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PREFACE.

Tmis volume contains an account of the Author’s conception
of the structure of atoms based upon the classical clectro-
dynamics. 'The models of the atoms shown in figs. 2 and 2 A
were constructed before the recent experimental results of
Rutherford and those who have since been using'ms methods
were known to the Author, It will stimulate the reader’s
interest in the work to know of the subsequent experimental
.confirmation of many features of these models.

The atomic theory here presented differs radically from
other existing theories and embraces phenomena which other
theories do not include.  The first of these is Newton’s law of
gravitation and his law of equal action and reaction. Another
is the demonstration that the force concerned in chemical
reactions, the so-called chemical affinity, is chiefly an electro-
static phenomenon. The ordinary law of clectrostatic action
common to all forms of the classical electrodynamics is
sufficient, when used in connection with these models, to
account for this phenomenon. It is not entirely an electro-
static cffect but chiefly so, for the directions of the axes of
rotation of the fundamental charges are controlled by forces
due to their motion.

Perhaps the greatest departure from all other atomic
theories is the absence of the so-called valence electrons, the
whole atom being neutral and self-contained within a space of
the order of 10~ cm., or in the larger atoms perhaps 10~" cm.

B
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across. There has already been noticed in the literatyye on
this subject a tendency to reduce the number of electrons
formerly supposed to exist in rings at a considerable distance
from the centre of the atom, as, for example, in the mersuri
atom, and it is the Author’s opinion that this reduction will
continue until there are no electrons standing alone at a
distance from other electrons.

It must occur to everyone familiar with this subject that
the fundamental difficulty in building an atomic theory upon
any form of the classical dynamics is Planck’s quantum theory.
It is believed that this issue is squarely met, and that the
quantum theory will be established eventually as a consequence
of the classical electrodynamics when considered in the light
of the correct form of an atom. The statements made in this
work as to how this may possibly be may not go ull the way,
but it is believed that the suggestions will prove fruitful.

The concluslon is reached that all atomic phenomena are
intimately bound up with the energy content and properties of
the elementary fundamental bodies. The energy changes in
chemical reactions are traced to this same source, the energy
content of these fundamental charges, the atoms in their free
state not having exactly the same energy content, that is, not
being exactly the same atoms, as when they cnter into a
molecular structure.

More chapters might be added to cover certain phenomena
not touched wupon, such as the photoelectric effect, the
secondary beta-rays generated by X-rays, etc., on which the
theory sheds much light, but it seems unwise to discuss these
topics at the present time until the matters here presented
have proved their value.

In the main only the results of the mathematical investi-
gations by means of electrodynamics are given in this book, but,
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even with the omission of the piocesses of their derivation, the
introduction of some equations is required as being a more
concise way to tell the story. The discussion and interpre-
tatien of these results will be of more interest to the general
reader. For more details the reader may refer to the Author’s
series of original papers in the Philosophical Magazine
beginning in October 1921.

ALBERT C. CRFHORE.

Lleveland, Ohio, U.S.A.,
August, 1922,

More than threc years have passed since the above preface
was written. An interruption of the investigations occurred,
but they were resumed two years ago. 'The delay scems
fortunate on the whole because it is now possible to add
considerable material which supports the form of atomic model
with which the work is concerned by comparisons with experi-
mental data. The new material is contained in Chapters 1V,
V, V1, and XII. 'The discovery has been made that there
exist atomic constants characteristic of each atom and closely
related to the properties of the negative electron in connection
with the manner in which they are attached to the atoms.
The physical meaning of these constants is clearly understood
in terms of the atomic models, and the universal distance
between the centres of nearest atoms in solids of the order of
10-8 cm. is shown to be directly due to the effects of these

constants.

1t has been possible to add the chapter on crystal structure
because the expression for the electrostatic force between

electrons in general positions in space has now been obtained.
B2
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This was restricted to the special case of parallel axes until
quite recently, which prevented any study of crysial structure
in terms of the models. The forces between two hydrogen or
two carbon atoms in general positions huve been obtainedpand
their application to crystal structure in Chapter VI shows a
cemplete agreement with experimental results so far as known.
All of this new material is independent of any special form of
<lectrodynamics.

ALBERT C. CREHORE.
October, 1925.
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THE PROGRESS OF ATOMIC THEORY.

(CHAPTER 1.
INTRODUCTION.

Tur word “atom,” derived from the Greek, literally
meaning not cut-able or, better, indivisible, was originally
chosen to designate these bodies because it was thought that
they represented the ultimate particles of matter always the
same. To-day this is known to be untrue, and these once
ultimate particles are observed to be changing, going to pieces.
Radioactive substances such as uranium, thorium, and parti-
cularly radium make it quite certain that their atoms are
automatically breaking into pieces. They project from them-
selves two different kinds of bodies, the one a necgatively
charged electron, and the other what has been termed an
alpha-particle. The negative electrons are particles always
having the same amount of negative electricity from whatever
source they are derived, while the alpha-particle always carries
a charge of positive electricity of twice the amount of the
charge on the negative electron.

The relative masses or the weights of all atoms from the
lightest, hydrogen, to the heaviest, uranium, are included
between the numbers 1 aud 238, a very moderate range of
variation considering that the mass of the negative electron on
this same scale must be expressed by the fraction 1/1846.
This body is, therefore, in a class by itself and is not regarded
as a new atom, though so far it is one of the very few bodies
we know that most satisfies the original meaning of the word
a-tom.
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The alpha-particle, on the other hand, has a mass of four
on the atomic scale, and is not in a class with the negative
electron. It is known to be what is left of a helium atom
after it has lost two of its negative electrons. .

These automatic radioactive bodies, radium and all its
by-products, continue on their independent way breaking to
pieces at a fixed rate, different for different substances but
fixed for the same substance, some taking a long time to
reduce to half their salue, thousands of years, and others a
short time, days, hours, and minutes.  Nothing that man has
yet been able to do to such bodies has had any effect in
accelerating or in retarding these rates of decay characteristic
of each substance.

However, very recently Sir Krnest Rutherford has succeeded
in inducing some of those atoms that do not automatically
disintegrate to {ly to picces or explode, as it were. IFor this
purpose Lie has used as projectiles the alpha-particles that are
auntomatically ¢jected from some product of radium. He has
succeeded in bieaking up several of the lighter elements in,
this way, and has obtained hydrogen from a nitrogen atom
and also alpha-particles from it.

From what has been said it is evident that the former idea
of the atoms can no longer be entertained, but this has been
known for so long a time that every one with even a slight
interest in science las read something about the words
‘““atomic structure,” which in itself implies that the atoms of
the clements are built up of parts. All of the different
theories that have been proposed regarding atomic structure
make use of the negatively charged electron as one constituent
and of a positive charge or charges as a second constituent, but
these are the fundamental things gencrally supposed to form
the atowms, the bricks, so to speak, that compose the structure!

What are these bricks? How large are they, and what
are some of their properties? How many of them are to be
found in any neutral atom? Where are they located with
respect to each other, and what is the state of their relative
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motjon or rest? Do any of them exist in contact with others,
or are they separated by distances considerable compared with
their own size?

o The several different theories of atomic structure may be
classified in accordance with the answers they give 1o these
questions. The fundamental assumptions of a theory play
their part in shaping these answers. 7To make certain
assumptions and then reason from them by means of certain
principles of electromagnetism to certain results seems to ve
the only available mode of procedure. If the results compare
favourably with experimental observations the assumptions
and the deductions therefrom are strengthcned or justified,
but, if not, they must be changed until all discord is made to
disappear. Let us first consider these bricks, so to speak,
that compose the atoms.

The Negative Electron.

Fortunately, the approximate size of the negative electron
has recently been determined cxperimentally by Sir Ernest
Rutherford, and this will effectually put an end to the many
differeut opinions that have been entertained in regard to it in
the past. All those who have theories of atomic structure
will have to make their electrons of this size. It is a body
about 3:5 X 107" cm. across. Its shape, whether spherical or
not, was not determined by Rutherford, but good evidence has
been obtained since that it is not a spherical body, though
what its shape is has not been cxperimentally determined.

The negative electron used in the Author’s atomic models,
with which this volume is particularly concerned, was made in
accordance with electrodynamics in so far as this offered a
manageable solution of the problem at a time before the
experimental results of Rutherford, above mentioned or to be
mentioned below in connection with the atom models, were
known to the Author. This statement seems important in
view of the very close agreement between the theoretical and
experimental results described here.
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Let us try to imagine, if possible, a spherical surface wjthin
which there is a quantity of electrical charge, say E, uniformly
distributed throughout the volume, and let us also suppose
that each small element of the charge throughout the whole
volunte is repelled by every other element with a force that is
directly proportional to the product of the charges of the two
elements in question and iuversely as the square of the distance
between the elements. The result of all these forces added
together upon any element near the surface of the sphere
must evidently be a large force directed along a radial line
away from the centre of the sphere, and if there is nothing to
prevent its moving outward along this line, such forces would
.cause the whole sphere to expand without limit. While the
volume within the spherical surface is supposed to be filled
with the electrical charge, the volume or space outside of
this surface is supposed to contain nothing unless it be the
universal medium or ether. It is not uecessary to raise this
old question of the existence of an ether here, for it will have
to be left in mucl? the same state as it now stands.

For the moment the source of the pressure on the surface
of this imaginary sphere to prevent the electrical charge
from expanding without limit need give us no concern. To
.compress the sphere from a larger radius ¢, down to a smaller
radius @, must require that work be done against these mutual
forces of repulsion we have supposed to exist. The amount
of the work that must be done to contract this sphere from
the one radius to the other has been calculated and is to be
found in standard text-books on the subject. Assuming that
the density remains uniform as the contraction occurs, the
resuiting work may be shown to be equal to

3E7/1 1
N — [
\\_5/\1((12 al).......(n

against these forces. Here £ is the dielectric constant of a
vacuum or the space outside the sphere, E is the charge within
it, @, and @, are the initial and final radii of the sphere. If
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the contraction began from a very large radius the second
term of the equation would be vanishingly small in comparison
with the first term, so that the total work to contract such a
sphere from a very large radius down to a small radius, a,
would be simply -

: “=5dk..........(2)

According to this the work to be done is inversely pro-
portional to the radius. This may be thought of as potential
energy possessed by the sphere, for, if it were allowed to
expand indefinitely, it would be capable of performing this
amount of work. The expression might, therefore, be regarded
as the energy content of the charge. And if ordinary mass is
connected with the energy content of a charge, it seems
reasonable to think of the most massive body as that having
the smallest dimensions——that is, for a given charge.

This conception is in exact agreement with another result
also found in the text-books on electrodynamics. The mass of
such a solid sphere as described, as given by the Lorentz mass
formula when the sphere has no translational motion, is

m=5—jk(?)z, B )

where m is its mass, ¢ its radius, E its charge, ¢ the velocity
of light, and % the dielectric constant of a vacuum.

It is now to be noticed that E2?/5ak is a factor common to
both equations (2) and (3). Hence it may be eliminated
between them so that the energy, W, may be expressed in
terms of the mass, m, and the velocity of light only, thus

W=%mc"’. ¢« e o o o o o o (4)

This shows that the mass, m, and the encrgy, W, are propor-
tional to each other, since the velocity of light is constant, and
there is justification in saying that the more massive bodies
are those that have the greater energy content, and in direct
proportion to the mass.
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Now Einstein and others have come to the conclusion, on
independent grounds, that the total energy content of a piece
of matter is just mc? and not some fraction of it like 3[4 or
1/2. Giving weight to this conclusion t becomes difficujt to’
believe that the whole energy content of the charge is correctly
represented by the formula (4). There must be an additional
amount of energy not accounted for by this formula equal to
me?4.  Before considering this point, however, let us stop to
see whether the size of the sphere as determined by the
formula (3) agrees even in an approximate manner with the
experimental result of Rutherford above mentioned as being
3:6% 10~ cm. across the mnegative electron, for the error in
the energy as determined by (4) is not so very great.

The only quantity that has not been experimentally
measured in equation (3)is the radius of the sphere, a. Using
the most reliable determinations of the three quantities E, ¢,
and m, and taking k=1, the resulting value of the radius,
which may now be designated by 7, is

r=2:244 x 1071 ¢,
or
Zr=4488x10"Bem. . . . . . . . (D)

This ﬁgure is so close to the diameter 35 X 10~'* cm. found
by Rutherford experimentally as to leave little doubt that
there is much of truth in the reasoning by which the
theoretical value has been obtained. If it were far wrong the
value would not have the same order of magnitude, 10~ ¢m.

Let us now return to consider the discrepancy between the
energy derived in (4) for the static electron and the energy
me?, which probably represents the true total energy. 1f such
a sphiere as supposed should accidentally be set into rotation in
some way, electrodynamics shows that new forces due to the
rotation would be brought into existence, and the question
should be considered whether these forces would tend to stop
the rotation and thus restore the charge to the original static
state, or whether they show that the static state is one of
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instability. By this it is meant that the least initial motion of
rotation either to the right or to the left might conceivably set
up such forces that the motion would increase instead of stop
np to a certain equilibrium speed such that all forces attain
thei? perfect equilibrium at some critical speed. If this be
the case such a thing as a static charge becomes a pure fiction,
and something very essential was left out from the original
hypothesis above stated.

It is admitted that this problem has not yet been solved in
a rigid manner by the use of electrodynamics, but there are
good reasons for thinking that a rotating electron is in perfect
harmony with this doctrine. There are strong reasons that
have led the Author to make the hypothesis of a rotating
electron. A purely static atom is untenable from the stand-
point of electrodynaimnics, and unless one is willing to make
hypotheses diametrically opposed to any form of electro-
dynamics, the only kind of motion of an electrical charge
that can be permitted in a neutral atom when not radiating
energy must be such motion that no energy is radiated. A
spherical charge in rotation theoretically radiates no energy.
It may be thought of as made up of elementary continuous
rings of charge, each of which by itsclf radiates no energy.

On the other hand, a point charge describing a closed orbit
of any kind does radiate energy according to any of the forms
of clectrodynamics. Motion in a straight line at a uniform
velocity only is excepted, but a closed orbit could not be
formed by such motion. Hence, in order to adhere strictly to
electrodynamics, all forms of orbits have been abolished from
the models of atoms in their normal and neutral state in the
Author’s models to be described. The only motion in these
atoms when at the absolute zero of temperature is supposed to
be the rotation of the individual electrical charges upon axes,

But the rotation on an axis must cause the bounding
surface hitherto supposed spherical to change its shape. The
shape of the electron has been deduced in the following
manner, and the fact that the experimental results already

C
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obtained bear out these conclusions derived before the
experimental results were known is sufficient justification for
giving an account of the matter here.

It has been stated above that the static spherical charg:
would have a tendency to expand, and the work required to
contract the sphere against these forces was given in equation
(1). The force itself was not given, but it is just as well
known as the work, and the pressure per square centimetre
perpendicular to the surfuce is given as follows :—

S3E2
P: 8m . . . . . . . . . (6)

Mathematically, a pressure upon a surface in general is
resolvable into a tension along the surface. If the surface is
not spherical and has two radii of curvature at any point in
question, say 7 and 7/, the relation between the tension, T, and
the pressure, P, above given, is as follows :—

T=P“%+§) . m

In the case of the sphere the two radii » and 7' are each
equal to @, and the formula becomes

T=al/2. . . . . . ¢
"The pressure given by (6) may, therefore, be equally well

expressed as a tension alonu the surface by combining (6) and

(8) as follows,
3E?

ST e . (9)

Let it now be assumed that the volume of the charge—that

is, the volume of the sphere—does not change when rhe rotation

begins and that the same surface tension also remains that has

just been computed for the sphere. The shape of the surface

will change because of the rotation, but the sphere has the

minimum surface possible for its volume. Any change in its

shape must increase the area of its surface, provided its volume

is not to change. If, therefore, its area due to the rotation

is increased over that of the sphere by an amount, say A, then
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there must have been a certain amount of work done against
the surface tension equal to AT in order to make the change
in shape, provided the surface tension has remained the same.
"'o find this work required it is only necessary to multiply (9)
by the area, A, giving
BAR?
16ma’k ~
Now it has been pointed out above that the total energy
content of the static sphere was deficient by the amount of
the difference between mc¢® and that given in (4)—namely,
3mc?’/4. 'This is a deficiency of mc?/4, and, if an amount of
work equal to (10), to change the shape from the sphere into
some other shape, will account for the whole of this deficiency,
then we may equate (10) to mc’/4, giving
3AE* 1

W=AT= (10)

e P ¢4
But, according to (3) above, we have
| imc’=%€.. B £
Hence by (11) and (12)
3£&E2 E2

16wadh = 5ak’ (13)
whence the area, A, by which the surface of the sphere must
be increased, comes out

A=16ma?f15. . . . . . . . . (14)

'That is to say, the shape of the new form caused by the
rotation onght to be such that its area is a little more than
one great circle of the sphere greater than that of the sphere
itself. The area of the spherc, being four great circles, 47a’,
the area of the new surface ought to be 767a?/15.

"The most natural shape to assume for such a rotating body,
lacking any rigid proof of it by means of electrodynamics, is
that of the oblate spheroid, the same geometrical figure as that
assumed by the Earth or a rotating raindrop. Immediately
this assumption is made the foregoing reasoning about the

c2



20 THE PROGRESS OF ATOMIC THEORY.

area makes it possible to determine the ellipse which

represents its meridian section. Its eccentricity comes out

' e=0945. . . . . . . . . (19)

The ratio of the semi-major to the semi-minor axis is | )
a/b=13058.

Assuming that the original sphere has a radius given in (5)
above and that the volume of this ellipsoid is equal to that of
the original sphere, the semi-major axis, @, of the ellipse
comes out

a=3257x 1071 cm.
and the semi-minor axis
b=1065x10"%cm. . . . . . . (16}

This means that the smallest diameter is about
2:13%10-®* cm. When all orientations to be encountered
during a bombardment of a gas by alpha-particles are allowed
for, the electron as experimentally measured must be a proper
kind of mean or average between these two extreme diameters.
This average may ‘easily be closely equal to the experimental
diameter found by Rutherford, 3:5X10-" cm., for the experi-
mental value lies between the greatest and the least theoretical
diameters, and in about the right proportion.

The Positive Electrons.

As to the positive charges that constitute the other kind of
bricks that compose the structure of atoms, there is not the
same clear experimental evidence as there is in the case of
the negative electrons just described. As was stated above,
the alpha-particle, which is automatically shot out from radio-
active substances, carries a positive charge of twice that on the
negative electron. The hydrogen ion carries a positive charge
equal to that of the negative electron.

There is some evidence which goes to show that the alpha-
particle is not a single body of positive charge, but that it is
composed of three bodies at least—two negative electrons and a
positive charge. The positive charge must be four units if
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this is the case, since the total charge of the combined indi-
viduals is two, and 4 —2=2. 'There has been much speculation
as to how this charge of four units is made up, whether it is
dhe body or is composed of several together. It has been the
view of Rutherford and others that this positive charge of the
alpha-particle is made up of four single units, each equal to
the charge of the negative electron. And at the same time it
is their view that this unit charge is equal to that of the
hydrogen ion, according to which the hydrogen ion represents
nothing but a single unit of positive charge.

There is very little evidence to support these opinions. If
they represented the truth it might well be expected that an
alpha-particle would under some circumstances break up into
hydrogen atoms or ions. 'This has never been experimentally
accomplished. 1f it were it would settle the matter, but there
are reasons, which will be given in a later section, that point to
the hydrogen ion as being itself a complex structure analogous
to the alpha-particle. In the Author’s atomic models the
hydrogen ion is made up of at least two individual bodies, one
negative electron and a positive charge of two units, so that
the total charge is one positive unit, since 2—1=1. To make
a neutral hydrogen atom requires that the ion shall acquire
one more negative electron. The normal hydrogen atom thus
consists of a positive charge of two units and two negative
electrons. It, therefore, differs from the alpha-particle only
in the value of the positive charge. -

It is still an open question whether or not the positive
charge of either the hydrogen atom or of the alpha-particle
is a single body, or whether it is composed of units equal and
opposite to the negative electron. In the Author’s models they
are taken to be single individual units, of charges two and four
respectively. It is not expected, according to this, that a
hydrogen atom will ever be formed from alpha-particles.
According to these conceptions a positive charge is never
encountered alone detached from all negative electrons. At
least one negative electron accompanies every positive charge.
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On this view, it is not surprising that there have been no
experimental measurements as yet of the positive charge when
alone. The best that can be done to estimate its size is,
then, to use the same mass formula of I.orentz which, was
so successfully employed in the case of the negative electron,
equation (3) above, from which it immediately appears that
the diameter of the positive bodies must be very much smaller
than that of the negative electron. For the radius of the
sphere is inversely as the mass, and the mass of the hydrogen
ion is 1846 times greater than that of the negative electron.
This conception connects the mass of the whole atom chiefly
with the positive charge where it belongs, and the small size
is very natural, because it requires much more work to
compress the charge within the smaller volume, as pointed out
above.

Using the known mass of the hydrogen atom as the m in
equation (3) above, let the radii of the charges of the positive
spheres be computed on the three assumptions that the charge
is e, 2¢, and 3e, so 28 not to assign as yet any definite charge
to the strictly positive portion of the hydrogen atom. 'The
radil come out:

Charge. Radii.
€ iriiinn. 1:215% 10~ cm.
2e .iieeen... 4x 1215107 % cm.= 486 x10-cm.
e e, 9x1215% 1071 cm.=10'935x 10-® em.  (17)

The same reasoning that was used above for the negative
electron applies with equal force to the positive charge, in
order to make its energy content equal to mc? instead of
3mc2/4, which it would be if assumed to be a static sphere.
The result is that the eccentricity of the ellipse representing a
meridian section is, as before, e=0-945, and the ratio of the
major to the minor axes, as before, a/b=3'058. 1f the above
spheres are converted into ellipsoids each having this same
eccentricity and maintaining the same volume as the respective
spheres above, we have three ellipsaids of the following
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dimengions, as representing the possible positive charges, ¢, 2e,
and 3e:

Charge. Semi-major azis. Semi-minor azis.
. 1763 x 1016 cm. 0:577 x 10-'¢ ¢m.

2 ool 7°054 x 10-16 e, 2307 x 10~1¢ ¢cm.

3¢ ... 15-867 x 10~ ¢m. 5193 x 10" em. (18)

It must be understood that only one of the three sets of
dimensions corresponding to the charges e, 2¢, and 3e, can be
correct, depending upon which of the three charges is correct
for the hydrogen atom. ‘The matter has been presented in
this manner, because there is a way to pick out the approximate
size of the positive charge of the hydrogen atom, which is
discussed in a subsequent chapter, better than the charge of it.
The size comes out very close to the second row of figures in
the above table, thus giving the preference to 2¢ for the
positive charge of a hydrogen atom which has been used in
the model. This, of course, assigns two negative electrons to
the normal atom to neutralize this positive charge.

According to all the figures above given, the dimensions of
the positive charge are expressed by numbers of the order of
107" ¢m., whereas the dimensions of the negative electron are
expressed by 10~ cm. In any model of an atom, therefore,
which attempts to represent these charges to scale, the positive
charges would scarcely be visible when the negative electrons
have a convenient size. The difficulty is of the same kind as
one meets in attempting to represent the solar system to scale
in a model. If the Sun is made of a convenient size the Earth
is scarcely visible. Moreover, if the Earth’s orbit is represented
to the same scale as the Earth itself, the Earth, again, is scarcely
visible when the orbit has any convenient dimensions. The
negative electron is by far the largest single individual body of
charge in size that enters into the structure of an atom or that
has any existence. Hence, the principal things that one would
observe in atoms, or models of them, must be the negative
electrons. If these are represented as of moderate size, the
positive charges would be represented apparently by points
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or very small bodies, the location of which becomes the
important thing.

Atomic Distances.

The distances between the centres of the nearest atoms in
crystals, and in solids generally, is known to be of the order of
10~* cm. roughly by means of measurements, now familiar to
all those having a slight acquaintance with experimental
physics, making use of X-rays. Indeed, the order of magnitude
of these distances is, perhaps, more firmly established than
anything else in the atomic realm. Accordingly, it would
require an enormous number of negative electrons of the
dimensions above given to fill the volume allotted to one
atomic unit in a crystal, if they were so close to each other as
to be in contact. It would, for example, require between
10,000 and 100,000 of them to bridge the distance 10~% cm. if
they touched each other and were in one straight line only, to
say nothing of filling the volume, for 10~° cm. is 100,000 times
greater than 107 cm.

All theories of the structure of atoms agree that the
number of electrons per atom is comparatively small—nothing
like one million or more. Granting this, it follows that there
must exist immense spaces where there are no charged bodies
between the atoms or between the electrons composing an
atom or both. To represent this immense distance, 10~* cm.
(for all distances are relative), in a model where the negative
electron has a convenient size would be, as in the example
cited, like trying to represent the Earth’s orbit in a model
where the Earth has some convenient size.

Atomic Structure.

These statements make it clear that the task before the
investigator is to find, in this immense space allotted to an
atom, where the negative electrons and the positive charges
belonging to it are located, and, if they are not in any one
particular place in the normal condition of the atom, but are
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in mgqtion, to discover the character of the motion. But, after
all this has been done, one may ask what good has been
accomplished. Why may they not be located anywhere we
pleage, and why is one plan of distribution any better than
any other?! The answer must be that there is little good
unless it serves a useful purpose enabling one to understand
better the phenomena of observation. Experimental observa-
tion does not reveal directly the locations of the fundamental
charges within the atoms. It is only by a process of reason or
thought that their positions may be deduced.

‘The word ‘““deduced” implies that some fundamental
underlying principle must have been used in reasoning back
from the experimental observations to find something as to the
state of the electrons. And, conversely, the use of the same
principle, if broad enough, should enable one to predict
phenomena that ought to be observable, if the true distribution
and motion of the electrons were known. But, if we possessed
no governing principle, not to mention no knowledge of the
distribution of the electrons in atoms, the futility and use-
lessness of any theory of atomic structure is evident. And yet
physicists think there is no more important subject in science
than that of atomic structure. It has been made clear that
there can be no success unless there be established a governing
fundamental principle upon which the whole structure rests.

Tt is the Author’s belief that the classical electrodynamics
will prove to be the only principle that will be required, and
the models of atoms described in the next chapter are based
upon this thought. No other theories of atomic structure that
have been proposed are based unreservedly upon this
fundamental idea. They all depart from electrodynamics in
their fundamental assumptions. The chief reason for this is
that no way has ever been found to reconcile Planck’s quantum
theory with the classical electrodynamics. The quantum
theory has now become an established fact, to which every form
of atomic model must couform. In the past there has been an
attempt to make use of two independent principles at once,



26 THE PROGRESS OF ATOMIC THEORY.

the classical electrodynamics and the quantum theory, without
clearly realizing that the one may include the other. The
classical dynamics is a broad doctrine and the quantum theory
partakes more of the nature of a fact than 2 doctrine. which
should require some explanation in terms of electrodynamics.

The reason for making the statements in the preceding
paragraph is to make it clear that there is no intention of
evading the real issue, and to show that the vital point at issue
is understood. = Anyone who succeeds in establishing an
atomic theory upon electrodynamics is bound to connect the
quantum theory in some way with electrodynamics. A
suggestion as to what this connection may be is given in a
subsequent chapter, but no claim is made for it that it repre-
sents the ultimate solution of this great question. It seems to
the Author, however, that these suggestions have opened
profitable channels for investigation, and that something closely
akin to them represents the truth of the matter.

Proceeding, then, with the understanding that nothing shall
be used in the atomi¢ models which is in direct violation of
the principles of the classical electrodynamics, this is already a
great step in helping to eliminate certain things that must not
go into the atomic model. But one must be willing to follow
this lead without fear of the consequences, even though it may
lead at times to conclusions that make it necessary to abandon
preconceived ideas on the subject.

At the very beginning is encountered a demand of electro-
dynamics that presents the greatest difficulty to those who
have been trained in a different way of thinking. Point
charges in accelerated motion must radiate energy out into
space. Electrons moving in orbits where the radius of
curvature is large compared with the size of the electron are
essentially point-charges, and any atom that contains electrons
moving in such orbits with accelerated motion must radiate
energy continuously. The atoms in all solid substances at
moderate temperatures do not, as a matter of fact, radiate
energy out into space at any such rate as they would be obliged
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to if gvery electron in every atom were sending out energy at
the rate electrodynamics demands. Even though it were
assumed that some of this energy is reabsorbed by surrounding
atoms in the interior of the solid, yet those atoms on the
surface would have to lose energy at a greater rate than obser-
vation can justify. Recognizing this fundamental difficulty, all
of the present theories of atomic structure make the pure
assumption that no energy is radiated by the accelerated
motion that they have adopted for the normal steady states of
their electrons in the atomic models. This assuwption is
tantamount to saying that the classical electrodynamics is set
aside as being inapplicable to the electrons in atoms.

This procedure has introduced great confusion of thought.
The authors of these theories have recourse to electrodynamics
for other matters in connection with their electrons, but they
insist that in the matter of radiation it must not be used. In
following electrodynamics without exception, one is forced to
the conclusion that in the normal state of the atoms the
electrons do not move in any kind of orbits, but remain with
their centres stationary relative to each other. The only
motion that exists at the absolute zero of temperature is the
internal motion of the charge within the positive and the
negative electrons. This conception has led to an electron as
above described which is in close agreement with experimental
observation. 'There are other experimental results, to be
mentioned in the next chapter, which help to prove that the
form of atomic models arrived at by following the lead of
electrodynamics is in good agreement with the observed facts.






CHAPTER II.
AroMic MODELS.

IF a negative electron and a positive charge equal to twice
that on the electron are now considered by themselves in the
light of electrodynamics, each of these being such bodies as are
partially described in the first chapter, there exists an attrac-
tive force between them, which, if unopposed, will draw the
two charges together at all distances, and without limit until
they come into actual contact with each other. The only
forces that might prevent this result are those which may be
generated by the motion of the charges, either translational
motion as a whole, or internal motion such as described. It
may not be necessary to repeat here the reason why these two
bodies cannot continue to describe orbits about each other,
but this result is so contrary to the prevalent thought of many
about these matters that it must be stressed. If such orbits
continue in a permanent state there must, according to any
form of electrodynamics, be a continuous radiation of energy
out into space, but there does not exist any such amount of
radiated energy as demanded theoretically by electrodynamics.

"There is an additional reason against the existence of such
orbits on the ground of electrodynamics that may now be
cited, even though it may show that electrodynamics itself is
seemingly vulnerable, and may wppalently weaken not only
this but the preceding argument. It seeins best to mention
this matter now, however, in order to make it clear at the
beginning that weaknesses are admitted to exist in the classical
electrodynamics itself. It is a doctrine that has had a gradual
historical development since the first mighty impulse given it
by Maxwell, and it is far from the writer’s thought to imply
that it has reached its ultimate perfection. Neither can the
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claim be made that it has not reached its perfection, There
are two forms of the classical electrodynamics that niay be
mentioned : the one due to H. A. Lorentz, which has received
more attention than any other form; and the other, more
recent, due to Megh Nad Saha, which has not yet been in%esti-
gated with thoroughness.

When applied to a so-called ring of two electrons circulating
about a positive nucleus of charge 2e¢ as a centre in the same
orbit, one at each end of a common diameter, and in the same
direction, both of these forms of electrodynamics show that the
second electron exerts a force upon the first. When this force
is resolved in the direction of motion along the tangent line
to the orbit, the result obtained from the two different forms
of electrodynamics is radically different. The l.orentz form
makes this force due to the second electron in the direction of
motion of the first electron. Without a retarding force from
some other source, the effect of this force would be to make
the electrons go faster and faster in their orbit. The Saha
form makes this force due to the second electron in exactly
the opposite direction—that is, opposite to the direction of
motion. The effect of this force would be eventually to stop
the orbital revolution of the electrons.

Had it not been for the early result obtained by the use of
the Lorentz theory, which goes to show that rings of electrons
may automatically keep themselves in revolution, it is ex-
tremely doubtful whether rings of electrons would ever have
been suggested to form any part of any atomic model. But,
even with this support, this theory encountered a formid-
able difficulty, because at the same time it demanded that
there be a radiation of energy out into space from these
single moving point charges or electrons. The only possible
source of such energy was within the electrons themselves.
"To admit of this possibility, however, implied that there must
be a continuous drain of energy for an indefinite time upon
each electron. The absurdity of this is so great that no
importance has ever been attached to it, though the suggestion
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has been made in all seriousness. If there were any real
suppdrt for rings of electrons, even by the Lorentz form of
theory, the problem should have had a definite solution, so
that the speeds of the rings could be exactly determined, and
this*would be one of the results that would help to prove the
correctness of the assumption. If they approach a certain
limiting speed this value should have been determinable,
whereas it is impossible to compute it.

For this reason and others to be piven in subsequent
chapters, the Saha form of electrodynamics is preferred by
the Author to that of Lorentz. This form of theory is con-
sistent in demanding that electrons, which are started in
orbits such as described, will gradually come to rest. No
orbits are permissible without radiating energy. This latter
statement is also true of the Lorentz theory, and of all forms
of electrodynamics worth consideration.

'The best test of any of the forms of electrodynamics is in
comparing the results obtained by following the theory with
the results of observation, for by their fruits ye shall know
them.” So many of the results obtained by the use of Saha’s
electrodynamics agree with the results of observation that the
Author has given the preference to this form of the theory
rather than to that of Lorentz. This does not mean that the
Saha electrodynamics is regarded as the ultimate form of its
expression, but it may be. At least it may be said that
nothing has yet appeared among experimental observations
that is positively at variance with it. Until something does
appear that positively contradicts its predictions, it seems
most desirable to adhere to it in all strictness so far as this is
possible, and to extend the field of its application. For it
must be remembered that this theory has already pointed to a
very different conception of an atom, and that very little work
of investigation has been done with these atoms, and the
correct form of atom is just as essential to success as the form
of electrodynamics applied to it.

Having considered the translational orbital motion it
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remains to consider the internal motion to see whether
electrodynamics gives forces sufficient to overcome the electro-
static attraction between the two charges in question. It may
be shown that the speed of the internal motion of rotatior.
would have to approach the velocity of light in order thit the
repulsive force due to the motion shall be great enough to
counterbalance the electrostatic force at any distance. On the
one hand, there is reason to think that a rotational velocity
approaching that of light does not exist within the charged
bodies in their steady states, and, on the other hand, there is
reason, which will be discussed in a subsequent chapter, to
think that the actual velocity is comparatively slow.

The conclusion has now been reached that there are no
forces revealed by electrodynamics due to an orbital, or to an
internal motion that can prevent the positive and negative
charges from coming together until there is contact between
them, as stated in the opening sentence of this chapter.
There is very good evidence, obtained experimentally, that the
fundamental charges do not interpenetrate each other, but
maintain their independent individuality at all times. Good
evidence is afforded by considering the law of scattering of the
alpha-particles when they are projected through hydrogen gas.
Down to a certain very critical distance betweeu the hydrogen
atom and the alpha-particle, the law of scattering, which
holds at greater distances; is followed; but at this eritical
distance there is a sudden departure from the law. At the
same distance the hydrogen atoms are driven forward in the
same direction, and with a much greater velocity than that of
the alpha-particle, just as if the hydrogen atom had been
struck a Llow by the alpha-particle, and had taken up the
momentum of it.

Until more is known about the nature of the positive and
the negative electricity within the fundamental charged bodies
it is safe to assume because of this experimental observation
that they are such that they will not interpenetrate each other,
or mix with one another, and that they maintain a definite
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surface or boundary between the space within, where the
charge is, and the space without, where there is none. The
model atoms to be described are based upon this under-
stand}ng.

The Hydrogen Atom.

The neutral hydrogen atom, according to this, must be as
represented in the diagram (fig. 1), which is a meridian section

Fre. 1.

through the three bodies, the central positive charge, C, of 2e
and the two electrons, one on either pole of the positive
ellipsoid. They all have one common axis, PQ, and the
centres of the charges are as near together as possible when
arranged in this way. If the rotation of the charges in the
negative electrons, A and B, is clockwise when viewed from Q,
that of the positive charge, C, must be counter-clockwise, so
that the magnetic poles will alternate, plus minus, plus minus,
plus minus, along the axis.

The Alpha-Particle.

In a similar manner the alpha-particle may be represented
by the same fig. 1, if the central positive charge, C, equal to 2¢
in hydrogen, is replaced by a charge of 4e for the alpha-
particle. In order to show the positive charge in the figure

D
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at all, 1t has been greatly enlarged compared with the
dimensions of the negative electron, as before explained. If
these bodies should be directly viewed by eyes of some kind
adapted to see them, the negative electrons would be thé
principal objects visible, and the neutral hydrogen atom would
appear very much like the alpha-particle.

Consequently the distance through the alpha-particle
along the polar axis must be twice the diameter of the
negative electron, for the dimensions of the positive charge
may be neglected. By equation (16) of Chapter I this
distance is 426 X107 ¢m. 'The longest dimension of the
alpha-particle, a compound structure consisting of the three
bodies, would be a diagonal line about 7-11X107" ¢m. in
length, and it would not behave like a spherical body.

Quite recently Chadwick and Bieler, working along the
same line as Rutherford’s experimental investigations, have
concluded from experiments they have made with alpha-
particles that they are not spherical bodies, but are bodies
having an apparent greatest length of 8 X107* cm., and least
length of about 4X 107" cm., the ratio of the two lengths
being roughly estimated as two to one. This result, obtained
subsequently to the construction of the models, comes so close
to the theoretical values above given, that it affords a very
remarkable confirmation of the ideas that have led to the
construction of these models. It even seems probable that
these experimentalists will admit that the figures above given
(711110713 cm. and 426 X107 cm.) will fit their observa-
tions just as well as the approximate figures at which they
have arrived, for they may easily fall within the probable error
of their observations not stated.

Description of the Atomic Models.

The model atoms in the accompanying fig. 2 are composed
for the greater part of neutral hydrogen atoms, and alpha-
particles bound together by the requisite number of single
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neaative clectrons.  But use is made also of another funda-
mental body of positive charge ot Se, which is the onh
integral charge between 2o and e, The reason for its use is
that all of the atoms, and their isotopes, cannot be constructed

i synonetrical form at Teast by the use of hvdrogen atoms

1. 2 a.

and alpha-particles alone. s yet, however, there s no

experimental evidenee for the existenee ol this intermediate
chavge of Se, hut at the same time there is no evidence of any
hind against it.  Let us first deseribe the atoms, i ovder of
their atomic number, which are composed entirely of hydrogen
atoms, alpha-particles, and negative electrons.
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At H in fig. 2 is a drawing of a model of the neutral
hydrogen atom described in detail in the preceding para-
graphs. A photographic reproduction is shown in fig. 2a.
The number 2 upon it designates the value of the charge of
the positive central body, too small to be seen in the model.

Helium. Atomic Number 2.

Helium (He in figs. 2 and 24) is shown as a pile of four
negative elecirons in contact with each other. The central
pair of electrons, however, has a positive charge of 4e as one
individual body between them, and forms an alpha-particle to
all appearances just like the hydrogen atom. If the two out-
side electrons are removed from this helium atom the alpha-
particle remains. The attraction between the positive charge
of 4¢ and the adjacent electrons is so great, that it is difficult
to dislodge them, and, as a matter of observation, the alpha-
particle preserves its integrity with great tenacity. The two
outside electrons, however, may be more easily dislodged,
because the electrostatic force holding them is evidently much
less than that holding the inside pair when they are alone.

With the neutral hydrogen atom, on the other hand, it is
difficult to remove the last electron compared with the ease
of removing the first one, and thus far experimental observa-
tions give no reason to suppose that the last electron is ever
removed.

Since this model was constructed, Millikan has studied the
ionization of helium atoms experimentally, and has announced
that the single ionization of helium atoms occurs with much
greater frequency than the double ionization when the atoms
of the gas are bombarded with alpha-particles under the same
conditions. The ratio of the frequency of occurrence of the
single ionization to the double was determined to be about
six to one. The ratio is quite understandable by the use of
this model, although it would be difficult to predict the precise
tumerical ratio. In reasoning from his experimental evidence
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in this investigation, Millikan was led to abandon the ou(rlnal
form of the Bohr model of the helinm atom as being untenable.
Tn this Bohr atom the two negative electrons are supposed to
revolve in the same cirenlar orbit, one at each end of the samé
diameter, around a central point charge of Ze.

The mass of the hydrogen atom, which is located almost
entirely in the positive charge of 2e, may be taken as 1-008
on the scale where oxygen is 16, and to this positive charge is
to be assigned the mass 1:008, wherever it occurs in the more
complex atoms. Similarly, the mass of the helium atom,
which is Jocated almost entirely 1n the positive charge of 4e.
has a value of 4:00 on the same scale, and is to be assigned
this value wherever it occurs in the more complex atoms.

It should, perhaps, be stated that the form here assigned
to the helium atom will be shown, in a subsequent chapter,
to be such that it will neither unite with itself to form a
compound molecule consisting of several helium atoms united
together, nor will it unite with any of the other atoms shown
in fig. 2. This result is in entire agreement with the well-
known facts that helium is monatomic and that it refuses to
form compounds with any of the other elements.

The total number of clectrons in helium is four, a number
equal to the atomic weight. The ratio of the numnber of
electrons in helium to those in hydrogen is 2, which is equal
to the atomic number.

Glucinum or Beryllivm. Atomic Number 4

This element has an atomic weight according to the latest
international table of 9-1. Its weight is given to only two
significant figures, and is more uncertain or inaccurate than
that of any other element, if the accuracy may be judged by the
method of changing the last figure given by unity, when the
error would be more than 1 per cent. The fractional value
given—namely, 1, indicates the probable existence of isotopes,
that is to say, more than one form of the atom having the
same atomic number, and consequently the same name; for
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experimental observations have made it clear that the masses
of the individual atoms are represented hy whole numbers,
or near-whole-numbers, on the scale of oxygen (16). The
ass_may vary by a few thousandths, or possibly by a few
hundredths from a whole number, but a variation of as much
as '1, at least in the lighter elements, has not been observed.

For example, hydrogen varies by ‘008 from unity, and
nitrogen is *01 more than 14. Phosphorus is ‘04 more
than 31, and sulphur is ‘06 more than 32. There are no
isotopes of these elements known, and these numbers repre-
sent their true masses; but in a case like chlorine, where the
atomic weight is 3546, there arc known to be isotopes. So
in the case of glucinum the fraction -1 indicates the existence
of isotopes, but, so far as the writer is aware, but one form of
this atom has been definitely measured, and this has been
found by G. P. Thomson to have a mass of 9. He states that
if an isotope of mass 10 exists it has not been established by
his investigation.

The isotope of glucinum of mass 9:008 is shown in fig. 2

as Gl-1. The mass is obtained by adding together the masses
of the positive charges, there being two alpha-particles
(2X4=8), and one hydrogen atom (1-008), making a total
of 9:008. To distinguish between masses of 9-000 and 9-008
requires considerable accuracy in the experimental measure-
ments, and it is only very recently that the technique has been
perfected to such an extent as to establish the fact that these
small fractional values have any existence. There are in this
model four single electrons which form the necessary connect-
ing links to hold the whole structure together in the form of
a ring. , . o ,
A possible isotope of glucinum of wass 10:016 is shown
at Gl-2 (figs. 2 and 2a). This is like the first isotope, only
differing from it in having one additional hydrogen atom
inserted in the ring. The number of the single connecting
electrons is four, as before, and this is also the atomic number
of glucinuin, the same for each of the isotopes. '
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If these four negative electrons were removed to a disjance,
or if they are supposed to be held in some way at a distance
from the nucleus of the atom as some have supposed, then the
charge on this central nucleus would be eqnal to the atomic
number 4. This charge would then be made up of two
alpha-particles of two units each, the hydrogen charge being
zero. It has been the general opinion that the charge on the
nucleus, so-called, of an atom is equal to the atomic number.
According to these models, however, the whole atom is practi-
cally the nucleus, and there are not supposed to be any out-
standing electrons at considerable distance from the nucleus.
All the atoms are thus normally neutral. The atomic number
is equal to the positive charge that would remain it the
connecting electrons were removed to a distance, or, which
comes to the same thing, the atomic number is equal to the
number of these connecting electrons.

One might be led to expect from the two isotopes,
Gl-1 and GIl-2, that there ought to exist still another
form obtained by removing the hydrogen atom from Gl-1,
thus forming a hexagon ring containing but the two alpha-
particles, which would have mass 8. In doing this the two
alpha-particles must come nearer to each other, and their
repulsion for each other, each having an effective charge of
plus 2, is greater than the binding effect of the single
electrons. If one arranges a hexagon of point charges to
obtain a first approximation to the result, having two charges
of plus 2¢ each on the opposite ends of one diameter, and
single negative charges of ¢ each at the four remaining posi-
tions, and computes the electrostatic forces between the two
groups of charges, including one alpha-particle with its two
adjacent electrons on the one hand, and the other alpha-
particle with its two electrons on the other hand, resolving
these forces along a line parallel to the diameter through the
two alpha-particles, it will be found that the repulsive forces
between the groups exceeds the attractive forces, and the ring
will not be stable. There has been no atom discovered having
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a masg§ of 8, but there exist atoms with multiples of this fizure,
oxygen, 16; magnesium, 24,

In studying the two isotopes of Gl shown in fig. 2, the
Question arises why the atom of mass 9 should apparently be
the one of most frequent occurrence, for the weight of 9-1
obtained by the chemist is much nearer to 9 than to 10.
Granting that the form Gl-1 is a stable structure, it is not
difficult to see that the form Gl1-2 may not be as stable, for
the hydrogen atoms, being neutral, form a line of weakness
in the sense that the atom may be more easily disrupted or
broken up by bombarding alpha-particles. This conclusion
seems to be borne out in the cases of boron and aluminium
described below.

In the writer’s opinion there is a question whether this
atom shown as GI-2 has not been mistaken for one of the
isotopes of boron, for an isotope said to be boron has been
reported by Aston having a mass 10. It does not seem
impossible that this atom should be found as an impurity
in boron, because it resembles it in a striking manner, the
diffrience being that boron is the same atom having one
additional hydrogen atom at its exact centre. This opinion
has not been formed because it is considered that different
atoms with the same mass do not exist, but rather because two
symmetrical atoms of mass 10 seem improbable.

Boron. Atomic Number 5.

The atom of boron is shown at B (fig. 2), and is, as above
stated, formed by placing one neutral hydrogen atom at the
exact centre of Gl-2. The atom has a very symmetrical
form, but there are three neutral hydrogen atoms in it all
lying on the same diameter of the ring. One might expect
that it would on this account be comparatively easy to break
it up by bombarding with alpha-particles. Rutherford has
succeeded in breaking it up in this way, and has obtained
long-range hydrogen atoms from it.
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The mass of this atom is the sum of two alpha-payticles
(2x4=38), and three hydrogen atoms (3X1:008=3-02%),
making a total of 11-024. Aston has found that the principal
boron isotope has a mass 11, and there is some doubt whethet
his measurements at that time would enable him to be sure
whether the mass is 11-00 or is 11:024.

The atomic number of this form of atom is 9, for there are
four connecting eclectrons in the outside ring, and one must
be counted for the hydrogen atom at the centre. Just as
hydrogen itself has atomic number 1, so 1 must be counted
when hydrogen is found alone at the exact centre of a more
complex atom. Similarly, when an alpha-particle occupies
the exact centre alone 1 must be counted to obtain the
correct atomic number. An example is to be found in the
case of nitrogen below. If, however, a whole helium atom
occupies the centre of a more complex atom, two must
be counted to obtain the correct atomic number, just as 2
is the atomic number of helium. An example of this is found
in the case of neon described below.

Up to the time of the last table of atomic weights issued
by the international committee, the. atomic weight of boron
was given as 11:0. The latest table gives,the weight as 10-0,
a change of nearly one per cent. 'This revision has been made
subsequent to the work of Aston in finding isotopes. It goes
to confirm the opinion above expressed that there may still be
a question as to whether pure boron has been used in finding
these weights.

Carbon. Atomic Number 6.

In figs. 2 and 24 carbon is represented at C as a ring,
having a very symmetrical form with three alpha-particles
marked by the numbers 4, forming an equiiateral triangle and
six connecting electrons, two for each alpha-particle. The
mass is thys exactly 12, agreeing with the chemist’s weight
of 12:00. The atomic number is that .of carbon (6), there
being six connecting electrons. It is not supposed that these
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six connecting electrons all lic in the exact equatorial plane
as shown in the model, because of the repulsion between the
single electrons that are adjacent to each other, but they are
supposed to be slightly out of the equatorial plane, the one
above and the next below it alternataly all the way around the
ring.

A word of caution is offered here concerning this and all
of the other forms of models, for a chemist at first sight
cannot see how such a ring form of the atom can possibly
represent carbon. In his thought the carbon atom must have
a form that will harmonize it with the tetrahedral quality
exhibited by carbon having a valency of four. Methane, for
example, is supposed to counsist of one carbon atom at the
centre surrounded by four hydrogen atoms forming a regular
tetrahedron. The difficulty probably arises in the conjecture
that the shape of the atom itself must have some evident
relation to the positions occupied by the atoms that unite
with it. 'When attention is directed to the fact that all of the
atoms here described are comparatively small points of the
order of 10 ™™ cm. in diameter, instecad of the large structures
that are probably in the miunds of those to whom this form of
atom presents some difficulty, this changes the situation con-
siderably. 'I'o make such objections really valid one must be
able to show that these atoms caunot possibly behave as
carbon atoms do, and this means that one must be able to
compute on the basis of some definite principle just what they
will and will not do.

Some progress has already been made in this direction,
although the subject has not been investigated with the
thoroughness that is hoped for it. Nothing has been found,
however, which contradicts experimental observations, and
much has been found that throws light upon the nature of
the forces concerned in the process of forming molecules with
such atoms as these. Some account of this is given in
subsequent chapters. ,

The total number of negative electrons in the carbon atom
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is 12, equal to the atomic weight. but the ratio of the nymber
of electrons in it to the number in the hydrogen atom is
12/2=0, equal to the atomic number.

Nitrogen, Atomic Number 7.

‘The nitrogen atom is shown at N in figs. 2 and 24, having
cone alpha-particle at its exact centre. This is surrounded by
a hexagon of single connecting electrons, and outside of these
are two other alpha-particles diametrically opposite. On a
«diameter at right angles to these are two neutral hydrogen
atoms. The total mass is thus the sum of three alpha-
particles and two hydrogen atoms, making 3Xx4=12, and
2x1:008=2:016, or a total of 14:0:6.

No isotopes have been found for the nitrogen atom, and
the weight given in the international table probably represents
the true weight with great accuracy, for the nitrogen atom has
been investigated with perhaps as much care as any other
atom. When the substance is obtainable as a stable gas at
ordinary temperatures*and pressures a greater accuracy may be
expected. 'The weight given in the table is 1401, and agrees
with the theoretical value 14016 very closely.

The atomic number of nitrogen (7, is obtained from the
model by counting the six single connecting electrons in the
thexagon, which, it should be stated, are supposed to be
staggered alternately above and below the equatorial plane
Jjust as those of carbon are, and adding 1 for the single
alpha-particle in the exact centre. ‘The total number of
negative electrons in the atom is 16, which is two more than
the atomic weight. The ratio of the total number of electrons
to those in hydrogen is 8, one more than the atomic number.

Bearing in mind that this model was constructed at a time
before the results obtained by Rutherford experimentally were
known, the following points of confirmation of the model may
have a greater interest.

He has obtained from pure nitrogen in the form of a gas
both hydrogen atoms and alpha-particles in breaking up the
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atom by the method of bombarding with alpha-particles from
one of the products of radium. Moreover, he has succeeded
in determining the distance from the centre of the nitrogen
atom, to the position normally occupied by the hydrogen atoms
in the nitrogen, and finds it to be just two diameters of the
negative electron. This is exactly the position assigned to
the hydrogen atoins in the model of N in figs. 2 and 2a. This.
is considered to be a remarkable confirmation of the model.
It may be regarded also as justification, not only for this atom,
but for the general scheme of the others in the use of the
plane form of assemblage of the hydrogen atoms and the
alpha-particles to form rings and plane-figures rather than
building them up in three dimensions in space.

An inspection of the model shows that the two hydrogen
atoms ought to be more easily detached or dislodged than any
of the bodies in it, because they are neutral atoms and are
only held in place by the excess force upon the positive charge
of the hydrogen over and above that upon the two electrons,
the former being situated on the equatorial plane, whereas the
latter are above and below it. If these hydrogen atoms were
knocked off from the atom, probably carrying with them some
of the electrons, there must be left a residue or remainder of
the nitrogen atom, a kind of unstable structure which probably
has but a brief life as such.

Rutherford also obtained a record of these residues, and in
reasoning about them concluded that they had a mass of three
on the scale of oxygen sixteen. To obtain this result, how-
ever, he had to know the charge upon the residue, which was
estimated to be a positive charge of 2¢, the same as that on
one alpha-particle. This result would mean that a new
particle had been discovered having a mass of only 3,
which falls between the mass of hydrogen (1:008) and the
next (helium 4:00), and on this account assumes great im-
portance.

- It may be stated now that Rutherford also succeeded in
breaking up the oxygen atom and examined the residue from
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it, finding it to be of precisely the same mass, 3, as the regidue
from the nitrogen atom. This result has been very difficult
to accept for many reasons, for it is difficult to see how a
mass of 3 can enter into both the nitrogen and the oxygen
atoms. It does not fit in with these models at all, and, more-
over, has not been confirmed by the later cxperimental resuits
aunounced from time to time. That is to say, the particle of
mass 3 has not been found elsewhere since this early result
of Rutherford. A possible explanation of his results has been
offered by the writer in the light of these models, some
account of which is given under the next atom, oxygen.

Oaxygen. Atomic Number 8.

In figs. 2 and 2 oxygen is represented at O as a sym-
metrical ring, being an extension of the carbon ring above
described to include four alpha-particles in the form of a
square instead of three in the form of an equilateral triangle.
The mass is thus exactly 16, which agrees with the value in
the international table, there being no isotopes of oxygen.
The atomic number is 8, equal to the number of connecting
electrons. The total number of electrons is 16, this being the
same number as contained in the nitrogen atom. The ratio of
the number of electrons to those in the hydrogen atom is
also 8, equal to the atomic number.

No hydrogen atoms or long-range particles have been
obtained by the breaking up of the carbon or the oxygen
atoms, as they have been from the breaking up of boron and
of nitrogen. Although the former is a negative experimental
result, yet it is in perfect agreement with the forms of these
models. As above stated, Rutherford has succeeded in break-
ing,up the oxygen ring, and in examining the residue of the
atom found the same particle he had obtained in the breaking
up of nitrogen. 1le deduced from theoretical reasoning that
the mass of this particle is 3. There are three unknown
quantities to be determined, the mass, velocity, and charge of
the2unknown particle, Two simultaneous equations were
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available connecting ‘these quantities, so that, if one of the
unknown quantities could be determined by some other
independent means, then the two remaining quantities might
Be fou’nd.

There scemed to be some independent evidence that the
charge on the unknown particle was two units, the same
charge as on the alpha-particle, and Rutherford used this
valuc of the charge to determine the mass and the velocity by
means of the two simultaneous equations referred to. 'The
mass came out 3°1, a result that is near enough to a whole
number 3 to make it likely that the one-tenth may be
accounted for as an error.

Thinking it to be barely possible that there is evidence
that the charge on the unknown particle may have been some-
thing different from two units, the author has tried in these
same simultancous equations the next higher integral values of
charge, 3¢, 4e, and 5e. With 3¢ and 4¢ substituted in these
equations the mass comes out larger than 3, but is not
near to any integer. With de, however, the mass comes out
12:1, which is just as close to an integer as the 3-1 when 2¢
is used, and, in fact, the result is a little closer because the
ratio of 121/120 is a little better than 31/30. It makes the
mass four times greater than that obtained by Rutherford, but
it is in perfect agrcement with the models of nitrogen and
oxygen, for, when the two hydrogen atoms are removed from
the nitrogen atom, the mass of the residue is just three alpha-
particles, that is 12.  Also, when one alpha-particle is removed
from the oxygen atom three are left, making the mass of the
residue 12,

The above explanation has been offered as a suggestion
only, because it harmonizes the observations with these
models, and because it does not appear that the charge on
the unknown particle was determined in a direct manner. It
is, of course, possible to repeat this experiment for the
purpose of determining the charge directly, and, if it is shown
to be He, the answer is complete.
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Neon. Atomic Number 10.

The atomic weight of neon given in the international table
is 202, which indicates the existence of isotopes. Twe
isotopes have, in fact, been measured by Aston, the oné& with
mass 20 and the other with mass 22, there being also a
possible trace of one with mass 21. The isotope of mass 20
is shown at Ne-1, figs. 2 and 2 A, consisting of the oxygen ring
at the centre of which is a single helium atom. The total
mass is thus five alpha-particles giving 20 exactly.

The atomic number of neon is 10, and this may be obtained
from the model by counting the eight connecting electrons
in the outside ring and adding 2 for the helium atom at the
exact centre, as above mentioned. Not only does the sum of
the atomic weights of helium and oxygen give that of this
isotope of neon, but also the sum of the atomic numbers gives
the atomic number of neon. The total number of electrons
is 20, equal to the atomic weight, and the ratio of the total
number of electrons to those in hydrogen is 10, equal to the
atomic number.

An isotope of neon of mass 22016 is shown at Ne-3, fig. 2,
consisting of the same atom Ne-1 to which is added two
hydrogen atoms on the axis at the centre, one on either pole
of the helium atom, thus making a pile of three atoms at the
centre, one helium atom in between two hydrogen atoms.
This does not change the atomic number, which still remains 10,
because only two of the electrons, those on the outside, are
removable from the central pile just as they are from the
single helium atom.

A third isotope with mass 21-008 shown at Ne-2, fig. 2,
might possibly exist formed by adding only one hydrogen
atom instead of two to the central helium atom in Ne-1.
This would, however, be unsymmetrical, and it does not seem
likely to persist long. The atomic number would still be 10
as before.

In a subsequent chapter it is shown that a helium atom
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will not unite to form molecules either with itself or with
other kinds of atoms. The presence of the helium atom at
the centre of the neon atom for the same reason will prevent
neon from uniting with itself or with any other atom. This
accoulits for the observed fact that neon is mon-atomic and
that it does not form compounds with other elements.

Magnesium. Atomic Number 12.

The atomic weight of magnesium in the international
table is 24'32, indicating the existence of isotopes. Three
isotopes have been reported found having masses 24, 25,
and 26. The isotope of 24 is shown as Mg-1, fig. 2.
Although the atom of mass 8 described above under glucinum *
has no independent existence, yet when surrounded by the
oxygen ring it becomes stable. So the isotope of 24 consists
of a ring with two alpha-particles and four connecting
electrons within a greater ring of four alpha-particles and eight
connecting clectrons. The mass of this atom is 6 X 4=24, and
the atomic number is 44 8=12, which is correct for magnesium.
The total number of negative electrons is 24, equal to the
atomic weight, and the ratio of the total number of electrons
to those in hydrogen is 12, equal to the atomic number.

An isotope of mass 25008, Mg-2, fig. 2, is formed by
inserting one hydrogen atom in the inside ring, thus making
this ring just like Gl-1. This does not change the number
of connecting electrons, and consequently does not change the
atomic number, which is still 12.

An isotope of mass 26:016, Mg-3, fig. 2, is formed by
inserting two hydrogen atoms in the inner ring, thus making
this ring like GI-2. This does not change the atomic
number, which remains 12. The total number of electrons in
this latter form is 28 and the mass number 26, the former
being two more. The ratio of the total number of electrons
to those in hydrogen is 14, two more than the atomic number.

No particles having a great range have been obtained
from magnesium by the method of bombarding with alpha-

* See page 40.
E
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particles. This negative result is in agreement with the form
of the principal isotope Mg-1, which contains no hydrogen.
This may have been the only kind of magnesium that was
used by Rutherford in his experiments. '

Alwminium. Atomic Number 13.

The atomic weight of aluminium given in the international
table is 27'1. No isotopes have as yet been reported so far
as the writer is aware, but the atomic weight indicates their
existence. The principal isotope is shown at Al-1, fig. 2,
and consists of a boron atom surrounded by the oxygen ring.
The atomic weight is thus the sum of 11:024 for boron and
16 for oxygen, making 27024 for this isotope of Al. The
atomic number of aluminium is 13, the sum of 5 for boron
and 8 for oxygen. The number of clectrons in this form of
Al is 14 for the boron part plus 16 for the oxygen part,
giving a total of 30.

In an analogous manner with magnesium two other isotopes
may be formed by the addition of one or two hydrogen atoms
to the outside ring. The form Al-2 has a mass of 28:032,
and the form Al-3 a mass of 29040. According to the
official weight the first isotope is of the most frequent
occurrence. '

The same diameter of weakness through the three hydrogen
atoms is tound in this atom, as was pointed out in boron
above. The extra load placed upon them by the presence of
the outside ring ought to make it easier to break this atom
into two halves than it is to disrupt the boron atom.

The aluminium atom is perhaps the most noteworthy of
them all, because Rutherford has obtained from it the greatest
range particles in air, presumably hydrogen, obtained from
any element, fully ninety centimetres. Moreover, these par-
ticles or hydrogen ions are shot out at random in every
direction, without being entirely governed by the original
direction of projection of the bombarding alpha-particles
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from t.he radium. The case of aluminium is so conspicuous
by comparison as to leave no uncertainty that some of the
internal energy of the atom is being liberated, and that the
lrigh velocity of projection is produced at the expense of this
internal energy, because it is greater than the energy of the
alpha-particle projected from the radium.

In this conncction it may be stated that these models
make it clear that there are several apparent sources of
energy, or different manifestations of the same source, which
are eventually identified with the energy content of the funda-
mental electrical charges themselves, and are of increasingly
different orders of magnitude as the ultimate source is
approached. First, there is the gravitational field at great
distances giving the lowest order of energy: then, as mole-
cular range is approached, there is the next greater order of
energy, the chemical energies of combustion and dissociation :
next, going closer still within the structure of the atom itself,
is encountered a third order of energy much greater than
either of the others, which has just been pointed out in
connection with aluminium as the most conspicuous example.
This might be called the interatomic energy, because it is
concerned with pulling the structure &f the atom to pieces,
or in building it up from its fundamental electrons. 'The
fourth grade of energy is by far the greatest of them all,
and may be considered to be the source of them all, the inter-
electronic energy discussed in the first chapter, which is equal
to mc2, where m is the mass of the body and ¢ the velocity of
light.

In studying any of the first three classes of energy intelli-
gently it will be necessary to trace their effects back to the
original source eventually. These models have been useful
in stressing this point, and some progress has been made in
this direction, as will be shown in a latér chapter.

The aluminium atom is the last that we shall attempt to
describe injdetail, that is to say, the atom having the highest
atomic number. Several atoms of lower atomic number have

E2
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been passed over in the foregoing description as stated,
because they cannot very readily be made up by the use of
hydrogen atoms and alpha-particles alone. These atoms will
now be taken up individually.

Lithium. Atomic Number 3.

The atomic weight of lithium in the international table is
6:94. Two isotopes have been measured by Aston and others,
the one having a mass of 6 and the other of 7. The
principal one is the latter, which is close to the official
weight of 6-94.

The isotope of mass 6-016 is shown at Li-1, fig. 2, and
this is composed of two hydrogen atoms connected cach by
one negative single clectron to one alpha-particle at its exact
centre. The atomic number of lithium is 3, which may
be obtained from the model by counting the two single
connecting electrons and by adding one for the alpha-particle
at the exact centre ,as was done in the case of nitrogen above.
The total number of electrons is eight, the ratio to the atomic
weight being 8/6=4/3. 'The ratio of the total number of
electrons to those in Hydrogen is 4, onc more than the atomic
number.

The isotope of mass 7 introduces for the first time the new
hypothetical positive charge of three units, to which is to be
assigned a mass of 7/3=2%, intermediate between 1-008 for
the positive charge of 2¢ in hydrogen and 4:00 for the positive
charge of 4e in helium. 'This isotope of lithium is shown at
Li-2, figs. 2 and 24, consisting of three tau-particles con-
nected together by three conuecting single electrons in the
form of a hexagon ring. The neutral hydrogen atom and
the alpha-particle have names, and since they differ from each
other only in the amount of the positive charge, it is con-
venient to have a name for the new hypothetical particle, for
it is just like the others, except that it has a charge of 3e
instead of 2¢ or 4e¢ at its centre. The name tau-particle is
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suggegfed because tau is the first letter in the Greek woird
for three.

The atomic number of this isotope is 8 because there
dre three connecting electrons. The total number of electrons
is 9, which is two more than the atomic weight. The ratio
of the total electrons to those in hydrogen is 45, being 15
more than the atomic number. The total mass is 3 X 7/3=T.

The mass of the tau-particle has, of course, not yet been
measured, and has been estimated approximately by assuming
that the masses of the charges of 2e, 3¢, and 4e are roughly
proportional to the squares of the charges, Thus, a charge of
plus e, if it has any independent existence, would have a mass
equal to a quarter of 1:008 or 0:252, and a charge of 3¢ nine
times 0°2562 or 2:268, also a charge of 4e sixteen times 0-252,
or 4032, This result would come about by a strict applica-
tion of the Lorentz mass formula (3) of Chapter I on the
assumption that all other quantities remain fixed except
the mass and the charge. If the radins of the sphere changes
but slightly, only slight variations would be introduced into
the mass. Such a slight variation actually exists in the mass
of the charge 4e which has been measured, and a slight
variation from 2261 may be supposed for the charge of 3e.
If it is made equal to 2:383, or 0:065 more than 2-268, it
meets the requirements for this isotope of lithium and also of
fluorine and sodium to be descrivbed.

If one attempts to make up a symmetrical atom having
a mass 7 and atomic number 3 to represent this isotope
of lithium on the principle that the total mass is equal to
the sum of its parts, and that each part has the same mass
as when it is isolated, or very approximately the same, this
cannot readily be done by the use of hydrogen atoms and
alpha-particles alone. If any alpha-particles are present
there can be but one, for two would exceed the mass
seven. If there is one, then there must be three hydrogen
atoms. All attempts to arrange one alpha-particle and three
hydrogen atoms in a symmetrical form and in accord with
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the scheme of building-up in one plane fail for the atomic
number 3. ’

If no alpha-particle is present, then there would be seven
hydrogen atoms, and it is difficult to see how these can be
bound together. There would be no connecting electrons to
fulfil the rule for the atomic number, and the mass would
be 7:056, an amount in excess of seven sufficient to be
detected. Another reason against this possibility is, that no
long-range particles have heen obtained * from lithium, and if
it were all hydrogen therc would be sure to be such long-
range particles found. This statement also applies to the
form previously mentioned, consisting of one alpha-particle
and three hydrogen atoms. This line of reasoning has led to
the adoption of the alternative possibility of there being a
charge of 3e besides 2¢ and 4e, for this fits in well with all
requirements. It is recognized that this matter will soon be
decided by experimental evidence, though this has not as yet
been obtained one way or the other, in favour or against.

-

Fluorine. Atomic Number 9.

The atomic weight of fluorine is 190 as given in the inter-
national table, and, since no isotopes have been found or are
suspected, this probably represents the true weight. Nineteen
is the sum of 12 and 7, that is the sum of the masses of the
carbon and the lithium atoms. Likewise, the atomic number 9
is the sum of 6 for carbon and 3 for lithium. The fluorine
atom built in this manner around the lithium atom of mass 7
is shown at F, figs. 2 and 2a. It forms a perfectly symmetrical
figure, having three alpha-particles in the outside ring and
three tau-particles in the inside ring. The total number of
electrons is the sum of 9 for lithium and 12 for carbon,
making 21, two more than the atomic weight.

Rutherford has obtained long-range particles from the
fluorine atom, but he does not state that all of these long-range

* In 1922, when these sections were written.
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particles are hydrogen ions, though this had been suspected
at one time to be the case. It is clear that the ionized tau-
particle, that is the tau-particle that has lost one electron and
tetained one, will behave very mnch like the hydrogen ion,
and it will require accurate measurement to distinguish
between them. The only practical way to distinguish between
them is by varying the magnetic and electric field strengths
along their path. By this means the values of ¢/m, the charge
divided by the mass, may be compared. For the hydrogen
ion this may be represented for comparison by the number
1/1-:008=0-992, and for the ionized tau-particle by the
number 2/2-333=6/7=0-86 approximately, and these two
numbers differ by only about 13 per cent., so that some care
must be exercised to distinguish them.

It is believed that the fluorine atom would be more easily
disrupted than the simple lithium ring becanse it is weighted
on the outside by the three alpha-particles. The encrgy
imparted to these tau-particles would, it scems, be greater in
the case of fluorine than in the case of lithium, for the same
reason that the particles from aluminium have a much greater
range than those from boron. It is quite possible that
Rutherford did break up the lithium ring without beiug aware
of it, because he has only studied those particles whose range
in air exceeds about 28 or 29 cm., the range obtained by the
use of hydrogen-gas. If these tau-particles from lithium have
a less range than this they would have escaped notice.

Sodiun. Atomic Number 11.

The atomic weight of sodium given in the international
table is 23'00, and, since no isotopes have been discovered or
suspected, this represents with great accuracy the true weight.
This is the sum of 7 for lithium and 16 for oxygen. More-
over, the atomic number, 11, is also the sum of 3 for lithium
and 8 for oxygen. 'The sodium atom is represented at Na, in
figs. 2 and 2 a, as being the lithium ring inside of the oxygen
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ring. The total number of electrons is the sum of 9 apd 16,
making 25, two more than the atomic weight.

Rutherford has also obtained long-range particles from
this atom, and they are thought to be ionized tau-partigies as
in the case of fluorine. This question may be decided experi-
mentally by making sure that the particles are or are not
hydrogen, but this has not yet been accomplished.

All of the atoms from hydrogen to aluminium have been
discussed in detail above,including possible and known isotopes.
This may be extended through the whole periodic table of
the elements, but it had best be deferred until there is more
experimental evidence bearing upon some of the questions
already raised.



CHAPTER 111
GRAVITATION.

HaviNG before us concrete pictures of several of the simpler
atoms, let us in this and the following chapters state some
of the conclusions reached by applying the classical electro-
dynamics to these atcms. The first problem is evidently to
find the cffect which one of the individual clectrical charges
when isolated by itsclf must have upon a similar charge
situated at a distance from it. For this purpose let us sclect
the positive unit 2e¢, which forms the positive part of the
hydrogen atom, and find its effect upon another at a distance
from it.

On the supposition that this positive charge has the shape
of an oblate spheroid in revolution, we are confronted at once
with a problem that has never been sclved by means of any of
the classical theories. Even though the charge were supposed
not to be in revolution, and yct to have the shape of the
spheroid, even this simplified form of the problem involving
purely electrostatic forces has never been solved for two bodies
of this shape situated in their most general positions with
respect to each other.

It has been necessary to resort to an approximation to the
form of this body on account of the difficulties of the mathe-
matical analysis. The first and most obvious approximation
that would occur to anyone is to substitute a circle in revo-
lution for the oblate spheroid. The charge on the circle
is supposed to be uniformly distributed and the total charge
upon it equal to the total charge in the oblate spheroid. 'This
is the actual approximation which has been made in order to
obtain the following results, for it has been possible to find
the complete solution for two such circles placed in their most
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general positions with respect to each other. It seems worth
while giving a complete statement of the result that follows
from the use of the Saha form of electrodynamics, but this is
most easily expressed by an equation containing a number
of different quantities that will now be considered.

The ring upon which the force is to be expressed is denoted
by the subscript 1, all the quantities pertaining to it having
this subscript, while the other ring which is supposed to be
the cause of the force, so to speak, for of course both are
concerned in the cause, is denoted by the subscript 2. Let
the first ring be located with its centre at the origin of
co-ordinates, z, y, and 2, and its plane in the 2, y plane,
its axis of rotation being coincident with the z-axis. Let the
centre of the second ring be located at any general point in
space having the co-ordinates, 2, 7 and 2, and the direction
cosines, X, Y, and Z, these being equal respectively to a/r,
y/r, and z/r, where r is the distance between the centres of the
two rings, which distance is supposed to remain fixed and
constant. .

Not only is the distance, r, supposed to be constant, but
each of the co-ordinates, 2, y, and 2, is supposed to be fixed
so that the relative centres of the two rings do not change.
The planes of the two rings are also supposed to remain fixed,
and the only motion with which we are concerned is the
motion of the charges around their respective circles. The
velocity of this charge divided by the velocity of light is
denoted by the quantity 3, the svmbol 3, being the value for
the first ring and (3, for the second. The charge upon the first
ring is B, and upon the second E,. The angle, a, denotes the
fixed angle between the two axes of rotation of the rings.

Imagine a perpendicular line drawn from the origin, that
is from the centre of the first ring, to the axis of revolution of
the second ring produced, which may he denoted by p. 'The
quantity £ denotes the dielectric constant of a vacuum taken
as unity on the electrostatic system of units. With this
understanding of the quantities concerned the whole force
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upon the first ring resolved in the direction of the line joining
the centres of the rings is found to be

R L RS C (R A

When this expression is positive the force upon the first ring
is towards the second ring and consequently attractive. When
negative it is repulsive.

To render this expression useful when applied to the parts
of atoms which may be oriented in any way with respect to
each other, it seems required to find an average value of the
force taking into account all possible orientations of the axes of
the two rings. If a collection of atoms, as in hydrogen gas
for example, is contemplated, it seems probable that the axes
are just as liable to be turned in one direction as in any other
direction. So an average of the force expressed by (1) has
been taken on the probable supposition that all directions are
equally probable.

Keeping the distance between the rings, r, constant the
only quantity that changes in the expression for the force is p,
the perpendicular distance from the centre of the first ring
to the axis of the second ring produced. It may be proved
that the average value of (p/r)* on this supposition is equai to
2/3, and that the average value of (p/r)* is 22/45. With these
numbers substituted in (1) the force upon the first ring due to
the second on the average is

o BE(-BA7_ 1., 11,
I«,_h_g(-]:zé-lﬂjl,,_,[_—l 38 B ] @

"This result includes all orders of 8 up to 8° and mecrely the
inverse square of the distance. 'There are other terms which
enter into the higher orders of the distance, r, but these all
become vanishingly small when the distance is great as com-
pared with the very small radius of the rings, because the terms
are inverse powers of ». When the quantity (1—@3°)7 in
the coefficient of (2) is expanded into infinite series, and this
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series is then multiplied by the quantity (1—g,) also jn the
coefficient, the result is
-8 1 3 1 .

(LB =1+ 5B =B+ GBA— ) BBy - L (B
which includes all terms in the fourth power of 8. Multi-
plying this series by the last series in (2) gives the following
as an equivalent expression for the force in (2),
‘ BJll‘Jz 1. 2 3 I 1 2 9 3 4

k Tt I__ Be?— 2/31 + 2(,/32 + 3,31 B —gﬁl ------ ], (4)
which includes all terms to the order of g%

It is of interest to compare this result obtained from the
Saha form of electrodynamics with that obtained from the
Lorentz form, although the steps of the process in finding
the latter result are omitted. Instead of (4) the Lorentz
theory applied to the same two rings of charge gives

BB 2o 4 6, )
.l‘,‘-—— '/“7;2 Ll+:;/32 +56} +TB2 + ------ ]« . . . (0)

r=

The difference bétween the two results is very marked in
that there are no terms in the Lorentz expression involving
the product of the two speeds. In fact, 3, does not appear at
all in cquation (5). This fact in itself makes it difficult
to accept the latter result. 'T'he success of the result in (4) in
explaining gravitation is due, as we shall show, directly to this
product term, 43,°B,°, which has its origin in the quantity
(1—p,")""" in the coefficient of (2). Such a term as this in the
coefficient is not found in the expression derived from the
Lorentz electrodynamics.

When any equation of the type of (5) is applied to the
structure of a neutral atom containing as much negative as
positive charge, it will appear that the whole force between
them comes out exactly zero at great distances, whereas the
force betwcen such atoms at a great distance obtained by
means of (4) is not zero but a small residual force that is always
one of attraction, thus agreeing with the well-known fact of
observation.
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Let us take the example of two hydrogen atoms at a great
distance from each other and apply equation (4) to them. 1In
its ordinary condition each atom has three charges, a positive
charge of 2¢ and two single negative electrons of —e each.
Considering the forces between the pairs of individuals, one in
each atom, independently, and then adding them together there
must be nine pairs of charges to include. But equation (4)
is applicable to any pair provided the proper values of the
charges and the speeds are inserted.

In writing down the force upon a negative electron due
to a positive charge of 2e the value of E, is —e und
of E,is + 2¢. 3, is the velocity of the charge in the ring
representing the negative clectron divided by the velocity of
light, and (B, a similar quantity for the positive charge.
In the following we shall assume that the velocity ot the
charge in the negative electron is very small and negligible as
compared with that in the positive charge, but its value
will be obtained later. For the present let us put 8,=0 and
let B, denote the proper value for the positive charge of 2e.
Then we have the average force upon a negative clectron due
to the charge 2¢ at the distance of 7 as follows, using (4),

(—P)(_('

I, =

Zeon —e A )

|:J+B+)“p” ] C e (®)

In a similar manner the same equation (4) may be used to
find the force upon a positive charge of 2¢ due to a single
negative electron by making E,=2¢ and E,= —e; also the
3. in the equation now becomes zero and the @, is numerically
equivalent to what we have called 3, above, as denoting the
proper value for the positive charge. With these substitutions
the average force of an electron upon the positive charge
becomes

- (2¢)(—e 1 3
D P B EET EEEy R AN

The force of a ositive charge of 2¢ upon a similar charge

of 2¢ is obtained by making E1 and E; equal to 2¢ and @, and
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13; equal to each other and equal to 3,. The average force of
the positive charge upon the positive charge is then

=G 1y tes Laes Do tommr- D00 (@

2e on 2e

'The force of one negative electron upon another is obtained
by making E,= —¢=E., and by putting all the B-terms equal
to zero, giving merely the electrostatic term

= o

To tind the whole force upon the first atom due to the
second taking into account the nine pairs of forces, it is
necessary to add together two times equation (6), two times
equation (7), making four pairs, once (8) making five pairs,
and four times (9) making nine pairs. The four equations
thus obtained are

= 442
‘.‘?‘:‘E: = kr2[ Bg ooﬂg ...... ], . e « ¢ e . . (10)
o xF, =3¢ 1+;81’+'1,Bx‘ ...... ] R 5
—eon 2e kr 2 3

2..,,:3, k’[ 1+ /32 231 (’)ﬁﬂ*+§:3121322—g/3,‘ ..... ] (12)

o4
axF, = 50-11 . . . .. (13)

—eon —e

In taking the sum of these equations not only do all the
electrostatic terms, the first terms within the brackets, cancel
but also the terms in the even powers of 3 cancel, leaving
only the product-term 3,° 3,%/3 within the brace of (12), which
is the expression for the force upon the positive charge of the
one atom due to the positive charge of the other atom. The
sum of (10) to (13) inclusive is

421

H."fn:m kr’dﬁ”e" v eos s s e (14)
H-atom
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This may also be expressed

E,E;1 , 1 o =
i ‘fr = /clrg 23312,322= 3 (EiB) (BB )r=2 . . (13)
H-atom

It & similar process of adding up the forces obtained by
the use of any equation of the type of (5) derived from the
Lorentz theory were carried out, the above example must
make it evident that no product-terms would appear in the
equation corresponding to (12), and that the S-terms in the
equations corresponding to (10) and (11) would exactly
cancel all terms in (12) so as to give the resulting force of
zero.

Again it is interesting that the product-term is the only one
remaining in (15) derived from the Saha form of theory
because by interchanging the (3, and the (3, no difference in
the force results. That is to say, the force upon the one atom
is equal and opposite to that upon the other, and Newton's
law of equal action and reaction between bodies is strictly true.
Moreover, the sign of this product-term is positive, indicating
that the force is always attractive, If the matter had no con-
nection with the phenomenon of gravitation it would have been
just as likely that this term would come out negative denoting
a repulsion as positive,

If equaticn (4) is applied to a more complex atom con-
sisting of several positive charges instead of to a single one,
or to two bodies containing many such atoms, the resulting
atiractive force that would be obtained may be stated by
means of the very simple equation, which we shall not take
the space to derive here, namely,

T, = iE(ElBI’)E(E,Bf)r‘:’, C e e e (16)

where the summations indicated must be extended to cover
each positive charge in each of the two atoms, or in each of
the two bodies.

Newton’s law of gravitational attraction between two
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masses, M, and M,, at a great distance from each other as
compared with their dimensions, may be written ¢

F=kMMg~2 . . . . . . . (I7)

where £ denotes the so-called gravitational constant,,which
has been experimentally determined to be 666X 10~ when
the masses and the distance are expressed in grams and centi-
metres, r being the distance between the centres of gravity of
the two bodies. If the mass of the body is written

ww SEB), . . . . . . . (18)

the summation being extended to every positive charge within
the body, the subscript 1 being used for the first and 2 for the
second body, then a substitution of these values in (17) gives
cquation (16). The equation (16) obtained from the Saha
form of electrodynamics may then be regarded as the equiva-
lent of Newton’s law of gravitation to the effect that the
attractive force is proportional to the product of the masses
and inversely proportional to the square of the distance.
Each individual positive charge in the bodies thus contributes
its proportional quota of attraction. If therc is but one
positive charge of 2¢, as in the hydrogen atom, the mass of
this charge is simply

= 7o @ 28 .« . . ..o . (19

This furnishes another expression for the mass of the same
charge 2¢ obtained beforc by the Lorentz mass formula (3) of
Chapter I, namely,

M_M(*"") )

which. gives the mass in terms of the charge and the radius of
the equivalent sphere instead of in terms of the charge and the
velocity of rotation as in (19). It is natural that there should
exist two such relations if a definite speed is alw: ays associated
with a definite mass.

There is but one unknown quantity in equation (19),
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namely 3, hence it may be determined numerically for the
positive charge of the hydrogen atom. It may be more
evident how this comes about by equating the forces of
attraction expressed by (14) for two hydrogen atoms, in which
both 3, and 3, are equal to each other, say By, derived from
electrodynamics, and that expressed by Newton’s law in (17),
when M,=M,=My, giving
2
311;;32,8H4=/C'IRHEI'—2, e e e e e e (‘.).1)
whence
my

BH4=3k/c'nm2/4e'~’ and ,BH2=~§ V3kk'=0T78x 10" . (22,

and
Bu=0882x10-° . . . . . . . (23)
The actual velocity of the charge in the ring, which has
been assumed as the equivalent of the oblate spheroid in

rotation, is then
v=Brc=26'5cm.fsec. . . . . . . (24)

This result tells us nothing about the radius of the circle
in which the charge revolves but merely its speed. Before the
radius can be obtained a knowledge of the frequency of
revolution is required from some other source. In the
hydrogen atom, according to the model of Bohr, the frequency
of revolution of the single elcctron in an orbit is 2K, twice
the Rydberg constant. This constant is accurately obtained
by measurements of the spectrum of hydrogen Atomic models
are designed to conform to the observed facts of spectrum
analysis and to throw some light upon these facts. In
changing over from one form of model to another it is natural
to retain the same frequency of revolution to accord with the
spectrum, and we shall now assume that the frequency of
revolution of the charge in the equivalent ring of the positive
charge of 2¢ is equal to 2K =2x3-29 X 10,

The velocity of a point moving with uniform motion around

& circle is equal to
v=_2man,

. (25)
1‘1



66 THE PROGRESS OF ATOMIC THEORY

where ¢ is the radius and n the frequency. With a frequency
of 2K this becomes
v=4maK, . . . . . . . . . . (26)
or the radius is
P
a= 4."—1-{- e e s e e
Using the value of v obtained from (24) and of K given
above, the radius of the ring equivalent to the positive charge
in a hydrogen atom is
a=064x10"%em. . . . . . . . (28

U en

1t is remarkable that the numerical value of the radius
obtained in this way by the use of the law of gravitation and
electrodynamics should come out anywhere near to the order
of magnitude of the semi-axcs of the ellipsoids as computed by
an entirely different method in (18) of Chapter I. But the
coincidence is closer than a mere agreement in the order of
magnitude, as we shall see, for it enables us to pick out which
of the three charges, e, 2e, or 3¢ best represents the hydrogen
atom. In Chapter I the dimensions of three cllipsoids were
computed and given in (18) assuming that hydrogen might
possibly have a positive charge of e, 2¢, or Je. 'This com-
putation depended primarily upon the Lorentz mass formula,
an entirely different basis from that used above.

If now, instead of assuming that the charge of the positive
body in hydrogen is 2¢, as has been done in (21) above, it is
assumed to be e, 2¢, and then 3¢ in succession, three corre-
sponding values of the velocity and radii would have resulted
as follows:—

Charye. Bu=vjc. Radius.
e 1:248 x 109 906 x 10-16 ¢y,
2 0882 ,, ¢4,
3e 07205 ,, 523, " (29)

Upon comparing the values of the radii in (29) with the
semi-major axes of the ecllipsoids in (18) of Chapter I it is
seen that, if the charge of the positive body in hydrogen is ¢,
the radius of the equivalent ring, which is supposed to be
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a kind of average value for the ellipsoid, comes out many times
greater than the semi-major axis of the ellipsoid. This result
is absurd on the face of it, for an average value must be less
than the maximum. The equivalent ring must of necessity
lie within the body of the spheroid.

In comparing the radii for a charge of 2¢ the semi-major
axis is 7°054 X 10~"* cm. and the radius of the equivalent ring
is 6-4 X107 cm., which is about right to represent a possible
average. Thus the charge, ¢, is ruled out and the decision
falls upon 2e as best representing the charge in hydrogen.
The decision really lies between these two charges rather
than the charge of 3e, which need not be seriously considered
for other reasons. However, the radius of the equivalent
ring for the charge 3¢ is only about one-third of the
semi-major axis of the ellipsoid, a valuc that secms entirely
too small to represent a proper average, and so the charge of 3e
does not fit the case for hydrogen.

The principal features of the law of gravitation, including
the magnitude of the force in agreement with the known value
of the gravitational constant, have been accounted for in a
satisfactory manner by means of electrodynamics applied to
the models described in Chapter II. It may be said that the
models cmbrace gravitation as their first and chicef charac-
teristic. The same cannot be said for anv other form of
atomic model that has been proposed. With this as a begin-
ning there is good reason to expect that the models will not
be found wanting in aiding the understanding of many other
phenomena, provided the way to apply electrodynamics to the
atoms can be found and is manageable.

1t is possible that some of the other features of the law of
gravitation may receive an adequate explanation along the
lines of the theory above traced. Reference is made to the
several phenomena which astronomers have observed that do
not receive a ready explanation in terms of the very simple
statement of the law as given by Newton. There exists
a difference between the observed position of the Moon and

F2
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the computed position which requires correction trom time to
time. The difficulty of these computations is so great even
when use is made of the simple law only that one hesitates to
say that the simple law, when applied in a rigid manuner
without making any approximations, is not entirely adequate
to account for the discrepancies between the observations and
the approximate calculations. But it may be inadequate.

The one conspicuous example where astronomers seem
most certain that the simple law is inadequate to account for
the discrepancy between the observations and computations, is
in the case of the planet Mercury. All such discrepancies are
of the second order of smallness, for the simple law takes care
of the principal features of the motion with remarkable
approximation. The orbit of Mercury is an approximate
ellipse with the Sun in one focus of it. "I'he major axis of this
ellipse does not remain in a fixed position but revolves very
slowly because of the influence of the other planets in the
solar system upon it. 'The rate of this revolution has been both
observed and computed from the simple law of Newton. The
two rates do not exactly agree.

The terms in the series involving the higher inverse powers
of the distance, r, have not been computed in obtaining the
law of gravitation as expressed by (16) above, but they exist,
and this equation is an approximation to the total force, but a
very close approximation. It is not impossible, however, that
these higher terms may have an appreciable effect of the second
order of magnitude in the motions of the astronomical bodies.
If so, one must expect that it will make its appearance first
in those cases where the distance is least, such as the Moon’s
motion and the motion of Mercury. In advance of an actual
demonstration, that is, in advance of finding the complete
series expressing the gravitational force and applying it to the
complicated question of these astronomical discrepancies, of
course there is no way of knowing that the observations can
be accounted for in the way suggested. But the whole
subject is new, and it seems well worth while to watch for all
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possible chances to rectify existing discrepancies, for the
decision whether or not to undertake a work of considerable
magnitude is usually made because of the importance attached
to the theory and to the end in view.

There is one other feature that the gravitational equation (1)
accounts for according to gravitational observations without
requiring any greater approximation, which may be briefly
meutioned. It occurred to experimentalists some time ago
that possibly the gravitational action of a single atom is not
the same in all directions, buc has a symmetry about some
axis. The thcory above given has confirmed this conjecture
and shows that it makes a difference when two atoms only are
concerned how they are oriented with respect to each other.

Crystals being solid bodies in which the atoms are
marshalled in a systematic manuer, it was thought possible
that two crystals might show a different attraction for each
other depending upon how they are oriented. This was put
to an experimental test by Mackenzie, who found that there
was no variation in the attraction between certain crystals no
matter how they werc oriented with respect to each other
to within the accuracy of about one part in 500, that is,
to within the error of measurement of his apparatus.

Since, therefore, the above theory states that there should
exist a variation so far as a single pair of atoms is concerned,
it has scemed necessary to reconcile this with the observation
that has been made with crystals. In order to do this some-
thing has to be known concerning the directions of the axes
of the atoms in crystals. Nothing, howcver, is positively
known concerning these. None of the many observations
made by means of the X-rays on the structure of crystals has
revealed them. If there exist definite directions for any one
of the elementary groups of atoms of which the crystal is
composed, it is most probable that any such groups will be
just like all the other similar groups as to the directions of
the axes as well as to locations. What is true of one group
will, therefore, be true of the whole crystal in respect to the
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gravitational force. If there can be found arbitrarily any
possible directions for the axes of the atoms in one of these
groups, by which the computed force, according to equation (1),
comes nut the same for all orientations of the group, ther it is
reasonable to assnme that this may be the actual arrangement,
and the more especially so if it is also shown for other reasons
that this is the only arrangement possible.

Such a result has been obtained, and it also agrces with
the directions of the axes in cubic or isometric crystals
predicted theoretically some years before this gravitational
theory was suspected. It makes all the atoms in the crystal
divisible into four equal groups, each group having all axes
parallel to one of the diagonals of a cube, or to the medial
lires of a regular tetrahedron, which comes to the same thing.
It is only necessary to treat of one group of four similar atoms
naving their axes parallel to these four medial lines respec-
tively by equation (1) in order to obtain the character of the
whole cffect upon the crystal It has been shown that it is
1mmmaterial how suchsa group is oriented ; the total force upon
the four atoms of a group is rhe same in every direction.

'This result is due to the fact that the quantity, p in (1), is
the only one which varies when changing the orientation. It
is the perpendicular line from an external point upon one of
the four directions representing the axis of one atom of the
group. In getting the sum of the forces for the group of four
such atoms it is necessary to add together the squares of the
four perpendiculars represented by p upon cach of the four
different atoms. ‘This sum has been proved to be constant
independent of the orientation of the group. The statcment
thus made is equivalent to a geometrical theorem, and the
truth or faisity of it was uuknown at the time the gravita-
tional equation suggested it. To add a new theorem to
geometry, and especially from such a source as gravitation, is
especially significant.



CHAPTER 1V.

MoLkcULES :
WITH SYMMETRICAL ATOMS.

Tuk distance between the centres of the nearest atoms in
crystals is in round numbers fournd experimentally to be of the
order of 1078 cm. rather than 1077, 1079, or 107 cm. It may
be as small as ‘55X 1078 cm., or as large as 4x 108 cm. in
special cases perhaps, but the minimum distance always falls
within these rather narrow limits. This was briefly referred
to under the heading ** atomic distances” in the introductory
chapter, but it is a fauct that should be emphasized because it
is the key to the proper understanding of the structure and
behaviour of atoms, and is of the utmost importance. Since
the variation of the minimum distance between nearest atoms
in crystals, and no doubt in all solids, is so small, it may be
called the universal distance of the order of 1078 cm.
Considering the very small size of the negative electron itself,
which is now experimentally established, the experimental
and theoretical dimensions agreeing very satisfactorily, and
remembering that the negative electron is the largest funda-
mental body of charge in point of size that enters into the
structure of an atom, for the negative clectron occupies a far
greater volume than any positive charge, taking all these
things into consideration, it is not at all evident why 107 cm.,
instead of 1077 or 107 c¢m., should have been this universal
distance. And indeed it has not been evident why there
should exist such a universal distance of any value whatever,
for there is plenty of room for distances much smaller or
greater than 107°,
From the fact of the existence of this universal distance it
ems to follow, as a matter of necessity, that there must exist



72 THE PROGRESS OF ATOMIC THEORY.

a causal connection between the constitution or structure of
the atoms themselves and this distance, because one would
expect. a much wider departure from 107° cm. than is found
experimentally if there exists no controlling principle within
each atom. If, however, it can be shown that this universal
distance is closely related to the properties of negative
electrons and to the manner in which they are attached to the
atoms so as to be controlled by them, as is shown in the pages
that follow, then it is not surprising but very natural to expect
a universal distance between nearest atomic centres because the
negative electron forms an integral part of each and every one
of these atoms. The main distance itself between the atoms
will then be determined by the negative electron, and the very
small variations from this main distance will depend upon the
particular grouping of these clectrons in the different kinds of
atoms.

In this chapter, as in the last, we shall deal with the
steady states of atoms when they are neither radiating nor
absorbing energy iu the form of high frequency waves, and
examine the property of the atomic models described in
Chapter II conferred by electrodynamics, that enables them
to unite together to form chemical compounds. The subject
as thus stated is of immense proportions, and only a modest
beginning has been made, but this beginning is of importance,
because no other models to which electrodynamics has been
applied without reservation have revealed the character of the
forces concerned in the so-called chemical affinity. There
exist hundreds of thousands of compounds, and it will
eventually tax the highest types of mathematical analysis yet
developed, as well as the patience of the investigator, to
compute them all, but the fortunate thing is that there already
exists a vast store of experimental evidence accumulated by
the chemist, and at each step the theoretical results may be
compared with and tested by these observations.

In advance of the reasons given later in this chapter, it
may be stated that the forces concerned in holding the atoms
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apart at this universal distance of the order of 10~ cm. are
chiefly electrostatic forces, the forces due to the rotation of the
fundamental charges merely serving to determine the direction
of the axis of each atom. ‘The two things that are chiefly
responsible for the universal distance are the shape of the
electron, it being non-spherical, and the existence of two
atomic constants which have been discovered in connection
with these atomic models. Each of these constants is directly
related to the properties of the negative electron, so that it is
really the presence of negative electrons in all atoms which is
responsible for the existence of the universal distance above
referred to. Onue of these constants is connected with the
energy required to compress the figure of the electron so as to
shorten the minor axis of it and consequently increase its
surface area. The other constant is concerned with the force
required to displace the positive charge, ¢ of fig. 1, slightly to
one side, that is, slightly off from the line joining the two
electrons. These matters will be fully described in due course,
but in order to present the ideas so that they may be intelligible
it scems best to begin at the beginning and develop the
subject gradually.

Quite apart from all thoughts as to the actuality of things,
the mathematical aspects of the problems suggested by the
atomic models with which we are now concerned have many
features of great beauty and sufficient merit to maintain the
interest, to say nothing of the new field that lies open for
atomic physics. How to give rcaders an understanding of the
subject with the minimum of effort on their part has received
some study. The historical order of development would be
the easiest way, but an objection is that the results become
clouded with a mass of detail. It is necessary, however, to
pass througb many successive steps to attain the final result
to be described, and if these steps were omitted there is a
question whether the presentation would have much meaning
or be understood.

At the risk of repeating some of the figures derived in the
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opening chapter, it is best to keep in mind at the outset
the properties of the free fundamental bodies, the negative
electron, and the positive charge ot 2e, for these will be used
in determining their behaviour in the a‘oms and molecules.
The dimensions of the negative clectron supposed to be
an oblate spheroid with charge uniformly distributed through-
out its volume are

semi-major axis: ¢ =325Tx10"%em. . . . . (1)
semi-minor axis: b= 1065 ,, ' N )
eceentricity : e=0M3. . . . . . . 0 L (3

It is equivalent in volume to a sphere of radius
r=2244x10"%em. . . . . . . (4)

The total energy content of the negative electron is equiva-
lent to its mass (m,=0'898 X 107" grams) multiplied by the
square of the velocity of light (¢*=(3x10")’). Hence the
energy, E,, becomes

. Bo=808x10"Terg. . . . . . . . (5)

Similarly, the positive charge of the hydrogen atom is
supposed to be an oblate spheroid with uniformly distribated
charge having the same eccentricity as the ncgative electron,
(8) above. But its charge is +2¢ instead of —e, and its
dimensions are

semi-major axis: « = 7054 x 10~ cm. . (6)
semi-minor axis: 6= 2307 " N ¢

1t is equivalent in volume to a sphere of radius
r=486x10"%em. . . . . . . . (8)

The total energy content of this positive charge is also
given by the product of its mass (1:66 X 10™* grams) by the
square of the velocity of light, namely

E=149%x10"%erg. . . . . . . . (9

For comparison with these encrgies in (5) and (9), it is
mportant to keep in mind that the energy required to
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separate the two atoms of hydrogen forming one hydrogen
molecule to a great distance from each other is

E=538x10"erg. . . . . . . .(10)

This value has been determined experimentatly by Lang-
muir, and the order of magnitude of most of the cnergies of
the heats of formation and the heats of dissociation in many
chemical reactions is well represented by this figure. 'The
energv content of the negative electron is more than 100,000
times, and of the positive charge more than 250,000,000
times this value These facts have a very important bearing
upon the whole behaviour of atoms.

It secms best to gwe at the outset the reasoning that
shows the important part played by the very large encrgy
content of the electron in the formation of atoms and mole-
cules. The oblate spheroid given by (1) to (4) is supposed to
be that of a free electron which is in stable dynamic equi-
librium. Two such electrons will be attracted by the positive
charge (4-2¢) of a hydrogen atom at all distances and will
approach until they come into contact ¥ with 1t, the three
bodies aligning themselves on a common axis as in fig. 1, which
represents a meridian section of a hydrogen atom.

The pressure of cach electron upon the positive charge duc
to the resultant attraction of the other two bodies must cause
a slight flattening of the original figure of the free clectron.
But either to flatten or to expand the figure of the free
electron, which is in dynamic equilibrium, requires that work
be done, and, if the amount ot this change of shape were
known, the energy may be computed, and vice versa, if the
work done were known, the change in shape may be ¢ mputed.
Now the energy so involved represents the difference between
the energy contents of the free bodies and these same bodies
as they exist in the atom, that is to say, it is the energy of
ionization of the free hydrogen atom.

But there are two energies of ionization for an atom which

* (Consult page 34e
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carries two electrons, the first when only one electron is
detached and the second when both are detached. The first
of these is the only one that has ever been measured for
hydrogen, and this is of little service to us. The second
energy must be far greater than the one which has been
measured. In fact, it is so large that the last electron never
leaves the positive charge, at least in laboratory experiments so
far conducted, so that it cannot, of course, be measured. And
so we have never heard of a hydrogen ion with two positive
charges. The maximum charge it has been possible to give it
in the laboratory is one positive charge.

It seems profitable to picture the change that takes place
in the atom during the removal of one electron. Were it not
for the fact that much of the energy of the electron on the
opposite side is transferred over to the one clectron during
the process of removal of the one, it would not be easy to
remove cven one, for in the symmetrical position in the free
atom, of course, each electron shares alike and represents one
half of the very darge energy of the double ionization. But
when one electron begins to move away from the centre of the
atom, its minor axis expands because of the release of the
pressure, and thereby it gives up some of the energy that was
expended upon it during the formation of the atom. At the
same time the minor axis of the opposite electron must
contract slightly because of the increased pressure on that side
due to the removal of the first electron, and thus it is apparent
that there occurs a transfer of some of the energy across from
the one to the other electron.

The comparatively small difference between the gain of
energy of the one that remains and the loss of energy of the
one that departs represents the rather small energy of the first
ionization of the hydrogen atom. This is known experi-
mentally, but is not of much importance for this problem.
The more important energy, which is not known experimentally
and probably will not be measured for some time to come, is
the second or total ionization energy.
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It seems important to attack the problem from the stand-
point of energy, and we shall now consider the problem of
finding a relation between the energy absorbed or emitted by
a negative electron because of a definite change in its semi-
minor axis. When the hydrogen atom is formed as in fig. 1
because each electron is attracted at all distances until they
both come into actual contact with the positive charge, then
the attraction, which still continues, results in a deformation
of the shape of the electron. Since this change is extremely
small for a comparatively large energy change, it may be
assumed that each electron remains an oblate spheroid as
before.  The result of the pressure between the electron and
the positive charge is to flatten the spheroid slightly, thus
increasing its eccentricity and decreasing its semi-minor axis.

The Change in the Energy Content of the Electron for a
given Change in its Semi-minor Axis.

It is assumed as before that the volume of the spheroid,
which has a uniform distribution of charge throughout,
remains constant and fixed, equal to that of a sphere of radius,
r, given by (4) above.

This volume is

V=4 . . . o . 000 (1D

The volume of an oblate spheroid of polar semi-axis, 4, and
equatorial radius, a,, is
Ve=dmadh. . . . . . ... (12)

Equating these volumes gives an immediate relation
between @, and 4, namely,
alb=r o 20 (13)
L

,—r.. D

But in an ellipse the relation between the axes and the
eccentricity is
2
Yoime, ... ... .. )

)
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whence, equating (13) and (14), we have

1 ‘
;:3=1—e"'. N ¢ 1))

The area of an oblate spheroid. S, in terms of its semi-axes

and eccentricity is

wh?, l+e
Tlogl—:. « e e e s e (16)

S = 27ra0’+

By means of the above relations this area is expressible in
terms of the eccentricity and a constant alone, for it is to
be remembered that the radius of the equivalent sphere, 7,

is constant, as
_ 1 ) 1+¢
S = 272 [(l—e’) 18+ 2e(l—e"’)"/‘s log Ce]' . .17

From this expression we desire to find the change in
the area of the spheroid that corresponds to a given change in
the semi-minor axis, and since this change is extremely small,
the differential of S may be employed. Hence, differentiating

(17) with respect t e gives

dsS 2 SRR | -
— D2 —e)Tis g — =13
de = 2 3(1 €?) +e(l &)

_[?(1—eﬁ)-1/=*+‘,1~2(1—e”)?’3] logl—i'e‘lr' - (18)
3 2e e

By means of the equation (18) this may also be expressed
equally well in terms of 7, 0, and e as follows,

5 - e 2041 () [2C) s (T e
‘lé—=2mﬂ{3(b) +€(b) [3 b)+2¢s2 7') log]-_—e}. - (19)
Since we desire the rate of change of the area with respect
to & rather than with respect to e, this may be obtained
by multiplying (19) by de/db, and an expression for this
may be found by differentiating (15) above, giving
3b?

d€_ 3 228 = 2
g S (meB=—gh L (0
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Hence, denoting the quantities within the brace of (19) by
f(b) for brevity, and multiplying (19) by (20), we obtain
dS _dS _de 3mi?
%—;{e‘xd—l;=—~”;—f(l)). e e e e . (21)
When the change in the area is small as now contemplated,
we may say that dS becomes AS=S,—S and that 7) becomes
Ab=b,—b, whence the change in the area in terms of the
change in the semi-minor axis is now determined to be

8-8 ===t/ . . . (2

In order to find the energy change which this change in

the area represents, use may be made of the expression (9) of

Chapter I denoting the surface tension over the entire

surface of the electron. If this is multiplied by the change

in arca the work donc against the tension is obtained. This

tension is
=3 L (29
16 1k : -

Hence to increase its surface by the amount 8,—8 and to

flatten the electron thus reducing its minor axis. requires an
amount of energy

AE =T.a8 =T(8;—S), . . . . . . (24)

and this becomes by the use of (22)
9 h2? .
i = — he—0Y f( 1 e e e (25
AE - ](; ;':‘e/c(.l" Il.f(l)a (2 ’)
which is the expression that was to be found. Taking & in
round numbers as 107 cm. and » as given by (4), the
eccentricity obtained from (19) is
e=09347. . . . . . . . . (26)
Hence, after computing the valae of f{0), which is the
brace in (19), and multiplying it by the cocflicient as given in
(25), we obtain numerically a value for the energy as follows

AE=-'2_2('307x10’°)(bg—b).. S e
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And, again, putting in the numerical value of the charge
on the electron as e=4'763x107* E.S.U., the energy of (27)

becomes
AE=—6'964X106(’!2‘-ZJ). T (28)

"That is to say, 1f the decrease in the semi-minor axis of the
electron in centimetres is multiplied by nearly seven million
the cnergy is obtained in crgs. To illustrate the very small
contraction required in the minor axis for a comparatively
large energy change, consider the formation of the hydrogen
atom. In its free state the value of & given by (2) above
is 1'060x10 " cm. If this is contracted down to exactly
10 ¢m. when the hydrogen atom is formed, it would

mean that

by—b=(1—1065)x10"8 =—0-065x 10" % cm. . . (29)
"I'he corresponding energy change according to (28) becomes

AE = 04527 x10 T erg. . . . . . . (30)

.

And according to the energy content of the negative
electron given in (5) this is the 1/17'85 part of the total.
This would make the energy of double ionization of the free
hydrogen atom double this value because in the free atom the
two electrons are supposedly symmetrical. The numerical
value thus obtained for the energy of the double ionization is
probably much too great, and one reason for giving it in this
way is to show that the contraction of the semi-minor axis of
the electron is probably less than from 1065 down to
1x107® cm. as arbitrarily assumed. However, since the
experimental value of this is unknown, and since the minor
axis must be less than it is in the free electron, it may be
assumed, without affecting any of the results that follow,
that $=10"" cm. in round numbers, and that the eccen-
tricity is 09547 in the free hydrogen atom as computed
in (26).
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The Hydrogen Molecule.

Let us first consider in a preliminary way the process of
the formation of the hydrogen molecule by the uniting
together of two hydrogen atoms of the kind above described.
'The first striking result of an application of the equations
expressing the electrostatic forces which are given below
is, that the second atom exerts a comparatively large force
in one direction upon the two negative electrons of the
first atom and a correspondingly large force upon the positive
charge of the first atom in the opposite direction. The
cffect of these larger forces is necessarily to change the
pressure between the electrons and the positive charge as well
as to displace very slightly the location of the positive
charge to one side of the centre line of the two electrons.
"These larger forces, in other words, have the effect of slightly
deforming the atom itself, thereby producing an internal strain
so that it is no longer a symmetrical atom as it exists in the
free state. We really have to deal with a slightly different
atom when it forms a part of a molecule, as well as during the
process of formation of the molecule, than when free.

It required time and experience to realize that these
deformations are of any practical importance, since they are
evidently very small effects. The reason why they become
important, when examined in terms of the equations expressing
the electrostatic forces between the fundamental bodies, is
because the asymmetry of the deformed atom introduces new
terms in the lower orders of the distance between centres of the
two atoms of the molecule, denoted by ». When it is under-
stood that these forces are necessarily expressed by an infinite
series in terms of 7% 7% r7 etc., and that without some
special condition imposed upon the coefficients of the terms
the series is extremely convergent so that its first term
represents practically the whole force, it appears that for
perfectly symmetrical atoms the whole force of the one upon
the other obeys the inverse sixth power of the distance law.

G
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All of the coefficients of the odd powers of 7 vanish because
of the symmetry, and the inverse second and fourth powers
vanish in summing up the nine forces on the individual
charges taken in pairs, one trom each group of three charges
in each of the two atoms. This matter will be proved in
detail later in this chapter.

With a deformed atom, however, not only do carlier terms
appear of lower orders in 7, but the odd powers are present as
well.  Because of the very small amount of deformation the
inverse fourth and fifth power terms compare as of equal
magnitude with the important inverse sixth power term, and
they are therefore not to be neglected. It is the simultancous
co-operation of these three terms of the foree series which
produces an cquilibrium position for the two atoms at a

Fia. 3.

UU iV,

Two coaxial hydrogen atoms.

distance of the order of 10 * cm., for a single term never could
produce this result.  The distance between the atoms turns out
to be immediately dependent upon the atomic constants above
referred to, which makes it depend directly upon the
properties of the clectron, common to all atoms., This matter
may be understood so much more readily when the various
steps of the process are clearly understood that we shall
proceed at once with the systematic development.

Let us begin with the simplest case and imagine two
hydrogen atoms according to the model placed so that they
have a common axis as in fig. 3. The one atom is denoted by
ABC and the other by abe, C and ¢ being the positive charges
of 2e each, the distance between C and ¢ being denoted by 7.
We are confronted at once by the difficulty that no solution
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has cver been obtained for the electrostatic force upon a solid
oblate spheroid of charge duc to another similar charge,
assuming the inverse square law as between the infinitesimal
elements of the charges. It is necessary to make some kind
of an approximation to the shape of the charged bodies in
terms of things tor which the solution has been obtained. A
very rough approximation may be obtained by making cach of
the bodies spheres, but it will be shown that this approxi-
mation is not sufficiently near to be trustworthy. 'The result
when spheres are substituted for the oblate spheroids is of
some interest for purposes of comparison with the results
obtained by a closer approximation given below and seems
worth some consideration on this account.

Fia. 4.

B — ,
AC B bca

Representing the centres of the charges in two hydrogen atoms coaxial with
eanch other. C and ¢ are positive charges of 2e each,and A, B, «, and b
are the centres of the negative elactrons.

It is well known that uniformly charged spheres behave
electrostatically towards cach other just as if all of their charge
were transferred to the centres of the spheres.  This does not
have reference to charged conductors within which the charge
has an opportunity to flow from part to part. Even with them,
however, their behaviour is such that all of the charge may be
considered concentrated at one point, but this point is not the
exact centre of the sphere and is farther and farther from it
as the distance between the spheres becomes smaller and
smaller compared with the radii of the spheres.

Let us therefore substitute fig. 4 for fig. 3, in which each
charge is represented as concentrated at a single point. The
method of computation of the forces is so straightforward and

@2
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simple that it may be of interest to follow it in detail. There
are nine separate forces to be computed, since there are nine
different pairs of charges when but a single charge is taken
from each group, but some of these pairs give the same result
as others, so there are less than nine expressions to find.

The force of the positive charge, ¢, upon the positive
charge, C, at the distance 7 is

\ e? .
F =C(=4)02 . . . . ... 3D
conC k
The negative sign indicates that the force is repulsive.
The force of @ on C at the distance r-+& is attractive, one
charge being positive and the other negative, giving
CREDE L (32)
The force of & on C at the distance r—0b is also attractive,
giving
. o2 0 a
COF =T @0=0" L (33)
bon C ke
If these three forces are added together we obtain the
force of the whole atom, abe, upon the positive charge, C, of
the first atom.  T'o facilitate the addition it is best to develop
cach expression in infinite series. Kxpanding (r+0)7* by the
binomial theorem gives

(r+0)"2 = =2 =20r=34 302~ — 403 + Hb4r— B —GlPp~7
+ T00 =8 =87 p=9 4 9P8p-10, | 34

The expansion of (r—5)™* gives exactly the same series of
terms except that all the signs are positive instead of
alternating as in (34). When these series are used in (32)
and (33) and both these forces arc added the first term is

;:(4)1“'"'. If the force (31) of the positive charge on the

positive charge is now added to the other two forces, the 2
term cancels. And, again, when the series (34) is added to
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another with all signs positive, all of the odd power terms
cancel. This is because the distance ca of fig. 4 is assumed
to be exactly equal to ¢b, the atom being symmetrical. If
these distances were slightly different the odd power terms
would not cancel. The sum of (31), (32), and (33) gives the
force upon the positive charge, C, of the first atom due to
the whole of the second atom, and is

F o= & (120074 + 2040 4 280854 36040, . ). . (35)
HyonC

This force being positive shows that the second atom
produces an attraction upon the positive charge of the first
atom. Neglecting the numerical coefficients, which are very
small as compared with the literal parts, it is scen that the
ratio of cach term to the next succeeding term is not only

constant but assumes a very large value. for we have

b2p=t Wm0 PSp8
Pir=6 T JopmR T pEpmt0t

=07 0 L L . (36)
and when numerical values are substituted, » being of the
order of 107" ¢m. and r of the order 10™® ¢m., it is seen that
this ratio is of the order of 10". Hence the first term ot
the series is all that is effective, and the law of variation of
the force is as the inverse fourth power of the distance. The

magnitude of the force is (—;(12)10“ dyues, the equivalent of

the force between two clectrons at a distance of 2:89 X107 cm.
from cach other.

Let us next compute the force exerted by the atom, abe,
upon the single clectron, A, of the first atom. The force of
¢ upon A at the distance r+4 is evidently the same as that
of a upon C at the same distance, given above by (32). The
force of a upon A at the distance r=420 is

B‘ (,2 -2 [}
=Z(=Dir+2)™ L (D)

aon A
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When expanded into series this is equivalent to

2
F = ‘]" (=1)(r2—4br=3+ 1204 — 32" =5 4 80b*»~°

aon A

—1920%r7 4+ 448155 — 102407r=% + 23040%-10 . ). (38)

Lastly the forcc of 4 upon A at the distance, r, is merely
the inverse squarc term, namely
F o= (=1 (39)
=2
Hence the sum of (32), (38), and {39) gives the whole force of
the atom, abe, upon the single electron, A, of the first atom,
giving
2
' = z (= 60244 24672 = TOW =5 4 180H°» T — 13 405p %
Hyon A
’ + 10081799 — 22860410 . ). (40)

The odd powers of 7 appear in this expression because the
single electron, A, unbalanced by the other electron, is not
a symmetrical structure around the centre, C. 'The force upon
the remaining electvon, B, due to the whole atom, abe, may be
found in a similar manner. The force of ¢ on B is evidently
the same as that of 4 on C given by (33). The force of & on
B is evidently the same as (38) provided the signs in the series
do not alternate but are all positive. And the force of e on B
at the distance, 7, is the same as (39). Hence by adding (33),
(89), and (38) with signs of all terms the same we obtain
precisely the same serics of terms as that given in (40), except
that all signs are negative instead of alternating negative,
positive, and so on. Therefore when the forces upon the two
electrons, A and B, due to the atom, abe, are added together
all the odd power terms cancel and the even terms have
cocfficients double those of (40), giving

2
Fo= % (= 12084 = 140k4-0 —86815~8 —457206%-10. . .).  (41)
Ali)i:snn

The first term of the series as before gives practically the
whole force, and the odd power terms have vanished because
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of the symmetry. Comparing with (35) it appears that the
force upon the positive charge is equal and opposite to that
upon the two electrons together, each force being of the order

2
of % (12)10° dynes.

The force of the whole atom, abe¢, upon the atom, ABC, is
found by adding together (35) and (41), giving

2
F =%(—-1206‘4"“‘-—8401)“)"“-—45361)81"‘0...). . (42)
abc on
ABC

Here the force is repulsive and the first term represents
practically the whole force.  Taking as before § of the order of
10713 cm. and 7 of the order 1078 cm., #476=107%, and the

force given by (42) becomes 2(—()'01‘2) (dynes, a force about

equal to the repulsion between two electrons at a distance of
9 cm. from each other. 'This force is 10° times smaller than
the force upon the positive charge (35) or upon the two
electrons together (41). It also shows that the force is
repulsive at all distances, the sign of every term being negative,
and hence there is no possibility of reducing it to zero and
attaining an equilibrium at any distance for these two coaxial
atoms.

Let it now be assumed that the two atoms are not situated
in the coaxial position as represented in fig. 4, but that they
occupy a general position having parallel axes as represented
in fig. 5, the co-ordinates of the centre of the second atom, abc
or H, namely ¢, being (z, z), the z-axis being the polar and
the #-axis the equatorial axis. The method of computation
is the same as that just carried out and will not be given in
detail here. The result, however, must evidently be expressed
in terms of the position occupied by the two atoms. For
convenience all forces are resolved into two components, the
one along the 2- and the other along the z-axis. Denoting the
direction cosines &/ by X and z/r by Z, it may be shown
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without much difficulty that instead of (35) the force upon the
positive charge, C, of the first atom at the origin is given by
the two components,

2
¥, =iX[—Gb"r"j},d%)+-‘iib"r-°_/;,6(Z)...], .. (43)

Hzon C
2
¥, = A6 S D)+ 3 aa (D) ], L (4
where the functions of Z are given by
fod) =152 . . . . . . . . (45)
JuolZ) = 1=14724212%, . . . . . (46)

fosll) = 3=54% . . . . . . . . (40
fooll) = 15—=T0Z+63Z% . . . . (48)

Fre. 5.

Hydrogen molccule assuming spherical electrons.

‘The series, as now developed, includes the r~¢ term only
because it may be shown that this is as far as it will be
required on account of its very rapid convergence. In a
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similar manner the process above outlined may be carried out
to find the force upon the two clectrons, A and B together,
due to the second atom, and instead of (41) above for the
coaxial position we have for the general position

o2
F, =‘ZX[(ib’r“fz,4(Z)—'—3~"I:‘r'°j;,5(74)...],. .. (49)
Fen

F. =2;Z[t;z,ﬂl--*ﬁ,4(Z)—3._,-"1;4,--%6(Z)...], . . . (50)

0

where the functions of Z are given by (45) to (48).

To find the force upon the first atom due to the second
take the sum of (43) and (49) for the a-component, and of (41)
and (50) for the z-component, giving

2
B, =" X[—450r= ()], « o o o . (BL)

H on I,

F, = CA[ =150 0ul). ] o . o . . (59)

‘These more general equations reduce immediately to those
previously given for the coaxial position of the two atoms
when X=0and Z=1. The 2-components (43), (49),and (51)
vanish because X is a factor, and (44) becomes cqual to (35),
(50) to (41), and (82) to (42).

It is not profitable to pursue this simplified type of atom
any further, because these equations show that there can be no
stable equilibrium position where the two atoms will stand in
equilibrium at any distance. Subsequent terms in the higher
powers of r are of no value, and no values of the two variables
Z; and r will reduce both the 2- and z-components, that is the
total force, to zero as it must be at the position of stable
equilibrium.

At first thought, without giving the matter full considera-
tion, one might have imagined that no equilibrium for a system
of point charges of this kind should be expected because of
the general theorem of electrostatics due to Ernshaw. The
theorem, however, can have no bearing on this problem, for
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the reason that another condition has been imposed, since the
two axes of the atoms have been assumed to be parallel to
each other in all positions. This result is brought about by
the rotation of each fundamental charge upon its own axis,
which gives rise to an clectromagnetic force that is not
included in Ernshaw’s purely electrostatic theorem. It is this
rotation that keeps the two axes parallel, but after that we
are mercly concerned with the electrostatic forces, and these
are all that need be computed.

Circle-and-LPoint Electrons in a Symmetrical Atom.

The next form of atom subjected to computation approaches
the form of fig. 1, represcnting oblate spheroids much closer
than the above assumption of simple spheres. This new
computation now to be described still assumes, however, a
perfectly symmetrical atom, and makes no allowance for any
internal strain. On this account, in the light of subscquent
experience, it could not be expected to be entirely successful
and satisfactory. ecause the solution of the electrostatic
problem of finding the force exerted upon one oblate spheroid
such as above described due to a second one, on the assumption
of the inverse square law as between the infinitesimal elements
of charge, because this problem has never been solved, it has
been necessary to approach the condition of the model of
fig. 1 by the use of solutions which are available.

In this closer approximation to the spheroid of the electron
the sphere inscribed within thé spheroid, having a radius, 8,
equal to the semi-minor axis of the spheroid, is imagined to
be cut out, and the electron thus divided into two different
parts. 'This leaves a ring of charge thickest at the equator
and tapering in thickness toward the poles. The total charge
of the electron is thus divided mentally into the sum of two, a
sphere and a ring. 'The sphere may be represented for
mathematical computation by a charged point at its centre,
and the ring may be approximated by considering it as the
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equivalent of a circle of the proper radius, whose centre
zoincides with the centre of the spheroid and whose plane is
the equatorial plane. The oblate-spheroid electron is thus
replaced for mathematical requirements by a circle-and-point
electron. The approximation is close, however, and the
eccentricity of the spheroid is represented in the circle-and-
point electron. A change in the eccentricity of the spheroid
changes the size of the inscribed sphere, and becausc the
charges are proportional to their volumes, some of the charge
changes over from the point to the circle and vice versa in the
circle-and-point electron.

Denoting by p the ratio of the charge on the circle to the
whole charge of the electron, e, it is casy to show that p is cqual
to the square of the cccentricity of the spheroid, as follows :—
Let I, denote the charge on the inscribed sphere and K, that
on the ring or circle, then evidently

E4+E, =6 . . . o 0000 (5Y)

And by the definition of p above evidently the charge on

the point is
Ei=0=pe, . . . . . . . (34
aud the charge on the circle is

E;.:pe. (.—)5)

Because of the assumption of a uniform density of charge in
the electron, the charges on the spherc and ring are pro-
portional to their volumes; whence it follows that
~ Volume ellipsoid e e _ 1 _dwafb_af (56)
Volume inscribed spheve ~ B, ~ e—1, ~ 1—p~ 4mb® ~— ¥’
where @, and b are the semi-axes of the ellipsoid.
Solving (56) for p we have
2__12
p= Tl e 6T
a,’
where e is the eccentricity.
This ratio, p, like ¢, is always unity or less, and as the
form of the spheroid changes from a sphere to a very flat
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spheroid more and more charge shifts over from the point
to the circle. For the sphere both p and e are zero, and
E,=e, while E;=0. As p approaches unity, E, approaches
zero, and E; approaches e.

The electrostatic force of one spheroid upon another is thus
simplified to depend upon the force of one circle upon another,
and fortunately this latter is obtainable*. The resulting
series expressing the force of one circle upon another and the
force of one circle-and-point electron upon another derived
from it are too long to be printed here, and the reader is
referred to the original sources given in the references.
It will be necessary to pass over the processes of computation
and content ourselves with pointing out some of the results
obtained with this form of electron. In the first place, the
law of torce between two circle-and-point electrons is no longer
the simple inverse square law as it was between the two
spheres considered in the last example, and not only so but
the force has a different expression according to whether the
two electrons are in the coaxial position or are in the
equatorial position, or are located at some intermediate
position.  Then, too, the electrons may not have exactly
the same eccentricity, which is the case when they constitute
parts of atoms, so that different values of p and of the radii of
the circles denoted by e have to be employed. The subscript
(1) refers to the values belonging to the first electron and
(2) to those of the second. It will be of interest to give
the expressions for the forces upon a first electron due to
a second in the two important positious, the coaxial or polar
position and also the equatorial position, the axes of the
two clectrons being parallel to each other in every case. The
force upon the first electron in the coaxial position is given by
the series of terms,

F. = '/E.. [—r=2+ Hputs® + pra® )~
— 18 (4popiar®a® + poast + pyad)r=t...].  (58)

* A, C. Crehore, Phil. Mag. p. 69, July 1913; p. 901, May 1922; p. 854,
May 1925,
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And the force upon the first electron due to a second electron
located in the equatorial plane of the first electron is given by

F.= ‘]: (=72 —§(paas® + pya,%)r~*
=313 dpepiasiarl’ + pra’ + pry') =L (59)

When both of these electrons have the same ceeentricity,
so that p,=p, and a,;=a,. (58) becomes

2 "
F. = 2 [—r 24 3pa2r= =22+ 1)pa*r=0. ], . . (60)
and (59) becomes
2
K, = ; [—r2—ipatr==43(2p+ )pa*r=¢.. . ]. . . (61)

These series show that the force of repulsion between the
two clectrons in the cquatorial case is slightly greater than
when the electrons are spheres, since the first term represents
the repulsion between spheres, and the other terms, all being
negative, are added to this force according to (61). It is
apparent, however, that the amount of change in the force at
distances of the order of 107" cm. must be very small, because P
is equal to the square ot the cccentricity of the spheroid,
of the order of unity, and @ must be only slightly greater than
107" e¢m. Taking pe® as of the order of 107 and 7 of the
order of 107" the terms within the brackets of (60) and (61)
become respectively 10", 10% 107, etc., decreasing by 10"
from term to term. At this distance, therefore, the force
is but slightly increased in the equatorial case expressed by
(61) and is decreased in the polar case expressed by (60) by
twice the amount, the = and following terms being quite
negligible,

As the distance between the clectrons is decreased from
107" c¢m. the higher order terms become greater and greater,
but the second term of the series docs not become as great as
the first term until the distance is reduced to the order of
10-*cm. At socha small distance the #~° term and following
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terms are each as large as the first term, the series becoming
non-convergent and of course useless. It cannot be applied
when the distance becomes less than the value where the
convergence is slow, but it is not designed for use under
these circumstances. ‘The circle-and-point approximation to
the form of an oblate spheroid ceases to be approximate when
the distance between the clectrons compares with their own
dimensions. It might seem at first that at distances of the
ovder of 10~ ¢m. these very small terms might be omitted, but
this is an crror, because these terms are all that is left in
certain cascs after the inverse square term has been cancelled
by the presence of other charges. :

Let us again pass over the process of computation, which
follows jthe general plan given in full above in the case of
spherical clectrons, except that rapidly convergent infinite
serics must [be used instead ot the more simple inverse square
law to cxpress the forces betwcen any pair of elementary
charges, and write down the result as follows :—

F, = X{—6(b—4pa)r=f.,«(4)
Hzon C

+I 2200 —60%pa® + fpa' )r=Cfr,6(Z) . . ], . . (62)

2
B, =ZA[—6(—pa?yrfs (Z)
+3(20* — 602pa® + pat)r-8foe(Z) ...], . . (63)

where the functions of 7 are as given by (49) to (48).

A diagram representing the hydrogen molecule with circle-
and-point electrons to which thesc equations apply is shown
in fig. 6.

These cquations are gcueral in so far that the form of the
electron may be changed at plecasure by assigning different
values to p, b, and @, which changes the eccentricity of the
ellipsoid without altering its volume or its charge. If, for
example, p is put equal to zero, it is equivalent to saying that
the electrons are spheres, and making this substitution for p in
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(62) it becomes identical with (43) above computed for the
case of spherical electrons. Similarly (63) reduces to (44).
So the result in these last equations is more general, including
the former as a special case. Just as before, however, the
series begins with the inverse fourth power of the distance
term and only the even power terms are prescnt. This is
because the atom is still assumed to be symmetrical and
undeformed. 'The value of the force now, however, is com-
pletely altered, since it depends upon the relative values
of & and 4pa’. If these quantities were equal to each other
the ™! term would vanish entirely, or, if the latter part is

Fia. 6
a
i 2
b —
F
T y2 e
—— B

Hydrogen molecule with symmetrical atoms nsing circle-and-point electrons,

larger than 4% the sign of the r~* term is reversed. Iet us
denote the binomial which occurs in the coefficient of the
r~ term by P so that we have

P=0—fpd . . . . . . . . (64)

Derivation of the Numerical Value of P.

The numerical value of P may be derived as follows. For
the purposes of approximation to the oblate spheroid by the
substitution of the circle-and-point electron in its stead, it may
be assumed that the ring is best represented by a circle whose
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radius is equal to the radius of gyration of the ring, and it will
be recalled that the ring is that part of the spheroid that
remains after cutting out an inscribed sphere. ‘The moment of
inertia of the oblate spheroid about its minor axis is, assuming
a uniform density, d, throughout its volume,

Io,s = (Gmra2bd)(das®), . . . . . . (63)
the first factor in parenthesis being the mass and the second
the square of the radius of gyration of the spheroid. The
moment of inertia of the inscribed sphere is

Tg = (4mlPd)(46Y). . . . . . . . (66)
"The moment of inertia of the ring excluding the inscribed
sphere is the difference between (65) and (66), namely
Ix = lo,s—Ls = dwbd(u—b*)a® = dwbd(a,* =) (4), . (67)
where « represents the radius of gyration of the ring, a, the
semi-major and b the semi-minor axis of the spheroid. Hence
@ =4l ), . . . . . . .. (68)
where a is the radius to be found that is used in the circle-
and-point electron. Now according to (14) above we have the
relation between the eccentricity and the semi-axes as follows,
&
2 o 3
Q=T e e e e . (89)
and according to (26) above the eccentricity of the electron in
the atom is e=0'9547, or
1—e = 1—0901145 = 008875, . . . . (70)
Whence by (69) we find

af =11'3x10"%em®* . . . . . . (71)

And by (68) we have
a? = (113 +1)x 10~ = 4:92x 10-%, . . . (72)

or
a = 2218x10"" and ¢y =336x10-Bcm. . . (73)

The value of P may now be found by the use of this value
of a, for by (57) we have p=¢’, and hence
pa’ = 091145 x 4°92 x 107*% = 4'484 x 10-28 cm.? . . (74)
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And, since #*=10-% cm. it follows that

P =11—}pa® = (1—2-242)x 10~ = —1:242x 10, . (75)
which was to be found. Accordingly the value of P is negative,
the second term of the binomial exceeding the first in value.
For the purpose of computation in subsequent sections the
value of P used is the round number minus one and a quarter
times ten to the minus twenty-sixth power.

The Force upon the Two Electrons and wupon
the Whole Atom.

After this brief digression in deriving the numerical value
of P let us return to a consideration of the forces. The force
upon the positive charge of the first atom due to the second
atom was given by (62), (63). Ina similar manner the force
upon the two electrons, A and B together, of the first atom
due to the second atom is given by
F, = ¢ X[6Pr*f(Z)

H, on

A+B

15 (1418 — 180%a? + 3p%a* + 3pa )= frs(Z)...], (76)
Z6Lr=1 £, 4(Z)

—2(140* + 18b%pa® + 3p%ut+3pat)r=C 1, 6(Z)...], (T7)
where the functions of Z are given by (45) to (48).

Since we now know that the value of P which occurs in
the coefficient of the »™* term is not extremely small but is of
the order of 77, it follows that at distances between the atoms
of the order of 107 cm. the r*term is approximately 10"
times greater than the r™* term just as it was in the previous
example with spherical electrons given by (43) and (44) above.
"The force upon the positive charge of the first atom or upon
the two electrons due to the second atom, therefore, obeys
the inverse fourth power law very approximately. But it is to
be noticed also that the 7~* terms of (62) and (63) are exactly
equal and opposite respectively to the r~* terms of (76) and
(77), and, therefore, in taking their sum in order to obtain the
force of the second atom upon the first atom, these terms cancel

and leave the series beginning with the r7° term precisely as
H

I, = z
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was the case with spherical electrons. Adding (62) and (76)
for the z-component of the force gives
¥, = §X[—45P2,--6,/;,.,(Z)...], C ... (18)
Hyon H;
and adding (63) and (77) for the z-component gives
F, = CA[~15P%8u(Z). ], - L . . (19)

H, on H,

which may be compared with (1) and (52) for the case of
spherical electrons. The only difference between the two
expressions is in the substitution of P? for 4' in the coefficients,
and since P* is always positive the sign of the force is not
changed but only its magnitude in the ratio of about 1:56
to 1. When p is made zero the latter equations reduce to the
former as before. And, just as before, the next term of
the series is the »* term, that is about 10" times smaller than
the »~® term and is of no consequence. It is not profitable to
pursue this symmetrical type of atom any further for the same
reasons that were given in the case of the use of spherical
electrons, There *can be no position of stable equilibrium
where the two atoms will stand in equilibrium at any distance.
No values of the two variables, Z and », will reduce both
the 2- and the z-components, that is the total force, to zero as
it must be at the position of stable equilibrium.

"The part played by the comparatively large forces expressed
by the ~' terms in (62) and (63) cannot be neglected because
the energy changes that take place as the molecule is being
formed are necessarily connected with these larger forces, but
these are manifested only within the atom itself producing an
internal strain. The internal stress deforms the atoms
themselves very slightly so that they are no longer the perfectly
symmetrical bodies that have been assumed up to this point
of the investigation. When these strains are taken into
account the problem becomes much enlarged in scope and
more complex, but if this is the truth of the matter the
situation must be faced.



CHAPTER V.
MOLECULES (continued):

Witii UNSYMMETRICAL AND D EFORMED ATOMS.

Tue effect of the a#-component of the force of the second atom
upon the positive charge and upon the two electrons of the
first atom of the hydrogen molecule is to pull the one to the
right and the other to the left, thus very slightly displacing
the positive charge off from the line joining the centres of
the two electrons, as illustrated in fig. 7. The sum of these
displacements in the two atoms of a molecule may be denoted
by Z, while 7/2 denotes that in the single atom of fig. 7. The
amount of displacement in one atom will be shown te be less

Fie. 7.

".'%"’
Hydrogen atom with circle-and-point elcetrons illustrating
the a-displacement.

}

o
=

;

1

than the radius of the positive charge itself, and in order to
show it in the figure it has been greatly magnified. Circle-
and-voint electrons are illustrated, but it should be kept in
mind that the electrons are oblate spheroids in contact with
the positive charge.

The effect of the z-component of the force is to increase the
pressure between one electron, say B, and the positive charge,
and to reduce the pressure between the other electron, A, and

H 2
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the positive charge. 'This increases the area of the surface of
the one electron, B, and reduces slightly its semi-minor axis,
but not necessarily by the same amount as that of A is in-
creased, since the force of the second atom upon A differs
slightly from that upon B because of their different distances.
Fig. 8 represents the cffect of the z-component of the force
upon the first atom together with that of the w-component.
The vertical distance from A to C has increased from & in
fig. 6 to b, in fig. 8, while that from B to C has diminished
from & to ;. It is of course conceivable that the minor
axis of A increases by just the same amount as that of B
decreases, in which case the vertical distance from A to B.

Hydrogen atom illustrating both the - and z-displacements.

would remain unchanged. But when the axis of A increases,
this electron performs work giving up some of its energy
content, and similarly, when the axis of B decreases, work
must be done upon it to increase its surface area, and it
consequently absorbs energy. It the amounts of the increase
of the axis of A and the deccrease of that of B were the same,
then all the energy given up by A is reabsorbed by B, and
there occurs no total change in the energy content of the
atom. As long, thercfore, as the vertical distance from the
centre of A to that of B remains the same as it was in the free
atom, so long does the energy of the whole atom remain
unchanged. But if the distance AB increases over and above
its value in the free atom, then work has been done by the
atoms in forming the molecules at the expense of some of the
energy content of the electrons as they existed in the free
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atoms. Since it is true that work must be done by outside
influences to separate the molecule of hydrogen into free atoms
and thus restore the two electrons to the condition they have
in free atoms, it may be concluded that the distance AB must
be very slightly greater when the atom forms part of a
molecule than when the atom is free. This also means that
the over-all axial distance from the top surface of A to the
bottom surface of B in fig. 1 must be slightly greater in the
molecule than in the free atom.

The Energy of Dissociation of the Hydrogen Molecule.

Let it be supposed, therefore, that the semi-minor axis of
the electron, A, increases from & to b, and that of B decrcases
from & to b, so that the change in that of A is 4,—5 and in
that of B, &,—b&. then according to thc result derived in
Chapter 1V, ecquation (28), the change in their respective
energy contents is

for A,  AFs=—0964X10%(by—0), . + . o « . (1)

and for B, AEg = —6964 % 10°(b,—=b). . . . . . . (2

The sum of these energy changes represents the work done
by the atom in forming the molecule, and is

AE = AE, + ABp = —6-964 X 10°[(bs+0,)—26], . . (3)

which must be negative as vepresenting a loss of energy
content on the whole. Now 2(b,+0,) is the polar diameter
of the atom when it is in the molecule, and 44 its diamecter
when the atom is free, so that it is evident the new diameter
must be greater than the free diameter. 'This neglects the
very small diameter of the positive charge of the order of
10" ecm. which cancels, however, in subtracting.
The new semi-minor axis of A may then be expressed as

[}2=[I+a+/l, e e e e e e e . (4:)

and of B,
by=b—qa, . . . . . . . . . ()

where @ now represents the major part of the change in the
semi-minor axis as the molecule is formed from free atoms,



102 THE PROGRESS OF ATOMIC THEORY.

and % represents the very small excess of change of electron A
over that of B. From this we find that

bg=by = 2a+h and by+b =2+4 . . . . (6)
or

h= (b= . « . . . . . (1)

Hence by (3) and (7) % is not only proportional to the whole
work done in forming the molecule, but it also represents half
the difference betwcen the new and old polar diameters of
the atom. '

The experimental value of the cnergy of dissociation of
the hydrogen molecule as determined by Langmuir, namely
58X 107" erg per molecule, may now be employed to deter-
mine the very small length, A Since the energy per atom is
onc half of the energy per molecule, we have by means of (3)

B

Al = =510 = Al +AKy = —6961x10%, . . (8)

wheunce the value of 4 becomes known numerically as

H8

=y 6081

10°¥ = 04164 x 10" 8 em. . . . . (9)

This is its value at the point of equilibrium of the two
atoms when in the molecule, and it is about one two-hundred-
and-forty-thousandth part of the semi-minor axis of the
electron itself. 'The principal change in the semi-minor axis
is, however, greater than 4, that is to say the « of (4) and (5)
is considerably larger than A.  The value of ¢ will be
determined later in this chapter.

The Forces acting upon the Individual Bodies of the First
Atom of the Deformed dolecule.

The complication that arises when allowance is made for
the internal stresses within the atom itself as the molecule is
formed, is due to the circumstance that there is no longer a
fixed atom that may be moved about from place to place as
there was in the cases considered in Chapter IV, but the
atom itself now changes with each new position. Instead of
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having but two variables to manage, Z and r as before, there
are now five variables, namely, Z, r, /, b,, and &,, all of which
change in value with the relative positions of the atoms.

Although the complete expressions for these forces have
been derived without omitting any terms, they are too long to
be given here, and the reader is referred to the original source *
for the full equations. IIowever, when the correct numerical
values are introduced, these longer expressions take a rather
simple form because many of the terms are negligibly small,
and the shorter expressions may be given here. Denoting
by /2 the small displacement of the positive charge, shown in
tigs. 7 and 8, and by D the difference between the semi-minor
axes of electron A, and clectron B, namely D=b,—b,, the
force upon the positive charge, C, of the first atom due to the
second atom of the hydrogen molecule is as follows, recalling
the definition of P in (64) of Chapter 1V:

c

B, =% {—2[(2—372)—=3XZD]r 3= 6(1 =52 XDr=4.. .}, (10)

II, on C l‘:

¥, = |- {—2[8XAL+ (L= 32 D]r = 6(3—5Z) A0y . (11)

)

Thesc may now be compared with the corresponding forces,
(62) and (63) of Chapter 1V, for the case of symmetrical
atoms. It is to be observed that they reduce immediately to
the #~* terms of the latter respectively when the displacements
7 and D are put equal to zero. And the »7° term is not
required here any more than it was therc, because it is
about 10" times smaller than the 2~ term. 'The noticcable
change that has taken place is the appearance of an r~* term
in (10) and (11) which did not occur in (62) and (63), but
these contain / and D as factors, and consequently vanish
when they are vanishingly small. These terms cannot be
neglected, however, because very small values of / or D will
make this 7~ term of equal importance with the r~* term
simply because the order of the term as to r is lower. 'The
r~® term as here given is complete, no parts of it having

* Phil. Mag. May 1925, p. 864.
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been omitted, but in the full expression there are other parts
of the r™4 term containing both ! and D which have been
omitted because they are all very small as compared with the
principal part that has been retained.

The Values of the Displacements, “1” and « D.”

Now, as before stated, the force (10) upon the positive
charge including the equal and opposite force upon the two
electrons, A and B, is the cause of the small displacement,
/2, in the equatorial direction. And, similarly, the force (11)
in the polar direction is the cause of the change in pressure
between electrons and positive charge, that is to say, is the
cause of the small difference in the semi-minor axes, D. Yor
very small displacements such as those contemplated it is
legitimate to assume that the displacement is proportional
to the force producing it. This is the same as saying that the
force F, in (10) may be set equal to the displacement, 7/2,
multiplied by some constant, say : p. Which is strictly charac-
teristic of this form of atom. 1lence we may write

P

‘.L == I . . . . . . - . . 12
HyonC k P 2 ( )

And, similarly, for the polar component of the force ¥, in (11),
we may write

"%(‘: —%p;D, P ¢ 53

2
22

€ . A . . ~ .
where L P18 also a constant strictly characteristic of this form

of atom, but differs from the first constant. The negative
sign is required in (13) because of the definition of the
quantity I) as equal to 4,—0,. Had D been defined as equal
to b,—0b, the negative sign would not have been required.
This is made evident by a reference to fig. 8, which represents
the first atom of the molecule, 1,, or by fig. 9, which shows
both the atoms, ll, and H,, of the molecule. If the
z-component of the force upon C due to the second atom
is positive, it acts -in the upward direction in fig. 9 and must



MOLECULES ! WITH UNSYMMETRICAL AND DEFORMED ATOMS. 105

contract the axis of electron, A, denoted by &, and expand
the axis of B, denoted by &, Hence in this case b, must
be less than &,, and b,— &, is negative when the force, F,,
is positive. The negative sign in (13) corrects this and makes
(18) positive when (11) is positive, the assumption being that
both p, and p, are constants essentially positive. On the
other hand, when the force upon C is negative and downward
in fig. 9 then J, is greater than &4, and D is positive, so
that the negative sign in (13) is correct in all cases.

Fra. 9.

The hydrogen molecule with deformed or strained atoms,

According to its definition in equation (12) the meaning of

2

€ . . . . .
the constant, T Por 18 the force required per unit of distance,

that is, per unit of displacement, of the positive charge off from
the line joining the centres of the two electrons, A and B,
which tend to hold the positive charge at the exact centre. A
computation of this force and this constant might be made
independently if we possessed the complete expression for the
force of one oblate spheroid of charge acting upon another, but
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this is not yet known. It is also evident that the approximate
form of the electron used above, namely, the circle-and-point
electron, will not answer even approximately for such a purpose
where the charges are so close as to be in contact with each
other. The displaccment contemplated is so small that the
dimensions of the positive charge itself are large in comparison
with it, so that the positive charge may no longer be con-
sidered as a point charge for this purpose.

)

¢
On the other haud, the constant, 4P defined by equa-

tion (13) can be determined approximately from the change in
the cnergy content ot the electrons because of the change in
their surface areca which has been discussed in Chapter IV, and
a numerical value of this important constant will be derived
in a subsequent section of this chapter.

Let us now return to the derivation of the values of the
displacements, { and D. By cquating the two expressions for

. e .. e
¥, in (10) and (12) the quantity i cancels giving the equation

l
— 22 =321 4 6XZDr—3 = 6(1= 570X Pr 4t = po5, . (14)

which may casily be solved for the displacement, /, in terms of
D, r, Z, X and constants as follows :

3XZDr3—3(1—543)XDr -
1-— —‘__(:Z-—_.'}.Z:)-q—:"—{-p,/{- T e e e . . . (ld)
And again, by cquating the two expressions for I, in (11)

]

and (13) the quantity C/L cancels giving
— 6XZlr3—2(1 = 3Z%)Dr=3— (3 —5L2) ZPr—* =—p.D. . (16)

Solving this for / gives a second independent expression
for this variable as follows :
Frm (1= 8L B-su,
_—-—:_W— _— x r . . . « o

The latter expression for / involves the constant p,, while the:
former (15) involves p,. Upon equating the two expressions

= (17)
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for [ this variable is eliminated and the value of D may be
obtained in terms of Z, r and constants only, as follows :
D _ N .=3 2 1(% B2
D = 3P e gt ()
= 8 % 1P, 8PzP:

By the use of this value of D the value of ! may be
obtained also in terms of Z, » and constants by either (15) or
(17). It should perhaps be recalled that the direction cosine,
X, may always be found when Z is known by the velation
X*47*=1. We have, therefore, in (1) and (17) two inde-
pendent equations containing four variables, Z, », [, and D, and
it requires two additional independent equations containing
them to give a determinate solution for the four variables.
These additional equations are to be found in the expressions
for the a- and z-components of the total force upon the first
atom as a whole due to the second atom, but these will not
be given until the expression for the displacement, D,
above given has been examined more closely.

1t is to be regretted that it is necessary to procced without
any exact knowledge of the numerical value of the constant p,
but an inspection of the expression for D in (18) shows that it
we knew the relative values of p, and p_ a solution of the
problemn might be effected in terms of the one kuown constant.
Let us, therefore, assume that

Pe = PPrs  + - o« « o« o« o« « (19)
where, so far as is now known, p may have any value. 1t seems
most reasonable to expect, however, that the order of
magnitude of these two constants is the same and that their
ratio may be represented by a small number of the order of
unity. 1f an equilibrium for the two atoms of the molecule
is obtained when using certain assumed values of this ratio, p,
and if it is not obtainable when using quite different values of
the ratio, it is legitimate to assume that the ratio which gives
the equilibrium shall have the preference, and it seems proper
to search for such a value of the ratio as will give a definite
position of equilibrium. 7The labour involved in a search for
the equilibrium position after adopting some definite value
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of p, however, is considerable, so that the number of these
ratios that has been tried is necessarily quite limited. It has
been found that a ratio of p=1/2 gives a definite solution, but
with a ratio of 1/4 there has been no success in finding an
equilibrium. This is quite different from stating that there is
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Llustrating the position of stable equilibrium for the two atoms of
one hydrogen molecule.

no position of equilibrium for this ratio. because the whole
space surrounding the first atom has not been covered. We
may content ourselves that a single ratio has been found which
produces any equilibrium at all.
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Therefore, adopting for the present the ratio p=1/2, the
value of D in (18) reduces to
A%A%*+H%5WM

- -3 ___
2rt— 4P"r sz

D = —3ZPr C .. (20)

From this it appears that 1) must pass through all values
from — o to 4 oo according to the relative positions of the
two atoms. D is evidently equal to zero when the numerator
of (20) is equal to zero. The numerator is independent of the
ratio, p, whence it follows that for any value of this ratio D=0

when
3-572

P =g e e e (2D)

This cquation is plotted in polar co-ordinates in terms of Z

and r in fig. 10, in the curve marked *“D=0." When Z=1
and the two atoms are then in the coaxial position, we have

PP =P o e e e e e e e . (22)

the curve having two infinite branches, the radius vector
approaching infinity as Z* approaches a value equal to ‘6,
corresponding to an angle of latitude of about 50° 44".

And, again, when the denominator of (20) is zero, then
D=w, and we have the equation

2r-f—dpaP =Yty o o o o o o (23)
which happens to be independent of the direction cosine, Z,
merely because of the particular assumption of p=1/2 in (18).
Hence D has the same infinite value at one fixed radius, 7, for
all angles or positions of the two atoms, r being the root
of this equation.
Solving for 7 the two roots are

r3=4p, or r¥=—%p.. . . . . . . (29

The negative root has no physical significance, and the positive
root is the same value as that above given in (22). The circle
which thisrepresents is shown in fig. 10 and marked “ D=c0.”
The curves for D=0 and D=co meet on the axis where Z=1.
This is a critical point where both the numerator and
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denominator of ) in (20) have become zero. The value of D
when Z=1 may be evaluated by putting Z=1 in (20), giving
aPo- 2r-3—4p, .
D=—3Prs, -~ *M_afi Lpa (25)
Now when r 3=%p both numerator and denomiunator are zero,
but the numerator is an exact factor of the denominator, and
when the vanishing factor is cancelled, we have

D=—3Pa--4;__.3_]‘_épt, C e (20)
whence the value of 1) becomes
D= (=Pel) = 126(=Ppt0). . . .. (2D)

It is, of course, evident that infinite values of the small
displacements, [ or D, are manifestly impossible in the atom
model.  The meaning of the value of D here contemplated is
simply the value that it must have in any position to satisfy
the conditions of equilibrium between the two atoms of the
molecule, and since infinite values arc impossible, the meaning
is that equilibrium is elso impossible anywhere on the circle of
radius such that »=3=2}p,, or of radius

= (4)V3p,~¥ = 1'587401p, "% . . . . . (28)

It will be seen from equations (16) and (17) that / also
becomes infinite when D is infinite, so that the same circle
answers for the infinite values of both { and D.

In tracing the value of D along any radius vector such as
that represented in fig. 10, it appears that the two curves
where D=0 and D=9 are the loci of points where D changes
sign from positive to negative or wice verse. Alung the
portion of the radius vector from the origin that lies between
the two curves, and marked 1) (—), its value is everywhere
negative, changing to positive at all points outside the curve
where D=0, and to positive again for points within the circle
where D= .

Let us next examine the expressions for the force of the
second atom upon the whole of the first atom, for these two
.equations, the - and z-components of the force. subvlv the
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remaining expressions to complete the four independent
simultaneous equations required to find the four variables Z, r,
{, and D.

The Simplified Equations of the Force of the
Second Atom upon the First.

The final test of the equilibrium positions of the two atoms
of the molecule must be that the complete equations expressing
the force of the second atom upon the first are satistied.
Although these expressions have been obtained in full without
omitting any terms up to and including the »7¢ term, we are
obliged to omit the complete expressions here and, as before,
give the simplified form only. It is to be recalled that the
corresponding result for symmetrical atoms was given in full
in (78) and (79) of Chapter 1V, with which the following
expressions may be compared. In that case the first term of
the series is the 76 term, but now the series begins with the
7~4 term, and all terms after that are present including the odd
power terms which do not appear with symmetrical atoms.  In
making the simplification by omitting certain terms because of
their negligible numerical values no parts have been omitted
from the 74 term, and only those parts containing the higher
powers of / and D have been omitted in the 7 term. It is
found that either I or D is a factor of all parts in both the =4
and 75 terms, so that when [ and D are each equal to zero the
series reduces immediately to the expressions in (78) and (79).
While there are, of course, parts of the r~¢ term that contain
both  and D, yet they are very small numerically as compared
with the important term which has been retained. The
simplified equations are then as follows:

F, = z’{[—3(2—5Z‘~’)Xl2+6(4—5Z2)le)+3(1—5Z5')XD’]1'-4
Hy on Hi + [—6(4—35Z2—352*)1+30(3—T74°)XZD]P»—3|
— 45(1— 1472 + 2124 XP?-5}, . (29)

I, __./c_{[_ 3 (4 — 5Z8)ZI —6(1—5Z2) XID + 3(3 — 542)ZD*]r~
By on By + [ —30(3—722)XZl—6(3—30%* + 35Z)D] Pr=2
—15(15—70%* + 63Z4)ZP*»~"}. . (30)
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In the last section there was given at least a hint that the
values of / and of D, as in (27), come out in terms of the
quantity (—Pp,'®) with a small multiplier that depends upon
the position of the second atom, and that the distance between
the atoms,  in (28), comes out in terms of p,”"® with a small
multiplier that also depends upon the position of the second
atom. Asa matter of fact, the solution of the four simultaneous
equations must express each variable in terms of this funda-
mental constant. Consequently, by a change of notation, the
constant may be omitted during the process of solution and
restored when the solution is obtained. It is, therefore, found
convenient to substitute the new variables, ', D', and » for the
old variables /, D, and r respectively, as follows:

L=U(=Pp, . . . . . . . (31)
D=D'(=Ppt?, . . . . . . . (32)
r=up, L 0 o 0 o e oL (33)

This substitution is equivalent to changing the scale by
which 7, D, and » are measured, so that I, D', and « may be
regarded as the displacements and the distance between the
atoms, respectively, in terms of a new uunit. The four
simultaneous equations required to be solved are (15), (17),
(29), and (30). Upon substituting the new variables of (31)
to (33) these equations become respectively the following, in
which the value of the ratio, p in (19), is taken as equal to 1/2.

—371) — 57 4
BXLCTD I —BOXa g

= YA T S
i 3= =3 J_—_—)_Lz o -
V= s V't e e (39
}{[—w —53Z3)XI?+6(4 =5L)ZI'D +3(1=521)XD'?Ju*
H*"“ w A + [6(4—35Z2 43524 —30(3—T72) XZD' Ju~>

—45(1 =147+ 21Z9Xu"5...} P2, (36)
F, = 2 ([ =34 =524 —6(1—5Z%)XI'D' +3(8—52%) 4D"* Ju~*
HyonHh +[30(3—TZ)XZl' + 6(3 — 30Z*+ 35Z4 D' Ju~®
—15(15 —70Z2 + 63Z4)Zu-"...} P?p.2. (37)
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It is evidently not practicable to solve these equations in a
direct manner by elimination of the variables, the solution
must be effected by a process of approximation to the roots
which will next be described.

The Process of Computation of the Equilibrium
Position.

In the position of equilibrium the total force upon each
atom must be equal to zero, so that each of the components of
the force in (36) and (37) must be equated to zero. Upon so

doing the constant factor % P2p,? disappears and the quantities

within each brace are equated to zero. The process followed
is to compute and plot two curves, which are shown in fig. 10,
the cne marked “F,=0" and the other “ F,=0,” each point
of which gives the position of the second atom when the
respective forces are zero. The point of intersection of the
two curves thus obtained gives a position where the total force
upon each atormn due to the other is zero. It then remains
to be found whether the position is one of stability or of
unstability for small displacements away from this position,
for in both cases the force at the point in question is zero.

1t may be stated in advance of the detailed account of the
process that a point has been found at H, in fig. 10 where the
two curves intersect which is one of stability for the two atoms,
and the approximate numerical values of the four variables at
this point are as follows:

Z* = 0°8065 and #» = 1°30,
I/ = 3066 and D'= 2-935. . . . . (38)

This value of Z corresponds to an angle of latitude of
approximately 63° 50’ as shown in the figure. Restoring the
values of /, D, and 7 in centimetres according to (31) to (33), we
have

1=8066(—Pp,%); D=2'935(—Pp,"%); r=1:30p,17, . (39)
I
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Or, since in this example it was assumed that p =1/2 and
o,=%p,, the above values may equally well be expressed in
terms of p, instead of p,, as follows:

| = 90 =Pp%) = 3868(=Ppt%), . . . (40)
D= 2D/ (—Pp.) = 3:698(=Pp,®), . . . (41)

2oV = 10320, L L L . . . (42)

I3

r =

Do

From this it is apparent that the distance between the
two atoms of the molecule is equal to a small multiplier,
which depends upon the position of the second atom, times
the reciprocal of the cube root of the constants p, or p.. These
constants arc entirely independent of the position of the
sccond atom, but are chiefly dependent upon the property of
the electron itself wnd the manner in which it is attached to
the atom. The absolute distance in centimetres cannot be
determmed with exactitude, of course, until both constants
have been computed numerically from the theory, but it has
now been proved that the main part of the distance depends
for its numerical value upon the constants, and that the small
variations from this main part come from the small variations
in the function, wu, which differs for the different kinds of
atoms.

The numerical value of p,, however, which is derived in a
subsequent section of this chapter, is

p:=30"Tx 10%, or p!3=3813x 10* and p,"¥="32x10"% . (43)

Upon substituting this in (42) the absolute distance between
the two atoms of the hydrogen molecule is obtained in centi-
metres as approximately
r=4x10""em. . . . . . . (43a)
under the assumption made for this particular solution that
pr=1p= ,
The distance between the two atoms in the hydrogen
molecule is not known from experimental determinations with
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any such approach to precision as that obtainable in the
measurement of crystals. Such distances cannot be measured
experimentally as if one were measuring with a ruler the
distance between two points on a sheet of paper. When
concerned with a gaseous molecule, which as a whole is always
in a state of rapid translational motion, these measurements
are quite indirect. Certain thcories of atomic structure are
necessarily assumed, that may or may not be correct, and the
resulting distance, which is said to be determined experi-
mentally but is in reality only partially so, must differ from the
true distance in proportion to the error introduced by such
assumptions.

Perhaps as good an estimate as any of the distance between
the two atoms of the hydrogen molecule has been made by
E. C. Kemble *.  He begins with the assumption of a so-called
dumb-bell form of molecule. ‘This means that his molecule
may be likened to two equal masses connected together by an
imaginary massless rod, something like a dumb-bell. Such a
structure may whirl around the central point, the centre of
gravity half-way between the two masses, in any one plane as
well as another with an equal degrec ot freedom. After
adopting this molecular conception use is then made of the
kinctic theory of gases combined with the quantum theory, by
means of which a value ot the moment of inertia for the
molecule is deduced. It comes out 2:0 X107 gm. ¢m.2, and
from this, together with the known mass of cach atom, it may
be deduced that the distance between the two atoms of the
molecule is about X 10~* cm.

The value above determined in (434), namely 4 X 10-* cm.,
is in very good agreement with Kemble's result. At least the
.order of magnitude 10-% ¢cm., which has been referred to above
as the universal distance between nearest atoms, is well
established by either result. By means of this atomic model
it has been definitely connected with a universal cause, the

* Phys. Rev. Feb. 1918, p. 156.
12
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existence of the universal constants, p,and p,, the meaning of
each of which is clearly understood.

It should be pointed out that the model of the hydrogen
molecule described in the foregoing pages differs quite markedly
from a so-called dumb-bell form. 'The angle of latitude
determined by Z given in (38) and corresponding to about
A=63° 50' remains approximately fixed as the molecule moves
about in its translational motion in the gas. The two atoms
are free to revolve about an axis through their common centre
of gravity like a conical pendulum around one circle of latitude
only, but not at any other latitude. In other words, this
molecule does not have the same number of degrees of freedom
as the dumb-bell form: it is more restricted. This restriction
will undoubtedly necessitate some revision of the result
obtained by the use of the dumb-bell molccule above mentioned,
and there has as yet been no attempt to carry this out.

Ou the other hand, no reliance can be placed on the co-
efficient 1/3 in (43), but only on the general order of magnitude
as being 107° cm., for it was obtained after assuming a ratio for
the two constants p, and p,. Until p, can be found in an
a priori manner from the electrostatic forces an exact result is
not to be expected. In fig. 10 only a small portion of each
curve, F,=0 and F¥,=0, is charted between the values of Z2
ranging from about -7 to ‘86, and the whole quadrant has not
been covered. This is because the charting of these curves
requires an unusual amount of labour. To obtain a single
point on one of these curves, as shown below, requires the
construction of an auxiliary curve for the purpose of approxi-
mation to a root of a higher degree eqnation. So when the
plotting of a set of curves for a succession of assnmned values of
the ratio of the constants, p, is contemplated the task becomes
almost prohibitive. However, it may be stated that, with an
assumed ratio of p=1/4 instead of p=1/2 as in the above
example, no position of equilibrium has been found, although
most of the qnadrant has been covered. At this writing it is
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too soon to give any results with a different ratio, but it is
entirely possible that the result may come out r=3x10-% cm.
instead of X 10~% cm. If, for example, with a ratio of p=1
the equlhbrlum distance, 4, should happen to be 155 instcad
of 1:3 as before, which is quite possible, then the distance, 7,
comes out £ x107% cm.

Numerical Values near the Position of Equilibrium.

It is of some interest to know the magnitude of the forces
near to the position of equilibrium and to study how the
various terms of the equations above given change with the
changing position of the second atom. Let us now consider
in some detail the method employed to solve the four equations
(34) to (37). First assume a definite radius vector corre-
sponding to some fixed value of Z, say such that 7Z’="8. and
work along this particular radius until the points are found
where the forces given by (36) and (37) vanish. When
72=-8, the four equations (34) to (37) become nnmerically,
respectively
12073 = 4024890~

g -
= T e (44)
0 254 1-4u-3 w”!
/ i - i [
: L2u-3 " 7 T 0421’ coe e (49)
I, {‘"" 653302 —4:02489D2 01
H, onl[,
ZE=8 +[ =96l +312D']
—652032u-%} P2, . . . (46)
F. [8 04978('D' —2-6833 D2 a4
+[—3L20 + 84D Ju"?
+9:12320-8}P%.%. . . . . (47)

Some arbitrary value of » may now be selected, say u=1-3,
whence both ! and D’ may be found by means of (44) and
(45), giving

I'=309 and /=296l . . . . . (48)
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With these numerical values of / and 1) substituted in (46)
and (47) we have numerically

e[ r-*term r~dterm »-°term S 02
o ¥ = 7({ —3-392 + 1681 — 13-52 }1 .t =2 (071022, . (49)
Z,?=8 '
u=13

2 2
¥, =2 {17°55 — 19-27 + 1982} P} = Z (0-262)P%,2. . (50)

According to this result each component of the force
is very small as compared with the individual terms that are
added, showing that the position selected is very close to the
place where the forces vanish. The z-component of the
force being positive indicates that the distance, %, should be
reduced to make this component vanish, because this means an
upward force on the first atom at the origin and a downward
force on the sccond atom tending to reduce the distance.
Trying another value of « less than 13, say u=1-29, gives for
I and 1) by (44) and (45)

V=3023 and D'=2946. . . . . . (31)

With these values of 7, 1), and « substituted in (36) and (37)
we obtain for the forces
N A r=fterm =% term = term e 2 ¢ Yy 2 2),
o= 1 Do 4 17k6s 1R R = ) (- 028312, (52)
n =129

I5
)
F, =

13

17471952+ 1982} P2 = § (-0068) P2 . (53)

o~

According to this both components of the force have
changed sign somewhere between the values #=1'3 and
#=1'29, and by interpolation between these values it is
seen that

F.=0 when u=12972
and F.=0 when «=12920. . . . . . (54)

Thus far only a single point on each F =0 F,=0 curve
has been found, and the value of Z in the general equations
may next be changed so as to work along a different
radins vector. In effect, the process above outlined is the
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plotting of a curve of the variation of these forces along one
radius vector and then approximating to the roots of the
equations, that is finding the values of u where the forces
change sign. In practice many more points must be computed
along the radius vector than the two which have been given,
for these were purposely selected near to the position of
the roots merely to illustrate the method.
When Z? is set equal to ‘82 instead of ‘8 and the process
above given is again carried out, it is found that
F.=0 when v = 13065

and
F,—0 when v=1317. . . . . . . (58)

Comparing the two results at 7Z?="8 and 7°="82 shows that
the I°.=0 curve lics outside of the F =0 curve at Z’="82
but inside of it at Z*=-8, and at some point between these
values of 7 the two curves must therefore intersect. By inter-
polation the intersection is found to be at 7°=0-8066 and
#=1'30. The four simultancous values of 7, D', Z, and w»
corresponding to this point have already been given in (38)
above and need not be repeated. It is represented in fig. 10
at the intersection of the I =0 and the F,=0 curves.

It may now be shown that the point so determined
represents a stable position for the atoms rather than an
unstable one by giving attention to the directions of the forces
on either side of the curve of zero force. When the radius
vector is greater than the value corresponding to the ¥ =0
curve, the #-component of the force of the atom H, on H, is
positive and of H, on H, negative, as indicated by the
horizontal arrows directed toward the curve in the figure.
When the radius vector is smaller than those corresponding to
this curve the force changes sign and the arrcws are again
directed toward the curve. Any displacement of the atom to
the right or left of this curve sets up forces that tend to oring
the atom back to the curve, showing stability for the x-com-
ponent of the force.
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And, similarly, small displacements up or down from the
curve where F,=0 tend to restore the atom to this curve
as indicated by the vertical arrows. All forces surrounding
the point of equilibrium are thus directed towards this point,
showing that the position is one of stability.

Determination of the Atomic Constant, p,.

The definition of the rconstant p_ is contained in the
assumption given by equation (13) above, namely,

, é -

= —feb L 006)

e
k
D is equal to one centimetre—that is, the force per unit of
change in D assuming proportionality. It was shown in
equation (27) of Chapter IV that the work done by the

electron A in forming the molecule is

and the constant - p, may be said to denote this force when

2
- % (30.7 X 10“)(1'2_b) =—06"964 x 1087 —0), . . (-7)

and that the work donc upon the clectron B during the same
interval is

2
—2(30'7x102‘)(b1—-l;). C . (58)

The sum of these two energies, the first being negative and
the second positive, was given in (3) above as representing the
work done by A over and above that done upon B, which is
equivalent to one half of the total energy of dissociation of the
hydrogen molecule. On the other hand, the difference between

these energies is
2

2
—% 307X 10%) (B, —by)= = (30T x 10%D. . . . (59)
And, since each of the above energies is large as compared
with their numerical difference, the last expression is very
approximately double the energy change for each electron
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disregarding the sign. One half of this, then, represents the
energy given up by A and received by B. Hence the energy
change to decrease the semi-minor axis of B by the amount «
or to increase that of A by the same amount (sec (4) and (5)),

18
1e?

S BOTX109D. L L (60)

But for a unit distance, or for D equal to unity, the energy
and the force required to make this change in the energy are
numerically equal to each other. And, since the force upon
the positive charge in (56) is approximately double the force
upon each electron numerically, it follows that the constant,
p» is merely the numeric that occurs in (59), and we have

P, =30Tx10%, . . . . . . . (61)

which was to be found.

Numerical Values of the Properties of the Atom at
the Position of Stable Lguilibrium.

The distance between the two hydrogen atoms forming the
molecule has been discussed above. It is given by equation
(42) aud in centimetres by (434). The small displacements [
and D are given by (40) and (41). "To find these in centi-
metres the numerical value of P obtained in (76) of Chapter 1V
and of p, in (61) above may now be substituted in (40) and
(41), giving

{ =3066x125%10-2x 3945 x 108 = 15-11x 10~ em,, . (62)

D=2935x125 x 10~ x 3945 x 10® = 1447 x 10~ cm. . (63)

Hence the displacement of the positive charge C off from
the centre line of the two electrons, A and B of fig. 1, is equal
to one half of 151110718 cm. or 7°56 X 10-18 cm. Bearing
in mind that the semi-major axis ot the positive charge C
is 7-054X 10716 cm. in the free state according to (6) of
Chapter 1V, it appears that this displacement is only a small
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fraction of the semi-major axis of the positive charge,
approximately one hundredth of it. This fact is sufficient to
show that it would be futile to attempt to derive the constant
p- by assuming that the positive charge may be regarded as a
point charge, for only a minute portion of the charge crosses
the centre line joining the two electrons. The major portion
of it still remains on either side after the displacement, and
yet this very small displacement, together with the displace-
ment 1), is sufficient to so alter the electrostatic forces between
the two atoms as to produce an equilibrium position where
none existed before.

The numerical value of D=b,—5, is given by (63) above,
and the equivalent expression for it by (6) of Chapter IV.
Hence we have

D=b—b =2+h=144Tx10"%cem. . . . (64)

The numerical value of % obtained in (9) of Chapter IV
may now be used to find the principal part of the change in
the semi-minor axis of the clectron A and the whole change
in that of B denoted by « in (4) and (5) of Chapter IV. We
have

%0 = (1447 —04164)10-18 = 14-054x 10" ® em., . . . (65)
whence

a="T027Tx10"%em. . . . . . . . . . . . (66)

This represents the contraction in the semi-minor axis of

the electron B, and the expansion of that of A is greater than

this by the amount 4, so that the new semi-axes, which were

assumed to be exactly 10712 ¢m. in the free state of the atom,
become after the molecule is formed

for A, b, = 1:000,074,43 x 1013 cm. ... (67)

for B, b, = 0999,929,73 ,, s o+ o« « . (68)

In making these changes in the axes while the molecule
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is being formed the electron A gave up an amount of energy.
according to (1) of Chapter IV,

AEj = —6'964 x 108(hy—b) =—51"83x10-2 erg, . . (69)
while B absorbed an amount of energy

ABp =—6"964 x 10%(b;—0) = + 4893 x 10 2 erg. . . (70)

The sum of this negative and positive energy represents the
part of the original energy content of the two electrons
that is used in forming the molecule, which is

AR+ AFp = — 6964 X 105] (by + by) — 20
== (964 x 10% =—29x 10" erg. . . (71)

This is just half the energy of dissociation of the molecule,
namely 58X 10~ erg as determined experimentally, and
the same value is obtained by adding (69) and (70) and
multiplying the result by two. According to this nearly
seventcen times as much energy is passed across from the
electron A to B as is used in forming the molecule, that is in
binding the second atom to the system. The actual change
in the minor axis of either clectron is minutely small as
compared with the minor axis itself, the minor axis being
about 14,000 times greater. It has been shown conclusively,
however, that on the basis of the electrostatic forces alone
this very small asymmetry of the two electrons is responsible
for the formation of the molecule.

The Stress within the Atom.

The force upon the positive charge C in the divection of
the equatorial plane is given by the a-component of the force
in (12) above, which now becomes numerically
A

‘o— — ?2 6 e b

H,I:):C—I Prg =y (461108 dynes. . . . . (72)
This is a comparatively large force, being the equivalent of

the repulsion between two clectrons at a distance of only about

46x10°cm. from gach other., On the other hand, for
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comparison the order of magnitude of the forces upon the
whole atom near to their position of equilibrium, by (36) and
(87), is
e o _ € q9 . 3
751 pz=/;(5.0)dynea,. B (£))

which is nearly 10* times smaller than the forces producing
the internal strain. It follows naturally that the energy
transformations must follow in the wake of these larger forces
and manifest themselves as deformations of the atom.

The Coazial Position of the Two Atoms
of the Molecule.

Considerable time and effort have been given to an investi-
gation of the coaxial position of the two atoms of the hydrogen
molccule, because it seemed natural to expect that an equili-
brium might be found in this situation; but this was an
erroneous conjecture, and since it has been possible to prove
that there can be no equilibrium for the coaxial position, it
secms worth giving the proof here. In the coaxial position we
have Z=1 and X=0, so that the first of the four fundamental
equations (14) above reduces to

211-‘3=p1-é, or *2=1p, . . . . . (74

from which  cancels, leaving the same result as given by (22)
or (24), which must hold true for any and every value of /.
That is to say [ cannot be determined from (14) or (74).

And, again, putting Z=1 and X=0 in (36) and equating
the force to zero gives

—6UD'u 424wt =0, . . . . . . (75)

h
whence D=du' . . . . . .. .. (16

Now when Z is made equal to unity and X equal to zero
in (16) we find
ADr*4+12Pr 4 =—p,D =—pp,D. . . . . (77)
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This may be converted over into terms of D' and » by the use

of (32) and (33), giving, after solving for T,
. 12p=4p 2R

= g )

At the position of equilibrium it has been shown above

that it is true that 7*=p,/4 for any position of cquilibrium on

the axis, and upon substituting this in (78) we find

— = N (£))

Thus two different expressions for 1)’ have been found in
(76) and (79), the latter containing the ratio p, to which
as yet no numerical value has been assigned. Upon equating
these values of I’ and solving for p, it appears that

p==l4, . . . . . .. (80)

and must, therefore, have a negative value, which is impossible
becanse p_ and p_ are essentially positive constants and
denotes their ratio. It has been proved by this that no
possible value of p can be assigned which will permit of
satisfying all of the conditions for equilibrium in the case
of two coaxial hydrogen atoms.

The Ilelivmn Atom.

Up to this point we have dealt almost exclusively with the
atom of hydrogen and have traced in some detail the formation
of a molecule by the combining of two hydrogen atoms. Tt is
now proposed to give some cousideration to the atom of
helium constructed according to the model in figs. 2 and 2 a,
and treated in a manner similar to that of hydrogen with the
object of ascertaining whether or’ not two such atoms ought
to unite to form a molecule of helium. As a matter of fact, it
is well known that helium is monatomic and the atom of
helium will neither unite with another helium atom nor
with any other form of atom to form a molecule. So, if some
reason appears in connection with this model of the helium
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atom that renders it quite different from that of hydrogen
showing that it ought not to form a molecule by the combi-
nation of two or more atoms, then this form of model receives
a very strong support from the experimental observations.

Let us place two helium atoms, such as represented in
fig. 2 or 24, in the coaxial position at some distance from each
other and compute the force exerted by one upon the other,
using the circle-and-point approximation to the form of the
oblate-spheroid electron as was done for hydrogen in Chapter 1V,
The centre of the positive charge of 4¢ in the first atom is
represented at C (fig. 11), the centre of the second atom being
at ¢ at a distance . 'The centres of the electrons in the pile

Fie. 11.

Hb

j@r A28 —
AZA\B,BZ . hblaa,
C

Representing the centres of the charges in two helium atoms
coaxial with each other.

of four negative electrons belonging to one atomn are shown at
A, A, B, B, and of the other at @, @, 6,0, 'The resulting force
upon the positive charge C, duc to the whole of the second
atom @, @, ¢b, b, developed in series of the inverse powers of
the distance 7, comes out as follows :
2
F =% [(2400% — 24pa?)r*
He'at
e + (32806 — 1200pa?® + 30pa*)r=¢...]. . (81)
In a similar manner, the total electrostatic force of the
second atom upon the four negative electrons together is
found to be
N 2
F =7 [(—2400* + 12pu?)r*

He atom

onfour siees.  + (— 1528004 + 3600pa2? — 90p%a’ — 15pa4)r=5 ... ]. (82)
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It is interesting to compare these with the corresponding
equations obtained with hydrogen atoms in Chapter IV. 'The
equation corresponding to (81) is given by (63) of Chapter 1V
after putting Z=1. And the equation corresponding to (82)
is (77) of that chapter after putting Z=1 for the coaxial case.
In the case of hydrogen the »~ term of (63) is exactly equal
and opposite to the 7~ term of (77), but this is not true of the
r~* terms in (81) and (82) above. Now since the force upon
the whole of the first atom due to the second is evidently the
sum of (63) and (77) in the hydrogen case, or of (81) and (82)
in the case of helium, therefore the r~* term cancels in taking
the sum in the case of hydrogen, leaving the resulting series to
begin with the »7® term. This was given as equation (79) of
Chapter IV, in which Z is to be made equal to unity for the
coaxial case. In contrast with this the »* term does not
cancel in taking the sum of (81) and (82) above, but gives a
resulting series beginning with the »~* term as follows :

e?
F = [—12pd%*
Heutom A 5 - +
on He atom +(—120006* 4- 2400pa®h? — Y0p%a® + 15pat)r= ...]. (83)

For reasons similar to those given in Chapter IV, equation
(36), it can be shown that the r~* term is about 10" times
larger than the »7° term, and that this is in turn the same
number of times larger than the 7~ term and so on, the series
being very rapidly convergent, so that the first term represents
the sum of the series very closely.  Although this computation
has only been carried out as regards the coaxial position, it is
quite evident from the expericnce with the hydrogen atom
that the complete force in the general position of the two
atoms will come out equal to thé r™* term of (83) multiplied
by some function of Z as yet undetermined, but similar in
kind to the functions given by (45) and (47) of Chapter 1V.

And, just as in the case of hydrogen, it may be concluded
that there can be no position of stable equilibrium for the two
atoms of the molecule until the small deformations of the
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atom are taken into the account, that is, until the case of
unsymmetrical atoms is considered. When this is done for
the helium atom the result differs very radically from the case
of hydrogen, for the reason that the force series begins with
the ™ term instead of the 7 ° term as abuve pointed out in
the example with symmetrical atoms. The deformed hydrogen
atoms caused terms of lower order beginning with the ™ and
including the 77 term to appear in the expression for the
force of the second atom upon the first, thus introducing two
additional terms as given in (29) and (30) of Chapter V. 1t
is the simultaneous co-operatiou of these three terms which
makes the position of stable equilibrium possible. But, now,
in the case of helium it is only possible that one term of lower
order can appear, namely the 773 term, for all the r~% terms
cancel. This gives at most but two terms in the series instead
of three. In the case of hydrogen the 7~* terms cancel when
equations (10) and (11) of Chapter V, expressing the force
upon the positive charge, are added to the force upon the two
electrons. If this were also true of the deformed helium atom
then there would be no additional terms of lower order to
appear, and (83) after including the proper function of 7
would represent the whole force. 'This shows no possible
position for stable equilibrium so as to form a molecule.  Even
though the deformation were such as to introduce a poss:ble
r=3 term, which docs not appear in the case of hydrogen, even
then we should not expect any equilibrium position, because
there are but two terms present.

This result explains why the atom of helium is monatomic
if it is constructed like the model in fig. 2 or 2A. In searching
further for the peculiar reason why such a result in the case of
helium should come out so different from the result in the
case of hydrogen, it may be stated that it is because the helium
atom has four electrouns in a pile instead of two in a pile as in
hydrogen. Such a result would not have been obtained if the
two outside electrons of the helium atom had been placed
differently, say, in a second pile of two on the same equatorial
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plane with the alpha-particle constituting its centre. This is
not suggested as a possible arrangement for helium but as an
illustration of an arrangement that would give a different
result. Moreover, whenever such a pile of four electrons
occurs in any atom, such, for example, as the neon atom Ne of
fig. 2, the same reasoning above given in the case of helium
will cause the expression for the force to begin with the »—*
term and prevent the atom from uniting with another to form
compounds.

The only two atoms in figs. 2 and 2 A which have this pile
of four electrons are helium and neon, the inert gases, and it
has been shown that neither of them will combine with other
atoms like themselves. It remaiuns to be shown that they will
not unite with any other atoms of the type of those shown in
fig. 2, and for this purpose we shall next consider the com-
bination of a hydrogen and a helium atom as being typical of
the others. This result with helium offers a rcason why a
plane distribution of the alpha-particles and hydrogen atoms,
as, for example, in the model of the nitrogen atom, has been
adopted for the other atoms, and in a sense it offers some
justification for the arrangements illustrated in fig. 2.

Attention should also be called to the fact that the co-
efficient of the »~* term of (83) is in terms of pa? instead of 42,
which means that, if the shape of the negative electrons was
spherical instead of non-spherical, p would be zero and the r—*
term would vanish, and with it would vanish the reason that
prevents helium from forming compounds. Although it may
seem to have a rather indirect bearing upon the shape of the
electron, yet such a finding must be regarded as still another
indication of the existence of a non-spherical shape for th
electron.

A Helium and o Hydrogen Atom will not combine
to form a Molecule.

Carrying out a computation of the electrostatic forces for
the case of two coaxial atoms similar to the case represented
K
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in fig. 11, except that one of the helium atoms is replaced by
a hydrogen atom, gives for the force upon the whole hydrogen

atom, .
e
F =

Heon H k

(=6pa®)r=*.., . . . . . . (88)

the series beginning with the 7~* term as was the case in (83).
This force is just half as great as that given by (83), and the
same reasoning that applied to that equation, given in full in
the last section, also applies to this case and need not be
repeated. Irom this it appears that both the atoms of the
molecule need not consist of a pile of four electrons as in the
helium atom, but that it is sufficient that one such atom only
be present in order to prevent the formation of compouuds
with this atom. This also means that neon will not form com-
pounds with hydrogen.

Since writing the following Chapter VI on crystal structure more than a
year has been devoted to tho investigation of diamond and graphite, during
which period the fundamental force-expressions have been veritied, and the
resulting forms somewhat simplified. 1t is much to be desired that the
process of derivation be published in detail, but this has not been possible in
the present work. The resulting forces ure neccessarily set down here as
required in their application to crystals, but without proof.

One purpose of this note is to call attention to an amendment in certain
parts of the following Chapter VI. It has scemed best to take care of the
matter by the usc of a note not only because the chapter was already in type,
but because the principal conclusions are not affected. The manner in which
tho forces have been derived demands that the positive direction of the y-axis,
where just two atoms are concerned, shall be along the vector &' x & instead of
in the opposite dircction kxA'. Here / and %* represent unit vectors along
the direction of the axes of the first and second atoms respectively. The
inadvertent use of the wrong one reverses the direction of the y-axis, and
consequently also of the w-axis. Hence the signs of the direction-cosines X
and Y only require to be reversed in Table I, p. 147, and this in turn changes
the signs of =(f,p~*) in Tables I, 11, and IIL. This does not affect the
general conclusions that hydrogen or carbon atoms of this type can form
neither a simple face-centred, nor a body-centred cubic lattice, and that carbon
satisfies the conditions for diamond.

As o simplification of equation (11), p. 151, it has been proved that fein
(15) reduces to £, in (13) and that £, in (18), p. 1562, reduces to —(1/2)f, in (18).

August, 1926.



CHAPTER VI.

THE Forcrs oF CHEMICAL AFFINITY. A STuDY oF CRYSTAL
StructuRE IN THE LigHT OoF THE AToMic MODELS.

IN the two preceding chapters on Molecules the treatment
was limited to the special case of parallel axes as between two
atoms. At the time that investigation was made the expression
for the electrostatic force exerted by one circle of charge upon
another in general positious in space had not been obtained;
it was restricted to the special case of parallel planes or axes.
Until the expression for this electrostatic force is found for
the general positions of the two circles, which enables one to
write down the force upon a first circle-and-point electron due
to a second such electron, it is quite apparent that no progress
could be made in the study of crystal structure, because it is
certain that the axes of all atoms, which means of all elcctrons
too, are not parallel to each other in such bodies.

This general expression for the force has now been
obtained, but its derivation and length are such that it is not
practicable to give it herc. By its means, however, the
electrostatic forces upon one hydrogen atom at the origin of
co-ordinates due to a second hydrogen atom, as well as that
upon a first carbon atom due to a second carbon atom
in general positions have becn obtained. ‘The carbon atom
is shown in figs. 2 and 2a at C, and a more detailed
projection drawing of it is given below in fig. 18. Ae
yet only the hydrogen and carbon atoms have been thus
computed because the process involved is somewhat tedious,
that of sumwming up the forces due to the individual

charges situated in slightly different positions within each
x 9
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atom. As a consequence the treatment is limited in this
chapter to a study of hydrogen and carbon only, although
certain generalizations for other atoms may be made. The
reascn for this limitation will be apparent when it is realized
that, in order to effect the summation of the forces, say,
between two carbon atoms, there are 225 expressions to be
summed. This number is the square of 16, which is the
number of individual charges in the carbon atom as shown in
the figures referred to. There are 12 negative electrons and
3 positive bodies of charge, and the number of pairs taking
one at a time from cach atom is evidently the square of 15.
Fortunately the perfect symmetry of the carbon ring as seen
in the model has simplified some of the expressions and
facilitated the process of addition. We shall give the resulting
expressions for hydrogen and carbon later in this chapter in
connection with their applications to crystal structure.

There are many forms of space-lattice in which different
substances are known to crystallize, but there are four in
particular that will be considered here both because of their
common occurrence and of their greater simplicity These
are (1) the simple cubic lattice, (2) the so-called facc-centred
cubic lattice, (3) the body-centred cubic lattice, and (4) two
interpenetrating face-centred lattices such as that of the
diamond.

‘The process of the X-ray analysis of a crystal by means of
the spectrum lines recorded on the photographic plate enables
one to deduce in many cases the exact locations of the centres
of each of the atoms in the crystal. The system of points thus
located form what is called a space-lattice. But this is the
extent of the information obtainable from such an analysis.
It indicates the form of the lattice and tells the kind of atom
gituated at each point of it, and what is most important,
determines all the dimensions in centimetres with a surprising
degree of accuracy. In fact the determination experimentally
of certain forms ot crystals may be regarded as among the
most reliable and accurate in the atomic realm.



THE FORCES OF CHEMICAL AFFINITY, 133

The force exerted by one atom upon another, however,
caunot be computed from the force equations by a knowledge
of the kind of atoms and the locations of their centres aloue.
Every atom possesses a definite axis, and to alter the angle
between any two axes not only changes the force of the one
upon the other, but it changes it in a marked degree, to such
an extent that the force may be made zero, strongly attractive
or strongly repulsive merely by changing the relative orienta-
tions of their axes without altering the positions of their
centres at all.

Before any application of the force equations can be made
to a space-lattice of atoms, therefore, something more is
required than is given by an X-ray analysis of a crystal. 'The
relative directions of the axes of all atoms must be determined,
a matter not revealed by the experimental data.

If two atoms only are now considered having their centres
located in fixed positions, the atomns being free to turn their
axes in any directions, the force cquations show that they will
always tend to turn their axes until they become parallel with
each other. The electromagnetic forces connected with the
individual charges rotating upon their axes are responsible for
this effect. The effect of these forces is to produce only a
torque and not a translational effect, which vanishes when the
two axcs are brought into parallelism. 'This torque is a
function of the angle between their axes, increasing at first
with a departure from parallelism up to a maximum and then
decreasing again to zero as the axes again become parallel but
turned in opposite directions. The stable condition for slight
displacements is when the axes have the same dircction, the
moments of the force then tending to restore them to
parallelism, while the unstable condition is when the axes
have opposite directions.

Due to this circumstance alone the directions of the axes of
all the atoms in any one of the four space-lattices above
mentioned may be determined without making any use of the
expressions for the electrostatic force between atoms. The
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result is that there exist in such lattices but four different
directions for the axes of all atoms, namely parallel to the
four diagonal lines of a cube, or, which comes to the same
thing, to the four medial lines of a reguler tetrahedron. The
whole lattice is thereby divided up into four equal groups of
atoms, there being the same number having axes parallel to
one of the medial lines of the tetrahedron as to any other.

This matter may be more readily understood by considering
a definite form of lattice, and we shall begin by a study of the
simple cubic lattice. Such substances as sodium chloride
(NaCl), potassium chloride (KCl), potassium bromide (KBr),
and potassinm iodide (KI), have been proved by the X-ray
analysis to form simple cubic lattices. It is to be noted that
there are at least two different kinds of atoms in each of these
substances. Moreover, no simple cubic crystal has ever been
discovered, as far as the Author is aware, composed entirely of
one kind of atom, one element. There must exist some reason
for this connected with the character of the forces acting
between two atoms*of the same kind. In the cases of hydrogen
and carbon the force-equations given below reveal the reason,
and the process of their derivation makes it quite probable
that the same result will be found in this respect for all other
atoms, so that no single element ought to crystallize as a
simple cubic lattice on the basis of these atomic models.

In the simple cubic lattice, of which we may take
sodium chloride, common rock salt, as an example, it has been
found that the atoms of sodium and of chlorine occur alter-
nately along the three directions parallel to the three edges of
the cube. ¥rom this it follows that in any one plane perpen-
dicular to any diagonal of the cube, a so-called (111) plane,
all the atoms are of the same kind, either sodium or chlorine
as the case may be, all ot the even planes containing but one
kind of atom, while the odd planes alternating with the even
planes contain only atoms of the other kind.

Because each atom exerts a torque upon every other atom
in the crystal tending to turn its axis into parallelism with
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itself, as above mentioned, it may be shown that the condition
for equilibrium of these turning moments of force demands
that the axes of the atoms in any and every one of these
(111) planes shall be as represented in fig. 12. There are
but four different directions for the axes of atoms in this plane
figure, namely, parallel to the four medial lines of a regular
tetrahedron erected upon any one of the equilateral triangles

Fra. 12,

Arrangement of the centres of atoms and the directions of their axes in any
(111) plane in a crystal of the cubic or isometric system. The axis of
atom A is upward perpendicular to the paper, while those of B, C, or D
are downward away from the contre of the tetrahedron having BCD as
a base.

as a base. These four directions are cxhibited by the four
atoms A, B, C, and D. The axis of A is denoted by a small
circle meaning that the atom’s axis is directed upward
perpendicular to the plane of the paper. All atoms shown
with such circles have uaxes perpendicular to the paper.
The axis of the atom at B is shown in projection by an arrow
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directed outward from B away from the centre of the equi-
«ateral triangle BCD. This axis is not supposed to be in the
plane of the paper but is shown in projection being in reality
directed outward and downward from B away from the centre
of the tetrahedron upon BCD as a base. And, similarly, the

Fre. 13.

Celluloid model of the simple subxc lattice tnken from a pmntf }.
Wlnch shows the elementar} cubes.

axes of C >and D are directed away from the centre of ‘this
same tetrahedron. The plane is thus made up of atoms in
tour groups with equal numbers parallel respectively to the
axes of A, B, C, and D. And because every (111) plane in
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the cubic lattice is exactly similar to that shown in fig. 12 the
whole lattice is thus divided into four equal groups of atoms.
To form a cubic lattice of such planes as that of fig. 12
however, each atom in the plane next above any given plane
comes directly over the centre of an equilateral triangle in the
given plane instead of directly over the points or vertices of
these triangles. I'he intervals between the planesare uniform,

Fre. 14,

A second view ot the same model showing the equally spaced (1 11)
planes perpendicular to the cube diagonal.

each being equal to one-third the diagonal of an elementary
cube, and it 15 not until one passes over three such intervals, a
distance equal to the cube diagonal, that a plane occurs having
its atoms directly over each atom of the original plane, each
axis belug parallel to the corresponding one. ‘
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To represent a simple cubic lattice and exhibit the direc-
tions of the axes of all the atoms requires more than is included
in the models of such a lattice as at present constructed. A
photographic reproduction of a model of the cubic lattice is
shown in two different views in figs. 13 and 14. It is made of
sheets of transparent celluloid on which black dots are drawn
to indicate the atoms at the points of the lattice. Six vertical
sheets set at 60° apart support the parallel (1 1 1) planes, which
are equidistant, their separation being 1/3 the cube diagonal

1 ,_
or 'g«/& times the cube edge.

Fie. 135.

The central or zero plane of the model of figs. 13 and 14. This figure will
also answer for the zero plane of any lattice of the cubic or isometric
system.

About any selected atom of the lattice, say atom A of
fig. 12, an atom whose axis is perpendicular to the plane, the
neighbouring atoms are all arranged in several concentric
spheres of increasing radii. Seven of these spheres are con-
tained in the model, their intersections with the six vertical
planes and with the zero plane through the selected atom
being clearly shown by the seven concentric circles drawn in
these respective planes. The horizontal (11 1) plane through
the selected atom at the centre is called plane No. 0, the next
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plane above it plane No. 1, the next No. 2, and so on. The
top plane in the model is No. 4 containing atoms belonging
to the sixth and seventh spheres only. 'The fifth sphere,
counting from the centre outwards, does not intersect this
plane. Planes below the zero plane are numbered —1,
—2, etc.,, but these have been omitted from the model
because each negative plane is an exact counterpart of the
corresponding positive plane, being symmetrical with respect
to the centre of the sphere, the directions of the axes at
corresponding points being parallel to cach other.

Fie. 16.

Plane No. 1 of the model of the cubic lattice, figs. 13 and 14, This figure will
also servo for Plane + 2 of the face-centred cubic lattice, or for Plane —1
of the diamond lattice.

Planes Nos. 0, +1, and 42 of the model are shown in
figs. 15, 16, and 17 respectively. The seven concentric circles
of fig. 15 represent the intersections of the seven spheres of
the model with the zero plane. The outside circles represent
the limits of the celluloid plates respectively.

The atoms in this plane, however, do not occur in every
one of these spheres but only in spheres 2, 6, and 7, not
counting the one selected atom at the centre. In plane No.1,
fig. 16, the atoms occur only in spheres Nos. 1, 3,and 5 in the



140 THE PROGRESS OF ATOMIC THEORY.

model, while in plane No. 2 of fig. 17 they occur only in
spheres Nos. 2, 4, and 6.

Planes —6, —3, 0, 3, 6 and so on in the cubic lattice are
exact duplicates of planc No. 0, each atom occurring directly
over its corresponding atom and having parallel axes. Simi-
larly planes Nos. —5, —2, 1, 4, 7T and so on are duplicates
of plane No. 1, while planes Nos. —4, —1, 2, 5, 8 and so on,
are duplicates of plane No. 2.

Let ns now study the effect of the plane of atoms shown
by fig. 16, plane 41, upon the selected atom at the centre of

Fie, 17.

/

—

Plane No. +2 of the model of the cubic lattice, figs. 13 and 14. This figure
will also serve for Planc 41 of the fuce-centred cubic lattico, or for
Plane 42 of the diamond lattice.

the spheres and at the centre of fig. 15, atom A, in so far as
the moments of the forces arc concerned. The atom B of
plane No. 1, fig. 16, exerts a torque upon A of fig. 15 tending
to turn it into parallelism with itself. The torque takes place
about an axis perpendicular both to the axis of B and to that
of A. Such a perpendicular drawn from A lies wholly in the
zero plane, fig. 15, the line AB. The amount of the torque
may therefore be represented by the line AB, its length being
drawn to a suitable scale. In a similar manner the turning



THE FORCES OF CHEMICAL AFFINITY. 141

moment upon A due to the atom C of fig. 16 may be repre-
sented by the line AC in the plane of fig. 15. This line must
have the same length as AB because the atoms B and C are
necessarily of the same kind, all atoms in any one plane being
alike, and because their distances from A are the same and
also the angles between their axes. The angle between the
lines AB and AC is 120° because of the equilateral triangle
formation of the atoms B, C, and D of plane No. 1.

And again the line AD of fig. 15 represents the torque
of 1) upon A, being equal to each of the other two torques.
The sum of the three vector torques, AB, AC, and AD in one
plane at an angle of 120° with each other gives a geometrical
sum equal to zero. Hence the three atoms B, C, D of plane
No. 1 have no turning moment upon the selected atom A.
The next circle of atoms in plane No. 1, namely E, F, and (,
have axes parallel to that of A and consequently they have no
turning moment upon A. They do produce a condition of
stability for turning moments of force to hold the axis of A
where it stands, however, in case of small displacements that
arise from any cause. This matter was referred to above,

The third circle of atoms in plane No. 1 may easily be
shown to exert a zero torque upon the atom A by the same
reasoning used for the first circle, the atoms B, C, and D.
And so for each and every circle of atoms in plane No. 1 there
is no turning moment ot force upon atom A in the zero plane,
while all those atoms having parallel axes produce great
stability. What is true of plane No. 1 may by similar reasoning
be shown to hold true for every other plane of atoms in the
cubic lattice. Hence the condition for zero turning moments
of force upon any selected atom in the cubic lattice is satisfied
by arranging each (11 1) plane of atoms wich the directions of
their axes as shown in fig. 12.

But it might be objected that we have selected a particular
atom A of fig. 12 or 15 whose axis is perpendicular to the
plane instead of one that makes an angle with it, and this does
not fairly represent any atom. ‘T'he answer to this is that, had
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we selected one of the other atoms in plane zero, a different
set of (11 1) planes, of which there are four sets, would have
been chosen, the set that is perpendicular to the axis of the
selected atom. However, a study of the lattice shows that
with the lattice as above described with A as centre, the
symmetry is perfect in respect to B, C, or D as a centre, it
being possible to turn the same model in four different ways
s0 as to make the axis of either A, B, C, or D vertical, when
the (111) planes will be found arranged exactly like fig. 12
in the four different ways. It is believed that there is no
other possible arrangement of the directions of the axes in
a (111) plane than that of fig. 12 that can produce this result
of four-fold symmetry and yet reduce thc moments of the
forces upon each atom to zero.

It may be concluded, therefore, that the directions of the
axes of all the atoms in a cubic lattice have now been deter-
mined by making use of the principle of turning moments of
force alone without any reference to the trauslational electro-
static forces that are next to be studied. The form of the
crystal must be like that of the model shown in the photo-
graphic reproductions figs. 13 and 14.

The Electrostatic Forces.

There are two conditions that must be satisfied by the
electrostatic forces acting upon any selected atom in a crystal
in general, both of which require investigation before the
problem becomes determinate. By far the largest forces
«concerned act upon the individual charges in any given atom,
upon the positive charges in one direction and upon the
negative charges in the exact opposite direction. The force
«of the whole crystal of atoms upon the positive charge of any
atom may be regarded as the cause of the deformation of the
atom, which has been discussed in Chapter V. It is met by
the equal reaction of the negative electrons. The component
.of this force upon the positive charge along the direction of
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the axis of the atom, the z-component with which alone we
shall be concerned in studying these crystals, has the effect
of slightly flattening the figure of the electrons on one side of
the hydrogen atoms, or of the alpha-particles in the carbon
atomws, and of slightly expanding those on the opposite side.

As pointed out in Chapter V, the reactive force upon the
positive charge accompanied by a change of shape of the
upper and lower electrons may be taken as proportional to
the displacement, 1), and the actual force (axial component)
upon the positive charge of cither a hydrogen atom or of an
alpha-particle may be set equal to the expression given by
(13) of Chapter V, namely,

Fo= =& pD=— 0 (by=b) = —30-T x 109"
1__-..kp_, ——k_p’(h"— ,):-—.07)(10 —/L:D, . . (l)

where &, and b, refer respectively to the semi-minor axes of
the negative electrons on the positive and negative sides
of the positive charge, the positive or negative z-axis.

The first condition to be satisfied is, therefore, to set the
sum of the forces upon the positive charge of a hydrogen
atom in the axial direction due to the whole lattice of atoms
in the crystal equal to equation (1). Or in case of a carbon
atom containing three positive bodies in three alpha-particles
the force is three times equation (1). If the nature of the
force due to the lattice as shown by the expressions obtained
for this force is such that it cannot be equated to (1), the
inference is that such an atom cannot form such a space-
lattice as that chosen.

The second condition is that the total force of the whole
lattice of atoms, the crystal, upon the whole of each and every
atom within it shall be set equal to zero for equilibrium.

It will now be shown that neither hydrogen nor ecarbon
can form a simple cubic lattice or crystal because neither of the
two conditions mentioned above will satisfy the expressions
for the forces between two hydrogen or two carbon atoms.
Although this might be regarded as a kind f negative result,
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inasmuch as it does not tell the kind of crystal that either
hydrogen or carbon may form, yet it is certainly an experi-
mental result that neither of these elements alone do crystal-
lize as a cubic lattice, and it seems important to point out the
reason why. FEvery instance where thcre is agreement with
an experimental result establishes more confidence in the
expressions for the forces derived from the atomic models of
Chapter 11.

'The component of the electrostatic force upon the positive
charge of a first hydrogen atom at the origin of co-ordinates
resolved along the z-axis, the axis of the first atom, due to a
second hydrogen atom in any general position, z, ¥, 2, a, has
been derived from the atomic model of hydrogen to be as
follows.:

I«‘_.=’;;{-_1;11),,7-—3+sfg(m—5pa2)a--4 ...... oo (@)
Hzon + M

where f, and f; arc different functions of X, Y, %, the direc-
tion cosines, and of a, the angle that the axis of the second
atom makes with that of the first. ‘These functions are

Si=(1=372) cosa+3XZsina, S ()
Jo= =L+ L(5LE—=2) cos’a+5XZisin® a
+2X(1=3Z%) sinacosa. . . . . . . (4)

The quantity 1) denotes the displacement previously dis-
cussed, equal to 6,—5, for the second atom, the subscripts A
and B referring hereafter to quantitics pertaining to the
first or second atoms. ‘The quantity (8*—3p«?) is substantially
a constant, the quantity P of equation (64) of Chapter IV,
its numerical value being given in (79).

'The force is expressed in the form of a series with in-
creasing inverse powers of 7, and it may be proved that the
r~* and following terms may be neglected as negligible in
comparison with the =% and 7=* terms above given, the series
being very rapidly convergent.

1t has been pointed out above that the simple cubic lattice
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is symmetrical with respect to any selected atom as a centre
both as regards the location of the centres of the atoms and
with regard to the direction of the atom’s axes. This means
that for any one pair of such symmetrical atoms the values of
the direction cosines X, Y, and Z are each reversed in sign
for the second atom of the pair, while the angle a remains
unchanged. Therefore, in summing the forces expressed by
(2) for any one such pair of atoms upon the positive charge
at the origin, the 7 term gives a sum equal to zero. This is
because f, in (4) contains the direction cosines in odd degrees
only and therefore gives equal and opposite values for the
given pair of atoms. On the other hand, the »~* term con-
taining £, in (3) does not vanish because f; is an even-degrec
function. Hence the 7* term will vanish for the whole cubic
lattice, because it is wholly made up of such symmetrical
pairs of atoms. And after writing

r=pl, . . . . . . . . . (3

where [ is the length of the edge of the elementary cube
of the lattice, it is evident that the sum of the forces due
to all the atoms of the lattice upon the positive charge of
any selected atom may be written, dropping the r~* term,
as follows:

SE,=25DISSp S, L L L L L ()

where the summation indicated is extended to every atom.
'The quantity D has been set outside the sign of summation
bebause it must have the same value for each atom in the
cubic lattice, since each atom is rclated to the whole in
exactly the same manner as every other. The quantity p may
be considered as the distance of the second from the selected
atom in terms of a new unit, the edge of the elementary
cube, and it is to be noted that the whole force upon the
positive charge is made to depend upon the inverse third
power of the distance, p. This implies that many more of
the outlying atoms will have an appreciable effect upon the
L
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selected atom than would be the case if the force followed a
higher inverse power of the distance. The force upon the
whole atom, however, does follow a higher inverse power, as
we shall presently see. '

To find the force expressed in (6) it is best to proceed in
a systematic manner to find the sum of f,p~°, which depends
only upon the geometry of the cubic lattice as described.
For this purpose it is convenient to consider the atoms in
concentric spheres around the selected atom of successive
increasing radii, because the value of p is the same for all
the atoms in any one sphere. The necessary geometrical
description of the simple cubic lattice for this purpose is
given in Table I to include eight concentric spheres. The
first column of the Table gives the number of the sphere
counting from the centre outward. The second the number
of the (111) plane in which the atoms concerned lie. The
third the number of the circle in this plane counting from the
centre outwards. The fourth the value of cos a, the fifth
the number of gtoms in this circle, the sixth the radius of
the sphere. The seventh, eighth, and ninth columns give the
values of the direction cosines, X, Y, and 7Z. Where the
double sign occurs and the cosines are given for both positive
and negative planes together, the upper sign is to be taken
for the atoms in the positive plane and the lower for those
in the negative plane. 'The tenth column gives the sum
of f; for all atoms in the respective planes, the eleventh
the sum of fip~® for each sphere, and the twelfth the total
3fip~* including all spheres preceding.

There are several points of interest to be noted concerning
the cubic lattice.

1. The points of the lattice, at each of which but oue
atom is centred, in any onc sphere about the selected atom
all lie either in the even or in the odd planes, but never in
both even and odd.

2. The angle, a, is the same for each atom in any one
sphere, cos a being either —% or 41 for any given sphere.
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3. The sum of the quantity (1—3Z%) taken for all the
atoms in each and every sphere is equal to zero. Conse-
quently this sum is zero for the whole cubic lattice.

4. In those spheres where cos a=-1, the axes of all such
atoms being parallel to that of the selected atom, sin a=0
and, therefore, the second term of equation (3) vanishes for
all such spheres. Since the first term of (8) also vanishes.
because of the preceding statement in 3, it follows that f;
vanishes for all spheres in the lattice where cos e=1.

These statcments make it possible to simplify the expres-
sion for Zf,»~" and set it equal to

Sfw =2 \/iZ—E(XZp‘:’), N )

since sin a=34/2 in every case and the first term of fiin (3)
containing (1—37Z%) vanishes for each sphere.

Including eight spheres Table 1 gives the numerical value
of Zfip™® as 44:700. This includes 122 of the nearest
surrounding atoms up to a distance of r=3I, three times
the cube edge., Its value, however, has been computed to
include 30 spheres embracing 882 atoms to a distance of
r=+/3b1=5'9161/, but these spheres have not been included
in Table I on account of the space required. In Table II the
total 2f;p~* is given up to 30 spheres, and the final value
of this geometrical quantity for an infinite cubic lattice may
be taken as not far from

SfpTt=4a44T. L L L L L L L (8)

By this Table it is seen that atoms as far away as six times
the cube edge still have a small but appreciable effect upon
the selected atom.

Let us now return to equation (6) and write down the
force upon the positive charge of one hydrogen atom on
the assumption that the whole cubic lattice contains only
hydrogen, using the numerical value in (8).

We have

']
F,=%(8-94)Dl". N )
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But it has been pointed out above that this force rust
also be equal to equation (1) arising from the equal and
TasLe IL
Cubic Lattice.

Sphere No. | Total No. Atoms. i! =fp l
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9 586 : 442726
24 ... 618 "
25 ...... .- 690 457564
26 ........ 738 449125
27 ... 750 "
28 ........ 786 | 452192
29 ........ R34 : 447444
30 ..., 882 .

opposite restoring force exerted by the negative electrons.
Upon equating to that expression the unknown quantity, D,
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cancels as well as the factor €*/k, giving a numerical value
for 7, the edge of the cube of the lattice, namely,

30-7

-3 _
== 894

x10% and | = —066x10"%*cm. . . (10)

This result is cvidently impossible because of the negative
value for /, which is essentially a positive quantity, although
its magnitude comes out of the right order. Hence the first
condition above referred to is not satisfied by the hydrogen
atom, and this supplies the proof that hydrogen cannot
crystallize as a simple cubic lattice. In order to satisfy the
first condition the geometrical sum of f,p-* for the lattice
must have a negative sign instead of positive as found in (8).
The reason for this shonld perhaps be repeated here. If both
D and.Xf,p™® are positive, then the force upon the positive
charge of the sclected atom by (6) is positive, that is along
the positive z-axis. Such a force will compress the electron
on the positive side and enlarge that on the negative side of
the positive charge. Since &, is by definition the semi-minor
axis of that on the positive side, and &, of that on the negative
side, and since ID=04,—5, by definition, a positive force must
produce a negative value for D. But, if D is negative so also
must =fip~* be negative to make the force in (6) positive.
On the other hand, if the force (6) were negative, then D
must be positive, and if D is positive then Zfip~® must be
negative as before. 'Therefore, to satisfy the requirements
Sfip~® must be negative for the lattice. But it has been
proved that this sum is positive for the cubic lattice, and
hence this lattice will not be possible for hydrogen *.

Before leaving this subject it ought to be added that the
force in (6), said to be the z-component of the force, really
represents the whole force upon the positive charge. The
symmetry of the cubic lattice makes the sum of the 2- and y-
components of this force vanish individually, thus leaving the
z-component as the total force, which, therefore, acts in the
direction of the axis of the atom.

* See note page 130.
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The Second Condition.

While it may seem superfluous to consider hydrogen
further in connection with a cubic lattice after having proved
that the first condition is not met, yet it seems best to show
that the second condition is not satisfied cither, because the
same reasoning will be found to apply to carbon also. The
second condition is that the total force upon cach and every
atom shall reduce to zero for equilibrium.

It requires more space to write down the force upon the
whole of the first hydrogen atom due to a second atom than
was required in (2), (3), and (4) above for the force upon
the positive charge because it involves higher order terms in
r~4 7% and »7° and seven functions of X, Y, and Z instead
of two as before. Ilowever, it has been proved that the
z-component of the total electrostatic force upon the first
hydrogen atom at the origin due to a second hydrogen atom
in the position (2, 7, z) is as follows:

F.= %" ! D, Dyrt

H., on H, k

+ [FDas (- : paﬂ) 1>B—/,5(‘.’;‘2)DA] -

- . ' 1.
+5 [ (0= 504t ) +fupatli = gfipat ... Looan

where the seven functions of the direction cosines, X, Y, and Z,
and the angle, a, are as follows:

* f3=52% -3Zcosa+Xsine, . . . . . . . . (12}
fi=—(3—3042+35Z%) cos®a
—10XZ(3—7Z%)sinacosa
+[5(X® + 2%)—35X2Z*—1] sin®e, . . . . . (13)
fs=(3—30Z2 + 35Z%) cos «
+5XZ(3—TZ%) sina, . . . . . . . . . (19
fo=2—10Z2=5Y? 4 3572(F + Y?) — 10Z%sin «
—20XZsin«cos

+2(2~-152%)sin?a—5X*cos?’a, . . . . . (13)

* See note page 130.
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Jr==06323 + Z(21X2+ 72*—3) sin’«

+Z{70Z2~15) cos’ a + 6X(1—14Z?) sinxcos «,. (16)
fi=—(1=T78)(Z+ Esin «)

+fcosa (h—T78)

FLLA-E YD, L. ... ... (D)
f=32 -T2+ 4+ ) + e vy (x4 1)
+ 261~ (X4 Y%)] sina
+(Zcosa+2Xsina—14XZE) cos«, . . . o (18)
where {=Zcosa—Xsina, . . . .+ + . (19)
and E=Zsina+Xcosa. . . . .+ . o (20)

These seven functions show that the coefficients of the
r~* and 77° terms of the force-equation in taking the sum of
(11) for a cubic lattice vanish, because the functions f; in
the 7~ term and f;, £}, and f; in the r~® term are odd-degree
functions in X, Y, and Z. All these odd-degree functions
sum to zero, but the even-degree functions that occur in the
coefficient of the r™® term do not sum to zero. The total
force is then expressed by the 7% term alone, the »=7 and
following terms being quite negligible.

Now the coefficient of the »~° term is not zero and the
force upon the selected atom, therefore, cannot be equated
to zero for equilibrium so as to fulfil the second necessary
condition. Even though the coefficient of the 7=° term were
possibly zero, yet there would exist no stability for an equi-
librium. The condition of stability demands that there be a
balance between the three terms, »-% 7=5, and r-% so that
either an increase or a decrease in the length of the elemen-
tary cube edge, /, will be opposed by the forces acting.

It has now not only been proved that the second condition
is not satisfied for hydrogen in a cubic lattice, but the proof
given applies with equal force to any lattice in which each
atom is a centre of symmetry. 1t follows that hydrogen
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cannot crystallize as either a face-centred or a body-centred
cubic lattice. Of course it is not yet known experimentally
by X-ray analysis just how hydrogen does crystallize, but the
subject has been presented in this manner because it will
presently be shown that precisely the same reasoning can be
applied to the carbon atom, and it is known that pure carbon
does not form any one of the three lattices above mentioned.

The Face-centred Cubic Luttice.

By adding one atom to the centre of each square face of
the simple cubic lattice above described, still retaining all
atoms at the corners of the cnbes as in the cubic lattice, a
so-called face-centred cubic lattice is obtained. All of the
points thus added will be seen to be situated in one of the
same (111) planes as they existed before. 'The addition
of these face-centred points merely increases the number of
atoms in each (111) plane, which it will be observed are still
arranged in equilateral triangles, but the side of each triangle
is only one-half as long as it is in the cubic lattice. The
above statement applies to the location of the centres of the
atoms only, but the directions of the axes are changed. 'The
axes of each (111) plane, however, are just as represented
in fig. 12. No complete model of this lattice is shown here,
but one may easily be constructed by the use of fig. 16 for
the zero plane, fig. 17 for plane 41, and fig. 16 for plane
=42, the centres of the three figures Leing placed vertically
one above the other. Plane +3 is an exact repetition of
plane 0, plane 44 of plane +1, and so on.

A study of this face-centred lattice shows that the complete
data for it may be obtained from that of the simple cubic
lattice above described. This is also one of the reasons for
having computed the cubic lattice as far as thirty concentric
spheres, because the same computation answers for the face-
centred lattice merely by the process of omitting certain of
the spheres from the cubic lattice. There are several points
that should be noted.



154 THE PROGRESS OF ATOMIC THEORY.

1. The (111) planes perpendicular to the cube diagonals
are equally spaced at a distance of one-third the elementary
cube diagonal, namely 4+/31.

2. The edge of the elementary equilateral triangle is one-
half of that in the simple cubic lattice. In the laiter it is
A/20 and in the facc-centred lattice 44/21.

3. A face-centred cubic lattice may be formed from a
simple cubic lattice merely by omitting all of the odd (111)
planes from the cubic lattice. All dimensions of the remain-
ing lattice must then be divided by a factor of 2, because the
side of the triangle of the cubic is twice that of the face-
centred lattice. Consequently the same computations made
above for the cubic may now be usced for the face-centred
lattice, provided r/2 is substituted for 7. In the 77 term of
the force-equation this change makes 7% and p~2 eight times
its former value.

4. By the use of Table I and its extension to include a
larger number of spheres, not given on account of space, it is
possible to find =fp~® for the face-eentred lattice by picking
out the sums obtained for the even planes only, omitting
those of the odd planes, and then multiplying the result by 8
for the reason given in 3 above. 'The omission of the odd
planes of the cubic lattice is seen by Table I to mean the
complete omission of certain spheres, because an odd plane
never occurs in the same sphere with an even plane and vice
versa. Hence a face-centred lattice may be made from a
cubic lattice by retaining the spheres of the latter numbered
2, 4,6,7,9, 11, 13, 14, 16, 18, 20, 21, 23, 26, 27, and 29
just as they are, and renumbering these spheres consecutively
from 1 to 16 as is done in Table III for a face-centred lattice.
The radius of each sphere, p, is half as great in the face-
centred as in the cubic lattice. These 16 concentric spheres
comprise 428 atoms.

The resulting value of =fip~* tor the face-centred lattice
is — 1766, a negative quantity instead of a positive one as
found for the cubic lattice*. In order to satisfy what was

* See note page 130.
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termed the first condition above mentioned this sum should
be negative. Upon substitution in the force-expression (6)
and equating to (1) as before, we find
2
F.=% (3532DI-%)=—30-Tx 10%D, . . . . (21)
on H+ k

whence
[73=0-87x 102" and [=105%10"%em. . . . (22)

This would be the value of the cube edge of the face-
centred lattice for hydrogen it it could form such a lattice,
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but as shown above the second condition for zero force upon
the whole atom cannot be satisfied for any lattice symmetrical
with respect to a centre, and so hydrogen cannot form such a
lattice. There are certain elements that are known by the
X-ray analysis to form face-centred lattices, such as aluminium,
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copper, lead and others, but there are none that form a
simple cubic lattice. The simple cubic lattice may be con-
sidered as inadmissible for any element because =fp~* is
positive instead of negative. The face-centred lattice is
admissible so far as this sum is concerned, but is inadmissible
in those cases where the functions of X, Y, and Z are of an
odd degree only in the 7~* and r° terms of the expression for
the force upon the whole atom. In those cases where these
7~* and r~® terms do not cancel out in taking the sum, as
seems probable in the case of aluminium for example, then
both conditions may be satisfied by the force-equations as
applied to a face-centred lattice and so crystals may be formed.
As we shall now show, however, this second condition is not
satisfied for the carbon atom. In a later section some further
consideration of hydrogen will be given. but it seems best to
study the carbon atom next.

Carbon.

The model of the carbon atom that will be used for the
purpose of computing the electrostatic force of a second such
atom upon a first is shown at C in figs. 2 and 2 4 of Chapter II.
A detailed drawing of it is given below in fig. 18 in two
projections, a plan and elevation. The three positive charges,
A, B. and C, in the three alpha-particles of the carbon atom
form a perfect equilateral triangle in the equatorial plane
of the atom. There are twelve negative electrons, six of
them, 1-6, belonging to the alpha-particles, and six, 7-12,
serving as the connecting electrons to bind the structure
together. There are thus formed four perfect equilateral
triangles of negative electrons, the upper ones, 1, 3, 5, in
the alpha-particles forming the first, the lower ones, 2, 4, 6,
a second, the upper three connecting electrons, 7, 9, 11, a
third, and the lower three, 8, 10, 12, a fourth triangle.

The connecting electrons are supposed to be staggered
alternately up and down all around the ring : that is to say,
they are not in the exact equatorial piane, but located at about
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half the distance from it that the electrons in the alpha-
particles have. The reason for this separation from the
equator is the mutual repulsion of the adjaceut connecting
electrons. This is counterbalanced, however, by the strong
attraction they have for the alpha-particles, cach having an
effective charge of 4 2e.

Fre. 13.
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Detailed drawing of the carbon atom in plan and elevation. See also
figs. 2 and 2 4 at C for the carbon atomic model.

In the free carbon atom the common distance of alk
electrons in the alpha-particles from the equator is the same,
equal to b, the semi-minor axis of the negative electron very
approximately. Similarly the connecting electrons have the
same distance from the equator, the one as any other, say
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equal to 2, which differs from 4 and is thought to be about
half the value of b.

When a carbon atom forms part of a molecule instead of
being free, the upper distances, b and %, change to 4, and 4,
while the lower distances become — 6, and — &)/, each of which
differs from & or from A by a very small amount. "These
differences, however, D=04,—b, and H=A,’—2/, which are
zero in the free carbon atom, become appreciable when a
molecule is formed. In fact a finite value for D and for II
is demanded in order that the imolecule be formed, their
values being vroportional to the force upon the positive
charge caused by the other atoms of the molecule or crystal.

‘We shall now give the force upon the three positive
charges of a first carbon atom at the origin of co-ordinates
due to a second carbon atom in the position @, y, z, as derived
from the atomic model for carbon by summing the electro-
static forces in the manner above explained. 'The first atomn
at the origin has its axis along the z-axis, while the axis of
the second atom makes an angle « with the z-axis. The
direction of the y-axis in the equatorial plaue of the first atom
is perpendicular to the axes of both atoms. We have

F. = if—“ D+ Hjpr=?
Caun
rositive . o
f?;égﬁ::f +3./2[(1)’+h'-)—pa2]7"4. .. .}, e e e . (23)

where (D+H)p refers to the D and H of the second carbon
atom, and not the atom at the origin upon which the force
on the positive charge is expressed. Both f; and f, are the
same functions beforc obtained in (3) and (4) in the case of
hydrogen.  The corresponding force in the case of hydrogen
was given above in (2), and if &' in (23) were made equal to
b and H to D, then it is seen that this force for carbon becomes
exactly 36 times that for hydrogen in (2), 36 being the square
of the atomic number, 6, for carbon. But A" is not and
cannot be equal to & nor can H be equal to D in the carbon
atom, and it is just here that the character of the expression
for carbon differs from that of hydrogen.
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Without as yet making any use of (23) we shall give the
z-component of the force upon the whole of the first carbon
atom due to the second carbon atom as tollows:

F. = 2.2‘93 {3(D + H), (D + H) o~

ot LA )0 ) f0D + )[04 ) —pat]
—[fo(D+H) ypa?] -
+5[A[ (0 + A% —pa?] (B + 1'2)
+2fpad(IF + W) —2fiptat]r=0. . ). . .. (24)

The subscript A refers here to the (D4+H) of the atom at the
origin, while B refers to the second atom. The functions
J5 to f; are given above by (12) to (18). obtained by the use
of hydrogen. As pointed out in connection with (23) so
here too it is seen that, if A’ were equal to b and H to D, the
force in (24) for carbon would be exactly 36 times (11) for
hydrogen. If this were true the same conclusions would
apply to carbon as were found above for hydrogen; but it
is not true that A'=5, and it is this fact which gives rise
to important differences in the behaviour of hydrogen and of
carbon.

In commenting upon this carbon force-equation it should
perhaps be pointed out that the radius of the ring of the
carbon atom (see fig. 18) makes no appearance in this z-com-
ponent of the force in (23) or (24). This seems surprising,
but may be proved to be due to the regnlar equilateral triangle
arrangement of the charges in the atom, there being five such
triangles as above mentioned. The 2- and y-components of
the force are not required for the study of these crystals
because it is easy to show that they sum up to zero due to the
symmetrical arrangement of the atoms in the lattice. In these
crystals the total force takes the direction of the z-axis, that is
the axis of the atom upon which the force is expressed, and
the z-component is, therefore, the total force. The axis of the
atom, therefore, sets itself in the direction of the total force
upon it.
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Now that it has been shown that the functions f,—f, are
the same for carbon as for hydrogen, it is apparent that for
any lattice which is symmetrical with respect to a centre,
the 74 and 778 terms of (24) must vanish in taking the sum
for each symmetrical pair of atoms as before, that is vanish

Fic. 19.

o1d model of the diamond lattice taken from a point which
shows the elementary cubes.

for the whole lattice. The coefficient of the 7~5 term does not
vanish because it contains even-degree functions, and conse-
quently the sum of the forces upon the sclected atom cannot
be equated to zero for equilibrium. Just as for hydrogen it
may be concluded that carbon will form neither a simple cubic,
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face-centred cubic nor body-centred cubic lattice. This
conclusion is in exact accord with the facts, for it is known
that carbon does not so crystallize, but this atomic model has
supplied the reason why it does not. The question that
naturally presses for consideration is how may carbon crystallize
in so far as these force-equations are concerned. The diamond
is one of the forms of pure carbon and its structure is well

F'1c. 20.

A second view of the same model showing the spacing ot the (1 11) planes,
perpendicular to the cube diagonal.

known from the X-ray analysis. In the first place it is seen

to conform immediately to one of the conditions found to be

demanded by the above equations for carbon, namely that it

shall not be a lattice that is symmetrical with respect to a

centre. We will now pass to a study of the diamond lattice.
* M .
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The Diamond Lattice.

The diamond lattice is made up of two face-centred lattices
together, each exactly like the face-centred lattice above
described. ‘These two displaced lattices composing the diamond
lattice are exactly alike, but the one is moved or displaced as
a whole with respect to the other along the direction of a

TasLe IV,
Liamond Lattice.
Plane No. L. | big. 15, Fie 16 | Fig 17, |
- e0E) ”
. =T -3 , »
[ T I T R .
I -5 -9, | .
-4 | =8 ‘! .
—.¢ -5 , | i "
IV D -
-1 -1, | % .
0 0 » 1
+1 +3 . 0
+2 | +4 , | .,
+3 +7 ! ' » .
4 [+, , |
+5 +11 ., | l " ' ,
46 412, b t '
AR S ST R - 1 | |
. +8 +16 ‘ ! Lo,
! |

diagonal of the cube by a distance equal to 3/4ths the
altitude of the tetrahedron erected upon one of the elementary
equilateral triangles. A model of the diamond lattice made
with sheets of transparent celluloid is shown in two views in
figs. 19 and 20. There are nine of the (111) planes shown
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in the model, which embrace 98 atoms in 8 concentric
spheres surrounding the selected atom. Because the lattice is
made up of these two identical face-centred lattices, at a

TasLg V.

Diamond Lattice.

Sphere No, Sphere Radius, Total - Sphere No.
Diamond. | p=rT S Cubic lattice.
P e C VB =043301 - 65°6896 |
2o V22 =070711 —88-3170 | 2
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. j 1 =100000 | " | 4
L5 .. .o M19H4=108978 —7T5112
| 6 . ...... N Gj2 =1-22475 —63:8018 6
T S3/4 =1-29904 —737084 |
8 iin... vz =141421 . ! 7
[ S Vv 35/4=1-47903 —69-4165
| (U M 10/2=158115 —~ 734643 | 9
11 ... ... Ve3H=163935 —171-6907
12 ..., v3  =1-73205 { " 11
13 ......... ~B1/4=178535 — 729035
14 ........| N~T3/2=18709 — 736017 13
15 ........0  ~59/4=192028 — 742527
16 ........ 2 =2:00000 " 14
PIT L N 67/4=204635 —756740
P18 BV2[2 =212132 — 737186 16
119 ... 5vV3/4 =216506 — 726856
I N VB =223607 . 18
1
) R v 83/4=2:2776 —721216
T V 22/2=2-34520 — 726355 20
23 ... MOL/4=2:3349 —72-1410
J24 e MBS =2:44949 ' 21 o
|

.distance of ( 4/3/4)7 apart (the wider interval between (111)

planes in the model) adjacent planes separated by a wide

interval dre identical, namely, plane 0 is like plane + 1,
M2
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pPlane + 2 like 4 3, and so on. The scheme for this lattice is
exhibited in}Table IV, in which the first column gives the
number of the (111) plane, the second the distance of the
plane from the zero plane, namely the value of 2, in terms of
the elementary cube edge. The last three columns indicate
the arrangements of the axcs of the atoms as being like either
fig. 15, the zero plane, fig. 16, plane —1, or fig. 17, plane + 2.
Table V gives the radii of 24 concentric spheres in the
diamond lattice embracing 488 atoms. The last column gives
the number of the spheve of the simple cubic lattice of Table I
which is identical in all respects with the corresponding sphere
of the diamond lattice, provided only the linear dimensions of
the cubic lattice arc each divided by a factor of 2 as above
explained. The third column of Table V gives the important
total Sfp~%, that has been computed from the complete table
of the direction cosines for these spheres, which is too long
to be given in full here. It is apparent from this that the
first spherc gives the largest sum, but that for a very accurate
value for an infirfite lattice probably more than 24 spheres
should be computed. The resulting value for the 488 atoms
nearest to the selected atom in the diamond is
YpTi=—T2 141, B :49)
And because the diamond lattice is not symmetrical with
respect to a centre, as those above described were, the 74
term of equation (23) does not sum to zero but gives a definite
value that must be computed. The value of f,p~* according
to (4) has been summed for the first six spheres to include
70 atoms in the diamond lattice by the use of the same table
of direction cosincs referred to, giving as the result

SHhpTt=—=5555. . . . . . . . (26)
The force upon the positive charge of the selected carbon
atom according to (23) therefore becomes

F, = .3‘]50" {—72-14(D + H)I-?

+ charges +3(=5555)[(BF+RD—pa?]l™t. ..} . . (27)
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The force upon just one positive charge of one of the
alpha-particles of the carbon atom is, therefore, one-third of
the above force, and this may be equated to equation (1)
above as before explained. Hence the first equation of con-
dition that must be satisfied if carbon is to form the diamond
lattice is

—865:68(D + H)I-3— 1999-8[(1* + I'*) —pa?]l~*= —30-T x 104D, (28)

The Second Condition.

It will be recalled that the second condition is that the
sum of the forces of the lattice upon any selected atom of it
shall be zero for equilibrium. If the whole lattice were con-
structed of hydrogen atoms the condition would be that
the sum of the forces expressed by (11) shall vanish, but if
constructed of carbon atoms the sum of the forces expressed
by (24) must vanish. It will be profitable here to consider
both the hydrogen and the carbon atoms together because
these equations involve the same functions of X, Y, and Z, in
order to bring out the difference between the behaviour of
the two kinds of atoms on the basis of these expressions for
the forces. It will also be recalled that the sums of the
functions f;p~*, f;p~° and so on are purely geometrical quan-
tities depending entirely upon the character of the lattice
investigated and not at all upon the kind of atom supposed
to be situated at the points of it. Hence these sums are the
same for either the hydrogen or the carbon atoms, and have
been computed to be as follows:

SHpt=489218 . . . . . . (29)
S(fa+fo)p~i=—102260. . . . . . (30)

S(fit fap~i=—101538 . . . . . . (31)
SAHp-t=—221750. . . . .  (32)
S(=fi+2pt=+191783. . . . . . (33)
SAPTS=+TT58T. . . . . . . (34)

Upon substituting these sums in (11) for hydrogen, the
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force of the whole diamond lattice upon one hydrogen atom,
if hydrogen could form such a space-lattice, would be

2
F. = 2 {4 80-218D%4— 1022-612DI-7
Diamond k .
o +507-79pa? DI~ — 110871814~

+479458pa%?~6—1938-44p%* 1~} =0. . (35)

The force of the whole diamond lattice upon one carbon
atom by the use of (24) is

= 2_3"1{ +80:218(D + H)2=' —1022-6(5 + 4*)(D + H)I=
iamond v
Lutice 4 101538pat(D) + H)I=5 — 1108748 (3 + I'2)21-

+ 9589 15pat(i? + K-S —T153T4p%al-"} =0,  (36)

The cxpression for the force in (35) proves immediately
that the hydrogen atom does not fulfil the neccessary condition
to enable it to form a crystal in the same form as that of the
diamond lattice, and so hydrogen is easily disposed of in
connection with this lattice. For, after putting in the known
numerical values

®=10-% and pa?=4484¢x10-%, . . . . (37)

multiplying each term by 7%, and dividing by the coefficient of
D? P, we obtain from (35) the quadratic expression in terms
of DI as follows:

D224+ 1405 x 102D + 950X 10-2=0, . . . (38)
whence Di=(—7025+ &/ —4565)10-%, . . . . (39)

an imaginary quantity. Both D and / must have real values
to satisfy the requirements for the lattice. It should perhaps
be stated that the value of D must be the same for each and
every atom in the diamond lattice, because each atom is
related geometrically to the whole lattice in the same way as
any other atom.

Let us next consider the equations (28) and (36), the two
conditions that must be satisfied with carbon in the diamond
lattice. Instead of only two unknown quantities, D and /,
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as in the case of hydrogen there are now four, D, {, 7/,
and H, and two equations are not sufficient to determine
four unknown quantities. It requires further information,
but this may be obtained from the model of the carbon atom
itself. It is apparent from the model that /' is substantially
a fixed quantity in every carbon atom everywhere in the same
manner that 4 is fixed by the property of the negative electron.
It must be a certain definite fraction of J, and was estimated
in working out the model to be not far from one-half ot 4.
Let us call the ratio of /” to & the new quantity, s, which must
be less than unity, probably not far from 1/2. Now when a
crystal or a molecule is formed and the electrons in the
alpha-particles are deformed, a study of the very slight
movement of the connecting electrons shows that the value
of H=/%,—h, will be the same fraction of D=0,—b, that /'
is of , namelys. It is necessary that the connecting electrons
maintain the same positions relative to the adjacent electrons
in the alpha-particles because of the internal forces within
each atom, so that when one electron in an alpha-particle is
slightly raised or lowered as the case may be the connecting
electrons will be raised or lowered proportionally. Of course
this is not considered to be a rigid proof of this question,
but lacking this it is a most reasonable supposition to make,
and it leads to a definite solution as follows.
Let us now substitute in (23) and (36)

W=sband H=sD. . . . . . . (40)

This reduces the variables from four to three, namely D,
and s. But the experimental value of / for the diamond is
l=35x10"%cm.,, . . . . . . (41}
and instead of treating this as an unknown quantity the
values of 1) and s may be found by the use of the experimental
value. The solution is obtained easily by approximation
trying different values of s until the same value for D is
obtained from both (28) and (36). When s=042, it is found

from (28)
D=-1192x10"%ecm., . . . . . (42)
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and from (36) that

D2+ 74296 ¥ 10-¥*D=52:88x 10"%, . . . . (43)
from which

D=-1188x10""%cm., or +4'45x10"%cm. . . (44)

The negative values of D in (42) and (44) are very closely
the same, and a value of s very slightly in excess of 0-42 will
make the two values of D identical. The positive value has
no significance. It is to be noted, incidentally, that this value
for D is not far different from that found for the hydrogen
molecule, namely 1447 X 107" cm. in (63) of Chapter V. The
negative value of D shows that the force upon the positive
charge of the atom is positive according to (1) and (27),
meaning that it acts in an upward direction away from the
base and towards the apex of the tetrahedron constituting
the first surrounding sphere of atoms. Hence the electron
on the side of this apex is the oue that is compressed,
while that on the side towards the base is the one that
is expanded. .

Both conditions are, therefore, perfectly satisfied by the
form of the diamond lattice for carbon, and it may be con-
cluded on theoreticul grounds alone that the carbon atom will
permit of the forming of such a crystal. The exact experi-
mental determination of the cube edge of the diamond has,
however, made it possible to locate with the same precision the
positions of the connecting electrons in the carbon atom itself,
that is the important distance 4'=0424=042x 10" cm.
This distance must be substantially the same wherever carbon
is found and will prove to be of service when it is possible
to work out the details of any other crystals or molecules
containing carbon. The distance agrees very closely with
that previously estimated from the model of the carbon atom.

Concluding Remarks on Molecules.

As long as the expressions for the forces are restricted to
the atoms of hydrogen and carbon it is quite apparent that
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the field of their application is limited in so far as any com-
parison may be made between experimental and theoretical
results. This is because the X-ray analysis does not as yet
reveal the locations of hydrogen atoms. Their mass is too
small.  The form in which hydrogen crystallizes is still
unknown. The only crystals containing pure carbon only are
the diamond and graphite. Considerable theoretical work has
been done upon graphite in connection with the force-
expressions for carbon, but there is not fas yet a complete
agreement among those who have studied it with the X-rays,
and it is even possible that there is more than one form of
graphite. Using the best experimental information * obtain-
able, however, it appears that graphite is constructed of equally
spaced planes of hexagons instead of equilateral triangles. If
one imagines that the planes in the diamond lattice, shown in
figs. 19 and 20 above, which are separated by a narrow interval,
equal to (v/3/12)!, are brought into coincidence in one plane,
this will give just such a hexagon formation in one plane as
intended. There appears to be still a question as to whether
these planes are in exact coincidence or are separated by a
very small interval. Assuming for the purpose of discussion,
however, that they are thus brought into coincidence, it may
be seen by means of the model that each atom is no longer
geometrically related to the whole crystal just as every other
atom is, as is the case with the diamond lattice. Taking into
account the directions of the axes as well, it appears that
there are at least four different sorts of carbon atoms in such
a crystal, that is to say each of these four different carbon
atoms is related in a different manner to the whole crystal.
‘I'he meaning of this is that each of these four carbon atoms
experiences a different force npon its positive charge, so that
there must be four different values of the displacement, D, to
consider. This is equivalent to saying that there are reaily
four different kinds of atoms in the crystal, although each is
still a carbon atom. "T'he problem of the computations is very

* J. D. Bernal, Roy. Soc. Proc. 106, pp. 749-773, Dec. 1, 1924.
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much more complex under such conditions. and until all
doubt is removed as to the exact construction of the graphite
lattice by X-ray analysis, it does not seem worth the labour
to treat it theoretically. It is of much interest, however, to
ascertain whether the same value for 4’ for the carbon atom
would not be obtained from it as from the diamond.

There exist, of course, the hydrocarbon compounds in great
numbers, but here again the X-ray analysis does not reveal
the locations of the hydrogen atoms. Some progress* has
been made, however, in locating the positions of the carbon
atoms in crystals of the chain hydrocarben compounds, but as
yet the precise positions of even the carbon atoms is clouded
in uncertainty.

If the precise form of even one moleccule containing either
hydrogen or carbon or both were known from experimental
data, merely as to the locations of the centres of their atoms,
it would be of very great assistance in checking theoretical
results, At the present time it mav be said that the diamond
i~ the one such wolecule that is known with precision, and
this satisfies the theorctical requirements completely.

In concluding these threc chapters on Molecules, con-
sidering crystals as a special form of molecule, it may be
pointed out that one of the important results of the investi-
gation makes the stable equilibrium positions of the atoms
depend upon a balance between the inverse fourth, fifth, and
sixth powers of the distance between atoms. It should,
thercfore, result from cxperiments in the compression and
expansion of solids in general that the apparent law of force
between their atoms obeys some power intermediate between
—4 and —6, probably approximating to the inverse fifth
power of the distance. This result is in close agreement with
the experimental evidence as far as it is known.

* A. Miiller and W. B. Saville, Chem. Soc. Journ. 127. pp. 599-603, March
1925.



CHAI'TER VII.
AN ELecTROMAGNETIC OSCILLATOR.

THE phrase “An Electromagnetic Oscillator” may be mis-
leading to some, for those oscillators which have been treated
in the literature of the subject have consisted of two charges
of opposite sign, a positive and a vegative, whereas in this
chapter we shall consider an oscillator the two elements of
which have charges of the same sign and equal values.
Moreover, the results here given are derived from the Saha
form of -clectrodynamics, which in itself gives the matter new
interest.

A word of explanation as to why such a problem has been
suggested, and what its application to atoms may be, scems
called for at the beginning in order that the reader may see
the practical nature of it rather than think of it as a purely
abstract academical question. There is good reason to believe
that the elementary charges, the negative electron, and the
several positive elementary charges above described are at
times struck a blow by the impact of other similar charges,
and that when this happens the whole elementary charge is
set into vibrations in a manner characteristic of itself, just as a
bell is set into vibration by the blow of a hammer.

In the conception of these elementary charges which las
already been formed they really behave much like solid bodies,
and the analogy with the vibrations of a bell may be closer
than formerly expected. According to this the vibration is
not simple, and is intimately connected with the shape of the
body of the elementary charge. One conceivable form of
vibration might be as illustrated in fig. 21, in which the form
of the oblate spheroid changes its shape from the normal
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represented by the ellipse A to a more eccentric ellipse, B,
and a less eccentric one, C, as extreme variations. This
fundamental style of vibration might not take place at all on
the other hand, and the ellipsoid might break up into several

Fie. 21.
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Illustrating the change of shape when executing high-frequency vibrations
natural to the positive charge. "The effect of this vibration is taken as
equivalent to two point charges, P, and P, vibrating from and toward
each other on the axis OP to a first approximation.

different segments, each having its own vibration at a higher
frequency than the fundamental.

However this may be, we do not hope even to treat of the
complex vibration of the fundamental, or simplest kind, with
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the present limited power of analysis. In considering fig. 21,
however, it is seen that the centre of the charge on one side
of the equatorial plane represented by the point P, must
move nearer to and farther from the equatorial plane during
a cycle of the vibration. 'The centres of the half-charges on
either side of this equatorial plane, P, and P,, will then move
toward and from each other alternately during a complete
cycle, and to a first rough approximation the behaviour of the
whole vibrating charge would be simulated by substituting
for the ellipsoid two point charges harmonically vibrating
from and toward each other along the line of the axis.

Notwithstanding the possibility that the actual vibration
of the elementary charge may not take this fundamental form at
all, nevertheless it seems most desirable to obtain an expression
by means of electrodynamics for the force that an oscillator
consisting of two point charges vibrating harmonically in the
manner described must have upon an electron at a distance
from it, for any more complex form of vibration might be
approximated by multiplying the number of such oscillators,
each having different periods and charges.

It will be shown that the force exerted upon the distant
electron due to this vibration alone may casily be so great
that it excecds the electrostatic force between the charges.
Under these circumstances, while the vibration lasts, a positive
and negative charge at a distance might repel each other
instead of attract, and an cntirely new expression for the law
of force between them exist. If such a law is found, it must
of necessity be a function not only of the distance between the
two charges but a function of the time as well, for the vibra-
tion will not persist indefinitely, and at a later time the two
charges may be at precisely the same distance apart, and yet
the force between them be quite different from the force when
they occupied these same positions before.

In order to present the results clearly, let us represent by
fig. 22 a diagram showing the instantaneous positions of the
centres of two charges, O, being a negative electron of
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charge —e and O, a positive charge equal to one-half the
positive charge in a hydrogen atom, <+ e, and let it be
supposed that the positive charge is in vibration along the
line @b in the plane of the paper having an harmonic motion
about the centre O,, between the extreme limits of @ and b.
The negative charge is not supposed to have any vibration,
but to be in motion in a straight line away from the centre O,,
with a velocity ¢,=f,c, represented by the arrow in the figure.
If we suppose three coordinate axes, 7, j, and £, to have their
origin at O, the k-axis being toward the point O,, and the
¢-axis at right angles to it upward in the plane of the paper,

Fia. 29,
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]\ | ‘ ¢
N a\L
H N N~
MO 7

0, ™
2 !
2
{llustrating an olectron at O, moving away from O, with velocity ¢,, and a

positive point charge vibrating with harmonic motion along ab about O,
as centre,

then the j-axis will be perpendicular to the plane of the paper
towards the observer.

By an application of the Saha form of the ponderomotive
force between point charges, it has been proved that the
average force upon the electron at O,, due to the vibrating
charge at O,, the derivation being omitted here, is

i (= 1-8," :
b A0 500

+ 2132"(1—/3.) sinda cos a... ] i

+[-—1—;B,’sin’a—g,@,‘sin‘a....]k}. e (D



AN ELECTROMAGXNETIC OSCILLATOR. 175

The quantity 8,¢ is the maximum velocity of the harmoni-
cally vibrating charge at O,, and the angle « is that repre-
sented in the figure. When this angle is zero the vibration
of the point is at right angles to the line joining the centres
of the charges, corresponding to the case when the clectron
at O, is in the equatorial plane of the vibrating positive
charge, and when the angle is »/2 the electron at O, is on the
pole of the positive charge.

The harmonically vibrating charge at O, above described
represents but one-half of the positive charge of the hydrogen
atom. If a similar expression is derived for the other half,
vibrating with an harmonic motion of the same amplitude and
frequency but in a different phase, since they move from and
towards each other as above described, the result for the
second half is represented by a similar equation in which
the ¢-component differs in sign. The result is obtained by
reversing the sign of the cosine but not that of the sine of
the angle a, as follows:

¥F= (__—.e]:zg(t €2 [gllz)lf’ ) { [ Bs?(1—pB)) sinacosa

- 2,32‘(—/31 sin® « cos aa...-\i

+[-—1—;/3,25in2a— %,Bg‘siu‘ a....]/c}. N )]
The total effect upon the electron at O, is obtained by
adding together (1) and (2), giving

T 28(1—
k1:(§ /8622)],,[1'*' R Sln2¢+ ﬁg sinta+.. ]/r . (3)

which may also be written
e 2(1—BD
"k 2(1—B2)12 [\l Ba? sin? )“]
since the series in the last bracket of (3) is the equivalent of
the development of the quantity (1—p0,%in a)™", as may be
seen by expanding by the binomial theorem.

(4)
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It is to be remarked that the 7-component of the force,
which appears in both (1) and (2), has cancelled out in taking
the sum. And, since there was no j-component of the force,
the total force acts along the line joining the centres of the
two charges. The electrostatic force, of course, acts in this
direction, but we now sec that the forces due to the motion
also have this same direction. The result in (3) or (4) may
be taken to represent the force upon the distant electron due
to the positive part of a hydrogen atom, when it has been set
into vibration in the manner supposed.

If there were present with this positive charge at the
point O,, a negative electron not supposed to be in vibration,
the combination of the positive charge with it would constitute
what we have shown to be the so-called hydrogen ion. And,
sincc we have supposed that the positive charge never loses
the last electron, and has no independent existence by itself
as these bodies are met with experimentally, it scems fitting
to add to the force in (4) the force that this additional
negative electror’ has upon the distant electron at O,.
According to the Saha electrodynamics this force is

(‘2

Pyt o O

where as before £,¢ represents the velocity of the point charge
at O;. The sum of (4) and (5) is

14 20=BR) W (©)

F= (1—R:*sin?a)t?

¥ (1=-5, 2 )'“’[

»

which may, therefore, represent the force upon a single
negative electron near to a hydrogen ion when its positive
charge is in vibration as from the effects of a blow as above
described.

Of course, the analogy between this hypothetical case
employing point charges as the equivalent of the oblate
spheroid must not be pressed too far, but it is believed that
this approximate result will assist in understanding the process
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by which an electron may be driven out from its normal
position in the hydrogen atom to a maximum distance and
back again in a straight line, thus by its accelerated motion
radiating energy out into space away from the atom. On
this account these equations seem worth examining in some
detail.

Let us begin by studying how the force upon the electron
varies merely with a change in the angle a, all other
quantities remaining fixed and constant. Considering, first,
equation (4) as representing the force due to the positive
charge alone in vibration, and supposing F and « to be the
only variables, it is seen that the equation is the polar
equation of an ellipse referred to the centre as origin, the
foree being the radius vector and the angle « being the angle
between the radius vector and the minor axis of the ellipse.

Starting with the ordinary equation of the cllipse referred
to rectangular co-ordinates, @ along the direction of the major
axis, and # along that of the minor axis, « and & being the
semi-major and scmi-minor axes respectively, the common form
of the equation of the ellipse is

.
.

(®=2%, . . . . . . . (N

Y= =
Y &

the eccentricity being expressed by

1 .
;12=l—-€ . . . . . . . . . (8)

Putting 2=# sin « and y=r cos«, where o is the angle
between the radius vector and the minor axis, gives

2
r?cos?a=r?(l—sin’a =£—,(a2-—r"sin2a). N O
‘Whence
., b2 . .
o[1m0= Byt )



178 THE PROGRESS OF ATOMIC THEORY.

or
r2(L—e€?sinz) =12,
and
b

T (Q—=€sin?a)i® C

(11)

r

the equation of the ellipse in polar co-ordinates referred to the
centre.
Comparing with (4) above, it is evident that it is the

Fia. 23.

The radius vector from the curve to the origin O, represents the whole
attractive force upon the clectron at a fixed distance, r, due to a pair of
positive point charges at O, vibrating in the direction O,%. Each ellipse
shows the change in the force with the change in the angle a (see fig. 22),
other quantities being constant. The six ellipses correspond to six different
values of 3, shown.

equation of an ellipse in polar co-ordinates in which F is
the radius vector, and the minor axis b is represented by the

constant 2ei(1—B8)
b=mﬁ§a N ¢ )

the eccentricity being equal to £g.
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A system of ellipses is revresented in fig, 23, corresponding
to eccentricities, that is to values of B,, 0, 03, /2/2=0-707,
08, ,/3/2=0'866 and 0'9 respectively. They have all been
given the same semi-major axes equal to the radius of the

circle when 8,=0, namely
) 26

k(=B

This means that they each have a different scale, hecause

Fig. 24.

%1

The radius vector ropresents the whole force upon an eclectron at u fixed
distance, », due to a pair of positive point charges at (), vibrating in the
direction O’ together with one negative electron, the combination
representing the hydrogen ion. Each curve shows the variation in the
force with a change in the angle a (see fig. 22), other quantities being
constant. When 8,="5 the force is attractive at all angles. At j3,=-8
the force is attractive in the loop A and repulsive in the loop B. When
3,="9 the force is repulsive at all angles.

the major axes would not be the same for a fixed value of 8,.

The important feature, however, is the shape of the curve,

and the scale may easily be changed by supposing a change in

the value of B, for each curve. It may be concluded from the
N2
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above reasoning that it makes considerable difference in the
force upon the distant electron how the positive charge is
oriented, and the more difference the greater the velocity of
the vibrating points represented by £,.

Passing now to a consideration of the force upon the
electron due to the hydrogen ion as represented by equation (6),
it becomes cvident that these curves may be drawn by using
the ellipses in fig. 23, and subtracting a constant distance as
representing the first term of (6) from the radius vector of

Fra. 25.
7 _ |
2= 107

866

G

=

Representing the same as fig. 24, but for two critical values of /3,
namely 1 V2 and 3V 3.

cach cllipse. This procedure gives rise to curves of a more
complicated form shown in figs. 24 and 25. Those in fig. 24
correspond to the values of 8,, 05, 0-8, and 0-9, the curve for
B,=0 being a circle of half the radius of the circle in fig. 23
not shown here. In fig. 25 are shown the two critical cases
corresponding to the values of B, V2/2 and N/372 mentioned
below.

When 8,=0'5 the force according to fig. [24 is attractive
at all angles, a, but is greatest when the pole of the positive
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charge points towards the distant electron, and a ==/2. When
£,=0-8 the force is still an attraction along the polar direction
following the loop curve 0,A, but is a repulsion in the
equatorial area within the loop curve O,B. In this case there
exists a critical angle, say «p, at which the whole force
vanishes. This angle may be obtained by setting the quantity
in the bracket of (6) equal to zero, giving
1—p° 1

(_1:3.1_,.:%%)1 N ¢ £\
or
3

By '

sin? tx.,=8——~l/3_." - (1
When £8,=0-8, then sin®a,=0:7525, sina,=0'8675 approx.,
and «y=00° 10°, which corresponds to the curve in the
figure.

It appears from (13) that the curves will have two branches
or loops, the one representing attractive forces nearer the pole,
and the other repulsive forces nearer the equator for a certain
limited range of (,, such that sin «, in (L4) is real, this range
being between the limits ,/2/2 and ,/3/2. The former limit
is obtained by making «y=0 in (13), and the latter by making
it /2. 'The special forms of the curves for these critical values
are shown in fig. 25.

As the value of B, begins to exceed ,/3/2=0866, the force
becomes repulsive at all angles. This is illustrated by the
curve for 8,=0°9 showing a repulsive force even at the pole,
though it is there a minimum. As before the scale of these
different curves is not given as being unimportant, since the
scale may be changed by assuming a different value for @c,
the velocity of the distant electron. The shape of the curves
is the chief thing required for present purposes.

In order to make the action of the system as represented
by equation (i) better understood, let us consider several
hypothetical cases. Suppose, for example, that the distance
between the ion and the electron and the angle « remain
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fixed, and that the maximum velocity of the vibration of tae
positive charge of the ion begins at a value close to the velocity
of light, and gradually and continuously decreases in value.
At first the force upon the electron is repulsive, and then
becomes less and less repulsive. When f, falls to 0-866 the
radius vector at the angle ap along which the force is zero,
starts at the pole =/2, and swings around from the pole to the
equator as a, continues to decrease. When it passes the
particular fixed angle a, that the ion is now supposed to
occupy, the force upon the clectron is zero, and at this value
of B, changes over from a repulsion to an attraction, remaining
an attraction for all smaller values.

Again, let us suppose that the speed of vibration does not
vary, but that the distance, 7, increases, because of an initial
velocity of projection of the electron away from the ion. And
for illustration assume that (3, is such that the angle, ay, exactly
coincides with the position the axis now happens to occupy.
The force upon the electron is, therefore, zero; and will
remain zero unléss (3, changes in value, which is contrary to
the hypothesis. Hence the electron will continue its outward
course at a uniform velocity along the radial line indefinitely,
and finally become separated from the ion. In so doing no
energy is lost through radiation from the electron because of
its uniform motion, for according to electrodynamics a charge
moving with a uniform velocity in a straight line loses no
energy by radiation. And, because no energy is lost in this
way, the value of 3, need not decrease perceptibly.

Let it next be supposed that all other quantities remain
constant except the angle e, and that it begins at =/2 and
gradually passes through all angles down to 0°. If the value
of B, is such that there exists a real angle, ao, at which the
force is zero, then the force upon the electron will be a
repulsion at first and gradually reduce to zero, reversing to an
attraction at the critical angle, a,, and remaining an attraction
after that. Again, it may be imagined that there is some
cause in operation which makes the direction of the axis of
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the ion oscillate backwards and forwards instead of gradually
decreasing as just supposed. If the oscillation happens to be
between limits that include the critical angle a,, then the
force upon the electron will also oscillate between repulsion
and attraction at every crossing of the critical angle.

As a matter of fact, no one of the quantities just considered
as constant probably is constant, and it will be necessary to
imagine a case where 7 is changing and $, decreasing, as well
as the pole of the ion oscillating, all at the same time. This
suggests a complicated problem that need not be discussed
here, but it may be stated that there is reason to expect that
there is a cause in operation tending to make the actual angle
occupied by the axis approach the critical angle, where the
force is zero, as rapidly as possible, and in so doing it must
oscillate about this position because of the moment of
momentum of the ion. A further discussion of this subject
is given in Chapter VIII.






CHAPTER VII1I.
Tir Process or lLicur-Rapiatiox.

WHEN negative electrons are projected through a gas, as by
the so-called cathode rays, they cause the gas to cmit light
under certain conditions. When the light is analysed by the
spectroscope, it is seen to consist of fine spectral lines of
varying degrees of brightness. 'These lines each correspond
to a definite frequency of vibration, and it has been found that
atoms emit lines that are characteristic of themselves. The
art of spectrum analysis owes its existence to this fact, that
each atom exhibits sets of lines characteristic of itself and
different from the sets of lines produced by other atoms, no
matter how complex the compound may be of which the
particular atom to be studied forms a part. When this parti-
cular set of lines is observed in the spectrum obtained from
any compound substance that belongs to some known atom,
then it is certain that this atom is to be found in the
compound, and hence compounds may be analysed in this
way without the necessity of obtaining them in a chemically
pure form. This also makes it clear that this set of lines
must have its origin in the atom itself rather than in the
molecule to which the atom may happen to belong. Other
lines may make their appearance because of the molecules,
but this does not prevent the set of lines associated with the
atom itself from being produced.

What does the electron projected through the gas do to
the atoms of it to cause it to emit even one such characteristic
line in a spectrum? If this question can be answered satis-
factorily by means of electrodynamics applied to the special
forms of the atoms above discussed, there will be reason to
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think that the production of groups of lines may receive some
explanation, but in this chapter the attention will be confined
to a single line of the spectrum in the endeavour to under-
stand what must be the nature of the phenomenon. For this
the simplest case is again selected, the passage of the cathode
rays through hydrogen gas.

We shall trace the effect that one of these negative electrons
passing near to an atom of this kind, but not colliding with it,
will have upon the atom merely because of the mutual
dynamical action between the two bodies. It is not necessary
to assume a collision to account for the action; and, moreover,
collisions will not account for it because of their infrequent
occurrence.

The total effect may be studied by considering indepen-
dently the effects that the passing electron exerts upon the
three individual charges making up the hydrogen atom by
means of the general expression for the ponderomotive force
due to Saha, that a second point charge in motion, the passing
electron, exerts.upon the first point charge, the separate
individuals of the hydrogen atom. 'This force is expressed as
follows :—

E,Fy(1—3,2) _ R4,

F_k(RA)(l — BV i(l :‘h qz ¢ ‘h}, Y

where the subscripts 1 and 2 refer to the first and second
point charges respectively. The letters A, and A, are
abbreviations for the expression

a.R
1—- cR

for the first and second points respectively. The vector, q,
denotes the velocity of the charge, numerically equal to fe.
The vector, R, is the instantaneous distance from the second
to the first charge. ¢ is the velocity of light.

For clearness of presentation let us at first neglect the fact
that each individual body of charge is supposed to be a
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rotating body, and treat each simply as a static charge. Con-
sidering the positive charge of the atom Ze=E, as a body at
rest upon which we have to express the force due to the
passing negative electron —e, we have

n1=0, B£=0, A=1, and EE,=—2¢.

IHence (1) reduces to

2021 =43, )
P= =i (R e
An estimate of the probable value of the order of
magnitude of q,, the velocity of the passing electron, may be
obtained from the experimental observation that light-radiation
does not begin to manifest itself in hydrogen gas until the
velocity of the passing electron corresponds to about 11 volts,
that is to say a velocity of about 2Xx10% cm./sec.. or
By=(2/3)1072, less than the one hundredth part of the velocity
of light. At this small velocity the part of the force expressed
by the second term cf (2) has less than one hundredth of the
value of the part expressed by the first term, and may for a
first approximation be neglected. 1f, therefore, we also put

go=0, By=0, and A,=1, (2) reduces to
2¢*

F=mkl{?1

- T ¢:)
which is merely the electrostatic force, this being an attraction,
since by definition the vector R has its positive direction from
the second to the first point charge.

In a similar manner the force upon each individual
negative electron of the atom becomes

]
P

F=kHJR$ . L] . * o o (4)
a repulsion of half the value of (3) being in the opposite
direction.

These forces are represented in fig. 26 by vectors drawn
from the centre of each charge of the atom parallel to R, that
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is, to the line from the distant-passing electron P to the atom.
The sum of these forces is zero so far as any translational
effect upon the atom as a whole is concerned, considering the
three R’s to be approximately the same, but there is produced
an internal effect within the atom itself. In general, unless P
happens to lie exactly in the equatorial plane of the atom,
there is a component of cach force which acts in the direction
of the axis. The one pair of charges, B and C, is held by this
compoucent more firmly together, while the other pair, A and
C, is less firmly held and tends to separate. 'The chief effect

Fre. 26.

Illustrating the forces upon the three parts of the atom due to the
passing electron, P, electrostatic terms only.,

of this component is, therefore, to increase the momentary
pressure between B and C and to decrease that between A and
C, thus rendering A more readily detachable from the atom
than B when other effects arise from any cause.

The other component of the forces resolved in the equatorial
plane produces a couple tending to displace the two electrons
A and B in the same direction off from the axis of C, but these
clectrostatic forces are not great enough to cause much
displacement, and cannot be until the passing electron is near
enough to be in contact with the atom. This near approach
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is not necessary to account for radiation from the atom, as will
be shown.

The rotation upon their axes of the charges A, B, and C
having a non-spherical shape is the key to the behaviour of
this atom. Let us next consider the effect that the passing
electron P must have upon the positive charge C as a

Fie. 27.

Tllustrating the conple acting upon a pair of elements A and B of the positive
charge due to the passing electron P originating in the term (1/¢?%)
(a,, ,)R, which tends to rotate the axis.

rotating charge. In fig. 27 the ellipse represents a meridian
section of the positive charge, and P the distant passing
electron. Apply the formula (1) to find the force upon an
element dE, of the positive charge in its upper side at A due
to the passing electron of charge —e¢, as point charges. For
small velocities of P of the order of, say, the 1/100th the
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velocity of light the quantities A, and A, in the general
formula are approximately unity, and (1) becomes

R= (’2dEl f R _qu_ ql_'e_q.? R } e e e s (5)

TRR® ¢ .

The first term within the brace, R, is the electrostatic force
discussed above acting along the line R. The term —(R/c)q,
is small by comparison when (3, is less than 1/100, and has a
direction the same as q,, the velocity of P. Since the velocity,
q,, of the first point A does not enter this expression, the force
due to this term is substantially the same upon every element
of the positive charge.

This term, therefore, has the same kind of effect upon the
positive charge as has the electrostatic force, only much
smaller and in a different direction, so that the first two terms
of (5) may be classed together and dismissed from further
consideration, as merely producing a slight change in pressure
between the electrons A and B upon C of the model fig. 26.

The remaining term of () becomes the important one, and
the effective force due to this term upon the element at A,
fig. 27, due to P to produce a rotation of the axis of the
positive charge becomes

PIVALY 1
F=—lil-{_‘!{_c-’(ql'q2)n}’ N )

which is represented in the figurve by the vector from A toward
P, having the direction of —R. When the element, A, is
moving either from or towards the observer perpendicular to
the paper, then the motion of the element, B, diametrically
ppposite is in exactly the opposite direction. For this element
the cosine of the angle represented by the dot between q, and
q, has the opposite sign, and the force upon the element, B,
has the opposite direction along R, represented by the equal
vector from B away from P.

This pair of forces upon the two elements forms a couple
having a tendency to turn the plane of rotation of the positive
charge unless P happens to lie exactly in the plane of the
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equator as a special case. 'The total effect of this term in the
force equation, (6), upon the positive charge at any moment
is, of course, the integral of these elementary forces throughout
its volume. Without undertaking to integrate it, however,
the chief conclusion is that there is no doubt that the total
effect of the motion of P is to produce in the positive charge a
tendency to turn its axis of rotation.

There exists at the same time a similar effect of the passing
electron upon each negative electron A and B in the atom;
but it may be shown that the angular acceleration produced in
these electrons is small 1n comparison with that produced in
the positive charge, and, therefore, for the present purpose it
is negligible.

To compare their orders of magnitude consider a pair of
elements of charge as before, and take the position of I on
the axis so that the vector, R, is perpendicular to the plane of
the orbit and the effect is a maximum. The moment of the
couple for two opposite elements, A and B of fig. 27, of the
positive charge is 2al, where @ is the radius or distance from
the element to the axis and F the force upon onc element as
expressed by (6). Setting this equal to the product of its
moment of inertia I by the angular acceleration of its axis, a,
we find the angular acceleration in terms of the element of
mass, dm, to be
_2¢F _2F

=TT adm”

Next suppose the negative electron to be divided up into
the same number of elements as the positive charge, and select
a pair of elements similarly situated in the oblate spheroid to
those chosen in the positive charge. The elementary positive
charge will then be twice as great as the elementary negative
charge because the whole positive charge is twice the negative
electron. A similar expression may now be written for the
angular acceleration of the negative electron’s elements,
namely, 2F

¢l= m . . . . . . . . (8)

M
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According to the mass formula the mass of a charge
supposed to be spherical is inversely as its radius, the charge
remaining the same. And, since each charge has been divided
into the same number of elements, the masses of these
elements are inversely as the radii of the said spheres, and
again the radii of the spheres are directly as the radii of the
two similarly placed elements.

Hence, for cqual charges it is true that

afa’ =dm'[dm or adm=d'dn'. . . . . . (9)

But for a positive charge of double the negative, since the
radii vary as the squares of the charges, we have

adm=da’dm’. . ., . . .

. (10)

Hence the ratio of their angular accelerations by (7) and

(8) is

a _2F a'dm _1F

o - adm X 21411 - 4‘[‘\/- e e e . (11)
But, by (6) .
F_dEiqi _om _oB
M= g, == =20 . L ... 12
B dEy' ¢ 3 B (12)
Hence
2 _131
k72 N (13)

But the gravitational equation and the expression for the
mass given in (18) of Chapter III shows that the value of 3 for
a ring equivalent to the positive charge of 2¢ is about 31°4
times the value of a corresponding ring equivalent to a
negative electron. Hence the value of B for corresponding
elements may be assumed to have this approximate ratio, and
we have a=15'7d, showing that the angular acceleration
produced by the passing electron in the two elements of the
positive charge is about sixteen times greater than that
produced in the corresponding elements of the negative
electron. The total integral effect for all elements in each
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of these two bodies may be assumed to have approximately
this same rativ. and hence the effect upon the negative
electrons as above stated may be neglected and attention
centred upon the positive charge.

The Effect of the Rotation of the dxis of the
Positive Charge.

While it is true that this whole process cannot be worked
out in exact detail because ot the limitations ot analysis, vet
we are able to obtain a glimpse of what probably happens in a
general way. If preferred, the processes now to be described
may be regarded as assumptions, but with the understanding
that they are clearly within the possibility of being substan-
tiated by electrodynamics.

Tracing the process as the passing electron has various
velocities from zero up, it is clear that for a slow velocity the
axis of C (fig. 26) may be turned slightly out of its normal
position, the body of the positive charge rolling over smoothly
on the surface of the electrons, A and B, without losing contact
with them. Some energy must be taken from the passing
electron if any alteration of this kind takes place in the atom.
But, whatever disturbance takes place upon the approach
of the electron, P, the normal condition is restored again as it
departs, and all of the energy received is again returned to
the electron, so that it passes the atom leaving with as much
energy as it had upon approach.

As the velocity of the passing electron becomes greater and
greater the positive charge will be turned with more and more
violence, and when the impulse is sufficient, it may turn with
sufficient rapidity to leave contact with that electron, say A,
whose pressure upon C is theleast. This electron then returns
and comes into actual collision with the positive charge,
thereby setting up vibrations within its body that are
characteristic of itself.

The case may be likened to rolling an elliptical wheel along
a horizontal table., If the velocity of the wheel exceeds a

o



194 THE PROGRESS OF ATOMIC THEORY.

definite critical value, the wheel will leave contact with the
table, and upon its return bump against it thus setting up
sound waves. Some of the translational energy of the wheel
is then transformed into sound waves and is radiated out into
space. So some of the translational energy of the passing
electron is transformed in character into the high frequency
vibrations of the positive charge, and the energy thus trans-
formed or received by the atom is not returnable to the
passing electron because it has been thus transformed. This
transformation and consequent reception of the energy by the
atom is, therefore, only possible when the velocity of the
passing clectron exceeds a certain critical value, which predic-
tion is in close accord with the known facts.

And further, just as is the casc with the wheel set into
vibration so as to emit waves of sound and thus radiate its
energy into space to be reflected, refracted, and absorbed by.
all immediately surrounding objects, so the waves emitted
by the vibrating positive charge are reflected from the objects
surrounding it, The objects, however, immediately and
practically completely surrounding it are the two negative
electrons, A and B of fig. 26, and these effectually confine this
received energy within the limits of the atom itself, none of it
being radiated out into space because of these barriers.

Whatever the details of this complicated process may be,
at a certain critical erergy, which means a critical velocity on
the part of the passing elcctron, the positive charge may be set
into vibration say like that assumed in fig. 21 of Chapter VIL
The normal figure of the rotating positive charge is
tentatively represented in section by the ellipse A. The
vibration may be supposed to change its shape between the
extreme limits of the curves B and C. Since the volume is
supposed to remain constant, the surface area changes, and
there occurs an interchange of energy or an oscillation between
the potential energy and the rotational energy, the potential
energy being associated with the surface pressure, or the
surface tension if preferred. The whole energy content of the
positive charge thus takes part in this vibration.



THE PROCESS OF LIGHT-RADIATION, 196

The actual vibration of the positive charge is probably far
more complicated than that represented in fig. 21, and it is
possible that the fundamental vibration there represented does
not take place at all. It must be true, however, that the
value of the natural free frequency of the positive ellipsoid
regarded as a quasi-solid body far transcends any that has ever
been measured®, for it has the free period of the smallest
known body.

It is not material to the arguments that follow what the
precise value of this frequency is, provided it is very great,
that is to say, much greater than the highest frequencies
observed anywhere, and probably having a wave-length
comparable with the dimeunsions of the negative electrons
themselves, which are, of course, many times greater in
diameter than the positive body now referred to. 'When this
is the case the cnergy of vibration may be prevented from
escaping from the atom, for it has been shownt that bodies
having dimensions close to the order of maguitude of the
received waves become great absorbers of this radiation.
The present case differs from this, however, in that the word
absorbed implies a transformation in the form of the energy
whereas the phenomenon above contemplated is more?
analogous to total reflection, the whole energy being contined
within the region between the two ncgative electrons of the
.atom and without any transformation in character.

The treatment of an electrodynamic oscillator was under-
taken in Chapter VII in order that the results obtained may
now be used, for in effect when the electron whose pressure is
the least bumped iunto the positive charge, it became an
oscillator, and new forces were immediately brought into play
which were not present before. In applying the results of the
last chapter to the atom, which now becomes an ion and an
electron in close proximity, since the surfaces of the electron

* See Note at the end of Chapter IX.
+ L. Page, Astrophys. Journ. lii. p. 65, Sept. 1920.
02
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and the positive charge become separated in the manner
described, the first thing to notice is that the total force npon
the clectron still acts along the radial line from the ion, but
that its magnitude differs from the electrostatic force. Let it
be assumed, for example, that the maximum velocity for the
oscillating positive charge exceeds 0% of the velocity of light.
The force upon the clectron is then repulsive in every direction,
but has its maximum value along the equatorial direction,
as shown by the curve for §,=0'9 in fiz. 24, Chapter VII.

It is also to be noticed that the force upon the electron
depends upon its own speed on account of the factor
(1—B,2)¥2 in the denominator of (6) Chapter VII, and that
when this speed approaches the velocity of light the force.
approaches a very large value. But it is well known that the-
mass of the electron also depends upon the speed, becoming
greater with increasing speed according to the formula

m=my(1=£)"2 . . . . . . . (14
which is precisely the same form of function as governs the.
force in (6) refetred to. Hence it would not be strange if the
velocity of projection of the electron were very great, even:
approaching the velocity of light, for the force-upen it increases.
just as fast as its mass increases.

From considerations that are given below. it is probable:
that the initial velocity is very close to the velocity of light,.
but that it rapidly decreases. If the reactive force due to the
radiation of energy from the electron as it moves outward.
from the ion is neglected for the present and the whole force:

: , . . &P
upon it set equal to the mass times its acceleration, .5, we:
have

d*r g -
i 7-’- =F1-B8)"/mg. . . « o . (15)

Putting in the:value of I from (6) of Chapter VII, the
acceleration becomes

d’r _2(1-8)
de = kr’mo[ I+ 1=57sn a)'/ﬂ] < e - (16)
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The chief thing that we know abont this acceleration is
that it takes place in one straight radial line because the whole
force in () is radial. As to the value of the acceleration
along this line the expression does not afford much light,
because there are in it three quantities which vary both with
the time and with the distance, namely, 7, a, and g, Lt does
not seem possible without further help to make valid
assnmiptions as to these variables as functions of the time and
distance.

Some light upon the question is afforded by a consideration
of the cnergy relations. Reearding the hydrogen ion at O,
(fig. 22) as a single physical system, let us apply to it the
ordinary rules of dynamics.  Since the entropy of any material
svstem left to itself is known to tend towards a maximum,
this may be interpreted here to mean that the ion strives to be
rid of its energy at o maximum rate.  Now the kinetic energy
ot translational motion of the electron at Oy is a part of the
encrgy originally possessed by the positive charge of the won.
I the jon succeeds in driving this electron free completely
away from itself carrying with it this kinctic encrgy, then its
own cucrgy will be reduced at a far greater rate than it would
be it it depended merely upon the energy lost by radiation.

For, as will be shown later, the kinetic energy at some
points of its path is much greater than the total energy radiated
by the whole motion. To render this entropy a maximum,
therefore, the ion strives to get rid of an electron.  As shown
above, there exists a certain critical angle «,, which reduces
the whole force to zero, and, if the ion could immediately turn
itself to this angle, the force would remain zero and the trans-
lational velocity of the electron would then become constant
because it would retain its oviginal velocity of projection. No
energy would be radiated out iuto space by this umform
velocity and zero acceleration, for the rate of radiation i1s zero
for uniform motion in a straight line, but the condition for
maximum entropy would be fulfilled.

The legitimate inference from this reasoning is that the
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forces governing the direction of the axis of the positive charge
strive to make it assume this critical angle, say a,, as soon as
~ossible. But in so doing the mass of the ion, or its angular
nomentnm, requires that a certain amonnt of time be consumed
in this operation, causing the axis first to be carried beyond
the critical angle and then to be reversed in its motion, thus
oscillating about the augle, ag, with a damped motion. The
damping must be present because the value of B, is continually
decreasing due to loss of energy by radiation from the electron
into space.

This gives rise to a periodical force the maximum value
of which must, according to fig. 24, be greater the greater the
maximum departure from the critical angle, «,, during a
complete peried.  But the amplitude of this angular oscillation
must be a function of the frequency of it, and it sccms most
logical to assume that the greater the frequency the smaller
the amplitude of the motion. This may mean that the
maximum force at the cxtreme angular deflection varies on
this account aloue as the inverse of the frequency.

The force or the acceleration according to (16) is also
inversely as the square of the distance, », but 7 itself will be a
periodic function of the time, and it is shown below that the
maximum values of 7 vary inversely as the frequency. These
two causes operating together, therefore, make the maximum
values of the periodic force vary directly as the frequency
of oscillation of the pole of the positive charge. This matter
is stressed because it is unusual to find a force in mechanical
systems whose maximum values vary as the frequency, but the
above model points to this condition.

With the above understanding it seems entirely justifiable
to assume that the acceleration expressed by (16) may be
written as a simple periodic function of the time as follows,

2,¢
jt; =kwe “coswt, . . .« .+ o . aamn

where o is the angular ielocity of the pole of the positive
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charge corresponding to a frequency, v, such that w=2x». "The
presence of the factor w in the coefficient makes the maximum
values of the force, as above stated, directly proportional to the
frequency, v, k£, being a constant to be determined. The
presence of the damping factor, e-«» has been accounted for
by the loss of energy due to the radiation from the electron
moving with accelerated motion.

Granting that this is the typical form that the acceleration
expressed by (16) would take, were it possible to deduce it as
a funetion of the time alone, the velocity may be found by a
first integration with respect to the time, giving

tl_r
t

ket (sin wt—cos wt) +&y, . . . . (18)

Do) —

k, being the constant of integration.  When the time is infinite
it may be assumed that the electron has returned to resume its
original position in the atom, and that dr/dt=0. Hence £,=0,
and no constant is required. A sccond integration gives
the distance, 7, as follows,

1k _,; -
r=—2w‘e “sinet+k;, . . . . . (19)

k, being a second constant of integration. This is also
negligible because when the time is infinite, r,=#%;, and the
distance from the centre of the atom to the normal centre
of the electron in the atom is of the order of 10~'3 cm. and
quite negligible.

This expression for 7 shows that the maximum values of it
vary inversely as the frequency other things being equal, which
confirms the statement made above in regard to the distance r
that occurs as 7~2 in the expression for the force.

a2y .
Three curves marked o and 7 in fig. 28 represent the

equations (17), (18), and (19) for certain assumed numerical
values of the constants. #,/2 according to (18) is equal to the
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initial velocity of projection of the clectron from the atom.
‘The frequency » is assumed for these curves to be equal to the
Rydberg constant, 3+29 X 1015 us representing the maximum
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Equations (17), (dt"” (18), :/; , and (19), r, plotted as ordinates against the

angle wt, proportional to the time, as abscisse.  The assumed frequency
is equal to the Rydberg constant, and the initial velocity approximately
the velocity of light. » denotes the distance of the cjected clectron from
the ion sending it forth.

frequency m the spectrum of hydrogen. The angles w? are
the abscisse in each of the three curves.

The maximum distance of the electron from the ion is
reached when wt=n/4, one eighth of a period, at which time
the velocity is zero and reverses direction, Putting wf=mn/4
in (19), and giving the initial velocity, £/2, its maximum
possible value, approximately the velocity of light, ¢, the



THE PROCESS OF LIGHT-RADIATION, 201

maximum distance the electron is drisen from the ion is given
by
p

Po= e hsin T= X 0456 x 00T0T=0322 5., (20)
w 1 )

Sinee w="2=v, and \v=g¢, we have

t

el =O00SI3N, L . o2
where X is the wave-length of the radiated waves.

According to the type of motion expressed by (17), (13),
and (19), the velocity of the electron decreases rapidly as it
moves away from the ion in a straight line from a value near
to the velocity of light down to zero in one eighth of a period
of the oscillation of the pole of the positive charge. At this
point it veverses its direction, at a distance about one
twentieth of the wave-length trom the ion, and begins to move
toward the ion again with an accelerated motion.  In this
direction 1t passes a point where the velocity is a maximum
after one quarter of a period, swhich 1epresents the greatest
velocity it has on the return path to the ion. The actual
velocity at this point is about 0-323 X 101 c¢m./sec. assuming
that the initial velocity is close to that of light. The mass
of the clectron at this slower velocity is then not far from its
normal mass at zero velocity, and its kinetic energy of motion
is, therefore, about 47 X 10710 erg.

The motion of the electron thus described is one of great
acceleration, and according to all forms of electrodynamics the
electron so moving must radiate out some energy into space.
Morcover, this 1adiation will have a periodic character at one
definite frequency, that contained in the equation of motion
(13). 1t is not difficult to show that an clectron so moving
will cxert a ponderomotive force upon each individual
elementary charge of an atom at a great distance from it, which
is periodic in character and of the same period as that of the
original motion. This is almost axiomatic that the same
period 1s transmitted through without change and will make



202 THE PROGRESS OF ATOMIC THEORY.

itself felt upon distant atoms upon which the radiation falls,
say the retina of the eye or a photographic plate.

At present we shall not try to picture what permanent
change this radiation effects in the silver salts used in the
photographic plate, but may rest content with a picture
that covers the process of bringing this radiation up to
the receiver from the original passing electron which caused
the disturbance.

In this chapter the process has been outlined with a view
to making the probable operation of the mechanism of
radiation of one characteristic line of the spectrum understood.
It is clear that the frequency of this line must be a
characteristic of the atom itself, for after the energy was
received from the passing electron and transformed in chai-
acter into very high frequency waves, it is only the properties
of the fundamental bodies belonging to the atom in question
that can impress a definite frequency upon the subsequent and
secondary action described. In the next chapter will be
considered the amsunt of the energy radiated by the electron
in making its complete excursion out and back from the ion.



CHAPIER IX.
THE TRIGGER EFFECT AND PLANCK’S QUANTUM.

Wuexy a point charge is set in motion all the forms
of classical electrodynamics state that cnergy is radiated out
from it in all directions. The onec exception is for uniform
motion in a straight line when the radiated energy falls to zero.
The flow of energy at each point of the field surrounding
the point takes the direction of the Poynting vector, and,
in order to obtain an expression for the total energy
radiated as well as the rate of radiation, the surface integral
of the Poynting vector over the surface of a sphere surrounding
the moving point was obtained by Liénard in 1898, using the
Lorentz form of electrodynamics.

An electron is not strictly a point charge, but it is equiva-
lent to one provided the radius of curvature of the path
along which its centre moves is large compared with the linear
dimensions of the electron. The rate of the radiation of energy
from the moving point charge as found by Liénard is as follows:

1 1 ‘_l_):")'—
R— 2 ce? i _.__@‘___ _ ‘(i((ltz (1)
=3 L_p?(l_B‘Jﬁ (l_ﬁz)a-lv . e e

14

d?r
where p is the radius of curvature of the path, g¢2 the accelera-

tion along the path and B¢ the velocity of the point, ¢ being
the velocity of light. This formula has been checked by
others, notably by G. A. Schott in his book ¢ Electromagnetic
Radiation,” who uses the same form of electrodynamics, and
the presumption is that the expression has been correctly
derived from the Lorentz form of theory.

The Poynting vector in the Saha form of electrodynamics
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has a different form from that on the Lorentz theory, but, so
far as the Author is aware, the rate of radiation from a pmnt
charge found by integrating this Saha-Poynting vector over
the surface of a sphere has not been published by anyone.
‘The result may differ from that above given or it may possibly
be the same, though the chances are that it differs because
of the difference in the Poynting vector. This matter is men-
tioned pecause we have followed the Salha form of dynamics
heretofore. but now mnst use equation (1) or wait until the
Saha expression is available. The expression (1) may be right
in the main, but it seems that it must be defective or incom-
plete for the following reasous.

It E denotes the total energy radiated, the rate of change
of this enerey with the time, dE/df, may be denoted by R, and,
it I¥ denotes the force upon the electron due to the reaction
of the radiation along the clement of the path, dr, then the
work done by this reactive force in the distance, dr, is ¥dr,
and the rate of working is Fdr/dt=Yr=Fgc. If (1)1s
divided by the vvlomtv, v, of the electron, we shall, therefore,
obtain the reactive force due to the radiation when due regard
is paid to the sign of the force, that is, whether it is the force
of reaction we wish or a force equal and opposite to it.

In his ¢ Flectromagnetic Radiation’ Schott has worked out
examples of radiated energy in circular motion (p. 110), simple
harmonic motion in a straight line (p. 122), and elliptical
motion (p. 126), and shows that his results aie obtainable
from (1) above. Tet us consider rhe case of simple harmonic
motion in the light of equation (1). At the middle point
of the path the velocity is a maximum aud the acceleration
zero.  Hence at this point R is zero and no energy is radiated
as in uniform motion. And by dividing by v the reactive
torce is also zero as it should be for no radiation.

However, as the point approaches the end of its path its
velocity approaches zero and its acceleration a maximum.
Hence in dividing a finite quantity by zero or a very small
velocity, just before the end of the path is reached the reactive
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force approaches infinity. This does not mean that the total
energy radiated per cycle must be infinite. It comes out
finite, although the electron must pass through a point where
the reactive force npon it becomes excecdingly large. That
there ever exists so great a force of reaction anywhere is
physically improbable. No such difficulty arises with the
circular motion, and one can scarcely believe that there is any
more reason why simple harmonic motion should present any
more difficulty than circular motion. The indication is that
something is lacking or incomplete about the formula, and
this is borne out by the other instances mentioned in the
preceding chapters, where the Lorentz form of dynamics is not
satisfactory.

This is a disconcerting kind of an introduction to give just
before proceeding to use formula (1) to obtain some sort
of a useful result from it. Even so the reader will certainly
prefer to have one’s true opinion of the formula. It is not
wholly wrong, and the results obtained from it are suggestive
rather than final. It is quite likely that a similar result will
be obtained from the Saha formula, when it is available, in all
the essential particulars, and some interest may attach to the:
use of (1) in throwing some light upon a very obscure
phenomenon.

For straight line motion of the electron out and back from
the ion described in the last chapter, the radius of curvature
of the path, p, is infinite, and the formula (1) reduces to

(@)
o 262 \dt? .
R=sot=pp ~ - - -0 - @

The dielectric constant k is inserted here in order to keep
the dimensions of both members of the equation the same. It
should also have been written in (1), but that stands as quoted
from the original author.

Assuming that the motion of the electron at O,, fig. 22, is

completely described by the equations (17), (18), and (19).
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of Chapter VIII and illustrated by fig. 28, the total energy
radiated during cne whole excursion may be obtained from
(2) by integration with respect to the time between the linits

dr
zero and infinity. Writing for B ¢ dp Ve have the total

energy

205 (*% 1 7dr\2 =3 (d?r\? .
=N LEH AN I ARG

or expanding into infinite series, this becomes

2¢? T sding 6 gdr\ 10 sdr\8 A3\2
E= 3‘1;@“0[1* " (;“) + ”4(72) +, (;“) +.o.] (Za‘z) &t (&)

Using the values of the acceleration and velocity given in
{17) and (18) above, and integrating each term separately,
gives finally the total energy radiated in one excursion of the
electron out and back :

k= j";[ 93(“) +.. ] C . ()

The next term of this series will be £,*/c* with a different
numerical cocfficient, and so on, the powers of %,/c increasing
by 2 from term to term. But %, is constant by hypothesis
according to (17), and there exist, therefore, no variables in
the right member of (5) except the frequency of the radiation,
v. Hence the whole energy may be written

E=lw, . . . . . .. (6)

which is Planck’s quantum expression, if 2 may denote the
coefficient of » in (5). That is to say, exactly one quantum
of energy is radiated away from the atom by one excursion
of one electron out and back. Moreover, the atomic model
affords a concrete picture of just what it is that possesses this
frequency, v



THE TRIGGER EFFECT AND PLANCK’S QUANTUM. 207

The numerical value of Planck’s constant, %, cannot be
deduced frem (5) because the value of the constant, &, is
unknown, but the known value of » may be used to give some
information about £,. According to (18) it is seen that #£,/2
represents the initial velocity of ejection of the electron from
the atom. 'The series in the parenthesis of (5) may have any
value from unity to infinity according to the value of £,
It is evident by (2) that the radiated energy approaches an
infinite value as the initial velocity of the electron approaches
that of light.

For all initial velocities less than that of light the series
is finite, but less and less convergent as the velocity of light
is approached. Suppose that the sum of the series within the
parenthesis of (5) is denoted by S. In order that the
coefficient of v may be numerically equal to Planck’s constant,
h, the value of S must be 1382, This indicates immediately
that a large number of terms of the scrics is required, that it
is not very rapidly converging, and that the initial velocity
k,/2 must be very close to that of liczht. Its exact value might
be evaluated by the use of this information, but the process is
laborious and not worth while. When £,=2¢ approximately,
the constant, &, is then given by

h=2me*Syck. . . . . . . . . (D

The Trigger Effect.

It was stated above that the maximum kinetic energy of the
electron on its return journey is about 47 X107 erg. 'Ihe
greatest frequency in the hydrogen spectrum is equal to the
Rydberg constant K=3-29Xx10%. Multiplying this by
h=656 x10-¥ gives 02154107 erg as the maximum
quantum of energy radiated by hydrogen. Assuming that this
represents the total encrgy radiated during one excursion of
the electron out and back, it is seen that the kinetic energy
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at one point of the path on the return journey is two hundred
and twenty times greater than the total energy radiated. and
this is smaller than the kinctic energy at other points on the
outward journey.

"The importance of this conception, if true, is so great that
some of the more fundamental points of the process given in
the last chapter may bear restating. An initial velocity closely
approaching that of light may be produced in an electron which
is shot out from the ion in a straight line and then returns
again to the ion. The energy thus lost by radiation from the
electron is no greater than that received from the passing
electron from which the energy was originally derived.
Because the form of this energy received from the passing
electron is entirely transformed in character into high frequency
vibrations of the positive charge, the whole internal energy
of the positive charge is used to give the ejected electron its
large kinetic energy of translational motion, but this is all
returned again to the atom as the electron comes back.

The positive charge undoubtedly containsa store of energy,
me?=149% 1072 erg, which is very great compared with
any of the other energies above mentioned. The kinetic
energy of the electron cited is of the order of 10~° erg, a million
times smaller, the maximum quantum of energy above
computed of the order of 107", and the energy of dissociation
of the two atoms of a molecule of the order of 10-" erg.
Hence it becomes possible for a very much smaller amount
of energy to release or to bring into action a much larger
amount of energy, namely some of that stored in the positive
charge. 'This may be called the trigger effect.

Although such an effect has been mentioned in the
literature of the subject as a remote possibility, its probability
from the standpoint of dynamics has never been pointed out.
To admit of its existence removes some otherwise insurmount-
able difficulties connected with the photoelectric effect and the
secondary [3-rays generated by X-rays. These two phenomena
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in particular have seemed to demand the artificial conception
of “light quanta,” which of itself introduces difficulties of an
order far more formidable than to admit of a true trigger
effect.

The Mazimum Distances to which an Electron
is Prgjected from Hydrogen Atoms.

According to the result in (21) of Chapter VIIL the
maximum distance to which the electrou is projected from the
ion during the characteristic radiation from hydrogen gas is
equal to the 0:05613 part of the wave-length of the radiated
waves. T'he shortest wave-length characteristic of the
hydrogen spectrum is 911-8 X 10~° cm., corresponding to the
frequency v=K =3-28880 X 10%, the Rydberg constant. Hence
in this case the distance given by (21) is 4677 x 10~" cm.

In order to compare this distance with the average
distances between the molecules of the hydrngen gas, let it be
supposed that the gas isat 0° C. and one millimetre of mercury
pressure. ‘The approximate distance between the molecules
is then on the average about 65X10~7 cm. This is about
fourteen times greater than the maximum distance that the
electron goes from the atom as above computed. On the
average, therefore, the ejected electrons will not come within
the sphere of influence of the next molecule of the gas, and
will experience no disturbance or interference from this cause.

As the frequency of the characteristic radiation is reduced
and the wave-length increased to correspond with other lines
of the spectrum, the maximum distance according to (21)
becomes greater in direct proportion. The wave-length must
be increased fourteen times, therefore, in order that the
electrons may go on the average as far as the next molecule
of the gas under the conditions of temperature and pressure
named. This would make the wave-length about 12,760 X
10-8 cm., which is not far from the second line of the Paschen

P



210 THE PROGRESS OF ATOMIC THEORY.

series in the infra-red. Hence, practically the whole of the
hydrogen spectrum so far as it has been observed may be
emitted before an electron travels so far as the next adjacent
molecule on the average, and no interference will thus be
experienced.

It has just come to our notice that Prof. R. A. Millikan, in a paper
entitled *High Frequency Rays of Cosmic Origin” before the National
Academy of Science at Madison, Wisconsin, has announced a new discovery
of high-frequency waves of much higher value than those hitherto known.
These waves seem to be just those with which Chapters VII to X are
concerned, and it has been anticipated that they would eventually be detected
experimentally, though it could not be anticipated when this would be
accomplished. The waves that Prof. Millikan announces apparently have
all the ear-marks of the waves treated of in these chapters. As explained
in these pages they are free to radiate out into space during the times when
an electron is being detached, but not at other times, because in the normal
states the presence of the two clectrons in the hydrogen atom or in the
alpha-particle prevents this radiation from escaping.

November, 1925."



CHAPTER X.
THE PROCESS OF X-RADIATION.

IN examining in Chapter VIII the process of light-radiation
from a gas a stream of cathode rays, that is negative electrons,
was supposed to be passed through it, and the action of one
electron upon a single hydrogen atom was considered, which
being one of the atoms of a gas is free to orient itself in any
manner.

In order to generate X-rays the usual method is to cause
the stream of cathode rays to impinge upon a solid substance,
usually a metal plate such as tungsten, rubidium, or platinum,
in an exhausted bulb. The point where the cathode rays strike
the plate becomes a source of X-rays, which are emitted in all
directions from the poiut.

As thus stated it is evident that the two plienomena of light
and X-radiation are distinct in this, that the atoms of the gas
are free, while the atoms of the metal, being a part of a solid
body, are not free to be oriented simply by the mutual forces
between the passing electron and the atom only.

In view of certain recent cxperimental results some may
think that this distinction, as between a gas and a solid, does
not cause the difference between light- and X-rays, but there is
no experimental evidence as yet which establishes the fact that
the X-ray spectrum has ever been produced from the atoms
while in the state of a gas, when bombarded by a stream of
electrons. Until very recently there has existed a wide gap
between the lowest X-ray frequencies and the highest light-
frequencies measured, the X-ray frequencies lying in a region
from one to ten thousand times higher than light-frequencies
formerly measured.

Recent experiments of Millikan may occur to the reader as

P2
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an answer to the above statement that the X-ray spectrum has
not yet been produced by the atoms in a state of gas. In these
experiments use was made of an electric arc, its two electrddes
being separated in the neighbourhood of one tenth of a milli-
metre from which light-frequencies of an unusually high order
were obtained, bridging the gap spoken of between light- and
X.ray frequencies as they had previously been measured.

No precautions were taken in these experiments to prevent
the light from the metal electrodes themselves from passing
through the slit to the photographic plate, and indeed this
would have been difficult of accomplishment considering the
small distance between the two electrodes of the arc. It may
be assumed to be possible, therefore, in the absence of other
evidence, that X-rays may have been generated by the electric
discharge at the surface of the metal. The only evidence,
however, that X-rays were obtained in these experiments seems
to be that the light-spectrum comes to an abrupt end at a
definite high frequency limit, which fits closely with the
quantum relation. ‘There is no reason why such a limit should
not also be present in light-radiation. The only satisfactory
evidence that the characteristic X-radiation is being obtained
must be the actual production of the X-ray emission spectrum
which consists of several series, the K, L, etc., groups, each
consisting of several distinct lines, No such spectrum has
ever been produced from a gas so far as the writer is aware.

'T'o anticipate the results to be described it seems probable
that the source of X-rays is fundamentally different from light-
rays. Light-rays in accordance with the atom models are in-
timately connected with the high-frequency vibrations of the
positive charge as described in Chapters VIII and 1X, while
X-rays are intimately connected with the high-trequency
vibrations of the negative electron itself. There is some ex-
perimental support for this view. At first thought one might
expect that all X-ray spectra would be exactly alike if they
are due to the same body, the negative electron. But they
are actually very much alike, the same lines appearing in the
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‘spectrum of each element only being a little displaced with
increasing atomic number from element to element. No such
marked similarity exists between the light-spectra of these
same eclements. They are very markedly different the one from
the other.

There are certain reasons why the X-ray spectra of suc-
cessive elements, while being almost identical, yet should be
shifted slightly from element to element, even though they are
generated in every case by the same body, the negative electron.
If the negative electron is projected from the atom with a
velocity at all approaching the velocity of light, as was sup-
posed to be the case in light-spectra discussed in the preceding
chapters, then its mass is appreciably different, and to all
intents it is not the same elcctron, but differs in its properties.
The same is never true of the positive charges, because they do
not have velocities approaching that of light. This different
mass must affect all of its motions alike, which makes it clear
that the spectra will all have the same general character but
be shifted somewhat from element to element.

In a recent experimental investigation by Zecher* in
measuring X-ray intensities over the surface of a hemisphere,
he makes the remark that it is in harmony with his observa-
tions to conceive of the source of the X-rays as the vibrations
of rapidly moving particles, which is in perfect agreement with
the above statements.

According to these views the way to produce the X-ray
spectrum of hydrogen is to obtain hydrogen in the solid form,
and then bombard it with cathode rays just as is done with
other substances, but to do this presents considerable ex-
perimental difficulty. Until it is done, however, it cannot be
stated that the X-ray spectrum of hydrogen will prove to be
the same as the light-spectrum, and indeed it may be expected
to be diffcrent with more reason.

Heretofore in the theoretical discussions in the preceding

* Ann. Physik, Ixiii. p. 28 (1920).
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chapters the hydrogen atom has been used almost exclusively
on account of its simpler construction, but now in cons1dermg
solid substances it seems advisable te picture one of the more
complex atoms. The structure of the atoms is only given in
fig. 2 as far as aluminium, and, since it is possible to generate
X-rays by bombarding an aluminium plate, let us use the
aluminium atom for illustration.

An aluminium crystal has its elementary cube edge
4'07x 107" cm., which is an immense distance as eompared
with the longest dimension of the aluminium atom, say Al-1
(fig. 2). This distance is between five and six major diameters
of the negative electron, that is about 6651 10~13 cm. =
3:9%x 10712 ¢m., about ten thousand times smaller than the
edge of the cube lattice.

The forces of all the other atoms in the metal acting upon
the one atom, however, determine not only its position in the
crystal but also the position of the axis of the atom. In the
latter the rotation of the positive elements on their respective
axes is by far the most potent factor in directing the axis of
the whole atom, because the absolute values of the speeds of
rotation are so much greater than those of the electrons.

When one of the electrons of the cathode rays, which we
have called the passing electron in discussing the phenomenon
in Chapter VIII, passes close to one of these aluminium atoms,
close, that is, as compared with the space lattice distances,
it will have an effect similar to that described with the
hydrogen atom upon each positive charge and each electron
tending to twist or turn the plane of its axis of rotation. But
the whole atom is held by the other members of the surrounding
metal, so that it must require considerably more torque on the
part of the passing electron before one of the charges can be
turned with sufficient violence to cause it to lose contact with
one of the electrons. This means more energy and greater
velocity on the part of the passing electron before the critical
velocity is reached. When the critical velocity is passed, how-
ever, it is most probable that there is some one electron in the
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atom most favourably situated so that it will be the first to
respond. Iet us suppose that this is the central electron in
th@atom A1-1 (fig. 2)in,order to make the illustration concrete.

It will then bump against the positive charge setting both
itself and the positive charge into high frequency vibrations
similar to that illustrated in fig. 21. The plane of the atom as
a whole is not affected by this action, however. To rotate
the plane as a whole would require more time involving the
whole moment of momentum of the atom.

The negative electron may then be assumed to be projected
from the atom in a straight line because of the new forces
brought into existence due to these high frequency vibrations.
The oscillations of the axis of the positive charge, however,
which does not leave the atom must be quickly stopped
because of the influence of the other positive charges in the
same atom, and the force upon the now distant electron will
not be oscillatory because of a positive charge in the atom.

It is oscillatory, however, because of the turning of its own
axis, and, as was shown in Chapter IX, it will endeavour to
orient its axis so as to come into the angle of zero force, and
will oscillate about this angle with a damped motion because
of the loss of energy through radiation. It may be assumed,
therefore, that the motion of the electron away from the ion
may be expressed by the same equations, (17), (18), and (19)
of Chapter VIII as used before.

The same general conclusions may, therefore, be applied,
that the total energy radiated in one excursion out and back
is equal to one quantum, hv. Since the frequency of the
X-rays is higher than that of the light before considered, so
also is the quantum of energy proportionally greater, and we
have just seen why it must require more energy on the part of
the passing electron to produce the effect.

"The second general conclusion is that the electron goes out
to a maximum distance from the ion expressed by (21) of
Chapter VIIL, namely, the 0:0513 part of the wave-length.
Since the wave-lengths are less for the X-rays so also are the



216 THE PROGRESS OF ATOMIC THEORY.

maximum distances to which the electron goes in direct
proportion.

This affords a qualitative test of the above ideas, because,
if the distances so computed were very great as compared with
the distances to the nearest atoms in the metal, there should
occur obstacles to the motion that must result in disturbing
the path of the ejected electrons, and especially so if adjacent
atoms chance to be sending out radiating electrons simul-
taneously towards each other.

The interest centres, therefore. in the longest X-ray
wave-lengths that have bcen observed. These are charted in
fig. 29, from data taken from a paper by Duane. "The element
of lowest atomic number for which the emission X-ray spectrum
has been partially obtained is sodium, atomic number 11, and
the longest emission wave for it is 11:88 X108 cm., the K,
line. The curve marked K, gives these wave-lengths in the
K-series for increasing atomic numbers. They go on de-
creasing until N=30 (zinc), when the L-series first makes its
appearance, the dongest wave-length for zinc being 12-346 x
i0~* cm., about the same as the longest wave-length in the
K-series for sodium.

These are shown by the curve marked L, and decrease in
the same manner, though not so rapidly from element to
element as the K-series. The L-series gives the longest
waves recorded until we come to dysprosium (N=66), when
the M-series is first observed, the longest wave-length being
9:509 % 10~8 cm., shown in the curve marked Mq. 'The waves
of this series decrease from element to element but at a rate
still slower than for the L-series.

If these wave-lengths are each multiplied by the same
factor, 0'0613, the results give the maximum distances to
which the electrons go from the ion in each case. In the
K-series for Na, Mg, and Al these distances are respectively
061, 0506, and 0'427 times 1078 cm. In the case of Al the
elementary cube edge, as above stated, is known to be
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4:07x10~* cm., and the side of the elementary equilateral
triangle of certain planes in the lattice is 288X 10-8 cm.
Coﬁsequently in Al the electron that goes out the farthest
covers but 148 per cent. of the distance to the nearest
neighbour.
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Observed X-ray wave-lengths as ordinates plotted against the atomic
numbers as absciss®, in the K, L, and M series.

As the atomic number increases these maximum distances
decrease until for copper (N=29) the longest observed wave-
length is the K,, line, 1°543 X10-8 cm., corresponding to a
maximum distance of 0:0729X10~® cm. 'The cube edge of the
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copper lattice is 3'61 X 10~8 cm. and the elementary equilateral
triangle 2:65 X 1078 cm. Consequently the maximum distance
is but 81 per cent. of the distance between the nedrest
neighbours of the lattice.

The L-series begins with the next number (N=30) zinc,
as far as yet observed, and the maximum distance now jumps
up to 0663 10-% cm., which is very close to the value for
sodium in the K-series. These distances decrease again with
increasing atomic number until the M-series begins at
dysprosium (N=66), when the maximum distance again jumps
up to 0°'488 X 10~* cm.

The space lattice distances have not been determined for
dysprosium so far as the writer is aware, but the lattice
distances do not depend intimately upon the atomic number.
The actual distances to which the electrons go, therefore,
enable one to estimate roughly the proportional distance to
the nearest neighbour with sufficient approximation.

The greatest distance computed from any observed wave-
length does not“exceed about one quarter of the distance to
the next neighbour in the lattice, that for zinc in the I.-series
being the greatest of any line recorded. The maximum
distance falls off most rapidly for the K-serics from Na to Mg
and Al. When the actual distances approach, say, one qnarter
of the distance between adjacent atoms, which may both be
sending out electrons simultaneously, it may be inferred that
their mutual influence upon each other will produce some
disturbance, and it may be anticipated that in elements of still
lower atomic number than 11 this disturbance rapidly becomes
more pronounced and the spectrum possibly more complicated,
other lines making their appearance, there being more general
radiation, and a departure from the uniform characteristics
exhibited by the heavier elements.

If the remark made by Moseley in his original paper
concerning the elements sodium and magnesium, whose spectra
he did not give, is to be trusted to the same extent as the rest.
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of his work now acknowledged universally, there is an
indication that this effect has already set in with sodium and
magnesium. He says: *The very light elements give several
other fainter lines, which have not yet been fully investigated,
while the results for Mg and Na are quite complicated, and
apparently depart from the simple relations which connect the
spectra of the other elements.”

This theory thus attaches considerable intcrest to the
experimental determination of the characteristic emission for
the elcments of lower atomic number than have yet been
measured. It is recognized that the chief difficulty in making
such measurements is the fact that the wave-lengths are so
long that therc are no crystals available that can resolve the
lines. It requires a grating with a greater distance between
rulings.

The theory above outlined is also in harmony with the
experimental results of Bragg and others as to the scattering
of the electrons of the original cathode stream in their passage
through sheets of metal. It is observed that there is no
increase in the number of electrons in the original stream, but
merely their direction of motion is changed and their velocities
somewhat reduced, never increased by their passage through
the sheet. On this point W. H. Bragg* says: “ All these
secondary radiations may well be electrons of the original
cathode stream diverted by the atoms upon which they have
fallen.” According to the present theory the atoms of the
metal are not ionized by losing electrons permanently, because
the electron merely goes out to a certain maximumn distance
and then returns again to its original place within the atom.

* ¢ Studies in Radioactivity,” p. 80.






CHAPTER XI.
LiINE-SPECTRA.

In the preceding chapters we have considered the
mechanism of the process by which one characteristic line
of the light- and of the X-ray spectra may be produced by such
atoms as described in Chapter II. The radiation is first
traccable back to the character of the straight-line motion of the
ejected electron out and back, and second, in the case of light
to the oscillations of the pole of the positive part of the atoms,
and in the case of X-rays to the oscillation of the pole of the
negative electron itself, each body being under the influence
of the other body.

The origin of the characteristic frequencies is thus traceable
ultimately to the little-known properties of these fundamental
bodies, the positive and negative electricity. It should be
emphasized that each of thesc ultimate units of charge is a
rotating body possessing an axis. In gencral, such a system
of bodies cannot be disturbed without producing a couple
tending to alter the directions of the axes of rotation. In plain
words, the conclusion has been reached that even the simplest
atom, hydrogen, is no simpler in its behaviour than a system
of three gyroscopic bodies would be, and no doubt not as
simple because of the semi-liquid or solid character of the
charges, which are subject to deformation. It is very evident
that, granting the atoms are bodies built up as suggested in
fig. 2, the problem of unravelling a complete explanation
of line-spectra in terms of the models is one of the most
recondite questions possible. One might wish that this were
not so, and possibly hopes have been entertained that a new
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conception of an atomic model would dffer an easy road toward
the understanding of spectrum lines.\ The fact that this is
not so and that the problem appears even more complex than
formerly is no argument at all against the form of these models.
More labour and time of investigation on the part of experi-
mentalists has been devoted to line-spectra than possibly to
any other one subject in physics, and the meagre results to
show for it in correlating these results theoretically really
demonstrates the great complexity of the problem.

The greatest strides in this direction have been made by
an application of the so-called quantum theory to the subject,
which, as regards spectra, has now become identified with the
Bohr theory. It has not been possible or advisable to devote
much space in this volume to any discussion of this important
theory, which has certainly put an entering wedge into this
most obscure subject. A condeused statement of the Bohr
theory as it is now understood may be given as follows, or
rather the two hypotheses which underlie the theory. There
are recognized ta be » different states of an atom, and the
difference between the energies of any two states may be
expressed by the frequency condition e,—e,=hv. The Bohr
theory began by having a definite reference to a special form
of atomic model, but the two great generalizations which have
emerged from it and now form the real basis of Bohr’s theory
are really detached from any form of model. In other words,
any form of model which admits of these two conditions may
represent the truth just as well as the model originally
proposed by Bohr. The valuable results already obtained by
the use of this generalized Bohr theory need not, therefore, be
abandoned because they may have been construed to apply to
a definite model. If another model admits of the two general
hypotheses this is sufficient to justify an adaptation of the
theory to it.

The most that can be expected at present in explaining
the existence of series spectra by means of the models above
described, is to show that the classical dynamical theory seems
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adequate to cope with fhese questions when sufficient data

are available and the po\!er of analysis is sufficiently developed.
It & gratifying under these circumstances to be able to show
with some probability that the ordinary equation of series
spectra in the case of hydrogen is derivable by means of the
classical theory from just such an atomic model as described.
This was first pointed out by E. T. Whittaker in 1911, in
connection with another conception of the source of the series
spectra. IHis reasoning is very general, however, and the
suggestion assumes a renewed interest because it is equally
applicable to this form of model. He postulated that there
must exist a gyroscopic connection between the two separate
atoms of a hydrogen molecule, and derived the equation of the
Balmer series from this idea by the use of the classical
dynamics. This explanation of the series spectra, however,
attributed it to the molecule rather than to the atom to which
it is now admitted to belong. The same treatment may,
however, be applied with equal force to the gyroscopic con-
nection that has been pointed out in preceding chapters
between the ejected electron and the remainder of the atom
from which it came.

ITis demonstration is short and seems worth giving in full.
If u and v are some scalar functions of both time and position
of two elements, the one in the electron and the other in the
ion, such that the potential energy of the element of the
electron is represented by

iau+—b(gz B ¢

and the potential energy of the element of the ion by

1
2

avi+ b(g; R )

where @ and & are constants and § is a position angle referred
to some fixed point as an origin; then, if it is legitimate to
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assume that the gyroscopic connectio between the two bodies

may give rise to a term in the kinetic \potential of the type
\ ;

ou v .
e gy e @

the equations of motion take the form

D% o'
au—ba—gﬂ——a—téyz—o P (4)
and

O 0%
av—b.§§2+at362—0. N ()
If, now, the functions » and v are assumed to be simple
periodic functions both of time and of position, an assumption

which is justified by the models, namely

u=Asin(nt+mb), . . . . . . . (6)
v=Beos(nt+mb), . . . . . . . (7)

where m denotes any integer and # is the angular velocity, the
solution of (4) and (5) gives

(a+m*h)A=m*nB
: ¢))

(a+m2b)B=m2nA

From these two equations A and B may be eliminated,
giving
) tu=btam®t . . . . . . . ()

Since m is an integer this equation has the form of the
hydrogen series spectra usually written

N
y=A-—- ‘-r?. . . . . . . . . (10)
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This example has b'en cited to show that it is not beyond
the power of the classichl dynamics to show that such a system
of “rotating charges as tthe model hydrogen atom contains, may
give rise to the peculiar series that is of very frequent occur-
rence in the spectra of the elements.

Assuming that this demonstration is applicable to the
atoms shown in fig. 2, it is seen that there exists a very large
number of states of the atom corresponding to the integer, m,
1, 2, 3, etc. This is one of the two fundamental hypotheses

underlying the Bohr theory, which, therefore, applies with
equal reason to this form of the atoms.
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CHAPTER XII,
AVAILABLE AND UNAVAILABLE INTERATOMIC ENERGY.

IN the preceding chapters a fairly comprehensive range of
phenomena has been studied with the help of the new atomic
models, though it is by no means an all-inclusive one. It
embraces phenomena that fall under two broad classifications :
first, ““ the steady states,” when the atoms neither radiate nor
absorb energy, as in Chapters III to VI, which treat of
the subjects of gravitation and of the equilibrium positions of
the atoms in molecules ; and, second, “ the active states,” when
there occur both radiation and absorption of energy, as in the
remaining chapters that touch upon both light- and X-radia-
tion. In reviewing these chapters, the thing that perhaps
makes the greatest impression is the conspicuous part played
by the very great energy content of the electrons, great, that
is, in comparison with the small amounts of energy that they
give up or receive back again in any of their activities. There
was no success in forming a molecule with two hydrogen atoms
as long as the atoms were assumed to be symmetrical and the
electrons all exactly alike. The individual electrons tempo-
rarily give up or receive back several times as much energy as
is used in forming the molecule. And, similarly, in the process
of light- or of X-radiation the electrons temporarily give up
and receive back again several times as much energy as the
quantum of radiated energy. These great reservoirs of energy
are tapped to a certain extent in every operation or change of
state. But the amount of the energy they thus give up or
receive back again is extremely small in comparison with their
total energy contents.

It has been recognized for some time that there exist great
stores of energy in all ordinary masses of matter, great in
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comparison with the very small amo§nt of energy that man
has yet been able to extract and ¥nake available for his
practical needs in supplying power forl commerce and the &.ts.
This belief, that the energy is there and that such a very
minute portion of it has as yet been turned to commercial use,
is the inspiration impelling scientists and inventors throughout
the world to try to increase the small proportion of the whole
which is now available energy.

It is our belief that the energy content of any piece of
matter may be expressed as the product of its mass by the
square of the velocity of light. Consequently, for one gram
of matter of whatever kind the energy content is equal to
the square of the velocity of light, that is, approximately
9 % 10* ergs. This is an immense amount of energy equivalent
to that required to supply one kilowatt continuously day and
night for a period of no less than 2852 years’ time. The heat
produced by the complete combustion of one gram of the very
best grade of coal is about 8500 small calories, equivalent to
3:554 X 10" ergs. This is more than two and a half billion
times smaller than the energy, 9 X 10® ergs, that expresses the
total energy content of the gram of coal or of any other
substance. To state it in other words, the complete combustion
of the gram of coal will supply euergy at the rate of one kilo-
watt for only about thirty-five and a half seconds of time
instead of for a period of 2852 years’ duration.

One reason for mentioning the matter here is that there
evidently exists a rather general misunderstanding on the part
of inventors and many others as to what goal of attainment
may reasonably be expected. This misunderstanding may be
traced to a misuse of the words * interatomic energy.” 'l'o be
explicit there should be a clear distinction drawn between
the three phrases, intermolecular energy, interatomic energy,
and interelectronic energy. In one sense the first of these
might be interpreted to include both of the others, because the
afom is within the molecule and the electron within the atom,
but this is not the common and preferred usage. When one
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speaks of intermolecularfenergy he has in mind those energies
required to cause the atpms to change partners so to speak as
befween different molcchles, represented by the heats of com-
bustion and heats of disSociation, of the order, say, of 107" erg
per atom. This process takes place without altering in an
appreciable degree the atoms themselves; they continue to
retain the same number of positive charges as they move about
from place to place whether forming a part of one molecule or
of another.

And in a similar manner the phrase * interatomic energy ”
might be interpreted to include interelectronic energy as well,
because the electron is within the atom, but this should not
be the common and preferred usage. When one speaks of
interatomic energy he should have in mind those energies
required to cause the electrons to change partners, so to speak,
as between different atoms represented by such energies as
those of the ionization of atoms, that is to say, the energy to
pull one or more electrons off from an atom or to cause them
to unite with an atom that has already lost electrons, energies
between ten and one hundred, or perhaps a thousand, times
107" erg per atom. The energy to pull one electron off from
the hydrogen atom, for example, is about 35 x 10™** erg. To
pull the second electron off certainly requires several times this
amount. Just as in the former example of intermolecular
energy where the atoms were undisturbed, so here in the
example of interatomic energy the individual charges or
electrons both positive and negative pass through the change
without alteration in an appreciable degree.

Now intermolecular energy is not only available energy,
but it is also that which has already been in practical use in
the combustion of coal and other fuels. On the other hand,
interatomic energy has not been obtained as yet in such a way
that any practical use has been made of it in commerce and
the arts, but it, too, must be regarded as available energy in the
sense now employed. Some of it, on a very small scale to be
sure, has already been of great use in physical and chemical
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research, and ho one is bold enouglf to try to set any limits
for future attainment in extending ¥he proportion for com-
‘mercial use. As already pointed outy the probability is #hat
this energy per atom may be as much'as one hundred or more
times the energies of combustion or of the dissociation of
molecules, but it certainly will never amount to a hundred
thousand times as much, at least until the electrons themselves
are made to give up their entire energy contents and dissipate
themselves. For this there has as yet been no possible
suggestion of encouragement on either the experimental or
the theoretical side. That is to say, the interelectronic energy
is by far the greatest of the threc classes of energies above
mentioned, and this, as a whole, may for the present be con-
sidered as unavailable energy in distinction to the first two
classes that are both available.

The confusion that has arisen is primarily due to a
misuse of the words interatomic energy. It is often erroncously
used to include the unavailable interelectronic part of the
energy which is millions of times greater per atom than inter-
molecular energy. This is misleading, because it includes both
the available and the unavailable parts, and may in certain
quarters foster an unwarranted expectation of rcalizing this
large store as available energy for practical commercial use.
When our technique has advanced to such a stage that inter-
atomic energy employed in the sense above mentioned .is
realised for practical commercial uses, then at the most we
may expect to multiply the present sources of energy per atom
by a factor of the order of 100 or 1000 perhaps, but not
by 1,000,000 or even 100,000, which is sometimes implied
by a thoughtless use of the words interatomic energy.
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