufficient to dissipate the energy of work of the
external forces, the level in the vessel rises above the overflow and
reaches its brim. The moment the energy flows over the brim, the
material breaks.

One or the other of the just-mentioned features of the vessel may
be absent or especially prominent. If there are no holes in the bottom
and no overflow, the material can only fail through brittle rupture.
If there is an overflow so large that it will dispose of any supply of
energy at whatever rate, the material will yield plastically, but will
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not break. If there are holes in the bottom but no overflow, the
material will show creep and brittle rupture. This is the case with
asphalt and concrete which, in spite of their ability to creep, cannot be
deformed plastically and fail only through brittle rupture. If the holes
are not at the bottom but in the sides at some leveci above the hottom,
there will be viscous dissipation of energy down to that level : this
is the case of the Schwedoff body. A vessel without a bottom (if there
was such an absurdity) through which infinite quantities of energy
can be poured at any rate is the model of a Newtonian liquid, the
velocity of relaxation of which is infinite and which, through its vis-
cosity. can dissipate energy at any rate desired. From considering
the model we therefore come again (as in Section 6 above) to the result
that a Newtonian liquid, say water, should be able to withstand very
high, practically unlimited shearing stresses, a result which we cannot
very well accept. This result, therefore, points to some defect or
limitation in our theory. The limitation arises from our having con-
sidered steady states of equilibrium only, when there are no accelerations.
When the particles are accelerated, rupture may occur through an
entirely different mechanism. Let two contiguous parts of the body
have at some time the same or slightly different velocities : if the state
is steady and the movements are not accelerated, the body will either
move as a whole and/or be deformed. The same happens if both parts
are accelerated in equal amounts. But let the accelerations differ.
however little, then after some time there will be reached a state when
both parts must separate, i.e. there will be rupture. It can be shown
that the siresses at which rupture then occurs may be very small or
even vanish : this result can be deduced from the complete stress
equations (Equ. (1), page 36, Twelve Lectures) by considering d’Alembert
forces, which balance or nearly balance the external forces with the
tractions absent or small.

8. Failure of a Maxwell Liquid

Passing from qualitative to quantitative considerations, let us now
consider the failure of a Maxwell liquid with the rheological equation
(IX, b). Its elastic stresses relax and the ' vessel ”’ will accordingly
have holes at the bottom.

We have

w, =ty =717lpuy +7¥n . . . . . (17)

of which the conserved part is 7r/p,. Conditions for failure by
either plastic yielding or rupture are entirely analogous and we
shall therefore write E,; for both E,, and E,, of Section 8,
Chapter VI.
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The failure condition is accordingly

f '7+/,u_‘,.dt = f‘(qb —r¥p)dt = K,,. . . . (18)
If wis constant,othis results il:
T2 = 2uy Ky, R € 1))
and Equ. (IX, b) now gives
Ve = Tylpa + f] \/24"41‘1Eo.f e (20)

Now, let y;, be the rate of deformation at which the material fails
under a constant stationary load, when 7 vanishes so that

SR .

‘)/f’, == 77 '\/Z'LLJIEo, . - . . . . (21)
then

V=Vt Aglny - - o o oL (22)

The Maxwell liquid. therefore, fails in distortion when the tangential
stress reaches a definite limit 7, , == 4 4 ,?_,uE,,J. There i3, however,
no limit to distortional deformmation, while the rate of deformation at which
the matertal fails increases with the rate at which the load is applied.

If py is not constant, this increase is not linear.

9. Failure of a Kelvin Solid

We proceed in the same manner when investigating the failure of
a Kelvin solid. The results are similar to those found in Section 3
above for isotropic strain and stress, because we assumed there the

presence of solid viscosity.
Starting from the rheological equation (IX, g) the failure condition

is found to be
t t
f pyydt - f (W - qeyddt = E,; . (23)

Let 7;, be the stress at which the material fails in a static test
when y vanishes, then
Ty == Tpe + Mgy e 23]
The Kelvin solid, therefore, fails in distortion when the tangential
strain reaches a definite limit y; = -&- \/2E,;/Ju. There 1s, however,
no limit to the rate at which the stress is applied, while the tangential
stress at which the material fails increases with the rate of strain. If 7,
is not constant, this increase is not linear.

10. The Maxwell Liquid in Simple Pull

The examples treated so far show the way by which to arrive at
the failure condition for other more complicated materials, e.g. the
Burgers body, the Bingham body and others. This we shall not do
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here, but shall apply the theory in greater detail to the problem of
failure of a Maxwell liquid in simple pull, following Reiner and
Freudenthal (1938).

Let the material under investigation be formed into a cylindrical
rod, as Schofield and Scott Blair did with flour dough (1930) and
Lethersich (1941) with bitumen. Let I be the length of the cylinder
and R the radius of the circular section of area 4 ; [,, R, and A4,
denoting their values at the beginning of the experiment, when ¢t = 0.
Let a pull P be applied in the longitudinal direction. For reasons of
symmetry, this direction will be one of the principal axes (compare
Chapter 1IT) of stress and deformation, say ““ k ”’, while tractions and
deformations in the directions ‘4" and ““j >’ normal to the axis will
be equal. The normal traction in the direction of the axis will be

o, =Pl4 S 01
causing a longitudinal extension e, and lateral contractions — e.. The
latter are not accompanied by stresses and the power of deformation
is therefore

u == 0,6, T 1))

In accordance with Equ. (IIT, n) the stress can be resolved

into its isotropic and deviatoric components, or, in other terminology,
hydrostatic tension and a system of shears (stress differences),

1r 2Pr 1P
- - . = - - . 0O — - -
P=34° %1734~ "34
where the subscript ** 0’ indicates the deviator.

The deformation can be resolved in the same way in accordance
with Kqus. (IL1, j) and (LLI, k)

(27)

2 1
., — e, +- 2‘}1: LY 3(91 . et) 3 Coc -— 3("1 i (’,.) . (28)

The power of deformation consists of two parts, viz. one of cubical
dilatation

. 1r
w, = pé, = 3.4 (é,-F2) . . . . . (29
the other of distortion
. . . 2P .
Wy = Gpibo; T 2046, = 3 (¢, —¢é) . . . (30)

both adding up to w of (26).

We now arrange the test so that one end of the rod is fixed, while
the other end at the distance [ moves with the velocity v(t) = dl/dt.
The extension is, in accordance with (II1, h)

e,=In(/M,) . . . . . . . (31)
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Therefore the rate of extension
1dl v

én = d(l]l Il —In lo)/(lt = l(lt = I (32)
Now, in accordance with (LI, j)
6, =6, + 2, . . . . . . (33
But
V=14 . . . . . . . (34)
and thereforeIn ¥V =1In ! + In A4, or
1dv 1dl 1dA ]
vae Tt A @ (39)
(‘omparison of (33) and (35) yields
) 1 dA
“=5da (36)
Expressions (32) and (36) make Equ. (29) and (30)
. P (v 1dA .
10"=3A(l+;‘i_dt> . . . . . (37)
. 2P (v 1 dA
o 374(; T 24 7?;) (38)

So far the expressions of this Section are valid for any material
and any magnitude of deformation. We now consider a special material
which, we assume, behaves as a Maxwell liquid in distortion, while its
cubical dilatation is purely elastic. In other words, we assume that its
distortional stresses relax, while its isotropic stresses do not relax. The
latter assumption is safe for all dense materials with no appreciable
voids. Let us furthermore assume, for simplicity, that the material
has no “solid ” volume viscosity, i.e. that its volume-elasticity acts
instantaneously without delay. Then its ‘‘isotropic ” rheological
equation will be

—p==xe, . . . . . . . (39

Even should the material have delayed volume elasticity, our
results will be valid when the volume does not change or when it
changes slowly.

For the “ distortional >’ equation we have to take into account that
we are dealing here with simple tension and not with simple shear
for which case we postulated Equ. (IX, b). An appropriate modi-
fication gives for our present case

én=ufBy+ ol - . . . . (40)
or introducing ¢, from (25)
1 4PlA) 1
—EAI 'L-lt + A“'I (P/A) . . . . (4')
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When the load is applied, the volume expands to its maximum
which it assumes under the stress p and which is p/x. After this, the
volume either remains constant or changes so slowly that we may
assume é, = 0.

When this is the case 14 is constant and Equs (33) and (36)
yield

iy Lad 42
n A d ( )
and Equ. (32)
v —= Ldd 43
A dt S
With this Equ. (41) becomes
1dA 1 d(P[A) 1
~ =— - == = (Pl4y . . ..
Aa " my @ a M (4
while Equ. (38) is reduced to
. P dA 1 d(P[A)? 1
Yy =W = = = - = - - - ’) 1 2 .
oM =iy ok, @ T, (P (45)
The strain-work expended during the time f is accordingly
t 1
w- | wdt = - (P f P|A)%dt .. (46
f( ZEA,,( /4) /\" (r (46)

where it should be kept in mind that in order to calculate the potential
elastic energy we have to start from the unstressed state, or P = 0
for ¢t = 0.

Rupture occurs either when the isotropic stress P/3A4 reaches a
certain value — /2xk,, in accordance with Equ. (6) or when (as in
Equ. (18))

é-;}‘-" f gt(P/A)zdtzly‘,,,, N 7 ¢}
which, as in Equ. (19), gives
(P|A),*=2K,E,, . . . . . . (48)
Therefore, there will be brittle or deformational rupture in
accordance with whether E,, is smaller or larger than ELEO,,.

9k
The material can be tested under the following conditions :

(i) constant stress o,
(ii) constant load P
(iii) constant velocity of elongation »
(iv) constant rate of strain é,
(v) constant rate of stress o,.
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(i) With one of the apparatuses mentioned in Section 1 of Chapter
VI we keep the stress P[4 constant = I’ /A4 ,, or
P
P=""4 I ¢ &
y (49)
Introducing expression (49) into Kqu. (44) yields a differential
equation in d4/dt as follows :
dA|dt = - PA[A)Xy, . . . . . (50)
the solution of which is
A=A Mt 0L (B])

and therefore
P, ,
dAjdt = — A‘:e Al (52)
We now easily find the following relations :
(@) Velocity-time function (compare (43) )

_ B P, piaau .

V= g N G2 )]

(b) Length-time function
=l (54)

(¢) Length-load function
l==l,PJP . . . . . . . (bH)

(d) Strainwork-time function (compare (46) )

w = (1/2Ey + 1|Ay)(P,[4,)? R 1))

Because P[4 = P A, rupture takes place either immediately
when the load is applied or not at all. The rupture condition is
accordingly independent of time and identical with the Huber-Hencky
condition.

(ii) If we apply to the rod a constant load P -= const. = P,, this
constitutes the creep test :

Equ. (44) now becomes

1 dA P4 P

Ad = B, & A A
the solution of which is
A/4, — - Py In(4/4,) =1 P,
° A5, v Av)‘-"
When E,, is very large, as it mostly will be, or the rate of stress
small, the last equation can be approximated between the limits
A, = A > 05 4, by the linear equation

P, )
A:A,,(z.--A»;AMt) C L (5Y)

t. . . (58)
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From this

dAjdt — - P,y . . . . . . (60)
Hence
(a) Velocity-time function

gt Lolhu . (61)
A1 - P[A A1) R

(b) Length-time function

l = Lo N (1)

1--P,JA .t
(¢) Stress-deformation function
6 =0, Ay - . . . . . . (83)
(d) Strainwork-time function
1 1 1

n

— - 2 _ o= - B _ _
w0 = gy, P4 pyapr T EAA) o p a0
Rupture takes place when either
P,jd, =31 — P JAM.)V2E,,) . . . (65)
or
Po/Ao = (l - Pa/Ao)‘Jl't)'\/'?EJIE“;Lr) . . . (66)
i.e. at the time
b= Ay(4,/P, ~ 1|3V2<E,,) . . . . (67)
or
b =AA,/P, -1/V2EyE,,.) . . . . (68)

Comparing Equ. (63) with (VII, 20) we see that, by assuming
E,; to be very large, we have in some respects reduced the Maxwell
to the Newtonian liquid. For the latter, Equ. (62) is of special
interest when written in the form

1= 1]1, (69)

Vi’

In accordance with this equation, if we plot 1/l against time, a
Newtonian liquid, and in a first approximation a Maxwell liquid also,
should give a straight line the slope of which is P/ VA, and a measure
of the fluidity of the material. Mr. T. J. Qadura of the Arab
Training College, Jerusalem, independently found this relation (1947)
and tried it with success on numerous observations with bitumen. If
it does not break before, the rod would become of infinite length in

. . An’\.‘l
finite time == P

For behaviour under the other testing conditions, the reader is
referred to the paper by Reiner and Freudenthal (1938). The apparently
so simple ordinary tensile test with constant velocity of elongation
leads to the most complicated equations.
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11. The Reiner-Weissenberg Theory of Strength

The dynamical theory of strength, the application of which has been
illustrated in the foregoing examples, was first established by Reiner
and Weissenberg (1939). 1t states that the material will fail when the
strain-work, which is the conserved part of the stress-work, has reached
a certain limit. The difference between stress-work and strain-work
should be kept in mind. The former is all the work performed by the
stresses. This work will in general be partly conserved as elastic strain-
energy and partly be dissipated. The first is the strain-work and it is
equal to the stress-work minus the dissipated energy. We are, of course,
speaking of the specific work, i.e. the work per unit volume of the
material. In accordance with the different behaviour of materials
under a change of volume and a change of shape, there will be different
strengths in cubical dilatation and in shear. Water and every
Newtonian liquid will have practically unlimited strength under iso-
tropic pressure and considerable strength under isotropic tension.
If we follow the first axiom, all volumetric stress-work is strain-
work. It is different in shear. Here we have the two extremes of the
Hooke-body where also all stress-work is conserved strain-work, and
the Newtonian liquid where all stress-work is dissipated and none
conserved. In every real material there will be both kinds of work,
conserved and dissipated, and therefore the dynamical theory of
strength, explained above, only is applicable.

12. Summary

In accordance with the Reiner-Weissenberg dynamical theory of
strength a material fails when the strain-work reaches and exceeds
its ultimate resilience F,, strain-work being the difference of stress-
work minus the dissipated work.

The following criteria result

A. A Newtonian liquid will not fail in steady states of flow. In
non-steady states, a simple Newtonian liquid may fail through
Reynolds’ turbulence, while a generalized Newtonian liquid possessing
structural viscosity may fail before that through structural turbulence.

B. Maxwell liquid

,=V2uyk, . . . . . (XIII,a)
. 1 I
dy = 7,lpy + 1‘7\/2!“111?; .. . (XIIL D)
There exists a definite failure-stress, but no limit to deformation.

The rate of deformation at which the material fails increases as the
rate at which the load is applied.
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C. Kelvin-solid.

d; =V2, p . . . . . (XlLe¢)
o= nxd, + VE,. . . . (XILJd)
There is a definite limit to deformation. The stress, however, at

which the material fails increases with the rate of deformation.
In all the above equations the subscript *“ f”’ can be replaced by
one of the following, “ (0) pl ”’, ** (0) r . For the isotropic stress-strain
case when K, is either ¥, ,, or K, ,, the modulus of elasticity p must

be replaced by the modulus x and the coefficient of viscosity by the
coefficient {. Similarly in simple pull these coefficients will be E and A.



CHAPTER XIV

SECOND INTERLUDE

1. Retrospect

I~ Chapters VIIL to X1I we have shown how essential rheological
properties can be reduced to the three fundamental properties of
elasticity, plasticity and viscosity. Complicated rheological properties
can be represented by ideal bodies formed through combinations of
the three primitive bodies, denoted by H, N and St). These ideal
bodies form a hierarchy in accordance with the number of fundamental
structural elements making up the body. Table I shows a *‘ tree ”
of such bodies. Coupling in series is indicated by one branch line,
coupling in parallel by two parallel branch lines. Some of the possible
combinations have been postulated either on theoretical grounds or
from empirical considerations. In addition to those treated before,
we may mention PTh = H|M postulated by Poynting and Thomson
(1902) for the explanation of the behaviour of glass-fibres, and

TABLE 1. T'ree of Rheological Bodies

ﬂ(llzféﬂ‘ liguid solid

eloment's viscous Flow plastic deformation eloshic strain
/ 7 7 %
H £ K
3 8 PTh
: £

——— coypled in serves

d === coypled in paralle/
3 lJM 5 Rl
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TR = N-PTh as postulated by Trouton and Rankine (1904) to illus-
trate the behaviour of a lead wire in torsion. Other combinations are
possible, and may arise for the description of the rheological behaviour
of materials not investigated so far.

The rheological equations of these ideal bodies are summarized
in Table 2. They are written there in terms of shearing tractions r and
shearing deformations d,, including their time derivatives d and y. As
gaid before in Section XI, 3, the same equations can also be written in
terms of normal tractions o and normal deformations d ,, with applicable
material parameters,  replacing p, A replacing 7, ete.

As (chiefly) treated in the preceding chapters, the equations can
only account for what may be called first order phenomena. The equa-
tions themselves are linear, and the parameters defining the material
properties were (mostly) supposed to be constants. In addition, the
deformations and their derivatives were expressed as linear functions
of the displacement gradient (y), or velocity gradient (y), as in Equ.
(LT, 35). All these simplifications imply what is called a linear rheo-
logical behaviour.* But they are not always adequate. Sometimes
the material parameters reveal themselves as depending upon the
rheological variables. This then introduces a nor-linearity which is
called physical non-linearity.

In addition, when the displacement gradient is not infinitesimal,
the deformation cannot be expressed in the manner of Equ.
(II, 35) with the gradient appearing in the first power only. For in-
stance, if we define D in accordance with Kqu. (I11, 31), we have

B} , 2
D = In(l,) = n(l(’ ; Al) = ln<7 + 7”> — ?I - 3(7”) 4o

o 0 v

This makes for, what may be called, geometrical non-linearity. Finally,
there is a third category of non-linearity which 1 first deseribed in two
papers in respect of viscosity (1945) and elasticity (1948). This mall
be called tensorial non-linearity. In the following chapters we shay
deal with physical and geometrical non-linearity. The tensorial non-
linearity is outside the field of an elementary introduction, and we
shall only mention briefly some of its aspects. However, before doing
8o, we shall in the present chapter outline briefly how we arrive at the
necessity of introducing a physical non-linearity.

When 1 just said that the treatment in the preceding chapters
excluded non-linearity, this was not quite correct. Non-linearity
could not be avoided when treating volume elasticity in Chapter III.
It was at once clear that if we write ¢, = — p/«, the bulk modulus «
can under no circumstances be a constant, but must itself be dependent

)

* Workers in the field of high polymers speak of * linear bebaviour ” when they
mean *‘ proportionality .
DSF ,
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upon p or e,. This is a result of the physical situation underlying the
development of internal reactive forces when the volume of a body of
the material is reduced through the action of external forces. It is
therefore a case of physical non-linearity. There are other physical
mechanisms which cause such non-linearity. They arise in connection
with a micro-heterogeneity of the material. The materials with which
rheology has to deal are nearly without exception dispersed systems,
consisting of two or more *‘ phases ”, solids and fluids, of which one
will often be air contained in pores which may be visible or invisible
(compare Section 1 of Chapter XT1). These dispersed systems can be
distinguished as sols which act in the manner of liquids, and (in
American terminology) jellies which act in the manner of solids, with
gels forming a continuous transition from the first to the second. In
sols the continuous phase or the dispersion mediuwm is a liquid ; the
dispersed phase can be a liquid, when one speaks of an emulsion, or a
solid in the case of a suspension. In a gel the solid phase prevails, but
does not necessarily form one continuous structure throughout the
body. The gel may consist of * sponges ” separated by thin layers of
an amorphous phase. Using such pictures, a poly-crystalline metal
may be considercd as a gel, where thin layers of atomic disorder be-
tween the crystals form the “ liquid ” phase. Even water has been
considered from this view-point with ** water crystals” (cybomas)
forming a structure, but distinguished from the polycrystalline metal-
structure by the ease with which thermal vibrations may cause a
water molecule to leave its regular lattice point. As an extreme
example of what the rheologist may consider as a gel, we mention
concrete as was treated in Chapter XI.

All these dispersed systems are regarded in macrorheology as they
may appear to superficial inspection by the naked eye ; i.c. as if they
were homogeneous or devoid of structure or are what may be called
quasi-homogeneous. A material is quasi-homogeneous when the size
of the largest dispersed element 1s smaller than the smallest volume-
element. the deformation of which is under consideration. (‘oncrete
is thus treated when the dimensions of the structural elements made
of it are much greater than the dimensions of the largest stones of
which it is composed, even when these stones are well visible to the
naked eye on a quite superficial inspection.

Macrorheology regards materials also as quasi-isotropic. This
requires that the smallest volume-element under consideration should
contain anisotropic dispersed elements of all orientations. Such is the
case of a commercial polycrystalline metal, where the crystals, which
constitute it, are oriented at random. A quasi-isotropic material can
become anisotropic through plastic deformation, e.g. a metal sheet
after rolling or a metal rod through drawing.

r2
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In the preceding chapters we have treated materials from the view-
point of macrorheology. Even when in our M and K models the H-
element may be due to a solid, the N-element to a liquid phase of a
dispersed system, we treated the system as no different from a one-phase
material which will show viscous damping or relaxation stresses. These
M and K bodies belong to a *‘ second generation ” in the rheological
tree. However, a dispersed system may as well belong to the simple
bodies of the first generation. Such one is a dispersion of rigid spheres
in a Newtonian liquid as was treated by Kinstein (1905) in his Doctor-
Thesis, the other a dispersion of rigid spheres in a Hookean solid, as
treated by my assistant Dr. Z. Hashin (1955) in his Master-Thesis.

2. Einstein’s Viscosity Equation

The simplest dispersed liquid system is obviously a suspension of
small rigid spheres in a simple viscous liquid. Let us revert to our
prism of liquid shown in Fig. I, 2. Let us imagine a small sphere of this
liquid in the centre of the prism separated by an imaginary surface
from the rest of the liquid. After the displacement ¢ of the upper
surface has taken place, the centre of the sphere will have moved by
9/2 and at the same time the sphere will have been converted into an
ellipsoid such as shown in Fig. 1, 1. Let us now replace the liquid
sphere by a rigid sphere. What effect will this have ? The centre of
the rigid sphere will have moved by /2, exactly as in the case of the
liquid sphere. The rigid sphere will, however, not be distorted, if will

v

Fra. X1V, 1. Rigid sphero suspended i liquid.

Volume concentration ¢, ~- 4/3 Rx[L.
Surface of sphere 4 R%7.
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remain a sphere (compare Fig. XIV, 1). It is clear that this must
increase the resistance to the deformation of the prism containing the
sphere, i.e. in order to obtain the same v, the force P must be increased.
This will become manifest in an increase of the viscosity from 7,,,, the
viscosity of the solvent which is a pure liquid, to 7,, .. the viscosity of
the suspension or solution. The problem is one of hydrodynamics.
We have to find the streamlines of the liquid particles of the dispersion
medium, such that the boundary conditions are satisfied. The latter
require, as in the case of the laminar flow in the viscometers, that
wherever the liquid is in contact with the solid wall, or in the present
case the solid suspended particles, it adheres to the solid and participates
in its movements. In the case of telescopic flow it was not difficult to
find the solution to this mathematical problem. We could guess that
the streamlines are straight lines, all parallel to the axis of the tube.
In our present case we cannot make such a guess and must proceed
from first principles. To show how this is done would require a
mathematical apparatus which transcends an ‘‘ elementary ” treat-
ment. We must therefore restrict ourselves to reporting that Einstein
in his Doctor’s Thesis in 1905 solved the mathematical problem indicated
before and found

nsoht == 7)501:(1 —*.‘ 2'5 cv) . . . . . (1)

where ¢, is the volume concentration of the solute or dispersed phase.
Equ. (1) was derived on the assumption that the solution is very
dilute; in fact so dilute that the distances between the particles
are infinitely great in comparison to their diameters. In this case
every sphere modifies an otherwise laminar flow around it in a restricted
field ; while outside that field the flow would remain laminar, if not
in turn modified by another particle. If, however, the concentration
is greater, in fact so great that the modification in the laminar flow
produced by one particle reaches into the field of neighbouring particles,
the resistance to flow will be increased still more.
[ntroducing the term Relative Viscosity

Mret = Msotn[ Moo+~ + - -« - (2)
and, with Staudinger, Specific Viscosity
Nepee = (satn = Nsoto)Moote =Ned — 1« = = . (3)
and finally, with Kracmer (1938), Reduced Viscosity
Ne = MpeeCo + - -+ -+ . (4)
we can write (1) more generally

Nepee =MNCy + + + « « .« . (5)
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Kraemer has also introduced the term (Limiting) Intrinsic Viscosity

7, = [n] = lim (94,./c,) =lim», . . . . (6)

a—0 0

As said before, only in the case of a very dilute suspension of rigid
spheres is 5, = 2:5. If the concentration exceeds about 3 per cent.,
7, is not a constant, but depends upon and increases with ¢,. Mark
and his school have investigated modifications of (1) for higher con-
centrations (1940, pp. 282, 293-295). They find in a second approxi-
mation 7, = 2§ 4+ 14-1 ¢,. In this case there is still [y] = 2-5.

As can be seen from (2) the relative viscosity in the case of Einstein’s
mechanism is independent of the temperature of the solution. When
the temperature is increased, the viscosity of the solution will generally
be decreased. This, however, will be entirely due to the decrease of
the viscosity of the solvent, and the relative viscosity will, therefore,
not be changed.

A remarkable feature of Einstein’s equation is that the size of the
suspended particles is irrelevant as long as all are spheres, i.e. geo-
metrically similar. This can be understood as follows :- -

The viscous resistance can be measured by the energy dissipated
by it per unit volume. Let us look again at Fig. XIV, 1. It is reasonable
to assume that the additional energy dissipated per unit volume through
the presence of the rigid sphere does not depend upon the scale of the
picture. If, for instance, the linear scale is reduced, the volumes of
both the liquid and the sphere decrease as the third power of the reduc-
tion of the scale and c, is not changed. The radius, however, is reduced
as the first power and the area of the surface of the sphere as the second
power of the scale. If, therefore, the scale is to be of no influence,
neither the radius nor the surface of the sphere can enter into the
formula of the viscosity. There is one flaw in this reasoning : we
assume the liquid to be homogeneous withcut limit. However, when
we reduce the scale, we cannot at the same time reduce the size of the
molecules of the liquid. Therefore our reasoning will break down when
the scale is so much reduced that the size of the suspended particle
approaches the size of the liquid molecules of the solvent. Then the
Einstein equation becomes invalid.

I have mentioned Hashin’s (1955) treatment of a dispersion of
rigid spheres in a Hookean solid. He found later that the elastic
moduli «, and g, of the medium are increased by spherical inclusions
of another elastic material («,, x,) as follows :—

— s o o { - Kv/Kn . }
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In the case of holes one introduces «, = p, = 0, and finds

r1 21—, ]
K=K
*L 31— 2v, ]
[, ] (8)
P 1~15 c,,] J
7 — bv,
In the case of rigid spheres K, — o, u, - 0o, and the result is
K =K, I+3’+V°c] .
— F] 151 - v, J )
ll'—l"'o_ +24_5Voc11

Because of the viscosity-elasticity analogy, Einstein's equation (1)
can be derived from Hashin’s equation (9, 2) as a special case by
introducing v, == 1/2.

I have mentioned in Section XI, 5, that I found Einstein’s
equation to apply to the creep of mortars. I have sugyested reasons
why this may be so. T may add here that actually, even if the cement-
stone which is the ‘ continuous *’ phase in a cemert-mortar, creeps or
flows slowly in the manner of a viscous liquid, it still is not an N-liquid
but rather an M-liquid, and in order to solve the puzzle, we would have
to solve the mathematics of a dispersion of rigid spheres in a Maxwell-
liquid, a problem which still waits for its master.

3. Elongate«d Particles

As can be seen from Fig. I, 1, simple shear is accompanied by
rotation. 1If the suspended particles are not spheres but, say, ellip-
soidal, the mechanism is complicated by the rotation of the particles.
The magnitude of the interference by an ellipsoidal particle with the
free flow depends on the orientation of the particle in the streaming
liquid. i.e. on the angle ¢ between the main axis of the ellipsoid and the
direction of flow. This angle is constantly changed through the rotation
of the particle ; but if the particle is a sphere, all axes of the particle
are geometrically equivalent and the rotation has no influence. If
the temperature is low and there is no Brownian movement, the
particles may ultimately become completely oriented or directed due
to the flow of the liquid. Let 7, in (5) in this case be denoted by
M,vp 1f there is a Brownian movement and, due to a higher tempera-
ture, it is so strong that it completely maintains the isotropic distri-
bution of the main axis of the particles, they will not become oriented.
Let 7, in this case be denoted by 7,;. Generally 5, depends upon the
temperature. In a random orientation the particle will interfere with
the laminar flow of a greater volume of liquid, while, when oriented
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in the direction of flow, the volume will be less. Therefore, », will
generally increase with increasing temperature. Accordingly

Neng<7r<1 5>

4. Prospect

In the following chapters we shall treat problems of physical non-
linearity, mainly a variability of the coefficient of viscosity 5, which
generalizes the Newtonian liquid. In addition we shall briefly mention
a variability of the yield stress #, by which the phenomenon of work
hardening is defined. With regard to a variability of the modulus of
elasticity, we have already mentioned the variability of the bulk
modulus «, for very high pressures. A variability of the modulus
(or E) occurs only in so-called rubbery materials. T do not deal with such
materials in this book for the simple reason that I have not had per-
sonal experience with any such material. This has now become a very
wide field, and I leave its treatment to the specialist. 1 have already
mentioned Treloar’s (1949) book, and | may add the excellent chapters
by Staverman and by Schwarzl in Die Physik der Hochpolymeren (1956).
I also learn that Dr. H. Leaderman is preparing a book on the Physics
of High Polymers, for which he will use the notes of the lectures which
he recently gave on this subject at Tokyo. In these rubbery materials
the elasticity is ‘ kinetic”: similar to the elasticity of gas. In
“ potential ”’ elasticity there is no physical non-linearity, whatever
statements to the contrary the reader may find. For example. in an
accepted textbook of Mechanics of Materials of 1953 the author states:
“The straight part of the (stress-strain) curve hardly exists in con-
crete, annealed copper, or cast iron . 1 can definitely state that this
is not correct in respect of cement-stone. I do not have experience
with annealed copper and cast iron, but I strongly suspect that con-
ditions in these cases are not different from the case of cement-stone.
The trouble is that workers judge elastic behaviour from loading
curves with loading taking time, and do not compare de-loading curves.
In this manner they include both permanent sets and elastic fore-
effects in instantaneous clasticity.

In addition to the physical non-linearity, we shall, as has been said

before, also mention briefly cases of geometrical non-linearity, with a
hint on tensorial non-linearity.

* There have been attempts to calculate 7, from hydrodynamic prineiples for rod-
like and disc-like particles. The mathematies 13 naturally still moro difficult than in
the case of spherical particles. A report 18 given by Mark (1940, pp. 279, 283-285).



CHAPTER XV

STRUCTURAL VISCOSITY
1. Historical

WE mentioned in the last chapter that there are true liquids the
viscosity of which is not a constant, but decreases with increasing
shear. We have called these liquids generalized Newtonian liquids.
Their flow curves are not linear and we may therefore also speak of
“ non-lincar behaviour ** or ‘‘ non-linear flow . In the United States
their existence was discovered after the discovery of the very soft
plastic solids which show variability of an *‘ apparent viscosity ”
and this led to naming the former  pseudo-plastics ”’. In Europe the
order of discovery was in the reverse. KFollowing Graham (1861) who
spoke of the viscometer as a ** colloidoscope . viscosity measurements
—-gencrally by means of the Ostwald viscometer which does not permit
of the controlled variation of pressure- hecame one of the most widely
used methods of investigating colloidal solutions. However, much of
the material thus accumulated was difficult to interpret, possibly due
to the ** anomalous " behaviour in colloidal solutions. i.e. the varia-
bility of the coefficient of viscosity. This variability was observed by
Garett and Denning as early as 1903. W. R. Hess from 1906 onwards
investigated blood, serum, and several sols, in a capillary instrument
of his own which permitted of the variation of pressure and found that
the volume of flow did not increase in lincar vatio with the pressure,
but more rapidly. In 1913 Hatschek investigated gelatine-sols in the
concentric eylinder apparatus and found that the angular deflection
of the inner cylinder did not increase in linear ratio with the angular
velocity, but more slowly. The concentric cylinder apparatus and the
Hess capillary instrument were afterwards used by Freundlich and his
pupils (1924) in several series of measurements on different sols ;
while Wo. Ostwald and his pupils (1925, 1926) carried out a great
number of investigations by means of a capillary instrument of special
construction, where the pressure is due to the hydrostatic head and
varies continuously as the instrument empties.

Ostwald attributed the anomalous behaviour to “ structure ” in
the liquid and coined the term  structural viscosity . Freundlich
and Szegvari (1924) following Hess (whom we mentioned in Chapter X)
suggested an * elasticity  of the liquid. [ took up the suggestion and
(without knowledge of what had been accomplished in the States)
developed Equ. (VIII, b) and (VIIL, d), but this led me away
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from the true liquid of variable viscosity to the soft plastic solid. I
immediately came back to the problem of the anomalous liquid in two
papers in collaboration with Miss Riwlin (1927 and 1928) where we
followed a suggestion made by Hatschek and Jane (1926) that particles
in a liquid suspension carry with them liquid envelopes which have a
maximum volume when the liquid is at rest and are sheared off in-
creasingly with increasing velocity gradient, thus causing a drop in
the viscosity. This landed us in difficult mathematical calculations
not essentially connected with the physics of the problem and which
can be avoided if, instead of the viscosity, the fluidity is considered ;
and instead of its dependence upon the rate of shear,* its dependence
upon the shearing stress. In any case, when I joined Prof. Bingham in
1928 at Lafayette College, I was well prepared to point out that there
are two essentially different groups of materials which show a fall of
apparent viscosity with increasing shear, viz. (i) soft plastic solids as,
e.g. oil paints, (ii) true liquid dispersed systems, as, e.g. a gelatine
solution. As I have already mentioned, I called the latter at the time
a non-Newtonian liquid, but have now adopted the term generalized
Newtonian liquid.

2. Mechanisms of Structural Viscosity

When approaching the problem of the generalized Newtonian
liquid for which % varies, we are confronted at the outset with a
very interesting fact. As far as T know, all simple liquids and true
solutions are simple Newtonian ; and all generalized Newtonian
liquids are dispersed systems.t However, this statement cannot be
reversed.

There is no reason why a suspension of rigid spheres in a simple
Newtonian liquid should not behave in the simple Newtonian way.
The non-linear behaviour of a dispersed system can be explained by
the fact that a suspended particle interferes with the mobility of part
of the dispersion medium, if it can be shown that this interference
decreases with increased shear. The problem is therefore to explain
why and in what manner an increased shear should decrease the
interference.

We can distinguish two sorts of interference, which we may call
(1) Disturbance and (2) Immobilization.}

 Disturbance *’ is the mechanism which has been described in

* Compare Section 1 of Chapter XVIIIL.

t I find in Mark (1940), p. 267, a remark to the effect that * lubricating oils ’ show
viscosity anomalies, but I do not know whether or not these oils are simple liquids.
No reference is given.

1 When reading through the following, the reader may compare the Table in the
Summary, Section 7.
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the preceding chapter. “ Immobilization ”’ concerns the fact that the
suspended particle will generally bind part of the suspension medium
so that a larger particle is formed which is suspended as a whole in the
dispersion medium. Immobilization is due to solvation. When
Einstein tried his equation on a 1 per cent. sugar solution, he found
that the specific viscosity was about one and a half times as great
as it should have been in accordance with his theory. He explained
this by assuming that a molecule of sugar absorbs so much water
that actually c,, including the immobilized solvent, is much greater.
We may define by

a=mn/256 . . . . . . . (1)

a Spherical Equivalent Volume Coefficient. In the case considered
by Kinstein o was therefore — 1-5.

According to Haller (1931) we have to distinguish two kinds of
solvation : (A) the ““ energetic ”’, through adsorption, (B) the *‘ steric ”,
through geometrical inclusion.

3. Disturbance

Disturbance can lead in four different ways to non-linear behaviour,
if the particle is not a sphere or not rigid.

(i) Competition Between Orientation and DBrownian Movement.
This case was bricfly indicated in Section 3 of Chapter X1V above.
If the particle is elongated, at rest all values of the above-mentioned
angle ¢ are equally probable. This gives a certain definite viscosity 7,.
Through flovw, ¢ is changed so that the particles become more or less
oriented. If the orientation is complete, the viscosity assumes a certain
value 7. It is obvious that 5 - 7q,.

The orientation is counteracted by the rotational diffusion of the
Brownian movement. Where the Brownian movement is negligible,
1, Is established as soon as a steady state of flow is reached and the
system is therefore simple, linear of viscosity .. Where the in-
fluence of the Brownian movement prevails over the orientation forces,
7, 18 maintained and in this case also the flow is simple, linear. Generally
there will be at every temperature and every shear velocity a dynamical
equilibrium between the forces of diffusion and orientation, with
corresponding 7, where 7,%-7_-7,,.

This is the mechanism by which Staudinger explained the non-
linear behaviour of high polymers in solution. In this case, however,
the relative viscosily must be dependent upon the temperature. An increase
of temperature not only changes the viscosity of the solvent, but also
brings with it increasing Brownian movement and accordingly a
shifting of n towards n,. Therefore, in this case 7,,, increases with
increasing temperature.
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(ii) Elastic Deformation. The interference with the deformation
of the liquid, by reaction, produces stresses in the particle. Through
these stresses the particle is deformed. The deformation may be con-
siderable. For example, in order to explain the elasticity of rubber,
it was at one time assumed that the rubber molecule is formed like
an elastic spring.* In this case the molecule will be extended elas-
tically. The tension and extension of the spring is at its highest when
its axis is inclined at an angle of 45 degrees towards the direction
of flow.t However, the particle is not only deformed but also rotates.
Through rotation, the spring is unloaded and recovers. This must
result in an oscillation of the particle, which is transmitted to the liquid
and the amount of dissipated energy is thereby increased. If such a
mechanism exists, the result must therefore be an increase of the relative
viscosity with increased shear, just as in turbulence eddies in the liquid
increase the resistance to flow or take up energy and are accordingly
equivalent to an increase of viscosity.

(iii) Straightening of C'urled Threads. 1f the particles are long threads
without rigidity, as has been assumed by Haller (1931), the result is
entirely different. The tension produces a straightening of the thread.
This decreases the interference of the particle with the flow of the
liquid and therefore the viscosity also decreases. Rotation of the
particle tends to restore coiling and curling. Such mechanism may he
independent of temperature.

(iv) Shortening. 1f the tension is very great, or the breaking
strength of the particle very small, the particle may break as soon as its
axis coincides with the direction of maximum tension (¢ =— 45”). The
particle may also be broken through bending. Staudinger (1932) at
one time pictured high polymer molecules as stiff rods of very small
strength which can easily be broken. Shortening of particles decreases
the ratio between the larger and the smaller axis of the particle,
makes it more sphere-like and therefore decreases 7. Whenever the
fragments touch each other in « suitable position, the particle may be
re-formed. The probability for this, however, is small. In this case the
consistency curve produced in decreasing shear, therefore, will be
different from the curve produced before in increasing shear, i.c. the
consistency curve will show a hysteresis loop.

4. Immobilization
Immobilization can cause non-linear behaviour in the following
ways :—

* For a more recent theory of the elasticity of the rubber moleculs the reader may
consult Treloar (1949).

t We have shown in Chapter 111 that simple shoar is equivalent to a tension and a
o?mpresslon at right angles to one another and both melined at 45° to the direction
of shear.
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(A) Adsorption. In the case of adsorption, the adsorption layer
may be sheared off through the flow of the liquid. As we mentioned in
Section 1 above, such a mechanism was suggested by Hatschek and
mathematically formulated by Reiner and Riwlin. In this case
there must be an influence of change of temperature. Adsorption
is an exothermal process and should decrease with increasing
temperature.

(B) Steric I'manobilization. Steric immobilization has been dis-
cussed at great length by Kraemer and Williamson (1929). They
imagined the particle to be an ‘ ultramicroscopic body which is
generally permeated in gel-like fashion with the liquid medium. The
union of the structural elements forming the particle may involve any
or every type of bond which can operate between atoms or molecules ”.
The particle may be either (i) a giant molecule immobilizing solvent
between the branches and in its ring, (ii) a micelle (crystalite), (iii) a
group of micelles with a regular arrangement, (iv) an aggregate or
unordered assemblage of smaller particles.

Non-linear behaviour can be brought about in two ways

(#) Through deformation ;
(b) through rupture.

Regarding («) it should be noted that, in general, the particle can
be much deformed. [t will therefore partially participate in the defor-
mation of the liquid. By deformation of the particle, solvent is squeezed
out of it as from a sponge and part of the liquid is therefore
mobilized.

Regarding (b). the deformation is accompanied by stresses. The
particle can resist these stresses to « certain limit only. If that limit is
exceeded, the particle breaks and this also releases part of the in-
mobilized liquid. If the fragments of the particle come to touch each
other in the course of flow, the particles may be re-formed. ' For a
particular rate of shear, a dynamic equilibrinm would be established
between the rate of disaggregation and the rate of re-aggregation.”
It should, however, be kept in mind that the probability of reaggrega-
tion is generally not the same as that of disaggregation. They can be
equal in the case of B (iv) only, i.e. in the case of unordered aggregates.
Only in this cise can every meeting of the fragments in any position
result in a re-aggregation. In the case of molecules, micelles and
ordered aggregates, a binding of fragments can take place only if the
fragments are in a certain definite position in respect of each other.
Not every position is therefore equally favourable. 1f consistency
measurements are made both ways, i.e. the rate of shear is increased
from zero to a maximum and then again decreased to zero, there
will result not one single curve, but two such curves forming a
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hysteresis loop. This forms the mechanism of the property of
thizotropy.

With regard to an influence of change of temperature, it may
be assumed that the binding forces in unordered aggregates are so
small that the aggregate will partially be destroyed by an increase of
temperature.

5. Structural Criteria

The considerations of the two preceding sections lead to the con-
clusion that there may, and probably do, exist different types of
variable viscosity. Table I gives a summary of the different mechanisms
and their properties. There are four criteria which enable us to decide
whether a given generalized Newtonian liquid belongs to one type or
another. They are (I) the influence of a variation of the parameter
of temperature on 1),,;,, (II) the reversibility or irreversibility of a
variation of rate of shear, or existence or absence of a hysteresis loop ;
(IIT) the existence of a lower limit of non-linear behaviour ; (LV) the
relation between 7,, and %,, where 7,, is the intrinsic viscosity at
rest and 7, , the intrinsic viscosity at maximum shear.

Regarding (1), it is obvious that »,,, cannot show a dependence on
temperature as long as the phenomenon of non-linearity is entirely
geometrico-mechanical in nature. In this case the variation of the
viscosity of the solution with temperature is solely due to the variation
of the viscosity of the solvent. ‘ Shortening ” (1 (iv) of the Table)
represents such a mechanism, because the breaking of the particles
changes their geometrical shape only. In case (1 (iii) ) the influence of
temperature will probably also be absent. On the other hand, we can
say that there must bhe a dependence on temperature in the cases
1 (i) and A and B (iv). Nothing can be said « priori, in this respect,
of the other mechanisms.

With regard to (II), we have already mentioned that an instan-
taneous change of viscosity with changing rate of shear, i.e. without
any lag, is possible only if all positions of the particles are equally
favourable for a re-aggregation. This is not the case if the particles are
molecules or micelles.

Regarding (III) it should be noted that whether the non-linear
viscosity is due to a partial destruction of the structure (2, B, ii, iii, iv)
or a shortening or reduction of the primary particle (1, iv ; 2A) there
must be a lower limit of non-linearity. The forces which form the
primary particles or the secondary structures can be overcome only
when the stresses produced by the flow reach and exceed a certain
value. Up to that value the behaviour is normal, i.e. simple linear.
Such a limit cannot exist in the cases (1, i, ii, iii) where the smallest
stress must be of influence.
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Regarding (1V), if the structure of the dispersed phase is the same,
whatever the concentration, n,,[n,,, should be independent of ¢,. For
instance, if the viscosity anomaly was due to mechanism I, i—com-
petition between orientation and Brownian movement—the effect
upon the value of 7,,/n,, should be the same whether there was one
particle only, or very many, present in the dispersion. On the other
hand, in the case of 2, B, iv—unordered aggregates—secondary struc-
tures will possibly appear at higher concentrations only, while at low
concentrations the dispersed phase will consist of stable primary
particles. In this case »,,/7,,, would increase with c,.

All mechanisms require that when 7, is reached, the behaviour
is simply linear. This value of 5, may be reached either at a finite
rate of shear or be asymptotically approached at an infinite rate of
shear.

As variable viscosity is generally connected with the disperse phase
having a certain structure, Wo. Ostwald (1925) called it Structural
Viscosity, a term which has been widely accepted.

6. The Ostwald Curve

From the above it follows that the consistency curve of a
generalized Newtonian liquid generally shows the following charac-
teristics : The curve starts at the origin (this makes the material a

v
A
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Fre. XV, 1. Con:istency curve of a non-linear liquid.

@, zero fluidity — fhudity of the liquid at rest.
¢, maximum flmdity which the hquid can attain.
The unshaded part shows the shape of tho curve as reported by
Bingham (1928) for nitro-cellulose solutions and by Herschel and Bulkley
(1926) for rubber solutions.
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liquid) and the V-ordinates increase monotonously with the P-
abcissae, i.e. there exists no maximum V. At the origin, the curve has
a definite slope. For large V/P values, the curve approaches a straight
line radiating from the origin and possessing a steeper slope than the
slope of the curve at the origin. In consequence, thereof, the curve
first turns its convex side towards the P-axis and after passing through
an inflection point, reverses its curvature (compare Fig. XV, 1). The
first discoverers of non-lincar consistency curves observed the un-
shaded parts of the Fig. only and were led by this to translate the curves
into “ power-laws ', about which compare Chapter XVIL. Wo.
Ostwald (1925) was the first to observe and describe the shaded part,
and we may therefore call a curve of such form an Ostwald Curve.
Apart from observations which show that the curve approaches a
definite viscosity 7, , we can say, a prior?, that while the characteristic
property of a generalized liquid is the decrease of its viscosity with in-
creasing shear, the viscosity naturally cannot be reduced to zero ; in
fact the liquid being a dispersed system, its viscosity cannot be less
than the viscosity of the dispersion medium.

7. Summary

In “*simple 7 liquids, viscosity is a constant. Variable viscosity
appears in dispersed systems and may be regarded as arising out of a
change of * structure ™ (in the widest sense, including orientation)
of the dispersed phase, with increasing rate of shear.

A dispersion of rigid spheres in a “* true ” liquid has a constant
viscosity, which up to a concentration of about 3 per cent. is according
to Kinstein

Nsotn — nsnlv (I + 2'5(‘,») . . . . (XV, }l.)
Generally,
7’81"‘(' - 7)1’(‘! - I - T]suln/nsuln 1 == nr('v . (XV’ b)

where 7, is a function of the concentration c,. besides depending on
factors of ““structure ”’. For a dispersion of spheres, in a second
approximation, in accordance with Mark,

mo— 254 Idle, . . . . . (XV,e)

Mechanisms which may cause structural viscosity are listed in
the following Table.

Generally, a liquid of variable viscosity (‘‘ anomalous” liquid)
will have a definite fluidity ¢, when at rest and another definite
fluidity ¢, which is the maximum which it can attain at the highest
shear, where ¢, " -¢,.
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TaBLE L. Types of Structural Viscosity

n (I (111) (IV)
Nu(}lre rg' Inte;fer;ncotwnth R — [ —_— e ] —
ree flow of solven! ”
Temperature Reversibility Existe s Dependence
dependence of consistency sxistence o of nu/n
of met curve lower limit up,yn c::.’n
1. Disturbance. !
(1) Competition between
orientation and Brow-
nian movement . . mcereases yes no no
(u) Elastic deformation . . yes no no
(ii1) Straighteming of curled
throads . . . mil yes no no
(iv) Shortening . . ml no yes no
2. Immohilization.
(A) Adsorption . . . decreases yes yes no
(a) (®)
(B) Steric nnmobihzation . deform- rup-
ation ture
(1) Marcromolecule ? no no yes no
(1i) Micelle . . ? no no yes no
(m) Ordered group . ? no no yes no
(1v) Unordered aggregate decreases ves no yes yes

D.S.F. Q



CHAPTER XVI
RHEOLOGICAL ANALYSIS

1. Rheological Analysis of a Rubber Solution

IN the last chapter we have discussed the different mechanisms
which may cause structural viscosity. We have found that, from the
shape of the consistency curve and the influence of a change of the
parameter of temperature, conclusions can be drawn regarding the
nature and structure of the particles dispersed in the liquid. This may
be called Rheological Analysis.

Rheological analysis should, however, be understood in a wider
sense to mean inference from rheological measurements upon the
structure of a quasi-homogeneous dispersed system. Rheological
literature contains many examples of rheological analysis. In the
present chapter I shall describe, as an instance, the investigations on
solutions of crépe-rubber in toluene, which [ carried out at Prof.
Bingham’s laboratory at Kaston in 1932-33 in collaboration with
Mrs. Reiner (1933).*

The viscosity of rubber solutions usually decreases with age. This
ageing is due, according to Staudinger (1932), to a depolymerization
caused by oxidation, which in turn is advanced by light and heat.
For instance, as we found, in a rubber-turpentine solution the viscosity
falls in the course of a few days to the viscosity of turpentine.
Staudinger, therefore, used in his investigations on solutions of rubber
in benzene very rigorous safeguards to exclude oxidation. We, happily,
found that these safeguards are not necessary if toluene is taken as a
solvent. By keeping the solution in the ice-box in brown bottles in
an atmosphere of CO,, the viscosity remained unchanged for as long
as the experiments lasted, i.e. for nearly one year.

The rubber was light crépe of 0-13 per cent. moisture, 0-32 per cent. ash
and a density of 0-92. The solvent was chemically pure toluene of densities
as in International Critical Tables 3, 29 and viscosities slightly higher than
those determined by Thorpe and Rodger (1894).% The crépe was cut into
small pieces and put in small portions into the toluene in a bottle into which

* In his comprehensive book, Philippoff (1942) says of these investigations, * die
vielleicht die genauesten an nicht-Newton’schen Fluessigkeiten sind ’. T do not know
whether this still holds good, but they will probably still serve well to illustrate the
subject of the present chapter. I have, however, omitted a number of data and Tables
contained in the first edition of this book.

T Even had the toluene been the same as that for which Thorpe and Rodger
determined the viscosities and even if their figures were the correct oncs, we had to
make independent determinations in order correctly to calculate the relative viscosities,
thereby eliminating apparatus-effects.

226
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CO, was introduced. The bottle was then closed and mechanically shaken
in the dark. The pieces of crépe swell visibly in the toluene and are soon
dissolved. There remained a small residuc which was filtered off. Two solu-
tions of about 2 per cent. concentration were prepared and the others
obtained through dilution. The two solutions had very different histories.
The first (I) was shaken during one month for twenty-two hours in all, then
put aside in an ice-box for three months and only after that filtered and
diluted to 0-97 per cent. 1t was observed in the viscometer more than seven
months after preparation. The second solution (II) was shaken for one hour
only during three days, filtered immediately, diluted to 0-98 per cent. and
observed in the viscometer less than one month thereafter.

2. Instruments Used

The viscosities were determined in two sorts of apparatus, viz.
capillary and rotation ; and in both in a number of instruments of
varying dimensions. The capillaries were instruments as designed
by Bingham (1922) of dimensions as shown in Table X VI, 1

The rotation instruments (compare Table XVI, 2) were a Couette
as improved by Hatschek (1928) for the large cylinder, while the small
cylinder was of a different type and necessitated taking into account
an ‘‘ end-effect ”

Tasuke XVI, 1. Dimensions and Constants of Capillary Instruments

No of mstrument l[ 1m0 1ea i 1-33 f 326 | 52
I
- . ‘ . :
Symbol ! 0 i i | A ‘ D] | B
Rm em, . | oty | oniz 1 olls | o2m 0412
{mem. R i 1000 995 993 9 90
¢ ecm.? | 304 ' 4 00 I 395 398 4 00
|

Tasre XVI, 2. Dimensions and Constants of the Rolation Instruments

vlinder j Large \ Small
R, mem. . . i 496 | 3 50
R, in cm. | 352 . 552
h mem. . ' 532 . 538 + 176 - 7-14
a — (Ri/R.)? . . . 0 807 | 0-402

Distance of axis of eylinders from scale d — 129-4 cm.

| s

Wiie No. \ 27 \
Dlmnetor m em. ‘ 0 036 ; O 044 l () 074 ‘ 0:092
D tormonulleslstum-o m dyue/em. “‘ 71,800 | 260,487 ! 2,187,500 3,270,000
I cm. . . . ] 20-1 ;o217 1 17 65 21-7
| i

Q2
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3. The Dispersions as True Sols

The behaviour of rubber in turpentine, described in Section 1, and
in benzene as reported by Staudinger, made it doubtful whether such
a material was sufficiently well defined. A substance which changes its
properties simply with the passage of time,* is not suitable for a
rheological analysis.

As we have said, toluene solutions under proper precautions did
not show such ‘“ ageing ’. They could, however, have been accidental
in their composition and structure, depending upon their history. On
comparing the viscosities of the two stock-solutions T and II for the
same shearing stress (P) it was found that this was not the case. The
viscosity of solution I was about 5 to 10 per cent. smaller than that of
solution 1I. If we consider that the concentration of the latter was
slightly higher than that of the former, and that the history of both was
different in the extreme, the conclusion can be admitted that a rubber
toluene dispersion is rheologically a well-defined, reproducible material,
in fact a true sol.

4. Viscosities not Constants

It was known that rubber solutions showed ** viscosity-anomalies .
This was confirmed by observations listed in Table XVI, 3. [t contains
the results of measurements performed on a solution of 1-69 per cent.

TaABLE XVI, 3. Concentration 1-69 per cent. by Volume at 20° C.

1 2 i 3 { 4 5 6
Aap in glem.? ‘ t in sec. - ﬁ:‘{//g:: | U P in dynefem ? ¥ in see. !
e e e L | o [ R . N S
1. Viscometer 3-26 @ [ ! i i
— 864 { 30381 1131 | o816 | 101n 1247
+ 1315 16104 | 247 ' 0638 1546 235-2
—~ 1810 | 10335 3 87 0382 2128 | 3666
+ 2246 7288 347 0508 2641 519-8
— 274-2 3450 | 7-32 0 464 3224 | 6948
+ 316-8 4250 9-38 0418 3725 | 891-3
— 3619 3524 | 11-3 0396 4255 | 10749
2, 5-26 : i
‘j-mgggm 0 6346 8 | 4w 0-909 78-1 ! 86 0
—~ 844 2784 14-36 0 658 1720 261-5
- 1323 1424 l 28 1 0-527 273-0 l 517-8
-- 1780 898 446 0 448 3683 823-6
- 225-6 624 | 642 0-395 4628 l 11074
]
|

A “ positive ” driving pressure was takon as one driving the hquid through the
viscometer from * left ” to * night ”* ; a negative from *‘ right ”* to “ left .

* It is not maintained that the change in the properties is caused purely by the increase
of time. It is a principle of natural philosophy that time itself is not a cause (compare
Maxwell, Matter and Motion). This principle may or may not have already been
dethroned by the latest developments in cosmie physics, but we shall retain it for our
terrestrial time-intervals. With our statement above wo want to say that extra-
rheological causes such as oxidation, depolymerization, ctc., operate in this ageing process
in the course of tume.
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volume concentration,* at a temperature of 20° C. in two different
capillary viscometers.

The viscosities calculated from Poiseuille’s formula are entered in
Column 4. They turned out not to be constant. A rubber-toluene
solution, therefore, is not a simple Newtonian liquid. The calculated
viscosities must be considered as ‘“ apparent ” viscosities and have
accordingly been denoted by 7’

5. Plotting Consistency Variables

As a next step, the consistency variables V and P were calculated
in accordance with Equs. (II, 12) and (13’) and entered in Columns
5 and 6. From these data Kig. XVI, 1 has been drawn. While the

—
€ __ 1_ i
|
\‘
50 B T '
1 |
10 o L __ _1000|
N i I ~
g i »on
B'JE 30 . _ '/
6 ‘ y g
o al 2
<o S T =T s
S AVERA
f | n// . w
10 : B . ) €
2
| }
l200
L — P in cm H,0 or Pin dynes,cm 2

Fra. XVI, 1. Consistency curve of a 1:69 per cent. rubber-toluene
solution determined with two different capillaries,
-~ -—— Technical test curves.
-—. - Consistency curve,

“ technical ” curves, when the measured quantities are plotted, fall
widely apart, the consistency curves plotted in V[P variables all
cotncide. In Section 4 of Chapter 1I we have said that V/P variables
give consistency curves independent of the dimensions of the apparatus
in the cases of simple Newtonian liquids and in Section 3 of Chapter
VIII we have extended this to the Bingham bodies. We now see that
this is also true in the case of generalized Newtonian liquids. As we
shall explain in Chapter XIX, this means that there is no slippage
in the rubber-toluene solution at the boundary walls of the instruments,
or generally, no “ wall-effect ”’.

* The volume concentration was calculated from the weight concentration deter-

mined through evaporation, in the relation of the densities of toluene and rubber,
viz. 1-06.
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6. Relative Consistency Curves

All viscosity determinations were made at constant temperatures
and the consistency curves are therefore isotherms. Comparison of
different isotherms of the same material gives us one of the critcria

1500 o o015
]
”? N
o
| /%
w
1000 lé 8 1/ 10
/ 2
A&
A O 'g
7> °
o] \Jé\' 5
,‘E ("oc' '?.
s T
8 T
o1,
=P in dyne cm
—

400 200 300 400 S00 600

F1a. XVI, 2. Relative consistency curve of a 1-69 per cent. rubber
solution determined in different capillaries and at different
temperatures. All curves result in one and the same relativo
consistency curve,

of structural analysis of which we spoke in the last chapter. It was
Staudinger who first made such systematic comparisons for simple
Newtonian liquids, by considering relative viscosities. In our case the
viscosity is not a constant and varies in the instrument even in one single
observation from layer to layer. The comparison is therefore made by
considering Relative Consistency Curves, where

Vrel = V‘nwlv . . . . : . (l)

This is equivalent to a change of the scale of the ordinate. Fig. X VI,
2 shows the ordinary consistency curves and also the one relative
consistency curve for the 1-69 per cent. solution at temperatures of
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0°, 10°, 20°, 30° and 40° C. For all five temperatures there results one
single relative consistency curve. This proves that the structural vis-
cosity is in this case a purely mechanical phenomenon and cannot be
due to a competition of orientation by flow and disorientation by tem-
perature, as was assumed by Staudinger (1932).

7. Confirmation of Ostwald Curve

The curves shown in Figs. XVI, 1 and XVI, 2 are all of paraholic
form as were also those found by Herschel and Bulkley (1926), with
rubber-benzene solutions. The concentration of 169 per cent. of the
solution was rather high.

Fig. XVI, 3 shows the relative consistency curves for more dilute

70

ot

-2

ol &
:,
o

ws
3

i |

Fra. XVI, 8. Ostwald curves of dilute solutions.

solutions. They have the form reported by Ostwald. In this Fig. the
curve for the 1:69 per cent. concentration is also shown on the same
scale. As can be seen, the range of stresses in Fig. XVI, 2 was too small
to reach to the inflexion point. The driving pressures were therefore
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Vrel. 1t dyne Y an?

3 ] 8
S T i Yoliane~
SO Range of Fig.3 o sor————

Fia. XVI, 4. Ostwald curve of a concentrated solution.

much increased ; the results are shown in Fig. XVI, 4. As can be seen
for this high concentration also. the consistency curve is an Ostwald

curve, if only the shear is high enough.

3

Fis, XVI, 5. Relative consistency curves in the Rotation-instrument. The
curves in full lines are on the correct scale. Incurves in broken lines, the
scale for P has been exaggerated 10 and 100 times.
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8. Existence of a Lower Limit of Curvature

The rates of shear in the capillary instruments are generally much
higher than those in the rotation instruments. Some observations
made with the latter are listed in Table XVI, 4.

TaBLe XVI, 4. Measurements in Rotation Instruments.

1 2 3 4 5 0
4g in em nmsee 1 d_”":,",l_‘m ) Vinsec ! d)':“‘_"/’(,:"“ . i
1. Concentration 1:71 per cent. at 24° C.
(1) Large eylinder. Wire No. 5.
— 1012 0-182 11-556 1183 00674 | 0 0058
-~ 13-53 0242 15-43 1575 0 0898 0-0058
— 16-25 0-299 18 55 19 45 0-1110 0-0060
— 20-08 0-382 22 80 24-87 0-1395 0 0061
— 15:25 0278 17-40 1810 01033 0-0059
— 12:37 0223 14-10 14-50 0 0826 0-0058
— 809 0143 9-23 9-31 0-0532 00057
— 609 0-104 6-95 6-77 00388 0-0056
— 340 0055 388 385 0-0204 00053
+ 559 0091 6-38 593 00338 00053
+ 940 0160 10-73 10 39 00591 0-0055
+ 12-19 0217 13 90 1411 0 0805 0 0058
4 512 0 085 5-84 B od 00315 0 0054
+ 483 0079 3:H2 517 0 0293 0 0053
+ 3-85 0 063 i 4-39 410 00234 0-0053
4 305 0049 ! 348 319 0 0182 0-0052
+ 122 0 020 1:39 | 1-30 00074 0-0053
.- 260 0044 297 2:86 00163 0 0055
~- 430 0071 491 4 62 0 0263 0 0053
- 649 0111 740 722 00412 0-0056
-~ 839 0 147 9-57 956 0-0545 0-0057
- 1025 0-181 11-69 11-78 0-0671 0 0057
— 1256 0227 1475 1473 0-0840 | 0 0058
(1) Small eylinder. Wire No. 3.
— 415 0318 7-08 6 69 00378 00033
-~ 335 0250 571 525 0-0296 00052
255 0194 435 107 0 0229 00053
- 175 0135 299 2 84 00160 0-0053
- 090 0 065 1-54 1-36 00077 0 0050
+ 060 0 050 102 105 0-0059 0-0058
+ 165 0131 2-82 274 0 0155 0:0055
+ 2:70 0-211 4 61 442 00249 | 0 0054
+ 375 0 288 6-40 6 04 0 0341 | 0 0053
4 485 0-391 8-28 8-21 0-0463 0-0056
+ 565 0-466 9-64 978 0-0551 0-0057
4- 775 0-588 12-35 12-35 0 0697 0-0056
+ 795 0-625 13-55 1313 0-0740 0-0056

Fig. XVI, 5 shows the curves representing these and other obser-
vations. They make evident what could not be said with certainty
from the curves from capillary-instruments, that the consistency
curves possess tangents at the origin which are definitely inclined
against the P-axis and that the solutions therefore possess well-
defined fluidities ¢, in the state of rest.
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They are therefore real liquids flowing under every stress, however
small, and not solids having very low yield points. If they were solids
the curves would have to contact the P-axis tangentially—which is
not the case. This shows that the designation * pseudo-plasticity  is
not justified ; there is no plasticity, however small.

Fig. XVI, 5, however, reveals more than this. The consistency
curves not only pass through the origin with a definite slope but they
start, in addition, with a portion of straight line. They are straight
lines up to a definite point and only after that do they become curved.

9. The General Shape of the Consistency Curve

From what was found in the preceding Sections, it follows that the
consistency curve of the rubber-toluene solutions is generally of the
following shape : the curve starts at the origin as a straight line ;
after this follows a curved part, first convex and then concave towards
the P-axis ; the end is again formed by a straight line which can be
extrapolated towards the origin. The curve therefore has four charac-
teristic points, viz. (i) the origin, (ii) the point where the first straight
part ends, (iii) the inflexion point, (iv) the point where it again becomes

Vv

Uoper himit of
non-Newtonian
benavior

Inflection
point

Lower limit of
non-Newtonian
behavior

> P
Fra. XVI, 6. General shape of the consistency curve of rubber-toluene
solutions.
(a) lower limit of structural viscosity.
(b) inflexion point.
(c) upper limit of structural viscosity.

straight (compare Fig. XVI, 6). There are two regions in which the
liquid is simple Newtonian, viz. (I) from rest to point a, (II) from ¢
to turbulence. The points ¢ and ¢ are the lower and upper limit of
structural viscosity. The points «, c, b define the following coefficients
of viscosity, the viscosity at rest n,, the minimal viscosity 7, and the
apparent viscosity at the inflexion point %’,. The first two, applying
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as they do to simple Newtonian states, are real viscosities characteristic
of the material. Between the points o and ¢ on one hand and ¢ to
turbulence on the other, there is the same viscosity in every lamina of
the flowing liquid, and one can therefore speak of the viscosity of the
liquid. In contradistinction, between ¢ and ¢ the viscosity varies from
lamina to lamina ; one cannot speak of the viscosity of the liquid and
the calculated viscosities are therefore apparent viscosities.

10. The Reduced Viscosities as Functions of Concentration

The sols have two well-defined reduced viscosities, viz. ,,, when
the liquid is at rest and the structure of the dispersed phase not inter-
fered with through flow ; and ,,, when the structure of the dispersed
phase has through high shear been reduced to the lowest possible
level. InTable XVI, 5 the reduced viscosities for the different solutions
have been listed.

They are represented graphically in Fig. XVI, 7.
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Fig. XV1, 7. Reduced viscosities at rest (yr,) and at highest shears (y,u).

Lt should be noted that the highest 7,,,, determined in the Bingham
apparatus are generally lower than those determined in the Couette,
the reason being that the rates of shears in the Couette are sub-
stantially lower than those produced in the Bingham apparatus.
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Sometimes the lowest 7,,,, determined in the Bingham apparatus are
not the min. 7,,,. because the rate of shear was not high enough. In
the Figure the former have been indicated by the symbol A, the
latter by the symbol V and the curves drawn in the former case above,
in the latter case below, the observation point.

The curve is very uncertain up to ¢, = 0-004. I have drawn it so
as to give a constant 7,,/n,, = 1-:56, but it must be admitted that
it would equally be possible to make 5., = 5,, = 700 and n,,/7,, =1,
the observations for these very low concentrations being not accurate
enough. It would be worth while to carry such observations with
rubber or another high-polymer substance to a higher degree of
accuracy ; I do not know of any published in relevant literature. In
any case it is clear that from a concentration of 0-4 per cent. upwards
both curves diverge very much and increasingly so at higher con-
centrations. We must, therefore, conclude either that the mechanism
of structural viscosity is one which appears at concentrations above 0-4
per cent. only ; or that there are two essentially different mechanisms,
one of a low order at concentrations below 0-4 per cent. and, in addition,
another one of high order which only makes its appearance at con-
centrations above 0-4 per cent. In contradistinction to 7,,, the con-
centration curve for 7,, is simply a straight line. I am unable to
suggest any theoretical interpretation for this fact. There must, how-
ever, be one, because it is remarkable that Philippoff and Hess
(1936) found a similar straight line dependence for a solution of nitro-
cellulose in butylacetate. The limiting intrinsic viscosities are either
max. [n] = 960 and min. [n] = 350 in the ratio 1:56 to 1 or alternatively
both equal to about 700. The spherical equivalent volume coefficient
as defined in Kqu. (XV, 1) would accordingly be of the order
of magnitude of 140 to 280 ; or to cause the same increase of viscosity,
a dispersion of spheres would have to be of a concentration several
hundredfold of the concentration of the rubber solution. For instance,
the most dilute solution observed by us of a volume concentration of
0-08 per cent. would have to be of a concentration of from 11 to 22
per cent. This, of course, is out of the question and, therefore, the high
viscosity of a high polymer solution cannot be due to the particles in
solution simply occupying more space, as it were, as was thought at
one time. The reason for the high viscosity, even in very dilute
solutions, must be looked for in ‘‘ additional currents caused by the
presence and the movements of the particles in the liquid, currents
which mutually disturb one another ”’. (Mark (1940), p. 283.)

11. The Apparent Fluidity as a Function of Stress

One of the solutions (the one of 1-69 per cent. concentration) was
observed over a wide range of shears and its concentration was high
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enough to show the non-linear behaviour in a pronounced manner
over the whole range—between the linear behaviour at low and the
linear behaviour at high rates of shear. Its relative consistency curve
is shown in Fig. XV1, 4 and its apparent relative fluidity in Fig. XVI, 8
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¥ia. XVI, 8. Apparent fluidity of a 1 69 per cent. solution as a function of
P and I’%.

“ P stress at the wall.
“ 4" range of rotating cylinder instruments.
“ B range of capillary mstruments,

as a function of the stress at the wall (). The apparent fluidity curve
cuts the g-axis horizontally. It will be explained in Section 2 of
Chapter XVIII that this shows that ¢ is an even function of P. At
high rates of shear, the curve again is parallel to the P-axis ; therefore,
between these extremes it must have an inflexion point. The curve ¢
(P) accordingly has quite a complicated shape and one would be
inclined to think that to describe it mathematically one would have to
take recourse to several constants (among them ¢, and ¢,,). In the
same figure, ¢ has, however, also been plotted against P? and this
curve looks much simpler, with monotonously decreasing curvature.
Its shape very much suggests an e-function, which would require one
constant only in addition to ¢, and ¢,. In Section 4 of Chapter
XVIII we shall take up this suggestion.

12. Qualitative Interpretation of the Structural Viscosity of Rubber-
Toluene Solutions

Which one of the mechanisms which we discussed in the preceding
chapter should apply in our case ?
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We have five criteria for answering this question. They are :—

I. The reaction of y,,, to changes of temperature.

TI. The reversibility or irreversibility of a change of stress or rate
of deformation.

I11. The existence of a lower limit of structural viscosity.

1V. The dependence of the ratio of the largest to the smallest
intrinsic viscosity upon the concentration.

V. The definite character of the dispersion, independent of the
manner in which it was produced.

To consider V first, the fact that two dispersions of the rubber
in toluene, produced in widely divergent manners, have at the same
concentration the same viscosity, proves that the dispersed rubber
particles in the solution are not accidental lumps, but that the rubber
is broken down to fundamental primary particles. We have expressed
this fact in the words that the rubber-toluene dispersions are true sols.
These primary particles may be either micellar units or molecules—
no decision between them can be made on the strength of this one
criterion.

Regarding 1V, the rubber-toluene solutions appear to exist struc
turally in two different states, viz. below and above a concentration
of between 0-3 and 0-4 per cent. Below this concentration the ratio
seems to be constant, or in any case varies but little and may be equal
to unity. Above this concentration, the ratio greatly increases with
increasing concentration. We may conclude that below the critical
concentration, the primary particles are isolated, while above the
critical concentration they are connected in secondary structural
groups.

Regarding 1, it is clear that, should structural viscosity be due to
purely geometrico-mechanical influences, 7,,, must be independent of
change of temperature. This is the case when the shear causes the
breakage. i.e. a shortening of the particle in accordance with the
mechanism 1, 1V, because then the change in viscosity is due solely
to the change in the geometrical shape of the particle. On the other
hand we can say that in the case of the mechanism 1, i, there must be
a dependence upon changes of temperature. A temperature dependence
should also be expected in the case 2, A. We cannot say anything
a priors in respect of the other mechanisms.

As in the case of rubber-toluene solutions, the relative viscosities
do mot depend upon the temperature, this fact excludes for them
mechanisms 1, i and 2, A.

Regarding II, a change of viscosity on change of rate of shear can
only then occur at once without any lag, if all possible positions of
the particles, relatively to one another, are equivalent. This is not the
case if the particles are macro-molecules or ordered groups. This



240 RHEOLOGICAT, ANALYSIS

excludes for rubber-toluene solutions the mechanisms 1, 1V and 2,
B, i, ii, iii.

Regarding 111, one should note that in case the change in viscosity
is due to a partial destruction of the secondary structure (mechanism
2, B, b) or to a reduction of the primary particles (mechanisms 1, IV
and 2, A), there must be a lower limit of structural viscosity. The
destruction or reduction can only be effected by overcoming the bonds---
primary or secondary— between atoms or molecules, and this is possible
only when the stresses produced by distortion reach and exceed a
certain limit. Below that limit the dispersed system as a whole is
simple Newtonian.

Such a lower limit cannot exist in cases 1, i, ii, iii and 2, B, where
the smallest stress must make itself felt. As a definite lower limit
(point of Fig. XVI, 6) was observed in the rubber-toluene solutions,
these mechanisms are excluded.

Let us forget what we may have read after 1933 about the nature
of the rubber particle in solution when the rubber-toluene viscosity
observations were made. Let us forget what we may know about them
and let us try to imagine what the rubber particles should be like on
the strength of our rheological analysis only. If we have crossed out in
Table T of Chapter XV all those mechanisms which we had to exclude,
one only is left. 1t is 2, B. 1V, b ; or the rubber particle is of the nature
of an unordered aggregate, immobilizing solvent ; and because of
stresses caused by the flow, it undergoes partial destruction after a
certain lower limit of shear is reached and exceeded, which liberates
solvent and thereby lowers the viscosity of the system. We can, more-
over, say (on the strength of criterion V) that these unordered groups
are unions of fundamental primary elements, most probably molecules.

ILet us now consider criterion IV. The observations were not
accurate enough to say definitely whether below a concentration of
about 0-3 per cent. there was structural viscosity or not. As a matter
of fact, I do not know of any experimental investigation showing
definitely structural viscosity persisting down to zero-concentration.
However, let us assume the more general case that there was structural

F16. XVI, 9. Solvent immobilized by a single molecule.
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viscosity below that concentration, or, in mathematical language
NrolMro >1. But even if 7,,/n,, = 1, this ratio up to about 0-3 per
cent. concentration could not have varied much. In this case we are
required to imagine a single molecule immobilizing solvent not by
true adsorption (which is excluded) but in a gel-like fashion. In this
way we shall arrive at the picture shown in Fig. XVI, 9.

e W0 07y § W2, M{z,

Fia. XVI, 11. Picture of a particle in accordance with Gerngross, Hermann
and Abitz.

D.8.F. R
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Above a concentration of 0-4 per cent. the ratio 7,,/7,, is not
only definitely greater than 1, but increases very much with increased
concentration. Here the dispersed phase accordingly consists of
secondary unions of molecules of the type, 2, B, 1V called by Kraemer
and Williamson an ¢ unordered assemblage of smaller particles ”’, or,
as we found, of molecules. It is, of course, possible that a number of
the molecules are inter-connected in an orderly fashion to form micelles
as shown in Figs. XVI, 10 and XVI, 11.

To decide between these two alternatives, we should expect the
one in Fig. XVI, 10 to show dependence upon temperature, while the
one in Fig. XV1, 11 might be independent of temperature. In the case
of the rubber particles in toluene a change of temperature from
zero to 40° (!. was without influence. The bond between the primary
particles must therefore be strong enough to resist the influence of
temperature to that extent. This would weigh in favour of the arrange-
ment of Fig. XVI, 11 or a similar one.

Figs. XVI, 9 and XVI, 10 have been copied from an article by
Eirich and Mark (1936), Fig. XVI, 11 from a paper by Gerngross,
Hermann and Abitz (1936). These authors arrived at their pictures
from physico-chemical considerations. We have shown in the present
chapter how far we can advance by the method of rheological analysis

solely.

13. Summary

Rheological analysis aims at deriving information on the structure
of a dispersed system from the results of rheological measurements
upon it. On the example of viscometric measurements of rubber-
toluene solutions at varying rates of shear, temperatures and con-
centrations it is shown how the application of the criteria of Table I,
Chapter XV leads to the assumption that up to concentration of about
0-3 per cent. the dispersed phase exists in the shape of single molecules
immobilizing solvent in an intramolecular manner and above a con-
centration of about 0-4 per cent. in the shape of unordered aggregations
of molecules or micelles which are bound together by cohesional forces
immobilizing solvent in an intermolecular and/or intermicellar manner.
The liberation of solvent through partial destruction of the aggre-
gation or a partial straightening of curled molecules causes the
phenomenon of structural viscosity, pronounced in the first case and of
questionable existence in the second.



CHAPTER XVII
POWER FORMULAS

1. The Problem of Variable Viscosity

TuE rheological equation of the Newtonian liquid is in accordance
with (I, f)

T=qp=2M¢ . . . . . . . (1)
or
y=¢r . . . . . . . (2

In the simple liquid, n and ¢ are for one and the same material
constants, depending only upon the parameters of temperature and
density. In the general liquid, n will itself be a function of the rate of
shear é,, or ¢ a function of the shearing stress =. The problem which
we now have before us is : what function of = will ¢ he, or what is the
form of the function ¢ (7) ?

From a purely formal point of view there seems to be no difference
whether we deal with any one of the functions %(é,), 9(7), ¢(r), ¢(é,),
and, as a matter of fact, when first attacking the problem in collabora-
tion with Miss Riwlin (1927, 1928). we started from n == 5(é,). As I
have already stated briefly in Section 1 of Chapter XV, this landed
us into a differential equation which we could not solve otherwise
than by a series development and a divergent one at that. This
difficulty turned out to be avoidable. When I later tried ¢ == ¢(7),
T found that integration in closed form was possible and my above-
mentioned papers have accordingly been out-stripped by later pub-
lications. With regard to the other two forms, it is obvious that if
we start from either (1) or (2) ,the natural thing is to consider either
7 as a function of é,, or ¢ as a function of r and not the other way round.

2. The Power Function and its Integration

The first attempts at a solution of this problem were made inde-
pendently by Farrow and Lowe (1923), de Waele (1923), and Wo.
Ostwald (1925). Indicating by v an observed kinematical macro-
quantity (as e.g. @ in the case of the capillary-viscometer or £ in the
case of the rotation-viscometer) and by p an observed dynamical
macro-quantity (as e.g. 4p in the first and 4s in the second case),
they proposed the empirical formula (or equivalent formulas).

v=Kp" . . . . . . . (3

‘“ constants ’, the latter larger than
243 B2

where “ K ” and “ m " are two
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unity. However, if we compare this equation, e.g. with Poiseuille’s
law, it is clear that K is not only dependent upon the nature of the
material, but also upon the dimensions of the apparatus used. Porter
and Rao (1927), and Farrow, Lowe and Neale (1928) improved upon
this by postulating the rheological equation
=K . . . . . . . (@
Considering laminar shear between two plates as in Fig. I, 4, where
the lamina are planes, (4) gives
dv/de =k . . . . . . . (5)

Now, equilibrium of every single lamina requires that = should be
constant, and integration of (5) therefore gives

v=7+C . . . . . . . (6)
where C follows from » = 0 for x = 0 with ' = 0. Let VV be the
velocity of the moving plate x = d, then

V=Fkd . . . . . . . (7

The fluidity ¢ is defined by (2) and accordingly
vV
Q= &/1 = kr®1 T €))

The quantity k, therefore, is not itself the fluidity, nor 1/k the
viscosity, as many investigators were led to assume from using for

1/k such symbols as 5 or ().
We now integrate (4) for the two standard types of viscometer:

as follows : —
Capillary Instrument | Rotation Instrument

We introduce the expressions generally valid for the type of
instrument, viz.—

compare (11, b and ¢) : compare (II, h and i)
G = dv[dr, T == rdp|2l | G — rdldr,7 — M|2nr®h (9)

into the rheological equation (4) and get

dv/dr = k(rdp/2l)" | rd8)dr = k(M |2ar%h)" (10)
Integration in respect of » now gives
v = k2l|dp.(rdp[2)* ' 0 = — k(M|2nhr?)*[2n 4 C
/(a4 1)+ C

The integration constant is again determined from the boundary
condition that the velocity of the flowing material in the layer adjacent
to the solid wall is identical with the velocity of the wall. Therefore
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Capillary Instrument | Rotation Instrument
C = — k2l/dp.(RAp|2" ! C == + k(M|2nh R 2)2n
tn + 1)
and
vk 21/41?[(1?41’)" Y
n+1 | 8= k(M 2nhR )" ~
(Mp>" J (M|2ahr2))[2n (1)
2l
The quantity of flow in unit The angular velocity of the
time is accordingly external cylinder is accordingly
r=2=R
Q — Jv..?wr.dr = 0 k( WI_) (I R2"
r=o
n -- I/R2™)[2 12
:Iclﬁ%(ﬂ p)/(LJM [R2™)[2n  (12)

For n —= I, this equation is reduced to
Poiseuille’s law [ Margules’ law

with k& becoming ¢.
Introducing in (12) the consistency variables from

(11, £) and (11, g). | (I1, 1), (IT, m) and (LI, n).
we get
* 1l -a®
. Ppn ! T —k .. pn
V—=k +31 i 1 n(l — a)P (13)
where P is the shearing stress at the wall. The fluidity of the liquid
adjacent to the wall is therefore in accordance with (8) ¢, = kP"!
and the rate of shear at the wall is consequently V, = ¢, P, or
n+ 3 ' n(l - a)
" —_ l’, ]7 . g
l w 4 L I . a” V (14)

For n — 1, V is the rate of shear at the wall, but generally V , is a
function of ¥ depending upon the form of the rheological equation and
the type of instrument.

The advantage of this procedure as compared with that of Farrow
and Lowe, de Waele and Ostwald is that now, instead of the * constant
K which depends upon the dimensions of the apparatus in an unknown
manner, there appears k, a characteristic of the material. which makes
it possible to compare mcasurements made on different sorts of apparatus.

3. Objections to the Power Function
At the Plasticity Symposium of 1928 at Easton, Pa. (Reiner (1929) )
I raised the following objections to the rheological equation (4) :—
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It is assumed that ““ n ” is a constant of the material and, therefore,
should have different values for different materials. As a consequence,
because the dimensions of * and r are fixed, the dimension of ¢ would
vary from material to material. This, however, would mean that for
different materials ¢ not only quantitatively varies, but also qualita-
tively, and the different fluidities ¢ cannot be compared. This, further-
more, means that (4) is not one law which only for different materials.
i.e. different values of “n 7, gives different numerical results ; what
we have before us are as many different laws as there are values of
“n ", or for every material a different law. They are what could be
called “ individual ’ laws—if there was such a thing. We conclude that
(4) is not a physical law, but only an empirical formula.

But as an empirical formula it is exposed to two other objections :—

Firstly, the fluidity of the material as usually determined, or the
apparent fluidity, is in the capillary instrument

C VP k- pa
q)—I/PN-Icn_’_gP . - . . . (15)

If n>1, ¢’ vanishes for P = 0 and is infinitely great for P = oo.
Both are contrary to experience. If the material is at rest, it possesses
a certain fluidity, say ¢,, the influence of which becomes apparent as
soon as the material starts to flow. If ¢’ were zero, the material, when at
rest, would be a solid. There are materials of such or similar behaviour,
exhibiting the property of thixotropy, but (4) was not devised for them.
Equ. (4) was meant to describe the behaviour of such liquids as
rubber or nitrocellulose solutions which are not thixotropic --but even
for thixotropic materials (4) is not suitable.

Secondly, that ¢’ should become infinite is objectionable because
there is no liquid the viscosity of which vanishes and, moreover, the
fluidity of a dispersed system cannot, of necessity, reach, let alone
exceed, the fluidity of the dispersion medium. This argument is not
detracted from by the fact that we cannot reach infinite stress or
strain and P< oo. It is sufficient that there should be, in accordance
with (156) a tendency for ¢’ to increase beyond every limit for an ever-
increasing P.

Of the two objections just dealt with, the first may be named the
‘ zero ’—the second the ‘ infinity ’ objection, while the objection
dealt with before will be mentioned as the *‘dimension ” objec-
tion.

The ‘‘ zero ”’ objection was met in a formula proposed by S. B. Ellis

v=kp+kp” . . . . . . (16)
while R. V. Williamson with the formula

v=kp+kp* . . . . . . (7
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avoided the dimension objection as well. However, the infinity objec-
tion remained.

4. Power-Formulas in General

We therefore have to dismiss the power-formula as unsuitable for
the rheological equation of a non-linear liquid. However, power-
formulas have played, and are still playing, such a big part in theoretical
rheology that it appears profitable to examine their suitability, in
general, for the mathematical expression of a law of nature.

Fig. XVII, 1 shows a series of parabolas and hyperbolas corres-
ponding to varying values of n. Kqus. (3) and (4) with n>1 are
parabolas, but the most famous power-laws are hyperbolic. We have
Boyle-Mariotte’s law with n = — 1, Newton’s law of gravitation and
Coulomb’s law of electro-statics with » = - - 2, and laws expressing
the forces of capillarity and cohesion with n-< — 2.
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Fru. XVII, 1. Power curves y —= z®. The figure against each curve indicates
the value of n.

A parabolic law is Stefan-Boltzmann’s law for the emission of a
black body with » = 4 1In all these laws n is not @ material constant ;
it is the same for every phenomenon and different only for different
kinds of phenomena. Therefore, the quantity which it expresses as a
power is of the same dimension for every phenomenon of the same
kind and the dimension objection does not arise.
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5. The Power Function in Elasticity
The first parabolic ““ law ”* with variable » apparently was what is
known as Bach’s elasticity law, for such materials as cast iron, stone and
concrete which do not obey Hooke’s law of the proportionality of
stress and strain. Instead of (I,d) (+. B. Buelffinger in 1729 proposed
=: @™ with » = [. 'This fell into oblivion in the course of time and
was revived independently by Bach in 1888 under whose name it is
known. It looked as if this was a more general law, including for
n = I Hooke’s law. One would have for steel n =17 and for, say,
cast iron n = 2. One recognizes that this *“ law *’ is open to the zero
objection. The modulus of elasticity of such a material would be
7y = a1 If w1, 7]y — oo for y =0 and for very small
strains cast iron would be a rigid body. However, as was found by
Grueneisen (1906), materials which for large strains do not obey
Hooke's law, do so for small strains.
Hodgkinson (1849) proposed a two-constant law.
T—=ay+by* . . . . . . . (18)
This is the elastic analogue to Williamson’s formula (17) and free
from the zero objection. As y is a dimensionless number, it is also free
from the dimensional objection ; and the infinity objection does, of
course, not arise in elasticity (except for rubber and rubber-like
materials).

6. The Logarithmic Homologue
Taking the logarithms of (3), we get

logv =logK+mlogp . . . . . (19)
and introducing v == log v, K’ = log K, p' = log p
V=K 4+mp’ . . . . . . (20)

and this is the equation of straight line. O. Reynolds (1883) in his
investigations on turbulent flow plotted observations in logarithmic
scale. He called the #»'/p’ curve the Logarithmic Homologue of the
v/p curve and found that in his case the logarithmic homologues were
near enough straight lines. Fig. XVII, 2 shows the logarithmic homo-
logues of the curves of Fig. XVII, 1. He so arrived at a power law for
the turbulent flow in pipes
Q = Kap''™ . . @2
It is to be noted that no “ micro ” law for turbulent flow exists so
far. For turbulent flow in rotating cylinders one would have a different
K and different m, not connected with those of (21).

7. Power Laws in Physical Chemistry
To this property of having straight-line logarithmic homologues,
the popularity of the power law is probably to a large extent due.
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Fre. XVII, 2. Logarithmic homologues of power curves y = % (compare
Fig. XVIT, 1).

W. Ostwald used the method of logarithmic plotting for observations
on adsorption and introduced it into physical chemistry. H. Freundlich
expressed the adsorption isotherm through a power law and this started
a whole array of power laws such as : another law by Freundlich (1909)
for swelling pressure in gels, an alternative law to van der Waal’s
law by Duclaux and Wollman (1911), a law of osmotic pressure in
colloidal solutions by Wo. Ostwald (1919) and many more. All these
laws are subject to one or the other of the above objections. K.g.
Blueh has objected to Freundlich’s adsorption isotherm on the
grounds that an equation which does not ultimately lead to equilibrium
must be rejected. This is an infinity objection.

1t is not difficult to correct such formulas so as to meet two of the
objections.

The zero-objection can be avoided by adding a constant as in
(17) and (18), and, as a matter of fact, the power-law has often been
written in that form. There is also a way to avoid the dimension-
objection, but this objection has seldom been noticed and still more
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seldom been taken account of. The method to be used can, I think,
be best explained by the following quotation from a letter from Prof.
Lark-Horowitz of Purdue University to me. He wrote on June 15th,
1933, as follows :—

8. A Method to Avoid the Dimension Objection

‘ It was decidedly this point of view which I had of the Freundlich
Adsorption Isotherm, and I was for the same reason reluctant to
publish any of our findings about the relation between viscosity and
conductivity of glasses which is of the form: p =a»®. I told Dr.
Littleton of Corning when he asked us to determine the constants as a
function of composition, that this would not mean anything, since this
formula is hardly a theory, but only a mathematical device of linking
up the two phenomena. By applying the point of view developed by
Tamann and Fulcher regarding viscosity to conductivity, I have found
that T, is the same for both phenomena.

This gives at once the possibility of deriving the formula above
in a different form and would give it an entirely different physical
aspect ; a form which has no longer the fact of dimensional change to
encounter. Our formula has been written as (p/p,) —= a(n/7,.)? where
Ps» My have a definite meaning and where the power g is the ratio
of the work necessary to separate an ion from the molecule to the work
necessary to break up a lattice. It seems to me that this example is a
typical one as regards the application of power function formule. . . .”

The same way was taken, most probably independently, by
A. Nadai (1937). To express slow viscous flow in metals (called
“ creep ”’, compare Chapter I1X), Nadai proposed a power function
which in our notation is 7 == r*(y/y*)* where 7* and y* are material
constants of the dimensions of stress and rate of strain respectively.
Now the expression on the right side within brackets ( ) is a dimension-
less number as in the case of Lark-Horwitz. However, the zero objection
remains, and this was noticed by Nadai, who remarks that  the
formule do not converge in the neighbourhood of zero-stress to the
right expressions .

9. The Power Formula as Interpolation Formula

Considering that the paraholic ““ law  breaks down for both small
and large values of the variables,* it can only be considered an inter-
polation formula. As such it will often be found useful, especially in
problems of testing materials. However, one should not expect the
formula to be applicable outside the interpolation range. When

* Freundlich also remarked in the last edition of his standard work, the Kapil-
larchemse, that his parabolic adsorption isotherm should not be used in tho case of small
or high pressures.
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Farrow, Lowe and Neale compared the rheological behaviour of starch
pastes in capillaries and in the Couette on the basis of Kqus. (4)-(14),
and the ranges of stresses and velocity gradients in both instruments
were different ; they could not reconcile them with one value of .
It appeared that, at least for higher concentrations, a different n
would have to be assumed for the material in the capillary and a
different one for the same material in the rotation instrument. As this
would also change the dimension of k their observations brought about
a reductio ad absurdum of this law.

In Fig. XVII, 3, we have plotted the V /P values for the 1-69 -
1-71 per cent. rubber-toluene solutions in logarithmic scale, in short
the logarithmic homologue of Fig. XVI, 4. As can be seen, this con-
sists of five distinct parts, more or less straight lines, of which the first
for very small and the last for very large shear are inclined at 45
degrees and therefore correspond to straight lines passing through
the origin or to simple Newtonian behaviour ; others, one of fairly
long range, correspond to parabolas. It is the long straight line
logarithmic homologue which comprises the usual range of observations.
The empirical equations corresponding to the five parts are: V,,,
= 00053 P, V., 0:0045P" V . = 0-00083P"°, V., = 0-00028P"7
V,er = 0-0287P. Only to the first and the last can a physical meaning
be ascribed.

The question can be raised, to what circumstances or properties is
the success of the power formula—and such success there has been and
it has contributed to its popularity—due ?

There is no doubt that as an interpolation formula the power
formula very satisfactorily reproduces many entirely different laws
within certain limited ranges, provided this range does not include the
origin of the co-ordinate-system. Scott Blair (1929) took several series
of viscometric observations which Ostwald had used in support of his
power law and showed that they could equally well, or even better,
be represented by the Buckingham-Reiner equation.

Scott Blair came to the result that the agreement must be considered
as accidental. We may, however, ask under what circumstances such
a good agreement may be expected to exist.

The power function y = ax® has the property of starting at the
origin ¥ == 0, y =0 and increasing from there monotonously. In
addition, if we calculate the differential quotients y' = abx®’,
y'"' = ab(b — I)x**, etc., we see that not one of them passes through
an extreme, i.e. they also increase monotonously. From this it follows
that the power function will adequately represent any other function
which grows monotonously and permits of a monotonous extrapolation
towards the origin. Therefore, if we select, say, in the centre of a portion
of the curve which we want to represent by the power function a point
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this case the ordinates of other points x/y at both sides of z,/y, will
deviate by amounts which are of the order of the second power of
x — z,. If the given curve, in addition, can be extrapolated towards
the origin, these deviations will be so small that they may not be
noticeable. Sometimes, however, the range 2(x -- x,) may be so great
that the deviations make themselves felt. In this case, the addition
of a third parameter in the following manner will help : y = ¢ + ax?,
ory, =y ¢ = ax’. This corresponds to a parallel shifting of the co-
ordinate-system in the y-direction without change of the character of
the power formula, and makes it possible to give both curves at the
point z,[y, the same curvature and the deviations of the ordinates are
then of the order of magnitude of the third power of (x — x,). Such a
modification of the de Waele-Ostwald formula was proposed by
Herschel (1925).

In general, it is possible to add even three parameters without
changing the character of the parabola, in accordance with the three
degrees of freedom of the movement of a rigid figure in a plane ; viz.
two translations in the x and y direction respectively and one rotation
around the origin. However, this would entirely nullify the advantage
of simplicity which the power formula possesses, and as the power
formula, as was described above, is of practical significance only, one
will hardly desire to take this course (Reiner (1933) ).

10. The Integrative Method

The method which we have applied, leading to the ‘“tree” of
rheological bodies as listed in Table 1 of Chapter XIV, has been named
by Scott Blair (1949) ‘ analytical ”. When the number of elements
making up the model of a complex body increases as much as in the
case of the Sch ScB body, and the material even then does not follow
quantitatively the rheological equation postulated to represent the
ideal body, so that a whole spectrum, i.e. an infinite number of indi-
vidual bodies must be assumed, then Scott Blair has advocated a
different approach which he calls the ntegrative method. To describe a
behaviour intermediate between the Hookean solid in accordance with
Equ. (VII, 2), the Newtonian liquid in accordance with Equ. (VII, 3),
and the Pascalian liquid. he defines a quantity ¥ by

/- fﬁ-y L (22)

where ¢ can stand for a coefficient of viscosity when 8 = / and & == 1,
and for a modulus of elasticity when 8 = 7 and k = 0, but isalso suitable
for describing more complex behaviour. KEqu. (22) was proposed
by Nutting and independently by Scott Blair, and is known as the
Nutting-Scott Blair equation. As it stands, its application is limited
to the case of either constant stress or constant deformation. But
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while it contains the time explicitly, by differentiating with respect
to time, f can be eliminated between the original and the differentiated
equation. The result for constant i is

vy — Brlr = k@) .. .. (28)

This equation (compare Scott Blair and Reiner (1950) ) can be used
when both stress and deformation vary.

The Nutting-Scott Blair equation does not claim to express a
physical law, and the properties which it represents, are ‘‘ quasi-
properties ’. It is a synthesis of power-formulas such as described in
the preceding Sections and has come to be used in the most diversified
branches of rheology with great success. At the meeting of the British
Rheologists’ Club at London in October, 1946, it was attacked by
Professor Andrade, Dr. Weissenberg and even Mr. de Waele himself,
who refused to recognize the de Waele-Ostwald equation as his legiti-
mate child. The attack was on the lines of the foregoing considerations,
but went so far that I felt I had to come forward in its defence. 1
pointed out that it is a hard empirical fact found in many laboratories
all over the world that observational results when plotted on a log : log
scale do give straight lines. The Nutting-Scott Blair equation is nothing
else than an analytical expression of this empirical fact becoming
manifest in the graphical representation. For instance, when Lee and
collaborators at the Road Research laboratory at Harmondsworth
plotted the flow curves of different filler bitumen mixtures in log : log
scale, they found a series of straight lines which up to a certain filler
content had a slope of 1 in 1 and which above that content increased in
slope. Now, evidently this indicates that there is a breakdown in
the filler binder system at a certain definite filler content. This is
revealed in the slopes of the log : log lines or, correspondingly, in the
power of a Nutting-Scott Blair equation representing them, and one
can therefore use the magnitude of this power as an ‘“ indicator ”* for
the structural change.

11. Summary

The power formula
y=k" . . . . . (XVII,a)

and analogous equations in y and = have been proposed as rheo-
logical equations for materials with variable viscosity (fluidity),
elasticity, etc. Because of three objections, of which one or other,
but not all, can be met by modifications of the equation, it cannot be
regarded as a true rheological equation but only as an interpolation
formula. As such it is sometimes very useful.
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[ntegration of (XVII, a) results in
V =k.4/(n 4+ 3). P for the capillary instrument . (XVII, b)

] L

V —k - “_ P for the rotation instrument . (XVII, ¢)
n(l — a)

A more comprehensive formula is the Nutting-Scott Blair equation

=7t . . . . . (XVILd)
where 8 and k are constants and ¢ can stand for n or p or some inter-
mediate ‘“ quasi-property .



CHAPTER XVIIL
THE GENERALIZED NEWTONIAN LIQUID

1. The Problem Re-Stated

WE are coming back to the question which we put to ourselves in
Chapter XV : what function of = will ¢ be, or what is the form of
the function ¢ (7) ?

This, possibly. is putting the question too narrowly. As we have
seen in Chapter XV, there are many possible mechanisms which may
account for structural viscosity. Each different mechanism may be
connected with a different form of the function ¢ (7). Nevertheless,
as will presently be shown, certain general considerations are applicable
to all of them.

2. Power-Series Development
If we do not know the form of ¢, it scems natural to develop it
into a power series,
p =a, taT+ar?4 ... =2 . . . (1)
n—~0
From this equation we find for  — 0. ¢ =a,. We call it the
Fluidity at Rest and write for it ¢,, and so

n
¢ =@, + Za,7" e 7]

n=-1

This expression can be specialized in the following way : Let us
determine, as described in Chapter XVI for the rubber-toluene
solution, the viscosity by means of a rotation instrument. It is then
obvious that the viscosity does not depend on whether the outer cylinder
is rotated clockwise or anti-clockwise ; as a matter of fact no investi-
gator ever took the trouble to mention the direction of the rotation.
The sign of 7, however, is changed if the rotation is reversed. If this
reversal is to be of no consequence,* the power of r in (2) must be an
even power, or

¢ =19, + z'laz,,72" . . . . . . (3)
n-

* What I mean to say is that ¢ (+ 7) = ¢ (-~ 7), or that if I start from rost with
a clockwise rotation until I reach some - 7, the same flmdity results as if I had
started from rest with anti-clockwise rotation reaching a stress of the same absolute
magnitude 7. If I start from » = 0 and, after reaching + r I decrease 7, until arriving
again at 7 == 0, [ reverse the rotation until - 7 18 reached, there may he hysteresis and
¢ (— ) may be different from ¢ (+ 7). This, howeover, is a problem apart which arises
when considering thixotropy.

256
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and, therefore,
v=@a+ Zagr'l L L L (4)

n—1
If we compare (4) with (XVII, a), we see that the corresponding
equations for the capillary and the rotation instrument can be written
down with little effort. We find, by considering (XVI1I, b) and (XVII, ¢),

2
/] — I 2n 1
V=g P+ 2 P )
in the first, and
1 - a2n +1
V=g +2 g, P?" H . (6)

rz—l(zn + I) (1 o (l)
in the second case.*
If ¢ is a given function of 72, or

e=f=®) . . . . . . . (7
the coefficients a can be found by a McLaurin development, where
72 is the argument.}

We have

W (0)
ay, :f y S )
This makes the apparent fluidity ¢’ = V’/P for the capillary
instrument

2 )
o > p2n 9
e e e AV )
and for the rotating cylinder instrument
1 — "2n+ 1 /'(n) (())
Y — = q 0 lO
7Tt E w1 {1 —a) n (10)
From (9) and (10), (;3:—) = (), ie. the tangent to the curve
( roo

¢'|P where it cuts the ¢ axis, is horizontal. As can be seen, this is a
necessary consequence of ¢ being, in accordance with (7), an even
function of = (compare also Section 11 of Chapter XVI).

From (5), (6), (9) and (10) we see that, whatever the unknown rheo-
logical equation of the material, plotting consistency variables or the
apparent fluidity (or apparent viscosity) against the shearing stress
at the wall will give curves independent of the dimensions of geo-

* Comparing (XVII, a), y = k77, with (4) shows that in (XVII, b) und (XVII, ¢)
k 18 to be replaced by a,» and » by 2n + 1.
f"(o) f""(o)
n!

+ The McLaurm series is f(z) = f(0) + z f'(0) + x* .+ x
z "f ( , where f(#) (0) is the value of f®) (z) for x = 0 andf("’ (z) 18 the differential

n-o
quotlent of the n'» order of f(z) in respect of x and n/ = n(n — 1). (n — 2)....3.2.1,
where 0/ = 1 and 1/ = 1.

D.8.F, 8
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melrically similar apparatus, provided there is mo slippage. However,
it should be remembered that these curves are not independent of the
kind of apparatus, and that while P is the stress at the wall, V is not
the rate of shear in the layer adjacent to the wall and ¢’, therefore,
not its fluidity.

3. Polynomial and Other Algebraic Equations

If the stresses are small, two or three terms of the power series
may be sufficient, and we have, for instance

¢ =@, ot tart L L L (11)
where a; and a, are two constants. This gives
y = @7 + a3 + ayrd e (12)

Such an equation can adequately describe the rheological be-
haviour of the liquid within the unshaded range of Fig. XV, 1. How-
ever, for large stresses, the fluidity ¢ in acecordance with (11) increases
without limit, while, as we have agreed, a limiting value ¢, == I/y,,
cannot be exceeded.

Polynomials of this kind were suggested at different times. We
have mentioned one by R. V. Williamson in (XVII, 17) which was
later independently proposed by Weissenberg's student Rabinowitsch
(1929). Here the second power in 72 is objectionable. resulting in an
odd power (the first) in the expression for the fluidity. Weissenberg
soon changed his equation to

y—=¢, 7+ a7 =1 +73p,% . . . . (13)
possibly when realizing that ¢ must be an even function. [ myself
tried some years before (1930)

y=¢a+artayr® . . . . . (14)
in connection with measurements of Herschel and Bulkley on benzene
solutions of rubber (1926). The coefficient a, turned out to be negative.
While (14) is still mentioned by Mark (1940) p. 270, it is obvious, from
what I have said before, that 1 do not now consider it of much sig-
nificance. Williamson’s equation and mine were purely empirical, but
Weissenberg hased his upon theoretical considerations. Taking up the
idea of an elastic ligutd he and Eisenschitz (1929) attempted toshow that
for a liquid as first mathematically described by Maxwell (1868),*
linearity of strain in pure extension will necessarily bring with it non-
linearity in laminar flow. He accordingly interpreted the second con-
stant in his equation (13) as a measure of the modulus of rigidity of the
liquid (g,). The equation was still open to an * infinity-objection >’
(compare Section 8, Chapter XVII) and to correct for this Philippoff
(1936) assumed that the elasticity of the elastic liquid was derived

* We have dealt with the Maxwell liquid in Chapter X.
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from an elastic structure of the dispersed phase embedded in an in-
elastic structure of the dispersion medium, the fluidity of the latter
being ¢, . He accordingly proposed

Mo 7 Me
I+ 7u?
An empirical equation of similar form for consistency curves had
before been proposed by Kraewmer and Williamson (1929) and I myself
(1929) at the same time (and therefore before Pnilippoff) proposed
as the simplest algebraical empirical expression for the rheological

equation of a generalized Newtonian liquid
T e T

1+ 7%a?
which is essentially the same as (15). Integrating (16), which is not
difficult, I arrived at a transcendental formula for the consistency
curve and as 1 attributed to (16) empirical significance only, I did not
try this equation on actual measurements. Philippoff, however, has
made cxtensive use of his equation. 1 must confess that the theoretical
basis for it does not appear to me well founded. [ shall therefore not
pursue its elaboration and shall report in the following Section upon
another attempt of mine to establish a rheological equation for the
generalized Newtonian liquid on a theoretical basis (Reiner and

Riwlin (1927, 1928) ; Reiner (1931) ).

N =1 (15)

4. The Coefficient of Structural Stability

We must look for an equation which will take account of the con-
dition that there is an upper limit to the fluidity, a condition which is
also fulfilled by (15) and (16).

In structural viscosity we can generally say that the more complex
the structure, the greater the viscosity. With increasing stress, the
structure will to a certain extent be reduced and the fluidity increased
until, when the structure is reduced to the simplest state, ¢, is reached.
The structural state at a certain stress r is characterized by the value of
9» - ¢- The increase from ¢ to ¢, or the consumption of ¢, — ¢
can be more or less rapid. The increase of the fluidity per unit increase
of stress would be dp/dr. However, as we have explained in Section 2,
what determines the influence of stress on fluidity is not the magnitude
of 7 but of 2. We accordingly introduce a coefficient

.
dp[d(r?)
which we name the Coefficient of Structural Stability.
This designation can be understood if we consider the extreme cases
of x =oand x = . Inthefirst¢, - ¢ =0 or ¢ = ¢ which means
82

(17)



260 THE GENERALIZED NEWTONIAN LIQUID

that the viscosity 5, of the liquid at rest is reduced to 7, as soon as the
liquid starts to flow. After that the liquid behaves as a simple viscous
liquid with the constant fluidity ¢, or the constant viscosity .. If
X = 0, (17) requires that dp/d(r?) = 0, i.e. the fluidity is not changed
at all through flow. In this case we have before us a simple viscous
liquid with the constant viscosity 5,. In the first case, the structure
of the liquid is so unstable as to be immediately and completely des-
troyed when flow starts ; in the second case it is so stable as not to be
destroyed through the highest shear.

5. A Rheological Equation for the Generalized Newtonian Liquid
If x is constant, (17) can be integrated and we have from

2
e A e
Po ¢ X
d(p, — d(r?
Upe — ¢) = - —(T-») and, therefore, In (¢, — ¢) = — %[y 4+ C. Now,
P = @ X P - @ T2
forr = 0, ¢ = ¢, whichgivesC --In(¢,, - ¢,)andIn ">~ * =— —,
, Po — Po X
or g, — @ = (¢, — g,)e
from which finally
‘p = ‘prr *(q]m - qlu)e- 7’/K M . M M . (19)
This can be written
q’, o q?,w; - - q) —e X or ln(ll - - 7‘2/X . . . (20)
P To

and if plotted in semilog scale would give a straight line.*
In Fig. XVIII, 1, ¢ is plotted against 72. The curve very much

Y
A
/s
umallXﬂ’—_/ — i ————— -
Z I | X %—Sa/,_largex
T N, T %
¢ X | l
|
i | -
=

Fie. XVIIT, 1. Fluidity of a generalized Newtonian liquid as affected by the
stability coefficient (compare Fig. XVI, 8).

* This very convenient property is, however, lost (as will he shown) through inte-
gration for the capillary and rotating cylinder viscometer.
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resembles the one of Fig. XVI, 8. The significance of ¥ becomes clear
from an inspection of the figure.
Introducing ¢ from (19) into (XVII, 2) we have

V=100 = (P —@Je™r . . . . (2])

Kqu. (21) is the rheological equation of a generalized Newtonian
liquid.

The simple Newtonian liquid results from a specialization of the
equation when one constant (I/y) vanishes. While we have derived
(19), (20) and (21) on the assumption that x is a constant, this assump-
tion may now be dropped and in accordance with the principles
explained in Section 9 of Chapter III, x is to be regarded as a coefficient
which may be variable, i.e. be itself a function of 2.

6. The Differentiation and Integration Method

The validity of a rheological equation such as (21) cannot usually
be checked directly. The experiment shown in Fig. I, 4 is only in very
exceptional cases given to realization.* TFor liquids within usual
ranges of viscosities we can make observations only with apparatus
such as the capillary or rotation viscometer or others based on similar
principles.

From these observations we can plot consistency or relative con-
sistency curves, and the question is how to determine from such con-
sistency curves the rheological equation of the material.

Two methods present themselves for this purpose. They have
been named by Hersey (1932) the differentiation method and the
integration method respectively. The first is as follows :—

Let us assume that it is possible to express the consistency curve
in the form of a function.

V—-—FrerL . . . . . . .21
then it has been shown by Weissenberg (cf. B. Rabinowitsch (1929) )
in the case of the capillary instrument and by Mooney (1931) in
the case of the rotation instrument, how it is possible to derive from
(21") through a differentiation process the corresponding rheological
equation y — f(7).

The difficulty, however, lies in finding the form of F of (21°).
Weissenberg’s method has actually been applied only in the case of
the simple polynomial V' = @, + «,P’3, which then leads to a homo-
logous rheological equation such as (13). If the consistency relations
are empirically given through observations and the consistency curves
can be analysed so that the observations can be expressed through a
power series of known coefficients, this can lead to the establishment
of the general law of flow (4) for the material under investigation.

* Compare Leo and Markwick (1937), Fig. 3.
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The integration* method goes the other way—from postulating
the form of ¢(r) to finding (21') by integration. We applied this
method in Chapter II to find Poiseuille’s and Margules’ equations and
in the present chapter when deriving (3) and (6). We shall presently
apply it to equation (21).

7. Application of the Integration Method to the Capillary Instrument
Starting with (21) and considering (II, b) and (II, ¢) we have

dv__ rdp —reapryang AP 5:
&';‘ - q’w __Z—l_ - (q)w - (po)e 21 . . . (22)

which by integration, assuming “ no-slippage >, gives

— 0= dp(R* 1)/l + (¢, — @, %(0‘"'“”"/”'* - L (23)

from which by second integration,
Rixdp [4l"rr s lz_'r_: oo RSP Al
Q" ‘]cc 8l _"(quo ._..(’)o) AP4X Apzxe
4127

— .Apdxa e—R'dp'/Jl'x] . (24)

By introducing the consistency variables V and P, (24) becomes

2 2
= Py P -- %))cs ('Pm - ‘po) [I - {) ¢ P eil“lv] . (25)
X

from which the apparent fluidity
2

P2 ”ny. n
¥ =VIP=p.— K g~ 1 et e L e

For P = oo, (26) gives ¢’ = ¢,. For P = 0, the second term on
the right side becomes indeterminate, but the known methods for
dealing with such indeterminate expressions furnish ¢’ = @o-T

The apparent fluidities at rest and for maximum shear are there-
fore identical with the true fluidities. Between these extremes, how-
ever, they diverge, as comparison of (26) and (19) shows.

1f we plot ¢’ from (26) against P, the curve has in P = 0 a hori-
zontal tangent and must, therefore, possess an inflexion point. Also,
the curve is symmetrical about the vertical axis. On the other hand,

*To be distingmshed from the Integrative Method of Section 10, Chapter XVIL
t1—Elern _ P e lz0—1 0.;.): 0
I Vv - P=0
Differentiation of dividend and duvisor in respect of P gives
— Hpix 4 2P pux 2P gy i
I SR S SN — P o
4P3x? P =0
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if we plot ¢’ against P2, the resulting curve has in P% = 0 a sloped
tangent and it does not possess an inflexion point. It is real for positive
values of P2 only, because both 4+ P and -~ P give the same - P2,
If we compare Fig. XVI, 8, we can see that (26) gives qualitatively a
correct picture.

Equ. (26) can also be written in the form

N Sk APy & X o1 X'

Ve TV 9X g X rx L

L I T 7

This is a non-dimensional equation. It is therefore independent

not only of the dimensions of the apparatus, but also of the numerical
values of the rheological coefficients ¢, and ¢,.

¢ plotted against P also has an inflexion point. If we want to find its co-
ordinates, we twice differentiate in respect of P and equalize with zero as
follows :- -
‘ e X2 g X oo . X2
(l}Tz == 40 ﬁ - 40 7,]("“’ x-— 20 P—ze" ix — Se~1"lx — 10 ‘Fﬁc—l X =0 (28)
This is a transcendental equation which can be solved by trial and error.
We find with good enough approximation
Pi=VX2 . . . . . . . . (29
[ntroducing the value for P; from (29) into (27) gives @; = 0-721.
These are, of course, correct co-ordinates of the inflexion point only if
x is a constant.

Should y not be a constant, x,, the value of y for the liquid at rest,
or the stability of the undisturbed structure of the dispersed phase,
will still be of physical significance. [t can be determined by differen-
tiating ¢ in respect of P2 and then putting P* = 0. We find

dg X X2 X . X5 o

= 4 47 e !X P 47 e P (30

d(P?) po T Ap T Zp e A e (30)

which, if we put P? = 0, becomes indeterminate. Applying the same
method as before, gives

dp L2

d(P?)|P =0 3,

Therefore, if we plot ¢ against P2 from observations and determine
the slope of the tangent to the curve at the point P? = 0, we can find
X, from (31).

(31)

8. Integration for the Rotation Instrument

For the rotation instrument we apply (II, h) and (11, i).
We find

do M M
dr ~ oo (P — Po)e 4n-r-h=/xm ... (32)
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The integration of the first term on the right side is easy and yields

M
-- @y .- For the integration of the second term we introduce
4nreh
M
: =X N B
2arsp VX 33)
and therefore
M
— - =Vyxdr . . . . . .
2mr3h Ir = Vi (34)
The second term thereby becomes
4 @ A #0)Vx [ efdx . . . . . (35)

The integral fe*"d.t cannot be reduced to an elementary function
but for

xr
$(x) = [e—"d.z' O 1))
\/Tr“ 0
which is called Gauss’ error integral, there exist numerical tables.
A power series development gives

,\/ﬂ_ 23 x®
- -2~ ¢(a) = Q' — 3 + 10 - . . . . . (37)
With this
M (s ¢o)Vxm ( M )
6= g -~ +" - » +C 38
P fmreh 4 2mr*hVx F B9

and assuming 6 = 0 for r - R, and 6 = Q for r = R

e

M1 1 \/x'rr[ ( M )
0= q‘”‘inh(ﬁ,@ — lf(‘z) — (90 —q.) 4'_ ‘}" ER,zﬂh;/)-( .

¢(2_Rﬂir[h\/x>] - (9

Introducing consistency variables, we get

Vxm $(PIVX) - $(LajV
V=¢,P— (9o — 9, “g“ (é(—/—&)f;_t( VX (40)
and
_ Vyxmn $(P|VX) Pa|V
o= 2;‘:4’ / XI _Mi( “dvY L e
For P = o, considering ¢ () = I, we have ¢ = 0 and therefore
¥ = P

For P = 0, considering #(0) = 0, the right side is indeterminate

(")
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Applying the same method as in the previous Section and con-

2 _
¢| = — and - - - respectively, we find ¢ =17 and

sidering APl re T \/x - \/x

¢ = P
The same results from a series development in accordance with (34).

We find

pe
p=1--g Utata)t .. - - (4?)
We also find
dp __I+ada®
APy 3x + )

the first term only remaining for P = 0. For the plane Couette flow,

= -- I/x which is what

for which R, = R, = o and a = I, }ﬁP—z) — -

follows from (20).

9. Application of the Power-Series Development Method
We can express ¢ also by means of the development (9) and (10).
We have

o g ) - X 1

A R Y L (49
Foo ~To T, "~ P To

where the expressions following X are those of the second term on the
right side of (9) and (10). To calculate these, we derive from (7) which

in accordance with (19) is in our case
¢ =f) = @u — (go. - @) . . L. (45)

by sueccessive differentiation in respect of p,*
J (@) =

R L. L (46)
Xt
[(") (7'2) = (_~ ])"‘f I(F_‘L:_ql’e—.'r‘[x

n

¢ ==

Vo ,ql"c- -x

whence
f(0) = (— 1)+t (Pl:_;_q)! N ¢ ¥))
X
This makes (44) for the capillary instrument
2 P?n

g=1-Z(— I (48)

n=1 (n + 2)7—1—' 7
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and for the rotating cylinder instrument

1 - u‘.’n# 1 P2n

=1-—X(— )+ — : 49
¢ E;( ) @Cn+1){ — an! x (49)
or approximately
: 2P 1Pt
(p:’—é;‘ 4x’—2‘—... (50)
and
_g_'tetarP? Itata+atatPt (51)
@ = 3 X 70 o !
From (50) and (51) we find
dg 2 1P? e
(?(7325 - 3x + 2 x* coe s (Y
and
dp 14 a+a* I-+a+a®+ (_1737747—7(14 p2
T 3 + 5 ’(2 (53)

Equ. (52) confirms (31) and (53), (43).

10. Examination of the 1-:69-1-71 per cent. Rubber-Toluene Solution *

We shall now examine the 1-69 and the 1:71 per cent. rubber-
toluene solutions reported upon in Chapter XVI in the light of the
formulas derived in the three preceding Sections. The difference in
concentration of the two solutions is so small that their rheological
properties can be assumed as identical, and we shall treat both solutions
as if they were one and the same.

"?

1012 " 1 - ~ T
100 - b o -
V7 Oﬁ—: -9 ° - 11T 1711 e
098e— — ij v i
P - —t-—
095 n
20 100 200 300 00 500 — 7

Fie. XVIII, 2. ¢ of a 1-71 per cent. rubber-toluene solution plotted against
P? from observations in rotation instruments.

In Fig. XVIII, 2, the ¢ values are plotted against P2. P? = 25
has to be taken as the starting point of the ¢ curve. The tangent to
the curve at that point has been drawn, and while it is admitted that
it could also have been drawn differently, this would not have changed
the order of magnitude of the slope. This slope, as shown. is (1-008 —

* The Tables of the first edition of this book containing the figures which form the
basis of the graphs of Sections 10 and 11 have been omitted
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0-95)/180 = 322 x 107%. In our case a = 0-807 and therefore
(I 4+ a + a?)/3 == 0-82. This gives in accordance with (43), x, =
820,000/322 = 2,550.

We now calculate further values for x in accordance with (42)
and find for P% = 100, 200, 300, 400, 500 the values y - 4,830, 7,460,
9,500, 12,050 respectively.*

We therefore see that y, the coefficient of structural stability, is
not a constant, but increases with progressive breakdown of structure.

To get a complete picture we now cxamine the observations of the
1-69 per cent. solution in capillary instruments. In Fig. XVIII, 3, are
plotted the ® values as calculated from the ¢’ values.

100
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Fra. XVIILI, 3. ¢ of 1:69 per cent. ruhber-toluene solution plotted against 1’2
from obsecrvations in capillary instruments.

Taking ¢ from the figure, we calculate x in accordance with (50)
as follows : Wu first calculate an approximate x; neglecting the last
term on the right side of (50). We then introduce into the complete
equation y == x; + dx and calculate the correction 4y neglecting

3
(dx)%. We easily find 4y = — 8P2.
We cannot go beyond P2 = 40,000 without taking into account a

* The term (I + a + a® + a® + a*)P4/10x? in accordance with (51) can be neglected,
as can easily be checked.
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third term of the power series development. This we shall not do, but
go over to the long-range ¢ values calculated from Table 4, Chapter
XVI1, which we show graphically in Fig. XVIII, 4.

For P? = 6 x 105, ¢ from the curve = 0-26. In order to calculate
x> we cannot use the power series (50) which now does not converge,
but must go back to the closed-form equation (27), i.e. there should be

10

09

03&

07

o6 [ -

05

04 N
X B
03 -

gtr—t—T—tr—+ T—

02 NI

» { S SR

0/ oT T
N

0 €
o 30 % 70 9 W 0 > I W

1. XVIIT, 4. ¢ of a 1:69 per cent. rubber-toluene solution plotted agunst 12

g

fromn long-range observations in eapillary mstruments.
Xx* X 6 105 x® 6108
013 = L o 0 Wk S e X (54
36 x 100 6 % 105 36 5 1000 (54)

or
x2— (6 X 105 — x)xe © % 4-68 x 10'°

This transcendental equation can only be solved by trial and error.
To get the order of magnitude we try, e.g. x = 10%, which turns out
to be too little.

Trying y == 108 gives too much. The correct value of y must
therefore lie between 1 X 105 and 10 x 105, but nearer to 105. We
ultimately find y = 2:3 X 105. In Table 1 calculated values for x
have been listed.

We see that while x increases with P2, the rate of increase gradually
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decreases and ultimately a limiting value of x_ of roughly 250,000 is
reached. The increase of x from y, to x,, is one hundredfold.

11. The Nature of the Coefficient of Structural Stability

In Section 12 of (‘hapter XVI we arrived at the result that the
dispersed phase in a rubber-toluene solution above 0-4 per cent. con-
centration is an ‘ unordered assemblage of smaller particles ' which
may be pictured as shown in either Fig. XVI, 10 or Fig. XVI, 11. We
should not be surprised that with gradual breakdown of structure
such particles become more and more stable, or, in other words, that p%
is not a constant but increases with increasing rate of shear. The
assumption that x is a constant was the simplest possible one, but could
not have been expected to hold good for structures of that sort. Some
readers will probably have noticed that, written in the form

¢

¢, @ —(p,. —@)e™ . . . . . (55)

Equ. (19) is analogous to the equation of radioactive decay, in
which out of an initial quantity (¢, -¢,) (which in our case is a
measure of the structure of the dispersion at rest) the amount (¢, ¢)
survives unchanged after an increase of 72 from zero to some given value,
the rate of disintegration being proportional to the quantity available
at the instant considered ; 72 is, in the case of radioactive decay, the
time which has elapsed since zero-time, and //x the decay constant
(or what we may call in our case the (‘oefficient of Structural Lability).
But that equation of radioactive decay is valid only in the case of
one single pure radioactive substance. We could have assumed that
an analogous law holds good for structural viscosity (or fluidity) if all
particles were possessed of the same structure and furthermore, if
either the breakdown of any one particle were completed in one step
or if all particles were affected in the same way at every stepping-up
of the rate of shear. Actually, however, there will he a whole spectrum
of particle sizes and forms, with some statistical distribution, which
are differently affected as the rate of shear increases. We shall come
across an analogous problem in Chapter XX.

Let us now examine more closely the nature of the coefticient of
structural stability. The quantity 72/y being the index to e must be
dimensionless. y is therefore a quantity of the same nature as =2
In order to understand the former, we must first examine the latter.

In Section 5 of Chapter VI we calculated the strainwork expended
in elastic shear and found it to be for a Hooke-body (compare (VI, 5)
= 72/2u. That strainwork is conserved as the resilience of the elastic
body. We derived the expression for the resilience from

dw,=dy . . . . . . . (56)
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This we can also write
d
dw, = d)t, dt=pdt . . . . . (57)

and therefore
W=y . . . . . . . . (58)

The quantity w, is the strain power expended by the external forces.
In an elastic solid this is added in every element of time to the stored-
up potential energy. In a viscous liquid, on the contrary, it is dissipated
and converted into heat.

For a Newtonian liquid for which (compare (I, f) y —= ¢,

w,=e@rt=qp: . . . . . . (59)
or
=uwle . . . . . . . (60)

The quantity 72, therefore, can, in our case, be interpreted as the
dissipated strain-power per unit fluidity. The quantity y must accor-
dingly also be a strain-power per unit fluidity. If we compare Fig.
XVIIL 1 we sce that the power is equal to the rectangular area between
the ¢ and 72 axes and two parallels to them through the point (72, ¢).

From (59) there follows that the power necessary to produce a
given shearing stress is greater the greater the fluidity ; while the
power to produce a given rate of shear is the greater the greater the
viscosity. In a liquid devoid of viscosity, or what I have called a
Pascalian Liquid (Twelve Lectures, p. 43). the power to produce any
measurable shearing stress would have to be infinitely great, while no
power is required to maintain any given rate of shear.

In a homogeneous, one-phase, ** pure ** liquid, the power is used up
in overcoming the intrinsic microscopic viscous resistance of the liquid.
In a suspension, more energy is dissipated because of the interference
of the suspended particles with the free flow of the dispersion medium.
This manifests itself as a kind of macroscopic viscosity as expressed,
e.g. in Kinstein’s equation (XIV, 1), but it should be kept in mind that
the mecchanism is quite different. Actually the ‘‘ microscopic ”’ vis-
cosity of the liquid is not changed by a suspended particle ; the only
change produced is the one from laminar to more complicated flow in
the vicinity of the particle. In our case, in addition, as soon as the rate
of shear exceeds a certain value (corresponding to P2? = 25), the
secondary particles are broken up or disaggregated. At suitable
encounters the fragments reaggregate and when a dynamical equilib-
rium is established, energy has to be constantly supplied in order to
maintain the state of disaggregation against the tendency of re-
aggregation. The observed macro-viscosity in such a system is accor-
dingly due to the combined effects of the viscosity of the dispersion
medium, the interference of the suspended particles with laminar flow,
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and the continuous breaking up of re-forming secondary particles.
However, the process is complicated by the fact that breaking up of
secondary particles releases solvent and thereby decreases the macro-
viscosity. The last influence prevails over the last but one and the
net result is a gradual decrease of the ‘ viscosity  with increasing
rate of shear.*

We have given in Section 2 a formal reason why ¢ (or ) should be
expressed as a function of 72 (or ¥2) and not of 7 (or y). We can now
understand the physical significance of it. What causes the appearance
of structural viscosity is the susceptibility of the structure to the
power of the external forces expended upon it. The situation is very
similar to the one governing the yield point of a plastic material
(Chapter VI). There also we had to pass from a stress (J) to a con-
ception of work (£,,).

12. Summary

The power dissipated by the viscous resistance of a Newtonian

liquid is
w, —grt=yp* . . . . (XVI, a)
irrespective of whether ¢ (or 7) is a constant or not.

In the case of structural viscosity, this power is taken up by (i)
the viscous resistance of the dispersion medium, (ii) the interference
by the suspended particle with laminar flow, (iii) the power necessary
to maintain a change of the structure. On the other hand the modi-
fication of the structure may reduce the magnitude of interference so
that ultimately a reduction of viscosity with increasing rate of shear
results. This is the usual generalized Newtonian behaviour.

In the rheological equation of the generalized Newtonian liquid ¢
is expressed as a function of the dissipated power i, or of the scalar
quantity 2 :

p=f+?) . . . . . (XVIOLDb)
A power-series development of (XVIIT, b)
¢ =g, 4 Za,, " . . . . (XVI¢)
where "
ag, =" (";(/0) ... . . (XVILa)
leads to
V=¢P +,£1h j_ 2a2"P2" 1. . (XVIIIe)

* One could therefore imagine a structural viscosity with the viscosity increasing
with increasing rate of shear, but I do not know of any such case.
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in the case of a tube instrument, and
1 — g2ntl
V =¢,P
PP+ E o ¥ 1) (1 — @)™

in the case of a rotation instrument.
The following closed form rheological equations have been proposed:

(@

L. L (XVIIL f)

o+ porfa?
_"’1+‘P2/a/ . . . . (XVILg)

where a is a ¢ constant ”’
(ii) Alternatively, a Coefficient of Structural Stability is defined by

P~ @
= =° .. \Y
X = e (XVIIL, h)

which leads to the rheological equation

Q- @ — (p, —@,)e “xko . . (XVIILLi)
or
=" T —erx | (XVIIL,j)
P, — @0

This gives for the tube instrument
2
o = 2" -2 X o1 2;‘,@--"’“ .. (XVIIL k)

and for the rotation instrument

_?_/Xzzd’_(\l/;)._j ? (i;;)

v =" M (XVIIL, 1)

where

é () == \/WJ‘I ““dx . . . . (XVIII, m)

is (Fauss’s error integral.
If ¢ is plotted against P2, the slope of the tangent to the curve at
the point P = 0 is given by

do/d(P?) I p_p= %% - . (XVILn)
in the first, and
dcp ' 1 +a + a?
APy | P = 0= S (XVILI, o)
in the second case. These equations may be used for the determination

of x,.

D.8.F. T
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Applying (XVILL, i) to viscometric measurements of a rubber-
toluene solution, it is found that y is not a constant but increases from
a value x, at P = 0 to a maximum y,_, the rate of increase gradually
decreasing. The structure of the dispersed system accordingly becomes
more stable at increasing rates of shear, the stability being a dynamical
one.



CHAPTER XIX

WALL EFFECTS

1. Historical

ImMEDIATELY after Bingham had discovered his law of plastic
flow in the tube instrument, he attempted to represent observations
so as to be independent of the radius R of the tube. He soon hit on
plotting as abscissa, instead of the pressure difference 4p, the shearing
stress at the internal surface of the wall, or our consistency variable P
(compare (11, g)). However, as long as @ (or another equivalent
quantity) remained as ordinate, the aim was only partly attained.
His pupil, S. B. Ellis, in a thesis on “ The Pseudo-Plastic Flow of
Nitrocellulose Sols ”” in 1927, which was not published, made the
statement : " It is the author’s opinion that the curve, apparent
fluidity plotted against shearing stress (at the wall M.R.), stands as a
graphical representation of the flow property.” Some time thereafter
(1936) T proved this assertion on the lines of the development of
Section 2, Chapter XVIIL; but one year later (1931) I remarked :
*“ If | have said that 1 have ‘ proved " (Ellis’s assertion) mathematically,
this does not mean that it does not need empirical verification. If
experiments should contradict . . . this would mean that in deriving . . .
some assumption had been made, which does not hold good in
actuality. Now it should be noted that the only assumption (made) . . .
is the assumption that material does not slide at the boundary wall >,
or that there was no slippage.

Slippage was actually found to exist in suspensions which could be
considered as Bingham bodies. This can easily be understood. In a
Bingham body, which iy a solid dispersed system, there must be a con-
tinuous framework of dispersed phase throughout the material. If
the material of the wall does not react with the dispersed phase, this
framework is interrupted at the wall ; and while the bulk of the
material is a solid, a liquid layer adjacent to the wall, consisting of
dispersion medium, is formed. This liquid layer will act as a lubricant
and there will be gliding or slippage along the wall. Such an effect
was observed by (ireen (1920). He used what he called a ‘‘ micro-
plastometer ” (Green and Haslam (1925) ), i.e. an * apparatus for the
microscopic observation of plastic flow through capillaries . Green
says : ‘“‘A paint of suitable yield value is rubbed down with enough
ultramarine to give it a pronounced bluish tint. This material is
added because it is easy to distinguish under the low magnification

275 T2
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used, while the paint particles are not. Some of this paint is sucked
into a capillary. Upon microscopic examination a number of facts
will be observed. First, that the vehicle wets the walls of the tube ;
second, that the pigment touches the walls at but very few points ;
third, that the paint exists as a mass of interlocking flocculates. If a
light air pressure is then applied, the material will be set in motion ;
the entire mass being held together by interlocking of the flocculates,
will move in one solid block. The phenomenon is analogous to that of
pushing a lead pencil through a glass tube. With the increase of
pressure the state of affairs is changed. The flocculates are broken up
and, upon observing the ultramarine particles, it will be noticed that
the paint is now moving in telescopic layers, the inner ones at much
greater velocity than the outer ones.”

When Buckingham derived his equation (VIIL, b) he allowed for a
‘“ slippage term " of rather arbitrary form. on the basis of a wall-layer
the thickness of which depends upon the radius . In my above-
mentioned paper (1931) I introduced a wall-layer of definite thickness.
At about the same time Schofield and Scott Blair (1931) proceeded
independently on similar lines, which they had already indicated in an
earlier paper (1930). It should also be mentioned that Kroepelin (1929)
quite independently proposed to plot %' against 8Q/3R3s. This
quantity, which he called Mean Velocity Gradient, is evidently two-
thirds of our consistency variable ¥ (compare (II, f) ). This also must
result in curves independent of R. In my first publication I had
erroneously assumed V to be the velocity gradient at the wall and
therefore ¢’ to be the fluidity at the same place. Herschel (1930)
helped to clear up this point.

The position is as described here in Section 7 of Chapter XVII.

2. Buckingham's Slippage Term for the Capillary Instrument

Let us go back to (XVII, 10°). If » does not vanish for r = B but
equals — vg, we get

= —vp — k2l/dp.(R4Ap/2l)" ! 1[(n §- 1) ... (D)
and therefore
_ 2/dp| (RAp\*'! rdp\" "’] ’
—v_vR—{—Icn_*_][(»ﬂ ~\ 3 A V)
whence
Q = R%zvp + kR%(EgP) /43 . . . . 3)
or )
. don | 4P
V="p n+3 “)
which makes
, _ 4dvp 4_ka' 1

PTRPT 243 ©)



BUCKINGHAM’'S SLIPPAGE TERM 277

We see that neither (4) nor (5) are independent of R.
We now have to replace (XVIII, 9) by

(pahd, . __'?_J.‘L(o) 2n
¢ =gp et I, TP ()

%
L

1 R

14 d —

Fra. XIX, 1. Apparent fludity : 1/R — curve as assumed by Buckinghamn.

and the apparent fluidity at rest is
, 4
o=ppte - - . . . . . (]
where v,, is a function of P.
Let d be the thickness of the lubricating wall layer and ¢, its fluidity,
then Buckingham proposed in the first instance

d.e, R4
=" do.P. . . ... @
This would make the slippage term of (7)
4v, 4d.9,
RP™ R B ()]

3

If we assume that d is independent of R, the * apparent zero-fluidity :
1/R curve ”’ would be a straight line as shown in Fig. XIX, 1.

Buckingham did not succeed in verifying (9) snd he later assumed d. o,
to be proportional to R. This would mean a constant slippage term, the
curve being a straight line parallel to the abscissa. It would also mean that
the thickness of the lubricating layer increases without limit as R increases
and becomes infinite at a planc wall ; an absurd consequence. Buckingham’s
expression is, however, a very rough approximation only, as will presently
be shown.
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3. The Slippage Term for Couette Flow

Let us first consider the fundamental case of two parallel plates
sheared against each other with the material between them. Such

S S ////////////
1 d

D -2d

- ———— e T S n g e e - e m——————

’/////// ///////////////

Fie. X1X, 2. Couette flow in the presence of wall-layers.

flow (Fig. I, 4) has been called Couette Flow, as we mentioned in
Section 6 of Chapter II. In Kig. XIX, 2, we show conditions in the
presence of wall-layers. The shearing stress is constant =+ and the
velocity of the moving plate

V=97D =qzD+ 2p,, -¢d . . . . (10)
from which the apparent fluidity
4 ) d ,d
= =t te o) @ n(lo2) o an
the slippage term being (¢, - ¢)d/1) per layer. Buckingham put it
d . .
= Pujy Buckingham’s expression can therefore be admitted only if

@ is negligible in comparison with ¢,. This will generally not be the
case. The discrepancy is still greater in the case of the tube- and
rotating-cylinder instruments.

4. The Generalized Bingham Body with Wall Layer

Just as an additive combination of the St. Venant solid with the
simple Newtonian liquid results in the simple Bingham body when
M, 18 a constant : the additive combination with a generalized
Newtonian liquid gives a generalized Bingham body, where 7, is a
variable coefficient. To permit of the greatest generality, we shall
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presently derive the formulas which result for the generalized Bingham
body in the tube and rotating cylinder instruments when there are
wall layers. The formulas for the simple Bingham body, the generalized
Newtonian liquid and the simple Newtonian liquid, can then easily
be written down as special cases.

For the generalized Bingham body, the velocity of flow and
rotational velocity respectively in the case of the

Hagen-Poiseuille | Margules-Couette

experiment can be derived on the model of (XVII, 10) in accordance
with the considerations of Section 2, Chapter XVIII (Equ. (XVIII,
4) ) and introducing + — 4 for 7. We have

drldr-- £ avylrap/2l $)n 11 I T djdr—= Za 2p(M[2mrth - 3)20 11 (12)
n=o0 n--o
and through integration . . .
m—2n ! 2t 1
. . 0—).‘&1_“.’)1'~1[ D e e .
ve==2ldp X agn(’_"’p/.'iln‘(?_o)_)_" 2 L neo " ; :L=o 2m- 2n— 1)( m
n—=0 iz (fi,,;-’;,} 2n+1—m lnr]+('. (13)*
forr ==, 1. for . . . .
roor,—28%1ap | < ro—=(M/2nh3)} .o .. . (1)

For the determination of the integration constant ¢! we now assume
that there exists a wall layer of thickness d and of constant fluidity ¢ .,
ie. the wall layer is a simple Newtonian liquid which itself adheres to the

wall (compare Fig XIX, 3).
7y,

\\\\\\\<<<///¢

O

> l,.,.,l{
=~::‘-.:_:i\==:;.. X
P

L

|| b 'il
'|| H i
(17 @ " '::iﬁs'. (

/ \a'J! i fl

£

>

N

Fia. XIX, 3. Plastic flow 1n cases when there oxist wall-layers.

* Note that (5) —2; ('i) — 2, (Z) — 3; (';) -3; (:3) - 3 ete.
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8. Liquids and Soft Solids in the Presence of Wall Effects

We have said in Section 3 of Chapter VIII that if the consistency
curve (or, generally, the flow-curve) starts from a point on the P-axis
(or an equivalent axis) with a finite abscissa, this proves that the
material is a solid. We are now in a position to amplify this criterion
for the case when there exists a wall effect. In such a case we first
determine the apparent fluidity at rest, i.e. for P = 0. If the material
is a plastic solid, this is

.

,_V o' [] - ‘ ' o L1 (R -Ry) "
0= 1 gl - (1 Al l 0 ._.'q;,,,,[l (I+:l,/lf,)'(l——rlllf,.)’] L@’

If, however, it is a liquid, we have

Po' = @0t Gl - - .- I el =eot 20l - ... 1 (29)
If we now vary the dimensions of the apparatus, i.e.
the radius R the radii R, and R,, keeping

a’’ constant,
and plot the calculated values against

1/R | 1/R,
the extrapolation of the resultant curve for
IR == 0 | 1/R, --0

gives ¢,/ —- 0 in the case of a plastic solid and ¢,” 4 0 in the case of a
liquid.
The wall effect can be considered under two aspects. It may be of interest

to determine the thickness of the wall layer and its fluidity.
In order to accomplish this, we differentiate (29) in respect of

1/R | 1/ Ry, keepinz in mind that R,/ R, Is a constant,
We get
Ao goud(l AR} o0 toud
d(1/R) d(1] )

(L dIR)E _d[Re) | RelRe 1 2[R,
(RefBe DI | d]R)MT  d[Re)?

Extrapolating the curve defined by (30) for 1/R == 0, gives in both cases
[doy'[d(1[R))g, —= 4@ uwd. If . is known, this gives the thickness of the wall
layer. Otherwise another differentiation and extrapolation furnishes another
value so that both unknowns ¢, and d can be calculated.

If, however, the problem is to determine the consistency of the bulk of
the material, the wall effect is troublesome and has to be eliminated by
means of a correction. This can be done as follows :

One has first to determine the true fluidity of the material at rest, as
explained above. If we know this we redraw the consistency curve in
accordance with the equation

[V — Pl — ol _ 5 [V -- Ples” — ¢o)lpuw
= gy e 1T T = B (3]
Pw + Po — Po n=o0 2@10 + Po — Qo n=0 ( )
The first term of the series on the right side, i.e. for n» —= 0, is identical

with the first term for a liquid showing no wall effect. In the case of a simple
Newtonian liquid showing a wall effect, this curve is therefore the correct

(30)
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consistency curve of the bulk of the material and may accordingly be named
the *“ bulk " consistency curve. The curve is identical with the consistency
curve of the bulk of a generalized Newtonian liquid showing a wall effect,
if either small P’s are considered or 1/R is small. For larger /”’s and 1/R’s
there is no way of plotting consistency curves independently of the dimen-
sions of the apparatus, if the law of flow of the material is not known.

Regions of very small shearing velocities require special con-
sideration. Very thorough investigations were undertaken by Scott
Blair and collaborators (compare Scott Blair Introduction, pp. 32-34).
The consistency curve of clay and soil pastes was found to divide itself
into four regions. In region 1 there is no flow, region Il is a straight
line, region III is markedly curved and region IV becomes asympto-
tically straight. In regions 1 and 1V one recognizes the picture of Fig. 4.
Region IT is due to slippage. It was Scott Blair’s contribution to find
region I, i.e. the fact that a definite stress is necessary to sfart slippage.

9. Lubricating and Roughening Wall Layers

When considering wall effects in the foregoing, we have spoken of
“ slippage "’ as occurring in a two-phase system, with the dispersion
medium forming the wall layer. But this is taking too narrow a view
of wall effects. As Bingham early (1922) pointed out, it is * quite
possible that the fluidity of a liquid near the surface is not identical
with that within the body of the liquid . Bartsch (1926) found, e.g.
that when oleic acid is in contact with a metal surface a layer about
10,000 molecules thick adheres to the wall. Such molecules are at the
same time oriented. Gencrally there may be two sorts of effects. The
molecules may he either oriented parallel to the wall, which should
reduce friction, or they may become oriented normel, which must
increase friction. The first made a * lubricating ”, the second a
“ roughening ” layer. If we introduce in (29)

("0:‘(1(}711‘ B
(l:R/n} N 1))

Fig. 4 shows ¢, as a function of //n for different values of a.

For a1 the wall layer acts as lubricant, for a -/ as a roughener.
It must, however, be said that it is doubtful whether these effects are
pronounced enough to affect viscosity measurements in the case of
simple liquids. An attempt by R. Bulkley (1931) in the case of different
oils, using capillary viscometers and raising the precision of the measure-
ments to unusual levels, had negative results.

When a liquid does not wet the solid, as in the case of mercury, one
cannot properly speak of slippage in the sense in which this word is
ordinarily used. In this case there exists a layer of some other medium,
either air or the vapour of the liquid, between the material and the
solid wall. In the case of air at room temperature ¢, -5,000. The
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. . P o a_d
A .3 n R
o 2 4
Fia. XIX, 4. Apparent zero fluidities of Liquids in the presence of wall eflects

as determined m capillary mstruments.
@ fluidity of the wall layer. ¢, zero fludity.
1t radius of capillary.
d thickness of wall layer. a = @o/@u.

thickness d must be -10-8 e¢m., which is the order of magnitude of
the diameter of simple molecules. Bingham and Thompson (1928)
determined the viscosity of mercury in a capillary of R == 0-012 cm.
Therefore in this case ¢ — ¢ (compare (29))>- 0-016. The observed

fluidity of mercury at room temperature -_66. Therefore (-’-)—'—,lp >0-024
4

per cent. This is less than the accuracy of the Bingham instrument,
which is about 0-1 per cent. The presence of the air layer can therefore
not make itself felt and the viscosity of mercury can be determined
from the usual formulas assuming that the mercury adheres to the
solid wall (Reiner, 1932). Erk (1932) has pointed out that the viscosity
of air or vapour, which is in a state of adsorption on the solid surface,
must be assumed as much higher and may even have a * roughening ™
influence.

10. Summary

In the flow of a dispersed system. the dispersion medium may
form a lubricating layer between the body of the liquid and a solid
wall. This is especially so with suspensions which are soft plastic
solids. In liquids in contact with solids there may be wall layers
acting either as ‘ lubricants ” or * rougheners ™.

In the presence of a wall layer the apparent fluidity at rest will be

in the case of a plastic solid in the
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capillary | rotating-cylinder
instrument
r__ i - 4
P = (pw[l (1 d/R) ] q,(‘! —_ 2¢w [l _

1— 2d/(R, — R) ]
oo o (XIX

@ dry (1 — a0
and in the case of a liquid, the fluidity at rest of which is ¢,,

= 1—(I—d/Ry*
9, = 9o + @ull — (I — d/R)] %,:%+2%[,_

1 -2d/(R, - R)

) S
When plotting calculated ¢, values against varying

1/R | 1/R,, keeping *“a” constant

extrapolation of the resultant curve to zero gives ¢,/ = 0 in the case

of a plastic solid and ¢, in the case of a liquid.




CHAPTER XX
WORK HARDENING

1. Necking in the Tensile Test

I uAvVE mentioned the necking of a mild steel bar after prolonged
plastic extension. When necking starts, the rod ceases to be cylindrical
or prismatic and obtains a shape which makes it less suitable as a test-
piece ; stresses and deformations being no longer more or less evenly
distributed over the length of the test-piece, but now concentrated at
the section of striction where the cross-sectional area is a minimum.

If one comes to think of it, it is rather strange that the cylindrical
shape can be maintained in any tensile test, either throughout the test
or up to a certain elongation. The material tested (whatever it may
be) cannot be of uniform quality over the length of the bar ; its quality
must at some section be lowest. At the same time it will not be absolutely
cylindrical. but possess somewhere a minimum cross-sectional area.
Therefore when loaded, it will first give way at one or other of
those sections. If so, the cross-sectional area will there be reduced and
become markedly less than along the rest of the test-piece. This will
increase the stress at that section and worsen the position.* If this
does not actually happen there must be some counteracting influence.
The counteracting influence is strain hardening.t Strain Hardening
is the rise of the yield point of a matertal with increased deformation.f
When the material first gives way at the weakest section it is there
strained. When the strain brings with it strain hardening, the material
at that section may become harder than throughout the rest of the
length and, even with increased local stress, deformation will not con-
tinue at the section but start somewhere else, i.e. at the next worst
place. By attacking one section after another, deformation is equally
distributed over the length of the rod, the shape of which is finally
again cylindrical. Therefore, if a bar of any material remains cylindrical
(or prismatic) in « tensile test, this is an indication that the material
possesses the property of strain hardening.

* The tensile test, accordingly, proceeds through states of unstable equilibrium ;
in contradistinction to the comnression test where the equilibrium is stable, any local
deformation resulting in a reduction of stress.

t This is the usual designation. It should, however, be noted that after the first
yield point has been exceeded we should (in acecordance with our terminology) not speak
of ‘‘strain” but of ** deformation ”. We shall later propose to replace ‘‘stran
hardening » by work hardening, s term which is more appropriate.

t This 18 the customary case. Schofield and Scott Blair (1932) have observed strain
hardening in flour dough where the viscosity increases with strain.

DSF, 289 v
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2. Model for the Strain-hardening Range

It is not difficult to adapt the model shown in Fig. VI, 3 so as to
include the strain-hardening range. Fig. XX, 1 shows a model and the
respective load diagram. The model consists of a number of St. Venant
elements connected in series and preceded by an H element. As defor-
mation proceeds, or more strings are tightened, more and more weights
are called into action, with the yield point rising. It has been found

3,
A

% ) MW~
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4INCREASE OF DISTANCE BETWEEN WEIGHTS
CONNECTING STRING TIGHTENED

Fia. XX, 1. Model for a generalized St. Venant body.

that in mild steel, as in other materials showing strain hardening, this
does not go on indefinitely as the deformation increases. In the tensile
test the process is interrupted by the breakage of the test-piece at
about 20 per cent. overall extension or 30 per cent. local extension,
but in wire drawing that same small steel rod can be converted into a
thin wire by drawing it cold through a number of decreasing holes.
By this process its diameter is reduced to a fraction and its length
increased by many thousands per cent. The process has a limit only
when the wire thins to crystallite dimensions. While, therefore, the
deformation is practically without limit, no such parallel unlimited
increase in yield point can be observed. The yield point gradually
increases with diminishing rate of increase until a Maximum Yield
stress, ¢, is reached. This implies the existence of a Limit of strain
hardening. To this fact there corresponds in the model a limited
number of decreasing weights.
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3. The Tensile Strength

The model of Fig. XX, 1 does not include considerations of
“ strength . However, the main object of the tensile test for mild steel
is the determination of its *“ strength .

The tensile test is carried out in accordance with specifications for
which we may take as typical the British Standard Specification
(B.S.S.) No. 785—1938 for rolled steel bars and hard-drawn steel wire
for concrete reinforcement. That specification asks (Clause 5) for
‘“ the tensile breaking strength, yield point (where specified) and elon-
gation . The terms are not defined, but there can be no question that
the ““ yield point ” is the stress P,/A4, (Fig. VI, 1) and the “ elongation
(extension) 41fl,. There is, however, a curious point about the ‘ tensile
breaking strength ”’. The specification says that it *“ shall conform to
the requirements specified in Appendix A, page 18 7, but if we turn
to that Appendix no tensile breaking strength is specified, but some-
thing which is called Ultimate Tensile Stress. The question naturally
arises : are these two one and the same and how is it that they are
named differently ¢

British terminology is not as definite about the concepts involved
as is American. In the United States the stress P,/4 , is called Ultimate
Tensile Strength and the stress I”,/4, Tensile Breaking Strength. In
the well-known English textbook, T'he Strength of Materials, by E. S.
Andrews, P,/A4, is called Clommercial Maximum Stress. The (Germans
call P,/A, Zugfestigkeit. There can be no doubt that what the British
Standard Specification requires is P,/4,. In view, however, of the
fact that at the load P, no breaking occurs, the term *‘ tenstle breaking
strength ” is not very fortunate, especially if it is not defined.

The purpose of the present discussion is neither philological nor
legalistic. There can be no question that in the use of a steel rod or
bar as a structural member in tension, what governs its usefulness is the
magnitude of the load P,. The load which the member is to take is
given. Tt does not help that the steel member can resist higher stresses
when the point b has been passed (compare Fig. VI, 1), if the load has
at the same time to be decreased—because this cannot be done. There
are, however, other uses of mild steel and the question then arises :
Is the stress P,/A, or, more correctly, P,/A of physical significance ?
Does it tell us something of the intrinsic properties of the steel under
test ? What is the necking due to ? Until the point b is reached the
cylindrical rod remains cylindrical, albeit with increased length and
reduced cross-section. Why does this not continue down to actual
breaking ? And why does breakage occur at a certain extension, while
in the wire-drawing process that extension can be infinitely enlarged ?

We shall presently discuss these questions using the matter provided
by experiments which I first undertook in collaboration with W. Fuchs

vz
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and H. Ilberg at the Laboratory for Testing Materials of the Standards
Institution of Palestine at Tel-Aviv (1945) and continued in collabora-
tion with A. Freudenthal (1948) and which will be described in the
following sections.

4. A Close-up of the Tensile Test-Piece
A test-piece was shaped as shown in Fig. XX, 2. It was assumed
that the yield stress of the steel was about 3,000 kg./cm.2 and the test-

|
| ———— :_p%m-':-_—‘:j}

Pt
Je———Llox 131 em ——>

I

Fi6. XX, 2. Original form and dimensions of tost-piece.

piece was first loaded with 4,500 kg.. giving a stress of 1,460 kg./cm.?
After that the rod was unloaded and the length found to be the same
within 1/100 part of a mm. This, therefore, was a purely elastic strain.
After that, experiment 2 was undertaken.

In experiment 2, point @ of Fig. VI, 1 was reached and exceeded
at a load of between 8,900 and 9,000 kg., giving a stress of about
2,900 kg./cm.? The rod was again unloaded and measured. There was
now a permanent elongation of the central piece of 1-65 mm. which
gives an extension = elongation/original length of 1-26 per cent. within
a hundredth of 1 per cent. Elongations were measured in two longi-
tudinal sections at right angles and differed slightly. They were
averaged.

This procedure was continued. The rod was loaded until the yield
point was reached, then unloaded, then measured. There were large
intervals of time between experiments ; not on purpose, but due to
the conditions under which the investigation was undertaken. How-
ever, as will be explained later, this brought to better light the
phenomenon of ‘“ ageing ”’ of steel.

With the sixth experiment necking set in, the point b in Fig. VI, 1
being reached. The tensile strength, as usually defined, and also called
“ nominal ”* stress, was found to be 4,120 kg./cm.2 The “true” tensile
strength was 5,200 kg./cm.? but it should be kept in mind that actually
no breaking occurred at this stress. There was no point in continuing
the experiments in the same way. One knew what was to be expected :
the rod would cease to be extended over the whole length, it would thin
down at the section of striction where it would locally be extended ;
finally the rod would break at that place at a certain smaller load but
higher stress.
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When measuring the length after each experiment, the diameters
along the length were also measured to 1/100 mm. In the uppermost
part of Fig. XX, 3 the shapes of the rod up to the necking are shown in
exaggerated scale. As can be seen, the statement in most textbooks

2mm

15

os

B
R b

v

77 I 0 5 10 15 20mm
[£_A4 MATERIAL REMOVED BY TURNING DOWN ———

Fiu. XX, 3 Lateral contractions of test-piece in hinear scale,

The test-prece was turned down several times. T shows the contractions
of the original test-piece : 1L, 111, 1V of test-peces turned down. The outline
of the last shape before turning down has been hatched vertically. Numbers
mdicate the experiment m which the deformation was effected. For the mean-
mg of ** a” compare Section 8 below.

that *“ until the point & is reached the cylindrical rod remains cylin-
drical ” is correct only as far as observation with the naked eye goes.
Actually the rod loses its perfect cylindrical shape with the first
permanent deformation in experiment 2.

In experiment 3 the section where the diameter had been reduced
before to a minimum, did rnot move ; deformation took place where the
diameter had not been changed and the stress was therefore the smallest.
In experiment 4 also the shallow microscopic neck formed in experi-
ment 2 was not changed ; deformation took place at the ends which
had not moved in either experiment 2 or 3. As we said in Section I,
the point where the diameter is most reduced in each experiment
wanders along the length of the rod, to find the material which has so
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far been least strained. Just before necking, in experiment 5, the shape
was again fairly cylindrical.

5. The Cause of Necking

We can now understand what causes necking. As can be seen from
Fig. VI, 1, the rate of strain hardening, i.e. the rise in yield point per
unit increase of strain, falls off between points ¢ and b. At the same
time, with the reduction of the cross-sectional area, the stress increases
and has its maximum at the smallest section. At that section the yield
point has also been raised most. There is accordingly a competition
between the increase in yield-point and increase in stress at the smallest

Fia. XX, 4. Test-piece after the 9th experiment, showing three strictures.
(Comnpare Fig. XX, 3.)
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section. As long as the former prevails the deformation wanders away
to some other place where the yield point is lower. As soon, however,
as the rate of strain hardening has become so low that the latter
prevails, deformation continues at the same place and necking sets in.

This answered the question as to the cause of necking. At the
same time it showed in which way the experiments were to be con-
tinued. After necking has set in the stresses are not more or less uni-
formly distributed over the length of the rod, but concentrated at the
point of striction. Therefore, before continuing the experiments, the
cylindrical form was restored.

This was done by turning down the test-piece from a diameter of
1-982 cm. to 1-636 em. The experiments were then continued as before.

6. Ageing

Now necking occurred at once, but at an entirely different place
from that in experiment 6 (compare Fig. XX, 3). When the test-piece
was given a “ rest . 1t further hardened at the place where it had been

I /
! 4
\!
\

Tmm

3! [

»
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0 65 40 45 20mm
——l

Fia. XX, 5. Superposed lateral contractions ot all test-pieces.

Numbers correspond with number of experiment. Roman numerals refer
to the series, of which each represents a new turning-down. Note how the
test-piece 1 the first experiment to which 1t was subjected 1 series TI (No. 7)
remembers, 8o to speak. where its least contraction had taken place before 1t
was turned down after seres I (and similarly in further experunents).

The fifth test-piece has agamn been turned down and 18 now perfectly
cylindrical. Necking was expected at pomt A and so happened i experiment
21.

strained most or, as is said, it " aged ”’. Therefore in the next experi-
ment the deformation did not continue at the same place but occurred
elsewhere, etc. In the end we had three strictions in the one test-piece,
a rather unusual phenomenon (compare Fig. XX, 4). After that, the
test-piece was again turned down and this was repeated several times.
In Fig. XX, 5. all deformations have been plotted in one figure. As
can be seen, the material well ‘‘ remembers ’ its previous history.
Here also deformation wanders from point to point : from a more to a
less strained section, even if the test-piece, after turning down, is
perfectly cylindrical,
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7. Local Deformations

Tt is clear that the value of 4 has no significance after necking has
set in. Before that it gives a good average of the deformation in the
different cross-sections. After necking, however, all deformation
occurs at one place. while the rest of the rod is not deformed. Locally,
as we pointed out in Section VI, 2, the deformation will be quite con-
siderable ; while its contribution to the increase in length will be very
small. The apparent high rate of strain hardening between points b’
and e’ in Fig. VI, 1 is therefore misleading. Actually the length on the
abscissa related to these two points will be much longer in terms of
deformation than shown here in terms of Al/l,.

To get a true picture one has to relate the stress at a section to the
local deformation which manifests itself in the reduction of the
diameter. Let us imagine the rod divided into disks of originally equal
thickness d,. The elongation 4l is the sum of the increase of thicknesses
of these disks. Every such increase in thickness is accompanied by a
decrease in diameter and we may assume (as a first approximation)
that in this process the volume of the disk is not changed. Let d be the
thickness of the disk after extension, then its contribution to the total
axial extension is, in the correct logarithmic measure, ¢, = In(d/d,).
Furthermore, let 1, be the original diameter and D the reduced
diameter of the disk. then constancy of volume requires that

D = D%, R 4 )
or
In(Dx[Dz2d,) =2 In(D/D,) + Ind/d,)) =0 . . (2)
from which with
In(D/D,) = e, B )
e, = — 2e, e e e (4

1t is, therefore, possible to calculate the local axial extension from
the local relative contraction. The former is twice as large as the latter.

8. The Rheological Tensile Test Curve

For the rheological test curve we have to plot local stresses

D2
P/ 4
of the different disks in the consecutive experiments as they change
their distance from the axis.

In Fig. XX, 3 I have shown how we can follow the course of one
such disk, marked ““a ”, and it obviously is a cumbersome process.
In Fig. XX, 6 the successive extended lengths of the test-piece have

7 against local strains e, = In(d/d,). This requires the tracing

* The same result is obtained from Equ. (ILI, j), considering that the length and
two diameters at right angles are principal axes of strain and therefore e, = ¢, + Ze..
If e, vanishes, e, = — 2e,.
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therefore been reduced to the original length taking account of local
extensions and in this way the disks keep their places. At the same
time the diameters have been plotted in logarithmic scale and the
strains, or rather deformations, can therefore be read directly from the
figure. If in the first series of experiments (I) any one disk suffered a
reduction of its diameter from D, to D, and was then turned down to a
diameter D, which by deformation was reduced to D,, etc., its final

20 Shains 12 lgarifimec measure can be rvadl dirctly from f»{/;y/'>

—_

19 1

J

17 1

16 ' W

-
()]

-
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1...illlll |I|||Iv.
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' \I'4
I

DAMETER IN M
(37}

P’y
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Fia. XX, 6. Lateral deformations of test-piece. The contractions shown m
TFig. XX, 3 are here plotted m logarithmic scale and the lateral deformation
can be read off directly.

deformation is e, ==In(D;/D,) 4 In(Dy/D,) + . . . which is there-
fore simply additive. This is not the case with the usual definition of
strains and deformations. In Fig. XX, 6 all deformations have been
superposed, in accordance with this principle, upon those of the first
series as if no turning down had taken place.

1t is now easy to plot local yield stresses against local strains, which
has been done in Fig. XX, 7. No special precautions were taken either
to exclude ageing or to ensure a definite and equal degree of ageing
in the course of the experiments and there is therefore considerable
scattering of points. Nevertheless the curve can serve as the basis
for the discussion of the problem of the determination of the rheo-
logical equation governing the strain-hardening of a material, i.e. a
relation between # and e.
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Fia. XX, 7. Rheological stress-deformation curve. The true yield stress
has been plotted agamst double the local contraction.

9. The Mechanism of Work-hardening of a Polycrystal

Before attacking this problem we must enquire to what cause the
strain-hardening of mild steel may be due. First of all it should be
mentioned that single crystals of metals are in all cases very soft.
Metals, as we ordinarily know them, are, however, assemblages ot very
small crystals ; they are polycrystals. It is to this fact that they owe
their hardness. At the same time it has been found that the hardness
of a metal is greater the finer its crystalline structure (compare
Andrade (1936) ). Therefore, whatever makes for smaller crystals will
make for greater hardness and strain-hardening, on this view, is due
to the diminution of the erystals through individual rupture on plastic
deformation.

But then the question arises : why should a polyerystalline struc-
ture make for hardness ? To answer this question two theories were
proposed, one by Beilby and Rosenhain and the other by Ludwik.
In accordance with the first, between the crystals of a metal there exists
a layer of metal in the amorphous state -—‘“ the intercrystalline cement ”’
—to which the hardness is attributed. This theory was discarded
because no difference in hardness in the interior of the crystals and in
the intercrystalline cement could be found. The second theory attri-
butes the greater hardness of the polycrystalline metal to the random
arrangement of adjacent crystals, with their glide planes in different
directions, which leads to a jamming, which in turn renders glide more
difficult. This theory is now generally accepted. It has been proposed
also by Jeffries and Archer under the name of the Slip-Interference
Theory. We cannot here go more fully into these questions, but the
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reader may look up the very instructive and easily understandable

article by Sir Lawrence Bragg (1943) from which Fig.

produced.*

XX, 8 is re-

and for a polycrystal made

s a model for a single crystal
of small soap bubbles, each one representing an ‘““ atom ”.

This show

It can be

: by permission.

* Endeavour, 1943, 2, 43-51
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seen at once why the first can be easily deformed by gliding between
rows of bubbles, while in the second gliding is more difficult through
the different orientations of the rows.

10. The Bauschinger Effect

While, therefore, rupture of individual crystals increases the
resistance against gliding and raises the yield point, nevertheless a
weakness is introduced in the surface along which rupture has taken
place. This weakness possibly makes itself felt in the so-called
Bauschinger effect. After plastic deformation and a reversal of direc-
tion of loading (from tension to compression or wice versa or from twisting
in one sense to twisting in the opposite sense) comparatively large plastic
deformations are produced by very small loads ; in other words, the
yield point for the opposite kind of stress is lowered. But when a mild
steel bar is twisted in one sense beyond the yield point there will be
small internal rupture surfaces in the crystals along which there will
be minute gliding. If the twisting is reversed, some of the ruptures will
open up in the same way as the strands in a rope open up when the
rope is twisted against its thread. This must cause large deformations
or, in other words, a Bauschinger effect in torsion. The explanation for
the reversal from tension to compression is similar. Now, when we
deformed the mild steel test-piece beyond the yield point and then
allowed it to rest before reloading, we found that the yield point is
raised and it is raised the more the longer the rest. This phenomenon
is the ageing of which we spoke before. Ageing in this sense of the word
is accelerated by heating to low temperatures up to, but not exceeding
about 300° C. and the Bauschinger effect disappears. This is the
tempering of the strain-hardened steel. It can be explained as brought
about by a healing of internal rupture surfaces and the term ‘‘ ageing ”’
is therefore rather misleading. Rupture has taken place because the
distance between the atoms on both sides of an interface is increased
so much that they leave the range of atomic cohesion. Now, due to the
heat energy of the body, every atom is in constant vibrations, the
amplitude of which is determined by the temperature. 1f the amplitude
of a vibration is sufficiently great, an atom on one side of the rupture
surface may come within the range of attraction of an atom on the
other side of the surface and a connection is made across the rupture.
In this way the rupture heals. The process will also take place at
ordinary temperature (albeit at a lower rate), because the vibrations are
not all of the same amplitude but statistically distributed around some
mean magnitude, and from time to time an extraordinarily great
amplitude will effect a connection and local healing of the rupture.

When, however, the temperature is raised above 300° C. the
vibrations become so strong that they not only heal the ruptures, but
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the atoms re-arrange themselves in their most stable grids. This is re-
crystallization ; the crystals increase in size and the yield point is
lowered until all work-hardening may vanish. This is the annealing
of the work-hardened steel.

11. In Search of a Law of Work-hardening

We are now in a better position to take up the problem which we
put to ourselves in the closing sentence of Section 8. The tensile test
of mild steel shows that the yield stress increases with increasing
deformation. The question is, how is the former related to the latter ?

et us go back to our test as represented graphically in Fig. VI, 1.
If we, after reaching point *“ f” on the curve, unload the test-piece, a
certain elastic strain is recovered, corresponding to the difference of
abscissas of points “ " and ““ ¢ ”, while the deformation oy is plastic
and permanent. Now, again increasing the load to the amount corres-
ponding to point ** ', we reach approximately the same point (denoted
in the figure by A ™) in an elastic straining with the same elastic
modulus as in the first loading. This shows itself in the figure by the
slope of gk being the same as that of on. The curve a—c—h—e is therefore
the geometrical locus of «ll the yield points corresponding to the successive
deformations.* Nevertheless, as becomes clear for reasons which we
similarly encountered before in two other cases, the yield stress cannot
depend directly upon the deformation. We mentioned in Section 10
the raising of the yield stress through a fuvisting of the bar. It is im-
mediately obvious that this effect cannot depend upon whether we
twist the bar clockwise or anti-clockwise. The yield stress #, must
therefore be an even function of the tangential deformation y or a
function of y2 Let us remember (compare Section 5, Chapter VI)
that ¢, itself is calculated by taking the root of another quantity, the
plastic resilience ¥ ,, which itself is an even function of the stress. It
will also help us in our problem if we recollect that strain-hardening
is also called work-hardening. What governs the rise of the yield point
is clearly the work expended in the plastic deformation and not the
deformation itself. Let us imagine a giant of such strength that he
would be able to knead mild steel as we knead flour dough. Let us
hand him a steel ball which he will knead into all sorts of shapes, at
the end restoring the sphere. When he has handed back the ball to us,
its deformation is nil : all distortions, positive and negative, having
cancelled each other. The strain-work, however, has all the time
increased to a distinct amount. If, in order to make our considerations
more definite, we assume that the deformations are simple shears,

* The existence of & yiold pont 18 therefore best revealed on unloading a test-pioce.
t Vide Section 5 of Chapter VI and Section 2 of Chapter XVIII,
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alternately in positive and negative directions, the deformational work
in terms of strain in accordance with (VI, 4), equals uy?/2.

The resilience on the other hand is, in accordance with (VI, 5)
= 72/2u and the plastic resilience in accordance with (VI, a) = &,%/2p.
The modulus of elasticity being in that process constant (as we said
before), we may lump it together with the numerical factor 2. In the
case of tangential deformations the law of work-hardening would
therefore relate #,%2 to y? and should be expressed as a functional
relationship #,2 = f(y?). We may denote by 6 the limiting strain
(yield strain) corresponding to 9§, so that 6, is the ultimate shearing
strain when the yield point is reached, or

&, = ub, O 03]
In other words, therefore, the law of work-hardening must relate

the square of the tangential strain to the square of the tangential defor-
mation.*

12. The Mises-Hencky Flow Condition for Simple Tension

We cannot apply such a functional relationship directly to our case,
which is one of simple tension and not of simple shear. We must first
express the Mises-Hencky flow condition for the case of simple tension.
As we remarked in Section 9 of Chapter 111, simple tension is not as
simple as one might think. We have showninSection 13of that Chapter
and in Fig. V, 1, that a simple tension &, can be considered as the
result of the superposition of an isotropic tension p —= o, /3 and a
distortional stress the components of which are a tension 20,/3 in the
axial direction and two compressions ¢,/3 normal to the axis and at
right angles to each other. In accordance with the first axiom of
rheology, the distortional stress only produces the plastic deformation
and the plastic resilience K ,, must be calculated not from the total
strain-work of simple tension but only from its distortional component.
The first is, in accordance with (III, z), = o?/2K. The latter can be
calculated as follows :- -

In accordance with (I1L, o) we have

Con =To,[n . . . . . . . (5)
Therefore the distortional work
1
w, = foondeon = faondonn = 0431/4,”' e (6)
2p
Now, in the case of simple extension, in accordance with (111, n)
Oor = Tpp = — Uﬂ/'3 y Oop = 20n/3 . . . (7)
and. therefore,
w,=14p.c 2(9.(1 +1+4) =026u . . . (8)

* Keeping in mind the definition of strain as the recoverable part of the deformation.
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If we increase the tension o, until we reach the yield point, when
a, == ¥, the strain-work w, reaches the plastic resilience ¥,, and
therefore
by=+V6uk,, . . . . . . (9
On the other hand from (VI, a)
E,, =022 . . . . . . . (10)
which makes
B, =0, V3=1739,0rd, ==05789, . . . (11)
and if we determine ¢, from a torsion experiment we can predict the
yield stress §, in a tensile experiment with the same material. We may
compare (11) with St. Venant's flow condition,* i.e. the condition that
the shearing stress reaches a certain maximum (compare Section 5
of Chapter VI). We know from Mohr’s circle, Fig. III, 8, that in the
case of a simple tension o,, the shearing stress reaches its maximum in
a section inclined at 45° to the axis of the test-piece and is there equal
to o,/2. The yield point will therefore be reached in simple tension
when o, ==, = 28,. The normal yield stress in accordance with St.
Venant would accordingly be 2/1-73 = [-15 times the yield stress in
accordance with Mises-Hencky. The difference is not great. (eiringer
and Prager (1934) are of the opinion that St. Venant’s flow condition
furnishes in certain cases, e.g. the first starting of flow of mild steel,
the best description and must be abandoned only when full plastic
flow has developed. T hope. however. to have made it clear that,
theoretically, the Mises-Hencky flow condition is highly superior to
the St. Venant flow condition. Speaking of flow conditions, I may
mention that Beltrami in 1885 postulated that the yield point is
reached when the strain-work rcaches a certain limit. This hypothesis
was soon refuted by experimental evidence and we know why : it
contradicts our first rheological axiom ; the dilatational strain-work
should not cause any appreciable plastic flow.

13. A “ Primitive ” Law of Work-hardening

We said at the end of Section 11 that the law of strain-hardening
would be one relating 6,2 to y2, or, as we can now say, 8,2 to ¢,2. In
physical language we express the plastic resilience, which is the
resilience at the yield point, as a function of what we may call the
Hardening Work ; the first is proportional to 6,2 or 6,2, the second
to y? or e, 2 If we plot 6,2 against e,? the resulting curve has a striking
resemblance to the one {I"ig. XVI, 8) for the variable fluidity of a liquid
as a function of 72, with 8,2 corresponding to ¢, 0, 2to ¢, and e, 2to 72
We may therefore tentatively write down in analogy to (XVIII, i)

* This condition was postulated independently by Coulomb (1801) and Tresca
(1868).
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62 =0, (0,20, . . . . (12)

or in another form
E,=E,, -(E -Ey ey oo L (13)
where E, is the plastic resilience which gradually, but more and more
slowly, increases from E,,, the plastic resilience in the annealed state,
to £ ,,,, the maximum plastic resilience which can be stored up in the
material after it undergoes the maximum work-hardening. The
hardening work w), is the work of the external forces spent in over-
coming internal plastic friction and in changing the structure of the
metal by breaking down its constituent crystal grains. The coefficient
¢ is therefore quite analogous to the coefficient y ; it also is a Co-
efficient of Structural Stability. As the expressions e2/iy and w,,/f
must be dimensionless, the quantity ¢ has the dimension of work,
and ¢ (compare (VI, 5)) the dimension of a work per unit rigidity.

Equ. (13) was proposed by me as a ‘‘ primitive” work-
hardening law at the Paris Congress for Applied Mechanics, 1946.

We found in Chapter X VIII that y was not a constant. Neither can
we expect  or ¢ to be constants. From what has been said in Section
9 it is clear that the larger the crystal the less its resistance against
slip. With the continuous breaking down of the crystals ¢ and
must therefore increase.

In the second of the researches mentioned at the end of Nection
3 above, a strain-hardening curve was obtained first by discon-
tinuous pulling in a tensile testing machine, and then by successive
wire-drawing operations. A hot-rolled low-carbon steel rod of 8 mm.
diameter was drawn down to a wire of 0-8 mm. diameter resulting in an
extensional deformation of 4-6 in the logarithmic measure. It was
found that the work-hardening curve consisted of three e-curves of
the form of Equs. (12) and (13) following each other with short
transitional curves between them. The transition from the first to the
second e-curve occurred at the maximum tensile load (point b in Fig.
VI, 1) ; that from the second to the third at an extension at which the
tensile test fracture (point e in Fig. VI, 1) takes place. In the paper.
an ‘“ atomistic ”’ interpretation is given, using ideas developed by Sir
Lawrence Bragg (1942) which, however, belong to what may be
termed Metarheology.

ploo

14. Summary

In a static test, i.e. one proceeding through states of equilibrium,
mild steel shows a Hooke range, a simple St. Venant range reached
through an *“ upper ” and “ lower ” yield point, and a ‘‘ generalized ”’
St. Venant range in which the yield point increases at a decreasing rate,
reaching an upper limit. An elastic spring can serve as a model for the
Hooke-body (indicated symbolically by H) and a weight resting on a
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table, with solid friction between them, as a model for the St. Venant
body (StV). These, coupled in series (H-StV) represent the Hooke
and simple St. Venant range, while H-(StV),~(StV),—...—(StV),
includes the work-hardening or generalized St. Venant range. provided

the series (StV),, . . . (StV), is arranged in monotonousiy decreasing
order.
The distortional work in simple tension is
w,, =a26p . . . . . . (XX,a)
and, therefore, the yield stress
S, =+ V6uE,, . . . . . ((XX,b)
which gives
d,=1739, . . . . . (XX, ¢)
in accordance with Mises-Hencky, while
P,=24% . . . . . . (XX,d)

in accordance with St. Venant.

The rise of the yield point in the work-hardening range is due to
the breaking up of large into small crystals. For a hypothetical poly-
crystal consisting of large crystals of equal size which in each slip are
converted into small crystals of minimum size, the rheological equation

9 =92 (.2 $.e Y . . . (XX, e)
is proposed, where 4 is a coefficient of structural stability. For a real

polyerystal ¢ gradually increases and the equation must be amended,
taking into account a distribution of crystals of different sizes.



CHAPTER XXI
SECOND-ORDER PHENOMENA

1. Independence of Dilatation and Distortion

In the foregoing, when postulating rheological equations, we
resolved both deformation and stress into an isotropic component and
another one by which it “ deviates ” from isotropy. When a defor-
mation, the first was called volumetric deformation or strain, cubical
dilatation, or, simply, dilatation ; the second we called distortion.
When a stress, the first is often spoken of as *‘ hydrostatic ’ pressure
or tension and the second as stress-difference ; the latter can also be
regarded as a combination of shearing tractions. We then assumed
that every material was characterized by two independent rheological
equations : one between the isotropic, the other between the deviatoric
components of stress and strain , the latter being equivalent to a rela-
tion between shear and shearing stress. [t was assumed that an
isotropic stress produced a cubical dilatation only or a change of volume,
but no change of shape. Similarly, a shearing traction was supposed
to produce shear or a change of shape only, but not to affect the volume
or density of the material. It will presently be shown that this view —
the view of classical elasticity and hydrodynamics— is too narrow.
More ecspecially there are three phenomena which strikingly con-
tradict it. These are dilatancy, discovered by O. Reynolds (1885),
‘* cross-elasticity ”’ in liquids, which may be named the ** Weissenberg
effect ’, and changes in length of metal cylinders in torsion which
has been named the “ Poynting effect .

2. Reynolds’' Experiments

In 1885 O. Reynolds described the following experiment : “ If . . .
we have an extremely flexible bag of indiarubber, this envelope, when
filled with heavy spheres. imposes no sensible restraint on their dis-
tortion ; standing on the table it takes nearly the form of a heap of
shot. . . . Filling up the interstices between the shot with water so
that the bag is quite full of water and shot, no bubble of air in it, and
carefully closing the mouth, I now find that the bag has become
absolutely rigid in whatever form it happened to be when closed. Tt is
clear that the envelope . . . imposes no distortional constraint on the
shot within it, nor does the water. What, then, converts the heap of
loose shot into an absolutely rigid body ? Clearly the limit which is
imposed on the volume by the pressure of the atmosphere. So long as

306
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the arrangement of the shot is such that there is enough water to fill
the interstices the shot are free, but any arrangement which requires
more room* is absolutely prevented by the pressure of the atmosphere.
If there is an (small, M.R.) excess of water in the bag when the shot are
in their maximum density, the bag will change its shape quite freely
for a limited extent, but then becomes instantly rigid . . . without
further change. By connecting the bag with a graduated vessel of
water so that the quantity which flows in and out can be measured,
the bag again becomes susceptible of any amount of distortion. Getting
the bag into a spherical form and its contents at maximum density,
and then squeezing it between two planes, the moment the squeezing
begins the water begins to flow in, and flows in at a diminishing rate

until it ceases to draw more water. . . . The material in the bag is
(then, M.R.) in a condition of minimum density. . . . If we continue
to squeeze, water begins to flow out. . . . The very finest quartz

sand, or glass balls 2-inch in diameter, all give the same results. Sand
is, on the whole, the most convenient material, and its extreme fineness
reduces any effect of the squeezing of the indiarubber between the
interstices of the balls at the boundaries.”

3. Dilatancy of Granular Masses

The explanation for this strange behaviour was given by Reynolds
ag follows :

“If . . . a group of spheres . . . (is) arranged as a pile of shot
(Fig. XX1, I, left) . . . the density of the media is =/34/2, taking the
density of the sphere as unity. If arranged in a cubical formation
(Fig. XX1, 1. right) the density is /6, or V/2 times less than in the
former case. These arrangements are hoth controlled by the bounding
spheres : and in either case the distortion necessitates « chunge of volume.
1 have called this unique property of granular masses ‘ dilatancy’
because the property consists in a definite change of bulk. consequent on a
definite change of shape or distortional strain, any disturbance whatever
causing a change of volume.”

He then cites the fellowing example : ““A well-marked phenomenon
receives its explanation at once from the existence of dilatancy in sand.
When the falline tide leaves the sand firm, as the foot falls on it the
sand whitens, or appears momentarily to dry round the foot. When
this happens the sand is full of water, the surface of which is kept up
to that of the sand by capillary attraction ; the pressurc of the foot
causing dilatation of the sand, more water is required, which has to be
obtained either by depressing the level of the surface against the
capillary attraction, or by drawing water through the interstices of the

* The 1talics are mine.—M.R.
X2
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surrounding sand. The latter requires time to accomplish, so that for
the moment the capillary forces are overcome ; the surface of the
water is lowered below that of the sand, leaving the latter white or
dryer until a sufficient supply has been obtained from below, when the

Fra. XXI, 1.* The figure (left) shows 64 spheres arranged approximately in closed pack-
ing. When this system is subjected to shear the spheres must first move into open
packing as shown on right. It will be seen that this change in packing has resulted
in an expansion.

surface rises and wets the sand again. On raising the foot it is generally
seen that the sand under the foot and around becomes momentarily
wet ; this is because, on the distortion forces being removed, the sand
again contracts, and the excess of water finds momentary relief at the
surface.”

4. Dilatancy as a General Property

It is historically interesting to note that Reynolds undertook his
investigation in order to arrive at a mechanical theory of the ether.
Accordingly he said that ““as regards any results which may be
expected to follow from the recognition of this property of dilatancy,—

“In a practical point of view it will place the theory of earth
pressures on a true foundation. . . .

‘“The greatest results are likely to follow in philosophy. . . .”

We do not apply nowadays rheology to *“ explain the fundamental
arrangement of the universe,” but we have found that dilatancy is not
confined to granular masses.

After positive dilatancy in sand, negative dilatancy was observed
in clay. While sand particles are little spheres, clay particles are

* Reproduced by permission of Messrs. J. & A. Churchill, Ltd., from Introduction
to Industrial Rheology by G. W. Scott Blair.
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minute discs. A sandy soil will therefore settle in dense packing, while
a clay will in its undisturbed state be in loose packing, many of the
discs standing on edge. In shear these will collapse and the density
of the clay will be increased. These cases may be regarded as such of
‘ plastic ” dilatancy. But about the same time when Reynolds dis-
covered his remarkable phenomenon in settled sands, a famous con-
temporary predicted on purely theoretical grounds that an analogous
phenomenon should be present in elastic solids. In 1875 Sir William
Thomson, later Lord Kelvin, contributed the article on Elasticity in
the ninth edition of the Encyclopedia Britannica, which I have already
mentioned before (Section 7 of Chapter IX), and wrote there : It is
possible that a shearing stress may produce in a truly isotropic solid
condensation or dilatation in proportion to the square of its value ;
and it is possible that such effect may be sensible in indiarubber or
cork, or other bodies susceptible of great deformations or compressions
with persistent elasticity ”” (1875). Reynolds must certainly have read
this article and it is extraordinary that he did not connect this remark
with his observation. If he had attempted to relate the change of
volume observed by him to the shear or rather the shearing stress
causing it, he would without doubt have realized that a shear *‘ to the
right ”’ must produce the same effect as a shear ““ to the left.” It is in-
conceivable that a shear to the *‘ right ” should produce a * dilatation ”’
and one to the “left ’ a ‘‘ condensation.” 'Therefore, the shear or
shearing stress cannot enter into a rheological equation except in an
even power, or in the first instance in the square of its value. This is
what Kelvin maintained in the case of elasticity.

I do not know of any observations on elastic dilatancy in solid
indiarubber or cork, but it is very easy to observe it in *“ expanded ”’
or porous rubber, which has the property of negative elastic dilatancy
to a very marked degree. This can easily be demonstrated with a
commercial rubber sponge. Sticking a piece of board on each of its
two flab surfaces. it can be observed that if one is shifted tangentially
against the other. the surfaces also approach each other.

We can say that there will generally be elastie, plastic and viscous
dilatancy. In an elastic solid, side by side with the volume component
of the Hooke solid resulting from the isotropic stress p,

6 ——plk . . . . . . o (1)
there will be one resulting from the shearing stress =
e =78 . . . . . . . (2)

and we may define the Reynolds elastic solid by the rheological
equation

e, =—plc+7¥8 . . . . . . (3)
The parameter 8 may be called the Modulus of Dilatancy.



310 SECOND-ORDER PHENOMENA

There may also be an analogous Reynolds liquid, and we know
that there are Reynolds plastics, positive and negative. In the Reynolds
elastic an isotropic tension will cause a cubical dilatation and vice versa,
as in the Hooke solid ; but cubical dilatation may also be caused in
the absence of a hydrostatic tension by simple shearing stress. Likewise,
a hydrostatic pressure may be required to maintain simple shear.
Similar conditions may be present in liquids as postulated by me on
theoretical grounds (1945).

5. Second Order Phenomena

Dilatancy, being dependent upon 72, is a second order phenomenon.
The stress necessary to produce a small strain may be a large figure
in the usual measure, but then the elastic modulus is likewise a large
figure and the quotient will be small. As long as the strain is small,
the stress can therefore also be considered as small. We see from
Equ. (2) that the modulus of dilatancy is of the dimension of the
square of a stress. Therefore if the shear is small, dilatancy, depending
upon the square of the shear, may be neglected. This is the reason why
in classical elasticity dilatancy was not noticed. This has changed now
when we have to consider in many fields large deformations, as was
prophetically realized by Kelvin.

But then there may be other second order phenomena, which like-
wise cannot be neglected. If we consider shear. there is no reason why
finite shear should affect only the volume, but why it should not also
cause linear extensions or contractions in some specific directions,
likewise depending upon the square of the magnitude of the shear.
Actually, Weissenberg (1947) has observed phenomena which point to
the existence of such * cross-elasticity in elastic liquids ” as we may
call it for reasons to be seen later. These phenomena we shall presently
describe.

6. The Weissenberg Effect

In Fig. 1, 3 we showed simple shear converting a prism into a
parallelepiped. Now imagine the parallelepiped being the undeformed
body and the force P, acting from right to left : clearly the parallele-
piped will be deformed into a prism. We show in Fig. XXI, 2, a
section through the body and ask ourselves: what is the relative
position of planes which are parallel to the boundary surfaces of the
body ?

Let us consider planes ah and ed which after deformation become
a’'b’” and c¢'d’. It can be seen from the figure at the left that their distance
increases after deformation.* In contradistinetion the distance of the

* Remember that the distance between two parallel planes 18 measured in the
direction normal to both.
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two planes bd and ac remains the same. We do not know the mechanism
which produces stresses in a strained solid, but Weissenberg assumes
that it is the change of distances of such planes which governs the
reactive forces or stresses. From this he predicted that in simple shear
there would be not only a shearing stress, but also a pll or tension
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Fie. XXI, 2. Parallelepiped deformed into a prisin through simple shear.

in the direction of the displacement. That tension would be a second
order phenomenon because as a first approximation, if the displace-
ment is very small. the distance between planes ab and cd is not
changed.

Now take an elastic liquid where the deformation is naturally
very large and experiment with it in an arrangement such that the
liquid is sheared in a gap between an outer vessel rotated with an
angular velocity which is kept constant at various levels and an inner
member which is held against rotation and either rigidly fixed in
position or free to move up and down the axis of rotation. The con-
ditions are so chosen that under the combined actions of the shear
imposed at the boundaries, and the forces of gravity and inertia
(centrifugal forces) the liquid executes a steady laminar shearing
movement. As has been argued above, if the liquid is elastic, there
should be in addition to the shear stress components, a pull along the
lines of flow. If, as in our experiments, the lines of flow are closed
cireles, the pull along these lines ** strangulates ”* the liquid and forces
it inwards against the centrifugal forces and upwards against the forces
of gravity. The effect, as predicted by Weissenberg, may be called
“ Weissenberg effect.”

7. Experimental Evidence for the Weissenberg Effect

Kxperiments carried out with a variety of materials, including
saponified oils, solutions of rubber, starch, cellulose acetate, etc.
showed that the predicted phenomena actually occur in a great variety
of conditions of flow such as are reproduced by Fig. XXI, 3. It should
be noted that Weissenberg calls a Newtonian liquid ** special liquid,”
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a designation natural enough considering that the Newtonian liquid
is a special case of the more ‘‘ general ” Maxwell liquid for u, = co.
In the simplest form the Weissenberg effect is exhibited when a rod
is rotated in a “ Weissenberg liquid ” ; the latter then * climbs”

BOUNDARIES GENERAL SPECIAL
OF GAPS LIQuios LiQuiDs
OUTER. CUP rotating ot — Zero Speed | Low Speed | High Speed

INNER  As beiow

[ I [#

a FIXED CYLINDER
{small side qop)

3] FIXED ROD
(large side qop)

FIXED OPEN TUBE
n (small bortom qap) @

B FIXED ANNULUS
(smoli battom gap)

FIXED DISK WITH GAUGES o

8 " et vorrom gop) ﬂ,,;:ju

MAYIMUM SHEAR STRAIN RECOVERY CENERAL SPECIAL
M GVEN RANGE OF CONDITIONS (any firute vaiug) (infinetely smalt vehs)

SR =R X SEmE &

Fia. XXT, 3. Flow of hiquids under actions of steady shear in gaps.

up the rod. Fig. XXI, 4 shows this for a denaturized sweetened
condensed milk.* A similar effect has been observed in blown bitumen.t
All liquids for which the Weissenberg effect has been demonstrated so
far, exhibit also elasticity of shape under the action of transient forces
or are elastic sols of the L-type. It stands to reason that when elastic
elements are suspended in a sol, which as a result of velocity gradients
existing in the liquid are subject to elastic strains, cross-stresses should
arise from these strains. Klastic cross-stresses will cause a centripetal
pump action, and this may be the explanation for the mechanism of
the Weissenberg effect. This explanation has been advanced by
Weissenberg] himself.
* M. Reiner, GG. W. Scott Blair and H. B. Hawley (1949).

t K. Lax-Weiner and R. Schoenfeld-Reiner (1952).
1 K. Weissenberg : Proc. 1st Int. Rheological Congr. Amsterdam, 1948,
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Fra. XX1, 4.

However, during the latest world war (let us hope the last one) I
showed in a theoretical paper (1945) that if the stress-flow rheological
equation of a viscous liquid is of tensorial non-linearity, characterized
by a coefficient of cross-viscosity 7,, this also may explain a “ climbing-
up effect . Rivlin (1948) adopted this idea, and Greensmith and Rivlin
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(1953) claimed to have proved experimentally that a solution of poly-
isobutylene in ortho-di-chloro-benzene does show such cross-viscosity.
Roberts (1953) claims to have repeated Greensmith's and Rivlin’s
experiments with negative results. Mooney has summed up the position
in a letter to me in the following words : ** There may be liquids which
are adequately described by the Reiner-Rivlin theories ; but I do not
believe any such liquids have so far (1954) been found.”

The explanation of the Weissenberg effects, both on the macro-
scopic, phenomenological and the microscopic, structural, level, is
therefore an open question. 1t may well be that different mechanisms
are operative in different cases, similar to the different mechanisms
of the elasticity of steel and rubber.

8. Cross Elasticity

As I have shown by tensor analysis (1948) the phenomenon can be
described without assuming anything about the mechanism of stress-
strain connection. If we were to assume that the reactive forces or
stresses are governed by changed distances of material points in the
body and not of planes, Fig. XXI, 2 will show that there would be
no pull in the direction of displacement, but a push normal to it.
While after deformation the distances of points «e and bd have remained
unchanged, the distances of points ab and cd are decreased. [t can be
shown that in the usual expressions for elastic stress-strain relations
it all depends upon how you define the strain, whether you get a pull
or push. However, it is unacceptable that our definition of strain
should prejudice an experimental result. Therefore there is something
wrong with the usual functional stress-strain relationship. 1 have
shown how this position is to be amended by taking into account the
second powers of the tensors (1948).* It all comes to this: Let
n be the normal to an element of interface in the interior or of surface
on the boundary of an elastic body. Let the traction on this interface
be resolved into three orthogonal components, one normal o and two
tangential + and s. Now select the directions ¢ and ¢ so that s,
vanishes. Let the strain be resolved in the same directions. Then
the new theory requires that ¢, does not vanish: or, in other words,
that there is a strain sideways or in the crosswise direction. Conversely
there may be a stress in a crosswise direction where there is no strain,
This justifies the designation ‘‘ cross-elasticity . If cross-elasticity is
assumed, experimental results are not prejudiced. In this casc simple
shear may require for its maintenance not only a corresponding shearing
stress, but also tractions in the direction of the displacement (pull), or
normal to it (push), or both.

* The same method was apphed by Prager (1945) i a more restricted manner,
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9. Cross-Components of Deformation in the Hencky-Measure

The two measures of deformation corresponding to the diagrams
on the left and on the right of Fig. XXI, 2, were first proposed by
Green and Almansi respectively.* We have shown that the Hencky-
measure is of special significance in many problems of rheology, and
we may accordingly ask ourselves, what cross-terms in deformation
will arise when the Hencky-measure is used. This question is easiest
answered by using the Mohr-circle of deformation.

In the same manner as the Mohr-circle is used for the determination
of stress-components. we can use it for deformation components. Let
a sheet consisting of an eclastic material, say rubber, which can suffer
large deformations, be fixed between two parallel runners as shown in
Fig. XXI, 5. Let a circle of unit radius be drawn on the sheet. Let
one runner be fixed while the other is displaced parallel to the first
at constant distance /1. In this case of simple homogeneous shear, the
circle is deformed into an ellipse. Two stages of such deformation are
shown, namely y — /3 and y — 1. The construction of the ellipse is a
purely geometrical problem which the reader is supposed to be able
to solve. It is indicated in Stage 2. Two radii of the circle normal to
each other in the divections s and j are extended and contracted respec-
tively, into half-axes /, and 1, of the cllipse in the directions ¢ and j,
which are also normal to each other. These are the principal directions
of the deformation. Note that the axes 7 and j are rotated by the angle
a = are tan(y/2) into the positions ¢ and j. This is the rotation con-
nected with simple shear as shown in Fig. 1. 1. The Mohr-circles for
Stages 2 and 3 are shown. Note that the abscissa axis of the Mohr-
circle. indicated by (/) must be parallel to the direction 1. In order to
construct the circle we must know the principal extensions D, and D,.
Assuming the Hencky-measure we have

N N )

This can be determined by measuring [, from the figure. As the area
of the circle is not changed

DI+ D =Dl 4 DIV =0 . L . L (B)
from which

D= DD, — D, . . . . (8)
From the Mohr-circle we determine DY, and DY,. These are entered
in the figurc as graphs of D versus y. We see that there is an extension
D, in the x-direction, and an equal contraction D,, in the y-direction.
The Hencky-measure therefore has the properties of both the Green
and the Ahnansi measures. Accordingly, if the stress depends upon the

Hencky measure, there will be, in order to produce simple shear,

* For references compare the exhaustive survey by Truesdell (1952).
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tension in the x and compression in the y-direction. And if these are
absent, the figure will shrink in the x and expand in the y-direction.

10. The Poynting Effect

This problem is treated in the well-known standard work Strength
of Materials (Vol. 11, p. 298) by Timoshenko, where he ““ proves ”’ that
large elastic torsion of a cylinder will be accompanied by its shortening.
This seems to be the generally accepted view among structural
engineers. To quote : ““let us begin . . . with the case of a solid
circular shaft, and assume first that the distance between the two con-
secutive cross-sections, Fig. XXI, 6 right remains unchanged during tor-
sion. Ify is the shearing strain at the surface of the shaft, the elongation
of the longitudinal fiber ac is obtained from the triangle ace, as follows :

ac = ac,Jcos y = ac,/(I --y?/2) . .. and the unit elongation of the
fiber ac is e,,, = (ac — ac,)jac, = y?/2. The corresponding tensile
stress is 0,,, = €, £ . . . The assumption made that the distance

between the cross-sections remains unchanged during twist brings us
therefore to the conclusion that a longitudinal tensile force producing
tensile stresses should be applied at the ends to keep the length un-
changed. If no such foree is applied but only a pure torque, the twist
will be accompanied by some shortening of the shaft . So far Prof.

- o ——— l-——a———l

l“

F1¢. XXT, 6.

Timoshenko. However, one can with as much justification regard the
case as pictured in Fig. XXI, 6 left and will find with the same argumen-
tation that there is not an elongation but, on the contrary, a contraction
requiring compressive stresses, and in their absence a lengthening of
the shaft. Actually both argumentations are fallacious because they
treat strain as if 1t were a vector, ignoring its character as a tensor.
Of the length elements which can be drawn through any one point on
the side of the cylinder some will be lengthened and some will be
shortened at the same time, and nobody can say beforehand what the
outcome may be,

The demonstration of the fallacy in his argumentation will detract
as little from Prof. Timoshenko’s achievements, and the merits of the
quoted book, as Stokes’ demonstration of the fallacy of Newton which
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we reproduced in Section 5 of Chapter II, detracted from the latter.
Actually Poynting (1909, 1912), nearly half a century ago, observed
that cylinders of steel and copper in the form of long wires, when
acted upon by forces equivalent to a torsional torque are not only
twisted as predicted by the classical theory of clasticity, but also
elastically elongated and increased tm volume. These observations
apparently fell into oblivion. 1 drew attention to them and treated
them in a paper (1954). The increase in volume points to elastic
dilatancy. The increase in length results from a stress-strain law with
whatever measure is used for the definition of strain. This is obvious
in the case of the Almansi and Hencky measures because of the y-
component which in the case of torsion is identical with the axial (z)
component. That this is also so in the case of the Green measure can be
understood from Fig. XXI, 7. In the case of the cylinder, the x-

Fra. XXI, 7.

component of the strain is identical with the tangential (§) component.
This will cause a circumferential tension. Such tension is of the nature
of a ‘ strangulation ”’, and produces radial pressures, which in turn
will cause a reduction of the diameter of the cylinder accompanied
by a lengthening. As was shown by Poynting, and as [ have
pointed out, such lengthening takes place even when the strain is
‘“ infinitesimal . In Poynting’s cases, while the torsional strain was
of the order of 10-3, the observed lengthening, reduction in diameter
and increase in volume were all of the order of 70-8—which means that
they were second order effects as shown in my theory (1954). Ina paper
with Rintel (1958), 1 have investigated second order effects in infinitesi-
mal elasticity in general. The elastic lengthening of the cylinder has
justly been named by Truesdell (1952). Poynting-effect. Swift (1947)
has shown that in the plastic torsion of metal cylinders those made of a
work-hardening metal lengthen, and those of a non-work-hardening
metal, such as lead, become shorter.

11. Cross-Stresses in a Maxwell Liquid

From the foregoing considerations it can be surmised that cross-
stresses will be present in a Maxwell liquid, because of its elasticity.
To understand the mechanism underlying it, we must somewhat
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elaborate the model of the Maxwell liquid shown in Fig. IX, 3, to the
one shown in Fig. XXI, 8.

We have, as before, the spring and dashpot in series with one end
fixed, and the other moving with constant velocity. The viscous
resistance in the dashpot is equal to the elastic stress r,,, taken by the

L ////Z//J

¥ra. XXI, 8.

spring. Now add to this two further springs slightly inclined against
the cross-directions z and 6, with the first resisting a pressure, the
second a tension. When the point @ travels downwards with constant
speed (symbolizing the shearing flow f,,) the point b is moved down-
wards by an infinitesimal displacement only (symbolizing the strain
¢s.). However, this will cause a second order compression r,, in the
2 direction and a second order extension ey, in the 8 direction, and
these, in course, will produce a pressure traction o, and a tensile
traction o,, which i:re the cross-stresses present in the shearing flow of a
Maxwell liquid.

12. A Centripetal Pump Effect in Air

I have recently found that cross-stresses are present in air. This
should not be so surprising, considering that Maxwell established his
equation (1868) from a dynamical theory of gases. I was led to this
discovery by an investigation in a rather elementary rheological field.
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When examining the behaviour of grease in ball and roller bearings,
one finds that airfilms carried by the rotating surfaces prevent contact
between the grease and the moving surface in certain parts of the
bearing. It could be expected that the vibration of the bearing would
cause sufficient slumping of the grease to bring it against the moving
surface and that once contact had been established the grease in the
covers would be churned continuously. This, however, does not ocecur,
and it therefore appears that some ‘‘agency” actively prevents
contact between the grease and the moving surfaces. In order to
investigate the effect more closely, a brass disc 6 em in diameter
and 0-4 cm thick was put into rotation at speeds varying between 3,000
and 8,000 R.P.M., and brought slowly into contact edgewise with a
thick layer of grease. \Vhile a trace of grease was picked up on the edge
of the disc, further penetration causes grease to be carried forward,
leaving a ‘‘ slot  within which the disc rotates without making con-
tact. When the same experiment was tried with a very viscous oil,
a depression was made in the oil, and no wetting of the disc occurred.
However, with thinner oils or water the disc was wetted immediately.
Similar experiments were performed with a hollow cylinder. The
cylinder was mounted on a powerful motor, but when the cylinder
was in contact with the oil which wetted it, the cylinder could not be
turned at more than a very slow speed. However, when the cylinder
was first given rotation at about 5,000 R.P.M.. it would penetrate the
surface of the oil without wetting. If the speed was then reduced to
somewhere about 2.500 R.P.M., contact occurred suddenly, stopping
the rotation.

The experiment was then varied by closing the cylinder at the top,
and fitting the oil bath with a tube which entered at the bottom and
passed up the centre to a height above the maximum level of the sur-
face of the oil inside the eylinder. This tube was connected outside the
oil bath to a water manometer so that pressure inside the cylinder
could be measured. It was found possible to immerse the cylinder as
before without wetting. Observing the air pressure inside the cylinder,
it was found that it was negative at speeds of about 6,000 R.P.M.,
but surprisingly became positive on reducing the speed to about 4,000
R.P.M. On further reduction of the speed, wetting of the cylinder by
the oil occurred as hefore.

Here then was an experimental arrangement for investigating a
centripetal-pump effect in air. As can be observed in an experiment as
described, the oil due to its high viscosity, moves so slowly that its
velocity is negligible in comparison with the velocity of the cylinder-
wall. There is, therefore, a high relative velocity V from cylinder to oil.
The thickness d of the air gap is certainly very small and the velocity
gradient therefore great. One does not know, but need not care, what
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the distance d is, because it is maintained automatically at the right
value. There must be a cross-pressure which prevents the contact
between the oil and the moving surface, balancing the hydrostatic
pressure of oil. This is the ““ agency ” mentioned above. When the
distance d is smaller than the right distance, the velocity gradient
increases, and therefore also the cross-pressure. The latter then pushes
the liquid away, increasing the velocity-gradient and the cross-pressure
until it balances the hydrostatic pressure. One can understand why
wetting occurs with an oil of low viscosity ; such oil is easily brought
into rotational movement and the velocity difference V' is reduced too
much. Wetting also occurs when the rotational velocity of the cylinder
is reduced, for the same reason.

The air gap between the metal cylinder and the co-axial cylinder
formed by bitumen is thus maintained by one cross-stress which in
the case of the Hencky-measure is a pressure. The other cross-stress
acting in the direction of flow, which is a tension, produces the strangu-
lation pressure which causes the pumping (compare Reiner (1957) ).

On the basis ot this experience, Popper and Reiner (1956) designed
and built an all-metal centripetal airpump. This consists in the main
of two circular metal plates of about 5 cm diameter, one stationary,
the other rotating opposite it with an adjustable narrow gap between
them. When the gap is reduced to about 0-02 mm and the rotor has a
velocity of about 10,000 R.P.M. the air is drawn in a centripetal
direction into the gap. While [ write these lines an automatic version
of the apparatus is on show at the Brussels exhibition. We have
also built a centri-petal air vacuum pump which was demonstrated at
the Boundary Layer Symposium at Freiburg and is described in a
paper (Reiner (1958) ).

n.8.F, Y



CHAPTER XXII

RHEOMETRY
1. The Method

RHEOLOGICAL properties are determined quantitatively in rheo-
meters of which the various »iscometers are the prototype for the more
liquid kind and the tensile test of metals for the more solid kind of
material. The property is determined either with its ** absolute
value or relatively to the magnitude of the same property in a standard
material. The instruments are of three types : In type I the material
under test is subjected to pure homogeneous deformation ; in type 11
it is subjected to laminar semi-homogeneous shear ; in type IIl it is
deformed in streamlined flow of a more complicated kind.

Examples for type I are the tensile test of mild steel, the compression
test of concrete and Trouton’s viscous traction. ** End-effects ** must
be taken into account.

Examples for type Il are the capillary tube and rotating co-axial
cylinder viscometers. Because of non-homogeneity of deformation,
these require either ¢ntegration of a postulated rheological equation or
differentiation of empirical results.

An example for type 111 is the free fall of a small heavy sphere
governed by Stokes’ law.

In instruments of types 1 and Il the method of testing may be
either “ static ”” under conditions of equilibrium, or ** dynamic ”* with
either loads or deformations alternating in a given manner. When the
measured quantities are plotted as graphs which represent their mutual
dependence, the result is a technical test curve. This does not give direct
information about the rheological properties. To obtain this, a rhkeo-
logical test curve must be derived in which *‘ consistency variables > are
plotted. By comparing the general form of such a curve with curves
obtained from models in imagined experiments, the appropriate
rheological equation for the material can be found.

Examples for the application of this method were given before.

2, Simple Pull and Push

Tension and compression tests are the most common because
they are the simplest to carry out, even though the material tested
is in practice rarely subjected to simple tension or compression.

The tension test is most commonly used with both ferrous and non-
ferrous metals and plastics. The materials most often tested under

322
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compression are those having a low tensile strength compared with the
compressive strength, and thus are the materials that are usually
employed to resist compressive loadings. Tension or compression tests
are made not only to determine the properties of the material but are
also used for tests of the manufactured product. For example, per-
formance tests of wires, rods, tubing, fabrics and fibres are made in
tension, while tests for tile, masonry blocks, brick, cast iron and con-
crete are made in compression.

When the rheological properties of a material are determined by
means of the extension of a prismatic specimen, its length [, is gradually
increased by 4, and this causes its cross-sectional area A4, gradually
to decrease to A. Therefore, if the load P is kept constant, the tensile
traction o

1)
0’22;4 . . . . . . . . (l)

gradually increases. The traction is very often referred to the
“ original ”* cross-sectional area A,. For instance in the standard-test
of mild steel in the so called * stress-strain diagram ”’, the ** nominal

stress ” is the load divided l)y the ()riginal area
=7 2
[og -7 . . . . . . . z
0 4 ( )

Keeping the load P constant, and thereby varying the traction during
the experiment would seem to complicate the theoretical evaluation.
However, keeping the load constant has its advantages. Not only
is the apparatus considerably simplified. but at the same time there is
the advantage that one single exrperiment fulfils the task of a series of
experiments with varying ¢ ; and divergence from simple Hookeian
or simple Newtonian behaviour can be detected in one experiment.

For these reasons Lethersich (1941) and Reiner (1948) have used
constant load extensometers in their rheological investigations of
bitumen. When recording his experiments, Lethersich plotted the
percentage longitudinal deformation

Al
D,=-l—.......(3)

o
against time, the slope of the curve being a measure of the rate of
extension I). Because of the gradually increasing traction, I also
gradually increases, and even when the material is a simple Newtonian
liquid with constant viscosity 7, the D), versus ¢ curve is not a straight
line, but convex towards the ¢ axis. The theoretical evaluation of such
a curve is complicated. It was therefore fortunate that Lethersich
(1944) later discovered that when the longitudinal deformation is
plotted in a measure proposed by Swainger (1947), namely referred to

Y2
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the extended length
l=1l,+4 . . . . . . . 4

and measured by

a1 -1 {
=== —“=1—-" . . . . (5

! ! ! (%)
the curve is a straight line for a simple Newtonian liquid. This relation
can be derived from the law of extensional flow of a simple Newtonian
liquid as follows :

During the extension of the prismatic specimen one end is fixed
and the other travels with the velocity

S
D

dr .
v,-—:('{t:l . ()
The extensional flow is )
v, | d
=—=-==-—(logl) . . . . .
For a Newtonian liquid this is related to the tensile traction o by
o = Af, e ()

where A is Trouton's coefficient of viscous traction. Introducing
(7) into (8) gives

o= )tl T )

As said before, if the load I’ is constant, the traction o varies during the
experiment with varying length /. Considering that the magnitude
of ¢ depends upon the cross-sectional area, and the latter is connected
with I through the volume 1}’ of the specimen, the variation of o with
l can be calculated as follows : We may assume that the volume of
the deformed material is constant* or

V=Al=4J], . . . . . . (10)
This gives
c=PlA =PlA]l,—-qoljl, . . . . (11)
Equ. (9) now yields
l,:
g, = /\[2 I . . . . . . . (12)
But from (5)
l, i .
al=D{ . . . . . . .3

and therefore by integration
Dilo, = 1A B 1))
If the material is a simple Newtonian liquid, i.e. A is constant and there-

* Lethersich has taken into account that there may he a change of volume,
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fore independent of o,, Equ. (14) represents a straight line passing
through the origin with 7/A as slope. This confirms Lethersich’s method.

Lethersich applied the same method to the large extension of a
simple Hookean elastic solid, i.e. one in which the extensional strain
¢{ is defined in the usual (Cauchy) way, namely by

a 1
¢ o__ T _— . ”
e = L0 1 . . . . . . (15)
This is analogous to (3) but now 41 is the recoverable elongation. Let K
be Young’s modulus, then by analogy with (8)
e=KEe¢f . . . . . . . (18)
Now, from (11) and (15)

s, =KD} . . . . . . . (17
where 1)} is defined by (5). If o, = K, (17) yields )} = [ and | = co.
Equilibrium therefore is possible only if the initial traction o, does not
exceed the Young-modulus K. Introducing

o,=ak . . . . . . . (18)

the factor @ cannot be larger than unity.
Equ. (17) ean also be written in the form

Do, =1E . . . . . . . (19)

Therefore, from (14) and (19), if we plot a series of constant load
experiments 1)}/o,, i.e. the Swainger extension per unit * nominal
traction, o,, against time, f, and all observations are represented by
one single curve, this proves (i) in the case of a viscous liquid that it is
simple Newtonian, (ii) it the case of an elastic solid that it is simple
Hookeian.

It should be kept in mind that D; has in our case a formal meaning
only resulting from (11), and is of no physical significance. Lethersich
regarded the method as the application of a ** correction ™.

For the Kelvin body, we start from Equ. (2), which we write as

o =K+ Tuf) - - - - . . (20)

where
T =MNE . . . . . . . (2]

is the time of retar~lation.
We now take account of (11), (7) and (18) and find from (20)

I,
al —el, 1

where we have dropped indices for simpler writing.
1f the elasticity is ‘“ simple ”” Hookean, Equ. (22) becomes

dt = T def(e*(a —- 1) 4- e(2a — I) + a] e (29)

at =T (22)



326 RHEOMETRY

Integration yields

ela = (" — Dfla+ I —a)e' . . . . (24)
Introducing e from (15), Equ. (24) becomes
(1 — llf’) o,=(1—¢€"ME . . . . . (25)

We may write for I — [/l in accordance with (5) the symbol Dj. Tt
should, however, be kept in mind that this is not the strain of the
material, the latter being measured by e°.
We find
Dilo,=(I —€eME . . . . . (26)

Therefore if we plot observations in the Swainger measure per unit
nominal traction (o,) against time, all observations lie on one single
exponential curve provided the elasticity of the K-body is simple
Hookean. This was confirmed by Braun, Schoenfeld-Reiner and
Traum (1952) for an ** oxidized bitumen, 20 to 30 pen ”’,* which showed
elasticity to an extraordinary degree. lIts rheological coefficients were
found to be: Young's modulus of elastic phase K -= [-331 X 10°
dyne cm—2, time of retardation 7' = 372 sec, Trouton’s coefficient of
viscous traction of liquid phase A = 4-96 X 108 poises.

3. Technological Properties

We can only briefly mention technological properties for some of
which instrumental methods of measurements have been devised, while
the investigation of others has not reached such stage. In this latter
case the craftsman assesses the property by feel and sight. This is
where psycho-physiological considerations enter rheology. With the
one exception of thixotropy, we need not give here more than a glossary.
The reader will find more information in Scott Blair (1949) which
contains extensive references.

Dealing with thirotropy, this term was introduced by Freundlich
and co-workerst to denote an isothermal reversible gel-sol transfor-
mation brought about by mechanical * working ”. It has later been
more widely defined as * that property of a body by virtue of which
the ratio of shear stress to rate of deformation is temporarily reduced
by previous deformation ”. The time factor is essential, distinguishing
thixotropy from structural viscosity. Green (1949) has devised an
instrument by which thixotropy is measured and expressed in a
quantitative manner.

L‘Hermite (1949) has coined the term anti-thixotropy to denote an
tncrease in the above mentioned ratio. Thixotropy and anti-thixotropy
should be distinguished from structural viscosity. Both structural

* “ Pen * is short for * penetration ', explained in the following Section.
1 H. Freundlich : Thizotropie. Paris : Hermann & Co., 1935.
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viscosity and thixotropy denote a reversible fall in viscosity induced
by a rise in shearing stress, with recovery of the viscosity in a state of
rest. However, while in the case of structural viscosity the recovery
takes place instantaneously, without any time-lag, in the case of
thixotropy the recovery requires some time which often is considerable.
Anti-thixotropy is distinguished from thixotropy by the fact that the
rise in shearing stress causes a rise in viscosity. From structural vis-
cosity it is distinguished in that, as in the case of thixotropy, the
recovery is not instantaneous. While many cases of thixotropy are
known, anti-thixotropy seems to be a comparatively rare phenomenon.

A striking example of anti-thixotropy was discovered by Kat-
chalsky and collaborators (1955), a 5 per cent. solution of polymetacrylic
acid in water showing a 350 fold increase in viscosity after subjection
for one minute to a rate of shear of 10 sec~!.

The difference between the three types of variable viscosity can be
shown by means of curves of the following substances*, namely a
5 per cent. natural rubber solution in toluene which shows structural
viscosity (Fig. XXII, 1), a very soft bitumen exhibiting thixotropic
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Fre. XXIIL, 1.

breakdown (Fig. XXI1I, 2), and a 5 per cent. P.I.B. solution in tetralene
(Fig. XXII, 3). In the figures the rotational velocity in a co-axial
cylinder instrument is plotted against the torque of the wire on which
the internal cylinder is suspended (measured in degrees of the torsional
angle 6) and which is a measure of the shearing stress.

It can be seen that the anti-thixotropy loop is not apparent at the
second test while it shows again, although a little narrower, after a
24-hour rest. It appears that the effect of shearing vanishes when the
solution is left undisturbed.

* J. Crane and D. Schuffer (1956),
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So much for thixotropy. (ioing over to a glossary as mentioned
before, here are explanations for some of the more often used terms.
Roughness and smoothness are tactual perceptions experienced in
movement over a surface. In the absence of movement the experience
is labelled erenness and unevenness. In the rubber-industry rugosity has
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been introduced as a measurable property for roughness, However,
the same term is also used to describe the reciprocal of the sphericity
of sand, i.e. the * ruggedness” of its particles. In the latter case
alternatively a coefficient of angularity is used.

When a portion of a certain clay is held in the fingers of both hands,
and is alternatively pulled and compressed, there is a range of easy
movement culminating in a sudden resistance. This property has been
called back-lash.

When certain materials, notably sulphur melts and gum arabic, are
made to flow in a capillary, and the pressure is sharply released, the
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material apparently flows back along the capillary tube. This has been
named jlow-elasticity. There is probably a close connection between
flow-elasticity and the capacity of some materials to work-harden into
long elastic strands or fibres, which has been named in German
Spinnbarkeit, a term for which in English the word leptogenesis has
been proposed. Researches in Spinnbarkeit led to the invention of
nylon.

Micromeritics is concerned with the rheology of fine particles.

Redress is a recovery of deformation which takes place under the
influence of external stimuli : thus “ thermo-redress ” is used when
heat is the activator.

Rheodestruction is an irreversible mechanical breaking up of gels
in flow processes.

Rheopexy is the phenomenon by which the setting of a thixotropic
gel is accelerated by gentle streaming.

Stickiness is defined for soils as the force which is required to pull
away a plate which has been pressed against the soil. This ** property
is not much different from what is called adhesivity or tack. The latter
is important in the printing industry and has been defined as “ the
surface property of a plastic solid by virtue of which two pieces will
stick together when brought in contact and will thercafter resist
separation ”’. Tackiness has been dealt with by Green (1941). There
exists a simple machine called the tackmeter for measuring it in printing
inks.

Work-hardening is mostly used to deseribe the rise of the yield stress
due to excessive plastic deformation, but also includes a rise of viscosity.
Some authors have mentioned strain-softening.

Penetration and ductility are two terms used in bitumen technology.
Penetration is determined from the depth to which a weighted needle
sinks into a dish of bitumen. Ductility is measured by an ‘* extension ”
type of test. A briquette made of bitumen is extended at a specified
speed until the thread connecting the two ends breaks. The length at
which the thread breaks is designed as its ductility.



CHAPTER XXIII
NOTATION

ONE of the difficulties in studying scientific books and papers is the
diversity of notation. This is sometimes accidental and often un-
systematic. In the present book a systematic notation has been
attempted, based on mnemotechnic principles. These are :

I. A Roman letter is, as far as possible, the first letter of the term in
the Latin language for which it stands as a symbol, e.g., P for force
(pondus) and not F (force).

11. Capital and small letters are used for the same term, the former in
a wider sense and the latter in a more restricted meaning, e.g. P for
total force, p for a force per unit area (pressure).

ITI. Capital Greek letters will be used for angles, e.g. § for angular
distance.

IV. Newton's method of notation for the differential quotient in
respect of time is used, e.g. § —= d6/dt for angular velocity and not w.
This saves a letter for some other use.

The student is recommended, when studying a rheological paper,
to translate the notation used by the author into a notation familiar
to him, e.g. that of the present book.*

In order to economize in the cost of printing, division will often be
indicated by the sloped bar /, and not by the horizontal bar —. The
influence of the sloped bar | is meant to reach to the nearest opera-

tional sign, where operational signs are +, —, and . but not 4/ I P
Therefore «/bc == gc’ but ¢/b.c = Zc

Equations and Figures are numbered separately in every chapter.

area, also a constant.
o original area.
acceleration, also = (Rt/Re)?, also a constant.
breadth, also Bingham body, also indicating * Brownian ”’.
U Burgers body.
breadth, also ‘ of bending ”’ (qualificatory index in e,, a,, M,),
also a constant.

S ek

* The notation used here 1s in several 1items different from the one used n the first
edition, the main changes heing E for Young’s modulus (and not ¢), y for gradient
(and not G), u for modulus of nigidity (and not y), s for stress (and not p), » for Poisson’s
ratio (and not o), ¢ for normal stress (and not p,), 7 for tangential stress (and not pg).
It is hoped that these changes constitute improvements.
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an integration constant, also a constant.
concentration, also * of creep »’ (qualificatory index in e,), also
indicating “ cross-direction ”, also a constant.
volume concentration.

volume concentration of water.

large deformation, also diameter.

large longitudinal deformation.

restoring moment.

differential, also thickness, also infinitesimal deformation.
rate of extension.

rate of tangential deformation.

energy, also Young’s modulus.

Young’s modulus for incompressible material.
dissipated energy.

ultimate resilience (energy at failure).

kinetic energy.

distortional energy, distortional resilience.
potential energy.

plastic resilience.

rupture resilience.

voluminal resilience.

strain, also *‘ external ’ (qualificatory index in R,).
bending strain.

contraction.

principal strain.

longitudinal strain.

mean normal strain.

normal strain, extension.

distortion.

tangential strain, shearing strain.

volumetric strain = cubical dilatation.

basis of natural logarithms.

flour dough.

flow = d, also function, also indicating ““ of failure > (qualifi-
catory index in ).

first derivative of function f.

nth derivative of function f.

amount of shear.

rate of shear.

acceleration of grovity.

height, also Hooke body.

height, also pressure head.

moment of inertia.

indicating ‘ internal >’ (in R,), also principal direction.



332 NOTATION

J principal direction.

K Kelvin body, also constant.

k indicating ‘ kinetic ”’ (in K,), also constant, also principal
direction, also parameter.

L length, also Leshersich body.

l length, also indicating “ longitudinal ” (in ¢,), also indicating
“liquid ™ (in p)).

lim limes, limiting.

l, original length.

L final length.

In natural logarithm.

M moment, couple, also Maxwell liquid.

M, bending couple, bending moment.

M, moment in respect of axis .r.

M, momnent in respect of axis z, torsional moment, also torque.

M, torque.

" mass, also constant (as power), also indicating ‘‘ mean ™ (in
€ 7")'

N pull (- .V push), also Newtonian liquid.

n number, also indicating ““ normal ” (in P,), also number of
revolutions, also constant (as power), also indicating “ normal”
(irl e")

n! =1.2.3 ... n

0 indicating ™ of deviator "’ (in £,), also indicating * original ”
(in{,, A,), also indicating * initial ™ (in,).

P force, also dynamic consistency variable.

P, normal force.

P, normal component of force P,

P, tangential component of force /.

P, tangential force.

P hydrostatic (isotropic) pressure, also indicating * permanent ”

_ (in A,).

P external pressure.

pl indicating *‘ plastic ” (in n,,).

Q quantity of flow per unit time.

R rheological funetion, also radius.

R, external radius.

R, internal radius.

r radius, also indicating ** rupture > (in 7,).

S, tangential force.

8, tangential traction.

Sch Sc B Schofield-Scott Blair body.
Schw  Schwedoff body.

StV St. Venant body.
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stress, also indicating * solid ”* (in 7,).

time constant, also period of oscillation, also period.
retardation time.

relaxation time.

time, also indicating ‘‘ tangential ”’ (in P, e,).
relaxation time = T',,.

retardation time —= T

large displacement.

displacement.

x component of the displacement.

velocity, also volume, also kinematical consistency variable.
original volume.

velocity, also indicating “ viscous ”’, also indicating * volu-
minal ”’ or “ volumetric .

axial velocity, also velocity at centre.

velocity in the direction of increasing 6.

work.

water-cement ratio.

specific work, strain work per unit volume, also weight per
unit length, also indicating *“ of wire ™’ (in I,,).

specific power. also power of deformation == dw/dt.
volumetric strainwork.

co-ordinates and co-ordinate axes.

angle, also a material constant or coefticient, also spherical
equivalent volume coefticient.

a material constant or coefficient.

displacement gradient.

components of displacement gradient.

velocity gradient.

logarithmic decrement, also increment, also difference.
elongation.

pressure difference.

deflection.

deflection.

increase of volume.

apparent extension.

volume viscosity.

liquid volume viscosity.

solid volume viscosity.

coefficient of shear viscosity.

creep viscosity.

intrinsic viscosity.

limiting intrinsic viscosity.

reduced viscosity.
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UR viscosity of medium, viscosity of rest, also viscosity of liquid
at rest.

Neo viscosity at infinite rate of shear.

Nyt plastic viscosity, stiffness.

Nrel relative viscosity.

7, solid viscosity.

Nsolu viscosity of solution.
Neo1»  Viscosity of solvent.
Nepee specific viscosity.
! apparent viscosity.
angle, also limiting strain, also yield strain.
angular velocity.
yield stress.
tangential yield stress.
bulk modulus.
apparent bulk modulus.
coefficient of viscous traction.
coefficient of viscous traction for incompressible material.
shear modulus, also modulus of rigidity.
modulus of cross-elasticity.
liquid shear elasticity.
Poisson’s ratio.
v* Poisson’s ratio for incompressible material.
m = 3-1415 .
p density.
z the sum of,
o normal traction.
0,, 0;, 0} principal stresses.
mean stress.

-

M>X A I3

*

*®TE®TE
-~ O

m
T shearing traction, also tangential traction.
] angle.
?(x) Gauss’ error integral.
) fluidity, also coefficient of fluidity.
Do zero fluidity, fluidity of the liquid at rest.
P maximum fluidity.
"y apparent fluidity.
Puw fluidity of wall layer.
X coefficient of structural stability.
¥ limiting relative volume.
Q rotational velocity.
/1 twist.

| coupled in parallel.
— coupled in series.
© infinite.



CHAPTER XXIV

BIBLIOGRAPHY

Books

THE student who wants to proceed from the elementary course of
the present book to a more advanced study, may consult the present
author's book Lectures on Theoretical Rheology, North Holland Pub-
lishing Co., Amsterdam, which has been translated into French and
Polish.

The classical books for Hookean elasticity and Newtonian hydro-
dynamics are still Love, A. E. H., Elasticity, Cambridge, 1906-1927,
and Lams, H., Hydrodynamics, Cambridge, 1879-1932.

Hirn, R., Plasticity, Oxford, 1950, has attempted to achieve the
same for ‘‘ classical ” plasticity, without, however, covering the field
to such extent. In addition the following may therefore be consulted.

NaDAL A. Plasticity, New York and London, 1931, 103.

Pracer. W., and Hodge, P. Gi. Perfectly Elastic Solids, New York
and London, 1951,

An exhaustive survey of new developments in elasticity and hydro
dynamics has been given by C. Truesdell, J. Rat. Mech. a. Analysis, 1,
125-300 (1952); 2, 593-616 (1953), 318.

Other basic books in the field of rheology are in alphabetical order:
ALFREY, T. Jr. Mechanical Behaviour of High Polymers, Interscience,

New York, 1948.

Binauam, E. C. Fluidity and Plasticity. New York, 1922, 19, 227, 286.

Committee for the study of viscosity. First report on viscosity and
plasticity, Amsterdam, 1935.

Ditto: Second report, Amsterdam, 1938.

Eirich, F. R. (Editor) Rheology, Theory and Applications, New York,
1956. This work in three volumes is planned to give an exhaustive
survey in 45 chapters by different authorities.

FREUDENTHAL, A. M. The Inelastic Behaviour of Engineering Materials
and Structures, New York and London, 1950.

GrEEN, H. Industrial Rheclogy and Rheological Structures, New York
and London, 1949. Mainly for thixotropy, 326.

Gross, B. Theortes of Viscosity, Paris, 1953.

HatscrEk, E., The Viscosity of Liquids, London, 1928, 20, 151.

Hersey, M. D. Theory of Lubrication, New York, 1938.
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Houwink, R. Elasticity, Plasticity and the Structure of Matter, Cam-
bridge, 1937. (Elastizitaet, Plastizitaet und Struktur der Materie,
Dresden und Leipzig, 1938.) Deals with glass, resins, asphalt,
rubber, gutta-percha, balata, cellulose, starch, proteins, dough,
paints, lacquers, clay and sulphur.

JEFFREYS, H. The Earth, Cambridge 1929 and 1952. For the rheologist
the earlier edition is more interesting. Jeffreys coined the terms
“ elasticoviscosity ' and “ firmoviscosity . 128, 146.

LeapermaN, H. Physics of High Polymers, Utrecht, 1951.

NaDAI, A Theory of Flow and Fracture of Solids, McGraw-Hill Book
Co., New York, 1950.

PuiLierorr, W. Viscosituet der Kolloide, Dresden und Leipzig, 1942.
226.

ScorT-BLAIR, G. W. 4 Survey of (leneral and Applied Rheology, London
1949. For the integrative approach and psychophysical considera-
tions in rheology.

Stuarr, H. A. (Editor). Die Physik der Hochpolymeren, Springer,
Berlin, 1956. Vol. 1V with Chapters by A. J. Staverman, F. Schwarzl,
L. R. G. Treloar and J. D. Ferry.

TrRELOAR, L. R. G. The Physics of Rubber Elasticity, Oxford, 1949,
75, 216.

When planning rheological experiments, it is advisable to consult:
Burgers, J. M., and Scott-Blair, (i. W. Report on the Principles of
Rheological Nomenclature, Amsterdam, 1949.

A series of monographs ** on the rheological behaviour of natural
and synthetic products ”’ has been edited by J. M. Burgers, J. J. Her-
mans and (. W, Scott-Blair, and published by the North Holland
Publishing Co.. Amsterdam. They comprise:

Frey-WyssninG, A. (Editor). Deformation and Flow in Bioloyicul
Systems (1952), dealing with protoplasm, muscle, plant cell walls,
latex, blood, lymph, cerebrospinal fluids, intraocular fluids. and
secretions.

HEerMAN, J. J. (Kditor). Flow Properties of Dispersed Systems, (1953)
dealing with suspensions, emulsions, gels, dilute solutions of im-
penetrable particles, dilute solutions of flexible chain molecules,
liquid sprays, atomization of liquids, foams, smoke, powders.

MerepIiTH, R. (Editor). Mechanical Properties of Wood and Paper
(1953).

Reiner, M. (Editor). Building Materials, their Elasticity and In-
elagticity (1954) dealing with metals, wood, plaster and mortar,
fresh concrete, set and reinforced concrete, road asphalt, soils,
earth walling, clay products and minor materials of building con-
struction.
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Buckingham, 117, 276
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Bulkley, 231, 286
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Burger’s body (Bu), 145, 147
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rheologieal, 40, 127
(‘ohestonal strength, 100
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reinforced structures, 253
volume flow of, 183
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Crane, 327
Creep. 157
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Crowther, 119
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Denning, 217
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laminar, 14 Gerngross, 242
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Disturbance, 219 Ghde, 96
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Duclaux, 249 Grahan, 217
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Grueneisen, 248
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Errich, 242 Hagen, 15
Eisenschitz, 258 Hagen-Pouseutlle law, 18
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hquids, 128 Haller, 219
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stram (e), 12 Haslam, 275
torsion, 69 Hatschek, 28, 34, 217
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delayed, 139, 145 Hewsenberg, 90
volume, 39 Helical spring, 73
Elastico-viscosity, 126 Hencky, 43, 93, 98, 174, 198
Ells, 246, 275 Hencky flow condition, 93
Elongated particles, 215 Hermann, 242
Elongation (41), 48 Herschel, 231, 253, 276
Equlibrium, 1 Hersey, 23, 261
rotational, 6 Hess, 128, 217, 237
Equivalence principle, 2 Heteny1, 108
Erk, 287 Hodges, 125
Euchd solid, 103 Hodgkinson, 248
Evenness, 328 Homogseneous deformation and stress, 61
Extension (4lfl,), 48 Hooke, 6, 10
Eyring, 40 Hooke solid, 10, 76
. failure of, 195
F Hooke's law, 6
Faber, 159 Huber, 98
Ilia:ll\;::, 911'57,0195, 196, 199, 200 Huber-Hencky theory, 98
a s .dros
Firmo-viscosity, 126 Hydrostatic pressure (p), 2
Flow (d.f), 2
laminar, 17 I
plastic, 87, 116 Ideal bodies, 9
stationary, 17 Ilberg, 292
streamhned, 14 Immobilisation, 220
turbulent, 14 Integration method, 261
viscous, 8 Intrinsic viscosity (7¢) 165, 214, 224
Flow condition, 93 Isotropic pressure (p), 2
elasticity, 329 rupture condition, 194
Fluidity (@), 19, 238 tensile strength, 101
Force (P), 1 tension, 40, 310
Fracture, see Rupture
Freudenthal, 171, 201, 205, 292 J
Freundlich, 15, 217, 249 Jane, 218
Fuchs, 291 Jeffreys, 128, 137
Fulcher, 250 Jeffries, 208
Fundamental rheological curve, 88
K
G Karim, 175
Garett, 217 Katchalsky, 327
Gauss, 264 Kelvin, Lord, 79, 137, 309
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Kelvin solids, 137 Neale, 244
failure of, 200 Necking, 294
Kinematical boundary condition, 18 Neutral axis, 64
Kinetic energy (F«) Newton, 8, 10, 20
Kinetic energy correction, 16 Newtonian liquid (N), 10
Kraemer, 213, 221 failure of, 196
Kroepehin, 276 generalized, 256
Kuhn, 149 Newton’s law of viscous flow, 8
Kulakoff, 119 non-linear behaviour, 217
notation, 330
L third corollary, 22
Lamb, 103 Normal deformattion (d,) 26, 47
Laminar distortion, 14 Nutting-Scott Blair equation, 253
flow, 17
Lark-Horowitz, 250 0
Larmor, 137 Oden, 172
Lax-Weiner, 312 Orientation of particles, 215
Lee, 146, 254 Oscillations, 139
Lethersich, 148, 323 Ostwald, 18, 196, 217, 223, 243
L’Hermite, 171, 326 curve, 223, 231
Lamiting intrinsic viscosity ([n]), 214
Limiting volume, (y), 43 P
Liquid, 2 Puaint, 115
Maxwell, 133 Pascal, 2, 103
strength, 198 Penetration, 329
volume viscosity (&), 177 Permanent set, 39, 169
Lattleton, 260 Phulippoff, 237
Lin, 90 Phullips, 90
T.ogarithmic homologue, 248 Plastic deformation, 7
measure of extension, 48 flow, 87, 93, 116, 279
Longitudinal deformation (D;), 26 49 resilience (K1), 94, 100, 107
Love, 5, 103 strength, 150
Lowe, 243 torsion, 94
Ludwik, 298 viscosity, (9p1), 115
yielding, 100
M Plasticity, 87
Macey., 175 Plastico-dynamics, 114, 125
Mardles, 137 Plastico-statics, 49, 125
Margules, 32 Plug flow, 116
equation, 37 Poise, 9
Mark, 188, 214, 237, 242 Poiseuille, 9, 16
Markwick, 146 Poiseuille’s law, 16
Maxwell, 129, 258, 319 Poisson’s ratio (v), 49
Maxwell hqud (3), 133 Polynomial equations, 258
failure of, 199 Porter, 244
McMillen, 159 Power functions, 243, 245
Mean normal deformation (1)), 51 formulas, 243, 247
stress (om), 52 series, 256, 265
Mechanies, 1 Poynting, 101, 317
Micrometrics, 329 effect, 317
Mild steel, 88 Prager, 124, 125, 303, 314
Mises, 94, 137 Preston, 1567
Mises-Hencky flow condition, 94, 202 , Principal deformations (g, Dy, Dy), 51
Models, rheological, 35, 126, 149, 198 strans (e, ej, ex), 53
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Young’s (E), 48 Pulsations, 44, 81
Mohr, 56, 98, 110 Pure deformation, 51
Mohr-circle, 56, 110 Push (—P), 322
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Mooney, 261
Mortar, 161, 163, 165, 168 Quaddura, 205
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Rabinowitsch, 258

Nadai, 98, 103, 125, 250
Rankine, 98

Navier, 83
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Rao, 244
Rate of creep, 162,
of deformation (d), 26
of shear (7), 22, 24
Rayleigh, Lord, 157
Redress, 329
Reduced stress (prea), 42
viscosity (nr), 213, 224, 235
Reiger, 132
Remer, 101, 117, 178, 201, 245, 321
Remer and Riwlin equation, 119+
Remforced concrete, 160
Relative consistency cutves, 230
VISCOSItY (qrer)s 213, 224
volume, 43
Relaxation of stress, 129
Relaxation time (7",¢). 131
Resilience (¥). 100
1sotropie (&), 100
Retardation time (T'per). 139
Reynolds, 101, 248, 306
liqund. 310
number, 196
plastic, 310
Rheodestruction, 329
Rheological analysis, 226
of rubber solutions, 226
constants, 40, 127
diagrams, 10
equations, 126
Memoirs, 18
models, 126
properties, 2
test curve, 88, 322
Rheology, 1
Rheometry, 322
Rheopexy, 329
Rigden, 101, 178
Rugid body, 6
Rigidity, 118
Rigicdiity, modulus of (p), 6
Rivhin, 313
Riwhin, 119, 122, 218
Roentgen, 49
Romansky, 119
Rosenhain, 298
Rotation viscometers, 28
Rotational distortion, I+
equlibrium, 6
Roughness, 328
Rubber-toluene solution, 226, 266
Ruggedness, 328
Rugosity, 328
Rupture, 96, 194
resilience (E,), 100

S
Sagging beam method, 162
Samarina, 154
Schalek, 15
Schiffer, 327
Schofield, 276, 289
Schofzield-Scott Blair body (SchScB),
15
Schwedoff body (Schu), 150
Scott Blair, 119, 253, 276, 286, 289, 312

Nearle, 28
Shear, 5
sunple, 4. 53
Shearmg traction (), 5
Shortening, 220
Silver, 101
Smple bending. 62
normal stress (o), 48
shear, 4, 53
tension and sinple extension, 47
Shippage, 18, 276, 278
Smoothness, 328
Solid, Kelvin, 137
plastie, 117
soft, 285
viscosity . (y.). 137
volume viscosity (Ls), 175
Sols, 228
Spath, 90
Specifie viscosity (gapec). 165, 213, 224
Sphericity , 328
Spinnbarkeit, 329
Staudinger, 213, 220
Steady state of flow, 17
Steel, test curves tor, 87
Stefan-Boltzmann law, 247
Stickimess, 329
Stiffness, 115
Stokes, 18, 83. 175
Stokesian-hquid. 83
Stokes-Navier equation, 83
Strain (e), 2
mean notmal (e,,). 52
volumetrie, (e,), 4
Stramm hardening, 289, 290
softenig, 329
Stram work, 45, 53, 98
volumetrie, 45
Straub, 160
Streamhned flow, 14
Strength, 11, 87, 96. 150, 193, 198, 208,
291
cohesional, 100
Liqud, 198
plastie, 150
tensile, 291
theories of, 98
Stress (8), 5
concentration, 170
reduced ($,¢d), 42
relaxation of, 129
shearing. 5
strain curve, 88
yield (8). 87, 92
Structural criteria, 222
formulee, 126
stability, 259
turbulence, 196
viscosity, 217, 218
St. Venant, 10, 72, 89, 93, 98
body, 90
flow condition, 93
range, 89
Surface tension, 4
Swainger, 323
Szegvari, 217
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T Viscosaty (y), creep, (n). 163
Tackimess, 329 elastico-, 126
Tammann, 250 firmo-, 126, 137
Tangential traction (7)., 3 mirmsie (g,) 165, 214, 224
Techmenl test curve, 87, 322 reduced (7). 213. 224, 235
Telescopie distortion, 14 relative (9,4), 213, 224
Tensile strength, 101, 291 -ospecific (nype), 165, 213, 224
tests, 292, 296, 322 structural, 217, 218
Thixotropy, 326 variable, 243
anti-, 326 volume, 83
Thomas, 163, 184 Viseous flow, 8
Thompson. 101, 287 Paowson-ratio, (1), 177
Thrower, 101, 178 sohds, 135
Tune retardation (7',). 139 traction, 78
Tisza, 83, 84 Voigt. 137
Torque (M., Mq. M), 70, 74 Volume elastieity, 34
Torsion, 61 flow, 178, 183
plastie, 94 viscosity (), 83
simple, 69 Volumetrice stram (e,), 41
Traction (s), 5. 5. 78 stram work (w,), 45
VisCous, 78 Volumnal resthence, (K,). 100
T'rosea, 87
Trouton, 78. 79 W
Trouton’s dernvation, 79 Wall effeets, 275
Truesdell, 315, 318 layers, 286
Turhulence, structural, 196 Water cement ratio (), 166, 168
Twist (2/1). 71 Weissenberg, 109, 137, 196, 254, 261, 310
oftect, 310
L Williamson, 221, 246
Unevenness, 328 Wolarowitsch, 119, 154
Units, 9 Wollman, 249
Work hardenmg. 289, 298, 301
v
Van der Waals, 101, 249 Y
Veetors and tensors, b Yield pomt. 88
Veloeity gradient (). 8 stress (), 87, 92
Viscometers, eapillary, 262 Young's modulus (K), 15
rotation, 28, 263
Visconity (g), 14 7

apparent (y”), 235 Zavembu, 132
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