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PREFACE

These lectures have a twofold interest.

Delivered in French by a prominent French scholar to an
English speaking audience consisting mainly of Ionours stu-
dents of whose curriculum the subject matter formed an inte-
gral part, they are noleworthy as constituting the permanent
record of a successful experiment, carried out at the Universily
College of Wales during the period of reorganisation of its
Pure Mathematical Department.

But their scientific inlerest is far greater than this might lead
us to suppose. The lectures give us, in the form of a number
of elegant and illuminating theoremns, the latest word of ma-
thematical science on the subject of Integral Functions.  And
they do more. They descend to details, they take us into the
workshop of the working mathematician, they explain to us
the nature of his tools, and shew us the way to usc them;
while, at the same time, by the absence of any attempt to
conceal the imperfections of the edifice so far constructed,
they indicate to us the work still waiting to be done, they
inspire us with the desire and furnish us with the means of
compleling it ourselves.

The book will not be found diflicult by an earnest student.
He may hope to master it without any elaborale preliminary
preparation. All that is needed is that hé should possess some
familiarity with the more immediate consequences of the fun-
damental and far reaching theorem due to the genius of Cau-
chy and known by his name and that he should be at home
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with the concept of number and its extensions such as form
to day the foundations of Analysis.

For the philosophic mathematician the subject is particu-
larly “instructive, shewing, as it does, the power of a single
fundamental idea, that of generalisation, germinating in many
minds of widely different types of training, and applied to
a particular mathematical concept, that of the polynomial.

A problem once stated is, as we all know, halfsolved; and the
rapidily with which one step in our theory has followed ano-
ther-will be seen by a glance at the bibliography at the end
of the volume. In the same connexion the appendices may
specially be cited. They contain among other things the com-
plete solution of questions connecled with the inverse function
of an integral function, questions raised and only partially
answered by llurwitz in two Notles in the Comples Rendus.
They contain also an illustration of the growing influence of
the Theory of Scts of Points, not only on the language of the
Theory of Integral Functions, but also on its subject matter;
and we are led to ask whether in the near future the whole
trend of rescarch may not here also be in this direclion.

‘W.-H. Younc.
The Athenacum,
London.
June, 1923.
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Ce livre reproduit les legcons que j’ai cu I’honneur de faire
aux éleves de M. Young a I'University College of Wales &
Aberystwyth en février et mar's 1g22. Qu'il me soit permis de
renouveler ici 'expression de ma vive reconnaissance au pro-
fesseur Young qui m’a invilé & faire ces lecons; qui m’a donné
les moyens de les publier et qui a bien voulu les présenler au
public. Si cet ouvrage rend quelques services aux étudiants,
que leur gratitude aille d’abord & M. Young qui en a été le pro-
moleur

Mes lecons étaient faites en francais; un jeune mathémati-
cien de Cambridge, M. Collingwood, me seconda en donnant
des explications complémentaires a mes auditeurs et accepta
de reniplir le role ingrat de traducteur. Je 'en remercie bien
vivement.

Le nombre de mes le¢ons était limité et jc me proposais de
permelttre & des auditeurs possédant les éléments de la théorie
des fonctions analytiques de me suivre sans difficulté, j'ai donc
pris la théorie a son point de départ et ai dii par contre sacri-
fier des développements intéressants. Sur un point cependant
je me suis départi de la régle que je m’élais fixée de ne m’ap-
puyer que sur des propositions élémentaires : au chapitre vi
j'ai admis les propriétés de la fonction modulaire elliptique
J (w), le lecteur en trouvera un exposé treés clair dans un Mé-
moire de Hurwitz cité dans la bibliographie. Le texle des six
chapitres de 'ouvrage, qui donnc sans modificalions mes le-
cons, a été rédigé en octobre 1921. M. Collingwood a bien
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voulu y ajouter les appendices A et B qui complétent certaines
questions traitées dans le texte, et 'appendice D ou il établit,
d’aprés les travaux de M. Iversen, la correspondance entre les
points singuliers non algébriques de la fonction inverse d'une
fonction entidre et les valeurs asymptotiques de cette fonction.
Je signale & ce sujet que la définition des points singuliers
adoptée dans cet appendice est celle donnée par M. Bieberbach
dans l'encyclopédic (article II C 4 de l'édition allemande).
Dans l'appendice G, Miss C. Young expose quelques résullats
relatifs a la distribulion des zéros des fonctions d’ordre fini
cntier. Grice 3 ces compléments, 'ouvrage, bien qu'il n’ait
pas la prétention d'éire une encyclopédie, renferme 1'essentiel
de la théorie. La lecture de la table des matiéres et des pelites
introductions de chaque chapitre mettra rapidement le lectcur
au courant des questions trailées, ce qui me dispense d’en par-
ler ici. Une bibliographie importante termine 1'ouvrage; dans
le texte, chaque chapitre est suivi d’unc liste indiquant ceux
des Mémoires indiqués dans la bibliographie qui ont été utili-
sés pour la rédaction des divers paragraphes. Les épreuves ont
été revues par Miss C. Young ct par M. Collingwood; je lcs
remercie de cette aimable collaboration.

Le livre, tel qu’il est con¢u, permettra, je crois, aux jeunes
mathématiciens de langue anglaise de se familiariser avec des
questions qui ont été peu travaillées jusqu'ici par leurs compa-
triotes. Je pense qu'ils apercevront sans pcine, nolamment en
comparant les résultats des chapitres u1 et vi, les poinls qui
appellent les premiéres recherches et j'espere que, grice a ces
énergies nouvelles, la théorie sera complétée et rajeunie. Alors
ce livre n’aura plus guére d’intérét, mais le but que je me suis
proposé en l'écrivant sera pleinemenl atteint.

Strasbourg, le 20 avril 1923.

Georges VALIRON,
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THE GENERAL THEORY OF INTEGRAL FUNCTIONS

CHAPTER [

Preliminary Notions.

Introduction. — The origin of the general theory of integral func-
lions, that is to say of funclions which are regular throughout the
finile portion of the plane of the complex variable, is to be found in
the work of Weierstrass. 1le shewed that the fundamental theorem
concerning the faclorisalion of a polynomial can be extended to cover
the case of such functions, and that in the neighbourhood of an iso-
lated essential singularity the value of a uniform function F(z) is in-
determinatle. These two theorems have been the slarting point of
all subscquent research.

Weierstrass himself did not complete his second theorem. This
was done in 1879 by Picard who proved thatl in the neighbourhood
of an isolated essential singularily a uniform functlion aclually assu-
mes every ‘alue with only one possible exception. Much important
work, lhe carliest of which was due to Borel, has been done in
connection with Picard’s theorem; and the consequent introduction
of new methods has resulted in much light being thrown on obscure
points in the theory of analytic functions.

The notion of the genus of a Weierstrassian product was introdu-
ced and its importance first recognised by Laguerre, but it was not
until after the work of Poincaré and Hadamard had been done that
any subslantial advance was'made in this direction. Here also Borel
has cnriched the theory with new ideas; and his work has done much
to reveal the relationship between the two points of view and pro-
foundly influenced the trend of subsequent research.
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Although the lwo theorems of Weierstrass are now classical we
give proofs of them and of some of the well-known results due to
Cauchy on which the development of the subject depends. We shall
also have to make use of certain inequalities obtained in the course
of the proof of Weierstrass® first theorem.

1. The Laurent expansion about an isolated singularity. —
Let F(z) be a uniform function and let the point z=a be a singular
point of the funétion F(z). We will suppose the point z=a to he an
isolaled singularity; thalis to say thatwe can find a circle C of finite
radins « and centre a such that F(z) has no other singularity in the
circle or on ils circumference. If now (V' is another circle of centre a
and radius f<Za, F'(z) will be regular on the circles C and (' and
ig the anunular region belween them, and we may apply Cauchy’s
lEeorem to the function in this region. For an interior point x of
the annular region we thus obtain the equation

() = - / F@) dz — — 1) dz
a ani Jo 2 — @ i z—ax

both integrals being taken in the positive sense. From this it follows
that F(x) is the sum of two convergent series, one-in posilive powers
of (x — a) and the other in negyative powers of (x —a) :

(1, 1) F(z) = f(ﬁb >+q»(x—a)

where
o0 0
S = Z c,u", Pbu) = 2 c_,u".
1 o

The cnefficients ¢, are given by Cauchy’s equations

1
= — F)(z—a)"'dz,
t=— [ Fe)e—a)

(1, 2) F(2)
Con ruf(z——a)"“
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The values of these coeflicients are unaffected by any change in the
radii of the circles C and (', provided that C contains no singularity
other than a. Further, since the power series db(x —a) is convergent
for 8 <|ax — a| <=, itis convergent for |x —u| < a. Also f(u) is

. . . 1
an integral function. For the power series f(u) converges for |u| >T$

for all values of 3, and so for all values of u.

Equation (1, 1), the right-hand side of which is known as the Lau-
rent expansion of ¥(z) about the point «, is therefore valid inside any
circle G of centre a and containing no other singular point of the
JSunction.

In the case where the function f(u) reduces to a polynomial the
point z = a is a pole of I'(z) and the properlies of the funclion in
its neighbourhood are well known. We shall consider the case in
which f(u) does nol reduce to a polynomial. “The singular point is
then an isolated essential singulurity.

In most cases we shall suppose the essential singularity to be at
infinity, when we shall have

13 F2) = /() + ()

where f(z2) is an integral function and $(z) a function which vanishes
and is reqular at infinity. In future we shall wrile

o0

f(z): Ec”z"zco-}—c‘z-f- ey

.
'b(z)_chz = + .y

the first expansion being valid for all z and the second for |z] >R,,
where R, is some fixed number. For all values of n we have

_ —n—
c, = 2iﬂ’A'F(z)z dz,

I" being some circle of centre z = o0 and radius grealer than R,
The modulus of ¢, will be denoted by C,.
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2. Theorems of Cauchy and Lieuville. — Now let us consider a
function W (z) which is regular in a circle C, |z] < r, and let

©0

Y (z) = Zanz".

o

The coefficients are given by Cauchy’s equations (1, 2); so that

ania, = / W(z)z7""dz.
!

We may cxpress these quantities in terms of their moduli and
arguments by writling

z=re", a,=A,e",

W(z) = G(r, g)e° ",

which gives us

nﬂAu’,nem,, — f n G(r, ?)el'[e(r. 9)—ng] (l(? .

Hence

awh, 1" = [ G(r, 9)c0s (B0 ) = ny — 0,1y

Now the functions G(», ¢) and O(r, ¢) are continuous fonctions of g.
G(r, ) has therefore a maximum on C, which it effectively attains;
and so, if M(») is this maximum, the inequality

G, &) AP K M)

is true for all values of n. It follows from the property of continuity
that, for a given value of n, this inequalily can only be replaced by
an equalilv if

G(r,9) =M(@),  O(r9)=ng + 96, +akn,
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for all values of 3. We should then have A, = o for all other values
of n. In particular

(1, 9) A, = W(o) < M(r)

unless W(z) is a constant.
We are now in a position to prove Cauchy’s theorems.

'(HEOREM 1. — The maximum of the modulus of a function g(z),
which is regular in a closed connected region D, bounded by onc or
more curves C, is altained on the boundary (*).

Since the modulus is a continuous function it certainly attains its
maximum in- at least one point P of the closed region D. If the
point P were an interior point of D we could find a circle, of centre P,
lying entirely in D, and the value of |g(z)| at the centre of this circle
would be at the least equal to its maximum on the circumference.
But, unless g(z) is a constant, this contradicts the inequality (1, 5).

As an immediate corollary of this proposition, in conjunction with
the remark made in connection with (1, 4), we have this further
result :°

Tueorem a. — If f(2) is a complele (*) inlegral function, the mauxi-
mum M(r) of the modulus of f(z) for|zl=r, is an increasing functlion
of r and

(1, 6) C,r" <M(r)
Jor all values of r and n.

We may observe that it follows from this proposition that Y, C,
tends to zero as n tends to infinity.

(*) A **region” is a domain with possibly some or all of its frontier points,
a ** domain ” being defined as a set of points all of which are interior
points of the set. In the case of a single variable we shall regard a ‘¢ seg-
ment” a3 closed and an *‘interval” as open.

(*) A function in which there is a sequence of the cocflicients ¢, different
from zero,
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In the casc of a complele integral function there i~ a sequence of
coefficients C, which are not zero, and so we may deduce from the
ineguality (1, 6) the following corollary, which is known, in a slightly
different form, as Liouville’s theorem :

COROLLARY 2. — If f(2) is an inlegral function and p uny positive
number whatever, the ralio
M(r)
rP

wltimalely surpasses any assigned number.

Lel us now consider the case of a function F(z) for which the
point at infinity is an isolated essential singularity. F(z) is the sum
of an inlegral function and a function which tends to zero as r = |z|
lends to infinity. 1f by M,(r) we denote the maximum modulus
of F(z) for |z]=r, and by M(r) that of f(2) [equation (1, 3)] and
if + is any positive number, we shall have, for all sufficiently large
values of r,

Ma(") > M(l‘) I )
so that the ratio
) M, (r)

rf'

also ullimalely surpasses any assigned number.

On the other hand we may apply theorem 1 to the function F(z)
and the region D defined by the inequalities R, << R < |z} < R,
The maximum of the modulus is atlained on one of the bounding
circles, and therefore. for all sufliciently large values of R’ on the
outer circle. So M,(r) is ultimately an increasing funclion of r.
Since when & is an integer F(z) z7* is of the same form as F(z), we
have the following parallel result.

Turoreym 3. — If F(2) has an isolaled essenlial singularily at infi-
nity, the ralio
M, (r

'-P

~

increases indefinitely afler a cerlain value of r, for any ficed value
of p.
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Finally we observe that the inequality (1, 6) is satisfied by a func-
tion F(z) if we suppose n to be positive and replace M{r) by M,(r).

The property established in theorem 3, which is one of the initial
properties of M,(r), brings into prominence the sharp distinction
which exists between the case of a pole and that of an essential sin-
gularity.

3. The indetermination of a uniform fonction in the neigh-
bourhood of an isolated essential singularity. — If we consider a
sequence of poinls whose sole limiting point is a pole of a uniform
function, the sequence of the moduli of Lthe function at these points
always tends to infinity as its limit. This is no longer truc as we
approach an essential singularity. Let us assume that this essential
singularity is at infinity. Then we can still find a secquence of points
in which the modulus tends to infinity., In fact it is sufficient to take
those points at which |FF(z)] == M,(|z]) on a sequence of circles
of indefinitely ihcreasing radius. Now consider a finite num-
ber a. It may happen that I(z) assumes the value « an infinity of
times. In this case, since the zeros of a regular function are isolated,
the points at which F(z) = a have their sole limiting point at infi-
nity. But if F(z) only assumes the value a a finite number of times
the function

1
*() = F(z)—a

will be regular for |z| >R,, R, being the modulus of the most
distant zero of F(z) — a. The point at infinity must be an essential
singularity of d(z), for if it were a regular point or a poleit would hea
pole or regular point of F(z). There is therefore a sequence of points,
whose sole limiting point is al infinity, in which &(z) tends to infi-
nity and F(z) — a tends to zero. We thus obtain Weierstrass’ theorem.

TueoRewm 4. — In the cuse of a uniform function we can always find
a sequence of poinis, whose limiting point is an essential singularity,
in which the function tends to any assigned limil.

This theorem of Weierstrass was completed by Picard, who showed
that a uniform function actually assumes every value, with only one
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possible exception, an iufinity of times in the neighbourhood of an
isolated essential singularity. Much of our work will be devoted lo
the study of Picard’s theorem and its generalisations.

4. Convergent sequences of regular functions. — There is another
fundamental theorem due to Weierstrass.

Tueorem 5 (*). — Lel
q’( (Z) ’ C?’(Z) ’ MR ?n(z) ’

- be a sequence of functions which are regular in a closed connected re-
gion D bounded by a contour I'. If this sequence converges uniformly
on the curve l', it converges uniformly throughout the closed region,
and the limit of the sequence is a function ®(z) which is reqular in the
open domain, and it derivative of order p is the limit of lhe sequence
of p'th derivatives of ¢,(2).

Uniform convergence in the region D is practically immediate.
For, by hypothesis, we have on the contour

l(?iH p(z) - (?n(z)l <

for all e and n > N(¢). By theorem 1 Lhis inequality also holds at all
interior points of D.

Now let d(z) be the limiling fum,hon of the scquence. P(2) is a
continuous function. Lel 6(2) be the regular funclion defined by the
integral

We can shew that 0(x) = &(x). If x is an interior point of D
Cauchy’s theorem gives

LY AC P

Pa(0) = 2 Jr z—x

(*) Certain generalisations of this theorem are to be found in Montel's
book, Legons sur -les séries de polynomes d'une variable complexe.
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and, subtracling this from the last equation,

L] L P@) 4@, | _L e
1:.[ z2—x dzI<2 d

[0(x) — @, (x)| = pon

where L is the lenglh of the contour and d the shortest distance
from the point x to the contour. ¢ can be made as small as we please
by taking n sufficiently great. We have therefore

6(x) = lim o (x) = P(x),
and the first part of the theorem is proved.

The second part follows from another application of Cauchy’s
theorem. In fact

o) — ¥ (o) = = | [ DT < 2

which shows that p,*(z) lends uniformly to ®*(z) in the open
region.

5. The construction of an integral function with assigned zeros.
— We have already had occasion to make use of the facl that the zeros
of a funclion F(z) which is regular, except at infinity, for |z] >R,
are isolated points; every annular region R, <<R < |z] <R’ conlains
a finite number of them. So if F(z) has an infinily of zeros they
can be arranged as an infinite sequence in order of non-decreasing
moduli. If there are several zeros having the same modulus these
can be arranged in any order we please. Repealed zeros will occur
with a frequency equal to their order of multiplicity. We denote
by a, the n’th zero of this sequence and its modulus by r,. The
sequence

r, r, ...,r

1 3 n?

is non-decreasing and its solc limiting pointis 4 co. In the particular
case of an integral function which vanishes at the origin we shall ex-
clude the number o from this secquence.

It as been shown by Weierstrass that if we are given any sequence
of numbers a, whose sole limiting point is at infinity, then there is
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an integral function with zeros at these points and at these points
only. In order to do this Weierstrass constructed an infinite
product of regular functions each one of which vanishes for a single
value a, and for this value only. To ensure the convergence of the
product he employed as primary factor, vanishing for u = 1, the

expression
u? Cub

ut—s. . F—
2 P

E(a,p) == (1 —u)e

where the exponent of ¢ consistd of the first p terims of the expan-
sion of —log (1 -~ u); so that, for Ju| <1,

If we lake |u <l< 1, lhe exponent of e in this last equation will

be less in modulus than

)
P+ k) T ptak—a

We may therefore state the following resull :

Lemma 6. — If |uf g; <1, then
e

lul)’#’i

(1, 7) E(u, p)=ce prr

k
k—1

where 0] < 1.

There is one other property of the sequence whose importance
will appear direclly. Suppose that, as above, the points @, have the
point at infinity as their sole limiting point and thal the sequence
of numbers r, is arranged in the manner we described. 7, is sup-
posed not to be zevo. Then with lhe sequence r, we can associale a
sequence of posilive inlegers p, such that the series

(1, 8) i(%)h

converges for all values of r.
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In fact it is sufficient to take for p, the integral part of

logn
logr,

(v + 2) +1 (x>o0).

We then have, for r,>r,

logn
——(1+40)
r \Pn r log ry, 1 log r
—_ < _ P, v, =1 — .
r, r, ity logr,

v, tends Lo 1 as n tends to infinily.  So, for sufficiently large values
of n, (1 +«)v, will be greater than 1 and the series (1, 8) will
converge.

To construct an integral funclion with zeros at the points a, we
consider the product

" ,
l)m(z): ]] E(—(i—-, l)"—l)

n

where p, is chiosen so that the scries (1, 8) is convergent (or all values
of r. This product is plainly an integral function vanishing at the
points a, of index less than or equal lo m and at these points only.
We shall show that the sequence of funclions P, (z) converges uni-
formly in every finile region. To do this we eslablish uniform con-
vergence in a circle |z] <R of arbitrary radius. Let & be a fixed
number grealer than 1 and let N be defined by the inequalities

ry SR < "agt
For m greater than N we may write
Pm(z) = PN (Z) Qm(:)

where Q,, is the product of factors whose rank lies between N and

m+ 1. In virtue of Lemma 6 and the convergence of the series
(1, 8) for the value R,

m ]
k /. DPu I R P,,_
o 1ol <= X (1) <=5 2 (3)" = tos®
N+ N+

(el =r < R),
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where K is a constant depending only on R. Therefore, if M is. the
maximum modulus of Py(z) in the circle |z| <R, we shall have in
this circle, and for all values of m,

IPa(2)] < KM.

Hence, if m'>m>N,

[P, (2) — P ()] < KM

Exentll

A further appeal to Lemma 6 and the convergence of the series (1, 8)
gives

\ n (Z) e"wm'

(Jo] << 1),
\m(l) l I )
where
I Ii\ r \Pn Ie - R \fn k
w"'l—lc—lz(-a—> </C~—IZ<T‘:> Tk—1m
m+1 m+1

¢, denoting the remainder after the first m lerms of the series (1, 8).

Thus
k

- —
i‘)_"'fﬁ_nlzle'"""" —||<ew'"'—— 1< " g

Qn(2)

which may be made arbitrarily small provided m is taken sufticiently
large, wherever z may be in the circle |z| <R. The sequence of
functions P, (z) is therefore uniformly convergent in this circle and
its limit, which we shall denote by P(z), is a function regular in the
circle.

Moreover this function I’(z) is nol a constant, for in the circle of
radius R we have

log |Q,(2)] > — \1 < ) "= ]ogT'(-
N+‘ n
and so

(1,10) P@)] > |Pia)] &
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Therefore P(z) does not vanish in the circle under consideration
unless Py(z) vanishes; that is to say at the points @, and at these
points only.

We may change the order of the factors in the product P(z) in any
way we please, for the investigation of Q,(2)/Q,,(z) carried out above
shews that the product of any number of primary factors of rank
higher than a number N(R,¢) differs from 1 by less than ¢, for
|z] < R. Furlher any product of factors is uniformly bounded. The
difference of two products which both include the first N(R, ¢) fac-
tors will therefore be less than K,. The property of absolute conver-
gence is thus cstablished and the proof of Weierstrass’ theorem com-

plete(*).

Tueorem 6. — If the sequence of inlegers p, is such thal the series
(1, 8) is convergent for all values of r, the infinite product

P(2) = fI E(%, p,— 1)

is absolutely and uniformly convergenl in cvery finile region, and defines
an inlegral function with zeros al the points u, and at these points only.
We may observe that if there is an integer p such that the series

@0

Y
o PFH
r N
1
converges, we may lake p, = p + 1, when we have simply

z 2P

a

P(z) = f[ (,_(%‘)e . +...+m'

(*) The proof is much simplified if the properlies of infinile products are
assumed.
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6. Facuorisation of a function F(z). — Let us suppose that our
function F(z) regular for |z|] > R,, except for an isolated essenlial
singularity at infinity, has an infinily of zeros. We can construcl a
Weierstrassian product P(z) wilh the same zeros Lo the same order
of multiplicity. The funclion

F(z) P(2)
Fiz) e

G, ()=

will also be regular for |z| > R,, because a zero of F(z), of order ¢,
gives rise to a simple pole of residue g both for F'(z)/F(z) and
P'(z)/P(z). Integrating G (z) from 2, to z we oblain

f G, (2)d: = G, (2) + 1100‘—;—

0

when G,(2) is again a function which can be expanded in a Laurent

I . .
series for |z|] > R,, and a is the coecflicient of — in G,(z). Thus it
follows that

F(z) ) Fo( z )ﬁ 62D G

P(z) 7 P, \z,

where G(z) can be expressed in the form of a Laurent series for
|z >R,. As the functions F,P and G are uniform, « is eilher a
positive or negalive integer or zero. Moreover

6@ =9 +#.( ),

g(z) being an integral function and @, (—2—) regular for |z| >R,

vanishing and regular at infinity. The function ¢ (%) = e‘h(;) is,

therefore also regular at infinity, where it assumes the value 1.

It is clear that our argument remains valid when the function F(z)
has only a finite number of zeros. P(z) will then be a polynomial.
We have thus established the following corollary :
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CoroLrary 6. — Suppose thal the only singularily of F(z) in the
domain |z| > R, is an essenlial sinqularity al infinily. Then the func-
tion F(z) can be expressed in the form

(1) F@ =@ a( L) e,

where P(2) is a polynomial or Weierstrassian product corresponding to
Lhe zeros of F(2); a is a posilive or negalive inleger or zero; g(z) is an

. . T . . Lo
integral funclion; and & (——) is a funclion which is reqular and does
z

nol vanish throughoul the domain [z| > R, and is equal to v al infinily.

In the particular case where F(z) reduces lo an integral funclion

2), ¢ L reduces to 1 and « is positive or zero. In fact
1
zy

(1,12) S(z) = P!,

This faclorisation depending on the zeros is nol completely deler-
minate, for we have seen that any scquence of numbers p, may be
replaced by a sequence of larger numbers. Later on we shall shew
that in certain cases it is possible to oblain a decomposilion into
factors which is striclly determinate.




CHAPTER 1T

The function M(r) and the coefficients in the expansion f(2).

We have indicaled (1. 2) certain properties of the maximum mo-
dulus of an integral function f(z) and we have established a relation
between this function and the coefficients in the Taylor series of f(z)
(1, 6). We proceed 1o complete these results. It will be shewn that
the maximumn modulus M(r) is a continuous function and differen-
tiuble in adjacent intervals (') and that log M(r) is a convex function
of log r. Our principal object however in the present chapter is to
investigale the relations existing between the moduli C,r" of the
terms in the Taylor expansion and the function M(r). We shall, in
fact, shew that the logarithm of the greatest of the terms C,r" is
asymptotically equivalent to log M(r).

This leads us to the distinguish a certain class of functions, those
of finile order, for which the relation appears in a peculiarly simple
form. Narrowing down our classification still further we shall re-
cognise in this class functions which are of regular growth. It is
with such functions as thése that we are generally concerncd in
applications.

I. — Tue GrROwWTH OF THE FUNCTIONS M(r) AND A(r).

Consider an integral function f(2), or simply a function &(z) re-
gular in a circle of radius R with its centre at the origin. The func-
. b . . . . .
tion ¢*@ is also regular in the same circle and ils maximum modu-

(") A funclion is said lo be differentiable in adjacent intervals in a cer-
tain range (or from o o «) when the range can be split up into non-
evanescent inlervals in cach of which the function is differentiable whilst
it has right and left hand derivatives al the left and right-hand end
points.
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lus for |z] =r is equal to e“"), where A(r) denotes the maximum

of the real part of ®(z) for |z]=r. It therefore follows from theo-
rem (1) that this function A(r) is also an increasing function. Simi-
larly, if we denote by —B(r) the minimnum real part of ¥(z2), it fol-
lows from a consideration of the function e~ ™ on the circle lz|=r
that B(r) is an increasing function. There are analogous results for
the maximum and minimum values of the imaginary part of ¢(2).
We have seen that when a function is expressed as a Weierstrassian
product a factor ¢*® is introduced. A(r) and B(r) play an important
part in the study of these functions ¢*™.

4. Comparison of the functions M(r) and A(r). — Hadamard,
using only the simplest properties of trigonometrical series, shewed
that Cauchy’s inequality (1, 6) and the deductions from it can be
extended to the function A(r).

Let

b(z)= 2 c,?"

be a function regular in the circle |z| < r. Writing
z=re%, c,=c,/ +ic’, Bb(z) = P(r, 9) + iQ(r, 3)
we have

P(r,9)=¢c, + E (¢, cos (ng) — ¢,” sin (n3p)]r".

1

This series is uniformly convergent for-all values of ¢ since, by
hypothesis, the series £c¢,»" is convergent. We may therefore mul-
liply through by cos(ny) or sin(ng) and integrate term by term
between the limits o and ax. We thus find

e, = /“ P(r, ¢) cos (ng)dey,
°

xret = — / " B(r, 9 sin (np)dy.
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Multiplying the second of these equations by i and adding we
oblain '

ax
ar'e, = / P(r, p)e™"ds.
o
Hence
TS / "B, o)) ds
o

We have also

ame, = f “p(r, v)dy,

and so, by addition,
=(C,r" + 3¢,) < / (|P(r, 9)] + P(r, 9))dg.

Now the integrand on the right is zero when P(r, 9) is negative
or zero, and equal to 2P(r, ¢y when P(r, ¢) is positive. The right
hand side of this inequality is thertfore zero when A(r) is negative
or zero and less than 4xA(r) when this number is positive. Hence
we have

Tueorem 7. — If the function &(z) is regular in the circle |z} < r,
and if A(r) is ils maximum real part on the circumference of this
circle, then, for ull positive values of n, the numbers C,r" are less than
or equal o the grealest of the two numbers — ac,' and 4A(r) — acy.

In the case of an integral function, if ¢, is the first coefficient
which is not zero (p>o), C,r* + 2c, will certainly be positive for
all sufficiently large values of r. The same is therefore true of A(#)
and we have the following corollary :

CoroLLARY 7(a). — In the case of an inlegral function,

(2' l) Cnr" < l]A(I‘) - 200’

Jor all positive values of n and for all r>r,.
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The same results are evidently true for B(r), except that ¢, will be
changed into —c¢'.

From this inequality (2, 1) we can deduce a theorem analogous lo
Liouville’s theorem.

CoroLLAry 7(b). — If D and q are two fixed positive numbers and
if the real part of an integral function f(z) is alygebraically less than Dr'

on a sequence of. circles |z| = constanl of indefinilely increasing radius,
then f(z) is a polynomial of degree not greater than q.

For, if r is the radius of one of these circles and if this radius is
sufficiently large, we have

[

AN ’—n
C, < 4Dr" " — ac,r™".

But if n > ¢ the righi-hand side tends Lo zero as r tends lo infi-
nity; and so C, is zero for n >¢.

Borel has shewn that the inequality (a2, 1) leads very simply to a
relation between M(r) and A(r). We can write this inequality in the
form

G < (A®) — ¢, (7 )
and, taking r<ZR, it follows that
M) < Y Cur" < €, + o [4AR) — 2¢,]
X nl N Mo R—r 0
R , R
< 7 [0AR) + €, —3¢,] < = [4AR) + 3C,].
Hence we have Borel’s theorem.
Tueorem 8. — If f(z) is an integral function, then
R
(,2) B M) <g—;.l6AR) + 3C,] R>r)

Jorallr>r,.
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A slightly improved form of this inequality has been found by
Caratheodory, who also proved that it is in fact true for all values
of r. Without going into details we may point out here that the
hypothesis that f(z) is an integral funclion enables us to prove that
ultimately A(r) is positive and the incqualily (2, 1) valid. Otherwise
it does not affect the argument.

Observing thal if a regular function vanishes at the origin, then A(r)
and B(r), which are increasing functions, are posilive, we have
as a corollary :

CoroLLany 8. — If the function ®(z) is regular for |z} <R and
zero al the origin, then

4r
R—r

(3, 3) B(r) SM(") < A(R) (r<R).

Clearly we can interchange A(r) and B(r) in the foregoing argu-
ments and propositions. It is easy to find analogous results for

functions F(z) = f(z) + d)(-%> with an isolated essential singularity
at infinity. '

2. Hadamard's theorem on the growth of logM,(r). — We have
seen that for sufficiently large values of r the ratio M,(r)/r’ is an
indefinitely increasing function. A more precise result has been
obtained by Hadamard.

TueoreM 9. — The function log M,(r) is a continuous, convex and
ultimately increasing function of log r.

Let us wrile

X =logr, V(X) = log M,(»),
and consider three values of X,
X, <X, <X,.

The number & being defined by the equation
V(X,) — kX, = V(X,) — kX,
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the function F(z) 2™ is in general multiform in the annular region

ex‘<|z| < €™, but its different determinations are regular at all
points of this region and its modulus is uniform. This modulus has
amaximum value which, by the proof of theorem 1, is attained on one
of the two bounding circles of the annulus, and we have therefore

V(X) — X, <V(X) — kX, = V(X)) —hX,:
whence, substituting for &,

V(X)) — V(X
x! - xa

V(X,) — V(X,)
xs - xa )

X'—X‘

< <

The convexity of the function is expressed by these inequalities.
If we plot the points of coordinates X, V(X), the point of index 2 lies
below the line joining the points of indices 1 and 3. 1t can be seen
further that V(X) has a right-hand derivative. For, if k is positive,
[V(X 4+ k) — V(X)]/k is a decreasing funclion of k, bounded below,
and consequently has a limit for k = o. Similarly there is a left-
hand derivative V(X — o) which does not exceed V(X + o). Finally
letting X, = X, we observe that there is in general a derivative V'(X)
which is an increasing function. Since we already know that M,(r)
is ultimately an increasing function of r, the theorem is proved().
Either V(X) is always an increasing function or else it starts as a
decreasing function and then increases. Integral functions arc of the
first class. So are functions such as

F(z)::e‘(A-{-l--{-... +—,‘-;,+...>
¥4 nz

provided that A is sufficiently large. The function ¢*/z (however) is
of the second class.

(*) Hardy has proved that if d(z) is regular for o < |z} = r<{R, and if

l(r)=.2'_ﬂ_["lrp(re*)|de,

then log I(r) is also a convex increasing function of log r(o <<r <CR) Sce
G. H. Hardy. Proc. London Math. Soc., 1915.
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3. Results due to Blumenthal: — That the function M, (r) is diffe-
rentiable in adjacent intervals was shewn by Blumenthal. Using the
same notation as in the proof of theorem 7 we write

F(2) = P(r, 9) + iQ(r, %),
where
+o0
P(r, 9) = 2 (¢, cos np —¢," sin ng)r”,
+o0
Qr,¢) = E (c, sin ng + ¢," cosnp)r.

The square of the modnlus of F(z) is then given by the equation
m(r, ) = {P(r, 9)I" + [Q(r, 9))*

Now the series of posilive terins
oo 0
DG,y + €y,
o ) B

which is a dominant for both the series P and Q, is convergent for

r>R,e™ and o |¢| K 2n. The series P and Q may therefore be

arranged in order of ascending powers of ¢ and they represent func-

tions of r and 3, regarded as complex variables, analylic and regular

in the domain r> R,e™, |9| <2x. The same is therefore true of

om(r, o)
2

the function m(r, ¢) and of , its derivative with respect lo 3.

We proceed to a study of the sel of real values r, s for which
om(r, ¢)
e
implicit functions, of the corresponding set of values of m(r, 4).
The.investigation depends on certain preliminary lemmas.

vanishes, and then, with the aid of Weierslrass' theorem on

LEMva 10. — Given un annulur region R |z] KR, there is a
JSunction U(z) with the following properties :

(1) U(z) is regular throughout the region and vanishes at a given
interior point.
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(if) U(2) has a pole and does not vanish in the neighbouring annulus
R' < |z]| < R"/R.

(iii) The modulus of U is constant on each of the circles |z =R
and |z] = R’.

U(2) is known as a Green’s function for the region.

We may suppose that R =1 and R'=%k>1. Let « be thegiven
point at which U(z) vanishes and let a' be the inverse of « with res-
pect to the unit circle (a, o' lie on the same radius and |aa'| = 1).
By theorem 6 and in virtue of the convergence of the series Tk™",
the infinite product

ol ).

defines an integral function with zeros at the points 2 =1, ...,
k*, ... . The function

S(z) = P(z) P (ﬁ)

is regular in any annulus described about the origin as centre and ils
zeros are the points £*"(n =o0,4=1,...). Now consider the function

U(z) = S(z/0)/S(z /).

The points z=ak™ are zeros and the points z = «'k*" poles of U(z)
and it has no other singularities in the finite part of the plane. Fur-
ther |U(z)| is constant on each of the two circles |z| =1 and |z| =.
For the function may be expressed in either of the two forms

e

o \tmgw/ o Nt

K an - x ku - P
o z k™ I @
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and in the first of these products every faclor is constant in modu-
lus on the circle |z} =1 and in the second the same is true on the
circle |z| = k. Finally U(z2) is regular and vanishes at the point « in
the annulus 1 |z] <k, and has a pole (z= k'), but no zero, in
the neighbourhing annulus k<|z] < k*. The conditions of the lemma
are therefore fulfilled.

m
g
vanishes are finite in number, for all values of r with one possible
exceplion.

Lemma 10'. — The real points of the circle |z|=r ul which

)
For a given value of r (Jr] >R, e™) the function _m_gr,_q«) is regu-
<

lar in the circle |¢| < an. So, unless it is identically iero, it has a
finite number of zeros, and in particular of real zeros, in this circle.
If Er—n—gl’—?) is identically zero 'the function m(r, ¢) will be constant
on the circle. To prove the lemma we shall shew that m(r, ¢) cannot
be constant on two circles |z] =R, |z]=R"

Suppose that |F(z)| is constant on the Lwo circles |z| = R and
|:]=R', and let ¢, a,, ...,, 2,, be the zeros of F(z) between these
circles. We can construct functions U(z, «,), U(z, 4,), ...,. U(z, a,),
which vanish at these points and satisfy the condilions of lemmna 10.
The function

F(2)

Vo) =gy UG, =)

will be regular and different from zero in the annulus R g |z} <R
and its modulus will be constant on the two bounding circles. Fur-
ther A can be determined so that the modulus of V(z)z"* will be the
same on these two circles. So, if M denotes this modulus, we have

V@) <M

at all points of the annulus. Similarly, since \TZES in also regular in

this region,

N T
V&° |<ﬁ'
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Consequently
[V@z)"|=M

and it follows that V(z)z* is constant. But this would imply that

F(z) = KzU(z, a) . .. U(z, a,),

which is clearly impossible, since the functions U have poles in the
annulus R’ |z] < R"?/R. The lemma is therefore proved.
That the exceptional case can actually arise is seen by considering

the function
P(2)/P (-'_> :
z

In the particular case of integral funclions a simpler argument,
based on the Green’s function for the circle instead of for the annu-
lus, shews that the result is true for all values of r.

" . . ., om

Lemma 10". — No one of the set of real points (r, 3) al which 5o =0

oy
and m(r, 3) == o0 can be isalaled.

Since the funetion u = log m(r, ¢), being the real part of an ana-
lytic function, satisfies Laplace’s equation, its derivative with respect
1 om . . . ’
to o, — —, also salisfies this equation.
T m dy

Let P be a point (r,, g,) at which = o and m(r,, 3,)==o0,

and consider a circle C of centre P and radius ¢ so small that m(r, 3)
is not zero in this circle or on its circumference. Then, by the
formula of § (1) for the real part of a funclion at the centre of a
circle,

m(r,, ¢,)
d

I MM(ry 9,) 1 flﬂ}_
mree) % aimJom % o

Tht; fuucliona—m(;’—q‘) must therefore vanish at least once on this

circumfcrence. Thus the lemma is proved.
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Now consider those values of r which are grealer than the possi-

: : am(r, :
ble exception of lemma 10'. For such values f———(\—?;) has only isola-
%

ted zeros on r=conslant. Let (r,, ¢,) be a point of the circle [2|=r,
am(ry, 9o)

[\
i

at which m(r,, 3,) is a maximum. Then = o and, in the

neighbourhood of this point,

am(r, 3)

I

E “k,l(" - ,.o)k (? - ?a)’ .

%
By Weierstrass’ theorem on implicit functions, the equation
om(r, ¢) . . .
el regarded as an equation in ¢, has, in a domain

|r—r}<<8, |9-—29,]<T3 a finite number of solutions, which are
4

regular with respect to (r— ro); , p being a certain integer. These
solulions, which we write

¢ =19, + x((" — ro)§>

are the only solutions of the equation in this domain. In virtue of
lemma 10" at least one of these functions is real. Let C, be one of
the analylic arcs obtained from this solution and suppose that we
subslitute in m(r, ¢) the corresponding valuc of . We thus obtain

® m(r ) = m(r 1) + 1,((r— 1))

where y,(u) is regular in the circle [u|<C3, and zero at u=o0. Repea-
ting this process for each of the arcs proceeding from every point of
the circle #=r, at which m(r,, ¥) has a maximum equal [M(r,)]"
we obtain a finite number of expressions similar to (§) and valid
in r,—3,, r,+3,. And these give all the relevant values of the
maxima of m(r, ¢) in a finite interval »,— 3 , r,+ 3,. For, on those
portions of the circle of radius r, exterior to the arcs | — ¢,| <3,
m(r,, $) < [M(r,)]' — ¥, say. So, in virtue of the property of conli-
nuity, we can find a small annulus r,—38, r, 4 3, such that, in

those porlionsexterior lo the angles |¢ — o | <8, m(r, )< [M(r))]"— i Y
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whereas those portions interior to these angles contain curves on
. 1
which m(r, 3) >[M(r)]* — P

The functions (§) are continuous and we now consider their diffe-
rences taken in pairs. They constilute a finite set of regular func-
4

tions of a single variable (r—-ro)‘_o all zero at the origin. We can

therefore find intervals r,<r<r, + 3, and r,— 3, r<r, in which

one of these functions (B) is grealer than or equal all the others,

though not necessarily the same function in each interval. In each of

these intervals M,(r) is a branch of an analytic function of the varia-
1

ble (r — r,) % and therefore has a derivative.

Thus to every sufficiently large value of i there corresponds a finite
non-cvanescent interval » —3_, r 4 3,, in which the maximum mo-
dulus of the function is attained on certain curves such as we have
found. Further M,(r) is differentiable in this interval excepl possibly
at r, where it has right and left-hand derivatives. It follows from
the Heine-Borel theorem that any finite interval R, R’ can be covered
by a finite number of intervals in which M,(r) has these properties.
Thus we have

THEOREM 10. — For all values of r greater than a cerlain number R
the maximum modulus M, (r) is differentiable in adjacent intervals and

- 1
is altained on certain arcs of curves, p = A,((r —r,) ‘o), where y,
is an analytic function, the number of these arcs in any annulus being
JSinite.

In the case of integral functions the theorem is true for all values
of r.

Combining these properties of M, (r) we find that for r>r, > R

r W(;

(2, &) log M () = log M,(»,) + / ——d(cfz dx
where W(x) is an indefinitely increasing function continuous in adja-
cent intervals. In the case of integral functions we may pnt r, =o.

Blumenthal and subsequently Hardy have constructed examples
shewing that the curve of the maximum modulus can actually shew
discontinuities.
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Il. — THE MAXIMUM TERM /M(’) AND FUNCTIONS OF FINITE ORDER.

We shall confine ourselves in what follows to the case of integral
functions, but the method can be extended without difficulty to cover
the case of a funclion which is the sum of an integral function and a

regular funclion ¢ (%) vanishing at infinity.

Consider the sequence of the moduli of the terms in the expansion

of f(2),
C, Cr, ..., Cr", ....

n

This sequence lends to zero for all values of r. For every value
of r there is therefore one term of this sequence which is greater than
or equal to all the rest. This term (or one of these terms) we shall
call the maximum term for the given value r, or simply the maximum
term, and we shall denote its value by m(r). It was proved by Borel
that the functions m(r) and M(r) are of the same order of magnitude,
in the scnse that their logarithms are in general asymptotically equi-
valenl. We shall shew that for a certain class of functlions this is
truc without restriction. The general case will be dealt with in
Chapter 1V.

4. A general relation between M(r) and m(r). — As a syslematic
method of finding the maximum term we shall adopt the following
procedure. Pulling

lOg Cn =Y,
we have
(2, 5) lim g'-‘==+<=<>,
n==o00

since \'VC_,I tends to zero as n tends to infinity.

Taking axes of coordinates ox, oy let us plot the poinls A, of co-
ordinales n,¢,. When C, is zero the y-coordinate of A, is + co.
1t follows from (2, 5) thal we can conslruct a Newlon's polygon having
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certain of the points A, as its vertices whilst the remainder lie either
on or above it. We denote this polygon by =(f). If n is the rank of a
maximum term and m==n, then plainly

g, —mlogr> g, — nlogr.

The geometrical interpretation of these inequalily is that the poiats
A,, do not lie below the line D_, of slope(') log r, passing through
the point A,. The point A, is therefore a point of the polygon =(/f)

J
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’
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|
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1o 1wl

and the line D, is a ‘“ tangent” to this polygon — it is the tangent of
slope log r. A, is uniquely determined when log r is not equal to
the slope of one of the sides of =(f), and for such values of r there
is only one term in the series equal to m(r). When log r is equal to
the slope of a side of n(f) there are several such terms and their
number is equal to the number of the points A, which lie on this
side of the polygon. When more than one term of the series is equal
to m(r) we shall agree to regard the term of highest rank amongst

them as the maximum term. With this convention N(r) will be used

(*) The slope of a line is the tangent of the angle it makes with the axis
of x.
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to denote the rank of the maximum term. N(r) is an unbounded,
non-decreasing function of r with a left-hand discontinuity wherever r
passes through a value such that log r is equal to the slope of one of
the sides of =(/), and it can assume all values of n corresponding to
those points A, which are vertices of =(f). These values of n we
shall call principal indices.

Two functions f,(z) and f,(z) with the same polygon have the
same maximum term. That is lo say that the funclions m(r) and
N(r) are indentical for these two functions. In particular the func-
tion

(2, 6) W(r) = Y e=tar",

where G, is the ordinate of the point of abscissa n on the curve =(f),
is a dominant function for f(z) and has the same maximum term.
It is the simplest function corresponding to the polygon =(f). The
ratio

(3. 7) R, = €S—Cus

of the coefficients in W(r) corresponding to C,_, and C, we shall
call the rectified ratio of C,_, to C,. The logarithm of R, is equal
to the slope of the side of =(f) between the points of abcissae n — 1
and n, and is therefore a non-decreasing function of n tending to
infinity.
Supposing for simplicity that |f(o)] = 1, we have
)

(2, 8) m(r) = R,R, ... Rxw)

and, since

RvaN@) , .. R,
A: o dx = ilog R

this may be written

logm(r)=[r§;£2tlx.
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In general
(2’ 9) lOg In(l‘) — ]()g m(,-a) + er_iw_) de
ro .
for o<, << 1.

We can now find a relation between m(r) and M(r). In Llhe first
place Cauchy’s inequality (1, 6) shews that m(r) is less that M(»).
But clearly M(r) does not exceed the value of the function W(r).
Suppose that p is an -integer greater than N = N(R) and such that
the rectified ratio R,>r. Then, for ¢ > p,

e—Gypr? e—Gp—ap?™* ___rq_pH < m(l)( - >q—~p+l
—Gyp? — e—Gp—1 ) —
R,... R, R,
and hence
p—1 © o -t
r\1—pt+:
W) = Z e—Gyp" - 2 e—Gap" <L [p + E <F> ] m(r)
P
o p P

= m()‘)'(p + i\——>

I
» !

In order that the two terms in the bracket may be substautially
equivalent we take

»
b= N(' + N(T)) +1,
which implies that

r
R,>I +_l‘7(r_5' .

The addition of 1 in this formula for p ensures that in ~ll cases p
shall be grealer than N(r), in accordance with our hypothesis.
Hence we have the following theorem :



32 CHAPTER II.
Tneorem 11, m(r) < M(r)<<m(r) l_aN (r + ﬁ:—ﬁ) + l] (a, 10).

1t can be shewn by means of examples that the coefficient a in the
bracket cannot be replaced by any number less than 1, and that

N(r + m’;-)) cannot be replaced by N(r).
It appears in the course of the proof of this theorem that the sum
of the remainder of the terms of W(r) after a term of cerlain rank,

in the neighbourhood of N(r), is negligible. Il is easy Lo sce that
M(r) is asymptolically equivalent to the simn of the first

aN (r + Wb‘j) log N(r)

terms in f(z).

5. Definition of order. Functions of finite order. — It is clear, as
is shewn for instance by formula (a, g), thalt m(r) increases more
rapidly than any power of . So that in the case of those functions
which satisfy the condition

(2, 11Q) BN—(P) <K

log r
the relation (2, 10) appears in an especially simple form. In fact the
inequalities (2, 10) may be written

log [aN(r + r/N@)) + 1 100 mir) (0t 1),

log M(r) = [l +0

logm(r)
and we see that
. logM(r)
o1 = Togm(r)

or, in the usual notation,
log M(r) v» log m(r).

The functions log M(r) and log m(r) are then said to be asymplo-
lically equivalent.
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This is not a general property of functions for which N(r) does not
salisfy the condition (2, 11a) imposed above. We can in fact construct a
polygon =(f) such that, for an indefinitely increasing sequence of
values of r, thc number of terms equal to m(r) is actually greater
than m(r). It is also sufficiently clear that N(x) may be chosen (and
this amounts to choosing =(f)) so that, though log N(r)/log r is
always less than a given increasing functlion, equation (2, 11) is not
satisfied by the function W(r). For this reason alone it would be
convenient to regard those functions for which N(r) salisfies the
condition stated as a class apart. We shall see later on however that
they possess a number of other special properties.

To be precise lel us suppose that

—— log N(r)

lim
r=co lOg I

Then, by equation (a, g),

¢te

r
log m(r) <X log m(r,) + / x' T de = 'tk
r(

whence, in virtue of (2, 11),

o log, M(r) —Tm log, m(r)
r= logr r=c0 lOg 1
Conversely, if we suppose that, beyond a certain value r, of r,

log M(r) < r**™**

we have, still by equation (2, g),
N(r)loga < f "%@dx< (aryt,

So that

T log N(r) <Tm log, M(r)

lim ———

rew 10T N = logr

.
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log N(r) and log, M(»")
log r log r
limit as r tends lo infinily. The properly

The ratios have therefore the same upper

— log, M(r)
(2,12) 1::]0 —lgé—;.—-:p<+oo

is thus a further characleristic of the class of functions satisfying
(2, 112).

We say that functions satisfying this condilion are integral funclions
of finite order p. All other integral functions are called functions of
infinile order. For a funclion to be of finite order it is plainly neces-
sary (and sufficient) that there should exist a number K such that the
inequality

log M(r) < 1K

is salisfied beyond a cerlain value of . The order is then at most
equal to K.

If f(z) is an integral function of order ¢, the rank of its maximum
term m(r) is less than %%, « being arbitrarily small, provided that r
is greater than r,. From Llhe inequalities (2, 10) and (2, 1) we deduce

TuEOREM 12. — For a function of finile order ; the incqualities
m(r) < M(r) < m(ryr*—
A(r) <M(@r) < A(ryre™
are salisfied for r>r,, ¢ being arbitrarily small, and, a fortiori
log m(r) «»» log M(r') «» log A(r).

Let us now turn (o the derivative f7(z) of f(z).
Plainly

K= [ 1@+ o),

where the integral may be taken along a straight line. So that,
choosing z such that |f(2)] = M(|z|), we have, in virtue of the fact
that the maximum modulus M' () of f'(¢) is an increasing function,

M(r) < |S(0)] + rM*(r).
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On the other hand, by Cauchy’s theorem,

e
f(w)-;i;/c(:__x),dn

C being the circle |z —x| =R —r (R>r=/|x|). Consequently,
putting |f'(x)] = M'(#), we have also

M (r) < ﬁ-i—_-; M(R).

The funclions M'(r) and M(r) therefore satisfy the inequalilies

M(r) —

(3,13) Ol oy Limm) <

inequalities which are valid for functions with a finite radius of
convergence as well as for integral functions.

From these inequalities it follows, giving R some special value, say
R = ar, that the ratios log M(r)/log r and log M'(r)/log r have the
same limits of indetermination as r tends to infinity. That is to say
the order of a function and the order of its derivative are equal.

Grealer precision is possible in the case of a function of finite
order p, Let m'(r) be the maximum term and N* the rank of this
term in f'(z). Then, for r>n,

Nt—1

My <m'(r)rett,  m@E)=NC,r < N'Ll'n—,(-’—‘)'

and so
Ml(") < I"(l‘) R M(l') P

and we have finally this theorem :

Turorem 13. — The relations (2, 13) are valid for any function re-
gular in a circle of radius grealer than R, and in the case of an inle-
gral function of finite order ¢

MA(r) < M(r) 1=



36 CHAPTER II.

JSor all sufficiently large values of r and for an arbitrarily small posi-
tive ¢, and, a fortiori,

log M*(r) «» log M(r).

The order of the derivalive is also equal lo p .

We shall see in Chapter IV how far it is possible to extend these
results to cover the case of functions of infinite order. Functions of
finite order are, as we have seen, dominated by the maximum term
m(r). The logarithm of this term is asymptotically equivalent to the
logarithms of M(r), A(r) and M'(») and its order of magnitnde deter-
mines the order of magnitude of these functions.

HII. — THE RELATION BETWEEY M(/") AND THE SEQUENCE OF COEFFIGIENTS C,, .
FUNCTIONS OF FINITE ORDER AND REGULAR GROWTH.

The inequalities (2, 10) enable us in the most general case to cal-
culate an approximate value for M(r) when the moduli C, of the
coefficients in the Taylor serics are known. In the particular case of
functions of finite order it is shewn by the inequality (2, 11) that an
approximation to log m(r) gives an approximation to log M(r). The
inverse problem, however, is not so easily solved. This proolem
may be stated as follows : if we know an approximate value for
log M(r), what can we say about the coefficients? But, first of all we
must know what conditions a given function V(r) must satisfy in
order that the approximate equation

log M(r) » V(1)
may be possible. There is no difficulty in finding a condition in the

case of functions of finite order, that is lo say the case in which, for
all sufficiently large values of rr, V(r) << K. Asequation (2, 4) shews,

it is necessary that
V() o f 'yg—)dz.
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where W(x) is an increasing function continuous in adjacent intervals.
That this condition is also sufficient follows from the fact that inte-
gral functions for which N(r) is equal to the integral part of W(r) for
all values of r will certainly satisfy the asymptotic equation

log M(rr) »» log m(r)«» V(r).

In particular it is clear that we may take for V(») any continuous
differentiable function subject to the condition that »V'(r) shall be an
increasing function : e. g. Ar*; Arf(logr)’s; A(log r)* (= >>1) elc.

If V(r) is such a function we may suppose a fortiori that

—=—log M(r) . log, M(r) =—log, M(r)
MmN = M eV AR gV

If such an approximation to M(») is known, then the maximum of
the ratio M(»)/r" provides us with an upper bound for C, for each
value of n, in virtue of Cauchy’s inequality

C,r" < M().

On the other hand

’/n:r%dm<logM(r)<~/r:r§%dx+log [2N<r+i%)-> + l:l,

where r, is some fixed number. From the first of these inequalities
we obtain an upper limit for N(r) and subslituting this in the term
in brackets on the right we obtain from the second inequality a lower
limit for the integral, and so for N(r). We have thus found an approx-
imation to N(r), and conscquently to the inverse function R,.
Finally the equation

m(R,) =e—GR,"
gives an appreximation to G,. That is to say that we can find two

curves in the plane of (, y) such that the polygon =(f) lies between
them.
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6. Pratical rules. — In practice we compare the growth of M(r)
with that of a known function. Let us suppose that we know an
integral function

UGED W
o

with positive coeflicients such that the ratio I,/ [, is a non-decreas
ing function of n, and salisfying the condition (2, 11).

If, for n>n,, the coefficicnls C, of another inlegral function [(z)
are less than the cocfficients 1',, then

n?

Ny 0

M) < NC + W I < Ko 3 < Iy (:3>0).

no-1
If, for a sequence of numbers n,,n,, ...,n,, ...

Cn, > Ty,
lhen, for

— F"p At

= l‘npg I‘< Rn’h._’ —_ l‘

Y
T,

LITSH
we have

M(") > Cn,,l‘"p > Fnl‘ Bnpnp > J(Bn,)‘“,

where ¢ may be taken as small we please provided that r is sufliciently
great.

Conversely, supposc thal a function f(z) is of finite order or that
a preliminary calculation of the upper limit of N(r) has shewn that
[(2) satisfies the equality (2, 11). Then, if for all sufficiently large
values of r

M(r) < J(r)'— (a>>0),
we have ullimately

Cn< Fn'
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For the foregoing argument has shewn that if the contrary is true
for an infinite sequence of values of n this implies that M(») > J(r)**
for a sequence of values of r, ¢« being arbitrarily small. But this is
contrary to our hypothesis.

If, for a sequence of numbers r,,r,, ..., 1 tending lo infinily

‘p,..¢

M(r) >3(r)™,
then for a sequence of values n, of n
qu > I‘n" .

If, however, M(r) salisfies this inequalily for all sufficiently large
values of r, then

—‘Gll > log I‘N.

Sor all sufficiently large values of n.

The first part of this rule follows from the fact that if, for all suf-
ficiently large values of n, C, < I',, then M(r)<ZJ(r)''".

To prove the second part we observe that if, for a certain value
n>n,, —G,<logI',, then for that value of r for which N(r)=n
the maximum term of f(z) will be less than or equal to the corres-
ponding term in J(r), and so less than J(r).

If we know both an upper and a lower limit for M(r) then we know
two curves limiting =(f) and consequently a lower bound for the
coefficients C,, where n is a principal index.

We proceed to apply these rules, taking as comparison series the
function

A=Y (“A—> "
o ne

Its maximum term for a given value r corresponds to that value
of n for which the expression

Y(n)y=n (log Ar ——;— log n)
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is a maximum. The derivative of this expression is
I I
Y'(n) = log Ar — —P- logn — —P—

and, if N(») is the rank of the maximum term, the difference between
N(r) and the root of the equation ¢'(n) = o is less than 1. In fact

(Ary
e

N@r) = +0 (o] << 1),

The function is therefore of finite order equal to ¢ and

logJ(r, A, ¢g)» ;l_e (Ary.

Tueorem 14. — The necessary and sufficient condition that an inte-
gral funclion should be of finite order ; is that

—1
(2, 14) lim ——&Cﬁ should be equal to -l—,
= Nlogn ¢
n==o0
The condition is necessary because, if the order is ¢, we have, for
sufliciently large values of r,

lOgM(’)<(l—-a)J( :(P+E) ?+¢ +e>w —ar“_‘;
so that, for all sufficiently large values of n,
e(e + e) =
Ve, < [n -
Hence
. log C, 1
li I —.
== ntlogn ~
On the other hand, for a sequence of values of r,
(8 log M(r)>(1 4 a).l(r el —o) = —e) » —
f g LG+ a) ' P 1+ a !
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so that for a sequence of values of n

() Ve, >[:((f+a) =
and
lim —logC, < —

nlogn o’

n=o00

It can also be shewn without difficulty that the condilion is suffi-
cient.

The use of the comparison function J(r, A, 5) enables us to prove
in a similar manner that :

If o, B and D are given numbers, and B D, the necessary ana
sufficient condition that a function should satisfy the inequalilies

B<ﬁlﬁfﬂ“_(r_)<1)‘

r=oo

is that we should have

Bgl—iﬂ[eiac;/"]go.

The use of more complicated comparison functions, such for ins-
tance as make log M(r) approximate to Ar'(logr)» etc., leads to
analogous results.

7. Functions of regular growth. — In this section we have so far
restricted ourselves lo the consideralion of what Borel has called
JSunctlions of regular growth. That is to say such that,

”

(a2, 15) lim 128 MO _

nmco MO I

The inequality
logM(r)>r—" '
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is then true for all sufficiently large values of r, ¢« being arbitrarily
chosen. For such functions therefore

1
"

I
- 0
v

lim
n=co N lOg 1Nt

For the inequality (8) is now valid for sufficiently large values of r,
and so (v), where C, is replaced by e¢-6n, is valid for all sufficiently
large values of n.  For all n grealer than a certain value the polygon
=(f) will lie between the two curves

1
n y::—;.);lug;;:,

+

. y=——axlgz.

S
®

The polygon =n(f) is convex downwards. If n and n' arc Lwo conse-
culive principal indices, Lhat is to say thal A, Ay, are Lwo consecu-

J

0 x

tive vertices of n(f), the chord A,Ax must lic between the two cur-
ves m, and =,. The interval belween the numbers n and n' is a
maximum when A, and Ax are the points of intersection with =, of
a tangentto n,. Let X beapointof =, and X,, X, the points of inter-



FUNCTIONS OF REGULAR GROWTIL. 43
seclion with =, of the tangent at X(X, <X, X,>X). X, and X, are

the roots of the equation

P_

.
4

: zlogx— XlogX = (log X + 1)(& — X)

or

.::(F—_———slngaz—logx-— 1) 4+ X =o.
ete

The left-hand side is positive for « == X/(log X 4+ 1). Therefore,
since the expression is negalive for &£ = X, X, is grealer than this
number X/(log X + 1). Similarly the right-hand side is positive for
_pte

¢ —
and we have

log x

(log X + 1), so that log X, is less than this expression,

logX, o+ a:
log X < ¢ —¢

El

(Xc > x‘)'

Hence

logn' o+ ac
logn ~o—e¢

The coeflicients C, are therefore equal to the numbers e—G» for a
sequence of values of n such that the ratio of the logarithms of two
s+ 2z

5 —-€
{

But ¢ is

consccutive values of n in the sequence is less than

arbitrary and we see that there is a sequence of numbers n, n,, ...,
n,, ... such that

lim l_g__L..
p=w logn,

and

y —_
¢t=—1ip
\/C,.,,> n, , ¢,>0 as p-—»oo.

This condition, in conjunction with (2, 14), is sufficient to ensure
that the function shall be of regular growth. For if it is fulfilled
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the polygon =(f) lies entirely below the curve =, for n >>n., and, it
follows that M(r) is greater than the maximum term of the function
J(r, 1,0 —¢). Hence we have the following theorem.

Tueorem 15. — The necessary and sufficient condition thal a func-
tion of order ¢ should be of regular growth is that the coefficients C,
should salisfy the inequality

1

VG, <n *F,

< being arbitrarily small and positive, for all sufficiently large values
of n, and that there should be an infinile sequence of numbers n,,
such that

1
lim —8%w

’
p=w logn,
Jor which
Y -
\/(,,.,,>n,, eor where e,—>~0 as p-»oco.

By similar methods it is possible to obtain more precise results, such
as the following :

The necessary and sufficient condition for

(2,16) lim lo_gM:B

r=e  I*

is thal, for all values of ¢ and all sufficiently large values of n, we
should have -

I Al
—nC"" < B+,
ce

and thal there should exisl a sequence of numbers n,, such that
}':‘; (Rye/n) =1,
Jor which

lim Ln,,c,.;""'] =B.

p=oo |_F€
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Functions which salisfy the condition (2, 16) we shall call functions
of perfectly regular growth. In the sequel we shall consider an exten-
sive class of differential equations and we shall shew that integral
functions which salisfy these equations are of this kind. A function
of order p will be said to be of very regular growth when two finite
positive numbers B and D can be found such that

(2,17) mkﬁ%@)n’ mwgb,

r—=oo r=oo ¥

The same method suffices to shew that the necessary and sufficient
condition for the existence of such numbers is that, bevond a cerlain
value of n, the polygon =(f) should lie between the two curves

]o _r lo x
YET BT e YT BT 9w

But we are no longer able lo find necessary and sufficient condi-
tions of the same form as in the preceding cases, where we were able
to approximate to log M(r) as closely as we pleased.

In the present case it can be shewn that

im nc*”‘><n;

n=o0 \P €

and that

lim (é n,,C,.,f‘/"") >B

p=0o0

for a sequence of numbers n, satisfying the condition

llm-—ﬂ-—<

p=w N, ac,

where x, is the grealest and «, the smallest root of the equation

wlogi:—+%=o.
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But these conditions, while they imply the second of the relations
(2, 17), give a less precise result for the lower limit. In fact we can
only deduce

lim

r—oo

log M(r) B
- = B'ﬁ‘

The oscillation of the polygon =(f) belween the two curves depends
on the nature of the oscillation of log M(») belween Br® and Dr* and
of this we are in ignorance.

This example reveals, perhaps better than the previous ones, the
interest altaching to Iadamard’s polygon =(f).

8. Functions defined by Poincaré’s functional equations(‘). —
Under certains condilions, which it is unnecessary lo discuss here
the functions defined by the equalion

(3,18) (s =P@OU@P + ... +P,(2) (S=]s|>1),

where P, (2) is a polynomial, are integral functions. They are of very
regular growlh, and it is as examples of such functions that we con-
sider them here. Let M(r) be the maximum modulus of a solulion
of (2, 18). To calculate this funclion put

P(2)=a,2"+ ... (A =|a))
and we have plainly
M(Sr) = (1 + h(r)/r)Ar*M(r)", (h(r) bounded)
since M(r) ultimately surpasses any number of the form rX. If we

suppose that p>1 il follows without difficulty by repeated applica-
tions of this relation that

M(S"r,) = [(1 + =(n)) K(r,)]P" (}li:;-q(n) = o).

(*) Poincaré, Journal de Mathémaliques, 18go.
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Consequently
. , log p/log 8
log M(r)e» H(log r)r

Ii(x) being a perindic funclion and its period logS. We have thus
a class of functlions of very regular growth of order logp/logs.

When p = 1. we oblain, as a result of repealed applications of
the first relation

n(n—i)
o —_—

M(S"r,) = TI(n) M(r,) (A,-;')"S] .

where H(n) lies belween Lwo positive numbers.  Therefore
log M(r) » -——— (lo ry

and the funclion is found to be of zero order and perfectly regular
growth. The properlies of its coefficients could be discussed by the
general method of paragraph 6.
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CHAPTER I1I.

The zeros of functions of finite order and Borel's theorem.

The theory of integral funclions, or more generally of the functions
F(z) having an isolatled singularily at infinity, may be developed in
two directions. On the one hand we may seek to deduce from facls
about the zeros information concerning the formal factorisation of
F(z). On the other hand, regarding the problem from the point of
view of the theorems of Weierstrass and Picard, we may endeavour
to acquire a deeper insight into the nature of the function by investi-
gating the properties of the roots of the equations F(z) —a =o.
The study of the zeros of these funclions thus serves a double purpose,
since it contributes lo advance the theory along both these avenues.
In this chapter we give first of all the theorems due lo Iladamard and
Borel concerning the formal factorisation of F(2) and then proceed to
a direcl investigation of the moduli of its zeros by the methods of
Borel. The results that we shall prove bring out very clearly the
close relationship existing between the two points of view.

I. — THE EXPONENT OF CONVERGENCE AND THE FORMAL FACTORISATION.

1. Jensen's theorem. — The following theorem, which is due to
Jensen, is fundamental in our lreatment of the subject.

Tueorem 16. — Let f(2) be an integral function such that f(o) == o

andlet r,,r,, ..., r,,... bethe moduli of its zeros arranged as a non-
decreasing sequence. Then, if r, < r<Tu.

r*|flo .
G, 1) Bl = " log f(re) .
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Both sides of this equation have a derivative which is continuous
except at the points r=r,. This is obvious in the case of the left
hand side; and, since fYre'¥)/f(re") is uniformly continuous in r
and ¢ in any domain which does nol contain a line r =r,, the same
is true of the inlegral also. Further these Lwo derivatives are equal,
for if r lies between r, and r,,, we have, by Cauchy’s theorem,

nig

L@ g4, "f'(n")
E f(z) T an Jre®)y

re'de,

which may be written

n 1
r oax

an f 1 i d
— re'® = —_— ¥
- [log S (reM]dy "[ 7 108 |S(re™)] do

— d I ” 0P :I
= ;[ log | f(re®)| | ds,

and the first and last of thesce expressions are the devivatives of the
left and right-hand sides of equation (3, 1) respectively. Therefore,
since the two expressions in equalion (3, 1) are equal when r =o,
it will be sufficient to prove that they are continuous to establish the
theorem. In the case of the left-hand side this is obvious. Now
consider the integral on the right. Log |/f(re")| is continuous in r
and 2 except for r = r: and, if 9., ¢,, ..., p, are the arguments of
the zeros of modulus r,, we may write

n’

r
log |f(re")| = Z log [r— %—ei(r—vq)l +4(r, %),

where the function }(r, ¢) is continuous in a rectangle
rR—hLrr,+ 0.

The problem is thus reduced to thal of shewing that the inlegral

/J'l lng
o

11— L eltz—ey) dy
rl‘
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exists and is continuous for » = r,. This follows from the inequa-
lities

1
2

=‘l+(+> ——-2’—,:—00.\‘(!‘9—-:?”)

"

r
1 — — e'ls—9g)
.ll

n
Zsinly —z,| 2>l —5,] -

|1 — eite=2)| = usin ‘f——:—;;l Llz—3,05

)

<3 it r—oar,

’
‘ | — — ¢fe—2q)

n

valid for |?—¢,,|<—:—. For the first lwo shew that the inlegral

exists for r=r,, and the first and third shew that, provided r<ar,.

zolog <’f log
5+v,,

which implies conlinuity.

1— T—e'(*—"ﬂ Idﬂpl < a%logd

As a deduction from Jensen’s theorém we have the inequality

K]

—'—_—-—TII‘(O”<M('I) (,‘n<r\<."n4|)’

P, -

which is strictly analogous to Cauchy’s inequality (1, 6) and can be

M

put to similar use. For, since the function ——— is a maximum
,. ;

mn

when m = n, the inequality holds for all values of nand r. If
f(0) = o and ¢, is the first coeflicient which is not zero the inequa-

lity can be applied to the function f(z)/2".

As in the case of an analogous expression (equation (2,9))

can be transformed into an integral. Let n(x) denote

lo
gr Fyooo
the number of zeros, at the origin or elsewhere, in the circle |z] <

Then
lOg;‘—r—-——'-—- /'rn(w)—pdl'«,
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and so generally
r
@3, 2) [ n—g—)dx<logM(r)——log le,| -~ plogr,.

This last inequalily shews that from the value of log M(r), we
can deduce an upper limit for the number of zeros of the fungction.

2. The sequence of zeros and the exponent of convergence. —
Let M(r) be the maximum modulus of a function of finile order ;.
Then, given ¢,

log M(r) < 1¥** (r>r).
Therefore, by (3, 2),

n(r) lhgn</“"—l—(g;:i)d1‘<(“')”“ FK),

and so
— logn —— log n(r)
T I T

The number ¢, defined by this equation has the following impor-
tant property : The series
0

3 4) D=

n

I

is convergenl for > p, and divergent for «<o,.

We must clearly suppose that p, is finite. To prove the first part
of the proposition we observe that, by the definition of ¢,, n<Zr ut+e
for all sufficiently large values of n; and, = being greater than ¢, We
can choose ¢ so that p, 4 e<Ct  Consequently

- <—l— (T.= u >l).

s T
r, ns o, + ¢

-

(*) To avoid repetitions, we shall denote by K or by Ki im) positive cons-
tant which does not depend on the variables.
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provided that » is sufficiently large, and the convergence of the series
is established.
If = <<p, we have, for a sequence of values of n,

¥ 1

U = — -

" rt T n

n

Since the numbers u, form a non-decreasing sequence it follows
from this inequality. putting m equal to the integral partof n/2, that

lllll + l’l"*l +

In this case the series is therefore divergent.
Now observe that

m
1 m+1 (L) m
g_;..f LS
r, r g I
1

m- s

So if the series is convergent the integral on the right is convergent
a fortiori. Conversely if the integral is convergent, n(«x)/." tends to
zero, for we have

"fm n(:‘) s >II(I) — ).

The right-hand side of the equation is therefore bounded and the
series is also convergent. We have then this further property of the
series (3, 4) : The series (3, &) and the integral

3, 5 f L)
o X

converge and diverge together.

The number p, is called the exponent of convergence of the sequence r,.
The following theorem is simply a statement in different terms of
inequality (3, 3) :

Tueoreu 1. — The exponent of convergence of the sequence of the
zeros of a function of finile order p does not exceed ¢ .
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3. Canonical products. — Let p, be the exponent of convergence of
the sequence of zeros of a function of finite order. Availing ourselves
of the remark at the end of § 1.6 we can construct a Weierstrassian
product with these zeros. 1t is apparent that matters will be sim-
plified by taking p as small as possible. There are then two cases to
consider according as g, is or is not an integer :

(i) when ¢, is not an integer we take p equal to the integral part
of o,.

(ii) when 3, is aninleger we take p = 5, if the series (3, §) diverges
for Tt =1¢,, and p = 5, — 1 if the series converges for r = o, .

In other words p will be the smallesl integer such that the series
(3, 4) is convergent for = = p 4+ 1. The product

P(z) = ﬁ E(—(—f—:, p)

we shall call the canonical product for the given zeros, p being its
genus. Borel has proved two fundamental theorems concerning cano-
nical products which we shall deduce from the following inequalities :

If P(z) is a canonical product of genus p and I a positive number
grealter than v, then

(3, 6) log |P(z)] <KI

and

N
&7 toglP@|>—Ki+log [[ 1= (v <hr<rar,

where
o n(x) rett
l=f —.-(;,_—{'—-r—-(luc.
o X xHfr

These inequalities can be deduced from those obtained in the
proof of theorem 6. The number N being defined as above we had
(inequalities (1, 9) and (1, 10))

P(z) = Px(2)Q(2),
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where

log [Q(2)]

o
k \! P+ o r
< k_-:__—;- Z u" — v (u” — " ) .

N+
Now, for |u] }}C and all values of p,
Ju]”
tog [B(w, ) < log (1 + Jal) + [u] + ... + 15
I ke
o /.' L g —_— e
<log [u] + log (1 + )+ a5 4 =2 +
, I, lp+|
p [T A
<log |u| + K, + K, |u|” < log |u| + K, T Tl
and
i |ul”
log |E(u, p)| >log |t — u] — <|u| + ...+ T>
log log [u] — K, 247
>log |1 — u| —log |u| uamk
Therefore, wriling
N I
g 4 1 unl*l o _—'.‘—N—-..—-—
U—I\°Z‘ 1 +un+10” Plyo. .ty

we have
N
- P 3
log 1 I ll - -&—l —U<log |Pu(2)| << U.
But
. ‘”]I-I-l
V<KX 1+u,’

N+

so that, replacing the logarithm by an integral, we have

L r
U+V<K,u u+u +/‘ n(m)d

+ If”>
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Now the series on the right can also be transformed into an inte-
gral, for

» \ P+
B <'_>p l pt p+1
LR x un un+1
n@yd| —Z2 | =n -
L 14 _’_ 1+ u, 1+ Upyy
J

. . - ro, .
and, since the series of positive terms 2 ~ri 18 by hypothesis con-
n
vergent, the expression

p+:
un+l . rp+t n

n framend
14+ u 1+u P
n-i-1 n+4
n+4-1

ends to zero with 1/n. Hence

oo

2 w," ”_./‘°° nr'tt pr+(p + 1)1:(“
t4u, Jo L&+ r) &4 r ’

1

The factor (pr + (p + 1))/(x + r) in the integrand is confined
between the limits p and p + 1 and may therefore be replaced in
the inequality by constant factor p + 1. Thus we obtain

U+V</ (I.L+Kl

)

Finally the coeflicient o dx in the integral I is always greater

1

than - in the range (o, '), so that the first integral in this incquality
2

is always less than 2 [ and consequently

U + V<KI,

from which the inequalilies (3, 6).and (3, 7) follow.

Consider a function of exponent ¢,. 1f g, islessthan p 4+ 1 wecan
choose < such that p, + ¢<<p + 1 and

n(w) < geate 3 g 2 %7
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for w>>:,. Substiluting this in (3, 6) we have

0 g +e—p—1
log M(r) <K + K,.n+.f .E:——P—dw
r, X + r

-

<K. + Kl‘"fr zate—p—idp 4+ KI“”"/ grtr—p—ady

r

=K, + K, reate,

since (& + r) is greater than r and «. The order of P(z) does not
therefore exceed ¢, .

If o, = p + 1 the integral (3, 5) is convergent for t = p 4+ 1. So,
wriling

r/H n © nir
log M(r) < Kr?*! f ——-———-"(‘L) de + KrPHt f n(.x) dc,

(x4 YT A

we see Lhat the second of these integrals may be made arbitrarily
small by choosing r/H sufficiently large and that the fivst is less than

1 © nax)
v+, xPt*

dx.

Since II may be chosen as large as we please it folloavs that

@3, 8) lim l08M() _

,
r==c0 las

and in this case also the order of P(z) does not exceed p,. Comparing
this result with theorem 17 we obtain the first of the two theorems
in view :

Turorem 18. — The order of a canonical product is equal to the
exponent of convergence of lhe sequence of its zeros.

From this theorem in conjunction with inequality (3, 7) we can
deduce the second of Borel's results :



CANONICAL PRODUCTS. 57

TueoreM 19. — If about each zero a, of modulus greater than 1 as
cenlre there is described a circle of radius r,™(h>53,), then in the
domain excluded from these circles

3,9 log |P(2)| > — res+?’,

provided thal r>r,.

In the first place the series of the radii of the circles described about
the zeros is convergent, so that they cerlainly do not cover the whole
plane, and the excluded domain actually exists. Moreover it is clear
that in any annulus R, R 4 A of sufficiently large radius there are
circles |z] = r which do not cut the small circles about the zeros.
This is the main property ulilised in the sequel.

Now, recalling the argument of theorem 18, we have, in virtue of
inequality (3, 7), for r>r.,

N
log |P(2)| > — rete + log 11 I. — f—| ;o (N=n(kr).

For those zeros which lie inside the uuit circle, and for all suffi-

ciently large values of r, |1 — (_Iz_ > 1. Ifzliesoutside the excluding

n
circles we have for all the other zeros

z

a

|z —a.

= kr

> > ¢kr)y=*.

1
h -
. rkr

Therefore, for all sufficiently large values of r,

N
log II l""'{“>"‘(h + 1) log (kr) . n(kr) > — K log r . rea++

> — et

£ being an arbitrarily assigned positlive number. This proves the
theoremn

In particular it is shewn that there is a sequence of circles of inde-
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finitely increasing radii on which the maximum modulus of 1/P(z)
is of the same order of magnitude as the nraximum modulus of P(z).
As we shall see later on this is a general property of integral func-
tions.

4. Formal factorisation. — We are now in a position to prove Ha-
damard’s fundamental theorem concerning the factorisalion of a
function F(z) having an isolaled essential singularity at infinity.

Turorem 20. — A function F(z) of finile order p is of the form
1
o = z“ — «2) P
F(2) @(z)e P(z),

where Q(2) is « polynomial of degree q, P(z) a canonical product of
order o,

P 05 Ay

and ¢ does not exceed the grealer of the numbers o, and q.

Since F(z) = f(z) P (—;—), where f(z) is an integral function of

order p, the sequence of zeros of F(z) will have an exponent of con-
vergence p, not exceeding o. Therefore, if P(z) is the canonical pro-

duct formed with thesec zeros, we have (1, 11)

e(,(z) — F(Z) ,
ag (L)

2 <I>< 7) P(z)

where ¢(2) is an integral function. It follows from theorem 19 and
the definition of order that on a sequence of cireles of indefinitely
increasing radii

leg(z)l < pRertTE gttt clgrptie

The real part of g(z) is therefore less than »*'* on this sequence
of circles, and so, by corollary 7(b), g(z) is a polynomial of degree ¢
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less than or equal lo 7 + 2¢:. Since ¢ is arbitrary this number may
be replaced by o and, sceing thal the order of ¢’ is is equal to g,
the proposition is proved.

CoroLLARY 20, — If F(2) is of non-inlegral order s, the exponent of
convergence ¢, is equal to o .

For, since ¢ is then certainly less than ¢,, 5, =

-

The genus of F(z) is defined to be the grealest of the numbers p
(genus of P(2)) and ¢. The genus of a function of non-integral order
is therefore equal lo the inlegral part of the order. In this case the
form of the factorisation is complelely determinate, and for an inte-
gral function whose Taylor series is hknown the actual coeflicients
in Q(z) can be found independently of any knowledge of the zeros.
To prove this we suppose for simplicity that f(o) = 1. Then

SR =14cz4+ ... +¢, 2"+ ... =it . +0PP(2).

Now, for |u| <1,

ub +1

- ubt
E(u, p)y=e¢ prt =1— —
p+1
Counsequently
A I
P(Z)Zl —p+ IEF

and b,,b,, ..., b, can be calculated by equating coeflicients.

On the other hand when the order ¢ is an inleger there are five pos-
sibilities :

@ 6, <<t Py, g=p genusiscquallo ¢,
(ii) g=¢, p=g, g=g » o» » »og,
(iii) 0,=%, pP=p, q<p »owo» vy,
@iv) 6,=¢, pP=p—1 qg=rz » » » N
(v) py=¢, P=c—1I 1<t » » » »p—T.
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In case (v) the modulus of the canonical prodnct salisfies condition

(3, 8) and, since Q(2) is of degree less than ¢,

(3, 10) lim 5’§'£,Q= 0

r=oo
Similarly in cases (i) and (iv)

m log M.(I') < + o

,.!‘

Consequently if
(3, 11) 1._—.‘: “’_g_!f_(’_): + oo

the genus, exponent of convergence and order arc equal and the series
(3, 4) is divergent for v = g; il
(3,13) im MO,
r=o0 r
the genus and the order are equal.

We shall see later thal when condition (3, 10) is salisficd the genus
may depend on the first coefficicnt of the function, and therefore
cannot always be determined by the asymptotic behaviour of M,(r).

In the case of functlions of integral order the terms of the polyno-
mial Q(2z) can be found if the zeros are known or if the series (3, 4)
is divergent for t =p.

5. Examples. — To illustralc the results of the preceding paragraph
we give below two examples of their application lo special functions.
Consider first the function sin (nz). Itisshewn by Euler’s formuls

N 1
sin (n2) = Y (e™—e'™)

thadt the only zeros of the function are at the poiuts o, =1, 412, ...
and that logM(r)<<=r. The order, exponent of convergence and
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consequently the genus of sin =z are therefore equal to 1, and we have
sin nz = =ze® ﬁ (l —-Z—) e-:T l:o[ (1 + —;) e

or, expanding bolh sides,
Al— e o= wz(i A bz O 2 L),

Therefore b — 0, and we obtain the familiar result

hlnﬂ'z-—uzll d"’—-—-
n* /

As our second example we consider the fuaction 1'(2) defined, for
Rz > o (Rz = real parl of z), by the inlegral

l‘(_l):-‘/noe”"m"_'tl.u.

Let d(2) be the tunction defined by the integral

db(2)= [ e~ 0 dla,

where the contour C is formed by the two edges of a cut along lhe
positive real axis and a small circle aboul the origin in the plane of u.

The-integration is cffected in the dircction of the arrows and we lake
us—r = e(z—)logu_ the logarithm being real at the upper edge of the

cut along the real axis.
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®(z) is an integral function of z, for it is clearly defined for all
values of z and is easily seen to be continunous and differentiable. To
determine its order consider two points P and Q of abscissa X on the
contour. If ¢ i3 the radius of the circle about the origin we have,
pulling |z] =r,

I/ e ’”'du|<)Xc“e’"X”‘ + amce' e™ e,
QoP

The remainder of the integral is in absolule value less than

(-]
2e™ f e “udu (u real)
X

and so, if Xr—* = e*2, less than f4e». Therefore, if r is sufficiently
large, X = Krlogr and

log |®(2)] < Krlogr,

thus shewing that the order of d(z) is not greater than 1.
Assuming Rz >o and letting ¢ > o we find

(3] P(z2) = (1 — *™)['(2) = —aisin(n2) ™ T'(2),

and it follows from this equation that I'(z) can be continued aver the
whole plane and that its only singularities are poles. The equation

T

® M@ —2) =

sin nz’

which is easily established for real values of z between o and 1, is
therefore valid over the whole plane. Substituting this value for sin =z
in equation () we have

ain

= ¢ '@

¥
The funclion ———, and s0 ——
M1 —2) I‘( )

order not greater than t. Further, it follows from equation (x) that

, is thus an inlegral function of
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the zeros of F(—S coincide wilh certain of the zeros of sin =z. Bul,

since ['(n)==(n — 1)! for positive integral values of n, the only possible
zeros are Lhe points o, —1, —32, ... and it is apparen! from equation

(p) that these points are aclual zeros of —— ‘( @' which is therefore an

integral function of genus 1. Thus
1 . 3 __z_ —-= . b3
F(;)-_.Ae z[[ (l-{—")e n = Ae” 2 P(2).

In virtue of (§) we have

lin (i) =10 =1,

and so
A=1
We havealso v . =1
e'P(1) =1
or, b beir © - P(2) and I'(2) are real functions,

b = — log P(1) = lim (1+§+ +i——logn>,

and so finally

0

P—(lz-5=e"‘z II (x + %) e—%.

1

The constant b in this formula is known as Euler’s constant.
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Il. — THE ZEROS OF FUNCTIONS OF FINITE NON-INTEGRAL ORDER.

Corollary 20 conslitutes a notable advance on Picard’s theorem.
When the function F(2) is of order p and p is not an integer we can
assert not merely that all the funclions F(z) — x without exception
have an infinily of zeros, but that thesc are so distributed as to make
the series (3, 4) divergent for t<<p. It is possible, however, to
obtain more precise results than this, and in the present section we
shall consider the problem further in the light of a new idea. We
shall pass over for the present the case of funclions of zero order,
though they properly belong to the category of the functions of this
seclion, reserving their consideration for chapter V.

6. Proximate orders. — The results of the last section were ob-
tained by comparing the growth of the function log M, () with that
of r*. It is reasonable to suggesl that the use of a comparison func-
lion more closely linked with log M (r) may lead te more precise
information.

Let I'(z) be of finite posilive order ;. Then there exist continuous
Janctions p(x), defined for x>>ux,, differentiable in adjacent intervals
and such that

Tim o(x) =, lim g(x) > 8,
=K o0

XT=00

lim (xo'(ac) log ) = o

and

3, 13) ml()g,Tl‘:ir}Q=l, where o<<f<¢.

r=x

We prove this by establishing the existence of particular functions
¢(@). This could be done in an elemenlary manner starting from the
Taylor series of an integral funclion. But for the sake of brevity we
shall adopt a different procedure depending on the use of Blumen-
thal's results.
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Let

log M (r) = r**.

Then the upper limit of w(r) as r—oo is equal to the order 5.
Now we know that any interval X, X can be divided up into a finite
number of intervals X, X,, ..., X, in each ol which the function

»°
1

() can be expressed as a power series in (x — X,) %, the expansion

being valid in the segment X, X ... In such an interval the two
= [} [}

functions

' ¢
o (@) &
x log x log, .

will have a finile number of zcros, and il follows that the curve
T, y == u(r). (x>X,)

will have a finite number of points of contact with the curves of the
two families

C(n) y=log,x+ . ) y=—log,x+ 2.

The angular points(') of the curve I' and its points of contact with
the parallel curves C(A) conslitule a finile or infinite sequence X,
X,, ...V, ..., and there is a similar sequence X, \",, ..., X", ...
formed with the angular points and the points of contact with the
curves C'(x). We assume that X, > ¢ is a point beyond which Blu-
menthal’s theorem is true, so that both sequences possess at least one
member. Now consider the set of curves

r, Yy = u(c)

C \ yl,ll(w.) = P'(x’u) + l“gx r— |0g» X'n for < x,n
A va@)=o for &>X',
v ‘ ..vc,n('/v) =0 for x < X"”
’ " ( y(." (x) = ("(x'"ll) ‘— 'ngJ x"ll - I()gl :‘” f('r & > x""

(*) Points al which a(.e) has wirequal right and left-hand devivatives.
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and the straight line y = 6,(8,<<g). For every value of x>X, one
of the numbers y, ,(x) is greater than or equal to all the rest, for,
since w(X',) is bounded, we can choose n so large that y, ,(x) will
be negative, assuming-of course that the sequence X', is infinite. If
this sequence is finite the assertion is trivial. Let Y, (x) be the function
of x equal to the grealest of the numbersy,  (x) ateach point. Ilisin
general a discontinuous function coinciding successively with certain
of the functions y,,, and at the points of disconlinuity its right-
hand value is equal to p(x). Similarly there is a function Y, («)
equal to the greatest of the numbers y, , al each pointand coinciding
successively with certain of the functions y, ,(x). Now let g(a) be
defined to be the grealest of the numbers u(x), Y,(x), Y,(x) and &, .
¢(x) is continuous (for at their points of discontinuily the funétions Y,
and Y, are equal to uw(x)), and coincides alternately with these four
funclions, unless it is ultimately identified with p(x). If ¢(x) = p(x)
in an interval, then
1

¢(®) — xlog x log,

is continuous and does not vanish in ‘the interval, and is therefore
negative. For if it were positive w(x) — log,# would be an increa
sing function in the interval, which must consequently be limited.
If X is the right hand limit u(x) << w(X) + log,« — log, X and, since
the point X must necessarily belong to the sequence X',, it would
follow that u(x)<<Y,(x) in the interval, which is conlrary to our
hypothesis. Similarly

¢'(x) + - >
' xlogclog,x ™

Therefore for all values of x
J¢'(x).clog xlog, x| 1.

Furtheritisclear thal o(x) > g, and lim-(x) =p. Theconditions
laid down are thus fulfilled by the function 3(:r) as defined, for we have

u() < p(%);
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and the equalitly holds at all evenls in a infinile sequence of points,
and, when u(r) is conlinuous, in an infinile sequence of segments.

It only remains to shew that we can find a funclion g(.£) tending
to z. If the function constructed as above does not tend to ¢ it will
have a lower limit 8<Z; for o = oo. Suppose that §' is another
number lying between 8 and ¢.  There is a sequence of points tending
lo infinily at eich of which g(x) = u(x)>§'. Let &y denole the
first of these points.  Now considering an infinite sequence of num-
bers 8, tending to ¢, we see that it is sullicient to replace ¢() by the
greatest of the numbers ¢(x) and §, in the interval xy,, x,,, to oblain
a function which tends to ; and salisfies all the above condilions.

A funclion ¢(r) which salisfies thesc conditions and tends to ¢ we
shall call a pro.cimateorder L (Lindelif) or simply an order L. When
the order ¢ is not an integer a function ¢(r) such that lim () >p,

y

where p is the genus, will be called a proximale order B (Boutroux)
or order B. Iunclions ¢(r) in general will be called general proxi-
male orders.

If 5(r) is an order B there exists a number « such that ultimately

"p(l)—p x ﬂll(' ,,p—r 1—pir) —x

are increasing functions('). IFor their differential coefficients are

(e(r) —p —a + ¢'(ryrlog r)rn=r——
(p+ 1 —¢(r) —a—c'(r)rlog r)pr—#->
and since rlogrg'(r)—>-o and the limits of indelermination of ¢(r)

lie between p and p 4+ 1, « may be chosen so as to make both these
differential coeflicienls positive.

7. The distribution of the zeros. — Let F(z) be a function of finite
non-integral order o, ¢(:c) an order B and « a number such that
prl)-p-a s prei-pet)-a

(*) Boulroux uses this properly as the definition of a function ¢(r) such
as we have called a proximate order B.
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are increasing functions. Then, if k> 1, it follows from Jensen’s
theorem that

i
n(r)log k < f " E%Z—de < logM(kr) + K< (kry* + K

< kpu--x,_ph) + K.

We might try to fix k so as to deduce the best possible approxima-
tion to n(r); but the inequality

@3, 14) n(r) < Kre® (r>r,)

will be sufficient for our purpose at the moment.
Now for an indefinilely increasing sequence of values of » we have

r*) — log M, (r), and so, by (3, 6),

T n(x)r*

~p(r) ] K
rf? < Kr? + K, | T

Hence, for these values of r,

v/ n(a o n(x
,.r('¥< Kr? + K » ,Ll e + K prtd _'de
oS, ot ! ot

1 '-"
+ l\.n(h)/ ——ﬁ—‘l[.'lf
vy

where A>1. It follows from (3, 14) and the fact that 2*"=""* isan
increasing function that the first of these integrals is less than

; T/ 1
K P 2 < K e e
ro A

Similarly, since x““~?~'“* is a decreasing function; the second
’

integral is less than

b I
K AP =P—1 43— =2 o, Jplr)—p—1
[ <« @® de <K, = / .

A h
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The third inlegral is equal to 1—;—[)\" —A7"]. Therefore
I K
- 2 M) em
n(ra) > K I_n )\.]) ,
and linally, choosing & such that K, »7*< 7:—,

n(rk) > —l:— ret = —lé—,(r‘/\ i

The following proposition is thus proved :

If F(2) is « funclion of non-inlegral order 3 and ¢(r) is an order, B
of Lhis funclion, the number of zeros n(r) satisfies the inequality (3, 14)
for all sufficiently lurge values of r, and the complemenlary inequalily

(3,15) nor)> I;—' pr

Jor a sequence of values of r proportional to the values for which
log M, (r) = r*".

Suppuse thal 7 is a value for which inequality (3, 15) is satisfied.
Plainly if h is sufficiently large the number of zeros in the circle

|2l =;l- r will be less than gn(r). The number of zeros in the ring

between the circles |z| ~—_—’1lr and |z| = » will then be at least equal

to Kr", and so equal to K(r) r*"" =K, (r) log M, (r) where K, () lies
between two fixed positive numbers. In this form the result is inde-
pendant of the idea of a proximate order.

Tueorem ar. — If F(2) is a function of finite non-integral order, we
can find an infinite sequence of non-overlapping annular regions D, ,
R, |zl <kR,,. k being fixed, and two positive numbers k' and k"
such that every function F(z) — x has

hlog M,(kR,), K h LK

zeros in each annulus D,,,-provided m>m,.
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8. The zeros of functions of regular growth. — [t follows from
the preceding argunent that if

i 200,

where $(r) is an order B, then the inequality (3, 15) is also valid for
all sufficiently large values of . The ratio

n(r)/re

will then ultimately be confined belween fixed positive limits. Con-
versely, if ¢(r) is a funclion satisfying the condilions of growth for
an order B and if n(r) <Kr*") for all sufficiently large values of r,
it follows from (3, 6) that

log M (r) < K/ rf',
Similarly if for all sufficiently large values of r
n(r) > Kre,

we have, by (3, 2),

log M(hr) > / M) 4z > () log h > o (.

If the condition for n(r) is satisfied only for an infinite sequence of
values of r, then the last inequality is valid only for tliis sequence.
To sum up, in order that we should have

logM,(»)

—

m

=%

where ¢(r) is an order B, it is necessavy that n(r) should be equal to
h(r) r*', h(r) having finite positive limits of.indetermination: and
conversely, if this condition is fulfilled, the limits of indetermination
of log M,(r)/r*" are finite and positive. In particular the necessary
and sufficienl condilion that a funclion of finite non-inteyral order ¢
should be of very requlur growth is thal the ratio n/r," should have
finite positive limits of indetermination.
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It is also possible to prove, by a method analogous to that of § 7,
that :

The necessary and sufficient condition that a function of non-integral
order s should be of reqular growth (2, 16) is that the ratio log n/log r,
should tend lo the limit 5 .

The method, which consists in applying Jensen’s inequality (3, 2)
to find an upper limit for n(r) and then using this upper limit and
the inequality (3, 6) to find a complementary lower limit to r(r), is
morcover a prefectly general application. But it must be assumed
that o is not an integer.

[II. — FUNGTIONS OF INTEGRAL ORDER AND BOREL’S THEOREM.

Functions of posilive integral order lie completely outside the con-
sideralions-of the last section. It is still possible to find an upper
limit for the number of zeros, but the argument by which we provéd
thecorem 21 breaks down. So long as we are in ignorance of the
genus of the funclion we are unable lo apply the inequality (3, 6);
and even if the genus is known this inequality does not lead to results
of the same precision.  Moreover it may happen that the function
has no zeros at all. It is then, in the case of an integral funclion of

X2)

the form ", and we see that a function with no zeros must satisfy

the condition

log M,(r)

= — alimit.
"

(3, 16)

This condition is plainly also necessary if a function is to have a
finite number of zeros, and we shall shew that it is satisfied in general
by all functions for which the exponent of convergence of the zeros
is less than the order. In fact the only functions of integral order for
which the exponent of convergence of the zeros can be less than the
order are those fulfilling the condition (3, 16).
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For the sake of simplicity we restrict ourselves to inlegral func-
lions. Let f(z) be a function with exponent o, <.¢. Then
f(z) = e*VP) 2,

Q(z) being a polynomial of degree ¢ = ¢ and P(z) a canonical product
of order p, <. If b is Lhe coefficient of z% in Q(z) we have, for all
sand r>r.,

log M(r) < (|6] + €)¢".

On the other hand R.(Q(2)) > (J6] — &) * in g angles of maguitude h
(h depending on ¢) aund since, by theorem 19, the total length of
the arcs of the circle |z| = r on which

log |P(2)] L — ruty

does not tend to infinity with r, there arc certainly points of every
circle |z| = r>r', al which

log 1f(2)] > ([b] — o).
Therefore

log M(r) > (|6} — )1

and our assertion is proved.

Borel has proved that only one of the fuuctions F(z) —x (where x
may bg given any value) can possibly have an exponent of convergence
less than the order p.

9. Borel's theorem. — Tueorem aa. — [f the order of F(z) is an
integer and the condition (3, 16) is salisfied, then the exponent of con-
vergence of the zeros of the functions F(z) — x is equal lo the order,
save possibly for one exceplional value of x.

Suppose that there arc two such exceptional values @ and b. Then

F(Z) —_— = 2" 51,’ (_1__) e‘.’n(l) P,(Z) , l.-(z) — b= zu,(])‘ (_;_) eQ-z(i)l)'(z) .
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where Q, and Q, are polynomials of degree ¢ and P,, P, canonical
products of order less than z. Subtracting the second of these (wo
equations from the first we have

(8 B,z P e — b zaP e = b —a
and, multiplying by ¢~*,
B, 21D, eV = b, zaP + (b—a)e .

Now, Q, being a polynomial of degree g, |c_“”| >k, The left
hand side of this equality must therefore be of order ¢ and, since the
factor b z P is of order <z — v, it follows that Q, —Q, is a poly-
nomial of degree ¢.

Differentiating the identity (8) we have

[0, 22, Q) 4 (b, 21 PY e — [,5D,Q, + (b, 2 PY]e® =o.

By theorem 13, P', is of order not grealer than ¢ — y. So the coef-
ficient of ¢ is of order not grealer than  — v and, unless b, z: P, e
is a consltant, il is plainly nol identically zero. Simnilarly for the
coefficient of ¢**  Iactorising the cocflicients this identity becoines

Qi+

2wt e - svath =0,

KUREIR
W
where Q,, Q, are polynomials of degree not greater than » — 1 and P,,
P, arc canonical products of order not excceding ¢~ y. This may
be written

eoa"Qu‘f‘Qa"‘Qn p— z’A_—"a ‘_l)L _P_f_
- D, P,

But, since Q, —Q, + Q, —Q, is a polynomial of degree s. the
logarithm of the modulus of the.left-hand expression is greater than
Krf, whereas, by theorem 19, the right-hand expression, being of
order not greater than ; — y, is less in modulus than e™** on an
infinite sequence of circles. We have thus arrived at a contradiclion
which proves the theorem.
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A value of & such that the exponent of convergence of the zeros of
the function F(z) — x is less than the order of F(z) we shall say is
ecceplional B for F(z). Borel's thecorem slates Lhat there is only one
such exceptional value.

We could prove by a slight modification of our argument that if the
functlions F,(z) arc of lower order than F(z), then, of all the functions
F(z) { F,(2) only one can be such that the exponent of convergence
of ils zeros is less than Lhe order. The functions for which there is
a value x exceptional B are therefore themselves exceptional. Such
a function we shall say is exceplional B .

40. The order of multiplicity of the zeros. — Fatou and Montel
have proved certain propositions concerntng the order of multiplicity
of the zeros of a function F(z) — .  With the aid of Borel’s thcorem
it is possible to generalize their results.

We obscrve at the outsct that in order that a function F(z) of order-
s should be exceplional B for a given value a, it is necessary and suf-
JSicient that there should be a funclion I(z) such that the product
[F(z) — a] B(2) isof order less than ¢ . For, if such a function exists,
the expencnt of convergence of the zeros of [F(z) — a] P(z) is less
than ; and this is true a fortiori for either of the factors. Conver-
sely, |[' a is a value exceptional B, there is, as we have seen, a poly-
nomial Q(z) such that the product |F(z) —a]e —)
than ¢

is of order less

n a domain exterior lo the circles of radius r,”"(h>>0) described.
aboul the zeros a,(r, > 1) us centres we have

Fz)

F(z) < rk

That this domain aclually exists and Lhat it contains circles
|z| = const. in every annulus R, <R < |z] <R + 1 was shewn in
the proof of theorem 19. From the product form for F(2) (1, 11) we

ohtain
' S »
I‘( L (~> +“(Z)+ll,(())

TS
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The modulus of the sum of Lhe first three terms on the right is less
than Kr'™, ¢ being the degree of Q(z). P(2) is a canonicad product
and its logarithmic derivalive is equal to the sum of the logarithmic
derivalives of its factors. To see this il is sufficient to apply theo-
rem J to log P(2) in a region in which it is regular. Thus

an) (lllp )

P(z) : T 1 z”"] o: 2?

P(z)_zJ =a " +'“+717'-. —A\-J(z——

We divide this sum into two parts and, pulting N = n(kr), we have
N ‘ N

. h

21 U A - _ . ; .
‘—,T“‘-‘———'~<I'l‘ \ I‘“'l l‘<l{h pl‘hN < ]\‘)"“I' ¢
ry, " _’n|

- . . 1
for all sufficiently large values of . Further, since E —

— is con-
. "
vergent, the remainder
o0 o0
Y : < il N - < K,r"
—d '."l’(’." o ") k-1 i ’."PH v
N+ N+
and these two inequalities together prove the proposition.
Theorew 23. — If F(z) is of finile order o there cannot be more

than two values of « for which the exponenl of convergence of lhe
simple zeros of the funclion ¥(z)— a is less than p.

We shall say that such values are exceplional B for the simple zeros.
To prove the thecorem suppose that there are three such values
a, band ¢c. No two of the functions

T()—«q, F@z)—b, F(z)—¢

have the same zeros. A zero of F(2) —«a of order of multiplicity
y(y >1) is a zero of [F'(2)]* of order 2y — a2 > y. Therefore, if P(z, a)
is the canonical product formed with the simple zeros of F(z) — «
and P(z, b), P(z, ¢) are the two analogous producls, the product

P(z,a) P(z, b) P(z, ¢) [F'(2)]*
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is divisible by the product
(F(z) — @) (F(z) — b) (F(z) — ¢).
In other words

P(z, ) P(z, 1) P(z, ) (F'(2))°
(F(z) — a) (F(z) — b) (F(2) — c)

fed ’I(Z)

where 0(z) is a function wilh an isolaled essential singularity at infi-
nity.  The product of the functions P is by hypolhesis of order less
than z, and it follows from the preceding proposition that

F') | ~
Fz)—0| >

F'(2)
1(z) —al’

ou an infinjte sequence of circles such thal the radii of Lwo successive
members of the sequence differ by a (uantity less than 1. llence we
conclude that the function (F(z) — ¢) 9(z) is of order less than p; and
similarly for F(z) —a and ¥F(z)—~0&. The Lhree values a, b, ¢ are
therefore all exceplional B and, since lhis conclusion contradicts
Borel’s theorem, the proposition is proved.

If a function ¥(z) has a value exceplional B for the whole agg: cyale
of zeros, then there can be no other value ecceplional only for simple
zeros. For if F(z) — «a is exceplional B for the whole aggregale of
zeros, then so is ['(z).  The eaxponent of convergence of the whole
sequence of zeros of F(2) —w, == a, is cqual lo 5, while the expo-
nent of its mulliple zeros is less than :, since F'{2) is exceptional B.
The sequence of simple zeros of F(z) - & is therefore normal B—i.c
of exponent ¢.

In this connection we can also prove a result analogous to Picard’s

theorem : If the order of ¥(2) is finile and not a mulliple of 7:-, there

can only be one value exceptional P for simple zeros. By this we mean
a value z such that the function F(z) — a has only a finite number
of: simple zeros.

For, returning to the proof ol theorem 23, we see that if there are



BOREL'S THEOREM. 77

two such values, which we may suppose fo be —1 and +1, the
function

(F@)°

0(3) =0 (:)‘/‘)’(:) (F(Z)""' l) (F(;) —- l) ’

~Y

where Q,, Q, are polynomials, has only a pole al infinily, since
[0(z)] < 1k (r>nr).

Therefore

| Dl

i“‘—:: R(Z)

where R(2) hasa pole atinfinity. If this pole is of order p we obtain,
on integrating,

F(2) = cos (/\/ﬁ(—z;dz):cos (\/z"—"l' (;) >,

I\ . . . . - .
where d)(z) is regular and does not vanish at infinity. Functions
with two values exceptional P arc thus certainely cither of integral

o 0. . I . . p
order or of order which is an odd multiple of ~. They also satisly
2

the condition (3, 16).

Tneorem 24. — If F(2) is of finile order ¢ there is not more than
one value x exceplional B for the joint sequence of simple and double
zeros, and if such a value x exisls the sequence of simple zeros is nor-
mal B for every other value.

Suppose that for & = a the sequence of simple and double zeros
is exceptional B. The canonical product P(z, ) formed with lhese
simple and double zeros is then of order less than s. The product

(F'P [P, @)

is divisible by (F(z) —a)*, for a zero of F(z) — « of order v>2a is
of order 3y —3 > ay in (F'(z))’. If the sequence of simple zcros of
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F(z) — b is also exceptional B and if P(z, b) is the corresponding
canonical product, the quotient

()" [Pe, o] [PGH))
[F(z) —a)* [F(z)— o]

is a funclion with an isolated essenlial singularily at infinily. A re-
petition of the argument of theorem 23 then leads to the impossible
conclusion that both @aand b are exceptional B for the whole seqquence
of zeros,

It is clear that exceptional values of this hind may occur whatever
be the order of the function. The theorem we have just proved can
be expressed in the phrase : Borel's theorem is troe when all zeros of
order higher than the second are ignored.

IV. — THE DISTRIBUTION OF THE ZEROS OF INTEGRAL FUNCTIONS OF FINITE
ORDER IN GENERAL. ’

Borel’s theorem does not lead to information as precise as that
supplied by theorem ar. The method can he modified, however, lo
give a perfectly general and equally precisc result in the case of au
inlegral function f(z). lInslead of casting it into the form of a
Weierstrassian product we put

f@) =DE)e"?,

where P(z) is a polynomial formed with the zeros lying in and ou
the circle |2| = kr (k>1), the funclion ¢(z) being.consequently
regular in this circle.  Our method, which depends upon corollary 8,
theorem 13, Jensen’s theorem and a resull concerning the minimum
modulus of a polynomial due to Boutroux, consists in applying Borel’s
argument lo f(z) expressed in this form.

441. The minimum modulus of a polynomial. — First consider a
real polynomial of degree n in the real variable x,

gx) = (@ —2)(X—2)..... (€ —=,)
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and suppose that its zeros lic on the segment belween o and 1.
g(r) is a conlinuous funclion, so that, if A is a given number, the
values of & belween o and 1 for which |g(#)] <A conslitule a set
of not more than n intervals containing the zeros 2. Wriling

n

Dbx) = log |g(x)| = Z log |£—a],

we have

-~

n
l O(ryde = / l log | — o | dr.
./O (.r) Z A bl' a] 1

Now

/ log |[t—a|du=—1+ 2 loga, -+ (1—z)log(1—a) > —1 —loga,
and consequently

fl Db(rYdr > — nlog (2¢).

Bul we say that there are intervals in which @d(x) is less than a
given number, say —IIn log (2¢). Since &(r) is negalive in the
range of integration this inequalily shews that the tolal length of

these intervals does not exceed ﬁ(ll> 1). Thus if H is a number

grealer than 1 the polynomial salisfies the inequalily
--Hn
lg(e)] > (ae)

Jor values of x between o and 1, save in a sel of nol more than n
intervals of lolul lenglh not exceeding 1/1(").

Now consider a polynomial

ro=(=L) o (1)

(") This method of proof appears lo be due Lo Sire.
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of degree N in the complex variable z and suppose that its zeros lic
in the wide sense in thecircle [z| <R (that is to say inside or on the
circumference), and let &' be a number greater than 1. We shall
shew that the preceding resull can be generalized as follows. In the
annular regions

RG] KR and R 2] SR/
there are circles |z| = r on which
3, 17) [P@)] > [(K' — )k (2¢)=%" " .

Clearly, for |z] > RA'™,

P> H | :",>k"‘”‘ fI Ir——'—“;‘:L' :

Let m be the number of zeros whose modulus does not exceed
Rk, Then

=B (-0 =510 -5

1 m m- 1

Now wriling

Py = llf. + (l — N ‘)n |1”I:7_]}T_{ ‘a”('_kl—)“

we see thal the numbers a and 8, lie between oand 1 when rand «,
lic between R/A" and R. So

N N.
I |- 2> —rr= [[e -

m+4 m+4-1

The polynomial on the right is of the form considered firstof all, and

its modulus is therefore greater then (2¢)”"™ ™ except in a set of

intervalsof length 1/H. The corresponding values of r cover a set of
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k' —1
E—1'
this is less than (&'— 1) K"~ R, which is the breadth of the smallest
of the two annuli of the theorem. Therefore in both annuli there are
circles |z[ = r, on which

o gh\m {"__ N—m AR (N—m
P > (S Y () a0,
v / v

inlervals of length lllB(l — I'™*) and, choosing Il = 4k" >

and this leads lo the required inequalily.

12. A general theorem. — Twueorew 25. If f(2) is an inlegral
Junction of finile order and n(r, x) the number of zeros of the function
J(@) —x in the circle |z| K r, then o every number k> 1 there cor-
responds a positive number H(k) such thal, for all values of a and b
(a==b) and for all r>r(a,b),

(3,18) f "de>n(k) log M (;7) (a>>0),

where M(r) is the maximum modulus of f(2) on the circle of radius r.

For the sake of simplicily(*) we suppose thalt f(o)==a, f(o)==b
and J'(0)3=o0 and we wrile

SO —a=f()=1¢,+cz+ ...
Joy=b=/G)=c'Fc1+ ...,

where ¢,, ¢, and ¢, are not zero.

Lel us assume Lhat (he theorem is false. Then we can find a large
value of r, say R, for which the inequalily (3, 18) is invalid. If we
put

R =R R‘::l‘,;, n ::—“

TR e

R,=R (K"=k)

this implies

/““ "_(fi_i‘_)dw < H(k)log M(R,)

0

(") The particular case ¢, =¢, = ... = ¢,_,= o can be dealt with ina

ll—l
similar manner.
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since n(x, b) is positive, and hence

n(R,, o) < H lugM\R), H=H®).

The function f, can be expressed in the form
@ 1) =e,P,@)e"?

where P (z) is a polynomial with the same zeros inside the circle
|z] <R, as f,(z) and cqual to 1 at the origin. & (z) is regular in
this circle and zero at the origin. If r, r,, ...,y are the moduli of
thase zeros of f,(z), we have

N Ry n(x
log—&—zf @dxgll log M(R.),

rr

NN

where
N=n(R, a).

Cunsequently(*), for |z] =r <R,
N

! N
© [P <M(B)< :‘f‘ ~11 <| + 4)<\I(R | [( + I"’)
M)

On the other hand we know, by the result of § 11, that there is at
least one circle in the annulus R, < |z| <R, on which

< MR < M(R)

HH'
- log k'

) L@ > > MR,
(H’ =4 log ' 4- 4H}'" log (2¢) — log (k' — l)).
Denoting by A,(r) the maximum real part of &, (2), (|z| =7r), we

have, for sufficiently large values of R, say R>>R,, as aconsequence
of (d) and (e), the inequality,

log 2 log a
—H{ 1+ - 7 1—H (a2 p ——
et > Ic o] (MR) — [aDM(R,) () > M(R,) (o)

() In this paragraph M, denotes the maximum modulus of P,.
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Similarly it follows from (d) and (i) that

HH’
0) A < (34 o) log MR

Now f(z) is by hypothesis of finite order, so that, supposing X'
fixed and R sufficiently great, we shall have

(m) A(R) <KR'"F <RI
and, by corollary 8,
(n) [P@I<RF* for  |zj=r<VRR,

Applying the theorem on the derivative (theorem 13) to the func-
tions &, (z) and P,(z) we find, for r R,

I(b‘l'(:)l < R.P+& ’

(0) . L LR
IP/(2)| < M(B.)H( "o “')-

Precisely similar results can be obtained for the functions &, (z)
and P,(z), when

f,2) = ¢/P,(2)e™.

From this point our argument proceeds along the lines laid down
by Borel. Thus

¢, P,(2)e" — ¢P,(2)e" " = b—a=c,—c,
and, differentiating,
‘p ! ' &, 2% ) b,
(P + D /'P)et — /(P +D/P)e’ =o0.

: v e L3 . . . .
The coefficient of e * does not vanish identically, since

c"'(pg' + 'l)!, PI) = cl + cree
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Solving this equalion in ¢ and substituting in the preceding one
we obtain
® B =c/ (P 4 d/D,)
where
b, = _‘c PP+ D/P) — PP 4 DD,

This furCtion {,(z) is regular in the circle r <R, and & (o) =c,.
Further the inequalities (¢) and (o) shew that

log :
log | (2)| < 2H (z + -1—(%%) log M(R,)

for rR,.
P, (2) can be expressed as a product

b,(2) = ¢, P, ()¢
where P,(z) is a polynomial with the same zeros in the circle

|z2] <K, as ®,(z) and such that P,(o)=1. The number.N' of
these zeros satisfies Jensen’s inequality and we have

, , (o 3 los2>\
N’ << HH" log M(R,) \H ~ logk' (2+ logk") /

It follows from this.inequality and the thecorem concerning the
modulus of the polynomial thal there is at least one circle belween
|zl =R, and |z] = R,, on which

. uwnr
® ] < e
Hence on this circle
ra| [ P.(2) | HA"
Ie l - C‘ P (Z) < M(Bn)

w__ =, logh e
(H =5+ oo +HH>
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or
A () < HH"log M(R,),

where A, (r) is the maximum real part of &,(z) on |z] =r.
Therefore, in virtue of corollary 8,

' P

log M(R,) for || <R

Now equation (p) may be writlen

[

tGE e P,

y(2) L’.’(P,’ + “l)ill)l) —_ € e_"'h(:‘ ["' + (]'sll)a

and 1/|P,| satisfies the inequality (s) at leasl once in the annulus
R,, i, also. Hence, since the upper limit of |P', 4 &',P| is the
same as that of [b (z)] and \ (r) is an increasing funclion,” we see,
recalling the inequality for |d |, that

AR < Hlog _\'l<l{|)<F—-Il"'+ + 1]0 fi

+ H'Il")
But, if H(k) is chosen so that
B lOgS h - log 4 K31 O"‘ 4
fice) L7 + log I + K — (t) + Iog/.") + k' — 1 log k' lofrl >:| <!

this is in conlradiction with the inequality (j). Thus the theorem is
proved.

413. Deductions from the general theorem. — Lel (1) be a gencral
proximale order of the function f(z). Then, for an indefinitely in-
creasing sequence of values of r,

' 103\4( >>u (kyre,

There are now two possible alternatives — either for all sufficently
great values of r(r>r,) in this sequence and for every q,

/" n(x, a) d> H(k)H (k) pbir)
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or there is at least one value a and a sub-sequence of these values of
r for which this inequalily is invalid, though it will be true in the
parlicular subsequence for every other value 6. Now this in con-
junction with the general inequality (3, 14)

nr, b) < K ret (r>ry),
where K is independant of b, gives

H(MHH (k) .,
— (A>1)

r/)
K, + K f 2" d - n(r, 0) log >
b
for an infinite sequence of values of r. But, since p(r) is a proxi-
mate order,

*r o r/n
/ N A P L f 2 dr < -t
"o

. I'[,
and consequently

k)H(k) K
W by > (ll(f)[i.(h)__l\j)rm,,_ K,

log A 2 ak ' logi’

Clearly » may be chosen so that the coefficient of r** shall be
positive. Theorem 21 and the more precise result concerning func-
tious of regular growth can thus be extended to the case of functions
of integral order.

Tueorem 26. — If f(z) is of inlegral order we can find an infinite
sequence of non-overlapping annular regions D,,, R, <|z] <KR,,
k beiny fixed, and (wo positive numbers k' and k" such that in each
annulus D, of rank m>m,, every function f(z) — x, save possibly
Jor a single exceptional value of x, has

hlog M(kR,,), HhH,
zeros.

Suppose now that the function f(2) is of regular growth with res-
pect Lo the proximate order. That is to say

. log M(r)
lim =

r=oo
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In this case il follows from Lhe preceding argument that if there is
« number a for which the ratio n(r,a)/r*" lends to zero, thén for
cvery other value = the ratio n(r,.r)/r*" is confined between fixed
positive limits.

Itis clear, however, that the importance of theorem 25, from which
we have deduced the Lwo last resulls, is not restricted to the province
of functions of integral order.

Let n(r,a, b) be the number of zeros of a product of the form
(f(2) — @) (f(z) — b) in the circle of radius . Then we have

/M-b—)d >H(I.)l()gM( )

logM(-;‘%>

logr

and, a forliori,
n(r,a,b) >k

This result is independent of Lthe nature of the order so long at it is
finite. An analogous theorem for functions of infinile order will be
proved in the next chapter.

414. The genus of functions of integral order. — The determination
of the genus of a function of integral order is atlended by peculiar
difficulties. Certain results bearing on this queslion have however
been obtained by Lindelof and they can be proved with the help of
the result of the last paragraph.

Consider the funclion

J@) = H( foemg) >0

of genus o.

Then n(x)e and, integrating by parts,

log M(r) = Y log ( "—) = f‘° log (. + 7’_’-)«'/.
=t [oes(+ ) + [ Torme] =L wwra
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Hence, substituting for n(x),
rdc

]Og )l(r) o« '/’.o- W dc

We treat this integral in two parts.  If £ is fixed

hr dc — /"”‘i x >—~h kr
b @t ogzy ’(aogm)* =" {log 17"

. .. i
where /i, is confined belween two fixed limils near lo —:}-_I and 1
1 v

respeclively.  For the remainder of the integral we have

, /‘w de o dx P (log r)!
k

- (e + ) (log x)* = rh, Jir & (loga) =T

where A, lies belween and 1. Since & may be chosen as

N

large as we please il follows that
1
log M(r') &» — r(logr)~.
@ —

Now lel
r* = p(log r) .

We khnow that n(r, o) «»r(log r)™°, and so n(r,o)/r*" tends to
zero.  Conscquently, for all a==o0, the ratio n(r, @) /r(log )" " has
finile posilive limils of indelermination.

Therefore if 1 <<a<<2 and a==o the series Zrl of the recipro-

cals of the moduli of the zeros of f(z)—a is divel-gelzl"aml the funelion
S(&)—a is of genus v, while f(z) is of genus o(').

It can be shew n that the derivative is also of genus o. Our proof
of this depends upon two propositions of some gencral interest quite
apart from the particular application.

(') The genus, like the exponent of convergence, is really determined by
the moduli of the coeflicients. All the functions f(z) —x, save possibly
one are of the same genus. [See G. Valiron, Sur les fonclions enliéres d'ordre
enlier. Comptes Rendus, April 19232, and Appendix B.]
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Tueorem 27. — If f(2) is of finile order and k any number greater
than 1, we can find a corresponding number H(k) such that the annulus
R |2] kR contains at leasl one circle |z| = r on which the ine-
quality

/@) > Mer)] ™
is salisfied.

We can clearly suppose f(o) = 1. Then, asin § 12,
f(2) = P(2)e"?,
where P(z) is the polynomial formed with the zeros of f(z) which
lie in the circle of radius Rk™"*, and such that P(o)=1. The
number of these zeros does not exceed 4 log M(R) and it there-

log k
fore follows from the theorem on the minimum modulus of a poly-

nomial that the two annuli Rk™", RE™% and RE™*, Rk each
contains a circle on which
-

|P(z)] > M(R)

where H' is a positive number depending on k. On the circle in
the second annulus

|9 < M(R)™*™,

and so, if A(r) and B(r) denote respectively the maximum and mini-
mum real part of #(z) on |z| =r,

ARE™?) < (1 + H') log M(R)

and
B(RK™Y) < H"log M(R).
Therefore on the circle in the annulus Rk, Rk™% we have
/@) > M(Ry~ Y,

which proves the theorem.
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This proposition compleles the earlier result concerning the mini-
mum modulus of a canonical product (theorem 1g).

Now suppose that the function ¥(z), of inleyral order o, is such
that log M, (r)/ r* lends to zero and the series X 'Lp is convergent.
n

F(z) can be expressed in the form

F(z) = & (%) Pz)e®,

and
I

()

1e%) = |F(2)]

1
¢ (_‘_>
P(z) is a cancmical product and as we saw in the proof of theorem 18
(equation (3, 8)),

log |P
lim i’g—llz(—’l' =o.

r==o0

The same is therefore true of 1/]P(z)] on an infinite sequence of
circles and so, in virtue of our hypothesis concerning log |F(z)|, we

have on these circles

lim max R(Q(z)) o

,.I‘

The polynomial Q(:) is therefore of degree less than or equal
lo : — 1. Thus, with the conditions slaled, F(z) is of genus ¢ — 1.
We can now prove the theorem we had in view.

Tueorem 28. — If f(2) is a real integral function of genus o or 1
with real zeros, ils derivative f'(z) is of the same genus as f(z) and ils
zeros are also real and are separaled from one other by zeros of f(z).

Such a function is of the form

J@) =z f[ (, - 5_) o,
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where a0 and the numbers b and a, are real. Differentiating
logarithmically,
o0
S'(@ @ N\ ' 1
= b4 — —_—
J(@) )+z+2‘(z—:1+a>

w n

and writing z == x + iy, we see that the imaginary part of f'(z)/f(z)

is equal to
. 3 Q) 1
ly [a;! + yl + Z (w —— a")l + yl]

i

Since the factor in the brackel is positive it follows that f'(z) can
only vanish when y = o. All the zeros of f'(2) are therefore real.
With y = o, we have

i([@>____“__2 1
dx \ f(x) x* (®x—a,)*’

The right-hand side of this equation is negalive, so that f(x)/ f(x)
is a decreasing function and cannot vanish more than once between
a,and a,,,. Conseculive zeros of f'(z) are thus separated by those
of f(z) and it follows that the canonical product formed with the
zeros of f'(z) is of Lhe same genus as that formed with the zeros
of f(z). 1Ilis known that if the order of f(z) is not an integer then
the genus of f(z) is equal to the genus of f'(z) (theorem 13). To
complete the proof of the theorem suppose that the order of f(z)
is 1 and that the genus is o. Then

lim ]_OM =0

r
and, by theorem 13, the same is true of f'(z), which is thercfore of
genus o, since the genus of its canonical product is also equal to o.
Similarly if f'(z) is of genus o, then so is f(2).

On applying this theorem of Laguerre to the funclion f(z) consi-
dered at the opening of this paragraph we see lhat its derivative
is of genus o : — If 1 <<a<la the functions f(z) —a, az=o, are
of genus 1, and their derivative f'(2) is of genus o.
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CHAPTER 1V

On the values assumed by an integral function in the
neighbourhood of points of maximum modulus.

It has been shewn by Wiman that the relations between the func-
tions M(r), M'(r), A(r) and m(r) established in chapters Il and III can
in general be replaced by relations considerably more precise. Pur-
suing his method we are led to certain deep resulls concerning the
behaviour of the function f(z) in the neighbourhood of points z, at
which |f(z)] = M(r) (Jz] = r) and the growth of M(r). These
results enable us to give a direct proof of Picard’s theorem and to
extend Borel's theorems to fonctions of infinite order. In this chap-
ter we shall also discuss the solutions of an extensive class of diffe-
rential equations and we shall find that they are necessarily of regular
growth in the neighbourhood of an isolated essential singularity.

I. — FUNDAMENTAL INEQUALITIES AND THEOREMS OF BOREL.

4. Ordinary intervals. — We have recourse once more to the
Newton'’s polygon defined by means of the coeflicients in the Taylor
series of the function f(z) (§ 11, 4) and we compare it with the polygon
corresponding to a known functlion of simple growth. This amounts
lo comparing the coefficients of Lthe two functions.

Let J(u) be a power series in the posilive real variable « with
positive, increasing, unbounded coeflicients and radius of convergence
unity.

-]
&, 1) Fw) =Y, eina’,

where the numbers ‘H(n) tend to infinity and H(n)/n tends to zero.



04 CHAPTER IV,

We suppose further that the function 1I(«) has a decreasing deriva-
tive, which plainly lends to zero. It is clear that the points B, of co-
ordinates x, =n, y, = —H(n) are the vertices of a polygon concave
in the positive direction of y. Let this polygon be denoted by =(F).
For every value of u less than 1 the function F(z) has a maximum
term which can be determined, as explained in chapter Il, by finding
the tangent to =(;¥) of slope log «.

Now let I be any positive number and » any nuinber less than (.
To the series J(r/l), regarded as a function of r, there corresponds
a polygon =[F(r/1)] derived from =(:F) by adding n log ! to the or-
dinate of each B,. The slope of the sides of =[J(r/l)] is an increa-
sing function tending to log /. Since the slope of the sides of =(f)
tends to infinity the polygon =[F(r/l)] ultimately lies below =(f).
Hence, as is evident from the figure, a translation of =[F(r/{)] parallel

Y

(%)

to Oy can be effected so that in its new position no vertex of =[F(r/l)]
lies above the corresponding vertex of =(f) whilst these two polygons
have at lcast one vertex in common. If Lhis translation is denoted
by -—log k() the polygon in its new position corresponds to the
coeflicients of /k(l) F(r/l) regarded as a function of r. 1t will there-
fore be denoted by =[kF(r/1)).

The polygons =(f) and =[kJ(r/l)] have one or more common ver-
tices. Let (n({, F) be the greatest of the abscissae of such vertices.
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Now at a common vertex every tangent to =[kF(r/l)] is also a tangent
to =(f). In particular the line of slope log r(l) given by the equation

(4, 2) log r(l) = log 1 — H'(n(l, F)),

which is a tangeat to =[kF(r/l)] at the point of abscissa n(l, &), is
also a tangent to =(f). For this value r(I) of r the maximum lerms
of the two functions f(z) and kJ(r/l) ave equal and of the same rank,
whilst the second function dominates the first.

If [ increases continuously the function n(l, ¥) cannot decrease.
For the slope of a side of =[kF(r/l)] of fixed rank increases indefini-
tely with /. Thus n(l, ) caunot be bounded. Similarly k() is an
unbounded increaéing functionof /. H'(n(l, F)) is thus a decreasing
discontinuous function of / which tends to zero as [ tends to infinity.
It follows from (4, 3) that (/) is an unbounded increasing function
of ! and that its only discontinnities are those of H'. These occur
where ¢ is such that n(/, F) is discontinous and thus correspond to
those values of | for which the polygons =(kF(r/l)) end =(f) have
several common vertices. The total number of such discontinuities
between o and r(!) is nol greater than n(l, ) and their sum does not
exceed the total variation of H'(x); and thisis finite. Hence we have
the following theorem :

Given any integral function f(z) and a power series F(u) of the
Jorm (4, 1), we can in general find lwo numbers Ik and I corresponding
lo a value of r, such that, for this value of r, the maximum lerms of
the two funclions f(z) and kJ(r/l) are equul and of the same rank
and the first junction is dominaled by the second. The values of r in
the segment (o, R) for which this property does not hold good constitute
a sel of -not more than N(R) inlervals, such that, for all values of R,
the lotal variution of log r in these intervals is finite.

Here N(R) is the rank of the maximum term of f{(z) for |z|=R.

Those values of r for which the properly holds good we shall call
ordinary values, it being of course understood that they are ordinary
with respect lo a given comparison function F(u). Values which are
not ordinary we call exceptional.

In connection with ordinary and exceptional values the following
observation is of interest. Suppose that for a certain value ! the po-
lygons =(f) and =[kJF(r/l) have more than one common vertex.
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Then, if the slope of the side of =[kF(r/!)] immediately to the right
of the first common verlex is equal to log R and that of the side im-
mediately to the left of the second common vertex is equal to log R/,
the interval R, R’ is an exceptional interval. For if [ is increased
the change in the ordinate of the second of these vertices will be
greater than the change in the ordinate of the first, and il is therefore
only possible for the second to be once more a common vertex; and
the slope of the side immediately to the left will then be greater
than log R'. Similarly if /s diminished it is only possible for the
first of these verlices to become once more a common vertex, and the
slope of the side immediately to the right will now be less than
log R. Repeating this argumenl for the second and third common
vertices and for all subsequent pairs we find an exceptional interval
associated with each such pair. If now we replace the polygon =(f)
by =[kF(r/l)] in the interval between the two extreme common ver-
lices and repeat this process in every cxceptional interval of values of
r, we obtain a new polygon corresponding to a function U(r, &) with
positive coefficients. U(r, F) has the same maximum term as f(2)
in ordinary segments and has no exceptional intlervals. U(r, F) will
be called the dominant § of f(z), since plainly

U, &) > /(2).

Henceforth we shall take as comparison function
. 3) Fo(w) =Y, e un (o<a<)

which fulfils all the conditions imposed. The corresponding domi-
nant function will be the dominant of index «, U.(r). The correspon-
ding ordinary values we shall call ordinary values of index «.

We can now shew that if q is a positive number and r a sufficiently
large ordinary value of index a, then, provided o << v.<Z KN« 21—

(4, 4) 2 Crgpp?(1 4+ 0)'rV+r <L A,,m(r)N('”')(“‘;)’

p=1
N

(4 5) E CN—p P (1 + 0)°r¥—p < A,,m(r)N(”')("‘;)’
P=1
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where m(r) is the maximum term of f(z), N= N(r) the rank of m(r)
and A, a constanl depending on q.

Consider the first inequality. If r is an ordinary value f(z) is do-
minated by kF.(r/I) and these two functions have the same maxi-
mum term. The function on the left-hand side is thus less than

- -\ R <
kY"1 4 vy ey (*'f> "= m(r) Y p (1 + oo

00

= m(r) 2 w,.

Here N is the rank of the maximum term and we can therefore de-
termine u as a function of N. In fact we have

N+ 1) ' <<—logu << a(N—1)*"
so thal

logu < —a(N +11)7".

Now let N, be the greatest integer less than B, N:—2, where B, is
a number which we shadl fix later. We have

log w — logw

AN i Nyti
aN, + i

N, +i

=q log +N, log (14-v)+N, log u+(aN, + N+i)*— (N, 4+ N+i)".

The first term on the right is clearly less than ¢log 2 and Lhe se-
cond is less than N,v and therefore, in virtue of the condition impo-
sed on v, less than BqK. The sum of the last three terms is shewn
by the mean value theorem to be less than

(aN, + N+ i* — (N, + N + if* —a(N + 1)*'N,
= aN,[(N + N,(1 + 0) + )*™" — (N + 1)*'] (00 <1)
<aN[(N+ N)™ — (N + )]
=a(@a—1)N,(N,— D[N+ 1+ 0N, — D* (o<W <)
< —a(t —a)(N,— 1) (N + N
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Thus the logarithm of the ratio of the terms of rank aN, 4+ i and
N, + i satisfies the inequality

log way,+i — logwy,+i << qlog 2 + BK —a(1 — )B4,

where } tends to 1 as N tends to co, It is clear that B, may be chos-
cn so as to make the right-hand side of this inequalily less than —1.
If S is the sum of the scries Xw, and S is the sum of the first p terms
of this series we have

S — Su.\. < ‘E‘(S_SN‘);

and so

\J l v Al
N, — 7 SN, < b‘)l .
Therefore, since the numbers e™N+p*—¥yr are less than 1,
' 2e gt . 2¢ - (q+,)(,_f)
b<é—-—l‘N, (l+v)"¢<e—N,'e"‘t"<A4N a/,
— —

and the inequality (4, 4) is established. The second result can be
proved by a precisely similar argument.

2. Some fundamental inequalities. — Let f(2) be an integral func-
tion, z and z, any two values of the variable and n a positive integer.
Then we may write

oo 00
.\ urp/ 4 Z\" vy wipf 2 P
f(Z) - Z‘ cn»&-pzo K-;_ z—o 2‘ cu+pzo N Z
—n

p=-n

and, putting

()=

we have

@0 16 =(Z) 1o+

2 (5 (5)
g+ (S5 e |,
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where

G4 7 9(2) =2f'(2) = nf(2) s

2—2z
W52

Now applying the binomial theorem and the remainder form of
Taylor’s theorem we see thal, if p is a positire inleger

l/.(z’ z'o)l < Z Cu+plzo'“'”'
—n

lz, W] = |1 + W) —1 —pu] S (1 + |u))’ — 1 —pla|

_pp—1)
=i

1
(1 -+ O™ af* << = p*(x + Jul’|ul",
whilsl, if p is a negulive integer and |it] <1,

Ill'zp(ll)l L |0 —u]) —1 4 p|u|| = I!i(_l’____'_?(l — 6lu])"*|a)?

2
1
< p(— el "

If now we suppose that R is an ordinary value of index x for f(2)
and take N=N(R) we have, assuming

z—z,

2,

= |u| < AN,

h
el <B(1+5),

the inequality
N h \N+p
(@ 2] < Y Crapp'(1 + |u|>”<“(- + 'ﬁ>)

N
+ EC;\-_M,-(. -—lu|)—r—-(ﬂ(l + %))h—p

The hypothesis concerning [u| enables us to apply the inequali-
tics (4, 4) and (4, 5) to these two series and we see that

ot 3
(l” 8) Iy'(z’ z°)| < K(’ + ‘;‘)N m(R)Ns('—;) < Km(R)Na—;. ’
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for all sufficiently large values of R. Here K is independent of R.
We have thus found an upper limit for the third term in equa-
tion (4, 6). A similar inequality for the second lerm can be deduced

3fa
from (4, 6) itself. We put |z]=]z,| and |z-—z-°-|/{sz=N;(;_'),.so
that the third term is less than KM(R), and it follows that

3
®) N ) lg(z))] <- KM(R) + aM(r,).
Suppose thal R<Cr, < R(| {- %) and compare M(R) and M(r,):

if z, is a puint on the circle of radius r, such that |f(z,)| =M(r,) and
if z/:,;=R/r, we have, by (4, 6) and (s),

) £ - i,

Il we take 2>>2/3 the powers of N occuring in the bracket are
negalive and we have, for all sufficiently large valucs of R,

M(R) > |f ‘> -e"M(r).
The inequality (s) consequently becomes

G, 9) |g(z,,>|<KM(n>N“""("§> |z-|<“<'+‘1’%>'

Now lel z, be a point of the circle |z] =R such that
|/(z)] > M(R)N"?, >0

and consider the region D,, in the planc of z=re", defined by the
incqualities

h
r—R<Eh o k-aW < (- Sap<a)
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If z is another point of the region D, then

|f(@)] = K|f(z)| [r - (N%(’-%) '+ + N ('“f) —n.z’+.ﬂ>]’

where [log K| </ and ) is always finile. Therefore the ratio
|/(2)/f(z,)] is confined between fixed positive limits, provided

3
y=pg—=(1—=)—8
r=p— ( " > >o.

If z, is another point of the region we have

J@) = (f)nf(z.m +a2) (G )| < KN

and, with the further condition

-
2 —

this equation becomes

((R) —3(=3)
\I(R) ’

z N
fO= (%) J@)+nz), )] < Ke®).

To obtain complele precision we max give to « a numerical value.
Putting a=11/13, B=1/16 and p'=15/16 we have y = 1/16.
The results obtained are collected in the following theorem :

TeEoREM 29. — Let R be a large ordinary value of index 11/12, h
a given number, z, a point of modulus R such that

(4, 10) 17(z)] >MER)NT  (N=NR))

\

and D, the region defined by the inequalities

h 1 xﬁ
’ Ir—RI < R, lp—q <N
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(1) If z is any point of D, then
(s 1) /K < S/ f(z)] < K

(2) If z and z, are two points of D.,,, then
( )N J(2)
G

(3) If z and z, are poinls of D., and subject to the further condition

—1 ’16

(4> 12) < KN

|z — z|M(R) << s(R)RN ¥/
then
ZAN
(113) ) - (£) re)| < Kem.
(4) The inequality
(4, 14) lg(2)] = |2/"(2) — Nf(2)] < KM(R)N" "

h
is salisfied for all values of z of modulus less than R ( 1+ T\Jl—)

3. Theorems concerning \(r) and M'(»). — It follows from equa-
tion (4, 12) Lthat for any ordinary value of R,

S(Re') = eit—sN f(z)) (1 + 1), | < KN~V

provided f(z,) satisfies the eondition (4, 10) and [p — g,| < N—15/16,
The argument N(y — 3,) can therefore vary in an interval of length

N'16, and consequently the imaginary part of f(Re') vanishes at Nt/16/x

points in the neighbourhood of the point z,, the value of the real

part at these points being equal to =+ | f(z,)| (1 + v), |4] <<KN—1/16,
Ilence for all ordinary values of R

A(R) » B(R) » M(K).

In a similar manner we deduce from (4, 14) results concerning the
derivative We have

f,(z) 13/16 M(B)
e | <K@
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and, in particular, if z, (Jz}=R), is such that

—18

|/(z)] > M(R)N
this leads to

J' @z = (v + (D)N(R)/z.

Therefore M'(R) is al least equal to NM(R) (1r — =(R))/R. 1If z, is
a point of modnlns R atl which |/'(z,)] is equal to its maximum M'(R)
we have, again applying equation (4, 14),

N JED —3n6
| Nf’(~ |< KRN
So

NSCEIWS ) = 2,00 +4(2)):
and the complementary inequality
NM(R) > RM'(R) (1 — s(R))
is also salisfied. The following proposilion in thus proved :

For all ordinary values of r
rM'(r) » N(r)M(R),

and in the neighbourhood of poinis at which |f(z)] or |N()/'()/z|
is greater than M(r)N—"8 we have

S@IE) = (1 +hNTHNE) /2, lh] < K.

There is clearly a relation of the same form between the first and
second derivatives, where N(r) is replaced by the rank of the maxi-
mum lerm of f'(z). It can be shewn that the rank of the maximum
tecm of f'(2) is asymptotically equivalent to N(r) as r tends to infi-
nity by ordinary values common to f(z) and zf'(z), the comparison
functions being F(u) and uF'(w) respectively. Such common values
certainly exist, for it is shewn by the theorem of § (IV, I) that the ratio
of the total length of exceptional segments between o and R to R
tends to zero.
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In the first place it is clear, bearing in mind the form of JF(u),
that the function uJ'(u) gives rise to a Newton's polygon with a ver-
lex corresponding lo every inlegral abscissa. For a given value u the
ranks of the maximum terms of F(u) and uf'(u) are given by the
equalions

logu + 2x** =o and logu + aw ™" + % =o0

respectively. Hence

1 [ §
r=uw/ 14+
[} amu

So that, if N, is the rank of the maximum ferm in the derivative,

then

(s) N, >N, N, < N(1 + KN-%).

Now let r he an ordinary value common to f(z) and 2f'(z); we can
find I and ! such that the polygons =(/f) and =[k%(r/l)] have the ver-
lex of abscissa N(r) in common. Consider the lwo functions
Ikerd(r/l/l and zf(z). Plainly the terms of rank N(r) in these
functions are equal and the first dominates the second. =(zf') thus
lies above =, == [lrF'(r/I)/!] and has in common with it the vertex
of rank N(»). The abscissa N, of the point of contact of =, and its
tangent of slope logr is connected with N=N(r) by the inequali-
lies (s). Now the rank N'(r) of the maximum term of zf'(z) is equal
to the abscissa of the point of conlact of the tangent of slope log r
with =(z/") and is therefore also at least equal to N. We can find a
polygon «(k'rF'(r/l')/I') whiclt does not lie above =(zf’) and has in
common with it this vertex of abscissa N'> N, such that the line
of slope log rr through this point is a tangent of both polygons and
such that ' >1. Therefore r/lI'Cr/l. Hence N'N,, and we
have this result : If r is an ordinary value common to f(z) and
zf'(2), (zf'(z) compared with uF'(w)), then the ratio of the ranks of
the respective maximum lerms is

NG
N T

1+£; o<l h<K.
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The same argument can obviously be applied to derivatives of
successively higher order, and finally we cbtain

Tueorem 3o. — r lies oulside « sel of exceptional segments in
which, for r >R, the variation of log r-is less than KN(R/k)—1/r,
Then at all points of the circle |z| = r at which one of the numbers

J@, ENLE) -, @GNS,

is grealer in modulus than M(r) N(r)—1/8, we have

) DN\ J N

and in particular

W (r) & M(r) (N()/r).

4. A relation between M(r) and m(r). — It is easy lo find an
asymptotic value for the ratio of &, (1) to its maximum term m(u).
It follows from the formulae (4, 4) and (4, 5), putting g==0, v=o0,
that

3

Fo() < KN “m(u),

provided only o<la<Z1.
On the other hand

log m(u) = N log u + N*%,
N and u being functionally related by the familiar equation

logu + ax®™* = o.
Therefore

-——

Fo(u) < K[log mu)]* *m(u).

If ris an ordinary value, f(2) is dominated by kF.(r/l) and its
maximum term is equal to the maximum term km(y) of this func-
tion. Since k increases indefinitely with » we have m(u) <<m(r) for
all sufficiently large values of ». Now « may be taken as near to unity
as we please, and consequently we have the following proposition :
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Gwen an arbilrarily small posilive = the inequalilics

M@ < No* )
M(r) < [log m(r)]* i m(r)

are salisfied for all sufficienlly large values of r exterior lo a sel of
seqments inwhich the lotal variation of log r is less than KN(R/k)—Az+1)
Jor r>R.(k>1).

The resulls of this section complete those of chapter 1I, but they
are 1o longer valid for all values of r. This restriclion is cspecially
nolicecable in the case of the rclations belween M(r) and Mi(r) in
which N(r), which may be subject to sudden arbitrary varialions,
occurs as a factor. It should be observed that the method of chap-
ter I is a special case of thal used here since it really consisted in ta-
king the series 1/(r — u) as comparison funclion.

Il. — T SOLUTIONS OF CERTAIN ALGEBRAIC DIFFERENTIAL EQUATIONS.

Theorem 3o enables us to prove that every solution of a linear dif-
ferential equation with rational coefficienls or an algebraic differen-
tial equation of the first order is of perlectly regular growlth in the
ncighbourhood of an isolated essential singularity. Subject to cer-
tain restrictions the property can be shewn 1o belong also Lo equa-
tions of order higher than the first.

5. Linear equations with rational ceefficients. — Let us consider
a linear differential equation of order p wilh ralional coeflicients.
Such an equation is of the form

(‘[.' '5) l)p(:)y‘m + Pp-i z;y““') -‘- tee + P'u(z)y + P—-A(z) = 01

where the functions P,(z) are polynomials. Suppose thal this equa-
lion is salisfied by an integral functlion f(z). Let » be an ordinary
value of index zand z=r¢" a poinl at which |f(z)]=M(r). Now
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M(r) increases more rapidly than »*, and so, denoting by a,zm the
term in P;(2) of highest degree and dividing through equation (4, 15)
by y, we have, in virtue of thcorem 3o, the equation

P
a, N zm—i(1 + 7,(2)) = o,

where

[n,(2)] < KN+ K™ (3>0).

Now consider the algebraic equation (*)

p
2(11, + 1)’ z2mv— = o,

a

where the numbers {, arc paramelers (f{,=o0 if a,=o0). For large
values of » the function X(z) defined by this equation has p branches,
which may or may not be distinct, given by p expressions of the form

X(2) » AZ\

Here ! is a rational number whose positive values are at least equal
to 1/p, and A is an algebraic function of the coefficients a, + ;.
Let B denote the value of A when all the numbers ¢, are zcro.  Then
itis known that

|JA —B| < Ke (3,>0)

if all the numbers ¢, are less than <. Applying these results from
the theory of algebraic functions Lo the present case we see that if Bz'
is the first term of one of the expansions (valid for large values of z)
of the function defined by the equation

p
Zujx’ 2w = o,

[

(*) See appendix A.
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then to every ordinary value r there correspond two numbers B(r),

I(r) such that
lim -———,—”V(r) =1
B(r)r N

r=oo

Now the numbers B(r), {(r) can only take p different pairs of va-
lues and N(r) is an increasing function. It is plain that if the values
of B and ! change as r (raverses any ordinary segnrent sufficiently
distant from the origin the new values must be greater than the old.
For if either B or | were to diminish N(r) would shew a sudden de-
crease. Again if R and R’ are the endpoints of an exceptional in-
terval we have -

N(R) == B(R)RI(R)(I + ‘I,(R)), N(ﬂ') — B(RI)RII(RI)(' + .’)(RI))
put since R'/R tends to 1, we have also
N(R) = B(R) R(1 + 7(R)),

shewing that B and ! cannol decrease as r traverses the segment
(R, R). These numbers B and [ are therefore ultimately fixed and
we have, for all sufliciently large ordinary values of »,

N(r) «» Br',

where B is a constant and ! a fixed rational number greater than or
equal to 1/p. And in view of the known density of the ordiuary
values (we had lim (R'/R)=1) this relation clearly holds for all va-
lues of r. The funclion is of finite order and

log M(r) «» / ) N(x)dx/x «» B % r'.

An integral function salisfying a linear differential equation with
rational coefficients is therefore of finite rational order and of per-
Jectly regular growth.

This result can be generalized. Consider a solution of the form

y=2"F(z) = z"tb(%)f(z),
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where . may be any number and F(z) has an isolated essential sin-
gularity at infinity. It is known that the equation (4, 15) has always
at least one solution of this form, or one soluticn which is the sum
of a function of this form and a function regular at infinity, unless
all its solutions are regular at infinity (‘). We have

LAgeta() (a()=nete )

and this ratio will therefore behave in the same way as that corres-
ponding to an integral function. Again

Yy __ S (y' ) (f'(1)>’ 1 ( 1 >
—=—4t =) — + =0, —),
y J® Y JG) : :
and consequently y"/y behaves like f”/f, and so on. The above re-
sult is therefore valid for solutions of this form also. In every solu-

tion of the form

y=2'd (—;) /@)

the funclion f(z) is of finite rational order and of perfeclly regular
growth.

6. Algebraic differential equations. — Thc argument of the last
paragraph can be easily extended to the case of algebraic differential
equations of the first order. Such an equation may he wrilten

(4, 16) G(y, z¥'/y, ) =o,

G being a polynomial in the variables in the bracket, of degree m
iny. Let

¥(2y'17,2) = X,4,,(Y' /7P (0<p<P; 0Kq9KQ)

be the coefticient of y" in G. Suppose that equation (4, 16) has a

(*) Regular in the sense in which the word is used in the theory of linear
differential equations. Sce Whittaker and Watson : Modern Analysis, 2'nd
edition, p. 191 et scq.
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solution which is an inlegral function of : or, more generally, a
functlion of the form considered above. Giving z=re¢' (" ordinary)
a value such that y=M(r) and dividing through by y", the cqua-
tion becomes

w(zy'/y, z) + G,(1/y, zy'ly, 2)/y =o.

where G, is a polynomial. And since every expression of the form

1 zy')l' . N"r*
—\=) T<ag—=
Y (y M(r)

is less than (Nr)—k, for all values of K, this may be written
\V P,
¥, (1 4¢,,@) N2 =0

which is an equation of the form considered in the last paragraph.
We have once more therefore

N(r) » B,

where Lthe second member is the first term of a certain expansion of
the function V(c) in the neighbouohood of infinity, X(z) being de-
fined by the equation

) P —
Eamx 2'=o.

The different values which may be assigned to ! and B can be de-
termined by Puiseux’s method.

Funclions of the form z*F(z) which satisfy an algebraic differentiul
equation of the first order, ¥(z) having an isolated essential singula-
rity ut infinily, are necessurily of finite rational order and of perfectly
regular growth.

This result is nol however true in general of equations of order
higher than the first. For it may happen that if in such an equation
y'® is replaced by y(N/z)” certain terms are made to vanish. This
occurs for inslance in the case of the expression yy’ —y", which
vanishes idenlically. But it is clear that our conclusipns remain un-
changed if the terms of highest degree in y are unaffected by reductlions
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consequent on this substitution. Thus, if, in each term, y"™ is replaced
by y(N/2)" und if, afler this substilution, none of the terms of highest
degree in y disuppear in consequence of reduclions, then all solulions
of the form *F(2) are of fmile rational order and of perfectly regular
growth.

The reader will observe that we have at the same time a condition
for the exislence of a solution of the form z*F(z). It is necessary
that after the above substitution has been made the polynomial in N
and z, which is the coeflicient of the term of highest degree in y,
should contain al least two different terms.

IIl. — Tue zEROS OF AN INTEGRAL FUNGTION OF INFINITE ORDER.

Certain propertics of the grow th of M(r) which cnable us to extend
theorem 25 to the case of funclions of infinile order can be proved
with the aid of the dominant of index «.

7. The growth of log M(»). — Consider the furction U.(r), the
dominant of index «. §(IV.1). TIf m,(r) is the maximum term in
this function and V(r) =log m.(r), then

log U (1) »» V(r),

since the inequalities of §(IV, 4) are everyw here valid. Now m,(r) is
cqual to the maximum term of some function kF,.(r/l), and conse-
(quently

V(r) = k' + N* + N log (r/0) (k' = log k),
where the value of N differs by less than 1 from the root of the equation
ax®™ =log ({/r).
Hence

() V) =k + (1 + 1)) (—)N* =K'+ (1 +1(r)) C[log (/r)}-/=—

“*

C=(—ax)a""".




112 CHAPTER 1V,

But kF.(r/l) dominates U.(r), and so, in every interval
r<r'<l, we have

V() < K 4 (1 + (1)) Cllog (I/r') Y=
since !/r is near to 1 we may choose ' such that
log (r'/r) < [log (/r)’ @>0).

The substitation of this value » for r in equation (1) will not ap-
preciably affect the value of the right-hand side. We are thus led
to take

v

(w) r':r[n + (V(r)) a SJ B>1)

It follows from (t), in which &' > o, that

V() < K([log (/)"

So the number r' defined by equation (w) is less than

Lron(or)]

and

3

Viry< k' + ( + ) C (log -;{—) o < (1 +¢(r)) V(r).

Therefore the dominant U.(r) satisfies the following condition :
(4,17) log Uu () < (1 + ¢(r) ) log Uu(r)
where

(4, 18) r= r[l + K(log U.(r) )'_7] (@' <a).

For all ordinary values of index « the same inequality is salisfied by
log M(r).
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Borel has shewn that cvery increasing function W(x) satisfies some
condition of this kind. If we put

a' =z + [V ()]’ (3>v)

we have, in general,
lim ¥(x')/W(x) =1 :
=00

a certain set of segments, whose total length beyond a certain value X
is of order Y(X)™, has to be excluded. The property of growth of
log M(r) which has just becn established is thus nbt restricted to
functions to which our argument applies and it would be possible to
give a proof independent of the notion of an ordinary interval. But
'our method is interesting in that it congects the intervals in which
log M(r) is of normal growth with the intervals in which the inequa-
lities of the section I are salisfied.

8. The zeros of functions of infinite order. — It was assumed in
theorem 25 that the function was of finite order. This hypothesis
was only used to find an upper limit for |®,'(z)| in passing from the
inequalily (m) to the first inequality (0). ~The result of the last para-
graph permits us to dispense with it. 'We had

HH'
AR) < (. + m) log M(R,).

Assuming R, to be an ordinary value of index « (near to 1) and

R/R, = 1 + K(log M(R,))™* (a::L,—., a'<u).
a

which gives
k' = (R/R)¥7 =1 + K(log M(R,))™*
log k' = K(log M(R,))™*
H' = Klog, M(R)),

the inequalily (m) becomes

A,(R,) < KH(k) (log M(R,))"**
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It now follows fro.u. corollary (8) that, for [2]* < R R,

4

Vi —1

and theorem 13 shews that, provided [z} <R, |R,/(2)] is less Lhan

I‘l" (Z)I S A\‘(l‘“) <L KH ( lOg M(R‘) )l»l-sb

the product of this expression and x/l{l(\/lc'-—— 1). Therefore since
(k) is bounded and log M(R,) is not, we have

b,/ (2)] << (log M(R,)"'*.
Consequently, if 1I(k) is such that
(log M(R))"'# << M(R yieb,

the argument of theorem 25 is valid from this point onwards. Thus,
if (k) salisfies this condition together with the last ingquality of
§ 12, which becomes, on replacing &' and H' by their values,

KII(k) (log M(R))* < 1,

then the relation

R n(e
[ 'l_ﬂbf_aLl;de < (k) log M(R,)
(o)) *

is impossible,  The two conditions will clearly be satisfied if we put
H(k) = [log M(R,)]™".
If R, is an ordinary value of index « and R is equal lo
R,[1 + K(log M(R,))™] s>i—.,

then

Rn(x, a) + n(x, b) —at
/, R LD 4o > [log M)

As x may be taken as near to 1 as we please the following propo
sition is proved :
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Turorenm 31. — If f(2) is an integral function of infinite order and
a and b are Lwo different numbers, then, given any e, the number
n(«x, a, b) of zeros of the funclion (f(z) —a) (f(z)—b) salisfies the
inequalily

S e, bydats > (10g MGy (8>0)

Jor all values of r, save possibly in a sel of intervals in which the tolal
vurialion of log r is bounded.

Itis possible to deduce from this theorem an inequality which,
though in some cases il may be lacking in precision, is valid for all
sufliciently large values of r. In fact, bearing in mind the characte-
ristlc property of exceplional intervals [(R, R') being such an interval
limR'/R= uj. we see, since the integral is an increasing funclion,
that given any = and any k> the inequalily

/r n(xe, a, byde/z > |log M(r/k))'~*
is satisfied for all sufficiently large values of r.

It is moreover clear that in those inlervals in which log M(r) is
less than r*, h being any fixed positive number, theorem 25 applics
and the number ¢ may be suppressed.

We have thus oblained a precise result complementary to Picard’s
theorem and independent of any consideration of order.

IV. — A DIRECT PROOF OF THE GEVERAL PICARD THEOREM.

We have investigaled the behaviour of f(z) in the neighbourhood
of ils points of maximum modulus and on the results obtained we
shall found a proof of the general Picard theorem : A function F(z),
having an isolaled essential singularity al infinily, assumes every value
an infinily of limes in the neighbourhood of the poinl al infinity, save
possibly a single exceptional value. The argument is a direct one. It
consists in shewing thal if F(z) has no zeros oulside a certain circle
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described about the origin, then this funclion assumes cvery value
a==o in all the regions D., of theorem a9 which are sufficiently
distant from the origin.

9. Picard's theorem. — \ function F(z) having no zeros outside a
circle |z] =R, is of the form

F(z) = 2#e/:+T ()|

where f(z) is an inlegral function and W(z) is regular for |z]| >R,
and zero al infinity. The equation

(4, 19) F(z) =a

may thercfore he writlen
(4,30) f(2) + nlog z—log|a| — ain(h + ¢) + W(z) = o0,

2a0 heing the argument (lying between o and ax) of a, ¢ a positive or
negative integer or zero, and log z one of the determiualions of the
logarithmic function. To each couple of numbers ¢ and z satisfying
equalion (4, 20) lhere corresponds a solution of (4, 19).

Now suppose that a lies between two numbers 1/, A, where .\ is at
our disposal, and that : lies in a region D.; sufliciently distant from
the origin to ensure that R exceed any constants which may appear
and that M(R) be greater than R. We take for log z that determi-
nation which is continuons and has its imaginary parl less in abso-
lute value than 2z in D;,.

quation (4, 12), wrillen

So= (L)) (@), N=No)

shews that on every arc |z| =constani, interior to D;,, the argu-
ment of f(z) + wlogz, which is continuous, varies by more than

A . 1 . .
N6, so that on this arc there are morc-than — Nv1% points z, at

T

which the real part of this quantity vanishes. =z, being such a point
and 2izQ the value of f(z,) + »logz, we have

—1/16

@ |QI > KM(R)N",
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Let Q, be the greatest inleger less than Q and put ¢=Q,. Equa-
tion (4, 20) may be writlen in the form

G(2) + H(z) =o,
where

69 =3ix (5) -~ logla] — 2ix(0 + ),

2Y He)+ oz — (£) 0g 2, | + oo

H(z) = /2) —(

Now the function G(z) vanishes for

4
v

“log |a] + nm(ﬂ +Q ,)“Il N log la] + a2i=(6 + Q, — Q)N
[ 2inQ

and, since |0’|\= 16 + Q, — Q! <2, the last term in the last bracket
is less in modulus than (log A + 57)/22Q =K/Q, which in virtue ‘
of (&) is very small. Therefore

. log|a| + 270’ K
e= Z'(' tmon V(T)

The equation G(z)==o0 has a root in the circle C;, defined by the
equation
. log |a| + ant’ z, .
s=a(1+ ) T rov e

where y is an arbitrary fixed number and z i$ real and varies from o
to an. On the circumference of this circle we have

. 1 6’ ¥ K .
G(z) = m:Q(l + —OE—I%%—M— + y%—+ 6) — log |a] — 2ix(0 + Q)
or
G(z) = ainye” + K/Q,
and so

[G(2)| > =y.
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Now consider the function 1i(z). For poinls on the.circumference
of G;, we have

KR KR .6/

N 16/16

2=zl < o8 <wum

)

and hence, by the third part of thcorem 29, where we put (R)=KN—1/8,

oy (£) s

In addition, the difference logz — (z/2,)¥log z, may be wrilten

o (2) (452" Joes

and Lhis is clearly less in modulus than Klog R/Q. Hence on the
circumference C;,, H(z) tends to zero with 1/R. Thus finally on

21

< KN'8,

this circumference

[H(2)/G(2)| < 1.

Therefore, since the functions H(z) and G(z) are regular in the
circle C:,, the number of roots of the equation

G(2)+ H(z) =0

in Lhis circle is equal to the number of roots of the equation G(2)=o0
(Rouché’s theorem) (') :.there is at least one root of equation (4, 19)
in C;,. This clearly proves the thcorem.

In addition to proving Picard’s theorem the resources ol this me-
thod enable us to make deductions about the distribution of the zeros
of F(z) —a.

(*) Rouché’s theorem : The funclions f(z) and ¥(z) are regular in a region
bounded by a closed curve C, and on C we have: {d(z)/f(z)] << x. Then ihe
number of zeros of f(z) + ¥(z) in C is equal lo the number of zeros of f(z) in C.
The proof is very simple. It is known that if f(z) has K zerosinC, then as z
describes the path C, the change in the argument of f(z) is equal to 2zK.
Now f(z) + ®(z) = f(z) (1 + (P(z)/Az)) and, since by hypothesis |&/f] <1
on C, it is clear that the change in the argument of the last factor as z
describes C is zero. Therefore the change in argument of f+ @ is equal
to-arK, and the'theorem is proved.
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The circle C., lies inside a circle of centre z, and radius not greater
than

log A 4 47 + any KR

R =
270N VAT
and on cach of the arcs
(s) [z] = R 4 2)d (h=o0,=1, ... = E(R/2dN))

. . ! . . .
interior to D;,, there are —N1/1¢ poinls z, lo cach of which the

i

above argument applies. Each of them is the centre ofacircle of radius
d conlaining a zero of F(z) — a, where 1/A < |n] < A. Now these cir-
cles do not cut one another.  For the distance separaling Lwo poinls
2, on the same arc (s) is equal to 2z(1 + 4(R))R/N > ad. Circles
with their centres on different arcs (s) cannot cul, by definition.
We have thus found KNv1¢ | f(z )| zeros of F(z) — a in the region D.,.
In particular this is true of the region’ D;, corresponding to the
point z, where |f(z,)]=M(R), and we may slale the following
proposition ;'

Tueonem 3a. — The number of rools of equalion (4, 19) in cvery
region Dz, where | f(z,)] =MN(R), sufficiently distanl from the arigin,
exceeds KNv1M(R). In the region D., we can describe a set of non-
overlapping circles of radius K'R/NM(R) whese centres lie al lhe ver-
lices of a nelwork of curvilinear quadriluterals, such that each circle
conlains a zero of every funclion F(:) — a, where |a| lies between lwo
assigned positive numbers.,

In order to remove the restriclion on the value of a the circles of
radius d can be replaced by circles of radins x(R)R/NM(R), x(R)
being a very slowly increasing function. The number of such circles
in D;, is now only KNv*M(R)/y(R), but we can assert thal for
R>R, every function F(z)— a has a zero in cach of them.
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CHAPTER V

Asymptotic values and paths of determination.

It follows from a consideration of the properlies of funclions of
the form X9, where ((z) is a polynomial, that an inlegral function,
or a function F(z), may tend steadily lo zero as z tends to infinity by
paths interior to certain angles. If we can find an angle in which
F(z) tends to a definile linit the function may be regarded as being
completely known, and the essential singularily as being without
influence, in that angle. There are also important deductions to be
made concerning the inverse function (') of F(z). In this chapter we
shall restrict ourselves to an invesligation of the properties of the
asymptotic values themselves, withoul touching on these collateral
questions, though their importance is obvious enough.

It was shewn by Wiman that functions of order less than 1/2 have
no finite limiting values.  On every path proceeding to infinity the
upper limit of [I'(z)] is equal to +oo. Our proof of this theorem is
based upon a result which is now classical, Phragmeén and Lindec-
16f's generalisalion of Cauchy’s theorem on the modulus of a regular
function. It is a generalisalion of which inany heautiful applications
have been made, notably by Lindelof himself. Fuuctions of order
less than 1/2 are thus to some extent analogous to polynomials and
we shall shew that in the case of fuunctions of zero order such that

the ratio
log M(r)/(log r)*

is bounded the analogy with polynomials is even closer. For if the
zeros are excluded by certain small regions the logarithm of the mo-
dulus becomes asymptotically equivalent to the logarithm of its maxi-
mum as z recedes (*) along any path in the remainder of the plane.

(*)+See Appendix D.

(*) As we shall often have occasion in this chapter to speak of continuous
paths procecding from a point A to infinity we propose, for the sake of
brevity to call them receding palhs. When z traverses such a path we
shall say thal : recedes.
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The rest of the chapteris devoted to the study of the paths along
which F(z) lends to ils asymptotic values. The principle result
established is a theoremn recently proved by Carleman, who has
shewn that for a funclion of order p there cannol be more than 5
non-conligunus assemblages of such paths.

I. — LINDELOF'S THEOREM AND FUNCTIONS OF ORDER LESS THAN 1/2.

1. A generalisation of a theorem of Cauchy. — Let us consider a
closed region D bounded by a contour I' formed by one or more
arcs of simple curves. We know that the modulus of a function P(z)
regular in D altains its maximum value at a point of the contour.
It is moreover sufficient for the truth of the theorem that the func-
tion should be analylic and regular and of uniform modulus in D.
Thus if the function is bounded on the contour I, |P(2)] <K, it is
also bounded at all points interior to D.

Now suppose that ®(z) is analytic and regular at all points of D
except for a finite number of points A,, A, ..., A, of the contour
I"and that on the intervening open arcs of I its modulus is less than
orequal to K, this modulus being uniform in D. With these condi-
tions the original form of Cauchy’s theorem no longer applies. But
suppose that there is a function «(z) regular in the same dom.in as’
d(z), having no zeros interior to D and of modulus less than 1 on the
various open arcs of 1' determined by the points A,. If further, for
all positive values of «, the product

¥(z, a) = ®(2) [«(2)]*

tends uniformly lo zero as z approaches any of the points A; by a
path interior to D, the function ¥(z, «) is again a function whose
modulus does not exceed K on the arcs of I'. And if z, is an inte-
rior point of D we can, for all «, describe a circle about each of the
points A; of radius such that z, lies in the open domain A, formed
by the points interior to D and exterior to these small circles and
such that |¥(z, 2)] <K on the closed arcs of these circles belonging
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to D. Thus |¥(z, o)} <K on the boundary of A, and so, by Cau-
chy’s theorem, we have for z,

[¥(z, 0)] = [P(z)]  [olz)]* < K.
Hence, since w(z,) o0,
1 (z,)] < Klw(z)|™.

But this inequalily is true for all « and the value of P(z) is in-
dependent of 2. We therefore conclude that

[P(z,)| < K.

Taeorem 33 (LinneLiF’s TuEoREM). — Suppose thal the funclion d(z)
is analylic, reqular and of uniform maodulus in a finite, open, connecled
domain D, and regular and of modulus less than K on the various
open arcs of the bounding contour 1" delermined by a finite number of
points A,. Suppose further that there exisls another function w(z)
salisfying the same conditions with the addilional provisions that it does
not vanish in D and thal |«(z)| < v on these arcs of U, such that the
product ®(2){w(2)]* lends uniformly to zero, for all a>o0, as z ap-
proaches any one of the points A, by a path interior to D. Then we
can assert that

[8()] < K

at all interior points of D.

We may observe that it is permissible to suppose that certain por-
tions of the contour I' are frontiers of contiguous portions of D.
For example, T" might consist of a circle and a radius.

As a preliminary application of the theorem let us assume that
|P(z)] is boundedin D. We may take

o(2)=R™(z—a)(z—a)...(z2—a,),

wliere z =g, at the point A; and R is the maximum diameter of D;
this function satisfies all the conditions imposed in theorem 33, and
we can deduce the following corollary :

ComroLLARY 33. — Let ®(z) be a function regular in a finile do-
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main D and on ils contour save al certain points A, A,, ..., A,, and
lel |®(2)| < K on the arcs of the conlour delermined by these poinls A,.
Then, either |B(z)| - h at all points of D, or there exisls ul leaslone
sequence of points of D, with one or more of the poinls A, as limit,
such that in this sequence

lim |dD(z)] = eo.

By means of this corollary we are able to shew thal for every func-
tion F(z), with an essenlial singunlarity al infinily, there exist paths
along which the modulus of the function tends to infinity.

In the first place we have seen that the maximum modulus M(r)
of F(z) is ullimately an increasing function. Let R(>1) be a num-
ber such that M (r) is an increasing function for all »> R and let us
consider an indefinitety increasing sequence ol numbers

X, = M,(R),X,, ..... 5 ST

Now it follows from Liouville's theorem that there is a point out-
side the circle |z]==R at which |F(z)] >\,, and it is clear that the
sét of points al which |F(2)] > X, constilute a set of one or more
connected open domains whose contours are continuous curves on
which |F(z)] = X,. One of these domains is clearly exterior to the
circle |z =R. Let us denote it by D,. Now this domain is iofi-
nite. For if it were finite we should have |F| =X, on the boundary
and |F]> X, at interior points, in contradiction with Cauchy’s theo-
rem. Moreover |F| is unbounded in the domain, for otherwise we
should have a contradiction of corollary 33. There is therefore a
point of D, at which |F(z)| >X,, and consequently a domain D,,
interior to D,, such that at all points of D,, [F| > X,. Thisargument
may be repeated for X,, ..., X,,, ... andsoon. We have thus found
a sequence of infinite domains D,,D,, ..., D,, ..., each interior to
the preceding one and such that in D,, we have |[F|>X,,, whilst on
the contour; which is a continuous curve, |F|=X,. If now we
join a point of the contour of D, to a point of the contour of D, by a
conlinuous curve lying in D,, then this point of the contour of D, to
a poiut of the conlour of D, by a continuous curve lying in D,, and
repeat the process for cach domain, we shall obtain a continuous re-
ceding path along which F(z) tends to infinity.
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In general we shall say that a receding path along which F(z) tends
to a value v is a path of determination » and that « is an asymptolic
value. The result we have proved can then be stated in the following
form :

For every function F(z) there exist paths of determination oo, or,
infinity is an asymptotic value of F(z).

If F(z) has a value exceptional P, say b, then the [unction F—(z)l—b
has-an isolated essential singularity at infinily, and so has paths of
determination co. Therefore if b is a value exceptional P for F(z),

there is a path of determination b for this function.

2. Wiman's theorem. The following result, due to Phragmeén, can
be deduced from theorem 33.

Tueorem 34. — Let ®(2) be a funclion reguluar in the open domain

2

>R i<s (12])

and on lhe finite part of the contour, und suppose thal the funclion is
of order less than v in this angle .i.e. there is a number y' less than v
such that

log [b@)| < (r= [ >N, || <=/ay).

Then if |B(z)] <K on the contour of the domain, the same inequa-
lity holds good throughout the domain.

The proof is imnediate. Let us take
w(z) =" (' <¥'<v),

the determination of 2™ being such that thé function is real and
positive on the positive real axis. Then we have in the domain and
on ils contour

log [u(2)] = — 1" cos (') <— B (8>>0).

w(z) does not vanish in the domain, |»(z)] <1 on the contour and,
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as z recedes by a path in the domain, the product [»(z)]"d(z) tends
uniformly to zero. For'

log [|#(2)] |o(2)]] < —afr™ 41" (r>R)
and
>y

The result then follows from theorem 33.

In particular if F(z) has an isolated essenlial singularity at infinity
and is of order ¢ < 1/2a, there is no line ¢ =constant on which F(z)
is bounded. For suppose the contrary to be the case and that F(z)
is bounded along a straight line, which it is plainly permissible to re-
gard as coincident with the negative real axis. Then, applying the
foregoing theorem with y=1/3, yYY=0 + ¢<1/a, we should con-
clude that F(z) is bounded in the whole plane |z] >R, which is
impossible.

In general if F(z) is of order ¢ <1/2 we have

Fo=sb (L), )= i (=)

1 . P .
where ¢ (—;) assumes a finile value \ at infinity. Provided that r

is sufficiently large the minimurmn modulus of F(z) on the ~ircle
|s] =r is greater than
. ’-\
K»r' I ——
(%)

and therefore greater than the modulus of

F(z)=K7 f[ (l + ;Z—”>

at the point of modulus r vn the negative real axis. But, since the
moduli of its zeros are equal to the moduli of the zeros of F(z), F,(z)
is also of order p < 1/2 and is thereforc unbouunded on the negative
rea] axis. Hence we have :
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TueoreM 35. — Given a function F(z) of order less than 1/2 we can
Jind a sequence of circles of indefinilely increasing radii described
about the origin as centre on which the minimum modulus of F(z) tends
to infinity. There is therefore no finite asymptotic value for functions
of order less than 1/a.

Here we have an analogy between a function F(z) of order less
than 1/2 and a function with a pole at infinily. A more precise in-
vestigation of the minimum modulus on certain circles shews howe-
ver that the analogy is even closer than is suggesled by theorem 35. In
view of the preceding argument we may clearly confine ourselves to
the case of an integral function equal to 1 al the origin and having
its zeros on the negative real axis. It is plain that if we are given an
integral fuunction equal to 1 at the origin and if we change the argu-
ments of its zeros without changing the moduli s0 as to bring them
all into line we shall thereby increase the maximum and diminish
the minimum modulus on any circle |:]=7r. So that any inequa-
lities found to hold betlween the maximum and minimum modulus
in this particular case will hold in general.

Now suppose that g(r) is a proximate order L of f(z) subject to the
conditions of § (II1, 6) : log M(r) satisfies the condition (3, 13)

= log M(r)
lim _FW—— =1

“r=o0
Let V(z) be a funclion analylic and regular in the domain
r>R, —rL e,
and regular on the finile part of the contour, such that
V(l‘e") o« rein et

and suppose that V(z) is real on the posilive real axis.
Now the function

Ol

is regular and of order less than 1/a in the domain D, Its modulus
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will therefore be bounded in D if it is bounded on the contour, and
in particular we shall have

log f(r) <KkV(r) + K,

and if k <1 this leads to a contradiction. Therefore, for an indefi-
nitely increasing secquence of values of r,

log | f(— r)| >k, cos (mg) r*,
provided &, < 1; and Wimans’s theorem may be slated in the follow-

ing precise form :

Tueorem 36. — A function F(z) of order ¢ <1/2 and of proximate
order L equal lo ¢(r) salisfies the inequality

6, 1) log |/(2)] > [cos (mg) — <] ! (e>0)

on an infinile sequence of circles of infinitely increasing radius. We
have, a fortiori, on these circles

(5, 2) log | f(2)| > [cos (np) — €] log M(r).

It remains to establish the existence of the funclion V(z). We
start from a canonical product

Pz) = ]w[ (: " ;Z—>

of order less than 1 with ils zeros siluated on the negative real axis
such that ()
n(r) = [ra],

where p,(r) is a proximale order L and tends lo the value z, as r lends
to infinity. - So that, however small 3 may be,

RAGESTE L) Jaat A—pu(r)
1 ) !

are increasing functions for > Rj.

(') The square brackel here denotes the integral part of re(r).
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Generalising a previous calculation § (I1I, 14) we have, for all
points off the negative real axis,

N [ zn(x)
IOg P(u) = ./‘; md.l} .

We assume that — - { o {-’E , (z ="arg 2), and we divide up the
2

integral into four parls, I, 1,, 1, I, willrranges of inlegration o, Rs;
Ry, r/X; r/h, rh: rh, + oo, where Ry is the number defined above
and A is a number greater than 1. Observing that |x + 2| is greater

than x and r we oj)laiﬁ, as in § (111, 7).

Az tHi—
LI <Ks, 1, |<—-—-——)nl') |[|<—-——-—qrmr);

3,
b

S

and, writing

b 2 pealr)
l(a,b)_[_w(x+z)dx,

|1(o, R)] <Ks, |I(Rs, /)| <

o, 10 KT
’-u" r, —_— ),
0, 100, =) <

it follows moreover from the properties of o,(r) that in every seg-
ment r/\, ra

n(x) = (1 + o(x)) ratn (Ja(@)| <2)

for any given value of A> 1 and for sufliciently large values of r
(r>r,,.). llence

»”h
I, =1/, 1)) 4 &(r) xal—tde.
o/ r/n

The last integral is less than lu—3%rut)/(s, —3). We may there-
fore wrile

log P(z) = 1(0, s0) + 6r* " [K 3> ™" 4 K 3™

. o —58

ST (8] <a)
The first two terms in the square brackel can be made as small

1s we please by choice of 2 and the third tends to zero as »r tends Lo

infinity. Thatis {o say the term in the brackets tends lo zero as r

tends to infinity.
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1t remains to evaluate the iniegral J(z)=1(0, o). This presents
no dificulty. 'We replacc « by the complex variable x=1te* and
observe that, if for example ¢ > o, the integral

:Bh(")z
,/ z(x + z)d

taken along the arc r=|{|, 0 <J < ¢, lends to zero as ¢ tends to
infinity, since |x(x + z)| >{*. We now make the change of variable
x = le", giving

— c‘:‘h(r).'(r)’

and pulling {==ur,

J(r) = ram /w o= S,
o 140 sin [wp, ()]

Finally, since ¢,(r) tends to 5, we have in the region under consi-
deration

IS

w T
-y —_ ); io2q ,,U) — r - ].
69 Vi) =logP() o wlsemnrn, (=2<y<T)
If in this function V (z) we now replace z by \/; we oblain a new
function V(z) regular in the region r>R,, —zn <9 <= and such
that

V() » _T a(\/') Yotz
N sin(np ’

And this function satisfiés the conditions imposed if

< r ’u( \/;)/1

()
sin (1: ) ’

=r
The reader will have no difficulty in secing that if ¢(r) is a proxi-
mate order L, the function () defined by the equation

log sin (ang) — log =
log «

2, (®) = 2p(x’) + 2

is also a proximate order L.
Theorem 36 is thus completely established.
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A number of deductions concerning integral famctions of finite
order greater than 1/2 have heen made from this theorem of Wi-
man. We shall content ourselves with mentioning only oune, as
follows :

Tueonem 37. — If f(2) is an integral function of finile order ¢ and
q the smallesl integer greater than ag, there is a positive number h
and a sequence of circles of indefinilely increusing radius on each of
which there are arcs of lolal measure not less than ax/q on which

log Lf(2)| = hlog M(r).
Consider the f;mclion
G = [f(@)—a][f(zw) —d] ... [[(z20"") —a],

where © is a primitive ¢'th root of unily and a a constanl less than 1.
G(u) is clearly an integral function of order less than 1/a. If ~(r) is
a general proximale order of f(z), U=]u|, and G,(U) is the maxi-
mum modulus of G(u), we have plainly

log G,(U)< (g + 1)r* = (g + YU (V) = ép(lﬁ))'

Here as in the former case p,(U) is also a proximale order. On
the other hand if n(x,a) is the number of zeros of the function
f(2) — a, and consequently of all the other functions in the product
also, we have by Jensen’s theorem

log G,(U)> (¢ — 1) /,[ " n(z, a)dic/z.

But, in virtue of theorem 25, we can choose an a such that the right-
hand side of this inequality shall be greater than Hr*" for a sequence
of indefinitely increasing values of r, and therefore greater than
HUU for a sequence of indefinilely increasing values of U.  From
these Lwo inequalities we conclude that

ﬁ;]- lOg (J.(U)

U==o0 Ue(U) =K >0,
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where K lies between H and (¢ + 1).  Therefore the function

log K
log U

& (U) +

is a proximate order L of G(u). And by Wiman's theorem we have,
on a sequence of circles,

G@)] = /(@) —a] ... |fizo"™) —a] > e ") = ghrt?
> M() (h>>o).

This inequality is clearly equivalent to the enunciation of the
theorem.

3. Functions of zero order. — An integral functlion equal lo 1 at
the origin and of zero order is of the form

so=11(-2).

with exponent of convergence sero. The logarithm of the maximum
modulus is less than

o | [(1+5)= [ sy [ "o s f"ar

and comparing this inequalily with Jensen’s theorem we sce that
o, 4) log M(r) = / I w4 or fw@dm (0<hH< ).

Now log M(r) increases more rapidly than K log r. Therefore
those functions for which the coeflicient of 0 is less than K log » have
the following remarhable property : the logarithm of the maximnum
modulus is asymptotically equivalent to the integral of theorem (16),
or

(5, 5) log M(r) «» /" n(x)de/ax .
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In order that the condition may be fulfilled it is necessary that
n(r), the number obtained on substituting n(r) for n(x) in the
coeflicient of 0, should be less than K logr. And il is casy to see
that this condition is also sufticient. Now if n(r) < Klogr it follows
from (5, 5) that log M(r) <k (log r)*; and conversely, as is shewn by
Jensen’s theoremr.  Thus all functions subject to the condition

3. 6) o M0
r=2 (logr)

satisly equalion (3,5).  Such funclions bear a close resemblance o
polynomials, bul we shall see that in fact the analogy goes even fur-
ther than this.

We proceed Lo examioe the modulus of the function outside certain
small regions enclosing the zeros.

Let #(x) be a decreasing function tending to zero but greater,
than 1 /., and le} us consider the sequence of circles of centre :=o
and radii

R, R,=0 +5RMHR,, ..... , R,.,=(1+8RNDR,,

The numbers R, form an indefinilely increasing sequence.  Lel

m
D,, be the annulus belween the lwo circles of radii R, and R, ., and
D', that between the circles of radii R, = R, (1 - %4(R,)) and
R", =R, (1 + 28(R,)), m, and m, being the values of n(r) for r=R',
and R", respeclively. In Boulroux’s theorem concerning polyno-
mials we have a weapon for dealing with the modulus of the func-

tion in the annulus D’,,.  Consider the polynomial,
' /
gu@= 1] (1 —a—>
my 41
when z lies in the annulus I, We have
mg

g1 > |1 Ir;'l
my+1 "
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and so, wriling

r=R', + 3xfR,, r,=R, +31,06R,,
, i Mg—m, " _
>3 E T (Tl e—a)| (=R
mg+1

In this last polynomial hoth x and «, arve real and lie between o
and 1. Therefore, except on certain circles whose radii lie in a sel

3
of inlervals of tolal length —lT'ﬂ(Rm) R,,, we have

@1 > (5)

3
Now Il is al our disposal and we may pul -ﬁ-:(p(nm))’. The

inequalily
) loglg,(2)] > — Kn(R",) (B(R,))™"

is then satisfied throughout D,, excepl in cerlain annuli whose tolal
width is less than R, §'.

A similar procedure shews that the same inequality holds good
except in cerlain scctors in which the variation of ¢ =arg z does not
exceed K 8. 1t is in fact suflicient to observe that

> Sin l? - ?u' (:Pn = arg au)‘

l z
| — —
all

Finally, if the inequality (5, 7) holds on the boundary of a domain
containing no zeros of g,(2) it holds throughout the domain. We
see therefore that this inequality is satisfied at all poinls of D,, save
in cerlain domains which can be enclosed in curvilinear trapeziums,
of dimensions less than R, E(R,). surrounding the zeros. The re-
gion A, of points of D, exterior to these trapeziums is a connected
region and repeating the argument for the anmuli D,_,, D,,,, itis
clear thal logether with the lwo analogous regions in D,,_, and D,,,,
it forms another connected region.
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If z is a point of A, we have

m,

@l > ][/.~_) 1 (1= LYo

mg + 1

U(r) = f,‘ n(x)drje —Km 6*

The logarithm of the first product is greater than
mlog > -—m/4

since r, <r(r —§).
In the second product r, > r(1 + 28)/(1 + 6), and so

> H v
lng(l——'—’_->>— 1+ ;’—

But, by § (ll[ ),
" e s ) gt
)‘_‘ 7_—<[ n(x)dx /..
my 41 '
Hence
K s
log l[( )>———(TI f n(x)dc/x*.
m, +a

Finally, since
f = n(x)da/x* > f ” n(x)dx Ac* > n(R,)/R",,,
r Ry

we obtain the inequality

G.8). log|f(a)] > f M) g - ;‘ w'—l—gf—)d.v

e

valid in the domain A formed by adding together all the regions A, .
In particular for functions satisfying condition (5, 6) the coeflicient
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of K/ is less than Klogr and we may choose (i) decreasing so
slowly that the last term on the rightin (5. 8) will be trivial. Hence
the following theoremn :

Tueoren 38. — For all funclions satisfying condilion (5, 6) the lo-
garithm of the modulus is asymplolically equivalent to the logarithn of
the marimum modulus corresponding lo the same value of r, except in
certain small domains enclosing the zeros, lhe dimensions of such
domains being infinitesimal in comparison with their distance from
the origin.

A striking consequence of this theorem is that, for all r>r,, all
the zeros of the function f(z) —a lic in the excluded domains. The'
problem of thesdistribution of the zeros of functions of zero order of
the class we have considered may thus he regarded as solved to a
first approximation.

It is easy Lo shew thal fur functions f(z) of zero order which do
nol salisfy condition (5, 6) the logarithm of the minimum modulus of
S12) is still asymplotically equivalent to the logarithm of the maximum
modulus on an infinite sequence of circles of indefinilely increasing
radit.

In virtue of (5, 4) and (5, 8) it is sufficient o prove that Lhe ralio

er(lx/l‘/wQ(—{;—)d.u
o X rL

is unbounded. For if the ratio is very large for a certain value of r
it will be very large in the segment r, ar, since the integral in the
denominatoris a decreasing function of r. If the ratio were bounded
we could find a number /. such that ultimately

U(r)_—_fr"f—f—):l.:: < hr/w{—li—f)d.vzhr/wU’(m)dac/x,

and, intlegrating by parts,
U(r) < — hU(r) + hr / > U(r)de/x?,
r *

‘which we may write

WN@) + (0 4 h)rV'(r) > o,
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Y(r) denoling the last integral written above. On integration it fol-
lows that V(r)yrkti+1) is an increasing function, and consecuently

./‘0o L(x)ydx/x® > Kr—hih+),
r

But this inequality implies that U(r)r— (:+1) does not lend to o,
so Lhat, since log M(r) is greater than U(r), the order of the funclion
must be at least equal to 1 /(1 4 k), which is contrary to our hypo-
thesis.  The resull stated, which is due o Littlewood, is therefore
proved.

Il. — PATHS OF DETERMIVATION OF FUNCTIONS OF FINITE ORDER.

Let C be a path of finite determination a for the function F(z).
Thatis to say that if ¢,¢,....,¢,, ... is a decreasing sequence of
numbers tending Lo zero, there is a point of C corresponding to each
e, bevond which

IF(2) —a] < =,

There is then a domain D, in which |F(z) —a| <¢,, while on lhe
conlour |F(2) — a| =¢,, and from a certain point onwards the
curve C is interior to D,. lnside a circle |z] <r, D, may consist of
several portions and it is clear that each of these portlions is simply
connected. Any curve which is nltimately interior to every domain
D, corresponding to the sequence is a path of determination a. We
shall say that the various paths of determination a oblained in this way
are conliguous. Between these paths F(:) tends toa. The sel of
conliguous paths of determinalion a constitutes what Boutroux has
call a ““langue”, which we propose to call a {ract of determinalion a.
Tracts may dilfer in two respects, either because they correspond lo
different asymplotic values or because the paths of determination ta-
ken in two tracts are not contiguous.

It follows from the property of continuity that given a path of de-
terminalion @ we can find a contiguous path of the same delermina-
tion consisting of rectilinear segments. Such a curve culs a circle
|z] = r ina finite number of points only — a property which will
be of use to us later.
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4. Some results due to Lindelof. — Lindelof has proved by a sim-
plc application of theorem 33 that if lhe function F(z) is bounded in
a domain D limited by two paths of determination a, then in this do-
main T(z) lends uniformly lo a.

It will be convenient in this case to assume that the essenlial sin-
gularily is at the origin instead of at infinity. We suppose further
that a preliminary transformation (z, z°) has been made such that the
arcs of the circle |z| =1 intercepted by every domain D, where D,
is that part of ) lying in the circle [z] =r (r <R) and having the
origin as a frountier poinl, ave interior to an arc of angular measure
less than ax/3. 'The function F(2) transforms into a function F (2)
regular on two paths C and C' (we mmay regard these paths as consis-
ting of rectilinear scgments) and in the open domain D between them
and interior to a circle |z < A. Finally we assume that the asymp-
totic value a is zero, as we may clearly do without diminishing the
gencrality of the proposition, and take K to be the bound of F,(z) in
the domain D.

Consider a poinl z, interior to a circle |z]<{r<CA and let z, be
the inverse poinl with respect to the circle. The points z,, z,' are
unaffected by the lincar transformation

Z—z, 22—z
7 7 T -
Z—z, 22,

\ pointof the circumférence is transformed inlo a point of the cir-
cumference and the interior of the circle is consequently transformed
inlo itself. As z, tends lo zero the transformation becomes a rota-
tion through the angle =. We-can therefore find a number k<1
such that, if |z,| <kr, an arc of the circumference of length a=r/3 is
transformed into another non-overlapping arc.

Now let z, be a point of D, of modulus less than /» and make this
transformation. The domain D, is transformed into a domain D,
and those parts of the boundaries of D, and D,/ which are arcs of the
circle |z] =r have no common point. The domain D,” common
to D, D, is bounded only by arcs of C, C’ and their transformations,
and z, is an interior point of D,". The function F (z) transforms into
F (Z) and, since z, is invarianl, F,(z,) is equal to F (z,). 1If <, is the



THEOREMS OF LINDELGF, 139

maximum modulus of F,(z) on those portions of C and C' bounding
D,, then

[F,(2) F,(2)] <Ke,

at all points of the boundary of D" excepl at the origin and its trans-
formation if these points are on the boundary. But |F (2)F(2)| does
not exceed K* in the domain D", and so we can apply tbeorem 33.
Therefore

[F,(2)]" < Ke,.

Now this inequality is satisfied at every point z, interior to D, and
such that |z,| <kr and we see Lhat F(z) ltends uniformly to zero as
z approaches the origin by a path interior to D or along the boun-
dary. Lindel6f’s result is therefore proved. From it we can deduce
the following fundamental theorem :

THEOREM 39. — If the function ¥(2) is bounded in a domain D lying
belween lwo paths of finite delermination, then the asymplotic values
on these paths are equal and ¥(z) tends uniformly lo their common
value along any receding path in D,

To prove this we supposc the theorem false. The asymptotic values
of F(z) along the two paths C and C’ are then distinct, say a and b,

a==b. The function
[ro-222]

tends to (a — b)'/4 on the two paths C and C' and is bounded in
the domain D between them. It therefore tends uniformly to this
value in the domain D and on the curves C, C’. But this implies
that F(z) will tend uniformly either to @ or to b ir D and on C and
C', which is contrary to our hypothesis. The theorem is thus esta-
blished, for we know that when the asymptotic values on C and C’ are
equal and the function is bounded in the domain D between them
it tends uniformly to their common value along any receding path
in D.
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CororrarY 3g. — Two different tracts of finite delermination are
separaled by al leasl one path of determination oo .

For if we consider two paths on which the asymptotic values are
different F(z) is unbounded in. the lwo domains belween them and
the same argument as was used in § 1 to establish the existence of 2
path of delermination oo in general suffices to shew that there is
such a path in each of the two domains.

If the asymptotic values for the two tracts arve the same, F(2) can-
not be bounded in either of the two domains belween them, for if it
were the two tracts would reduce to one, by theorem 3g.

It would be possible to give numerous examples of properties of
paths of determination proved by means of theorem 33. Suppose
for example thul ¥(z) has-a path of delermination with an asymptote,
which we may suppose lo be parallel lo the posilive real axis. Then if ¢
is the order of F(z) and 8>>o0 there is no other path of finite de-
terminalion nol conliguous to the first in any angle of magnitude
/(g + B) conlaining the positive real axis.

In fact we consider the function

w(z) = ek (<9< +8)

the number k, of modulus 1, being chosen so that in the angle in
question log |w(z)| >Kr*. This is certainly possible if we are given
the choice of ¢'.  Then theorem 33, with this function w(z), shews
that if F(z) is bounded on lwo paths in the angle it is bounded in
the domain between them. The two paths must therefore be conti-
guous and the proposition is proved.

Results of this class ate easily generalised by means of conformal
representations.

By way of illustration let us consider the funclion

J(&) = '/o‘z [sin (zm)]* 27" dz,

where m is an integer greater than 1. Since the derivative of this func-
tion f(z) is plainly of order m/a, the function f(z) itsclf is also of
this order. Pultling z=re=r/m (p an inleger) we have

S(2) = eaimp/m f ' [sin rm/a]* r"dp,
Q
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As r tends to infinity this integral tends to a positive limit. So
S(2) tends to different limits in the m directions of argument axp/m
and there are at least m tracts corresponding lo different asymptotic
values. In a similar manner we find that the directions of argument
(ap + 1)=/m ave paths of determination co. And so it follows from
the remark above, since the angle between a path of finile determi-
nation and the two ncarest paths of determination oo is n/m <=/p,
that there is no path of finite determination between these paths
which is not conliguous to the path of finit¢ determination conside-
red. The function f(2) of order o=m/a has therefore 3o finite
Aracts.

The function sin (\/Z)/\/; similarly furnishes an example of a
function of order 1/2 with one finite tracl,

5. The number of tracts of a function of finite order. — In this
paragraph we prove by a method due to Carleman that the number
of finite tracts of a function F(z) of finite order ¢ does not exceed 5p.

Consider two receding paths C and C' on which F(z) is bounded,
while it is unbounded in D, one of the domains between them (We
might suppose that C and C' coincide and that D consists of the plane
|zl >R cut along C). We assume as usual that C and C' bave been
deformed so that they only cut a circle [¢]=r>>R in a finite num-
ber of points. The number of arcs of |z] =7 intercepled by the do-
main D is therefore finite. Let the tolal length of these arcs be de-
noted by r=20(r) and let eV(") denole the maximum modulus of F(z)

- on these arcs, regarded as closed. V(r) is by hypothesis unbounded
and is therefore ultimately, by Cauchy’s theorem, an increasing
function of r. Thus, beyond a certain value of r, the maximum va-
lue of V(r) is attained at interior points of these arcs and is greater
than the upper bound of F(z) on C and (V. Further, the curve of
maximum modulus in D has the same properties as the curve of max-
imum modulus for the whole plare and the function V(r) is diffe-
rentiable except at isolated points. In what follows we shall denote
by D-a domain between the two paths C and C' and exterior to a cir-
cle |z] =1 of sufficiently large radius to cnsure that all the above
conditions are satisfied for |z]=r>R.

We observe that if we nake a transformalion z=1Z2", (» an integer)
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and if D' is one of the connected domains derived from D by this
transformation, then the transformation of F(z) is regular'in D' and
on the finite part of ils contoui. V(r) is transformedrinto V(R*) and
o(r) in 6(R")/pu.

Returning to the domain D and denoting by ¢* the upper bound of
|F(z)| on C, C' and those arcs of the circle |z =R which are parts
o: the contour of D we have, by hypolhesis, for r>>R,

S
Vi) > k.

Let r and r' be numbers such thal R<Zr'<Cr and z,a point-of,
modulus »' for which log |F(z,)| is equal to V(). z, isinterior to D.
Let D, be that part of D whigh is interior to the circle |z| r. The
maximum of |F(z)| in D, is allained on the circle |z{=r and is
equal to eV(", and on that part of contour of D, interior to |z] < r
we have |F(z)| < ¢.

It is easy to construct a function regular at interior points of the
circle |z] < r and on the open arcs of its circnmference both interior
and exterior to D, such that the modulus of the function is equal to
¢¥(") on the interior arcs and ¢* on the exterior arcs. For if r¢* and
re® are two points of the circumference, these Lwo are the only cri-
tical points of the function

UGz, 2, 8) = e[z — re”)/ (2 — reM)]™,  [U(o, o, B) = ¢* =] -

of constant modulus on the two arcs defined by the two points.
Moreover |U(z, «, 8)} and its reciprocal are bounded in the circle.
Taking

h=(V(r)—k)/=, W= (x—B)h/a

the logarithm of |U| will be equal lo V(r) —« /& on one of the arcs
and zero on the other. We can construct a product of such func-
tions and, mulliplying by e*, we obtain a function U(2) regular in
the circle. Both |U(z)| and |r/U(2)| are bounded in thé circle and
|U(2)] is equal to e¥(") on the arcs interior to D, and to ¢* on the ex-
terior arcs. Applying corollary 33 to the function 1/U(z) we see
that in the circle |U(z)| is greater than or equal e*.
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The funclion

F(z)/U(z)

is regular in D, and on the contour except at the points of intersec-
tion of |z] =r wilh C and C', and ils modulus is less than or equal
lo 1 on the contour except at these points and is bounded in D,.
Therefore by corvollary 33 the modulus does nol exceed 1 in D, and
we have’

V(r) < log [UG,)].

Now, from the mode of construction of U(z), we have
log [U(z,)| = Ik + ~ (V(r) — k)0(r, 1),
3

where

1
0("; 'l') = 0.(}‘, ’J) - :()('.)!

0,(r, ') denoling the sum of the angles subtended at z, by the arcs of
the circle |z]=1r intercepted by D. 0(r, ') is a maximum when
there is only one such arc of length 0(r) bisected by the radius
through z,, and an clemenlary geometrical calculation shews that

' r+r 1
o(r, 1) < 2arc tan I:;—_—,—, tgn (Zo(,.)>:|_

Thus
V') — b < 2OV(r) — k) are tan (’—ILL lan (1 o(r)> )
= r—r 4
or
V(r) — V(') : - 1
YN —BYZ (r— 1 . J aN .
r—=rY(YeY=K7Z (r—1r) 2 arc tan (’_i‘_’_' tan 9%2)

Suppose that r is a point at which V(x) has a derivative and let
r"—r.. Then

SRIGCIE PTG
’V(r)——k>ncm W
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Had we made the transformation indicated at the outset we should
have the same inequality with r replaced by R* and 0(r) by 0(R¥)/p
and the left-hand side multiplied by w.  We have then, for all values
of u

V'(r) I o(r)
AT ST | —<
! Vi) —k Z = co m

and, since the lelt-hand side is independent of w, we may replace
the expression on the right by its lifhit when w=-co. Thus

N 4 1
Vi) —kZ = ro(r)

Integrating from R (o r, and bearing in mind that V(») is an inde-
finitely increasing funclion, we obtain Carleman’'s fundamental
inequalily,
= : 4 rodx
d, 9) log V(r K - —,
K being a finite number.

In particular log M(r') > V(r) and musl therefore satisfy this ine-
quality, where 6(z) may be replaced by its maximum value u=.
Hence, when F(z) is bounded on two receding paths and is unboun-
ded in the intervening domain the inequality

. log V(r 2
(5, 10) llm-—g—g-—2> —_>

=
—— (Cr o 4
— logr

S| -

musl be satisflied; and in particular, in order that there should exist a
regeding path on which ¥(z) is bounded the condition
(5,11) tim 20> %

r==o0

is necessary.

It will be observed thal the numbers occurring in these two 1ne-
qualities are not the order, but avhat we shall call the lower order
(lefti-hand side of (5, 11)) and the lower order belween C and C'
(left-hand side of (5, 10)). A receding path on which F(z) is boun-
ded will be said to be a path of finite indetermination.
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The result may now be stated as follows :

If there is to be a path of finile indeterminalion the tower order-
must be al least equal 1o 2 /=",

Now suppose that there are p non-contiguous paths of finite inde-
termination. That is to say that F(z) is unbounded in the interve-
ning domains. Applying formula (5, g) to these p intervening do-
mains and adding we obtain the inequality

log"M(r)+ K)%K’(Eﬁ)%.

since each function V(r) is less than or equal to log M(r). The in-
tegrand is the sum of the reciprocals of p numbers of sum at most

axw and is therefore at least equal to p-ae-. And so, substituling this
T
value we have
. log M(r) _ 3p _p
lim = e 2 = > 5

r==00

The following proposition is now established :

THeorem 40. — Thal a function F(z) should have p non-contiguous
paths of finile indeterminalion il is necessary that ils lower order
should be at least lo ap/=*. In parlicular a funclion of order p has at
most 5p distinct tracts and 5p distinct finite asymptotic values.

In the same way we ean shew that for a funclion to have p non-
contiguous paths of finile indetermination in an infinite domain it
is necessary Lhat the lower order in this domain should be at least
a(p—1)/=*.
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CHAPTER VI

Generalisations of Picard’'s theorem.

Picard obtained his original result concerning the values which
a uniform function assumes in the neighbourhood of an isolated
essential singularity by the use of the elliptic modular function.
We have seen in chapters Il and 1V that a direct investigation of the
moduli of the zeros of such a function®leads to a result more com-
plete than that discovered by Picard in the first instance. The first of
these investigalions was due to Borel, and laler, Landau and Schottky,
using the methods introduced by him, obtained generalisations of
another kind. It has since been shewn by Caratheodory and Lindelsf
that, from this last point of view, the modular function is essential
to the proof of the most complete results. In short the analytical
weapon used by Picard is no mere technical convenience, bu{ of
fundamental importance in the theory.

In this chapter we shall be principally concerned with functions
regular in a certain circle in which they omit to assume two excep-
tional values, say o and 1. We shall then pass, by means of simple
transformations, to the consideration of more general regions and
applications to the theory of the functions F(z). Schottky and Lan-
dau have shewn that a function #(z) regular in the circle |z|<r, in
which it does nol assume the values o and 1, has its modulus in

this circle less than
r
e "M,

There are numerous deductions to be made from this. For ins-
tance it follows immediately that Picard's theorem applies lo a func-
tion regular in a circle in which its modulus is of sufficiently high
order. A simple transformation by inversion leads to complemen-
tary results about the functions F(z).
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As a further consequence of Schoftky’s theorem we have the fact
that any set of functions regular in a certain circle in which they
omil to assume the values o and 1 constilutes what Montel has
called a normal family. That is to say that from every sequence
of these functions we can select another sequence converging uni-
formly to a limiling function, which may be constant or infinite.
Following Montel we are able to deduce from this certain properties
of funclions which are regular in an angle in which they do not
assume the valucs o and 1. From an investigation of the properties
of the special family F(zs") Julia has recently deduced a number
of very remarkable results in this department of the subject. Some
of the more important of these are discussed in the final section.

I. — THE ScHOTTKY-LANDAU THEOREM AND ITS DIRECT APPLICATIONS.

4. The properties of the modular function. — It is known that
the Weierstrassian elliptic function p(u), of periods 2w, and aw,, sa-
tisfies the differential equation

6, r pr=4p"—9g,p—9,,

where g, and g, are functions of o, and w,, and the ratio g.'/g,"
depends only on the ratio of the periods w =, /w,. We shall
assume that the imaginary part of the complex number w is posilive,
or I(w) > 0. This can always be brought about by changing the
sign of one of the periods. The ratio g,'/g," is unchanged by any
substitution of the arithmetic modular group; that is to say if w is
replaced by o' = (aw + b)/(cw + d), where «, b, ¢c,d are integers
such that ad — bc = 1.

The modular function

J(w) =

9s
gl’ - 27.(/:

is thus also unchanged by any substitution of this group, and in

particular
] (_. %) = J(w).
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This function can be easily expressed in terms of the variable

sine

q =

We have in fact
(6, 2) y-J(m)--L——-{-—no n ] /qH(.

This expression shews that J(») is regular in the half-plane | [(«)>o,
corresponding to o << |q] < 1].

It can be shewn that this funclion assumes every value once and
once only in the fundamental region of the modular group

(»—--;-<:-R(m)<£, [o|>1, and o=1, 0<9ﬁ(m)\<§).

This property enables us to invert the elliptic integral.

The inverse function w(y) of J(w) is a multiform function with
an infinity of branches. The only singularities of this function are
the points 0, 1, c0; and I(w(y)) is always positive.

Making the transformation

4 a—yt+yy
27 Y (y—1)

the function v(x)= w(y) becomes egnal to the ratio of the two periods
of the elliptic integral

(6, 3) fdz/\/z(z—-l)(z—w).

The singularities of v(x) are also the poiats o, 1, oo and I(v) is
always positive.

These properties of J(w) and its inverse form the basis of our
subsequent work and will be regarded as known.

The expression of J(w) as a funclion of ¢ shews that the point g=o0
is a simple pole and that the product gqJ(») is regular for |g| << 1.

Now
Iql — e—nnl(u) .
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and so, if K is the maximum modulus of qJ(w) for |q| = €™*", we
have

@ ()] < K™, (Iw) > 1).

It is casy to deduce from this a similar inequality for the modulus
of J(w) when I(w)<Z1. In fact equalion (6, 2) shews that the coef-
ficients in the Laurcpt series for J(w) expressed as a function of ¢, valid
in the circle |¢| <1, are real and positive. J(w) is therefore domi-
nated by the function obtained on replacing ¢ by |¢|; that is to say
by the function J(il(w)). Ience

B) < I(ilw)) = I(—1/il(w)) = J(i/l(w)).

Now if o <<I(w)<1, then 1/I(w) is greater than 1 and applying
inequality (a), we obtain the complementary inequality

(b) (w)] < Ke™ (0 <I(w)< 1).

So, comparing (a) and (b), we have, for all », (I(w)>o0),

ar ](u.)-{-—l—
(6, 4) [J(w)] < Ké | “""].

K has a determinate numerical value. This inequality ix funda-
mental in Landau’s proof.

We shall also have neced of the following function-theory proposi-
tion known as Schwarz’s Lemma. It is an immediale consequence
of theorem I.

Let the-function I(z) be regular in the circle |z| <<r and zero al the
origin. Suppose furlher that |b(z)| is less than or equal lo a num-
ber M at all inlerior points of this circle. Now if z, is an interior
point of the circle we can find p such that |z| <p<Cr. The function
®(2)/~ is regular in the circle |z| p and on ils circumference
|d(2)/2] is less than M/gz. Therefore, by Cauchy’s theorem,

I'[)(zo)/zol < M/?'

But the funclion on the left is independent of ¢ and is therefore
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less than or equal to the limit. of the right-hand side for p =r.
Thus, for all interior points of the circle |z] <r, we have

ml2l

r

(6, 5) 1P(2)] <

This is Schwarz’s inequality.

2. Picard's proof. — Before proceeding to the proof of Landau’s
inequality we will shew how Picard’s theorem can be deduced from
a single property of the function w(y) (or v(x)) — the property that
a branch ¢i(y) of lhe funclion is capable of analytic continuation
along any curve so long as Lhe point y does not pass through any of
the points o, 1, co; and the imaginary part is of constant sign.

Consider an inlegral function f(z) which does not assume the
values o and 1. Let

B =A+A(y—Sf(@))+ .....

be the expansion in series of a branch of the function w(y) in the
neighbourhood of the point y == f(0). 1If in this series we replace y
by the function f(z) we obtain a function

92) = BUE) = A+ AL @7+ ...

regular in the neighbourhood of the origin. Now this function g(z)
is an.integral function. For, as z recedes along a radius ¢ = constant,
y =/(2) does not assume the values o, 1, co; T(y) can be continued
analytically and so we encounter no singularity of g(z). Moreover
the imaginary part.of g(z) is always positive and this, as we saw
in § (1L, 1) implies that g(z) is a constant. Therefore f(z) is also
constant, and Picard’s original theorem is proved viz :

An integral funclion which omits to assume two exceptional values
reduces to a constant.

3. Landau's inequality. — Consider a function

PE)=c,+¢2+ ...
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regular in the circle |z] <<r, in which it omits to assume the values

o and 1. Let
Y =A+AQ—c)+.....

be the cxpansioin of a branch of w(y) in the neighbourhood of c,.
The preceding argument shews once more that the function

9(z) = (@) = A, +Acz+ .....

is regular in the circle |z} << r. On the other hand we know that
the imaginary part of g(z), and therefore of A,, is positive. Now
write
hzy = 1D — A, _ 0.(2) — 4, + ilg,(2) —b)
g(l)—A"' g‘(z) —a, + t[g,(z) + bo]

where ¢,(2), ¢,(z) are the real and imaginary parls of g(z), a, and b,
the real and imaginary parts of A, and A’ the conjugale of A,.
Now g,(2) + b, is positive, and so k(z) is regularin the circle |z| <r,
since the denominator does not vanish. We see further that |k(2)|<<1
and that k(o) =o. Hence, writing

h(z) = ue",

we have throughout the circle, by Schwarz’s lemma,

Ihe) = u -
Now
_AR@)—A, L 1+ h(2)
90 =Tfy=r = % T Ty

and, equaling imaginary parts, this leads to

h m
1{g(2)] = g,(2) = bR L+ hg; J{[l + Z:‘

1 —u
14 u'—aucosy’

The coefficient of b, is clearly a minimum when cos ) = — 1
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. . 1—u
and a maximum when cos § = 1. Its value thus lies between TTu

and : iz or, since u<C1, between i(l—u) and 2/(1—u). Thus,

in virtue of the inequality for u, we have

.r—|z| ar
by——< l[y(z)]<b.r—_—m-

But ®(2) is equal lo J(g(z)), since J(w) is the inverse of w(y).
Therefore, by (6, 4),

log |b(2)| = log [4[g(2))] < ax| 1(9(2)) + ——= | + logK.
1(9(2))_

Replacing 1(g(z)) and [I1(g(2))]™" by their upper bounds we ob-
tain the inequality

log |b(z)| < 4= (b,, + —b'—) r—_r—'—,—|-+ log K.

A fortiori, since r>r—|z[,

(6, 6) log [P(2)] < 7(P(0)) — I P
where
6,7 z(x)=év=[l(«»(w)) + o ))J+logK

In fact we have the following theorem due to Landau :

THueoreM 41. — [f the funclion 4(z) is regular in the circle |z} <r
in which it omils to assume Lhe values o and 1, then ils modulus salis-
fies the inequality (6, 6) at all interior poinls of the circle.

There is an immediate deduction from this theorem concerning
functions which are regular and of order greater than unity in a given
circle. We must first define what we mean by the order of such
a function. We shall say that a function dXz), regular in the unit
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circle |2] <1, is of order p in this circle when ils maximum modulus
M(r), (r<<1), satisfies the equation

=— log, M(r)
@9 M log—r)

We shall shew that Picard’s theorem holds for these functions of
order grecaler than unity also. The proposilion may be precisely
stated as follows :

Any function B(2) regular in the unit circle and whose maximum
modulus salisfies the condilion

(6, 9) lim (1 — r)log M(r) = + oo

r=i

assumes every value, with one possible exception, an infinite number of
limes in the circle.

For let us suppose that there are two exceptional values o and 1.
We can then draw a circle |z] =3 such thal the annulus 3 < |z| <1
is free from zeros of Lhe functions d(z) and d(z) — 1. Consider a

. o 1 . . .
circle I', |z] =35 + 3 (1 —3). ®(2) is continuous on the circumference

of this circle and does not assume the values oand 1. So T[P(2)]
is conlinuous and ils imaginary part has a determinate maximum
and minimum. The funclion y[P(z)] has therefore a finite upper
bound A on the circumference of I'. Now let z, be any point of Lhe cir-

. . . ! ay
cumfercnce of ['.  The circle of centre z, and radius ~ (1 — 3) is free
2

from zeros of ®(z) and ¢(z) — 1, and so we have

~

I—o
a|lz—z)|’

log {9(z)| << h-

—3
In particular we see that at all points on thecircle |z] =r'">3 + l—;—-

log 192)] < h
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and
(1 — ") log M(r') < %h(; —3),

which contradicts our hypothesis (6, g).
The theorem is therefore proved.
The example

P(z)=e'"°

serves to shew thal where condition (6, g) is not fulfilled there may
actually be an infinity of exceplional values. Writing z =re®, we
have

log [I(z)] = (1 — rcos6)/(1 4 r* — arcosb),

and, for a given value of r, this varies between 1/(14r) and 1/(1—r);
so that for all values of r between o and y it varies belween 1/2 and
+-c0, and the function P(z) does not assume any val 1¢ of modulus
less than \/e.

4. Applications to the functions of the class F(z). — We consider
a function F(z) having an essential singularity at the origin and we
assume thatl the order ¢ is grealer than 1/a2. 1t is proposed to make
a study of the values of this function in an angle subtended at the
origin; that is to say in a domain in which the argument of z is con-
fined between two given numbers, while the modulus r is suffi-
ciently small to ensure that the funclion shall be regular in the do-
main. Lel A denote the angle «<C ¢ <8, (y =argz), and M(r, A)
the maximum modulus of F(z) on the arc of the circle |z|=r in-
tercepted by A. Then the order of F(z) in A is defined to be

—— 16g, M(r, &)

lim
r=0 —logr

Since F(z) is of order ¢ at the essenlial singularily at the origin
there is clearly at least one angle of given magnilude ¢ < a= in
which F(z) is of order p.

Given ¢ such that z;— +e¢<<am let A be a small angle in which
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F(z) is of order ; and let A be an angle containing A and of magni-
de = +¢. It can be shewn that F(z) assumes every value, with

one possible exception, an infinily of limes in the angle A.
We may suppose that the positive real axis bisects the angle A in-

ternally. The substitution z =72 = == +¢, where Z*is real on

the positive real axis, transforms the angle A into the half-plane A’
to the right of the imaginary axis and F(z) into a function ‘b(Z) re-
gular in this half-plane (for |Z| <<R)). I(Z) is a forliori regular in
a circle [" in this half-plane with the imaginary axis as its tangent
through the origin. We may suppose that this circle is of radius
unity. @(Z) is regular in A’ and its only singularity on the circumfe-
rence is at the origin.  Now Lhe angle A has been transformed into
an angle A’ in the half-plane A’ and in this angle ®(Z) is of order
¢f>1. If Pis a point of A’ interior to ' the ratio of its distances
from the origin and the circumference remains between two fixed
numbers, K and 1/K, provided both these distances are sufficienlly
small. Now let Z' be a peinl of the arc |Z] = R intercepted by A’, at
which P(Z) altains its maximum M(R, A’). The distance from this
point to the circumference of I' is at least equal to R/K. Therefore

. . . R . . .
if we draw a circle of radius I—K- concentric with I' the maxi-

mum modulus of ®(Z) in this circle, which we shall denote by

M (. — %, l‘) , is not less than M(R, A"); or

M (. —2, 1‘) > MR, A").

Hence
— log, M(ax, I") — log, M(R, \')
il:: —log (1 — x) > L‘-__".: — log R

> o>

d(Z) is thus of order greater than 1 in the circle I' aud therefore
assnmes every value, with one possible exceplion, in this circle. A
Jortiori the same is truc of F(z) in the angle A, and we have the
following resull :

Tueorem 43. — A function ¥(z) of order ¢ > 1/2 assumes every
value, with one possible exceplion, an infinily of limes in any angle of
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magnitude grealer than =/p, in the interior of which the function is of
order o, (1/3<p, < p)

The statement that a function F(z) is of order p, in the interior of
a cerlain angle is defined to mean that this angle contains another in
which F(z) is of order p,.

In particular in the case of functions of infinite order there is al-
ways at least one angle of arbilrarily small magnitude in which the
fanction assumes every value, with only one posstble exception. In
general these angles are to be found by searching for those directions
in the plane in which the function is effectively of infinite order.
Thus a function -of infinile order with positive teal coeflicients as-
sumes every value, save possibly one exceptional value, in any angle
containing the positive real axis.

A simple deduction from the resulls of chapter V is the following :
a function of order ¢ > 1/2 is of order ¢ in the interior of any angle

of magnitude grealer than 7:( 2— -l—>
P

Suppose the proposition false. Then in the domain exterior o the
angle A defined by

—r s )<= (x>>o0),
and on the bounding radii, F(z) is of order 5, <<p. So the product
F(z)e— (o<lp'<p)

tends 1o zero on the bounding radii of the angle A and is of order ¢
inside it. Therefore, by Phragmén’s theorem 34, this product is
bounded in A and it follows that ¥(z) is of order less than p in the
whole plane, which is contrary to hypothesis.

This last result, together with that of theorem 42, enables us to
prove a result due to Bieberbach.

Consider first the case of a function F(2) of order p > 1. In every

angle of magnitude nx—%-{-s, F(z) is of order p, and there is an
angle A interior to this one in which F(z) is of order p. Now theo-

rem 42 holds in any angle of magnitude -:-:— + ¢ containing A. But,
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since — + s is not greater than ax — Z + ¢, this latter angle satis-

fies the necessary condition, so that in it F(z) assumes every value,
with one possible exception, an infinity of times.
If p lies between 1/2 and 1 (or is equal to 1) every angle-of magni-

n . .
tude = + ¢, greater than or equal to ax— z + ¢, is an angle in

which F(z) is of order p and, by theorem 4a, F(z) assumes every
value, with not more than one exception, an infinity of times inf
such an angle. These two results logether constitute Bierberbach’s
theorem :

Tueonem 43. — A funetion F(z) of order p, greater than 1/a, assumes
every value, with one possible exceplion, gn infinily of times in any

angle of magnilude grealer than ax —{— if e 21, and in any angle

of inagnitude greater than —E— if o1,

It is clear that in this case, as in Lhat of theorem 42, the exceptional
value is not necessarily the same for every angle in the plane.

II. — NommAL FAMILIES OF REGULAR FUNCTIONS.

5. Families of regular functions. — Montel has obtained interes-
ting results concerning sets of functions defined in a simply or mul-
tiply connected domain D bounded by one or more cohlours, which
we shall suppose to be made up of arcs of simple curves (in applications
we shall only have to deal with straight lines and circular arcs).
The theory of such sets of functions is to be our next topic.

A set or famjly of functions, regular in such a domain D, is said
1o be bounded in the aggregale in the domain D when in every closed
region D', completely interior to D, the modulus of every function
of the family is less than a fixed number Mpr.

TaeoreM 44. — From every sequence of regular functions bounded
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in the aggregate in a domain D it is possible to select a sequence of
Sunctions uniformly convergent in D.

A sequence of functions will be said to be uniformly convergent
in a domain D when it is uniformly convergent in every closed region
inlerior to D. By theorem 5 its limit function is regular in D.

We first prove the theorem in the particular case in which the
domain D is a circle.

Let

P, (2), b,(2), ..... , b (2), ...

be a sequence of functions regular and bounded in the aggregate in
a circle |z] < r and on the circumfercnce. Let ‘M be the upper
bound of the modulus. We have

P, =¢"+e"z+ ...+ "+ ...
and, by Cauchy’s inequality (1, 4),
6, 9) [cﬁ”l < M/r*

for all values of n and p. Hencs, for all values of n, the moduius
of the remainder

R'(2) = ¢",.,2"" 4+ .....

of &, (2) is less than

6, 10) (£) =2
r) r—op
in the circle |z| << 1.
Now the sequence ¢!, ¢}, ..., ¢,", ... has one or more limiting
points. Let ¢, be such a limit.. Clearly, by (6. g),
e/ <M

and there is a sequence of numbers

selected from the sequence gc,"f, tending to ¢,). If ¢ is a limit of
the sequence gc‘"""; (q=1,2,3,...), then, by (6, 9),

le/| < M/r
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and there will be a sequence § ¢}, selected from {c"'}, with ¢,
as its sole limit. Proceeding in this way, if the sequence §¢,""} con-
verges 1o ¢, we select from the sequence §c,, m'} a subsequence
30'“",,“ g converging to a limit ¢,, , whose modulus does not
exceed M/r*"'. We thus obtain a sequence

such that
le',)| < Mr?()

The function

P(z) = E ¢,z

(]

will be regular in the circle |z] < r and the modulus of its remainder
R,(z) will not exceed the expression (6, 10). We assert that the
sequence of functions.

J)M(z) , (I)n;(z) Y e , lbn:(z) ) eeeas

converges to &(z) uniformly in every circle |z} < po<Ir. By cons-
truction the first P coefficients (P << ¢) of ®.¢(z) belong to the sequen-
ces whose respective limits are the first f) numbers ¢, and their
ranks in these sequences are. at least ¢ — P. Therefore, ¥ being
fixed, the difference

(]
[4(2) — Re(2)] — |—tl)nq(z) — Rp™ (z)]

tends uniformly to zero in the circle |z] < p as ¢ tends to infinity.
Moreover, since the two remainders |Rp(2)| and |Rp"g(2)| are meither
of them greater than the expression (6, 10), we can choose P so that
they are as small as we please for all values of n] and all points in

the circle |z| < p. Uniform convergence in this circle is thus esta-
blished.

(*) Certain or all of the numbers ¢/, may be zero. As for example, if
®,(2) =1/n(1 —72).
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Now consider a finite domain D and a region D, interior to D.
Every point of the contour of D, is the centre ‘of a circle lying enti-
rely inside D. Similarly for every interior point of D,. We can the-
refore find (Heine-Borel thecorem) a finite setof circles I',, T',, ..., T,
all interior to D and such thatevery point of D, is also an interior point
of one of them. Moreover every circle I, may be regarded as inte-
rior to a concentric circle l‘q’, itself intevior to D. The result we
have just proved holds good in the circle I'/. We can thus select
from the sequence of functions ¢ (2) a partial sequence S, uniformly
convergenl in the closed circle I',. From S, we can select another
parlial sequence S, uniformly convergent in the closed circle I,.
It is clear that’S, is uniformly convergent in both the circles I,
and I',. In this way we obtain after p operations a sequence S,
uniformly convergent in all the circles I',. and so in the region
covered by themn. 8 is therefore uniformly convergent in D,.

»
Now let us consider a sequence of regions D, D,, ..., D

y e
all interior to D and cach interior lo ils successor in- the seql:lence
and such that D, tends to D.  We have seen that there is a partial
sequence S/, selected from a given sequence, uniformly convergent
in D,. From this sequence we ean select another S, uniformly
convergent in D, and so on. "he sequence obtained by taking the
first function in S, then the second in S/, and so on, will be con-
vergent in the whole domain D; thal is ta say in every region D’
interior to D. For we can choose p so that D’ shall be interior to D,,.
Montel's theorem is thus completely established.

6. Normal families of regular functions. — A family of functions
reqular in a domain D is said lo be normal when from every sequence
of functions of the family il is possible lo select a partial sequence
converging uniformly in the domain D lo a limiting function, or lo a
conslant, which may be infinite.

A family is said to be normal at an inlerior point of D when this
point is the centre of a circle, lying entirely inside D, in which the
family is normal.

A family which is normal in a domain is plainly normal at every
point of the domain. Conversely, as may be proved by precisely
the same argument as was used in the second part of the proof of
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Montel's theorem, a family which is normal at every point of a
domain is normal in the domain. .

It follows that if a family of functions is not normal in a certain
domain, then that domain confains at least one point at which the
family is not normal. That is to say there is a poinl P snch that
in every circle of centre I'lying in the domain at least one sequence
of functions of the family is not normal.

By theorem 44 a family of functions regular and bounded in the
aggregate in a domain D is normal in Lhis domain, 1L is clear that
in this case the limil of a convergent sequence of functions of the
family is either a regular funclion or a finile conslant.

Turorem 45. — If the functions of a family normal in a domain D
are uniformly bounded al an interior point of D (that is to say that
at a point z, of D the moduli of these functions are less than a fixed
number M(z,)), then the funclions of the family are bounded in the
aggregale in D.

In the first place the limit of a convergenl sequence of functions
of the family is either a function regular in D or, since the value of
the limiting funclion is finite at z,, a finite constant. Suppose that
in a region D' interior to D the funclions of the family are notl
bounded in the aggregate; that is to say that there is a sequence of
functions ¢,(z), belonging to the family, such that the maximum
modulus of ®,(z) in D’ tends to infinity with n. From this sequence
we can select another converging uniformly lo a limit in a region D'
coulaining D' i its interior. The limiting function of this partial
sequence cannot be infinity and is therefore bounded on the contour
of D'. The maximum modulus of the functions of the sequence
convergent on the contour of D' must therefore also be bounded.
But this is contrary to our hypothesis, and so proves the theorem.

7. Families of functions omitting to assume the values o and 1
in a domain. — Consider the set of functions regular in the circle
|:] << 'v and omilling to assume two exceptional values, say o and 1,
in this circle. This sel of functions is a normal family. To prove
this let us consider a sequence ¥ (2), ®(2), ..., D), ... of func-
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tions of the family. There are now two possibilities. Either the
sequence g«b,,(o) g has at least one limit different from 0,1 and oo,
or it has not. Consider the first case, and let a be the limit in
question. There is a sequence § ®n (2){ selected from f@,(z) } such
that {tb,.q(o')} tends to a. The sequence of numbers (P, (0)) figu-
ring in Landau’s inequality will be bounded, since their limit is y(a).
The functions $,(z) will therefore be bounded in the aggregale in
the circle |z] <1, and, for |z] < r<C1, we have

log |Pn,(2)] < K/(1 — 1)

Let us now turn to the second case. The sequence of functions
g‘b,‘(z)f is then such that the only possible limiting values of the
sequence {d’,,(o)f are o, t and co. Suppose lhat o is a limiling
value and let § d,,(2)} be a partial sequence such that { ®, (o)}
tends to o. The sequence of functions

Wy(2) = 3 [1 + V8o, (2)],

where the particular determination of the square-root is arbitrary,
is again a sequence of functions regular in the unit circle, since
$Pn,(2) does not vanish. These functions Wy (z) omit the values o
and 1 in the circle, for they can only be equal to o or to 1 if ®, (2)
assumes the value 1. Morcover the sequence gllf,.q(o)g tends to the
limit 1/2. So, by the preceding argument, the functions W, (z) are
bounded in the aggregate in the circle. But

Dny(2) = [1 —a¥h,(2)]*

and the functions ®,,(2) are therefore also bounded in the aggregate
in the unit circle.

If the limit of the sequence ®, (o) is 1 instead of o, the same
argument applies, wilh P, (2) — 1 in place of ®n (2).

Thus in the three cases so far considered it is possible 1o select
from the sequence {fb"(z); another sequence of funclions bounded
in the aggregate and therefore normal.

It remains lo examine the case where the sole limiting value of
the sequence { ®,(0)} is oo.
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Consider the sequence of functions
¥, (2) = 1/D,(2), .

regular in the circle, since d,(2) does not vanish, and omitting to
assume the values o and 1. The sequence 2‘1’,‘(0); tends lo zero.
The funclions W,(z) are therefore bounded in the aggregale in the
circle and we can select a sequence of funclions gllf,.q(z); converging
uniformly in the circle lo a limiting function W(z). This function
¥(z) is identically zero. For suppose that it is not. The equaltion

P, (2) == 1/ Wa,(2)

shews that the sequence of functions ®,, (2) also converges uniformly
on the circumference of a circle |z| = r<C1 on which there are no
zeros of W'(z). Hence, by Weierslrass’ theorem 5, this sequence con-
verges uniformly in this circle |z] < and its limit is a function
regular in the circle. Therecfore glb,.q(o); cannot lend lo o . But
this is contrary to our hypothesis. It follows therefore that W(z)
is zero, the sequence (P, (z) converges uniformly to infinity and the
sequence P, (z) is normal.

Thus every sequence of functions & (z) regular and different from
o and t in the unit circle has the following properly : it is possible
to select from it a sequence uniformly convergent in the circle.
The family of functions regular and omitting to assume the values
o and 1 in the wnit circle is in fact normal.

Since a family normal at all points of a domain is normal in the
domain this result can be extended to a general domain D of the
form considered above. We have then :

TueoreyM 46. — Every family of functions regular and omilling lo
assume two exceplional values in « connected domain D is a normal

JSamily in the domain.

One important observation is suggested by the foregoing proof.
We saw that if we consider a sequence of functions gd),,(z)g belon-
ging to the family and if the values ®, (z;) of these functians at the
point z, tend to infinity, then every convergent sequence sclected’
from the sequence § ®,(z)} has infinity as its limit. We are able to
prove the following general proposition.
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CororiArY 46. — 1f, given a sequence of funclions I (z) normal
in a domain D, there exisls a region D' interior to D in which the sole
limil, as n lends lo infinily, of the maximum modulus of b (2), is infi-
nily, then the sequence of funclions b (z) converges uniformly to in-
finity throughout the domain D.

In the first place, at every point 2z, of D' the sequence of
numbers b, (z) has the point al infinily as ils sole limiting point.
I"or if there were another limit we could select from the sequence

‘l',.( ) { a partial sequence ‘(l',.q( )6 of functions uniformly boun-
(Iul at z, and, this séquence being normal, the functions b, (2). wonld
be bounded in.the aggregate in D (theorem 49) and their maximun
modulus would be bounded on the contour of D', which is contrary
o hypothesis.  The numbers @ (7)) therefore tend to infinily and it
follows that every convergenl sequence selected from the sequence
f'l',,(z)( converges uniformly lo infinity. We can asser} that in any
region D" interior to D the minimum modulus of the functions P (2)
of any sequence selected from f‘b”(:)g is unbounded. For as we
have just seen, we can select from the sequence 3*]),.,1(:)2 a partial se-
quence converging uniformly to infinity in D, and therefore in D",
Therefore the sequence :-l'"(:)g ilself converges to infinity uniformly
in D. This proves the theorem.

8. Application to the functions F(:). — Let us consider a func-
tion Pb(z) regular in the interior of a sector A defined by the inequa-
lities

o<l <8 am, ol r<R,,

where » and 3 denote the modulus and argument of z, and suppose
that @(2) omils o assume the values o and 1 in this sector. It is
proposed 1o investigate the hehaviour of {b(z) as z approaches the
origin by certain paths in the seclor.

Let R be a number less than R, ¢ a number less than §/2 and D,
the closed region defined by the inequalities

<y <b—c, ingrgn.
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Theve is always a domain D, interior o A and containing D,. Let
z be a point of the domain D,'. Then the functions of the sequence

b(2), «b(%), ..... , b(-:-) .....

are regular in the domain D,' just mentioned, @ (2) =D <—z;) being
P!
the value of {b(z) when z lies in the domain D', deduced from D,' by

z
the transformation (z, 7), and a fortiori in the region D, defined
by

R
5<?<f“‘5r nnu<r§F'

which are both parts of the sector A. The study of €(z) in the neigh-
bourhood of the origin is thus reduced to that of the sequence ®,(2)
in the closed region D,. Now since the function @(z) omilts the va-
lues o and 1 in A the sequence gd'“(z)g is normal in the domain D/
containing D,.

Let OL be a straight line, ¢ ==constant, in A. We can choose ¢
so that the regions D, of the sequence intercept OL. Let d denole
the interval on OL interior to D,'.

Now suppose that P(z) remains hounded as z approaches the ori-
gin along OL. The functions ¢,(z) arec then uniformly bounded
on d, whence it follows by theorem 45 that they are bounded ii. the
aggregate in D,'. Their modulus is thus less than some fixed num-
ber at every point of D,. Therefore, since ¢ is arbitrary, d(z) is
bounded in every sector interior to A.

Precisely the same argument, where we consider 1/P(z), or
1/[P(2) — 1] suffices to shew that if ®(z) or P(z) — 1 is always
greater than some fixed positive number on OL, then this property
holds (with another positive number) in every sector inlerior to A.

Suppose that on OL @(z) tends to a finite limit a. The func-
tions ®,(2) tend to a uniformly in the interval d.. Therefore a is the
limit of every convergent partial sequence selected from the sequence
®,(z). It follows that the functions ®,(2) converge uniformly to a
throughout the region D,. For suppose this assertion false. We can
then find a partial sequence {&n,(2)}, selected from this sequence
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of functions ®,(z), such that the maximum modulus of (®5,(z) — a)
on the contour of the region D, remains greater than a fixed number.
Now from this sequence { ®a,(z){ we can select a partial sequence
;fb,.r,,(z); converging to a uniformly in D, and therefore on the con-
tour of D,, which is contrary to hypothesis. We thus see thal the se-
quence of funclions ®,(z) converges to a uniformly as z approathes
the origin by a path in any sector inlerior lo A.

In virtue of corollary 46, it |#(z)] lends to oo as z approaches the
origin by a path interior to a certain seclor inside A, then this pro-
perty holds uniformly in any sector inside A. The same result is
truc if ®(z) tends to either of the exceptional values o or 1.

These results,” due in part to Lindeléf and in part to Montel, are
collected in the following theorem :

Tueorenm 47. — ¥(2) is a funclion with an isolaled essential singula-
rity at infinity and omils to assume the values a and 8, a==b, in an
angle N, a <9 <P, sublended al lhe origin. We then have the fol-
lowing results.

(i) If F(3) is bounded on a straigh! line, = constant, inlerior lo A,
then il is bounded in every angle inlerior lo A ; if an angle inlerior to A
conlains « path of delermination oo, then F(z) lends lo infinity uni-
Sormly in every angle inlerior to A. If F(z)—a or F(2)—b is
grealer than a ficed number on a stiraight line or fends to zero along
some path, then these properlies hold uniformly in any angle interior
to .

(i) If F(2) tends lo a limil along a receding reclilinear path,
o ==constant, inside A, then il lends lo this limit uniformly in every
angle interior to A

This proposition enables us in cerlain cases to find angular domains
in which F(z) assumes every value, wilth only one possible excep-
tion, an infinity of times.

Suppose for example that F(z) is bounded on a rectilinear path OL,
which we may regard as coinciding with the positive real axis. Then
we assert that there is an angle sublended at the origin, of arbitrarily
small magnilude ¢, in which ¥(z) assumes every value, with one possi-
ble exception, an infinity of times.
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Suppose the contrary to be the case. Then in every angle of magni-
tude ¢ there are at least two exceplional values which F(z) does not
assume for r>> Ry . Choose n such that ne is greater than 4= and di-
vide the planc up into n equal sectors with the origin as their com-
mon vertex. Let OL,OL,, ...,OL,, be the dividing radii of the
seclors and let OL, coincide with the positive real axis OX. The
radii are numbered in the order in which we meet them in making
a circuit round the origin in the positive sense. Let A, be. the do-
main bounded by OL, and OL_,, and outside the circle |z| >R’
The number n has been chosen so that the domain formed by two
adjacent sectors lies inside a sector of magnitude less thane. Now
consider the domain formed by the jnuction of the two sectors A,
and A,. This domain is interior Lo an angle of wagnitude less than ¢,
which is therefore one in which F(2) omils to assume two excep-
tional values, provided |21 > R’ (R’ being sufliciently large). Since
F(z) is bounded on OL, it is bounded throughout A, A, and on OL,
and OL,. Applying the same argument to A, and A, we see that F(2)
is bounded in A, and on OL,, and so on. F(z) iz thus bounded
in cach scctor and on its bounding radii, and therefore in the whole
plane exterior to the circle |2f>>R’. But this is impossible. Our
proposition that there is at least one angle of magnitude ¢ in which
F(z) assumes every value, save possibly one exceptional value, an in-
finity of times, is therefore proved.

1. — SoME THEOREMS DUE TO JULIA.

9. The family of functions F(zs"). — Letl the function F(z) be
regular in the domain exterior to a circle || > R, except at infinity
where it has an essential singularitly, and let ¢ be a number of mo-
dulus greater than 1.  We proceed to cousider the sequence of
functions

K, () = F(za").

They are all regular in the domain exterior to a circle |z] > R, (ex-
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cept at infinity) and the values of the functions F,(z) in the annular
region C, defined by

R, < Izl <Rd| (R, >R,),
are equal to the values of F(2) in the annular regions C,, defined by
R [o]* <2 SR [of""

These annuli logether cover the whole plane exterior to the circle
|z] =R, and we shall seek, by investigaling the sequence of functions
F,(2) in G, to obtain results concerning the values of F(z) in the
whole plane. The functions F (z) are regular in an annular domain
C' containing C. The maximum modulus of F (2) in C teads to in-
finity with n, since it is equal to the maximum modulus of F(z) in
the circle |z|] < R,[o]"™". It follows that if the family F,(2) is a
normal family, then the functions F,(z) tend uniformly to inﬁnity
in the closed annular region C (Corollary 46).

But the functions F,(z) cannot tend uniformly lo infinity. For if
this were 'so the modulus of F(z) would always exceed a given num-
ber outside a cerlain circle |z} > r. But this slands in contradiction
with Weierstrass theorem (theorem 4).

The family of funclions F(z) is therefore not normal in C'. — There
is thus at least one point P in this annulus at which the family is
not normal. But C' is any annular domain containing.C, and it fo]-
lows that there is at least one point z, of C, (z, may be on one of the
bounding circles) at which the sequence F,(z) is not normal.

Let T be a circle of cenlre z, and arbitrarily small radiusd. In
this circle the family F,(2) is not normal. No6w suppose that there
are two values a and b which are assumed only a finite number of
times in the circle by the sequence of functions F (z). Then from
every sequence selected from gF,!(z){ we can select anolher sequence
of functions which do not assume the values a and 6. The family
F,(z) will then be normal, by Montel’s theorem 46. But this is a
contradiction and it follows that the functions F,(z) assume every
value in the circle, save possibly a single exceptional value a;,.

It foltows that if I' is the circle of centre z,6" and radius d|s|"
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the function F(z) assumes every value, with only one possible excep-
tion a.,, an infinity of times in the sequence of circles I',.

Wé may therefore state the following proposition in completion of
Picard’s theorem :

Tueoreym 48. — If the funclion F(z) has an isolated essential singu-
larily al infinily and if o is a number of modulus grealer than 1, there
is al least one poinl z, with the following property : d being an arbi-
rary positive number, F(z) assumes every value, save possibly a single
exceptional value a.,, an infinily of times in the sequence of circles I',
described aboul the centres z,6" with radii d|s|".

The exceptional value, if it exists, is independent of the radius of
the citcle I'.  There are, in fact, two possibililies : either there is no
exceptional value, however small d may be; or else, for a cerlain va-
lue of d, there is an exceptional value a.,. In the second case we may
replace I' by a circle of radius less than d and it is clear that in this
circte the funclions F,(z) still assime the value a, a finite number
of times only. This is therefore still the exceplional value. It is
possible however that there may be an exceptional value for d <38
and none for d>3.

Lel a be a number different from the exceplional value a.,, if il
exists, and let d,, d,, ...,dp, ... be a sequence of numbers tending
1o zero, and S, the sequence of circles I'," of radii d,|s|" and centres
z,a".  Whatever value p may have the function F(z) —a has an nfi-
nity of zeros in the sequence of circles S,. Denole by I" a circle of
the sequence S, conlaining a zero z,” of F(z) — a, and by [ a circle
of S, conlaining another zero z,° of F(z) — a, and so on. The radius
of the circle I obtained after p operations is d |s|"% and its centre
z,0"; and so we see that the ratio

2, /2,0
tends to 1 as p lends to infinily.

The sequence of poinls z,¢" approaches asymplolically to an infinite
sequence of zeros of ¥(z)— a, for all values of a differing from the
exceplional value a.,.

It is clear that if there is a value a, exceptional P, then G, is
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equal to a,. But in that case the result of chapter IV is more precise
than the one just proved.

10. The set of points at which the family~F(z+") is not normal.
— Theorem 48 applies to every point z, of the annulus C at which
the family §F,(2)} is not normal. The dependence of the points z,
on the annulus C is only apparent. If Rs (or R,/q) is substituted
for R, z, is transformed into z,¢ (or 2,/s). The set of points E(s)
at which the sequence F,(z), (n > p if |z] << R|s]|™"), is not normal, is
therefore invariant for the substitution (z, z6) so that we might res-
trict ourselves, as we have done hitherto, to a consideration of that
part of the set lying in a single annular region of breadth |s|.

E(o) is a closed set. — This is its only general properly, and it fol-
lows from the definition of the points at which the family is normal.
These points are not isolaled, for each one can be enclosed in a circle
of positive radius in which the family is once more normal. The
points at which the family is normal therefore constitute domains
and it follows that a limiting point of non-normal points cannot be
a normal point.

There may be only one point of E(s) in an annulus C. — Let us
consider the integral function of zero order defined by

00

ro=T1(-5). (1o > ).

1

Since n(r) is less than K log r, this funclion salisfies condition (5, 6).
It follows from theorem 38 that each zero ¢'" can be surrounded
by a circle of-radius ¢(n)|¢'|", where ¢(n) tends to zero with 1/n,
and thatl outside these circles the modulus of f(z) tends to infinity
as |z] > oo. Put ¢ =1¢' and let C be the annular region defined
by |o] < 2] < |o]¥2; the modulus of f,(z) = f(zs") increases
indefinitely with n for all points of C exterior lo any small circle
of centre s. The sequence f,(z) therefore tends uniformly lo infi-
nity throughout C, save at the point ¢, which is consequently the
only point of C belonging to E(q).
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If, however, there is an exceplional value a., which is only assumed
a finile number of limes in a circle ', of centre z, and radius d, by the
sequence } F,(2) ;, then this point z, of E(o) is certainly not isolated.

For suppose that z, is an isolated point of E(s). The sequence
§ I¥,(2){ will then be normal in a circle I's of centre z, and radius
3, (5<Cd), except at the point z, itself. Therefore from every sequence
of functions F,(z)—a., we can select a partial sequence uniformly
convergent in 1's, except at z,. But if such a sequence has for
limitin I's, excepl at z,, a regular funclion or finite conslant, then
it converges uniformly on the circumference of a circle concentric
with and interior to I'5, and therefore, by Weierstrass' theorem 5,
throughout this circle. Similary, if the limit of the sequence is infi-
nity, that of the corresponding sequence of functions 1/(F, (z) — a.,),
which, by hypothesis, are regular if n > N, is zero and, for the
same reasou, lhis sequence converges uniformly lo zero in a circle
of centre z,. Thus the sequence of functions ¥, (2) — a.,“converges
uniformly lo infinily in a circle about z,. So in every case uniform
convergence in the neighbourhood of z, implies convergence alt the
point z, itself. 'The sequence F,(z) cannot be normal in the neigh-
bourhood of z, without being normal at z,. [T'hus the point z,
of E(s) cannot be isolated.

In particular this is lrue for all the poinls of E(s) when F(2) has a
value exceplional P.

When the funclion ¥(z) is exceplional P we see that E(s) is a
perfect sel (closed and dense in itself).

Whenever ¥(z) has a path of finile indelermination (and a forliori
a path of finite determination, or a value exceptional P), lhen
there is a conlinuous set belonging to E(s); or more precisely, there is
al least one point of E(s) on every curve surrounding lhe origin.

Consider a simple curve C surrounding the origin and let D bg
a domain containing C (for instance D might be the domain swept
through by a small circle whose centre described C). Now the
maximum modulus of F,(z) in D tends to infinily, so that the
family { F,(2)} can only be normal in D if the sequence {F,(z)}
tends uniformly to infinity. But, since E(z) is bounded on a cer-
tain receding path, every funclion F,(z) is less in modulus than a
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number K, independent of n, in at least gne point of C. Hence the
functions F,(z) cannot tend to infinity. There is then at least one
pdint of D at which the family. ;l*‘"(;)} is not normal. But the
domain D is purely arbitrary so long as it conlains C, and it follows
that there is at least one point P of G at which the family is not
normal.

That the set E(s) may comprise cerlain conlinuous curves is shewn
al once by quite trivial examples. For instance, if we take f(2) =e*
and ¢ real and posilive, then the sequence gj'"(z); converges uni-
formly to zero in the domain to the lefl of the imaginary axis and to
infinity in the domain to the right. The sequence is therefore not
normal at points of the imaginary axis. Forinacircle with its centre
on this axis cvery sequence of funclions f,(z) converges to infinity
in the right-hand semi-cercle and to zero in the left-hand semi-circle.
Here the set E(s) consists of the points of the imaginary axis.

Finally it is"clear that the set E(s) is quite definitely dependent
on the value of a. A closer study of the function ¢* or of the function
of zero order employed above will disclose changes in the constitu-
tion of E(s) following changes in s.

44. Some generalisations. — Consider a function F(z) which
assumes the value o an infinily of times (if o is a value excep-
tional P or B we replace F(z) by F(z) —a). From the sequence
3 ang of the zeros of F(z) we can always select another sequence

Un,, Anyy  ovvn y a"p 1 e

such that, I'n, being the modulus of an,,

.. In
(6, 11) hm—-_?—-“.-_—lc>|.
p=00 "‘P
Now consider the sequence of functions

F,(2) = F(zan,)

in the annular region D, 1 —3<|2[ <1+ 3. As in paragraph g,
the only possible limiting value for a sequence of funclions F,(z)
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uniformly convergent in this annulus is infinity and, since the value
of F,(z) is o for z== 1, the sequence cannot converge to infinily at
all points of the annulus D. So the sequence is not normal in this
annulus. Thus there is at least one point of D, and since 3 is arbi-
trary it follows Lhat there is al least one point e on the circle |z} =1,
al which the sequence is not normal. In a small circle described
about this point as centre the funclions F,(z) assume every value,
with only one possible exception, an infinity of times.

If I', is the circle of radius ra,d and centre ax,e", the function F(z)
assumes every value, save possibly a single exce’ptional value, an
infinity of times in the domain covered by the sequence of circles I,.
Moreover we can choose d sufficiently small to ensure that these
circles do not overlap.

Thus, corresponding lo every sequence of zeros an, of F(z) salisfying
condition (6, 13), we can find a sequence of circles with centres an,e"
and radii ra,d, d being arbitrarily small, such that in the domain
covered by these circles ¥(z) assumes every. value, with one possible
exceplion, an infinity of times.

Now let us consider a receding curve C with an equation of the form
¢ = y(r), (3 = arg z), z(r) being continuous and one-valued for all
positive values of r; and let us denote by C, the curve obtained by
rotaling C about the origin through an angle 6. We shall assume
that y(1)==o0, but this does not in any way restrict the generality of the
set of curves Cy. The equation of Cyis now ¢ = 4(r) + 0. Itis
plain that only one of these curves Cy passes through any given
point of the plane. Letl C, be the curve passing through a,, a zero
of F(z). The sequence of points in which the curves C, cut the
unit circle has at least one limiting point. Let ¢' be the argument
of such a point. The curve Gy, » = y(r) + ¢/, is thus as close as
we plepse lo a sequence of zeros an, of F(z). We can apply the
preceding proposition lo these zeros. The circles I', corresponding
to these zeros and to a number d are, for sufficiently large values
of p, interior to the domain swept through by a circle whose centre
describes the curve Cy .y and whose radius at the point of modu-
lus r is 3r, 3 > d. Thus our final result, which may be stated
as follows, generalises that of paragraph 8 and completes Picard’s
theorem :
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Tueorem 49. — If C is any receding path and D the domain swept
through by a circle describing C and sublending an arbitrarily small
conslant angle al the origin, and if ¥(z) is a funclion with an isolaled
essenlial singularily al infinily, then we can rolale D aboul the origin
into a new posilion in which il conlains an infinily of zeros of all the
JSunctions F(z) — a, save possibly for a single exceptional value of a.
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APPENDIX A

A note on algebraic functions.

Certain results from the theory of algebraic functions were stated
without proof in chapter 1V (§ 5). The object of the present note is
to shew how these necessary results are obtained.

As in chapter 1V consider the equation

v
Zamm%ym =0, (gn=>0)
where
K K’
.am:A"‘(l+——+ ) (3>o0).
'Y YT :

Our purpose is to discuss those solutions y(a) of this equation
which tend to infinily as x tends to infinity.
Writing

we are led to an equation of the form

M
(A, 1) 2 b, XPn Y™ = o,
°
where
b, = B, (v + K|X] + K'[Y[%,

and the problem is reduced to that of discussing those solutions Y(X)
of (A, 1) which tend to zero as X tends to the origin. The solution
is provided by Weierstrass' classical theorem on implicit functions.
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First let us consider the equation

M
(A, 2) Y, B XrmYn = o.

(4]

By the hypothesis of chapter IV (§5), Y =10 is a root of (A, 2)
for X == 0. There are therefore a certain number P of solutions
which are zero at the origin. By Weierstrass’ theorem (See Goursat,
Cours d'Analyse, third edition, vol. 1I, pp. 287 cl seq.) these solu-
tions are of the form

(\, 3) YX) = e, X e N6 (g<M)

where ¢ and s are integers. This theorem gives the complete for-
mal solulion of (\, 2), but in order to discuss the asymptotic beha-
viout of Y(X) and of lthe corresponding solutions of (A, 1) in the
neighbourhood of the origin we require to be able to find s/q and ¢,.
For the purpose of finding g Puiseux (‘) devised the following pro-
cedure :

Substituting the expansion (A, 3) in the left-hand side of (A, 2)
we oblain an expression which is fdentically zero. Now

sm sm+-x
Pm+ = Pm + ‘;"

B XPuYm = ¢"B X T ¥ me™ e, B X + ...,
m 1 m 1 1 ] m N

s0 that to find the terms of lowest degree we need only consider the

sum
M

(A, 4) Y e"B,X

0

m
Pm+s—
9

If w is the smallest of the numbers p, -{-'s—'(E there must clearly

be at least two values of m for which

- m
(A' ')) pm+s-;1_'_w’

(*) Puiseux, Journal de Mathématiques (Liouville), 1850.
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or lhe terms of lowest degree cannot annul one other. For all other
values m' of m we have

m

m'
’ 4§ — = m-l-s—
Pm q>w ) p

or

' Din o (—2)\.
Pm' — pm > (n m)( 7/

Therefore if we plot the points of coordinates m, p,,, the points m’,
pw lie above the line of slope (-—~ %) passing through the points

for which 1A, 5) is satisfied. 1t follows that if a Newlon’s polygon =
be constructed wilh the points m, p,, (the polygon being convex down-
wards and having cerlain of these points as verlices while the remain-
der lie above il) the slopes of its sides give the possible values of — s/q.

We see that the values of — s/g obtained by this method do not
depend on the particular values of the coefficients B,,, but only on
the fact that these coeflicients are not zero. The numbers ¢, can be
found by equaling to zero the sum of the terms in (A, 4) correspon-
ding lo the selected side of = and solving this as an equation in c,.
The number of the possible pairs of numbers s/q, ¢, so obtained
(each pair occuring with a frequency equal to the order of multi-
plicity of ¢,) is equal to the number P of solutions of (A, 2) which
vanish at the origin.

Now consider an equaltion of the form

M
(A, 6) ZB,,(. +1,)XPnY" = o,

o

where {, is a function of X tending to zero with X. For X=o0
this equation has, as we have seen, a certain number, say P, solu-
tions equal to zero. There are therefore exactly P solutions which
tend o zero as X tends to zero (*). To investigate these solutions let
us for the moment regard the numbers ¢, as equal lo zero and con-
sider a possible pair of numbers s/q, ¢, found by Puiseux’s method.

(*) See Goursat, vol. II, p. a8o.
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The number ¢, is determined by an equation of the form

(A) 7) 5‘ B (‘
Now in (-A, 6) write
(A, 8) Y =c¢,X%1(1 + U)

and take oul the factor X* (defined above) from the left-hand side.
We then obtain an algebraic equation in U with roots that vanish
for X = 0. In fact the multiplicity of the root U = o is equal to
the multiplicity p of ¢, as a root of (A, 7). Therefore this equation
in U has again exactly p solutions lending to zero with X. This
applies to all P possible values of ¢, and s/¢, so that all the P
solutions of (A, 6) which vauish at the origin are effectively of the
form (A, 8).

This argument remains valid if the numbers £, are only defined
in certain annular regions of centre X = o, and the solutions in each
of these regions are again of the form (A, 8).

Now let us consider an equation of the form

M

(A, 9) N b, \euYm =o,

where b, is a funclion of X and Y which tends to B, as X and Y
tend to zero and where the equation is known to have a solution Y(X)
tending to zero as X tends to zero (this solution may be defined only
in certain annuli). On substituting Y(X) for Y in b, we are led to
an equation of the form (A, 6), whose solutions we have already
discussed. For every value of X it defines a function Y(X) of the
form (A, 8) : that is to say of the form

Y = ¢, X/1(1 + (X)),

¢, and s/q being one of the pairs of numbers found by means of
Puiseux’s polygon (plainly the same pair for all values of X if it is
assumed that Y is continuous. If this assumption is not made c,
and s/qg may vary with X). ’
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Finally it follows without difficulty from this result that, when

b,, is of the form indicated at the beginning of this note, we have

(A, 10) JUl <K |X}P (8'>o0)

whence it follows that ¢(X) satisfies a similar inequality. The pro-
perties assumed in chapter 1V are thus established.
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The genus of a function of integral order.

4. It was shewn in chapter 1II that the genus of a funclion of
order ¢ is not complelely delermined when ¢ is an inleger and the
condition (3, 10) p. 6o is satisfied. At present our knowledge on
this subject is incomplete, but we have thought it worth while to
discuss a crilerion for the convergence of lhe series

Ve P
(B’ l) L’n

1

and to prove a new result concerning the coefficients in the Taylor
series. Our argument depends on the following proposition which
is a modification of Jensen’s incquality (3, 2) :

Lemma 1. — For an inlegral funclion f(z) we have the inequalily

(B, 2) [ n(.’l:)d v < K +lo,., M(r) ke f log|\ll’(c'1, A

where k and « are posilive and K is a constant.
Write

(B, 3) V(z) = i f " log | f(ze®)| do.

Then Jensen’s equation (3, 1) can be written in the form

f,- n(x)de/x = V(r) — V(a),

“
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where n(x) is the number of zcros of f(z) in the circle |z]
Now an integration by parts gives

rod Y n(x) V(r)— V(=) 1 r n(x)
/'Q[?W:‘”Wr”ffiﬂ”

so that
V@) o V@) M) n(J:)
[ Ak dr = 2 T + L/ dr.

Bul we know that V(x) is less than log M(x). This establishes
the inequality (B, 2).
Oa p. 53, we-obtained the following proposition

Lemma II. — The necessary and sufficient condition that the series
(B, 1) should be convergent is that the integral
X (e
(B, 4) f il—(%)- dx
should be bounded.
Now if
log M(x)
(B, 5) SR b

is bounded, the integral
ar log M(w log M(r) 1N
SRR >R (=)

tends. to zero as r lends to infinity. Therefore log M(»)/r* tends lo
zero. Pulling o =k in (B, 2) il follows that if (B, 5) is bounded,
then the series (B, 1) is convergent.

The converse of this is not true when p is an integer, though it
is not difficult to prove (using Borel’s inequality (3,6)) when this is
not so. We can however deduce a complementary proposition for
functions of integral order from theorem (25). With our previous
notation we have .

W(r, a, b) = f r'i(i"—'—a—)—:—-wdw>u log M(kr),  (2>>0)
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where k is a positive number less than 1. So

R dr Rk Jog M(r)
[ W(,,a,b);;,,->llk"_4‘~ —m—dr,  (>0)

after making a change of variable on the right. Integrating by parts
on the left we deduce the inequality

o

i
(B, 6) f wﬁtlx> ‘—-———-—-V(Rl; , )
F

KR | )
+ oMk f 8 M) 1 K(a, a0, b),
k3

xrre

where K is a constant. If the integral (B, 5) is divergent, then so
is the integral on the left-hand side of (B, 6) and it follows that

R n(x, y)

cannot be bounded for two distinct values of y. If by r (x) we
denote the modulus of the n'th zero of f(z) — «x, the series

00

(B, 7) py r—('x—);

cannot converge for more than one value of.x.

Tueorem 1. — If f(z) is an integral function of order p and the
inlegral (B, 5) is bounded, then the series (B, 7) is convergent for all
values of x. Al the functions f(z) — x are of genus p — 1 (*).

If the integral (B, 5) is unbounded the series (B, 7) is divergent save
possibly for a single exceplional value of x. Eaxcept for this value
of x all the functions f(z) — x are of genus p.

(*) By the proposition preceding theorem 28, on p. go.
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2. In this theorem the condition of convergence or divergence of

f = log M@) 4,
P X

may be replaced by the condition of convergence or divergence of
the series

(B, 8) Y

where R, is the rectified ratio defined in chapter 1{. The transfor-
mation used in Lemma II shews that the necessary and sufficient
condition for the convergence of (B, 8) is that

" N(x)

1ip
e

dec

oo

should be bounded, N(«x) being the number defined in chapter II.
For, integrating by parts, we have

fr -wf N(v), —K— Pl,#f'\liy)d LS f ‘JS:'I:F)

and, since

log M(r) » /r N(x)dx ],

this gives

fr log -\:l:(‘x) Az + log R:(r) == h(r) [_K + Lfr Nf”’:p) rlx]
A X or ¢ ® X

where A(r) is a number confined betwecn two fixed positive limils.
A repetition of a former argument then proves our assertion. Thus :

THEOREM 2. — If ¢ is an inleger, the convergence of (B, 8) implies
the convergence of (B, 1) and ils divergence implies the divergence
of (B, 7) for all values of x save possibly a single exceptional value.
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3. We require the following lemma :

Lemuma 1. — If all the numbers a, are positive and if the series

is convergent, then the series

o0
.‘ll——'_‘—_—_

2‘ ﬂ.(l....ﬂ"
1

is also convergenl.

Writing b, = (@, a, ... a)" we have, if k> o,

n n m ,—:l‘ kK n g:‘s"a'
Zb,,, o= _)_] [I[(s*a,)] mH "< 2 [Km““ 'm _].

In this last series the coefficient of a, is less than

Ks"(;,%+;,;',—,+...><x.

Therefore (*)
n n
\ \
Yo, <K Da,.
3 4
It follows, since the numbers R, do not decrease, that the series

MR and M @®, ... Ry

converge and diverge together.
Now
G“
e"=RR,...R,

n

(") For this simple argument we are indebted to Mr. Littlewood,
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and consequently we may replace the conditions of convergence and
divergence of the series (B, 8) by the same conditions for the series

(B:‘Q) E e——C”?,’n .

In particular we have the following result :

Tueorem 3. — If [f(2) is of integral order o and such that the
series

oo
2 Icnl'c/n’
H

is divergent, then the function f(z) — x is of genus » for all values
of x, save possibly a single exceptional value.

REFERENCES

§$ 1 and 2. Valiron 42 and 15.
§ 3. Original results due to E. F. Collingwood.




APPENDIX C

On the zeros of functions of integral order and regular growth.

By R. C. YOUNG.

In pursuing our investigations with regard to the distribution of
the values of a function f(z) of finile order p, we indicated in
Chapter 1T a method of procedure by which it is possible to deduce
a number of results (some of which we stated) concerning the asymp-
totic (') relation between the number of zeros of f(2) + x in the cir-
cle |z} < r, — which number we denole by n(r, x) as before, — and
the maximum modulus M(r) of f(z) on the circamference.

We saw thal by supposing the order ¢ not to be an integer, we could
obtain closer approximations (notably in the case of regular growth),
the methods failing when ¢ was an integer. Though this difference
between the two cases of finite order belongs partly to the nature of
things and is not merely a consequence of imperfect methods, it
would be interesting to know in what measure results such as follow,
for instance, from the method of p. 70 when ¢ is not an integer, may
be extended to comprise the case when ¢ is an integer, — generali-
sing if need be the notion of exceptionality for a given value x.

We are about to show how, by a very simplé transformation, given
a function f(:) of positive integral order ¢, we may form another in-
tegral function, with zeros corresponding exactly to those of f(2)+x,
but with non-integral order, and with ils maximum modulus in ex-
tremely close relation with that of f(z) for all values of x except
possibly some belonging to a set whose projeclion on any straight
line is of zero lincar content,

The results we shall deduce therefrom are the following, true when
¢ is any positive inleger.

i) With respect to r. It is understood throughout that .r is given fixed
values.
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Tueorem C 1. — If the ratio log, M(r)/log r has a limit (regular
growth), then the ratio logn(r,x)/logr has the same limit, except
possibly for some values of x belonging lo u sel whose pr Q/eclton on
any straight line is of zero content.

Tugorem C a. — If the ratio log M(r)/r* is bounded positively (')
(very regular growth) then so is the.ratio n(r, x)/r®, exccepl possibly
Sor values of x belonging to a set whose projection on any straight line
is of zero conlenl

The interest of these propositions lies in the fact that in some
examples of funclions of regular and very regular growth, there are
actually more than a countable set of values of  for which the ratios
log n(r, x)/log r and n(r, x)/r* do nolt have the properties in
question.

1. The excepted set of points. — Suppose a,(x), a,(c), ..., a,(x), ...
denote polynomials of degrees not exceeding ¢ and let the typical
zero of a,(x) be denoted by «,,. About each zero «,, as centre we
draw a circle of radius d, = K™ and denote by I'x the set of the in-
ternal points of these circles : the projection on any straight line of
this sel 'k has a linear content not exceeding 29/(K — 1).

If we now make K tead to infinity, the variable set I'x reduces to
its inner limiting set or i-set, constituted by all the poinls internal
to an infinite number of I'x, and comprising therefore the countable
set of points a, , together with some (or all) of ils limiting points.
It is of zero plaue content and its projection on any straight line is of
zero linear content. 1t is not necessary lo specify ils properties
more nearly, though we may remark that not only the sum of the
diameters of the circles which constitute I'x tends to o with K™,
but also the sum of the i roots of these diameters, where { may be
any number.

By leaving out whatever isolated points the i-set may contain (and
which can only be some or all of the points a, ), we get the type of
set which we shall have at most to except in our resullt.

(*) More precisely, if it has its limils of indetermination for infinite r
comprised between positive limits.
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We will speak of the set thus defined by means of the polynomials
a,(x) as associated lo the polynomials a,(x).

2. Fundamental transformation. — Consider the function
(f(2)+x)(fE)+z) .. ... (flzx" ) 4+ )

where ¢ is an integer chosen greater than ¢ for our purposes, and
where 1 is a primitive ¢" rool of 1.

Transformed to the plane Z=2:", this funclion, denoted hence-
forth by F(Z, &), is still an integral function by the properties of the
q" roots of 1, and has exactly the corresponding zeros in the Z-plane
lo those of f(2) 4+ « in the z-plane, with the same multiplicity, so
that we have n(r, z) = N(IR, x), (R ==").

Prorosttion. — lor every w, except possibly for values belonging to
a sel whose projection on any slraight line is of zero contenl, there
exisls belween the maximum moduli of ¥(Z, x) and f(z), — denoled
respectively by M(R, x) and M(r), — a relation of the form

(C, v log M(R, x) = h, log M(h,r) (R=1r9

h, and h, represenling two posilive funclions of r, depending on x,
with finite positive limits of indelerminalion for infinite r.

Before proceeding to prove this proposition, we may at once re-
mark that, for any value of a for which it holds, the ratios
log, M(R, x)/log R and log, M(r) /g log r have the same limits of
indetermination, so that in particular F(Z, x) is then effectively of
order o/q.

Moreover for such values of x, all properties of regular growth
will be simultaneous to f(z) and F(Z, x); hence by the propositions
stated for non-integral order on pp. 70-71, the theorems C 1 and C 2
are immediate consequences of (C, 1), with the conditions under
which it is stated to hold.

All turns therefore on the proof of this relation.
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3. The relation (C, 1) virtually represents two inequalities true for
large values of rr, — more precisely, we should have, for r>r, :

(G, 1a) ke, log M(k,ry < log M(R, ) <C k" log M(r)

the k's being positive funclions of x only, finite everywhere in the
region specified.
Now, as immediately follows from the definition of F(Z, x) :

(C, 2) log M(R, ) << Aqlog M(r)

where lim A =1 for every x.

r=c0

There remains therefore only to eslablish the first of the two ine-
qualities (C, 1a).

To do this, we observe first that if G(R)==XC,R" be defincd as
having for its n™ coefficient C, the largest of-the moduli of the coef-
ficients of x in a,(x) (the latter polynomial being the coefficient of
2" in F(Z,x)), then theratio log G(R)/log M(r) is bounded positively
below.

This is easily seen by introducing the coeflicients A (%) of F(Z, x)
when put in the form of a polynomial in . A(Z), if taken to de-
note the coefficient of x"™" in F(Z, x), is the sum of

qg—1) ... ¢g—i+1

.2...¢

products of i of the functions f(z<*), and so the absolute value of A,
is less than for instance [gM(r)]".

On the other hand, as the value x=— f{z), if not zero, satisfies
the equation E‘(;,ﬁ"’izzo, giving in particular
i=q \
Y |/
ol < X |

we have by the above, pulling || =M(r),

i=q

MOy < X N

i=1

for some value of Z with [Z] =R=/".
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Now with our definition, G(R) is a dominant of all the A (Z) : in
fact C, is the largest of the moduli of the respective n** coefficients of
these functions. Also G(Z), like A,(Z), is an integral function (*).
We may therefore, assuming R> R, to insure G(R)>> 1, wrile

i=q
M(r) < ¥ ¢ G(R).

lience
(C, 3) log G(R) > A log M(r)

where limaA=1.
r=oo
To establish the first inequality (C, 1a), we may henceforth subs-
titute in it G(R) for M(r), reducing our problem to the proof of an

inequality of the form
(C, b) log M(R, x) > k, log G(k,R).

By the properties of the maximum term of a funclion of finite
order (such as G(Z) was seen, to be), such an inequality certainly
holds whenever between the respective coefficients of G(Z) and
F(Z, «) one of the form

(€, 5) |a,(@)] > k,C, (k)"

holds for all n>n,, — k, and k, not depending on n, but only on .
For by multiplying by |Z|*=R" and choosing n so that C,(k,R)"
is the maximum term of G(k,Z)(*), we see that (C, 5) involves

log M(R, ) > log |a,(z)Z"| > Alog G(Rk) (R>R,)

with lim A=1.
R=o00

To obtain an inequality of the form (C, 5), we use the two facts that

(*) See e. g. theorem 14, p. fo.
(*) We havedo take R sufficiently great to insure this maximum term
having a rank > n,.
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a) if || >%— and |a,(x')] is the maximum modulus of a,(x) for

the radius |«'|, then by Cauchy’s theorem
. - x P
0,1 > Cle > 6, ]

where ), is some positive integer or zero and does not exceed g — 1.
b) if |x'| <<x and both &', x are a distances not less than d, from

the zeros of g, and from the origin, then(*)

a,(x) A\

d,
a,(x') :

Now provided #gd<Z |x|, we can certainly for each n find a circle

of radius between l—- aund |x| (the centre being at the origin), which
3 :

is complelely external to the small circles of radius d, round the
zeros of a,(x). So we are assured that we can for each n find a point
salisfying the conditions required for 2’ and we may therefore write
for each n>1

lan (x)] > Cndnq—‘ Gl—q x_‘;‘

where A is ¢ — 1 or o according as x> 1 or x<1.

If I'x denotes the set of points % defined as in n° 1 by [5—a, |<<K™"
(i=1,2, ..., %, R=1,2,...) and E be its i-set for infinite K, then
given any value x not belonging to E we can determine K, so that
|z —ea, |>K(E=1,2,...,p,: n=1,2,...) and 49K, <|x]|.

(*) Inequalities of this form are easily proved by splitting a, into its fac-
tors (x —a, ) and considering separately e. g. those for which |a, | <3z,
and |a,,|>ax. In the latter case we write

3|

18—l <[l + ol =l — ol o+ =Tzl

§<sn«,.,.|—:m|_1

and a fortiori

1
T — ",l

T — 2,

<3<|
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For all such values of «c we may therefore, substituting K, ™ ford,
in the above, write for every n>> 1

(G, 5a) |a, (x)] > h(x)C, (K",

n(r) not depending on n,

If & be an isolaled point of the i-set, denote by a,, the polynomial
of highest rank of which il is a zero; by leaving out of account the
n, first polynomials, we can still define K, so thal an inequalily of
the form (C, 5a) holds for all n>n,.

We saw Lthat this sufficed to deduce an inequality of the form (C, 4),
which with (G, 3) and (C, 2) proves our relalion (G, 1), the possible
exceplions belonging lo a subset(') of the set defined by meauns of
the coeflicients «,(x) in the manner explained in § 1.

4. Remark on the formation of examples with exceptional values.
— Without going into details, the following brief indication may be
of help to the reader.

Given a set of finile numbers 0,, we define the auxiliary function

"

of z

w (z)_b+2"’ b gr

If a, is not a limiting point(*) of the set 0,(n=1, 2, ...), the func-
tion W, (2) has its maximum modulus a.\ymptollcally equal ic e ().
Referring to theorem C 2, we choose 0, so that W'y (z) — 6, has the
number of ils zeros within |z| <r asymptotically grealer than Kr.
We then define

/‘(z) —_— —u \‘ n " .

A—Jn'

The function f(z) + «, has the same zeros as ¥, (z) —0,, and so f(2)

(*) On closer examination. we should find that there arc other points. of
the i-set, besides its isolated poinlts, for which a 1elation of the form (C, 1)
may still be proved to hold. It is not necessary, for instance, to consider
all the polynomials a, for n>n,.

(* In the extended sense, including values assumed by 0, for an infinite
sequence of indices n.

(*) By the proposition of p. 44, with Theorem 14.
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has the logarithm of its maximum modulus M(r) asymptolically
greater than Kr('). As log M(r) is evidently less than ar, the func-
lion f(z) is of very regular growth and order 1. For values of x
which we may call ordinary for f(z), with refereace to theorem Ca,
the ratio n(r, x)/r is bounded.

It is possible so to choose the numbers 6,(n > 1) thal when E be-
longsto certain of their limiting points, the auxiliary function W¢(z) has
its maximum modulus less than e'* for a sequence of values of r, where
aislessthan, involving by formula (3, 2), for f(z)4-E=€"(We(z)—9,),

lim 108.(r )
—  logr

€ is then an exceplional value for f(z).
For instance if in a sequence of intervals

N, <n <N, (N1 >N/ >N,

the numbers 6, arg all equal to §,, and if (N —N,) is chosen sufli-
ciently large, we may so arrange thal the maximum modulus .of

¢ (2) is less than e\/r for instance, for a sequence of values of r.

If we choose a sufficiently rapidly increasing sequence for N, ,, —N ',
we can dispose of the remaining ¢'s so that the same circumstance
presents itself for £,&,, ...,&. We have then an example in which
there are at least these i exceptional values.

A close examination into the sufficient conditions for £ being an
exceptional value for f(z), leads to definitions of 0, giving more than
a countable number of actually exceptional values §, ¥:(z) having
its maximum modulus less than e(«<C 1) for a sequence of values
of r.

REFERENCES
Borel 7; Sire 3; Valiron 9.
(*) For by formula (3, 2), p. 51, deduced from Jensen's theorem

/"‘ n(x;;a?a) dx << Alog M(r), limaA =1.
[+]

r=oo
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The inverse function of an integral function f(z).

4. The problem of the paths of determination and asymptolic
values of an integral function considered in chapter V can be approa-
ched from another point of view.

Let w = f(z) be an integral funclion and z = @(w) be the inverse
of this function. That is to say that for all values of w the function
d(w) satisfies the equation

w == f(2).

Suppose that, in the z-plane, there is a receding path I' of finite
determination w. It is clear that there is in the w-planc a corres-
ponding path C proceeding to the point w such that, as w tends to »
by this path, z = {(w) recedes along I'. Now, f(z) being an inte-
gral function, a finite value of w corresponds in general to a finite
value of z. The point w is therefore a singularity of the inverse
function P(w), and it appears that we shall be able to identify the
asymptotic values of f(z) with certain of the singularities of d(w).
The problem was first considered from this point of view by Hur-
witz ('), and he stated that the poinl o is always a transcendant sin-
gularity of the function ®(w), and conversely that such a singularity
is always an asymplotic yalue of f(z). A rigorous proof of this
theorem was given in 1914 by Iversen (*) to whom the first satisfac-
tory systematic treatment of the subject is due. In this note we
develop the theory of ®(w) only so far as the proof the theorem we
have just mentioned. Many very interesting results cognate with
those of chapter V have been obtained, notably by Iversen, but we
are debarred from dealing with them.

(*) Hurwitz 3.
(*) Iversen 1.
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2. Let w = f(2) be an integral function of z and consider the
planes of z and w. Let z, be a point at which f'(2), the derivative
of f(z), is not zero. Then, in virtue of the relation

D, 1) w = f(2),

there corresponds to z, a finite value w,, and by a well-known theo-
rem in the theory of implicit functions, we can find two circles v,
and ¢, described about the points z, and w, as centres, in the planes
of z and w respectively, such that, for every value of w in ¢,, the
equation (D, 1) has a unique root in y,. Further, this root is repre-
sented inside ¢, by a convergent power series (*)

(D, 2) z =2, +$(w-—wo).

We shall denote this series by the symbol e;, and its circle of
convergence by c;,. If w is any point in ¢,, then equation (D, 1)
is satisfied identically on substituting for z its value (D, 2). Now
(D, 1) may be written

(D»3) i f(Z)—‘w=0

and, since f(z) is an integral function, the left-hand side of this
equation is a funetion regular in ¢,,, if we subslitute for z its value
given by (D, 2). We know that this function vanishes identically
in c,, and it therefore follows, by a well-known theorem, that equa-
tion (D, 3) is satisfied throughout ¢;,. Hence in this circle c;, the
series (D, 2) satisfies equation (D, 1).

Since f(z) is a uniform function it follows that at distinct points
in the circle c;, the series (D, 2) assumes different values. Thus the
relation (D, 2) establishes a (1 ; 1) correspondence between the inte-
rior of the circle ¢;, and a certain domain y., in the z-plane. No
part of this domain covers any other part of it. Two corresponding
points w and z always satisfy the relation (D, 1).

It is easy to see that the correspondence between c;, and g, is a
conformal one at all interior points. For, substituting the series

(*) We usc the symbol P (z) to denote a power series convergent in a
certain circle and vanishing at z=o, but not necessarily the same in every
formula.
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(D, 2) in equation (D, 1) and differentiating with respect to w, we
find
, o dz
f (2)'Tw' =1,

which shews, since dz/dw is finile, that f'(z) does not vanish in ., .

Therefore for every value of w inlerior to ¢, equation (D, 1) has
one and only one root interior lo y.,, and this root is represented by
the series (D, 2). This series we shall call the inverse element e,
corresponding lo the point z,. We can form such an clement for
every poinl of the set in which f'(z) does not vanish. There is an
infinity of such elements (we denote by e, the element correspon-
ding to a point z for which f'(z) 3= 0) and we shall shew thal foge-
Lher they conslilute a single analytic function z —= ®(w). This func-
tion ®(w) is by definition the inverse funclion of the integral func-
lion f(2).

Let us denote by § the set of elements e¢,. We have then to prove
two things :

(«) Every analytic continualion of an element of § leads to another
element of ¢.

(8) Every element of & can be ohlained by continuation from a
given element of §.

We propose to adopt the following convention regarding the conti-
nuation of an element e, : two elements ¢;, and e, will be said to
be immediate continuations of one another when their circles of ¢on-
vergence have a common part in which the two scries assume the
same values. This definition can be extended to fractional power
series if one determinatlion of one series is equal to one determina-
tion of the other in the common part of their circles of convergence.

We can prove («) for an immediate conlinualion of (D, 2) lo a
point w, in the circle c;,. With w, the element e, correlates a point
z, in yz,. Now the immediate continuation of this element at this
point w, gives, for all values of w in a certain circle of centre w,,
the unique root of equation (D, 1) in a cerlain circle about z,. But
since z, is interior to y., the derivative f'(z) is finite and different
from zero, so that to this point z, there corresponds a certain ele-
ment e, of the set §, and this element represents the same root in
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a certain neighbourhood of w,. Therefore this element is identical
with the continuation of e, .

The truth of proposition («) follows at once, for every continua-
tion of e, is effected by mecans of a finite number of immediate
conlinuations.

The following corollary will be useful to us in the sequel :

If two elements e, and e, of the set § assume the samie value z = 2’
al a point w = w' common to their circles of convergence, then they
are immediate continuations of one another.

For Z' is common lo the two domains y;, and y.,, so that e is an
immediate continuation of both e; and e;, and it follows at once
that these two elements are immediate continuations of one another.

Now consider proposition (). Let ex be any assigned element of
the set’§ distinct from e, and join z, to 2’ by a simple curve [' on
which f'(z) = 0. Let z, be the first point of I" in which this curve
intersects the contour of 4. Corresponding to z, there is a certain
element e;, and a domain y;,, of which z, is an interior point, exten-
ding into y5,. Let z, be the first point of I' in which it intersects
the contour of 45, and let e;, and y,, be the corresponding element
and domain, the latter extending into y, and containing z,, and
SO on.

Since any two consecutive domains of the sequence yz,, %z, - - -
have a common part it follows, from the corollary just proved, that
successive elements e;,, ¢;,, ... are immediate continuations of one
another. It is therefore sufficient to shew that there is a finite num-
ber n such that 2z’ lies inside the domain yz,.

Suppose that this is not so. Then the sequence of points z, has
a finite limit point Z on I'. Now by hypothesis f'(z) =0, so that
this point z is interior to a certain domain 73. To the sequence of
points z, contained in yz there corresponds a sequence of points w,
contained in the circle ¢; and having the point w = f(z) as limit.
Now, by the corollary, the immediate continuation of ez to any one
of these points w, is identical with the corresponding element e,

and it is clear-that we can choose v so large that w will lie inside ¢s,.
But, if this were so, the point z would lie inside the domain ys,
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which is contrary to our hypothesis. The theorem is therefore
proved.

3. The singularities of $(w). — We have now given a precise
definition of (w) which has been shewn to be consistent. Our next
topic must be the singularities of the function ®(w) thus defined.

Consider a continuous path G starling from the point w,, and
suppose that we have effected the continuation of e;, along this path.
If there are no singular points of ®(w) on G there is always a positive
number ¢ which does not exceed the radius of convergence of any ele-
ment of & encountered in continuation along a {inite segment of G.
In fact e, can be continued indefinitely along G. If. however, there
is a point w on G such that the radius of convergence of the element
e, tends to zero as w approaches o, then o is a singularity of d(w)
and the question arises as to how this function behaves as w tends
to w. Now successive elements of ®(w) give rise to a curve I" in the
z-plane corresponding o G, and we shall shew that as w approa-
ches w, z lends to some determinale value.

The proof of this is simple. Since the zeros of an inlegral func-
tion are isolated points, we can find a circle C, of arbitrarily large
radius, on which there is no root of the equation

(D, &) S(@) = w.

Let ¢, be the minimum modulus of f(¢) —» on C. Now C con-
tains only a finite number of roots z,, z,, ..., z,, of equation (D, 4)
and these points can be surrounded by small non-overlapping circles
¢, ¢, ..., C,, all interior to C. Let ¢, be the minimum modulus
of f(z) — « on the circumferences of these circles, and let ¢ be the
smallest of the lwo numbers ¢, ¢,. Then, if T is the domain boun-

1
ded by C and th N circles ¢,, c,, ..., c,, i
ed by C a e small circles -¢,, c, ¢,, the function J—,—(—zm

is regular in T and so attains its maximum on the boundary.
Therefore at all interior points of T we have

=l <+

(@) —u| >e.

~and consequently
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Now, by hypothesis, the element e;, can be continued along G to
within an arbitrarily small distance of the point w. It follows from
the last inequality that, when w is interior to the circle [w — ©| =,
the corresponding point z = ®(w) lies outside the domain T; that
is lo say, either inside a definite circle ¢,, or outside the large
circle C.  But this is true however large the circle C and however
small the circles ¢, may be. Hence we have the following theorem :

If an element of the inverse function z = P(w) is conlinued along
a path ending in a singularily », then z lends either lo a finile rool
of the equation f(z) = v or lo infinily as w approaches .

4. Algebraic singularities. — Let us first consider the case in
which z tends to a finite value { as w tends to w. 1In the first place
it is clear that f'({) = o. For if not there would be a regular ele-
ment e;, with a circle of convergence ¢;, corresponding lo ;. We
could find a point w of G in c¢r sufficiently near to » to insure
that the corresponding point z of I' defined by ®(w) would lie in the
domain y;. Then, by the corollary, ¢; end e: would be immediate
continuations of one another, so that » would not be a singular point
for the particular branch of ¢(w), which is coutrary to our hypo-
thesis.

Thus in the neighbourhood of  the function f(z) is represented
by a convergent series of the form

w=o+a(z— [t + Bz,
where k is an integer greater than 1. Hence
(D, 5) (W —ow)y/* = a2k (z— Yt + Pz -
= ap/(z— Y[t + Bz —Y].

It follows from the theory of implicit functions that there is a cir-
cle ¢’ of centre w in the w-plane in which a power series in (W — w)'/k
represents the only solutions of (D, 5) in a corresponding cirele y'
of centre {. There are k solutions corresponding to the k different
determinations of (w — w)/k. The series is of the form

(D, 6) z = { +a,/kw— o)1 + ”3(“, — w):/kgl’
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whence it follows-that the /& branches corresponding to the k diffe-
rent determinations of (w — w)'/* are all different in a small circle
of centre w. The argument of § 1 shews that the series (D, 6) satis-
fies eguation (D, 1) throughout its circle of convergence ¢. The
function z thus defined may be regarded as uniform on a Riemann
surface I of k sheets covering the circle ¢ and having » as a branch
point of order k. The propeYlies of F are precisely analogous to those
of ¢z, the circle of convergence of a regular element. To distinct
points of F correspond dislinct values of z, and the relation (D, 6)
establishes a (1 { 1) correspondence between the interior of F and
a certain domain 4 of the z-plane, no two parts of which coincide.
The correspondence is conformal except at the points { and . To
every point w,(== ) of F there corresponds a point z, at which
J'(z) 3= o, as can be proved by the argument of § 2. Therefore to z,
corresponds an element e;, of §, and it is clear, by the corollary,
‘that this clement is identical with the immediate continuation of
(D, 6) to w,. Thus every continuation of (D, 6) belongs to §. In fact
if w, is a point of G interior to ¢ and so near to w that z,, the corres-
ponding point of I', lies inside 4, then the glement e;, obtained by
continuing (D, 2) along G can be identified with the immediate con-
tinuation of (D, 6) to w,. Now (D, 6) shews that w is an algebraic
singularily of z = ®(w), so that we have proved that if z tends to
a finile value as w tends lo a singular point v, then this is an algebraic
point of the inverse function d(w).

If, on the other hand, ®(w) tends to infinity as w lends 0w by G,
then « cannot e either a pole or an algebraic singularily of d(w). For
if it were an algebraic singularity we should have in its neigh-
bourhood
..,)'/k [+ +®fw—oyaf],

(w

k being a positive integer, which would imply for f(z) an expansion

of the form
1@=ot&[irs(2)]

for all sufliciently large valués of z, which is plainly impossible
A similar argument shews that » cannot be a pole. ‘
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Summing up, we see that every finite algebraic singularity of d(w)
corresponds to a root of the equaltion f'(z) = o, and conversely that
to any root of this equation there corresponds an expansion of the
form (D, 6) satisfying equation (D, 1), so that the corresponding
point w is an algepraic singularity of the inverse function d(w).

The only finite algebraic singularities of lhe inverse function d(w)
are the points w", w"®, ..., w", ... defined by the equations

j’(zm) == o; 'lUM :f(ZM).

5. Transcendant singularities. — Since the point o cannot be
cither a pole or an algebraic singularity when z lends to infinily
as w approaches o by the path G, it mustl be cither an essential or a
transcendant singularity of @(w), according as the branch of ¢(w)
under consideration {s or is nol indelerminale at the poinl ». To give
a precise meaning Lo this, consider the path " described by z'as w
tends to » along G, and let C be a circle in the w-plane of radius r
and centre w. There is a point z_ on I’ such that the inequality
|f(2) — o] << r’is satisfied at all points of I' beyond z,. Suppose
that the element e;_ is conlinued from the point w, on the circum-
ference of C by all possible paths ipterior to G up to the point w.
There is a set of points in the z-plane corresponding to the interior
points of the circle G, and this sel, together with its limit points,
couslitules a connected domain A, conlaining the curve 1" beyond
the point z_.  As r lends lo zero the domain A, lends lo a limiting
domain A,, which we call the domain of indetermination of P(w) at
the point w. If A, reduces to a single point we say that the branch
of ®(w) is determinale al «», while it is indeterminate in the contrary
case. With this definition we shall shew that the branch of d(w)
under consideralion is always delerminale at the point ». For I is,
by hypothesis, a receding path on which f(z) tends to w. But we
know that when |w — o]<Te, z = P(w) lies oulside an arbitrarily
large circle C. For if it did not, z would tend to a finite value as w
tends to w. Therefore, for r<Ce, A, lies-enlirely outside G, so that 3,
reduces to the point at infinily, and our asserlion is proved. lence,
if z=®(w) lends 1o infinily as w lends lo v, this point is a lranscen-
dant singularity of d(w).
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Combining this result with that of § 3 we have the following
theorem :

The inverse function has no singularities other than algebraic and
transcendant singularilies.

We have seen that if » is a transcendant singularity of ®(w), then
f(z) has a path of determination . Conversely, if f(z) has a path
I" of finite determination , this point is a transccndant'singularity
of ¢®(w). For corresponding to I' there is a path G proceeding to .
If G passes through any algebraic singularity of ®(w) it can be de-
formed by the introduction of small circular arcs so as to avoid these
points, and then, in virtue of the properlies proved in § 4, an ele-
ment e, corresponding (o a point of I' can be continued up to o in
such a way that 2 recedes along I'.

We have thus proved the theorem stated in § 1 of this note :

The asymptlotic values of an integral function f(2) can be identified
with Lhe transcendant singularities of its.inverse function P(w).

Many of the results proved direclly in chapter V can be deduced
from properties of the inverse function ®(w), but it would be su-
perfluous to reproduce themn here. We may mention, however, that

Carleman’s theorem shews that; if f(2) is of order 9(> -:—), then its

inverse function (w) cannot have as many as 5o transcendant sin-
gularities in the finite part of the plane.
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