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§ 1. Introduction

The rapid development of the theory of large elastic deformations
during the past decade has been stimulated by the existence and wide-
spread use of vulcanized rubber, a substance which, to a fair degree of
approximation, may be regarded as an ideal, highly elastic material
which is isotropic and incompressible. Although much of the basic
mathematical theory was developed during the nineteenth century
by Cauchy, Green and others, attention at that time was mainly
concentrated on the classical infinitesimal theory for which there
were obvious applications arising from the use of metals, concrete
and other slightly elastic materials in engineering. Contributions were,
however, made to the finite theory notably by FINGER [1894], E. and
F. CosseErAT [1896], BRiLLoUIN [1925] and by MURNAGHAN [1937]
who has also [1951] derived approximate solutions to some simple
problems. Nevertheless, owing to the non-linearity of the differential
equations which need to be handled, progress was slow until the
publication of a series of papers by RivLiN [1948a,b,c,d, 1949a,b,c,]
which demonstrated that the existence of an internal geometrical
constraint, such as incompressibility, permitted the complete solution
by inverse methods of problems which were otherwise intractable. Since
then, the theory has been extended to deal with aeolotropic bodies
and materials reinforced with inextensible cords or containing general
systems of internal geometrical constraints. Systematic methods have
also been developed for the derivation of approximate solutions.

Reviews of progress in the subject have been published by
TRUESDELL [1952, 1953], who gives an historical treatment and an
extensive bibliography, and by DoyLE and ERrICKSEN [1956]. A
systematic development of the theory as existing at the time of
publication is given by GREEN and ZERNA [1954]). These works all
use tensor methods, which are particularly suitable for the concise
presentation of the theory, and consider in some detail the kinematics
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of deformation and the derivation of the fundamental equations of
finite elasticity. A more extensive treatment of recent developments
has been prepared by GREEN and ADKINS [1960]. Accounts of the subject
which avoid the use of tensor notation have been given by RivLiN
[1956, 1958]. The former of these is of particular interest to readers
mainly concerned with the physical aspects of the subject. TRELOAR
[1958] gives an account of the theory of large elastic deformations
resulting from the structural picture of rubber as a cross-linked net-
work of long chain molecules. He includes in his work a description,
from the physicist’s point of view, of some of the 'theoretical and
experimental results obtained by Rivlin and his co-workers.

The theory described in the present review assumes that the
mechanical properties of an ideally elastic material can be described
by means of a strain energy function, and the earlier sections are
devoted mainly to a discussion of the influence upon the form of
this function of such phenomenological properties as isotropy, aeolo-
tropy, incompressibility and other internal geometrical constraints,
and the variation in directional properties of the material from point
to point (curvilinear aeolotropy). A description is then given of some
of the more important exact solutions of the elastic equations which
have so far been derived and the parametric representation of the
stress deformation relations for these problems. Some of the results
may be regarded as generalizations of those published in earlier work.
A discussion of some of the experimental results obtained for rubber
is also included. The remaining sections deal with the theory of highly
elastic membranes and some of the general methods of deriving
approximate solutions.

Since adequate accounts have been given in the works previously
mentioned of the kinematics of deformation and the derivation of the
stress-strain relations by variational procedures, only the main results
required for a connected account of the subject are given here. To make
the material accessible to the widest possible range of readers, tensor
notation is kept to a minimum and such terms as are introduced are
fully defined. For conciseness, the conventionn of summation over
repeated suffixes is employed unless otherwise indicated.

Although many of the more important recent publications are
included in the bibliography, the list is by no means complete.
Further references may be found in the reviews and other major
works cited.
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1. SOME FUNDAMENTAL RESULTS

§ 2. Description of the Deformation

To describe the change in configuration of an elastic body, as a
result of deformation, corresponding points of the unstrained and
strained material may be referred to two coordinate frames which may
or may not coincide. The deformation is then specified by means of
functional relationships between the two sets of coordinates. Alter-
natively we may imagine a coordinate system which deforms with
the body, thc deformation being measured by the change in this
system. This approach, which has been used by GREEN and ZERNA
[1950, 1954] and others, is essentially that employed in the present
section where curvilinear coordinates are required. For a fuller account
of the measures of deformation which have been used in the develop-
ment of the subject and the relation between them reference may be
made to the works by TrurspELL [1952, 1953].

We suppose that points of the undeformed body are referred to a
fixed rectangular cartesian coordinate system x; and that during de-
formation a point of the material initially at x; is displaced to y; in
the same system. The displacement components #; are therefore given
by

Us = Vi — X¢ . (21)
If elements of length in the undeformed body and in the deformed
body are denoted by dsp and ds respectively, we have

ds(z) = dxdxg,

d
dst — dyidy, = 2 3‘, dy dxs

(2.2)

summation being carried out over repeated suffixes. From these ex-
pressions we obtain

1(ds® — dsd) = eydwxidxy (2.3)
where
_ L 2y
=73 (bx; y 6") (24)

are the usual Cauchy components of strain, which for classically small
deformations become

Lo duy
o = 2 (ij + Bx;) ! (2.5)
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and 6y is the Kronecker delta defined by
dy=1 G=1), dy=0 (i#7). (2.6)

The finite strain components (2.4) satisfy compatibility conditions
which reduce to those of classical elasticity for infinitesimal defor-
mations (see, for example, GREEN and ZERNA [1954]).

These relations are readily modified to give a measure of the defor-
mation referred to curvilinear coordinates 0y, for then, from (2.2) we
may write

ds? = gyd6,d0;,  ds? = Gyyd0,do; , (2.7)
where
_ %y %y . %yr Yy 9
g = 0 30y ’ Gig 20 d0; (“.8)

are the covariant metric tensors associated with points in the undeform-
ed body and in the deformed body respectively. The corresponding
contravariant tensors arc defined by

i 3_0‘ _b_ol Gii — loi 205

bxr er ’ - D_Vr b)’r ’
The replacement of (2.3) by
1(ds® — dsh) = pyd:d0; (2.10)

leads to the definition

20; 26;  36; 0
_ .bﬂ M’e
T 6 265 e

1/ d Xy X
v = Gy —gy) =5 ( yr S _ 2 —L)

(2.11)

for the covariant strain tensor yy associated with the curvilinear
system 64. The components y4; unlike ey are not, in general, dimension-
less quantities. Physical, dimensionless components of strain corre-
sponding to the quantities e;; may, however, readily be constructed
when the coordinate frame 6; is such that it coincides with an orthogonal
system in the undeformed body. In this case g¢; = 0 when 7 %4 and
from the first of (2.7) an element of length ds¢ in the 04-direction
is given by

ds¢ = ()/gu) d0: (i not summed) . (2.12)
The formula for dsj may thus be written

ds = dxjdx} (dx; = dsq)
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where x; is a local rectangular cartesian frame of reference with the
x;-axes tangential to the 6, curves at P. In terms of this system
equation (2.3) becomes

1(ds® — dsp) = elydxidx;, (2.13)
where

ey = LI (¢, j not summed) (2.14)

V (gug1s)
are physical components of strain analogous to the quantities ¢;; defined
by (2.3). This specification of physical strain components relative
to a local coordinate system x; is convenient for defining the elastic
properties of a body where these vary in direction from point to
point (curvilinear aeolotropy).

The curvilinear system 6; may be chosen in any manner suitable
for the problem under consideration. For convenience in handling the
boundary conditions this choice is often made so that the system 0,
coincides with a reference frame related to points in the deformed
material. The quantities Gy;, G are then calculated from (2.8) and
(2.9) and the relations 0; = 04(yx) defining the curvilinear coordinate
frame; the relations y; = y(xx) which specify the deformation permit
the calculation of gy, g/ from (2.8) and (2.9). A corresponding proce-
dure may be employed when the reference frame 0; is associated with
points in the undeformed body.

§ 3. The Strain Energy

We shall restrict consideration to elastic materials whose mechani-
cal properties are specified by means of a strain energy function W.
This function depends solely upon the state of deformation; it is in-
dependent of previous configurations of the material or the rate at
which the given deformation has been produced or is varying at
the instant under consideration. Static or dynamic hysteresis, stress
relaxation and creep effects are thereby excluded. Morcover, the exist-
ence of a strain energy implies that the stresses form a conservative
system. Materials not subject to this latter condition have been con-
sidered by NoLL [1955] and by SmiTH and RivLIN [1957]. It can be
shown from thermodynamical considerations that a strain energy
does, in fact, exist in at least two important physical cases. When
the deformation is produced slowly, so that changes are cffectively
reversible and isothermal these changes may be identified with chan-
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ges in the Helmholtz free energy of the body; for sufficiently rapid
reversible changes, which are effectively adiabatic in character, the
strain energy corresponds to the internal energy of the body. The
corresponding functions W in these two cases are, in general, different.
Thermodynamic aspects have been examined by Cxu [1957], TRELOAR
[1958] and others and are discussed in some detail by GREEN and
Apxins [1960] (p. 3).

When the strain energy depends purely on configurational changes,
as represented by a functional relationship between thc initial and
final coordinates x4, y; of a typical point P of the material, it is natural
to suppose that W is a function of the strain components ¢;; or some
other suitably defined functions of the deformation gradients dy/dx;.
This is the approach of the more usual theories of classical and finite
elasticity (see, for example, GREEN and ZERNA [1954]). Somewhat
more generally we may write

_ oys %k
W= Wi yo o, 52, .). (3.1)

The arguments y; can be excluded from (3.1) from the consideration
that the properties of the material arc independent of its position
in space; W must therefore be unaffccted by rigid body translations
of the deformed body. If the material is elastically homogeneous W
must also be indcpendent of the position of P in the undeformed body
and the argument x; cannot then appear explicitly in (3.1).

Further restrictions upon the form of W may be obtained from
the requirement that the strain energy must be unaffected by arbitrary
rigid body rotations of the deformed body. In such a motion, the point
P at y, is displaced to §; where

Je = a1, (3-2)
the constants a¢ being connected by the orthogonality conditions
Ay == andrs = Ojx, |ayl =1. (33)

From (3.1) we then have

W e
w (bx; ’ dxdx; T )
—w (Y2 e 28
=W (bm T dpdxy ) (3.4)

Yy %y,
- W( r 2 ).
4or dx¢ ’ %as AX40%;5 )
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When the strain energy is a general function of the first derivatives
y¢/dx; alone it has been shown by MURNAGHAN [1937] and by TRUES-
DELL [1952] that W is reducible to a function of the 6 quantities

3%; gzj — b4y + 2057, (3.5)
where ¢g; is defined by (2.4). An alternative reduction making use
of classical invariant theory has been achieved when W is a poly-
nomial in dys/dx; by SmitH and Rrviin [1958)]. This reduction
depends upon the theorem (WEYL [1946]) that if ¥ is a polynomial in
the components of » 3-dimensional vectors w;, us,...u, which is
invariant under the full group of proper orthogonal transformations
defined by (3.2), (3.3), then ¥ is expressible as a polynomial in the
scalar products

ug-u; (5,7=12,...n), (3.6)
and the scalar triple products
[wewur] (6,7, k=1,2,...m; ©#£j#kF#19). (3.7

Since the squares of the triple products (3.7) can be expressed as poly-
nomials in the quantities (3.6) it follows that ¥ can be expressed
to any desired degree of approximation as a polynomial in the scalar
products (3.6). Evidently the components of each of the triads

M Y2 Y3 .

(SZ’ o S.%cT) (G=1,23) (3.8)
behave as the components of a vector under the rotations of the
y: axes defined by (3.2), (3.3). The strain energy function can there-
fore be approximated by a polynomial in scalar products of the type
(3.6); that is, by a polynomial in the quantities (3.5)%.

A similar reduction is possible if W contains the higher order
derivatives 32y,/dx¢d%x;, d3yr/d%1d%;dXk, . . .. For example, when the
first and second derivatives dy,/dxi, 32yr/d%¢d%; are included in the
polynomial for the strain energy, invariance under rigid body rotations
leads to an expression for W as a function of the forty-five quantities

.b& _bl’.' by" Bzy' bzyf B 32};'_ (3 9)
%y x4 ’ x4 bx,bxk’ AX¢0X5 dxXKx; ’

These higher order derivatives are not therefore excluded from the

1 The components ey are also invariant under the full orthogonal group
of proper and improper transformations for which |ay| = £+ 1.
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theory by invariance considerations alone. As indicated in § 11,
however, their inclusion would lead to difficulties in defining the
elastic problem uniquely with the usual number of boundary condi-
tions, and for this reason they are not considered further. Remem-
bering (3.5) we therefore suppose W for a homogeneous material to
be expressible as a polynomial in the six strain components ei; and

write
W —= Wiey) . (3.10)

The invariance properties considered in this section have been
described by NoLL [1955] as ‘space isotropy’.

§ 4. Restrictions upon the Strain Energy

The reduction of the strain energy to the form (3.10) depends
solely upon the fact that the elastic properties of the material are
independent of its position or orientation in space. Further restric-
tions upon the form of W may be imposed by the elastic properties of
the matcrial itself. These further limitations may be due to

(i) symmetry properties
(i) the existence of internal geometrical constraints
(iii) the variation in direction of the elastic properties throughout

the material (curvilinear aeolotropy).

When the functional form of W has been determined from the
foregoing considerations, still further limitations may be imposed
by taking into account the expected behaviour of real materials. For
example, one expects the strain energy to be a positive definite function
of its arguments and usually this function is such that the materialis un-
stressed in its initial undeformed state. In some instances the general
pattern of the expected stress distribution may give further informa-
tion. Thus for an isotropic body it is reasonable to suppose that the
directions of the greatest principal stress and greatest principal exten-
sion will coincide; by a simple application of this idea BAKER and
ERICKSEN [1954] have obtained inequalities restricting the form of
W. Again we might expect St. Venant’s principle to apply in several
different situations. An obvious instance occurs where a system of
forces applied over a limited region S of the boundary surface of a
body B produces a local finite deformation. At distances sufficiently
large compared with the dimensions of S the strain may be finite or
infinitesimal, but under suitable conditions we might expect the
resulting deformation pattern to be insensitive to the actual distri-
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bution of forces over S. As another example we may imagine the
situation in which a large deformation is defined completely through-
out B and a small superposed deformation is produced by a system
of forces applied to S. In this case we should expect the superposed
deformation pattern at sufficiently large distances from S to be
relatively insensitive to the actual distribution of forces over S. For
the classical infinitesimal theory STERNBERG [1954] has investigated
such effects and his analysis depends upon the linear stress strain
relations which then apply. From a corresponding investigation for
the finite theory it may well emerge that if the effects described are to
occur, the strain energy function must be restricted by further inequali-
ties. Finally the work of HILL [1957] suggests that additional limitations
may follow from uniqueness and stability considerations.

In this review we shall confine attention to the functional restric-
tions arising from the properties (i), (ii) and (iii) above.

§ 5. Symmetry Properties

In many crystalline bodies there is elastic symmetry at each point
about given planes or axes fixed in direction throughout the material.
This implies that the form of W, when expressed as a function of the
components ey, must be unchanged by all transformations of the x;
coordinates which characterise the given properties. For example, if
the material is symmetrical at each point about the planes #; = con-
stant, then W must be unchanged in form by the transformation

(%1, %2, %3) = (—x1, %2, ¥3) , (5.1)
and since ej3, €13 are changed in sign by the reflection (5.1) we readily
deduce that

W = W(ew, ez, €33, €13, €13, €13, €13, €23) -
In general, the effect of symmetry properties is to limit the form of
W so that it can be expressed in terms of functions of the strain com-

ponents which are invariant under the required groups of transfor-
mations. We may then write

W= W(¥,), 45.2)
where
VYVy=Yy) (=12 ...1m) (5.3)

are invariants for the group of transformations concerned whose
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number and form depend upon the symmetry properties of the
body.

A reduction of the strain energy function W for cach of the thirty-
two crystal classes has been given by SMiTH and Riviin [1958],
assuming W to be a polynomial form in the components e and making
use of results in classical invariant theory. The forms of the strain
energy for many of the crystal classes are not functionally distinct,
but when the additional results for isotropic and transversely isotropic
materials arc taken into account the analysis shows that there are
thirteen possible different polynomial forms for W. This number is
reduced to ten for classically small deformations. For a description
of the physical significance of the transformations cmployed reference
may be made to the books on mincralogy by DANA and FForp [1932]
and DANA and HuriLBuT [1952]. Here we shall confine attention to
isotropic, transversely isotropic and orthotropic (i.e. orthorhombic)
materials.

§ 6. Geometrical Constraints

When the material is subject to internal gcometrical constraints, so
that it cannot be deformed in a completely arbitrary manner, there
must exist functional relationships between the quantities employed to
describe the deformation. For example, in the situation which could
be simulated by the introduction into the undeformed clastic body of
a system of thin, flexible, inelastic cords, each lying in the x;-direc-
tion, any dcformation to which the material is subjected must be
limited by the condition that elements of length following the direc-
tion of the cords shall remain unchanged throughout. From (2.3) we
see that this implies the condition e;; = 0. Similarly, the condition
y11 — 0 would be imposed by a system of cords following the 0;-
curves of the curvilinear system 0;. A more general system of constraints
related to the system 6; would be represented by a functional rela-
tionship

flyys) =0 ’ (6.1)

between the components yy;. Each independent constraint thus reduces
by one the number of independent quantities available to describe
the§deformation. The possibility of six independent constraints must
therefore be cxcluded since these would evidently yield six relations
of the type (6.1) which could, in principle, be solved to give a set of
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discrete values for the components yg. This would imply a material
which is incapable of a continuously varying deformation.

Since each constraint is reprcsented by a functional relationship
between the strain components, it is possible to postulate symmetry
properties analogous to those considered for the strain energy
function W. Thus it may be possible to represent a given constraint by
a functional relationship

f(¥) =0 (6.2)

between invariants of the type (5.3) or the corresponding quantities
formed from thc components yy. An example of an isotropic con-
straint is provided by incompressible materials in which elements
of volume remain unchanged throughout the deformation. This
condition may be written cither as

I3 =8¢ 1 2¢4| = 1, (6.3)
or as

T3 _|a"’ 1, (6.4)

I3 being the third strain invariant employed in § 8.

When the system of constraints arises as an intrinsic property
of the material the functional form of W may be regarded to some
extent as arbitrary. Ifor example, if

W = W(eu)
represents the strain energy for an incompressible body then

W + f({3)

is also a possible form provided that f is a function which vanishes
when I3 — 1. Thus although W is completcly defined for physically
realisable strains, for others it may assume any values. When geomet-
rical constraints arise from cxternal mechanisms such as systems of
inextensible cords, the elastic material and the external mechanisms
(e.g. cords) may be regarded as separate systems. There is then no
restriction or degree of arbitrariness in the form of W; the cxternal
constraints merely limit the types of deformation which can be allowed.

Materials subject to constraints have been studied by ER!CKSEN
and RivLIN [1954] and by ADKINs [1956¢, 1958b,c]. The casc where
constraints are introduced by systems of cords is discussed in greater
detailin § 18.
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§ 7. Curvilinear Aeolotropy

The third limitation upon the form of W for aeolotropic bodies arises
if the elastic properties vary in direction from point to point. To obtain
a clearer picture of the mathematical restriction which is thus im-
posed, we may consider again the case where the material is elastically
homogencous and the properties are uniform in direction; W is then
a function, apart from physical constants which do not depend upon
the deformation, only of the quantities ¢;. In any other system of
orthogonal curvilinear coordinates 0y, the derivatives 30,/dx, appear
explicitly in the form of W and we may write

20,
W - W(Y”t 'S;—;) »
or
’ bof
W= W 37).
by virtue of the relations (2.11) and (2.14). If, however, W is a func-
tion in which the quantities describing the deformation enter only as
the components e;,;, the derivatives 30,/dx, being absent, the elastic
properties at each point are again identical provided that the axes
of reference x; are everywhere tangential to the coordinate curves 6,.

Fig. 1. System of local axcs for definition of cylindrical acolotropy.

In this case we may speak of curvilinear aeolotropy associated with
the system 64, and the body may still be regarded as elastically homo-
geneous in contrast to one in which W is a function which involves
not only the components ¢;, but also the coordinates 6; explicitly.
As an example of this type of homogeneous aeolotropy, we may
imagine a circular cylindrical tube in which the elastic properties,
although directional in character, are symmetrical about its axis.
In this case the x; coordinate axes at each point of the body would
be directed along the radial, transverse and axial directions (Fig. 1),
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and the tube could then be described as cylindrically aeolotropic.
In terms of the reference frame x4, the function W would contain, not
only the components e;; but also the derivatives dx,/30;.

For these materials the form of W may again be restricted by the
existence of local symmetry properties, defined at each point by
transformations of the xj-axes, and also by the presence of internal
geometrical constraints. Such matcrials have been studied by ApKINs
[1955b,c, 1956c].

§ 8. Isotropic Bodies

An elastic material is defined as isotropic if the form of its strain
energy function, when expressed in terms of ey, is independent of the
choice of the x¢-axes in the undeformed body. This implies that W
remains unchanged in form by all orthogonal transformations of the
x¢ coordinates defined byt

Xi = agyxy, (81)
where
Aixdjx — Akidx; — Oy . 8.2)

From (2.4) and (8.1) the strain components é; referred to the system
X3 are given by

€ -= Air@jsers , (8.3)
and the condition for isotropy becomes
W(ey) == W(éy) = W(airajsrs) - (8.4)

If it is assumed that W is a polynomial in the arguments ey the
reduction to isotropic form is obtained as a natural consequence of
the Cayley Hamilton theorem. For if we allow e to denote the sym-
metric 33 matrix with elements eg;, then any polynomial in these
quantities which is a scalar invariant under the group of orthogonal
transformations (8.1) can be expressed in terms of the traces of powers
of e. Moreover, from the Cayley Hamilton theorem,

e3 = ge? + gee + sl , (8.5)

]

1 For proper orthogonal transformations the constants satisfy the condition
|ay| = 1; in the case considered, when we allow |ay| = +1 there is a centre
of symmetry (or inversion) at each point. Both assumptions lead to the same
functional form for W.
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where
Y1 = tre,
@2 = }{tr e2 — (tr )%,
@3 = §[(tre)3 —3tretre? 4 2 tred),

are scalar invariants and I is the unit matrix, it follows that
trem - gitrer ! 4 gatren2 4 pgtren3 (n—=4,5,...).
This expresses tr en for # > 3 as a polynomial in the traces of
lower powers of e, and by successive applications of this result we may
infer that W may be expressed as a polynomial in
tre —= ey, tre? = eyes, tred = eyesxers . (8.6)

These quantities may be replaced by the morc usual invariants of
strain defined by

1 8 3 2
I1=3—|'-26"»———ZZ‘ 3 »
8 11 s-1 d€rrdess
1 38 3
I, — 3+ 4e¢pr + 2(8"5:3 - ers‘-’sr) === X — ’ (8'7)
2 -1 depr

I3 = |¢5rs + 25r8| ’
since

2tre =1, —3,
dtre® = I —2I, — 21, + 3, (8.8)
8tre® = 313 —3I1Is + I + 61, — 315 + 3, — 3.

For an isotropic body we may thereforc write

W — W(ly, Iz, I5) . (8.9)
An alternative set of invariants is provided by the system
] 1= I 1— 3)
Jo—=1Is -2I + 3, (8.10)

Ja—=1Is—~Is+T1—1.

These quantities are of value in the dévelopment of approximate
theories for compressible bodies, for when the displacement gradients
are small and of order ¢, then Ji, Ja, J3 are of orders &, &2 and &8
respectively.
When the material is incompressible, Is = 1 and (8.9) is replaced
by
W = W(ly, Io) . (8.11)
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Particular forms of this function have been proposed for vulcanized
rubber, which is effectively isotropic and incompressible, by various
workers. A statistical theory of rubberlike elasticity, based on the
molecular picture of rubber as a cross-linked network (see, for exam-
ple, TRELOAR [1958]) yields the simple form

W —C(IL—3), (8.12)

C being a constant. This has been described by RIvLIN [1948a] as a
‘Neo-hookean’ material. MooNEY [1940] on the basis of experiments
in simple shear has suggested the two-constant formula

W = Ci(I1 — 3) + Ca(I2 —3), (8.13)
while GENT and THoMmAs [1958] have proposed the logarithmic form
W — Ci(I1 — 3) + C3loge(i12) . (8.14)

With a suitable choice of values for the constants C;, C; the form
(8.14) provides an adcquate description of the propertics of rubber
for much greater ranges of deformation than either of the forms (8.12),
(8.13).

An alternative form of W for an isotropic body may be derived by
‘returning again to the starting point for the discussion of § 3, that
is by regarding the strain energy as a polynomial in the displacement
gradients dy;/dx;. If now we impose the condition that W is unchanged
by all orthogonal transformations of the coordinates x¢ in the unde-
formed body, it follows by an argument analogous to that cmployed
in deriving (3.10) that W may be represented by a polynomial form

W = W(Cy), (8.15)
where
_ o g
Cy == o (8.16)

By means of the Cayley-Hamilton theorem W may now be reduced

to a function of the invariants
b}

Cu, CuCri, CyCiiCrs, (8.17)

analogous to (8.6). The formulations in terms of Cy and e; may be
shown to be equivalent.
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§ 9. Orthotropic and Transversely Isotropic Materials

The cffect of elastic symmetry upon the form of the strain energy
function may be further illustrated by the common cases of ortho-
tropy, in which there is symmetry about three orthogonal planes at
cach point, and transverse isotropy, in which there is rotational
symmectry about an axis, these properties being related to the unde-
formed body in each case.

In the former instance, if the planes of symmetry coincide with
the x; coordinate planes, the form of W, when expressed in terms of
e, must remain unchanged by all transformations of the form

(%1, X2, Z3) = (21, £ %2, -1 X3) . (9.1)

This implics that the form of W remains unchanged when the sign of
any two of the components ez, €13, €23 is reversed and it follows
from classical invariant theory (SMiTH and RivLiN [1958]) or by a
direct evaluation of the functions which can occur (AvkinNs [1958c])
that W must reduce to a function of the seven quantities

2 2 2 .
€11, €22, €33, €13, €13, €23, €12623€31 . (9-2)

By virtue of (8.7) the last of the invariants (9.2) may be replaced by
Is. If W is a polynomial in the components ey then it may also be
expressed as a polynomial in the quantities (9.2). Since, however,

2 2 2 2
(e1z 23 ¢31)" = e12€as €13,

this cxpression is not unique unless we specify that I is linear in
e1s¢a3es) or is of some other particular functional form in this invariant.

In the classical theory of elasticity a material which is transversely
isotropic relative to a given axis may be defined as one in which there
is complete rotational symmetry about that axis. If, for example,
we choose the xj-axes in the undeformed body so that the xsz-axis
coincides with the axis of symmetry, the strain energy function W
when expressed in terms of the strain components e;; must remain
unchanged in form under all transformations

X, = Aap Xp X3 — x3, (93)
Bap Ggp = Upallys = 8ap, gl = +1,

greck suffixes being restricted to the values 1, 2. The relations
(9.3) describe rotations of the xs;-axes about the xg-direction; these



CH.I1,§ 9_] ORTHOTROPIC AND TRANSVERSELY ISOTROPIC MATERIALS 19

form a subgroup of the full orthogonal group defined by (8.1), (8.2).
For infinitesimal deformations the resulting form of W is identical
with that obtained for some of the crystal classes of the hexagonal
system in which the xs-axis is an axis of three-fold or six-fold
symmetry. For finite deformations, however, when powers and prod-
ucts of higher order than the second in ¢ need to be considered,
different forms of W are obtained for the two types of material.
Furthermore if W is restricted to be a polynomial in the components
eq; different forms are obtained for materials which merely possess
rotational symmetry as defined by the form invariance of W under
the transformations (9.3) and those for which in addition W is invari-
ant in form under reflections in planes containing the xg-axis. If
W is a polynomial in the quantitices e¢g; which is form invariant under
the transformations (9.3), then it may be expressed as a polynomial
in the invariants

2 3 2
e - e, €33, Cneee — ez, 13 - e, eyl (9.4

and
(e11 — eag)eraeas — erz(ets — ) - (9.5)

If in addition W is unchanged in form by the transformation

it may be expressed in terms of the quantities (9.4) alone. Such
materials have been characterised as transversely isotropic by ERICK-
sEN and R1vLIN [1954]. An alternative definition of transverse isotropy
adopted by the writer (ADKINS [1955b]) requires W to be form in-
variant under the class of transformations

’fa - fa (xlt ‘\:2): X3 —= +xs3 (“ -1, 2) . (96)

This again leads to an expression for W in terms of the invariants
(9.4). In place of the quantitics (9.4), we may by virtue of the defini-
tions (8.7) employ the invariants

h, 13, Is, ess. efs+ es N (9.7)

to specify the transversely isotropic form of W. Further possible
invariant systems for these materials have been given by ADKINS
[1960].
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§ 10. Stress-Strain Relations

A discussion of the various forms which the stress strain relations
of finite clasticity can assume has been given by TRUESDELL [1952].
Usually these relations are derived from a variational principle and
different treatments of the problem have been given by MURNAGHAN
[1937], Riviin [1948a], DovLe and ERICKSEN [1956] and others. The
analysis of GrLEN and ZLRNA [1954] leads to the convenient formula

1 (DW BIK) ' (10.1)

= —— (&

2)/Is \dyy ¥
for materials which are not incompressible or subject to other internal
constraints. In this cquation ¥ is the contravariant stress tensor
referred to curvilinear coordinates 0y in the deformed body and the
components pg are defined by (2.11). When the curvilinear system
0; forms an orthogonal reference frame in the deformed body, the
physical (i.c. true) components of stress oy are given by

oy — t ) (GuGy) (i, §, not summed). (10.2)

These components are measured per unit area of deformed body and
are directed along the Og-curves in the deformed material (sce for
example, GREEN and Z1RNA [1954]).

When the elastic body is subject to internal geometrical con-
straints variations of the deformation are subject to restrictions of
the form (6.1) and this has the effect of introducing additional param-
eters into the formulac (10.1). For example, if there arc # con-
straints specified by relations

fu@y) — 0 (m -1,2,...n0;n-6) (10.3)

between strain components 7y these components being defined for a
curvilinear coordinate system 0; by relations of the type (2.11), then
the stress strain relations (10.1) are replaced by
LW Wy 1 & dfmd0:30; | 36 30
e e ) +5 X pm -fﬂ(‘—’ + __‘-T’). (10.4)
2113 \ 0y dyn rs\ 30, 305 305 D0,

< m 1

The Lagrangian multipliers p, in (10.4) are functions of the coordi-
nates 0y (or §) which are determined by the conditions of the problem.
For incompressible materials, where there is the single constraint

I3 = 1, equations (10.4) yield
1 W W .
4 oz (— 4 - GY . 10.5
v 2 (b)’u D}’;g) + P ( )

o .
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These formulae for the stress tensor are readily modified to take
account of restrictions upon the form of W arising from symmetries
in the elastic material. If TV is a function of / strain invariants ¥
defined by (5. 3) then by making use of (2.11) we may rewrite (10.1) as
t 3 3 I r

[ S b(h bo, (DV D'f’k) M (10.6)

'[il i Y - =,
2!/[3 ‘2‘] r—1 §-1 b\r g rs sy bqjk

with corresponding forms derived from (10.4) and (10.5). For com-
pressible isotropic bodies we have three invariants ¥ which may be
defined by (8.6), (8.7), (8.10) or (8.17); in the orthotropic case we have
the seven invariants (9.2) while for transversely isotropic bodics we
may choosc for ¥ the five functions (9.4) or (9.7). When the material
is isotropic and W is a function of the invariants (8.7), (10.1) and
(10.5) yicld for compressible and incompressible materials respective-
ly the formulae

Y4 aw 1%
y_ [TRASNNrS N S )
T 1/13( o+ BUSE G s D13), (10.7)
W o’ DW "+ o b”) +pGU, (10.8)
I
where
BU - glily — girghn Gy , (10.9)

and gy, g¥, Gy and GY are defined by (2.8) and (2.9).

§ 11, Equations of Equilibrium

With the equations of the preceding sections must be coupled the
stress equations of equilibrium. In gencral coordinates 0; these may
be written, in the absence of body forces, as

i 4+ I+ e -0, (11.1)
where

; — 1,(: "Gk | Grey — Gy (11.2)
are the Christoffel symbols formed from the metric tensors Gy, GY

and the comma denotes partial differentiation with respect to the
coordinates 0; . When 0g = vy, equations (11.1) reduce to

0k y
-0, 11.3
e (11.3)
o4k being the physical components of stress referred to the rectangular
cartesian coordinates v; in the deformed body. When the reference
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frame 6 coincides with a cylindrical polar coordinate system (g, ?, va)
in the deformed body so that

(01) 02) 03) = ((" 0; ya) »

(11.4)
vi — gcos, ys = psind,
the relations (11.1) yield
dann |, 1 do1z | do13 | ou -0
2% Te o Py T e W
012, 1 d0m  dozg, o2 ) (11.5)

do o W s e

do13 1 do23  doaz . o13

— = - == — 4+ —=0.

do e 9 + Y3 + 0
In these equations oy are the physical components of stress referred
to the radial, transverse and longitudinal directions respectively and

are given in terms of the components ¥/ by

on =7, o2 - 0272, o33 = 793,
(11.6)

012 ~= 0712, 013 — 713, 093 — p723.

When the expressions of § 10 for the stresses are substituted into
(11.1) or into cither of the particular forms (11.3) or (11.5), we obtain,
in gencral three non-linear partial differential equations of the second
order for the determination of the coordinates of points in the de-
formed body in terms of the initial coordinates of each particle. These
equations must be solved subject to the appropriate stress or displace-
ment boundary conditions. For example, if S is a boundary surface of
the deformed body, /; are the direction cosines of the normal at a
point P of S, F; arc the components of force at P, measured per unit
area of deformed surface relative to the y;-directions and oy are
the physical stress components in the same courdinate system then we
have at P

r i lto’u .

Evidently by the inclusion of the higher order displacement
gradients 32y,/dx:dx;, %y, 'dX4d%;0%xk, . . . in the expression for W
or in the stress strain relations it would be possible to obtain, from
the equations of equilibrium, partial differential equations of higher
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order than the second for the determination of the coordinates y;
as functions of x4. Under these circumstances more than the usual
number of boundary conditions would be required to determine
a state of strain uniquely, and this suggests that in any physically
applicable theory of elastic materials such higher order derivatives
must be cxcluded.

II. EXACT SOLUTIONS

§ 12. The Solution of Problems

As indicated in the preceding scction the combination of the stress
strain relations with the equations of equilibrium yields, in general,
three non-lincar partial differential equations for the determination
of the quantitics defining the deformation. In rectangular cartesian
coordinates, for example, we obtain three equations for the determina-
tion of the final coordinates y¢ of each particle in terms of its initial
coordinates x; or conversely. In the classical theory of elasticity these
relations are linearized by retaining only the terms of the first order
in the displacement components #; and their derivatives; a variety of
techniques is then available for dealing with the resulting equations.
For large deformations, however, products and powers higher than
the first in the displacement gradients and their derivatives are no
longer negligible and this linearization procedure cannot be applied.
Moreover, the differential equations to be solved are not completely
defined until some specific form is assumed for the strain energy
function W. In classical elasticity this difficulty does not arise since
the neglect of the higher order terms in the displacement gradients
automatically restricts W to be a quadratic form in the strain com-
ponents eq;.

When the elastic material is subject to onc or more internal ge-
ometrical constraints it is possible to make further progress with
certain types of problem. The constraint conditions provide one or
more completely defined first order partial differential equations
for the coordinates of points in the deformed body. When these have
been solved, the Lagrangian multipliers p» and p occurring in (10.4),
(10.5) and (10.8) are determined by the equations of equilibrium
and the boundary conditions. This procedure forms the basis of a
number of solutions obtained for incompressible materials by RivLin
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[1948d, 1949a,b,c], GREEN and SHIELD [1950], ERICKSEN and
Riviin [1954], Abpkins [1955b,c] and others. In the simplest of
these examples the deformation is uniform and the stresses have
constant values which automatically satisfy the equations of equilib-
rium. The incompressibility condition then implies an algebraic
relationship between the constants defining the deformation. In other
problems possessing a suitable degree of symmetry the equations
governing the deformation can, by a suitable choice of initial and
final coordinate systems, be reduced to ordinary differential equations
and the incompressibility condition can be integrated without diffi-
culty.

§ 13. Uniform Deformation

When an elastic body is subject to the uniform deformation

Vi = Cy¥y, (13.1)
the displacement gradients dy;/dx; = cy; are constants. The strain
components eg; and the invariants I, are also constant and this implies
constant values throughout the material for W and for the terimns
involving W in the stress components oy referred to the cartesian
reference frame y;. In the case of compressible materials the equations
of equilibrium (11.3) are satisfied identically by the constant values
of o47. When the material is incompressible the equations of equilib-
rium reduce to dp/dy; = 0 and the paramecter p is then also a con-
stant. Under these circumstances the boundary conditions yield a
sct of algebraic relations for the constants ¢y and in the incompressible
case for # also.

The mathematical procedure may be illustrated by the example
of pure homogeneous strain. We shall restrict attention to isotropic
materials for which the stress strain relations (10.7), (10.8) apply. By
a suitable choice of axes the problem may be derived as a special case
of (13.1) by writing ¢y = 4, cig = 0 (¢ 5% j) so that

y1 == Mx1, Y2 = ¥z, Y3~ Asxs, (13.2)

A¢ being the principal extension ratios for this deformation. The in-
variants (8.7) become

Lo— A+ 28+,
Is — 225 + 2323 + 2341, (13.3)
I3 — 232373,
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and from (10.7) the physical components of stress o¢; (= t¥) are

215 W 2 W W
o=, | .—+ [1—A) |+ 2VI3_+,

]/13 by §1 (21 1) 312] Vab]a (13.4)
oy =0 (2 #47).

Suppose now that the undeformed body is a unit cube with three
adjacent edges coincident with the x;-axis; the deformed body then
becomes a cuboid with edges of lengths 4;, 4, 13 (Fig. 2). The force f;

X3

]

i

1 .

r

] - L—
it !( —_— f.

/ A4 l x
f3
I'ig. 2. Pure homogeneous deformation of unit cube.

on each face normal to the x;-axis acts in the x;-direction and is of
magnitude

)4

2, OW 2.2 OW
h= hadgon = 2 |57 + (8 + A8) - ok 223

3 (13.5)
Corresponding forces fz, fs act on the other two pairs of faces. To
calculate the forces f; from the extension ratios A;, or conversely
to determine the deformation when the force system is given, it is
necessary to know the functional form of W.

In principle the relations between f; and A; make it possible to
evolve a procedure for the experimental determination of the form of
W. If the deformation (13.2) can be produced, and the quantities 4, f4
measured satisfactorily, then I3, I3, I's may be calculated from (13.3),
and (13.5) may then be regarded as a linear relationship between the
three derivatives dW/3I, at known values of I, Is, I's. The expressions



26 LARGE ELASTIC DEFORMATIONS [cH. 1, § 13

for fz, fs furnish two similar equations, these three equations being
linearly independent if the determinant

8M1Az2As(AT — A3) (A3 — A3)(A5 — A3)
of the coefficients of dW/3I, is non-zero. Provided thercfore that
no two extension ratios are equal it is possible to calculate the values
of dW/3I, at known values of Iy, Is, Is. If now we assume that W
can be approximated by a polynomial form in the invariants with a

finite number of terms, so that
m n v ]

W33 2Cu(h—3) (Ta—3)(Is—1)t (Cooo=0), (13.6)

r-1s-1¢-1
then we have

WV m n P
= X X rCp (I —3) (I —3)s (Ia—1)¢, (13.7)
A1 rais1t-1
with corresponding expressions for dW/3I5, dW/[dIs. Of the quanti-
ties occurring in (13.7) we have seen that 3W/dI; and the invariants I
can be calculated from the mcasured values of f;, 4. This equation
may therefore be regarded as a linear relation between the constants
Cyst. Two further relations are provided by the formulae for dW /315,
dW/[3Is. From each independent measurement we thus obtain three
linear relations betwecen the constants C,s; a suitable number of
measurements would provide a sufficient number of equations to
determine the constants C,s; and hence the form of W.

When the material is incompressible, equations (13.3) and (13.4)
are replaced by

L= 2+ % 4 A5,

1
AL

Medz -1, (13.8)

1 1
E—{‘i‘g.

3

Iy = 5 +

2dW 1 W
ou = 28 g, — i 3
p’ being an arbitrary isotropic pressure related to the parameter p
of (10.8) by ¢’ ==p + 2I;(3W/[dl3). If 033 =0

)+8, ou=0 (i#), (139

. 2 2 W
o=t ) (13.10)
w W '
on — 225 — B3z -+ A7)

This is the situation which arises when a uniform plane sheet, with



CH. 1, § 13] UNIFORM DEFORMATION 27

its major surfaces parallel to the 1, %s-plane, is uniformly stretched
by forces acting in its plane. Measurements of 611, 022, 41 and 4; for
AL # A2, are now sufficient to determine dW/dI1, dW/dIs for given
values of I, I; and to find, as before, a polynomial approximation
for W. Essentially this formed the basis of the method used by
RivLIN and SAUNDERs [1951] to dctermine the form of the strain
energy function for vulcanized rubber. Their procedure was in detail
a little different, however, inasmuch as they chose the values of
A1, A2 s0 that only one of the invariants varied during a series of readings
the other remaining unchanged. They found for rubber the simple form

W =C(I1—3) - fI:—3), (13.11)
in which C is a constant while the function f varies so that (d3f/313)/C

decreases from approximately 0.25 at low values of Iz (< 5.0) to 0.03
at values of I greater than 30.
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Fig. 3. Typical force-extension curve for vulcanized rubber.

Simple extension provides another example of the deformation
(13.2). For a simple extension of ratio 4; in the x;-direction, 4z = 13,
and (13.4) yields

20 — ) W oW
o1 - (i — &) (b—— + A3 b———) ,
2 2y Ry £
hts (13.12)
_ 2w 2 2 IW 2,2 0W7)
O3 = 033 — I [Dll + (4 + 43) YA + A 31—3] =0.
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The second of these relations serves to determine 4 in terms of 4; so
that for compressible materials the amount of lateral contraction 42
due to a given extension 4; cannot be determined until the form of
W is known. In the incompressible case this difficulty does not arise,
since from the relations oz2 = a33 == 0 and the incompressibility con-
dition we obtain

2 .2 1 _ 1
Az — A3 = AT (say) . (13.13)
From (13.12) the tensile force N is given by !
1 W
N = Aoladsors — 2‘40( zz)(al, + 7 312) (13.14)

where Ay is the area of the cross-section of the undeformed test piece.
A typical load extension curvet! for vulcanized rubber is given in
Fig. 3.

The uniform deformation (13.1) may be further illustrated by the
simple shear of an incompressible isotropic cuboid. If the cuboid is
bounded initially by the planes x; = 0, x; = a; and subjected to a
simple shear in which planes parallel to the plane x; — 0 move parallel
to the x;-axis by amounts proportional to their xz-coordinate (Fig.4)
we have

y1=x1—|—Kx2, Vo = X2, Y3 = X3, (]3.15)

X2

az

K]
5
—_—
o
ot
N

Fig. 4. Sumple shear.

1’ “The author is indebted to the Clarendon Press and to Dr. L. R. G. Treloar
for permission to reproduce this curve from his book.
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where K is a constant. The invariants I, I; are given by
LI =I,=3+ K2. (13.16)

The stress components ¥ (= o¢;) may be determined from (10.8)
and if we choose p so that o33 = 0 these become

2
W W (13.17)

012—-2K(-b—I—1—I 37;.)' 013 = 023 — a33 = 0.

To produce a finite shear therefore, it is necessary to apply a normal
stress ogs to the surfaces x3 —— +a3 and a stress o171 in the x;-direc-
tion on the surfaces initially at x; = +a; in addition to the shearing
stress o12. These additional stresses become second order effects for
classically small deformations. We observe that when W is a linear
function of the invariants I3, I3 the shear stress 013 is proportional to
the shear displacement K. It was in fact the observation of a linear
load-deformation relation for rubber blocks in shear which led MooNEY
[1940] to postulate the form (8.13) for rubber. The shear experiment
is, however, a little deceptive, since even for quite large amounts of
shear the invariants (13.16) do not become very large and if higher
order derivatives of W are fairly small compared with dW/3I,,
dW /313, as is actually the case for rubber, an approximately linear
load-deformation relation would be expected.

§ 14. Cylindrical Symmetry

A class of problems which has been treated with some success is
that involving cylindrical symmetry. In these problems, corresponding
points of the undeformed body and of the deformed body are referred
to cylindrical polar coordinates (r, 0, x3), (o, #, ys) respectively, where

X1 —|— ‘l:xz — el , V1 + le Ea ge‘”, (|4|)
and the deformation is defined by relations of the form
= o)
& — @) + al + bxs, (14.2)

ys = w(r) + c + dxs .

In these equations g, ¢ and w are functions of » only and 4, b, c and 4
arc constants. For simplicity we may suppose the rcterence frames
(r, 0, xs), (0, #, ys) to coincide but this is not essential for the subse-
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quent analysis; non-coincident reference frames would merely imply
that the deformed body is subjected to an additional rigid-body
displacement.

A physical picture of the problem thus defined is obtained if we
think of the relations (14.2) as describing a composite deformation.
Let the undeformed body be part of a cylindrical tube bounded in
the coordinate system (7, 0, ¥3) by the cylindrical surfaces » = 7,
r — 7z (r1 > r2), and the planes 6 = 4-0p, x3 = 4! (Fig. 5). The
deformation

e =el), #=0, y3s=xs, (14.3)

Fig. 5. Cylindrically symmetrical deformation: portion of undeformed tube.

represents a uniform inflation in which particles of the body move
radially outwards from the axis 7 == 0. The relations

o=7r, =0+ ¢, y3s==xs, (14.4)
e=7, 9=0, vs-=x3+4 w(), (14.5)

represent shearing deformations in which the concentric cylindrical
surfaces r — constant are rotated about the x3-axis and displaced
parallel to this axis respectively. The constant 4 in (14.2) introduces
a uniform extension in the x3-direction while if @ 5= 1 there is a change
in the angular distance between any pair of radial planes. This latter
type of deformation has been examined for various types of body by
ADKINS et al. [1953] and by ADKINs [1955b,c]. With the appropriate
form for the function p(r) and suitable assumptions about the elastic
symmetry of the material we may obtain a flexure about the axis
of the tube which may be sustained by flexural couples on the radial
planes 0 = 4-6p, the curved surfaces r —= 71, 7 = 72 being free from



CH. I, § 14] CYLINDRICAL SYMMETRY 31

applied traction. Evidently if the undeformed body is a complete
tube (6o = =), deformations for which ¢ # 1 must be excluded. The
relations

o=7r, ¥ —0- bxs, vys~—=xs3, (14.6)

describe a torsion in which planes perpendicular to the axis of the
tube are rotated about this axis through an angle proportional to
their distance from the origin. Finally, from the formulae

o=7r, =0, wvz=cb+ x3, (14.7)

we may obtain a dislocation solution of the type discussed by Vor-
TERRA [1907] in which radial planes are sheared relative to each
other. If the undeformed body is a circular tube, so that 0y — = we
may imagine this tube to be cut down the radial plane § —= 0 and
rejoined after the deformation.

When the undeformed body possesses elastic symmetry about its
axis partial differential equations may be avoided in the analysis of the
deformation (14.2) and the special cases described by (14.3) to (14.7).
The necessary degree of symmetry is exhibited by isotropic bodies,
by materials which arc transversely isotropic with respect to the xs-
direction, and by materials with cylindrical aeolotropy as discussed
in § 7. The latter may be regarded as elastically homogeneous pro-
vided the axcs of reference at cach point of the undeformed body
are chosen to coincide with the radial, tcansverse and longitudinal
directions and W is a function only of ¢;,. In each of these cases the
strain energy function W may be expressed as a function of 7, g, the
derivatives g, @r, w, and the constants a, b, ¢, d, and may therefore
be regarded as a function of the single variable 7 (or g). In the case
of an isotropic body, for example, if we choose the coordinate system
04 so that

(01, 02, 03) = (0, &, v3) , (14.8)

and make use of (8.7) and the relations of §§ 2 and 8 we find that
the invanants I, I, I's niay be written

A

I = o} + o%pf + w] + %y

2202
I, = --;g—' -+ Q?xl + X2 (]4'9)
o B
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where

[02(a2 + b r2) + 02 .* dlr2]

e (14.10)

i [(cpr — awy)2 + r2(depr — bw,)2],

X,
are functions of r and 4 - ad — be.

I'rom the stress strain relations given in § 10 it follows that the
stress components z¢/, and hence the physical components (11.6),
referred to the reference frame 0Oy (or o, 9, ys), are all functions of 7,
and the equations of equilibrium (11.5) in polar coordinates may be
reduced to

022 de (()611)
4 (14.11)
do (e%012) - 0, dé (0a13) — 0.

The second and third of these equations may evidently be integrated
to yicld
02012 - A , 0013 = B , (1412)

where A4 and B are constants. In the case of compressible bodies,
the first of (14.11) with (14.12) yield three ordinary differential
equations for the determination of g, ¢ and w as functions of r. It is
then necessary to know the form of W before further progress can be
made. When the material is incompressible however, so that I3 = 1,
e may be determined from the last of (14.9) in the form

Aot + K, (14.13)

K being a constant of integration. Since, from the relations of § 10
the stress components contain only first order derivatives of the
displacement components, there follow from (14.12) a pair of first
order differential equations for ¢ and w. If the material of the tube
possesses suitable symmetry properties, o12 and o313 both vanish when
¢ - @ -= 0 and the second and third equations of equilibrium are
then satisfied identically. In this case the first of (14.11) becomes a
differential equation for g in terms of 7 if the material is compressible,
or for the isotropic pressure p when the body is incompressible.

The stress components for the isotropic incompressible case may be
derived from (10.8) and (10.9) after evaluating the metric tensors
(2.8), (2.9) with the help of (14.1), (14.2) and (14.8). We obtain
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oz — ou = 2/[0?( g7 + ‘: +0¥) — ).tu DaII‘I
+ [;.—_, (@® -+ b*r%) + A—;,E:-, +ore ).::,2' Z;] ?\lli.» ’
033 — o1 -- 2‘[7"% * tr'; |- d* — 4:;-3] ‘;']’l

(14.14)
2r [l' DI_I_': N 1
R APy A

2 W e
o e

o1

7
(2 |- d2r2)g, — (ac + ,,l(,:z)u.rl“;; } ,

a | br)w, — (ac + [er:!)q',lb;;} R

WU W r: IV
O3 --- 2p l1,,,11,- Il_ (m | bdr? )( }-"'02 bl-r)} .
The first of these formulae, with the relation
e
1
. fy (o2 — o) do | [anly o, » (14.15

¢

derived from (14.11) gives an expression for o which may be substi-
tuted back into (14.14), thus climinating

When the material has the Mooney form of strain energy (8.13),
dW /I, d1¥/al5 take the constant values (', C2. From (14.12), (14.14)
we then derive a pair of differential equations which are lincar in the
unknown derivatives g, @, and may be intcgrated without difficulty.
When (s = 0 there follow the simple results

A L
7 - o 1"’*’(1/(r2 i K))'

w(r) -= ,fg log (M7) ,

(14.16)
L and M being further constants of integration. By means of these
relations and (14.13) the stresses (14.14) may be expressed as func-
tions of #. The values of the constants «, b, ¢, d, A, B, K, L, M are
determined by the boundary conditions.
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§ 15. Some Generalizations of the Flexure Problem

Problems analogous to that discussed in the preceding section
may be derived by replacing one or other or both of the cylindrical
polar coordinate frames (v, 0, x3), (p, 9, v3) by rectangular Cartesian
systems, Corresponding to (14.2) we obtain the deformations

] o(x1), # qa)taxad bxa, vz =w(x) bexa dyg, (15.1)
i '\'l(’) ) Vo (’:(r) | a’) |-b,\.’3 , V3 - w(r) +C() f'(lxa . (15.2)
i vi(ya), veo og(n) | axe | bxs, va  w(v1)+cxa-tdysg. (15.3)
To examine the implications of (15.1) we may suppose the unde-
formed body to be a cuboid bounded by the planes xy = Ay, xp - Ay,
(Ar - A2 .- 0), a2 - B, x3 4 C. This cuboid is first subjected

to the flexure
0 Q(.\'l) , 1] axz, Vi3 - X3, (]54)

in which the planes x; - = constant are deformed into the concentric
cylindrical surfaces p constant and the planes x» = constant be-
come radial planes through the axis o - (). Since displacements of
all points of the body take place in the planes xg - - constant this initial
deformation may be regarded as an example of plane strain and has
been treated from this point of view by ADKINS ¢f al. [1953], GRELN
and Wi kes [1954] and Abpkins [1958a). Upon this initial tlexure
there is superposed a uniform extension in the ws-direction and
lurther inflation, shearing and torsional deformations analogous to
those described by (14.3) to (14.7) to give the final state of strain
described by (15.1). This composite problem may be treated by the
method of the preceding section. When the material is isotropic,
transversely isotropic relative to the vs-direction or uniformly acolo-
tropic relative to the vi-axes the strain energy function W and the
stress components 74 (or ayy) in the polar coordinate system (o, &, vs)
may be reduced to functions of the single variable x;. The equations
of cquilibrium (14.11) and the integrated forms (14.12) continue to
apply but for incompressible bodies the condition (14.13) is replaced
by

Ao —2x + K. (15.5)

Alternatively, the deformation (15.1) may be treated as a limiting case
of (14.2). This approach has been adopted by Apkins, GREEN and
SHIELD [1953] and by Abkins [1955b,c] and by this method it may
be shown that results for the problem (15.1) may be derived from the
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corresponding formulae for the cylindrically symmetrical problem
(14.2) by replacing d dr by d dx; and a.r, ¢ r, 2 r by a, ¢, Arespectively
wherever they occur. In addition, the quantities ¢y are replaced by
eq; for acolotropic materials.

A corresponding analysis may be performed for the inverse problem
resulting from (15.2). In this case the undeformed body is the part
of a cylindrical tube depicted in Fig. 5, in which there is again elastic
symmetry about the axis. This is transformed by the inverse flexure

i w(), y2--al, vs -xs, (15.6)

into a cuboid with its edges parallel to the ve-axes and upon this
deformation is superposed a system of shears and extensions analo-
gous to those discussed in § 14 to give the more general state of
strain described by (15.2). The strain energy function W may now be
expressed in terms of the single variable 7 (or i) and a procedure
similar to that of § 14 shows that for an isotropic incompressible
material the stress deformation relations may be deduced from (14.14)
by replacing pr by dy; dr and then writing ¢ - 1 elsewhere and allow-
ing oy to represent the physical components of stress referred to the
cartesian coordinates v; in the deformed body. The equations of
equilibrium (14.11) are therefore replaced by

donn  dow  dopa

(1,\'—1 (l_i'l- (l,\;l 0, (15.7)
and from these we infer that
a1l - .‘1', a2 B', g13 - (", (158)

where 4’, B’ and C’ are constants determined by the boundary
conditions. With (15.8) we must couple the stress strain relations
corresponding to (14.14). For compressible bodies, this leads to three
first-order differential equations for the determination of y1, ¢ and
w as functions of . When the material is incompressible, the con-
dition I3 — 1 yields
;‘(‘{r—' —r or 2 7K, (15.9)
K being a constant. The second and third of (15.8) then serve to
determine ¢ and w, while the formula for o1 gives an immediate ex-
pression for the parameter p.
A similar discussion applies for the deformation (15.3). The stress
strain relations for this problem may be derived from those for the



36 LARGE ELASTIC DEFORMATIONS [cH.1,§ 15

deformation (15.1) by writing dy:/dr for gr and ¢ -= 1 elsewhere and
again allowing o1 to represent the cartesian components of stress.
The relationship between these two deformations is, in fact, analogous
to that existing between (14.2) and (15.2). Alternatively we may
derive the stress strain relations for (15.3) from those for the defor-
mation (15.2) by replacing d/dr by d/dx: and a/r, c/r, A/r by a, ¢, 4
respectively wherever they occur, the correspondence between these
two problems being similar to that existing between (14.2) and (15.1).
It follows that when the stress strain relations for, the deformation
(14.2) have been written down, those for the associated problems
defined by (15.1) to (15.3) may be deduced by simple substitutions.
Furthermore, it may be shown that this result applies not only for
isotropic bodics, but for corresponding types of aeolotropic materials.
The correct type of aeolotropy must then be assumed to ensure that
W can be regarded as a function of a single variable (that is g, 7, 1
or x; according to the problem being examined). If the undeformed
body is defined by cylindrical polar coordinates (7, 0, x3) as in (14.2) and
(15.2), we must assume cylindrical acolotropy; W is then a functicn

W = W(ey), (15.10)
of the components ¢q; evaluated at each point (as in § 7) with respect
to a local cartesian reference frame with axes of xj, x; and x; directed
along the radial, transverse and longitudinal directions respectively.
If the undeformed body is defined in the cartesian system =x;, as
in (15.1) and (15.3), the cartesian components ¢;; must be used and

W = W(t’u) N (1511)
the functional forms of (15.10) and (15.11) being the same for corre-
sponding problems. These connexions between the cylindrically sym-
metrical and associated problems may be indicated by the scheme:

- (15.1) —

I| |11
} v

(14.2) (15.3),
| P

Il (152) - !

where I and II represent the transitions
. a ¢ A d d ,
Lo Gpi)oeed Gogg aoew

d
II: o~ -c%' L, e—>1,  [oylesw, > [0ilypvy, -
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If we exclude spherically symmetrical deformations, all of the
problems of finite elasticity which have so far been solved exactly,
without restriction upon the form of W, are contained in the system
of equations (14.2) and (15.1) to (15.3). Even for this limited class of
problems, if the governing equations are to be integrated and the
solution presented explicitly, we must cither assume a specific form
for W, or therc must exist a sufficient number of cylindrically sym-
metrical geometrical constraints to provide the required number of
integrable differential equations for the unknown functions of 7.
When the material is incompressible, for example, this condition is
sufficient to determine p or ¥, as a function of 7 or ¥;, and the prob-
lems in which ¢ and w are identically zero can be solved completely.

In place of (15.2) we may cxamine the somewhat more gencral
deformation

yi-=f(r) 4 W0 + kxs,
v2 - ¢(r) + a0 + bxs, (15.12)
vg —- w(r) 4 ¢l + dxs,

where /& and k are additional constants. This represents the result of
imposing a gencral system of shears and extensions upon a portion of
a cylindrical tube which has first been deformed into a rectangular
cuboid by the inverse flexure (15.6). Partial differential equations may
again be excluded from the analysis provided the material is iso-
tropic or cylindrically aeolotropic rclative to the reference frame
(r, 0, x3). The stress strain rclations yield expressions for the carte-
sian components oy which contain, apart from constants, only the
variables 7 and p and the derivatives fy, ¢r, w,. These components
may therefore be regarded as functions of the single variable 7, and
when the mdependent variables are changed from yy, y2, ys to r, 0, x3
in the equations of equilibrium

Yoy

;
we obtain, for compressible bodies, three ordinary differential equations
for f, ¢ and w. For the incompressible case, the condition Is == 1
yields

=0,

(ad — be)fr + (ck — hd)pr 4 (Wb —ak)w, -7,
or by integration
(ad — be)f(r) + (ck — hd)p(r) + (hb — ak)w(r) = }r* + K.
To determine f, ¢ and w it is again necessary to assume a particular
form for W and to make use of the equations of equilibrium.
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§ 16. The Torsion and Flexure Problems

An illustration of the cylindrically symmetrical deformation (14.2)
is provided by the problem examined by RIvLIN [1949c] and others
in which a cylindrical tube is subjected to a combined inflation, ex-
tension and torsion. This deformation may be obtained as a special
case of (14.2) by writing

a—1, ';11/) c =0, a--12, (])(7’)_.:0 w()zO (161)
and since there is no longitudinal gap in the tube we have 0y = n.
We thus have the situation in which a cylmdncal tube of length 2/
and external and internal radii 7y, 7, is subjected to a uniform exten-
sion of ratio 4 in the xs-direction, a uniform twist per unit length
of stretched tube of magnitude w and an inflation in which the radial
dimensions 7, 72 change to g1, g2 respectively.

If we suppose this deformation to be produced by means of a
uniform inflating pressure I’ acting on the surface g == g2, together
with a longitudinal force N and a twisting couple M on the surfaces
ys — +4, these forces may be calculated by introducing the ron-
ditions (16.1) into (14.14) and combining the resulting formulae
derived from (14.14), (14.15) with the relations

P =—[onlp, =0, [o11]p—¢, = 0,

e, e, (16.2)
N - "nf pozsdp, M- - 2:zf 03023 dp .

e, e,

For an isotropic incompressible body, in which the condition (14.13)
applies, this calculation yiclds the formulae

P 3L (G ) e S
: k (16.3)

¥l )G e

=B - A‘,ﬂ)@'z P Mha

DW 2r2 0W
—2mp [(r-— —}— T ol ] dr, (16.4)

N 1 aH

1\'[~4mMJ (b[ +12‘u2 DI) 2p3dr, (16.5)
r
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where u = o/r and I, and I are given by

In — 22+ 2 + }.‘-’:zg + p2A2u2r2

1 | (16.6)
l2 - 25 + e 1 A2p2 + i3,
We observe that by virtue of the incompressibility condition
A -1 + K, (16.7)

the deforming forces P, N and M are uniquely determined, for a
given form of W, by (16.3) to (16.5) when the constants 4, y and K
defining the deformation are known. Conversely if the applied loads
P, N and M are prescribed, the relations (16.3) to (16.5) furnish three
equations for the determination of 4, y and K. These relations are,
however, non-linear in the unknown constants and further investiga-
tion is required to decide under what conditions the deformation is
uniquely determined. The problem of uniqueness for finite defor-
mations has been discussed for the problem of purc homogencous
strain by RivLIN [1948b] and in more gencral terms by HiLL [1957].
When 9 = 0 then M =: 0 and (16.5) vanishes identically. The for-
mulae for P and N then provide two relations for the detcrmination
of 4 and K.

A particular cxample of the deformation (15.1) is provided by
the simple flexure

o —flx), & -axz, vs -dxs. (16.8)

If the undeformed body is the cuboid bounded by the plane faces
% = A1, %1 — Ag, ¥23 = + B, x3 — +C the deformed body becomes
a portion of a cylinder bounded by the curved surfaces g1 = f(41),
o2 = f(A2) and thc planes # = 4-aB, y3 = £+dC. When the clastic
material possesses a suitable degree of symmetry, the deformation
may be sustained by means of normal tractions acting over the
surfaces of the deformed body, the tractions over the curved surfaces
being uniformly distributed. If both of the curved surfaces are free
from applied stress, then the values of W at these two surfaces are
equal and thc forces on the planes & - +aB reduce to a flexural
couple M given by
o0 A
A =€:~_ [(41— 49wo — | ' Win)dn|, (16.9)
AI
where
Wo = W(4)) = W(42), (16.10)
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is the value of W at cither of the curved surfaces. This result has
been proved for incompressible isotropic bodies by Rriviix 71949c¢
and for compressible or incompressible bodies which are orthotropic
with the xe-planes as planes of symmetry by Grer N and WILKLS
11954 and by Apkins "1955b.. When the clastic matenal is rein-
forced with one or two sets of thin, flexible inextensible cords, the
cords of each set lying in parallel straight paths in the plane x; v
(A1 - vo - Aw) it has bheen shown by AbKINS [19564; that the for-
mula (16.9) may be replaced by

20 A
Mo [ W) e Wi u'(\.)«n-,],(mn)

with sunitable assumptions regarding the properties of the cords.
In this case, in general, W) 7 W(.1.) .

§ 17. Parametric Forms

The formulae for the stresses and the resultant forces on an clastic
body may, for the problems of §§ 14 to 16, be wntten in elegant
forms by regarding the strain components or the invariants appro-
priate to the material under consideration as functions of the param-
cters defining the deformation. An example of this type of approach
(ADKINS [1955¢)) is the cyhindrically symmetrical deformation (14.2).
In this case we 1egard

rna,bc.d,y, and u, (17.1)
as independent variables and when the material is isotropic the
invariants 7y, /s, I's and the strain energy function 117 are all treated
as hunctions of these quantities. If we assume the stresses og to be
known functions of the parameters (17.1), then by virtue of (14.14),
the quantities ¢, w4y may, in principle, be climinated from the first
of the equations of equilibrium (14.11) by making use of (14.12). It
follows that ¢ may be regarded as a function of 7, a, b, ¢, d alone. A
similar conclusion follows for incompressible bodies from (14.13).
The constant A and additional arbitrary constants obtained from the
mtegration of (14.11) may be regarded as independent of the param-
cters (17.1) and do not enter into the present discussion.

If, therefore, for an isotropic body we write

I, -I(r,a,b,c,d, gpuy) (s =1,2,3),
W -W(rabecd gy, (17.2)
e =o(rab.cd),
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and allow § to denote any one of the parameters (17.1) we may evalu-
ate the derivatives dIV-)& by combining (14.9) with the relations
.0} SN | MY PR Y | MY 1 | R Y
M My M Ma X N3 ME

By forming suitable combinations of the resulting expressions and
applying the first of the equations of equilibrium (14.11) we obtain
relations mvolving the stresses which, for incompressible materials,
vield the C(lll]lmr.lti\'(‘l\' simple formulae

o 9 ( M .\l' L M’ (ly: -
11 J i ' HEL' N .‘"’ o lllLl-Llo

"II

.\ll .\II' Yy ade

24 ' () e Kk e
_ LA W
Toodn oS (' w W .\.,,)
- o ".\ll' ,.\II ‘.\ll' ) 1.\”' A1 . o’

CC H '/ J

33 o M NI/} AT} ‘ AT 1 0, ' l'du'r'
” LAy (17.3)
» Ny ¢ . '
= ‘( AN Y AR LY

1, a . aIF YN

— ;_)(‘ D;l 1 tl L‘h HE (W] “'I')

v r IV
12 - - Ag._, qu'

r
mi3

i /‘.g Ml'; !
K being defined as in (14.13).
When ¢(r) = 0, w(r) =0, b 0, we may derive in the same way
the additional relation
,2 DH" B I.Drm B rr”ﬂ ' (17.4)

or or an

while wheng(r) == 0, %(r) =0,¢ - 0 we have

, ol - 001 hrg
' —K w g (17.5)
When b = ¢ — 0 these relations both yield the expression
1 [,
-~ : — e 2 17-r
on = o}, rn T K {; o dr (17.6)
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for the radial stress on. For the tube considered in § 14 we may deduce
that, if both of the curved surfaces » = r,, r — r; are free from applied
traction, then

r
[ ar 0. (17.7)
o o7
This condition applies if the tube is simply extended with no trac-
tions applied to its curved surfaces; it also applies if it is turned
inside out and allowed to rest in a deformed state with no traction
applied to either of the curved surfaces and no resultant force on its
plane ends. In this case (17.7) represents an equation for the deter-
mination of the cxtension ratio 4 (—d). For the inverted tube, g2 > o1
and from (14.13) 4 is ncgative. A further example of the condition
(17.7) is provided by the case in which the curved cuboid of § 14 is
subjected to the simple flexure

e - ()(’) ’ ‘9 === aa ’ y3 == llxs N

under the influence of tractions on its radial planes 0 -= 40p and
its planc ends x3 — 4/ only the surfaces » — r, r = rs remaining
force free.

The choice of parameters (17.1) is evidently not unique. We may,
for example, define a cylindrically symmetrical deformation of the
type (14.2) by the relations

r —r(@), 0=qilp) + a1 4 brys, x3=:wi(p) + @ 4 dvs,

the coordinates in the deformed body being treated as independent
variables, and allow the parameters

o, a4, bl, c, d_[ N dq'l l’de and dwll/dg ,

to replace the set (17.1). Forms corresponding to (17.3) may then be
derived. Again, for the deformation (15.12) we may dcfine a set of
nine parameters A by the matrix

fr b k
.44;-—: gr a b],
wy ¢ d

and there then follow without difficulty for compressible bodies the
formulae

W W
0ij l/la = A s_!}; — A bd—ug (ol =Y, Oy = ),



CH.1,§ 18] REINFORCEMENT BY INEXTENSIBLE CORDS 43

for the stress components oy, summation being carried out over
repeated suffixes. IFFor the torsion problem defined by (16.1) and
(14.2) formulae using the parameters 7, 9 and 4 have been given by
GREEN [1955].

The stress deformation relations (17.3) to (17.7) apply not only
for isotropic materials but also for materials which are transversely
isotropic with the xz-direction as the axis of anisotropy and for
cylindrically acolotropic bodies of the type described in § 7 in which
the clastic properties are referred to the radial, transverse and axial
directions at cach point. The strain energy is then a function of the
strain components ¢;; defined by (2.14). The functional form of W
may be completely general, orit may be restricted by symmetry consider-
ations, in which case we may write

W W), Y-V (r 1,2...n),

where ¥, are the invariants for the crystal class concerned. The com-
ponents ¢;; and the invariants ¥, may be expressed in terms of the
quantitics o, ¢, w, a, b, ¢, d defining the deformation (14.2) by means
of the formulae of § 2. When the parametric forms (17.3) have been
derived, the stresses may be expressed in forms which exhibit the
form of W for any given crystal class merely by making the sub-
stitutions

W W Y,

RE T N

where & represents any of the parameters (17.1).

§ 18. Reinforcement by Inextensible Cords

In some applications of rubberlike materials additional strength
is given by the introduction of systems of relatively inextensible
cords. This is done in tyre casings and in reinforced hosepipe. To render
problems involving such materials mathematically tractable, ideal
properties are attributed not only to the elastic matcrial but also to
the individual cords and to the composite body. It is assumed, for
example, that the cords are cach ideally thin, perfectly flexible and
inextensible and that they are continuously distributed in families
of non-intersecting smooth curves in smooth surfaces in the undc-
formed body. It is further postulated that there is no relative move-
ment between each cord and the adjacent elastic material during
deformation. The assumptions made are such, in fact, that each system of
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cords merely provides a means of introducing a geometrical constraint.
The analysis of such problems may proceed by several well defined
stages as follows:
(i) the derivation of the geometrical conditions due to the cords,
(ii) the calculation of the stress strain relations for each system of
cords,
(iii) the solution of the stress deformation problem for each region
of the clastic material lying between adjacent layers of cords,
(iv) the determination of the interaction between each system of
cords and the surrounding medium, and
(v) the calculation of the resultant force system for the composite
body.
A number of symmetrical problems have been treated in this way
by ADKINS and Riviin [1955] and by ADKINS [1956a]. Each system
of cords is assumed to possess a suitable degree of symmetry so that
partial differential equations need not be introduced into the analysis.
For illustration consider the cylindrically symmetrical deformation

e —p(), ?—=al | bxg, vz -cl-| dxs, (18.1)

derived from (14.2) by putting ¢(r) = 0, w(r) = 0. The symmetry
is not disturbed by introducing into the cylindrical surface » = 7 a
layer of cords in which each cord follows a helical path

X3 = rof) cot x 4- constant, (18.2)

« being the constant angle made by each cord with the xs-direction.
If we assume that the surface r - 79 is displaced to ¢ —= go by the
deformation (18.1) and that the effect of the cords is to make the
material inextensible along the paths (18.2), there follows the rela-
tionship

02 (e sina + brycosa)? + (csina + dry cosx)2 = ry.  (18.3)
When the material is incompressible go can be eliminated from (18.3)
by using the relation
A -ri+ K (A -=ad—bc>0),

which follows from (14.13). The layer of cords thus imposes a condi-
tion upon the constants 4, b, ¢, @ and K defining the deformation.
Five such sets of cords would yield five relationships of this kind
connecting the constants a, &, ¢, d, K and if these relationships were
functionally independent a continuously varying deformation of the
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type (18.1) would be impossible. For this rcason in the problems
examined not more than four independent sets of cords have been
allowed. Each layer of cords may be regarded as a thin flexible sheet
and the stress resultants in this sheet can be expressed in terms of
the tensions in the cords and the spacing between them by a direct
calculation. The elastic problem for each tube of clastic material is
of the kind considered in § 14. The forces of interaction between a
layer of cords and the elastic medium on onec side of it arc everywhere
radial and uniform and provide the boundary conditions for stage
(iii). Each layer of cords on the other hand is in equilibrium under
the action of the radial forces exerted by the elastic material and
the tensions in the cords, the latter arising from the forces on the
ends of the tube.

The general theory of thin reinforced sheets has been developed by
ADKINS [1956¢] and the allied problems involving networks of cords by
Rrviin [1955, 1959]. The writer [1958b] has also considered a more
general three-dimensional problem of elastic bodies containing in-
ternal geometrical constraints.

§ 19. Solutions for a Mooney Material

Further progress is sometimes possible in deriving solutions of the
equations of finite elasticity if a particular form can be assumed for
W. We have seen, for example, that the equations for the cylindrically
symmetrical deformation (14.2) can be solved completely if we re-
strict attention to an isotropic incompressible material having the
linear Mooney form of strain cnergy function. In this case, the deriva-
tives dW /311, dW /312 reduce to the constants (', Cg respectively and
this feature often simplifies the calculations considerably. Further-
more, this form gives a useful approximate description of the clastic
properties of vulcanized rubber.

One class of problem which has been examined by ADKINS [1954]
for this type of material is defined by the relations

1, y2, y3] = [Ax1, Axe, x3/4% | f(Ax1, Axs)] , (19.1)
or

(%1, 2, 23] = [91/4, v2/4, 22{ys — (1, y2)}] . (19.1°)
When 4 = 1 these equations describe a shearing deformation in which
each point of the elastic body is displaced parallel to the xg-axis
through a distance which is dependent only upon its position in the
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%1, #xa-planc. When 4 # 1 we obtain the slightly more general prob-
lem in which there is superposed a uniform finite extension of ratio
1/A2 parallel to the xs-axis.

We observe that the incompressibility condition |dyg/dx;| = 1 is
automatically satisfied by the deformation (19.1) and by means of
(10.8) (with 0y = yi, T¥ — oy) the stress components oy may be
expressed in terms of 4 and the derivatives df/dy1, df/dy2. The third
of the equations of equilibrium then yields the Poisson equation

'
22

o2f
Tt a, 19.

l NE
where A is an arbitrary constant, for the determination of f. The
first and second of the equations of equilibrium give by integration
an cxpression for the arbitrary isotropic pressure .

When 2 — 1, 4 - - 0 we may obtain an approximation to a problem
of practical importance. This problem arises from shearing deforma-
tions of rubber bush mountings. In these mountings the rubber is in
the shape of a cylindrical annulus or tube with its inner and outer
surfaces everywhere bounded to two, effectively rigid, long metal
cylinders. When the generators of these cylinders are parallel to the
xz-axis the displacement of one cylinder through a distance K in the
xs-direction relative to the other produces a deformation of the type
(19.1) with 4 = 1, provided end cffects can be neglected. If the surfaces
of the cylinders adjacent to the rubber cut the x1,x-plane in the curves
S1, Sz the problem is reduced to that of finding the solution of the
Laplace equation

2
2 + mE 0, (199
subject to the boundary conditions
f=0 on &, f—K on 5. (19.4)

This may be achieved in a number of ways depending upon the
shapes of S, Ss; solutions using conformal transformations have
been given by the writer. Special cases of this problem are provided
by the cylindrically symmetrical deformation (14.5) and by the simple
shear (13.15).
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§ 20. Plane Strain

A further type of deformation which has been treated with some
success is that of plane strain. This may be represented by the rela-
tions

Yo =Yalt, %), ys=2x3 (x-=1,2), (20.1)

the x;, xs-planes then being the planes of movement. As in the
case of classical elasticity, the stress components oy become functions
of the two variables x1, x2 only. The equations of equilibrium may
again be satisfied by introducing an Airy stress function @, but
this is now rclated to points in the deformed body. The stresses in the
x1, x2-plane are therefore given by
2D 2P
Goz — — O12 -= — == -
oV10Vve

vz dyz ’

(20.2)

When thesc stresses arc expressed in terms of the deformation gra-
dients dyi/dx; by means of the stress-strain relations we obtain three
differential equations for the determination of @, v, v2 as functions
of %1, x2. When the material is incompressible the forms derived from
(20.2) contain the additional unknown p, but the incompressibility
condition then completes the system of four cquations required to
determine @, yq, v: and p. The general theory using this method of
approach has been developed in papers by ADKINS et al. [1953, 1954]
and GrREEN and WILKES [1954].

When the material has the Mooney form of strain energy func-
tion, @ and p may be eliminated from the equations (20.2) to yield
the symmetrical relation

d(x,, V3x)) (¥, V]zxg)> ] , 2 22

S, <0 (=gt B
which, by a change of independent variable may be expressed in
the inverse form

Ay, vay) | 3y VEY,)

0 (pr= 42 20.4
A T oAy 0 =gt o). @9

dyn v2) | w1, ys)

) . (20.3)

With (20.3) and (20.4) we may couple the incompressibility condition
in the forms

b(x1, xz) .
1, (20.5)
My _ (20.6)

b(xl. xz) o
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respectively. From the forms of these equations it may be deduced
that if the relations

Ya = faltr, %) (x-=1,2), (20.7)

represent a solution, in the ahsence of body forces, of the finite plane
strain equations, then the inverse relations

Xg - - fa(V1, ¥2) (20.8)

yield another solution, also with body forces absent. This reciprocal
property has been extended to isotropic and transversely isotropic
incompressible materials with a general form of strain energy function
by AbkINs [1958a] who has also [1955a] obtained solutions of the
Mooney equations of the form

noon). v v + /). [ e 1] @09

For these deformations the incompressibility condition is automa-
tically satisfied and the equation of equilibrium (20.3) yields a pair
of ordinary differential equations for the functions f and g, these
equations arising as a result of equating separately to zero the coeffi-
cient of v and the remaining terms derived from (20.3).

[1I. APPROXIMATION PROCEDURES

§ 21. Elastic Membranes

Much of the simplification that occurs in the theory of plane strain
arises from the reduction of the number of independent variables
from three to two in the equations governing the deformation. A
corresponding simplification may be achieved when we consider the
deformation of a thin plate or shell. With suitable restrictions upon the
thickness and radii of curvature of the shell and upon the continuity
of the deformation, we may, as in classical elasticity, replace the
stress components acting at each point of the material by stress
1esultants obtained by integrating the stress-strain relations through-
out the thickness of the deformed sheet. In practice, a membrane
theory is found to be adequate for most purposes since the principal
extension ratios in the middle surface of the sheet are usually much
greater than unity. Stress couples and shearing stress resultants
normal to the deformed middle surface are thus neglected, leaving a
systemof stress resultants acting at each point in the tangent plane
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to the deformed middle surface. These resultants are, in general,
functions of position in this surface. A theory of plane deformation
for isotropic sheets has been developed by AbKINS, GREEN and
Nicnoras [1954] and a more general theory for curved sheets is
given by GREEN and ADKINS {1960] p. 3.

An interesting class of problems is that in which there is axial
symmetry. In these a sheet possessing geometrical and elastic sym-
metry about an axis is subjected to a system of deforming forces
which is symmetrical about the same axis. The middle surface of the
sheet thus forms a surface of revolution both before and after defor-
mation. It is further assumed that the deforming forces acting on the
major surfaces of the deformed sheet are everywhere normal to these
surfaces and form a continuous system so that there are no singu-
larities on the deformed middle surface. The problem thus defined
may be examined by considering the situation at a typical point B
in the middle surface of the sheet. We suppose B to be situated ini-
tially a distance s along the meridian through this point from a given
point A and a distance » from the axis of symmetry, these distances

Fig 6. Axially symmetrical deformation’ portion of deformed surface
of revolution.

being changed to &, o respectively by the deformation. When the
material is isotropic, or possesses suitable symmetry properties, the
principal directions of stress and strain coincide with lines of longi-
tude and latitude respectively in the deformed middle surface. If the

principal cxtension ratios in these directions are denoted by 4, 2,
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the tensions by 7'y, 7 and the curvatures by z;, % respectively we
obtain the equations
d&

{
/ Sl 21.
ds /1, , l2, (21.1)
Ty fi(d, A2, 23), 1 [2(%1, %2, 23) , (21.2)
d do
- ., e Ty b sl N 91
G e ey . wh vl P, (21.3)
1 dp (lu
9 P = ) 21.
L bee) a2, [ d:)] (21.4)
P being the resultant applied foree u(‘ting normally to the deformed
middle surface at B, and Zg the principal extension ratio in this direc-

tion. The situation in the deformed sheet is illustrated by Fig. 6.
Eqs. (21.2) represent the expressions for the stress resultants obtained
from the stress-strain relations, (21.3) are the equations of equilibrium,
and (21.1) and (21.4) follow from geometrical considerations. For
compressible bodies a relation between 4y, 22, 43 is obtained from
the stress-strain relations and the boundary conditions at the major
surfaces, In the incompressible case we have

Az 1 (A4 A, (21.5)
and when the material is isotropic the stress resultants take the form
. M LW
92, :
o2k (- A (G &)
1N W (1.0
o a2 2d
1 ‘-) 2 .-.; - .- A -
Iy 24sh (% — 23) (all i)

where 2 s the thickness of the undeformed sheet. With these, we
must couple the expressions

—
—

I PR NN - - S A (21.7)

» 'i_ "y
A3
for the invariants. If the shape of the undeformed sheet is specified
by a relation

s = ()

between s and 7, so that

de dp dr: ds 1 du o
d8 T dr ds df T Af < (21.8)

we see that the second of (21.1) and (21.3) to (21.6) provide eight
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equations for the determination of the cight unknowns p, 24y, 4, s,
1, %2, Ty and T as functions of r.

When s - 7 and P is a constant the equations describe a situation
that can be reproduced experimentally by clamping a plane uniform
circular rubber sheet around ats edge and applying air pressure to one
face. This problem has been solved numerically for a Mooney form
of strain energy by AbkINs and Riviiy 11952] and the theoretical
results compared with experimental data published by Trrroar
119441, For small amounts of inflation good agreement was obtained.
At high degrees of inflation the strain distribution in the deformed
sheet proved to be very sensitive to the form of 1. The Mooney form,
with (2 ;0.1 gave a much better agreement between theory and
experiment than the Neohookean form (C: 0) and such diserepancies
as remained were consistent with the differences between the Mooney
form (8.13) and the strain energy function (13.11) determined experi-
mentally for vulcanized rubber.

The system of equations (21.1) to (21.6) also yields an exact solution
for the inflation of a spherical rubber balloon. Here conditions are
symmetrical at cach point of the middle surface of the sheet so that
we may write

}.1 )_: - j. ' 21 Ho X, ’I‘l 13 l . (2] 9)

If a is the initial radius of the balloon, the relation between /2 and
A becomes
4h 1\l , Ol .
UL N [ WARECVA (21.10)
When I has the form (13.11) determined experimentally for valcan-
ized rubber by RIviiy and SAUNDERs 11951), caleulations based on
(21.10) show that the pressure rises fairly rapidly during the carly
stages of inflation to a maximum value around 2 - 1.5 and that the
subsequent fall in pressure as inflation proceeds is followed by a
further steady rise at high degrees of inflation. This conclusion is
readily verified experimentally. By considering the behaviour of
dP di it may be shown theoretically that the same general charac-
teristics would be exhibited by a material with the Mooney form of W
(8.13) provided 0 -< Ca Cy -2 0.21. If €'z - 0 the initial rise m pressure
is followed by a steady fall with no subsequent rise; if CCy >-0.21, P
is a monotonically increasing function of 4.
GreEN and SHIELD 1950] have derived (21.10) by a limiting
process from the equations for the expansion of a thick spherical
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shell. Further aspects of the latter problem have been considered by
ExickskN [1955] and by the writer [1955b] and the theory for the
thick shell has been applied by GiNT and LINDLEY [1958] to explain
the breakdown of certain types of rubber mountings.

§ 22. Successive Approximations

When exact solutions of the equations of finite elasticity cannot be ob-
tained it is natural to consider the possibility of deriving approximate
forms based on the solutions of the classical infinitesimal theory of elasti-
city. One method is to assume that the components of displacement and
stress can be expanded as power series in a real parameter e. The
justification for this procedure is provided by the work of STorreLLl
[1954, 1955] who has given a proof of existence and uniqueness of
solution of the general clastic equations and has shown that the
displacement components can be expanded as absolutely convergent
power series in ¢ with non-zero radius of convergence provided sufficient-
ly smooth solutions of the classical lincar equations of clasticity exist.

We therefore assume expansions

g - vi—xi— X oen(Muy)
n-t (22.1)

oy - p) F"(”O’u) ,
n 1

rectangular cartesian coordinates x¢ being chosen for simplicity.
In (22.1) muy, moy are functions of the coordinates x; (or vg). The
parameter ¢ must be chosen in a manner appropriate to the problem
under consideration. For example, if the undeformed body is an
infinite plane sheet containing a number of holes or inclusions and
this is deformed by a uniform tension 7" in a given direction at infinity,
we may conveniently choose ¢ - - T,E where E is Young's modulus
for classically small deformations. As the tension 7" is increased the
parameter ¢ also increases and higher order terms in the series (22
assume increasing importance. In other cases where displacement
boundary conditions are prescribed & may conveniently be related
to these. When the first of the expansions (22.1) is substituted into
the formuh (2.4) for the strain components eg; we obtain
€y =, { [ l“‘) d(1y)

D\‘ A\
) | 3f) 2 2w ) @

T [ D\j hRYS QX hAY]
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The coefficients of ¢ are thus similar in form to the familiar strain
components of the infinitesimal theory; the coefficients of #2 vield
corresponding linear forms in the components ity but with additional
terms involving the first order quantities Yurg. Thus, writing

Cyy — Z E"("Cu) , (22.3)
n—1

in (22.2) and equating to zero the coefficients of successive powers of
& we obtain a series of relations

ey = L7200 ()
= 21 PAY} dvg 1
2, - o) | a4y, 1 d(tur) d(tuy)
bo- 21 o.Xj ov; 2 W, R Y] (,,,) 4)
nee — Lpa(m) (M) - (D(_" L) (™ 2uy) a('u,))
L RPYY dxg | "Uar T g T e )

where f, are known functions of the derivatives indicated. The
strain invariants, strain cnergy function, stress strain relations,
equations of cquilibrium, boundary conditions and constraint con-
ditions, where they exist, may be expanded similarly in powers of .
From the coefficients of ¢ in these relations we deduce for the first
order quantities the usual linear cquations of the classical theory
of elasticity. From the coefficients of &2 corresponding cquations
may be derived, linear in the second order quantities 2uq, %oy, ...
but containing known additional functions of the first order quantities
4, layj, . . .. If the classical first order problem can be solved, these
additional functions can be evaluated cxplicitly as functions of the
coordinates x;. The linear sccond order equations can then often be
solved by a procedure similar to that employed in deriving the first
order solution. In principle the procedure could be continued to
obtain solutions of the third and higher orders. In practice the com-
plexity of the expressions obtained increases very rapidly with each
successive degree of approximation and the process has so far been
terminated with the second order terms.

This procedure is essentially that used by MURNAGHAN [1951] to
derive approximate solutions to a number of simple problems. General
equations for the derivation of second order solutions have been
developed by GREEN and SPRATT [1954] who have used the theory
to examine cylindrically symmetrical problems. The second-order
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torsion problem has been examined by GREEN and SHikLp [1951]
and by Rivrin [1953], who has also developed the general second-
order theory using a somewhat different method of approach. For
two-dimensional problems the linearity of the second-order equations
makes possible complex variable techniques similar to those developed
by MusknrLIsuviILI [1953] for the infinitesimal theory. The procedure
has been worked out in detail by AbKINS ¢f al. [1953, 1954, 1957]
who have shown that by a suitable formulation a large number of
problems may be solved simultaneously. For example it is possible
to derive a solution which is inclusive of those for compressible or
incompressible materials in plane stress or plane strain in which
corresponding conditions are prescribed cither on the stress or the
displacement components over boundaries which are defined either
in the deformed body or in the undeformed body, the appropriate
results being sclected by a suitable choice of parameters in this general
solution. The corresponding results for the classical theory have been
given by Apkins [1956D].

IFor isotropic compressible materials five clastic constants are
required to specify the mechanical properties of the material to a
degree of approximation sufficient for the second order theory as
compared with the two constants of classical elasticity. For incom-
pressible bodies, two constants are required in place of the single
constant of the classical theory. The Mooney constants €, (2 are
adequate for this purpose. In the case of aeolotropic bodies a large
number of constants would be required for the second order theory
this being particularly so when the form of the strain energy function
is not greatly restricted by symmetry properties. Owing to this
increase in complexity the second-order theory for aeolotropic bodies
has received little attention although RivLIN and ToraxkocLu [1954]
have indicated a general method of approach and BLACKBURN [1958]
has solved some problems for transversely isotropic materials.

§ 23. Small Deformations Superposed upon Finite Deformations

The success of the approximation procedure outlined in the pre-
ceding scection depends essentially upon the linearization of the
relations governing the deformation so that one or other of the tech-
niques available for the solution of linear differential equations can
be applied. A second problem of this type occurs where an infinitesi-
mal deformation is superposed upon a large deformation. Such
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problems may be treated in two stages. The first stage involves the
solution if the elastic problem for the finite deformation alone; the
second involves the determination of the quantities defining the
additional infinitesimal strain. Since the equations for this latter
part of the problem may be linearized, the usual techniques for
dealing with linear partial differential equations are again often
available.

To make this procedure clear we may suppose that a point initially
at x; in the rectangular coordinate system xy is displaced to y¢ by
the finite deformation. Upon this deformation is superposed a small
additional deformation specified by displacement components evg
where ¢ is a small constant parameter. The final coordinates vy of
the point initially at x¢ are therefore given by

Yy - v Foeve X g | oo, (23.1)

1; being the displacement components for the finite deformation.
When the strain components are cvaluated by means of (2.4) and
squares of & discarded we find that the quantitics g are replaced
by ¢; + ee;] where

, 1 v, dvr vy 0y ey e

W 3l e | e an) (2.2
may be regarded as the strain components for the superposed infini-
tesimal deformation. We observe that these latter quantities are
linear in the derivatives dvydx;. IFor isotropic bodies the invariants
I, may be cxpanded in a similar manner. When squares and higher
powers of & are discarded, the invariants take the forms I, 4 &I,
where the additional quantities I, are again linear in dv4/3x;. A similar
procedure may be followed in expanding the stress-strain relations,
equations of cquilibrium, boundary conditions and any relevant
constraint conditions. In the stress-strain relations for the superposed
deformation second-order derivatives of W with respect to the strains
or invariants appear explicitly. If W is a function of I,, for example,
the derivatives dW/dI, are replaced in the perturbed state by

W S ., 0w
o, T°¢ ,2_31I’ U,

the derivatives in this expression being given values appropriate to

the finite deformation alone.
This procedure is closely related to that followed in investig og!
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of stability. The cquations of equilibrium for the superposed defor-
mation are in fact identical with the equations of neutral equilibrium
for the stability problem. The stability of a circular tube under end
thrust has been examined by WiLKES [1955] using this approach.

The general theory of small deformations superposed upon large
deformations has been developed for isotropic materials by GREEN,
Rivein and Suiern [1951]. In applications of the theory attention
has so far been confined to cases where the small deformation has
been superposed on the pure homogeneous strain defined by (13.2).
The deformation gradients are then constants, and the differential equa-
tions for the small deformation are lincar in the derivatives dv/dx;
with constant coefficients. As might be expected, the relationships
obtained for the small deformation resemble those of classical elasti-
city for an orthotropic body when the principal extension ratios 4
for the large strain are all different and those of a transversely iso-
tropic material when two of the ratios are equal. In the latter case,
the axis of anisotropy coincides with the direction of the unequal
extension ratio. When the large deformation is inhomogencous, the
derivatives dvg/dx; are no longer constant and the equations for the
displacements v, although linear in dv;/dx;, then have coefficients
which are functions of x;. When the large deformation is defined by the
general homogeneous strain (13.1) this difficulty does not appear but
the equations for the small deformation are less simple in form than
when the finite deformation is restricted to the form (13.2).

Problems examined by Green, Rivlin and Shield include the small
indentation by a punch of a uniformly stretched material occupying
the half space ¥3 7> 0, and a uniformly stretched plate subjected to
additional small bending or generalized plane stress. GREEN and
Stiieb [1951] have examined the problem of a rod of uniform arbi-
trary cross-section which is first subjected to a simple extension of
ratio 4 and then to a small torsion of amount p per unit length of
extended rod, it being assumed that the cylinder is twisted about the
line joining the centroids of the cross-sections. If 4; is the extension
ratio uniform in all directions in planes perpendicular to the genera-
tors of the cylinder, the torsional couple A is given by

2928 AW I
Mo 1’( — 4 A )(A’—ll)lo+)1\oJ, (23.3)

where o is the moment of area of the unstrained cross-section about
the line of centroids and Sp is the torsional rigidity of the unextended
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cylinder. The tensile force for the simple extension is given by

...41()

"\Y

(1_ (\li s D )

o, TA Y

Ao being the area of the unstrained cross-section. From (23.3) and
(23.4) it follows that

N (A* - ;'.’).40

(Miyl, s A(32 = 2l

(23.4)

o o 1 (23.5)
o b AS]

When the material is compressible, 4; is determined by relations of
the form (13.12) and depends upon the form of . When the rod is

incompressible, however, 41 4 % and the ratio (23.5) reduces to

N -
(Myl, o (A3 =1)lo |- So’

independent of the form of V. In these formulac Sy <7 1y, the equality
sign holding only when the cross-section is a circular region or is a
ring bounded by concentric circles. In this case we obtain for incom-
pressible bodies the simple formula
Na? 1

= 2(2 — 23.7

(My), o (A 12) ’ (23.7)
derived for a circular rod of radius @ by RivLIN [1949¢] and verified
experimentally by RIvLIN and SAUNDERs [1951].

(23.6)

§ 24. Other Methods of Approximation

Owing to the non-linearity of the governing equations for large elastic
deformations, problems for which exact solutions have so far been
obtained are limited cither to those of the type described in §§ 13 to 18
in which the deformation possesses a considerable degree of symmetry
or to those of the types considered in §§ 19 and 20 in which the defor-
mation is less restricted but in which the strain energy function assumes
a particularly simple form. These problems are solved by an inverse
method: that is, a given type of deformation is assumed and the stress
distribution required to sustain this deformation is calculated.

The range of investigation is extended somewhat by the approxi-
mation procedures described in §§ 22 and 23. These are characterised
by the perturbation of a known deformation, the latter being finite
in § 23 but of restricted magnitude in § 22. The equations for the dis-
placement components describing the small perturbing deformation
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arc lincar in form and can often be solved by orthodox methods of
approach. A further extension of the range in which the approximate
solutions are valid might be obtained by proceeding to the third order
in § 22 to find the components 3u or by superposing a second order
deformation upon the finite deformation in § 23, thus combining the
procedures of §§ 22 and 23. No difficulty of principle is involved in
cither of these extensions but the amount of work involved in solving
all but the simplest problems is likely to prove prohibitive.

In some instances further progress may be made by varying one
or more of the other conditions which specify a given problem. Obvious
examples are provided by the perturbation of the strain energy func-
tion, of the constraint conditions and of the shape of the boundaries
of the undeformed material. The first of these types of problem
has been examined by SpeNcir [1959] who has restricted attention
to isotropic bodics. In this case, it is assumed that the solution of a
given problem is known for a particular material with strain energy

W . W(ly, I, I) . (24.1)
This solution may be represented by a functional relationship
vi o vive) - x4 Leg — ui(xe)] s (24.2)
between the initial and final coordinates x;, ¥; of each point of the
material. For a body with a slightly different strain encrgy
W - W', (24.3)
we may expect to find the perturbed solution
Vi X+ ug 4 evq, (24.4)

the boundary conditions being unchanged. As before, v4 is the addi-
tional displacement function, ¢ a small paramcter and for simplicity
we employ cartesian coordinates. The solution (24.4) leads to per-
turbed values I, + el ; for the invariants I, and to the first order in
¢ the new strain energy becomes :

W(Iy + eI, In + €3, I3 + eI3) + eW'(Iy -+ eli, Iz + el3, Is + &l3)

3
W(l, Is, T ,
Wl e 1)+ [ 22 2T g g, 1)
r1 Y £2
The stress strain relations, constraint conditions and equations of

equilibrium may be considercd similarly and the analysis follows the
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lines of the problems examined in § 23, the main ditterence arising
from the existence of the perturbing function I¥’. In principle the
procedure can be applied to aeolotropic bodies and also conceivably
to materials in which there is some perturbation of the coordinate
system defining a particular type of curvilinear acolotropy. The
method is particularly valuable, however, in extending the solu-
tions for an isotropic incompressible Mooney material to bodies with
a slightly more general form of ¥ and Spencer has examined the cy-
lindrically symmetrical deformation

o-:0(r). 9--0-q(), va - Avgz-|- w(r)

in this way.
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§ 1. Introduction

In recent years, the propagation of elastic waves in anisotropic
media has been the subject of study from several points of view.
These have included modern seismological interests and the under-
standing of the applications of ultrasonic techniques as well as the
inherent appeal of the subject as a part of theoretical mechanics.

The subject has a lengthy history since it was for many years the
means whereby optical phenomena in erystals were explained. In the
theory of the elastic solid acther, however, there was no place for
displacements involving dilatation and accordingly the theory of
mechanical waves in an elastic solid was developed in an incomplete
form, although as carly as [ 1840] BLANC 11T considered the propagation
of elastic waves in an acolotropic body and was aware of the existence
of a wave surface having three sheets.

CHRISTOFFEL [1877] wrote a long memoir on the subject and it
is clear that he, and also KrLvin [1904], had a fully developed and
consistent picture of the behaviour of mechanical waves in crystalline
media. After the turn of the century Rubpskr [1911} made some im-
portant centributions from a mathematical and seismological stand-
point; much of his work has been reviewed in a recent general dis-
cussion by HELBIG [1958].

This article is intended to be a survey of the subject as a whole
with particular refercnce to the developments of significance in the
last decade.



4 ELASTIC WAVES IN ANISOTROPIC MEDIA "CH. 11, §2
GENERAL EXPOSITION

§ 2. Generalized Relation between Stress and Strain

If ¥, represent the rectangular cartesian coordinates of a point in
the medium and g its displacement, then the strain

et - Muwp bouwnk) - fk, (1
where
Qg o -
] 3% (k1 1,2,3).

A direet proportionality between stress oy and strain £, may then
be expressed as
oy Cyklikt, (2)

where summation is made over repeated suffixes.
I the elastic constants ¢gyg are real and satisfy the symmetry con-
ditions,

Cykl  Cnpkt Cyltk Cklif Q)
then (2) represents the generalized Hooke’s Law and there may exist
as many as 21 independent constants, Also there exists a strain
energy lunction

W leyreygerm - Yoyey 0, (4)
<o that
W
bt'_q 0 (5)

on account of (1) and (3), and the function specifies a unique state of
strain for a given applied stress. The symmetry conditions (3) and the
positive definite character of the strain energy function (4) impose
some limits upon the values ot the cgi.

In recent years it has been suggested by Lavar (19517, L Corre
[1953; and RaMan and Viswanataan [1955! that in dynamical prob-
lems notably those of wave propagation, the relation (2) between
stress and stram is inadequate. They urge that the stress must also
be related to the rotations g - Y(ix,1 — 12,x), which are not homoge-
neous throughout the medium and they propose a set of nine equations:

oy = dygkite . (6)
in which the d-coefficients obey symmetry conditions

(lu“ = d"u- . (7)
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Thus the matrix of stiffness constants is symmetrical but the stress
and strain tensors are not, in general, symmetrical. There is, however,
a unique strain energy function associated with any state of stress,
strain and rotation.

Discussion of this proposition is current (JorrL and Woostir
(1957, 1958a,b , KRISHNAN ef al. {19581, McCLINTOCK of al. [1958)),
and HiARMON 1956 has shrewdly appraised the experimental evidence
offered by Le Corre and others which is certainly not wholly con-
vincing. HUNxTINGTON {19581 has written a cogent discussion of the
position from a theoretical standpoint. He makes the important point
that rotations as such will not cause any change in the potential energy
of a true lattice; change can occur only as a result of the rotations
interacting with some polarizing field which may be internal to the
specimenor externally imposed. Until such interactions have been shown
with general satisfaction to have pereeptible consequences, a rejection
of Hooke's Law seems unwarranted and it would appear that the as-
sumptions of classical elasticity will remain valid for many classes of
solids in any case.

It is also possible to conceive that svmmetry conditions (3) are limited
to

Cijkl  Cikl - Culk (3a)

when the stiffness matrix becomes non-symmetrical. In this case no
unique strain cnergy function exists for a given composite state of
stress and strain and it becomnes possible to extract energy from the
body by subjecting it to a suitable cycle of loading. Such a process vio-
lates the Second Law of Thermodynamics <o it is clear that no material
in an unstrained state may possess such a non-symmetric stiffness
matrix. However, such a matrix is conceivable for a material in a
state of internal stress or strain and, although it is clear that the
matrix must become symmetrical when such strain is relieved, a
finite amount of strain cnergy may become available from such a
material during the process. An adequate analysis of this process would
require consideration of the transition between symmetric and non-
symmetric arrays. MAKINsSON [1955; has made a preliminary inves-
tigation of the effects of a non-symmetric stiffness matrix on the
behaviour of mechanical waves and has suggested that they may be
observable in keratinous materials. Her ideas are interesting but no
experimental evidence is adduced.

Accordingly, we shall develop the analysis in this article in terms of



66 ELASTIC WAVES IN ANISOTROPIC MEDIA [cH. 11, §3

classical concepts but attempt to indicate the principal deviations
which may occur when mechanical waves are propagated in non-
Hookean media. In the general analysis, we shall follow closely the
notation and methods of SYNGE [1956, 1957]; in dealing with particular
symmetries, tensor calculus is rather less satisfactory and we shall
use notation established in previous papers (MUSGRAVE [1954]).

§ 3. The Equations of Motion and Plane Waves

The equations of motion in an acolotropic elastic, continuum may
be written
Gi3,) ~= Cykitbk,l =— 01, (8)

where %4 is a displacement and p is the density.
For plance waves, we seek solutions of the form

wg - - ux |- iul — Apr exp iw (n_:}x_j_ )
= Aprexpiw (525 —1), 9)

where A4 is a scalar amplitude, ¢ the time, w the angular frequency,
pr a unit displacement vector, n; a unit wave normal, xx a space
vector, » the magnitude of the phase velocity, and s¢ the slowness
vector. When all these quantities arc real, ¥ or uI represents a plane
progressive wave of zcro attenuation. If pr and si take complex
values, u# and ul represent elliptically polarized waves whose amplitude
is attcmmted with distance (e.g. surface waves, waves in absorptive
media).
Provided the ¢y are Hookean stiffnesses, the flux of energy associ-
ated witha waveat any instantis —aipi; which includes some fluctuating
time-dependent terms. However, the cnergy actually carried forward

by the wave in unit time may be represented by the vector

Fi—

f (— ohf)ar . (10)

im
tg-t)>c0 tz —_ tl

-~ . * . . .
For the displacement u; in a medium of stiffnesses ciki,

F{:= }A%0%yx [piSchr + Pisepi] . (10a)

where the bar indicates the complex conjugate.
Let us first investigate the case in which all these quantities are
real, when either the real or imaginary part of (9) will represent an
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infinite plane progressive wave of zero attenuation. Substituting (9)
in (8), we obtain equations for the components p;:

[ov2dsix — I'tk]ps =0, (11a)

where Iy = nynicyr are the Christoffel stiffnesses and d¢x the Kronecker
symbol. Alternatively we may write

[@dsx — auxpi —= Duxps — 0, (11b)
where
Xtk = SySICUjKL -

§ 4. Velocity and Slowness Surfaces

The condition for non-zero p; then yields the velocity equation
det |pv20¢x — k| = 0, (12a)

which is of the twelfth degree in the components of velocity and
represents the velocity surface of three sheets; alternatively we may
obtain

det |@dix — x| —= |Dix| —= 0, (12b)

which is of the sixth degrec in the components of slowness and repre-
sents the slowness surface of thrce sheets. In general, there are three
real, positive and discrete st (M=1,2,3) for a glvcn wave
normal #n¢; associated with each slowness is a unique p; ) which is
ncither truly longitudinal (L) nor truly transverse (T) in character.
The symmetry of eqs. (12) implics the mutual orthogonality of dis-
placement vectors

PN = bun (13)

and the deviation from truc I. or T character may be expressed in
the form

1)(¢M)'n{ =cos 8™, (14)
where (M) is the angle of dev1atlon

If we write x203/oe3 == /31 and similarly, then we may express the
displacement vector in a form analogous to that of KrLviN [1904]:

___[BuBspy)
pe= 0 — a4t + (Be)2’ (15)

where f is a normalizing factor dependent upon the value of the
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associated s;. Multiplying by f; and summing on the suffix 7, we
obtain another form for the slowness equation

5[9_““+ P ] =1, (12c)
§ 5. Wave Surface

Denoting (12b) and (12c) by
p(s)) =0, ' (12d)

the corresponding wave surface
y(&) — 0, (16)

is the polar reciprocal of (12d) and thus the envelope of planes

Eisi =1, (17)

where s; is determined by (12d).
Differentiating (12d) and (17) and using a multiplier yields

dp[dsq

s Ls;d@/ds;) "

(18)
as the coordinates of the point P on the wave surface which corresponds
with the points S on the slowness surface.

In Ifig. 1, if O is an origin of clastic disturbance, the plane wave

-
elemcnt of slowness ()S has an associated ray or direction of energy

flux OP and, in general, for any wave normal there exist three extraor-

(M)
dinary rays associated respectively with the slowness vectors, s;" .
If we denote the unit ray direction by

&
— =t 19
" EE)t (19)

|
b __\v

o S
—

-y
Fig. 1. Slowness vector OS and associated ray OP.
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then for any individual wave of slowness s

nr™ = cos 4™, (20)

where AW is the deviation of a ray from its associated wave normal.
The eq. (16) is not easily written in a more revealing way since, as
polar reciprocal to a surface of the sixth degree, although it is necessari-
ly of class 6 it may be of degree 150.
SyNGE [1957] has demonstrated that the direction of the cnergy
flux F{ is the same as that of the ray ¢ by considering

dp . 3D
s % o @l
where CieDji = g — 0. (22)
However, by (11Db),
Dup; —= 0
and so
Cix — gbsbk
where g == g(sq¢). Hence
d
L Qgeymprsipr (21b)

DS;

which is of the same form as F;* when the displacement and slowness
vectors have rcal components.

§ 6. Correspondences between the Slowness and Wave Surfaces

The slowness and wave surfaces are polar reciprocal to each other
and Table 1 lists some projective correspondences which are useful
if the latter surface is to be inferred from the former.

TAsLE 1
Projective correspondences between the slowness and wave surfaces

Slowness surface Wave surface

1) Tangent plane P: normal 7, Point p: co-ordinates &;

2) Point Q: radius vector s¢ * Tangent plane q: normal #;
3) Tangent plane P(™) with N i Pomt pt™ with N tangeut
contacts at points Q) planes ()
4) Point Q¥ with N tangent | Tangent plane q(M with N contacts
lanes P(v) at points pv)
5) Tangent plane % at a parabolic Cusp point p (usually on a

point £ cuspidal edge)
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If a correspondence of type (3) and (4) occurs, in which a tangent
plane makes contact with a surface over a curve, a corresponding
point having a cone of tangency exists on the polar reciprocal. Such
correspondence implics that the phenomenon of conical refraction will
be exhibited by the medium. Correspondences (3) and (4) where N = o
imply the existence of external and internal conical refraction respecti-
vely (see later).

Correspondences of type (5) are quite common but there are some
general points worth mentioning. For all physically real media so
far studiced, the sheet of the slowness surface assbciated with the
smallest values of slowness and with quasi-longitudinal displacement
vectors (L) is completely enclosed by the other two sheets, associated
with quasi-transverse displacement vectors (T), which usually have
some points in common. DUr¥r [1960] has pointed out that under these
circumstances, since the surface is of sixth degree, the L-sheet will
always be convex and that parabolic points may occur only on the
T-sheets. Hence the L-sheet of the wave surface will be convex and
only the slower moving T-sheets will possess cuspidal edges.

MusGRAVE [1957b) has shown that some simple inequalities between
the clastic constants are satisfied when cusp points occur in planes of
symmetry in orthorhombic, tetragonal, cubic and hexagonal media.

§ 7. Decay Function

The above analysis offers a means of calculating all the characteris-
tics of interest for plane waves and most of those for waves from a
point source. However, no decay function of the amplitude as the
wave sheets propagate outward has been obtained. THomAas [1957]
has presented some general equations pertinent to the problem but
in application he inserted the conditions for isotropy. More recently,
Bucawarp [1959] has developed from a method of LiGHTHIIL [1960]
another approach to the investigation of the wave surface by means of
which he has found the form of the decay function.

Buchwald expresses the displacement at any point in space due
to a point disturbance as a Fourier integral. He then estimates the
values of this integral at points far from the source and by applying the
method of stationary phase, shows that the amplitude of displacement
at & on the wave surface is predominantly due to waves having
slowness vectors s¢ such that dg/ds¢ is parallel to & (cf. (18)). His
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results indicate that, due to a single such wave,
g T
gl ~ &1 S5 K (sl Ify(s0)] (23a)
s

where K(sq) is the Gaussian curvature at s; on ¢ = 0 and f; is a function
related to the source of disturbance. The total magnitude of the
amplitude related to a given sheet of the slowness surface is then

sl ~ |ewz|§‘f’;;i INCHIRYICLIE (23b)

where the si” are the appropriate slowness vectors.

The dependence (24) clearly breaks down if ecither or both of the
principal curvatures at s; is zero, i.c. at parabolic points. By con-
sidering third order terms in the expression for the form of ¢ = 0 in
the neighbourhood of a point s;, Buchwald shows that, for cusp points
on y = 0 (see Table | correspondencc (d)),

FISZ™ bl el 1o (23¢)

5] ~ |&4|~

where £ is the non-zero principal curvature at s¢ and Az is the third
order coefficient involved. In a similar manner he has considered
the case of correspondence (3) where N - oo, which gives rise to a
conical point on the wave surface (sce later). For such a point he
finds

Ikl(s("’) -4 |£3(s8?)] de, (23d)

[5) ~ |&4]- 4 f '5‘ (;, )

where the integral is taken along the curve of contact C.

Thus Buchwald’s analysis offers not only a solution for the slowness
and wave surfaces but also the relative amplitude and decay function
associated with any point on the latter surface.

We may summarize the findings so far by the following statement:
for any wave normal #; in an aeolotropic elastic medium, in general
there exist three planc waves having three discrete phase velocities
nw™ or slownesses sf"’ and associated unique displacement vectors,
p®. The p™ form a mutually orthogonal triad oblique to the wave
normal The rays or paths of energy flux having unit vectors "
are oblique to the wave normal. The amplitude of disturbance for
an ordinary point on the wave surface decays as (|&])!; singular
points may have weaker decay functions.
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Gencral solutions to the problems of progressive and standing
waves cxcited in infinite layers of finite thickness have been given by
SynGE [1957).

Using similar notation, we shall now examine the reflection and
refraction of planc waves at a plane boundary.

§ 8. Reflection and Refraction of Plane Waves at a Plane Boundary

Suppose the plane ¥3 — 0 is the boundary between two aeolotropic
media: let the elastic constants referred to the coordinate system
x; be Cijkl for x3 > 0 and ijlcl for x3 < 0.

Let a given body wave of unit amplitude

u$ — pr exp i (s x; — 1)

be incident upon x3 = 0. We require to find the resultant reflected
and refracted waves.

The boundary conditions at the interface require the continuity of
displacement and of stress across x3 -= 0. These conditions may oniy
be {ulfilled for all times if the phase along the boundary is the same
for all the waves, i.e.

sV x4 sPxp == sy + My — 51N 4 s8N x, (24)

where (M) and (N) designate the possible slownesses. These may be
found by representing the trace of the incident slowness on the inter-
face by a vector and then drawing a line normal to the interface
through its extremity. The points determined by the intersections
of the line and the sheets of the slowness surface are the extremities
of possible slowness vectors. They will have coordinates of the form
2, s, s§) and (s, s, s5™) the s§” and s5™ are roots of the
slowness equations |Dg| = 0, and |Dw| = 0 for given s = s =
lj(N) (j = 1, 2). Since slowness surfaces are of the sixth degrcc, we
expect six roots s(M) or sa’(m (M, N =1, 2,...6), real or complex,
from each cquation. However, in the caqe of real roots, corresponding
with body waves, three slownesses s (M =1, 2, 3) have associated
rays which travel from the boundary into the appropriate medium
and the remaining s3 , (M 4, 5, 6) travel from the boundary owut
of the appropriate medium; in the case of complex roots, corresponding
with surface waves, the slownesses ss” will occur in conjugate pairs
say 1 and 4, 2 and 5, 3 and 6 and from each pair the root which pro-
vides attenuation of amplitude with distance from the boundary in
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the appropriate medium is retained. SYNGE [1956] has shown that the
energy flux of such waves is parallel to the interface. Consequently,
three slownesses in each medium represent physically realizable waves
and there are thus three reflected and three refracted waves whose
amplitudes have yet to be found.

These amplitudes are now determined by the boundary conditions
in displacement

3 3
@ @, o ) AN) , ,(N) .
P + X A Pk = XA e, (25)
M-1 N—l
and in stress
3
(M) ,(N)
o3y + ‘?_1,10'3; — L (26)

where

(M) (M) (M) 1)
o35 = Cajri €kt — lw A" 'cajm Plc .S, e\(p im (S,; xq —1t), (27)
and

a;;](N) == C3jkl s{{’ = 0w AW )Cajk p"“’ At e‘(p iw (s{,( ). —1). (28)

There are thus six equations, in general, complex whlch determine
uniquely the six amplitudes 4D, A'W) (M, N —= 1, 2, 3).

A check on any numerical solution for such amplitudes is afforded
by the balance of energy flux which must occur at the boundary and
which requires that

-r (I) *(M)

3
LS SR (29)

M= N-=1

§ 9. Surface Waves

As mentioned already, the form of displacement (9) may represent
a surface wave if px and s; are complex. In the preceding paragraphs
we have seen how such waves arise in a reflection-refraction problem
when the trace of the slowness of the incident wave exceeds a critical
magnitude. Thesc clliptically polarized plane waves have, in general,
a wave normal oblique to the interface while the associated energy
flux is parallel to the interface, though not necessarily parallel to the
trace of the slowness.

Analogously to Rayleigh waves in isotropic media, there may cxist
waves of compound elliptic displacement that travel in a medium
and leave a plane surface free of stress. SyNGE [1957] has given a
short general treatment from which our formulation is derived.

Consider a single semi-infinite medium (¥3 < 0) having constants
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cyrr. The general form of displacement for a surface wave whose
amplitude is attenuated with depth (x3 » — 0) is

' t re ' ' Al
e Apeexp (1 mssxa) expiim(six + saxe + ssxa —12);.  (30)

o . . . (M
There exist three such waves having discrete slownesses (sy, 2, s3 ’)

(M 1, 2, 3) where (s4, s2) is the common trace in the surface of their
slownesses. Hence, if the displacements can be compounded in such
a way as to leave g 0 free of stress, a generalized Rayleigh wave is
possible. The boundary condition requires '

3
\.2:' (:ljkl-'l (A)PLN)SI(A) 0 , (3])

which represents three equations having a non-zero solution if

det I[\']vl o, (32)
where

K~ fs/kl[’l(cm s (33)

The determinant in (32) is third order with complex elements and
cquivalent to two real eqs. (32a) and (32b). When (s, s2) can be
found to satisfy (32a and b) simultancously, it implies the existence
of a generalized Rayleigh wave. In contrast to the degencrate case
of isotropic media, these waves may propagate only in certain direc-
tions and may have energy fluxes parallel to planes of certain orienta-
tions with respect to the crystal symmetry. A further difference is
that the variation of the composite amplitude with distance normal
to the free surface is more complicated. The amplitude of the general-
ized Rayleigh wave is compounded of three complex displacement
vectors, cach of which is subject to both exponential and sinusoidal
variation with depth. The resultant displacement is thus clliptically
polarized with space-dependent eccentricity and lies in a plane whose
oricntation may also vary with distance from the free surface.

§ 10. Non-Hookean Quasi-Elastic Media

i) In media whose elasticity is governed by the eqs. (6) the charac-
teristics of wave propagation are substantially unaltered. However,
since under dynamic conditions some of the dyx occur in pairs,
while under static conditions only the Hookean members of the
stiffness matrix are involved, it is necessary to obtain observations
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under both static and dynamic conditions in order to derive values
for the individual dyj.

ii) In the case of media having a non-symmetric stiffness matrix
(eq. 3a), we have already pointed out the thermodynamic difficulties.
However, to gain a first insight into the behaviour of waves in such a
medium, MAKINSON 19557 examined the types of wave which could
travel in a quartz-like structure without quantitatively considering
the source or disposal of energy generated or dissipated in the medium.
She found that waves, circularly polarized in right handed and left
handed senses, were possible modes for a given wave normal; the senses
of polarization being associated with exponentially increasing and
decreasing amplitude respectively. No great emphasis can be placed on
these findings until a more thorough consideration of the problems of
energy involved provides some confirmation but they are challenging
and interesting.

§ 11. Absorptive Media

Real solids, when submitted to experimental tests, invariably prove
to be imperfectly clastic, albeit the degree of imperfection may be
very slight. In wave propagation the deviation from the ideal Hookean
elastic law is apparent chiefly as the absorption of energy during the
transit of a wave. A wide variety of models of non-Hookean isotropic
solids, involving the time-dependence of stress and strain have been
propounded and discussed in some detail (see, for instance, REINER
[1956'); some of these ideas have been carried over to the study of
anisotropic materials (Z::NER [1948]) but, for the most part, measure-
ments of absorption as it varies with orientation over the three sheets
of the velocity or slowness surface have yet to be made.

However, a large number of the non-Hookean models of solids
have deformation laws which are lincar in stress and strain and
their time derivatives. As a result, the stress-strain relation for any
oscillatory disturbance of constant frequency may be written

aij — Cure,1 , (34)

where the quantities are complex and for models which involve only
first order time derivatives

Cour == cyr(w) + iygr(m) , (35)

where cyri(w) are stiffnesses akin to Hookean constants for a given
frequency.
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When relation (34) is combined with eqs. (8) and (9) in which px and
sk are complex, we obtain similar equations to (11a and b) for velocity,
slowness and displacement:

[ov2deu — I'telps — O, (36a)

where Iy nyn@yx may be termed complex Christoffel stiffnesses;
alternatively,

[00er — nixlps  Dupr = 0. (36b)
The slowness equation thus becomes
det |edue — nik] — [Pix| — 0, (37)
where cach clement has the form
Da - Pl + i, (38)
D 00w — {curlsist — sysn) — WJAL-!(SJ'S;r + sish}, (39a)
-('/’IA: yuri(sist — S}LST;) —c um(SJ.SI - 31;37 )- (39b)

The left side of (37) may thus be expanded into the sum of eight
determinants, four real and four imaginary. It is clear that solutions
for s* and st will in general be very complicated.

However, if we choose to investigate a range or frequency such that
Yy (@) € €y (@), then we may reasonably expect ls;rl to be small.
Under these circumstances, to the first order of small quantities,

Pie — 001k — CykiSIST (40a)
t T t
Dix = purisist + cuer (sis1 + sjsi) (40b)

and the real part of (37) reduces to (12b). Thus the magnitudes of
the slownesses of wave in slightly absorptive media remain unaltered
to the first order of small quantities. For given %y we may now
consider the imaginary part of (37) as an equation for s and making
the reasonable assumption that absorption is constant over the plane
of the wave, we may write

ust = si, (41)

where g <€ 1, and solve for p as a function of the wave normal 7;.
The equation is linear in u for each of the three values of s* and hence
there is an absorption factor for each wave.
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The displacement vector associated with each slowness will have
the form
. 1
pi +ipi
where

pi~ Bi 1-O(u), B given by (15) (42a)
and

pi~ Ou) . (42b)

Hence the displacement is in general elliptic, where the directions of
the major axes form the same mutually orthogonal triad as speci-
fied by (15).

The flux of energy is now represented by

14%2 | €yl [BsSapr + Pisprl cos pumr (43)
while the energy absorbed along the ray in unit time is given by
JA202 |Cynl [psSept — Prsepil sin gy, (44)
where
tan qgx — Ll (no summation) .
Cijkl

Hence, as might be expected from the result for the slowness surface,
the direction of the energy flux or ray is unaltered to the first order of
small quantities.

Our general survey of the features of clastic wave propagation in
acolotropic media is now concluded and we turn our attention to
some results appropriate to particular symmetries and media.

§ 12. Hexagonal Media

A method for obtaining the wave surface for any symmetry has
been given by MusGrAvE [1954 I and it has been applied to media
of hexagonal and cubic symmetry (MusGRAVE [1954 TT], MiLLER and
MusGRAVE [1956]). It depends essentially on expressing the ray vector
as the vector sum of two line segments which may be calculated
and then performing the necessary geometrical construction. Thus the
coordinates of the extremity of the ray vector may be written

5" == S[s#"” + 4" (M =1,2,3) (49)

where % has the dimensions of an elastic constant and A4; has those
of slowness. The vectors ksi/¢ and kAs/p then represent the line

segments Ol and ﬁ) in a velocity space illustrated in Iig. 2. Convenient
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choice of the constant 2 usually involves the case v > k/gv for quasi-
longitudinal waves (M -- 1, or suffix L) and v << k'pv for quasi-
P

I

Fig. 2. Line segments O1 - ks“,"”/’g and 1P - kA:"”/g

fora) M 1;orsulfix L, (v > k/pv);
b) M 2, 3; or sufhix Ty, Ts, (v <7 k/ev).

transverse waves (M —= 2, 3; or suffix Ty, Ty). The angle ¢ is given by

M
m/l(t )

e (46)

cos &N
Fig. 3 shows the sections of the velocity, inverse and wave surfaces
in a zonal plane for zinc. Rotation about the zonal axis yields the
circularly symmetric surfaces.
The values of 63D (.- o), M= 1;0ri =L, and A (= Ay), M =1,
2,3;0ri =L, T, Tzare shown in Figs. 4 and 5.

z

@)

Fig. 3. Section in the zonal plane of
a) velocity surface, v o 6,
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53 K

52 k/p

(b)
b) mverse surface, ks/g o 0,

53

<43

(c)

c) wave surface, ¢ « 0, for zinc.

For M = 2, 7 = T, the displacement vector is truly transverse and
parallel to the basal plane of the crystal.

It should be noted that the locus of the point I (called the inverse
surface) has all the geometrical properties of the slowness surface

while OT has, in fact, dimensions of velocity. Consequently we may
notice the cusp points about the & and &3 axes corresponding to the
points of inflexion in the inverse section, MusGRAVE [1957b] has also
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Fig 4 Deviation 8t () of quast longitudinal vector from wave normal.

an . [} v - . - 1
l i
! ‘
20
.
o|
SO
Ig. 5 Deviation (6D (- 1), M 1,2,3; 1 I., T1, Tg; of rays from wave

normal

given inequalities between the elastic constants which must be satis-
fiedd if parabolic points on the inverse or slowness surface, and hence
cusp points on the wave surface, are to exist about the axes of sym-
metry. These are derived by expressing the condition that the normal
to a sheet of the slowness surface shall be parallel to an axis of sym-
metry. If this condition is satisfied by points of the slowness sheet not
on the axis, it implies the existence of a parabolic point on the sheet.
The points may be determined by the real intersections of a conic
and the relevant slowness sheet. Thus, using the customary contraction
of suffixes

I ~1, 23->4

222, 31 > 5

33-~3, 126

the slowness surface for a hexagonal medium having five independent
clastic constants, ¢11, €12, €13, ¢33, €43, may be written
g(r.)Pr.:) = 0 — Yen —)r® o {n —cyg(r? + 23))2

— {0 — caa(r? + )} {art + bz} = {ah —d2r22 - 0 (47)
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wherea - c1p —cag, b = cag —cag, d 13 |- c41.

It is immediately clear that there exists a separable sheet, the
spheroid

q (r z I (l‘u -t 4 cu L 0 (48)
. 2% 2 0 '

and this sheet can have no parabolic points. This is the sheet with
the truly transverse displacement vector parallel to the basal plane.
The remaining sheets have normals at (r,2) making an angle 0 with
the z-axis given by

r[(cnn Fecag)fo —caa (2 22} —-caa(ar? 4 hz®) — (ah —d?)22)

tanf - :
m sl(cas +- can){o —caa (P2 + =)} —-cnn(ar® | hz?) - (ah —d?)r¥]
(49)
and clearly 0 = Oforr 0,
re a2
or when ~iF + T 1, (50)
e, A2 e teas B cn f-caa
where == e and 0 carlen -en) |oenh --d?”

Thus if the spheroid (50) makes real intersections with the L- and Ty-
sheets of (47) (@(r,z) — 0), the normals at these points will be parallel
tor 0. Real intersection can occur with the L-sheet if

B 1

- < — 1. caalcas —caq) -7 — (caz 4 car)®,

e €33
which is impossible for real media, since for stability ¢33 .~ caa - 0]
and with the Te-sheet if

B 1

2o _ - caa)?

0 > - 1.C. 011(033 t‘.n) o (C]3 I- c14)2.
The elastic constants of zinc satisfy this latter relation and so there
exists a plane of tangency P* having a circular curve: of contacts Q.,,
on the Ts-sheet. There exists also a circular locus of parabolic points
Q. Fig. 6 shows a section of the slowness and wave surfaces with cor-
respondences between P and conical point p™, and the parabolic
points £ and the cuspidal edge p. We may recall that BucnwaLb
[1959] has shown that for p™ the decay function of amplitude varies
as (|&)-% while for p it varies as (|&i]) -4. The existence of the points
Qu may be established in a similar way.
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Z(0,8)
8
Qo - P> T
Q a
P T
P
T
b ,_ pT E
(4,0 2
) 4 \ »

o

(a) (b)

Fig. 6. Section of a) slowness sheets, b) wave sheet for zinc showing projective
correspondences.

§ 13. Conical Refraction

Physically the point p*implies that all plane waves of normal OQ*
have associated rays parallel to the z-axis. If these coincident rays were
to meet a boundary normal to the zonal axis and pass into an isotropic
medium, there would be sets of L- and T-waves satisfying the phase
condition at the boundary and there would emerge two cones of rays
in the isotropic medium (scc Fig. 7). For this rcason, a conical point on
the wave surface might be said to give rise to double external conical
refraction. When a conical point occurs on the slowness surface, there
exists a degeneracy in the uniqueness of the displacement vectors for
the T-waves. Any displacement vector normal to the L-vector can be
propagated, but for each displacement there exists a different ray.

Zonal axis
Qe

Zonal aus

Zinc crystal

L Isotropic medium

T

Fig. 7(a). Section of slowness sheets in a zinc crystal and an isotropic solid
showing how two cones of external refraction, having longitudinal and transverse
displacement respectively, may occur in the latter medium. QO represents a

- —>
single incident slowness and OL and OT the possible refracted slownesses.

Fig. 7(b). Section of the multiple incident ray, common to many waves of different
polarization, and the cones of externally refracted rays.



CH. 11, § 14] SURFACE WAVES - PARTICULAR CASES 83

Hence, the rays form a cone about the single wave normal in the
crystal and this is called internal conical refraction. An elliptic cone
of internal refraction may occur in tetragonal crystals if the elastic
constants satisfy the inequality

where ¢ = ¢c11 — ¢12 — 2c44; f — c12 + cee and d, h are as above.
MusGRAVE [1957a] has shown that the ellipse becomes a circle in the
case of cubic symmetry. Furthermore, a conical point on the slowness
surface along the (1, 1, 1) axis is an essential singularity in the geome-
try of the surface for all cubic media. The semi-angle A, of this cone
is given by MILLER and MusGRAVE [1956] as
— | ¢
tan de = 1 30 |

and since ¢ = 0 is the condition for isotropy, we see that the cone
has zero angle in isotropic media. The magnitude of this angle may
be as much as 40° in highly anisotropic cubic media (c.g. f-brass).

§ 14. Surface Waves - Particular Cases

STONELEY [1949, 1955], SynGE [1957] and DEeresiewicz and
MinDLIN [1957] have variously contributed to the study of surface
waves in hexagonal, cubic, orthorhombic and monoclinic media.
STONELEY [1949] showed that true Rayleigh and Love waves having
only exponential decrease in amplitude with depth may be propagated
over the basal plane of a hexagonal medium. Synce [1957] has
confirmed this finding and has shown that true Rayleigh waves may
be propagated over any plane containing the zonal axis. STONELEY
[1955] has also examined the case of cubic media and has discussed in
detail the general type of surface wave which may occur in crystals.
He shows that true Rayleigh wave be propagated over a (0, 0, 1)
plane along the (1, 0, 0) direction and that their velocity is thus
given by

2
c12\1? g
en(ov? — c44) [9”2 — (Cu — C:—?)] — caa(ov? — cn)(ev?)® .

This equation reduces to the usual Rayleigh wave equation for iso-
tropic media if ¢ = 0, 1ie ¢z = cn — 2cas. DERESIEWICZ and
MiINDLIN [1957] have treated the case of surface waves which may
travel along the digonal axis of a monoclinic crystal. The analysis
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is appropriate to an AT-cut quartz crystal and they find that a
typical Rayleigh wave is possible. They have also dealt with the pos-
sibility of a surface wave propagated over a (0, 1, 0) planc in the
(1, 0, 0) direction of an orthorhombic crystal. Again they find a true
Rayleigh wave is possible.

No quantitative work on the reflection-refraction problem at a
planc interface between two crystals has yet, to my knowledge, been
publishedf, nor are observations of absorption as a function of orien-
tation sufficiently comprehensive to merit discussion. Both types
of problem are facets of the subject which scem worth examining.

In this article an attempt has been made to discuss the subject from
an applied mathematical, rather than physical, point of view. Readers
who wish for more detailed physical information are asked to refer
to another article MusGrave [1959] or the original references.

ACKNOWLEDGMENTS

The work described above has been carried out as part of the
research programme of the National Physical Laboratory, and this
paper is published by permission of the Director of the Laboratory.

References

Brancuer, P. 1, 1840, Journal de Mathématiques (Liouville) § 1; 7 13.

BucuwaLp, V. T., 1959, Proc. Roy. Soc. A 253 563.

CuristorreL, E. B., 1877, Ann. d1 Mat. 8 193.

Deresiewicz, H. and R. D. MiNpLIN, 1957, Journal of App. Phys. 28 669.

Durr, G 19D, 1960, Phil. Trans. Roy. Soc. A 252 249.

Hrarmon, R. I, S,, 1956, Phil. Mag. Suppl. 5 323.

Herrig, K., 1958, Gerlands Beitrage zur Geophysik 67 Heft 3, 177.

HunTtINGgTON, H. B., 1958, Solul State Physics 7 213.

JorL, N. and W. A. WoosTER, 1957, Nature, Lond. 180 430.

JoeL, N. and W. A, WoosTER, 1958, Nature, Lond. 182 1078, 1149.

KrLvin, Lorp, 1904, Baltimore T.ectures (Cambridge U.P.).

KRISHNAN, R. S. ¢t al., 1958, Nature, Lond. 182 518.

L.avaL, J., 1951, Institut Internationale Physique Solvay Conseil, Brussels.

Lt Corrg, Y., 1953, C. R. Acad. Sci. Paris 236 1903.

LigatHiLy, M. J., 1960, Phil. Trans. Roy. Soc. A 252 397.

MarinsoN, K. R., 1955, Proc. International Wool Textile Research Conference
Australia (Melbourne: C.S.I.R.O.) Pt. D, p. 54.

McCrLiNToCK, K. A. et al., 1958, Nature, I.ond. 182 652.

MiLLER, G. F. and M. J. P. MusGRrAVE, 1956, Proc. Roy. Soc. 236 352.

Muscrave, M. J. P., 1954, Proc. Roy. Soc. 226 I, 339; II, 356.

1 Some quantitative results for reflection at the free boundary of a hexagonal

crystal have recently appeared (MusGrAVE [19607).



CH II] REFERENCES 85

MUSGRAVP., P., 1057a, Acta Cryst. 10 316.
MUSGRAVE, P, 1957b, Camb. Phil. Soc. 53 897.

-]

M. J.

MUSGRAVE, M J }’ 1959, Reportson Progress in Physics (Phys. Soc. London).

MusGrave, M. J. P, 1960, Geophysical Journal Roy. Astron Soc. 3 406.

Raman, bIRC V. and K. S. ViswaNAaTHAN, 1955, Proc. Indian Acad. Sci. A 42
1, 51.

RrINER, M. (editor), 1956, Rheology Vol. I (Academic Press).

Rubski, M. P, 1911, Anz. Akad. Wiss. Krakov, Bull. 8a 503.

StoNELEY, R., 1949, Mon. Not. Roy. Astr. Soc. (Geophysical Suppt) 5 343.

STONELEY, R., 1955, Proc. Roy. Soc. 232 447.

SYNGE, J. L., 1956, Proc. Roy. Irish Acad. 58 13.

SynGE, J. L., 1957, ]J. Math. Phys. 35 323.

THomas, T. Y., 1957, J. Math. and Mech. 6 759.

ZEeNER, C., 1948, Elasticity and Anelasticity of Metals (University of Chicago
Press).






CHAPTER 111

ELASTIC INCLUSIONS AND INHOMOGENEITIES
BY

J. D. ESHELBY

Department of Physical Metallurgy,
University of Birmingham, England



CONTENTS

PAGH
1. INTRODUCTION . . . .. . . . oo o .. 89
2. THE GENERAL TRANSFORMED INCLUSION . . . . . 91
3. THE ELLIPSOIDAL INCLUSION . . . . ... . ... 103
4. THE ELLIPSOIDAL INHOMOGENEITY . . . . . . . .. 112
5. RELATION TO THE THEORY OF DISLOCATIONS . . . 119
6. APPLICATIONS . . . . . .. oo o oo . 125

REFERENCES . . o 0000000000000, ... 139



§ 1. Introduction

This review is concerned with the two following problems in the
infinitesimal theory of elasticity, and with their inter-relation and
generalization.

(i) The transformation problem.

A region (the ‘inclusion’) in a homogencous clastic medium under-
goes a permanent change of form which, in the absence of the con-
straint imposed by its surroundings (the ‘matrix’), would be a pre-
scribed uniform strain. To find the clastic field in matrix and inclusion.

(i) The inhomogeneity problem.

A region in an otherwise homogencous clastic medium has elastic
constants differing from those of the remainder. To find how an applied
stress, uniform at large distances, is disturbed by the inhomogeneity.

We shall not consider two-dimensional problems, where complex
variable methods can be used, and the number of special cases which
may be solved is unlimited. The three-dimensional inhomogencity
problem has been discussed extensively, particularly the special
case of a cavity, i.e. an ‘inhomogencity’ with vanishing clastic con-
stants. The inclusion problem has received less attention, but is
encountered in the discussion of various phenomena in solid-state
physics, for example martensitic transformations and the formation of
precipitates. STERNBERG 11958] has given an excellent annotated
bibliography of the three-dimensional inhomogencity (and inclusion)
problems which have been solved.

We shall be largely concerned with the special case where the
inclusion or inhomogeneity takes the form of the general ellipsoid with
three unequal axes. There are two reasons for this. First, it appears
to be the most general case whose solution can be given in a manage-
able form. Secondly, in this particular case there is a close connexion
between the transformation and inhomogeneity problems. It stems
from the fact that, as we shall see, the stress is constant throughout
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an ellipsoidal inclusion which has undergone a uniform transformation.
As an illustration of this connexion suppose that it is required to
solve the inhomogeneity problem for an ellipsoidal cavity. On the
stress-field due to the inclusion superimpose everywhere a uniform
stress equal and opposite to the uniform stress in the inclusion. The
inclusion is then free of stress and may be removed. We are left with
a stress-field which becomes uniform at infinity and which gives zero
traction on the surface of the ellipsoid, as required. The general problem
of an ellipsoidal inhomogencity can be handled by an extension of
this argument.

Among closed surfaces the ellipsoid alone has this convenient
property. It shares it with other second-degree surfaces, and the
analysis of §§ 3,4 can in fact be applied with trivial modifications
to hyperboloids and paraboloids. However, the properties of such
infinite ‘inclusions’ are not of much interest, and we shall not consider
them. The corresponding in homogeneity problem is essentially the
problem of stress-concentration by hyperboloidal notches. The cases
which are of practical use have been discussed by NEUBER [1958].

We begin (§2) by finding a solution to problem (i) for an inclusion
of arbitrary shape. The argument used is somewhat intuitive, but it
is verified that the solution which is obtained does in fact satisfy the
conditions of the problem. In § 3 the special case of an ellipsoidal
inclusion is worked out to a point where numerical calculation is
possible. Section 4 begins with a discussion of the inhomogeneity problem
for an inhomogeneous region of arbitrary shape (though not much
progress can be madc) and the solution for the cllipsoidal inclusion
is obtained from the results of § 2 in the way already indicated. By
taking advantage of the connexion between inclusions and Somigliana
dislocations (§ 5) it is possible to solve the problem of an ellipsoidal
inhomogencity perturbing a non-uniform stress-field. In § 6 we present
some selected physical applications of the theory.

We shall use the familiar suffix notation. Repcated suffixes are
to be summed over the values 1, 2, 3 and suffixes following a comma
will denote differentiation with respect to the Cartesian coordinates
X1, X2, X3, €.8. #i,j = bu;/bx;, Potjk = 3y/d%1dx50xk.

Displacement #; and strain ey are related by

eqy == (w15 + t51) - (1.1)
Stress py and strain are related by

Pu = Aekkéu + 2#8(; (12)
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in an isotropic medium with Lam¢ constants 4,u. If a second pair of
quantities pi, ey satisfy

pis = Aekk b4 + 2uely
then

piely — pijey . (1.3)

A set of quantities bearing a common affix, e.g. wi, eq, 1{3 will be
supposed to be related by (1.1) and (1.2) unless otherwise stated. It
will sometimes be convenient to use the notation

f = fre, "fig = fi5 — §frxdy (1.4)

to denote the scalar and deviatoric parts of a second-order tensor.
We shall often make use of the formula

V2(pg) = pV2q + qV2) + 2p,kq,k (1.5)

for calculating the Laplacian of a product, and of Gauss’s theorem in
the form

fs‘i---dS*:fv"l---,kd'” (1.6)

where S is a closed surface enclosing the volume 1". Here and elsewhere
dSg is an abbreviation for #;dS, where dS is an element of surface and
ny is its normal.

§ 2. The General Transformed Inclusion

2.1. TIHE ELASTIC FIELD

In this section we give a formal solution of the following problem:

A region bounded by a closed surface S in a homogencous isotropic
elastic medium undergoes a change of form which but for the con-
straint imposed by the surrounding material would be an arbitrary
homogeneous strain e;. To find the resulting clastic field inside and
outside S.

It will be convenient to refer to the material inside S as the ‘inclusion’
and to the material outside S as the ‘matrix’. The strain will be called
the ‘transformation strain’, or, following RosiNson [1951], the ‘stress-
free strain’. We assume that adjacent points immediately inside and
outside S suffer no relative displacement ; in other words the inclusion
is ‘bonded’ to the matrix before, during and after the transformation.
The problem can also be formulated as follows. To find a state of self-
stress in an infinite body, with the following property: on making a
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cut over a prescribed closed surface S we are left with a stress-free
cavity and a stress-free solid bounded by surfaces S;, Sz such that S,
is transformed into S; by the homogeneous strain — eis.

TiMOSHENKO and GooDbIER [1951] have given a method for finding
the elastic field in a material in which each volume element alters its
unconstrained shape. Our basic inclusion problem is merely the special
casc in which the change of shape is identical for all the volume ele-
ments inside a certain surface S and is zero for all elements outside S.
The method of calculation we shall use (EsHELBY, [1957]) is essentially
equivalent to theirs.

It is first necessary to decide how to define the displacement.
Let us fix our attention on some marked point r in the material,
with coordinates x4(r) and suppose that, as we watch, the transfor-
mation takes place gradually, by some physical mechanism unspeci-
fied. Every point of the medium moves, and when the transformation
is over the mdrked point will have different coordinates, x4(r) + m'( r)
say. We take ui as our displacement function. The state of zero dis-
placement is the state of the material before the transformation has
occurred.

We may contrast this definition of the displacement with another,
perhaps cqually natural, one. Suppose that after the transformation
has occurred we make a cut over the surface S. Points on either side
of the cut will move relatively as the stresses relax. For simplicity
supposc that the two faces of the cut shrink away from each other
cverywhere, leaving a gap. During the relaxation every point of the
matrl\{ or inclusion suffcrq a certain displacement, — ui say. In place
of u we mlght take w4 as our displacement function. In the matrix
both u; and u; are measured from a state in whlch the matrix is free
of stress. Consequently in the matrix u; = m . In the inclusion m is
measured from a state in which the inclusion is untransformed and
unstressed, whereas u? is measured from a state in which the inclusion
has transformed but is free of stress because the constraint due to the
matrix has been removed. Because of the gap which appears when
matnx and inclusion are cut apart u is discontinuous across S whereas
ug is contmuou% It is generally more convenient to use ug, but we
shall refer to ] again in § 5.

The displacement ui will be calculated with the help of a sequence
of imaginary cutting, straining and welding operations. This approach
is somewhat alien to the usual methods of applied mathematics; the
argument can, of course, be considered to be a purely heuristic one
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which points to a result (eq. (2.8)) whose validity has to be tested.

We shall suppose, to begin with, that the matrix extends to infinity.
In the unstrained medium mark out the boundary S of the proposed
transformed inclusion. Make a cut over S and remove the inclusion.
Allow the transformation to occur. After it has suffered the uniform
transformation ey the inclusion can no longer be fitted without
strain into the cavity from which it was taken. Apply surface tractions
—_ p}l}n ; to the surface of the inclusion, where

pis = Aemmdys + 2uel; . @.1)

This produces a strain — 63 in the inclusion and restores it to the form
it had before transformation. Put the inclusion back in the cavity,
still maintaining the surface tractions. Weld the material together
across S. The surface tractions thus become an embedded layer of
body force of amount

dF; = — pynydS (2.2)

on each element dS of S. The matrix is now unstressed and there is a
uniform stress — 17;1} in the inclusion. Further, every point in matrix
or inclusion has the same position as it had before the transformation.
That is, as regards displacement, the material is in the initial state from
which we have agreed to measure ui. This state only differs from the
rcquired final state by the presence of the layer of body force (2.2). To
get rid of this unwanted layer we apply an equal and opposite layer of
body force

AF; = -+ pynydS = pydS; (2.3)
over S. The displacement induced by this operation is the displace-
ment which we are trying to calculate.

A point force Fy at r’ produces a displacement
wi(r) = UyF;
at r, wheret (Love [1954))

_ Oy 1 92 ,
Uy = dap Ir —1'| — 16mu(l —o) %10, Ir—r|
1 2 l DZ ’
= V" — 4= 5205) 17— (24)
since
lr—' |t = )V — 1. (2.5)

t o is Poisson’s ratio.
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Hence
C . T '
ul(r) — [ dSepis Uy (r —r')). (2.6)
But by Gauss’s theorem
’ A _ _-DJ_ _— ’ y - —D~ | . ’
flr—r | dSg j 5% r —r'|dv -- % f:r r'|dv
and so
¢ 1 T 1 T
Uy - - l 67!/;@—: ”_) ﬁjk Y,iJk “E‘u ﬁu: Pk, (27)
or
(:A_l T »l T A
Uy - 8:’[(] ‘;) ik Y,ijk — ?;n”k Tk _4.‘,1:(1—-0')e Pt (28)
where
dv

o(r) f" r—y and  y(r) == J.V |r —r'| dv. (2.9

¢ is the ordinary (harmonic or Newtonian) potential of attracting
matter of unit density filling the volume V' bounded by S. o is the
corresponding biharmonic potential. Geometrically, ¢/V is the mean
distance of the point r from all the points inside S.
From (2.5)
Vip .. 2¢. (2.10)

The following results follow from the theory of attraction (POINCARE
[1899], MAacMiLLAN [1958)).
—8x outside S

dy = 2V = - .
Vi = 2V% 0 inside S (2.11)
¢, ¢,4 are continuous across S (2.12)
@,y (out) — @,4 (in) = dnnm; . (2.13)

The last equation gives the difference in the second derivative at two
adjacent points immediately inside and outside S at a point where the
normal to S is #g. We shall use a similar notation for other quantities
which are discontinuous across S. Eq. (2.13) is a‘re-statement of the
result that the discontinuity in attraction across a double layer is 47
times its moment. More generally, a function satisfying

ViU = —4np (2.14)
suffers a discontinuity in its second derivatives

U,k (out) — U,x (in) = — 4a{e(out) — g(in)}nien, (2.15)
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on crossing a surface across which g is discontinuous. But o, satisfies
(2.14) with ¢ = —2¢,y/4x and so from (2.15) we obtain the relation

P27k (out) — yogpxe (in) - Beongngngng . (2.16)

By similar arguments one finds that
Y, Y., ¥,k are continuous across 8. (2.17)

The stress in the matrix is

f)l(f == le;‘hm Oy -+ ,“(u(l'-j | 'u_(l‘,l) . (2]8)

. . . . . T
Since the inclusion was already subject to a uniform stress —py
before the body force (2.3) was applied, the stress in the inclusion is

pu — i — i (2.19)
with p%} derived from u;j as in (2.18).
We outline a method of verifying formally that the proposed solution
(2.8), (2.18), (2.19) does in fact solve the inclusion problem. From
(2.7) it follows that uf satisfies the equilibrium equation

uVig 4 (A + wttmome — 0

and from (2.12), (2.17) that it is continuous across S. If the stress
is defined by (2.18) and (2.19) the relations (2.13) and (2.16) show that
pyny is continuous across S. Let an additional displacement —m( ")
be imposed on all points #’ or the inner boundary of the matrix. By
the uniqueness theorem of the theory of ch%ticity (Love [1954]) it
will produce an additional displacement —u; ¢ (r) throughout the m.;.trlx
and so leave it stress-free. Likewise an additional displacement —uy ( )
imposed on all pomts r’ of the surface of the inclusion induces a dis-
placement ——m( ) throughout 1ts interior and so by (2.19) leaves it
in a state of uniform stress —;b.j At this point the inner surface of the
matrix and the outer surface of the inclusion stlll fit perfectly, because
of the continuity of «{. If the tractions —piny on the mcluslon are
reduced to zero the inclusion suffers a uniform strain eu and we are
left with an unstressed matrix and an unstressed inclusion between
whose surfaces there is the required misfit.

Equation (2.7) can be written in the Boussinesq-Papkovich-Neuber
form

ug = By — 47(1‘117) (*mBm + B).s (2.20)
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with harmonic B and §:

druBi = — Pk ok, AmuB = pik 1k (2.21)
where

fy = x93 — 4. (2.22)

That fi; (and hence f) is harmonic inside and outside the inclusion
follows from (1.5) and (2.10). Further f;; behaves like -1 for large 7,

while its normal derivative
]

Ay [dn —= @,yn1 + Xup,geie — Poskk

suffers a discontinuity 4nxmngng = 4nxmg on passing through S,
by (2.13) and (2.16). Hence f; is the harmonic potential of a layer of
attracting matter distributed over S with surface density xin;. In
this way the biharmonic potential y can be replaced by the harmonic
potential # of a certain surface layer.

It is interesting to see how much information can be obtained when
our knowledge of ¢ and o is incomplete. We know in any case that
@ and y behave as V/r and V7 for large 7, and hence, from (2.7) that
the ficld at large distance from the inclusion is given by

Ve gur
ug(r) = 4 s (2.23)
where
Lijk = (1 — 20’)((5”“- + oy — 61];1() + 3111;1];

and /¢ is a unit vector joining the origin to the point of observation r.
1f only ¢ is known we can find the dilatation and rotation:

-2 .
| -2 ] Dok Ptk (2.24)

€= <0
¢ 8ru(l —o

47:(03 = 2n(u£, — m(::) = e;l; @kt — 8(1;: @kl - (2.25)
If ey happens to be a pure dilatation we can find the complete
field in terms of ¢:
c__ l14+0 ¢ T _ T
Uy = — 22l — o) e @ (ess = ke b¢y) (2.26)
(Goobier [1937]). In this special case the dilatation has the constant
value eT(1 + ¢)/3(1 — o) inside the inclusion. In the matrix the

dilatation is zero. Consequently the value of the bulk modulus x* of
the matrix is irrelevant and (2.26) applies also to the case of an in-
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clusion of elastic constants g% in a matrix with constants pu,x* if we
give to ¢ the value appropriate to the inclusion (CruM, quoted by
NaBarro [1940]; RosiNsoN [1951])

Again, it may happen that it is easier to calculate ¢ and y for points
within the inclusion than for points outside it. (We shall see that
this is so for an ellipsoidal inclusion.) Since the strains mvolve @4
and y,x we can use (2.13) and (2.16) to find the strain e;;(out (and
hence the stress) at a point immediately outside the inclusion from
the values eﬁ(in) at the adjacent point immediately inside the in-
clusmn Expressed in terms of the dilatational and deviatoric parts
of eu the result is

¢C(out) == £(in) _% : fzeT _11_-__2_‘ ei) nmy

. C C,. 1 T T , T ,
eq1 (out) = ey (in) + > "esx mynxngny — "eix npny — ‘e g (2.27)

1

1 —2 1 .
+- 3(1 _G) e;rk Ny (su ——§ l—_t;e (nn“ _ Lb“) .

The foregoing results all refer to a transformed inclusion in an in-
finite matrix. 1f the matrix has a finite boundary the displacements
will be of the form

‘ uf = uf + u:m
and the stress will be
F ¢ 1
pu = b + by
in the matrix and
F T
by — by
in the inclusion. The ‘image field’ W™, pi}“ is free of singularities in
the medium and is detcrmined by the requirement that the sum of
the C-field and the image-field shall satisfy whatever boundary con-

ditions are imposed on the outer surface of the matrix. If the outer
boundary S is stress-free we must have

im C
Py ng = —pyn; on Sy

that is, the image-field is the field produced by surface tractions
—piim; acting on the outer surface. If the outer surface is held immov-
able we must have

tm

w®™ = —u, on So. (2.28)
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Thus when the C-quantities are known the determination of the image
quantities reduces to a standard boundary-value problem.

It is sometimes convenient to have a formal expression analogous
to (2.6) cxhibiting ui as the displacement induced by the layer of
body force (2.3). When the boundary condition is (2.28) (rigidly held
boundary) we may evidently write

w(r) = [ dSepfUslrr) (2.29)

where F;Uy(r,r’) is the displacement at r duc to a point-force F =
(F1, Fs, I's) acling at ¢’ in a body at whose surface the displacement
is required to be zero.

With a suitable alternative definition of Ugy(r, r') (2.29) also
applies to the case where the outer boundary is stress-free. However,
we cannot simply say that I;Uy is the displacement at r due to a
point-force at ' in a body with a stress-free surface. No such solution
of the elastic equations exists, since the integral of the surface traction
over Sp must be equal to —F. Instead we define Uy(r, ¢’) as the dis-
placement in the body with stress-free surfaces due to a point-force
F at r', a point-force —F at the origin and a double force (LLove [1954])
at the origin of moment —F X r’. Since the resultant and moment of
this set of forces are both zero the condition of zero traction over So
can be satisfied. It can easily be shown that when the elementary
forces (2.3) are summed over S the corresponding auxiliary forces
and moments at the origin add up to zero. Consequently, with this
definition of Uy; the expression (2.29) actually gives the displacement
due to the layer of body force (2.3) alone.

2.2. ENERGY RELATIONS

The elastic energy associated with the inclusion (i.e. the energy
in the inclusion plus the energy in the matrix) can be calculated very
simply by following the energy changes which occur during the imagi-
nary operations leading to (2.6). Suppose first that the matrix is infinite.
When the inclusion has been welded back into the matrix but is
still held in its untransformed shape by the layer of body force (2.2)
the energy in the matrix is zero and the energy in the inclusion is

B[ pieqdv. (2.30)

When the layer of body force is relaxed each element of S moves
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through a distance u? as the force on it falls from dF; to zero. The
amount of energy extracted from the elastic solid during the relaxa-
tion is thus

—}[waFi= ;fsp?, wldS; =1 [pieidv.  (231)

The energy remaining in the medium is found by subtracting (2.31)
from (2.30):

Eeo=—1} [ pis(efi—et) dv = —1 [ piycijdo. (2.32)

The suffix co emphasizes that this is the energy for an inclusion in an
infinite matrix. Evidently we only need to know the elastic fleld inside
the inclusion. If the stress-free strain is a pure dilatation ey == LeTdy
we have by (2.26)

E,, —2up 19 ey (2.33)

«w 9M 1 —¢ -

for an inclusion of any shape. According to the argument following
(2.26) the expression is still correct if the bulk moduli of matrix and
inclusion differ (NaBARRO [1940], RosiNson [1951]).

Suppose next that the inclusion is situated in a finite matrix bounded
by the surface So. No difference is made to (2.30) if we cut away
the part of the unstrained matrix exterior to Sp. The energy. removed
by relaxmg the layer of body force is given by (2.31) with wi replaced
by ui + w™. The elastic encrgy due to the stress-field of the in-
clusion is thus

Eine —= E co f‘ E im
where the ‘image term’

" Eim = —A}J.Vp};e‘f,"dv= —%jvp:?'ezdv

varies with the position of the inclusion. As an example we consider
the case of a sphere of volume V(1 4 eT) forced into a spherlcal
cav1ty of volume V in a semi-infinite solid. In the infinite solid u{ is
given by (2.26) w1th @ = V/r. E, is given by (2.33). To find Eim we
have to calculate egg. It isthe dllatatlon produced by surface tractions
—1>¢m, acting on the frec surface of the semi-infinite solid, and can be
found by well-known methods (Love [1954]). As the dilatation is har-
monic we need only find its value at the centre of the inclusion, since
the mean value of harmonic function of a sphere is equal to its value
at the centre. The result is

3
Eue=E,, [1—5(1 +0) 55 (2.34)
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where a is the radius of the sphere and 7 is the distance of its centre
from the free surface. If o -= } the clastic energy is reduced to §E  if
the inclusion just reaches the surface (k == a).

It is worth recalling at this point that, in thermodynamic terms,
‘clastic energy’ represents internal energy under adiabatic conditions
and Helmholtz free energy under isothermal conditions (SOKOLNIKOFF
[1946]). A calculation such as the foregoing covers both cases; the
distinction only appears when we decide to insert either the adiabatic
or isothermal values of the elastic constants. !

In some applications it is necessary to consider the changes of
energy which occur when an inclusion is formed in a body which is
already stressed by externally applied loads. For simplicity we shall
suppose that the body is stressed by surface tractions which do not
vary when the outer surface Sy of the body is slightly deformed by
the introduction of the inclusion; in engineering language this is the
case of ‘dead loading’. The stress due to the inclusion must satisfy
f);l;n; .. 0on S,.

Let the external loads produce stress and strain {)3, eﬁ, not necessari-
ly uniform. Before the inclusion has transformed the elastic energy
in the material is

Ea=-1 j pheddv (2.35)

with the integral extending over the whole volume of the material.
Suppose next that the body is subject to the combined action of the
stresses due to the load and the internal stresses due to the inclusion.
We might expect that the elastic energy would be the sum of (2.35),
(2.34) and a cross term, representing an ‘interaction energy’. But in
fact the cross term is zero. To sce this, suppose that the transforma-
tion occurs first, in the absence of external loads. The elastic energy
is Ejpe. Now let the load be applied. Within the limits of the usual
infinitesimal theory of clasticity the body responds to external forces
just as it would if it were not self-stressed by the transformed in-
clusion. The work done on the body by the load is thus

B[ phutas =4 [phehon = Ea

and so the total elastic energy is simply Ene + Ea. The same con-
clusion can be reached analytically. If the volume integral of the
energy density is converted into a surface integral over S and the
outer surface of the matrix it will be found that the cross term be-
tween the A- and F-terms vanishes because p;’}n, = 0 on Se.
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Despite the lack of a cross term in the elastic energy it is possible
to define a physically meaningful interaction energy. (For a general
discussion in the context of solid state theory cf. Pracu [1951],
EsneLBy [1951, 1956].) To introduce the concept of interaction
cnergy we begin by enquiring whether in the presence of the stresses
arising from the external load it is enecrgetically possible for the
inclusion to form spontancously. At first sight it appears as if the
answer is no, since the elastic encrgy increases by the necessarily
positive quantity Eme when the inclusion is introduced. However,
we have to consider not simply the clastic energy of the material,
but rather the total energy, Eior say, of the closed system made
up of the body and the loading mechanism. When the trans-
formation occurs in the presence of the external load the increase
in the potential cnergy of the loading mechanism is equal to the
work which the surface tractions p/jn; do on the body as the surface
displacements change from mA to mA | mp . Thus the increase in the
energy of the whole system (inclusion plus matrix plus loading mech-
anism) is

AEwo — Eine 4 Emt (236)
where
Ewm — - | ) phul ds;. (2.37)
]
We may write
Etot == Eo {- EA I Elm- + Elnl. (238)

where Eg is the potential encrgy of the loading mechanism in the
absence of the inclusion. In (2.38) the first two terms depend only
on the elastic field due to the load and the third only on the ficld
due to the inclusion. The last term, which depends on both these
fields, may be appropriately called the interaction energy.

We can now answer the question posed in the preceding paragraph.
If the applied stress is chosen so that AEy << 0 (and this can always
be done) it is energetically possible for the transformation to take
place spontaneously. Generally AEg, whether it is positive or
negative, may be called the encrgy of formation of the inclusion in
the applied stress-field. This concept is familiar in thermodynamics.
In fact, if the transformation leading to the formation of the inclusion
occurs under adiabatic conditions AEq represents, in thermodynamic
language, the increase in the enthalpy of the body, while if the trans-
formation takes place under isothermal conditions AE is the in-
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crease in its Gibbs free energy. This follows at once from the definition
of these quantities. The increase in enthalpy associated with some
change in the state of a thermally isolated system is equal to the
increase in its internal encrgy plus the work which it does on its
environment during the course of the change. For a change at con-
stant temperature the Gibbs free energy is similarly defined, replacing
‘internal encrgy’ by ‘Helmoltz frec energy’. That AE+e is the change
in enthalpy or Gibbs free encrgy follows from the fact that, as we have
secn, the ‘clastic energy’ has to be identified with the internal cnergy
in adiabatic processes and with Helmholtz free energy in isothermal
processes. Thus AE g is the enthalpy or Gibbs free energy of formation
of the inclusion.

The expression (2.39) for the interaction cnergy can be put into
a more uscful form by the following artifice. We re-write (2.37) as

Em = — | . (o us — pyui) dS; . (2.39)

]
KA . . N .
Because piy v - = 0 on S the added term is zero. Consider the diver-
gence of the integrand. It can be split into two terms

i A A im i A 1
(pir 26t — Pl wi™)s = Py ety — Pl cif” (2.40)
and
C A A C ¢ A A C
(pis 16 — pigui'),s = piyei — piseij - (2.41)

By (1.3) the expression (2.41) is zero both in the matrix and the in-
clusion and so the image terms make no contribution. On the other
h.md (2.40) vanishes in the matrix but not in the inc luslon %mce
f’U is dlqcontmuous across S. Hence in (2.39) we may replace 1)‘;, w by
f)u, i and carry out the integration over the boundary of the inclusion
instead of over the outer surface of the body; that is

Ewe= [ (P —piu) dSy. (2.42)

In (2.43) we may replace 1);_1 by p}; since p:’}u] = p};n; on S. The
integral can then be converted to a volume integral over the inclusion:

Enm = [ , (Bl e — pis eij) dSy .
By (1.3) the integrand is equal to (pis — p4) €4 and so by (2.19)

Epg = — [ , poeddr = — f vpf} e dv . (2.43)
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Evidently to fmd the interaction energy we nced only know the
stress-free strain ejy; it is unnecessary to solve the elastic problems
associated with the determination of #{ or "

§ 3. The Ellipsoidal Inclusion

3.1. THE ELASTIC FIELD

When the inclusion is bounded by the cllipsoid
x2/a? + y2[b? |- z%[c2 = ]

the clastic ficld-may be found explicitly. The form of the harmonic
potential @ is well-known (KELrocc [1929]). There is an analogous
expression for the biharmonic potential p (EsgrrLsy [1959b]), but in
fact all the derivatives of y which enter (2.7) can be found in terms
of derivatives of p. Let us compare fi2 (eq. (2.7)) with the function
g = a?(x1p,2 — x20,1)/(a® — b2) which plays a role in the hydrodynamic
theory of rotating ellipsoids. Each of these functions is harmonic
inside and outside the ellipsoid, is continuous across its surface and
falls to zero at infinity. Across the surface there is a discontinuity
4nxins in the normal derivative of fi2 (eq. (2.22)). The corresponding
discontinuity for g is 4ma®(vine — xam)/(a? — b2). This is simply
4nxyins in view of the relation b2xy5s = a2xyi2; which follows from the
expressions

1y = x1/a2h,
ng —= x/b2h,  (h% - x%at -+ y2[b} | Z2[cY)
ng = xg/cth ,
for the components of the normal to an ellipsoid. Hence fi12 and g are

identical, being harmonic potentials of the same surface distribution.
We therefore have

9

au
flz = X1¢,2 — Y,12 == ZZ—— bE (xlf[’.z - x‘.’.l]’,l)

and similarly for the other f,; with i 3 j. Thus

aZ bZ

Pz = s X211 - xI(P,Z
be 2

P = X3@,2 + prp— X2p,3
c'l 2

a?
Y31 = 22 19> t e TP

cl
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It is more difficult to derive expressions for f11, f22, fs3 and hence for
v,11, .22, ¥,33. However, there is no need to obtain them, since all the
third derivatives y,qx appearing in (2.8) can be made to depend on
P, Yoz Y., v,;. We may write, for example,

vz == (Ya2)a  vau - 20,1 — (ya2).2 — (pas).s
The first relation is trivial; the second is obtained by differentiating
V2y -: 2 with respect to x;.
Substitution in (2.8) gives |

I ez‘;weT, o y
8n(l —o)uy = -= R g - (@2x2p,1 — b2x1p,2) +
e33 — e3y
2?__;51 Iwp CH1Pi3 — a%Hap) —
. T T
2{(1 — o’)eu + o(ezz + eaa)}pa —
; d 5
4(1 — o)(elzp,2 + e13p.s) + 7 I 3-1)
where
} _ 2312 b
B e ps (@xgn —btgs) +
262
ji s (Prpe —ciepa) +
2e3;
2 g

ug and 3 are found by cyclic permutation of (1, 2, 3), (a, b, ¢).
At an internal point

@ = §(a® — x2)1, + (b2 —y2) I, + 32 —22)1, (3.2)

where I4, Iy, I, are constants depcndmg only on the axial ratios
of the cllipsoid. Consequently u{ is a linear function of the x; and the
strain and stress are uniform within the inclysion, as stated in the
Introduction. The constant strains ey} are linear functions of the ey and
we may write

e = Stk ek - (3.3)
The S¢sx; are symmetric in /j and in £/, but in general Sy, is different

from Sgiy. It is easy to verify that these coefficients vanish unless
they are of the form S, Suy; or Sy (i # j; no summation). That is,
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unlike shears are not coupled, and shears are not coupled to exten-
sions. From (3.1) we obtain
al, — b2l al, — c2l,

8a(l —o)Sun =T 2= 77" + T T (1 0,

8(1 — 0)Sirgs = — b2 L f" — (1 — 20)]4 (3.4)
1 b2

8a(1 — 0)Sizte = — 5 5 a +b,(1,, 1) + 31 —20)(Ia + 1) ;

the remaining coefficicnts may be obtained by cyclic interchange.
(For an alternative way of obtaining thesc coefficients see EsHeLBy
[1957].) The rotation inside the inclusion is also constant. We have
at once from (2.25) and (3.2)

drany = (Iy — 1a) et
4oy — (Ie —Iy) 33, (3.5)

47zw31 = (Ia —1 ) tE[
In their role of demagnetising factors Iq, I, I, have been plotted
as functions of b/a and ¢/a by OsBorN [1945] with the notation I, == L,

I, = M, I, = N. They may also be found from tables of elliptic
integrals I°(0,k), E(0,k) using the relations

4nabc (
(a% — b2)(a® — c?)}

Ip=4n —1,— I,

I —E),

_ 4nabe ‘()(bZ —ct)b 1"} (3.6)
©T (0% - c?)(a® — c2)} )
a? — b2 L c2\4
k2 = &E:—C‘E' 0 == sin-1! (l — 22) .

(Compare (3.7) below.)
For a point outside the ellipsoid the potential takes the form
(KELLoGgG [1929], MAacMiLLAN [1958])

2nabc s
T e~ + 3l 0 + [ — g il EOR
) tmlapr —ac?)) 61
where
A= @+t B=(@2+ 2} C=(c2+z)%} 18
» (38

, a2 — b2
l=(a—c?)}, R2= I— k2 =y
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az > bz > c2, (3.9
and F°, IX are elliptic integrals of modulus 2 and argument
0 = sin~1 (I/A) . (3.10)
A is the greatest (and in fact the only positive) root of
x%2[A% | y2[B% - 22/C2 == 1, (3.11)

Equation (3.7) also gives the potential at an internal pomt if we put
A 0; this gives (3.6).

To carry out the differentiations necessary to find the displacement
or stress outside the inclusion one can make repeated use of

A0 - = JMABC, dERA = — HUB/A3C
Max - 2xfAh, .. ., he == x2[ A1 -} y2[3%  22/C1.

In forming the first (but not the higher) derivatives of ¢, 4 may be
treated as a constant. The condition (3.9) is not really necessary. It
ensures that 0 -7 42 <=2 Land 0 <20 < {1 U it is violated I7(0,k), E(0,k)
can be made to depend on FF(0y,ky), E(0y,k1) with 0 <2 k< 1,0 < 0y
- 3z with the help of known transformations. (See, for example,
Byrp and Friznman [1954).) This is useful if it becomes convenient to
ignore (3.9) at a late stage in a calculation.

The results we have obtained can only be applied to the sphere after
a tedious passage to the limit. However, we may use the following
expressions for the potentials of a sphere of radius a:

@ = ‘%1(’(?‘-—1-’—2) r<a
2 2 24 (3.12)
=, na? 4 R r>a
3 r
4 3 1 »2 1 r
v= g0t (345 5520 410 7 <]
4 la : (3.13)
__§:m (5r+_) r>a|
The expression for ¢ is well-known. v may be found by integrating
1 d/,dy
rZ dr (r dr ) 2¢

and calculating 9(0) by direct integration:

1
v(0) = 4n fo r-ridr = malt.
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For the sphere (3.3) reduces to

(o] T ,C . T
e =ae , ey -= ﬂ cr

with
1l +o _24-5¢

=371-5 P 15 1—a (3.14)

KRONER [1958b] has given the Sy (with the notation wigki) for prolate
and oblate spheroids.

For some purposes it may be unnecessary to deal with the rthtlvdy
complex field outside the inclusion. A knowledge of the :u alone is
enough to give the field far from the inclusion (2.23) or the interaction
energy with an applied field (2.43). When the numerical coefficients
Siykr have been computed we can find the clastic field inside the in-
clusion, and also, with the help of (2.27), the ficld at points in the
matrix immediately outside the inclusion.

The displacement (3.1) at points external to the ellipsoid may be
regarded as the solution to one or other of the following boundary-
value problems:

(i) To find the elastic ficld falling to zcro at infinity and having
the displacement

u = (eg -+ m?;)x, (cg, wﬁ constant)

over the surface of an ellipsoid.
(i) To find the clastic field falling to zcro at infinity and giving
surface tractions

Ty = pyny  (py constant)

on the surface of an ellipsoid.

The solution (3.1) is designed to glve the constrained elastic field
directly when the stress-free strain eq is known. Thus in using it to
solve (i) or (ii) the first step would have to be the solution of (3. 3)
or (2.19) and (3.3) to find the iy appropriate to the prescrlbed i or ?u

Regarded as a solution of (i) the solution (3.1) is closely related
to one already given by DANIELE [1911]. Again, if a constant stress-
field pij = —pi is superimposed on the solution of (ii) the ellipsoidal
surface is free of stress and we are left with a solutlon representing
an ellipsoidal cavity perturbing a uniform stress p¢. The solution has
been glven by Sapowsky and STERNBERG [1949] for the case where
?12 = 1723 = ?31 = 0.

Daniele determined the displacements in an infinite medium outside
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an cllipsoidal surface over which the displacement is required to be
Uy = quj (315)

with constant cocfficients &;. He assumed that there was a solution
of the form

Uy = Ky P,5 + XejkIXj P, ki

(%45, ®4k1, Ags constant) .
e = diyp.y

The xgy and aygp were determined by substituting in the equilibrium
cquations, equating the coefficients of ¢,¢ and @,¢x to zero (subject to
the conditions V2,4 == 0, V2p,yx = 0) and applying the boundary
condition (3.15). Actually Damdcs solutlon is more general than
(3.1) since we (.mnot prescribe et and i) mdependently If the e
are given the ey follow from (3 3) and th(, wiy are then fixed by (3.5).
This connection between the eu and wu is due to the fact that there
is no external couple acting on the inclusion. Thus, in physical terms,
Daniele’s solution gives the field about a rigid embedded inclusion
which suffers a homogeneous deformation and is then rotated from
its equilibrium position by an external couple. (The case where the
cllipsoid is rotated but not deformed was discussed carlier by EDWAR-
pEs [1893].) When the requirement of zero couple is imposed Daniele’s
solution agrees with (3.1).

Sadowsky and Sternberg presented their solution in ellipsoidal
coordinates. The problem they had in mind was that of an ellipsoidal
cavity perturbing a stress field which at infinity is uniform and has its
principal axes parallel to those of the ellipsoid; Rosinson [1951] and
NiEskL [1953] have pointed out that it can be applied to the inclusion
problem. Robinson treats the case where e';r; is a pure dilatation; Niesel
comxders the more general case where e;rl, e'zrz, egs are unequal and
e12. ¢’23, cal are zero.

Sadowsky and Sternberg’s solution is expressed in the form (2.20)
with

| = 641X, B; = €AY, Bs= @Aaz,} (3.16)
B=CA4F, + €AsF2 ) )
(We have introduced the constant € = — 2(1 — o)/u to make our

notation agree with Sadowsky and Sternberg’s.) The A4 are numerical
coefficients and X, Y, Z, F;, Fs are harmonic functions chosen so that
the boundary conditions can be satisfied. They are related to the
potential ¢ (eq. (3.7)) as follows:
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. b2
‘\ = —vk ‘I'.l. Y = + 1,kk’2 7,2, Z = —17 Tq-s
F1 = — vk3/“ = 1'/\’3(2(}) —_ x;q’,()

Fa = yvef11 + Yeafoz + yavfss

with )
yo= 22D (@ g@r =) (g7 = abo)
I3 a2 — b2
—My li2=a2—21—>—(-l——m
2(k'2 + k4)}

p=2 [y
For completeness we have given the values of the numerical coefficients
connecting ¢ and X, Y, Z, F,, IF;. We note that fi3, fs, fs3 (eq. (2.22))
only enter the solution through the two particular linear combinations

F, and F,. This is a result of Sadowsky and Sternberg’s requirement
that F; and F; (and also X, Y, Z) shall take the form

f(x1) g(ox2) /r(oxa) 3.17)

when expressed in terms of their ellipsoidal coordinates o1, &2, 3.
Thus the 4, cannot be found by direct comparison of (3.17) and (2.21).
For example, if we choose 44 and A5 so that the coefﬁcxentb of fi1 and
fe2 agree with (2.7), the coefficient of fs3 is fixed and so #33 cannot be
prescribed at will. This could be remedied by adding to f# a further
harmonic function, €4 5Fz say, where Fs is derived from Fj by
changing the sign of the radical in the equation defining $. (Cf.
SADOWSKY and STERNBERG [1949] eq. (41).) There is, however, no
need to do this. In a representation such as (2.20) it is possible to
modify B¢ and g simultaneously and leave ui unchanged. Sadowsky
and Sternberg give a matrix relation (their eq. (50)) which cnables
the A, to be determined in such a way that the resulting stress annuls
the surface tractions on the ellipsoidal surface due to uniform stresses
P11 = 61, P2 = 02, P33z = os.

According to NIESEL [1953] it is convenient to include the solution
Fs in B if we wish to pass to the limiting case of a spheroid. To extend
Sadowsky and Sternberg’s solution to the case where the principal
axes of the stress at infinity are not parallel to the axes of the cavxty
(or to apply it to the inclusion problem with non-vanishing ele, €, 831) it
would be necessary to add to 8 terms €Ae(f12 + fa1), €A47(fes + fa2),
€As(fa1 + f13). These terms have the required form (3.17) when
transcribed into ellipsoidal coordinates.
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The use of ellipsoidal coordinates does not seem to offer much
advantage. As we have seen, the problem may be set up and solved
formally in Cartesian coordinates. To find the elastic field at a given
point (x, ¥, z) outside the ellipsoid we have to solve the cubic (3.11)
for . We appear to be spared this when ellipsoidal coordinates are
used. But, in fact, we must have already prepared an ellipsoidal
coordinate network in order to be able to locate points relative to the
ellipsoid, and, further, a different network is required for each value
of the axial ratio b/a. !

Lurie [1952] has given a solution to Sadowsky and Sternberg’s
problem in the disconcertingly simple form

By = (M[a®)p,n, Ba= (M/[6>—N)p,2, Bs= (M/c2—N)ps

B = N(xp.« —2¢) + Po
where M, N, P are disposable constants. (Our M, N, P differ from
Lurie’s by a common multiplicative factor.) Unfortunately the con-
tributions to uf{ from the terms in N and P are both of the form
const. @,¢. (This illustrates the fact mentioned above that different
choices of By, can give the same elastic field.) Consequently there are

really only two disposable constants, and so only two of i, paz, pas
(or, in the cavity problem, o1, o2, 63) can be prescribed independently.

3.2. THE INHOMOGENEOUS INCLUSION

So far we have been concerned with a homogeneous inclusion, that
is, one which has the same elastic constants as the matrix. We consider
next the case where the elastic constants of matrix and inclusion are
different. As in § 2 we imagine that the inclusion undergoes a transfor-
mation specified by a uniform stress-free strain whilst constrained by
the matrix, and try to calculate the resulting elastic field. This must
be distinguished from the problem considered in § 4 below. There
we have, in effect, a perfectly fitting inhomogeneous insertion cemented
into a cavity in the matrix, and consequently the material is everywhere
stress-free in the absence of applied forces.

We have seen that (2.26) still applies when the bulk moduli of
matrix and inclusion differ. This seems to be the only simple state-
ment one can make for an inclusion of arbitrary shape. For the ellipsoid,
on the other hand, we may solve the general problem very simply
by taking advantage of the fact that the stress is constant inside a
homogeneous ellipsoidal inclusion (RoBinsoN [1951], NiEseL [1953],
EsHELBY [1957]).
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For brevity let E denote the ellipsoidal inclusion we have been
considering hitherto. It has the same elastic constants 4, u as the
matrix, and it has suffered a permanent change of shape characterized
by the stress-free strain eu while embedded in the matrix. The strain
eis relates its final form to its form before transformation. Take a
second ellipsoid E* which to begin with has the same form as E had
before its transformation and Wthh has elastic constants A*, u*. Let
E* undergo a stress-free strain eu To E* apply surface tractlons cho-
sen so as to produce a uniform elastic strain e?; — eu* in it. It then
has precisely the same form as the embedded inclusion E. If this
treatment should happen also to produce in E* stresses identical with
those in E we can replace E by E* without upsetting the continuity
of displacement and surface traction across the interface. The condition
for this to be possible is (cf. eq. (2.19))

pis = MeC—e")diy + 2uled — eiy)

= 2= )0 o+ 20" (e — i) (3.18)

When the values of A*, u* and eU for the inhomogeneous inclusion
are given we can solve (3.18) for the ¢iy. The elastic field inside and
outside the inhomogeneous inclusion is then 1dent1cal with that of a
homogeneous inclusion with the stress-free strain ejj.

To find e,; for the equlvalent homogeneous inclusion we use (3.3)
to express ey in terms of ey. For the non-diagonal components we
have simply

u* s oI
2(u* —@)Sizz + u 27 BT
To find erfl,'egz, e;fa we have to solve the set of three simultaneous
equations

(A*— 2)e®+ 2"+ 2(u* — w)Symen= A*e™+ 2u*ely”

(7 = 11, 22, 33) .

Only efl, e%;, eérs enter the k/-summation, and in the first term we
have

T
€12 =

¢ -4—7]-;(—1—_2?—) (Iaeu + Ipezs + Icess) + l _O_r_ UeT (3.19)
by (2.24) and (3.2).
It is a simple matter to calculate the elastic energy E*, associated
with an inhomogeneous (ellipsoidal) inclusion in an infinite matrix.
For the equivalent homogeneous inclusion we have from (2.32)

Ew = —}Vpyey (V= $mabc). (3.20)
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The energy in the matrix is the same for E and E *. The mtemal stress
is pu for both, but the effective stram 15 eu —_ eu for E and eu — eu
for E*, Thus we have to add %Vpu(eu —eu ) — %V{m(eu —e;;) to
(3.20), which gives the simple result (cf. RoBINsoN [1951])

EX = —1Vpyen (3.21)

The results of this section may be adapted to the case of an ellipsoi-
dal cavity containing a fluid under pressure. If the pressure P of the
fluid is prescrxbed it 1s only necessary to put 1>u = — Pdy; in (3.18) and
solve for the ey or eu If instead we are given the excess volume v of
fluid 1ntroduced (measured at zero pressure) we have to put eT = v
and requlre pq to have the form }p16y. The solution of (3.18) then
gives pI, eq and e}}

§ 4. The Ellipsoidal Inhomogeneity

4.1. THE ELASTIC FIELD

In this section we shall take up the second problem mentioned in
the introduction. It may be formulated as follows:

An infinite solid has elastic constants A*, u* inside a region bounded
by a closed surface S (the ‘inhomogeneity’) and elastic constants 4, u
in the region outside S (the ‘matrix’). To find the elastic field every-
where when the strain is required to reduce to the constant value ety
far from S.

Although the problem can only be solved in detail for an ellipsoidal
inhomogeneity it is convenient to start from the case where the form
of the inhomogeneity is arbitrary. The problem can be reduced to the
determination of the elastic ficld produced by a certain layer of body-
force distributed over S. To see this, suppose that the strain ely is
impressed throughout the medium. The displacement is then

A A
Uy = €ijX4

plus an inessential rigid-body displacement. The equilibrium equa-
tions are satisfied inside and out51de S. The traction on the inner boun-
dary of the matrix is (AeAdy; + 2ueij)ny, but the traction on the outer
surface of the inhomogeneity is (A*eAdy; + 2u*e)n;. Consequently
the required state of strain can only be maintained if there i isa layer of
body-force of surface density {(A* — A)eAdy + 2(u* — eu}n; spread
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over S. To find the actual elastic field we apply an equal and opposite
layer of body force of surface density

Ty = {(A— 2%)e* 8y + 2(u — p")eii}ny (4.1)

and calculate the displacement u§ which it induces in the medium.
The final displacement is then

A c
Uy = €4 %5 + Ui .
C. . . .
u¢ is evidently given by the expression

wi(r) = {(4 — A" ony + 20 — pM)es} [ Unlr, ) Sy, (42)

where Uk(r, ') is the i-component of the displacement at r when a
unit point-force is applied at r’ parallel to the xi-axis. Because the
medium is inhomogeneous Ui depends on r and r’ separately and not
simply on |r — r’| as does the corresponding quantity in (2.4). It is
not possible to determine Uy for an arbitrary form of S, and hence
a transformation of (9.2) corresponding to the step from (2.6) to (2.7)
cannot be made. However, we shall find that the formulation in terms
of a layer of force is useful in deriving certain energy rclations.

When the inhomogeneity has the form of an ellipsoid the solution
can be found from the solution for the ellipsoidal inclusion by making
use of the fact that the stress in the inclusion is uniform. For the
special case of a cavity (1* = 0, u* = 0) the method has already been
outlined in § 1. The general ellipsoidal inhomogeneity is handled
similarly. On the elastic field of a homogeneous inclusion with stress-
free strain o4 superimpose a uniform strain etj. Let

pis = Ae*dy + 2uei;
be the corresponding stress.The stress in the inclusion is now

PRC= Py + P = pii — iy + b1,

and the strain in the inclusion is

ei? °= ey + €1 -
On account of the term —ﬁq in (2.19) (which appears because there is
no stress assoc1ated with the stress-free transformation strain 64])
pg and ei}° are not related by Hooke’s law for material with elastic
constants A, u. They are, however, related by Hooke’s law for a
material with constants A*, u* provided these satisfy

?ljnc A*emc oy + 2,u e‘nc’
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that is, if
(A—A%)(e" Fe) 8y + 2u—p*)(ef; +ef)) == (A" dyy -+ 2peq) =py . (4.3)

An cllipsoid made of material with these constants can be used to
replace the transformed inclusion with continuity of stress and displace-
ment across the interface provided that in its unstressed state this
ellipsoid coincides in shape and size with the untransformed inclusion.
This replacement does not alter the stresses inside or putside the ellip-
soid . they remain the same as the %treeses due to a homogeneous trans-
formed mc]usl(m with stress-free strain eu, together with the original
applied stress pu

The argument has been presented as if ety and ety were given and
A*, u* were to bc found. In the actual mhomogcnelty problem A*,
ur and ety (or pu) are given and we have to dctermme ety. To do this
We express 1":1 and ou in terms of Syx and eu and substitute in (4.3).
This gives

(A* = A)Summis k1 by - 2(1* — p)Sykt ey + Aty + 2ue;
= (A=A 8y 2 —p¥ely . (44)
As in the case of (3.18) the solution for the non-diagonal ¢y is immediate,
b —p* oA el —

Pla N T €12, 23 = ...,

" 2(u* = )Sizz + p

. T T T . .
while for e11, 22, eaz we have the three simultancous equations

(A% — )¢ + 2(0* —p)Sepas em -+ Ae” + 2uely = (A—A%)e® +2(u—pu*)ei;

(4.5)
(fj = 11, 22, 33) with the value (3.19) for €.
For a sphere (4.4) reduces to
et = det, ey = By (4.6)
where
x* —x
= . =
4 = A, x*} (¢ —x*)ox — 2’
4.7)

B = B ) = oL

with the values (3.14) for «, 8.
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The eiy found in this way is the stress-free strain of an ‘equivalent
homogeneous inclusion’ from which the elastic field can be calculated.
Note that ey goes to zero with eg). Consequently the solution does
correspond to a perfectly fitting inhomogeneous ellipsoid in a body
which is stress-free when not acted on by external forces.

The displacement inside and outside the ellipsoid is

%y = u;‘ -+ u'f (4.8)
Thc term 1} represents the unperturbed displacement; it is equal to
ex; plus an arbitrary rigid-body displacement. The term #¢ repre-

sents the perturbation due to the presence of the ellipsoid; it is cal-
culated from (3.1) with the ey of the equivalent inclusion. The stress is

by = 1 + P4

outside the ellipsoid and

pu = Py + iy

inside it. The form

pu = piy + 48y + 2uel]

is valid inside and outside the ecllipsoid; in calculating the interior
field we usc the ‘wrong’ elastic const’mts A, vz in place of 1*, u* and
this compensates for the change from pq to pu

It is perhaps worth mentioning that the results of this section and
of § 3.2 for the inhomogeneous inclusion can be generalized to the case
where the matrix is isotropic but the interior of the ellipsoid is aniso-
tropic and has elastic constants ci, say. For the transformation
problem it is only necessary to replace (3.18) by

Me® —eM)by + 2u(el; — eq) = cigui (e — e - (4.9)

For the inhomogeneity problem (4.4) becomes

A(Smmir et — €™ + €*)8¢ + 2u(Suns €kt — ey + )

= Ciipa (Spart ekt + €3q) . (4.10)
By solving (4.9) or (4.10) the el of the equivalent inclusion can be
found.
The case of an anisotropic ellipsoid in an isotropic medium may
seem rather artificial. It finds an application, however, in the theory
of aggregates of anisotropic crystals (cf. § 6).
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The argument leading to the expression (2.6) for the displacement
s due to a transformed inclusion of any shape applies equally to an
anisotropic material. To obtain an explicit expression for #; analogous
to (2.7) we should have to know the form of the displacement due
to a point force in an anisotropic material. Unfortunately an expression
explicit enough for our purpose cannot be obtained (FREDHOLM [1900],
LirsHiTz and RosENzwElG [1947], KrRONER [1953b]). It is, however,
possible to carry the analysis far enough to show that the stress is
uniform inside a transformed anisotropic ellipsoid in an anisotropic
matrix (EsHELBY [1957]).

We may give a picturesque interpretation to (4.8) by saying that
the applied field mduces an inclusion in the inhomogeneity, with a
stress-frec strain eg proportional to the applied stress (cf. KRONER
[1958a)).

If the inhomogencity is in a finite body we may write the perturbing
field of the inclusion in the form

wi =ui +u",  py=piy+ by
as in § 2.1, with the image terms chosen so that the boundary condi-
tions on the outer surface Sy of the body are satisfied. They are not, of
course, quite identical with the image terms for the equivalent in-
clusion in a homogeneous medium.

4.2. ENERGY RELATIONS

It is sometimes necessary to compare the elastic behaviour of a

body containing an inhomogeneity with the behaviour of a similar
body which is homogeneous. In such cases it is convenient to imagine
that we have a single body and that the inhomogeneity may be in-
troduced or removed at will.
* When an inhomogeneity is introduced into a body already stressed
by some external mechanism there will be a change in its elastic energy.
At the same time there may be a change in the potential energy of the
loading mechanism. As in § 2.2 we can define a‘change in total energy
(or in enthalpy or Gibbs free energy). We shall calculate this quantity
for an ellipsoidal inhomogeneity in a body subjected to two types of
loading, rigidly imposed surface displacements and constant surface
tractions.

Consider first the case where a constant displacement is imposed on
the outer boundary by a perfectly rigid external mechanism, producing
uniform stress and strain pu, et in the absence of the inhomogeneity.
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The perturbing field when the inhomogeneity is introduced must thus
satisfy the condition

wi =uy +u™ =0 on Sp. (4.11)

The elastic energy E, in the medium when the inclusion is absent
is found by integrating the (constant) energy density over the whole
volume of material. Let the inhomogeneity be introduced and, as in
§ 4.1, let the material be held in a state of uniform strain e} by a layer of
body force —T; (eq. (4.9)). The elastic energy is found by replacing
A, u by 2*, u* in that part of the volume integral for E5 which refers
to the interior of S. Thus at this stage the elastic energy is Ea + Wi
where

Wy = V(A% — A)e* 8y + 2(u* — w)essles; -

If the layer of force —T7 is relaxed to zero each element dS of S suffers
a displacement uf and an amount of energy

Wa = %L Tl dsS

is withdrawn from the medium. By Gauss’s theorem and (4.11) this
can be put in the form

Wa = §VI(A— 4*)c"8y + 2(u — p*)e)és — Eum
wliere

Eym = (2 — )"y + 2(u — u¥)ei) [ eif do.

The increase in the elastic energy when the inhomogeneity is in-
troduced is thus

AEey = Wy —W,.
This is also the increase in the total energy, AEtoi, since the rigid
loading mechanism does no work. With the help of (4.3) we have
Wi — Wy = —3Vpiel + Em .

We consider next the case where the body is loaded by constant sur-
face tractions p:} ny. The perturbing field due to the introduction of the
inhomogeneity must now satisfy

pimy = (5 +pF)m =0 on Sp.
The elastic energy when the inhomogeneity is introduced and the layer
of force —T'¢ is present is again given by E 4 + W;, and Wj still repre-
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sents the energy removed on relaxing the layer of force. Butin addition
there will now be a movement of the outer boundary in which the
surface tractions do an amount of work

Wy = S ui dS
3 jso Py ue dS;
on the body. Thus

AEey = W1 — W, 4+ W3,

If we arc interested in the change in total energy we do not need to
know the value of Wj; evidently Wj also represents the decrease in
the energy of the loading mechanism and so

AEtoy == AEqy — W3 = W, — W,
It is in fact not difficult to establish the rclation
Wia =< 2W, — Wy,
We make use of the same device as in (2.39) and write
Ws = [ (bl — pis i), (4.12)
0
change the surface of integration from Sy to S and convert to a volume
integral over the inhomogencity. The relation (4.12) then follows if
we note that in the inhomogeneity
pis = e84y + 2uel;
by definition, but that, contrary to the general rule laid down in § 1
p:‘jn = ).*e'm (54; + 2,u*8¢1;n

since p}}" ¢l represent the actual image field in the inhomogeneity.
If we introduce the notation

Ewme = —}Vpieis + Em (4.13)
these results may be summarised as follows:
(i) for a rigidly-held boundary

AEw = En, AE¢ = AEs, (4.14)
(ii) for a boundary subject to constant loads
AE:ot = Ejn, AEe = — AEo: . (4.15)

The difference in sign between (4.14) and (4.15) may be illustrated
by considering the case where the inhomogeneity takes the form of a
crack, that is, a narrow region in which the elastic constants are zero.
Introduction of the crack into a body strained by rigidly-imposed
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surface displacements will obviously reduce the elastic energy. On
the other hand the presence of the crack makes the body more ‘flexible’.
Consequently given applied loads will deform it more, do more work
on it and so increase its elastic energy.

The first term in (4.13) is precisely half the interaction energy
(2.43) for the equivalent homogeneous mcluslon The image term E
will have a different value in (i) and (ii) since eu is derived from differ-
ent boundary conditions. If the mhomogenelty is far from the boun-
daries it will be small compared with — }1” pq eq;, and we may say that
provided the initial stress 15;; is the same in each case, the total energy
changes in cases (i) and (ii) are the same, but that the changes in elastic
energy are equal and opposite. It is possible to extend the analysis
to the mixed case where a constant displacement is imposed on part of
So and a constant load on the remainder. As one might expect, AE o
is still given by (4.14) (with the appropriate ef} inserted in Ejm), but
no general statement can be made about the relation between AE,,
and AEq. This is no drawback since it is AE o, which is the physically
important quantity.

§ 5. Relation to the Theory of Dislocations

There is a close relation between the inclusion problem and the
theory of dislocations, more particularly with the general type of
dislocation introduced by SomicLiANA [1914, 1915]). It will be con-
venient, however, to begin with the more familiar type of dislocation
which plays a part in the physical theory of plasticity (NABARRO [1952],
SEEGER [1955]). For want of a better name we may refer to these as
VOLTERRA [1907] dislocations, though in fact they only correspond
to the first three of his six classes. For our purposes a Volterra dislo-
cation may be defined as a state of self-stress in which the displace-
ment has discontinuity b, the Burgers vector, across a surface bounded
by an open or closed curve, the dislocation line. If the dislocation line
forms a closed loop and lies in a plane, the dislocation is characterised
by giving the form and orientation of the loop and the value of the
Burgers vector.

The displacement at large distances from a Volterra dislocation
loop of area A, Burgers vector by and normal #4 situated at the origin
is
_Abnegur (5.1)

= Bl — o)
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with the notation of (2.23) (BURGERs [1939], NaBARRO [1951]). This
can be put in the alternative form

Ab;nk

Uy = 87!( ) 194;); r (52)
where
23 d d 2
19(]]; = “‘—"——‘bxtbijxk - O'(sjk b—x‘ '+‘ (] — 0)(5{; 3;; + (l —_ 0')‘5“; -b-x-—j'} V .
(5.3)
The limiting process .
A—-0, bj->o0, Abj—sy (5.4)

gives an elementary infinitesimal dislocation loop of strength s; and
normal ng. The displacement at any distance from it is given by
(5.1) or (5.2) if we identify Ab; with s;.

Comparison of (5.1) with (2.23) shows that the remote field of a
(finite) dislocation loop is the same as the remote field of an inclusion
of arbitrary shape whose volume and stress-free strain satisfy

Ve;l; == %(b{ ny + b; n;) . (55)

To an elementary dislocation loop there corresponds an elementary
inclusion. It is natural to imagine it as a platelet coinciding with the
loop. Its thickness and stress-free strain may be so chosen that in the
limit (5.5) agrees with (5.4). A finite plane dislocation loop may be
formed by spreading elementary loops over a plane surface. When each
loop is replaced by an equivalent elementary inclusion we obtain an
inclusion in the form of a thin disc, and the elastic field which it pro-
duces is the same as that of the dislocation. It is, in fact, possible to
build up directly an expression for the elastic field of a finite plane
dislocation loop starting from an inclusion in the form of a disc of
small (and ultimately vanishing) thickness. The quantity B (2.7)
is then the potential of a plane lamina, and the fy (2.22) are the
potentials of certain double layers. The discontinuities in potential
and attraction on crossing them can be found by elementary electro-
statics, and the e may then be so adjusted that thereis a discontinuity
b¢ in the displacement ug between points on opposite faces of the dlSc
This procedure, however, does not completely determine the ei;
it is necessary to impose further conditions to ensure, for example,
that there is not a line of dilatation running round the rim of the
disc.

We turn now to the more fruitful connection between inclusions and
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the general Somigliana dislocation. A Somigliana dislocation can be
constructed as follows. Make a cut over a surface S (open or closed)
and give the two faces of the cut an arbitrary small relative displace-
ment, removing material where there would be interpenetration.
Fill in any gaps and weld the material together again. Let b¢(r) be
the relative displacement at the point r on the cut. There are several
ways of calculating the resulting state of self-stress. The simplest is to
regard the Somigliana dislocation as equivalent to a distribution of
elementary dislocations over S, the strength of the loop associated
with the element of area dS(r) being b;(r)dS. By (5.2) the displacement
is

u,D = W]—]-:—O—_j 'l?fjk I]k (56)
where

Ip = fsb;(r’)|r — ¢'|dSs.

This can be shown to be equivalent to the expression given by
SoMIGLIANA [1915].

To see the connection with the inclusion problem suppose that a cut
is made over the surface S of the Somigliana dislocation. The faces
spring apart leaving a gap b(r) (in some places the ‘gap’ may in fact
be an interpenetration of material). As we saw in § 2.1 the inclusion
behaves in just this fashion. If we make a cut over the interface a gap

bi(r) = ez (5.7)
appears. (To (5.7) we might possibly add a rigid body displacement;
for the moment we ignore it.) Consequently the inclusion is equivalent
to a Somigliana dislocation in which S is a closed surface coinciding
with the interface and having the discontinuity (5.7). We should
expect the displacement calculated from (5.7) and (5.6) to be not ug
but rather the quantity which, in ant1c1patlon we called u¢ in § 2.1.
That 1s it should coincide w1th u, outside the inclusion and differ
from ug by the displacement e %, inside the inclusion. This may be
verified analytically. With (5.7) we have, using Gauss’s theorem,

T ' ' LT[0 e
I;g—eﬂfsxl]r—-rldSk-—eﬂbex;{xl]r r'|} dv

= eje v + ¢ Xue
where y is the biharmonic potential (2.9) and

sz=f ,a —|r—r| dv.
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When inserted in (5.6) the term in y gives us in the form (2.8). It can
be verified that

ol — o)y V[ H
Dege Xox = 2(1 @MV‘LV_”dm (5.8)
The integral is the harmonic potential of matter of density x; filling S,
and so its Laplacian is — 4nx inside S and zero outside. Consequently

194;1; X = — 8%’(1 - o‘)éu X inside S
!

(5.9)
=0 outside S

and so

D C T . .
#y = u; —eyx inside S (5.10)

= ui outside S

as expected. If we had included a rigid-body rotatlon wﬂx; in (5.7)
I;x would have contained the additional terms w,up + w% Xix. The
first contributes nothing to ug, since P4x is symmetric in j&. According
to (5.8) the second term leaves #; unchanged outside S. Inside S it
gives a rigid-body rotation which in a structureless medium produces
no observable effect.

It is clear that treatment in terms of a Somigliana dislocation
offers no computational advantages when applied to an inclusion which
has undergone a homogeneous stress-free strain. However, we may use
the formula (5.6) to extend our results to the case where the inclusion
suffers any small change of shape, not necessarily a homogeneous
deformation.

Suppose that the inclusion undergoes a permanent change of form
which, if the matrix were absent, would not be associated with stress.
To specify this ‘stress-free change of form’ it is only necessary to give
the displacement of each point of its surface,

i =ui(r), r on S. (5.11)

Alternatively, to maintain the analogy with § 2.1, we could introduce
a variable stress-free strain eg(r) defined throughout the interior of the
inclusion and giving a displacement agreeing with (5.11) on S. (We
recall (SOKOLNIKOFF [1946]) that specification of a (compatible) strain
throughout a region flxes the displacement in it to within a rigid body
d.lsplacement ) Since egy would be largely arbitrary it seems better to
work with #; in the general case.

If we try to put the transformed inclusion into the matrix there will
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be a misfit #; at each point of S. When this misfit is removed by
suitably straining the material and welding together corresponding
points on elther side of S we are left with a Somigliana dislocation for
which b; = ut Thus to find the elastic field when the inclusion is
constrained by the matrix we have only to put (r') = uj( ") in (5.6).
The resulting ug is the displacement measured from an initial state in
which the matrix is unstressed and the inclusion is transformed and
stress-free. Consequently the stress is given by

pi} = Aum,m S5 + ulury + uiy)

both inside and outside the inclusion.
This problem can also be solved by the method of § 2.1. Let

T T o
u; = u;(r), rinsideoronS ,

be any convenient continuous displacement which coincides with (5.11)
on S, and put

ﬁ/ — Mim,m 01 + iy + uiy) .

Remove the transformed inclusion from the matrix and apply surface
tractions — p,,, ny and a distribution of body force of amount 4 ﬁ}‘k k
per unit volume. This produces a displacement — ui and so restores
the inclusion to its untransformed shape. Cement it back in the
matrix and relax the unwanted forces. This gives the displacement

(cf. (2.6))

uf = [ aSuph () Uy — [ av L2y vy
k‘

It can be 'shown by the same sort of analysw as led to (5.10) that
u? = m in the matrix and that m = ui —}—m in the inclusion.
Since u; is by deflmtlon a stress-free displacement the stresses calcu-
lated from u, and u{ are identical.

The solution for the elastic field due to an inclusion which has
suffered a non-uniform transformation does not seem to have any
obvious applications. However, for an ellipsoidal inclusion the solu-
tion has a property which enables it to be used to find how an ellips-
oidal cavity or inhomogeneity perturbs a non-uniform stress-field of
fairly general type. This property generalizes the result that a uniform
transformation strain leads to a uniform strain in the constrained
ellipsoid. It may be stated thus: if the stress-free transformation
displacement is a polynomial in xi, x5, x3 of degree N, then the dis-
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placement is also a polynomial of degree N inside the constrained
ellipsoid. We shall only outline its derivation and application. The
details of the calculation can easily be filled in.

The analysis involves a number of polynomials in x; or x; with
constant coefficients. We shall denote them by script capitals and
indicate only the argument and degree. Thus, for example, Z(M, x)
stands for a polynomial in x;, x2, x3 whose highest term is of degree
M. Similarly @yi(M,%'),7,j = 1, 2, 3 denotes a set of twenty-seven
polynomials in x;, %,, x” all of the same degree, and so forth. We shall
also use R as an abbreviation for |r — ’|.

Let the ellipsoidal inclusion undergo the transformation specified by

ui (r) = T (N,x) (ronS).

If we put by = ug in (5.6) and use Gauss’s theorem we find that I;&
has the form

, A OR

ILi= [ &N —1,%)Rdv +jvm(zv,x>—b?

dv. (512

In the first integrand introduce the factor

and in the second write dR/dx; as (x; — xx)/R. After a little re-ar-
rangement (5.12) takes the form

A d ,dv
I;k=xmxmfv.9'jk(N—l,x)fv—{—xpfvgmk(N,x)—E
. d
+ [ NV +1,2) % (5.13)

The integrals are the harmonic potentials of solid ellipsoids whose
densities are polynomial functions of the co-ordinates. FERRERs [1877]
and Dyson [1891] have discussed the potentials of inhomogeneous
ellipoids of this type. Their results show that when the density is of
the form (M ,x) the potential is of the form 2(M + 2, x) inside the
ellipsoid. The coefficients of the polynomial 2 can be calculated from
the coefficients of & and the three quantities Iq4, Iy, I (eq. (3.2)).
Outside the ellipsoid the potential is a similar polynomial in %1, x2, %3
but with coefficients which are themselves functions of position. (Com-
pare the relation between (3.2) and (3.7).) These variable coefficients
can be expressed in terms of the coefficients of & and the quantities
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A, B, C, F, E of (3.8), (3.10). Consequently, by (5.13) and (5.6) the
constrained displacement is a polynomial of the form

ug (r) = D4(N, x)

inside the ellipsoid. Thus the constrained and unconstrained dis-
placements of the inclusion are similar polynomials with calculable
relations between their coefficients.

The solution of the cavity problem follows the lines of § 4.1. Superim-
pose a displacement

ui(r) = — Dy(N, x) (5.14)

everywhere. The total displacement w§ + ug is zero inside the ellips-
oid. Hence the inclusion is unstressed, and it can be removed without
disturbing the matrix. The coefficients in J; can be chosen so as to
make (5.14) any required polynomial of degree N. From these coeffi-
cients the coefficients of &#, ¥4, # (eq. (5.13)) can be found. The
field u‘: -+ u? in the matrix then follows from (5.13) and Ferrers’ and
Dyson’s results. The extension to the ellipsoidal inhomogeneity follows
asin§4.1.

The calculations are not too unwieldy for small N. With N = 2
the displacement

A A A
u; = o5 X5 + Bugk X5 %k

covers the case of an applied stress which is a combination of simple
torsion, bending and flexure. Solutions, based on other methods, have
been given for a number of such problems involving spheroids and
spheres (NEUBER [1958], SEN [1933], Das [1953]).

§ 6. Applications

The application of the results reviewed here to the actual calcula-
tion of stress in and about inclusions and inhomogeneities calls for
no special comment. The engineering application of the theory of
cavities to the calculation of stress concentrations has been thoroughly
treated by NEUBER [1958]. In this section we indicate some of the
applications to physical problems.

Expressions for the elastic energy and interaction energy of an
inclusion find a use in the theory of martensitic transformations. (For
a general review see KAUFMAN and CoHEN [1958].) Suppose that a
metal can exhibit two crystal structures, y and «, the former stable
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at high temperatures and the latter at low temperatures. Ideally we
might expect that on cooling the whole of a single crystal of the metal
would undergo a uniform stress-free strain in the sense of § 2, the
e;r; being the deformation which carries the y-lattice into the x-lattice.
In a martensitic transformation, however, the low-temperature phase
first appears in the form of inclusions of « embedded in the y matrix.,
Thus, in considering the thermodynamics of the transformation, one
must take into account the elastic energy of the misfitting inclusions
of  and also, if there is an externally applied stress, their interaction
energy with the latter.
The Gibbs free energy change associated with the formation of a
martensitic inclusion may be written in the form
AG = AGchem + AGsurf + Elnc + Eint . (6-1)

AGechenm is the ‘chemical’ contribution, the free energy change which
would occur if the inclusion underwent its stress-free strain in the
absence of the matrix. The theory of elastic inclusions can tell us
nothing about it. AGgyr is a contribution due to the interface between
matrix and inclusion. It may be estimated by using the theory of
dislocations. Ejy is the elastic energy associated with the inclusion,
and Ejp is the interaction energy with any externally applied stress
which may be present. According to the discussion in § 2.2 the terms
Eine and Ejpn taken together make up the elastic contribution to the
change of Gibbs free energy.

It will usually be accurate enough to identify E with E_, the
value in an infinite medium, and to ignore the difference between the
elastic constants of matrix and inclusion. If the inclusion can be
considered to be some form of ellipsoid E_ can be calculated from
(3.3) and (2.32) when the transformation strain ey is known. Suppose,
for example, that the inclusion takes the form of a plate in the x1%2-
plane and that the transformation is made up of a shear parallel to
this plane through an angle s, a uniform dilatation A and an extension
& perpendicular to the plane of the plate. Then

h—em—14s, eh—ech=1A, em=E-+3A (62

and the remaining components are zero. If the plate has the form of a
thin oblate spheroid with ¢ € @ = b we have

l‘;;/ano——n@—a)—sz-i—g( + a) A2 |
tynse tyal +olea (63
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(CHrisTIAN [1958]). There is also a fairly simple expression for E_j
when the inclusion is a flat ellipsoid with @ > & > ¢ (ESHELBY [1957]).
The expression (6.3) has been used by CHRIsTIAN [1958, 1959] and
KaurmaN [1959] to discuss the nucleation of martensite.

The interaction energy may be found from (2.43). In an actual
experiment the applied stress will usually be a uniaxial tension; pi} then
takes the form rnsn;, where 7 is the magnitude of the tension and
ng¢ is its direction. If the transformation strain is given by (6.2) we
have

Elnt = — TCV (64)
with
C =scosfsinf 4+ £cos2f 4 LA

where g is the angle between the x3-axis and the direction of the ten-
sion, and the latter is assumed to lie in the x1x3-plane. A result equiv-
alent to (6.4) was first obtained (with A = 0) by PATEL and COHEN
[1953] (cf. also MACHLIN and WEINIG [1953]). FisHER and TURNBULL
[1953] have also discussed the effect of an applied stress on the free
energy change associated with martensite formation. In effect, they
take the interaction energy to be the cross-term in the elastic energy
between the applied field and the field due to the inclusion. As we
have seen (§ 2.2), this quantity should be zero. Since they only inte-
grate the energy density over the immediate neighbourhood of the
inclusion they obtain a finite result which, however, is not quite
correct numerically and which, in addition, has the wrong sign. To
correct this they have to make an arbitrary reversal of sign in the
relation between applied stress and applied strain.

When a crystal having the high-temperature y-structure is cooled,
AG decreases. According to elementary thermodynamics a martensi-
tic inclusion of the «-phase can form when a temperature is reached
at which AG is zero. In fact a nucleation barrier has to be overcome
and the transformation will occur when AG reaches some finite
negative value, say AGpue. Let T, be the temperature at which
AG = AGqyue in the absence of external stress, i.e. with Ejp = 0
in (6.1). When there is an applied stress the term Eint will alter the
temperature at which AGpe = AG to, say, Ty + AT, If AGnue
is independent of temperature and AGenem is the only strongly
temperature-dependent term in (6.1) we must have

————— AT, + Bt = 0.
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and so from (6.4) we obtain the expression

dT, 1 dAGehem
== Clyr—a= (65)
for the rate of change of transformation temperature with applied
tensile stress. C can be found from crystallographic measurements,
and the rate of change of chemical free energy with temperature may
be obtained from thermodynamic data. Patel and Cohen found
excellent agreement between theory and experimeht for certain iron-
nickel and iron-nickel-carbon alloys. They also showed how (6.5)
should be modified when AGpy. varies with temperature.

For martensitic inclusions the transformation strain is essentially
a pure shear. For particles of precipitate formed by diffusion it is
essentially a dilatation. For an ellipsoidal precipitate the strain energy
can be found from (3.21) with ey’ = }eT6y. RoBiNsoN [1951] has
given a detailed treatment. In these calculations it is assumed that
the inclusion is coherent with the matrix. NABARRO [1940] and KRONER
[1954] have treated the problem of finding the minimum strain
energy due to an inclusion which has broken away from the matrix.
The displacement need not be continuous across the interface, but the
matrix and inclusion are supposed to be in contact everywhere. The
volume misfit is prescribed, but the stress-free shape of the inclusion
has to be determined so as to minimize the#eriergy. According to
KRONER [1953a, 1954] the energy is a minimum for the state in which
the stress in the inclusion is purely hydrostatic. (Matrix and inclusion
may be made of different anisotropic materials.)

The theory of cracks, i.e. empty cavities one of whose dimensions
is evanescent, has played a part in Griffiths’ treatment of rupture (see,
for example, SNEDDON [1951]) and, more recently, in the theory of
the brittle and ductile fracture of metals. The crack is supposed to
have associated with it a surface energy yA, where A4 is its surface
area and y is a constant representing true surface energy or an effec-
tive surface energy associated with plastic deformation. According
to the discussion in § 4.2 the total energy of the system made up of
the body containing the crack and the external loading mechanism is

Ein + y4 + const.

By studying the way in which Eyy and A vary when the form of the
crack is altered slightly one can find whether it is energetically favour-
able for the crack to spread or contract.
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where 4, 1 = 1, 2, 3, are the Cartesian components of the displacement
of the point with initial coordinates x;. A superposed dot will be used
when necessary to denote the partial derivative with respect to time.
The rate of strain tensor is then

1 (Dul Dﬂj) . (2.2)

=am
When an Eulerian description is preferred it is more convenient
to define the velocity vector, 74, and to use a rate of strain

DEU __]_ dvg M
D T2 (a; o) (2.3)

where D/D¢ denotes differentiation following the motion. The strain
may then be obtained by integration of (2.3). Notice, however, that
this leads to a logarithmic strain, while (2.1) defines engineering strain.
For small strains the difference is of second order and may be ignoredt.
Similarly, a stress tensor og; may be defined relative to either the
strained or unstrained state of the material, and rate of stress dy
follows by partial differentiation.

It is convenient to emphasize from the start that dilatational and
deviatoric strains must be treated differently, just as in classical
elasticity, so write

4 = exx, . &y = ey — A8y, (2.4)

where 4 is the dilatation, &y the deviatoric or reduced strain, d¢ the
unit tensor, and the repeated suffix is summed. In a similar manner
write

3p=—orx, oy=oy+poy, (2.5)

where p may conveniently be called the hydrostatic stress and a;j
the reduced stress.

2.1. ELASTICITY
In classical elasticity the relation between stress and strain is linear,

—p==uxd4, oy =2Gey (2.6)

and the constants », G are the bulk modulus and the shear modulus

t The whole discussion is only strictly applicable to first order strains and
rotations. Considerable complications arise when the motion is large. See, for
example, GREEN and RivLIN [1960].
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or modulus of rigidity. In terms of Lamé’s elastic constants 4,
or Young’s modulus E and Poisson’s ratio », they are expressed by

E E

For small strains and rotations, where rates of stress and strain are
obtained as partial derivatives with respect to time, (2.6) may be
replaced by

—pnd,  &y=20i. (2.8)

It is convenient to extend the idea of elastic behaviour to cases
where (2.8) hold but are not necessarily integrable to (2.6). Any
region of a metal where the stress rate and strain rate obey (2.8)
is then called an elastic region.

o]

Fig. 2.1. Stress-strain curve.

2.2. STRESS-STRAIN CURVES FOR METALS

If a piece of metal is subjected to a gradually increasing stress, for
example in a tension testing machine, its behaviour may be described
by a curve in which the stress, o, is plotted against the strain, e.
The stress-strain curve will commonly be of one of three types,
illustrated in Figs. 2.1 and 2.2. In Fig. 2.1 the curve is straight for
stresses up to a certain limit (point A), but the slope then changes,
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more or less suddenly, and as the stress is further increased the strain
increases more rapidly. In such circumstances A is called the yield
point of the material, and the behaviour symbolised by the curve
beyond A is called plastic. If the material is unloaded, by slowly
reducing the stress, from a point B beyond A, the curve follows a
line BC parallel to OA cutting the axis ¢ = 0 at a point C which
corresponds to permanent strain. If now the stress changes sign, the
linear behaviour persists to a point D, after which plastic strain again
occurs. If |op| <os, the material is said to exhibit a Bauschinger
effect. The curves in Fig. 2.2 show two possible departures from the
above behaviour. In (a) plastic behaviour begins as soon as the stress
is applied, but unloading nevertheless gives a linear relation (BC) at
a slope equal to that of the tangent to the curve OB at O. In (b) there
is some reduction of stress for increasing strain, followed by a gradual
increase of stress. The material is then said to exhibit upper and
lower yield points.

(@) (b)
Fig. 2.2. Stress-strain curves.

In order to simplify the analysis, it is common to simplify the
curve of Fig. 2.1 by one or both of two approximations. In the first,
the rigid-plastic approximation, elastic strains are neglected so that
the lines OA and BCD are replaced by vertical lines, corresponding
to constant strain. The second approximation, of perfect plasticity,
is to assume that the curve AB is straight and parallel to the strain
axis, so that plastic strain takes place at constant stress.

2.3. YIELD SURFACE
Before the theory of plasticity can be applied to general situations,
the results of experiments on test specimens must be expressed in
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terms applicable to a general stress tensor. In place of the yield
stress, define a yield surface.

Let

Hou) = & (2.9)
represent a closed surface, in the nine space with coordinates oy,
which contains the origin. Then, if the material behaves elastically,
according to (2.8), for f < k, and plastically for f > %, the surface is
called the yield surface for the material. Note that in general f, X may
depend on the previous history of deformation (and temperature)
of the material, and may differ from point to point. The most im-
portant types of material are (i) perfectly plastic materials, where f
is a definite function of its arguments and % a constant, and (ii) work-
hardening materials for which f is again a definite function of its
arguments, but % increases as work is done on the material. It is
usual to ignore the Bauschinger effect, but if it is required to include
it the whole surface may be made to move relative to the origin as
strain takes place (PRAGER [1955]).

The functional form of f is considerably restricted if isotropy is
assumed. It is then possible to transform, at a point of the material,
to principal axes, so that 011 = 01, 022 = 02, 033 = o3 and the other
components of stress are zero. Then

1 = Ho1, 02, 03)
and it is convenient to label the axes so that a1 > g2 > 03. A full
discussion of the equations of plasticity is given by HiLr [1950],
chapter II.

For the present purpose two simple forms of yield surface will
be assumed. The first, due to TREscA [1864], is given by

| = lo1 — o3| (2.10)

and the second, suggested by voN Misks [1913] is
[ = oy oy = (012 + 02® + 03® — 0208 — 0301 —0102) . (2.11)
Note that, for both these special cases, the yield surface remains
unchanged when an arbitrary hydrostatic stress is superimposed.

This is an assumption which is valid for metals, but not for some
other materials (e.g. soils).

2.4. STRESS-STRAIN RELATIONS IN THE PLASTIC ZONE
The yield surface, as defined above, provides a limit on the stresses
for which the material behaves elastically, but gives no direct infor-



CH. 1v, § 2] EQUATIONS OF PLASTICITY 149

mation on the plastic behaviour. Stress-strain relations must be the
subject of further assumptions. The commonest of these is that of a
plastic potential which coincides with the yield function f (HiLL,
loc. cit. p. 33 et seq.). According to this assumption, the strain may be
divided into two tensors, the elastic strain e;; and the plastic strain
745, such that

ey = ey + Ny, (2]2)
— 1
ey = 35’- By + 5 i (2.13)
and
. d
1]“ = /i E/‘-; (2.]4)

where A is a factor of proportionality which will in general be a
function of time and position. It is written in the form of a time
derivative in order that (2.14) may be scen to be homogeneous linear
in time derivatives. This again implics that the stress and strain in a
material may depend on the loading history, but not on the rate
at which the loading programme is carried out. Note also that, if f is
independent of hydrostatic stress, the plastic strain takes place
without change of volume.

2.5. HARDENING AND PERFECT PLASTICITY
It is not necessary to the work of this chapter to adopt a theory of
the mechanism of hardening, by which the yield stress increases as
plastic flow proceeds (see, for example, MotT [1952, 1953]). It is
sufficient to remark that hardening occurs, even when the plastic
strains alternate in sign. The simplest mathematical treatment of the
phenomenon is given by retaining the forms of f in (2.10) or (2.11) and
writing
k= kW), (2.15)
where
W = oy 1y (2.16)

is the rate at which plastic work is done by external forces. If, now,
the equality f = % is accepted as a condition for plastic flow, and
(2.14), (2.15) and (2.16) are combined:

o gy b= gy g8,
XaT,""‘k_dWW_AdW""aa.,

and 4 becomes a determinate quantity.
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For a perfectly plastic material, on the other hand, the quantity %
is constant and A remains indeterminate. In fact A may then be elim-
inated from (2.14) to give five equations, but it is often more con-
venient to retain the symmetrical form.

2.6. UNLoADING
It will be assumed throughout that unloading proceeds elastically.
Then, whenever

f«- k or f Kk, [0,
the plastic strain remains constant, 5y 0 and

ig €4 .

2.7. INFLULNCE OF HYDROSTATIC STRESS
Both the Tresea and von Mises forms for the yield criterion are
independent of the hydrostatic stress p, and so depend only on the
reduced stress ofy. The corresponding relations between stress and
strain, (2.14), show the dilatation in the plastic strain as zero. It follows
that at all times the dilatation is related to the hydrostatic stress by
the clastic equation
—p  xl. (2.17)

This cquation is satisfactory for most of the problems discussed
in this chapter, where the hydrostatic stress is small. However, for
large hydrostatic stress, such as may occur when stress waves are
initiated by an explosion, a better representation of the properties
of a real material may be needed. Bripemax {19317, chapter VI
suggests that for large hydrostatic stress equation (2.17) should be
replaced by

A= —ap - bp?, (2.18)

where a, b are constant and a,b .= O(108) kg/cm?. The compressibility
thus decreases as the pressure increases. There seems to be no evidence
to suggest that the strain implied by (2.18) is not reversible, so the
equation may be used both for loading and unloading. Note that (2.18)
does not come under the heading of plastic strain, but is only a non-
linear elastic behaviour. Later work by BrRipoMaN [1952], pp. 67-71,
suggests that both the form of the yield function and the magnitude
of the yield stress may depend on p, for large pressures, but the
effect is fairly small, and may reasonably be neglected in the first
instance.
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2.8. RATE OF STRAIN EFFECTS

In the previous sections no allowance has been made for strain-
rate effects. It is true that the stress-strain relation (2.14) contains
the rate of strain, but the equation is homogeneous in the time deriv-
atives, and therefore remains unchanged if the time-scale is altered
in an arbitrary manner. It follows that the equations here suggested
do not allow of visco-clastic behaviour, creep or any other time
dependent phenomenon. At the time of writing, no method of including
plastic and visco-clastic effects in a single tensor theory has been
generally agreed, though considerable discussion has taken place in
connexion with special problems, mostly uni-dimensional. The theory
of visco-clastic waves without plasticity is the subject of a survey by
HuxteR 11960

At this point it may be well to remark also on the so-called defor-
mation theories of plasticity. In such theories plastic effects are dis-
cussed essentially in terms of the clastic equations (2.6) but with
variable moduli %, G. A critical appraisal of the inadequacy of such
theories is given by HinwL i1950, p. 46 et seq., in connexion with
quasi-static problems. As far as dynamic problems are concerned, the
deformation theories are no simpler to work with than the flow
theory, and so will not be further discussed here.

+2.9. STANDARD PLASTIC MODELS

For casy reference the equations for the most commonly used
theories of plasticity are collected below.

For a perfectly rigid-plastic material the yield condition is

flogy)  k, constant, (2.19)

and the flow law
l'“ '.IU .i (220)
\When the von Mises criterion for plasticity is used these reduce to

ayoy - 2k?, oy - Ao‘i;. (2.21)

Equations (2.21) specify a St. Venani-Mises matecrial.
The corresponding elastic-plastic material, with

iy = Ay, Eg:-¢ey Ny, (2.22)

is called a Prandtl-Reuss matcrial. In either case work-hardening is
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most easily included by writing
k=RkW), W=oyiy. (2.23)

Note that the special case of linear hardening (that is, a linear
stress-strain curve in the plastic region) is given by 2 dk/dW = const.

Significant simplifications sometimes result from the use of the
Tresca criterion of plasticity,

op—o3=~k. (2.24)
The associated flow rule is

M+ +93=0, (2.25)
with
72=0, o01>0 >0,
and (for example)

M —1ns > 12— §(71 + 78) >0, o1=o0s. (2.26)

§ 3. Waves of Uniaxial Stress

At first sight the simplest way to investigate wave motion in an
elastic-plastic material is by producing longitudinal waves in a thin
wire. One may then replace the stress tensor by a single term, corre-
sponding to the mean stress over the cross-section of the wire, and
assume that this is related to the mean strain in the same way as in a
quasi-static loading of the wire. This approach has certain limitations,
which are discussed in section 3.8, but it has also considerable ad-
vantages, in that it illustrates the main properties of plastic waves
without undue algebraic complication, and so makes a good intro-
duction to the subject.

The basic theory presented here was first published by RAKHMA-
TULIN [1945a, 1945b], who used an analysis of Lagrangian type, and
considered both longitudinal and transverse waves in a flexible string.
A similar theory was suggested by voN KARMAN [1942] in a report for
restricted circulation, but was presented in les$ detail. An equivalent
theory in terms of Eulerian coordinates was formulated by TAYLOR
[1940, 1942] also in official reports.

It is assumcd throughout this section that the stress tensor reduces
to a single term gz; = o, representing the longitudinal tension in the
wire, and that for continued loading there is a stress-strain relation

o = Fle) (3.1)
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where ¢ is written for ¢zz and F is a non-decreasing function of &,
independent of the rate of loading.

The same assumptions may be applied to compressive stress in a
cylinder of uniform cross-section, but the assumption of uniform
stress over a cross-section is then of more doubtful validity. In both
tension and compression cases it is assumed that unloading, and
reloading up to a previously reached limit, take place according to
the elastic equation

do

&= E

where E is Young’s modulus.

3.1. LAGRANGIAN METHOD FOR LONGITUDINAL, LOADING WAVES
Let x 4 £ be the coordinate at time ¢ of the point of the wire initially
at x. Then the (engineering) strain is

_%

£= (3.2)
and the velocity at the point is
%
= (3.3)
The equation of motion of an element is
w do do de (3.4)

% T T deax’
where g is the density in the initial state. Also, (3.2) and (3.3) give
0e M

%= (3.5)

Egs. (3.4) and (3.5) are a pair of non-linear hyperbolic equations

for u, . When there is no unloading, (3.1) holds and
do

T =F). (3.6)

The characteristic coordinates appropriate to (3.4) and (3.5) are then
o, B where
éx = O0x + c(e)dt, (3.7)
and '
0p = dx — c(e)ot, (3.8)
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with
oc2(e) = F'(¢) , (3.9)

and (3.4) and (3.5) may be replaced by
ou 08 U ¢

-b—&—ca—'b"ﬁ'f'cb—ﬁ'—‘o, (3~10)
or
2 (u o)——i(u+0 ) 3.11
T “Dﬂ ) = " (-11)
where
0—feds, (3.12)

and this substitution is valid because ¢ does not depend on #. The
general solution of (3.11) is

u—0=ff), u+0=g), (3.13)
but this solution is of less practical value than might be supposed
because the characteristic curves (3.7) and (3.8) depend on the solu-

tion, and to find them explicitly is equivalent to solving the original
equations.

Stmple waves

In the case of a simple wave, in which there is propagation in only
one direction along the wire, the solution can be expressed directly in
terms of x, ¢. Assume

g(x) = constant (3.14)
so that %, 0 and ¢ depend only on 8,
u = u(f), 6=06(), e=¢(p). (3.15)

Solve the last of (3.15) to give B = f(e). Then, with a change of nota-
tion for the functions,
6 = B(e) = Q—i '['[F’(e)]l de (3.]6)
and
ue) =g—0(). ° (3.17)

(3.8) then shows that any particular characteristic, 8 = fo = B(eo),
is a straight line of slope
d ,
E: = c(eo) = 0~} F'(e0)}, (3.18)
and u, ¢ are constant on this line.
As an example, consider an infinite wire ¥ > 0, initially unstrained,
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and subject to the boundary condition ¢ = G(¢), G’'(#) > 0, at x = 0.
Then, if g0 = G(to), (3.18) integrates to

%= o~} [F'(e0) ]} (¢ —to) . (3.19)

This simple wave solution is the one given by voN KARMAN [1942],
but the full characteristic theory is due to RAKHMATULIN [1945a]. The
lines (3.19) are of increasing slope if d2s/de? > 0, and commence with
one of gradient x/t = co appropriate to elastic waves (see Fig. 3.1).
On each line #, ¢, o are constants, equal to their values at x = 0. Note
that, if therc is a finite initial yicld stress Y, all the characteristic lineson
which ¢ < Y have the same slope co. If d20/d#2 < 0 it may be necessary
to introduce shock waves (see section 3.4).

N

Fig. 3.1. Characteristic curves in a simple wave.

The above theory was extended by G. S. SHAPIRO [1946, 1952] to
apply when the cross-section of the wire varies along the length,
assuming that the stress is nevertheless uniaxial to a sufficient
approximation.

3.2. GENERAL SOLUTIONS FOR WAVES WITHOUT UNLOADING

When the boundary conditions in a problem are such that no
unloading of any element of the material occurs, but waves prop-
agate in both directions, eqs. (3.4) and (3.5) may be solved by the
kind of approximate procedures which have long been familiar in
the theory of the Cauchy problem for hyperbolic differential equations
in two variables (see, for example, COURANT, FRIEDRICHS and LEWY
[1928] or FRIEDRICHS [1948]). It is sufficient here to summarize the
basic principles of three of the most useful methods.
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3.2.1. Use of the characteristic curves in the physical plane

Suppose the values of «, ¢ are given on a smooth curve I" (Fig. 3.2),
nowhere tangent to a characteristic curve (dx/d¢ # 4 ¢). Choose
near points of I, say P, Q, and construct straight lines PR, QR of
slopes ¢(P), —¢(Q) to meet in R. Then PR, QR may be taken as first

Q

Fig. 3.2. Characteristic arcs.

approximations to arcs of characteristic curves, « constant, # constant,
and the values of #, ¢ at R may then be deduced from those at P, Q,
by use of (3.10). The method may be refined by using the approximate
value of ¢ at R to correct the slopes or curvatures of the arcs PR, QR.
By successive applications of this method the values of #, ¢ may be
found on a line near to I, and thence, by stages, in the whole region
in which they are uniquely determined by the values on I'. The mod-
ifications to this procedure when I" is either not smooth, or is some-
where tangent to a characteristic curve, are explained in the above
references (or see HILL, loc. cit., p. 113 et seq., p. 136 et seq.).

3.2.2. Use of characteristic curves in the u, ¢ plane

A variation in the above method consists in interchanging the de-
pendent and independent variables so that eqs. (3.4) and (3.5) are
replaced by

o
gbe

b Ob ot X
—-I’(e)ﬂ, a—s-—-s';.

The characteristic coordinates for these equations are defined by
0x' = 61 4 cde = Ou + 60,
0f' = o — coe = ou — &0,

and so are

s =440, p=u—0. (3.20)
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Then
X it X hl4

b—:,=c-a;, XB,-‘—:—C Sﬁl (3.2])
where ¢ = ¢(«' — ) is a known function.

The Cauchy problem of (3.21) now refers to a curve I in the #,
e plane on which x, ¢ are given, the characteristic arcs PR, QR are
known from (3.20) and the values of x, ¢ for given #, ¢ follow by
direct quadrature, with no need to use successive approximations to
the characteristics.

3.2.3. The direct use of finite differences
A third method of numerical integration of (3.4) and (3.5) is to
choose an arbitrary rectangular grid of lines

X = x9 + 10x , t =ty + jot, j=123...,

and to replace the equations directly by the finite difference approxima-
tions based on this grid. Write

Uy = u(xo + i0x, to + ]'t”) ) &y == e(xo +1iéx, to + jbt) .
Then (3.4) and (3.5) are replaced by

.

(g1 —n1g) 0 o (B141,5 — E49)
0" == F'(¢) b c, (3.22)
and
Bavr,g — Ueg Byt — g
— = 5 (3.23)
where

& = }(et+1,501 + €111, + €154 + €1,9)

The equations (3.22) and (3.23), for a grid covering as much of the
%, t plane as may be necessary, may now be solved either by matrix
methods or by iteration to give an approximate solution of the differen-
tial equations. A discussion of the legitimacy of this procedure in
general cases may be found in the paper by FRIEDRICHS [1948],
already referred to, or see O’BrieN, HyMANs and KApLAN [1951].

For the problem most relevant to the present discussion, that
of obtaining #, & for the case of an initially stationary unstrained
medium under increasing end loads, the procedure is legitimate pro-
vided that 6 < c-14x.
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3.3. LONGITUDINAL WAVES WITH UNLOADING

It is assumed in plasticity theory that unloading, or subsequent
reloading to a value of ¢ not higher than the previous maximum,
takes place on a stress-strain curve whose slope is that appropriate to
elastic behaviour. Suppose that the highest previous stress reached was
om, With strain en, then

¢ =om —E(em —¢) (3.24)
for 0 < om. Substitute in (3 4) then \
M _ bam(x) dem(%)
ey + —E St (3.25)
Eq. (3.5) still holds:
M o€
and the solution of (3.25) and (3.26) is
& = so(x) + gl(x + CQl) + gg(x —Cot) , (327)
u = cog1(* + cot) — coga(rx — cot) , (3.28)

where eo(x) = em(¥) — E-'om(¥) is the permanent strain left behind
at x by previous plastic loading.

Eqgs. (3.27) and (3.28) can be fitted into any of the approximate
methods already mentioned, though of course some care is necessary
to ensure that at each stage of a calculation the appropriate set of
equations is used, according as the previous maximum of stress is or
is not exceeded.

3.4. SHOCK WAVES
In the above analysis it has been assumed that, except perhaps at
a boundary, %, ¢ are differentiable functions of x, £. The possibility

CH u,

Fig. 3.3, Shock wave.

of discontinuities in #, ¢ must also be considered (WHITE and GRIFFIS
[1947]). Such discontinuities are conveniently called shock waves by
analogy with the usage of hydrodynamics. Let a shock wave move
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along the wire with a velocity 4 in the direction of x increasing. Let
the values of the particle velocity, strain and stress immediately in
front of the shock wave be u, &, 01, and those immediately behind
it s, &2, o2, Fig. 3.3. Consider two points A, B with AB = éx, during
the time interval 8¢ = A-16x when the shock wave lies between them.
Then the velocities differ by #; — u,, so the change in length in the
time 8¢ is (41 — %2) 6, and the change in strain is

(u1 —_ uz)z"l = €3 — €1 . (329)

Again, the tensions at A,B are oz, 61 and the change in velocity of AB
in the time is #g — %1, so g(#s — %1)0x = (01 — 02) ¢, and

}.Q(uz —%1) =01 —02 = 129(61 - Ez) (330)

using (3.29).
For elastic conditions o1 —02 = E(e1 —&2) so (3.30) is satisfied
when

22— ;_E= co (3.31)

and the shock waves have the characteristic value for infinitesimal
disturbances. For plastic behaviour (3.30) determines a shock velocity
only when o1, o2 can be expressed in terms of &, e respectively. For
example, if it is assumed that the states of the material given by the
suffixes 1 and 2 both lie on the loading curve ¢ = of(e),
2 _ oles) —o(e) )
oA s — (3.32)
This equation is sometimes called the Hugoniot equation, from its
similarity to the corresponding equation in the theory of flow of
compressible fluids. It is necessary to distinguish three cases.

(¢?) Linear strain-hardening
If the plastic loading curve has the form

o = Pe,

with constant P, then (3.32) leads to gA%2 = P, and the shock velocity
coincides with the characteristic velocity, just as under elastic condi-
tions.

(#9) Increasing hardening
If d%s/de? > 0, the stress-strain curve is concave to the stress



160 PLASTIC WAVES [cH.1v, §3

axis, and (3.32) determines pA2 as the slope of a chord to the curve,
with A greater than the characteristic velocity at the lower-stress end
of the chord. This implies that a shock wave (of increasing stress)
propagates faster than infinitesimal disturbances. Again, infinitesimal
waves travel faster, the higher the stress they carry, so one would
expect high stresses to overtake low, and a shock wave to result from
the coalescing of infinitesimal wavelets. In these circumstances, then,
shock waves must be regarded as possible.
!

(112) Decreasing hardening

When d2g/de? < 0O, the slope of a chord to the stress-strain curve
is less than that of the tangent at its lower end, infinitesimal loading
waves travel faster than shock waves, and one would expect any
shock wave in initial or boundary conditions to be dispersed into a
continuous solution.

Summing up: shock waves are to be expected only for linear
hardening or increasing hardening. (The arguments above can be
replaced by more rigorous arguments based on thermodynamical
principles; see MORLAND [1959].)

It will be observed that with linear or increasing strain-hardening
for increasing stress, and elastic behaviour for decreasing stress, both
loading and unloading shock waves are possible. Such waves may
meet, or overtake each other, with consequent reflection and refrac-
tion. The analysis of such conditions is straightforward, but tedious
and will not be repeated here. Details can be found in the papers
already referred to in this section.

3.5. EXAMPLES

It is possible to construct an exact solution of the foregoing equa-
tions by an inverse method due to RAKHMATULIN [1945a). Consider an
infinite region x > 0, initially at rest and unstrained. Use an elastic-
plastic theory with ¢ = f(¢) on the initial loading curve and Young’s
modulus £ in any elastic part. Assume as boundary condition a
stress o = S(¢) at x = 0. First take S = Sy, constant for ¢ > 0. Then
the solution is of the simple wave type, and may be illustrated by
drawing the characteristic lines as in Fig. 3.4. On each characteristic
xft = c(e), o = f(e) and u = — [ [f'(¢)]4de = — y(e) say. The stress is
zero for x > cot and constant, equal to So, for x/t < ¢(f~1[So]), where
/1 denotes the function inverse to /.
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Next assume that the stress changes suddenly at ¢ = 0to S, but then
decreases towards zero in such a way that

S=St >0, St <0, t>0, SO =S,. (3.33)
Suppose that the unloading due to the reduction in S affects only the

t=g(x)

[¢] x o x
Fig. 3.4. Characteristic lines. Fig. 3.5. Plastic-elastic boundary.

region ¢ > g(x), with g’(x) > co, g”’(¥) < 0, as shown in Fig. 3.5. Then
the solution (3.33) remains valid for ¢ < g(x). Assume also that no
plastic strain takes place for £ > g(x) and that the strain is continuous
across ! = g(x). Then the maximum strain reached, em(#), is that at
%, g(x) and

g(x) = x/c(em) (3.34)

where strictly em = em(%), but the argument is suppressed for ease of
notation. Now, for ¢ > g(x), (3.27) and (3.28) give

€ = em(%) — E-lom(¥) + Fi(x + cof) + Fa(x — cof) ,
U = CoFl(x + cot) — con(x —col) .
Apply these equations at £ = g(x). Then

em(*) = ém(%) — E-lom(x) + F1(¥ + cof) + Fa(x — cof)
and

— p(em) = coF1(x + cof) — coFa(x — cot)
with ¢ = g(x). Thus

2F(x 4 cog[x]) = [E on(®) — c5 p(em)] , (3.35)
2F3(x — cog[%]) = [E Yom(x) + co y(em)] - (3.36)

If now em(x) is assumed known, g(x) follows from (3.34), and (3.35)
and (3.36) determine the functions F; and Fp. These in turn may be
used to find the strain, and hence the stress, at x = 0, and so S(¢) is given
in terms of em(¥). A comparison of the results above and below the
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curve ¢ = g(x) shows that the first derivative of strain is discontinuous
across the curve.

RAKHMATULIN [1946] extended this technique to the propagation
of stress due to a load, unload, reload sequence. The only significant
alteration is that necessary to allow for the variation of yield stress,
in the reloading phase, due to the different maxima of stress in the
previous loading.

The above solution suffers from the usual disadvantage of inverse
methods, namely that the boundary conditions cannot be arbitrarily
assigned. RAKHMATULIN [1952] later gave a method for solving for
given boundary conditions, by using a series expression for g(x),
and determining the coefficients in terms of S(¢). However, the analysis
is very cumbersome, and the mathematical restrictions necessary
are onerous. A more reliable way of attacking the general problem is
to use one of the numerical methods suggested in section 3.2, keeping
a check on the stress at each stage to determine whether the previous
maximum stress is or is not exceeded, and using plastic or elastic
theory accordingly. The most instructive example of this technique
is that due to Lex [1953], who assumed a finite rod, with given velocity
at one end and freedom from stress at the other. The results show the
interesting property that the plastic flow takes place in two distinct
stages, separated by a region of unloading. This result emphasizes
the danger of trying to extend the analytic method of Rakhmatulin,
summarized above, to problems other than simple waves.

3.6. TRANSVERSE WAVES IN FLEXIBLE STRINGS

There is no difficulty in extending the above analysis to allow for
transverse motion of a string, provided that the stress remains uniaxial
(RAKHMATULIN [1945b]). For example, consider a thin, perfectly
flexible wire, elastic or plastic, and neglect shear stress, bending
moment and kinetic energy of rotation. Let a point of the wire,
initially at (x, 0, 0) move to the point (x + &, 5, {) at time ¢. Take
(cos 8, sin 0 cos ¢, sin 6 sin @) as the direction cosines of the tangent
to the wire and » = 1 + ¢, as the ratio of the stretched to the un-
stretched length, where ¢ is the small strain but the angles are not
restricted to be small.

Then

% m LI ST
l+-b;-—70050, ax—rsmecoszp, bx—rsmesm(p. (3.37)
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The stress-strain relation gives

o =o(e) (3.38)

and the equations of motion are
0 %z% =2 (eos0), (3.39)
0 3;2 2 (asin0cos ), (3.40)
elt=2(osinfsing), (3.41)

where g is the density. Differentiate with respect to x, and substitute
for d3¢/dx, dn/dx and d3/dx from (3.37). Eliminate second derivatives
of each pair of 7, 0, ¢ in turn. Then

e 2—:; —7 (%g)z—— 7 sin2 0 (%;'1)2} = 2—;92 — a(g—Z)z—asinzo (%i;i)’, (3.42)

— __ 2 Ll
g{rsm() 32 + 2—(rsm 0) > Bbma +2 (asmo)B (3.43)
br o0 . dp)\2
9‘ w2y a_t_'smocoso(ﬁ) ,
220 Y 30 2
—am—i— 2bx b——asmﬁcosO(M) . (3.44)

Egs. (3.42), (3.43) and (3.44) are quasi-linear second-order hyperbolic
equations with the same characteristics as the set

22y 2 do 2%
0 = O3 = & ot (349)
% d2p
e 3 =932 (3.46)
220 220
or gz— =g w‘ . (3.47)

Thus, the longitudinal waves travel with the same velocity, (o~1do/de)#,
as in the previous analysis, and infinitesimal transverse waves travel
with the velocity (o/g)¥, which would be expected from the classical
theory of transverse waves in an inextensible string.
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Transverse shock waves, in which there are sudden changes in the
direction of the tangent to the string, may be treated by an obvious
extension of the theory of section 3.4. The result of carrying out the
analysis is that transverse shocks are found to travel at the same
speed as infinitesimal transverse waves, and to involve no change
in tension, while sharp changes in tension travel with the same speed,
relative to the string, as in the case of pure longitudinal motion.
When a transverse shock and a longitudinal shock meet, there are,
of course, reflected and transmitted waves of both kinds.

Raknma1uLIN [1945h, 1947, 1952] also considered various cases
of the impact of smooth or rough solids against elastic-plastic strings,
including cquations of relative motion over the surfaces of the
solids.

3.7. Usk 0F EULERIAN COORDINATES

When large displacements are envisaged, there are certain advan-
tages in the use of Eulerian coordinates, as suggested by TAyLoxk [1940].
FFor simplicity, the discussion here will be confined to motion in two
dimensions.

Let s, v be intrinsic coordinates on the deformed string, and U, V
the tangential and normal components of velocity. Use De/Dt for
the rate of strain referred to current length (so that integration follow-
ing the motion gives € as the logarithmic strain). Then there are two
geometrical relations,

De U Dy oV

Dt s’ Dt s (3.48)
and two dynamic equations,
J 7
DU da DV oy (3.49)

®pi s eDr s
Let o == a(g) represent the relation between stress and logarithmic
strain, then '

De U dod DU

Di "3 ¢'d a5 T D (3.50)
are a pair of hyperbolic equations for U, ¢, and

Dy 2V o 0y DV

D 5 e 3 = DI (3:51)
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are a pair of hyperbolic equations for y, I". For small motion these
equations are equivalent to those of the previous section. When the
strain is large, the equations will still be equivalent to those of sec-
tion 2.6 if the stress-strain curve is expressed in terms of logarithmic
strain instead of natural strain.

3.8. VALIDITY OF THE APPROXIMATION OF UNIAXIAL STRESS

The work reproduced in this section represents a more or less
complete solution of the equations of motion of an elastic-plastic wire,
or of a specimen in the form of a cylinder, under the assumption of
uniaxial stress. It is now necessary to consider whether, and under
what circumstances, the assumption may be valid.

Consider first a perfectly elastic material. Then, except in the unnat-
ural case where Poisson’s ratio is zero or negative, any longitudinal
extension of a cylinder implies lateral contraction. If the extension
changes with time, it follows that there is lateral motion, and this
again implies the existence of shear stress, so that the stress cannot
be exactly uniaxial. Now for an infinite, perfectly clastic, circular
cylinder, the motion with the curved surface free from traction may
be found exactly by the methods of PocHuaMMER [1876] and CHrikE
(1886)] (see l.ove [1927] p. 287 ct seq.). It can then be shown that the
velocity, ©, of propagation of a sinusoidal disturbance along a cylinder
depends on the ratio of the wavelength, say 4 to the diameter, a, of
the cylinder, and that

v (B w e,

It is this circumstance which makes it possible to obtain reasonably
accurate solutions to wave propagation problems in clastic cylinders
by the assumption of uniaxial stress, provided that the rate of change
of stress is small. Rapid changes of stress are propagated with velocity
different from (E/g)}, but this does not mean that the cquations of
elasticity depend on rate of strain, but only that thc assumption of
uniaxial stress is not of universal validity.

In the theory of plasticity no solution analogous to the Poch-
hammer-Chree solution has yet been found, and there is therefore no
means of checking the validity of the approximation of uniaxial
stress. However, it is reasonable, by analogy with the elastic case, to
assume that the results will be fairly accurate when the rates of change
of stress and strain are small.
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The above argument has considerable bearing on the important
question, whether or not strain-rate effects must be allowed for in
metallic plasticity. The existence of such effects has often been postulat-
ed (e.g. MALVERN [1951a, b]), but the experimental evidence brought
forward in support of the postulate is invariably concerned with
situations in which uniaxial stress has been assumed, and, as KARMAN
and Duwez [1950] remarked, ‘It is not logical to use tension impact
tests to study the influence of rate of strain on the properties of
metals.” |
Lurther references

For further work on longitudinal waves the reader may consult
CrBAN [1953], CrisTescu [1957), Junasz [1949], LazuTtkiN [1952],
Lir and TuppeR [1954], who include a discussion based on neglect of
clastic strains, LENskir [1949], MocHALov [1955), WHITE [1949],
Zverev [1950], who includes the effect of radial inertia in the equa-
tions, and SHo1-YEAN HwanG and N. Davips [1960].

Writers on  transverse waves include Cristescu [1951, 1954],
CrAGGS [1954), GRIGORYAN [1949], NEzHENTSEV [1956], REABOVA
[1953] and Suariro [1952].

§ 4. Propagation of Plane Waves

In view of the considerations outlined in section 3.8, the use of thin
wire experiments to determine dynamic stress-strain curves is not
satisfactory. A situation which can be more accurately analysed
theoretically, whatever assumptions are made about the constitutive
equations, is that in which the stress and strain propagate in plane
waves,

4.1. UNIAXIAL STRAIN

Consider, first, a rectangular block of material, 0 << x << a, —b <y
<« b, —c¢ <<z <_¢, loaded by a force suddenly and uniformly applied
over the face x -: 0. Then, if the ratios a/b and a/c are small, the
motion may be approximated by the assumption that the velocity
reduces to a single component, «, in the direction of the x axis, and
that it is independent of y and z. For an isotropic material the assump-
tion gives the exact solution at points near the line y = z = 0, for
times less than the travel time of the fastest possible wave over the
shorter of the two distances 2b, 2c, and the approximation will be
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good for longer times if there is appreciable attenuation of stress
waves with distance travelled. The assumption is conveniently
labelled by the term uniaxial strain (Woobp [1952]) since the strain
tensor has only one non-zero component,

du
b'zz'—'ib-;——'é’. (4')

The stress tensor has three non-zero components, of which two are
equal from symmetry, so put
Ozz == 01, Oyy =0z = 02. 4.2)

Assume a known relation

~3p = f(A) (4.3)
between the hydrostatic stress and the dilatation. Then
o
o1+ 200 = f(d) - /(D';) (4.4)

Assume also a yield stress &, then according to either the von Mises or
the Tresca criterion,
gy — 02 = ——k , (4.5)

where k differs by a numerical factor from the yield parameter in-
troduced in § 2. Again, with another slight change in notation for this
simple problem, strain-hardening may be allowed by the equation

k= kW), (4.6)

where W is used for the total work done in shear in continual loading,
so that

Wr — (o1 —02)é . 4.7
Finally, the equation of motion is
Bu  doy
ey T3 (4.8)

where it will be sufficient in most cases to use the initial density of
the material since the dilatation is small.
Now write d%/d = v for the velocity; then from (4.7), (4.5) and (4.1)

Wr _ o€
Lk P 1 49)
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which may be integrated directly since Wt may be regarded as a
function of % only. Continuity gives

PL d€
Yl (4.10)
and (4.8), with (4.5) and (4.4) leads to
v dk , d
o5 — (M g+ ¥ 2= 0. (4.11)

Now (4.10) and (4.11) are a pair of quasi-linear hyperbolic equations
for v and ¢ with the usual wave properties, based on a wave velocity ¢
given by

dk

2
9oc 4 AWe

+ 3F() . (4.12)

Shock waves
When the pressure-dilatation relation is that suggested in (2.18):

A = —ap + bp?, a>0, b>0,

the stress-strain curve is of the form appropriate to the formation of
shock waves, and the equations (4.10) and (4.11) of continuous motion
must be replaced in certain circumstances by the cquations for shock
waves, obtained by the methods of section 3.5. Note, however, that
if unloading occurs according to the same law, unloading waves will
not involve shocks.

The problem of most immediate practical interest is that in which
ablock 0 < ¥ < a is subject to given stress at ¥ = 0, with free bounda-
ry conditions at ¥ = a. This problem has been exhaustively discussed
by MoRLAND [1959], using analysis basically the same as that suggest-
edin § 3.

4.2. GENERAL PLANE WAVE

The method of plane waves may be applied to problems of more gen-
erality than that of uniaxial strain.

Use the suffix notation of §2, with Cartesian coordinates x; and
displacement components #;. Suppose #; represents a set of displace-
ments which lead to strains &; depending only on x; and ¢. (Thus %
may be linear in #; and s, and the axes of strain are not restricted
to coincide with the coordinate axes.) Assume a general reversible
compressibility relation,

p=19(4), (4.13)
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together with the von Mises plasticity condition

ooy = 2k2, (4.14)
work-hardening

k= kW), (4.15)
with

W = disdiy (4.16)
and the proportionality of reduced stress and plastic strain-rate

, 1 dw ,
ﬁ‘f = AU” = 4k3 dk Glmo'lmﬂ'u ’ (4.17)

where the last step depends on (4.16) and (4.14). Here 7y is the
plastic strain, obtained by subtracting the reversible elastic strain
from the total strain, so the total rate of strain is given by

. . .’ 1 (dpy\1,
by = Ty + (26)—10,,_5(&7_:) Grxdiy (4.18)

using (4.13). When the strain-rate tensor is expressed in terms of the
velocity vector #; = duy/dt (4.18) becomes

1 [ouy 2] 1 aw , 1 d4
3 (5 T 3%) = 7 a Oindinois + 2(;"" ggp oudy-  (419)
Three further equations connecting velocity and stress components
are given by the equations of motion

M?; Do‘u

e Y7 (4.20)
Now, for a given material, specified by the value of the elastic shear
modulus G and equations (4.13) and (4.15), equations (4.19) and (4.20)
are a complete set of first order, quasi-linear equations for o¢; and ;.
To find plane wave solutions, choose a particular coordinate, x3,
and assume

Oty = ou(w) , Uy = u.(w) (4.21)
where
w=2x%—A. (4.22)
Now write
_do‘q _ dug
A e = o (4.23)
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Then eqs. (4.19) and (4.20) are a set of linear algebraic equations for
7y and v¢, compatible only for certain values of 4, which correspond to
the wave velocities for infinitesimal plane waves. Written separately,
with k* = dk/dW and p* = —dp/d4, these equations are
1 ’ ’ 2 ’ ;b
U = AESEY ouoyty + G ™ + g;; Tt

o A , A,
V2 gpape O1200TY 1 5 TI8

2 , A,
dvs - ap3pw T130UTY + o5 T18

. -A-—_ L ’ N j_ (4.24)
= gfge ORI g TR gagTH
l v s A , A
0- 4:1;,3’15;' 03301jT4j + 2G T33 + 9?7 Tt
Ao, Ao
0 -— Apapw TBOUTY + oG T2
and
oAy — 11, pAvz - 112, eAvs = 3. (425)

Now o4 = 7it == 0, so addition of the first, fourth and fifth of (4.24)
gives
3p*rvy = Avy . (426)

Again, oijo1; = 2k2, so addition of the equations (4.24) after multi-
plication by o11, 2012, 2013, 022, 033, 2023 respectively, gives

. 1 1y,
onv1 + 01202 + o103 = 4 (EF + 2_6_) O Ty (4.27)

Now, in the first of (4.24) write i1 = Tui1 — }7u and substitute for
i from (4.26) and for ofy7¢; from (4.27). Then

__Goir (o101 + o19v2 +orevs) | A 2G —3p*
WETTmG M) TGt T T a6

which, from (4.25), is equivalent to

v ‘4G + 3p* — 3pa2 _ Goii } __ Goiy(o1av2 + 013Vs3) -0
! 6G 282G + kk®) 2K4G + kk*) : .
(4.28)
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Similar treatment of the second and third of (4.24) leads to

R T P s e LI
and
w1 - 22 ki(_G_%‘;%__k___) _ —(;5'~-‘9,f§(ié—”lﬁ,§’,,‘)””2) ~0. (430
Now write
K = 14 G -kk* (4.31)
and
C=p*+36G. (4.32)

Then the condition of compatibility of equations (4.28), (4.29) and
(4.30) is

i c 1
(G — oa)[e*2t — Go2|1 + & — g (ot + oha + )

+ G2 [ — i (o + ol + oh))] 0. (433

The square bracket in (4.33), treated as a quadratic expression for
(eA2/G), has discriminant

C 1 2
{1 - + BR (Uﬁ + oiz + Ufs)} + TUURR (4.34)

which is certainly positive, since C, G and K are essentially positive.
It follows that (4.33) has three real roots for gA2. Again, C/G > 1,
from (4.32) and K > 1 if the material hardens, so the roots for gA2
are all positive, and there arc three real characteristic velocities.

Special cases

The nature of the plane waves corresponding to the roots of eq.
(4.33) is most easily demonstrated by the use of special coordinate
axes. Rotate the axes at a point about the direction of x; to make

o12 = 0. Then (4.29) gives

oA2

—=2) - .35
w(l-%-) =0, (4.35)
which implies that transverse waves with the velocity derivative in
the direction of zero shear stress over the plane of the wave travel
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with the velocity 4 = (G/p)} = ca characteristic of elastic shear waves
(the secondary waves of seismological theory).
Again, with the same axes, (4.28) and (4.30) reduce to

C —oi2 il + ois|  ohons
u {" ¢ "Bk | gk ®=0 (4.36)
and
6110131)1 912 013 _
RK T {' ~% " mgi»= 0 (4.37)

In general the roots of (4.33) are not zeros of the coefficients of v1, v3
in (4.36) and (4.37). This means that the true plastic waves, given
by these two equations, each involve both transverse and longitudinal
components. There are, however, two special cases, in which purely
transversc and purely longitudinal waves can occur.

First suppose that 013 = 0 (= 012). Then (4.37) reduces to the same
equation as (4.35), with v; replaced by vs, and (4.36) shows that pure
longitudinal waves arc possible, and travel with velocity 4, given by

C Gop: b

A = {
Secondly, suppose that o}, = 0. Then (4.36) gives pure longitudinal
waves with velocity

- (10' 13
l oK K (4.39)

and (4.37) gives pure transverse waves with velocity

{G Gola ¥ (4.40)

12= ——QTW

Note that it is possible to have o;, = 0,, = 0,3 = 0, and that then
(4.38) and (4.39) are identical and give 4 = ¢1 = (C/g)}, which is
the velocity of longitudinal elastic waves (the primary waves of
seismology). So, even in a plastic material, there may be waves
travelling as fast as the fastest waves in elasticity. It is interesting to
note, too, the minimum wave velocities. These are given by afs = k2,
and (4.39) then gives

G
eM=C—g>p+1iG,
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from (4.31) and (4.32). But for a metal it is certainly true that the
bulk modulus p > 3G (see for example (2.7) for the elastic case),
so in all cases 4; > ca.

[In fact it is easy to show that under all circumstances one of the
wave velocities given by (4.33) must be greater than cs. One of the
plastic waves must always have a speed exceeding the speed of the
slower elastic wave.] Again, put o3 = k%in (4.40), then

20 (1 _I_) _ __ GkdRjdW -
27 K] = o(G + kdkjaw) — %"

This corresponds to a shear wave in a medium in pure shear. In such

a situation (4.17) and (4.18) imply

__O13 o13 013((: + kdk/dW)

(4.41)

é13

=3¢ T kakAW =~ 2GkdAR/AW

so cs is the velocity corresponding to the tangent modulus, the slope
of the stress-strain curve, in pure shear. Note that this case, of a shear
wave propagating in a medium in pure shear, is the only case where
one can expect the ‘tangent modulus’ to give the plastic wave velocity.
A little algebra based on (4.33) easily shows that, quite generally,
there are two plastic waves, with velocities 4;, 42 such that
iizd>k>a (4.42)

-

(compare CrAGGs [1957]). There is some similarity between these
results and those found by MusGRAVE [1954] for plane waves in aeleo-
tropic elasticity.

§ 5. Spherical and Cylindrical Waves

There is a partial analogue to the theory of §4 in the theory of
spherical and cylindrical waves. However, the solutions are more
restricted than in elasticity theory, since in general the waves gener-
ated by a disturbance at a point of a plastic medium will not spread
out as spherical waves. The use of spherical and cylindrical waves is
therefore restricted to problems in which the appropriate symmetry
exists.

5.1. SPHERICAL WAVES
The symmetry of a spherical wave implies purely radial displace-
ment, #, and that the principal axes of stress are radial and circum-



174 PLASTIC WAVES [cH.1v, §5

ferential, with the circumferential stresses equal. The non-zero
components of stress and strain are therefore

€ 2 £on = £33 = = 011 = O 022 = 033 = O,
1 et 22 = == - p— = p—t .
1 '’ 33 r’ 11 T 22 33 (/]
The equation of radial motion is

dor . 2(or — ay) 2%

+

Y r = ey (5.1)

!
The hydrostatic stress and the reduced stress components are given by

3p =or + 20, (5.2)
and

3011 = 2(or — gy) = — 6023 == — o33, (5.3)

and the equation of plasticity is
(or —0p)2 = 3k2. (5.4)

It follows that the stress-strain relations (4.19) must be replaced by

3 _ {1 aw +G] 2 (@m0 d4 A(ﬁii"z) (5.5)

wot - & dk dp %\ 9
and
1 du l(—lz r — Og dA d Ur+20'0
v & dk +G]bt( ) - 7y () 66

Elimination of o, g, leads to the following second order equation
for v.= du/dt:
Zv 4kk* 4kk* v Y%
" “v N=p 2
PYZ {p ( 7 ) T3 K ( )] t X (br r) ez (5.7
Note that it is not, in general, legitimate to integrate (5.7) into an
equation for %, and that in performing the differentiation on the
right p* and %* must be regarded as variables depending on the
strain. However, in the special case of perfect plasticity and constant
compressibility, p* = %, k* = 0, K = 1, and (5.7) reduces to
d (v |, 2v A
“w(mty) = e 8
This equation is equivalent to that given by HUNTER [1957] but
empbhasizes, as Hunter's integrated equation does not, that the velocity
and strain propagate with standard wave velocity ¢, = (%/0)}. In
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applying the theory to any special problem, it will be necessary to
integrate v for the displacement, and to include such a function of
7 (only) as may be necessary to ensure continuity of displacement as a
function of time. This brings the method into line with that of Hunter.

In general, the equation (5.7) is a non-linear hyperbolic equation
with characteristics given by dr/d¢ = + 4, where

4kk*
0A = p* + —=. (5.9)

Since now 30i; = 4k2, eq. (5.9) gives the same wave velocity as (4.38).
For details of applications to problems of spherical symmetry the
reader may consult the article by Hopkins [1960)].

5.2. CYLINDRICAL WAVES
The third classical special case of wave propagation is that corre-
sponding to cylindrical symmetry. Use 7, 0, z as cylindrical polar
coordinates and assume stress, strain and velocity to be independent
of 6 and z. Take displacement components as #;, #s and #s. Then in
a static problem the symmetry would allow ug linear in z, but in the
dynamic case this is compatible with the equations of motion only if
dug/dt = 0, and there is no significant loss of generality in assuming
u3 = 0. Also %; and u; depend only on 7 and ¢. The relevant stress
eomponents are o1 = oy, 022 = 0y, 612 = T, 033 = 0;. The equations

of motion are
dor 13 or—a,

a vttt 7 e G.10
an
dt |, 27 2ug
b—r-+-—r-.~_=e—bzz—, (5.]1)
and eqs. (4.19) are replaced by
Y’ 1 L., 1, 1
5—1— = Wauaudu + 2G on + Q_P; ot , (5.12)
1 Y4 ’ l X4 l -
1—:'1— = Zape OHu02 + oG 92 + 9—1,,. O , (5.13)
1 (U e 1 e 1,
2(5r =) = g ovsions + gne. (514

and

l LA l o’ l o
0= Wauo‘qﬂas + 2—(-;633 + WU“ . (5.15)
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The characteristics of egs. (5.12) to (5.15) may be found by argu-
ments exactly parallel to those of section 4.2, and the wave velocities
are given by 4, where

1

—_ k—Ek_ (0;2+ TZ) - O .

(5.16)

e C 1 e ey ey C
224 _ GpA2 e (g l
@M —GoR(l 4 — e (074 ) + G

This equation contains the result of CrRISTESCU [1956].
|

Pure torsion

Special cases again arise for purely radial displacement and for
pure torsion. In the case of pure radial displacement the analysis is
similar to that for spherical waves, except for the inevitable compli-
cations involved in dealing with cylindrical waves. However, the
present author has found no detailed treatment of the problem in the
literature.

For pure torsion, eqs. (5.10) to (5.15) reduce to

dv v:(l l)bt

Ty G) o 6.17)

ke* T G
with
v dT 2t

%" w 519

where v = duy/dt is the circumferential velocity.

The analysis for given boundary conditions (traction or displace-
ment at given radii) is similar to that for uniaxial stress. The problem
was first studied by RAKHMATULIN [1948], for the simple wave.
Further solutions have been given by BakHsHIYAN [1948a] and
KocHETKOV [1950].

§ 6. Bending of Beams

A problem which has attracted much attention is that of the dynam-
ic bending of an initially straight beam. The problem is of consider-
able interest, because it is one where fairly complete experimental
results can be obtained by high speed photography. It is then possible,
in principle, to deduce the complete curvature-time history at every
point of the beam. The assumptions made in the theoretical analysis
are similar to those of § 3, in that only the stress resultant over the
cross-section is used, but are more drastic, in that the shear stress and
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the rotational inertia are neglected. The theory is due to Duwkz,
CLARK and BoHNENBLUST [1950].

6.1. BASIC EQUATIONS

Use a Lagrangian description of the motion, taking x for the coordi-
nate along the (undisturbed) length of the beam and y for the trans-
verse displacement. Let Q be the shearing force and M the bending
moment, with sign conventions such that

0=M (6.1)
and
”;’2’ bi; (6.2)

where o is the mass per unit length of the beam and (6.1) implies
neglect of rotational inertia, and (6.2) neglects the slope of the bent
beam. Assume a known relation

M = M(x) (6.3)
between the bending moment and the curvature,
_
- -b_x—z » (6.4)

Where again the slope is assumed small. The relation (6.3) is supposed
independent of rate of strain and may be found either from static
bending tests or by deduction from a (static) tension test (NapA1 [1931],
p. 165). Then
Bzy M\ dM d3y\ dM 4y
Y (Tx‘) (du aﬁ) T dx a4’ (65)
neglecting a second-order 'term. When the beam is elastic, with
M = EIx, where E is Young’s modulus and I the second moment of
area of the cross-section, (6.5) implies no new approximation and reduc-
es to Boussinesq’s equation
bzy Ay
oS = EI — o (6.6)
(BoussiNEsQ [1885]).

6.2. SOLUTIONS WITH DYNAMIC SIMILARITY

Eq. (6.5) is not a wave equation, for it is not, and cannot be reduced
to, a hyperbolic equation, and no general theory analogous to the
characteristics theory of the wave equation exists. It would also
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be false terminology to speak of a simple wave solution, but an analogue
to the simple wave solution of the wave equation does exist, in the
form of a solution suggested by Boussinesq for (6.6). This may be called
a solution with dynamic similarity.

Following Duwez, Clark and Bohnenblust, put

1«2
" i@ T (6.7)
with i '
EI
a? = (=) (6.8)

and assume a solution of (6.5) with
y = tf(n). (6.9)

Note that this implics that at x = 0, where % == 0, y == V¢ for some
fixed V. Then

2atx = f'(n) + 20/ (n) (6.10)
which shows that » and therefore M are functions of % only; and
2y "
th - —/ ( )

It is convenient to avoid a fourth-order equation by working with
a non-dimensional shear stress, S, defined by

EIS = 2a%4Q = 2an} g.f;_‘ (6.11)
from (6.1). Then (6.2) reduces to
nf =S’ (6.12)

where dashes denote derivatives with respect to %, and differentia-
tion of (6.10) and use of (6.11) and (6.12) leads to

”n dx
S" 4+ EIS — ar = 0. (6.13)
But from (6.11),
—EI > S(n)

”

where the upper limit is obtained from the boundary condition,
M—>0ast—>0, x >0. Also x is a function of M only, and dx/dM
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may be expressed as a function of M so (6.13) becomes an ordinary
non-linear integro-differential equation for S.
Now the Boussinesq elastic solution corresponds to EIdx/dM = 1,
and gives
S=Acosy, (6.15)

so, from (6.14), it is seen that the quantity dM/d» alternates in sign,
and the curvature of the beam alternately increases and decreases.
The same kind of behaviour may be expected in the plastic problem,
and it is therefore necessary to assume a relation between » and
M in (6.13) which allows for loading and unloading. Duwez, Clark
and Bohnenblust use a linear strain-hardening curve as shown in
Fig. 6.1, with elastic unloading or reloading, and no Bauschinger

M
LN

L))

N+®

)
1s0

Fig. 6.1. Moment-curvature curve.

effect. Let the slopes in the elastic and plastic regions be dM/dx = EI
and EIx2, respectively, where « is positive less than one. Then (6.13)
has solutions of the forms

S = A cos (g + ¢)
in elastic loading or unloading regions, and

S=Acos(z+e)

in plastic loading regions. In a typical solution the bending moment
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M increases elastically as 5 decreases from infinity to some value
n1, increases plastically as % decreases from 71 to some value #s,
decreases with elastic unloading as 7 decreases further to a value s,
and then decreases with reverse yielding to = 0.

6.3. RIGID-PLASTIC SOLUTIONS

The above analysis cannot easily be extended, either to boundary
conditions other than that of uniform imposed velocity at x = 0, or to
include boundary conditions corresponding to the other end of a
finite beam. With a non-linear differential equation, superposition of
solutions cannot be allowed, and no other method of solving an equa-
tion of the Boussinesq type has been developed.

The use of rigid-plastic analysis, however, leads to a very much
simpler theory. The method is due to LEr and SymonDs [1952],
who showed how the idea of plastic hinges, already familiar from
static theory of limit analysis of beams, may be extended to dynamic
problems. The method depends on the assumption of a non-hardening,
rigid-plastic, material. Then the bending moment is related to the
curvature by

» == constant, M #+ 4+ M,, (6.16)

with
’.‘>O> M:MO) 3“<0, M:_MO)

where the dot denotes the time derivative of the curvature at a fixed
point of the beam. Now consider a finite section of the beam over
which M = M. Then dM/dx = 0, so from (6.1) the shearing force Q
is zero. The section of the beam can therefore only move as a rigid
body. Again, any section in which —My < M < My must move as a
rigid body. Thus, bending of the beam occurs only at isolated points,
which are called plastic hinges. Suppose, at any such hinge, M = Mo.
Then 2M/>x = Q must have opposite signs on the two sides of the
hinge (since My is the greatest possible bending moment). Thus,
unless there is a finite external force acting at the hinge, the shearing
force there must be zero. When the external forces are known, therefore,
the moment and resultant force on the rigid part of the beam between
any two plastic hinges is known, and the motion may be found by
the usual formulae for motion of a rigid body.

For the best introduction to the theory the reader should consult
the paper by Lee and Symonds already mentioned.
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Further references

The use of rigid-plastic analysis seems to have been first suggested
by CoNRoY [1952]. Applications have been given by ALVERSON [1956],
Conroy [1956], CoTTER and SYMONDS [1955], DAvVIES and NEAL [1959],
Hopxkins [1955], MENTEL [1955], PArkEs [1955], SALVADORI and
Dimaccio [1953], SaLvADORI and WEIDLINGER [1957], SEILER and
SymonDs [1954), SEILER, COTTER and SyMoNDs [1956], and SyMoNDs
and LETH [1954].

§ 7. Plates and Shells

It is a natural step forward from the problems considered in § 3
and 6 to problems involving the plastic deformation of thin plates and
shells. Analysis by means of stress resultants and bending moments
is, of course, subject to the same limitations as in the theory of wires
or beams. This implies that predictions of shock waves, for example,
will be unreliable, but the analysis may nevertheless be expected to
give reasonable good answers to such questions as the size of the
collapse loads or the amount of permanent deformation left behind
after loading and release.

7.1. AXIALLY SYMMETRIC, CO-PLANAR DEFORMATION OF A PLATE

The simplest problem of deformation of a plate is that of the axially
symmetric deformation of a plate in its own plane (FREIBERGER [1952]).
Assume that an existing circular hole in an infinite thin plate is
enlarged by radial pressure on the sides of the hole. Use Eulerian
coordinates, with U for the radial velocity at radius » and time ¢.
Let % be the (possibly variable) thickness of the plate, and use oy, 0
for the radial and circumferential stress components. These are two
of the principal stresses, the third, the direct stress across the plate,
is zero by hypothesis. The equation of motion is

d h
'b—r(ho‘r) +3 (or —0p) = oh i’ (7.1)

where p is the density, and

DU_ U 2U

Dt~ PY4 (7.2)
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is the derivative following the motion. The principal rates of strain
are

(7.3)

<

Il
| -
EE

7.1.1. Elastic solution
In an elastic region the above equations are supplemented by the
stress-strain relations, ,

Eer = or — vay, Eey = 6y —vor. (7.4)

Now let % be the displacement of a point from its original radius, and
write f = #/r. Then the strain components are

_ % _ 1 Wy,
8”—-’-’—_:1;--{—_"7Nf, EfNar—l-{—rbr, (7.5)
and U is 6r/dt subject to » — % constant, so
oN_ o
U(l—f—rb—r)-_ rst. (7.6)

Substitute (7.5) in (7.4), express o, and oy in terms of f and substitute
for op, or and U in (7.1), and neglect terms of second order in f. Then
(7.1) becomes

% 3 df  o(l —?) 2%

Wy w= " B W @1

This'is the equation for elastic waves and may be solved by the usual
characteristics methods. However, for the present application only
the simple wave solution is needed, and this may be found by solving
an ordinary differential equation for f = f(r/t) as

ch(c3? — o)t —log ‘ﬁ + (cz:z — ,,2)i} ]

f= A[ - (7.8)

where A is an arbitrary constant and gc2 = E/(1 — »2). The corre-
sponding stresses are

1 — »)ct(c2t2 — 72)’}
y2

ct + (cztz—rz)*}]

(1 — %0, = —AE[( -

+ (1 +v)log{

and

(=" Aot —r) 4o

(1 =20, = AE [ {ﬁ—t——(cziz—'z) ‘}}]
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and the velocity is
cA(c?t® — r2)}
—

U =

This analysis is from CraGes [1952]. Freiberger assumed an elastic
solution o = —oa, = A(t)/r2. This is equivalent to letting ¢ — oo,
and so is appropriate only in rigid-plastic work, or when inertia terms
are negligible.

1.1.2. Plastic solutions (Prandtl-Reuss material)
For a Prandtl-Reuss material with work-hardening, the yield
criterion becomes

Yoiyois = 4(0F — 0105 + ) = K (W) (7.9)
with

o =}20r—0), y=4C0—0), oi=—4lor+a) (1.10)
and

DwW .. b . .
= = Oijjiy = o7{ér — E~1(0r — vdyp) }

D¢
+ op{éy — E~1(dp — vdr)}
+ oz{é: + vE-1dr + 6y)},

and the flow rule gives

ér — E-Y(dr — vdy) _ é — E-1(dy — v6r)
ar L)
_ &+ vE"Y6r+dy) __ 0i6r + 956 (7.11)
o 2k3dE[AW '

Egs. (7.1), (7.2) and (7.11) form a non-linear hyperbolic set with
characteristics dr/d¢ = « where

(07)? + (03)* + 2v0/0;
E("“U)z( E -+ 2R kAW %)

(120t 2o) (99)° — (E-'on){(09)* + (1 + 20)(07)" + oi})
L :

1
E 2K3AR|AW

(7.12)
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Such equations may be easily solved by the numerical methods
suggested in § 3, but no solution seems yet to have been published
except for the case of a simple wave.

7.1.3. Elastic-plastic solutions

Freiberger used the Tresca criterion, which leads to some slight
simplification in this problem. He observes that in the elastic region,
(I), 05 and oy are of opposite sign, and deduces thalt this region merges
into a plastic region in which ¢, > 0, > 0r. The appropriate form for
the Tresca criterion in such a region is 6, —oy =Y, where Y is a
(fixed) yield stress. The flow equation becomes

e+ =0, 9=0 (7.13)
where 7 represents the plastic strain rate. Then variations in 4 may
be neglected in (7.1) so

bﬂr D U

=Dy (.19
and (7.13) with oy —ar =Y, 0; = 0 gives
%(:— + g =0 (7.15)
leading to
U =g() . (7.16)
Eq. (7.14) then gives
or+ Ylogr = ao+ o[g'(t) logr + $U?]. (7.17)

The values of the function g(f) and the constant o may be deduced
from considerations of continuity at the elastic-plastic boundary,
though Freiberger in fact preferred to neglect the inertia terms and
to join the resulting solution to the elasto-static one already men-
tioned.

With the Tresca criterion, different equations are needed when o,
is no longer the intermediate principal stress. In Freiberger’s analysis,
o, decreases as » decreases until the situation is described by

or=—Y, o5=0,=0. (7.18)

He then assumes that for the remainder of the plate o, = 0, and calls
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the part where this holds region III. The equation of motion in region
III reduces to

DU Y/ 1Da

o TGt D)0 (7.19)
and, as the stress is constant throughout the region, there is no

change in elastic strain, also plastic strain is equivoluminal, so
—=0. (7.20)

Egs. (7.19) and (7.20) are a hyperbolic set, with characteristics given by
dr Y\#
3-U+ (?) (7.21)

and Freiberger solves these equations by a numerical method, allowing
for the formation of shock waves where appropriate.

The validity of the assumption (7.18) may perhaps be questioned,
but the results of ALEXANDER and Forp [1954] for the corresponding
problem without inertia terms suggest that it is a reasonable sim-
plification to make. (See also the discussion of this point by HODGE
and SANKARANARAYANAN [1957].)

7.1.4. Shear stress
RAKHMATULIN [1948] discussed the propagation of torsional waves
in a thin sheet. Let the circumferential displacement be rp, and

the shear stress org = 7, and use Lagrangian coordinates. Then the
equation of motion is

o2 d
R (7.22)

and it is legitimate for small motion of a work-hardening plastic ma-
terial to write

T = k(W)
replacing (2.15). Then
t =2 5 v{ie — gz
o dk g i
— 255 r(ir R ﬁ) , (7.23)
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using the dot for a time derivative. The characteristics of (7.22) and
(7.23) are given by

dr _ & Gh kAW

dt G + kdrjaw
and the wave speeds correspond to the tangent modulus in shear
strain. Note that, when the motion is not assumed small, eq. (7.23)
must be rewritten to allow for rotation of the principal axes of stress
relative to the material as the motion proceeds.

(7.24)

7.2. TRANSVERSE DEFLECTION OF A THIN PLATE

The transverse motion of a plate which is sufficiently thin so that
the bending moments may be neglected may be studied by a simple
extension of the above analysis.

Fig. 7.1, Variables used in thin plate problem.

Let the transverse velocity be V' and the angle between the tangent
to the middle surface and the original plane of the plate be y (Fig. 7.1).
Use a5 for the direct stress component along the plate. Then there is
a geometrical equation

Dy W W .
B = oS ¥ (Tr- cos p + 35, Sin 'q)) , (7.25)
and the equations of motion are
DV ) .
oh D= oSV, (rosh sin y) (7.26)
and
DU ) '
oh DE = Cosvs, (rosh cos y) — hay . (7.27)

These equations imply that y is determined by a pair of hyperbolic
equations with characteristics

dr
=

Eq. (7.28) is the familiar equation for the velocity of transverse waves

U+ a—;cosz V. (7.28)
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in a plate under stress. The set of equations may now be completed
by adding the equations of elasticity or plasticity. CraGGs [1952]
considered simple wave solutions of these equations, including shock
waves.

7.3. DEFORMATION OF A THICK PLATE

In the above analysis it was assumed that the shearing stress and
bending moment in the plate were negligible, compared with the
membrane stresses. The converse assumption, of a plate sufficiently
thick so that membrane stresses are negligible, also leads to com-
paratively simple results. Two methods of studying the transverse
motion have been used, the first, due to BakusHIYAN [1948b] is
based on the assumption that the deformation is basically due to
shear, and the second, due to HopkiINs and Pracrr [1954], assumes
the deformation to be mainly due to bending.

7.3.1. Shear deformation

Bakhshiyan assumes that the plate deforms by shear across cylin-
drical surfaces. Let w be the displacement, perpendicular to the
original plane of the plate, and let v be the shear stress. Then the
equation of motion is

V2w

d
o7 SE = (r7) . (7.29)
Now the mean shear strain is
1 dw
£ = 53 (7.30)

so the displacement satisfies the hyperbolic equation

2w dr 2w 1
el A i L 31
e dt2 de 2 7 (7.31)

in which 7, dr/de are known functions of ¢ = }dw/d7, given by the
stress-strain curve in shear.

This theory is a reasonable one when the plate is deformed by a
load applied over a circle of radius comparable with the thickness of
the plate, and so is applicable to the armour-piercing problem of a
thick plate attacked by a projectile of diameter comparable with the
thickness. (See also KocHeTKov [1950].)
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7.3.2. Deformation by bending
When a load is applied to a plate over an area large compared to the
thickness it is more natural to make the assumptions of classical
thin plate theory, neglecting shear deformation by comparison with
bending. Use w for the transverse displacement, Q for the shearing
force per unit arc at radius r, and M, N for the bending moments
caused by radial and circumferential stress respectively. Then the
equation of motion under a transverse applied forcc P per unit area
of plate is
4w d

nr blz— - P’ -+4- D_f. (’Q) ’ (7.32)
where 1 mass per unit area. Rotational inertia is neglected, so

QN - ;; (PAD) 0, (7.33)

and @ can therefore be eliminated from (7.32). The curvatures of the
plate corresponding to M, N are %, 2 where

% 1w (7.34)
ort’ T )
Hopkins and Prager assume a rigid-plastic material without strain-
hardening. Then curvature can only occur when the whole plate is
plastic, and, if the yield criterion may be written in the form

/(qr. G'") .= k ’ (7.35)
the corresponding condition for the plate is
f(MN) = }kh2 = My (7.36)

where 4 is the thickness of the plate.

The authors assume the Tresca flow criterion, with the associated
flow rule, and observe that in the problems they consider this condi-
tion takes one of the three forms

M =N=M,, %=0, A>=0
O0<M<M,, N=M,, x>0, 12 (737)
or M=0, N = M,, O0>%>—4.

An analysis similar to the rigid-plastic analysis of beams can then be
formulated, with hinge circles and rigid annuli replacing the hinges
and rigid lengths of section 6.3.

"For details the reader should consult Hopkixs and PRAGER [1953,
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19541, WaxG [1955], or WaNG and Hopkins [1954]. (Sce also Cox
and Morraxp [1959))

1.3.3. A semi-empirical approach

A different approach to the problem of penetration of a thin plate
has been suggested by Zam and Pauvn (1957, 1958, 1959). They
consider the attack of a thin plate by a projectile of given momentum,
and equate the momentum lost by the projectile to that gained by the
plate. The kinetics of the motion of the plate is then deduced from
photographic evidence.

7.4. CYLINDRICAL SHELLS

Symmetrical deformations of cylindrical shells may be divided
into four types. First, longitudinal deformation symmetrical about
the axis of the shell (which may be treated as merely a special case
of the theory of §2), secondly pure torsion about the axis, thirdly
radial deformation, and lastly some combination of the three. Torsion
and radial motion are discussed in the next two subscctions. There
seems to be nothing significant in the literature on combined stresses.

7.4.1. Torsion
Consider a shell of internal radius a, thickness & and density g.
"Use cylindrical polar coordinates 7, 0, z, and assume the displacements

Uy =u, =0, uy = re(r,2,10) . (7.38)
Then the strain components are

7,
o7

d
tr =415, ey ) (7.39)

and rates of strain follow by differentiation with respect to time.
The equation of motion is

% W0 . 200 s

T T T T (7.40)
For a Prandtl-Reuss material the flow equation is
7(92p/3tdz) — G~1(d0a:/dt) _ 7(d%p/3tdz) — G~ (dare/dt)
0oz Oor
2K/t (1.41)

= k2dk/dw’
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with
%, + a5 = K. (7.42)

Equations (7.40), (7.41) and (7.42) are sufficient for a complete
solution of the problem of propagation of plastic strain, but no
accurate solution has been given. An approximate solution was
suggested by WoLr [1949], who neglected osr. This approximation,
which is in the spirit of thin shell theory, leads to

op
i =0,
2% G + kdk[dW 20,

"z = TGRdkjAW ot (7.43)

where the cocfficient on the right is the inverse of the tangent modulus
of the stress strain curve in torsion. Then from (7.40) and (7.43),
G + kdk/AW 3¢ 3

CRARAW - o daht’ (7.44)

and it is evident that waves are propagated with the speed corresponding
to the tangent modulus. Note that this solution is exact, for a tube
of any thickness, when the stress-strain relation is linear. This has
an important bearing on the design of experiments to determine
dynamic stress-strain curves, for the approximation involved in
using (7.44) for a thin tube will be valid when the curvature of the
stress-strain curve is small, independently of the rate of strain. This
contrasts with the case of uniaxial tension, where the approximations
leading to the tangent modulus are valid only at low rates of strain.

7.4.2. Radial displacement

The propagation of radial displacement along a thin tube presents
a more difficult problem, in which progress has so far been made
only by the use of crude approximations to the yield criterion. Assume
a stress system with

a+h a+h +h
T = Jl O'f;d’ N Gy = f O'”d’ , M = r ’O'g;d’ ,
a

a+h
J' 0zzdr =0, org =09, =0, Orr/ogs small ,
a
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and allow a radial force p, positive outwards, on the shell. Then,
with the usual approximations of shell theory,

w_
w !

dT ay d2u
35+ﬁ_5_—9?t§ (7.45)

where # is the radial displacement and g the mass per unit arca of
shell.

Now (7.45) must be supplemented by a yield criterion and flow
rule. HopGr [1955] suggested an approximation as follows. For a
perfectly rigid-plastic material the maximum absolute value for any
direct stress component is the yield stress Y, so og| < YA, |[M| < Y2,
Again, for the Tresca criterion g4 = Y does not imply any lower
limit for oz, so 65 = Y is compatible with |M| < }Y/A2 and similarly
M = }Yh? is compatible with |og] < Yh. Hodge therefore suggests
plasticity equations

3u

_ < iYh2 il
Gy :t Yh ’ IMI < i h » bz‘*bt 0 »
M= 4 }Yhe, o < Yh, —g’t‘ =0,
du ddu
= == 2 — —— . e
o =+ Yh, M=zL}¥R, >0 +-;5<0,

where in the last line the same signs must be chosen for g, and du/d¢
and for M and 3u/>z2¢.

Problems have been worked out on this theory by HobcE [1955]
and EAsoN and SHIELD [1956).

§ 8. Experimental Methods

In order to justify the use of a mathematical model of a physical
phenomenon, it is necessary either to show that the model includes
all the relevant physical properties, or to confirm the predictions of the
mathematical theory by reference to the results of experiments. In the
case of plastic waves, the former method is unlikely to succeed, for
the mechanism of plasticity is still only imperfectly understood. The
second possibility, of verifying the theory by reference to experiments,
requires the choice of particular experiments for which a complete
mathematical analysis, according to the model, may be made. Approxi-
mate methods of solving the mathematical equations need not be
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rejected, as long as the effect of the approximations can be estimated,
but to use approximate equations is more serious, for it is equivalent
to changing the model in an undefined way. Obviously it is advan-
tageous to usc experiments for which the mathematical solution is
as simple as possible.

Now the problem of propagation of plastic waves presents two
main difficulties, one in the theoretical analysis and the other on the
experimental side. The difficulty of the theory is that of analysing the
motion of a medium in two or more dimensions without the usual
mathematical tools of Fourier analysis or complex variable. The
practical difficultics in the design of experiments are to separate the
plastic waves, which theory suggests should be comparatively slow,
from clastic waves, which travel much faster and may reflect from the
surfaces of the medium, and to separate the longitudinal and trans-
verse waves. In this section these points are discussed with reference
to existing cxperimental work, and some tentative suggestions for
more crucial experiments are made. No attempt is made to give a
complete survey of the literature on the experimental side, and most
of the carly experiments are passed over, because though they were
valuable in showing the type of difficulty to be overcome, are too
difficult to analyse mathematically, and so can give only a vague
idea of the truth or otherwise of a mathematical theory.

8.1. MEASUREMENT OF UNIAXIAL STRAIN

One of the few special problems for which a complete mathematical
analysis is possible under fairly general constitutive equations is that
of uniaxial strain (section 4.1). Moreover, if waves are caused to
propagate through the thickness of a material, in a slab of width
large compared with the thickness, and if the load is applied uniformly
over the surface of the slab, such waves do involve only uniaxial
strain, at least near the centre of the slab, and for times small enough
to avoid the reflection of elastic waves from the edges of the slab.
The first experiments designed to take advantage of this fact were
performed by Pack, Evans and James [1948], and subsequent
workers, ALLEN [1953], ALLEN, MAPES and MAYFIELD [1955], MALLORY
(1955], MiNsHALL [1955] and BrROBERG [1955], have used develop-
ments of their methods. So far it would seem that none of the tech-
niques used has been sufficiently refined to trace the elastic wave
reflected from the back face of the slab, or to record the changing
amplitude of the plastic wave as it reacts with this wave. Further
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experiments which would provide good evidence on these points
would be extremely valuable.

8.2. USE OF WAVES OF PLASTIC STRAIN SUPERIMPOSED ON AN EXISTING
STRAIN

Suppose a strain-hardening material could be held indefinitely at a
given state of stress and strain, corresponding to a point on the loading
curve, f(oy) = k. Then an additional plastic stress would be prop-
agated with the velocity appropriate to a plastic wave, and the com-
plication of a reflected elastic wave could be avoided. Two possible
methods suggest themselves.

8.2.1. Waves in a strip

STERNGLASS and STUART [1953] used a standard testing machine
to extend a metal strip beyond the yicld limit, and then traced the
propagation of the waves due to longitudinal impact, on an anvil
attached to the strip. They were unable to find any evidence of
plastic waves slower than elastic waves, and drew the conclusion
that a small sharp pulse travels always with the velocity of an clastic
wave. However, their experiments, admirable as they were in the
skill with which they were performed, suffered from three basic
faults, and the conclusions cannot therefore be regarded as final.
* The first, and unavoidable, defect of the technique lies in the im-
plicit assumption that there is uniaxial stress, for, as was explained
in section 3.8, this assumption is not adequate to decal with pulse
propagation. Moreover, the detailed analysis of pulse propagation in
a strip is extremely difficult, and without such analysis the experiment
can never provide definitive information about the properties of the
material. In spite of this fact, the experiment could, in principle,
give valuable guidance, for it is at least unlikely that the effect of a
pulse in a plastic strip should be exactly the same as in an elastic one.
However, in the experiments referred to, there were two other com-
plications. One of these is the unknown effect of creep. The testing
machine was strain-controlled, and the added load was small. There
was therefore a possibility that, due to creep while the various measur-
ing circuits were tested, the strip was not in fact at the elastic limit
when the pulse was applied. The third defect was that the strip used was
of commercial cold-rolled material, which might well be expected to
suffer from differential hardening across the section, so that even
though the load-extension curve was not straight at the stress at
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which the experiment was performed, the surface of the strip might
yet have been below its elastic limit.

A repetition of the experiment, but with dead load and a carefully
annealed strip would possibly be much more informative.

8.2.2. Torsion of a thin tube

A situation in which a complete elastic-plastic analysis is available
is that of torsion of a thin tube. This depends on the assumption that
the curvature of the stress-strain curve is small, but this is not a very
important restriction if the tube is thin (section 7.4.1). Some useful
information could perhaps be gleaned even from a simple loading
programme, but to get the best possible results out of the experiment
the torsion should increase slowly until the tube is plastic, and then
suddenly to show the propagation of a plastic wave. Members of the
Plasticity Division, National Engineering Laboratory, are at present
engaged on such an experiment (GREEN, PUGH and WANG, private
communication).

8.3. SURFACE WAVES

There is one other problem which can in principle be analysed
mathematically, namely the problem of a surface wave. The existence
of such waves in an elastic-plastic material can be established, and
surface waves are particularly suitable for measuring purposes. It
seems likely that the published results of BELL [1956, 1959] may be
explained on these lines, but this is a matter of current research.

8.4. OTHER EXPERIMENTS

Many of the papers quoted in previous sections contain reference to
experimental work. Other papers of some relevance are CAMPBELL
and DuBy [1956), Davies [1949], DURELLI and RiLEY [1957], HUGHES
and MAURETTE [1956], JouNsoN, Woob and CLARK [1953], LENskn
[1949] and PiroNNEAU [1953]. Davies [1953] gives a very good
bibliography. :
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Notation

The following list includes the symbols most frequently used.
Other symbols are explained in the text as introduced.

¢, c,C2 wave velocities

D/D¢ derivative following the motion
ey elastic part of strain tensor

E Young’s modulus

G modulus of rigidity

I second moment of area

k yield stress in shear

M bending moment

P hydrostatic pressure

Q shearing force

u, Ui displacement

v, V¢ velocity

w plastic work

x4 Cartesian coordinates

Y yield stress in tension

8¢ unit tensor

4 dilatation

€, Etf strain, strain tensor

€, €, &, €y principal strains, strain deviator
»® bulk modulus; curvature

A Lamé elastic moduli

v Poisson’s ratio

g, oyj, stress, stress tensor

), 0y, 0y, 0y, principal stresses, stress deviator
Ny plastic part of strain tensor
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§ 1. Introduction

The term dynamic elastic properties implies a certain restriction
on the type of measurement. Although no test procedure can be truly
described as static, it is usual to limit dynamic measurements to those
taking place in less than one second or to cylic measurements occurring
with repetition rates greater than one per second. These limits are
accepted in this chapter so that methods of measurement based on
the analysis of creep or stress relaxation are excluded.

The description of the clastic properties of a material is best achieved
by stating the values of the constants describing a generalized stress-
strain relation. For example, if the relation is a linear one, a generalized
Hooke’s Law with stress tensor o and strain tensor ¢ is apphcable;
such a relation is given by:

Gy - Cyj¢g (l)
where ¢ represent the clastic constants. By reasons of symmetry only
21 independent constants are required in the most anisotropic case;
for a more isotropic body, this number is reduced considerably and
for a completely isotropic body there are only two independent con-
stants required and all values of ¢qy are functions of these two (Love
{1927 ). However, if a simple lincar system cannot be assumed, then
the description of the elastic properties of a material in general terms
becomes very complex. HEArMoN [1956) has discussed the require-
ments of crystal systems when higher order terms are included in the
general stress-strain relation. The completely anisotropic body requires
56 constants and in the case of isotropic bodies 3 independent cocffi-
cients are required (HEARMON [1953.). When materials are clastically
deformed dynamically so that relative motion occurs between different
parts of the material, some of the elastic energy is inevitably converted
to heat and is lost from the elastic system. This phenomenon is
referred to as internal friction. The simplest way of defining the loss
is to express it in terms of the energy loss, AW, as a fraction of the
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total energy W stored in the specimen at maximum strain. When
referred to a cyclic stress or strain this ratio AW/W is called the
“specific damping capacity” or ‘“‘specific loss’”. The value of the
specific loss varies very widely for different materials, but for a large
range of materials at room temperature it is quite small. It is, however,
no longer possible to use eq. (1) to define the elastic behaviour of
the material. The simplest addition to the equation that will introduce
the concept of a loss dependent on velocity was made by Voict
[1892], while MaxwELL [1890], deriving his equation from the nature
of viscosity, introduced a term proportional to rate of change of
stress with time. However neither simple treatment adequately
accounts for the full bchaviour of even simple materials and a com-
bination of the two has been widely discussed. This has been referred
to as the standard lincar solid by ZeNkRr [1948) and its stress-strain
equation can be written

wo @y oy = ek by @
This contains three independent constants and can be more convenient-
ly written

6+n2 = Me + %) @A)

ot ol

The constants 7, and 12 are termed relaxation times and M can be
termed the clastic modulus.

A further complication is introduced by the behaviour of materials
that show markedly time-dependent elastic properties. The largest
class of these materials is probably that included in the generic name
“plastics’’. No completely satisfactory way of describing the behaviour
of such materials has yet been found. Recourse has been made to
model systems formed by combinations of springs and dashpots but
unfortunately, without extending the concept to include non-linear
springs and dashpots with non-Newtonian viscosity, no exact de-
scription can be found. The suggestion of BLAND and LeE [1955]
that the stress-strain equation be written with complex operator
coefficients

Py (%) o = Q@ (%) &) 4)

where P¢(d/df) and Q; (d/d) are polynomials in (d/d) with constant
cocfficients, is probably one of the most comprehensive.
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The simplest method of measuring elastic constants is to submit
the sample to a known stress and to observe the strain or to deform
the sample by a known amount and to measure the necessary stress.
Although some success has been achieved by such direct methods
applied to dynamic testing, there are very great difficulties in providing
suitable equipment because of inertia effects and these difficulties have
led to the use of indirect methods. Here the ease of experimental work
is offset by the difficulties in interpreting the results in terms of
elastic constants. Two main divisions of these indirect methods can be
distinguished : methods using resonance techniques, which depend on
vibration theory, and acoustic methods based on wave propagation
theory.

§ 2. Resonance Methods

The specimen, or some complex unit containing the specimen, is set
into oscillation in a known mode of vibration, and observations are
made of the response of the unit to changes of frequency. Alternatively,
the specimen may be set into free vibration and the value of the fre-
quency obtained at which the unit vibrates naturally. It is assumed
that vibrations are in some form of simple harmonic motion. This
assumption is gencrally validated by the low amplitude of the vibra-
tions that are observed. The most important mcasurcment is one of
frequency and with modern electronic techniques no difficulty is
experienced in obtaining accuracies of better than 1 in 108 (Pursky
and PyAtT [1954)). The limitations on accuracy therefore arise from
measurements of the dimensions of the vibrating unit and from doubts
about the exact theoretical relation between the elastic constants
and the observed vibrations.

The most straightforward equation of motion of particles of a body
subjected to vibration is

P = ME + 5 + EE. (5)

P is the impressed force and is equal to the sum of a term involving
mass M and acceleration §, a term proportional to velocity and an
elastic restoring force proportional to displacement, the last two
constants of proportionality being n and E. In the case of free resonance
P = 0 and it can be shown that a solution of eq. (5) then becomes

&= K exp (—'2:57;) cos (pt + p) (6)
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where $2 := E/M — n2/4M? ; K and # depend on boundary conditions.
The frequency of the free oscillations is equal to #/2x and the ratio
of the amplitude of successive oscillations is exp (n/M). The logarithm
of this ratio is referred to as the logarithmic decrement 4 and is thus
given by
e
A My ™
If the damping is small then p -> E/M and 4 == pan/E. Furthermore,
since the elastic energy stored in the system is proportional to the
square of the amplitude of the displacement, the specific loss AW/W
per cycle is therefore given by

AW H—E 26§ £

_A_~2l 7—--_2/'. 8
wooe S § *®F ©)

Thus, for small values of specific loss, measurements of the log.
decrement of free oscillations will equal half the specific loss and the
frequency of the free oscillations can be used to find the elastic con-
stant.

For forced oscillations, returning to eq. (5) we have P == Py sin $¢
and the steady state solution is

Posin (pt — 9)

g AT ©
where
72 = (5 - Mp) 2 (10)
p
and
tanézl?:p;’i—?—z. (11)

These equations are analogous to electrical circuit theory and Z is
called the mechanical impedance of the vibrating system. From eq. (9)
clearly the amplitude is a maximum when $Z is a minimum and hence

E 72
2. — _ 1
P =~ (12
This resonance frequency can therefore be used to determine the
elastic constant E, if the specific loss is small enough to be neglected.
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More information, however, can be obtained from the shape of the
resonance curve (i.e. amplitude plotted against frequency). A useful
parameter of this shape is the half width of the curve, i.e. values of
# at which the amplitude £ is half the value at resonance. If these
values are p; and . it can be shown that

22 2)3np
pi—pa= T\ (13)

Again, if the specific loss is small and AN and N are the half width in
frequency and resonant frequency, respectively, then

AN pr—pa  pi— Pg
'r_( -~ _"—ﬁ’ - ~ '2P‘2 . (14)
Then, from (13) and (12),

AN _ )3y
N S Mp (15)
From eqs. (7) and (8)
AN V3 AW
N o W (19

Thus, if the specific loss is low, the half width of the frequency curve
can be used to determine the specific loss. The term often used in
electrical circuits to define sharpness of resonance is “Q". This is
defined as

I 1 AN
Q V3 N
and hence
n 2n
Q=7 = awpw o

No specific vibration systems have been discussed in this section.
The following section is devoted to free oscillation systems and 2.2 to
forced vibration systems.

2.1. FREE VIBRATIONS

The specimen or composite unit containing the specimen is set in
vibration and then left free from external force, whilst the frequency
and the decay of the oscillations are observed. Although the solution of
(5) for free oscillations [eq. (6)], is given as an oscillation, more detailed
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examination shows that an essential condition for this is that %2 is
less than 4EM, i.e. the total damping must be kept small. Great
care must be taken to isolate the specimen completely, and it is
usual to evacuate the specimen container, if measurements of the
decay of oscillations are required. The method is of limited application
since, by definition, the sample cannot be coupled directly to any
sensitive detector. The initiation of the vibrations must be arranged
so that the transient constraint of the free mode of oscillation is rapidly
climinated and a sufficiency of free vibrations remain to allow for
accurate measurement of frequency. In the case of a composite oscil-
lator the sample under test and some known oscillator, usually quartz,
are bonded together and set in oscillation. From the known elastic
constants of the quartz those of the sample can be calculated.

The commonest application of this method is to the measurement of
the torsional oscillations of thin rods or wires. K£ [1947] has used
the method for metal wires, LETHERSICH [1950] for polymers, MEREDITH
[1954] for textile fibres and BenBow [1953] for organic glasses. The
cquipment used by Benbow illustrates the general method. The
sample in the form of a rod 2 to 6 inch long } to } inch diameter is
mounted vertically with the upper end rigidly held. The lower end
is securely bonded to a very light, single open loop of copper foil.
Very light flexible leads connect this coil to a variable frequency
oscillator, and the coil on the specimen is located between the poles
of a powerful horse-shoe magnet. A mirror is attached at the end of
the specimen so that oscillations can be followed. By adjusting the
frequency of the oscillator to resonance and then arranging to isolate
the coil by a high speed switch, the decay of free oscillations of the
rod can be followed. The frequency at which the measurements
are carried out depends on the dimensions and shear modulus of the
sample. Benbow used samples 14.8 cm and 6.6 cm in length and
obtained results at frequencies of 1200-1600 c/s and 2800-3300 c/s
depending on temperature within each range. At these frequencies
the free oscillations of the specimen are best observed by converting
the light signal by a suitable photocell circuit into an electrical signal
which can be displayed on an oscilloscope and then photographed.
At lower frequencies, as in Meredith’s work, simple observation or the
direct photographic recording of a reflected light spot on a moving
film (drum camera) is sufficient.

The chief disadvantage of most resonance methods is the limited
range of frequency that can be covered with one specimen. In a free
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oscillation method devised by BoDpNER and KoLsky [1958] this
disadvantage has been overcome. The specimen is in the form of a
long bar. The bar is suspended and fitted with coils at each end.
These coils are placed in magnetic fields, one coil acts as driving
transducer to set the bar into oscillation in the required mode;
the other coil acts as detector. By arranging the direction of the
magnetic field appropriately, the bar is vibrated in longitudinal or
flexural modes in fundamental and higher harmonics. Once the bar
has been set into vibration in the required mode, power is switched
from the driving oscillator and the decay of free oscillations followed
by the detector transducer. Since the bar is excited in only longitudinal
or flexural modes, the complex Young’'s modulus is the relevant elastic
constant in both modes and this constant has been measured over a
frequency range of 17-4500 c/s for a sample of lead.

2.2. FORCED VIBRATIONS
By coupling sume form of driving oscillator to the specimen and

observing the forced resonance of the system, a much more powerful

AMPLITUDE

FREQUENCY

Fig. 1. Effect of coupling on the resonance curve.

and versatile method of investigating elastic constants is available.
The degree of coupling can vary over very wide limits. If the coupling is
tight, the specimen and driver must be treated as a composite oscilla-
tor; it is possible, however, to make the coupling loose enough so that
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errors introduced by neglecting the composite nature of the system
are a small fraction of the experimental error. The nature of the
change in the resonance curve as a system is progressively decoupled
is illustrated in Fig. 1 taken from a paper by HiLLIER [1951]. The
simplest system is furnished by the longitudinal oscillations of a bar,
generally of circular section. Such oscillations can be excited in a bar
by using a piezoelectric transducer, a magnetostriction unit or an
electrostatic unit. The original design is due to QuiMBy [1925] who
used a quartz crystal driving unit. The specimen of similar dimensions
to the quartz crystal is bonded to it by a suitable cement or the
mating faces are ground smooth and then wrung together with a
trace of liquid (oil). The composite unit is then treated as a resonating
system and resonance curves of amplitude of oscillation, or more
usually changes in electrical impedance of the driving circuits, are
obtained. Further curves are found for the quartz crystal alone and
the performance of the specimen deduced from these observations.
If M, is the mass of the crystal, M, the mass of the specimen, f; and f
the resonant frequencies of the crystal and specimen, if vibrating
independently, and f the observed resonant frequency of the composite
unit, then
Mfi tan ("’-) + Mafs tan (”/ ) 0. (18)
h fe
From ¢q. (18) f2 can be found and from the length of the specimen /
the velocity of longitudinal waves (c1) in the specimen can be calcu-
lated:
A a1 = 2fs. (19)

Several corrections must be made to this simple theory. TERRY [1957]
has discussed errors that can arise if there is a difference in the cross
sectional areas of the driving oscillator and the specimen. If the cross
sectional arcas are .4, and {3, the velocities ¢; and ¢z, and densities
@1 and gg, then eq. (18) can be replaced more exactly by the equation

af “(af\ _
9161.’1 1 tan (-/-1-) —+ QngAz tan (7;-) =0. (20)
A further error is introduced by the presence of a cement; this can be
regarded as a third element, i.e. if g3, cs are constants for the cement
equation (20) can be rewritten

) + ewads tan (}’—2/) + gacads tan (7—3,) =0. (21)

af

e1014, tan ( A
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Terry has shown that the fractional error in the resonant frequency of
the specimen R = dfy/f2 is given by

202 ]

R - “zgf [cost0n + (22)" sineti] [ 5,

povs (22)

where 0; are written for af/fs, (i = 1, 2, 3). If, however, the specimen
size is chosen so that fi ~ fa &~ 2f then 02 — }x and cq. (6) can be
shown to reduce to

= 202 (23)

I3 being the thickness of the cement film.

A further error may be introduced by the neglect of lateral motion.
This, however, will only be important if short rods of large section
are used. BoyLe and SprouLE [1929] have shown that if [/ > 24
(d = diameter of bar) the lateral motion is negligible.

MARX [1951] has described a refinement to this method, which has
advantages if the loss in the material is to be measured. The composite

SPECIMEN
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BAR
osc
DRIVER ["]
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= =

Fig. 2. Composite resonator for longitudinal vibrations (Marx).

resonator is made in three parts, the driving crystal, the specimen and
a detecting crystal. The two crystals are matched and are first coupled
without the specimen; a calibration factor can then be obtained
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which is used later when the specimen is inserted. The circuit arrange-
ment is shown in Fig. 2 and the advantages arise from the ease with
which the decrement and actual strain amplitude can be measured
from the readings of the valve voltmeters recording the peak amplitude
of both driver and detector or gauge crystal. If 8 is the loss coefficient
equal to internal friction &« divided by frequency then

K Va
SCaEve @4
where K is calibrated crystal response parameter, m mass of composite
resonator, f the resonant frequency, and Va and 17g the maximum
(peak to peak) voltages at resonance of the driving and gauge crystals
respectively. This method has been used extensively and in particular
MARrx and SIvERSTEN [1953] have determined the elastic constants of
glass over a wide range of temperature. It can be shown that, pro-
vided 8 is not greater than 0.1, the component values of 4 in a com-
pusite resonating unit are given by

mdy ~= myuda + Mmpdyp -+ etc. (25)
If suffix s identifies specimen and q quartz crystals then

5, .. ™ — mady (26)
my
From (24) and (26), therefore, the decrement of the specimen can be
calculated.

In the arrangement used by Marx and Siversten the specimen of
glass formed part of a rod #4 in length which was compared with one
(n — 1)4 in length, only the end section being in the furnace. Then

1",6,. —_ 1nn_16,|_1
Oy -z ———— ==
Mg

Thus values of 6 for bars having values 41 and 54 would enable
decrement 4, of the specimen at the high temperature to be ascertained
without subjecting the crystal transducers to high temperature.
BAKER [1957] further modified the method to permit the specimen
to be placed under static stress. His equipment is shown in Fig. 3.
The equipment incorporates two additional steel resonators either
side of the specimen of length 44 with flanges at the centre forming
nodal sections. The static forces on the specimen are applied through
these flanges and the elastic constants measured in the normal way,
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the damping being obtained from application of (25) using the observed
decrements of the sections.

Although the modification used by Marx and Siversten described
above overcomes the difficulties of using quartz crystals at high

STEEL RESONATOR

SPECIMEN

STEEL RESONATOR

DRIVER CRYSTAL

GAUGE CRYSTAL

-

Fig. 3. Composite resonator for specimens under static compression (Baker).

temperatures, it is not always possible to obtain the appropriate
lengths of specimen, and the advantages of electrostatic transducers
become apparent. The refinements of this technique are described
by PURSEY and PyATT [1954), who used the method for measurement
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of metal crystals, and by FINE [1957), who used it to make measure-
ments to 800°C on small samples of aluminium and tungsten.

The specimen is suitably fixed by supports located at the nodal
section and the ends ground flat or suitably metalled (in the case of
a non-conductor) to provide the earth plate of a condenser. The
‘live’ plate is so mounted that its position relative to the specimen end
canbe controlled bya micrometer screw, and is also sufficiently massively
held to be regarded as static when the sample is vibrating. It is pref-
erable to polarise the condenser by a suitable D.C. potential and to
apply the driving e.m.f. through isolating capacitors. It is convenient
(as in the arrangement by Pursey and Pyatt) to monitor the resonance
by mecasuring the changes in capacity (caused by changes in the
distance between the plates, hence the amplitude of the vibrations)
by placing the condenser in an oscillating circuit of much higher
frequency than the driving force. For example, the specimen resonan-
ces can be in the range 2-250 kec/s and the high frequency detector
operate at 20-60 Mc/s. The high frequency circuit suffers frequency
modulation by the specimen resonance, the amplitude of which in-
dicates the state of resonance. The detection of this f.m. signal provides
the primary measurement, together with the modulation frequency,
of the elastic behaviour of the specimen. The method is applicable
only to specimens having relatively low damping, since the efficiency
of the coupling is low; it finds greatest application in the metal
field.

Among the more recent experimental methods of determining
elastic cocfficients by using longitudinal oscillations is that due to
THoMPsON and GLAss [1958]. It can be shown that for small values of
the internal friction such that d is not greater than 3 x 10-2, the
following relation exists between 4 the maximum amplitude of oscilla-
tion, IF the driving force, wo the pulsatance at resonance:

_V3F

4= 17(0706 3 (27)
If the amplitude of oscillation is snaintained constant throughout the
resonance curve, then clearly from eq. (27) F is proportional to é and
hence measurements of I will give values of 8. This system was used
to measure the changes in elastic constants of materials whilst subject-
ed to atomic radiation, and extra complexity in the auxiliary circuits
was derived from the need to telemeter information from the specimen
to the outside of the atomic pile used for irradiation. The basic circuit
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is shown in Fig. 4. The essential element is the inverse automatic gain
control which is arranged to maintain the amplitude of the oscillations
constant despite the resonance. The driving force is provided by an
eddy current transducer. The oscillations of the sample, as in Pursey
and Pyatt’s equipment, are detected by a capacity type R.F. distance
meter which is monitored by the A.G.C. unit. Feedback from this
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Fig. 4. Equipment for the accurate measurement of clastic constants of
irradiated samples.

unit is arranged to modify the driving oscillator, so that the input
signal to the A.G.C. unit is maintained at a constant preset level — 4
in (27). It is apparent that the time constant of the A.G.C. feedback
loop must be shorter than the decay time of oscillations in the spec-
imen if the circuit is not to ‘hunt’ or become unstable. The accuracy
achieved by Thompson and Glass is very high, measurements of the
resonant frequency can be made to 1 in 150 000 and the absolute
elastic moduli are available to the accuracy of measurement of sample
dimensions.

Flexural oscillations are very frequently used when measurements
are being made on specimens available as thin rods or bars. The mode
of oscillation is simple to generate and a large displacement of the
specimen is available for detection with only a low strain amplitude.
Among the systems using flexural vibrations a considerable amount
of work has been carried out on the vibrating cantilever, i.e. a bar
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clamped at one end. The linear elastic theory of this mode of oscillation
was adequately treated by Lorb RayLelGH [1894] and Love [1927].
The exact equations of motion are complex, involving correction terms
for the rotary inertia and for shearing forces (KoLsky [1953]). However,
provided the cross section dimensions of the bar are small compared
with the length and only the lowest modes are studied, then the
corrections become negligible and the motion is given by the simple
equation

DZy ) bl‘l:v |
o4 Y R Elﬁ“ (28)
where g is density of bar, 4 is cross section area, I moment of inertia,
I/ Young's modulus, and y is displacement of particle on axis at dis-
tance x from one end.

A solution of e¢q. (28) can be obtained for the boundary conditions
relevant to the experimental arrangement since the bar is oscillating
with simple harmonic motion. If the length of the rod is /, cross sec-
tional area /4 and density o, the frequency of the fundamental mode
fo is given by the equation

~ 4 2
k (l‘.) B (29)
2n \p 2
where % is the radius of gyration of the cross section perpendicular to
its planc of motion and z is given by (PREscOTT [1946])

1 + cosh zcos z
coshzsinz —sinh zcosz ~ (30)
If the simple elastic theory is not applicable, the treatment of the
vibrating cantilever becomes difficult, probably the most comprehen-
sive theory is that already referred to by Bland and Lee. The generaliz-
ed stress strain relation given in eq. (2) has been applied by them to
the vibrating cantilever. The method for the extraction of the elastic
constants from the observed forced motion of the rod is an iterative
one. By considering the analogy between electrical and mechanical
systems NoLLE [1948)] has derived a simpler method which is applica-
ble to a certain range of values of internal friction such that é values
(equivalent to 1/Q) are less than 0.2. HiLLIEr [1951] and Horio
and ONoaI [1951] independently showed that above this value of é the
elastic modulus as well as the value of 6 would be in error, if the
simple theory were used.
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Experimentally the method involves the excitation of the oscillations
and the observations of their amplitude and possibly phase. Equip-
ment designed by DAvies and James [1934] for use with metals,
later modified for use with polythene by Hillier, depends for the
excitation of the vibrations on a small insert of ferromagnetic material
at the end of the specimen distant from the nodal clamp. This also
forms a convenient marker for observing the amplitude of the oscilla-
tions. A combined D.C. and alternating field is applied to this insert
by suitable electromagnetic coils in order to excite vibrations, the
D.C. field polarising the field and preventing the oscillations from
occurring at twice the alternating field frequency. This method in-
troduces a high degree of coupling and it is nccessary to carry out
experiments at different values of coupling, casiest arranged by
varying the applied D.C. field, and extrapolating the resonance fre-
quency to a value for zero coupling.

For this reason other methods of exciting the oscillations have
been adopted. The simplest experimental system is that due originally
to Nolle but copied extensively (e.g. RosiNsoN [1955]).

The specimen in the form of a thin rod or bar has one end clamped
rigidly to the vibrating element of an clectro-mechanical transducer,
the other end is freec and motion of this free end is observed. Care must
be taken to ensure that only transverse modes are being excited as
any composite mode will cause interpretation of the results to become
unreliable. Robinson discusses precautions that can be taken to reduce
the possibilities of such composite modes. The complete unit is very
small and by choosing a suitable form of transducer a very wide tem-
perature range can be covered. Observation of the free end can be made
optically, by using a photocell system or by using a capacity unit similar
in principle to that employed by Pursey and Pyatt.

A third approach to the experimental method for using transverse
oscillations is due to FORsTER [1937], who devised the method for
metals, and to KLINE [1956], who adapted it for use with polymers.
In this method a ‘free-free’ bar is employed. The specimen in the
usual thin rod form is suspended from two light strings as in Fig. 5.
One string is used to feed oscillations into the bar and the other used
to detect them. A wide range of temperature can be covered since both
the electro-mechanical transducer used to drive the bar and the trans-
ducer used to detect oscillations can be outside the temperature enclo-
sure around the specimen.

The advantages of both the vibrating cantilever driven through the
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clamp and Kline's method arise from the low degree of coupling be-
tween driver and vibrating specimen. The resonant frequency ob-
served during the test can be used to calculate the elastic constants
directly, no extrapolation to zero coupling is necessary. The accuracy
that can be achieved by the method does not appear to be high.
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Fig. 5. Vibrating bar with free-free ends.

Kline quotes values of the resonant frequency fo accurate to 419
and values of 8f to + 39,. Although comparative values taken on the
same specimen as, for example, when exploring the variation in elastic
constants with temperature, can probably be obtained with somewhat
better accuracies, the method nevertheless is not the most precise
available. The advantages lie in the lack of experimental difficulties
and the method has been very widely used in investigations of the
change in elastic constants with temperature. In particular it has
been used for polymers where theories of the molecular interpretation
of the elasticity and internal friction have been tested by reference to
such investigations (WoopwarD and SAUER [1959], FERrRY [1956]).
The problem in this type of work is not so much to get accurate values
as to map out the approximate values over a wide range of tempera-
ture and chemical composition.

In all the work so far described, no consideration has been given to
the possible variation in elastic properties with strain. It is possible by
suitably controlling the amplitude and energy of the driving oscillator
to cover a narrow range with equipment so far described but a wide
range would call for very sensitive detectors. MasoN [1957] has
devised a strain intensifier based on an exponential horn transducer
unit. This unit is shown in Fig. 6. A barium titanate element, in the
form of a hollow cylinder 2.5 inch outer diameter 4.75 inch long and
with a wall thickness of 0.25 inch with a triple electrode system, form
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the basic vibrator; one set of electrodes drives the element in longitudi-
nal vibrations (along the axis), the second set forms a guard electrode
system and the third set is used for detection.

TERMINATING BAR
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|
{ SPECIMEN

BRASS EXPONENTIAL

*

BARIUM TITANATE TRANSDUCER

Fig. 6. Equipment using strain intensifier for measurements at high levels of
strain (Mason).

Non-Resonant Forced Vibrations

By careful design it is possible to include a sample in an electro-
mechanical circuit and to measure the performance of such a circuit
over a range of frequency without forcing the specimen into resonance.
The usual method is to measure the impedance of the network con-
taining the sample so that both real and imaginary components of the
elastic modulus are obtained. It is necessary to know the impedances
of all other parts of the network which cannot be assumed to be negli-
gible in this type of experiment. Usually a calibrating method is
employed whereby the specimen is replaced by a sample of known
properties, e.g. high elasticity and small internal friction compared
with the materials being investigated. One of the most accurate
designs utilizing these principles is duc to FiTzGErRALD and FERRY
[1953]. The equipment is illustrated in Fig. 7. The sample is in the
form of two circular discs and they are vibrated in shear. The apparatus
consists of a rigid metal tube wound with driving and detecting coils
suspended in a radial magnetic field so that the tube can move axially.
In the centre of the tube is a heavy cylindrical mass. The two similar
specimen discs are placed between the central mass and the tube. By
passing alternating current through the driver coils the specimens
are vibrated in shear. Great care is taken in the construction so that
no instrument resonances occur over the whole range 25 c/s to 6 kc/s.
This is checked by replacing the specimens by a rigid connection between
the coil tube and the centre mass. The specimen impedance is then
infinite and any nonlinear electrical response of the network indicates
some unwanted resonance. The equivalent circuit of the apparatus is
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shown in Fig. 8. Zmo is the mechanical impedance of the driving coil
and former, Zm is the impedance of the specimen and Zpyz is the
impedance of the floating mass and wire supports. The specimen,
in the form of two discs, is clamped by means of wedges between

FRAME
FLOATING MASS-
COIL SUPPORT
7 |

— SAMPLE DISC

sAMPLE DISC —

™ PPORT
coiL roRMER-” Ass su

\ FRAME
|_-con. FORMER
J-—spECIMEN

MAGNET —]

S

Fig. 7. Shear resonance equipment (Fitzgerald and Ferry).
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Fig. 8. Equivalent circuit of Fitzgerald equipment.
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the driving tube and the floating mass, and, depending on the stiffness
and dimensions of the specimens some distortion (barrelling) of the
shape will occur. This is minimized by choosing suitably shaped spec-
imens so that the thickness of the disc is much less than the radius.
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The equivalence of the mechanical impedance with the electrical
impedance of the coil system depends on the climination of mutual
inductance coupling between the driving and detector coils. This
is arranged by fitting guard coils which are used in the electrical
bridge circuit to balance out such coupling. It is considered that the
measurement of the electrical impedance of the network can be
made to within 0.59, over the range 25 ¢/s to 5 kc/s. The impedance
of the specimen however depends on the subtraction of the terms
due to the driving tube impedance and the smaller floating mass
impedance. The specimen thickness is therefore chosen so that at each
frequency and temperature being studied these other terms arc
minimized and no final result has an error greater than 4. 2°,. The
equipment will measure to this accuracy over the temperature range
—50°C to 150°C, frequency range 25 cfs to 5 kc/s and the range of
elasticity covered is from shear modulus values 105 to 10 dyns/cm2.
The complex part of the modulus can also be determined to the same
accuracy. The equipment has been used to study the clastic behaviour
of polymers (F1TzGERALD [1957)).

§ 3. Wave Propagation Methods

3.1. CONTINUOUS WAVE PROPAGATION

The propagation constants, velocity and attenuation, of elastic or
visco-elastic waves depend on the elastic constants and on the density
of the material as well as on the type of wave and the dimensions of the
specimen. By measuring the propagation constants therefore an esti-
mate can be made of the elastic constants at the frequency of the
waves. The advantage of wave propagation methods lies in the wide
frequency range that can be covered with a single specimen. If con-
tinuous waves are used, the amplitude of the particle displacement
must be small to prevent power absorption and consequent heating
and a lower frequency limit is imposed by the need to contain more
than one wavelength of the oscillations in the specimen.

The simplest system employing continuous wave propagation is
shown in Fig. 9. A variable frequency oscillator of sufficient power
drives a suitable electromechanical transducer which is coupled to the
specimen. The specimen is in the form of a thin, long filament or
strip. Longitudinal oscillations are generated by the transducer in the
specimen and travel down with a characteristic velocity and if the
material is viscoelastic, with a certain attenuation. A detector unit
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is moved along the filament so arranged to pick up the amplitude and
phase of the particle motion at the point of contact. The electrical
output from the detector (usually a piezoelectric crystal) is amplified
and the phase shift and amplitude relative to the input signal fed to
the filament are measured. These measurements of phase shift and
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Fig. 9. Apparatus for the measurement of longitudinal sonic waves in mono-
filaments.

amplitude are obtained as a function of the distance along the speci-
men. By having a suitably long specimen or by carefully terminating
the far end of the specimen no significant reflection will take place.
However, it cannot be assumed that no reflection occurs at the detec-
tor unit and the theory is developed assuming that partial reflection
occurs at the detector. It is further assumed that such reflected
waves do not interfere with the driving source. A comprehensive
treatment is given in papers by BaLLou and SmitH [1949] and by
HiLLier and Korsky [1949]. If the attenuation constant is «, the
wavelength of the vibration 4, then the particle displacement ¢ is
given by

= Aje-arel(wt-2n1/d) L A,earellwt+2nz/d) (3])

If the complex reflection coefficient at the detector, i.e. both phase
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and amplitude, is given by R exp (i®) then the displacement at the
detector is

[1 —2R cos @ + R%|&e lellelet .
g L= 2R co : (32)
" [ — 2Re-23t cos (® — 4al/) + R2e 4ai)t
In the type of detector used @ = 0 and 0 the phase shift relative to
the source is given by

tan 6 = (tan 2"1) 1 4+ Re-2al

A I —Re-%at - (33)
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Fig. 10. Amplitude-distance relation for partially reflected longitudinal waves.

The amplitude of the signal received is proportional to & and is
al
Ve . Ke (34)
[1 — 2Re-2a cos (@ — 4nljd) + Ree-dat)}’
If « is greater than 0.23 and / greater than 10 cm then
V ~ Ke-a (35)
a result obtained with rubber samples by NoLLE [1948]. If, however,
o« is not large the form of (34) is shown in Fig. 10. It is convenient to
consider the maximum, Vmax and minimum, Vg, values of this
function which are separated approximately by values of / given by

cos (@ — 4nljd) = + 1. (36)
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If R :-: e2f then

S
mex = 3 5inh (ol + B) @)
K
™It 7 2 cosh (ol + f)
and hence
Vimsx _ tanh (al + ). (38)
Vmin

It is therefore possible to calculate & by obtaining the ratio of the
envelope curves Vmax/Vmin and plotting tanh—1(V max/V min) against
! when the slope of the resulting straight line is equal to & and the
intercept f. I'rom cq. (33) it can be seen that, for large values of /.
Re-2al > (0 and thus

2nl
0~ —. (39)
i
PHASE @
DISTANCE (
Fig. 11. Phase-distance relation for partially reflected longitudinal waves.

A typical plot of 6 against / for polythene which has a moderate value
of « at the frequency used (around 2 kc/s) is given in Fig. 11. It can
be seen that the relation between 6 and [/, after initial oscillations at
low values of /, becomes a straight line as / increases with a slope of
2n/A.

The method can be used for any materials which can be produced
in the form of thin wires or filaments, provided that the attenuation
factor is neither too high (when no progressive wave is propagated)
nor too low (x < 0.001) when reflections at the detector and at the
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end of the specimen interfere. An accuracy of + 19, can be obtained
for the propagation velocity and about + 59, for the attenuation
coefficient.

In the study of the propagation of continuous waves, instead of
using piezo-electric detectors it is possible to utilise optical phenomena
associated with the passage of elastic waves through transparent
solids. If the wavelength of the elastic waves is less than the width of a
coherent light beam, then the alternate rarefactions and compressions
caused by the elastic wave in the material, act in the same way as a
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Fig. 12. Optical equipment used to measure the propagation constants of
' ultrasonic waves.

grating and a diffraction pattern is formed. This pattern can be meas-
ured and its dimensions can be used to obtain the elastic wave
constants nf the material.

In the simplest case the elastic solid is an isotropic transparent
material, e.g. ordinary glass. The apparatus is shown in Fig. 12. A
condenser lens L produces an image of the source S on a pinhole P.
From this secondary source the lens Lg produces a parallel beam of
light which is passed through the specimen. A further lens Ls is used
to produce an image of the pinhole at A. The specimen is excited with
high frequency vibrations at right angles to the light beam, Q. In the
steady state a system of three-dimensional standing waves will exist
in the specimen, caused by multiple reflections from the boundaries.
On the screen at A two diffraction rings are observed due to shear
waves and bulk waves respectively. If 7 is the radius of this ring,
4 is the distance between the centre of the specimen and the screen,
Ao the wavelength of the light, ¢ the density of the specimen, and f
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the frequency of vibrations, then x the shear modulus is given by
the equation

2
u=(A2lY. (40)
BERGMANN [1954] discusses the more elaborate patterns observed
when anisotropic materials are used.

If the specimen is so arranged that no large reflections take place, and
continuous progressive waves are passing through, then a further
elaboration of the technique is necessary. This is also shown in Fig. 12.
The screen is moved to position B and the lens L3 adjusted to provide
on the screen an image of the wave pattern in the specimen. The
undiffracted beam is blocked at the plane A. This arrangement is
called a Schlieren method and, if stroboscopic light source is used
synchronised with the source of elastic waves, a pattern corresponding
to these waves is seen on the screen (GracominI [1947)).

@S PIEZO ELECTRIC TRANSDUCER
I~ SPECIMEN S

Fig. 13. Equipment for the measurement of the elastic constants of crystals
by ultrasonic waves (Bhagavantam).

An indirect method is preferred which eliminates the need for
stroboscopic light source but uses a shaped specimen. BHAGAVANTAM
[1955] has used such a method in a study of the elastic constants of
crystals. His method is illustrated in Fig. 13. The piezoelectric genera-
tor is shaped as a wedge of gradually increasing thickness, so that
on applying a variable frequency oscillating voltage to the surface
electrodes, only the point of the crystal corresponding to the correct
thickness will be excited (together with harmonic sections). The sam-
ple, S, being measured is cut in the form of a thin plate of the appro-
priate orientation required and cemented or oiled on the wedge. The
composite unit is then mounted so that the lower face of the sample
is just immersed in a liquid bath. The beam of ultrasonic waves from
the transducer Q passing through the sample is then transmitted
through the liquid. The wave pattern in the liquid is observed by
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the diffraction method and used to calculate the propagation in the
crystal sample. Bhagavantam claims that the method yields results
accurate to 59, in the frequency range 1-12 Mc/s. The method can be
used on polycrystalline material if it can be compressed into a non-
porous block. There are limitations on the method imposed by the use
of a liquid which must not attack the substance under test, and an
upper limit exists on the temperature of testing, since the liquid
must be free from convection currents in order to preserve the defini-
nition of the diffraction pattern.

3.2. PULSE PROPAGATION METHODS

If, instead of sending continuous waves through a specimen and
observing the relative phase shift as a function of distance, a short
pulse of high frequency oscillations is transmitted, the transit time
of the pulse can be used to determine its velocity of propagation. The
attenuation of the amplitude of the pulse will measure the loss in the
material.

In the interior of an elastic solid two types of wave propagation
are possible: these are normally referred to as dilation and distortional
waves. In a linearly elastic isotropic body the velocity of propagation
of these two types of waves, denoted by C; and C; respectively, can
be expressed in terms of the Lamé constants 4 and x and the density g:

A+ 2u\d
C1=(_+9_E) (41)
co 3

In anisotropic materials the propagation velocities are considerably
more complex and will vary with the direction of wave front relative
to the axes of the crystal. HEARMON [1956] considers this problem and
reviews the work reported on the relations between wave propagation
velocities and elastic constants. In any specimen that is used for
measurement it is not possible to consider the propagation as occurring
in an infinite solid of the material. The boundaries of the specimen
must be considered and the effect that these have on the propagation
of waves is considerable. DAviEs [1948] and Korsky [1954] have
discussed this and give expressions for the propagation constants for
specimens in the form of cylindrical bars.

The equipment for measuring transit times and attenuation of
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clastic pulses is derived from that developed intensively during the
Second World War for radar and sonar detection. As a result of this
war-time activity, very reliable and accurate electronic circuits have
become available for obtaining transit times in the range 1-104
microseconds. A block diagram of a typical design of equipment for
measuring the propagation constants is shown in Fig. 14. The display

COMPARATOR AF PULSE
OSCILLATOR |

4

CALIBRATED
AT TENUATOR

JV
lswircune PULSED AF AN en
= >
:cmcuvr ' TRANSMITTER [o) o o

TRIGGER|

RECEIVER

DELAYED TRIGGERL-ClLLOSCOPE

Fig. 14. Standard pulse equipment for determining transit times and attenuation
of short pulses.

oscilloscope provides trigger pulses at a regular low frequency through
a switching unit to the pulse transmitter, and this sends short, steep-
fronted pulses of cnergy to the transducer, generally a piezoelectric
element. These pulses cause the element to vibrate for short times
and to transmit short trains of elastic waves into the specimen. The
reflected waves from the specimen are converted in the transducer
to electrical signals, which, after amplification in the receiver, are
displayed on the oscilloscope. Circuits are incorporated to suppress the
generator pulse, which might otherwise swamp the receiver, and also
to provide time marker signals from an accurate crystal controlled
oscillator. In Fig. 14 other auxiliary circuits are shown to provide a
comparison pulse, which is displayed alongside the pulse received via
the specimen. By using the calibrated attenuator shown, the com-
parison pulse is matched in amplitude with the specimen pulse, and
hence the attenuation occurring in the specimen can be accurately
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measured. Sometimes a separate receiving transducer is employed,
so that transmission through the specimen without reflection is studied.

One of the great advantages of this method derives from the com-
pact nature of the equipment so that very small specimens can be
measured. It has therefore been widely used to measure the elastic
constants of single crystals. A disadvantage arises from the readiness
with which complex modes of transmission may occur. This is caused
in part by the generation of two waves, onedilatational, the other dis-
tortional at any reflection with a boundary. The transducer gencrating
the wave packet in the specimen can be regarded as a piston source,
so that both plane and spherical waves are produced (Robirick and
TrurLL [1952]). The tracing of the subsequent path of these, until
they affect the receiving transducer or return to the original one, can
become difficult, and the interpretation of the results on the oscillo-
scope may be ambiguous. Some of these difficulties can be overcome
by changing the geometrical form of the specimen, thus altering the
path length of the various reflected waves and therefore changing the
transit times.

By a suitable choice of generating transducer cither distortional
(shear) waves or dilatational waves can be sent into the specimen. If
shear waves are required, however, the transducer must be coupled
to the specimen in such a way that shear stresses can be transmitted
across the interface. This is normally achieved by using a cement or
adhesive film of some form, but MAsoN [1947] has shown that highly
viscous liquids such as heavy oils or liquid polymeric materials can
be used. The interface between the transducer and the specimen
presents most of the experimental difficulties associated with the use
of this method. Care must be taken to grind flat mating surfaces on
the transducer and the specimen and thin films of liquid, or a free
flowing cement, must be placed between the surfaces. Even so,
reflections will occur at the interface and attenuation of the pulse
will take place. This attenuation is not readily measured and is not
very reproducible. The easiest way of providing relatively reproducible
interface conditions is to immerse the whole unit in a suitable liquid
bath. This serves two other functions: it provides efficient insulation
for the high voltage pulses driving the crystal transducer, and it
makes temperature control of the specimen easier. Care must be
taken to remove all the gas bubbles from the surfaces and the tem-
perature range must be restricted to avoid bubbling in the liquid.
Recently, McSKIMIN [1959] has described equipment to increase the
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temperature range by using molten metal as the coupling fluid.
Fig. 15 shows the form of the equipment.

By taking advantage of the propagation of low loss materials
such as quartz, the specimen can be isolated from the transducer,
though care must be taken to reduce extra reflections which would
confuse the signal received. MCSkIMIN [1959] has described the use
of a silica buffer rod for this purpose. This rod is cut with a screw
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Fig. 15. Modification of pulse propagation equipment for use at high tempera-
tures using molten metal as coupling medium.

thread on its surface so that mode conversion reflections are presented,
because the incidence angles are greater than the critical values.
FFurthermore, the rod is tapered on to the specimen which considerably
reduces the reflection at the buffer rod/specimen interface. Fig. 16
shows a diagram of the arrangement. Using a silicone oil as the coupling
medium, this buffer rod technique has been effectively used up to
temperatures of 350°C. By combining the use of molten metal with
this buffer rod technique, it is expected that temperatures above
550°C will be attained.

By specially shaping the specimen and taking advantage of the fact
thatadilatational, orlongitudinal, wavegeneratesbotha dilatationaland
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a distortional wave on reflection, mode conversion can be used to
enable shear elasticities to be obtained without the need for elaborate
coupling fluids or cements. This avoids uncertainty in transit times
arising from such interfaces. ARENBERG [1948] has developed the
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Fig. 16. Modification of pulse propagation equipment for use at high tempera-
tures using silica rod as coupling medium.

theory and techniques have been described by Baronk [1951]) and
McSkimin [1959]. In Fig. 17 the use of a specimen cut to a parallelo-
gram section to measure the velocity of shear waves is shown. If Vi is
velocity of longitudinal waves and Vs that of shear waves then

(:%)2 = sin2 o + (V.(nozgﬁfb_/&z_) — j—) — cos oc)z . (42)

In eq. (42) fo is the pulse repetition frequency at which echoes tra-
versing the specimen and reflected from the first face are in phase,
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@, is the total phase shift suffered by the beam at all reflections. If
@, is independent of f then

D fo

2n — Af (43)
where Af is the frequency difference between fo and the next pulse

no —

Fig. 17. Shaped specimen for obtaining values of the transverse velocity
without coupling media.

repetition frequency at which phase coincidence occurs. A second
method is illustrated in Fig. 18 where the specimen is cut in the form
of a right angled prism. The longitudinal input wave at an angle 6 to
the hypotenuse is split into two shear waves in the prism, the refracted
longitudinal beam being of zero amplitude. By choosing 6 correctly
the shear waves strike the opposite faces of the prism normally and
are returned along their own path. The specimen size can be very small
and it is easy to cut the prism in such a way that propagation in spe-
cific crystal directions can be studied, e.g. (100) or (110) in a cubic
crystal.

Accurate measurements of the transit time depend on a clear in-
dication of some characteristic point on the oscilloscope display of
the pulse. It is not difficult to design electronic circuits to reshape the
the reflected pulse so that a clear and definite point is available.
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Eros and REI1Tz [1958)] have shown however that this process only
reduces the amount of necessary information that can be obtained
from a careful study of the pulse shape after suffering transmission and
reflection. Fig. 19 shows the type of degeneration of the pulse shape

-

Fig. 18. Shaped specimen for obtaining values of the transverse velocity
without coupling media.
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CONSECUTIVE STRESS PULSES IN THE QUARTZ
Fig. 19. Change in shape of pulse signal after multiple passages in quartz.

that occurs. In their work on the evaluation of the dynamic elastic
constants of single crystals of potassium chloride and sodium iodide,
they obtained multiple echoes and used very wide band detector
amplifiers to preserve as much as possible of the change in shape of
the pulse. They claim accuracies of measurement of + 0.5%,.
Although absolute measurements of the elastic constants are
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not obtained so accurately, the pulse propagation method will yield
very high accuracy if used for comparative measurements on the
same specimen, e.g. over a range of temperature. In this type of equip-
ment, sometimes erroneously called an interferometer, two matched
units are used. One specimen is placed in a constant temperature
enclosure and the other is varied as required. Signals from both units are
added and rectified. The changes in velocity Av/ve are obtained from
mecasurements of the time delay between the pulses. The measure-
ments depend rather critically on having exact matching of the units;
in particular, the specimens must be plane parallel to within 5 x 10-5
radians, of the same thickness to 104 cm and be mounted on the crys-
tals by similar cement films. The accuracy of the comparative
measurements is then very high; changes in velocity of propagation
as small as 5 > 106 cm/sec can be detected (EspiNoLA and WATERMAN
[1958]).

These pulse propagation methods have been very widely used to
measure the elastic constants of single crystals, especially of metals.
GrANATO and LUcke [1956] summarized the data existing at that time
and they concluded that the method was generally more accurate than
the definition of the crystal being measured. That is, the direction of
wave propagation in the specimen is not sufficiently well defined and
the state of the specimen with regard to annealing etc. is not sufficiently
reproducible to take advantage of the accuracy of the elastic measure-
ments. FisitkR and McSKIMIN [1958] have made the same point in
their paper on measurements made on x-uranium in the frequency
range 50-180 Mc/s. Values for ¢y, 13 and cgz (see eq. (1)) are given at
25°C as 2.147 40.14%, 0.218 4 1.59, and 1.986 4 0.14%, all units
being dyne/cm?. They point out that with accuracies of this order the
method could be used to calculate the orientation of crystal faces with
greater precision than the usual Laue method based on X-ray diffrac-
tion.

The small compact size of the equipment necessary to make measure-
ments by pulse propagation methods makes it very suitable for esti-
mates of elastic constants on samples subjected to static stress.
BERGMANN and SHAHBENDER [1958), for example, have measured the
change in the propagation constants for longitudinal and shear
waves in aluminium subjected to high static stress. The sample of
aluminium is set in the loading jig and suitable crystal transducers are
fixed to the specimen to generate longitudinal and shear waves both
perpendicular to and in a direction parallel to the applied static stress.
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In order to improve the accuracy of the comparative measurements, a
similar aluminium sample with equivalent transducers is used unloaded
to provide reference propagation times. Similarly SINGH and NoLLE
[1959] have studied the effect of hydrostatic pressure on the pro-
pagation of elastic waves in the polymer poly-isobutylene. They
transmitted pulses through an immersion fluid which did not swell the
polymer in the range of temperatures (—20°C to 80°C) studied. The
thin samples were placed in the liquid and reflections from the faces
of the specimen used to obtain the velocity of longitudinal waves. The
attenuation was also measured. The unit was so built that hydrostatic
pressure to 9000 Ib/sq.in. could be applied. It was found that such
pressures affected the propagation constants in the polymer.

3.3. LARGE AMPLITUDE PULSE METHODS

If a sufficiently large strain pulse can be generated in a specimen,
the propagation of this pulse can be followed by more direct methods.
If the sample is transparent and exhibits photoelastic properties,
equipment can be designed, using polarised light and high speed
photography, to display the passage of the waves (CHRISTIE [1952]).
Suitably intense waves are most readily generated by the detonation
of small high-explosive charges. The detonation is arranged to start
the high speed photographic equipment with a suitable delay to
allow the elastic waves to travel into the specimen. Christie used a
multiple spark camera after the design of ScHARDIN [1950] and the
timing of the spark light sources was recorded on an oscillograph
by means of a photocell. The time intervals were recorded accurately
to 0.1 microsecond, so that the method affords a fairly accurate
method of measuring the propagation of stress waves in transparent
materials. FEDER [1956] has described similar work though using
a high speed cine camera to record the passage of the waves. Christie
observed the dilatational wave travelling through the material with a
spherical wave front followed by slower transverse waves generated
by distortions of the top edge of the specimen near the explosive
charge. Feder used different shaped specimens in which one or other
modes of propagation would dominate. Fig. 20(a) shows the long
narrow specimen used to observe longitudinal waves and 20(b) the
broad specimen used for the observation of transverse waves. In the
second arrangement a dilatational wave must precede the transverse
wave but most of the energy is contained in the transverse component.

If the material is not transparent, the passage of elastic waves
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can normally only be followed by the surface displacements, though
ScHALL [1958] has described the use of X-rays for this purpose. The
changes of surface displacements can be observed directly by optical
magnification, by using bonded wire strain gauges or by using capacity
displacement meters, often called condenser microphones. KoLsKy
[1954) has described equipment in which specimens in the form of

EXPLOSIVE
Wc’ CHARGE ™ ———

«— SPECIMEN —,

(a) (b)
Fig. 20. Shapes of specimens used in observing (a) longitudinal and (b) transverse
stress waves arising from detonation of an explosive charge.

cylindrical bars are used. Suitable waves are generated at one end
of the bar by the detonation of a small explosive charge whilst a
condenser microphone at the other end records the successive arrival
of pulses travelling in the specimen in the several modes. The fastest
wave travels as a pure dilatation wave. If the ratio of length of cylinder
to radius is low, about unity, this first pulse can be easily distinguished
from the second pulse which is reflected once from the surface of the
cylinder and is still purely dilatational throughout. The third pulse
is that which travels partly as a distortional, or shear wave; this
pulse has the same path length as the second pulse being derived by the
shear wave generated with a dilatational wave at the reflection at the
cylindrical surface. HuGHES, PoNDROM and MiMs [1949] used a
similar method generating the pulse however by piezoelectric crystals.

§ 4. Direct Stress-Strain Measurements

It was mentioned in § 1 that direct methods of obtaining stress-
strain data in dynamic tests were difficult. These difficulties can be
attributed to inertia effects in the measuring apparatus. As the rate
of loading is increased, the acceleration of any moving parts of the
equipment requires forces comparable, or even greater than those
necessary to deform the specimen, so that the determination of the true
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applied stress is not accurately known. TAYLOR [1946] has discussed
these difficulties and described techniques by which they could be
surmounted. The basic unit employed in these methods is a long
cylindrical bar hung as a ballistic pendulum. VOLTERRA [1948] used
a photographic method for recording stress and strain in the specimen,
whereas later workers have used electrical methods. In the work of
Taylor and Volterra onc bar was hung freely with the specimen under
test in the form of a short cylinder of the same diameter as the bar
in contact with one face. A second bar suspended in the same manner
as the first was swung against the specimen which was thus compressed
between the two bars. The specimen length changes were obtained
from a photographic record made with a high speed camera and the
stress-time relation obtained from the motion of the steel bar initially
at rest. The stress-time curve is obtained by double differentation
of the displacement-time curve of the end of the bar in contact with
the specimen, obtained from the photographic record. Thus stress-
strain curves for the loading cycle can be obtained. SkN1OR and WELLS
[1946] and later FRocHT and FLYNN [1956] have used photoclastic
methods employing transparent bars and photographing the passage
of the stress wave by means of spark or streak cameras. Certain assump-
tions about the nature of the stress-optic law are made in this work
especially the invariance of the photoelastic constant with time.

KoLsky [1949), using a method similar in principle to that of
Taylor and Volterra, has improved considerably on the precision of the
measurements. His equipment is shown in Fig. 21.

A pressure pulse is produced by a detonator fired against a replace-
able hardened steel anvil on one end of the long steel bar. The pressure
pulse travels down the bar and compresses the disc-shaped specimen
placed between the end of the bar and a second, sho~!er extension bar.
A well-fitted collar holds the specimen and extension bar in position.
The surfaces of the bars are ground flat and the flat surfaces of the
specimen are lubricated with a thin layer of grease to allow free
lateral movement. The amplitude of the pulse before reaching the
specimen is measured with a cylindrical condenser microphone. The
pulse, after travelling through the specimen and the extension bar,
is measured by a parallel plate condenser microphone. The inertia
switch preceding the microphones triggers the time base of the double
beam oscilloscope. The output from the two microphones, suitably
amplified with high gain pulse amplifiers, is displayed on the oscillo-
scope together with time marking traces. Since only a single sweep
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of the trace occurs occupying a few microseconds, the oscilloscope
trace is recorded photographically. The microphone at the end of the
extension bar gives a record of displacement &; as a function of time,
&3(¢). From this the stress oa(¢) can be calculated from
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Fig. 21. Davies-Hopkinson bar as used by Kolsky in measurements of
stress/strain properties at very high rates of loading.

The stress-time relation for the main bar is ¢1(f), which is derived
from the cylindrical microphone.

A more exact measure can be obtained from subsidiary experiments
without either specimen or extension bar and with the parallel plate
microphone on the end of the main bar. The end of the specimen in
contact with the main bar suffers a displacement due to the incident
pulse, and also due to the reflected pulse returning from the end of
the extension bar. These two components are given in equations 45(a)
and (b) respectively while 45(c) gives the final displacement-time
relation for this face:

elc | :al(t)dt (452)
1 ¢

oc /o [o1(8) —ox(tat (45b)
L1 201(t) — oat))tt . (45¢)

ec’o
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The displacement of the face of the specimen in contact with the exten-
sion bar derives only from the pulse in that bar and is therefore

1 ¢
% f ot

The change in dimension of the specimen is thus

2

— t) —ag(t)]de . 46

oc Jo 1) — 2] (46)
If the specimen can be regarded as short so that the stress is the same
throughout at any instant, then from eq. (44) and writing

a() = = [l

the strain-time relation for the specimen is given by
1
5 [61() — (1) (47)

where b is the thickness of the specimen.

There is a correction to be made for the radial kinetic energy of
the specimen and this is discussed by KoLsky [1949]. Direct stress-
strain relationships can be obtained for a variety of materials in the
form of thin discs. It has been used by Kolsky to determine the effect
of rate of loading on stress-strain behaviour for several high polymer
materials, polythene, rubber etc. and also for copper and lead. By
varying the thickness of the specimen a small range of rate of strain
application can be obtained. The time of loading is normally about
20-40 microseconds. Although Kolsky and Davies (DAVIES [1956]) used
capacity displacement gauges, other workers have used wire resistance
gauges and optical means. KRAFFT, SuLLIVAN and TIPPER [1954]
have used the arrangement shown in Fig. 22. One steel bar is used to
transmit a pulse into a steel anvil on to which is bonded a resistance
wire strain gauge bridge network. The specimen is placed between
this anvil and a second similar one also carrying strain gauges. This
second anvil is followed by a further long bar which prevents rapid
reflection of the pulse. } inch diameter bars were used and pulses
about 65 microseconds were generated. In the first five microseconds
the stress builds up; it is constant for about 55 microseconds and
decreases for 5 microseconds. Means were provided for varying the
temperature over the range —200°C to 100°C and the dynamic stress-
strain curves of mild steel were studied. In a slight variant of this



238 MEASUREMENT OF DYNAMIC ELASTIC PROPERTIES [CH.V, §4

method ArTER and Curtis [1956] studied the properties of lead
at high rates of loading. Steel bars were used for generating the stress
pulse and to remove the transmitted pulse from the specimen. The
resistance wire gauge was placed on the specimen itself. The impact
bar producing the stress pulse was constructed with a diameter step
in it so that a double pulse was applied to the specimen. It is therefore
possible by using the arrangement to investigate the effect of strain
amplitude on the properties of the material.

GUN LOADING BAR
SPECIMEN TERMINATING BAR

ﬁ—v/

INPUT LOADING ANVIL SUPFORYING ANVIL

WIRE STRAIN GAUGES

Fig. 22. Bar as used by Krafft ef al. using wire strain gauges.

J. F. BeLL [1956] has devised an optical method of amplifying
the displacement of the stress bar. The material that he studied was
anncaled aluminium. A grating was ruled on the surfacc of the bar
with a line spacing of 8300 lines/inch and a total length of 0.03 inch.
The experimental arrangement of the detecting system is shown in
Fig. 23. The grating was illuminated by monochromatic light from
a filtered mercury arc source through a ‘V’ shaped slit. A cylindrical
lens with the axis of the lens parallel to the grating was used to focus
the diffracted beam on to a photocell. By using a cylindrical lens in
this way only angular changes of the surface of the aluminium bar
were detected by the photocell; linear displacements not being focused
by the lens. The stress pulse was provided by projecting a shorter,
larger diameter bar at the specimen bar. The photocell amplifiers of
suitable wide frequency response were fed, in the usual way, into an
oscilloscope. A modification of this method has been suggested by
Bell where the surface of the bar can not be ruled directly. Small
replica gratings can be mounted on the specimen bar in the same way
as resistance wire gauges are mounted. Such gratings are of no larger
size than gauges and the use of such replica gratings would widen
the scope of the method considerably. In the work reported by Bell
he claimed that the total error in the dynamic constants would be
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not greater than 4 5 9%,. Two advantages can be attributed to this
optical method. As with the use of capacity gauges no secondary effect
is utilised, e.g. the change in resistance with strain, so that no possible
time dependance of this property is neglected. The second advantage
claimed by Bell is the readiness with which the method can be used
for large strains (up to 89,). Both capacity and resistance wire gauges

PHOTOMULTIPLIERS

/ V or RECTANGULAR SLITS
UNIFORM LIGHT
FIELD
N AB and C are
c A cylindrical lenses
SPECIMEN
- v [ MASS
L- <
GRATING

Fig. 23. Bar employed by Bell using optical gratings.

would be difficult to design to cope with such a large strain. Another
method of detecting the passage of stress pulses propagated axially
in long bars of the test material has been described by RAMBERG and
IrwiNnG [1957]. This method depends on electromagnetic induction
and can only be applied to non-magnetic materials. A small coil of
wire is bonded to the bar and is arranged to be near one pole of a hollow
cylindrical bar magnet. Resistance wire strain gauges are bonded on
the bar to provide records of strain and strain gradient in the bar.
The bonded coil is used to record the particle acceleration by recording
the induced e.m.f. Ramberg and Irwin rcported great difficulty in
maintaining the equipment stable and reproducible and the method
cannot be recommended. MikLowITZ and NISEWANGER [1957] studied
the propagation of stress pulses in aluminium alloy rods 1 inch diameter.
They employed a ‘shock’ tube to generate the pressure pulse. This
arrangement consists of a hollow tube at the end of the specimen rod
in which a gas mixture is ignited electrically. Conditions of gas pressure
and mixture are chosen so that the advancing gas flame front becomes
more abrupt and reaches the specimen boundary as a shock pulse.
This method of generating a pulse in the specimen bar is extremely
reproducible if care is taken to control the gas mixture. Miklowitz
and Nisewanger were able to measure axial strains in the bar in one
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set of experiments using bonded wire strain gauges and radial strains
in a second set using a cylindrical condenser microphone. The experi-
mental arrangement is thus simplified and dangers of cross modulation
between amplifier channels avoided. In the experiments performed
by Kolsky and his associates specially prepared electric detonators
were used in which the explosive charge had been carefully weighed
and packed in small increments. The reproducibility between experi-
ments though quite high could not have been relied on to the extent
that the shock tube could. \

Several experimenters have obtained dynamic elastic constants by
using conventional methods with suitable precautions to avoid
spurious results caused by inertia in the measuring equipment. Schiefer
and his colleagues (STONE, SCHIEFER and Fox [1955]) have successfully
tested textile yarns at strain rates to 8000Y,/second. The yarn speci-
men was about 0.67 metre in length and was fastened into a metal
head mass and a smaller tail mass. The yarn was positioned in an
extended form in a transparent tube and equipment was arranged
to provide high speed cine records of the motion of both head and
tail masses, so that the images of each appeared on the same frame of
the film against suitable scales. The head mass was set into motion by
impact with a heavy flywheel travelling at high rotational speed and
the subsequent displacement-time data for both ends of the yarn
specimen were obtained from the cine records. By double differentia-
tion this data could be converted to acceleration-time records and
thus from the known weight of the masses the stresses could be
calculated. Stress-strain curves for specimen in both loading and un-
loading could be obtained. At the high speeds of the head mass (40
m/s) there is an appreciable time lag between the application of the im-
pulse and the reaction at the tail end. This is caused by the propagation
of the stress wave along the specimen. A correction to the stress/time
relation for the yarn must be made to allow for this, and even so the
results really describe only the average behaviour of the material
over its whole length. In the experiments reported, the error in the
maximum average strain by ignoring wave propagation amounted to
only 2-3Y,.

A direct method of a different type is that described by MARVIN,
ALDRICH and SAcH [1954). They were interested in the dynamic bulk
modulus of rubber and subjected the rubber sample to an alternating
hydrostatic pressure while measuring the corresponding changes in
volume. This is most conveniently carried out in a fluid contained in
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a very rigid vessel which it fills completely. The fluid must have low
viscosity and very low or zero shear modulus at the frequency of the
test. Light paraffin oil fulfils these conditions. The generator and
detector are piezoelectric crystals cut to oscillate with net volume

-———DETONATOR

EXPLOSIVE LENS

—t——HIGH EXPLOSIVE

| +]— SPECIMEN PLATE

GAS TIGHT_____|
ENCLOSURE

v
H TRIGGER PULSE
+ PINS

SIGNAL

MIXER > SCILLO -
CIRCUIT GRAPM

1 ]

Fig. 24. Equipment using plane waves generated by shaped explosive charges
to measure compressibility (Goranson).

change in the cycle. Difficulties arise from gas bubbles which are most
conveniently eliminated by placing the whole vessel under a static
liydrostatic pressure of about 100 kg/cm2. The apparatus is calibrated
by inserting a specimen of steel into the fluid and assuming that the
value of bulk modulus is the same at the frequency employed, 10 000
c/s, as when measured at low frequency. The sample of rubber is then
inserted and measurements of bulk stress and strain at the high
frequency obtained. Marvin, Aldrich and Sach report the existence of
a hysteresis loop thus indicating the presence of a complex bulk
modulus. Another method of tackling dynamic compressibility is that
due to GORANSON [1955]. In this method a special shaped explosive
charge is used to provide a plane stress wave on the surface of a
specimen plate. A piezo crystal transducer is used to measure the
pressure profile and the displacement of the plate is measured by
timing the motion of the back surface with a spaced pin array in a
non-ionizing gas (propane). The equipment is shown diagrammatically
in Fig. 24. The method has been used to provide data on armour
steel plate to pressures of 0 3 megabars. It is claimed that the velocity
of the plate surface can be measured to + 0.59, accuracy by the
spaced pin array.
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§ 5. Conclusions

In this article a very wide range of methods and materials has been
considered. No one method can be considered to be outstanding but
with careful attention to detail methods are available for most materials
that will provide values for dynamic elastic constants with accuracies
better than 19,. This accuracy is sufficient to indicate generally the
major errors in the theoretical interpretation of the results and at the
present time it appears that experimental data i is in advance of com-
prehensive theory. It has also been shown that in many cases, especially
with metals and crystals, existing methods of measuring dynamic
clastic constants provide the most accurate method of defining the
orientation and comparative physical state of the specimen. Here
again further advances would appear to be needed in the specification
of the specimen.
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§ 1. Introduction

An essential component of techniques for handling boundary-value
problems in continuum mechanics is the study of surfaces of dis-
continuity in the dependent variables and their derivatives. These
surfaces may be isolated or may be characteristic in the full sense;
they may be stationary or propagate as waves. The subject is fasci-
nating, yet difficult and with far-rcaching ramifications. It will
undoubtedly become of major importance in the immediate future
with the advent of new branches of solid mechanics and the re-organi-
zation of old ones.

However, incisive analytic tools for treating gencral discontinuities
arc far from wellknown, nor does there appear to be any comprehensive
recent account. The main sources are Hadamard’s monumental classic
of 1903, now largely forgotten; an attractive, though limited, little
book by Levi-Civita in 1932; and an extended series of valuable but
not easily read papers by Thomas from 1953 onwards.

The present moment calls urgently for a unified and detailed
exposition of the basic analysis. It is the purpose of this article to
provide one, in as simplified a form as the intrinsic difficulty of the
subject allows. A variety of applications in clastic and plastic solids
are also surveyed in order to illustrate methods of attack. Much of
this is new and has not been published before: for example, the
flexible treatment of derivatives of discontinuous functions (section 3);
a more detailed discussion of kinematic relations at a shock wave
(section 4); the use of the unsymmetric tensor of nominal stress in
connexion with discontinuities of stress-rate (section 5); a general
formula, (33a,b,c), relating the jump in nominal traction-rate with
the jump in stress and the specd of propagation of the discontinuity
surface; a formula, (36), for the jump in strain across arbitrary dis-
locations in isotropic elastic solids; an improved and generalized
analysis of quasi-static discontinuities in rigid/plastic solids with
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arbitrary anisotropic convex potentials (section 7), including an
extended uniqueness theorem allowing for stress jumps.

§ 2. Hadamard’s Compatibility Relations

The standard work on discontinuity surfaces in continuum mechanics
is HADAMARD's superb ‘‘Legons sur la Propagation des Ondes et les
Equations de I'Hydrodynamique’ [1903]. Some essential ideas had
been supplied earlier by Riemann and Hugoniot, but the main develop-
ment, elegant invariant formulation, and pioneeting applications to
elastic solids and perfect fluids are due to Hadamard. Since his analysis
cannot even now be considered wellknown, we begin with a résum¢ of
certain results relevant to the present article.

2.1. DERIVATIVES OF A FUNCTION DEFINED ON A SURFACE

Let f(x/) be a function of curvilinear coordinates x/ (j = 1, 2, 3)
which is required to satisfy the following conditions on a (curved)
surface £ and in a certain open neighbourhood N on one side: (a) f is
constant on X, (b) / is continuous in N and on X, (c) the first partial
derivatives of f exist in N and tend to finite limits as X' is approached.
Then, necessarily, the first (one-sided) derivatives exist on X itself
and are equal to the respective limits. We enquire to what extent the
restrictions (a), (b) and (c) leave undetermined the values of the
first derivatives on X, or equivalently the vector gradient of f there.
The answer is obvious: the normal component of the gradient is
undetermined, the components tangential to X' vanishing since f is
constant on Z. Expressed invariantly, the gradient vector of f is di-
rected along the normal and has arbitrary magnitude, or

2 _ 1y, (1)
on 2 where v; is the covariant unit normal to £ and 4 is an arbitrary
scalar function of position (it is in fact d3f/d», the normal space deriva-
tive). A formal proof, trivial here but lending itself to subsequent
generalization, is that by (b) and (c) (d//32/)d¥/ = df on 2 and by (a)
this vanishes for all dx/ such that »;dx/ = 0 (summation convention).

Suppose, next, that a vector u is given, constant on X, each of
whose components satisfies (b) and (c). Since du = 0 for variations
on X, %, dx! = 0 for all dx/ such that »;dx! = 0, where the comma
denotes covariant differentiation. Hence

iy = Ayy (2
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where A is an arbitrary vector function on Z' (= du/dv). Alternatively,
this formula could be proved first in rectangular coordinates (and
then generalized) by applying (I) in turn to each component 1,
constant on X for such coordinates. A was called by Hadamard the
‘characteristic segment’ on account of the following suggestive geo-
metrical interpretation [op. cit., § 56], which has been neglected (with
loss of intuitive insight) in accounts by other writers. Regard u as
the finite displacement of a particle in a continuum with initial (La-
grangian) coordinates x/. Then (2) gives the possible values of the dis-
placement gradients at a surface X' composed of particles all of which
undergo the same translation. Equivalently, the distortion in the
neighbourhood of 2 is such that

ou = Adv + O(ov)?2 (3)

is the relative displacement vector between a particle, initially distant
év from X, and the nearest particle on X'. A characteristic segment
tangential to £ would thus correspond locally to a simple shear
parallel to the surface, while a segment normal to 2 would correspond
to a pure extension or compression normal to the surface.

A variant of Hadamard’s geometrical interpretation, even more
suggestive for what follows, is to regard u ds an infinitesimal dis-
placement, or better as a velocity, with 2/ as current (Eulerian)
coordinates. Then the strain-rate and rate of spin on X', corresponding
to the velocity field, are

ey = Y(Aovy + 4vi)

my = (A — Agvy) .

4)

With the segment decomposed into parts normal and tangential to
X, viz. A = ev + 2yp. wherc w is a unit vector tangential to X,

ey = evevy + y(uvs + ), pave = 0. ®)

The two parts of ¢y are instantly recognizable (either via (3) or at once
from the tensor transformation rule) as an extension-rate e normal to &
and a (tensor) shear-rate y over X in the direction w. Equivalently,
taking at the considered point on X a special choice of rectangular
axes such that x3 is along the normal, (5) states that the components
€11, €12, &22 ‘in the surface’ vanish, while &3, €23, £33 are undetermined;
this, of course, is also obvious directly, without specializing (3), from
the elementary geometrical meanings of the individual components.
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[It is important not to overlook that the distortion (5) is also com-
patible with non-uniform velocities on 2 for which the distortion in
the surface vanishes.]

We come now to the generalization of (1) to a function which,
together with its derivatives up to order (» — 1), is continuous on X
and in N, while the (n — 1)th derivatives in rectangular coordinates
arc constant on 2. Then (HADAMARD [op. cit., § 59)), if the derivatives
of order # exist in N and tend to finite limits as X' is approached, the
nth derivatives exist on X' and their possible values are

o

AR, . Avgypvg ... (mfactors), (i5,k...=120r3) (6)

in rectangular coordinates where 4 is an arbitrary scalar function of
position. Correspondingly, the generalization of (3) is

b = A(9)"/n | + O(6)n+1 (7)

when u and its derivatives up to order (# — 1) arc given zero on X,

To prove (6) start with # = 2, grad f being constant on . Replacing
f in (1) by its first derivatives in turn, we see that in rectangular
coordinates d2f/dxdx/ is proportional to »; for cach fixed 7 and to »
for cach fixed j, and hence to the product »v; for any ¢ and j; that is,
32f[dx4dx! == Awgw;, or in general coordinates

fag = Awgyy . (8)

Alternatively, this result could be reached from (2), with w; = f
and a similar equation obtained by interchanging 7 and g; togecther
these give Ayv; == A4;v¢ and hence A; = A with 1 written for Agvg. The
result (6) can now be reached by a process of induction.

Notice that (6) really expresses no more than that one n#th derivative,
namely with respect to 3, is undetermined and all others are zero,
when local coordinates are taken with x3 along the normal. However,
the invariant form is indispensable in applications for a concise and
symmetric treatment.

2.2. DISCONTINUITIES IN DERIVATIVES OF A CONTINUOUS FUNCTION
By a slight extension of viewpoint the previous results can im-
mediately be re-phrased in terms of discontinuities.
Let X be a surface separating two open regions N+ and N- in each
of which f satisfies conditions (b) and (c) preceding (1) but not necessari-
ly (a). Then { is continuous across X' but the one-sided first derivatives
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can be discontinuous. The jumps in these quantities from N_ to N,
will be denoted by [d//dx/]. Imagine the values of f in N_, denoted
by /-, analytically continued across X' into N, in any way such that
the new function and its first derivatives are continuous. Denote
this constructed function in N, also by f_; in general it will differ
from f., the actual value of / in N,. However, the difference f, — f_
vanishes on Z, satisfying (a), and also (b) and (c) in N; hence, by (1),
¥f+ —f-)/3x = Av; on X at the N, side. But, by construction,
df-/3x4 is continuous across X. Hence

[b—”xf-j] = vy )

To be definite, in this and all similar formulae, the sense of the unit
normal is arbitrarily chosen to point in the direction of the jump,
namely into N,.

Two remarks in passing are in order. First, it must be remembered
that when f varies on X' the one-sided derivatives do not satisfy re-
lations of type (1); the actual relations are obtained later in section 3.
Second, (9) contains (1); for, given any f in N satisfying (a), (b), and
(c), (1) follows from (9) on arbitrarily defining / constant in N_ equal
to its value on X'.

For a vector u, not necessarily constant on X, whose components
-satisfy (b) and (c) in each of Nyand N_,

[e,7] = [g-;] — Ay (10)

This can be proved by applying (9) to each component #; in turn.
The covariant derivative can be used in place of the partial derivative
since their jumps are equal, u being continuous across £ (and naturally
the Christoffel symbols also). Equally, 44 = [du%¢/dv] can replace A =
[du/d).

HADAMARD’s own derivation of (9) [op. cit., § 73] was based on
the remark that on X, for all daf satisfying v;dx/ = 0, [(3f/dx/)dx!] =
[df] = d[f] = O since f is continuous across X. However, the ad-
ditional flexibility of the present approach is needed for later develop-
ments. Actually, HADAMARD gives elsewhere [op. cit., § 78] a geomet-
rical interpretation of (10) closely akin in spirit to the method by
which we have here derived (9).

Finally, corresponding to (8), the possible jumps in the second
derivatives of a function whose first derivatives are continuous
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across 2 (implying that [f itself is at most a constant) are

(fy = [b—:r;%] = vy . (11)

The difference between the covariant and partial second derivatives
in general coordinates is immaterial here since its jump vanishes
(grad / and the Christoffel symbols being continuous). Again, (11)
can be proved in various ways; as these should by now be sufficiently
obvious, details will not be given. The general formula corresponding
to (6) was also given by HADAMARD [op. cit., § 74).

Explicit formulae, such as (9), (10) and (11), have considerable
advantages compared with what is still the usual treatment of dis-
continuities (despite Hadamard and a few later writers), for example
in the standard theory of characteristic surfaces. There the jumps
themselves are regarded as the unknowns (or equivalently the actual
derivatives on one side of the surface are, if the more usual ‘uniqueness’
viewpoint of Cauchy is taken). The compatibility restrictions on these
are taken in implicit form along with the field equations in the con-
tinuum, and the solution often involves the reduction of a high-order
determinant. The order can be reduced to the number of variables by
the artifice of choosing local axes at the point under consideration, so
as to separate out the required ‘exterior’ derivatives from the ‘interior’
derivatives on X' (e.g. Lrvi-Civita [1932, pp. 12 and 13]). Hadamard'’s
method is essentially the symmetric and invariant form of this,
not involving a special choice of axes. The compatibility relations are
climinated at the outset by substituting the explicit formulae (9),
(10), (11), etc., into the difference of the field equations on either side;
the characteristic scalars (4), vectors (A¢), tensors (44), etc., then
become the unknowns, considerably less in number than the deriva-
tives themselves. Several examples of this technique for waves in fluids
and elastic solids are to be found in Hadamard’s treatise, and for
electromagnetic waves in LEvI-CIviTA’s monograph [op. cit., pp. 78
et seq.]. Recently, THoMAs [1953, 1956, 1957a,b, 1958a,b,c, 1959] has
revived and exploited the technique; his work is referred to in more
detail later.

§ 3. Extended Compatibility Relations

The function £ itself is now allowed to be discontinuous across Z.
This situation was not treated by Hadamard, and the first detailed
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discussion is apparently that of THoMAs [1957a]. The present approach
is believed to be more flexible and structurally simpler, with advantages
in applications.

3.1. JUMPS IN FIRST DERIVATIVES OF A DISCONTINUOUS FUNCTION

Let f be the considered function which, together with its gradient,
is continuous in each open neighbourhood N, and N_ and tends to
finite limits as X is approached from either side (the values of f on X
itself need not be defined). [f], the jump in the limiting values of f
from N_ to N,, is a given continuous and continuously differentiable
function of position on X. The possible jumps in the limits of the
first derivatives, [3f/dx7), are to be examined.

Introduce a function @, continuous together with its gradient on £
and in one neighbourhood (say N.), otherwise arbitrary except that
on X it is equal to [f]. Construct the auxiliary function F, equal to f
in N_ and to f —¢ in N4, so that [F] = 0. By (9) DF/x!] -= Av;
and so

ol = W+ 5 (2
One choice of ¢ in N, suffices with 4 an arbitrary function on X'; it
is enough, for example, to take @ = 0 when [f] = 0, or ¢ constant
along the normals when [f] varies. Another choice would, according
to (1), merely have the effect of changing 4 = [3f/dv] — d¢/dv.

In passing, it is remarked that any jump formula such as this
contains the compatibility relations appropriate to a continuous
function (say f+) defined on 2 and a neighbourhood on one side
(say N3). For, taking (12a) in illustration, we can apply it to the dis-
continuous function which is equal to /. in N, and on £ and vanishes
in N_-. This gives relations for df+/d2/ analogous to the right side of
(12a) with ¢ = f, on X.

An alternative form of (12a) is obtained by simply omitting the
A term, on the understanding that ¢ is an undetermined function in the
class defined:

1 _2
A =34 (12b)
Again, (12a) could be replaced by

(6F — »y")ad/oa"
[3] = #+ |

of
i=[Y (12¢)
(33 — vy2[o0) 8 , 5]
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where A — d4/dv has been written for the previous 4. The operator on
 is just the tangential part of the vector gradient. In this version of
the formula, therefore, the values assigned to ¢ in N not only do not
affect the expression as a whole but not even the individual terms in it.
This dependence solely on the surface values ¢ = [f] can indeed be
exhibited explicitly since
P d ik D
(a} — 7 35) $ = (g;ik €% Sge 35;)1 é (13)
where gy is the covariant metric tensor for the x/ coordinates and
g% (o, 0 = 1, 2) is the contravariant surface metric tensor for the
surface coordinates @e. This formula in effect resolves the left-hand
surface vector into components in the directions tangential to the
surface coordinates. On combining (12c) and (13):

of L]
ol = +ere g s =[5 (12d)

This is THoMAS'’s form [1957a, equation (14), derived otherwise; also
1959, equation (3.3)].

When applied to the components #; of a vector all the above for-
mulae are valid as they stand when the ¥/ coordinates are rectangular
(with g;; = unit tensor). If, however, they are curvilinear, partial
differentiation of #; and #; by 2/ must be replaced by covariant
differentiation, and in (13) d¢4/26° must be replaced by @, 9x?/267
and similarly for the derivative of [%] in (12d). Also A = [du/dv]
but A; # [dui/dv] since u is discontinuous.

Still another variant of (12) is

df
] a]
[ ] = (12€)

PY
where a is an undetermined vector function, needing definition on &

only and such that
d[f] = a;da? for da? in X,

This result follows directly from d[f] = [df] ="[(3f/3+/)dx!] = a;dx!
for variations dx/ in X'; a; is undetermined to the extent of an additive
part Av. In particular, (12b) is recovered when a is assigned the
surface values of grad ¢, with ¢ as previously defined.

3.2. JuMPs IN SECOND DERIVATIVES OF A DISCONTINUOUS FUNCTION
In addition to the conditions on f laid down in 3.1, permitting jumps
in f and its gradient, it is now required that second derivatives exist in
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N, and N_ tending to finite (different) limits as &' is approached. [f]
and [3f/d7], and hence [grad f], are given functions on X, continuous
and continuously differentiable.

Introduce a function @, continuous together with its first and
second derivatives on 2" and in one neighbourhood (say N), otherwise
arbitrary except that on X' ¢ = [f] and d4/d» = [df/d»]. Construct
the auxiliary function F, equal to f in N_ and to f — § in N, so that
[F] = 0, [3F/3] = 0. By (11) [22F/3xt3x7] = Avgr; and so

| = dvy + 2 (14a)

[Bx‘ pY7) dxidnd’

Any one choice of ¢ in N, suffices with A arbitrary (for example, a
linear variation along the normals with gradient [3f/3¥]). Another
choice with the given gradient on 2 would, according to (8), merely
change A.

Alternatively, the A term can be dropped, on the understanding that
@ is an undetermined function in the class defined:

=2 (14b)

dxtdxd dxtdx!

More generally, if only [f] is given on X and not [3f/d], ¢ is only re-
quired to satisfy ¢ = [f], d¢/dv being arbitrary (automatically cqual
to the undetermined [df/9»], as can be seen by integrating (14b)
in X).

For some purposes it may be desirable to show explicitly the
dependence on [df/dv]. To this end split ¢ arbitrarily into y + v,
where p = 0, dp/d» = [3f/d>v] and x = [f], d3¢/ov =0 on Z. Then,
using rectangular coordinates for simplicity,

[b:‘;fxf] —an +[b azf?xf ( axf+ bx‘) §f+ww (14¢)

where p is the perpendicular distance to %. The u term can be dropped
on the understanding that either y or y is arbitrary subject to the
boundary conditions. Note also (again in rectangular coordinates) that

d d 2 2 %
oz =5 =m— 5= = Swiow (15)
where v here is any differentiable vector field in N4+ continuous with

the unit normal on X (for instance v = grad $). The tensor (15)
vanishes when the surface is plane, and only then.
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To establish (14c) we begin by observing that grad y = v oyp'dy
on X since y is constant there. Hence, by the remark in the paragraph
following (12a), applied to the function grad y,

2y d dy . d oy
- —_ L) = e k.4
dxtdx! Ay + hYe) (W bv) A ox! (v’ av) ’

Multiply the right-hand equation by v, sum over j, and substitute the
resulting expression for ¢ into the left-hand equation. Equation 14(c)
follows with the use of (15), when g is written for Av — d2yp/d»2.

As in (12c) a variant of (14c) is obtained by retaining the 4 term
and modifying the operator on dy/dv, which can then (if desired) be
written explicitly as an operator on [df/dv] with the help of (13).
Adding to this the observation that, in rectangular coordinates, the
tensor (15) is equal to

Mt dxd
Y 39 30°
where by, are (in the accepted notation) the coefficients of the second
fundamental form for X, we recover THOMAS's expression for d2yp/
dxidx) [1957a, equation (29), derived otherwise]. He also gives what
is, in effect, a replacement for d2¢/3x%d¥ in terms of the first and
sccond derivatives of [f] with respect to the surface coordinates 0e.
However, the complexity of the result (unless X is plane) makes its
uscfulness doubtful.

HabaMAgkD treated only the case when f is continuous [op. cit.,
§ 119, for which y can be put zero in (14c). His form is, effectively,

— geogrd)

o2 d o2
s = (3] sarge + (e + w0 (1o

where b is a vector function defined only on X, undetermined to the
extent of an additive part uv, such that

bydy! = d[g—’v] for de/ in Z.

§ 4. Kinematic Relations

When the surface X moves, jumps in space derivatives are usually
accompanied by jumps in time derivatives. The corresponding
restrictions on possible values of the latter are known as ‘kinematic
relations’; these will now be derived.
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It is first necessary to define the speed of propagation of X; we
take here a standpoint more general than usual. Let & (v = 1,2,3)
parametrize a convected system of curvilinear coordinate surfaces
embedded in the continuum and deforming with it. Any material
particle is thereby specified by a triad of £*'s, constant in time. At
any moment ¢ X(f) contains particles such that @&, 1) = 0 say.
Relative to the (‘current’ or ‘final’) configuration of the convected
coordinates at time ¢ this cquation defines the position of X' in physical
space. But we may also regard the equation as defining a surface,
Xo() say, relative to the (‘initial’ or ‘reference’) configuration of the
convected coordinates at an arbitrarily chosen fixed instant . Xo(f)
coincides with the initial positions of those particles that momentarily
lic on X(f) at time (, and as X(f) moves in physical space so does
Xo(?) (the two comciding only whent 4y, generally speaking, so that
So(to) - = Z(fo) ). . now, co denotes the (numerical) perpendicular
distance hetween the positions of Yo(f) and Xy(f |- o) at any considered
point, cp is the local speed of Yo normal to itself in physical space,
It is also a measure of the rate at which X' moves relative to the con-
tinuum, and is therefore called the ‘speed of propagation’; however,
by the manner of its definition, it depends on the choice of the reference
state (unless the speed is zero).

Consider an infinitesimal arca dX'(/) of the surlace at time ¢, dXo(/)
beipg the area occupied at time 4 by the same particles. Let m be
the rate at which mass crosses X'(f) per unit area, and let go be the
density of this material at time fy. Since mass is conserved,

pocodXo(t)  mdX(t)

and so the left-hand quantity is invariant with respect to choice of
reference state.t

Let 17 be the actual speed of X' in space in the normal direction v
(pointing into .V'.) and let %, »” be the normal components of material
velocity in space (the neighbourhoods are labelled so that material
crosses 2' from N, to V). Take fo - {, thereby choosing the reference
state as that at the considered time ¢ itself. X'¢ momentarily coincides
with 2 as it crosses from .V ., where its speed as ¢ » o — is

C- = V--v'_

t This is closely connected with Nanson’'s theorem; e.g. seec Hmni1 (1959
equation (31)].
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to N, where its speed jumps to
ce =V —v}

as ¢ — fo+. With these special values the above conservation equation
gives

e+ (V — 1) = o (V —v) = eocod Do(t)dZ(t) = m,  (17)

which includes |

[w] +m[1/e] =0.

In particular, if there is no jump in normal velocity and density,
there is a definite speed of propagation ¥V — v relative to the material
in its current state. This speed will be denoted by

c=mp.

Consider, now, continuous functions f(x,¢) satisfying condition
(c) in section 2 in each of N, and N- throughout a certain time
interval, and further such that (3f/3¢); exists at time ¢ and is continuous
in Ny and N_. Such a function can also be expressed in the Lagrangian
coordinates £*; to simplify the notation the same symbol f will still
be used, and correspondingly the time derivative with the values of
the £2's held fixed (i.e. following a particle) will be written (3f/2f);.
The rate of change following Zo(f) in the direction of its normal vy is

@, o=, =

Since f remains continuous across X, and by reason of the analytic
conditions imposed on the derivatives, (df/d#)z, is the same whether
evaluated in N4 or N_. Hence its jump vanishes and

[()]_"°avo ‘ (18)

Writing this with (9) applied to Xo(¢):
1 M1 _ _ b/
A o (] w= [ o

where v, are the covariant components of vo with respect to the
initial configuration of the convected coordinates (HADAMARD [op.
cit., § 1011 gives this when the coordinates are rectangular).
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In particular, letting ¢ - fo+,
. df
zol—lg}+ [S(-E;] = Hias

(@] = e o
of

s =£ol_1_n}_1_+ [bvo ’

with a similar equation for ¢ — fp—.
From the Eulerian standpoint with coordinates %/ the operator

@7 E =@, =

is the rate of change following X'(¢) in the direction of its normal v,
and so
1 /
[M, = My, [(ﬁ)z] ——ar, i=[L] . (0
Reconciliation with (19b) is effected with the help of

(59, = (50, + (wema
together with

df df _
e, (A—p,) = {(M)zo_— (5), ] = ¢ erad ),
as t - fp+. In this limiting process it must be borne in mind that
df/3vp on the negative side of Xy is formed in the evanescent strip
in the & space between Xo(f) and Zo(#) as ¢ — fo+. (Alternatively,
and this seems to be HADAMARD's standpoint [op. cit., §§ 89 and 100],
we could imagine the state of deformation in N, continued smoothly
into N_ to form the reference configuration there.)

When the velocity vector is continuous, however, all subscripts can
be dropped in (19b), which becomes simply

= (@)= =B @

When f is discontinuous, then in conjunction with (12c¢) or (12d)

applied to Zo(?),
() =~ + [, ] -
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Equivalent formulae corresponding to the other variants of (12) can
easily be written down. Again, instead of the second of (20),

6,1+ [ 2

a version due to THomas [1957a, equation (21)].

Corresponding to (19a) formulae for the jumps in the mixed and
second time-derivatives of a continuous function with continuous
first derivatives are (HADAMARD [op. cit., § 103], where also are given
the analogous #th order formulae):

oY o 22
[W = UVoaVp » [STE“—DZ_ = — UCyVyy » ["&—2 = MC% . (24)

Similar formulae can be written corresponding to (20). The second
and third of (24) follow immediately from (18) applied first to df/d&*
and then to df/d¢ in place of f.

Second-order kinematic relations when f is discontinuous have
been derived by Tuomas [1957a).

§ 5. Stress-Rate Discontinuity

For materials with constitutive laws involving stress-rate the
kinematic relations for the stress tensor are of special concern. In
the form required here, however, they do not follow straightforwardly
from the preceding results and so are handled separately in this
section.

We note first the wellknown dynamical equation

[F] +m[v] =0 (25)

where [F] is the jump in true traction on a plane element parallel to
2 (with the convention that F is exerted by the material on the +
side).

In the present section the material velocity will be assumed con-
tinuous when m 3 0. The traction is then continuous whether X2 is
a wave (m # 0) or a stationary discontinuity (m = 0), in Hadamard’s
terminology. Subject to this, jumps can occur in the tensor com-
ponents of stress. However, we begin with the situation where all
components are continuous.
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5.1. STRESS CONTINUOUS

Let ¢ (Roman indices) be the contravariant components of true
stress associated with fixed Eulerian coordinates x/, and let o¢28
(Greek indices) be those associated with convected coordinates &=
coinciding with the 2/ coordinates at the instant ¢ under consideration.

By applying (21) to each component ¢!/, and replacing partial
derivatives by covariant derivatives in view of the assumed con-
tinuity of stress and velocity:

dat! .
57:12] = [otk] = u"v,
(26)
D d Dots
O ok 2 Y] = [29] = —pti
[(at +v axk)“ ] Dt H

where

Dot _ 2% | kst

is the ‘intrinsic derivative of stress’. It is the rate of change of com-
ponents referred to the ¥/ coordinates translating rigidly with the
considered particle. u# is an undetermined symmetric tensor func-
tion on X', equal to [d0%/d%]. .

If, now, the material at both sides of X' is in equilibrium in the x/
frame of reference, with body-forces continuous across %,

o) =0 andso u’y=0. (27)

These restrictions on u¥/ are analogous to those satisfied by the stress
tensor on a surface free from traction. From this analogy we recognize
at once that ut/ is a biaxial tensor, with one principal axis normal to X'
and the associated principal value zcro. Morcover, it is orthogonal to
any tensor of type (2) or (4), in the sense that the scalar product

utl . Ay == 0

for arbitrary 1;, in view of (27). This is a fundamental observation,
pivotal in applications. It can be remembered intuitively through
the interpretations of uf/ above and of &; following (5): with the
special choice of coordinates relative to X' the non-zero components
of u¥ and &y are exactly complementary and the orthogonality is
apparent.

The intrinsic derivative of stress does not, however, produce a
concise treatment of general questions in continuum mechanics;
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for that the unsymmetric ‘nominal stress-rate’, $24, is needed (HiLr
[1959:). In this the reference state for the nominal stress s22 is that
at the considered instant £ itself. Explicitly, at any general time, the
components s34 are such that the traction on an arbitrary surface
element embedded in the material has contravariant components

l-" Vs s’p

with respect to the mitial convected coordinates, per unit imitial
area with covariant unit normal v,. (Of course, at the instant ¢ the
nominal and true stresses or tractions coincide.) The nominal traction-
rate, i e, the rate of change of the components F7 following the same
clement, is therefore

I'"/’ p s

stce vg s hixed, It can be shown that

$* (intrinsic derivative)” - rl at 2 gfY,
Now, by (10), [v7,; A ry and so trom (26)
Sty (Mard o Aral)e (28)

where vg now refers to an clement of X, not to an arbitrary element.
In passing, note that (28) implies the continuity of the nomimal trac-
tion-rate, since vg's97 0 by (27).

Fumally, jump formulae for certain stress-rates  independent of
rigid-body spin are set down. First, take the ‘convected derivative of
true stress’, @/ (introduced by Orbrovp 1950 ), which is the rate
of change of components associated with the £ coordinates deforming
with the element. From (26) and (O1proyp ‘op. cit., equation (24) ),

[@F] ot - (Arafr §- Bar)e, (29

The jump in the convected derivative of the Kirchhoff stress (HiwL
F1959, p. 219) is obtained by adding 6244 v, to the right of this
equation. Second, take the ‘rigid-body derivative of true stress’,
Za4, 2t (terminology of Hunn {op. cit., p. 222), which is the rate of
change of components associated with the coordinates +f translating
with the clement and rotating rigidly with its spin

SUBEE (RS VX) I8
We note, in passing,
{('I“ : Nh"} - i;l") . (30)
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From (29) and HiLL {op. cit., equation (45)}, or from

Za  Dab 4 Ik KT
ot pr e b ere

[}
[’ It MR - Araat® | (A — M), (31)

A formula equivalent to this was given by TroMas {1956, equation
(31) ., who uses the term ‘absolute time derivative of stress’.

5.2, STRESS DISCONTINUOUS

We shall not trouble to derive the jump formulae for the individual
components of stress-rate when the stress itself is discontinuous;
they can be obtained when needed from (26) modified on the lines of
(22). It is enough for present purposes to have jump formulae for
the nominal traction-rate only, when the traction is continuous,
The result, (33) below, is attractive and seems to be new.

To be able to apply (18) to the components of nominal traction
on an element momentarily situate on X, there must first be associated
continuously with this traction a vector ficld continuous across X
during a time interval. To this end we refer once again to the family
of surfaces Yo(f) in the space of the Lagrangian coordinates (section 4).
Regard this family as coinciding with the positions at reference time
to of surfaces embedded in the continuum; at any general time ¢
the nominal traction on these material surfaces is the constructed
vector field.

With this interpretation placed on the field F and similarly on the
field of the unit normal, (18) gives

. >F
Foo—aly,]
or
Fr o s o [2)
- \ dvo You | 3vo

where, for simplicity, the convected coordinates at the reference time £y
are taken as recfangular. Now the local perpendicular distance between
two infinitesimally near surfaces of the Xo family is proportional
to co, and so

co Da—:?' + (ﬁi — oq Sa;) co == (rect. §%) . (32)
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where the term in dv./dv has been incorporated, even though it
contributes nothing, in order to show explicitly the dependence
on surface data only (formula (15) is also recalled).

Note, finally, some general implications of (33) and (35). (a) If the
stress is continuous so is the nominal traction-rate (noted also after
(28)). (b) If the speed of propagation and the jump in stress are
uniform over the surface, the traction-rate is continuous. (c) If the
surface is plane, at least the normal component of nominal traction-
rate is continuous (with reference to the current configuration). Of
course this sometimes also happens when the surface is curved, the
two biaxial tensors in product in (35) being orthogonal, for example
in torsion of a prismatic rigid/plastic bar.

§ 6. Discontinuities in Classical Elastic Solids

In illustration of the use of the basic theory we take first the classical
elastic solid undergoing infinitesimal strain and rotation. It is supposed
that the material is isotropic, with smoothly varying moduli, and
under continuously distributed body-force.

6.1. DISLOCATIONS

Consider a stationary non-uniform discontinuity of displacement
across a surface X' separating two regions consisting of the same
material initially unstressed and finally in mechanical contact. We
examine what jumps in strain these conditions alone leave possible,
nothing further being specified (for instance, whether or not the two
regions are connected parts of a single body).

Let u; be the infinitesimal displacement from the unstressed con-
figuration and let #/ denote position in curvilinear coordinates. Then,
analogously to (12a),

(#1,5] = nevy + da,g

where % is undetermined and ¢ is any vector function equal on X
to the given jump in displacement, [4]. The strain jump is thus

lews] = d(mevs + mve) + Moy + 1.4 -
But the regions are finally in contact and so the traction is continuous:
Alek]vs + 2ulefln =0,

where A and u are the Lamé constants. These are three equations
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determining v in terms of the ‘strain’ in the chosen ¢ field (1 + 2u % 0),
whence

o] = {(8F — 40 0} — v'0) — 1 €% — o |
X Hérit + durx) . (36)

The strain jump is thereby obtained by a linear transformation (the
operator in curly brackets) of the ‘strain’ in any ‘displacement’
field ¢ equal to [u] on X. This formula appears to be new. From the
Lamé relations the corresponding stress jump is given by

fou) = ((0F — #*508) — v + 5 €™ — ¥ g — v

X 3Pkt + dux) . (37)

The jump in rotation is
g — 5,6] = Hbeg — B1.0) + v5(8jve — ivs) - 3kt + dux) . (38)

All these formulae are independent of the particular field ¢. A
different choice of ¢ changes the derivatives ¢,; by a tensor of type
cevs and changes y by —c¢; consequently the jumps in the displacement
gradients are unaffected. Or one can check directly that any such
change in the derivatives has no effect in the formulae. In par-
ticular, the operator in (36) annihilates any tensor of type cyv; and
therefore also #(cxvi + civk).

Equally, the strain jump itself vanishes when (and only when) the
distribution of [u] over X is such that the ¢ fields all give rise to
strains of type #(ckv: + civx) there. But, as in section 2, such a strain
is just the most general iméxtensional distortion of a membrane
coinciding with X', and this property or its absence can be recognized
from the given [u] values alone (without needing to construct a ¢
field). The ultimate conclusion can be expressed as follows: the
strain tensor is necessarily continuous across two surfaces in mechanical
contact when the surfaces (regarded as membranes) are equally

strained (i.e. the 11, 12,22 components are equal when x3 is normal to
Z). In particular, the strain is continuous across a Volterra dislo-
cation, [4] = @ + 0 X & where @, 0 are constant; here the surfaces are
not only equally strained, considered as membranes, but are also
identical in shape in the unstressed state, where the same pairs of
particles could be brought into contact by relatively displacing the
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surfaces rigidly. Furthermore, the jump in the rotation vector is
cqual to 0 itsclf, or [#,;] = 04y, the associated antisymmetric tensor
(as is apparent from (38) by choosing ¢ equal to the same rigid-body
movement cxtended off X).

The results in the last paragraph can easily be established directly,
without recourse to the gencral formulae. It is simplest to take a
special choice of local rectangular axes with x3 along the normal,
as was first done by SOMIGLIANA in a little-known paper [1914]t.
He does not give the invariant form (36), only its ‘specialization for
this choice of axestt. For convenience, a surface across which the
displacement is discontinuous but the strain tensor is continuous will
be called a Somigliana dislocation (some authors use this nomen-
clature for an arbitrary dislocation). This emphasizes that the property
of strain continuity is not solely possessed by a Volterra dislocation,
which is an impression liable to be gained from the literature.

To illustrate the application of (36) let us calculate the strain jump
when |#g] = £yx? where &y is a constant symmetric tensor. Obviously
this same linear form is the most convenient choice for the field ¢,
leading straight to [ey] = {....}éw where {. ...} is the operator in
(36). With X' interpreted as the interface between an inclusion and
surrounding matrix with identical properties, and &; as a uniform
transformation strain in the inclusion, a result due to ESHELBY is
recovered 1961, equation (2.27), derived otherwise; note that Eshelby’s
lekt] = [ext] — &xu, cf. (5.10)).

We show, next, that the strain derivatives, deq;/dx¥, are continuous
across a Volterra dislocation. It is enough to prove this in rectangular
coordinates. Apply (14a) to u, remembering that [dui/dx/] = 0y as
already proved:

d%u
Szt =

where % is undetermined. The second derivatives of the function ¢
vanish when it is chosen as the linear form a 3 6 X & which makes

t I have been unable to discover a reference to these results of Somigliana.
After deriving (36), etc., my attention was drawn to Somigliana’s paper by
Dr. J. D. Eshelby, who also kindly lent his photostat copy.

tt When X is curved it is necessary to put a favourable interpretation on
Somigliana’s ?uantities d[us]/d%; (in the present notation) which he does not
adequately define, [#] having no meaning off £. The uncertainty is even more
marked in a subsequent paper [1915], where second derivatives of the jumps

appear.
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= [u), 3/d¥ = 0 X v = Oyv; = [du/dv] on X as required. Whence,
by substituting in the jump of Navier’s equations,

un = —(A+ (v

When 4 + 2u # 0 this implies y = 0 and thercforc no jump in the
strain gradient.

Note, on the other hand, that a jump does occur across a general
Somigliana dislocation. Indeed, as Weingarten deduced from Cesaro’s
identity (LovE [1927], p. 223), a dislocation is necessarily of Volterra
type when both strain and strain gradient are continuous. This
follows by ‘strain gcometry’ alone, assuming merely that the dis-
placement is twice continuously differentiable in the two regions.

6.2. GENERAL IMPOSSIBILITY OF STATIONARY DISCONTINUITIES

Dislocations and shock waves are now excluded from consideration,
so that the displacement is continuous along with the traction. From
6.1 there follows the continuity also of all components of stress
and displacement gradient. The question arises whether stationary
discontinuities are possible in the gradient of stress and second
derivatives of displacement. This was answered by implication by
HADAMARD [op. cit., § 260] in showing that such jumps are necessarily
propagated as waves. For completeness it seems worthwhile to present
a concise version of the proof here, though it has been given at length
by several writers (e.g., Lampariellot, an account of whose method
conveniently appears in the French edition of LevI-CivIiTA’s mono-
graph [op. cit., pp. 71-78)).

By (24), with the unstressed state as reference,

2
S =, 1=,

where f denotes particle acceleration. Form the jump in Navier’s
equations

(A + u) grad div u + uViu = o(f—g),

remembering that the density ¢ and body force g per unit mass are
continuous:

(ec® —p)n = (A + p)(nv)v.

t LamPaRrIELLO [1931] also gave the formally similar analysis proving the
impossibility of stationary second-order discontinuities of velocity in slow
flow of a Newtonian viscous fluid. HADAMARD's theory of waves in compressible
elastic solids finitely strained [op. cit., §§ 264-267) has been extended to in-
compressible materials by ERICKSEN [1953].
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Hence either (a) gy = 0, g2 - p, which is called a transverse wave,
the characteristic segment n being tangential to 2'; or (b) n = v,
ec? - At 2u (if positive), which is called a longitudinal wave, the
segment being normal to X',

Similarly, the impossibility of stationary discontinuities of any
order can casily be proved by induction, assuming the existence and
continuity of all displacement derivatives. Suppose the ath deriva-
tives (n .- 1) are continuous (and therefore the (n — 1)th derivatives
of density). Then, from (6) and its associated kinematic relations,

Intly

[bxl dxk dul. ] ()
ntl
ax?. . '."ar#] o (e )

where (v .. .) contains # — 1 factors. Apply the operator [d7-1/3xf.. ]
to Navier's equations. Then, provided the inhomogencity in the
two regions is such that the Lam¢ constants have derivatives of all
orders continuous across X, the same equation for n as before is
obtained. Consequently, discontinuities of all orders are propagated
in the same two ways. In particular, if the nth derivatives of dis-
placement are continuous there can be no stationary discontinuity
in the (n | 1)th derivatives. The required result follows by induction
since the first derivatives are continuous under the conditions stated.

6.3. SHOCK WAVES

Finally, we give an analysis of shocks, due except in details to
Tuomas [1957b]). By a shock is meant a propagating discontinuity
in velocity, accompanied by one in displacement gradient, the dis-
placement itself being continuous. Thus,

du

5] = e,
the analysis for a classical elastic solid necessarily being restricted to
shocks having characteristic segments of infinitesimal magnitude. To
this approximation spatial derivatives in the Lagrangian coordinates on
cither side of X' can be replaced by 7 derivatives. Then, from (19b),

[v) = —cq

where, in such a formula, ¢+ and c- need not be distinguished since
{¢)le - : —[1*}'c = qv <€ 1. From (25)

[Fj = — ec[v] = oc*n.
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Use of the Lam¢ relations now gives

(oc® — p)m = (2 + u)(nv)v,

the same equation as in 6.2.

There are therefore just two kinds of shock. (a) ec? - 2 | 2pu
(if positive), i == pv. The jumps in traction and velocity are purcly
normal, and there is no jump in rotation. (b) gc2 - u, v - 0. The
jumps in velocity and traction are purely tangential, and there is no
jump in density. For other details of the deformation undergone in
crossing X in (a) and (b) one may conveniently recall the geometrical
interpretation of (3) and (5) in section 2,

§ 7. Discontinuities in Rigid/Plastic Solids

The particular class of rigid/plastic solids contemplated here is
such that in a plastic state of stress the strain-rate g satisfies

Fy - Ang with A0, (39)

where 4 is merely an undetermined factor of proportionality and g
is the unit outward normal to the current yiceld surface in stress
space at the point representing the stress. So long as the stress point
is inside the current yield surface the material stays rigid. It is further
supposed that the yicld surface is conrex: that is, any line segment
cuts it in at most two points or, exceptionally, lies in the surface.
The surface may be open at infinity or closed, and can have singular
points where there is no unique normal; at such a point it is to be
understood that #ng can have any of the range of values to be found
on a vanishingly small convex cap that would remove the singularity.
For present purposes no other restrictions need be imposed (except
in 7.1 below): the material can be anisotropic and continuously
inhomogeneous, while 5 can vary in any manner during deformation
and need not be deviatoric (plastic volume changes not being ex-
cluded).

7.1. VELOCITY JUMPS

Since stationary discontinuities in velocity are tantamount to rup-
ture in solids, only waves can properly be treated within the ordinary
framework of continuum theory. Shocks in the strict sensce (m finitc)
will not be considered here, only wave discontinuities of velocity whose
speed of propagation is made arbitrarily small (m -> 0) by quasi-static
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variation of the loads and geometric constraints applied to the body
surface. (The dimensional homogeneity in time of the above consti-
tutive law permits the possibility, though by no means guarantees it).
Inertial terms are then negligible in the equations of motion, and the
traction jump can be treated as zero (pc2jo —- 0, where o is the order
of magnitude of the stress field).

A velocity jump in the hypothetical rigid/plastic solid is arbitrarily
regarded as a vanishingly thin layer 2 of intense strain-rate, through-
out which the stress and velocity vary amtinuuusl}'r and satisfy all
ficld equations. By this extraneous consideration the approximation
to an actual clastic/plastic solid is preserved; moreover, certain
fundamental theorems for rigid/plastic solids remain valid when the
body contains discontinuities of this restricted kind. Suppose, then,
that [#] is the jump in velocity. We are to regard this as defining in
direction the characteristic segment A of a finite strain (3) smoothly
developed as a material clement traverses the layer, the strain-rate
remaining predominantly in the direction (4) (which is possible at
least when the volume change is infinitesimal). The stress within
the layer, therefore, must correspond to the normal direction

Ngy o l'(['l';] »|-— l';[‘l’g} . (40)

For equilibrium it is necessary that the fixed-axes components of
this stress should remain constant as the layer is traversed, and
therefore unaffected by the progressive rotation and strain.

In passing, note that, if the shape of the yield surface is such that
normal directions of type (40) do not exist for certain velocity jumps,
these particular discontinuities are impossible. For example, if yielding
is not influenced by the hydrostatic part of the stress, so that ng is
deviatoric, only tangential jumps in velocity are admissible.

Now the differences between the stress in the layer and the stresses
just outside can be at most biaxial states parallel to X, since the
traction is continuous. Morcover, any such biaxial tensor is orthogonal
to the tensor (40); note the remarks following (27) which are relevant
also in this analogous situation. But the postulated convexity implies
that in general all line segments from a particular point on the yield
surface, perpendicular to the normal there, fall completely outside.
No such biaxial state can exist therefore.

Consequently, there is no stress jump at the boundaries of the layer,
nor therefore in the limit across X'. The material at both sides is thus
plastically stressed, (40) being the associated normal direction, and
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momentarily deforms (if at all) with the respective strain-rates in
that direction; it follows that [ey] — [A]ng (unless the stress point is
singular).

Exceptionally, the stress can be discontinuous when the yield
surface contains line segments perpendicular to the normal direction
(40); yielding is then unaffected by addition of the corresponding
biaxial states. It is now only the normal 2g; which undergoes no jump.

Previous work on velocity discontinuities in rigid/plastic solids
has been almost entirely confined to tangential jumps, because it is
customary to assume no volume changes. In soil mechanics more
general jumps have recently been admitted (originating apparently
with DRrRUCKER and Pracer [1952]), though they are treated as
‘sliding’ discontinuities (i.e. stationary) and not as waves. Also, in
all previous work (except HiLL [1950, p. 160; 1952, p. 24]), the stress
has been assumed to be continuous automatically. As the above
proof makes clear, however, this assumption would be incorrect for a
yield surface which is not strictly convex, and a fortiori if it is locally
concave. The proof of stress continuity is therefore essential. In
effect, it eliminates the possibility of a velocity jump sandwiched
between two stress jumps (themselves the limit of layers of intense
stress gradient in a homogeneous elastic/plastic solid), or even of a
stress jump sandwiched between two velocity jumps.

7.2. STRESS JUMP (TRACTION CONTINUOUS)

Here the yicld surface is restricted to be strictly convex, so that by
7.1 the velocity is continuous across the stress jump. We consider,
now, the possibility of a jump in strain-rate, which can at most be

(e5) = d(mevs + nywe) (41)

where #7¢ is undetermined. As noted previously, {o¥/] can only be a
biaxial state parallel to £ and therefore orthogonal to [&y]:

[0¥][e] = 0.

On the other hand, when at least one side is deforming, strict
convexity implies
[6¥](ey] >0

since an internal line segment directed fowards a point on the yield
surface always has a positive product with the outward normal there
(or, if the point is singular, with any normal in the permitted range).
To avoid a contradiction the strain-rate tensor must vanish on both
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sides. The gradient of strain-rate, however, need not be continuous.

Statements of this result in the literature are for special cases
only, and do not explicitly recognize the orthogonality property
which is the key to the generalization (e.g. HiLL [1952, p. 26], for a
gencral yield surface and plane stress; a proof on similar lines to this
reference is given independently for plane strain by GEIRINGER
(1953, p. 276, repeated in 1958, p. 348]; PRAGER [1954, p. 26] applies
the Hill-Geiringer method to a jump in the generalized stresses in a
bent plate with Mises yield condition).

An inadequate treatment of stress jumps was given in the uniqueness
theorem for rigid/plastic solids of type (39) (HiLrL [1956, 1957]), but
can now be rectified with the help of (33). Without going into details
it is enough to recall that the proof involves

(] A[FiAvdE

taken over the entire discontinuity surface, where the prefix A
attached to any quantity signifies the differenceinits values in suppos-
edly distinct solutions for the velocity and stress-rate fields, the
existing field of stress and X itself being given. By (33), and since the
strain-rate vanishes, this transforms into

fﬁ ni o) AcAv;ds

taken round the boundary of X, the reference state being that at
the current instant. Various possibilities can arise: on a boundary
of X inside the body, [¢%#] = 0 ipso facto; on a boundary of X' in
the body surface either (a) [¢#/] = O where the loading is continuous,
or (b) Av; = 0 where the velocity is prescribed, or (c) Ac = 0 where
there is a jump in traction moving in a prescribed way over the surface,
since ¢ is uniquely determined by the given orientation of X' and the
prescribed component speed. In all these cases the integrand of the
line integral vanishes, and therefore the integral itself. Consequently,
the original proof of the uniqueness theorem is unaffected by the pres-
ence of a stress jump.

7.3. STRAIN-RATE JUMP (STRESS AND VELOCITY CONTINUOUS)
The possibility of jumps in strain-rate, when the velocity is con-
tinuous, is now examined.t The stress is mecessarily continuous by

+ Attention is drawn to related work on waves in elastic/plastic non-hardening
Mises solids by TrHomas [1956, 1958b,c].
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the converse of 7.2, or by direct proof on similar lines. This appears
as an assumption in most treatments, with the single exception of
ERrICKSEN [1955] who proved it for the Mises yield surface, though by
an ad hoc algebraic method.

It follows that the strain-rates on both sides of X' correspond to the
same normal on the yield surface, differing only in magnitude. They
are therefore themselves of type (41), with parallel segments 7,
being the same combination of a pure shear strain-rate over X' and
a uniaxial strain-rate normal to it. A strain-rate jump can thus
only exist where the stress permits this type of distortion. For the
Mises yield condition this result has been obtained by CraGGs [1954],
PRAGER [1954, p. 25], and ERICKSEN [1955]. Here the jump is of tangen-
tial type and the stress deviator is a pure shear over X'.

7.4. STRESS GRADIENT JUMP (STRESS, VELOCITY, AND STRAIN-RATE
CONTINUOUS)

Appealing once again to the remarks after (27), the characteristic
tensor u#/ of the contemplated jump is orthogonal to that of the jump
in strain-rate gradient:

O€gg
axk] = ¥(nevs + nvi)ve
ut is also orthogonal to the unit normal 7 (assuming the yield function
has continuous space derivatives). Now, by differentiating (39) and
forming afterwards the jump:

bnu
. Hmvs + mv) [b ]m; + A ga st
Hence
2 g% upkt =0 . (42)

But, when the yield surface is strictly convex, this implies 4 = 0
when u¥/ #0, so that the strain-rate must vanish on X'. This further
implies

[%1]"” = ¥(nevs + npm) - (43)

Apart from this, no jump in stress gradient is possible (unless the
strain-rate is discontinuous). For the Mises solid this was first stated
by CrAGGs [1954).
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If, however, the surface is merely convex it is possible additionally
to have 4 # 0 for certain u¥ ¥ 0. For example, suppose the hy-
drostatic part of the stress does not influence yielding. Then (42)
vanishes for u#/ = ug¥, for arbitrary u. Equation (43) still holds, but
now v = 0 since ny is deviatoric. Thus, it is necessary that the
strain-rate be just a pure shear over X (supposing that [34/d7] # 0)
which determines the stress deviator uniquely. For the Mises solid
this additional possibility was first demonstrated in rather different
fashion by THomas [1953, pp. 346-351].
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I. GENERAL PRINCIPLES

§ 1. The Conditions for Any Theoretical State

Any theory of the static behaviour of structures is an elaboration,
in one form or another, of the three requirements that have to be
satisfied by any theoretical state, namely the requirements of (1)
equilibrium, (2) compatibility and (3) conformity with the stress-
strain relations of the materials involved.

The equilibrium requirement states that the internal stresses shall
be in statical equilibrium with external loads. The compatibility
condition states that the displacements of the structure shall be
geometrically compatible with the internal strains, the internal strains
being in turn compatible with each other. Finally, the internal stresses
and the strains are related according to the characteristics of the
materials, due account being taken where necessary of initial or ‘locked-
up’ stresses and of strains due to temperature. The second and third
conditions (compatibility and conformity with stress-strain relations)
have on occasion been taken together when dealing with elastic struc-
tures, but it is desirable for inelastic structures always to treat them
as separate requirements.
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A structure is elastic provided the strains and stresses are linearly
and reversibly related. Thus, for direct tension or compression, the
stress-strain relation shown in Fig. 1 is linear and reversible in the
ranges OA, OA’ (elastic), while beyond A and A’ the relation becomes
non-lincar and irreversible (inelastic). If, from some point C in the
inclastic range, the stress is decreased, the relationship between
change of stress and change of strain again becomes elastic, the
straight line CD being parallel to the initial clastic line OA.

A particular type of inelastic behaviour is the elastit-plastic rela-
tion, shown in Fig. 2. Beyond the limit of elasticity at A or A’, the
material becomes purely plastic in behaviour, the strain increasing to
a large value with no increase of stress. Much of what follows will be
concerned exclusively with such behaviour, which is typical of mild
stecl.

§ 2. The Problem of Uniqueness

The above considerations are sufficient to establish whether any
given state of a structure is a theoretically possible one, dynamic
forces being absent. The external loads acting on the free surface of a
structure, and the displacements imposed at any given points such as
points of support, constitute the boundary conditions for that structure.
The question then arises: given the initial state of the structure and
the initial and final boundary conditions, under what circumstances
is it possible to find a unique solution for the final state?

Itis ﬁrst‘evident that, if the stress-strain relations within a structure
arc non-conservative, then the final state of the structure will not be
uniquely determined by the conditions stated. Stress-strain relations
are non-conservative when the strain is not a single-valued function
of the stress, the actual relationship being dependent on the history
of the stresses at any particular point. This behaviour is typical of
stress-strain relations when they extend, during some part of the
loading sequence, into the inelastic range. Secondly, the final state
of the structure will not be unique when the applied loads are non-
conservative in relation to the corresponding displacements, even
though the structure may remain elastic. In general, when either
the stress-strain or the load-displacement relations are non-conserva-
tive, the final state may only be derived from the initial state if
account is taken of the sequence of loads, displacements, stresses and
strains throughout the structure. In other words, the complete history
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of the boundary conditions and the corresponding states of the
structure must be considered. If this is not done, there is in general a
continuous set of possible solutions for the end statc. Thus, consider a
material which, in the virgin state, has stress-strain relations for uni-
axial tension and compression given by OAB, OA’B’ in Fig. 2. If now
a fibre is strained in tension to some point C with continuously
increasing strain, and the strain is then reduced by Ae, the stress reduces
elastically to the value at ID. The condition represented by point D
has been reached as the result of the given strain history, but a differing
strain history resulting in the same final strain O would usually
result in a differing final stress. The final stress may in fact lic anywhere
within the range bounded by the yield stresses in tension and compres-
sion.

The condition that both the stress-strain and the load-displacement
relations must be conservative is thus certainly necessary if the final
state is to be uniquely determined by the initial state and the final
boundary conditions. This condition is not, however, sufficient,
since more than one configuration may be possible for the deformed
state of an elastic structure under loads of given magnitudes. Thus,
for example, the clastic, fixed-base frame in Fig. 3(a), with a vertical
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in fig 4(a)

POINT C
in fig 4(a)

(c)

Fig. 3.

load Q at the apex A, may have the three configurations in Figs. 3(b),
(c) and (d) for the same value of Q = Q;. If the apex A is moved
vertically downwards by an external agency, the graph of vertical
force versus deflection will have the form shown in Fig. 4(a), the
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points B, C and D corresponding to the states of the structure (b), (c)
and (d) respectively in Fig. 3. Lack of uniqueness of this sort is con-
cerned with a finite number of non-adjacent states, and it is found
for almost all practical structures (with the notable exception of
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structures containing thin plates) that not more than one elastic
state of the structure exists to support a given set of loads. Thus, any
practicable portal frame structure would not be’elastic under the
gross deformations represented by Fig. 3(c).

The complexities of following step-by-step the behaviour of a non-
conservative. structure as the loading conditions are varied are so
formidable that it is usual when dealing with elastic-plastic structures
to make such assumptions and approximations that the structure may
be treated as though it were conservative. Thus, as far as loading is
concerned, the structure is assumed to be subjected to a monotonically
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varying load system, the intensity increasing continuously until the
maximum capacity of the structure is reached. It is assumed that the
structure is initially elastic (usually unstressed), and that once yield
has occurred in any fibre the strain at any point continues to increase
always in the same direction. Assuming elastic-pure plastic behaviour,
the relation between stress and strain anywhere in the structure will
be on B’A’OAB in Fig. 2. With these assumptions, a structure loaded
beyond the elastic limit may be treated as though it were conservative.
Actually some degree of reversal of straining almost invariably occurs
in elastic-plastic structures, even when subjected to monotonically
increasing loads. It appears that if such structures are assumed to
behave in a conservative manner according to the stress-strain relation
B’A’OAB (Fig. 2), the resulting collapse loads are on the safe (low)
side compared with the theoretically correct values (Roperick and
HornNE [1948], BAKER et al. [1949)). This, however, is a subject in need
of further investigation.

§ 3. The Stability Condition

We have dealt with the requirements (namely equilibrium, com-
patibility, and conformity with stress-strain relations) that have to
be satisfied for any theoretical state, and the conditions under which
a unique solution is possible. We now enquire whether, for a structure
in a given equilibrium state, any infinitely small disturbing forces
will cause the structure to depart a finite amount from that state.
If the infinitely small disturbing force causes only an infinitely small
disturbance, the structure is said to be stable, and this is a necessary
condition if any theoretical equilibrium state is to be one in which
the structure could in practicé remain under the given boundary
conditions. The principles enunciated in § 1 are sufficient to establish
theoretically the conditions for stability, since, by considering the
effect of a small disturbance, it is possible to determine whether the
resulting changes in the internal resistance of the structure are statical-
ly sufficient to balance the changes in equilibrium conditions due to
the incremental deflections and external forces. While simple problems
may be treated thus, it is usually more convenient to use the concept
of total potential energy for a criterion of stability. The total potential
energy must be a minimum with respect to any incremental state of
deformation if the structure is to be stable. If the potential energy
is not a minimum, then an infinitely small disturbing force will produce
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changes in deformation that result in a net release of energy, and the
structure will acquire finite velocities. The condition for stability,
namely that infinitely small disturbing forces produce only infinitely
small deflections will then be violated.

It may be noted that the concept of minimum total potential energy,
as usually expressed, is applicable only to conservative structures.
The potential cnergy of the external loads is then definable in terms
of the positions of their points of application, while, the internal
potential energy consists of elastic strain energy definable in terms
of the state of strain in the structure. The total potential energy is
the sum of these terms. In non-conservative structures, care has to
be taken over the method of stating the principle of minimum poten-
tial energy, since energy is continuously being expended irreversibly,
the amount of energy thus expended depending on the strain cycle
for all parts of the structure. By adopting a modified potential energy
concept it is, however, possible to stipulate a form of the minimum
energy criterion for stability that is applicable to non-conservative
structures.

§ 4. Dynamic Instability

The above discussion is based on the assumption that dynamic
forces are absent. Horr [1949, 1951] has maintained that, for non-
conservative structures, a quasi-statical treatment of the stability
problem is inadequate. It is readily seen that, under many circumstan-
ces, the stability problem must become a dynamic one. Thus, if the Q
applied to the frame in Fig. 3 is a dead load, and is gradually increased
to the peak value Q' [point E in Fig. 4(a)], then finite velocities
occur as soon as the load Q' is reached. Since the static load-deflection
curve in Fig. 4(a) refers to an elastic structure, the point F will be
reached when the subsequent oscillations of the structure have died
down, but if the structure were in the process to become partially
plastic, the final state reached could only be derived by following the
motion of the structure in detail. If it is desired to follow the static
curve EC in Fig. 4(a), then the load Q must be applied to the frame
in Fig. 3 by a straining device which is sufficiently rigid to render
the composite structure consisting of frame together with straining
device stable at all stages of loading. Suppose that, when the straining
device is adjusted to apply load Q; at point C in Fig. 4(a), the re-
lationship between force Q and deflection w for the straining device
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is given by the line GH. Then it may be shown that the complete
arrangement will be stable at the load Q; provided GH has a negative
slope greater than the tangent to the static load-deflection curve for
the frame at this point.

It might appear from the above argument that, by making the
straining device sufficiently rigid, it should always be possible to
follow the static load-deflection curve experimentally. The structure
has, however, an infinity of degrees of freedom, and even if the loads
on a structure are all applied by infinitely stiff straining devices,
there may be insufficient control to prevent dynamic behaviour
according to some mode of deformation. The point maintained by
Hoff that dynamic behaviour should be considered must therefore be
conceded if we are wishing to deal correctly with behaviour beyond
the state at which the structure ccases to be stable. Since we shall not
be concerned with any accurate study of behaviour beyond this
state, there is no need to consider dynamic forces. The point of
limiting stability [point E in Fig. 4(a)] may be derived, even for non-
conservative structures, by a consideration of static behaviour only.

§ 5. The Biturcation of Equilibrium, and the Tangent and Reduced
Modulus Loads

-

Finally, mention should be made of a particular form of ‘lack of
uniqueness’ connected with the stability of symmetrically loaded
members in structures. It may happen that, for the elastic frame

K
M
o '—/
o
- ~ N
-
0.
| 3
A &
X ¢
HORIZONTAL DEFLECTION V
(a) (b)
Fig. 5.

in Fig. 3, a tendency arises quite abruptly at some value Q"' of the
load Q for an unsymmetrical mode of deformation to develop [Fig.
5(a)]. While it may be theoretically possible for the relationship
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between horizontal deflection at A and vertical load to continue
with zero deflection as the load Q increases beyond Q*’ [JK, Fig. 5(b)],
the structure may also deflect sideways, following a load-deflection
relation such as JM or JN, according to the particular characteristics
of the structure. The phenomenon reached at load Q*’, whereby the
structure may follow either JK or JM, is known as a ‘bifurcation of
equilibrium’. Since the smallest imperfection would cause the struc-
ture to follow JM or JN rather than JK, the theoretlcal possibility
of the higher relationship JK is of no practical 1mportance The
equilibrium of a centrally compressed bar shows a similar ‘bifurcation’
at the Euler load, when-the bar may theoretically cither deflect in the
form of a sine wave or remain straight.

Bifurcation of equilibrium can also occur in inelastic members.
Thus, if a centrally compressed bar is composed of material with
a stress-strain relation in compression of the form Oaef in Fig. 6(a), the
lateral deflection will unambiguously remain zero up to some load
Py [point A in Fig. 6(b)]. Beyond this load, a bifurcation of equilib-
rium is possible. If the bar remains straight, there is a uniform in-
crease of both stress and strain, and between A and B in Fig. 6(b)
the stress and strain across the section change from AA’ to BB’ in
Fig. 6(c). The bar may, however, bend and, in this case, the load-
deflection relation moves to C [Fig. 6(b)], while stress and strain
change from AA’ to AC’ [Fig. 6(c)]. Since all strains are increasing
in the compressive direction, the relationship between the changes of
stress and strain are according to the slope of the stress-strain curve
at the mean stress oy corresponding to the load Pi. The load Py is
therefore calculated by reference to the slope of the tangent at the
mean stress oy in Fig. 6(a), and is thus known as the tangent modulus
load.

If the lower equilibrium path ACD is followed, there is initially an
increase of deflection only as the axial load continues to increase.
If, on the other hand, the higher equilibrium path AE is followed,
a load P is reached at which lateral deflections dccur without any
increase of load. The changes of stress and strain across the section
when the deflection increases to point F are shown in Fig. 6(d). The
fibres on the concave face as the bar bends undergo further compression
according to the slope of the stress-strain curve at the corresponding
mean stress or [Fig. 6(a)], while the stresses in the fibres on the convex
face decrease according to the linear stress-strainrelation e.g. parallel
to the elastic line Oh. The load P is called the reduced modulus load.
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The slightest imperfection in an inelastic bar in compression will
induce it to start deflecting laterally at the tangent modulus load,
but the bar will not become unstable until some load P is reached
[Fig. 6(b)]. Despite this, the tangent modulus load is frequently used
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as an estimate of the failure load. Because of the presence of initial
imperfections, this empirical procedure frequently gives results
reasonably consistent with experiment, but the correlation is largely
fortuitous.

It is interesting to note that the possibility of a bifurcation of
equilibrium at the tangent modulus load was for a long time ignored,
until SHANLEY [1947] discussed the problem. If symmetrical loading
conditions are assumed, it is very easy, both in elastic and elastic-
plastic structures, to make serious errors by failure to notice when a
bifurcation of equilibrium is possible. Since perfect symmetry is in
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any case a fictitious condition, it is both unwise and unrealistic to
confine attention to symmetrical conditions. It is unfortunate that
the problem of instability in the plastic range has so often been domi-
nated in the literature by the assumed condition of central loading.
The buckling problem of a centrally loaded bar has only limited signi-
ficance for the stability of realistically loaded structures in the plastic
range. In structures containing imperfections and loaded in an arbi-
trary manner, the stability problem is not dominated by the phenome-
non of bifurcation of equilibrium as it is for idealised structures.
The imperfections and loading will define a specific behaviour such
that two identical structures with identical imperfections and sub-
jected to the same loading will follow the same load-deformation
path. Thus a uniquely defined condition is reached at which the
structure will cither collapse completely or make a ‘dynamic jump’
to an alternative state at which stable cquilibrium is again possible
[e.g. a jump from K to F in Fig. 4(a)]. The problem of bifurcation of
equilibrium loses the centrality to the problem which has sometimes
been ascribed to it, and since it does not affect the general treatment
will not be considered further.

II. METHODS OF ANALYSIS

§ 6. Introduction

The principles enunciated in Part T are theoretically sufficient to
determine the state of a structure, whether clastic or inelastic, in
static equilibrium with a given set of loads. An embarrassing number
of devices and derivative principles have, however, been enunciated
asaids to analysis such as slope-deflection equations, stability functions,
and the principles of virtual work, stationary potential and comple-
mentary energy, and minimum complementary cnergy. Before enter-
ing the discussion of inelastic stability given in Part II1, these aids to
analysis will be summarised. Although the devices and principles are
mostly well known, it is unfortunate that their real significance is
casily hidden when attention is confined to elastic structures, as is
usually the case. This may result in mistaken application to inelastic
problems.

Certain aids to analysis which refer only to elastic structures are
first suamarised in § 7. General theorems relating to the equilibrium
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and compatibility conditions for any state are dealt with in § 8,
§ 9 contains a discussion of the potential energy criterion for clastic
structures, and the implications of the modified energy criterion for
inelastic structures are discussed in § 10. The use of the virtual work
equations in the stability analysis of both clastic and inelastic struc-
tures is considered in § 11.

§ 7. Aids to the Analysis of Elastic Structures

The most elementary aids for elastic structures are those which
describe the behaviour of single members. Provided no axial load
is present, and flexure is the only important deformation, the relations
between the terminal shear forces, bending moments, displacements
and rotations are linear, and involve the equilibrium conditions
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together with the ‘slope-deflection’ equations which describe the
flexural behaviour of the member. Thus, if the initially straight
member AB in Fig. 7(a) is of uniform cross-section with flexural
rigidity EI, and has a length /, the basic slope-deflection relations are

EI
MAB=4(T)0 "
Mpa = 2(?)0.
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The total elastic behaviour of a member under any combination of
terminal conditions may be derived from these equations by super-
position. The effect of transverse loads within the span of the member
may be allowed for by the introduction of the ‘fixed-end moments’
into the equations, these being functions of the intensity and distri-
bution of the load (see, for example, P1ppPARD and BAKER [1957]).

When an axial load P is present [Fig. 7(b)], the relationship may
still be expressed linearly, provided the necessary changes are made in
the stiffnesses in the slope-deflection equation. Thus equations (1)
become

st s (51) .
EI
Mpa = cs (—l—) 0

where the ‘stability functions’ s and ¢ are transcendental functions
of the quantity P/Pg, Pg being the Euler critical load for the member
AB treated as a pin-ended strut. Stability functions of various sorts
have been tabulated by a number of writers, the first being those due
to BERRY [1919]. A recent presentation has been given by LIVESLEY
and CHANDLER [1956]. The slope-deflection equations are not, of
course, linear with respect to the axial load P, and non-linear changes
occur in the distance between the ends of the member. These changes
are of order 102

The total behaviour of a structure composed of initially straight
members may be derived by assembling the slope-deflection equations
for individual members, using also the conditions of continuity and
the requirements of equilibrium. When the displacements are every-
where small, displacements of order /62 may be neglected compared
with the general displacements of order /6. We note that the basic
slope-deflection equation may be interpreted ‘applied moment equals
stiffness times end rotation’. Similarly, provided 6 is everywhere
small, we may assemble the equations for the whole structure in the
matrix form

E=Y-A )

where E is aload vector, Y the stiffness matrix and A the displacement

vector for the structure. The above is the notation used by LIVESLEY
[1956]. It is to be noted that

1. The load vector £ depends only on the undeflected form of

the structure and the distribution and intensity of the loads:
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2. The stiffness matrix depends only on the undeflected form
of the structure and the stiffnesses of the individual mem-
bers as modified by the axial loads they carry;

3. The displacement vector A depends only on the unde-
flected form of the structure and the displacements of the
joints, of order /6.

If the axial loads in the members of the structure remained constant,
equation (3) would give the deflections as linear functions of the
applied loads. The deflections would then become infinite if the stiff-
ness matrix became zero. Since infinitc deflections correspond to a con-
dition of elastic instability, the structure on this argument becomes un-
stable when the axial loads are such as to lead to a zero stiffness matrix.
Equation (3) has been used in this sense to evaluate elastic instability
loads (L1vESLEY [1956]). It should, however, be noted that the condition
of a zero stiffness matrix gives in general only an approximation to
the elastic instability load. First, there is the difficulty of estimating
the axial loads in the members at any assumed external loading, since
these depend on the state of deformation of the structure as well as on
the values of the external loads themselves. The accurate estimation of
axial loads is therefore very difficult. Second, the dependence of the
terms in the stiffness matrix on the axial loads, and therefore on the
state of deformation, means that the stiffness matrix is not invariant
with respect to deformations. The condition governing changes of
deflection under constant external loads becomes, from equation (3),

0=YA +YA. (4)
The condition Y = 0 represents accurately a state of limiting
stability if the deflections of the structure are zero. For many struc-
tures, particularly multi-storey frames carrying predominantly vertical
loads, the axial loads in the columns are little affected by the state of
deformation, and Y = 0 gives a close estimate of the elastic instability
loads, but for a structure such as that in Fig. 3(a) Y = 0 gives a poor
estimate. For the particular case in which the loading produces only
direct axial loads in all the members, as for example a multi-storey
frame under vertical loads applied at the beam to column joints only,
the condition Y = 0 is accurate for limiting elastic stability provided
the effect of direct axial compression can be ignored.
Further restrictions on the use of Y = 0 as a stability criterion arise
from an inconsistency in the assembling of equation (3). The matrix Y
differs from its value when all axial loads are zero only when the
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flexural shortenings of the compression members (of order /02) are of
significance in the work equation. The effect of deformations of this
order is, however, ignored in the displacement vector A, and the
general position regarding second order deformation terms in elastic
stability analysis is unsatisfactory.

§ 8. The Equilibrium and Compatibility Conditions

I
This section is concerned with theorems relating to the equilibrium
and compatibility conditions for both elastic and inelastic structures.
In discussing the state of stress and strain in a structure, it will for
the sake of simplicity be assumed that uni-directional stress and strain
only are involved. Let o denote the direct stress at any point, and &
the corresponding direct strain. Let any load applied to a point in the
structure be denoted by @, and let the displacement of that point in
the dircction of ) be w. The loads Q are taken to include any body
forces present.
According to the virtual work relation, if any set of external loads Q
are in equilibrium with internal stresses ¢, and if any set of small
displacements Aw are compatible with strains 4e, then

Yode — XQA. = 0. (5)

This applics to non-conservative as well as conservative structures.
It may be used to establish an equilibrium condition for actual loads
Q* and corresponding stresses o*, making use of any set of displace-
ments dw and corresponding compatible strains 4de. Conversely, a
compatibility condition may be established between actual displace-
ments Aw* and strains 4¢* by using any set of loads Q that are known
to be in equilibrium with stresses o.

The principle of stationary potential energy is a statement of the
equilibrium condition for conservative structures. Let U denote the
total potential energy of a structural system, that is, the potential
energy of the applied loads together with the internal strain energy.
We consider the displacements w of the structure and the correspond-
ing compatible strains & to be related functionally to a single dis-
placement @, so that

wi = Fg(l?l)
and
& = f4(@) .
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We take a given state of the structure corresponding to @ = @, and
consider a small deformation of the structure from the given state
to an adjacent state, corresponding to a change in the displacement
@ from @, to @ + 6. By changing the nature of the functional
relationships Fy( ) and f;( ) we may obtain any desired set of dis-
placements and compatible strains. The principle of stationary poten-
tial energy states that, for any set of functional relationships,

W
3%~ 0. (6)
The equation so obtained is identical with that obtained from the

virtual work relation by associating the actual loads and stresses
in the structure with the set of infinitely small displacements

dwy = (Fi(®)

)ahw,éﬁ}

and strains

B¢y = (5(9)p g8

Although the virtual work relation is applicable to non-conservative
structures, the principle of stationary potential energy cannot be so
applied because the total potential energy cannot be expressed as a
function of the displacements and strains. A stationary principle can,
however, be formulated, using a modified total energy Un which
includes, as well as the total potential energy, the energy absorbed
in plastic deformation as a result of the actual loading path. It is
imagined that the structure has reached a given state defined by
@ = 1y, and then undergoes the further displacements

by = (Fi(@),_,, ) 05

and strains
og; == (fi(®@ 7
e = (fi®) 5. ¥,
the change in the modified energy Ux being calculated accordingly.
Then it is an equilibrium requirement of the given state that

Wn
—W——O. Q)
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§ 9. The Stability Condition for Elastic Structures

If, for a structure in a given state, an infinitely small disturbing
force causes only an infinitely small departure from the given state,
then the structure will be capable of remaining in that state without
external restraint. This condition will be satisfied if, in order to cause a
departure from the given state of deformation into any adjacent
theoretical state, additional work has to be supplied. Hence a con-
servative structure will be stable in a given state provided the total
potential energy is a minimum with respect to any change of defor-
mation which satisfies the conditions of compatibility. In a non-
conservative structure, the modified total energy Un is similarly
required to be a minimum as a necessary and sufficient condition of
stability.

It was shown in the previous section that, since the structure
is in equilibrium in the given state, the total energy U or Uy is
required to be stationary |equations (6) and (7)]. For stable equilibrium,
we have the additional requirement that, for any mode of deformation,

22U

gz >0 8)
o U
3M2Un

Conversely, if there exists any state of deformation which can result
in a decrease in U or Uy, then the structure will be unstable. In this
section we consider the stability of elastic structures.

The stability criterion for the portal frame in Fig. 3(a) in the states
depicted successively in Figs. 3(b), (c) and (d) is illustrated in Figs.
4(b), (c) and (d) respectively. The load Q, is supported in a stable
manner in states (b) and (d) [points B and D in Fig. 4(a)], because the
total potential energy U is a minimum with respect to any deformation
from the corresponding state. It is assumed that bifurcation of equilib-
rium, as described in § 5, does not occur. For the state (c) in Fig. 3
[point C in Fig. 4(a)], if the load is maintained constant at Q; while a
departure from the deformed state is made according to the increments
of deformation actually obtained at C in Fig. 4(a), then the total
potential energy U will appear as a maximum, as shown in Fig. 4(c).
The structure is then in an unstable condition.

Consider now the state of the structure when it attains its maximum
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load Q' at E in Fig. 4(a). If the load is maintained at Q' and departures
in deformation from the state at E are made according to the deflec-
tions of the actual structure, then the potential energy U varies as
shown in Fig. 4(e). Provided the first differential of the stress-strain
relation with respect to strain is a continuous function (as it is for an
elastic structure, being in fact the elastic modulus and therefore
constant), then the curve of total potential energy in Fig. 4(e) must
be a continuous function as far as its second differential with respect
to deflections. This follows from the fact that strain energy is given
by the area under the stress-strain relation. Since 32U/d®%2 > 0 when
@ < @, and d2U/d@? < 0 when @ > w,, then @ = @, is a point of
inflexion and

32U

39 = 0 (10)

This equation represents the condition of limiting stability, and
defines the peak load @’ called the elastic critical load. For the
structure in Fig. 3(a), and for most states of loading in any structure,
bending deflections occur as soon as any load is applied, and the
exact determination of the elastic critical load is extremely laborious.
In structures subjected to certain load systems, however, the deflec-
tigns remain negligible until a critical load is reached, the only deflec-
tions below the critical load being those associated with direct axial
strain. When the critical load is reached, but not below that load,
deflections of a different order of magnitude become possible. The
calculation of the critical loads of structures subject to such types of
loading is comparatively easy. Any one structure subject to a pattern
of loads which produces no bending deformation at arbitrary levels
will have a series of critical load intensities with their corresponding
modes of deformation (‘critical modes’), all satisfying equation (10).

In discussing the fixed-base frame in Fig. 3(a), it has been stated
that the structure will be stable in rising parts of the load-deflection
curve, and unstable in falling parts. Although this statement may
appear intuitively obvious, it requires some justification, since any
load-deflection curve represents information relating to one particular
deflection in the structure only.

Suppose Fig. 8(a) represents the load-deflection curve for a struc-
ture, the loads being expressed in terms of a typicalload Q and the deflec-
tions in terms of a typical deflection @. It is assumed that the struc-
ture is monotonically loaded. Let the strain energy of the structure
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be denoted by V, and let the total work done by the structure on the
loading system be W. Then, since the structure is at all stages of loading
in equilibrium with the applied loads,

dV = —dW
and
V4+W=0. (11)

If the individual loads arc denoted by ;0 where the 4; are constant
coefficients, and the corresponding deflections at the loading points
are denoted by wy, then

_ _ ._ dwy) .5
dV = —dW = S 1Qdw = 10 (dﬁ)dw. (12)
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Hence, considering the behaviour of the structure up to the stage
at which @ reaches some value @,

o, '

V=-—W= ga,fo Q(%%‘)dw. (13)

Consider now the state of the structure at some point A in Fig. 8(a),

when the load ¢ and the deflection @ have the particular values

and @;. Suppose the loads on the structure are imagined to remain

constant at the values A4,0: while the deflections change from wy to

wy + dwy. The change in the potential energy of the external loads
24Q1 is then dW; where

aWs = — S 2Quctos = —0: 5 hs () 0o (14
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Hence, measuring the potential energy W, of the loads 4«1 from the
deflections of the structure when the loads are zero,

" dwy
”’1= —Q]?lt fo (a;e_)—) dwe . (15)
The internal energy of the structure when the deflections are the w
corresponding to @ = @ is given by equation (13). Hence the total
potential energy U becomes

” ’ ~ w‘ d”}[ -
U=V 4 W= Sk _[0 (0 —0v) (ﬁ) A . (16)
It follows that U .
-3 _ 0, &
5 2“14 (@—0y) 5’ (17)
dzU o, dxo;  dQ dw,
a;v?—(o—ol)zl‘lr(ﬁﬁ Fﬁ?lfa‘@‘- (18)

When @ = 1, cquation (17) gives the equilibrium requirement
dU/d@ = 0, while equation (18) gives
2y .

QU _ 40 5, duw

Wi

d@? — dw ¥ d@ (19)
We now assume the positive direction of @ to be so chosen that
dQ/d® is positive when the loads on the structure are zero (@ =0).
If the structure is stable at zero load, then from equation (19) the
term X A¢(dw/di@) is also positive. As the loads are increased, the
structure will reach its elastic critical load when either the first or the
second term in equation (19) becomes zero. Considering the second
possibility, let X; A;(dw¢/d@) = 0 when @ = ®’. Then the system of
load increments A¢(dQ/d®)y.q di@ represents a set of disturbing
forces applied to the structure, and since the structure is unstable
no such set of incremental loads can be applied without causing
infinite displacements. Hence the value of @ must be stationary with
respect to the general deflections of the structure, and the type of
relationship between () and @ obtained is shown in Fig. 8(b). This
is, however, only a particular case, and there will only be a finite number
of points in the structure which remain stationary at the critical load
Q'. More generally, the elastic critical load will be reached only when
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Ux =W + Vg + Ve, (20
U* =W Vg (21)

Suppose the general displacements w and the strains e throughout the
entire structure may be expressed linearly in terms of a single dis-
placement @. Since plastic deformation only proceeds in the structure
under constant stress, it then follows that Vp contributes nothing to
the value of d2U n/d®@2, and so

dely  deu* !

d@? T dw?
Hence the stability condition d2Ux/d@w2 >0 may be replaced by
dzU* _
o > 2

The variations in the energy {7* for incremental deflections under
constant load at points A, B and C on the load-deflection curve, Fig.
9(b), are shown in Figs. 11(a), (b) and (c) respectively. Usually, defor-
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Fig. 11.

mations of the structure in a direction contrary to that taken by the
deformations in the load-deflection curve will result in stress reversal
in the plastic zones in the structure, so that straining is everywhere
clastic and

dU* dUx

de — dw
With forward deformations, active plastic deformation occurs and
the increase in U* is less than the increase in Un, so that

dU* _ dUx

do = dw -
Since for an infinitely small change of deformation, equilibrium
requires that dUy/d@® = 0, then dU*/di# = O for backward defor-
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mation and dU*/d# < 0 for forward deformation. Thus, Fig. 11(a),
referring to the stable equilibrium state at A in Fig. 9(b), gives
dU*/d#® = 0 and d2U*/dw? > 0 for GH at G (backward deformation)
and dU*/d@ < 0 and d2U*/d@? > 0 for GK at G (forward deforma-
tion). In Fig. 11(b), corresponding to the unstable point B in Fig. 9(b),
forward deformation (GK at G) gives dU*/d#% < 0 and d2U*/dw? < 0.
In Fig. 11(c), corresponding to the maximum load ' in Fig. 9(b), for-
ward deformation (GK at G) has dU*/d@ <2 0 and d2U*/d@? - (.

In Fig. 9(b) the load-deflection curve for an inclastic structure has
been drawn continuous in dQ/d@. This is usually true in practice, but
analytical simplifications are sometimes made when dealing with
elastic-plastic structures, causing discontinuities in dQ)/d@. Thus the
moment-curvature relations for a member bent about an axis of
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Fig. 12.

symmetry take the general form shown in Iig. 12(a) for various mean
axial stresses, but thesc relations are commonly approximated by
straight lines, as shown in Fig. 12(b). The use of such approximate
moment-curvature relations leads to load-deflection relations for
complete structures of the type shown in Fig. 13.

LOAD @

DEFLECTION w
Fig. 13.
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The discontinuities of slope occur in Fig. 13 when an additional
plastic hinge forms in the structure. If C represents the peak load on
the structure and @, the corresponding deflection, then the stability
criterion becomes d2Uy/dw2 > () for w < we and d2Ux/d®2 < O for
W > We.

§ 11. Use of the Virtual Work Equation to Establish Stability Conditions

When the virtual work relation, equation (5), is used to establish
a condition of equilibrium, the incremental displacements and defor-
mations represent any change of deformation from the given state.
We may express the displacements wy, the strains ¢, together with the
corresponding loads @y and stresses gy as functions of a single typical
displacement @, i.c.
we=F(w), &=[@),

Qu==Gy(®), 0y —=g(d).

In the virtual work equation (5) for the state when @ = @,, we asso-
ciate the loads Q¢ and the stresses o¢ with incremental displacements

Awy == Fi(w) Aw®
@ o,
and incremental strains
Agy — /}(zii)w__w‘JvT' ,
giving
2}: (tj/'l-‘j —? ();Aw; =0. (23)
This virtual work equation is identical with that obtained by ex-
pressing, for elastic structures, the total potential energy U, and for
inelastic structures, the modified total energy Un, as a function of the
displacement @, and equating d3U/d®@ or dU /3@ to zero for @ = @.
Consider now the application of the virtual work equation to the
adjacent state of the structure defined by @ = @, + 4w. If the
equilibrium condition is just satisfied, both when @ = @, and when
W = @ + 4w, then the second order terms obtained by differentiating
cquation (23) must vanish. Hence

2}:{4‘0‘;.‘]6‘; + 0,42} — ?{AQ(L’]“’( + Qujzw.} =0 (24)
where
400 =Gif@),_, A7, oy = gi(@),_ A7

A == I‘"('(ﬁl)w__ @ (dw)2, N2y = ;'(zﬁ)o_wl(dz’e'))'l .
1
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Equation (24) is identical with that obtained by putting 32U /d@2 = 0
or, in the case of inelastic structures, d2Un/d®w2 = 0 for @ == wy.
When the entire expression in equation (24) is positive, 32U/d@2 >0
or 32Un/d®2 >0, and the structure is stable with respect to the
displacements /lw¢ and the strains A¢;. Conversely, when the expression
is negative, d2U/d@w2 < 0 or d2Un/dw% < 0 and the structure is
unstable with respect to these displacements and strains.

Structures subject to dead loads only have values of Q¢ which are
independent of deflections. Hence A4Q¢ = 0 and the condition for
limiting stability becomes

2 {Aa;Ae; | 0;A%;} — X QeA%e0y = 0. (25)
j {

In view of the difficulties of calculating the modified total energy
of an inelastic structure for all conceivable strain paths, it is more
convenient to use the condition that equation (24) or (25) shall be
positive for all deformation increments away from the given state
rather than the condition that the modified total energy Un shall
have a minimum value.

III. REVIEW OF SOLUTIONS OF THE STABILITY
PROBLEM FOR ELASTIC-PLASTIC STRUCTURES

§ 12. Introduction

Solutions of instability problems in the elastic range usually refer
to single members subjected to concentric or eccentric end loads,
comparatively little attention. having been given to the difficult
problem of continuous structures. The first progress was made by
considering elastic-plastic stanchion lengths rigidly fixed to loaded
beams which remained elastic (BAKER and RopERICK [1942, 1948a,b],
BAKER et al. [1949], RopERICK and HorNE [1948]), an attempt here
being made at an ‘exact’ solution. This work has been cxtended to
more general conditions imposed upon the stanchion (EICKHOFF [1955]).
The first complete analyses presented for a complete structure were
those obtained by FouLkEks [1953]" for rigid-jointed triangles. Woop
[1957/58] has recently presented accurate solutions for two four-
storey frames, and his results are of great interest.

t See also HorNE [1956], a discussion of LivesLEY [1956].
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The above accurate solutions are mainly based on the elastic-pure
plastic stress-strain relation OAB in Fig. 2. The analyses are domi-
nated by the corresponding moment-curvature relations for the mem-
bers, and these take the general form of thecurvesin Fig.12(a). The exact
shapes of the curves differ according to the cross-section of the member,
differing curves being obtained for different axial loads. If the upper-
most curve in Fig. 12(a) represents the relationship at zero axial load,
a linear relationship is obtained up to the yield moment M, = Zf,
where Z is the elastic modulus of the member and fy is the yield stress.
Thereafter the relationship is curved and approaches asymptotically
the full plastic moment My, == Sfy where S is the plastic modulus.
The ratio My/My = S/Z ~ » where » is the shape or form factor.
For solid rectangular members » == 1.5, while for rolled I-sections
bent about an axis parallel to the flange, v = 1.15 approximately.

In many studies of elastic-plastic structures, the approximation
is made that the moment-curvature relation consists at a given axial
load of two straight lines as shown in Fig. 12(b), the horizontal lines
corresponding to the full plastic moments at various values of axial
load. This corresponds to the assumption that the member consists
of two flange plates of negligible thickness and a web of negligible
area, bending being about an axis parallel to the flange plates. Such
analyses are commonly called ‘unit shape factor’ or ‘unit form factor’
analyses, since they correspond to the assumption $/Z =» = 1.
The simplification achieved in the analysis is considerable, since
plasticity is confined to plastic hinges. A great many studies of
elastic-plastic structures have been made on this basis by SaLem [1958],
see also MERCHANT ef al. 1958, while Woob [1957/58] has also made
use of the approximation in the course of his analysis. Recently,
LivesLEy [1959] has produced a digital computer programme for
calculating clastic-plastic collapse loads on the assumption of unit
shape factor. MERCHANT [1954, 1958] has discussed the relationship
between the failure load and various idealised loads, such as the
rigid-plastic collapse load and the elastic critical load. Experimental
studies of elastic-plastic instability have been made on model frames
from three to seven storeys in height by L.ow [1958/59] and ARIARATNAM
[1959].

The following section summarises the progress previously reported
in studying the elastic-plastic instability of structures, and contains a
discussion of the leading ideas presented by the above authors.
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§ 13. The First Yield Load, the Elastic Critical Load and the Rigid-Plastic
Collapse Load of a Structure

The final purpose of investigations into elastic-plastic instability
is usually to obtain some convenient means of estimating the failure
loads of structures. It is recognised that, given sufficient patience
and the necessary computing facilities, failure loads may be calculated
for any given structure once the physical assumptions have been
stated. Such particular calculations are, however, so complicated that
their only real use is to point the way to approximate but more
convenient methods of calculation. In such approximate treatments
certain idealised loads are important.

Consider a structure of which the material has the stress-strain
relation OAB, OA'B’ in Fig. 2. The three most important idealised
loads for such a structure are the yield load, the elastic critical load
and the rigid-plastic collapse load. It is assumed that the loads on the
structure are maintained in a constant ratio each to each, a simple
numerical load factor 1 then being sufficient to define the intensity
of loading. We then have the following definitions.

1. The load factor at first yield Ay. This is the load at which
the most highly stressed fibre is just subjected to the
yield stress oy, with the corresponding yield strain ey
(Fig. 2).

2. The elastic critical load factor Ac. The stress-strain relation
is imagined to be indefinitely clastic [Ifig. 14(a)], and at
the load factor A¢, the condition d2U/d@2 = 0 is reached
[see equation (10)].

3. The rigid-plastic collapse load factor Ap. This is the collapse
load calculated by the plastic theory of structures, and is
based on the assumption of the rigid-plastic stress-strain
relation OAB in Fig. 14(b).
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Fig. 14a. Fig. 14b.

Perfectly elastic material.  Rigid-plastic material.
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The idealised load with the longest history is the load at first yield.
This is essentially the basis of many traditional methods of design,
although these have usually been expressed in terms of a ‘safe stress’
rather than the yield stress. It has been shown (BAKER ef al. [1956],
Baker and Robpirick [1942, 1948a,b]) that the yield load has no
consistent significance in the calculation of the failure loads of continu-
ous structures. Localised attainment of the yield stress may have
virtually no effect on the ability of a structure to sustain loads of
greatly increased intensity without failure.

The estimation of clastic critical loads of complete frameworks has
long been recognised as difficult, and remains so despite recent im-
provements in technique. The calculation of the critical loads of
structures loaded so that they undergo bending deformation from the
inception of loading is particularly laborious, and accurate solutions
for rigid frames have been obtained only for single bay, single storey
structures (see for example CHwWALLA [1938]). Attention has been
confined almost exclusively to the eigenvalue problem, that is the
estimation of A¢ for frames so loaded that they remain undeflected
except at the critical load. Such loading is resisted in the structure by
axial loads in the members only, and may thus be called ‘axial loading’.
The deformations produced by direct axial compression are assumed
to be negligible.

Because of the difficulty of calculating the critical loads of struc-
tures in which the loading produces bending moments at arbitrary
load factors, it is usual to replace the actual load distribution by what
is regarded as ‘equivalent axial loading’. Thus for the portal frame in

o a e o

(b) . (c)
Fig. 15.

Fig. 15(a), the loading shown would, for the purpose of calculating the
elastic critical load, be replaced by that in Fig. 15(b). The frame loaded
as in Fig. 15(a) becomes unstable due to a sidesway mode, as shown
in Fig. 15(c). Since the important factor in the instability analysis is
the influence of the axial loads in the columns, the axial load in the
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beam being unimportant, the error involved in using the loading in
Fig. 15(b) to estimate the critical load is small. CawaLLA [1938)
investigated this particular case, and for I = 3/, found an error of
3.09,. The substitution of axial loading for the actual distribution
seems generally to be justified, but difficulties arise in choosing the
equivalent axial loading for some cases. Thus the loading in Fig. 16(a)
would not be adequately represented by that in Fig. 16(b), nor yet
by that in Fig. 16(c), since considerable changes would occur in the
axial loads in the rafters because of deformations of the structure.

¢ +% 2

'&L (@) Lo (b)

Fig. 16.

The various methods of calculating elastic critical loads for con-
ditions of axial loading have been classified by Bleich!. His classifi-
cation may be summarised briefly as (1) analytical (2) energy and (3)
relaxation. In analytical methods, the homogencous linear equation
governing the characteristic modes is obtained, usually in the form of
a determinant equated to zero. In order to form the separate simul-
taneous equations from which thc determinant is derived, slope
deflection-relations involving the stability functions described in
§ 7 are used. Bleich! has summarised the general principles involved
in this type of analysis. MERCHANT [1955], SmiTii and MERCHANT
[1956], BowLEs and MERCHANT [1956] have suggested techniques
which facilitate the writing down of the equations for multi-storey
frames, at the same time reducing the number of separate equations.
LivesLEY [1956] has programmed the analytical method for a digital
computer.

The energy method uses the condition 2U[d@2 =0 (sec §9)
governing the state of limiting stability. This lcads to a determinant
which is required to vanish at the critical load, and the energy method
only differs from the analytical in the way in which this determinant
is obtained. The energy method is not suitable for extensive structures.

The third group of methods for obtaining elastic critical loads uses

t BLEich [1952], Ch. 2 and 6.
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the relaxation technique for finding the reaction of the structure to an
imposed deformation or disturbing force which produces bending
moments in the structure. At the critical load, the stiffness of the
structure with respect to such an arbitrary deformation or disturbing
force becomes zero, and the relaxation process fails to converge. Both
these properties have been used as a criterion for obtaining the critical
load. The extension of relaxation techniques to bar structures, allowing
for axial loads, was given many years ago separately by JAMEs [1935]
and BakER and OckLisToN [1935]. LunpgQuisT [1939] first developed
the application of such modified relaxation techniques to the estima-
tion of critical loads, using the convergence and stiffness criteria,
and more recent examples have been given by WINTER ef al. [1948].
BoLToN [1955] has obtained an analytical stiffness criterion for the
critical load of trusses, using the relaxation concept, by restricting
attention to a few steps only in the relaxation process.

The third idealised load is the rigid-plastic collapse load. Funda-
mental theorems relating to the estimation of such loads for plane
rigid frames have been established, namely the Uniqueness Theorem
and the Minimum and Maximum Principles (HorNE [1949/50] and
GREENBERG and PRAGER [1952]). Many techniques for estimating
rigid-plastic collapse loads, based on these fundamental theorems,
are available (BAKER et al. [1956], NEAL [1956], Hopce [1959]).

According to the Uniqueness Theorem, if, at any load factor 4,
a bending moment distribution may be found satisfying the three
conditions of equilibrium, mechanism and yield, then 4 is the rigid-
plastic collapse load factor Ap. The equilibrium condition is that the
internal moments and accompanying forces shall be in static equilibrium
with the external loads. The mechanism condition states that there
shall be sufficient plastic hinges to transform the structure, or part
of it, into a mechanism. The yield condition states that the full plastic
moment shall be nowhere exceeded.

In the case of many structures, particularly single bay portal frames,
it is easy to obtain by inspection a bending mement distribution
satisfying the three conditions, and some methods of analysis, particu-
larly semi-graphical methods, are based on this approach. In more
extensive structures, use is made of the Minimum and Maximum
Principles to proceed to a final solution by stages, placing ever narrow-
ing upper and lower bounds on the collapse load factor.

The Minimum Principle states that a load for which a bending
moment distribution satisfying the equilibrium and mechanism con-
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ditions can be obtained is an upper bound on the collapse load.
This is the basis of the ‘combination of mechanisms’ method due to Neal
and Symonds (NEAL and SymonDs [1952]), the procedure being to
combine elementary mechanisms into composite mechanisms in such
a way as to minimise the load factor.

The Maximum Principle states that a load for which a bending
moment distribution satisfying the equilibrium and yield conditions
can be obtained is a lower bound on the collapse load. The ‘plastic
moment distribution’ method, due to HORNE [1954], uses the Maximum
Principle, bending moments in equilibrium with the loads at unit load
factor being adjusted step by step to make the smallest ratio of full
plastic moment to corresponding internal moment as large as possible.
The multiplication of loads and bending moments by the factor so
obtained then gives a bending moment distribution which satisfies the
equilibrium and yield conditions. By combining the minimum and
maximum principles in analysis, the rigid-plastic collapse loads of
plane frames of any degree of complexity are readily obtained.

§ 14. The Idealised Loads as Parameters in the Estimation of
Failure Loads )

MERCHANT [1954]" has suggested that it might be possible to consider
the failure load factor Ar of an elastic-plastic structure as some
function of various idealised load factors, including the first yield
load factor Ay, the elastic critical load factor A¢ and the rigid-plastic
load factor Ap. For practical building frames of not more than two or
three storeys, the most satisfactory correlation so far established is that
of the simple plastic theory, in which we take Ar = ip. Hence any
empirical formula which may be suggested should reduce to Ar =~ Apin
such cases. Merchant! has tested for a large number of theoretical
structures the following formula, which may be regarded as a gener-
alisation of Rankine’s formula for struts

AF Ar
I—P+1—c—l' (26)

Since for practical structures of only one to three storeys, Ac is usually
large compared with Ap, the requirement Ar ~ 1p is satisfied. If Ar/Ap
is plotted vertically and Ar/Ac horizontally, equation (26) is simply

t See also MERCHANT et al. [1958).
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the straight line AB in Figs. 17 and 18. The points plotted on Fig. 17
were obtained theoretically by SaLiM [1958]" for one and two-storey
frames loaded as shown. Lines corresponding to various ratios of
Ap/Ac have been drawn, and it is readily scen that the Rankine
formula (26) is most successful when Ap/Ac is small and the collapse
load is close to the rigid-plastic collapse value. When Ap/ic > 0.3
the scattering of the points away from the Rankine solution is con-
siderable. Fig. 18 shows the experimental results obtained by Low
[1958/59] for miniature single bay frames of three, five and seven
storeys. Merchant suggests the Rankine formula as a safe (that is,
lower) limit for the collapse load.

Merchant has suggested another theoretical load which may be
explained by reference to the fixed-base portal frame shown in
Fig. 19(a). The actual relationship between load factor 4 and some
typical deflection w is given by OHF]J in Fig. 20, the failure load
(defined by the load factor Ag) being reached at F. Suppose the
rigid-plastic collapse mechanism is as shown in Fig. 19(b), the corre-
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Fig. 19.

sponding load factor being Ap. The value of 1p is, as usual, obtained by
considering the equation of equilibrium relating to the undeformed
state of the frame. We may however recalculate the load factor for
some rigid-plastic deformed state, as in Fig. 19(b), making allowance
for the change of geometry. We then find that the load factor for
equilibrium conditions decreases with increasing deflection according
to the curve MN in Fig. 20. The curve MN is called the ‘mechanism
curve’. Finally, suppose OQ is the load factor versus deflection curve
calculated on the assumption that the frame behaves entirely in an
elastic manner. The curve OQ is called the ‘elastic response curve’,
and its intersection at G with the mechanism curve MN defines a new
load factor Ag. Merchant suggests that this load factor may be used
as a somewhat high estimate of the failure load factor Ay. In a series of

1 See als—; MERCHANT et al. [1958].
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tests on triangulated structures, MURRAY [1956, 1958] found that the
ratio Ar/Ag varied between 0.77 and 0.98.

A rough correlation between Ar and Ag is to be expected, since the
true load-deflection curve OHF] in Fig. 20 is identical with OQ up
to the first yield load at H, and approaches very close to the mechanism
curve after the last plastic hinge has formed in the structure. If the
deflection recorded is that of a plastic-hinge, the load deflection curve
becomes coincident with the mechanism curve on the f|ormation of the
last hinge. There is, however, a lack of precise definition of theload 1¢
in Merchant’s treatment. We may construct the diagram in Fig. 20
by selecting a particular deflection [for example, the horizontal deflec-
tion at D, Fig. 19(a)] and thereby arrive at a particular value for 4.
The calculation may be repcated, but with reference to some other
deflection [such as the vertical deflection at the loading point C, Fig.
19(a)], the horizontal scale in Fig.20 being adjusted so that the
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mechanism curve MN remains unchanged. This is possible because
the deflections in the rigid-plastic mechanism remain proportional to
each other. Constructing the new elastic response curve, the curve OQ’
is obtained. In general, OQ’ will not be coincident with OQ, and the
intersection point G’ gives a new load factor Ay 'in place of 4. This
indeterminacy may not be important in most cases, since the load
factor Ag is proposed merely as a means of obtaining an approximate
estimate of the collapse load, but there may be frames in which widely
divergent values of Ag are obtainable according to the particular
deflection chosen.

A final criticism of Merchant’s approach is that he does not give a
definition of the elastic critical load A¢c which he proposes to use as a
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parameter. It has been stated in § 13 above that the elastic critical
loads for the two load distributions Fig. 15(a) and (b) are almost the
same. If the critical load for axial loading [Fig. 15(b)] is that actually
used in calculations, the error involved in applying this critical load to
a frame loaded as in Fig. 15(a) cannot be at all significant, and for such
a case, the lack of definition in Merchant’s treatment is unimportant.
In the case of a pitched roof portal frame, Fig. 16(a), neither of the
axial loadings in Fig. 16(b) or (c) give a reasonable estimatc of the critical
load for the original loading pattern, and it appears that the elastic
critical load for the true loading must be obtained. The critical loads
for such load distributions are tedious to calculate. Moreover, the
usefulness of such calculations as a means of estimating failure loads is
open to doubt, since the values of the axial loads in the component
members of the structure bear no proportionate relation to the axial
loads in the real frame when this is on the point of collapse. Not only
may the axial loads be disproportionate, but the gross distortion of the
frame may render the elastic-critical load irrelevant. This would be
so for the wide span portal frame in Fig. 21(a), of which the state when

1
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Fig. 21.

in the elastic critical condition might well be truly represented as in
Fig. 21(b). For the majority of structures, the failure load is much
nearer to the rigid-plastic collapse load than to the elastic critical load.
Here a promising approach would seem to be to use the distribution
of axial loads obtained at rigid-plastic collapse as the basis for cal-
culating an idealised elastic critical load. Such a critical load is likely
to be a more useful parameter in the approximate estimation of
failure loads than the elastic critical load as used by Merchant.

§ 15. The Concept of Deteriorated Critical Loads

The work of Woop [1957/58] on the plastic stability of frames is
notable in two respects. First, fairly complete results are obtained in
the analysis of two four-storey frames, allowance being made for the
spread of the plastic zones in actual rolled shapes. Secondly, Wood
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introduces the idea of deteriorated critical loads as theoretical tests
for the stability of elastic-plastic structures.

One of the frames analysed by Wood is shown in Fig. 22(a), with
‘working’ values of the loads indicated. The members are all I-sections
with webs in the plane of the frame. Wood obtained the following
values for 4¢, Ap and Ap:

Elastic critical load factor Ac =129
Rigid-plastic load factor Ap —= 2415
Thcoretical failure load Ar = 190

The elastic critical load was calculated for beam loads equally
divided between points, as shown in Fig. 22(b). To simplify the com-
plete clastic-plastic analysis, half the distributed beam loads were
concentrated at the mid-span of the beams and the other half at the
joints. The rigid-plastic collapse mechanism, also derived for this load
distribution, is shown in Fig. 22(c). The theoretical state of the elastic-
plastic structure at collapse is shown in Fig. 22(d). At the theoretical
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Fig. 22. Four-storey frame analysed by Wood (Woob [1957/58]).

tailure load factor of Ar = 1.90, plastic hinges had formed at positions
1,2, 3 and 4, and a fifth hinge had practically formed at 5. A certain
amount of plastic deformation had also occurred.at the other sections
at which plastic zones are indicated.

Wood maintains that the limiting stability of the frame in the
collapse condition (point F in Fig. 20) may be tested by considering
the elastic critical load of the deteriorated structure under axial loading.
The deteriorated structure is obtained by taking only that part of
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the actual structure which is still behaving elastically. At sections
where, in the actual structure, plastic hinges have developed, there is
no elastic rigidity with respect to further rotation, and so at the
corresponding sections in the deteriorated structure a pin connection
is assumed to exist. Wood calculated the elastic critical loads of his
frame with pin points assumed at various sections, in order to obtain
general guidance in his full analysis. Some of his results are shown in
Figs. 23(a) to (e), the circles representing the positions of pin joints.

23 16
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Fig. 23. Deteriorated critical loads of frame analysed by Woqd (Woob [1957/58]).

The load factors quoted represent the elastic critical loads of these
deteriorated structures for vertical loads applied at the joints, as in
Fig. 23(b).

None of the deteriorated structures correspond exactly to the
deteriorated structure at the failure load in the full analysis [Ar = 1.90,
Fig. 22(d)]. A deteriorated structure intermediate between those in
Figs. 23(d) and (e) is however seen to be appropriate [compare Fig. 22
(d)], and the deteriorated critical load factors 2.30 and 1.60 lie either
side of the failure load factor 1.90.

It may be shown that Wood’s concept of the deteriorated critical
load is correct apart from the neglect of certain second order terms
which are, for most structures, not very important. The terms that
are neglected may be appreciated by reference to equation (3). This
equation may be used to express the incremental behaviour of an
elastic-plastic structure, provided the stiffness matrix Y allows for the
reduced effective stiffness of the member on account of plasticity.
Hence we have

E=YA+YA. 27)
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When the structure undergoes an incremental deformation without
change of load, § = 0. Wood’s concept of the deteriorated critical
load is then derived by ignoring the first term on the righthand side,
giving Y =: 0 as the condition for instability. This is a valid approxi-
mation provided the deflections A are small, Y being the deteriorated
stiffness matrix for the partially plastic structure.

The work of Wood has provided an illuminating way of conceiving
the behaviour of elastic-plastic structures under increasing loads. In
the clastic range, the contemporary load factor 4 will usually be well
below the elastic critical load factor A¢, and the structure will be
stable. As plastic zones and hinges form, the stability of the structure
has to be assessed by reference to the corresponding deteriorated
structure and deteriorated critical load Ap. As A increases and more
hinges form, Ap decreases until, when 4 = Ap, the structure rcaches
its maximum load and failure occurs.
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.

It is instructive to follow the load-deflection curve for a structure
according to a unit shape factor analysis, interpreting the curve
according to the deteriorated load concept. In Fig. 24, OAGH is the
curve calculated on the assumption of indefinite elastic behaviour,
and rises asymptotically to the line A = Ac where Ac is the lowest
elastic critical load factor. The first plastic hinge is formed at A,
defining the yield load factor iy. Thereafter, until the next hinge
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forms at B, the load-deflection curve follows the curve AJK. This
curve rises asymptotically towards the line 2 = Ap, where 4p, is the
deteriorated elastic critical load. The deteriorated structure has a
hinge at the section where, in the actual structure, a plastic hinge has
formed. After B, the curve rises towards 4 = 4 D, corresponding to the
deteriorated structure with two hinges. In the case illustrated, the
formation of the third hinge at C causes the deteriorated critical
load factor to fall below the current value, and the load-deflection
curve now approaches A= Ap, from above. Hence the point C
represents the failure load. If a complete plastic mechanism occurs at
the formation of the fourth hinge at D, then, provided the deflection
recorded is that of a plastic hinge, D is a point on the mechanism line
FE, and the subsequent load-deflection curve follows IFE, becoming
ultimately asymptotic to the line 4 = 0.

While the concept of the deteriorated critical load is useful in the
complete elastic-plastic analysis of a structure, it may be misleading
if the attempt is made to use it apart from such an analysis. Thus it
will be seen from Figs. 22 and 23 that, while ten plastic hinges are
necessary for rigid-plastic collapse at 4 = 2.15 [Fig. 22(c)], four
only of these hinges are sufficient to bring about a.more than five-
fold reduction in the elastic-critical load, namely from 12.9 to 2.3
[Figs. 22(b) and 23(d)]. Judging from these figures only, one might
be led to expect that the failure load Ay would lic very considerably
below the rigid-plastic value of 2.15 Actually, A was found to be 1.90,
or only 11.59, below.

§ 16. The Last Hinge Method for Estimating Failure Loads

The work of Wood and Merchant has mainly been concerned with
exploring the behaviour of structures in which overall stability may
be expected to cause large reductions in collapse load as compared
with the rigid-plastic collapse load. If, as is very common, overall
instability effects are small, a close or, quite frequently, a theoretically
correct solution for the collapse load may be obtained by considering
only the state of the structure when the theoretical rigid-plastic
collapse mechanism has just formed. That such a procedure will
always give a safe estimate of the collapse load may be appreciated
from Fig. 20. The last hinge of the mechanism forms in this case at J
on the load-deflection relation OHF], and this point must either be
coincident with or below the maximum point on the load-deflection
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curve. The last hinge point gives the true failure load provided the
deteriorated structure is elastically stable at the corresponding load
factor. The deteriorated structure has pin joints at all save one of
the plastic hinge positions of the rigid-plastic collapse mechanism.
The state of the structure when the last plastic hinge just forms is
more easily calculated than any state at an earlier stage of loading,
since the bending moments are statically determinate for that part of
the structure involved in the plastic collapse mechanism. The value of
the load factor when the last hinge has just formed will be denoted
by Au (Fig. 20).

There are essentially two stages in a last hinge analysis: the calcula-
tion of the deflected state of the structure and the calculation of
the cquilibrium requirements when the equilibrium state is known.
Strictly speaking, these two stages are interdependent, but the bend-
ing moment distribution corresponding to the rigid-plastic collapse
mechanism is sufficiently accurate for a preliminary analysis. It is not
known generally which is the last hinge to form, and any hinge is
selected in the first instance. As a result of a flexural analysis in which
continuity is assumed at this arbitrarily chosen hinge, the hinge
rotations at all the other hinge positions are calculated. If the hinge
sclected was actually the last to form, then each of the other hinge
rotations will be in the same direction as the corresponding hinge
rotation in the rigid-plastic mechanism. If one or more hinges have
a rotation of the wrong sign, a set of hinge rotations corresponding
to the rigid-plastic mechanism are added to the calculated deforma-
tion state, the magnitude of the additional mechanism deformation
being just sufficient to eliminate total hinge rotations in the wrong
direction. The hinge with zero rotation is then the ‘last hinge’, and the
required deformation state has been obtained. Finally, the revised
equilibrium conditions are established, enabling the calculation of the
‘last hinge load factor’ Am. The revised bending moments throughout
the structure may be used in an iteration of the process until the closing
error is sufficiently small, although in most cases in which a last hinge
analysis is a reasonably close estimate of the true collapse load no
revision of the first calculations is necessary.

HEYMAN [1957] has presented the results of a last hinge analysis
for a whole range of pitched roof portal frames subjected to vertical
load only, as shown in Fig. 25(a). The rigid-plastic collapse mechanism
may theoretically be symmetrical, as in Fig. 25(b). Heyman assumed
such a symmetrical mode, and took the apex hinge C as the last hinge
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in all his calculations. Unfortunately, in not all the frames for which he
gave results would the hinge at C be the last to form. Moreover, in many
frames, an unsymmetrical mode may develop, giving a lower collapse
load than the symmetrical mode of deformation assumed by Heyman.
Finally, Heyman did not make a complete equilibrium analysis, and
obtained collapse loads which are in some cases very much too high.
The effect of finite deflections on the loads supported by a collapsing

C

Fig. 25.

structure when it undergoes a finite deformation according to the rigid-
plastic collapse mechanism was studied theoretically and experimen-
tally by KinG and JENKINS [1956]. The computing methods suggested
by these authors are simply the setting down of the equilibrium
requirements of each component member of the structure in its rigid-
plastic deflected state, and solving as a set of simultaneous equations.
The experimental work was carried out by simulating a rigid-plastic
structure mechanically with comparatively rigid bars and artificial
hinges capable of rotation under an almost uniform resisting moment.
This work appears to have little relation to the real problem of elastic-
plastic structures.

§ 17. Solution of Elastic-Plastic Structures by Digital Computer

LivesLEY [1959] has developed a digital computer programme for
deriving the elastic-plastic behaviour of rigid frame structures sub-
jected to point loads. Theoretical failure loads may be derived by con-
sidering increments of displacement until the stage is reached at which
the corresponding load factor begins to decrease. The analysis is
subject to the following limitations.

(a) Loads are assumed to be concentrated, and applied only
at joints. A member carrying a load at a point along its
length must be treated as two members with a joint at the
loading point.
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(b) With the exception that rigid gusset plates can be allowed
for, the position of the maximum moment in a member
(and hence the position of a possible plastic hinge) is
assumed to be at one or other of the ends.

(¢) The spreading of plastic zones cither side of a hinge is
ignored, or in other words, the analysis is based on unit
shape factor.

The effect of limitations (b) and (c) is to eliminate a]l consideration
of local column instability. In frames subject to overall instability,
columns are unlikely to fail by the development of plastic zones within
their length, so it is safe to restrict attention to plasticity at the ends.
Woob [1957/58) has demonstrated that the spreading of plastic zones
has negligible cffect on overall stability. Hence the limitations in
Livesley’s analysis are not at all serious.

§ 18. Conclusions

The most thorough studies of the overall elastic-plastic behaviour
of individual frames have been made by Woob [1957/58]. This work
has clarified ideas on the subject, and reveals the complexity of the
problem analytically.

The use of computer programmes, such as that developed by Livesley,
may in one sense solve the whole problem of the elastic-plastic
behaviour of structures. Automatic computer methods do not neces-
sarily lead, however, to a better understanding (on the part of those
using the programmes, as opposed to those who develop them) of the
structural significance of the phenomena investigated. Approximate
methods, based on demonstrable structural principles, may be more
instructive. Merchant’s work, based as it is on the idealised rigid-
plastic and clastic critical loads, is of interest here. In the main, this
approach has been developed intuitively and by analogy, and it is
desirable that some of Merchant’s ideas should be subjected to a more
searching examination than has yet been given.

In the work of most investigators on frame instability, there is
some lack of clarity as to the extent to which second order terms are
included in the analysis. This is true, for example, of Livesley’s treat-
ment of the elastic instability problem described in § 7, and also of
Wood’s use of the deteriorated critical load concept, described in § 15.
Strictly speaking, all second order terms are important in stability
problems, since the stability criterion itself may be expressed in terms
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of the second order terms in the virtual work equation (see § I1).
Nevertheless, it is usual to neglect certain second order terms as negli-
gible, and this problem requires investigation, particularly in the
partially plastic range in which deflections become large.
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Bridgman's equation, 150
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Cauchy problem, 155-157
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Cayley-Hamilton theorem, 15, 17
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Christoffel stiffnesses, 67, 76
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Creep effects, 7
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Cychic measurements, 201
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Daniele’s solution, 107
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Discontinuities in elastic solids, 266
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Discontinuity relations, 245-276
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Elastic constants of crystal, 224
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Elastic membranes, 48

Elastic-plastic structures, 303
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Elastic waves, 66

Ellipsoidal inclusion, 103
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Equations of plasticity, 144

Equilibrium equations, 21
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Euler cnitical load, 290
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Experiments on plastic waves, 191

Explosive attack, 143
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Failure loads, 309
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Finite differences, 157
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Fixed-end moments, 290
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Flexure problem, 34, 38
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Generalization of the flexure problem,
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Generalized Hooke's law, 64

Generalized stress-strain relation, 64

General transformed inclusion, 91
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Gibbs free energy, 102
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Helmholtz free energy, 8, 100
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Highly elastic membranes, 4
High rates of loading, 236
Hodge's equations, 191
Hookean stiffnesses, 64
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Hugoniot equation, 159
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Image field, 97
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Inhomogeneity, 112- 118
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Isotropy, 4, 12, 15

J
Jumps in first derivatives, 252
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Karman's wave solution, 155
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Lagrangian multipliers, 20, 23
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Load factor, 305

Load vector, 290
Longitudinal impact, 193
Longitudinal waves, 158
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Maximum principle, 309
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Measurement of uniaxial strain, 192



330

Mecchanism curve, 311
Membranes, 4, 48

Metal wires, 206

Minimum principle, 309
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Orthogonal transformations, 9
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Phase-distance relation, 222

Physical components of stran, 7
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Plastic equations, 144

Plastic hinges, 180

Plastic madels, 151
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Rate of strain effects, 151
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Remnforcement by cords, 43
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Sadowsky-Sternberg solution, 108
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Stoppelli’s theorems, 52
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Strain invariants, 13, 16, 19
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Strain tensor, 6
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Stress-striun measurements, 234

Stress-stran relations, 20, 146
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Surface waves, 73, 194

Symmetry properties, 11
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Tangent modulus, 173, 190
Tangent modulus load, 285
Tenson test, 177

Textile fibres, 206

Textile yarns, 240

Thin shell theory, 190
Torsion, 38, 176

Torsional oscillutions, 206
Torsional waves, 185, 189

331

Torsion of thin tube, 194

Trace, 16

Transducer, 208, 228

Transformation problem, 89

Transit imes of pulses, 226
Transverse deflection of thin plate, 186
Transversely 1sotropic matertals, 18
Transverse velocity, 230

Transverse waves, 162, 166
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Ultrasonic waves, 223, 224
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Uniform deformation, 24
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Virtual work relation, 292, 302
Visco-elastic waves, 151
Volterra dislocation, 119, 268
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Wave motion m elastic media, 66
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