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PREFACE
To the Student

Engineering analysis hinges directly on the basic principles of me-
chanics. The study of mechanics welds the tools of physics, mathematics,
and graphics into an effective weapon of attack on engineering problems.
The emphasis in this book is on engineering or applied mechanics, and
it has been designed as a text for the basic mechanics courses in the
normal engineering curriculum.

The representation of real situations by mathematical and graphical
symbols constitutes an ideal descriptive model which approximates but
never quite equals the actual situation. A useful understanding of me-
chanics requires a dual process of repeated transition of thought between
the physical situation and its symbolic representation. The develop-
ment of ability to make this transition of thought freely is one of the
major aims of this book.

Mechanics is based on a surprisingly few fundamental principles. The
more important equations are set in boldface type, and much secondary
detail has been reduced or eliminated. Care has been taken not to sacri-
fice the rigor of the development, and attempt has been made to present
the principles in clear and concise terms. The student will find that firm
progress can be made only by an understanding of the physical and
mathematical principles jointly and not by mere memorization of
formulas with mechanical substitution of values therein.

Success in analysis depends to a surprisingly large degree on a well-
disciplined method of attack from hypothesis to conclusion where a
straight path of rigorous application of principles has been followed.
The student is urged to develop ability to represent his work in a clear,
logical, and neat manner. Very often the mere adherence to good form
and procedure will in itself prove to be the needed guide toward a success-
ful solution. The basic training in mechanics is a most excellent place
for early develapment of this disciplined approach which is so necessary
in most of the engineering work which follows.

As in all subjects the student learns more when his interest is stimu-
lated. The author hopes that the reader will find interest and stimula-
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vi Preface to the Student
tion in many of the real and practical situations included in the prob-
lems. Arrangement of problems is generally in the order of increasing
difficulty, and the most difficult ones are starred.

J. L. MERIAM



PREFACE

To the Instructor

The natural learning process begins with simple situations. Thus in
mechanics the average student is best initiated by exposure to simpli-
fied, symbolic problems where irrelevant factors have been omitted and
where attention is focused on the conditions which are pertinent. Prob-
lems presented in this way are alrcady partially analyzed. A full and
useful appreciation of mechanics does not come, however, until the
analysis of real situations and actual working conditions is made. Here
the student must be taught to define the problem by first isolating the
pertinent factors and discarding the irrelevant ones. Principles are
then applied and conclusions drawn. It is only when the principles of
mechanics are applied to practical problems involving real situations that
the full significance of mechanics can be seen. There has been a trend
in the treatment of mechanics to avoid real problems of a practical and
interesting nature in favor of the ideal symbolic problems which are
stripped of reality, practical value, and interest. Such presentation
places in jeopardy one of the most fundamental objectives of instruction
in mechanics, namely, to develop ability in problem formulation where
the connection between actuality and symbolie representation is re-
quired. It is true that many practical problems involve too many com-
plicating factors for early exposure to the student. However, there is a
wealth of problems which describe real, practical, and interesting situa-
tions that are not overly complex and which can enrich the experience
and develop the ability of the student of mechanics far more than is
possible with the overly idealized problems.

1t is the purpose of this book to present a large selection of problems
which illustrate wide application to the various fields of engineering and
which will lead the student from the idealized and symbolic representa-
tion to the more practical, real, and interesting engineering situation.
The author fecls strongly that reality brought into the illustrations is of
great help to the student in making the transfer of thought from the
physical to the mathematical description. Consequently the book has
been profusely illustrated, and effort has been made to produce reality
and clarity. The problems in each set represent a considerable range of
difficulty and are presented generally in order of increasing difficulty.
Those problems which are considered the most difficult are starred. All
problems have been worked and checked and are believed to be free of
error. Computations have been made with the slide rule so that some
disagreement in the third figures may be expected. Answers to approxi-
mately two thirds of the problems are given.

vii



viii Preface to the Instructor

Full use of graphic procedures is made whenever they are of advantage.
The graphic methods have not been isolated from the remainder of the
treatment since it is felt that graphical representation is an invaluable
aid to the interpretation of physical problems and should be an integral
part of the development,

Chapter I, Part I, is included with Part 11, and a review of this intro-
duction is recommended in order that the student may begin the work
in dynamics with a refreshed picture of the foundations of mechanics.

In Part IT of Mechanics the subject of kinematics, treated in Chapter
IX, is separated from kinetics. It is felt that this separation enables
a clearer distinction to be'made between these two elements of dynamics
than is possible where dynamics is subdivided exclusively by the type
of motion and the necessary kinematics and kinetics are treated together.
However, if desired, the kinematics of each motion may be followed by
the corresponding kinetics of that motion without difficy]ty since Chap-
ter IX on kinematics and Chapter XI on force, mass, and acceleration
are cach divided into four similar parts describing the same types of
motions,

In Chapter XII on work and energy considerable ecmphasis is placed
on the energy equation and its use for a conservative system. The
transfer between mechanical and nonmechanical energies is also ex-
plained.

Chapter XIII on impulse and momentum leads directly into the time
rate of change of both linear and angular momenta for any mass system.
The equations for motion with variable mass are given special emphasis
and are derived in a manner which should clarify this often confused
problem. Application of the variable mass equations to modern prob-
lems of jet propulsion is made. The subject of impact is described
briefly with account taken of the energies involved. Care is exercised
not to mislead the reader by implying that problems of impact can be
adequately described by the classical “coefficient of restitution.” Gyro-
scopic motion is described with the aid of the general angular impulse-
momentum equation which discloses all three components of momentum,
two of which are later neglected.

Mechanical vibrations are covered in Chapter XIV on periodic mo-
tion, and the emphasis is on recognition of the basic differential equation
and on the resonance phenomenon.

The collection of problems is almost entirely original. The author
has, however, obtained ideas for problems from many published sources.
Special recognition is given to the contribution of A. L. Hale, whose
critical review and detailed suggestions have resulted in many improve-
ments. Also, the careful study and valuable comments of K. k. Barn-



Preface to the Instructor ix

hart are acknowledged, along with numerous helpful suggestions made
by others.

In addition the conscientious checking of all problems by a number of
students should be mentioned. For this help the author is deeply
grateful.

J. L. MERrIAM

Berkeley, California
May 1952
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CHAPTER 1

(Part I)

Principles of Mechanics

1. Mechanics. Mechanics is that physical science which deals with
the state of rest or motion of bodies under the action of forces. There
is no one subject which plays a greater role in engineering analysis than
does mechanics. The early history of this subject is synonymous with
the very beginnings of engineering. Modern research and development
in the fields of vibrations, stability, strength of structures and machines,
engine performance, fluid flow, electrical machines and apparatus, and
molecular, atomic, and subatomic behavior are highly dependent upon
the basic principles of mechanics. A thorough understanding of this
subject is an absolute prerequisite for work in these and many other
fields.

Mechanics is undoubtedly the oldest of the physical sciences. The
earliest recorded writings in this field are those of Archimedes (287-212
B.c.) which concern the principle of the lever and the principle of buoy-
ancy. Substantial progress awaited the formulation of the laws of vector
combination of forces by Stevinus (1548-1620), who also formulated
most of the principles of statics. The first investigation of a dynamic
problem is credited to Galileo (1564-1642) in connection with his experi-
ments with falling stones. The accurate formulation of the laws of mo-
tion including the law of gravitation was made by Newton (1642-1727),
who also conceived the idea of the infinitesimal in mathematical analysis.
Substantial contributions to the development of the theory of me-
chanics were made subsequently by Varignon, D’Alembert, Lagrange,
Laplace, and others.

Before 1905 the laws of Newtonian mechanics had been verified by
innumerable physical experiments and were considered the final deserip-
tion of the motion of bodies. The concept of time, considered an absolute
quantity in the Newtonian theory, received a basically different inter-
pretation in the theory of relativity announced by Einstein in 1905. The
new concept called for a complete reformulation of the accepted laws of
mechanics. The theory of relativity was subject to early ridicule but has
had experimental check and is now universally accepted by physicists the
world over. Although the difference between the mechanics of Newton

341



342 Principles of Mechanics

and that of Einstein is basic, there is no practical difference in the re-
sults given by the two theorics except when velocities of the order of the
speed of light (186,000 mi./sec.) are encountered.* Certain problems in
atomic physics and celestial mechanics, for example, involve calculations
based on the principles of relativity.

The subject of mechanics is logically divided into two parts, statics,
which concerns the equilibrium of bodies under the action of forces, and
dynamics, which concerns the motion of bodies. Dynamics in turn in-
cludes kinematics, which is the study of the motion of bodies without
reference to the forces which cause the motion, and kinetics, which
relates the forces and the Tesulting motions. Theoretical mechanics is
primarily the concern of the physicist, while applied or engineering
mechanics is of concern mainly to the engineer. There is no distinect
separation between the two, however, since the question is one of
emphasis. .

2. Mathematical and Graphical Description. The science of me-
chanics is based on certain physical laws and utilizes freely the languages
of mathematics and graphics. Mathematics is used as a description of
the physical situation. It establishes the relationships between the vari-
ous quantities involved and enables the prediction of effects to be made
from these relations. The student must recognize that a dual thought
process is necessary. He must think in terms of the physical situation,
and he must also think in terms of the corresponding mathematical de-
scription. Analysis of every problem will require the repeated transition
of thought between the physical and the mathematical. Without ques-
tion one of the greatest difficulties that students have with mechanics is
the inability to make this transition freely by interconnecting these two
thought processes. The student should make a strong effort to connect
each physical thought with its corresponding mathematical expression.
He should recognize that the mathematical formulation of a physical
problem represents an ideal limiting description or model which is ap-
proximated but never quite reached by the actual physical situation.

The language of graphics is an important tool of mechanics and serves
in three capacities. First, it enables the representation of a physical
system to be made on paper. This geometrical expression is vital to
physical interpretation and aids greatly in visualizing the three-dimen-
sional aspects of many problems. In the second place, graphics often af-
fords a means of solving physical relations without the use of an algebraic

* By the principles of relativity a clock carried by the pilot of an airplane flying
at a constant speed of 500 mi./hr. and making a 500 mi. flight away from an airport
and returning non-stop at the same speed would be slow, compared with the airport
clock, by 0.00000000202 sec.
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solution. Graphical solutions not only provide practical means for ob-
taining results, but they also aid greatly in making the transition of
thought between the physical situation and the mathematical expression
because both are represented simultaneously. A third use of graphics is
in the display of results. Proper graphical representation is an invaluable
aid to interpretation.

3. Basic Concepts. There are certain definitions and concepts which
are basic to the study of mechanies, and they should be understood at
the outset.

Space i3 a region extending in all directions. Position in space is de-
termined relative to some reference system by linear and angular meas-
urements. The basic frame of reference for the laws of Ncwtonian me-
chanics is the primary inertial system or astronomical frame of reference
which is an imaginary set of rectangular axes attached to the mean posi-
tion of the so-called “fixed” stars. Measurements show that relative to
this reference system the laws of Newtonian mechanics are valid as long
as any velocities involved are negligible compared with the speed of light.
Measurements made with respect to this reference are said to be absolute,
and this reference system is considered to be “fixed” in space. A refer-
ence frame attached to the surface of the carth has a somewhat com-
plicated motion in the primary system, and the same laws of mechanics
are found not to hold with respect to measurements relative to the
earth’s reference frame. For most practical purposes, however, the er-
rors are extremely small and may be neglected. Thus we are justified in
assuming the fundamental laws of mechanics to be valid for measure-
ments made relative to the earth, and for almost all problems the word
absolute may be used in a practical sense to refer to such measurements.

Time is a measure of the succession of events and is considered an
absolute quantity in Newtonian mechanics. The unit of time is the
second, which is a convenient fraction of the period of the earth’s rota-
tion.

Force is the action of one body on another. A force tends to move a
body in the direction of its action upon it. Considerably more is
said about force in Chapter II.

Maiter is substance which occupies space.

Inertia is the property of matter causing a resistance to change in mo-
tion.

Mass is the quantitative measure of inertia.

A body is matter bounded by a closed surface.

A particle is a body of negligible dimensions. In some cases a body
of finite size may be treated as a particle, or at other times the particle
may be a differential element.
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A rigid body is one wherein exists no relative deformation between its
parts. This is an ideal hypothesis since all real bodies will change shape
to a certain extent when subjected to forces. When such changes are
small, the body may be termed rigid without appreciable error. With
the exception of deformable springs this book is a treatment of the me-
chanics of rigid bodies only. A body is considered deformable when the
relations between the applied forces and the resulting deformations are
investigated. This problem is taken up in the studies of strength of ma-
terials and the theories of elasticity and plasticity.

4. Scalars and Vectors. The quantities dealt with in mechanics are
of two kinds. Scalar quantities are those with which a magnitude only
is associated. Examples of scalars are time, volume, density, speed,
energy, and mass. Quantities with which direction as well as magnitude
is associated are called vectors. Examples of vectors are displacement,
velocity, acceleration, force, moment, and momentum. Scalars may be
combined according to the ordinary laws of algebra, whereas combina-
tion of vectors requires a particular form of algebra to account for both
magnitude and direction.

A vector quantity V is represented by a straight line, Fig. 1, having
the direction of the vector and having an arrowhead to indicate the
sense. The length of the directed line segment

4 represents to some convenient scale the magnitude

/{ of V, and the direction of the vector is specified by

g the angle § measured from some convenient refer-
-12('/ ence line. The negative of V is a vector —V di-
Fie. 1 rected in the opposite sense to V as shown. There

are three kinds of vectors, free, sliding, and fized.
A free vector is one which may be represented by a vector arrow any-
where in space as long as the magnitude and direction remain fixed. If
a body moves in a straight line without rotation, then the movement
of any point in the body may be taken as a vector, and this vector will
describe equally well the motion of every point in the body. Thus the
displacement of such a body may be represented by a free vector.
Velocity and acceleration are examples also of free vectors.

A sliding vector is one for which a unique line in space must be main-
tained along which the quantity acts. When dealing with the action of a
force on a rigid body, the force may be applied at any point along its line
of action without changing its effect on the body as a whole * and thus
may be considered a sliding vector.

A fixed vector is one for which a unique point of application is speci-

* This is the so-called principle of transmissibility which is discussed in Art. 11,
Chapter 11.
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fied, and therefore the vector occupies a fixed position in space. The
action of a force on a nonrigid body must be specified by a fixed vector
at the point of application of the force. In this problem the forces and
movements internal to the body will be a function of the point of applica-
tion of the force as well as its line of action.

Vectors may be added and subtracted according to the triangle and
parallelogram laws. The two free vectors V' and V; in Fig. 2a may be

ViV,

A

(a) (b) (c)
FiG. 2

added tip-to-tail to obtain their sum as shown in the b-part of the figure
for the triangle law. The order of their combination does not affect their
sum. The identical result in magnitude and direction is obtained by
completing the parallelogram as shown in the c-part of the figure. In
each case this vector addition is expressed symbolically by the equation

V=V1+)V2,

where the symbol + is used to denote vector addition in contrast to the
+ sign used for scalar addition.
The difference V' between the

vectors V; and V, may be ob-
tained by either the triangle or the W
parallelogram procedure as shown

in Fig. 3. It is necessary only to Fie. 3

add the negative of V, to V; in

order to obtain the vector difference. This difference is indicated sym-
bolically by the equation

V=vi—>V,

V' = Vl g Vz,

where the symbol — is used to denote vector subtraction as distinguished
from the — sign used for scalar subtraction.

Any two or more vectors whose sum equals a certain vector V are said
to be the components of that vector. Thus the vectors V' and V, in Fig.
4qa are the components of V in the directions 1 and 2, respectively. Itis
usually more convenient to deal with vector components which are mu-
tually perpendicular, and these are called rectangular components. The
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vectors V, and V, in Fig. 4b are the z- and y-components, respectively,
of V. Likewise, in Fig. 4¢, V,» and V' are the z’- and y’-components of
V. When expressed in rectangular components, the direction of the
vector with respect to, say, the z-axis is clearly specified by

V.
= tan™! —2.
Ve
y
A Vi,
W,
]
e x
(@) ®
F16. 4

6. Newton’s Laws. Sir Isaac Newton was the first to state cor-
rectly the basic laws governing the motion of a particle and to demon-
strate their validity.* Slightly reworded, these laws arc as follows:

Law I. A particle remains at rest or continues to move with a uni-
form velocity if there is no unbalanced force acting on it.

Law II. The acceleration of a particle is proportional to the resultant
force acting on it and is in the direction of this force.}

Law IIT1. 'The forces of action and reaction between contacting bodies
are equal in magnitude, opposite in direction, and collinear.

The correctness of these laws has been verified by innumerable accurate
physical measurements. The first two laws hold for measurements made
in an absolute frame of reference but are subject to slight correction when
the motion is measured relative to a reference system having accelera-
tion, such as the earth’s surface.

Newton’s second law forms the basis for most of the analysis in me-
chanics. As applied to a particle of mass m it may be stated as

F = ma, 1)
where F is the resultant force acting on the particle and a is the resulting

* Newton’s original formulations may be found in the translation of his Principia
(1687) revised by F. Cajori, University of California Press, 1934.

t To some it is preferable to interpret Newton’s second law as meaning that the
resultant force acting on a particle is proportional to the time rate of change of mo-
mentum of the particle and that this change is in the direction of the force. Both
formulations are equally correct.
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acceleration. This equation is a vector equation since the direction of F
must be equal to the direction of @ in addition to the equality in magni-
tudes of F' and ma. Newton’s first law is a consequence of the second
since there is no acceleration when the force is zero, and the particle either
is at rest or moves with a constant velocity. The first law adds nothing
new to the description of motion but is included since it was a part of
Newton’s classical statements.

The third law is basic to our understanding of force. It states that
forces always occur in pairs of equal and opposite forces. Thus the down-
ward force excrted on the desk by the pencil is accompanied by an up-
ward force of equal magnitude exerted on the pencil by the desk. This
principle holds for all forces, variable or constant, regardless of their
source and holds at every instant of time during which the forces are ap-
plied. Lack of careful attention to this basic law is the cause of frequent
error by the beginner. In analyzing bodies under the action of forces it
is absolutely necessary to be clearly aware of which of the pair of forces
is being considered. It is first of all necessary to #solate the body under
consideration and then to consider only the one force of the pair which
acts on the body in question.

In addition to formulating the laws of motion for a particle Newton
was also responsible for stating the law which governs the mutual at-
traction between bodies. This law of gravitation is expressed by the
equation

m,my

e @

F=y

where F = the mutual force of attraction between two particles,
v = a universal constant known as the constant of gravitation,
my, mo = the masses of the two particles,
r = the distance between the centers of the particles.

The mutual forces F obey the law of action and reaction since they
are equal and opposite and are directed along the line joining the centers
of the particles. Experiment yields the value of vy = 6.67 X 10~®
cm.?/(gm. sec.?) for the gravitational constant. Gravitational forces
exist between every pair of bodies. On the surface of the earth the only
gravitational force of appreciable magnitude is the force due to the
earth’s attraction. Thus each of two iron spheres 4 in. in diameter is
attracted to the earth with a force of 8.90 Ib. which is called its weight.
On the other hand the force of mutual attraction between them if they
are just touching is 0.0000000234 lb. This force is clearly negligible
compared with the earth’s attraction of 8.90 lb., and consequently the
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gravitational attraction of the earth is the only gravitational force of any
magnitude which need be considered for experiments conducted on the
earth’s surface.

The weight of a body is the force of attraction of the body to the earth
and depends on the position of the body relative to the earth. An object
weighing 10 1b. at the earth’s surface will weigh 9.99500 Ib. at an altitude
of 1 mi., 9.803 lb. at an altitude of 40 mi., and 2.50 1b. at an altitude of
4000 mi. or a height approximately equal to the radius of the earth. It
is at once apparent that the variation in the weight of high-altitude
rockets must be accounted for.

Every object which is allowed to fall in a vacuum at the earth’s sur-
face will have the same acceleration g as can be seen by combining Eqs.
(1) and (2) and cancelling the term representing the mass of the falling
object. This combination gives .

_vme
g= —;2_— )
where my is the mass of the earth and is the radius of the earth.* The
mass mp and mean vadius 7 of the earth have been found by experi-
ment to be 598 X 10** gm. and 6.38 X 10° cm., respectively. These
values together with the value for v already cited when substituted into
the expression for g give

g =980 cm./sec.2 or g =322ft./sec?

A more accurate determination must account for the fact that the earth
is actually an oblate spheroid with flattening at the poles. The value of
g has been found equal to 32.09 ft./sec.? at the equator, 32.17 ft./sec.?
at a latitude of 45 deg., and 32.26 ft./sec.? at the poles. The proximity
of large land masses will also influence the local value of g to a small but
detectable amount. It is sufficiently accurate in almost all engineering
calculations to use the value of 32.2 ft./sec.? for g.

The mass m of a body may be calculated from the results of the simple
gravitational experiment. If the gravitational force or weight is W, then,
since the body falls with an acceleration g, Eq. (1) gives

w
W=mg or m=;. 3)

* It can be proved that the earth may be considered a particle with its entire mass
concentrated at its center.
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6. Units. There are a number of systems of units used in relating
force, mass, and acceleration. Four of these systems are defined in the
following table.

SysteEms oF UNITS

Tgﬁ(fiﬁg&tﬁn Gravitational Absolute
quantities) (length, force, time) (length, mass, time)

Name of System | British or FPS MKS British or FPS CGS

length L foot (ft.) meter (m.) foot, (ft.) centimeter
(em.)

force F pound (Ib.) kilogram (kg.) | poundal (pdl.) | dyne

time T second (sec.) |second (sec.) | second (sec.) |second (sec.)

mass M Ib. ft.”? sec.? | kg. m.7! sec.? | pound (Ib.) gram (gr.)

System in use by | Engineers in | Engineers in | Physicists Physicists
English- non-English-|  (occasion- every-
speaking speaking ally) where
countries countries

Engineers use a gravitational system in which length, force, and time
are considered fundamental quantities and the units of mass are derived.
Physicists use an absolute system in which length, mass, and time are
considered fundamental and the units of force are derived. Either sys-
tem, of course, may be used with the same results. The engineer prefers
to use force as a fundamental quantity because most of his experiments
involve direct measurement of force. The British or FPS gravitational
system is the one used in this book. The engineer has not adopted a unit
for mass which is universally used although slug and less often g-pound
are seen occasionally in the literature. One slug (or g-pound) is the mass
of a body which weighs 32.2 1b. at the earth’s surface.

It is frequently necessary to convert a quantity from one set of units
to another. During the process of conversion it is essential that the
dimensions of the quantity remain unchanged. In order to convert a
velocity of 30 mi./hr., for example, to the equivalent number of centi-
meters per second it is first necessary to know that

5280 ft. are contained in 1 mi.,
30.48 cm. ¢ “ “ 1 ft.,
3600 sec. “ “1hr.
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The conversion is then

mi. ft. cm. 1 hr cm.
30— )(5280—){3048 — ) ——— ) = 1340 —-
hr. mi. ft. 3600 sec. sec.

The units mi., hr., and ft. cancel, leaving cm./sec.
It is quite customary to write expressions stating equivalents in units
such as

5280 ft. = 1 mi.,

or
30 mi./hr. = 1340 cm./sec.

The meaning of these equivalents is clear, but it is important to note
that these expressions are not algebraic equations. Here the equals sign
does not mean mathematical equality since 5280 5= 1 and ft. > mi. The
equals sign when used in this way actually means “are contained in.”

7. Dimensions. A given dimension such as length can be cxpressed
in a number of different units such as feet, centimeters, or miles. Thus
the word dimension is distinguished from the word unit. Physical rela-
tions must always be dimensionally homogenecous, that is, the dimensions
of each term in an equation must be the same. It is customary to use
the symbols L, F, T, and M, to stand for length, force, time, and mass,
respectively. In the engineer’s or gravitational system mass is derived.
From Eq. (1) mass has the dimensions of force divided by acceleration or

M= = FL7'T2

L/T?

One important use of the theory of dimensions is found in checking
the dimensional correctness of some derived physical relation. In deriv-
ing the expression for the velocity v of a body of mass m which is moved
from rest a horizontal distance x by a force F the following equation re-
sults:

Fz = imv?
where the 14 is a dimensionless coefficient resulting from integration.
This equation is dimensionally correct since substitution of L, ¥, and T'
gives
[FL] = [FL™'T?[LT™'}? = [FL].

Dimensional homogeneity is a necessary condition for correctness, but
it is not sufficient since the correctness of dimensionless coefficients can-
not be checked in this way.

A second important use for dimensional theory is in the prediction of
full-scale performance from the results of experiments on models. There
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are many problems, such as the flow resistance of ships and airplanes
and the behavior of loaded structures of complex shape, where a mathe-
matical solution is not feasible by reason of the great complexity in-
volved. The form of the relation which describes a physical problem
certainly does not depend on the size of the units employed, and therefore
a physical relation should describe equally well the behavior of a model
or its prototype. A full discussion of this use of dimensional analysis is
beyond the scope of this book,* and only one simple example of the pro-
cedure followed is given here.

Let it be desired to determine the expression for the period 7 of vibra-
tion for a simple pendulum consisting of a small mass m suspended by a
cord of length I. Guided by observation, it will be assumed that the pe-
riod is a function of the length I, the acceleration of gravity g, and the
mass m. Next, it is assumed that this functional relationship is given by
the products of these quantities raised to unknown powers q, 8, v, or

T = kl®gPm",

where k is a dimensionless constant to account for the units used. Ex-
pressing this relation in dimensional symbols gives

(7] = [LI[LT2P[FL™'T?),

= [LatB— T2+ F).
In order that the equation be dimensionally homogeneous it is necessary
for the exponents of each of the three fundamental dimensions to be

identical on each side of the equation. Equating the exponents of T,
L, and F in that order gives

1= —28+ 2y,
O=a+8—14,
0=~.
The solutions are clearly v =0, 8 = —14, o = 14, and the assumed

relation becomes - —
r = kl'%g~% = kV1/g.

Dimensional considerations disclose that the period does not depend on
the mass m. One carefully executed experiment for small amplitudes of
vibration will give measurements for r and I. Substitution of these meas-
ured values along with the known value of g will give k¥ = 6.283. There-

fore the equation
T = 6.2834/1/g
* See Dimensional Analysis by P. W. Bridgman, Yale University Press, 1932,
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may be used to describe the period for any similar pendulum of a dif-
ferent size as long as a consistent set of units is used. In the case of the
simple pendulum direct solution will disclose the fact that k = 2x for
small amplitudes.

8. Accuracy. The number of significant figures shown in an answer
should be no greater than that which corresponds to the least number of
significant figures in the given data. Thus the cross-sectional area of a
shaft whose diameter, 0.25 in., say, was measured to the nearest hun-
dredth of an inch should be written as 0.049 in.2 and not 0.0491 in.2 as
would be indicated when, the numbers were multiplied out.

When calculations involve small differences in large quantities, greater
accuracy must be achieved. Thus it is necessary to know the numbers
4.2503 and 4.2391 to an accuracy of five significant figures in order that
their difference 0.0112 be expressed to three-figure accuracy. It is often
difficult in somewhat lengthy computations to know as the outset the
number of significant figures needed in the original data to insure a cer-
tain accuracy in the answer.

Sliderule accuracy, usually three significant figures, is considered satis-
factory for the majority of engineering calculations. The decimal point
should be located by a rough longhand approximation which also serves
as a check against large sliderule error.

9. Mathematical Limits and Approximations. The essential purpose
of applied mechanics is the mathematical deseription of engineering situ-
ations, and as such it is extremely necessary to understand and be able
to apply certain limiting and approximating mathematical relations.

The order of differential quantities is the subject of frequent misunder-
standing by students who are making application of the calculus for the
first time. Higher-order differentials may always be neglected com-
pared with lower-order differentials. Asanexample theelement of volume
dV of a right circular cone of altitude h and base radius r may be taken
to be a circular slice a distance x from the vertex and of thickness dz. It
can be verified that the exact expression for the volume of the element

may be written as
2

1
av = % [x2 do+3 (@) + (d:c)"]-

It should be recognized that, when passing to the limit in going from
AV to dV, the terms in (dz)? and (dz)® drop out, leaving merely

2

L
av = 3 z° dz,
which is an exact expression.
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In using trigonometric functions of differential quantities it is well to
call attention to the following relations which are true in the mathe-
matical limit:

sin d6 = tan df = db,

cosdf = 1.

The angle df is, of course, expressed in radian measure. When dealing
with small but finite angles it is often convenient to replace the sine by
the tangent or either function by the angle itself. Likewise the cosine of
a small angle may often be approximated satisfactorily by unity. Asan
example, for an angle of 1 deg.,

sin 1° = 0.0174524 and 1° is 0.0174533 radian.

The error in replacing the sine by the angle for 1 deg. is only 0.005 per
cent. For 5 deg. the error is 0.13 per cent, and for 10 deg. the error is still
only 0.51 per cent.

A few of the mathematical relations which are useful in mechanics are
listed in Table B3, Appendix B.

10. Method of Problem Solution. An understanding of the method
of attack on engineering problems is an essential aspect of their solution.
This method involves a logical sequence of steps from hypothesis to
conclusion and should include the following:

(a) given data,

(b) statement of results desired,

(¢) necessary diagrams,

(d) statement of principles and basic equations which apply,
(e) application of principles and equations,

(f) answers or conclusions.

Presentation of information in this order represents a logical sequence,
and all problem work should follow this general pattern. It is also im-
portant that the arrangement of work be neat and orderly. Careless
solutions which cannot be easily read by others are of little or no value.
It will be found that the discipline involved in adherence to good form
will in itself be an invaluable aid to the development of the powers of
analysis. Many problems which at first may seem difficult and compli-
cated become clear and simple once they are begun with a logical and
disciplined method of attack.

The science of mechanics is based on a surprisingly few fundamental
concepts and involves mainly the application of these basic relations to
a variety of situations. In this application the method of analysis is all-
important. In solving a problem it is essential that the laws which apply
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be carefully fixed in mind and that these principles be applied literally
and exactly. In applying the principles which define the requirements
for forces acting on a body it is essential that the body in question be
2solated from all other bodies so that complete and accurate account of
all forces which act on this body may be taken. This 7solation should
exist mentally as well as be represented on paper. The drawing of such
an isolated body with the representation of all external forces acting on
it is called a free-body diagram. It has long been established that the
free-body diagram method is the key to the understanding of mechanics.
This is so because the isolation of a body is the tool by which cause and
effect are clearly separated and by which attention on the literal applica-
tion of a principle is accurately focused. The technique of drawing free-
body diagrams is covered in Chapter III where they are first used.

In applying physical laws to the solution of a problem numerical values
of the quantities may be used directly in proceeding toward the solu-
tion. On the other hand algebraic symbols may be used to represent the
quantities involved, and the answer left as a formula. In the first scheme
the magnitude of all quantities expressed in their particular units is evi-
dent at each stage of the calculation. This is often an advantage when
the practical significance of the magnitude of the terms is appraised.
The second method, or symbolic solution, has several advantages over
the numerical solution. In the first place the abbreviation achieved by
the use of symbols aids in focusing attention on the interconnection be-
tween the physical situation and its related mathematical description.
Secondly, a symbolic solution permits a dimensional check to be made
at every step, whereas dimensional homogeneity may not be checked
when numerical values are used. Furthermore a symbolic solution may
be used repeatedly for obtaining answers to the same problem when dif-
ferent sets and sizes of units may be involved. Facility with both
methods of solution is essential, and ample practice with each should be
sought in the problem work.



CHAPTER IX

Kinematics

68. Introduction. Dynamics is that branch of mechanies which deals
with bodies in motion. There are two aspects to dynamics, first, kine-
matics, which is a study of motion itself without reference to the forces
which cause the motion, and, second, kinetics, which relates the action
of forces on bodies to their resulting motions.

Compared with statics, dynamics is a relatively new subject. Galileo
(1564-1642) is credited with the first substantial contribution to dy-
namics. He refused to accept the long-established philosophies of
Aristotle which held, for instance, that heavy bodies fall more rapidly
than light bodies. Galileo was handicapped by the lack of accurate
means for measuring time, and the further development of dynamics
awaited the invention of the pendulum clock by Huygens in 1657.
Newton (1642-1727), guided by Galileo’s work, was able to make an
accurate formulation of the laws of motion and hence to put dynamics
on a sound basis. In terms of engineering application dynamics is an
even more recent science. Only since machines have operated with
high speeds and appreciable accelerations has it been necessary to make
caleulations based on dynamic prineiples rather than on static principles.

The principles of dynamics are basie to the analysis of moving struc-
tures and practically all types of machinery such as engines, ships,
wheeled vehicles, aircraft, etc. The student of engineering whose inter-
ests lead him into one or more of these and many other fields will find
that he can have no stronger basic tool in his technical work than a
firm foundation in dynamics.

The vast majority of dynamies problems in engineering may be solved
by treating the moving bodies in question as perfectly rigid. This
book is a study of rigid body dynamics. The dynamics of nonrigid
bodies is & much more difficult subject and one about which a great
deal has yet to be learned. The response of structures and machines
to shock and impact loads is an important problem in nonrigid body
dynamics.

The subject of kinematics deals with displacement, velocity, accelera-
tion, and time, and is often referred to as the “geometry of motion.”

355
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The designs of cams, gears, and linkages to control or produce certain
desired motions are examples of kinematical problems. Kinematics is a
necessary introduction to kinetics since ability to describe motion is pre-
requisite to an understanding of the relations between force and motion.

69. Types of Motion. Most motions encountered in engincering
work can be represented as occurring in a single plane, and such motion

Type of Rigid-Body Plane Motion Example

A. Rectilinear
translation

Piston in a
stationary engine

-

B. Curvilinear
translation

P s e ——— e Tj

Locomotive side rod

C. Rotation

D. Plane motion

Connecting rod in a
reciprocating engine

is termed plane motion. The connecting rod of a stationary reciprocating
engine, for example, may be represented as moving in a plane normal
to the axis of the crankshaft. Three-dimensional motion is not com-
monly encountered although there are some important exceptions.
The motions of a spinning projectile, a precessing gyroscope, and the
coupling in a universal joint are examples of three-dimensional motion.
Many of the principles developed for motion in two dimensions may
be extended by inference to the three-dimensional case. The discussion
which follows will be confined to rigid body motion in two dimensions.
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The plane motion of a rigid hody is logically divided into the four
categorics represented in Fig. 87. Translation is defined as any motion
in which every line in the body remains parallel to its original position
at all times. Rectilinear translation, part A, is translation in which all
points move in straight lines. Curvilinear translation, part B, is trans-
lation in which all points move on congruent curves. It should be noted
that in cither case the motion of the body is completely defined by
the motion of any point in the body, since all points have the same
motion.

Rotation about a fixed axis, part C, is the angular motion about the
axis. It follows that all particles move in circular paths about the axis
of rotation, and all lines in the body (including those that do
not pass through the axis) rotate through the same angle in the same
time.

Plane motion of a rigid body, part D, is a combination of translation
and rotation. The plane motion of points which are not joined by a
connecting rigid body is also a problem often encountered.

The remainder of the chapter will be devoted to a description of the
foregoing motions in the order mentioned.

PART 4. RECTILINEAR TRANSLATION

70. Definitions. As already noted the rectilincar translation of a
body may be described by the translation of any point or particle in
the body. Consider the motion of such a point P, Fig. 88, along the
s-direction. The linear displacement of P

relative to a convenient fixed origin O is - 0 p r +s
the distance s from O to P. Displace- | SUREPI /Y
ment can be positive or negative, depend- F1G. 88

ing on the choice of the positive sense for

measurement. If P moves a distance As to P’ during the time interval
Al, the arerage velocity of the point during this interval is v,y, = As/At.
The instantancous velocity v of the point at any position on its path is
the instantaneous time rate of change of displacement or

ds
=t 48
b= (48)

If the difference between the instantaneous velocities of the point at
P and P’ is Av, the average acceleration during the corresponding time
interval Af is a.y. = Av/At and will be plus or minus, depending on
whether the velocity is increasing or decreasing. The instantaneous
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acceleration a of the point at any position on its path is the instantaneous
time rate of change of velocity

dv d’s 49)

a=— o a=—-

dt de?
By eliminating the time dt between Eq. (48) and the first of Eqs. (49)
a differential relation between
displacement, velocity, and ac-
celeration results which is

vdv = ads. (60)

The three relations expressed by
Eqgs. (48), (49), and (50) are the
differential equations for the
linear motion of & point.

In the solution of many prob-
lems it is convenient to represent
the relations between the several
*» quantities graphically. Figure
89a represents any given relation
between s and ¢. The slope ds/d!
of the curve at any time gives the
velocity ». Thus the velocity
may be determined at all points
on the curve and plotted against
the time as in Fig. 89b. Simi-
larly, the slope dv/dt of the v-t
curve at any instant gives the

(@)

ad
~

(b

(c)

i a acceleration at that instant, and
: H . an a-t curve can therefore be
6, — |-de t, plotted as in Fig. 89c.

Fre. 89 The arca under the v»-t curve

during the time dt is v d, which
equals ds, the displacement of the particle during that interval. It
follows that the net displacement during the interval ¢ to ¢ is the
area under the v— curve between these two limits. This statement is

expressed by the integral of Eq. (48),

[ ] t2
82—81=fd8=fvdt.
81 t

The graphical expression of displacement from the velocity-time curve
is extremely useful in many problems.
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The area under the a~ curve during the time dt is a dt, which equals
dv, the change in velocity of the particle during that interval. It fol-
lows that the net or algebraic difference between the velocitios at times
i1 and £, is the area under the a—¢ curve between these two limits. The
integral of Eq. (49) expresses this statement and can be written as

2 [2]
02—01=f dv=f adt.
v t

Two additional graphical relations should be mentioned. When the
acceleration is plotted against the displacement as in Fig. 90a, an cle-

e

(o)

J P

8 ~ l—ds

@)

F1a. 90

ment of area under the curve is @ds, which equals »dv. Integratmg
this equation between the velocity r; cortesponding to s; and the veloe-
ity vz corresponding to s, gives

ve 82
f vdy = f ads,
v 31

3 (2 — v,®) = (area under a-s curve).

or

The acceleration may be determined graphically from a plot of »
against s as shown in Fig. 90b. At any point such as 4 the normal AB
to the curve is drawn. The segment CB will represent the acceleration,
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as can be seen from the fact that the two triangles shown are similar
and that a/v = dv/ds from Kq. (50). It is necessary that the velocity
and displacement axes have the same numerical scale so that the accel-
eration read on the displacement scale in feet, say, will represent the
actual acceleration in the units, ft./sec.2

Many of the problems commonly encountered involve motion with
constant acceleration. Under this condition the three differential rela-
tions can be integrated dircetly. If it is agreed that s = 0 when ¢t = 0
and that the velocity at ¢ = 0 is v, the first of Egs. (49) may be inte-
grated to obtain

’

v ¢
f dv = af dt or v = vy + at. 1)
v 0

Hence the velocity ¢ at any vime £ equals the initial velocity vy plus the
increment in velocity af due to the acecleration. Substituting this
value of velocity as a funetion of the time into Eq. (48) and integrating
yields

8 t
f ds = f (o+a)dl or s=uvot+ La2. (52)
o o 2

A third relation is obtained from Eq. (50), which may be integrated as
it stands since the acceleration is constant. Thus

v 8
f vdv =a f ds or  v® =y’ + 2as. (53)
vo 0

Equations (51), (52), and (53) may, of course, be used only where
the acceleration is constant. A very common error is the attempt to
apply them to problems where the acceleration is not constant.

It should be noted that for constant acceleration the plot of s as o
function of ¢, corresponding to Fig. 89a, gives a parabola as seen from
Eq. 52. The plot of v versus ¢, corresponding to Fig. 890, gives a straight
line whose slope is the constant acceleration a. Third, the a-f curve ig
a horizontal line of constant acceleration.

In the case of bodies falling near the surface of the earth under the
influence of gravity the acceleration is constant if air resistance is neg-
lected and may be taken to be g = 32.2 ft./sec.? directed down. If the
positive direction for all measurements is taken to be upward, the accel-
eration is —g, and Egs. (61), (52), and (53) become

v =1 — ¢t
h = vt — Lg%,
v* = ve® — 2gh,
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where h is the vertical displacement above the datum plane at which

| J—
) o=

The sign conventions in Egs. (51), (52), and (53) must be understood.
If the sign of s, », or @ turns out negative upon computation, this means
that the quantity is directed in the sense opposite to that taken for
positive s. If Eq. (52) is solved for ¢, there will be two solutions. Only
one of the solutions may have practical meaning, and this one will be
obvious in most instances from the requirements of the problem. It
should be noted that s represents the net displacement. Thus, if a
particle moves a positive distance d; along a straight line, reverses its
direction, and returns a distance d,, the caleulated displacement will
bes=d 1 dz.

SAMPLE PROBLEMS

611. The displacement of a particle which moves along a straight line is given
by s = 4 + 32 — 6, where s is in feet and t is in seconds. Determine (a) the
time it takes the particle to acquire a velocity of 6 ft. ‘see. from rest, (b) the
acceeleration of the particle when the veloeity is 6 ft. ‘sec., and (¢) the displace-
ment of the particle during the fifth second.

Solution: The velocity and aceeleration are obtained by successive differentia-
tion with respeet to the time. Thus

e ,,

[,. = "’IJ a
T dt

Substituting » = 6 ft./see. into the expression for velocity gives 6 = 121> + 6t,
from which f = s sec.ort = —1see.  The negative answ er deseribes a solution
before the measurement of time had begun and o is of no interest. Therefore
the positive root is the desired answer, and

1262 + 6,

Il

24t + 6.

t = 3 sec. Ans.
The acceleration at ¢ = 135 see. is

a=24X 3+ 6 =18 (t./scc.? Ans.

The displacement when ¢t = 5 sec. is 85 = 4 X 5* + 3 X 5% — 6 = 569 ft., while
that when t = 4 sec.is 5y =4 X 4 4+ 3 X 4* — 6 = 298 ft. Thus the net dis-
placement during the fifth second of motion is

s = 569 — 298 = 271 ft. Ans.

This result is identical with that obtained by evaluating the area under the v~¢
curve for the interval 4 to 5 sec. This area is

5 5
As =f v dt =f (122 + 66) dt = 271 ft.
4 1
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612. A point starts from the origin with an initial velocity in the z-direction
and moves for 6 see. with a constant acceleration of a, = —15 ft./sec.2 If at
this time the velocity is 30 ft./sec. in the negative x-direction, determine (a)
the initial velocity vy at the origin, (b) the net displacement of the particle, and
(c) the total distance covered by the particle,

v,, ft./sec

+60

slope=a,=-15 ft./sec.2

8, ft. [

~ 3

0 1 3 L. sec.

ProB. 612

Solution: The final veloeity, the time, and the acceleration are known so that
the initial velocity can be computed from Eq. (51), which applics to this case
of constant acceleration. Thus

[v = v+ al) —30 = v — 15 X 6, vg = 60 ft./sce. Ans.
The net displacement for constant acceleration is given by Eq. (52). Hence
[s = vot + Fat?} §=60X6— %X 15X 6% = 90 ft. Ans.

Since the point reverses its direction on the z-axis, the total distance traveled
will be that on the way out plus that on the way back. (The difference in these
two distances is the net displacement of 90 ft. just found.) The point has a
zero veloeity for

[v = v+ at] 0 = 60 — 15¢, t = 4 sec.

Thus the two distances are

[s = vot + 3at? 55 =060X4—3X15X42 s = 120ft,
s2=0X2+4 31X 15X 22 sy = 30 ft.,

and the total distance traveled is
D = g + s, = 150 ft. Ans.
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The distances s; and s, may also be obtained without reference to the two time
intervals by using Eq. (53).

The graphical representation of velocity against time is an aid to solution of
the problem. 1t should be clear from the graph shown that the initial velocity
of 60 ft./sec. will be determined by establishing the negative slope of 15 tt./sec.?
through the point representing the given velocity of — 30 ft./sce. for t = 6 sec.
Also the triangular area above the axis is the positive displacement s, while the
negative area is the negative displacement s of the point.  The corresponding
plot of displacement versus time is also shown in the figure, and the ordinate s
at any time ¢ represents the integral of or area under the » ¢ curve up to that
value of ¢t.

613. The acceleration a of a slider block ix controlled by its displacement s
so that @ = k+/s, where k is a constant. The velocity ¢ is in the direction of
s, and both the displacement and velocity are zero when the time ¢ is zero.
Find s, v, and a as functions of the time (.

Solution: The given relation for a may he substituted dit ectly into the differ-

ential expression v dv = a ds which must be used here since @ is not constant.
Thus

vdr = I:\/s ds,
Using the indefinite integral gives

rdr =k f 8"t ds + 'y, a constunt,
or
2%
2 3

st + .
When v = 0, s = 0; thus 'y = 0. The velocity becomes

Ik |

P=Ng Y

where the plus value of the radical is taken sinee it was stated that » is positive
in the s-hrection. Since » = ds/dt, this last expression may likewise be inte-
grated. The integral is

17
f :i = \/ % dt 4+ (4, a constant

; 1k
.£‘= -t (‘).
4 \/3 + 0,

When ¢ = 0, s = 0, so that Cy = 0, and

or

8§ = —-— {4, Ans.
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Two successive differentiations give v and a. Thus

2
=B _% 4
v= 36‘ Ans
and
d k¥,
a=_ =13 Ans.

The student should recognize that the definite integral with the given limits is
equivalent to the indefinite integral with added constant as used in this solution.

v

PROBLEMS

614. Determine the time ¢ required for the space ship of the future to accelerate
from rest to half the speed of light at the rate of 4g. The speed of light is
186,000 mi./sec. .

616. Find the time ¢ for an object to fall u» distance A from rest in a vacuum.

Ans. t=\/2h/yg

616. The shell in one type of bazooka rocket weapon has a muzzle velocity of
275 ft./sec. after a travel of 59 in. in the fring tube. Find the average accelera-
tion during this period.

617. The muzzle velocity of a 30 caliber rifle bullet is abovt 2700 ft./see.
If air resistance is neglected, determine the maximum height & to which the
bullet could be fired. Ans. h = 21.4 mi.

618. The average car can decelerate at the maximum rate of 0.8g on dry,
clean, level pavement. Find the total emergency stopping distance s, measured
from the point where the driver first sights the danger, for a car traveling at a
speed of 60 mi./hr. The reaction time for a good driver is about 3, sec. from
the instant he sights the danger until he is actually applying the brakes. (Note
carefully the magnitude of the answer.) Ans. s =216 1t. (72 yd.)

619. The velocity of a point moving with rectilincar translation is given by
v = 8 — 282, where » is in feet per second and ¢ is in seconds. Determine the
total distance D traveled by the point and the net displacement s both during
the first 4 sec.

620. A balloon ascends vertically at the constant rate of 10 ft./scc. When
an altitude of 50 ft. is reached, a small weight is released. Find the time ¢
required for the weight to reach the ground and its final velocity v.

Ans. t= 2.10 sec., v = 57.6 ft./scc.

621. A particle which moves in a straight line has an initial velocity at the
origin of 40 ft./sec. to the right in the positive r-direction and a constant accelera-
tion to the left. If the particle returns to the origin in 4 sec., determine the
acceleration a; and the greatest distance s away from the origin reached by the
particle.
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622. An object moves in a straight line with the accelerations shown. If the
velocity is 4 ft./sec. in the positive £-direction when ¢ = 0, draw the ¢ curve
and determine the distance s traveled by the object in the § see.

Ans. 8= 96 ft.
a,, ft/sec?
|
2
| b 8
0 o ~ 1l—t.sec
ol - - L

ProB 622

623. The rate of change of velocity » with displacement s for a particle moving
with rectilinear translation is 6 (ft. 'sec.)/ft. at an instant when the velocity
is 30 ft./sec. What is the acceleration a of the particle at this instant?

624. A car accelerates uniformly from rest to 60 mi. ‘hr. and then immediately
decelerates uniformly until it stops. If the elapsed time is 20 sec., determine
the distance s traveled. Ans. s = 880 ft.

626. A car starts from rest on a straight level road and moves with constant
acceleration until it reaches a velocity of 60 ft., 'sec., which is then maintained.
If the car is going 40 ft. ‘sec. after 6 see., find the time ¢ required to cover a total
distanee of 1000 ft.

826. The displacement of a point which moves along a straight line is given
by s = 2 + * + 6, where s is in feet and ¢ is in seconds.  Determine the dis-
placement As of the point during the time the velocity changes from 8 {t./see. to
28 ft./sec., and find the acccleration a when the velocity reaches 60 ft./sec.

Ans. As = 17 ft., a = 38 ft./sec.?

627. A train passes a control tower with a velocity ro and is accelerating
uniformly. At 15 mi. beyond the tower the velocity is 30 mi.‘hr., and at 1 mi.
beyond the tower the velocity is 40 mi., hr.  Find ro.

628. A man stands in an open-top elevator which is descending at the con-
stant rate of 10 ft., ‘sec. and throws a ball vertically up with a velocity of 30 ft. /sec.
relative to the elevator. What is the downward veloeity » of the ball relative to
the carth when it returns to the man? Ans. r = 40.0 ft. 'sece.

629. A train accelerates from rest at the rate of 6 ft. sce.® until it reaches its
maximum permissible speed of 90 mi.‘hr. 2 (g fec )2
After running at this speed for a certain
period, the train decelgrates at the rate of 4o
4 ft./sec.? until it comes to a stop. If the
train has traveled a total distance of 3 mi.,
find the time ¢ required for the trip.

630. A body moves in a straight line with 0 100
a decreasing velocity whose square is lincar Pros. 630

s. ft.
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with s as shown. Find the time ¢ required for the body to travel the 100 ft.
and the distance As traveled during the last 2 sec. before coming to rest.
Ans. t = 10sec., As = 4 ft.
631. Experimental data for the acceleration of a point moving with rectilinear
motion are obtained as a function of the displacement as shown in the graph.
The velocity of the point is 6 ft./sec. when s = 3 ft. By using the graph, esti-
mate the velocity v when s = 10 ft.

10

1]
sl—1" ///
/
Yo N
5 /
g / *
4
)4
2
0 2 4 6 8 10
s, ft.
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632. A particle moves in a straight line with constant acceleration. The dis-
placement s is measured from some position of the particle at which the time ¢
is not zero. When ¢ = 10 sec., s = 30 ft., and when t = 20 sec., s = 50 ft.
Also the velocity v is 1 ft./sec. when ¢ = 0. Find the acceleration a and the
distance As traveled by the particle during the first 5 sec.

Ans. a = 0.0667 ft./sec.?, As = 5.83 ft.

633. A particle moves along a straight line with constant acceleration. The
displacement measured from a convenient position is 44 ft. at the time ¢ = 0
and is zero when ¢ = 10 sec. Furthermore the velocity is zero when ¢ = 6 sec.
Determine the velocity v when ¢ = 10 sec.

. /534, The displacement of a point which moves in a straight line is given by
8 = bt® — cf, where s is in feet, ¢ is in seconds, and b and ¢ are positive constants.
When ¢ = 2 sec., the acceleration is 24 ft./scc.? in the positive s-direction,
and at the same time the velocity is 8 ft./sec. in the negative s-direction. Find
the total time ¢ required for the point to move away from and return to the
origin at 8 = 0. Ans. t = 4sec.

636. Car A accelerates uniformly from rest on a straight road. Car B starts

from rest at the same position 10 sec. later, accelerates uniformly, and over-
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takes A. When the cars pass, A is traveling 40 mi./hr. and has gone a distance
of 14 mi. from rest. Find the velocity of B at the time of passing.

636. A halloon ascends vertically at the constant rate of 10 ft./sec. A rock
is thrown vertically up from the launching site 5 sec. after release of the bal-
loon. Determine the required initial velocity of the rock in order that it just
touch the balloon. Neglect air resistance on the rock. (IHint: The balloon and
rock have the same velocity at contact.)

637. A faucet leaks at the rate of four drops each second. If air resistance is
neglected, find the vertical separation & between two consecutive drops after
the lower one has fallen 20 ft. Ans. h = 7.97ft

638. A particle starts from rest and moves along a straight line with a variable
acceleration as shown. Draw the v~ curve for this motion and determine the
displacement of the particle when ¢ = 10 sec.

|
2 l
“ |
%0 3 l AT b
§ .
o |
|
e -
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639. Determine the velocity ¢ and acceleration a of the bucket as functions
of & if the velocity vg of the jeep is constant. When z = 0, ends 4 and B are

' 1 l. «; v
coincident at C. g Hvg?

A . = —— = ————
B e R/ (et

Pros. 632
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640. For the given position of the symmetrical linkage each of ‘the pins marked
A has a velocity v, directed toward the other and an acceleration a4 away from
the other. Determine the velocity v, and acceleration a, of pin B at this position.

Prog. 640

641. The cam A with the shape indicated moves to the right with a constant
velocity v and controls the motion of pin B in the fixed vertical slot. Find the
velocity », and acceleration a, of the pin as functions of x. Neglect the pin
diameter compared with a and b. wby . wx mt  mx

Ans. v, = o sinm ey = — =5 cos

mx
)

Pros. 641

* 842. A point moves on a straight line with an acceleration @ = —9s, where
a is in the units, in./sec.?, and s is in inches. When¢ =0, v = 0 and s = 4 in.
Determine s, v, and a as functions of the time ¢ and find the value of s when
t =1 sec. Ans. s = —3.96in.
* 843. The resistance to the motion of a projectile in air is approximately pro-
portional to the square of its velocity v for speeds not exceeding about 500 ft./sec.
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Thus the deceleration may be equated to Kv?, where K is taken to be a constant
whose numerical value depends on the prevailing air conditions and the pro-
jectile shape, roughness, and mass. If a projectile which moves in a horizontal
straight line is fired with an initial velocity vy (less than 500 ft./sec.), find the
velocity v and distance s at a time ¢ after firing.

Ans. v = T—i—ﬂlzv_ot’ s = ;\;log (1 + Kuot)
* 644. A projectile moves in a straight line with a deceleration due to fuid
resistance equal to K»", where K and n are constants and n is greater than unity.
If the projectile is fired with an initial velocity v at ¢ = 0, determine the velocity
v and the distance s as functions of the time ¢ after firing.

1
Ans. v = [0+ (n - )Ki]' 7,

1 n-2 2--n

= [ps1—n _— »;__1____1‘_0_*_
s W= DK [re! ™™ + (n — 1)K¢] o —2K

* 646. An object is dropped from rest at ¢ = 0 from a high altitude. The
acceleration at the start is g, but because of air resistance it decreases by the
amount cv%, where ¢ is a constant and » is the downward velocity. Determine
v and the distance h which the object falls as functions of the time . What is
the maximum velocity vy, which the object can attain?

. B -
Ans. v = \/g tanh \/ge t, h = : log cosh A/gc &, vmax = \/%

PART B. CURVILINEAR TRANSLATION

71. Rectangular Components. The curvilincar translation of a rigid
body is described by the motion of any point in the body. Thus, as in
the case of rectilinear translation, atten-
tion will be directed to the motion of a
point or particle. In this article curvi-
linear translation will be described in rect-
angular coordinates. Although the most
general formulation would involve a path
defined by z-, y-, and z-coordinates, most
problems are two-dimensional, so that
motion in the x—y plane only will be dis-
cussed.

Consider the motion of a particle along x > - %
any plane curve such as shown in Fig. 91. Fia. 91
The path may be described directly as
y = f(x) or else may be expressed parametrically in terms of the time
t as y = fi(¢) and z = fp(f). The displacement of the particle at any
position such as 4 is the vector s measured from a convenient location

Path~~\

S B
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S

such as the origin. As the particle moves to A’ its displacement be-
comes §', and the change in displacement is As. This change is clearly
independent of the choice of origin for the measurement of s. The
displacement at A4 and the change in displacement may be expressed by
the vector equations
s=zPy,
and
As = Az > Ay.

The displacement of thg particle between points A and 4’ is the vec-
tor As, whereas the distance traveled by the particle is the length of the
path measured along the arc between 4 and A’ and is a scalar quantity.

y
i Path -
| /
|
|
i
]
i
i
I
1
i
Fra. 92
The average velocity between 4 and 4’ is
As  Ar Ay

v&V. -

H —
At At At

and the instantaneous velocity at A is the limit of this expression as
At approaches zero. Thus

ds dx dy
—_——— P —
dt dt dt
or
V=0, DU, (64)

The direction of the vector v is along the tangent to the curve as shown
in Fig. 92. Tt is clear that

Uy
?=v2+92 and tang =2
Uz
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The velocity of the particle is a vector quantity, whereas the speed of
the particle along the path is the magnitude of the velocity and, hence,
is a scalar quantity.

The change in velocity between A and A’ is the vector differcnce Av,
shown in Fig. 93, which may be represented by the equation

Av = Av; + Av,,.

T S N ¥
e —————————Q

Fia. 93 Fig. 94
The average acceleration between 4 and A’ is
A A, Ay,
= — P —
At At Al
and the instantaneous acceleration at A is the limit of this expression
as At approaches zero. Thus

dv dv, dr,
—_=— P —
di dt dt
or
a=a,Ha, (66)

The components may also be expressed as a, = d2r/df? and a, = d%y/de.
The acceleration and its components are indicated in Fig. 94. The
angle 6 made by a with the r-direction is

ay
tang = —--
ar

The acceleration is, in general, nof along the tangent to the path since
(d®y/dt®)/(d%x/dl?) is not equal to (dy/dt)/(dx/dt) except for motion
along a straight line or at a point of inflection in a curved path.
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N

From the foregoing discussion it should be recognized that plane
curvilinear translation is merely the superposition of the coordinates
of two simultaneous rectilinear translations in the z- and y-directions.

SAMPLE PROBLEM

646. A projectile is fired with a muzzle velocity » at an angle 6 with the hori-
zontal. Neglect the effect of air resistance and determine the equations of the
trajectory, the range R on a horizontal plane, and the maximum altitude %
reached in flight.

L4

Y
:<—x /’—-'T—'—\
1
]
- j h N
N
: A J AN
accel =
'__Q__‘____--__L__ I SIS
L R |
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Solution: With the neglect of air resistance the only force acting on the pro-
jectile is its weight, and the acceleration at all times is g directed vertically down.
Thus a; = 0 and a, = —¢. The resulting motion, then, is a wuperposition of
two rectilinear motions with constant acceleration. With zero acceleration in
the z-direction the horizontal distance traveled equals the constant horizontal
component of velocity multiplied by the time. Thus

[s = vot] = ut cos 0.

The y-coordinate of the projectile is given by Eq. (52) for constant acceleration
and is

[s = vot + Zat? y = ulsin 0 — 3gi%.

These two expressions for x and y are the equations for the motion of the pro-
jectile in terms of the parameter £. The equation of the trajectory is obtained
by eliminating ¢ between the expressions and is

gx?

2u? cos? Ans.

y =xtanf —

From the form of the equation the curve is seen to be a parabola with vertical
axis as shown in the figure.

The range R is obtained by equating to zero either of the two expressions for y
The second equation gives

0=z (tan0 — 527
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which has two solutions. The solution £ = 0 is of no concern, but the other
value is X
2u’sinf cosf _ u*sin 20
g g
The maximum range occurs for sin 260 = 1 or § = 45 deg. and is

r=R-= Ans.

9
ul
max '

g

The time of flight for the range R may be obtained by equating y to zero in
the second of the two parametric expressions. Thus

R

_ 2usinf
9
By symmetry the time of flight to the apex of the parabola is one half that

for the complete journey. Substitution of this time into the expression for y
gives a maximum altitude of

0=t (u sinf — %gt)- and t

_aw*sin?@ g fu?sin? 0)' h= u'sin’f Ans.
29

h=y= "= =%
2 ¢*
Accurate caleulations for trajectories must account for the effect of air resist-
ance, which is appreciable at high veloeities. Wind veloeity and direction as
well as the rotation and curvature of the earth may also become important.

PROBLEMS

Exeept where indicated, neglect air resistance in the problems involving
projectile motion.

647. The curvilinear motion of a particle is described by r = 268 — 3t and
y = 442, where x and y are in inches and ¢ is in seconds.  Determine the velocity
v and acceleration a of the particle when t = 2 sec.

Ans. v = 26.41in./sec., a = 25.3 in./sec.?

648. A particle moves on the curved path y = 2?/4 with a constant z-com-
ponent of velocity of 2 ft./sec.  Determine the total velocity » when z = 2 ft.
and find the acceleration a for any position.

649. A bomber is flying horizontally at an altitude of 10,000 ft. with a speed
of 300 mi./hr. Find the proper angle 8 with the vertical made by the line of
sight from the bomber to the target for a direct hit. Ans. 0 = 47°37

6560. A particle moves along the positive branch of the curve x = 4y? such
that y = 3/3, where r and y are measured in inches and ¢ is in seconds. Deter-
mine the velocity » and acceleration a of the particle when t = 14 sec.

661. The r-coordinate of a particle which moves with curvilinear motion is
z = 40t + 443 where z is in inches and ¢ is in seconds. When ¢ = 2 sec., the
total acceleration is 64 in./sec.? If the acceleration in the positive y-direction
is constant and the particle starts from the origin with », = 0att¢ = 0, determine
the velocity v of the particle when ¢ = 4 sec. Ans. v = 287 in./sec.
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662. Find the target lead L which a dive-bomber pilot must allow when
releasing a bomb from an altitude A = 2000 ft. The flight angle is 8 = 45

Pros. 652

deg., and the bomber is traveling
600 mi./hr.

653. The time of flight for a projectile
with a horizontal range of 30,000 yd.
is 90 sec. Determine the muzzle veloc-
ity w. Ans. u = 1760 ft./sec.

664. An airplane pulls out of a dive
and climbs with a velocity of 300 mi./hr.
at an angle of 15 deg. from the horizon-
tal. A small bomb is released when an
altitude of 500 ft. is reached. Find the
total horizontal distance z traveled by
the bomb from the point of release and
the velocity v with which it strikes the
ground.

666. A battleship which moves al
20 knots (1 knot corresponds to 1.152

mi./hr.) parallel to a coast is 15,000 yd, offshore. The muzzle velocity of its

14 in. guns is 2600 ft./sec. Deter-
mine the proper time for firing a
broadside by specifying the angle
which the line of sight to the coastal
target makes with the athwartship
direction of the guns, and the corre-
sponding firing elevation . Assume
that the target is at the same height
above the water as the muzzle of the
gun. Ans. a=0°145,0 =6°11

666. A long-range rifle at A is aimed
at an angle of 45 deg. with the hori-
zontal, and its shell is just able to clear
the mountain peak at the top of its
trajectory. Determine the muazzle

15,000 yd. —————>
20 knots

Pros. 655

velocity u, the height & of the mountain ahove sea level, and the range R to

the sea.

‘4-——5 mi, —»]
\

A Elev.
— 2000 ft.

ProB B854
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667. Find the initial velocity » of a ball thrown down the slope as shown.
Ans. u = 68.3 ft./sec.

R S
Nl N

S

ProBs. 657

668. The muzzle velocity for a certain gun is 2000 t./sec. The target and
gun are on the same horizontal plane, and the range is 5000 yd. Find the two
values of the angle 8 made by the barrel with the horizontal for which a direct
hit can be scored. Ans. 0 = 3°2% orf = 86° 32’
* 669. The following data were tuken from a test firng of a German V-2 rocket.
The horizontal distance r and the vertical distance y are given in thousands of
feet from the launching site along with the corresponding elapsed time ¢ of
flight in seconds.  Plot these data and determine (a) the velocity ¢ of the rocket
at { = 100 sec. and (b) the final velocity vy when the rocket returns to carth
at the same elevation as the launching site. Indicate the procedure for finding
the acceleration of the rocket at any time.

t x Y t xr Yy
0 0 0 225 173 519
25 1 19 250 194 508
50 10 68 275 215 480
75 28 160 300 236 435
100 53 280 325 258 369
125 79 374 350 278 280
150 105 441 375 300 170
175 130 488 400 320 57
200 152 515 413 332 0

Ans. (@) v = 3200 mi./hr.,
(b) vy = 3100 mi./hr,

* 860. Show that the acceleration of a point moving on the are of the circle
22+ 92 = r? with a velocity of constant magnitude v is equal to v?/r and is
directed toward the center of the circle. Prove by considering the x- and
y-components of acceleration.
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* 881. Find the range R for a projectile fired onto the inclined plane shown.
What is the maximum value of R for a given muzzle velocity u?

2u? cos 0 sin (6 — a) u?
Ans. =y B =
g cos?a g(1 + sin @)
TS ~,
’/' S
rd \\

S ¥
\

\,

/

/
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* 662. Find the equation of the envelope @ to the parabolic trajectories of an
anti-aircraft gun which fires at any angle but has a constant guzzle velocity u.
(Hint: Substitute m = tan 8 in the equation of the trajectory. The two roots
my and mg of this relation give the firing angles for the two trajectories shown
such that the shells pass through the same point A. Point A approaches the
curve ¢ when the two roots approach eql?mlity.)

Ans e a vertical bol
ns. = - - %, a vertical pa
y 29 2u? parabola
y
I
A
\\
\\
\\
\\
\\\
\
\\ x
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72. Normal and Tangential Components of Acceleration. The accel-
eration of a point which has curvilinear motion will be described in
terms of its components in the directions of the normal » and tangent
t to the curved path. Consider a particle moving along a plane curve,
Fig. 95, such that its velocity changes both in magnitude and in dirce-
tion from the vector v at A to v+ dv at A’ during the time dt. The
vector change of velocity during the differential interval is the differ-
ence dv in the velocities at A and A’. The acceleration of the particle
is @ = dv/dt. Tt should be recalled that the derivative of a vector will
account not only for change in magnitude but also for change in direc-
tion. In the present case these two effects are separated by considering
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the components of dv in both the n- and ¢-directions. This separation
is shown in Fig. 95 and may be stated by the vector equation

dv = (dv), + (dv),.
The acceleration a, then, has two components and is

dv _ (do)n (o)

-+
dt dt dt

a=a,H a. (66)

vdu

The normal acceleration component a,, depends on (dv), and is there-
fore due to the change in dircction of the velocity. From the velocity
diagram in Fig. 95 the vector (dv), may be considered in the limit as a
differential length of are of radius » with a subtended angle df. Thus
(dv), = v d8, and the normal component of acceleration becomes

(dv)n d6

@ ld

ay

The arc length on the path between A and A’ is ds = p d8, so that
d9/dt = (1/p)(ds/dt) = v/p. Consequently the normal acceleration is
2
v

a, = —P—. (57)

This result is extremely important and must be thoroughly understood.
It should be carefully noted that the direction of the normal component
of acceleration is always toward the center of curvature.
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The tangential component of acceleration is obtained from (dv),
which is the change in the magnitude of the velocity. Thus

(dv), djv] d
—_— e o T 58
“ETa T T ae? (8)

where s here is the scalar distance measured along the curve. It may
be observed from Kq. (58) that, as long as all measurements of the
motion are made in a direction along the curve, the distance s, the speed
\vl, and the tangential acceleration a;, bear the same relationships as
were discussed in Art. 70 dnd expressed in Eqgs. (48), (49), and (50) for
rectilinear translation. The tangential component of acceleration may

also be expressed in terms of the radius of curvature p and the angle 6
by introducing » = p(d8/dt). Thus

de] d/ d9 d% dpdo -~
_— p—)=o _..é. + — e
dt, deé  dtdt

@=—=—

dt dt

The second term will be zero when dp/dt = 0, which occurs when p is
constant, as for a circle or at point® which represent a maximum or
minimum radius of curvature.

The total or resultant acceleration is the veetor sum of its two com-
ponents as given by Eq. (56). In Fig. 96a is shown a schematic repre-

z‘pB I/KRB

A A
Acceleration vectors Acceleration vectors
of particle speeding of particle slowing
up from A to B down from A to B
(@) (&)
F1a. 96

sentation of the variation of the total acceleration vector a for a par-
ticle moving with increasing speed along the curve from A to B. In
Fig. 96b is represented the acceleration of the particle when its speed
is decreasing in going from A to B. In both cases the acceleration has
a normal component directed toward the center of curvature.
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SAMPLE PROBLEM

663. A projectile is fired at an angle of § = 30 deg. above the horizontal and
with a muzzle velocity of 2000 ft./sec. Determine the radius of curvature of
its path 10 sec. after firing. Neglect air resistance.

Uy

PRros. 663

Solution: As seen from Eq. (57) the radius of curvature p may be determined
if the velocity v and normal acceleration a, are known. The velocity may be
found from its z- and y-components. Thus

[v = v+ at] v, = 0.866 X 2000 = 1732 ft./sce.,
vy, = 0.5 X 2000 — 32.2t = 678 ft./sec. for ¢ = 10 sec.

The velocity » and the angle @ made by the tangent of the trajectory to the
horizontal at this instant of time are shown in the accompanying figure and are

= Vit + 02 v = V/(1732)% + (678)* = 1860 ft./sec.,
) ""8

[tana = ?-”] fana = D10 _ 0.301, a = 21° 22",
v, 1732

The total acceleration of the projectile at all times is g, so that the normal
component of aceeleration at the position considered is seen from the figure to be

a, = gcosa = 32.2 X 0.931 = 30.0 ft./sec.?
Thus Eq. (57) gives

- _ (1860)* _
[an - _.] P =355 = 115300 ft. Ans.

PROBLEMS

664. A baseball is thrown horizontally with a velocity of 100 ft./sec. What
is the radius of curvature of its path as it leaves the pitcher’s hand?
666. At the bottom of a loop an airplane has a normal acceleration of 4g
and a velocity of 500 mi./hr. Find the radius p of the loop.
Ans. p = 4170 ft.
666. For the projectile in Sample Prob. 663 determine the radius of curvature
of the trajectory at its highest point.
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667. A particle moves with a constant speed of » = 10 ft./sec. on the circular

path shown. During the movement from 4 to B the velocity undergoes a vec-

tor change. Divide this change by the time interval be-

tween the two points to obtain the average normal accel-

VTN eration for (a) A6 = 30 deg., (b) A0 = 15 deg,, and (¢)

H A = 5 deg. Compare the results with the instantan-
! cous normal acceleration.

,l 668. A point on the rim of a flywheel has a peripheral

| speed of 10 ft./sec. at an instant when this speed is in-

creasing at the rate of 30 ft./sce. each second. If the total

Pros.. 667 acceleration of the point at this condition is 50 ft./sec.?,

find the radius r of the flywheel. Ans. r=25"t.

669. A brake is applied to a flywheel 18 in. in diameter to bring it to rest with
a constant deceleration. If the total acceleration of a point on the rim makes an
angle of 1 deg. with the radial direction when the brake first begins to act, find
the time ¢ required to bring the wheel to a stop from a pesipheral speed of
30 ft./sec.

670. The rim speed of a flywheel 12 in in diameter increases uniformly from
20 ft./sec. to 40 ft./sec. during 10 rev. of the wheel. 1f the speed continues to
increase at the same time rate, find the normal acceleration a, of a point on the
rim after the wheel has turned through another 10 rev.

Ans. a, = 5600 ft./sec.?

671. The position of a point on the rim of a wheel 8 in. in diameter is specified
by s = ¥ — 412 4 4, where s is the distance of the point, measured in inches
along the circular periphery, from a convenient origin and f is the time in seconds.
Find the total acceleration a at the instant when the tangential acceleration is
4 in./sec.?

672. A train enters a section of curved track at a speed of 60 mi./hr. and
slows down at a uniform rate to 30 mi./hr. in 11 sec. while rounding the curve.
An accelerometer, which is a delicate
instrument for measuring acceleration,
is mounted inside the train and re-
cords a horizontal acceleration of 5
ft./sec.? when the train is 6 sec. past
the beginning of the curve. Find the
radius of curvature p of the track for
this position of the train.

Ans. p = 1365 ft.

673. The slotted guide A is moving Pros. 673
to the right with a constant velocity.

At the position shown the acceleration of the pin P has a magnitude of 36 ft./sec.?
Determine the velocity v of P along the circular slot at this position.

674. A projectile is fired with a muzzle velocity of 2000 ft./sec. at an angle of
45 deg. with the horizontal. Find the radius of curvature p of the trajectory
at a point where the direction of flight makes an angle of 30 deg. with the
horizontal. Ans. p = 95,600 ft.
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676. The pin P moves along a curved path and is controlled by the motions
of the slotted links A and B. At the instant shown 4 has a velocity of 12 ft./sec.
and an acceleration of 10 ft./sec.?, both to the right, while B has a velocity of
16 ft./sec. and an acceleration of 5 ft./sec.?, both vertically up. Find the radius
of curvature p of the path of I’ at this position.

~P

Pros. 675 Pros 676

* 676. A particle P is moving on the curved path shown. The radius of curva-
ture of the path for the position of the particle at any time is p and makes an
angle 8 with a fixed horizontal line. As the particle passes the position shown,
p = 8 in. and is increasing at the rate of 4 in./sec. Also the velocity at this
position is v = 24 in./sce., and d6,'dt is increasing at the rate of 10 rad./sec.
each second. Find the total acceleration of P at this instant.

Ans. a = 117 in./sec.?
* 677. A particle starts from rest at the origin and moves along the positive
branch of the curve y = 2x°% such that the distance s in inches measured along
the curve varies with the time ¢ in seconds according to s = 23, Find the total
acceleration a of the particle when t = 1 sec. (Recall that the radius of curva-
ture p is given by p = [ 4 (dy/dx)*'2/(d%/de?).)  Ans. a = 12.17 in./sec.?
* 678. The path of a fluid particle in the centrifugal pump with straight vanes
shown is to be approximated by the
spiral r = re”, where b is a dimensionless
constant. The angular position of both
the fluid particle and the pump impeller
is given by 6, and the radial distance
to the particle is specified by r. If
the pump turns with constant speed so
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